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Large-scale utilization of photovoltaic (PV) devices, or solar cells, has

been hampered for years due to high costs and lack of energy storage mech-

anisms. Photoelectrochemical solar cells (PECs) are an attractive alternative

to conventional solid state PV devices because they are able to directly con-

vert solar energy into hydrogen fuel. The hydrogen fuel can then be used at

a later time to generate electricity. Photoelectrochemical solar cells are able

to produce fuel through chemical reactions at the interface of a semiconduc-

tor and electrolyte when the device is illuminated. In this dissertation, we

focus on the modeling and numerical simulation of charge transport in both

the semiconductor and electrolyte region as well as their interaction through

a reactive interface using the drift-diffusion-Poisson equations.

The main challenges in constructing a numerical algorithm that pro-

duces reliable simulations of PECs are due to the highly nonlinear nature of

vii



the semiconductor and electrolyte systems as well as the nonlinear coupling

between the two systems at the interface. In addition, the evolution problem

under consideration is effectively multi-scale in the sense that the evolution of

the system in the semiconductor and the corresponding one in the electrolyte

evolve at different time scales due to the quantitative scaling differences in

their relevant physical parameters. Furthermore, regions of stiffness caused

by boundary layer formation where sharp transitions in densities and electric

potential occur near the interface and pose severe constraints on the choice of

discretization strategy in order to maintain numerical stability.

In this thesis we propose, implement and analyze novel numerical algo-

rithms for the simulation of photoelectrochemical solar cells. Spatial discetiza-

tions of the drift-diffusion-Poisson equations are based on mixed finite element

methods and local discontinuous Galerkin methods. To alleviate the stiffness

of the equations we develop and analyze Schwarz domain decomposition meth-

ods in conjunction with implicit-explicit (IMEX) time stepping routines. We

analyze the numerical methods and prove their convergence under mesh re-

finement. Finally, we present results from numerical experiments in order to

develop a strategy for optimizing solar cell design at the nano-scale.
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Chapter 1

Introduction

1.1 Background and Motivation

Large-scale utilization of photovoltaic (PV) devices, or solar cells, has

been hampered for years due to high costs and lack of energy storage mecha-

nisms. Photoelectrochemical solar cells (PECs), also known as semiconductor-

electrolyte solar cells, are an attractive alternative to conventional solid state

PV devices. PECs such as those depicted in Figure 1.1 are able to directly

convert solar energy into hydrogen fuel. The hydrogen fuel can then be used

at a later time to generate electricity. In the typical setup depicted in Fig-

ure 1.1, a PEC consists of four main components: the solid semiconductor

electrode, the liquid electrolyte component, the semiconductor-electrolyte in-

terface and the counter (metal or semiconductor) electrode. When sunlight

shines on the semiconductor component, photons are absorbed and generate

electron-hole pairs. These electrons and holes are separated by a built-in elec-

tric field within the semiconductor. The separation of the electrons and holes

leads to an electrical current in the cell and the accumulation of charges at

the semiconductor-electrolyte interface. At the interface, the photo-generated

electrons or holes induce a chemical reaction at the semiconductor electrode. A

similar chemical reaction also occurs at the counter electrode. These chemical
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reactions create or eliminate reductant-oxidant (redox) species in the elec-

trolyte. The transport of the produced redox pairs through the electrolyte

results in a continuous current across the device.

Figure 1.1: Typical set up of a photoelectrochemical solar cell. Here hν is a
photon, e− and h+ are the photo-generated electron-hole pair, and A/A− are
the redox species [99].

Research on PECs has traditionally focused on planar cell designs, but

recently there has been interest in cell designs that use thin nanostructured

wires such as those depicted in Figure 1.2. In a planar device (Figure 1.2

A), photo-generated electrons and holes are collected in directions parallel to

photon absorption. In order for PECs’ to achieve sufficient energy conversion

efficiencies to be commercially viable the electron/hole diffusion length (LD)

(the average distance an electron/hole can be travel without being eliminated)

must be larger than the absorption length (1/α) (the average distance a photon

will penetrate the semiconductor crystal before generating an electron-hole

pair). This constraint necessitates the use of expensive, high quality crystals

that either have large diffusion lengths or small absorption lengths. In PECs
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that use a nanowire design (Figure 1.2 B) the electron/hole collection and

photon absorption directions are decoupled, thereby alleviating the need for

high quality crystals to attain sufficient energy conversion efficiencies.

Figure 1.2: Comparison of photon absorption and carrier collection in planar
(A) and nanowire (B) solar cells [144].

The physical mechanisms of charge creation, elimination and trans-

port in the semiconductor and the electrolyte components are well-understood.

The most popular mathematical model used to describe these processes is a

macroscopic reactive-flow-transport system of partial differential equations.

In the semiconductor community this system is known as the drift-diffusion-

Poisson equations [108], while in the electrochemistry community it is called

the Plank-Nernst-Poisson equations [24]. The physics of charge transfer be-

tween the components of the PEC is far less understood, and the appropriate

mathematical model to describe the chemical reactions is still under debate

[29, 94, 99, 111]. However, it is well-documented that the overall performance

of photoelectrochemical solar cells is highly dependent on the chemical reac-

tions at the solid-liquid interface [99]. Therefore a through understanding of
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the dynamics of charge transfer at the semiconductor-electrolyte junction is

essential for designing efficient photoelectrochemical solar cells.

The standard model of the interfacial reactions uses the product of

electron-oxidants and hole-reductant densities at the interface. The nonlinear

coupling of electron-hole pairs and reductant-oxidant pairs across the interface

poses serious challenges from the mathematical and computational perspec-

tive. In most previous studies of PECs, researchers avoided the complications

of the coupled nonlinear interface conditions by using the so-called “Schottky

approximation.” In this approximation, one linearizes the interface conditions

by treating the density of reductants and oxidants as constants. Simulations

based on this procedure, while valid in some instances, have been shown to

produce results which deviate from the results produced by simulations that

use the nonlinear coupled interface conditions [84]. In order to accurately

quantify the performance of PECs simulations that use the coupled nonlinear

reactive interface conditions need to be conducted.

The main challenges in constructing a numerical algorithm that pro-

duces a reliable simulation of PECs are due to the nonlinearities arising, not

only, from the coupling of the corresponding drift diffusion (transport) equa-

tions to the Poisson equation in both the semiconductor region and the elec-

trolyte region, respectively, but also, with the nonlinear reactive interface con-

ditions on semiconductor-electrolyte interface. While there have been many

contributions in the last forty years on the approximations to solution of a

single drift-diffusion-Poisson system in the semiconductor region, there is no

4



previous work, to the best of our knowledge, that deals with the whole coupled

system that incorporates the nonlinear interface conditions for photoelectro-

chemical solar cells. In addition, the evolution problem under consideration

is effectively multi-scale in the sense that the evolution of the system in the

semiconductor and the corresponding one in the electrolyte evolve at different

time scales due to the quantitative scaling differences in the relevant physical

parameters such as mobilities or characteristic charge densities. The nonlin-

earity and multi-scale nature of the semiconductor-electrolyte interface place

severe constraints on our choice of discretization strategy.

In particular, in order to ensure computational stability, the size of

the time step (chosen for any time discretized scheme) is dominated by the

value in the fast-varying component, that is, the semiconductor component.

Using small time steps in the numerical simulations for the problem in the

whole domain results in regions of stiffness caused by boundary layer formation

where sharp transitions in densities and electric potential occur (i.e. near

interfaces). This problem can be tackled by using fine enough meshes around

the interface that would resolve these boundary layers. Such considerations

limit even further the time step sizes on the employed computational method.

In this dissertation we propose, implement and analyze numerical algo-

rithms for the simulation of semiconductor-electrolyte solar cells on the math-

ematical model developed in [84]. To simplify the presentation we neglect

the dynamics of the counter electrode and only consider the interaction of the

semiconductor and the electrolyte. Spatial discetizations of the drift-diffusion-

5



Poisson equations are based on local discontinuous Galerkin (LDG) methods

and mixed finite element methods respectively. To alleviate the stiffness of

the equations we develop and analyze implicit-explicit (IMEX) time stepping

routines. We then analyze our numerical approximations and prove their con-

vergence under mesh refinement. Finally, we present results from numerical

experiments in order to develop a strategy for optimizing solar cell design at

the nano-scale. In the next section we briefly review previous studies in this

research domain.

1.2 Literature Review

1.2.1 Photoelectrochemical Solar Cells

The first modern (silicon) solar cell was invented in the 1954 by Chapin,

Fuller and Pearson [114], however, research in using solar cells for terrestrial

energy production remained minimal until the energy crisis of the 1970’s. Since

that time the field of photovoltaics has been greatly boosted by the research of

semiconductor devices and the simulations tools developed to analyze them.

The majority of these simulations have used the drift-diffusion-Poisson equa-

tions to model the transport of electrons and holes in semiconductors. The

drift-diffusion-Poisson equations was first proposed by Van Roosbeck in 1950

[142] and has remained the standard model for semiconductor devices since

it represents a good balance between accuracy and computational efficiency

[108]. However, the drift-diffusion-Poisson equations still pose many chal-

lenges from the computational perspective. Indeed the system is notorious for
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its stiffness, nonlinearity, and the locality of its physical behavior [38, 108, 130].

With the introduction of VLSI-circuits and the decreasing size of solid state

devices, there has been a increased need for more complicated models which

incorporate quantum effects [91, 108, 143]. However, the inclusion of quantum

effects through more advanced models is not necessary for most photovoltaic

devices [114].

The first solid-liquid junction solar cell was invented by Becquerel in

1839 and consisted of platinum electrodes and silver chloride dissolved in a

acidic solution [114]. Electrochemical systems such as the one developed by

Becquerel were later analyzed by Helmholtz Gouy, Debye, Stern and Chap-

man by treating them as electrical circuits and fitting model parameters with

experimental results [24, 29, 111, 115]. In this theory, the formation of bound-

ary layers of charge in the electrolytes are treated as parallel-plate capacitors.

While this discovery produced great insight into the basic properties of elec-

trochemical systems, models that require less ad-hoc assumptions were de-

sired. Researchers now model the transport of ions in electrolytes by using the

Planck-Nernst-Poisson (PNP) equations [31, 65, 86, 117]. Since the PNP equa-

tions are equivalent to the drift-diffusion-Poisson equations they share many of

the same mathematical and computational difficulties. Additionally, in elec-

trochemical systems there is still debate on how to appropriately describe the

chemical reactions at the electrode-electrolyte interface as boundary conditions

to the PNP equations [29, 94, 99, 111].

The chemical reactions at electrode-electrolyte interfaces involve the
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transfer of electrons between the solid and liquid. The classical theory of elec-

tron transfer between electrodes and electrolytes was developed in the 1960’s

by Marcus [105, 106], Hush [87], and Geirscher [74, 75]. In the early 1970’s

Honda and Fujishima performed the first study to demonstrate that a semi-

conductor (in this case TiO2) can be used to perform electrolysis on water [68].

This discovery sparked interest in utilizing semiconductor-electrodes to pro-

duce hydrogen fuel from water. In the last few decades there has been substan-

tial effort to better understand the fundamental science of electron transfer at

semiconductor electrode-liquid interfaces [72, 73, 76, 97–99, 116, 120, 134].

Parallel to the research in electron transfer theory has been the ef-

fort to develop semiconductor-electrolyte (photoelectrochemical) solar cells

that directly convert solar energy into hydrogen fuel. Numerous device de-

signs which use various semiconductor materials and electrolytes have been

persued [24, 67, 80, 90, 110, 111]. Recent theoretical efforts in semiconductor-

electrochemistry have focused on modeling and simulation of devices using

the drift-diffusion-Poisson equations with the goal of optimizing device perfor-

mance. Particular interest has been focused on using nanostuctured wires to

enhance carrier collection and therefore energy conversion efficiency [61, 67, 93,

110, 113, 127, 147]. In most of these studies the investigators used the Schottky

approximation which neglects the interaction of the semiconductor with the

electrolyte altogether. The first study to perform simulations using the fully

coupled nonlinear semiconductor-electrolyte interface was completed by He.

et. al. [84]. In this study the authors demonstrated that using the Schottky
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approximation produces discrepancies when the concentration of redox species

is comparable to the density of electron and holes. The model that the authors

introduce in [84] is the model we shall adopt in this dissertation and will be

discussed in Chapter 2.

1.2.2 Numerical Approximations

The drift-diffusion-Poisson equations are an example of a more general

class of mathematical problems called reactive-flow-transport systems. Over

the last few decades significant effort has been invested in the numerical dis-

cretization of these problems. In addition to research in semiconductor and

electrolytes, such systems play an active role in research of oil-recovery, con-

taminant transport and air-quality. There are numerous discretization schemes

that have been investigated on reactive-flow-transport problems [9, 23, 28, 43,

44, 58, 64, 70, 88, 125, 138]. In this dissertation we will approximate solutions

to our mathematical model using a hybrid spatial discretization. To be specific

we use a mixed finite element method (MFEM) to solve the Poisson equation

and a discontinuous Galerkin (DG) method to solve the drift-diffusion equa-

tions. In [58], the authors show that such a choice of numerical discretizations

is a compatible choice of algorithms. Compatibility of algorithms implies that

the numerical method are locally mass conservative. This is an extremely

important property for numerical methods to have when simulating reactive-

flow-transport problems [58, 126]. DG methods and the MFEM both belong to

a class of numerical methods called finite elements methods (FEM). Finite ele-
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ment methods have been used extensively throughout science and engineering

to approximation solutions to mathematical models involving partial differen-

tial equations [30, 89, 107, 135]. The finite element method relies on a weak

formulation of the partial differential equation and the introduction of a mesh

for the computational domain. Approximations to solutions of the weak for-

mulation are obtained by expressing the solution as a linear combination of

polynomials that are local to each element in the mesh.

The mixed finite element method (MFEM) is used to approximate so-

lutions of Poisson’s equation where both the primary variable and its gradient

are needed. This is achieved by rewriting the second order differential equa-

tion as two first order equations and introducing a weak formulation. The

MFEM is an appealing method since it is mass conservative and produces

approximations to gradients that are more accurate than solving for the pri-

mary variable using a traditional FEM and post processing to approximate

its gradient [33, 35, 58]. The existence of solutions to the weak formulation of

the mixed method is guaranteed by the Babuska-Brezzi or inf-sup condition

[20, 34]. However, it is well known that stability of the continuum problem does

not guarantee stability of the finite element approximation [32, 33]. Stable ap-

proximations to solutions of the Poisson equation by a mixed finite element

method were first proposed by Raviart and Thomas [123]. In their study, the

authors used the Raviart-Thomas elements to approximate the gradient and

discontinuous polynomials elements to approximate the primary variable. In

addition, they proved that this choice of function spaces results in O(hk+1)
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(where h is the maximum diameter of a mesh element) convergence rates for

the approximation of both variables. Since their initial discovery, mixed finite

element methods have been used extensively in modeling subsurface flow and

computational fluid dynamics [9, 11, 32, 35, 63, 79].

Discontinuous Galerkin (DG) methods were first proposed by Reed and

Hill [124] as a method for solving the neutron transport problem and later

analyzed by Lesaint and Raviart [96]. The application of DG methods to

more general hyperbolic problems was investigated by Cockburn and Shu in

the seminal works on Runge-Kutta DG methods [16–19]. The discontinuous

Galerkin method is similar to the traditional finite element method (FEM)

in its use of a weak formulation. However, traditional FEM uses polynomial

basis functions that are continuous across elements, while, DG methods use

local polynomial basis functions that are discontinuous across elements in the

mesh. Due to the discontinuous nature, DG approximations are essentially

double valued on the element edges. The uniqueness of DG approximations

is enforced through the introduction of flux terms to the weak formulation.

The numerical fluxes also have the advantage of enhancing the stability and

accuracy of the method [85]. DG methods have many desirable qualities in-

cluding being locally mass conservative, the ability to capture sharp gradients

and also have high order accuracy [39, 85, 126]. Additionally, they are suit-

able for parallel implementation and can easily handle complex geometries.

One drawback of DG method compared to the traditional FEM is that DG

methods have an increase in the number of unknowns or degrees of freedom.
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The local discontinuous Galerkin (LDG) method is a numerical dis-

cretization which approximates higher order differential equations by rewrit-

ing them as systems of first order equations. In this way the LDG method is

similar to the mixed finite element method. The key difference between the

two methods is that the LDG method uses discontinuous polynomials basis

functions for all the variables one is approximating. The solution’s regularity is

enforced by penalizing the discontinuities in the solution across element faces.

The first application of the local discontinuous Galerkin method to parabolic

problems was implemented on the Navier-Stokes equations by Bassi and Rebay

[27]. This method was later analyzed by Cockburn, Shu, Dawson and others

for the general case of convection-diffusion equations [42, 48, 50, 51]. It was

shown that in multiple dimensions the LDG method provides approximations

to densities (or more general primary variables) that converge with the rate

O(hk) [48]. The LDG method is particularly useful for the case of convec-

tion dominated transport where there are step gradients in the solution. In

such instances, traditional Galerkin finite element methods produce spurious

oscillations in the computed solutions while DG methods remain stable [89].

The extension of the LDG method from parabolic problems to elliptic

problems was proposed soon after its initial introduction [40, 41, 49, 92]. For

elliptic problems, the convergence of approximations to variable gradients was

proven to have a rate of O(hk). The convergence rate of approximations to

the primary variable was shown to depend on the penalty parameter. For

the case where the penalty is of O(1) and O(h−1) the convergence rates were
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proven to be O(hk+1/2) and O(hk+1) respectively [40]. The LDG method was

subsequently unified with the so-called primal DG methods for solving general

elliptic equations in the seminal work of Arnold et. al. [12]. The LDG method

shares many of the attractive qualities of traditional DG methods. In addition

to these, for the case of transport of charge carriers the LDG method provides

approximations to both the charge carrier densities and their current fluxes.

Numerical methods which have a large number of unknowns, such as

the MFEM and LDG method, require efficient computational routines for solv-

ing large systems of equations. Many numerical methods have been proposed

to speed-up traditional computations. The two methods we investigate in this

dissertation are non-overlapping domain decompositions and implicit-explicit

(IMEX) time stepping techniques. The first domain decomposition method

was introduced by Schwarz in 1870 [129] for solving an elliptic problem on an

irregular domain. Schwarz partitioned the domain into two over-lapping sub-

domains. He solved the original problem by iteratively solving the solution on

each subdomain and passing information between the two subdomains. Such

techniques are called Schwarz methods and have received much investigation

in their application to parallel computations [71, 109, 112, 121].

In the late 1980’s and early 1990’s Lions investigated the theoretical

foundation of Schwarz methods and their application to parallel computations.

He was able to prove the convergence of overlapping Schwarz methods for lin-

ear elliptic problems [102, 103] and later extended this work to non-overlapping

Schwartz methods [104]. Since the 1990’s interest in using domain decompo-
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sition methods for parallel computations has been replaced by the utilization

of distributed linear solvers [140]. However, domain decomposition methods

still remain useful as preconditioners [71, 140] as well as in applications to par-

titioned analysis in multiphysics problems such as fluid-structure interaction

[37, 77, 78] and fluid-fluid interaction [52, 53].

Implicit-explicit (IMEX) or semi-implicit time stepping methods have

been traditionally applied to convection-diffusion equations [13, 14, 95, 141].

The choice of underlying spatial discritization of the differential equation is of

little consequence to the time marching procedure. However, the use of IMEX

time stepping in conjunction with LDG spatial discretizations on convection-

diffusion equations was recently introduced by H. Wang et. al. [145, 146]. The

theory of IMEX time stepping is based on the observation that the time step

required for stability of explicit methods on convective problems is ∆t = O(h).

In contrast, the time step for stability of explicit methods on diffusive problems

is ∆t = O(h2). A constraint of O(h2) is quite severe, especially for problems

that have boundary layers and where locally refined meshes are required. In or-

der to alleviate the constraint of using small time steps for convection-diffusion

equations, one often treats the diffusive term using implicit time stepping and

the convective term with explicit time stepping. This allows one to use time

steps that are on the order of O(h) for the convection-diffusion problems and

can substantially reduce over all CPU run time of simulations. Furthermore,

in convection-diffusion systems, the convection field is often a nonlinearly cou-

pled term. We will show in Chapter 5 that for our problem significant savings
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in CPU time can be achieved by treating the convective term explicitly instead

of implicitly our in time stepping routines.

The extension of IMEX methods from convection-diffusion equations

to problems involving the decomposition of parabolic problems across mul-

tiple domains was proposed by Dawson, et. al. [59, 60]. The authors uti-

lized an overlapping domain decomposition where the overlapping portion was

updated using explicit time stepping. The non-overlapping portions of the

domain decomposition were then updated utilizing implicit time stepping.

IMEX decoupling procedures using non-overlapping domain decompositions

for linearly coupled parabolic problems was investigated by Connors et. al.

[52]. This work was later extended to nonlinear coupled Navier-Stokes equa-

tions for fluid-fluid interaction [53]. We adopt similar time stepping routines

to [52] as well as techniques developed for the simulation of two-phase flow

[45–47, 131, 136] to the simulation of semiconductor-electrolyte interfaces. In

Chapter 3 we will further review these methods and introduce new improve-

ments for our application problem.

1.3 Summary of Contributions

This dissertation discusses the modeling and simulation of the trans-

port and the transfer of charges across a semiconductor-electrolyte interface.

Software is developed in one dimension using the Eigen numerical linear al-

gebra library and in two dimensions using the deal.II library. Both codes are

designed for easy of use and utilize shared-memory paralellization to speed-
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up computations. Analysis of the underlying numerical approximations is

performed and both codes are verified using a test-suite. Specifically in this

dissertation we will discuss the following contributions:

• Derivation and discussion of the mathematical modeling of charge trans-

port and transfer in photoelectrochemcial solar cells. The relationship

between the macroscopic model used for computation and the Geirscher

model of electron transfer in terms of energy levels is fully explained.

• Development of local discontinuous Galerkin methods and mixed finite

element methods for the spatial discritization of drift-diffusion-Poisson

systems which are coupled through a reactive interface.

• Development and analysis of specifically tailored implicit-explicit-Schwarz

time stepping routines to alleviate the stiffness of the model system. We

remark that the utilization of non-iterative techniques was necessitated

in order to guarantee existence and uniqueness of solutions.

• Theoretical analysis of the local discontinuous Galerkin (LDG) method

applied to transport problems with reactive interfaces. Specifically, we

introduce the primal form of the LDG method and prove its consistency

as well as the coercivity and continuity of its bilinear forms. We then

use these properties to prove semidiscrete error estimates for the LDG

method in primal form.
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• We perform numerical experiments to discover the dependence of solar

cell performance on device parameters and develop at strategy to maxi-

mize power output for nanoscale devices.

1.4 Outline of Dissertation

The rest of this dissertation is as follows. A review and discussion

of the mathematical model of photoelectrochemical solar cells is provided in

Chapter 2. In Chapter 3 we introduce the numerical methods and code base

used to simulate the dynamics of the reactive semiconductor-electrolyte inter-

face in photoelectrochemical solar cells. In Chapter 4 we analyze the local

discontinuous Galerkin (LDG) approximations to the drift-diffusion equations

and prove semidiscrete error estimates. In Chapter 5 we conduct studies on

the convergence of our numerical approximations and discuss the performance

of our algorithms. Additionally, we present results of some numerical experi-

ments to analyze the performance of PECs under various scenarios. Finally, in

Chapter 6 we review the completed work and offer some directions for future

research projects.
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Chapter 2

Modeling Of Photoelectrochemical Solar Cells

In this chapter we discuss the mathematical model of semiconductor-

electrolyte interfaces that is used to simulate photoelectrochemical solar cells.

We shall focus on the reactive charge dynamics of the semiconductor-electrode-

liquid junction and neglect any interaction with other electrodes. The macro-

scopic model we adopt was introduced in [84]. This model is based on a

drift-diffusion-Poisson system and approximates the transport behavior of de-

localized electrons and holes in a semiconductor as continuum charge densities.

Adopting this model requires several mathematical and physical assumptions

that shall be discussed. The drift-diffusion-Poisson model for PECs is attrac-

tive from a computational point of view, however, it circumvents any discus-

sion of the energetics of the reactions between electron-hole pairs and redox

species. Indeed, most of the classical theories of electron transfer across an

electrode-electrolyte interface have been described in terms of energy levels

of the individual carriers [25, 111, 122, 134]. We therefore carefully derive the

mathematical model in [84] and relate the chemical reactions at the interface

in terms of the energy levels of the electrons, holes, oxidants and reductants.

Additionally, in Section 2.3.3 we remark on the relationship of this model to

other models traditionally used in electrochemistry. Finally, in Section 2.4 we
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Figure 2.1: Domain decomposition of model problem.

summarize the mathematical model and the underlying assumptions for its

physical validity.

2.1 Domain Decomposition Of The Model Problem

We first introduce the domain decomposition of the semiconductor-

electrolyte interface. In Figure 2.1, the solid semiconductor region is ΩS and

will contain electrons and holes. The liquid electrolyte region is ΩE and will

contain reductants and oxidants. The electrons, holes, reductants and ox-

idants reside within their respective material domains. The interaction of

electron/holes with the redox species only occurs at the interface of the solid

and liquid. The domain of the device is,

Ω := ΩS ∪ ΩE. (2.1.1)

The interface of the semiconductor and electrolyte, Σ, is defined as,

Σ := ΩS ∩ ΩE. (2.1.2)
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We stress that other than at the interface, the two domains do not intersect,

ΩS ∩ ΩE = ∅. (2.1.3)

The unit normal vector pointing from the semiconductor to the electrolyte

is labeled nΣS . The unit normal vector pointing from the electrolyte to the

semiconductor is nΣE . The boundary of the semiconductor that is not the

interface is labeled ΓS and the boundary of the electrolyte that is not the

interface is labeled ΓE. The exterior boundary of the domain, Γ, is then,

Γ := ΓS ∪ ΓE, (2.1.4)

and the total boundary of our device is defined to be the sum of interface and

the semiconductor and electrolyte boundaries,

∂Ω := ΩS ∪ ΩE \ ΩS ∪ ΩE = Σ ∪ ΓS ∪ ΓE. (2.1.5)

Finally, the exterior boundary Γ can be decomposed into portions where carri-

ers have Dirichlet conditions, ΓS,D and ΓE,D, and where carriers have insulating

Neumann conditions, ΓS,N and ΓE,N .

2.2 Charge Transport In Semiconductors

A semiconductor is a solid crystalline material with electrical conduc-

tivity that is between an insulator and conductor. Electrons that can generate

an electrical current are called free electrons. Electrons that are bound to

atoms in the semiconductor lattice are called bound electrons. Electrons in
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semiconductor crystals have continuous energy levels within finite intervals

called energy bands. Free electrons have energies in the conduction band(s),

labeled EC [eV]. Bound electrons have energies in the valance band(s), labeled

EV [eV]. Due to the periodic nature of crystal lattices, electrons have certain

energies that they cannot attain. The band gap, Eg [eV], is defined as these

“forbidden” energy levels (see Figure 2.2 a.)). The band gap also separates

the lowest conduction band from the highest valance band. It is defined as,

Eg := EC − EV . (2.2.1)

The set of all the energy levels and band gaps is called the bandstructure.

The Fermi level, EF [eV], is the energy level in the bandstructure where an

electron has occupation probability of one half. In a semiconductor the Fermi

level naturally lies within the band gap. Therefore the valance band is nearly

full of electrons and the conduction band is nearly empty. There are a small

number of electrons that are able to be promoted from the valance band to

the conduction band by absorbing thermal energy through a process called

thermal excitation. The resulting electron density is called the intrinsic density

(ρi [cm−3]) and has energy Ei [eV].

The electrical conductivity of a semiconductor can be increased though

a process called doping. Doping a semiconductor is the process of introducing

impurities into the crystal lattice. Adding donors (with density ND(x) [cm−3])

involves replacing a normal semiconductor atom with an atom that has more

electrons. Adding acceptors (with density NA(x) [cm−3]) means replacing a
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Figure 2.2: a.) The various energy levels of a n-type semiconductor in equi-
librium, adapted from [25]. b.) Quasi Fermi-levels under local excitation,
adapted from [111].

normal semiconductor atom with an atom that has less electrons. We define

the doping profile, C(x) [cm−3], as the total fixed background charge density,

C(x) := ND(x)−NA(x). (2.2.2)

Donor electrons have energy Ed [eV] that is very close to the conduction

band and are often ionized through thermal fluctuations in their energy [139]

(see Figure 2.2 a.)). Ionization of the donors gives rise to conduction band

electrons (we will refer to them as just electrons from now on). Through a

similar process, ionization of acceptors with energy Ea [eV] gives rise to charge

carriers called holes (see Figure 2.2 a.)). Holes are positively charged quasi-

particle that represent a missing electron in the periodic crystal structure.

Holes have energies levels that are in the valance band. We label the electron

density ρn(x, t) [cm−3] and the hole density ρp(x, t) [cm−3].
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Doping a region with more donors than acceptors moves the Fermi level

of the semiconductor closer to the conduction band and increases the density

of electrons. The resulting semiconductor is then called “n-type.” In a n-

type semiconductor electrons are called majority carriers and holes are called

minority carriers. Similarly, doping a region with more acceptors than donors

moves the Fermi level of the semiconductor closer to the valance band and

increases the density of holes. The resulting semiconductor is called “p-type.”

In a p-type semiconductor electrons are called minority carriers and holes are

called majority carriers. The electron affinity, denoted denoted by χSC [V],

is the energy needed to move an electron from the conduction band to the

surface of the semiconductor divided by the charge of an electron. The surface

of the semiconductor is also known as the vacuum level and has an energy

level denoted by EVAC [eV]. Finally, the work function of a semiconductor,

denoted by ΦSC [V], is defined as the energy need to move an electron from

the Fermi-level to the surface EVAC divided by the charge of the electron. The

relation of electron affinity and work function in terms of the semiconductor

energy levels are displayed in Figure 2.4.

In non-degenerate semiconductors (semiconductors where the Fermi

level is below the conduction band) and normal temperatures (around 300K),

the densities of electrons and holes in equilibrium are approximated using

Boltzmann statistics [139],

ρen = NC e−(EC−EF )/kBT , ρep = NV e−(EF−EV )/kBT . (2.2.3)
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The termsNV , NC [cm−3] are the effective densities of states for the conduction

band and valance band respectively. kB [J/K] is the Boltzmann constant and

T [K] is temperature. The densities of electrons and holes in equilibrium can

also be related to the intrinsic density through the equations [139],

ρen = ρi e
(EF−Ei)/kBT , ρep = ρi e

(Ei−EF )/kBT . (2.2.4)

In equilibrium the product of the density of electrons and holes is related to

the intrinsic density through the so-called “law of mass” [139],

ρen ρ
e
p = ρ2

i . (2.2.5)

Using equations (2.2.1), (2.2.3), and (2.2.5) we obtain a relation for the intrin-

sic density,

ρi =
√
NCNV e−Eg/2kBT . (2.2.6)

Remark 2.2.1. In equilibrium the Fermi level of a semiconductor is constant.

This implies,

∇EF = 0 (2.2.7)

A semiconductor device can be driven out of equilibrium by an excita-

tion event such as an applied voltage bias or photon absorption. A semicon-

ductor under local excitation like that depicted in Figure 2.2 b.) no longer has

a constant Fermi level. Therefore, we can can no longer describe the densi-

ties of electrons and holes in the device by the equations of (2.2.3) or (2.2.4).

When the excitation of electrons and hole is not too great, the semiconductor
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device can said to be in quasi-equilibrium. The densities of electrons and holes

in quasi-equilibrium can then be described by [114],

ρn = NC e−(EC−EF,n)/kBT , ρp = NV e−(EF,p−EV )/kBT . (2.2.8)

The terms EF,n(x) [eV] and EF,p(x) [eV] are the quasi-Fermi levels of electrons

and holes respectively. The difference in the quasi Fermi-levels is equal to the

energy of the excitation event ∆µ [eV] [114],

EF,n − EF,p = ∆µ, (2.2.9)

When a semiconductor is driven out of equilibrium by an excitation

event then an electric current density is produced as a response. The electric

current density J [A cm−2] is composed of two parts, the first being due to the

transport of electrons and is called the electron current density (Jn [A cm−2]).

The second component is due to the transport of holes and is called the hole

current density (Jp [A cm−2]). The electron and hole current densities are

related to the gradients of the quasi-Fermi levels by [114],

Jn = µnρn∇EF,n, Jp = µpρn ∇EF,p. (2.2.10)

The terms µn [cm2/Vs] and µp [cm2/Vs] are the electron and hole mobility

respectively. Solving (2.2.8) for EF,n and EF,p and taking the gradients we

obtain,

Jn = µnρn∇EC + µnkBT ∇ρn −∇ (kBT ln(NC)) + kB ln(ρn)∇T,

Jp = µpρp∇EV − µpkBT ∇ρp +∇ (kBT ln(NV ))− kB ln(ρp)∇T.
(2.2.11)
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If our semiconductor is compositionally invariant then NC and NV are con-

stants. Additionally, this also implies that gradients in the conduction and

valance band energies are only due forces on the charges by the electric field

E [V/cm] within the semiconductor [114]. If we make the reasonable assump-

tion that the electrons and holes will be the same temperature as the semi-

conductor lattice, then the temperature T is constant [114]. With these two

assumptions (2.2.11) reduces to,

Jn = qµn E ρn + µnkBT ∇ρn,

Jp = qµp E ρn − µpkBT ∇ρp,
(2.2.12)

where, q [C] is the charge of and electron. Under low biases, we can relate the

mobility of the carriers to their diffusivity D [cm2 s−1] through the Einstein

relation [139],

D = µ UT , (2.2.13)

where UT [V] is the thermal voltage. The thermal voltage is defined as,

UT :=
kBT

q
(2.2.14)

Substituting the Einstein relation (2.2.13) into (2.2.12), we obtain the drift-

diffusion equations for the current densities of electrons and holes,

Jn = qµn E ρn + qDn∇ρn,

Jp = qµp E ρp − qDp∇ρp.
(2.2.15)

Remark 2.2.2. Under large electric fields semiconductors exhibit a so-called

“velocity saturation” effect. With small electric fields the electron and hole
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drift velocity vdr
n , vdr

p [cm/s] [130],

vdr
c := µc E · Jc

|Jc|
, for c = {n, p}. (2.2.16)

increases linearly. However, at a certain applied bias a saturation in the drift

velocity is reached and further increases in the electric field do not yield in-

creases in the drift current. Instead, the energy from the applied potential is

absorbed by the crystal lattice as phonons (phonons are quasi-particles that

represent quantized vibrational modes of the crystal lattice) and dissipated

as heat. Velocity saturation effects are modeled using electric field dependent

mobilities [107, 108, 130, 139]. One such example for silicon is [130],

µc(E) :=
2µc

1 +
√

1 + (2µc|E|/vsatc)2
, (2.2.17)

where vsat
c [cm s−1] for for c = {n, p} is the saturation velocity.

The time evolution of electron and hole densities is determined by the

conservation of charge,

−q∂ρn
∂t
− ∇ · Jn = −qG(x) + qR(ρn, ρp), (2.2.18)

q
∂ρp
∂t

+ ∇ · Jp = qG(x) − qR(ρn, ρp). (2.2.19)

The functions G(x) [ cm−3s−1 ] and R [ cm−3s−1 ] are the generation

and recombination functions respectively. When sunlight shines on an semi-

conductor photons with energy larger than the band gap Eg will be absorbed

and excite an electron from the valance band to the conduction band. The
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promotion of a electron to the conduction band will generate a corresponding

hole in the valance band. The generation of electrons and holes therefore occur

in pairs and is modeled using the macroscopic source function [84, 114],

G(x) :=

{
α(x)G(x0) exp

(
−
∫ s

0
α( x0 + s′ θ0 ) ds′

)
x = x0 + sθ0

0 otherwise

(2.2.20)

The point x0 is the photon’s incident location and θ0 is the incident direc-

tion. α(x) [ cm−1 ] is the photon absorption coefficient. The absorption co-

efficient has been averaged over all energy values of light that generate free

carriers, i.e. all photons with energy greater than or equal to the band gap.

The term G(x0) [ cm−2 s−1 ] represents the surface photon flux (averaged over

wavelengths) at x0.

Remark 2.2.3. We have assumed here that photons will travel in a straight

line and will not be scattered throughout the crystal. For more complicated

models see [114].

Remark 2.2.4. We have neglected any discussion on whether our material is a

direct or indirect band gap semiconductor. Any knowledge of the bandstruc-

ture is implicitly known through the function α(x). See [114] for more detailed

discussion of the optical excitation of semiconductors.

Recombination is the process in which a conduction band electron in-

teracts with a hole and results in a valance electron. Thus it is a process in

which the electron/hole pair are eliminated. Recombination coincides with

a loss of energy, most often in the form of light or heat. While there are
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many different mechanisms for recombination in a semiconductor, we shall

only incorporate Shockley-Read-Hall (SRH) recombination or “trap assisted

recombination” [132]. This recombination mechanism arises from localized

impurities or defects in the semiconductor crystal that capture electrons and

holes and cause them to recombine. SRH recombination is the most dominant

recombination mechanism in real materials and is extremely important near

material boundaries or interfaces as the concentration of defects is higher in

those regions [114]. Other effects such as Auger and radiative recombination

may be important in other semiconductor devices, but are never the dominate

recombination mechanism in photovoltaic devices [114, 130]. SRH recombina-

tion is modeled using the nonlinear sink functional,

R(ρn, ρp) :=
ρn ρp − ρ2

i (x)

τp(x) ( ρn + ρtn(x) ) + τn(x)
(
ρp + ρtp(x)

) . (2.2.21)

The terms ρtn(x) [cm−3] are the ρtp(x) [cm−3] are the density of traps for elec-

trons and holes respectively. The functions τn(x) [ s ] and τp(x) [ s ] are the

recombination times for electrons and holes respectively. They represent the

average lifetime of electrons or holes before they are eliminated. We choose a

single trap center at the middle of the band gap and therefore replace the trap

densities with the intrinsic density: ρtn = ρtp = ρi [135].

Remark 2.2.5. We remark that the generation and recombination functions are

the same for both electrons and holes and this enforces the assumption that

electrons and holes are always created and eliminated in pairs. We also note

that SRH recombination can also be a source of electron-hole pairs through

the process of thermal excitation.
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The electric potential Φ [V] and electric field E [V/cm] in a semicon-

ductor are related to the densities of electrons and holes through Poisson’s

equation,

−∇ · ( εS∇Φ ) =
q

ε0
(C(x) − ( ρn − ρp )) , (2.2.22)

E = −∇Φ. (2.2.23)

The constants, εS, ε0
[

C V−1 cm−1
]

are the semiconductor dielectric constant

and vacuum permittivity constant respectively. The presence of the doping

profile in Poisson’s equation plays a critical role in the ability of a solar cell

to convert sunlight into electricity. In traditional solid state solar cells the

doping profile contains charge asymmetries that result in a potential and a

corresponding electric field across the device. This electric field is responsible

for producing a current by separating the photo-generated electrons and holes

before they can recombine. This will be discussed in greater detail in Section

2.3.2.

All semiconductor devices require metal contacts where charges can

flow into or out of the device. Ohmic contacts are are non-rectifying metal

contacts that allow charge flow in either direction [139]. At Ohmic contacts

(labeled ΓS,D), the electron and holes obtain their equilibrium densities [107],

ρn(x, t) = ρen(x), ρp(x, t) = ρep(x) on ΓS,D (2.2.24)

Semiconductors that are in equilibrium must the satisfy charge neutrality con-

dition [107, 139],

C(x)− ρen + ρep = 0. (2.2.25)
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Using (2.2.25) and (2.2.5) we can solve for ρen and ρep to obtain,

ρen =
1

2

(
C +

√
C2 + 4ρ2

i

)
, ρep =

1

2

(
−C +

√
C2 + 4ρ2

i

)
on ΓS,D.

(2.2.26)

Insulating contacts (labeled ΓS,N) are usually formed by an oxide or glass layer

[107] and have the following conditions on the current densities and electric

field,

n · Jn(x, t) = 0, n · Jp(x, t) = 0, n · E(x, t) = 0 on ΓS,N . (2.2.27)

The values of the potential on the Ohmic contact will be discussed in the next

section.

Remark 2.2.6. The validity of the drift-diffusion-Poisson system is dependent

on the size of the active area or characteristic length of the device. For devices

where the characteristic length is larger than the mean free path the drift-

diffusion-Poisson equations is a valid model for electron/hole transport in semi-

conductors. When the characteristic length is comparable to or smaller than

the mean free path more accurate models must be used; see [91, 108, 114, 130]

for more details. Silicon, the semiconductor material most often used in ter-

restrial photovoltaic devices, is a poor absorber of light. This property neces-

sitates that silicon based solar cells need to be a few hundreds of microns in

thickness in order to produce sufficient currents [114]. On this length scale

the drift-diffusion-Poisson system can accurately capture the physics of the

problem [143] and more complicated models need not be pursued.
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2.3 Semiconductor-Electrochemistry

2.3.1 Charge Transport In Electrolytes

An electrolyte is a liquid that consists of ions dissolved in a solvent.

Electric currents in the electrolyte are due to the transport of ions/charge car-

riers as well as the chemical reaction they are involved in. The charge carriers

that we model are called reductants and oxidants. We define a reductant, or

reducing agent, as the chemical species that donates electron(s) during a chem-

ical reaction. Reduction is therefore a process in which a chemical substance

gains electron. Similarly, the oxidant, or oxidizing agent, is chemical species

that accepts electron(s) during a chemical reaction. Therefore oxidation is a

process in which a chemical substance losses an electron. We label the density

of reductants ρr [cm−3] and the density of oxidants ρo [cm−3].

We shall only consider the transport of reductants and oxidants (redox)

in the electrolyte due to migration from the electric field as well as by diffusion.

The current density equations for the reductants (Jr [A cm−2]) and oxidants

(Jo [A cm−2]) are then the drift-diffusion equations,

Jr = αrqµr E ρr − qDr∇ρr,

Jo = αoqµo E ρo − qDo∇ρo.
(2.3.1)

The constants αr and αo are the charge numbers of the redox species [84]. In

this context we have ignored any forced convection of the electrolyte or redox

species. Convective forces do not play a vital role in the interface reactions

and their incorporation into our model would necessitate solving the Navier-

Stokes equations for the fluid flow [24, 84]. The time evolution of reductants
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and oxidants is governed by the conservation of charge,

αrq
∂ρr
∂t

+ αr∇ · Jr = 0

αoq
∂ρo
∂t

+ αo∇ · Jo = 0

(2.3.2)

We note that the lack of generation/recombination functions reflects the fact

that reductant and oxidants are only generated/eliminated by the chemical

reactions at the interface. Therefore we limit our model to include only het-

erogeneous reactions which occur at the interface [24]. We will not discuss

homogeneous reactions (e.g. autoinonization of water) that occur throughout

the electrolyte domain, see [84] for more information on modeling homogeneous

reactions.

Often additional ions are added to the electrolyte to improve its conduc-

tivity, but are not involved in the electrode reactions [111]. These additional

ions are called the supporting electrolyte. In our model we do not consider

any additional ions in the electrolyte besides those involved in the heteroge-

neous reactions; for details on the impact of supportive electrolytes on PECs

see [24, 84]. Thus, besides the charges of the redox species, we assume our

electrolyte is charge neutral. The charge neutrality of the electrolyte is incor-

porated as a lack of doping profile in Poisson’s equation for the potential and

electric field. Therefore the Poisson equation for the electrolyte is,

−∇ · ( εE∇Φ ) =
q

ε0
(αr ρr + αoρo ), (2.3.3)

where εE is the electrolyte dielectric constant.

33



We assume that our semiconductor-electrode is isolated from any other

electrode. This implies that the boundary of the electrolyte can only be de-

composed into a Dirichlet portion (ΓE,D) and an insulating portion (ΓE,N).

On the Dirichlet portion the reductants and oxidants take on their bulk values

[24],

ρr(x, t) = ρ∞r (x), ρo(x, t) = ρ∞o (x) on ΓE,D. (2.3.4)

On the insulating insulating portion of the electrolyte we have,

n · Jr(x, t) = 0, n · Jo(x, t) = 0, n · E(x, t) = 0 on ΓE,N . (2.3.5)

Additionally, we mention that the potential and the so-called displacement

electric field must remain continuous across the semiconductor-electrolyte in-

terface [84],

Φ|ΣS = Φ|ΣE and nΣS · εS∇Φ + nΣE · εE∇Φ = 0. (2.3.6)

Before we discuss the chemical reactions at the interface of the semi-

conductor and electrolyte we discuss the redox species in terms of their energy

levels. The Nernst equation,

Φredox = Φ0
redox + UT ln

(
ρo
ρr

)
, (2.3.7)

relates the potential of a redox couple, Φredox [V], to their respective con-

centrations. Φredox is always defined with respect to the reference potential

Φ0
redox [V] (see Remark 2.3.1) . The Nernst equation is useful because it allows
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us introduce the concept of a redox couple’s Fermi level [111]. The Fermi-

level Eredox
F [eV] of a redox couple in equilibrium is defined with respect to the

reference Fermi-level, E0,redox
F [eV], as,

Eredox
F = E0,redox

F − kBT ln

(
ρo
ρr

)
. (2.3.8)

Remark 2.3.1. The reference potential and reference Fermi-levels will be as-

sumed to be known and coincide with the vacuum level to be consistent with

the semiconductor. In electrochemistry the reference potential is tradition-

ally chosen to coincide with the reference electrode, however, the difference

between the two choices is a measurable constant [24, 25, 111, 122].

Geirscher [74–76] developed a model for non-adiabatic electron transfer

using the energy levels of the semiconductor and the redox couple. In this

framework, an oxidant represents an unoccupied energy state in the electrolyte,

while a reductant represents an occupied energy state. Normally the redox

pairs would have discrete energy levels, however, their interaction with the

electrolyte solvent results in a broadening of their energy levels (see Figure 2.3).

The density of states for reductants and oxidants therefore follow the Gaussian

distributions [111],

Dr(E) = ρr W
−1
0 e−(E−E0

Red.)
2/W 2

0 ,

Do(E) = ρo W
−1
0 e−(E−E0

Ox.)
2/W 2

0 .
(2.3.9)

The constant W0 = 2
√
kBT λreorg. [eV] is an energy for normalization and

λreorg. [eV] is the solvent reorganization energy. The “oxidant energy level”
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Figure 2.3: a) The energy levels of the redox couple. Note here EF,el is the
reference Fermi level of electrolyte. b) The density of states for redox cou-
ples. [111]

E0
Ox. [eV] and “reductant energy level” E0

Red. of the electrolyte are related to

the redox Fermi level by the solvent reorganization energy,

E0
Ox. = E0,redox

F − λreorg. E0
Red. = E0,redox

F + λreorg.. (2.3.10)

The energy levels of the electrolyte are depicted in Figure 2.3 a). These defi-

nitions allow us to discuss the chemical reactions at the interface in terms of

the energy levels of the individual charge carriers in both the semiconductor

and electrolyte.
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2.3.2 Semiconductor-Electrolyte Interface Reactions

When a semiconductor and electrolyte are brought into contact there

will be a transfer of electrons across the interface through the process,

Red. 
 Ox. + Semi.(e−). (2.3.11)

This process continues until equilibrium is achieved and there is no net cur-

rent flowing through the interface. The conditions for equilibrium require that

Fermi-levels of the semiconductor and the electrolyte be equal [111, 122] (see

Figure 2.4). The transfer of charge across the interface involves mostly major-

ity carriers in the semiconductor. This is because without illumination there is

an insufficient density of minority carriers to contribute to the reactions [111].

After the majority carriers are transferred to the electrolyte they leave behind

their ionized cores which are bound to the lattice. The presence of the ionized

cores results in a build-up of charge in a region of the semiconductor called

the “space charge region” (SCR). This build-up of charge gives rise a electric

potential called the SCR potential (see Figure 2.5) and is denoted ΦSCR [V].

The SCR potential creates an electric field which forces majority carriers away

from the interface. The value of the SCR potential can be quantified by solving

Poisson’s equation [84, 139],

ΦSCR = UT ln

(
ρenρ

e
p

ρ2
i

)
. (2.3.12)

Remark 2.3.2. We remark that under illumination, minority carriers will be

generated in the semiconductor. If they are able to diffuse into the SCR
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Figure 2.4: Energy levels in a semiconductor-electrolyte interface, here e stands
for the charge of an electron, ∆ΦSC , ∆ΦH are the space charge region and
Helmholtz potentials respectively; χel, Φel are respectively the surface dipole
contribution and work function of the electrolyte which we will not discuss
further. [111]
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Figure 2.5: Potential drops across the double layer in the electrolyte. VSC, VH ,
VG are the SCR, Helmholtz and Gouy layer potentials respectively. [122]

before recombining, then the electric field will force them toward the interface

and generate chemical reactions [111, 114]. The chemical reactions due to the

photo-generated minority carrier lead to a continuous current throughout the

device called the “illuminated current.”

Remark 2.3.3. The SCR potential corresponds to the so called “built-in” po-

tential in a solid state solar cell.

In the electrolyte region there will be two potentials build-ups that form

the so-called “double layer” (see Figure 2.5). The potential that is closest to

the interface is called the Helmholtz potential. The Helmholtz potential occurs

across the Helmholtz layer and is labeled ΦH [V]. The second potential layer

extends from the Helmholtz layer into the bulk of the electrolyte in a region

called the “Gouy layer.” The potential across the Gouy layer is labeled ΦG [V].

In our model we neglect the effect of the Gouy potential as is often done [111].

The Helmholtz potential gives rise to an electric field that forces one redox
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species towards the interface and the other away from it through a process

called absorption [24].

When a potential bias is applied across a photoelectrochemical solar cell

the resulting potential drop usually occurs in the space charge region [111].

This effect is modeled on the Ohmic contact as,

Φ(x, t) = ΦSCR(x) + Φapp(x) on ΓS,D. (2.3.13)

On the other hand, the potential across Helmholtz layer ΦH usually remains

unchanged under applied biases [111]. This effect manifests in our model as

the potential attaining its constant bulk value on the electrolyte boundary

[84],

Φ(x, t) = Φ∞(x) on ΓE,D. (2.3.14)

The fact that an applied potential only occurs over the space charge

region has lead to the concept of “band edge pinning” [111]. This is when

the value of the conduction and valance band at the interface remain fixed

and applied voltages move the semiconductor Fermi-level Esemi.
F up or down.

The movement of Esemi.
F subsequently induces the movement of the conduction

and valance band in the bulk of the semiconductor as shown in Figure 2.6.

The movement of the bands in the bulk of the semiconductor is called “band

bending” [111]. Applying voltages to the device therefore either enhances or

reduces the band bending. We depict the three cases of band bending in a

n-type semiconductor-electrolyte interface in Figure 2.6.
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In equilibrium the Fermi-levels of the semiconductor and electrolyte are

equal,

Esemi.
F = Eredox

F , (2.3.15)

and no net charge transfer occurs. When we apply a bias to the semiconductor-

electrolyte solar cell ΦH remains unaltered; this implies the redox Fermi-level

Eredox
F will be unchanged [111, 122]. However, the potential change in the

semiconductor is ΦSCR → ΦSCR +Φapp.. This implies, as previously mentioned

that the semiconductor Fermi-level will move up or down depending on the

bias. An anodic bias moves the semiconductor Fermi-level lower such that,

Esemi.
F < Eredox

F . (2.3.16)

Anodic currents involve electron transfer from the an occupied state in the

electrolyte (reductant) to either the conduction band or valance band. Simi-

larly, a cathodic bias moves the semiconductor Fermi-level higher such that,

Esemi.
F > Eredox

F . (2.3.17)

Cathodic currents involve electron transfer from the conduction band or the

valance band to an unoccupied state in the electrolyte (oxidant).

Electron transfer across the semiconductor-electrolyte interface requires

the density of energy states of occupied and unoccupied states in the elec-

trolyte to overlap with conduction or valance band in the semiconductor (see

Figure 2.6). Due to the narrowness of the redox density of energy states one
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Figure 2.6: Energy levels of the semiconductor and electrolyte under an applied
biases. Source: [111]

can approximate that electron transfer occur within kBT of the conduction or

valance band [111]. Using this approximation the cathodic transfer of elec-

trons from the conduction band to the unoccupied in the electrolyte state is

of the form [111],

nΣS · J−c = −q k0 ρnW0Do(E) = −q k0 e
−(EC−E0

Ox.)
2/W 2

0 ρn ρo, (2.3.18)

while the anodic transfer of electrons from the occupied electrolyte state to

conduction band is of the form [111],

nΣS · J+
c = q k0NCW0Dr(E) = q k0 e

−(EC−E0
Red.)

2/W 2
0 NC ρr. (2.3.19)

We define the total current for electron transfer involving the conduction band

to be,

nΣS · Jn = nΣS · J−c + nΣS · J+
c ,

= −qk0

(
e−(EC−E0

Ox.)
2/W 2

0 ρn ρo − e−(EC−E0
Red.)

2/W 2
0 NC ρr

)
.

(2.3.20)
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Similarly, we can define the anodic transfer of electron from an occupied state

in the electrolyte to the valance band as [111],

nΣS · J+
v = q k0W0 ρpDr(E) = q k0 e

−(EV −E0
Red.)

2/W 2
0 ρp ρr, (2.3.21)

while the cathodic transfer of electrons from the valance band to an unoccupied

state in the electrolyte is [111],

nΣS · J−v = −q k0NV W0Do(E) = −q k0 e
−(EV −E0

Ox.)
2/W 2

0 NV ρo. (2.3.22)

We define the total current for valance band electron transfer to be,

nΣS · Jp = nΣS · J+
v + nΣS · J−v ,

= q k0

(
e−(EV −E0

Red.)
2/W 2

0 ρp ρr − e−(EV −E0
Ox.)

2/W 2
0 NV ρo

)
.

(2.3.23)

We rewrite (2.3.20) and (2.3.23) in a more useful form by noting that

in equilibrium there is no net current through the interface, i.e. Jn · nΣS =

Jp ·nΣS = 0. Therefore equilibrium conditions for the conduction band imply,

nΣS · J+
c = nΣS · J−c . (2.3.24)

Substituting in (2.3.18) and (2.3.19) yields,

e−(EV −E0
Red.)

2/W 2
0 NC ρr = e−(EC−E0

Ox.)
2/W 2

0 ρen ρo. (2.3.25)

Substituting this expression into (2.3.20) we find,

nΣS · Jn = −q ket (ρn − ρen) ρo, (2.3.26)
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where the electron transfer rate, ket, is defined to be,

ket := k0 e
−(EC−E0

Ox.)
2/W 2

0 . (2.3.27)

Repeating the same arguments for Jp we find,

nΣS · Jp = q kht (ρp − ρep) ρr, (2.3.28)

where the hole transfer rate, kht, is defined to be,

kht := k0 W0 e
−(EV −E0

Red.)
2/W 2

0 . (2.3.29)

The total flux of reductants out of the electrolyte then must be the the valance

band current minus the conduction band current,

nΣE · Jr = nΣS · Jp − nΣS · Jn,

= qkht(ρp − ρep)ρr − qket(ρn − ρen)ρo.
(2.3.30)

Similarly, the total flux of oxidants out of the electrolyte must then be the

conduction band current minus the valance band current,

nΣE · Jo = nΣS · Jn − nΣS · Jp,

= qket(ρn − ρen)ρo − qkht(ρp − ρep)ρr.
(2.3.31)

We define the total current throughout the device as,

J :=

{
Jn − Jp in ΩS

−αrJr − αoJo in ΩE
(2.3.32)

The conservation of charge requires that αo − αr = 1. Using this property as

well as the boundary conditions (2.3.26), (2.3.28), (2.3.30) and (2.3.31) we see

that the current (2.3.32) through the interface is continuous.
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Remark 2.3.4. Due to the presence of doping profiles and the SCR potential,

the current in semiconductors will usually be due to primarily either the trans-

port of minority or the transport of majority carriers. In contrast, currents in

the electrolyte are due to transport of both reductants and oxidants [111].

2.3.3 Relationship Of Interface Conditions To Other Models In
Electrochemistry

2.3.3.1 Butler-Volmer Model

In electrochemistry, currents are caused by a transfer of electrons across

the solid-liquid interface. In a semiconductor-electrode-electrolyte interface the

transfer of electrons can occur across different bands. Which band the electron

transfer occurs across depends on the availability of free carriers in that band as

well as its overlap with the density of states of the redox species. The transfer

rates of the electrons across the semiconductor interface (ket and kht) remain

fixed under all applied biases due to band edge pinning [111]. However, the

density of electrons (holes) at the interface will increase (decrease) with an

applied bias or vice versa due to band bending.

In contrast, currents across metal electrode-electrolyte interfaces are

driven by transfer of electrons from occupied states in the metal to unoccupied

states in the electrolyte or from occupied states in the electrolyte to unoccupied

states in the metal. The transfer of an electron from the metal to the electrolyte

occurs when the Fermi-level of the metal overlaps with the oxidant density of

states. The transfer of an electron from the electrolyte to the metal occurs

when the Fermi-level of the metal overlaps with the reductant density of states.
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In contrast to a semiconductor, there is no SCR in a metal and any applied

bias will correspond to a drop in potential across the Helmholtz layer. There-

fore the Fermi-level of the electrolyte will move up and down under applied

biases, while the Fermi-level of the metal will remain fixed. Since the position

of the Fermi-level dictates the position the redox density of states this implies

that the transfer rate of electron from the metal to the semiconductor are con-

trolled by the applied bias. The traditional model used for metal-electrodes in

electrochemistry is the Butler-Volmer equation [94, 111],

J · nΣS = J0

(
e(1−α)ν/UT − e−αν/UT

)
(2.3.33)

The term J0 [A cm−2] is the exchange current, α is the transfer factor and

ν [V] is the over-potential and is a linear function of applied bias. This model

assumes that anodic and cathodic currents increase or decrease exponentially

with respect to the applied bias. This reflects the fact that the electron transfer

rate in a metal-electrolyte system depends exponentially on the applied bias.

In contrast to a semiconductor electrode, in a metal electrode the density of

electrons does not appreciably changed under applied biases since its Fermi-

level remains unchanged [111].

The model of the reactive interface conditions from Section 2.3.2 for

semiconductor-electrolytes can be related to the Butler-Volmer model (2.3.33)

under certain conditions. However, we stress that the physics of charge trans-

fer across the two interface is very different and the Butler-Volmer model alone

is not sufficient to describe the dynamics of the interface, even when the semi-

46



conductor is covered by a catalyst [94, 113]. If we assume the semiconductor

is in quasi-equilibrium, then the electron and hole pairs can be modeled using

Boltzmann statistics,

ρn = ρen e
(Φapp.−ΦSCR)/UT on Σ, (2.3.34)

ρp = ρep e
−(Φapp.−ΦSCR)/UT on Σ. (2.3.35)

Under an excitation event there will be an increase of free carrier at the in-

terface. This will lead to an increase in the transfer of electrons to or from

the semiconductor. Using (2.3.34), (2.3.35), (2.3.26), (2.3.28) and (2.3.32) it

can be seen that the current through the interface is then controlled by the

applied biases with the equation,

J · nΣS = −qket ρen ρo (eν/UT − 1) + qkht ρ
e
p ρr (e−ν/UT − 1), (2.3.36)

where we refer to ν = Φapp.−ΦSCR as the over-potential. We can now see that

increasing or decreasing the applied bias will effect the current exponentially.

A more thorough discussion on the Butler-Volmer model in electrochemistry

can be found in [24, 94, 111].

2.3.3.2 Schottky Model

In most previous simulation based studies of PECs, such as [61, 67,

93, 127, 147], researchers linearized the reactive interface conditions by using

the so-called “Schottky approximation.” This approximation involves the as-

sumption that the concentrations of the redox species are high compared to
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electron and hole densities. Additionally, it is assumed that the redox concen-

trations will not change appreciably over time or over all applied biases. These

assumptions allows one to neglect simulations of the electrolyte and its inter-

action with the semiconductor altogether. We therefore replace the interface

conditions on the semiconductor with the “Schottky conditions” [107],

Jn · nΣS = −qvn(ρn − ρen), (2.3.37)

Jp · nΣS = qvp(ρp − ρep), (2.3.38)

where vn [cm2s−1] and vp [cm2s−1] are respectively the electron and hole re-

combination velocities. It was shown by the authors of [84] that the Schottky

approximation produces results which are close to the results from simula-

tions of the full semiconductor-electrolyte system when redox concentrations

are high. However, when redox concentrations are comparable to the densities

of electrons and holes the results of simulations using the Schottky approxi-

mation produce appreciable deviations from results which use the full system.

We will discuss this further in Chapter 5.

Remark 2.3.5. The Schottky condition was originally proposed as a model

for parasitic resistance at a semiconductor-metal junction [107, 114]. In such

scenarios, there will be an associated potential with the contact called the

“barrier height.” The barrier height when using the Schottky condition will be

assumed to be coincide with the value of the space charge region potential in

the full system of equations.
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Figure 2.7: Dynamics of a n-type semiconductor PEC solar cell under illumi-
nation. [4]

2.3.4 Photoelectrochemical Solar Cells

At a semiconductor-electrolyte interface the potential from the space

charge region, ΦSCR, depletes the interface of majority carriers. A few majority

carriers may be able to overcome the potential through thermionic emission

and reach the interface to cause chemical reactions. Therefore in the dark there

is a small current called the “dark current” that is due to the chemical reactions

with the majority carriers. When the device is illuminated, photo-generated

majority and minority carriers will be created. Minority carriers within or that

diffuse into the SCR will be forced toward the interface by the SCR’s electric

field. The corresponding photo-generated majority carriers will be transferred

away from the interface by the same electric field. Minority carriers that reach

the interface will cause redox reactions that lead to so-called “illuminated

currents.” The dynamics of the PEC using an n-type semiconductor under

illumination are displayed in Figure 2.7
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One obtains power from a solar cell by applying loads (motors, appli-

ances, or any device that requires electrical power) in the form of applied volt-

age biases. There is always a fundamental compromise between the produced

current and the applied voltage obtained from the cell. In the dark under no

applied bias the current will be effectively zero. Applying positive or forward

biases to the cell will result in a positive current called the “dark current.”

The dark current increases exponentially with the applied bias as displayed in

Figure 2.8. When a solar cell is illuminated there will be a negative current

called the “illuminated current.” Under zero applied bias the absolute value of

illuminated current will be maximized. This current is called the “short cir-

cuit current” and will be labeled JSC [A cm−2]. Applying a forward bias will

weaken the electric field in the space charge region. The decreases in the elec-

tric field leads to a decrease in the illuminated current and an increase in the

dark current. Increasing the applied bias will diminish the magnitude of total

current until it reaches zero. The applied voltage at which this occurs is called

the “open circuit voltage” and denoted ΦOC [V]. Under these conditions the

dark current exactly cancels the illuminated current. Applying biases larger

than the open circuit voltage will result in positive currents which increase ex-

ponentially. The exponential dependence of the current on the applied voltage

is called the diode effect and is displayed in current-voltage plot in Figure 2.8

Solar cells generate power when applied voltages have values in the

range (0,ΦOC). The efficiency of a solar cell is defined as the ratio of the
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Figure 2.8: Solar cell current-voltage curve. Here I, U are the current and
applied voltage respectively; Is, Uph are the short circuit current and open
circuit respectively. [111]

maximum power,

ηeff =
Pm
Pin

=
Jm Φm

Pin

. (2.3.39)

The values Jm [A cm−2] and Vm [V] are the current density and voltage values

whose product produces the maximum power output produced by the cell and

Pin [mW cm−2] is the power supplied by the sun. The fill factor of a solar cell

is,

ff =
Jm Φm

JSC ΦOC

, (2.3.40)

and is used to measure the parasitic resistance in a solar cell. A lower fill

factor corresponds to higher resistance within the cell.
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2.4 Summary Of Mathematical Model

Before summarizing the mathematical model for electron transfer across

semiconductor-electrolyte interfaces we review the underlying assumptions we

have made. The necessary assumptions for validity of the model in the semi-

conductors are:

1. We use a non-degenerate and compositionally invariant semiconductor.

2. The device length is larger than the mean free path.

3. The temperature of electrons and holes is the same as the crystal lattice.

4. The mobility of electrons and holes may depend upon the electric field,

temperature and doping level.

5. The Einstein relation (2.2.13) is valid.

6. Generation of electron-hole pairs only occurs through photon absorption

or by thermal excitation through SRH recombination.

7. The only recombination mechanism of electrons and hole pairs occurs

through a single trap that has a energy level in the middle of the band

gap.

8. Besides the interface with the electrolyte, the semiconductor has only

Ohmic metal contacts, an insulating oxide or glass layer.

To model the reactive interface in a PEC we assume:
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1. There is no supporting electrolyte and besides the the charges of the

redox species, the electrolyte is charge neutral.

2. Redox species are only created/eliminated through the heterogeneous

reaction,

Red. 
 Ox. + Semi.(e−). (2.4.1)

3. We assume that the Geirscher model is valid and that electron transfer

between the semiconductor and electrolyte occurs within kBT of either

the conduction or valance band.

4. The density of redox species is high enough to ignore the Gouy layer.

5. Applied potentials occur over the SCR region and the Helmholtz poten-

tial remains constant on the boundary of the electrolyte.

6. Other than the semiconductor, the electrolyte is isolated and redox

species take on their bulk values on the boundary of the electrolyte.

7. The potential and displacement electric field are continuous across the

solid-liquid interface.

8. Initial conditions are taken to match the equilibrium and bulk densities

in the semiconductor and electrolyte respectively.

We now summarize the model for the semiconductor-electrolyte inter-

face problem. We note that we have introduced charge numbers αn = −1 and

αp = +1 for electrons and holes respectively. We eliminated the charge of
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the electron q in all equations except for the Poisson equations. Additionally,

we replace the electric field E by −∇Φ. This changes our definition of the

individual carriers current to be,

Jn = −αn µn∇Φρn −Dn∇ρn in ΩS × (0, T ),

Jp = −αp µp∇Φρp −Dp∇ρp in ΩS × (0, T ),

Jr = −αr µr∇Φρr −Dr∇ρr in ΩE × (0, T ),

Jo = −αo µo∇Φρo −Do∇ρo in ΩE × (0, T ).

(2.4.2)

In the semiconductor we have the system of equations,

∂ρn
∂t

+∇ · (−αn µn∇Φρn −Dn∇ρn) = G(x)−R(ρn, ρp) in ΩS × (0, T ),

∂ρp
∂t

+∇ · (−αp µp∇Φρp −Dp∇ρp) = G(x)−R(ρn, ρp) in ΩS × (0, T ),

−∇ · (εS∇Φ) =
q

ε0
(C(x) + αnρn + αpρp) in ΩS × (0, T ).

(2.4.3)

Subject to the boundary conditions,

ρn = ρen, ρp = ρep, Φ = ΦSCR + Φapp. on ΓS,D × (0, T ),

n · Jn = 0, n · Jp = 0, n · (−∇Φ) = 0 on ΓS,N × (0, T ).
(2.4.4)

In the electrolyte we have the system of equations,

∂ρr
∂t

+∇ · (−αr µr∇Φρr −Dr∇ρr) = 0 in ΩE × (0, T ),

∂ρo
∂t

+∇ · (−αo µo∇Φρo −Do∇ρo) = 0 in ΩE × (0, T ),

−∇ · (εE∇Φ) =
q

ε0
(αrρr + αoρo) in ΩE × (0, T ).

(2.4.5)

Subject to the boundary conditions,

ρr = ρ∞r , ρo = ρ∞o , Φ = Φ∞ on ΓE,D × (0, T ),

n · Jr = 0, n · Jo = 0, n · (−∇Φ) = 0 on ΓE,N × (0, T ).
(2.4.6)
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The interface conditions (2.3.26), (2.3.28), (2.3.30), and (2.3.31) on Σ × (0, T )

are reweriten as,

nΣS · Jn = Iet(ρn − ρen, ρo), (2.4.7)

nΣS · Jp = Iht(ρp − ρep, ρr), (2.4.8)

nΣE · Jr = Iht(ρp − ρep, ρr) − Iet(ρn − ρen, ρo), (2.4.9)

nΣE · Jo = −Iht(ρp − ρep, ρr) + Iet(ρn − ρen, ρo), (2.4.10)

where the functions Iet(x, y) = ketxy, Iht(x, y) = khtxy. We remark that in this

form we have divided out the charge of electron q. In addition, the interface

conditions for the Poisson equations are,

Φ|ΣS = Φ|ΣE and nΣS · εS∇Φ + nΣE · εE∇Φ = 0. (2.4.11)

Finally we have the initial conditions for the charge densities,

ρn = ρen, ρp = ρep on ΩS × {t = 0},

ρr = ρ∞r , ρo = ρ∞o on ΩE × {t = 0}.
(2.4.12)

The total electrical current density throughout out the device is,

J =

{
−αn q Jn − αp q Jp in ΩS × (0, T ),
−αr q Jr − αo q Jo in ΩE × (0, T ).

(2.4.13)
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Chapter 3

Numerical Approximations To Model Problem

In this chapter we discuss the numerical approximations used to simu-

late the reactive-flow-transport systems that model photoelectrochemical solar

cells. We first discuss the choice of scaling and notation for the model prob-

lem and present our equations in non-dimensional form. We then introduce a

mixed finite element method for to approximate solutions to the Poisson equa-

tion and a local discontinuous Galerkin (LDG) for the spatial discretization

of the drift-diffusion equation. Next we propose different time stepping al-

gorithms which were specifically developed to overcome the stiffness inherent

in the drift-diffusion-Poisson systems. Finally, we summarize the numerical

software which was developed to simulate photoelectrochemical solar cells in

one and two dimensions.

3.1 Preliminaries

3.1.1 Non-Dimensional Formulation

Many variables in semiconductor-electrochemistry have values that dif-

fer by large orders of magnitude, for example, the densities values of charge

carriers can routinely obtain values of 108 − 1019 [cm−3]. In order to avoid
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issues with numerical overflow and underflow we utilize a first-order perturba-

tion scaling routine [107, 130] to obtain systems which are in non-dimensional

form. In choosing the first order perturbation scaling we denote the charac-

teristic length scale (l∗), time scale (t∗), voltage scale (Φ∗), and density scale

(C∗). The values for these characteristics scales are chosen to be (see [84]):

l∗ = 10−4 [ cm−1 ], t∗ = 10−12 [ s ],
Φ∗ = UT ' 25.85 [ mV ], C∗ = 1016 [ cm−3 ].

We introduce the the Debeye length λ2
r =

1
l∗

√
Φ∗ εr ε0
q C∗ for the semicon-

ductor (r = S) and electrolyte (r = E). The other rescaled quantities

are,

t′ =
t

t∗
, x′ =

x

l∗
, Φ′ =

Φ

Φ∗
, ρ′c =

ρc
C∗
, for c = n, p, r, o,

R′(ρ′n, ρ
′
p) =

t∗

C∗
R(C∗ρ′n, C

∗ρ′p), G′ =
t∗

C∗
G, Φ′app =

Φapp

Φ∗
,

ρe
′

c =
ρec
C∗
, for c = n, p, ρ∞

′

c =
ρ∞c
C∗

for c = r, o, Φ′SCR =
ΦSCR

Φ∗
,

C =
C

C∗
, k′et =

kett
∗C∗

l∗
, k′ht =

khtt
∗C∗

l∗
, v′n =

vnt
∗

l∗
, v′p =

vpt
∗

l∗
,

µ′c =
Φ∗ µc t

∗

( l∗ )2
for c = n, p, r, o, ρ′i =

ρi
C∗
, Φ′app =

Φapp

Φ∗
. (3.1.1)

Additionally, we use the Einstein relation (2.2.13) to obtain the non-dimensional

formulation for (2.4.3) and (2.4.5) (we have dropped the ′ for ease of notation):

∂ρn
∂t

+∇ · µn (−αn∇Φρn −∇ρn) = G(x)−R(ρn, ρp) in ΩS × (0, T ),

∂ρp
∂t

+∇ · µp (−αp∇Φρp −∇ρp) = G(x)−R(ρn, ρp) in ΩS × (0, T ),

−∇ ·
(
λSS∇Φ

)
= (C(x) + αnρn + αpρp) in ΩS × (0, T ).

(3.1.2)
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And,

∂ρr
∂t

+∇ · µr (−αr∇Φρr − ∇ρr) = 0 in ΩE × (0, T ),

∂ρo
∂t

+∇ · µo (−αo∇Φρo − ∇ρo) = 0 in ΩE × (0, T ),

−∇ ·
(
λ2
E∇Φ

)
= (αrρr + αoρo) in ΩE × (0, T ).

(3.1.3)

The non-dimensional formulation of the boundary (2.4.4), (2.4.6), interface (2.4.7)-

(2.4.11) and initial conditions (2.4.12) are of the same form as previously dis-

played, but with rescaled values.

3.1.2 Preliminary Notation

Let Th(Ω) = {Ωe }Ne=1 be the general triangulation of a domain Ω ⊂

Rd, d = 1, 2, into N non-overlapping elements Ωe of diameter he. The maxi-

mum size of the diameters of all the elements is h = max(he ). We define Eh

to be the set of all element faces and Eih to be the set of all interior faces of

elements which do not intersect the total boundary (∂Ω). Let ∂Ωe ∈ Eih be a

interior boundary face element, we define the unit normal vector to be,

n = unit normal vector to ∂Ωe pointing from Ω−e → Ω+
e . (3.1.4)

We take the following definition on limits of functions on element faces,

w−(x) |∂Ωe = lim
s→0−

w(x + sn), w+(x) |∂Ωe = lim
s→0+

w(x + sn). (3.1.5)

We define the average and jump of a function across an element face as,

{f} =
1

2
(f− + f+), and JfK = f+n+ + f−n−, (3.1.6)
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and,

{f} =
1

2
(f− + f+), and JfK = f+ · n+ + f− · n−, (3.1.7)

where f is a scalar function and f is vector-valued function. We note that for

a faces that are on the boundary of the domain we have,

JfK = f n and JfK = f · n. (3.1.8)

We denote the volume integrals and surface integrals using the L2(Ω) inner

products by ( · , · )Ω and 〈 · , · 〉∂Ω respectively. We introduce the following

Sobolev spaces for a domain Ω and integer s ≥ 0,

Hs(Ω) =
{
u ∈ L2(Ω) : ∀0 ≤ |α| ≤ s, Dsu ∈ L2(Ω)

}
, (3.1.9)

Hdiv(Ω) =
{

u ∈
(
L2(Ω)

)d
: ∇ · u ∈ L2(Ω)

}
, (3.1.10)

where D is the distributional derivative. The broken Sobolev space for a

general triangulation Th(Ω) and integer s ≥ 0 is,

Hs(Th) =
{
w ∈ L2(Ω) : w |Ωe ∈ Hs(Ωe), ∀Ωe ∈ Th(Ω)

}
. (3.1.11)

We label the domain for Poisson’s equation ΩP . The Poisson domain

is the union of the semiconductor and electrolyte domains,

ΩP = ΩS ∪ ΩE. (3.1.12)

Our model problem now has three domains ΩS,ΩE and ΩP . Therefore our

numerical methods will use three triangulations: the triangulation for Poisson’s

equation,

TPh = Th(ΩP ),
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which has NP elements. The triangulation for the semiconductor,

TSh = Th(ΩS),

which has NS elements and the triangulation for the electrolyte,

TEh = Th(ΩE),

which has NE elements. The set of all internal element faces for the semicon-

ductor and electrolyte are labeled E
i,S
h and E

i,E
h respectively. The set of all

element faces which lie on the Dirichlet, Neumann and interface boundaries

of the semiconductor are respectively labeled ESD, ESN and ESΣ. The set of all

element faces which lie on the Dirichlet, Neumann and interface boundaries of

the electrolyte are respectively labeled EED, E
E
N and EEΣ .

Remark 3.1.1. We require all triangulations to be regular meshes. In addition,

the Poisson triangulation is required to be the union of the semiconductor and

electrolyte triangulations,

TPh = TSh ∪ TEh . (3.1.13)

Therefore NP = NS+NP . Requiring (3.1.13) guarantees the exists and unique-

ness of one-to-one mappings from the elements in TPh to elements of TSh and TEh .

We remind the reader that ΩS∩ΩE = Σ. We additionally restrict our triangu-

lations of the semiconductor and electrolyte domains such that element faces

on opposite sides of the interface match. That is elements that lie adjacent to

one another on the interface, but are in different meshes have a common face.

This requirement specifically implies,

ES
Σ = EEΣ = EΣ. (3.1.14)
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Requiring (3.1.14) is not severe; indeed, it prohibits the presence of hanging

nodes on the interface, but does not prohibit them on interior faces E
i,S
h and

E
i,E
h .

In our numerical methods we will use approximations to scalar valued

functions that reside in the finite-dimensional broken Sobolev spaces,

Wm
h,k(T

m
h ) =

{
w ∈ L2(Ωm) : w|Ωe ∈ Qk,k(Ωe), ∀Ωe ∈ Tmh

}
, (3.1.15)

for m = S,E, P . Qk,k(Ωe) denotes the tensor product of polynomials of order

k on the element Ωe. For the drift-diffusion equation use approximations of

vector valued functions (i.e. current fluxes) that are in,

Wm
h,k(T

m
h ) =

{
w ∈

(
L2(Ωm)

)d
: w|Ωe ∈ (Qk,k(Ωe))

d , ∀Ωe ∈ Tmh

}
(3.1.16)

for m = S,E.

To approximate the displacement electric field (−λ2
m∇Φ) in Poisson’s equa-

tions we use the Raviart-Thomas finite element space [123]. The Raviart-

Thomas finite element space (RTP
h,k = RTh,k(T

P
h )) in two dimensions is,

RTP
h,k =

{
v ∈ Hdiv(ΩP ) : v|Ωe ∈ Qk+1,k(Ωe)× Qk,k+1(Ωe), ∀Ωe ∈ TPh

}
.

(3.1.17)

The subspace VP
h,k ⊂ RTP

h,k is defined as,

VP
h,k = {v ∈ RTP

h,k(T
P
h ) : v · n|ΓS,N∪ΓE,N = 0}. (3.1.18)

In one dimension, RTP
h,k = W P

h,k+1. We remark that with this definition we

have,

∇ · RTP
h,k = W P

h,k (3.1.19)
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in both one and two dimensions. Furthermore, we have the property that [123],

∀v ∈ RTP
h,k, JvK = 0 on ∈ E

i,S
h ∪ E

i,E
h ∪ EΣ. (3.1.20)

Let m = S or E, then the L2 norm is,

‖w‖L2(Tmh ) =

 ∑
Ωe∈Tmh

‖w‖2
L2(Ωe)

1/2

, (3.1.21)

and the Hs norm with s any positive integer,

‖w‖Hs(Tmh ) =

 ∑
0≤|s|≤α

‖Dsw‖2
L2(Tmh )

1/2

. (3.1.22)

The Hs semi-norm is then,

|w|Hs(Tmh ) =

∑
|s|=α

‖Dsw‖2
L2(Tmh )

1/2

. (3.1.23)

The DG norm is defined as,

‖w‖DG,m =
(
‖∇w‖2

L2(Tmh ) + ‖h−1/2JwK‖2
L2(Ei,mh )

+ ‖h−1/2w‖2
L2(EmD )

)1/2

,

(3.1.24)

where E
i,m
h , EmD are respectively the element faces on the interior and Dirichlet

boundary for m = S,E. Additionally, let us define the time dependent Sobolev

space for a general Banach space V and r ≥ 1,

Lr (V ; (0, T )) =

{
w : (0, T )→ V, meas. :

∫ T

0

‖w(t)‖rV dt <∞
}
, (3.1.25)
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with norm,

‖w‖Lr(V ;(0,T )) =

(∫ T

0

‖w(t)‖rV dt <∞
)1/r

. (3.1.26)

Finally the space, H1(Hs(Th); (0, T )) is the space of all w ∈ L2(Hs(Th); (0, T ))

such that ∂w
∂t

exists in the weak sense and ∂w
∂t
∈ L2(Hs(Th); (0, T )).

In the following sections we use the above notation to present our nu-

merical approximations to the model problem. We begin with the discretiza-

tion of Poisson’s equation for the potential and electric field.

3.2 Mixed Finite Element Method (MFEM)

To approximate solutions to Poisson’s equation we implement a mixed

finite element method (MFEM). We introduce the so-called displacement elec-

tric field, D, and rewrite Poisson’s equation in mixed form,

∇ · D(x, t) = f(x, t), (3.2.1)

D(x, t) + λ2(x)∇Φ(x, t) = 0, (3.2.2)

We require the Debeye length function λ2(x) ∈ L∞(ΩP ) and the right hand

side function f(x, t) ∈ (L2(ΩP )× (0, T )). These are defined as follows,

λ(x) =

{
λ2
S in ΩS,
λ2
E in ΩE,

(3.2.3)

f(x, t) =

{
C(x) + αn ρn(x, t) + αp ρp(x, t) in ΩS × (0, T ),
αr ρr(x, t) + αo ρo(x, t) in ΩE × (0, T ).

(3.2.4)
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The electric field can then be obtained from D by the equation,

E(x, t) =
(
λ2
)−1

D(x, t). (3.2.5)

We note that λ2 is invertible because all Debye lengths are positive definite.

The boundary conditions for this problem are either Dirichlet or Neumann

conditions. For the Dirichlet conditions, we require that Φapp.(x) ∈ L2( ΓS,D ),

ΦSCR(x) ∈ L2( ΓS,D ) and Φ∞(x) ∈ L2( ΓE,D ). Neumann conditions will be

imposed in the numerical approximations as constraints on the space VP
h,k.

We approximate solutions to Φ and D using the finite element approx-

imations Φ(·, t) ≈ Φh(·, t) ∈ W P
h,k ⊂ Hs(TPh ) and D(·, t) ≈ Dh(·, t) ∈ VP

h,k ⊂

RTP
h,k. The mixed finite element approximation to Poisson’s equation is ob-

tained by multiplying (3.2.1) by v ∈ W P
h,k and integrating over ΩP as well as

multiplying (3.2.2) by v ∈ VP
h,k and integrating by parts over ΩP . The MFEM

is then,

Find (Φh,Dh) ∈
(
W P
h,k × (0, T )

)
×
(
VP
h,k × (0, T )

)
such that,(

v , (λ2
r)
−1 Dh

)
ΩP
− (∇ · v , Φh)ΩP

= −〈v , ΦSCR + Φapp.〉ESD − 〈v , Φ∞〉EED ,

(v , ∇ ·Dh)ΩP
= (v , f)ΩP

,
(3.2.6)

for all (v,v) ∈ W P
h,k × VP

h,k.

The approximation of the potential Φh is a linear combination of basis func-

tions ψPn,p of W P
h,k,

Φh(x, t) =

NP∑
i=1

k∑
j=0

φi,j(t) ψ
P
i,j(x). (3.2.7)
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The basis functions ψPi,j of W P
h,k are local polynomials of order j on element i.

The local coefficient corresponding to this local basis function is φi,j. We can

repeat the same procedure for the displacement electric field and write Dh as

the linear combination of local basis functions ΥP
i,j of VP

h,k and corresponding

coefficients di,j,

Dh(x, t) =

NP∑
i=1

k∑
j=0

di,j(t) ΥP
n,p(x). (3.2.8)

Substituting (3.2.7) for Φh and (3.2.8) for Dh in (3.2.6) results in the

following linear system for the degree of freedom vectors (which we denote by

the same symbols),[
A BT

B 0

] [
Dh(·, t)
φh(·, t)

]
=

[
L1(t)
L2(t)

]
∀t ∈ (0, T ). (3.2.9)

The matrices A,B and BT correspond to,

A ⇐
(
v , (λ2

r)
−1 Dh

)
ΩP

(3.2.10)

BT ⇐ − (∇ · v , Φh)ΩP
(3.2.11)

B ⇐ (v , ∇ ·Dh)ΩP
(3.2.12)

The right hand side L1(t) and L2(t) are vectors that incorporate the boundary

conditions and right hand side of Poisson’s equation respectively,

L1(t) ⇐ −〈v , ΦSCR + Φapp.〉ESD − 〈v , Φ∞〉EED (3.2.13)

L2(t) ⇐ (v , f(x, t))ΩP
. (3.2.14)
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The right hand side vectors must be updated at every time step to incorporate

updates in charge densities. However, the matrices A, BT , and B only need to

be assembled once since they are independent of time. The matrix resulting

from the mixed method applied to Poisson’s equation is symmetric indefinite

and this poses challenges for linear solvers as will be discussed in Section 3.5.

Remark 3.2.1. We stress that the choice of Raviart-Thomas elements to ap-

proximation D is essential. First, this choice of elements in conjunction with

discontinuous elements to approximate Φ yields a formulation for elliptic prob-

lems that satisfies the discrete version of the inf-sup or “Babuska-Brezzi” con-

ditions [20, 34]. The inf-sup conditions guarantee that the matrix in (3.2.9)

is nonsingular. Second, the property, (3.1.20), of the Raviart-Thomas ele-

ments ensures that the normal component of Dh will be continuous through

the semiconductor-electrolyte interface as needed by (2.4.11). Continuity of

Φh through the interface is implicitly enforced through the weak formulation.

3.3 Local Discontinuous Galerkin (LDG) Method

In this subsection we discuss the local discontinuous Galerkin (LDG)

method to approximate solutions of the drift-diffusion equation. Each charge

carrier will have their own LDG discretization. The coupling between the

drift-diffusion equations as well as with Poisson’s equation will be addressed

in Section 3.4. In this section we shall only discuss the spatial discretizations of

the drift-diffusion equation. To simplify the presentation of the discretization,
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we only consider the drift-diffusion equation for the electrons in the system:

∂tρn +∇ · µn (αnEρn −∇ρn) = −R(ρn, ρp) + γG(x) in ΩS × (0, T ),

nΣS · µn (αnEρn −∇ρn) = Iet(ρn − ρen, ρo) on Σ× (0, T ),

n · µn (−αnEρn −∇ρn) = 0 on ΓS,N × (0, T ),

ρn = ρen on ΓS,D × (0, T ),
(3.3.1)

The equations for other charge carriers are discretized in a similar way.

As with the mixed finite element method, the LDG discretization re-

quires the drift-diffusion equations be written as a first-order system. We do

this by introducing an auxiliary variable which we call the current flux variable

qn:

∂tρn + ∇ · qn = −R(ρn, ρp) + γG(x) in ΩS × (0, T ), (3.3.2)

µ−1qn = αnEρn −∇ρn in ΩS × (0, T ), (3.3.3)

nΣS · µ−1qn = Iet(ρn − ρen, ρo) on Σ× (0, T ), (3.3.4)

n · µ−1qn = 0 on ΓN × (0, T ), (3.3.5)

ρn = ρen on ΓS,N × (0, T ). (3.3.6)

We seek approximations for densities ρn,h(·, t) ∈ W S
h,k and currents qn,h(·, t) ∈

WS
h,k for all t ∈ (0, T ). Multiplying (3.3.2) by w ∈ W S

h,k and (3.3.3) by

w ∈ WS
h,k and integrating the divergence terms by parts over an element

67



Ωe ∈ TSh we obtain,

(w , ∂t ρn,h)Ωe
−
(
∇w , qn,h

)
Ωe

+ 〈w , qn,h〉∂Ωe =
(
w, R̃(ρn,h, ρp,h)

)
Ωe
,(

w , qn,h
)

Ωe
− (∇ ·w , ρn,h)Ωe

− (αn w · E , ρn,h)Ωe
+ 〈w , ρn,h〉∂Ωe = 0,

where R̃(ρn,h, ρp,h) = −R(ρn,h, ρp,h) + γG(x). Summing over all the elements

leads to the semi-discrete LDG formulation for the drift-diffusion equation,

Find ρn,h(·, t) ∈ W S
h,k and qn,h(·, t) ∈WS

h,k such that,

(w, ∂t ρn,h)ΩS
− (∇w qnh)ΩS

+ 〈Jw K , q̂n,h〉Ei,Sh + 〈Jw K , q̂n,h〉ESD∪ESN∪ESΣ

=
(
w, R̃(ρn,h, ρp,h)

)
ΩS

(3.3.7)(
w , qn,h

)
ΩS
− (∇ ·w ρn,h)ΩS

− (αn w · E , ρn,h)ΩS
+ 〈 J w K , ρ̂n,h〉Ei,Sh

+ 〈J w K , ρ̂n,h〉ESD∪ESN∪ESΣ = 0 (3.3.8)

for all (w,w) ∈ W S
h,k ×WS

h,k and all t ∈ (0, T ).

The terms q̂n,h and ρ̂n,h are the numerical fluxes. The numerical fluxes are in-

troduced to ensure consistency, stability, and enforce the boundary conditions

weakly [85]. The flux ρ̂n,h is,

ρ̂n,h =


{ρn,h} + β · Jρn,hK in E

i,S
h

ρn,h in ESΣ
ρn,h in ESN
ρen in ESD

(3.3.9)

The flux q̂n,h is,

q̂n,h =


{
qn,h

}
− Jqn,h Kβ + σn J ρn,h K in E

i,S
h

Iet(ρn,h − ρen, ρo,h) nSΣ in ESΣ
0 in ESN

qn,h + σn (ρn,h − ρen) n in ESD

(3.3.10)
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The term β is a constant vector which does not lie parallel to any element

face in E
i,S
h . For β = 0, q̂n,h and ρ̂h are called the central or Brezzi et. al.

fluxes [12]. For β 6= 0, q̂n,h and ρ̂n,h are called the LDG/alternating fluxes [12].

The term σn is the penalty parameter that is defined as,

σn =

{
σ̃n min

(
h−1
e1
, h−1

e2

)
x ∈ 〈Ωe1 ,Ωe2〉

σ̃n h
−1
e x ∈ ∂Ωe∩ ∈ ESD

(3.3.11)

with σ̃n being a positive constant.

We can now substitute (3.3.9) and (3.3.10) into (3.3.7) and (3.3.8) to

obtain the solution pair (ρn,h,qn,h) to the semi-discrete LDG approximation

to the drift-diffusion equation given by:

Find ρn,h(·, t) ∈ W S
h,k and qn,h(·, t) ∈WS

h,k such that,

(w, ∂tρn,h) + Ln,S(w,w; ρn,h,qn,h) + 〈w, Iet(ρn,h − ρen, ρo,h)〉ESΣ

=
(
w, R̃(ρn,h, ρp,h)

)
ΩS

+ 〈w, σnρen〉ESD
(3.3.12)

An,S(w,w; ρn,h,qn,h)− (w, αnEρn,h)ΩS
= −〈n ·w, ρen〉ESD

(3.3.13)

for all (w,w) ∈ W S
h,k ×WS

h,k and all t ∈ (0, T ). The quadlinear forms Ln,S

and An,S are defined as,

Ln,S = −
(
∇w,qn,h

)
ΩS

+ 〈JwK, σnJρn,hK〉Ei,Sh + 〈JwK,
{
qn,h

}
− Jqn,hKβ〉Ei,Sh

+ 〈w,n · qn,h〉ESD + 〈w, σnρn,h〉ESD , (3.3.14)

An,S =
(
w, µ−1

n qn,h
)

ΩS
− (∇ ·w, ρn,h)ΩS

+ 〈JwK, {ρn,h}+ β · Jρn,hK〉Ei,Sh

+ 〈w, ρn,h〉ESN∪ESΣ . (3.3.15)
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As with the mixed finite element method, we write our variables ρn,h

and qn,h as a linear combination of basis functions in W S
h,k and WS

h,k respec-

tively. The expansion of ρn,h in terms of coefficients uni,j(t) over the local basis

functions ψSi,j ∈ W S
h,k has the form,

ρn,h(x, t) =

NS∑
i=1

k∑
j=0

uni,j(t) ψ
S
i,j(x). (3.3.16)

The expansion of qn,h in terms of coefficients qni,j(t) over the local vector valued

basis functions ψS
i,j ∈WS

h,k has the form,

qn,h(x, t) =

NS∑
i=1

k∑
j=0

qni,j(t) ψ
S
i,j(x). (3.3.17)

The form of the resulting system upon substituting (3.3.16) and (3.3.17) into

(3.3.12) and (3.3.13) depends on the time stepping routine employed as will

be addressed in the next section.

Remark 3.3.1. We remark that in this LDG formulation the auxiliary variable

qn,h is defined as the total flux as was similarly done in [15].

Remark 3.3.2. Since they reside in the same domain, electrons and holes have

the same basis functions. Similarly, reductants and oxidants have the same

basis functions. However, electrons/holes do not have the same basis functions

as redox couples since they reside in separate domains.

3.4 Implicit/Explicit (IMEX) Time Stepping Algorithms

We can combine the mixed finite element discretization of the Poisson

equation (3.2.6) with the semi-discrete LDG discretization of the drift-diffusion
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equation (3.3.12)-(3.3.13) to obtain a discretization scheme for the whole sys-

tem of coupled drift-diffusion-Poisson equations The resulting system will be

nonlinear due to the various nonlinearities in the PDE system, including for

instance, the nonlinear recombination-generation effects, the the coupling be-

tween the drift-diffusion components of the densities through drift terms such

as αnEρn, as well as the nonlinear interface transfer conditions.

To deal with the nonlinearities in the system, we combine different time-

stepping schemes with domain decomposition techniques. More precisely, we

use explicit time-stepping to treat the recombination-generation nonlinearity,

use a “time lagging” technique [45–47, 126, 130] to treat the coupling between

the densities and the electric potential, and use a Schwarz domain decomposi-

tion technique [102–104, 109, 121, 140] coupled with explicit stepping, to treat

the coupling between the semiconductor and electrolyte domains. To overcome

the limitation on the size of the time steps imposed by the Courant-Friedrichs-

Lewy (CFL) condition when an explicit time stepping scheme is used, we use

implicit scheme on the diffusion terms whenever it is possible. Therefore, our

marching in time is done by an overall implicit-explicit (IMEX) time stepping

scheme.

We present two classes of time stepping algorithms that are based on

IMEX time stepping and domain decomposition methods. The first class, in

Sections 3.4.1 and 3.4.2, uses the alternating Schwarz method. The second

class, in Sections 3.4.3 and 3.4.4, uses the parallel Schwarz strategy. The main

difference between the two classes of methods lies in how they treat the carrier
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densities on the semiconductor-electrolyte interface.

Remark 3.4.1. For notational convenience we drop the subscript h from our

approximations.

3.4.1 The Implicit-Implicit-Explicit Alternating Schwarz Scheme

In the implicit-implicit-explicit alternating Schwarz (AS-IMIMEX)

scheme, we first use a “time lagging” technique to decouple the Poisson equa-

tions from the drift-diffusion equations. We then apply an implicit scheme

on the diffusion terms, an implicit scheme on the drift terms, and an explicit

scheme on the recombination-generation terms. To decouple the equations

in the semiconductor domain from those in the electrolyte domain, we use a

strategy based on the alternating Schwarz domain decomposition method.

The algorithm works as follows. At time step k, we first solve the

Poisson equation for the electric potential (and therefore the electric field)

using charge densities at the previous time step k − 1. That is, we solve for

(Φk−1,Dk−1) from the Poisson equation:(
v, λ−2Dk−1

)
ΩP
−
(
∇ · v,Φk−1

)
ΩP

= −〈n · v,Φapp + Φbi〉ESD − 〈n · v,Φ
∞〉EED ,(

v,∇ ·Dk−1
)

ΩP
=
(
v, fk−1

)
Ω
,

(3.4.1)

where fk−1 is evaluated with the densities (ρk−1
n , ρk−1

p , ρk−1
r , ρk−1

o ). We then

use Ek−1 (obtaining it from Dk−1 by (3.2.5)) in the drift-diffusion equations

for the charge densities to find updates of these densities. This time lagging

technique is called the IMPES (implicit pressure, explicit saturation) method
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in the subsurface flow simulation literature [10, 46, 47, 130, 131, 136], and is

conceptually the same as the Gummel iteration method [83, 128] which is often

used semiconductor device simulations to decouple the Poisson component and

the drift-diffusion component of the system in the steady state equations.

To update the charge densities using the drift-diffusion equations, we

use a alternating Schwarz domain decomposition idea to decouple the equa-

tions in the semiconductor domain with those in the electrolyte domain. To

be precise, we first update the electron and hole densities. This would require

the densities of the reductant and the oxidant at the semiconductor-electrolyte

interface Σ, in the interface conditions (2.4.7) and (2.4.8). We use the k − 1

step values of these densities, ρk−1
r and ρk−1

o . Therefore, we solve for (ρkn, ρ
k
p)

from:

(wn, ρ
k
n)ΩS + ∆tkLn,S

(
wn,wn; ρkn, qkn

)
+ ∆tk〈wn, Iet(ρkn, ρk−1

o )〉ESΣ

= (wn, ρ
k−1
n )ΩS + ∆tk〈wn, Iet(ρen, ρk−1

o )〉ESΣ

−∆tk(wn, R̃(ρk−1
n ρk−1

p ))ΩS + ∆tk〈wn, σnρen〉ESD , (3.4.2)

An,S

(
wn,wn; ρkn,q

k
n

)
−
(
wn, αnE

k−1ρkn
)

ΩS
= −〈 n ·wn, ρ

e
n〉ESD , (3.4.3)

(wp, ρ
k
p)ΩS + ∆tkLp,S

(
wp,wp; ρ

k
p,q

k
p

)
+ ∆tk〈wp, Iht(ρkp, ρk−1

r )〉ESΣ

= (wp, ρ
k−1
p )ΩS + ∆tk〈wp, Iht(ρep, ρk−1

r )〉ESΣ

−∆tk(wp, R̃(ρk−1
n , ρk−1

p ))ΩS + ∆tk〈wp, σpρep〉ESD , (3.4.4)

Ap,S

(
wp,wp; ρ

k
p,q

k
p

)
−
(
wp, αpE

k−1ρkp
)

ΩS
= −〈n ·wp, ρ

e
p〉ESD . (3.4.5)
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Here the diffusion terms are treated implicitly, the drift terms are treated im-

plicitly, while the recombination-generation terms (which is now incorporated

into the function R̃) are treated explicitly.

Now that we have obtained the electron and hole densities at step k,

(ρkn, ρ
k
p), we can use these values in the interface conditions (2.4.9) to update

the reductant density:

(wr, ρ
k
r)ΩE + ∆tkLr,E

(
wr,wr; ρ

k
r ,q

k
r

)
+ ∆tk〈wr, Iht(ρkp − ρep, ρkr)〉EEΣ

= (wr, ρ
k−1
r )ΩE + ∆tk〈wr, Iet(ρkn − ρen, ρko)〉EEΣ + ∆tk〈wr, σrρ∞r 〉EED , (3.4.6)

Ar,E

(
wr,wr; ρ

k
r ,q

k
r

)
−
(
wr, αrE

k−1ρkr
)

ΩE
= −〈n ·wr, ρ

∞
r 〉EED . (3.4.7)

With the updated values (ρkn, ρ
k
p, ρ

k
r), we can now update the oxidant density

following the equations:

(wo, ρ
k
o)ΩE + ∆tkLo,E

(
wo,wo; ρ

k
o ,q

k
o

)
+ ∆tk〈wo, Iet(ρkn − ρen, ρko)〉EEΣ

= (wo, ρ
k−1
o )ΩE + ∆tk〈wo, Iht(ρkp − ρep, ρkr)〉EEΣ + ∆tk〈wo, σoρ∞o 〉EED , (3.4.8)

Ao,E

(
wo,wo; ρ

k
o ,q

k
o

)
−
(
wo, αoE

k−1ρko
)

ΩE
= −〈n ·wo, ρ

∞
o 〉EEΣ . (3.4.9)

The flow of the AS-IMIMEX algorithm is summarized in Algorithm 1. The

corresponding linear systems for the degrees of freedom for each of the carriers

will have the same form. In order to simplify the presentation we will only

display the linear system corresponding to the drift diffusion equations for

electrons. Substituting in (3.3.16) and (3.3.17) into (3.4.2) and (3.4.3) results
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in the linear system for the degrees of freedom vectors (which we denote by

the same symbols),[
M + ∆tkP + ∆tkK ∆tkC

T

C + F J

] [
ρn(·, tk)
qn(·, tk)

]
=

[
G1(tk−1)
G2(tk−1)

]
. (3.4.10)

The matrices M,P,C,CT and J are constant in time and correspond to,

M ⇐
(
wn, ρ

k
n

)
ΩS

(3.4.11)

P ⇐ 〈JwnK, σnJρknK〉Ei,Sh + 〈wn, σnρkn〉ESD (3.4.12)

J ⇐
(
wn , µ

−1
n qkn

)
ΩS

(3.4.13)

CT ⇐ −
(
∇wn,qkn

)
ΩS

+ 〈JwnK,
{
qkn
}
− JqknKβ〉Ei,Sh + 〈wn,n · qkn〉ESD (3.4.14)

C ⇐ −
(
∇ ·wn, ρ

k
n

)
ΩS

+ 〈JwnK,
{
ρkn
}

+ β · JρknK〉Ei,Sh + 〈wn, ρkn〉ESN∪ESΣ
(3.4.15)

The matrices F and K and correspond to,

F ⇐ −
(
wn, αnE

k−1ρkn
)

ΩS
(3.4.16)

K ⇐ 〈wn, Iet(ρkn, ρk−1
o )〉ESΣ (3.4.17)

These two matrices must be assembled at every time step to incorporate

changes in E as well as in ρo. The right hand sides G1(t) and G2(t) are

vectors that incorporate the boundary and interface conditions as well as the

right-hand side of drift diffusion equations,

G1 ⇐ (wn, ρ
k−1
n )ΩS + ∆tk〈wn, Ikt(ρen, ρk−1

o )〉ESΣ −∆tk(wn, R̃(ρk−1
n , ρk−1

p ))ΩS

+ ∆tk〈wn, σnρen〉ESD (3.4.18)

G2 ⇐ −〈 n ·wn, ρ
e
n〉ESD , (3.4.19)
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These vectors must be assembled at every time step.

Our experience in the numerical experiments is that the use of implicit

time stepping for the diffusion terms allows us to use time steps that are a

few order of magnitude greater than what an explicit scheme, for instance the

adaptive forward Euler scheme, on the diffusion terms would allow. However,

treating the drift term implicitly is very expensive. This is because the electric

field changes at every time step. Therefore, we have to update (3.4.16) in each

of the LDG matrices at each time step of the calculation. As will be discussed

further in Section 5.2.1, assembling and factorizing the LDG matrices take up

a significant portion of the run-time.

Algorithm 1 The AS-IMIMEX [resp. AS-IMEXEX] Algorithm

1: Initialize the density data (ρ0
n, ρ0

p, ρ
0
r, ρ

0
o); set t0 = 0; set k = 1;

2: while not reaching steady state do
3: Solve the Poisson problem (3.4.1) for (Φk−1, Ek−1) using

(ρk−1
n , ρk−1

p , ρk−1
r , ρk−1

o ) as data.

4: Determine ∆tk from the CFL condition with Ek−1 and
(ρk−1
n , ρk−1

p , ρk−1
r , ρk−1

o ).
5: Update electron and hole densities from (3.4.2)-(3.4.5) [resp. (3.4.20)-

(3.4.23)].
6: Update reductant density from (3.4.6)-(3.4.7) [resp. (3.4.24)-(3.4.25)]

using (ρkn, ρ
k
p).

7: Update oxidant density from (3.4.8)-(3.4.9) [resp. (3.4.26)-(3.4.27)]
using (ρkn, ρ

k
p, ρ

k
r).

8: tk = tk−1 + ∆tk, k = k + 1
9: end while
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3.4.2 The Implicit-Explicit-Explicit Alternating Schwarz Scheme

The implicit-explicit-explicit alternating Schwarz (AS-IMEXEX)

scheme is similar to the AS-IMIMEX scheme in the previous section. The only

difference is that here we treat the drift terms in the drift-diffusion equations

explicitly in time. That is, the charge densities in the drift terms are taken as

there values at the previous step k − 1, not the current k.

The algorithm works as follows. At time step k, we first solve the

Poisson equation (3.4.1) for (Φk−1,Ek−1). We then update the electron and

hole densities as in the AS-IMIMEX scheme, but treat the drift terms explicitly

to get (ρkn, ρ
k
p):

(wn, ρ
k
n)ΩS + ∆tkLn,S

(
wn,wn; ρkn,q

k
n

)
+ ∆tk〈wn, Iet(ρkn, ρk−1

o )〉ESΣ

= (wn, ρ
k−1
n )ΩS + ∆tk〈wn, Iet(ρen, ρk−1

o )〉ESΣ

−∆tk(wn, R̃(ρk−1
n , ρk−1

p ))ΩS + ∆tk〈wn, σnρen〉ESD , (3.4.20)

An,S

(
wn,wn; ρkn,q

k
n

)
=
(
wn, αnE

k−1ρk−1
n

)
ΩS
− 〈n ·wn, ρ

e
n〉ESD , (3.4.21)

(wp, ρ
k
p)ΩS + ∆tkLp,S

(
wp,wp; ρ

k
p,q

k
p

)
+ ∆tk〈wp, Iht(ρkp, ρk−1

r )〉ESΣ

= (wp, ρ
k−1
p )ΩS + ∆tk〈wp, Iht(ρep, ρk−1

r )〉ESΣ

−∆tk(wp, R̃(ρk−1
n , ρk−1

p ))ΩS + ∆tk〈wp, σpρep〉ESD , (3.4.22)

Ap,S

(
wp,wp; ρ

k
p,q

k
p

)
=
(
wp, αpE

k−1ρk−1
p

)
ΩS
− 〈n ·wp, ρ

e
p〉ESD . (3.4.23)

Now that we have obtained the electron and hole densities at step k, (ρkn, ρ
k
p),
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we can use these values to update the reductant density:

(wr, ρ
k
r)ΩE + ∆tkLr,E

(
wr,wr; ρ

k
r ,q

k
r

)
+ ∆tk〈wr, Iht(ρkp − ρep, ρkr)〉EEΣ

= (wr, ρ
k−1
r )ΩE + ∆tk〈wr, Iet(ρkn − ρen, ρko)〉EEΣ + ∆tk〈wr, σrρ∞r 〉EED , (3.4.24)

Ar,E

(
wr,wr; ρ

k
r ,q

k
r

)
=
(
wr, αrE

k−1ρk−1
r

)
ΩE
− 〈n ·wr, ρ

∞
r 〉EED . (3.4.25)

Note again that the drift term is treated explicitly here. With the updated

values (ρkn, ρ
k
p, ρ

k
r), we can now update the oxidant density following the equa-

tions:

(wo, ρ
k
o)ΩE + ∆tkLo,E

(
wo, wo; ρ

k
o ,q

k
o

)
+ ∆tk〈wo, Iet(ρkn − ρen, ρko)〉EEΣ

= (wo, ρ
k−1
o )ΩE + ∆tk〈wo, Iht(ρkp − ρep, ρkr)〉EEΣ + ∆tk〈wo, σoρ∞o 〉EED , (3.4.26)

Ao,E

(
wo,wo; ρ

k
o ,q

k
o

)
=
(
wo, αoE

k−1ρk−1
o

)
ΩE
− 〈n ·wo, ρ

∞
o 〉EED . (3.4.27)

The overall flow of the AS-IMEXEX algorithm is identical to that of the

AS-IMIMEX algorithm, and is summarized in Algorithm 1, in the brackets.

Upon substituting in (3.3.16) and (3.3.17) into (3.4.20) and (3.4.21) results in

the linear system for the degrees of freedom vectors (which we denote by the

same symbols),[
M + ∆tkP + ∆tkK ∆tkC

T

C J

] [
ρn(·, tk)
qn(·, tk)

]
=

[
G1(tk−1)
G2(tk−1)

]
. (3.4.28)

The matrices M,P,C,CT , J,K and vector G1 are the same as in the AS-

IMIMEX method. However, the right hand side vector G2 is now,

G2 ⇐
(
wn, αnE

k−1ρk−1
n

)
ΩS
− 〈 n ·wn, ρ

e
n〉ESD . (3.4.29)
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As discussed in Section 5.2.1, numerical experiments showed that treating the

drift term explicitly, as in (3.4.29), saves significant computational cost overall.

3.4.3 The Implicit-Explicit-Explicit Parallel Schwarz Scheme

In the implicit-explicit-explicit parallel Schwarz (PS-IMEXEX) scheme,

we treat the diffusion terms implicitly, the drift terms explicitly, and the

recombination-generation term explicitly. This is the same as was done in

the AS-IMEXEX scheme. The difference here is that we now treat the re-

active interface conditions explicitly in all the drift-diffusion equations. This

way, all four drift-diffusion equations are decoupled from each other and can

be solved simultaneously in parallel. To be precise, we use the values of all

the densities at time step k − 1 in the functions Iet and Iht in interface con-

ditions (2.4.7)-(2.4.10) to update the values of the densities simultaneously to

the current time step:

(wn, ρ
k
n)ΩS + ∆tLn,S

(
wn,wn; ρkn,q

k
n

)
= (wn, ρ

k−1
n )ΩS −∆t〈wn, Iet(ρk−1

n − ρen, ρk−1
o )〉ESΣ

−∆t(wn, R̃(ρk−1
n , ρk−1

p ))ΩS + ∆tk〈wn, σnρen〉ESD , (3.4.30)

An,S

(
wn,wn; ρkn,q

k
n

)
=
(
wn, αnE

k−1ρk−1
n

)
ΩS
− 〈n ·wn, ρ

e
n〉ESD , (3.4.31)

(wp, ρ
k
p)ΩS + ∆tLp,S

(
wp,wp; ρ

k
p,q

k
p

)
= (wp, ρ

k−1
p )ΩS −∆t〈wp, Iht(ρk−1

p − ρep, ρk−1
r )〉ESΣ

−∆t(wn, R̃(ρk−1
n , ρk−1

p ))ΩS + ∆tk〈wp, σpρep〉ESD , (3.4.32)
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Ap,S

(
wp,wp; ρ

k
p,q

k
p

)
=
(
wpαpE

k−1ρk−1
p

)
ΩS
− 〈n ·wp, ρ

e
p〉ESD , (3.4.33)

(wr, ρ
k
r)ΩE + ∆tLr,E

(
wr,wr; ρ

k
r ,q

k
r

)
= (wr, ρ

k−1
r )ΩE + ∆tk〈wr, σrρ∞r 〉EED

−∆t〈wr, Iht(ρk−1
p − ρep, ρk−1

r )− Iet(ρk−1
n − ρen, ρk−1

o )〉EEΣ , (3.4.34)

Ar,E

(
wr,wr; ρ

k
r ,q

k
r

)
=
(
w, αrE

k−1ρk−1
r

)
ΩE
− 〈n ·wr, ρ

∞
r 〉EED , (3.4.35)

(wo, ρ
k
o)ΩE + ∆tLo,E

(
wo,wo; ρ

k
o ,q

k
o

)
= (wo, ρ

k−1
o )ΩE + ∆tk〈wo, σoρ∞o 〉EED

−∆t〈wo, Iet(ρk−1
n − ρen, ρk−1

o )− Iht(ρk−1
p − ρep, ρk−1

r )〉EEΣ , (3.4.36)

Ao,E

(
wo,wo; ρ

k
o ,q

k
o

)
=
(
wo, αoE

k−1ρk−1
o

)
ΩE
− 〈n ·wo, ρ

∞
o 〉EED . (3.4.37)

The PS-IMEXEX algorithm is summarized in Algorithm 2. Upon sub-

stituting in (3.3.16) and (3.3.17) into (3.4.30) and (3.4.31) results in the linear

system for the degrees of freedom vectors (which we denote by the same sym-

bols), [
M + ∆tkP ∆tkC

T

C J

] [
ρn(·, tk)
qn(·, tk)

]
=

[
G1(tk−1)
G2(tk−1)

]
. (3.4.38)

The matrices M,P,C,CT and J are the same as in the AS-IMIMEX method.

The right hand side vector G2 is the same as in the AS-IMEXEX method

(3.4.29). However, the right hand side vector G1 is now,

G1 ⇐ (wn, ρ
k−1
n )ΩS −∆tk(wn, R̃(ρk−1

n , ρk−1
p ))ΩS + ∆tk〈wn, σnρen〉ESD

−∆tk〈wn, Iet(ρk−1
n − ρen, ρk−1

o )〉ESΣ (3.4.39)
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Note that due to the fact that all the nonlinear terms are treated explicitly if

we choose a constant time step ∆tk = ∆t, then we only need to factorize the

system matrix once at the beginning of this algorithm.

Algorithm 2 The PS-IMEXEX Algorithm

1: Initialize the density data (ρ0
n, ρ0

p, ρ
0
r, ρ

0
o); set t0 = 0; set k = 1;

2: Determine ∆t from the CFL condition;
3: while not reaching steady state do
4: Solve the Poisson problem (3.4.1) for (Φk−1,Ek−1) using

(ρk−1
n , ρk−1

p , ρk−1
r , ρk−1

o ) as data;

5: Update the densities from (3.4.30)-(3.4.37) using Ek−1 and
(ρk−1
n , ρk−1

p , ρk−1
r , ρk−1

o ) as data;
6: tk = tk−1 + ∆t, k = k + 1;
7: end while

3.4.4 The Two-Scale Implicit-Explicit-Explicit Parallel Schwarz Scheme

In the PS-IMEXEX algorithm, we choose a fixed time step ∆t even

though it can be calculated in an adaptive manner. In our numerical exper-

iments, we observe that we can take a ∆t that is much larger than the one

that we calculated using the CFL condition for the drift-diffusion equations

in the semiconductor system (mainly based on the operator pairs (Ln,An)

and (Lp,Ap). Intuitively, this is due to the fact that the characteristic time

scale for the semiconductor drift-diffusion system and that for the electrolyte

drift-diffusion system are quite different. In general, the electrolyte system

evolves at a much slower pace than the semiconductor system. To take ad-

vantage of this scale separation, we implemented the two-scale PS-IMEXEX

(TsPS-IMEXEX) algorithm. The main idea here is to update quantities in the
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semiconductor domain more frequently than the quantities in the electrolyte

domain.

Let ∆ts and ∆te be the time steps given by the CFL conditions in

the semiconductor and electrolyte domains respectively. Let K be the positive

integer such that ∆te = K∆ts. At time step k, we first solve the Poisson equa-

tion (3.4.1) to get (Φk−1,Ek−1). We then perform K time steps for the semi-

conductor system, starting with the initial condition (ρ̃0
n, ρ̃

0
p) = (ρk−1

n , ρk−1
p ):

(wn, ρ̃
j
n)ΩS + ∆tsLn,S

(
wn,wn; ρ̃jn, q̃

j
n

)
= (wn, ρ

j−1
n )ΩS −∆ts〈wn, Iet(ρ̃j−1

n − ρen, ρk−1
o )〉ESΣ

−∆ts(wn, R̃(ρ̃j−1
n , ρ̃j−1

p ))ΩS + ∆ts〈wn, σnρen〉ESD , (3.4.40)

An,S

(
wn,wn; ρ̃jn, q̃

j
n

)
=
(
wn, αnE

k−1ρ̃j−1
n

)
ΩS
− 〈n ·wn, ρ

e
n〉ESD , (3.4.41)

(wp, ρ̃
j
p)ΩS + ∆tsLp,S

(
wp,wp; ρ̃

j
p, q̃

j
p

)
= (wp, ρ̃

j−1
p )ΩS −∆ts〈wp, Iht(ρ̃j−1

p − ρep, ρk−1
r )〉ESΣ

−∆ts(wp, R̃(ρ̃j−1
n , ρ̃j−1

p ))ΩS + ∆ts〈wp, σpρep〉ESD , (3.4.42)

Ap,S

(
wp,wp; ρ̃

j
p, q̃

j
p

)
=
(
wp, αpE

k−1ρ̃j−1
p

)
ΩS
− 〈n ·wp, ρ

e
p〉ESD , (3.4.43)

Note that the values for the densities of the reductants and the oxidants are

kept unchanged during this iteration.

We then set (ρk−1
n , ρk−1

p ) = (ρ̃Kn , ρ̃
K
p ), and update the density values of

the reductants and the oxidants using time step ∆te following (3.4.24)-(3.4.27),
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that is:

(wr, ρ
k
r)ΩE + ∆teLr,E

(
wr,wr; ρ

k
r ,q

k
r

)
= (wr, ρ

k−1
r )ΩE + ∆te〈wr, σrρ∞r 〉EED

−∆te〈wr, Iht(ρk−1
p − ρep, ρk−1

r )− Iet(ρk−1
n − ρen, ρk−1

o )〉EEΣ , (3.4.44)

Ar,E

(
wr,wr; ρ

k
r ,q

k
r

)
=
(
wr, αrE

k−1ρk−1
r

)
ΩE
− 〈 n ·wr, ρ

∞
r 〉EED , (3.4.45)

(wo, ρ
k
o)ΩE + ∆teLo,E

(
wo,wo; ρ

k
o ,q

k
o

)
= (wo, ρ

k−1
o )ΩE + ∆te〈wo, σoρ∞r 〉EED

−∆te〈wo, Iet(ρk−1
n − ρen, ρk−1

o )− Iht(ρk−1
p − ρep, ρk−1

r )〉EEΣ , (3.4.46)

Ao,E

(
wo,wo; ρ

k
o ,q

k
o

)
=
(
wo, αoE

k−1ρk−1
o

)
ΩE
− 〈n ·wo, ρ

∞
o 〉EED . (3.4.47)

The algorithm is summarized in Algorithm 3 and the resulting linear

systems are the same as in PS-IMEXEX. In the numerical simulations, we are

relatively conservative on the selection of K. We take a K that is smaller than

the one determined by ∆ts and ∆te. We are able to significantly achieve faster

simulations with K between 5 and 10, without sacrificing the accuracy and

stability of the algorithm.

3.5 Overview of Numerical Software

We briefly review the development of the code base for numerical sim-

ulations of semiconductor-electrolyte interfaces. The codes can be broken up

into two case: the code for one dimensional simulations and the code for two
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Algorithm 3 The TsPS-IMEXEX Algorithm

1: Initialize the density data (ρ0
n, ρ0

p, ρ
0
r, ρ

0
o); set t0 = 0; set k = 1;

2: Determine ∆ts from (Ln,S,An,S) and (Lp,S,Ap,S); determine ∆te from
(Lr,E,Ar,E) and (Lo,E,Ao,E); set K = ∆te/∆ts;

3: while not reaching steady state do
4: Solve the Poisson problem (3.4.1) for (Φk−1,Ek−1) using

(ρk−1
n , ρk−1

p , ρk−1
r , ρk−1

o ) as data;
5: Set (ρ̃0

n, ρ̃
0
p) = (ρk−1

n , ρk−1
p );

6: for j=0, · · · , K do
7: Update the densities (ρ̃n, ρ̃p) according to (3.4.40)-(3.4.43);
8: end for
9: Set (ρk−1

n , ρk−1
p ) = (ρ̃Kn , ρ̃

K
p );

10: Update the reductant and oxidant densities according to (3.4.44)-
(3.4.47);

11: tk = tk−1 + ∆te, k = k + 1;
12: end while

dimensional simulations. Both codes, which are written in C++, use the same

numerical methods and object oriented approach. Both codes are well tested

and have user manual provided through the Doxygen [?] documentation gen-

erator. However, the codes do differ in their use of numerical libraries and

data structures.

One key challenge for the development of these codes was mesh gen-

eration for the domain decomposition. We must ensure that the mesh does

not have cells which intersect the semiconductor-electrolyte interface. Further-

more, the assembly of nonlinear coupling terms is greatly complicated by the

domain decomposition and the introduction of multiple meshes. Specifically,

the assembly of coupling terms between Poisson’s equation and the charge car-

riers can be complicated if the quadrature points in the different the meshes do
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not coincide with one another. In such instances one must perform a search for

overlapping cell between the two meshes and interpolate the desired variables.

We avoided having to perform such operations by first creating meshes for the

semiconductor and electrolyte subdomains separately and then merging the

two together to form the mesh for Poisson’s equation. This is the reasoning

for the constraint (3.1.13). This procedure guarantees that the cells between

the semiconductor/electrolyte subdomains are the same as those for Poisson’s

equation and assures they have the same quadrature points. Thus enforcing

the constraint (3.1.13) in our code we avoid any search and interpolation of

variables when constructing coupling terms between the drift-diffusion and

Poisson equation. Similarly, if the constraint (3.1.14) is not satisfied then a

search of the mesh faces and interpolation of the appropriate variables must

be performed whenever one of the interface conditions (2.4.7)- (2.4.10) on an

element face is assembled.

3.5.1 One Dimensional Code

The one dimensional code was developed from scratch and uses the

minimal amount of dependencies. It uses Eigen [3] which is a linear algebra

library written in C++. Eigen has a built in sparse direct solver, SparseLU

[62, 100, 101], that is used to solve the linear systems for the mixed and LDG

method. The GNU Scientific Library [5] is used for access to the Legrendre

polynomials which allow for calculations with basis functions of arbitrary or-

der. Computationally intensive subroutines are parallelized using OpenMP [7]
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if the library is present. All material and computational parameters (except

for doping profiles) are read in through an input file by the Boost library [1].

This is useful for users to experiment with different parameter values without

the need to recompile the code. CMake [2] is used as a build system allowing

for the software to be platform independent and easy to install.

3.5.2 Two Dimensional Code

The two dimensional code is built using the the deal.II finite element

library [21, 22]. It has the additional dependency of CMake, and a visualization

program which can read .vtu [8] format data files. The code uses deal.II’s built

in sparse linear algebra library and the sparse direct solver UMFPACK [54–

57]. Assembly of matrices and vectors are computed in parallel using Intel

Thread Building Blocks [6] for shared memory parallelization. All material

and computational parameters (except for doping profiles) are again read in

through an input file. CMake [2] is used as the build system of this code

allowing for easy and platform independent installation. The main bottleneck

in scalability of this code is the caused the sequential nature and large memory

needs of the direct solver.
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Chapter 4

Analysis Of Local Discontinuous Galerkin

Methods

In this chapter we analyze the approximations to solutions of the math-

ematical model of semiconductor-electrolyte solar cells in two dimensions. We

focus only on the transport of charges as well as their interaction at reactive

interface. We do not consider the self-consistent interaction with the electric

field. We first introduce the simplified model and then discuss notation, identi-

ties and theorems that will be used throughout this chapter. We introduce the

primal form of the semidiscrete local discontinuous Galerkin method discussed

in Chapter 3 and prove some necessary properties of it. Finally, we use the

properties of the primal form to prove a-priori L2 error estimates for semidis-

crete local discontinuous Galerkin method developed for the semiconductor-

electrolyte interface model.

4.1 Preliminaries

4.1.1 Model Properties

Remark 4.1.1. In Chapter 3 we developed approximations to the non-dimensional

versions of the drift-diffusion equations. We now use a more general form of

the equations. The reason being is that we require the carrier diffusion coeffi-
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cient to bound the carrier velocity saturation constant. While this a stringent

requirement, it is valid under low biases. Our results do not require that the

electric field be divergence free. Requiring the electric field to be divergence

free or other such constraints have been a requirement in other studies of

LDG methods on reaction-convection-diffusion problems [15, 50, 126], but are

not valid for the drift-diffusion-Poisson system.

Remark 4.1.2. We require that the electric field E ∈ Hdiv(ΩS) ∪ Hdiv(ΩE).

This enforces the fact that normal component of electric field is continuous

across any interior element face,

JE K = 0 on E
i,S
h ∪ E

i,E
h . (4.1.1)

However, we do not require the normal component of the electric field to be

continuous across the semiconductor-electrolyte interface.

We define the cut-off operator M as in [137, 138],

M(w)(x, ·) = min(w(x, ·),M), (4.1.2)

where M is a large positive constant. Both interface conditions Iet(·, ·) and

Iht(·, ·) are bilinear functions and therefore locally Lipschitz in a bounded

domain. We will use the cut-off operator, M, to make the reactive interface

conditions Iet(M(·),M(·)) and Iht(M(·),M(·)) globally Lipschitz with Lipschitz

constants ketM and khtM respectively. We expect that the analytical problem

admits a comparison principle. In such a case, the constant M can be taken,

for example, to be a multiple of max
(
ρen, ρ

e
p, ρ
∞
r , ρ

∞
o

)
.
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We now introduce the simplified model of the transport of charges and

their interaction at reactive interface. The reaction-transport systems for the

electrons and holes in the semiconductor are,

∂tρn +∇ · (αnµnEρn −Dn∇ρn) = R̃(ρn, ρp) in ΩS × (0, T ), (4.1.3)

nΣS · (αnµnEρn −Dn∇ρn) =

Iet(M(ρn − ρen),M(ρo)) on Σ× (0, T ), (4.1.4)

n · (αnµnEρn −Dn∇ρn) = 0 on ΓS,N × (0, T ), (4.1.5)

ρn = ρen on ΓS,D × (0, T ), (4.1.6)

and,

∂tρp +∇ · (αpµpEρp −Dp∇ρp) = R̃(ρn, ρp) in ΩS × (0, T ),

nΣS · (αpµpEρp −Dp∇ρp) =

Iht(M(ρp − ρep),M(ρr), on Σ× (0, T ),

n · (αpµpEρp −Dp∇ρp) = 0 on ΓS,N × (0, T ),

ρp = ρep on ΓS,D × (0, T ).
(4.1.7)

The reaction-transport equations for reductants and oxidants are,

∂tρr +∇ · (αrµrEρr −Dr∇ρr) = 0 in ΩE × (0, T ),

nΣE · (αrµrEρr −Dr∇ρr) =

Iht(M(ρp − ρep),M(ρr))

−Iet(M(ρn − ρen),M(ρo)) on Σ× (0, T ),

n · (αrµrEρr −Dr∇ρn) = 0 on ΓE,N × (0, T ),

ρr = ρ∞r on ΓE,D × (0, T ),
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and,

∂tρo +∇ · (αoµoEρo −Do∇ρo) = 0 in ΩE × (0, T ),

nΣE · (αoµoEρo −Do∇ρo) =

−Iht(M(ρp − ρep),M(ρr))

+Iet(M(ρn − ρen),M(ρo)) on Σ× (0, T ),

n · (αoµoEρo −Do∇ρn) = 0 on ΓE,N × (0, T ),

ρo = ρ∞o on ΓE,D × (0, T ).
(4.1.8)

The initial conditions are taken to be,

ρn = ρen, ρp = ρep in ΩS × {t = 0},

ρr = ρ∞r , ρo = ρ∞o in ΩE × {t = 0}.
(4.1.9)

Remark 4.1.3. In the semiconductor domain we assume that our model in-

cludes velocity saturation effects through the definition of µ(E). This insures

that our drift-component of transport is bounded,

lim
‖E‖L∞→∞

‖µn(E) E‖L∞(ΩS) = vsat
n , (4.1.10)

lim
‖E‖L∞→∞

‖µp(E) E‖L∞(ΩS) = vsat
p . (4.1.11)

While in the electrolyte the mobility does not have the property of being

bounded in the mathematical form, the permittivity of electrolytes is extremely

high and mobilities of the ions is very low so that the current is generally

diffusion dominated [111].
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We assume that the mobility function µc is a spatially continuous func-

tion for c = {n, p, r, o}. From Remark 4.1.3 we have that,

‖αcµc E‖L∞ ≤ v∗c < ∞ for c = n, p, r, o. (4.1.12)

We require the diffusion tensors to be in continuous, invertible, and bounded.

That is for c = {n, p},

0 < Dc,∗ ≤ Dc(x) ≤ D∗c < ∞ ∀x ∈ ΩS, (4.1.13)

and for c = {r, o},

0 < Dc,∗ ≤ Dc(x) ≤ D∗c < ∞ ∀x ∈ ΩE, (4.1.14)

The function R̃(ρn,h, ρp,h) = −R(ρn,h, ρp,h) + γG(x) is the same as was

introduced in Chapter 3. We note that the form of Shockley-Reed-Hall recom-

bination is a globally Lipschitz function. The proof of the following theorem

can be found in Section A.1.1 of the Appendix.

Theorem 4.1.1 (Lipschitz Property of Recombination). The function for

Shockley-Reed-Hall recombination given in (2.2.21) is globally Lipschitz with

respect to the norm ‖·‖L2(ΩS) whenever ρn(·, t), ρp(·, t) ∈ Hs(ΩS). In particular

we have for almost every t ∈ (0, T ),

‖R(ρ1
n, ρp)−R(ρ2

n, ρp)‖2
L2(ΩS) ≤

1

τ 2
n

‖(ρ1
n, ρp)− (ρ2

n, ρp)‖2
L2(ΩS), (4.1.15)

‖R(ρn, ρ
1
p)−R(ρn, ρ

2
p)‖2

L2(ΩS) ≤
1

τ 2
p

‖(ρn, ρ1
p)− (ρn, ρ

2
p)‖2

L2(ΩS), (4.1.16)
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and,

‖R(ρ1
n, ρ

1
p)−R(ρ2

n, ρ
2
p)‖2

L2(ΩS) ≤ C2
R‖(ρ1

n, ρ
1
p)− (ρ2

n, ρ
2
p)‖2

L2(ΩS), (4.1.17)

where C2
R = max

(
1
τ2
n
, 1
τ2
p

)
.

Using Theorem 4.1.1 and fact that G(x) given by (2.2.20) is independent

of ρn and ρp, then function R̃(ρn,h, ρp,h) is a globally Lipschitz function on

ΩS × (0, T ).

4.1.2 Identities and Theorems

We continue to use the notation introduced in Section 3.1.2. Specifically, we

use two triangulations, one for the semiconductor TSh and one for the electrolyte

TEh . We now discuss some identities and theorems which we will use repeatedly

throughout this chapter. The first few are standard inequalities [33, 85, 126],

Lemma 4.1.2 (Young’s Inequality). Let a > 0 and b > 0 then for any δ ≥ 0,

ab ≤ δ

2
a2 +

1

2δ
b2. (4.1.18)

Theorem 4.1.3 (Trace Theorem). For a bounded domain Ω in Rd with Lips-

chitz boundary ∂Ω, there exist a bounded linear operator T : H1(Ω) → L2(∂Ω)

such that,

‖T w ‖L2(∂Ω) ≤ Ctr ‖w‖H1(Ω), (4.1.19)

where Ctr = Ctr(Ω) ∈ R.
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Theorem 4.1.4 (Inverse Inequality). Let Ωe be a bounded domain in Rd with

diameter he. Then there exists a constant Cinv independent of he such that for

any w ∈ Qk,k(Ωe),

‖∇jw‖L2(Ωe) ≤ Cinvh
−j
e ‖w‖L2(Ωe) ∀0 ≤ j ≤ k. (4.1.20)

Theorem 4.1.5 (Gronwall’s Inequality). Let f, g and h be piecewise contin-

uous functions defined on interval (0, T ). Assume that g is a non-decreasing

function and that there exists a positive constant C (independent of t) such

that,

f(t) + h(t) ≤ g(t) + C

∫ T

0

f(s) ds ∀t ∈ (0, T ). (4.1.21)

Then,

f(t) + h(t) ≤ eCTg(t) ∀t ∈ (0, T ). (4.1.22)

Theorem 4.1.6 (Approximation Property). Let Ωe be a parallelogram. Let

w ∈ Hs(Ωe) for s > 1 and an integerk ≥ 0. There exists a constant indepen-

dent of w and he and a function w̃ ∈ Qk,k(Ωe) such that,

‖w − w̃‖Hq(Ωe) ≤ Chmin(k+1,s)−q
e |w|Hs(Ωe), ∀0 ≤ q ≤ s. (4.1.23)

We will make frequent use of the following identity for functions in broken

Sobolev spaces [12],
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Lemma 4.1.7. For wh ∈ Wm
h,k and wh ∈Wm

h,k (m = S,E),∫
Ωm

∇h ·ww dx = −
∫

Ωm

w · ∇hw dx +

∫
E
i,m
h

JwK {w} ds+

∫
E
i,m
h

{w} · JwK ds

+

∫
EmD∪E

m
N∪E

m
Σ

n ·ww ds. (4.1.24)

Additionally, we will use the following inequalities for functions in broken

Sobolev spaces [126],

Theorem 4.1.8 (Cauchy-Schwarz Inequality). Let w1, w2 ∈ Wm
h,k (m = S,E)

then, ∫
Ωm

w1w2 dx ≤ ‖w1‖L2(Tmh )‖w2‖L2(Tmh ) (4.1.25)

Theorem 4.1.9 (Poincare Inequality). For all w ∈ Wm
h,k there exists a con-

stant Cm
P = CP (Ωm) ∈ R (m = S,E) such that,

‖w ‖L2(Tmh ) ≤ Cm
P ‖w ‖DG,m. (4.1.26)

We define the lift operators [12, 85, 119], rm : L2(Ei,mh ) → Wm
h,k, lm : L2(Ei,mh ) →

Wm
h,k and rmD : L2(EmD) → Wm

h,k as,∫
Ωm

w · rm(w) dx =

∫
E
i,m
h

n · {w} w ds ∀w ∈Wm
h,k, (4.1.27)∫

Ωm

w · lm(w) dx = −
∫
E
i,m
h

JwKw ds ∀w ∈Wm
h,k, (4.1.28)∫

Ωm

w · rmD(w) dx =

∫
EmD

n ·ww ds ∀w ∈Wm
h,k. (4.1.29)

We will frequently use the following lemma whose proof of can be found can

be found in [12, 126]:
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Lemma 4.1.10. If w ∈ Wm
h,k and β ∈ Rd be a vector that is not parallel to

any element face in Tmh then,

‖rm (JwK) + lm (β · JwK) + rD (w) ‖L2(Tmh ) ≤

Cm
invC

m
tr

(
‖h−1/2w‖L2(Ei,mh ) + ‖h−1/2w‖L2(EmD )

)
,

(4.1.30)

Where Cm
tr and Cm

inv are the trace and inverse inequality constants respectively

for m = S,E.

We prove the following inequality that will be needed for our error estimates:

Theorem 4.1.11 (Trace Theorem For Broken Sobolev Spaces). Let m = S,E

and s > 3/2. For the bounded domain Ωm with Lipschitz boundary ∂Ωm. Let

Tmh be the triangulation of the domain Ωm such that,

∂Ωm = EmD ∪ EmN ∪ EΣ. (4.1.31)

Then there exists Cm
tr ∈ R+ such that,

‖w‖L2(EΣ) ≤ Cm
tr (1 + Cm

P ) ‖w‖DG,m, ∀w ∈ Hs(Tmh ) (4.1.32)

Proof: Let w ∈ Hs(Tmh ) for s > 3/2 then by Theorem 4.1.3 and Theorem 4.1.9
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we have,

‖w‖L2(EΣ) ≤
∑

Ωe∈Tmh
∂Ωe∈EΣ

Ctr‖w‖H1(Ωe)

≤
∑

Ωe∈Tmh

Cm
tr ‖w‖H1(Ωe)

=
∑

Ωe∈Tmh

Cm
tr

(
‖w‖L2(Ωe) + ‖∇w‖L2(Ωe)

)
≤ Cm

trC
m
P ‖w‖DG,m +

∑
Ωe∈Tmh

Cm
tr ‖∇w‖L2(Ωe)

≤ Cm
tr (1 + Cm

P ) ‖w‖DG,m

(4.1.33)

4.2 Primal Form

The primal forms of the semidiscrete local discontinuous Galerkin methods for

the problems in (4.1.3)- (4.1.8) are,

Find ρn,h(·, t), ρp,h(·, t) ∈ W S
h,k and ρr,h(·, t), ρo,h(·, t) ∈ WE

h,k such that,

(wn, ∂tρn,h)ΩS +Bn,S(wn, ρn,h) + 〈w, Iet(M(ρn,h − ρen), M(ρo,h))〉EΣ

=
(
wn, R̃(ρn,h, ρp,h)

)
ΩS

+ 〈wn, σnρen〉ESD

−Dn(−∇hwn + rS(JwnK) + lS(β · JwnK) + rSD(wn)), rSD(ρen))ΩS ,
(4.2.1)

(wp, ∂tρp,h)ΩS +Bp,S(wp, ρp,h) + 〈wp, Iht(M(ρp,h − ρep), M(ρr,h))〉EΣ

=
(
wp, R̃(ρn,h, ρp,h)

)
ΩS

+ 〈wp, σpρep〉ESD

− (Dp(−∇hwp + rS(JwpK) + lS(β · JwpK) + rSD(wp)), r
S
D(ρep))ΩS ,

(4.2.2)
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(wr, ∂tρr,h)ΩE +Br,E(wr, ρr,h) + 〈wr, Iht(M(ρp,h − ρep), M(ρr,h))〉EΣ

− 〈wr, Iet(M(ρn,h − ρen), M(ρo,h))〉EΣ
= 〈wr, σrρ∞r 〉EED

− (Dr(−∇hwr + rE(JwrK) + lE(β · JwrK) + rED(wr)), r
S
D(ρ∞r ))ΩE ,

(4.2.3)

(wo, ∂tρo,h)ΩE +Bo,E(wo, ρo,h)− 〈wo, Iht(M(ρp,h − ρep), M(ρr,h))〉EΣ

+ 〈wo, Iet(M(ρn,h − ρen), M(ρo,h))〉EΣ
= 〈wo, σoρ∞o 〉EED

− (Do(−∇hwo + rE(JwoK) + lE(β · JwoK) + rED(wo)), r
S
D(ρ∞o ))ΩE ,

(4.2.4)

for all wn, wp ∈ W S
h,k, wr, wo ∈ WE

h,k and all t ∈ (0, T ). The derivation of the

primal form can be found in the Appendix (Section A.1.2). The bilinear forms

for the semiconductor Bc,S : W S
h,k ×W S

h,k → R are defined (for c = {n, p}) for

all t ∈ (0, T ) as,

Bc,S(wc, ρc,h) :=

(−∇hwc + rS(JwcK) + lS(β · JwcK) + rSD(wc),

Dc(−∇hρc,h + rS(Jρc,hK) + lS(β · Jρc,hK) + rSD(ρc,h)) )ΩS

− (∇hwc − rS(JwcK)− lS(β · JwcK)− rSD(wc), αcµcEρc,h )ΩS

+ 〈JwcK, σcJρc,hK〉Ei,Sh + 〈wc, σcρc,h〉ESD .

(4.2.5)

The bilinear forms for the electrolyte Bc,E : WE
h,k ×WE

h,k → R are defined (for
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c = {r, o}) for all t ∈ (0, T ) as ,

Bc,E(wc, ρc,h) :=

(−∇hwc + rE(JwcK) + lE(β · JwcK) + rED(wc),

Dc(−∇hρc,h + rE(Jρc,hK) + lE(β · Jρc,hK) + rED(ρc,h)) )ΩE

− (∇hwc − rE(JwcK)− lE(β · JwcK)− rED(wc), αcµcEρc,h )ΩE

+ 〈JwcK, σcJρc,hK〉Ei,Eh + 〈wc, σcρc,h〉EED .

(4.2.6)

Remark 4.2.1. In our definitions of the primal forms we made use of Re-

mark 3.1.1. Specifically that,

ESΣ = EEΣ = EΣ

We can rewrite (4.2.1), (4.2.2), (4.2.3) and (4.2.4) as a single system:

Find ρn,h(·, t), ρp,h(·, t) ∈ W S
h,k and ρr,h(·, t), ρo,h(·, t) ∈ WE

h,k such that,

(wn, ∂tρn,h)ΩS
+ (wp, ∂tρp,h)ΩS

+ (wr, ∂tρr,h)ΩE
+ (wo, ∂tρo,h)ΩE

+ B(wn, wp, wr, wo; ρn,h, ρp,h, ρr,h, ρo,h)

+ I(wn, wp, wr, wo; ρn,h, ρp,h, ρr,h, ρo,h)

= F(wn, wp, wr, wo; ρn,h, ρp,h, ρr,h, ρo,h),
(4.2.7)

for all wn, wp ∈ W S
h,k, wr, wo ∈ WE

h,k and all t ∈ (0, T ). The multilinear forms

are,

B(wn, wp, wr, wo; ρn,h, ρp,h, ρr,h, ρo,h) :=

Bn,S(wn, ρn,h) +Bp,S(wp, ρp,h) +Br,E(wr, ρr,h) +Bo,E(wo, ρo,h),
(4.2.8)
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I(wn, wp, wr, wo; ρn,h, ρp,h, ρr,h, ρo,h) :=

〈wn, Iet(M(ρn,h − ρen), M(ρo,h))〉EΣ

+ 〈wp, Iht(M(ρp,h − ρep), M(ρr,h))〉EΣ

+ 〈wr, Iht(M(ρp,h − ρep), M(ρr,h))− Iet(M(ρn,h − ρen), M(ρo,h))〉EΣ

+ 〈wo,−Iht(M(ρp,h − ρep), M(ρr,h)) + Iet(M(ρn,h − ρen), M(ρo,h))〉EΣ
,

(4.2.9)

and,

F(wn, wp, wr, wo; ρn,h, ρp,h, ρr,h, ρo,h) :=(
wn, R̃(ρn,h, ρp,h)

)
ΩS

+
(
wp, R̃(ρn,h, ρp,h)

)
ΩS

+ 〈wn, σnρen〉ESD + 〈wp, σpρep〉ESD + 〈wr, σrρ∞r 〉EED + 〈wo, σoρ∞o 〉EED

− (Dn(−∇hwn + rS(JwnK) + lS(β · JwnK) + rSD(wn)), ρen)ΩS

− (Dp(−∇hwp + rS(JwpK) + lS(β · JwpK) + rSD(wp)), ρ
e
p)ΩS

− (Dr(−∇hwr + rE(JwrK) + lE(β · JwrK) + rED(wr)), ρ
∞
r )ΩE

− (Do(−∇hwo + rE(JwoK) + lE(β · JwoK) + rED(wo)), ρ
∞
o )ΩE .

(4.2.10)

4.3 Consistency Of Primal Form

Theorem 4.3.1. (Consistency) Let s > 3/2. Let ρn, ρp ∈ H1
(
Hs(TSh ); (0, T )

)
and ρr, ρo ∈ H1

(
Hs(TEh ); (0, T )

)
be solutions to (4.1.3)- (4.1.8), then ρn, ρp,

ρr, ρo also satisfy (4.2.1)- (4.2.4).

Proof:
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Let s > 3/2 and ρn, ρp ∈ H1
(
Hs(TSh ); (0, T )

)
and

ρr, ρo ∈ H1
(
Hs(TEh ); (0, T )

)
be solutions to (4.1.3)- (4.1.8). We prove that

ρn satisfies (4.2.1). The proof for the other carriers is the same. Multiply-

ing (4.1.3) by w ∈ W S
h,k and integrate over ΩS to obtain,

(w, ∂tρn)ΩS
+ (w,∇(αnµnEρn −Dn∇hρn))ΩS

=
(
w, R̃(ρn, ρp)

)
ΩS
. (4.3.1)

An application of Lemma 4.1.7 yields,

(w, ∂tρn)ΩS
− (∇hw, αnµnEρn −Dn∇hρn)ΩS

+ 〈JwK, {αnµnEρn −Dn∇hρn}〉Ei,Sh
+ 〈{w} , JαnµnEρn −Dn∇hρnK〉Ei,Sh
+ 〈w,nΣS · (αnµnEρn −Dn∇hρn)〉ESΣ

+ 〈w,n · (αnµnEρn −Dn∇hρn)〉ESD

+ 〈w,n · (αnµnEρn −Dn∇hρn)〉ESN

=
(
w, R̃(ρn, ρp)

)
ΩS
.

(4.3.2)

Substituting in the interface (4.1.4) and Neumann boundary (4.1.5) conditions

into the above we have,

(w, ∂tρn)ΩS
− (∇hw, αnµnEρn −Dn∇hρn)ΩS

+ 〈JwK, {αnµnEρn −Dn∇hρn}〉Ei,Sh
+ 〈{w} , JαnµnEρn −Dn∇hρnK〉Ei,Sh
+ 〈w, Iet(M(ρn − ρen),M(ρo))〉ESΣ

+ 〈w,n · (αnµnEρn −Dn∇hρn)〉ESD

=
(
w, R̃(ρn, ρp)

)
ΩS
.

(4.3.3)
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We now rearrange terms to obtain,

(w, ∂tρn)ΩS
+ T1 + T2 + 〈w, Iet(M(ρn − ρen),M(ρo))〉ESΣ =

(
w, R̃(ρn, ρp)

)
ΩS
.

(4.3.4)

where,
T1 = (−∇hw,−Dn∇hρn)ΩS

− 〈JwK, {Dn∇hρn}〉Ei,Sh
− 〈{w} , JDn∇hρnK〉Ei,Sh − 〈w,n ·Dn∇hρn〉ESD

(4.3.5)

and,
T2 = (−∇hw, αnµnEρn)ΩS

+ 〈JwK, {αnµnEρn}〉Ei,Sh
+ 〈{w} , JαnµnEρnK〉Ei,Sh + 〈w, αnµnn · Eρn〉ESD

(4.3.6)

We first work on T1. Using the lift operators (4.1.27) and (4.1.29) then (4.3.5)

becomes,

T1 = (−∇hw,−Dn∇hρn)ΩS
−
(
rS (JwK) , Dn∇hρn

)
ΩS

− 〈{w} , JDn∇hρnK〉Ei,Sh −
(
rSD(w), Dn∇hρn

)
ΩS

=
(
−∇hw + rS(JwK) + rSD(w),−Dn∇hρn

)
ΩS
− 〈{w} , JDn∇hρnK〉Ei,Sh

(4.3.7)

We note that since Dn is continuous and because of the regularity of ρn(·, t) ∈

Hs(TSh ) we have that,

JDn∇ρnK = 0 on E
i,S
h (4.3.8)

101



We can then turn (4.3.7) into,

T1 =
(
−∇hw + rS(JwK) + rSD(w),−Dn∇hρn

)
ΩS
− 〈{w} , JDn∇hρnK〉Ei,Sh ,

=
(
−∇hw + rS(JwK) + rSD(w),−Dn∇hρn

)
ΩS
,

=
(
−∇hw + rS(JwK) + rSD(w),−Dn∇hρn

)
ΩS

+ 〈β · JwK, JDn∇hρnK〉ESi,h ,

=
(
−∇hw + rS(JwK) + rSD(w),−Dn∇hρn

)
ΩS
−
(
lS(β · JwK), Dn∇hρn

)
ΩS
,

=
(
−∇hw + rS(JwK) + lS(β · JwK) + rSD(w),−Dn∇hρn

)
ΩS
,

(4.3.9)

for any β ∈ Rd. Again, noting the regularity of ρn(·, t) ∈ Hs(TSh ) we then have

that,

JρnK = 0 on E
i,S
h (4.3.10)

This implies,

(
−∇hw + rS(JwK) + lS(β · JwK) + rSD(w), Dnr

S(JρnK)
)

ΩS
= 0, (4.3.11)

(
−∇hw + rS(JwK) + lS(β · JwK) + rSD(w), Dnl

S(β · JρnK)
)

ΩS
= 0, (4.3.12)

and,

〈JwK, σnJρnK〉Ei,Sh = 0. (4.3.13)

Using (4.3.11), (4.3.12) and (4.3.13), then (4.3.9) becomes,

T1 =
(
−∇hw + rS(JwK) + lS(β · JwK) + rSD(w),

−Dn(∇hρn + rS(JρnK) + lS(β · JρnK))
)

ΩS
+ 〈JwK, σnJρnK〉Ei,Sh

(4.3.14)
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From the Dirichlet boundary condition (4.1.6) we know that,

ρn − ρen = 0 on ESD. (4.3.15)

This implies,

(
−∇hw + rS(JwK) + lS(β · JwK) + rSD(w), Dnr

S
D(ρn − ρen)

)
ΩS

= 0, (4.3.16)

and,

〈w, σn(ρn − ρen)〉ESD = 0. (4.3.17)

Using (4.3.16) and (4.3.17) then T1 is,

T1 =
(
−∇hw + rS(JwK) + lS(β · JwK) + rSD(w),

−Dn(∇hρn + rS(JρnK) + lS(β · JρnK) + rSD(ρn))
)

ΩS

+
(
Dn(−∇hw + rS(JwK) + lS(β · JwK) + rSD(w)), rSD(ρen)

)
ΩS

+ 〈JwK, σnJρnK〉Ei,Sh + 〈w, σn(ρn − ρen)〉ESD

(4.3.18)

Working on T2 we use the definition of lift operators (4.1.27) and (4.1.29)

to turn (4.3.6) into,

T2 =
(
(−∇hw + rS(JwK) + rSD(w)), αnµnEρn

)
ΩS

+ 〈{w} , JαnµnEρnK〉Ei,Sh .

(4.3.19)

Since µn is continuous and E has a continuous normal component (Remark

4.1.2), then using the regularity of ρn(·, t) ∈ Hs(TSh ) we have,

JαnµnEρnK = 0 on E
i,S
h (4.3.20)
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This gives us that,

T2 =
(
(−∇hw + rS(JwK) + rSD(w)), αnµnEρn

)
ΩS

+ 〈{w} , JαnµnEρnK〉Ei,Sh ,

=
(
(−∇hw + rS(JwK) + rSD(w)), αnµnEρn

)
ΩS
,

=
(
(−∇hw + rS(JwK) + rSD(w)), αnµnEρn

)
ΩS
− 〈β · JwK, JαnµnEρnK〉Ei,Sh ,

=
(
(−∇hw + rS(JwK) + lS(β · JwK) + rSD(w)), αnµnEρn

)
ΩS
,

(4.3.21)

for any β ∈ Rd. Upon substituting (4.3.18) and (4.3.21) into (4.3.4) we ar-

rive at the primal form of the semidiscrete LDG method (4.2.1) for ρn ∈

H1
(
Hs(TSh ); (0, T )

)
.

4.4 Continuity and Coercivity of Bilinear Forms

We first prove that the bilinear forms are continuous.

Lemma 4.4.1 (Continuity Of Bilinear Forms). There exists positive constants

Kn, Kp, Kr and Ko such that for all t ∈ (0, T ),

|Bn,S(z, w)| ≤ Kn‖z‖DG,S‖w‖DG,S ∀z, w ∈ W S
h,k, (4.4.1)

|Bp,S(z, w)| ≤ Kp‖z‖DG,S‖w‖DG,S ∀z, w ∈ W S
h,k, (4.4.2)

|Br,E(z, w)| ≤ Kr‖z‖DG,E‖w‖DG,E ∀z, w ∈ WE
h,k, (4.4.3)

|Bo,E(z, w)| ≤ Ko‖z‖DG,E‖w‖DG,E ∀z, w ∈ WE
h,k. (4.4.4)
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Proof: We prove this lemma for the case of electrons only, the proofs for the

other carriers are the same. We write the bilinear form Bn,S from (4.2.5) as

the sum of two bilinear forms,

Bn,S(z, w) = B1
n,S(z, w)−B2

n,S(z, w). (4.4.5)

The first bilinear form is,

B1
n,S(z, w) := (−∇hz + rS(JzK) + lS(β · JzK) + rSD(z),

Dn(−∇hw + rS(JwK) + lS(β · JwK) + rSD(w)) )ΩS

+ 〈JzK, σnJwK〉
E
i,S
h

+ 〈z, σnw〉ESD .

(4.4.6)

This bilinear form was shown to be continuous with constant CLDG in [12].

The second bilinear form is,

B2
n,S(z, w) := (∇hz − rS(JzK)− lS(β · JzK)− rSD(z), αnµnEw )ΩS . (4.4.7)

We use the Cauchy-Schwarz inequality (Theorem 4.1.8), the bound on the drift

component (4.1.12) and the Poincare inequality (Theorem 4.1.9) to show,

|B2
n,S(z, w)| ≤ ‖∇hz − rS(JzK)− lS(β · JzK)− rSD(z)‖L2(TSh )‖αnµnEw‖L2(TSh ),

= ‖ − ∇hz + rS(JzK) + lS(β · JzK) + rSD(z)‖L2(TSh )‖αnµnEw‖L2(TSh ),

≤ v∗n ‖ − ∇hz + rS(JzK) + lS(β · JzK) + rSD(z)‖L2(TSh )‖w‖L2(TSh ),

≤ v∗nC
S
P ‖ − ∇hz + rS(JzK) + lS(β · JzK) + rSD(z)‖L2(TSh )‖w‖DG,S.

(4.4.8)
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Using the definition of the DG norm (3.1.24) and Lemma 4.1.10 then we have,

‖−∇hz+rS(JzK)+lS(β·JzK)+rSD(z)‖L2(TSh ) ≤ max(1, CS
invC

S
tr)‖z‖DG,S. (4.4.9)

Substituting (4.4.9) into (4.4.8) yields,

|B2
n,S(z, w)| ≤ v∗nC

S
P max(1, CS

invC
S
tr)‖z‖DG,S‖w‖DG,S. (4.4.10)

Therefore we have,

|Bn,S(z, w)| ≤ |B1
n,s(z, w)|+ |B2

n,s(z, w)|

≤ Kn‖z‖DG,S‖w‖DG,S ∀z, w ∈ W S
h,k.

(4.4.11)

We therefore choose the constant Kn is chosen to be,

Kn = CLDG + v∗nC
S
P max(1, CS

invC
S
tr) (4.4.12)

We will now use the continuity of the bilinear form to prove its coercivity.

Lemma 4.4.2 (Coercivity Of Bilinear Forms). If the diffusion of the charge

carriers satisfies,

Dc,∗ > 2 v∗cC
S
P max(1, CS

invC
S
tr) for c = n, p,

Dc,∗ > 2 v∗cC
E
P max(1, CE

invC
E
tr ), for c = r, o,

(4.4.13)

then there exists constants γ2
n,S, γ2

p,S, γ2
r,E, and γ2

o,E such that,

Bn,S(w,w) ≥
γ2
n,S

2
‖w‖2

DG,S ∀w ∈ W S
h,k, (4.4.14)

Bp,S(w,w) ≥
γ2
p,S

2
‖w‖2

DG,S ∀w ∈ W S
h,k, (4.4.15)

Br,E(w,w) ≥
γ2
r,E

2
‖w‖2

DG,E ∀w ∈ WE
h,k, (4.4.16)

Bo,E(w,w) ≥
γ2
o,E

2
‖w‖2

DG,E ∀w ∈ WE
h,k. (4.4.17)
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Proof: We prove the above inequality for the case of electrons only, the proofs

for the other carriers are similar. We first note that,

Bn,S(w,w) = B1
n,S(w,w)−B2

n,S(w,w). (4.4.18)

We work on the first bilinear form. From the definition (4.4.6) we have,

B1
n,S(w,w)

= Dn,∗‖(−∇hw + rS(JwK) + lS(β · JwK) + rSD(w)‖2
L2(TSh )

+ ‖σ1/2
n JwK‖2

L2(Ei,Sh )
+ ‖σ1/2

n w‖2
L2(ESD).

≥ Dn,∗‖∇hw‖2
L2(TSh ) +Dn,∗‖rS(JwK) + lS(β · JwK) + rSD(w)‖2

L2(TSh )

− 2Dn,∗
(
∇hw, r

S(JwK) + lS(β · JwK) + rSD(w)
)

ΩS

+ ‖σ1/2
n JwK‖2

L2(Ei,Sh )
+ ‖σ1/2

n w‖2
L2(ESD).

(4.4.19)
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Using Young’s inequality (Theorem 4.1.2) yields,

B1
n,S(w,w) ≥ Dn,∗(1− δ)‖∇hw‖2

L2(TSh )

+Dn,∗(1− 1/δ)‖rS(JwK) + lS(β · JwK) + rSD(w)‖2
L2(TSh )

+ ‖σ1/2
n JwK‖2

L2(Ei,Sh )
+ ‖σ1/2

n w‖2
L2(ESD).

= Dn,∗(1− δ)‖∇hw‖2
L2(TSh )

+Dn,∗(1− 1/δ)‖rS(JwK) + lS(β · JwK) + rSD(w))‖2
L2(TSh )

+ σ̃n

(
‖h1/2JwK‖2

L2(Ei,Sh )
+ ‖h1/2w‖2

L2(ESD)

)
.

(4.4.20)

The equality comes from using the definition of the penalty term σn (3.3.11).

Choosing δ = Dn,∗/2 and using Lemma 4.1.10 on (4.4.20) yields,

B1
n,S(w,w) ≥ Dn,∗

2
‖∇hw‖2

L2(TSh )

+
(
σ̃n − CS

trC
S
invDn,∗

) (
‖h1/2JwK‖2

L2(Ei,Sh )
+ ‖h1/2w‖2

L2(ESD)

)
,

≥ Dn,∗

2
‖w‖2

DG,S,

(4.4.21)

where we have chosen,

σ̃n =

(
1

2
+ CS

trC
S
inv

)
Dn,∗. (4.4.22)
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Returning to (4.4.18) and using (4.4.10) from Lemma 4.4.1 we have,

Bn,S(w,w) = B1
n,S(w,w)−B2

n,S(w,w),

≥ Dn,∗

2
‖w‖2

DG,S −B2
n,S(w,w),

≥ Dn,∗

2
‖w‖2

DG,S − v∗nC
S
P max(1, CS

invC
S
tr)‖w‖2

DG,S,

≥ γ2
n

2
‖w‖2

DG,S.

(4.4.23)

Where,

γ2
n = Dn,∗ − 2 v∗nC

S
P max(1, CS

invC
S
tr) > 0 by assumption. (4.4.24)

4.5 Error Estimates

Theorem 4.5.1. Let ρn, ρp ∈ H1
(
Hs(TSh ); (0, T )

)
, ρr, ρo ∈ H1

(
Hs(TEh ); (0, T )]

)
be the solutions to (4.1.3)- (4.1.8) and ρn,h(·, t), ρp,h(·, t) ∈ W S

h,k and

ρr,h(·, t), ρo,h(·, t) ∈ WE
h,k be solutions to the semidiscrete LDG method (4.2.1)-

(4.2.4). If the coercivity constants satisfy,

γ2
n ≥ 24Mket(C

S
tr)

2 (4.5.1)

γ2
p ≥ 24Mkht(C

S
tr)

2 (4.5.2)

γ2
r ≥ 8M(3kht + ket)(C

E
tr )2 (4.5.3)

γ2
o ≥ 8M(kht + 3ket)(C

E
tr )2 (4.5.4)
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then there exits constants CL2 and CDG independent of hS and hE such that,

∑
c=n,p

‖ρc(T )− ρc,h(T )‖2
L2(TSh ) +

∑
c=r,o

‖ρc(T )− ρc,h(T )‖2
L2(TEh )

+
∑
c=n,p

γ2
c

2

∫ T

0

‖ρc − ρc,h‖2
DG,S dt+

∑
c=r,o

γ2
c

2

∫ T

0

‖ρc − ρc,h‖2
DG,E dt

≤ CL2 max
(
h

2 min(k+1,s)
S , h

2 min(k+1,s)
E

)
+ CDG max

(
h

2 min(k+1,s)−2
S , h

2 min(k+1,s)−2
E

)
. (4.5.5)

Where,

CL2 = C

(
T, τn, τp, max

c∈{n,p}

(
|ρc|Hs(TSh )

)
, max
c∈{n,p}

(∣∣∣∣∂ρc∂t
∣∣∣∣
Hs(TSh )

)
,

max
c∈{r,o}

(
|ρc|Hs(TEh )

)
, max
c∈{r,o}

(∣∣∣∣∂ρc∂t
∣∣∣∣
Hs(TEh )

))
,

CDG = C

(
T,M, ket, kht, C

S
tr, C

E
tr , max

c∈{n,p}

(
|ρc|Hs(TSh )

)
, max
c∈{r,o}

(
|ρc|Hs(TEh )

)
,

max
c∈{n,p,r,o}

(Kc)

)
.

(4.5.6)

Proof: We use the consistency of the primal from Theorem 4.3.1 to write

that the solutions ρn, ρp ∈ H1
(
Hs(TSh ); (0, T )

)
, ρr, ρo ∈ H1

(
Hs(TEh ); (0, T )

)
to (4.1.3)-(4.1.8), then ρn, ρp, ρr, ρo satisfy,

(wn, ∂tρn)ΩS
+ (wp, ∂tρp)ΩS

+ (wr, ∂tρr)ΩE
+ (wo, ∂tρo)ΩE

+ B(wn, wp, wr, wo; ρn, ρp, ρr, ρo)

+ I(wn, wp, wr, wo; ρn, ρp, ρr, ρo)

= F(wn, wp, wr, wo; ρn, ρp, ρr, ρo),

(4.5.7)

110



for all wn, wp ∈ W S
h,k, wr, wo ∈ WE

h,k and all t ∈ (0, T ). Subtracting (4.2.8)

from (4.5.7) we obtain,

(wn, ∂t(ρn − ρn,h))ΩS
+ (wp, ∂t(ρp − ρp,h))ΩS

+ (wr, ∂t(ρr − ρr,h))ΩE
+ (wo, ∂t(ρo − ρo,h))ΩE

+ B(wn, wp, wr, wo; (ρn − ρn,h), (ρp − ρp,h), (ρr − ρr,h), (ρo − ρo,h))

+ I(wn, wp, wr, wo; ρn, ρp, ρr, ρo)− I(wn, wp, wr, wo; ρn,h, ρp,h, ρr,h, ρo,h)

=
(
wn, R̃(ρn, ρp)− R̃(ρn,h, ρp,h)

)
ΩS

+
(
wp, R̃(ρn, ρp)− R̃(ρn,h, ρp,h)

)
ΩS

(4.5.8)

for all wn, wp ∈ W S
h,k,wr, wo ∈ WE

h,k and all t ∈ (0, T ).

Let ΠS : Hs(ΩS) → W S
h,k and ΠE : Hs(ΩE) → WE

h,k be L2 projections.

From Theorem 4.1.6 we then have,

‖w − ΠSw‖L2(TSh ) ≤ Ch
min(s,k+1)
S |w|Hs(TSh ), (4.5.9)

‖w − ΠEw‖L2(TEh ) ≤ Ch
min(s,k+1)
E |w|Hs(TEh ), (4.5.10)

‖w − Πsw‖DG,S ≤ Ch
min(s,k+1)−1
S |w|Hs(TSh ), (4.5.11)

‖w − ΠEw‖DG,E ≤ Ch
min(s,k+1)−1
E |w|Hs(TEh ), (4.5.12)

where hS and hE are the maximal element diameters in TSh and TEh respectively.
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We label the approximation errors,

ξAn (t) = ΠSρn − ρn,h ∈ W S
h,k, (4.5.13)

ξAp (t) = ΠSρp − ρp,h ∈ W S
h,k, (4.5.14)

ξAr (t) = ΠEρr − ρr,h ∈ WE
h,k, (4.5.15)

ξAo (t) = ΠEρo − ρo,h ∈ WE
h,k, (4.5.16)

for all t ∈ (0, T ). And label the interpolation errors,

ξIn(t) = ρn − ΠSρn, (4.5.17)

ξIp(t) = ρP − ΠSρp, (4.5.18)

ξIr (t) = ρr − ΠEρr, (4.5.19)

ξIo(t) = ρo − ΠEρo, (4.5.20)

for all t ∈ (0, T ). Substituting these errors into (4.5.8) and taking wn = ξAn (t),
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wp = ξAp (t), wr = ξAr (t), and wo = ξAo (t) we obtain,

1

2

d

dt

(∑
c=n,p

‖ξAc ‖2
L2(TSh ) +

∑
c=r,o

‖ξAc ‖2
L2(TEh )

)

+

(∑
c=n,p

|Bc,S(ξAc , ξ
A
c )|+

∑
c=r,o

|Bc,E(ξAc , ξ
A
c )|

)

≤

(∑
c=n,p

|(ξAc , ∂tξIc )ΩS |+
∑
c=r,o

|(ξAc , ∂tξIc )ΩS |

)

+

(∑
c=n,p

|Bc,S(ξAc , ξ
I
c )|+

∑
c=r,o

|Bc,E(ξAc , ξ
I
c )|

)
+ |I(ξAn , ξAp , ξAr , ξAo ; ρn, ρp, ρr, ρo)− I(ξAn , ξ

A
p , ξ

A
r , ξ

A
o ; ρn,h, ρp,h, ρr,h, ρo,h)|

+ |
(
ξAn , R̃(ρn, ρp)− R̃(ρn,h, ρp,h)

)
ΩS
|+ |

(
ξAp , R̃(ρn, ρp − R̃(ρn,h, ρp,h)

)
ΩS
|.

(4.5.21)

Multiplying both sides by 2 and using the coercivity of the bilinear forms
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(Lemma 4.4.2) yields,

d

dt

(∑
c=n,p

‖ξAc ‖2
L2(TSh ) +

∑
c=r,o

‖ξAc ‖2
L2(TEh )

)

+

(∑
c=n,p

γ2
c‖ξAc ‖2

DG,S +
∑
c=r,o

γ2
c‖ξAc ‖2

DG,E

)

≤

(∑
c=n,p

2|(ξAc , ∂tξIc )ΩS |+
∑
c=r,o

2|(ξAc , ∂tξIc )ΩS |

)

+

(∑
c=n,p

2 |Bc,S(ξAc , ξ
I
c )|+

∑
c=r,o

2 |Bc,E(ξAc , ξ
I
c )|

)
+ 2 |I(ξAn , ξAp , ξAr , ξAo ; ρn, ρp, ρr, ρo)− I(ξAn , ξ

A
p , ξ

A
r , ξ

A
o ; ρn,h, ρp,h, ρr,h, ρo,h)|

+ 2 |
(
ξAn , R̃(ρn, ρp)− R̃(ρn,h, ρp,h)

)
ΩS
|+ 2 |

(
ξAp , R̃(ρn, ρp)− R̃(ρn,h, ρp,h)

)
ΩS
|,

= T1 + T2 + T3 + T4 + T5.
(4.5.22)

For T1 we use the Cauchy-Schwarz inequality (Theorem 4.1.8), Young’s in-

equality (Lemma 4.1.2) and the projection properties (4.5.9) and (4.5.10) to

obtain the bound,

T1 ≤
∑
c=n,p

δ1,c‖ξAc ‖2
L2(TSh ) +

∑
c=r,o

δ1,c‖ξAc ‖2
L2(TEh )

+
∑
c=n,p

C

δ1,c

h
2min(s,k+1)
S

(∣∣∣∣∂ρc∂t
∣∣∣∣2
Hs(TSh )

)

+
∑
c=r,o

C

δ1,c

h
2min(s,k+1)
E

(∣∣∣∣∂ρc∂t
∣∣∣∣2
Hs(TEh )

)
. (4.5.23)

After using the continuity of the bilinear forms (Lemma 4.4.1) on T2 we have,

T2 ≤
∑
c=n,p

2Kc ‖ξAc ‖DG,S ‖ξIc‖DG,S +
∑
c=r,o

2Kc ‖ξAc ‖DG,E ‖ξIc‖DG,E. (4.5.24)
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Using Young’s inequality (Lemma 4.1.2) and the projection properties (4.5.11)

and (4.5.12) yields the following bound on T2,

T2 ≤
∑
c=n,p

Kc δ2,c‖ξAc ‖2
DG,S +

∑
c=r,o

Kc δ2,c‖ξAc ‖2
DG,E

+
∑
c=n,p

CKc,S

δ2,c

h
2min(s,k+1)−2
S (|ρc|2Hs(TSh ))

+
∑
c=r,o

CKc,S

δ2,c

h
2min(s,k+1)−2
E (|ρc,h|2Hs(TEh )). (4.5.25)

T4 can be bounded by using using the Cauchy-Schwarz (Theorem 4.1.8), the

Lipschitz property of the recombination function (Theorem 4.1.1) and Young’s

inequality (Lemma 4.1.2),

T4 = 2 |
(
ξAn , R̃(ρn, ρp)− R̃(ρn,h, ρp,h)

)
ΩS
|,

≤ 2 ‖ξAn ‖L2(TSh ) ‖R̃(ρn, ρp)− R̃(ρn,h, ρp,h)‖L2(TEh ),

≤ 2CR ‖ξAn ‖L2(TSh )

(
‖ρn − ρn,h‖L2(TSh ) + ‖ρp − ρp,h‖L2(TSh )

)
,

≤ 2CR ‖ξAn ‖L2(TSh )

∑
c=n,p

(
‖ξAc ‖L2(TSh ) + ‖ξIc‖L2(TSh )

)
,

= 2CR ‖ξAn ‖2
L2(TSh ) + 2CR ‖ξAn ‖L2(TSh ) ‖ξAp ‖L2(TSh )

+ 2CR ‖ξAn ‖L2(TSh ) ‖ξIn‖L2(TSh ) + 2CR ‖ξAn ‖L2(TSh ) ‖ξIp‖L2(TSh ),

≤ (2 + δ41 + δ42 + δ43)CR ‖ξAn ‖2
L2(TSh ) +

CR
δ41

‖ξAp ‖2
L2(TSh )+

+
CR
δ42

‖ξIn‖2
L2(TSh ) +

CR
δ43

‖ξIp‖2
L2(TSh ),

(4.5.26)
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Where CR = max( 1
τn
, 1
τp

). We can then use the projection properties (4.5.9)

and (4.5.10) to obtain the estimate,

≤ (2 + δ41 + δ42 + δ43)CR ‖ξAn ‖2
L2(TSh ) +

CR
δ41

‖ξAp ‖2
L2(TSh )

+
CCR
δ42

h
2min(s,k+1)
S

(
|ρn|2Hs(TSh )

)
+
CCR
δ43

h
2min(s,k+1)
S

(
|ρp|2Hs(TSh )

)
,

(4.5.27)

Similarly for T5 we have,

T5 = 2 |
(
ξAp , R̃(ρn, ρp)− R̃(ρn,h, ρp,h)

)
ΩS
|

≤ 2 ‖ξAp ‖L2(TSh ) ‖R̃(ρn, ρp)− R̃(ρn,h, ρp,h)‖L2(TEh )

≤ 2CR ‖ξAp ‖L2(TSh )

(
‖ρn − ρn,h‖L2(TSh ) + ‖ρp − ρp,h‖L2(TSh )

)
≤ 2CR ‖ξAp ‖L2(TSh )

∑
c=n,p

(
‖ξAc ‖L2(TSh ) + ‖ξIc‖L2(TSh )

)
= 2CR ‖ξAp ‖2

L2(TSh ) + 2CR ‖ξAn ‖L2(TSh ) ‖ξAp ‖L2(TSh )

+ 2CR ‖ξAp ‖L2(TSh ) ‖ξIn‖L2(TSh ) + 2CR ‖ξAp ‖L2(TSh ) ‖ξIp‖L2(TSh )

≤ 2CR ‖ξAp ‖2
L2(TSh ) + 2CR ‖ξAn ‖L2(TSh ) ‖ξAp ‖L2(TSh )

+ 2CR ‖ξAp ‖L2(TSh ) ‖ξIn‖L2(TSh ) + 2CR ‖ξAp ‖L2(TSh ) ‖ξIp‖L2(TSh ),

≤ (2 + δ51 + δ52 + δ53)CR ‖ξAp ‖2
L2(TSh ) +

CR
δ51

‖ξAn ‖2
L2(TSh )

+
CR
δ52

‖ξIn‖2
L2(TSh ) +

CR
δ53

‖ξIp‖2
L2(TSh ),

(4.5.28)
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Using the projection properties (4.5.9) and (4.5.10) we obtain the estimate,

T5 ≤ (2 + δ51 + δ52 + δ53)CR ‖ξAp ‖2
L2(TSh ) +

CR
δ51

‖ξAn ‖2
L2(TSh )+

+
CCR
δ52

h
2min(s,k+1)
S

(
|ρn|2Hs(TSh )

)
+
CCR
δ53

h
2min(s,k+1)
S

(
|ρp|2Hs(TSh )

)
.

(4.5.29)

Combining the terms T45 = T4 + T5 we have,

T45 ≤ (2 + δ41 + δ42 + δ43 +
1

δ51

)CR ‖ξAn ‖2
L2(TSh )

+ (2 + δ51 + δ52 + δ53 +
1

δ41

)CR ‖ξAp ‖2
L2(TSh )

+ CCRh
2min(s,k+1)
S

((
1

δ42

+
1

δ52

)
|ρn|2Hs(TSh ) +

(
1

δ43

+
1

δ53

)
|ρp|2Hs(TSh )

)
.

(4.5.30)

Now we work on T3,

T3

= 2 |I(ξAn , ξAp , ξAr , ξAo ; ρn, ρp, ρr, ρo)− I(ξAn , ξ
A
p , ξ

A
r , ξ

A
o ; ρn,h, ρp,h, ρr,h, ρo,h)|,

= 2 |〈ξAn , Iet(M(ρn − ρen), M(ρo))− Iet(M(ρn,h − ρen), M(ρo,h))〉EΣ
|

+ 2|〈ξAp , Iht(M(ρp − ρep), M(ρr))− Iht(M(ρp,h − ρep), M(ρr,h))〉EΣ
|

+ 2 |〈ξAr , Iht(M(ρp − ρep), M(ρr))− Iht(M(ρp,h − ρep), M(ρr,h))〉EΣ
|

+ 2 |〈ξAr , Iet(M(ρn − ρen), M(ρo))− Iet(M(ρn,h − ρen), M(ρo,h))〉EΣ
|

+ 2 |〈ξAo , Iht(M(ρp − ρep), M(ρr))− Iht(M(ρp,h − ρep), M(ρr,h))〉EΣ
|

+ 2 |〈ξAo , Iet(M(ρn − ρen), M(ρo))− Iet(M(ρn,h − ρen), M(ρo,h))〉EΣ
|,

= S1 + S2 + S3 + S4 + S5 + S6.
(4.5.31)
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Working on S1 we can use the Lipschitz property of Iket(M(·),M(·)) and to

obtain,

S1 = 2 |〈ξAn , Iet(M(ρn − ρen), M(ρo))− Iet(M(ρn,h − ρen), M(ρo,h))〉EΣ
|,

≤ 2 〈ξAn , |Iet(M(ρn − ρen), M(ρo))− Iet(M(ρn,h − ρen), M(ρo,h))|〉EΣ
,

≤ 2 〈ξAn , ketM |ρn − ρn,h|〉EΣ
+ 2 〈ξAn , ketM |ρo,h − ρo,h|〉EΣ

,

≤ 2 ketM‖ξAn ‖L2(EΣ)

(
‖ρn − ρn,h‖L2(EΣ) + ‖ρo − ρo,h‖L2(EΣ)

)
,

≤ 2 ketM‖ξAn ‖2
L2(EΣ) + 2 ketM‖ξAn ‖L2(EΣ)‖ξIn‖L2(EΣ)

+ 2 ketM‖ξAn ‖L2(EΣ)‖ξAo ‖L2(EΣ) + 2 ketM‖ξAn ‖L2(EΣ)‖ξIo‖L2(EΣ).
(4.5.32)

Similarly for S2,

S2 = 2 |〈ξAp , Iht(M(ρp − ρep), M(ρr))− Iet(M(ρp,h − ρep), M(ρr,h))〉EΣ
|,

≤ 2 khtM‖ξAp ‖L2(EΣ)

(
‖ρp − ρp,h‖L2(EΣ) + ‖ρr − ρr,h‖L2(EΣ)

)
,

≤ 2 khtM‖ξAp ‖2
L2(EΣ) + 2 khtM‖ξAp ‖L2(EΣ)‖ξIp‖L2(EΣ)

+ 2 khtM‖ξAp ‖L2(EΣ)‖ξAr ‖L2(EΣ) + 2 khtM‖ξAp ‖L2(EΣ)‖ξIr‖L2(EΣ).
(4.5.33)

And S3,

S3 = 2 |〈ξAr , Iht(M(ρp − ρep), M(ρr))− Iet(M(ρp,h − ρep), M(ρr,h))〉EΣ
|,

≤ 2 khtM‖ξAr ‖L2(EΣ)

(
‖ρp − ρp,h‖L2(EΣ) + ‖ρr − ρr,h‖L2(EΣ)

)
,

≤ 2 khtM‖ξAr ‖L2(EΣ)‖ξAp ‖L2(EΣ) + 2 khtM‖ξAr ‖L2(EΣ)‖ξIp‖L2(EΣ)

+ 2 khtM‖ξAr ‖2
L2(EΣ) + 2 khtM‖ξAr ‖L2(EΣ)‖ξIr‖L2(EΣ)

(4.5.34)
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And S4,

S4 = 2 |〈ξAr , Iet(M(ρn − ρen), M(ρo))− Iet(M(ρn,h − ρen), M(ρo,h))〉EΣ
|,

≤ 2 ketM‖ξAr ‖L2(EΣ)

(
‖ρn − ρn,h‖L2(EΣ) + ‖ρo − ρo,h‖L2(EΣ)

)
,

≤ 2 ketM‖ξAr ‖L2(EΣ)‖ξAn ‖L2(EΣ) + 2 ketM‖ξAr ‖L2(EΣ)‖ξIn‖L2(EΣ)

+ 2 ketM‖ξAr ‖L2(EΣ)‖ξAo ‖L2(EΣ) + 2 ketM‖ξAr ‖L2(EΣ)‖ξIo‖L2(EΣ)

(4.5.35)

And S5,

S5 = 2 |〈ξAo , Iht(M(ρp − ρep), M(ρr))− Iet(M(ρp,h − ρep), M(ρr,h))〉EΣ
|,

≤ 2 khtM‖ξAo ‖L2(EΣ)

(
‖ρp − ρp,h‖L2(EΣ) + ‖ρr − ρr,h‖L2(EΣ)

)
,

≤ 2 khtM‖ξAo ‖L2(EΣ)‖ξAp ‖L2(EΣ) + 2 khtM‖ξAo ‖L2(EΣ)‖ξIp‖L2(EΣ)

+ 2 khtM‖ξAo ‖L2(EΣ)‖ξAr ‖L2(EΣ) + 2 khtM‖ξAo ‖L2(EΣ)‖ξIr‖L2(EΣ),
(4.5.36)

And finally S6,

S6 = 2 |〈ξAo , Iet(M(ρn − ρen), M(ρo))− Iet(M(ρn,h − ρen), M(ρo,h))〉EΣ
|,

≤ 2 ketM‖ξAo ‖L2(EΣ)

(
‖ρn − ρn,h‖L2(EΣ) + ‖ρo − ρo,h‖L2(EΣ)

)
,

≤ 2 ketM‖ξAo ‖L2(EΣ)‖ξAn ‖L2(EΣ) + 2 ketM‖ξAo ‖L2(EΣ)‖ξIn‖L2(EΣ)

+ 2 ketM‖ξAo ‖2
L2(EΣ) + 2 ketM‖ξAo ‖L2(EΣ)‖ξIo‖L2(EΣ).

(4.5.37)
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Collecting all the terms we have,

T3 ≤ 2M
(
ket‖ξAn ‖2

L2(EΣ) + kht‖ξAp ‖2
L2(EΣ) + kht‖ξAr ‖2

L2(EΣ) + ket‖ξAo ‖2
L2(EΣ)

)
+ 4M

(
ket‖ξAn ‖L2(EΣ)‖ξAo ‖L2(EΣ) + kht‖ξAp ‖L2(EΣ)‖ξAr ‖L2(EΣ)

)
+ 2M (ket + kht) ‖ξAr ‖L2(EΣ)‖ξAo ‖L2(EΣ)

+ 2M
(
kht‖ξAo ‖L2(EΣ)‖ξAp ‖L2(EΣ) + ket‖ξAn ‖L2(EΣ)‖ξAr ‖L2(EΣ)

)
+ 2Mket‖ξAn ‖L2(EΣ)

(
‖ξIn‖L2(EΣ) + ‖ξIo‖L2(EΣ)

)
+ 2Mkht‖ξAp ‖L2(EΣ)

(
‖ξIp‖L2(EΣ) + ‖ξIr‖L2(EΣ)

)
+ 2M

(
‖ξAr ‖L2(EΣ) + ‖ξAo ‖L2(EΣ)

)
(
ket‖ξIn‖L2(EΣ) + kht‖ξIp‖L2(EΣ) + kht‖ξIr‖L2(EΣ) + ket‖ξIo‖L2(EΣ)

)
(4.5.38)
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Using Young’s inequality (Lemma 4.1.2) yields,

T3 ≤ 2M
(
ket‖ξAn ‖2

L2(EΣ) + kht‖ξAp ‖2
L2(EΣ) + kht‖ξAr ‖2

L2(EΣ) + ket‖ξAo ‖2
L2(EΣ)

)
+ 2Mketδ31‖ξAn ‖2

L2(EΣ) +
2Mkket
δ31

‖ξAo ‖2
L2(EΣ)

+ 2Mkhtδ32‖ξAp ‖2
L2(EΣ) +

2Mkht
δ32

‖ξAr ‖2
L2(EΣ)

+M (ket + kht) δ33‖ξAr ‖2
L2(EΣ) +

M (ket + kht)

δ33

‖ξAo ‖2
L2(EΣ)

+Mδ34kht‖ξAo ‖2
L2(EΣ) +

Mkht
δ34

‖ξAp ‖2
L2(EΣ)

+Mketδ35‖ξAn ‖2
L2(EΣ) +

Mket
δ35

‖ξAr ‖2
L2(EΣ)

+Mketδ36‖ξAn ‖2
L2(EΣ) +

Mket
δ36

(
‖ξIn‖L2(EΣ) + ‖ξIo‖L2(EΣ)

)2

+Mkhtδ37‖ξAp ‖2
L2(EΣ) +

Mkht
δ37

(
‖ξIp‖L2(EΣ) + ‖ξIr‖L2(EΣ)

)2

+M
(
δ38‖ξAr ‖2

L2(EΣ) + δ39‖ξAo ‖2
L2(EΣ)

)
+
M

δ38

(
ket‖ξIn‖L2(EΣ) + kht‖ξIp‖L2(EΣ) + kht‖ξIr‖L2(EΣ) + ket‖ξIo‖L2(EΣ)

)2

+
M

δ39

(
ket‖ξIn‖L2(EΣ) + kht‖ξIp‖L2(EΣ) + kht‖ξIr‖L2(EΣ) + ket‖ξIo‖L2(EΣ)

)2

(4.5.39)
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Or,

T3 ≤ Mket (2 + 2δ31 + δ35 + δ36) ‖ξAn ‖2
L2(EΣ)

+Mkht

(
2 + 2δ32 +

1

δ34

+ δ37

)
‖ξAp ‖2

L2(EΣ)

+M

(
2kht +

2kht
δ32

+ (ket + kht)δ33 +
ket
δ35

+ δ38

)
‖ξAr ‖2

L2(EΣ)

+M

(
2ket +

2ket
δ31

+
(ket + kht)

δ33

+ khtδ34 + δ39

)
‖ξAo ‖2

L2(EΣ)

+
Mket
δ36

(
‖ξIn‖L2(EΣ) + ‖ξIo‖L2(EΣ)

)2
+
Mkht
δ37

(
‖ξIp‖L2(EΣ) + ‖ξIr‖L2(EΣ)

)2

+
M

δ38

(
ket‖ξIn‖L2(EΣ) + kht‖ξIp‖L2(EΣ) + kht‖ξIr‖L2(EΣ) + ket‖ξIo‖L2(EΣ)

)2

+
M

δ39

(
ket‖ξIn‖L2(EΣ) + kht‖ξIp‖L2(EΣ) + kht‖ξIr‖L2(EΣ) + ket‖ξIo‖L2(EΣ)

)2

(4.5.40)

Using the Theorem 4.1.11, the projection properties (4.5.11) and (4.5.12)

yields,

T3 ≤ Mket(C
S
tr)

2 (2 + 2δ31 + δ35 + δ36) ‖ξAn ‖2
DG,S

+Mkht(C
S
tr)

2

(
2 + 2δ32 +

1

δ34

+ δ37

)
‖ξAp ‖2

DG,S

+M(CE
tr )2

(
2kht +

2kht
δ32

+ (ket + kht)δ33 +
ket
δ35

+ δ38

)
‖ξAr ‖2

DG,E

+M(CE
tr )2

(
2ket +

2ket
δ31

+
(ket + kht)

δ33

+ khtδ34 + δ39

)
‖ξAo ‖2

DG,E

+MCΣ max(h
2 min(k+1,s)−2
S , h

2 min(k+1,s)−2
E )

(4.5.41)

Where,

CΣ = C
(
ket, kht, C

S
tr, C

E
tr , |ρn|Hs(TSh ), |ρp|Hs(TSh ), |ρr|Hs(TEh ), |ρo|Hs(TEh )

)
.

(4.5.42)
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We can combine (4.5.23), (4.5.25), (4.5.41), (4.5.30) to obtain a single

bound in (4.5.22),

d

dt

(∑
c=n,p

‖ξAc ‖2
L2(TSh ) +

∑
c=r,o

‖ξAc ‖2
L2(TEh )

)
+
∑
c=n,p

γ2
c‖ξAc ‖2

DG,S +
∑
c=r,o

γ2
c‖ξAc ‖2

DG,E

≤
(
δ1,n + CR(2 + δ41 + δ42 + δ43 +

1

δ51

)

)
‖ξAn ‖2

L2(TSh )

+
(
Kn,Sδ2,n +Mket(C

S
tr)

2(2 + 2δ31 + δ35 + δ36)
)
‖ξAn ‖2

DG,S

+

(
δ1,p + CR(2 + δ51 + δ52 + δ53 +

1

δ41

)

)
‖ξAp ‖2

L2(TSh )

+

(
Kp,Sδ2,p +Mkht(C

S
tr)

2(2 + 2δ32 +
1

δ34

+ δ37)

)
‖ξAp ‖2

DG,S

+ δ1,o‖ξAo ‖2
L2(TEh ) + δ1,r‖ξAr ‖2

L2(TEh )

+

(
Kr,Eδ2,r +M(CE

tr )2

(
2kht +

2kht
δ32

+ (ket + kht)δ33 +
ket
δ35

+ δ38

))
‖ξAr ‖2

DG,E

+

(
Ko,Eδ2,o +M(CE

tr )2

(
2ket +

2ket
δ31

+
(ket + kht)

δ33

+ khtδ34 + δ39

))
‖ξAo ‖2

DG,E

+ C1 max
(
h

2 min(k+1,s)
S , h

2 min(k+1,s)
E

)
+ C2 max

(
h

2 min(k+1,s)−2
S , h

2 min(k+1,s)−2
E

)
(4.5.43)

Choosing δ1,n = δ1,p = CR, δ1,r = δ1,o = 1, δ41 = δ51 = 1 and δ42 = δ43 = δ52 =

δ53 = 1
2
. As well as,

δ2,c =
γ2
c

4Kc,S

, for c = {n, p}, (4.5.44)

δ2,c =
γ2
c

4Kc,E

, for c = {r, o}. (4.5.45)

Taking δ31 = δ35 = δ36 = δ32 = δ34 = δ37 = δ33 = 1 and δ38 = δ39 = kht + kket
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yields,

d

dt

(∑
c=n,p

‖ξAc ‖2
L2(TSh ) +

∑
c=r,o

‖ξAc ‖2
L2(TEh )

)

+

(
3γ2

n

4
− 6Mket(C

S
tr)

2

)
‖ξAn ‖2

DG,S +

(
3γ2

p

4
− 6Mkht(C

S
tr)

2

)
‖ξAp ‖2

DG,S

+

(
3γ2

r

4
−M(6kht + 3ket)(C

E
tr )2

)
‖ξAr ‖2

DG,E

+

(
3γ2

o

4
−M(3kht + 6ket)(C

E
tr )2

)
‖ξAo ‖2

DG,E

≤ 5CR

(∑
c=n,p

‖ξAc ‖2
L2(TSh )

)
+
∑
c=r,o

‖ξAc ‖2
L2(TEh )

+ C1 max
(
h

2 min(k+1,s)
S , h

2 min(k+1,s)
E

)
+ C2 max

(
h

2 min(k+1,s)−2
S , h

2 min(k+1,s)−2
E

)
(4.5.46)

For some constants C1 and C2 independent of h. If the coercivity constants

satisfy,

γ2
n ≥ 24Mket(C

S
tr)

2 (4.5.47)

γ2
p ≥ 24Mkht(C

S
tr)

2 (4.5.48)

γ2
r ≥ 8M(3kht + ket)(C

E
tr )2 (4.5.49)

γ2
o ≥ 8M(kht + 3ket)(C

E
tr )2 (4.5.50)
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Then (4.5.46) becomes,

d

dt

(∑
c=n,p

‖ξAc ‖2
L2(TSh ) +

∑
c=r,o

‖ξAc ‖2
L2(TEh )

)

+
∑
c=n,p

γ2
c

2
‖ξAc ‖2

DG,S +
∑
c=r,o

γ2
c

2
‖ξAc ‖2

DG,E

≤ 6CR

(∑
c=n,p

‖ξAc ‖2
L2(TSh )

)
+
∑
c=r,o

‖ξAc ‖2
L2(TEh )

+ C1 max
(
h

2 min(k+1,s)
S , h

2 min(k+1,s)
E

)
+ C2 max

(
h

2 min(k+1,s)−2
S , h

2 min(k+1,s)−2
E

)
.

(4.5.51)

Integrating from (0, T ) we have

∑
c=n,p

‖ξAc (T )‖2
L2(TSh ) +

∑
c=r,o

‖ξAc (T )‖2
L2(TEh ) +

∑
c=n,p

γ2
c

2

∫ T

0

‖ξAc (t)‖2
DG,S dt

+
∑
c=r,o

γ2
c

2

∫ T

0

‖ξAc (t)‖2
DG,E dt

≤
∑
c=n,p

‖ξAc (0)‖2
L2(TSh ) +

∑
c=r,o

‖ξAc (0)‖2
L2(TEh )

+ 6CR
∑
c=n,p

∫ T

0

‖ξAc (t)‖2
L2(TSh ) dt+

∑
c=r,o

∫ T

0

‖ξAc (t)‖2
L2(TEh ) dt

+ C1T max
(
h

2 min(k+1,s)
S , h

2 min(k+1,s)
E

)
+ C2T max

(
h

2 min(k+1,s)−2
S , h

2 min(k+1,s)−2
E

)
.

(4.5.52)

Using the fact the initial conditions are the L2 projection on to the the DG
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basis and Gronwall’s inequality (Theorem 4.1.5) yields,∑
c=n,p

‖ξAc (T )‖2
L2(TSh ) +

∑
c=r,o

‖ξAc (T )‖2
L2(TEh )

+
∑
c=n,p

γ2
c

2

∫ T

0

‖ξAc (t)‖2
DG,S dt+

∑
c=r,o

γ2
c

2

∫ T

0

‖ξAc (t)‖2
DG,E dt

≤ CL2 max
(
h

2 min(k+1,s)
S , h

2 min(k+1,s)
E

)
+ CDG max

(
h

2 min(k+1,s)−2
S , h

2 min(k+1,s)−2
E

)
.

(4.5.53)

Where,

CL2 = C

(
T, τn, τp, max

c∈{n,p}

(
|ρc|Hs(TSh )

)
, max
c∈{n,p}

(∣∣∣∣∂ρc∂t
∣∣∣∣
Hs(TSh )

)
,

max
c∈{r,o}

(
|ρc|Hs(TEh )

)
, max
c∈{r,o}

(∣∣∣∣∂ρc∂t
∣∣∣∣
Hs(TEh )

))
,

CDG = C

(
T,M, ket, kht, C

S
tr, C

E
tr , max

c∈{n,p}

(
|ρc|Hs(TSh )

)
, max
c∈{r,o}

(
|ρc|Hs(TEh )

)
,

max
c∈{n,p,r,o}

(Kc)

)
.

(4.5.54)

We can then use the triangle inequality,

‖ρc − ρc,h‖L2 ≤ ‖ξAc ‖L2 + ‖ξIc‖L2 , (4.5.55)

for c = {n, p, r, o} to obtain the desired results.
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Chapter 5

Numerical Results

In this chapter we discuss the performance of the numerical algorithms

proposed in Chapter 3 as well as present some results from numerical simula-

tions of photoelectrochemical solar cells. We first conduct a convergence study

on the spatial discretization strategies that we employed. The purpose of this

study is for code verification purposes as well as to validate the convergence

rates that were proven in Chapter 4. We then conduct a study on perfor-

mance of the proposed time stepping algorithms from Chapter 3 as well as

present results on parallel implementation of one specific algorithm. Finally,

we discuss some preliminary results from numerical experiments conducted on

photoelectrochemical solar cells in one and two dimensions.

5.1 Study On Discretizations Convergence Rates

In order to verify the accuracy of our codes we conduct a convergence

study on the individual solvers, i.e. the mixed finite element (MFEM) solver on

Poisson’s equation and the local discontinuous Galerkin (LDG) solver on the

drift-diffusion equation. We show that the individual solvers have convergence

rates which are consistent with what their theoretical rates predict. We then
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investigate the convergence properties of the spatial discretizations applied

to the semiconductor-electrolyte interface problem. We present some of the

convergence results from test cases in both one and two dimensions to verify

that our numerical routines are operating as expected.

5.1.1 One Dimensional Results

We start with a benchmark study on the convergence properties of the

spatial discretization schemes, that is, the MFEM scheme for the Poisson equa-

tion and the LDG scheme for the drift-diffusion equations, that we employed.

We benchmark our MFEM solver for the Poisson equation,

−d
2Φ

dx2
= −20x3, in (0, 1), Φ(0) = 0, Φ(1) = 1. (5.1.1)

The analytical solution is Φ(x) = x5. We use Raviart-Thomas elements for

the electric field and discontinuous Legendre elements for the potential. We

test the code with basis functions of order 1 and 2 and with meshes that have

numbers of elements ranging from 4 to 1024. The L2 error plots for this test

case can be seen in Figure 5.1 (a). We benchmark our LDG solver for the

stationary drift-diffusion equation,

1

π
ux + uxx = 0, in (0, π), u(0) = 0, u(π) = 1. (5.1.2)

The analytical solution for this problem solution is u(x) = 1.0−e−x/π
1.0−e−1 . We use

discontinuous Legendre elements to approximate both the density and current.

We test the code with basis functions of order 1 and 2 and with meshes that

have numbers of elements ranging from 4 to 1024. The L2 error plots for this
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test case can be observed in Figure 5.1 (b). The results show that we achieve

optimal convergence rates for both the MFEM and LDG solvers.

(a) (b)

Figure 5.1: 1D L2 error plots for (a) MFEM on Poisson’s equation and (b)
LDG on the drift-diffusion equation.

To benchmark the algorithms for the semiconductor-electrolyte inter-

face simulation, we plot L2 errors in the steady-state electron densities in

Figure 5.2. Note that since we do not have a manufactured analytical solution

here, we use the numerical solution on an extremely fine mesh in place of the

true solution. In Figure 5.2 we show the results for linear and quadratic LDG

approximations. The results show that we obtain optimal convergence rates.

5.1.2 Two Dimensional Results

We break the verification for the two dimensional code into three cases:

1. Testing the MFEM and LDG solvers independently.
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Figure 5.2: L2 error plots for steady-state electron densities.

2. Testing the coupling of the MFEM solver and the LDG solver.

3. Testing the coupling of two LDG solvers across a reactive interface.

These cases test all the individual components and coupling procedures that

will be used in simulations of the semiconductor-electrolyte interface. To be

specific case 1 verifies that each individual solver is operating properly. In case

2 we use two meshes: one for the MFEM and one for the LDG method. This

test problem not only verifies that the coupling between MFEM and LDG

solvers is operating correctly, but also that the mappings between the Poisson

mesh and the semiconductor or electrolyte mesh are constructed properly.

In case 3 we again use two meshes: one for the semiconductor and one for

the electrolyte. This test problem not only verifies that the coupling of two

LDG solvers across a reactive interface is operating correctly, but also that
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the mapping between the semiconductor and electrolyte interface mesh faces

is constructed properly.

5.1.2.1 Decoupled Tests

We test the mixed finite element solver in two dimensions on the Poisson

equation,

−∆Φ(x) = f(x) in [0, 1]× [0, 1],

n · (−∇Φ(x) = 0 on [0, 1]× {y = 0, 1},

Φ(x) = ΦD(x) on {x = 0, 1} × [0, 1].

(5.1.3)

We use the manufactured solution,

Φ(x, y) = cos(2πy)− sin(2πx)− x, (5.1.4)

which has a corresponding right hand side function,

f(x, y) = 4π2 (cos(2πy)− sin(2πx)) . (5.1.5)

We use the solution Φ(x, y) to prescribe the Dirichlet data values ΦD(x, y) on

the boundary. The L2 errors for the mixed method using k = 1 and k = 2

can be seen in Figure 5.3. We see that we achieve optimal convergence for the

approximations of Φ and super convergence for the approximation of −∇Φ.

To test the LDG-IMEX method on the time-dependent linear drift-
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Figure 5.3: 2D L2 error plots for MFEM for the problem (5.1.3).

diffusion equation we solve the problem,

ut +∇ · (Eu−∇u) = f(x, t) in Ω× (0, T ),

n · (Eu−∇u) = gI(x, t) on ΓI × (0, T ),

n · (Eu−∇u) = 0 on ΓN × (0, T ),

u = gD(x, t) on ΓD × (0, T ),

u = u0(x) in Ω× {t = 0}.

(5.1.6)

We take the domain to be Ω = [0, 1]×[0, 1] with boundaries ∂Ω = ΓD∪ΓN∪ΓI .

The “reactive interface” is the boundary ΓI = {x = 1} × [0, 1]. We break up

the other boundaries up into two cases:

• Case 1: ΓD = ({x = 0} × [0, 1]) ∪ ([0, 1]× {y = 0, 1}) and ΓN = ∅.

• Case 2: ΓD = {x = 0} × [0, 1] and ΓN = [0, 1]× {y = 0, 1}.
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For simplicity we assume E(x, y) = 〈1, 0〉. The manufactured solution to

(5.1.6) for both cases is,

u(x, y, t) = e−t + cos(2πx) + cos(2πy). (5.1.7)

The corresponding right hand side function is,

f(x, y, t) = −e−t + 4π2 cos(2πx) + 4π2 cos(2πy) + 2π sin(2πx). (5.1.8)

The Dirichlet boundary conditions gD(x, y, t) are taken to be u(x, y, t) on ΓD

and the interface function is,

gI(x, y, t) = −e−t − cos(2πy)− 1. (5.1.9)

The initial condition u0(x, y) is the L2 projection of the solution u(x, y, 0) onto

the DG basis. To perform time stepping we use a first-order IMEX method

and an end time of T = 1. In order to obtain the underlying errors of the

LDG method we take time steps ∆t = hk+1 for basis functions of order k.

The results for Case 1 can be seen in Figure 5.4 (a) and for Case 2 in Figure

5.4 (b). As can be observed the results show that we obtain the theoretical

convergence rates of the LDG method.
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(a) Case 1 (b) Case 2

Figure 5.4: 2D L2 error plots for the LDG-IMEX method for the problem
(5.1.6)

5.1.2.2 Coupled MFEM-LDG-IMEX Test

The coupling of the drift-diffusion-Poisson problem using a LDG method

and a MFEM is tested on the problem,

−∆Φ = C(x, t)− u in Ω× (0, T ),

Φ = ΦD(x) on ∂Ω× (0, T ),

ut +∇ · (−∇Φu−∇u) = f(x, t) in Ω× (0, T ),

u = gD(x, t) on ∂Ω× (0, T ),

u = u0(x) in Ω× {t = 0}.

(5.1.10)

We take the domain to be Ω = [0, 1]× [0, 1]. The solutions to (5.1.10) are,

Φ(x, y) = cos(2πy)− sin(2πx)− x, (5.1.11)
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and,

u(x, y, t) = e−t + cos(2πx) + cos(2πy). (5.1.12)

The corresponding right hand side functions are,

C(x, y, t) = 4π2 (cos(2πy)− sin(2πx)) + e−t + cos(2πx) + cos(2πy), (5.1.13)

and,

f(x, y, t) = 4π2 (cos(2πy)− sin(2πx))
(
e−t + cos(2πx) + cos(2πy)

)
− 2π (2π cos(2πx) + 1) sin(2πx)− 4π2 sin(2πy)2

− e−t + 4π2 cos(2πx) + 4π2 cos(2πy).

(5.1.14)

The Dirichlet boundary condition gD(x, y, t) and ΦD(x, y) are taken to be the

solutions u(x, y, t) and Φ(x, y, t) respectively on the boundary ∂Ω. The initial

condition u0(x, y) is the L2 projection of the solution u(x, y, 0) onto the DG

basis. To perform time stepping we use a first-order IMEX method and an

end time of T = 1. In order to obtain the underlying errors of the LDG and

mixed method we take time steps ∆t = hk+2 for basis functions of order k.

The results for the mixed finite element method can be seen in Figure 5.5 (a)

and the local discontinuous Galerkin method can be seen in Figure 5.5 (b).

The results show that we obtain the same convergence rates for the MFEM

and LDG method as previously discussed.

5.1.2.3 Coupled LDG Reactive Interface Test

To test the coupling of the carriers across a reactive interface (Σ) using

and LDG method we take u : ΩS × [0, T ] → R and v : ΩE × [0, T ] → R and
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(a) (b)

Figure 5.5: 2D L2 error plots for the MFEM-LDG method for the problem
(5.1.6)

solve the coupled parabolic problems,

ut −∆u = f1(x, t) in ΩS × (0, T ),

nΣS · (−∇u) · = u(x, t)v(x, t)− I(x, t) on Σ× (0, T ),

u = g1,D(x, t) on ΓS,D × (0, T ),

u = u0(x) in ΩS × {t = 0},

(5.1.15)

and,

vt −∆v = f2(x, t) in ΩE × (0, T ),

nΣE · (−∇v) = u(x, t)v(x, t)− I(x, t) on Σ× (0, T ),

v = g2,D(x, t) on ΓE,D × (0, T ),

v = v0(x) in ΩE × {t = 0}.

(5.1.16)

We take the domain to be Ω = [0, 1] × [0, 1] with ΩS = [0, 1/2] × [0, 1] and

ΩE = [1/2, 1] × [0, 1]. The interface is Σ = {x = 1/2} × [0, 1] and the
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boundaries are Γ1,D = ∂ΩS \ Σ and Γ2,D = ∂ΩE \ Σ. The manufactured

solutions for this problem are,

u(x, y, t) = v(x, y, t) = e−t + cos(2πx) + cos(2πy). (5.1.17)

The corresponding right hand side functions are,

f1(x, y, t) = f2(x, y, t) = −e−t + 4π2 cos(2πx) + 4π2 cos(2πy) + 2π sin(2πx).

(5.1.18)

The Dirichlet boundary conditions g1,D(x, y, t) and g2,D(x, y, t) are taken to be

u(x, y, t) on Γ1,D and v(x, y, t) on Γ2,D respectively. The interface function is,

I(x, y, t) =
(
e−t + cos(πy)− 1

)2
. (5.1.19)

The initial conditions u0(x, y) and v0(x, y) are taken to be the L2 projection

of the solutions u(x, y, 0) and v(x, y, 0) onto the DG basis. To perform time

stepping we use a first-order PS-IMEXEX method and an end time of T = 1.

In order to obtain the underlying errors of the LDG method we take time step

to be ∆t = hk+1 when using basis functions of order k. The results can be seen

in Figure 5.6 and show that we obtain optimal convergence rates for the LDG

method. We note that h will be the same value for both of the triangulations

of ΩS and ΩE, that is hS = hE = h.
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(a) (b)

Figure 5.6: 2D L2 error plots for the LDG-PS-IMEXEX method for the prob-
lem (5.1.15) and (5.1.16) for (a) k = 1 and (b) k = 2.

5.2 Studies On Computational Performance

5.2.1 Study On The Performance Of Time Stepping Algorithms

In this section we discuss the performance of the different time stepping

routines on our one dimensional code. In our implementation of the algorithms,

we use the SparseLU direct solver provided by the Eigen Library [3] for the

inversion of the LDG matrices. We use the GRVY Library [133] to monitor the

computational time spent within all the critical subroutines of each algorithm.

In Figure. 5.7 we show a typical example of the information provided by the

GRVY library.

We now look at the performance of the four time stepping algorithms.

Our focus will be on the comparison between the four algorithms. We take

the domain Ω = (−1,+1) where the interface Σ is located at x = 0. The semi-
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Figure 5.7: Run time performance results provided by GRVY.

conductor domain is ΩS = (−1, 0) with ΓS being at x = −1. The electrolyte

domain is ΩE = (0, 1) with ΓE being at x = +1. The simulations were run un-

til steady state using the same fixed time step. We used 100 linear elements on

a Dell Precision T1700 Workstation (i5-4590 Processor, Quad Core 3.30GHz).

Table 5.1: Time in seconds spent in the subroutines of each Schwarz method.

AS-IMIMEX AS-IMEXEX PS-IMEXEX TsPS-IMEXEX

Fact. LDG 2,322 2,421 < 1 < 1
Drift Term 9,133 48 92 51
Recom. Term 307 326 293 286
Sol. LDG 265 265 258 141
Sol. MFEM 73 73 71 7
Run Time 12,498 3,529 766 518

In Table 5.1, we summarize the performance information of the four

algorithms provided by GRVY. Besides the total run time of each algorithm,

we show, for each algorithm, the portion of the computational time spent on (i)

assembling the drift term (first row), (ii) assembling the recombination term

(second row), (iii) factorizing the LDG matrices (third row), (iv) inverting the
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LDG matrices (fourth row), and (v) inverting the MFEM matrices (fifth row).

In Figure 5.8 we display the percentage of the total run time that each of these

operations used.

The difference between the AS-IMIMEX algorithm and the AS-IMEXEX

algorithm is that AS-IMIMEX uses implicit density values to assemble the

drift term while AS-IMEXEX uses explicit density values to assemble the drift

term. Using implicit density values to assemble the drift term is prohibitively

expensive. In this case assembling the matrix corresponding to the drift term

(3.4.16) in (3.4.10) alone takes up nearly 70% of the run time. We see that the

AS-IMEXEX method is approximately 3.5 times faster than the AS-IMIMEX

method (in total CPU time). This is because using explicit density values to

assemble the drift term we never compute the matrix (3.4.16) that is used in

AS-IMIMEX. Instead in the AS-IMEXEX method we assemble a right hand

side vector (3.4.29) that includes drift term in (3.4.28) by performing local

quadrature over each cell. It should be noted that although we used a fixed

time step size in these experiments, the time step size needed to maintain sta-

bility for the AS-IMEXEX method was about one half of that needed for the

AS-IMIMEX algorithm. This loss of stability is consistent with the choice of

an explicit method instead of an implicit method.

We see from Figure 5.8 that the main bottle neck in the AS-IMEXEX

algorithm is due to the factorization of the LDG matrices. If we treat all the

densities on the interface using explicit density values then the LDG matrices

such as (3.4.38) will remain constant in time. With this choice the contri-
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butions for the interface face conditions will be added to the linear system

for LDG systems in the right hand side vector (3.4.39). All the LDG matri-

ces can then be factorized in the beginning of the simulation and only linear

solves must be performed at every time step. This is the reason that the

PS-IMEXEX algorithm is approximately 4.6 times faster (in total CPU time)

than the AS-IMEXEX algorithm.

Finally, we observe from Tab. 5.1 that using a TsPS-IMEXEX method

over PS-IMEXEX method results in a total speed up of approximately 1.5.

The faster run time is a result of the reduction in the total number of linear

solves performed in TsPS-IMEXEX. As noted previously, this method uses

two time steps, one for the semiconductor systems and one for the electrolyte

system. In our simulations we found that time step for the electrolyte system,

∆te, is almost 100 bigger than the time step for the semiconductor system, ∆ts.

Therefore the choice of K ≤ 10 mentioned in Section 3.4.4 could be relaxed

and one might obtain even more savings from TsPS-IMEXEX. Overall, the

TsPS-IMEXEX has a reduction in CPU time over AS-IMIMEX by a factor of

nearly 24.

We see from Table 5.1 that using a parallel Schwarz method over an

alternating Schwarz method results in significant savings in CPU time. How-

ever, in Figure 5.8 we see that the assembly of coupling terms as contributions

to the right hand side vector uses a significant portion of the run time. Since

the assembly of these terms occurs on an element-by-element basis this process

can easily be parallelized. This is the topic of the next section.
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(a) AS-IMIMEX (b) AS-IMEXEX

(c) PS-IMEXEX (d) TsPS-IMEXEX

Figure 5.8: Percentage of runtime in subroutines from Table 5.1.

5.2.2 Parallel Implementation

In discussing the paralellization of our codes we focus on the two di-

mensional code that was developed using the deal.II library [21, 22]. We use

the PS-IMEXEX algorithm and the deal.II prepackaged direct solver UMF-

PACK [54–57]. The choice of direct solver is justified since each system has

less than 100,000 degrees of freedom. The code was parallelized using the Intel
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Thread Building Blocks (TBB) [6]. The two procedures that are most suitable

for parallelization are,

• Assembling of the MFEM matrix (3.2.9) and LDG matrices of the such

as (3.4.38).

• Assembling in the right hand side vectors for the MFEM (3.2.13) and (3.2.14)

as well as the right hand side vectors for the LDG systems such as (3.4.39)

and (3.4.29).

Additionally we use task-based parallelism through TBB by,

• Assigning the solving of each LDG linear system such as (3.4.38) to an

independent task.

• Assigning the printing of the data from the Poisson system, the electron-

hole system and the reductant-oxidant system to independent tasks.

Each independent task can be completed at the same time by assigning them

to the different available cores. However, the scalability of such procedures is

limited. Indeed, one cannot obtain any speed up of the task-based operations

by using more than four cores.

We now perform a study on strong the scaling of our two dimensional

code using the Stampede supercomputer at the Texas Advanced Computing

Center (TACC). The time used by each subroutine and its percentage of the

total time was recorded by the deal.II library. An example of the information
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provided by deal.II at the end of each simulation is presented in Figure 5.9.

We observe from Figure 5.9 that in the case where only one core is used that

approximately 75% of the time is spent in solving the linear systems and 25%

of the time is spent assembling the right hand side vectors. Since the direct

solver UMFPACK is sequential in nature we cannot expect the code to scale

well. The results of the scaling study can be seen in Table 5.2.

Figure 5.9: Run time performance results of key subroutines provided by the
deal.II library using one core on Stampede.

From Table 5.2 we can see that the mixed method has almost twice

as many unknowns as each of the LDG linear systems. Additionally, in Fig-

ure 5.9 we see that solving the MFEM linear system takes up a significant

percentage of the total run time. Indeed, even with one core solving the linear

system resulting from the mixed method uses almost the same amount of time

as solving all four LDG linear systems. We expect that if we have a smaller

mixed finite element system that we could not only reduce the overall run time
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Table 5.2: Run times and speedup ratio of two dimensional code on Stampede.
The number of degrees of freedom (DOFS) was 31,040 for the MFEM and
15,360 for each LDG system for a total of 92,480 DOFS.

Cores Run Time In Seconds Speedup Ratio
1 2,516 -
2 1,884 1.33
4 1,610 1.56
8 1,532 1.64
12 1,524 1.65
16 1,534 1.64

of our simulations, but also improve its parallel performance. We attempt to

accomplish this by using a mixed finite element method that uses a polyno-

mial basis that is one order less than that of the LDG method. Specifically,

we use the approximation spaces W P
h,k−1 and RTP

h,k−1 for the mixed finite ele-

ment method and the use the approximation spaces W S
h,k, WS

h,k and WE
h,k,W

E
h,k

for the semiconductor and electrolyte systems respectively. We note that this

choice of approximation spaces will not effect the accuracy of the approxima-

tion to the currents. This is because the errors in the electric field and the

current are now both O(hk). The results from scaling study using the reduced

MFEM can be seen in Table 5.3. We observe that while the speed-up ratio

has improved, as expected, the scaling of our code is still rather limited due

to the sequential nature of the linear solver. Improvements in scaling might

be obtained through the use of parallel direct solvers.
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Table 5.3: Run times and speedup ratio of two dimensional code on Stampede
using the reduced MFEM. The number of degrees of freedom (DOFS) was
7,840 for the MFEM and 15,360 for each LDG system for a total of 69,280
DOFS.

Cores Run Time In Seconds Speedup Ratio
1 1,324 -
2 833 1.59
4 584 2.27
8 537 2.47
12 557 2.38
16 580 2.28

5.3 Numerical Experiments

We now present some numerical experiments in one and two dimensions.

The physical constants used in these simulations are record in Table 5.4 and

come from [139]. We use silicon as our semiconductor material since it is the

most commonly used material for terrestrial photovoltaic devices. The bulk

properties of the our Silicon crystal are recorded in Table 5.5 and are from [81,

84, 130]. The choice of redox system is rather arbitrary as most simulation

studies neglect its interaction with the semiconductors electrode interaction

all together. Therefore we choose bulk redox property values record in Table

5.6. These values are computationally convenient, but are still representative

of realistic electrolytes [84, 111]. Other physical parameter such as the size

[67, 84], doping profile [67] and transfer rates [99] will be introduced when

necessary.

Remark 5.3.1. We remark that the choice of our choices of redox charge num-

bers do not satisfy the requirement of αr + α0 = 1. These studies were
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Table 5.4: Physical constants

Parameter Value Unit
q 1.6× 10−19 C
kB 1.38066× 10−23 J K−1

ε0 8.85× 10−14 C V−1 cm−1

T 300 K
G0 1.2× 1017 cm−2 s−1

Table 5.5: Bulk silicon properties

Parameter Value Unit
µn 1350 cm2 V−1 s−1

µp 480 cm2 V−1 s−1

αn 1 -
αp -1 -
τn 5× 10−5 s
τp 5× 10−5 s
α 1.74974× 105 cm−1

ρi 2.564× 109 cm−3

ΦSCR 0.41 V
εS 11.9 -

Table 5.6: Bulk redox properties

Parameter Value Unit
µr 1 cm2 V−1 s−1

µo 1 cm2 V−1 s−1

αr 1 -
αo -1 -
Φ∞ 0.0 V
εE 1000 -

performed on an older model of the semiconductor-electrolyte which did not

have this requirement.

147



5.3.1 One Dimensional Simulations

We are now ready to present some simulation results in one dimension.

We aim at studying the dependence of solution on different device parame-

ters and develop at strategy to maximize power output for nanoscale devices.

Precisely, we investigate the sensitivity of the device with respect to (i) de-

vice size, (ii) minority transfer rates on the interface, and (iii) variations in

the semiconductor’s doping profile. We then demonstrate how the simulations

performed with the Schottky approximation can produce results which deviate

from results computed with the full system.

5.3.1.1 Effect Of Device Size

We consider two devices here: (i) D-I, Ω = (−1×10−4 cm, 1×10−4 cm)

and (ii) D-II, Ω = (−0.2×10−4 cm, 0.2×10−4 cm). Besides their sizes, the other

model parameters of the two devices are identical and are recorded in Table 5.7.

The parameters are chosen to better visualize the effects of illumination. The

steady state characteristics of D-I under dark and illuminated conditions are

presented in Figure 5.10 and Figure 5.11. The steady state characteristics of

D-II under dark and illuminated conditions are presented in Figure 5.12 and

Figure 5.13.

Comparing the results of the two devices it is evident that the device

characteristics vary greatly depending on its size. Indeed, the size of the

device can have significant impact on the its energy conversion rates. To see

that, we perform simulations on two more devices: (iii) D-III and (iv) D-
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Table 5.7: D-I & D-II parameter values.

Parameter Value Unit
ρen 2× 1016 cm−3

ρep 0 cm−3

ρ∞r 5× 1016 cm−3

ρ∞o 4× 1016 cm−3

ket 10−19 cm4 s−1

kht 10−16 cm4 s−1

Φapp. 0 V

IV. D-III and D-IV have the same dimensions as D-I and D-II respectively.

The model parameters, however, are very different; see the values listed in

Table 5.8. Devices D-III and D-IV use higher concentrations of reductants and

oxidants and also have faster minority transfer rates (kht). We apply a range

of applied biases to the devices and record their steady state currents under

illumination. The results of these simulations are displayed in Figure 5.14 and

the performance of the devices are summarized in Table 5.8. From Table 5.8

it is observed that device D-IV has a lower efficiency and fill factor than D-III.

Figure 5.14 shows that this is because both the short circuit current and the

open circuit voltage have been reduced when using a smaller devices.

Table 5.8: D-III & D-IV parameter values (left) and performance (right).

Parameter Value Unit Device ηeff ff
ρen 2× 1016 cm−3 D-III 4.3% 0.524
ρep 0 cm−3 D-IV 3.1% 0.411
ρ∞r 30× 1016 cm−3

ρ∞o 29× 1016 cm−3

ket 10−19 cm4 s−1

kht 10−14 cm4 s−1
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Figure 5.10: Steady state characteristics of D-I in the the dark.

5.3.1.2 Impact Of Interfacial Charge Transfer Rates

The charge transfer dynamics across the semiconductor-electrolyte in-

terface is controlled mainly by the electron and hole transfer rates ket and kht.

There has been tremendous progress in recent years on the theoretical calcu-

lation and experimental measurement of these rate constants [66, 97–99, 120].
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Figure 5.11: Steady state characteristics of D-I in under illumination.

Here we study numerically the impact of these parameters on the performance

of the PEC cell.

In Figure 5.15 and Figure 5.16, we show the current-voltage curves of

devices D-III and D-IV under different rate constants. For simplicity, we fix the

electron transfer rate ket, varying only the hole transfer rate kht to see its effect.

The values of kht and the corresponding performance indicators for D-III and
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Figure 5.12: Steady state characteristics of D-II in the the dark.

Table 5.9: Performance of D-III (left) & D-IV (right) with various kht values.

Case ηeff. ff Case ηeff. ff
kht = 10−16 [cm4 s−1] 6.3% 0.671
kht = 10−14 [cm4 s−1] 4.3% 0.524 kht = 10−14 [cm4 s−1] 3.1% 0.411
kht = 10−12 [cm4 s−1] 2.2% 0.280 kht = 10−12 [cm4 s−1] 4.8% 0.561
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Figure 5.13: Steady state characteristics of D-II in under illumination.

D-IV are summarized in Table 5.9 (left) and Table 5.9 (right) respectively.

It is clear from the data that the value of the minority transfer rate greatly

effects the efficiency and the fill factor of a PEC solar cell. Specifically it is

observed that faster minority rates increase both the solar cell efficiency and

fill factor. While the values of kht that we have used may be relatively high,

they are still within the upper limit of its value given in [99]. In fact, the large
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Figure 5.14: Illuminated current-voltage curves for D-III & D-IV.

amount of efforts in practical studies focus on how to select the combination

of the semiconductor material and the electrolyte so that the transfer rate is

high.

5.3.1.3 Impact Of The Doping Profile

We now study the impact of the doping profile on the performance of

PEC cells. We focus on the doping profile of the majority carrier. We perform

simulations on device D-V which has the same size as device D-I, that is,

Ω = (−0.2× 10−4cm, 0.2× 10−4cm), but different model parameters that are

listed in Table 5.10 (left). We consider four different majority doping profiles

that are given as:

• Doping Profile 1:

N1
D = 2× 1016 [cm−3]
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Figure 5.15: Illuminated current-voltage curves for D-III with varying minority
transfer rate.
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Figure 5.16: Illuminated current-voltage curves for D-IV with varying minority
transfer rate.
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• Doping Profile 2:

N2
D =

{
10× 1016 [cm−3] −0.2× 10−4 cm ≤ x < −0.07× 10−4 cm
2× 1016 [cm−3] −0.07× 10−4 cm < x ≤ 0 cm

• Doping Profile 3:

N3
D =

{
10× 1016 [cm−3] −0.20× 10−4 cm ≤ x < −0.13× 10−4 cm
2× 1016 [cm−3] −0.13× 10−4 cm < x ≤ 0 cm

• Doping Profile 4:

N4
D =

{
20× 1016 [cm−3] −0.20× 10−4 cm ≤ x < −0.13× 10−4 cm
2× 1016 [cm−3] −0.13× 10−4 cm < x ≤ 0 cm

The values of ρen is then given as ρen = ND since the minority carrier doping

profile is set as NA = 0.

Table 5.10: D-V (left) parameter values & performance (right).

Parameter Value Unit Doping Profile. ηeff. ff
ρep 0 cm−3 N1

D 4.8% 0.561
ρ∞r 30× 1016 cm−3 N2

D 4.9% 0.626
ρ∞o 29× 1016 cm−3 N3

D 4.9% 0.617
ket 10−19 cm4 s−1 N4

D 4.9% 0.634
kht 10−12 cm4 s−1

The simulation results are displayed in Figure 5.17 and summarized in

Table 5.10 (right). It seems that by adding variations to the doping profile

we greatly improve the fill factor. It is evident in Figure 5.17 that the im-

provement of the fill factor is caused by a decrease in open circuit voltage. We

see that a doping profile that has a thin, highly doped layer near the Ohmic

contact has the best fill factor of all four cases. Interestingly, in Figure 5.18
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the introduction of non-constant doping profiles causes the electric field to

switch signs within the semiconductor domain for certain applied biases. This

could be the reason for the reduction in the cells’ open circuit voltage and

the subsequent increase in the cell’s fill factor. The phenomenon we observe

here are consistent with what is known in the literature; see, for instance the

discussions in [67, 114].
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Figure 5.17: Illuminated currents of D-V with different doping profiles.
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Figure 5.18: Electric field values of D-V with different doping profiles.

5.3.1.4 Comparison With The Schottky Approximation

In most previous simulation-based studies of PECs, the impact of the

electrolyte solution on the performance of the system has been modeled in

a simpler manner. Essentially, the simulations are only performed on the

semiconductor component. The impact of the electrolyte component comes in
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from the so-called “Schottky boundary conditions” on the interface [61, 67, 93,

110, 127, 147]. The Schottky boundary conditions on the interface are,

nΣ · (−αnµnρn∇Φ − µn∇ρn) = vn(ρn − ρen),

nΣ · (−αpµpρp∇Φ − µp∇ρp) = vp(ρp − ρep),
(5.3.1)

where vn [cm s−1] and vp [cm s−1] are respectively the electron and hole recom-

bination velocities. It is clear that when the densities of the reductants and

oxidants do not change over all applied biases, these Schottky boundary con-

ditions are simply the interface conditions (2.4.7) and (2.4.8) with vn = ketρo

and vp = khtρr. If the densities of the reductants and oxidants change with

applied biases, then the Schottky approximation fails to faithfully reflect the

impact of the electrolyte system on the performance of the device.

We compare here the simulation results using our model in this disser-

tation with those using the Schottky approximation. We consider the compar-

ison for a device with Ω = (−0.1 × 10−4cm, 0.1 × 10−4cm) with two different

sets of parameters: D-VI, listed in Table 5.11 (left) and D-VII, listed in Ta-

ble 5.11 (right). The main difference between the two devices are their redox

pair concentrations. The comparison of current densities between simulations

of the full system and the Schottky approximation for the two devices are

displayed in Figure 5.19.

It can be observed from Figure 5.19 that the Schottky approximation

produces results which are acceptable when the concentration of redox species

are high compared to the densities of electrons and holes. However, when

the redox concentrations are comparable with the density of electrons and
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Table 5.11: D-VI (left) & D-VII (right) parameter values.

Parameter Value Unit Parameter Value Unit
ρnp 2 cm−3 ρnp 2 cm−3

ρep 0 cm−3 ρep 0 cm−3

ρ∞r 30× 1016 cm−3 ρ∞r 5× 1016 cm−3

ρ∞o 29× 1016 cm−3 ρ∞o 4× 1016 cm−3

ket 10−19 cm4 s−1 ket 10−19 cm4 s−1

kht 10−12 cm4 s−1 kht 10−12 cm4 s−1

vn 3× 105 cm2 s−1 vn 3× 105 cm2 s−1

vp 2.9× 10−2 cm2 s−1 vp 2.9× 10−2 cm2 s−1

Φapp. 0 V Φapp. 0 V

holes the Schottky approximation produces results that deviate appreciably

from those computed with the full system. Specifically, in device D-VII, the

current density computed with the full system is are much smaller than the

current density computed with the Schottky approximation. Deviations in

current calculations can yield erroneous estimates of solar cell efficiency and

fill factors. We demonstrate this as by plotting the current-voltage curves for

both devices in Figure 5.20. The Schottky approximation over estimates the

efficiency (3.58%) and the fill factor (0.5) compared to the simulation with

the full reactive-interface conditions (efficiency = 3.01% and fill factor = 0.42)

by over 0.5% and 0.08 respectively. We can see that it would be much more

accurate to use the full semiconductor-electrolyte systems in such instances.
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Figure 5.19: Current density as computed with full system and Schottky ap-
proximation.
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Figure 5.20: Illuminated current-voltage curves for device D-VII.
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(a) Nanowire shapes [67] (b) 2D domain for nanowires

Figure 5.21: The domain for two dimensional nanowire simulations.

5.3.2 Two Dimensional Simulations

We now turn to the two dimensional simulations to investigate the de-

pendence of the numerical solution on the shape of the nanowire as well as the

boundary conditions. The simulations for a two dimensional semiconductor-

electrolyte interface use the domain in Figure 5.21 (b) to represent a cross

section of the nanowires depicted in Figure 5.21 (a). Specifically we aim to

investigate the effect the radii lengths R1 and R2 as well as the boundary

condtions have on a PEC solar cell’s characteristics. We refer D-VIII to repre-

sent the two dimensional device where the interface is parallel to the vertical

boundaries in Figure 5.21 (b). We refer D-IX to be the case where the inter-

face is oblique to the vertical boundaries as depicted in Figure 5.21 (b). The

common parameter values that we use in the two dimensional simulations are

recorded in Table 5.12. These parameter values were chosen to better visual-
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ize the dynamics of the charge densities under illumination. Throughout all

the simulations, the top (y = H) and bottom (y = 0) of the electrolyte do-

main will always be insulated and the right boundary of the electrolye domain

(y = L) will have bulk redox and bulk potential values. That is we define the

boundaries of the electrolyte to be,

ΓE,D = {x = L} × [0,H],

ΓE,N = ([R2,L]× {y = 0}) ∪ ([R1,L]× {y = H}) .
(5.3.2)

The boundary conditions of the semiconductor are broken up into three

cases:

• Boundary Conditions Case 1: The top and bottom of the domain

are insulating and the left boundary of the domain is an Ohmic contact:

ΓS,D = {x = 0} × [0,H],

ΓS,N = ([0,R2]× {y = 0}) ∪ ([0,R1]× {y = H}) .
(5.3.3)

• Boundary Conditions Case 2: The top and bottom boundary of

the domain are Ohmic contacts and the left boundary of the domain is

insulating:

ΓS,D = ([0,R2]× {y = 0}) ∪ ([0,R1]× {y = H}) ,

ΓS,N = {x = 0} × [0,H].
(5.3.4)

• Boundary Conditions Case 3: The top, bottom and left boundary

of the domain are all Ohmic contacts:

ΓS,D = ({x = 0} × [0,H]) ∪ ([0,R2]× {y = 0}) ∪ ([0,R1]× {y = H}) ,

ΓS,N = ∅.
(5.3.5)
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Table 5.12: Parameter values for the two dimensional simulations.

Parameter Value Unit
ρen 2× 1016 cm−3

ρep 0 cm−3

ρ∞r 5× 1016 cm−3

ρ∞o 4× 1016 cm−3

ket 10−19 cm4 s−1

kht 10−16 cm4 s−1

T 5× 104 ps

Throughout all three cases the top boundary of the semiconductor domain

(y = H) corresponds to a glass cover where light enters the device and travels

straight downwards. Light will not be able to enter the bottom (y = 0) or the

left boundary (x = 0) of the semiconductor domain. We remark that case 2 and

case 3 are not realisitic boundary conditions in computational electronics since

the solutions to these problems are known to have analytical and numerical

singularities as well as instability issues [69, 82]. We include these results in

this dissertation for completeness.

5.3.2.1 Boundary Conditions Case 1

We first simulate devices that have an Ohmic contact on the left bound-

ary of the semiconductor domain and the top and bottom of the device are in-

sulated. We use the design of device D-VIII to simulate a cylindrical nanowire

with dimensions that are summarized in Table 5.13 (left). The other device

we investigate, D-IX, is used to simulate a conic nanowire design and its pa-

rameter values are summarized in Table 5.13 (right).
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The densities of electron, holes, reductants and oxidants under an ap-

plied bias Φapp. = 0.0 [V] and an applied bias of Φapp. = 0.5 [V] are displayed

in Figure 5.22. We can see that under zero applied bias electrons are mostly

forced away from the interface and under a large applied bias they are forced

toward the interface. This can also be verified from Figure 5.23 (a) and Fig-

ure 5.24 (a) which show the electron current density, Jn, for Φapp. = 0.0 [V]

and Φapp. = 0.5 [V] respectively. From Figure 5.23 (b) and Figure 5.24 (b), we

can see that the photo-generated holes are mostly forced towards the interface

for the case of Φapp. = 0.0 [V] and mostly forced away from the interface for

Φapp. = 0.5 [V].

Table 5.13: D-VIII (left) & D-IX (right) domains.

Parameter Value Unit Parameter Value Unit
R1 0.5× 10−4 cm R1 0.3× 10−4 cm
R2 0.5× 10−4 cm R2 0.7× 10−4 cm
H 1× 10−4 cm H 1× 10−4 cm
L 1× 10−4 cm L 1× 10−4 cm

Similarly, we can observe from Figure 5.22, Figure 5.23 and Figure 5.24

that reductants and oxidants are forced towards or away from interface depend-

ing on the value of the applied bias. It is important to note that in Figure 5.22

(b) the reductant and oxidant densities at the interface deviate appreciably

from their bulk values. Indeed, the bulk density of the oxidants is lower than

the bulk density of the reductants, however, at the interface the density of ox-

idants is higher than the density of reductants. In such instances, the validity

of the assumption used for the Schottky approximations that the density or
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redox species remains constants is clearly not true.

Finally, the potential distributions throughout the device under three

applied biases are displayed in Figure 5.25. We can see that all three cases most

of the applied potential drop occurs in the semiconductor region. However,

depending on the value of the applied bias, the potential difference from the

Ohmic contact to the interface can either be positive or negative. A positive

potential difference corresponds to the electrons (holes) being forced away

(towards) the interface and negative potential difference corresponds to the

electrons (holes) being forced towards (away) the interface.

The densities of electrons, holes, reductants and oxidants of D-IX un-

der illumination with an applied bias Φapp. = 0.0 [V] and Φapp. = 0.5 [V] are

displayed in Figure 5.26. We can immediately see the behavior of device D-IX

is very different from the behavoir of device D-VIII. The densities values of

carriers in D-VIII were uniform y-axis, however, in device D-IX, the densities

are not even uniform along the interface. Indeed, in Figure 5.26 we can ob-

serve local increases and decreases in the densities of carriers; specifically at

the corners ends of the interface, that is the points (R1, H) and (R2, 0). In-

terestingly, in Figure 5.29 we can see that the change in potential distribution

remains uniform along the interface.

5.3.2.2 Boundary Conditions Case 2

We continue with simulations of device D-VIII, however, we choose the

top and bottom of the semicondcutor to have Ohmic contacts and the left
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boundary of the domain to be insulating. The choice of applied potential is

Φapp. = ΦSCR. However, this choice of boundary conditions does not produce

strong currents at the semicondcutor-electrolyte interface. As can be observed

in Figure 5.30 (a), most of the photo-generated holes are created just below

the top Ohmic contact. Figure 5.30 (b) displays the hole current density Jp.

We can see that the majority of these photo-generated holes do not approach

the interface; instead they exit the seminconductor through the top Ohmic

contact. Futhermore, using a design such as in device D-IX (where interface is

slanted) with these boundary conditions leads to instabilities in the numerical

solutions. We note that such instabilities are well-known phenomena [69, 82].

5.3.2.3 Boundary Conditions Case 3

Lastly, we have a two dimensional simulation where all of the semi-

conductor boundaries except for the interface are Ohmic contacts. For this

choice of boundary conditions we only simulate a cylindrical nanowire design

device D-VIII. We do not apply a potential bias to the device (Φapp. = 0) and

the space charge region potential ΦSCR occurs on the boundary x = 0. This

choice of boundary conditions does not result in a stable discretization as can

be observed in Figure 5.31. We see in Figure 5.31 that there is a break down in

the regularity of the numerical solution for electrons near the points (0, 0) and

(0, H). Near these two points there are discontinuous spikes in the density of

electrons. As mentioned previously, such numerical instability is a well known

result [69, 82].
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(a)

(b)

Figure 5.22: Densities of charge carriers in D-VIII (parallel interface with case
1 boundary conditions) with (a) Φapp = 0.0 [V] and (b) Φapp = 0.0 [V]. Note:
Densities are in 1017 [cm−3].
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(a) Jn (b) Jr

(c) Jp (d) Jo

Figure 5.23: Carrier currrents in device D-VIII (parallel interface with case 1
boundary conditions) with Φapp = 0.0 [V] for D-VIII.
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(a) Jn (b) Jr

(c) Jp (d) Jo

Figure 5.24: Carrier currrents in device D-VIII (parallel interface with case 1
boundary conditions) with Φapp = 0.5 [V].
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Figure 5.25: The potential distribution of D-VIII (parallel interface with case
1 boundary conditions) with different applied biases.
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(a)

(b)

Figure 5.26: Densities of charge carriers in device D-IX (oblique interface with
case 1 boundary conditions) with (a) Φapp = 0.0 [V] and (b) Φapp = 0.0 [V].
Note: Densities are in 1017 [cm−3].
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(a) Jn (b) Jr

(c) Jp (d) Jo

Figure 5.27: Carrier currrents for device D-IX (oblique interface with case 1
boundary conditions) with Φapp = 0 [V] .
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(a) Jn (b) Jr

(c) Jp (d) Jo

Figure 5.28: Carrier currrents for device D-IX (oblique interface with case 1
boundary conditions) with Φapp = 0.5 [V].
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Figure 5.29: The potential distribution of device D-IX (oblique interface with
case 1 boundary conditions) with different applied biases.
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(a) Photo-generated hole density. Note: Densities
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(b) Photo-generated hole current.

Figure 5.30: Results from D-VIII (parallel interface with case 2 boundary
conditions).
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Figure 5.31: Electron densities for D-VIII (parallel interface with case 3 bound-
ary conditions). Note: The density is in 1016 [cm−3].
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Chapter 6

Concluding Remarks And Future

Developments

In this dissertation we proposed some numerical algorithms for solving

systems of drift-diffusion-Poisson equations that arise from the modeling of

charge transport in PEC solar cells with reactive interfaces. In our algorithms

we used a mixed finite element discretization for the Poisson equation and a

local discontinuous Galerkin discretization for the corresponding drift-diffusion

equations. For the temporal variable, we developed some implicit-explicit

time stepping methods to alleviate the stability constraints imposed by the

Courant-Friedrichs-Lax (CFL) conditions as well as to decouple the equations

in the semiconductor domain from the equations in the electrolyte domain.

We calibrated our implementation with manufactured solutions and presented

numerical simulations to show the impact of various device parameters on the

performance of the PEC cells.

The convergence of some of the numerical algorithms was proven in

a slightly simplified setting. To do so, we derived the primal form of the

semidiscrete LDG method and proved this methods consistency, as well as

the coercivity and continuity of its bilinear form. We used these properties
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to obtain the semidiscrete error estimates for the LDG approximations to the

semiconductor-electrolyte interface problem.

In order to make simulations of this model more relevant for optimizing

the design of PEC cells under variations of all material parameters the numer-

ical approximation of solutions to steady state equations should be addressed.

In addition, such implementations should be completed on distributed proces-

sors for simulations to be conducted in three dimensions. This requires the

use of iterative solvers and to determine appropriate preconditioners of the

resulting linear systems. On the theoretical side, the question of existence

and uniqueness of solutions to the simplified model of the reactive interface

needs to be addressed. Finally, one can extend the error estimates derived

here to include the MFEM and LDG method for the fully coupled system of

drift-diffusion-Poisson equations.
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Appendix A

Appendix

A.1 LDG Analysis Appendix

A.1.1 Lipschitz Property of Recombination

Proof of Thoerem 4.1.1: The proof of the Lipschitz property of the func-

tion (2.2.21) comes from its multilinearity. We write this as a general function,

R(x, y) :=
A − x y

C + α x + β y
. (A.1.1)

Where x = ρn, y = ρp, A = ρ2
i , C = τn ρ

t
n + τp ρ

t
p, α = τn, and β = τp.

We now look at the difference,

R(x1, y1)−R(x2, y2)

=
A− x1y1

C + αx1 + βy1

− A− x2y2

C + αx2 + βy2

=
(Aα + βy1y2 + Cy1)(x2 − x1) + (Aβ + αx1x2 + Cx2)(y2 − y1)

C2 + Cα(x1 + x2) + Cβ(y1 + y2) + αβ(x1y2 + x2y1) + α2x1x2 + β2y1y2

(A.1.2)

Fixing y1 = y2 = y then,

lim
y→∞
|R(x1, y)−R(x2, y)| ≤ 1

α
|x1 − x2|, (A.1.3)

and doing the same for x,

lim
x→∞
|R(x, y1)−R(x, y2)| ≤ 1

β
|y1 − y2|. (A.1.4)

181



This gives us,

|R(x1, y1)−R(x2, y2)| ≤ 1

α
|x1 − x2|+

1

β
|y1 − y2|. (A.1.5)

For the case of Shockley-Reed-Hall recombination with the form (2.2.21) we

obtain,

|R(ρ1
n, ρ

1
p)−R(ρ1

n, ρ
2
p)|2 ≤

1

τ 2
n

|ρ1
n − ρ2

n|2 +
1

τ 2
p

|ρ1
p − ρ2

p|2. (A.1.6)

Integrating over the domain ΩS produces the desired results.

A.1.2 Derivation Of Primal Form Of LDG Method

In this section we derive the primal form of the LDG formulation dis-

cussed presented in Chapter 4. To simplify the presentation of the discretiza-

tion, we only consider the drift-diffusion equation for the electrons in the

system (4.1.3)- (4.1.6). The primal form of the LDG method for other charge

carriers are derived in the same way. The semidiscrete LDG approximation

of (4.1.3)- (4.1.6) is,

Find ρn,h(·, t) ∈ W S
h,k and qn,h(·, t) ∈WS

h,k such that,

(w, ∂tρn,h) + Ln,S(w,w; ρn,h,qn,h) + 〈w, Iet(M(ρn,h − ρen), M(ρo,h))〉ESΣ

=
(
w, R̃(ρn,h, ρp,h)

)
ΩS

+ 〈w, σnρen〉ESD
(A.1.7)

An,S(w,w; ρn,h,qn,h)−
(
w, αnD

−1
n µnEρn,h

)
ΩS

= −〈n ·w, ρen〉ESD
(A.1.8)
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for all (w,w) ∈ W S
h,k ×WS

h,k and all t ∈ (0, T ). The quadlinear forms Ln,S

and An,S are defined as,

Ln,S = −
(
∇w,qn,h

)
ΩS

+ 〈JwK, σnJρn,hK〉Ei,Sh + 〈JwK,
{
qn,h

}
− Jqn,hKβ〉Ei,Sh

+ 〈w,n · qn,h〉ESD + 〈w, σnρn,h〉ESD , (A.1.9)

An,S =
(
w, D−1

n qn,h
)

ΩS
− (∇ ·w, ρn,h)ΩS

+ 〈JwK, {ρn,h}+ β · Jρn,hK〉Ei,Sh

+ 〈w, ρn,h〉ESN∪ESΣ . (A.1.10)

Substituting in (A.1.10) into (A.1.8) we rearrange the terms to obtain the

equation,(
w, D−1

n qn,h
)

ΩS
−
(
w, αnD

−1
n µnEρn,h

)
ΩS
− (∇ ·w, ρn,h)ΩS

+ 〈JwK, {ρn,h}+ β · Jρn,hK〉Ei,Sh + 〈n ·w, ρn,h〉ESN∪ESΣ

+ 〈n ·w, ρen〉ESD = 0.

(A.1.11)

Using Lemma 4.1.7 on the third term in (A.1.11) yields,(
w, D−1

n qn,h
)

ΩS
−
(
w, αnD

−1
n µnEρn,h

)
ΩS

+ (w,∇hρn,h)ΩS
− 〈JwK, {ρn,h}〉Ei,Sh

− 〈{w} , Jρn,hK〉Ei,Sh − 〈n ·w, ρn,h〉ESD∪ESN∪ESΣ

+ 〈JwK, {ρn,h}+ β · Jρn,hK〉Ei,Sh + 〈n ·w, ρn,h〉ESN∪ESΣ

+ 〈n ·w, ρen〉ESD = 0.

(A.1.12)
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Upon simplifying the above we have,(
w, D−1

n qn,h
)

ΩS
− (w, αnµnEρn,h)ΩS

+ (w,∇hρn,h)ΩS
+ 〈JwK,β · Jρn,hK〉Ei,Sh

− 〈{w} , Jρn,hK〉Ei,Sh − 〈n ·w, (ρn,h − ρ
e
n)〉ESD = 0.

(A.1.13)

Using the lift operators (4.1.27), (4.1.28), and (4.1.29) then (A.1.13) becomes,(
w, D−1

n qn,h
)

ΩS
− (w, αnµnEρn,h)ΩS

+ (w,∇hρn,h)ΩS

−
(
w, lS(β · Jρn,hK)

)
ΩS
−
(
w, rS(Jρn,hK)

)
ΩS

−
(
w, rSD(ρn,h − ρen)

)
ΩS

= 0.

(A.1.14)

Rearranging terms yields,

(w, D−1
n qn,h − αnµnEρn,h +∇hρn,h − rS(Jρn,hK)− lS(β · Jρn,hK)

− rSD(ρn,h − ρen))ΩS = 0.
(A.1.15)

Noting that (A.1.15) holds for all w ∈WS
h,k then,

qn,h = αnµnEρn,h

+Dn

(
−∇hρn,h + rS(Jρn,hK) + lS(β · Jρn,hK) + rSD(ρn,h − ρen

)
in ΩS and all t ∈ (0, T ).

Now we return to (A.1.9). Substituting in the definitions of the lift
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operators (4.1.27), (4.1.28), and (4.1.29) into (A.1.9) to obtain,

Ln,S = −
(
∇hw,qn,h

)
ΩS

+ 〈JwK, σnJρn,hK〉Ei,Sh + 〈JwK,
{
qn,h

}
− Jqn,hKβ〉Ei,Sh

+ 〈w,n · qn,h〉ESD + 〈w, σnρn,h〉ESD

= −
(
∇hw,qn,h

)
ΩS

+
(
rS(JwK),qn,h

)
ΩS

+
(
lS(β · JwK),qn,h

)
ΩS

+ (rSD(w),qn,h)ΩS + 〈JwK, σnJρn,hK〉Ei,Sh + 〈w, σnρn,h〉ESD

= (−∇hw + rS(JwK) + lS(β · JwK) + rSD(w),qn,h)ΩS

+ 〈JwK, σnJρn,hK〉Ei,Sh + 〈w, σnρn,h〉ESD .

Substituting this in to (A.1.7) yields,

(w, ∂tρn,h) + (−∇hw + rS(JwK) + lS(β · JwK) + rSD(w),qn,h)ΩS

+ 〈w, Iet(ρn,h − ρen, ρo,h)〉ESΣ

=
(
w, R̃(ρn,h, ρp,h)

)
ΩS

+ 〈w, σnρen〉ESD

Now substituting (A.1.16) into the above we arrive at the primal form of (A.1.7)-

(A.1.8),

(w, ∂tρn,h) +Bn,S(w, ρn,h) + 〈w, Iet(M(ρn,h − ρen), M(ρo,h))〉ESΣ

= l
(
w, R̃(ρn,h, ρp,h)

)
ΩS

+ 〈w, σnρen〉ESD

− (Dn(−∇hw + rS(JwK) + lS(β · JwK) + rSD(w)), rSD(ρen))ΩS ,
(A.1.16)

where we have defined the bilinear form Bn,S : W S
h,k × W S

h,k → R for all
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t ∈ (0, T ) as,

Bn,S(w, ρn,h) =

(−∇hw + rS(JwK) + lS(β · JwK) + rSD(w),

Dn(−∇hρn,h + rS(Jρn,hK) + lS(β · Jρn,hK) + rSD(ρn,h)) )ΩS

− (∇hw − rS(JwK)− lS(β · JwK)− rSD(w), αnµnEρn,h )ΩS

+ 〈JwK, σnJρn,hK〉Ei,Sh + 〈w, σnρn,h〉ESD .

(A.1.17)
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