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Metamaterials are artificially structured materials that are engineered to interact 

with waves in extraordinary ways, leading to unconventional physical phenomena not 

found in natural materials, such as negative refraction and cloaking. So far, they have 

been for the most part based on structures that are inherently symmetric upon time 

reversal. In this work, I will explore the largely uncharted properties of electromagnetic 

and acoustic metamaterials that are designed to purposely break time-reversal symmetry. 

I will show how time-reversal symmetry breaking can be exploited to build a novel class 

of non-reciprocal acoustic and electromagnetic devices, such as isolators and circulators. 

These devices will then be used as building blocks to construct the acoustic equivalent of 

topological insulators, a metamaterial that supports one-way phononic transport on its 

edges with strong topological protection against defects and disorder. I will study the 

exceptional properties of time-asymmetric systems that fulfill a special kind of space-

time symmetry, consisting in taking their mirror image and running time backwards. 

Known as Parity-Time (PT) symmetry, this property leads to anomalous scattering 

behaviors, such as unidirectional invisibility and phase compensation. I will demonstrate 

theoretically and experimentally how PT-symmetric metasurface pairs can replicate 

electromagnetic phenomena usually associated with bulk metamaterials, including 

negative refraction, planar focusing and invisibility effects, with the clear advantage of 



 ix 

being completely loss-immune and potentially overcoming the bandwidth limitations of 

passive metamaterials. 
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Chapter 1:  Introduction 

1.1 METAMATERIALS AND METASURFACES 

Understanding the interaction of light and matter is a complicated task: we 

understand well how electromagnetic waves propagate in vacuum, however, matter is 

composed of many polarizable atoms placed in a vacuum, each of them interacting not 

only with the external field, but also with each other. In most natural materials, however, 

the problem of describing light propagation becomes much simpler in the long 

wavelength limit, i.e., if the wavelength is much larger than the characteristic length scale 

of the structure of the material. Under this condition, which usually holds up to ultraviolet 

frequencies, the complexity of light-matter interactions can be described in a very simple 

way, by using only a few numbers, called constitutive parameters (for instance, in the 

absence of magneto-electric effects, the way light interacts with a material is fully 

described by its permittivity and permeability)  [1]. Because of our ability to build 

subwavelength scatterers, even up to visible frequencies by suitable nano-engineering, 

the natural question that arises is: can we build artificial "atoms" with tailored properties 

and create artificial propagation media for light with new optical properties? This 

question is at the basis of the development of the field of metamaterials  [2–5] and 

photonic crystals  [6].  

Metamaterials are artificially structured materials that interact with waves in ways 

that natural materials cannot, yielding anomalous and exceptional properties (the Greek 

prefix meta, means above). They are typically built using artificial atoms, or 

subwavelength inclusions, that can interact strongly with an incident wave and are 

arranged in a given pattern, periodic or random, leading to constitutive parameters values 



 2 

unfound in natural materials, such as negative  [7–13], near-zero  [14–20], or very large 

 [21,22]. Metamaterials are typically associated with unconventional physical 

phenomena, such as negative refraction  [9,10,23–25], subwavelength focusing  [10,26], 

cloaking  [27–36], and a plethora of novel tunneling and wave manipulation effects 

 [8,19,37,38]. Figure 1 shows two of the most popular physical effects associated with 

metamaterials: the possibility to induce negative index of refraction using a metamaterial 

with negative permittivity and permeability (Figure 1a) and the possibility to tailor the 

constitutive parameters in a metamaterial cloak to induce invisibility (Figure 1b). 

Photonic crystals  [6], while closely related to metamaterials, are a different concept, and 

it is important to distinguish them from metamaterials. The main difference is that they 

describe a periodic arrangement of artificial scatterers that is not necessarily operated in 

the long wavelength limit. They are fully described by their complete band structure, and 

light propagation cannot in general be summarized by a set of constitutive parameters. 

Periodic metamaterials, in a sense, are a particular case of photonic crystals operated at 

their Gamma point, i.e., at the center of the Brillouin zone, for which the Bloch 

wavenumber k  is close to zero. In this long wavelength limit, homogenization is 

possible, and in such media effective constitutive parameters can be defined. Different 

from photonic crystals, however, for which the individual inclusions weakly interact with 

waves, and therefore whose properties around the Gamma point are quite trivial, 

metamaterials can possess remarkably unusual wave interactions supported by largely 

enhanced wave-matter interactions sustained by inclusion resonances. 

Initially formulated in the case of electromagnetic waves, the science and 

technology of metamaterials has rapidly expanded to waves with different physical 

nature, considerably increasing our ability to control and manipulate electromagnetic 

  [40], acoustic  [39], and matter waves  [20,32,33,41–45] (the probability amplitude 
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wave associated with a quantum particle, e.g. an electron). Figure 2 shows the examples 

of a few projects that I have worked on during my graduate studies, related to 

metamaterials beyond electromagnetism. Figure 2a-c, for instance, shows the examples 

of an acoustic metamaterial channel with zero effective density, which is used to induce 

tunneling of sound between two larger pipes  [19]. Figure 2d demonstrates a 

semiconductor prism with a zero effective index of refraction for electrons  [20]. 

 

 

Figure 1: (a) Metamaterials can be used to create electromagnetic media with negative 
permittivity and permeability, associated with negative refraction. ©2001 AAAS. 
Adapted with permission,  [46]. (b) Metamaterials can be used to create inhomogeneous 
distributions of constitutive parameters, required to implement transformation-based 
cloaking. ©2006 AAAS. Adapted with permission, [27]. 
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While metamaterials address the problem of engineering bulk properties, 

metasurfaces consider 2D arrangements of subwavelength inclusions that aim at 

manipulating the reflection and transmission properties of waves by tailoring the 

boundary condition occurring at the artificial surface  [47–50]. The advantage of 

metasurfaces over metamaterials is obviously their low weight and thinness. 

Metasurfaces may offer exceptional abilities to control the flow of light and acoustic 

power with structures much thinner than the wavelength. They have provided ways to 

induce cloaking  [35,36,51–56], absorption  [55,57,58], super-resolution  [50], and phase 

front shaping  [48,50]. In many cases, metasurfaces can be used instead of bulk 

metamaterials, which make them particularly attractive since they are arguably easier to 

fabricate and low profile. 
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Figure 2: (a-c) A narrow acoustic channel filled with a metamaterial with near-zero 
density can be used to tunnel acoustic energy between larger waveguides regardless of its 
length or the presence of bends and twists  [59]. (d) A semiconductor metamaterial prism 
with zero index of refraction for ballistic electrons  [20]. 

 

1.2 BREAKING TIME-REVERSAL SYMMETRY 

Time-reversal symmetry describes the fundamental invariance of a physical 

process upon the action of the time reversal operator. The time reversal transformation T  

is defined as the operation that runs time backwards :T t t→− , changing the sign of the 

time variable t  in all the physical equations that describe the time evolution of a given 

system. If the considered physical process is the propagation of a wave in a medium, the 
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time-reversal operation can be pictured by imagining that one records on camera all the 

physical processes happening to the wave and the medium as it propagates: taking the 

time reversed image then means watching the movie backward. A time-reversible 

medium of propagation is then defined as a medium whose wave interaction properties 

do not change by application of the time-reversal operation, i.e. from the perspective of 

the wave, the medium is the same regardless of the fact that one plays the movie forward 

or backward. 

One can then classify wave propagation media in two categories, depending on 

whether it is invariant or not upon a time-reversal operation. Consider, for instance, 

propagation of a light beam through a slab of glass, which can be considered as a lossless 

dielectric of real index of refraction n  at optical frequencies. Taking the time-reversed 

image of this process, one has to flip the direction of propagation of the ray, however the 

medium does not change, and still has the refractive index n . The slab of glass is 

therefore symmetric upon time-reversal symmetry. The situation changes if one now 

assumes that, due to microscopic absorption processes, propagation through the slab is 

accompanied by absorption losses: the beam is now attenuated and its amplitude 

exponentially decays as it goes through the slab. Taking the time-reversed image of this 

process implies watching the movie backward, reversing the direction of propagation and 

turning the exponential decrease of the beam amplitude into an exponential increase, or 

amplification. Therefore, the time-reversed image of the lossy medium is a medium with 

gain, and in turn, the medium is not invariant upon time-reversal symmetry from the 

wave standpoint. Another example of time-asymmetric medium is a plasma placed in a 

constant external magnetic field created using, for instance, an electromagnet, which 

generates a magnetic field directed, for example, along z  from a constant rotating motion 
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of electric charges in the ( )xy  plane. The presence of this magnetic field changes the 

effective permittivity tensor of the plasma, which is in general written as  [60]: 

 
11 12
*

0 12 11

33

0
0

0 0

ε ε

ε ε ε ε

ε

⎛ ⎞
⎜ ⎟

= ⎜ ⎟
⎜ ⎟
⎝ ⎠

, (1.1) 

where 0ε  is the permittivity of free space, 2 2 2
11 1 / ( )p cε ω ω ω= + − , 

2 2 2
12 / ( )p c cjε ω ω ω ω ω= − , 2 2

33 1 /pε ω ω= − , pω  is the plasma frequency, and cω  is a 

number whose absolute value is equal to the cyclotron frequency and whose sign is 

dictated by the sign of the scalar product between the magnetic field and z . Applying a 

time-reversal transformation to the medium implies reversing the direction of the 

magnetic field bias, since in the backward movie the circulating charges in the 

electromagnet now rotate in opposite motion. Therefore, the sign of cω  flips, which flips 

the sign of 12ε . As a consequence, the time-reversed medium is effectively described by a 

different permittivity tensor than the initial medium, which is therefore not invariant upon 

time-reversal symmetry. 

In fact, as illustrated in the above examples, there exist only two possible sources 

of broken time-reversal symmetry  [61]: (i) the presence of an external conservative bias 

which behaves as an odd-symmetric quantity upon time reversal and (ii) the presence of 

non-conservative processes at the microscopic level, which appear as losses or gain from 

the wave standpoint. This classification between non-conservative and conservative time-

reversal symmetry breaking will become important as I study the different wave 

propagation properties in these two types of time-asymmetric media. 
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1.3 RESEARCH OBJECTIVES AND ORGANIZATION OF THE DISSERTATION 

Metamaterials and metasurfaces have been so far almost exclusively based either 

on structures that are inherently symmetric upon time-reversal, or on materials that break 

time-reversal symmetry in a trivial fashion, as in the case of a purely lossy system. In this 

thesis, I will investigate in general the largely uncharted properties of metamaterials and 

metasurfaces that are specifically engineered to break time-reversal symmetry. I will 

demonstrate that exciting new possibilities open when various types of time asymmetries 

are considered and introduced on purpose in metamaterial designs. 

First, chapters 2 to 6 investigate the effect of conservative time-asymmetries, i.e. 

the ones created by biasing a lossless material or a device using a quantity that is odd 

upon time reversal. Chapter 2 discusses the links between time-reversal symmetry, 

microscopic reversibility and reciprocity. Chapter 3 discusses how time-reversal 

symmetry breaking, implemented for acoustic waves in the form of a moving medium, 

can lead to a novel class of nonreciprocal devices such as acoustic isolators and 

circulators, which are then used in chapter 4 as building blocks to create a non-reciprocal 

acoustic metamaterial that features exceptional properties analogous to topological 

insulators. Chapter 5 discusses a pivotal improvement of the initial acoustic circulator 

design using spatio-temporal modulation, while chapter 6 translates the concept for 

electromagnetic waves, proposing a new kind of resonant optical isolator based on linear 

momentum bias.  

Second, chapter 7 demonstrates the relevance of mixing gain and loss in time 

asymmetric metamaterials and metasurfaces to achieve a new degree of wave control. I 

investigate mixtures of gain and loss elements in non-conservative artificial structures 

that obey a special kind of space-time symmetry known as Parity-Time symmetry. I show 

that such arrangements of gain and loss can replicate many of the anomalous physical 
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phenomena of bulk conservative metamaterials, however relaxing many of their 

drawbacks, like sensitivity to losses and narrow bandwidth. This chapter focuses on 

metasurfaces to realize negative refraction and planar focusing, and also presents an 

experimental validation of these effects. I conclude in chapter 8 by summarizing all the 

novel properties and wave manipulation capabilities that I have put forward by 

considering broken temporal symmetries in metamaterial devices. 
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Chapter 2:  Time-Reversal Symmetry and Reciprocity 

This chapter examines the relationships between time-reversal symmetry, 

microscopic reversibility and reciprocity. I start by deriving Lorentz and Rayleigh 

reciprocity theorems, providing rigorous definitions of reciprocity in the fields of 

electromagnetics and acoustics. This derivation will highlight the conditions of 

applicability of such reciprocity theorems. Then, by considering a general physical result 

known as the Onsager-Casimir principle of microscopic reversibility, I will demonstrate 

how reciprocity and microscopic reversibility are in general related. I will then discuss 

the exact meaning of reciprocity in linear systems, by studying the properties of their 

scattering matrix. This will highlight what kind of attractive properties are expected for 

non-reciprocal systems in terms of wave manipulation. Finally, I will discuss the different 

methods available to break reciprocity in electromagnetic and acoustic systems. 

 

2.1 LORENTZ RECIPROCITY THEOREM 

Definition 

Consider a linear time-invariant medium in which one considers two 

electromagnetic scenarios, called A and B. In the first one, one assumes a distribution of 

time-harmonic sources, in the form of electric currents AJ  and magnetic currents AM , 

and one notes AE  and AH  the electric and magnetic fields radiated by these sources (all 

depend on the point of observation r ). In the second situation, one considers different 

current source distributions BJ  and BM , and note BE  and BH  the corresponding fields. 

In both cases the source distributions are assumed to have finite extent. Noting 
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a,b = dV JA.EB -MA.HB
!" #$

!3
∫∫∫ , Lorentz reciprocity is defined by the following relation 

 [62,63], 

 , ,a b b a= , (2.1) 

or explicitly: 

 dV JA.EB -MA.HB - JB.EA +MB.HA
!" #$

!3
∫∫∫ = 0 . (2.2) 

The consequences of Lorentz reciprocity are easier to grasp on a concrete 

example. Imagine that in situation A one places an infinitesimal unitary electric current 

source at location 1r , ( )δ= −A 1J n r r , where n  is a unit vector that describes the 

polarization of the current. One assumes that there are no magnetic currents. Reciprocity 

theorem implies that if the same source is now placed at a second point 2r  in situation B, 

then 

 ( ) ( )B 1 A 2n.E r = n.E r ,  (2.3) 

or in other words, regardless of at which point the current source is placed, the 

component of the fields generated at the other point along the direction of the source 

current must be equal. Reciprocity can therefore be interpreted as a certain type of 

symmetry in the transmitted electromagnetic fields between two points of space.  

 

General reciprocity conditions for bi-anisotropic media 

One starts by rewriting the quantity , ,a b b a−  using Maxwell's equations as 

 , , ( )a b b a j dVω− = − ∫∫∫ B A A B A B B AE .D -E .D +H .B -H .B . (2.4) 
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 To go further, an assumption on the medium's constitutive relations must be made. Most 

natural materials as well as artificial metamaterials can be described by a general bi-

anisotropic model  [64] 

 
⎧
⎨
⎩

D = εE+ ξH
B = ςE+µH

, (2.5) 

where the tensors ε , µ , ξ  and ς  represent the linear processes through which the 

primary fields E  and H  induce the secondary fields D  and B . Plugging (2.5) into (2.4), 

and rearranging, one obtains 

 , ,a b b a j dVω
⎡ ⎤

− = − ⎢ ⎥
⎢ ⎥⎣ ⎦

∫∫∫
T T

B A A B
T T

A B B A

E .(ε -ε ).E +H .(µ -µ ).H
+H .(ς+ξ )E -E .(ξ +ς ).H

. (2.6) 

 For the medium to be reciprocal, the right hand side of (2.6) must vanish for any value of 

the fields. Therefore, Lorentz reciprocity holds if and only if the constitutive parameter 

tensors satisfy the following properties: 

 
⎧
⎪
⎨
⎪
⎩

T

T

T

ε = ε
µ = µ
ξ = -ς

. (2.7) 

2.2 RAYLEIGH RECIPROCITY THEOREM 

Definition 

Rayleigh reciprocity theorem  [65–67] is the equivalent of Lorentz reciprocity 

theorem for acoustic waves. Similar to Lorentz reciprocity, one defines Rayleigh 

reciprocity in a linear time-invariant medium in which one considers two acoustic 
scenarios A and B as the property , ,a b b a= , where  
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 [ ], A Ba b dV q p= ∫∫∫ A Bf .u - . (2.8) 

In (2.8), the integral goes over the physical space, ,A Bp , A,Bu , ,A Bq  and A,Bf  are 

respectively the acoustic pressure, particle velocity, volume source and body force source 

distributions in situations A and B. Similar to the case of electromagnetic waves, 

Rayleigh reciprocity describes some form of symmetry in acoustic transmission between 

two points of space. 

 

General reciprocity conditions in acoustics 

One starts from the general dynamic equations for an isotropic acoustic media: 

 
!
∇p = − jωP+ f
!
∇.u = jωE − q

, (2.9) 

where P  and E  represent respectively the momentum density and the volume strain. 

Very generally, the following constitutive relations are satisfied for most isotropic 

acoustic materials and metamaterials, 

 
p

E p
ρ

β

= +

= − +

P u ξ
ς.u

. (2.10) 

where ρ  and β  are the density and compressibility of the medium, and the vectors ξ  

and ς  are additional constitutive parameters that model coupling between the pressure 

and velocity fields. Using equations (2.9) and (2.10), one obtains 

 , , ) ( )A Ba b b a j dV p pω− = + −∫∫∫ B A(ξ ς . u u . (2.11) 
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 For the medium to be reciprocal, the right hand side of (2.11) must vanish for any value 

of the fields. Therefore, Rayleigh reciprocity holds if and only if  

 −ξ = ς . (2.12) 

 

2.3 MICROSCOPIC REVERSIBILITY AND RECIPROCITY 

Now that I have defined rigorously what reciprocity is in the cases of 

electromagnetic and acoustic waves, I am going to explore the link between reciprocity 

and time reversal symmetry. To do so, I need an important result of statistical physics 

called the Onsager-Casimir principle of microscopic reversibility  [68,69], also known as 

the principle of symmetry of the kinetic coefficients, which I discuss in this section. This 

theorem is a consequence of the fluctuation-dissipation theorem and of the special form 

of the interaction between the fluctuating physical quantities and the perturbation force. 

 

Fluctuation-dissipation theorem 

Let us consider a system in which multiple physical quantities ix  fluctuate 

simultaneously. I consider that these fluctuations occur in response to a generalized 

perturbation force, whose effect is to modify the Hamiltonian of the system by a term of 

the form 

 ˆ ( )i iV x f t= − ,  (2.13) 

where ˆix  is the operator of the considered physical quantity and ( )f t  is a known function 

of time that describes the perturbation. Such a general form of the perturbation term to 

the Hamiltonian of the system is obtained for instance in the case of a bi-anisotropic 
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medium, whose Hamiltonian contains terms like e m-p .E-p .H, where ep  and mp  are the 

electric and magnetic dipole moments induced by the external fields E  and H . 

However, the form (2.13) is also valid for more complicated polarization states at the 

microscopic level, e.g. if higher order moments are induced. It is valid in general in any 

linear, time-independent medium. 

Next, one defines the generalized susceptibilities as the coefficients of the linear 

relationship between the Fourier components of the average values ( )ix t  and the 

generalized forces ( )if t . In the case of a bi-anisotropic medium, these quantities are 

simply the coefficients of the generalized susceptibility matrix A , defined in six-vector 

notations as 

 A=p e , (2.14) 

with [ , ]= e mp p p , [ ],=e E H , and 

 ee em

me mm

A
α α

α α
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

, (2.15) 

where the 𝛼 coefficients are the different polarizabilities, and take the role of generalized 

susceptibilities in this statistical theory. In the most general case, one similarly notes 

these generalized susceptibilities ikα , which are more generally defined as 

 ( )i ik kx fω ωα ω= . (2.16) 

Next, one uses the fact that the variation of the average energy of the system is equal to 

the average of the partial time derivative of the Hamiltonian of the system  [70], which in 

our particular case reads  
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 !E = − !fi xi . (2.17) 

The fluctuation-dissipation theorem can be proven from Eqs. (2.16) and (2.17), (see  [70] 

§ 124-125, especially equations 125.1-9 for the calculation details), and considering the 

energy levels of the systems as quantized, one obtains 

 αik
* −αik = −

2πi
!

(xi )mn
mn
∑ (xk )nmδ(ω +ωnm )− (xi )nm(xk )mnδ(ω +ωmn ) ,  (2.18) 

where the sum goes over the entire spectrum of the energy levels of the system, and I 

have noted ( )nmx  the matrix element of the operator x̂  between states n  and m , and 

ωnm = En − Em / ! . 

The Onsager principle 

The Onsager microscopic reversibility relations directly follow from Eq. (2.18), 

which is true for any physical system satisfying (2.16) and (2.17), and is always satisfied 

if the perturbations are linear with the external force. Even lossy media abide by Eq. 

(2.18), as losses can be incorporated in the theory by including all the degrees of freedom 

of a given system as fluctuating quantities. Next, one has to distinguish a few cases.  

Case 1  

The quantities ix  and kx  are invariant per time reversal.  

This is the case for instance for the coefficient eeα  in a bi-anisotropic medium, 

which links two quantities that are even symmetric upon time reversal (an electric field to 

a polarization vector). Then the operators ˆix  are real. One has to distinguish two sub 

cases: 
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• Subcase 1: the system does not depend on a quantity that is odd upon time 

reversal, such as an external magnetic field 0H . In this case, the eigenstates of the 

system are described by real wave functions. Therefore, the matrix elements ( )nmx  

are real, and thanks to Hermiticity, *( ) ( ) ( )nm nm mnx x x= = . It follows that the right 

hand side of (2.18) is symmetric with respect to the indices i  and k , and thus 
* *
ik ki ki ikα α α α− = − , or * *

ik ik ki kiα α α α+ = + , i.e. the real part of ikα  is symmetrical. 

But since the real part of ikα  is related to its imaginary part via Kramers-Kronig 

relations, the imaginary part of ikα  is also symmetrical and one gets the Onsager 

relation of microscopic reversibility: 

 ( ) ( )ik kiα ω α ω= . (2.19) 

• Subcase 2: the system depends on a quantity that is odd upon time reversal, noted 

0H . 0H  is a medium parameter (or a set of parameters) that is odd-symmetric 

upon time reversal. Often it is a constant external magnetic field, hence the 

notation. The eigenstates of the system have to fulfill the relation
*( ) ( )ψ ψ= −0 0H H   [71]. The matrix elements ( )nmx  obey ( ) ( )nm mnx x= −0 0H H , 

and the right hand side of (2.18) is now symmetric with respect to the indices i  

and k  if and only if one also switches the sign of the odd-symmetric parameter 

0H : * *( ) ( ) ( ) ( )ik ki ki ikα α α α− = − − −0 0 0 0H H H H . Since, by virtue of Kramers-Kronig 

relations, ˆ( ) ( ( ))ki kiiJα α=0 0H H , where J is a real operator, one obtains 
* *ˆ( ) ( ) ( ( ) ( ))ik ik ki kiiJα α α α+ = − −0 0 0 0H H H H . Therefore, also the sum 
* ( ) ( )ik ikα α+0 0H H  is symmetrical with respect to the indices i  and k  when one 

switches the sign of 0H , and one obtains the modified Onsager relation: 

 ( , ) ( , )ik kiα ω α ω= −0 0H H . (2.20) 
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Case 2  

At least of one of the quantities ix  and kx  is odd per time reversal.  

 This is the case for instance for the coefficient emα  in a bi-anisotropic medium, 

which links a quantity that is even-symmetric upon time-reversal (an electric field) to an 

odd quantity (the magnetic polarization vector), or the coefficient mmα , which links two 

quantities (the magnetic field and the magnetic polarizability) that are odd-symmetric 

upon time-reversal.  The operator ˆix  for such an odd quantity is imaginary. If both ˆix  and 

ˆkx  are in this case, one can repeat case 1 and the Onsager relations are the same. If only 

one of the two operators is imaginary, the matrix elements obey the property 

( ) ( )nm mnx x= − −0 0H H  (Here I directly treat the case of a dependency upon an odd vector 

0H , the absence of 0H  being contained in this case by taking 0 =H 0). Then, the right 

hand side of (2.18) becomes odd-symmetric with respect to exchanging the indices i  and 

k  and switching the sign of 0H , yielding the different Onsager relation 

 ( , ) ( , )ik kiα ω α ω= − −0 0H H . (2.21) 

 

Reciprocity and macroscopic time-reversal symmetry 

The Onsager relations are extremely general and apply to any linear system. Let 

us apply these relations to the case of a bi-anisotropic media. As discussed above, the 

first step is to choose a set of fluctuating physical quantities that describe the system and 

fulfill Eqs. (2.16) and (2.17). In the case of the bi-anisotropic media, the fluctuating 

quantities can be the set of electric and magnetic dipole moments induced at every 

particle composing the medium. From Onsager's principle, one obtains: 
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( , ) ( , )
( , ) ( , )
( , ) ( , )

ee ee

me em

mm mm

α ω α ω

α ω α ω

α ω α ω

= −⎧
⎪

= − −⎨
⎪ = −⎩

0 0

0 0

0 0

H H
H H
H H

. (2.22) 

In addition, one can take as fluctuating physical quantities the values of the 

secondary fields D  and B , who are assumed to depend linearly on the external fields E  

and H  via the constitutive relation (2.5). In this case, the constitutive parameters play the 

role of generalized susceptibilities and the Onsager relations imply 

 
( , ) ( , )

( , ) ( , )

( , ) ( , )

ω ω

ω ω

ω ω

⎧ = −
⎪

= −⎨
⎪ = − −⎩

T
0 0

T
0 0

T
0 0

ε H ε H
µ H µ H
ξ H ς H

. (2.23) 

By comparing the general result (2.23) to the conditions of application of Lorentz 

reciprocity in a bi-anisotropic medium (2.7), one concludes that reciprocity can never 

hold if 0 0≠H , i.e. if microscopic reversibility is broken. It follows from Onsager's 

relations that reciprocity will always hold in a linear medium as long as microscopic 

reversibility holds. This is the case even in the presence of inhomogeneities, and even if 

time-reversal symmetry is macroscopically broken by the presence of non-conservative 

absorption processes that take energy out of the wave. Using similar arguments, similar 

conclusions can be obtained for Rayleigh reciprocity in the case of acoustic waves. In 

fact, Onsager's relations of microscopic reversibility, i.e. the Onsager relations written for 

0 0=H , are often called Onsager's reciprocity relations, as they describe reciprocity in 

the most general way independently of the physical nature of the linear system. 

Reciprocity is therefore equivalent to microscopic reversibility, and closely related to 

time-reversal symmetry, albeit not equivalent. 
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2.3 THE SCATTERING MATRIX OF RECIPROCAL SYSTEMS 

Let me now introduce the scattering matrix and derive its general properties in the 

case of reciprocal systems. In linear systems theory, the scattering matrix may be viewed 

as a generalized susceptibility matrix that relate the complex amplitude ia  of the signals 

that are incident at each port of the system to the amplitude jb  of the outgoing signals, via 

the linear equation 

 
1

i ik k
k N

b S a
≤ ≤

= ∑ , (2.24) 

where N  is the total number of ports of the system. For reciprocal electromagnetic 

systems, it is possible to show directly from Lorentz reciprocity theorem (2.2) that the 

scattering matrix must be a symmetric matrix  [72]. However, it is possible to 

demonstrate this property independently of the physical nature of the considered system 
by applying the Onsager's reciprocity relations for the scattering parameters ijS , which 

can be considered as generalized susceptibilities, satisfying both (2.16) and (2.17), and 

one obtains directly  

 ( ) ( )ij jiS Sω ω= . (2.25) 

Eq. (2.25) means that the transmission coefficient from port i  to port j  has to be the 

same, both in magnitude and in phase, as the transmission coefficient from port j  to port 

𝑖, which constitutes a fundamental, well-known result in linear systems theory  [73]. 

 

2.4 HOW TO BREAK RECIPROCITY 

The above analysis also highlights the conditions of application of the Onsager's 

reciprocity relations, and it is instructive to stress the different situations in which 
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reciprocity may not hold. In order to break reciprocity, there exist in principle three 

possibilities, according to the Onsager-Casimir principle: 

1. Break linearity: Use non-linear materials operated at sufficiently high intensities. 

2. Break time- invariance: Use media with time-dependent properties or geometry. 

3. Break microscopic reversibility: Bias the system with a quantity that is odd-

symmetric under time reversal. 

It is important to stress once again that inhomogeneities, asymmetries, and/or the 

presence of absorption losses (which are reversible microscopic processes) cannot break 

reciprocity, and the above options are the only possibilities to obtain non-reciprocal 

systems. The classification of time-asymmetric media of chapter 1, that led us to 

distinguish between conservative and non-conservative time-reversal symmetry breaking, 

is therefore also a classification in terms of reciprocity. Reciprocity is expected to hold in 

the case of time-asymmetric linear systems based on loss and gain, whereas it is not 

expected to hold for time-asymmetric linear systems based on odd-symmetric bias. 
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Chapter 3:  Linear Acoustic Isolation using Angular-Momentum Bias  

3.1 FROM PHOTONIC TO PHONONIC ISOLATORS 

In electromagnetics, devices that dramatically break Lorentz reciprocity theorem 

have been used for decades. Traditionally based on magnetized ferrites, non-reciprocal 

devices such as electromagnetic isolators and circulators are widely used in wireless 

communications systems as ways to isolate sources from unwanted load reflections and 

as cost-efficient and bandwidth-efficient solutions to enable full-duplex operation with a 

single antenna. A typical isolator is shown in Figure 3a. It is a two port system which lets 

signals be transmitted from port 1 to port 2, but not vice-versa, absorbing any incident 

signal incident on port 2. Its scattering matrix S  is asymmetric, a symptom of its non-

reciprocal nature  [74]: 

 
0 0
1 0

S ⎛ ⎞
= ⎜ ⎟
⎝ ⎠

. (3.1) 

Isolators are typically used to protect radiation sources from undesirable load 

reflections that may otherwise damage them. A picture of a typical microwave isolator 

based on magnetically biased ferrites is shown on the right hand side of Figure 3a. 

Another type of non-reciprocal radiofrequency device is the generalization of an isolator 

to a three-port device, known as a circulator (Figure 3b). The asymmetric scattering 

matrix of an ideal circulator has the following form  [74], 

 
0 0 1
1 0 0
0 1 0

S
⎛ ⎞
⎜ ⎟= ⎜ ⎟
⎜ ⎟
⎝ ⎠

, (3.2) 

i.e. the device transmits an incident signal on port 1 only to port 2, from port 2 it 

goes to port 3, and from 3 to 1. From a circulator, it is possible to build an isolator by 

matching one of the ports (terminating it with a reflectionless load), and the remaining 
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two ports are automatically isolated from each other. Therefore, if one builds a circulator, 

one automatically has an isolator. Circulators are widely used in nowadays 

communications systems that use a single antenna to both transmit and receive at the 

same time. This full-duplex operation is achieved by connecting the transmit circuit (Tx), 

the receive circuit (Rx) and the antenna to the three ports of the circulator, as represented 

in Figure 3b. When a signal is received, it is routed by the circulator directly to Rx. 

However, when one wants to transmit, the high power signal generated by Tx goes to the 

matched antenna and cannot damage the low-power Rx system, which is isolated by the 

device. A picture of a typical commercially available circulator is shown on the right 

hand side of Figure 3b. 

These devices have been known and used for decades, since the discovery of the 

fundamental non-reciprocal effects underlying their behavior, such as Faraday rotation 

 [75]. However, the interest of the scientific community in the science of non-reciprocity 

has recently been revived by the emergence of silicon nanophotonics  [76–78], a 

technology that holds the promise of a new scale of integration of optoelectronic 

components in high speed photonic information systems. All-silicon control of light on a 

chip may be achieved at the component level, however assembling a complete system 

containing several individual components is more challenging, as the multiple reflections 

of light between the individual components do not allow for modular design. The only 

way to obtain a modular photonic technology where components would be plugged 

together in circuits in a modular way is by connecting them using isolators. 

Unfortunately, the old designs based on magnetic fields are not relevant in this context, as 

they require a magnetic bias, which is bulky and undesirable in any electronic system, as 

well as magnetic materials, which are expensive and not compatible with standard CMOS 

fabrication technology. Recently, it has been shown that this problem may find a solution 
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with the possibility of achieving non-reciprocal behavior in magnetic-free photonic 

systems either based on non-linear or time-dependent devices, demonstrating the 

possibility to achieve on-chip isolation with both linear  [79–88] or non-linear techniques 

 [89–92]. 
 

 

Figure 3: Typical nonreciprocal microwave devices based on magnetically biased ferrites. 
An isolator (a) is a two port device that lets waves be transmitted in one 
direction but blocks them in the other, and is typically used to protect 
radiation sources from unwanted load reflections. A circulator (b) is a three-
port generalization of an isolator, transmitting signals between ports in a 
clockwise fashion, and isolating counterclockwise. Circulators are used as 
duplexers to use a single antenna for both transmit (Tx) and receive (Rx), at 
the same time isolating the low power Rx system from the high power Tx 
system. 

These works on magnetic-free optical isolation have inspired acousticians to build 

acoustic versions of these devices, which would be very challenging to achieve using 
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magnetic bias due to the weak nature of magneto-acoustic interactions in solid-state 

systems  [93–95]. However, successful attempts to achieve magnetic-free acoustic 

isolation have so far been restricted to the use of non-linear systems, which introduce 

inherent signal distortions and limitations on the amplitude of operation  [96–99]. 

Recently, proposals to achieve unidirectional sound propagation in linear components 

have been discussed  [100–106], however these structures, which realize asymmetric 

mode conversion, do not break macroscopic time-reversal symmetry and therefore, are 

completely reciprocal  [107,108], in contradiction with the (incorrect) claims made in 

some of these works (e.g. in the abstract of  [100]). Instead, this chapter demonstrates the 

first, truly non-reciprocal, linear acoustic device, in the form of a circulator in which 

macroscopic time-reversal symmetry is broken using a physical motion of the acoustic 

medium. 

 

3.2 THEORY 

The acoustic Zeeman effect 

Inspired by the way a magnetic bias produces electromagnetic nonreciprocity in 

magneto-optical media by means of the Zeeman effect, in this chapter I introduce the 

design of an artificial acoustic "atom" able to overcome all the aforementioned issues, 

and realize a truly nonreciprocal, linear, subwavelength acoustic circulator. In magneto-

optical media, such as ferromagnetic materials or atomic vapors, an external magnetic 

field 
!
B0  can split the energy levels corresponding to counter-circulating electronic 

orbitals, as sketched in Figure 4a, and induce different refractive properties for right- and 

left-handed circularly polarized light. The interference between these light components 

leads to Faraday rotation, which is solely determined by the direction and magnitude of 
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the static magnetic field bias, thus creating an effective asymmetry of electromagnetic 

propagation under time reversal, i.e., a nonreciprocal response  [75]. A similar 

phenomenon can be observed in the macroscopic acoustic resonator in Figure 4b. By 

imparting a circular motion to the fluid filling an acoustic resonant ring cavity, it is 

possible to split its degenerate counter-propagating azimuthal resonant modes and, for a 

proper velocity and cavity design, induce giant nonreciprocity via modal interference. In 

this acoustic scenario, the angular momentum vector imparted by the circular flow 

effectively biases the acoustic cavity, in the same way that a static magnetic field biases 

the atoms of magneto-optical materials. The acoustic atom indeed experiences an 

acoustic Zeeman splitting, which, as its electronic counterpart, produces nonreciprocity. 

In the following, the functionality of this acoustic Zeeman effect is outlined in detail. 
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Figure 4: Acoustic Zeeman effect. The lifting of degeneracy occurring for a p atomic 
orbital in a magnetic field (a) is analogous to the one occurring in a ring 
acoustic cavity biased by an internally rotating fluid (b). 

 



 28 

Effect of the fluid motion 

Let us assume the general conditions of inviscid, irrotational and isentropic flow, 

valid for most fluids. The time-harmonic, linear acoustic equations in the presence of 

mean flow can be written as  [109–112] 

 −iω + !v ⋅
!
∇( ) ρ̂ + ρ̂

!
∇⋅
!v +
!
∇⋅ ρ0

!
∇φ̂( ) = 0 , (3.3) 

 ρ0 −iω +
!v ⋅
!
∇( )φ̂ + p̂ = 0 , (3.4) 

 p̂ = ρ̂c0
2 , (3.5) 

where 0ρ  is the density of the fluid, 0c  the speed of sound in the absence of mean flow !v

, p̂  is the acoustic pressure, ρ̂  is the density perturbation due to acoustic waves, and φ̂  

is the acoustic particle velocity potential. Consider now the solution of Eqs. (3.3)-(3.5) 

for an acoustic cavity with azimuthal symmetry, in the absence of sound sources. An 

elegant way of approaching the problem, ideal to compare this phenomenon with the 

classical Zeeman effect for an atomic electron in a static magnetic field, is to work in the 
space of states ψ  of  two-component state vectors 

 
ˆ
ˆ
p

i
ψ

φ

⎛ ⎞
= ⎜ ⎟

−⎝ ⎠
. (3.6) 

This space of states is provided with the scalar product 

 ( )1 2
1

1 2
2 1 2

ˆ ˆ
ˆ ˆˆˆ ˆ

ˆ
V

p p
dV p p

i iφ φ
φ φ∗ ∗Ψ Φ = = +

− − ∫ , (3.7) 
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where 𝑉  denotes the entire cavity volume. Under the formalism of Eq. (3.6), Eqs. (3.3)-

(3.5) can be written as 

 0( )H P ψ ω ψ+ =  (3.8) 

In Eq. (3.8), the operator 0H  is the time-evolution operator of the system in the absence 

of bias !v , 

 H0 =
0 c0

2
!
∇⋅ ρ0

!
∇( )

−1/ ρ0 0

$

%

&
&

'

(

)
) . (3.9) 

The perturbation operator P  depends on the bias velocity !v  as follows: 

 P =
−i !v ⋅

!
∇( )−

!
∇⋅ i!v( ) 0

0 −i !v ⋅
!
∇( )

$

%

&
&
&

'

(

)
)
)

. (3.10) 

  

 In the absence of bias, !v = 0 , the eigenvalue problem (3.8) reduces, after 

elimination of the field variable φ̂ , to the Helmholtz equation 

 
2

2
2
0

ˆ ˆ 0p p
c
ω

∇ + =  (3.11) 

with hard wall boundary conditions ( ˆ / 0dp dn = ) at the walls. For the ring cavity, with 

axis along z  and height 𝑡, one looks for a solution of the form ˆ ( ) ( ) ( )p Z z R r ϕ= Φ . One 

obtains a general solution in the form 

 ( )ˆ ( ) i kz m
m mp R r e ϕ+=  (3.12) 
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where k  is determined by boundary conditions in the z  direction, m  is an integer 

resulting from periodicity in the azimuthal direction, and ( )mR r  is solution of the Bessel 

equation 

 ( )
2

2 2 2
2 0m m

m
R Ru u u m R
u u

∂ ∂
+ + − =

∂ ∂
, (3.13) 

with u rβ= , 2 2 2 2
0/ c kβ ω= − . Therefore, mR  can be sought as a linear combination of 

mJ  and mY , the Bessel functions of the first and second kind: 

 ( ) ( )m m m m mR a J r b Y rβ β= + . (3.14) 

Enforcing the boundary conditions at 1r r=  (inner ring radius) and 2r r=  (outer ring 

radius) yields the following relation which determines the resonance frequencies, 

 1 2 2 1( ) ( ) ( ) ( ) 0m m m mJ r Y r J r Y rβ β β βʹ′ ʹ′ ʹ′ ʹ′− = , (3.15) 

where the prime denotes differentiation with respect to the argument. It follows from Eq. 

(3.15) that modes labeled with opposite values of the integer m , hence with opposite 

handedness, are degenerate. Enforcement of the boundary conditions also gives the 

relation 

 1

1

( )
( )

m m

m m

b J r
a Y r

β
β

ʹ′
= −

ʹ′
. (3.16) 

In this chapter, only the dominant cavity mode for which 0k =  and 1m = ±  is used. The 

associated pressure field distribution p̂+  and p̂− , are proportional to the expressions 
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 p̂
±
∼ J

±1(k0r)−
"J
±1(k0r1)
!Y
±1(k0r1)

Y
±1(k0r)

!

"
##

$

%
&&e

±iϕ , (3.17) 

where 0 0 0/k cω= , 0ω  being the associated resonance frequency. For the geometry 

considered here, it is verified that these modes have weak dependency on the radial 

distance r  and can be very well approximated by the simpler profile p̂
±
∼ e±iϕ . The state 

vectors associated with these modes, normalized with respect to the scalar product (3.7), 

are then found to be  

 ± =
i

π t 1+ ρ0
2ω0

2( ) r22 − r12( )
ρ0ω0

−1

!

"
#
#

$

%
&
&e

±iϕ . (3.18) 

In the presence of bias, one can assume that the new eigenvectors lie in the subspace 

spanned by the unbiased cavity eigenvectors, and write them as a linear superposition of 

±  with unknown coefficients a+ and a− : 

 ( )0H P ψ ω ψ+ = , (3.19) 

 a aψ + −= + + − , (3.20) 

 0 0H ω± = ± . (3.21) 

From the above equations, one obtains the following one, taking into account the fact that 
the ±  basis vector are orthonormal with respect to the scalar product (3.7): 

 ( )0
P P a a
P P a a

ω ω
+ +

− −

⎛ + + + − ⎞⎛ ⎞ ⎛ ⎞
= −⎜ ⎟⎜ ⎟ ⎜ ⎟− + − − ⎝ ⎠ ⎝ ⎠⎝ ⎠

. (3.22) 

If one makes the additional assumption that the bias velocity is azimuthal and does not 

depend on ϕ , one obtains 
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 0P P+ − = − + = , (3.23) 

 P P+ + = − − − . (3.24) 

The eigenvalues of the biased cavity are then given by  

 0 Pω ω± = ± + + . (3.25) 

The matrix element P+ +  can be calculated using the scalar product definition (3.7) 

and it depends on the specific velocity profile. If one assumes the velocity bias to be 
constant in magnitude, !v = v!eϕ , one obtains / avP v R+ + = , where 1 2( ) / 2avR r r= +  is 

the average ring radius. 

In Figure 5, I plot the theoretical expression (3.25) for the eigenfrequencies of the 

biased structure versus the value of the bias velocity and compare it with the result of 

full-wave finite-elements simulations. The agreement is excellent. 

 

 

Figure 5: Eigenfrequencies of the biased cavity as a function of the bias velocity of the 
fluid. The agreement between the analytical theory and full-wave 
simulations is excellent. 
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Figure 6: Once connected to three external waveguides, the ring cavity is engineered to 
achieve circulation of the acoustic signals incident at these ports. 

 

Figure 7: Notations used to formulate the couple-mode theory. 
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Coupled mode theory 

The next step is to make the cavity a device that can support non-reciprocal 

behavior. To do so, it is necessary to be able to couple energy in and out of the cavity, 

and therefore one connects the ring resonator to three waveguides placed at 120 degrees 

intervals via smaller coupling holes. One obtains a three-port device that supports perfect 

circulation of acoustic signals, as I shall demonstrate. Figure 6 summarizes the studied 

problem (top cavity wall is left transparent to show the inside of the device).  

To predict the scattering of acoustic waves by this three port system, one can use 
temporal coupled mode theory  [6]. One can couple to the two modes ±  from the 

external waveguides by sending a signal of complex amplitude iS
+  at port i . As 

represented in Figure 7, the outgoing signal at port j  is noted jS
− . The temporal coupled 

mode equations for the amplitudes a+  and a−  of the right-handed and left-handed modes 

read  [79,113]: 

 
( )

( )

2 4
3 3

1 2 3

2 4
3 3

1 2 3

2 2 2
3 3 3
2 2 2
3 3 3

i i

i i

d a i a S e S e S
dt
d a i a S e S e S
dt

π π

π π

γ γ γ
ω γ

γ γ γ
ω γ

− −+ + ++ + +
+ + + +

+ + +− − −
− − − −

⎧
= − − + + +⎪

⎪
⎨
⎪ = − − + + +⎪⎩

, (3.26) 

where ω±  are the eigenfrequencies of the right and left handed modes, and γ ±  is the 

inverse of their decay times to the output channels 1, 2 and 3, placed at the azimuthal 

positions 0ϕ = , 2 / 3π  and 4 / 3π , respectively. In (3.26), is also included the excitation 

signals at ports i , iS
+ . The output signals iS

−  at the three ports are due to the interference 

between the direct reflection and the fields leaking out from each mode, 
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1 1

2 2
3 3

2 2

4 4
3 3

3 3

2 2
3 3
2 2
3 3
2 2
3 3

i i

i i

S S a a

S S e a e a

S S e a e a

π π

π π

γ γ

γ γ

γ γ

− + + −
+ −

−− + + −
+ −

−− + + −
+ −

⎧
= − + +⎪

⎪
⎪⎪

= − + +⎨
⎪
⎪

= − + +⎪
⎪⎩

. (3.27) 

Next one assumes harmonic excitation, at port 1 only: 1
i tS e ω+ −= , 2 3 0S S+ += = . After the 

variable change i ta e ωα −
± ±= , one obtains the following system of equations, 

 
( )

( )

2
3
2
3

i i

i i

γ
ωα ω γ α

γ
ωα ω γ α

+
+ + + +

−
− − − +

⎧
− = − − +⎪
⎪
⎨
⎪− = − − +⎪⎩

, (3.28) 

whose solution is 

 

2
3

i

i

γ

α
ω ω γ

±

±
± ±

=
− +

. (3.29) 

The scattering parameters 1 / i t
i iS S e ω− −=  are then directly obtained from Eq. (3.27), 

yielding 
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. (3.30) 

By symmetry, one deduces the full scattering matrix using the following equations: 
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22 33 11

32 13 21

12 23 31

S S S
S S S
S S S

= =⎧
⎪

= =⎨
⎪ = =⎩

. (3.31) 

Ideal isolation condition 

From (3.30), the power transmission coefficients at port 2 and 3 are found to be 

 
24 /3 2 /3

1 3
2
3 1 ( ) / 1 ( ) /

i ie eT
i i

π π

ω ω γ ω ω γ→ − − + +

⎛ ⎞
= +⎜ ⎟+ − + −⎝ ⎠

, (32) 

 
22 /3 4 /3

1 2
2
3 1 ( ) / 1 ( ) /

i ie eT
i i

π π

ω ω γ ω ω γ→ − − + +

⎛ ⎞
= +⎜ ⎟+ − + −⎝ ⎠

, (33) 

with γ γ γ+ −= =  due to symmetry. It follows that one can obtain 1 2 0T→ =  and 1 3 1T→ =  

at the frequency rω ω=  if the cavity modes can be split such that ω± =ωr ∓ γ / 3 . 

Equation (3.25) shows that this condition is directly satisfied for 0rω ω=  at the optimal 

bias velocity 3/opt avv Rγ= . After considering that 0 0 / avc Rω =  and 0 / 2 )(Q ω γ= , 

where 0c  and Q  are the sound velocity and the cavity quality factor, respectively, one 

gets the following important condition for perfect isolation: 

 0

2 3opt
cv
Q

= . (3.34) 

 Eq. (3.34) expresses the central result that in order to get perfect circulation of the 
acoustic signal, one needs to rotate the fluid at a velocity optv , which is proportional to 

the speed of sound divided by the quality factor Q of the unbiased resonator. This means 

that by choosing a resonator with a sufficiently high quality factor, one can achieve giant 

non-reciprocal effects with a very small fluid velocity. The resonator is essentially used 

to boost the interaction of the acoustic wave and the weak non-reciprocal medium: in a 
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high Q resonator, the energy takes a long time before leaking out of the cavity 

(approximately Q periods), and therefore the effect of the moving medium is present 

during a large number of acoustic periods. 

 

3.2 RESULTS 

I have performed full-wave numerical simulations to investigate the behavior of 

the proposed device, assuming an acoustic wave incident on port 1. The geometry uses 

air as acoustic medium and a resonator with a quality factor of about 200 at 800 Hz. The 

plot in Figure 8 shows the magnitude of the transmission coefficients to port 2 and 3 for a 

range of bias velocity values between 0 and 1 m/s. When the bias velocity is zero, the 

transmission coefficients to ports 2 and 3 are equal to 2/3, describing that 4/9 of the 

power is transmitted to each port, while the remaining 1/9 is reflected, as expected for 

any lossless 120∘-symmetric three port network  [74]. When the velocity is increased, 

starting from 0, the transmission to port 2 and 3 start to differ, until one reaches the 

critical value of the velocity defined in Eq. (3.34) for which the transmission to port 2 is 

identically zero, whereas the transmission to port 3 is unity. Due to the relatively high 

quality factor, this is obtained here for a very small value of the bias velocity, 0.5m/s.v =

This illustrates the tradeoff between bandwidth and bias velocity. Increasing the 

bandwidth means working with lower quality factors, which according to (3.34) requires 

larger values of the velocity. The associated field profiles, also shown in the figure, 

confirm the fact that the behavior of the device relies on a constructive interference at 

port 3, and a destructive interference at port 2. Note that since the waveguides are 

operated in their common piston mode, such a destructive interference effect does not 
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rely on the narrowness of the coupling channels that are placed in front of the ports, and 

would pertain even for large coupling channels, since the excitation of the isolated 

waveguide by the device is of dipolar nature, which can't excite the waveguide. One also 

notes that the presence of losses in the cavity may affect the quality factor, and increase 

the required bias value (3.34). They would also decrease the transmission level to port 3, 

introducing some insertion losses. However, the transmission to port 2 would stay at zero 

even in the presence of losses, since this cancellation is based on a destructive 

interference, which is a loss-independent effect. Figure 9 shows the frequency 

dependency of the magnitude of the transmission coefficients to port 2 and 3, confirming 

the resonant nature of the phenomenon. 
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Figure 8: The influence of the bias velocity on the magnitude of the transmission 
coefficients to ports 2 (blue) and 3(black), in the case of incidence from port 
one at the resonance frequency of the ring (FEM simulations).  

 

Figure 9: Frequency dependency of 21S  and 31S  in the absence of bias (a) and in the 
case of perfect isolation (b) (FEM simulations). 
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3.4 EXPERIMENTAL VALIDATION 

These theoretical and full-wave simulations results are confirmed by experimental 

investigations: photographs of the fabricated device are presented in panels (a, b) of 

Figure 10. In the experiment, a ring cavity resonant in the audible range at 800Hzrω =  

was loaded with three low-noise CPU cooling fans, placed at 120˚ intervals to generate 

the desired circulating flow. The ring cavity, with the top cover removed to show the fan 

positions, is presented in panel (a), while panel (b) presents the closed cavity connected 

to the three acoustic waveguides. By varying the input current at the fans one is able to 

control the fluid velocity in the cavity and the corresponding biasing angular momentum. 

The system is excited by a loudspeaker placed upstream in port 1.  

 

 

Figure 10: Picture of the acoustic circulator prototype. (a) Open ring cavity showing the 
location of the fans and (b) fully assembled experiment. 
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Figure 11: Measured transmission coefficients from port 1 to ports 2 and 3 in the 
unbiased case (a) and under the perfect isolation condition (b). Transmission 
coefficients at resonance (c) and total isolation (d) versus input current.  

Panels (a) and (b) of Figure 11 show the measured transmission spectrum at ports 

2 and 3 normalized to the case (a) of no bias. As expected, when the fans are not 

operating [panel (a)] transmission at ports 2 and 3 is equal, and the system is fully 

reciprocal. On the other hand, for a tailored input current to the fans 130mAI =  [panel 

(b)], nonreciprocity is clearly observed, in excellent agreement with the theory. Panel (c) 

shows the effect of varying the fan input current, directly correlated with the fan speed, 

on the measured transmission coefficients. The measurements nicely corroborate the 

theoretical predictions of Figure 8, showing the evolution from a fully reciprocal system 

for 0I =  to a close-to-ideal acoustic circulator for 130mAI = . To quantify the 

performance of the realized device, panel (d) shows the measured isolation 31 21/S S  as a 

function of the input current. Around the optimal bias value, this device produces very 
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large values of isolation, up to 40 dB. During the experiments, I have tested the device 

response at all ports, confirming its nonreciprocal operation, and circulation of the input 

acoustic signal. Since the bias is electrically controlled, the design provides a large 

degree of tunability, and it is possible to instantaneously switch from reciprocal to 

nonreciprocal operation, and even reverse the handedness of the circulator by simply 

changing the polarity of the input current to the fans. In the experiments, narrowband 

signals with carrier frequency rω  were transmitted through the realized device and 

acoustic nonreciprocity, isolation and circulation could be directly verified by ear.  

 

3.5 CONCLUSIONS 

In this chapter, I have demonstrated the possibility of inducing strong non-

reciprocal acoustic effects at the subwavelength scale by breaking macroscopic time-

reversal symmetry with a moving medium. While the proposed system is by itself 

interesting for engineering purposes  [114], I am now going to use these non-reciprocal 

resonators as building blocks to create highly non-reciprocal acoustic metamaterial and 

study the extreme properties of such artificial media in which time reversal symmetry is 

purposely broken. 
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Chapter 4:  Time-Asymmetric Lattices and Topological Order 

4.1 INTRODUCTION 

In this chapter, I study the interesting properties of artificial non-reciprocal 

lattices made by periodic arrangements of the acoustic circulators discussed in chapter 3. 

It is shown that wave propagation has a topological nature, and that in such a phononic 

crystal one can observe the acoustic equivalent of the quantum Hall effect. 

The concept of topological order, originally discovered in condensed matter 

 [115–123], has recently inspired scientists working in many branches of physics and 

engineering to look for topologically nontrivial states in several fields of interest. 

Topological states have been discovered in 2D and 3D materials, at the basis of the 

quantum Hall effect (QHE), quantum spin Hall effect (QSHE) and the class of 

topological insulators (TIs). These concepts have also inspired their photonic analogues, 

such as photonic crystals  [124–129], arrays of silicon-ring resonators  [130,131], 

bianisotropic metamaterials  [132], and chiral waveguides  [133,134], opening exciting 

new directions in optics. The inherent robustness against local defects  [128] and disorder 

 [135], provided by the topological nature of these phenomena, has allowed overcoming 

common rules of wave scattering and interference in topological insulators and their 

analogues. As an example, the edge states supported by these structures can seamlessly 

flow around sharp bends and defects, avoiding back-scattering  [128,130–133] and 

inspiring interesting functionalities for topologically protected optical components. 

In condensed matter physics, the topological states of matter are inherently related 

to time-reversal (TR) symmetry. In the particular case of QHE  [115,123], as well as for 

its photonic analogue realized in magnetically biased photonic crystals  [122–124,129], 

TR symmetry is suitably broken to realize one-way nonreciprocal edge modal dispersion 

 [132]. In this case, propagation is allowed only in one particular propagation direction, 
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making backscattering impossible. In fermionic systems with TR symmetry, a form of 

topological protection can still arise. This is due to Kramer’s theorem, which ensures that 

the electron spin of an edge state is locked to its propagation direction, and therefore no 

backscattering can occur in absence of spin coupling  [136,137]. In bosonic and classical 

systems the latter class of protection is not available, but some restricted, or weak, 

protection is still achieved based on spatial or internal symmetries (duality in 

electromagnetics), provided that a conserved pseudo-spin odd under TR symmetry may 

be judiciously engineered  [132]. Strong topological protection for bosons and classical 

waves, however, is possible only in nonreciprocal systems with broken TR symmetry. 

Since acoustic waves do not significantly interact with an external magnetic bias, strong 

topological order for sound has not been explored to date. Here, on the contrary, it is 

shown that these recent advances in quantum physics may be extended to acoustic 

systems using angular-momentum bias, dramatically expanding the ability to tailor 

acoustic waves. 

While throughout the past centuries we have mastered the manipulation of sound 

propagation and scattering to realize musical instruments, music halls and whispering 

galleries, it is still challenging to break the inherent symmetry with which sound travels 

in space. Nonreciprocal acoustic response in magneto-elastic (ME) materials has been 

discussed in  [93], but no experimental confirmation of large magnetic-based 

nonreciprocity has been demonstrated to date, due to the ME weakness. However, it has 

been shown in the previous chapter that the effect of a magnetostatic bias may be 

replaced by the application of angular momentum, or rotational motion, in suitably 

designed acoustic resonators, leading to nonreciprocal response and giant isolation, and 

providing the foundations for a new class of nonreciprocal acoustic devices - acoustic 

circulators. Based on this discovery, a new approach to topological order in periodic 
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acoustic systems biased with angular momentum is suggested here, where TR symmetry 

is broken by rotational motion. In the following, this concept is applied to demonstrate 

that topologically nontrivial states with large robustness can be obtained in acoustic 

lattices with broken TR symmetry.  

 

 

Figure 12: A diatomic hexagonal array to form the acoustic analogue of a graphene layer. 
(a) Lattice with two rotated Y-junctions/atoms (A and B, respectively) per 
unit cell (shaded region). (b) One unit cell of the lattice modeled in 
COMSOL Multiphysics, with acoustic pressure distribution shown in color 
for one of the Dirac modes of interest. The gray arrows indicate the 
direction of airflow in the resonators.  [138] 

An ideal platform to realize topological order in condensed matter systems is 

represented by a graphene layer  [139]. Its hexagonal lattice supports a Dirac point whose 

inherent TR symmetry may be broken, e.g., by an applied magnetic bias, to reveal 

Landau levels separated by band gaps that support topologically protected edge states 

 [140,141]. Consider an acoustic system mimicking a graphene lattice, schematically 

shown in Figure 12a. It is formed by a planar periodic array of subwavelength acoustic 

resonators interconnected by hollow tubes to form a hexagonal lattice, the acoustic 

analogue of a graphene layer. The resonators are formed by two “hard-walled” coaxial 
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cylinders, with the inner space filled by air. When disconnected from the lattice, each 

resonator supports two, clockwise (CW) and counterclockwise (CCW), lowest order 

modes with no modulation in the vertical z-direction, and with eigenfrequencies  𝜔!/!, 

corresponding to 𝑙 = ±1 angular momentum (see previous chapter, or Ref.  [114]). If the 

medium inside the resonators is stationary, these modes are degenerate, i.e., 𝜔! = 𝜔!; 

however, as soon as an angular momentum in the form of air rotation is applied to the 

resonators, the degeneracy is lifted by the amount Δ𝜔 = 𝜔! − 𝜔! = 𝑣!/𝐷, where 𝑣! is 

the fluid velocity and 𝐷 is a parameter associated with the resonator geometry. When the 

resonators are connected in the hexagonal lattice of Figure 12, the CW and CCW modes 

couple, forming a complex acoustic band structure, which is studied in the following. 

 

Figure 13: The unit cell of the acoustic graphene can be considered as a four port 
network, whose ports are defined in the figure. [138] 
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4.2 BULK AND EDGE MODES 

Analytical model 

 One can predict the band structure characteristics with an analytical model based 

on the scattering matrix formalism. The unit cell of the lattice can be considered as a 

four-port system whose scattering matrix can be calculated from the scattering matrices 

of the two circulators that it contains. Figure 22 defines the port notations from 1 to 4 for 

the external port, 5 and 6 being internal points. The scattering matrix of the unit cell of 

the acoustic graphene, containing two ring cavities, can be calculated from the scattering 

matrix of the single cavities from Eqs (3.30)-(3.31). As shown in the figure, one notes 1, 

2 and 5 the ports of the first circulator A and 3, 4 and 6 the ones of the second. The 
output signals ib  at the ports i ∈ 1,6!"# $

%&  are related to the input signals ia  by the individual 

circulators scattering elements ijs , 

 
1 11 12 15 1

2 21 22 25 2

5 51 52 55 5

b s s s a
b s s s a
b s s s a

⎛ ⎞ ⎛ ⎞⎛ ⎞
⎜ ⎟ ⎜ ⎟⎜ ⎟=⎜ ⎟ ⎜ ⎟⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠

 (4.1) 

and 
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3 36 33 34 3
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. (4.2) 

To obtain the scattering matrix !σ  of the 4-port unit cell, one uses the additional equations 

 6 5

5 6

a b
a b
=⎧

⎨
=⎩

, (4.3) 

and obtain, after some straightforward algebra, 
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with 

 !σ =

S11 +Δ
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where the notation ( )55 661 S SΔ = −  is used. To obtain the bulk band structure, one applies 

Bloch theorem to both input and output signals of the 4x4 unit cell, obtaining 
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One can write the system equation in matrix form, introducing the Bloch matrix !B : 
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with  
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 !B =

0 0 e−ikb .a 0
0 0 0 e−ikb .b

eikb .a 0 0 0
0 eikb .b 0 0

"

#

$
$
$
$
$

%

&

'
'
'
'
'

. (4.8) 

Any bulk mode must satisfy both Eq. (4.4) and (4.7), implying  

 det( !σ − !B) = 0 . (4.9) 

The bulk band structure can be obtained by plotting the condition number for the 

matrix !σ − !B : when the condition number is infinite, !σ − !B  possesses a zero eigenvalue, 

which is equivalent to a zero determinant. The obtained contour plots are shown in Figure 

14, where the evolution of the band structure of the non-reciprocal lattice is represented 

as a function of the velocity bias. The band diagram is calculated around the frequency of 

800 Hz, for which four dipolar 𝑙 = ±1 acoustic bands may be observed. Due to the 

hexagonal symmetry of the lattice, in the stationary case of panel (a) TR symmetry is 

preserved and the band diagram has a Dirac-like linear dispersion, with double 

degeneracy located at the K (K′) point (𝑘! = 0, 𝑘! = ±4𝜋/𝑎!), analogous to wave 

propagation along a graphene layer. As an example, the pressure field profile 

corresponding to the lower Dirac band near the K point in a unit cell is shown in Figure 

12b. In addition to the two “fast” Dirac bands, one also observes two “slow” modes that 

do not propagate in the lattice. After applying a nonzero angular momentum in the 

resonators, TR symmetry is broken and the Dirac degeneracy is lifted. Of particular 

interest is the case with air rotation velocity 𝑣 = 9 m/s, for which the acoustic lattice with 

angular momentum bias has interesting analogies with the QHE. In these cases, the group 

velocity vanishes in the two Dirac bands, which is analogous to the case of Landau levels 

in a 2D electron gas under external magnetic field bias. Thus, in addition to opening a 
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topological gap, the rotational bias inhibits propagation of acoustic waves as bulk modes. 

It is interesting that the values of critical velocities required here to realize such frozen 

sound states do not coincide with those for which ideal isolation is achieved in the single 

acoustic resonator case, as considered in [26]. This may be understood as the effect of 

constructive wave interference within the lattice, required to form closed Landau orbits. 
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Figure 14: Band structure predicted by the analytical model as a function of the bias 
velocity, from 0 to 9 m/s. The effect of the bias is to break time-reversal 
symmetry, lifting the K point degeneracy.  [138] 

The existence of edge states can be predicted analytically by considering the 

scattering matrix of an array of unit cells of size 1x20 (whose expression is not given here 
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for brevity). The first ten unit cells in the array are assumed to experience a right-handed 

velocity bias, whereas the next ten cells are oppositely biased, effectively creating a 

domain wall between the tenth and the eleventh cells. The scattering matrix of this 42-

port system is calculated numerically, and as in the case of a single unit cell, periodic 

boundary conditions are enforced. One obtains again an equation similar to (4.9), 

involving a 42 by 42 determinant that needs to vanish. The result of the condition number 

contour plot for a velocity bias of 9 m/s is shown in Figure 15, showing the appearance of 

new modes with linear dispersion within the gap between the Landau levels. These 

modes, which are absent from the bulk band structure of Figure 14c, are therefore edge 

modes propagating at the domain wall. 

 

Figure 15: Edge states appear in the band gap between the Landau levels in the case of a 
domain wall and a bias velocity of 9 m/s.  [138] 
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Full-wave model 

To go further in studying the proposed lattice and get useful physical insight on 

the nature of these edge states, the lattice is further studied using full-wave simulations. 

Figure 16a-c shows the band structure, calculated based on full wave numerical 

simulations for the unit cell shown in Figure 12b, with air velocity gradually increasing in 

each resonator, as indicated in each panel. The band diagram is again calculated around 

the frequency of 800 Hz. After applying a nonzero angular momentum in the resonators 

(red dashed lines in panel a), TR symmetry is broken and the Dirac degeneracy is lifted. 

Being induced by TR symmetry breaking, the produced gap has topological nature and a 

topological index – the Chern number – can be assigned to the bulk acoustic modes. To 

confirm the topologically nontrivial nature of the crystal, the Berry curvature has been 

calculated (Figure 16d, 16e) by integrating the calculated Chern number. For the case of 

clockwise fluid rotation, the Chern number assumes nonzero values C ={-1,1,-1,1} for 

the four bands shown in Figure 16a-c, confirming their topologically nontrivial nature. 

When the sense of rotation is reversed to counterclockwise in the resonators, the sign of 

the topological indexes also reverses, and the Chern number assumes values C ={1,-1,1,-

1}. These numerical results corroborate the general bulk mode behavior suggested by the 

analytical model. 
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Figure 16: Band structure of acoustic graphene with increasing air velocity inside the 
resonators. (a-c) Band diagrams obtained using first-principle numerical 
calculations. (a) The blue solid lines show the case of unbiased lattice, 
supporting a conventional Dirac point in the spectrum. Red dashed lines 
correspond to the case of “slow” air rotation inside the resonators. (b),(c) 
Red solid lines show the band diagrams for special values of fluid velocity, 
inducing a vanishing group velocity for former top and bottom Dirac bands, 
respectively. For reference, the blue dashed lines refer to the stationary case, 
consistent with panel (a). (d) and (e) are the Berry curvature of the top and 
bottom Dirac bands, respectively, for a velocity bias of 7.5 m/s.  [138] 

The appearance of topologically robust edge modes is the most fascinating 

manifestation of topologically nontrivial states. In the numerical study performed here 

one considers two different types of edge states: (i) acoustic modes that appear on the 

external edges of the system, and (ii) modes confined to “domain walls” formed by a 

reversal of the applied angular momentum inside the structure. According to the bulk-

edge correspondence principle, the number of edge states found at a particular interface is 

determined by the change in Chern number across the interface. Thus, for the first class 

of edge modes, one expects only one mode for any crystal termination. 
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Figure 17a indeed shows a representative example of the band structure in such a 

case, for a 1x20 supercell with air velocity 𝑣 = 7.5 m/s. The figure reveals two edge 

bands within the acoustic band gap. Inspection of the pressure profiles, shown in Figure 

17b, confirms that these bands correspond to modes localized on the top and bottom 

edges of the system, respectively. These modes have one-way character and transfer 

energy only in the forward (backward) direction for the bottom (top) edge mode, having 

respectively positive and negative group velocity 𝑣!. It is interesting that the direction of 

energy flow is dictated by the direction of air flow at the edges of the crystal, peculiarly 

similar to the way electron spin controls the direction of edge propagation in 

conventional topological insulators. 

 

 

Figure 17: Topological edge modes in acoustic graphene. (a) Acoustic band structure for 
a supercell of 20 unit cells and a uniform rotational bias velocity 𝑣 =
7.5  m/s. Bulk modes are shown by blue and edge modes by black, green and 
red colored markers. (b, c) Acoustic pressure profiles of the one-way edge 
mode localized at the bottom and top of the supercell, respectively, 
corresponding to the red and green bands in (a).  [138] 
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Figure 18: Topological edge modes confined to the domain wall inside the acoustic 
graphene. (a) Acoustic band structure for a supercell of 20 unit cells with 
domain wall at the center. The angular momentum bias is flipped within the 
lattice on one specific boundary along the domain wall from 𝑣 = 7.5 m/s to 
𝑣 = −7.5 m/s. Bulk modes are shown in blue, and edge modes in black, 
green, and red colored markers, respectively. Modes associated with red 
bands are localized in the middle of the supercell, as shown in (b) and (c), 
while the green bands are localized at the external edges of the supercell 
(not shown). (b, c) Acoustic pressure profiles of the one-way edge modes 
localized at the domain wall with positive and negative phase velocities, 
respectively, corresponding to the two red bands in (a).  [138] 

 

Figure 18 considers the case of a domain wall, i.e., a sudden reversal of rotation 

velocity taking place within the lattice. According to the bulk-edge correspondence 

principle, the difference in Chern numbers between the two domains equals two in this 

scenario, and therefore two edge modes should be supported by the domain wall. Due to 

the way the simulation model is set up, with periodic boundary conditions on the top and 

bottom boundaries of the supercell, a second domain wall appears, leading to a total of 

four edge modes within the bang gap region (shown by red and green circles in panel 

(a)), with two modes localized at every wall. Panel (b) shows the acoustic pressure 

profiles of the two modes localized at the central domain wall, which correspond to red 

bands in panel (a), and are formed by symmetric and anti-symmetric “bonding” of the 

evanescent waves supported at the edge in the two domains. As seen in the band diagram, 
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these two modes have again one-way character, and can transfer energy only in the 

forward, but not backward direction. Interestingly, the direction of energy transfer 

reverses with a change of air rotation in the resonators, which is observed for modes 

shown by green lines in panel (a) confined to the domain wall at the external edges 

(pressure field profiles not shown). 

4.3 STRONG TOPOLOGICAL ROBUSTNESS 

In order to confirm the topological robustness of the acoustic edge modes 

described in the previous figures, large-scale simulations of acoustic graphene lattices 

have been performed, with deliberately introduced defects of different kinds. For any 

non-topological guided edge mode, strong reflection would be expected at sharp corners 

or defects, and the formation of standing wave patterns along the walls due to 

interference effects. However, for the case of one-way topological edge modes, as 

described in this chapter, one clearly observes strong robustness against such structural 

defects, as seen in Figure 19a. Here one considers a plethora of possible defects and 

boundary variations: the edge mode seamlessly detours between zigzag, armchair, and 

bearded edges of the finite crystal. In the same figure, one also confirms the robustness of 

the edge modes against local defects introduced by removing several resonators from the 

edge of the lattice.  

In addition to robustness, the edge states of the considered domain wall allow for 

ideal reflection-less routing along arbitrarily defined pathways, reconfigurable in real 

time by simply creating line boundaries within the lattice with opposite applied angular 

momenta on the two sides. Indeed, the path of the edge mode can be dynamically 

reconfigured by reshaping the domain wall through the change in rotation direction of the 

fluid inside the resonators. To confirm the possibility of such topologically robust 
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routing, an irregularly shaped domain wall with velocity bias map has been generated, 

shown in the lower subplot of Figure 19b (blue and red colors correspond to opposite bias 

handedness). As seen in the upper panel of Figure 19b, the edge mode excited at the top 

edge of the crystal, after travelling along the edge, enters the “volume” at the domain 

wall. Inside the crystal, the edge mode travels along the path defined by the domain wall 

and leaves the “volume” of the crystal at the opposite edge without any back-reflection, 

confirming the possibility of dynamically controllable reflection-less routing of sound in 

a topologically protected lattice. 

 

Figure 19: Numerical demonstration of topological robustness of acoustic edge modes. 
(a) The one-way (counterclockwise) edge mode propagates along different 
cuts of the acoustic graphene and around deliberately introduced defect (top 
zigzag cut) without backscattering and formation of standing-wave patterns. 
(b) Excitation of the one-way (counterclockwise) edge mode and its 
propagation (top subplot) along the irregularly shaped domain wall created 
by the reversal of the velocity bias (bottom subplot).  [138] 

4.4 CONCLUSIONS 

To conclude, the concept of topological order in acoustic metamaterials has been 

introduced in this chapter, obtained by properly controlling the applied angular 

momentum in suitably designed time-asymmetric resonator lattices. Extending advanced 

quantum physics concepts to classical acoustics, unprecedented possibilities to route and 
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manipulate sound have been presented, achieving unusual propagation effects. 

Topological acoustics may dramatically expand the engineering toolkit of modern 

acoustic devices, and bring forward a new versatile way to control sound waves. 

Topological robustness and the ability to guide sound waves around arbitrarily shaped 

pathways, as demonstrated here, represent just the start of a plethora of fascinating 

phenomena stemming from the topological nature of angular-momentum biased acoustic 

systems. 
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Chapter 5:  Linear Acoustic Isolation using Spatio-Temporal 
Modulation  

5.1 INTRODUCTION 

In chapter 3, I have demonstrated how it is possible to use angular momentum 

bias in acoustic resonators in order to turn them into devices capable of large non-

reciprocal response. Such a bias was implemented by physically rotating the acoustic 

medium filling a ring cavity. While such resonators have been used as artificial atoms in 

a lattice in chapter 4, demonstrating topological order in a classical acoustic system 

analogous to the quantum-Hall effect, these resonators are also by themselves interesting 

as stand-alone devices, since they provide new acoustic wave manipulation capabilities, 

such as circulations and isolation of acoustic signals. The initial prototype presented in 

chapter 3, possesses three intrinsic drawbacks, which I propose to solve in this chapter: 

1. It is difficult to implement at higher frequencies: as the size of the resonator 

shrinks, implementing the rotation of the fluid without altering the quality factor 

of the structure becomes more difficult. Any fan or pump inside the resonator 

introduces an extra mass and losses to the system, especially in small volumes. 

2. The motion of the acoustic medium creates acoustic noise on top of the signal. 

3. The method is not directly transferrable to different kinds of mechanical waves 

such as surface waves and structural waves. 

This chapter therefore proposes an improved design to achieve acoustic circulation, 

which is free from all the above-mentioned drawbacks and based on a very general 

approach. The design relies on breaking Rayleigh reciprocity by using a time-dependent 

media that mimics a rotating motion. 

Consider the geometry in Figure 20 (top): three cylindrical acoustic cavities are 

connected to each other via small channels, forming an acoustic resonator with 120o 
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rotational symmetry. Three additional channels couple this resonator to external 

waveguides, defining a three-port network. Reciprocity is broken by applying suitable 

spatio-temporal modulation to the cavity volumes with modulation frequency 

/ (2 )m mf ω π= . This modulation is applied in a rotating fashion: the volume 0V  of cavity 

1 is modulated by an amount 1 cos( )mV V tδ ωΔ = , whereas the volumes of cavities 2 and 3 

are modulated at the same frequency mf  and strength Vδ , but with 2 / 3π  and 4 / 3π  

phase delays, i.e. 2 cos( 2 / 3)mV V tδ ω πΔ = −  and 3 cos( 4 / 3)mV V tδ ω πΔ = − , 

respectively. Because of this dynamic modulation, the system is no longer time-invariant, 

and time-reversal symmetry is broken by the effective angular momentum imparted by 

the modulation, violating the assumptions of Rayleigh reciprocity theorem, and leading to 

strong nonreciprocal effects, as we shall see. 
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Figure 20: Geometry of the new circulator design. Top: three acoustic cavities coupled to 
each other via small channels are connected to three external waveguides. 
Their volumes are slightly modulated in a rotating fashion, with a 
modulation depth Vδ and a frequency mω . Bottom: Lumped circuit model of 
the device, where the modulation of the cavities translates into a modulation 
of the compliance of the associated capacitors. 

 

5.2 ANALYTICAL MODEL 

The behavior of the proposed device can be predicted in the low frequency limit 

by considering its lumped circuit model equivalent. In this limit, one can assume that the 

acoustic pressure is constant within each of the three cavities, with pressure amplitudes 

1p , 2p  and 3p . The three cavities can be modeled as parallel acoustic capacitors [Figure 
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20 (bottom)], since they store potential acoustic energy and accumulate a net amount of 

pressure ip , or acoustic voltage in the equivalent circuit, with respect to the static 

pressure 0p  represented by the ground in the circuit model. The difference in pressure 

stored by two adjacent cavities creates a force that acts on the mass of the fluid filling the 

small channel coupling them. Therefore, the elements connecting the three capacitors at 

nodes 1p , 2p  and 3p  behave as acoustic inductors of value L . The coupling to the 

external ports is also assumed to be of inertial, or inductive, nature, which is again 

represented by inductors connecting the nodes 1p , 2p  and 3p  to ports 1, 2 and 3. To 

take into account the modulation in the equivalent circuit of Figure 20, one recalls that 

the expression for the acoustic capacitance 0C  of a cavity in the long wavelength limit is 

given by 0 0 0C V β=   [142], where 0V  is the unbiased cavity volume and 0β  is the 

compressibility of the acoustic medium filling it, taken here to be Silicon Rubber RTV-

602, with density 3
0 990 kg/mρ =  and compressibility 10 1

0 9.824 10  Paβ − −=  [143]. 

Assuming that the volume modulation is obtained using actuators that compress the 

acoustic medium filling the cavities, and that the material is deformed elastically, the 

compressibility 0β  is untouched by the modulation, and therefore the actuators directly 

modulate the acoustic capacitance with modulation depth 0 0/ /C C V Vδ δ= . This is 

represented in the equivalent circuit by variable capacitors. 

 

Temporal coupled-mode theory 

In order to model the device and solve the scattering problem for a signal incident 

at one of the ports, I use temporal coupled-mode theory  [6], which is essentially 

perturbation theory applied in the time domain. This theory is justified here as weak 

modulation depth and low modulation frequency are assumed throughout this chapter. 
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The first step is to consider the resonant properties of the unbiased structure, before 

applying perturbation theory to include the effect of the modulation. 

 

 

Figure 21: Lumped element model of the resonator alone. 

Let us consider the unbiased resonator by itself, represented in Figure 21. The 

capacitors have constant values 0C  and I do not consider at this point the coupling to 

ports 1, 2, and 3, i.e. there are no radiative losses. I start by applying Kirchhoff's laws to 

the circuit, obtaining  
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Next, I represent the acoustic state of the resonator by the three-component vector 
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, (5.2) 

whose time evolution is obtained directly from (5.1) as 
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In (5.3), I have introduced the Hermitian time evolution operator 
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Eq. (5.3) can be transformed into the frequency domain eigenvalue problem 

 2
0M ψ ω ψ= − , (5.5) 

whose solutions are the three eigenmodes of the unbiased structure. The first one, with 

eigenvalue 0ω =  and eigenvector  
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, (5.6) 

is the d.c. mode, which expresses the capability of the cavity to store a uniform static 

pressure (at d.c., the capacitors are replaced by open circuits and the inductors by shorts, 

obtaining a node that is unconnected to the ground, whose voltage is arbitrary). The 
second and third modes, +  and − , are counter-rotating degenerate modes associated 

with the lumped resonance of the structure at 03 / LCω± = ,  
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Next, I apply perturbation theory to the unbiased resonator. I assume that the values of 

the capacitors 1C , 2C  and 3C  are modulated by the amounts 1CΔ , 2CΔ  and 3CΔ  in a 

rotating fashion, following 
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where mω  and 0C Vδ β δ=  are respectively the modulation frequency and modulation 

depth. I further assume that the modulation is practically realizable, i.e., it is sufficiently 

weak and slow, δC ≪C0  and ωm ≪ω
±

. Under these assumptions, Eq. (5.3) is replaced 

by 
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In (5.11), I have noted c.c+  the operation that consists in adding its complex conjugate to 

the preceding term, e.g. 2( c.c) 2( )m m mi t i t i te e eω ω ω−− + = − + . Applying perturbation theory, I 

expand at any instant 𝑡 the acoustic state ( )tψ  in the biased cavity into the basis of 

eigenvectors of the unbiased (Hermitian) time-evolution matrix 0M , obtaining 

 0( ) ( ) 0 ( ) ( ) ( )i
i

t a t a t a t a t iψ + −= + + + − =∑  (5.12) 

where ( )ia t  denotes the time-dependent amplitude of the mode i . Plugging this 

expansion into (5.10), and considering the fact that the eigenmodes of 0M  have been 

normalized with respect to the scalar product  

 * * *
,1 ,1 ,2 ,2 ,3 ,3a b a b a b a bp p p p p pψ ψ = + + , (5.13) 

the following differential equations for the mode amplitudes is obtained: 
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The matrix elements i M jδ  can be evaluated using (5.11) together with Eqs. (5.6)-

(5.8) for the normalized eigenstates of 0M . The result is that the modulation induces no 

coupling from the d.c mode into the counter-rotating modes, 

 0 0 0M Mδ δ+ = − =  (5.15) 

and that the diagonal matrix elements are null, 

 0 0 0M M Mδ δ δ= + + = − − = . (5.16) 
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However, the other matrix elements are non-zero and are calculated as: 

 2

0

0
2

mi tCM M e
C

ωδ
δ δ ω±+ = + − = , (5.17) 

 2

0

0
2

mi tCM M e
C

ωδ
δ δ ω −

±− = − + = . (5.18) 

Next, I make the assumption that the acoustic device is designed such that the values of 

L  and 0C  satisfy the following condition, 

 ω
±
=

3
LC0
≫ 0 , (5.19) 

that is, the lumped resonance frequency of the structure is far from d.c. If I assume that 

the structure is excited at a frequency ω  close to ω± , and considering that ωm ≪ω
±

, 

coupling of energy between the counter-rotating modes and the d.c mode is very 

inefficient (secular approximation). Under these conditions, the couple-mode equations 

(5.14) simplify to  
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⎨
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, (5.20) 

where 2
0/ (2 )C Cχ ω δ±= .  

 

Scattering parameters 

To evaluate the scattering properties of the device, I now add coupling to the 

external ports, with decay rate γ , which is assumed to be constant over the frequency 
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range of interest, and identical for both counter-rotating modes. This assumption is valid 

as long as the quality factor of the structure is large enough, which is the case here since 

the coupling channels to the ports are very narrow. I further note iS
+  the incident signal at 

port i , and iS
−  the outgoing one, and introduce the notation 

 iω γ± ±Ω = + . (5.21) 

Owing to energy conservation, 120 degrees symmetry, and the time-reversal properties of 

the structure, Eq. (5.20) is modified to yield the full couple-mode equations including 

decay and coupling to the ports,  
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. (5.22) 

The outgoing signals are given by 
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. (5.23) 

Let us assume that the structure is excited by a monochromatic signal at frequency ω , 

incident only from port 1. By plugging 1
i tS e ω+ −=  and 2 3 0S S+ += =  in Eq. (5.22), the 

following differential system is obtained: 
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. (5.24) 

Eq. (5.24) show that the incident signal couples directly to both +  and −  modes, 

which will therefore necessarily inherit a frequency component at ω . Inspecting Eq. 

(5.24) further, it is evident that the time-dependent coupling term between the mode 
amplitudes will force the +  mode to have a frequency component at mω ω− , whereas 

the −  mode will have a component at mω ω+ . It is therefore possible to make the 

following assumption for the form of the solution, 
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, (5.25) 

where the coefficients j
iα  are assumed to be time-independent. After plugging (5.25) into 

(5.24), and some straightforward algebra, the following linear system for the coefficients 
j
iα  is obtained: 
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. (5.26) 

From the solution of (5.26), the components 0α+  and 0α−  of the +  and −  modes at ω

are derived: 
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as well as the components α −
+ and α +

− , of the +  and −  modes, respectively at mω ω−  

and mω ω+ : 
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From the mode amplitudes, the outgoing signals iS
−  can be evaluated by making use of 

(5.23). Because they are expressed as linear combinations of the mode amplitudes, these 

signals contain the excitation frequency ω , as well as its two intermodulation products 

mω ω± . Therefore, after dividing iS
−  by the incident signal 1

i tS e ω+ −= , three different 

sets of scattering parameters are extracted: the set of ijS
ω  describing scattering of an 

incident wave at ω  into outgoing waves at the same frequency ω , 
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, (5.31) 

and the sets m
ijS
ω ω± , which describe the scattering of a wave at ω  into outgoing waves at 

frequencies mω ω± , 
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Eqs. (5.31)-(5.33), together with Eqs. (5.27)-(5.30), describe fully the frequency and 

modulation dependency of the scattering of the system. Sω  describes the scattering of 

input signals at ω  into output signals at ω , and it is the quantity of interest to predict the 

isolation performance. The other two matrices mSω ω±  describe the conversion of a portion 

of the input energy at ω  into undesired parasitic output signals at mω ω± , which one 

ideally wants to keep at very low levels.  

 

Performance metrics 

The performance of the device can be evaluated using four relevant metrics: (i) 

the isolation 31 1320log /IS S Sω ω=  of the device, which describes its ability to let an 

acoustic signal flow from port 1 to 3, but not vice versa. A larger isolation requires a 

stronger non-reciprocal response; (ii) the forward insertion loss 3120logIL Sω= − , which 

quantifies the signal loss introduced by the device in transmission; (iii) the reflection 



 73 

coefficient 1120logR Sω= ; (iv) the intermodulation strength of the parasitic signals at 

mω ω± , 3120log mP Sω ω−= . Ideally, the proposed device should provide large isolation, 

low insertion loss, low reflection and low parasitic signals.  

 

Figure 22: Effect of the modulation depth /C Cδ  and modulation frequency mf  on the 
metrics of the circulator at its resonance frequency rω . Top left panel: 
isolation. Top right panel: insertion loss. Bottom left panel: reflection 
coefficient. Bottom right panel: strength of the intermodulation products. 
Points A and B are two design points considered in the text. 

 

Figure 22 shows contour plots for these quantities, calculated at the resonance 

frequency ω±  of the unbiased resonator, for a range of reasonable values for 

[ ]0,1500  Hzmf ∈  and [ ]0/ 0,0.15C Cδ ∈ . I have assumed cavities 3 mm thick with a 

diameter of 1cm, cylindrical internal coupling channels with diameter of 2 mm  and 1 
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mm length, and cylindrical external coupling channels with diameter of 0.5 mm and 1 

mm length. The external square waveguides are 3 mm by 3 mm. This resonator is 

characterized by 18628 Hzf± =  and 12 76.75 sγ π −= . The top left panel shows the value 

of IS , suggesting that there is a specific balance between the choice of modulation 

frequency mf  and depth 0/C Cδ  to achieve isolation up to 50 dB. Too slow modulation, 

with frequencies below 50 Hz, yields high isolation only for unrealistically large values 

of 0/C Cδ , for which perturbation theory may not even properly hold. By increasing mf  

to around 100 Hz, however, it is possible to reach point B in the figure, for which 

0/C Cδ  has its minimum value 0/ 2.5%C Cδ = , while 50dBIS =  is still maximal. By 

further increasing mf , the required modulation depth slightly increases, and one reaches 

point A in the plot ( 0/ 5%C Cδ = , 1200 Hzmf = ), for which the value of IS  has 

decreased a bit, down to 40 dB. These two points are of interest for isolation purposes 

and, to determine the best design, one needs to look at the other metrics under the same 

conditions. For this purpose, let us look next at the reflection, shown in the bottom left 

panel. In order to get low reflections from the device, one needs to operate in the blue 

region. Interestingly, this blue region and the red region of high IS  of the top left panel 

seem to get closer and closer as mf  increases, which indicates that point A is a better 

choice in terms of impedance matching, with 40 dBR = − , as opposed to 10 dBR = −  

for point B. A look to the insertion loss and parasitic signals contour plots, respectively 

the top right and bottom right panels, confirms the overall ideal operation at point A, for 

which 0.3 dBIL =  and 20 dBP = − , to be compared with 3 dBIL =  and 12 dBP = −  

for point B. This study highlights the importance of tailoring both modulation depth and 

frequency, and the tendency of faster modulations to lead to better matching, lower 

insertion loss and parasitic signals levels. Note that the considered values for the 

modulation frequency are more than an order of magnitude below the working frequency, 
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which makes this design very attractive since many actuating solutions are available at 

such low frequencies, as further discussed in 5.4. 

5.3 NUMERICAL MODEL 

To confirm the predictions of our analytical model, I have performed full-wave 

simulations of the optimal device using a finite element method and a custom-made 

frequency domain solver. To model the structure in a full-wave fashion, one needs to 

implement numerically the modulation 0/C Cδ  of the cavity capacitance  

 0 0 0C V β= , (5.34) 

where 0V  is the volume of a cavity and 0β  the compressibility of the acoustic medium 

that is filling it (here silicon rubber). From Eq.(5.34), one sees that in order to realize the 

capacitance modulation, one can keep the bulk modulus constant and change the cavity 

volume. This is the most convenient way to obtain modulation in practice, and it is what I 

propose here as an experimental solution. By physically compressing the cavity, one 

would change its volume, but not the bulk modulus (as long as linearity holds, i.e. for 

small displacements for which Hook's law remains valid), and the change in density 

would not affect the capacitance, which obviously does not depend on such an inertial 

quantity. However, this practical way of modulating the capacitance is not the easiest 

implementation in finite-element simulations, as it involves a dynamically changing 

geometry and a moving mesh. Instead, one can induce exactly the same effect on the 

capacitance by keeping the volume constant but modulating the compressibility 

according to 

 
0 0

C
C
δ δβ

β
= . (5.35) 
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This is what is implemented in my custom-made finite element solver, and it is strictly 

equivalent to the practical case of a volume variation with 0β  constant. To implement the 

code, I start from the general acoustic equations 

 
( )
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0( , ) ( , )

( , ) ( , ) ( , )

dp t t
dt
dt t p t
dt

ρ

β

⎧∇ = −⎪⎪
⎨
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⎪⎩

r u r

u r r r
, (5.36) 

where ( , )p tr  is the acoustic pressure, ( , )tu r  is the particle velocity, 0ρ  is the time 

independent density of the medium, and  

 0( , ) ( ) ( )cos( ( ))mt tβ β δβ ω ϕ= + −r r r r  (5.37) 

is the dynamically modulated compressibility of the structure. By taking the divergence 

of the top equation in (5.36), and using the bottom equation, one gets the wave equation 

 ( )
2

0 2( , ) ( , ) ( , )dp t t p t
dt

ρ βΔ =r r r , (5.38) 

which is the starting point of my numerical model. Next, since the modulation is periodic 

in time, one can use Floquet-Bloch theorem and write 

 ( , ) ( , ) i tp t f t e ω=r r , (5.39) 

where the function f is periodic in time with period equal to the modulation period, 

 2( , ) ( , )
m

f t f tπ
ω

+ =r r . (5.40) 

After a Fourier transform, one obtains the following expansion for the acoustic pressure 

 ( )( , ) ( ) mi n t
n

n
p t f e ω ω+=∑r r , (5.41) 
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i.e., the solution of (5.38) is in general a superposition of a field at ω  and an infinite 

number of harmonics at mnω ω± . By plugging (5.41) into (5.38), the initial differential 

equation with time-dependent coefficient (5.38) is transformed into an infinite linear set 

of coupled time-independent differential equations, one for each harmonic. After some 

straightforward algebra, one obtains for an arbitrary harmonic of order n : 

 ( )2 2 ( ) ( )
0 0 0 1 1

1( ) ( )( ) ( ) ( )( ) ( ) ( )
2

i i
n m n m n nf n f n f e f eϕ ϕρ β ω ω ρ δβ ω ω −

− +Δ + + = − + +r rr r r r r r .(5.42) 

If the modulation frequency is small, it is reasonable to truncate this infinite system to 

{ }1,0,1n = − . One only keeps three coupled differential equations: 
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. (5.43) 

The equations (5.43) are then put in weak form, entered into Comsol and solved 

simultaneously by the frequency domain solver. Scattering boundary conditions are used 

at the ports, and these boundary conditions also include the incident field. The result of 

my simulation is the field profiles at ω  and mω ω± at any excitation frequency ω , from 

which I can determine all the scattering parameters and compare the results to the ones of 

the couple-mode theory analysis [Eqs. (5.31)-(5.33)]. 

Figure 23 shows a comparison between the scattering parameters Sω  obtained 

using the coupled mode analytical model and the ones obtained directly from the 

numerical solver. The agreement between the two methods is excellent. At the resonance 

frequency 18628 Hzf± = , both methods predict an isolation 40dBIS = , excellent 
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matching ( 40 dBR = − ), small intermodulation products ( 20 dBP = − ), and low 

insertion loss, comparable to the best commercially available radio-frequency circulators 

( 0.3 dBIL = ). I stress that this is obtained for acoustic waves, without requiring any 

magnetic bias, and in a fully linear, parametric (noise-free) device. The only difference 

between the curves in the figure is the small asymmetry of the full-wave results around 

the design frequency, with slightly higher transmission values at low frequencies, a small 

effect attributed to the presence of the common mode of the resonator at zero frequency, 

which has been neglected in the analytical calculations. 

Figure 24 shows the acoustic pressure field at the resonance frequency, obtained 

from my numerical simulations, comparing the non-modulated case (panel a) with the 

modulated one (panel b), again assuming operation at point A in Figure 22a, I assume an 

ultrasound signal to be incident from port 1: in the case of the unbiased resonator, the 

wave splits evenly between the two output ports, with 4/9 of the power transmitted to 

waveguide 2, 4/9 to waveguide 3, and 1/9 reflected back, due to the 120°  rotation 

symmetry. Due to the reciprocal nature of the unbiased resonator, such a splitting also 

occurs when the device is excited from port 2 or 3, yielding a symmetric scattering 

matrix. When the modulation is switched on with the right frequency and depth, the 

device routes all the impinging power to the port at the left of the input, inducing 

clockwise non-reciprocal circulation of ultrasound signals, with very small reflection and 

insertion loss. From port 1, the power goes exclusively to port 3, from port 3 it goes to 

port 2, and from 2 to port 1, with a handedness that is opposite to the one of the 
modulation. The coupling between substates +  and − , induced by the modulation 

[see Eq.(5.24)], generates an intra-cavity acoustic state that possesses a null of acoustic 

pressure in cavity 2, preventing any leakage of acoustic energy into the corresponding 
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port. By loading one of the ports with a matched load, it is also possible to turn the 

circulator into a unique two-port ultrasound isolator. 

 

 

Figure 23: Scattering parameters of the device, for modulation at point A in Figure 22, 
versus signal frequency. The analytical results obtained from coupled-mode 
theory (top) are in excellent agreement with full-wave simulations based on 
the finite element method (bottom). 
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Figure 24: Acoustic pressure field for excitation from port 1. When the modulation is 
turned off (panel a), the acoustic signal is evenly split between the output 
ports 2 and 3. When the spatio-temporal modulation with tailored strength 
and frequency is turned on (panel b), it induces strong nonreciprocity by 
completely routing the acoustic signal to port 3, enabling ultrasonic 
circulation. 
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5.4 CONCLUSIONS 

An important feature of the circulator proposed in this chapter is that high levels 

of isolation are obtained for a signal at 18.5 kHz employing a modulation at a much 

lower frequency, i.e., 1.2 kHz. According to Figure 22, even lower modulation 

frequencies are possible, trading off a bit of insertion loss. For the geometry discussed 

here, a total displacement of 150 µm  is required to obtain the targeted volume variation 

of 5%, which is easily achievable at 1200 Hz using conventional actuators. In this 

frequency range, for instance, piezoelectric ceramics can provide the necessary 

compression. Considering that the acoustic properties of materials can be modulated 

much more effectively than the electromagnetic ones (the acoustic index modulation can 

reach tens of percent in magneto-acoustic crystals  [144]), the proposed approach to 

acoustic non-reciprocity appears particularly attractive for sound and ultrasound 

applications. In addition, this solution opens exciting opportunities for high-power 

applications when translated back to the electromagnetic domain, for which conventional 

magnetic-based circulators cannot be applied, and the electronic modulation considered 

in recent papers  [87,88] would fail.  

This design enables compact and large non-reciprocity with low modulation 

frequencies and depth, by using a resonant system to boost the interaction between the 

external acoustic wave and the modulated medium. Therefore, as shown by the coupled-

mode theory analysis, the higher the quality factor Q factor of the quality, the lower the 

required modulation depth and frequency for a given performance. In the presence of 

absorption losses, the Q factor is decreased with respect to the ideal case considered here: 

on top of the radiation losses, one now also has dissipation losses. However, the isolation 

level of the device can be maintained either by increasing the modulation depth and 

frequency, or by decreasing the radiation losses by engineering the coupling to the 
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outside waveguides. The level of isolation, which is due to the presence of a destructive 

interference in front of the output port, does not depend on the presence of losses, 

however the modulation requirements to obtain this destructive interference do depend on 

it. Nevertheless, I would like to underline that the RTV-602 Silicon Rubber material 

assumed here is almost lossless from d.c. to 1 MHz  [143], and that the results of the full-

wave simulations are unaffected by the presence of the small imaginary part in the 

acoustic index of the medium. 

I would like to highlight important differences between this work and ref  [88], in 

which an electromagnetic circulator based on parametrically modulated resonant cavity is 

reported. In particular, the resonant properties of the acoustic structure considered here 

are rather different, due to the difference in wave-matter interactions in acoustic 

resonators. The electromagnetic resonator presented in  [88] is obtained by coupling three 

resonators together, obtaining three different modes by hybridization. Two of them are 

degenerate and counter-propagating, and are used to create the non-reciprocal effect, 

while the other one is a pulsing common mode, which can be suppressed by increasing 

the coupling between the resonant circuits to a very large value (the resonators are indeed 

connected with short circuits). One then operates near the resonance frequency of the 

three resonators. In acoustics, it is not possible to create short circuits without affecting 

irreparably the resonators themselves, and therefore the resonant structure must be 

completely different. In fact, here the device is operated well below the resonance 

frequency of the three cavities, which are coupled to each other only weakly. I am 

working with a lumped resonance mode of the entire loop, and the pulsing mode is forced 

by nature to resonate at 0 Hz. I use this to my advantage by setting the lumped resonance 

frequency of the cavity to be far from d.c. and minimize the effect of the d.c. mode, 

simplifying the design. In both the electromagnetic and acoustic cases, the design 
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constraints and the associated solutions are directly dictated by the physical nature of the 

system, which is evidently very different. Therefore, the analytical and numerical 

modeling of the device are in turn different, as evident by comparing the coupled-mode 

equations used here with the ones in  [88].  

While the proposed device does require an external bias, I stress that, from the 

acoustical standpoint, its functionality is totally passive and the incident acoustic energy 

is conserved through scattering, i.e., no power is extracted from or absorbed by the 

modulation. This implies that no energy needs to be provided to the modulation network 

for the effect to arise, other than the parasitic energy dissipated in the practical 

implementation of the modulation. In addition, although it supports frequency generation 

due to time-dependency, this system is fully linear and does not violate the superposition 

principle, as a non-linear device would, which is largely interesting from a signal's 

perspective. With a size below 2.5 cm, the device is as small as / 6λ , which makes it a 

compact and integrable, noise-free solution for ultrasonic circulation and isolation. It can 

be tuned in real time to modify the value of isolation, insertion loss, reflection, and even 

handedness, by simply modifying the modulation depth, frequency or phase of the 

modulation signals. Finally, I stress that the proposed concept is very general, and it may 

be implemented for other types of mechanical waves and in many frequency ranges, from 

audible sound to thermal phonon frequencies. A broad range of applications can benefit 

from the concept, spanning acoustic imaging and sonar systems, underwater acoustic 

communications, vibration energy concentration and harvesting, signal processing, noise 

control, heat management via thermal phonon engineering, or telecommunications where 

this strategy may be used to build isolated delay lines based on surface acoustic waves 

(SAW) or other types of  non-reciprocal SAW devices. 
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Chapter 6 Photonic Isolation using Linear Momentum Bias 

6.1 INTRODUCTION 

Chapter 5 demonstrated the relevance of spatio-temporal modulation to 

effectively impart angular momentum bias in resonating structures. The method relies 

primarily on using a resonator to boost the interaction between an external wave and the 

modulation, i.e., by using a high-Q resonator, it is possible to induce extreme non-

reciprocal effects with very small modulation frequencies and depths. This chapter aims 

at translating this idea to photonics, in which very high quality factors are possible, and 

weak low-frequency modulation of the index of refraction can be achieved by using 

carrier injection or acousto-optics effects. An example is the ultra high Q optical structure 

reported in  [145],  in which the interaction of light and highly confined hypersound is 

strongly enhanced, which suggests that the fields of cavity-optomechanics and Brillouin 

scattering may be compatible, paving the way to on-chip optical isolation using silicon 

nanophotonic isolators based on photonic-phononic interactions. A more classical 

example are Fabry-Pérot (FP) cavities, whose quality factor can typically reach values of
710  at optical frequencies  [146]. Imparting linear-momentum in a FP cavity can be done 

using a traveling acoustic wave, as in a typical acousto-optic (AO) modulator setup, 

which can achieve small optical refractive index modulation /n nΔ  up to 410−  and 

modulation frequencies up to 500 MHz  [147,148]. Therefore, in this chapter I investigate 

the possibility of inducing giant non-reciprocity for optical beams with the geometry 

shown in Figure 25. The interaction between a monochromatic optical beam and a 

traveling acoustic wave in a highly resonant FP cavity is studied, with the purpose of 

inducing strong non-reciprocity for the optical beam either in transmission (b) or 

reflection (c). Different from the typical acousto-optical modulator design, which uses 

anti-reflection coatings are to minimize the reflection of the optical beam at the faces of 
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the FP cavity, this geometry uses highly reflective coating and aim at working at the FP 

resonance condition, under which total, highly resonant optical transmission occurs. As 

will be demonstrated in this chapter, the highly reflective coatings force the intracavity 

photonic state to have specific frequencies and momenta, and the interaction with the 

acoustic wave can only trigger specific photonic transition in the cavity. It turns out that 

the device can be operated under certain conditions in which the scattered fields possess 

the same frequency as the incident field, which is very different from the typical angular-

frequency comb obtained with non-resonant acoustic-optic modulators. Such a topology 

may also be implemented at a smaller scale, using on-chip silicon nanophotonics, 

following the recent technological progress in this field  [145], which make the 

theoretical results presented in this chapter generally relevant  in the context of the quest 

for on-chip optical isolation. 
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Figure 25: A resonant acoustic-optical isolator is based on a high-Q Fabry-Pérot cavity to 
which linear momentum bias is applied in the form of a traveling acoustic 
wave, which effectively imparts a weak, traveling spatio-temporal 
modulation of the optical index of refraction. One considers the interaction 
of a monochromatic optical beam with such a device, and investigates the 
possibility to realize an optical isolator (b) and a non-reciprocal mirror (c). 

6.2 PERTURBATION THEORY 

I will now propose a theoretical model for the problem of Figure 25. The goal is 

to unveil the physics of such a device in order to predict its performance in terms of non-

reciprocal behavior. Since a monochromatic optical beam is a sum of plane waves with 

same frequency but different incidence angles, I will first consider the case of plane wave 

incidence with an arbitrary incidence angle θ , and consider, as usual in acousto-optical 

problems, that the effect of the acoustic wave is to impart a spatio-temporal modulation 

of the optical refractive index of the form 

 ( , ) ( , ) cos( )m mt t t k yε ε δε ε ε ω= + = +Δ −r r , (6.1) 
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where mω  is the modulation frequency (the frequency of the acoustic wave), and /ε εΔ  is 

the modulation depth. Then, I will use perturbation theory, describing the electromagnetic 

state in the slab as a perturbation of the cavity state when the walls are perfectly 

reflecting and the modulation is absent. This approach is justified here since I have 

assumed that the cavity is highly resonant (i.e. the reflection coefficient of the coating is 

close to unity) and the modulation is weak (typical values are 5 410 10− −−  in most 

practical set-ups, and are bounded by heat dissipation limitations). 
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Modeling steps 

 

Figure 26: Different perturbation steps taken to derive the final model. The unperturbed 
cavity (a) assumes perfectly reflecting walls, and no modulation. The first 
step is to consider the perturbative effect of the acoustic wave on the 
intracavity electromagnetic state (b). Then, the walls are considered as 
slightly penetrable (c). Finally, one adds the incident plane wave, with 
incident momentum ink  and transverse momentum tk . 
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Step 1: Unperturbed cavity states 

The starting point of the perturbation theory approach is to consider the 

unperturbed cavity, which is the FP cavity with perfect walls, e.g. walls made of perfect 

electric conductors (PEC), as represented in Figure 26a. The intracavity field must satisfy 

Maxwell's equation, which one writes in Schrödinger form, following  [149]. One has 

 ˆ di
dt

ψ ψΘ = , (6.2) 

where the state is defined as 

 ψ
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

D
H

, (6.3) 

and the operator 

 Θ̂ =
0 i∇×…

−
1
µ0
i∇× 1

ε
… 0

%

&

'
'
'

(

)

*
*
*

 (6.4) 

plays the role of a Hamiltonian (i.e. the time-evolution operator). Because of translational 

invariance along y , the time-harmonic eigenmodes of the cavity can be indexed by their 

transverse wave number tk  [6], polarization p , and order n . Such modes, noted 

, ,tp k n  satisfy the PEC boundary conditions at the walls and, noting , ,tp k nω  their 

resonance frequency, one has 

 , ,
ˆ , , , ,

tt p k n tp k n p k nωΘ = . (6.5) 

Any electromagnetic state ψ  can be expanded in this basis or orthogonal modes 

 , ,
, ,

, ,
t

t

p k n t
p k n

a p k nψ = ∑ , (6.6) 

where , ,tp k na  are the complex time-dependent components of the state along the 

eigenmodes of the cavity. Because such electromagnetic state must satisfy Maxwell's 
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equations (6.2), one obtains by plugging (6.6) into (6.2) the following dynamic equation 

for the amplitudes  

 !ap,kt ,n = −iω p,kt ,n
ap,kt ,n ,  (6.7) 

i.e. the modes are uncoupled since their amplitudes are independent and oscillate at their 

corresponding resonance frequencies. 

Step 2: Add the modulation 

The next step is to take the modulation into account (see Figure 26b). In the presence of a 

small index modulation 

 ( , ) ( , ) cos( )m mt t t k yε ε δε ε ε ω= + = +Δ −r r , (6.8) 

which corresponds to the acoustic wave, Eq. (6.2) is modified by the appearance of a 

perturbation term that depends on ( , )tδε r . By plugging (6.8) into Maxwell's equations, 

on arrives at  

 ˆ ˆ( ) dV i
dt

ψ ψΘ+ = , (6.9) 

where 

 V̂ =
0 0

1
µ0
i∇× δε(r,t)

ε 2
… 0

#

$

%
%
%

&

'

(
(
(

. (6.10) 

Obviously, the eigenvectors , ,tp k n  of the unperturbed Hamiltonian (6.4) are no longer 

eigenvectors of the perturbed system, however, since they form a complete mathematical 
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basis, one can still use them to expand any electromagnetic state in the perturbed cavity, 

at any time 𝑡, writing 

 , ,
, ,

( ) , ,
t

t

p k n t
p k n

a t p k nψ = ∑ . (6.11) 

Once again, enforcing Maxwell's equations by plugging (6.11) into (6.9), one obtains the 

following differential equations for the amplitude of the modes (temporal coupled-mode 

equations) 

 !ap,kt ,n = −iω p,kt ,n
ap,kt ,n − i p,kt ,n V̂ !p , !kt , !n

!p , !kt , !n
∑ a !p , !kt , !n

, (6.12) 

i.e., the modes are now coupled to each other by the modulation as long as the matrix 

element of the perturbation operator V̂  between them is nonzero. In the derivation of 

(6.12), I have assumed that the eigenmodes of the unperturbed cavity have been 

normalized with respect to the scalar product defined as 

 1 2 0
1dV µ
ε
⎛ ⎞Ψ Ψ = ⋅ + ⋅⎜ ⎟
⎝ ⎠∫ * *

1 2 1 2D D H H . (6.13) 

Step 3: Make the walls slightly penetrable 

 The next step is to consider the perturbation of Eq. (6.12) when the walls are no 

longer perfectly reflecting, but when they are slightly penetrable, which is equivalent to 

saying that the modes are able to leak out of the cavity with decay constants 1γ τ −=  

through the partially reflective coatings on both faces (see Figure 26c), where τ  is the 

large decay time of the mode amplitude. Let's note 1
1τ
−  the decay rate at the left interface, 

which is potentially different than the one 1
2τ
−  at the right interface. As usual in temporal 

coupled mode theory, radiative damping modifies Eq. (6.12) as  [6] 
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 !ap,kt ,n = (−iω p,kt ,n
−τ1

−1 −τ 2
−1)ap,kt ,n − i p,kt ,n V̂ "p , "kt , "n

"p , "kt , "n
∑ a "p , "kt , "n

, (6.14) 

where I have assumed that the decay constants are independent of the frequency, which is 

a reasonable assumption in the case of dielectric mirrors. The decay rates 1
1τ
−  ( 1

2τ
− ) are 

actually directly related to the power reflectance 1R  ( 2R ). This is easy to prove 

considering that the quality factor Q  of the unbiased FP cavity resonance at a frequency 

0ω  is given by the well-known expression  [146] 

 0 0 2

2 1 2

1

in

L RQ
c T T R
ω +

=
+

,  (6.15) 

where 1T R= −  is the transmittance of a mirror, 0L  is the distance that a given ray 

travels in the cavity without being reflected (equal to the cavity thickness if normal 

incidence is assumed), and inc  is the velocity of light in the slab material. The expression 

(6.15), in the case of highly reflective walls, becomes 

 0 0

1 2

2

in

LQ
c T T
ω

≈
+

. (6.16) 

On the other hand, it is a well-known result of temporal coupled-mode theory that for a 

given two port cavity resonating at 0ω , the quality factor is given by  [6] 

 0
1 1

1 22( )
Q ω

τ τ− −
=

+
. (6.17) 

Comparing (6.16) and (6.17), one obtains  

 1,21
1,2

0 4
in Tc
L

τ − = , (6.18) 

and introducing the ratio 1 1
1 2/q τ τ− −= , on can write 
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 1 1

2 2

1
1

T Rq
T R

−
= =

−
. (6.19) 

Step 4: Include the excitation 

 To obtain an explicit form for the coupled-mode equations (6.14), one needs to 
calculate the matrix elements ˆ, , , ,t tp k n V p k nʹ′ ʹ′ ʹ′ , which depend on the index 

modulation (6.8). At this point it is good to assume the specific form of the plane wave 

excitation, to simplify calculations a bit. As represented in Figure 26d, I consider a plane 

wave obliquely incident on the slab with an incident momentum ik , whose transverse 

component is noted tk . I assume incident a TE polarized plane wave with fixed 

frequency and given transverse wave number  (i.e. angle of incidence), and no cross-

polarization coupling at the partially reflective surfaces. It is incident from the left side 

with a complex amplitude noted 1S
+ . By conservation of transverse momentum 

(translational invariance along y), the incident field can only directly couple to those TE 

modes of the cavity with same transverse wave number tk . Next I assume that the 

frequency of the incident field is close to the resonance frequency of one of the modes, of 

order n , the only one with which it can efficiently couple: 

 0 sin( ) tik yn x e
d
π

+ =Ε Ε . (6.20) 

According to coupled mode theory  [6], one can include the coupling term from the 

excitation signal by adding it to the dynamic equation for the complex amplitude a+  of 

the mode (6.20), obtaining 

 !a
+
= (−iω

+
−τ1

−1 −τ 2
−1)a

+
− i kt ,n V̂ !kt , !n

!kt , !n
∑ a !kt , !n

+ 2τ1
−1s1

+ . (6.21) 
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One sees that the modulation can couple this mode to other modes when the coefficient is 

non-zero: 

 ˆ, , ( , ) .t tk n V k n dV tω δε ʹ′+ +ʹ′ ʹ′ = − ∫ *
nr E E . (6.22) 

One can calculate the matrix element in (6.22) explicitly using (6.8) and (6.20). After a 

first calculation step, one obtains for the right hand side of (6.22) the following integral  

 ( ) ( ),

0. cos( )sin sink nt t ti t i k k y
m m

n x n xe dxdy t k y e
d d

ω ω π π
ω ε ωʹ′ ʹ′+ − ʹ′−

ʹ′+

ʹ′⎛ ⎞ ⎛ ⎞− Δ − ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠∫ *

0,nE E , (6.23) 

which is straightforward to calculate, finally obtaining 

 ( ) ( ),

,
ˆ, ,

2
k nt m m

t t m t t m

i t i t i t
t t n n k k k k k k

nk n V k n e e e
n

ω ω ω ωω δ δ δʹ′ ʹ′+ − −
ʹ′ ʹ′ ʹ′+ − − − +

Δ
ʹ′ ʹ′ = − + . (6.24) 

The process is therefore the following: the excitation excites the mode ,t nk  to which it 

is close in frequency. Then, according to (6.24) the modulation couples this mode to only 

two other modes, on the same FP band with same order n , but distant by mk , the 

modulation wavenumber. This second coupling step is represented in Figure 27. This 

ladder coupling process repeats and a momentum comb of modes is generally excited. 

However, if one assumes that mk  is close to the Brillouin condition 2m t=k k , as 

represented in Figure 28, the coupling to all these modes is negligible, except for the one 

with wavenumber t m t− = −k k k . Indeed, when 2m t=k k , the excitation signal directly 

couples to two modes. One is the backward mode (with transverse momentum 

t m t− = −k k k , noted − ) and is at the same frequency ω±  as the initial mode (with 

transverse momentum tk , noted ,n+ = tk ), and one (with transverse momentum 

3t m t+ =k k k , noted 3+ ) is at a higher frequency. The coupled mode equation for the 

amplitude of the initial mode +  then reads  
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 !a
+
= (−iω

+
−τ1

−1 −τ 2
−1)a

+
+ iω

+

Δn
2n
e−iωmta

−
+ iω

+

Δn
2n
ei (ω++ωm−ω3+ )ta3+ + 2τ1

−1s1
+ . (6.25) 

One can see that the coupling term in front of 3a +  involves a rapidly oscillating 

exponential term, unlike the one in front of a− , which is almost constant ( mω  is very 

small compared with ω± ). Recalling that upon integration, i te ω  gives a factor 1/ω , one 

can see that the coupling to 3a +  is negligible and can be safely neglected. A fortiori, 

subsequent coupling terms will be multiplied by even faster oscillating terms, and can be 
neglected, leaving only the modes +  and −  as represented by blue points in Figure 

28. Keeping only the secular terms, one obtains the final equation for the amplitude of the 

+  mode  

 !a
+
= (−iω

+
−τ1

−1 −τ 2
−1)a

+
+ iω

+

Δn
2n
e−iωmta

−
+ 2τ1

−1S1
+ . (6.26) 

Applying the same reasoning also to a− , one obtains the following system of differential 

equations for the time-evolution of the mode amplitudes in the modulated system 

 
!a
+
= (−iω

+
−τ1

−1 −τ 2
−1)a

+
+ iω

+

Δn
2n
e−iωmta

−
+ 2τ1

−1S1
+

!a
−
= (−iω

−
−τ1

−1 −τ 2
−1)a

−
+ iω

−

Δn
2n
eiωmta

+

#

$
%%

&
%
%

. (6.27) 
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Figure 27: Band structure of a FP resonator (first 5 mode, blue bands). The excitation 
with transverse momentum tk  couples to the FP mode with closest 
resonance frequency (blue point). Then, the modulation couples this initially 
excited mode to two other modes distant by mk  on the same branch (red 
points). In general this process repeats, generating a transverse momentum 
comb of excited modes. 
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Figure 28: Under the Brillouin condition 2m t=k k , the process described in Figure 27 
leads to the domination of two modes (in blue), at tk  and t m t− = −k k k . 
The excitation of all the other modes (for instance the red one at 

3t m t+ =k k k ) is negligible. 

Scattering parameters 

So far, I have only considered the internal electromagnetic state excited when a 

plane wave is obliquely incident with positive tk , as in Figure 25. Such excitation 

excites two modes: one with transverse wave number tk , and one with wave number t−k

. These excited currents re-radiate the scattered field, which leak out of the cavity into the 

surrounding free-space through the partially reflective surfaces. This consideration leads 

me to consider the slab as a four-port linear device, represented in Figure 29. I define 4 

ports, and at each port i  a wave can be incident with amplitude iS
+  or outgoing with 

amplitude iS
− .  
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Figure 29: Definition of the ports, incoming and outgoing signals for a linear momentum 
biased FP cavity. 

By generalizing equation (6.27), one obtains a master equation system for the dynamics 

of the two excited modes: 

 
!a
+
= (−iω

+
−τ1

−1 −τ 2
−1)a

+
+ iω

+

Δn
2n
e−iωmta

−
+ 2τ1

−1S1
+ + 2τ 2

−1S4
+

!a
−
= (−iω

−
−τ1

−1 −τ 2
−1)a

−
+ iω

−

Δn
2n
eiωmta

+
+ 2τ1

−1S2
+ + 2τ 2

−1S3
+

#

$
%%

&
%
%

. (6.28) 

The outgoing signals are calculated as a superposition between the direct reflection from 

the ports and what leaks out of the cavity: 

 

1
1 1 1

1
2 2 1

1
4 4 2

1
3 3 2

2

2

2

2

S S a

S S a

S S a

S S a

τ

τ

τ

τ

− + −
+

− + −
−

− + −
+

− + −
−

⎧ = − +
⎪
⎪ = − +⎪
⎨

= − +⎪
⎪
⎪ = − +⎩

. (6.29) 
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From (6.28) and (6.29), it is possible to calculate the scattering parameters of the 

device, by following a similar procedure as what has already been done in chapter 5. In 

the calculation, I used the following set of short hand notations: 

 

1

2

3

4

1
2( 1)

2( 1)

1
1

1
1
2

/  

m

i i

qT
q

q
T

q
qT
q

T
q

nK
n

ω ω±

−⎧ =⎪ +
⎪
⎪

=⎪
+⎪

⎪
=⎪

⎨ +
⎪
⎪ =
⎪ +
⎪

Δ⎪ =
⎪
⎪Ω =⎩

. (6.30) 

After a lengthy but straightforward calculation, one obtains the scattering parameters Sω , 

describing the scattering of a signal at ω  into outgoing signals at the same frequency ω : 

 
( )( )
( )( )

1 1 2
1

11 1 1 2

1 1 / 2

1 / 2 1 / 2
m m

m m

iQ T iQ K
S

iQ iQ K
ω

− −

− −

−Ω + Ω− −Ω + +
=

Ω− + Ω− −Ω + −
, (6.31) 

 
( )( )
( )( )

1 1 2
1

22 1 1 2

1 1 / 2

1 / 2 1 / 2
m m

m m

iQ T iQ K
S

iQ iQ K
ω

− −

− −

−Ω + Ω− +Ω + +
=

Ω− + Ω− +Ω + −
, (6.32) 

 
( )( )
( )( )

1 1 2
1

44 1 1 2

1 1 / 2

1 / 2 1 / 2
m m

m m

iQ T iQ K
S

iQ iQ K
ω

− −

− −

−Ω− Ω− −Ω + +
=

Ω− + Ω− −Ω + −
, (6.33) 

 
( )( )
( )( )

1 1 2
1

33 1 1 2

1 1 / 2

1 / 2 1 / 2
m m

m m

iQ T iQ K
S

iQ iQ K
ω

− −

− −

−Ω− Ω− +Ω + +
=

Ω− + Ω− +Ω + −
, (6.34) 
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( )

( )( )

1 1
2

41 14 1 1 2

1 / 2

1 / 2 1 / 2
m

m m

iQ T iQ
S S

iQ iQ K
ω ω

− −

− −

Ω − −Ω +
= =

Ω− + Ω− −Ω + −
, (6.35) 

 
( )

( )( )

1 1
2

32 23 1 1 2

1 / 2

1 / 2 1 / 2
m

m m

iQ T iQ
S S

iQ iQ K
ω ω

− −

− −

Ω − +Ω +
= =

Ω− + Ω− +Ω + −
, (6.36) 

and  

 31 13 34 43 24 42 21 12 0S S S S S S S Sω ω ω ω ω ω ω ω= = = = = = = = . (6.37) 

One also obtains the matrix mSω ω− , which describes the scattering of incident signals at ω  

into outgoing signals at mω ω− : 

 
( )( )

1
3

21 1 1 21 / 2 1 / 2
m m

m m

iQ T KS
iQ iQ K

ω ω
−

−

− −
=

Ω− + Ω− −Ω + −
, (6.38) 

 
( )( )

1
2

31 24 1 1 21 / 2 1 / 2
m m m

m m

iQ T KS S
iQ iQ K

ω ω ω ω
−

− −

− −
= =

Ω− + Ω− −Ω + −
, (6.39) 

 
( )( )

1
4

34 1 1 21 / 2 1 / 2
m m

m m

iQ T KS
iQ iQ K

ω ω
−

−

− −
=

Ω− + Ω− −Ω + −
, (6.40) 

and 

 
13 43 42 12

11 22 44 33

41 14 32 23

0

0

0

m m m m

m m m m

m m m m

S S S S

S S S S

S S S S

ω ω ω ω ω ω ω ω

ω ω ω ω ω ω ω ω

ω ω ω ω ω ω ω ω

− − − −

− − − −

− − − −

⎧ = = = =
⎪

= = = =⎨
⎪ = = = =⎩

. (6.41) 

Finally, the matrix mSω ω+ , which describes the scattering of incident signals at ω  into 

outgoing signals at mω ω− , reads 

 
( )( )

1
3

12 1 1 21 / 2 1 / 2
m m

m m

iQ T KS
iQ iQ K

ω ω
−

+

− −
=

Ω− + Ω− +Ω + −
, (6.42) 
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( )( )

1
2

13 42 1 1 21 / 2 1 / 2
m m m

m m

iQ T KS S
iQ iQ K

ω ω ω ω
−

+ +

− −
= =

Ω− + Ω− +Ω + −
, (6.43) 

 
( )( )

1
4

43 1 1 21 / 2 1 / 2
m m

m m

iQ T KS
iQ iQ K

ω ω
−

+

− −
=

Ω− + Ω− +Ω + −
, (6.44) 

and  

 
31 34 24 21

11 22 44 33

41 14 32 23

0

0

0

m m m m

m m m m

m m m m

S S S S

S S S S

S S S S

ω ω ω ω ω ω ω ω

ω ω ω ω ω ω ω ω

ω ω ω ω ω ω ω ω

+ + + +

+ + + +

+ + + +

⎧ = = = =
⎪

= = = =⎨
⎪ = = = =⎩

. (6.45) 

 Equations (6.31) to (6.45) fully describe how the modulated device interacts with 

plane waves under the Brillouin condition 2m t=k k . By looking at these equations, and 

especially at the null scattering parameters, one can summarize the behavior of the device 

as in Figure 30, where I show how the device scatters a wave at the frequency ω  and 

converts it into different frequency signals, depending on whether the wave is incident 

along or against the modulation momentum. As in chapter 5, we shall see below that 

these intermodulation products can be neglecting if the device is properly designed. 
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Figure 30: Schematics of scattering behavior for plane wave incidence at ω  along (left) 
and against (right) the modulation direction. 
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6.3 OPTIMIZATION 

Typical scattering spectrum 

To picture better the behavior of the device, let us plot the scattering parameters 

versus frequency for a given set of modulation parameters. Figure 31 shows the typical 

shape of the scattering spectrum, obtained for 20mQK =  and 25mQΩ = , 55.10Q = and 

1q = 1.  

 

Figure 31: Typical scattering spectrum for the device of Figure 29, obtained for 
20mQκ =  and 25mQΩ = . The top plot represents Sω , while the bottom 

plot represents mSω ω± . 
                                                
1 A study of the effect of the parameters q shows no interesting effect from the asymmetry of the structure 
(not reported here, for brevity). I therefore assume 1q = in the following, i.e. symmetric mirrors. 
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First of all, one notices that the modulation makes the device strongly non-

reciprocal in transmission, and strong isolation contrasts between 41S
ω  and 23S

ω  are 

obtained up to 40 dB at the maximum of 41S
ω  (blue curve in top panel). However, the level 

of reflection 11S
ω  is quite high in this unoptimized setting (-10 dB), and the level of the 

parasitic signals is also pretty high ( 21
mSω ω− is also around -10dB). It is therefore necessary 

to find the optimal modulation depth and frequency to have good matching from the slab 

and minimize parasitic signals. To do that, it is necessary to understand better the shape 

of the scattering spectrum in Figure 31, especially the nature of the transmission peaks 

and dips. 

Cavity eigenstates 

Peak and dips in the transmission spectra of a resonant system are typically due to 

resonant excitation of cavity eigenstates, like in the case of a FP peak, and modal 

interferences between these states, like in the case of a Fano resonance. Until now, one is 

not able to understand the peaks and dips in Figure 31 because our theoretical model has 

only dealt with the eigenstates of the unbiased cavity. I now study the eigenstates of the 

biased cavity in order to better explain Figure 31. 

Starting from (6.28), particularized for the unexcited cavity, and neglecting radiative 

decay, one has 

 
!a
+
= −iω

±
+ iω

±
Kme

−iωmta
−

!a
−
= −iω

±
a
−
+ iω

±
Kme

iωmta
+

"
#
$

%$
. (6.46) 

Self-sustained field oscillation in the cavity may be found after making the variable 

change  
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mi t

a

a e ω

α

α
+ +

−
− −

=⎧⎪
⎨

=⎪⎩
. (6.47) 

The above variable change gets rid of time-dependent coefficients in Eq. (6.46), and one 

obtains the following differential equation: 

 ˆdi H
dt αα α= , (6.48) 

with  

 
α

α
α
+

−

⎛ ⎞
= ⎜ ⎟
⎝ ⎠

, (6.49) 

and the time evolution operator  

 1 1

1 1

ˆ m

m m

K
H

Kα

ω ω

ω ω ω

−⎛ ⎞
= ⎜ ⎟− +⎝ ⎠

. (6.50) 

The general mathematical solution of (6.48) has the form 

 1 2
1 1 2 2

i t i tC e C eα αα α α− −= + , (6.51) 

where 1C  and 2C  are time-independent constants, and 1,2α  are the eigenvalues of Ĥα
 

and 1,2α  the associated eigenvalues. One introduces the quantities: 

 2m mKκ = , (6.52) 

 / 2αω ω ω±= −Δ , (6.53) 

 / 2βω ω ω±= +Δ , (6.54) 

and 
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 2 2 2
1m m mω ω ω κ ωΔ = + − . (6.55) 

The diagonalization of a real Hermitian matrix like Ĥα  is straightforward after its 

decomposition into symmetric and antisymmetric parts, and one obtains 

 2 2 2
1 1

1 (2 )
2 m m mα ω ω ω ω κ± = + ± + . (6.56) 

The corresponding eigenvectors are  

 
1

m

ω
ω κα ±+

Δ⎛ ⎞−⎜ ⎟= ⎜ ⎟
⎜ ⎟
⎝ ⎠

, (6.57) 

 
1

m

α ω
ω κ

−

±

⎛ ⎞
⎜ ⎟= Δ⎜ ⎟
⎜ ⎟
⎝ ⎠

. (6.58) 

Finally, using (6.47), one gets 

 

( )
1 2

( )
1 2

m

m

i t i t

m

i t i t

m

a C e C e

a C e C e

β α

β α

ω ω ω

ω ω ω

ω
ω κ

ω
ω κ

− + −
+

±

− − −
−

±

Δ⎧ = − +⎪⎪
⎨

Δ⎪ = +
⎪⎩

. (6.59) 

Using (6.11), one can finally write the general form of the state inside the cavity as 

 ( )( )
2 1

mm i t i ti t i t

m m

C e e C e eβ βα α ω ω ωω ω ωω ω
ψ

ω κ ω κ
− − +− − −

± ±

⎧ ⎫ ⎧ ⎫Δ Δ
= + + − + + − +⎨ ⎬ ⎨ ⎬

⎩ ⎭ ⎩ ⎭
.(6.60) 
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Eq. (6.60) tells us that the general solution for the intracavity field in absence of 

excitation always has the form of a superposition of two fields. By definition, these are 

the eigenstates2 of the structure: 

 ( )mi t i t

m

e eα αω ω ωω
α

ω κ
− − −

±

Δ
= + + − , (6.61) 

 ( )mi t i t

m

e eβ βω ω ωω
β

ω κ
− − +

±

Δ
= + − + . (6.62) 

The effect of the bias on the resonant properties of the resonator is summarized by the 

diagram of Figure 32. The effect of the linear momentum bias is to lift the degeneracy of 
the unbiased cavity modes +  and − . The two new eigenstates  (dashed rectangular 

boxes) are composed of signals that have the +  and −  mode profiles but oscillate 

with different frequencies.  

 Now one can understand the transmission peaks in 41S
ω  and 23S

ω  in Figure 31. An 

external incident plane wave will show a transmission peak when resonant transmission 
through one of the eigenmodes α  or β  occurs, i.e. when its frequency matches one of 

the frequencies contained in either α  or β . On top of that, the mode profile 

associated with the frequency ( +  and − ) must have the same tk  as the incident 

wave, and so one can only expect two transmission peaks for excitation at a given angle. 

Let us take 41S
ω  for instance. According to the ports definitions defined in Figure 29, I am 

exciting the structure from the bottom left in the direction of the momentum bias and am 

looking at the transmission at the top right of the slab. Such an excitation can only match 

                                                
2 Usually, one defines an eigenstate for linear time-independent systems. However, if the Hamiltonian of a 
system is periodic with period 2 / mπ ω , it is always possible to find the solution as a superposition of 

fields made of an infinite number of frequency components distant by mω , as I demonstrated in 5.3.   
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the tk  of the +  modes profiles. Looking at Figure 32, or equivalently Eq. (6.61) and 

(6.62), one can couple to a +  modes profile only at two frequencies: αω  to resonantly 

transmit through the α  eigenstate, and mβω ω+  to resonantly transmit through β . 

Conversely, since 23S
ω  corresponds to excitation against the linear momentum, one can 

only tunnel through −  mode profile, which occurs at βω  and mαω ω− . The dip can be 

interpreted as a Fano interference between the α  or β  that happen to be excited with 

the right phases and magnitudes at the frequency of the dip to interfere destructively. 

 

 

Figure 32: The effect of the linear momentum bias is to lift the degeneracy of the 
unbiased cavity modes +  and − . The two new eigenstates  (dashed 
rectangular boxes) are composed of signals that have the +  and −  mode 
profiles but oscillate with different frequencies. 

Parametric study 

 It is advantageous to maximize the non-reciprocal response of the device 

(operated, say in transmission between port 1 and 4) to operate at the frequency αω  for 

which the transmission contrast between 23S
ω  and 41S

ω  (the isolation in transmission mode) 

is the highest and the insertion loss the lowest. Let us optimize all these parameters. 
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One starts by calculating the value of the relevant S-parameters at αω : 

 
( ) ( )

( ) ( )

2 2

41 2 2 2

4
2

2 4

m m m

m m

Q QK Q i
S T

Q QK iα

ω

ω ω=
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, (6.63) 

 
( ) ( )

( ) ( ) ( )
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1 4 3
2
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, (6.64) 
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(6.67) 

from which one also obtains the expression for the isolation: 
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One can see that these quantities only depend on two dimensionless parameters, 

the first one, mQK , is linked to the modulation strength, and the second one, mQΩ , is 

linked to the modulation frequency. Figure 33 shows contour plots of the insertion loss 

for transmission through the slab from port 1 to 4 and the corresponding value of 

isolation. One can see that high value of isolation and transmission are simultaneously 

possible if the Q factor of the slab sufficiently compensates for the weakness of the 

modulation strength and frequency. 
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Figure 33:  Effect of the modulation depth and frequency on the insertion loss through the 
slab (top) and corresponding isolation (bottom). 
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Figure 34: Same as Figure 33 but for all the reflected signals that one wants to maintain 
at low levels. 
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Figure 34 shows the signals that would be desirable to keep at low levels, i.e., the 

reflected signals at the same frequency or at the intermodulated frequencies. One can see 

that under the conditions of high transmission and high isolation determined in Figure 33 

(e.g. =100, 3000m mQK QΩ = ), the reflected signals are all very small, which confirms 

the relevance of high quality factor cavities for such an effect to become highly efficient 

and strong non-reciprocity to arise. Finally, I plot an optimized setting corresponding to 

=100, 3000m mQK QΩ = , on Figure 35. One can see that under such conditions, the slab 

behaves like a perfect isolator and a perfect non-reciprocal mirror at the same time. 

 

Figure 35: Scattering parameters for an optimized setting, showing excellent isolation 
with near- zero insertion losses and all reflected signals below 30dB. 
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6.5 THE CASE OF ELECTROMAGNETIC BEAMS 

Geometry 

So far in this chapter, I have treated the ideal case of plane wave incidence, whose 

transverse momentum was assumed to fulfill the Brillouin condition 2m t=k k . However, 

realistic optical beams contain many plane-waves, whose transverse momentum does not 

fulfill this condition. In this section, I study the non-reciprocal power transmission 

through the slab assuming an incident monochromatic 2D Gaussian beam of frequency 

0ω . To do so, it is a bit easier to work in the rotated coordinate system of Figure 36. I 

note θ  the angle of incidence of the beam, i.e., the angle around which the beam is 

centered, and the acoustic modulation is supposed to fulfill the condition 2m t=k k  for a 

plane wave incident at this angle. 

 

Figure 36: Coordinate system used in this section, in which the effect of having a realistic 
finite-waist Gaussian beam as input signal are studied. 

Noting D  the width of the beam in its focal plane (FWHM, i.e. the full width at 

half maximum), the expression for the incident electric field is therefore 
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2

( , ) ( , )exp 4ln 2 ikzxE x z A x z e
D

⎡ ⎤⎛ ⎞= −⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

, (6.69) 

where ( , )A x z  accounts for the beam diffraction, and one assumes focalization at the slab 

entrance, i.e., 

 ( ,0) 1A x = . (6.70) 

This incident field is expanded into plane waves, obtaining another Gaussian in the 

reciprocal space 

 E(x,0) = 1
2π

!E(kx ,0)
−∞

+∞

∫ eikxxdkx , (6.71) 

and the Fourier transform !E(kx ,0)  is calculated as 

 !E(kx ,0) = D
π
4ln2

exp −
D2kx

2

16ln2

"

#
$
$

%

&
'
'
, (6.72) 

i.e., it is also a Gaussian beam and the FWHM is inversely proportional to D : 

 8ln 2 /FWHM D= . (6.73) 

Therefore, the smaller the width D  of the beam is, the more its plane wave components 

are spread away from the ideal Brillouin condition. The reflected and transmitted fields 

can be calculated similarly using 

 E(x, z) = 1
2π

!E(kx , z)
−∞

+∞

∫ eikxxdkx , (6.74) 

where !E(kx , z)  is evaluated using the transfer function ( , )xH k z , which denote the 

adequate scattering parameter for the plane wave with the wavenumber component xk : 
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 E(x, z) = 1
2π

!E(kx ,0)
−∞

+∞

∫ H (kx , z)e
ikxxdkx . (6.75) 

Scattering parameters 

Assuming that one knows these scattering parameters, the total reflectance of the 

beam at the frequency ω , for instance, is given by integrating the total reflected power 

and normalizing it by the incident one: 

 R11
ω =

dkx
−∞

+∞

∫ S11
ω (kx ,ω) !E(kx ,0)

2

dkx
−∞

+∞

∫ !E(kx ,0)
2

,  (6.76) 

while its transmittance is, similarly, given by 

 T41
ω =

dkx
−∞

+∞

∫ S41
ω (kx ,ω) !E(kx ,0)

2

dkx
−∞

+∞

∫ !E(kx ,0)
2

. (6.77) 

Transmission to other ports and intermodulation transmittance can be calculated 

along the same principle. Therefore, one just needs to calculate the S parameters for all 

the plane wave components of the beam. Note that one cannot just use the formulas from 

the precious section, as they were derived assuming the Brillouin condition that is not 

true here except for the 0xk =  component. Here, the situation is slightly more 

complicated, and is illustrated in Figure 37. The excitation is now a Gaussian beam, 

which contains significant tk  components in a window around the design point. One 

assumes that this window is small compared to the distance between modes around the 
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design point at the excitation frequency. I have previously calculated the S parameters for 

the component of the beam at the design point (blue point), but now I need to calculate 

them for all the other components. Any other component does not match the mode 

frequency and will only partially excite the closest cavity modes with same tk , which 

are modes on the same branch of the design point. For instance, the green dot component 

of the beam will excite the orange dot mode just below, whose resonance frequency is 

different than the excitation frequency. Then, as previously explained, the orange dot will 

exclusively couple to the backward orange mode on the left, distant by mk . 

 

 

Figure 37: A monochromatic Gaussian beam is a superposition of many plane wave 
components around tk . These components (like the green dot) all couple to 
the nearest band (the yellow dot on the right) and the modulation induces 
photonic transitions to the corresponding eigenmodes at t m−k k  (yellow dot 
on the left). 
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For a given beam component xk , one can only couple to two intracavity modes, 

just like before. However, the difference is that the resonance frequencies of these modes 

are different and depend on xk . Let us note ω+  the resonance frequency of the first mode, 

and ω−  the second one. One assumes the decay rate to be the same for the two modes, 

which is equivalent to saying that the reflectivity of the PRS is constant in a close 

frequency range around the operation frequency and independent on the angle (non 

spatially dispersive). 

The coupled-mode equations (6.28) are therefore modified into: 
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 (6.78) 

From (6.78), one derives the S-parameters as previously done in the case 0xk = . One 

obtains the scattering parameters Sω , describing the scattering of a signal at ω  into 

outgoing signals at the same frequency ω . Noting 0/i iω ωΩ =  the reduced frequencies, 

they read 
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, (6.79) 
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and  

 31 13 34 43 24 42 21 12 0S S S S S S S Sω ω ω ω ω ω ω ω= = = = = = = = . (6.85) 

One also obtains the matrix mSω ω− , which describes the scattering of incident signals at ω  

into outgoing signals at mω ω− : 
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and 
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Finally, the matrix mSω ω+ , which describes the scattering of incident signals at ω  into 

outgoing signals at mω ω− : 
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and  
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In Eqs. (6.79)-(6.93), the dependency of the scattering parameters upon the x-component 

of the wave number xk  is implicitly contained in the reduced frequencies ω± , which I 

now calculate. To do so, I use the fact that FP peaks for the unbiased FP interferometer 

occur whenever 

 ( ) 1 2

1 2

2
2 2 2 2

2 2
2
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t R R x in t
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L k k n k c k
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π ϕ ϕ

ϕ ϕ π ω
− −⎛ ⎞
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⎝ ⎠

, (6.94) 

where L  is the slab thickness, 
1R

ϕ , 
2R

ϕ are the phases of the reflection coefficients at the 

two mirrors, and tk , the incident wave number component along the direction t

transverse to the slab, is easily calculated as 

 ( ) ( )2 2
0. . cos sint x x i ik k k k θ θ= = + − +inck t x z x z . (6.95) 

One obtains finally: 
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6.6 FEASIBILITY WITH ACOUSTO-OPTIC MATERIALS 

 I now investigate what is really achievable in terms of performance using 

realistic technological constraints and materials. The materials assumed here is TeO2, 

whose refractive index is 2.26 at the optical design frequency of 633 nm. The modulation 

is fixed to 100MHz, which is typical in acousto-optical modulators  [147] and the 

modulation depth to 6/ 10n n −Δ = , which is achievable with realistic power levels while 

avoiding heat dissipation issues. The speed of sound in TeO2 is 4260 m/s, and at the 

considered frequency damping of the acoustic wave is negligible over the considered 

length. The slab is assumed to be 5 mm thick, however the modulation can only be 

achieved over 3mm, due to typical transducer sizes at 100MHz3. The other dimension 

(the width) of the transducer, which is 5 mm, determines the maximum beam width that 

one can consider. The FP cavity is assumed to be realized using dielectric coatings with 

99% reflectance, obtaining a quality factor Q around 710 . 

Figure 38 (top) shows the scattering spectrum in the ideal case of plane wave 

incidence. One recognizes the typical shape with two maxima and two minima discussed 

in the previous sections. At the frequency point αω , corresponding to the maximum of 

the blue curve, the isolation contrast between the transmission coefficients from the left 

to the right and from the right to the left is more than 30dB, with an insertion loss of -3 

dB. The bottom graph shows the variation of the beam transmittance for a realistic beam 

                                                
3 These realistic constraints were formulated with the help of industrial partners. 
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with finite waist D , plotted as a function of D  at the frequency αω . For large 5mm 

beams, the two power transmittances tend to the value predicted in the top panel for plane 

waves, however as the beam size shrinks, the effect of the beam size start to take its toll 

on the insertion loss of the device, also diminishing the absolute value of the isolation. 

However, the nonreciprocal effect is still strong with almost 30dB of isolation and 3dB of 

insertion loss for 5 mm optical beams at a wavelength of 633nm. It is important to stress 

that this is achieved with a modulation of only 610−  of the dielectric constant, at the 

frequency of 100 MHz, 6 orders of magnitude lower than the optical signal frequency. 

This demonstrates the relevance of using high Q photonic structures to boost sound-light 

interactions and generate highly non-reciprocal effects. The strategy presented here is 

very general and may be implemented on a chip, where high Q micro resonators can 

provide quality factors of more than 910 , drastically lowering the requirements on the 

modulation and potentially opening new venues in the quest for all silicon on-chip optical 

isolation. 
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Figure 38: Plane-wave scattering spectrum (top) and evolution of the maximum 
transmission contrast for a 2D Gaussian beam of width D  for the realistic 
scenario considered in the main text. 
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Chapter 7:  PT-Symmetric Metasurfaces for Advanced Wave 
Manipulation 

7.1 INTRODUCTION 

Breaking both space and time symmetries 

In all previous chapters, I have shown that breaking time-reversal symmetry using 

an odd-symmetric bias can lead to extremely asymmetric responses in terms of wave 

transmission, dramatically breaking fundamental wave propagation theorems such as 

Rayleigh and Lorentz reciprocity. In this chapter, I investigate the use of microscopic 

time-reversal symmetry breaking, using absorption losses and gain, in order to create 

similarly asymmetric scattering behavior. Naturally, consistent with the discussion in 

chapter 2, the use of loss or gain, even inhomogeneous, cannot induce any asymmetric 

transmission behavior. However, it is easy to see that the presence or non-zero 

absorption, strictly positive (loss) or negative (gain), can induce asymmetric scattering 

properties in reflection. To understand this, consider a simple one-dimensional two-port 

network described by its scattering matrix. 

 1 12

21 2

r t
S

t r
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

. (7.1) 

If the network is lossless, its absorption is zero whether one excites from port 1 or 

from port 2, and therefore  

 2 2 2 2
21 1 12 21 t r t r= + = +  (7.2) 

If it is also reciprocal, then 12 21t t t= =  and (7.2) implies that 1 2r r= , i.e. any 

reflectance asymmetry between the two sides is impossible. However, if the network has 
a non zero absorption, the quantities 2 2

1t r+  and 2 2
2t r+  are both less than one, and 
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the reflectivity on both side can be different if the distribution of the absorption losses is 

not symmetric with respect to ports 1 and 24, i.e., if the system does not have spatial 

inversion symmetry, a.k.a. parity symmetry. Therefore, asymmetry in the reflectance 

from a reciprocal system can only be created by a using a loss or gain distribution that 

breaks parity symmetry. 

This chapter investigates the largely uncharted properties of reciprocal systems 

that break time-reversal symmetry (T) (because they involve gain and lossy media), and 

also break parity symmetry (P) (because this distribution of loss and gain is asymmetric). 

In particular, I focus on systems that still retain some form of symmetry, known as 

Parity-Time symmetry. In other words, these systems break both P and T symmetries, but 

not PT. 

Parity-Time symmetry 

 Parity-time symmetry describes the invariance of a system upon the combined 

action of the Parity P operator, which takes the inversion of space, and the time reversal 

operator T. Both operators are defined as 

 : ( , , ) ( , , )P x y z x y z→ − − − , (7.3) 

 :T t t→− . (7.4) 

PT-symmetric systems were actually first studied in the context of quantum theory. In 

this seemingly unrelated field of research, a lot of attention has recently been devoted 

into studying the spectral properties of non-Hermitian Hamiltonians (H) that commute 

                                                
4 If the absorption losses distribution is asymmetric, the input impedance from both sides is different, and 
thus so is the reflection coefficient. 
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with the Parity-Time (PT) operator  [150]. Because PT is not a linear, but an antilinear 

operator, H and PT do not generally share a basis of eigenvectors, however such a PT-

symmetric system possess the exceptional property that any common eigenstate between 

H and PT possesses a real energy eigenvalue E  [151]. If every eigenstate of H is 

common with PT, the PT symmetry of the system is said to be unbroken, which generally 

happens when a continuous parameter quantifying the non-Hermiticity of H is below a 

particular threshold associated with spontaneous PT symmetry breaking. The interest in 

PT-symmetric systems in quantum theory comes from the fact that they describe an 

ensemble of systems with real eigenvalues that is larger than the one defined by 

Hermiticity. Such systems with entirely real spectrum define a consistent unitary 

extension of quantum mechanics  [151,152].  

Whether this new mathematical formulation is relevant in the framework of quantum 

theory is questionable, as it seems that PT-symmetric quantum systems are nonphysical 

as they would violate special relativity  [153]. However, some of the concepts associated 

with PT symmetry can be achieved in classical systems, like in optics, for which non-

Hermitian eigenvalue problems can be readily obtained by considering absorptive or gain 

media  [6]. Artificial media possessing a balanced distribution of optical gain and losses 

that obeys PT symmetry may exhibit real spectrum. This is notably observed in paraxial 

optical systems possessing an even distribution of the real part of the refractive index 

along the optical axis, and an odd one for the imaginary part, while the perpendicular 

direction plays the role of time  [154–157]. Such a configuration leads to unique beam 

diffraction effects. In addition, PT-symmetric systems possess unique scattering 

properties  [61,158–163]. For instance, their scattering matrix is unimodular, with each 

eigenvalues being unimodular in the unbroken PT-symmetric phase, while the broken 
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phase is characterized by pairs of eigenvalues with reciprocal moduli  [61,159,161]. In 

addition, one-dimensional PT systems can exhibit striking scattering properties when 

operated at exceptional points, like unidirectional invisibility  [162,163]. However, 

because of the technological difficulty of fabricating stable spatial distributions of gain 

optical media, experimental investigations of these exotic scattering effects have been so 

far restricted to the temporal domain  [164–166], or to completely passive spatial 

distributions of refractive index which are not intrinsically PT-symmetric   [167,168]. 

In this chapter, I describe the three principal contributions that I have made to the science 

of PT symmetry in wave physics and engineering during my doctoral work  [25,169]. 

First, I demonstrate novel scattering properties for PT-symmetric systems, related to the 

ability of lumped PT-symmetric system pairs to manipulate the phase of the transmitted 

wave under an exceptional point condition, which is shown to lead to negative refraction 

without the need for a bulk metamaterial and in a loss-free setup. Second, I propose for 

the first time the concept of PT-acoustics, demonstrating the relevance of such symmetry 

to achieve a new degree of wave control over acoustic waves. Third, I demonstrate 

experimentally for the first time a unidirectional reflectionless behavior in a truly PT-

symmetric spatial distribution of gain and loss. 

 

7.2 NEGATIVE REFRACTION WITH PT-SYMMETRIC METASURFACES 

According to Snell's law of refraction, a consequence of the Huygens-Fermat 

principle, a beam of light hitting the interface between two homogeneous media refracts 

at an angle related to the ratio between the refractive indices of the two media. Because 

every known natural material has a positive index, refraction usually occurs in the same 
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direction. Refraction in the negative direction requires one of the two media to have a 

negative index, a peculiarity that can be observed in metamaterials that are engineered to 

possess simultaneously negative values of the permittivity ε  and permeability µ

 [12,13,170]. Negative refraction allows us to manipulate electromagnetic waves in new 

ways, opening exciting venues in a variety of application fields such as antenna 

technology, electromagnetic absorbers, phase compensation, subwavelength 

photolithography and planar focusing lenses. In particular, a negative bending of light is 

the key to realize a perfect lens, a planar device capable of focusing all the spatial Fourier 

components of a source, realizing a perfect image with, in principle, infinite resolution 

 [10,171–174]. Figure 39a shows a sketch of how light rays emerging from a source can 

focus on the other side of a negative-index slab after going through negative refraction at 

the two interfaces, a concept originally introduced in  [170] and extended to the 

evanescent spectrum in  [10]. 

 

Figure 39: (a) Conventional negative refraction in a passive DNG medium, for light rays 
emitted by a source placed on the left side of the slab. The power flows 
away from the source, and the phase velocity in the slab is backward. (b) 
Negative refraction using PT-symmetric metasurfaces with real surface 
impedances R+  and R− . In this active scenario, both power flow and the 
phase velocity are directed from the active surface to the passive one, and 
negative refraction is obtained without the need for a bulk metamaterial. 
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The practical implementation of negative refraction using a bulk double-negative 

(DNG) metamaterial slab, however, has inherent challenges that severely hinder its 

applicability. The required electromagnetic properties are in fact typically obtained by 

exploiting the resonant response of subwavelength inclusions, whose dispersion is 

fundamentally associated with undesired material losses, a result of Kramers-Kronig 

relations, which hold for any linear, passive and causal medium  [175]. Loss, finite 

granularity, and non-ideal isotropy of metamaterials severely affect the ultimate 

resolution of these devices  [176,177]. 

For these reasons, scientists have been looking for alternatives to the use of bulk 

metamaterials to bend light in the negative direction. In  [24] it was demonstrated that the 

same functionality of a bulk negative-index slab, and focusing of both propagating and 

evanescent waves, can be achieved by using a pair of identical phase conjugating 

surfaces. This concept can be implemented at microwaves using active non-linear wave 

mixing surfaces  [178–181], and in optics with four-wave mixing using two highly 

nonlinear optical films  [23,182,183]. Phase conjugation on the two surfaces takes the 

role of the two interfaces of an ideal bulk metamaterial with negative index of refraction, 

and the ray picture of Figure 39a still holds if one replaces the negative index slab with 

such metasurface pair. For this to work, however, each metasurface is required to 

parametrically amplify the conjugate signals at a level much larger than the impinging 

signal, with stringent requirements on conversion efficiency that fundamentally limit the 

overall resolution of this system. Also in this case, inherent loss and imperfections can 

drastically limit these nonlinear effects in practical scenarios. 

Here, different approach to achieving negative refraction and planar focusing is 

proposed. Rather than relying on conjugating the electromagnetic fields at the two planar 

interfaces, as in Figure 39a, the anomalous scattering properties of linear parity-time (PT) 
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symmetric systems are exploited. Here, the potential of PT-symmetric systems to achieve 

loss-immune, metamaterial-free, and fully linear, negative refraction is demonstrated. In 

conventional planar focusing using a DNG slab (Figure 39a) negative refraction requires 

a flip of the longitudinal component of the wave vector in the slab, essentially resulting in 

a phase velocity distribution consistent with PT symmetry. It is heuristically conjectured, 

therefore, that negative refraction may occur in a PT-symmetric metasurface 

configuration, as represented in Figure 39b. Here, two metasurfaces separated by a 

distance d  in vacuum are characterized by a PT-symmetric impedance distribution 
*

left rightZ Z= − , where *  indicates conjugation. In this configuration an outside field 

distribution similar to Figure 39a may be induced with similar backward phase flow 

between the surfaces, but also with a backward power distribution, flowing from the 

second surface to the first one, as represented by the red arrows. If the second surface is 

active, it may indeed sustain an outward Poynting vector distribution around it, while the 

first surface acts as a power sink. The simplest possible PT-symmetric metasurface pair 

that may support this functionality is a couple of metasurfaces with opposite resistivity, 

R+  on the source side, and R−  on the image side, as shown in the figure and assumed in 

the following analysis. 
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Figure 40: (a) Equivalent circuit for the geometry of Figure 39b. One studies the two-port 
PT-symmetric system composed of two parallel lumped resistors 0R rZ+ =  
and 0R rZ− = −  separated by a portion of transmission line of impedance 0Z
, and electrical length x . (b-d) Magnitude of 11S  (b), 22S  (c) and 21 12S S=  
(d) as a function of x  and r . 

The scattering matrix elements ijS  of the system in Figure 39b can be calculated 

using the two-port transmission-line network model shown in Figure 40a. Two parallel 

lumped resistors are separated by a portion of transmission line with characteristic 

impedance 0Z  and length x dβ= , β  being the line propagation constant. The resistors 

have opposite values R± , and one introduces the dimensionless non-Hermiticity 

parameter 0/r R Z= . The outside medium is also assumed to have characteristic 

impedance 0Z . If one assumes TE incident polarization at an arbitrary angle θ , the wave 

impedance is 0 0 / cosZ η θ= , and the propagation constant is 0 coskβ θ= , where 0η  is 

the characteristic impedance of free-space and 0 0 0k ω µ ε= . Similar considerations 
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apply to TM incidence, using 0 0 cosZ η θ= . Using the transmission matrix formalism 

 [74],  one obtains the scattering parameters 

 11 2

(2 1)sin( )
sin 2 ix

r xS
x ir e−
−

=
−

, (7.5) 

 22 2

(2 1)sin( )
sin 2 ix

r xS
x ir e−
+

= −
−

, (7.6) 

 
2

12 21 2

2
sin 2 ix

irS S
x ir e−

= = −
−

. (7.7) 

The magnitude of the scattering parameters (in dB) is shown in Figure 40b-d, as a 

function of the variables x  and r . Figure 40b shows the magnitude of the reflection 

coefficient from port 1 (the R+  side). For particular values of x  and r , one obtains 

spectral singularities for which the magnitude of the reflection coefficient is infinite, for 

instance around 0.7r =  and / 2x π= , as typical for non-Hermitian systems 

 [74,158,184]. Remarkably, if one picks 0.5r = , corresponding to a resistance being half 

the background line impedance, the reflection coefficient identically vanishes, regardless 

of the separation distance x . Under the same condition, Figure 40d shows that the 
transmittance to port 2 21S  is unity. The system is essentially always impedance 

matched from port one. When excited from port two, however, the reflection is non-zero, 

as seen in Figure 40c, while the transmission is again unitary, due to reciprocity. Such a 

unidirectional reflectionless response, with strong reflection asymmetry, is typical of PT-

symmetric structures. However, the proposed system, under the condition 0.5r = , is not 

strictly speaking unidirectional invisible, but instead displays another exotic property that 

is particularly appealing for the purpose of negative refraction. To see this, one evaluates 

the scattering matrix elements in Eqs. (7.5)-(7.7) for 0.5r =  and arbitrary x : 
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This unidirectional reflectionless system possesses the fascinating property that 

the transmitted wave undergoes a phase advance x−  that is exactly opposite to the one 

that it would have without the PT-symmetric metasurface pair. This property implies a 

negative phase velocity between surfaces, in complete analogy to the case of Veselago 

lens  [10,170], confirming the potential of this structure for negative refraction and planar 

focusing. 
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Figure 41: Figure 3 – PT-based negative refraction for a TE polarized field for (a) a 
normally incident plane wave, (b) an obliquely incident plane wave and (c) 
an obliquely incident Gaussian beam. The black arrows represent the 
average Poynting vector field, demonstrating the behavior described in Fig. 
1b. See also the online time-harmonic animations  [25]. 
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To gain physical insights into this exotic phenomenon, I have performed full-

wave simulations for an incident electromagnetic field on this PT-symmetric metasurface 

pair. Figure 41a shows a snapshot in time of the transverse component of the electric field 

zE  in the case of a plane wave normally incident from the left on a pair of metasurfaces 

with 00.5R η= ± . The black arrows in the figure represent the average Poynting vector. 

The planar wave fronts and parallel Poynting vector contours are fully restored at port 2, 

indicating that the pair of metasurfaces is indeed transparent to electromagnetic waves. 

As predicted by the theoretical considerations, the incident plane wave is not reflected at 

all, and it is totally transmitted through the structure despite the presence of resistive 

losses at the first interface, which are fully compensated in this PT-symmetric scenario. 

Remarkably, the wave between surfaces is propagating in the direction opposite to that of 

the incident wave, with a power flow sustained by the active R−  element and feeding the 

resistive one. The phase velocity is also reversed in the space between metasurfaces, 

obeying a PT-symmetric distribution, and providing a phase advance to the transmitted 

wave. 

For oblique incidence, shown in Figure 41b, the surface impedances are set to the 

constant value 00.5 / cosR η θ= ± , for 25θ = o. Here negative refraction is clearly 

observed between the interfaces, with reversed longitudinal propagation, and power 

transfer from the active surface to the passive one. Note that this phenomenon is 

significantly different from previous approaches to negative refraction, as the power in 

the middle region also flows backward, parallel to the phase velocity, fed by the active 

surface. It is remarkable that, although the gain interface by itself would produce an 

infinite reflection coefficient (being the parallel combination of 0 / 2R Z= − and 0Z , equal 

to 0Z− ), the combined gain-loss system of Figure 41 is inherently stable. This can be 
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verified by calculating the input impedances at both sides of the system using 

transmission-line theory, which are different from 0Z−  for any x.  

The stability of the system and the infinite reflection coefficient for waves 

propagating towards the gain surface enforce the existence of only a backward wave 

between surfaces when the system is illuminated from the left, as in Figure 41. This wave 

is coherently synchronized to have the same amplitude and phase as the incident signal as 

it reaches the passive (left) surface, because this is the only condition under which the left 

surface can produce zero reflection and total absorption, ensuring no forward wave 

between the surfaces. At the same time, since the gain (right) surface radiates 

symmetrically on both sides, the incident wave is perfectly restored at the output. The 

overall effect is essentially based on the pairing of a coherently lasing metasurface, 

synchronized to the impinging wave, and a perfectly coherent absorbing metasurface, one 

being the time-reversed image of the other.  

The PT-symmetric condition on the metasurface resistances depends on the 

incidence angle, but with a relatively weak cosinusoidal variation. Therefore, a 

homogeneous metasurface pair may support negative refraction also in the case of a 

Gaussian beam excitation with finite waist, as shown in Figure 41c. The beam is indeed 

negatively bent by the PT-symmetric pair, without the need of metamaterial effects or 

strongly non-linear response. Unlike previous methods, this concept is immune from all 

loss-related issues that inherently characterize passive metamaterials, since the active 

metasurface exactly compensates the intrinsic loss of the passive one, and it is free from 

conversion efficiency and pumping issues typical of non-linear wave-mixing schemes. 

Besides, the metasurfaces employed here are less challenging to realize than highly non-

linear metasurfaces required for phase conjugation. They can be realized at radio-

frequencies using arrays of dipole antennas loaded with complementary positive and 
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negative resistors, readily obtained at microwaves with tunnel diodes or other 

semiconductor devices. It should be also stressed that this effect can be inherently 

broadband, since it does not require any reactive element in the metasurface, which 

usually restrict the bandwidth. 

While the proposed metasurface pair may support partial focusing due to its weak 

angular dispersion, for ideal planar focusing all-angle negative refraction is required. In 

this case, the required surface impedance 00.5 / cosR η θ= ±  should become nonlocal, as 

it depends on the incidence angle. This may be realized by properly interconnecting the 

above-mentioned dipoles, or with other suitable spatial dispersion engineering strategies. 

An alternative and more convenient way to realize ideal focusing, tailored for a specific 
location of the focal point, consists in letting the surface impedances leftZ  and rightZ  be 

dependent on the transverse coordinate y . Let us assume that the field ( )zE y  on the 

source plane is known, and it is placed at a distance L  from the passive metasurface, on 
the left side. After expanding it in plane waves with complex amplitude !Ez (ky ) , one can 

calculate the field everywhere inside and outside the metasurface pair based on the 

previous analysis. An ideal negative-index planar lens is required to avoid reflections, to 

compensate the phase of the propagating portion of the spectrum on the image plane, and 

to similarly compensate the decay of the evanescent portion of the spectrum  [10]. By 

enforcing these requirements, one finds the required condition on the two surface 

impedances to be able to sustain this field distribution: 
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These general formulas provide the surface impedances required to reconstruct 

( )zE y , with infinite resolution, at a distance d L−  from the active metasurface on the 

right side. In the above expressions, the square roots have positive imaginary parts by 

convention.  
If the source is a plane wave incident at an angle θ , !Ez (ky ) = δ(ky − k0 sinθ ) , and 

one obtains *
00.5 / cosleft rightZ Z η θ= − = , as in the case studied above. I should stress that 

Eqs. (7.9)-(7.10) do not necessarily describe PT-symmetric pairs: first, PT symmetry 

requires 2d L= , which is a necessary condition to have identical effects of the P and T 

operators on the field outside the lens (the focal distances on both sides are then equal). 

After applying this condition, Eqs (7.9)-(7.10) show that such a lens is PT-symmetric, 
with *( ) ( )left rightZ y Z y= − , as long as one truncates the integrals to the propagating portion 

of the spectrum, in the range 0yk k≤ . In the general case, involving subwavelength 

resolution associated with the evanescent portion of the spectrum, *( ) ( )left rightZ y Z y≠ −  

i.e., perfect focusing requires breaking in part the PT-symmetric nature of the device. 

This is consistent with the fact that evanescent fields are not time-reversible, leading to 

non PT-symmetric field distributions.  
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Figure 42: Planar focusing using a pair of PT-symmetric metasurfaces for a line current 
source placed on the left of the structure. One considers two different cases 
for the surface impedance Z , shown as a function of the transverse 
coordinate y  in the right panels. A constant surface impedance 00.5Z η=  
focuses a point source to a spot whose transverse size is close to the 
wavelength (a). An inhomogeneous surface impedance focuses all 
propagating spatial harmonics, resulting in a spot size with a transverse size 
equal to 0 / 2λ (b). 
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In Figure 42, I demonstrate the potential of a PT-symmetric metasurface pair to 

ideally focus the propagating portion of the spectrum of an arbitrary source. I consider 

two different PT-symmetric scenarios in which a pair of surfaces is excited by a line 

current oriented along z  and placed at a distance 0/ 2 6L d λ= =  on the left of the passive 

(left) metasurface. In panel (a), I choose a homogeneous surface pair with 00.5R η= ± , as 

in Figure 41a. This pair supports ideal negative refraction for normal incidence only, but, 

due to the relatively weak angular dependence of the required resistance, even a local 

homogeneous impedance can produce partial planar focusing, as demonstrated in the 

figure. One can get efficient focusing of the propagating part of the spectrum with this 

homogeneous surface pair, with a hot spot on the image side whose transverse size is 

comparable to the wavelength.  

In panel b, I make the PT surface pair inhomogeneous following Eq. (7.9)-(7.10) 
with !Ez (ky ) =1/ ky

2 − k0
2 . The integral is truncated for 0yk k< , and the required 

inhomogeneous surface impedance is shown in the figure. In this case, the PT-symmetric 

pair ideally focuses the propagating spectrum, reaching a focus with transverse size 

0 / 2λ . Resolutions well below the diffraction limit may be obtained by using (7.9)-(7.10) 

with larger spectral windows, but our results show that efficient planar focusing is 

already obtained in the case of homogeneous PT-symmetric metasurfaces.  

To conclude, a novel concept to achieve negative refraction without the need for 

bulk DNG metamaterials or non-linear conjugating surfaces has been proposed. The 

approach is completely immune to material losses, as it is based on loss-compensated PT-

symmetric metasurfaces. The theory provides efficient negative refraction and planar 

focusing with a simple pair of homogeneous metasurfaces with negative and positive 

surface resistances, which may be implemented linearly at microwave or optical 

frequencies, or for acoustic waves  [169]. The system can be designed to be fully stable 



 141 

and the dispersion of gain and loss elements tailored to have a broadband response, for 

instance using non-Foster elements  [185,186]. Even though this work focuses for 

simplicity on 2D problems and a single polarization, similar considerations apply to 3D 

setups, by generalizing Eqs. (7.9)-(7.10). This theoretical result opens new possibilities 

for loss-immune strategies in imaging and unconventional electromagnetic wave 

manipulation based on PT-symmetric metamaterials. 

 

7.3 EXPERIMENTAL VALIDATION IN ACOUSTICS 

General considerations 

In order to demonstrate the feasibility of the concept, one can try to demonstrate 

the phase compensation effect described in the previous section in a simple one-

dimensional scenario in a waveguide, corresponding to the case of normal incidence. To 

do so, two lumped elements, one passive and one active, must designed. The active one 

may lead to instabilities, and so one must design the system with care. Stability issues are 

easier to manage at low frequencies, and therefore audible acoustic waves represent the 

ideal platform to build a proof-of-concept prototype. The topology of Figure 40a is 

however not ideally suited for an implementation in one-dimensional acoustics: indeed, it 

involves parallel lumped elements, which model electromagnetic metasurfaces, whereas 

acoustic metasurfaces introduce a discontinuity of the acoustic pressure (the voltage in an 

acoustic transmission-line model), i.e. are series elements. This is actually not a problem, 

as all the theoretical analysis that led to the prediction of the unidirectional reflectionless 

phenomenon with phase compensation is also valid for a series setup, as the one of Figure 

43 (top), if ones changes impedances into admittances. Accordingly, in a series 
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configuration, the value of 𝑅 required to be under the exceptional point condition is now 

02Z  instead of 0 / 2Z . 

 

Figure 43: Experimental validation with an acoustic metamolecule composed of two 
loudspeakers loading a waveguide (bottom). The loudspeakers are loaded 
with properly designed electrical circuits to modify their impedance and 
synthesize the circuit shown above at a design frequency. 

I propose to realize a Parity-Time symmetric acoustic metamolecule by 

transversely loading an acoustic waveguide of cross-sectional area 0S  with two 

loudspeakers. Such transverse inclusions behave as lumped series elements  [187,188], 

whose dynamics are modified by proper loading with an electrical network of impedance 

LZ , as represented in Figure 43 (bottom).  
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Design 

Acoustic impedance of a loudspeaker 

 The acoustic impedance of a loudspeaker is defined as the ratio between the 

pressure difference PΔ  on both sides of the membrane and the volumetric flow dQ VS= , 

where V is the velocity of the membrane and dS the equivalent surface of the diaphragm. 

The geometry is assumed to be one-dimensional. To calculate this quantity, one first 

writes the equation for the time-harmonic dynamics of the moving mass  [189], projected 

along the loudspeaker axis z : 

 
2
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1

1 .ms d ms
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M j V PS V R V I
j C

ω
ω

= −Δ − − + ×∫z dl B . (7.11) 

msM  is the mass of the moving parts, msC  the spring constant, also called mechanical 

compliance, msR  the damping constant, 𝐁  the constant magnetic flux density on the voice 

coil, and 12I  the electric current flowing in the voice coil from lead 1 to lead 2. Second, 

one writes the electric equation for the current in the voice coil of impedance 

e e eZ R j Lω= + , where eR  and eL are respectively the electric resistance and inductance: 
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.eZ IΦ −Φ = − ×∫dl V B . (7.12) 

In (7.12), the potential difference 1 2Φ −Φ  is the voltage applied at the leads of the 

loudspeaker. In the case of loaded loudspeakers however, this quantity is linked to the 

voice coil current via the load impedance LZ , 1 2 12LZ IΦ −Φ = −   [189]. Because 12I  and 

B  are constant along the voice coil of total length L , one can further simplify the 

Laplace force integral in (7.11) and the electromotive force integral in (7.12) by 
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introducing the transducer force factor lB B L= ⋅ , and after some algebra to eliminate the 

variable 12I , one gets  
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where 1/ms ms ms msZ R j M j Cω ω= + + is the mechanical impedance of the loudspeaker. 

The acoustic impedance, normalized by the line impedance of the waveguide 0Z  is 

therefore 
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The loudspeakers employed in this work are two Visaton FRWS 5-8Ω , 5" in size, which 

resonate at 250Hz. Table 1 lists the mechanical and electrical properties given by the 

manufacturer, also known as Thiele and Small parameters. The remaining quantities msC  

and msR  can be calculated from these parameters, using 21/ ( )ms s msC Mω=  and 

/ms s ms msR M Qω= , with 2s sfω π= . The line impedance 0 0 0 0/Z c Sρ=  is calculated based 

on the waveguide cross-section and measured acoustic conditions in the laboratory, using 

0ρ =1.1912 kg.m-3, 0c =  346.25 m.s-1, and 0S =19.8 cm2. 
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Name Notation Value Unit 

effective piston area Sd 12 cm2 

dynamically moved mass Mms 0.5 g 

force factor Bl 1.4 T.m 

d.c. resistance Re 5.6 Ω 

inductance of the voice coil Le 0.1 mH 

mechanical Q factor Qms 3.31 -- 

electrical Q factor Qes 3.22 -- 

total Q factor Qts 1.63 -- 

resonance frequency fs 250 Hz 

Table 1: Thiele and Small parameters for the loudspeakers employed in this work. 

 

Equation (7.14) shows that, by loading the loudspeaker with a properly designed 

electrical load LZ , it is theoretically possible to synthesize any stable and causal acoustic 

impedance. This principle is used to realize the unidirectional reflectionless condition 

2r =  at the resonance frequency 250rf =  Hz of the loudspeakers, which are loaded 

with active circuits based on negative impedance converters. I chose the design frequency 

to be equal to the resonance frequency of the loudspeaker 250rf =  Hz. This slightly 

simplifies the design by canceling the reactive part of the mechanical impedance of the 

loudspeaker. The electrical loads are designed to provide a normalized acoustic 

impedance of 2±  at this frequency, while ensuring stability of the acoustic system. To 
ensure stability, the poles pω  of the acoustic admittance 2

01/ /ac ac dY Z VS Z P= = − Δ  are 

systematically placed so that their imaginary part be positive, within reasonable margins.  
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Design of the +R element.  

To fulfill the unidirectional invisibility condition, the passive R+  element must 

have 2acZ =  at the design frequency. Plugging this value in the expression for the 

acoustic impedance of a loaded loudspeaker (7.14) and solving for LZ , one gets the value 

that the electrical load must take at this particular frequency: 

 
2

0
2

0 0 0

i
2

l ms s
e e s

m
L

s d s ms s ms

B C SR L
c C S C R

Z
S
ω

ω
ρ ω ω

− + −
−

= . (7.15) 

 Eq. (7.15), evaluated for the particular loudspeaker whose properties are given in Table 

1, suggests the use of a negative resistor 1R−  in series with a negative inductor 1L− . By 

applying the Routh stability criterion  [190] to the denominator of the acoustic admittance 

acY , it is straightforward to show that such a RL loaded system is stable as long as 

1 eR R<  and 1 eL L< . For the value of 1R  required here, the first inequality would hold, 

however the required value for the inductance sets the system on the verge of instability. 

To avoid this issue, I chose instead 1 0.95 eL L= . Such an approximation on the imaginary 

part of the required electrical impedance (7.15) is very good, as the slope of the 

imaginary part at sω  /L eZ Lω∂ ∂ =  is small, and the inductive part of the circuit could 

even be completely dropped without altering significantly the synthesized acoustic 

impedance. The final electrical design, with typical negative impedance converter 

topology based on an operational amplifier, is shown in Figure 44. The values of the 

electrical components in the electrical loads are summarized in Table 2. Note that the 

electrical circuit is active, although the synthesized acoustic impedance is passive. This is 

because the voice coil of the loudspeaker is intrinsically too lossy, and the electrical 

circuit has to compensate for a part of these ohmic losses to fulfill the condition 2acZ = . 
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By choosing another loudspeaker, it may happen that only a purely positive resistance 

would be sufficient, as evident looking at (7.15). 

 

Figure 44: Electrical load for the R+  loudspeaker. 

Design of the -R element.  

The starting point is to calculate the required electrical impedance at the design 

frequency to yield 2acZ = − . Using (7.14), one obtains for the real part 

 
2 2 2 2
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e 2 2
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( 2 )R 9.14
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r l ms ms d s
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B C R S ZZ
C C R S Z M

ω
ω

+
= − − = −

+ −
Ω

+
, (7.16) 

and for the imaginary part  

 0.16i
L e sZ Lω= − = − Ω . (7.17) 

The R−  element cannot be synthesized with a negative RL circuit as previously, because 

the required value for the resistor exceeds eR  and would lead to an unstable acoustic 

admittance. This means that the dispersion of the load has to be tailored to reach the 

value (7.16) and (7.17) at sf , and at the same time be stable. For instance, one can use the 

following dispersion for the electrical load, 
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2 22L
As BZ

s sα
+

= −
+ +Ω

, (7.18) 

where s jω= , and A, B, α  and Ω  are positive coefficients. Without the minus sign, 

(7.18) represents a stable electrical impedance that can be realized using only passive 

components, by plugging in parallel three loads: a capacitive branch with capacitance 

1 1/C A= , a series RL branch with a resistance of 2 2 2
2 / ( / 2 / )R B B A B Aα= Ω + −  and 

an inductance 2 2 2
2 / ( / 2 / )L A B A B Aα= Ω + −  and a resistive branch with resistance 

2
2 / (2 )R A A Bα= − . In (7.18), the minus sign is added because at sf , the targeted 

impedance value has negative real and imaginary parts [see (7.16) and (7.17)]. This will 

require the use of a negative impedance converter in front of the previously discussed 

parallel load, turning it into a non-Foster element, represented in Figure 45. Now I look 

for the values of A and B such that the real and imaginary parts of LZ in (7.18) match the 

required values (7.16) and (7.17). I obtain 

 2 22 ( )i r
L s L sB Z Zαω ω= + −Ω , (7.19) 

and  

 
2

( ) 2i r
L s L

s

A Z Zω α
ω
Ω

= − − . (7.20) 

One needs to determine the remaining parameters α  and Ω  so that the impedance is 

stable. To do so, one makes the substitutions (7.19) and (7.20) in (7.18), and calculate the 

acoustic admittance 1/ acZ  using (7.14). After a lengthy but straightforward calculation, 

one obtains a rational fraction in 𝑠, whose denominator is a polynomial of order 5. By 

applying Routh-Hurwitz criterion on the denominator  [190], one numerically determines 

a range of values for 𝛼 and Ω that ensures stability of the acoustic system. In particular, 
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the values 800α =  rad.s-1  and 1650Ω = rad.s-1 provide stability with good margins. The 

required values for the electrical components are summarized in Table 2. One obtains 

reasonable values, realizable with off-the-shelf components. I also plot in Figure 46 the 

frequency poles if  of the acoustic admittance acY  in the complex plane. The green dots 

represent the poles of the R+  (sensing) inclusion, and the orange dots represent the ones 

of the R−  inclusion. As evident in the figure, the imaginary part of all the poles is 

positive, and stability of the acoustic admittance of each inclusion is guaranteed by 

design. 

 

 

Figure 45: Electrical load for the R−  loudspeaker. 
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Figure 46: Poles of the acoustic admittance for the R+  inclusion (green points) and the 
R−  inclusion (orange points). All poles, which belong to the upper complex 

half plane, are stable. 

 
 
Notation Value Unit 

R0 100 Ω 

R1 1.41 Ω 

L1 0.095 mH 

C1 68 µF 

R2 766 mΩ 

L2 5.8 mH 

R3 10 Ω 

Table 2: Values of the electrical components used in the electrical loads. 

 

Theoretical predictions 

The resulting normalized acoustic impedance of the loaded loudspeaker at port 1 

is represented in Figure 47a, and the one of the second loudspeaker in Figure 47b. At 

250f =  Hz the acoustic impedance of the loudspeaker at port 1 is exactly twice the line 
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impedance, with no imaginary part, and the one at port 2 is the opposite, fulfilling the 

condition 2r =  at this particular frequency. The dispersion of the R−  loudspeaker is 

tailored to ensure stability of the acoustic impedance, by careful placement of the zeros 

and poles of its electrical load. The distance chosen to be the subwavelength 
1sin 1/ 4x −= , which is experimentally convenient, and provides unitary reflectance from 

port 2  [169]. 

The S-parameters of this PT acoustic metamolecule are shown in Figure 47c,d, as 

a function of the frequency. Figure 47c represents the magnitude of 11S , 22S  and 21 12S S= , 

and Figure 47d represents their phase. At 250f =  Hz, the system is indeed 

unidirectional reflectionless with 11 0S = , 22 21 1S S= = , and features the anomalous phase 

advance at the transmission side. Note that the bandwidth of operation may be increased 

by engineering the dispersion of the electrical loads around the frequency of operation, 

making a compromise in design complexity. To validate this exceptional invisibility 

phenomenon and gain physical insight, I have performed full-wave simulations of the 

PT-symmetric acoustic metamolecule using COMSOL Multiphysics. The acoustic 

inclusions are carefully modeled by coupling the acoustic and electrical circuits modules 

 [169]. Figure 47e shows the acoustic pressure distribution in the device (snapshot in 

time) when excited at 250 Hz by a plane wave incident on port 1 (top) and from port 2 

(bottom). From port 1, the incident wave is transmitted through the structure with the 

expected phase advance, with absolutely no loss of amplitude and identically zero 

reflection. This illustrates the potential of the PT-symmetric inclusion for loss 

compensation in acoustic metamaterials. From port 2, the wave is similarly transmitted, 

consistent with reciprocity, however the field plot features a typical standing wave 

pattern, consistent with the large reflection expected from this port. I also plot the 

direction of the average power flow, represented by the orange arrows, in between the 
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acoustic inclusions and in the outer waveguides. Because the background medium is air, 

a double positive medium, this is also the direction of the phase velocity for a single 

propagating plane wave. Notice that, under excitation from port 1 (top), the wave inside 

the device is a backward wave, with power flow also flowing backward from the R−  

element to the R+  element. This explains the phase advance taken by the wave in 

transmit mode. Similar to a matched double-negative slab, inside the PT element the 

phase velocity points in the backward direction, and the normally incident wave is 

negatively refracted. A notable difference between this approach and a Veselago lens is 

that here, negative refraction is obtained without a double negative medium, and the 

average power flow in the device is consistently pointing backwards, from the gain 

element to the lossy one. 
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Figure 47: Scattering properties. Frequency dispersion of the normalized acoustic 
impedance of the loudspeaker placed at port 1 (a), and the one of the 
loudspeaker placed at port 2 (b), showing that the unidirectional 
reflectionless condition is met at 250f =  Hz. (c, d) Scattering parameters 
as a function of frequency, magnitude (c) and phase (d). At 250 Hz, the 
reciprocal device shows zero reflection and unitary power transmission from 
port 1. From port 2, however, reflection is unitary. (e) Acoustic pressure 
distribution at 250 Hz, for excitation from port 1 (top) and from port 2 
(bottom). The arrows represent the direction of the average power flow 
along the waveguide. 
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Measurements 

A picture of the fabricated PT acoustic device is shown in Figure 48a, showing 

the two loudspeakers separated by a 5.5 cm long portion of square acoustic waveguide. 

The non-Foster electrical circuits used to load the loudspeakers are implemented on a 

prototyping board with off-the-shelf electrical components, which can be manually tuned 

to ensure that the device is set to 2r =  at the design frequency. It is important to stress 

that, while the two electrical loads have been implemented on the same prototyping board 

for compactness, they are completely independent and electrically disconnected. The PT 

acoustic system is placed between two waveguides, as shown in Figure 48b, and its 

scattering parameters are measured using the calibration procedure described in  [169]. I 

excite with a sinusoidal sweep, and measure the scattering parameters, which are shown 

in Figure 49a (magnitude) and Figure 49b (phase), in excellent agreement with the 

theoretical predictions of Figure 47. The fabricated device is indeed unidirectional 

invisible at the design frequency (vertical dashed line), and I also measured the correct 

phase advance 𝑒!" for the transmitted signal, in agreement with the theory.  

Figure 49c shows the power absorbed by the passive loudspeaker, obtained by 

measuring the sinusoidal voltage and current at the leads of the passive loudspeaker in the 

resistive circuit, and compared to the total power scattered by the device. Both quantities 

are normalized to the incident power. The experimentally measured curves (dashed) are 

in excellent agreement with analytical predictions (solid). Quite remarkably, the scattered 

power is extremely low around the design frequency, while the absorbed power at the 

passive loudspeaker is twice the incident power, a direct experimental proof of the 

negative power flow inside the reflectionless system, demonstrating the peculiar effect 

predicted by our theoretical model. The passive loudspeaker indeed can fully absorb the 
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impinging signal, as well as its exact replica produced by the lasing portion of the system, 

while at the same time the fully system is matched. 
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Figure 48: Experiment. (a) Fabricated PT acoustic device showing the two loaded 
loudspeakers connected to distinct non-Foster electrical circuits. (b) The PT 
cell of panel a) is connected to two acoustic waveguides and the scattering 
parameters are measured. 
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Figure 49: Experimental results. (a, b) Measured scattering parameters, magnitude (a) and 
(b) phase. The device is unidirectionally transparent at the design frequency 
(dashed vertical line in all panels). (c) Absorbed power at the passive 
loudspeaker, and total scattered power by the device, normalized by the 
incident power at port 1, theory (solid lines) and experiment (dashed lines). 
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8.5 CONCLUSIONS 

The results of Figure 49 constitute experimental evidence of unidirectional 

transparency in a truly PT-symmetric metamaterial device, in contrast to previous 

experiments of unidirectionally reflecting structures with asymmetric loss distribution but 

without gain. These results also demonstrate the general concept of pairing coherent 

lasing and coherent absorption to realize stable and efficient phase compensators, 

exemplified here for acoustic waves, but also valid for electromagnetic waves and light. 

In this context, the proposed device may be somewhat related to the general field of time-

reversed acoustics  [191], in which time-reversed sources have been recently put forward 

to realize acoustic sinks  [192], with interesting connections with the present design. I 

have also demonstrated how non-Foster loading of acoustic transducers can lead to 

acoustic gain, a simple strategy that, unlike previously established methods  [193,194], 

does not employ active control, sensors or feedback loops. 

More generally, I have demonstrated that acoustic waves provide a fertile ground 

to study and apply the anomalous scattering properties of PT-symmetric systems. I 

believe that this experiment can open new directions for loss compensation in 

metamaterials, as the observed phenomena are totally loss-immune and fully linear. In 

this context, I have experimentally demonstrated the exciting possibility to realize PT-

based, fully loss-immune negative-index acoustic propagation, without relying on bulk 

metamaterials or non-linear effects. In the experimental setup, the wave is normally 

incident on a single PT cell, but 2D or 3D arrays of such inclusions may negatively 

refract or focus acoustic waves, as explained in the previous sections. This may find 

promising applications in loss-compensated sound focusing, loss-immune phase 

compensation, non-invasive subwavelength acoustic imaging and sensing.  
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Chapter 8:  Conclusions and Future Directions 

8.1 CONCLUSIONS 

This project has investigated the use of broken temporal symmetries in artificial 

wave systems and materials. I have identified two different sources of broken time-

reversal symmetries: (i) the presence of an external conservative bias that behaves as an 

odd-symmetric quantity upon time reversal and (ii) the presence of non-conservative 

processes at the microscopic level, which appear as losses or gain from the wave 

standpoint. The effect of these two types of time-asymmetries has been studied in 

particular examples, and I have demonstrated exciting new venues arising from time-

asymmetry, opening new vistas to manipulate and control the propagation of both 

acoustic and electromagnetic waves. 

The first type of time-asymmetry, odd-symmetric bias, has been theoretically and 

very generally linked with nonreciprocity via the Onsager principle of microscopic 

reversibility (chapter 2). By engineering odd bias in both time-dependent and time-

independent acoustic and electromagnetic devices, I have demonstrated for the first time 

the possibility to construct acoustic and photonic isolators based on angular and linear 

momentum bias. Lattices of such devices have been studied, showing that they represent 

the classical analog of topological effects such as the Quantum Hall effect, considerably 

extending our ability to control acoustic and electromagnetic wave propagation and 

achieving a new degree of wave management. 

The second type of time-asymmetry, i.e., the presence of gain and/or loss, has 

been studied in the interesting context of Parity-Time symmetry, which under certain 

conditions guarantees loss-compensation and leads to anomalous scattering effects, such 

as unidirectional invisibility and phase compensation. The use of PT-symmetric 

metasurfaces has been proven to be relevant to mimic the effect of double-negative 
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metamaterials while avoiding their complexity, bandwidth and loss-related issues. I have 

proven both theoretically and experimentally the possibility of achieving negative 

refraction in free-space using PT-symmetric acoustic lumped elements, which show 

promising potentials in a novel kind of devices in which active and passive systems are 

mixed together to engineer the flow of power. To summarize, this dissertation has 

showed that time-asymmetric metamaterials and metasurfaces possess many interesting 

properties, especially strong asymmetries in the way that they scatter waves, and induce 

effects that cannot be obtained with typical time-reversal symmetric devices. This Ph.D. 

work has led to many scientific publications in refereed journals, including Refs.  [18–

20,25,32,33,42,54–56,114,169,187,195]. 

 

8.2 FUTURE DIRECTIONS AND OUTLOOK 

Using the solid basis set by this work, several future directions may be 

investigated. The acoustic circulator technology invented during this Ph.D. can be 

improved using the results of chapter 5, leading to an improved prototype with improved 

performance, that may find industrial applications. Acoustic topological insulators 

(chapter 4) may become of interest in energy concentration applications, where they 

provide a unique route to guide and focus acoustic energy, of interest for different 

purposes from vibration energy control to harvesting. Therefore, some experimental 

efforts must be made to validate and develop these concepts. Photonic isolation using 

linear momentum bias should find promising use for on-chip photonic isolation in 

efficient optoelectronic systems. 

PT symmetry in wave engineering appears to be a promising way to engineer the 

flow of power by mixing gain and loss in the same device. While I have demonstrated the 
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first truly PT-symmetric unidirectional reflectionless device, many experimental efforts 

remain to be done to achieve a better level of understanding of the stability of such 

systems, especially in 2D or 3D scenarios, like in the case of planar focusing using 

metasurfaces. Non-local dispersion engineering is an interesting solution for achieving 

focusing with loss compensated PT lenses based on the concepts proposed in this thesis, 

and will be investigated in the future. Finally, other appealing applications of 

metamaterial science may benefit from developments in the field of PT-symmetric 

metasurfaces, such as the design of wideband electromagnetic cloaks for large objects.  
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