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A First Principles Study 
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Supervisor:  Alexander A. Demkov 

 

 Transition metal oxides have received significant attention in recent decades due 

to their ability to display a wide range of novel functional properties. In particular, many 

oxides are able to undergo metal-to-insulator transitions as a function of external stimuli 

such as temperature, pressure, and electric field or through doping and defect formation. 

In the present dissertation, density functional theory is used to explore these phenomena 

in three systems: (1) the Peierls transition in NbO2, (2) defect formation necessary for 

HfO2’s resistive switching, and (3) La-doping of SrTiO3 and trap states that may limit 

conductivity. For NbO2, we use successive improvements to the exchange-correlation 

energy combined with experiment to improve understanding of the material’s band gap in 

the insulating phase and show it to be close to 1.2 eV for the direct gap with an indirect 

gap just below 1.0 eV. Furthermore, we are able to explain the orbital contributions to the 

dielectric function. Using a combination of transition state theory and phonon dispersion, 

we demonstrate that the phase transition is driven by a second-order structural transition 

of the Peierls type. For HfO2, we explore the nature of the metallic gettering layer used to 

create substoichiometric HfO2-x for resistive switching via an atomistic model of the 
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hafnia-hafnium interface and use transition state theory to study the ability for oxygen to 

diffuse across the interface. Our investigation shows that the presence of hafnium lowers 

the formation energy of oxygen vacancies in hafnia, but more importantly the oxidation 

of hafnium through oxygen migration is energetically favored. In La-doped SrTiO3, the 

calculations are first used to corroborate optical and electrical measurements by giving 

values for the density of states effective mass as well as understanding the effect of La-

doping on the conductivity and DC relaxation time. Motivated by the experimental 

observation that even after annealing in oxygen rich environments, heavily n-type doped 

SrTiO3 shows carrier concentrations inconsistent with dopant concentration, we explore 

the role that interstitial oxygen may play as a trapping state in SrTiO3. We find three 

meta-stable sites and that for n-type SrTiO3, interstitials with mid-gap states are favored. 
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Chapter 1 Preface 

 In recent decades, material science research has been a rapidly growing field. This 

has been due to many factors including post-silicon technology research, the desire for 

novel functionality, and improved research tools (both theoretical and experimental). In 

particular, within recent years a large focus has been oxide research. Such intense 

interest, perhaps, is influenced by both the push into high-k dielectrics as well as 

improved techniques and measurements of epitaxial oxide growth. 

 In line with these research topics, the focus of this dissertation is to investigate 

some of the challenges in the understanding of transition metal oxides for future 

applications related to different forms of metal-to-insulator transitions in these materials. 

We use this term to refer to both transitions that occur due to external stimuli (e.g. 

temperature), but also in the case where doping or defect concentration leads to a change 

in the conductive nature of the material. A primary focus of the work is on the metal-to-

insulator transition material (MIT), NbO2. A review of MITs as well as the background of 

NbO2 is presented in Chapter 2. Our research results are then presented in Chapter 5. A 

brief summary of materials properties in RRAM (resistive random access memory) as it 

related to HfO2 is given in Chapter 3.1 and results related to oxygen diffusion relevant to 

the forming state are presented in Chapter 6. On the topic of all oxide based electronics, 

we introduce conductive n-doped SrTiO3 in Chapter 3. And present results relevant to the 

conductivity of La-doped SrTiO3 in Chapter 7. The primary tool for these studies is 

density functional theory, reviewed in Chapter 4. 
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 Finally, we would like to point out that additional work both published  [1,2] and 

unpublished was performed during the pursuit of the degree, but didn’t quite fit the guise 

of the presented dissertation.  
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Chapter 2 Metal-to-Insulator Transitions in Transition Metal Oxides 

 In this chapter, we give an introduction to the primary types of metal-to-insulator 

transitions (MIT), transition metal oxides, and some materials that undergo these 

transitions. We pay special attention to the Peierls-type metal-to-insulator transition as 

this is the type believed to occur in NbO2, the material we will study using density 

functional theory in further detail in Chapter 5. We also discuss potential applications of 

the materials as a motivation for our studies. 

2.1 TYPES OF METAL-INSULATOR TRANSITIONS 

 In the description of the following three types of transitions, we will restrict 

ourselves to thinking about their one-dimensional analogs. While low-dimensionality is 

not a necessary prerequisite for the Anderson or Mott transitions, it is for the Peierls 

transition. Furthermore, to facilitate the understanding of the Anderson and Mott 

transitions and their model Hamiltonians, we introduce a one-dimensional, single-orbital 

tight-binding Hamiltonian: 

 𝐻𝑇𝐵 = −𝑡 ∑ (�̂�𝑖,𝜎
† �̂�𝑗,𝜎 + �̂�𝑗,𝜎

† �̂�𝑖,𝜎)
〈𝑖,𝑗〉,𝜎

− 𝜇 ∑�̂�𝑖,𝜎

𝑖,𝜎

= ∑(휀𝑘 − 𝜇)�̂�𝑘,𝜎
† �̂�𝑘,𝜎

𝑘,𝜎

 

(2.1) 

where 𝑡 is the hopping amplitude between neighboring sites (denoted in the sum by 

〈𝑖, 𝑗〉), the �̂�† and �̂� are creation and annihilation operators for a given site and spin, the �̂� 

are counting operators, and 𝜇 is the chemical potential that controls the band filling. In 

the second version of the Hamiltonian, the Hamiltonian has been diagonalized by 
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introducing the Fourier transforms of the creation and annihilation operators. The general 

form of a ground state wave function for this system would be: 

 

|Ψ𝐺𝑆⟩ = (∏�̂�𝑘,↑
† �̂�𝑘,↓

†

𝑀/2

𝑘=1

) |0⟩ (2.2) 

where 𝑀 < 2𝑁 for 𝑁 spatial orbitals. Our focus in the following discussion will be on the 

case where this band is half filled which can lead to localization and hence an insulating 

state, rather than the expected metallic state. 

2.2.1 Anderson Transition 

 The Anderson transition may also be referred to as either Anderson localization or 

strong localization. Anderson was originally motivated by trying to understand why 

under certain circumstances doped semiconductors showed no conductivity where 

impurities refers to the lattice defects and the diffusion is that of the wave functions (i.e. 

electronic transport)  [3]. Essentially, when there is a low concentration of impurities, the 

effect of the impurity is described by the successive scattering of Bloch waves leading to 

the loss of phase coherence over a distance on the order of the mean free path 𝑙 and hence 

the system is metallice because the wave function still extends over the system. However 

if the disorder strength increases due to a strong impurity potential or a high density of 

impurities, then the wave function will become localized with respect to these sites where 

the wave function will behave as  𝜓(𝑟)~𝑒−|𝑟−𝑟0| 𝜉⁄ . 

 To model this phenomenon, Anderson essentially introduced to Eq. (2.1) a 

random potential of the form: 
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 𝐻𝐴𝑛𝑑𝑒𝑟𝑠𝑜𝑛 = ∑𝐸𝑖(𝑛𝑖,↑ + 𝑛𝑖,↓)

𝑖

 (2.3) 

where 𝐸𝑖 is randomly chosen to be on the interval [−𝑊,𝑊]. 𝑊 is a parameter that 

describes the strength of the impurity potential. Given the inherent randomness within 

this model, the calculation uses an ensemble average over many different configurations. 

While this can be done numerically, Anderson showed that essentially a localized 

probability distribution in 3 dimensions will remain localized when 𝑊 is sufficiently 

large. That is to say, the insulating behavior is a result of potential fluctuations trapping 

the electron. It should be noted that this not an intrinsically quantum-mechanical 

phenomenon and has been discussed within classical percolation theory as well  [4]. 

 

Figure 2.1 Impurities (blue dots) with (a) weak localization leading to (c) an extended 

wave function and thus metallic state and with (b) strong localization 

leading to a (d) localized wave function and thus insulating state. 

2.2.2 Mott Transition 

 The Mott transition  [5,6] is an essentially many-body phenomenon involving the 

collective response of all electrons within a half filled band. In his work, Mott proposed 

that depending upon the lattice constant of the material the material could either be a 
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metal or an insulator with a critical change over point. He cautioned that this need to 

imply an actual metal-to-insulator transition if there is no way to cross the critical lattice 

constant. Essentially, this idea can be modelled by considering a screened Coulomb 

attraction for the nuclei which arises from the screening of the conduction electrons. Such 

a potential, as derived via Thomas-Fermi theory (see Chapter 4.3)  [6], is the Yukawa 

potential: 

 
𝑉(𝑟) = −

𝑒2

𝑟
exp[−𝑞𝑟] 

(2.4) 

with 𝑞2 = 4𝑚𝑒2(3𝑛 𝜋⁄ )1/3 ℏ2⁄  (𝑛 being the electron density) in the case of a chain of 

Hydrogen atoms. As the electron density increases, the Coulomb attraction becomes a 

shorter ranged potential and the electrons are more free to delocalize. However, when the 

density satisfies (or is lower than) 0.2/𝑎0 (with 𝑎0 the Bohr radius) then the ionic 

potential can support bound states. 

 The physics leading to the Mott transition can be modeled through a tight-binding 

picture with the so-called Hubbard term. Essentially the Hubbard model introduces to the 

Hamiltonian of Eq. (2.1) an on-site repulsion term of the form: 

 𝐻𝐻𝑢𝑏𝑏𝑎𝑟𝑑 = 𝑈∑𝑛𝑖,↑𝑛𝑖,↓

𝑖

 (5) 

(a little more detailed discussion of this term can be found in Chapter 4.8). The term 𝑈 is 

given by the Coulomb integral of the one-site Wannier orbitals 

 
𝑈 = 𝑒2 ∫

|𝜓(𝑟)|2|𝜓(𝑟′)|2

|𝑟 − 𝑟′|
𝑑𝑟𝑑𝑟′ 

(6) 
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and represents an on-site energy penalty for double occupation of the site. In the limit of 

𝑈 → 0, electrons are free to hop from one site to another without any penalty. Therefore, 

we would expect to observe a metallic phase since the delocalization gains kinetic energy 

(~𝑡). However, in the limit of 𝑈 → ∞, there is a strong on-site repulsion and the electrons 

are restricted to their sites. Thus, we would expected to observe an insulating phase. In an 

actual system is it the competition between 𝑡 and 𝑈 that determines whether the material 

will be metallic or insulating and is usually discussed in terms of the dimensionless ratio 

𝑈

𝑡
. Therefore, based on the Hubbard model, it should be noted that in addition to Mott’s 

original argument of lattice spacing, other factors may cause a relative increase in 
𝑈

𝑡
 

leading to the transition. 

 

Figure 2.2 Schematic of the Mott-Hubbard transition showing that (a) when the lattice 

constant is large, the system is insulating due to the inability to hop from site 

to site (lower part of panel (c)), but (b) when the lattice sites are closer 

together, the system becomes metallic because electrons can hop from site 

to site (upper part of panel (c)). In panel (d), the effect on the density of 

states (DOS) is shown that the U pushes the conduction band apart into an 

occupied lower Hubbard band and unoccupied upper Hubbard band. 
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2.2.3 Peierls Transition 

 In his 1955 text book, Quantum Theory of Solid, Rudolph Peierls shows that a 

one-dimensional equally spaced monoatomic chain is unstable  [7]. He found that the 

decrease in electronic energy from dimerization was more than the increase in energy 

from the harmonic ionic term causing a gap to open. However, Peierls did not initially 

pursue the topic further believing, “it seemed of only academic significance, however, 

since there are no strictly one-dimensional systems in nature” and that he, “did not think 

it worth publishing … beyond a brief remark in the book”  [8]. However, after the 

publication of the text, the discovery of many materials with quasi-one-dimensional 

chains of atoms were found to exhibit similar phase transitions. A brief derivation can be 

given via perturbation theory if we consider a Hamiltonian of the form 

 
𝐻 = 𝐻0 + 𝑉(𝑥) =

𝑝2

2𝑚
+ 𝑉(𝑥) 

(2.7) 

where the potential is periodic (i.e. 𝑉(𝑥) = 𝑉(𝑥 + 𝑎) for one-dimensional periodicity 𝑎). 

The eigenstate of 𝐻0 are clearly just the one-dimensional plane waves of the form 

 
|𝑘⟩ =

1

√𝐿
𝑒𝑖𝑘𝑥; 𝑘 =

2𝜋𝑛

𝐿
 (2.8) 

for a system with 𝑁 ions of total length 𝐿 (𝐿 = 𝑁𝑎). The energy is given as 𝐸𝑘
0 =

ℏ2𝑘2

2𝑚
 

and plotted in Fig. 2.3(b) as an unbroken parabola. If each atom can contribute at most 

two electrons, then the Fermi wave vector is clearly 𝑘 = ±
2𝜋

𝑎
. If we now consider the 

potential as a perturbation, we calculate matrix elements between wave vectors 𝑘 and 𝑘′ 

which gives the Fourier components of 𝑉(𝑥): 
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𝑉𝑘−𝑘′ = ⟨𝑘′|𝑉(𝑥)|𝑘⟩ =

1

𝐿
∫𝑒𝑖(𝑘−𝑘′)𝑉(𝑥)𝑑𝑥. (2.9) 

Since the potential is periodic with periodicity 𝑎, the only non-zero Fourier components 

are those also having periodicity 𝑎. Therefore, in the Fourier expansion the 𝑘 − 𝑘′ = 0 

term is zero and the first order energy correction is zero. If we go to second order, we 

must realize that we can’t actually use non-degenerate perturbation theory since the 

denominator will cause a divergence when 𝑘′ =
2𝜋

𝑎
. The solution is to either use 

quasidegenerate perturbation theory (i.e. diagonalizing the Hamiltonian in the subspace 

spanned by |𝑘⟩ and |𝑘 −
2𝜋

𝑎
⟩)  [9] or to follow Peierls’ approach of the “function of zeroth 

approximation”  [8] and we obtain for the perturbed energy: 

 

𝐸 =
𝐸𝑘

0 + 𝐸𝑘−𝑘′
0

2
± √(

𝐸𝑘
0 − 𝐸𝑘−𝑘′

0

2
)

2

+ |𝑉𝑘′|2. 
(2.10) 

Therefore, when 𝑘 is far from ±
𝜋

𝑎
, the left hand term under the radical dominates and the 

perturbation is only important near these values of 𝑘. The result being that the potential 

breaks the degeneracy at this value of 𝑘 and we can see the result plotted in Fig. 2.3. 

 If we now consider the band to be only half filled, the Fermi wave vector becomes 

𝑘 =
𝜋

2𝑎
 (i.e. it is now half what it was before). Now, if every other atom in our chain is 

displaced by a small distance 𝛿, the symmetry is reduced so that we essentially have a 

chain of spacing 2𝑎. This causes the opening of a gap at the new value of 𝑘𝐹 similar to 

that in the full chain. To calculate the change in total energy, we use Eq. (2.10) and 
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calculate the difference of the energy and integrate to obtain the total change in energy 

as  [8]: 

 
∆𝐸el =

𝑉2

𝛼
[(

𝑉

𝛼𝜅
)
2

+
1

2
ln

𝛼𝜅

𝑉
−

1

4
] (2.11) 

(where 𝛼 and 𝜅 are introduced as a linearization constant and wave vector cutoff 

introduced during the linearization to make the integral soluble). Recall that we assume 

for the half-filled chain that 𝑉~𝛿 and that 𝛿 is small. Hence, the dominant term in Eq. 

(2.11) implies that the energy is lowered by ∆𝐸el ∝ −𝛿2 ln 𝛿 while the energy cost due to 

a harmonic displacement is only ∆𝐸ion ∝ 𝛿2. 

 In the above analysis, we basically found that due to a specific value of 𝑘′ that 

mapped the Fermi wave vector to itself that there was an instability which could lower 

the energy via a distortion. The term for this mapping is referred to as Fermi surface 

nesting and can be quite complex in three dimensional systems. In the case of quasi-one-

dimensional systems, rather than a single point as in our above example, the nesting will 

be of planes perpendicular to the nesting vector [10] as shown in Fig. 2.3(c). 

Furthermore, in real systems, these planes will not be perfectly commensurate and the 

nesting is more an indication that there may be an instability rather than that there must be 

one. This has been discussed in further detail recently and that while nesting may give an 

indication of instability, it alone is not enough [11] as was cautioned by Peierls 

originally  [7,8]. 

 After the prediction of W. A. Little that organic chains may be able to be high-Tc 

superconductors  [12], attempts to study them led to the discovery that as the temperature 
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was lowered in organic polymer TTF-TCNQ, there was a change from metallic to 

insulating behavior at 54 K  [13,14]. Following this, several other materials with quasi-

one-dimensionality were found to have similar behavior. In section 2.5, we discuss some 

of the transition metal oxides that exhibit such behavior. 

 

Figure 2.3 The Peierls distortion from equally spaced one-dimensional chain (upper 

part of panel (a)) to distorted one-dimensional chain (lower part of panel (a)) 

occurs when a single wave vector can map a region of the Fermi surface to 

another (called nesting) as shown in panel (b). This causes a gap in the 

density of states to open and an insulating state to form. (c) In real system, 

only quasi-one-dimensionality exists and therefore sheets are often observed 

which may have ripples due to the added dimensionality. 

2.3 TRANSITION METAL OXIDES 

 Oxide-based materials are ubiquitous in both nature and the laboratory owing to 

the ability for oxygen to form stable bonds with most other elements. Most oxides studied 

are either in binary form (AxOy) or ternary form (AxByOz) and can crystalize in a wide 

range of stable structures such as rock salt, rutile, corundum, wurtzite, perovskite, spinel, 

and others – including distortions and deformations of these. Oxides of the transition 



 12 

metals (d-block elements) are particularly interesting due to the fact that they have five d-

orbitals and each element has many possible oxidation states. 

 In transition metal oxides, the primary gap (which may or may not be the band 

gap) is the charge transfer gap between the valence bands derived from oxygen p-states 

and the bands derived from the transition metal d-states. This gap exists in both metallic 

and insulating transition metal oxides. As indicating by molecular orbital theory (see Fig. 

2.4(b)), in reality there is hybridization between oxygen p-states and metallic d-states, 

however the lower bands are often primarily characterized by the oxygen states due to the 

lower energy of the p-states relative to the d-states. 

 A crucial phenomenon to understanding properties of transition metal oxides is 

that of the crystal field theory. Essentially, the coordination of the transition metal in 

regular geometric configurations leads to a breaking of the degeneracy of the d-orbitals 

into groups of orbitals at different energy levels. In order to determine the orbital 

splittings, group theoretical considerations of the orbitals and coordination must be 

used  [15–17]. Perhaps the most common is the octahedral coordination in which the 

transition metal sits at the center of an octahedron and each oxygen atom sits at the 

vertices and the splitting can be determined heuristically from visible inspection. This can 

be visualized by considering that three orbitals (the dxy, dxz, and dyz orbitals) point at the 

regions between the oxygen atoms whereas two orbitals (dx2-y2 and dz2) point directly at 

the oxygen atoms. The former will thus have lower energy and are referred to as t2g 

orbitals, while the later will have higher energy and are referred to as eg orbitals. The t2g 

and eg labels refer to their group theoretical symmetry with t implying triply degenerate 
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and e implying double degenerate and the subscripts referring to how the symmetry 

group operators effect the orbitals [15]. The ligand field splitting energy is often referred 

to as the 10 Dq energy. Deformations to the lattice embedding the octahedra (e.g. cubic to 

tetragonal) can further break the symmetry of the t2g and eg orbitals  [15,16]. Many other 

crystal fields are, of course, possible such as the tetrahedral, square planar, trigonal 

bipyramidal, etc. and their splittings have been determined. 

 

Figure 2.4 (a) A transition metal ion (light blue) embedded in an octahedral crystal 

field created by oxygen atoms (red). (b) Molecular orbital picture showing 

the creation of lower and upper sets of states (the degree of hybridization is 

system dependent) and the creation of crystal field splitting. (c) Traditional 

assignment to the t2g (lower set) and eg (upper set) conduction band states  

(often the stars are dropped in cases of low hybridization). 

 For transition metal oxides, a phenomenon connected to crystal field theory is that 

of the Jahn-Teller effect. According to the Jahn-Teller Theorem, “any nonlinear 

molecular system in a degenerate electronic state will be unstable and will undergo a 

distortion to form a system of lower symmetry and lower energy, thereby removing the 

degeneracy.” The Jahn-Teller Theorem itself doesn’t indicate how this distortion will 

occur, only that it will. For example, naively one might expect YTiO3 and LaTiO3 to be 

similar to the charge-transfer band insulator SrTiO3, except that one extra electron (from 

the lanthanum or yttrium) would occupy the titanium t2g derived conduction bands. 

However, due to the degeneracy of the three t2g orbitals, the system actually distorts to 
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break this degeneracy and lower one of the orbitals due to the Jahn-Teller effect. It should 

be noted that the physics of YTiO3 and LaTiO3 is a richer and that in addition to the Jahn-

Teller effect, they are Mott-Hubbard insulators. Another system with a mild Jahn-Teller 

effect is that of the d1 rutile transition metal oxides, VO2 and NbO2. In this case, the edge 

sharing octahedron of the metallic phase are distorted further than that of TiO2. A more 

detailed discussion of the effect in NbO2 is included in Chapter 5. 

 The crystal field and Jahn-Teller effect are, in part, what leads to the richness of 

TMOs and contribute to their unique magnetic properties due to the filling of these 

symmetry-based split degeneracies. Other electron-electron effects can lead to further 

effects like low-spin/high-spin magnetic states and the metal-insulator transitions 

discussed in the previous section. 

2.4 MATERIAL SELECTION PROCESS 

 The MIT can be first or second order, and can be observed as a function of 

temperature, pressure or chemical composition. In some cases, MIT can be induced by an 

external electric field.  This feature makes transition metal oxides attractive for potential 

applications. At the MIT in addition to carrier density and nature of conductivity, several 

other physical properties of the material such as dielectric constant, change.  In the case 

of the first order transition the change is abrupt, while in the case of a second order 

transition it is gradual. However, if the transition is induced by an external field the 

change will appear as abrupt. 
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 As the actual mechanism of MIT varies from one material to another and 

calculations are either phenomenological (non-predictive) or very expensive 

computationally, simple triage based on experimental data seems to be most appropriate.  

In Table 2.1, we list many metal to insulator transitions in transition metal oxides 

reported in the literature. We are interested in materials where a sizable change in 

resistivity (electron density) is achieved via a transition well above room temperature. 

The first requirement ensures that we can separate the MIT from other, possibly 

competing effects, and the temperature requirement stems from desire to avoid 

spontaneous transformation not caused by intended external stimulus. A few “technical” 

considerations have also affected our choice of materials to study.  As we would like to 

develop predictive first principles theory of these materials, we prefer materials with a 

simpler crystalline structure and if possible Peierls rather than Mott transition. Also, in 

the case of a Mott transition, we prefer a modest level of correlation, as density functional 

theory has difficulties describing strongly correlated systems. Last but not least, it would 

be helpful collaborative study if the material is compatible with what can currently be 

handled in the research group’s Materials Physics Lab without a major hardware 

investment (such as a new high temperature effusion cell, for example). 

 With these considerations in mind, there are three obvious candidates: LaCoO3, 

YNiO3, and NbO2. For LaCoO3, there has been substantial previous work in the group 

with regards to thin film growth, first principles theory, and simple device 

fabrication  [18–20]; however, the transition is quite gradual  [21,22]. While we have 

performed preliminary calculations for YNiO3 using density functional theory at the 
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LDA+U level which reproduced both the high-temperature orthorhombic and low 

temperature monoclinic structures with reasonable agreement to experimental and 

previous theoretical work, we chose not to continue this line of study due to the 

complexity of the mechanism involving competing charge ordering and Jahn-Teller 

effects  [23,24] as well as the crystallographic complexity. Furthermore, some 

experimental studies have shown that strained epitaxial growth may cause a suppression 

of the switching  [25–27]. Therefore, we chose instead to work with NbO2 which is 

believed to be a Peierls-type material and also has several unclear properties in the 

literature. After we discuss the Peierls transition in transition metal oxides (Chapter 2.5), 

we will discuss the background literature on NbO2 (Chapter 2.6). 
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Table 2.1 Table of oxide materials that exhibit metal-to-insulator transitions and some of their basic properties. See text for 

additional references on NbO2, VO2, the molybdenum bronzes, and other Peierls type materials.  

Compound Type Structural 

Transition 

(HT to LT) 

TM-I (K) Proposed 

Mechanism 

Field 

Switch 

Tested 

Magnitude 

of change 

Notes Ref 

NbO2 rutile distorted rutile 

(BCT) 

1080 Peierls Yes ~10 Can be doped to 

lower transition 

temperature 

 [28–

30] 

VO2 rutile distorted rutile 

(monoclinic) 

340 Mott-Peierls Yes ~104 Can be doped to 

raise/lower 

transition 

temperature 

 [31–

33] 

V2O5 (001) 

surface 

surface of 

Pmmn (ortho.) 

 350-400 oxidation and 

reduction 

    [34] 

V2O3 corundum  150 Mott  104 Accompanied by 

AFM transition; 

can be raised 

slightly by Cr 

doping 

 [35,36] 

Ti2O3 corundum Rhomb. to trig. 400-600 Mott with 

dimerization 

Yes (Cr 

doped) 

~10 “gradual” transition 

with temperature 

 [37,38] 

β-Sr0.33V2O5 bronze  160-170 charge ordering or 

CDW behavior 

Yes ~10 Strong pressure 

dependence 

 [39–

41] 

β-Li0.33V2O5 bronze  180 charge ordering or 

CDW behavior 

    [41] 

β-Na0.33V2O5 bronze  136 

(TN = 22) 

charge ordering or 

CDW behavior 

 <10   [41–

44] 

β-K0.33V2O5 bronze  72 charge ordering or 

CDW behavior 

    [45] 

β-Pb0.33V2O5 bronze  Not observed 

up to 400K 

charge ordering or 

CDW behavior 

Yes  E-field, but not 

temperature driven 

 [41,46] 
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Table 2.1 continued 

 
β'-Cu0.39V2O5 bronze Distortions in 

1x2x1 cell of 

monoclinic. 

180 Bipolaron ordering; 

Intercalated ions 

order and cause 

ordering of V4+ 

Yes ~10 bulk 

 

Less pronounced in 

bulk than 

nanowires; 

Incommensurate 

transitions that 

become 

commensurate at 

x=0.40 and 

T=180K. 

 [47,48] 

δ-K0.48V2O5 bronze  366 on cooling, 

385 on heating 

unknown Yes ~104 Experimentally 

observed in 

nanowires/ribbon 

but not bulk 

 [49,50] 

K0.30MoO3 bronze/ 

perovskite 

 180 Peierls Yes >10 Stoichiometry is 

important 

(K0.33MoO3 is an 

insulator at all 

temperatures) 

 [51–

53] 

Rb0.30MoO3 bronze/ 

perovskite 

 180 Peierls Yes 

 

 

100.5 Gradual (takes 

place over 50 

degrees) 

 [54] 

Tl0.30MoO3 bronze/ 

perovskite 

 180 Peierls     [54] 

H0.33MoO3 bronze/ 

perovskite 

 380 Peierls or proton 

ordering (debated) 

    [55,56] 

PrNiO3 perovskite Pbnm (o.) to 

P21/n (m.) 

130 

(TN = 130) 

charge ordering / 

disproportionation 

 ~104 to 105 Large hysteresis; 

Transition 

suppressed in some 

thin film structures 

 [26,57,

58] 

NdNiO3 perovskite Pbnm (o.) to 

P21/n (m.) 

200 

(TN = 200) 

charge ordering / 

disproportionation 

Yes ~103 Doping Nd site will 

lower transition 

(e.g. 1% Ca by 25 

K, 2% Ce by 9 K) 

 [25,57

–61] 
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Table 2.1 continued 

 
SmNiO3 perovskite Pbnm (o.) to 

P21/n (m.) 

400 

(TN = 230) 

charge ordering / 

disproportionation 

 ~101.5   [57,58] 

EuNiO3 perovskite Pbnm (o.) to 

P21/n (m.) 

480 

(TN = 220) 

charge ordering / 

disproportionation 

  Pressure sensitive  [57,58,

62] 

HoNiO3 perovskite Pbnm (o.) to 

P21/n (m.) 

573 

(TN = 145) 

charge ordering / 

disproportionation 

    [58] 

YNiO3 perovskite Pbnm (o.) to 

P21/n (m.) 

582 

(TN = 138) 

charge ordering / 

disproportionation 

  Pressure sensitive  [58,63,

64] 

LaCoO3 perovskite  ~500 Disappearance of 

orbital ordering of 

intermediate spin 

state 

 101.5 to 102 Very gradual; can 

be doped with Sr to 

lower temperature 

 [21,22] 

RCoO3 

(R = Pr, Nd, 

Sm, Eu, Gd) 

perovskite  ~600 Disappearance of 

orbital ordering of 

intermediate spin 

state 

 101.5 to 102 

 

Very gradual  [65–

67] 

La1-xSrxMnO3 

(0.175 < x < 

0.2) 

perovskite Ortho. to rhomb. 

(below MIT 

temperature) 

~220 to ~280 Charge ordering Yes 10 to 101.5 Also exhibits giant 

magnetoresistance; 

transition 

accompanies 

magnetic 

transition;  

 [68,69] 

Pr0.7Ca0.3MnO3 

(Doping La for 

Pr or Sr for Ca) 

perovskite  ~100 to ~150 Charge ordering 

plus el-ph coupling 

and Jahn-Teller 

Yes ~10 Used in memristive 

type devices; 

At 4K, magnetic 

fields will cause 

switching 

 [70–

72] 

Ca1-xRxMnO3 

(R = Rare earth) 

perovskite  325-420 Charge ordering  100.3   [73,74] 

SrFeO3-δ perovskite Tetragonal to 

monoclinic 

75 Charge ordering  ~10 

(δ=0.19) 

  [75] 

CaFeO3 perovskite Tetragonal to 

monoclinic 

~200 Charge ordering  ~10   [76–

78] 
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Table 2.1 continued 

 
LaxSr1-xFeO3 perovskite  210 Charge and spin 

ordering 

Yes 100.5   [79,80] 

Ca2-xSrxRuO4 Ruddlesden-

Popper 

 

 

130   101.5 2D to 3D metal 

crossover (2D is 

high temp phase) 

 [81,82] 

SnMo4O6 Bronze P4/mbm and 

then 

dimerization 

~50 Peierls   Resistivity shows a 

V like shape (not a 

jump transition) 

 [83] 

Na0.25TiO2 Bronze Monoclinic 

C2/m with lattice 

vector changes 

630 Peierls  >10 Brief less gradual 

jump of <10 and 

then jump of >10 

over a few hundred 

degrees 

 [84–

86] 

MgTi2O4 Pyrochlore 

spinel bronze 

Cubic (Fd3m) to 

tetragonal 

(P41212) 

270 Peierls (helical 

patern) 

 ~100.5 Difficult to 

synthesize at 

stoichiometry 

 [87,88] 

Fe3O4 inverse spinel Cubic to 

monoclinic 

121 “Verway”, charge 

ordering + Jahn-

Teller 

Yes <10 Gradual transition  [89,90] 
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2.5 PEIERLS TRANSITION IN TRANSITION METAL OXIDES 

 In real materials, the Peierls transition occurs in structures that exhibit quasi-one-

dimensional and two dimensional structures with d1 (or fractional) occupation on 

transition metal sites.  Possibly the simplest materials that satisfy this criterion are VO2 

and NbO2.  Both of these materials crystallize in the TiO2-type rutile at high temperature 

and undergo a structural temperature transition at ~340 K  [91] and ~1080 K  [28–30] 

respectively.  During this transition, metal-metal bonds are created between pairs of V 

atoms or Nb atoms along the rutile c-axis.  While the crystal symmetry is different (VO2 

becomes monoclinic  [92–94], while NbO2 is tetragonal  [28,95]), both possess similar 

long range dimerization and the metal-to-insulator phase transition accompanies this 

structural transition.  It should be noted that neighboring transition metal dioxides (MoO2, 

WO2, TcO2, α-ReO2) also crystalize into distorted rutile structures with metal-metal 

bonds  [96].  However all of these are metallic and don’t undergo structural or insulating 

phase transitions.  This can be attributed to the fact that the transition metals have site 

occupancies of d2 (for MoO2 and WO2) and d3 (for TcO2 and α-ReO2) and can thus be 

thought of adding excess charge to the VO2 ground state. 

 Another class of transition metal oxides that exhibit Peierls metal-insulator 

transitions are the transition metal bronzes.  Rigorously, a bronze is defined  [97] as “a 

ternary metal oxide of general formula MxTyOz where (i) T is a transition metal, (ii) TyOz 

is its highest binary oxide, (iii) M is some other metal, (iv) x  is a variable falling in the 

range 10  x .”  More commonly, this strict definition is relaxed to include most metal 
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intercalated oxides as bronzes, however it serves as a good starting point.  It should also 

be pointed out that both definitions of transition metal bronzes may include structures 

with more common names (e.g. perovskites and spinel oxides).  The primary function of 

the intercalated ion is to donate charge to the transition metal and as a spacer in the lattice 

structure leading to quasi-one-dimensional and two-dimensional regions. 

 The ternary bronze MxTi2O4 with 1x  belong to the family of spinel oxides 

exhibiting the pyrochlore structure.  While pyrochlore spinel oxides have many 

interesting properties including superconductivity  [98], heavy fermion behavior  [99–

101], and charge ordering  [102], for our interests we focus on MgTi2O4.  In this material, 

we can consider the Ti atoms to have site occupancy of d1.  MgTi2O4 crystalizes in a high 

temperature cubic spinel structure (space group Fd3m), but at ~270 K, there is a cubic to 

tetragonal phase transition to space group (P41212)  [87].  This structural transition is 

accompanied by a metal to spin-singlet insulator transition.  While in NbO2 and VO2, 

dimerization occurred along the one-dimensional chain of transition metal ions parallel to 

the c-axis, MgTi2O4 has a chiral dimerization pattern that forms a helix along the c-

axis  [88] accompanied by orbital ordering  [103].  Unfortunately, it is fairly difficult to 

synthesize high quality samples and single crystals of MgTi2O4 and the spinel solid 

solutions Mg2-xTi1+xO4 are not known to show the same behavior  [104]. 

 The molybdenum bronzes (and the related tungsten bronzes) have the chemical 

formula MxMoO3 (MxWO3).  In the limiting cases of 1x , the bronze has the perovskite 

structure while for 0x , the bronze has a distorted version of the ReO3 structure.  The 

ReO3 structure is similar to that of the perovskite structure but with a missing A site.  The 
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distortion of the tungsten and molybdenum bronzes causes a shift in the direction of 

dimerization without actual formation of dimers.  The most common tungsten and 

molybdenum bronzes exhibiting the metal to insulator transition are those with M = H, 

Na, K, and Rb.  Within these, there is some sensitivity to the choice for x.  For example, 

the red bronze K0.33MoO3 is a semiconductor at all temperatures  [105,106] while the 

blue bronze K0.30MoO3 undergoes a metal-semiconductor phase transition at 180 K  [51–

53].  K0.30MoO3, along with Rb0.30MoO3 and TlMoO3 which also undergo a transition at 

180 K  [54], crystalizes in monoclinic C2/m group containing 20 formula units per cell .  

In this cell, the M ions intercalate such that sheets of edge sharing MoO6 octahedra are 

formed with clusters forming step structures along the (102) direction and a column along 

the (010) direction.  Within these clusters, there are three distinct crystallographic Mo 

sites with only two of them participating in the formation of the (010) chains and 

containing the majority of the 4d characteristics  [107,108].  These bronzes can therefore 

be viewed as containing a quasi-one-dimensional structure.  X-Ray scattering  [109], 

optical spectroscopy  [110], photoemission spectroscopy  [111–114], Brillouin 

scattering  [115], and Raman spectroscopy  [116] experiments have all confirmed the 

presence of a Peierls like instability at the transition temperature.  Recently, first principle 

calculations have also confirmed this behavior  [117,118].  Interestingly, there is some 

debate as to whether the driving force of the metal-insulator transition in the closely 

related bronze H0.33MoO3 at 380 K is driven by a Peierls instability due to ordering and 

modulation of the H+ ions  [55] or by an order-disorder type transition involving the H+ 

ions with the later believed to be the dominant effect  [56]. 
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 While there is a fairly wide range of temperatures at which materials can exhibit a 

metal-to-insulator transition, control of the transition is highly desirable.  In this sense 

control means the ability to change the transition temperature or the ability to use stimuli 

other than temperature to drive the transition. Temperature can be used as the switching 

stimulus by either having the metal-to-insulator transition occur at a desired temperature 

for sensing or by using joule heating, though this is not necessarily the most efficient 

way. 

 The blue bronze dopant series K0.3-xNaxMoO3 ( 10.0 ,05.0 ,02.0x ) shows an 

approximately 17% increase in the band gap across the range, however it has no impact 

on the transition temperature  [119,120].  In contrast, measurements show that in Tl0.3-

xKxMoO3 shows a change in transition temperature from 172.3 K for 0x  to 165.7 for 

06.0x  to 164.7 K for 15.0x  along with accompanying decreases in pC , H , and 

S   [120–122].  Rb0.15K0.15MoO3 and Rb0.30MoO3 act the same in regards their 

resistivity profiles, however the change in thermoelectric power is sharper for 

Rb0.15K0.15MoO3 than for Rb0.3MoO3 and the activation energy is lowered  [123].  For 

Rb0.3Mo1-xWxO3, very low levels of W impurity ( 003.0001.0 x ) have been shown to 

suppress the Peierls transition  [124]. In charge density wave materials, electric fields 

have been shown to cause a nonlinear transport at low voltages and at higher fields (for 

example 10 to 100 V/cm) a sharp increase in conductivity caused by the slipping motion 

of the CDW  [125,126].  Ogawa and Miyano  [127], for example, showed that this 

phenomenon can be used as an electro-optical switch.  This effect can further be 
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modulated by small transverse voltages.  For example, at 77 K in Rb0.3MoO3, Li, et al. 

were able to cause an insulator to metal transition by applying 2 V to their sample and 

could decrease this to about 1.5 V through application of a 6000 μA current  [128].  The 

application of transverse current also causes the opening of a hysteresis loop.  Similar 

behavior has also previously been reported in K0.3MoO3  [129].  The switch effect in 

K0.3MoO3 is fairly robust on the temperature range of 20 K to 70 K with all switching 

fields in the range of ~13.5 V/cm to 15 V/cm  [130]. 

 VO2 is one of the most widely studied materials of those with a metal to insulator 

transition and has seen several reviews written about it  [31–33].  Within the literature, 

there has been ongoing debate as to whether VO2 undergoes a more Mott-like transition 

or Peierls-like transition and it is now believed that both phenomena play an important 

role together  [131,132].  Recent XPS and optical spectroscopy experiments on tungsten 

doped VO2  [133,134] and photoemission studies of strained VO2  [135] indicate a 

crossover from a more Peierls-like nature to Mott-like behavior under these conditions. 

There have been several studies exploring the effects of V site substation in VO2 which 

either raise or lower the transition temperature.  For example, 5% substation by Ti atoms 

causes an increase of the transition temperature by about ~16° and eventually begins to 

suppress the transition around 15-20%  [136].  Higher valence atoms such as W, Nb, and 

Mo  [137–139] lower the transition temperature.  Inclusion of tungsten causes a rapid 

drop with the transition temperature falling to 49° C at 1.2% replacement  [137] and 

inclusion of niobium can lower the temperature to 35° C at 3% replacement  [139]. 

Several different methods have been utilized to induce the phase transition including 
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optical pump-probe methods  [140–143] monitoring refractive index and reflectivity, 

time-resolved X-ray diffraction monitoring diffraction peaks  [141,144,145] and pulsed 

voltage monitoring conductivity  [146] all with nanosecond to sub-nanosecond switching 

times.  In the pulsed voltage setup, a minimum voltage of 7.1 V was needed on a channel 

width of 3 µm  [146].  Through AFM techniques, a threshold field of 7105.6  Vm-1 is 

need to induce switching at 300 K and electrostatic force and tunneling current can also 

be used to drive the transition  [147].  Substrate based strain effects can also lead to 

spontaneous formation of metal and insulating domains and the properties of these 

domains can be manipulated via interactions with the substrate and adhesive  [148].  

Furthermore, within the insulating phase, nanobeams of VO2 can be driven between the 

normal monoclinic phase (M1) and another monoclinic phase (M2) with a response in the 

resistance of the sample  [149]. 

2.6 SPECIFICS OF NIOBIUM DIOXIDE 

 

Figure 2.5 Crystal structure of (a) the high-temperature rutile phase (space group 

P42/mnm) and (b) the conventional cell of the low-temperature body-center 

tetragonal phase (space group I41/a) of NbO2. 
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 As mentioned in the previous section, NbO2 like its isovalent compound VO2 is a 

d1 transition metal oxide which adopts at high-temperature the rutile structure of TiO2. 

Around 1080 K, NbO2 like VO2 (which does so around 340 K) undergoes a metal-to-

insulator phase transition  [28] accompanied by a structural transition to a distorted rutile 

structure. This distorted rutile structure is accommodated by a body-centered tetragonal 

cell (space group I41/a) with a 45º rotation relative to the rutile phase and relative lattice 

constants of 𝑎 ≈ 2√2𝑎𝑅 and 𝑐 ≈ 2𝑐𝑅  [150–152]. Generally, the transition temperature 

has been reported to occur near 1080 K, but with some variability within a range of about 

±10 K due to measurement technique  [28,30,95,153–156]. Detailed measurements on 

various orientation of single-phase NbO2 have shown that the largest change in 

conductivity occurs along the c-axis or dimerization axis with a more subtle 

semiconductor-to-semiconductor transition along the perpendicular axes  [156]. 

 The majority of early work on NbO2 synthetic growth focused on creating single 

crystal samples, rather than epitaxial films. Historically, single crystals of NbO2 were 

grown using a variety of methods including the chemical transport method  [157–159], 

melt and quench techniques  [155], the Czochralski-Kyropoulos technique  [156,160]; 

while polycrystalline samples could be synthesized by reducing Nb2O5  [150].  For the 

growth of thin films, r.f. sputtering was used to produce 100-200 nm thick amorphous 

films  [161] as well as polycrystalline films  [162], while magnetron sputtering in oxygen 

environments was used to produce polycrystalline films as well  [163]. Although most 

previous reports on the epitaxial growth of NbO2 resulted in polycrystalline samples, 

quality epitaxial growth of NbO2 has been accomplished recently using DC magnetron 
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reactive sputtering on oxide substrates  [164], molecular beam epitaxy  [165,166], and 

reactive bias target ion beam deposition  [167]. In fact, molecular beam epitaxy growth of 

NbO2 was considered quite challenging  [168] as was sputtered growth  [169,170], most 

easily resulting in the higher oxide Nb2O5.  Recent progress through careful selection of 

substrate and control of oxygen flux has allowed for the reliable growth of high-quality 

NbO2 on (111)-oriented perovskite structures with molecular beam epitaxy  [165,166]. 

 X-ray photoemission has shown consistently that the valence band of the low-

temperature phase is comprised of a well-defined Nb 4d peak in addition to the O 2p 

band  [165–167,171–173] which disappears when the sample transitions into the high-

temperature, rutile phase  [171]. However, within the literature, there has historically 

been a lack of consensus regarding the magnitude of the band gap in NbO2. Early optical 

estimates  [174] and resistivity measurements taken at 600 K  [171] placed the value of 

the band gap to be ~0.5 eV. Lee and Durand in their electro-optical switching experiment 

found the film absorptance edge to be ~1.2 μm  [175] which indicates a band-gap that 

corresponds well to the measured value of 0.88 eV by Yousuf, et al. using admittance 

spectroscopy  [176]. Utilizing a model based on Hall coefficient and electrical 

conductivity measurements, Sakai, et al. determined the room-temperature gap to be 1.16 

eV with narrowing at higher temperatures  [177]. 

 Within the literature, the precise mechanism for the transition is still debated. 

Neutron scattering of single crystal NbO2 by Shapiro, et al.  [178] found evidence of a 

soft phonon mode at �⃗�𝑃 = (
1

4
,
1

4
,
1

2
) via critical scattering.  Further experiments by Pynn, 

et al.  [179], however, found no clear evidence for a soft mode at �⃗�𝑃 but rather 
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quasielastic scattering along rods in reciprocal space with an instability occurring near 

�⃗�𝑃.  Using a shell model based on the measured phonon dispersion curve of TiO2 and 

adapted to other rutile structures via fitting of Γ mode data, Gervais and Kress found 

softening at �⃗�𝑃  [180].  Reports on thermodynamic data is mixed with some indicating the 

transition is of second-order  [30], while others report that the transition is first-order in 

nature  [155,181]. 

 There have been a few studies exploring the effect of doping on the transition 

within NbO2  [155,182–185]. Within the series Nb1-xTixO2 for 𝑥 < 0.1, the transition 

temperature decreases linearly and at 10% Ti inclusion attains a value of ~900 K  [182]. 

Although the full series from 0 < 𝑥 < 1 can be synthesized and the distorted structure 

exists to at least 20% Ti substitution, a phase transition was not detected via DTA past 

15%  substitution  [182,183]. Likewise, the Nb1-xVxO2 system can also be synthesized 

across the full range [138,155,186]. However, compared to titanium substitution, 

vanadium does not impact the transition temperature as greatly. Furthermore, despite 

both vanadium and niobium both being d1 transition metals, no transition was detected 

for V substitution in the range 0.1 < 𝑥 < 0.5  [155]. Calorimetric and conductivity 

studies of Nb1-xZrxO3 and Nb1-xMoxO3 at replacements of 1% for both species and 

additionally at 3% for Zr showed that Mo had a negligible to slight effect in decreasing 

the transition temperature, while the effect was more pronounced in Zr at a rate between 

15 and 20 K per atomic percent replacement [184]. Field induced transitions in NbO2 

have been shown by several authors on micrometer sized samples  [175,187–190].  On 

these sized samples, the field used for switching was on the order of 25 V/μm  [187] and 
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were found to occur in sub nanosecond time scales   [187,189] and produce a three order 

of magnitude change in resistance  [187].  In addition, the on-state of NbO2 can be 

sustained post-switching via subthreshold, high frequency voltage pulsing, but without a 

sustained voltage decays rapidly  [188,190].  As in VO2, the electrical switching is 

accompanied by an optical response [175]. Recently, the growth of NbO2 under an 

hydrogen containing atmosphere have shown that incorporation of hydrogen into the 

NbO2 lattice will both lower the transition temperature and improve the abruptness of 

switching  [185]. The voltage control of the transition has led to the exploration of the use 

of NbO2 for electronics applications as discussed in the next section. 

 Compared to experimental investigations of NbO2 as well as theoretical and 

computational modeling of VO2, the theoretical and computational work on NbO2 is 

significantly sparser. These can broadly be classified as phenomenological models [191–

194], lattice stability models  [180], and electronic structure calculations  [195–200]. 

 Mukamel, et al. constructed a Landau-Ginzburg-Wilson Hamiltonian to study 

NbO2  [191–193] and utilized renormalization techniques to understand the critical 

behavior of the phase transition. In their work, they discuss that the order parameter 

associated with the transition as expected from Landau would be four dimensional based 

on the star of the reciprocal lattice vector 𝑞𝑃 = (
1

4
,
1

4
,
1

2
) and the irreducible 

representations confirmed in neutron-diffraction studies. The order parameter exponent of 

their model was found to be 𝛽 = 0.39, in agreement with measurements of the low-

symmetry phase close to the transition temperature  [29]. However Ref.  [29] observed a 
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crossover to 𝛽 = 0.19 further from the transition temperature which was interpreted to 

suggest the possibility of Lifshitz point behavior  [194]. However, no other phase has 

been discovered to date in NbO2. 

 In regards to lattice stability calculations, Gervais and Kress  [180] used a shell 

model to explore the phonon dispersion in rutile oxides. Their model was based on 

measurements of the dispersion for TiO2 fitted with adjustable parameters that could 

adopted to the other oxides. There results suggested that compared to the other oxides, 

NbO2 had a pronounced softening in the acoustic mode branches along the Γ-P direction 

of the Brillouin zone, which was not found in the other rutile oxides. 

 Earlier electronic structure calculations of NbO2 were performed using either 

density functional only in the high-temperature, metallic rutile phase  [195,196] or with 

cluster methods  [197,198]. This limitation was due to the large system size for the body-

centered tetragonal phase of NbO2, particularly given the computational resources at the 

time of these calculations. The two earlier density functional studies were conducted 

within the local density approximation and used either a non-self-consistent LAPW 

(linearized augmented plane wave) method  [195] or a self-consistent semirelativistic 

LMTO (linear muffin-tin-orbital) approach  [196]. The result of these density functional 

calculations showed the similarities of the rutile band structure to that of VO2, but with 

increased bandwidths due to 4d rather than 3d states  [195] and joint density of states 

similar to that expected based on experimental evidence of Ti-doped NbO2  [195] and 

comparisons with other rutile structures  [196]. Both papers present a calculation of the 

Fermi surface along planes of the Brillouin zone and concluded there was no nesting of 
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the Fermi surface  [195,196], while Posternak, et al. calculated the susceptibility 𝜒(�⃗�) 

neglecting matrix element effects, local-field effects, and self-consistency of the 

electronic structure finding no anomaly at 𝑞 = (
1

4
,
1

4
,
1

2
)  [195]. Later calculations (see 

Chapter 5.3.1) suggest that nesting may, in fact, be present when one considers the full 

Fermi surface in the full Brillouin zone  [201]. The cluster model calculation of Umrigar 

and Ellis  [197] showed that this method with broadening could give qualitatively similar 

results to that of Posternak, et al.’s LAPW calculations and also provided a comparison of 

the calculated x-ray transition energies to experiment. In later calculations, Sasaki and 

Soga  [198] attempted to include the effects of the distorted rutile structure by including 

modulations of the bond length in their calculation. They were able to show that with 

such a distortion, the O2p-Nb4d gap were closer to the experimentally observed values in 

the insulating phase and also confirmed that NbO2 should have a larger band gap than 

isoelectronic VO2. 

 The first reported calculation on the actual low temperature structure was reported 

by Eyert using the scalar-relativistic augmented spherical wave (ASW) method applying 

both the local density and generalized gradient approximations  [199]. These calculations 

showed that density functional theory gave a good qualitative description of both phases 

and a band gap of around 0.1 eV and noted that the metallic phase showed quasi-one-

dimensional bands near the Fermi energy leading to bonding/anti-bonding states in the 

low-temperature phase. Later calculations of the EELS spectra using the LAPW + local 

orbital method in the generalized gradient approximation found that the all main features 
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were qualitatively described by the calculation with peak positions matching near 

quantitatively when using the distorted rutile rather than high-symmetry rutile 

phase  [200].  

2.7 DEVICE APPLICATIONS 

 Beyond the intriguing materials physics challenges, interest in these materials 

stems from their possible device applications. While the sister material VO2 has been 

more widely looked at as a candidate for possible for devices such as Mott FETs, 

oscillators, thermal and chemical sensors, and optical devices [33], several interesting 

applications of NbO2 have been looked into as well. 

 As discussed previously, NbO2 has shown the ability to undergo its transition 

under application of a voltage. This led to its consideration as a threshold switch which 

could be operated above the temperature range of VO2 based switches [202]. Further 

research showed that given the rapid switching time (sub nanosecond) and its non-

permanent switching nature that NbO2 could serve as a suitable material for protecting 

circuit elements from high voltage surges  [189]. The observation of electro-optical 

switching within NbO2  [175] implies that it may be useful as a switchable coating similar 

to VO2  [137]. However for wide-spread use, a better understanding of the band gap and 

optical absorption of NbO2 is necessary. 

 Recent applications have seen NbO2 used as the primary selector material in the 

1S1R (one selector, one resistor) implementation of resistive random access memory 

(RRAM) devices  [203–209]. While, RRAM will be discussed further in Chapter 3.1, 
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essentially they are memory elements which can be in either a high or low resistance 

binary state. Rather than using a transistor to select the active cell, in the 1S1R paradigm, 

a diode-like device is used in series or is built into the memory element. In general this 

allows for a more compact memory design  [203] and the use of a metal-to-insulator 

transition material’s threshold switching as the selector suppresses the parasitic leakage 

of current between neighboring cells  [210]. Several papers have pointed out that the low-

temperature of the transition in VO2 makes NbO2 a more suitable candidate for these 

applications [203,205]. Related to these lines, researchers at HP have proposed using 

NbO2 itself as a memristor which can act as so-called “neuristors” which may be able to 

simulate the behavior of biological neurons  [211]. The observation of nonlinear IV 

properties  [188,190] and negative-differential resistance in NbO2  [212] has also led to 

the development of NbO2-based relaxation oscillators  [213]. 

 Beyond more traditional electronic switching applications, the sensitivity of NbO2 

to oxidation has led to its proposed use in sensors and catalysis as well. A proposed 

application uses the change in electrical response as NbO2 oxides under ozone-rich 

atmospheres as a sensor to monitor this gas for health and safety  [214]. Within catalysis 

for fuel cells, NbO2 has been proposed as a possible Pt cathode support for the 

replacement of carbon supports to eliminate carbon corrosion  [215–217]. 
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Chapter 3 Other Applications of Transition Metal Oxides: Resistive 

Switching (RRAM) and Transparent Conducting Templates 

 In the following chapter, we introduce two the other topics in oxide-based 

materials physics that this dissertation discusses: (1) oxide-based resistive random-access 

memory and (2) n-doped SrTiO3 as metallic contact and transparent conductors. While 

these topics are not particularly related, they are presented as a single, split topic 

background chapter since less time was spent working on these materials than those in 

the previous introductory chapter. 

3.1 OXIDE-BASED RESISTIVE RANDOM ACCESS MEMORY 

 A recent development towards non-volatile memory is resistive switching based 

memory or RRAM and has resulted in numerous review articles  [218–221]. The benefit 

of RRAM based memories is a reduction from the need of up to six transistors in 

traditional SRAM and improves upon the one transistor/one capacitor DRAM by being 

nonvolatile. For example, in RRAM, a dielectric oxide such as HfO2 is cycled through a 

reversible dielectric breakdown yielding high and low resistive states. The essential 

phenomenon has been observed in transition metals since at least 1964 in NiO  [222], 

however it wasn’t until more recently that practical demonstrations for it has a memory 

element were truly shown  [223]. There have been a wide range of materials reported to 

undergo such switching including phase change chalcogenides, binary transition metal 

oxides, perovskites, solid-state electrolytes, organic complexes, and molecular 

systems  [219,224]. For the interests here, we will focus only on binary transition metal 

oxides. In terms of their device operation, the different material classes can effectively be 
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split into two classes: bipolar and unipolar. Bipolar materials, like the perovskite class, 

require a specific voltage polarity to trigger the high and low states (i.e. +V for low and –

V for high); whereas unipolar materials, like most of the binary transition metal oxides, 

have a specific threshold voltage that may set or reset the state and is independent of 

polarity  [224]. Such a curves for both unipolar and bipolar switching is shown in Fig. 3.1 

as schematics and an actual curve for HfO2 is shown for comparison as well. 

 

Figure 3.1 (a) Schematic of resistive switching in unipolar (left) and bipolar (right) type 

devices [221]. (b) Experimental measurement of the actual switching curve 

in a bipolar HfO2-based device [225]. 

 

3.1.1 Mechanism of Switching in HfO2 

 While specific models for oxygen-vacancy mediated conductive filament 

formation are debated within the literature, it is widely excepted based on experiment and 

calculation that the creation and destruction of these filaments are responsible [220]. For 

example, in STEM dark field images have shown the formation of oxygen-poor regions 

in HfO2 based devices  [225] and in TiO2 based devices, the presence of Magnéli phases 

(reduced phase-TiO2) have been discussed  [226] and reported  [227]. In HfO2, an 

isolated oxygen vacancy is a localized defect in which the excess electrons are bound to 

the vacancy region  [228]. Calculations have shown that multiple mid-gap states with 
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different energy levels which can lead to conduction exist when chains of vacancies are 

introduced  [229,230]. Likewise, calculations have shown that for TiO2 and NiO, the 

presence of ordered chains will cause a metallic filament; however, if this filament is 

broken by the diffusion of a nearby oxygen atom then a small gap can open lowering the 

conductivity  [231]. The presence of grain boundaries which aid in the migration of 

vacancies has been shown to support improved operation in polycrystalline samples of 

HfO2  [232,233]. This is perhaps due to the fact that grain boundaries preferentially favor 

the formation of oxygen vacancies in monoclinic HfO2 compared to bulk regions  [234].  

 Although almost all transition metal oxide based RRAM models involve the roll 

of oxygen vacancies, given the existence of cation migration based devices exist  [221] 

involving, for example, Ag+ migration  [235–237], one cannot rule out the potential for 

the migration of cations in the 3d transition metal binary oxides (like TiO2 and NiO). We 

most likely can disregard these worries for those with heavier elements, like HfO2. This, 

in a sense, can be further rationalized by studies involving melting simulations of the 

HfO2 lattice where the oxygen sublattice mobilizes at significantly lower temperature 

than the hafnium sublattice  [238]. 

3.1.2 Practical Considerations of HfO2 RRAM 

 One benefit of using HfO2 as a resistive-switching material over other choices is 

the fact that HfO2 has already been adopted as one of the current high-k dielectrics for 

CMOS technology. While HfO2 as a gate dielectric can be grown using a variety of 

methods, one of the primary deposition methods within industry for HfO2 high-k 
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dielectrics is atomic layer deposition (ALD)  [239]. In particular, the use of ALD, despite 

its slow growth rate, allows for the following growth advantages over other methods: 

atomic level control of thickness, excellent conformal coverage of surfaces, ultrathin 

films, and low T deposit. In comparison, methods like sol-gel lead to cracks and voids 

during annealing, sputtering leads to plasma induced damages, and pulsed laser 

deposition (PLD) and CVD lead to difficulty controlling film compositions and for CVD 

impurities  [240]. Furthermore, in terms of electrical properties the ALD grown films are 

also among the best due in large part to the superior uniformity and composition. In the 

case of RRAM, the fact that ALD is able to provide such highly stoichiometric films is 

actually a disadvantage. In order for proper functioning, these oxides must be 

substoichiometric, i.e. HfOx rather than HfO2. Since ALD has already been proven 

successful in traditional high-k dielectric CMOS technology based on HfO2, it seems 

natural that industry would look for a way to still use ALD in RRAM device fabrication. 

The solution to this problem is the post-growth deposition of a gettering metal such as 

titanium or hafnium between the HfO2 layer and the top electrode (Fig. 3.1) [241]. 

During a high-temperature anneal, the gettering layer is thermodynamically unstable and 

will partially oxidize by pulling oxygen from the HfO2 layer to create the 

substoichiometric film [225,242,243]. Within the literature for HfO2-based RRAM, 

however, there is some debate as to the exact function of this gettering layer in regards to 

its oxidation. Some researchers contend that the layer serves only to extract oxygen from 

the dielectric  [243], while others propose that the oxidized portion of the gettering layer 

serves as a reservoir for oxygen to reenter the dielectric during breaking of the 
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filament  [244]. It is this debate in the role played by the gettering cross-bar layer that we 

wish to answer using a first-principles approach and is the focus of Chapter 6. 

 

Figure 3.2 (a) Full device schematic and cross-sectional TEM of an HfO2 device with 

gettering layer  [241]. (b) STEM dark field of hafnium-based crossbar 

showing oxygen-poor regions in HfO2  [225]. 

 

3.2 N-DOPED SRTIO3 AS AN OXIDE-BASED CONDUCTOR 

 Transparent conducting oxides (TCOs) are materials that display both relatively 

high electrical conductivity with optical transparency [245]. From an electronic structure 

standpoint, n-type trans work essentially by having a large enough fundamental band gap 

to be transparent and a free-electron-like conduction band minimum (usually at the zone 

center) providing separate between the conduction band minimum and the next set up of 

bands  [246]. Many such oxides, including SnO2, In2O3, ZnO, CdO, and Cr2O3 amongst 

others, have been found to display these properties and their synthesis and doping 

properties discussed  [245–248]. The perovskite compound strontium titanate or SrTiO3 

(STO) provides a unique opportunity for study, because not only does it have properties 

making it a transparent conductor  [249,250], but also can be integrated with both silicon 

technologies as well as other oxides, as we discuss below and explore properties related 

to this in Chapter 7. 
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3.2.1 The Perovskite Structure 

 

Figure 3.3 Left: Periodic table color coded to show each of the atomic species known 

to be accommodated by the perovskite structure. Right: The perovskite 

structure showing the BX6 octahedron. (Adapted from  [251]). 

 

 Of the ternary oxides, the perovskite structure is one of the most versatile 

structures known. In its highest symmetry form, for example adopted by CaTiO3 and 

SrTiO3 above 110 K, the system adopts a cubic structure in the 𝑃𝑚3̅𝑚 space group. In 

general, the perovskite class has the chemical form ABX3 and can accommodate atoms 

from most of the periodic table as summarized in Fig. 3.3. For our purposes, we focus on 

oxide perovskites with X taken to be oxygen. The A site will generally be an alkali metal, 

alkaline earth metal, or rare-earth element (including yttrium) and the B site will 

generally be a transition metal oxide. In the high temperature cubic phase, shown in Fig. 

3.3, the A site is at the corners of the cube, the B site at the center of the cube, and the 

oxygen at the center of each cubic face. As such, the B atom sits at the center of a BO6 

octahedron and the role of the crystal field (discussed briefly in Chapter 2.3) is quite 

important. While most perovskites will adopt the cubic phase as their highest temperature 

phase and some are stable at room temperature, what makes the perovskite oxides such 
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an intriguing class of materials is their ability to undergo a wide range of distortions from 

the basic cubic structure through octahedral tilts and rotations as well as ferroelectric 

distortions [252–256]. As such, these oxides exhibit a wide range of physical properties 

including superconductivity  [257], ferroelectricity  [258], colossal magnetoresistance  [259], 

metal-insulator phase transitions (see discussion in Chapter 2), and strain and doping dependent 

magnetism  [260–262]. 

 Integration of functional oxides will allow for novel devices utilizing a wide range of 

behaviors such as ferroic order, superconductivity, and catalysis.  Historically, such materials are 

grown on other oxides. Practically, such substrates are too expensive, too small, or too heavy for 

use in large-scale fabrication. Furthermore, many functional oxides are thermodynamically 

unstable on silicon. SrTiO3 can be directly integrated on silicon to serve as a pseudosubstrate or 

buffer layer with minimal SiO2 formation for the integration of oxides, both different perovskites 

and others, on silicon. [263–267]. 

3.2.2 Conductivity in Perovskites 

 SrTiO3 can be n-type doped through cationic substitution. While many possible 

choices for replacement at the strontium site and titanium site exist  [268–272], the most 

common choices are La3+ for Sr2+ or Nb5+ for Ti4+.  The latter is available commercially 

as a crystal growth substrate with low concentrations of niobium (e.g. CrysTec GmbH 

Kristalltechnologie). In the most basic viewpoint, conductivity for n-type carriers can be 

defined via the relation 𝜎 = 𝑒𝑛𝑒𝜇𝑒 where 𝑛𝑒 is the number of carriers and 𝜇𝑒 is the 

carriers mobility. Therefore, in principle, increasing either of these terms (assuming 

relative stability of the other) should increase conductivity. In understanding the 
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conductive properties of doped SrTiO3, it is the interplay of these two terms that we 

primarily focus on. Generally, the computation of 𝜇𝑒 is quite challenging but utilizing the 

Drude-type picture of conductivity to rewrite the mobility as 𝜇𝑒 =
𝑒𝜏

𝑚𝑒
∗ where 𝑚𝑒

∗  is the 

effective electron mass and 𝜏 is the relaxation time (i.e. average time between scattering 

events). Most work on understanding mobility in La-doped STO (LSTO) thus focuses on 

understanding the effective electron mass [273–277]. 

 Recently, films grown using molecular-beam epitaxy have shown that at low 

carrier concentration (~1018 cm-3) and temperatures around 1.8 K exhibit mobilities on 

the order of 30,000-50,000 cm2V-1s-1 at 1.8 K  [278,279] (for comparison, typical 

mobilities in silicon are on the order 100-1000 cm2V-1s-1 for doping concentrations 

between 1020 and 1014 cm-3, respectively). Utilizing the band derivative of the effective 

mass, 𝑚𝑒
∗ =

𝜕2𝐸𝑛

𝜕�⃗⃗�2 , theoretical calculations show that biaxial tensile strain should split the 

degeneracy and increase the curvature of the bands of the conduction band minimum at 

the Γ-point and cause, respectively and decrease in the effective masses  [274]. However, 

recent experiments have failed to confirm that this behavior holds at room 

temperature  [277] and will be discussed further in Chapter 7.  

 There are some caveats of doping within the series LaxSr1-xTiO3. Across the range 

0 ≤ 𝑥 ≤ 1, several structural phase transitions have been reported  [280,281]. In 

particular, the first occurs around 𝑥 ≈ 0.2 in which the system undergoes a cubic to 

orthorhombic distortion [280]. Furthermore, due to the band filling, one might expect the 

end member LaTiO3 to be metallic, however it is actually a Jahn-Teller distorted Mott-
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like insulator. Recalling from our discussion in Chapter 2.3 on the crystal field and Jahn-

Teller mechanism, LaTiO3 would have one electron in the triply degenerate Ti t2g portion 

of the conduction band. As such, the structure distorts leading to a single half-filled band 

which undergoes a Mott transition [282–284]. 

 Despite these materials challenging, LSTO shows many promising applications. 

Under low-doping, it exhibits superconductivity  [285] and promising thermoelectric 

properties  [286,287]. Furthermore, due to SrTiO3’s compatibility with silicon and other 

oxides, it can server as a conductive template [264], as quantum metal layer [288] for 

integration in all oxide electronics, and as a transparent conductor  [249,250,277]. While 

band derivative effective masses work well for very low carrier concentrations, such a 

definition fails to properly describe the more heavily doped cases as will be discussed in 

Chapter 7. Furthermore, heavily n-type doping may lead to unexpected defects in SrTiO3 

which can serve to lower the expected number of carriers as will also be examined in 

Chapter 7. 
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Chapter 4 Computational Methodology: First Principles Calculations 

with Density Functional Theory 

 The following chapter is by no means meant to be a comprehensive and detailed 

introduction to density functional theory (DFT) and its extensions and applications. 

Rather, the goal is to provide the reader with a cursory overview of the salient features of 

the theoretical methods and background of those methods relevant for this dissertation. 

The hope is to provide enough details to familiarize the reader with these underpinnings 

to the rest of the dissertation. For a more detailed expose on the field, I direct the reader 

to several excellent, highly detailed developments in references  [289–294]. 

 Fundamentally, the study of materials begins with the many-body, interacting 

Hamiltonian for electrons and nuclei. Essentially, the non-relativistic Hamiltonian has the 

following form (neglecting for now spin and external potentials beyond that of the 

nuclei): 

 �̂� = �̂�𝑒𝑙 + �̂�𝑛 + �̂�𝑒𝑙,𝑒𝑙 + �̂�𝑛,𝑒𝑙 + �̂�𝑛,𝑛 (4.1) 

where each component of the Hamiltonian is defined as: 

 �̂�𝑒𝑙 = −
ℏ2

2𝑚𝑒
∑∇𝑖

2

𝑖

 (4.2)  �̂�𝑒𝑙,𝑒𝑙 = +∑
𝑒2

|𝑟𝑖 − 𝑟𝑗|𝑖<𝑗

 (4.3) 

 �̂�𝑛 = −∑
ℏ2

2𝑀𝐼
∇𝐼

2

𝐼

 (4.4)  �̂�𝑛,𝑒𝑙 = −∑
𝑍𝐼𝑒

2

|𝑟𝑖 − 𝑅𝐼|
𝐼,𝑖

 (4.5) 

    �̂�𝑛,𝑛 = +∑
𝑍𝐼𝑍𝐽𝑒

2

|𝑅𝐼 − 𝑅𝐽|𝐼<𝐽

 (4.6) 

Clearly, the evaluation of such a Hamiltonian can quickly become a formidable 

challenge, even with the help of a computer. For example, if we wish to consider a small 
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molecule like a single unit of TiO2, we would already have three nuclei and 38 electrons 

yielding 861 total terms (neglecting Cartesian coordinates). In reality, the systems that 

most physicists and chemists are interested in studying are often times larger than this 

(e.g. bulk, crystalline TiO2 has two formula units per primitive cell). Hence, the primary 

goal of this chapter is to review the primary approximations that make solving Eq. (4.1) 

more tractable as well as some practical issues and extensions. 

4. 1 THE BORN-OPPENHEIMER APPROXIMATION 

 The goal of the Born-Oppenheimer approximation [295] is to separate the nuclear 

and electronic components of the wave function as  

 Ψ𝑡𝑜𝑡𝑎𝑙 = 𝜓𝑛(𝑅) × 𝜓𝑒𝑙(𝑟; 𝑅). (4.7) 

Given that we are interested in obtaining the ground state electronic wave-function, we 

can first neglect the �̂�𝑛,𝑛 term as a constant term in regards to the electronic Hamiltonian. 

However, the form of Eq. (4.7) is not something that can be exactly true due to the 

nuclear-electronic interaction of Eq. (4.5). Physically, the Born-Oppenheimer 

approximation is motivated by the realization that 𝑚𝑒 ≪ 𝑚𝐼 (in fact, 
𝑚𝑒

𝑚𝑝
≈ 1836.15 for 

protons and 
𝑚𝑒

𝑚𝑛
≈ 1838.65 for neutrons).  In order to derive Eq. (4.7), we first begin by 

assuming that the electronic problem has already been solved for a given nuclear 

configuration (i.e. that the 𝑅𝐼 are fixed) and we have a orthonormal spectrum of wave 

functions 𝜓𝑒𝑙,𝑖(𝑟; 𝑅) with energies 𝐸𝑒𝑙,𝑖 for all 𝑖. Since this is a complete basis, we can 
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expand the real Ψ𝑡𝑜𝑡𝑎𝑙 in the electronic wave functions for a given eigenfunction of the 

full Hamiltonian: 

 Ψ𝑡𝑜𝑡𝑎𝑙,𝑗 = ∑𝜓𝑛,𝑖𝑗(𝑅)𝜓𝑒𝑙,𝑖(𝑟; 𝑅)

𝑖

. (4.8) 

If we calculate the inner product of an arbitrary electronic wave function with the total 

wave function, ∫𝜓𝑖
∗�̂�Ψ𝑗𝑑𝑟, by substituting Eq. (4.1) and (4.8) and integrating over the 

electronic degrees of freedom 𝑟, we obtain: 

 
{�̂�𝑁 + ∑

ℏ2

2𝑀𝐼
(2 [∫𝜓𝑒𝑙,𝑖′(𝑟; 𝑅)∇𝐼𝜓𝑒𝑙,𝑖(𝑟; 𝑅)𝑑𝑟] ∇𝐼

𝐼

+ ∫𝜓𝑒𝑙,𝑖′(𝑟; 𝑅)∇𝐼
2𝜓𝑒𝑙,𝑖(𝑟; 𝑅)𝑑𝑟) + 𝐸𝑒𝑙,𝑖′(𝑅)}𝜓𝑛,𝑖′𝑗(𝑅)

= 𝐸𝑗𝜓𝑛,𝑖′𝑗(𝑅) 

(4.9) 

It should be noted that these extra terms appearing in Eq. (4.9) are simply the result of 

applying the chain rule to the nuclear kinetic energy term. In particular, the Born-

Oppenheimer (or adiabatic approximation in some texts) states that we can neglect these 

extra terms and effectively achieve Eq. (4.7) so that the effective nuclear Hamiltonian 

becomes: 

 {�̂�𝑁 + 𝐸𝑒𝑙,𝑖′(𝑅)}𝜓𝑛,𝑖′𝑗(𝑅) = 𝐸𝑗𝜓𝑛,𝑖′𝑗(𝑅) (4.10) 

 

(in regards to the nuclear wave functions, the electronic energy only depends on 𝑅). Of 

the off diagonal terms in Eq. (4.9), the first can be shown to disappear given that the total 

wave function must be normalized. In certain circumstances, the second term, however, 
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cannot be neglected. Such circumstances occur when the total electronic states are close 

in energy or degenerate. Furthermore, the off diagonal elements contain the essential 

ingredients for the electron-phonon interaction. Regardless, in most cases, the Born-

Oppenheimer approximation achieves the required accuracy and may be considered 

valid. In such cases, the atomic nuclei are colloquially said to reside on and respond to 

the potential energy surface created by the electronic states and the nuclear forces can 

thus be calculated using it via approaches like the Hellman-Feynman Theorem (more on 

this in 4.10). 

4.2 HISTORICAL BACKGROUND OF EFFECTIVE ONE-PARTICLE THEORIES 

 In the previous section, we assumed that electronic problem had already been 

solved. In reality, however, solving the electronic problem is not so straightforward. In 

fact, significant effort throughout the 20th and 21st centuries have gone into being able to 

both accurately and tractably solve it. In this section, the goal is goal is to sketch a history 

of the approaches leading up to the development of density function theory.  

 Perhaps the first serious efforts to tackle this problem from an ab initio or first 

principles view point were performed by Hartree, Fock, and Slater and led to the 

development of Hartree and Hartree-Fock theory  [292,293,296]. These types of theories 

are referred to as independent electron theories as they neglect explicit electron-electron 

interactions. In his original theory, Hartree posited that the approximate electronic wave 

function for 𝑛 electrons in a given ionic configuration could be written down as  

 𝜓𝑒𝑙(𝑟) = 𝜓1(𝑟1)𝜓2(𝑟2)⋯𝜓𝑛(𝑟𝑛) (4.11) 
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where each of the individual wave functions could be determined as a solution to the one 

electron Schrödinger equation within the field of the nuclei and the total average charge 

distribution from the other wave functions. In order to accomplish this, an iterative 

method could be used to solve the equations self-consistently. Unfortunately, it was soon 

realized by realized that the wave function presented in Eq. (4.11) did not obey the Pauli 

exclusion principle, that is to say, that the wave function is not antisymmetric. The 

remedy to this issue is to use the Slater determinant to form a wave function that is 

antisymmetric: 

 

𝜓𝑒𝑙(𝑟) ≡ |𝜓1𝜓2 ⋯𝜓𝑛| =
1

√𝑛!
|

𝜓1(𝑟1) 𝜓2(𝑟1)

𝜓1(𝑟2) 𝜓2(𝑟2)

⋯ 𝜓𝑛(𝑟1)

⋯ 𝜓𝑛(𝑟2)
⋮ ⋮

𝜓1(𝑟𝑛) 𝜓2(𝑟𝑛)
⋱ ⋮
⋯ 𝜓𝑛(𝑟𝑛)

|. (4.12) 

If we neglect spin and have an even number of electrons, then for a system with 2𝑛 

electrons there will be 𝑛 wave functions in Eq. (4.12). This is referred to as the restricted, 

closed shell Hartree-Fock method and is the simplest version. The minimum ground state 

with in the Hartree-Fock approximation will be achieved when “the best” spin-orbitals 

are found. The reason for referring to this as “the best” is that in practice, the spin-orbitals 

are expanded in a chosen basis and the minimum energy may be dependent upon this 

basis. In order to cast the Hartree-Fock problem into an effective one-electron theory, we 

can calculate the Fock operator for the ith wave function as 

 

�̂�𝑖 = ℎ̂𝑖 + ∑[2𝐽𝑗𝑖 − �̂�𝑗𝑖]

𝑛/2

𝑗=1

 (4.13) 
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where ℎ̂𝑖 is the one-electron Hamiltonian for the ith wave function, 𝐽𝑗𝑖 is the Coulomb 

operator for the repulsion between electrons in wave function 𝑗 and 𝑖, and �̂�𝑗𝑖 is the 

exchange operator for exchanging electrons in wave functions 𝑗 and 𝑖. The actual 

Coulomb and exchange operators are most easily defined via their action on the actual 

one-electron wave function with arbitrary electron coordinates labelled here as 𝑟1 and 𝑟2. 

Specifically, the Coulomb operator is defined as 

 
𝐽𝑗(𝑟1)𝜓𝑖(𝑟1) = [∫

𝜓𝑗(𝑟2)
∗𝜓𝑗(𝑟2)

|�̂�1 − �̂�2|
𝑑�̂�2] 𝜓𝑖(𝑟1) (4.14) 

and exchange operators are defined as 

 
�̂�𝑗(𝑟1)𝜓𝑖(𝑟1) = [∫

𝜓𝑗(𝑟2)
∗𝜓𝑖(𝑟2)

|�̂�1 − �̂�2|
𝑑�̂�2]𝜓𝑗(𝑟1). (4.15) 

This provides a Schrödinger type equation in terms of the Fock operator: 

 �̂�𝑖𝜓𝑖(𝑟1) = 휀𝑖𝜓𝑖(𝑟1). (4.16) 

The above equations (Eq. (4.14)-(4.16)) can be derived using the following prescription. 

First, we compute the inner product of the Slater determinant wave function Eq. (4.12) 

with the electronic Hamiltonian. This expression can be simplified by employing the 

Slater-Condon rules which simplify the evaluation of the calculation of the matrix 

elements of one- and two-electron operators for ground-state, one-electron excited state, 

and two electron-excited state wave functions. The one- and two-electron operators are 

given by 

 
𝐴1 = ∑𝐴(𝑟𝑖)

𝑖

, 𝐴2 =
1

2
∑𝐴(𝑟𝑖, 𝑟𝑗)

𝑖≠𝑗

 (4.17) 
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and for the ground-state, the matrix elements are given by 

 
⟨𝜓𝑒𝑙|𝐴1|𝜓𝑒𝑙⟩ = ∑∫𝜓𝑖(𝑟1)

∗𝐴(𝑟1)𝜓𝑖(𝑟1)𝑑𝑟1
𝑖

 (4.18) 

and 

 
⟨𝜓𝑒𝑙|𝐴2|𝜓𝑒𝑙⟩ =

1

2
∑[∫𝜓𝑗(𝑟2)

∗𝜓𝑖(𝑟1)
∗𝐴(�̂�1, �̂�2)𝜓𝑖(𝑟1)𝜓𝑗(𝑟2)𝑑𝑟1𝑑𝑟2

𝑖≠𝑗

− ∫𝜓𝑗(𝑟2)
∗𝜓𝑖(𝑟1)

∗𝐴(�̂�1, �̂�2)𝜓𝑖(𝑟2)𝜓𝑗(𝑟1)𝑑𝑟1𝑑𝑟2]. 

(4.19) 

Writing out these elements, it becomes readily apparent that the former is necessary for 

the one-electron Hamiltonian, while the later leads to the Coulomb and Exchange terms 

based on the Coulomb operator. Arbitrarily choosing an orbital (e.g. 𝜓𝑖(𝑟1)) and applying 

a variational minimization to the energy calculated through the use of a Lagrange 

multiplier yields the Eq. (4.16). It should be pointed out that the total energy of the 

system is not simply the sum of all orbital energies, but rather is given by 

 𝐸 = 2∑휀𝑖

𝑖

− ∑[2𝐽𝑗𝑖 − �̂�𝑗𝑖]

𝑖,𝑗

 (4.20) 

where here the matrix elements of the Coulomb and exchange operators must be 

included. Koopman’s theorem  [297] does, however, provide the interpretation that the 

individual wave function energies can be interpreted as the ionization energies. 

 While it is clear from our discussion thus far that we have a self-consistent field 

problem where we must iteratively solve for each orbital, it is not straightforward how to 

proceed directly from the Hartree-Fock equations. We will see that a similar problem will 

exist once we begin our discussion of density functional theory. Perhaps the most obvious 
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way to approach this is to expand the individual orbitals used in Eq. (4.12) in an explicit 

basis: 

 

𝜓𝑖(𝑟) = ∑ 𝑐𝑘𝑖𝜑𝑘(𝑟)

𝑁𝑘

𝑘=1

 (4.21) 

where the 𝑐𝑘𝑖 are as set to be determined coefficients. The basis functions 𝜑𝑘(𝑟) can be 

any desired set of functions (a basis set). Common basis sets include Gaussian functions 

and plane-wave functions. The Roothaan-Hall equations  [298,299] can be obtained by 

substituting Eq. (4.21) into Eq. (4.16), taking an inner-product with an arbitrary basis 

function from the selected basis set, leading to a matrix equation of the form 

 𝑭𝒄 = 𝜺𝑺𝒄 (4.22) 

where each term is a matrix defined as follows: 𝑭 is the Fock matrix with elements 

calculated with the basis set, 𝒄 is comprised of the coefficients 𝑐𝑘𝑖, 𝜺 is a diagonal matrix 

of the orbital energies 휀𝑖, and 𝑺 is the overlap matrix of the basis functions. While this is 

still a problem that must be solved self-consistently, the Roothaan-Hall approach recasts 

the problem into a matrix form. The individual basis function integrals can often times be 

computed with straightforwardly. 

 The primary extensions to Hartree-Fock include the restricted, open-shell Hartree-

Fock and unrestricted Hartree-Fock methods. In the former, doubly occupied spatial 

orbitals are used when possible with single occupied orbitals for any unpaired electrons 

in the system. In unrestricted Hartree-Fock, the spin-orbitals are constructed by using a 

different spatial orbital for each electron regardless of spin (i.e. a “different orbitals for 

different spins” method). Given the fact that it is more straightforward to implement than 
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restricted, open-shell Hartree-Fock, it is the most commonly used variant. Furthermore, it 

is easier to develop so called post-Hartree-Fock methods based on unrestricted Hartree-

Fock. 

 While Hartree-Fock theory is quite reasonably accurate for chemical systems and 

it can be implemented for solid-state systems (i.e. with periodic boundary conditions), it 

is in general an overestimation of the total energy of the system (even when neglecting 

relativistic effects). The primary reason for this lies in the fact that exact wave functions 

cannot be expressed in terms of a single determinant. It should be pointed out that the 

Hartree-Fock theory already includes the Fermi correlation which states that two parallel-

spin electrons cannot be found in the same point in space at the same time. The 

correlation energy can often be thought of as the missing energy from Hartree-Fock 

theory compared to some reference state. Of course the Hartree-Fock energy itself is 

somewhat dependent upon the basis used. Trying to capture these extra degrees of 

freedom leading to the lowering of the energy to the “exact” energy can be referred to as 

post-Hartree-Fock theories [293,296,300]. Approaches for introducing correlation effects 

to a Hartree-Fock like theory are configuration interaction (CI), Møller-Plesset 

perturbation theory (MP) [301], and coupled-cluster method (CC method) [302]. The 

basic principle behind configuration interaction is to treat the true electronic ground-state 

wave function as a linear combination of Slater determinants which include excited state 

variations in addition to the ground-state Slater determinant. This leads to a similar 

matrix equation as discussed for the Roothaan-Hall version of Hartee-Fock. In full 

configuration interaction, all possible symmetry-allowed excitations are included leading 
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to a fully correlated system. Unfortunately, configuration interaction (and in particular 

full CI) is computationally very intensive and often only used for small molecules. 

Møller-Plesset perturbation theory improves upon the Hartree-Fock result by using 

Rayleigh-Schrödinger perturbation theory to second (MP2), third (MP3), or fourth order 

(MP4). The perturbation is defined as 𝐻(1) = 𝐻 − 𝐻𝐻𝐹 where for a given electron, we 

have 

 
𝐻(1)(𝑟𝑖) = ∑

𝑒2

|𝑟𝑖 − 𝑟𝑗|𝑗

− ∑[2𝐽𝑘(𝑟𝑖) − 𝐾𝑘(𝑟𝑖)]

𝑘

. (4.23) 

Essentially, the perturbation is all that was missed in the Coulomb interaction by 

restricting the electrons in the Slater determinant. The coupled cluster method introduces 

a new wave function using an exponential ansatz for a cluster operator 𝐶 in relation to the 

Slater determinant 

 𝜓𝐶𝐶(𝑟) = 𝑒𝐶𝜓𝑒𝑙(𝑟) (4.24) 

with the exponent expanded as series expansion. In principle, the operator is defined as a 

sum of one-electron (𝐶1), two-electron (𝐶2), and so on to N-electron (𝐶𝑁) excitation 

operators. The method then turns to trying to find the effect that each of these. Due to 

computational costs, the method is often restricted to include single, double, triple, or 

quadruple excitations with the approach being termed CCS, CCSD, CCSDT, and 

CCSDTQ respectively. 

 Density functional theory provides another way to in principle fully include the 

correlation energy. Historically, this was not the case until placed on a formal foundation 
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by Hohenberg, Kohn, and Sham. In the next section, we explore the historical approach 

leading to Hohenberg-Kohn-Sham Density functional theory. 

4.3 DEVELOPMENT OF DENSITY FUNCTIONAL THEORY 

 The conceptual origin of modern density functional theory can be traced to the 

formalism developed by Thomas  [303] and Fermi  [304] and later improved by 

Dirac  [305] and others. The primary idea here is to replace the explicit dependence of the 

wave functions as discussed above with and equation of the electron density. The primary 

goal leading to Thomas-Fermi theory was to understand screening in many-body systems 

where the other particles are collectively correlated in such a way as to reduce net 

interactions between particles. To do this, a connection from the kinetic energy and 

potential energy to the electron density needs to be made. That is to say, we wish to write 

the system energy as a function of the electron density 𝑛(𝑟): 

 𝐸𝑒𝑙[𝑛(𝑟)] = 𝑇𝑒𝑙[𝑛(𝑟)] + 𝑉𝑒𝑙,𝑒𝑙[𝑛(𝑟)] + 𝑉𝑛,𝑒𝑙[𝑛(𝑟)] . (4.25) 

In order to obtain expressions for each term, we assume that the electron density is slowly 

varying and hence at a given value of 𝑟, the electron density can be approximated as a 

homogeneous electron gas. For the homogeneous electron gas, we can calculate (in the 

absence of a potential) the kinetic energy as 𝑇 =
𝑘2

2
 for a given wavevector. In reciprocal 

space, each state of spin 𝜎 has associated a volume of 
(2𝜋)3

Ω
 which can be related to the 

Fermi vector as 
4𝜋

3
(𝑘𝐹

𝜎)3 =
(2𝜋)3

Ω
𝑁𝜎 . If we assume that the system is non-spin polarized, 

then 𝑛𝜎 =
𝑛

2
 and 𝑘𝐹

𝜎 = 𝑘𝐹 implying  
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 𝑘𝐹 = (3𝜋2)1/3𝑛1/3. (4.26) 

The total kinetic energy for such a system is given as a sum over all wave vectors below 

the Fermi wave vector times a factor of 2 for spin degeneracy: 

 

𝑇 = 2 (
Ω

(2𝜋)3
)∫

𝑘2

2
𝑑�⃗⃗�

𝑘𝐹

0

= (
Ω

(2𝜋)3
) 4𝜋 ∫ 𝑘4𝑑𝑘

𝑘𝐹

0

=
Ω

10𝜋2
(𝑘𝐹)

5 (4.27) 

If we plug Eq. (4.26) into Eq. (4.37) and also make the assumption that 𝑛 → 𝑛(𝑟) (so that 

𝑇 needs to be integrated over all space), we obtain the Thomas-Fermi kinetic energy: 

 
𝑇[𝑛(𝑟)] =

3

10
(3𝜋2)2/3 ∫𝑛(𝑟)𝑑𝑟. (4.28) 

The Coulomb (in the Hartree sense) term as well as the behavior in an external potential 

can easily be written down since these are simple one-electron type integrals, in which 

case the Thomas-Fermi functional can be written: 

 
𝐸𝑇𝐹[𝑛(𝑟)] =

3

10
(3𝜋2)2/3 ∫(𝑛(𝑟))

5/3
𝑑𝑟 +

1

2
∫

𝑛(𝑟)𝑛(𝑟′)

|𝑟 − 𝑟′|
𝑑𝑟𝑑𝑟′

+ ∫𝑉𝑒𝑥𝑡(𝑟)𝑛(𝑟)𝑑𝑟 

(4.29) 

The original Thomas-Fermi approach does not include the effect of electron exchange, 

which was introduced by Dirac [305]. To introduce the Dirac correction, we can 

introduce the exchange potential via an additional term: 

 
𝐸𝑥[𝑛(𝑟)] = ∫𝜖𝑥(𝑛(𝑟))𝑛(𝑟)𝑑𝑟. (4.30) 

For a homogenous electron gas, the solution to the Hartree-Fock equations are plane 

waves leading to eigenvalues of the form: 
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휀𝑘 =

1

2
𝑘2 +

𝑘𝐹

𝜋
𝑓 (

𝑘

𝑘𝐹
) (4.31) 

where 

 
𝑓(𝑥) = −(1 +

1 − 𝑥2

2𝑥
ln |

1 + 𝑥

1 − 𝑥
|) (4.32) 

with an average value of −
3

2
  [292,305]. The second term of Eq. (4.32) with an 

introduced factor of a half to account for double counting represents the exchange energy 

in this level of approximation. Therefore, for the Dirac exchange potential (non-spin 

polarized) we have 

 
𝜖𝑥

Dirac(𝑛(𝑟)) = −
3

4
(
3

𝜋
𝑛(𝑟))

1/3

 (4.33) 

so that 

 
𝐸𝑇𝐹𝐷[𝑛(𝑟)] =

3

10
(3𝜋2)2/3 ∫(𝑛(𝑟))

5/3
𝑑𝑟 +

1

2
∫

𝑛(𝑟)𝑛(𝑟′)

|𝑟 − 𝑟′|
𝑑𝑟𝑑𝑟′

−
3

4
(
3

𝜋
)
1/3

∫(𝑛(𝑟))
4/3

𝑑𝑟 + ∫𝑉𝑒𝑥𝑡(𝑟)𝑛(𝑟)𝑑𝑟 

(4.34) 

In order to find a minimum density, we employ a Lagrange multiplier (𝜇) with the 

constraint the integral of the density much be equal to the total number of electrons and 

take the variational derivative: 

 
1

2
(3𝜋2)2/3(𝑛(𝑟))

2/3
+

1

2
∫

𝑛(𝑟′)

|𝑟 − 𝑟′|
𝑑𝑟′ − (

3

𝜋
)

1
3
(𝑛(𝑟))

1
3 + 𝑉𝑒𝑥𝑡(𝑟)

− 𝜇 = 0. 

(4.35) 
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This equation provides the most basic starting point for solving atomic and molecular 

problems from the density and shows that such a formulation provides a simplification 

versus handling the explicit many-body Schrödinger equation. Subsequent workers 

sought to improve the functional by introducing different approximation for the exchange 

such as the Slater Xα  [306], gradient corrections like the Weizsacker correction  [307], 

and correlation effects  [308]. Overall, however, the starting point is too crude and 

missing physical features. For example, it has been shown that due to the approximation 

used for the kinetic energy, the Thomas-Fermi-Dirac theory cannot properly describe the 

bonding of molecules (the total energy decreases as the bond lengths uniformly increase). 

While a more exact theory was needed and later developed, the insights from Thomas-

Fermi-Dirac theory should not be overlooked as they will serve as a motivation for 

determining the exchange-correlation functional. 

 The first successful attempt to formulate a more accurate formalism for a theory 

based on the electron density was that of Hohenberg and Kohn  [309]. Their goal and 

theorems show that density functional theory can be expressed as an exact theory of 

many-body systems. The primary results of their paper can be summarized through two 

primary theorems: 

Theoem I: The external potential 𝑉ext(𝑟) is determined uniquely (up to a constant) by the 

ground state electron density 𝑛0(𝑟). 

Theorem II: For any external potential, a universal functional for the total energy can be 

defined which is minimized for the correct ground state density. 
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Theorem I thus implies that since we know the external potential, we have determined the 

full Hamiltonian and hence any property in principle can then be determined, i.e. the 

potential is a unique functional of the density. The second theorem implies that the 

energy functional is enough to determine the ground state energy and density. The proofs 

of these two theorems are relatively straightforward to follow either in Hohenberg and 

Kohn’s original paper  [309] or in many texts (e.g. Ref.  [292]). Within the Hohenberg-

Kohn framework, the full energy functional can be written as 

 
𝐸𝐻𝐾[𝑛(𝑟)] = 𝑇[𝑛(𝑟)] + 𝐸int[𝑛(𝑟)] + ∫𝑉ext(𝑟)𝑛(𝑟)𝑑Ω. (4.36) 

 By minimization, the Hohenberg-Kohn functional can be converted into an Euler-

type equation to find solutions for the density just as we did for the Thomas-Fermi-Dirac 

functional. In the Hohenberg-Kohn formulation, the functional is only defined for 

densities generated by an external potential; a property known as V-representable. Levy 

and Lieb  [310,311] were able to extend the exactness of density functional theory to be 

N-respectable. That is to say, a functional can be written for any density 𝑛(𝑟) derived 

from an N-electron wave function. The essential steps are to imply a two-step 

minimization using a constrained search formulation. Here, we have two functionals that 

must be minimized. First, the Levy-Lieb functional for the wave functions for a given 

density and second, the total energy: 

 
𝐸𝐿𝐿[𝑛(𝑟)] = min

𝜓el→𝑛(𝑟)
[⟨𝜓el|�̂�|𝜓el⟩ + ⟨𝜓el|�̂�int|𝜓el⟩] + ∫𝑉ext(𝑟)𝑛(𝑟)𝑑Ω

≡ 𝐹𝐿𝐿[𝑛(𝑟)] + ∫𝑉ext(𝑟)𝑛(𝑟)𝑑Ω 

(4.37) 
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When minimized, this functional will be equivalent to the Hohenberg-Kohn functional 

since the minimum density is generated by an external potential. The primary benefit of 

the above reformulation is that it applies to degenerate ground states and makes 

extensions of the Hohenberg-Kohn theorems possible. One very important extension is 

the inclusion of a Zeeman term in which a magnetic field can act on spins but not orbital 

motion. In the zero-field limit (i.e. the absence of external Zeeman fields), we have spin 

density functional theory which can account for systems with odd numbers of electrons 

and local moments. In this generalization, there are now two types of density used based 

on the individual spin densities (𝑛+(𝑟) for 𝜎 =↑ and 𝑛−(𝑟) for 𝜎 =↓): 

 𝑛(𝑟) = 𝑛+(𝑟) + 𝑛−(𝑟) (4.38) 

and 

 𝑚(𝑟) = 𝑛+(𝑟) − 𝑛−(𝑟) (4.39) 

which are referred to as the particle density and the spin density (or magnetization), 

respectively. The ability for this to capture broken symmetry ground states makes it 

analogous to the unrestricted Hartree-Fock theory. Some other extensions include 

Mermin finite temperature density functional theory  [312], current functional theory (for 

absence of time reversal symmetry in the case of magnetic fields)  [313,314], and time-

dependent density functional theory [315,316]. 

 Despite the fact that these theorems prove the exactness of density functional 

theory, they provide no guidance or suggestion to how such a functional might be 

constructed. The first and perhaps most successful formalism for how to proceed from the 
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Hohenberg-Kohn theorems was provided by the Kohn-Sham ansatz  [317] which 

provides a recipe for constructing the density and proceeding. 

 In order to make the definition of electron density more tractable, Kohn and Sham 

introduced their ansatz that the original many-body problem could be replaced by an 

auxiliary independent particle problem. In this regards, they were able to develop “self-

consistent equations analogous to the Hartree and Hatree-Fock equations” where “the 

exchange and correlation portions of the chemical potential of a uniform electron gas 

appear as additional effective potential.” The idea being that correlation effects can be 

included, but make the equations no more difficult to solve numerically. Furthermore, in 

the limit of either slow varying density or high density the ansatz is exact. In order to 

construct the Kohn-Sham density functional theory, we return to the wave functions for 

the construction. The electron density can, straightforwardly, be defined as 

 

𝑛(𝑟) = ∑∑|𝜓𝑖
𝜎(𝑟)|2

𝑁

𝑖=1𝜎

 (4.40) 

where the sums are over spin and particle number, respectively. The electronic kinetic 

energy can then be written in terms of the wave functions as 

 

𝑇𝑠[𝑛(𝑟)] = −
1

2
∑∑∫𝜓𝑖

𝜎(𝑟)∗∇2𝜓𝑖
𝜎(𝑟)𝑑Ω

𝑁

𝑖=1𝜎

=
1

2
∑∑∫|∇𝜓𝑖

𝜎(𝑟)|2𝑑Ω

𝑁

𝑖=1𝜎

 

(4.41) 

(neglecting the factor of 
ℏ

𝑚𝑒
 for simplicity). While the kinetic energy is written explicitly 

as a function of the gradient of the wave functions and not the density, its uniqueness for 



 61 

a given density is ensured by the Hohenberg-Kohn theorems applied to the auxiliary 

single particle Hamiltonian. It is also straightforward to realize from the definition, that 

the Coulomb repulsion or Hartree term can be written as a functional of the density as 

well: 

 
𝐸Hartree[𝑛(𝑟)] =

1

2
∫

𝑛(𝑟)𝑛(𝑟′)

|𝑟 − 𝑟′|
𝑑Ω𝑑Ω′. (4.42) 

Hence, the full Kohn-Sham version of the total energy functional can be written as 

 
𝐸KS[𝑛(𝑟)] = 𝑇𝑠[𝑛(𝑟)] + 𝐸Hartree[𝑛(𝑟)] + ∫𝑉ext(𝑟)𝑛(𝑟)𝑑Ω

+ 𝐸XC[𝑛(𝑟)] 

(4.43) 

where the term 𝐸XC[𝑛(𝑟)] is the exchange-correlation energy. This term includes all of 

the many-body effects of both electron exchange and correlation. If this functional were 

known exactly, then Kohn-Sham density functional theory would be exact within the 

parameters of the ansatz mentioned previously. In reality, it is not known and 

approximations must be made (a few of the most prominent ones will be discussed in the 

next section). Before we discuss this, however, we will continue with the derivation of 

the Kohn-Sham density functional theory to show how given such an exchange-

correlation functional that the ground state can be found. In order to derive the Kohn-

Sham equations, we apply a variational principle to minimize the energy with respect to 

the wave functions since the kinetic energy as written is a functional of the wave 

functions and the rest of the terms are of the density which in turn derives from the wave 

functions. Using a Lagrange multiplier to apply a variational minimization applied to Eq. 

(4.64) results in 
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 𝛿

𝛿𝜓𝑖
𝜎(𝑟)∗

[𝐸KS[𝑛(𝑟)] − 𝜆 ∫𝑛(𝑟)𝑑Ω]

=
𝛿𝑇𝑠[𝑛(𝑟)]

𝛿𝜓𝑖
𝜎(𝑟)∗

+ [
𝛿𝐸Hartree[𝑛(𝑟)]

𝛿𝑛(𝑟)
+

𝛿 ∫𝑉ext(𝑟)𝑛(𝑟)𝑑Ω

𝛿𝑛(𝑟)

+
𝛿𝐸XC[𝑛(𝑟)]

𝛿𝑛(𝑟)
]

𝛿𝑛(𝑟)

𝛿𝜓𝑖
𝜎(𝑟)∗

− 𝜆
𝛿𝑛(𝑟)

𝛿𝜓𝑖
𝜎(𝑟)∗

= −
1

2
∇2𝜓𝑖

𝜎(𝑟)

+ [𝑉ext(𝑟) + 𝑉Hartree(𝑟) + 𝑉XC
𝜎 (𝑟)]𝜓𝑖

𝜎(𝑟) − 𝜆𝜓𝑖
𝜎(𝑟)

= 0. 

(4.44) 

If we relabel the Lagrange multiplier to be 휀𝑖
𝜎, it becomes more clear that the Lagrange 

multiplier that minimizes the Kohn-Sham functional should be referred to as a Kohn-

Sham eigenvalue and represents the energy of a given Kohn-Sham wave function. That is 

to say, Eq. (4.44) results in an effective Schrödinger equation for the individual wave 

functions that comprise the density: 

 
[−

1

2
∇2 + 𝑉KS

𝜎 (𝑟)]𝜓𝑖
𝜎(𝑟) = 휀𝑖

𝜎𝜓𝑖
𝜎(𝑟) (4.45) 

with 𝑉KS
𝜎 (𝑟) = 𝑉ext(𝑟) + 𝑉Hartree(𝑟) + 𝑉XC

𝜎 (𝑟). The above result can thus be 

straightforwardly implemented within a self-consistent loop where an initial guess is 

made for the wave functions (and hence electron density), the effective potential is 

calculated, the Kohn-Sham equations are solved via diagonalization of the Hamiltonian, 

and the electron density recalculated for comparison. In reality, we still need to determine 
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adequate approximations for the exchange-correlation potential, 𝑉XC
𝜎 (𝑟), which we will do 

in the next section. 

 

Figure 4.1 Flowchart outlining the basic self-consistency cycle used for density 

functional theory calculations. 

4.4 PRIMARY EXCHANGE-CORRELATION FUNCTIONALS USED IN DFT 

 In order to actually use the Kohn-Sham equations to solve the many-body 

problem, we still need to determine the exchange-correlation functional. In principle, if 

we were able to write an exact functional, then we could solve the problem exactly. 

Unfortunately, no exact functional has been determined to date. Instead, we must make 

various levels of approximation. As a start, we can separate the exchange and correlation 

terms to handle separately: 



 64 

 
𝐸XC

𝜎 [𝑛(𝑟)] = ∫𝜖XC(𝑛(𝑟))𝑛(𝑟) 𝑑𝑟 = 𝐸X
𝜎[𝑛(𝑟)] + 𝐸C

𝜎[𝑛(𝑟)]

= ∫𝜖X(𝑛(𝑟))𝑛(𝑟) 𝑑𝑟 + ∫𝜖C(𝑛(𝑟))𝑛(𝑟) 𝑑𝑟. 

(4.46) 

The functional, 𝜖XC(𝑛(𝑟)), represents the exchange-correlation energy per electron at a 

given point in space depending only the density. It can be related to a potential energy (as 

written in the previous section) as: 

 
𝑉XC

𝜎 (𝑟) = 𝜖XC(𝑛(𝑟)) + 𝑛(𝑟)
𝛿𝜖XC(𝑛(𝑟))

𝛿𝑛(𝑟)
. (4.47) 

 The logical starting point to determine the exchange and correlation terms would 

be to follow in the steps of Thomas-Fermi-Dirac theory and approximate 𝐸XC
𝜎 [𝑛(𝑟)] to 

depend on the homogeneous electron gas density for a given region of space. This level 

of approximation is generally good for slow varying densities and is referred to as the 

local density approximation (LDA) or local spin density approximation (LSDA) when 

spin-polarization is included. For the exchange term, we have already discussed this 

origin of the term for a non-spin-polarized homogeneous electron gas in Eq. (4.33). In the 

case where we allow for 𝑛+(𝑟) ≠ 𝑛−(𝑟), we can define a fractional polarization 휁(𝑟) =

𝑛+(𝑟)−𝑛−(𝑟)

𝑛(𝑟)
 and the exchange energy will generalize to: 

 𝜖X(𝑛(𝑟), 휁(𝑟)) = 𝜖X(𝑛(𝑟), 0) + [𝜖X(𝑛(𝑟), 1) − 𝜖X(𝑛(𝑟), 0)]𝑓X(휁(𝑟)) (4.48) 

where 

 
𝑓X(휁) =

(1 + 휁)4/3 + (1 − 휁)4/3 − 2

2(21/3 − 1)
. (4.49) 
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Essentially, Eq. (4.63) interpolates between the exchange energy for an electron density 

that has no spin-polarization and one that is fully spin-polarized. 

 Unfortunately for the correlation energy, the situation is more challenging as no 

purely analytic form can be written that covers the full range of densities. Many 

approximations of the L(S)DA correlation energy have been derived in the literature. 

Most formulations of the correlation energy write it as a function of the effective radius 

of a sphere containing an average of on electron denoted as 𝑟S (the Wigner-sphere radius). 

This can be straightforwardly related to the electron density: 

 
𝑟S = (

3

4𝜋𝑛
)
1/3

 (4.50) 

(keeping in mind that 𝑛 is really 𝑛(𝑟)). Perhaps, the first version was given by 

Wigner  [318,319] as early as 1934 and later corrected due to an error in the low-density 

limit which approximated the correlation energy as an interpolation between the low- and 

high-density limits. 

 Although earlier attempts were made to calculate the high density limit (i.e. 𝑟S →

0) for the correlation energy through the use of perturbation theory, the divergence of 

terms caused difficulty in the successful evaluation. Gell-Mann and Brueckner  [320] 

showed that if all terms were taken into account through the use of diagrammatic 

perturbation theory, the second order divergence could be removed,  and the correlation 

energy written as: 

 𝜖C(𝑟S → 0) = 0.0311 ln 𝑟S − 0.048 + 𝑂(𝑟S) (4.51) 
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(a factor of ½ has been introduced as the result of  [320] was written in Rydberg and here 

it is in written in Hartree). They further discussed an approach to include the higher order 

perturbative terms which depend upon 𝑟S and 𝑟S ln 𝑟S for third and fourth order 

perturbative expansions, which were later considered by other researchers in 

detail  [321,322]. 

 Further insight into the energy of the homogenous electron gas was achieved 

through the use of quantum Monte Carlo simulations. Ceperley and Adler  [323] 

extended earlier work done by Ceperley  [324] to increase the accuracy of the calculated 

ground-state energies of both the paramagnetic Fermi fluid (unpolarized electron gas) and 

the ferromagnetic (fully polarized Fermi fluid). The technique relies on using a trail 

many-body wave function and applying the diffusion or Green’s function Monte Carlo 

technique in which the wave function is evolved in time until the energy converges to the 

ground state. These calculations were done for a range of 𝑟S and extrapolated to the 

infinite-particle limit. The values reported by Ceperly and Adler are the full ground-state 

energy and the correlation energy extracted by subtracting the exchange energy using Eq. 

(4.33) or (4.48) and the kinetic energy given by  

 
𝑡(𝑟S, 휁) =

3

10𝑟S
2 (

9𝜋

4
)
2/3

[(1 + 휁)5/3 + (1 − 휁)5/3] 2⁄ . (4.52) 

 Two of the first groups to use this data to construct an analytic fit for use in 

density functional theory were Vosko-Wilk-Nusair (VWN)  [325] and Perdew-Zunger 

(PZ81)  [326]. Both papers sought to find numerical fits to the data which also agreed 

with the Gell-Mann and Brueckner analytic results and random phase scaling relations. 
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The VWN fit is analytically more complicated than the PZ81 form. In the Perdew-Zunger 

fit to the Ceperley-Adler data results in a correlation energy of 

 𝜖C(𝑟S)

= {
−0.0480 + 0.0311 ln 𝑟S − 0.0116𝑟S + 0.0020𝑟S ln 𝑟S , for 𝑟S < 1

−0.1423 (1 + 1.9529√𝑟S + 0.3334𝑟S)⁄ , for 𝑟S > 1
 

(4.53) 

with the spin-polarized result given in the same manner as for the exchange energy (i.e. 

replace 𝜖X with 𝜖X in Eq. (4.39). For the high-density limit, they matched the first two 

terms from Gell-Mann and Brueckner, while interpolating to the Ceperley-Adler data at 

𝑟S = 1 with the disclaimer that the coefficients for the 𝑟S and 𝑟S ln 𝑟S are not exact 

(compared to evaluating the perturbative expansion). Another LDA variant that deserves 

mention is that of Perdew and Wang (PW92)  [327] which sought to fix some 

deficiencies in the VWN and PZ81 functionals – most notably consistency of the 

functional form with the random phase approximation results, an artificial discontinuity 

in the second and higher derivatives at 𝑟S = 1, and the spin-scaling for intermediate spin 

polarization. While there does exist continued research to better improve the QMC 

calculations to determine ground state energies at more data points and better understand 

the spin scaling as well as implement these findings into better LDA functionals, the 

VWN, PZ81, and PW92 parameterizations remain three of the most popular variants for 

calculations done within the local density approximation. 

 As mentioned earlier, the local density approximation was designed to work well 

for cases in which the density varies slowly throughout space. One route to include 

further information about the true non-locality of the correlation energy is to include 
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gradient corrections. That is to say the exchange-correlation functional should be of the 

form: 

 
𝐸XC

GGA[𝑛(𝑟)] = ∫𝑓(𝑛(𝑟), ∇𝑛(𝑟),… , ∇𝑚𝑛(𝑟))𝑑𝑟. (4.54) 

Unfortunately, unlike the case of the L(S)DA, the construction of GGAs does not have as 

straightforward as a guiding principle. In fact, the original method for including a 

gradient correction, the gradient expansion approximation  [328–330]: 

 𝐸XC
GEA[𝑛(𝑟)] = 𝐸XC

L(S)DA[𝑛(𝑟)]

+ ∑ ∫𝐶XC
𝜎𝜎′

(𝑛(𝑟))
∇𝑛𝜎(𝑟) ∙ ∇𝑛𝜎′(𝑟)

[𝑛𝜎(𝑟)]2[𝑛𝜎′(𝑟)]2
𝑑𝑟

𝜎,𝜎′

 
(4.55) 

often does worse than the LDA. There are several reasons for the familiar of this original 

form including violation of the charge conservation sum rule  [329]. In general, the form 

of GGAs is significantly more complicated than the functional form of the LDA. One of 

the first successful variants of the GGA was developed by Perdew and Wang 

(PW91)  [331] and was later followed by the Perdew-Burke-Ernzerhof (PBE) 

function [332] which offered both improvements in accuracy as well as a simpler 

functional form. The PBE as well as revPBE (revised PBE)  [333,334] and PBEsol (PBE 

extended to work better in solids)  [335] are amongst the most used GGA type 

functionals for DFT calculations. 

 The L(S)DA and GGA type approximations to the exchange-correlation energy 

are the first two of five classes of successive approximations on the so-called Jacob’s 

ladder of density functional approximations  [336]. The further corrections include 
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introduction of terms based on kinetic energy of the Kohn-Sham orbital and/or ∇2𝑛(𝑟) 

(meta-GGA), the exact exchange (hyper-GGA), and unoccupied orbitals (generalized 

RPA). The primary drawback to these successive approximations is the increased 

computational cost. 

4.5 BASIS CHOICE FOR WAVE FUNCTION EXPANSION 

 As alluded to in previous sections, practical calculations require some way to 

approximate the wave functions. Methods include real-space finite-difference 

approaches [337,338], localized orbitals such as Gaussians  [339], slater-type 

orbitals  [340], plane-wave methods, and hybrid methods which combine localized 

regions and plane waves (such as (linearized) augmented plane waves, localized muffin-

tin orbitals). Here, we focus our discussion on the basic plane-wave methods and the 

project-augmented wave (PAW) method. 

 The preface to plane-wave expansions comes from the consideration of periodic 

boundary conditions for the simulation cell in three dimensions (i.e. the atomic 

arrangements and thus all of the potentials are periodic functions). That is to say 𝑉KS
𝜎 (𝑟 +

�⃗⃗�) = 𝑉KS
𝜎 (𝑟) where �⃗⃗� is any general lattice vector. Therefore, we have Bloch’s theorem 

which gives the periodicity of the wave function as  [341]: 

 𝜓𝑛,�⃗⃗�
(𝑟) = 𝑒𝑖�⃗⃗�∙𝑟𝑢𝑛,�⃗⃗�

(𝑟) (4.56) 

with 𝑢𝑛,�⃗⃗�
(𝑟) a cell-periodic function. From here, it is therefore natural to expand the 

𝑢𝑛,�⃗⃗�
(𝑟) in a Fourier representation: 
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𝑢𝑛,�⃗⃗�

(𝑟) =
1

√Ω
∑𝐶𝑛,�⃗⃗�,�⃗�𝑒𝑖�⃗�∙𝑟

�⃗�

. (4.57) 

The �⃗� vectors are chosen to be reciprocal lattice vectors of the form 

 �⃗� = 𝑛1�⃗⃗�1 + 𝑛2�⃗⃗�2 + 𝑛3�⃗⃗�3 (4.58) 

 where the 𝑛𝑖 ≤ 𝑁�⃗�𝐼. The cutoff is chosen such that all the �⃗� vectors are less than the 

plane-wave cut off energy 
1

2
|�⃗⃗� + �⃗�|

2
≤ 𝐸cut. Using this, all relevant terms discussed in 

the previous sections can be converted to a reciprocal space representation  [342]. For 

example, the charge-density for a given band and k-point is related between the two 

representations as  [292]: 

 
𝑛𝑖,�⃗⃗�

(𝑟) =
1

Ω
∑ 𝐶

𝑛,�⃗⃗�,�⃗�
∗ 𝐶𝑛,�⃗⃗�,�⃗�′𝑒𝑖(�⃗�′−�⃗�)∙𝑟

�⃗�,�⃗�′

 (4.59) 

 (the total charge density can be found by summing over occupied bands and integrating 

over the Brillouin zone). 

4.6 BRILLOUIN ZONE INTEGRATION 

 In practical calculations, we wish to evaluate the integral of some function 

throughout the reciprocal space restricted to the first Brillouin zone. Naively, this can be 

discretized on a uniform 𝑁𝑥 × 𝑁𝑦 × 𝑁𝑧 grid as 

 
𝐹 =

1

Ω𝐵𝑍
∫ 𝑓(𝑘)𝑑𝑘
𝐵𝑍

=
1

𝑁𝑘
∑𝑓(𝑘)

𝑘

. (4.60) 

Just as we must converge the cutoff energy in our plane wave basis, we must also 

converge our grid size. Therefore, our naïve sum in Eq. (4.60) will end up containing 
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many terms in order to achieve reasonable accuracy in total energies or band gaps. A 

better way to convert the integral and reduce computation cost is to apply symmetry 

operations to reduce the number of redundant k-points in the sum and replace the full 

sum as a weighted sum so that 

 

𝐹 = ∑𝑤𝑘𝑓(𝑘)

𝐼𝐵𝑍

𝑘

. (4.61) 

Essentially, the algorithm for sampling the Brillouin zone is: 

1. Calculate the desired equally spaced mesh. 

2. Apply any desired translational shift to the mesh (generally, the mesh is either 

centered at the Γ point or (
1

2
,
1

2
,
1

2
) as in the original paper of Monkhorst and 

Pack [343]). A user defined shift can also be used to increase the total number of 

points being sampled. 

3. Apply all of the Bravais lattice symmetry operations to each of the k-points. 

4. From the result of the previous step, extract all of the points in the so-called 

irreducible wedge of the Brillouin zone. 

5. Calculate the weights for k-points in the irreducible wedge. 

While there are many different methods for constructing these weighted, perhaps the 

most common method in use is the method originally developed by Monkhorst and 

Pack [343] (formally this results in the same mesh originally developed by Chadi and 

Cohen [344]). In the Monkhort-Pack scheme, the uniformly spaced grid is constructed by  

 
𝑢𝑖 =

2𝑛𝑖 − 𝑁𝑖 − 1

2𝑁𝑖
 (4.62) 
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and a general k-vector by �⃗� = 𝑢1�⃗� 1 + 𝑢2�⃗� 2 + 𝑢3�⃗� 3 where the 𝑛𝑖 = 1,… ,𝑁𝑖. The desired 

shift of the grid can be incorporated by adding 
𝑠𝑖

𝑁𝑖
 to Eq. (4.62). Hence, in order to have a 

Γ-centered grid, the −1 of the numerator should be omitted. In step 3, the algorithm 

constructs what is referred to as the star of the k-point within the irreducible Brillouin 

zone. Such symmetry operations can be found, for example, in  [345]. From there, the 

weight of the given k-point is essentially the number of elements in the star that occur on 

the evenly spaced grid for the entire Brillouin zone. An alternative to Eq. (4.62) is to shift 

the entire grid by (𝑁𝑖 − 1) 2𝑁𝑖⁄  such that the 𝑢𝑖 are given as  

 
𝑢𝑖 =

𝑛𝑖 + 𝑠𝑖

𝑁𝑖
 (4.63) 

which has the benefit of appearing more straightforward while looping over the grid. For 

example, the later was used by Kresse, et al. to implement the method in the VASP 

package  [346] and the Louie Group in their kgrid utility for BerkeleyGW  [347]. 
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Figure 4.2 Example of the two-dimensional square lattice’s irreducible Brillouin zone 

for a 4 × 4 k-point mesh showing the reduction from 16 k-points to only 3 

k-points. 

 

 In order to perform the actual integration as the weighted sum in Eq. (4.61), a 

broadening method (defined in terms of some smearing parameter 𝜎) is often applied. 

The primary reason for this is to reduce the needed density of the k-grid to reach a 

desired level of convergence. In principle, many types of functions can be used to 

perform this broadening. However, in practicality, the most commonly used function for 

insulators and semiconductors is Gaussian broadening. Essentially, a normalized 

Gaussian of the form  

 1

𝜎√𝜋
𝑒−[(𝐸−𝐸

𝑛�⃗⃗⃗�
) 𝜎⁄ ]

2

 (4.64) 
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is used to approximate a Dirac delta function to broaden the energies at a given k-point 

and the step-function (used for occupancies) is approximated by the integral of Eq. 

(4.64): 

 1

2
+

1

2
erf (

𝐸 − 𝐸𝑛�⃗⃗�

𝜎
) (4.65) 

where erf is the error function. In reality, this method has been replaced by the linear 

tetrahedron method (discussed below) due to the improved accuracy of the later for total 

energies. Gaussian broadening does still find use in two situations: (1) in cases where cell 

size makes the tetrahedron method prohibitively expensive and (2) to improve agreement 

with experiment in cases where the experimental signal is broad. In regards to the second 

point, broadening allows for the calculation to lump together any possible phenomenon 

(e.g. temperature effects, surface roughness, instrument resolution, etc.) and determine 

which parts of the calculation most contribute to the experimental observations. More on 

this use of broadening is discussed in Chapter 5.4 of this dissertation. In the case of 

metals, an alternative approach was derived by M. Methfessel and A. T. Paxton  [348] to 

account for the fact that the lack of a band gap leads to discontinuities due to partial 

fillings. This is particularly relevant in the case of performing ionic relaxations for 

metallic systems since tetrahedron method is not variational and the Gaussian method not 

accurate enough. The main principle behind their approximation is to introduce a series 

of approximations to the step function which is smooth and results in zero error if the 

desired function 𝐹 is a polynomial on the energy range defined by the broadening. In 

practice, this amounts to replacing Eq. (4.64) and (4.65) with the following series 
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𝐷𝑁(𝑥) = ∑ 𝐴𝑛𝐻2𝑛(𝑥)𝑒−𝑥2

𝑁

𝑛=0

 (4.66) 

and 

 

𝑆𝑁(𝑥) = 𝑆0(𝑥) + ∑ 𝐴𝑛𝐻2𝑛−1(𝑥)𝑒−𝑥2

𝑁

𝑛=1

, (4.67) 

respectively. It should be noted that 𝑆0(𝑥) is just Eq. (4.65), the 𝐻𝑛 are Hermite 

polynomials of, and the coefficients are given by 𝐴𝑛 =
(−1)𝑛

𝑛!4𝑛√𝜋
. In the case of 𝑁 = 0, we 

recover Gaussian broadening. 

 An alternative to using weighted sums and broadening discussed above, is to use 

the linear tetrahedron method with Blöchl corrections  [349]. In order to use this method, 

a few issues are introduced: (1) the tetrahedra may break the symmetry of the Bravais 

lattice, (2) at least 4 k-points must be used, (3) the Γ-point must be included, and (4) 

interpolation is linear which may over- or underestimate regions. The corrections 

introduced by Blöchl, however, cancel these errors for full-bands in insulators and for 

metals can be corrected to quadratic order. 

 In this method, the irreducible part of the Brillouin zone is divided into tetrahedra 

and an interpolation formula used to extrapolate the eigenvalues within the tetrahedra. 

The initial grid is chosen in a similar manner to the Monkhorst-Pack scheme, however 

care is taken that either the submesh can be transformed into itself by symmetry 

operations or that such operations are excluded in the subsequent determination of the 

tetrahedra. While their construction scheme is slightly different, they showed that it can 

be made compatible with the Monkhorst-Pack grid. Each point is assigned an integer 
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vector (𝑖, 𝑗, 𝑘) corresponding to twice the number of translations along the grid and a 

unique labelling number 𝑁 = 1 +
𝑖−𝑖0

2
+ (𝑛1 + 1) (

𝑗−𝑗0

2
+ (𝑛2 + 1)

𝑘−𝑘0

2
) where the 0 

subscripted integer indices indicate a shift of the submesh. From here, each cell of the 

submesh is divided into six tetrahedra of equal volume. For a cube this can be visualized 

by drawing a diagonal through the cube and then diagonals on each face such that one 

half meet the bottom of the main diagonal and the other half meet the top of the main 

diagonal. All tetrahedra corners on the submesh are then mapped to their irreducible k-

point and the full list of tetrahedra are compared to form an irreducible set of tetrahedra 

with weights. The integration follows then using an interpolation formula for the energies 

within each tetrahedron based on the calculation at the corner k-points which is added to 

the total density of states. To do this for a given band, the energies are sorted from 

minimum to maximum so that there are three regions. The interpolation formula then 

computes a value of the density of states contributed by that band and tetrahedron 

properly scaled by the tetrahedron weight. The actual set of interpolation constants are 

straightforward to compute but take up much room, therefore they aren’t specifically 

reported here. 

4.7 PSEUDOPOTENTIALS 

 The original use of pseudopotentials   [350,351] was to recast the orthogonalized 

plane-wave method (a method for electronic structure calculation that ascribed plane-

waves to describe the valence electronic states which were orthogonal to the assumed to 

be known core wave functions). The goal there was primarily to provide a justification 
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for the use of a nearly free electron calculation of the valence levels with the 

pseudopotential serving as a weak perturbation. In the early days of practical, quantitative 

pseudopotential use, the parameterization of the pseudopotentials were done using fits to 

experimental optical spectra in the so-called empirical pseudopotential method  [352]. 

 Excluding for the moment the PAW (projector-augmented wave) method, modern 

pseudopotentials for ab initio calculations come in two primary flavors: norm-conserving 

pseudopotentials (NCPP) and ultra-soft pseudopotentials (USPP). Others such as “shape-

consistent” also exist, but are less common. The generation of these pseudopotentials 

starts from doing an all electron density functional calculation on the atom that one 

wishes to be pseudoize. The requirements for a reasonable ab initio NCPP 

include  [292,353,354]: 

1. The eigenvalues for both the all-electron and pseudopotential calculation of the 

reference atom must agree. 

2. The wave functions for both the all-electron and pseudopotential calculation of 

the reference atom must agree beyond the core radius cutoff. 

3. The logarithmic derivatives of the wave functions must agree at the core radius 

cutoff. 

4. The integrated charge within the core radius cutoff must be the same for both the 

all-electron and pseudopotential cutoff (i.e. that the norm is conserved). 

While some authors include the fact that the pseudo-wave function must contain no 

nodes, this condition must be relaxed in order to include semi-core electrons  [354].  
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Figure 4.3 (a) Radial psuedo wave functions (solid) for the 4d and 5s orbitals of 

niobium compared with the all electron radial wave functions (dashed). (b) 

The 4s pseudopotential (solid) compared to the Coulomb potential (dashed) 

for the niobium ion core (nucleus plus core-electrons for total charge of 5). 

This pseudopotential is used in Chapter 5.5. 

 

 Beyond these, an often desirable feature is the “softness” of the pseudopotential 

which essentially is a descriptor of the smoothness for the pseudopotential. The benefit of 

softer pseudopotentials is a decrease in the size of the necessary basis (for example if 

plane-waves are being used as the basis), but can result in decreased accuracy. Certain 

pseudoization schemes are by nature softer than others and depending upon the 

application, more desirable. One popular class of pseudopotentials is the Troullier-

Martins (TM) scheme  [353] which was later extended to include both semi-core states 

and relativistic effects  [354], while another common variant is the Rappe-Rabe-Kaxiras-

Joannopoulos (RRKJ) scheme  [355,356]. 

 The general procedure assumes that the Kohn-Sham orbitals can be separated 

such that they are the product of a radial function and spherical harmonics for the angular 

parts. Then, the first step is to solve the radial version of the all-electron Kohn-Sham 

equations: 



 79 

 
[−

1

2

𝑑2

𝑑𝑟2
−

1

𝑟

𝑑

𝑑𝑟
+

𝑙(𝑙 + 1)

2𝑟2
+ 𝑉KS(𝑟)] 𝑟𝑅𝑛𝑙(𝑟) = 휀𝑛𝑙𝑟𝑅𝑛𝑙(𝑟) (4.68) 

where 𝑛 and 𝑙 are the principle and angular momentum quantum numbers and 𝑉KS(𝑟) is 

the self-consistent Kohn-Sham potential. From here, a pseudo wave function is 

constructed such that 

 
𝑅𝑛𝑙

𝑃𝑃(𝑟) = {
𝑅𝑛𝑙

𝐴𝐸(𝑟) for 𝑟 ≥ 𝑟𝑐𝑢𝑡𝑜𝑓𝑓,𝑙

𝑓(𝑟)      for 𝑟 ≤ 𝑟𝑐𝑢𝑡𝑜𝑓𝑓,𝑙
 (4.69) 

where the function 𝑓(𝑟) depends on the pseudoization scheme. For example in the TM 

scheme  [353], it has the form 

 

𝑓(𝑟) = 𝑟𝑙𝑒𝑝(𝑟); 𝑝(𝑟) = 𝑐0 + ∑𝑐2𝑖𝑟
2𝑖

6

𝑖=1

; (4.70) 

while in the RRKJ scheme  [355], the function 𝑓(𝑟) is given as a sum of four Bessel 

functions whose wave vectors are chosen such that the logarithmic derivatives match the 

all-electron wave function. The pseudopotential is then computed by inverting Eq. (4.68) 

(replacing 𝑉𝐾𝑆(𝑟) with 𝑉𝑃𝑃(𝑟)): 

 
𝑉𝑃𝑃,𝑛𝑙(𝑟) = 휀𝑛𝑙 −

𝑙(𝑙 + 1)

2𝑟2
+

1

2𝑟𝑅𝑛𝑙
𝑃𝑃(𝑟)

𝑑2

𝑑𝑟2
𝑟𝑅𝑛𝑙

𝑃𝑃(𝑟). (4.71) 

In some cases, the Hartree and exchange-correlation potentials may be subtracted from 

Eq. (4.71) to increase transferability. 

 In the extension of the TM scheme to include semi-core and relativistic effects, 

the multireference pseudopotential (MRPP) scheme  [354], a different approach is needed 

for states with different values of 𝑛 but the same value of 𝑙 (if a value of 𝑙 is not reused, 

the regular TM scheme applies). Essentially, a node has to be introduced for one of the 
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orbitals and numerical techniques are used to solve a nonlinear system of equations. 

Unfortunately, there are cases in which convergence may be an issue (most notably in our 

own attempts to generate an MRPP pseudopotential for the niobium atom). In those 

cases, a scheme like the RRKJ method may work (as it ultimately did for the niobium 

atom with semi-cores). Other pseudoization schemes also exist. Regardless of the 

pseudoization scheme used, all pseudopotentials should be tested for accuracy and 

transferability prior to use in order to avoid unphysical ghost states  [357,358] which can 

introduce extra eigenvalues into the desired calculations.  

 While pseudopotentials are most commonly used in plane-wave basis or real 

space finite element codes, techniques do exist that combine the concepts of 

pseudopotentials and local orbitals to improve computational scaling  [359]. Some codes 

include pseudopotentials for use, there are also many packages available for users to 

generate their own pseudopotential if a given semi-core or exchange-correlation 

functional is unavailable, such as the Atomic Pseudopotential Engine  [360], ld1.x with 

Quantum ESPRESSO  [361], and fhi98PP  [362]. 

 A competing type of pseudopotential to the NCPP is the ultrasoft pseudopotential 

(USPP) technique developed by Vanderbilt  [363] in an effort to reduce the basis size 

needed. The primary idea was to relax the norm conserving constraint and introduced 

projectors for pseudo-orbitals. These pseudopotentials were successful for calculations 

that were at the time too computationally demanding and also paved the road for Blöchl’s 

PAW method  [364]. As already discussed, wave functions in the core regions oscillate 

rapidly which require many plane waves to describe properly; a problem which is fixed to 
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some degree by the use of pseudopotentials. However, many pseudopotentials with 

desirable properties (i.e. norm-conserving pseudopotentials) are still quite “hard” and 

while they require substantially fewer plane waves than all-electron calculations, do still 

require fairly high energy cutoffs. We discuss here, rather than in that section the advent 

of the projector-augmented wave (PAW) methodology. This technique was first 

pioneered by Blöchl  [364] and later developed more practically by Kresse and 

Joubert  [365] for their DFT implementation VASP. In this scheme, the benefit is that 

while more efficient, no information about the all-electron wave function is not lost. That 

is to say, the valence all-electron wave function 𝜓𝑛 can be recovered from the valence 

auxiliary (pseudo) wave function �̃�𝑛 by means of a linear transformation which is unitary 

except for within a sphere centered at the nuclei. More specifically, this can be written as: 

 
|𝜓𝑛⟩ = (1 + ∑{|𝜙𝑖⟩ − |�̃�𝑖⟩}⟨�̃�𝑖|

𝑖

) |�̃�𝑛⟩ (4.72) 

where the 𝜙𝑗 and �̃�𝑗’s are the all-electron and pseudo partial waves equivalent beyond a 

core radius. The 𝑝𝑖 are projector functions that are dual to the partial waves (i.e. 

⟨𝑝𝑖|�̃�𝑗⟩ = 𝛿𝑖𝑗).  

 The core configuration is held frozen to the atomic reference configuration 

(though more recent work has shown that a relaxed core method also can be used  [366]). 

They also have other useful properties such as a generalized orthonormality constraint 

and completeness relation which make deriving matrix element properties relatively 

straightforward  [367]. In producing data sets for PAW, generally, the core region is 

precomputed and remains frozen while a plane-wave basis is used to describe the valence 
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regions beyond this core. As such, they are softer than norm-conserving pseudopotentials, 

but the ability to map directly to the all-electron wave function offers improved accuracy 

compared to traditional ultrasoft pseudopotentials (USPP)  [365]. 

4.8 HUBBARD-TYPE U CORRELATIONS VIA THE L(S)DA+U METHOD 

 In certain cases, the underestimation of electron-electron correlation effects by the 

L(S)DA and and GGA exchange-correlation functionals may lead to inaccuracy in a 

materials magnetic state or the absence of a band-gap for a known  insulator in addition 

to the usual issue of the L(S)DA and GGA underestimating the band-gap. In some cases, 

in particular for magnetic structures, this failing can be traced to the specific 

underestimation of electron-electron correlations in a localized orbital (e.g. the d-orbitals 

of transition metals or the f-orbitals of lanthanides). 

 To motivate the development of this approximation, it is enlightening to look at 

the basic Hubbard model. To do this, we recall the methodology of second quantization 

in which we can define creation �̂�𝑖
†
 and annihilation operators �̂�𝑖 which act to add or 

remove electrons from orbitals in the system. From them, we can also define a number 

operator �̂�𝑖 = �̂�𝑖
†�̂�𝑖 which counts occupation. Therefore, any state of a system can be 

defined through the operation of creation operators on a vacuum state (i.e. empty 

orbitals). By a change of basis, these operators can be written as operators in position 

space. If we introduce these to our original electronic Hamiltonian, we have the general 

tight-binding Hamiltonian tight-binding Hamiltonian with Coulomb interactions  [368]: 
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 �̂� = ∑𝑡𝑖,𝑖′�̂�𝑖,𝜎
†

𝑖,𝑖′

�̂�𝑖′,𝜎 + ∑ 𝑈𝑖,𝑖′,𝑗,𝑗′�̂�𝑖,𝜎
† �̂�

𝑖′,𝜎′
† �̂�𝑗′,𝜎′�̂�𝑗′,𝜎

𝑖,𝑖′,𝑗,𝑗′

 (4.73) 

where the first term is the hopping term between lattice sites (i.e. it contains information 

about the electronic kinetic energy and external potential due to the atoms), while the 

second term represents the electron-electron interaction. While the Hamiltonian of Eq. 

(4.73) is quite general and can describe many phenomena including charge density 

fluctuations, exchange coupling in magnetic systems, and electronic repulsion, it can also 

be written in a simplified form when the purely diagonal term (i.e. 𝑖 = 𝑖′ = 𝑗 = 𝑗′) 

dominates leading to the Hubbard model which is the limit of strong on-site repulsion or 

strong electron-electron correlations.  Due to the issues that density functional theory had 

in describing Mott insulators, Anisimov, et al.  [369] were motivated by the idea that 

given the success of Hubbard-type models in describing correlated systems such a model 

Hamiltonian could be included as a parameter within density functional theory. In their 

paper, they used it to replace the localization caused by the Hund’s rule exchange 

(essentially the Stoner model 𝐼, though often called 𝐽 as well) which essentially describes 

the strength of the magnetic splitting. While successful in describing certain cases, 

Liechtenstein, et al.  [370] improved upon this concept so that the LDA+U concept was 

basis set independent. Their formulation is one of the two primary version in use in 

practical codes like VASP. Essentially, a generalized L(S)DA+U functional can be 

defined: 

 𝐸L(S)DA+U[𝑛(𝑟), {�̂�}] = 𝐸L(S)DA[𝑛(𝑟)] + 𝐸U[{�̂�}] − 𝐸dc[{�̂�}] (4.74) 
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where 𝑛(𝑟) are the usual charge density and the �̂� represent on-site occupancies for the 

orbitals in question, i.e. the inner product of the wave functions with spherical harmonics 

for the desired orbital at a given atom: 

 �̂�𝑚,𝑚′
𝜎 = ⟨𝜓𝜎|𝑚′⟩⟨𝑚|𝜓𝜎⟩. (4.75) 

  The third term on the right-hand side of Eq. (4.74) accounts for the fact that the 

electrons in these orbitals were originally included at the L(S)DA level (i.e. it removes 

the double counting). Within Eq. (4.74), the U and dc terms can be defined as: 

 
𝐸U[{�̂�}] =

1

2
∑ {⟨𝑚,𝑚′′|𝑉𝑒𝑒|𝑚

′, 𝑚′′′⟩�̂�𝑚,𝑚′
𝜎 �̂�𝑚′′,𝑚′′′

−𝜎

{𝑚},𝜎

+ (⟨𝑚,𝑚′′|𝑉𝑒𝑒|𝑚
′, 𝑚′′′⟩

− ⟨𝑚,𝑚′′|𝑉𝑒𝑒|𝑚
′, 𝑚′′′⟩)�̂�𝑚,𝑚′

𝜎 �̂�𝑚′′,𝑚′′′
𝜎 } 

(4.76) 

and 

 
𝐸dc[{�̂�}] =

1

2
𝑈�̂�(�̂� − 1) −

1

2
𝐽∑�̂�𝜎(𝜎 − 1)

𝜎

. (4.77) 

In the double counting term, the �̂� on the right-hand side is assumed to be the total 

charges in these orbitals (i.e. the trace of �̂�𝑚,𝑚′). Dudarev, et al.  [371] introduced a 

simplified version of the L(S)DA+U which was also rotationally invariant. In this 

version, the energy functional is given by: 

 𝐸L(S)DA+U[𝑛(𝑟), {�̂�}]

= 𝐸L(S)DA[𝑛(𝑟)]

+
(𝑈 − 𝐽)

2
∑[(∑�̂�𝑚,𝑚

𝜎

𝑚

) − ( ∑ �̂�𝑚,𝑚′
𝜎 �̂�𝑚′,𝑚

𝜎

𝑚,𝑚′

)]

𝜎

. 

(4.78) 
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In this approach, it only an effective 𝑈eff = 𝑈 − 𝐽 that enters the approximation and it 

becomes clear that the method is essentially a penalty function that tries to enforce the 

idempotency of the orbitals (i.e. either fully occupied or unoccupied levels). 

 Both the technique due to Liechtenstein, et al. and Dudarev, et al. are widely used 

today to correct the short comings of both L(S)DA and GGA in describing transition 

metals and rare-earth elements. In practical calculations, the 𝑈 and 𝐽 (or just 𝑈eff for the 

Dudarev approach) can be determined either through a linear response type 

calculation  [372,373] or as a parameter used to match or understand a given materials 

behavior (for example, the band gap or the magnetic structure). 

4.9 MANY-BODY PERTURBATION THEORY (DFT+GW) 

 While density functional theory (DFT) has shown success in predicting and 

understanding the properties of materials, it suffers from the in ability to correctly 

calculate the electronic band gap of most materials. While the techniques discussed above 

such as hybrid functionals and the L(S)DA+U method help remedy these, they may not 

always correct the problem or be justifiable approximations on physical grounds. On the 

other hand, a technique based on many-body perturbation theory known as the GW 

method aims to improve ab initio calculations by improving the calculation of the 

electron self-energy. This technique was first proposed in 1965 by Hedin  [374] to 

improve Hartree-Fock calculations and later useful in the context of density functional 

theory calculations. In general, the electron self-energy is derived from the Dyson 

equation: 
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 𝐺 = 𝐺0 + 𝐺0Σ𝐺 (4.79) 

where 𝐺 and 𝐺0 represent the bare and dressed propagators or Green’s functions. The 

importance of Σ, while highly non-trivial to compute, is that in principle it contains all 

correlation effects of the many-particle system. If we make the approximation that the 

Green’s function should be given by the single particle Green’s function, then the self-

energy can be expanded in terms of the single particle Green’s function and screened 

Coulomb interaction (𝑊) as 

 Σ = 𝑖𝐺𝑊 − 𝐺𝑊𝐺𝑊𝐺 + ⋯. (4.80) 

The diagrammatic representation of this expansion is shown in Fig. 4.4 with one first 

order contribution, two second order contributions, and six third order. The GW 

approximation says to only keep the first term for the sake of calculation. 

 

Figure 4.4 Diagrammatic expansion of the electron exchange-correlation self-energy to 

third-order and showing the appriopriate term for the GW approximation. 
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 In order to construct the screened Coulomb operator, we must construct the full 

dielectric tensor in reciprocal space as a function of both reciprocal lattice vector and 

frequency: 

 𝜖�⃗��⃗�′(�⃗�, 𝜔) = 𝛿�⃗�,�⃗�′ − 𝜈(�⃗� + �⃗�)𝜒�⃗�,�⃗�′(�⃗�, 𝜔). (4.81) 

Here, 𝜈(�⃗� + �⃗�) is the Fourier-form of the Coulomb operator and 𝜒�⃗�,�⃗�′(�⃗�, 𝜔) is the 

electric polarizability. At the most basic level, the polarizability can be computed using 

and RPA-type form from a self-consistent field method  [375] resulting in a Kubo-

Greenwood type formula (see Chapter 5.4 where we use this formula). However, to 

improve the result, we must include local-field effects which arise from the charge 

inhomogeneity and will lead to variations in the screening of the Coulomb operator. The 

corrected version of the formula was derived by extending the result of  [375] to the 

Adler-Wiser formula  [376,377]: 

 𝜒�⃗�,�⃗�′(�⃗�, 0)

= ∑ ⟨𝑛, �⃗⃗�|𝑒−𝑖(�⃗⃗�+�⃗�)∙𝑟|𝑛′, �⃗⃗� + �⃗�⟩

𝑛,𝑛′,�⃗⃗�

⟨𝑛′, �⃗⃗� + �⃗�|𝑒𝑖(�⃗⃗�+�⃗�)∙𝑟′
|𝑛, �⃗⃗�⟩

×
𝑓(휀𝑛′,�⃗⃗�+�⃗⃗�) − 𝑓(휀𝑛,�⃗⃗�)

휀𝑛′,�⃗⃗�+�⃗⃗� − 휀𝑛,�⃗⃗�

, 

(4.82) 

where in practice, the above matrix elements are calculated using the wave functions of 

the density functional theory calculation as well as the eigenvalues for the 

energies  [378]. While the matrix elements are not trivial computations, for a plane-wave 

basis they can be computed by taking the Fourier transform of the direct product of wave 

functions in the real space representation  [347]. One may have noticed that Eq. (4.82) 
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does not have the explicit dependence of frequency anymore. While a full frequency 

calculation can be performed, it is often too computationally demanding and instead a 

generalized plasmon pole model (GPP model or PPM) is used to introduce the frequency 

dependence. Its derivation works on the observation that the imaginary part of the inverse 

dielectric tensor is peaked at a specific frequency (close to the so-called plasmon 

frequency) and to obey both the Kramers-Kronig relation and generalized 𝑓-sum rule. 

Thus the imaginary part of the inverse dielectric tensor becomes 

 Im[𝜖
�⃗��⃗�′
−1 (�⃗�, 𝜔)]

= 𝐴�⃗��⃗�′(�⃗�){𝐴𝑮𝑮′(�⃗�){𝛿[𝜔 − �̃�𝑮𝑮′(�⃗�)]

− [𝜔 + �̃�𝑮𝑮′(�⃗�)]}} 

(4.83) 

and the real part becomes 

 
Re[𝜖

�⃗��⃗�′
−1 (�⃗�, 𝜔)] = 1 +

𝛺𝑮𝑮′
2 (�⃗�)

𝜔2 − �̃�𝑮𝑮′
2 (�⃗�)

, (4.84) 

where the terms involved include the amplitude term, 

 
𝐴𝑮𝑮′(�⃗�) = −

𝜋

2

𝛺𝑮𝑮′(�⃗�)

�̃�𝑮𝑮′(�⃗�)
 (4.85) 

the effective bare plasma frequency, 

 
𝛺𝑮𝑮′

2 (�⃗�) = 𝜔𝑝
2
(�⃗� + �⃗�) ∙ (�⃗� + �⃗�′)

|�⃗� + �⃗�|
2

𝜌(�⃗� − �⃗�′)

𝜌(0)
 (4.86) 

and the mode frequency, 

 
�̃�

�⃗��⃗�′
2 (�⃗�) =

𝛺
�⃗��⃗�′
2 (�⃗�)

𝛿�⃗��⃗�′ − 𝜖
�⃗��⃗�′
−1 (�⃗�, 𝜔 = 0)

. (4.87) 
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Several other GPP models exist including the also popular Godby-Needs GPP  [379,380], 

the von der Linden and Horsh GPP  [381], and the Farid and Engel GPP  [382]. 

BerkeleyGW depends primarily on the Hybertsen-Louie GPP model  [347,378] whereas 

VASP opts to use a full-frequency method based on an approximate expansion of the 

plane-wave operator  [383]. 

 The full self-energy itself can be split into the sum of two portions: the screened 

exchange (Σ𝑆𝑋(𝐸)) operator and the Coulomb-hole operator (Σ𝐶𝐻(𝐸)). The explicit forms 

of these operators once the screened interaction has been expanded in plane waves and 

the GPP is incorporated are given by: 

 ⟨𝑛, �⃗⃗�|Σ𝑆𝑋(𝐸)|𝑛′, �⃗⃗�⟩

= ∑ ∑ ⟨𝑛, �⃗⃗�|𝑒𝑖(�⃗⃗�+�⃗�)∙𝑟|𝑛′′, �⃗⃗� − �⃗�⟩ ⟨𝑛′′, �⃗⃗� − �⃗�|𝑒−𝑖(�⃗⃗�+�⃗�)∙𝑟′
|𝑛′, �⃗⃗�⟩

�⃗⃗�,�⃗�,�⃗�′

occ

𝑛′′

× [𝛿�⃗��⃗�′ +
𝛺

�⃗��⃗�′
2 (�⃗�)

(𝐸 − 휀𝑛′′,�⃗⃗�−�⃗⃗�)
2

− �̃�
�⃗��⃗�′
2 (�⃗�)

] 𝜈(�⃗� + �⃗�′) 

(4.88) 

and 

 ⟨𝑛, �⃗⃗�|Σ𝐶𝐻(𝐸)|𝑛′, �⃗⃗�⟩

=
1

2
∑ ∑ ⟨𝑛, �⃗⃗�|𝑒𝑖(�⃗⃗�+�⃗�)∙𝑟|𝑛′′, �⃗⃗� − �⃗�⟩ ⟨𝑛′′, �⃗⃗� − �⃗�|𝑒−𝑖(�⃗⃗�+�⃗�)∙𝑟′

|𝑛′, �⃗⃗�⟩

�⃗⃗�,�⃗�,�⃗�′𝑛′′

× [
𝛺

�⃗��⃗�′
2 (�⃗�)

�̃��⃗��⃗�′[𝐸 − 휀𝑛′′,�⃗⃗�−�⃗⃗� − �̃��⃗��⃗�′]
] 𝜈(�⃗� + �⃗�′). 

(4.89) 



 90 

In terms of computational cost Eq. (4.88) is minimal compared to Eq. (4.89), due to the 

fact that the screen-exchange operator is only summed over occupied bands, while the 

Coulomb-hole operator is summed over unoccupied bands (which in principle go to 

infinity, but practically serves as a convergence parameter). The above equations assume 

the system being studied has inversion symmetry. If the system lacks inversion 

symmetry, the denominator term in both operators needs to be modified to include the 

phase of renormalization: Ω�⃗��⃗�′(�⃗�) → Ω�⃗��⃗�′(�⃗�)(1 − 𝑖tan[𝜙�⃗��⃗�′(�⃗�)])  [384]. 

 Once the approximate electron self-energy has been determined, we can adjust 

our density functional theory bands by replacing the exchange correlation energy: 

 𝐸𝑛,�⃗⃗� = 휀𝑛,�⃗⃗� − ⟨𝑛, �⃗⃗�|𝑉𝑋𝐶|𝑛, �⃗⃗�⟩ + ⟨𝑛, �⃗⃗�|Σ(𝐸𝑛,�⃗⃗�)|𝑛, �⃗⃗�⟩. (4.90) 

In actuality, the energy 𝐸𝑛,�⃗⃗� on both sides of Eq. (4.90) are the quasiparticle energies. 

Therefore, by expanding to first order about the energies 휀𝑛,�⃗⃗� to provide the quasiparticle 

energies as a correction to the density functional theory energies: 

 
𝐸𝑛,�⃗⃗� = 𝐸

𝑛,�⃗⃗�
0 +

∆Σ(휀𝑛,�⃗⃗�) ∆𝐸⁄

1 − ∆Σ(휀𝑛,�⃗⃗�) ∆𝐸⁄
(𝐸

𝑛,�⃗⃗�
0 − 휀𝑛,�⃗⃗�). (4.91) 

In Eq. (4.91), the 𝐸
𝑛,�⃗⃗�
0  is calculated as if Σ(휀𝑛,�⃗⃗�) were used rather than Σ(𝐸𝑛,�⃗⃗�) in Eq. 

(4.90). Stopping at this point is formally referred to formally as the 00WG  approach, 

however if desired the Green’s function or Coulomb interaction can be recalculated to 

reach self-consistency from the result (e.g. the 0GW and full-GW approaches). Generally, 

it has been found that iteration on the Coulomb interaction is only necessary if density 

functional wave functions are a poor approximation. The other benefit to using the GW 
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method is that it can be used along with solutions to the Bethe-Salpeter equation (which 

describes two-particle interactions and is usually applied correlated electron-hole pairs 

known as excitons) for more accurate calculations of the absorption spectra than just pure 

DFT. In order to decrease the computational costs of doing both a large density 

functional theory calculation with many empty bands, techniques have been developed to 

help remedy this. One technique is that of the simple approximate physical orbitals to 

give the high energy portions of the conduction band  [385] and another is the static 

remainder approximation to decrease the number of conduction bands needed for the 

Coulomb-hole sum  [386]. 

4.10 HELLMAN-FEYNMAN THEOREM, FORCES, AND THEIR APPLICATIONS  

 The Hellman-Feynman theorem  [387,388] provides a way to calculate the energy 

derivative of a system with respect some parameter via the expectation value of the 

derivative of the system’s Hamiltonian: 

 𝜕𝐸

𝜕𝜆
= ∫𝜓𝜆

∗ 𝜕�̂�𝜆

𝜕𝜆
𝜓𝜆𝑑Ω (4.92) 

While this theorem seems disarmingly simple and the proof is rather straightforward (see 

for example  [389]), the importance of the theorem cannot be understated. Part of the 

beauty originally pointed out by Feynman was that the force on a given nuclei could then 

be calculated as “just the classical electrostatic force that would be exerted on this 

nucleus by other nuclei and by the electrons’ charge distribution”  [388] and would 

written as: 
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�⃗�𝐼 = −∫𝑛(𝑟)

𝜕𝑉ext(𝑟)

𝜕�⃗⃗�𝐼

𝑑Ω −
𝜕𝐸𝑛,𝑛

𝜕�⃗⃗�
. (4.93) 

 In the case of pseudopotentials which are non-local, we must actually use a 

slightly more general version  [292]: 

 
�⃗�𝐼 = −∫𝜓∗

𝜕�̂�𝑒𝑙

𝜕𝜆
𝜓𝑑Ω −

𝜕𝐸𝑛,𝑛

𝜕�⃗⃗�
. (4.94) 

In a plane-wave basis, the explicit form is given by Martin in  [292] in Eq. (13.3); while 

for the PAW formalism, the expression appears more complicated due to the core 

augmentation and can be found in Section III.D of Ref.  [365]. 

 Our primary motivations for being able to obtain the forces for a given system lay 

in the following three applications: (1) ionic relaxation, (2) phonon calculations, and (3) 

the nudged elastic band method. 

 Ionic relaxation allows us to find the local ground state for a given ionic 

configuration. Examples for this are to find the ionic positions (and lattice constants) for 

a given functional or to optimize the geometry for a given crystalline defect or interface. 

Essentially, we use the forces obtained via Eq. (4.94) coupled with a minimization 

routine. The two primary minimization techniques applied (at least in a code like VASP) 

are the conjugant gradient method or a quasi-Newton method. These are relatively well 

known numerical techniques and discussions can be found in numerical methods books. 

Practical discussions of these methods with regards to electronic structure can be found, 

for example, in Appendix L of  [292]. The basic principle in their application within 

electronic structure theory is to treat the electronic structure as the potential energy 
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surface in which the atoms move. For a given set of atomic coordinates, the electronic 

structure is computed and then the atoms are moved to their new minimum energy 

positions. The energy is then recomputed self-consistently and the forces are recalculated. 

Depending upon whether or not the calculated forces are below a convergence threshold, 

the ionic minimization is continued or halted. 
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Figure 4.5 Diagram representing the phonon force calculation in two-dimensions as 

discussed in the text. 

 

 In order to calculate the phonon dispersion and obtain the respective displacement 

modes, we must construct the dynamical matrix. The precursor to constructing the 

dynamical matrix is to obtain the force constant matrix. While the force constant matrix 

can be constructed via density functional perturbation theory  [390], we use a more direct 

approach and employ finite differences. After ensuring that the residual forces from 

relaxation are as minimal as possible (practically less than 10-4 eV/Å), we construct a 

supercell of the primitive cell which is large enough to contain the interatomic forces. 

Essentially, we wish for the cell size to be large enough for the forces to fall off faster 

than
1

|�⃗⃗�𝐼−�⃗⃗�𝐽|
. To obtain the force constant matrix, we then displace each atom in the 

original primary cell in the±�̂�,±�̂�, and ±�̂� directions by a small amount. Often, we use a 

distance on the order of 0.008 Å (it must be small enough that we are within the harmonic 

region of the force potential, but not so small that the energy differences are within the 
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noise of our level of total energy convergence). The inclusion of positive and negative 

displacements allows for us to average out odd power anharmonicity. The force constant 

matrix is given by  

 
𝐹𝑙𝑎𝑖 = −

𝜕𝑈

𝜕𝑢𝑙𝑎𝑖
= −∑휃𝑙𝑎𝑖,𝑙′𝑏𝑗𝑢𝑙′𝑏𝑗

𝑙′𝑏𝑗

 (4.95) 

where the displacement based forces enter as 

 
휃𝑙𝑎𝑖,𝑙′𝑏𝑗 = −

𝜕𝐹𝑙𝑎𝑖

𝜕𝑢𝑙′𝑏𝑗
= −

𝐹𝑙𝑎𝑖+ − 𝐹𝑙𝑎𝑖−

2∆
. (4.96) 

The indices 𝑙 and 𝑙′ are cell indices, 𝑎 and 𝑏 are basis atom indices, and 𝑖 and 𝑗 are 

Cartesian directions. To obtain the dynamical matrix, we take a lattice Fourier transform 

of the force constant matrix to obtain 

 
𝐷𝑎𝑖,𝑏𝑗(�⃗⃗�) =

1

√𝑚𝑎𝑚𝑏

∑휃𝑙𝑎𝑖,𝑙′𝑏𝑗𝑒
𝑖2𝜋(𝑟𝑙𝑎−𝑟

𝑙′𝑏
)∙�⃗⃗�

𝑙

. (4.97) 

While the form given in Eq. (4.97) is sufficient in for metallic systems where the long 

range interactions will effectively be screened, it only includes the short-range forces. In 

insulating materials, a long-range correction term is required which has the general 

form  [390,391]: 

 

𝐷𝑎𝑖,𝑏𝑗
long

(�⃗⃗�) =
𝑞2

Ω𝜖0𝜖∞

[�⃗⃗� ∙ �̿�(𝑎)]
𝑖
[�⃗⃗� ∙ �̿�(𝑏)]

𝑗

|�⃗⃗�|
2 𝑒−|�⃗⃗�|

2
𝜌2⁄  (4.98) 

where 𝑞 is the fundamental electron charge, the �̿� are the Born effective tensors for atoms 

𝑎 and 𝑏 (which is a measure of the change in polarization due to ionic movement), 𝜖0 and 

𝜖∞ are the permittivity of free space and high-frequency dielectric constant, and 𝜌 
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controls the cutoff in reciprocal space for the long-range correction. The long-range 

correction only makes sense to be defined near the Γ-point.  

 Transition state theory is perhaps best known for its use in computational 

chemistry for the calculation of molecular reactions. However, it can find use in solid 

state physics for the calculation of defect migration, phase transitions, and adsorption. 

Within first principle calculations, we employ the nudged elastic band method. 

Depending upon the circumstance, there are three variants: (1) the standard nudged 

elastic band (NEB)  [392,393], (2) the climbing image nudged elastic band (CI-

NEB)  [394], and (3) the generalized solid-state nudged elastic band (GSSNEB)  [395]. 

Within the NEB method, an initial set of images (i.e. our reaction coordinates) are formed 

by interpolating from a known starting ionic configuration to a known final 

configuration. Each image is connected by a “spring” to keep them evenly spaced (i.e. to 

prevent the ionic configuration from returning to a local minimum during optimization). 

To accomplish this, we modify the forces described above as 

 �⃗�𝑖 = �⃗�𝑖
𝑆|

∥
− ∇𝐸(�⃗⃗�𝑖)|⊥ (4.99) 

where the projected components are given with respect to the tangent of steepest descent 

(�̂�𝑖) as 

 �⃗�𝑖
𝑆|

∥
= 𝑘(|�⃗⃗�𝑖+1 − �⃗⃗�𝑖| − |�⃗⃗�𝑖 − �⃗⃗�𝑖−1|)�̂�𝑖 (4.100) 

and 

 ∇𝐸(�⃗⃗�𝑖)|⊥ = ∇𝐸(�⃗⃗�𝑖) − ∇𝐸(�⃗⃗�𝑖) ∙ �̂�𝑖. (4.101) 
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Similarly to ionic relaxation, the forces are minimized to the desired threshold by way of 

a minimization routine. Obviously, only force based minimization techniques can be used 

as the energy for a given image is not the ground state. Within the standard NEB method, 

the minimum energy pathway as a function of image can be determined via interpolation. 

In practice, we employ a cubic spline interpolation and choose the endpoints to have their 

derivative equal to zero since they are either local energy minima or maxima 

configurations. In the case of using the NEB method with two local energy minima 

configurations, the interpolation does provide a value for the barrier, but does not 

guaranteed that one of our images is the specific transition state (i.e. the local energy 

maxima configuration between the initial and final states). If one is interested in 

obtaining this state for further study, a modification to the standard nudged elastic band 

method can be made, the climbing image nudged elastic band. In this approach, after 

performing a standard NEB calculation, the highest energy image is driven up the 

potential energy surface to determine the transition state configuration via modification in 

its force equation: 

 �⃗�𝑖max
= −∇𝐸(�⃗⃗�𝑖max

) + 2∇𝐸(�⃗⃗�𝑖max
)|

∥

= −∇𝐸(�⃗⃗�𝑖max
) + 2(∇𝐸(�⃗⃗�𝑖max

) ⋅ �̂�𝑖)�̂�𝑖. 

(4.102) 

An example where this modification can be useful is in the calculation of Arrhenius rates 

via the Vineyard equation  [396] in which the transition rate’s attempt frequency can be 

determined as the ratio of the vibrational modes of the initial state to the none soft mode 

vibrational modes of the transition state. A different modification to the nudged elastic 
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band method, the generalized solid-state nudged elastic band method, allows for the 

calculation of minimum energy pathways between two phases of a given material in 

which a one-to-one mapping between atoms in the phases can be found. Essentially, this 

modification generalizes the NEB method to include stress and strain degrees of freedom 

in addition to the usual atomic degrees of freedom. To accomplish this, the strain is 

scaled and appended to the usual positional degrees of freedom while the stress tensor is 

scaled and appended to the usual list of forces. The strain degree of freedom is defined as 

the engineering strain 

 𝜺 = 𝒉−𝟏 ∙ (𝒉def − 𝒉) (4.103) 

with 𝒉 and 𝒉def as matrices of the lattice vectors for the original and deformed cell 

written as the rows such that the matrices are in lower triangular form. The strain 

components are then scaled as  

 �⃗⃗� → {𝐽𝜺, �⃗⃗�} (4.104) 

where the Jacobian that allows for appropriately matched scaling and units is given by 

𝐽 = Ω1/3𝑁1/6. Likewise, the stress tensor 𝝈 is scaled and concocted to the forces as 

 �⃗� → {−Ω𝝈 𝐽, �⃗�⁄ }. (4.105) 

In practice, Ω is taken to be the average volume between the initial and final cell 

configurations. Likewise, from image to image the strain is averaged in order to avoid 

ambiguities if the definitions of initial and final cell are interchanged (which is not an 

issue in the standard NEB method). 
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Chapter 5 Electronic, Optical, and Structural Properties of NbO2 

Portions of the results of this chapter have been published as: A. B. Posadas, A. O’Hara, 

S. Rangan, R. A. Bartynski, and A. A. Demkov, Appl. Phys. Lett. 104, 092901 (2014); A. 

O’Hara, T. N. Nunley, A. B. Posadas, S. Zollner, and A. A. Demkov, J. Appl. Phys. 116, 

213705 (2014); and A. O’Hara and A. A. Demkov, Phys. Rev. B 91, 094305 (2015). 

5.1 INTRODUCTION 

 Transition metal oxides exhibit a wide range of interesting phenomena such as 

ferroic order, superconductivity, interfacial two-dimensional electron gases, and metal-to-

insulator transitions. In particular, the metal-to-insulator transition has been observed in 

many different oxides [51,54,40,46,57,58,397], however the transition temperature is 

often significantly below room temperature making their use in technological 

applications challenging. Recently, there has been significant interest in the near room 

temperature Mott-Peierls transition of vanadium dioxide (VO2) [142,398–401]. In VO2, 

vanadium atoms are found to dimerize along the c-axis of the high-temperature rutile 

phase suggesting a Peierls type mechanism [142,402–404]. However, given that 

vanadium is a 3d transition metal, the role of strong electron-electron correlations cannot 

be neglected. Indeed, this metal-insulator transition is not just a Peierls distortion, but 

rather a Mott-Peierls distortion where both effects are needed to correctly describe the 

insulating ground state [131,132,398]. Furthermore, the proper lattice dynamics for the 

rutile phase can only be reproduced if correlations are included [405]. This makes the 

analysis of the transition much more complicated. The closely related niobium dioxide 
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(NbO2) exhibits a similar transition but at a much higher temperature [28,156] which may 

be of interest in both high temperature applications or applications where the effects of 

temperature need to be isolated from that of electric fields. In fact, there has been some 

progress in the application of NbO2 to electrical switching [175,187,189] and memory 

devices [205,206]. As niobium is a 4d, rather than 3d, transition metal, electron 

correlation should play a lesser role, making the analysis more tractable. 

 

Figure 5.1 Crystal structure of (a) high-temperature rutile (space group P42/mnm) and 

(b) low-temperature body-centered tetragonal (space group I41/a) phases of 

NbO2 in the primitive cell. (c) The Brillouin zone for the rutile (simple 

tetragonal) phase where the suspected soft phonon mode wave vector �⃗�𝑃 lies 

between the A and Z points. (d) The Brillouin zone for the low-temperature 

distorted rutile (body centered tetragonal, 𝑐 < 𝑎) phase. 

 In NbO2, on the other hand, In VO2, the metal to insulator transition occurs at 340 

K [91]; whereas for NbO2, the transition occurs near 1080 K [28–30] accompanied by a 
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structural transition from the undistorted rutile structure (P42/mnm with two formula 

units per cell) at high temperatures shown in Fig. 5.1(a) to the body-centered tetragonal, 

distorted rutile structure (I41/a with 32 formula units in the conventional cell) [150–152] 

at low temperatures shown in Fig. 5.1(b). The Brillouin zone symmetry of the phases is 

shown in Fig. 5.1(c) and Fig. 5.1(d), respectively. In the ionic limit, the niobium atoms 

are in the Nb4+ oxidation state with a valence configuration of 4d1. Given that pairs of 

niobium atoms dimerize along the c-axis during the phase transition, the transition is 

believed to be of the Peierls type (such that a quasi-one-dimensional chain of dimers 

forms along the c-axis) with an instability related to wave vector �⃗�𝑃 = (
1

4
,
1

4
,
1

2
) 

(occurring between the A and Z points in the Brillouin zone shown in Fig. 1(c)); however 

the exact nature has been debated throughout the literature  [30,155,178–181]. Neutron 

scattering in single crystal NbO2 found evidence of a soft phonon mode at the P point  via 

critical scattering  [178]. Further experiments, however, found no clear evidence for a 

soft mode at �⃗�𝑃 but rather quasielastic scattering along rods in reciprocal space with an 

instability near �⃗�𝑃 [179]. Classical shell model calculations based on the measured 

phonon dispersion of TiO2 and adapted to other rutile structures using Γ mode data found 

phonon softening at �⃗�𝑃  [180]. Analysis of thermodynamic data is mixed, with some 

indicating that the transition is second-order [30] and others reporting that it’s first-order 

in nature [155,181]. Previous ab initio calculations have shown that density functional 

theory using augmented spherical waves does qualitatively describe NbO2  [199]. 
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 Understanding the band gap of the insulating phase of NbO2 is of both practical 

and fundamental importance for device applications. Interestingly, niobium dioxide’s 

band gap is not precisely known and remains an open question. Within the experimental 

literature on the electronic structure [165,173–177],  the band gap of the low-temperature 

phase of NbO2 ranges from a room temperature estimate of the optical gap of 0.5 

eV [174] to 0.88 eV from film absorptance edge measurements [175] and admittance 

spectroscopy measurements [176] to 1.16 eV obtained by fitting to conductivity 

measurements [177]. 

 In this chapter, we use density functional theory to explore the electronic and 

optical properties of the high- and low-temperature phases of NbO2. We employ both 

standard DFT and several extensions in order to better understand the nature of the band 

gap and possible role of electron correlations in the insulating phase. Using transition 

state theory within density functional theory as well as calculation of the phonon 

dispersion, we demonstrate that the driving mechanism for the metal-insulator phase 

transition in NbO2 is primarily structural in nature. Through calculation of the carrier 

concentration, we give an estimate for the change in carrier concentration across the 

transition. Furthermore, the real and imaginary dielectric functions are calculated from 

first principles and measured using spectroscopic ellipsometry in order to understand the 

optical absorption and give an independent measurement of the band gap. 
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5.2 COMPUTATIONAL DETAILS 

 We carry out density functional calculations using the Vienna ab initio simulation 

package (VASP) code [346]. For the exchange-correlation functional, the local density 

approximation (LDA) parameterization by Perdew and Zunger [326] is used and 

projector augmented wave pseudopotentials are used for niobium and oxygen 

electrons [364,365]. The valence configurations for each atomic species used are the 

4p65s14d4 orbital configuration for Nb and 2s22p4 orbital configuration for O. A plane 

wave cutoff energy of 750 eV was used for both phases, while the Brillouin zone was 

sampled using Γ centered Monkhorst-Pack grids [343] of 8 × 8 × 12 for the rutile cell 

and 8 × 8 × 8 for the primitive body-center tetragonal cell. These combinations of cutoff 

energy and k-grid provided convergence of 1 meV per NbO2 unit for the total energy in 

both phases. During relaxation of metallic rutile NbO2, the first-order Methfessel-

Paxton [348] scheme with a sigma value of 0.17 was used for partial occupancies, while 

the tetrahedron method with Blöchl corrections [349] was used for self-consistent total 

energy calculations. Since we hypothesize the MIT in NbO2 to be driven purely by the 

Peierls instability, to gain insight into the transition mechanism, we search for the 

minimum energy pathway (MEP) between phases utilizing transition state theory as 

formulated in the generalized solid-state nudged elastic band (G-SSNEB) method [395] 

implemented in the VTST extension of the Vienna ab initio simulation package (VASP). 

The benefit of the G-SSNEB method compared to the standard nudged elastic band 

method [393,394] is that it allows for cell deformation due to stress and strain in addition 
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to atomic movement between the initial and final phases (in the case of NbO2, only strain 

deformations are needed). 

5.3 LATTICE OPTIMIZATION AND ELECTRONIC STRUCTURE 

5.3.1 The Rutile (High Temperature) Phase within the Local Density Approximation 

 The optimized rutile structure for NbO2 within LDA has lattice constants 𝑎𝑅 =

4.93Å and 𝑐𝑅 = 2.90Å versus experimental values of 𝑎𝑅 = 4.8463Å and 𝑐𝑅 =

3.0315Å [152]. Furthermore the optimized coordinate for the oxygen atom at the 4f 

Wyckoff position (direct coordinate (𝑢, 𝑢, 0)) is found to have 𝑢 = 0.289 versus an 

experimental value of 𝑢 = 0.2924. The density of states plotted in Fig. 5.2(a) shows that 

the Fermi energy lies in the niobium d-state-derived band just above the charge transfer 

p-d gap of the oxygen p-states and niobium d-states. Our band structure shown in Fig. 

5.1(c) is consistent with previous results [195,198,199]. 
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Figure 5.2 Plots for rutile NbO2 of (a) the total and orbital-resolved density of states, 

(b) the niobium d-state projected density of states, (c) band structure, and (d) 

partial charge density for the d-states below the Fermi Energy. 

 

 In order to understand the orbital origin of the niobium 4d states in NbO2, and in 

particular the t2g and eg crystal field splitting, we compute the orbital projected density of 

states for one of the niobium atoms with its octahedron of oxygen atoms oriented along 

the x, y, and z axes (this is approximate due to the Jahn-Teller distortion of the 

octahedron) in Fig. 5.2(b). Within the rutile cell, there are two different niobium-oxygen 

bond lengths (2.02 Å along the z-axis and 2.064 in the xy-plane for this octahedron). 

Furthermore, the bond angles in the xy-plane are slightly distorted from 90° to 90.89° and 

89.11°. As expected from the ligand theory of crystal field splitting, the t2g bands are 
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located lower in energy than the eg bands with a splitting of approximately 4.0 eV. Since 

each niobium is formally in the 4+ state, each niobium atom has d-orbital filling of 4d1 

which means the degenerate t2g orbitals contain a single electron. Therefore, the Jahn-

Teller distortion of the octahedra causes a splitting of the t2g level into a partially 

occupied dxy orbital and partially unoccupied dyz and dxz orbitals in order to break the 

degeneracy. Furthermore, the occupied dxy orbital for each niobium atom is oriented in 

such a way that two of the lobes point along the c axis (dimerization axis) towards the 

nearest neighbor niobium atoms. In Fig. 5.2(d), the partial charge density for the niobium 

d-states below the Fermi energy is plotted in the [110] direction. In the figure, a cross-

section of the two distinct dxy orbitals on nearest neighbor niobium atoms is clearly 

visible, indicating that there is no niobium-niobium bond in the rutile phase. 

 

Figure 5.3 Plot of (a) the full three-dimensional Fermi surface for rutile NbO2 and (b) 

the diagonal cross-section of the Fermi Surface with potential nesting 

vectors. 

 

 In Fig. 5.3(a), we show the calculated Fermi surface for the full Brillouin zone, 

rather than just the irreducible wedge as in previous work [195]. Of particular interest are 



 107 

the sheet-like segments situated just above and below the Γ-M-X plane. The nesting of 

flat segments of the Fermi surface is characteristic of one-dimensional conductors with 

Peierls transitions [10]. Despite being a three-dimensional material, resistivity 

measurements have shown that metallic conductivity in the undistorted rutile phase is 

primarily along the (001) direction while the conductivity in the plane perpendicular to 

the axis of dimerization remains semiconductor-like [156] indicating that NbO2 is a 

quasi-one-dimensional conductor. In Fig. 5.3(b), we show a diagonal cut through the 

Fermi surface in order to investigate the potential for Fermi surface nesting in more 

detail. From this plot, we see that there are four pseudo-flat planes as part of the Fermi 

surface (with two in the upper half of the Brillouin zone and two in the lower half of the 

Brillouin zone). These four planes can be grouped as an inner pair that exhibit a clear 

sinusoidal oscillation and an outer pair that appear flatter on the cross section with a 

slight bulge. For the inner pair, we observe that one plane of the pair can be mapped to 

the other plane in the pair by a vector of ~(
1

4
,
1

4
,

3

10
). Similarly, for the outer pair of 

planes with the flatter behavior, an imperfect mapping of one plane to the other can be 

achieved by vectors in the range of ~(0,0,
2

5
) to ~(0,0,

4.5

10
). While these vectors are not 

equivalent to high symmetry vectors �⃗�𝑃 = (
1

4
,
1

4
,
1

2
) or �⃗�𝑍 = (0,0,

1

2
), this is consistent 

with the notion of an incommensurate or imperfect nesting of the Fermi surface. 

Furthermore, neutron powder diffraction studies of the rutile phase [152] indicate large 

Debye-Waller factors. In particular the rms displacement for niobium atoms along the c-

axis is 0.18 Å indicating significant fluctuation of the lattice vectors and hence reciprocal 
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space which may improve the ability to nest. It should also be pointed out that if in reality 

the flat planes in the Fermi surface were perfectly flat, then any vector of the form 

(𝑘𝑥, 𝑘𝑦,
1

2
) would become a nesting vector. This may help explain the presence of 

multiple soft modes in the phonon dispersion calculated in Chapter 5.6, since the Peierls 

picture of a phase transition links the lattice modulation vector (i.e. soft phonon mode in 

a second-order phase transition) to the nesting vectors of the Fermi surface. 

5.3.2 The Body-Centered Tetragonal (Low Temperature) Phase within the Local 

Density Approximation 

 

 We compare calculated structural parameters against powder neutron data [152] 

in Table 5.1. Compared to experiment, the lattice constants of 𝑎 = 13.64Å and 𝑎 =

6.01Å represent a respective -0.45% and +0.45% deviation, which is well within typical 

deviations for such calculations. Furthermore, the calculated niobium-niobium dimer 

length is 2.70 Å, compared with 2.71 Å experimentally. As can be seen from the table of 

positions, the primary discrepancies come from the specific internal coordinates, in 

particular those of the oxygen atoms. 
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Table 5.1 Comparison of experimental and LDA calculated lattice parameters for the 

body-centered tetragonal phase of NbO2 (space group I4a/a, all ions occupy 

Wyckoff position 16(f)). Experimental data are from Ref.  [152]. 

Parameter Experimental Theoretical Enlarged Rutile 

Lattice vector a 13.696 Å 13.640 Å 13.943 Å 

Lattice vector c 5.981 Å 6.012 Å 5.794 Å 

Nb(1) coordinate (0.116, 0.123, 0.488) (0.112, 0.122, 0.475) (0.125,0.125,0.500) 

Nb(2) coordinate (0.133, 0.124, 0.031) (0.132, 0.126, 0.027) (0.125,0.125,0.000) 

O(1) coordinate (0.987, 0.133, -0.005) (0.986, 0.128, -0.021) (0.980,0.125,0.000) 

O(2) coordinate (0.976, 0.126, 0.485) (0.970, 0.122, 0.509) (0.980,0.125,0.500) 

O(3) coordinate (0.274, 0.119, 0.987) (0.274, 0.125, 0.000) (0.270,0.125,0.000) 

O(4) coordinate (0.265, 0.126, 0.509) (0.262, 0.124, 0.502) (0.270,0.125,0.500) 

 

 

 The density of states and band structure for the low temperature phase are shown 

in Fig. 5.4(a) and the LDA band widths and gaps are summarized in Table 5.2. In terms 

of the valence O 2p and Nb dxy state, we find reasonable agreement with the previous 

calculation [199] with a narrower p-d gap and occupied d-band. For comparison, room 

temperature XPS and UPS data [165,172] show that the valence band width is 

approximately 9.0 eV with the O 2p width approximately 6.0 eV and the Nb dxy state 

approximately 1.0 eV wide. Compared to our values in Table 5.2, this implies that the 

primary source of underestimation of the valence band is that our p-d gap is too small. 

Our calculation shows that for the LDA optimized structure a band gap of 0.35 eV opens 

due to the lattice distortions of niobium-niobium dimerization and tilting that occurs in 

going from the high- to low-symmetry phases. Band structure calculations, shown in Fig. 

5.4(c), show that the gap is indirect, with the valence band maximum (VBM) at high 

symmetry point N and the conduction band minimum (CBM) at Γ. This value is higher 
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than that found previously in DFT with the augmented spherical wave (0.1 eV) and 

linearized augmented plane wave (0.15 eV) methods [199,200] but lower than Nb2O10 

cluster calculations (0.68 eV) [198]. Our LDA band gap is, however, still smaller than the 

range of reported experimental estimates mentioned previously [174–177]. The lowest 

direct band gap (which is the quantity measured by ellipsometry) is 0.42 eV and occurs 

near the Γ point (more specifically at �⃗⃗� = (−0.1,−0.1,0.1) and symmetry equivalent 

points). 

 

Figure 5.4 Plots for the distorted body-centered tetragonal NbO2 phase of (a) the total 

and orbital density of states, (b) the Niobium d-state projected density of 

states, (c) band structure with the valence band maximum (VBM) at the N 

point and the conduction band minimum (CBM) at Γ, and (d) partial charge 

density for the d-states below the Fermi energy. 
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 Fig. 5.4(d) shows the charge density for the niobium d-states below the Fermi 

energy in a plane containing the dimerized atoms with their nearest oxygen atoms. This 

plot shows the clear formation of a strong bond between the niobium atoms through the 

dxy orbitals. This suggests that the gap formation occurs with dimerization and not a 

further Jahn-Teller distortion as initially discussed by Goodenough for similar edge-

sharing octahedral oxides [94]. 

Table 5.2 Summary of body-centered tetragonal band widths and gaps (all in eV). 

 O2p width p-d gap dxy width Egap t2g width eg width 

Ref. 101 5.67 2.33 0.93 0.10 3.53 5.17 

LDA2 5.55 1.58 0.70 0.35 3.41 4.87 

HSE062 5.72 1.79 0.71 1.48 3.28 5.32 
1Estimated from density of states figure. 
2This work. 

5.3.3 Effects of the Hubbard U within an L(S)DA+U Approach 

 In systems containing d- and f-orbitals, both LDA and GGA (Generalized 

Gradient Approximation) often underestimate the correlation of electrons in partially 

filled orbitals. In order to account for this, a Hubbard-type correction U can be employed 

for these orbitals. While LDA does capture the correct physics to give a gap, from Fig. 

5.4, we can see that the bonding state is fairly narrow (Fig. 5.4(a)), relatively flat (Fig. 

5.4(c)), and spatially localized (Fig. 5.4(d)). This implies that an orbital dependent term 

may be necessary to increase the band gap. Specifically, we make use of the rotationally 

invariant method of Dudarev et al. [371] which uses an effective 𝑈eff = 𝑈 − 𝐽, combining 

both the Hubbard and exchange terms. 
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 To test the effects of using such a Ueff on the rutile phase of NbO2, we perform 

calculations employing values from 0 eV to 8 eV. For no value of Ueff did an unphysical 

band gap open in the rutile phase as occurs in rutile VO2 [406]. However for Ueff > 6 eV, 

spin polarized calculations show that there is a ferromagnetic solution contrary to 

experimental observation. Furthermore, both the ac  ratio and cell volume are closest to 

experiment when no Ueff was used in the rutile phase as shown in Fig. 5.5(a). This 

implies that rutile NbO2 is most likely an uncorrelated metal. 

 

Figure 5.5 Summary plots for the effects of the Hubbard U on (a) the high-temperature 

rutile lattice, (b) the low-temperature body-centered tetragonal lattice, and 

(c) the band gap (diamonds) and oxygen 2p – niobium 4dxy gap (squares) in 

the low-temperature phase. 

 

 For the low temperature phase, we tested Ueff values from 0.0 eV to 5.0 eV 

(higher values of Ueff led to convergence issues) and the results are plotted in Fig. 5.5(b) 

and (c). In regards to the lattice, there is a slight improvement for the niobium-niobium 

bond as Ueff is increased, but as shown in Fig. 5.5(b), the cell volume and c/a ratio are 

better in the vicinity of Ueff from 0.0 eV to 1.0 eV and 1.0 eV to 2.0 eV, respectively. For 

increasing Ueff, the indirect band gap plotted in Fig. 5.5(c) increases from the pure LDA 

value of 0.35 eV to a value of 1.15 eV at Ueff = 5. From these results, it appears that 
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minor correlation effects as included via the Hubbard U can improve the description of 

the insulating phase, but that other factors may be responsible for the underestimation of 

the band gap within LDA. The application of Ueff up to 3.0 eV causes a slight increase in 

the relative value of the lowest direct band gap to 0.10 eV; while for higher values of Ueff, 

this relative value decreases to 0.06 eV. Throughout the range of Ueff, the k-point for the 

lowest direct gap shifts away from the Γ point towards �⃗⃗� = (
1

2
,
1

2
,
1

2
). This implies that the 

Ueff causes a slight change in the curvature of the top of the valence band and bottom of 

the conduction band. 

 Multiple XPS measurements of the valence band of NbO2 have shown that both 

LDA and hybrid functional calculations reproduce the measurements relatively 

well [165,172,199]. However, when using LDA+U, the observed increase in the indirect 

band gap of NbO2 occurs at the expense of lowering the width of the oxygen 2p – 

niobium 4dxy gap as shown in Fig. 5(c). The reason for this is that the inclusion of the 

Hubbard U will push apart the occupied and unoccupied bands of the material, which in 

this case are both comprised of d-orbitals. While the failure of LDA+U in this regard 

does not necessarily indicate that NbO2 should be considered uncorrelated in the 

insulating phase, it does expose a potential issue in applying this technique for 

introducing correlations into density functional theory. 

5.3.4 Hybrid Functional 

 Due to the lingering ambiguity in the literature over the band gap of NbO2, it is 

useful to perform a hybrid functional calculation of the electronic structure for the low 
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temperature phase. Hybrid functional methods use a mix of LDA or GGA with Hartree-

Fock since the former tends to underestimate the band gap while the later tends to 

overestimate it. There are several different hybrid functionals available, with the Heyd-

Scuseria-Ernzerhof (HSE) method [407,408] being fairly popular due to its ability to 

often improve the calculated band structure [409]. The HSE functional separates the 

exchange part of the exchange-correlation function into a long-range part from the 

Perdew-Burke-Ernzerhof (PBE) functional [332] (a type of GGA) and uses a mix of the 

Hartree-Fock exchange and PBE exchange for the short range portion. The full exchange-

correlation functional is thus given by: 

 𝐸𝑥𝑐
𝐻𝑆𝐸 = 𝛼𝐸𝑥

𝐻𝐹,𝑆𝑅(𝜇) + (1 − 𝛼)𝐸𝑥
𝑃𝐵𝐸,𝑆𝑅(𝜇) + 𝐸𝑥

𝑃𝐵𝐸,𝐿𝑅(𝜇) + 𝐸𝑐
𝑃𝐵𝐸 (5.1) 

where 𝛼 controls the exchange mixing and 𝜇 controls the cutoff for short range 

interactions. In HSE, the mixing parameter 𝛼 =
1

4
 was found through optimization of a 

wide variety of systems. Specifically, we employ the HSE06 hybrid which sets 𝜇 =

0.2 Å−1. In practice, a standard DFT run with PBE based pseudopotentials is done to 

produce a converged charge density and wave function and then the hybrid calculation is 

done with these as a starting point. While relaxation can be done within HSE, for larger 

systems like the low-temperature NbO2 body-centered tetragonal cell, the structure is 

optimized within regular PBE due to computational constraints. The previously used 

energy cutoff of 750 eV and k-point grid of 8 × 8 × 8 for LDA were found to give 

similar convergence for the PBE pseudopotentials. Using the PBE optimized lattice, we 

calculated the HSE06 indirect band gap to be 1.48 eV which is higher than any of the 



 115 

previously reported values in the literature and likely represents an overcorrection of the 

gap. Most importantly, the band widths themselves, shown in Table 5.2, are quite similar 

to the LDA results above. 

 Several samples of NbO2 were grown on conductive Nb-doped SrTiO3 (111) 

oriented substrates using molecular beam epitaxy and their electronic structure measured 

via x-ray photoemission spectroscopy (XPS), ultraviolet photoemission spectroscopy 

(UPS), and inverse photoemission spectroscopy (IPS)  [165]. To help interpret the 

experimentally measured electronic structure, we used our hybrid functional calculations. 

 In Fig. 5.6(a), we compare the XPS valence band measurement of a 200 Å thick 

“bulk” sample and the theoretical valence band from the HSE calculation. Overall, we 

find excellent agreement both in terms of the O 2p band width of NbO2 (5.7 eV in HSE) 

and the separation between the O 2p and the Nb dxy bands (1.8 eV in HSE). The band 

offset between the top of the O 2p band of the SrTiO3 substrate and NbO2 film was also 

determined using XPS. In bulk SrTiO3 samples, the separation between the Sr 3d core 

state and the top of the O 2p band is 130.4 eV, while in bulk NbO2 samples the Nb 3d 

core state and the top of the O 2p band are separated by 204.1 eV. In our thin 40 Å NbO2 

film on SrTiO3 structure, the Nb 3d and Sr 3d separation is 74.01 eV. Thus, we infer that 

the top of the O 2p band in SrTiO3 is 0.3 eV higher (closer to the Fermi level) than the 

top of the O 2p band in NbO2. The XPS valence band spectrum of the 40 Å NbO2 film on 

SrTiO3 is shown in Fig. 5.6(b). Using the SrTiO3 density of states calculated within HSE 

(which gives a band gap of 3.2 eV in agreement with experiment) we align the bottom of 

the SrTiO3 conduction band with the Fermi level of the system because Nb-doped SrTiO3 
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is a degenerate n-type semiconductor. By aligning the theoretical NbO2 dxy state with the 

onset of the XPS dxy band, we find that the top of the O 2p band of SrTiO3 is 

approximately 0.28 eV higher than the O 2p band of NbO2 in excellent agreement with 

our measured offset. 

 

Figure 5.6 (a) The solid line is the XPS measurement of the valence band for a thick 

(200 Å) sample of NbO2 grown on Nb-doped SrTiO3 while the dotted 

overlay is the HSE density functional theory calculation of the valence band. 

We find excellent agreement with both the width of the O 2p band as well as 

the O 2p to Nb dxy gap. (b) The solid line is the XPS measurement of the 

valence band for a thin (40 Å) sample of NbO2 grown on Nb-doped SrTiO3 

while the dotted and dashed overlays are the HSE density functional theory 

calculation of the valence band for NbO2 and SrTiO3, respectively. (c) The 

solid line is the UPS/IPS measurement, the dashed line is the XPS 

measurement on the same sample, and the dotted line is the HSE 

calculation. 

 

 In Fig. 5.6(c), we present combined ultraviolet photoemission spectroscopy 

(UPS), XPS, and IPS data for the 40 Å NbO2 film on Nb-doped SrTiO3 sample along 

with the HSE calculation. The XPS measurements were performed on an ESCALAB 

250xi system using a monochromated Al Kα source. The UPS (using a He II line) and 

IPS (using a primary electron energy of 20.3 eV) measurements were performed in a 

UHV system housing both techniques, ensuring same sample properties. The valence and 
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conduction band spectra are referenced with respect to the common Fermi level of the 

system, measured on a gold reference surface in contact with the sample. No sign of 

charging was observed during the measurements  [410]. Within UPS, the Nb dxy valence 

band is not detectable due to matrix element effects. Therefore, the valence band 

measured using XPS is also overlaid. It should be noted that the position of the O 2p edge 

is in excellent agreement between the two techniques. The separation between the O 2p 

maximum measured in UPS (and XPS) and the conduction band minimum measured in 

IPS is approximately equal to the band gap of SrTiO3. Using the position of the Nb dxy 

state inferred from XPS, we can place a lower bound on the band gap of NbO2 to be 

approximately 1.0 eV. The HSE calculation yields a band gap of 1.48 eV. This estimate 

of the band gap is in fair agreement with electrical measurements indicating a gap of 1.20 

eV at room temperature with narrowing at higher temperatures  [177]. 

5.3.5 Carrier Concentration Change Across the Phase Transition 

 One of the important implications of metal-insulator phase transitions for 

electronic applications is the change in conductivity across the phase transition. 

Conductivity can be defined in the simplest sense as the product of the electron charge 𝑒, 

the carrier concentration 𝑛𝑒, and carrier mobility 𝜇𝑒. In practice, the carrier concentration 

is easier to calculate than the mobility, which requires a detailed knowledge of scattering 

mechanisms, and so we focus on the carrier concentration change across the transition. 

This focus is supported by the experimental observation [177] that comparatively, the 

mobility changes less drastically than the carrier concentration across the transition. 
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 In the metallic rutile phase, we calculate the carrier concentration at a given 

temperature via: 

 
𝑛𝑒 =

1

Ω
∫𝑓(𝐸)𝑔(𝐸)𝑑𝐸 (5.2) 

where 𝑓(𝐸) is the Fermi function, 𝑔(𝐸) is the density of states, and the integration runs 

in a window from 𝐸𝐹 − 𝑘𝐵𝑇 to 𝐸𝐹 + 𝑘𝐵𝑇 since we expect only electrons in this energy 

range to be thermally active. Using our LDA density of states, we obtain an estimate of 

𝑛𝑒 = 4.57 × 1021 cm-3 at the transition temperature of 1080 K, which is slightly smaller 

than the experimentally reported value at this temperature [177]. 

 

Figure 5.7 Comparison of the carrier concentration calculated for a range of 

temperature crossing the transition temperature using both pure LDA and 

HSE06 functionals. 

 

 In intrinsic semiconductors, the numbers of electrons and holes at a given 

temperature are equal. Therefore, in the insulating BCT phase, we can compute the 

number of electrons using the same equation as above where integration runs from the 

bottom of the conduction band to a suitable cutoff (in reality the upper bound is +∞, 

however the Fermi function minimizes contributions far above the Fermi energy). The 
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number of holes (𝑛ℎ) is calculated by replacing 𝑓(𝐸) with 1 − 𝑓(𝐸) in Eq. (5.2) and 

integrating from a suitable lower cutoff (in reality the lower bound is −∞) to the top of 

the valence band. We found that ±5 eV from the conduction and valence bands gave 

suitable convergence for the integration range. Furthermore, at finite temperature, the 

Fermi energy is no longer precisely at the mid gap level, so we adjusted it self-

consistently until we reach equality of 𝑛𝑒 and 𝑛ℎ. Computing the carrier concentration 

using our LDA density of states at 1080 K, we obtain an estimate of 𝑛𝑒 = 3.71 × 1020 

cm-3, which suggests an order of magnitude change in carrier concentration due to the 

metal-insulator transition. We also computed with our HSE06 density of states and found 

𝑛𝑒 = 1.02 × 1018 cm-3, which would suggest a change in magnitude of 3.5 orders of 

magnitude. While these numbers vary greatly, we anticipate that in reality the actual 

degree of change would lay between these since LDA underestimates the gap and HSE06 

probably overestimates it. Plots of the carrier concentration across the transition are 

shown in Fig. 5.7 for both the LDA calculation and the HSE06 (with PBE used for the 

metallic phase). If we use the LDA+U results to calculate the carrier concentration 

changes (see Table 5.3), we see that the relative jump increases between the value of pure 

LDA and HSE06 as one would expect since the band gap increases within the range of 

the two. In this particular case, the fact that the relative spacing of the valence band is 

wrong within LDA+U plays little role since the oxygen 2p derived states are 

energetically very far from the conduction band relative to the thermal energy even near 

the transition temperature. As the change in the carrier concentration is the main figure of 

merit for the practical applications of the metal-to-insulator transition in NbO2, these 
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results highlight the importance of correctly determining the band gap of the low 

temperature BCT phase of the material. 

Table 5.3 Summary of the change in magnitude of the carrier concentration calculated 

at the transition temperature (taken to be 1080 K). Acronyms for computational details 

are explained in the text.  

 LDA HSE06   LDA+U   

   U = 1.0 U = 2.0 U = 3.0 U = 4.0 U = 5.0 

BCTn  3.71×1020 1.02×1018 2.48×1020 1.18×1020 5.08×1019 1.68×1019 4.63×1018 

rutilen  4.61×1021 4.77×1021 4.35×1021 3.85×1021 3.24×1021 2.57×1021 1.38×1021 












BCT

rutile

n

n
log  1.09 3.67 1.24 1.51 1.80 2.19 2.47 

 

5.4 OPTICAL PROPERTIES VIA ELLIPSOMETRY AND THEORY 

 A 36.8 nm-thick epitaxial film of NbO2 was grown on a 0.5 mm thick (111)-

oriented (LaAlO3)0.3(Sr2AlTaO6)0.7 (LSAT) single crystal substrate using molecular beam 

epitaxy as discussed in previous work [165] for use in ellipsometry measurements. The 

resulting NbO2 films are oriented such that they have (110) orientation out of plane and 

the c-axis in plane. Due to the symmetry mismatch between the trigonal LSAT (111) 

surface and the NbO2 (110) planes, the film exhibits three symmetry-equivalent rotational 

domains. This is confirmed by in situ reflection high energy electron diffraction showing 

pseudo-six-fold azimuthal symmetry. In order to confirm the phase purity of the NbO2 

film, in situ x-ray photoelectron spectroscopy (XPS) measurements were performed after 

growth using a VG Scienta R3000 analyzer with monochromated Al K radiation (h = 

1486.6 eV). Valence band and Nb 3d core level spectra were obtained using a pass 
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energy of 100 eV and analyzer slit size of 0.4 mm, yielding a total resolution of 350 meV. 

The XPS spectra are shown in Fig. 5.8(a) and 5.8(b). The valence band spectrum (Fig. 

5.8(a)) shows two main features: a ~6 eV wide O 2p band and a ~1 eV wide Nb 4d band 

with a height about 0.8 times that of the O 2p band. The valence band spectrum is 

consistent with the calculated density of states for the low-temperature phase. The sharp 

Nb 4d feature is centered at an energy ~1.3 eV below the system Fermi level. The Nb 3d 

core level spectrum (Fig. 5.8(b)) can be resolved into two components each consisting of 

a spin-orbit pair with separation of 2.7 eV: a sharper feature at 206.0 eV and a broader 

feature at 207.0 eV, with an integrated intensity ratio of 0.8 (I206/I207). These are 

conventionally assigned as originating from Nb4+ and Nb5+ oxidation states, respectively, 

in the literature [411,412]. However, we believe that the multi-component nature of the 

Nb 3d core level of NbO2 is due to final-state effects [413,414], and not to the presence 

of Nb2O5. We cannot rule out, however, the existence of a thin Nb2O5 overlayer in the 

films measured with ellipsometry as the uncapped NbO2 films have to be exposed to air 

for several days prior to ellipsometric measurements. Since the penetration depth of light 

in our NbO2 films ranges from 10 nm in the UV to 100 nm in the infrared, the bulk of the 

optical response in our spectra arises from the NbO2 film and not from a (potential) thin 

Nb2O5 surface overlayer. Also, we note that Nb2O5 has a band gap of 3.5 eV and a broad 

absorption peak centered at 5 eV with a FWHM of 2 eV [415]. No changes in the 

ellipsometry spectra were observed if measurements were repeated several months apart. 

 Spectroscopic ellipsometry [416,417] measures the complex Fresnel ratio 𝜌 =

𝑟𝑝 𝑟𝑠⁄ , where 𝑟𝑝 and 𝑟𝑠 are the complex reflectances for p- and s-polarized light. The 



 122 

Fresnel ratio is usually expressed in terms of the ellipsometric angles Ψ and Δ as 𝜌 =

(tan Ψ)𝑒𝑖Δ. For a smooth flat single-side polished substrate without surface layers (such 

as roughness), one can immediately determine the complex dielectric function of the 

substrate [416]. Corrections can be made for surface roughness. This method was 

demonstrated for bulk MgAl2O4 spinel and its optical constants have been 

published [418,419]. The same method was also used to determine the optical constants 

of LSAT [419,420]. For a flat NbO2 film (with a known thickness and roughness, for 

example determined by x-ray reflectance or from the epitaxial growth conditions) grown 

on a substrate, the optical constants of the NbO2 film can be determined using standard 

ellipsometric data analysis techniques [416,417]. 

 For this work, two instruments were used: Data from 0.7 to 6.5 eV were acquired 

on a J.A. Woollam vertical variable-angle-of-incidence ellipsometer (VASE) with a 

computer-controlled Berek waveplate compensator. Data in the infrared between 0.25 to 

0.7 eV were acquired at room temperature using a J.A. Woollam Fourier-transform 

infrared VASE. Data from both instruments were merged and analyzed simultaneously. 

This leads to a small discontinuity in 1 , which is not important. We used angles of 

incidence between 65° and 75°. Details are described elsewhere. [421] The resulting 

dielectric function for a 36.8 nm-thick film with a surface roughness of 0.6 nm 

(determined by atomic force microscopy) is shown in Fig. 5.8(d). We fitted the data at 

each photon energy independently (point-by-point fit), which increases the noise, but 

does not impose a chosen lineshape. The Kramers-Kronig consistency of our data was 

verified using oscillator fits, which yield similar results [416,417]. 
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Figure 5.8 (a) XPS spectrum of the valence band showing the O 2p and Nb 4d states. The 

strong and sharp Nb 4d feature confirms the sample is mostly NbO2. (b) Niobium 

3d core level spectrum consisting of two sets of spin-orbit-split pairs. (c) Real and 

imaginary part of the complex dielectric function for the sample as a function of 

photon energy from 0.25 to 6.5 eV (bold). The real (dashed) and imaginary (dotted) 

parts of the dielectric function for Nb2O5 (Ref.  [415]) are overlaid to rule out 

contributions from this material. (d) The direct band gap is estimated to be 1.3 eV 

by plotting (𝛼𝐸)2 versus photon energy and extrapolating to zero. An indirect band 

gap might also exist near 0.7 eV, determined by extrapolation of (𝛼𝐸)1/2. Data 

between 0.5 and 0.75 eV from FTIR ellipsometry are noisy, but does not change 

the conclusions. (e) The real and imaginary parts of the electronic dielectric tensor 

are computed with a Gaussian broadening of σ = 0.55 eV and a scissor operator to 

open the indirect band gap to 0.95 eV. In addition to the average dielectric 

functions matched to the experimental orientation (solid lines), the two components 

11  (dotted) and 33 (dashed) are plotted to show the effects of anisotropy. 
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 Since NbO2 is not optically isotropic (i.e., not cubic), we must address how the 

optical anisotropy affects our ellipsometry results. At room temperature, NbO2 

crystallizes in a distorted rutile structure, which can be described as body-centered 

tetragonal [165]. As described above, the NbO2 tetragonal [001] axis lies in the plane of 

the substrate and is parallel to one of the three [11̅0] directions of LSAT [165]. In our 

ellipsometry experiment, even for large angles of incidence, the refracted beam is nearly 

normal to the surface. The electric field of the refracted light beam is therefore nearly 

parallel to the surface. The optical axis of NbO2 lies in the plane of the substrate, but the 

film consists of three types of domains with different orientations relative to the 

laboratory frame of the ellipsometer. Our experiment therefore measures the average of 

the ordinary and extraordinary dielectric function of the NbO2 film. Peaks in our spectra 

could originate in either the ordinary or extraordinary dielectric function of NbO2 (or 

both). If peaks are shifted slightly in the ordinary or extraordinary dielectric function, this 

will lead to broadenings in our spectra. 

 In Fig. 5.8(c), we see that the imaginary part of the dielectric function of NbO2 is 

small below 1 eV, consistent with the behavior of an insulator. We observe peaks at 1.66, 

3.95, 4.70, and 5.90 eV in 𝜖2 due to optical interband transitions. We can estimate the 

magnitude of the direct band gap of NbO2 by plotting (𝛼𝐸)2 versus photon energy E and 

extrapolating to zero, where 𝛼 is the absorption coefficient. The results of this analysis 

are shown in Fig. 5.8(d). Using this procedure, it is always difficult to find a uniquely 

defined linear region. Our best estimate (see Fig. 5.8(d)) yields a direct band gap of 1.3 

eV. The indirect band gap can be determined, in theory, by plotting (𝛼𝐸)1/2 versus 
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photon energy, but this has several practical problems. First, ellipsometry is able to 

measure large absorption coefficients (expected for direct band gaps) much more 

accurately than the small absorption coefficients expected for indirect band gaps. This is 

even more true for a very thin film (like our 36.8 nm-thick film of NbO2). Second, 

indirect transitions are often assisted by several phonons, which broaden indirect 

transitions, especially at room temperature, which makes it even harder to determine a 

unique linear region. [422] Despite these challenges, we have used this method to analyze 

our data. As shown in Fig. 5.8(d), we find an indirect band gap of 0.7 eV, but this 

experimental result should not be used to confirm the theoretical result (mentioned 

earlier) that an indirect gap exists in NbO2. 

 For comparison with the ellipsometry measurements, we compute the real and 

imaginary parts of the dielectric tensor within the Kubo-Greenwood formalism neglecting 

local field effects. Within this approach, the imaginary part of the dielectric tensor is 

given by 

 
𝜖2=Im[𝜖𝛼𝛽] =

1

Ω
(
2𝜋𝑒

𝑚𝜔
) ∑ ⟨�⃗⃗�, 𝑛1|�̂�𝛼|�⃗⃗�, 𝑛2⟩⟨�⃗⃗�, 𝑛2|�̂�𝛽|�⃗⃗�, 𝑛1⟩

�⃗⃗�,𝑛1,𝑛2

× 𝛿 (𝐸�⃗⃗�,𝑛1
− 𝐸�⃗⃗�,𝑛2

− ℏ𝜔) 

(5.3) 

where 𝛼 and 𝛽 represent Cartesian directions, �⃗⃗� is the lattice wave vector, the 𝑛1 are 

valence bands, the 𝑛2 are conduction bands, 𝜔 is the photon frequency, and �̂� is the 

dipole transition matrix operator. The dipole transition matrix elements can be calculated 

within the PAW formalism by utilizing the relationship between the all-electron wave 
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function and the pseudowave function as well as the projector functions’ completeness 

relation [367,423] 

 �̂�𝑛1,𝑛2
= ⟨Ψ̃𝑛1

|�̂�|Ψ̃𝑛2
⟩ + ∑⟨Ψ̃𝑛1

|𝑝𝑖⟩

𝑖,𝑗

(⟨𝜙𝑖|�̂�|𝜙𝑗⟩ − ⟨�̃�𝑖|�̂�|�̃�𝑗⟩)⟨𝑝𝑗|Ψ̃𝑛2
⟩ (5.4) 

where the Ψ̃ are the pseudo wave functions, the 𝑝 are the projectors, and the 𝜙 and �̃� are 

the all electron and PAW partial waves. The calculation of these matrix elements has 

previously been implemented within the VASP code [367]. In order to obtain the real part 

of the dielectric tensor from the imaginary part, we employ the Kramers-Kronig relation 

 

𝜖1=Re[𝜖𝛼𝛽(𝐸)] = 1 +
2

𝜋
𝒫 ∫

𝐸′Im[𝜖𝛼𝛽(𝐸′)]

(𝐸′ − 𝐸)(𝐸′ + 𝐸)

∞

0

𝑑𝐸′ (5.5) 

which we compute numerically using Maclaruin’s formula [424]. The discretized integral 

is then computed by considering only the odd (even) grid points of the imaginary part for 

an even (odd) grid point of the real part. Such an approach avoids the need to explicitly 

account for the singularity in the denominator. For a tetragonal film, there are only two 

independent elements in the dielectric tensor, 𝜖11 and 𝜖33. Since the films are grown such 

that the tetragonal axis is in the plane of the substrate and rutile-based films grown on 

(111)-oriented cubic substrates exhibit three symmetry-equivalent rotational domains, the 

measured values correspond to the average of the two, 𝜖2 =
𝜖11+𝜖33

2
 . The k-point grid 

was increased to 20 × 20 × 20 (1062 k-points within the irreducible wedge of the 

Brillouin zone) in order to ensure convergence of the dielectric functions. 

 As the LDA underestimates the indirect band gap (recall we have calculated it to 

be 0.35 eV), to compare the experimental and theoretical results directly, we apply a 
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scissors operator to the band structure of the insulating phase of NbO2 (that is a rigid shift 

of the conduction band eigenvalues which leaves the wave functions and hence matrix 

elements unaffected). We then adjust the band gap and apply Gaussian broadening in an 

attempt to match the averaged imaginary dielectric function, 𝜖2, to experiment. The 

location of the first peak is best matched using an indirect gap of 0.925 eV (comparable 

to the experimental result for the indirect band gap of 0.7 eV, see above), while the direct 

absorption edge in 𝜖2 is best matched with an indirect gap between 0.975 and 1.00 eV. 

Overall, it appears that an indirect gap of 0.95 eV matches best. Recalling that within 

LDA, the lowest direct gap is 0.07 eV above the indirect gap, this gives an estimate for 

the direct gap to be 1.02 eV with an uncertainty on the order of 0.1 eV. This value is then 

a slight underestimate of the value obtained above for the direct gap from ellipsometry 

accounting for the relative errors in both. The theoretical result for this indirect gap with 

Gaussian broadening of 𝜎 = 0.55 eV is plotted in Fig. 5.8(e) along with the real part of 

the dielectric function.  We also note that the calculation gives a value for 𝜖∞ (the zero 

energy limit of the electronic part of (𝜖1) of 6.8, which is a slight underestimation 

compared to experiment. Using the method described in Chapter 5.3.5 for calculating the 

carrier concentration in the insulating phase, we find that by applying the scissor operator 

with an indirect gap of 0.95 eV results in 𝑛𝑒 = 1.02 × 1018 cm-3 at 1080 K which is a 

change of 2.5 orders of magnitude at the transition. 

 In Fig. 5.8(e), we also plot the real and imaginary parts of 𝜖11 and 𝜖33 in addition 

to their average so that we can understand the role that the crystal’s tetragonal anisotropy 

plays. Within the theoretical data, the imaginary part of the dielectric function contains 
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three primary features at 1.68, 4.21, and 5.69 eV. There is also a feature at ~2.68 eV, 

which barely appears due to the broadening used.  In Fig. 5.8(e), these features are 

labeled as A, C, D, and B, respectively. The primary low energy features in the 

ellipsometry data for the imaginary part of the dielectric function aligns with the feature 

marked A in the calculated version. This feature primarily originates from 𝜖11, but is also 

present to a lesser degree in 𝜖33. Using the band structure and density of states, it is clear 

that the only possible direct transitions that can be attributed to this are those caused by 

excitations from the split off dxy band to the remaining t2g bands.  Interestingly, if we 

consider the fact that the origin of the top of the valence band is composed of a bonding 

state formed from the dxy orbitals, we would expect such a transition to be a forbidden 

dipole transition using atomic selection rules. However, such a feature occurs in the 

ellipsometry of VO2 as well [425]; despite the fact that the excitation has a long life 

time [426] indicating potential lack of a dipole transition. Given the location of the 

oxygen 2p states relative to the niobium-niobium bonding state, the feature labeled B on 

the theoretical plot would also be comprised of excitations from the bonding state into the 

remaining t2g orbitals. Interestingly, such a feature is not readily observed in the 

experimental measurement and may either be missed due to experimental broadening of 

the more prominent lower and higher energy peaks or indicates a further orbital-

orientation-dependence not resolved in our calculation. It is more clearly seen by 

considering 𝜖33 by itself. This question could be resolved with ellipsometry 

measurements on different faces of a bulk NbO2 crystal, but not with our films due to the 

three-fold symmetry of the LSAT (111) surface.  
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 In terms of transitions involving excitations only within the d-band, the remaining 

features could be attributed to excitations of the dxy bonding electrons into the 

antibonding states (peak C) and into the niobium eg states (peak D). However, we also 

recall that the top of the oxygen 2p states sits approximately 1.58 eV below the bottom of 

the niobium dxy bonding state. This means that peaks C and D can both be explained by 

excitations to the unoccupied t2g bands or antibonding state from the oxygen 2p bands. 

Such transitions, in general, are not dipole forbidden and therefore would also help to 

explain why these excitations are stronger both in experiment and theory. To clarify the 

source of these peaks, we recalculated 𝜖11 and 𝜖33 using only the bands belonging to the 

oxygen 2p portion of the valence band and then using only the bands belonging to the 

niobium dxy portion of the valence band. The result of resolving the dielectric function 

this way made it clear that peak C was only comprised of the excitation of electrons from 

the dxy bonding state into the antibonding state and that the for peak D, both the 𝜖11 and 

𝜖33 contributions come from excitations of the oxygen 2p electrons into the unoccupied 

t2g bands (there is a very minor contribution to 𝜖11 from dxy to eg excitations). Any 

excitations from the oxygen states into the niobium eg states would be higher energy 

excitations than are plotted in the figures. Finally, we note that while our main peaks A, 

C, and D align roughly with those of the measurements, the calculation does not contain a 

peak near the 4.7 eV experimental peak.  The origin may be due to a physical effect 

neglected by standard LDA and requiring a more advanced theory. 
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5.5 PRELIMINARY G0W0 CALCULATIONS FOR NBO2 

 Even with the scissors operator, there are still discrepancies between the 

calculated electronic structure of the conduction band and the measurements from 

ellipsometry. In particular, given the measured direct gap of 1.3 eV and an estimated 

indirect gap of 0.7 eV, the curvature of the conduction band should be larger than that 

calculated with traditional functionals – even with the large error bar associated with the 

indirect gap. In order to improve on the theoretical understanding of the band structure, 

we conduct calculations using the G0W0 approach to many-body perturbation theory to 

calculate the quasi-particle energies for the band structure. 

 Density functional theory calculations in the Perdew-Zunger parameterization of 

the local density approximation  [326] were performed using the Quantum ESPRESSO 

package  [361]. Scalar-relativistic norm conserving pseudopotentials were constructed to 

describe the core states of niobium and oxygen. The niobium pseudopotential was 

generated with the valence configuration of 4s24p65s14d5 using the Rappe-Rabe-Kaxiras-

Joannopoulos (RRKJ) scheme  [355,356], while the oxygen pseudopotential was 

generated with valence configuration 2s22p6 using the Troullier-Martins scheme  [353]. 

For oxygen, the cutoff radii used were 0.916 a0 for the 2s orbital and 0.853 a0 for the 2p 

orbitals. In niobium, the 4p and 5p orbitals had cutoff radii of 1.12 a0 and 1.09 a0, the 4s 

and 5s orbtials had cutoff radii of 0.98 a0 and 0.95 a0, and the 4d orbital (chosen to be 

used for the local potential) had a cutoff of 1.54 a0. A second valence-only 

pseudopotential was generated for niobium with the following cutoffs: 4.39 a0 for the 5p 

orbitals, 1.58 a0 for the 4d orbitals, and 3.21 for the 5s orbital (now the local channel). 
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The change in radii is necessary for the elimination of nodes since no semi-core states are 

included and the 5s has to be made the local channel to avoid ghost states. The reason for 

generating a valence only niobium pseudopotential will be discussed below. These 

generation configurations were found to yield no spurious ghost states. A plane wave 

cutoff of 130 Ry and 4 × 4 × 4 Monkhorst-Pack grid were found to converge the band 

structure to ~0.01 eV. Relaxation of the atomic positions lead to similar results to those 

obtained previously using VASP with part of the minor differences being due to the 

inclusion of the 4s states of niobium. Preliminary calculations for the G0W0 results were 

conducted on a 2 × 2 × 2 grid. 

 The G0W0 quasi-particle calculations were conducted using the BerkeleyGW 

package  [347]. Recently, there has been some debate as to the choice of the generalized 

plasmon-pole (GPP) model used for constructing the frequency dependent part of 

𝜖�⃗�,�⃗�′(�⃗�, 𝜔). In particular, some authors [427] have found that the Godby-Needs 

GPP  [379,380] gives improved accuracy over the Hybertsen-Louie (HL) GPP  [378], 

particularly for transition metal oxides. However, it has been shown by Samsonidze, et 

al.  [428] that the difference arises primarily due to the wrong choice of the charge 

density 𝜌(�⃗�) used in the construction of the HL GPP. Their results suggest that the 

valence charge density rather than the total self-consistent charge density should be used 

during the construction. Doing so causes a decrease in the plasma frequency. 

 Recalling from Chapter 4.9, there are two sums that need to be converged for the 

calculation: the number of bands for the calculation of 𝜖�⃗�,�⃗�′(�⃗�, 𝜔)  and the number of 
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bands needed for the Coulomb-hole sum of Σ. In order to improve convergence of the 

Coulomb-hole sum, we employ the static remainder approximation  [386]. For  

𝜖�⃗�,�⃗�′(�⃗�, 𝜔) convergence, we use a number of bands consistent with the chosen screened 

cutoff. Generally, the number of bands needed for convergence is proportional to the 

number of occupied states and thus becomes more challenging as cell sizes grow. 

Therefore, we have three alternative approaches to calculation the quasi-particle 

corrections to the band structure. The first and most expensive is to do a full calculation 

in which the semi-core states are fully included in the screening. The second method is to 

perform the calculation using only the valence states, though this is expected to be the 

least accurate. A third option is to treat the semi-core electrons in an approximate sense 

by including them in the bare exchange calculation but not the screened exchange 

calculation (where only the valence electrons will be included). Since calculation of the 

bare exchange is relatively inexpensive and involves at least some improved input of the 

semi-core states, it is expected to be a viable option in cases where a full screening 

calculation may be infeasible. In Fig. 5.9, we show the preliminary convergence of the 

necessary number of bands in the Coulomb-hole sum and the screened cutoff for the 

valence portion of the calculation. A combination of 3000 bands and 40 Ry are found to 

yield a convergence to the band structure of less than 0.05 eV. 
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Figure 5.9 Convergence tests for (a) the number of bands within the Coulomb-hole 

(CH) sum and (b) the screened cutoff for including screening at the valence-

only level within the G0W0 calcaultion. Values of 3000 bands and 40 Ry 

were chosen.  

 Preliminary calculations were performed on a 2 × 2 × 2 k-point grid with a 

limited number of valence bands and conduction bands corrected. This leads to some 

issues for the interpolation of the band structure, but gives an illustrative look at the 

improvements to some of the fundamental band gaps. In Fig. 5.10, we show the 

interpolated band structures for both the valence-only calculation (Fig. 5.10(a)) and the 

calculation including the semi-core electrons via the bare exchange (Fig. 5.10(b)). The 

calculated band gaps are summarized in Table 5.4. 

  



 134 

 

Figure 5.10 Calculated band structure of NbO2 comparing the valence only LDA (green) 

and G0W0 calculation (blue) for (a) only using valence states and (b) 

including the semi-core electrons via the bare exchange. 

Table 5.4 Summary of fundamental band gaps for the valence only LDA calculation as 

well as both methods discussed in the text for performing the G0W0 

calculation. 

 Γ-Γ Gap (eV) N-N Gap (eV) N-Γ Gap (eV) 

LDA valence only 0.582 0.566 0.486 

G0W0 valence only 1.412 1.241 1.126 

G0W0 semi-core via 

bare exchange 

1.599 1.324 0.553 

  

  While these results are preliminary, they do indicate that the improvements in the 

gaps are mostly consistent with the previously discussed experimental data. In particular, 

the direct gap obtained with both approximations are within error of the direct gap 

measured with ellipsometry. Furthermore, the curvature of the bands are increased under 

the G0W0 calculation with this effect being more pronounced for the semi-core via bare 

exchange calculation than for the valence only calculation. In fact, the semi-core via bare 

exchange indirect gap is quite close to that estimated from ellipsometry. Further 
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evaluation of the G0W0 calculations requires improved k-point grid densities and 

included bands in the band structure. Also, evaluation of the curvature of the bands could 

be helped by additional experimental data, in particular that obtained from angular-

resolved photoemission spectroscopy (ARPES) to map the band structure. 

5.6 STRUCTURAL NATURE OF THE PHASE TRANSITION 

 As stated earlier, in order to gain insight into the mechanism of the phase 

transition, we first perform transition state theory calculations using the generalized solid-

state nudged elastic band method to find the minimum energy pathway (MEP). Our initial 

cell is taken to be the undistorted BCT cell based on the rutile lattice described below, 

while the final cell is the ground state BCT lattice. We employed seven intermediate 

images initialized by interpolation. After convergence, we obtained the MEP between the 

two phases of NbO2 and analyzed each intermediate image along the MEP to gain further 

insight into the mechanism. To use transition state theory, a common cell allowing for a 

one-to-one mapping of the atoms between phases is needed. The lattice vectors of the 

rutile and BCT cells can be related by 𝑎1
𝐵𝐶𝑇 ≈ 2(𝑎1

𝑅 − 𝑎2
𝑅), 𝑎2

𝐵𝐶𝑇 ≈ 2(𝑎1
𝑅 + 𝑎2

𝑅), and 

𝑎2
𝐵𝐶𝑇 ≈ 2𝑎3

𝑅; while the origin for the atomic coordinates is shifted by  0,,
8
1

8
1  relative to 

the BCT lattice vectors. Furthermore, a primitive cell of the BCT lattice can be generated, 

which contains half as many NbO2 units as the conventional cell. The primitive cell 

lattice vectors are given in terms of the rutile cell vectors as 𝑎1
𝑝𝑟𝑖𝑚 ≈ 2𝑎2

𝑅 + 𝑎3
𝑅, 𝑎2

𝑝𝑟𝑖𝑚 ≈

−2𝑎2
𝑅 + 𝑎3

𝑅, and 𝑎3
𝑝𝑟𝑖𝑚 ≈ 2𝑎1

𝑅 − 𝑎3
𝑅. The lattice vector lengths and atomic positions for 

this enlarged rutile cell are given in Table 5.1. 
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Figure 5.11 (a) The diamonds show total energy per NbO2 (the insulating phase is the 0 

of energy) with cubic spline interpolation, while the squares show the band 

gap as a function of G-SSNEB image number. (b) Nb-Nb distance for each 

pair of dimers tracked through the calculation showing that dimerization 

occurs on two sublattices. 

 In Fig. 5.11(a), we plot the MEP between the high-temperature and low-

temperature phases and band gap as a function of the reaction coordinate (image 

number). From the energy plot, we see that no barrier exists between the phases 

indicating that the transition is second-order in nature. The enthalpy change between the 

two phases is 43 meV/NbO2, similar to experiments ranging from 26.1 to 35.5 

meV/NbO2 [30,155,181]. The calculated electronic density of states (DOS) for each 

phase, shows that the rutile phase is metallic with the Fermi energy within the Nb 4d t2g–

derived bands, while in the BCT phase there is a band gap of 0.35 eV. As is common 

with LDA calculations, this band gap is smaller than recently reported experimental 

measurements [165], however LDA giving a gap strongly suggests that the calculation 

qualitatively describes the ground state correctly. To gain insight into the behavior of the 

band gap opening, we plot the niobium-niobium distance for all eight pairs of dimerizing 

Nb atoms. As seen in Fig. 5.11(b), we can separate the niobium-niobium dimer pairs into 
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two groups: those that show a sharp drop in length of ~0.12 Å between images 2 and 3 

and those that show a similar drop between images 4 and 5. In each case, the change 

represents almost 60% of the total difference between the niobium-niobium distances in 

the high- and low-temperature phases. Moreover, the two sets of dimers correspond to 

splitting the A and B sublattices of niobium atoms in the high temperature phase such 

that one of the sublattices has an alternating modulation along the (100) direction and the 

other along the (010) direction (relative to the rutile lattice). That is, dimerization occurs 

with half of the A sublattice and half of the B sublattice dimerizing first, followed by the 

other half of each sublattice. By focusing on a specific pair of dimers, we can track the 

contribution of these atoms to the overall DOS. In Fig. 5.12, we plot the site projected 

DOS and charge density of the occupied d-states for the rutile phase, pre-dimerization, 

post-dimerization, and body-center tetragonal phase. Through the phase transition, there 

is a clear evolution from two separate dxy orbitals on the niobium atoms to a bonding state 

in which the charge density is shared between the atoms. This can be attributed to the 

splitting of the pseudo-one-dimensional dxy band in rutile from the other t2g bands to form 

distinct occupied bonding and unoccupied antibonding states [201]. Because dimerization 

occurs separately on two different sets of atoms, it isn't until all atoms have dimerized 

that the gap opens for the entire system. Given that 4d states are more extended than 3d 

states and that LDA correctly predicts the gap in the ground state, these results strongly 

suggest that Peierls-type dimerization is indeed the primary mechanism of the transition. 
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Figure 5.12 For the Nb1-Nb2 dimer pair, we show the density of states and partial 

charge density for the occupied d-orbitals at (a) the rutile phase (image 0), 

(b) prior to the large drop in distance (image 4), (c) following the large drop 

in distance (image 5), and the body-center tetragonal phase (image 8). In the 

density of states, the solid line is the total density of states, the large dashed 

line (red) is the site projection for sublattice 1, the small dashed (green) is 

the site projection for sublattice 2, and the dotted (orange) comes from 

hybridization of oxygen p-orbitals. 

 In Fig. 5.11(b), it is shown that there are two sublattices of the NbO2 primitive 

cell that dimerize at separate points along the G-SSNEB path. Through pictorial 

representation (Fig. 5.13), we show explicitly how these two sublattices result from a 

modulation of the A and B sublattices of the niobium atoms in the rutile phase.  In Fig. 

5.13, the first group of atoms to dimerize is represented by a “+;” while the second group 

of atoms to dimerize is represented by a “-.” Furthermore, the A sublattice of the high-

temperature rutile lattice is represented by a closed circle (●) and the B sublattice by an 

open circle (○).  In all cases, the figures are assumed to be looking along the (001) 

direction.  First (Fig. 5.13(a)), we show how the two sets of sublattices appear in the low-
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temperature cell of NbO2 (directions used are relative to the rutile cell, which the low-

temperature cell is rotated 45° w.r.t.). The next step (Fig. 5.13(b)) is to label the atoms 

that are representative of the A and B sublattices.  Furthermore, we show how the rutile 

lattice sits within this pattern. The final step (Fig. 5.13(c)) is to undo the rotation of the 

low-temperature cell so that we are explicitly aligned along the (100) and (010) 

directions of the rutile lattice (we also enlarge the number of included atoms for clarity). 

From this final figure, the 90° rotated modulations of the A versus B sublattices become 

readily apparent.  Furthermore, it should be noted that these modulation patterns also 

obey the screw-axis that transforms the A sublattice to the B sublattice. 

 

Figure 5.13 This figure lays out the three steps discussed in the text to relate (a) the 

observed dimerization pattern via (b) labelling and rotation to (c) the pattern 

in the initial rutile cell. 

 As the G-SSNEB suggests that the phase transition of NbO2 would, in fact, be a 

second order transition, we can gain further insight via Ginzburg-Landau theory [429]. In 

this approach, the symmetry change is described by an order parameter with a value of 

zero in the high symmetry phase which becomes non-zero as the system undergoes the 

transition to lower symmetry. The dimensionality of the order parameter is determined by 

symmetry. Previous work [151,178] identifies the wave vector �⃗�𝑃 = (
1

4
,
1

4
,
1

2
)  as playing 
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a role in the phase transition. The star of this wave vector, constructed by applying 

elements of the rutile point group and excluding vectors connected by a reciprocal lattice 

vector, contains four vectors: �⃗�1 = (
1

4
,
1

4
,
1

2
), �⃗�1 = (

1

4
, −

1

4
,
1

2
), �⃗�3 = (−

1

4
,
1

4
,
1

2
), and �⃗�4 =

(−
1

4
, −

1

4
,
1

2
); while the symmetry group associated with this k-star is C2v. This group has 

four one-dimensional irreducible representations implying the order parameter is four-

dimensional. It should be noted, the order parameter of VO2 is also four-dimensional, but 

due to different symmetry arguments [430]. For structural phase transitions, the order 

parameter represents a set of displacements that connect the phases; therefore, it should 

be possible to use the distortions for each of these P points as components of the order 

parameter. 

 Using the forces calculated by VASP converged to 10-4 eV/Å and the harmonic 

approximation as implemented in Ref.  [431] with a 3 × 3 × 5 supercell, we calculate the 

phonon dispersion of NbO2 plotted in Fig. 5.14(a) and find soft modes around the Z, A, 

R, and P points of the Brillouin zone (BZ). Employing the Euclidean metric for the 

harmonic matrix gives a norm of 3.15, while applying the same norm to the 

anharmonicity (obtained by not averaging positive and negative displacements) yields 

0.10 at Γ (and smaller at P). As such, the anharmonicity introduces a fairly small 

perturbation to the optical modes. Furthermore, while the phase is stable above the Debye 

temperature, such an approach has commonly been shown to be applicable (such as the 

case of HfO2). The calculated Debye temperature was determined to be 608 K which is 

similar to the measured low temperature phase’s Debye temperature measured to be 
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between 588 and 596 K  [432–434]. Plotting the phonon DOS (Fig 5.14(a)), we notice a 

peak in the soft mode DOS around if 89.3  THz. In Fig. 5.14(b), we plot the k-vectors 

associated with the frequency window from i09.4  to i68.3  and find that these modes are 

primarily in the vicinity of the P point. For further comparison, we define the initial 

displacement of the G-SSNEB calculation, 𝜒 as the difference between the atomic 

positions at image 0 and image 1. For a given wave vector and soft-mode frequency, the 

eigenvector of the dynamical matrix gives the associated distortion for the six atom rutile 

cell. Using the Bloch theorem and our cell mappings, we can extend the displacement 

vector to include each atom in our undistorted primitive body-center tetragonal cell, 

yielding an overall displacement vector . Therefore, we have our displacement vector 

for the initial distortion (G-SSNEB calculation) and a displacement vector for a soft-

mode at any wave vector, both of which contain 144 entries (3N). In order to determine 

which are primarily responsible for the transition, we compute the projection of the G-

SSNEB displacement onto the soft-mode displacement as
𝜒∙𝜈

|𝜒||𝜈|
. However at each of the P 

points, the displacement vector for the upper soft phonon branch are 0.19, 0.13, -0.02, 

and 0.35 confirming the importance of the P point determined in experiment [178,179] 

compared to Z, A, and R points. For each of the displacement vectors at the Z, A, and R 

type points (including each possible wave vector on the   
2
1,, yx kk  plane and both 

imaginary frequencies at each point), the overlaps range between 0.0 and 0.07 in 

magnitude. Furthermore, as the P point displacements should be able to represent the 

order parameter, it is interesting to note that the soft mode vectors at the P point obey the 
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following mappings under the generators of the rutile space group, denoting the four 

vectors 1p , 2p , 3p , 4p  as 1,2,3,4: (1,2,3,4) goes to (43̅2̅1) for 𝐶2𝑧; (3̅14̅2) for 

(𝐶4𝑧 |
1

2
,
1

2
,
1

2
), (2̅1̅43) for (𝐶2𝑦 |

1

2
,
1

2
,
1

2
), and is negated for inversion. Mukamel discussed 

that either the A1 or A2 irreducible representation of 𝐶2𝑣 was responsible for the phase 

transition in NbO2 [191]. Using the multiplier representation [435], Pynn, et al. [151] 

constructed the expected form of the polarization basis vector for 
1p  displacements and 

concluded that A1 (S1 in their notation) was responsible. Using their construction, we 

however find that the upper soft phonon branch, which matches our G-SSNEB 

calculation, takes the form of their A2 vector (S4 in their notation, S2 in the notation 

Ref.  [436]). Our lower soft phonon branch matches their A1 vector’s form. 

 

Figure 5.14 (a) The phonon density of states for NbO2 calculated within the harmonic 

approximation showing a peak in the soft mode density at 3.89i THz. (b) 

Plot of the wave vectors within the Brillouin zone in a window of 4.09i to 

3.69i THz showing the origin of this peak. 

 

 Currently, the Raman spectrum modes have only been measured for the low 

temperature phase [437,438] and not the rutile phase. Based on experimental 
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measurement of the infrared modes of NbO2  [439], Gervais and Kress used a shell model 

to calculate dispersion curves and the Raman and infrared modes at Γ [180]. In their 

paper, they calculated the modes for NbO2 using an intermediate phase at Tc that included 

TO-LO splitting interpolated from the insulating phase. Since no such phase has been 

reported and we calculate the phonons directly for the rutile phase where long range 

effects are expected to be screened due to the phase’s metallic nature, our calculation 

does not include TO-LO splitting. The optical modes at Γ can be classified according to 

the irreducible representation as  [440]: 

 Γopt = A1g + B1g + A2g + B2g + A2g + 2B1u + A2u + 3 Eu + Eg (5.6) 

where the A1g, B1g, B2g, and Eg modes are Raman active, the A2u and Eu modes are 

infrared active, and the A2g and B1u modes are Raman and infrared inactive. Each E type 

mode is doubly degenerate. In Table 5.5, we present the calculated values for the optical 

modes in the rutile phase. Mode assignment is done by comparing the calculated 

eigenvectors with those expected from symmetry considerations. We note that in 

comparison to [180], our calculated modes agree in their general features. For the 

infrared modes, our A2u mode is lower in frequency than their TO mode by 60 cm-1, 

however for the Eu modes each of our calculated frequencies sit at one of the previously 

described modes or between their calculate TO-LO splitting. For the Raman modes, we 

obtain the same ordering of modes in terms of frequency, but find the A1g, B1g and B2g 

modes to be lower while the Eg is higher. 
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Table 5.5 Calculated optical phonon modes at Γ (cm-1) for the rutile phase of NbO2. 

Infrared Active Modes 

A2u Eu Eu Eu 

238 258 333 598 

    

Raman Active Modes 

A1g B1g Eg B2g 

553 129 443 675 

    

Inactive Modes 

A1g B1u B1u  

387 100 391  

5.7 CONCLUSIONS 

 While the local density approximation yields a value of the band gap well below 

reported values, calculations using the HSE06 hybrid potential overestimate the 

correction. Furthermore, pure LDA appears to be more consistent with experiment than 

HSE06 in terms of the change in magnitude of the carrier concentration upon heating 

across the transition temperature. Calculations with a Hubbard type U correction show 

that small values of U in the range 0 eV to 2 eV may slightly improve the lattice 

parameters of the insulating phase as well as increase the band gap, however at the 

expense of correctly describing the oxygen 2p – niobium dxy gap. Full Brillouin zone 

Fermi surface calculations show evidence of nesting consistent with wave-vectors related 

to dimerization. The band gap of the NbO2 films was determined to be at least 1.0 eV 

using a combination of XPS and IPS in conjunction with hybrid density functional 

calculations of the density of states. Spectroscopic ellipsometry performed on a 36.8 nm-

thick epitaxial film of NbO2 shows that the lowest direct gap occurs at 1.3 eV. An 
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indirect gap may exist below 1 eV. Theoretical calculation of the dielectric function 

including matrix element effects show that absorption onset and peak placement is 

consistent with an indirect band gap of 0.95 eV, which would predict a change in carrier 

concentration of 2.5 orders of magnitude at the metal-insulator transition. Using 

transition state theory and phonon dispersion calculations, we demonstrate that 

dimerization alone (as opposed to strong electron correlation effects) is responsible for 

opening the band gap after all pairs of niobium atoms have dimerized. Analyzing the 

phonon dispersion together with the transition path, we identify the soft phonon modes of 

the high temperature metallic phase primarily associated with Nb dimerization. In 

agreement with prior experimental work [151,178,179], the importance of the P point 

wave vector has been confirmed theoretically. In addition, our results suggest that 

additional modes in the vicinity of the P point may also play a role as predicted in 

Ref.  [179]. Our work shows, that unlike in VO2, the phase transition in NbO2 can be 

described by a purely structural transition. 
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Chapter 6 Theoretical Investigation of the Hafnia-Hafnium Interface 

for RRAM Devices 

The results of this chapter have been published as: A. O’Hara and A. A. Demkov, Appl. 

Phys. Lett. 104, 211909 (2014) and A. O’Hara, G. Bersuker, and A. A. Demkov, J. Appl. 

Phys. 115, 183703 (2014). 

6.1 INTRODUCTION 

 While traditionally research on hafnia has been focused on its role as a high-k 

dielectric replacement for silica  [441–444] in a field effect transistor, this material has 

recently demonstrated very promising performance in the non-volatile memory 

application  [445,446]. The resistive random-access memory (RRAM) HfO2-based cell 

represents a metal-isolator-metal (MIM) capacitor, which, after the controlled 

electrically-induced dielectric breakdown (called the forming process), can be reversibly 

switched between two conductive states of higher and lower resistivity, HRS and LRS, 

respectively, by repeatedly applying biases of opposite polarity. 

The RRAM devices benefit from having a certain degree of oxygen deficiency in 

the hafnia film, which leads to a smaller magnitude of the required forming voltage, in 

turn, helping to achieve high HRS resistivity and stable switching  [447–449]. It is 

believed that the substoichometry plays the roll in switching through the formation of 

conductive filaments of oxygen vacancies  [230,450]. However, the dielectric 

stoichiometry is inherently difficult to tune up using the atomic layer deposition (ALD) 

method, which is the deposition process of choice in the semiconductor industry for this 

type of device. Therefore, the sub-stoichiometry is achieved by depositing a metal layer 
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on top of the hafnia film (the so-called oxygen exchange layer – OEL); the metal getters 

oxygen from the hafnia film during the subsequent annealing  [242,243,451]. A variety of 

metals with sufficiently high oxygen affinity had been investigated (Ti, W, Hf), all of 

which showed a rather similar effect on the hafnia composition. In this regard, Hf metal 

presents a convenient choice and is widely used in RRAM fabrication. Furthermore, it 

has been recently shown that while vacancies are more favorable at the interface with 

Pt  [452] or TiN  [453] electrodes than in bulk hafnia, it is energetically unfavorable for 

oxygen to incorporate into these metals leaving vacancies in the hafnia layer  [453]. The 

role of oxygen vacancies in HfO2-x based RRAM function have been previously 

discussed as well  [229,230]. Therefore, it is important to understand the structure and 

properties of the interface between the hafnium metal and hafnia, which to a great degree 

controls the mechanism of oxygen gettering. 

 Historically, hafnium (Hf) has been used primarily as a nuclear reactor control rod 

material due to its large neutron-capture cross-section, as well as in gas-filled and 

incandescent lamps and to increase corrosion resistance in metallic alloys. Overall, the 

applications of Hf outside the nuclear reactor industry were relatively few since the much 

more abundant zirconium (Zr) has practically identical properties (though with a cross-

section 600 times lower than Hf). Layered hafnium nitrides exhibit relatively high 

superconductivity under electron-doping  [454], while microelectronic applications of 

HfN can range from buffer layers for III-V nitride integration on silicon  [455] to the 

electrical contact in MOS devices  [456–458]. Furthermore, studies have shown that 

during annealing hafnium is unstable on HfO2  [459] and that at high temperatures 
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hafnium is unstable in nitrogen environments  [460]. More importantly, in RRAM 

devices, one of the leading mechanisms of forming conductive filaments in the oxide film 

is believed to critically depend on the ability of a metallic contact to uptake and release 

extra oxygen, in other words on oxygen diffusion. In general, the group IVA metals have 

high solubility of interstitial oxygen and nitrogen  [461] and are used as getters of these 

atomic species  [462–464]. Owing to this high affinity for oxygen and nitrogen, hafnium 

is an excellent scavenger for both elements. Surprisingly, very little is known about the 

mechanism of the diffusion of oxygen and nitrogen in metallic hafnium.  

 In this chapter, using density functional theory we investigate the hafnia-hafnium 

interface. We construct theoretically an atomistic model and study the electronic and 

thermodynamic properties of this system. After a description of the theoretical parameters 

used, we briefly discuss the bulk hafnium metal and bulk monoclinic HfO2 and their 

surfaces relevant to this study. We then discuss the construction of an atomic interface 

between Hf and m-HfO2 and computation of the Schottky barrier. To better understand 

how the presence of metallic hafnium affects oxygen deficiency in hafnia, we investigate 

the stability of the HfO2-Hf interface in regards to oxygen based defects including 

oxygen vacancies and oxygen exchange across the interface. For comparison against bulk 

diffusion, we investigate the diffusion of both oxygen and nitrogen with the help of 

density functional theory and a multistate formulation of diffusion. We hope that such 

insight will help with further studies of Hf-based materials in the above mentioned 

applications. 
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6.2 COMPUTATIONAL DETAILS 

Ab-initio calculations are carried out using the Vienna ab initio simulation 

package (VASP) implementation of density-functional theory (DFT) within the local 

density approximation (LDA)  [346]. The Perdew and Zunger parameterization  [326] of 

the exchange-correlation functional is used along with projector augmented wave 

pseudopotentials  [364,365]. Additionally, the Perdew-Burke-Ernzerhof (PBE) 

version  [332] of the generalized gradient approximation (GGA) was during the study 

bulk diffusion in hafnium metal for comparison to the LDA results. With these 

pseudopotentials, the valence configuration was 6s26d2 for hafnium atoms, 2s22p4 for 

oxygen atoms, and 2s22p3 for nitrogen atoms. Furthermore, for oxygen the soft 

pseudopotential was used to better match the hafnium pseudopotential. A plane wave 

cutoff energy of 575 eV was found to give convergence of less than 1 meV per 

stoichiometric unit for both bulk monoclinic hafnia (m-HfO2) as well as bulk metallic 

hafnium. The Brillouin zone was sampled using a Γ-centered Monkhorst-Pack grid  [343] 

of 8 × 8 × 8 for m-HfO2 and 16 × 16 × 12 for hafnium metal. During relaxation of 

metallic hafnium and slabs containing hafnium layers, the first-order Methfessel-

Paxton  [348] scheme was used for partial occupancies with a sigma value of 0.16; while 

the tetrahedron method with Blöchl corrections  [349] was used for partial occupancies 

during all self-consistent total energy calculations. Lattice vector and atomic position 

relaxations were performed with variable volume until convergence of the Hellman-

Feynman forces to less than 0.01 eV/Å. For oxygen migration, the transition state barriers 

were computed via the nudged elastic band method  [392,393] as implemented in the 
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VASP Transition State Theory extension with a default spring constant of -5.0 eV/Å2. 

For studying bulk diffusion, where the specific transition state is needed, the climbing 

image nudged elastic band method was used  [394]. 

6.3 DEFECT-FREE INTERFACE BETWEEN HAFNIA AND HAFNIUM 

 

Figure 6.1 (a) Lattice structure of bulk hexagonal hafnium in a 2 × 2 × 2 supercell in 

order to visualize the planar stacking. (b) Lattice structure of bulk 

monoclinic HfO2. 

In Fig. 6.1, we show the primitive unit cells of hexagonal-close packed hafnium 

metal and monoclinic HfO2. For metallic hafnium, the optimized lattice parameters are 

𝑎 = 𝑏 = 3.12 Å and 𝑐 = 4.92Å in the P63/mmc hexagonal cell, which compared to 

experimental values of 𝑎 = 𝑏 = 3.21 Å and 𝑐 = 5.1 Å [465] these values are within the 

accuracy expected form LDA. For m-HfO2, we have optimized lattice parameters of 𝑎 =

5.03 Å, 𝑏 = 5.12 Å, 𝑐 = 5.19 Å and monoclinic angle 𝛾 = 99.52°, also in good 

agreement with the experimental values of 𝑎 = 5.12 Å, 𝑏 = 5.18 Å, 𝑐 = 5.29 Å, and 

angle 𝛾 = 99.22°  [466]. The band gap is found to be 3.98 eV which compares favorably 

to previously computed LDA band gaps and is smaller than the experimental value of 5.8 

eV  [467]. 
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 Slabs of (112̅0) hafnium and (100) hafnia were relaxed in vacuum in order to 

determine their surface energies as well as the work function of hafnium 𝜙Hf, and the 

charge neutrality 𝜙HfO2
 and electron affinity 𝜒HfO2

 of hafnia. We first computed this for 

unstrained hafnium using the optimized bulk parameters, and then, we computed this for 

a hafnium slab strained to the m-HfO2 slab in order to see the effects of such strain. For 

(112̅0) -oriented hafnium, the surface cell vectors are 𝑢 = 5.40 Å and 𝑣 = 4.92 Å. For 

(100) m-HfO2 surface, the cell vectors are 𝑢 = 5.12 Å and 𝑣 = 5.19 Å. To best match 

hafnium to the orientation of hafnium layers in m-HfO2 we strain 𝑢Hf to match 𝑢HfO2
 and 

𝑣Hf to match 𝑣HfO2
, which leads to strain on the hafnium of -5.5% and +5.2% 

respectively.  

 In order to construct the atomistic interface, we start with a 17.62 Å thick 

hafnium-rich terminated (100) monoclinic HfO2 slab. We then deposit one monolayer of 

hafnium on each surface and allow the slab to relax. This was repeated until 11 layers of 

hafnium had been added to each side. Vacuum slab geometry was used with 

approximately 9.0 Å of vacuum between slabs (both total energy and band offsets were 

compared to a slab with 19 Å of vacuum and found to be converged with respect to 

unwanted slab-slab interactions). We chose the (100) direction of m-HfO2 because the 

density and orientation of the atoms in each hafnium layer closely resembles that of the 

(112̅0) plane of bulk hafnium metal. 
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Following the work of  [468], a grand thermodynamic potential can be constructed in 

order to estimate surface and interfacial energies as: 

 𝛾 = [𝐸slab − 𝑁O2
(𝐸O2

+ 𝜇O2
) − 𝑁Hf(𝐸Hf + 𝜇Hf)] (2𝐴)⁄  (6.1) 

where 𝐸slab is the total energy of the considered slab, 𝑁O2
 and 𝑁Hf count the number of 

oxygen and hafnium atoms in the slab, 𝐸O2
 and 𝐸Hf are the energies of the oxygen 

molecule and bulk hafnium, 𝜇O2
 and 𝜇Hf the corresponding chemical potentials, and 𝐴 the 

cross sectional area. Assuming the surface is in equilibrium with the bulk, the chemical 

potentials are related by the formation energy of bulk hafnia, 𝐸HfO2
, via 𝜇Hf + 𝜇O2

=

−𝐸HfO2

𝑓𝑜𝑟𝑚
= 𝐸HfO2

− 𝐸Hf − 𝐸O2
. For stoichiometric slabs and pure metallic slabs, the 

surface energy is independent of chemical potential. 

 For the HfO2 surface slab, we compared six surface terminations: (a) a 

stoichiometric slab terminated with four-fold coordinated oxygen (𝑁O2
= 24, 𝑁Hf = 12); 

(b) a stoichiometric slab terminated with hafnium bonded to four-fold coordinated 

oxygen (𝑁O2
= 28, 𝑁Hf = 14); (c) a stoichiometric slab terminated with three-fold 

coordinated oxygen (𝑁O2
= 24, 𝑁Hf = 12); (d) an oxygen rich slab terminated with three-

fold coordinated oxygen (𝑁O2
= 28, 𝑁Hf = 12); (e) a stoichiometric slab terminated with 

hafnium boned to three-fold coordinated oxygen (𝑁O2
= 28, 𝑁Hf = 14); and (f) a 

hafnium rich slab terminated with hafnium bonded to three-fold coordinated oxygen 

(𝑁O2
= 28, 𝑁Hf = 16). For the stoichiometric slabs, a half monolayer of the atomic 

species was used. These surfaces are pictured in Fig. 6.2. In Table 6.1, we report the 

surface energy for each of the considered terminations of (100) hafnia surfaces and plot 
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them in Fig. 6.3. Our lowest energy stoichiometric surface is the three-fold coordinated 

oxygen surface with a surface energy of 2.13 J/m2. This number is slightly higher than 

previously reported values  [467,469] and more in line with the unrelaxed value reported 

in Ref.  [469]. 

 

Figure 6.2 Enlarged 2 × 2 surface of each considered termination of (100) m-HfO2: (a) 

Hf rich on 3-fold coordinated O, (b) stoichiometric Hf on 3-fold coordinated 

O, (c) 3-fold coordinated O rich, (d) stoichiometric 3-fold coordinated O, (e) 

stoichiometric Hf on 4-fold coordinated O, and (f) stoichiometric 4-fold 

coordinated O. 

Table 6.1 Surface energies, electron affinity, and charge neutrality of several 

terminations of (100) oriented m-HfO2. The electron affinity and charge 

neutrality are calculated relative to the vacuum level. 

Surface Type Surface Energy 

(mJ/Å2) 

Electron Affinity 

χ (eV) 

Charge Neutrality 

ϕ (eV) 

Stoich. 4-fold O 2.82 0.81 5.80 

Stoich. Hf on 4-fold 

O 

3.12 -2.97 2.86 

Stoich. 3-fold O 2.13 2.13 7.61 

3-fold O rich 
O60.092.1   2.29 6.96 

Stoich. Hf on 3-fold 

O 

3.84 -2.76 3.00 

Hf rich on 3-fold O 
O60.032.11   2.49 4.52 

 



 154 

 

Figure 6.3 Plot of the surface energies for each of the (100) m-HfO2 terminations along 

with the energy of the interface plus strained hafnium surface energy used to 

determine wetting. 

For ten layers of unstrained (112̅0) hafnium, the surface energy was found to be 

2.12 J/m2. Under strain to match the cross sectional area of the monoclinic hafnia slab, 

the surface energy decreases to 2.05 J/m2 (relative to strained bulk). The work function 

was calculated to be 3.39 eV and under strain, this only increased to 3.40 eV indicating 

little effect of strain. This number is slightly lower than the experimentally reported value 

of 3.90 eV for polycrystalline hafnium  [470], which may indicate a surface orientation 

dependence of the work function. 

 We start building the interface with the metal rich, hafnium bonded to three-fold 

coordinated oxygen surface which is one of the higher energy surfaces, making it a good 

substrate. The interfacial slab with 11 deposited metallic layers is shown in Fig. 6.4(a). 

For a slab with the interface, one can compute the interfacial energy, 𝛾int, by computing 

𝛾int = 𝛾slab − 𝛾Hf,strained where 𝛾slab is calculated by modifying Eq. (6.1) so that 𝑁Hf is 

now split between the 14 Hf atoms belonging to the HfO2 region and the 46 Hf atoms 
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belonging to the strained Hf region and we use the 𝐸Hf and 𝐸Hf,strained respectively. We 

find therefore that 𝛾int = −4.20 − 0.60𝜇O2
. In order for hafnium to wet hafnia, it is 

required that 𝛾HfO2
≥ 𝛾int + 𝛾Hf,unstrained. Our interfacial energy plus the surface energy of 

a hafnium film are included in Fig. 6.3, where it is compared against the energies of 

several terminations of the hafnia film. We find that the Hf film wets the 3-fold 

coordinated oxygen rich surface regardless of the chemical potential of O2. Furthermore, 

for a wide range of chemical potential, our interfacial energy plus film energy is more 

stable than any other surface termination. No passivation of the slab surfaces was 

performed as we wanted to compare the surface to our Hf metal only slab’s surface 

energy and work function. Due to the screening effects of the metal layers, we expect this 

not to affect our presented results on defects in the hafnia region and at the metal-oxide 

interface. 

 

Figure 6.4 (a) Atomistic diagram showing the full hafnium-hafnia-hafnium slab used 

along with the local potential along the c-axis of the slab. (b) The density of 

states resolved by hafnium and oxygen layers for the combined structure 

going from the surface of the hafnium region to the center of the hafnia 

region. 
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 The local planar-averaged electrostatic potential across the interface structure is 

shown in Fig. 6.4(a). In order to calculate the valence band offset from first principles, 

we first locate the valence band top and conduction band bottom of HfO2 relative to the 

average potential of the bulk like region. As the LDA band gap is significantly smaller 

than the experimental value, there is a possibility of unphysical charging of the oxide by 

the metal.  In order to check for charging into HfO2, we use both our theoretical band gap 

and the experimental band gap to place the conduction band bottom. We find that within 

the LDA, the Fermi energy of Hf is located within the gap for the HfO2 region. 

Therefore, it appears that there is no charge transfer from the hafnium region to the hafnia 

region beyond that into the evanescent (metal induced gap states or MIGS) states. 

Furthermore, using the local potential, the valence band offset is found to be 3.51 eV (a 

Schottky barrier of 2.29 eV). This number can be compared to a valence band offset 

value of 4.23 (Schottky barrier of 1.58 eV) for HfO2 grown on polycrystalline hafnium 

foil  [471] and the Schottky limit estimate of 4.40 eV (Schottky barrier of 1.40 eV) 

calculated using the experimental work function of hafnium and the experimental 

electron affinity of hafnia  [472]. In Fig. 6.4(b), we present the layer by layer density of 

states starting with the top hafnium layer and ending with the middle oxide layer (the 

other side is symmetric to this and omitted for clarity). As we can see by the hafnium 

layer located below the second layer of oxygen, there are no mid gap states and the hafnia 

section looks similar to bulk hafnia. Likewise, we can compare the upper layers of 

hafnium to the bulk and find that while similar, it is altered due to the formation of 

surface states. 
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 Using the interface between 3-fold oxygen rich hafnia and hafnium metal, we can 

calculate the pinning parameter using the metal-induced gaps state (MIGS) theory. 

Within MIGS, the Schottky barrier between a metal (hafnium) and insulator (hafnia) can 

be computed  [473,474] as: 

 𝜙 = 𝑆(𝜙Hf − 𝜙HfO2
) + (𝜙HfO2

− 𝜒HfO2
) (6.2) 

where 𝜒HfO2
 and 𝜙HfO2

 are the electron affinity and charge neutrality level of hafnia 

relative to the vacuum, 𝜙Hf is the work function of hafnium, and 𝑆 is an empirical pinning 

parameter. In the limit of 𝑆 = 1, there is no pinning and one has the Schottky limit; 

whereas in the limit of 𝑆 = 0, there is strong pinning and one has the Bardeen limit. In 

order to determine the degree to which the interface pins, we use the single-particle 

picture (as in calculating the offset) and calculate 𝜒HfO2
 and 𝜙HfO2

 using the local 

potential. In such a calculation, the valence band is set relative to the bulk region of the 

potential and the charge neutrality level is set by the surface Fermi energy of the slab. For 

each surface termination, we summarize these numbers in Table 6.1. For our interface, 

we obtain a value of 𝑆 = 0.67 which is slightly higher than the value used for HfO2 

previously reported  [475] and suggests that the pinning is reduced. 

6.4 ANALYSIS OF OXYGEN VACANCIES 

 First we consider a neutral oxygen vacancy that occurs within the bulk region of 

the slab or near the interface. As shown in Fig. 6.4(a), a hafnia slab consists of alternating 

bilayers of oxygen, where each bilayer contains four oxygen atoms and each sublayer 

contains two. In order to address which layer an oxygen is removed from, we adopt a 
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labeling convention (𝑛,𝑚) where 𝑛 indexes the bilayer number and 𝑚 dictates the 

sublayer. We allow 𝑛 to range from 1 at the interface to 4 at the middle of the slab and 𝑚 

is 1 for the sublayer closer to the interface and 2 for the further sublayer. It should be 

noted that for our slab, layer (4,1) and (4,2) are the same since this layer sits exactly in 

the middle of the oxide region. In each case, the atomic positions of the slab with oxygen 

vacancy are allowed to fully relax. 

 For each layer, we estimate the formation energy of an oxygen vacancy relative to 

the O2 molecule via  [476]: 

 
𝐸form = 𝐸slab,vac − 𝐸slab −

1

2
𝐸𝑂2

. (6.3) 

We also calculate the formation energy for a 3-fold coordinated vacancy and a 4-fold 

coordinated vacancy in bulk m-HfO2 by using a 2 × 2 × 2 supercell of the monoclinic 

cell. The bulk values are found to be 7.52 eV and 7.45 eV respectively, which are similar 

to previously calculated values using GGA  [228]. The formation energy as a function of 

layer position is shown in Fig. 6.5. For the innermost layers, the formation energies of the 

defects match almost exactly those in bulk. This should be expected since these layers 

exhibit bulk-like density of states and local potential as discussed in section A. The layer 

for 𝑛 = 2 shows a slight decrease in formation energy, however the interfacial 𝑛 = 1 

show the biggest drop with a 3-fold coordinated oxygen vacancy from layer (1,1) being 

1.1 eV lower in energy than a bulk vacancy. This implies that vacancies should 

preferentially migrate towards the interface. 
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Figure 6.5 Formation energy for oxygen vacancies in each considered layer of hafnia 

compared with the bulk formation energies ranging from interfacial (1,1) to 

bulk like (4,1) planes. 

 Interestingly, owing to a large separation between the valence band top of hafnia 

and the Fermi level (due to the relatively small work function of hafnium metal), the 

vacancy appears to retain its electrons in all layers except at the interface. Therefore, the 

stabilization mechanism discussed by Demkov  [475] does not apply in this case. One can 

understand why the formation energy for an oxygen vacancy decreases towards the 

interface by analyzing the density of states shown in Fig. 6.6 for several different vacancy 

locations. For layers in the bulk like regions of hafnia, such as layers (3,1) or (4,1), we 

see that there are well localized defect states as found for bulk hafnia. However, as we get 

closer to the interface, the defect state shifts down in energy, broadens (for example in 

layer (2,1)), and finally disappears for bilayer 1. The fact that the defect state appears to 

broaden and deepen is, in fact, similar to the differences of weak and strong coupling for 

adsorption states in the Newns-Anderson model  [477,478], except that here we talk of a 

defect state coupling to the continuum of the metal states rather than an atomic state 
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coupling to the surface of the metal. Furthermore, at the interface the metal d-states that 

comprise the oxygen vacancy state appear to be mixed with the continuum of the metal. 

 

Figure 6.6 Layer density of states for oxygen vacancies in (a) the (4,1) four-fold 

coordinated layer, (b) the (3,1) three-fold coordinated layer, (c) the (2,1) 

four-fold coordinated layer, and (d) the (1,1) three-fold coordinated layer 

showing the delocalization of the defect state as it approaches the interface. 

6.5 MODELING BULK DIFFUSION IN HAFNIUM METAL 

 As mentioned in section 6.3, the lattice constants of α-hafnium (the stable phase 

below 2388 K) within LDA they are Å12.3a and Å92.4c . In PBE, they are

Å19.3a and Å04.5c . These calculated lattice parameters are consistent with other 

LDA  [479] and GGA optimizations to within less than 0.02Å in all cases  [480–483]. 
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 In a crystalline solid, diffusion typically occurs via an impurity hopping from one 

site to another. For impurity atoms much smaller than the host metal, this generally 

occurs via the direct interstitial mechanism where the impurity atom only occupies stable 

interstitial sites and hops between neighboring sites with no need for defects in the host 

lattice  [484]. For example, it is well known that in body-centered cubic metals like 

niobium and iron, impurities like carbon, oxygen, and nitrogen will occupy octahedral 

and tetrahedral interstitial sites. In order to calculate the infinite-time diffusion coefficient 

for diffusion through the lattice, we employ a multistate diffusion formalism  [485,486] 

which explicitly accounts for interstitial sites and the transitions between them on a 

microscopic level. Within this formalism, the diffusion coefficient is obtained from the 

infinite-time limit of a continuous-time random-walk between defect states where the 

Arrhenius rates are the hoping probabilities. Wu and Trinkle have recently used such an 

approach for the case of a titanium hcp lattice  [487]. Therefore, we first need to identify 

the stable interstitial sites that oxygen and nitrogen can occupy in the hcp lattice of Hf 

metal. Initially, it was believed that just as for titanium, the stable interstitial sites of 

hafnium were those with octahedral and tetrahedral symmetry  [488]. Recent results for 

interstitial oxygen in α-titanium showed that while the octahedral site (o) was in fact 

stable, the site with tetrahedral symmetry was actually unstable, and that oxygen atoms 

would prefer the hexahedral site (h) between two tetrahedral sites  [489]. In addition, 

computational studies found that for titanium there was an additional stable site for 

oxygen, the crowdion site (c) which occurs along the edge of the trigonal bipyramid 

containing the hexahedral site  [487]. Therefore, in our study of oxygen and nitrogen 
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diffusion in hafnium, we began by testing these sites (shown in Fig. 6.7) first. We also 

tested three additional sites: the previously mentioned tetrahedral site as well as a 

crowdion-like site along the bipyramid edge in the same plane as a hexahedral site and an 

interstitial site within the face of the bipyramid. We found in all cases, that these new 

proposed sites were unstable. Wyckoff position and prerelaxation fractional atomic 

coordinates of all stable interstitials are given in Table 6.2. 

 

Figure 6.7 (a) Location of each type interstitial site within the two atom primitive 

hafnium cell. Hafnium occupies the Wyckoff position 2c (1

3
, 2

3
, 1

4
). There are 

two distinct octahedral sites, two distinct hexahedral sites, and six distinct 

crowdion sites per cell (Wyckoff positions for these are summarized in 

Table I).  For easy visualization of the possible interstitial sites, the cell 

origin has been shifted. (b) Using a 2 × 2 × 2 supercell, we show the 

coordination for each of the considered interstitial sites. The crowdion site, 

while also six-fold coordinated, has a very distorted octahedra compared to 

the octahedral site. 

 

 Similarly to the formation of vacancies, the formation energy for interstitial 

defects can be calculated  [476] via 

 
𝐸form = 𝐸int − 𝐸Hf −

1

2
𝐸X2

, (6.4) 

where 𝐸int and 𝐸Hf are the energy of the cell with and without the interstitial atom and 

𝐸X2
 is the energy of either an O2 or N2 molecule. The interstitial formation energies for 
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oxygen and nitrogen at each site are compared within both LDA and PBE functionals in 

Table 6.2. Both interstitial oxygen and nitrogen have the same energetic preference order 

for the octahedral site followed by the hexahedral site, and finally the crowdion site. 

Furthermore, the results show that forming interstitial oxygen is easier than forming 

interstitial nitrogen, which may be explained by the higher stability of N2 over O2 in the 

gas phase. These results hold whether LDA or PBE functionals are used for the 

calculation. 

Table 6.2 Incorporation energies for each site type relative to pure hafnium and either 

O2 molecule or N2 molecule with lattice vectors fixed to bulk hafnium given 

in eV. 

Site Wyckoff 

Position 

Oxygen 

(LDA) 

Oxygen 

(PBE) 

Nitrogen 

(LDA) 

Nitrogen 

(PBE) 

Octahedral (o) 2a (0,0,0) -6.85 -5.91 -5.26 -4.41 

Hexahedral 

(h) 
2d (

2

3
,
1

3
,
1

4
) -5.66 -4.90 -3.45 -2.80 

Crowdion (c) 6g (
1

2
, 0,0) -4.48 -3.32 -2.74 -1.62 

 

 For site-to-site diffusion, we employ harmonic transition state theory which 

implies that the rate may be written using the Arrhenius rate equation Γ = 𝜈𝑒−𝐸b 𝑘𝐵𝑇⁄ . 

The barrier for a given pathway is calculated as the energy difference between the initial 

state and the transition state. In order to obtain the transition state, we employ the 

climbing nudged elastic band (CNEB) method  [394] with one intermediate image 

between endpoints. As test cases, three climbing NEB intermediate images were used for 

the crowdion to hexahedral site for oxygen as well as octahedral to octahedral within 

LDA and yielded exactly the same transition state. Furthermore, the fact that the 
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distances between the interstitial sites are relatively short also lowers the chances for 

missed valleys. After convergence of the CNEB calculation, the intermediate image gives 

the transition state geometry and energy. In order to calculate the Arrhenius prefactor, we 

employ the Vineyard equation  [396]. We include the normal modes for the diffusing 

atom (oxygen or nitrogen) and use the two highest frequencies for the transition state. 

Such an approximation is justified on the grounds that multistate diffusion behavior is 

dominated by the site-to-site barriers and while inclusion of more vibrational frequencies 

can shift the Vineyard prefactor, the calculated diffusivity itself shifts by less than 1% if 

the Vineyard prefactors are changed. 

 In order to apply the multistate diffusion formalism, all possible interstitial sites 

for a given cell (see Fig. 6.7) need to be mapped out as well as all allowable transitions.  

In the hcp lattice primitive cell with two octahedral (o), two hexahedral (h), and six 

crowdion (c) sites, the allowable transitions are o↔o, o↔h, o↔c, and h↔c. From this 

and the Arrhenius rates, a propagation matrix can be constructed that accounts for the 

likelihood of transitioning between sites within the primitive cell as well as transitions to 

neighboring cells.  The diffusion equations are then obtained by calculating the variance 

along specific directions using the determinant of the propagation matrix. From Tables 

6.3 and 6.4, we see that the barriers are, in general, lower for migration from h and c sites 

than from o sites which implies that escape from h and c sites happens easier than from o 

sites, particularly at higher temperatures. This allows for a slight simplification in the 

derived multistate diffusion equations for diffusion within the basal plane and along the 

c-axis as: 
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𝐷basal = 𝑎2 [𝜆oh +

3

4
𝜆oc +

1

4

𝜆oh

𝜆ho
𝜆hc + 0𝜆oo] (6.5) 

and 

 
𝐷𝑐 = 𝑐2 [

3

8
𝜆oh + 0𝜆oc +

3

8

𝜆oh

𝜆ho
𝜆ℎ𝑐 +

1

4
𝜆oo] , (6.6) 

where 𝑎 and 𝑐 are the lattice constants and 𝜆𝑖𝑗 is the hoping rate from site 𝑖 to site 𝑗. 

When using the PBE functional, the crowdion site is no longer a stable site for diffusion 

of oxygen in hafnium. In this case, direct hexahedral to hexahedral transitions are 

possible and the transition state between them is identical to the crowdion site. In order to 

accommodate for this change within multistate diffusion, we rederive (see Appendix A) 

the diffusion equations exactly as: 

 
𝐷basal = 𝑎2 [

(𝜆hh + 2𝜆ho)𝜆oh

2(𝜆ho + 𝜆oh)
] (6.7) 

and 

 
𝐷𝑐 = 𝑐2 [

3(2𝜆hh + 𝜆ho)𝜆oh + 2𝜆ho𝜆oo

8(𝜆ho + 𝜆oh)
]. (6.8) 

Using these multistate diffusion equations and values from Tables 6.3 and 6.4, the 

diffusion coefficient was calculated for several temperatures in each of the four cases 

(oxygen vs. nitrogen; LDA vs. PBE). From the data, a single Arrhenius rate equation can 

be fitted to yield a single prefactor and activation barrier for each data set. It should be 

noted that these equations illustrate that c-axis diffusion does not occur solely due to the 

seemingly obvious o↔o route alone, but that multiple pathways contribute. 
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Table 6.3 Site transition rate energy barriers and frequency prefactors for oxygen in 

hafnium. 

Site Path 𝐸𝐵 LDA (eV) 𝜈 LDA (THz) Site Path 𝐸𝐵 PBE (eV) 𝜈 PBE (THz) 

𝑜 → 𝑜 3.55 11.4 𝑜 → 𝑜 3.19 8.4 

𝑜 → ℎ 2.28 12.5 𝑜 → ℎ 2.04 2.5 

𝑜 → 𝑐 2.54 29.7 ℎ → 𝑜 1.05 7.8 

ℎ → 𝑜 1.09 10.1 ℎ → ℎ 1.58 5.1 

ℎ → 𝑐 1.30 16.2    

𝑐 → 𝑜 0.18 19.4    

𝑐 → ℎ 0.13 10.4    

Table 6.4 Site transition rate energy barriers and frequency prefactors for nitrogen in 

hafnium. 

Site Path  𝐸𝐵 LDA (eV) 𝜈  LDA (THz) 𝐸𝐵 PBE (eV) 𝜈 PBE (THz) 

𝑜 → 𝑜 4.32 15.4 3.96 12.0 

𝑜 → ℎ 2.89 14.0 2.66 11.0 

𝑜 → 𝑐 2.91 25.5 2.98 25.5 

ℎ → 𝑜 1.08   8.6 1.05 6.3 

ℎ → 𝑜 1.35 15.4 1.49 14.4 

𝑐 → 𝑜 0.39 19.9 0.19 17.3 

𝑐 → ℎ 0.63 19.5 0.31 16.9 

 

 For oxygen diffusion both LDA and PBE-derived diffusion coefficients are 

plotted for a range of temperatures in Fig. 6.8(a) and compared with experimental data. 

Both functionals predict isotropic diffusion when comparing basal and c-axis diffusion. 

Comparatively, the PBE result predicts higher diffusion than does LDA with a diffusion 

coefficient of 𝐷 = 0.082𝑒−2.04 𝑘𝐵𝑇⁄  cm2s-1 using PBE and 𝐷 = 0.020𝑒−2.31 𝑘𝐵𝑇⁄  cm2s-1 

using LDA. As can be seen from Fig. 6.8(a), the diffusion coefficient from PBE appears 

to match quite well with a variety of experimental reports, while the LDA value is 

significantly lower than all measured values. The two reasons for this is the increased 

value of 0D  using PBE and the lower activation barrier for diffusion using PBE. The 
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most recent experimental results for the diffusion coefficient obtained using ion 

implantation and nuclear resonance  [490] fall between the LDA and PBE results with a 

barrier of 1.67 eV, while earlier ion implantation results  [491] are in very good 

agreement with the PBE results for the diffusion coefficients, but with a barrier of 2.19 

eV. Earlier work done using a variety of annealing and thermogravity based 

techniques  [492–495] also agrees well with the PBE result. These experiments found 

barriers of 2.13 eV, 1.48 eV, 1.99 eV, and 2.20 eV respectively; which places our PBE 

barrier in the middle of the range for all reported experimental values (and very close to 

the average of 1.94 eV). 

 

Figure 6.8 (a) Comparison of the calculated diffusion coefficient with experimental 

data  [490–495] for oxygen diffusion in α-hafnium over a range of 

temperatures. Both LDA and PBE predict isotropic diffusion and thus only 

one set of data is shown for each. (b) Comparison of the calculated diffusion 

coefficient with experimental data  [496,497] for nitrogen diffusion in α-

hafnium over a range of temperatures. LDA predicts slightly anisotropic 

diffusion, whereas PBE predicts isotropic diffusion. 

 The key element for the agreement between the experimental data and our theory 

using PBE stems from the fact that the crowdion site is no longer a stable state. This loss 
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of stability for the crowdion site for oxygen diffusion in switching from LDA to PBE 

(where it becomes the transition state for direct hexahedral transitions) stems from the 

fact that the hafnium spacing along the crowdion edge increases from 3.04 Å in LDA to 

3.12 Å in PBE making it more difficult for an atom to be stabilized. In order to 

understand the loss of the crowdion site as a stable site in the Hafnium lattice further, we 

consider the electronic structure of the valence band, and particularly, the oxygen 2p 

partial density of states. In LDA, the octahedral site has a very well defined peak centered 

at -7.79 eV (all energy levels are relative to the Fermi energy) with a width of 78 meV 

and in PBE, this site shifts to -7.41 eV with the same width. The peak corresponding to 

the hexahedral site is at -7.47 eV in LDA with a width of 129 meV and shifts to -7.27 eV 

with the same width in PBE. On the other hand, the states associated with crowdion site 

shift upward from -7.18 eV to -6.90 eV and broaden from 589 meV to 908 meV. This 

reflects weaker bonding caused by the fact that with PBE the hafnium-oxygen 

interatomic distances at the crowdion site shows a significantly larger relative increase 

from the LDA distances than at either the octahedral or hexahedral sites. In general, PBE 

causes an upward shift in energy of the interstitial oxygen 2p state towards the Fermi 

energy; however, the width of the peak is maintained for the octahedral site and 

hexahedral site whereas it is significantly broadened for the crowdion site. Furthermore, 

the upward shift of the crowdion site is greater than that of the hexahedral site resulting in 

a greater lowering of stability. It should be noted that the octahedral site, while still the 

lowest energy state, experiences a similarly large upward shift in energy which could 

explain why escape from octahedral site to the hexahedral site is more favorable using 
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PBE than LDA. Given the difference between the LDA and PBE in accounting for the 

exchange-correlation functional, our results suggest that the decrease in overbinding of 

PBE makes it more accurate for correctly describing diffusion; however, this does not 

rule out the fact that strain may be effective in controlling the diffusion of oxygen in Hf. 

 In the case of nitrogen diffusion, plotted in Fig. 6.8(b), the LDA result suggests a 

slight anisotropy between basal and c-axis diffusion; however, the PBE result gives a 

nearly isotropic rate of diffusion. Furthermore, as was the case for oxygen diffusion, the 

PBE result predicts faster diffusion by roughly an order of magnitude and agrees very 

well with experiment  [496,497]. In PBE, the barrier for diffusion activation is 2.68 eV 

with a prefactor 𝐷0 = 0.15 cm2s-1. While our barrier is still slightly higher than that 

reported experimentally (2.51 eV in  [496] and 2.31 eV in  [497]), it is in much better 

agreement than earlier theoretical work which used only octahedral and tetrahedral 

sites  [488] and predicted a barrier of 2.17 eV. Our work shows significant improvement 

over the earlier theoretical estimate which was approximately two orders of magnitude 

greater than the experimental observations by virtue of using the correct lattice sites and 

including transition state theory. Importantly, both the LDA and PBE results show that 

nitrogen diffuses slower than oxygen in agreement with experiment. 

 As previously mentioned, interstitial diffusion often dominates for light impurity 

atoms in metallic lattices. However, for some systems a vacancy in the lattice can serve 

as a trapping center for impurities which can inhibit their diffusivity  [484,498–500]. In 

order to determine whether this could happen for oxygen and nitrogen in the hcp hafnium 

lattice, we compute the energy for a hafnium vacancy as well as for a substitutional 
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oxygen and nitrogen at a hafnium site within both LDA and PBE. The formation energy 

for the fully relaxed vacancy is 2.19 eV within LDA and 2.22 eV within PBE, slightly 

less than that found for unrelaxed full-potential calculations  [479]. Using LDA, the 

substitutional energies are -0.23 eV for oxygen and 2.33 eV for nitrogen; while within 

PBE, they are 3.80 eV for oxygen and 6.32 eV for nitrogen. Clearly, the quantitative 

results for LDA and PBE are vastly different. Both theories predict that hafnium 

vacancies should not act as a significant source of trapping for nitrogen, while for oxygen 

PBE predicts that vacancies will not trap and LDA predicts that they will. Given that PBE 

already predicts better agreement with experimental values for the diffusivities and the 

ability for vacancies to trap would lead to lower diffusivity values, we believe that these 

calculations provide further support that GGA-type functionals yields better prediction of 

properties related to diffusion. 

6.6 FORMATION OF FRENKEL PAIRS ACROSS THE INTERFACE 

 While oxygen vacancies are more likely to occur at the interface than in the bulk 

region, previous research has shown that in general for metals on hafnia, oxygen 

exchange across the interface is preferable  [475,501]. We maintain the name Frenkel 

pair (FP) for such a vacancy-interstitial complex but refer to it as an extended Frenkel 

pair when the interstitial resides in the metal  [475]. The initial extended FP is formed by 

removing an oxygen atom from (1,1) interfacial layer of oxide and placing it in a 

tetrahedral interstitial site between the first and second layers of the metal. It should be 

noted that this type of coordination is characteristic of the interface and does not occur in 
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bulk hafnium. The next available sites deeper into the metal (we neglect sites of similar 

depth but shifted parallel to the interface) are the hexahedral 1 and 2 sites shown in Fig. 

6.9 followed by an octahedral site. Interestingly the presence of the interface causes there 

to be no crowdion sites in this vicinity and may also be the result of strain as discussed in 

the previous section. In order to determine when a bulk-like region of the metal has been 

reached for bulk diffusion to occur, we also tested energies of a few other octahedral and 

hexahedral sites shown in Fig. 6.9 for convergence of the formation energy within 

hafnium. We find that in all cases the octahedral sites are lower in energy than the 

hexahedral sites and 4 layers into the metal have become approximately constant, 

indicating that at this point, the interstitials are bulk-like.  

 

Figure 6.9 Locations of each oxygen position (prerelaxation) for calculation of 

extended Frenkel pairs and extensions into the metal of these EFPs. In this 

image, the h1, h3, and h5 oxygen atoms sit in the lower hcp plane of the Hf 

region. For formation energies, see Table 6.5. 

 We summarize the energy of the enthalpy change relative to the defect free slab 

(which we call the formation energy for an extended Frenkel Pair) for each the tested 

extended Frenkel pairs in Table 6.5. These results show that the initial formation of the 

extended Frenkel pair is favorable compared to the pristine interface and lowers the 

energy by 0.36 eV. Thus there is a thermodynamic driving force to create such defects. 

Furthermore, placing the interstitial oxygen at one of the hexahedral sites at layer two of 
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the metal, while less favorable than the initial site, is still more favorable than a lone 

vacancy given its energy of only 0.74 eV and the first octahedral site is even more 

favorable than the initial site lowering the overall energy by 0.63 eV relative to the 

pristine interface. In general, all tested octahedral sites are more favorable than the 

pristine interface, while all hexahedral sites are slightly less favorable. 

Table 6.5 Formation energies for various extended Frenkel pairs across the interface. 

The location of the oxygen atom is shown in Fig. 6.9. All energies are in eV 

and relative to the pristine slab. 

Site 
formE  (Full Relaxation) formE  (Partial Relaxation) 

Initial -0.36 -0.30 

Octahedral 1 -0.63 -0.63 

Octahedral 2 -0.57 -0.57 

Octahedral 3 -0.57 -0.56 

Hexahedral 1 +0.79 +0.87 

Hexahedral 2 +0.74 +0.80 

Hexahedral 3  +0.40 

Hexahedral 4  +0.52 

Hexahedral 5  +0.46 

 

 The comparison of formation energy shows that all considered extended FPs are 

easier to form than isolated oxygen vacancies and that many are thermodynamically 

favorable to the initial interface. In order to obtain better insight into the formation of the 

extended FP, we employ the nudged-elastic band (NEB) method to calculate the 

minimum energy barrier for their formation  [392,393]. The nudged-elastic band method 

takes a set of extrapolated images between an initial and final atomic configuration and 

optimizes the pathway by projecting out the forces tangent to the path. For each NEB 
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calculation performed, four intermediate images were used. Furthermore, only atoms 

from the middle of the oxide layer to the sixth layers of hafnium were allowed to relax in 

order to prevent unrealistic tilting of the slab during relaxation. Using the NEB, we 

computed the barrier for three different oxygen pathways: (1) formation of the initial 

extended Frenkel pair, (2) transition from the initial extended Frenkel pair to the h2 

hexahedral site, and (3) transition from the initial extended Frenkel pair to the o1 

octahedral site. It should be noted that the initial Frenkel pair site, while tetrahedrally 

coordinated, is essentially an octahedral site that has been truncated. Therefore, based on 

bulk diffusion of oxygen in hafnium, it would be expected that the oxygen should pass 

through a hexahedral site before going to the octahedral site if moving along the basal 

direction of the hexagonal closed packed lattice. However, due to the presence of strain at 

the interface, the oxygen atom is found to move directly from the initial site to the 

octahedral site without first going through a hexahedral site. Furthermore, it was found 

that the interfacial strain blocked the transition from the h2 site to the o1 site (the NEB 

minimum energy pathway took the oxygen back to the initial extended Frenkel pair site 

and then to the o1 site). 
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Figure 6.10 Results of the nudged elastic band calculations for the minimum energy 

barrier to form and then deepen an extended Frenkel pair. Frame (a) shows 

the barrier for the initial formation, while (b) and (c) show the barrier to 

extend from this initial site to next deepest octahedral (b) and hexagonal (c) 

sites. 

 We show the result of three nudged elastic band calculations in Fig. 6.10. The 

barrier for initial formation of a Frenkel pair is 1.30 eV, the barrier to get from the initial 

FP to the hexahedral site is 1.51 eV, and the barrier to get from the initial FP to the 

octahedral site is 1.72 eV. Recombination barriers can be found by subtracting the energy 

of the end site from the barrier. In all cases, the energy for creating and driving the 

Frenkel pair deeper into the metal is less than the formation energies needed to form 

vacancies in the oxide. The barrier for a specific path can be approximated as the sum of 
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barriers along that path. Therefore the barrier to return, for example, from the octahedral 

site to the oxide along the shortest route is 3.65 eV. Given that this barrier for returning to 

hafnia is greater than the barrier for isotropic diffusion within hafnium (calculated to be 

2.31 eV within LDA in the previous section), the calculations strongly suggest that once 

an oxygen atom has been driven several layers into hafnium during annealing and 

forming, the oxygen atom will preferentially remain in the metal. This suggests that 

during application of the forming voltage in an RRAM process or application of high 

temperatures during annealing, creation of a suboxide layer on the hafnia side and 

oxidation of hafnium are favorable via Frenkel pair defects that then disassociate as the 

oxygen diffuses through the metal. 

6.7 FRENKEL PAIRS WITHIN HAFNIA 

 We have also investigated whether Frenkel pairs could occur in bulk hafnia. We 

constructed a 2 × 2 × 2 supercell of the monoclinic hafnia cell, and optimized the 

internal degrees of freedom. In confirmation of earlier work  [228], we find that there are 

two stable sites for interstitial oxygen to form a dimer pair, either at a three-fold 

coordinated oxygen site with formation energy 0.87 eV or at a four-fold coordinated 

oxygen site with formation energy 1.76 eV. Since a three-fold coordinated interstitial is 

the most stable site both in terms of formation energy and in the presences of charged 

interstitials, we take the cell with this defect and introduce oxygen vacancies at various 

sites as shown in Fig. 6.11(a). In all tested cases, either the interstitial oxygen recombined 

with the vacancy resulting in a defect free hafnia cell or the pair had a formation energy 
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of 𝐸form ≈ 8.30 eV, which is approximately the sum of the formation energies for an 

interstitial atom at a three-fold coordinated site and a neutral oxygen vacancy. In 

addition, in analyzing the density of states for such a complex, shown in Fig. 6.11(b), we 

see that there are separate defect states that can be attributed to each type of defect. These 

results taken together imply that while hafnia can simultaneously support vacancies and 

interstitials, there is no mechanism, such as charge compensation between the two types 

of defects, to provide stability of the Frenkel pair as a complex. Forming these defects in 

the bulk seems to be energetically less favorable than defects at the interface. 

 

Figure 6.11 (a) Hafnia lattice showing a three-fold coordinated oxygen as well as 

highlighting the oxygen atoms removed to test for Frenkel pair formation in 

bulk hafnia. (b) The density of states for a cell with both types of defects 

showing that both defect levels are present and thus not a self-compensated 

defect. 

6.8 SUMMARY 

 Using density functional theory, we have successfully developed a model of the 

hafnia-hafnium interface, which is of relevance, in particular, to studying RRAM device 

properties. Our results show reasonable agreement with experiment in terms of the 
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valence band offset between these two materials with a calculated value of 3.51 eV (the 

Schottky barrier is 2.29 eV). The calculations show that the presence of the hafnium layer 

lowers the formation energy for oxygen vacancies in monoclinic hafnia at the interface 

by approximately 1.1 eV from the bulk value. Most importantly, we find through 

transition state theory calculations that hafnium acts as a getterer of oxygen from hafnia. 

Migration of oxygen from hafnia to the initial interstitial site within hafnium lowers the 

system energy by 0.36 eV with a defect formation barrier of 1.30 eV. Through the use of 

a multistate diffusion method parameterized by density functional theory calculations, 

quantitative agreement with experiment can be achieved through the use of the PBE 

functional, while the LDA functional slightly underestimates the diffusion. For 

consistency, the later is used in comparison to the slab calculations which implies an 

energy barrier of 2.31 eV for isotropic diffusion of oxygen. Due to the increased 

energetic cost of oxygen vacancies in the bulk region, it is more likely that initially 

oxygen will migrate from the interfacial region than the bulk region. By calculating 

barriers for reaching sites further from the interface, we find that the bulk diffusion of 

oxygen through hafnium is more favorable than recombination of the extended Frenkel 

pair. Taken together these results provide an insight to interface instability under elevated 

temperature conditions  [451–453,459]. 
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Chapter 7 Conductivity in La:SrTiO3 and Possible Trap States 

Portions of the results of this chapter have been published as M. Choi, A. B. Posadas, C. 

A. Rodriguez, A. O’Hara, H. Seinige, A. J. Kellock, M. M. Frank, M. Tsoi, S. Zollner, V. 

Narayanan, and A. A. Demkov, J. Appl. Phys. 115, 043705 (2015). Other portions are 

intended to be submitted for publication. 

7.1 INTRODUCTION 

 

 Perovskite oxides, ABO3, are an intriguing class of materials that can incorporate 

a wide range of atomic species at the A and B sites through various distortions of the 

basic cubic structure (𝑃𝑚3̅𝑚). These oxides exhibit a many different physical properties 

including superconductivity, ferroelectricity, colossal magnetoresistance, metal-insulator 

phase transitions, and strain and doping dependent magnetism. SrTiO3 (STO), in 

particular, is an important perovskite with a band gap of 3.25 eV and a high dielectric 

constant of 𝑘~300. Not only does STO have properties useful for capacitors [502,503] 

and high frequency tunable devices [504,505] as well as emergent phenomena [506–508] 

and confinement effects, [509,510]  but is also useful as a buffer layer for the integration 

of oxides, both different perovskites and others, on silicon. [263–267] Furthermore, under 

substitutional doping (e.g. lanthanum for strontium or niobium for titanium), SrTiO3 

becomes an n-type transparent conductor [268,269,275,277–279,287]. Such a material 

can serve as a conductive template [264] or as quantum metal layer [288] for integration 

in all oxide electronics. Due to poor room temperature mobility, the doping percentages 
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are often as high as 5-25% substitution of strontium by lanthanum [277] in order to 

introduce a high amount of carrier and achieve significant conductivity. 

 

Figure 7.1 The electronic structure of bulk SrTiO3 showing: (a) the density of states 

where the predominant conduction band peak below 4 eV are t2g bands 

while those above are eg bands; (b) the bulk band structure showing close to 

parabolic-like bands at the conduction band minimum, however with a 

heavy band from Γ to X (on this scale, spin-orbit splitting is not visible). 

 Given the importance of perovskite materials, understanding the effect of various 

defect types on the electronic structure of SrTiO3 is of great interest. For example, the 

role of oxygen vacancies in SrTiO3 is a widely studied topic both theoretically and 

experimentally. Recent theoretical models [511,512] have been able to reconcile 

experimental observations that the oxygen vacancy leads to both a deep level state 

positioned between 0.4 and 1.0 eV below the conduction band [513–517] as well as an n-

type donor state carrier in the titanium conduction band [514,516–520]. Relatively little 

work, on the other hand, has been done on the topic of interstitial atoms. In fact, the 

traditional belief is that the perovskite lattice is simply too close packed to accommodate 

excess atomic species [521–525] and the observation of excess oxygen can be attributed 

to cationic vacancies [521]. Work focusing on actual interstitial ions includes 
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hydrogen [526], electronically inactive niobium incorporation [527], implanted silver 

ions [528], and radiation related oxygen defects [529]. While interstitial hydrogen forms 

OH complexes with preferred orientation in STO [526], larger ions are believed to 

occupy specific interstitial sites [527–529]. It has been proposed that interstitial niobium 

can occupy either octahedral sites (cell edge between Sr atoms, Wyckoff position 3d) or 

tetrahedral sites (between Sr and Ti atoms, Wyckoff position 8g) [527] and for interstitial 

silver ions occupation at the octahedral site has been confirmed [528]. As is common for 

smaller atomic species, particularly in oxides [228,530–532], there is also the possibility 

for split site occupancy in which two bonded oxygen atoms both occupy a single lattice 

site (the nominal oxygen site has Wyckoff position 3c). Previous calculations have shown 

that it may be possible to form split site interstitials in SrTiO3 [529], LaAlO3 [533], and 

complex perovskite Ba1-xSrxCo1-yFeyO3-δ [534]. However, only the LaAlO3 study [533] 

considered a site other than the split-site, while the others did not investigate the possible 

existence of other types of interstitial sites or the effects on the electronic structure. 

Furthermore, experimental work on nitrogen-doped SrTiO3 found evidence of nitrogen-

oxygen bonding suggesting split-site incorporation [535]. 

 In this chapter, we compute the density of states effective mass for lanthanum-

doped SrTiO3 to provide a comparison of the optical carrier concentration to that 

measured electrically. For a heavily doped material, the ellipsometric measurement of the 

imaginary part of the dielectric tensor will show a Drude-like tail (see Fig. 7.2 for this in 

La-doped SrTiO3). If the effective mass is known, then carrier concentration can be 
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computed from the plasma frequency via 𝜔𝑝
2 =

𝑛𝑒2

𝜖0𝑚∗
. Complimenting this, we also 

compute the Boltzmann conductivity within the constant relaxation time approximation 

for comparison to the measured electrical conductivity. Given that the experiment 

detected anomalously low carrier concentrations for highly doped samples even after 

anneals to remove oxygen vacancies [277], we investigate the possibility of a new type of 

trapping state for conduction electrons in SrTiO3, namely interstitial oxygen. As 

discussed above, there are several suggested places for interstitial atoms within a 

perovskite; therefore, for the purposes of this study, we consider all three types of sites as 

possible oxygen interstitial sites. Furthermore, we explore the possibility for the 

formation of oxygen Frenkel pairs in which an oxygen atom has been moved from an 

equilibrium lattice site to an interstitial site in stoichiometric SrTiO3. 

 

Figure 7.2 Dielectric function of 20 nm thick LSTO films on STO with 5% (triangle) 

and 15% (round) La. Data for a bulk (undoped) STO substrate are shown for 

comparison (square). The shows a Drude-like tail at low energy (<1.5 eV) 

caused by the increasing metallic nature with increased doping  [277].  
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7.2 COMPUTATIONAL DETAILS 

 We use the Vienna ab-initio Simulation Package (VASP) [346] to perform spin-

polarized density functional theory calculations within the Perdew-Burke-Ernzerhof 

(PBE) parameterization of the generalized gradient approximation [332]. Projector 

augmented wave pseudopotentials  [364,365] were used to describe the atomic species 

with valence configurations of 4s24p65s2 for Sr, 4s24p65s25d1 for La, 3p63d34s1 for Ti, and 

2s22p4 for O. A plane wave cutoff energy of 650 eV was found to ensure convergence to 

less than 1 meV per stoichiometric unit. For density of states calculations, the Brillouin 

zones were sampled using Gamma centered Monkhorst-Pack grids  [343]. For the 

supercells used in the interstitial oxygen calculations, an appropriately scaled k-point 

grids was used (4 × 4 × 4 k-grid for the 3 × 3 × 3 supercell). These parameters provide a 

convergence of the total energy to be less than 1 meV per SrTiO3. Integration of the 

Brillouin zone is performed using the tetrahedron method with Blöchl corrections. To 

study the effects of doping on the effective mass, density functional theory (DFT) 

calculations were performed using supercell calculations with 24 × 24 × 24 k-grids 

(such dense grids were used since the systems are metallic under n-type doping and high 

resolution of the occupied density of states was desired). All atomic positions were fully 

relaxed and Brillouin zone integration was done using the tetrahedron method with 

Blöchl corrections  [349]. 
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7.3 EFFECTIVE MASS CALCULATIONS IN LA-DOPED STRONTIUM TITINATE 

 

Figure 7.3 Structures of the La:SrTiO3 simulation cells used for each concentration.  

 

 To model heavily doped LSTO, supercells of the primitive STO were used with 

one Sr atom replaced by La. Cells were constructed to account for 1.56% La (a 4 × 4 × 4 

supercell), 3.7% La (a 3 × 3 × 3 supercell), 4.17% La (a 2 × 2 × 3 of the 45° rotated √2 

cell), 6.25% La (a 2 × 2 × 2 of the 45° rotated √2 cell), 12.5% La (a 2 × 2 × 2), and 

25% (the rhombohedral cell). These cells are shown in Fig. 7.3. For each cell, the lattice 

geometry was optimized and the expected number of carriers in the conduction band was 

determined assuming that La completely surrenders its electron to the Ti-states (shown in 

Table 7.1). In order to determine the chemical potential, 𝜇(𝑛, 𝑇), at 300 K, we calculate 

the number of carriers and self-consistently adjust 


 until the integrated number of 

carriers in the band matches the value of Table 7.1 using: 
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𝐸𝑥𝑐
𝐻𝑆𝐸 = ∫ 𝜌(𝐸)𝑓(𝜇, 𝑇)𝑑𝐸

∞

𝐸𝐶

 (7.1) 

where 𝐸𝐶, 𝜌(𝐸) is the density of states, and 𝑓(𝜇, 𝑇) is the Fermi function. 

 In the parabolic band approximation with degeneracy 𝑧, the density of states 

effective mass for degenerately-doped systems can be calculated as  [536,537] : 

 

𝑚∗

𝑚0
=

ℎ2

2𝑘𝐵𝑇𝑚0
(

𝑛

2𝜋𝐹1
2

(휂∗)
)

2
3

 (7.2) 

where 𝐹1

2

(휂∗) is the un-normalized Fermi-Dirac integral of order 
1

2
 and 휂∗ =

𝜇−𝐸𝐶

𝑘𝐵𝑇
 is the 

temperature-reduced relative chemical potential. Evaluation of the Fermi-Dirac integrals 

was performed numeciarlly [538,539]. For STO, the spin orbit splitting is Δ𝐸SO =

28 𝑚𝑒𝑉, approximately equal to the thermal energy at 300 K. Furthermore, the smallest 

occupied width of the conduction band (1.56% La) was determined to be 61 meV. 

Therefore, we use 𝑧 = 6 as the band degeneracy factor. The results of this calculation are 

summarized in Table 7.1. Most importantly, we notice the trend that as the conduction 

band is filled, the effective mass increases from a low of 0.999𝑚0 at 1.56% La to 

1.329𝑚0 at 25% Lanthanum. Compared to previous calculations of the density of states 

effect mass, our values are lower  [272]. We attribute this discrepancy to our increased 

resolution of the occupied band width, which can be done by increasing both the k-point 

grid and the number of pins used in calculating the density of states. Furthermore, it 

appears that the other authors used 𝐹0(휂
∗) rather than 𝐹1

2

(휂∗). While other transport 

properties calculated using Fermi-Dirac integral methods do use different orders of the 
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integral dependent upon the type of scattering mechanism assumed (e.g. 𝑟 = 0 for 

constant relaxation time approximation), 𝐹1

2

(휂∗) should be used for the density of states 

effective mass. 

Table 7.1 Summary of properties used to calculate the density of states effective mass 

and conductivity within the relaxation time approximation for La:SrTiO3. 

La at.% 𝑛𝑒 (cm-3) 𝜇(300K) − 𝐸𝐶 (eV)  𝑚𝐷 𝑚0⁄  𝜎 𝜏⁄  (Ω-cm-s)-1 

1.56% 201055.2   0.103 0.999 151070.1   

3.70% 201004.6   0.112 1.071 161044.2   

4.17% 201080.6   0.119 1.093 161085.2   

6.25% 211002.1   0.149 1.162 161091.9   

12.50% 211004.2   0.222 1.254 171051.7   

25.00% 211007.4   0.334 1.329 181011.1   

 

 

 For comparison with our 5% and 15% La samples, we use the theoretical 

equilibrium lattice constant for STO of 𝑎 = 3.94 Å to determine the expected number of 

carriers to be 8.17 × 1020 cm-3 and 2.45 × 1021 cm-3, respectively. Using piecewise 

cubic Hermite interpolation (pchip), plotted in Fig. 7.4(a), we determine that the effective 

masses are 1.124𝑚0 and 1.276𝑚0 at these concentrations. By using our effective mass 

values along with the ellipsometric data, we can compute carrier concentrations that are 

qualitatively similar to those measured. At 5% lanthanum content, the optically measured 

concentration is 4.65 × 1021 cm-3 compared to 1.29 × 1021 cm-3 from the electrical 

measurements; while at 15% lanthanum content, the optically measure concentration is 

7.64 × 1021 cm-3 versus 3.48 × 1021 cm-3 electrically. 
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Figure 7.4 (a) The calculated density of states effective mass is plotted as diamonds 

with interpolation (solid line) and the occupied conduction band width is 

plotted as squares with interpolation (dashed line), as a function of carrier 

concentration. (b) Plot of the constant relaxation time conductivity as a 

function of carriers using a supercell approach with interpolation. 

7.4 BOLTZMANN CONDUCTIVITY OF LA:SRTIO3 

 While a calculation of the full conductivity requires either knowledge of the 

mobility or at least the energy dependence of the relaxation, the calculation becomes 

significantly more straightforward in the constant relaxation time approximation: 

 𝝈

𝜏
= 𝑒2 ∑∫

𝑑�⃗⃗�

4𝜋3
�⃗�𝑛(�⃗⃗�)�⃗�𝑛(�⃗⃗�) (−

𝜕𝑓

𝜕𝐸
)
𝐸=𝐸𝑛(�⃗⃗�)

𝑛

 (7.3) 

where 𝑛 is the band index and the velocity is defined be the derivative of the band energy 

with respect to �⃗⃗�. We used the BoltzTraP code [540], which allows for the use of DFT-

based band velocities on a dense k-point grid. In order to provide a better density of 

eigenvalues for the Fourier interpolation used by BoltzTraP, they were recalculated non-

self-consistently on k-point grids twice as dense as those originally used for the effective 

mass calculations and the BoltzTraP interpolation parameter was taken to be at least 20 to 
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ensure convergence. For comparison to measurements on the thin films, we use the trace 

of the conductivity tensor. The results are summarized in Table 7.2. Again, by 

interpolating our calculated values (plotted in Fig. 7.4(b)), we can obtain 
𝜎

𝜏
 at 5% and 

15% La content which are 4.79 × 1016 (Ω∙cm∙s)-1 and 8.67 × 1017 (Ω∙cm∙s)-1. By using 

the measured conductivity for the unstrained samples, we can approximate the DC 

relaxation time𝜏. These results are summarized in Table 7.2 along with the other 

interpolated properties. These results show that between 5% and 15% La content the 

relaxation time varies very little and is approximately 1.2 × 1014 s. This value is between 

that of metals which are considered good conductors (free electron metals) and poor 

elemental metals of lower conductivity. However, we find an anomalously high value for 

𝜏 in the case of 25% La content. In our calculation, we assumed uniform La distribution 

and despite structural optimization, the cell remained in the cubic symmetry. Given that 

LSTO is known to undergo a structural phase transition from cubic to orthorhombic 

symmetry at over 20% in the bulk  [280], this result is indicative that either such a 

structural transition may occur in epitaxially grown thin films or that there is an onset of 

some kind of phase separation that affects the microstructure of the films. 

Table 7.2 Summary of the transport related properties found using interpolation for 

comparison to the experimentally measured conductivity. 

La at.% 
𝜇(300K) − 𝐸𝐶 

(eV)  
𝑚𝐷 𝑚0⁄  

𝜎 𝜏⁄   
(Ω-cm-s)-1 

Exp. 𝜎 

(-cm)-1 

Relaxation 

Time 𝜏 (s) 

5% 0.132 1.124 161079.4   21056.5   141016.1   

15% 0.248 1.276 171067.8   41005.1   141021.1   

25% 0.334 1.329 181011.1   51053.3   131019.3   
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7.5 INTERSTITIAL OXYGEN IN SRTIO3: POTENTIAL FOR TRAP STATES 

7.5.1 Electronic Structure of Oxygen Interstitial 

 

Figure 7.5 SrTiO3 structure showing the unrelaxed (a) octahedral, (b) tetrahedral, and 

(c) split-site interstitial sites considered. For ease of viewing, only the 

primitive cell is used. 

 

 At room temperature, SrTiO3 adopts the cubic 𝑃𝑚3̅𝑚 space group with a lattice 

constant of 𝑎 = 3.905 Å, while the optimized PBE lattice constant is 3.943 Å. Fig. 7.5 

shows the unrelaxed location for each of the three interstitial oxygen atom sites at the 

previously mentioned sites (tetrahedral, octahedral, and split-site). Atomic oxygen has a 

partially filled 2p state with four electrons occupying the three p-orbitals. During 

incorporation at a tetrahedral or octahedral site, one of these orbitals will align along the 

Sr-Ti axis (tetrahedral site) or the Sr-Sr axis (octahedral site) while the other two orbitals 

are perpendicular to it. While we may assume that this aligned p-orbital will interact with 

the Sr and Ti atoms, the two remaining p-orbitals are degenerate. Applying Hund’s rule 

implies that a neutral interstitial at the tetrahedral and octahedral should be spin polarized 

with a local magnetic moment of 2𝜇𝐵, while a -1 charged interstitial should have a local 

moment of 𝜇𝐵, and a -2 charged interstitial should have no local moment. For the split 

site interstitial, we expect no local moment, because these two p-orbitals now interact 
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with the other oxygen atom sharing the lattice site. This behavior is confirmed by 

employing spin-polarization in the calculations. 

 Using the Zhang-Northrup formalism [476], the formation energy for both neutral 

and charged defects is: 

 𝐸𝑓𝑜𝑟𝑚 = 𝐸𝐷,𝑞 − 𝐸0 + ∑𝑛𝛼𝜇𝛼

𝛼

+ 𝑞(𝐸𝐹 + Δ𝑉), (7.4) 

where 𝐸𝐷,𝑞 is the total energy of the system with a defect, 𝐸0 is the total energy of the 

defect free system, 𝜇𝛼 is the chemical potential of the added (𝑛𝛼 = −1) or removed 

(𝑛𝛼 = +1) atom, and 𝑞 is the charge state of the defect. 𝐸𝐹 is the Fermi energy of the 

defect free system ranging from the valence band maximum (VBM) to the conduction 

band minimum (CBM). Here, we use the experimental value of 3.25 eV for the band gap 

and take the chemical potential for oxygen to be half the energy of the O2 molecule [541]. 

Since the VBM shifted due to the presence of the defects, we employ a correction to the 

local potential Δ𝑉. To set the shift in the overall local potential, we reference the onset of 

the Sr 4p semi-core level for the strontium atom furthest from the interstitial site. 

Preferentially, the state chosen is a relatively deep semi-core state with little dispersion. 

In SrTiO3, the Sr 4s and Ti 3p states are nearly degenerate making their projection and 

distinction somewhat unreliable. Of the remaining levels, the Sr 4p level shows 

significantly less dispersion than the O 2s state. 

 In order to explore the full range of stability for interstitial oxygen, we examined 

interstitial oxygen with charge states Oi
0, Oi

1-, and Oi
2- for each site. The formation 

energy for the nine different interstitial states is shown in Fig. 7.6 using a 3 × 3 × 3 
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supercell. For each of the three sites, the neutral oxygen interstitial is most stable for p-

type SrTiO3. For neutral interstitials, the split-site is most favored followed by the 

octahedral and tetrahedral sites with the latter two quite close in energy. As the Fermi 

level increases from the VBM towards the CBM, the split-site favors the -1 charge state 

at 1.86 eV and the -2 charge state at 2.06 eV. For the octahedral and tetrahedral sites, the 

-1 charge state is never stable and the crossover from neutral to -2 charge state occurs at 

0.91 eV and 0.73 eV, respectively. Perhaps, most importantly, while the neutral and -1 

charged split-sites are the most stable closer to the VBM, there is a crossover in overall 

site stability at 1.84 eV for the -2 charged state. At this value of the Fermi energy, the 

tetrahedral site becomes the most stable site. Furthermore, at 2.58 eV and 2.71 eV, the 

calculation predicts spontaneous formation of tetrahedral and octahedral -2 charged 

interstitials. 

 

Figure 7.6 Formation energy for neutral, -1 charged, and -2 charged oxygen interstitials 

at the (a) split site, (b) tetrahedral, and (c) octahedral interstitial sites within 

a 3 × 3 × 3 supercell. Solid lines indicate calculation was done using the 

fixed, bulk lattice constant, while dashed lines indicate the calculation was 

done using the fully relaxed lattice constant. 
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 In Fig. 7.7, we show the density of states for the most stable oxygen interstitials. 

For the neutral split-site interstitial [Fig. 7.7(a)], there are states below the usual O-2p 

band due to bonding between the two oxygen atoms, however there are no mid-gap 

states. This implies that for charged states of the split-site interstitial [Fig. 7.7(b)], the 

electrons occupy the Ti 3d derived conduction band as an n-type dopant. In the case of 

the tetrahedral and octahedral sites, there are mid-gap states as shown for the tetrahedral 

Oi
2- density of states in Fig. 7.7(c). We also note the presence of additional states at the 

top of the valence band derived from the interstitial. It is the presence of these mid-gap 

states and their positions that explain why the Oi
2- state at both the tetrahedral and 

octahedral sites are preferable to any type of split-state for higher values of the Fermi 

energy since the additional electrons can occupy a position below the normal conduction 

band. Furthermore, it implies that these interstitials may serve as trapping states wherein 

each interstitial oxygen can compensate two free carries in n-type SrTiO3 decreasing the 

expected carrier concentration. For the tetrahedral site, the spin-majority state is, as 

described earlier, fully occupied regardless of the defect charge state. It shifts from being 

below the O-2p band for the neutral state to 0.15 above for the -1 state and to 0.44 above 

for the -2 state. In contrast, the spin-minority state, which serves as the trapping state, 

originally sits 1.07 eV above the VBM and shifts lower in the gap to 0.68 and 0.44 eV 

above the VBM for the -1 and -2 charge states, respectively. A similar trend is observed 

for the octahedral site with the fully occupied spin majority state initially 0.02 eV above 

the VBM and shifting to 0.09 eV and 0.20 eV, while the spin-minority state shifted 
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downwards from 1.41 to 0.63 eV and 0.20 eV above the VBM as the state fills. This 

suggests that the trap-state is a negative U type defect. 

 

Figure 7.7 Density of states plots with the total DOS (solid), O-2p contribution 

(dotted), and Ti-3d contribution (dashed) for the three most stable interstitial 

oxygen sites: (a) the neutral split-site, (b) the -1 split-site, and (c) the -2 

tetrahedral site. None of these interstitials require spin-polarization. 

 

 Eror and Balachandran [521] observed that La0.2Sr0.8TiO3+δ grown via acid 

solution followed by calcination at 700-900ºC and sintered at 1350ºC could be reversibly 

oxidized and reduced in the range of 𝛿 = 0.0 − 0.1 by anneals in oxygen and CO/CO2 

atmospheres at 1050 ºC. For comparisons, the MBE grown films by Choi, et al. [277] 

were grown by molecular beam epitaxy at 800ºC with a post growth in situ anneals at 

800ºC and 750ºC followed by a 350ºC ex situ anneal in air. Eror and Balachandran 

concluded that given the close packed structure of the perovskite lattice, cation vacancies 

incorporated into a Srn+1TinO3n+1 Ruddlesden-Popper phase with 𝑛 ≥ 10 could 

accommodate excess oxygen without interstitials. Simulating such high n Ruddlesden-

Popper phases is computationally challenging, however in the limit of 𝑛 → ∞, we return 

to bulk SrTiO3. Therefore, since the majority of the material would be similar to nominal 

SrtiO3, to first order in such cases, the defect energy can be approximated by the Sr 
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vacancy energy in bulk SrTiO3. In Fig. 7.8, we show the formation energy of the VSr
0, 

VSr
1-, and VSr

2- vacancies. For no range of the Fermi energy is the neutral strontium 

vacancy stable, the -1 charged vacancy is stable for 𝐸𝐹 = 0.000 − 0.001 eV, and the  -2 

charged vacancy is stable for all other values of the Fermi energy. Essentially, a 

strontium vacancy is a p-type defect that moves 𝐸𝐹 below the top of the O-2p band. Thus 

much like the tetrahedral and octahedral sites, the defect can accept electrons from the 

conduction band. However, these defects are more costly to create. Furthermore,  

calculations at higher concentrations of interstitials by using a smaller supercell find an 

increase of at most 1 eV in formation energy implying that interstitials are still favorable 

compared to cation vacancies. 

 

Figure 7.8 Formation energy for the Sr-vacancy in SrTiO3 for the neutral (solid), -1 

(dotted), and -2 (dashed) charge states within a 333   supercell. In 

general, the formation energies are relatively quite high. 

7.5.2 Lattice Effects of Interstitial Oxygen 

 Experimentally, oxygen vacancies in perovskites have reportedly caused an 

increase in the lattice constants and cell volume [542–545]. However, theoretical 
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calculations have shown that oxygen vacancies cause either a slight shrinking of the 

lattice [546] or a slight increase and introduced tetragonality for neutral vacancies [547] 

depending upon the functional used. As an example, we include a calculation of the 

oxygen vacancy formation energy and lattice change using the PBE functional within a 

3 × 3 × 3 supercell. The formation enthalpies (for a fully relaxed lattice) are summarized 

in Fig. 7.9. This calculation implies that VO
2+ state is favored from the VBM to 1.91 eV, 

the VO
1+ state is favored between 1.91 eV and 2.15 eV, and the VO

0 state is favored from 

2.15 to the CBM. These ranges are between those computed using LDA and HSE06, 

despite the fact that the formation energies themselves are slightly lower [548]. This is 

not entirely unexpected, however, given the slight increase in the lattice for the PBE 

functional. In regards to our lattice vectors, we observe a slight tetragonality of the crystal 

along vacancy’s axis. However, while the neutral vacancy causes a slight increase in the 

lattice constants (𝑎 = 3.943 Å, 𝑐 = 3.945 Å), the charged vacancies show a decrease in 

lattice size: 𝑎 = 3.936 Å, 𝑐 = 3.938 Å for VO
1+ and 𝑎 = 3.945 Å, 𝑐 = 3.930 Å for VO

2+. 

 

Figure 7.9 Formation energy for the oxygen vacancy in SrTiO3 for the neutral (solid), 

+1 (dotted), and +2 (dashed) charge states within a 333   supercell. 
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 Theoretically, the inclusion of oxygen at all considered interstitial sites will cause 

an increase in the lattice parameters for all charge states which is accompanied by a very 

slight lowering of formation energy (see Fig. 7.6). We summarize the relevant local 

lattice effects in Table 7.3. The octahedral interstitial leads to a tetragonal distortion, the 

tetrahedral site leads to a rhombohedral distortion, and the split-site results in a slight 

orthorhombic distortion (the primary distortion is perpendicular to the titanium-oxygen 

dimer plane). We note that the octahedra neighboring the interstitial site also distorts. The 

change in lattice angle for the tetrahedral interstitial is caused primarily by the flattening 

of the local bipyramid wherein the Sr-Oi-Ti axis shortens and the distance between 

nominal site oxygen atoms increases. At the octahedral site, a similar trend is observed in 

the Ti-Oi spacing and O-Oi bond lengths which explains the increase along the 𝑎 lattice 

vector. For the Sr-Oi bonds, there is a slight asymmetry due to a distortion in the 

octahedron. From neutral to -1 charge state, the Sr-Oi-Sr length decreases, but is 

compensated by an increase in the Sr-Sr length of neighboring cells along the 𝑐 axis. In 

going from -1 to -2, the Sr-Sr distances remain the same and the Sr-Oi-Sr length 

contributes to the overall lattice increase. For the split-site interstitial, the O-Oi distance 

barely changes and can be compared to the optimized O2 dimer length of 1.291 Ǻ. The 

orthorhombicity is introduced due to reduced symmetry of this site compared to the other 

types of interstitials with the larger changes occurring in the split-site plane. 
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Table 7.3 Relevant structural parameters for each interstitial site and charge state in a 

3 × 3 × 3 supercell. The lattice parameters and volume are scaled to be 

comparable with the primitive SrTiO3 cell. 

 Fixed Lattice Relaxed Lattice 

 Oi
0 Oi

1- Oi
2- Oi

0 Oi
1- Oi

2- 

Octahedral Site       

𝑎 (Ǻ) 3.940 3.940 3.940 3.938 3.943 3.950 

𝑐 (Ǻ)    3.998 4.001 4.005 

𝑉 (Ǻ3) 61.18 61.18 61.18 62.07 62.20 62.49 

Sr-Oi bond (Ǻ) 2.329, 

2.327 

2.324, 

2.317 

2.324, 

2.320 

2.349, 

2.352 

2.339, 

2.350 

2.345, 

2.353 

O-Oi bond (Ǻ) 2.263 2.419 2.486 2.259 2.419 2.491 

Ti-Oi bond (Ǻ) 2.775 2.664 2.562 2.776 2.668 2.569 

Tetrahedral Site       

𝑎 (Ǻ) 3.940 3.940 3.940 3.960 3.970 3.982 

𝛼 (°)    89.93 90.07 90.19 

𝑉 (Ǻ3) 61.18 61.18 61.18 62.09 62.55 63.15 

Sr-Oi bond (Ǻ) 2.269 2.234 2.206 2.295 2.266 2.258 

O-Oi bond (Ǻ) 2.102 2.236 2.329 2.123 2.264 2.376 

Ti-Oi bond (Ǻ) 1.862 1.806 1.736 1.871 1.809 1.744 

Sr-Oi-O angle (°) 111.28 110.91 110.60 109.97 109.03 107.80 

Split Site       

𝑎 (Ǻ) 3.940 3.940 3.940 3.950 3.957 3.964 

𝑏 (Ǻ)    3.948 3.955 3.962 

𝑐 (Ǻ)    3.945 3.952 3.960 

𝑉 (Ǻ3) 61.18 61.18 61.18 61.52 61.85 62.20 

O-Oi bond (Ǻ) 1.445 1.446 1.448 1.446 1.447 1.449 

Ti-Oi bond (Ǻ) 2.154 2.153 2.154 2.160 2.164 2.169 

 

7.6 CONCLUSIONS 

 Using density functional theory within the PBE functional to compute the density 

of states effective mass, we are able to compute carrier densities from ellipsometric 

measurements comparable to those from electrical measurements. Theoretical 

calculations show that the density of states effective mass increases with band 

occupation, however approaching a plateau at very high concentrations. The theoretical 

calculations also place the room temperature DC relaxation time to be ~1.2 × 1014 s. In 
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light of anomalously low numbers of carriers even after annealing in oxygen rich 

environments for high dopant concentrations, we have investigate for the presence of 

novel defect states in SrTiO3 that can trap conduction electrons. We have shown 

interstitial incorporation of oxygen to be a viable alternative explanation for observed 

excess oxygen in SrTiO3 as opposed to cationic vacancies in high-n Srn+1TinO3n+1 phases, 

despite the traditionally held view that the perovskite lattice is too close pack. In 

particular, we have shown that the presences of oxygen interstitials serve as trapping 

centers for n-type doped SrTiO3 which may lead to reduced carrier concentrations. These 

defects are predicted to lead to increases in the lattice size. 
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Appendix A Derivation of Diffusion Equations 

 Here, we review the multistate diffusion formalism  [485,486] and based on the 

result for an h.c.p. lattice with stable interstitials at the octahedral, hexahedral, and 

crowdian site presented by Wu and Trinkle  [487] rederive these equations for the case of 

an h.c.p. lattice with only octahedral and hexahedral sites including direct hexahedral to 

hexahedral transitions. 

 The first step in applying the multistate diffusion formalism is to identify and 

count all possible interstitial sites (i.e. octahedral, hexahedral, and crowdion) as well as 

all allowable transitions (i.e. o↔o, o↔h, o↔c, h↔c). From this, we may build the 

waiting time matrix. This matrix is the weight in our random walk formalism that 

accounts for how likely the diffusing atom is to move from one interstitial to another. 

Following the notation of   [487], we take 𝜆𝑖𝑗 = 𝜈𝑗𝑖𝑒
−𝐸𝑗𝑖 𝑘𝐵𝑇⁄  as the rate to go from state 𝑗 

to state 𝑖. Then, each element of the wait time matrix can be constructed as 𝜓𝑖𝑗(𝑡) =

𝑛𝜆𝑗𝑖𝑒
−Λ𝑗𝑡 where Λ𝑗 represents the sum of all transitions from 𝑗 and 𝑛 counts the 

neighboring sites 𝑖 (including the current cell and any in neighboring cells). We also need 

to construct a matrix �̂�(𝑙) that accounts for whether the diffusing atom stays in the 

current cell or has left the current cell and entered a neighboring cell. Since an arbitrary 

lattice vector may be defined as 𝑙 = 𝑚1𝑙1 + 𝑚2𝑙2 + 𝑚3𝑙3, we denote whether the atom 

has stayed or left with the delta function 𝛿𝑚1𝑚2𝑚3
= 𝛿

𝑙1
𝑗
−𝑙1

𝑖 ,𝑚1
𝛿

𝑙2
𝑗
−𝑙2

𝑖 ,𝑚2
𝛿

𝑙3
𝑗
−𝑙3

𝑖 ,𝑚3
 and the 

matrix element 𝑝𝑖𝑗(𝑙) is the sum of each possible delta function for the site divided by 𝑛. 

After we have constructed these matrices, we convert from the time and real space 
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domain to the frequency and reciprocal space domain via the Laplace and Fourier 

transforms. In the frequency and reciprocal space domain, the infinite time and length 

limit are represented by the limits 𝑢 → 0 and �⃗⃗� → 0. 

 In the case that the crowdion site is no longer stable and there are now direct 

hexahedral to hexahedral transitions, the �̂�(𝑡) and �̂�(𝑙) matrices become 4 × 4 matrices. 

The form of these matrices is similar to the subsection of those in  [487], however we 

need to include new non-zero terms for the h1 to h2 portion. Also, we must check the 

definitions of Λ𝑜 and Λℎ. In the present case, we can keep Λ𝑜 = 2𝜆𝑜𝑜 + 6𝜆𝑜ℎ as before 

and update Λℎ = 6𝜆ℎ𝑜 + 6𝜆ℎℎ since there are two hexahedral sites per cell and each 

hexahedral site is surrounded by six of the other hexahedral sites when neighboring cells 

are included (before they were surrounded by 6 distinct crowdion sites). Using the 

definition of the Laplace transform for an exponential, ℒ[𝑎𝑒−𝑏𝑡] =
𝑎

𝑢+𝑏
, then the Laplace 

transform of �̂�(𝑡) is given by: 

 

�̂�(𝑢) =

(

 
 
 
 
 
 

0
2𝜆𝑜𝑜

𝑢 + Λ𝑜

2𝜆𝑜𝑜

𝑢 + Λ𝑜
0

3𝜆ℎ𝑜

𝑢 + Λℎ

3𝜆ℎ𝑜

𝑢 + Λℎ

2𝜆ℎ𝑜

𝑢 + Λℎ

2𝜆ℎ𝑜

𝑢 + Λℎ

3𝜆𝑜ℎ

𝑢 + Λ𝑜

3𝜆𝑜ℎ

𝑢 + Λ𝑜

3𝜆𝑜ℎ

𝑢 + Λ𝑜

3𝜆𝑜ℎ

𝑢 + Λ𝑜

0
2𝜆ℎℎ

𝑢 + Λℎ

2𝜆ℎℎ

𝑢 + Λℎ
0

)

 
 
 
 
 
 

 (A.1) 

Also noting that while one of hexahedral sites that can be transitioned to is in the same 

cell, the others will be in a neighboring cell, the real space version of �̂�(𝑙) is given by: 
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�̂�(𝑙) =

(

 
 
 
 
 
 

0
𝛿000 + 𝛿001

2

𝛿000 + 𝛿1̅00 + 𝛿010

3

𝛿000 + 𝛿1̅00 + 𝛿1̅1̅0

3
𝛿000 + 𝛿001̅

2
0

𝛿1̅01̅ + 𝛿011̅ + 𝛿001̅

3

𝛿000 + 𝛿1̅00 + 𝛿1̅1̅0

3
𝛿000 + 𝛿100 + 𝛿01̅0

3

𝛿101 + 𝛿01̅1 + 𝛿001

3
0

𝛿000 + 𝛿110 + 𝛿111̅ + 𝛿010 + 𝛿011̅ + 𝛿001̅

6
𝛿000 + 𝛿100 + 𝛿110

3

𝛿000 + 𝛿100 + 𝛿110

3

𝛿000 + 𝛿1̅1̅0 + 𝛿1̅1̅1 + 𝛿01̅0 + 𝛿01̅1 + 𝛿001

6
0 )

 
 
 
 
 
 

 
(A.2) 

And the Fourier transform is given by replacing each 𝛿𝑚1𝑚2𝑚3
 by 

𝑒𝑖(𝑚1𝑙1∙�⃗⃗�1+𝑚2𝑙2∙�⃗⃗�2+𝑚3𝑙3∙�⃗⃗�3). 

 We can then construct the propagation matrix, �̂�(�⃗⃗�, 𝑢), where each element is 

given by: 

 𝑅𝑖𝑗(�⃗⃗�, 𝑢) = 𝐼 − �̃�𝑖𝑗(𝑢) ∙ 𝑝𝑖𝑗(�⃗⃗�) 
(A.3) 

and we label the determinant of the propagation matrix as Δ(�⃗⃗�, 𝑢). 

 In random walks, the diffusion rate for a particular direction can be defined in 

terms of the variance of diffusion such that  

 
𝐷𝑟 =

𝜎𝑟
2(𝑡)

2𝑡
 

(A.4) 

With the variance of diffusion for the multistate formalism defined by  [486]: 

 
𝜎𝑟

2(𝑡) = 〈𝑙2(𝑡)〉𝑟 − 〈𝑙(𝑡)〉𝑟
2 = lim

�⃗⃗�→0
[𝑡Δ0

−1 (
𝜕2∆

𝜕𝑘𝑟
2
)

𝑢→0

]. (A.5) 

∆0 is the leading term in the long-time limit of the determinant and be defined as: 

 Δ0 = lim
𝑢→0

𝑢−1∆ = [Δ0 + 𝑢Δ1 + ⋯ ]𝑢→0. (A.6) 

Practically, we can obtain it from the Taylor series expansion of 𝑢−1Δ: 

 
Δ0 = (

𝜕∆

𝜕𝑢
)
𝑢→0

. (A.7) 
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 Apply the multistate diffusion steps to the above matrices gives values for the 

diffusion coefficients of:  

 
𝐷1 =

2

3
𝑙1
2
𝜆𝑜ℎ(𝜆ℎℎ + 2𝜆ℎ𝑜)

𝜆ℎ𝑜 + 𝜆𝑜ℎ
, (A.8) 

 
𝐷2 =

2

3
𝑙2
2
𝜆𝑜ℎ(𝜆ℎℎ + 2𝜆ℎ𝑜)

𝜆ℎ𝑜 + 𝜆𝑜ℎ
, 

(A.9) 

 
𝐷3 =

1

8
𝑙3
2
3(2𝜆ℎℎ + 𝜆ℎ𝑜)𝜆𝑜ℎ + 2𝜆ℎ𝑜𝜆𝑜𝑜

𝜆ℎ𝑜 + 𝜆𝑜ℎ
. 

(A.10) 

Now, the directions as we have defined them are in terms of orthogonal cell directions. 

As shown in  [487], we can transform these back to the hexagonal cell via 𝐷𝑥 = 𝐷1 −

1

4
𝐷2, 𝐷𝑦 =

3

4
𝐷2, and 𝐷𝑧 = 𝐷3. Applying the basis transformation and setting 𝑙1 = 𝑙2 = 𝑎 

and 𝑙3 = 𝑐, we obtain the multistate diffusion equation that we desire for the h.c.p. lattice 

containing only octahedral and hexahedral sites (and noting that since 𝐷1 = 𝐷2 then 𝐷𝑥 =

𝐷𝑦, we can call this 𝐷𝑏𝑎𝑠𝑎𝑙): 

 
𝐷𝑏𝑎𝑠𝑎𝑙 = 𝑎2 [

(𝜆ℎℎ + 2𝜆ℎ𝑜)𝜆𝑜ℎ

2(𝜆ℎ𝑜 + 𝜆𝑜ℎ)
], (A.11) 

 
𝐷𝑏𝑎𝑠𝑎𝑙 = 𝑐2 [

3(2𝜆ℎℎ + 𝜆ℎ𝑜)𝜆𝑜ℎ + 2𝜆ℎ𝑜𝜆𝑜𝑜

8(𝜆ℎ𝑜 + 𝜆𝑜ℎ)
]. 

(A.12) 
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