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Radiative shocks and blast waves are important in many astrophysical contexts, 

such as supernova remnant formation, cosmic ray production, and gamma ray bursts. 

Structure formation on radiative blast wave fronts in late-stage supernova remnants is 

expected to play a role in star formation via seeding of the Jeans instability. The origin of 

these structures is believed to be an instability described theoretically by Vishniac (ApJ 

274, 152 (1983)), which has been subject to continued numerical and experimental 

investigation. Several laboratory experiments have been performed to study the stability 

of radiative blast waves in late-stage supernova remnants (PRL 66, 2738 (1991); PRL 87, 

085004, (2001); PRL 95, 244503 (2005)), but have been limited by the lack of a realistic 

magnetic field within which the blast wave evolves. Magnetic fields play a significant 

role in the dynamics of astrophysical objects on multiple scales, such as shock 

collisionality, magnetic turbulence, and large-scale structure formation, but experimental 

efforts to investigate these effects on blast wave structure have been sparse. This work 

extends previous work in this area to cover the evolution of radiative blast waves in a 

dynamically significant magnetic field. 
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Introduction 

"Here we were not bound by the known conditions in a given 
star but we were free within considerable limits to choose our own 
conditions.  We were embarking on astrophysical engineering." -

Edward Teller 

SHOCK WAVES, HYDRODYNAMICS, AND EXTREME STATES OF MATTER 

The study of extreme states of matter is comparatively modern, largely originating 

in the American and Soviet nuclear weapons programs of the Cold War.  To translate 

measured nuclear interaction cross sections into an operational device, knowledge of the 

equation of state of the reactive material at high pressures and temperatures is essential.  

In all but the most rudimentary weapons, nonlinear hydrodynamics governs the critical 

assembly of the primary.  The radiation implosion process in thermonuclear weapons 

requires detailed calculation of radiation transport and radiation-coupled hydrodynamics 

to ignite the secondary.  As weapons design became more sophisticated, better 

understanding of these properties under extreme conditions were required to understand 

their performance.  National efforts in weapons experimentation and theoretical 

development were launched in the US and USSR, providing organization and resources 

to high energy density physics as a new discipline [1]. 

Inertial confinement fusion was a natural outgrowth of weapons physics studies, 

as the ignition of the target capsule requires substantially similar conditions to those 

required to initiate a thermonuclear secondary.  In particular, indirect-drive ICF is closely 

isomorphic to the radiation implosion process - so much so that it was classified in the 

United States until 1981 [2].  As aspects of ICF were declassified and reached the broader 

scientific community, high-energy density physics began to find applications outside of 

the weapons communities.  Fortuitously, concurrent advances in laser and pulsed power 
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technology enabled the creation of high energy densities under controlled conditions and 

at accessible experimental scales.  Although the prospect of laser-induced fusion dates 

back nearly to the invention of the laser, the advent of high energy Nd:glass lasers 

enabled the energy on target to approach that required to study the relevant ignition 

physics.  Short-pulse CPA lasers enabled high on-target intensities with relatively low 

space and power demand, reaching terawatt power levels at scales accessible to the 

academic community.  Additionally, pulsed power facilities such as Z and Angara-Triniti 

provide specialist and complementary experimental capabilities, and modern 

supercomputers provide predictive and analytical capacity necessary for the study of 

extremely complex environments.  These capabilities, taken in concert, enable the study 

of high energy density states as a field of intrinsic scientific interest as well as practical 

application. 

Shock waves and nonlinear hydrodynamics, coupled with radiation transport, are 

essential phenomena in the dynamics of material at extreme states.  The latter term is 

chosen somewhat advisedly to fit the subject matter at hand.  By "material at extreme 

states," we assume both the existence of well-defined state variables, and that the values 

of the state variables are sufficiently extreme to reduce the degrees of freedom from 

composite to fundamental.  The first statement implies collisional equilibrium.  The 

second corresponds approximately to the condition that matter is ionized at solid density, 

which is the conventional threshold for the high energy density regime.  Under these 

conditions, radiation hydrodynamics governs the exchange between thermal and kinetic 

energy of the bulk material.  It is therefore fundamental to any description of the 

dynamics at timescales where material motion is possible. 

The reduction of degrees of freedom of a system is related to the restoration of 

spontaneously broken symmetries.  The transition of a system to a high energy density 
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state usually implies a transition from discrete to continuous symmetry, although in 

certain cases the change may take place in the discrete spatial symmetry of the material.  

In either case, the transition is accompanied by changes in the optical and flow properties 

of the medium.  This is the reason for the qualitatively different physical character of 

high energy density systems as compared to condensed matter systems.  In general, a 

system at sufficiently high energy density will exhibit hydrodynamic behavior.  The 

symmetries of ideal hydrodynamics will play a fundamental role in the analysis to follow, 

both in terms of fundamental flow properties, and in our ability to apply similarity 

transformations between systems of vastly differing scale. 

EXPERIMENTAL ASTROPHYSICS 

Astrophysics is largely concerned with extreme environments of one sort or 

another - from a physicist's point of view, one might say that astrophysics is an attractive 

field of study for precisely this reason.  Nuclear interactions, radiation transport, and 

radiative hydrodynamics are fundamental to stellar astrophysics, and high Mach number 

shock waves are found in supernovae, protostellar jets, and Herbig-Haro objects.  Shock 

fronts are found throughout the interstellar and intergalactic media.  Very high pressures 

and temperatures exist in stellar cores, whereas dense and relatively cool degenerate 

plasmas obtain in planetary interiors.  In a more exotic domain, active galactic nuclei and 

gamma ray bursts are believed to produce relativistic antimatter plasma.  Perhaps the 

ultimate example of an extreme state is the quark-gluon plasma in the early universe, 

which occurs at the quark deconfinement transition and behaves as an almost perfectly 

ideal fluid. 

Remarkably, every example of an extreme astrophysical state given above can be 

addressed in some way by experiment, in the sense that we can prepare or create a model 
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system to study, as opposed to passively observing it.  To understand how this somewhat 

surprising statement can be possible, it is conceptually useful to make certain 

classifications.  To begin with, experiments relevant to astrophysical environments can be 

classified as either "inputs" or "outputs," depending on its relation to the theoretical 

model of the system under study.  An input experiment directly examines the constituents 

of a given astrophysical environment, although it may or may not directly recreate the 

conditions in that environment.  An example of an input experiment is the experimental 

determination of the nuclear reaction cross sections that govern the fusion reactions along 

the stellar main sequence.  An output experiment, by contrast, attempts to reproduce the 

large-scale astrophysical process, albeit possibly through a scaling transformation or 

some other indirect means.  An example of the latter is the study of hydrodynamic 

instabilities in compressible flows in supernovae, which is the object of this work.  A 

further distinction was proposed by Takabe [3].  In proposing a broad program of future 

research in experimental astrophysics, he divided the possible experimental designs into 

classes of sameness, similarity, or resemblance compared to their astrophysical 

counterparts.   Sameness refers to an experiment which directly reproduces the 

astrophysical system.  This type of experiment corresponds to the input category 

described above.  Similarity refers to an experiment which reproduces astrophysical 

dynamics through a rigorous scaling relation.  Resemblance refers to an experiment 

where the underlying physical process is related to that in the astrophysical environment, 

but no rigorous scaling law exists or has been found.  The possibility of similarity or 

resemblance enables the output class of experiments, although such experiments may be 

of either type.  It will be shown later that these classifications are not merely a taxonomy, 

but determine the mathematical basis of the experimental design [4]. 
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As noted above, inertial confinement fusion enabled the study of basic science in high 

energy density environments.  As ICF is literally attempting to reproduce a stellar 

process, it relates quite naturally to problems of astrophysical interest.  Obvious areas of 

interest to both fields include equation of state studies, hydrodynamics, and radiation 

transport [5].  Equations of state and radiation transport are often amenable to direct 

study, whereas hydrodynamics may be examined via scaling transformations, about 

which we will have much more to say later.  A vivid example, illustrating the remarkable 

correspondence in physics across vastly differing space- and timescales, is shown in 

Figure 1 [6].  The figure on the left shows a simulation of an ICF capsule implosion, and 

the figure on the right shows the early stage of a type 1b core-collapse supernova.  Both 

systems have oppositely directed pressure and density gradients, and consequently both 

are Rayleigh-Taylor unstable.  Although the systems are accelerated in the opposite radial 

direction, the correspondence in qualitative behavior is quite striking despite the 

enormous (~1015) difference in spatial and temporal scales.   
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Figure 1.  Comparison of hydrodynamics in ICF target and type 1b core-collapse supernova [6].  These flows are 

related by a projection transformation. 

RADIATIVE SHOCKS AND SUPERNOVA REMNANTS 

The experiment described in this work is designed to illuminate the dynamic 

evolution of magnetized radiative blast waves in energetic astrophysical events.  

Radiative blast waves are produced by supernovae, and may also be produced by novae, 

explosive mass shedding from luminous blue variables, and other energetic events (figure 

2).  Supernova initiation mechanisms vary, although they typically fall into either 

thermonuclear detonation of accreting white dwarves, or explosion following core 

collapse of massive stars.  In either mechanism, the characteristic energy released is 

similar; on the order of 1051 ergs.  Very energetic events, called hypernovae, can exceed 

this figure by an order of magnitude or more.  Supernovae are classified according to 

spectral type and light curve, which provide indirect markers of the progenitor object, 

explosion mechanism, and circumstellar medium into which the supernova remnant 

evolves.  A review of supernova classification may be found in [7].  From a large-scale 

perspective, the salient feature of these events is the sudden release of an enormous 

amount of energy from a pointlike source in a uniform or slowly-varying background 
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medium.  This characteristic problem lends itself to a piecewise self-similar analytic 

description using an intermediate asymptotic representation [8], which will be of great 

importance in this analysis and will be discussed in detail below. 

Because the overall hydrodynamic evolution of the supernova remnant is 

essentially independent of the details of the progenitor event, we can identify defined 

stages of evolution which are common to most instances, and which are influenced 

primarily by the background medium in which it evolves.  Each evolutionary phase can 

be described analytically in terms of self-similar flows, although the boundary conditions 

and similarity characteristics vary in each case.  It should be made clear that the 

discussion which follows describes the evolution of the blast wave following shock 

breakout from the surface of the progenitor object.  Other works address the internal 

hydrodynamics within the stellar envelope.  Once the shock breaks free of the stellar 

surface, the first phase of expansion is the ejecta-dominated phase.  In this phase the mass 

of the ejecta is much greater than the swept up interstellar medium, and the ejecta 

dominates the momentum balance.  Consequently, the expansion in this phase is 

essentially free.  As the gas in the circumstellar region is overtaken by the blast front, the 

ram pressure begins to substantially affect the momentum, and the blast wave enters the 

adiabatic phase.  This is frequently referred to as the Taylor-Sedov phase, as the blast 

wave satisfies the Taylor-Sedov-Von Neumann solution for an adiabatic blast wave 

provided the density of the circumstellar medium is approximately uniform.  Similar 

solutions can be derived for power-law density distributions where appropriate.  In the 

final phases of the expansion, the shock-heated gas is cooled by radiative losses.  When 

the characteristic hydrodynamic time of the remnant approaches the radiative cooling 

time of the postshock gas, the resulting energy loss causes the gas behind the shock front 

to collapse into a thin shell, and the supernova remnant enters the pressure-driven 
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snowplow (PDS) phase, expanding under the thermal pressure of the hot interior gas.  

When the hot gas in the shell interior further cools and expands to an extent that its 

thermal pressure is no longer dynamically significant, the PDS phase transitions to the 

momentum-conserving snowplow (MCS) phase.  The cooled remnant merges with the 

interstellar medium when its velocity drops to the ambient sound speed. 

We are primarily concerned with supernova remnants in the radiative phase.  This 

phase is pronounced in supernova remnants which interact with a dense circumstellar 

medium, such as type Ib/Ic or type IIn supernovae.  The circumstellar medium 

decelerates the blast wave rapidly, converting kinetic energy into radiation.  Radiation 

transport in the postshock gas fundamentally changes the shock structure, which varies 

depending on the optical mean free path of the gas [9], [10].  In the limiting case of short 

optical mean free path compared to the characteristic dimensions of the medium, the 

radiation transport may be treated in a diffusion approximation.  In extreme cases, the 

shock transition loses its discontinuous character and transitions to a thermal wave.  

When the optical mean free path is of order of the scale size of the system, a radiative 

precursor is generated by absorption in the cold upstream gas.  This precursor may ionize 

the gas, and if strong enough, may even generate a secondary shock [11].  Conversely, 

when the optical mean free path is large compared to characteristic spatial dimensions, 

the effect of the radiation may be approximated as a constant thermodynamic energy loss 

in the radiative region, without invoking higher-order transport effects.  The latter case is 

typical of late-stage supernova remnants, and is of primary interest in this work. 
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Figure 2.  Complete Cygnus Loop in ultraviolet (image credit: NASA/JPL).  The Cygnus Loop is an example of a late-

stage supernova remnant in the radiative phase. 

The characteristic which distinguishes optically thin cooling blast waves is 

significant nonlocal energy transport by radiation.  In hydrodynamic systems supported 

by thermal pressure, strong radiative cooling can cause collapse of the pressurized system 

to high density.  This phenomenon is general and is observed in other circumstances, in 

both laboratory and astrophysical systems.  Laboratory systems typically radiate via 

different mechanisms than their astrophysical counterparts, but show similar resulting 

dynamics.  In point explosions, which are of interest to this work, the result of radiative 
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collapse is a thin pressure-driven shell expanding into the ambient medium.  Pressure-

driven thin shells have been shown on both theoretical and experimental bases to be 

subject to hydrodynamic and thermal instabilities [8], [12], [13].  Prominent among these 

are the family of thin shell instabilities typified by the linear Vishniac overstability, 

which is a pressure-driven overstability arising from a misalignment of ram and thermal 

pressure gradients at the shock front [14].  We will discuss the mechanism of the 

Vishniac overstability in detail below.  The consequence I would like to emphasize at this 

point is the connection between local and global dynamics.  In both the laboratory and 

astrophysical cases, radiative processes originating in atomic transitions result in energy 

transport which cause hydrodynamic structures to become unstable [15], [16].  The 

density perturbations resulting from the dynamic instability of the shock front are subject 

to gravitational instability on longer timescales, which affects the structure of the 

interstellar medium.  As such, the hydrodynamic instabilities which are the focus of this 

work connect physical processes operating from atomic to gravitational scales. 

The presence of gravitational instabilities in the interstellar medium has important 

implications for star formation models.  In general, stars form when a cloud of cold gas 

collapses under gravity to sufficient density and temperature to ignite the thermonuclear 

reactions which sustain the star.  The mechanism by which this occurs is known as the 

Jeans process.  While we will not dwell extensively on the details of the process, its 

theoretical basis is a departure from virial equilibrium when the gravitational potential 

energy of a gas cloud overtakes the internal kinetic energy.  In the presence of radiative 

cooling, this instability can proceed hierarchically, where density perturbations in a 
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collapsing cloud may themselves become gravitationally unstable.  The result is 

gravitational fragmentation of the medium.  The evolved dense regions convert 

gravitational to thermal energy, and when they reach sufficient density to become 

optically thick, the thermal radiation becomes trapped.  When the fragment mass reaches 

a critical level, the temperature and density attain conditions necessary to ignite 

thermonuclear fusion, forming a star. 

While this process is gravitationally driven, it relies upon an inhomogeneous 

medium, and as such may be triggered by dynamic processes.  In the "collect and 

collapse" model of star formation, an expanding radiatively cooled shock sweeps up 

material from the cold interstellar medium, and the density in the shock locally exceeds 

the Jeans mass.  When the shock front is subject to a dynamic instability, local density 

enhancements can seed gravitational instabilities.  In the case of interest here, where the 

shock is a decelerating pressure-driven blast wave, Vishniac determined that the 

timescale of dynamic fragmentation is sufficiently short that it dominates gravitational 

fragmentation in conditions where the dynamic instability is active.  This has significant 

consequences for stellar life cycles, and for the observed distribution and composition of 

the interstellar medium. 

The processes of gravitational collapse and ignition, main sequence evolution, and 

explosive mass shedding in supernovae create an evolutionary cycle which determines 

the composition of the interstellar medium, and of subsequent stellar populations.  The 

nuclear reactions which take place throughout this process are responsible for 

establishing the observed abundances of heavy elements in the universe.  In the very 
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early universe, before the formation of stars and galaxies, the elements produced by Big 

Bang nucleosynthesis consisted almost entirely of hydrogen and helium, with trace 

amounts of lithium and beryllium.  Successive fusion processes in stellar cores produce 

elements of increasing Z up to iron, whereupon fusion is no longer energetically possible.  

All higher elements are produced by reactions occurring in supernovae or their products.  

Consequently, star-forming regions tend to increase in metallicity (defined as abundance 

of elements heavier than helium) with succeeding generations.  For this reason, the 

timescale of the star formation process is significant.  The fact that dynamic 

fragmentation of the interstellar medium is much faster than gravitational fragmentation 

alone is of great importance to triggered star formation models, provided the fragments 

are gravitationally bound [14].  This condition implies that the spatial scale of density 

perturbations produced by dynamic instabilities is highly significant to these models. 

 

 

Figure 3.  Western Veil Nebula at visible wavelengths (image credit: Ken Crawford).  The Western Veil nebula is an 

optically bright section of the Cygnus Loop, and is on the right edge of Figure 2 above.  The rippled structure is 

believed to be due to dynamic instabilities in the shock front. 
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THE EFFECT OF MAGNETIC FIELDS ON SUPERNOVA HYDRODYNAMICS 

We are principally concerned with the effect of magnetic fields on the evolution 

and stability of supernova remnants.  Dynamically significant magnetic fields greatly 

affect the flow properties of a conductive medium.  At the scale of the system of interest, 

the vector potential breaks spatial symmetry, and imposes a gyrotropic stress tensor on 

the flow.  At small scales, the field can become turbulent, and resistivity can impose an 

effective magnetic viscosity.  Stochastic fields can mediate particle interactions, resulting 

in effective collisionality on spatial scales much shorter than the collisional mean free 

path in the plasma.  This last point is particularly important in the case of supernova 

remnant shocks, which typically have a collisional mean free path larger than the remnant 

itself.  In this case, magnetic entanglement on small scales is essential to the 

hydrodynamic character of the shock. 

There is evidence that the interstellar magnetic field affects the global structure of 

supernova remnants.  Some of the more dramatic examples are the class of bilaterally-

symmetric supernova remnants, whose structure has been interpreted as having a 

magnetic origin.  While there are other mechanisms which can result in the observed 

symmetry, radio polarimetry measurements appear to support this hypothesis.  

Synchrotron emission maps, and the distribution of orientation of bilaterally-symmetric 

remnants with respect to the galactic plane also suggest a magnetic origin. 

There is also reason to suspect on theoretical grounds that magnetic fields may 

influence the stability of the shock front.  Although a complete analysis has not been 

done, Vishniac suggests that magnetic pressure will reduce the range of wavelengths and 

growth rate of the pressure-driven overstability [14].  Blondin and Wright further point 

out that efficient field amplification in the postshock region may affect thin-shell 

instabilities even where the preshock field is dynamically unimportant [17].  Tóth & 
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Draine have shown stabilizing effects of a transverse magnetic field on a radial instability 

[18], although their analysis does not apply directly to the case discussed here.  Finally, 

Heitsch et al. [19] have shown magnetic inhibition of the nonlinear pressure driven thin 

shell instability, although the instability is not completely suppressed.  There seems to be 

general agreement that the magnetic field will have a stabilizing effect, although its 

significance is not well established by theory. 

EXPERIMENTAL CONCEPT & DESIGN 

To address these questions experimentally, we undertook three experimental runs 

at the Texas Petawatt Laser at UT Austin, and at the Z-Beamlet Laser at Sandia National 

Laboratories.  To satisfy the magnetohydrodynamic scaling relations necessary to 

simulate the supernova remnant, we generate a spherical shock with high specific energy 

by irradiating a solid target with a high energy laser.  The solid target is placed in contact 

with a gas in which the blast wave propagates.  The gas is selected according to the 

desired effect of radiation flux on energy transport.  Higher-Z gases have a large number 

of electronic transitions which act as thermodynamic degrees of freedom when the gas is 

shock heated, corresponding to Bremsstrahlung losses in supernova remnant shocks.  

Lower-Z gases have fewer active degrees of freedom from radiative effects, serving as a 

reference for adiabatic blast wave evolution.  In this way we can generate both adiabatic 

and radiatively-cooled blast waves. 

To generate a magnetic field of sufficient strength to affect the blast wave 

dynamics, we used a megaamp pulsed power system to drive current in a single-turn 

quasi-Helmholtz coil surrounding the gas cell, producing a field which was 

approximately uniform in time and space on the scale of the evolving blast wave.  The 

pulsed power driver was originally developed at Sandia National Laboratories, and 
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adapted to the Texas Petawatt beamline [20], [21].  It was later moved to Z-Beamlet and 

the power feed was redesigned for a dedicated target chamber for laser/pulsed power 

experiments.  A significant part of the experimental run detailed here was dedicated to 

the integration and commissioning of the new target chamber, revamped pulsed power 

system, and a dedicated probe and diagnostic chain. 

To diagnose the blast wave evolution, time-resolved optical diagnostics were used 

throughout.  At UT, a commercial Nd:YAG laser was used to provide a single probe 

pulse per shot, which was directed into a multipurpose optical diagnostic which could be 

configured as a dark-field Schlieren telescope, a shadowgraph, or a shearing 

interferometer.  We experimented with all of these methods, but all useful data was taken 

using the dark-field Schlieren method.  Later, we took advantage of a recently-developed 

digital fast framing camera developed at Sandia [22], and probed the blast wave with a 

picket-fence pulse train, enabling the acquisition of multiple blast wave images per shot.  

To optimize the quality of the blast wave images, we designed the diagnostic chain with a 

larger aperture than that used at UT, and converted the optics to operate as a bright-field 

Schlieren system.  We were thus able to obtain much higher data quality, which greatly 

facilitated quantitative analysis.  These systems will be discussed in detail below. 
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Theoretical Development 

"Everything simple is false.  Everything complex is unusable." -
Paul Valéry 

INTRODUCTORY REMARKS 

It should be clear at this point that the physics of supernova remnant shocks is 

complex and composite.  To produce a theoretical description which is simultaneously 

tractable and useful in a predictive sense requires us to make informed simplifying 

assumptions in our model.  The conceptual center of the model presented here is the 

linear Vishniac overstability of spherical decelerating shocks, presented in his 1983 paper 

[14].  As such, we will work within its theoretical assumptions. This implies a 

hydrodynamic framework, with radiation transport treated in the optically thin 

approximation.  Magnetic effects will be incorporated via ideal MHD.  These conditions 

are essentially those described by Ryutov [23]–[25], which I will show are approximately 

satisfied in the domain of interest. 

In the material to follow, we will start with the simplest possible model under 

very general conditions, and gradually add additional physics as required.  As we go, we 

adapt the model to our circumstances, sacrificing generality for detail.  As we shall see, 

certain essential features of the motion can be derived from strictly dimensional 

considerations, without any knowledge of the equation of state of the constituent 

material, or even of the equations of motion beyond the existence of discontinuous 

solutions.  As we add these equations, which are themselves derived from symmetry 

considerations and conservation laws, we develop a more realistic description of a point 

explosion, which is the well-known Taylor-Sedov-Von Neumann solution and its 



 17 

approximation by Chernyi.  This model is the theoretical starting point of Vishniac's 

linear stability analysis, and of our subsequent investigation of magnetic and radiative 

effects. 

THE POINT EXPLOSION PROBLEM 

The fundamental equations of gas dynamics 

The fundamental equations of gas dynamics can be derived in two ways, which 

are philosophically distinct in their respective approaches.  One way to proceed is to take 

velocity moments of the Boltzmann equation.  This approach has the advantage that it is 

clearly tied to the kinetic description of the gas or plasma, and the viscous dissipation and 

thermal conductivity appear in a natural way.  For our purposes, however, we will instead 

approach gas dynamics via continuum mechanics.  Continuum methods are strictly 

applicable at intermediate scales, much larger than the microstructural constituents of the 

system, but smaller than its boundaries.  As such, this implies that information regarding 

the microstructure of the system is consciously discarded.  The continuum representation 

is a fundamental example of what Barenblatt refers to as intermediate asymptotics [26].  

It is of course precisely analogous to classical thermodynamics or macroscopic 

electrodynamics, although here we will use the intermediate asymptotic representation to 

examine deeper symmetry properties of the continuum though its connection to 

dimensional analysis and similarity transformations. 

The distinction, then, between the methods, is that the Boltzmann approach 

connects microscopic degrees of freedom in phase space to macroscopic degrees of 

freedom in configuration space, whereas continuum mechanics emphasizes symmetry 

and is naturally connected to group transformations.  It may at first seem remarkable that 

such distinct approaches arrive at the same set of equations describing the system 
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dynamics.  The connection is in the ensemble averaging inherent to taking the velocity 

moments over the particle distributions, which allows the definition of the macroscopic 

variables used in the continuum description.  This correspondence is closely connected to 

notions of local thermal equilibrium, as the Boltzmann collision integral vanishes when 

the particle distributions are Maxwellian, as we assume here.  When the particle 

distributions are out of equilibrium, a kinetic treatment according to the Boltzmann 

formalism (or one of its approximations) is unavoidably necessary.  For a discussion of 

plasma fluid theory as derived from particle kinetics, see Hazeltine's monograph, The 

Framework of Plasma Physics [27].  Barenblatt has several excellent books on scaling 

and similarity in applied mechanics in the continuum approximation, the most relevant of 

which for the present discussion is Flow, Deformation, and Fracture [28].  The treatment 

of nonequilibrium radiation transport adds additional complications, and will be 

discussed separately below. 

By discarding information about the microstructure of the system, we can 

minimize the information required to describe the dynamics at large scales.  In addition to 

the obvious advantage of reducing computational complexity, this reduction is useful 

when comparing systems whose microphysical properties differ, but whose large-scale 

dynamics are similar.  We do this by defining basic properties of the idealized continuum, 

such as its geometry and conserved physical quantities, and then deducing the dynamics 

from equations of continuity. 

Derivation of the continuity equation 

We will derive a general continuity equation for a globally conserved quantity.  A 

source or sink term may be added for local violations of conservation, such as an external 

energy source.  Continuity equations, and the resulting Euler equations, can be derived 
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either in a fixed coordinate system, or in one advected with the fluid.  These are known as 

Eulerian and Lagrangian coordinates, respectively.  We will work exclusively in Eulerian 

coordinates.  While Lagrangian coordinates are computationally convenient in certain 

cases, they are inappropriate for problems in which the velocity field contains a vorticity 

term, as in the case of the hydrodynamic instabilities studied here.  In the Eulerian 

formulation used here, we assume fixed coordinates in a Euclidean space of arbitrary 

dimension, with the continuum velocity field 𝑢𝑢�⃑  defined in the obvious way. 

We define a globally conserved density of some continuous quantity Q as ρQ, and 

express its flux as: 

 𝛤𝛤𝑄𝑄
⇀

= 𝜌𝜌𝑄𝑄𝑢𝑢
⇀ (1) 

Conservation of Q implies that the integral of its flux normal to some closed surface 

equals the time derivative of its density integrated over the same volume bounded by the 

surface: 

 �𝜌𝜌𝑄𝑄𝑢𝑢
⇀

· 𝑑𝑑𝑎𝑎
^

𝑆𝑆
= −

𝜕𝜕
𝜕𝜕𝜕𝜕
�𝜌𝜌𝑄𝑄 𝑑𝑑𝑉𝑉
𝑉𝑉

 (2) 

Apply Gauss' divergence theorem: 

 �𝛻𝛻 ·
𝑉𝑉

𝛤𝛤𝑞𝑞
⇀
𝑑𝑑𝑉𝑉 = �𝛤𝛤𝑞𝑞

⇀
· 𝑑𝑑𝑎𝑎

^

𝑆𝑆
 

 

(3) 

 �𝛻𝛻 ·
𝑉𝑉

𝛤𝛤𝑞𝑞
⇀
𝑑𝑑𝑉𝑉 = −

𝜕𝜕
𝜕𝜕𝜕𝜕
�𝜌𝜌𝑄𝑄 𝑑𝑑𝑉𝑉
𝑉𝑉

 (4) 

The integrands must equate for all volumes, with the result 

 
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜌𝜌𝑄𝑄 + 𝛻𝛻 · 𝛤𝛤𝑄𝑄

⇀
= 0 (5) 

If the quantity Q is not locally conserved, a source term SQ may be added, which can be 

suitably defined as required: 
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𝜕𝜕
𝜕𝜕𝜕𝜕
𝜌𝜌𝑄𝑄 + 𝛻𝛻 · 𝛤𝛤𝑄𝑄

⇀
= 𝑆𝑆𝑄𝑄 (6) 

Derivation of the Euler equations 

The dynamic equations for a compressible fluid are derived by applying the 

continuity equation to mass, momentum, and energy transport.  We assume that the 

pressure and density are well-defined, and that the pressure may be represented by the 

contraction of an isotropic stress tensor.  We further assume the existence of an equation 

of state function 𝜀𝜀 = 𝜀𝜀(𝑃𝑃, 𝜌𝜌) which relates the internal energy of the gas to the state 

variables.  Finally, we will assume the limit of zero viscosity and thermal conductivity.  

When viscosity and thermal conductivity are included, the resulting equations are 

referred to as the Navier-Stokes equations.  For the cases of interest in this work, 

however, viscous dissipation and material strength may be neglected, and convective 

thermal transport dominates heat conduction.  In this limit the resulting equations are the 

simpler set of Euler equations. 

We begin by taking ρQ to equal the mass density ρ, with no source term: 

 
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜌𝜌 + 𝛻𝛻 · 𝜌𝜌𝑢𝑢

⇀
= 0 (7) 

Expanding the product in the second term gives 

 
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜌𝜌 + 𝜌𝜌𝛻𝛻 · 𝑢𝑢

⇀
+ 𝑢𝑢

⇀
· 𝛻𝛻𝜌𝜌 = 0 (8) 

This is the first Euler equation, expressing conservation of mass. 

Next, define ρQ to equal the specific momentum ρ𝑢𝑢
⇀

, with a source term -∇P 

representing external pressure forces acting on the system: 

 
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜌𝜌𝑢𝑢
⇀

+ 𝛻𝛻 · 𝜌𝜌𝑢𝑢
⇀
𝑢𝑢
⇀

= −𝛻𝛻𝑃𝑃 (9) 

Note that the second term is a tensor direct product, which obeys intuitive product rules.  

Expanding the products, we have 
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 𝜌𝜌
𝜕𝜕𝑢𝑢
⇀

𝜕𝜕𝜕𝜕
+ 𝑢𝑢

⇀𝜕𝜕𝜌𝜌
𝜕𝜕𝜕𝜕

+ 2𝜌𝜌𝑢𝑢
⇀

(𝛻𝛻 · 𝑢𝑢
⇀

) + 𝑢𝑢
⇀

(𝑢𝑢
⇀

· 𝛻𝛻𝜌𝜌) = −𝛻𝛻𝑃𝑃 (10) 

Subtract the product of 𝑢𝑢�⃑  with the mass continuity equation and divide by ρ: 

 𝜕𝜕𝑢𝑢
⇀

𝜕𝜕𝜕𝜕
+ 𝑢𝑢

⇀
(𝛻𝛻 · 𝑢𝑢

⇀
) = −

1
𝜌𝜌
𝛻𝛻𝑃𝑃 (11) 

This is the second Euler equation, expressing conservation of momentum.  As such, it is a 

continuum version of Newton's second law.  It is a particular case of the Cauchy 

momentum equation, applied to a gas with an isotropic stress tensor in the absence of an 

external field.   

Next take ρQ to equal the specific energy: 

 𝜌𝜌𝑄𝑄 =
𝜌𝜌𝑢𝑢2

2
+ 𝜌𝜌𝜌𝜌 + 𝑃𝑃 

 

(12) 

 𝜕𝜕
𝜕𝜕𝜕𝜕

(
𝜌𝜌𝑢𝑢2

2
+𝜌𝜌𝜌𝜌 + 𝑃𝑃) + 𝛻𝛻 · 𝑢𝑢

⇀
(
𝜌𝜌𝑢𝑢2

2
+ 𝜌𝜌𝜌𝜌 + 𝑃𝑃) = 0 (13) 

Subtract the products of 𝑢𝑢
⇀

 with the momentum equation (1st velocity moment), ϵ with the 

mass equation, and 𝑢𝑢
⇀
𝑢𝑢
⇀

2
 with the mass equation (2nd velocity moment) to get 

 𝜌𝜌
𝜕𝜕𝜌𝜌
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝑃𝑃
𝜕𝜕𝜕𝜕

+ 𝜌𝜌𝛻𝛻 · 𝑢𝑢
⇀
𝜌𝜌 + 𝑃𝑃𝛻𝛻 · 𝑢𝑢

⇀
= 0 (14) 

The resulting equations, which form the fundamental basis for all of the following 

analysis, are 

 
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜌𝜌 + 𝜌𝜌𝛻𝛻 · 𝑢𝑢

⇀
+ 𝑢𝑢

⇀
· 𝛻𝛻𝜌𝜌 = 0

𝜕𝜕𝑢𝑢
⇀

𝜕𝜕𝜕𝜕
+ 𝑢𝑢

⇀
(𝛻𝛻 · 𝑢𝑢

⇀
) = −

1
𝜌𝜌
𝛻𝛻𝑃𝑃

𝜌𝜌
𝜕𝜕𝜌𝜌
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝑃𝑃
𝜕𝜕𝜕𝜕

+ 𝜌𝜌𝛻𝛻 · 𝑢𝑢
⇀
𝜌𝜌 + 𝑃𝑃𝛻𝛻 · 𝑢𝑢

⇀
= 0

 

 

(15) 
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These equations describe the dynamics of a nonrelativistic compressible, inviscid 

fluid in the absence of gravity, internal stresses, chemical processes, thermal 

conductivity, and radiation transport.  The latter effects can be added where required in 

specific cases by adding or altering source terms, and deriving the consequent dynamic 

equations as above.  Note that closure of the gas dynamic equations requires the 

definition of the equation of state function ε.  This function can be nontrivial and is 

discussed in greater detail below. 

Properties of the Euler equations 

The Euler equations are representative of a class of partial differential equations 

known as quasilinear hyperbolic conservation equations [29].  The hyperbolic character 

of the equations and the fact that they are first-order in t implies that they uniquely solve 

an initial value problem with spatial boundary conditions specified at t, which is a 

consequence of the Cauchy-Kovalevskaya theorem.  It also implies that the method of 

characteristics is valid in their solution.  They are classified as quasilinear due to the 

convective term in the momentum conservation equation, which is linear in 𝜕𝜕𝑡𝑡𝑢𝑢
⇀

 and in 

∇𝑢𝑢
⇀

, and nonlinear in 𝑢𝑢
⇀

.  They are classified as conservation equations due to their 

derivation from a conserved density and flux as shown above. 

We can use these properties to make predictions about the solutions of the 

equations, even without solving them explicitly (the observant reader may note a 

recurring theme in this chapter).  Perhaps the most obvious is the convective term in the 

momentum transport equation, which is responsible for the very complex nonlinear 

behavior of the Euler equations and the associated Navier-Stokes equations (which add 

dissipative terms).  In higher dimensions, the convective term is responsible for turbulent 

flow.  In addition, it can be shown that solving the momentum transport equation with 
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smooth initial conditions will generally result in the development of singularities in finite 

time.  To demonstrate this simply, the momentum transport equation may be written in 

source-free form as the inviscid Burgers equation: 

 
𝜕𝜕𝑢𝑢
𝜕𝜕𝜕𝜕

+ 𝑢𝑢
𝜕𝜕𝑢𝑢
𝜕𝜕𝜕𝜕

= 0 (16) 

When this equation is solved with arbitrary nonzero initial conditions, the 

characteristics will intersect in finite time, resulting in singularities in the flow variables 

and a corresponding nonphysical solution.  By adding a dissipation term to the Burgers 

equation in analogy to the kinematic viscosity with coefficient d, 

 
𝜕𝜕𝑢𝑢
𝜕𝜕𝜕𝜕

+ 𝑢𝑢
𝜕𝜕𝑢𝑢
𝜕𝜕𝜕𝜕

= 𝑑𝑑
𝜕𝜕2𝑢𝑢
𝜕𝜕𝜕𝜕2

 (17) 

the characteristics will approach each other without intersecting, and the resulting density 

perturbation will exhibit nonlinear steepening but remain finite.  The viscous Burgers 

equation is therefore useful in modeling a viscous shock transition in nonlinear flow.  It 

should be noted in passing that the viscous Burgers equation does not belong to the same 

mathematical class as the Euler equations due to the dissipation term.  An expedient in 

the treatment of classical shocks is to assume that the description of nonlinear wave 

steepening of the inviscid Burgers equation is valid until it becomes singular, at which 

point a discontinuity in the flow variables is assumed.  This anticipates the discussion of 

Sobolev spaces below. 

We will make extensive use of the symmetry properties of the Euler equations in 

the following discussion.  The Euler equations admit a number of continuous 

transformations which define symmetry groups, and allow the use of scaling and 

similarity methods.  While our use of symmetry groups here will be informal, we will 

briefly examine the transformations of the Euler equations to facilitate our later use of 

similarity and dimensional methods.  By inspection, the Euler equations contain six 
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dimensional quantities �⃑�𝜕, t, ρ, 𝑢𝑢�⃑ , P, and ϵ, of which three are independent.  We can 

therefore define three independent symmetry groups.  The choice of these is to some 

degree a matter of convenience and convention.  We will take �⃑�𝜕, t, and ρ to be 

fundamental quantities, and 𝑢𝑢�⃑ , P, and ϵ to be derived quantities.  We make no 

assumptions at this point regarding the equation of state beyond the functional 

dependence ϵ = ϵ (ρ, P) and the dimensional constraints on pressure, density, and specific 

energy.  The independent dimensional quantities can be transformed as: 

 𝜕𝜕
⇀′ = 𝜆𝜆1𝜕𝜕

⇀
 

𝜕𝜕′ = 𝜆𝜆2𝜕𝜕 

𝜌𝜌′ = 𝜆𝜆3𝜌𝜌 

 

(18) 

The dependent quantities then scale as 

 𝑢𝑢
⇀′ =

𝜆𝜆1
𝜆𝜆2
𝑢𝑢
⇀

 

𝑃𝑃′ = 𝜆𝜆3
𝜆𝜆1

2

𝜆𝜆2
2 𝑃𝑃 

𝜌𝜌′ =
𝜆𝜆1

2

𝜆𝜆2
2 𝜌𝜌 

 

(19) 

 With no further constraints on the equation of state, we can establish a 

transformation group by setting λ1 = λ2 ≡ Λ, and λ3 ≡ 1.  This is the case of so-called 

"perfect similarity," and it can be immediately verified by inspection that the Euler 

equations are invariant under this transformation [30].  The perfect similarity, although 

restricted, involves no approximation of the equation of state, and therefore has the 

advantages of preserving the equations of motion even in the case of complex or varying 

equations of state in the problem domain. 

In general, the equation of state and boundary conditions must be symmetric 

under the same transformations as the Euler equations.  For a suitably defined equation of 
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state, additional transformation groups may be admitted.  If we make the further 

assumption (motivated below) of a polytropic equation of state, 

 𝜌𝜌𝜌𝜌 =
𝑃𝑃

𝛾𝛾 − 1
 (20) 

then ρ is proportional to P and we allow the additional transformation: 

 𝜌𝜌′ = 𝜆𝜆3𝜌𝜌 

𝑃𝑃′ = 𝜆𝜆3𝑃𝑃 

(21) 

where λ1 = λ2.  By combining the transformations parametrized by λ1, λ2, and λ3, we can 

generate an infinite number of transformations of the motion with altered scales in 

distance, time, and density.  A case of particular interest was identified by Ryutov [23], 

and was termed the Euler similarity.  By combining the three dimensional quantities of 

the problem into a single dimensionless number, the similarity 

 𝑣𝑣′�
𝜌𝜌′

𝑃𝑃′
= 𝑣𝑣�

𝜌𝜌
𝑃𝑃
≡ 𝐸𝐸𝑢𝑢 (22) 

holds for any two systems under the assumptions above.  This can be immediately 

verified by noting that the λi vanish on either side of the transformation. 

An additional set of transformations is explored by Falize, Michaut, and Bouquet, 

which is particularly applicable to radiation hydrodynamics [4], [31], [32].  This is the 

one-parameter homothetic group.  The homothetic group is an affine transformation, 

which is a formal way of expressing a scale transformation.  The one-parameter 

homothetic transformation is defined by 

 𝑋𝑋𝑖𝑖′ = 𝜆𝜆𝛿𝛿𝑖𝑖𝑋𝑋𝑖𝑖 (23) 

where λ is the group parameter, and the {δi} are the homothetic exponents.  Any given set 

of {λi} in the scale transformation above can be derived from the appropriately chosen 

{δi} in the homothetic group, but the latter introduces the additional degree of freedom λ 
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to the transformation.  The scale transformations derived from dimensional analysis 

therefore form a subset of the homothetic group.  The homothetic group, however, 

describes additional symmetries arising from the equations of motion, as well as those 

arising from dimensional properties of their arguments.  Although we do not go further 

into these methods here, they are explored in the case of both optically thin and optically 

thick plasmas in [4].  An introduction to Lie group methods in hydrodynamics, with a 

focus on ICF, is provided in [2]. 

A final property of the Euler equations which we will find to be very useful 

derives from their origin as integral conservation equations.  The step from equation (4) 

to (5) above conceals a certain subtlety, in that they have different assumptions regarding 

the continuity of the integrands.  The integral formulation (4) makes no assumptions 

about the continuity of the integrands, apart from that imposed by the gradient on the left 

side.  Although the differential formulation (5) assumes that the arguments are 

differentiable at every point, it assumes only piecewise continuity in ρQ.  The surprising 

result is that the differential formulation of the Euler equations admits discontinuous 

solutions.  In a more formal sense, these are known as weak solutions, and they belong to 

a Sobolev space rather than a continuous function space.  Note also that the scaling 

properties discussed above are unaffected by the presence of discontinuities. 

The existence of discontinuous solutions to the Euler equations prepares us to 

discuss the dynamics of classical shock waves, by which is meant strict discontinuities in 

the flow variables without regard to the dissipation mechanism or vertical structure of the 

shock.  The analysis of conserved quantities across such a discontinuity is fundamental to 

shock and equation of state studies, and enables us to develop a thermodynamic 

description of the shock transition.  While physical shock waves present more complex 

structure, as we shall see below, the classical discussion allows us to formulate principles 
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from conservation laws which are broadly applicable regardless of the physical processes 

involved. 

Shock thermodynamics and equations of state 

So far we have established differential forms of conservation laws on a continuum 

from a mathematical point of view, with the underlying material properties abstracted.  

The thermodynamic properties of the continuum are incorporated through the equation of 

state, which is a specific energy function defined over the pressure-density plane, taking 

the functional form ϵ = ϵ (ρ, P).  Formally, the equation of state can be arbitrary, and for 

any physical material it will not be an analytically defined function.  Thermodynamic 

processes traverse this function along constrained paths, which are subspaces of the 

equation of state.  The constraints typically relate to the conservation of some quantity, 

such as internal energy, entropy, or temperature.  The processes themselves may be out of 

equilibrium, although the classical thermodynamic model assumes equilibrium beginning 

and end states.  The discussion here assumes classical thermodynamics throughout, as 

summarized in [33]. 

Shock thermodynamics are characterized by the shock adiabat, which is 

constrained by the integral conservation laws of the Euler equations.  The shock 

transition itself is a non-equilibrium process, and does not conserve entropy across the 

shock.  The shock adiabat describes a locus of final states thermodynamically accessible 

from a given initial state, but is separate from the path taken through phase space.  The 

shock adiabat is therefore distinct from the Poisson adiabat, which describes isentropic 

processes.  Integrating the conservation laws across the shock transition allows us to 

relate thermodynamic variables on either side of the shock, which is historically known 

as the Rankine-Hugoniot relation, and takes the general form P1 = H(P0, ρ1, ρ0), where H 
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is the shock adiabat or Hugoniot function.  The Rankine-Hugoniot relation and the 

equation of state are of great practical importance in using a shock to place a material in a 

particular state, as in this work or in ICF target design problems, or to infer an unknown 

material state from measured shock parameters, as in dynamic materials experiments.  

The latter is a very rich field in itself, and excellent reviews may be found in [34], [35], 

and [36]. 

Shock jump conditions 

We can derive jump conditions for the conserved quantities across a shock 

transition by choosing a frame of reference in which the shock is stationary, and 

integrating across the discontinuity: 

 �
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜌𝜌𝑄𝑄 𝑑𝑑𝜕𝜕

x2

x1
= −� 𝛻𝛻 · 𝛤𝛤𝑄𝑄

⇀
𝑑𝑑𝜕𝜕

x2

x1
 (24) 

We then take x2 - x1→ 0, so that 

 𝛤𝛤𝑄𝑄
⇀

x2
− 𝛤𝛤𝑄𝑄

⇀

x1
= 0 

(25) 

The jump conditions for a general conserved flux are written as 

 [𝛤𝛤𝑄𝑄
⇀

] = 0 (26) 

Consequently, 

 �𝜌𝜌𝑢𝑢
⇀
� = 0 

�𝜌𝜌𝑢𝑢
⇀
𝑢𝑢
⇀

+ 𝑃𝑃� = 0 

[𝑢𝑢
⇀

(
𝜌𝜌𝑢𝑢2

2
+ 𝜌𝜌𝜌𝜌 + 𝑃𝑃)] = 0 

(27) 

The jump conditions as given are correct in vector form.  It is common, and 

somewhat more notationally convenient, to transform the motion to a frame of reference 

in which the tangential velocity vanishes, in which case the vectors are replaced by 

scalars and the velocity dyadic is contracted.  Note also that the jump conditions are 
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preserved under the similarity transformations described above.  They are valid when 

nontrivial vertical shock structure is incorporated in the problem, provided that the 

variables of interest are taken outside the relaxation layer.  With appropriate source 

terms, they are also valid for non-adiabatic shocks, such as radiative shocks or detonation 

fronts. 

The Rankine-Hugoniot relations and the Hugoniot function 

We are interested in the available thermodynamic states defined by the shock 

jump conditions from a given initial state.  We can therefore describe a function of the 

form P1 = H(P0, ρ1, ρ0) to relate these states.  For notational consistency with common 

references [37], it is convenient to work in P,V space, so we make the substitution ρ → 

1/V, where V is specific volume.  We can begin by isolating the u2 ρ2 term in the 

momentum equation: 

  𝑃𝑃1 +
𝜌𝜌12𝑢𝑢12

𝜌𝜌1
= 𝑃𝑃0 +

𝜌𝜌02𝑢𝑢02

𝜌𝜌0
 

 
 

(28) 

 𝑃𝑃1 +
𝑉𝑉1𝑢𝑢12

𝑉𝑉12
= 𝑃𝑃0 +

𝑉𝑉0𝑢𝑢02

𝑉𝑉02
 (29) 

From mass conservation, 

 
𝑢𝑢1
𝑉𝑉1

=
𝑢𝑢0
𝑉𝑉0

 

 

(30) 

 𝑃𝑃1 +
𝑉𝑉1𝑢𝑢12

𝑉𝑉12
= 𝑃𝑃0 +

𝑉𝑉0𝑢𝑢12

𝑉𝑉12
 

 

(31) 

 𝑃𝑃1 − 𝑃𝑃0 = (𝑉𝑉0 − 𝑉𝑉1)
𝑢𝑢12

𝑉𝑉12
 

 

(32) 



 30 

 𝑢𝑢02 = 𝑉𝑉02
(𝑃𝑃1 − 𝑃𝑃0)
𝑉𝑉0 − 𝑉𝑉1

 

 

(33) 

 𝑢𝑢12 = 𝑉𝑉12
(𝑃𝑃1 − 𝑃𝑃0)
𝑉𝑉0 − 𝑉𝑉1

 (34) 

To introduce the equation of state conveniently, we rearrange the energy equation: 

 𝜌𝜌1 − 𝜌𝜌0 = 𝑃𝑃0𝑉𝑉0 − 𝑃𝑃1𝑉𝑉1 +
𝑢𝑢02

2
−
𝑢𝑢12

2
 (35) 

Substitute the above expressions for the velocities and simplify to obtain 

 𝜌𝜌1 − 𝜌𝜌0 =
1
2

(𝑃𝑃0 + 𝑃𝑃1)(𝑉𝑉0 − 𝑉𝑉1) (36) 

This defines the shock adiabat in a form that allows for the convenient introduction of an 

arbitrary equation of state. 

The polytropic equation of state and polytropic Hugoniot 

In order that the above discussion may apply as broadly as possible without 

introducing confusion, the introduction of a specific equation of state has been avoided.  

Generally, an arbitrary function of the form 𝜌𝜌 = 𝜌𝜌 (𝑃𝑃,𝑉𝑉) ensures closure of the 

conservation equations, and in practice this function is often empirically derived from 

dynamic experiments, or calculated by ab initio methods such as density functional 

theory.  For conceptual and computational convenience, however, several analytical 

approximations are available which yield good results in their respective problem 

domains, such as the polytropic equation of state, the Van der Waals equations of state, 

and the Mie-Grüneisen equation of state.  We will use the polytropic equation of state: 

 𝜌𝜌 =
1

𝛾𝛾 − 1
𝑃𝑃𝑉𝑉 (37) 

The polytropic equation of state describes a large-n limit of a collisional many-

body system in thermal equilibrium, with only translational degrees of freedom.  It is 
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therefore an excellent approximation for compressible gasdynamic problems at densities 

where strong-coupling effects are not important.  We make the further assumptions that 

we are at temperatures above which phase transitions are relevant, and that we may 

approximate ionization effects in additional degrees of freedom in γ.  Radiation will be 

treated separately below. 

Conventionally the Hugoniot is written as P1 = H(V1, P0, V0).  With this 

expression for the polytropic EOS we can write down the Hugoniot for a polytropic gas 

in closed analytic form: 

 𝑃𝑃1 = 𝑃𝑃0
(𝛾𝛾 + 1)𝑉𝑉0 − (𝛾𝛾 − 1)𝑉𝑉1
(𝛾𝛾 + 1)𝑉𝑉1 − (𝛾𝛾 − 1)𝑉𝑉0

 (38) 

We can write an analogous expression for the specific volume: 

 𝑉𝑉1 = 𝑉𝑉0
𝑃𝑃1(𝛾𝛾 − 1) + 𝑃𝑃0(𝛾𝛾 + 1)
𝑃𝑃0(𝛾𝛾 − 1) + 𝑃𝑃1(𝛾𝛾 + 1)

 (39) 

Practical approximations 

For later analysis, the following approximations in the limiting case of a strong 

shock (P1>>P0) are useful: 

 𝑉𝑉1 = 𝑉𝑉0
(𝛾𝛾 − 1)
(𝛾𝛾 + 1)

 (40) 

More conventionally, the compression ratio across the strong shock is written as 

 
𝜌𝜌1
𝜌𝜌0

=
(𝛾𝛾 + 1)
(𝛾𝛾 − 1)

 (41) 

We can obtain similar approximations for the flow velocity on either side of the shock by 

using the specific volume ratio in the limit: 

 𝑢𝑢02 = 𝑉𝑉02
𝑃𝑃1

𝑉𝑉0 − 𝑉𝑉1
 

 

(42) 

 𝑢𝑢12 = 𝑉𝑉12
𝑃𝑃1

𝑉𝑉0 − 𝑉𝑉1
 (43) 
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 𝑢𝑢02 =
𝑃𝑃1𝑉𝑉0

2
(𝛾𝛾 + 1) 

 

(44) 

 𝑢𝑢12 =
𝑃𝑃1𝑉𝑉0

2
(𝛾𝛾 − 1)2

𝛾𝛾 + 1
 (45) 

Finally, we can derive expressions for the postshock flow velocity and pressure in 

terms of the shock velocity D.  Subtracting D from u0 in the mass conservation equation 

and setting u0 to zero, we have: 

 𝜌𝜌1(𝑢𝑢1 − 𝐷𝐷) = −𝜌𝜌0𝐷𝐷 

 

(46) 

 𝑢𝑢1 = 𝐷𝐷(1 −
𝜌𝜌0
𝜌𝜌1

) (47) 

Substituting the density contrast shown above, 

 𝑢𝑢1 =
2

𝛾𝛾 + 1
𝐷𝐷 (48) 

By the same transformation, u0
2 → D2: 

 𝐷𝐷2 =
𝑃𝑃1𝑉𝑉0

2
(𝛾𝛾 + 1) (49) 

and therefore 

 𝑃𝑃1 =
2

𝛾𝛾 + 1
𝜌𝜌0𝐷𝐷2 (50) 

Scaling and self-similarity 

Scaling and transformation groups 

We have shown above that the Euler equations admit transformation groups 

which relate their solutions by homogeneous scale transformations of their arguments.  

An example was given of a scalar invariant which relates geometrically similar flows at 

different scales of velocity, pressure, and density, and which characterizes what we refer 
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to as the Euler similarity.  In this section we will formalize a procedure to determine such 

invariants by dimensional means, and show how it can be used to relate a flow satisfying 

certain symmetry conditions to itself by a combined spatial and temporal rescaling.  The 

latter phenomenon is known as self-similarity, and will be fundamental to the subsequent 

theoretical development. 

The Π theorem 

"Every physical relation between dimensional quantities can be 
formulated as a relation between nondimensional quantities.  This fact 
is the basic reason why dimensions theory is useful in the investigation 

of mechanical problems." -L.I. Sedov 

There is a deep relation between similarity transformations and dimensional 

analysis because of the homogeneous property of dimensional transformations.  

Dimensional analysis is useful precisely because of this homogeneous property; the fact 

that dimensional functions also carry units of measure, although useful, is a secondary 

consideration.  As such, the reader would do well to keep in mind dimensions of length, 

time, etc. for conceptual clarity, but should be aware at the same time that the property 

we are describing is more general.  Dimensional analysis was formalized by Buckingham 

by means of the Π theorem [38], which we will derive here.   

A dimensional quantity a is written in terms of its arguments as follows, with the 

first ak having independent dimensions, and the remaining ak+1... an having dimensions 

that can be expressed in terms of the ak: 

 𝑎𝑎 = 𝑓𝑓(𝑎𝑎1, . . . ,𝑎𝑎𝑘𝑘,𝑎𝑎𝑘𝑘+1, . . . ,𝑎𝑎𝑛𝑛) (51) 

The dimensions for k independent quantities are written as 

 [𝑎𝑎𝑘𝑘] = 𝐴𝐴𝑘𝑘 (52) 
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where Ak refers to the parameter of the transformation group.  Concretely, this will be 

length, time, etc. in a physical system.  The dimensions of the remaining dependent 

quantities are then given by 

 [𝑎𝑎] = 𝐴𝐴1
𝑚𝑚1𝐴𝐴2

𝑚𝑚2 …𝐴𝐴𝑘𝑘
𝑚𝑚𝑘𝑘  

[𝑎𝑎𝑘𝑘+1] = 𝐴𝐴1
𝑝𝑝1𝐴𝐴2

𝑝𝑝2 …𝐴𝐴𝑘𝑘
𝑝𝑝𝑘𝑘 

… 

[𝑎𝑎𝑛𝑛] = 𝐴𝐴1
𝑞𝑞1𝐴𝐴2

𝑞𝑞2 . . .𝐴𝐴𝑘𝑘
𝑞𝑞𝑘𝑘 

 

(53) 

Notationally, it is important to note that m, p, q, etc. are powers and not indices.  This 

means that a dimensional quantity may in general be expressed as a power monomial of 

its independent dimensional quantities.  We then scale the independent ak by arbitrary 

factors αk: 

 𝑎𝑎′1 = 𝛼𝛼1𝑎𝑎1 

… 

𝑎𝑎′𝑘𝑘 = 𝛼𝛼𝑘𝑘𝑎𝑎𝑘𝑘 

 

(54) 

The resulting scaled dependent quantities are then given by 

 𝑎𝑎′𝑘𝑘+1 = 𝛼𝛼1
𝑝𝑝1 …𝛼𝛼𝑘𝑘

𝑝𝑝𝑘𝑘𝑎𝑎𝑘𝑘+1 

… 

𝑎𝑎′𝑛𝑛 = 𝛼𝛼1
𝑞𝑞1 . . .𝛼𝛼𝑘𝑘

𝑞𝑞𝑘𝑘𝑎𝑎𝑛𝑛 

 

(55) 

The original quantity of interest a is rescaled as 

 𝑎𝑎′ = 𝛼𝛼1
𝑚𝑚1 …𝛼𝛼𝑘𝑘

𝑚𝑚𝑘𝑘𝑎𝑎 

𝑎𝑎′ = 𝛼𝛼1
𝑚𝑚1 …𝛼𝛼𝑘𝑘

𝑚𝑚𝑘𝑘𝑓𝑓(𝑎𝑎1, … ,𝑎𝑎𝑘𝑘,𝑎𝑎𝑘𝑘+1, … ,𝑎𝑎𝑛𝑛) 

𝑎𝑎′ = 𝑓𝑓(𝛼𝛼1𝑎𝑎1, . . . ,𝛼𝛼𝑘𝑘𝑎𝑎𝑘𝑘,𝛼𝛼1
𝑝𝑝1 . . .𝛼𝛼𝑘𝑘

𝑝𝑝𝑘𝑘𝑎𝑎𝑘𝑘+1, . . . ,𝛼𝛼1
𝑞𝑞1 . . .𝛼𝛼𝑘𝑘

𝑞𝑞𝑘𝑘𝑎𝑎𝑛𝑛) 

 

(56) 

This shows that f is homogeneous in α.  The particularly important point is as follows: as 

the scales α are arbitrary, they can be chosen to rescale the first k quantities to unity, 

reducing the number of dependent variables by k: 
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 𝛼𝛼1 =
1
𝑎𝑎1

, . . . ,𝛼𝛼𝑘𝑘 =
1
𝑎𝑎𝑘𝑘

 (57) 

The dimensional parameters in the original system are then rescaled as 

 𝛱𝛱 =
𝑎𝑎

𝑎𝑎1
𝑚𝑚1𝑎𝑎2

𝑚𝑚2 … 𝑎𝑎𝑘𝑘
𝑚𝑚𝑘𝑘  

𝛱𝛱1=
𝑎𝑎𝑘𝑘+1

𝑎𝑎1
𝑝𝑝1𝑎𝑎2

𝑝𝑝2 … 𝑎𝑎𝑘𝑘
𝑝𝑝𝑘𝑘  

… 
𝛱𝛱𝑛𝑛−𝑘𝑘=

𝑎𝑎𝑛𝑛
𝑎𝑎1
𝑞𝑞1𝑎𝑎2

𝑞𝑞2 . . .𝑎𝑎𝑘𝑘
𝑞𝑞𝑘𝑘 

 

(58) 

Consequently, the original function 𝑎𝑎 = 𝑓𝑓(𝑎𝑎1, . . . ,𝑎𝑎𝑘𝑘,𝑎𝑎𝑘𝑘+1, . . . ,𝑎𝑎𝑛𝑛) may be rewritten in 

dimensionless form as 

 𝛱𝛱 = 𝛷𝛷(1,1, … ,𝛱𝛱1, … ,𝛱𝛱𝑛𝑛−𝑘𝑘) 

𝛱𝛱 = 𝛷𝛷(𝛱𝛱1, . . . ,𝛱𝛱𝑛𝑛−𝑘𝑘) 

(59) 

 This result is known as the Π theorem.  Its principal conclusion is that 

relationships between physical quantities are expressed in terms of homogeneous 

transformations, and that such a relation can be formulated in terms of a reduced 

relationship between nondimensional quantities which are products of the dimensional 

governing parameters.  Significantly, we have reduced the number of arguments of Φ to n 

- k.  This property can be used in some circumstances to reduce a partial differential 

equation to an ordinary one.  Additionally, in the case where n = k, the system is reduced 

to 

 𝛱𝛱 = const. (60) 

in which case the system can be inverted, and the dimensional components of Π can be 

isolated algebraically.  In such a case, the functional dependence of the dimensional 

quantities of a problem can be determined entirely from dimensional considerations, 
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without the requirement of a complete mathematical model of the physical mechanism.  

We will see an example of this in the case of the point explosion in a uniform gas. 

The self-similar point explosion 

A fundamental example of the use of dimensional methods in mechanics is the 

Taylor-Sedov-von Neumann solution for a point explosion in a uniform gas.  This 

problem is attractive due to its simplicity, and provides the analytical basis for the 

problem of astrophysical blast waves which is considered in this work.  It was first solved 

numerically by G.I. Taylor [39] and John von Neumann, and somewhat later refined by 

L.I. Sedov [40], who discovered an exact analytic solution by means of an energy 

integral.  Remarkably, the complete solution for the shock propagation is obtainable up a 

constant of order unity entirely from dimensional methods, without regard to the equation 

of state, or even the underlying form of the gas dynamic equations.  By incorporating the 

equation of state and Rankine-Hugoniot conditions, the thermodynamic distributions of 

the gas are obtained under quite general conditions, independent of the details of the 

shock dissipation mechanism or the vertical shock structure.  For this reason the solution 

is valid to an excellent degree of approximation over a very wide domain of applicability, 

and is used in such disparate cases as laser-driven shock waves, atmospheric nuclear 

detonations, and stellar explosions. 

We will see below that the remarkable feature of this solution is that it is related 

to itself at all points by a group transformation in a combined space and time variable.  

This is the aforementioned self-similarity, and is a special case of the combined 

transformations admitted by the Euler equations.  The characteristic feature of this 

transformation is that a similarity variable can be constructed in which powers of the 
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space and time variables form an invariant.  The resulting solutions can then be written as 

functions of the reduced similarity variable. 

Dimensional analysis 

We will use the formalism of the Π theorem as derived above.  We take the linear 

dimension R to be the quantity of interest, and describe it as a function of the dimensional 

quantities E, γ, p, ρ0, and t: 

 𝑎𝑎 = 𝑓𝑓(𝑎𝑎1, . . . ,𝑎𝑎𝑘𝑘,𝑎𝑎𝑘𝑘+1, . . . ,𝑎𝑎𝑛𝑛) 

 

(61) 

 𝑅𝑅 = 𝑓𝑓(𝐸𝐸, 𝛾𝛾,𝑝𝑝,𝜌𝜌0, 𝜕𝜕) (62) 

We neglect the initial pressure, so n = k and the nondimensional parameter Π is a 

constant: 

 𝑎𝑎 = 𝑓𝑓(𝑎𝑎1, . . . , 𝑎𝑎𝑘𝑘) 

 

(63) 

 𝛱𝛱 =
𝑎𝑎

𝑎𝑎1
𝑚𝑚1𝑎𝑎2

𝑚𝑚2 . . .𝑎𝑎𝑘𝑘
𝑚𝑚𝑘𝑘  (64) 

We then write Π in terms of the dimensional parameters as 

 𝛱𝛱 =
𝑅𝑅

𝐸𝐸𝑎𝑎𝜌𝜌0𝑏𝑏𝜕𝜕𝑐𝑐
 (65) 

Next we write a and 𝑎𝑎𝑘𝑘
𝑚𝑚𝑘𝑘  in terms of dimensions to find mk.  For notational consistency, 

the energy is written as absolute in three dimensions, and as linear or planar energy 

density in the lower dimensional cases.  The apparent inconsistency is a result of the fact 

that the energy in three dimensions is more properly viewed as a spatial energy density 

integrated over a delta function. 

 [𝐸𝐸] = 𝑀𝑀𝐿𝐿𝑛𝑛−1𝑇𝑇−2 

[𝜌𝜌0] = 𝑀𝑀𝐿𝐿−𝑛𝑛 
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[𝑇𝑇] = 𝑇𝑇 (66) 

We can then form the dimensionless constant from a and 𝑎𝑎𝑘𝑘
𝑚𝑚𝑘𝑘: 

 𝛱𝛱 =
𝐿𝐿

[(𝑀𝑀𝐿𝐿𝑛𝑛−1𝑇𝑇−2)𝑎𝑎(𝑀𝑀𝐿𝐿−𝑛𝑛)𝑏𝑏(𝑇𝑇)𝑐𝑐]𝑑𝑑
 (67) 

The result is a = 1, b = -1, c = 2, 𝑑𝑑 = 1
2𝑛𝑛−1

, giving 

 𝛱𝛱 =
𝑅𝑅

(𝐸𝐸𝜌𝜌0
𝜕𝜕2)

1
2𝑛𝑛−1

 (68) 

Solving for R, the time evolution is given by 

 𝑅𝑅(𝜕𝜕) = 𝛱𝛱(
𝐸𝐸
𝜌𝜌0
𝜕𝜕2)

1
2𝑛𝑛−1 (69) 

We can immediately obtain the velocity history by differentiating: 

 𝐷𝐷(𝜕𝜕) =
2

2𝑛𝑛 − 1
𝑅𝑅(𝜕𝜕)𝜕𝜕−1 (70) 

 𝐷𝐷(𝜕𝜕) =
2

2𝑛𝑛 − 1
𝛱𝛱(

𝐸𝐸
𝜌𝜌0

)
1

2𝑛𝑛−1𝜕𝜕
3−2𝑛𝑛
2𝑛𝑛−1 (71) 

It can be practically useful to have D(R) instead - this is obtained by solving R for t and 

substituting into the above expression: 

 𝐷𝐷(𝑅𝑅) =
2

2𝑛𝑛 − 1
𝛱𝛱
𝑛𝑛+2
2 (

𝐸𝐸
𝜌𝜌0

)
1
2𝑅𝑅−

𝑛𝑛
2 (72) 

The Sedov integral solution 

The above derivation from dimensional considerations is sufficient to produce the 

functional dependence of the shock propagation in time.  By incorporating the equation 

of state and the Rankine-Hugoniot equations, we can easily determine the thermodynamic 

state behind the shock, up to the constant Π.  To obtain the exact value for Π and to 

determine the spatial structure of the flow variables, however, dimensional methods are 

no longer sufficient and we must integrate the equations of motion.  This problem was 

solved in analytic form by Sedov, and summarized in English in [40].  Barenblatt outlines 
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the derivation in [41].  The solution is quite involved, and will not be repeated here to 

avoid excessively departing from the main body of material.  The results, however, are 

useful to motivate the assumptions of shock structure we use in the following material, 

and are quoted below as given in [40]. 

The solution is given in parametric form with parameter V, which is a 

dimensionless velocity scaling factor defined by 𝑣𝑣 = 𝑟𝑟
𝑡𝑡
𝑉𝑉.  This quantity therefore 

parametrizes a space and time transformation simultaneously.  The number of spatial 

dimensions is given by ν, and a polytropic equation of state is assumed.  The resulting 

dimensionless variables are: 

 
𝑅𝑅
𝑅𝑅2

= (
(𝜈𝜈 + 2)(𝛾𝛾 + 1)

4
𝑉𝑉)−2 (2+𝜈𝜈)⁄ (

𝛾𝛾 + 1
𝛾𝛾 − 1

(
(𝜈𝜈 + 2)𝛾𝛾

2
𝑉𝑉

− 1))−𝛼𝛼2(
(𝜈𝜈 + 2)(𝛾𝛾 + 1)

(𝜈𝜈 + 2)(𝛾𝛾 + 1) − 2(2 + 𝜈𝜈(𝛾𝛾 − 1))
(1

−
2 + 𝜈𝜈(𝛾𝛾 − 1)

2
𝑉𝑉))−𝛼𝛼1 

 

(73) 

 
𝑣𝑣
𝑣𝑣2

=
(𝜈𝜈 + 2)(𝛾𝛾 + 1)

4
𝑉𝑉
𝑟𝑟
𝑟𝑟2

 

 

(74) 

 
𝜌𝜌
𝜌𝜌2

= (
𝛾𝛾 + 1
𝛾𝛾 − 1

(
(𝜈𝜈 + 2)𝛾𝛾

2
𝑉𝑉 − 1))𝛼𝛼3(

𝛾𝛾 + 1
𝛾𝛾 − 1

(1

−
𝜈𝜈 + 2

2
𝑉𝑉))𝛼𝛼5(

(𝜈𝜈 + 2)(𝛾𝛾 + 1)
(𝜈𝜈 + 2)(𝛾𝛾 + 1) − 2(2 + 𝜈𝜈(𝛾𝛾 − 1))

(1

−
2 + 𝜈𝜈(𝛾𝛾 − 1)

2
𝑉𝑉))𝛼𝛼4 

 

(75) 

 
𝑝𝑝
𝑝𝑝2

= (
(𝜈𝜈 + 2)𝛾𝛾 + 1)

4
𝑉𝑉)2𝜈𝜈 (2+𝜈𝜈)⁄ (

𝛾𝛾 + 1
𝛾𝛾 − 1

(1

−
𝜈𝜈 + 2

2
𝑉𝑉))𝛼𝛼5+1(

(𝜈𝜈 + 2)(𝛾𝛾 + 1)
(𝜈𝜈 + 2)(𝛾𝛾 + 1) − 2(2 + 𝜈𝜈(𝛾𝛾 − 1))

(1

−
2 + 𝜈𝜈(𝛾𝛾 − 1)

2
𝑉𝑉))𝛼𝛼4−2𝛼𝛼1 

(76) 
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𝑇𝑇
𝑇𝑇2

=
𝑝𝑝
𝑝𝑝2
𝜌𝜌2
𝜌𝜌

 (77) 

with exponents 

  𝛼𝛼1 =
(𝜈𝜈 + 2)𝛾𝛾

2 + 𝜈𝜈(𝛾𝛾 − 1)
(
2𝜈𝜈(2 − 𝛾𝛾)
𝛾𝛾(𝜈𝜈 + 2)2

− 𝛼𝛼2) 

 
 

(78) 

  𝛼𝛼2 =
1 − 𝛾𝛾

2(𝛾𝛾 − 1) + 𝜈𝜈
 

 
 

(79) 

  𝛼𝛼3 =
𝜈𝜈

2(𝛾𝛾 − 1) + 𝜈𝜈
 

 
 

(80) 

  𝛼𝛼4 =
𝛼𝛼1(𝜈𝜈 + 2)

2 − 𝛾𝛾
 

 
 

(81) 

 𝛼𝛼5 =
2

𝛾𝛾 − 2
 (82) 

In the above expressions, the normalization is such that each variable corresponds to 

unity at the shock front.  For ν = 1,2 and γ > 1, and for ν = 3 and γ < 7, the parameter V is 

bounded by 

 
2

(𝜈𝜈 + 2)𝛾𝛾
⩽ 𝑉𝑉 ⩽

4
(𝜈𝜈 + 2)(𝛾𝛾 + 1)

 (83) 

We can use this solution to examine the spatial structure of the flow variables 

behind the shock.  In three dimensions, for γ  = 5/3, which approximates a monatomic 

ideal gas or a fully ionized plasma, we have the following spatial distribution in 

normalized variables: 

 



 41 

 

Figure 4.  Normalized flow variables for adiabatic blast wave in ideal monatomic gas. 

In the same geometry with γ = 1.06, which was obtained by Grun et al. for an 

optically thin radiative shock in Xenon [42], the flow variables are distributed as: 

 

 

Figure 5.  Normalized flow variables for optically thin radiative blast wave. 

The temperature distribution has been omitted for clarity.  In either case the 

temperature diverges at the origin, as expected from the initial conditions.  The reader 
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should bear in mind that the vertical scales are not the same for the two cases shown - in 

particular, the density jump will be far greater in the latter case. 

The Chernyi approximation 

For practical calculations, a simple approximation due to Chernyi [37] enables an 

approximate value of Π to be obtained easily.  It assumes a structure of the flow variables 

similar to the exact solution obtained by Sedov, although we will see that this follows 

from the conservation of mass.  Additionally, when we examine hydrodynamic 

instabilities below, the derivation of the thin-shell instability implicitly assumes the 

Chernyi approximation.  As the derivation becomes cumbersome for the general n-

dimensional case, I will derive the approximation for n = 3, which is the relevant case for 

design calculations below.  The derivation can be straightforwardly generalized to other 

geometries. 

The Rankine-Hugoniot jump condition for density implies that the expanding 

blast wave must have a thin shell structure in order to conserve mass in the shocked 

region.  We assume all of the gas in the shocked region is concentrated in a shell of 

radius Δr immediately behind the shock front radius R: 

 
4
3
𝜋𝜋𝑅𝑅3𝜌𝜌0 = 4𝜋𝜋𝑅𝑅2Δr𝜌𝜌1 (84) 

 

 Δr =
𝑅𝑅
3
𝜌𝜌0
𝜌𝜌1

 (85) 

 

 Δr =
𝑅𝑅
3
𝛾𝛾 − 1
𝛾𝛾 + 1

 (86) 



 43 

Since we assume the blast wave is adiabatic, the total energy is an integral of the motion.  

We take the internal energy from the polytropic equation of state, and add the kinetic 

energy of the expanding shell: 

 𝐸𝐸 =
1

𝛾𝛾 − 1
4
3
𝜋𝜋𝑅𝑅3𝑃𝑃𝑐𝑐 + 𝑀𝑀

𝑢𝑢12

2
 (87) 

where u1is the postshock fluid velocity, and Pc is the pressure inside the cavity which 

drives the shock. 

 Pc is unknown, but is the motive force for the shell dynamics.  As such, we can 

find it from pressure balance at the shell: 

 4𝜋𝜋𝑅𝑅2𝑃𝑃𝑐𝑐 =
𝑑𝑑
dt
𝑀𝑀𝑢𝑢1 (88) 

The accreted mass is time-varying, and is given by 

 𝑀𝑀 =
4
3
𝜋𝜋𝑅𝑅3𝜌𝜌0 (89) 

Substitute expressions for M and u1: 

 𝑅𝑅2𝑃𝑃𝑐𝑐 =
𝜌𝜌0
3

2
𝛾𝛾 + 1

𝑑𝑑
dt
𝑅𝑅3𝐷𝐷 (90) 

We then write Pc as 

 𝑃𝑃𝑐𝑐 = 𝛼𝛼𝑃𝑃1 (91) 

using P1 from the strong shock conditions for the postshock pressure in the shell, and 

solve the pressure balance equation for α: 

 𝛼𝛼𝑅𝑅2𝐷𝐷2 =
1
3
𝑑𝑑
dt
𝑅𝑅3𝐷𝐷 (92) 

Expanding the derivative and simplifying, 

 𝛼𝛼 =
1
3
𝑅𝑅
𝐷𝐷

dD
dR

+ 1 (93) 

Substituting the dimensional expressions for R and D yields 
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 𝛼𝛼 =
1
2

 (94) 

so that the cavity pressure is 

 𝑃𝑃𝑐𝑐 =
1
2
𝑃𝑃1 (95) 

(compare to the exact solution above).  We then substitute this result back into the 

conserved total energy: 

 𝐸𝐸 =
1

𝛾𝛾 − 1
4
3
𝜋𝜋𝑅𝑅3

1
2
𝑃𝑃1 + 𝑀𝑀

𝑢𝑢12

2
 (96) 

Substitute M, P1, and u1: 

 𝐸𝐸 =
1

𝛾𝛾 − 1
4
3
𝜋𝜋𝑅𝑅3

1
2

2
𝛾𝛾 + 1

𝜌𝜌0𝐷𝐷2 +
8𝜋𝜋
3
𝜌𝜌0𝐷𝐷2𝑅𝑅3

(𝛾𝛾 + 1)2
 (97) 

We again substitute the dimensional expressions for R and D, 

 𝐸𝐸 =
32𝐸𝐸𝜋𝜋𝛱𝛱5

75(𝛾𝛾 + 1)2
+

16𝐸𝐸𝜋𝜋𝛱𝛱5

75(𝛾𝛾 − 1)(𝛾𝛾 + 1)
 (98) 

With the final result 

 𝛱𝛱 (𝛾𝛾) = (
75(𝛾𝛾 − 1)(𝛾𝛾 + 1)2

16𝜋𝜋(3𝛾𝛾 − 1)
)
1
5 (99) 

 

THE LIANG-KEILTY APPROXIMATION FOR OPTICALLY THIN RADIATIVE SHOCKS 

As is apparent from the use of the energy integral in constructing the solution, the 

Sedov blast wave solution assumes that the blast wave is adiabatic.  This is a reasonable 

approximation for intermediate stages of evolution of the supernova remnant, where the 

age of the remnant is less than the radiative cooling time of the shock-heated gas.  For 

late-stage supernova remnants, however, radiative cooling of the gas becomes 

dynamically important.  Where the radiation mean free path is much longer than the 

characteristic dimensions of the system, as is usually the case in the interstellar medium, 

the radiative losses can be approximated by a constant fractional energy loss at the shock 
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front.  Barenblatt showed that a self-similar solution of the form 𝑅𝑅~𝜕𝜕
2−𝛼𝛼
2𝑛𝑛−1 exists [26], 

[41], although it cannot be derived from dimensional methods and must be obtained by 

solving a nonlinear eigenvalue problem. 

Evaluating the Barenblatt solution for an optically thin radiative blast wave 

requires a numerical integration of the equations of motion - no closed form solution 

analogous to the adiabatic solution by Sedov is known to exist.  Cohen et al. solved the 

problem numerically for both the classical and relativistic cases by integrating the 

hydrodynamic equations with boundary conditions corresponding to a constant energy 

loss rate [43].  Liang and Kielty, however, derived an analytic approximation in the spirit 

of the Chernyi approximation which closely corresponds to the Cohen solution and 

describes a similar functional dependence, without explicitly integrating the equations of 

motion [44], [45].  The approximation follows both Barenblatt and Cohen in 

parametrizing the energy loss rate ϵ in terms of an effective postshock adiabatic exponent 

γ1, and can also be extended to incorporate a separate adiabatic index γc in the heated 

interior cavity.  As in the previous section, we will assume a spherical shock. 

Following Cohen, we define the energy loss rate in terms of the energy flux 

entering the shock as 

 
𝑑𝑑𝐸𝐸
𝑑𝑑𝜕𝜕

= −4𝜋𝜋𝑅𝑅2𝛤𝛤𝜌𝜌1 (100) 

where ϵ1 is a dimensionless energy loss parameter, and Γ is an energy flux given by 

 𝛤𝛤 = 𝑢𝑢
⇀

(
𝜌𝜌𝑢𝑢2

2
+ 𝜌𝜌

1
𝛾𝛾 − 1

𝑃𝑃𝑉𝑉 + 𝑃𝑃) (101) 

Since by assumption the preshock pressure is negligible compared to other quantities in 

the problem, we have 

 𝛤𝛤0 = 𝑢𝑢
⇀
0(
𝜌𝜌0𝑢𝑢02

2
) (102) 
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and 

 ❘𝑢𝑢0❘ = ❘𝐷𝐷❘ (103) 

so that 

 
𝑑𝑑𝐸𝐸
𝑑𝑑𝜕𝜕

= −2𝜋𝜋𝜌𝜌0𝐷𝐷3𝑅𝑅2𝜌𝜌1 (104) 

We define ϵ1 in terms of the relative energy fluxes from the postshock layer as 

 𝜌𝜌1 = 1 −
𝛤𝛤1
𝛤𝛤0

 (105) 

so that 

 𝜌𝜌1 = 4(𝛾𝛾 − 𝛾𝛾1)(𝛾𝛾 − 1)−1(𝛾𝛾1 + 1)−2 (106) 

The postshock thermodynamic variables are written in terms of γ1 as 

 𝜌𝜌1 = 𝜌𝜌0
(𝛾𝛾1 + 1)
(𝛾𝛾1 − 1)

 (107) 

 

 𝑢𝑢1 =
2

𝛾𝛾1 + 1
𝐷𝐷 (108) 

 

 𝑃𝑃1 =
2

𝛾𝛾1 + 1
𝜌𝜌0𝐷𝐷2 (109) 

in analogy to the adiabatic case above. 

 Following the Chernyi approximation, we will write the momentum balance 

equation at the shell as 

 4𝜋𝜋𝑅𝑅2𝑃𝑃𝑐𝑐 =
𝑑𝑑
dt
𝑀𝑀𝑢𝑢1 (110) 

where Pc is the intracavity pressure.  We again write the intracavity pressure in terms of 

the postshock pressure as 

 𝑃𝑃𝑐𝑐 = 𝛼𝛼𝑃𝑃1 (111) 
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and use the momentum balance equation 

 4𝜋𝜋𝑅𝑅2𝑃𝑃𝑐𝑐 =
𝑑𝑑
dt
𝑀𝑀𝑢𝑢1 (112) 

to obtain an expression for α in terms of R and D: 

 𝑅𝑅2𝑃𝑃𝑐𝑐 =
𝜌𝜌0
3

2
𝛾𝛾 + 1

𝑑𝑑
dt
𝑅𝑅3𝐷𝐷 (113) 

 

 𝛼𝛼𝑅𝑅2𝐷𝐷2 =
1
3
𝑑𝑑
dt
𝑅𝑅3𝐷𝐷 (114) 

 

 𝛼𝛼 =
1
3
𝑅𝑅
𝐷𝐷

dD
dR

+ 1 (115) 

In this case, however, we cannot proceed as above by substituting the power-law 

forms of R and D because they are not yet defined.  We can instead integrate equation 

(115) to get: 

 𝐷𝐷 = 𝑎𝑎𝑅𝑅3(𝛼𝛼−1) (116) 

and 

 𝑅𝑅 = ((4− 3𝛼𝛼)𝑎𝑎𝜕𝜕)1 (4−3𝛼𝛼)⁄  (117) 

where a is a constant of integration, and α is unknown.  We have thereby derived a self-

similar power-law representation for R and D from the hydrodynamic boundary 

conditions without invoking dimensional arguments.  This is an elementary example of 

what Barenblatt and Zel'dovich refer to as a similarity solution of the second kind [26]. 

 Following the Chernyi method, we will relate R and D to the total energy, but in 

this case it is no longer constant.  We can preserve a similarity solution by requiring that 

the solution of equation (104) exhibit a power-law time dependence by constructing it 
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from the forms of R and D given in equations (116) and (117).  In the adiabatic case, the 

total energy is given by 

 𝐸𝐸 =
1

𝛾𝛾 − 1
4
3
𝜋𝜋𝑅𝑅3𝑃𝑃𝑐𝑐 + 𝑀𝑀

𝑢𝑢12

2
 (118) 

This expression overestimates the energy, since by assumption the shell is undergoing 

radiative cooling.  Since the cooling shell is driven by the intracavity pressure, we correct 

the total energy as 

 𝐸𝐸 =
1

𝛾𝛾 − 1
4
3
𝜋𝜋(𝑅𝑅 − Δr)3𝑃𝑃𝑐𝑐 + 𝑀𝑀

𝑢𝑢12

2
 (119) 

where ΔR is given by 

 Δr =
𝑅𝑅
3
𝛾𝛾1 − 1
𝛾𝛾1 + 1

 (120) 

We take Δr/R as a small parameter, and expand to linear order to get 

 𝐸𝐸 =
4𝜋𝜋𝑅𝑅3𝑃𝑃𝑐𝑐

3(−1 + 𝛾𝛾)
−

4𝜋𝜋𝑅𝑅3𝑃𝑃𝑐𝑐𝜌𝜌0
3(−1 + 𝛾𝛾)𝜌𝜌1

+
𝑀𝑀𝑢𝑢12

2
 (121) 

Applying the strong shock conditions in equations (107)-(109), and defining the accreted 

mass as before, we obtain for the total energy 

 𝐸𝐸 =
8𝐷𝐷2𝜋𝜋𝑅𝑅3(−1 + 2𝛼𝛼 + 𝛾𝛾)𝜌𝜌0

3(−1 + 𝛾𝛾)(1 + 𝛾𝛾1)2
 (122) 

Substituting this expression into equation (104), we obtain a polynomial expression for α: 

 4𝛼𝛼2 + 2𝛼𝛼(𝛾𝛾 − 2) + (1 − 𝛾𝛾1) = 0 (123) 

Taking the positive root gives α in terms of γ and γ1: 

 𝛼𝛼 =
1
4

(2 − 𝛾𝛾 + �−4𝛾𝛾 + 𝛾𝛾2 + 4𝛾𝛾1) (124) 

 The integration constant a is related to the energy integral of the motion.  As 

Barenblatt pointed out [41], this integral diverges unless an additional scale is introduced 

to the problem.  This is done by introducing the finite length R0, which is the radius at 

which the blast wave begins to radiate.  We can determine a by solving equation (121) 
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with the appropriate substitutions, and specifying R0 and E0, with E0 defined as the 

initially deposited energy as in the adiabatic case.  The result is 

 
𝑎𝑎 =

�𝐸𝐸0�
3

2𝜋𝜋 𝑅𝑅0
3
2−3𝛼𝛼�−1 + 𝛾𝛾(1 + 𝛾𝛾1)

2�−1 + 2𝛼𝛼 + 𝛾𝛾�𝜌𝜌0
 

(125) 

 In the case where the hot interior gas is taken to have a distinct adiabatic index γc, 

the energy expression is modified to give 

 𝐸𝐸 =
8𝐷𝐷2𝜋𝜋𝑅𝑅3(−1 + 2𝛼𝛼 + 𝛾𝛾𝑐𝑐)𝜌𝜌0

3(−1 + 𝛾𝛾𝑐𝑐)(1 + 𝛾𝛾1)2
 (126) 

following the same arguments as above.  The equivalent expression for α is given by 

solving 

 4𝛼𝛼2 + 2𝛼𝛼(𝛾𝛾𝑐𝑐 − 2) + (1 − 𝛾𝛾1)(𝛾𝛾𝑐𝑐 − 1)(𝛾𝛾 − 1)−1 = 0 (127) 

with the result 

 𝛼𝛼 =
1
4

(2 − 𝛾𝛾𝑐𝑐 +
�4𝛾𝛾 − 4𝛾𝛾1 − 4𝛾𝛾𝛾𝛾𝑐𝑐 + 4𝛾𝛾1𝛾𝛾𝑐𝑐 − 𝛾𝛾𝑐𝑐2 + 𝛾𝛾𝛾𝛾𝑐𝑐2

�−1 + 𝛾𝛾
) (128) 

The solution is otherwise unaltered.  A notable conclusion is that the solution is far more 

sensitive to γc than to γ.  This is of course intuitively reasonable, as the hot interior gas 

drives the dynamics of the system.  The solution is also quite sensitive to R0.  In the 

design calculations used here, R0 was derived by assuming piecewise self-similar 

behavior as in [8], and using the radius at which the adiabatic solution reached the upper 

temperature boundary in [23] to calculate R0.  γ, γ1, and γc were estimated from numerical 

simulations given in [15], [16].  The sensitivity of the Liang-Keilty solution to its input 

parameters suggests that it is highly desirable to support the solution with accurate 

calculations of these parameters.  On the other hand, as the authors point out, this 

sensitivity can in fact be used as a diagnostic if the blast wave trajectory is known with 

sufficient accuracy [45]. 
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HYDRODYNAMIC INSTABILITIES 

Hydrodynamic instabilities and multidimensional flow 

So far our treatment of hydrodynamics has been essentially one-dimensional 

regardless of the underlying geometry, which clarifies the problems of shock structure 

and self-similar flow solutions.  We have seen that the convective term in the momentum 

equation introduces a nonlinearity which results in singular behavior even in one-

dimensional flow.  The effect is considerably more dramatic in higher spatial dimensions, 

where perturbed flows are subject to hydrodynamic instabilities.  The primary 

hydrodynamic instabilities have the common feature that they convert kinetic energy to 

vorticity, although the mechanism varies for each.   

There are three prototypical hydrodynamic instabilities which are commonly 

studied in HED and ICF problems.  These are the Rayleigh-Taylor, Kelvin-Helmholtz, 

and Richtmyer-Meshkov instabilities.  A feature common to all of these is the presence of 

misaligned dynamical gradients.  The Rayleigh-Taylor instability occurs at an interface 

between fluids of different densities, and is a result of oppositely directed density and 

acceleration gradients.  The Rayleigh-Taylor instability is one of the most common 

instabilities in nature, and can be observed in atmospheric clouds and flames.  In the 

astrophysical context, it is important in supernova initiation models.  The Kelvin-

Helmholtz instability is characteristic of shear flow at an interface, and is a result of a 

viscous transition between oppositely directed flows.  As the Rayleigh-Taylor instability 

results in shear flow when the interface is perturbed, the Rayleigh-Taylor and Kelvin-

Helmholtz instabilities frequently coexist.  The Richtmyer-Meshkov instability is 

characteristic of an impulsive loading of a perturbed interface, frequently as a result of a 

shock transition.  The Richtmyer Meshkov instability results from misalignment of 

reflected and refracted wavefronts at the interface, resulting in vorticity generation.  It is a 
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matter of particular concern in ICF target design, and is also implicated in early-stage 

supernova models prior to shock breakout at the stellar surface. 

The outcome in each case is a transition to turbulent flow.  The vorticity produced 

by the instability is highly nonlinear, exchanging kinetic energy between length scales 

and ultimately resulting in viscous dissipation and heating.  This phenomenon is an 

example of a different type of self-similarity in the spatial domain, which was first 

described by Kolmogorov and is referred to as a Kolmogorov cascade.  Although 

turbulent flow is beyond the scope of this work, the interested reader can find details of 

the application of similarity techniques to turbulence in [41]. 

Without concerning ourselves with the detailed properties of the turbulent flow, 

we are often interested in its consequences, which necessitates the characterization or 

mitigation of hydrodynamic instabilities.  The transition from laminar to turbulent flow is 

frequently a problem in the design of ships and aircraft, which can result in excessive 

drag or controllability problems.  In other cases, the deliberate and controlled 

introduction of turbulence can have beneficial effects (figure 6). 
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Figure 6.  F/A-18E maneuvering at high aerodynamic loading, demonstrating turbulent flow introduced to 

maintain controllability at high angle of attack (image credit: U.S. Navy, photo by Mass Communication Specialist 2nd 

Class James R. Evans). 

In high energy density physics and astrophysics, the relevant hydrodynamics 

frequently consists of multi-component flows, in which case a turbulent transition at an 

interface results in mixing (figure 7).  Mix problems in multi-component flows are 

exceptionally important in many fields, including astrochemistry, stellar astrophysics, 

combustion, ICF target design, and weapons design.  In each of these cases characterizing 

the degree and timescale of mixing is important to understanding the reaction kinetics of 

the system as well as its physical evolution, which generally requires that the instability 

leading to the turbulent transition be well understood. 
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Figure 7.  Simulation of Rayleigh-Taylor driven thermonuclear combustion (image credit: FLASH Center for 

Computational Science, University of Chicago). 

Pressure driven thin shell instabilities and the Vishniac overstability 

It is experimentally established that a Taylor-Sedov-von Neumann blast wave is 

stable under normal thermodynamic conditions.  Nevertheless, astronomical observations 

suggest that late-stage supernova remnants frequently display highly perturbed structure.  

It has been suggested that this structure is a result of interaction with a nonuniform 

interstellar medium, and observations appear to support this in some cases.  Nevertheless, 

late-stage remnants which have undergone radiative cooling appear to be unstable even in 

the absence of significant observed inhomogeneities in the ISM.  A mechanism was 

suggested to explain this phenomenon, which is the family of pressure-driven thin shell 

instabilities.  This family of instabilities includes the pressure-driven thin shell 

overstability (called the Vishniac and Ryu-Vishniac instabilities in two related 

formulations), and the nonlinear thin shell instability.  These instabilities are initiated 

when a decelerating blast wave radiatively cools, thermally collapsing and forming a cold 
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dense shell driven by a hot interior gas.  An instability of this type was observed by Grun 

et al. [42] and reproduced in numerical simulations by Blondin et al. [17], although the 

spectrum of spatial perturbations departed from theoretical expectations.  There have 

been subsequent efforts to observe and characterize the instability [46], [47], but results 

have been inconclusive.  We will describe efforts to quantitatively examine this 

instability, and examine magnetic and radiative effects. 

Qualitative physical phenomenology 

The physical mechanism of the pressure-driven thin shell instability is common to 

its various permutations, and arises from a misalignment between the ram and thermal 

pressures at a perturbed shock front (figure 8).  The misalignment arises because the ram 

pressure is oppositely directed to the shock velocity, while the interior thermal pressure is 

isotropic.  The result is a net mass flow toward the lagging regions.  As the shell is 

decelerating, the more massive regions have greater momentum, and the crests and 

troughs of the perturbation exchange places.  The result is an oscillatory instability with 

complex eigenmodes (figure 9). 

In the linear phase of the overstability, both growth and decay modes exist 

following a complex power law.  MacLow & Norman have examined the nonlinear phase 

of the instability using numerical methods, and observed vorticity formation and 

transverse shocks forming in the cold shell [MacLow & Norman].  Their studies also 

appear to suggest that the instability will saturate following a period of power-law 

growth.  Computational studies in two dimensions support this conclusion for low 

ambient density, but suggest that at higher density, the nonlinear instability may result in 

complete destruction of the shell [Blondin & Wright].  An important conclusion from this 

study is that the linear instability can grow from a linear perturbation in density, but is 
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limited to power-law growth, whereas the nonlinear instability requires a nonlinear 

perturbation in time to initiate, but grows exponentially.  More complex behavior may 

appear if both instabilities are present simultaneously. 

 

 

Figure 8.  Schematic depiction of physical mechanism of thin shell instability.  Misalignment of thermal and 

ram pressure results in transverse mass flow, driving mass accretion in lagging regions. 
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Figure 9.  Example eigenmode of thin shell instability.  Three-dimensional eigenmodes are spherical 

harmonics with complex power-law growth and decay modes. 

Several related thin-shell instabilities have been described theoretically, and they 

differ somewhat in their assumptions, although the mechanism is similar in each case.  

The prototypical instability was first derived by Vishniac [Vishniac 83], and bears his 

name.  It describes a linear instability for a decelerating shock in the γ → 1 limit of an 

infinitesimally thin shell, and corresponds to the linear perturbation in spherical 

harmonics of the Chernyi approximation to the adiabatic blast wave.  Its distinguishing 

feature is a spatial mode spectrum which asymptotically approaches a complex growth 

exponent with real s ~ l1/2.  Vishniac and Ryu generalized the instability to incorporate 

thermodynamic perturbation variables, which enabled the use of realistic values of γ.  

They found that spherical shocks with γ ≳ 1.2 are stable, whereas those with γ below this 
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limit develop a linear oscillatory instability as in their previous work.  The spatial mode 

spectrum also was found to roll off and decay at high mode numbers, as expected by the 

limit of the thin shell approximation as k ~ h.  Vishniac and Ryu also treated the case of 

an isothermal rather than an adiabatic shock in [V89], and numerically derived a mode 

spectrum which closely matched their previous work.  They concluded from this that the 

instability is rather insensitive to details of the postshock vertical structure.  Nonlinear 

effects have been analyzed numerically in [MN93] and in [V94] under different boundary 

conditions. 

In this work we will outline the derivation of the linear instability derived by 

Vishniac in his original paper.  It is somewhat conceptually clearer than the later works, 

but illustrates the same essential behavior characteristic of the family of thin-shell 

instabilities.  It also has the advantage that it is fully analytical, whereas all later variants 

require numerical integration to produce solutions, and its assumptions incorporate the 

Chernyi approximation derived above, which is advantageous for experimental design 

calculations. 

The linear Vishniac overstability 

We begin by assuming a spherical adiabatic blast wave, with the postshock gas 

concentrated entirely in a thin shell behind the shock front: 

 
𝑘𝑘
𝑅𝑅

< ℎ𝑘𝑘 ≪ 1 (129) 

where k is the wavenumber of the perturbation, and h is the shell thickness.  k is 

normalized such that it corresponds to the l component of the spherical harmonics Ylm, 

which will be introduced later.  The equations of motion are the Euler equations as given 

above, with a polytropic equation of state: 
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𝜕𝜕
𝜕𝜕𝜕𝜕
𝜌𝜌 + 𝜌𝜌𝛻𝛻 · 𝑢𝑢

⇀
+ 𝑢𝑢

⇀
· 𝛻𝛻𝜌𝜌 = 0 (130) 

 

 𝜕𝜕𝑢𝑢
⇀

𝜕𝜕𝜕𝜕
+ 𝑢𝑢

⇀
(𝛻𝛻 · 𝑢𝑢

⇀
) = −

1
𝜌𝜌
𝛻𝛻𝑃𝑃 (131) 

 

 𝜌𝜌
𝜕𝜕𝜌𝜌
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝑃𝑃
𝜕𝜕𝜕𝜕

+ 𝜌𝜌𝛻𝛻 · 𝑢𝑢
⇀
𝜌𝜌 + 𝑃𝑃𝛻𝛻 · 𝑢𝑢

⇀
= 0 (132) 

We then introduce the shell averaged variables for density, radial velocity, and tangential 

velocity: 

 𝜎𝜎 ≡
∫ 𝜌𝜌𝑟𝑟2 𝑑𝑑𝑟𝑟𝑅𝑅𝑠𝑠
𝑅𝑅𝑖𝑖
𝑅𝑅𝑠𝑠2

 (133) 

 

 𝑈𝑈𝑅𝑅 ≡
∫ 𝜌𝜌𝑟𝑟2𝑢𝑢𝑅𝑅 𝑑𝑑𝑟𝑟
𝑅𝑅𝑠𝑠
𝑅𝑅𝑖𝑖

𝜎𝜎𝑅𝑅𝑠𝑠2
 (134) 

 

 
𝑈𝑈
⇀
𝑇𝑇 ≡

� 𝜌𝜌𝑟𝑟2𝑢𝑢
⇀
𝑇𝑇 𝑑𝑑𝑟𝑟

𝑅𝑅𝑠𝑠

𝑅𝑅𝑖𝑖
𝜎𝜎𝑅𝑅𝑠𝑠2

 
(135) 

The shock boundary conditions are as derived above: 

 [𝜌𝜌𝑢𝑢
⇀

] = 0 (136) 

 

 [𝜌𝜌𝑢𝑢
⇀
𝑢𝑢
⇀

+ 𝑃𝑃] = 0 (137) 

 

 [𝑢𝑢
⇀

(
𝜌𝜌𝑢𝑢2

2
+ 𝜌𝜌𝜌𝜌 + 𝑃𝑃)] = 0 (138) 

We obtain the time evolution for the shell-averaged variables by integrating the 

equations of motion across the shell in the limits shown, and applying the shock 



 59 

boundary conditions.  The details of this step are rather involved, and are given in the 

appendix to [14].  The result is: 

 
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜎𝜎 = −2

𝑈𝑈𝑠𝑠
𝑅𝑅𝑠𝑠
𝜎𝜎 + 𝜌𝜌0𝑈𝑈𝑠𝑠 − 𝜎𝜎(𝛻𝛻𝑇𝑇 · 𝑈𝑈

⇀
𝑇𝑇) (139) 

 

 
𝜕𝜕
𝜕𝜕𝜕𝜕
𝑈𝑈𝑅𝑅 =

−1
𝜎𝜎

(𝜌𝜌0𝑈𝑈𝑠𝑠𝑈𝑈𝑅𝑅 − 𝑃𝑃𝑐𝑐) (140) 

 

 
𝜕𝜕
𝜕𝜕𝜕𝜕
𝑈𝑈
⇀
𝑇𝑇 = −(

𝜌𝜌0𝑈𝑈𝑠𝑠
𝜎𝜎

)𝑈𝑈𝑇𝑇 −
𝑈𝑈𝑠𝑠
𝑅𝑅𝑠𝑠
𝑈𝑈
⇀
𝑇𝑇 −

𝑐𝑐𝑠𝑠2

𝜎𝜎
𝛻𝛻𝑇𝑇𝜎𝜎 −

𝑃𝑃𝑐𝑐
𝜎𝜎
𝛻𝛻𝑇𝑇𝑅𝑅𝑠𝑠 (141) 

We then define perturbation variables for the shell density and shell radius: 

 𝛿𝛿 ≡
𝜎𝜎
𝜎𝜎0
− 1 (142) 

 

 ΔR ≡ 𝑅𝑅𝑠𝑠 − 𝑅𝑅0 (143) 

The unperturbed equations are (from (111-113) above): 

 
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜎𝜎0 = −2

𝑈𝑈𝑠𝑠
𝑅𝑅𝑠𝑠
𝜎𝜎0 + 𝜌𝜌0𝑈𝑈𝑠𝑠 (144) 

 

 
𝜕𝜕
𝜕𝜕𝜕𝜕
𝑈𝑈𝑠𝑠 =

−1
𝜎𝜎

(𝜌𝜌0𝑈𝑈𝑠𝑠2 − 𝑃𝑃𝑐𝑐) (145) 

Perturbing in δ and ΔR, the result is: 

 
𝜕𝜕
𝜕𝜕𝜕𝜕
𝛿𝛿 =

1
𝑅𝑅0

𝜕𝜕
𝜕𝜕𝜕𝜕
ΔR + 2

𝑈𝑈𝑠𝑠
𝑅𝑅0
ΔR − 𝜌𝜌0

𝑈𝑈𝑠𝑠
𝑅𝑅0
𝛿𝛿 − 𝛻𝛻𝑇𝑇 · 𝑈𝑈

⇀
𝑇𝑇 (146) 

 

 
𝜕𝜕
𝜕𝜕𝜕𝜕
ΔR = −𝛿𝛿

𝜕𝜕
𝜕𝜕𝜕𝜕
𝑈𝑈𝑠𝑠 − 2

𝜌𝜌0𝑈𝑈𝑠𝑠
𝜎𝜎0

𝜕𝜕
𝜕𝜕𝜕𝜕
ΔR (147) 
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𝜕𝜕
𝜕𝜕𝜕𝜕
𝑈𝑈
⇀
𝑇𝑇 = −

𝑈𝑈𝑠𝑠
𝑅𝑅𝑠𝑠
𝑈𝑈
⇀
𝑡𝑡 −

𝜌𝜌0𝑈𝑈𝑠𝑠
𝜎𝜎0

𝑈𝑈
⇀
𝑇𝑇 − 𝑐𝑐𝑠𝑠2𝛻𝛻𝑇𝑇𝛿𝛿 −

𝑃𝑃𝑐𝑐
𝜎𝜎0
𝛻𝛻𝑇𝑇ΔR (148) 

We next introduce the dimensionless ratio of thermal pressure to dynamic 

pressure: 

 𝛽𝛽 ≡
𝑃𝑃𝑐𝑐

𝜌𝜌0𝑈𝑈𝑠𝑠2
 (149) 

We assume that the average shock radius follows a power law of tM as derived for the 

adiabatic blast wave, and that the shell density is derived from accreting a uniform 

background medium: 

 𝑅𝑅0~𝜕𝜕𝑀𝑀  (150) 

 

 𝜎𝜎0 =
1
3
𝜌𝜌0𝑅𝑅0 (151) 

Consequently, we can rewrite the pressure ratio as 

 𝛽𝛽 =
(4 − 1

𝑀𝑀)
3

 (152) 

We rewrite the perturbation equations (118-120) and arrive at the simplified form: 

 (
𝜕𝜕
𝜕𝜕𝜕𝜕

+ 3
𝑀𝑀
𝜕𝜕

)𝛿𝛿 =
1
𝑅𝑅0

(
𝜕𝜕
𝜕𝜕𝜕𝜕

+ 2
𝑀𝑀
𝜕𝜕

)ΔR− 𝛻𝛻𝑇𝑇 · 𝑈𝑈
⇀
𝑇𝑇 (153) 

 

 (
𝜕𝜕
𝜕𝜕𝜕𝜕

+ 6
𝑀𝑀
𝜕𝜕

)
𝜕𝜕
𝜕𝜕𝜕𝜕
ΔR = 𝑀𝑀(1 −𝑀𝑀)𝛿𝛿

𝑅𝑅0
𝜕𝜕2

 (154) 

 

 (
𝜕𝜕
𝜕𝜕𝜕𝜕

+ 4
𝑀𝑀
𝜕𝜕

)𝑈𝑈
⇀
𝑇𝑇 = −3𝛽𝛽𝑀𝑀2 𝑅𝑅0

𝜕𝜕2
𝛻𝛻𝑇𝑇ΔR (155) 

We assume that the perturbation variables have a power-law time dependence 

with complex exponent s, and that the spatial structure can be decomposed into spherical 

harmonic eigenmodes.  With these assumptions, the solutions are given by 
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 𝛿𝛿 = 𝛿𝛿0(
𝜕𝜕
𝜕𝜕0

)𝑠𝑠𝑌𝑌lm (156) 

 

 ΔR = 𝑅𝑅0𝛿𝛿0𝑀𝑀(1 −𝑀𝑀)((𝑠𝑠 + 𝑀𝑀)(𝑠𝑠 + 7𝑀𝑀 − 1))−1(
𝜕𝜕
𝜕𝜕0

)𝑠𝑠𝑌𝑌lm (157) 

 

 𝑈𝑈
⇀
𝑡𝑡 = −3𝛽𝛽𝑀𝑀3(1

−𝑀𝑀)((𝑠𝑠 + 5𝑀𝑀 − 1)(𝑠𝑠 + 𝑀𝑀)(𝑠𝑠 + 7𝑀𝑀

− 1))−1
𝑅𝑅02

𝜕𝜕
(
𝜕𝜕
𝜕𝜕0

)𝑠𝑠𝛻𝛻𝑇𝑇𝑌𝑌lm 

(158) 

The spectrum of the growth exponent s is then given by: 

 (𝑠𝑠 + 3𝑀𝑀)(𝑠𝑠 + 5𝑀𝑀 − 1)((𝑠𝑠 + 𝑀𝑀)(𝑠𝑠 + 7𝑀𝑀 − 1) −𝑀𝑀(1 −𝑀𝑀))

= −3𝛽𝛽𝑀𝑀3(1 −𝑀𝑀)𝑙𝑙(𝑙𝑙 + 1) 159) 

where s is complex.  The real and imaginary parts are plotted below for M = 2/5, 

corresponding to the adiabatic blast wave in three dimensions: 

 

 

Figure 10.  Real spectrum of growth exponent for adiabatic blast wave in three dimensions for M = 2/5. 
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Figure 11.  Imaginary spectrum of growth exponent for adiabatic blast wave in three dimensions for M = 

2/5. 

The complex value of s results in an oscillatory radial perturbation, as described 

above.  The overstability is suppressed at low wavelengths due to expansion of the shell, 

and at high wavelengths the thin shell approximation is no longer valid.  Consequently, a 

finite range of overstability is given by: 

 𝑙𝑙𝑐𝑐 < 𝑙𝑙 < 𝑅𝑅0 ℎ⁄  (160) 

lc can be calculated from the mode spectrum shown above.  The positive real solutions 

for s are given by: 

 𝑠𝑠 = Re[
1

10
(−11 + �37 ± 12�9 − 4𝑙𝑙(1 + 𝑙𝑙))] (161) 

The positive root gives l ~ 8.04.  For the adiabatic case, 

 ℎ =
𝑅𝑅0
3
𝛾𝛾 − 1
𝛾𝛾 + 1

 (162) 

so that the overstable range of spatial modes corresponds to 

 8.04 < 𝑙𝑙 < 3
𝛾𝛾 + 1
𝛾𝛾 − 1

 (163) 
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In deriving this result, an additional note is in order.  Vishniac quotes a lower limit of 

20.4 in [14], and this result has been cited elsewhere.  This is significant in that the range 

of overstability does not appear to exist for normally encountered values of γ, which 

accords with the experimentally verified stability of Taylor-Sedov-von Neumann blast 

waves under normal conditions.  After checking the calculations carefully, however, it 

appears that 8.04 is in fact the correct value.  This conclusion is supported by figure 2 in 

[14], and by figure 4 in [48], which recapitulates the thin-shell analysis shown here.  The 

physical consequence of this is somewhat more interesting, as it suggests that under the 

(highly idealized) assumptions of the thin-shell model, there may in fact be a narrow 

range of spatial modes that are marginally unstable even in normal ranges of γ. 

MAGNETIC EFFECTS ON RADIATIVE BLAST WAVE DYNAMICS 

Equations of ideal magnetohydrodynamics 

We incorporate the effect of magnetic fields on the dynamics of the blast wave 

through the equations of ideal magnetohydrodynamics.  These equations are formed by 

adding the Maxwell equations to the Euler equations, under approximations appropriate 

to the hydrodynamic domain.  We therefore neglect the displacement current.  Radiation, 

if present, is treated as in ordinary radiative hydrodynamics and therefore does not enter 

the description of the fields.  As in the discussion of the Euler equations, we assume the 

zero-viscosity limit, and here we further assume that magnetic dissipation can be 

neglected.  We assume that μ = 1 throughout, so that we do not practically distinguish 

between 𝐵𝐵�⃑  and 𝐻𝐻��⃑ .  Where outside literature is cited, we use the author's notation. 

We form the dynamic MHD equations by adding the source-free Maxwell 

equations to the momentum transport equation: 

 
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜌𝜌 + 𝛻𝛻 · 𝜌𝜌𝑢𝑢

⇀
= 0 (164) 
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 𝜌𝜌(
𝜕𝜕
𝜕𝜕𝜕𝜕
𝑢𝑢
⇀

+ 𝑢𝑢
⇀

· 𝛻𝛻𝑢𝑢
⇀

) = −𝛻𝛻𝑃𝑃 −
1

4𝜋𝜋
𝐵𝐵
⇀
⨯ 𝛻𝛻 ⨯ 𝐵𝐵

⇀
 (165) 

 

 
𝜕𝜕
𝜕𝜕𝜕𝜕
𝐵𝐵
⇀

= 𝛻𝛻 ⨯ 𝑢𝑢
⇀
⨯ 𝐵𝐵

⇀
 (166) 

The mass continuity and energy equations are unaltered.  In the following, we will 

assume a polytropic gas, so that the energy equation reads 

 
𝜕𝜕
𝜕𝜕𝜕𝜕
𝑃𝑃 + 𝑢𝑢

⇀
· 𝛻𝛻𝑃𝑃 − 𝛾𝛾𝑃𝑃𝛻𝛻 · 𝑢𝑢

⇀
= 0 (167) 

The bulk fluid experiences a 𝐽𝐽×𝐵𝐵�⃑  force from the right side of equation (165) which can 

be written as: 

 𝐹𝐹
⇀

= −
1

8𝜋𝜋
𝛻𝛻𝐵𝐵2 +

1
4𝜋𝜋

(𝐵𝐵
⇀

· 𝛻𝛻)𝐵𝐵
⇀

 (168) 

The MHD equations incorporate shocks in much the same way as the Euler 

equations, although the shock jump conditions are somewhat more complicated due to 

the boundary conditions imposed by the Maxwell equations.  Decomposing the fluid 

velocity and magnetic field into normal and tangential components, the shock boundary 

conditions are [25]: 

 [𝜌𝜌𝑢𝑢𝑛𝑛] = 0 (169) 

 

 [𝑢𝑢𝑛𝑛(
𝜌𝜌𝑢𝑢2

2
+

𝛾𝛾𝑃𝑃
𝛾𝛾 − 1

) +
1

4𝜋𝜋
(𝑢𝑢𝑛𝑛𝐵𝐵2 − 𝐵𝐵𝑛𝑛𝑢𝑢

⇀
· 𝐵𝐵
⇀

)] = 0 (170) 

 

 [𝑃𝑃 + 𝜌𝜌𝑢𝑢𝑛𝑛2 +
1

8𝜋𝜋
𝐵𝐵𝑡𝑡2] = 0 (171) 
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 [𝜌𝜌𝑢𝑢𝑛𝑛𝑢𝑢
⇀
𝑡𝑡 −

1
4𝜋𝜋

𝐵𝐵𝑛𝑛𝐵𝐵
⇀
𝑡𝑡] = 0 (172) 

 

 [𝐵𝐵𝑛𝑛𝑢𝑢
⇀
𝑡𝑡 − 𝐵𝐵

⇀
𝑡𝑡𝑢𝑢𝑛𝑛] = 0 (173) 

 

 [𝐵𝐵𝑛𝑛] = 0 (174) 

where the subscripts n and t are taken relative to the shock front. 

Euler-Alfvén similarity 

The magnetohydrodynamic equations are subject to a similar scaling 

transformation as that shown above for the Euler equations, although the introduction of 

the magnetic field requires the introduction of an additional dimensionless constant.  The 

transformation so obtained was derived by Ryutov in [24], [25] and was termed the 

Euler-Alfvén similarity.  It extends the previously derived Euler similarity, and reduces to 

it in the 𝐵𝐵�⃑ → 0 limit.   

The MHD equations have the following six dimensional variables: 

 𝑟𝑟
⇀

, 𝜕𝜕,𝜌𝜌,𝑃𝑃, 𝑢𝑢
⇀

,𝐵𝐵
⇀

 (175) 

We take 𝑟𝑟
⇀

 and t to be dependent variables, and the others to be independent.  For the 

independent variables, we define the initial conditions as follows: 

 𝜌𝜌0 = 𝜌𝜌∗𝑓𝑓(
𝑟𝑟
⇀

𝑟𝑟∗
) (176) 

 

 𝑃𝑃0 = 𝑃𝑃∗𝑔𝑔(
𝑟𝑟
⇀

𝑟𝑟∗
) (177) 
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 𝑢𝑢0 = 𝑢𝑢∗ℎ
⇀

(
𝑟𝑟
⇀

𝑟𝑟∗
) (178) 

 

 𝐵𝐵
⇀
0 = 𝐵𝐵∗𝑘𝑘

⇀
(
𝑟𝑟
⇀

𝑟𝑟∗
) (179) 

where starred variables define characteristic scales of initial conditions.  The functions f, 

g, ℎ
⇀

, and 𝑘𝑘
⇀

 are geometric functions which define initial conditions.  We then introduce 

the dimensionless variables 

 𝑟𝑟
⇀
~

=
𝑟𝑟
⇀

𝑟𝑟∗
 (180) 

 

 𝜕𝜕
~

=
𝜕𝜕
𝑟𝑟∗
�
𝑝𝑝∗

𝜌𝜌∗
 (181) 

 

 𝜌𝜌
~

=
𝜌𝜌
⇀

𝜌𝜌∗
 (182) 

 

 𝑃𝑃
~

=
𝑃𝑃
⇀

𝑃𝑃∗
 (183) 

 

 𝑢𝑢
⇀
~

= 𝑢𝑢
⇀�𝜌𝜌

∗

𝑃𝑃∗
 (184) 

 

 𝐵𝐵
⇀
~

=
𝐵𝐵
⇀

√𝑃𝑃∗
 (185) 

The initial conditions can then be rewritten in dimensionless form as: 

 𝜌𝜌
~
0 = 𝑓𝑓(𝑟𝑟

⇀
~

) (186) 
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 𝑃𝑃
~
0 = 𝑔𝑔(𝑟𝑟

⇀
~

) (187) 

 

 𝑢𝑢
⇀
~

0 = 𝑢𝑢∗�
𝜌𝜌∗

𝑃𝑃∗
ℎ
⇀

(𝑟𝑟
⇀
~

) (188) 

 

 𝐵𝐵
⇀
~

0 =
𝐵𝐵∗

√𝑃𝑃∗
𝑘𝑘
⇀

(𝑟𝑟
⇀
~

) (189) 

The functions f, g, ℎ�⃑ , and 𝑘𝑘�⃑  are homogeneous and retain their form in the transformations.  

The invariants obtained are 

 𝑢𝑢∗�
𝜌𝜌∗

𝑃𝑃∗
≡ Eu (190) 

 

 𝐵𝐵∗

√𝑃𝑃∗
≡ 𝐵𝐵

⇀
~

 (191) 

The scaling derived here reduces to the hydrodynamic case when B → 0.  The 

shock boundary conditions are invariant under the transformation, so shock solutions are 

supported as in the purely hydrodynamic case.  In the case of a strongly driven problem, 

such that the shock boundary conditions are valid, the Euler number is determined solely 

by γ and the transformation will be automatically satisfied for any two systems with 

similar geometry and a comparable value of γ.  In such a case 𝐵𝐵
⇀
~

 becomes the primary 

scaling factor relating the two systems, as in our analysis to follow. 

The point blast problem in a uniform magnetic field 

Solving the point blast problem in the presence of a strong magnetic field is 

complicated by the reduced symmetry of the problem, which is broken by the vector 

potential of the field.  Strictly speaking, one-dimensional flow solutions of the type we 
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have considered are only possible in cylindrical geometry in a two-dimensional plane 

perpendicular to the vector potential.  One-dimensional planar flow solutions are also 

possible under the assumption that the current sources are large compared to the region of 

interest and the field is quasi-uniform.  The spherical case is not reducible to a one-

dimensional flow problem in any magnetic field configuration.  One obvious approach to 

the problem is therefore to simply integrate equations (164) - (166) numerically.  If this is 

impractical or undesirable, various approximations are possible. 

Korobeinikov has undertaken a thorough analytical study of the point blast 

problem in a magnetic field, in review form in [49] and in more detail in [50].  In the one-

dimensional planar flow case, and in the two-dimensional case where the magnetic field 

is given by H(r, ϕ, z) = Hz, the problem can be reduced to the gas dynamic case with a 

modified equation of state, which we will demonstrate below for cases of interest to this 

work.  In the two-dimensional case where H(r, ϕ, z) = Hϕ ∼ 1/r, Korobeinikov obtains a 

similarity solution of the form 

 𝑃𝑃 ⊥= 𝐺𝐺1 2⁄ 𝑅𝑅1 2⁄ (𝑉𝑉 − 0.5)−1 2⁄ 𝜆𝜆−2𝜅𝜅1 

𝑃𝑃 ∥= 𝐺𝐺−1𝑅𝑅(𝑉𝑉 − 0.5)−2𝜆𝜆−8𝜅𝜅2 

𝜅𝜅1 = const 

𝜅𝜅2 = const 

 

(192) 

where 

 𝑉𝑉 =
𝜕𝜕
𝑟𝑟
𝑣𝑣 

𝑃𝑃 ⊥=
𝜕𝜕2

𝑟𝑟2
𝑝𝑝 ⊥
𝜌𝜌0

 

𝑃𝑃 ∥=
𝜕𝜕2

𝑟𝑟2
𝑝𝑝 ∥
𝜌𝜌0

 

𝐺𝐺 =
𝜕𝜕2

𝑟𝑟2
𝐻𝐻𝜙𝜙2

8𝜋𝜋𝜌𝜌0
 

 

 

 

(193) 
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𝑅𝑅 =
𝜌𝜌
𝜌𝜌0

 

𝜆𝜆 =
𝑟𝑟
𝑟𝑟𝑠𝑠

 

𝑟𝑟𝑠𝑠 = �
𝐸𝐸
𝜌𝜌0
�
1 4⁄

𝜕𝜕1 2⁄  

𝐸𝐸 = const 

(Notation is as used by Korobeinikov, with indices corrected for consistency with this 

work.  For further details consult references).  In the case of the spherical explosion in 

three dimensions, approximate solutions can be obtained under the condition 

 𝜌𝜌1𝑣𝑣12 >> 𝐻𝐻02 8⁄ 𝜋𝜋 (194) 

(i.e. that the dynamic pressure dominates the preshock magnetic pressure) such that the 

gas motion is presumed to follow the gasdynamic case, and the disturbed field is given by 

the flux-freezing condition.  The resulting components in spherical geometry with a 

constant field directed along the z-axis are 

 𝐻𝐻𝑟𝑟 = 𝐻𝐻0Cos[𝜃𝜃] 
𝐻𝐻𝜃𝜃 = −𝐻𝐻0Sin[𝜃𝜃]

𝜌𝜌𝑟𝑟
𝜌𝜌0𝜉𝜉

 

𝐻𝐻𝜙𝜙 = 0 

 

(195) 

where ξ is a Lagrangian radial coordinate.  The effect of the magnetic field on the gas 

motion may be calculated by a linearization method using the condition in equation (194) 

to define the small parameter in which the approximation is calculated.  In the case of a 

dynamically significant field, these approximations are no longer valid, and a strictly 

three-dimensional solution requires direct integration of the MHD equations.  As we shall 

see, however, an approximation of interest to the present problem may be obtained 

considering the electromagnetic boundary conditions at the shock front. 
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Ditmire et al. have examined the related problem of a plasma filament with a 

sharply defined edge expanding into a uniform magnetic field [51].  Their analysis is 

largely electromagnetic in emphasis, and is useful for calculating the energy balance of 

the electromagnetic pulse generated by the expanding plasma piston.  The solution 

consists of terms of order v/c and smaller, so it is mainly useful in the relativistic case.  

The dynamics of plasma expansion are determined by a similarity solution in the initial 

stages where 𝜌𝜌1𝑣𝑣12 >> 𝐻𝐻02 8⁄ 𝜋𝜋, and are fitted in piecewise fashion to a free expansion 

phase and a stagnation phase where 𝜌𝜌1𝑣𝑣12 ≃ 𝐻𝐻02 8⁄ 𝜋𝜋.  The pressure balance at 

stagnation results in an inverse theta-pinch configuration and is expected to be magnetic 

Rayleigh-Taylor unstable [52].  As their work differs in several particulars from the case 

of interest here, we do not use it directly, but we will borrow some conceptual ideas. 

Clearly, it would be desirable in the context of the present problem to obtain an 

approximation for the interior flow variables behind the shock front in the presence of a 

strong magnetic field.  We can incorporate the strong field influence on the blast wave 

structure, under the slightly relaxed assumption that the blast wave remains 

approximately spherical, by combining the approaches of Korobeinikov and Ditmire et 

al., and taking further advantage of electromagnetic boundary conditions to simplify the 

local field geometry.  We can then use the flux freezing condition to calculate the 

thermodynamics of the shock incorporating the effect of the magnetic pressure and 

energy density.   

As the ambient magnetic field strength is assumed constant, while the temperature 

and dynamic pressure vary strongly as the blast wave expands and cools, we can identify 

three distinct flow regimes.  The first is the self-similar phase in the weak field limit.  

This incorporates both the ejecta-dominated and adiabatic phases in the astrophysical 

terminology, and allows us to determine the magnetic field geometry from the gas 
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motion.  The next phase incorporates the frozen field pressure and energy density into the 

dynamics, but assumes boundary conditions which are still at least approximately 

spherical.  This is particularly significant to the shock stability problems investigated 

here, as the frozen field condition amplifies the postshock magnetic field by the square of 

the density contrast.  As such, there is a large region where the postshock magnetic field 

can appreciably affect the shell structure, but the preshock field can be reasonably 

neglected in the overall shock dynamics.  Finally, when the magnetic pressure becomes 

dominant and the problem is no longer approximately spherical, cylindrical geometry is 

more appropriate, and the problem can be reduced to the one-dimensional gasdynamic 

case by means of the frozen field integral.  This regime is analogous to an annular theta 

pinch, and is particularly appropriate to the study of filamentary instabilities. 

We next consider the electromagnetic boundary conditions in the weak field limit.  

The relevant condition is the divergence-free condition on the magnetic field, which is 

incorporated into the MHD shock jump conditions as 

 [𝐵𝐵𝑛𝑛] = 0 (196) 

This condition, together with the frozen-in field entrained in the postshock flow 

 𝐻𝐻1𝑟𝑟 = 𝐻𝐻0Cos[𝜃𝜃] 
𝐻𝐻1𝜃𝜃 = −𝐻𝐻0Sin[𝜃𝜃]

𝜌𝜌𝑟𝑟
𝜌𝜌0𝜉𝜉

 

𝐻𝐻1𝜙𝜙 = 0 

 

(197) 

imply that the dominant magnetic flux component is Hθ by a factor of the shock density 

contrast, and that very little magnetic flux penetrates the shock surface.  Hence, the 

magnetic field is almost everywhere approximately locally tangential, except for a small 

component at the poles.  The magnetic field is almost completely excluded from the 
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interior flow region.  If we work within the thin-shell approximation as used by Chernyi 

and Liang & Kielty, we can write the effective field in the shell as 

 𝐻𝐻1𝜃𝜃 = −𝐻𝐻0Sin[𝜃𝜃]
𝛾𝛾 + 1
𝛾𝛾 − 1

 (198) 

We now turn to the dynamics of the shock under the above assumptions.  We will 

consider the shock boundary conditions in two limiting geometries suggested by the field 

geometry.  The first case is the "quasi-parallel" shock, in which the magnetic field lines 

and the shock normal are approximately parallel.  We encounter this geometry at the 

poles (relative to the z-axis) of the spherical shock.  In this case the shock boundary 

conditions (169) - (174) reduce to 

 [𝜌𝜌𝑢𝑢𝑛𝑛] = 0 (199) 

 

 [𝑢𝑢𝑛𝑛(
𝜌𝜌𝑢𝑢2

2
+

𝛾𝛾𝑃𝑃
𝛾𝛾 − 1

)] = 0 (200) 

 

 [𝑃𝑃 + 𝜌𝜌𝑢𝑢𝑛𝑛2] = 0 (201) 

 

 [𝐵𝐵𝑛𝑛] = 0 (202) 

Consequently, the hydrodynamic evolution of the quasi-parallel shock is uncoupled from 

the magnetic field, and the boundary conditions correspond exactly to the hydrodynamic 

case.   

 The second case is the "quasi-perpendicular" shock, in which the magnetic field is 

approximately perpendicular to the shock normal.  From the field structure we have 
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derived above, this geometry is characteristic of the majority of the spherical shock away 

from the polar regions.  The boundary conditions become: 

 [𝜌𝜌𝑢𝑢𝑛𝑛] = 0 (203) 

 

 [𝑢𝑢𝑛𝑛(
𝜌𝜌𝑢𝑢2

2
+

𝛾𝛾𝑃𝑃
𝛾𝛾 − 1

) +
1

4𝜋𝜋
(𝑢𝑢𝑛𝑛𝐵𝐵2)] = 0 (204) 

 

 [𝑃𝑃 + 𝜌𝜌𝑢𝑢𝑛𝑛2 +
1

8𝜋𝜋
𝐵𝐵𝑡𝑡2] = 0 (205) 

 

 [𝐵𝐵
⇀
𝑡𝑡𝑢𝑢𝑛𝑛] = 0 (206) 

For the quasi-perpendicular case, we see that the magnetic field adds terms to the 

pressure and energy balance equations across the shock.  Furthermore, we can obtain the 

flux-freezing integral B/ρ = const. by combining equations (203) and (206).  For this 

reason, the tangential component of the magnetic field is significantly amplified in a 

strong shock. 

Oblique shocks require the full set of boundary conditions (169) - (174), and can 

show more complicated behavior such as refraction of the magnetic field.  They also 

involve mathematical complications, and are most easily studied using a velocity 

transformation which is incompatible with the geometry used here [53].  The magnetic 

field configuration we have derived in this problem suggests that oblique shocks are only 

relevant in a small annular region around the poles.  Furthermore, if we consider Hθ to 

dominate the magnetic effect on the dynamics, then equation (198) smoothly transitions 

from the perpendicular to the parallel boundary conditions.  We will therefore ignore 

oblique shocks in this approximation. 
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Having established that the shock geometry is approximately perpendicular over 

the majority of the surface of the shock, we can make the transformation 

 𝑃𝑃∗ = 𝑃𝑃 +
𝐻𝐻2

8𝜋𝜋
 (207) 

 

 𝜌𝜌∗ = 𝜌𝜌 +
𝐻𝐻2

8𝜋𝜋𝜌𝜌
 (208) 

in the equation of state [53].  The starred quantities then represent the sum of thermal and 

magnetic pressure and energy, respectively.  It can easily be seen that the boundary 

conditions reduce to the gasdynamic form, and that under the approximations made to the 

field geometry, the problem is isomorphic to a gasdynamic problem with an anisotropic 

equation of state.  If we further assume a polytropic equation of state: 

 𝜌𝜌 =
1

𝛾𝛾 − 1
𝑃𝑃
𝜌𝜌 (209) 

then we can make the requisite substitutions to obtain 

 𝛾𝛾∗ = 1 +
1
𝜌𝜌
𝑃𝑃∗

𝜌𝜌∗
 (210) 

and therefore 

 
𝛾𝛾∗ = 1 +

1
𝜌𝜌
𝑃𝑃 + 𝐻𝐻2

8𝜋𝜋

𝜌𝜌 + 𝐻𝐻2

8𝜋𝜋𝜌𝜌

 
(211) 

where γ*=γ*(θ) and H=Hθ(θ).  Assuming, therefore, that the spherical geometry of the 

problem holds approximately, radial solutions of the equations of motion can be found 

for any polar angle. 

 The reader may have noticed that in making this approximation, we have ignored 

the field line tension term in the Lorentz force equation: 

 𝐹𝐹
⇀

= −
1

8𝜋𝜋
𝛻𝛻𝐵𝐵2 +

1
4𝜋𝜋

(𝐵𝐵
⇀

· 𝛻𝛻)𝐵𝐵
⇀

 (212) 
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The reason for this can be seen by interpreting the tension term as the field multiplied by 

its gradient.  In the weak-field limit, where the blast wave radius is small and the field 

gradient may be significant, the magnetic field is insignificant compared to the dynamic 

pressure of the rapidly expanding blast wave.  Conversely, when the blast wave has 

expanded and the magnetic field becomes dynamically important, the field gradient is 

small.  The magnetic pressure is therefore the dominant term in the region where the 

Lorentz force is significant. 

 In the final stage of gas motion, where the magnetic pressure dominates the 

thermal pressure, the assumptions underlying the self-similar blast wave model are no 

longer valid, and the problem can no longer be assumed to have spherical symmetry.  In 

this case, however, the problem may be modeled in cylindrical geometry in the plane 

perpendicular to the magnetic field.  In this case, the analogy to the gas dynamic problem 

in equations (207), (208), and (210) is still valid, and the problem can be solved as a 

cylindrical explosion with counterpressure using existing techniques [37], [40].  In the 

late-time limit, where the gasdynamic solution decays into an acoustic wave, the 

magnetized blast decays into an Alfvén wave [53]. 

Magnetic effects on shock stability 

The effect of magnetic fields on unstable flows is very rich, in the sense of Van 

Woerkom (see discussion below).  Dynamically significant fields frequently introduce 

instabilities, as in the case of the magnetic Rayleigh-Taylor instability.  Magnetic 

instabilities in kinetic plasmas may also affect large-scale hydrodynamics, as in the case 

of the Weibel instability which is believed to mediate collisionless shock transitions.  The 

catalog of instabilities in magnetically-dominated plasmas is too long to list here, 

although it provides an inexhaustible source of employment for our MFE friends.  There 
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are certain cases, however, where a magnetic field appears to have a stabilizing effect.  

Awe et al. observed a stabilization of the magnetic Rayleigh-Taylor instability when a 

shear field component was introduced to a Z-pinch geometry [54].  Tóth & Draine found 

magnetic stabilization for an oscillatory radial instability in a transverse field geometry 

[18].  Several numerical studies [55]–[57] have shown magnetic suppression of the 

Richtmyer-Meshkov instability in both parallel and perpendicular field geometries.  

Vishniac [14] and Blondin et al. [17] have both suggested that the linear Vishniac 

instability will be reduced by magnetic fields, although the instability is expected to 

persist.  This is corroborated by Heitsch et al., who studied the nonlinear thin shell 

overstability numerically and found that the magnetic field dampens but does not remove 

the instability [19].  We will focus here on the thin shell instabilities. 

We can investigate the effect of the magnetic field on the linear Vishniac 

overstability by examining the equation for the complex growth exponent s, derived 

above: 

 (𝑠𝑠 + 3𝑀𝑀)(𝑠𝑠 + 5𝑀𝑀 − 1)((𝑠𝑠 + 𝑀𝑀)(𝑠𝑠 + 7𝑀𝑀 − 1) −𝑀𝑀(1 −𝑀𝑀))

= −3𝛽𝛽𝑀𝑀3(1 −𝑀𝑀)𝑙𝑙 (𝑙𝑙 + 1) 213) 

The range of mode numbers in which the blast wave is overstable is constrained by 

 𝑙𝑙𝑐𝑐 < 𝑙𝑙 < 𝑅𝑅0 ℎ⁄  (214) 

where the lower limit lc is established by the positive real root of s.  We will assume for 

the moment that the blast wave is adiabatic, to avoid conflating radiative and magnetic 

effects.  This gives M = 2/5 and s as 

 (𝑠𝑠 + 1) �𝑠𝑠 +
6
5
� ��𝑠𝑠 +

2
5
� �𝑠𝑠 +

9
5
� −

6
25
� =

1
625

(−72)𝛽𝛽𝑙𝑙(𝑙𝑙 + 1) (215) 
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The upper limit on l is obtained by the thin shell approximation.  The latter condition can 

be expressed in terms of γ as 

 ℎ =
𝑅𝑅0
3
𝛾𝛾∗ − 1
𝛾𝛾∗ + 1

 (216) 

The limits on the mode spectrum are therefore a function of β and γ*.  We have already 

seen that the magnetic field influences γ*.  To determine the effect on β, recall that 

 𝛽𝛽 ≡
𝑃𝑃𝑐𝑐

𝜌𝜌0𝑈𝑈𝑠𝑠2
 (217) 

Here we use β in Vishniac's sense to describe the pressure balance across the 

shock.  It is important to note, however, that Pc refers to the thermal pressure of the hot 

gas in the interior of the shell, not to the postshock pressure given by the Rankine-

Hugoniot equations.  In the thin shell approximation, the magnetic field is excluded 

entirely from this region.  Similarly, the assumptions of the problem exclude a significant 

addition of the external magnetic pressure to the dynamic pressure in the regime of 

interest.  The somewhat counterintuitive result is that although the magnetic pressure has 

the effect of broadening the shock shell, it does not affect the pressure balance which 

drives the overstability.  We conclude then that the magnetic effect on the mode spectrum 

of the linear overstability is in this approximation entirely a function of γ*.  Solving 

equation (214) for l gives 

 8.04 < 𝑙𝑙 < 3
𝛾𝛾∗ + 1
𝛾𝛾∗ − 1

 (218) 

where 

 
𝛾𝛾∗ = 1 +

1
𝜌𝜌
𝑃𝑃 + 𝐻𝐻2

8𝜋𝜋

𝜌𝜌 + 𝐻𝐻2

8𝜋𝜋𝜌𝜌

 
(219) 

 In the limit of very strong magnetic fields, γ → 2 and the range of overstable 

modes is 8.04 < l < 9.  Given the usual stability of adiabatic blast waves with normal 
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values of γ, this means in practice that very strong fields can suppress the overstabillity 

completely.  This analysis is useful for constraining the spectrum of unstable modes, but 

it doesn't tell us much about the growth rates.  We can usefully apply the discussion, 

however, to the numerical analysis of Ryu and Vishniac, which produces mode spectra as 

a function of γ.  The substitution γ → γ*(θ) using the methods in [48] would enable a 

spectrum to be calculated for any polar angle. 

Our analysis likewise does little to address the nonlinear thin shell instability, the 

investigation of which is unavoidably numerical in nature, except possibly to suggest 

initial conditions.  Heitch et al., however, have performed a series of simulations which 

appear to show qualitatively similar behavior [19].  Their principal conclusion is similar 

to ours; they find that magnetic fields reduce but do not eliminate the nonlinear 

overstability.  This is of interest to our experimental analysis, which is of course not 

confined to the linear case. 
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Methods 

"Today, of course, the death ray is called a laser, but it was 
then only a theoretical concept." -Edward Teller 

LASERS 

The first run of the experiment was conducted on the Texas Petawatt Laser (figure 

12).  The Texas Petawatt Laser is a 190 J, 170 fs laser based on a mixed-glass 

architecture with a high bandwidth OPCPA front end.  The central wavelength on target 

is 1057 nm.  It is capable of peak power up to 1.1 Petawatts, although for this experiment 

the laser was operated in a long-pulse configuration by bypassing the compressor.  The 

pulse length in this configuration is 1.6 ns, with a resulting focused intensity of 

approximately 1015 W/cm2.  It can deliver the beam into two target areas with different 

focusing geometries.  The TC1 target area is a large-aperture, short focal length chamber 

designed to maximize focused intensity for solid target interaction experiments.  It has 

historically used an f/3 focusing parabola, and is currently being upgraded to an f/1 

parabola.  The TC2 target area, by contrast, is designed for gas targets such as cluster jets 

and wakefield cells, where it is desirable to extend the interaction length.  It is configured 

for an f/40 focusing geometry.  To capitalize on previous engineering work by the 

Bengtson group, a pulsed power target chamber designed for a magnetized cluster jet 

experiment was placed on the TC2 beamline.  Although the front end can deliver a ~100 

fs probe pulse to either target chamber, the relatively long timescale of the experiment 

dictated the use of a separately triggered probe laser.  A commercial Nd:YAG laser was 

used for this purpose, and probe timing was synchronized electronically through the 

master trigger system.  Probe optics and diagnostics will be discussed separately below. 

The Texas Petawatt Laser is operated as a user facility by the Center for High 

Energy Density Science under agreement with NNSA.  Shot time is granted to users 
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through a review and approval process in advance, and typically allotted in blocks of one 

setup week and three shot weeks.  The first experimental run described here took place in 

August and September 2013.  Shortly thereafter, the laser was taken offline for a 

scheduled pulse contrast upgrade.  During discussions at the 2014 CHEDS NNSA 

review, an opportunity was identified to broaden the experiment to support magnetized 

liner fusion work at Sandia.  As the Petawatt was anticipated to be unavailable for a 

followon experiment for at least a year, the experiment was moved to Sandia and 

redesigned to operate on the Z-Beamlet laser. 

 

 

Figure 12.  Petawatt laser of undeniable Texan origin. 

The second and third runs were conducted at the Z-Beamlet laser at Sandia 

National Laboratories [58].  Z-Beamlet was originally designed as an engineering testbed 

for the National Ignition Facility, and was the prototype for the NIF beamlines.  It was 
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subsequently moved to Sandia to provide an X-ray backlighting capability for the Z 

pulsed power accelerator, and now also operates as a preheat beam for magnetized liner 

fusion experiments.  It follows a MOPA architecture, with a regenerative amplifier 

feeding into an Nd:glass rod amplifier and several Nd:glass main cavity power 

amplifiers.  A plasma electrode Pockels cell (PEPC) in the main cavity allows it to be 

multipassed, substantially reducing the laser footprint relative to its predecessor.  It has 

since gone through multiple upgrades, and delivers up to 6 kJ to the target at 527 nm.  A 

modulated fiber master oscillator allows shaped pulse lengths between 0.2 and 6 ns, with 

or without prepulse.  The beam is transported from the laser building to the target areas 

and the Z center section via a relay telescope.  Several standalone target chambers are 

available for HEDP studies in addition to the Z experimental program. 

Three additional lasers are operated in conjunction with Z-Beamlet according to 

experimental demand.  Z-Petawatt was designed to provide hard X-ray point source 

backlighting for Z, and uses an OPCPA architecture with a power amplification stage 

similar to Z-Beamlet.  It has subsequently been repurposed to provide a co-injected 

secondary beam for HEDP experiments at the 100 ps/500 J level.  Chaco is a 50 J hybrid 

YAG/glass laser, which is used as both a soft X-ray calibration source and a probe laser 

for the standalone target chambers.  It has a unique regenerative amplifier which can 

produce a picket-fence probe train at the ns scale, which is used for backlighting 

multiple-frame diagnostics.  The Chaco beam can be transported to any of the standalone 

target chambers except for the pulsed power chamber.  Gila is a probe laser specific to 

the pulsed power target chamber.  Its design is based on the Chaco front end, without the 

power amplification stages.  Chaco was used as the probe laser for the second 

experimental run described here, and Gila was used for the third. 
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The primary mission of the Z-Beamlet laser is to provide radiographic support to 

the Z Accelerator.  Although shot time that is unused by Z is made available to the 

standalone target areas, Z-Beamlet is not a user facility.  As such, available experimental 

time is complementary to the Z shot schedule.  Consequently, it is more efficient to 

schedule longer experimental periods to take advantage of shot opportunities as they 

arise.  Following the move of the pulsed power equipment from Texas, in the summer of 

2014 we undertook a preliminary run without magnetic field to test performance of the 

redesigned targets, validate new diagnostics, and develop an analysis code to examine the 

blast wave spatial structure.  In 2015, the decision was made to commission a new target 

area dedicated to pulsed power experiments.  The remainder of the year was spent 

integrating and testing the rebuilt pulsed power system and diagnostics.  The third data 

run, incorporating the magnetic field driver and full diagnostic capabilities, was 

completed in 2016. 
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Figure 13.  Z/Z-Beamlet facility.  Z-Beamlet laser is housed in the south building (Building 986).  Z-Beamlet 

target areas are in south bay of the Z-machine building (Building 983 Phase C). 

EXPERIMENTAL CONFIGURATION 

Incorporation of the pulsed magnetic field driver into the laser beamline was a 

significant experimental challenge at both facilities.  This involves both technical aspects, 

and safety of personnel and equipment.  Major changes to the target areas of both 

facilities were required to accommodate the pulsed power hardware and associated 

operational and access control requirements.  At TPW, the TC2 target area was 
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reconfigured for some weeks to accommodate the experimental run.  At ZBL, an entirely 

new target area was created for magnetized experiments. 

TPW 

The TC2 target area incorporates several vacuum chambers in series, used for 

target placement, diagnostics, diverters, and beam dumps.  These chambers are modular, 

and can be removed or replaced according to the demands of the experiment.  Prior to the 

experiment, a small general-purpose vacuum chamber was centered at the beam focus.  

This chamber was removed and replaced by a target chamber specific to the pulsed power 

driver.  The target chamber was mated to the top of the pulsed power transmission stack, 

and was configured with perpendicular viewports for the drive and diagnostic beams.  

The target was fixed to the transmission line inside the chamber, and alignment was 

accomplished by steering the beam.  No other experimental hardware was used inside the 

target chamber.  A diagnostic chamber immediately downstream contained a retractable 

turning mirror used for a through-imaging alignment diagnostic.  A final chamber 

downstream of that contained the beam dump. 

A large optical breadboard is normally placed beside TC2 to accommodate optical 

diagnostics.  We placed a Quantel Brilliant Nd:YAG laser in this location to supply probe 

light, and added two smaller breadboards to accommodate the Schlieren diagnostic and 

its associated beam transport optics.  The Schlieren diagnostic was built and tested 

separately, and moved into position on TC2 during setup.  The TC2 workstation was used 

for data acquisition. 

While the pulsed power transmission line stack is relatively compact, and can be 

located on the laser beamline in place of a target chamber, it requires significant ancillary 

equipment for energy storage, control, and diagnostics.  The most onerous requirement is 
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imposed by the capacitor and switch assemblies, which take significant floor space, are 

dangerous, and need to be within a few meters of the transmission line to limit cable 

inductance.  As we were fortunate to set up when the TC1 target area was not in active 

use, the capacitors were placed on a copper grounding plate in the TC1 access corridor.  

Discharge cables from the capacitors were routed underneath the divider and connected 

to the transmission line.  The pulsed power charging and control rack was placed further 

away, on the outside of the radiation shield wall.  The charge tank and trigger tank were 

placed next to the control rack, and the trigger cables were run through the access 

corridor to the capacitors.  In this way the cable lengths could be kept to a few meters 

despite the limited space available.  The pulsed power diagnostic rack was placed outside 

the shield wall in a screenbox for EMP mitigation. 

The introduction of pulsed power hardware into the TPW experimental area 

presented significant safety hazards to personnel, which were mitigated with engineered 

and administrative controls.  As the physical layout of the facility made it impractical to 

separately control the hazard area, the pulsed power control rack was networked with the 

TPW door interlock system.  The interlock controlled a grounding relay in the charge 

tank which prevented the capacitors from charging unless the target area was locked out 

by the TPW interlock system.  Additionally, each capacitor switch contains a normally 

closed grounding lever which was retracted by a qualified pulsed power operator 

immediately prior to the shot during lockout.  A final administrative control was 

implemented by restricting personnel access to those trained in the hazards introduced by 

the system. 

The pulsed power charging and control rack is remotely controlled by a National 

Instruments CompactRIO hardware controller which is operated via a LabView interface.  

During testing prior to the TPW experiment, the charge and firing sequence was 



 86 

manually controlled by the operator.  To synchronize the pulsed power discharge to the 

laser, the control software was slaved to the TPW shot control system.  As configured 

during the experimental run, the TPW and pulsed power operators manually initiated the 

charging sequences of their respective capacitor banks, and the TPW shot control 

software delivered a synchronized firing command to both systems. 

The mechanics of the experiment presented a significant debris concern, as the 

stresses on the gas cell from the blast wave were estimated to be sufficient to destroy the 

cell.  The lack of hardware in the target chamber meant that the chamber itself was the 

primary shielding element.  To protect upstream optical elements, a fast-acting gate valve 

was placed ahead of the chamber which was activated on shot.  The downstream chamber 

port was not considered to be of concern, as no hardware was in the debris path on shot.  

The diagnostic viewports posed a more difficult problem, as the optical requirements of 

the Schlieren imaging system greatly restricted shielding options.  Ultimately, the 

decision was made to order duplicate viewport windows, and replace them when they 

were damaged, as it was believed that the small solid angle subtended would make a 

debris strike a comparatively rare event.  As it turns out, this was a poor assumption, and 

a cracked vacuum window caused by a debris strike caused us to terminate the run on the 

last day scheduled. 

An additional concern was interference with or damage to equipment from 

electromagnetic pulse.  While EMP from the laser interaction is not unusual on Petawatt 

experiments, this experiment presented an additional hazard due to the pulse generated by 

the magnetic field load and driver.  The system has some degree of intrinsic shielding of 

the load due to the chamber, and the cables, switches, and capacitors are enclosed by 

grounded conductors.  Nevertheless, some transients were expected on shot, and their 

magnitude was not well constrained.  Tests of the standalone system with an 
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unterminated pickup cable suggested that EMP effects from the pulsed power system 

would be below the level expected to damage equipment.  As a precautionary measure, 

some of the more sensitive pulsed power diagnostic equipment was placed in a screenbox 

several meters from the load.  The Marconi CCD originally used in the optical diagnostic 

experienced triggering problems on shot, and was subsequently replaced by an Apogee 

Ascent CCD which was shown to trigger reliably. 

 

 

Figure 14.  Pulsed power stack and target chamber on TPW f/40 beamline.  Folded Schlieren diagnostic and 

Quantel probe laser are at right.  Capacitor assemblies are behind curtain in background. 

Z-Beamlet 

The Z-Beamlet target area contains five working points.  Each target chamber is 

specialized toward some aspect of the ZBL experimental program.  Chaco is primarily 

used for soft X-ray calibration.  Jemez is used for backlighting source development.  

Chama, currently undergoing commissioning, will be used for multibeam interaction 

experiments.  Pecos is primarily used for laser energy deposition studies supporting 

magnetized liner fusion development (hereafter MagLIF).  Conchas is specialized for 
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magnetized target interactions, and is used for magnetized blast wave studies (this work), 

and MagLIF development.  The experimental work reported here was carried out on 

Pecos and Conchas.  A major part of the experimental campaign at ZBL was dedicated to 

the assembly and activation of Conchas and the pulsed power experimental area. 

The premise of the move to ZBL was for the second-generation gas cell design to 

be used to study energy deposition of the MagLIF preheat beam, in addition to radiative 

blast wave studies.  At the time of the move, stand-alone laser transmission experiments 

were in progress on Pecos.  These experiments were broadened to incorporate the UT-

designed gas cell, initially with no magnetic field, under the direction of Matthias 

Geissel.  We undertook a parallel campaign to quantitatively examine and analyze 

radiative shock instabilities with no magnetic field, to refine diagnostic and analysis 

methods and as a baseline for future work.  The experimental configuration and 

procedures were substantially the same for both efforts, with minor changes to the target 

configuration. 

The Pecos target chamber is a large (1.5m) general purpose target chamber, 

accessible by Z-Beamlet, Z-Petawatt co-injection, and Chaco.  The main beam is 

delivered by an f/10 focusing lens.  A 1.1mm phase plate was used to smooth the beam 

for the experiments described here.  The Chaco probe beam is periscoped into the 

chamber and directed though target chamber center perpendicular to the main beam, and 

transported out to a 4' x 8' optical table used for diagnostics.  Additional diagnostic ports 

are configured for X-ray pinhole cameras imaging target chamber center from the front or 

side.  Two alignment cameras are configured to image the target face at 45 degrees off 

the main beam on either side.  For the experiments conducted on Pecos, backscatter 

alignment is used exclusively, as the target design precludes through-imaging.  A four-
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axis motion control stage is used for target positioning and alignment.  Motion control, 

alignment, and data acquisition are assigned to a workstation dedicated to the chamber. 

 

 

Figure 15.  Z-Beamlet target areas.  Unmagetized experiments were conducted in the Pecos Chamber.  

Magnetized experiments were conducted in the Conchas chamber, which was newly commissioned for this experiment. 

The second experimental run was conducted on Pecos as described above.  Pecos 

as currently configured is not capable of delivering a magnetic field to the target.  It was 

originally envisaged that the magnetic field driver used in the TPW run would be adapted 

to Pecos, and a new power feed was designed for this purpose.  During the redesign, 

however, it became apparent that operational and safety concerns with operating pulsed 

power on Pecos would interfere with the other work areas, which are frequently 
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simultaneously active.  It was therefore decided to commission a new target chamber in 

the pulsed power room, dedicated to magnetized target experiments. 

 

 

Figure 16.   Z-Beamlet pulsed power target area. 

To deliver the ZBL beam to the target area, a motorized diverter mirror was 

installed upstream of the Pecos lens box.  This mirror provides beam steering in addition 

to selecting the active target area.  A 2-meter lens with phase plate was installed, 

providing a focal geometry of approximately f/7 with a 700 micron focal spot.  The 80 

cm ZBL calibration chamber was brought from the laser building mezzanine to the 

pulsed power target area and placed on a 4' x 8' optical table, which provides the 

available table space for alignment and diagnostic optics below the chamber.  An 

additional table was placed centrally to accommodate the Gila probe laser and delay line.  

The beam is periscoped to the target chamber and traverses it vertically.  A shortened 
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version of the transmission line designed for Pecos was placed on a diagnostic port 

perpendicular to the probe and drive beam paths, and places the pulsed power load at the 

intersection of both beams.  The pulsed power control rack, charge and trigger tanks, 

capacitor bank, and cabling are placed everywhere else in the room. 

The supporting equipment on the chamber was adapted as far as possible from 

that used on Pecos for operational commonality.  The optical diagnostic chain used a very 

similar principal axis design to that used on Pecos, with the exception of minor 

differences in focal geometry and folding mirrors used to adapt the system to the 

available table space.  X-ray pinhole cameras were placed in corresponding geometry.  A 

very similar backscatter alignment system was used.  A primary difference is the lack of 

motion control in the chamber.  As the targets for magnetized experiments are fixed to 

the transmission line, target alignment is accomplished exclusively through beam steering 

with the diverter mirror. 

As significant fragmentation and/or vaporization of the target was expected, a 

comprehensive debris shielding scheme was implemented.  For gas cell shots at low 

pressure, where the hydrodynamic coupling of the laser to the target assembly is less 

efficient and fragmentation damage is expected to be limited, a set of optical acrylic flats 

were placed over every exposed chamber port except the ZBL beam port, which has its 

own debris shield.  This also mitigates vapor deposition from the pulsed power discharge.  

The acrylic flats are expendable, and are replaced every few shots according to a visual 

damage assessment.  For shots with a high risk of damage, such as high-pressure gas cell 

shots or those with exploding coils, a steel box is bolted to the grounded transmission line 

sleeve, which covers all solid angles except direct lines of sight to the drive beam and 

diagnostics.   
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Lockout and shot control procedures were revised to account for the more 

complex operational environment at ZBL.  To arm the pulsed power system, the pulsed 

power target area is locked out separately from the ZBL target bay.  Once the target area 

is controlled and the system is armed, control is passed to ZBL shot control and the target 

bay is swept and locked out.  After the shot, the pulsed power operators enter the ZBL 

target bay, take control of the pulsed power target area, and safe the system.  Once the 

system is safe, the outer lockout on the target bay is dropped. 

The pulsed power charging and firing sequence was placed under control of the 

ZBL shot control system as an automated subroutine.  Once the pulsed power operator 

sets the operating parameters for the shot, ZBL shot control assumes control of the charge 

sequence and delivers a synchronous firing command to the laser, diagnostic and pulsed 

power systems. 
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Figure 17.  Conchas chamber. 

TARGET PACKAGE DESIGN 

The point design we have arrived at requires us to generate a spherical blast wave 

of high specific energy in a uniform gas of known density, with a specified constant 

magnetic field.  These conditions, together with the experimental capabilities described 

above, dictate our target design.  To generate the blast wave, we have borrowed a concept 

from Grun et al. and subsequently modified by Edens, and generate the blast wave by 

irradiating an overdense solid target in contact with an ambient gas. 

The requirement for a magnetic field of sufficient strength to affect the blast wave 

dynamics rules out the use of static methods, such as permanent magnets or DC 
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electromagnets.  A very intriguing method for dynamic high field generation was 

proposed by Daido et al. [59], but would have a timescale about three orders of 

magnitude too short, and would be difficult to realize on a single beam facility (thanks 

nevertheless to Edison Liang for the suggestion; this could be a viable approach with 

different scaling parameters).  Unfortunately, the remaining option of a pulsed-power 

driven field is difficult to reconcile with the presence of an ambient gas, especially at the 

density required.  The presence of rarefied gas in contact with pulsed power hardware is 

likely to lead to Paschen breakdown [60].  For this reason, a gas cell is used to isolate the 

shock ambient from the pulsed power environment. 

TPW 

The first generation of gas cell targets were fielded on the Texas Petawatt Laser.  

The primary design parameter is the target scale.  This scale may be determined from the 

point design and pulsed power performance models, constrained by the performance 

characteristics of the experimental systems.  For the TPW experimental run, covering the 

range of magnetic fields above and below the β = 1 threshold dictated a characteristic 

dimension of approximately 1 cm.  A coil design was subsequently produced with 

approximately twice this inner diameter to provide space for the gas cell body and 

diagnostic beam aperture.  A quasi-Helmholtz geometry was selected to allow the field to 

be as uniform as possible in the fiducial region. 

With the scale and rough geometry constrained by the field coil, other design 

constraints included drive and diagnostic beam access, target placement, and gas 

containment.  These issues are related, as the drive beam is sufficiently intense to 

preclude passage through transmissive elements.  For this reason, the compressor was 

bypassed, situating the laser-plasma interactions in the long-pulse regime and avoiding 
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ultraintense interactions.  In this regime, the laser can pass through the gas without 

significant absorption, self-focusing, or filamenting, although it may still create an 

ionization channel. 

To generate a spherically symmetric blast wave in the gas, three target geometries 

are possible.  In the first case, a hemispherical blast wave may be generated by ablating a 

foil target from the front.  This geometry was used by Grun et al. in [42].  It is simple to 

implement, and particularly to align, but suffers from the drawback that the drive beam 

must traverse the gas.  In the second, the tip of a pin target may be ablated, generating a 

spherical blast wave.  This geometry reduces boundary effects from the target foil, 

although it also is affected by the passage of the drive beam through the gas.  This 

geometry was used by Aaron Edens in his experiments [47], [61], upon which this work 

is based.  Finally, a foil may be ablated from the back surface, driving a shock through it 

and into the gas.  This approach eliminates passage of the laser through the gas.  It is 

complicated by the requirement to completely stop the laser while cleanly driving the 

shock to the front surface and into the gas. 

After some deliberation, the decision was made to place a pin target in the center 

of the field coil and diagnostic field of view, and to center the cell body symmetrically 

around it.  This still posed the problem of delivering the drive beam to the target.  To 

solve this problem, we made use of the f/40 focusing geometry.  While we briefly 

considered using a prepulse to destroy an entrance window and allow the main pulse to 

enter the gas cell (an approach used elsewhere), the possibility of creating a plasma 

pinhole which would scatter the beam gave us pause.  We therefore decided upon a 

dynamic gas fill.  As the f/40 beam can pass through a narrow aperture of high aspect 

ratio, which tends to retard gas flow, the cell can contain gas on the scale of a few 

milliseconds without end windows.  To realize this, the cell at vacuum is filled with a 
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pulsed valve through a large diameter fill pipe on the order of a millisecond before the 

shot, and the blast wave evolves on a timescale several orders of magnitude shorter than 

the evacuation time through the ends.  We are thus in some sense leveraging the very 

high Mach number of the shock, which traverses the fiducial region on a timescale much 

shorter than any other hydrodynamic time.  For this reason, the background gas may be 

assumed to be static on the timescale of interaction, and effects such as turbulence may 

be neglected. 

Delivery of the optical probe beam, by contrast, is quite straightforward, as it is 

defocused to a degree that it can safely pass through ordinary laser line optics.  The probe 

aperture was made as large as mechanically possible to maximize the resolution of the 

imaging system.  This dimension was quite constrained, and we were restricted to 12.7 

mm windows.  The diagnostic windows are AR-coated BK7 optical glass, which were 

supplied by Optical Filter Source.  These were selected due to their ≤ λ/4 surface flatness 

tolerance, which is a figure of merit for compatibility with Schlieren imaging. 

The field coils and gas cell components were fabricated by the UT Physics 

machine shop.  The coils were fabricated by pressing a sheet copper blank around a 

mandrel, and finishing on a CNC mill.  The gas cell is constructed entirely of non-

conductive materials.  Polycarbonate was used for the majority of the components due to 

its resilience and machinability.  Its transparency is also a convenient attribute during 

rough beam alignment with the chamber open.  Nylon fishing line was used for the target 

pin.  The pin diameter is 700 microns, which is small compared to the blast wave 

dimensions, but provides a substantial target upon which to focus the incoming laser.  

The targets were assembled by undergraduate engineering student Vincent Minello, 

whose contributions in this regard were substantial and appreciated. 
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Figure 18.  First generation target package (Little Boy) as configured for TPW (image credit: Matt Wisher). 

Z-Beamlet 

The transition to Z-Beamlet prompted a significant redesign of the target.  This 

was in large part due to the ≲ f/10 focusing geometry of the ZBL target chambers, which 

is incompatible with the TPW target design.  Additionally, the programmatic motivation 

for bringing the experiment to ZBL was facilitated by using a common target design for 

magnetized blast wave and MagLIF preheat experiments. 

The major change to the target was the choice of geometry.  The shorter focal 

length required by Z-Beamlet meant that placing the focal point inside a pressurized cell 

was impractical.  The remaining option was to deliver the beam to the back surface of a 

target foil, driving the shock through it and into the gas.  With judicious selection of the 

foil material and thickness, this also reduced the interaction of the drive beam with the 

gas volume, which complicated the analysis of the Grun and Edens experiments.  A static 
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gas fill was used, which simplified the gas handling system at the chamber, and 

facilitated the use of higher pressures and gas mixtures for MagLIF preheat shots.  In the 

latter case, a thinner foil is used, and the laser uses a prepulse to vaporize the foil and 

deposit the energy in the fill gas via inverse Bremsstrahlung.  In this configuration, the 

gas cell acts as a scaled MagLIF cell without implosion, but with much improved 

diagnostic access.  The ZBL target can therefore be used for studies of hydrodynamic 

shocks and thermal waves in cylindrical or spherical geometry, diagnosed via optical or 

X-ray methods, with or without an axial magnetic field. 

The increased drive energy of Z-Beamlet required a rescaling of the experimental 

parameters, and suggested a larger scale size for the experiment.  This also allowed a 

larger diagnostic field of view, which yielded greatly improved data quality.  The 

increased radius of the larger field coils limited the maximum magnetic field strength, but 

this was judged to be an acceptable tradeoff given previous results obtained at TPW and 

the expected MagLIF parameter space.  Design prototypes of the second-generation 

targets were produced at the original TPW scale, and at double scale.  Naturally, these 

were referred to as "Little Boy" and "Fat Man."  A limited number of prototypes were 

constructed of both designs, and the "Fat Man" configuration was adopted for continued 

blast wave and preheat experiments. 

The second-generation targets were used for two interleaved experimental series 

in 2014.  The target performance validated the design, but the shot volume revealed a 

bottleneck in target assembly.  The second-generation target design is difficult and time-

consuming to assemble, and no dedicated personnel were available for this task.  

Additionally, a significant fraction of the targets developed leaks.  To rectify these 

concerns, the design was revised to reduce the number of joints and simplify the 

assembly.  Alternate configurations were prepared which replaced the optical windows 



 99 

with 2 micron Mylar X-ray windows in various viewing configurations.  To 

accommodate the anticipated shot volume, the new target designs were given to General 

Atomics and Shafer Technologies for parallel production.  The preheat targets were 

produced by General Atomics, and the blast wave targets were produced by Shafer. 

 

 

Figure 19.  Second generation target package (Fat Man) as configured for ZBL. 

Pulsed power 

The pulsed power system used at TPW and ZBL originated in a Sandia LDRD 

project whose aim was the construction of a small, portable megaamp pulsed power 

system for use at university facilities, either on its own or as a complement to a larger 

HEDP facility [20], [21].  The system utilizes a bank of up to ten capacitor modules, 

connected in parallel to a magnetically insulated transmission line (MITL).  The MITL 
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acts as a vacuum interface, connecting the power hardware to the target chamber.  The 

load bridges the A-K gap of the MITL inside the chamber.  In principle, the system can 

drive any load, such as a Z-pinch, X-pinch, flyer plate, ramp load, or railgun.  For 

magnetized laser experiments, a single-turn field coil was used.  Using this load 

configuration, the system can deliver fields in the range of ~5-20 T over a period of ~1 

μs. 

The design, construction, and operation of the pulsed power system were a major 

engineering project and fall largely outside the scope of this work.  I will provide an 

abbreviated description sufficient for the reader to understand the performance of the 

system as described here.  The design is laid out in Sandia report SAND2011-XXXX 

[21].  A complete description of the system as operated at TPW is provided by Matt 

Wisher's PhD thesis [60].  A detailed description of the system as operated at ZBL is 

found in Sandia TWD 1682-025 "High Field Magnetic Pulser System." [62] 

The energy storage for the pulsed power system is provided by a bank of General 

Atomics PDSS 3.1 μF high voltage capacitor modules, each capable of storing up to 15.5 

kJ at 100 kV.  The capacitors are charged in parallel with a Glassman PK125R30 125 kV 

power supply, through a voltage divider network in an oil-filled charge/dump tank.  The 

charge tank also contains a normally-closed grounding relay and resistor change that 

safely dumps the capacitor charge to ground if the firing sequence is aborted, and 

maintains the system at ground when safed.  Each capacitor is coupled to the load by six 

high voltage discharge cables.  This arrangement was selected to minimize inductance 

while providing flexibility in physical siting of the system elements. 
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Figure 20.  Capacitor module with switch. 

The capacitors are individually discharged by an L-3 Pulse Sciences 40364 

electrically triggered spark-gap switch on each module.  The capacitor discharge switches 

are synchronously triggered by a master trigger switch, which is placed in a separate 

trigger tank and cabled to each capacitor switch.  A National Instruments CompactRIO 

controller initiates the trigger on command from the ZBL shot control system, which is 

amplified by a Maxwell 40168 trigger amplifier to break the master trigger switch.  The 

master trigger switch shorts the charged trigger cables to break the capacitor switches and 

deliver the stored energy to the load. 
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Figure 21.  Cutaway of switch enclosure with damping resistor and trigger switch. 

As the capacitors output through bundles of parallel discharge cables, a means of 

combining output power and coupling it to the load is necessary.  In so doing, the 

transmission line must cross a vacuum barrier at low inductance.  The approach taken 

here is to use a magnetically insulated transmission line, with power delivered to the 

inner conductor and the outer conductor held at ground.  The basic design is common to 

both facilities, although the geometry used varies significantly. 

The transmission line design as used at TPW is a conical triplate configuration 

connected by post-hole convolutes, which resembles the configuration used on the Z 

accelerator.  In the original configuration as designed at Sandia, the MITL stack was 

passed into a vacuum chamber through a pair of vacuum-tight insulating rings.  

Unresolved problems with arcing under vacuum prompted a change of configuration at 

TPW, with the upper cathode and anode plates and vacuum insulator forming the lower 

vacuum barrier of a smaller target chamber. 
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The ZBL target areas required a significant redesign of the transmission line.  As 

we intended to couple the pulsed power driver to an existing target chamber, rather than 

place an entirely new chamber on the beamline, the transmission line was increased in 

aspect ratio, and the geometry was changed from a triplate to a coaxial feed.  Instead of 

forming the floor of the target chamber, the transmission line projects through a vacuum 

flange to the center of the chamber.  The new design is compatible with both Pecos and 

Conchas, although parts commonality is not complete due to the different chamber 

dimensions. 

 

 

Figure 22.  Cutaway of transmission line. 
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Figure 23.  Transmission line mounted on Conchas chamber. 

The complete electrical layout of the system is shown in figure 24.  During the 

design of the system, a complete circuit analysis was performed using the Bertha circuit 

code to predict output performance.  During the course of an experimental campaign, 

however, the system configuration (e.g. number of capacitors, charge voltage, load 

inductance) can be changed according to experimental demand.  For this reason, a 

simpler model of the system performance is desirable for approximate calculations.  By 

approximating each circuit element as an ideal resistor, capacitor, or inductor, we can 

reduce the complete network by elementary methods to an ideal RLC circuit [20], [21], 

[60].  The RLC model is used in the experimental point design to predict the time history 

of the magnetic field. The RLC model was found to predict the magnetic field to good 

accuracy using the transmission line design at TPW.  At ZBL, the RLC model 

overpredicted the field by 50 percent or more.  We attribute this discrepancy to arcing or 

tracking in the transmission line at higher current levels, which is supported by inductive 

probe traces (see below), and by physical arc damage in the transmission line.  The 

transmission line vacuum insulator is currently being redesigned to resolve this issue, and 
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we are hopeful the system performance can be substantially increased by moving the 

vacuum barrier. 

 

 

 

Figure 24.  Electrical layout of 10 capacitor system. 

The magnetic field was measured on shot by an inductive magnetic field probe 

placed against the back surface of the target assembly.  A cross-calibration was obtained 

by firing a pulser test shot with one probe placed at the center of the coil on axis, and 

another in the shot position.  The magnetic field at the center of the cell was obtained by 

measuring the area of the pickup coil and applying Faraday's law, and a correction factor 

was obtained between the two probes to extrapolate the approximate field on shot.  A 

representative shot is shown in figure 24. 
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Figure 25.  Magnetic field probe traces for six capacitor shot at 45 kV, as operated in experimental 

configuration (image credit: John Porter). 

DIAGNOSTICS 

Our choice of diagnostic technique is dictated by the nature of the quantity to be 

measured.  Our theoretical models are written in the language of density, pressure, and 

velocity on an Eulerian spatial grid.  We are particularly concerned with the geometry of 

the evolving shock front, so the quantity of interest is a time-resolved map of the density 

gradient.  While a variety of methods are used to resolve density gradients in 
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hydrodynamic flows, the three most commonly employed are interferometry, Schlieren 

imaging, and shadowgraphy. 

Interferometry, Schlieren imaging, and shadowgraphy differ in their optical 

design (although a single device can be easily constructed that will do all three), and 

many variations of each exist, but for our purposes the principal distinguishing 

characteristic is the nature of the quantity measured.  Interferometry measures the index 

of refraction directly.  As such, it has found wide applications in laser-plasma 

experiments where it is desirable to measure electron density. In a cylindrically-

symmetric system, the interferogram can be Abel-inverted to yield a map of electron 

density of the object studied.  Schlieren imaging, by contrast, measures the gradient of 

the index of refraction.  This makes it unsuitable for density measurements by Abel 

inversion, as the necessary integration of the gradient amplifies experimental noise to 

intractable levels.  Schlieren imaging excels, however, at distinguishing gradients in the 

flow field.  This makes it a very valuable tool for visualizing shocks in underdense 

media, and it has been a mainstay of supersonic aerodynamic studies since before World 

War II.  Finally, shadowgraphy measures the Laplacian of the density of the flow field.  

The additional derivative makes shadowgraphy very effective at highlighting very strong 

shocks and discarding other information.  It is additionally very simple to implement, and 

its associated optical assemblies can be made very robust.  For these reasons, 

shadowgraphy is a useful tool for hypersonic aerodynamics and detonation physics 

studies.  Its drawbacks, however, include a lack of sensitivity.  Also, shadowgraphy is 

formally not an imaging technique and cannot be focused, which limits its usefulness 

where spatial resolution is important.  In this work, although we experimented with all 

three techniques, Schlieren imaging is used exclusively in our reported results. 
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A related subtlety is the issue of qualitative vs. quantitative analysis using flow 

visualization techniques.  Of the above techniques, while all three techniques reveal 

spatial features of the flow field, only interferometry measures a physical quantity 

directly.  For this reason, it is commonly asserted that Schlieren imaging and 

shadowgraphy are qualitative techniques.  While this is often true in practice, and 

significant theoretical inferences may be made on a qualitative basis, geometric features 

of a flow field may be subject to quantitative analysis.  A simple but evocative example 

of this is shown in figure 26.  The figure shows bow shocks generated by an F-15B 

traveling at Mach 1.2.  While the figure vividly illustrates the shock pattern produced by 

the aircraft, its airspeed is easily calculated from the opening angle of the Mach cones.  

As such, the significant dimensionless number governing the flow can be calculated from 

a "qualitative" measurement.  In the analysis presented here, rather than measuring an 

angle, we will measure a spatial mode decomposition in a harmonic basis to connect to a 

theoretical description written in the same language. 
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Figure 26.  Visualizing the sound of freedom.  Bow shocks generated by a supersonic F-15B are 

reconstructed by ground-to-air Schlieren imaging (image credit: NASA). 

Schlieren imaging 

Schlieren imaging can be described in either the Fourier or ray optics formalisms.  

The system takes the form of an imaging telescope focused on the test plane, with some 

sort of spatial filter at the Fourier plane of the test object (or equivalently, at the 

conjugate plane of the light source).  In the canonical configuration, the spatial filter is a 

knife edge placed at the focal point of the collection lens.  Other techniques use a pin, 

iris, graded filter, color filter, or a projected pattern at a conjugate plane.  In fact, the 

finite aperture of the imaging system can act as a spatial filter in the absence of an 

explicit cutoff, a point to which we will return later. 
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Figure 27.  Geometric interpretation of Schlieren imaging.  Density gradients in the flow field refract 

collimated probe light, bypassing the beam block at the focus of the collecting lens, and imaging density gradients as 

bright objects on a dark field at the image plane (image credit: Matt Wisher). 

While Schlieren imaging can be described in a very intuitive manner by 

geometrical optics (figure 27), a more complete quantitative description is possible in 

terms of Fourier optics, which enables us to use the elegant and powerful model of LTI 

systems theory [63].  In this description, the imaging system is modeled as an optical 

signal processor which modulates the amplitude and phase of the image by means of 

filtering in the Fourier domain.  This model can describe any Schlieren technique by 

selecting the appropriate aperture function at the Fourier plane. 
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Figure 28.  Schlieren telescope as optical signal processor.  The phase object in the flow field is located at z1, 

and imaged to z3.  The spatial filter described by the aperture function t(x, y) is placed at the Fourier plane z2 (image 

credit: SPIE Field Guide to Linear Systems in Optics). 

We can describe the Schlieren system as a 4f optical processor as shown in figure 

28 [64].  A magnifying telescope, such as used on the experiment, can easily be described 

by including a dilation operator in the frequency domain.  In the physical optics 

description, the action of the focusing optics on the optical wavefront is inherently 

diffractive [65], and the irradiance distribution at the negative focal plane is produced by 

the Fraunhofer diffraction of a point source at the positive focal plane.  The result is that 

each lens acts as a spatial Fourier transform operator of the irradiance distribution.  The 

process of imaging from the object plane at z1 to the image plane at z3 is therefore a 

product of two Fourier transforms, recovering the original irradiance distribution at z3 

(spatial filtering caused by the finite aperture of the system results in a convolution with a 

finite point-spread function, which is a complication we will disregard for the moment - 

we assume here that the PSF is a delta function).  The advantage of such a system as an 

optical processor is the possibility of performing effectively instantaneous frequency-

domain filtering by placing amplitude or phase filters at z2. 
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We will assume coherent illumination for mathematical simplicity, and also 

because we used a laser.  We describe the optical wavefront at the object plane z1 by: 

 𝑓𝑓(𝜕𝜕,𝑦𝑦) = 𝐴𝐴(𝜕𝜕,𝑦𝑦)𝑒𝑒𝑖𝑖𝜙𝜙(x,y) (220) 

The resulting transformed wavefront at the z2 plane is: 

 𝐹𝐹(𝑢𝑢, 𝑣𝑣) = � � 𝑓𝑓(𝜕𝜕,𝑦𝑦)𝑒𝑒−2𝜋𝜋𝑖𝑖(𝑢𝑢𝑢𝑢+𝑣𝑣𝑣𝑣) 𝑑𝑑𝜕𝜕 𝑑𝑑𝑦𝑦
∞

−∞

∞

−∞

 (221) 

The output of the system at z3 is produced by the inverse Fourier transform, which 

reconstructs the original wavefront: 

 𝑓𝑓(𝜕𝜕,𝑦𝑦) = � � 𝐹𝐹(𝑢𝑢, 𝑣𝑣)𝑒𝑒2𝜋𝜋𝑖𝑖(𝑢𝑢𝑢𝑢+𝑣𝑣𝑣𝑣) 𝑑𝑑𝑢𝑢 𝑑𝑑𝑣𝑣
∞

−∞

∞

−∞

 (222) 

(Here we have assumed that the PSF is a delta function.)  The effect of the ideal 4f 

processor is therefore to reconstruct the input, in the absence of a frequency-domain filter 

applied at z2.  Such a filter in general can be complex, in which case it can be 

decomposed mathematically (if not always physically) into an amplitude-only component 

and a phase-only component.  Physical filters (as opposed to those employed in synthetic 

image processing) have the additional restriction that they must be causal.  This places 

certain restrictions on phase filtering in a physical system.  All Schlieren techniques are 

based on some type of spatial filtering in z2 or a conjugate plane of z2.  Most common 

schemes involve the use of an opaque mask.  The function which operates on the 

frequency domain at z2 is referred to as the aperture function or coherent transfer 

function.  If we assume the wavefront described by equation (220) represents an 

undisturbed state of the object, we can introduce a phase object to characterize a 

disturbance (such as turbulent flow or a shock wave): 

 𝜙𝜙(𝜕𝜕, 𝑦𝑦) = 𝜙𝜙0(𝜕𝜕,𝑦𝑦) + 𝜙𝜙1(𝜕𝜕,𝑦𝑦) (223) 
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If we define the aperture function to be the identity function, then the phase 

disturbance passes through the transform pair without alteration and the original 

wavefront is reconstructed.  We can, however, rotate some of the phase information onto 

the real irradiance plane by introducing a nontrivial phase filter in the coherent transfer 

function.  The means by which this is accomplished is the Hilbert transform.  The Hilbert 

transform is defined by 

 𝑔𝑔 (𝑦𝑦) = 𝐻𝐻[𝑓𝑓 (𝜕𝜕)] =
1
𝜋𝜋
𝑃𝑃𝑉𝑉�

𝑓𝑓 (𝜕𝜕)
𝜕𝜕 − 𝑦𝑦

𝑑𝑑𝜕𝜕
∞

−∞
 (224) 

where the Cauchy principal value is taken.  When applied to an analytic function, the 

Hilbert transform takes the harmonic conjugate.  It is also commonly known as the 

Kramers-Kronig relation.  The Hilbert transform is expressed by a convolution with the 

kernel 

 𝐾𝐾 =
1
𝜋𝜋𝑦𝑦

 (225) 

which is the Cauchy kernel of order zero.  The coherent transfer function of the Hilbert 

transform is given by the Fourier transform of its kernel [64]: 

 𝑇𝑇(𝑢𝑢, 𝑣𝑣) = −𝑖𝑖sgn(𝑣𝑣) (226) 

The Hilbert transform can be implemented in a synthetic imaging system by 

means of a stepped phase filter, but it cannot be implemented in physical hardware 

because it is acausal (it requires a negative π / 2 phase shift of the incident waveform).  It 

can be implemented with a π / 2 phase offset by means of a stepped etalon in the z2 plane, 

which is a close relative of Zernike's phase contrast imaging method.  A more common 

approach, however, is to use a razor blade, more formally known as a Fourier knife.  The 

Fourier knife is simply an opaque mask in the z2 plane, with a transfer function given by 

 𝑇𝑇(𝑢𝑢, 𝑣𝑣) =
1
2

(1 + sgn(𝑣𝑣)) (227) 
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To see how the Fourier knife makes the phase distortion visible at the image 

plane, we can write the transfer function in terms of the Hilbert transform: 

 𝑇𝑇(𝑢𝑢, 𝑣𝑣) =
1
2

(1 + 𝑖𝑖(−𝑖𝑖sgn(𝑣𝑣))) (228) 

The result of the inverse transformation is a therefore a superposition of the signal and its 

Hilbert transform.  If the knife edge is adjusted to block the central maximum of the 

spatial Fourier transform, the result will be a bright image of the disturbed phase front on 

a dark field. 

The imaging method described above was used for the diagnostic probe at TPW.  

At ZBL, however, we found better sensitivity using a related bright-field method, which 

uses an iris at the z2 plane.  The principle of the method is the same, although the 

functional representation is more complicated.  In this method, in fact, the finite aperture 

of the imaging system can serve as the Fourier filter for a low f-number imaging system, 

and we made a virtue of necessity by using it as such.  This method produces bright-field 

results which look very much like shadowgraphs, and has the additional virtue of not 

unnecessarily truncating the real part of the frequency domain.  In this method the point 

spread function is therefore no different than that of an ordinary imaging telescope. 

Optical probe 

To produce a time-resolved image of the blast wave, the collection optics must be 

illuminated by an intense time-gated optical probe.  The time gating may be 

accomplished either with the probe beam or imager.  As the calculated blast wave 

velocity in the experimental region is of order 10-100 km/s, a gate time limit of 1 ns was 

desired to mitigate motion blur.  At TPW, the optical probe was produced by a 

commercial Q-switched Nd:YAG laser operating with a FWHM pulse length of ~4 ns.  

This was calculated to be acceptable due to the lower blast wave velocities in the TPW 
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experiment.  The imager used was an Apogee Ascent CCS camera with an exposure time 

of ~1 μs.  The time gating was therefore a function of the probe illumination.  The probe 

laser was electrically triggered from the TPW master timing system with a timing jitter of 

< 1 ns.  Time resolution of the blast wave was obtained from successive shots by 

adjusting the trigger delay. 

A major opportunity at ZBL was the opportunity to test an experimental 

multiframe diagnostic, described below.  This diagnostic can acquire up to eight images 

per shot, which greatly increases the experimental yield, but places unusual demands on 

the optical probe.  The combination of ~1 ns exposures with ~20 ns interframe times 

requires either a very intense probe with a duration of several hundred nanoseconds or 

more, or a picket-fence probe delivering a pulse train spaced by tens of nanoseconds.  We 

opted for the second approach, and utilized a probe laser architecture which was 

developed specifically for multiframe backlighting. 

The Chaco and Gila probe lasers share a common front-end design which is 

similar to Z-Beamlet.  The Gila front end is shown below.  The laser is seeded by a 

NovaWave single longitudinal mode CW oscillator, which is fed through a pair of 

electro-optic modulators.  The first modulator is simply a chopper, to limit the CW 

energy fed downline.  The second modulator is driven by an arbitrary waveform 

generator, which allows tunable pulse shaping at pulsewidths down to 200 ps in an 8 ns 

window.  The shaped pulse is then fiber-coupled into a DPSS regenerative amplifier.  The 

regen output is sent to an optional split optical delay for pulse doubling.  On Chaco, the 

delay output is passed through a series of Nd:silicate glass rod amplifiers which are used 

for soft X-ray backlighting with solid targets.  On Gila, the delay output is passed directly 

to the target area. 



 116 

The combination of a modulated seed pulse and a regenerative amplifier allow 

several methods to produce the desired pulse train depending on the timing required.  For 

a pulse separation of less than the 8 ns AWG window, the AWG can be configured to 

inject multiple pulses into the regen.  To produce a pulse train corresponding to the 12.5 

ns regen roundtrip time, the circulating pulse may be partially ejected by tuning the 

voltage on the output Pockels cell.  For wider pulse separations, the regen output may be 

pulsed after multiple roundtrips.  Finally, the optical delay stage allows flexible pulse 

doubling at the 10 ns timescale.  These methods in combination have been used to 

produce up to 8 frames on a single shot, either at ~2 ns interframe for MagLIF preheat 

studies, or at ~25 ns interframe for hydrodynamics studies. 
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Figure 29.  Optical probe layout at fielded at Conchas chamber at ZBL (image credit: Mark Kimmel, SNL).  

Some folding and transport optics downstream of the SHG crystal are omitted for clarity. 

UXI 

The imager used at ZBL is a burst-mode hybrid CMOS detector developed at 

Sandia National Laboratories, known as UXI (Ultrafast X-ray Imager).  It can be used 

with sensor planes sensitive to X-ray and visible light as required by the experiment.  The 

details of the sensor are described more fully in [22].  The detector plane consists of a 

1024 x 448 pixel array with 25 μm spatial resolution, with two frames of in-pixel storage.  

An onboard high speed timing generator provides arbitrary shutter pulses down to 1 ns 

readout and 1 ns interframe time.  The minimum integration time of the sensor plane is 2 

ns, with 15 ps RMS timing jitter.  The generation of detector used here can also be 
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operated in an interleaved mode, which adds frames in exchange for a loss of spatial 

resolution along one dimension.  In the experiments reported here, we used a 50/50 beam 

splitter to image the blast wave onto two detectors, each of which was operated in two-

frame (non-interleaved) or four-frame interleaved mode.  Most of the data presented here 

was taken using two sensors in four-frame mode, resulting in a series of eight images per 

shot. 
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Results & analysis 

"However beautiful the strategy, you should occasionally look 
at the results." -Winston Churchill 

The results, in this case, were somewhat unexpected, and more complex than 

anticipated.  Theoretical expectations, here and elsewhere, suggested that the effect of the 

magnetic field would be to stabilize the perturbations of a spherical shock, and that 

filamentary instabilities may be observed when the magnetic field dominates the thermal 

energy density in the flow.  The preliminary results obtained at TPW appear to support 

this expectation qualitatively.  More precise observations at ZBL suggest that the thin-

shell overstability is quite robust to magnetic effects, and that radiation transport plays a 

larger role than we had suspected. 

TPW CAMPAIGN 

The Texas Petawatt run was organized around a series of shots at 5, 10, and 15 

Tesla nominally.  A figure of merit of 𝐵𝐵
⇀
~

 = 1 was established for the magnetic field to 

significantly affect the blast wave dynamics, and this was calculated to occur at 

approximately 5-7 Tesla.  This figure relies on a number of assumptions and should be 

considered to have a large uncertainty, but it was useful to establish a point in design 

space to enable shots to be taken above and below the threshold.  The upper bound on the 

magnetic field is imposed by the number of capacitors which could be deployed in the 

experimental space.  Multiple shots were taken at each field level to establish a time 

history of the blast wave. 

Due to the technical complexity of the experiment, we were allocated two weeks 

of setup time, and three weeks of experimental time.  Nevertheless, the challenges of 

deploying several systems simultaneously which had not previously been used in concert 

(the long-pulse configuration of the drive beam, the integration of the pulsed power 
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system, and the diagnostic chain) meant that the number of data shots was limited.  We 

present here the shot at each field level which is most clearly and easily interpreted 

(figure 30). 

 

   

Figure 30.  Comparison of TPW shots at each magnetic field level.  Left figure is shot 7055, which has no 

magnetic field.  Center figure is shot 7100, which has a field strength of ~5T.  Right figure is shot 7012, which has a 

field level of ~14T. 

The images shown are dark-field Schlieren images, as discussed above.  For the 

reader who may be unfamiliar with the interpretation of Schlieren images, strong density 

gradients are resolved as bright objects on a dark background.  A horizontal knife edge 

was used, which results in sensitivity to density gradients taken in the vertical direction in 

the image plane.  The practical effect is the appearance of directional illumination of the 

blast wave from the upper edge of the image plane.  The drive beam enters each image 

from the left, striking the target pin in the center of the image.  The blast wave is assumed 

to be approximately axisymmetric about the beam axis, and the magnetic field, if present, 

is quasi-uniform and coaligned with the beam axis.  For clarification of the experimental 

orientation, see figure 17. 

The TPW shots were taken exclusively in Xenon at a consistent drive energy of 

~130 J across all magnetic field levels.  To establish a baseline against which magnetized 



 121 

shots could be compared, a series of reference shots were taken with no magnetic field.  

The shot of highest data quality is shot 7055, shown below (figure 31). 

 

 

Figure 31.  Shot 7055 with no magnetic field.  Laser enters from left side of frame, striking target pin at 

geometric center. 

 The blast wave generated without the applied magnetic field is quasi-spherical, 

and is highly perturbed at small scales.  These features are in accordance with theoretical 

expectations, and with previous experimental results [42], [47] 

 The highest quality shot at 5 T was shot 7100, shown below in figure 32.  It is 

visibly morphologically distinct from the unmagnetized shot.  While the blast wave 

remains approximately spherically symmetric, the small-scale perturbations appear to be 



 122 

much diminished, and primarily concentrated in the forward quadrant of the blast wave 

along the beam axis.  Notably, this is in the region where the magnetic field is most 

closely normal to the shock.  In the region of the blast wave which is approximately 

parallel to the magnetic field, the blast wave appears almost smooth, although a large-

scale perturbation appears to exist. 

 

 

Figure 32.  Shot 7100 with ~5 T magnetic field.  Field is quasi-uniform and oriented along beam axis (left-

right in figure). 

 The highest quality shot at the maximum field of ~14 T is shot 7012, shown in 

figure 33.  The magnetic field at this level is expected to dominate the dynamic pressure 

in the flow.  Blast waves at this field strength have a significantly different morphology 
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than those at lower fields, and are no longer spherically symmetric.  Shot 7012 appears to 

show signs of a filamentary instability along the beam axis. 

 

 

Figure 33.  Shot 7012 with ~14T magnetic field.  Geometry is as above. 

 The shots taken at TPW are clearly suggestive, and appear to show magnetic 

effects corresponding to those expected from theory.  The data quality, however, 

precludes quantitative analysis.  We attempted to use the blast wave analysis code 

described below to decompose the projected edge of the blast wave in the spherical 

harmonic basis, but the images are too noisy to reliably extract the edge.  We therefore 

designed the next phases of the experiment at ZBL to incorporate a greatly improved 

diagnostic capability. 
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ZBL CAMPAIGN 

The Z-Beamlet experimental campaign was conducted in two stages.  The first 

stage was principally concerned with the quantitative characterization of blast waves in 

multiple gases using the advanced multiframe diagnostics developed at Sandia, and with 

the validation of the new target design.  This phase was conducted without an applied 

magnetic field, as the redesigned pulser system was still in development.  The second 

stage built upon the capabilities established in the first, and incorporated the redesigned 

pulser system and target area. 

Quantitative analysis of radiative blast waves 

At this point in the experiment we were confident in the qualitative features of the 

physical process under investigation, and had established a successful design point.  Our 

emphasis was therefore on the careful technical implementation of the new target design 

and diagnostics.   

To establish a quantitative diagnostic capability, several components had to be 

realized in stages.  The first of these was a new Schlieren imaging system.  Difficulties in 

interpreting many of the TPW shots led us to examine alternative approaches to the 

classical Toepler knife-edge technique, and we experimented with both dark- and bright-

field methods.  We settled on a bright-field method which uses the aperture of the 

imaging system as the Fourier mask, which is uniquely suitable to the low f-number 

focusing optics which the geometry of the experiment required.  We obtained excellent 

results using this method, which are in evidence below (for the reader who may already 

be acquainted with optical flow diagnostics, it is important to note that although the 

resultant images look like shadowgrams, they are not - see the discussion in the previous 

chapter).  In conjunction with the development of the Schlieren optics, we integrated the 
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UXI multiframe imagers and the Chaco picket-fence probe to obtain a series of four blast 

wave images per shot. 

As noted in the previous chapter, the ZBL focusing optics required a substantially 

different target design.  A significant part of our early efforts were therefore devoted to 

validation of the new targets.  Perhaps the most substantial difference in the target design 

is the delivery of the shock wave into the gas volume, which in the new design is 

propagated through a thin foil.  To cleanly couple the laser energy into the gas, it is 

desirable to use the thinnest foil which would reliably absorb the incident laser energy.  

We used the results of a MagLIF laser entrance transmission study conducted by 

Matthias Geissel to guide a series of experiments on washer-mounted foils to determine 

the optimum thickness and material.  The final results determined the configuration of the 

Fat Man target assemblies used in the final experimental phase. 

As we were gradually bringing together several systems of an experimental 

nature, it seemed desirable to test them in a physics context that is well understood.  We 

therefore decided to examine unmagnetized blast waves in Neon and Xenon in order to 

characterize the performance of the new target and diagnostics.  This nearly replicated the 

original Grun experiments [42], albeit with a different drive geometry, and allowed us to 

validate the diagnostics and analysis codes in a context with clear theoretical 

interpretation and experimental support. 

The results are shown below.  Figure 34 shows a blast wave generated by a 1 kJ 

ZBL shot in Neon at a chamber pressure of 10 Torr, which at the design scale length is 

hydrodynamically equivalent to the TPW experiment.  The resulting blast wave is 

elliptical in overall conformation and otherwise nearly unperturbed.  This result is in 

accord with theoretical expectations and previous experimental data.  The departure from 
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spherical symmetry may be explained by the 1.1mm focal spot size of the laser, which 

breaks the symmetry in momentum transfer through the foil. 

The corresponding shot in Xenon is shown in figure 35.  Experimental conditions 

are identical to those in figure 34 except for the target gas.  The blast wave is obviously 

highly perturbed at small length scales, which is in agreement with theoretical 

expectations, and with experimental results of our own and obtained elsewhere.  For 

clarity in the analysis to follow, we emphasize that the hydrodynamic parameters of the 

shots shown below are equivalent to those in the TPW shots under the Euler 

transformation described previously.  To the extent that the hydrodynamics can be 

considered ideal, the shot shown in figure 35 corresponds to shot 7055 in figure 31 

above. 
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Figure 34.  Neon blast wave.  Laser enters frame from below.  Frame timing is 8 34 58 84 ns from drive pulse 

respectively. 

    

Figure 35.  Xenon blast wave.  Laser enters frame from below.  Frame timing is 34 84 134 184 ns from drive 

pulse respectively. 

 The qualitative features of the blast waves were exactly as expected.  To begin to 

quantify the effect of radiation on the blast wave dynamics at large scales, we can 

examine the radial trajectory of the blast wave.  In the cases of interest here, there is no 

uniquely defined radius.  In order to get an approximate measure of radial dimension, we 

averaged the radius of the blast wave over the visible polar angle.  This is admittedly 

imprecise, but no clearly motivated alternative measure was apparent.  The averaged radii 

of the Neon and Xenon blast waves were then fitted to a power law and compared.  Due 

to the nature of the radial measurement, we are less concerned with the precise value of 
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the power-law exponent, but we do see that the Xenon blast wave shows the expected 

effect of radiative energy loss (figure 36). 

 

Figure 36.   Trajectories of average radius of blast wave in Neon and Xenon. 

 We can examine the effects of radiative cooling in more detail by decomposing 

the fine structure of the shock front.  To do this, we implemented a software pipeline 

which extracts the edge of the blast wave from the UXI images, unwraps it in polar 

coordinates, subtracts the overall blast wave shape in order to isolate the perturbations, 

and Fourier transforms the result (figure 37).  The Fourier transform is normalized to 

correspond to the l-component of the spherical harmonic decomposition in Vishniac's 

theoretical analysis.  The output is a spatial mode spectrum for each snapshot in time, 

from which the dominant spatial modes can be extracted.  It is also possible to calculate 
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the growth rate of the spatial modes in some cases, although the noise in the data makes 

this process imprecise. 

 

Figure 37.  Schematic illustration of image analysis pipeline. 

 The results are shown in figures 38 and 39, corresponding to the Neon and Xenon 

shots shown above.  The interpretation of the spectra is unavoidably confounded by the 

elliptical structure of the blast waves, which introduces a continuous spectral background 

concentrated in low mode numbers and independent of any other structure in the shock 

front.  Nevertheless, we can determine salient features of the mode structure by 

comparing blast waves under differing experimental conditions. 

 Figure 38 shows the spatial mode spectra of the Neon shot shown above in figure 

34.  Although an attempt was made to subtract the ellipsoidal structure of the blast wave, 

residuals from the fitting algorithm appear in the mode spectra as shown below.  The 

reader can verify that the blast waves contain very little perturbative structure.  The result 

shown can therefore be considered a good reference example of the residual mode 
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spectrum of a nearly unperturbed blast wave.  Although the residual spectrum is 

continuous, as a rule of thumb in later analysis we generally assume that mode content 

below a mode number of about 10 is an artifact of the large-scale ellipsoidal structure of 

the blast wave. 

 

 

Figure 38.  Spatial mode spectra of Neon blast wave. 

 Figure 39 shows the spatial mode spectra of the Xenon shot shown in figure 35, 

taken over eight frames due to the slower time evolution of the Xenon shock.  As 

discussed above, we assume mode content below mode number ~10 is background.  

Looking at the remainder of the spectrum, we see a peak at mode number ~16-20 which 
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dominates the spectrum, and a continuous spectrum up to a mode number of about 60 

which appears to be above the background implied by figure 38 above. 

 

Figure 39.  Spatial mode spectra of Xenon blast wave. 

 If we take a slice through the combined spectra at the dominant mode, we can plot 

its time evolution and calculate its growth.  The result is shown below (figure 40).  Two 

features are salient.  It is immediately apparent that the dominant spatial mode 

experiences a period of rapid growth from ~50 ns, and saturates roughly 50 ns thereafter.  

The perturbation continues to expand along with the blast wave (the dimensionless 

amplitude is given as δR / R), but is effectively frozen in after ~100 ns.  Additionally, 

given that the Vishniac overstability predicts power-law growth in the perturbations, we 

can fit the growth to a power law with a single outlier.  There are too few data points to 



 132 

confirm that the growth is indeed power-law, but we can at least confirm that the model 

is plausible. 

 

 

Figure 40.  Time evolution of dominant spatial mode of Xenon blast wave. 

 As the first phase of the ZBL campaign was largely directed at the development 

and qualification of new diagnostic systems and target designs, it is useful to compare our 

results to the theory and to existing experimental work.  The most useful theoretical 

description in the present context is the 1987 paper by Ryu and Vishniac [48].  This paper 

extends the thin-shell analysis derived above to realistic values of γ, and affords us a 

basis of comparison for our observations of the dominant mode number and growth rate.  

For an effective adiabatic index of 1.1, Ryu and Vishniac predict a dominant mode 
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number of about 30, with a power-law growth exponent of ~0.5.  If we look at the 

corresponding figures from the experimental results of Grun et al. [42], they obtain a 

dominant mode number of approximately 10-15 with a wide peak, and a growth exponent 

of ~1.6.  Clearly, our results are much closer to those observed by Grun et al., although 

our measured growth exponent is still significantly higher. 

 In making the above comparison, a couple of caveats are in order.  The theoretical 

mode spectrum is based on an effective γ of 1.1, whereas our effective γ is unknown with 

precision, but likely lower and time-dependent [15], [16].  The theoretical numbers 

should therefore be regarded as a rough approximation, particularly in view of the fact 

that the mode spectrum is still calculated from a purely linear perturbation analysis.  

Additionally, although our experimental configuration is in many respects similar to that 

of Grun et al., we are using significantly greater drive energy at the same spatial scale.  In 

principle, the strong drive approximation to the Euler similarity should mean that the 

flow variables in each experiment are well-scaled to each other.  Nevertheless, the 

presence of perturbations at the same spatial scale but very different energy scales may 

have unforeseen consequences in the nonlinear regime. 

 From all of that, we can conclude that the mode spectrum of the instability is 

generally consistent between theory and both experiments, although both experiments 

show substantially greater growth rates than predicted.  The experiments agree with each 

other to the extent that we are confident we are observing the same phenomenon, and that 

we have not made any gross errors in measurement or analysis.  A possible explanation 

for the disparity in observed growth rate between the experiments and theory is that the 

experiments are driving the instability into the nonlinear regime, although we will stop 

short of affirmatively claiming that this is the cause.  We do note that the saturation of the 



 134 

instability observed at late times is consistent with the nonlinear analysis of MacLow and 

Norman [66]. 

Magnetized blast waves and radiation transport effects 

Having replicated a 25-year old experiment with some degree of success (spelled 

"benchmarking"), we ventured to add the magnetic field back into the problem.  Our 

second shot series concentrated exclusively on radiative blast waves in Xenon, and varied 

the magnetic field and gas density. 

To connect our magnetized results to the data obtained previously, we began at 

the same point in design space as the ZBL shots shown above.  To reduce the possibility 

of uncontrolled systematic errors, magnetized and unmagnetized shots for record were 

taken as back to back pairs.  Unmagnetized and magnetized shots are shown in figures 41 

and 43, respectively, with their corresponding mode spectra shown in figures 42 and 44.  

The magnetic induction probe trace on shot is shown in figure 45, along with the cross-

calibrated estimate for the field in the fiducial region. 
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Figure 41.  Reference shot with no magnetic field in 12 Torr Xenon.  Frame timing on this and all subsequent 

shots is 25 53 81 109 137 165 193 221 ns from ZBL drive pulse respectively. 
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Figure 42.  Spectral decomposition of Xenon shot at 12 Torr with no magnetic field. 
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Figure 43.  Magnetized shot in 12 Torr Xenon.  Estimated magnetic field is 8T. 
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Figure 44.  Spectral decomposition of Xenon shot at 12 Torr with estimated 8T magnetic field. 
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Figure 45.  Estimated magnetic flux in fiducial region corresponding to shot in figures 42 and 43. 

Comparing figure 41 to figure 35, two features are evident.  The first is the 

comparative irregularity of the blast wave.  There appears to be significantly more large-

scale structure at low mode numbers, which is borne out by the spectral analysis.  This 

feature is common to all shots taken in Xenon on the Conchas chamber.  Although we 

have not been able to establish a cause definitively, the focusing geometry is slightly 
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different on Conchas (2 meter vs. 3 meter lens), which increases the focused intensity on 

target.  This affects the choice of thickness of the target foil, and it is possible that the foil 

is too thin to launch a regular shock.  The perturbations observed on the Conchas shots 

grow rapidly and do not oscillate, which is at least suggestive of the nonlinear thin shell 

instability.  We expect that this instability is present in all shots in a radiative gas, but the 

altered initial conditions could plausibly create conditions for faster growth. 

The second notable feature is the "halo" surrounding the blast wave in figures 41 

and 43.  This feature was only observed in shots on Conchas.  The halo is indicative of a 

gradual change in index of refraction ahead of the shock; either by ionization or by 

thermal heating.  Given the theoretical structure of a radiative shock [Marshak, 

Zeldovich], it suggests that the radiation from the postshock layer is preheating the gas 

ahead of the shock.  This is corroborated by interferometric measurements by Edens [] 

under similar experimental conditions.  We attribute the observation of this feature to the 

fact that in an effort to more carefully match the TPW scaling conditions, we increased 

the gas density from 10 to 12 Torr on these shots.  While we expected this difference to 

be inconsequential, subsequent shots showed that small changes in gas density had 

unexpectedly significant effects on the blast wave structure.  The resolution of a visible 

precursor suggests that we are dangerously close to violating the optically thin 

assumption made in the design of the experiment.  We may still consider the theoretical 

description of a cooling blast wave to be approximately valid, as the radiation mean free 

path suggested by the visible precursor is long compared to the shock transition, although 

not compared to the global experimental scale.  The latter condition suggests that 

radiation transport will affect the pressure balance across the shock, which we will 

examine in greater detail below. 
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Although the magnetized and unmagnetized blast waves look very similar to each 

other, comparing the spectral decompositions shows that the magnetic field does appear 

to retard the growth of the instability.  The effect is clearly limited, and is much less than 

suggested by the TPW shots shown above.  This is puzzling, as the dimensionless 

numbers for the Euler-Alfvén similarity are quite well matched (Eu ≃ 6, β ≃ 2 under 

identical assumptions for calculation).  Given that the hydrodynamics of the system are 

rigorously identical under the Euler-Alfvén transformation provided that the (many) 

assumptions underlying it are satisfied, we conclude that this behavior is a result of the 

violation of one of these assumptions. 

Two possible explanations suggest themselves.  The first is related to the 

assumption of intermediate asymptotics, as described by Barenblatt [26], [41].  Briefly, 

intermediate asymptotic behavior is a quality of self-similar systems in which they have 

evolved to a state which is independent of the details of its initial conditions, but which is 

still far from its final equilibrium state.  Mathematically, this is expressed by discarding 

the dimensionless governing parameters of the system which are either very small or very 

large in the initial and final states, and constructing the similarity solution from those that 

remain.  This is illustrated by the Taylor-Sedov-von Neumann point blast solution, in 

which the initial pressure and spatial distribution of the initial explosion are discarded, 

and the gas dynamics are calculated from those remaining quantities of finite value (e.g. 

E, ρ0, γ).  This behavior is more subtle in the case of the so-called incomplete similarity, 

in which the passage from the initial conditions of the problem to the intermediate 

asymptotic stage is not regular.  Such problems cannot be described completely by 

dimensional analysis, and characteristically have dimensional parameters determined by 

the transition from the original non-self-similar phase to the intermediate asymptotic 

phase.  The point blast problem with radiation belongs to this class, and the additional 
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parameter R0, which describes the radius at which the blast wave transitions to the 

radiative phase, introduces a scale which is connected to the initial conditions.   

The Barenblatt solution to the point blast problem with radiation (and the Liang-

Kielty approximation to it, which we have derived above) is extremely sensitive to R0.  In 

this sense the initial conditions are imprinted onto the intermediate asymptotic stage of 

the radiative blast wave in a way which is not true of the adiabatic solution.  As discussed 

above, it is possible that the laser-foil interaction is seeding a nonlinear instability which 

overwhelms the linear overstability and may dominate magnetic effects.  This could 

explain different results in otherwise equivalently scaled systems because the initial 

conditions of the problem are no longer negligible, which is a critical assumption made 

throughout the theoretical description of the problem. 

Another possibility is related to the conditions underlying the scale transformation 

between the two systems.  The Euler-Alfvén similarity depends on the assumptions of 

zero viscosity, and that heat transport is entirely convective [23].  The first constraint is 

generally satisfied in high speed flow, and can be verified by calculating the Reynolds 

number, which is much greater than unity in every case discussed here.  The second 

depends upon convective heat transport dominating both conduction and radiation 

transport.  We can ensure that convective heat transport dominates conduction by 

requiring the Peclet number to be large, as it is in this case, although this is again typical 

of high speed flow in general.  The treatment of radiation transport is more complicated. 

The family of thin shell overstabilities generally assume an optically thin cooling 

blast wave, and model the radiative loss either by an adjustment to γ, or by an energy loss 

term in the Rankine-Hugoniot relations.  The latter can be analytically approximated, as 

derived above, or explicitly calculated by a numerical cooling function (as in Blondin et 

al. [17]).  Nevertheless, the optically thin approximation sidesteps the difficulties of 
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radiative energy exchange in the structure of the shock front.  The experiment here was 

deliberately placed at a point in design space where radiative heat flux dominates 

convective transport, but the gas is still optically thin so that the radiated energy may be 

modeled by a loss term in the hydrodynamic equations. 

The Euler - Alfvén similarity generally does not hold in the radiative flux regime.  

The similarity does hold, however, when radiative losses may be approximated either by 

the altered γ factor, or by an energy loss term which is preserved under the 

transformation, as with the constant energy loss fraction used here.  Provided, then, that 

the system remains optically thin, the scaling transformations used in our experimental 

design remain valid.  As noted above, however, the presence of a radiative precursor 

potentially affects the pressure balance across the shock by heating the preshock gas, and 

this transport process is not generally invariant under the transformation between the 

TPW and ZBL systems.  We concluded, therefore, that the observed discrepancy between 

otherwise well-scaled systems was likely to be a consequence of radiation transport. 

To test this conjecture, we took shots in Xenon at 20 Torr, with experimental 

conditions otherwise unaltered.  An unmagnetized shot and two magnetized shots are 

shown below, which were taken in sequence. 

The unmagnetized shot is shown in figure 46.  The effect of the increased density 

on the blast wave morphology is immediately obvious in the shot images and in the 

spectral decomposition (figure 47).  The overall shape of the blast wave appears to be 

stabilized, as confirmed by the spatial mode spectrum, and the spatial mode content 

above mode number ~16 is sharply curtailed.  The radiative precursor appears to suggest 

a significantly shorter radiation mean free path, as our analysis suggests.  We conclude 

that the change in the spatial mode spectrum of the blast wave with density confirms our 
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hypothesis that radiation transport is responsible for the difference in structure between 

the TPW and ZBL shots. 

 

    

    

Figure 46.  Reference shot in 20 Torr Xenon with no magnetic field. 
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Figure 47.  Spectral decomposition of blast wave in 20 Torr Xenon. 

A magnetized shot was taken under otherwise identical conditions, and is shown 

in figure 48.  The spectral decomposition is shown in figure 49.  The magnetic field probe 

trace and estimated fiducial field are shown in figure 50.  Evidently, this shot did not get 

a clean discharge, and the power to the load is reduced compared to the typical system 

performance.  We can infer that the effect of the magnetic field on the dynamics is 

reduced by a factor of ~2.  As in the shots at lower density, the magnetic field appears to 

have a filtering effect on the mode spectrum, although it is relatively slight compared to 

the inferred radiative effects.   

To try to better quantify the magnetic effect given the relatively weak magnetic 

field on the previous shot, we took another shot under identical conditions (after 
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reconditioning the MITLs to mitigate any possible arc damage).  The results are shown in 

figures 51 and 52.  The effect of the magnetic field is somewhat discernible in the first 

four frames if you use your imagination.  More significantly, however, the effect on the 

mode spectrum is clearer than in the previous shot, and the spatial mode content appears 

to be clamped above mode 20.  Unfortunately, the magnetic probe trace for this shot was 

flatlined.  The distortion of the recovered coil post-shot was quite significant, so we are 

confident that significant power did reach the load.  We believe the most likely 

explanation is a connection of the field probe to the incorrect feedthrough port.  We infer 

that the magnetic field is likely in its typical performance space of ~5-8 Tesla, and 

therefore that the second magnetized shot is consistent with the first.  Because of the lack 

of a probe trace, we draw no other conclusions. 

 

    

    

Figure 48.  Magnetized shot in 20 Torr Xenon.  Estimated magnetic field is 5T. 
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Figure 49.  Spectral decomposition of magnetized shot in 20 Torr Xenon. 



 148 

 

Figure 50.  Magnetic probe trace and estimated flux in fiducial region corresponding to shot in figures 47 

and 48. 
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Figure 51.  Magnetized shot in 20 Torr Xenon.  B-field traces did not record the magnetic field, but post-shot 

coil distortion indicates significant power reached the load. 
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Figure 52.  Spectral decomposition of magnetized shot in 20 Torr Xenon. 

 As a further test of radiative effects on the structure of the blast wave, we again 

increased the density to 45 Torr, and shot with and without the magnetic field at the same 

level previously.  At this higher density, we estimated that the absorption of radiation in 

the cold gas would be enough to violate the optically thin approximation, and change the 

vertical structure of the shock [9], [10].  We were not disappointed.  Figures 53 and 54 

show the unmagnetized and magnetized shots respectively.  The morphology of the blast 

wave is greatly altered in this regime.  The global structure is hemispherical, and there 

appears to be no perturbative structure on the blast wave whatsoever.  The opaque region 

behind the blast wave suggests that the postshock gas is opaque to the 532nm probe light, 

which broadly supports the conjecture that the interior radiative transport is diffusive.  
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Interestingly, figure 54 suggests that the vertical structure of the blast wave is affected by 

the magnetic field, and that this effect appears to be symmetric in the polar angle. 

 

    

    

Figure 53.  Reference shot in 45 Torr Xenon with no magnetic field. 
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Figure 54.  Reference shot in 45 Torr Xenon with magnetic field. 
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Discussion 

"High energy density physics phenomena are extremely rich, by 
which we mean a real mess."  -L. Van Woerkom 

The most obvious conclusion to be drawn from our results is that although 

magnetic fields do affect the stability of a radiatively cooling blast wave, radiation 

transport has the greater effect on both global dynamics and on the thin-shell instabilities 

of interest in the supernova remnant problem.  At first glance this seems somewhat 

anticlimactic - it has long been established that radiation transport substantially affects 

the vertical structure of shock fronts [9], [10], [37], and the thin-shell instabilities are 

specific to radiatively-cooled shells.  One might well expect radiation transport to exert a 

dispositive influence.  Our results, however, indicate a couple of surprising features. 

To see why, let's revisit the theoretical variations of the overstability.  Recall that 

the original formulation of the overstability in the thin shell approximation, as presented 

here, treats the hydrodynamics as essentially adiabatic - the effect of radiation is confined 

to establishing the thin shell presumed in the formulation of the problem.  It is 

conceptually equivalent to a perturbed solution of the Chernyi approximation to the 

Taylor-Sedov-von Neumann blast wave.  The Ryu-Vishniac instability [48] generalizes 

this approach to the exact Sedov solution.  Later work by Vishniac and Ryu [67] extends 

the previous work to cover isothermal shocks, and concludes that the general 

characteristics of the overstability are independent of the vertical postshock structure.  In 

all of these cases, radiation transport is described simply by an energy loss term in the 

optically thin approximation.  As discussed above, if we assume a cooling function that 

can be approximated by a constant energy loss at the shock front, we would expect the 

Euler-Alfvén similarity to hold, and therefore for blast waves at different densities to be 

related by a scale transformation.  This is not what we see.  If we conclude thereby that 
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the radiation transport is of a character which is not preserved under the Euler-Alfvén 

similarity, however, the theory offers us little further guidance.  Indeed, the one inference 

we can draw is that the effect we observe is likely not a consequence of the postshock 

energy transport. 

One possibility, of course, is that the cooling model we have used to facilitate an 

analytic solution is not valid in the conditions of interest.  Blondin et al. have performed a 

series of 1D and 2D numerical simulations of the transition to the radiative phase in 

supernova remnants [17], which incorporate a more realistic cooling function for the 

astrophysical case.  Fortuitously for comparison, their simulations also include a wide 

range of density scales. 

In some respects, the simulation results are qualitatively concordant with our 

findings (see figures 10 and 11 in [17] and the accompanying discussion).  The two-

dimensional simulations show a dramatic difference in stability with respect to density, 

with an oscillatory instability transitioning to a strongly nonlinear instability displaying 

rapid monotonic growth, which the authors identify with the nonlinear thin shell 

instability.  The only drawback from the perspective of our comparison is that the 

simulations show exactly the opposite of our observed dependence on density! 

How can we reconcile these results?  The answer lies partially in the initial 

conditions of the simulations, and partially in the simulated treatment of radiative 

cooling.  The initial conditions of the 2D simulations are derived from the 1D simulation 

at the point where the shell first becomes radiative.  The initial conditions for each 

density are therefore not equivalent, and are derived from the astrophysical cooling 

model described in [17] and shown in figure 1 in that reference.  The salient feature with 

respect to the stability of the shell is that the blast wave in the higher density ISM 

becomes radiative sooner, and collapses when the shell is at higher velocity and the 
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dynamic pressure is greater.  As the Xenon cooling function is not known to us in detail, 

we cannot expect to see a corresponding effect except by accident.  Furthermore, the 

difference in stability shown by the simulations occurs over a density range of a factor of 

100, whereas we observe a significant difference in the mode spectrum by changing the 

density by a factor of 2. 

The other significant difference between our results and the simulations is the 

absorption of radiation in the upstream gas.  The VH-1 hydrodynamic code as 

implemented by Blondin et al. incorporates radiative cooling in the optically thin 

approximation through the numerical cooling function described in [17], but does not 

explicitly model radiation transport.  Our observations, by contrast, are highly suggestive 

of radiative preheat, and this is of course what motivates our manipulation of the cold gas 

density.  To roughly estimate the effect of radiative preheating on the perturbation 

spectrum, recall that the spectrum is given implicitly in s by 

 (𝑠𝑠 + 3𝑀𝑀)(𝑠𝑠 + 5𝑀𝑀 − 1)((𝑠𝑠 + 𝑀𝑀)(𝑠𝑠 + 7𝑀𝑀 − 1) −𝑀𝑀(1 −𝑀𝑀))

= −3𝛽𝛽𝑀𝑀3(1 −𝑀𝑀)𝑙𝑙 (𝑙𝑙 + 1) 229) 

where the pressure balance term which drives the instability is given by 

 𝛽𝛽 =
𝑃𝑃𝑐𝑐

𝜌𝜌0𝑈𝑈𝑠𝑠2
 (230) 

The presence of a radiative precursor would effectively add a thermal term to the 

denominator, reducing the value of β in equation (228), and thereby reducing the value of 

the growth exponent s for any l.  Provided that our physical interpretation is correct, the 

phenomenon we are observing is complementary to that shown by Blondin et al., and our 

respective results are not in fact contradictory. 

 In general, we confirm the suggestion originally made by Vishniac that the 

magnetic field will reduce the range of overstable wavelengths by broadening the shell.  



 156 

At magnetic pressures of the same order as the thermal pressure, the effect does not 

remove the overstability, and we can therefore conclude that the existing literature on the 

family of thin-shell instabilities remains valid in its general conclusions in the presence of 

moderately strong magnetic fields. 

 Our results have particularly interesting implications for semiradiative blast 

waves.  Recall that the numerical results of Ryu and Vishniac suggest that adiabatic blast 

waves will be stable for γ < 1.2.  If we consider our approximation for γ* as a result of 

magnetic pressure, 

 
𝛾𝛾∗ = 1 +

1
𝜌𝜌
𝑃𝑃 + 𝐻𝐻2

8𝜋𝜋

𝜌𝜌 + 𝐻𝐻2

8𝜋𝜋𝜌𝜌

 
(231) 

it is easy to see that if the magnetic pressure is comparable to the thermal pressure, then 

the overstability will be greatly reduced or eliminated for γeff ≳ 1.1.  This corresponds to 

an energy loss fraction ϵ1 ~ 0.8 for γ = 5/3 in the cold gas.  As such, radiative effects may 

create a "window" in γ where the magnetic field may substantially affect the overstability.  

This result is especially notable in light of the evidence that many supernova remnants do 

not reach the fully radiative phase [43]. 

 We find that either very strong magnetic fields or very strong radiative absorption 

change the character of the problem entirely.  When the magnetic field is of such a 

strength that the magnetic pressure is clearly dominant, the observed blast wave structure 

becomes prolate and develops filamentary structure.  Equation (230) implies that γ* 

approaches 2 with very strong fields, so that the instability observed cannot be of the 

thin-shell family, and may be the magnetic Rayleigh-Taylor instability.  In the case of 

very strong radiative absorption, the vertical structure of the shock is altered by a strong 

radiative precursor, which broadens the shock transition and violates the thin-shell 
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condition required to support the overstability.  We observe that the shock in this case is 

almost perfectly hemispherical and shows no sign of any nonradial structure.  It is 

interesting to note that the magnetic field appears to change the vertical structure of the 

shock and broaden the precursor considerably, although our diagnostics are not capable 

of resolving this effect in detail. 

 The significance of these effects becomes apparent when we recall our motivation 

for studying instabilities in supernova remnants, which is the collect-and-collapse star 

formation model.  This model is dependent on mass perturbations which exceed the Jeans 

mass.  While the Vishniac overstability provides a plausible model for the generation of 

massive structures in a supernova remnant in the absence of significant external 

inhomogeneities, its ability to seed star formation depends critically on the resulting mass 

fragments being gravitationally bound.  Unfortunately, Vishniac performed a preliminary 

estimate of the fragment masses produced by the linear overstability [14], and found that 

they were not.  While his analysis left out a number of important effects, it strongly 

suggested that physical processes which alter the spatial mode spectrum of the instability 

so as to increase the dominant fragmentation scale are necessary to preserve the viability 

of the star formation model.  Although we make no claim as to their exclusivity, we find 

two such processes here. 

 To summarize, we confirm the qualitative theoretical expectation of the effect of 

magnetic fields on the stability of radiative blast waves.  For moderately strong fields, 

such that we are still describing a dynamic perturbation of a spherical shock, the 

magnetic fields have some effect on the spatial mode spectrum but do not remove the 

overstability.  We therefore conclude that existing work on the thin shell overstabilities is 

valid in the presence of significant magnetic fields.  For very strong fields which 

dominate the dynamics, the symmetry of the problem changes and the observed 
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instabilities appear to be of a fundamentally different type.  We find further that radiation 

absorption in the cold gas ahead of the shock has a substantial effect on the overstability, 

and that this effect may imply that the dependence of the transition to the radiative phase 

depends on the ISM density in a more complex manner than previously believed.  While 

previous speculation suggested that the overstability is driven by radiative cooling and 

suppressed by magnetic fields, our results show that the dynamic evolution of the 

instability is a product of a more complex interplay between radiative cooling, radiative 

absorption, and magnetic effects.  We conclude by pointing out that these combined 

effects shift the dominant fragmentation scale to lower wavelengths, and may facilitate 

gravitational star formation. 
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Appendix – Experimental point design and analysis codes 

The electronic version of this document includes Mathematica and MATLAB 

codes used to produce the experimental point design, verify hydrodynamic parameters, 

model performance of the pulsed power system, and analyze the spatial structure of the 

blast wave images.  The design codes are Blast wave model - Xe cell.nb, Hydrodynamic 

Scaling - Xe cell.nb, and Pulsed power & magnetic field model.nb.  These codes were 

written in Mathematica 7 and 8, and verified through Mathematica 11.  Each does what it 

says on the tin, and is extensively commented.  The files are presented exactly as used at 

ZBL.  The analysis codes are multiple_frame_analysis.m, and bwanalyze2.m.  

multiple_frame_analysis.m mostly handles I/O, and the actual analysis is in 

bwanalyze2.m.  These codes were written in MATLAB R2014a, and verified through 

R2016b.  Required MATLAB toolboxes include the Signal Processing Toolbox and 

Curve Fitting Toolbox in addition to the base build, which are included in the UT TAH 

distribution at the time of this writing.  
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