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Network based inference is almost ubiquitous in modern machine learn-

ing applications. In this dissertation we investigate several such problems

motivated by applications in social networks, biological networks, recommen-

dation system, targeted advertising etc. Unavailability of the graph, presence

of latent factors, and large network size often make these inference tasks chal-

lenging. We develop both generative models and efficient algorithms to solve

such problems. We provide analytical guarantees, in terms of accuracy and

computation time, for all our algorithms and demonstrate their applicability

on many real datasets. This dissertation mainly consists of two parts.

In the first part we consider three different problems. We first con-

sider the task of learning the Markov network structure in a discreet graphical

model. We develop three fast greedy algorithms to solve this problem which

succeeds even in graphs with strong non-neighbor interaction where previous
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convex optimization based methods fail. Next we consider the problem of

learning latent user interests in different topics, using cascades which spread

over a network. Our new algorithm infers both user interests and topics in

large cascades, better than standard topic modeling algorithms which do not

consider the network structure. In the third problem we develop a novel recur-

sive algorithm based on convex relaxation to detect overlapping communities

in a graph.

The second part of the dissertation develops a mathematical framework

to handle different sources of side information and use it to improve inference

in networks. However first we demonstrate a much general technique to in-

corporate variety of side information in estimating a single component of a

mixture model e.g. Gaussian mixture model, latent Dirichlet allocation, sub-

space clustering, and mixed linear regression. We then use a similar technique

to solve the problem of identifying a single target community in a graph, using

reference nodes or biased node weights as side information. Our algorithms

are based on a variant of method of moments, and are much faster and more

accurate than other unsupervised and semi-supervised algorithms.
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t=1 |(Ĉt\Ct) ∪ (Ct\Ĉt)|/(m×K). . . 66

3.6 Figure showing the various interest group obtained by the La-
tentInterest algorithm on World Health Organization’s influenza
dataset [154]. 40 countries are classified into 4 interest groups
and anchor node countries (shown in bold) all belong to sep-
arate influenza transmission zones [153]. The interest groups
show a geographic pattern. . . . . . . . . . . . . . . . . . . . 67

4.1 Accuracy comparison of overlap clustering algorithms, using av-
erage F1 score, on synthetic graphs with n = 1000, K = 5 for
increasing values of p− q, with (a) p = .7 and (b) q = .1 fixed.
RecOverlapCluster (ROC) shows greater accuracy of the esti-
mated communities over competing algorithms. . . . . . . . . 90

4.2 Comparison of the median runtime of overlap clustering algo-
rithms on synthetic graphs with n = 1000, K = 5 for increasing
values of p−q, with (a) p = .7 and (b) q = .1 fixed. RecOverlap-
Cluster (ROC) and BigClam show comparable runtime, tensor
is the fastest in this case. . . . . . . . . . . . . . . . . . . . . . 91

4.3 Accuracy comparison of the overlap clustering algorithms with
ground-truth communities in DBLP and Amazon datasets. The
RecOverlapCluster shows a better average F1 score than com-
pleting algorithms. . . . . . . . . . . . . . . . . . . . . . . . . 92

4.4 (a) The runtime of overlap clustering algorithms on real datasets.
RecOverlapCluster has a better runtime than DEMON and
OSLOM, while BigClam is the fastest. (b) Figure showing
the speedup of RecOverlapCluster using parallelization on real
datasets. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

5.1 Figure showing the percentage relative error gain by the Whiten-
ing and Cancellation algorithm over the Tensor algorithm for
5 components of increasing size, in a GMM with k = 10, d =
500, σ ∈ {.4, .5}, and three different sample complexities (a)
n = 6000 (b) n = 8000 (c) n = 10000. Our algorithms shows
increasingly better gain over Tensor as αi, σ and n increase. . . 117

xviii



5.2 Figure showing the percentage relative error gain of the Whiten-
ing algorithm over the Tensor algorithm in presence of rare com-
ponents (αmin = .0037), for a GMM with k = 10, d = 500, σ ∈
{.3, .4, .5, .6}, and number of samples (a) n = 5000 (b) n = 6000
(c) n = 8000. The Whitening algorithm recovers even the rarest
component with increasing error gain over Tensor as the number
of samples increase. . . . . . . . . . . . . . . . . . . . . . . . . 118

5.3 Figure showing the average runtime of Whitening, Cancellation
and Tensor algorithms for 5 components of increasing size, in
a GMM with k = 10, d = 500, σ ∈ {.4, .5}, and three different
sample complexities (a) n = 6000 (b) n = 8000 (c) n = 10000.
Both Whitening and Cancellation algorithms run much faster
than Tensor algorithm. . . . . . . . . . . . . . . . . . . . . . . 119

5.4 Figure showing the percentage relative error gain in each com-
ponent of the Whitening and Cancellation algorithms over the
Tensor algorithm in an LDA model with k = 5, d = 500, mean
document length L ∈ {2000, 3000}, and number of documents
(a) n = 4000 (b) n = 6000 (c) n = 8000. Both Whitening and
Cancellation algorithms show an improvement over Tensor for
all components and with increasing samples. . . . . . . . . . . 120

5.5 Figure comparing the performance of Whitening, NMF [19], and
semi-supervised NMF (SS-NMF) algorithms on NY Times and
Yelp datasets. (a) Topics estimated by Whitening algorithm
have the best PMI score in 40 out of 62 labeled words for NY
Times dataset, and 35 out of 54 labeled words in Yelp dataset.
(b) Whitening shows more than 2X speedup over competing
algorithm in both datasets. . . . . . . . . . . . . . . . . . . . . 122

5.6 Figure comparing the performance of image segmentation by
Whitening (row 3) and s-Kmeans (row 2) algorithms, with im-
ages selected from the BSDS500 dataset. The side information
pixels are shown in red plus in the original image (row 1). In
the segmented images (rows 2, 3) the segments are shown in
different shades. Observe that the Whitening algorithm often
isolates the foreground segment better than s-Kmeans. . . . . 123

6.1 Labeled Nodes: Comparing the average error performance of
Community Search algorithm with Spectral clustering [120] and
Tensor decomposition [11] algorithms in a stochastic block model
with (a) n = 1000, k = 5, αmin = .1, (b) n = 1000, k = 8,
αmin = .08. The algorithms use m labeled node from target
cluster as side information and compute biased weights. The
Community Search algorithm outperforms both Spectral clus-
tering and Tensor decomposition. . . . . . . . . . . . . . . . . 144

xix



6.2 Labeled Nodes: The average speedup performance of the Com-
munity Search and Spectral clustering [120] algorithms with re-
spect to Tensor decomposition [11] in a stochastic block model
with (a) n = 1000, k = 8, αmin = .08, (b) n = 1000, k = 5,
αmin = .1, and labeled nodes as side information. The Com-
munity Search algorithm is faster than both Spectral clustering
and Tensor decomposition. . . . . . . . . . . . . . . . . . . . . 146

6.3 Synthetic Weights: Comparing the average error performance
of Community Search algorithm with Spectral clustering [120]
and Tensor decomposition [11] algorithms in a stochastic block
model with (a) n = 1000, k = 8, αmin = .08, (b) n = 1000,
k = 5, αmin = .1. The algorithms use synthetic weights as side
information to search for the target community. Community
Search algorithm shows a lower error. . . . . . . . . . . . . . . 147

6.4 Synthetic Weights: The average speedup performance of the
Community Search and Spectral clustering [120] algorithms with
respect to Tensor decomposition [11] in a stochastic block model
with (a) n = 1000, k = 8, αmin = .08, (b) n = 1000, k = 5,
αmin = .1, and synthetic weights as side information. The Com-
munity Search algorithm is faster than both Spectral clustering
and Tensor decomposition. . . . . . . . . . . . . . . . . . . . . 147

6.5 Sensitivity: The average percentage error of Community Search
Algorithm in a stochastic block model with (a) n = 1000, k = 8,
αmin = .08, (b) n = 1000, k = 5, αmin = .1, with increasing
singular value gap σ1(R)− σ2(R). As shown in our analysis the
performance improves with increase in the singular value gap. 148

6.6 Labeled Nodes + Parallel Clustering: Comparing the average
error performance of Community Search algorithm with Spec-
tral clustering [120] and Tensor decomposition [11] algorithms
in a stochastic block model with n = 1000, k = 8, αmin = .08,
(a) q = .01, (b) p = .14. We consider the semi-supervised graph
clustering setting when side information is available in the form
of m ∈ {2, 4, 6, 8} labeled node from each community. The
Community Search algorithm has a better performance over
both Spectral clustering and Tensor decomposition. . . . . . . 149

D.1 Sensitivity plots showing how the percentage relative error gain
of the Whitening and Cancellation algorithms over the Ten-
sor algorithm decrease with decreasing values of the parameter

δ = mini 6=1
〈µ1,v〉
〈µi,v〉 , in GMM with k = 20, d = 500, all equal prob-

ability components, for different values of variance σ ∈ {.5, .6},
and two different sample complexities (a) n = 6000 (b) n = 8000.197

xx



Chapter 1

Introduction

In this dissertation we study problems related to two important at-

tributes in modern high dimensional datasets.

1. The data is often associated with a network or a graph.

2. We often have access to more data than that is necessary to solve a given

problem. Such data can be considered as additional side information.

Network based models have proven useful in representing systems con-

sisting of several agents interacting with one another in a complex fashion.

The nodes in this network or graph represent these agents, and the edges or

links represent their pairwise interaction. For example in a social network the

nodes are representative of individuals or groups while edges represent their

social interaction; in a biological network the nodes can represent proteins and

edges represent their functional similarity; in a co-authroship network nodes

can represent researchers and edges may represent whether two of them have

co-authored a research paper, and so on.

The main motivation behind learning and inference on these networks

is not just to understand and predict the behavior of the agents, but also
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use it to build powerful real-world applications. For example modeling the

exact topology of the internet and wireless networks enables the design of

more efficient and robust communication protocols. Learning similar group

of individuals in a social network helps in building useful applications like

recommender system, search, and targeted advertising. Understanding the

spread of epidemic in a human population can lead to more effective and

economical vaccination strategies. Study of protein networks can be helpful in

better understanding of complex metabolic pathways and designing effective

treatment of various diseases.

However network inference problems can be challenging due to sev-

eral reasons. In certain cases the exact inter-dependency network between the

agents itself can be unknown and we need to learn it from the data. Sometimes

even when the network is known the associated events over this network are

governed by unobserved or latent factors. In fact these latent factors them-

selves may govern how the network is formed. In this dissertation we develop

both accurate mathematical models which explain various network phenom-

ena as well as efficient algorithms to learn parameters of these models that

can be useful in applications. We focus on algorithms with provable statisti-

cal guarantees whose runtime (computation complexity) and data requirement

(sample complexity) both scale efficiently (polynomial in network size and pa-

rameters). Furthermore we show how additional side information, often readily

available in practice, can improve both inference accuracy and runtime. We

also demonstrate the applicability of these algorithms using many different
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real world and synthetic datasets.

1.1 Contributions and Outline

In this section we describe the outline of this dissertation as well as the

main contributions.

In Chapter 2 we consider the problem where the state of the agents

are governed by a network. However this network itself is unobserved, hence

the task is to infer this from agents’ state observations. As an example in

weather prediction application the agents can correspond to variable factors

like temperature, humidity, etc. in different locations. Then the task is to

learn the dependency network between these so that we can use the network

to predict the weather at any given location. Such a system is well captured

by a discrete graphical model. In this chapter we develop a class of greedy

algorithms which can efficiently learn this network structure.

Chapter 3 considers networks where information can spread from agent

to agent through their neighbors in the graph. For example in a society ru-

mors/news spread through a person’s friends and co-workers, pictures/videos/

memes spread in an online social networks via contacts in an user’s friend list,

diseases like flu spread from person to person through physical contact or

close proximity. Such a process of information/disease spread is referred to

as a cascade. The way these cascades spread however depend on both the

information/topics present in these news or contents, and the inherent inter-

est/susceptibility of the agents in the network who come in contact with the
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information. An user with interest in the information is likely to further share

it with its neighbors, while those who are not interested in it are likely to

ignore it. In the case of disease spread it depends on the particular strain of

virus or bacteria and the inherent susceptibility or immunity of the individuals

to theses pathogens. However these inherent user interests (or susceptibility)

in various types of information is latent or unobserved. In this chapter we

develop a new mathematical model to describe such phenomena, and propose

algorithms to infer these latent user interests using cascades as our observation.

Such information is useful in building applications like content recommenda-

tion, or to develop effective vaccination strategies.

Often the formation of a network itself can be governed by the latent

interest of the agents. It is well documented that agents with similar inter-

ests/functionality tend to have more interactions among one another than

agents with dissimilar interests, a property known as homophily in social

science. Hence in many networks the agents with similar interests are seen

to form densely connected subgraphs called communities. For example in a

co-authorship network researchers will publish more journals with fellow re-

searchers in the same area than with authors in a different area. In a business

organization employees in the same department are more acquainted to each

other. In certain networks agents tend to have many different interests result-

ing in communities which overlap. In Chapter 4 we formulate the problem

of learning multiple overlapping communities in a network. We develop a

simple model, and an efficient recursive algorithm for detecting overlapping
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communities for large scale networks.

In the aforementioned network based applications often we have access

to more data than required for an inference task. We refer to such additional

data as side information. For example online social networks like Facebook

and Twitter have access to user profile information and activities besides the

network, in targeted advertising the advertiser has access to certain user and

the ad features, and so on. If used judiciously, such side information can vastly

improve the inference quality and running time. Incorporating side informa-

tion into traditional network models is a non trivial task due to the myriad

sources and format of such information. In Chapter 5 as a first step we develop

a common mathematical framework to handle different sources of side infor-

mation, and algorithms that can use it for inference tasks in many important

latent variable models, not necessarily those associated with a network. We

also refer to this as a search problem in latent variable models.

In Chapter 6 we use the same framework developed in Chapter 5 to

demonstrate how side information can be incorporated in network based infer-

ence problems. In particular we consider the problem of finding a single target

community in a network given some side information about this community.

We refer this as the community search problem. This can be useful in many

practical applications e.g. targeted advertising in an online social network

using user activity logs as side information.

In Chapter 7 we conclude this dissertation and also propose some new

research directions and open problems.
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Chapter 2

Greedy Learning of Graphical Models

2.1 Overview

In a system where the states or actions of a collection of agents depend

on one another it is useful to represent this dependency using a network or

graph. The set of neighbors of a node in a graph represent the agents who

have the most “influence” over the node in the network. However learning

this dependency graph can be difficult since the pairwise interactions are often

hard to observe. For example if we want to study how an epidemic like flu is

spreading in human population it is often hard to track the infection source

for every infected person. To learn the social network among a group of sen-

ators [25] it may be difficult to determine which senator is being “influenced”

by which other senators. To study the dependency graph of global climate

pattern [64] it can be hard to determine which climate features like temper-

ature, humidity, rainfall in a region effect which other features in a different

region. It is much easier to observe actions/states taken by these agents e.g.

people who get infected by flu; votes cast by the senators; temperature, hu-

A portion of this work was presented in the 50th Annual Allerton Conference, Allerton,
USA in 2012, and published as a journal in IEEE Transactions on Information Theory in
2015 (see [130,132]). In these works the author was the primary contributor.

6



midity, rainfall values at different location. Learning this graph can be useful

in different ways. In a human contact network the knowledge of the graph can

be utilized to design effective vaccination strategies to minimize the chance

of an epidemic outbreak [35]. Learning global climate dependence graph can

help in accurate weather predictions. An effective way to learn the graph in

such scenarios is to represent the system as a graphical model and to learn

the Markov graph of this model. More generally a graphical model is the

graph representation of a complex probability distribution over a collection of

random variables (one for each agent). Specifically this graph captures the

Markov dependence between these random variables. However learning large

graphical models can be computationally challenging. In this chapter we solve

this problem by developing efficient and fast greedy algorithms for learning a

wide class of discrete graphical models.

Graphical models have been widely used to tractably capture depen-

dence relations amongst a collection of random variables in a variety of do-

mains, ranging from statistical physics, social networks, climatology to biolog-

ical applications [52, 56, 64, 76, 79, 102, 151]. While hard in general [85], there

has been much progress [14, 27, 33, 112, 128] in recent years in understanding

the relations between the sample and computational complexity for learning

the dependence graph between the random variables.

In this chapter we propose three new greedy algorithms to find the

Markov graph for any discrete graphical model. While greedy algorithms (that

learn the structure by sequentially adding nodes and edges to the graph) tend
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to have low computational complexity, they are known to fail (i.e., do not

determine the correct graph structure) in loopy graphs with low girth [112],

even when they have access to exact statistics. This is because a non-neighbor

can be the best node (having strong correlation) at a particular iteration;

once added, it will always remain. Convex optimization based algorithms like

in [128] by Ravikumar et al. (henceforth we call this the RWL algorithm) also

cannot provide theoretical guarantees of learning in these situations. These

methods require strong incoherence conditions to guarantee success. But such

conditions may not be satisfied even in simple graphs [27]

Example: If we run the existing algorithms for an Ising model on a diamond

network (Figure 2.4) with D = 4 the performance plot in Figure 2.1 shows

that greedy [112], RWL [128], and JJR [80] algorithms fail to learn the correct

graph even with large number of samples.

2.1.1 Main Contributions

In this chapter, we present three algorithms that overcome this shortfall

of greedy and convex optimization based algorithms.

• The recursive greedy algorithm is based on the observation that the last

node added by the simple, naive greedy algorithm is always a neighbor;

thus, we can use the naive greedy algorithm as an inner loop that, after

every execution, yields just one more neighbor (instead of the entire set).

• The forward-backward greedy algorithm takes a different tack, interleav-

8



100 200 300 400 500 600 700 800 900 1000

Number of samples --->

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

P
ro

ba
bi

lit
y 

of
 s

uc
ce

ss
 -

>

Diamond Nw, Max Degree = 4, Threshold Degree = 3

RecGreedy
FbGreedy
GreedyP
Greedy
RWL
JJR

Figure 2.1: Performance of different algorithms in an Ising model on dia-
mond network with 6 nodes (Figure 2.4 with D = 4, edge weight θ = .5).
Greedy(ε) [112], RWL [128], and JJR [80] algorithms estimate an incorrect
edge between nodes 0 and 5 therefore never recovers the true graph G, while
our new RecGreedy(ε), FbGreedy(ε, α), GreedyP (ε) algorithms succeed.

ing node addition (forward steps) with node removal (backward steps).

In particular, in every iteration, the algorithm looks for nodes in the

existing set that have a very small marginal effect; these are removed.

Inclusion of correct neighbors reduces the influence of non-neighbors,

and in the end all such spurious nodes get removed leaving us with the

correct neighborhood set.

• Our third algorithm, namely the greedy algorithm with pruning, first

runs the greedy algorithm until it is unable to add any more nodes to

the neighborhood estimate. Subsequently, it executes a node pruning

step that identifies and removes all the incorrect neighbors that were

possibly included in the neighborhood estimate by the greedy algorithm.

9



• We show that all three algorithms can efficiently learn the structure of

a large class of graphical models even without correlation decay, and

when the graph has strong correlation between non-neighbors. We cal-

culate the sample complexity and computational (number of iterations)

complexity for these algorithms (with high probability) under a natural

non-degeneracy assumption (Theorems 2.5.4 and 2.5.6);

• Finally we present numerical results that indicate tractable sample and

computational complexity for loopy graphs (diamond graph, grid).

2.1.2 Related Work

Several approaches have been taken so far to learn the graph structure

of MRF in presence of cycles.

First, search based algorithms like local independence test (LIT) by

Bresler et al. in [33], conditional variation distance thresholding (CVDT) by

Anandkumar et al. in [14] And and conditional independence test by Wu

et al. [156] try to find the smallest set of nodes through exhaustive search,

conditioned on which either a given node is independent of rest of the nodes in

the graph, or a pair of nodes are independent of each other. These algorithms

have a fairly good sample complexity, but due to exhaustive search they have a

high computation complexity. Also to run these algorithms one needs to know

some additional information about the graph structure. For example the local

independence test needs the knowledge of the maximum degree of the graph

and the CVDT algorithm needs the knowledge of the maximum size of the
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local separator for the graph.

Second, an algorithm with very good sample complexity using convex

optimization was proposed (for Ising models) in [128] by Ravikumar et. al.

This was further generalized for any pairwise graphical model in [81]. These

algorithms try to construct a pseudo likelihood function using the parametric

form of the distribution such that it is convex and try to maximize it over the

parameter values. The optimized parameter values in effect reveal the Markov

graph structure. However these algorithms require a strong incoherence as-

sumption to guarantee its success. In [27], Bento and Montanari showed that

even for a large class of Ising models, the incoherence conditions are not satis-

fied hence the convex optimization based algorithms fail. They also show that

in Ising models with weak long range correlation, a simple low complexity

thresholding algorithm can correctly learn the graph.

Finally, a greedy learning algorithm was proposed in [112] which tries

to find the minimum value of the conditional entropy of a particular node in

order to estimate its neighborhood. We call this algorithm as Greedy(ε). It

is an extension of the Chow-Liu [47] algorithm to graphs with cycles. It was

shown that for graphs with correlation decay and large girth this exactly re-

covers the graph G. However it fails for graphs with large correlation between

non-neighbors. A forward-backward greedy algorithm based on convex opti-

mization was also presented recently by Jalali et al. in [80], which works for

any pairwise graphical model. This required milder assumption than in [128]

and also gives a better sample complexity.
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This chapter is organized as follows. First we review the definition

of a graphical model and the graphical model learning problem in section

2.2. The three greedy algorithms are described in section 2.3. Next we give

sufficient conditions for the success of the greedy algorithms in section 2.4.

In section 2.5 we present the main theorems showing the performance of the

recursive greedy, forward-backward and greedy with pruning algorithms. We

compare the performance of our algorithm with other well known algorithms

in section 2.5.1. In section 2.6 we present some simulation results. The proofs

are presented in the appendix.

2.2 System Model and Problem Statement

In this section we briefly review the general graphical model and the

Ising model [89, 128]. Let X = (X1, X2, . . . , Xp) be a random vector over a

discrete set Xp, where X = {1, 2, . . . ,m}. XS = (Xi : i ∈ S) denote the random

vector over the subset S ⊆ {1, 2, . . . , p}. Let G = (V,E) denote a graph having

p nodes. Let ∆ be the maximum degree of the graph G and ∆i be the degree

of the ith node. An undirected graphical model or Markov random field is

a tuple M = (G,X) such that each node in G corresponds to a particular

random variable in X. Moreover G captures the Markov dependence between

the variables Xi such that absence of an edge (i, j) implies the conditional

independence of variables Xi and Xj given all the other variables.

For any node r ∈ V , let Nr denote the set of neighbors of r in G. Then

the distribution P(X) has the special Markov property that for any node r,
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Xr is conditionally independent of XV \{r}
⋃

Nr given XNr = {Xi : i ∈ Nr}, the

neighborhood of r, i.e.

P(Xr|XV \r) = P(Xr|XNr) (2.1)

A graphical model is called an Ising model when the joint distribution

of {Xi} has only pairwise interactions and take values in the set X = {−1, 1}.

For this chapter we also consider the node potentials as zero (the zero field

Ising model). Hence the distribution take the following simplified form.

PΘ(X = x) =
1

Z
exp

 ∑
(i,j)∈E

θijxixj

 (2.2)

where xi, xj ∈ {−1, 1}, θij ∈ R and Z is the normalizing constant.

The graphical model selection problem is as follows. Given n inde-

pendent samples Sn = {x(1), x(2), . . . , x(n)} from the distribution P(X), where

each x(i) is a p dimensional vector x(i) = (x
(i)
1 , x

(i)
2 , . . . , x

(i)
p ) ∈ {1, . . . ,m}p, the

problem is to estimate the Markov graph G corresponding to the distribution

P(X) by recovering the correct edge set E. This problem is NP hard and has

been solved only under special assumptions on the graphical model structure.

In some cases a learning algorithm is able to find the correct neighborhood of

each node v ∈ V with a high probability and hence recover the true topology

of the graph.

We describe some notations. For a subset S ⊆ V , we define P (xS) =

P(XS = xS), xS ∈ X|S|. The empirical distribution P̂ (X) is the distribution
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of X computed from the samples. Let i ∈ V − S, the entropy of the random

variable Xi conditioned on XS is written as H(Xi|XS). The empirical entropy

calculated corresponding to the empirical distribution P̂ is denoted by Ĥ. If P

andQ are two probability measures over a finite set Y, then the total variational

distance between them is given by, ||P −Q||TV = 1
2

∑
y∈Y |P (y)−Q(y)|.

2.3 Greedy Algorithms

In this section we describe three new greedy algorithms for learning

the structure of a MRF. First we recall the recent greedy algorithm proposed

by Netrapalli et al. [112]. The Greedy(ε) algorithm finds the neighborhood

of node i by greedily adding nodes to the set N̂(i) which causes the most

decrease in conditional entropy Ĥ(Xi|XN̂(i)). When no more node addition is

possible the set N̂(i) gives the neighborhood estimate of node i. The high level

pseudo-code is shown in Algorithm 1.

Algorithm 1 Greedy(ε) [112]

1: for i ∈ V do
2: N̂(i)← φ
3: do
4: Find node j ∈ V \N̂(i) for which δj = Ĥ(Xi|XN̂(i)) −
Ĥ(Xi|XN̂(i), Xj) is maximized. Add node j to N̂(i) if δj ≥ ε

2

5: while New node has been added to N̂(i)
6: end for
7: Output edge set E = {(i, j) : i ∈ N̂(j) and j ∈ N̂(i)}

The naive Greedy(ε) algorithm suffers from the problem that in Step

4 node j can be a non-neighbor which produces the most decrease in condi-
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tional entropy, hence gets added to neighborhood set N̂(i). We now describe

our new greedy algorithms which overcome this problem using three different

techniques.

2.3.1 Recursive Greedy Algorithm

Idea: Consider first the simpler setting when we know the exact dis-

tribution P(X). The naive greedy algorithm (Algorithm 1) adds nodes to the

neighborhood set N̂(i), stopping when no further strict reduction in condi-

tional entropy H(Xi|XN̂(i)) is possible. This stopping occurs when the true

neighborhood Ni is a subset of the estimated neighborhood N̂(i). Our key

observation here is that the last node to be added to the set N̂(i) by the naive

greedy algorithm will always be in the true neighborhood Ni, since inclusion

of the last neighbor in the conditioning set enables it to reach the minimum

conditional entropy. We leverage this observation as follows. We run the naive

greedy algorithm as an inner loop, using a conditioning set T̂ (i); at the end

of every run of this inner loop, we pick only the last node added to T̂ (i) and

add it to the estimated neighborhood N̂(i). The next inner loop starts with

the set T̂ (i) initialized to the current estimated neighborhood N̂(i), and it

proceeds to find the next neighbor. Hence the algorithm discovers a neighbor

in each run of the innermost loop and finds all the neighbors of a given node

i in exactly ∆i iterations of the outer loop.

The above idea works as long as every neighbor has a measurable effect

on the conditional entropy, even when there are several other variables in the
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conditioning. The algorithm is RecGreedy(ε), high level pseudocode detailed

below. It needs a non-degeneracy parameter ε, which is the threshold for how

much effect each neighbor has on the conditional entropy. A more detailed

pseudo-code is given in Appendix A.2.

Algorithm 2 RecGreedy(ε) (High level)

1: for i ∈ V do
2: N̂(i), T̂ (i)← φ
3: do
4: Set T̂ (i) = N̂(i)

5: Find node j ∈ V \T̂ (i) for which δj = Ĥ(Xi|XT̂ (i))−Ĥ(Xi|XT̂ (i), Xj)

is maximized. Add node j to T̂ (i) if δj ≥ ε
2
. Repeat till no new node can

be added to T̂ (i)

6: Add the node l last added to T̂ (i) in the previous step to the set

N̂(i)

7: while New node has been added to N̂(i)
8: end for
9: Output edge set E = {(i, j) : i ∈ N̂(j) and j ∈ N̂(i)}

Note that in all our greedy algorithms, in order to maintain edge consis-

tency in the estimated graph, we output an edge (i, j) if i ∈ N̂(j) and j ∈ N̂(i).

This may lead to spurious or missing edges when individual neighborhoods are

incorrectly estimated. However we prove that the likelihood of such errors tend

to zero asymptotically with large number of samples (Theorem 2.5.4).

2.3.2 Forward-Backward Greedy Algorithm

Our second algorithm takes a different approach to fix the problem of

spurious nodes added by the naive greedy algorithm, by adding a backward
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step at every iteration that prunes nodes it detects as being spurious. In par-

ticular, after every forward step that adds a node to the estimated neighbor-

hood N̂(i), the algorithm finds the node in this new estimated neighborhood

that has the smallest individual effect on the new conditional entropy; i.e.

removing this node from N̂(i) will produce the least increase in conditional

entropy. If this increase is too small, this node is removed from the estimated

neighborhood N̂(i).

The algorithm, FbGreedy(ε, α), is described below (detailed pseudo-

code in Appendix A.2). It takes two input parameters beside the samples. The

first is the same non-degeneracy parameter ε as in the RecGreedy(ε) algorithm.

The second parameter α ∈ (0, 1) is utilized by the algorithm to determine

the threshold of elimination in the backward step. We will see later that

this parameter also helps to trade-off between the sample and computation

complexity of the FbGreedy(ε, α) algorithm. The algorithm stops when there

are no further forward or backward steps.

2.3.3 Greedy Algorithm with Pruning

The third algorithm overcomes the problem of non-neighbor inclusion in

the Greedy(ε) algorithm by adding a node pruning step after the execution of

the greedy algorithm (similar to the backward step in FbGreedy(ε, α)). In this

algorithm, after running the Greedy(ε) algorithm, the pruning step declares

a neighbor node to be spurious if its removal from the neighborhood estimate

N̂(i) does not significantly increase the final conditional entropy. These spuri-
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Algorithm 3 FbGreedy(ε, α) (High level)

1: for i ∈ V do
2: N̂(i)← φ
3: do
4: Find node j ∈ V \N̂(i) for which δj = Ĥ(Xi|XN̂(i)) −
Ĥ(Xi|XN̂(i), Xj) is maximized. Add node j to N̂(i) if δj ≥ ε

2

5: Find node l ∈ N̂(i) for which γl = Ĥ(Xi|XN̂(i)\l)− Ĥ(Xi|XN̂(i)) is

minimized. Remove node l from N̂(i) if γl ≤ αε
2

6: while Node is added to or removed from N̂(i)
7: end for
8: Output edge set E = {(i, j) : i ∈ N̂(j) and j ∈ N̂(i)}

ous nodes are removed to result in an updated neighborhood estimate for each

node.

The pseudocode of this greedy algorithm with node-pruning –GreedyP (ε)

– is given in Algorithm 4. In addition to the samples, the input is again

a non-degeneracy parameter ε similar to RecGreedy(ε) and FbGreedy(ε, α)

algorithms.

Algorithm 4 GreedyP (ε) (High level)

1: for i ∈ V do
2: Run Greedy(ε) to generate neighborhood estimate N̂(i)

3: For each j ∈ N̂(i) compute γj = Ĥ(Xi|XN̂(i)\j) − Ĥ(Xi|XN̂(i)). If

γj ≤ ε
2

remove node j from N̂(i)
4: end for
5: Output edge set E = {(i, j) : i ∈ N̂(j) and j ∈ N̂(i)}
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2.3.4 Choice of Parameters

We now briefly describe how the different parameters ε, α are chosen in

the greedy algorithms. For real datasets the non-degeneracy parameter ε can

be chosen through cross validation over a labeled training / held out dataset as

the value for which a suitable performance metric is maximized (i.e. the model

best fits the given data). Other graphical model learning algorithms require

similar parameters e.g. regularization parameter λ in RWL [128] and local

separator size η in CVDT algorithm [14] for recovery. In Figure 2.2 we plot

the cross validation profile of the greedy algorithms on synthetic dataset with

increasing values of ε, and probability of success as the performance metric.

We can see that the greedy algorithms correctly recover the graph G for a wide

range of ε hence is robust to the choice of the parameter. The parameter α in

FbGreedy algorithm can be chosen as any value in (0, 1). We choose α = .9

in our experiments.

2.4 Sufficient Conditions for Markov Graph Recovery

In this section we describe the sufficient condition which guarantees

that the RecGreedy(ε), FbGreedy(ε, α) and GreedyP (ε) algorithms recover

the correct Markov graph G.

2.4.1 Non-degeneracy

Our non-degeneracy assumption requires every neighbor have a signifi-

cant enough effect. Other graphical model learning algorithms require similar
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Figure 2.2: Figure showing the cross validation profile of RecGreedy(ε),
FbGreedy(ε, α) and GreedyP (ε) algorithms for Ising model in a diamond net-
work with D = 4, θ = .5 and n = 1000 samples. The greedy algorithms can
correctly recover the graph for a wide range of choice of ε.

assumptions to ensure correctness [33,112,128].

(A1) Non-degeneracy condition: Consider the graphical model

M = (G,X), where G = (V,E). Then there exists ε > 0 such that for all

i ∈ V, A ⊂ V, Ni 6⊂ A and j ∈ Ni, j 6∈ A the following condition holds.

H(Xi|XA, Xj) < H(Xi|XA)− ε (2.3)

Thus by adding a neighboring node to any conditioning set that does

not already contain it, the conditional entropy strictly decreases by at least ε.

Also the above condition together with the local Markov property (2.1) implies

that the conditional entropy attains a unique minimum at H(Xi|XNi). Note

that condition (A1) can also be written as I(Xi;Xj|XA) > ε, where I(.) is

the mutual information. Expressed in this form the non-degeneracy condition

has an alternative interpretation as follows. Conditioned on any set A which
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does not contain all the neighbors, a neighbor j of node i has a non-zero

information about the distribution of Xi. Condition (A1) is also necessary for

the success of search based algorithms e.g. CMIT in [14], which exploit the

global Markov property to recover graph G. This is because when (A1) is not

satisfied there exists a set A such that I(Xi;Xj|XA) = 0, hence this set A is

detected as a separator between nodes i and j, therefore j is not included in

the neighborhood of node i.

In Figure 2.3 we plot how the non-degeneracy parameter ε scales in

an Ising model over a diamond network (Figure 2.4) with varying maximum

degree. When the edge weight parameter θ of the Ising model is small ε

approximately scales linearly in 1
∆
. In Section 2.5 we will show that for any

graphical model satisfying non-degeneracy condition (A1) the non-degeneracy

parameter ε is also upper bounded as ε = O
(

1
∆

)
.

2.5 Main Results

In this section we state our main result showing the performance of the

RecGreedy(ε), FbGreedy(ε, α) and GreedyP (ε) algorithms. First we state

some useful lemmas. We restate the first lemma from [112], [51] that will be

used to show the concentration of the empirical entropy Ĥ with samples.

Lemma 2.5.1. Let P and Q be two discrete distributions over a finite set X

such that ||P −Q||TV ≤ 1
4
. Then,

|H(P )−H(Q)| ≤ 2||P −Q||TV log
|X|

2||P −Q||TV
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Figure 2.3: Figure showing the variation of non-degeneracy parameter ε for
an Ising model over a diamond network with increasing maximum degree ∆.
For smaller values of edge weight parameter θ the non-degeneracy parameter
approximately scales as ε ≈ c

∆
for some constant c.

The following two lemmas bound the number of steps in RecGreedy(ε),

FbGreedy(ε, α) and GreedyP (ε) algorithms which also guarantees their con-

vergence.

Lemma 2.5.2. The number of greedy steps in each recursion of the RecGreedy(ε)

and in GreedyP (ε) algorithm is less than 2 log |X|
ε

.

Proof. In each step the conditional entropy is reduced by an amount at least

ε/2. Since the maximum reduction in entropy possible is Ĥ(Xi) ≤ log |X|, the

number of steps is upper bounded by 2 log |X|
ε

.

Remark 1. Note that the GreedyP (ε) algorithm will take at least ∆ steps to

include all the neighbors in the conditioning set. Lemma 2.5.2 states that the

maximum number of steps is upper bounded by 2 log |X|
ε

. This implies 2 log |X|
ε
≥ ∆.
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Lemma 2.5.3. The number of steps in the FbGreedy(ε, α) is upper bounded

by 4 log |X|
ε(1−α)

.

Proof. Note that as long as the forward step is active (which occurs till all

neighbors are included in the conditioning set N̂(i)), in each step the con-

ditional entropy reduces by at least (1 − α)ε/2. Hence all the neighbors are

included within 2 log |X|
(1−α)ε

steps. The number of non-neighbors included in the

conditioning set is also bounded by 2 log |X|
(1−α)ε

. Thus it will take at most the same

number backward steps to remove the non-neighbors. Hence the total number

of steps is at most 4 log |X|
(1−α)ε

.

We now state our main theorem showing the performance of Algorithms

2, 3 and 4.

Theorem 2.5.4. Consider a MRF over a graph G with maximum degree ∆,

having a distribution P (X).

1) Correctness (non-random): Suppose (A1) holds and the RecGreedy(ε),

FbGreedy(ε, α) and GreedyP (ε) algorithms have access to the true conditional

entropies therein, then they correctly estimate the graph G.

2) Sample complexity: Suppose (A1) holds and 0 < δ < 1.

• When the number of samples n = Ω
(
|X|2 log |X|/ε

ε5
log p

δ

)
the RecGreedy(ε)

correctly estimates G with probability greater than 1− δ.

• When the number of samples n = Ω
(
|X|4 log |X|/((1−α)ε)

ε5(1−α)α4 log p
δ

)
the FbGreedy(ε, α)

correctly estimates G with probability greater than 1− δ, for 0 < α < 1.
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• When the number of samples n = Ω
(
|X|2 log |X|/ε

ε5
log p

δ

)
the GreedyP (ε)

correctly estimates G with probability greater than 1− δ.

The proof of correctness with true conditional entropies known is straight-

forward under non-degenerate assumption (A1). The proof in presence of

samples is based on Lemma 2.5.5 similar to Lemma 2 in [112] showing the

concentration of empirical conditional entropy, which is critical for the success

of RecGreedy(ε), FbGreedy(ε, α) and GreedyP (ε) algorithms. We show that

with sufficiently many samples the empirical distributions and hence the em-

pirical conditional entropies also concentrate around their true values with a

high probability. This will ensure that algorithms 2, 3 and 4 correctly recover

the Markov graph G. The complete proof is presented in Appendix A.

Lemma 2.5.5. Consider a graphical model M = (G,X) with distribution

P (X). Let 0 < δ3 < 1. If the number of samples

n >
8|X|2(s+2)

ζ4

[
(s+ 1) log 2p|X|+ log

1

δ3

]

then with probability at least 1− δ3

|Ĥ(Xi|XS)−H(Xi|XS)| < ζ

for any S ⊂ V such that |S| ≤ s.

Lemma 2.5.5 follows from Lemma 2.5.1 and Azuma’s inequality. Al-

though the sample complexities ofRecGreedy(ε), FbGreedy(ε, α) andGreedyP (ε)
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algorithms are slightly more than other non-greedy algorithms [14, 33, 128],

the main appeal of these greedy algorithms lie in their low computation com-

plexity. The following theorem characterizes the computation complexity of

Algorithms 2, 3 and 4. When calculating the run-time, each arithmetic oper-

ation and comparison is counted as an unit-time operation. For example to

execute line 6 in Algorithm 16, each comparison takes an unit-time and each

entropy calculation takes O(n) time (since there are n samples using which

the empirical conditional entropy is calculated). Since there are at most p− 1

comparisons the total time required to execute this line is O(np).

Theorem 2.5.6 (Run-time). Consider a graphical model M = (G,X), with

maximum degree ∆, satisfying assumptions (A1). Then the expected run-time

of the greedy algorithms are,

• O
(
δ p

3

ε
n+ (1− δ)p2

ε
∆n
)

for the RecGreedy(ε) algorithm.

• O
(

p2

(1−α)ε
n
)

for the FbGreedy(ε, α) algorithm.

• O
(
p(p+1)

ε
n
)

for the GreedyP (ε) algorithm.

The proofs of Theorem 2.5.6 are given in Appendix.

Remark 2. Note that if we take α < ∆−1
∆

the FbGreedy(ε, α) has a better run

time guarantee than the RecGreedy(ε) algorithm for small δ. Also for small δ,

GreedyP (ε) algorithm has the best runtime among three all greedy algorithms.
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2.5.1 Performance Comparison

In this section we compare the performance of theRecGreedy, FbGreedy

and GreedyP algorithms with other graphical model learning algorithms.

2.5.2 Comparison with Greedy(ε) algorithm:

The RecGreedy(ε), FbGreedy(ε, α) and GreedyP (ε) algorithms are

strictly better than the Greedy(ε) algorithm in [112]. This is because Al-

gorithms 2, 3 and 4 always find the correct graph G when the Greedy(ε)

finds the correct graph, but they are applicable to a wider class of graphical

models since they do not require the assumption of large girth or correlation

decay to guarantee its success. Note that RecGreedy(ε), FbGreedy(ε, α) and

GreedyP (ε) algorithms use the Greedy(ε) algorithm as an intermediate step.

Hence when Greedy(ε) finds the true neighborhood Ni of node i, RecGreedy(ε)

algorithm will find the correct neighborhood in each of the recursive steps and

FbGreedy(ε, α), GreedyP (ε) algorithms output the correct neighborhood di-

rectly without having to utilize any of the backward steps or the pruning

step respectively. Hence RecGreedy(ε), FbGreedy(ε, α) and GreedyP (ε) al-

gorithms also succeed in finding the true graph G. We now demonstrate a clear

example of a graph where Greedy(ε) fails to recover the true graph but the

Algorithms 2, 3 and 4 are successful. This example is also presented in [112].

Consider an Ising model on the graph in Figure 2.4. We have the following

proposition.

Proposition 2.5.7. Consider an Ising model with V = {0, 1, . . . , D,D + 1}
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Figure 2.4: An example of a diamond network with D+2 nodes and maximum
degree D where Greedy(ε) can fail but RecGreedy(ε), FbGreedy(ε, α) and
GreedyP (ε) algorithms always correctly recover the true graph.

and E = {(0, i), (i,D + 1) ∀i : 1 ≤ i ≤ D} with a distribution function

P (x) = 1
Z

∏
(ij)∈E e

θxixj , Xi ∈ {1,−1}. Then with D > 2θ
log cosh(2θ)

+ 1 we have

H(X0|XD+1) < H(X0|X1)

The proof follows from straightforward calculation (see Appendix).

Hence for the Ising model considered above (Figure 2.4) with D > 2θ
log cosh(2θ)

+1

the Greedy(ε) incorrectly includes node D + 1 in the neighborhood set in the

first step. However with an appropriate ε the MRF satisfies assumption (A1).

Therefore Theorem 2.5.4 ensures that the RecGreedy(ε), FbGreedy(ε, α) and

GreedyP (ε) algorithms correctly estimate the graph G.

2.5.3 Comparison with search based algorithms:

Search based graphical model learning algorithms like the Local In-

dependence Test (LIT) by Bresler et al. [33] and the Conditional Variation
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Distance Thresholding (CVDT) by Anandkumar et al. [14] generally have

good sample complexity, but high computation complexity. As we will see the

RecGreedy(ε), FbGreedy(ε, α) and GreedyP (ε) algorithms have slightly more

sample complexity but significantly lower computational complexity than the

search based algorithms. Moreover to run the search based algorithms one

needs to know the maximum degree ∆ for LIT and the maximum size of the

separator η for the CVDT algorithm. However the greedy algorithms can be

run without knowing the maximum degree of the graph.

For bounded degree graphs the LIT algorithm has a sample complexity

of Ω(|X|4∆∆ log 2p
δ

). Without any assumption on the maximum size of the

separator, for bounded degree graphs the CVDT algorithm also has a similar

sample complexity of Ω(|X|2∆(∆+2) log p
δ
). Note that the quantity Pmin in the

sample complexity expression for CVDT algorithm (Theorem 2 in [14]) is the

minimum probability of P (XS = xS) where |S| ≤ η+ 1. This scales with ∆ as

Pmin ≤ 1
|X|η+1 . For general degree bounded graphs we have η = ∆. The sample

complexity for RecGreedy(ε), GreedyP (ε) and FbGreedy(ε, α) algorithms is

slightly higher at Ω
(
|X|2 log |X|/ε

ε5
log p

δ

)
and Ω

(
|X|4 log |X|/((1−α)ε)

ε5(1−α)α4 log p
δ

)
respectively

(since 2 log |X|
ε

> ∆). However the computation complexity of the LIT algorithm

is O(p2∆+1 log p) and that of the CVDT algorithm is O(|X|∆p∆+2n), which is

much larger than O
(
p2

ε
∆n
)

for RecGreedy(ε) algorithm, O
(

p2

(1−α)ε
n
)

for the

FbGreedy(ε, α) algorithm and O
(
p2

ε
n
)

for GreedyP (ε) algorithm.

We finally comment that in [33] the authors showed that under an

additional exponential correlation decay assumption, the computation com-
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plexity of the LIT algorithm can be decreased by reducing the search space

through a correlation-neighborhood selection procedure. Under similar as-

sumptions it can be shown that the computation complexity of RecGreedy(ε),

FbGreedy(ε, α) and GreedyP (ε) algorithms (and the CVDT algorithm [14])

can also be reduced. Even in this case (i.e., with correlation decay), we can

show that the greedy algorithms still outperform the search based algorithms

in run-time. However, note that the correlation decay assumption is not nec-

essary to guarantee the success of the greedy algorithms presented in this

chapter; specifically, the sample complexity and run-time results presented so

far do not make this assumption.

2.5.4 Comparison with convex optimization based algorithms:

In [128] Ravikumar et al. presented a convex optimization based learn-

ing algorithm for Ising models, which we have referred as the RWL algo-

rithm. It was later extended for any pairwise graphical model by Jalali et

al. in [81]. These algorithms assume extra incoherence or restricted strong

convexity conditions hold, in which case they have a low sample complexity of

Ω (∆3 log p) , when dependency parameter Cmin = Ω(1). However these algo-

rithms have a computation complexity of O(p4) higher than the RecGreedy(ε),

FbGreedy(ε, α) and GreedyP (ε) algorithms. Moreover the greedy algorithms

we propose are applicable for a wider class of graphical models. Finally these

optimization based algorithms require a strong incoherence property to guar-

antee its success; conditions which may not hold even for a large class of Ising
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models as shown by Bento and Montanari in [27]. They also prove that the

RWL algorithm fails in a diamond network (Figure 2.4) for a large enough

degree, whenever there is a strong correlation between non-neighbors, our

algorithm successfully recovers the correct graph in such scenarios. In our

simulations later we will see that the failure of the RWL algorithm for the

diamond network exactly corresponds to the case ∆ > Dth = 2θ
log cosh(2θ)

+ 1,

which is also when the Greedy(ε) fails. In [27] the authors prove that for a

given ∆ the RWL algorithm fails when θ < θT and this critical threshold θT

behaves like 1
∆

. Now if we define

θ0 = max

{
θ :

2θ

log cosh (2θ)
+ 1 ≥ ∆

}
(2.4)

Then from our simulations for all θ < θ0 the RWL algorithm fails. Also

this θ0 is almost equal to 1
∆

. Hence we make the following conjecture.

Conjecture 1. The RWL algorithm fails to recover the correct graph in the

diamond network exactly when θ < θ0. θ0 given by equation (2.4).

In [80] Jalali et al. presented a forward-backward algorithm based

on convex optimization for learning pairwise graphical models (as opposed to

general graphical models in this chapter). It has even lower sample complexity

of Ω(∆2 log p) and works under slightly milder assumptions than the RWL

algorithm. However this is also unable to recover the correct graph in Ising

models over diamond networks when θ > θ0.
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2.5.5 Which greedy algorithm should we use?

From the above performance comparison we can say thatRecGreedy(ε),

FbGreedy(ε, α) and GreedyP (ε) algorithms can be used to find the graph G

efficiently in discrete graphical models satisfying non-degeneracy assumption.

A natural question to ask then is which among these three greedy algorithms

should we use? The answer depends on the particular application. In terms of

sample complexity theoretically FbGreedy(ε, α) has a higher sample complex-

ity than RecGreedy(ε) and GreedyP (ε) algorithms. However the difference is

not much for a constant α and in our experiments we see all the three greedy

algorithms have similar sample complexities (see Section 2.6). The theoretical

guarantees on computation complexity also vary depending on parameters α

and ∆. Theoretically for fixed α the FbGreedy(ε, α) algorithm has the best

expected runtime guarantee. From our experiments we see RecGreedy(ε) has

much higher runtime than FbGreedy(ε, α) and GreedyP (ε) algorithms which

show similar run-times. We conclude that in practical applications it is bet-

ter to use FbGreedy(ε, α) and GreedyP (ε) algorithms than the RecGreedy(ε)

algorithm. Now if we know the bound on maximum degree ∆, after running

the Greedy(ε) algorithm if the size of the estimated neighborhood set N̂(i)

is considerably higher than ∆ this indicates there are large number of non-

neighbors. In such cases GreedyP (ε) may take a considerable time to remove

these non-neighbors during the node pruning step and FbGreedy(ε, α) algo-

rithm could have removed much of these nodes in earlier iterations, when the

size of the conditioning set was still small, resulting in less computation. This
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calls for the use of FbGreedy(ε, α) algorithm in these cases. Similarly when

size of the set N̂(i) returned by the Greedy(ε) is comparable or slightly greater

than ∆ it will be more efficient to use the GreedyP (ε) algorithm (for example

in the diamond network and grid network as shown in Section 2.6).

2.6 Simulation Results

In this section we present some simulation results characterizing the

performance of RecGreedy(ε), FbGreedy(ε, α) and GreedyP (ε) algorithms.

We compare the performance with the Greedy(ε) algorithm [112], the logistic

regression based RWL algorithm [128], and forward-backward algorithm by

Jalali et al. [80] (referred as JJR algorithm) in Ising models. We consider two

graphs, a 4 × 4 square grid (Figure 2.5) and the diamond network (Figure

2.4). In each case we consider an Ising model on the graphs. For the 4 × 4

grid we take the edge weights θ ∈ {.25,−.25}, generated randomly. For the

diamond network we take all equal edge weights θ = .25 or .5. Independent

and identically distributed samples are generated from the models using Gibbs

sampling and the algorithms are run with increasing number of samples. We

implement the RWL algorithm using `1− logistic regression solver by Koh et

al. [88] and our algorithms using MATLAB. The parameter ε for the greedy

algorithms and the `1 regularization parameter λ for the RWL algorithm are

chosen through cross validation which gives the least estimation error on a

training dataset (See Section 2.3.4). From Theorem 2.5.4 and 2.5.6 we see

that reducing α decreases the runtime of FbGreedy(ε, α) algorithm but can
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increase its sample complexity. Hence for practical applications α can be

chosen to trade-off between sample complexity and runtime to best suit the

application requirements. In our experiments α was taken as .9.

Figure 2.5: A 4x4 grid with ∆ = 4 and p = 16 used for the simulation of the
RecGreedy(ε), FbGreedy(ε, α) and GreedyP (ε) algorithms.

First we show that for the diamond network (Figure 2.4) whenever D >

Dth = 2θ
log cosh(2θ)

+ 1 the RWL algorithm fails to recover the correct graph. We

run the RWL algorithm in diamond network with increasing maximum degree

D keeping θ fixed. We take θ = .25 for which Dth = 2×.25
log cosh(2×.25)

+ 1 = 5.16.

The performance is shown in Figure 2.6. We clearly see that the failure of

the RWL algorithm in diamond network corresponds exactly to the case when

D > Dth. The RWL algorithm fails since it predicts a false edge between

nodes 0 and D + 1. This is surprising since this is also the condition in

Proposition 2.5.7 which describes the case when Greedy(ε) algorithm fails for

the diamond network due to the same reason of estimating a false edge. In

some sense D = Dth marks the transition between weak and strong correlation

between non-neighbors in the diamond network, and both Greedy(ε) and RWL
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algorithms fail whenever there is a strong correlation. However see next that

our greedy Algorithms 2, 3 and 4 succeed even when D > Dth.
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Figure 2.6: Performance of the RWL algorithm in diamond network of Fig-
ure 2.4 for varying maximum degree with θ = .25 and Dth = 5. RWL fails
whenever D > Dth.

Figure 2.1 shows the performance of the various algorithms in the case

of the diamond network with p = 6, θ = .5 and D = 4 > Dth = 3.3. The

Greedy(ε), RWL, and JJR algorithms are unable to recover the graph but

the RecGreedy(ε), FbGreedy(ε, α) and GreedyP (ε) recover the true graph G,

they also show the same error performance. However Figure 2.7 shows that

GreedyP (ε) has a better runtime than the RecGreedy(ε) and FbGreedy(ε, α)

algorithms for this diamond network.

Figure 2.8 shows the performance of the different algorithms for a 4×4

grid network. We see that for this network the RWL algorithm shows a better

sample complexity than RecGreedy(ε), FbGreedy(ε, α) or GreedyP (ε) as pre-

dicted by the performance analysis. This network exhibits a weak correlation
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Figure 2.7: Figure showing the average runtime performance of RecGreedy(ε),
FbGreedy(ε, α) and GreedyP (ε) algorithms for the diamond network with
p = 6, ∆ = 4, for varying sample size.

among non-neighbors, hence the Greedy(ε) is able to correctly recover the

graph, which obviously implies that the RecGreedy(ε), FbGreedy(ε, α) and

GreedyP (ε) also correctly recovers the graph, and all have the same perfor-

mance.

Figure 2.9 shows that the GreedyP (ε) algorithm also has the best run-

time in the 4× 4 grid network among the new greedy algorithms.
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Figure 2.8: Performance comparison of RecGreedy(ε), FbGreedy(ε, α),
GreedyP (ε), Greedy(ε) and RWL algorithms in a 4×4 grid with p = 16, ∆ = 4

for varying sample size. The error event is defined as E = {∃i ∈ V |N̂i 6= Ni}.
All three greedy algorithms have the same error performance for this graph.
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Figure 2.9: Figure showing the average runtime performance of RecGreedy(ε),
FbGreedy(ε, α) and GreedyP (ε) algorithms for the 4 × 4 grid network with
p = 16, ∆ = 4, with varying sample size.
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Chapter 3

Learning User Interests and Topics from

Cascades

3.1 Overview

Information or contents can spread over a network through a cascading

process where at first a set of agents share an information/content which is

heard or viewed by their neighbors or friends in the network. These neighbors

can then further choose to share the information with their friends hence con-

tinuing the process. Such information or contents spreading in a network can

be rumors [141], pathogens [35], memes [95] etc. However the process in which

these contents spread depend both on the type of content and the inherent

interest/susceptibility of the users to such content. For example if a rumor

is on sports then a person who follows sports is more likely to further spread

the rumor than those who do not follow sports. Therefore we can study these

cascade spread to find out the latent user interest in various types of contents.

Learning user interest/susceptibility in a networks can be useful for many dif-

ferent applications e.g. recommendation system, viral marketing, and selective

An earlier version of this work was presented as a poster, and published as a short paper
in the Proceedings of ACM Sigmetrics 2014, Austin, TX (see [131]). In this work the author
was the main contributor.
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vaccination strategies to prevent epidemics. Now if we know beforehand the

“type” or “topics” associated with each piece of content, then we can easily

determine the user interests by observing which type of contents are shared by

the user most frequently. However classifying content or information accord-

ing to their type or topics is hard since it amounts to solving a latent variable

problem. Although this problem has been well studied in the past two decades

in the context of classifying text document, the techniques developed do not

fare well for non textual contents. In this chapter we develop algorithms to si-

multaneously infer topics in contents or information spreading over a network,

and the inherent interest of the users in these topics.

Classically topic modeling refers to the task, arising in text document

analysis, of assigning/recovering the abstract “topics” that characterize a cor-

pus of several text documents. For example, the topics for news stories could

be politics, sports, business, etc., while those for academic articles in network-

ing could be wireless, BGP, 802.11, tomography etc. Importantly, what the

topics are is not pre-assigned, but has to be learnt from the data.

In particular, given documents, a topic model algorithm will automat-

ically come up with a number K of abstract topics; each document is then

associated with some subset of labels from the overall set {1, . . . , K}. What

these topics mean is not pre-specified; it is just learnt from the data, and may

be interpreted ex-post-facto. Learning these topics can be useful in many dif-

ferent ways. For example a topic based classification of a huge collection of

documents, webpages, research papers can vastly improve the performance of
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search engines, enabling users to search by topics as opposed to just keywords.

With the advent of social networks, digital content (text, pictures, music,

videos) is generated at a tremendous rate, and an automatic thematic classi-

fication of such content is imperative for efficient search. Other applications

include genetics [43] and recommendation systems [103].

In this chapter we are interested in topic modeling for settings in which

the content to be modeled is such that it may be hard to find features (like

words in text documents) that are directly relevant to its topic; for exam-

ple, videos and pictures with little associated text, memes shared over social

networks, etc. Such informative features are crucially needed in all existing

approaches to topic modeling. The main insight we leverage: if we also have

data on which people/users have interacted with / “liked” the content, we

can treat the users as informative features. In particular, each user is likely

interested in a small set of topics, and similarly each piece of content is a mix

of a small set of topics; the more these sets are in alignment, the more likely it

is for that user to react with that piece of content. Thus, if there are n users,

one can treat each piece of content as a vector of length n, where the ith coor-

dinate records user i’s interaction with that content. Viewed this way, users

play the same role that (bags of) words play in standard topic modeling of

text documents; in particular, there each text document is made into a vector

over n possible words, and topics are learnt from these.

We are interested in the setting where users view content via sharing

over a known graph, for example an online social network. That is, each user
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has some associated neighbors, and a node can view a piece of content only if

it has been shared by at least one of its neighbors. The node may then choose

to share it further, in which case all its neighbors will have the opportunity

to view the content. Thus, the sharing of each piece of content follows a

cascade process in the network; the spread of this cascade is determined by

the (hidden) topics to which the content corresponds, as well as the topics in

which the nodes sharing it are interested.

As we will see, standard topic modeling algorithms do not perform very

well out of the box in such a network setting. This is because the graph fun-

damentally governs the statistics of how users interact with content; however,

existing algorithms – since they are not built for this setting – cannot leverage

this and so fail. In this chapter we propose a new probabilistic latent topic

model that captures the dynamics of content spread in this setting and de-

velop new algorithms that can efficiently learn both (a) set of topics each user

is interested in, and (b) set of topics in each content (which has been shared

by many users). We provide theoretical guarantees for our algorithms and

empirical results showing their practical applicability.

The chapter is organized as follows. In Section 3.2 we formally de-

fine the latent topic model and describe our algorithms. Next in Section 3.3

we describe sufficient conditions and theorems which guarantees the success

of our algorithms under these conditions. The empirical performance of our

algorithms is demonstrated in Section 3.4.
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3.1.1 Related work

We now review the two lines of research that are most directly related

to our setting: topic modeling, and cascades on networks. Topic modeling has

had a rich history in the context of probabilistic inference and learning latent

topics from document corpora. Over the last three decades, there has been

much interest in both generative models (e.g., the Latent Dirichlet Allocation

- LDA - model [29]) and algorithms for topic modeling [10,19,53,73,122]. We

highlight two recent lines of work that provide statistical guarantees. Arora

et al. in [19] have proposed a non-negative matrix factorization (NMF) based

algorithm that provably works assuming a LDA generative model and the

presence of anchor words corresponding to each topic. Anandkumar et al.

in [10] have presented a tensor based method that has been proved to work for

a wide range of generative models including LDA, with uncorrelated topics.

The study of cascades also has a rich history, and the literature has

focused on both the “forward problem” – models, analyses and measure-

ments of cascade spread [66, 87, 111]; as well as the “inverse problem” – in-

ferring causation and parameter estimation of cascade properties (e.g., ru-

mor source [141], network structure [70, 113], causative network [106], viru-

lence [54]). Other latent variable models, and their learning algorithms, have

been studied in several context (e.g., graphical models, time series, community

detection) [11, 38, 82]. This chapter lies at the confluence of these themes –

we propose a latent topic model for cascade propagation, and propose novel

algorithms and analyses for inferring the underlying latent structure.
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3.2 Setting and Algorithm

In this section we first formally describe the setting in which we would

like to do latent topic modeling over networks, and then discuss settings that

this captures.

We consider a set of n nodes, each corresponding to a user, connected

by a graph G = (V,E). There are also content pieces (videos, images etc.),

which the users view and share. In particular, a user can view a piece of content

if and only if it has been shared by one of its neighbors; it can subsequently

share it further; it does so probabilistically according to a process we describe

below. Thus, each piece of content is a cascade on the graph: it is first shared

by a certain node/set of nodes, then viewed by the neighbors of these nodes,

some of which further share the content, and so forth.

The latent topic model is what governs the probability of whether

a user node, that has viewed a piece of content, decides to share it further.

We consider a setting where there are K latent topics, whose set is denoted

by K = {1, . . . , K}. Each user i has a set Ci ⊆ K of topics it is interested in.

Similarly, each content piece t also has an associated topic set Ct ⊆ K. So,

for example, the latent topics could correspond to politics, sports, technology

etc.; every user has her own subset of topics that are most interesting, and

similarly each piece of content is some combination of these topics. The sets

Ci and Ct govern whether or not user i, on viewing content t, will share it

further. So, for example, a user may be interested in politics and travel; she

may be more likely to share a piece of content that has some representation of
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one of these topics, as compared to e.g. sports or technology.

The content spread model is as follows. At first all users who has not

viewed a content t are said to be in a susceptible state. At time 0 a randomly

chosen user i (called the seed) shares a content t. The spread of the content in

the graph G then follows a discrete time SIR cascade process similar to [113].

At time 1 all the neighbors of user i are able to view and further share the

content. On viewing the content user j, a neighbor of i, chooses a particular

topic Zj ∈ Ct. It then shares the content further with probability p if and only

if their chosen topic lies in their interest set, i.e. Zj ∈ Cj. On the other hand,

if it does not have interest in the topic i.e. then user j shares with probability

p; also, clearly, p < p. An user who views t but does not share it goes to a

recovered state and does not take part in this cascade process anymore. Users

who share the content t remain active for one time interval during which their

susceptible neighbors can further view and share the content. The process

stops when there are no active users in the graph. We note that our results

generalize to the case where {p, p} are user dependent (i.e., replace p by {p
j
}

and similarly for p); we skip details for ease of exposition.

Let St ⊂ V be the set of nodes that share content t; for every t, this is

what is recorded. The algorithmic task we are interested in is: given only

the sets S1, S2, . . . for some content pieces, infer the latent topic set Ci for each

user i, and Ct for content pieces t.

We now provide two settings that motivate our model.
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Blog/news Websites and Meme Cascade: The latent topics correspond

to the content type like politics, sports, entertainment, or weather. The cas-

cades correspond to the various news and blog articles or memes which spread

across these websites due to social connections [95].

Disease Propagation: Cascades correspond to diseases like flu spreading

in the human population due to physical proximity. The latent topics could

be the different flu virus strains like influenza A, B or C (or sub-types thereof)

[139, 148]. Alternately in this setting, cascades can be influenza virulence

in different countries and the latent topics could be the geographical regions

having similar virulence pattern [153].

Similar models are also applicable in computer networks where cascades

are computer viruses and malware [87], music and video recommendations over

social networks [96], or citation networks [116] where nodes are authors and

cascades are paper citations over a fixed time-interval. In these settings, it

is often difficult to classify the cascades and nodes according to their latent

topics; however we can easily observe the set of activated nodes in the cascade.

This motivates our problem of inferring this latent topic structure using only

the knowledge of the nodes participating in each cascade.

3.2.1 Algorithm

We now describe our main algorithm, called LatentInterest, that finds

the interest set Ci for each user i ∈ V. We find it useful to define interest group

Vk as the set of users with interest in topic k, i.e. Vk := {i ∈ V : k ∈ Ci}. Then
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finding all the sets {Ci}ni=1 is equivalent to finding all the groups V1, . . . , VK .

We also denote the set of nodes sharing at least one interest with node i

as VCi = ∪k∈CiVk. The LatentInterest algorithm takes as input the set of

cascades S = {S1, . . . , Sm}, the graph G, and two threshold parameters θ1

and θ2. It outputs the estimated interest groups V̂1, . . . , V̂K (pseudo-code in

Algorithm 5).

Algorithm 5 LatentInterest

Input: Cascades S, thresholds θ1, θ2

Output: Interest groups V̂1, . . . , V̂K
1: P← AnchorNodeDetect(S, θ1, θ2)

2: V̂1, . . . , V̂K ← InterestGroup(G, S,P, θ1)

The algorithm has two main steps which are as follows.

1. Find anchor nodes: An anchor node i is a node which has interest in

only a few topic (i.e. a node i for which |Ci| is small). The analogous notion

in topic modeling has been previously introduced in [19] with the name of

anchor word. In the first step the algorithm finds a set P containing K such

anchor nodes, whose interests are dissimilar from each other. These anchor

nodes are in a way representative nodes for each interest groups and they are

used in the next step to find the same1. This task is performed by calling the

AnchorNodeDetect subroutine. The AnchorNodeDetect algorithm takes as

input the cascade set S = {S1, . . . , Sm} and two threshold parameters θ1, θ2.

1When |Ci| = 1 an anchor node i is also called a pure anchor node. Our analytical results
show that only one such pure anchor node per interest group is sufficient for exact recovery.
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It outputs the set P of K candidate anchor nodes. Let I[.] be the indicator

function. The pseudo-code is presented in Algorithm 6.

Algorithm 6 AnchorNodeDetect

Input: Cascades S, thresholds θ1, θ2

Output: Anchor node set P

1: for i = 1 to |V | do
2: Ri ← {j : 1

m

∑m
t=1 I [i, j ∈ St] ≥ θ1}

3: end for
4: Arrange co-infection sets {Ri}ni=1 in ascending order of their size. Call this

permutation σ.
5: P← σ−1(1)
6: x← 1
7: while |P| < K do
8: x← x+ 1
9: if ∀i ∈ P, |Ri ∩Rσ−1(x)|/|Ri| ≤ θ2 then

10: P← P ∪ σ−1(x)
11: end if
12: end while
13: Output anchor node set P

The observation is that the anchor nodes, having interest in few topics,

take part in a small number of cascades (share less content) than other nodes.

Therefore they get co-infected (take part in the same cascade) also with small

number of nodes. Hence size of their co-infection set Ri is smaller than non

anchor nodes in the same interest group. As a result an anchor node whose

co-infection set is the smallest, first gets added to P. Now anchor nodes with

similar interests have similar co-infection sets (more overlap) while those with

different interests are dissimilar (less overlap). Hence only the anchor node

having dissimilar co-infection set from the one already in P is added next to

P, and so on. Since a non anchor node has larger co-infection set, and there is
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always an anchor node with smaller but similar co-infection set (more overlap)

already in P, these do not get added. The process stops when K such dissimilar

anchor nodes have been added to P.

2. Estimate Interest Groups: In the second step the algorithm uses the

anchor node set P to find the interest group estimates V̂1, . . . , V̂K . This es-

timation step is performed by calling the InterestGroup subroutine. The

InterestGroup algorithm takes as input an anchor node set P, the graph G,

cascade set S and a threshold θ1, while the output is the interest group esti-

mates V̂1, . . . V̂K . Assume each cascade St is an n length 0 − 1 column vector

whose ith row is 1 if node i shares the tth content and zero otherwise. Also

for any subset A ⊆ V, N(A) denote the set of neighbors of A in V \A. The

pseudo-code in presented in Algorithm 7.

Algorithm 7 InterestGroup

Input: Graph G, cascades S, anchor nodes P, threshold θ1

Output: Interest groups V̂1, . . . , V̂K
1: S ← [S1, . . . , Sm]
2: P ← 1

m
SST

3: for k = 1 to K do
4: Choose i∗ ∈ P, P← P\i∗
5: Initialize V̂k ← i∗

6: while ∃l ∈ N(V̂k) such that Pi∗,l ≥ θ1 do

7: V̂k ← V̂k
⋃
{l}

8: end while
9: end for

10: Output interest groups V̂1, . . . , V̂K

The key observation here is that nodes have high co-infection proba-

bility with the anchor nodes with which they share interest but have a low
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co-infection probability with which they do not share any interest. This en-

ables us to identify the interest group membership for all the nodes using the

candidate anchor nodes as reference. Note that this algorithm does not pro-

vide a physical interpretation of the latent topics; it only assigns the topics to

individuals. The specific interpretation of these topics is context dependent,

as seen in the examples in Sections 3.2.2, 3.4.

3.2.2 An illustrative example with meme dataset

We now show the practical applicability of the latent topic model for

cascades by a simple case study where we try to recover these interest groups

from a meme dataset [144] using our LatentInterest algorithm. The dataset

contains millions of different memes which appeared in 400 different websites.

We choose 100 most active websites and classify them into 5 interest groups

treating each meme as a cascade. We consider a fully connected graph G since

the websites can be considered well connected via the internet. The results are

shown in Figure 3.1. We find that the interest group 1 contains mainly UK

based news websites, interest group 2 contain Wikipedia and few other news

websites, interest groups 3, 4, 5 mostly contain US / Canada / New Zealand

based news websites. The reference anchor nodes obtained for each inter-

est group (set P returned by AnchorNodeDetect subroutine) are bbc.co.uk

for group 1 (a UK news website), en.wikipedia.org for group 2 (an on-

line encyclopedia), ca.biz.yahoo.com for group 3 (a Canada business news

website), freep.com for group 4 (a US news website) and stuff.co.nz for
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group 5 (a New Zealand news website). Hence we see that the LatentInterest

algorithm can efficiently classify the websites according to their content top-

ics (UK news, US news, Canada and Business news etc.). Similar results

were also obtained by classifying 200 most active websites into 6 interest

groups. We emphasize that we do not use the actual content of the memes

or the websites for inference, rather only the knowledge of which websites

each meme appeared in. When we run standard topic modeling algorithm

based on non-negative matrix factorization [19] (using the implementation

in [20]) on the same dataset, the anchor words obtained correspond to the web-

sites retfordtoday.co.uk, en.wikipedia.org, sleafordstandard.co.uk,

nbc26.com and examiner.com. The topics for these interest groups are not

easily interpretable as was for the LatentInterest algorithm. For example

websites bbc.co.uk, independent.co.uk had greater log-likelihood in an in-

terest group with mostly US news websites than that with most UK news

websites.

3.3 Analytical Results

In this section we present our main analytical results: conditions under

which the algorithm described will be able to recover the topics. These results

provide analytical evidence to believe that such methods would produce useful

outputs in real-world scenarios that approximately satisfy our conditions.

Topics for nodes: Our first assumption is that each content consists of a

small set of topics, and that this set is chosen randomly; and also that the
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Figure 3.1: Figure showing the interest groups obtained for 20 websites by
applying the LatentInterest algorithm on the meme dataset [144] using n =
100, K = 5 and 22, 000 memes. The first five websites in bold font are the
reference anchor nodes obtained for each interest group (set P returned by
AnchorNodeDetect subroutine). These anchor nodes are indicative of the
actual topics.

location of the seed that first shares the content is random.

(A1) For each content t, each topic k has an equal probability of being

included in the topic set Ct; and these choices are independent over the K

topics. Also, the expected number of topics in content t (or in topic set Ct)

is a constant (not scaling with either n or K). The content seed s is chosen

independently among all nodes and the content t spreads according to a discrete

time SIR model, independent of every other content.

Graph structure: As mentioned, the structure of the graph crucially governs

the spread of content, and hence also the statistical performance of our (or

indeed any) algorithm. It is not hard to construct adversarial worst cases

where the problem is not well defined (there may not be an unique solution),
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and also where algorithms will fail even when it is well defined. Also, it is clear

that if the set of nodes Vk that have topic k in their set are disconnected in G,

then there is no way for an automated topic modeling algorithm to discern that

this is “one” topic as opposed to two separate topics. To ensure connectedness,

and also to avoid adversarial worst cases, we assume a rather natural random

graph model that is dependent on the node interests. In particular, we first

assign the sets of topics to each node, and then generate K+1 random graphs

– one for each of the K topics, and an overall noise graph. The graph for

each topic k will be on the nodes Vk, and the overall noise graph will be on

all nodes; thus these graphs overlap in nodes and possibly edges. The final

graph is a union of these graphs. As we comment below, this still allows for

significant modeling flexibility.

(A2) The graph G is a union of K + 1 independent random subgraphs:

{Gk = (Vk, Ek) for k = 1, . . . , K and G0 = (V,E0)}. Each Gk is constructed

independently according to some degree distribution Dk, and G0 = GV,q is an

Erdos-Renyi random graph with edge probability q. The final edge set of G is

given by E = ∪Ki=0Ei.

The construction of such random graphs having a specific degree dis-

tribution have been studied extensively [48,108]. As discussed in [117], Dk can

be chosen to have light tails (Erdos-Renyi) or heavy tails (power law) and are

good approximations for real social networks in multiple contexts (co-author

network, collaboration network, instant messaging network etc. [48,117]). The

graph G0 is called the graph noise and allows for nodes not sharing interest in
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any common topic to also be connected. q is called the graph noise parameter2.

Pure anchor nodes: Recall that the first step of our algorithm is finding

anchor nodes – nodes that are (likely to) have a small number of topics, and

which can hence be used to model topics for other nodes. Our results below

govern exact recovery of topics; correspondingly, we need the existence of at

least one node for each topic that is pure, i.e. a node that is interested in that

topic and none other. Note that the analogous assumption has been introduced

in [19], where at-least one anchor word is required per topic. In our setting, we

comment that pure nodes can still probabilistically participate in un-related

cascades with probability p once its neighbors share such content, and further

that most nodes are not pure.

(A3) For every k ∈ K there exists at least one pure anchor node i ∈ Vk

such that it has interest in only topic k, i.e. Ci = {k}.

Separability: Clearly, if every time a node is interested in one topic it is also

interested in another topic, then it is impossible to tell these two topics apart.

In the presence of the graph and cascade noise in our model, we thus need to

have that the footprints Vk1 and Vk2 for any two topics k1, k2 be reasonably

different. This is stated below.

2A small value of q leads to a setting where there is a strong relation between user
interests and the overall graph structure (e.g., shared interests drive the social network
community formation). On the other hand, by choosing q and the degree distributions Dk

appropriately, we can generate contact networks that are “independent” of interests (e.g.,
flu propagation in a university, where the susceptibility of individuals to various strains is
not very related to physical proximity).
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(A4) For any pair of topics k1, k2 ∈ K there exists a subset of nodes

Uk1,k2 ⊂ Vk1 ∩ V c
k2
, and β = mink1,k2∈K |Uk1,k2|/n > 0. Also there exists a

γ, 0 < γ < 1, such that for any i ∈ V, |Ci| ≤ γK.

Non-degeneracy: The probability of node i sharing a piece of content in the

latent topic model is specified in terms of two probabilities p and p, hence it is

expected that the complexity of learning these interest groups from cascades

will increase when p and p get closer. The non-degeneracy condition provides

lower and upper bounds on p and p respectively so that inference algorithms

can provide an unique solution to the estimation problem. Define subgraph

GVk to be G restricted only to the nodes in Vk.

(A5) We assume graph G and subgraphs GVk , k ∈ K are connected.

Also let gDk(t) be the generating polynomial for degree distribution Dk. Then

we assume g′Dk(1) < g′′Dk(1) for all k ∈ K, p > maxk∈K
g′Dk

(1)

g′′Dk
(1)

and p <

mink∈K
g′Dk

(1)

g′′Dk
(1)
.

Thresholds: In order to successfully recover the interest groups V1, . . . , VK

our algorithms require certain parameter values or thresholds as input. Such

thresholds are often used in many learning algorithms [11, 113] and they help

in differentiating between “similar” and “dissimilar” nodes.

(A6) Define α := mink |Vk|/n as the fraction of nodes in the smallest

interest group. In AnchorNodeDetect algorithm we assign thresholds θ1 =

Ω( α
K

), θ2 =
√

3− 1.

When running these algorithms on real data sets with unknown param-
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eter K, the thresholds may be chosen through cross validation (i.e., the ones

giving the best estimates on training data).

3.3.1 Main result

Now we state our main theorems. Theorem 3.3.1 guarantees that the

AnchorNodeDetect algorithm can correctly find a set of K pure anchor nodes,

one from each interest group. First define a graph dependent parameter η as

follows.

η =

{
1− β, if qn = Ω(log n),
α otherwise.

(3.1)

where q is the graph noise parameter stated in (A2). We note that in our

model the parameters α, β can potentially scale with n, e.g. when the smallest

interest group is of size Θ(
√
n) then α = Θ

(
1√
n

)
.

Theorem 3.3.1. Suppose assumptions (A1)-(A6) hold with β ≤ (
√

3−1)α
2

and

q = Ω
(√

logn
αn3/2

)
. Let the maximum fraction of topics in any user topic set Ci

be γ = O(βη/α) and the minimum probability of a node sharing a content be

p = O
(
βη
K

)
. Then for any δ, 0 < δ < 1, the AnchorNodeDetect algorithm

can recover one pure anchor node from each interest group Vk, k ∈ K with

probability greater than 1−δ when the number of cascades m = Ω
(

K2

β2η2
log n

δ

)
,

η given by equation (3.1).

Remark 3. The sample complexity or the number of cascades required by the

AnchorNodeDetect algorithm to identify K pure anchor nodes accurately, one

from each interest group, scales only polynomially in the number of topics K

and logarithmically in network size n.
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Remark 4. In the latent topic model the probability p introduces a system

noise enabling nodes not interested in a particular topic k to share content

having topic k in its topic set Ct. Therefore the condition p = O
(
βη
K

)
can be

interpreted as a bound on the inherent noise in the system. Assumption (A5)

also require an upper bound on p in terms of graph parameters, hence p should

be less than the minimum of the two bounds.

Proof. The detailed proof is presented in Appendix B.1, here we outline the

key steps. We first show that under assumptions (A5), (A6) when the number

of cascades m = Ω
(

K2

β2η2
log n

δ

)
, with high probability VCi ⊆ Ri. This uses

recent results on site percolation in random graphs [83]. We next show that

for any pure anchor node i when p = O
(
βη
K

)
and γ = O(βη/α) the number of

spurious nodes in V c
Ci

which get included in Ri is small. This together with

assumptions (A4), (A5) ensures that the size of the co-infection set of any

pure anchor node i is less than that of any node j ∈ VCi with more than one

interest. Hence when nodes are permuted in ascending order of the size of their

co-infection sets the pure anchor nodes come before any other non-anchor node

in the same interest group with high probability. This also ensures that the

first node added to P is a pure anchor node. Next we show by induction that

in the subsequent steps there are only two possibilities as follows.

1. When we consider a pure anchor node or non-anchor node j ∈ V \P such

that there exists a i ∈ P where j ∈ VCi , then Rj has a large overlap with

the corresponding Ri, hence |Ri∩Rj|/|Ri| > θ2. Therefore j is not added
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to P.

2. Only when j is a pure anchor node from a new interest group which

does not have any representative anchor node in P then Rj has a small

overlap with every Ri, i ∈ P. Then |Ri ∩ Rj|/|Ri| ≤ θ2 for every i ∈ P,

and this anchor node gets added to P.

Since assumption (A3) ensures that there is at least one pure anchor

node in each interest group the algorithm terminates after we find K different

pure anchor nodes one in each interest group.

Theorem 3.3.2 guarantees that under the above assumptions with high

probability InterestGroup algorithm successfully recovers all the interest groups

{V1, . . . , Vk} given a set of pure anchor nodes P and the graph G.

Theorem 3.3.2. Suppose assumptions (A1)-(A6) hold. Let the maximum

fraction of topics in any user topic set Ci be γ = O(βη/α), and the minimum

probability of a node sharing a content be p = O
(
βη
K

)
. For any δ, 0 < δ < 1,

the InterestGroup algorithm can recover the interest groups V1, . . . VK with

probability greater than 1−δ when the number of cascades m = Ω
(

K2

η2β2 log n
δ

)
,

η given by equation (3.1).

Remark 5. Theorem 3.3.2 guarantees exact recovery (with high probability)

of all the interest groups V1, . . . , VK . The number of cascades required is again

polynomial in number of topics K and logarithm is network size n.
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Remark 6. Since the LatentInterest algorithm uses the AnchorNodeDetect

and InterestGroup algorithms as subroutines, Theorem 3.3.1 and 3.3.2 im-

plies that under assumptions (A1)-(A6) the LatentInterest algorithm can ex-

actly recover all interest groups with high probability using m = Ω (K2 log n)

cascades. In comparison the non-negative matrix factorization based topic

modeling algorithm [19] require the number of documents to scales as m =

Ω (K6 log n) , for a large n, greater than the LatentInterest algorithm.

Proof. We show that under assumptions (A5) when γ = O(βη/α) and p =

O
(
βη
K

)
and the number of cascades m = Ω

(
K2

η2β2 log n
δ

)
the empirical co-

infection probability P̂ (i, j ∈ S) between a pure anchor node i and any other

node j ∈ V c
Ci

is small. However when j ∈ VCi , P̂ (i, j ∈ S) is large. Hence

starting with a pure anchor node i∗ ∈ P which belongs to interest group Vk

(say), by choosing an appropriate threshold according to (A6), we only add

nodes j ∈ Vk to the interest group estimate V̂k but do not add any nodes

which are not in this interest group. Since we choose j only from the neigh-

bors of the nodes already added to V̂k, we ensure that V̂k is always a connected

subgraph in G containing node i∗. Because the original interest groups Vk all

form connected subgraphs in G the process stops only when V̂k = Vk with high

probability. Similarly we find all the other interest groups starting with other

pure anchor nodes in P̂ . The detailed proof is presented in Appendix B.1.
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3.3.2 Algorithm for content topic identification

The LatentTopic algorithm is used to identify the set of topics of all

large cascades (i.e. when content t is shared by a large number of users). It

takes as input the cascade set S, the interest groups {Vk}Kk=1 (which can be the

output of LatentInterest algorithm) and a threshold parameter θ3. It outputs

for each cascade St of size greater than θ3 the estimate of the set of topics

Ĉt present in content t. The algorithm has two main steps (pseudo-code in

Algorithm 8)

1. Pruning: In the pruning step only cascades of size at least θ3 are chosen

for topic identification in the next step. Let S′ be this set of large cascades.

2. Topic estimation: Assign topic k to content t when |St ∩ Vk| ≥ θ3. Output

the set of topics Ĉt corresponding to the content in each cascade St ∈ S′.

Algorithm 8 LatentTopic

Input: Cascades S, interest groups {Vk}Kk=1, threshold θ3

Output: Topics Ĉ1, . . . , Ĉm′

1: Prune S to S′ = {S ′1, . . . , S ′m′} having epidemics of size |St| ≥ θ3.
2: for j = 1 to m′ do
3: Ĉj ← φ
4: for k = 1 to K do
5: Nk ← Vk

⋂
S ′j

6: if |Nk| ≥ θ3 then

7: Ĉj ← Ĉj
⋃
{k}

8: end if
9: end for

10: end for
11: Output topics Ĉ1, . . . , Ĉm′

The following theorem guarantees that when the size of the cascade is
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large and the overlap between any two interest group is small enough, we can

identify all the content topics with high probability. Recall that the quantity

q defines the graph noise level which is the minimum probability of an edge

between any two nodes in G.

Theorem 3.3.3. Under assumptions (A1), (A2), (A5) and ξ ∈ (0, 1), sup-

pose for any k1, k2 ∈ K, |Vk1 ∩ Vk2 | = O
(
α(1−ξ)
K

n
)

and graph noise parameter

q = Ω
(

logn
n2

)
. Let the minimum probability of a node sharing a content be

p = O
(
ξη
K

)
, and the threshold θ3 = Θ(αn), then with high probability the

LatentTopic algorithm correctly identifies all topics when the size of the cas-

cade is Ω(αn), where η is given by equation (3.1).

Remark 7. Theorem 3.3.3 guarantees exact recovery of all the topics in Ct

only for cascades of size at least |St| = Ω(αn), i.e., when the content has been

shared by a large number of users. Note that topics of a small cascade may

be impossible to estimate accurately. For example consider just a single node

with multiple interests sharing a content (|St| = 1).

Remark 8. Also observe that if two interest groups Vk1 and Vk2 have a large

overlap, then a content having topic k1 and being shared by many nodes in

Vk1 can also be mistaken as a content having topic k2. This may happen when

many of these sharing nodes lie in the intersection Vk1 ∩ Vk2 , although k2 may

not be present in the content topic set. Hence for exact recovery we require the

maximum overlap to be bounded |Vk1 ∩ Vk2| = O
(
α(1−ξ)
K

n
)
.

Remark 9. In order to correctly estimate all topics in Ct it is necessary that

significant number of nodes in each interest group Vk, k ∈ Ct share the content.
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However since the content seed is chosen randomly this may not happen if the

graph is very sparse and a cascade process ends before it is able to reach every

interest group corresponding to all topics in Ct (although the cascade size may

still be large). The probability of such “bad” events become negligible as the

graph becomes more densely connected. Hence for exact recovery we require

the graph noise probability q (which allows nodes with dissimilar interests to

be connected) to be q = Ω
(

logn
n2

)
.

Proof. We show that under assumption (A5) and q = Ω
(

logn
n2

)
any cascade

with topic set Ct with size at least Ω(αn) infects a large number of nodes in

each interest group Vk, k ∈ Ct but infects only a small number of nodes in any

other interest group. Therefor by choosing a proper threshold θ3 ensures that

we can correctly identify all the topics k ∈ Ct with high probability. We defer

the details to Appendix B.2.

3.3.3 Runtime

Let α′ = maxk |Vk|/n be the fraction of nodes in the largest interest

group. The runtime of our algorithms are as follows.

• In the AnchorNodeDetect algorithm computing all co-infection sets take

O(n2m) time. Sorting nodes according to co-infection set size takes

O(n log n) time. For any pure node i ∈ P the size of the co-infection

set Ri can be O(α′n). Therefore in each iteration the while loop take

O(α′nK) time. In worst case the while loop can take O(n) iterations
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which makes the overall runtime ofAnchorNodeDetect algorithmO(n2m+

α′n2K). However when the interest groups have comparable size the

while loop can terminate in just O(K) steps, since most anchor nodes

have smaller size and are considered before non anchor nodes. Then the

overall runtime can be just O(n2m+ α′nK2).

• In InterestGroup algorithm computing the S matrix take O(n2m) time.

The for loop take O(K|E|) time, where E is the edge set of the graph

G. The overall runtime is O(n2m+K|E|).

• The LatentTopic algorithm has a runtime of O(m′Kα′n).

We note that in comparison other topic modeling algorithms e.g. those

based on non-negative matrix factorization [19], and tensor decomposition [10]

have a runtime of O(n2m+ n2K).

3.4 Empirical Results

In this section we show the empirical performance of the LatentInterest

(abbreviated as LI) and LatentTopic (abbreviated as LT) algorithms on both

synthetic and real datasets. We compare our algorithm with traditional topic

modeling algorithms like variational inference based method on a Latent Dirich-

let Allocation generative model [29] (abbreviated as LDA algorithm) and more

recent algorithm based on non-negative matrix factorization using an anchor
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word recovery technique [19] (abbreviated as NMF algorithm)3. We use the

LDA implementation from [28] and the NMF implementation from [20]. The

initial Dirichlet parameter α was chosen as 1 for LDA. We use various com-

parison metrics like probability of success and average number of errors. Since

both LDA and NMF algorithms output likelihoods (as opposed to true inter-

est group membership for the LI algorithm), we find the interest groups by

choosing appropriate likelihood thresholds which give the least error. In the

LI algorithm the thresholds θ1 and θ2 are chosen through cross validation as

the ones giving least error on a training dataset4.

Synthetic Data: We generate various synthetic datasets using the latent

topic model in Section 3.2 for n = 50, 100, 200, K = 3, 4, 5 and compare the

performance of LI, LDA and NMF algorithms. The various interest groups

are generated randomly for different values of γ (maximum fraction of topic in

each interest set Ci) and one or four pure anchor nodes per interest group. We

generate an Erdos-Renyi random graph with p = 4 log n/n for each interest

group. The graph noise parameter q is taken as q = log n/n. Independent

cascades are generated with different values of r (the probability that any

3We did not compare with the tensor based topic modeling algorithm [10] due to un-
availability of a fast code implementation. However, as this algorithm does not use network
structure (and some assumptions such as the multi-view assumption in [10] are not satisfied
here), we expect the performance to be comparable to that of the NMF algorithm. Stan-
dard clustering algorithm like K-means has not been considered since it will recover disjoint
clusters, where as in our model the interest groups can overlap.

4In the InterestGroup algorithm instead of choosing a constant threshold θ1, a node
wise varying threshold θ3(i) may be chosen as θ3(i) = (maxj∈P P̂ (i, j ∈ S)+minj∈P P̂ (i, j ∈
S))/2. This heuristic (but intuitive) method of choosing the thresholds has a slightly better
sample complexity in synthetic data than choosing all equal thresholds θ1.
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Figure 3.2: Figure showing the average error performance of LatentInterest
(LI), LDA [29] and NMF [19] algorithms. The average error of our algorithm
LI goes to zero with increasing samples and it exactly recovers all the interest
groups, however for LDA and NMF algorithms average error always remain
high. The experiment parameters were n = 50, K = 3, r = .6, p or p(high) = .9
and two different values of p (or p(low)). Average error percentage is calculated

as e = 100E
nK

where the error E =
∑K

k=1 |(V̂k\Vk) ∪ (Vk\V̂k)|.

topic k ∈ Ct), p and p.

Figure 3.2 shows the average error performance of LI, LDA and NMF

algorithms in a graph with n = 50, K = 3, r = .6, γK = 2 and one pure anchor

node per interest group. The LI algorithm can correctly recover all interest

groups with sufficient samples but the LDA and NMF algorithms fail. Figure

3.3 shows similar results on a graph with n = 100, K = 4, r = .4, γK = 2

and also one pure anchor node in each interest group. In Figure 3.4 we plot

the error probability of different algorithms for a graph with n = 200, K =

5, γK = 3,m = 10000 and four pure anchor nodes per interest group. We

plot the probability of error for different values of r and observe that for low

values of r both LI and NMF have low error probability, but for higher r the
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Figure 3.3: Figure showing the average error performance of LatentInterest
(LI), LDA [29] and NMF [19] algorithms. The average error of our algorithm
LI goes to zero with increasing samples and it exactly recovers all the interest
groups, however for LDA and NMF algorithms average error always remain
high. The experiment parameters were: n = 100, K = 4, r = .5, p or p(low) =
.1 and two different values of p (or p(high)). Average error percentage is

calculated as e = 100E
nK

where the error E =
∑K

k=1 |(V̂k\Vk) ∪ (Vk\V̂k)|.

NMF algorithm shows an error probability 1 compared to an error probability

less than .5 for LI algorithm. The LDA algorithm fails to recover the interest

groups in all three cases.

In Figure 3.5 we compare the average error percentage in content topic

estimation by the LatentTopic (abbreviated as LT) and NMF algorithms. For

the NMF algorithm the topic estimation is performed by first estimating the

word (or node) by topic matrix, and then calculating the content by topic

matrix through matrix inversion. As before we threshold the likelihoods to

obtain topic estimates. In graphs with 50, 100, 200 nodes and 3, 4, 5 interest

groups respectively, using 5000 cascades, the average estimation error by the

NMF algorithm is significantly greater than the LatentTopic algorithm. Note
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Figure 3.4: Figure showing the probability of error performance of LatentIn-
terest (LI), LDA [29] and NMF [19] algorithms. Observe that for high value of
r NMF algorithm fails to find the correct interest groups (probability of error
= 1), LDA always fails to find the interest groups, however our algorithm LI
can find the interest groups with low error probability in all three cases. The
experiment parameters were n = 200, K = 5,m = 10000, p= .1, p = .9. The

error event is defined as E = {∃k ∈ K : V̂k 6= Vk}.

that we can never have zero estimation error since topics for small cascades

are impossible to predict accurately.

Real Data: Results with meme dataset is discussed in Section 3.2.2. Here

we show results obtained by applying the LatentInterest algorithm on World

Health Organization’s influenza dataset [154]. We use weekly data of influenza

like activity in 40 different countries, from years 2003−2012, collected by World

Health Organization. For a particular country in each week the data has an

entry which signifies the severity level of influenza like activity in the coun-

try e.g., widespread outbreak, regional outbreak, local outbreak, sporadic etc.

We consider each country as a node and only treat countries with widespread

outbreak and regional outbreak as part of the cascade. Moreover we consider
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Figure 3.5: Figure showing the average error performance of LatentTopic (LT)
and NMF [19] algorithms in content topic estimation for different graphs. Our
algorithm LT shows a much lower average error than the NMF algorithm,
hence it estimates the content topics more accurately in all the cases. Exper-
iment parameters were: graphs with n = 50, 100, 200 and K = 3, 4, 5 respec-
tively and m = 5000 contents. Average topic error percentage is calculated as
E = 100×

∑m
t=1 |(Ĉt\Ct) ∪ (Ct\Ĉt)|/(m×K).

bi-weekly data as a cascade. As discussed earlier, this type of spread of epi-

demic in human population can be captured by the latent topic model. Figure

3.6 shows the various interest groups obtained by the LatentInterest algo-

rithm using n = 40 counties, K = 4, and a geographically connected graph.

The reference anchor node countries obtained were each found to belong to

separate influenza transmission zones [153] as follows, Czech Republic (Eastern

Europe), Ireland (Northern Europe), Chile (Temperate South America), and

Kenya (Eastern Africa). The interest groups obtained also show a geographic

correlation. For example most European countries belong to interest groups 2

and 3, American counties are mostly in interest groups 1 and 3, Asian coun-

tries are mostly in interest group 3 etc. Such geographic trend in influenza
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like activity has also been observed previously [139].

Figure 3.6: Figure showing the various interest group obtained by the La-
tentInterest algorithm on World Health Organization’s influenza dataset [154].
40 countries are classified into 4 interest groups and anchor node countries
(shown in bold) all belong to separate influenza transmission zones [153]. The
interest groups show a geographic pattern.
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Chapter 4

Recursive Overlap Graph Clustering

4.1 Overview

In Chapter 2 we considered systems where the network itself captures

the dependency relationship between the nodes or agents, and in Chapter 3 we

observed systems where the nodes have an inherent (but latent) set of interests

in various topics. In this chapter we will consider networks where the graph

itself depends on these latent interest of the agents. In many real networks

the nodes exhibit the property called homophily where nodes with similar set

of interests are more likely to form a connection (edges in the graph). This

results in graphs with a community structure where these similar set of nodes

form densely connected subgraphs, called communities. As an example in

co-authorship networks the researchers working in the same field are more

likely to collaborate, thus forming communities of authors who work in similar

topics. In networks where the agents have multiple interests the nodes may be

part of multiple communities. In other words the communities can overlap. In

the above example a researcher doing multidisciplinary research can be part

A portion of this work was presented in the 52nd Annual Allerton Conference, Allerton,
USA in 2014 and published in its proceedings (see [129]). In this work the author was the
primary contributor.
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of multiple communities in the co-authorship graph.

The study of community structure in graphs has been of great interest in

several domains (e.g., sociology, biology, computer science, machine learning).

The problem can be briefly described as follows: Given a graph in which edges

represent similarities among various vertices, can we group related vertices

with similar interests together?

The majority of research in community detection in graphs is for the

setting where each node is constrained to be in only one community (i.e.,

communities do not overlap). The canonical model here is the planted partition

or the stochastic block model [31,49], where two nodes sharing a community are

more likely to share an edge compared to two nodes in different communities.

Hence, a community can be thought of as a subgraph with greater edge density

than the edge density across the communities. Moreover in this case the graph

can be partitioned into these sets of disjoint communities.

A more practical and difficult problem is the case where the communi-

ties overlap. The theoretical study of models and algorithms for overlapping

communities is very limited. In this chapter, we consider a natural extension

of stochastic block model to the overlapping communities: two nodes sharing

at least one community are more likely to be connected than two nodes that

do not share any communities. We present a new overlapping community de-

tection algorithm and theoretically show that it can successively recover all

the communities under this model.
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The main ideas behind our algorithm can be explained as follows. Sup-

pose an oracle identifies a subset of nodes from each community, call these as

labeled nodes. Then the community membership of an unlabeled node can be

determined by computing the number of edges that it shares with each of the

labeled subset of nodes. If each community contains a sufficient number of

such labeled nodes, then we can ensure to correctly identify the community

membership of all unlabeled nodes.

However, recovering the so-called labeled nodes from each community

in the absence of any oracle is a non-trivial task. The key observation is

that in many real networks each community has a subset of pure nodes which

do not belong to any other community. We propose an algorithm that can

efficiently identify the subsets of labeled nodes in these graphs through an

iterative procedure of degree thresholding and clustering, by exploiting the

existence of pure nodes.

Contributions: The main contributions of this chapter can be sum-

marized as follows.

• We propose a new overlapping community detection algorithm called

RecOverlapCluster to recover overlapping communities in a graph when

each community has a set of pure nodes.

• Under a simple random graph generative model for overlapping com-

munities, we evaluate the performance of the RecOverlapCluster algo-

rithm, proving that it can successfully recover all the communities with
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high probability for both dense graphs (O(n) average degree) and sparse

graphs (O(log n) average degree) with n nodes.

• Our experiments on both real and synthetic datasets reveal that the Re-

cOverlapCluster algorithm can produce communities with greater ground-

truth accuracy than state of the art overlap clustering algorithms.

Related work: Community detection and graph clustering have been

well studied in literature. Community detection algorithms have been studied

for cases when the communities are disjoint or overlapping. An extensive sur-

vey of these algorithms can be found in [11,63,157]. Here, we briefly highlight

the most relevant studies that provide analytical results for the correspond-

ing algorithms. Several generative models for graphs with communities have

been proposed to study the theoretical performance of these algorithms. In

the disjoint community case, and with the planted partition or the stochastic

block model [31, 49], several spectral [41, 68, 105, 136, 167] and convex opti-

mization based algorithms [7, 44, 121] have been shown to provably recover

all the underlying communities in the graph. However generative models for

overlapping communities have been less studied. In [21] the authors describe

an expected degree random graph model where nodes in each community have

a fixed affinity to connect to other nodes in the same community. Then they

propose randomized algorithms to recover the communities for dense graphs.

Authors in [11,78] study a mixed membership model for overlapping commu-

nities [8] where each node can probabilistically identify with multiple com-

munities. They propose a tensor based algorithm which guarantees to find
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these mixed community membership of the nodes. For this type of mixed

membership model, variational inference based algorithms have been proposed

in [71,72]. [24] propose a search and refinement based algorithm for detecting

endogenously formed overlapping communities. For a cluster affiliation gener-

ative model [161] propose a non-negative matrix factorization based algorithm.

We finally refer to [11] for a detailed discussion of various approaches.

Basic notations and definitions: We consider a graph G = (V,E)

with K overlapping communities. Vk is used to denote the set of nodes in the

k-th community. Uk ⊂ Vk denotes the set of pure nodes for each community

k, i.e., the set of nodes that belong to only community k. Nodes which belong

to multiple communities are referred to as mixed nodes. The subgraph of G

restricted to the nodes in S ⊂ V is denoted as GS = (S,ES). For any node

i ∈ V and A ⊂ V, dA(i) denotes the number of edges from i to the set A and

d(i) = dV (i) is the degree of node i.

Organization: The rest of this chapter is organized as follows. We

describe our algorithm in Section 4.2. The main results are presented in Sec-

tion 4.3. Our experimental results are discussed in Section 4.4. Appendix C

contains the proofs of the key results.

4.2 Algorithm Description

In this section we give an overview of our main algorithm called Recur-

sive Overlap Cluster, or in short RecOverlapCluster.
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4.2.1 Overlapping Community Detection

The task of the overlapping community detection algorithm is to find

the true community membership of each node i ∈ V from the graph G. This

is also equivalent to finding the sets V1, . . . , VK . The main idea of the Re-

cOverlapCluster algorithm is as follows. The algorithm has three main steps.

In the first step it calls a subroutine called ClusterPureNode which detects

sets {Ûl}kl=1 of pure nodes from a subset of communities [k] ⊆ [K]. In the

second step the complete membership of these communities are estimated

by thresholding the number of edges each node in graph G share with these

pure node sets Û1, . . . , Ûk, where the thresholds are determined by two edge

density1 parameters p, q, and the size of the pure node sets. The parameter p

quantifies the edge density within the nodes of a community. Since the edge

density within the nodes of a community is higher than the average density in

the graph, p can therefore be used to determine which subgraph qualifies as

a community. Real graphs can be noisy resulting in edges also between nodes

which do not share any community. This noise level edge density is quantified

by the second parameter q. Finally in the third step the discovered com-

munities are removed from the graph and the RecOverlapCluster algorithm

is recursively called over the remaining subgraph. The algorithm terminates

when there are no more nodes in the graph or when the ClusterPureNode

subroutine cannot find any more pure node subsets.

1The edge density of a set of nodes A is the ratio of number of actual edges shared
between nodes in A to the number of all possible edges.
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The RecOverlapCluster algorithm takes as input the graph G, the cur-

rent subgraph G′ under consideration, a parameter γ that characterizes the

minimum size of the pure node sets to be recovered, edge density parame-

ters p, q, and outputs the community estimates V̂1, . . . , V̂K . The pseudo-code

is given in Algorithm 9. Note that in each iteration the subgraph G′ is required

to find the set of pure nodes clusters Û1, . . . , Ûk, and the graph G is used to

recover the communities using these pure node clusters. At the beginning, or

first recursive call, we simply take G′ = G.

Algorithm 9 RecOverlapCluster

Input: Graph G = (V,E), subgraph G′ = (V ′, E ′), minimum community size
γ, edge density parameters p, q

Output: Communities V̂1, . . . , V̂K
1: Û1, . . . , Ûk ← ClusterPureNode(G′, γ, p, q)

2: If Ûl = ∅, ∀l = 1, . . . , k return ∅
3: for l = 1 to k do
4: τl ← |Ûl|(p+ q)/2

5: V̂l = {i ∈ V : dÛl(i) ≥ τl}
6: end for
7: G′ ← Subgraph over nodes in V ′\V̂1, . . . , V̂k
8: V̂k+1, . . . , V̂K ← RecOverlapCluster(G,G′, γ, p, q)

9: Output V̂1, . . . , V̂K

Remark 10. Note that Algorithm 9 works even if the ClusterPureNode sub-

routine is replaced by an oracle which returns non-overlapping sets of nodes

from each community.

Remark 11. If the edge density parameters p, q are not known accurately,

these can be estimated by the algorithm itself. First the ClusterPureNode sub-
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routine can estimate p, q internally as discussed in the next section. Then from

the pure node sets Û1, . . . , Ûk, we can estimate

p̂ =
1

k

k∑
l=1

2

|Ûl|(|Ûl| − 1)

∑
i∈Ûl

dÛl(i) (4.1)

q̂ =
1(
k
2

) ∑
l1,l2∈[k]

1

|Ûl1||Ûl2|

∑
i∈Ûl1 ,j∈Ûl2

(dÛl2
(i) + dÛl1

(j)) (4.2)

p̂ is simply the average of the edge densities within each estimated pure node

set, and q̂ computes the average of inter-cluster edge densities between all

possible pairs of these pure node sets. The threshold is then computed as τl =

|Ûl|(p̂ + q̂)/2. In real networks p, q can also be optimized by maximizing a

suitable community quality metric as discussed in Section 4.4.

4.2.2 Recovering pure node clusters

Before we describe the ClusterPureNode algorithm to detect pure node

sets, we briefly review the convex optimization based method for clustering

non-overlapping communities in a graph. This method is used as a subroutine

by the ClusterPureNode algorithm.

Non-overlapping community detection via convex optimization:

Let A denote the adjacency matrix for the graph G, Ω(A) be its support

(i.e., the set of nonzero elements of A), and Ω(A)c be the complement of this

support. Let PΩ(A)B be the projection of the matrix B on the support of A.

||Y ||∗ denotes the nuclear norm (singular values’ sum) of matrix Y. Further,

the `1 norm of a matrix M is defined as ||M ||1 =
∑

i,j |M(i, j)|. A convex
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optimization based algorithm [7,44] clusters a set of nodes into non-overlapping

communities by solving the following optimization problem (CP1)

(CP1) min
Y,B

||Y ||∗ + c1||PΩ(A)B||1 + c2||PΩ(A)cB||1

s.t. Y +B = A

0 ≤ Yi,j ≤ 1,∀(i, j)

Here c1, c2 are some suitably chosen weights. For a graph, with non-

overlapping communities, (CP1) can recover the ideal cluster matrix Y ∗ where

Y ∗i,j = 1 if nodes i, j belong to the same cluster and Y ∗i,j = 0 otherwise.

By solving (CP1) we can recover all communities of size greater than

Ω(
√
n) [44]. In fact, even in presence of communities of size less than

√
n,

solving (CP1) with appropriate parameters can still recover the larger com-

munities [7]. We will use this particular version of the algorithm for (CP1)

called RecoverBigFullObs in Ailon et al. [7] as a subroutine for our Cluster-

PureNode algorithm. We rename RecoverBigFullObs as ClusterCP in our

algorithm for the ease of exposition. Note that we can solve (CP1) without

the knowledge of the number of non-overlapping communities present in the

graph. However the edge density parameters p, q are required to compute the

weights c1, c2 in (CP1). When p, q are unknown these can also be estimated as

shown in Algorithm 1 of [44] by using the first two eigenvalues of the matrix

A− I, where I is the identity matrix.
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Finding pure nodes:

We now describe the algorithm ClusterPureNode to recover sets of the

pure node clusters Û1, . . . , Ûk. The algorithm is based on successive degree

thresholding and clustering using the RecoverBigFullObs subroutine (called

ClusterCP in Algorithm 10). In order to understand the ClusterPureNode

algorithm recall that the main purpose of finding pure node clusters is to

subsequently use them as reference nodes in order to determine the complete

membership of the communities in which these pure node clusters belong (the

second step in Algorithm 9). To perform this step reliably we require the pure

node clusters to be of sufficient size, at least γ. This is because a particular

node is more likely to share an edge with a bigger subset of nodes than a

smaller subset.

Key idea: Consider a particular recursive call of Algorithm 9 when

the ClusterPureNode subroutine is invoked over a subgraph G′. The key obser-

vation behind the algorithm is as follows. Consider any particular community

l in this subgraph with nodes in Vl. A pure node i ∈ Vl is likely to have a lower

degree than a mixed node j ∈ Vl. This is because a pure node is part of only

one community l and shares more edges with only nodes in Vl. On the other

hand, a mixed node j is also part of at least one more community m besides

l, hence it shares large number of edges with nodes in Vl ∪ Vm. Therefore we

can find a maximum degree θl such that all nodes in Vl with degree more than

θl are likely to be mixed nodes and those with lower degree are pure nodes.

Precisely θl is the minimum degree among all mixed nodes in Vl. Now define
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θ0 := minl θl−1. Then all nodes in subgraph G′ with degree less than or equal

to θ0 are pure nodes, and since these nodes can come from multiple commu-

nities, they can be effectively clustered using the convex optimization based

clustering algorithms discussed above (CP1).

An issue and solution: Notice that if we consider the set of all

nodes U ′ in G′ with degree less than or equal to θ, where 1 < θ < θ0, then U ′

also contains only pure nodes. However clustering these nodes may not yield

a cluster of sufficient size γ, required for good accuracy in subsequent steps.

Secondly the best possible degree threshold θ0, and the number of communities

in U ′ is apriori unknown. However we can overcome these issues by iteratively

applying a degree threshold and non-overlap clustering steps. We start from

a degree threshold 2 and increase the threshold by one in every iteration, each

time including a greater fraction of pure nodes in U ′, and continue until we

recover at least one pure node cluster of size γ. The complete ClusterPureNode

subroutine is presented in Algorithm 10. The ClusterPureNode algorithm

takes as input the current subgraph G′, the pure node cluster size parameter

γ, edge density parameters p, q, and outputs the pure node sets Û1, . . . , Ûk.

Note that in Algorithm 10 the sets W1, . . . ,Wk′ denote all intermediate

pure node clusters recovered by the ClusterCP subroutine (RecoverBigFullObs

in [7]), many of which can have size less than γ. After the final iteration we

only return those pure node clusters Û1, . . . , Ûk (k ≤ k′) whose size is greater

than γ. Also note that in Algorithm 10 we represent this critical size as γ/4

instead of γ since this will be useful in proving our main theorem in Section
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4.3.

Algorithm 10 ClusterPureNode

Input: Graph G′ = (V ′, E ′), minimum community size γ, edge density pa-
rameters p, q

Output: Pure node clusters Û1, . . . , Ûk
1: Split V randomly into two sets P and Q each of size |V ′|/2
2: θ ← 2, γ0 ← 0, ∆ = maxi∈P dQ(i)
3: while θ ≤ ∆ and γ0 < γ/4 do
4: U ′ ← {i ∈ P : dQ(i) ≤ θ}
5: W = {W1, . . . ,Wk′} ← ClusterCP (U ′, AU ′ , p, q)
6: γ0 ← maxj=1,...,k′ |Wj|
7: θ ← θ + 1
8: end while
9: if γ0 ≥ γ/4 then

10: Output Û1, . . . , Ûk such that Ûl ∈W and |Ûl| ≥ γ/4 for l ∈ [k]
11: else
12: Return ∅
13: end if

4.3 Main Results

In this section, we present out main results. The proofs are provided

in Appendix C. First, we describe three sufficient conditions under which the

RecOverlapCluster algorithm is guaranteed to recover all overlapping commu-

nities from the graph. We use the following notations: αk := |Vk|,∀k ∈ [K],

α := mink∈[K] αk, and γ := mink∈[K] |Uk|.
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4.3.1 Sufficient Conditions

Random graph generative model. For every node i ∈ V , define its

community membership set Ci = {k ∈ [K] : i ∈ Vk}. We know that the nodes

within each community are more densely connected than nodes in separate

communities. To capture this, we consider a simple random graph generative

model as follows.

(A1) The edges in G are generated independently, where the probability

of an edge (i, j) is p when Ci ∩ Cj 6= ∅, and is q when Ci ∩ Cj = ∅, for

0 < q < p < 1.

Therefore any two nodes which share at least one community are con-

nected with a higher probability than nodes which do not share any common

community2. Note that when the communities are non-overlapping this model

reduces to the classical planted partition model [31,41,44,49].

Overlap size. This condition specifies the size of overlap between any

pair of communities. Two communities with very large overlaps are inherently

difficult to learn since it becomes statistically harder to differentiate between

the two. Recall α = mink∈[K] αk is the size of the smallest community. Let

d̄max = maxk∈[K] αkp+ (n− αk)q be the maximum expected degree of a node.

The condition is as follows.

(A2) For any two communities k1, k2 ∈ [K], there exists β > 0 such

2Our results also extend to the setting where probability of en edge between nodes i, j
is an increasing function of the number of communities they share, i.e., |Ci ∩ Cj |.
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that

|Vk1 ∩ V c
k2
| ≥ β = Ω

(
d̄max

(p− q)

√
log n

min(αp, (n− 2α)q)

)
.

Consequently, the maximum number of nodes that community k1 shares

with another community k2 is upper bounded by αk1 − β.

Pure nodes. The third condition guarantees that every community

has a set of pure nodes which only belong to that community. This assump-

tion is reasonable in large-scale networks with several communities. Exam-

ples include a co-authorship network (authors with sole-area interests) [116],

and a protein-protein interaction network (proteins with only one functional-

ity) [150].

(A3) For any community k ∈ [K], there exists a subset of nodes Uk ⊆ Vk

which belong to only community k. There exists γ > 0 such that mink∈[K] |Uk| ≥

γ, where

γ = max

(
C1

√
p(1− q)Γ

(p− q)
log2 Γ,

C2p
2

(p− q)2q
log n

)
,

where Γ =
∑

k∈[K] |Uk| and C1, C2 are constants.

4.3.2 Results

We will now present our main theorem. First we state the following

lemma which guarantees that under conditions (A1) and (A2), with high prob-

ability, the degree of any pure nodes will be less than a mixed node in the same

community. This is the main reason why the degree thresholding can separate

pure nodes from mixed nodes of same community.
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Lemma 4.3.1. Consider a graph with K overlapping communities satisfying

assumption (A1), (A2). Let P,Q be a random unbiased split of V. Consider a

community k, and let i ∈ P ∩Vk be a pure node and j ∈ P ∩Vk be a mixed node.

Then there exists θ ∈ R such that dQ(j) > θ > dQ(i) with high probability.

We comment that the random split into sets P,Q in Algorithm 10 is

mainly required for the proof. This makes the out-degree dQ(i) of nodes i ∈ P

statistically independent of the edges within subgraph GP . This is a standard

technique used in many community detection algorithms [11,41]. Lemma 4.3.1

shows that the degree properties of a pure node i and mixed node j are also

reflected in the out-degrees dQ(i), dQ(j) after the random split. Theorem 4.3.2

shows that with high probability the ClusterPureNode algorithm correctly

recovers subsets of pure nodes from some of the smallest communities. We

can then ensure that these sets of pure nodes can be used as reference nodes

to find the community membership of all the corresponding mixed nodes in

RecOverlapCluster algorithm.

Theorem 4.3.2. Consider a graph with K overlapping communities satis-

fying assumptions (A1), (A2), and (A3). Given p, q, the ClusterPureNode

algorithm can correctly recover a subset of pure node clusters Û1, . . . , Ûk, with

high probability, such that Ûl ⊆ Ul and minl∈[k] |Ûl| ≥ γ/4 with k ≥ 1.

Theorem 4.3.3 guarantees recovery of all communities under conditions

(A1), (A2) and (A3) with high probability. For the Theorem we assume exact

p, q, γ are given as input. Proposition C.1.1 in Appendix C.1 also shows that
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with K pure nodes sets of size at least γ, we can estimate p, q with high

accuracy.

Theorem 4.3.3. Consider graph G with K overlapping communities satisfy-

ing assumptions (A1), (A2), and (A3). Then with high probability RecOver-

lapCluster algorithm correctly recovers the communities V1, . . . , VK .

We present the proofs of Lemma 4.3.1, Theorems 4.3.2, 4.3.3 in Ap-

pendix C.1.

Remark 12. For a graph G with non-overlapping communities the RecOv-

erlapCluster algorithm has the same performance as the convex optimization

based clustering algorithm in [7]. Since there are no mixed nodes, choosing

γ = α the size of the smallest community suffices. The algorithm will still

choose threshold θ depending on relative size of the communities until it recov-

ers at least γ/4 nodes from one community. By taking γ = α we can obtain

the guarantees in [7].

Remark 13. For dense graphs when p = Θ(1), q = Θ(1), (p − q) = Θ(1), let

α = Ω
(
n2/3

)
, K = O(1). Then Theorem 4.3.3 requires β = Ω

(
n2/3

)
, γ =

Ω(log n) to guarantee successful recovery.

Remark 14. For sparse graphs for p = Θ
(

logn
n

)
, q = Θ

(
logn
n

)
, p − q =

Θ
(

logn
n

)
Theorem 4.3.3 requires α = Θ(n), β = Θ(n), γ = Θ(n).

The following proposition characterizes the runtime of the RecOverlap-

Cluster algorithm.
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Proposition 4.3.4. Under assumptions (A1), (A2), (A3) in a graph G with

K overlapping communities the RecOverlapCluster algorithm has a runtime of

O
(
dmaxKΓ3 + nΓ

)
with high probability.

We prove Proposition 4.3.4 in Appendix C.1.

4.3.3 Performance Comparison

A good theoretical performance comparison of various overlapping com-

munity detection algorithms is presented in [11], Section 1.3. In comparison,

RecOverlapCluster algorithm performs as follows.

• Compared to the randomized algorithms by Arora et al. [21] where the

results focus on dense graphs, the RecOverlapCluster algorithm can re-

cover communities even in sparse graphs with O(n log n) edges. It also

has a much smaller runtime with Θ(n) sized communities.

• In dense graphs with O(log n) pure nodes, the RecOverlapCluster algo-

rithm has a runtime of O
(
nK log3 n

)
, which is smaller than O(n2K)

runtime of the tensor based algorithm by Anandkumar et al. [11].

• The overlapping community detection algorithm by Balcan et al. [24]

requires that for any node, the number of its edges within its community

is larger than its number of edges out of the community. Our algorithm

does not require such restrictions. Also in sparse graphs these algorithms

require a quasi-polynomial runtime in n (with O(log n) average degree)
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unlike the RecOverlapCluster algorithm whose runtime is at most poly-

nomial.

4.4 Numerical Experiments

In this section we evaluate the performance of the RecOverlapCluster

(ROC) algorithm on both real and synthetic datasets. We compare our al-

gorithm with state-of-the-art and scalable overlap clustering algorithms like

DEMON by Coscia et al. [50], OSLOM by Lancichinetti et al. [93], BigClam

by Yang et al. [161], and online tensor based method by Huang et al. [78] (we

refer this as the Tensor algorithm). DEMON is a local community discovery

algorithm which uses label propagation, OSLOM is based on local optimiza-

tion procedure to evaluate the statistical significance of each cluster, BigClam

uses a non-negative matrix factorization approach, and the Tensor algorithm

uses online tensor decomposition to estimate the community membership for

every node. We use the implementation of the algorithms made available by

the authors in [50, 78, 93, 161]. Recall that the P,Q split of Algorithm 10 is

mainly required for the analysis. Hence for our experiments we skip this step

and take dQ(i) simply as the degree of node i in Algorithm 10, also we check

the condition γ0 ≥ γ instead of γ0 ≥ γ/4 since we do not perform the split. We

next discuss some implementation details for our algorithm RecOverlapCluster

which also makes it fast and highly scalable.
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4.4.1 Implementation

We implement the RecOverlapCluster algorithm in C++. Using a few

simple speedup techniques as follows our algorithm can run on large real world

graphs of size 105 nodes within minutes and recover communities with high

accuracy.

• Parallelization: In many real sparse graphs a large fraction of nodes

have a low degree. In such graphs even when the degree threshold θ

is small the pure node set U ′ in Algorithm 10 may contain a signifi-

cant fraction of nodes. For example in a DBLP co-authorship network

having 425, 957 nodes, almost 1/3-rd of nodes have degree less than

5. However at the same time due to the low degree of the nodes the

subgraph GU ′ becomes disconnected having many disjoint components

which can be clustered independently and in parallel. Suppose the sub-

graph GU ′ can be written as a union of C disjoint connected components

GU ′ = ∪Ci=1GU ′(i). Then the ClusterCP subroutine is run in parallel in

each subgraph GU ′(i) and the results are aggregated. We perform this

parallelization using OpenMP.

• Low-rank svd: The most computation intensive step in our algorithm is

the convex program (CP1) which is iteratively solved many times in the

ClusterCP subroutine. We solve (CP1) using the Augmented Lagrange

Multiplier (ALM) method [97]. However this requires multiple svd steps

which can be slow for dimensions greater than a few hundred nodes. To
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speed up when the connected subset of pure nodes exceed a few hundred,

we perform an approximate svd using a suitable lower rank [74].

• Sampling: For very large connected pure-node subgraphs with thou-

sands of nodes even low rank svd may take prohibitively large com-

putation time. To mitigate this problem we use sampling. Consider a

pure-node connected subgraph GU ′ of size m. In this method we first uni-

formly sample x of m nodes, call this set S. We then run the ClusterCP

subroutine on this smaller subgraph GS to recover km clusters Y1, . . . , Ykm

(say). For the remaining nodes in U ′\S we simply assign a node j to

cluster Yl for which dYl(j) is highest, for l = 1 to km.

• Fast clustering: In the ClusterCP subroutine we use the convex opti-

mization based RecoverBigFullObs algorithm by Ailon et al. [7]. This

requires solving (CP1) at most k times with different values of weight

parameters c1, c2, where k is the number of clusters in the pure node

set U ′. However in real networks k can be large and is unknown apriori.

Therefore we simply limit the iterations in RecoverBigFullObs by a

fixed parameter κ. If no large enough cluster is recovered in κ iterations

we simply move on to the next higher degree threshold. We set κ = 6 in

synthetic datasets and κ = 3 in real datasets which gives a good trade-off

between accuracy and runtime.
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4.4.2 Evaluation metric and parameters

We compare the overlap clustering algorithms on both synthetic datasets

where the actual communities are known, and on real graph datasets with

available ground truth communities. Let V1, . . . , VK be the true communities

and V̂1, . . . , V̂K′ be the set of communities returned by an algorithm A. Note

that the estimated number of communities K ′ may be different than K. In

order to measure the accuracy of the estimated communities to the actual

ground-truth we use the average F1 score metric as defined in [159]. For any

two set of nodes A,B ⊆ V, where A is the truth, and B is its estimate, the

F1 score measures the agreement between these two sets by measuring the

corresponding precision and recall, and taking their harmonic mean. The av-

erage F1 score metric is computed as follows. For any estimated community V̂i

let Fe(V̂i) be the its maximum F1 score among all ground truth communities,

and for a ground truth community Vj let Fg(Vj) be its maximum F1 score

among all estimated communities. Then we define F̄e = 1
K′

∑
i Fe(V̂i), and

F̄g = 1
K

∑
j Fg(Vj). Then the average F1 score is given as F1 = (F̄e + F̄g)/2.

Parameters: Algorithms RecOverlapCluster, DEMON, OSLOM do

not require the number of communities K as input unlike BigClam and Tensor.

For BigClam and Tensor algorithms in synthetic data we provide the true

number of communities as input, and in real datasets we input a K comparable

to those recovered by the remaining algorithms. In RecOverlapCluster the

parameters p, q, γ are the true quantities in synthetic data and suitably chosen

to maximize F1 score in real dataset. When ground truth is unavailable these
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parameters could be chosen to maximize other community quality metrics

e.g. modularity [160]. In DEMON the minimum community size parameters

is set to the same value as γ in RecOverlapCluster. The Tensor algorithm

outputs the community membership matrix Π which has the likelihood of

nodes belonging to each community. We apply a threshold τ to every value

in Π to recover the absolute community membership. In synthetic dataset

the threshold τ and the Dirichlet parameter α0 are chosen over a separate

validation set to maximize the F1 score. The remaining parameters were set

to their default values in the software.

4.4.3 Synthetic Dataset

First we test the performance of RecOverlapCluster on synthetic graphs

generated according to the random graph model in section 4.3.1. We generated

graphs with n = 1000, K = 5 and 50−70 pure nodes per community. The size

of the communities vary between 430− 470. As we showed in section 4.3, the

performance of Algorithm 9 (ROC) is governed by the difference p− q. Figure

4.1 shows the average F1 score performance of all algorithms as a function of

the difference p − q for two different settings with fixed values of p and q. In

both the cases we observe the RecOverlapCluster algorithm has the best F1

score accuracy followed by BigClam, OSLOM, and Tensor algorithms.

In Figure 4.2 we compare the median runtime of different algorithms

on our synthetic dataset. We run the single thread versions of both RecOver-

lapCluster and BigClam algorithms. RecOverlapCluster is much faster than
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Figure 4.1: Accuracy comparison of overlap clustering algorithms, using aver-
age F1 score, on synthetic graphs with n = 1000, K = 5 for increasing values
of p−q, with (a) p = .7 and (b) q = .1 fixed. RecOverlapCluster (ROC) shows
greater accuracy of the estimated communities over competing algorithms.

OSLOM and has similar runtime to BigClam. The Tensor is the fastest in

these graphs. We were unable to run DEMON for synthetic graphs since

its runtime was very high (greater than 2 hour) compared to the competing

algorithms (few minutes).

4.4.4 Real Dataset

We run the overlap clustering algorithms on two large real world graphs

with available ground truth communities. The first is the DBLP co-authorship

network dataset (n = 317, 080 nodes, |E| = 1, 049, 866 edges), and the second

is the Amazon product co-purchasing network dataset (n = 334, 863 nodes,

|E| = 925, 872 edges). The datasets were downloaded from [143]. The ground

truth communities for these datasets were defined by Yang et al. [160] based on

conference venues for DBLP co-authorship network, and product categories for
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Figure 4.2: Comparison of the median runtime of overlap clustering algorithms
on synthetic graphs with n = 1000, K = 5 for increasing values of p− q, with
(a) p = .7 and (b) q = .1 fixed. RecOverlapCluster (ROC) and BigClam show
comparable runtime, tensor is the fastest in this case.

Amazon product co-purchasing network. Figure 4.3 shows the ground-truth

accuracy of all algorithms in both datasets. We observe that RecOverlapClus-

ter recovers the most accurate communities with respect to average F1 score in

both datasets. We were not able to run the Tensor algorithm in these datasets

due to its high memory requirement in the whitening step. The estimated

number of communities are given in Table 4.1.

The runtime performance of RecOverlapCluster in real datasets is plot-

ted in Figure 4.4. RecOverlapCluster is faster than DEMON and OSLOM even

without parallelization, however BigClam is the fastest among these (4.4 (a)).

Also by using parallelization we can further improve the runtime (4.4 (b)).

Based on our experiments we conclude the following.

• RecOverlapCluster algorithm performs better than DEMON and OSLOM
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Figure 4.3: Accuracy comparison of the overlap clustering algorithms with
ground-truth communities in DBLP and Amazon datasets. The RecOverlap-
Cluster shows a better average F1 score than completing algorithms.

Table 4.1: The estimated number of communities by different overlap cluster-
ing algorithms in DBLP and Amazon datasets.

Dataset ROC BigClam DEMON OSLOM

DBLP 30734 20000 9083 17470
Amazon 36434 25000 19755 16997

in terms of both accuracy and runtime in synthetic and real datasets.

• RecOverlapCluster algorithm performs better than BigClam in terms

of accuracy in both synthetic and real datasets. However the BigClam

algorithm scales slightly better than RecOverlapCluster in bigger sparse

networks.

• RecOverlapCluster algorithm performs much better than Tensor algo-

rithm in terms of accuracy in synthetic dataset. We were unable to

determine the accuracy of Tensor algorithm on large real graphs due to

92



DBLP Amazon
0

0.5

1

1.5

2

2.5

R
un

tim
e 

(s
)

×104 Runtime on real datasets

ROC (1 core)
ROC (8 core)
BigClam (1 core)
BigClam (8 core)
Oslom
Demon

(a)

DBLP Amazon
0

0.5

1

1.5

2

2.5

3

S
pe

ed
up

Speedup on real datasets

1 core
2 core
4 core
8 core

(b)

Figure 4.4: (a) The runtime of overlap clustering algorithms on real datasets.
RecOverlapCluster has a better runtime than DEMON and OSLOM, while
BigClam is the fastest. (b) Figure showing the speedup of RecOverlapCluster
using parallelization on real datasets.

its poor scaling in contrast to RecOverlapCluster for such graphs. How-

ever the Tensor algorithm is significantly faster on graphs with small

number of communities.
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Chapter 5

The Search Problem in Mixture Models

5.1 Overview

In the previous chapters we have considered mainly unsupervised net-

work inference problems where the available data is unlabeled and just suf-

ficient to solve the required problem. However in many practical applica-

tions we can have additional data (more than necessary) or domain knowledge

about the given problem. We refer all such data as side information. When

available, such side information can potentially be used to design improved

inference algorithms. However this side information can be provided in many

different formats and as such it is unclear how to correctly use such informa-

tion. For example in many machine learning problems considered in literature

the side information is available in the form of labeled samples. This makes

the problem either semi-supervised or supervised learning task, depending on

the number of samples labeled, and so far the solutions have been domain

specific [26,104,126].

The results presented in this chapter is also a joint work with Joe Neeman, Sujay
Sanghavi and Sanjay Shakkottai. The author is the primary contributor except in Theorem
5.2.1 and Appendices D.4, D.7 which were mainly contributed by Joe Neeman. They have
been included here to make this dissertation self contained.
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As a first step toward solving network inference problems with side

information, in this chapter we will consider a much broader problem of how

to systematically handle different forms of side information in general latent

variable models. In particular we consider four types of mixture models which

are used in many practical learning applications, and we develop a common

methodology to utilize side information in all these cases.

Mixture models denote the statistical setting where observed samples

can come from one of several distinct underlying populations – each typically

with its own probability distribution – but are not labeled as separate in the

data presented. They have been used to model a wide variety of phenom-

ena, and have seen great success in practice, going back as far as [124]. In

this chapter we consider (what we call) the search problem in the mixture

model setting: given some special side information about one of the mixture

components, is it possible to efficiently learn the parameters of that compo-

nent only? Given that there are known methods for learning the entire set

of parameters of various mixture models, “efficient” here means more efficient

(statistically and/or computationally) than existing methods for learning all

the parameters.

As an example, we consider the “latent Dirichlet allocation” model for

document generation. In this model, “underlying population” means the set

of topics in a document, which determines the frequencies of different words

in the document. “Side information” could be a word that is more common

in the topic of interest than it is in any other topic: for example, the word
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“semi-supervised” might work if the topic of interest is machine learning.

Side information could also consist of a small number of labelled exam-

ples. We might have a small collection of documents about machine learning

and also a much larger corpus that includes documents from many topics.

Our methods will allow us to leverage the large, unlabelled corpus to obtain

good estimates for word frequencies in machine learning articles – and these

estimates will be much better than anything that could be learned from the

small labelled sample.

Main contributions: We propose a general setting for side information in

mixture models, and show how to solve the search problem by estimating

certain matrices of moments. We prove error bounds on the resulting esti-

mates; our rates have a sharp dependence on the sample size (although they

are possibly not sharp in the other parameters).

We then specialize our approach to four popular families of mixture

models: Gaussian mixture models with spherical covariances, latent Dirichlet

allocation for topic models, mixed linear regression, and subspace clustering.

We give concrete algorithms for these four families.

Finally, we simulate our algorithm on both real and synthetic datasets

for the Gaussian mixture model and topic model applications. For synthetic

dataset we compare its performance to the tensor decomposition methods

discussed by Anandkumar et al. [12] in both GMM and LDA models. We show

that our methods outperform theirs when the side information is informative.
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We also demonstrate the practical applicability of our algorithms on three real

datasets – the NY Times dataset of news articles, Yelp dataset of business

reviews, and BSDS500 dataset of images. In the first two text corpus, we show

our algorithm recovers more coherent topics than topic modeling algorithm

by [19]. In the BSDS500 dataset, we demonstrate how our algorithm can

be used for parallel image segmentation. In all three cases, our algorithm

also exhibits significant computational gains over competing unsupervised and

semi-supervised algorithms.

5.1.1 Related Work

There is a vast literature on mixture models; too much to even sum-

marize here. We will therefore focus this section on two more closely related

areas: method of moments estimators for mixture models, and learning with

side information.

Mixture models and method of moments: A common method for learn-

ing mixture models is the EM algorithm of Dempster et al. [55], which outputs

a complete set of model parameters. However, EM may converge slowly (or

not at all) [134]; this weakness of EM has spurred a resurgence in method-

of-moments estimators for mixture models. Although these methods go back

to the pioneering work of Pearson [124] on Gaussian mixture models, the last

several years have seen important advances. Moitra et al. [107], and Hardt

et al. [75] showed that Gaussian mixture models with two components can

be learned in polynomial time. Hsu and Kakade [77] considered mixtures of
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more Gaussians, but constrained to have spherical covariances. They gave a

method based on third-order tensor decompositions, which was later general-

ized to other models in [12].

Learning with side information: As has been observed many times, often

in practice one has access to a set of data that is somewhat richer than standard

models of data in learning theory. The term side information is used as a

catch-all for extra data that doesn’t fit into pre-existing models; as such, the

literature contains many incomparable models of side information.

Xing et al. [158] and Yang et al. [163] took unsupervised clustering as

their starting point. For them, side information arrived as pairs of points that

were known to belong to the same cluster; they showed how this extra infor-

mation could substantially improve the performance of the k-means algorithm.

Kuusela and Ocone [92] developed a framework for side information in

the PAC learning model, in which extra samples with a particular dependence

on the original samples could sometimes give a substantial benefit.

Many different types of metadata have been proposed for the latent

Dirichlet allocation (LDA) model of document generation. Mcauliffe and

Blei [104] introduced the supervised LDA model, in which each document

comes with an additional response variable from a generalized linear model.

On the other hand Rosen-Zvi et al. [137] proposed the author-topic model,

in which the metadata (author names) affects the distribution of the docu-

ments themselves. From a more experimental point of view, Lu and Zhai [99]

98



used long, detailed product reviews as side information for categorizing short

snippets and blog entries.

The notion of semi-supervised learning (see the book by Chapelle et

al. [40]) is also related to our framework of side information. In semi-supervised

learning, the learner has access to a small number of labelled examples and a

large number of unlabelled examples. This setting is useful for us too, although

our general method does not strictly require data of this form.

5.2 Basic Idea and Algorithm

We now first briefly describe the basic mixture model setting, and then

describe our method. These descriptions cover several popular specific ex-

amples for mixture models, and we detail the application to each of them in

Section 5.3.

Setting: We are interested in the standard statistical setting of (parametric)

mixture models: that is, samples are drawn i.i.d. from a distribution f given

by

f(x) =
k∑
i=1

αi g(x;µi).

Here g corresponds to a known parametric class of distributions, and k is

the number of mixture components. The corresponding parameter vectors

are µ1, . . . , µk, and their mixture weights / probabilities are α1, . . . , αk. So,

for example, in the case of the standard (spherical) Gaussian mixture model,

g(x;µi) is the Gaussian pdf N(µi, I). Thus each sample can be considered to be
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drawn by first selecting a mixture component µi with probability αi, and then

drawing the sample x according to g(x;µi). We assume all the µi’s are linearly

independent. This is a common assumption for learning mixture models; with-

out linear independence, some models (e.g. LDA) are non-identifiable, while

others (e.g. GMM) may still be identifiable, but not from low-order moments.

Search problem: The standard parameter estimation problem is to find all

the µi vectors given samples. In this chapter we are interested in the search

problem: we are given side information about one of the vectors – say µ1,

without loss of generality – and we would like to recover only µ1. Of course,

we would like to do this with sample and computational complexity lower

than what would be required to estimate all parameter vectors (i.e., lower

complexity than the standard case).

Side information: Our general procedure requires the following model for

side information: we assume that we have access to a vector v such that the

inner product with the parameter vector µ1 – the special one we are searching

for – is higher than the inner product with any of the other µi; i.e.

〈µ1, v〉 ≥ (1 + δ)〈µi, v〉 for all i 6= 1

Section 5.3 shows how to obtain such side information in some specific mod-

els of interest: spherical Gaussian mixture models, mixed linear regression,

subspace clustering and the LDA topic model.
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5.2.1 General Procedure

For many mixture models (including the four common examples we

detail), it is possible to easily and directly estimate, given sufficient samples,

the vector

m :=
k∑
i=1

αiµi. (5.1)

and the matrix

A :=
k∑
i=1

αiµiµ
T
i . (5.2)

The exact procedure for estimating m and A varies according to the particular

parametric model g. The fact that m and A (and also higher-order tensors)

can be estimated from samples is well known for many models, and indeed

these form the basis for the method of moments; see [12] for a treatment of

several different models, and for other pointers to the literature.

Given the side information, we develop procedures to estimate an

alternative matrix B given by

B :=
k∑
i=1

αi〈µi, v〉µiµTi (5.3)

Again, the exact procedure for estimating B from samples depends on the

particular parametric model g.

For this section, we assume we are able to estimate A,B,m to within

some accuracy. With this in hand, we outline two general procedures for esti-

mating µ1 (i.e. the component that we are interested in). The first procedure

is based on a whitening step, much like the one that is used in the tensor de-

composition methods of Anandkumar et al. [12]. The second procedure uses
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a line search instead, and may be computationally favorable when k is large,

because it avoids the need to invert a k × k matrix.

5.2.1.1 The whitening method

Algorithm 11 Extracting a mixture component from side information: the
whitening method.

Input: Â, B̂, m̂
Output: µ̂1, α̂1

1: let {σj, vj} be the singular values and singular vectors of Â, in non-
increasing order

2: let V be the d× k matrix whose jth column is vj
3: let D be the k × k diagonal matrix with Djj = σj
4: let u be the largest eigenvector of D−1/2V T B̂V D−1/2

5: let w = V D1/2u
6: let E be the column space of Â− wwT
7: write V V T m̂ (uniquely) as aw + y, where y ∈ E
8: return w/a and a2

Our main result about Algorithm 11 is that if Â and B̂ are good esti-

mates of A and B then Algorithm 11 outputs good estimates for µ1 and α1. In

order to interpret Theorem 5.2.1 as an error rate, note that if all parameters

but ε are fixed then the error is O(ε). Since standard concentration results

yield ε = O(n−1/2), our error rate in terms of n is also O(n−1/2). This rate

is sharp, since it is also the rate for estimating the mean of a single Gaussian

vector (i.e. a GMM with only one component).

Theorem 5.2.1. Suppose that µ1, . . . , µk are linearly independent, and that Â

and B̂ are positive semi-definite. Suppose that 〈µ1, v〉 ≥ (1 + δ)〈µi, v〉 for all
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i 6= 1. If max{‖A− Â‖, ‖B − B̂‖, ‖m− m̂‖} ≤ ε, then

‖µ1 − µ̂1‖ ≤ CR|α−1/2
1 − α̂−1/2

1 |+ C

√
σ1(A)
√
α1

η , and

|α1 − α̂1| ≤
C

σk(A)
√
α1

(
η +R

ε

σk(A)
+ ε

)
where η = εσ1

δσ
5/2
k

, R = maxi ‖µi‖, σ1(A) ≥ · · · ≥ σk(A) > 0 are the non-zero

singular values of
∑

i αiµiµ
T
i , and C is a universal constant.

We defer the actual analysis of Algorithm 11 to the appendix, but we

will motivate the algorithm and give the basic idea of the proof by showing

that if Â, B̂, and m̂ are equal to A,B and m respectively then Algorithm 11

outputs µ1 and α1 exactly.

Lemma 5.2.2. Let m, A, and B be defined by in (5.1), (5.2), and (5.3), where

µ1, . . . , µk are linearly independent. If 〈µ1, v〉 > 〈µi, v〉 for all i 6= 1 and we

apply Algorithm 11 to A, B, and m, then it returns µ1 and α1.

Proof. Let V and D be as defined in Algorithm 11. Since A has rank k,

k∑
i=1

αiD
−1/2V Tµiµ

T
i V D

−1/2 = D−1/2V TAVD−1/2 = Ik.

Defining ui :=
√
αiD

−1/2V Tµi, we have
∑

i uiu
T
i = Ik, which implies that the

ui are orthonormal in Rk. Now,

D−1/2V TBVD−1/2 =
k∑
i=1

αiD
−1/2V Tµiµ

T
i V D

−1/2 =
k∑
i=1

〈µi, v〉uiuTi .

Since 〈µ1, v〉 was assumed to be larger than all other 〈µi, v〉, it follows that u1

is the largest eigenvector of D−1/2V TBVD−1/2. Now, if w = V D1/2u1 then

w =
√
α1µ1.
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Now, note that since the µi are linearly independent, there is a unique

way to write m = V V Tm =
∑

i αiµ1 as aw+y, where y belongs to the span on

{µ2, . . . , µk} (which is the same as the column span of A−αµ1µ
T
1 = A−wwT ).

Moreover, the unique choice of a that allows this representation must satisfy

aw = α1µ1, which implies that a =
√
α1. Therefore, w/a = µ1 and a2 =

α1.

5.2.1.2 The cancellation method

Our second method avoids the matrix inversion in Algorithm 11, pre-

ferring a line search instead.

Algorithm 12 Extracting a mixture component from side information: the
cancellation method.

Input: Â, B̂, m̂
Output: µ̂1, α̂1

1: let Ẑλ = Â − λB̂. Search over λ to find the largest λ = λ∗ such that Ẑλ∗
is PSD

2: let {v2, . . . , vk} be the top k − 1 singular vectors of Ẑλ∗
3: let V2:k be the d× (k − 1) matrix with columns {v2, . . . , vk}
4: let x1 = m̂− V2:kV

T
2:km̂

5: let v1 = x1/‖x1‖
6: compute ci = vT1 Âvi for i = 1 to k
7: let ai = ci/‖x1‖ for i = 1 to k
8: return µ̂1 =

∑k
i=1 aivi and α̂1 = c1/a

2
1

Theorem 5.2.3 shows that with m,A,B estimated up to O(ε) error, and

with an accurate line search, the parameter estimation error in Algorithm 12

is also bounded as O(ε).
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Theorem 5.2.3. Suppose {µ1, . . . , µk} are linearly independent and v satisfies

〈µ1, v〉 ≥ (1+δ)〈µi, v〉 for all i 6= 1. Suppose that max{‖Â−A‖, ‖B̂−B‖, ‖m̂−

m‖} < ε, and ‖Ẑλ∗ − Zλ1‖ < ε2, where λ1 = 1/〈µ1, v〉. Then Algorithm 12

returns µ̂1, α̂1 with

‖µ̂1 − µ1‖ <
C

α2
1a

2
1

(
σ1(A)ε

(
1 +

α1a1

σk−1(Zλ1)

)
+
σ1(A)ε2R

σk−1(Zλ1)

)
|α̂1 − α1| <

Cσ1(A)

α1a3
1

(
η1ε+

η2Rε2
σk−1(Zλ1)

)

where η1 := max{α1a1(2a1+1), 20}, η2 := max{α1a
2
1, 10}, R = max ‖µi‖,

a1 = ‖µ1 −
∏

V µ1‖, where V = span{µ2, . . . , µk}, and C is an universal con-

stant.

Again, we will defer the actual analysis to the appendix, and instead

show that Algorithm 12 returns the exact answer when fed exact initial data.

We will do this in two lemmas: Lemmas 5.2.4 and 5.2.5.

Lemma 5.2.4. Let Z =
∑k

i=1 γiµiµ
T
i where {µ1, . . . , µk} are linearly indepen-

dent, µi ∈ Rd, γi ∈ R and d > k. If γ1 < 0 and γi > 0 for all i 6= 1 then Z is

not positive semi-definite.

Proof. We denote by Π the projection onto the orthogonal complement of

span{µ2, . . . , µk}. Let x = Πµ1, and note that 〈x, µ1〉 > 0 but 〈x, µi〉 = 0

for all i 6= 1. Hence, xTZx = γ1〈x, µ1〉2 < 0 and so Z is not positive semi-

definite.

105



Lemma 5.2.5. Let m, A, and B be defined by in (5.1), (5.2), and (5.3), where

µ1, . . . , µk are linearly independent. If 〈µ1, v〉 > 〈µi, v〉 for all i 6= 1 and we

apply Algorithm 12 to A, B, and m, then it returns µ1 and α1.

Proof. Define wi = 〈µi, v〉 and let γi = αi(1− λwi), so that

Zλ = A− λB =
k∑
i=1

γiµiµ
T
i .

Now for λ > 1
w1
, γ1 < 0 and for all λ ≤ 1

w1
, γi ≥ 0 for all i since w1 > wi, for

every i 6= 1. By Lemma 5.2.4, λ∗ = 1
w1

is the largest λ such that Zλ is PSD;

hence,

Zλ∗ =
k∑
i=2

αi(1− λ∗wi)µiµTi .

The k − 1 singular vectors {v2, . . . , vk} of Zλ∗ forms a basis of the subspace

V = span{µ2, . . . , µk}. Let V⊥ be the perpendicular space of V, and write

Π = I − V2:kV
T

2:k for the orthogonal projection onto V⊥. Since Πµi = 0 for

i 6= 1, we have x1 = Πm = αΠµ1.

Now define b1, . . . , bk by µ1 =
∑k

i=1 bivi. In order to prove that the

algorithm returns µ1 correctly, we need to show that bi = ai := ci/‖x1‖.

Indeed,

ci := vT1 Avi =
k∑
j=1

αjv
T
1 µjµ

T
j vi = α1b1bi,

since vT1 µj = 0 for j 6= 1. On the other hand, ‖x1‖ = α‖Πµ1‖ = αb1, and so

bi = ai, as claimed. Moreover, α̂1 = c1
a21

= α1, as claimed.
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5.3 Specific Models

In this section we discuss how the search algorithms can be applied in

four specific mixture models.

5.3.1 Gaussian mixture model with spherical covariance

The model: Besides the mixture parameters α1, . . . , αk, the Gaussian mixture

model (GMM) has mean parameters µ1, . . . , µk ∈ Rd and variance parameters

σ1, . . . , σk ∈ R. The conditional densities g(·;µi, σi) are Gaussian, with mean

µi and covariance σ2
i Id. Explicitly,

g(x;µi, σi) =
1

(2πσ2
i )
d/2
e
− ‖x−µi‖

2

2σ2
i .

Matrices A and B: We fix a vector v ∈ Rd, with the assumption that

〈v, µ1〉 > 〈v, µi〉 for i 6= 1. Recall (from Section 5.2.1) that m = E[x] =∑
i αiµi, A =

∑k
i=1 αiµiµ

T
i , and B =

∑k
i=1 αi〈µi, v〉µiµTi . To compute these

quantities, we first define σ2 to be the (k + 1)th-largest eigenvalue of the

mixture covariance matrix E[(x−m)(x−m)T ], and let u be a corresponding

eigenvector. Then let m̃ = E[x(uT (x − m))2]. Then it follows from moment

computations (see Hsu and Kakade [77]) that:

A = E[xxT ]− σ2Id

B = E[〈x, v〉xxT ]− m̃vT − vm̃T − 〈m̃, v〉Id,

Given the samples {x̂i}, we can now empirically evaluate these quanti-

ties (denoted by m̂, Â, B̂ respectively) by replacing expectations above by the
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corresponding sample averages; for instance we replace E[xxT ] by Ê[xxT ]
.

=

(1/n)
∑n

j=1 x̂jx̂
T
j .

Examples of v: Assuming that ‖µ1‖2 > 〈µ1, µi〉 for all i 6= 1 – this will be

true, for example, if ‖µi‖ are all the same – one can find a suitable vector v

given a relatively small number of samples from the first mixture component.

Specifically, if ‖µ1‖2 ≥ 〈µ1, µi〉 + δ and ‖µi‖ ≤ R for all i 6= 1 then standard

Gaussian tail bounds imply the following: if v := `−1
∑`

j=1 xj where ` =

Ω(R2δ−2 log k) and x1, . . . , xm are drawn independently from the distribution

g(·;µ1, σ1) then with high probability v satisfies 〈v, µ1〉 > 〈v, µi〉 for all i 6=

1. Here, “high probability” means probability converging to 1 as the hidden

constant in ` = Ω(·) grows. Note here that the number of tagged samples

is nowhere near sufficient to estimate µ1 by direct averaging; indeed to do so

would require the number of samples to grow with the size of the underlying

dimension.

5.3.2 Latent dirichlet allocation

The model: In the LDA model with k topics and a dictionary of size d, the

parameters µ1, . . . , µk ∈ ∆d−1 are the probability distributions correspond-

ing to each topic (∆d−1 denotes the probability simplex {y ∈ Rd :
∑

i yi =

1,mini yi ≥ 0}). The LDA model introduced in Blei et al. [29] differs slightly

from the other models as the mixture distribution cannot be expressed exactly

in the parametric form in Section 5.2. Instead we have a two level hierarchy

as follows. Given ᾱ = (α1, . . . , αk), we first draw a topic distribution θ from
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the Dirichlet(ᾱ) distribution. Given this θ = (θ1, . . . , θk) each word in the

document is drawn i.i.d. from the distribution
∑k

i=1 θiµi. However still we can

compute the vector m and the matrices A,B as shown below. Then with an

appropriate v our algorithms can recover the topic distribution µ1.

Matrices A and B: Let x1 denote the random vector with x1(w) = 1 if the

first word is w, and 0 otherwise. Similarly define vectors x2, x3 corresponding

to the second and third word respectively, and let α0 =
∑k

i=1 αi. Then, moment

computations under the LDA distribution yields the following expressions for

(m,A,B), defined in (5.1), (5.2), (5.3):

m = α0E[x1], A = α0(α0 + 1)E[x1x
T
2 ]−mmT

B =
α0(α0 + 1)(α0 + 2)

2
E[〈x3, v〉x1x

T
2 ]− α0(α0 + 1)

2

(
〈m, v〉E[x1x

T
2 ]

+ E[〈x3, v〉x1m
T ] + E[〈x3, v〉mxT2 ]

)
+ 〈m, v〉mmT .

With the given document samples, let x̂i denote the normalized empirical

word frequencies in the document i. Then, m̂ = α0

n

∑n
i=1 x̂i, and Â, B̂ can be

immediately estimated using the above expressions by replacing expectations

with sample averages.

Using labeled words to find v: In order to recover the topic distribution

µ1 we now require a vector v which satisfies 〈µ1, v〉 > 〈µi, v〉 for i 6= 1. Now

suppose we are given a labeled word ` such that its occurrence probability in

topic 1 is the highest, i.e., µ1(`) > µi(`) for i 6= 1. Then we can simply choose

v = e` (the standard basis element with 1 in the `-th coordinate). For most

topics of practical interest it is possible to find such labeled words. For example

109



the word “ball” can be a labeled word for topic sport, “party” is a labeled word

for topic politics and so on. However, a labeled word is merely indicative of

a topic and is not exclusive to a topic (e.g. the word “ball” can occur in

other contexts as well). In this sense, the labelled word is quite different from

the “anchor word” described in Arora et al. [19]. Note however that anchor

words are also labeled words (but not vice-versa) since for an anchor word `,

µ1(`) > 0 and µi(`) = 0 for i 6= 1.

Using labeled documents to find v: If the different topics are not too

similar, then we can estimate a suitable vector v from a small collection

of documents that are mostly about the topic of interest. For example, if

〈µi, µj〉 ≤ η‖µi‖‖µj‖ for all i 6= j, and if we observe a total of m words

from some collection of documents with θ1 ≥ (1 + δ)(1/2 + η) then about

m = Ω(δ−2 log k) words will suffice to find a suitable vector v.

5.3.3 Mixed regression

The model: In mixed linear regression the mixture samples generated are

of the form y = 〈x, µi〉 + ξ, where x ∼ N(0, I) and noise ξ ∼ N(0, σ2). We

have access to the observations (y, x) but the particular µi and ξ are unknown.

Hence the conditional density g(x, y;µi, σ) is a multivariate Gaussian where

x ∼ N(0, I), y ∼ N(0, ‖µi‖2 + σ2), and Cov(x, y) = µi.

Matrices A and B: To compute A and B, we consider the following moments
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(for more detailed derivations, see Appendix D.3):

M1,1 = E[yx] =
k∑
i=1

αiµi

M2,2 = E[y2xxT ] = 2
k∑
i=1

αiµiµ
T
i +

k∑
i=1

αi(σ
2 + ‖µi‖2)I

M3,1 = E[y3x] = 3
k∑
i=1

αi(σ
2 + ‖µi‖2)µi

M3,3 = E[y3〈x, v〉xxT ] = 6
k∑
i=1

αi〈µi, v〉µiµTi +
(
M3,1v

T + vMT
3,1 + 〈M3,1, v〉I

)
Let τ 2 be the smallest singular value of the matrix M2,2. Then we can

compute m,A,B as follows.

m = M1,1, A =
1

2
(M2,2 − τ 2I)

B =
1

6
(M3,3 − (M3,1v

T + vMT
3,1 + 〈M3,1, v〉I))

As in the previous cases with finite samples the estimates m̂, Â, B̂ can

be computed by taking their empirical expectations e.g., M̂1,1 = Ê[yx] =

1
n

∑n
i=1 ŷix̂i and so on, where (ŷi, x̂i) denote the i-th sample.

Examples of v: Suppose we are given a few random labeled examples from the

first component. Then assuming ‖µ1‖2 > 〈µ1, µi〉+δ, ‖µi‖2 ≤ R, similar to the

GMM case we can estimate a v := 1
`

∑`
j=1 ŷjx̂j using only ` = Ω (R4δ−2 log k)

labeled samples so that 〈µ1, v〉 > 〈µi, v〉 holds with high probability.
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5.3.4 Subspace Clustering

The model: Besides the mixture parameters α1, . . . , αk, the subspace cluster-

ing model has parameters U1, . . . , Uk ∈ Rd×m and σ ∈ R, where the matrices

U1, . . . , Uk have orthonormal columns. The conditional distribution g(·;Ui)

is a standard Gaussian variable supported on the column space of Ui, plus

independent Gaussian noise. More precisely, we sample y ∼ N(0, Id) and set

x = UiU
T
i y + ξ, where ξ ∼ N(0, σ2Id) is independent of y.

Matrices A and B: The subspace clustering model does not quite fit into

the basic method of Section 5.2; one motivation for presenting it is to show

that the basic ideas in Section 5.2 are more flexible than they first appear.

Suppose v ∈ Rd satisfies ‖UT
1 v‖ > ‖UT

i v‖ for all i 6= 1. We consider

A := E[xxT ]− σ2Id =
k∑
i=1

αiUiU
T
i

B := E[〈x, v〉2xxT ]− σ2vTAvId − σ2‖v‖2A− σ4(‖v‖2Id + vvT )

−2σ2(AvvT + vvTA)

=
k∑
i=1

αi‖UT
i v‖2UiU

T
i + 2

k∑
i=1

αiUiU
T
i vv

TUiU
T
i

and their empirical versions Â and B̂ (the computation giving the claimed

formula for B is carried out in Appendix D.3). Now with these Â and B̂, we

can recover the subspace U1 using Algorithm 13. This algorithm uses the same

principle behind the whitening method in Section 5.2.1.1, the key difference is

that here we pick the top m eigenvectors of the whitened B matrix.

The following perturbation theorem guarantees that if the side infor-
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Algorithm 13 Subspace clustering algorithm

Input: Â, B̂
Output: Û

1: let {σj, vj} be the singular values and singular vectors of Â, in non-
increasing order

2: let V be the d×mk matrix whose jth column is vj
3: let D be the mk ×mk diagonal matrix with Djj = σj
4: let Y = [u1, . . . , um] be the matrix of m largest eigenvectors of
D−1/2V T B̂V D−1/2

5: let Z = V D1/2Y
6: let the columns of Û be the m eigenvectors of the matrix ZZT

mation vector v is substantially more aligned with the subspace spanned by

U1 than it is with any other subspace, and the matrices A,B are estimated

within ε accuracy, then Algorithm 13 can recover the required subspace with

a small error.

Theorem 5.3.1. Suppose that ‖Â − A‖ ≤ ε and ‖B̂ − B‖ ≤ ε. Suppose that

the side information vector v satisfies ‖Uiv‖2 ≤ (1/3− δ)‖U1v‖2. Then output

Û of Algorithm 13 satisfies

‖Û ÛT − U1U
T
1 ‖ ≤ Cεα−1

1 σ1(A)2σmk(A)−2δ−1.

We prove Theorem 5.3.1 in Appendix D.6. Note that the conditions

on v can be satisfied if the spaces Ui satisfy a certain affinity condition and

we have a few labelled samples from U1. Specifically, suppose that 〈u,w〉 <

( 1√
3
− η)‖u‖‖w‖ for every u ∈ U1 and w ∈ Ui, i 6= 1. Then any v ∈ U1 will

satisfy the assumption of Theorem 5.3.1. Hence, a single labelled sample from
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U1 (or several – depending on η – noisy samples) is enough to find a suitable

v.

5.3.5 Comparison

In this section we compare the theoretical performance of the Whiten-

ing and Cancellation algorithms with other algorithms. Both Whitening and

Cancellation algorithms require estimating the quantities m,A,B by comput-

ing moments from the samples. Therefore the sample complexity primarily

depends on how well these quantities concentrate. We compute the specific

sample complexities for each model in Appendix D.7.

For Gaussian mixture model the sample complexity of our algorithm

scales as Ω̃(dε−2 log d) similar to moment based algorithm by Hsu and Kakade [77]

and tensor decomposition based algorithm by Anandkumar et al. [12]. In terms

of runtime the Whitening algorithm is faster than the tensor decomposition

based algorithm by Anandkumar et al. [12]. This can be viewed as follows.

The first step in both the algorithms take O(d2k) time to compute the whiten-

ing matrix and in subsequent whitening steps. However computing the largest

eigenvector in Algorithm 11 takes only O(k2) time, faster than O(k5 log k)

time required for rank-k tensor power iteration (we also verify this in our

experiments in Section 5.4).

In LDA topic model our algorithms have a sample complexity of Ω̃(ε−2 log d),

again similar to tensor decomposition based algorithm by Anandkumar et

al. [12], and non-negative matrix factorization (NMF) based algorithm by
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Arora et al. [19]. The Whitening algorithm again is faster than tensor de-

composition as argued for GMM case. The NMF based algorithm using opti-

mization based RecoverKL/RecoverL2 procedures also has a runtime of O(d2k)

similar to our algorithm (in Section 5.4 again we observe our algorithm to be

faster in practice).

In the case of mixed linear regression again our method has a sample

complexity of Ω̃(dε−2 log d) similar (upto log factors) to the convex optimiza-

tion based approach by Chen et al. [45], alternating minimization based ap-

proach by Yi et al. [165], but better than tensor decomposition based method

of Sedghi et al. [140] which has a sample complexity of Ω̃(d3ε−2). However

unlike the convex optimization and alternating minimization based techniques

our method is also applicable when the number of components k > 2. As ar-

gued in GMM case the Whitening algorithm is again faster than the tensor

algorithm by Sedghi et al. [140].

Subspace clustering algorithms like greedy subspace clustering by Park

et al. [123], optimization based algorithms by Elhamifar et al. [57], Soltanolkotabi

and Candes [145], requires the samples to exactly lie on a subspace. In con-

trast our moment based algorithm works even when the samples are noisy and

perturbed from the actual subspace. Our subspace clustering algorithm also

has a sample complexity of Ω̃(mε−2 log d) which is similar (up to log factors)

to greedy subspace clustering algorithm by Park et al. [123].
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5.4 Experiments

In this section we present the empirical performance of our Whitening

and Cancellation algorithms. We consider two of the settings: the Gaussian

Mixture Model (GMM), and Latent Dirichlet Allocation (LDA) and test our

algorithms on both real and synthetic datasets.

5.4.1 Synthetic dataset

First we compare the sample complexity of our algorithms with the

robust tensor decomposition algorithm by Anandkumar et al. [12] for learning

mixture models (we refer to this as the Tensor algorithm). For the Cancella-

tion algorithm we compute the optimum λ for cancellation using two different

techniques as follows. First, let Ẑ ′λ = V T ẐλV, where V is the matrix of top k

singular vectors of Â. In the first method, we perform a line search over posi-

tive λ to find the minimum λ such that σk(Ẑ
′
λ) falls below certain threshold.

This method works well in GMM case. In a second method we minimize the

convex function ‖Ẑ ′λ‖∗ + λ, subject to λ ≥ 0. This method performs better

in the case of LDA. Note that for the Cancellation algorithm after estimating

λ, instead of using m and A to find µ1 we can follow the same steps using

m′ = Av and B to recover µ1. Theoretically it has the same performance,

however empirically we observe this to work slightly better and we use this

version for our experiments.

Performance metric: We compute the estimation error of parameter µ1

as E = ‖µ̂1 − µ1‖. In our figures we plot the quantity “percentage relative
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error gain” which is defined as G = 100(ET − EA)/ET , where ET is the Tensor

error and EA is the error for Whitening / Cancellation algorithm. Note that

a positive error gain implies that the Tensor error is greater than that of the

competing algorithm.
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Figure 5.1: Figure showing the percentage relative error gain by the Whitening
and Cancellation algorithm over the Tensor algorithm for 5 components of
increasing size, in a GMM with k = 10, d = 500, σ ∈ {.4, .5}, and three
different sample complexities (a) n = 6000 (b) n = 8000 (c) n = 10000. Our
algorithms shows increasingly better gain over Tensor as αi, σ and n increase.

Gaussian mixture model: We generate synthetic datasets for GMM with

different k, d, αi, σ, and v. Figure 5.1 shows the percentage relative er-

ror gains of the Whitening and Cancellation algorithms over the Tensor al-

gorithm in a GMM with various values of k, d, αi, σ, and n. The µi were

generated randomly over the sphere of norm r = 10. The side information

vector v was chosen as follows. Let {v1, . . . , vk} be a orthonormal basis of

span{µ1, . . . , µk}, such that {v2, . . . , vk} ∈ span{µ2, . . . , µk}. Then we choose

v =
√
γv1 +

√
(1− γ)/(k − 1)

∑k
i=2 vi for some γ ∈ (0, 1) such that the con-

dition 〈µ1, v〉 > 〈µi, v〉 is satisfied. We observe that in all the cases, our

algorithms have lower error (positive error gain) than the Tensor algorithm.
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Moreover, our methods’ advantage increases with increasing proportion αi,

increasing sample size n, and increasing variance σ.

Figure 5.2 gives an example where the Whitening algorithm can suc-

cessfully recover even rare components. Here we consider a GMM with k =

10, d = 500 with the rarest component having probability αmin = .0037. Again

we observe positive relative error gains over Tensor algorithm for increasing

number of samples n.

1 2 3 4 5 6 7 8 9 10
0

10

20

30

40

50

60

Components 

P
er

ce
nt

ag
e 

er
ro

r 
ga

in
 o

ve
r 

te
ns

or

GMM K=10, d=500, α
min

 = .0037, 5000 samples

 

 

σ = .3
σ = .4
σ = .5
σ = .6

(a)

1 2 3 4 5 6 7 8 9 10
0

10

20

30

40

50

60

70

Components 

P
e

rc
e

n
ta

g
e

 e
rr

o
r 

g
a

in
 o

v
e

r 
te

n
s
o

r

GMM K=10, d=500, α
min

 = .0037, 6000 samples

 

 

σ = .3

σ = .4

σ = .5

σ = .6

(b)

1 2 3 4 5 6 7 8 9 10
0

10

20

30

40

50

60

70

Components 

P
er

ce
nt

ag
e 

er
ro

r 
ga

in
 o

ve
r 

te
ns

or

GMM K=10, d=500, α
min

 = .0037, 8000 samples

 

 

σ = .3
σ = .4
σ = .5
σ = .6

(c)

Figure 5.2: Figure showing the percentage relative error gain of the Whitening
algorithm over the Tensor algorithm in presence of rare components (αmin =
.0037), for a GMM with k = 10, d = 500, σ ∈ {.3, .4, .5, .6}, and number of
samples (a) n = 5000 (b) n = 6000 (c) n = 8000. The Whitening algorithm
recovers even the rarest component with increasing error gain over Tensor as
the number of samples increase.

In Figure 5.3 we plot the runtime of the algorithms, and observe that

the Whitening and Cancellation algorithms are much faster than the Tensor

algorithm.

Topic Modeling: We generate a synthetic LDA document corpus according

to the model in [29]. The lengths of the documents are generated using a
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Figure 5.3: Figure showing the average runtime of Whitening, Cancellation
and Tensor algorithms for 5 components of increasing size, in a GMM with
k = 10, d = 500, σ ∈ {.4, .5}, and three different sample complexities (a)
n = 6000 (b) n = 8000 (c) n = 10000. Both Whitening and Cancellation
algorithms run much faster than Tensor algorithm.

Poission(L) distribution where L is the mean document length. In Figure 5.4

we plot the percentage relative error gain of the Whitening and Cancellation

algorithms over the Tensor algorithm. Our side information was a labeled word

w satisfying µ1(w) > µi(w) for i 6= 1. Again we observe positive error gains

over the Tensor algorithm. Note that the performance varies across topics

since the probability of the labeled word is different for each topic.

5.4.2 Real Datasets

Topic Modeling: In this section we compare the performance of Whitening

algorithm with a recent non-negative matrix factorization based topic mod-

eling algorithm by Arora et al. [19] (we refer this as NMF algorithm), and

also the semi-supervised version of this NMF algorithm (we refer to this as

SS-NMF). We test on two real large datasets; (a) New York Times news arti-

cle dataset [147] (300, 000 articles) (b) Yelp dataset of business reviews [164]
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Figure 5.4: Figure showing the percentage relative error gain in each com-
ponent of the Whitening and Cancellation algorithms over the Tensor al-
gorithm in an LDA model with k = 5, d = 500, mean document length
L ∈ {2000, 3000}, and number of documents (a) n = 4000 (b) n = 6000 (c)
n = 8000. Both Whitening and Cancellation algorithms show an improvement
over Tensor for all components and with increasing samples.

(335, 022 reviews). We run both algorithms for k = 100 topics. First from the

set of topics produced by NMF algorithm we choose a subset of interpretable

topics, then we choose labeled words representative of these topics. We test

with a set of 62 labeled words for NY Times dataset and 54 labeled words

for Yelp dataset. Note that given labeled word wl the whitening algorithm

produces one topic distribution µ1, but the NMF algorithm finds k topics.

Therefore for NMF algorithm the target topic i is the one which has the high-

est probability of the labeled word i.e., µi(wl). For the semi-supervised NMF

we first compute the weighted word-word co-occurrence matrix Qw where we

re-weigh each document by the normalized frequency of the labeled word wl.

Then we apply the NMF algorithm [19] on this weighted matrix Qw.

Performance metric: We compare the quality of the topics returned by Whiten-

ing, NMF, and SS-NMF algorithms using the pointwise mutual information
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(PMI) score, known to be a good metric for topic coherence [115, 135]. How-

ever in order to also capture the relevance of the estimated topic to the labeled

word we compute PMI score for topic i as,

PMI(topic i) =
1

20

∑
w∈Ti20

log
p(wl, w)

p(wl)p(w)

where wl is the labeled word, Ti20 is the set of top 20 words in the

i-th topic. The probabilities p(wl, w), p(w), p(wl) are computed over a larger

dataset of English Wikipedia articles to reduce noise [114]. For whitening

algorithm we choose α0 = .01. Note that other supervised topic modeling

algorithms e.g. supervised LDA by Mcauliffe and Blei [104], labeled LDA by

Ramage et al. [126] require a much stronger notion of side information than

just labeled words, hence we could not compare with them.

In Figure 5.5 (a) we plot the percentage of labeled words for which

each algorithm has the best PMI score. Observe that for most labeled words

(40 out of 62 labeled words for NY Times dataset, and 35 out of 54 labeled

words in Yelp dataset) the Whitening algorithm estimates topic with better

PMI score over NMF and SS-NMF algorithms. The Whitening algorithm is

also more than twice as fast as NMF and SS-NMF1 as shown in Figure 5.5 (b).

A complete list of topics and PMI scores returned by the algorithms for every

labeled word is presented in Tables D.1, D.2 of Appendix D.2. Notice that

the Whitening algorithm often estimates more coherent topics which are more

1For large corpus the NMF algorithm runs much faster than Gibbs sampling and varia-
tional inference based algorithms [19].
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(a) (b)

Figure 5.5: Figure comparing the performance of Whitening, NMF [19], and
semi-supervised NMF (SS-NMF) algorithms on NY Times and Yelp datasets.
(a) Topics estimated by Whitening algorithm have the best PMI score in 40
out of 62 labeled words for NY Times dataset, and 35 out of 54 labeled words
in Yelp dataset. (b) Whitening shows more than 2X speedup over competing
algorithm in both datasets.

relevant to the given labeled word than topics produced by the NMF/SS-NMF

algorithm. For example in NY Times dataset with the labeled word student

the Whitening algorithm returns top five words in the topic as student, school,

teacher, percent, program; however those returned by NMF algorithm are test,

school, student, ignore, export; and those by SS-NMF algorithm are student,

university, shooting, shot, rampage.

Parallel image segmentation: One method to perform image segmenta-

tion is to use GMM clustering. In this experiment we demonstrate how GMM

search algorithm can be used to parallelize image segmentation in vision ap-

plications. For this we consider the BSDS500 dataset introduced in Arbelaez

et al. [18] and choose a subset of 70 images having less than 4 segments in the
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ground truth. Note that this dataset has up to six ground truth segmentation

by human users for each image. We randomly choose one pixel from each

segment in ground truth as side information v. We compare our Whitening

algorithm with the seeded k-means clustering [26] where the centers are ini-

tialized by these side information pixels (we refer to this as s-Kmeans). The

Whitening algorithm uses one pixel from the i-th cluster to compute µi, in

parallel for every i, and then it assigns each pixel to its closest µi. The seg-

mentation quality is compared using normalized mutual information (NMI)

metric [101]. To avoid local minimum in s-Kmeans we consider the maximum

NMI over 5 initializations of side information for each ground truth, and then

we compute average NMI over all ground truths for an image.

Figure 5.6: Figure comparing the performance of image segmentation by
Whitening (row 3) and s-Kmeans (row 2) algorithms, with images selected
from the BSDS500 dataset. The side information pixels are shown in red plus
in the original image (row 1). In the segmented images (rows 2, 3) the seg-
ments are shown in different shades. Observe that the Whitening algorithm
often isolates the foreground segment better than s-Kmeans.

We summarize our result in Table 5.1. Observe that the Whitening
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algorithm has a slightly better NMI performance over s-Kmeans in the BSDS

test dataset and similar performance in BSDS train and BSDS val datasets.

However the Whitening algorithm runs an order of magnitude faster than s-

Kmeans.

Table 5.1: Table comparing the performance of Whitening and s-Kmeans al-
gorithm on BSDS dataset. N is the total number of images, NW is the number
of images where segmentation produced by Whitening has a better NMI than
s-Kmeans, and NK is the number of images where segmentation of s-Kmeans
has a better NMI. TW is the median runtime of Whitening algorithm and TK is
the median runtime of s-Kmeans. Whitening runs much faster than s-Kmeans.

Dataset N NW NK TW (s) TK (s)

BSDS test 30 17 13 6.7 81.5
BSDS train 25 12 13 8.2 89.8
BSDS val 15 8 7 10.6 117.2
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Chapter 6

Searching a Single Community in a Graph

6.1 Overview

In the previous chapter we have developed a common framework which

can handle different sources of side information in a wide class of mixture mod-

els. In this chapter we return to the network inference problem of community

detection, which was introduced in Chapter 4, and show how we can use sim-

ilar techniques to incorporate side information in this problem. However in

this chapter we consider the more traditional setting where the communities

are non-overlapping, although the technique we develop is applicable in the

case of overlapping communities too. We also consider side information in two

different forms; labeled nodes and biased node weights, which are motivated

by certain real world applications.

Community detection, or graph clustering, is the classic problem of

finding subsets of nodes such that each subset has higher connectivity within

itself, as compared to the average connectivity of the graph as a whole. Typi-

cally, when graphs represent similarity or affinity relationships between nodes,

An earlier version of this work was presented as a poster, and published as a short paper
in the Proceedings of ACM Sigmetrics 2016, Antibes, France (see [133]). In this work the
author was the main contributor.
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these subsets represent communities of similar nodes. Also typically, this prob-

lem has primarily been considered in the unsupervised setting, where the only

input is the graph itself and the objective is to partition all or most of the

nodes.

In this chapter we look at a different, but related, community detection

task, which we will refer to as the search problem. Our objective is to use

the graph to find a single community of nodes – which we will call the target

community – for which we have been given some relevant but quite noisy side

information. We would like to do so more reliably, and with lower computation,

than existing methods that do not use side information.

Our motivations are two-fold: (i) it is often the case that the network

analyst is looking for nodes with a-priori specified characteristics, and (ii) it

is rare that we are faced with a “pure” graph analysis problem; typically there

is extra non-graphical side information that, if used properly, could make the

inference task easier.

As an example setting, consider the case where we have some nodes

from the target community explicitly marked as such, and our task is to

recover the remaining nodes. This is a situation that frequently arises in

military/intelligence settings, and also in analysis of regular consumer social

networks, internet/web graphs etc. In military intelligence it can be useful to

recover a single community which a known suspect is part of. Besides explicit

node labels, side information could also come from meta-information one may

have about the nodes; e.g. from text analysis if the graph is a web graph,
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or from browse/activity history of users in a social network. In recommenda-

tion system or targeted advertising it is useful to learn a community of users

with a specific interest (e.g. sports) using the knowledge of how users interact

with relevant contents (e.g. sports news and images). Our aim is to find a

principled way to use such side information and the graph itself.

Our contributions are as follows.

(i) We develop a simple yet generic framework for how side information is

to be specified: each node is given a (possibly random) weight, with

nodes in the target community having higher weight on average than

nodes not in the target – we call these biased weights. This setting

would thus split an overall data + graph analysis objective into two: the

analyst needs to devise a (application-dependent) procedure to convert

her side information into biased node weights; these are then used by

our algorithm.

(ii) Given such biased weights, we develop a new spectral-like algorithm –

specifically, a variant of the 2nd order method of moments – to find

the nodes in the target community. We call this Community Search

below. In the following, we first provide the basic intuition behind it by

considering the case where we have access to the population statistics

of a graph coming from a stochastic block model, and then formally

describe the algorithm.
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(iii) Our main results characterize the effectiveness of this algorithm in find-

ing the target community; we study this in the standard stochastic block

model setting with many communities. Analytically, we show that it

matches (potentially upto log factors) the analytical guarantees of the

state of the art unsupervised community detection methods; empirically,

we show that the method outperforms these methods even with very

noisy side information (e.g. very small number of labeled nodes), and

has significantly lower computational complexity.

(iv) We also specialize our results to the case where the side information is

in the form of a small number of labeled nodes; for this case we show

how one can effectively convert this to node weights, even for sparse

graphs. Our experiments on a real world network further corroborate

the practical applicability of this method.

6.1.1 Related work

While no other work has considered the problem of searching a single

community in a graph, there has been a lot of research in three closely related

fields; that of unsupervised and semi-supervised graph clustering, method of

moments, and learning with side information. Each of these threads have a

rich history – here we cover the ones most relevant to this chapter.

Unsupervised graph clustering: Graph clustering or community

detection has been widely studied mainly in the unsupervised setting where

nodes do not have any associated labels. There is a vast literature of graph
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clustering algorithms both in the setting where clusters are non-overlapping

[63] and overlapping [157]. The most widely studied generative model for non-

overlapping clusters in a graph is the planted partition or stochastic block

model [49]. Assuming this model many algorithms have been proposed which

provide statistical guarantees of recovery of all hidden clusters. These al-

gorithms can be broadly divided into three categories (i) spectral cluster-

ing [41, 105, 120, 136, 167] (ii) convex optimization [1, 7, 44] and more recently

(iii) tensor decomposition [11,78].

Semi-supervised graph clustering: The graph clustering problem

has also been explored in a semi-supervised settings, where some of the nodes

and/or edges are explicitly labeled. Many optimization and kernel based al-

gorithms have been proposed [91, 170] to solve this problem. The popular

label propagation based clustering algorithms [65,169] are also essentially semi-

supervised graph clustering algorithms with labeled nodes.

Method of Moments: This is a classical parameter estimation tech-

nique, where the parameters to be estimated are described in terms of the

moments from the true distribution. Empirical moments are now used to

replace the true moments, leading to parameter estimates [155]. There has

been much recent interest in these methods for many statistical learning prob-

lems. These include learning Gaussian mixture models [12, 77], LDA topic

models [13], hidden Markov models [39] etc.

Others: There is a broader machine learning literature that incorpo-

rates the availability of extra side information into existing models and algo-
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rithms. In the context of LDA topic models, side information maybe available

in the form of extra response variables for each document [104], or additional

text review information of products [100]. In collaborative filtering, side in-

formation can be of the form of item or user graph [127]. In overlap graph

clustering, side information maybe available in form of node attributes [162].

In this chapter we consider the community search problem with side

information either in the form of biased node weights or a small set of labeled

nodes.

6.2 Settings and Algorithm

Stochastic Block Model: Consider a graph G = (V,E) with n nodes and k

non-overlapping communities that partition the vertex set as V = ∪ki=1Vi. Let

αi = |Vi|/n be the fraction of nodes in the i-th community. In a stochastic

block model the edge set E is generated as follows. Let 0 < q < p < 1. Then

for any two nodes in the same community r, s ∈ Vi we have P ((r, s) ∈ E) = p,

and when r, s are in different community then P ((r, s) ∈ E) = q. We define

this as the (n, k, p, q) stochastic block model.

Target community and side information: In the search problem we are

interested in the recovery of one target community, in this chapter, without loss

of generality, consider V1 to be this target community. We are also provided

with some side information on this target community V1. The side information

is in the form of biased node weights. Suppose for each node j ∈ V we are

given a biased weight wj > 0. These weights are generated by a random
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process satisfying the condition that for any node j ∈ V we have E[wj|j ∈

V1] > E[wj|j ∈ Vi] for all i 6= 1.

These biased weights may be computed using a set of labeled nodes from

the target community L ⊂ V1 (see Section 6.3.2). These weights can also arise

from other available sources of side information. For example consider a social

network graph where the target community consists of users who are sports

enthusiasts. Then we can observe the amount of interaction (e.g. “likes” and

“shares” in Facebook) of the users with known sports related contents. Since

users in a sports community are more likely to interact with such contents,

these will have the above biased node weight property. The main goal is

to solve this search problem faster than the time required to recover all k

communities, and without any loss in estimation accuracy.

6.2.1 Algorithm

In this section we describe our main algorithm called Community

Search. LetX be the adjacency matrix of the graphG. Also define community

membership vectors µ1, . . . , µk where µi ∈ Rn, as follows. Let µj,i be the j−th

coordinate of vector µi. Then,

µj,i =

{
p if j ∈ Vi
q otherwise

Note that these µi-s are linearly independent and the community mem-

berships of the nodes can be obtained from these membership vectors via
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thresholding. The main purpose of our algorithm is to estimate the member-

ship vector of the first community µ1 (which can then be used to recover nodes

in V1).

Intuition behind our method: To understand the core of our technique,

let us suppose here – just for intuition – that we actually had access to the

“average” adjacency matrix E[X] (recall that X is the actual adjacency matrix

of the stochastic block model), and let E[Xj] be the average of the jth column.

Then it is easy to see that E[Xj] = µcj , where cj ∈ 1, . . . , k is the community

that node j belongs to. This means that the following holds for the matrix A

defined below:

A :=
1

n

∑
j

E[Xj]E[Xj]
T =

k∑
i=1

αiµiµ
T
i

Similarly, let us now also suppose that we see the “average” node weights

w̄j = E[wj] for every node j. Then, the following holds for the matrix B

defined below:

B :=
1

n

∑
j

w̄jE[Xj]E[Xj]
T =

k∑
i=1

αiωiµiµ
T
i

where in the above, for each cluster i, we have defined ωi be the averaged

weights of all nodes in that cluster. By the bias condition, we have that

ω1 > ωi for all i 6= 1.

Note that both the A and B as defined above are symmetric positive

definite rank-k matrices, with the column space of each spanned by the µi’s.

However note also that our desired vector µ1 may not be an eigenvector of
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either A or B; indeed if the target community V1 is small, it may be quite far

from the leading eigenvector of either matrix.

The main idea is that we can still recover µ1 by “whitening” B using

A, a process we describe in the proto-algorithm below. The description also

provides the (simple) reason why it works – in this idealized case where aver-

age X and w are available.

Proto-algorithm (and explanation):

1. Compute matrices A and B as described above,

2. Perform rank-k svd of A as A = UDUT , and let W := UD−1/2. Also

note that,

W TAW = Ik =
k∑
i=1

µ̃iµ̃
T
i

where we define µ̃i :=
√
αiW

Tµi. Now, we see that the addition of k

terms of the type µ̃iµ̃
T
i results in Ik; this can only happen if the cor-

responding µ̃i are orthonormal vectors in Rk. The vectors µ̃ are thus

“whitened” versions of the original µ vectors.

3. Next we compute the following matrix.

R := W TBW =
k∑
i=1

ωiµ̃iµ̃
T
i

Now, since µ̃i are orthonormal, the above equation represents an eigen-

value decomposition of the k × k size matrix R, with eigenvectors µ̃i
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and corresponding eigenvalues ωi. Thus, µ̃1 – the whitened vector corre-

sponding to the target community – is now the leading eigenvector of R,

because ω1 > ωi.

4. Find µ̃1 by setting it to be the leading eigenvector of R. Finally we can

recover µ1 from µ̃1 in two steps. First compute z := UD1/2µ̃1 =
√
α1µ1.

Next compute vector

m1 :=
1

n

n∑
j=1

E[Xj] =
k∑
i=1

αiµi

We can recover
√
α1 = µ̃T1W

Tm1. Then simply divide the z defined above

by this to find µ1.

An issue: Although simple, it is not straight forward to convert this intuition

to an algorithm because due to inter dependencies it becomes hard to estimate

these A and B matrices. In particular note that in the actual problem we are

given adjacency matrix X, and a natural impulse is to approximate A using

the matrix

1

n

∑
j

XjX
T
j

Unfortunately, this is a good approximation to E[XXT ], but E[XXT ] 6=

E[X]E[X]T – and we require the latter. However we can get around these

dependencies by first partitioning the graph. This is outlined in Algorithm 14

below.

For any two subsets P,Q ⊂ [n] let XP,Q denote the submatrix of X

corresponding to the rows and columns in set P and Q respectively. The
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input parameters to Algorithm 14 are the adjacency matrix X, number of

communities k, the set of biased node weights (w1, . . . , wn), and a threshold

τ. The output is the community estimate V̂1.

Algorithm 14 Community Search

Input: Adjacency matrix X, k, biased weights (w1, . . . , wn), threshold τ
Output: V̂1

1: Partition nodes into four sets P1, P2, P3, P4 at random
2: Compute matrices Â1 = 1√

|P3|
XP1,P3 , Â2 = 1√

|P3|
XP2,P3

3: Compute vector m̂1 = 1
|P1|
∑

j∈P1
XP1,j

4: Compute matrix B̂ = 1
|P4|
∑

j∈P4
wjXP1,jX

T
P2,j

5: µ̂P1 , α̂1 ← SearchSubroutine(Â1, Â2, B̂, m̂1, k)
6: Compute VP1 = {j ∈ P1 : µ̂P1,j > τ}
7: Repeat steps 2-5 with Pi’s rotated in order to estimate µ̂P2 , µ̂P3 , µ̂P4 . Use

them to compute VP2 , VP3 , VP4 as in step 6
8: Return community V̂1 = VP1 ∪ VP2 ∪ VP3 ∪ VP4

Algorithm 15 SearchSubroutine

Input: Â1, Â2, B̂, m̂1, k
Output: µ̂1, α̂1

1: Compute rank k-svd of matrices Â1, Â2 : Â1 = U1D1V
T

1 , Â2 = U2D2V
T

2

2: Compute matrices W1 = U1D
−1
1 , W2 = U2D

−1
2

3: Let u1 be the largest left singular vector of W T
1 B̂W2

4: Compute z = U1D1u1

5: Compute a = uT1W
T
1 m̂1

6: Return µ̂1 ← z/a and α̂1 ← a2

6.3 Main Result

In this section we present our main theoretical results. First we show

that when the set of biased weights (w1, . . . , wn) satisfy certain mild sufficient
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conditions, then Algorithm 14 is guaranteed to recover the target community

V1. Later we show how such weights can be obtained even with a set of labeled

nodes from the target community.

6.3.1 Recovery using biased weights

When side information is available in the form of biased weights wj

for each node j ∈ V, these weights need to be informative about the target

community V1 so that it could be recovered. Clearly good side information

will lead to a better performance of any search algorithm. We quantify this

quality of information in the following set of assumption (condition (A1) and

(A2)) on the biased weights. The third condition (A3) is a more fundamental

condition that determines when the community structure itself is identifiable

in a stochastic block model.

• (A1) Average weight bias: Under this condition the expected weight of

a node in community V1 is greater than the expected weight of a node

in any other community Vi. Precisely the weights satisfy:

E[wj|j ∈ V1] > E[wj|j ∈ Vi], ∀i 6= 1

This weight bias allows us to determine that community V1 is being

searched / preferred over the remaining communities. However we only

require this to hold in expectation and the actual weights themselves may

vary significantly. Clearly any algorithm which only uses the weight
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bias to determine community membership by simple thresholding will

perform very poorly.

• (A2) Weight concentration: Let αmax = maxi∈[k] αi and αmin = mini∈[k] αi.

Define σ1(R) := E[wj|j ∈ V1], σ2(R) := maxi 6=1E[wj|j ∈ Vi], γ2 :=

maxi∈[k],j∈V |wj − E[wj|j ∈ Vi]|, and ξ(n) = o(
√

log n) be any slowly

growing function. Then with high probability the maximum deviation

of the weights are bounded as,

γ2

(σ1(R)− σ2(R))
= O

(
min

{
α4
min(p− q)4

α4
maxp

4ξ(n)
,
α5
min

√
n(p− q)5

α4
maxp

4.5ξ(n)
− 1

})
This condition dictates that the maximum variation of the weights γ2

is also small compared to the difference between the largest and second

largest expected weights σ1(R)− σ2(R). Since the weights are used pri-

marily to construct the matrix B in Algorithm 14, this condition ensures

that the matrix B can be estimated up to a tolerable error.

• (A3) p, q separation: Let p, q, n satisfy

(p− q)2

p
√
p

= Ω̃

(
αmax

α2
min

√
n

)
This condition fundamentally determines when communities are identi-

fiable in a stochastic block model and similar conditions are required for

other community detection algorithms [ [11, 41, 44]]. The more the gap

p − q easier it is to identify communities. Hence this condition gives a

lower bound on p− q which is required for community identifiability.
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Theorem 6.3.1 shows that under the above assumptions on the biased

weights Algorithm 14 can reconstruct community V1 with high accuracy.

Theorem 6.3.1. Consider a (n, k, p, q) stochastic block model satisfying con-

dition (A3). Given biased weights (w1, . . . , wn) satisfying conditions (A1),

(A2), then Algorithm 14 recovers community V1 with fraction of error nodes

o(1) with high probability.

Remark 15. For a stochastic block model with equal community sizes n/k

condition (A3) reduces too (p−q)2
p
√
p

= Ω̃
(

k√
n

)
. When p = Θ(p− q) this has the

same scaling as other community detection algorithms [11, 41, 44]. Therefore

even in sparse graphs where p, q = Θ
(

logn
n

)
or for small community sizes up

to Ω(
√
n) nodes Algorithm 14 can recover the community.

In Theorem 6.3.1 the o(1) fraction error can be easily converted to a zero

error guarantee using an additional post-processing step. Instead of estimating

community 1 nodes inside partition P1 we can estimate those in partition P2,

first by observing for each node j ∈ P2 the number of edges shared with the

estimated set VP1 , followed by thresholding. Since VP1 estimates V1 ∩P1 up to

only o(α1n) error nodes this does not cause any errors in thresholding, with

high probability. This post-processing step is also independent of the previous

steps in the algorithm since the edges between partitions P1 and P2 are not

utilized in Algorithm 14. The following theorem formalizes this idea.

Theorem 6.3.2 (Exact recovery). In a (n, k, p, q) stochastic block model, un-

der assumptions (A1)-(A3), Algorithm 14 with an additional degree threshold-
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ing step can recover community V1 completely with high probability.

We prove Theorems 6.3.1 and 6.3.2 in Appendix E.1.

6.3.2 Recovery using labeled nodes

Biased weights, as required in Theorem 6.3.1, can be obtained from a

small set of labeled nodes L as follows:

• Choose a radius r

• Weight wi is the number of edges between nodes in L and nodes at a

distance of r hops from node i

Note that the weight can also be viewed as the number of neighbors

of the set L which are at a distance r from node i. Larger choice of radius r

means less variance in the weights, but also potentially less bias if it becomes

too large. For example, r = 1 means only neighbors of labeled nodes get

weights; this is very high bias but also high variance.

The theorem below provides the correct way to choose the radius r such

that the weights wi can be made to satisfy conditions (A1), (A2). This means

that even with such weights computed via labeled nodes we can efficiently

find community V1 using Algorithm 14. Note that when p ≥ 1√
n

then with

high probability the labeled nodes in L has neighbors with any other node

i ∈ V1\L, hence the number of common neighbors between i and nodes l ∈ L

can be taken as weights wi which will satisfy conditions (A1), (A2). However
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this does not work for sparse graphs when p < 1√
n
. In the following theorem

we show that even for p = Θ
(

logn
nε

)
, 1

2
≤ ε ≤ 1 the weights chosen by the

above procedure and a correct r will work.

Theorem 6.3.3. Consider a (n, k, p, q) stochastic block model satisfying con-

dition (A3) where p = Θ
(

logn
nε

)
, q = Θ

(
logn
nε

)
, p− q = Θ

(
logn
nε

)
and all equal

sized communities. Given L = Ω̃(nε/2) labeled nodes, the biased weights com-

puted with r = 2 log(nε/L)
lognp

, satisfy conditions (A1), (A2) with high probability.

We prove this in Appendix E.1.3. For simplicity in Theorem 6.3.3 we

assume equal community sizes, however this can be extended to unequal but

comparable communities sizes.

6.3.3 Parallel semi-supervised graph clustering

Our algorithm naturally provides a method for the standard semi-

supervised graph clustering problem. This is the setting where we are given a

small number of labeled nodes from every community, and we are interested

in recovering all communities. In such a scenario we can apply the community

search algorithm to search for each individual community using the labeled

nodes in that target community. Moreover this search can be performed in

parallel. Therefore Algorithm 14 can also be used as a parallel graph clustering

algorithm. Note that the vector m1 and matrices A1, A2 remain the same for

individual searches, only matrix B should be computed separately for every

target community. Section 6.4 shows some numerical results evaluating the

performance of Algorithm 14 in this semi-supervised graph clustering setting.
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6.3.4 Comparison

In this section we compare the theoretical performance of our algorithm

with other unsupervised graph clustering algorithms.

For graphs with equal communities of size n/k, convex optimization

based algorithms by [4, 7, 44] can achieve the performance bound (p−q)√
p

=

Ω̃
(

k√
n

)
. In comparison our algorithm achieves a slightly higher bound (p−q)2

p
√
p

=

Ω̃
(

k√
n

)
. However when p = Θ(p − q)1 both bounds are equivalent (upto log

factors) implying our algorithm can recover communities even in sparse graphs

with p, q = Θ
(

logn
n

)
and for growing number of communities k = O(

√
n). In

terms of runtime our algorithm runs in O(n2k) time faster than Ω(n3) time

required by convex optimization based algorithms.

The Community Search by Whitening algorithm is also faster than

tensor decomposition based graph clustering algorithm by [11]. Note that the

first step of this tensor algorithm is to compute a whitening matrix using rank–

k svd, which is identical to the search algorithm. In the remaining steps, for the

tensor algorithm, the bulk of the computation is a rank–k tensor decomposition

requiring O(k5) computation, which is slower than rank–1 svd computed in

O(k2) time by the search algorithm. This is corroborated by our experiments

in Section 6.4.

Recently a quasi–linear time graph clustering algorithm was presented

by [2] for the case when number of communities k = O(1). In comparison

1This is the case in most real sparse networks when p = Θ(log n/n), if not then it becomes
impossible for any algorithm to recover communities in this regime as shown by [1].
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our algorithm can be applied even when the number of communities scale as

k = O(
√
n), and it requires much lesser knowledge of model parameters than

the former.

6.4 Experiments

In this section we present our numerical results showing the perfor-

mance of the Community Search algorithm on synthetic and real datasets.

We compare our algorithm with the Spectral clustering algorithm by Ng et

al. [120] and the Tensor decomposition based clustering algorithm by Anand-

kumar et al. [11]. We generate synthetic datasets according to the stochastic

block model (see Section 6.2) with n = 1000 nodes, k ∈ {5, 8} communities,

and different values of p and q. The real world network we consider is the

US political blogosphere network first introduced in [3]. The Spectral cluster-

ing algorithm [120] requires clustering of the rows corresponding to bottom

k eigenvectors of the normalized Laplacian. Although k-means may be used

for this, it tends to converge to local minima resulting in poor performance.

To prevent this we perform clustering of the rows via the hierarchical SLINK

algorithm [142]. We refer to this Spectral+SLINK algorithm simply as Spec-

tral clustering in the remaining section. Our algorithm implementations are

all in Matlab. We consider two types of side information: labeled nodes and

synthetic weights.

Labeled Nodes: As discussed earlier, this is a natural means of providing

side information to the algorithm. A set of m labeled nodes are randomly
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chosen from the target community V1. The corresponding weights are then

computed as described in Section 6.3.2 with r ∈ {1, 2}.

Synthetic Weights: We synthetically generate three sets of weights, each

of which are (on average) larger over the target community. These weights

are generated as follows. A pair of weights (w1, w2) are first chosen to be one

of {(5, 8), (5, 10), (5, 12)}. For each node in community V1, we set the node’s

weight to be w2 with probability 0.8, and w1 other-wise. For all other nodes

in V \V1, we swap the probabilities, i.e., we set a node’s weight to be w2 with

probability 0.2 and w1 other-wise. This process generates three possible values

of the expected node weights in the target community, σ1(R) ∈ {7.4, 9, 10.6}.

Performance Metrics: Note that our algorithm directly uses labeled nodes/

biased node weights, and the graph to infer the target community. The base-

line algorithms however first estimate all communities in the graph, then it

computes the average node weight in each community, finally outputs as tar-

get the community which has the highest average node weight. The estimation

error for the i-th community is given as ei = |{j ∈ V : j ∈ Vi, j 6∈ V̂i or j ∈

V̂i, j 6∈ Vi}|. We compute the error for searching each community and plot

either the overall average, or average over a subset of clusters. Let TA1 , TA2 be

the runtimes of algorithms A1,A2 respectively. Then we define speedup s of

algorithm A1 over algorithm A2 as s = TA2/TA1 . s > 1 implies algorithm A1

is faster than A2.
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Figure 6.1: Labeled Nodes: Comparing the average error performance of Com-
munity Search algorithm with Spectral clustering [120] and Tensor decompo-
sition [11] algorithms in a stochastic block model with (a) n = 1000, k = 5,
αmin = .1, (b) n = 1000, k = 8, αmin = .08. The algorithms use m labeled
node from target cluster as side information and compute biased weights. The
Community Search algorithm outperforms both Spectral clustering and Tensor
decomposition.

6.4.1 Performance and Speedup with Labeled Nodes

First we compare the error performance of Community Search algo-

rithm with Spectral clustering and Tensor decomposition algorithms in the

setting where side information is given in the form of m labeled nodes from

the target community. We then compute biased weights wj using the tree

method of Section 6.3.2 with a radius r = 2. Note that this tree method may

assign weights in violation of condition (A1) for small target communities,

since for small target clusters the number of nodes in the tree from a large

cluster may exceed those from the target community, in such cases Algorithm

14 cannot be expected to recover the communities. Therefore we consider a

subset of larger communities which assign the correct weights satisfying con-
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dition (A1) and evaluate our algorithm over these communities. Figure 6.1

(a) plots the average error over 3 largest cluster in a stochastic block model

(SBM) with n = 1000, and k = 5 unequal sized communities. The Community

Search shows significantly less error than Tensor decomposition and Spectral

clustering. In Figure 6.1 (b) we plot the average over 5 larger cluster in a

SBM with n = 1000, k = 8 unequal communities. Again Community Search

shows better error than Spectral clustering and comparable error to Tensor

decomposition.

Figure 6.2 show the speedup performance of the Community Search and

Spectral clustering algorithms over Tensor decomposition in this setting with

labeled nodes. As indicated earlier, all three algorithms were implemented in

Matlab. We observe that the Community Search has a much lower runtime

than both Spectral clustering and Tensor decomposition.

6.4.2 Performance and Speedup with Synthetic Weights

Next we compare the error and runtime performance of all three algo-

rithms in a setting where side information is available in the form of synthet-

ically generated biased weights (as discussed earlier, three different choices

of parameters). Figure 6.3 (a) plots the average error over all communities

in a SBM with n = 1000, k = 8. The Community Search algorithm has a

better performance over Spectral clustering and comparable performance with

Tensor decomposition. In Figure 6.3 (b) plots the average error in a SBM

with n = 1000, k = 5. In this case Community Search outperforms Tensor
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Figure 6.2: Labeled Nodes: The average speedup performance of the Com-
munity Search and Spectral clustering [120] algorithms with respect to Tensor
decomposition [11] in a stochastic block model with (a) n = 1000, k = 8,
αmin = .08, (b) n = 1000, k = 5, αmin = .1, and labeled nodes as side informa-
tion. The Community Search algorithm is faster than both Spectral clustering
and Tensor decomposition.

decomposition and has comparable performance to Spectral clustering.

In Figure 6.4 we plot the average speedup of Community Search and

Spectral clustering over Tensor decomposition. Again the Community Search

algorithm is significantly faster than both Spectral clustering and Tensor de-

composition. We also observe that the speedup increases with increasing p−q.

To see how the quality of side information effects the performance of

our algorithm we plot the average error with increasing singular value gap

σ1(R) − σ2(R) (or the difference between the largest and second largest ex-

pected node weight) in Figure 6.5. In this experiment we fix the synthetic

weights (w1 = 5, w2 = 10) and vary σ1(R)− σ2(R) by changing the probabili-

ties with which the weights appear in each community. Note that the singular
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Figure 6.3: Synthetic Weights: Comparing the average error performance of
Community Search algorithm with Spectral clustering [120] and Tensor decom-
position [11] algorithms in a stochastic block model with (a) n = 1000, k = 8,
αmin = .08, (b) n = 1000, k = 5, αmin = .1. The algorithms use synthetic
weights as side information to search for the target community. Community
Search algorithm shows a lower error.
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Figure 6.4: Synthetic Weights: The average speedup performance of the Com-
munity Search and Spectral clustering [120] algorithms with respect to Tensor
decomposition [11] in a stochastic block model with (a) n = 1000, k = 8,
αmin = .08, (b) n = 1000, k = 5, αmin = .1, and synthetic weights as side
information. The Community Search algorithm is faster than both Spectral
clustering and Tensor decomposition.
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value gap increases when one weight appears with greater chance than the

other. Therefore σ1(R)− σ2(R) can also be viewed as a measure of quality of

side information. As predicted from our analysis, we observe that the error

improves with an increase in the gap σ1(R)− σ2(R).
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Figure 6.5: Sensitivity: The average percentage error of Community Search
Algorithm in a stochastic block model with (a) n = 1000, k = 8, αmin = .08,
(b) n = 1000, k = 5, αmin = .1, with increasing singular value gap σ1(R) −
σ2(R). As shown in our analysis the performance improves with increase in
the singular value gap.

6.4.3 Parallel Clustering

Finally we consider the semi-supervised graph clustering setting de-

scribed in Section 6.3.3 where we are provided with m labeled nodes from

each community, and we want to recover all communities. Recall that the

Community Search algorithm can also be used as a semi-supervised paral-

lel graph clustering algorithm. Figure 6.6 plots the cumulative error over all

communities with increasing p− q in a SBM with n = 1000, k = 8, and using

different number of labeled nodes. The weights in this case are computed us-
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ing the tree method and with radius r = 1. The Community Search algorithm

outperforms both Spectral clustering and Tensor decomposition algorithms in

both the experiments.
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Figure 6.6: Labeled Nodes + Parallel Clustering: Comparing the average error
performance of Community Search algorithm with Spectral clustering [120]
and Tensor decomposition [11] algorithms in a stochastic block model with
n = 1000, k = 8, αmin = .08, (a) q = .01, (b) p = .14. We consider the semi-
supervised graph clustering setting when side information is available in the
form of m ∈ {2, 4, 6, 8} labeled node from each community. The Community
Search algorithm has a better performance over both Spectral clustering and
Tensor decomposition.

6.4.4 Results on real dataset

In this section we evaluate the performance of Community Search al-

gorithm on a real world network. For this experiment we consider the US

political blogosphere network first introduced by Adamic et al. [3] where nodes

correspond to political blogs classified as either liberal or conservative during

2004 US election, and edges represent hyperlinks between them. We consider

the largest connected component of the network having 1222 nodes and 16, 716
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Table 6.1: Average and best classification error (number of nodes that are mis-
classified in each estimated community compared to ground-truth) obtained by
Community Search algorithm (W) with Spectral clustering (S) [120] and Ten-
sor decomposition (T) [11] algorithms on US political blogosphere network [3],
with m ∈ {2, 4, 6, 8, 10} labeled nodes as side information. The Community
Search algorithm achieves the best classification error of 53 and better average
error over the competing algorithms.

Algorithm W W W W W T S
m 2 4 6 8 10

Mean error 56 55.64 55.32 55.30 54.98 60 70
Best error 55 54 54 53 53 60 70

edges. This dataset provides the ground-truth labels (liberal or conservative)

for each node; these labels were manually generated by authors in [3] according

to their content. The largest component has two communities of sizes 586 and

636 according to this ground-truth.

In this semi-supervised graph clustering setting, we randomly choose

m ∈ {2, 4, 6, 8, 10} labeled nodes from each ground-truth community as side

information. Our performance metric is the classification error, namely, the

number of nodes wrongly classified in each estimated community compared to

the ground-truth communities2 (e = |{j ∈ V : j ∈ V1, j 6∈ V̂1 or j ∈ V̂1, j 6∈

V1}|).

For each m we observe the overall performance of the Community

Search algorithm over 50 different random choices of labeled nodes. As before,

we compare the performance with Tensor decomposition and Spectral clus-

2Since there are only two communities, the estimation error in the first community is
equal to that in the second; thus, we can count any one of them.
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tering algorithms. For the Community Search algorithm we compute weights

using the tree method with radius r = 1. In Table 6.1, we show the best

and average classification error obtained by the clustering algorithms. With

r = 1 the Community Search algorithm shows a better classification error

than both Tensor and Spectral algorithms. In fact our algorithm achieves

the best classification error of 53, which is better than other state–of–the–art

algorithms [84], [67] which achieved errors in the range 58−60 on this dataset.

We also perform an in-depth analysis of the error cases in this dataset.

We observed that 50 nodes in the graph do not satisfy the community definition

since they share fewer neighbors in their ground truth community (in degree)

than the second community (out degree). Since the best error in our algorithm

is 53, it appears that our algorithm performs close to the best achievable error

in this dataset. In one particular case 35 out of these 53 error nodes were

among these hard to identify nodes. The search algorithm did identify 15

of these nodes correctly; however this can be attributed to estimation noise.

Specifically, we observe that for these 15 nodes, the average difference between

the out degree and in degree was only 2.33. Since in the parallel clustering

setting, the search algorithm assigned communities on the basis of the closeness

of a column of the adjacency matrix to the community membership vectors,

estimation error in the membership vectors can lead to incorrect assignments.
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Chapter 7

Conclusion

This dissertation develops models and efficient algorithms for several

problems in network inference which are motivated by important real world

applications. In this work our main focus has been to develop faster algo-

rithms with greater estimation accuracy, as well as provide provable statistical

guarantees under natural domain assumptions.

In Chapter 2 we propose new greedy algorithms for learning discrete

graphical models. These algorithms are faster and applicable for a wide class

of models. Moreover they can correctly estimate the graph even in presence

of strong non-neighbor correlations where many previous convex optimization

based algorithms fail. Since this work some new insights about the greedy

algorithm with pruning has been developed by Bresler et al. [32] in the case

of Ising model showing a worst case runtime of O(p2). Although faster, in the

cases where the convex optimization based algorithms succeed, it also has a

better sample complexity than greedy algorithms. It will be interesting to find

algorithms as fast as greedy methods but having the same sample complexity

as the convex approaches, or to see if there exists a trade-off between the two.

In Chapter 3 we propose a latent topic model governing the spread of
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contents in a network of users depending on the users’ interest in that con-

tent. Our empirical studies indicate that traditional topic modeling algorithms

underperform here due to a model mismatch (since they ignore network struc-

ture). We propose algorithms that exploit network structure, and efficiently

infer the topics each user is interested in as well as the topics in a content

being shared by many users. We provide analytical guarantees for our algo-

rithms, and our experiments demonstrate that they outperform topic modeling

algorithms even when the average number of topics per content is high. Our

theoretical results assume a random graph model, however developing an al-

gorithm which probably works on deterministic graphs is challenging but an

important research direction. It is also an interesting open problem to find

lower bounds for this particular network inference task.

Chapter 4 presents a new recursive algorithm for detecting overlapping

communities in a graph. Our algorithm recovers a set of pure nodes from each

community using successive steps of degree thresholding, convex optimization

based clustering, and node removal. These sets of pure nodes are subsequently

used to find the community memberships of remaining nodes in the graph. Our

theoretical results show that the algorithm can correctly recover communities

in both dense and sparse graphs. Further the algorithm performs well in our

experiments, on both real and synthetic datasets. A scalable implementation of

our algorithm has a very competitive runtime and high ground-truth accuracy

on large datasets. While our algorithm requires the presence of pure nodes

in each community, our two-step technique itself is more general and is even
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applicable to the setting when the pure nodes do not necessarily exist. In

this setting, we can first try to detect a subset of nodes from each community

that does not completely overlap with the rest of such subsets from the other

communities. Then these nodes can be used as reference sets to find the

community membership of remaining nodes. As a future work, we want to

develop algorithms that can recover such reference set of nodes even in the

absence of pure nodes.

Next in Chapter 5 we developed a new, simple and flexible framework

for incorporating side information into general mixture model learning. The

underlying motivation was to provide a principled way to take into account ex-

tra input (e.g. generated by human data analysts, or provided by users). Even

for cases where this input is very limited compared to the size/dimensionality

of the data, we show meaningful statistical and computational performance

improvement over baseline unsupervised and semi-supervised methods. More

generally, developing methods which work with very limited human input is a

promising research endeavor, in our opinion.

Finally in Chapter 6 we use the framework developed in the previous

chapter to show how side information can be effectively used to recover a single

target community in a graph. Our algorithm analytically matches the state of

the art performance of existing algorithms that do not use side information,

and empirically outperforms them on reliability and speed. More generally, we

believe that incorporating side information into graph analysis is a fertile and

important area of research, as no real-world problem is a “pure” graph prob-
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lem (i.e. where the only input is a graph) of the kind studied in e.g. the vast

majority of clustering literature. There are several possible future directions:

(A) Understanding fundamental limits of community detection [109,110] when

there is non-trivial side information (e.g. Θ(log n) of labeled nodes in a com-

munity). (B) Richer notions of side information, and corresponding problem

definitions beyond search. (C) From a more practical viewpoint we show in our

experimental results that even this simple form of side information can dra-

matically reduce the computation time for searching communities, and also

improve error performance. Adapting even faster algorithms, e.g. those based

on belief-propagation, to this new semi-supervised setting is also an impor-

tant prospect. This work also provides a new method to parallelize graph

clustering, an inherently difficult task.
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Appendix A

Greedy Learning of Graphical Models

In this chapter we present the proof details of the main results in Chap-

ter 2.

A.1 Proof of main theorems

In this section we present the proofs of Lemma 2.5.5, Theorem 2.5.4,

2.5.6 and Proposition 2.5.7.

Lemma 2.5.5

Proof. The proof is similar to that in [112]. Let S ⊂ V such that |S| ≤ s. For

any i ∈ V using Azuma’s inequality we get,

P (|P̂ (xi, xS)− P (xi, xS)| > γ3) ≤ 2 exp(−2γ2
3n) ≤ 2δ3

(2|X|p)s+1
(say)

Now taking union bound over all i ∈ V , S ⊂ V , |S| ≤ s and all xi ∈ X,

xS ∈ X|S|, with probability at least 1− δ3 we have |P̂ (xi, xS)−P (xi, xS)| < γ3,

for any i ∈ V , S ⊂ V , |S| ≤ s. This implies

||P̂ (Xi, XS)− P (Xi, XS)||TV ≤ |X|(s+1)

2
γ3

||P̂ (XS)− P (XS)||TV ≤ |X|(s+1)

2
γ3
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Now taking γ3 = ε2α2

256|X|s+2 and using Lemma 2.5.1 we get,

|Ĥ(Xi|XS)−H(Xi|XS)|

≤ |Ĥ(Xi, XS)−H(Xi, XS)|+ |Ĥ(XS)−H(XS)|

≤ |X|

(
2||P̂ (Xi, XS)− P (Xi, XS)||TV

|X|
log

|X|
2||P̂ (Xi, XS)− P (Xi, XS)||TV

+
2||P̂ (XS)− P (XS)||TV

|X|
log

|X|
2||P̂ (XS)− P (XS)||TV

)
≤ 2|X|

√
|X|sγ3 <

αε

8
= ζ

Theorem 2.5.4

Proof. For this proof please refer to the detailed pseudo-code in Algorithm

16, 17 (Appendix A.2). The proof of correctness when P (X) is known is

straight forward. From local Markov property (2.1) the conditional entropy

H(Xi|XNi) = H(Xi|XV ) < H(Xi|XA) for any set A not containing all the

neighbors Ni. From degeneracy assumption (A1) including a neighboring node

in the conditioning set always produce a decrease in entropy by at least ε. In

RecGreedy(ε) in each iteration the algorithm runs till all the neighbors Ni are

included in the conditioning set and the last added node is always a neighbor.

In GreedyP (ε) nodes are added till all neighbors have been included in the

conditioning set. Then in the pruning step removing a non-neighbor does not

increase the entropy, therefore all spurious nodes are detected and removed.

In FbGreedy(ε, α) each iteration decrease entropy by at least (1−α)ε/2. Since
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the entropy is bounded it terminates in a finite number of steps and minimum

is reached only when all neighbors have been added to the conditioning set.

All spurious nodes get eliminated by the backward steps (in earlier iterations

or after all neighbors are added).

Now we give the proof of sample complexity when we have samples.

Define the error event E = {∃S ⊂ V, |S| < s| |Ĥ(Xi|XS) − H(Xi|XS)| > ε
8
}.

Note that when Ec occurs we have for any i ∈ V , j ∈ Ni, A ⊂ V \{i, j}, |A| < s

Ĥ(Xi|XA)− Ĥ(Xi|XA, Xj) ≥ H(Xi|XA)−H(Xi|XA, Xj)−
ε

4
>

3ε

4
(A.1)

which follows from equation (2.3).

Proof for RecGreedy(ε) algorithm: We first show that when Ec occurs the

RecGreedy(ε) correctly estimates the graph G. The proof is by induction.

Let Ni = {j1, . . . , j∆i
} ⊂ V . Let r denote the counter indicating the number

of times the outermost while loop has run and s be the counter indicating the

number of times the inner while loop has run in a particular iteration of the

outer while loop. Clearly from Lemma 2.5.2 s ≤ 2 log |X|
ε

. In the first step since

T̂ (i) = φ the algorithm finds the node k ∈ V such that Ĥ(Xi|Xk) is minimized

and adds it to T̂ (i). Suppose it runs till s = s1 such that Ni 6⊂ T̂ (i), then ∃

some jl ∈ Ni such that jl /∈ T̂ (i). Then from equation (A.1) Ĥ(Xi|XT̂ (i), Xjl) <

Ĥ(Xi|XT̂ (i)) − ε/2. Hence mink∈V−T̂ (i) Ĥ(Xi|XT̂ (i), Xk) < Ĥ(Xi|XT̂ (i)) − ε/2.

Therefore the control goes to the next iteration s = s1 + 1. However after the

159



last neighbor say jl is added to T̂ (i) we have

|Ĥ(Xi|XT̂ (i), Xk)− Ĥ(Xi|XT̂ (i))| ≤ |H(Xi|XT̂ (i), Xk)

−H(Xi|XT̂ (i))|+
ε

4
= 0 +

ε

4
=

ε

4
<
ε

2
(A.2)

for any k ∈ V − T̂ (i). Thus jl is added to N̂i, variable complete is set to

TRUE and the control exits the inner while loop going to the next iteration

r = r + 1. Proceeding similarly one neighboring node is discovered in each

iteration r = 1 to r = ∆i. At r = ∆i + 1, N̂(i) = Ni. Thus in step s = 1,

T̂ (i) = Ni, so the entropy cannot be reduced further. Hence variable iterate

is set to FALSE and control exits the outer while loop returning the correct

neighborhood N̂(i) = Ni. Lemma 2.5.2 bounds the number of steps in each

iteration by 2 log |X|
ε

. Since a single node is added in each iteration the maximum

size of the conditioning set is also upper bounded by d2 log |X|
ε
e.

Now taking δ3 = δ, s = d2 log |X|
ε
e, ζ = ε

8
in Lemma 2.5.5 we have for

n = Ω
(
|X|2 log |X|/ε

ε5
log p

δ

)
, P (E) ≤ δ.

Therefore with probability greater than 1 − δ the RecGreedy(ε) cor-

rectly recovers G.

Proof for FbGreedy(ε, α) algorithm: Define E = {∃S ⊂ V, |S| < s| |Ĥ(Xi|XS)−

H(Xi|XS)| > αε
8
}. Let s denote the number of iterations of the while loop.

When Ec occurs we have for any i ∈ V , j ∈ Ni, A ⊂ V \{i, j}, |A| < s

Ĥ(Xi|XA)− Ĥ(Xi|XA, Xj) ≥ H(Xi|XA)−

H(Xi|XA, Xj)−
αε

4
>

3ε

4
(A.3)
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Again we prove by induction. For s = 1 the forward step adds a node to the

conditioning set N̂(i) as shown previously for the RecGreedy(ε) algorithm.

Consider iteration s > 1. Note that it is enough to show the following.

• In each iteration the backward step never removes a neighboring node

j ∈ Ni.

• After the last neighbor is added to the conditioning set N̂(i) the back-

ward step removes all non-neighbors if any.

From equation (A.3) it is clear that removing a neighboring node j ∈

N̂(i)
⋂

Ni increases the entropy by at least 3ε
4
> αε

2
. Hence a neighboring

node is never removed in the backward step. If there exists a non-neighbor

l ∈ N̂(i) such that Ĥ(Xi|XN̂(i)\l)−Ĥ(Xi|XN̂(i)) <
αε
2

and it produces the least

increase in entropy then it gets removed from N̂(i) and we go to iteration

s + 1. This continues till the forward step had added all neighbors j ∈ Ni

to the conditioning set. After adding the last neighbor to the conditioning

set equation (A.2) ensures that the forward step adds no other nodes to the

conditioning set N̂(i). If N̂(i) = Ni we are done. Else for any non-neighbor

j ∈ N̂(i) we have,

|Ĥ(Xi|XN̂(i)\j)− Ĥ(Xi|XN̂(i))| ≤ |H(Xi|XN̂(i)\j)−

H(Xi|XN̂(i))|+
αε

4
= 0 +

αε

4
=

αε

4
<
αε

2
(A.4)

Hence the backward step will remove j from the conditioning set (or any other

non-neighbor that produces the least increase in entropy). This occurs till
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all non-neighbors are removed and N̂(i) = Ni when neither the forward or

the backward step works. The flag complete is then set to TRUE and Algo-

rithm 17 exits the while loop giving the correct neighborhood of node i. Again

from Lemma 2.5.3 the number of steps required for convergence is bounded

by 4 log |X|
(1−α)ε

. At most one node is added to the conditioning set in each itera-

tion hence the maximum size of the conditioning set is bounded by d4 log |X|
(1−α)ε

e.

As shown previously for the RecGreedy(ε) algorithm from Lemma 2.5.5 with

δ3 = δ, s = d4 log |X|
(1−α)ε

e and ζ = αε
8

for n = Ω
(
|X|4 log |X|/((1−α)ε)

(1−α)α4ε5
log p

δ

)
the probabil-

ity of error P (E) ≤ δ. Therefore the FbGreedy(ε, α) succeeds with probability

at least 1− δ. This completes the proof.

Proof for GreedyP (ε) algorithm: The proof is similar to that for theRecGreedy(ε)

algorithm. Let event E be as defined in the proof for RecGreedy(ε) algorithm.

When event Ec occurs the Greedy(ε) runs till all neighbors are added to the

set N̂(i). Then for non-neighbors j ∈ N̂(i)

|Ĥ(Xi|XN̂(i)\j)− Ĥ(Xi|XN̂(i))| ≤ |H(Xi|XN̂(i)\j)−

H(Xi|XN̂(i))|+
ε

4
= 0 +

ε

4
=

ε

4
<
ε

2

Hence j is removed from N̂(i). But for any neighbor k ∈ N(i)

|Ĥ(Xi|XN̂(i)\k)− Ĥ(Xi|XN̂(i))| ≥ |H(Xi|XN̂(i)\j)−

H(Xi|XN̂(i))| −
ε

4
≥ ε− ε

4
=

3ε

4
>
ε

2

Thus the neighbors are not eliminated. The algorithm terminates after all

non-neighbors have been eliminated. Using Lemma 2.5.5 and 2.5.2 the prob-
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ability of error is upper bounded by P (E) ≤ δ with number of samples

n = Ω
(
|X|2 log |X|/ε

ε5
log p

δ

)
.

Theorem 2.5.6

Proof. First consider the RecGreedy(ε) algorithm. With probability 1− δ Al-

gorithm 2 finds the correct neighborhood of each node i. In this case from

Lemma 2.5.2 the number of steps in each recursion is O(1
ε
), the search in

each step takes O(p) time, number of recursions is at most ∆ and the entropy

calculation takes O(n) time for each node i. Hence the overall runtime is

O(p
2

ε
∆n). When the algorithm makes an error with probability δ the num-

ber of recursions is bounded by O(p). Hence the overall expected runtime is

O
(
δ p

3

ε
n+ (1− δ)p2

ε
∆n
)

.

For the FbGreedy(ε, α) algorithm from Lemma 2.5.3 we know that the

number of steps is O( 1
(1−α)ε

). The search in either the forward or backward

step is bounded by p and the entropy calculation takes O(n) time. Hence when

the algorithm succeeds the run time is O( p2

(1−α)ε
n). Note that even when the

algorithm fails with probability δ, we can prevent going into infinite loops by

making sure that once the forward step stopped it is never restarted. Hence

the number of steps will still be O( 1
(1−α)ε

) and the overall runtime remains the

same. Thus the expected runtime is O
(

p2

(1−α)ε
n
)

.

In GreedyP (ε) algorithm when it succeeds with probability 1 − δ, for

each node i ∈ V , the Greedy(ε) takes at most 2 log |X|
ε

steps. In each step

search set is bounded by p and conditional entropy computation takes O(n)
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time. After greedy algorithm terminates |N̂(i)| ≤ 2 log |X|
ε

since one node has

been added in each step. Hence number iterations in pruning step is bounded

by 2 log |X|
ε

and again conditional entropy computation take O(n) time. Hence

the total run-time is O
(
p2

ε
n+ p

ε
n
)

= O
(
p(p+1)

ε
n
)

. Even when error occurs

the number of greedy steps and pruning iterations is still bounded by 2 log |X|
ε

.

Therefore the overall expected run-time is O
(
p(p+1)

ε
n
)

.

Proposition 2.5.7

Proof. Define H(a) = a log( 1
a
) + (1 − a) log( 1

1−a) for 0 ≤ a ≤ 1. Then simple

calculation shows H(X0|XD+1) = H(p) and H(X0|X1) = H(q) where

p =
2D+1

2D+1 + 2(e2θ + e−2θ)D

q =
2D + 2e−2θ(e2θ + e−2θ)D−1

2D+1 + 2(e2θ + e−2θ)D

Note that p < 1
2

and q < 1
2
. Since H(a) is monotonic increasing for 0 < a < 1

2
,

H(X0|XD+1) < H(X0|X1) iff p < q. This implies,

2D+1 < 2D + 2e−2θ(e2θ + e−2θ)D−1

2 < 1 + e−2θ

(
e2θ + e−2θ

2

)D−1

e2θ <

(
e2θ + e−2θ

2

)D−1

D >
2θ

log
(
e2θ+e−2θ

2

) + 1 =
2θ

log cosh (2θ)
+ 1
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A.2 Detailed Pseudo-code

In this section we give a more detailed pseudo-code for RecGreedy(ε)

and FbGreedy(ε, α) algorithms useful in implementation and is used in our

numerical experiments.

Algorithm 16 RecGreedy(ε)

1: for i = 1 to |V | do

2: N̂(i)← φ, iterate ← TRUE
3: while iterate do
4: T̂ (i)← N̂(i), last ← 0, complete ← FALSE
5: while ! complete do
6: j = arg mink∈V \T̂ (i) Ĥ(Xi|XT̂ (i), Xk)

7: if Ĥ(Xi|XT̂ (i), Xj) < Ĥ(Xi|XT̂ (i))−
ε
2

then

8: T̂ (i)← T̂ (i)
⋃
{j}

9: last ← j
10: else
11: if last 6= 0 then
12: N̂(i)← N̂(i)

⋃
{last}

13: else
14: iterate ← FALSE
15: end if
16: complete ← TRUE
17: end if
18: end while
19: end while
20: end for
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Algorithm 17 FbGreedy(ε, α)

1: for i = 1 to |V | do

2: N̂(i)← φ, added ← FALSE, complete ← FALSE
3: while ! complete do . Forward Step:
4: j = arg mink∈V \N̂(i) Ĥ(Xi|XN̂(i), Xk)

5: if Ĥ(Xi|XN̂(i), Xj) < Ĥ(Xi|XN̂(i))−
ε
2

then

6: N̂(i)← N̂(i)
⋃
{j}

7: added ← TRUE
8: else
9: added ← FALSE

10: end if . Backward Step:
11: l = arg mink∈N̂(i) Ĥ(Xi|XN̂(i)\k)

12: if Ĥ(Xi|XN̂(i)\l)− Ĥ(Xi|XN̂(i)) <
αε
2

then

13: N̂(i)← N̂(i)\{l}
14: else
15: if ! added then
16: complete ← TRUE
17: end if
18: end if
19: end while
20: end for
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Appendix B

Learning User Interests and Topics from

Cascades

B.1 Proof Details: Learning User Interests

In this section we prove Theorem 3.3.1, 3.3.2 and the related lemmas.

We first restate some recent results on site percolation in random graphs which

will be used in our proofs. The cascade process described in Section 3.2 can

also be viewed in the following alternate way related to a site percolation

process in a graph. For a cascade having latent topic set Ct consider a site

percolation process where each node i is open with probability p if Ci∩Ct 6= ∅,

and p if Ci∩Ct = ∅. Then the nodes which are infected are precisely the nodes

in the open connected component of G containing the seed node s. We restate

the following theorem by Janson [83].

Theorem B.1.1 (Theorem 3.5 of [83]). Let G = (V,E) be a random graph with

n nodes, and degree distribution D such that there exists d ≥ 1 with P (degree =

d) > 0. Let gD(t) be the generating polynomial of D with g′′D(1) > g′D(1). Then

there is w.h.p. a giant component if and only if the site percolation probability

p > psite =
g′D(1)

g′′D(1)
. Let C1 be the giant component of G, then there exists χ > 0

such that |C1|/n
p→ χ.
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Remark 16. Let χ > ζ > 0 then we can say that for large enough n with high

probability the largest component has at least ζn nodes.

We prove an useful corollary.

Corollary B.1.2. For a random graph satisfying the conditions of Theorem

B.1.1 when p ≥ psite, any node i ∈ V belongs to the largest component C1 with

probability greater than ζ and any pair of nodes i, j ∈ V belongs to the largest

component with probability at least ζ2, for any ζ with χ > ζ > 0.

Proof. Each node i ∈ V is open with probability p. Note that the event i ∈ C1

implies that i is open in G. In order to characterize the largest component

C1 we can consider a random graph generating process similar to the one

considered in [108] but which considers only the open nodes. In this process

the graph is generated one connected component at a time by repeating the

following steps. Let each node i be assigned a degree di drawn from the degree

distribution D.

1. Form a set L having di distinct copies of i for every i ∈ V (also called

half-edges).

2. Repeat till L is empty:

• Generate a new connected component C as follows. Choose a half-

edge at random from L and also choose its pair from L at random

to form an edge, remove them from L and add it to C. A node
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whose all half-edges has been paired (by forming edges) is called

fully exposed, a node which has all half-edges unpaired in L is called

unexposed, and the remaining nodes are called partially exposed.

• Repeat till there are no more partially exposed vertices in L: Choose

an unpaired half edge at random from a partially exposed node i.

Choose its pair at random from L. Remove both half-edges from L

and add to C.

To characterize the largest open connected component C1 of G consider the

above generating process only over the set of open nodes. Now consider the

set A which contains exactly one half edge for each open node i ∈ V . From

Theorem B.1.1 we know that when p ≥ psite for large n and for any ζ such

that 0 < ζ < χ, G contains one large component with at least ζn nodes with

high probability. WLOG let the half edges of A be the first half edge of each

open node that is selected from L during the generating process. Hence the

largest component has at least ζn half edges from A. Now the probability

P (i ∈ C1) is at least the probability that the half edge of i in A was chosen

while selecting the first ζn half edges from A. This occurs with probability

ζn
n

= ζ. Similarly both half edges for i and j are chosen among the first ζn

half edges with probability at least ζn(ζn−1)
n(n−1)

= ζ2 + o(1). Hence for a random

graph G when p ≥ psite, P (i ∈ C1) ≥ ζ and P (i, j ∈ C1) ≥ ζ2.

Remark 17. In our model each subgraph Gk is a random graph with degree

distribution Dk and if p is greater than the site percolation threshold of this
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random graph then from Theorem B.1.1, if all nodes in Vk are open with prob-

ability p, there exists a constant χk such that the largest component with high

probability converges to χk|Vk| nodes. For the rest of the section we take the

parameter ζ as a constant with 0 < ζ < χ = mink∈K χk.

Definition B.1.1 (Content topic probability). For any content t, the content

topic set Ct is generated by picking each topic k ∈ K independently with

probability r = µ
K
. Here µ, the average number of topic per content, is a

constant.

Lemma B.1.3. Let dq = (1−α′)
2ζα

(1− exp(−ζαnq)), q = Ω
(√

logn
αn3/2

)
, and (A1),

(A2), (A5) holds. Then for any two nodes i, j ∈ Vk the probability P (i, j ∈

S) ≥ ζ3αr(1 + dq).

Proof. Any two nodes i, j ∈ Vk are more likely to simultaneously share a con-

tent having latent topic k than any other topics not in their common interest

set. We use this to get a lower bound. Let A = {S : |S| ≥ ζαkn}. When

k ∈ Ct, each node i ∈ V is open with probability p, from (A5) and Theo-

rem B.1.1 there is almost surely a large connected component C1 ⊆ Vk. Let

C2 = N(C1) be the set of all nodes which is neighbor of some node in C1. Now

if the content seed s is in C1 ∪ C2 then |S| ≥ |C1| = Θ(αkn). We calculate

this probability. Consider a random graph Gq = Gn,q on V . Let B ⊂ V and

C ⊂ V \B. Note that the number of edges between sets B and C in Gq is

stochastically dominated by that in G, since G has edges in addition to the
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noise graph G0. For each i ∈ C define a random variable Wi as,

Wi =

{
1, if i ∈ N(B) ,
0 otherwise.

Then Wi is a binary random variable with P (Wi = 1) = 1 − (1 − q)|B|. Let

W =
∑

i∈CWi. Then |N(B)∩C| = W . Now let B = C1 a large open connected

component of Gk under site percolation with probability p. |B| ≥ ζαkn with

high probability. Let C = V c
k , |C| = (1− αk)n. Then,

E[W ] ≥ (1− αk)n[1− (1− q)ζαkn]

≥ (1− αk)n(1− exp(−ζαkqn))

≥ (1− α′)n(1− exp(−ζαqn))

Under the condition of the lemma when q = Ω
(√

logn
αn3/2

)
, the above expectation

is Ω(
√
n log n). Then using Hoeffding’s inequality the probability that W <

E[W ]/2 is exponentially small. Hence with high probability |N(C1) ∩ V c
k | =

Z > (1−αk)n[1− (1− q)ζαkn]/2 ≥ (1−α′)n(1− exp(−ζαqn))/2. Now W can

only increase in G, hence the bound also holds in G with a high probability.

Let C2 = N(C1) ∩ V c
k . The size of the set C1 ∪ C2 can be bounded as,

|C1 ∪ C2| = |C1|+ |C2|

≥ ζαkn+
(1− α′)

2
n(1− e−ζαqn) ≥ ζαn(1 + dq)

with a high probability. Now consider the graph G. Recall that s denotes the
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randomly chosen cascade seed node.

P (i, j ∈ S) ≥ P (i, j ∈ S,A) ≥ P (i, j ∈ S,A, k ∈ Ct)

≥ P (i, j ∈ S,A|k ∈ Ct)× P (k ∈ Ct)

(a)

≥ P (i, j ∈ C1|k ∈ Ct, s ∈ C1 ∪ C2)

×P (s ∈ C1 ∪ C2|k ∈ Ct)× P (k ∈ Ct)

(b)

≥ ζ2 × ζαn(1 + dq)

n
× r ≥ ζ3αr(1 + dq)

Here inequality (a) holds since given k ∈ Ct, the event {i, j ∈ C1, s ∈ C1 ∪

C2} implies that i, j ∈ S ⊇ C1 and it is a large component. Inequality (b)

follows from Corollary B.1.2. We can apply Corollary B.1.2 since when k ∈

Ct we can consider site percolation with probability p in Gk to obtain the

largest component C1 of size at least ζαkn (when (A5) holds). The size of the

component in G can only be bigger since G has extra edges, and Ct can have

other topics, which means probability of i, j being simultaneously infected can

only be greater. Therefore this lower bound also holds for G as claimed.

Lemma B.1.4. Let S be the set of cascades, |S| = m and assumptions (A1),

(A2), (A5) hold. For any i, j ∈ Vk, k = 1, . . . , K, S ∈ S, when the number of

cascades

m ≥ 4

ζ6α2r2(1 + dq)2
log

2n

δ1

Then,

1. The empirical probability P̂ (i, j ∈ S) ≥ ζ3αr(1+dq)

2

2. Vk ⊆ Ri
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with probability greater than 1− δ1, where 0 < δ1 < 1.

Proof. The first claim follows from Lemma B.1.3 and standard Azuma-Hoeffding

concentration inequality. Now under assumption (A5) using a threshold θ1 =

ζ3αr(1+dq)

2
= Ω(α/K) we have with high probability j ∈ Ri, for a particular

j ∈ Vk. Then using the union bound over all nodes in Vk it follows that Vk ⊆ Ri

also with high probability. This proves the second claim.

Definition B.1.2. Let p ≥ maxk∈K
g′k(1)

g′′k (1)
. Let χk(p) be the constant given by

Theorem B.1.1 when site percolation occurs with probability p on subgraph

Gk. Then define the constant χ(p) as,

χ(p) = max
k∈K

χk(p) (B.1)

Lemma B.1.5. Let i ∈ Vk be a pure anchor node and j /∈ Vk be any other

node. Suppose (A1), (A2), (A4), (A5) hold, then,

P (i, j ∈ S) ≤ r(1− (1− r)γK)p2χ(p)(µ+ 2)α′ + (1− r2)pp+ o(1)

where χ(p) is given by equation (B.1).

Proof. The main idea in showing this upper bound is the following. Nodes

i, j being infected implies that both nodes are in an open state. Since nodes i

and j do not share any common interest they may be simultaneously infected

when,

1. The content topic set Ct has topic k and at least one topic from set Cj.

In this case both nodes are open with probability p which can be used

to get an upper bound.
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2. The content topic set Ct has either topic k but no topics from Cj, or

topic k is absent but has at least one topic from Cj. In either case at

least one of the nodes i and j is open with smaller probability p, and the

other with probability p.

3. None of the topics in {k} ∪ Cj is present in Ct. In this case both nodes

are open with probability p.

Computing the probabilities in each of these cases gives the overall bound as

follows. Let |Cj| = d ≤ γK (from (A4)) and A be the event that |S| ≥ ζαn.

O denotes the set of open nodes, Cij ⊆ V be the open connected component

of G containing nodes i and j, s ∈ V be the content seed. Then,

P (i, j ∈ S) (B.2)

= P (i, j ∈ S,A) + P (i, j ∈ S,Ac)

≤ P (i, j ∈ O, |Cij| ≥ ζαn), s ∈ Cij) + P (i, j ∈ O, |Cij| < ζαn, s ∈ Cij)

+P (i or j is seed)

≤ P (i, j ∈ O, |Cij| ≥ ζαn, s ∈ Cij) + o(1) = P (A′) + o(1) (B.3)

Where A′ = {i, j ∈ O, |Cij| ≥ ζαn, s ∈ Cij} and last inequality follows from

Theorem B.1.1 since for any set of topics there will be at most K giant compo-

nents in G, one for each subgraph Gk and all the other connected components

will be of size o(n). Also from Theorem B.1.1 the size of this giant component

is greater than ζαn with high probability. Since the seed is chosen equally
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likely among all nodes the probability of infecting a small connecting compo-

nent containing nodes i and j is o(1). Recall Ct is the set of topics in the

cascade. Let B = {Ct : k ∈ Ct, Cj ∩ Ct 6= ∅}. Then,

P (A′) = P (A′|B)P (B) + P (A′|Bc)P (Bc)

(a)
= r(1− (1− r)d)P (A′|B) + (1− r(1− (1− r)d))P (A′|Bc)

≤ r(1− (1− r)d)P (i, j ∈ O|B)× P (|Cij| ≥ ζαn, s ∈ Cij|i, j ∈ O, B)

+(1− r(1− (1− r)d))P (i, j ∈ O|Bc)

≤ r(1− (1− r)d)p2 × P (|Cij| ≥ ζαn, s ∈ Cij|i, j ∈ O, B)

+(1− r(1− (1− r)d))pp (B.4)

Equality (a) holds since P (B) = r(1 − (1 − r)d) because |Ci| = 1, |Cj| = d,

and the last inequality follows since given event B both i and j are open with

probability p and when Bc occurs at least one of node i and j is open with

probability p. Using (A5), from Theorem B.1.1 the size of the largest compo-

nent in a subgraph Gk is bounded by χ(p)α′n + o(n) with high probability.

Then the total size of the giant component in G can be upper bounded by

χ(p)|Ct|α′n + o(n) since there will be at most |Ct| giant components one in

each subgraph Gk for k ∈ Ct (due to the overlaps of Vk’s, the size can only

decrease). Then the probability P (|Cij| ≥ ζαn, s ∈ Cij|i, j ∈ O, B) is upper
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bounded by χ(p)α′E[|Ct||B] + o(1). We calculate,

E[|Ct||B] = 1 + (K − d− 1)r +
dr

1− (1− r)d

= 1 + rK − r +
dr(1− r)d

1− (1− r)d

= c′ < rK + 2 = µ+ 2

Combining with equations (B.3) and (B.4) we have

P (i, j ∈ S) ≤ r(1− (1− r)d)p2χ(p)c′α′ + (1− r(1− (1− r)d))pp+ o(1)

≤ r(1− (1− r)γK)p2χ(p)(µ+ 2)α′ + (1− r2)pp+ o(1)

Lemma B.1.6. Let i ∈ Vk be a pure anchor node. Ei = {j ∈ Ri : j ∈ V c
k }

be the set of spurious nodes in the co-infection set of pure anchor node i,

|Ei| = εn. Let (A1), (A2), (A4), (A5) hold and λ = r(1−(1−r)γK)p2χ(p)c′α′+

(1−r2)pp. Let 0 < δ < 1, then with probability greater than 1−δ, ε ≤ 2.2(1−α)λ
ζ3αr(1+dq)

when the number of cascades m = Ω
(

1
λ2

log(n/δ)
)
.

Proof. The intuition behind this lemma is that a node j ∈ Ri only when its

empirical co-infection probability with i is at least θ1. However for any node j ∈

V c
k , since its chances of co-infection with i is small (upper bounded by Lemma

B.1.5) there cannot be too many such nodes in Ri. Let S = {S1, . . . , Sm} be

the set of all cascades, |S| = m. Define random variable Y t
ij as,

Y t
ij =

{
1, if i, j ∈ St ,
0 otherwise.
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Since the threshold θ1 = ζ3αr(1+dq)

2
, we have the following lower bound.

Y =
m∑
t=1

∑
j∈V ck

Y t
ij ≥ εnθ1m = εn

ζ3αr(1 + dq)

2
m (B.5)

This is because a node j ∈ Ri only when P̂ (i, j ∈ S) ≥ θ1. Again from

Lemma B.1.5 for any pure node i ∈ Vk and j ∈ V c
k , |Cj| = d ≤ γK, P (Y t

ij =

1) ≤ r(1 − (1 − r)γK)p2χ(p)c′α′ + (1 − r2)pp + o(1) = λ + o(1). Therefore

E[Y ] ≤ m|V c
k |(λ + o(1)) ≤ m(1 − α)nλ + o(n). Using union bound and

Hoeffding’s inequality we can show that the probability Y > 1.1E[Y ] is less

than 1 − δ for m = Ω
(

1
λ2

log(n/δ)
)
. Therefore we can upper bound Y and ε

by,

nε
ζ3αr(1 + dq)

2
m ≤ Y ≤ 1.1m(1− α)nλ

which given ε ≤ 2.2(1−α)λ
ζ3αr(1+dq)

. This concludes the lemma.

Lemma B.1.7. Suppose assumption (A1), (A2), (A5) hold. Let γ = O(β(1+

dq)), p = O
(
αβ(1+dq)

K

)
. Then with high probability ε < β + o(1).

Proof. Using Lemma B.1.6 with high probability we get,

ε ≤ 2.2(1− α)λ

ζ3αr(1 + dq)

= 2.2(1− α)(1− (1− r)γK)
p2χ(p)(µ+ 2)α′

ζ3α(1 + dq)

+2.2(1− α)
(1− r2)

ζ3αr(1 + dq)
pp+ o(1) (B.6)

Recall that r = µ/K. Consider the first term. Suppose γ ≤ log(1−c′′β(1+dq))

K log(1−r) =

O(β(1 + dq)), where c′′ = ζ3α
4.4(1−α)p2χ(p)(µ+2)α′

. Then we get (1 − (1 − r)γK) <
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ζ3(1+dq)

4.4(1−α)p2χ(p)(µ+2)
αβ
α′
. Therefore the first term,

2.2(1− α)(1− (1− r)γK)
p2χ(p)(µ+ 2)α′

ζ3α(1 + dq)
≤ β

2

Now consider the second term when p < ζ3µαβ(1+dq)

4.4(1−α)(1−r2)pK
= O

(
αβ(1+dq)

K

)
.

We have,

2.2(1− α)
(1− r2)

ζ3αr(1 + dq)
pp <

β

2

Then following from equation (B.6) we get ε < β
2

+ β
2

+ o(1) = β +

o(1)

Lemma B.1.8. Let θ2 =
√

3 − 1, and β < (
√

3−1)α
2

. Then under assumptions

(A1), (A2), (A5),

2ε

α
< θ2 <

α

α + ε

Proof. Under assumptions (A1), (A2), (A5) from Lemma B.1.7 we have ε <

β + o(1). Therefore it is sufficient to show

2β

α
≤ θ2 ≤

α

α + β

It is easy to see that the above inequality holds for any β satisfying β ≤ (
√

3−1)α
2

.

Hence proved.

Proof of Theorem 3.3.1

Proof. Consider the parameters γ = O(β(1 + dq)), p = O
(
αβ(1+dq)

K

)
, θ1 =

ζ3αr(1+dq)/2, θ2 =
√

3−1, and the number of cascadesm = Ω
(

K2

α2β2(1+dq)2
log n

δ

)
.

We refer any node belonging to more than one interest group as a mixed node.

Assume (A1)-(A6) hold. We will prove the theorem in three steps.
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• Claim 1: If i ∈ Vk is a pure anchor node, and j ∈ Vk is a mixed node

then with high probability |Ri| < |Rj|

• Claim 2: If i ∈ Vk is a pure anchor node, and j ∈ Vk is any other pure

or mixed node then with high probability |Ri ∩Rj|/|Ri| ≥ θ2

• Claim 3: If i ∈ Vk is a pure anchor node, and j 6∈ Vk is another pure

anchor node from different interest group then, |Ri ∩Rj|/|Ri| < θ2.

Theorem 3.3.1 easily follows from these three claims. We prove this by

induction, showing that each time a node i is added to the set P, it has to be

a pure anchor node from a interest group that has not been considered before.

From claim 1 for any mixed node j ∈ Vk all the pure anchor nodes iinVk

have a smaller co-infection set with high probability, hence the corresponding

Ri appears before Rj in the permutation σ. The first node with smallest co-

infection set therefore has to be a pure anchor node and this gets added to

P. Now after considering t nodes according to the permutation σ suppose we

have k′ < K pure anchor nodes added to set P each belonging to different

interest group. Let j be the next node in the permutation. We can have two

possibilities.

1. If j ∈ Vk is a pure or mixed node from interest group k which already

has some pure node i ∈ P ∩ Vk then from claim 2, |Ri ∩ Rj|/|Ri| ≥ θ2,

hence node j is not added to P.
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2. If j ∈ Vk is a pure anchor node from interest group Vk such that no other

pure anchor nodes from Vk exists in P, then it follows from claim 3 that

for all i ∈ P, |Ri ∩Rj|/|Ri| < θ2, hence node j is gets added to P.

Also from claim 1 the event that a mixed node j from interest group

Vk is considered which doesn’t have any pure anchor nodes already in P has

a very low probability. Therefore in the next inductive step the set P has one

more pure anchor node, each from separate interest groups, or it may remain

in the same state. Therefore after exactly K pure anchor node gets added to

P, one from each interest group, the algorithm terminates and will output P.

We now prove the three individual claims.

1. Proof of Claim 1: Since j is a mixed node it must belong to at least

one more interest group k1 say, and from (A4), there exists set Uk1,k ⊂

Vk1 ∩ V c
k with |Uk1,k| ≥ βn. Under assumptions (A1)-(A6) from Lemma

B.1.4 we have with high probability Vk ⊆ Ri, and Vk ∪ Vk1 ⊆ Rj. Then,

|Rj| ≥ |Vk ∪ Vk1| > |Vk|+ |Uk1,k| ≥ |Vk|+ βn+ o(1)

(a)
> |Vk|+ εn ≥ |Ri|

where (a) follows from Lemma B.1.7.

2. Proof of Claim 2: Since j ∈ Vk is a pure or mixed node we have from

Lemma B.1.4 with high probability, Vk ⊆ Ri, and Vk ⊆ Rj. This implies

Vk ⊆ Ri ∩Rj. Then,

|Ri ∩Rj|
|Ri|

(b)

≥ |Vk|
|Vk|+ εn

≥ αk
αk + ε

≥ α

α + ε

(c)
> θ2
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where (b) follows from Lemma B.1.6 and (c) follows from Lemma B.1.8.

3. Proof of Claim 3: Since i and j are pure nodes and j 6∈ Vk we have from

Lemma B.1.6 with high probability |Ri ∩ Rj| ≤ 2εn. Also from Lemma

B.1.4 with high probability Vk ⊆ Ri. Then,

|Ri ∩Rj|
|Ri|

≤ 2εn

|Vk|
=

2ε

αk
≤ 2ε

α
< θ2

where the last inequality follows from Lemma B.1.8.

The overall number of cascades needed is m = Ω
(

K2

α2β2(1+dq)2
log n

δ

)
.

Hence proved.

Remark 18. Note that the quantity dq may scale with K,α depending on

the graph structure and thus can effect the sample complexity of our algo-

rithms. For example when q is a constant independent of n, dq = 1−α′
2ζα

(1 −

exp(−ζαnq)) = O((1 − α′)/α). In general the scaling behavior of the term

α(1 + dq) can be captured by the parameter η as defined in equation (3.1).

Lemma B.1.9. Let i ∈ V and j ∈ V c
Ci

be any pure anchor node. Suppose

assumption (A1), (A2), (A5) hold and γ = O(β(1+dq)), p = O
(
αβ(1+dq)

K

)
. Let

0 < δ < 1. Then with probability greater than 1− δ, P̂ (i, j) < ζ3αβr(1+dq)

2
+ o(1)

when the number of cascades m = Ω
(

K2

α2β2(1+dq)2
log n

δ

)
.

Proof. The proof is similar to Lemmas B.1.5, B.1.6. Let |Ci| = d ≤ γK and

j ∈ Vk, then again the probability of the event B = {Ct : k ∈ Ct, Ci ∩Ct 6= ∅}

is bounded by P (B) ≤ r(1− (1− r))γK . Let λ = r(1− (1− r)γK)p2χ(p)c′α′ +
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(1− r2)pp+ o(1), then similar to Lemma B.1.5 we can show P (i, j ∈ S) ≤ λ.

Now from Azuma-Hoeffding inequality,

P (|P̂ (i, j ∈ S)− P (i, j ∈ S)| > γ2) ≤ 2e−2γ22m =
δ2

n2
(say)

Then using union bound with probability greater than 1 − δ2, |P̂ (i, j ∈ S) −

P (i, j ∈ S)| < γ2 for any i ∈ V, and any pure anchor node j ∈ V c
Ci
. Now taking

γ2 = .1λ with probability greater than 1− δ2

P̂ (i, j ∈ S) ≤ P (i, j ∈ S) + γ2 ≤ 1.1λ

Now under the same sufficient condition (A4) when (1−(1−r)γK) < ζ3βα(1+dq)

4.4α′p2χ(p)(µ+2)
,

or γ = O(β(1 + dq)), and p < ζ3βrα(1+dq)

4.4(1−r2)p
= O

(
αβ(1+dq)

K

)
we get,

P̂ (i, j ∈ S) ≤ 1.1λ <
ζ3βαr(1 + dq)

2
+ o(1)

The required sample complexity ism ≥ 1
2.42λ2

log(2n2/δ2) = Ω
(

K2

α2β2(1+dq)2
log n

δ2

)
.

Proof of Theorem 3.3.2

Proof. Note that the matrix P is the empirical co-infection probability matrix

where Pi,j = P̂ (i, j ∈ S). Such a matrix is natural to consider [19, 38] (e.g.,

the word co-occurrence matrix in [19]). Now given a set of pure anchor nodes

P under assumption (A1)-(A5) from Lemma B.1.9 for any node i ∈ V and

pure anchor node j ∈ V c
Ci

with probability greater than 1 − δ, P̂ (i, j ∈ S) <

ζ3βαr(1+dq)

2
for n large. In particular this also holds for any pure anchor node
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j ∈ P ∩ V c
Ci
. Now starting with a pure anchor node i∗ ∈ P let i∗ ∈ V1 say.

Then if any neighbor j ∈ N(i∗) where j ∈ V1, from Lemma B.1.4 we have with

high probability, P̂ (i∗, j ∈ S) ≥ ζ3αr(1+dq)

2
= θ1. Hence node j gets added to

V̂1. However for any node l /∈ V1 from Lemma B.1.9

P̂ (i∗, l ∈ S) <
ζ3βαr(1 + dq)

2
< θ1

Therefore it is not added to V̂1. Proceeding similarly since the interest group

V1 forms a connected subgraph in G the process stops after all nodes in

V1 have been added to V̂1. Similarly starting with other pure anchor nodes

in P we can find all other interest groups V2, . . . , VK correctly with high

probability. The required number of cascades is given my Lemma B.1.9 as

m = Ω
(

K2

α2β2(1+dq)2
log n

δ

)
.

B.2 Proof Details: Cascade Topic Recovery

In this section we formally prove Theorem 3.3.3 and necessary lemmas.

For a given content topic set Ct we define VCt := ∪k∈CtVk.

Lemma B.2.1. Let p = O
(
αξ(1+dq)

K

)
and Ct be the set of topics in content

t corresponding to cascade St. Suppose |St| ≥ ζαn then with high probability

there exits k ∈ Ct such that |St ∩ Vk| ≥ ζαn.

Proof. We prove this using contradiction by arguing that when p = O
(
αξ(1+dq)

K

)
,

the number of nodes in V c
Ct which are also in St is small. Therefore the remain-

ing nodes in St must come from a giant component in Vk, for some k ∈ Ct, else
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St will be smaller than the specified size. Let E be the fraction of nodes in V c
Ct

which are infected by St. Now since each node in V c
Ct is open with probability

at most p using Hoeffding’s inequality with high probability |E| ≤ 1.1(1−α)np.

For p ≤ ζ3αξ(1+dq)

(1−α)K
we get,

|E| ≤ 1.1(1− α)n
ζ3αξ(1 + dq)

(1− α)K
≤ ζαξn

Now from Theorem B.1.1 with high probability there exists a giant open com-

ponent of size at least ζαn in each Vk, k ∈ Ct. If any one of these giant com-

ponents get infected we are done since then |St ∩ Vk| ≥ ζαn for some k ∈ Ct.

If none of them gets infected, then since the second largest components are of

size o(n) then the total number of nodes in |St ∩ VCt | = o(n) (if not then with

high probability a giant component gets infected). Then we get,

|St| = |St ∩ V c
Ct |+ |St ∩ VCt | ≤ ζαξn+ o(n) < ζαn

a contradiction. Therefore the lemma is proved.

Proof of Theorem 3.3.3

Proof. Let for all k1, k2 ∈ K, |Vk1 ∩ Vk2| ≤
ζα(1−ξ)

K
n. When θ3 = ζαn = Θ(αn)

after the pruning step we only consider cascades of size |St| ≥ ζαn. From

Lemma B.2.1 we know that for cascades of size greater than ζαn there exists

at least one topic k ∈ Ct such that the giant connected component of Vk gets

infected. If |Ct| = 1 then this is the only topic and since |St ∩ Vk| ≥ ζαn = θ3

this topic gets correctly identified. Also using the same argument in Lemma
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B.2.1 we know that maximum number of nodes in V c
k that can be infected is

bounded by St ∩ V c
k < ζαξ. Then for any k′ 6= k we have,

|St ∩ Vk′| = |St ∩ Vk′ ∩ Vk|+ |St ∩ Vk′ ∩ V c
k |

≤ |Vk ∩ Vk′ |+ |St ∩ V c
k |

<
ζα(1− ξ)n

K
+ ζαξn

< ζα(1− ξ)n+ ζαξn = ζαn = θ3

Hence topic k′ is not added to Ĉt and no other topic is mistakenly identified.

Now if |Ct| ≥ 2 from Lemma B.2.1 at least one giant component is in-

fected corresponding to topic k1 say. Then we claim that with high probability

all giant open components in Vk2 corresponding to any other topic k2 ∈ Ct\k1

also get infected. Let Uk denote the giant open component of Vk for any

k ∈ Ct. From Theorem B.1.1, |Uk| ≥ ζαn,∀k ∈ Ct. Consider any k2 ∈ Ct\k1.

If Uk1 ∩ Uk2 6= ∅ we are done. Else suppose Uk1 ∩ Uk2 = ∅. Recall that due to

graph noise between any pair of nodes there exists an edge with probability

at least q. Then the probability,

P (no edge between Uk1 and Uk) ≤ (1− q)ζ2α2n2 ≤ e−ζ
2α2n2q = o(1)

since q = Ω
(

logn
n2

)
. Hence with high probability all giant open components are

connected and are simultaneously infected. Therefore for all k ∈ Ct, |St∩Vk| ≥

ζαn = θ3 hence they are correctly added to Ĉt. Suppose Ct = {k1, . . . , k|Ct|}.

185



then for any k′ /∈ Ct,

|St ∩ Vk′| = |St ∩ Vk′ ∩ VCt |+ |St ∩ Vk′ ∩ V c
Ct |

≤ |Vk′ ∩ VCt |+ |St ∩ V c
Ct |

≤
|Ct|∑
i=1

|Vk′ ∩ Vki |+ |St ∩ V c
Ct |

<
|Ct|ζα(1− ξ)n

K
+ ζαξn

≤ ζα(1− ξ)n+ ζαξn = ζαn = θ3

Therefore any k′ /∈ Ct, is not added to Ĉt. This concludes the proof.
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Appendix C

Recursive Overlap Graph Clustering

In this appendix we prove Theorem 4.3.2, Theorem 4.3.3 and the nec-

essary lemmas.

C.1 Proofs

Proposition C.1.1. Under assumption (A1) with K ≥ 2, with the pure node

subsets U1, . . . , UK such that |Uk| ≥ γ, the estimation error in p̂, q̂ using equa-

tions 4.1, 4.2 can be bounded as follows

|p̂− p| ≤

√
6p log n

Kγ(γ − 1)
,

|q̂ − q| ≤ 1

γ

√
6q log n

K(K − 1)
,

with high probability.

Proof. Consider the estimation of p̂. Under assumption (A1), the expected

number of edges among the pure nodes in the same community (i.e., the intra-

cluster edges among the pure nodes) is simply given by

S =
K∑
k=1

(
|Uk|

2

)
p.
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Then by the Chernoff bound, with probability at least 1 − e−ε2Sp/3, we have

|p̂− p| ≤ εp. Now S ≥ K
(
γ
2

)
p since |Uk| ≥ γ. Hence by taking

ε =

√
6 log n

Kγ(γ − 1)p
,

with probability greater than 1 − 1/n, we get the required bound. For q̂,

the expected number of inter-cluster edges among the pure nodes is at least(
K
2

)
γ2. Again by applying the Chernoff bound, we get the required bound on

the estimation error.

Proof of Lemma 4.3.1

Proof. Let A = Vk ∩ Q. Now sets P and Q are formed by a equally likely

random split of V. Hence using Chernoff bound it is easy to show that with

high probability

|A| ≥ |Vk|/4 =
αk
4
≥ α

4
(C.1)

From (A1) the degree of any node is distributed as sum of two binomial

random variables. Therefore for a pure node i ∈ P ∩ Vk using Chernoff bound

with probability at least 1− e−ε2µ1/3 − e−ε2µ2/3,

dQ(i) ≤ (1 + ε)(µ1 + µ2), (C.2)

where µ1 = |A|p, µ2 = (|Q| − |A|)q. Now for a mixed node j ∈ P ∩ Vk there

exits at least another community Vl it is part of. Hence node j shares an

edge with probability p with any other node in Vk ∪ Vl. From assumption

(A2) we know that |V c
k ∩ Vl| ≥ β. Using Chernoff bound with high probability
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|V c
k ∩ Vl ∩ Q| ≥

β
4
. Again using Chernoff bound the out degree of node j can

be lower bounded as

dQ(j) ≥ (1− ε)(µ3 + µ4) (C.3)

with probability at least 1− e−ε2µ3/3− e−ε2µ4/3, where µ3 = (|A|+ β/4)p, µ4 =

(|Q| − |A| − β/4)q.

Let

µ = min{µ1, µ2, µ3, µ4} = min{µ1, µ4},

and

ε =

√
3

µ
log

4n

δ
,

then by the union bound we have for any pure node i ∈ P ∩ Vk and mixed

node j ∈ P ∩ Vk for any k with probability at least 1− δ,

dQ(j) ≥ (1− ε)(µ3 + µ4)

= (|A|+ β/4)(1− ε)p+ (|Q| − |A| − β/4)(1− ε)q

= (1− ε)(µ1 + µ2) +
β

4
(1− ε)(p− q).

Now from assumption (A2), let

β =
16ε(µ1 + µ2)

(1− ε)(p− q)
= Ω

(
dmax

(p− q)√µ

√
log

n

δ

)
.

Note that µ scales as µ = Ω (min(αp, (n− 2α)q)) since |Q| = Θ(n), |A| = Ω(α)
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and β ≤ α. Hence, it follows that,

dQ(j) ≥ (1− ε)(µ1 + µ2) +
β

4
(1− ε)(p− q)

= (1− ε)(µ1 + µ2) +
4ε(µ1 + µ2)

(1− ε)(p− q)
(1− ε)(p− q)

> (1− ε)(µ1 + µ2) + 2ε(µ1 + µ2)

= (1 + ε)(µ1 + µ2) ≥ dQ(i).

Therefore,

dQ(j) > θ > dQ(i), (C.4)

for

θ = ((1 + ε)(µ1 + µ2) + (1− ε)(µ3 + µ4))/2.

We will use the following lemma in the proof of Theorems 4.3.2 and 4.3.3.

Lemma C.1.2. Consider any pair of nodes i ∈ Vk, j 6∈ Vk, and a set A ⊂ Vk\i,

for any k ∈ [K]. Under assumption (A1) with probability greater than 1 − δ,

δ ∈ (0, 1), we have dA(i) > |A|(p+ q)/2 > dA(j) whenever

|A| ≥ 48p2

(p− q)2q
log

2n

δ
.

Proof. Since i ∈ Vk and j 6∈ Vk any node l ∈ A shares an edge with i with

probability p and shares an edge with j with probability q. Using Chernoff

bound for ε = p−q
4p

with probability at least 1− e−ε2|A|p/3

dA(i) ≥ (1− ε)|A|p >

(
1− (p− q)

2p

)
|A|p

= (p+ q)|A|/2. (C.5)
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Also with probability greater than 1− e−ε2|A|q/3,

dA(j) ≤ (1 + ε)|A|q <

(
1 +

p− q
2q

)
|A|q

= (p+ q)|A|/2 (C.6)

Therefore whenever |A| ≥ 48p2

(p−q)2q log 2n
δ
, taking union bound over all

nodes, with probability greater than 1 − δ, combining equations (C.5), (C.6)

we have for any i ∈ Vk, j 6∈ Vk

dA(i) > (p+ q)|A|/2 > dA(j).

Proof of Theorem 4.3.2

Proof. Consider a graph G with K overlapping communities. In the Cluster-

PureNode subroutine, under conditions (A1), (A2), from Lemma 4.3.1, for any

community Vl there exists θ(l) such that for any pure node i ∈ P ∩ Vl and

mixed node j ∈ P ∩ Vl,

dQ(i) < θ(l) < dQ(j),

with high probability. Without loss of generality, assume θ(l) ∈ Z. Now let

θ0 = minl∈[K] θ(l). Note that for any θ ≤ θ0, the set U ′ does not contain any

mixed node since for any mixed node j ∈ Vl, dQ(j) > θ(l) > θ0. Since all the

nodes in U ′ are pure nodes, clustering the nodes in U ′ is equivalent to clustering

for non-overlapping communities. If for some θ < θ0 the set U ′ contain at least

γ/4 pure nodes from a community and ClusterCP / RecoverBigFullObs

191



algorithm successfully recovers this set we are done. If not, then for θ = θ0 we

know that there exists a community l = arg minm∈[K] θ(m) for which any pure

node i ∈ P ∩ Vl has dQ(i) < θl = θ0, therefore i ∈ U ′. From assumption (A3)

since the set of pure nodes Ul ⊂ Vl has size at least γ, then using Chernoff

bound with high probability |P ∩ Ul| ≥ γ/4. Thus U ′ contains at least one

subset U ′l = P ∩Ul of pure nodes from a single community of size at least γ/4.

Note that since the edges within the nodes in U ′ were not used to determine

the out degrees dQ(i), the distribution of edges within U ′ follows exactly the

same distribution as in the classical planted partition model or stochastic block

model [7,44,49], i.e., between any two pure nodes from the same cluster there

is an edge with probability at least p and between pure nodes in different

clusters there is an edge with probability at most q. The number of clusters k′

in U ′ satisfies 1 ≤ k′ ≤ K, but may not have nodes from all K clusters since

pure nodes from bigger communities may have larger degree with dQ(i) > θ0.

Recall that Γ is the total number of pure nodes. Under assumptions (A3) with

initial threshold

`] = γ/4 ≥
b3κ
√
p(1− q)Γ

(p− q)
log2 Γ,

Theorem 3 in [7] guarantees that ClusterCP / RecoverBigFullObs algo-

rithm correctly recovers all clusters of size greater than `] with high proba-

bility. Hence we can successfully recover cluster U ′l . If ClusterCP recovers k′

such pure node communities out of which k have sizes greater than γ/4 then

ClusterPureNode subroutine returns these sets Û1, . . . , Ûk all of which satisfies

|Ûl| ≥ γ/4, therefore minl∈[k] Ûl ≥ γ/4. Note that with θ = θ0 we are guar-
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anteed to have at least one pure node subset of size greater than γ/4, which

ensures k ≥ 1.

Proof of Theorem 4.3.3

Proof. The proof is by induction. Consider the first recursive call of RecOver-

lapCluster algorithm when we have V ′ = V, G′ = G. Since each call has three

main steps, we split the proof and argue the correctness of the algorithm for

each step in a recursive call.

[Step 1] Recovery of pure node sets: This follows from Theorem

4.3.2 and Lemma C.1.2. Under assumptions (A1), (A2), and (A3), Theorem

4.3.2 guarantees that with high probability the ClusterPureNode subroutine

can recover a set of pure nodes Ûl ⊆ Ul from a subset of communities l ∈ [k] ⊆

[K], and for any l ∈ [k], we have |Ûl| ≥ γ/4.

[Step 2] Recovery of communities: Consider l ∈ [k] for which a

pure node set Ûl has been recovered by the ClusterPureNode subroutine. For

any node i ∈ Vl, from Lemma C.1.2, for A = Ûl, and

γ = Ω

(
p2

(p− q)2q
log n

)
,

with high probability

dÛl(i) > τl = (p+ q)|Ûl|/2.

Therefore node i will be assigned to set V̂l. Also if j 6∈ Vl then dÛl(j) <

τl = (p + q)|Ûl|/2 hence node j is not included in the set V̂l. Therefore with
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high probability we correctly recover the community Vl, for every l ∈ [k].

These estimated communities V̂1, . . . , V̂k are then removed from V ′ for the

next recursive call.

[Step 3] Recursive call: Since the number of recovered community in

the current recursive step k ≥ 1, therefore for the next recursive call we have

a subgraph G′ over the set of nodes in V ′ with at most K − k ≤ K − 1 over-

lapping communities. Note that removing a community can only increase the

minimum number of pure nodes in a community over the subgraph. Therefore

using the same γ, p, q we can argue that we can again recover at least one com-

munity in the next call of RecOverlapCluster algorithm. Using this inductive

argument we can show that the number of communities in V ′ at the (t+ 1)-th

recursive call is strictly less than the number of communities in the previous

t-th recursion. Since the total number of communities K is finite, therefore

after at most K recursive calls the algorithm stops when V ′ = ∅. Note that

when there are outlier nodes which do not belong to any community (this can

happen in many real networks), at the end of the last iteration V ′ remain

unchanged since ClusterPureNode algorithm cannot find any more pure node

clusters of size at least γ/4. For such cases the while loop in ClusterPureNode

subroutine terminates when the degree threshold θ exceeds the maximum de-

gree ∆ of the subgraph G′, and the subroutine returns ∅. The corresponding

recursive call of RecOverlapCluster also returns no new community and the

algorithm terminates. However in such cases all the communities will have

been recovered in the previous recursive calls. This concludes the proof.

194



Proof of Proposition 4.3.4

Proof. Assume that we require T recursive calls of RecOverlapCluster algo-

rithm and in the t−th call it recovers kt communities and Γt pure nodes,

where
∑T

t=1 kt = K,
∑T

t=1 Γt ≤ Γ. In the t−th call the ClusterCP / Re-

coverBigFullObs subroutine has a runtime of O(ktΓ
3
t ). Now the while loop in

ClusterPureNode algorithm runs till pure nodes from at least one community

have been recovered. In worst case the threshold is θ = O(dmax), the average

degree of the largest cluster. Therefore in t−th recursive call ClusterPureNode

algorithm will have a runtime of O
(
dmaxktΓ

3
t

)
with high probability. Therefore

in T recursive calls the total time spent in the ClusterPureNode subroutine

is O
(
dmaxKΓ3

)
since the total number of pure nodes is upper bounded by

Γ. Computing out degree to the all recovered pure node sets take O(Γ) time.

Hence assigning communities to all the remaining nodes requires a time of

O(nΓ). Therefore the total runtime required is O
(
dmaxKΓ3 + nΓ

)
with high

probability.
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Appendix D

The Search Problem in Mixture Models

D.1 More experiments for Gaussian mixture models

In Figure D.1 we show the sensitivity of the Whitening and Cancellation

algorithms in GMM with k = 20, d = 500, all equal probability components,

and two different values of σ and n. Observe that the percentage error gain

of the algorithms decreases with decreasing values of δ = mini 6=1
〈µ1,v〉
〈µi,v〉 , as

we would expect, and it eventually becomes negative when the performance

become worse than Tensor algorithm. Also here the Cancellation algorithm

shows lesser sensitivity, hence better performance compared to the Whitening

algorithm.

D.2 Complete results on New York Times and Yelp
dataset

In this section we provide more detailed result of our experiments on

NY Times and Yelp datasets. In Tables D.1, D.2 we show for every labeled

word, the top five words in the topics computed by Whtening, NMF, and

SS-NMF algorithms along with their corresponding PMI scores.
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Figure D.1: Sensitivity plots showing how the percentage relative error gain of
the Whitening and Cancellation algorithms over the Tensor algorithm decrease
with decreasing values of the parameter δ = mini 6=1

〈µ1,v〉
〈µi,v〉 , in GMM with k =

20, d = 500, all equal probability components, for different values of variance
σ ∈ {.5, .6}, and two different sample complexities (a) n = 6000 (b) n = 8000.

Table D.1: Results of topic search by Whitening and NMF algorithms on NY
Times dataset of 300, 000 news articles using K = 100 topics and 62 labeled
words.

NY Times dataset
Label
word

Algo topword-1 topword-2 topword-3 topword-4 topword-5 NMI

passenger
Whitening flight security passenger airport hour 0.1424
NMF security government official percent bill 0.0499
SSNMF passenger plane flight fire crash 0.1711

coach
Whitening coach season job team head 0.2637
NMF team coach season player jet 0.1740
SSNMF coach arrived assistant defenseman ended 0.1756

art
Whitening information question today eastern daily 0.0255
NMF art show dessert book home 0.0769
SSNMF art artist show painting museum 0.1250

campaign
Whitening campaign al gore money political republican 0.1530
NMF al gore campaign george

bush
president bush 0.1608

SSNMF nra florida article senator presidential 0.0926

energy
Whitening corp meeting list dividend partial 0.0815
NMF corp meeting list group dividend 0.0570
SSNMF partial energy dividend meeting corp 0.0254

tax
Whitening tax cut taxes percent income 0.2126
NMF graf president bush mail information 0.0722
SSNMF tax income cut taxes site 0.2279

chef
Whitening cup minutes food article add 0.0227
NMF buy panelist flavor thought product 0.0130

continued . . .
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Table D.1 continued
NY Times dataset

Label
word

Algo topword-1 topword-2 topword-3 topword-4 topword-5 NMI

SSNMF tobacco chef restaurant pastry article 0.1495

oil
Whitening oil cup minutes prices companies 0.1460
NMF oil million prices percent market 0.0928
SSNMF oil company listing largest brazil 0.0902

court
Whitening court case law decision lawyer 0.2288
NMF official court case attack government 0.1285
SSNMF chicago court decision ruling justices 0.1834

election
Whitening election ballot vote voter florida 0.2132
NMF election ballot al gore bush vote 0.2155
SSNMF gained election article presidential independence 0.1702

lawyer
Whitening case court lawyer death trial 0.1830
NMF official court case attack government 0.1017
SSNMF lawyer rat legal client jokes 0.1314

anthrax
Whitening mail official anthrax attack worker 0.0600
NMF anthrax official mail worker letter 0.0156
SSNMF anthrax poverty cb show return -0.0776

golf
Whitening tiger wood shot round player tour 0.1288
NMF tiger wood shot round player play 0.1356
SSNMF misstated master tee hit golf 0.1356

bacteria
Whitening mail anthrax official test found -0.0763
NMF anthrax official mail worker letter -0.1097
SSNMF mas bacteria con una anos -0.2420

film
Whitening film movie director character actor 0.1906
NMF article misstated new york company million 0.0288
SSNMF kiss film actress article role 0.1295

tourist
Whitening million www percent building night 0.0481
NMF team tour lance arm-

strong
won race -0.0405

SSNMF tourist million visitor official campaign 0.0995

horse
Whitening race won win run track 0.1129
NMF race won horse win kentucky

derby
0.1338

SSNMF horse truck road official killed 0.0433

republican
Whitening campaign george

bush
bush election republican 0.2449

NMF al gore campaign george
bush

president bush 0.1868

SSNMF republican democrat democratic house parties 0.1053

computer
Whitening computer system microsoft program software 0.1904
NMF company computer microsoft system companies 0.1533
SSNMF computer chip mail program buy 0.1903

palestinian
Whitening palestinian israel israeli yasser

arafat
peace 0.2189

NMF palestinian israel official israeli yasser
arafat

0.1950

SSNMF palestinian reformer reform authority arab 0.1519

movie
Whitening film movie director character actor 0.1492
NMF film show actor movie thought 0.0901
SSNMF red sox movie interview seattle host 0.0388

tennis
Whitening player play won game women 0.1054
NMF game play player point andre agassi 0.1187

continued . . .
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Table D.1 continued
NY Times dataset

Label
word

Algo topword-1 topword-2 topword-3 topword-4 topword-5 NMI

SSNMF motif tennis season pros image 0.1480

fight
Whitening won night fight win sport 0.0566
NMF fight mike tyson lennox

lewis
million round 0.1181

SSNMF fight pound fighter beat boxing 0.1254

music
Whitening music song record album band 0.2298
NMF music company million companies napster 0.0812
SSNMF music mp3 customer digital online 0.0150

tablespoon
Whitening cup minutes add oil tablespoon 0.0608
NMF cup minutes add tablespoon water 0.0431
SSNMF coffee bean tablespoon cup ground -0.0765

nuclear
Whitening bush US official system administration 0.1223
NMF official bush government US nuclear 0.1356
SSNMF ibm nuclear computer research fastest -0.0253

racing
Whitening race car driver team season 0.1443
NMF car race driver team season 0.1319
SSNMF sport file los angeles racing notebook -0.0640

war
Whitening military taliban war afghanistan us 0.0916
NMF taliban official afghanistan government us 0.0796
SSNMF russian war chechnya army veteran 0.1296

quarterback
Whitening yard season game play team 0.2389
NMF game team play yard season 0.1773
SSNMF effort quarterback ucla heroic alabama 0.1472

stock
Whitening stock market percent company fund 0.1585
NMF percent stock market company companies 0.1338
SSNMF stock market price shares investment 0.0507

ball
Whitening game run yard play hit 0.1782
NMF run game inning hit season 0.1361
SSNMF ball hit run inning home 0.1708

patient
Whitening patient doctor care health drug 0.2532
NMF official virus percent new york found 0.1003
SSNMF patient study doctor article brain 0.1334

champion
Whitening won win round shot tiger wood 0.1029
NMF fight mike tyson lennox

lewis
million round 0.0955

SSNMF olympic champion final meet medalist 0.1177

business
Whitening business company question information companies 0.0887
NMF information eastern commentary daily business 0.0311
SSNMF publication business send released businesses 0.0996

government
Whitening government official country federal political 0.1524
NMF graf president bush mail information 0.0767
SSNMF program government computer local newspaper 0.0784

season
Whitening season team game games play 0.1799
NMF team game season play games 0.1406
SSNMF season cotton fact simple variety 0.0626

prison
Whitening death case lawyer court trial 0.1333
NMF advise spot earlier held today -0.0340
SSNMF prison inmates security population bed 0.1472

internet
Whitening file spot internet read output 0.0359
NMF file spot new york sport los angeles 0.0228
SSNMF wonderful mail al gore george bush message 0.0766

continued . . .
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Table D.1 continued
NY Times dataset

Label
word

Algo topword-1 topword-2 topword-3 topword-4 topword-5 NMI

rain
Whitening air part high wind rain 0.1963
NMF air wind shower rain storm 0.1939
SSNMF chicago sun

times
nominated rain east thought 0.0179

game
Whitening game team play games season 0.2000
NMF team game season play games 0.1722
SSNMF covering game tonight coverage celebration 0.0531

voter
Whitening election ballot vote percent voter 0.2068
NMF election ballot al gore bush vote 0.1870
SSNMF voter poll percent primary election 0.2067

baseball
Whitening player team season game sport 0.1691
NMF team chicago

white sox
mariner season player 0.1803

SSNMF velocity baseball air shot test 0.0629

student
Whitening student school teacher percent program 0.2077
NMF test school student ignore export 0.0729
SSNMF student university shooting shot rampage 0.1396

president
Whitening president vice white

house
george bush executive 0.2116

NMF graf president bush mail information 0.0758
SSNMF hedge president television broadway produced 0.0226

afghan
Whitening taliban afghanistan military us war 0.1684
NMF taliban official afghanistan government us 0.1413
SSNMF afghan afghanistan blanket friend country 0.0577

medal
Whitening team games won women american 0.1822
NMF team tour lance arm-

strong
won race 0.0348

SSNMF endit medal honor winner newspaper 0.0786

teacher
Whitening school student teacher high program 0.1566
NMF test school student ignore export 0.0388
SSNMF teacher program pay school teaching 0.1499

television
Whitening show home network television night 0.1721
NMF los angeles

daily new
spot newspaper new york show 0.1456

SSNMF clinton home television survived tonight -0.0090

democratic
Whitening al gore campaign election political republican 0.1837
NMF al gore campaign george

bush
president bush 0.1677

SSNMF environmental democratic national
committee

nominee fund 0.0813

onion
Whitening cup minutes add oil tablespoon 0.1039
NMF cup minutes add tablespoon water 0.1072
SSNMF flavor panelist ounces buy onion 0.1188

campus
Whitening student school college teacher program 0.1314
NMF game season team play coach -0.0595
SSNMF campus operation aol building center 0.0645

car
Whitening car driver race racing seat 0.2047
NMF car race driver team season 0.1222
SSNMF car team race driver winston cup 0.1516

industry
Whitening companies percent company business industry 0.1430
NMF music company million companies napster 0.0821

continued . . .
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Table D.1 continued
NY Times dataset

Label
word

Algo topword-1 topword-2 topword-3 topword-4 topword-5 NMI

SSNMF xxx show trade software entertainment 0.1161

planet
Whitening film today system movie team -0.0054
NMF wire inadvertently kill mandatory today -0.0750
SSNMF captor planet film kill astronomer 0.0949

credit
Whitening bill money member system number 0.1257
NMF bill tax bush member percent 0.0287
SSNMF donation card credit account voted 0.1382

race
Whitening race car driver won win 0.1917
NMF car race driver team season 0.1814
SSNMF amazing race show tonight sit 0.0502

wine
Whitening cup minutes food add oil 0.0499
NMF wine wines percent company million 0.0748
SSNMF wine wines bottle bottles age 0.1082

prosecutor
Whitening case death lawyer court trial 0.1952
NMF official court case attack government 0.1363
SSNMF prosecutor lawyer attorney incorrectly general 0.1406

team
Whitening team season game player play 0.1654
NMF team game season play games 0.1558
SSNMF team qualify olympic article member 0.1530

economy
Whitening percent market economy stock cut 0.1528
NMF percent stock market company companies 0.1048
SSNMF percent economy quarter rate recession 0.1452

wind
Whitening air high part wind rain 0.1909
NMF air wind shower rain storm 0.1895
SSNMF wash wind school winter white 0.1902

software
Whitening microsoft computer system company software 0.1981
NMF company computer microsoft system companies 0.1911
SSNMF xxx software industry show trade 0.1222

Table D.2: Results of topic search by Whitening and NMF algorithms on Yelp
dataset of 335, 022 reviews of businesses using K = 100 topics and 54 labeled
words.

Yelp dataset
Label
word

Algo topword-1 topword-2 topword-3 topword-4 topword-5 NMI

cheese
Whitening cheese pizza time sandwich back 0.1842
NMF bagel coffee bagels cheese sandwich 0.1666
SSNMF bartender cheese tasty made server 0.0555

salon
Whitening hair salon nails nail back 0.0678
NMF hair absolute cut beautiful salon -0.0192
SSNMF salon manicure back nail clean 0.0375

mexican
Whitening mexican burrito tacos salsa cheese 0.0506
NMF mexican fresh burrito tacos time 0.0389
SSNMF exit mexican bland restaurants world -0.0720

chinese
Whitening chicken chinese rice hot fast 0.0978
NMF chicken chinese fast rice time 0.0717
SSNMF chinese area type lot east 0.0455

continued . . .
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Table D.2 continued
Yelp dataset

Label
word

Algo topword-1 topword-2 topword-3 topword-4 topword-5 NMI

tea
Whitening coffee find things tea starbucks 0.1079
NMF find store things tea oil 0.0470
SSNMF tea coffee starbucks safeway ice 0.1787

sushi
Whitening sushi roll happy rolls fish 0.0330
NMF cooks fun hash browns reasonable -0.0441
SSNMF 2nd sushi time location amazing -0.1112

nail
Whitening nails nail pedicure salon time 0.1385
NMF nails nail pedicure time salon 0.1316
SSNMF nail nails grandma cut make 0.0658

wash
Whitening car wash clean time job 0.0617
NMF car wash back time job 0.0583
SSNMF car wash feels clean time 0.0290

insurance
Whitening years business office recommend family 0.0856
NMF office work walk time insurance 0.0189
SSNMF insurance years business steve saved 0.0459

cream
Whitening ice cream chocolate cold wait 0.1739
NMF ice cream school cone kids 0.1111
SSNMF cream ice wait stone cold 0.1494

hair
Whitening hair beautiful absolute years salon 0.0749
NMF hair absolute cut beautiful salon 0.0507
SSNMF beautiful hair years cut time 0.0532

yoga
Whitening classes class yoga studio gym 0.0928
NMF yoga classes class studio time 0.0816
SSNMF yoga practice dave feel amazing 0.0391

tire
Whitening tire tires oil car discount 0.0739
NMF tire car tires back time 0.0634
SSNMF tire tires car discount time 0.0274

vietnamese
Whitening time chicken thai rice chinese -0.0442
NMF pho chicken rice sauce back 0.0825
SSNMF vietnamese cake chinese back fresh -0.0105

donuts
Whitening donuts fresh coffee donut chocolate -0.0349
NMF donuts coffee donut store location -0.0040
SSNMF donuts donut chocolate time selection -0.1298

crust
Whitening pizza crust wings sauce cheese 0.0068
NMF pizza crust wings time cheese -0.0503
SSNMF min pizza crust hut pretty -0.1131

ice
Whitening ice cream cold chocolate flavors 0.1234
NMF ice cream school cone kids 0.0718
SSNMF ice cream wait stone cold 0.1312

pharmacy
Whitening store location big feel kids 0.0075
NMF store time location pharmacy helpful 0.0049
SSNMF pharmacy customer clean safeway rude -0.0127

beer
Whitening bar time beer wings drinks 0.0900
NMF pizza brick pretty bar box -0.0190
SSNMF beers beer operated hand locally 0.0817

bike
Whitening bike shop guys tires back 0.0053
NMF bike shop back bikes time 0.0525
SSNMF bike time gun pretty store -0.0293

yogurt
Whitening yogurt flavors toppings frozen chocolate 0.0659
NMF yogurt flavors toppings frozen chocolate 0.0420
SSNMF yogurt flavors back ice shop -0.1370

continued . . .
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Table D.2 continued
Yelp dataset

Label
word

Algo topword-1 topword-2 topword-3 topword-4 topword-5 NMI

korean
Whitening sushi chinese time fresh rice -0.0311
NMF magazine market farmer farmers boston -0.0702
SSNMF korean chicken pretty fried spicy 0.0376

pizza
Whitening pizza crust wings time cheese 0.1491
NMF pizza brick pretty bar box 0.0582
SSNMF pizza ride brick long red 0.0518

coffee
Whitening coffee starbucks donuts tea time 0.2728
NMF coffee busy starbucks ice cream 0.2613
SSNMF coffee starbucks drinks latte work 0.0974

sandwich
Whitening sandwich subway sandwiches bread time 0.1714
NMF sandwich subway fresh bread location 0.1311
SSNMF sandwich sandwiches ham chips limited 0.0083

pho
Whitening time thai rice sauce back -0.2046
NMF pho chicken rice sauce back -0.1096
SSNMF pho rice beef vietnamese sauce -0.0911

gym
Whitening classes class work gym yoga 0.1518
NMF link open isn working fast -0.0304
SSNMF gym fitness work open time 0.1117

park
Whitening dog park dogs area kids 0.1099
NMF park dog time area trail 0.1023
SSNMF park dog dogs lake area 0.1303

latte
Whitening coffee starbucks drink time make -0.1617
NMF coffee busy starbucks ice cream 0.0802
SSNMF latte location work drink drinks -0.0539

trail
Whitening park area phoenix time lot 0.1356
NMF park dog time area trail 0.1049
SSNMF trail parking street major easy 0.0267

dentist
Whitening office years dentist experience work 0.0734
NMF office dentist time work years 0.1169
SSNMF dentist office insurance made teeth 0.0766

starbucks
Whitening starbucks drink coffee drinks times -0.0972
NMF coffee busy starbucks ice cream -0.0477
SSNMF starbucks drink argue smile times -0.1099

taco
Whitening taco bell tacos fast sauce 0.0994
NMF mexican fresh burrito tacos time 0.1875
SSNMF taco bell ghetto pizza location -0.0042

salsa
Whitening mexican burrito tacos salsa fresh 0.0887
NMF mexican fresh burrito tacos time 0.0267
SSNMF salsa fresh tacos baja fish -0.0697

thai
Whitening thai rice chinese hot chicken 0.0691
NMF thai chicken rice back sauce 0.1164
SSNMF thai pad tea dish green 0.0275

chocolate
Whitening yogurt flavors chocolate cream ice 0.1923
NMF gelato flavors chocolate ice cream 0.1641
SSNMF chocolate caramel factory dark covered 0.1943

bar
Whitening bar drinks night time beer 0.0142
NMF pizza brick pretty bar box -0.0143
SSNMF bar bit big seating beer -0.0086

noodle
Whitening chicken chinese rice thai sauce 0.2423
NMF pho chicken rice sauce back 0.2630
SSNMF chicken noodle rice back sauces 0.0910

continued . . .
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Table D.2 continued
Yelp dataset

Label
word

Algo topword-1 topword-2 topword-3 topword-4 topword-5 NMI

burrito
Whitening burrito mexican stars tacos salsa 0.1320
NMF mexican fresh burrito tacos time 0.0638
SSNMF stars burrito green sauce mexican 0.0467

salad
Whitening salad chicken fresh sandwich bar 0.1780
NMF pizza brick pretty bar box -0.0220
SSNMF salad bar salads soup competitors -0.0123

burger
Whitening burger fries burgers fast time 0.1489
NMF link open isn working fast 0.0159
SSNMF stale burger meat bite king 0.0322

hike
Whitening park area time lot back 0.0572
NMF park dog time area trail 0.0747
SSNMF hike park rock mountain water 0.1255

pedicure
Whitening nails nail pedicure job salon 0.0189
NMF nails nail pedicure time salon 0.0158
SSNMF pedicure job nail close home -0.0931

fries
Whitening burger fries burgers fast cheese -0.0413
NMF cut wait time hair manager -0.2616
SSNMF fries grease dirty dark slow -0.1629

dog
Whitening dog dogs park pet hot 0.1501
NMF dog tony cut dogs style 0.0751
SSNMF dog door tie made serve 0.0080

panda
Whitening chicken fast chinese rice time -0.1488
NMF chicken chinese fast rice time -0.1291
SSNMF panda orange rice fried bad -0.1327

beans
Whitening mexican burrito chicken tacos salsa -0.0550
NMF mexican fresh burrito tacos time -0.1419
SSNMF trouble beans rice chicken marinated -0.1233

subway
Whitening subway sandwich clean fresh location -0.0074
NMF sandwich subway fresh bread location -0.0445
SSNMF subway location clean super sandwich -0.0524

car
Whitening car wash back time work 0.1064
NMF car wash back time job 0.0874
SSNMF visited car back job weeks 0.0353

cake
Whitening found cake chocolate shop yogurt 0.0754
NMF back time shop cake found 0.0099
SSNMF cake wanted wedding flavor perfect 0.0416

steak
Whitening location fast makes feel quality -0.0672
NMF prices selection quality family helpful -0.1569
SSNMF difference fast steak sandwiches subs -0.1672

curry
Whitening thai chicken rice chinese hot 0.1482
NMF thai chicken rice back sauce 0.1903
SSNMF chicken stew brown curry rice 0.0047

massage
Whitening massage back amazing years spa 0.1359
NMF massage time back amazing hour -0.0035
SSNMF massage arts experience amazing hour -0.0168

italian
Whitening sandwich pizza time back bread -0.0254
NMF gelato flavors chocolate ice cream 0.0241
SSNMF ice italian flavors cream chocolate -0.0231
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D.3 Computation of A,B for different models

This section outlines the construction of matrices A,B in various mod-
els via different moment computations. We first introduce some basic tensor
notations used in our proofs. Let x, y, z ∈ Rd be three d dimensional vectors.
Then the order-3 tensor T3 = x⊗y⊗z is defined as T3(i, j, k) = x(i)y(j)z(k), for
i, j, k ∈ [d]. Similarly the order-2 tensor T2 = x⊗ y is equivalent to the matrix
outer product T2 = xyT . Finally let v ∈ Rd be another d dimensional vector,
I be the d dimensional identity matrix. The tensor contraction T3(I, I, v) is
equal to the order-2 tensor T3(I, I, v) = 〈z, v〉x⊗ y, which is again equivalent
to the matrix T3(I, I, v) = 〈z, v〉xyT . For order-2 tensors we will use the tensor
and matrix notations interchangeably.

D.3.1 GMM moments

In this section we prove how the required matrices A,B can be com-
puted in the GMM model. We restate the following useful theorem from Hsu
and Kakade [77] which computes three tensor moments for the GMM model.

Theorem D.3.1 (Hsu et al. [77]). Consider the GMM model with means
{µ1, . . . , µk} and corresponding variances {σ2

1, . . . , σ
2
k}, and αi denote the pro-

portion of the i-th component in the mixture. Let σ2 =
∑k

i=1 αiσ
2
i be the

smallest eigenvalue of the covariance matrix E[(x − E[x])(x − E[x])T ] ( note
that since

∑
αiµiµ

T
i has rank k, this is the same as the k + 1th-largest eigen-

value), and u be a unit norm eigenvector corresponding to the eigenvalue σ2.
Define

m̃ = E[x(uT (x− E[x]))2], M2 = E[x⊗ x]− σ2I

M3 = E[x⊗ x⊗ x]−
d∑
i=1

(m̃⊗ ei ⊗ ei + ei ⊗ m̃⊗ ei + ei ⊗ ei ⊗ m̃)

where {e1, . . . , ed} form standard basis of Rd. Then,

m̃ =
k∑
i=1

αiσ
2
i µi, M2 =

k∑
i=1

αiµi ⊗ µi, M3 =
k∑
i=1

αiµi ⊗ µi ⊗ µi.

Theorem D.3.2. In the GMM model define

m = E[x], A = E[xxT ]− σ2Id

B = E[〈x, v〉xxT ]− m̃vT − vm̃T − 〈m̃, v〉Id
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Then, m =
∑

i αiµi, A =
∑k

i=1 αiµiµ
T
i and B =

∑k
i=1 αi〈µi, v〉µiµTi

Proof. The expression for m, A follows directly from Theorem D.3.1 by noting
that A = M2 and µi⊗µi = µiµ

T
i . To compute B consider the tensor contraction

M3(I, I, v), M3 as in Theorem D.3.1. Then,

M3(I, I, v) = E[〈x, v〉x⊗ x]−
d∑
i=1

(v(i)m̃⊗ ei + v(i)ei ⊗ m̃+ 〈m̃, v〉ei ⊗ ei)

= E[〈x, v〉xxT ]−
d∑
i=1

(v(i)m̃eTi + v(i)eim̃
T + 〈m̃, v〉eieTi )

= E[〈x, v〉xxT ]− m̃vT − vm̃T − 〈m̃, v〉Id = B

Also from Theorem D.3.1,

M3(I, I, v) =
k∑
i=1

αi〈µi, v〉µi ⊗ µi =
k∑
i=1

αi〈µi, v〉µiµTi

Therefore B =
∑k

i=1 αi〈µi, v〉µiµTi .

D.3.2 LDA moments

In this section we show the m,A,B computation corresponding to the
LDA model. Again we restate the following theorem from Anandkumar et
al. [12] which computes the first three tensor moments for LDA distribution.

Theorem D.3.3 (Anandkumar et al. [12]). In an LDA model with parameters
ᾱ = (α1, . . . , αk) , topic distributions µ1, . . . , µk. Let α0 =

∑k
i=1 αi. Define

M1 = E[x1], M2 = E[x1 ⊗ x2]− α0

1 + α0

M1 ⊗M1

M3 = E[x1 ⊗ x2 ⊗ x3]− α0

α0 + 2
(E[x1 ⊗ x2 ⊗M1] + E[x1 ⊗M1 ⊗ x3]

+E[M1 ⊗ x2 ⊗ x3]) +
2α2

0

(α0 + 1)(α0 + 2)
M1 ⊗M1 ⊗M1
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Then,

M1 =
k∑
i=1

αi
α0

µi, M2 =
k∑
i=1

αi
α0(α0 + 1)

µi ⊗ µi

M3 =
k∑
i=1

2αi
α0(α0 + 1)(α0 + 2)

µi ⊗ µi ⊗ µi

Theorem D.3.4. For an LDA model for any v ∈ Rd suppose m,A,B be
defined as

m = α0E[x1]

A = α0(α0 + 1)E[x1x
T
2 ]−mmT

B =
α0(α0 + 1)(α0 + 2)

2
E[〈x3, v〉x1x

T
2 ]− α0(α0 + 1)

2

(
〈m, v〉E[x1x

T
2 ]

+E[〈x3, v〉x1m
T ] + E[〈x3, v〉mxT2 ]

)
+ 〈m, v〉mmT .

Then we can express m,A,B as follows.

m =
k∑
i=1

αiµi, A =
k∑
i=1

αiµiµ
T
i , B =

k∑
i=1

αi〈µi, v〉µiµTi

Proof. The expressions for m and A follows easily from Theorem D.3.3 since
m = α0M1 and A = α0(α0 + 1)M2. To show the expression for B consider the
tensor contraction M3(I, I, v), M3 defined as in Theorem D.3.3. Then we have

M3(I, I, v) = E[〈x3, v〉x1 ⊗ x2]− α0

α0 + 2
(E[〈M1, v〉x1 ⊗ x2] + E[〈x3, v〉x1 ⊗M1]

+E[〈x3, v〉M1 ⊗ x2 ⊗ x3]) +
2α2

0

(α0 + 1)(α0 + 2)
〈M1, v〉 ⊗M1 ⊗M1

=
2

α0(α0 + 1)(α0 + 2)
B

where we used x1 ⊗ x2 is same as x1x
T
2 and so on. We also get from

Theorem D.3.3 M3(I, I, v) =
∑k

i=1
2αi

α0(α0+1)(α0+2)
〈µi, v〉µi ⊗ µi. Therefore we

have

B =
α0(α0 + 1)(α0 + 2)

2
M3(I, I, v) =

k∑
i=1

αi〈µi, v〉µiµTi .
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D.3.3 Mixed regression moments

Recall in mixed regression we have y = 〈x, µi〉 + ξ where x ∼ N(0, I)
and ξ ∼ N(0, σ2). In the following Lemmas we compute the various moments
M1,1,M2,2,M3,1,M3,3 and show how they are used to compute m,A,B.

Lemma D.3.5. In mixed linear regression define M1,1 = E[yx], M2,2 = E[y2xxT ],
M3,1 = E[y3x] and M3,3 = E[y3〈x, v〉xxT ]. Then,

M1,1 =
k∑
i=1

αiµi

M2,2 = 2
k∑
i=1

αiµiµ
T
i + (σ2 +

k∑
i=1

αi‖µi‖2)I

M3,1 = 3
k∑
i=1

αi(σ
2 + ‖µi‖2)µi

M3,3 = 6
k∑
i=1

αi〈µi, v〉µiµTi +
(
M3,1v

T + vMT
3,1 + 〈M3,1, v〉I

)
Proof. We compute the moments as shown below.

M1,1 = E[yx] =
k∑
i=1

αiE[xTµix+ ξx] =
k∑
i=1

αiµi

M2,2 = E[y2xxT ] =
k∑
i=1

αiE[〈µi, x〉2xxT ] + E[ξ2]E[xxT ]

=
k∑
i=1

αiE[〈µi, x〉2xxT ] + σ2I

=
k∑
i=1

αi(2µiµ
T
i + ‖µi‖2I) + σ2I

= 2
k∑
i=1

αiµiµ
T
i +

k∑
i=1

αi(σ
2 + ‖µi‖2)I
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Using the fact that all odd moments of normal random variable are
zero.

M3,1 = E[y3x] =
k∑
i=1

αiE[(〈x, µi〉+ ξ)3x]

=
k∑
i=1

αiE[〈x, µi〉3x] + 3
k∑
i=1

αiE[ξ2]E[〈x, µi〉x]

= 3
k∑
i=1

αi‖µi‖2µi + 3
k∑
i=1

αiσ
2µi = 3

k∑
i=1

αi(σ
2 + ‖µi‖2)µi

We use the fact that for even p the moment E[zp] = (p − 1)!! for a
standard normal random variable z and !! denote the double factorial. Next
we compute M3,3.

M3,3 = E[y3〈x, v〉xxT ] =
k∑
i=1

αiE[(〈x, µi〉+ ξ)3〈x, v〉xxT ]

=
k∑
i=1

αiE[〈x, µi〉3〈x, v〉xxT ] + 3
k∑
i=1

αiE[ξ2]E[〈x, v〉〈x, µi〉xxT ]

=
k∑
i=1

αiE[〈x, µi〉3〈x, v〉xxT ] + 3σ2

k∑
i=1

αiE[〈x, v〉〈x, µi〉xxT ] (D.1)

Now we compute these individual moments.

E[〈x, v〉〈x, µi〉xxT ] = µTi v + vµTi + 〈µi, v〉I

Using the fact that any odd combination of the variables in x will be
zero in expectation. Also,

E[〈x, µi〉3〈x, v〉xxT ] = 6〈v, µi〉µiµTi + 3‖µi‖2[µTi v + vµTi + 〈µi, v〉I]

Again by using the moments of standard normal variable. This can
be verified by considering the (a, b)-th entry of the matrix on the right as a
polynomial in µi(l), the l-th component of µi, and matching the corresponding
coefficients from both sides of the equation.

209



Combining with equation (D.1) we get,

M3,3 =
k∑
i=1

αi
[
6〈v, µi〉µiµTi + 3‖µi‖2(µTi v + vµTi + 〈µi, v〉I)

]
+3σ2

k∑
i=1

αi[µ
T
i v + vµTi + 〈µi, v〉I]

= 6
k∑
i=1

αi〈v, µi〉µiµTi + 3
k∑
i=1

αi(σ
2 + ‖µi‖2)[µTi v + vµTi + 〈µi, v〉I]

= 6
k∑
i=1

αi〈v, µi〉µiµTi +
(
M3,1v

T + vMT
3,1 + 〈M3,1, v〉I

)

Theorem D.3.6. Let m,A,B be defined as

m = M1,1, A =
1

2
(M2,2 − τ 2I),

B =
1

6
(M3,3 − (M3,1v

T + vMT
3,1 + 〈M3,1, v〉I))

where τ 2 is the smallest singular value of M2,2. Then,

m =
k∑
i=1

αiµi, A =
k∑
i=1

αiµiµ
T
i , B =

k∑
i=1

αi〈µi, v〉µiµTi

Proof. The proof follows directly from Lemma D.3.5. Note that since µi-s
are linearly independent the smallest singular vector τ 2 of M2,2 is equal to∑k

i=1 αi(σ
2 + ‖µi‖2). Then A = 1

2
(M2,2 − τ 2I) =

∑k
i=1 αiµiµ

T
i . Similarly the

expression for B holds.

D.3.4 Subspace clustering moments

In this section we derive the necessary moments required for subspace
clustering. Recall that in the subspace clustering model we have k dimension–
m subspaces U1, . . . , Uk ∈ Rd×m (matrices U1, . . . , Uk have orthonormal columns).
The data is generated as follows. We sample y ∼ N(0, Id) and set x =
UiU

T
i y + ξ, where ξ ∼ N(0, σ2Id) is additive noise.
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Theorem D.3.7. Consider the subspace clustering model. Let M2, A,B be
defined as,

M2 := E[xxT ], A := M2 − σ2Id

B := E[〈x, v〉2xxT ]− σ2(vTAv)Id − σ2‖v‖2A− σ4(‖v‖2Id + vvT )

−2σ2(AvvT + vvTA)

where σ2 = σmk+1(M2). Then,

A =
k∑
i=1

αiUiU
T
i

B =
k∑
i=1

αi‖UT
i v‖2UiU

T
i + 2

k∑
i=1

αiUiU
T
i vv

TUiU
T
i

Proof. First we compute M2.

M2 = E(xxT ) =
k∑
i=1

αiE
[
UiU

T
i yy

TUiU
T
i

]
+ E[ξξT ] =

k∑
i=1

αiUiU
T
i + σ2Id

Using E[yyT ] = I as y ∼ N(0, I) and UT
i Ui = I since the columns are

orthogonal. Since αi > 0, the mk+1-th singular value of M2, σmk+1(M2) = σ2.
Therefore it follows that,

A = M2 − σ2Id =
k∑
i=1

αiUiU
T
i

Now we compute the moment E[〈x, v〉2xxT ].Given a sample x = UiU
T
i y+

ξ from the i-th subspace we have,

〈x, v〉2 = vTUiU
T
i yy

TUiU
T
i v + vT ξξTv + 2vT ξvTUiU

T
i y

xxT = UiU
T
i yy

TUiU
T
i + UiU

T
i yξ

T + ξyTUiU
T
i + ξξT
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Then we can write,

E[〈x, v〉2xxT ]

=
k∑
i=1

αi
(
E[vTUiU

T
i yy

TUiU
T
i vUiU

T
i yy

TUiU
T
i ] + E[vTUiU

T
i yy

TUiU
T
i v]E[ξξT ]

+E[vT ξξTv]E[UiU
T
i yy

TUiU
T
i ] + E[vT ξξTvξξT ] + 2E[(vT ξvTUiU

T
i y)UiU

T
i yξ

T ]

+2E[(vT ξvTUiU
T
i y)ξyTUiU

T
i ]
)

= T1 + T2 + T3 + T4 + T5 + T6 (D.2)

where T1, . . . , T6 are as follows. We define vi := UiU
T
i v, we use the

Gaussian moment results E[〈v, z〉z] = σ2v, and E[〈v, z〉2zzT ] = σ4(‖v‖2Id +
vvT ) whenever z ∼ N(0, σ2Id).

T1 =
k∑
i=1

αiE
[
vTUiU

T
i yy

TUiU
T
i vUiU

T
i yy

TUiU
T
i

]
=

k∑
i=1

αiE[〈y, vi〉2UiUT
i yy

TUiU
T
i ] =

k∑
i=1

αiUiU
T
i E[〈y, vi〉2yyT ]UiU

T
i

=
k∑
i=1

αiUiU
T
i (‖vi‖2Id + 2viv

T
i )UiU

T
i

=
n∑
i=1

αi‖vi‖2UiU
T
i + 2

k∑
i=1

αiUiU
T
i vv

TUiU
T
i

=
k∑
i=1

αi‖UT
i v‖2UiU

T
i + 2

k∑
i=1

αiUiU
T
i vv

TUiU
T
i

since ‖vi‖ = ‖UiUT
i v‖ = ‖UT

i v‖.

T2 =
k∑
i=1

αiE[vTUiU
T
i yy

TUiU
T
i v]E[ξξT ] =

k∑
i=1

αiv
TUiU

T
i v × σ2Id = σ2(vTAv)Id

T3 =
k∑
i=1

αiE[vT ξξTv]E[UiU
T
i yy

TUiU
T
i ] = σ2‖v‖2

k∑
i=1

αiUiU
T
i = σ2‖v‖2A

T4 =
k∑
i=1

αiE[vT ξξTvξξT ] = E[〈v, ξ〉2ξξT ] = σ4(‖v‖2Id + 2vvT )
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T5 =
k∑
i=1

αi2E[(vT ξvTUiU
T
i y)UiU

T
i yξ

T ] = 2
k∑
i=1

αiE[(vTUiU
T
i y)UiU

T
i y]E[〈v, ξ〉ξT ]

= 2
k∑
i=1

αiE[(vTUiU
T
i y)UiU

T
i y]× σ2vT = 2σ2

k∑
i=1

αiE[(vTUiU
T
i y)UiU

T
i yv

T ]

= 2σ2

k∑
i=1

αiE[UiU
T
i 〈v, y〉yvT ] = 2σ2

k∑
i=1

αiUiU
T
i vv

T = 2σ2AvvT

T6 = 2
k∑
i=1

αiE[(vT ξvTUiU
T
i y)ξyTUiU

T
i ] = 2

k∑
i=1

αiE[〈v, ξ〉ξ]E[〈vi, y〉yTUiUT
i ]

= 2σ2

k∑
i=1

αivv
T
i UiU

T
i = σ2

k∑
i=1

αivv
TUiU

T
i = σ2vvT

k∑
i=1

αiUiU
T
i = 2σ2vvTA

Therefore,

B = E[〈x, v〉2xxT ]− σ2(vTAv)Id − σ2‖v‖2A− σ4(‖v‖2Id + vvT )

−2σ2(AvvT + vvTA)

= E[〈x, v〉2xxT ]− T2 − T3 − T4 − T5 − T6 = T1

=
k∑
i=1

αi‖UT
i v‖2UiU

T
i + 2

k∑
i=1

αiUiU
T
i vv

TUiU
T
i

D.4 Finite-sample analysis of the whitening method

Suppose that

A =
∑
i

αiµiµ
T
i

B =
∑
i

βiµiµ
T
i

‖A− Â‖ ≤ ε

‖B − B̂‖ ≤ ε,
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where σk is the kth singular value of A. Let V be the n × k matrix whose
columns are the first k singular vectors of A, and let V̂ be the same for Â. LetD
be the diagonal matrix of singular values of A, and let D̂ be the diagonal matrix
of the first k singular values of Â. Then A = V DV T and V TV = V̂ T V̂ = Ik.

Our basic tool is Wedin’s theorem [152]:

Theorem D.4.1. For a matrix A, let PA
≥s be the orthogonal projection onto

the subspace spanned by singular vectors of A with singular value at least s. Let
PA
≤s be the orthogonal projection onto the subspace spanned by singular vectors

with singular value at most s. Then for any matrices A and B, and for any
s < t,

‖PA
≤sP

B
≥t‖ ≤

2‖A−B‖
t− s

.

In applying Wedin’s theorem, the following geometric lemma will be
useful. In what follows, PE denotes the orthogonal projection onto E.

Lemma D.4.2. Let E and F be subspaces of Rn with ‖PE⊥PF‖ ≤ δ. Then
‖PFv‖2 ≤ ‖PEv‖2 + 3δ‖v‖2 for every v ∈ Rn.

Lemma D.4.3. If ε < σk/2 then for any u ∈ Rk,√
1− 16ε2

σ2
k

‖u‖ ≤ ‖V̂ TV u‖ ≤ ‖u‖.

By a simple change of variables, if we define

O = D−1/2V̂ TV D1/2

then O is also an almost-isometry: for every u ∈ Rk,√
1− 16ε2

σ2
k

‖u‖ ≤ ‖Ou‖ ≤ ‖u‖. (D.3)

Proof. First, note that σk(Â) ≥ σk(A) − ‖A − Â‖ ≥ σk − ε. If ε < σk/2, we

also have σk+1(Â) ≤ ε < σk − ε, which implies that V̂ V̂ T = P Â
≥σk−ε.

Let Ŵ be a d × (d − k) matrix whose columns form an orthonormal
basis for the orthogonal complement of the column span of V̂ . Note that if
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ε < σk/2 then the kth singular value of Â is strictly larger than σk/2 and the

(k+1)th singular value is at most ε. Then P Â
≤ε = ŴŴ T . By Wedin’s theorem,

‖ŴŴ TV V T‖ = ‖P Â
≤εP

A
≥σk‖ ≤

2ε

σk − ε
≤ 4ε

σk

Now, Ŵ T and V have norm 1, and so it follows that

‖Ŵ TV ‖ = ‖Ŵ T (ŴŴ TV V T )V ‖ ≤ 4ε

σk
.

For any u ∈ Rk with ‖u‖ = 1, we have

‖V̂ TV u‖2 = 1− ‖Ŵ TV u‖2 ≥ 1− 16ε2/σ2
k,

from which the claimed lower bound follows. On the other hand, ‖V̂ TV u‖ ≤ u
because both V̂ T and V have norm 1.

Let M = D−1/2V TBVD−1/2 and M̂ = D̂−1/2V̂ T B̂V̂ D̂−1/2. Then M is
the infinite-sample version of A’s whitening matrix applied to B, and M̂ is
the finite-sample analogue. Recall from D.3 that O = D−1/2V̂ TV D1/2 is an
almost-isometry of Rk.

Lemma D.4.4.
‖OMOT − M̂‖ ≤ 5

εσ1

σ2
k

.

Proof. First, observe that

OMOT = D−1/2V̂ TBV̂ D−1/2.

Since ‖V̂ ‖ = ‖V̂ T‖ = 1 and ‖D−1/2‖ = σ
−1/2
k ,

‖OMOT −D−1/2V̂ T B̂V̂ D−1/2‖ = ‖D−1/2V̂ T (B − B̂)V̂ D−1/2‖
≤ σ−1

k ‖B − B̂‖ ≤
ε

σk
. (D.4)

Now, Weyl’s inequality implies that

‖D−1/2 − D̂−1/2‖ ≤ σ
−1/2
k − (σk − ε)−1/2 ≤ εσ

−3/2
k ,
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where the second inequality follows from a first-order Taylor expansion and
the fact that ε ≤ σk/2. Hence,

‖D−1/2V̂ T B̂V̂ D−1/2 −M‖ ≤ ‖D−1/2 − D̂−1/2‖‖V̂ T B̂V̂ D−1/2‖
+‖D̂−1/2V̂ T B̂V̂ ‖‖D−1/2 − D̂−1/2‖

≤ 4εσ1σ
−2
k .

Combining this with (D.4) and the triangle inequality, we have

‖OMOT − M̂‖ =
ε

σk
+ 4

εσ1

σ2
k

≤ 5
εσ1

σ2
k

.

Since O is almost an isometry, it follows that there is an orthogonal
matrix Õ that this close to O (for example, if UDV T = O is an SVD, let
Õ = UV T ). In this way, we may find an orthogonal Õ such that

‖O − Õ‖ ≤ 1−

√
1− 16ε2

σ2
k

≤ 16ε2

σ2
k

.

Now let u be the top eigenvector of M and let uO be the top eigenvector of
OMOT . Then Õu is the top eigenvector of ÕMÕT . The triangle inequality
implies that

‖OMOT − ÕMÕT‖ ≤ 2‖M‖‖O − Õ‖ ≤ 32ε2

σ2
k

‖M‖.

On the other hand, M was assumed to have a spectral gap of δ‖M‖. By
Wedin’s theorem, it follows that

‖u− ÕTuO‖ = ‖Õu− uO‖ ≤
64ε2

δσ2
k

.

Finally, let û be the top eigenvector of M̂ . By Lemma D.4.4 and Wedin’s
theorem,

‖û− uO‖ ≤
10εσ1

δσ2
k

.
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Then

‖Ou− û‖ ≤ ‖O − Õ‖+ ‖Õu− ĥ‖ ≤ C max

{
εσ1

δσ2
k

,
ε2

δσ2
k

}
≤ Cεσ1

δσ2
k

, (D.5)

where the last inequality follows because ε ≤ σk/2 ≤ σ1/2.

Next, we unpack O. Weyl’s inequality implies that

‖D−1/2 − D̂−1/2‖ ≤ σ
−1/2
k − (σk − ε)−1/2 ≤ εσ

−3/2
k ,

where the second inequality follows from a first-order Taylor expansion and
the fact that ε ≤ σk/2. Hence,

‖O − D̂−1/2V̂ TV D1/2‖ ≤ ‖D1/2‖‖D−1/2 − D̂−1/2‖ ≤
ε
√
σ1

σ
3/2
k

.

The right hand side is smaller than εσ1
σ2
k

, and so we may plug it into (D.5) to

obtain

‖D̂−1/2V̂ TV D1/2u− û‖ ≤ Cεσ1

δσ2
k

.

Finally, (again because ε ≤ σk/2), ‖D̂−1/2‖ ≤ (σk/2)−1/2, and so

‖V D1/2u− V̂ D̂1/2û‖ ≤ Cεσ1

δσ
5/2
k

. (D.6)

Setting w = V D1/2u and ŵ = V̂ D̂1/2û and comparing this to the setting of
Algorithm 11, (D.6) shows that the finite-sample algorithm gets almost the
same w as the infinite-sample version.

It remains to check the last few lines of Algorithm 11; i.e., to see that
we recover the right scaling of w.

Lemma D.4.5. Let M be a symmetric matrix of rank k − 1 and let E be the
span of its columns. Then dist(w,E) ≥ σk(M + wwT ).

Proof. Let PE denote the orthogonal projection onto E, and note that ‖w −
PEw‖ = dist(w,E) Let F = span{E,w}. Since F has dimension k and y ∈
F⊥ implies ‖(M + wwT )y‖ = 0, it suffices to find some y ∈ F such that
‖(M +wwT )y‖ ≤ dist(w,E)‖y‖. Choose y = w− PEw. Then My = 0 and so

‖(M + wwT )y‖ = |wTy| = ‖w − PEw‖2 = dist(w,E)‖y‖.
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Lemma D.4.6. Let E be a subspace and take w 6∈ E. For x ∈ span{E,w},
let a(x) ∈ R be the unique solution to x = aw+e, e ∈ E. Then |a(x)−a(y)| ≤
‖x− y‖/ dist(w,E).

Proof. Given x, y ∈ span{E,w}, we can write x − y = (a(x) − a(y))w + e,
where e ∈ E. It follows that

‖x− y‖ = ‖(a(x)− a(y))w + e‖ ≥ inf
e∈E
‖(a(x)− a(y))w + e‖

= |a(x)− a(y)| dist(w,E).

Finally, we apply the preceding two lemmas to show that α̂1 is accurate
in Algorithm 11. Together with (D.6) (whose right hand side provides the value
of η that we will use), this completes the proof of Theorem 5.2.1.

Lemma D.4.7. Let x =
∑

i αiµi. If ‖Â − A‖ ≤ ε, ‖x̂ − x‖ ≤ ε and ‖ŵ −√
α1µ1‖ ≤ η then

√
α1|α̂1 − α1| ≤

C

σk

(
η +R

ε

σk
+ ε

)
,

where R = maxi ‖µi‖.

Proof. By Wedin’s theorem,

‖V V T − V̂ V̂ T‖ ≤ 2‖Â− A‖
σk − ‖Â− A‖

≤ 4
ε

σk

if ε ≤ σk/2. Hence,

‖x− V̂ V̂ T x̂‖ = ‖V V Tx− V̂ V̂ T x̂‖
≤ ‖(V V T − V̂ V̂ T )x‖+ ‖V̂ V̂ T (x− x̂)‖
≤ 4

ε

σk
‖x‖+ ε.
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Now, let y =
√
α1ŵ + V̂ V̂ T

∑k
i=2 αiµi. Then

‖x− y‖ ≤
√
α1‖ŵ −

√
α1µ1‖+

∥∥∥∥∥
k∑
i=2

αi(µi − V̂ V̂ Tµi)

∥∥∥∥∥
≤ η + max

i
‖µi‖‖V V T − V̂ V̂ T‖

≤ η + 4 max
i
‖µi‖

ε

σk
.

Defining R = maxi ‖µi‖, we have

‖y − V̂ V̂ T x̂‖ ≤ η + 8R
ε

σk
+ ε.

Now, if Ê is the column span of V̂ then y =
√
α1ŵ + e is the unique way to

decompose y in span{ŵ}⊕ Ê. If we define a by the decomposition x̂ = aŵ+ e
then Lemma D.4.6 implies

|a−
√
α1| ≤ ‖y − x̂‖/ dist(ŵ, Ê)

≤ 1

dist(ŵ, Ê)

(
η + 8R

ε

σk
+ ε

)
.

On the other hand, Lemma D.4.5 applied to V̂ D̂V̂ T − ŵŵT and ŵ implies
(because the kth singular value of V̂ D̂V̂ T ≥ σk − ε ≥ σk/2) that dist(ŵ, Ê) ≥
σk/2. Therefore,

|a−
√
α1| ≤

2

σk

(
η + 8R

ε

σk
+ ε

)
.

Taking square roots and applying Taylor’s theorem completes the proof.

D.5 Finite-sample analysis of the cancellation method

In this section we analyze the performance of Algorithm 12 when we
have finite sample estimates of the matrices A,B and vector m. For any
matrix M let M̂ denote its finite sample estimate, similarly for any vector
v, its estimate is given by v̂. For a matrix M let σk(M) denote the k−th
largest singular value of M. For easy of exposition we replace the quantities
Zλ, vi, ai, ci in Algorithm 12 with their estimates Ẑλ, v̂i, âi, ĉi respectively. First
we show in Lemma D.5.1 that we can have a good estimate for Ẑλ using good
estimates for A,B and λ.
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Lemma D.5.1. Let Ẑλ = Â−λB̂, Zλ = A−λB. Suppose max{‖Â−A‖, ‖B̂−
B‖} < ε and λ1 = 1/w1. Then,

‖Ẑλ − Zλ1‖ < ε

(
1 +

1

w1

)
+ ε1σ1(B)

when 0 < λ1 − λ < ε1.

Proof. We have,

‖Ẑλ − Zλ1‖ ≤ ‖Â− A‖+ ‖λB̂ − λ1B‖
< ‖Â− A‖+ λ‖B̂ −B‖+ |λ1 − λ|‖B‖
< ε(1 + 1/w1) + ε1σ1(B)

since λ < λ1 = 1/w1.

Lemma D.5.2. Let ‖m̂ −m‖ < ε, ‖Ẑλ − Zλ1‖ < ε2 < σk−1(Zλ1)/2 for λ1 =
α1/β1. V2:k denote the d× (k − 1) matrix of largest k − 1 eigenvectors of Zλ1
and V̂2:k be those of Ẑλ. Then,

‖x̂1 − x1‖ < 2ε+
4ε2R

σk−1(Zλ1)
= ε3

‖v̂1 − v1‖ <
2ε3
α1a1

= ε4

where R = maxi∈[k] ‖µi‖.

Proof. Using Wedin’s theorem we get,

‖V̂2:kV̂
T

2:k − V2:kV
T

2:k‖ ≤
2‖Ẑλ − Zλ1‖

σk−1(Zλ1)− ‖Ẑλ − Zλ1‖
≤ 4ε2
σk−1(Zλ1)

(D.7)

since ε2 < σk−1(Zλ1)/2. Now,

‖x̂1 − x1‖ = ‖m̂− V̂2:kV̂
T

2:km̂−m+ V2:kV
T

2:km‖
≤ ‖m̂−m‖+ ‖(V̂2:kV̂2:k − V2:kV

T
2:k)m‖+ ‖V̂2:kV̂

T
2:k(m− m̂)‖

< 2‖m− m̂‖+
4ε2‖m‖
σk−1(Zλ1)

< 2ε+
4ε2R

σk−1(Zλ1)
:= ε3
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where we used equation D.7 and ‖m‖ ≤ R. Recall that x1 = α1

∏
V µ1 =

α1a1v1, where V = span{µ2, . . . , µk} and a1 = 〈µ1, v1〉. To show the second
bound,

‖v̂1 − v1‖ =

∥∥∥∥ x̂1

‖x̂1‖
− x1

‖x1‖

∥∥∥∥
≤ ‖x̂1 − x1‖

‖x1‖
+ ‖x̂1‖

∣∣∣∣ 1

‖x1‖
− 1

‖x̂1‖

∣∣∣∣
<
‖x̂1 − x1‖
‖x1‖

+
|‖x̂1‖ − ‖x1‖|
‖x1‖

≤ 2
‖x̂1 − x1‖
‖x1‖

<
2ε3
α1a1

:= ε4

Lemma D.5.3. Let ‖Â − A‖ < ε, ‖v̂1 − v1‖ < ε4. Define d × k matrices

V = [v1V2:k] and V̂ = [v̂1V̂2:k]. Then,

‖V̂ V̂ T Âv̂1 − V V TAv1‖ < σ1(A)

(
3ε4 +

4ε

σk−1(Zλ1)

)
+ ε(1 + ε4)

Proof. Similar to Lemma D.5.2 we have from Wedin’s theorem ‖V̂2:kV̂
T

2:k −
V2:kV

T
2:k‖ < 4ε

σk−1(Zλ1 )
. Then we can bound,

‖V̂ V̂ T − V V T‖ ≤ ‖v̂1v̂
T
1 − v1v

T
1 ‖+ ‖V̂2:kV̂2:k − V2:kV

T
2:k‖

< 2‖v̂1 − v1‖+
4ε

σk−1(Zλ1)
(D.8)

< 2ε4 +
4ε

σk−1(Zλ1)
(D.9)

Now,

‖V̂ V̂ T Âv̂1 − V V TAv1‖ ≤ ‖(V̂ V̂ T − V V T )Av1‖+ ‖V̂ V̂ T (A− Â)v1‖
+‖V̂ V̂ T Â(v1 − v̂1)‖

≤ ‖V̂ V̂ T − V V T‖‖A‖+ ‖A− Â‖+ ‖Â‖‖v1 − v̂1‖

< σ1(A)

(
2ε4 +

4ε

σk−1(Zλ1)

)
+ ε+ (σ1(A) + ε)ε4
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where we use inequality (D.9), ‖Av1‖ ≤ σ1(A) as v1 is unit norm,

‖V̂ V̂ T‖ < 1 since V̂ is orthogonal, and ‖Â‖ < ‖A‖+ ε. Combining,

‖V̂ V̂ T Âv̂1 − V V TAv1‖ < σ1(A)

(
3ε4 +

4ε

σk−1(Zλ1)

)
+ ε(1 + ε4)

Lemma D.5.4. Let ‖Â−A‖ < ε, ‖x̂1 − x1‖ < ε3 <
α1a1

2
, and ‖v̂1 − v1‖ < ε4.

Then,

|â1 − a1| <
α1a1 (2σ1(A)ε4 + ε(1 + ε4)) + 2(σ1(A) + ε)ε3

α2
1a

2
1

Proof. We first compute,

|v̂T1 Âv̂1 − vT1 Av1| ≤ |(vT1 − v̂T1 )Av1|+ |v̂T1 (A− Â)v1|+ |v̂T1 Â(v1 − v̂1)|
≤ ‖vT1 − v̂T1 ‖σ1(A) + ‖A− Â‖+ σ1(Â)‖v1 − v̂1‖
< σ1(A)ε4 + ε+ (σ1(A) + ε)ε4 = 2σ1(A)ε4

+ε(1 + ε4) (D.10)

using the fact that v1, v̂1 have unit norms. Now we can bound the error |â1−a1|
as follows.

|â1 − a1| =

∣∣∣∣∣ v̂T1 Âv̂1

‖x̂1‖
− vT1 Av1

‖x1‖

∣∣∣∣∣
≤ 1

‖x1‖
|v̂T1 Âv̂1 − vT1 Av1|+ |v̂T1 Âv̂1|

|‖x1‖ − ‖x̂1‖|
‖x1‖‖x̂1‖

From equation (D.10) and using |‖x1‖ − ‖x̂1‖| < ‖x̂1 − x1‖ < ε3, ‖x1‖ = α1a1

we get,

|â1 − a1| <
2σ1(A)ε4 + ε(1 + ε4)

α1a1

+
(σ1(A) + ε)ε3
α1a1(α1a1 − ε3)

<
α1a1 (2σ1(A)ε4 + ε(1 + ε4)) + 2(σ1(A) + ε)ε3

α2
1a

2
1

since ε3 <
α1a1

2
.

Note that from Lemma D.5.2 taking 2ε3
α1a1

= ε4 the above bound becomes

|â1 − a1| < 6σ1(A)ε3+εα1a1+4εε3
α2
1a

2
1

.
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D.5.1 Proof of Theorem 5.2.3

We now proof Theorem 5.2.3. Under the assumptions we have using
Lemma D.5.2 ‖x̂1−x1‖ < ε3 = 2ε+ 4ε2R

σk−1(Zλ1 )
, ‖v̂1− v1‖ < ε4 = 2ε3

α1a1
. Also from

Lemma D.5.3 we have ‖V̂ V̂ T Âv̂1−V V TAv1‖ < σ1(A)
(

3ε4 + 4ε
σk−1(Zλ1 )

)
+ε(1+

ε4). Using these we compute the first bound as follows.

‖µ̂1 − µ1‖ =

∥∥∥∥∥ V̂ V̂ T Âv̂1

‖x̂1‖
− V V TAv1

‖x1‖

∥∥∥∥∥
≤ ‖V̂ V̂ T Âv̂1‖

∣∣∣∣ 1

‖x̂1‖
− 1

‖x1‖

∣∣∣∣+
1

‖x1‖
‖V̂ V̂ T Âv̂1 − V V TAv1‖

≤ ‖Â‖‖x̂1 − x1‖
‖x̂1‖‖x1‖

+
1

‖x1‖
‖V̂ V̂ T Âv̂1 − V V TAv1‖

Now using bounds from Lemma D.5.2, D.5.3 we get,

‖µ̂1 − µ1‖ <
(σ1(A) + ε)ε3
α1a1(α1a1 − ε3)

+
σ1(A)

(
3ε4 + 4ε

σk−1(Zλ1 )

)
+ ε(1 + ε4)

α1a1

<
2

α2
1a

2
1

[(σ1(A) + ε) ε3 + α1a1 ((3σ1(A) + ε)ε4

+ε (1 + 4σ1(A)/σk−1(Zλ1)))]

<
2

α2
1a

2
1

[(σ1(A) + ε) ε3 + 2 (3σ1(A) + ε) ε3

+α1a1ε (1 + 4σ1(A)/σk−1(Zλ1))]

≤ 2
10σ1(A)ε3 + 5α1a1ε

σ1(A)
σk−1(Zλ1 )

α2
1a

2
1

assuming ε3 ≤ α1a1
2
, σ1(A) ≥ ε, and σ1(A) > σk−1(Zλ1). Now expanding

ε3 and rearranging terms we have,

‖µ̂1 − µ1‖ <
1

α2
1a

2
1

((
40 + 10

α1a1

σk−1(Zλ1)

)
σ1(A)ε+ 80

σ1(A)Rε2
σk−1(Zλ1)

)
<

80

α2
1a

2
1

(
σ1(A)ε

(
1 +

α1a1

σk−1(Zλ1)

)
+
σ1(A)ε2R

σk−1(Zλ1)

)
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To prove the second bound from Lemma D.5.4 and assuming ε < σ1(A)

we have |â1 − a1| ≤ 10σ1(A)ε3+α1a1ε

α2
1a

2
1

. Then,

â1(α1 − α̂1) = â1α1 − â1α̂1

= a1α1 − â1α̂1 + â1α1 − a1α1

â1|α1 − α̂1| ≤ |a1α1 − â1α̂1|+ α1|â1 − a1|

|α1 − α̂1| ≤
1

â1

(‖x1 − x̂1‖+ α1|â1 − a1|)

<
ε3 + α1|â1 − a1|
a1 − |â1 − a1|

≤ 2
ε3 + (10σ1(A)ε3+α1a1ε)

α1a21

a1

using |â1 − a1| < a1
2
. We have,

|α1 − α̂1| ≤ 2
α1a

2
1ε3 + 10σ1(A)ε3 + α1a1ε

α1a3
1

<
2

α1a3
1

((
α1a

2
1 + 10σ1(A)

)
(2ε+ 4Rε2/σk−1(Zλ1)) + α1a1ε

)
≤ 4σ1(A)

α1a3
1

(
η1ε+

η2Rε2
σk−1(Zλ1)

)
where η1 := max{α1a1(2a1 + 1), 20}, and η2 := max{α1a

2
1, 10}.

D.6 Subspace clustering proofs

In this section we prove Theorem 5.3.1 and the necessary lemmas. The
main point is the following infinite-sample analysis, which shows that the top
m eigenvectors of the whitened matrix B can be used to recover the subspace
U1.

Theorem D.6.1. Suppose that there is some δ > 0 such that ‖Uiv‖2 ≤ (1/3−
δ)‖U1v‖2 for all i 6= 1. Let Y = [u1, ..., um] be the matrix of top m eigenvectors
of R = D−1/2V TBVD−1/2 and Z = V D1/2Y. Let Z be the subspace spanned by
columns of Z. Then,
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1. Z = U1

2. σm(R)− σm+1(R) ≥ 3δ‖U1v‖2

Proof. Define wi = ‖UiUT
i v‖ = ‖UT

i v‖, and Ũi :=
√
αiD

−1/2V TUi; note that∑k
i=1 ŨiŨ

T
i is the (km) × (km) identity matrix, which implies that each Ũi

has orthonormal columns. Consider the whitened B matrix. Using Theorem
D.3.7,

D−1/2V TBVD−1/2 =
k∑
i=1

w2
i ŨiŨ

T
i + 2

k∑
i=1

ŨiU
T
i vv

TUiŨ
T
i

=
k∑
i=1

w2
i ŨiŨ

T
i + 2

k∑
i=1

ṽiṽ
T
i =

k∑
i=1

(w2
i ŨiŨ

T
i + 2ṽiṽ

T
i )

where ṽi = ŨiU
T
i v. Note that ṽi are orthogonal to each other and each ṽi is in

the space Ũi, the span of corresponding Ũi. Moreover, ‖ṽi‖ = wi. Now for each
i consider a different orthonormal basis Ṽi of Ũi such that in this basis the first
unit vector is aligned along ṽi. Define a rotation Ri such that Ṽi = ŨiRi. Then
ṼiṼ

T
i = ŨiŨ

T
i . Therefore we can write the above equation as

R = D−1/2V TBVD−1/2 =
k∑
i=1

ṼiD̃iṼ
T
i (D.11)

where each D̃i is a diagonal matrix with one maximum value of 3w2
i and all

other values w2
i , and also the matrices Ṽi are orthogonal. Under the assumption

that w2
i ≤ (1/3 − δ)w2

1, it follows that the top m eigenvectors of R are the
columns of Ṽi, and that the corresponding eigenvalues are 3w2

1 and then w2
1

repeated m− 1 times. Therefore we can write Y = ŨiO, where O is an m×m
orthogonal matrix. Then,

Z = V D1/2Y = V D1/2ŨiO =
√
α1U1O

This proves the first statement that Z, the span of the columns of Z, is the
subspace U1, the span of columns of U1. The second statement follows from
equation (D.11) since the maximum value of the m + 1-th eigenvalue is 3w2

i

for some i 6= 1. Hence,

σm(R)− σm+1(R) ≥ w2
1 − 3 max

i 6=1
w2
i ≥ 3δw2

1 = 3δ‖U1v‖2.
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Recall that in the subspace clustering model when the columns of ma-
trices U1, . . . , Uk are all linearly independent, the matrices A,B have rank
mk.

Lemma D.6.2. Let ‖Â−A‖ < ε < σmk(A)/4. A = V DV T and Â = V̂ D̂V̂ T be
the eigen decompositions of A, Â. Let Ŵ = V̂ D̂−1/2 be the whitening matrix.
Then,

‖Ik − (Ŵ TAŴ )−1/2‖ ≤ 4ε

σmk(A)

Proof. We prove this along the lines in [77]. The matrix Ŵ whitens Â since,

Ŵ T ÂŴ = D̂−1/2V̂ T ÂV̂ D̂−1/2 = Ik

Also ε < σmk(A)/2, hence using Weyl’s inequality σmk(Â) ≥ σmk(A)/2.
This implies

‖Ik − Ŵ TAŴ‖ = ‖Ŵ T (Â− A)Ŵ‖ ≤ ‖Ŵ‖2‖Â− A‖

<
2ε

σmk(A)

Therefore all eigenvalues of the matrix Ŵ TAŴ lie in the interval(
1− 2ε

σmk(A)
, 1 +

2ε

σmk(A)

)
This implies the eigenvalues of (Ŵ TAŴ )−1 lie in the interval(

1

(1 + 2ε/σmk(A))
,

1

(1− 2ε/σmk(A))

)
Then,

(Ik − (Ŵ TAŴ )−1/2)(Ik + (Ŵ TAŴ )−1/2) = Ik − (Ŵ TAŴ )−1

Ik − (Ŵ TAŴ )−1/2 =
(
Ik − (Ŵ TAŴ )−1

)
×(Ik + (Ŵ TAŴ )−1/2)−1

‖Ik − (Ŵ TAŴ )−1/2‖ ≤ ‖Ik − (Ŵ TAŴ )−1‖

≤ 1

1− 2ε/σmk(A)
− 1 ≤ 4ε

σmk(A)
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Lemma D.6.3 (Whitening matrix perturbation). Assume ‖Â − A‖ < ε <
σmk(A)/4. Let Ŵ = V̂ D̂−1/2 be the whitening matrix. Define W := Ŵ (Ŵ TAŴ )−1/2

. Then,

‖Ŵ −W‖ ≤ 8ε

σmk(A)3/2

Proof. We note that the matrix W whitens the matrix A, since

W TAW = (Ŵ TAŴ )−1/2Ŵ TAŴ (Ŵ TAŴ )−1/2 = Ik

We can bound the perturbation as follows.

‖Ŵ −W‖ = ‖Ŵ (Ik − (Ŵ TAŴ )−1/2)‖
≤ ‖Ŵ‖‖Ik − (Ŵ TAŴ )−1/2‖

≤ 2√
σmk(A)

4ε

σmk(A)
=

8ε

σmk(A)3/2

where the last inequality follows from Lemma D.6.2.

Lemma D.6.4. Let max{‖Â−A‖, ‖B̂−B‖} < ε, and also let ε < min{σ1(B)
2
, σmk(A)

16
}.

W = Ŵ (Ŵ TAŴ )−1/2 be the whitening matrix. Define R = W TBW as the
whitened B matrix, and R̂ = Ŵ T B̂Ŵ is its estimate. Then,

‖R̂−R‖ < 51σ1(B)ε

σmk(A)2
:= ε1

Proof. From Lemma D.6.3 we have ‖Ŵ −W‖ ≤ 8ε
σmk(A)3/2

< ‖Ŵ‖/2. Also we

know ‖Ŵ‖ ≤
√

2/σmk(A). We obtain the required bound as follows.

‖R̂−R‖ = ‖Ŵ T B̂Ŵ −W TBW‖
≤ ‖(Ŵ −W )T B̂Ŵ‖+ ‖W T (B̂ −B)Ŵ‖+ ‖W TB(Ŵ −W )‖

≤ 3

2
‖Ŵ −W‖‖B‖‖Ŵ‖+

3

2
‖Ŵ‖2‖B̂ −B‖+

3

2
‖Ŵ T‖‖B‖‖Ŵ −W‖

= 3‖Ŵ −W‖‖B‖‖Ŵ‖+
3

2
‖Ŵ‖2‖B̂ −B‖

< 48
σ1(B)ε

σmk(A)2
+

3ε

σmk(A)
<

51σ1(B)ε

σmk(A)2
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Lemma D.6.5. Suppose Y = [u1, . . . , um] be the matrix of m largest eigen-
vectors of R = W TBW, and Ŷ be that of R̂ = Ŵ T B̂Ŵ . Let Ẑ = V̂ D̂1/2Ŷ .
Then,

‖ẐẐT − ZZT‖ ≤ C1
σ1(A)σ1(B)ε

(σm(R)− σm+1(R))σmk(A)2

where Z satisfies Y = W TZ, and C1 is a constant.

Proof. First using Wedin’s theorem for the matrix A and Â we get

‖V̂ V̂ T − V V T‖ < 4ε

σmk(A)
. (D.12)

From Lemma D.6.4 we have ‖R̂−R‖ < 51σ1(B)ε
σmk(A)2

= ε1. Therefore we can

again use Wedin’s theorem on the matrices R, R̂ to bound the perturbation of
the subspace spanned by Y.

‖Ŷ Ŷ T − Y Y T‖ ≤ 4‖R̂−R‖
σm(R)− σm+1(R)

=
4ε1

σm(R)− σm+1(R)
. (D.13)

We now bound the following term.

‖V̂ D̂1/2W T − V̂ V̂ T‖ = ‖V̂ D̂1/2(Ŵ TAŴ )−1/2Ŵ T − V̂ V̂ T‖
= ‖V̂ D̂1/2(Ŵ TAŴ )−1/2D̂−1/2V̂ T − V̂ V̂ T‖
≤ ‖D̂1/2(Ŵ TAŴ )−1/2D̂−1/2 − Ik‖
≤ ‖D̂1/2‖‖(Ŵ TAŴ )−1/2 − Ik‖‖D̂−1/2‖

≤

√
σ1(Â)

σmk(Â)

4ε

σmk(A)
≤ 8σ1(A)1/2ε

σmk(A)3/2
(D.14)

where the second to last inequality follows from Lemma D.6.2. Next we show
that ẐẐT is close to the projection of ZZT onto the subspace V̂ V̂ T .

‖ẐẐT − V̂ V̂ TZZT V̂ V̂ T‖
= ‖V̂ D̂1/2Ŷ Ŷ T D̂1/2V̂ T − V̂ V̂ TZZT V̂ V̂ T‖
≤ ‖V̂ D̂1/2(Ŷ Ŷ T − Y Y T )D̂1/2V̂ T‖+ ‖V̂ D̂1/2Y Y T D̂1/2V̂ T − V̂ V̂ TZZT V̂ V̂ T‖
≤ σ1(Â)‖Ŷ Ŷ T − Y Y T‖

+‖V̂ D̂1/2W TZZTWD̂1/2V̂ T − V̂ V̂ TZZT V̂ V̂ T‖ (D.15)
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We bound the second term as follows. Observe that the matrixD−1/2V T

also whitens the matrix A. Therefore Z can be expressed as Z = V D1/2U ′

where U ′ is a matrix with orthonormal columns. This implies ‖ZZT‖ =
‖V D1/2U ′U ′TD1/2V T‖ ≤ σ1(A).

‖V̂ D̂1/2W TZZTWD̂1/2V̂ T − V̂ V̂ TZZT V̂ V̂ T‖
≤ ‖(V̂ D̂1/2W T − V̂ V̂ T )ZZTWD̂1/2V̂ T‖+ ‖V̂ V̂ TZZT (WD̂1/2V̂ T − V̂ V̂ T )‖
≤ ‖(V̂ D̂1/2W T − V̂ V̂ T )ZY T D̂1/2V̂ T‖+ ‖ZZT‖‖WD̂1/2V̂ T − V̂ V̂ T‖
≤ ‖V̂ D̂1/2W T − V̂ V̂ T‖‖Z‖‖D̂1/2‖+ ‖ZZT‖‖WD̂1/2V̂ T − V̂ V̂ T‖

≤ 8σ1(A)1/2ε

σmk(A)3/2
× 2σ1(A) + σ1(A)× 8σ1(A)1/2ε

σmk(A)3/2

= 24
σ1(A)3/2ε

σmk(A)3/2

The second to last step follows from equation D.14. Now using the
above bound in equation D.15 we get,

‖ẐẐT − V̂ V̂ TZZT V̂ V̂ T‖ ≤ σ1(Â)‖Ŷ Ŷ T − Y Y T‖+ 24
σ1(A)3/2ε

σmk(A)3/2

≤ 8σ1(A)ε1
σm(R)− σm+1(R)

+ 24
σ1(A)3/2ε

σmk(A)3/2
(D.16)

where the last step follows from inequalities (D.13). We compute the required
bound by combining equations (D.12) and (D.16) as follows.

‖ẐẐT − ZZT‖ = ‖ẐẐT − V V TZZTV V T‖
≤ ‖ẐẐT − V̂ V̂ TZZT V̂ V̂ T‖+ 3‖V V T − V̂ V̂ T‖‖ZZT‖

≤ 8σ1(A)ε1
σm(R)− σm+1(R)

+ 24
σ1(A)3/2ε

σmk(A)3/2
+

12σ1(A)ε

σmk(A)

≤ C1
σ1(A)σ1(B)ε

(σm(R)− σm+1(R))σmk(A)2

where C1 is a constant.

D.6.1 Proof of Theorem 5.3.1

The proof follows from Theorem D.6.1 and Lemma D.6.5. Note that
the matrix Z has all singular values equal to

√
α1, therefore ZZT has singular
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values α1. Under the affinity condition from Theorem D.6.1, we have

σm(R)− σm+1(R) ≥ 3δ‖U1v‖2

Combining with Lemma D.6.5 we get

‖ẐẐT − ZZT‖ ≤ C2σ1(A)σ1(B)ε

δ‖U1v‖2σmk(A)2

where C2 is a constant. Finally applying Wedin’s theorem for the matrices
ẐẐT and ZZT , we have

‖Û ÛT − U1U
T
1 ‖ ≤

C3σ1(A)σ1(B)ε

α1δ‖U1v‖2σmk(A)2
≤ Cσ1(A)2ε

α1δσmk(A)2

where C3 = 4C2.

D.7 Sample complexity analysis

Since the basic application of our method requires the estimation of
certain covariance matrices, we need to show that one can estimate these
matrices. There is a large literature on estimating covariance matrices, but for
simplicity we will only focus on the simplest estimator: the sample covariance
matrix. By well-known matrix concentration inequalities, one can show that
the sample covariance matrix will be close to the covariance matrix with high
probability if the sample size is large enough:

Theorem D.7.1. [146] Let A1, . . . , An be i.i.d. symmetric random d × d
matrices. If ‖A1‖ ≤ L a.s. then

Pr

(∥∥∥∥∥ 1

n

n∑
i=1

Ai − EAi

∥∥∥∥∥ ≥ t

)
≤ 8d exp

(
−nt

2

L2

)
.

D.7.1 Truncation

Unfortunately, the matrices we will be dealing with do not usually have
almost sure bounds on their norm. Here, we develop some straightforward
truncation arguments in order to adapt Theorem D.7.1.
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Theorem D.7.2. Suppose that A1, . . . , An are i.i.d. symmetric random d× d
matrices satisfying the tail bound

Pr(‖A1‖ ≥ t) ≤ Ce−ct
α

for some α > 0. Then for any ε, δ > 0, if n ≥ Ω̃α(ε−2 log(d/δ)) then

Pr(‖ÊA− EA‖ ≥ ε) ≤ δ,

where Ω̃α(k) means C(α)Ω(k logC(α) k).

Proof. Fix L > 0 (to be determined later) and define the random matrix Bi by
Bi = Ai1{‖Ai‖≤L}. Then Theorem D.7.1 applies to Bi: if n ≥ Ω(L2ε−2 log(d/δ))
then

Pr(‖ÊB − EB‖ ≥ ε) ≤ δ.

To compare this with the similar quantity involving A, we will consider Ê(A−
B) and E(A−B) separately.

First, note that Pr(Ai 6= Bi) = Pr(‖A‖ ≥ L) ≤ C exp(−cLα). If
L = Ω(log1/α(n/δ)) then Pr(Ai 6= Bi) ≤ δ/n. By a union bound,

Pr(ÊA 6= ÊB) ≤ δ. (D.17)

Now we fix L = C ′ log1/α(n/(δ ∨ ε)) and we consider ‖E(A − B)‖. By
the triangle inequality,

‖E(A−B)‖ = ‖EA1{‖A‖≥L}‖ ≤ E‖A‖1{‖A‖≥L}.

On the other hand, we can bound

E‖A‖1{‖A‖≥L} =

∫ ∞
L

Pr(‖A‖ ≥ t) dt ≤ C

∫ ∞
L

e−ct
α

dt.

With the change of variables t = u1/α, we have

E‖A‖1{‖A‖≥L} ≤
1

α

∫ ∞
Lα

u1/αe−cu du.

Now, if u ≥ C ′′ 1
α

log 1
α

for large enough C ′′ then u1/αe−cu ≤ e−cu/2. Hence, if
Lα ≥ C ′′ 1

α
log 1

α
then

E‖A‖1{‖A‖≥L} ≤
1

α

∫ ∞
Lα

e−cu/2 du ≤ C(α)e−cL
α/2 ≤ C(α)ε
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where the last inequality holds if the constant C ′ in the definition of L is large
enough compared to c. On the other hand, if Lα < C ′′ 1

α
log 1

α
then we must

have ε > c(α) for some c(α) > 0. In this case, E‖A‖1{‖A‖≥L} ≤ C ≤ C(α)ε
trivially. To summarize, in every case we have

‖E(A−B)‖ ≤ C(α)ε.

Putting this together with (D.17), we have that if n ≥ Ω(L2ε−2 log(d/δ)) then
with probability at least 1− 2δ,

‖ÊA− EA‖ ≤ ‖ÊB − EB‖+ ‖ÊA− ÊB‖+ ‖EA− EB‖
≤ (1 + C(α))ε.

Finally, recalling that L = polylog(n, 1/ε, 1/δ) (with the polynomial depending
on α), we see that n = Ω̃α(ε−2 log(d/δ)) suffices. Finally, we can absorb the
constant C(α) into ε.

We will now show how Theorem D.7.2 bounds the error in estimating
the various matrices that we had to estimate for the various different models
we considered. Essentially, we will repeatedly use the observation that if z is
a standard Gaussian variable then z2/α has a tail that decays like e−ct

α
. In

other words, moments of Gaussians will naturally lead to a condition that the
one assumed in Theorem D.7.2.

D.7.2 Gaussian mixture model

For the following theorem, we revert to the notation of the Gaussian
mixture model.

Theorem D.7.3. Fix ε, δ > 0. Let Â = Ê[xxT ] and B̂ = Ê[〈x, v〉xxT ], where
Ê is taken with n i.i.d. samples. If n ≥ Ω̃(dε−2 log(d/δ)) then with probability
at least 1− δ, ‖ÊA− EA‖ ≤ ε and ‖ÊB − EB‖ ≤ ε.

Proof. To estimate A, first note that ‖xxT‖ = ‖x‖2. Now, E‖x‖2 ≤ R2 + dσ2,
where R = maxi ‖µi‖, and also Pr(‖x‖2 ≥ E‖x‖2 + t

√
d) ≤ Ce−ct. Hence,

we may apply Theorem D.7.2 with Ai = xix
T
i /
√
d and α = 1; this yields the

claimed bound on ‖ÊA− EA‖.
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To estimate B, note that ‖〈x, v〉2xxT‖ = 〈x, v〉2‖x‖2. Now, the triangle
inequailty implies that 〈x, v〉2‖x‖2 is stochastically dominated by

4R4 + 4E[〈z, v〉2‖z‖2] = 4R4 + 4E[z2
1‖z‖2],

where z is a standard (i.e., centered) Gaussian vector. Then E[z2
1‖z‖2] = 2+d,

and z2
1‖z‖2 has tails of order e−ct

1/2
; that is it satisfies the assumptions of The-

orem D.7.2 with α = 1/2. Applying Theorem D.7.2 with Ai = 〈xi, v〉2xixTi /
√
d

then yields the claimed bound on ‖ÊB − EB‖.

D.7.3 LDA topic model

For the following theorem, we revert to the notation of the LDA topic
model, where d is the size of the dictionary.

Theorem D.7.4. Fix ε, δ > 0. Let Â = Ê[x1x
T
2 ] and B̂ = Ê[〈x3, v〉x1x

T
2 ],

where Ê is taken with n i.i.d. samples. If n ≥ Ω(ε−2 log(d/δ)) then with
probability at least 1− δ, ‖Â− EA‖ ≤ ε and ‖B̂ − EB‖ ≤ ε.

Proof. We can apply Theorem D.7.1 directly, since ‖x1x
T
2 ‖ ≤ 1 and 〈x3, v〉x1x

T
2 ≤

1.

D.7.4 Mixed regression

For the following theorem, we revert to the notation of the mixed re-
gression model.

Theorem D.7.5. Fix ε, δ > 0. Let Â = Ê[y2xxT ] and B̂ = Ê[y3〈x, v〉xxT ],
where Ê is taken with n i.i.d. samples. Let R = maxi ‖µi‖. If n ≥ Ω̃((R2 +
σ2)ε−2d log(d/δ)) then with probability at least 1− δ, ‖Â−EA‖ ≤ ε and ‖B̂−
EB‖ ≤ ε.

Proof. Recalling that in cluster i we have y = 〈x, µi〉+ ξ, we have

‖y2xxT‖ ≤ 2〈x, µi〉2‖x‖2 + 2ξ2‖x‖2.

Hence, E‖y2xxT‖ ≤ 2R2(2 + d) +σ2d, with tails that decay at the rate e−ct
1/2

.
Applying Theorem D.7.2 implies the claimed bounds for A. The case of B is
analogous, except that since it involves sixth moments the tails will decay at
the rate e−ct

1/3
; this only effects the polylogarithmic terms hidden in the Ω̃

notation.

233



D.7.5 Subspace clustering

For the following theorem, we revert to the notation of the subspace
clustering model. We assume for simplicity that σ is known, since if it isn’t
then it can be easily and accurately learnt.

Theorem D.7.6. Fix ε, δ > 0. Let Â = Ê[xxT ]− σ2Id and

B̂ = Ê[〈x, v〉2xxT ]−σ2(vT Âv)Id−σ2‖v‖2Â−σ4(‖v‖2Id+vv
T )−2σ2(ÂvvT+vvT Â)

where Ê is taken with respect to n i.i.d. samples. If n ≥ Ω̃(ε−2(1+σ2)‖v‖2m log(d/δ))
then with probability at least 1− δ, ‖Â− A‖ ≤ ε and ‖B̂ −B‖ ≤ ε.

Proof. Since x/σ is an m-dimensional Gaussian vector, ‖x‖2/(σ2m) is concen-
trated around its mean (1) with tails of order e−ct. In other words, Theo-
rem D.7.2 (with α = 1) implies our claim for A. The claim for B is analogous,
except that since it involves fourth moments, the tails will decay at the rate
e−ct

1/2
.
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Appendix E

Searching a Single Community in a Graph

E.1 Community Search: Proofs

In this section we provide the proof details of Theorem 6.3.1, Theorem

6.3.3 and the relevant lemmas.

E.1.1 Community Search: Perturbation Analysis

Let the expectation of the estimates m̂1, Â1, Â2 and B̂ be represented

by m1, A1, A2, B respectively. Let ni = |Pi| be the size of partition Pi. For a

matrix M, ‖M‖ denotes its spectral norm. Recall that,

A1 =
1
√
n3

E[XP1,P3 ] , A2 =
1
√
n3

E[XP2,P3 ]

m1 =
k∑
i=1

αiµP1,i , B =
k∑
i=1

αiωiµ
T
P2,i

where ωi = E[wj|j ∈ Vi]. Let the rank k-svd of A1, A2 be given by A1 =

U1D1V
T

1 , A2 = U2D2V
T

2 , and for the estimates Â1 = Û1D̂1V̂
T

1 , Â2 = Û2D̂2V̂
T

2 .

Lemma E.1.1. Let max{‖Â1−A1‖, ‖Â2−A2‖} ≤ ε2 and ε2 < min{σk(A1), σk(A2)}/12.
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Let Ŵ1 = Û1D̂
−1
1 , Ŵ2 = Û2D̂

−1
2 be the whitening matrices. Then,

‖Ik − (Ŵ T
1 A1A

T
1 Ŵ1)1/2‖ ≤ 6ε2

σk(A1)

‖Ik − (Ŵ T
1 A1A

T
1 Ŵ1)−1/2‖ ≤ 12ε2

σk(A1)

‖Ik − (Ŵ T
2 A2A

T
2 Ŵ2)−1/2‖ ≤ 12ε2

σk(A2)

Proof. We prove this along the lines in [77]. The matrix Ŵ1 whitens Â1Â
T
1

since,

Ŵ T
1 Â1Â

T
1 Ŵ1 = D̂−1

1 ÛT
1 Â1Â

T
1 Û1D̂

−1
1 = Ik

Similarly Ŵ2 whitens Â2Â
T
2 .

Also note ε2 < σk(A1)/2, hence using Weyl’s inequality σk(Â1) ≥

σk(A1)/2. This implies

‖Ik − Ŵ T
1 A1A

T
1 Ŵ1‖ = ‖Ŵ T

1 (Â1Â
T
1 − A1A

T
1 )Ŵ1‖

≤ ‖Ŵ T
1 Â1(ÂT1 − AT1 )Ŵ1‖+ ‖Ŵ T

1 (Â1 − A1)AT1 Ŵ1‖

≤ ‖Ŵ T
1 Â1‖‖ÂT1 − AT1 ‖‖Ŵ1‖+ ‖Ŵ T

1 ‖‖Â1 − A1‖‖AT1 Ŵ1‖

<
2ε2

σk(A1)
+

2ε2
σk(A1)

(
‖ÂT1 Ŵ1‖+ ‖(AT1 − ÂT1 )Ŵ1‖

)
<

2ε2
σk(A1)

+
2ε2

σk(A1)

(
1 +

2ε2
σk(A1)

)
≤ 6ε2

σk(A1)

Therefore all eigenvalues of the matrix Ŵ T
1 A1A

T
1 Ŵ1 lie in the inter-

val
(

1− 6ε2
σk(A1)

, 1 + 6ε2
σk(A1)

)
. This implies the eigenvalues of (Ŵ T

1 A1A
T
1 Ŵ1)1/2

also lie in the same interval and that of (Ŵ T
1 A1A

T
1 Ŵ1)−1 lie in the interval
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(1/(1 + 6ε2/σk(A1)), 1/(1− 6ε2/σk(A1))). The first bound follows directly. To

show the second bound we compute,

(Ik − (Ŵ T
1 A1A

T
1 Ŵ1)−1/2)(Ik + (Ŵ T

1 A1A
T
1 Ŵ1)−1/2) = Ik − (Ŵ T

1 A1A
T
1 Ŵ1)−1

Ik − (Ŵ T
1 A1A

T
1 Ŵ1)−1/2 =

(
Ik − (Ŵ T

1 A1A
T
1 Ŵ1)−1

)
×

(Ik + (Ŵ T
1 A1A

T
1 Ŵ1)−1/2)−1

‖Ik − (Ŵ T
1 A1A

T
1 Ŵ1)−1/2‖ ≤ ‖Ik − (Ŵ T

1 A1A
T
1 Ŵ1)−1‖

≤ 1

1− 6ε2/σk(A1)
− 1

≤ 12ε2
σk(A1)

Similarly we can show the second bound using Ŵ2 and A2.

Lemma E.1.2. Let ‖R̂−R‖ ≤ δ < σ2(R)/2. u1 be a left singular vector of R

corresponding to the largest singular value and û1 be that of R̂. Then,

‖û1 − u1‖ ≤
8δ

(σ1(R)− σ2(R))

Proof. The result follows from the generalized sin–θ theorem by [152]. In

particular we use an useful version of it from [166] [Theorem 4]. We get,

‖û1 − u1‖ ≤
23/2(2σ1(R) + ‖R̂−R‖)‖R̂−R‖

σ1(R)2 − σ2(R)2

≤ 23/2(2σ1(R) + 2σ2(R))‖R̂−R‖
(σ1(R)− σ2(R))(σ1(R) + σ2(R))

≤ 8δ

(σ1(R)− σ2(R))
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Lemma E.1.3. Assume ‖û1 − u1‖ ≤ η1, ‖Â1 − A1‖ ≤ ε2. Let ẑ = Û1D̂1û1. z

be given by the equation u1 = W T
1 z, where W1 = Ŵ1(Ŵ T

1 A1A
T
1 Ŵ1)−1/2. Then,

‖ẑ − z‖ ≤ 2σ1(A1)η1 +
16σ1(A1)ε2
σk(A1)

Proof. First using Wedin’s theorem [ [152]] we get,

‖Û1Û
T
1 − U1U

T
1 ‖ ≤

4ε2
σk(A1)

(E.1)

We can bound ẑ − z as follows.

‖ẑ − z‖ = ‖ẑ − U1U
T
1 z‖ ≤ ‖ẑ − Û1Û

T
1 z‖+ ‖Û1Û

T
1 − U1U

T
1 ‖‖z‖

(a)

≤ ‖ẑ − Û1Û
T
1 z‖+

4ε2‖z‖
σk(A1)

(b)
= ‖ẑ − Û1Û

T
1 z‖+

4ε2‖U1D1u
′‖

σk(A1)
(E.2)

≤ ‖ẑ − Û1Û
T
1 z‖+

4σ1(A1)ε2
σk(A1)

(E.3)

The step (a) uses equation E.1, and step (b) uses the fact that the ma-

trixD−1
1 UT

1 also whitens A1A
T
1 , therefore z can also be expressed as z = U1D1u

′

for some unit vector u′. Since u1 = W T
1 z, we can write also D̂1(Ŵ T

1 A1A
T
1 Ŵ1)1/2u1 =
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ÛT
1 z. Now we bound the first term.

‖ẑ − Û1Û
T
1 z‖ = ‖Û1D̂1û1 − Û1Û

T
1 z‖

= ‖Û1D̂1(û1 − u1) + Û1D̂1u1 − Û1Û
T
1 z‖

≤ ‖D̂1‖‖û1 − u1‖+ ‖Û1D̂1u1 − Û1Û1z‖

≤ 2σ1(A1)η1 + ‖Û1D̂1u1 − Û1D̂1(Ŵ T
1 A1A

T
1 Ŵ1)1/2u1‖

≤ 2σ1(A1)η1 + ‖Û1D̂1(Ik − (Ŵ T
1 A1A

T
1 Ŵ1)1/2)‖‖u1‖

≤ 2σ1(A1)η1 + ‖D̂1‖‖Ik − (Ŵ T
1 A1A

T
1 Ŵ1)1/2‖

≤ 2σ1(A1)η1 +
12σ1(A1)ε2
σk(A1)

(E.4)

where the last inequality follows from Lemma E.1.1. Combining the

above with equation E.3 we get,

‖ẑ − z‖ ≤ 2σ1(A1)η1 +
12σ1(A1)ε2
σk(A1)

+
4σ1(A1)ε2
σk(A1)

= 2σ1(A1)η1 +
16σ1(A1)ε2
σk(A1)

E.1.2 Community Search: Concentration

In this section using concentration bounds we compute the parameter

range of p, q, k, αi for which the Community Search algorithm can recover the

particular community membership vector µ1 with high probability. For ease of

exposition for this section we assume the partitions P1, P2, P3, P4 are of equal

size. Therefore n1 = n2 = n3 = n4 = n
4
. However the results easily generalize

to any random unbiased split. Now we restate the Matrix Bernstein inequality

[ [146]] and then use it to bound the perturbation of the estimates Â1, Â2.
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Theorem E.1.4 (Matrix Bernstein). Let {Aj}nj=1 be a sequence of i.i.d. real

random d1×d2 matrices such that E[Aj] = 0, ‖Aj‖ ≤ L. Define Z =
∑n

j=1Aj.

Let σ2 = max{‖E[ZZT ]‖, ‖E[ZTZ]‖}. Then for all t ≥ 0,

P (‖Z‖ ≥ t) ≤ (d1 + d2) exp

(
−t2/2

σ2 + Lt/3

)
Lemma E.1.5 (Concentration of Â1, Â2). Let Â1, Â2 be as given in Algorithm

14. Then,

‖Â1 − A1‖ = O

(√
p log

(n1 + n3)

δ

)

‖Â2 − A2‖ = O

(√
p log

(n2 + n3)

δ

)

with probability greater than 1− 2δ.

Proof. Note that we can write Â1 = 1√
n3

∑
j∈P3

XP1,je
T
j , where ej is the unit

vector with 1 in the j-th coordinate. Then Z = Â1−A1 = 1√
n3

∑
j∈P3

(XP1,j −

µP1,cj)e
T
j =

∑
j∈P3

Zj, cj being the cluster of j-th node. Then,

‖E[ZZT ]‖ = ‖
∑
j∈P3

E[ZjZ
T
i ]‖ ≤

∑
j∈P3

‖E[ZjZ
T
j ]‖

=
∑
j∈P3

1

n3

‖E[(XP1,j − µP1,cj)(XP1,j − µP1,cj)
T ]‖

≤
∑
j∈P3

1

n3

p(1− p) ≤ p

Also,

‖E[ZTZ]‖ = ‖
∑
j∈P3

E[ZT
j Zj]‖ = ‖

∑
j∈P3

1

n3

E[‖XP1,j − µP1,cj‖2eje
T
j ]‖ ≤ n1p

n3
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Assuming n1 = n3 we have the variance term bounded by

σ2 = max{‖E[ZZT ]‖, ‖E[ZZT ]‖} = p

Now with high probability ‖Zj‖ = 1
n3
‖(XP1,j − µP1,cj)e

T
j ‖ ≤

√
2p := L. There-

fore by applying from Matrix-Bernstein inequality with probability greater

than 1− δ,

‖Â1 − A1‖ ≤ 2σ

√
log

(n1 + n3)

δ
= O

(√
p log

(n1 + n3)

δ

)

Similarly we find the second bound for ‖Â2 − A2‖.

Lemma E.1.6 (Whitening matrix concentration). Assume that max{‖Â1 −

A1‖, ‖Â2−A2‖} < ε2, and ε2 < min{σk(A1), σk(A2)}/4. Let Ŵ1 = Û1D̂
−1
1 , Ŵ2 =

Û2D̂
−1
2 be the whitening matrices. Define W1 := Ŵ1(Ŵ T

1 A1A
T
1 Ŵ1)−1/2 and

W2 := Ŵ2(Ŵ T
2 A2A

T
2 Ŵ2)−1/2. Then,

‖Ŵ1 −W1‖ = O

( √
p log n1

α2
minn1(p− q)2

)
‖Ŵ2 −W2‖ = O

( √
p log n2

α2
minn2(p− q)2

)
Proof. First note that the matrix W1 whitens the matrix A1A

T
1 since,

W T
1 A1A

T
1W1 = (Ŵ T

1 A1A
T
1 Ŵ1)−1/2Ŵ T

1 AA
T Ŵ1(Ŵ T

1 A1A
T
1 Ŵ1)−1/2 = Ik

Similarly W2 whitens matrix A2A
T
2 . We can bound the perturbation as
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follows.

‖Ŵ1 −W1‖ = ‖Ŵ1(Ik − (Ŵ T
1 A1A

T
1 Ŵ )

−1/2
1 )‖

≤ ‖Ŵ1‖‖Ik − (Ŵ T
1 A1A

T
1 Ŵ1)−1/2‖

≤ 2

σk(A)
× 12ε2
σk(A1)

=
24ε2

σk(A1)2

where the last inequality follows from Lemma E.1.1. Now from Lemma

E.1.5 we have ε2 = O(
√
p log n1). Also observe that σk(A1) = Ω(αmin

√
n1(p−

q)). Using these in the above bound we get

‖Ŵ1 −W1‖ = O

( √
p log n1

α2
minn1(p− q)2

)

The second bound for ‖Ŵ2 −W2‖ follows.

Lemma E.1.7 (R matrix concentration). Let R̂ = Ŵ T
1 B̂Ŵ2 and R = W T

1 BW2

then,

‖R̂−R‖ = Õ

(
max

{
α2
maxp

2.5γ1

α3
min

√
n(p− q)3

,
α2
maxp

2γ2

α2
min(p− q)2

})
where γ1 = maxj∈P4 |ŵj|, and γ2 = maxj∈P4 |ŵj − w̄j|.

Proof. Let cj ∈ [k] denote the community for the j-th node. We can upper

bound the estimation error in R matrix as follows.

‖R̂−R‖ = ‖Ŵ T
1 B̂Ŵ2 −W T

1 BW2‖

=
1

n4

‖
∑
j∈P4

(ŵjŴ
T
1 XP1,jX

T
P2,j

Ŵ2 − w̄jW T
1 µP1,cjµ

T
P2,cj

W2)‖

≤ T1 + T2 + T3 + T4 + T5
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where,

T1 = ‖ 1

n4

∑
j∈P4

ŵjŴ
T
1 (XP1,j − µP1,cj)X

T
P2,j

Ŵ2‖

= ‖Ŵ T
1 (Â1 − A1)diag(ŵ1, ..., ŵn4)Â

T
2 Ŵ2‖

T2 = ‖ 1

n4

∑
j∈P4

ŵjŴ
T
1 µP1,cj(XP2,j − µP2,cj)

T Ŵ2‖

= ‖Ŵ T
1 A1diag(ŵ1, ..., ŵn4)(Â2 − A2)T Ŵ2‖

T3 = ‖ 1

n4

∑
j∈P4

ŵj(Ŵ1 −W1)TµP1,cjµ
T
P2,cj

Ŵ2‖

= ‖(Ŵ1 −W1)TA1diag(ŵ1, ..., ŵn4)A
T
2 Ŵ2‖

T4 = ‖ 1

n4

∑
j∈P4

ŵjW1µP1,cjµ
T
P2,cj

(Ŵ2 −W2)‖

= ‖W T
1 A1diag(ŵ1, ..., ŵn4)A

T
2 (Ŵ2 −W2)‖

T5 = ‖ 1

n4

∑
j∈P4

(ŵj − w̄j)W1µP1,cjµ
T
P2,cj

W2‖

= ‖W T
1 A1diag(ŵ1 − w̄1, ..., ŵn4 − w̄n4)A

T
2W2‖

Let γ1 = maxj∈P4 |ŵj|, and γ2 = maxj∈P4 |ŵj−w̄j|. Then using Lemmas

E.1.5 and E.1.6 we get T1 = T2 = Õ
(

αmaxp1.5γ1
α2
min

√
n(p−q)2

)
, T3 = T4 = Õ

(
α2
maxp

2.5γ1
α3
min

√
n(p−q)3

)
,

and T5 = Õ
(

α2
maxp

2γ2
α2
min(p−q)2

)
. The dominating term is given by the maximum of

T3, T4 and T5.

Lemma E.1.8 (Thresholding). Let e = ẑ − z, threshold τ =
√
α1(p + q)/2.

Let E = {i ∈ V : i ∈ V̂1, i 6∈ V1 or i ∈ V1, i 6∈ V̂1} be the set of erroneous nodes

after thresholding. If ‖e‖ = o (α1

√
n(p− q)) then |E| = o(α1n).

Proof. We prove this along similar lines in [11]. Note that z =
√
α1µ1 is

a vector with all coordinates either
√
α1p or

√
α1q. Since the threshold is
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τ =
√
α1(p + q)/2, this implies error in any node i ∈ E is caused when the

magnitude error in the corresponding coordinate ẑi is at least
√
α1(p − q)/2.

Let ei denote the magnitude error in the i-th coordinate. Then,

‖e‖2 =
∑
i∈E

e2
i +

∑
i∈V \E

e2
i

‖e‖2 ≥
∑
i∈E

e2
i ≥ |E|α1(p− q)2/4

Now since ‖e‖ is upper bounded as ‖e‖ = o (α1

√
n(p− q)) then it

follows that the number of error is bounded by |E| = o(α1n).

Proof of Theorem 6.3.1:

Proof. We observe that the vector z in Algorithm 15 is simply a scalar mul-

tiple of the partial community membership vector estimate µ̂P1 . Therefore we

can also recover community 1 subset VP1 by directly thresholding z using a

threshold τ ′ =
√
α1(p+ q)/2. In other words the threshold τ required in Algo-

rithm 14 is simply τ ′/a, a as defined in Algorithm 15. Therefore it is sufficient

show that the estimated vector ẑ is close enough to the true vector z and

use Lemma E.1.8 to guarantee we can estimate the community with only o(1)

fraction error.

In Lemma E.1.7 note that the maximum weight γ1 ≤ σ1(R) + γ2. Then

using conditions (A2) and (A3) in Lemma E.1.7 we get with high probability,

‖R̂−R‖ ≤ C1(σ1(R)− σ2(R))
α2
min(p− q)2

α2
maxp

2ξ(n)
(E.5)
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for some constant C1. Therefore from Lemma E.1.2 and equation E.5

we get,

‖û− u‖ ≤ 8‖R̂−R‖
(σ1(R)− σ2(R))

=≤ 8C1
α2
min(p− q)2

α2
maxp

2ξ(n)
:= η1 (E.6)

From Lemma E.1.5 we get ε2 = O(
√
p log n). Also note that ‖z‖ =

O(
√
α1np), σ1(A1) = O(αmax

√
np), and σk(A1) = Ω(αmin

√
n(p − q)). Now

using the above bound η1 in Lemma E.1.3 we bound ‖ẑ − z‖ as follows.

‖ẑ − z‖ ≤ 2σ1(A1)η1 +
16σ1(A1)ε2
σk(A1)

≤ 2αmax
√
np× 8C1

α2
min(p− q)2

α2
maxp

2ξ(n)
+ 16C2

αmax
√
np
√
p log n

αmin
√
n(p− q)

= 16C1
α2
min

√
n(p− q)2

αmaxpξ(n)
+ 16C2

αmaxp
1.5
√

log n

αmin(p− q)
(a)

≤ C3αmin

√
n(p− q)√
ξ(n)

= o
(
α1

√
n(p− q)

)
(E.7)

where C1, C2, C3 are constants. Step (a) follows from condition (A3).

Now applying Lemma E.1.8 for the partition P1 it follows that by thresholding

ẑ using threshold τ =
√
α1(p + q)/2 the number of erroneous nodes in V̂P1

is bounded as |E| = o(α1n). Similarly with high probability this holds for

partitions P2, P3 and P4 as well. Therefore we can recover community V1 with

o(1) fraction error with high probability.

Proof of Theorem 6.3.2:
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Proof. Under conditions (A1)-(A3) using Theorem 6.3.1 we can guarantee that

the estimated community V̂P1 has at most o(α1n) erroneous nodes. Now con-

sider the following degree thresholding step. For any j ∈ P2 dj(V̂P1) be the

number of edges j share with nodes in V̂P1 . Define V̂P2 := {j ∈ P2 : dj(V̂P1) ≥

τ ′′}, for τ ′′ = |V1 ∩ P1|(p + q)/2. Then we claim that V̂P2 = V1 ∩ P2 with high

probability.

Note that the edges between P1 and P2 are not used in Algorithm 14.

Let v1 = |V̂P1 ∩ V1| be the number of correct nodes, and e1 = |V̂P1 ∩ V c
1 | be the

number of erroneous nodes in V̂P1 . Theorem 6.3.1 asserts with high probability

v1 = Θ(α1n), e1 = o(α1n). Let v0 = |V1∩P1| = Θ(α1n). Note that v1 ≥ v0−e1.

Now for any j ∈ V1 ∩ P2 using Chernoff bound we get with high probability

dj(V̂P1) ≥ v1p−
√
v1p log n+ e1q −

√
e1q log n

≥ v0p− e1p−
√
v1p log n+ e1q −

√
e1q log n

= v0
(p+ q)

2
+

[
v0

(p− q)
2

− e1(p− q)−
√
v1p log n−

√
e1q log n

]
≥ v0

(p+ q)

2

where the last step follows since e1 = o(α1n) and using condition (A3).

Similarly for any node j ∈ V c
1 ∩P2 using Chernoff bound we can get with high
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probability

dj(V̂P1) ≤ v1q +
√
v1q log n+ e1p+

√
e1p log n

≤ v0q +
√
v1q log n+ e1p+

√
e1p log n

= v0
(p+ q)

2
−
[
v0

(p− q)
2

−
√
v1q log n− e1p−

√
e1p log n

]
< v0

(p+ q)

2

again using the fact e1 = o(α1n) and using condition (A3). Therefore

using a threshold v0
(p+q)

2
we can correctly recover all nodes in V1 ∩ P2. Now

by rotating the partitions and repeatedly applying Algorithm 14 + degree

thresholding we can correctly recover community V1 with high probability.

This concludes the proof.

E.1.3 Recovery via Labeled Nodes

Proof of Theorem 6.3.3:

Proof. First note that edges between partitions P1 and P2 are not used in

Algorithm 14. Therefore the weights can be computed using these edges so that

they are independent of the remaining algorithm. For this proof we assume L

to be the set of labeled nodes in partition P2. For each node i ∈ P1 we consider

a tree of radius r in this partition with i as root, then count the number of

edges from the leaves of this tree and labeled node set L in partition P2. Let

Ti(r) be the subgraph of all nodes at a distance less than or equal to r from

node i. When p = Θ
(

logn
nε

)
, q = Θ

(
logn
nε

)
applying Chernoff bound it is easy
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to see as long as |Ti(r)| = o
(

nε

logn

)
then with high probability Ti(r) is a tree.

With L = Ω(nε/2
√

log n), and for r ≤ 2 log(nε/L)
lognp

= 2ε logn−2 logL
(1−ε) logn+O(log logn)

this holds.

Now starting from a node in community i let f ij(t) be the number of nodes

in community j at a distance t from the root node. Since f ij(t) < |Ti(r)| this

implies f ij(t) = o(αn). Now consider the following set of k recursive equations.

f̄ ij(t) = αnpf̄ ij(t− 1) +
∑
l 6=j

αnqf̄ il (t− 1) (E.8)

for j ∈ [k]. Since the number of nodes in community l at distance t which are

neighbors of f ij(t − 1) nodes in community j at distance t − 1 are binomially

distributed with probability p if l = j or probability q otherwise; we can use

Chernoff bound to see that with high probability the actual number of nodes

f ij(t) can be expressed as

f ij(t) = f̄ ij(t) + o(f̄ ij(t))

Now the initial condition in the recursive equation (E.8) is given by f̄ ij(0) = 1

when j = i, f̄ ij(0) = 0 otherwise. We will prove the theorem in three steps.

Claim 1: f̄ ii (t) > f̄ ij(t) for all t and j 6= i

We prove this by induction. From the initial conditions f̄ ii (0) = 1 >

0 = f̄ ij(0), so the claim holds for t = 0. Assume it holds for t− 1. Then for all

j 6= i,

f̄ ii (t) = αnpf̄ ii (t− 1) + αnqf̄ ij(t− 1) +
∑
l 6=i,j

αnqf̄ il (t− 1)

f̄ ij(t) = αnqf̄ ii (t− 1) + αnpf̄ ij(t− 1) +
∑
l 6=i,j

αnqf̄ il (t− 1)
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Then,

f̄ ii (t)− f̄ ij(t) = αn(p− q)(f̄ ii (t− 1)− f̄ ij(t− 1)) > 0 (E.9)

which follows from the induction hypothesis and since p > q. This asserts that

the claim is true.

Claim 2: E[wl|l ∈ V1] > E[wl|l ∈ Vi] for all i 6= 1

Wlog we prove this for i = 2. Note that condition (A3) implies p−q√
p

=

Ω̃(k/
√
n), or αn(p− q) = Ω̃(

√
np). Since p− q = Θ

(
logn
nε

)
we have in equation

(E.9) αn(p − q) > 1, therefore the gap f̄ ii (t) − f̄ ij(t) is of the same order of

f̄ ii (t), f̄
i
j(t). For r = 2 log(nε/L)

lognp
the expected weights are given by,

E[wl|l ∈ V1] = Lpf 1
1 (r) + Lqf 1

2 (r) +
∑
j 6=1,2

Lqf 1
j (r)

E[wl|l ∈ V2] = Lpf 2
1 (r) + Lqf 2

2 (r) +
∑
j 6=1,2

Lqf 2
j (r)

Subtracting the above equations,

E[wl|l ∈ V1]− E[wl|l ∈ V2]
(a)
= Lpf 1

1 (r) + Lqf 1
2 (r)− Lpf 2

1 (r)− Lqf 2
2 (r)

= Lpf̄ 1
1 (r) + Lqf̄ 1

2 (r)− Lpf̄ 2
1 (r)− Lqf̄ 2

2 (r)

−o(Lp(f̄ 1
1 (r) + f̄ 2

2 (r)))

(b)

≥ L(p− q)(f̄ 1
1 (r)− f̄ 1

2 (r))− o(Lpf̄ 1
1 (r))

(c)
> 0

Steps (a), (b) follow from symmetry since f̄ 1
1 (r) = f̄ 2

2 (r), and f̄ ji (r) are all

equal for i 6= j. Step (c) uses Claim 1. Hence the proof.

Claim 3: wi satisfy condition (A2)
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Again for r = 2 log(nε/L)
lognp

, and p− q = Θ
(

logn
nε

)
we have f 1

1 (r)− f 1
2 (r) =

Θ(nε/L). Then,

σ1(R)− σ2(R) = E[wi|i ∈ V1]− E[wi|i ∈ V2]

= Θ(L(p− q)nε/L) = Θ(log n)

Also using Chernoff bound with high probability γ2 = O(
√

log n). Now for

p = Θ
(

logn
nε

)
, q = Θ

(
logn
nε

)
, p − q = Θ

(
logn
nε

)
, under condition (A3) with

k = Θ
(
n(1−ε)/2) , (A2) requires γ2 to satisfy the condition

γ2 = O

(
(σ1(R)− σ2(R)) min

{
1

ξ(n)
,

√
log n

ξ(n)
− 1

})
= O

(
min

{
log n

ξ(n)
,
(log n)1.5

ξ(n)
− log n

})

This is satisfied since ξ(n) = o(
√

log n) and γ2 = O(
√

log n). Hence

condition (A2) holds with high probability.
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