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Supervisor: Mark R. Deinert

Noninvasive material discrimination of an arbitrary object is applicable

to a wide range of fields, including medical scans, security inspections, nuclear

safeguards, and nuclear material accountancy. In this work, we present an

algorithmic framework to accurately determine material compositions from

multi-spectral X-ray and neutron radiography. The algorithm uses an inverse

problem approach and regularization, which amounts to adding information to

the problem; stabilizing the solution so that accurate material estimations can

be made from a problem that would otherwise be intractable. First, we show

the utility of the algorithm with simulated inspections of small objects, such

as baggage, for small quantities of high-atomic-numbered materials (i.e. plu-

tonium). The algorithm shows excellent sensitivity to shielded plutonium in a

scan using an X-ray detector that can bin X-rays by energy. We present here

a method to adaptively weight the regularization term, obtaining an optimal

solution with minimal user input. Second, we explore material discrimination

with high-energy, multiple-energy X-ray. Experimental X-ray data is obtained
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here and accurate discrimination of steel among lower-atomic-numbered ma-

terials is shown. Accurate modeling of the inspection system physics is found

to be essential for accurate material estimations with this data, especially the

detector response and the scattered flux on the image plane. Third, we explore

the use of neutron radiography as complementary to X-ray radiography for the

inspection of nuclear material storage containers. Utility of this extra data is

shown, especially in detecting a hypothetical attempt to divert material. We

present a method to choose inspection system design parameters (i.e. source

energy and detector thickness) a priori by using the Cramér-Rao lower bound

as a measure of resulting material estimation accuracy. Finally, we present

methodology to use tomography data obtained with an energy discriminating

detector for direct reconstruction of material attenuation coefficients.

PNNL-23886
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Chapter 1

Introduction

The fall of the Soviet Union in 1991 ushered in a new era of concern

regarding the proliferation of nuclear weapons by national and sub-national

groups [17, 18]. Limiting the transit of nuclear materials is an essential com-

ponent of efforts to eliminate both the proliferation of nuclear weapons and

their potential movement across borders [19]. The ability to rapidly scan

cargo, luggage, or storage containers is essential to these efforts. The Strate-

gic Arms Reduction Treaty (START I) signed in 1991, the Strategic Offensive

Reductions Treaty (SORT) signed in 2003, as well as the New Strategic Arms

Reduction Treaty (New START) signed in 2010 resulted in the reduction of

strategic nuclear weapons in the United States and Russia [20–22]. With the

need to further reduce nuclear weapon stockpiles, future treaties may involve

verification of reductions in material quantities, rather than verification that

the delivery vehicles are disabled. Consquently, the storage containers for the

fissile materials from dismantled weapons may need to be inspected, and this

typically must be done without physically opening the containers [23–36].

High-resolution imaging techniques, such as computed tomography, X-

ray and neutron radiography have great potential for use in non-invasive in-

1



Figure 1.1: X-ray transmission image of a piece of baggage with false coloring
applied for clearer viewing [9].

spections and have already found wide use as a means with which to view the

contents of cars, luggage and shipping containers [37, 37–52], Fig. 1.1. Deter-

mining the exact composition of an object and determining the presence of

fissile materials presents a particularly difficult challenge. Regardless of the

type of imaging or scanning technology in use, the ability to detect the geome-

try and composition of an object must be determined by its contrast relative to

the objects in which it is surrounded. While simple to do in principle, contrast

is affected by image noise as well as the spatial, temporal, mass, and spectral

resolution of the imaging system. The problem of how to precisely determine

the composition of an object through image analysis is not unique to the field

of interdiction, and has been a subject of considerable work in the medical

imaging community [53–58]. A variety of techniques have been developed that

include image filtering, adaptive histogram equalization, training algorithms,

and Bayesian methods for synthesizing multiple data types in an analysis [59].
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Noninvasive material discrimination has found broad use as a diagnostic

tool in medicine and more recently in baggage and cargo inspections [23–36].

Bremsstrahlung X-ray sources are most common for these applications. Here,

electrons are accelerated toward a target and the deceleration that occurs in the

collision with the target causes a spray of photons whose spectrum depends

on the energy of the electron undergoing the collision, Fig 1.2. Traditional

radiography with integrating detectors and a single X-ray source, such as a

Bremsstrahlung source, has the ability to distinguish the internal density of

an object. Radiography that is done using two X-ray spectra, often called

dual-energy radiography, has been used for decades in medical applications to

discriminate between bone and soft tissue [53, 57, 58]. The ability to do this

rests with the fact that bone and soft tissue interact with X-rays differently,

namely they shift the spectrum of the incident X-rays in different ways due to

a unique energy-dependence of the X-ray attenuation coefficients. Typically,

the ratio of image intensities that are obtained using high and low energy

spectra are used to determine where bone or tissue are located. The difference

in the single- and dual-energy X-ray approaches is equivalent to the difference

in seeing the world in gray-scale, and seeing it with some aspect of color vision.

Apart from medical inspections, dual-energy X-ray radiography is be-

ing explored for inspections of baggage for drugs and explosives [37,46]. This

imaging technique is also being explored for inspections of cargo containers

for drugs, explosives, and special nuclear material [19,44,45,48,50–52,60,61].

These two applications, while similar in approach, require very different source
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Figure 1.2: Simulated Bremsstrahlung X-ray energy spectra. Notice that the
number of photons at higher energies is precipitously lower than that in lower
energies.

and detector specifications. The higher densities and greater thickness ex-

pected in cargo containers require higher-energy photons in order to penetrate

the container. Cargo scanning systems developed in the early 2000’s used in-

terlaced accelerator produced Bremsstrahlung sources [48, 50]. The intention

of these studies was to use dual-energy radiography data to determine an aver-

age atomic number, or number of protons, and density through a given X-ray

path length (i.e. the direct line between the X-ray source and a particular X-

ray image pixel). As in the medical inspections, these values are calculated by

taking the ratio of intensity in the high-energy image to that in the low-energy

image at each image pixel. These studies showed the ability to discriminate

between low-, middle-, and high-atomic-numbered materials in a single-layer
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configuration.

The method of material discrimination via image ratios has difficulty

detecting the presence of specific materials if layers of other material surround

them and if the radiographic images are noisy [47]. An extensive review of

the current methods and difficulties with material discrimination of cargo con-

tainers can be found in [49]. Several approaches have been used to improve

material discrimination. The use of complementary or secondary radiation is

one approach. Neutron radiography has been explored as an imaging tech-

nique that is complementary to X-ray imaging [40, 41, 62–67]. Fast, or high

energy, neutrons are able to penetrate many metals and other dense mate-

rial, thereby making inspection of large cargo containers possible [68]. In

these studies, materials are quantified by taking the ratio of a radiograph

produced using fast neutrons to that produced with X-rays. The ratio of neu-

tron attenuation to photon attenuation has a complementary variation to that

in dual-energy X-ray, thereby allowing better discrimination between materi-

als. Two groups have explored dual-beam methods of material discrimination,

using a source that can simultaneously produce fast neutrons and gamma

rays [40, 41, 47, 64, 68–71]. The radiation sources used for these studies are

a linear accelerator-based X-ray source and either a spontaneously fissioning

Californium-252 source or a deuterium-tritium neutron source. The results

show improvement in the ability to discriminate between low-Z materials with

the addition of a fast neutron beam, but discrimination of multiple material

layers and materials of high atomic number has not been demonstrated. Im-

5



portantly, one such dual-mode inspection system is currently deployed at the

Brisbane International Airport in Australia for testing [40,41,47].

Another approach to improve material discrimination is to use sec-

ondary radiation that may be emitted from an object as a result of its inter-

action with X-rays or neutrons [72–74]. This technique is particularly useful

when looking for plutonium or highly enriched uranium. Heavy, fissile ma-

terials can undergo photon-induced fission if the impinging X-rays are of a

sufficiently high energy. The induced fission events result in neutrons that can

be detected. While the number of neutrons is typically quite small due to small

cross sections for these types of interactions, they do provide complementary

data with which to corroborate the presence of fissile material. Finally, com-

puted tomography with X-rays or neutrons can provide greater detail about

the internal structure of an object by producing a 3-dimensional map of the

object’s attenuation [38,42,43].

While the use of complementary and secondary radiation have improved

the ability to discriminate between materials, current algorithms are still lim-

ited in their ability to discriminate between materials with similar atomic

number and they have difficulty discriminating multiple layers of materials.

Both of these limitations present significant barriers which must be overcome

before radiography inspection can be used to reliably determine the presence

of nuclear materials within baggage and other types of containers.

The purpose of the work presented here is to determine how much in-

formation can be obtained from multi-spectral scans using currently available

6



technology. These scans could use detectors that can observe some energy in-

formation of an incident X-ray beam (spectral detectors) or energy integrating

detectors with multiple X-ray or neutron spectra to obtain a multiple-endpoint

scan. The work focuses on advancing the methodology for analyzing this data,

moving past typical analysis methods, including taking a simple ratio of the

high- and low-energy radiographs. To this end, the problem is posed as an

inverse problem and inverse problem algorithm methodologies are adapted in

order to extract information from this type of data. Regularization is used

within the inverse problem framework, which we show to be essential for ac-

curate material estimations.

Regularization amounts to an adding of information to the problem

and stabilizes an otherwise intractable problem as we seek more information

from the data than was previously thought possible. In a Bayesian sense,

regularization can be viewed as a prior belief that informs the final solution.

We show in this work that this is a powerful tool for increasing the accuracy

of material estimations.

The analysis algorithms are built considering currently available inspec-

tion technology; our task being to explore how much information can really

be obtained from multi-spectral data using inverse problem algorithms.

The following text is split into four chapters followed by a conclusion.

Each main chapter composes a journal paper that either has been submitted

or will be submitted soon.
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In Chapter 2 we explore the use of inverse problem algorithms for ma-

terial discrimination using currently available spectral X-ray detectors. These

detectors are unique in that they can acquire data from typical Bremsstrahlung

X-ray sources but they have the ability to bin incident X-rays into a few dis-

crete energy bins. The utility of these detectors is shown for material discrim-

ination of small objects, such as baggage. Importantly, the ability to directly

observe the most unique energy-dependent features of the X-ray attenuation

coefficients, namely the absorption K-edges, is shown to be very useful for

discrimination of small amounts of high-atomic-numbered (high-Z) materials.

We demonstrate this utility using MCNP [13] simulated data of a

baggage-like object that contains a very small wedge of plutonium shielded

with steel. We present a method to pick the regularization strength parameter

adaptively within the inverse problem algorithm. It is important to adaptively

pick this parameter correctly to achieve an optimal material estimation since

it is unlikely that an expert could be posted at each deployed system to do

this. Therefore, an adaptive method to pick this parameter is paramount for

deployment of these algorithms in real-world systems. We show the utility of

one method for regularization parameter selection and its superior performance

compared to other commonly used methods.

In Chapter 3 we explore the application of the inverse problem algo-

rithms to material discrimination using multiple-energy data and an integrat-

ing X-ray detector. These detectors cannot bin incident X-rays by energy, they

simply “count” the number of incident X-rays. This type of inspection system

8



would likely be used for inspection of larger objects, i.e. cargo, since spectral

X-ray detectors are only currently available for lower-energy (up to 450 keV)

X-rays. Therefore, the object is inspected with multiple X-ray spectra to ob-

serve the uniqueness of the material X-ray attenuation coefficients, albeit not

as directly as that which is possible with a spectral X-ray detector.

Here, we consider image data simulated using a simple ray-tracing

method to frame the problem, but much of the analysis focuses on exper-

imental data obtained with a 450 kVp Bremsstrahlung X-ray source. This

analysis shows the importance of accurately modeling the physics of the in-

spection system to obtain the best results with the inverse problem algorithm.

An estimation of the scattered X-ray flux and a good modeling of the spatial

resolution of the imaging system is shown to be essential for accurate material

estimation.

In Chapter 4 we explore the use of complementary inspection data

within the inverse problem framework. For inspection of nuclear material

storage containers to detect and quantify nuclear materials, not only is accu-

racy in the quantification necessary but also detection of diverted material, a

possible feature of future arms control treaties. An intelligent diversion sce-

nario would not likely simply remove the nuclear material since this would be

easily detected with even a single-energy X-ray scan. Rather, replacement of

the nuclear material with another high-Z, high-density object would make de-

tection much more difficult. Material discrimination with multi-energy X-ray

radiography is limited in that the attenuation coefficients of materials with

9



similar Z are similar.

Here, we consider the use of fast neutron radiography data as comple-

mentary to X-ray to be able to detect such a diversion scenario. High-energy

X-ray and neutron radiography data of the AT400R, a nuclear material storage

container, is used. The flexibility of the inverse problem is indicated here with

the addition of a different inspection type. Also, since the addition of com-

plementary inspection data opens up the number of possible inspection sets, a

method is sought that will anticipate an optimal inspection set a priori, before

the optimization algorithm has to be run (which could be time-consuming).

We show that the Cramér-Rao lower bound is a useful tool for predicting not

just the precision of the material estimations from the algorithm but also their

accuracy.

In Chapter 5 we explore the use of tomography with energy discrimi-

nating detectors to gain more information about the inspected object. Tomo-

graphic data offers information about X-ray pathlength through the layers of

the object. Using simulated spectral X-ray data, the inverse problem is re-

framed to determine the product of the X-ray attenuation coefficient and the

material thickness at each image pixel. From this, assuming object axisymme-

try with known X-ray pathlengths, we show the ability to directly determine

the effective linear attenuation coefficient from this data.

We conclude in Chapter 6 with a summary of findings in this work and

a discussion of future work.
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Chapter 2

Non-invasive material discrimination using

spectral X-ray radiography

Current radiographic methods are limited in their ability to determine

the presence of nuclear materials in containers or composite objects. A central

problem is the inability to distinguish the attenuation pattern of high-density

metals from those with a greater thickness of a less dense material. Here, we

show that spectrally sensitive detectors can be used to discriminate plutonium

from multiple layers of other materials using a single-view radiograph. An

inverse algorithm with adaptive regularization is used. The algorithm can

determine the presence of plutonium in simulated radiographs with a mass

resolution per unit area of at least 0.07 g·cm−2.1

1The content in this chapter was previous published as: A. J. Gilbert, B. S. McDonald,
S. M. Robinson, K. D. Jarman, T. A. White, and M. R. Deinert, “Non-invasive material
discrimination using spectral x-ray radiography,” Journal of Applied Physics, vol. 115, no.
15, 2014. B. S. McDonald helped with image simulations, S. M. Robinson did preliminary
algorithm development, K. D. Jarman aided in inverse problem formulation, T. A. White
advised on deployed inspection systems, and M. R. Deinert advised on adaptive α methods.
A. J. Gilbert drafted the paper manuscript and completed the remainder of the work.
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2.1 Introduction

Disrupting the illicit trafficking of nuclear materials is an essential com-

ponent of non-proliferation efforts [19]. High-resolution transmission imaging

techniques, such as computed tomography and X-ray radiography, have al-

ready found wide use as means with which to view the contents of cars, luggage

and shipping containers [37, 39, 44, 48, 49, 75]. However, determining the pres-

ence of nuclear materials presents a particular challenge. A central problem

is the inability to distinguish the radiographic signature of a material such as

plutonium from that of other high-density materials, or a larger thickness of

less attenuating materials in a composite.

X-ray attenuation coefficients are both energy-dependent and material-

specific [11]. Dual-energy radiography exploits this fact to help distinguish be-

tween bone and soft tissue in medical radiographs [53,57,58]. Here, two radio-

graphs are recorded using two X-ray spectra; the presence of specific materials

can be determined based on the ratio of the high- and low-energy images. The

technique can also be used to distinguish some kinds of explosives, provided

that these materials are not in a layered object [37,76]. In general, dual-energy

radiography is limited in its ability to distinguish materials with similar atten-

uation coefficients or materials that are part of a mixture or composite [76].

In part, this is because the detectors used for this type of radiography register

photons across a wide energy range. As a result, the technique only picks up

spectrally averaged differences in attenuation coefficients.

When an X-ray beam passes through an object, not only is its intensity
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Array Pixel Number Energy Dynamic Max count
Detector size size Detector energy resolution range rate

name (pixel2) (mm) material bins (keV) (keV) (s−1·mm−2)
eV-1000 64×1 ∼0.8 CZT 256 12% @ 60 20-160 2.0×107

DxRay 16×16 1 CdTe 2 5% @ 122 7-160 1.1×107

Medipix2 256×256 0.055 Si 4 1.0×105

Medipix3 256×256 0.055 Si 8 ≤ 160
NEXIS 16×2 ∼1 CZT 5 6% @ 60 20-300 2.0×106

Ultra high flux 16×16 0.4 CdTe 4 5% @ 122 ≤ 160 1.5×107

Table 2.1: Specifications of spectral detectors currently available or under de-
velopment in the medical and industrial imaging fields. Though groups are
developing these detectors in parallel, many of the specifications are compa-
rable to one another. Detector semiconductor materials used are cadmium
telluride (CdTe), cadmium zinc telluride (CZT), and silicon (Si). Data on the
eV-1000, DxRay, Medipix2, Medipix3, NEXIS, and Ultra high flux detectors
are from [1–6].

reduced, but its spectrum is shifted as well. Radiographic detectors have be-

come available that can measure this spectrum change [1–6,77–79]. Currently

available detectors have pixel arrays of up to 256×256 [5], a pixel pitch of 1

mm or less, up to 256 energy bins that can span an energy range of 20-300 keV,

and a maximum count rate of 2.0×107 [photons·s−1·mm−2] [2]. Table 2.1 gives

a summary of currently available spectral detectors. Energy bin thresholds are

set with the use of voltage comparators in the readout electronics and can be

moved by changing the comparing voltage [1], which has been demonstrated

experimentally [79].

A spectral shift has been used to measure the thickness of single-layer

materials for security applications [80], in medical imaging to improve contrast

[77], and to distinguish between different types of tissue with the use of contrast

agents in computed tomography inspections [78]. In principle though, this
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information can also be used to determine the presence and quantity of specific

materials in a composite object using single-view radiography.

Our work shows that the use of spectral radiography can be extended

to distinguish between nuclear material and other high-density materials in

a multilayer composite object. We use the energy-dependent form of Beer’s

law, along with an assumed set of possible materials, to predict the spectrum

and intensity of an X-ray beam that has passed through an object. The

material composition is adjusted to minimize an objective function, which

includes a least-squares difference and a regularization term. We demonstrate

the approach using single-view synthetic radiographs of objects made from

layers of plutonium, cotton, steel, lead, aluminum and copper. Image noise

and object scattered X-rays are the dominant factors affecting the accuracy of

the estimates.

2.2 Methods

The interaction of an X-ray beam with an object comprised of M ma-

terials can be described using a modified form of Beer’s law:

φ(~ρ, E) = φ0(E) exp

[
−

M∑
k=1

µk(E)ρk

]
+ φscattered(E) (2.1)

Here, φ is the X-ray flux [photons·cm−2·s−1·keV−1] at the image plane, φ0

[photons·cm−2·s−1·keV−1] is the unattenuated flux, µk [cm2·g−1] is the mass

attenuation coefficient of the k’th material and ρk [g·cm−2] is its areal den-

sity in a given pixel. The over-arrow on the density indicates that the flux
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depends on a vector of M materials, each with an associated areal density.

Scattered X-rays incident on the image plane are represented by φscattered

[photons·cm−2·s−1·keV−1] and can come from beam interactions with the ob-

ject or its surroundings. Either way, scattered X-rays affect radiographs and

care is usually taken to limit their effects when radiography systems are de-

signed.

The response of a spectral detector to the resulting X-ray flux is given

by [78]:

d(~ρ, Ebin,`) =

∫ ∞
0

S`(E)Φ(~ρ, E)dE (2.2)

where d [counts·pixel−1] is the detector output for each energy bin and Φ

[pixel−1·keV−1] is the X-ray fluence; i.e., the X-ray flux integrated over the

image integration time. The energy-dependent bin sensitivity of energy bin

` is S`, which gives the probability of detecting an X-ray of a given energy

in energy bin, `. Bin sensitivities were generated with MCNP for a 5-mm

thick CdTe detector pixel array with a 0.44 cm2 pixel area. Given an input

X-ray flux, detector response, and set of materials in an X-ray path length,

the detector signal can be calculated.

2.2.1 Detector model

To determine the bin sensitivity of the spectral detector to an x-ray

spectrum, the general framework from Schlomka [78] was used along with

the MCNP pulse-height distribution tally. The detector simulated here is

a pixelized CdTe detector of density 6.2 g·cm−3, and 5-mm thickness. The
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spectral response function, R(E,E ′), describes the probability of an x-ray of

energy E ′ being detected at energy E on the detector. In the MCNP simulation

a 6.7×6.7×5 mm3 CdTe pixel array of 3×3 pixels is simulated with the tally

on the central pixel in order to quantify the effect of scattered x-rays from

neighboring pixels. A simulated isotropic x-ray source is assumed at 90 cm

from the detector array and multiple monoenergetic sources are simulated in

1-keV steps to generate the detector response at each incident X-ray energy.

The energy resolution full-width at half-max (FWHM) in keV is user-supplied

and set to be [78]

FWHM(E) = 2.68 + 0.04E,

which gives an energy resolution of 8.5% at 60 keV and 6.2% at 122 keV,

comparable to available spectral detectors.

The spectral response to a 125-keV X-ray source, R(E, 125 keV), is

shown in Fig. 2.1a. The energy response function has a finite energy resolution

at the photopeak with a Gaussian-like shape and another, smaller Gaussian-

like peak at an energy below the photopeak, corresponding to the escape of

the characteristic X-rays for the detector elements, ∼25 keV. The low-intensity

background between about 50 and 75 keV is due to multiple scattering events,

and the Compton continuum is seen below ∼40 keV due to X-rays depositing

a fraction of their energy through a scatter event and subsequently escaping

the pixel volume. The small peak at about 25 keV is due to the characteristic

escape X-rays from the neighboring pixels being detected in the center pixel.

Integrating the response functions over the energies within each energy bin

16



0 25 50 75 100 125 150
10

−6

10
−4

10
−2

10
0

Energy (keV)

R
 (

k
e

V
−

1
)

(a)

50 100 150 200 250
0

0.2

0.4

0.6

0.8

1

Energy (keV)

S
 (

E
)

 

 
E−Bin 1
E−Bin 2
E−Bin 3
E−Bin 4
E−Bin 5

(b)

Figure 2.1: Detector model components from Eq. 2.2. (a) The detector energy
response function, R(E,E ′), to a 125-keV monoenergetic X-ray source has a
photopeak at 125 keV, a peak at about 100 keV corresponding to the escape
of the characteristic X-ray of CdTe (∼25 keV), a smaller peak at 25 keV from
characteristic escape X-rays from neighboring pixels, and a Compton scatter
background below ∼40 keV. Note: y-scale in log. (b) The bin sensitivities,
S, for each energy bin calculated using Eq. 2.3 reflect the probability of an
X-ray of a given energy being detected in each energy bin. The long tails in
the sensitivities at higher energies are due to the Compton background in the
energy response functions, R, causing higher energy X-rays to be detected in
lower energy bins.

generates the sensitivity function S` [78]:

S`(E) =

∫
Ebin,`

R(E,E ′) dE ′. (2.3)

The bin sensitivities for each energy bin used in this work are shown in

Fig. 2.1b. Notice that the sensitivities reflect a limited energy resolution,

which limits the ability to clearly observe the material-specific K-edges, and

a limited efficiency, as seen in the decreasing trend in S(E) with increasing

energy.
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2.2.2 Inverse problem formulation

The material composition of an object can then be estimated by mini-

mizing an objective function with respect to a set of suspected material areal

densities:

F (~ρ) =
∥∥∥~d(~ρ)− ~dobs

∥∥∥2 (2.4)

Here, ~dobs is a vector containing the observed signals at each pixel and en-

ergy bin. The combination and quantity of the M materials at each pixel is

then varied until a minimum for F is found. The minimization of Eq. (2.4)

represents a classic inverse problem, where Eqs. (2.1) and (2.2) constitute the

“forward” part of problem.

In practice, it can be difficult to obtain accurate results with Eq. (2.4)

if the radiographic signal contains noise. Regularization [81] can be used to

improve optimization results in these situations, and amounts to adding a con-

straint or additional information to the optimization problem. Below we use

a version called total variation regularization [81], which smooths the solution

by penalizing for sharp variations between neighboring pixels though it does

allow edges, as would be expected at material surfaces. The objective function

then takes the form

F (~ρ) =
1

2

∥∥∥∥∥∥
~dn(~ρ)− ~dobs√

~dn−1

∥∥∥∥∥∥
2

+ α
∑√

(Di~ρ)2 + (Dj~ρ)2 + β (2.5)

where α is a weighting term that varies the strength of the regularization and

Di and Dj are operator matrices that approximate the backwards finite dif-

ference of the ~ρ vector in the row i and column j dimension of the image data,
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respectively [82]. These operator matrices are defined so that the variation

across image borders or between the different materials is not taken into ac-

count in the calculation of the total variation. The term β ensures that the

function is differentiable so that analytical first and second derivatives can be

found for optimization. This term is set to 1 in this study. Also, the misfit

term in Eq. (2.5) is normalized by the square root of the forward problem

calculation from the previous iteration, n − 1. This is done so the variance

in the large count data does not overweight the norm and to simplify the α

selection method.

Equations (2.1), (2.2), and (2.5) were used to reconstruct the compo-

sition of the objects using a set of four material-basis functions: {Pu, Pb,

Steel, Cotton}. The minimum of Eq. (2.5) is found using the Gauss-Newton

algorithm and line search, with the application of a non-negativity constraint

using the projected gradient, reduced Hessian algorithm [81]. The algorithm

was implemented in Matlab (Mathworks, Inc., Natick, MA). Optimization

was stopped when the maximum change in material areal density from one

iteration to the next was less than 10−8 [g·cm−2].

Material thicknesses were calculated by dividing the estimated areal

densities by the assumed density of the respective material. The density of

alpha-phase plutonium, 19.84 [g·cm−3], is used here. The simulated detector

has five energy bins set to loosely line up with the K-edges of the materials

assumed to be present. These bins are 50-90 keV, 91-115 keV, 116-140 keV,

141- 170 keV, and 171-200 keV, consistent with spectral detectors currently

19



available. This selection of bin thresholds is based on previous analyses [80,83].

2.2.3 Simulated image generation

Synthetic radiographs were generated for three different composites.

Figure 2.2 shows the Case-1 geometry, a wedge of plutonium with a maximum

thickness of 0.02 cm stacked on 3 cm of steel (SS-304) and 30 cm of homo-

geneous cotton. Other composites were made using a lead wedge in place of

the plutonium (Case-2), and using a combination of aluminum and copper in

place of the steel (Case-3).

For the simulated X-ray source spectrum, a 300-kVp Bremsstrahlung

X-ray source with a 0.8-mm beryllium filter, a 1-mm aluminum filter and a

0.1-mm copper filter was simulated using the SpekCalc software [10], Fig. 2.3.

This simulated spectrum is used in the forward problem, Eq. (2.5), and is used

in MCNP as the input flux spectrum for the image simulations. The accuracy

of spectra calculated in the SpekCalc software has been vetted against state-

of-the-art Monte Carlo simulations, including BEAMnrc [84]. A parallel X-ray

beam was assumed.

Radiographs were simulated using the ray-tracing output from MCNP.

Here, a parallel X-ray source with the spectrum shown in Fig. 2.3 is directed

at the simulated material composite as shown in Fig. 2.2. The object-to-image

plane separation was 12 cm. The X-ray flux at the image plane is determined

using a flux tally on each element of a 19×19 area array, where each area

element is 0.67 cm on a side. The MCNP output is what is used as the noise-
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Pu wedge 

Steel slab 

Image plane 

Input photon flux 

Clothing 
(Cotton) 

Figure 2.2: Schematic of material configuration used for synthetic radiographs.
Here a plutonium (Pu) wedge with a maximum thickness of 0.02 cm is stacked
on 3 cm of steel, and 30 cm of cotton. The Pu thickness linearly increases
from 0 to 0.02 cm at a rate of about 0.002 cm per image column. The Pu
cross-sectional area is 6×6 cm2 and the steel-and-clothing cross-sectional area
is 10×10 cm2. Other composites were made using a lead (Pb) wedge in place
of the Pu, and with a combination of aluminum (Al) and copper (Cu) in place
of the steel. The figure is not to scale.
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Figure 2.3: Simulated Bremsstrahlung X-ray source spectrum with 300 keV
maximum energy. This spectrum was simulated using SpekCalc [10].

Density
Material (g/cm3)
Plutonium 19.84
Lead 11.34
Steel (SS-304) 7.80
Aluminum 2.70
Cotton 0.20

Table 2.2: Assumed material densities used in image simulations.

less data. Regarding material composition, the composition of the simulated

cotton was, by weight percent, 6.2% hydrogen, 44.5% carbon, and 49.3% oxy-

gen, and that for stainless steel 304 was 0.5% silicon, 19.0% chromium, 1.0%

manganese, 70.2% iron, and 9.3% nickel. The material densities assumed are

given in Table 2.2.

The simulated radiographs were scaled so that the maximum unatten-
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uated X-ray count in a given pixel and energy bin was 5 × 107, which corre-

sponds to a ∼10 second radiograph with the fastest counting spectral detector

currently available [6]. Radiographic noise was assumed to be dominated by

counting statistics and to follow a Poisson distribution [80]. Noise was added

to the MCNP simulated data using the Matlab (Mathworks, Inc., Natick, MA)

Poisson random number generator, poissrnd, assuming the mean value at each

pixel and energy bin is the noiseless simulated data point, d(Ebin,`).

The SNR was defined as

SNR(Ebin,`) =

√
1
N

∑ ~d(Ebin,`)2√
1
N

∑ ~d(Ebin,`)
,

where the summation is taken across all pixels except the border pixels of zero

material thickness. The SNR for each energy bin of the Case-1 simulated data

from the main text is shown in Fig. 2.4.

2.2.4 Adaptive regularization parameter selection

The unbiased predictive risk estimate (UPRE) method as given by Vo-

gel [81] and Bardsley [82] is used here for adaptive selection of α within the

optimization algorithm. This method seeks a statistical estimator of the pre-

dictive risk:

1

n
‖~pα‖2 =

1

n

∥∥∥~d(~ρα)− ~d(~ρtrue)
∥∥∥2 ,

where ~ρα is the regularized solution vector from the algorithm, ~ρtrue is the true

material composition, and n is the number of elements in ~ρα. Since ~ρtrue is
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Figure 2.4: The SNR for each energy bin of the detector from the simulated
Case-1 data. Here, a 0.02-cm plutonium wedge, 3-cm steel slab, and 30-cm
cotton slab are present in the inspected object. The lower energy bin numbers
correspond to the lower energy bins on the detector. Notice that the SNR does
not vary significantly across the energy bins of the image data due to the wide
X-ray energy ranges that the lower energy bins are capturing (see Fig. 2.1b).
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not known in a noninvasive scan in order to directly calculate the predictive

risk, an estimator, the UPRE U , is given [81].

U(α) = E

(
1

n
‖~pα‖2

)
=

1

n
‖~rα‖2 +

2σ2

n
trace(Aα)− σ2

where ~rα =
~d(~ρα)− ~dobs√

~d(~ρα)
(2.6)

and Aα = K
(
KTK + αL

)−1
KT .

Here ~rα is the regularized residual vector similar to that in Eq. (2.5), σ2 is the

scalar variance of the noise in the data, and Aα is called the influence matrix,

which depends on a linear forward problem operator matrix K and a penalty

operator L. The value for σ2 is taken to be 1 since the expected variance of the

normalized residual is 1. This is because the expected variation of a Poisson

random variable, x, is
√
x. The optimal value of α according to this method

is that which minimizes Eq. (2.6).

Since neither K nor L can be directly computed from the problem, they

both must be approximated. The forward problem operator K was approxi-

mated with the Jacobian of the forward problem at the regularized solution,

J(~ρα). The penalty operator used was a representation of the total variation

regularization term

L =
√

(Di)2 + (Dj)2 + β.

This selection of the penalty operator was found to perform better than other

linearizations tested, including the Jacobian and the Hessian of the regular-

ization term.

25



10
−4

10
−2

10
0

10
2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

α

R
e
la

ti
v
e
 E

rr
o
r

 

 
Relative error

GCV

UPRE

DP

Figure 2.5: Selection of α with three commonly used methods. It is shown here
that the unbiased predictive risk estimate (UPRE) performs well compared to
the generalized cross validation (GCV) and the discrepancy principle (DP),
picking a near-optimal value for α.

Shown in Fig. 2.5 is the α selected using UPRE as well as two other

commonly used selections methods, generalized cross-validation (GCV) and

the discrepancy principle (DP), plotted on a curve of relative error, defined to

be

e =
‖~ρα − ~ρtrue‖
‖~ρtrue‖

.

This plot is generated using the simulated noisy data with the pluto-

nium wedge, steel slab, and cotton (Case-1 and Figure 2.7). The UPRE is

shown to perform well compared to the other selection methods and pick an α

very near the optimum. Though the UPRE is used in this work to adaptively

select α, the GCV is also shown to perform very well. Since the GCV doesn’t

require an estimate of the noise in the data, it would be useful in situations
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where the noise is unknown.

The minimum of the UPRE is found in the material discrimination

algorithm by using Matlab’s built-in 1-D optimization routine, fminbnd, which

uses the golden-search algorithm to find a minimizer of U with respect to α,

Eq. (2.6), with a tolerance of 0.05.

2.3 Results and discussion

Figure 2.6 shows simulated transmission data, d, recorded by the spec-

tral detector for the object in Figure 2.2, summed over all energy bins. The

slight profile of the plutonium wedge can be seen in the middle of the image.

The estimated material thicknesses from optimizing Eq. (2.5) are shown in Fig-

ure 2.7, under the assumption that the scattered X-ray flux can be ignored.

The accuracy in the estimation of plutonium thickness from the algorithm is

not significantly affected by the other materials in the simulated composite,

even when there are materials in the composite that are not included in the

M suspected materials, i.e. Case-3 in Table 2.3. However, in this case the

accuracy of the estimated steel and cotton thicknesses is reduced. This likely

occurs because steel and cotton most closely resemble aluminum and copper,

and the algorithm finds the best fit to the data using the M basis materials

that are assumed.

The estimated cotton thicknesses are less accurate than the other ma-

terials. This is likely an artifact of changes in cotton’s thickness having little

effect on the value of Eq. (2.5) compared to the other materials. Even so, this
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Figure 2.6: The slight profile of the shielded Pu wedge can be seen in the
middle of the simulated image. Note the two-pixel wide border in the data
with zero material thickness. The color bar indicates photon counts.
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Figure 2.7: Material thicknesses estimated from noisy image data. Sensitivity
to plutonium is very good, with the plutonium wedge perceivable to thicknesses
of less than the maximum 0.02 cm thickness. The SNR is slightly different for
each energy bin and ranged from 63 to 162 in this image data. See Fig. 2.4
for how the SNR varies with energy bin.
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appears to have no impact on the estimation of the other materials. Based on

the precision of the estimated plutonium wedge thicknesses, the algorithm has

a plutonium mass resolution per unit area of 0.05 g·cm−2 for Case-1 and 0.07

g·cm−2 for Case-3, which correspond to thicknesses of 0.023 mm and 0.036 mm,

respectively. These values correspond to the 95% confidence interval that the

estimated thickness is greater than zero, assuming normally distributed ma-

terial estimations. A summary of predicted and actual material thicknesses is

given in Table 2.3.
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Case 1: {0.2 mm Pu wedge, Case 2: {0.4 mm Pb wedge, Case 3: {0.2 mm Pu wedge,
30 mm Steel, 300 mm Cotton} 30 mm Steel, 300 mm Cotton} 20 mm Cu, 30 mm Al, 300 mm Cotton}

Actual Est. Actual Est. Actual Est.
Material thickness (mm) thickness (mm) Material thickness (mm) thickness (mm) Material thickness (mm) thickness (mm)

Pu 0 0.002 ± 0.003 Pu 0 0.003 ± 0.001 Pu 0 0.004 ± 0.005
0.011 0.011 ± 0.006 0.011 0.012 ± 0.009
0.033 0.033 ± 0.007 Pb 0 0.003 ± 0.006 0.033 0.034 ± 0.010
0.056 0.056 ± 0.007 0.022 0.011 ± 0.011 0.056 0.057 ± 0.011
0.078 0.078 ± 0.008 0.067 0.042 ± 0.019 0.078 0.079 ± 0.011
0.100 0.101 ± 0.008 0.111 0.079 ± 0.024 0.100 0.102 ± 0.012
0.122 0.124 ± 0.008 0.156 0.118 ± 0.026 0.122 0.124 ± 0.012
0.144 0.146 ± 0.009 0.200 0.160 ± 0.029 0.144 0.147 ± 0.012
0.167 0.169 ± 0.009 0.244 0.204 ± 0.031 0.167 0.169 ± 0.013
0.189 0.192 ± 0.009 0.289 0.251 ± 0.031 0.189 0.192 ± 0.013

0.333 0.300 ± 0.031
Pb 0 0.013 ± 0.002 0.378 0.352 ± 0.031 Pb 0 0.021 ± 0.003

Steel 30 30.248 ± 0.054 Steel 30 30.841 ± 0.078 Steel 0 32.925 ± 0.087

Cotton 300 315.59 ± 1.75 Cotton 300 296.38 ± 2.29 Cotton 300 311.01 ± 1.21

Table 2.3: Estimated material thicknesses for a few material compositions. The reported values and error
are the experimental mean and standard deviation of the results from 600 noisy data generations. The
results are given for each wedge step for the materials that are present as wedges.
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Figure 2.8: Estimated thicknesses of materials when plutonium is not present.
Results in (a) have a lead wedge of 0.04-cm maximum thickness in place of
the plutonium wedge and results in (b) have no plutonium or lead. In either
case, accuracy in the plutonium thickness is not affected and estimates of the
other three materials are good. See Table 2.3 for a summary of these results.

The results shown in Fig. 2.8 are based on the simulated spectral data

when no plutonium is present in the composite. In these situations it is im-

portant that the algorithm does not “detect” plutonium, even in the presence

of a common high-atomic-numbered material such as lead. This is indicative

of a low false-positive error rate though it would depend on the threshold set

on what quantity of estimated plutonium would be considered a “detection.”

As shown in the figure, the plutonium estimates are accurate, with a maxi-

mum estimated plutonium thickness of 0.003 cm for both cases. A summary

of results for all cases studied are shown in Table 2.3.

The signal to noise ratio (SNR) is different for each energy bin in the

radiographs, and Figures 2.9 and 2.10 show how the estimations change with

improving SNR. Figure 2.10 shows how the plutonium root mean square error
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(RMSE) varies when noise is localized in a single energy bin, while the noise

in all other bins is held constant. The values are the average of 36 indepen-

dent simulations where Poisson noise was independently added to each pixel,

and where each case used an optimal α based on the UPRE. The RMSE is

calculated only from the pixels in which plutonium is actually present. The

RMSE increases more slowly with increased noise in energy bin 1, which is the

lowest-energy bin, and bin 3, which contains the plutonium K-edge, compared

to bins 4 and 5, indicating greater solution stability in the energy bins that

contain the most unique features of the material attenuation coefficients.

2.3.1 Effect of scattered flux on the estimated material thickness

Scattered X-rays can have a significant effect on material estimations.

Since scattering is not included in the physics model used in the inverse prob-

lem, its inclusion in the simulated radiographs would be expected to cause in-

accuracy. To test this, various fractions of the scattered flux from the MCNP

output were added to the image plane signal.

The MCNP output of the simulated radiographs allows the separation

of unattenuated and scattered flux, so the scattering component can be varied

independently of the unattenuated component. Figure 2.11 shows the effect

of scattered X-rays on the material reconstruction for the Case-1 material

composition. When the scattered X-ray flux at the detector plane is below

10% of the actual value, the reconstructions revert to their behavior in the

absence of scattered flux. Limiting the scattered X-ray flux at the image plane
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Figure 2.9: Estimated thicknesses of Pu and Pb for various SNRs. The SNR
ranges for the five energy bins were 20-51, 63-162, and 200-512 for a-c, respec-
tively. The background maximum count rate for a-c was 5×106, 5×107, and
5×108, respectively.

33



10
1

10
2

10
31

2
3

4
5
0

1

2

3

4

x 10
−3

SNREnergy Bin

R
M

S
E

 (
c
m

)
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the greatest uniqueness.
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to this degree can be done with anti-scattering screens [85], and the results

indicate that this will likely be required. A rough estimate of the scattered

component added to the forward problem may be able to aid in improving the

accuracy of these results when the scatter contribution is larger. Figure 2.12

shows the root mean square error (RMSE) for each material in Case-1 as a

function of the fraction of scattered flux allowed on the detector.
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Figure 2.11: Estimated regularized thicknesses for various percentages of scat-
tered flux allowed in the data. These percentages are, in order from (a) to (d),
100%, 50%, 10%, and 0%. Accuracy of results approaches the 0% scatter case
when about 10% scatter is allowed. See also Fig. 2.12 below.
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2.4 Conclusions

Past work has shown that spectral radiography can be used to distin-

guish between tissue and contrast agents in medical imaging [53, 78]. The

work presented herein demonstrates that it can be used to discriminate nu-

clear materials from other high-Z materials in a baggage-like composite using

radiography performed with current generation spectral detectors. The effects

of image noise and object-scattered X-rays are the dominant factors affecting

the accuracy of the thickness estimates. However, simulations with realistic

ranges for both and a realistic detector energy response show a plutonium

resolution of at least 0.07 g·cm−2 in a baggage-like object. The number of

energy bins in the spectral detector limits the number of materials that can

be determined. However, this is a design variable, as is the spectral range for

the energy bins. Figure 2.10, in particular, suggests that concentrating the

energy bins across the region of K-edges and in the low energy range where

the µ-functions are most distinct would improve results.

Future work will involve tests against experimental data obtained using

available spectral detectors as well as tests using other geometric configura-

tions. Chapter 3 will look at adapting the current algorithm for use with

multiple X-ray spectra and detectors that cannot discriminate X-ray energy.

This type of imaging offers less information as the K-edges and low-energy

uniqueness of the attenuation coefficients cannot be directly observed. We in-

vestigate this because higher-energy sources are needed to inspect large, dense

objects such as cargo and nuclear material containers. Spectral detectors are
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not currently commercially available for high-energy X-ray radiography.
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Chapter 3

Non-invasive material discrimination with

multi-energy X-ray radiography

Here we present an inverse algorithm that can use multi-spectral X-ray

radiography data to non-invasively reconstruct the composition of a nuclear

material storage container. Regularization is used to increase the accuracy of

material estimations from multi-spectral data sets. The utility of these meth-

ods is explored with both simulated radiographs and actual ones, obtained

using lower-energy X-rays. In both cases it was found that the material com-

position of the simulated or actual objects could be determined, contingent

on accurate modeling of the inspection system physics. Reconstructions done

using the actual radiographs showed that the attenuation of low energy X-rays

is limiting, as is the similarity of the X-ray attenuation coefficients. Results

would likely improve with a high energy X-ray source.

3.1 Introduction

The fall of the Soviet Union in 1991 ushered in a new era of concern

regarding the acquisition of nuclear weapons by national and sub-national

groups [18]. Limiting the illicit trafficking of nuclear material is an essential
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component of efforts to eliminate the proliferation of nuclear weapons [19].

Noninvasive methods to rapidly scan a wide range of objects, including cargo

and storage containers, are essential to these efforts. In addition, The Strate-

gic Arms Reduction Treaty (START I) signed in 1991, the Strategic Offensive

Reductions Treaty (SORT) signed in 2003, as well as the New Strategic Arms

Reduction Treaty (New START) signed in 2010 resulted in the reduction of

strategic nuclear weapons in the United States and Russia [20–22]. As stock-

piles are further reduced under current and future arms treaties, noninvasive

techniques that can accurately account for nuclear material from dismantled

weapons become increasingly important.

Inspection of nuclear materials storage containers in multinational dis-

armament treaties is commonly done using passive methods (i.e. emissive neu-

tron and gamma detection) [14]. Unfortunately, self shielding of the emitted

radiation can result in a significant under-estimate of the mass of materials

in question. By contrast, computed tomography, X-ray, and neutron radio-

graphy are not typically used as part of multinational disarmament treaties

precisely because they produce detailed information that could be dissemi-

nated [14]. However, this risk can be minimized by reducing the image data

to a few attributes of interest (i.e. the presence, quantity and location of nu-

clear materials). Parallel work is considering the use of information barriers to

protect this data while only non-sensitive components are being passed across

the information barrier [86].

Using spectral information to aid in quantitative X-ray radiography
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has been widely applied since dual-energy body scans were introduced to help

distinguish between bone and tissue [57]. More recently, dual-energy radio-

graphy has been used in security inspections in an attempt to detect drugs,

explosives, and high-atomic-numbered (high-Z) materials [44,49,87]. However,

a key limitation with the dual-energy technique is that it can only determine

two unknowns. These scans are typically done with only two X-ray spec-

tra since models for the components of the X-ray attenuation coefficients are

calculated as functions of only density and atomic number (Z). Dual-energy

radiography can be used to determine an average density and Z for a given X-

ray pathlength between the source and detector plane [48]. This is a significant

limiting factor for detection of nuclear materials because higher-Z materials

can be shielded by lower-Z materials so that the average Z is below some

threshold.

It was previously shown that energy-discriminating X-ray detectors can

be used to differentiate between high density and nuclear materials in small,

layered objects (i.e. baggage) [12]. Here we show that this approach can be

adapted for use with multiple X-ray spectra and standard detectors. The

algorithm is tested against both simulated and experimental data. The work

presented here is focused on high-energy inspections of large, dense objects

while the experimental validation uses a mid-energy X-ray scanner. These

types of inspections would not be possible with energy discriminating detectors

since they are currently limited to low-energy X-rays.
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3.2 Methods

The interaction of an X-ray beam with an object comprised of M ma-

terials can be described using a modified form of Beer’s law:

Φ`(~ρ, E) = Φ0,`(E) exp

[
−

M∑
k=1

µk(E)ρk

]
+ Φscatter(E) (3.1)

Here, Φ` [X-rays cm−2 keV−1] is the X-ray energy-dependent fluence incident

on the detector plane for inspection energy `, Φ0,` [X-rays cm−2 keV−1] is

the incident fluence, µk [cm2 g−1] is the energy dependent mass attenuation

coefficient for material k, ρk [g cm−2] is its areal density, and Φscatter(E) [X-

rays cm−2 keV−1] is the fluence from X-rays that are scattered onto the image

plane. The mass attenuation coefficients can be found readily [11] and are

shown for a few materials in Fig. 3.1a.

The subsequent detector response is given by:

d(~ρ, E`) = c

∫
E

Φ`(~ρ, E)ε(E)PE dE (3.2)

Here P [photons keV−1 X-ray−1] is the number of visible light photons pro-

duced in the scintillator per incident X-ray of energy E [keV]. This value

is unique to the scintillator material in use [7]. The constant c [gray-levels

photon−1] assumes that the detector response is linear in energy. The detector

efficiency is given by ε.

It is common in the processing of X-ray radiographs to divide by a

flat-field image, i.e. an image without the object being inspected. This re-

moves nonuniformities in the data due to variable detector response and source
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Figure 3.1: Mass attenuation coefficients and X-ray spectra. (a) Attenua-
tion coefficients for a few materials of interest [11]. It is the uniqueness of
these coefficients with respect to energy for each material that is the basis
for discriminating one material from another [12]. (b) Bremsstrahlung source
spectra corresponding to four different energies. These spectra were simulated
in MCNP [13].

strength:

d′(~ρ, E`) = C

∫
E

Φ`(~ρ, E)ε(E)E dE∫
E

Φ0,`(E)ε(E)E dE
(3.3)

Here C is a multiplicative 2-D convolution matrix which models the finite

spatial resolution of the imaging system. The dark current image for both the

object and flat field images is also subtracted from before division. The results

of this processing are shown in Fig. 3.2.

Where Eqs. (3.1), (3.2), and (3.3) constitute the “forward” part of the

problem (the physics model), the composition of an object can be estimated

by posing the inverse problem, where an objective function is minimized with
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Figure 3.2: Radiographic images of a scale-model AT400R container. (a) The
original X-ray transmission image of the scale AT400R model for the 300 keV
endpoint energy, (b) the flat field image without the inspected object present
and, (c) result of the division of the transmission image by the flat field image,
after the dark image is subtracted from both. The scales are given in gray-level
(ADU). The aluminum sample table can be seen at the bottom of the image.

respect to a set of suspected material areal densities:

F (~ρ) =
∥∥∥~d(~ρ)− ~dobs

∥∥∥2 (3.4)

Here, ~dobs is a vector containing the observed signals at each pixel for each

scan. The combination and quantity of the M materials at each pixel is then

varied until a minimum for F is found.

Due to the ill-posedness of the inverse problem, Eq. (3.4), the opti-

mization is sensitive to noise in the radiograph. Regularization [81,88] can be

added to the problem to stabilize results in these situations, and amounts to

adding a constraint or additional information to the optimization problem:

F (~ρ) =
1

2

∥∥∥~d′(~ρ)− ~d′obs

∥∥∥2 + α
∑√

(Di~ρ)2 + (Dj~ρ)2 + β (3.5)

Here the left-hand term in F is the least-squares misfit and the right-hand term

is total variation regularization [81], which includes a weighting term α that
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varies the strength of the regularization. Backwards finite difference matrix

operators in the i and j image dimension are given by Di and Dj, respectively

[81, 88]. Both Di and Dj are constructed so that the variation of material

estimations across the image boundaries has no effect on the total variation (a

symmetric boundary condition), nor does variation from one material to the

next.

Newton-type algorithms with line search are used to optimize Eq. (3.5).

Here F is optimized iteratively by approximating it as locally quadratic at each

iteration and minimizing accordingly. In order to use this method, the first

derivative (gradient) and second derivative (Hessian) of F , or an approxima-

tion thereof, must be found at each Newton iteration. The misfit term is

optimized using the Gauss-Newton algorithm, which approximates the second

derivative with the Jacobian matrix [81, Ch. 6]. This saves computation time

since a full second derivative matrix (the Hessian) does not have to be calcu-

lated at each iteration. This approximation was found to perform comparably

to that when the full analytical Hessian matrix was used. In contrast, for the

regularization term the full analytical Hessian is calculated at each iteration,

which is computationally inexpensive due to the sparse operator matrices, Di

and Dj, used in this term. A non-negativity constraint was put on the solution

by using the projected gradient, reduced Hessian method [81, Ch. 9].

An initial guess for ~ρ was set in the algorithm to the zero vector, ~0, and

a stopping criteria for the Newton iterations was set to be when the maximum

change in any value of ~ρ is less than 10−4, as determined via experimentation.
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The algorithm was implemented in Matlab [89].

3.2.1 Simulated radiography

Simulated radiographs are generated in Matlab using ray-tracing with

exponential attenuation. The simulated object is an AT400R, which is a nu-

clear materials storage container used at the Mayak facility in Russia [90].

The AT400R contains two plutonium spheres of 5.8 cm diameter, shielded

with spherical shells of stainless steel (SS-304) and boronated-polyethylene.

These are placed in a stainless steel can of 30 cm diameter, which is filled

with polyethylene. The object is imaged with seven different high-energy

Bremsstrahlung X-ray spectra between 2 and 8 MeV endpoint, in 1 MeV steps.

These high endpoint energies are necessary to overcome the attenuation of the

thick, dense materials in the inspected object. The Bremsstrahlung spectra

are simulated in MCNP [13] by assuming the X-ray flux that results from a

monoenergetic pencil beam of electrons being incident on a tungsten target at

various energies (thereby affecting the maximum resulting X-ray spectrum).

The spectrum is filtered with 2 cm of lead, similar to the experimental setup

in Ogorodnikov [48]. Detector efficiency is taken into account in the simulated

data using the attenuation that would be expected from a 2-cm thick cadmium

tungstate (CdWO4) crystal [48]. The effect of multiple scatters in the detector

medium is ignored.

Noise is added to the simulated data with the assumption that counting

statistics will be the dominant source of noise. Specifically, for the noisy data a
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Poisson distributed number is independently chosen for each data point (pixel

and endpoint) using the noiseless data point as the expected mean and the

Matlab function, poissrnd.

3.2.2 Experimental setup and radiography

The Bremsstrahlung X-ray source used for this work is a 450 kVp Comet

MXR-451/26. It has a tungsten target at a 30◦ takeoff angle with 5 mm

integrated beryllium filtering, a variable source spot size of 2.5 mm or 5.5

mm, and is tunable from 100 to 450 kVp with a maximum current of 4.9 A.

The detector used is the PerkinElmer XRD-0822-AP, which has a 140 µm

thick Gd2O2S:Tb (GOS) scintillator and a 1024×1024 pixel matrix of 200 µm

pitch. The signal output is digitized to 16 bits and the readout electronics are

shielded to reduce noise.

A 1/2 in. stainless steel filter is put on the source in order to harden

the X-ray spectra to have greater transmission through dense objects relative

to the unattenuated signal. The unfiltered source was found to be too heavily

attenuated to accurately estimate the dense material thicknesses. Seven source

spectra are used in the inspection with endpoints of {150, 200, 250, 300, 350,

400, 450} keV and corresponding currents of {5.0, 3.6, 3.4, 2.5, 1.7, 1.25, 1.0}

mA. Variable exposure times are used for the various endpoint energies in

order to best use the available dynamic range of the detector. Five second

exposures are used for the 150 and 200 keV endpoint energies, a 2.5 second

exposure for the 250 keV endpoint, and 2 second exposures for the endpoints
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of 300 keV and above. In order to reduce the variability from one exposure

to the next, the image data used in the analysis is an average of 32 individual

exposures, for a varied total exposure time depending on the endpoint of the

spectra, from about 1 minute to 2.5 minutes. For data analysis, subsets of the

data from the seven endpoints are used.

The object to be inspected is a scale-model of an AT400R nuclear

materials storage container. It is composed of two steel spheres held in a

plastic (ABS) cylinder which is placed in a steel can. The spheres put in the

container are stainless steel 304 of 1.9 cm diameter. The plastic piece (ABS-

P400, Stratasys) is made with a 3-D printer and had a diameter of 10.1 cm

with cavities to hold the spheres. This object is shown in Fig. 3.3a, along with

the experimental setup, Fig. 3.3b.

3.2.3 Estimation of the Φscatter and convolution terms

Scattering is estimated by comparing a simulated data set using a ray-

tracing attenuation data model, without a scattered flux contribution, to the

observed data. This is similar to other work that estimated a scatter term

based on the observed flux in heavily shielded image boundaries [91]. In this

step, particular care must be taken so that the projected geometry of the

simulated data lines up with that actually observed. Otherwise an inaccurate

estimate of X-ray scattering can significantly affect the material estimations,

especially where the unattenuted flux is lowest behind the dense steel spheres.

The difference between the real and simulated data is calculated for
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(a) (b)

Figure 3.3: Experimental system and beam floor. (a) The scale-model object
used in these inspections. It is shown open here to see how the object fits
together. It is composed of stacked, 3D printed ABS pieces which have two
spherical cavities to set the steel spheres into. (b) The experimental setup
with sample and detector visible. The source is located behind the camera.

each incident spectrum and the difference is fit with a 2-D second-order poly-

nomial. The estimated scatter field (shown as the fraction of the total flux on

the image plane) for the data using the 350 keV endpoint is shown in Fig. 3.4.

The profile of this term has been confirmed by comparing it to scatter profile

simulated with MCNP. The lower scattered flux in the middle of the image

plane is likely due to X-ray backscatter from the wall behind the detector being

a dominant factor in the scattered flux, as indicated in the MCNP simulations.

This would cause a lower scatter fraction behind the object being inspected,

since there is lower unattenuated flux and, therefore, less backscatter there.

Estimation of the convolution C term, which accounts for the finite

spatial resolution of the system, is done in a similar manner. This term was

estimated by comparing a simple image simulation without any quantification
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Figure 3.4: The estimated scattered flux used in the inspection system model.
The fractional scattered flux field estimated by comparing a ray-tracing data
simulation with the observed data. The colorbar corresponds to the fraction
of flux on the image plane that can be attributed to the Φscatter term. Inter-
estingly, the scattered flux is the smallest in the middle of the image plane
behind the greatest material thicknesses. Note, the average excess flux in the
central region of the image is about 8%, in line with that determined from
MCNP simulations.
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of spatial resolution (but with the prior estimated scattered flux term) with

the observed data and picking a term that gives a best fit of the simulation

to the observed data. The convolution may also capture some of the spatial

dependence of the backscattered flux off of the wall behind the detector.

For a typical imaging system, it is expected that the point-spread-

function (PSF) used to simulate the spatial resolution would be Gaussian in

shape. In fact, it is found that a dual-Gaussian PSF performed better in

modeling the effect, one of which is narrower than the other. Presumably, the

narrow Gaussian captures the spatial resolution of the radiographic detector

while the wider Gaussian captures the further edge broadening due to flux

scattered off the lead-lined back wall. This scatter component would be a

function of the object attenuation, i.e. less scatter off of the wall where there

is greater beam attenuation.

3.2.4 Error Calculations

The root mean square error (RMSE) is used as a measure of goodness-

of-fit of the material estimates from the algorithm to the ground-truth. Even

though the ground-truth for the experimental data is not directly known,

careful estimations have been made for the calculations of the scatter and

convolution terms. Therefore, these estimated material thicknesses are used

to calculate the error in the experimental results.
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3.3 Results

For the simulated radiographs, a set of three or four basis materials

are chosen from the set {plutonium, tungsten, steel, boronated-polyethylene}.

These correspond to what would be expected in an AT400R, plus tungsten.

Tungsten has a high atomic number and a density similar to that of plutonium,

and might be used if one was trying to divert nuclear material and subvert the

scan. Results from the algorithm using 2 and 3 endpoint X-ray spectra are

shown in Fig. 3.5. The value for α was set to 10−10 for these results.

Figure 3.5b shows material estimates when only two endpoints, 2 and

4 MeV, are used in the scan. Figure 3.5c shows the materials estimated from

the algorithm with three endpoints, 2, 5, and 8 MeV. Here, this extra end-

point allows more accurate material reconstructions for both the plutonium

and steel, along with an added boronated-polyethylene basis material. Im-

portantly, the boronated-polyethylene basis image is capturing not just the

boronated-polyethylene thickness but also the polyethylene thicknesses, indi-

cating the ability of the algorithm to “group” materials by Z when there are

more materials present than basis materials available. Figure 3.5d shows the

reconstruction of four materials with a three endpoint scan, 2, 5, and 6 MeV.

This scan would be of benefit to detect an attempt to fool the algorithm. It

also shows the strength of the use of regularization; this system of four un-

knowns with three data points would be strictly unsolvable without it since it

is an underdetermined system. With the use of regularization the solution is

stable and reasonably accurate, though there is significant confusion between
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Endpoint Material Reg. RMSE Unreg. RMSE
set (MeV) basis set Pu (cm) Pu (cm)

2, 4 Pu, Steel 0.1325 ± 0.0008 0.8033 ± 0.0802
2, 5, 8 Pu, Steel, B-poly 0.0150 ± 0.0006 0.0802 ± 0.0034
2, 5, 6 Pu, W, Steel, B-poly 0.0868 ± 0.0038 N/A

Table 3.1: Estimated plutonium root-mean-square-error (RMSE) from the
scans shown in Fig. 3.5. The values for RMSE shown are the mean and
standard deviation of the results from 100 independent noisy data generations.
The average RMSE for the unregularized results are also shown for comparison.

plutonium and tungsten, due to the similarity of their attenuation coefficients.

Table 3.1 summarizes the error in the estimated materials using the

simulated data. The addition of a single endpoint to these scans can improve

the material reconstructions considerably. Regularization is found to be es-

sential to object reconstructions, depending on the desired accuracy, and a

considerable improvement in accuracy is observed.

Figure 3.6 shows the results for experimentally obtained radiographs

when four X-ray spectra of 150, 250, 300, and 450 keV endpoint energies are

used. The object being imaged is shown in Fig. 3.6a. Results both with and

without regularization are shown. The chosen basis material set is {steel,

aluminum, ABS plastic}, consistent with the actual scale-model composition.

The aluminum basis material is put in the basis set to emulate the three basis

material reconstruction that could be accomplished with the simulated data.

The regularization weighting factor α is set to 10−7 for all of the results in this

section, and was found to perform well for all of the data considered. A larger
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Figure 3.5: Simulated radiographs and estimated material compositions. Ac-
tual material thicknesses are shown in (a), compared to estimations from the
algorithm in (b)-(d). Estimated material thicknesses from the algorithm with
only two endpoints, 2 and 4 MeV, are shown in (b). In comparison, the data
with three endpoints (2, 5, and 8 MeV) and three unknowns (c) and three
endpoints (2, 5, and 6 MeV) and four unknowns (d) show improved accuracy
in the reconstruction of plutonium as well as the surrounding materials.
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value for α here compared to that for the simulated data could be attributed

to a number of factors, including greater image noise and a “smoother” final

result. Qualitatively, the material estimations with regularization appear very

good. The steel spheres are picked out with good contrast and even the profile

of the steel can is visible in the steel estimation, indicating sub-millimeter

precision with these methods. Even still, the maximum steel sphere thickness is

underestimated by 0.38 cm. In contrast, the estimations without regularization

are very noisy, especially in the ABS and Al results, and the steel sphere

maximum thickness is more significantly underestimated, by 0.85 cm.

A comparison of the regularized and unregularized results gives a good

illustration of the utility of regularization in these types of problems. Reg-

ularization smooths the solution while also improving accuracy and shows

significant utility for the noninvasive inspections used here. Though the re-

sults show an underestimate of the maximum steel thickness, this is expected

due to: 1. the limited signal (i.e. low X-ray flux through the middle of the

steel spheres); 2. that the optimization effectively involves a deconvolution

and it is difficult to reconstruct the full spherical profile with such an oper-

ation. This effect would likely be mitigated with greater X-ray transmission

(with a higher-energy scan) and/or a reduction in the scattered flux with an

anti-scatter grid. Furthermore, the attenuation coefficients are more similar

around 450 keV compared to the simulated X-ray inspections at multiple MeV.

Also, the range of atomic number for the materials in the experimental acquisi-

tions is less than the simulated case, also making for more similar attenuation
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Figure 3.6: Actual radiographs and estimated material compositions using
four X-ray spectra. (a) Material estimations from the algorithm without and
with regularization with data containing the 150, 250, 300, and 450 keV scans.
Notice the large error in the unregularized estimation, especially between the
ABS and aluminum estimations. In contrast, much of this noise is removed
with the addition of regularization, with the estimation of aluminum being
nearly completely removed. The steel thickness is still underestimated (the
maximum should be 1.9 cm) likely because of the limited transmission through
the greatest thickness of the steel sphere. See also the scan lines along an image
column through the two steel spheres (b). Refer to Fig. 3.3a for a picture of
the inspected object and Fig. 3.2 for a view of the image data used.
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Figure 3.7: Estimated material basis images using only two X-ray inspections:
350 and 450 kVp, without regularization (left) and with regularization (right).
Though there is more noise in the material estimations and the steel accuracy
is reduced compared to the 4 inspection set, the algorithm shows utility in
accurately solving an otherwise underdetermined system.

coefficients and, therefore, difficult material discrimination.

Figure 3.7 shows the material estimations using only two X-ray spectra

with endpoint energies of 350 and 450 keV. Here, the 3 basis material set is still

used and regularization shows its utility in obtaining an estimated material

thickness to reasonable accuracy with an otherwise underdetermined system.

See Table 3.2 for a summary of the experimental results.
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Endpoint Reg. RMSE Unreg. RMSE
set (keV) Steel (cm) Steel (cm)

150, 250, 300, 450 0.30 0.50
350, 450 0.30 0.57

Table 3.2: The root mean square error (RMSE) of the experimental estimated
steel thicknesses compared to the actuals. The RMSE is calculated only around
the location of the steel spheres, not accounting for the steel can.

3.4 Conclusions

We have shown that multi-endpoint radiography can be used in con-

junction with an inverse problem algorithm and regularization to determine

the material composition of objects that are relevant to treaty verification.

It was found that a thorough modeling of the inspection system response is

necessary for these methods to be effective. Specifically, this work showed

that a good estimate of the scattered flux contribution on the image plane is

essential for accurate material reconstruction. A good estimate of this term

is especially important where there is minimal X-ray transmission, such as

through thick or dense, high-Z components of the object. Fortunately, even a

simple approximation will still provide good material reconstructions. Since

the scatter will likely change with different object geometries and material

compositions, the challenge remains to model the scatter in such a way that

it can be computed quickly within the reconstruction algorithm with varying

material compositions. Certainly, utilizing an anti-scatter grid could simplify

the physics model and allow better reconstruction through minimally trans-

missive regions of the object, as would keeping the detector far from the object
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and walls. This will be explored in future work. These results are also lim-

ited by the X-ray attenuation coefficients at about 400 keV being considerably

more similar compared to those at 4 MeV and above, Fig. 3.1a.

Though the methods presented here were demonstrated for quantifica-

tion of nuclear materials in nuclear material storage containers, the algorithms

have potential to be used in inspection of cargo containers, semi trucks, etc.

However, in these cases the geometry is variable and can include any number

of materials. Fortunately, the algorithm has shown utility when not all of the

materials actually present in the object are included in the material basis set.
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Chapter 4

Integration of X-ray and neutron radiography

data for enhanced discrimination of materials

with high atomic number

X-ray and neutron radiography are useful tools for non invasively in-

specting the interior of objects. Material discrimination can be accomplished

by looking at some energy component of the radiography data, typically by

using two or more unique X-ray spectra. However, current methods are limited

in their ability to do this when multiple materials are present, especially within

large and complex objects. With X-ray radiography, the inability to discrimi-

nate materials of a similar atomic number is especially limiting. Here, we show

that X-ray and neutron radiography can be used in a complementary fashion

to overcome this problem. We consider a simulated inspection of an AT400R

nuclear material storage container, and present a method to discriminate ma-

terials of similar atomic number using these complementary data types and a

flexible inverse problem algorithm. We show improved discrimination between

plutonium and tungsten with the use of neutron radiography and that the

combined system can estimate plutonium mass within our simulated system

to within 1%. Two types of inspection modes are considered: multi-endpoint

X-ray radiography, as well as radiography with deuteron-deuteron (DD) and
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deuteron-tritium (DT) fast neutron sources. We demonstrate a method for

using the Cramér-Rao lower bound to choose a set of inspections a priori that

would be optimal for a given application.

4.1 Introduction

Detecting the presence of nuclear material in an occluded configuration

such as cargo remains a difficult problem for current generation inspection tech-

niques such as dual-energy X-ray radiography [49, 76]. This is because these

methods typically reconstruct an average Z and density for a given X-ray path

length, thereby allowing high-Z materials to be “shielded” by a thicker layer

of innocuous low-Z, low density materials. Computed tomography can help

alleviate overcome this issue, but it can be slow [42]. Image segmentation can

also be used to a limited extent to determine the location of overlapping mate-

rials for better quantification [76]. Another inherent problem for dual-energy

x-ray radiography is that x-ray attenuation coefficients are often similar for

materials that are close in atomic number. One way to overcome this issue is

to use a complementary source of data in the inspection. A system in develop-

ment by the Commonwealth Scientific and Industrial Research Organization

in Australia acquires neutron radiographs, using either a Californium source

or a DT neutron generator, as complementary to X-ray radiographs. This

type of “dual-mode” system has been shown to have improved discrimination

of similar-Z materials in air cargo inspections [40,64].

Material discrimination is also important in the inspection of nuclear
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material storage containers. Here it is important not just to determine whether

a material is present, but also to quantify how much of a material is present.

Inspections also need to be able to determine situations where a nuclear mate-

rial (i.e. plutonium) has been replaced by another high-Z, high-density mate-

rials (such as tungsten). This can be challenging for X-ray techniques because

the attenuation coefficients for high-Z materials can be very similar, Fig. 4.1a.

In contrast, the attenuation of neutrons depends on the nuclear properties of

an isotope and can show wide differences, Fig. 4.1b. Detection systems that

can accurately distinguish between materials and quantify them may become

more important in future arms control treaties. Inspections of this type can

be performed in some cases using neutron multiplicity counting to quantify

the amount of plutonium in a container, if the isotopics are known [14]. How-

ever, passive multiplicity is not as useful for quantifying the extent of the

objects [14]. The complimentary nature of neutron and X-ray radiography for

this is clearly shown in Fig. 4.1.

Here we show that a sequential, dual-mode inspection of nuclear ma-

terial containers with X-ray and neutron radiography can help discriminate

between high-Z materials such as tungsten and plutonium. We adapt an in-

verse algorithm with regularization that has been developed previously for use

with spectral X-ray radiography [12] for use with dual-mode radiography. We

demonstrate the approach through a simulated inspection of an AT400R nu-

clear material storage container, Fig. 4.2. Two types of inspection modes are

considered, multi-endpoint X-ray radiography, as well as neutron radiography
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Figure 4.1: X-ray and neutron linear attenuation coefficients. (a) X-ray linear
attenuation coefficients with respect to energy for plutonium (Pu), tungsten
(W), steel, and polypropylene. (b) Neutron linear attenuation coefficients as
a function of energy for the same materials. For X-rays there is very little
difference between the linear attenuation coefficients of plutonium (Pu) and
tungsten (W). In contrast, there is a great deal of variation in the neutron
attenuation coefficients. The linear attenuation coefficients assumed α-Pu, in
which 94% Pu-239 and 6% Pu-240. Linear attenuation coefficients for both
X-ray and neutrons were obtained from the ENDF libraries [11].
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Figure 4.2: AT400R nuclear materials storage container. A picture (left) and
cross-sectional schematic (right) of the AT400R object, which is the inspected
item in this study [14]. It is composed of two ∼2 kg plutonium spheres of ∼5.8
cm diameter shielded with stainless steel (SS-304) and borated polypropylene.
These geometries are placed in a steel can of ∼30 cm diameter which is filled
with low-density polypropylene.

with DD or DT neutron sources. Because of the large set of possible system

configurations, we use the Cramer-Rao lower bound [83, 92] to pick a “best”

inspection set before any optimizations have to be performed. It is shown that

this approach is particularly useful for quickly designing inspection systems

for a given task.

4.2 Methods

The energy dependent interaction of X-ray and neutron beams with an

object comprised of M materials can be described using:

Φ(~t, E) = Φ0(E) exp

[
−

M∑
k=1

µk(E)tk

]
+ Φscatter(E) (4.1)
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Here, Φ [particles cm−2 keV−1] is the X-ray or neutron energy-dependent flu-

ence incident on the detector plane resulting from a source fluence Φ0 [particles

cm−2 keV−1], µk [cm−1] is the energy dependent linear attenuation coefficient

for material k, tk is the thickness [cm] of material k at the location of a given

pixel in the image, and Φscatter [particles cm−1 keV−1] is the fluence from X-ray

or neutrons that are scattered onto the image plane. The linear attenuation

coefficients for X-rays and neutrons can readily be found [11].

The corresponding detector response can be represented by:

d(~t) = c

∫
E

Φ(~t, E)ε(E)P (E)E dE (4.2)

Here ε(E) is the efficiency of the detector [-], P [photons keV−1 particle−1] is

the number of visible light photons produced in the scintillator per incident

unit of incident particle energy E [keV], The constant c [gray-levels photon−1]

assumes that the detector response is linear in energy. A linear detector re-

sponse is assumed for both X-ray and neutron radiography systems. The linear

attenuation coefficients for both the X-ray and neutron radiography were ob-

tained from the ENDF libraries [11].

The combination and quantity of the M materials at each pixel can be

found for a combination of X-ray and neutron radiographs by solving:

min
~t

1

2

∥∥∥∥∥ ~d(X)(~t)

~d0(X)

−
~dobs(X)

~d0,obs(X)

∥∥∥∥∥
2

+
1

2

∥∥∥∥∥ ~d(n)(~t)~d0(n)
−

~dobs(n)
~d0,obs(n)

∥∥∥∥∥
2

+ (4.3)

α
∑√

(Di
~t)2 + (Dj

~t)2 + β
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Here (X) and (n) denote X-ray and neutron, ~dobs is a vector containing the

observed signals at each pixel for each inspection. The data terms are divided

by an unattenuated image d0, which is a common operation for image anal-

ysis that divides out variation in the detector response and source intensity

across the image plane. The third term in Eq. (4.3) is the total variation

regularization and α varies its strength. This form of regularization penalizes

the objective function for solutions that have large variation in the material

basis images from one pixel to the next but does allow for edges, as would be

expected at a material surface. The term includes operator matrices Di and

Dj which calculate the backwards finite difference of the estimated material

thicknesses in the row i and column j dimensions. The term β ensures that

Eq. (4.3) is differentiable with respect to ~t, necessary for the use of Newton-

type solvers used in this work. It is set to 1 in this study. It has previously been

shown that α can be found adaptively for this type of inverse problem [12].

However, here it is chosen based on material accuracy since the actual material

composition was known.

Equation (4.3) is nonlinear and we use a Gauss-Newton method with

line-search to solve it [81]. This type of optimization is iterative, approximat-

ing the objective function as a quadratic at each step and minimizing that

approximation. This requires calculation of the first and second derivatives

of the objective function with respect to ~t at each iteration. For the Gauss-

Newton method, an analytical first derivative (the gradient) is used but the

second derivative matrix (the Hessian) is approximated with the Jacobian ma-
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trix, which reduces computation time and was found to perform comparably to

when the Hessian is calculated fully. A nonnegativity constraint is put on the

solution by using the projected-gradient, reduced-Hessian method [81]. The

iterations are stopped when the maximum change in ~t is less than 10−4, which

is found to be sufficient for the object geometry in this work. All codes are

written and implemented in Matlab [89], a vast majority of the code being

written by the authors.

4.2.1 Optimal selection of inspection modes

Inspection parameters that can be varied in the design of a radiography

system include the endpoint energy of the X-ray spectra, the reaction type of

the neutron generator, and detector efficiency. Here we consider nine different

Bremsstrahlung X-ray sources (1-9 MVp) as well as neutrons generated from

DD and DT reactions. This gives a set of 11 parameter options from which a

dual-mode system can be chosen. The current study is limited to the detection

and measurement of four materials and we seek the best combination of four

parameters from this set for the purpose. We use the Cramér-Rao lower bound

to estimate how each of these affects the noise in radiographic material esti-

mates of an AT400R. Roessl and Herrman [83,92] showed that minimization of

noise in this way can be used as a design criteria for optimizing a radiography

system.

The Cramér-Rao lower bound uses the Fischer information matrix F to

estimate the variance in the material estimate images which, assuming Poisson
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statistics, this is given by [83]:

Fα,β =
N∑
i=1

1

σ2
i

∂di
∂tα

∂di
∂tβ

(4.4)

with σ2
i = di. The partial derivative with respect to a single material thickness

tα is given by:

∂di(~t)

∂tα
= −c

∫
E

µα(E)ε(E)PE Φ0,i(E) exp

[
−

K∑
k=1

µk(E)tk

]
dE

For a given material estimate from an unbiased estimator, such as that ob-

tained from a least-squares minimization problem, the Cramér-Rao lower bound

then puts a lower bound on the material estimate variance as:

σ2
tα ≥ F−1αα, α = 1, . . . , K

Here F−1 is the inverse of the Fischer information matrix, Eq. (4.4), where

the “αα” subscript denotes the diagonal of F at the α’th location. Similar

to [83], the figure of merit used here is the minimum material signal to noise

ratio (SNR), which is related to the variance as:

SNRtα =
tα
σtα

(4.5)

To calculate the Cramér-Rao lower bound, material thicknesses must be chosen

beforehand. Here we use two material sets: {α-plutonium, steel, polypropylene-

pro} with thicknesses (4 cm, 2.5 cm, and 28 cm) which are representative of

those that would be seen in the AT400R [35]. We also use a 4-basis material

set of {α-plutonium, tungsten, steel, and polypropylene-pro}, with thicknesses
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(4 cm, 0.1 cm, 2.5cm, 28 cm) where tungsten is included as a material that

might be substituted for plutonium if diversion of nuclear material was being

attempted. It was found that the values of the Cramér-Rao lower bound de-

pends on the chosen materials, but not strongly on the material thicknesses

used.

4.2.2 X-ray and neutron source models

The X-ray source spectra are modeled using the Monte Carlo simulation

package MCNP [13]. Bremsstrahlung sources are typically used for high-energy

X-ray scans [48] and are assumed here. The X-ray source spectra are generated

in MCNP by tracking monoenergetic electrons impinging on a tungsten target

with a 30◦ takeoff angle and tallying the resulting Bremsstrahlung X-rays

coming out of the target towards the image plane. This source spectrum is

filtered with 2-cm of lead to increase the average energy of the X-ray spectrum.

X-ray source spectra of maximum energies from 1 to 9 MeV, in 1 MeV steps,

are produced, as shown in Fig. 4.3a. Neutron spectra from DD and DT fusion

reactions are taken from [15], and are shown in Fig. 4.3b. The X-ray and

neutron spectra are binned into groups at 5 keV intervals.

4.2.3 Detector model

The modeled X-ray detector is a 2-cm thick cadmium tungstate scin-

tillator. The detector integrates over the flux incident at each pixel, and the

detector response is modeled as an efficiency where an interaction of any kind

69



0 2 4 6 8
10

−4

10
−3

10
−2

10
−1

10
0

Energy (MeV)

Φ
0

,X
 (

a
rb

.)

 

 
2 MVp

4 MVp

6 MVp

8 MVp

(a)

0 5 10 15 20

10
−4

10
−3

10
−2

10
−1

10
0

Energy (MeV)

Φ
0

,n
 (

a
rb

.)

 

 
DD

DT

(b)

Figure 4.3: X-ray and neutron energy spectra. (a) X-ray spectra generated
using MCNP for four different endpoint energies. (b) Neutron spectra for DD
and DT fusion reactions [15].

in the detector medium results in a detection. It has previously been shown

that a detector model based on efficiency is reasonable, e.g. [93].

The fast neutron detector model is based on an associated particle

imager such those used in the Nuclear Materials Identification System [94]

and the Advanced Portable Neutron Imaging System [95]. The radiography

detector simulated here is based on the detector used in the latter system,

pixelized polyvinyl toluene of size 1×1×5 cm3. The neutron detector assumed

here is quite thick, which could result in reduced spatial resolution. However,

for the inspection of large dense objects, greater neutron efficiency becomes

important for observing the small number of transmission neutrons coming

through the thickest regions of the object.

The neutron detector model used in this work is also based on detector

efficiency. Since polyvinyl toluene relies on the recoil reaction with hydrogen
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as the mechanism for detection, any other elements in the detector have a

deleterious effect. In the case of polyvinyl toluene, carbon is another major

component in the scintillator. The neutron detection efficiency can be approx-

imated using [7]:

εn =
ΣH

ΣH + ΣC

{1− exp [−(ΣH + ΣC)d]}

Here ΣH and ΣC [cm−1] are the linear neutron attenuation coefficients and

d [cm] is the detector thickness. This equation ignores the effect of multiple

neutron scatters in the detector medium.

More complicated physics such as partial energy deposition, edge ef-

fects, and the effect of image spatial resolution are ignored. In addition, though

organic plastic scintillator neutron detectors such as polyvinyl toluene have a

slight (∝ E3/2) nonlinear response in energy [7] this effect in the energy ranges

of the DD and DT source spectra is small and is ignored here.

4.2.4 Radiation transport model

The Monte Carlo transport code, MCNP, is used for simulating radia-

tion transport from the source to the image plane flux. The AT400R contains

two ∼2 kg plutonium spheres of ∼5.8 cm diameter shielded with stainless steel

(SS-304) and borated polypropylene. These geometries are placed in a steel

can of 30 cm diameter, which is filled with low-density polypropylene. For the

MCNP radiation transport model, the source spectra shown in Fig. 4.3 are

used for the incident flux. The AT400R is assumed to be surrounded by dry
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Figure 4.4: Simulated X-ray and neutron radiography images of the AT400R.
Image data is log-transformed so that the AT400R structure can be seen in
the heavily attenuated regions of the image. The X-ray image from the 8
MVp Bremsstrahlung source is shown in (a) while that for the DT source
is shown in (b). Note the different contrast between the two images, where
the neutron radiograph shows greater attenuation from hydrogenous materials
such as polypropylene compared to the X-ray radiograph, suggesting the use
of neutron radiography as complementary to X-ray radiography.

air with a source to object distance of 2 m and an object to detector distance

of 1 m.

A radiography tally for both X-rays and neutrons is used to determine

the respective flux at the imaging plane from each source type. The radiogra-

phy tally is 1 m by 1 m in total size with a pixel array of 100×100. The model

can separately tally the directly transmitted flux as well as that resulting from

scatter off of the object or the surroundings. The simulated image data for the

8 MVp Bremsstrahlung X-ray source and the DT neutron source are shown in

Fig. 4.4.
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The flux tallies at the image plane for X-rays are binned into 50-keV

wide energy groups up to the maximum spectrum energy. The neutron flux

tallies are binned into 100-keV wide energy groups from 1.8 to 3 MeV for the

DD image and from 12.4 to 15.7 MeV for the DT image.

It should be noted here that although the image simulation and the

physics model are similar, the mesh in energy is different in size for either

model. In the MCNP model, as explained above, the X-rays are binned in 50-

keV wide energy bins and the neutrons are binned into 100-keV wide energy

bins. In contrast, for the physics model Eq. (4.2), the mesh size is 5-keV for

both X-rays and neutrons.

4.2.5 Scattered flux model

The simulated flux is split into uncollided and scattered components in

the MCNP tallies. This gives an accurate representation of the profile of the

scattered flux for such an inspection. The scattered flux component for the 6

MVp X-ray radiograph is shown in Fig. 4.5 as a fraction of the background

flux. Notice that the scattered flux makes up a considerable portion of the

image, here as much as 5% of the maximum signal in the image. This is

another source of noise in the image data and effectively reduces the dynamic

range of the inspection system.
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Figure 4.5: The scattered flux component of the 6 MVp X-ray image, shown as
a fraction of the unattenuated signal in the image data. (a) The scattered flux
is shown and is a considerable component of the image intensity, here as much
as 5% in the center of the image, also the location of the lowest transmission on
the image plane. (b) The fractional scatter per pixel shows where the scatter
component will be most important behind the highly attenuated regions of the
image.
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4.2.6 Calculation of error

For a measure of goodness-of-fit, the root mean square error (RMSE) is

used here, comparing the estimated material thicknesses from the algorithm to

those actually present. Two measures of RMSE are calculated, the RMSEPu

only calculates the error where plutonium is located and the RMSEnot Pu cal-

culates the error where plutonium is not located. These measures indicate

accuracy in plutonium quantification and the potential for false-positive detec-

tions, respectively. The plutonium mass error is calculated by comparing the

total plutonium mass estimated from the algorithm to that actually present.

This error is calculated only where plutonium is actually located so does not

capture any plutonium estimated where it is not actually present.

4.3 Results

Radiographs were simulated for all nine X-ray spectra between 1 and

9 MVp as well as for the DD and DT neutron sources. From these possible

inspection parameters, all possible sets of four were chosen, giving a total of

330 unique inspection sets (i.e. 11C4), and the optimization algorithm was run

without regularization for each. Figure 4.6 shows the median values for the

plutonium estimates for each type of inspection set (i.e. X-ray only, X-ray

and a single neutron, or X-ray and both neutrons) with 3 basis materials (α-

Pu, steel, poly-pro), Fig. 4.6a, and 4 basis materials (α-Pu, tungsten, steel,

poly-pro), Fig. 4.6b. These results show that the RMSE is reduced with the

addition of neutron radiography data and importantly, there is a correlation
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Figure 4.6: Correlation between the median plutonium root mean square error
(RMSE) and the plutonium Cramér-Rao SNR. This correlation is shown as the
median values of the inspection sets given to the algorithm of each type: X-ray
only; DD neutron and X-ray; DT neutron and X-ray; and DD, DT neutron
and X-ray. Note, the median is the median of the results from all possible sets
of each inspection type. The error bars indicate the upper and lower quartiles.
The results with the 3-basis set {α-Pu, steel, Poly-pro} are shown in (a) while
those with the 4-basis set {α-Pu, W, steel, Poly-pro} are shown in (b). The
large variation in the SNR in (b) indicates that some inspection sets are likely
to perform much better than others.

between a decrease in the RMSE and an increase in the SNR. This effect is

pronounced when tungsten is added to the set of materials, Fig. 4.6b. The

results also show that there is varied solution precision depending on the set

of inspections chosen, as others have shown.

Using the SNR as a measure of quality, parameter sets were chosen that

had the highest SNR among a given inspection type and their performance

compared. The chosen inspection sets are summarized in Table 4.1. Table 4.2

gives the results from the algorithm using the inspection sets in Table 4.1 and a
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{α-Pu, steel, poly-pro} {α-Pu, W, steel, poly-pro}
Type Inspection set Inspection set
X-ray 2, 3, 7, 9 MeV 4, 5, 8, 9 MeV

X-ray, DD or DT 5, 6, 9 MeV, DD/DT 3, 7, 9 MeV, DD/DT
X-ray, DD & DT 6, 9 MeV, DD, DT 5, 9 MeV, DD, DT

Table 4.1: Inspection sets chosen based on the maximum Cramér-Rao SNR on
the Pu basis image, an indication of the ability of the given set to accurately
determine a thickness of plutonium from the data. Notice that the optimal sets
change based on the material basis set, seen in the difference when a fourth
basis (tungsten) is added in the right-most column.

Inspection SNRPu RMSEPu RMSEnot Pu Err massPu
set (cm) (cm) (%)

2, 3, 7, 9 MeV 148 0.117 ± 0.008 0.038 ± 0.002 0.7 ± 0.6
5, 6, 9 MeV, DT 3044 0.033 ± 0.002 0.075 ± 0.001 0.89 ± 0.08

6, 9 MeV, DD, DT 2706 0.026 ± 0.002 0.023 ± 0.001 0.14 ± 0.08

Table 4.2: The goodness-of-fit (as RMSE) of results from the algorithm for
the best inspection sets from each group based on the Cramér-Rao SNR the
values shown are the experimental mean and standard deviation of the results
from 12 independent noisy data generations. The RMSEPu is calculated only
for the area directly around the projection of the plutonium spheres and the
RMSEnot Pu is calculated for the remaining area of the image.

three material set {α-Pu, steel, poly-pro}. With regularization the estimates

for the plutonium mass are within 1% in all cases. The root mean square

error for the dual-mode inspection is lower than that with the X-ray only

inspection but this particular problem indicates that X-ray inspection alone

may be sufficient for accurate (<1% error) noninvasive material estimations

with the use of inverse problem algorithms.

While for particular problems X-ray inspection alone may be sufficient

77



to quantify materials such as plutonium, an intelligent spoof attempt could

potentially fool even a multi-energy X-ray scan. An example of this is if one

(or both) of the plutonium spheres in an AT400R were replaced with another

high-density, high-Z material, such as tungsten. Figure 4.7 shows a simulated

5 MVp X-ray image (log-transformed) of this situation, showing that the sim-

ilarity of these two materials could result in an undetected material diversion.

This is a situation where complementary sources of data, such as neutron ra-

diography, could be especially useful. Material estimates made using Eq. (4.3)

for this situation are given in Fig. 4.8 for both X-ray and dual-mode inspec-

tion. Scatter is not included in the image simulations here. These results show

that using X-ray radiographs alone, the algorithm gives the expected pluto-

nium quantity where the tungsten sphere is actually located. In contrast, the

difference between the plutonium and tungsten can be seen much more clearly

when neutron radiography data is used, Fig. 4.8a. Furthermore, this dual-

mode radiography allows another basis material to be added to the material

set, Fig. 4.8b. Though the accuracy of the material estimations is reduced

in this case, the material estimates can be considered as likelihoods, where

greater estimated quantities indicate a greater likelihood of the presence of a

given material. The methods are used qualitatively, detecting materials rather

than quantifying them. Also, if a different material is suspected, multiple runs

of the algorithm could be made with various material sets to determine the

most likely material [96].

Scattered flux at the image plane lowers the SNR and has a negative
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Figure 4.7: Single energy radiograph of a nuclear material container with
both Pu and W. (a) A 5-MVp X-ray radiograph (log-transformed) with a
tungsten sphere replacing the bottom plutonium sphere. Due to the similarity
of tungsten and plutonium in atomic number and density, they are practically
indistinguishable from X-ray data alone. (b) A line scan line of the radiograph
that passes through the two spheres. From the X-ray transmission alone,
though there is a slight difference in the minima of the respective spheres, it
would likely be lost the noise of the image or analysis, see Fig. 4.8.
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Figure 4.8: Material estimates of a nuclear material container with both Pu
and W, based on scans of only X-ray radiography (a) or X-ray and neutron
radiography (b). As an example of a possible material diversion scenario,
the bottom plutonium sphere is replaced with a tungsten sphere of the same
size. (a-left) Material estimates made using X-rays alone. (a-right) mate-
rial estimates made using X-ray as well as neutron radiographs made using
DD and DT neutron generators. Three materials are considered here {α-Pu,
steel, poly-pro}. The results clearly show the utility of the complementary
neutron radiography data. The plutonium estimates using X-ray data look
nearly identical to those when plutonium sphere are placed in the top and
bottom. In contrast, by using neutron radiography data, it is clear that some-
thing has been diverted in the bottom location. (b) Material estimates made
when tungsten is added to the material set. Note that the discrimination
of plutonium and tungsten is practically impossible with only X-ray, see the
attenuation coefficients in Fig. 4.1, especially in the presence of image noise.
Though there is reduced material accuracy with the addition of neutron data,
the algorithm is still estimating the majority of plutonium and tungsten in the
correct locations. Note, the poly-pro material basis image is not shown in (b).
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Masserr (%)
Inspection set 1% scatter 10% scatter 100% scatter
2, 3, 7, 9 MeV 0.05±1.0 2.5±0.9 4.0±1.0

5, 6, 9 MeV, DT 0.2±0.2 2.8±0.3 3.5±0.8
6, 9 MeV, DD, DT 0.51±0.06 3.4±0.1 8.6±0.4

Table 4.3: Various levels scattered flux incident on the image plane will cause
a increase in plutonium mass error, even when a good estimate of the scatter
term is also added to the physics model used in the inverse problem. This is
likely because the addition of scattered flux reduces the SNR, making accurate
material discrimination more difficult.

effect on the accuracy of the material estimates. The effect is greatest in

regions where the flux is most attenuated. Table 4.3 summarizes how the

plutonium mass estimates vary with the addition of scatter in the inspection

model. As expected, the error in the plutonium estimates is increased with

the addition of scattered flux in the image data, even when a good estimate of

the scatter term is included in the physics model in the inverse problem. The

effect of X-ray scattering can be reduced using anti-scatter grids, by increasing

object to detector distance, or through the use of an accurate model to predict

the scattered flux. Fortunately, the associated particle neutron imagers are

effective at rejecting scattered flux by correlating in time and space the neutron

at the image plane with the associated alpha produced in the DD or DT

reaction [97].
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4.4 Conclusions

We have shown the utility of using X-ray and fast neutron radiography

for inspection of nuclear material storage containers, utilizing inverse problem

algorithms with regularization to obtain accurate material estimates. Using

simulated image data, it was found that the accuracy of material estimates in-

creased with dual-mode, X-ray and neutron radiography, inspections compared

to inspections with X-rays only. Plutonium mass was consistently estimated

to within 1%. Importantly, the use of neutron radiography as complementary

to X-ray radiography was shown to be useful for detecting attempts to fool

the inspection system by replacing the nuclear material with another high-Z,

high-density material. Finally, the Cramér-Rao lower bound was shown to be

effective at picking an optimal inspection set a priori from the available X-ray

and neutron inspections, of use in designing inspection systems for various

applications.
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Chapter 5

Tomographic attenuation coefficient

determination with spectral detectors

Tomographic reconstructions can be used to gain more useful informa-

tion than just a 3-D map of the basis materials. Tomography data indicates

X-ray pathlengths through materials in the object. The inverse problem can

be posed to take advantage of this new informations. In this chapter, we will

explore the use of tomographic data and a spectral detector to reconstruct

material attenuation coefficients directly. The spectral detector data is used

to determine the energy-dependent object X-ray attenuation and the tomog-

raphy data gives X-ray pathlength. The inverse problem will be re-posed to

minimize the product µt in each image pixel, rather than material composition

t or ρ in each pixel with an assumed µ, as was done in the proceeding chap-

ters. Assuming object axisymmetry, methods for direct reconstruction [16]

can be utilized with the known X-ray pathlengths to determine effective linear

attenuation coefficients µ (cm−1).
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5.1 Methods

The inverse problem will be reframed where the solution sought is no

longer discrimination of materials but rather a direct reconstruction of the

energy-dependent attenuation coefficients for the inspected object. If axisym-

metry of the object inspected can be assumed, we can also make use of known

material thicknesses for each concentric “ring” of the axisymmetric object,

Fig. 5.1. This could be used to constrain the total thickness in the material

estimations as well as to generate three dimensional reconstructions of the

object, of potential use in interpreting the radiography data.

Here, a simple algebraic tomography reconstruction algorithm [98] is

adapted to this problem. An axisymmetric object is essentially composed of

materials in concentric rings and it can be assumed that X-rays pass through

these rings in parallel rays, see Fig. 5.1. For digital radiography, the width of

the rings is dependent on the pixel size of the detector. From this model and

material estimations from the algorithm, the fractional material present in a

given voxel of a three dimensional reconstruction of the object can be given

for a row of the image data as:

ti =
∑
j

θjSij

where (5.1)

Sij = 2
[
(r2j − s2i )1/2 − (r2j−1 − s2i )1/2

]
where t [cm] is the material estimated in a given image pixel, θj is the fractional

material composition [cm3
material/cm3

voxel], and Sij is the path length of the i’th
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Figure 5.1: An illustration of the axisymmetric configuration of a colum-
nar object [16]. The path length through the j’th ring is equal to length
BC. Path length through the j+1’th ring is equal to length AB + CD. In
general, the path length of the i’th ray through the j’th ring is given by
Sij = 2

[
(r2j − s2i )1/2 − (r2j−1 − s2i )1/2

]
.

ray passing through the j’th ring, see Fig. 5.1.

This set of equations can be given in matrix form:

ti = Sθj (5.2)

and inversion of the S matrix will give the fractional material composition for

a given row of the image matrix. Previous work has shown the utility of this

method with neutron radiography of axisymmetric fluid flow fields through

porous media [16].

The information about path length in S can also be used in conjunction

with the optimization algorithm developed in previous work [12] to directly

calculate material attenuation coefficients from the radiography data. Here,

we repose the inverse problem so that the parameter that is being varied is
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the product µt, rather than t, as was done previously. The inverse problem,

assuming a spectrally-sensitive detector, has the form:

min
~µt

∥∥∥~d( ~µt)− ~dobs

∥∥∥2 (5.3)

where

d ((µt)ik) =

∫
E

Sk(E) φ0(E) exp[−(µt)ik] dE

where ~dobs [counts pixel−1] is the observed data vector and ~d( ~µt) [counts

pixel−1] is the data anticipated from the physics model. The detector response

function is given in energy bin k by S [counts photon−1] and the incident X-ray

flux is φ0 [photons cm−2 s−1 keV−1]. The index i and k indicate the pixel and

energy bin, respectively, and the over-arrow on µt indicates a vector contain-

ing the µt product at each pixel and energy bin of the data. Importantly, the

effect of µt is taken as a weighted average over each energy bin according to

Eq. (5.3). Therefore, a balance must be struck between the signal strength in

the image data (greater with wider energy bins) and the energy resolution with

which the attenuation coefficients can be reconstructed (better with narrow

energy bins).

Regularization is not used here since the problem is not ill-posed. A

significant reason for this is because there is a unique µt that will result in a

system response dobs. Compare this to the problem of finding basis materials

with µ-functions that are not unique (i.e. there may not be a unique set of

materials that results in a given system response dobs). Solutions to this prob-

lem were also found to not be very sensitive to noise, another indication that
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the problem is well-posed.

The µt that is obtained from the inverse problem is the total, including

the attenuation from all layers of the object. While this may be useful in that

it is indicative of the various material K-edges, there may be attenuation from

other materials that are not of interest. Here, the X-ray pathlengths from the

axisymmetric object assumption can be utilized.

Using the matrix operator S from Eq. (5.2), the effective attenuation

coefficient (averaged over the energy bin on the detector) can be found by

inverting the S-matrix:

S−1( ~µt)i = ~µk (5.4)

This operation gives the effective attenuation coefficient µk across all image

pixels of energy bin k.

5.1.1 Inspection system model

Regarding the detector model, since we are attempting to reconstruct

the attenuation coefficients, a detector with narrow energy bins will be impor-

tant to be able to observe the K-edges of the X-ray attenuation coefficients. For

the preliminary results, a 5-mm thick CdTe detector is assumed and the detec-

tor response is based on the efficiency of the detector. The detector response

for a cadmium telluride (CdTe) detector along with a high-purity germanium

strip detector (Ge) will also be taken into account in Ch. 5.2.1. An example

of detector response with a detector that can bin into many energy bins with

perfect energy resolution is shown in Fig. 5.2a. This represents a limiting case.
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The X-ray source spectrum is modeled after a 300 kVp Bremsstrahlung

source, obtained from SpekCalc [10].

The object inspected is modeled after a nuclear fuel pin, such as would

be used in a nuclear power plant. This work will focus on a small section of a

nominal fuel pin composed of two cylindrical fuel pellets with 0.76-cm diameter

stacked on top of one another. These are placed in a shell of Zircaloy of inner

diameter 0.78-cm and outer diameter 1-cm. The pellets are composed of two

materials, the bottom position is homogeneous uranium oxide (UO2) while

the top position is plutonium oxide (PuO2). The density of the uranium oxide

is increased so that the linear attenuation coefficient for the UO2 are nearly

equivalent to that for PuO2 except at their respective K-edges, see Fig. 5.2b.

A simulated radiography of the object is shown in Fig. 5.3a.

This object is composed as an example of a hypothetical attempt to

divert nuclear materials from a nuclear fuel element, where a high-Z, high-

density material is replaced with a similar material. This represents a difficult

detection scenario for a single-energy X-ray inspection.

Images are simulated in Matlab using ray-tracing methods and a par-

allel X-ray beam. Scatter on the image plane is ignored. Newton optimization

routines previously developed are used here to solve Eq. 5.3.
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Figure 5.2: (a) An example detector response assuming a 5-mm thick CdTe
detector. This detector has 17 energy bins with 6-keV width, placed strategi-
cally to observe the separate U and Pu K-edges. Note, the energy resolution
is ignored in this response function. (b) The linear attenuation coefficients
assumed in this work. Note, the density of UO2 has been increased so that
its attenuation coefficient is equivalent to that of PuO2 (except around the
K-edges, of course).

89



5.2 Results

The optimization, Eq. (5.3), is performed to obtain a total µt at each

pixel and energy bin. This result is then divided by the S-matrix to obtain

an effective µ for each concentric ring of the axisymmetric object. A figure

showing the image data and resulting effective µ for the energy bin in-between

the U and Pu K-edge is shown in Fig. 5.3.

It should be noted that since the energy bins are narrow and placed to

observe the material K-edges, the image data around the respective material

K-edges will indicate the presence of one material or another. This could

be useful qualitatively, though the reconstruction of µ with the axisymmetry

assumption is very useful in that it offers a direct view of the linear attenuation

coefficient for the object, which can be compared to a library of expected mass

attenuation coefficients (cm2/g), from which the material and its respective

density can be determined. See Fig. 5.4 for an example of this reconstruction

using noiseless data.

5.2.1 Realistic detector response

The detector model used for the results above is an ideal case in that it

could bin X-rays into many energy bins, the energy resolution was perfect, and

there was no noise in the data. For a real spectral detector, though we may

be able to assume greater than 5 energy bins, this will likely depend on how

many pixels are on the detector (i.e. a greater number of pixels means a faster

readout is required to obtain the data). Therefore, algorithm performance is
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Figure 5.3: (a) The image data (log-transformed) for the energy bin in-between
the U and Pu K-edge. It is clearly seen here that the lower pellet is more highly
attenuating, due to the energy bin being above the U K-edge. Notice that the
horizontal profiles indicate cylindrical objects. (b) The reconstruction of µ
after applying S−1. This removes the attenuation due to the Zircaloy cladding
and removes the cylindrical profile (i.e. it accounts for the varying pathlength
across the image plane).
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Figure 5.4: Attenuation reconstruction with noiseless data from the axisym-
metric reconstruction in the middle of the top pellet (PuO2) and bottom pel-
let (UO2). Though this is noiseless data, this plot shows the potential of
this method to be able to reconstruct linear attenuation coefficients from an
axisymmetric object. Image noise is shown below to be an issue in these
reconstructions.
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studied with reduced energy resolution and the addition of image noise.

5.2.1.1 Realistic energy response

In order to quantify the performance of the algorithm with realistic

detector response, two detectors are modeled: a CdTe detector and a Ge strip

detector. Germanium typically has much better energy resolution than CdTe

though the count rates possible are much lower. The energy resolutions as-

sumed are shown in Table 5.1 and it is assumed that energy resolution changes

linearly with energy. These energy resolutions are applied to the simulated

data as Gaussian spread functions, not taking into account the higher-order

beam interactions in the detector (i.e. Compton scatter).

Detector @ 60 keV @ 122 keV @ 622 keV
CdTe 1.7 keV 3.5 keV N/A

Ge strip N/A 1.3 keV 2.2 keV

Table 5.1: Energy resolutions for an ideal CdTe detector [7] and a germanium
strip detector [8]. It is assumed in this work that the energy resolution changes
linearly with energy.

The number of energy bins on the detector is reduced to 4 and placed to

attempt to observe the full height of the respective material K-edges. Noise is

not added to the image data in these results. The detector response functions

S(E) along with the results are shown in Figs. 5.5 and 5.6. Since the limited

energy resolution of the CdTe detector results in an integration over wider en-

ergy ranges, the reconstructed K-edge is smoothed considerably. In contrast,

the germanium results are shown to be better at capturing the shape of the
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Figure 5.5: Results with the simulated CdTe detector. (a) The detector re-
sponse S(E) along with the linear attenuation coefficients. (b) The correspond-
ing reconstructed attenuation coefficients show an inability to capture the full
effect of the material K-edges due to the limited energy resolution having a
blurring effect on the reconstructed attenuation coefficients.

attenuation coefficients due to its better energy resolution. The energy reso-

lution is shown, therefore, to be a limiting factor in the quality of attenuation

coefficient reconstructions. Depending on the application there still could be

useful information contained in the results with the simulated CdTe detector,

such as the energy region of K-edge.

A balance, therefore, must be struck between a required count rate and

system energy resolution.

5.2.1.2 Noisy image data

The strip-Ge detector is assumed for the noisy data generations. The

background maximum count rate in the data is set to 1010, corresponding to

about a 10 hour acquisition with a high-rate detector that can count on the
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Figure 5.6: Results with the simulated germanium strip detector. (a) The
detector response has sharper edges in energy than CdTe due to the better
energy resolution. This effect can be appreciated in the reconstructed atten-
uation coefficients shown in (b), where the full height of the K-edge can be
reconstructed to good accuracy.

order of 106 X-rays per second. This is really pushing the detector model into

what is likely not practical with current technology (or with the amount of

time required). However, for this preliminary study, we will stick with this

keeping in mind the limitation of beam penetration at low energies around

K-edges. Noise is assumed to be Poisson distributed and the Matlab Poisson

random variable generator poissrnd was used to add noise to the data.

Simulated data with noise applied for the energy bin in between the

K-edges is shown in Fig. 5.7. Observe, the data behind the position of the

bottom uranium fuel pellet shows all zeros except at the edges of the pellet

where material thicknesses are less. The resulting attenuation coefficient re-

constructions are shown in Fig. 5.8. Note in Fig. 5.8b that reconstructions at

the edge of the pellet, where transmission is greater, still show good accuracy.
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Figure 5.7: Noisy image data for the energy bin between the material K-edges.
In this energy range, the plutonium (top pellet) attenuation is much lower than
that for uranium (bottom pellet) due to a K-edge at higher energy. Most of
the data behind the uranium pellet is zero, except at the edges of the pellet
where material thicknesses are less.

The greatest limitation with the addition of noise is not the reduction

in SNR. Rather, that there is very little transmission through the middle of

the fuel pellet. Certainly, scanning dense (∼10 g/cm3), high-Z objects is not

easily done with 100-keV X-rays.

5.3 Conclusions

Direct reconstruction of material linear attenuation coefficients was

shown to be possible with object axisymmetry assumed. This study con-

sidered the inspection of fuel pellets in a Zircaloy cladding. The method could

likely be adapted to objects that are not axisymmetric where a full 360◦ CT

scan is obtained. Here, the CT scan would provide a 3D map of µt which could
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Figure 5.8: (a) The attenuation coefficient reconstructions from noisy data
shows inaccuracy in the height of the K-edge in the reconstruction. However,
the reconstruction does offer good accuracy on the location of the K-edge,
which could be used to determine materials present but not quantity of ma-
terials present. The error bars shown are the standard deviation of the re-
constructed attenuation coefficient in the region of each fuel pellet. (b) The
attenuation coefficient determined from only the edge of the pellet data, where
there is beam transmission and useable data.
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be used to determine X-ray pathlengths through given regions and provide a

3D map of µ.

Two limitations of this method were explored: limited detector energy

resolution and image noise. It was found that reduced energy resolution di-

rectly affected the ability to determine the height of the material K-edges in

the reconstruction. This makes sense since the wider energy windows makes

a weighted average of the attenuation coefficient, depending on the shape of

the detector response S(E). Even with poor energy resolution, qualitative

information about the materials within could be determined by noting the en-

ergy in which the reconstructed attenuation coefficient with respect to energy

“steps up.”

The attenuation coefficient reconstructions were not found to be sensi-

tive to noise. The biggest limitation here was regions in the image data where

there was zero X-ray transmission. Zeros in the image data is a problem for

two reasons. First, a data point of zero doesn’t offer complete information

about the value of µt, even though it does set a limit (a value of 0 will indicate

that µt is greater than some value). Second, zeros cause the axisymmetry

assumption to fall apart. Estimated µt for data points that are zero tend to

be constant, making blocky material estimations that are not cylindrical or

spherical in shape.

Nonetheless, the combination of tomography and spectral detectors has

been shown here to be effective for directly reconstructing material linear at-

tenuation coefficients, especially when the objects being inspected have rea-
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sonable transmission about the material K-edges.
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Chapter 6

Conclusions

The need for sensitive and accurate noninvasive scanning technologies

continues to be a national need and an active area of research with application

to medical scans, security inspections, and nuclear material inspections. As

the inspection technology progresses, the methods used to analyze this data

must be developed in tandem to be able to extract the most information from

the new technology as it becomes available. In this work, we have focused on

one such improvement in the data analysis techniques, specifically the use of

inverse problem algorithm techniques to get more information out of the scans

than was previously thought possible.

Regularization was found to be essential for accurate material estima-

tions from multi-spectral data. Total variation regularization has been shown

effective. This penalizes material estimations that are “noisy” or that have

large local variation but does allow edges, as would be expected at material

surfaces. In contrast, another common form of regularization, Tikhonov reg-

ularization, does not allow edges and so would not be as well-suited for this

application. This work focused on two application spaces for these types of

scans: nuclear material container inspections and baggage inspections.
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In Chapter 2 we showed the utility of the inverse problem algorithm to

detect and quantify small quantities (sub-mm thickness) of nuclear material

that are shielded with steel within a small baggage-like object. Here, given

the scale of the objects to be inspected, we considered the use of spectral

(energy-discriminating) radiographic detectors, which can bin incident X-rays

into a few discrete energy bins. This is a powerful tool because locating the

energy bin edges near the material attenuation coefficient K-edges gives a clear

signature of a particular high-Z material in the object. Much of the sensitivity

of these method depends on this direct observation of the material K-edge, al-

lowing discrimination between two high-Z materials. We’ve shown the ability

to discriminate between lead and plutonium in a small, layered object, poten-

tially lowering a false positive alarm rate. The ability to discriminate between

high-density, high-Z materials would also be useful for safeguards applications,

such as quantification of material holdup in a pipe.

Importantly, we tested a few methods to determine the regularization

parameter α adaptively within the algorithm, and found the unbiased pre-

dictive risk estimate (UPRE) and generalized cross validation (GCV) to both

perform well. While regularization is a powerful tool, choosing the regulariza-

tion parameter correctly is necessary for accurate material estimations. For

deployment of these algorithms to real-world inspections, limiting user input

is important and the ability to find an optimal regularization parameter adap-

tively, without user input, would be an important component of the process.

For the algorithms presented here to be used in deployed inspection
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systems, error rates for the analyses must be at least as low as what is possible

with current inspection systems. For baggage inspections for explosives, the

false positive rate (i.e. detection of explosives when none are actually present)

for dual-energy radiography inspections is around 20% [76]. This high false

positive rate is necessary to maintain a low false negative rate since the cost of

explosives getting through an inspection is potentially very high (i.e. significant

loss of human life). The spectral radiography methods explored here may be

able to be applied in this space, though we have yet to explore this. Rather, this

work laid the foundation for applying inverse problem algorithms to spectral

radiography for the detection of nuclear materials. False positive rates for

these inspections would likely need to be at least as low as 20%. We have

not yet explored the tradeoffs between false alarm rates and the probability of

detection.

In Chapter 3, we considered the use of the inverse problem algorithms

for inspection of large, dense objects, such as nuclear material storage con-

tainers. Here, the use of spectral radiography detectors is precluded since

they are currently only commercially available for low-energy (< 450 keV)

and lower-flux inspections. The available detectors are not well-suited for

high-energy X-ray inspections because they have very low efficiency at high

energies. Therefore, the use of high-energy, multi-energy X-ray scans with a

detector that integrates over energy was explored. We framed the capabilities

of the algorithms with simple, ray-tracing image simulations and then obtained

experimental data with a tunable 450 kVp Bremsstrahlung X-ray source. The
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object scanned was a scale-model of an AT400R nuclear material container.

By analyzing experimental data, we were able to identify some of the

complications of applying the algorithms to real-world data. Specifically, we

found that an accurate model of the scattered X-ray flux and the spatial reso-

lution of the inspection system was essential for accurate material estimations.

With these estimations in place, the algorithm was able to identify and quan-

tify the middle-Z (steel, in this case) material in the object and even showed

sensitivity to the thickness of the steel container wall, of less than 1 mm thick-

ness. We were limited in this data by the energy of the X-ray source, since the

X-ray attenuation coefficients are not very unique in the 300-450 keV range

compared to lower- and higher-energy X-rays, and by the large scatter com-

ponent in the image data, which reduces the signal-to-noise ratio and limits

the ability to discriminate materials where the X-ray transmission is the low-

est. Even still, the algorithm performed well, an indication that collecting

multi-spectral experimental data with higher-energy X-ray sources would be

worth the effort. Also, the simulated results indicate the feasibility of accurate

high-Z material detection and quantification with high-energy scans.

In Chapter 4, we explored the use of complementary data, specifically

fast neutron radiography, and found it a useful addition where there may be an

attempt at diverting nuclear material by replacing it with another high-density,

high-Z material. Here, simulated X-ray and fast neutron radiography scans of

the AT400R nuclear material storage container were generated. Even though

using X-ray alone was shown to accurately determine the plutonium mass
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in the object, the single-type scan was found to be insufficient for detecting

an intelligent material diversion, especially with the uncertainties in a real

inspection system and image noise. One of the plutonium spheres in the

AT400R was replaced with a similar sized tungsten sphere, which is both

high-Z and of similar density to plutonium, making it difficult to discriminate

with just X-ray. We showed that the addition of fast neutron radiography data

significantly improved the detection of this diversion scenario.

We presented a method here, using the Cramér-Rao lower bound (CRLB),

to estimate an optimal set of inspections for the purpose of discriminating plu-

tonium from the other materials present. This tool can be used before any

optimizations are performed and is computationally quick, which could be

very useful when designing an inspection system for a given application. It

was shown that a high value of the CRLB signal-to-noise-ratio, which is in-

versely proportional to the expected variance in the material estimation, cor-

responds to an increased accuracy in the resulting material estimations from

the optimization algorithm.

The work presented here represents a good indication that the CRLB

is effective, though only considering a few discrete source energies and types.

Even considering just the source used, there is a much more expansive set to

choose from, i.e. any number of X-ray Bremsstrahlung spectra with any thick-

ness of filtration and other neutron sources such as the lower-energy Li(p,n)

source. Considering the other experimental parameters, i.e. detector type and

thickness, this could be represented as a much larger system than what was
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shown in this work to the end of finding truly optimal experimental parame-

ters to solve a given problem. An interesting proposition is to place a larger

optimization over the inverse problem to test all possible perturbations on the

inspection system, a potentially useful tool in system design.

Also, inspection of nuclear material storage containers offers an inter-

esting case in that they can be axisymmetric and contain relatively simple

geometries, i.e. spheres and disks. With this information, an additional con-

straint could be added to the algorithm that constrains the problem to a

maximum thickness as expected from the outside dimensions of the object

being inspected. Or, a known steel can thickness as a likely nonsensitive mea-

surement could be used to constrain the steel estimations.

Finally, in Chapter 5 we explored the use of tomography with a spec-

tral radiography detector. With this data, we present a method to directly

compute the X-ray linear attenuation coefficients. Here object axisymmetry

was assumed, which allowed a simple calculation of X-ray pathlengths through

the object where the object is considered to be composed of concentric rings

of materials. X-ray pathlengths could also be calculated using a full 360◦ to-

mography scan if needed. Image simulations were made using a ray-tracing

radiation transport model in Matlab. The object inspected was based on a

nuclear fuel rod composed of a uranium oxide pellet and a plutonium oxide

pellet within Zircaloy cladding, representing a hypothetical nuclear material

diversion scenario that would be difficult to detect with a single-energy X-ray

inspection. Linear X-ray attenuation coefficients were reconstructed directly
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with the axisymmetric object assumption and the results were shown to only

slightly degrade with the addition of image noise. For accurate reconstructions

of the K-edges in the attenuation coefficients, good energy resolution (such as

that typical with semiconductor detectors) was found to be essential.

While there are some commercial software packages that attempt some

material discrimination ability with tomography data (i.e. VGStudio MAX

[99]) these are likely based on simplifying assumptions about the inspection,

such as energy averaged attenuation coefficients or material discrimination

based on density measurements. Though it is likely that we could learn from

the analyses given in commercial software packages, they are generally pre-

sented as a “black box” in which little can be understood about how the anal-

ysis is actually being done. Otherwise, the Python Radiography Analysis Tool

(PyRAT) [100] developed by Los Alamos National Laboratory has considered

material discrimination of spherically symmetric objects using nonlinear opti-

mization techniques and single-energy radiography. Future work will consider

the performance of these methods as compared to what is possible with the

methods presented here.

A commonly perceived limitation of this work is a limited material basis

set of 3 or 4 materials. In a real scan, especially of cargo or baggage, there

could be any number of materials contained within. Also, material alloys

in a nuclear material scan may present unique challenges. There are a few

ways one could deal with this. First, in Chapter 5 we showed the ability

to reconstruct linear material attenuation coefficients directly with the use of
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tomography data acquired with a spectral detector. These reconstructions

can be compared with a large library of expected attenuation coefficients to

determine material composition directly. Second, if tomography data cannot

be obtained, multiple optimizations could be run in parallel with various sets

of materials and a “best” result could be that which gives the lowest data

misfit. This could be computationally intensive but its parallel nature may

mean that it wouldn’t be time intensive. This may be a good candidate for

parallelizing on graphical processing units (GPUs).

Third, the results can be interpreted as qualitative. We showed in

Chapter 2 that accurate plutonium estimates could be achieved even with

materials in the baggage composite that were not in the material basis set.

Here, a result was generated where the steel was replaced with an equivalent

thickness of copper and aluminum. In this case, the steel estimations from the

algorithm can be interpreted as “thickness of materials with atomic number

of about steel.” This is effective if the task is to find a material of an approx-

imate atomic number, as in finding high-Z materials in a baggage inspection.

Fourth, for inspection of radiological materials, passive gamma spectrometry

(observing the energy of gamma radiation coming off of an object) can be used

as complementary and is a strong indication of material and isotope.

The work presented here showed that an accurate inspection system

model is essential for accurate material estimations. Also, in Chapter 3 we

showed that an accurate modeling of the system response to scattered flux as

well as the spatial resolution of the system is especially important. A sen-
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sitivity study could be made to formalize the importance of the accuracy of

various aspects of the physics model. This could be done by perturbing the

various components of the model, such as the source spectrum or the detec-

tor response, at various levels and see how significantly these perturbations

affect material accuracy. From this, a determination could be made of what

components of the inspection system model are most important to be mod-

eled accurately, a potentially time-saving study for future experimental data

acquisitions.

The most readily applicable and promising application for these algo-

rithms that we see is the use of the spectral (energy-discriminating) radiog-

raphy detectors for material discrimination. Since these detectors can more

directly observe the material specific X-ray attenuation coefficients, especially

the distinct K-edges, this offers a significant signature to detect in the image

data that can be exploited even with a low signal-to-noise ratio. The detector

technology is relatively new and currently limited by size (the radiographic de-

tectors are typically only a few of centimeters square) and maximum count rate

(detectors can count up to about 107 mm−2·s−1). As these detectors improve,

larger detectors (larger field-of-view) that can count X-rays accurately at a

high rate (higher signal-to-noise) will provide better data, thereby improving

algorithm performance.

In the near future, we would like to obtain a spectral line detector and

test the algorithms with simple geometries in the lab, such as small thicknesses

of high-Z materials amongst others. Spectral detectors need to be carefully
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characterized, including the pixel-to-pixel variation in energy resolution, gain,

and “cross-talk” of X-rays traveling between image pixels. Fortunately, there

is a wealth of information in the literature on these physics as the detectors are

developing so we believe the field is ripe for the use of the algorithms presented

here.

We would also like to obtain experimental high-energy, multi-energy

X-ray data. Even though we showed good performance in our experimentally

obtained 450 kVp X-ray data, we were limited by the energy range of the

inspections. Since the X-ray attenuation coefficients become more unique at

higher energies (> 3 MeV), the information that could be obtained from the

algorithm at those higher energies may be considerably more than what we

were able to show with the lower-energy source. Here again, an accurate and

computationally efficient inspection system model will be very important. We

are eager to consider if the scattered X-ray flux could be modeled (i.e. with

a single-scatter model) to use it as an extra source of information about the

object, rather than purely a source of noise as we’ve considered it in this work.

Since the work explored here focused on the analysis of X-ray and

neutron data rather than its acquisition, a likely effective way to obtain ex-

perimental data would be to use that which is available from others. For

example, Los Alamos National Laboratory has done high-energy X-ray scans

of large, dense objects with a tunable source [101]. Also, dual-mode data has

been obtained at Oak Ridge National Laboratory with their Nuclear Materials

Identification System (NMIS) [102]. In these cases, it will be important that
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the inspection system is well characterized, with data readily available, so that

an accurate model can be generated.

We by no means explored all of the possible application spaces for

these algorithms in this work nor are we able to anticipate the new types of

scans that could utilize such analyses. Rather, we’ve laid a foundation for

data analysis that is flexible to a wide range of inspection technologies and

will leave many of these different application spaces for the broader scientific

community to consider and explore. We look forward to seeing what can be

achieved.
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