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Nuclear magnetic resonance (NMR) relaxation time measurements are

affected by pore structure and saturating fluids. Interpretation of NMR

distributions as pore-size distributions and estimation of permeability from

NMR logs using methods such as the Schlumberger Doll Research (SDR)

model assume a homogeneous surface relaxivity and remain reliable only for

measurements obtained from homogeneous single-fluid saturated rocks.

However, heterogeneous rock formations commonly consist of

laminations, vugs, and a mixed solid composition, which result in

non-uniform values of surface relaxivity. Furthermore, most rock formations

penetrated by wells contain multiple fluids and are commonly affected by

mud-filtrate invasion. Therefore, presence of spatial heterogeneity and

multiple fluids in rock formations render the petrophysical interpretation and

analysis of longitudinal relaxation time (T1) and transverse relaxation time

(T2) measurements challenging. Thus, it is necessary to correct for spatial
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heterogeneity by decomposing the NMR response of the heterogeneous

formation into that of its homogeneous components. Presence of multiple

fluids is corrected by replacing the hydrocarbon NMR response in the

original logs with the corresponding water response in order to obtain NMR

distributions of the 100% water saturated formation. Subsequently, the

petrophysical quantities of interest such as permeability and pore-size

distribution are determined.

NMR mixing laws define the physics of how NMR data from different

homogeneous components combine. It was observed that a linear mixing law

best describes a laminated formation and a non-linear mixing law best

describes a dispersed formation. In this work, NMR mixing laws are derived

and applied to give a better interpretation of NMR logs obtained from highly

heterogeneous formations by extracting the NMR distributions of each

homogeneous component.

A physics-based NMR fluid substitution method is also developed,

which takes into account capillary-pressure effects and pore-size distributions

and does not require knowledge of permeability and surface relaxivity. The

method consists of two steps. First, the hydrocarbon NMR response is

removed from the initially water-hydrocarbon saturated NMR data. Next,

the NMR distribution of the resulting hydrocarbon-depleted system is

transformed to that of a completely water-saturated system.

Several laboratory measurements and field cases are used to successfully

verify the mixing laws and the fluid substitution method.
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Chapter 1

Introduction

Nuclear Magnetic Resonance (NMR) technology is particularly useful

as a borehole measurement because it enables in-situ measurements of pore

structure of rocks and properties of fluids within them (Dunn et al., 2002;

Song, 2013; Song et al., 2008). NMR tools measure the spin-echo trains of

protons in the pore fluids. These echo trains are affected by several

properties of the formation fluids such as the longitudinal relaxation time

(T1), transverse relaxation time (T2), and diffusivity (D). Different NMR

distributions and maps such as T1, T2, T1 − T2, and T2 −D are obtained from

inversion of the spin-echo trains. These NMR distributions are then used to

identify fluids (Freedman and Heaton, 2004; Hirasaki et al., 2003; Korb,

2011) and to estimate petrophysical quantities of interest such as porosity,

permeability (Timur, 1969; Kenyon et al., 1988; Ahmed et al., 1991),

tortuosity (Mair et al., 2001), and pore-size distribution (Howard and

Kenyon, 1992; Kenyon et al., 2002; Latour et al., 1993).
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1.1 Background and Motivation

NMR measurements are influenced by pore sizes, solid surface

relaxivity, and saturating fluids (Brownstein and Tarr, 1979). NMR

distributions can be interpreted as pore-size distributions only in

homogeneous single-fluid saturated rocks (Howard and Kenyon, 1992). It is

incorrect to interpret a T2 distribution obtained from a heterogeneous

formation with non-uniform values of surface relaxivity as a representation of

its pore-size distribution because two rock formations with the same

pore-size distribution but different surface relaxivities will produce different

T2 distributions. Similarly, when multiple fluids are present, each of them

will give rise to a different T2 distribution. The amplitude of each T2

distribution will depend not only on the relative amount of fluid present, but

also on the type of fluid. As a consequence, the T2 distribution arising from a

rock saturated with multiple fluids cannot be directly interpreted as a

pore-size distribution.

Permeability is often estimated from NMR distributions using

theoretical and empirical relationships such as the Schlumberger Doll

Research (SDR) model and the free-fluid (Coates’) model (Timur, 1969;

Kenyon et al., 1988; Ahmed et al., 1991). Coates’ permeability, kCoates, is

expressed as

kCoates = a

(
FFI

BVI

)b

φc
NMR, (1.1)

where FFI is free-fluid index, BVI is bound volume index, φNMR is NMR

porosity, and a, b, and c are formation-dependent constants. FFI and BVI are
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determined from the NMR distribution by applying a lithology-dependent T1

or T2 cutoff (typically around 30 ms for sandstones and 100 ms for carbonates

(Coates et al., 1999)). SDR permeability, kSDR, is expressed as

kSDR = aT b
2,gmφ

c
NMR, (1.2)

where T2,gm is geometric mean of the T2 distribution, and a, b, and c are

formation-dependent constants.

For NMR signals from heterogeneous formations containing a mixture

of sandstones and carbonates, the Coates model cannot be directly applied

to estimate the permeability because the cutoff cannot be established. In the

presence of multiple fluids, the SDR model fails as T2,gm is no longer

controlled exclusively by pore size (Prammer, 1994). The Coates model may

underestimate the permeability in hydrocarbon zones and may require

corrections (Marschall et al., 1997). Thus, the above methods may work

accurately only for NMR distributions obtained from homogeneous

single-fluid saturated rocks.

Most commercial formations are spatially heterogeneous and

invariably contain both hydrocarbons and water. Additionally, NMR

borehole instruments typically have a slim depth of investigation and sense

the flushed zone. Thus, NMR logs are affected by invasion of water-based

mud (WBM) in hydrocarbon-saturated zones or invasion of oil-based mud

(OBM) in water-saturated zones. In such cases, to ensure reliable

interpretation and estimation of petrophysical quantities of interest, it is

3



necessary to apply corrections for formation heterogeneity and presence of

multiple fluids.

In case of heterogeneous formations, the NMR log is decomposed into

NMR distributions of its individual homogeneous components by calculating

their volumetric fractions. To correct for the presence of multiple fluids,

hydrocarbon/OBM response in the original NMR logs is replaced by an

equivalent water response using a procedure known as NMR fluid

substitution (Figure 1.1a). This procedure transforms the NMR distribution

of a rock saturated with water and hydrocarbon/OBM (Figure 1.1b) into

that of a 100% water-saturated rock (Figure 1.1c), which can then be used to

estimate both formation permeability and pore-size distribution.

1.2 Previous Work

Several heterogeneity corrections and fluid substitution methods for

NMR distributions have been reported in the literature (Medellin et al., 2015;

Volokitin et al., 2001; Minh and Sundararaman, 2011; Christensen et al., 2015;

Minh et al., 2016).

Minh and Sundararaman (2011) proposed a method to quantify the

fractional volumes of sand and shale in thin sand-shale laminations. They

measured the T2 distribution of a sample made of clay and sand and defined a

cutoff T2 value above which everything was considered sand and below which

everything was considered clay. Their method gives the correct sand and clay

fractions as long as the individual T2 distributions do not overlap. Using the

4
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Figure 1.1: NMR fluid substitution problem. Panel (a) shows how oil (yellow)
in the pores is substituted with water (cyan) to yield a 100% water-saturated
rock. Panels (b) and (c) show the T2 distributions before and after fluid
substitution, respectively. Adapted from Muggeridge et al. (2014).

calculated volumetric fractions, they were able to give an improved estimate

of the permeability of the sand layers. However, as stated by the authors

themselves, the method runs into problems when the T2 distributions of the

homogeneous components overlap.

Christensen et al. (2015) proposed a T2 fluid substitution method for

low-porosity chalks. First, a variable cutoff is applied to remove the

hydrocarbon response. Then, the T2 saturation ratio (TSR) equation (Thern,

5



2014) is used to transform to the 100% water-saturated NMR distribution.

The TSR equation relates the mean T2 value, T2gm , with the overall water

saturation, Sw, at two measurements of Sw for a partially water-saturated

rock. The TSR equation, however, is only applicable to low-porosity chalks

or rocks with unimodal pore size distributions (Christensen et al., 2015).

Moreover, a cutoff to remove the hydrocarbon response fails if the

hydrocarbon and water components of the NMR distribution overlap.

Minh et al. (2016) devised a more general NMR T2 fluid substitution

method. NMR factor analysis (Jain et al., 2013) was applied to extract the

water and hydrocarbon responses from the original T2 distributions. Then,

the SDR model and the Coates’ model were used to determine a reference

permeability in water zones and hydrocarbon zones, respectively. Using the

reference permeability, the NMR distribution of the 100% water-saturated

formation is determined.

A major disadvantage of the previous fluid substitution methods is

that they do not take into consideration the effect of pore structure and

capillary forces on the distribution of fluids within the pores. Moreover, the

reference permeability in Minh et al. (2016)’s method can be difficult to

obtain accurately because the permeability obtained from Coates model may

be underestimated in the presence of hydrocarbons, and the SDR method is

not reliable when water-saturated zones are invaded with OBM (Marschall

et al. (1997)).
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1.3 Objective

The objective of this thesis is two-fold.

First, a new method is developed to interpret NMR distributions

originating from highly heterogeneous formations using NMR mixing laws.

NMR mixing laws describe how to combine data acquired from homogeneous

components, thus enabling us to predict the data resulting from a mixture of

those homogeneous components. Applying mixing laws to T2, T1 − T2, and

T2 − D measurements, the NMR signal of a heterogeneous system is

decomposed into its homogeneous components, from which individual NMR

distributions are computed and petrophysical quantities of interest (e.g.,

permeability and pore size distribution) are calculated. Mixing laws are

applicable even in the case when the NMR distributions overlap. In the case

of laminated systems, this decomposition allows us to estimate the

volumetric fraction of each component and calculate the permeability of each

layer. In the case of unconsolidated sands, mixing laws are used to

distinguish between laminated and dispersed mixtures of sands.

Second, a physics-based NMR fluid substitution method is proposed,

which does not involve the solid surface relaxivity and overcomes the

previous limitations. Capillary-pressure effects are incorporated using a

pore-size-dependent, spatially-distributed water saturation. Prior knowledge

of permeability is not required; instead, permeability is determined from the

completely water-saturated NMR distribution obtained after applying fluid

substitution.
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Finally, the above methods are verified using laboratory measurements

and field cases.

1.4 Outline

Following the introductory chapter, the thesis consists of five

additional chapters. Chapter 2 introduces the terminology and the basic

NMR concepts used throughout the paper and discusses the mixing laws and

the fluid substitution method to correct for heterogeneity and multiple fluids

in NMR measurements, respectively. Chapter 3 presents the laboratory

NMR measurements of layered systems and unconsolidated sands to verify

the linear and non-linear mixing laws, respectively. Chapter 4 presents the

laboratory NMR measurements of partially saturated cores to verify the fluid

substitution method. Chapter 5 contains two field cases in which the linear

mixing law and the proposed fluid substitution method are applied to NMR

logs in order to validate the methods and give a better petrophysical

interpretation. Chapter 6 summarizes the findings and offers

recommendations.
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Chapter 2

Method

This chapter introduces the terminology and the basic NMR concepts

used throughout the paper. Further, the mixing laws and the fluid substitution

method to correct for heterogeneity and multiple fluids in NMR measurements,

respectively, are discussed. The chapter is divided into two sections. The first

section derives the linear and non-linear mixing laws and shows how to apply

them for laminated and dispersed systems, respectively. In the second section,

the fluid substitution method is developed, and a step-by-step workflow is

described for use of this technique.

2.1 Mixing Law for Heterogeneity Correction

In an ideal spherical pore of radius a, surrounded by a surface with

surface relaxivity ρ ([µm/s]), and filled with a fluid with diffusion constant

D and bulk T2 decay time T2B, there are two important time scales: the

diffusion time (tD = a2/D) and the surface relaxation time (tR = a/ρ). The

diffusion time is the time it takes a spin to diffuse across one pore, while

the surface relaxation time is the time scale of decay of its magnetization.

Brownstein and Tarr (1979) demonstrated that the ratio between the diffusion

9



time and the relaxation time (κ = aρ/D) determines the dynamics of the

magnetization decay for several pore geometries and identified three different

diffusion regimes: slow diffusion, intermediate diffusion, and fast diffusion.

In the slow diffusion regime (κ = aρ/D � 1), the diffusion time of

a spin is much longer than the surface relaxation time. Therefore, the spins

closer to the pore surface decay at a faster rate than the ones at the center

of the pore. This produces an uneven magnetization distribution within a

single pore that exhibits multi-exponential decay (Müller-Petke et al., 2015).

Consequently, one cannot readily associate the T2 porosity distribution with a

pore-size distribution in the slow diffusion regime. In the intermediate diffusion

regime, the surface relaxation time and the diffusion time are comparable, and

the magnetization decay is primarily dominated by a single exponential decay.

In the fast diffusion regime (κ = aρ/D < 1), the diffusion time is much

shorter than the surface relaxation time. Consequently, the magnetization is

uniform across the pore and the magnetization decay rate is dominated by a

single exponential decay. Thus, in the fast diffusion regime, the magnetization

T2 decay, M(t), is given by

M(t) = M(0)e−t/T2 , (2.1)

where M(0) is the magnetization at t = 0 and T2 is the relaxation time of the

pore given by

1

T2

=
1

T2B

+ ρ
S

V
+

1

T2D

, (2.2)
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where T2B is the bulk relaxation time of the saturating fluid, T2D is the diffusion

relaxation time in presence of magnetic field gradients, S is the effective surface

area of the pore wetted by the fluid, and V is the volume of the fluid in the

pore. Moreover, Brownstein and Tarr (1977) and Brownstein and Tarr (1979)

showed that when the spins are in the fast diffusion regime, the resulting

surface relaxation rate term is the surface average, 〈ρ(~r)〉S, of the different

surface relaxation terms that the spin can visit within the diffusion time.

The fast, intermediate, and slow diffusion regimes describe the

magnetization decay dynamics within a single pore. Spins, however, can also

diffuse across pores. From Einstein’s theory of self-diffusion, we can calculate

the diffusion length, lD, that a spin can diffuse before relaxing: lD =
√

6DtR,

where D is the diffusion constant of the liquid and tR is the previously

defined surface relaxation time. A system has strong diffusional coupling

when the diffusing spins can travel across pores before their magnetization

fades (lD > a) (Grunewald and Knight, 2009). Conversely, a system has weak

diffusional coupling when the diffusing spins do not have enough time to

diffuse across pores before their magnetization fades (lD < a).

The nature of a mixing law (whether it is linear or nonlinear) will

depend on the scale at which the mixing occurs. Any properties mixing at

length scales comparable to or smaller than the average diffusion length will

render a nonlinear mixture of the individual decay signals, while any properties

mixing at length scales much larger than the average diffusion length will

produce a signal that is a volumetric fraction weighted sum of the individual

11



signals.

Only the fast diffusion regime is considered in this work because Latour

et al. (1992) have shown that most sandstones and carbonates are in the fast

diffusion regime.

2.1.1 Linear Mixing Law

In systems with weak diffusional coupling, the surface relaxation

terms from different pores do not mix (Grunewald and Knight, 2009), and

the resulting T2 porosity-density distribution of a heterogeneous system is

the volumetric weighted average of the individual T2 porosity-density

distributions,

A(T2) =
∑
i

fiai(T2), (2.3)

where A(T2) is the resulting T2 porosity-density distribution, fi are

volumetric fractions of each component, and ai(T2) are the T2

porosity-density distributions for each individual component. When the same

T2 inversion domains are elected for all magnetization T2 decays, the previous

equation can be written in terms of the T2 partial-porosities,

U(T2) =
∑
i

fiui(T2), (2.4)

where U(T2) is the T2 partial-porosity distribution and ui(T2) are the T2

partial-porosity distributions of the individual components. The total

magnetization M(t) is given by,

M(t) =

∫
A(T2)e−t/T2dT2 =

∫ ∑
i

fiai(T2)e−t/T2dT2, (2.5)
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which reduces to

M(t) =
∑
i

fimi(t), (2.6)

where mi(t) are the magnetization decays of the individual components.

Equations (2.4) and (2.6) are the linear mixing laws that govern the

way T2 partial-porosities and magnetization decays, respectively, combine in

systems that have weak diffusional coupling like laminated systems. The

magnetization T1-T2 and T2-D decays follow the same mixing laws as the

magnetization T2 decay.

2.1.2 Workflow for Laminated Systems

For laminated systems, the layers are uncoupled, and as a result the

NMR signal is a volumetric fraction weighted sum of the signals of each layer

(Keating and Knight, 2012) and follow a linear mixing law. Equation (2.6)

can be used to calculate the volumetric fraction of each individual component

by minimizing the cost function

C =

(
M(t)−

∑
i

fimi(t)

)2

, (2.7)

where the magnetization decays of the individual components, mi(t), must

be known. The volumetric fractions obtained by minimizing equation (2.7)

should be the same ones defining the effective T2 distribution in equation

(2.4). It was observed that in order to obtain T2 distributions that obeyed

equation (2.4), multi-parameter Tikhonov regularization of zeroth (norm

smoothing) and second order (curvature smoothing) had to be used.
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Appendix A contains the details of the inversion process. We posit that use

of just zeroth order regularization yields a poor estimate of the T2

distribution because we had to add second order regularization in order to

preserve the mixing laws. Therefore, one can also use mixing laws to gauge

the goodness of inversion or as additional constraints in the inversion

process. Similarly, we can use equation (2.4) to calculate the volumetric

fractions by minimizing the cost function,

C =

(
U(T2)−

∑
i

fiui(T2)

)2

. (2.8)

To verify and illustrate linear mixing laws for laminated systems using

laboratory measurements, the following workflow is used. For simplicity, we

only consider the case of formations composed of two different types of rock

with 100% water saturation. The generalization to more than two types of

rocks is straightforward.

Suppose that we have three cores: core A composed of rock type A,

core B composed of rock type B, and core C composed of layers of rock type

A and B. We apply the linear mixing laws described in equations (2.4) and

(2.6) to estimate the best fit for volumetric fractions of each component from

the T2 partial-porosity distributions and magnetization T2 decays of cores A,

B, and C. Figure 2.1 depicts the workflow used, which is as follows:

1. Measure the magnetization T2 decays mA(t), mB(t), and mC(t) of cores

A, B, and C in units of porosity (Figure 2.1b).
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2. Use equation (2.7) to find the volumetric fractions fM
fit (fM

A and fM
B ) of

each rock type,

min
∣∣fM

A mA(t) + fM
B mB(t)−mC(t)

∣∣2 , (2.9)

and use them to predict the magnetization T2 decay,

mP (t) = fM
A mA(t) + fM

B mB(t). (2.10)

3. Calculate the correlation, rM , between mP (t) and mC(t):

rM = corr(mC(t),mP (t)). (2.11)

4. Calculate the reduced chi-squared, χ2
M , between mP (t) and mC(t):

χ2
M =

1

(N − 1)

1

σ2

N∑
i=1

(mC(ti)−mP (ti))
2 , (2.12)

where N is the number of echoes and σ is the standard deviation of the

noise of the magnetization T2 decay.

5. Invert each of the signals mA(t), mB(t), and mC(t) using

multi-parameter Tikhonov regularization to obtain the T2

partial-porosities uA(T2), uB(T2), and uC(T2) (Figure 2.1.c).

6. Use equation (2.8) to find the volumetric fractions fT2
fit (fT2

A and fT2
B ) of

each rock type,

min
∣∣fT2

A uA(T2) + fT2
B uB(T2)− uC(T2)

∣∣ , (2.13)

and use them to predict the T2 partial-porosity (Figure 2.1d):

uP (T2) = fT2
A uA(T2) + fT2

B uB(T2). (2.14)
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7. Calculate the correlation, rT2 , between uP (T2) and uC(T2),

rT2 = corr(uC(T2), uP (T2)). (2.15)

8. Calculate the reduced chi-squared, χ2
T2

, between mC(t) and mF (t),

χ2
T2

=
1

(N − 1)

1

σ2

N∑
i=1

(mC(ti)−mF (ti))
2 , (2.16)

where N is the number of echoes, σ is the standard deviation of the noise

of the magnetization T2 decay, and mF (ti) is the forward magnetization

T2 decay obtained by using equation (A.4),

mF (ti) =
∑
j

e−ti/T2,juP (T2,j). (2.17)

9. Compare the predicted T2 partial-porosity distribution uP (T2) with the

T2 partial-porosity distribution of core C, uC(T2) (Figure 2.1c bottom).

If the correlation between the predicted and measured T2 distributions

is high (rT2 > 0.9), and the reduced chi-squared of the residuals is close to

one (|χ2
T2
− 1| < 1), we can use the T2 partial-porosity of equation (2.14) to

calculate the permeability using either the Coates model or the SDR model.

Adding permeabilities in parallel gives us the maximum permeability

kmax
C = fAkA + fBkB, (2.18)

whereas adding them in series gives us the minimum permeability

1

kmin
C

=
fA
kA

+
fB
kB
. (2.19)
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Figure 2.1: Condensed workflow to determine the volumetric fractions of each
rock component and accurate T2 partial-porosity distributions for a laminated
system using linear mixing law. (a) Top: core A; Middle: core B; Bottom:
Core C, layers of rock A and B. (b) Top: Magnetization T2 decay of core A;
Middle: Magnetization T2 decay of core B; Bottom: Magnetization T2 decay
of core C. (c) Top: T2 partial-porosity of core A; Middle: T2 partial-porosity of
core B; Bottom: T2 partial-porosity of core C. (d) Predicted T2 partial-porosity.
Adapted from Medellin et al. (2015).

For petrophysical analysis of wellbore NMR log data, volumetric

fractions of the individual components are often calculated from other logs.

In those cases, the linear mixing laws described in equations (2.4) and (2.6)

can be used to extract the NMR distributions of the individual homogeneous

components.

For example, in the petrophysical analysis of a sand-shale laminated

system, a pure shale depth is first identified and the volumetric concentration

of shale, Csh, is usually calculated by using the gamma ray log at the pure

17



shale depth and at a water sand/pure sand depth Thus, using the calculated

volumetric fraction of shale and the NMR T2 distribution of the pure shale,

ush(T2), the NMR T2 distribution of the sand, usand(T2), is extracted from the

NMR log using the linear mixing law and is given by

usand(T2) =
U(T2)− Cshush(T2)

1− Csh

. (2.20)

where U(T2) is the NMR T2 distribution of the sand-shale laminated system.

In terms of magnetization T2 decays, the magnetization decay of the sand,

Msand(t), is given by

Msand(t) =
M(t)− CshMsh(t)

1− Csh

. (2.21)

where M(t) is the T2 magnetization decay of the sand-shale laminated

system and Msh(t) is the T2 magnetization decay of the shale obtained at the

pure shale depth. The NMR T2 distribution of the sand is used to estimate

the petrophysical quantities of interest such as pore-size distribution and

permeability.

2.1.3 Non-linear Mixing Law

In systems with strong diffusional coupling, the effective T2 porosity-

density distributions will generally be nonlinear functions of the T2 porosity-

density distribution of each component. In some cases, construction of the

effective T2 porosity-density distribution from homogeneous components may

not be possible. However, in the case of a dispersed mixture of two components

with similar pore-size distributions but different relaxivities, it is possible to
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derive an analytic expression for the non-linear mixing law. To derive the

non-linear mixing law for a dispersed mixture of components, we make the

following two assumptions:

1. The surface-to-volume ratio distributions of both components are equal.

2. The components are completely mixed.

The effective relaxation rates of components A and B are given by the

following expressions (Dunn et al., 2002):

1

T2,A

=
1

T2,bulk

+ ρA
SA

VA
, (2.22)

1

T2,B

=
1

T2,bulk

+ ρB
SB

VB
, (2.23)

where the same fluid saturates both components. If the components are

completely mixed, it has been previously shown (Anand et al., 2008;

Grunewald and Knight, 2009) that the resultant effective relaxation rate is

1

T2

=
1

T2,bulk

+ fAρA
SA

VA
+ fBρB

SB

VB
, (2.24)

where fA and fB are the volumetric fractions of components A and B,

respectively.

Furthermore, if the components have the same surface-to-volume ratios,

the equation simplifies to

1

T2

=
1

T2,bulk

+ ρeff
S

V
, (2.25)
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where

ρeff = fAρA + fBρB, . (2.26)

Equation (2.24) can also be written in terms of the effective surface

relaxation of components A and B as,

1

T2

=
fA
T2,A

+
fB
T2,B

. (2.27)

Equation (2.27), along with the trivial equation,

T̃2,A = T2,A, (2.28)

define the transformation equations necessary to transform from the set of

variables (T2,A, T2,B) to (T2, T̃2,A). We transform the variables using the

following identity:∫ ∫
aA(T2,A)

φA

aB(T2,B)

φB

dT2,AdT2,B = 1 =

∫ ∫
A(T2)

φeff

aA(T̃2,A)

φA

dT2dT̃2,A,

(2.29)

where aA(T2,A) and aB(T2,B) are the T2 porosity-density distributions of

components A and B, respectively, φA and φB are the porosities of sands A

and B, respectively, and φeff is the porosity of the dispersed system.

Applying transformation of variables to a two-dimensional probability

density (Martin, 1971), we get

A(T2)

φeff

aA(T̃2,A)

φA

=
aA(T2,A)

φA

aB(T2,B)

φB

∣∣∣∣∣ ∂(T2, T̃2,A)

∂(T2,A, T2,B)

∣∣∣∣∣
−1

, (2.30)

20



where the last term is the Jacobian of the transformation. Integrating with

respect to T̃2,A gives us the effective T2 porosity-density,

∫
A(T2)

φeff

aA(T̃2,A)

φA

dT̃2,A =

∫
aA(T2,A)

φA

aB(T2,B)

φB

∣∣∣∣∣ ∂(T2, T̃2,A)

∂(T2,A, T2,B)

∣∣∣∣∣
−1

dT2,A.

(2.31)

The Jacobian can be calculated using the transformation equations

(2.27) and (2.28): ∣∣∣∣∣ ∂(T2, T̃2,A)

∂(T2,A, T2,B)

∣∣∣∣∣
−1

=
fA

(1− fAT2/T2,A)

2

. (2.32)

Substituting the Jacobian and integrating equation (2.31) we get the

effective T2 porosity-density of the dispersed system as

Aeff (T2) =
φeff

φAφB

∫
aA(T2,A)aB(T2,B(T2, T2,A))

fA
(1− fAT2/T2,A)2

dT2,A,

(2.33)

where T2,B can be found from equation (2.27). In terms of T2 partial-porosity,

the above equation takes the form,

Ueff (T2) =
φeff∆T2

φAφB

∫
uA(T2,A)uB(T2,B(T2, T2,A))

∆T2,A∆T2,B

fA
(1− fAT2/T2,A)2

dT2,A,

(2.34)

where ∆T2 is the T2 bin size. The resulting magnetization decay is given in

terms of Aeff (T2) by

M(t) =

∫
Aeff (T2)e−t/T2dT2. (2.35)
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2.1.4 Workflow for Dispersed Systems

To verify and illustrate non-linear mixing laws for dispersed systems

using laboratory measurements, the following workflow is used. For

simplicity, we only consider the case with 100% water saturation. Consider

two different types of rocks with similar pore size distribution but different

relaxivities. Samples A and B are made entirely of sands A and B,

respectively, while sample C is a dispersed mixture of sands A and B where

the volumetric fractions of each component are known. We use equation

(2.34) to calculate the resultant T2 partial-porosity distribution of the

dispersed sample C. Figure 2.2 depicts the workflow used, which is as follows:

1. Measure the magnetization T2 decay mA(t), mB(t), and mC(t) of cores

A, B, and C in units of porosity (Figures 2.2a and 2.2b).

2. Invert each of the signalsmA(t), mB(t), andmC(t) using multi-parameter

Tikhonov regularization to get the T2 porosity-densities aA(T2), aB(T2),

and aC(T2) (Figure 2.2c).

3. Using the non-linear mixing law equation (2.33), predict the T2 porosity-

density distribution, aP−NL(T2), of the dispersed system using the known

volumetric fraction of component A, fDispersed
A .

4. Convert the porosity-density distributions to partial-porosity

distributions (Figure 2.2d).
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5. Calculate the correlation , rNonLinear
T2

, between uC(T2) and uP−NL(T2):

rNonLinear
T2

= corr(uC(T2), uP−NL(T2)). (2.36)

6. Calculate the reduced chi-squared, χ2,NonLinear
T2

, between mC(t) and

mF (t),

χ2,NonLinear
T2

=
1

(N − 1)

1

σ2

N∑
i=1

(mC(ti)−mF−NL(ti))
2, (2.37)

where N is the number of echoes, σ is the standard deviation of the noise

of the magnetization T2 decay, and mF (ti) is the forward magnetization

T2 decay obtained using equation (A.4),

mF−NL(ti) =
∑
j

e−ti/T2,juP−NL(T2,j). (2.38)

2.1.5 Workflow for Distinguishing Dispersed vs. Laminated
Systems

Consider four samples: sample A composed of component A, sample

B composed of component B, sample L composed of layers of component A

and B, and sample D composed of a dispersed mixture of A and B. Both

samples L and D have the same volumetric ratio composition of A and B,

(fA : fB).

In the case of the laminated sample L, we show that:
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Figure 2.2: Condensed workflow to determine the T2 partial-porosity
distributions for a dispersed mixture of components A and B using non-linear
mixing laws. (a) Top: core A composed of component A; Middle : core B
composed of component B; Bottom: Core C composed of a dispersed mixture
of component A and B. (b) Top: Magnetization T2 decay of core A; Middle:
Magnetization T2 decay of core B; Bottom: Magnetization T2 decay of core C.
(c) Top: T2 porosity-density of core A; Middle: T2 porosity-density of core B;
Bottom: T2 partial-porosity of core C. (d) Top: Predicted T2 partial-porosity
of the dispersed system using non-linear mixing law; Bottom: Measured T2

partial-porosity of the dispersed system.

• The correlation between the T2 distribution obtained from the laminated

system and the T2 distribution predicted using the linear mixing law

(equation (2.4)) is higher than with the one predicted using the non-

linear mixing law (equation (2.34)).

• The residuals from using the linear mixing law are smaller than the
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residuals from using the non-linear mixing law.

Similarly, for the dispersed sample D, we show that:

• The correlation between the T2 distribution obtained from the dispersed

system and the T2 distribution predicted using the non-linear mixing law

is higher than with the one predicted using the linear mixing law.

• The residuals from using the non-linear mixing law are smaller than the

residuals from using the linear mixing law.

2.2 Fluid Substitution

Before applying the NMR fluid substitution method to field data, an

integrated petrophysical analysis of the formation is carried out using

available geological information, well logs including the NMR log, and core

data, to determine solid composition, fluids, and fluid-zones, and to identify

the different peaks of the NMR distributions. When the formation is

heterogeneous with laminated or dispersed shale, the NMR log is first

corrected for heterogeneity (Medellin et al., 2015). Then, NMR porosity and

formation porosity are calculated, and the water saturation sensed by the

NMR log is determined from one-dimensional (1D) NMR distributions,

two-dimensional (2D) NMR maps, or dielectric data.

We develop a fluid substitution method for NMR T2 distributions of

water-wet rocks. The method can be extended to T1 distributions and can
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also be applied to oil-wet rocks in a similar way. The NMR signal is assumed

to originate from an ensemble of isolated pores. Figures 2.3a and 2.3d show

the initial water-hydrocarbon system and its corresponding T2 distribution,

respectively. Our approach consists of two steps. First, the hydrocarbon

response is removed. This gives rise to a hydrocarbon-depleted system. Figures

2.3b and 2.3e show the resulting hydrocarbon-depleted pore ensemble and its

corresponding T2 distribution, respectively. Second, the hydrocarbon-depleted

system is filled with water, yielding a fully water-saturated ensemble of pores.

Figures 2.3c and 2.3f show the resulting fully water-saturated pore ensemble

and its corresponding T2 distribution, respectively. The two steps are described

below.

2.2.1 Removal of the Hydrocarbon/OBM Response

The non-wetting fluid phase in a rock is typically shielded from the pore

surface (solid surface) and exhibits a bulk fluid NMR response (Straley et al.,

1995). Therefore, as long as the hydrocarbon/OBM phase does not undergo

surface relaxation (Fig 2.3a), the T2 magnetization decay can be expressed as

M(t) = Mw(t) + φ HIHC(1− Sw)M̂HC,bulk(t), (2.39)

where M(t) is total magnetization, as a function of time, of the formation

(water-hydrocarbon) in porosity units, Sw is water saturation sensed by the

NMR tool, Mw(t) is magnetization of the resulting hydrocarbon-depleted

system in porosity units, M̂HC,bulk(t) is normalized magnetization
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Figure 2.3: The proposed NMR fluid substitution method consists of two
steps. Panels (a) and (d) show the original distribution of fluids in a water-
wet rock (oil in yellow and water in blue) and its corresponding T2 distribution,
respectively. Panels (b) and (e) show the resulting hydrocarbon-depleted pore
ensemble and its corresponding T2 distribution, respectively after the removal
of hydrocarbon/OBM. Panels (c) and (f) show the resulting completely water-
saturated rock and its corresponding T2 distribution, respectively.

corresponding to the bulk relaxation of hydrocarbon/OBM, HIHC is

hydrogen index of hydrocarbon/OBM, and φ is formation porosity.

Similarly, the T2 partial-porosity distribution can be expressed as

u(T2) = uw(T2) + φ HIHC(1− Sw)ûHC,bulk(T2), (2.40)
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where u(T2) is T2 partial-porosity distribution of the formation

(water-hydrocarbon/OBM), uw(T2) is T2 partial-porosity distribution of the

resulting hydrocarbon-depleted system, and ûbulk(T2) is normalized T2

partial-porosity distribution corresponding to the bulk relaxation of

hydrocarbon/OBM.

In the above equation, Sw is water saturation in the flushed zone and

can be determined from 1D NMR distributions, 2D NMR maps, or dielectric

data. The bulk relaxation of hydrocarbon/OBM can be either measured

experimentally or estimated from NMR logs. Depending on the value of

HIHC , formation porosity, φ, can be greater than or equal to NMR porosity,

φNMR.

The hydrocarbon-depleted T2 distribution, uw(T2), can then be

calculated either using equation (2.40) or by using (2.39) to calculate Mw(t)

and inverting it. When the NMR distributions of water and

hydrocarbon/OBM components do not overlap, a cutoff can also be applied

to remove the hydrocarbon/OBM response (Christensen et al., 2015).

2.2.2 Transformation from a Hydrocarbon-Depleted System to a
Completely Water-Saturated System

As discussed before, the T2 decay time of a pore filled with fluid

(Brownstein and Tarr, 1979) is given by

1

T2

=
1

T2B

+ ρ
S

V
, (2.41)
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where T2B is bulk T2 time of the saturating fluid, ρ is surface relaxivity

dependent on the rock and the saturating fluid, S is effective surface area of

the pore wetted by the fluid, and V is volume of fluid in the pore.

In water-wet pores partially filled with water such as those depicted in

Figure 2.3b, the entire surface of the pores is in contact with water, but not all

of the pores are completely filled with water; each pore has a size-dependent

water saturation, S∗
w. Therefore, when equation (2.41) is applied to a single

pore in the partially saturated system, S corresponds to the pore surface area,

Sp, but because V changes with S∗
w, it is given by

V = VpS
∗
w, (2.42)

where Vp is the total volume of the pore. By applying equation (2.41) at the

initial (Figure 2.3b) and final (Figure 2.3c) water-saturation states, S∗
w,i and

S∗
w,f , of a single pore, we obtain

1

T2,i

=
1

T2B,w

+ ρ
Sp

S∗
w,iVp

(2.43)

for the hydrocarbon-depleted system (Figure 2.3b) and

1

T2,f

=
1

T2B,w

+ ρ
Sp

S∗
w,fVp

(2.44)

for the fully water-saturated system (Figure 2.3c).

By combining equations (2.43) and (2.44) and eliminating the constants

ρ, Sp, and Vp, we arrive at

1

T2,f

=
S∗
w,i

S∗
w,f

1

T2,i

+

(
1−

S∗
w,i

S∗
w,f

)
1

T2B,w

. (2.45)
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Equation (2.45) relates the T2 relaxation time of a pore at two different

water saturation states. Its practical advantage resides in the fact that it is

independent of surface relaxivity.

A relation between the corresponding T2 partial-porosity distributions

at the two water saturation states to carry out the required transformation

can be obtained by invoking the relation

1

Sw,i

∫
ai(T2,i)dT2,i =

1

Sw,f

∫
af (T2,f )dT2,f , (2.46)

where a(T2) is the T2 porosity-density, i.e.,∫
ai(T2,i)dT2,i = φSw and

∫
af (T2,f )dT2,f = φ. (2.47)

By changing variables, it can be shown that

af (T2,f ) =
Sw,f

Sw,i

ai

(
T2,i(T2,f )

)dT2,i(T2,f )

dT2,f

. (2.48)

From equations (2.45) and (2.48), a relation between the initial and final T2

porosity-density distributions can be obtained.

af (T2,f ) =

Sw,f

Sw,i

S∗
w,f

S∗
w,i
ai

(
T2,i(T2,f )

)
[
S∗
w,f

S∗
w,i

+
(

1− S∗
w,f

S∗
w,i

)
T2,f

T2B,w

]2 . (2.49)

In terms of the T2 partial-porosity distribution u(T2), the transformation takes

the form

uf (T2,f ) =

Sw,f

Sw,i

S∗
w,f

S∗
w,i

∆T2,f

∆T2,i
ui

(
T2,i(T2,f )

)
[
S∗
w,f

S∗
w,i

+
(

1− S∗
w,f

S∗
w,i

)
T2,f

T2B,w

]2 , (2.50)
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where ∆T2,i and ∆T2,f are the T2 bin sizes corresponding to the initial and

final water saturation states, respectively, and∑
k

uik = φSw and
∑
k

ufk = φ. (2.51)

For our problem, the initial state corresponds to the

hydrocarbon-depleted system while the final state corresponds to the

completely water-saturated system. Thus, Sw,f = S∗
w,f = 1 and S∗

w,i exhibits

a pore-size- or a T2-dependent water saturation distribution. One

approximation for the S∗
w,i(T2,i) distribution is to have S∗

w,i = 1 for all pores

smaller than a certain size or for T2 less than a T2 cutoff and S∗
w,i = S0

w for

the remaining pores (Figure 2.4). A suitable T2 cutoff would be the T2 value

separating the bound fluid response from the free fluid response in rocks,

typically 33 ms for sandstones and 92 ms for carbonates (Coates et al., 1999).

Given an initial T2 partial-porosity distribution of the hydrocarbon-

depleted system, ui(T2,i), we make use of equations (2.45) and (2.50) and an

appropriate pore saturation distribution to transform to the final T2 partial-

porosity distribution, uf (T2,f ).

2.2.3 Workflow for Fluid Substitution

The workflow for applying the NMR fluid substitution method to

wellbore NMR log data consists of the following sequential steps:

1. Using the available geological data and well-log data, carry out an

integrated petrophysical analysis. Identify the lithology, fluid, and fluid
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Figure 2.4: One approximation for the S∗
w,i(T2,i) distribution is to have S∗

w,i = 1
for all pores smaller than a certain size or for T2 less than a T2 cutoff and
S∗
w,i = S0

w for the remaining pores.

zones. Calculate the formation porosity, NMR porosity, and hydrogen

index of saturating fluids.

2. Identify the different peaks of the NMR distributions. Correct for

heterogeneity if required.

3. Find the flushed zone water saturation corresponding to the NMR log

using 1D NMR distributions, 2D NMR maps, or dielectric data.

4. Measure or estimate the bulk relaxation time of hydrocarbon/OBM.

5. Remove the hydrocarbon/OBM bulk response using equation (2.39) or

a cutoff whenever applicable. Correct for hydrogen index if necessary.

6. Assume an appropriate pore saturation distribution for the hydrocarbon-

depleted system.
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7. Apply equations (2.45) and (2.50) to obtain the NMR distribution of the

completely water-saturated formation.
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Chapter 3

Laboratory Measurements: Mixing Laws

This chapter introduces laboratory NMR measurements of layered

cores and unconsolidated sands to verify the linear and non-linear mixing

laws, respectively. The chapter contains two sections. The first section

presents the measurements of laminated systems to verify the linear mixing

law while the second section discusses measurements of unconsolidated sands

to distinguish between laminated and dispersed systems using linear and

non-linear mixing law, respectively. All experiments were carried out with an

Oxford Instruments GeoSpec2 NMR Analyzer working at 2.17 MHz. All

measurements exhibit a signal-to-noise ratio in excess of 100.

3.1 Laminated Systems

We verified the linear mixing laws given by equations (2.4) and (2.6) for

6 different laminated cores. Table 3.1 shows the composition of each core, the

volumetric fractional volumes, and the type of measurement performed. Figure

3.1 shows a picture of each sample. All the cores were saturated completely

with water.

For samples 1 and 2, we verified the linear mixing laws for the
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Sample Core Composition Volumetric Ratio Measurement Type

1 Bentheimer Sandstone - Berea Sandstone - Indiana Limestone 1 : 1 : 1 T2
2 Berea Sandstone - Texas Cream Limestone 55 : 45 T2

3 Bentheimer Sandstone - Eagle Ford Shale 49 : 51 T1 − T2
4 Bentheimer Sandstone - Boise Sandstone 49 : 51 T1 − T2
5 Texas Cream Limestone - Silurian Dolomite 59 : 41 T2 −D
6 Bentheimer Sandstone - Texas Cream Limestone 39 : 61 T2 −D

Table 3.1: Laminated core compositions, ratios, and type of measurement
performed.

magnetization T2 decay and for the T2 partial-porosity distribution. For

samples 3 and 4, we verified linear the linear mixing laws for the

magnetization T1 − T2 decay and for the T1 − T2 partial-porosity maps. For

samples 5 and 6, we verified the linear mixing laws for the magnetization

T2 −D decay and for the T2 −D partial-porosity maps.

Figure 3.2 shows a laminated core made of one layer of Bentheimer

Sandstone, one layer of Berea Sandstone, and one layer of Indiana Limestone

in a 1 : 1 : 1 volumetric ratio (sample 1). Figure 3.2a shows that the

magnetization T2 decay obeys the mixing law given by equation (2.6). Figure

3.2b shows the T2 partial-porosities obtained after inverting the signals in

Figure 3.2a and applying zeroth and second order Tikhonov regularization.

Using multi-parameter regularization allows us to find estimates of the T2

partial-porosities that satisfy the mixing law given by equation (2.4). Table

3.2 shows the results of applying the mixing laws to the magnetization T2

decay and the T2 partial-porosity distributions. ftrue denotes the measured

volumetric fraction of each component. The uncertainty in the volumetric

fractions comes mainly from the uncertainty in the determination of the
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Figure 3.1: Samples. Sample 1: (top) Indiana Limestone, (middle)
Bentheimer Sandstone, (bottom) Beresa Sandstone. Sample 2: alternating
layers of Berea Sandstone and Texas Cream Limestone. Sample 3: (top)
Bentheimer Sandstone, (bottom) Eagle Ford Shale. Sample 4: (top)
Bentheimer Sandstone, (bottom) Boise Sandstone. Sample 5: (top) Silurian
Dolomite, (bottom) Texas Cream Limestone. Sample 6: (top) Bentheimer
Sandstone, (bottom) Texas Cream Limestone. Sample 7: 50:50 dispersed
mixture of Fine Sand (S25516A, Fisher Scientific Education) and White Silica
Sand (S25516A, Fisher Scientific Education). Sample 8: (top layer) White
Silica Sand (S25516A, Fisher Scientific Education), (bottom layer) Fine Sand
(S04579, Fisher Scientific Education).

volumes of the samples. fM
fit and fT2

fit denote the predicted volumetric

fractions using equations (2.6) and (2.4) respectively.

Figure 3.3 shows a laminated core made of eight slices of Berea

Sandstone and seven slices of Texas Cream Limestone in a total cumulative

volumetric ratio of 55:45 (sample 2). The slices have thicknesses between 2
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and 3 mm and a diameter of 1.5 inches. Table 3.3 shows the results of

applying the linear mixing laws to the magnetization T2 decay and the T2

partial-porosity distribution of sample 2.

Figure 3.4 shows a laminated core made of one layer of Bentheimer

Sandstone and one layer of Eagle Ford Shale in a 49:51 volumetric ratio (sample

3). Table 3.4 shows the results of applying the linear mixing laws to the

magnetization T1 − T2 decay and the T1 − T2 partial-porosity distribution of

sample 3.

Figure 3.5 shows a laminated core made of one layer of Bentheimer

Sandstone and one layer of Boise Sandstone in a 49:51 volumetric ratio (sample

4). Table 3.5 shows the results of applying the linear mixing laws to the

magnetization T1 − T2 decay and the T1 − T2 partial-porosity distribution of

sample 4.

Figure 3.6 shows a laminated core made of one layer of Texas Cream

Limestone and one layer of Silurian Dolomite in a 59:41 volumetric ratio

(sample 5). Table 3.6 shows the results of applying the linear mixing laws to

the magnetization T2 −D decay and the T2 −D partial-porosity distribution

of sample 5.

Figure 3.7 shows a laminated core made of one layer of Bentheimer

Sandstone and one layer of Texas Cream Limestone in a 39:61 volumetric ratio

(sample 6). Table 3.7 shows the results of applying the linear mixing laws to

the magnetization T2 −D decay and the T2 −D partial-porosity distribution
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of sample 6.

Figure 3.2: Application of the linear mixing laws to the magnetization T2

decay and T2 partial-porosity distribution of a three-layer system composed
of Bentheimer Sandstone, Berea Sandstone, and Indiana Limestone in a 1:1:1
volumetric ratio. (a) Magnetization T2 decay of the Bentheimer Sandstone
core, the Berea Sandstone core, the Indiana Limestone core, the combined
Bentheimer-Berea-Indiana core (blue), and the predicted magnetization T2

decay of the combined Bentheimer-Berea-Indiana core (red). The measured
and the predicted magnetization T2 decay overlap so well that only one is
visible. (b) T2 partial-porosity distribution of the Bentheimer Sandstone
core, the Berea Sandstone core, the Indiana Limestone core, the combined
Bentheimer-Berea-Indiana core (blue), and the predicted T2 partial-porosity
distribution of the combined Bentheimer-Berea-Indiana core (red). Reproduced
from Medellin et al. (2015).

3.2 Distinguishing Dispersed vs. Laminated Systems

Using NMR measurements performed on sands, we demonstrate that

mixing laws can be used to distinguish between dispersed and laminated

systems. We used two types of sands, bought from Fisher Scientific

Education, to form a dispersed mixture (sample 7) and a laminated mixture

(sample 8). Table 3.8 shows the sand samples, the volumetric fractional
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Magnetization T2 decay T2 partial-porosity distribution

Core ftrue fM
fit rM χ2

M fT2

fit rT2 χ2
T2

Bentheimer Sandstone 0.33± 0.02 0.33± 0.02
0.9948 1.0128

0.32± 0.02
0.9980 1.1277Berea Sandstone 0.33± 0.02 0.40± 0.02 0.32± 0.02

Indiana Limestone 0.33± 0.02 0.28± 0.02 0.36± 0.02

Table 3.2: Sample 1. Linear Mixing Laws applied to the magnetization T2

decay of a three-layer core composed Bentheimer Sandstone, Berea Sandstone,
and Indiana Limestone.

Figure 3.3: Application of the linear mixing laws to the magnetization T2

decay and T2 partial-porosity of a two-layer system composed of 8 layers
of Berea Sandstone and 7 layers of Texas Cream Limestone in a cumulative
volumetric ratio of 55:45. (a) Magnetization T2 decay of the Berea Sandstone
core, the Texas Cream Limestone core, the laminated system composed of
8 layers of Berea Sandstone and 7 layers of Texas Cream Limestone (blue),
and the predicted magnetization T2 decay of the laminated core (red). (b)
T2 partial-porosity of the Berea Sandstone core, the Texas Cream Limestone
core, the laminated system composed of 8 laminations of Berea Sandstone
and 7 laminations of Texas Cream Limestone (blue), and the predicted
magnetization decay of the laminated core (red). Reproduced from Medellin
et al. (2015).

volumes, and the type of measurement performed. Figure 3.1 shows a picture

of the dispersed and laminated mixture samples. Both the samples were

saturated completely with water.
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Magnetization T2 decay T2 partial-porosity distribution

Core ftrue fM
fit rM χ2

M fT2

fit rT2 χ2
T2

Berea Sandstone 0.55± 0.06 0.52± 0.05
0.9939 1.0550

0.56± 0.06
0.9990 1.1145

Texas Cream Limestone 0.45± 0.04 0.48± 0.05 0.44± 0.04

Table 3.3: Sample 2. Linear Mixing Laws applied to the magnetization T2

decay of a 15-layer core composed of 8 layers of Berea Sandstone and 7 layers
of Texas Cream Limestone.

Magnetization T1 − T2 decay T1 − T2 partial-porosity distribution

Core ftrue fM
fit rM χ2

M fT1−T2

fit rT1−T2 χ2
T1−T2

Bentheimer Sandstone 0.49± 0.01 0.51± 0.01
0.9821 1.0034

0.50± 0.01
0.9807 1.0493

Eagle Ford Shale 0.51± 0.01 0.49± 0.01 0.50± 0.01

Table 3.4: Sample 3. Linear mixing laws applied to the magnetization T1−T2

decay of a two-layer core composed of Bentheimer Sandstone and Eagle Ford
Shale.

Figure 3.8 shows the magnetization T2 decay and the T2

partial-porosities of a dispersed mixture of two sands in a 50:50 volumetric

ratio (sample 7). Table 3.9 shows the results of applying linear and

non-linear mixing laws to describe the resultant T2 partial-porosity of the

dispersed mixture. Because rLinearT2
< rNonLinear

T2
(ρX < 1) and

χ2,Linear
T2

� χ2,NonLinear
T2

(γX � 1), we can see that the non-linear mixing law

describes the dispersed mixture better than the linear mixing law.

Figure 3.9 shows the magnetization T2 decay and the T2

partial-porosities of a laminated mixture of two sands in a 50:50 volumetric

ratio (sample 8). Table 3.10 shows the results of applying linear and

non-linear mixing laws to describe the resultant T2 partial-porosity of the

laminated mixture. Because rLinearT2
> rNonLinear

T2
and χ2,Linear

T2
� χ2,NonLinear

T2
,

we can see that the linear mixing law describes the laminated mixture better
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Figure 3.4: Application of the linear mixing laws to the magnetization T1−T2

decay of a two-layer system composed of Bentheimer Sandstone and Eagle
Ford Shale in a 49:51 volumetric ratio. (a) Magnetization T1 − T2 decay of
the combined Bentheimer-Shale core (blue), and the predicted magnetization
T1−T2 decay of the combined Bentheimer-Shale core (red). (b) T1−T2 partial-
porosity map of the Berea Sandstone core and the Eagle Ford shale core. (c)
T1 − T2 partial-porosity map of the combined Bentheimer-Shale core (blue),
and the predicted T1 − T2 partial-porosity map of the combined Bentheimer-
Shale core (red). Reproduced from Medellin et al. (2015).

than the non-linear mixing law.
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Figure 3.5: Application of the linear mixing laws to the magnetization T1−T2

decay of a two-layer system composed of Bentheimer Sandstone and Boise
Sandstone in a 49:51 volumetric ratio. (a) Magnetization T1 − T2 decay of
the combined Bentheimer-Boise core (blue), and the predicted magnetization
T1−T2 decay of the combined Bentheimer-Boise core (red). (b) T1−T2 partial-
porosity map of the Berea Sandstone core and the Boise Sandstone core. (c)
T1 − T2 partial-porosity map of the combined Bentheimer-Boise core (blue),
and the predicted T1 − T2 partial-porosity map of the combined Bentheimer-
Boise core (red). Reproduced from Medellin et al. (2015).

Magnetization T1 − T2 decay T1 − T2 partial-porosity distribution

Core ftrue fM
fit rM χ2

M fT1−T2

fit rT1−T2 χ2
T1−T2

Bentheimer Sandstone 0.49± 0.01 0.50± 0.01
0.9940 1.2668

0.51± 0.01
0.9827 1.8928

Boise Sandstone 0.51± 0.01 0.50± 0.01 0.49± 0.01

Table 3.5: Sample 4. Linear mixing laws applied to the magnetization T1 −
T2 decay of a two-layer core composed of Bentheimer Sandstone and Boise
Sandstone.
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Figure 3.6: Application of the linear mixing laws to the magnetization T2−D
decay of a two-layer system composed of Texas Cream Limestone and Silurian
Dolomite in a 59:41 volumetric ratio. (a) Magnetization T2 −D decay of the
combined Texas CreamSilurian core (blue), and the predicted magnetization
T2 − D decay of the combined Texas Cream-Silurian core (red). (b) T2 − D
partial-porosity map of the Texas Cream Limestone core and the Silurian
Dolomite core. (c) T2−D partial-porosity map of the combined Texas Cream-
Silurian core (blue), and the predicted T2 − D partial-porosity map of the
combined Texas Cream-Silurian core (red). Reproduced from Medellin et al.
(2015).

Magnetization T2 −D decay T2 −D partial-porosity distribution

Core ftrue fM
fit rM χ2

M fT2−D
fit rT2−D χ2

T2−D

Texas Cream Limestone 0.59± 0.02 0.63± 0.02
0.9695 1.0133

0.59± 0.02
0.9508 1.0847

Silurian Dolomite 0.41± 0.01 0.37± 0.01 0.41± 0.01

Table 3.6: Sample 5. Linear mixing laws applied to the magnetization T2−D
decay of a two-layer core composed of Texas Cream Limestone and Silurian
Dolomite.
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Figure 3.7: Application of the linear mixing laws to the magnetization T2−D
decay of a two-layer system composed of Bentheimer Sandstone and Texas
Cream Limestone in a 39:61 volumetric ratio. (a) Magnetization T2 − D
decay of the combined Bentheimer-Texas Cream core (blue), and the predicted
magnetization T2 − D decay of the combined Bentheimer-Texas Cream core
(red). (b) T2 −D partial-porosity map of the Bentheimer Sandstone core and
the Texas Cream Limestone. (c) T2−D partial-porosity map of the combined
Bentheimer-Texas Cream core (blue), and the predicted T2−D partial-porosity
map of the combined Bentheimer-Texas Cream core (red). Reproduced from
Medellin et al. (2015).

Magnetization T2 −D decay T2 −D partial-porosity distribution

Core ftrue fM
fit rM χ2

M fT2−D
fit rT2−D χ2

T2−D

Bentheimer Sandstone 0.39± 0.01 0.42± 0.01
0.9791 0.9725

0.39± 0.01
0.9664 1.0450

Texas Cream Limestone 0.61± 0.02 0.58± 0.02 0.61± 0.02

Table 3.7: Sample 6. Linear mixing laws applied to the magnetization T2−D
decay of a two-layer core composed of Bentheimer Sandstone and Texas Cream
Limestone.
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Sample Composition Mixture Type Volumetric Ratio Measurement Type

7 White Silica Sand (S25516A) - Fine Sand (S04579) Dispersion 50 : 50 T2
8 White Silica Sand (S25516A) - Fine Sand (S04579) Laminated 50 : 50 T2

Table 3.8: Sand samples. The sands used in the samples are the White
Silica Sand (S25516A, Fisher Scientific Education) and the Fine Sand (S04579,
Fisher Scientific Education).

Figure 3.8: Application of the non-linear mixing law to predict the effective T2

partial-porosity of a dispersed mixture of sands (White Silica Sand (S25516A),
Fine Sand (S04579)). (a) T2 partial-porosity distributions of Sand S25516A,
Sand S04579, the dispersed system S25516A - S04579 (blue), and the predicted
T2 partial-porosity from non-linear mixing laws (red). (b) Comparison between
the predicted T2 partial-porosity using linear mixing laws (black) and the
predicted T2 partial-porosity using non-linear mixing laws (blue).

Assuming a Linear Mixing Law Assuming a Non-Linear Mixing Law

Sand ftrue rM χ2
M rT2

χ2
T2

White Silica Sand (S25516A) 0.50± 0.02
0.9105 64.37 0.9702 14.03

Fine Sand (S04579) 0.50± 0.02

Table 3.9: Sample 7. Performance of the mixing laws for the dispersed system
of sands of Figure 3.8 (White Silica Sand (S25516A), Fine Sand (S04579)).
Non-linear mixing laws give a higher correlation and lower residuals than linear
mixing laws.
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Figure 3.9: Application of the linear mixing law to predict the effective T2

partial-porosity of a laminated system of sands (White Silica Sand (S25516A),
Fine Sand (S04579)). (a) T2 partial-porosity distributions of Sand S25516A,
Sand S04579, the laminated system S25516A - S04579 (blue), and the
predicted T2 partial-porosity from linear mixing laws (red). (b) Comparison
between the predicted T2 partial-porosity using linear mixing laws (black) and
the predicted T2 partial-porosity using non-linear mixing laws (blue).

Assuming a Linear Mixing Law Assuming a Non-Linear Mixing Law

Sand ftrue rM χ2
M rT2

χ2
T2

White Silica Sand (S25516A) 0.50± 0.02
0.9939 2.9204 0.9703 210.8

Fine Sand (S04579) 0.50± 0.02

Table 3.10: Sample 8. Performance of the mixing laws for the laminated system
of sands of Figure 3.9 (White Silica Sand (S25516A), Fine Sand (S04579)).
Linear mixing laws give a higher correlation and lower residuals than non-
linear mixing laws.
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Chapter 4

Laboratory Measurements: Fluid Substitution

This chapter discusses the laboratory NMR measurements of partially

saturated cores to verify the fluid substitution method. All laboratory

measurements were performed with an Oxford Instruments GeoSpec2 NMR

spectrometer working at 2.17 MHz and have a signal-to-noise ratio in excess

of 100.

For both the examples, three identical cores A, B, and C belonging

to the same formation type were examined; cores A and B were partially

saturated with decane and water at different water saturations while core C

was completely saturated with water. Water saturations of cores A and B

were measured using gravimetric analysis. Bulk T2 relaxations of water and

decane were measured; both water and decane exhibit a sharp peak in their

corresponding bulk T2 distributions at approximately 2500 ms and 1200 ms,

respectively. Hydrogen index of decane was determined to be very close to 1;

T2 measurements were carried out for the three cores.
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4.1 Indiana Limestone

In the first laboratory example, the T2 distribution of 100% water-

saturated Indiana limestone core (core C) was determined by applying the

fluid substitution method. The following steps were followed:

1. Starting from the magnetization T2 decay of the decane-water

saturated core (core A or core B), the decane response was eliminated

using equation (2.39).

2. Then, equations (2.45) and (2.50) were applied, with Sw,i as water

saturation of core A or core B, S∗
w,i = 1 for T2,i < T2,cutoff and S∗

w,i =

S0
w for T2,i > T2,cutoff , and Sw,f = S∗

w,f = 1; T2,cutoff was taken as 40 ms

for Indiana limestone while S0
w was determined using volume balance.

3. Figure 4.1 compares the measured T2 distribution of core C (solid blue)

to the resulting theoretical T2 distributions of core C predicted from T2

distributions of cores A and B by applying fluid substitution (black

dashed lines). The predicted T2 distributions agree well with the

measured one, and the correlation between them is 0.99.

Even though cores A, B, and C belong to the same formation, their

measured T2 distributions are greatly different because of different pore

volumes of saturating fluids. The fluid substitution method resolved the T2

distributions by correcting for multiple fluid effects, where the final T2

distribution can now be interpreted as a pore-size distribution.
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Figure 4.1: Fluid substitution method applied to laboratory NMR T2

measurements acquired for an Indiana limestone core completely saturated
with water (solid blue) and partially saturated with decane and water at
67% water saturation (solid magenta) and 28% water saturation (solid green).
The completely water-saturated measurement is predicted (black dashes) by
applying the fluid substitution method; correlation between predicted and
measured T2 distributions is 0.99.

4.2 Berea Sandstone

In the second laboratory example, the T2 distribution of the decane-

water saturated Berea sandstone core (core A) was predicted using the bulk

T2 decay of decane and the T2 distribution of the 100% water-saturated Berea

sandstone core (core B). The fluid substitution method was implemented in a

reverse way by first applying equations (2.45) and (2.50) with Sw,i = S∗
w,i = 1,

Sw,f as the water saturation of core A, and S∗
w,f = 1 for T2,f < T2,cutoff and

S∗
w,f = S0

w for T2,f > T2,cutoff ; T2,cutoff was taken as 20 ms for Berea sandstone
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while S0
w was determined using volume balance. Then, the bulk relaxation

of decane is added according to equation (2.39). Figure 4.2 compares the

predicted T2 distribution of core A to the measured T2 distribution of core A.

The theoretically predicted T2 distribution agrees well with the measured one,

and the correlation between them is 0.99.

Figure 4.2: Fluid substitution method applied to laboratory NMR T2

measurements acquired for a Berea sandstone core completely saturated with
water (solid blue) and partially saturated with decane and water (solid
magenta). The partially saturated measurement is predicted (black dashes) by
applying the fluid substitution method in a reverse way; correlation between
predicted and measured T2 distributions is 0.99.
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Chapter 5

Field Cases

This chapter illustrates two field cases in which the linear mixing law

and the proposed fluid substitution method are applied to NMR logs in order

to validate the methods. In both the examples below, the formation is

heterogeneous and the NMR log senses multiple fluids. As a result, T2

distributions cannot be used to reliably interpret pore-size distributions and

estimate permeability. We show how the application of the fluid substitution

method yields theoretical predictions of T2 distributions only affected by

water. This procedure facilitates accurate estimation of petrophysical

quantities of interest, thereby rendering improved petrophysical

interpretation of field data.

5.1 Deepwater Gulf of Mexico

5.1.1 Reservoir Background

This field example is a Miocene turbidite oil field in the deepwater

Gulf of Mexico. The depositional environment is a submarine fan complex

developed in a mini-basin with stacked progradational lobes. Sandy turbidite

facies are interbedded with muddy debris-flow facies, which leads to sandstone-
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shale laminations. Unconsolidated sandstones with very fine to medium-size

grains make up most of the reservoir rocks.

Figure 5.1 shows an oil zone in the formation drilled with OBM.

Tracks 1 and 2 show the gamma ray log and the original NMR T2

distribution log, respectively. Three peaks are observed in the T2 distribution

log. The formation contains thin sandstone-shale laminations where the

clay-bound water is reflected in the peak around 3 ms; while the peak around

30 ms represents bound water, and the lobe around 600 ms represents oil.

Hydrogen index of oil in the formation is close to 1. The effect of OBM

invasion is not observed in the hydrocarbon zone. If the original T2

distributions were used to estimate permeability via the SDR formula, NMR

permeability would be over-estimated because the presence of oil would skew

the T2,gm to higher values.

5.1.2 Correction for Laminated Shale

First, the concentration of shale was determined from the gamma ray

log. Then, equation (2.20) was used to correct the T2 distributions for

laminated shale content. The NMR response of a homogeneous rock

exhibiting single effective relaxivity is now obtained. Track 3 shows the

shale-corrected NMR log.
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5.1.3 Fluid Substitution of Oil

Next, the T2 bulk relaxation of oil was determined to be around 600

ms from the given NMR log. Because the T2 distributions corresponding to

bound water and oil are non-overlapping, a variable cutoff separating them

was used to calculate the water saturation sensed by the NMR log. Using the

bulk relaxation of oil and the calculated water saturation, the NMR response

of the oil was removed using equation (2.39). Track 4 shows the NMR T2

distributions of the resulting hydrocarbon-depleted system.

The following pore saturation distribution was assumed: S∗
w,i = 1 for

T2,i < 30ms and S∗
w,i = S0

w for T2,i > 30ms; S0
w was calculated by enforcing a

volume balance using the T2 distribution. Then, the T2 distribution of the

hydrocarbon-depleted system was transformed to that of a completely

water-saturated system. Track 5 shows the theoretical prediction of the

fluid-substituted, 100% water-saturated NMR T2 distributions which can

now be interpreted as pore-size distributions. Standard exponents were first

used to implement the SDR formula for calculating NMR permeability using

the predicted T2 distributions. Then, the computed NMR permeability was

calibrated with core data to estimate new exponents. New exponents were

then used to recalculate the NMR permeability (Track 6 – solid black line).

The calculated NMR permeability now agrees well with core data (Track 6 –

red circles).
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5.2 North Africa

5.2.1 Reservoir Background

The structure in this example is formed by a two-way fold bounded

by major steep extensional faults. These faults have throws greater than 200

m. The depositional system is interpreted to consist of several environments

including levee/sheets, channel sands, and incised valley cuts. Stacked

levee/sheets across the crest of the structure were the primary targets. Minor

faulting is also observed; the faults are thought to be sealing. Numerous

isolated compartments are found in this well because of the faulting and

stratigraphic complexity.

Figure 5.2 shows a water zone of a North African clastic formation

drilled with OBM. Radial profiling NMR data were acquired for two

independent radial lengths of investigation (DOI), 1.5 in and 2.7 in. Figure

5.2a shows the gamma ray log (Track 1) and the original NMR T2

distribution log (Tracks 2 and 3) obtained after inversion of the radial

profiling data at the two DOIs.

In the reservoir section located below x237m, saturating fluids are

predominantly water and OBM, while petrophysical analysis indicates

presence of laminated shale. Presence of laminated shale is also observed in

the T2 distributions around 3 ms. The remaining two peaks correspond to

bound and movable water and OBM. Hydrogen index of the OBM used is

close to 1. Even though the T2 distributions acquired at the two DOIs belong

to the same formation, they look different from each other because of
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different degrees of oil-based mud-filtrate invasion; therefore, pore-size

distributions cannot be interpreted from these measurements.

5.2.2 Fluid Substitution of OBM

Before applying fluid substitution, the T2 distributions were corrected

for laminated shale content using the concentration of shale determined from

the gamma ray log and the linear mixing law. Because the T2 distributions

corresponding to water and OBM are overlapping, it is not possible to estimate

the water saturation from 1D NMR distributions alone. 2D NMR maps (T1−

T2, D − T2) were produced for the two DOIs. These maps provide a reliable

way to qualify and quantify the saturating fluids (Heaton et al., 2004). Water

saturation sensed by the NMR log was computed from the 2D maps. The T2

bulk relaxation of OBM was measured to be 300 ms. Using the bulk relaxation

of OBM and the computed water saturation, the NMR response of the OBM

was removed using equation (2.39).

The following pore saturation distribution was assumed: S∗
w,i = 1 for

T2,i < 25ms and S∗
w,i = S0

w for T2,i > 25ms; S0
w was calculated by enforcing

volume balance using the T2 distributions, thereby yielding the T2

distributions of the completely water-saturated system. Figure 5.2b shows

the theoretical prediction of 100% water-saturated NMR T2 distributions

obtained after fluid substitution. Even though the T2 distributions at the two

DOIs are different initially because of different degrees of mud-filtrate

invasion, after fluid substitution the T2 distributions are similar, thereby
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indicating that they belong to the same pre-drilled formation. This similarity

between the T2 distributions after fluid substitution validates the method.

Finally, from the predicted T2 distributions, pore-size distributions can be

interpreted to estimate petrophysical quantities of interest.
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Figure 5.1: Applying the linear mixing law and the fluid substitution method
to oil-saturated deepwater Gulf of Mexico sandstones. Track 1 – gamma ray
log; Track 2 – original NMR T2 distribution log; Track 3 – shale corrected T2

distributions obtained by applying a linear mixing law to the original NMR
T2 distributions; Track 4 – T2 distributions after removal of the oil response;
Track 5 – fluid-substituted 100% water-saturated T2 distributions that were
used to estimate NMR permeability (Track 6 – solid black line) using the SDR
method; NMR permeabilities agree well with core data (Track 6 – red circles).
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(a)

(b)

Figure 5.2: Fluid substitution method applied to water-saturated North
Africa sandstones invaded with OBM. Panel (a) shows the original NMR
T2 distribution log for two independent radial lengths of investigation
(DOI). Panel (b) shows the fluid-substituted 100% water-saturated NMR
T2 distributions. Fluid-substituted NMR logs are similar for the two DOIs
indicating that they were obtained from the same pre-drilled formation.
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Chapter 6

Conclusions and Summary

We have shown that when a heterogeneous rock system has weak

diffusional coupling, we can apply the linear mixing laws given by equations

(2.3), (2.4), and (2.6) to T2, T1− T2, and T2−D measurements to predict the

volumetric fractions of each homogeneous component of the system within

the error of the measurement. It is possible to estimate the volumetric

fractions of each homogeneous component using T2 partial-porosities, T1 − T2

maps, and T2 − D maps even in the case where the distributions overlap. A

laminated and a dispersed system of sands can be distinguished with NMR.

Specifically, we showed that a linear mixing law describes a laminated system

better than a non-linear mixing law, and that a non-linear mixing law

describes a dispersed system better than a linear mixing law.

We developed a new physics-based NMR fluid substitution method

that takes into account capillary-pressure effects by using

pore-size-dependent fluid-saturation distributions without requiring

knowledge of surface relaxivity or permeability. Although in many rocks the

pore-size-dependent saturation distribution can be a smooth function of

saturation, the cutoff-based step function proposed in Figure 2.4 remains a
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good approximation that gives accurate results when applied to laboratory

and field data. For formations containing multiple fluids, such as those

partially saturated with water and hydrocarbon, or invaded with

WBM/OBM, the NMR fluid substitution method can be applied to

determine NMR distributions of the completely water-saturated formation.

This enables the direct interpretation of NMR distributions as pore-size

distributions, which can then be used to estimate permeability.
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Appendix A

NMR Inversion

The magnetization T2 decay signal originating from a T2 distribution

is given by (Brownstein and Tarr, 1979)

M(t) =

∫
a(T2)e−t/T2dT2. (A.1)

If we measure M(t), the total magnetization as a function of time, in units

of porosity, then a(T2) is the T2 porosity-density distribution, and exp(−t/T2)

is the kernel for a Car-Purcell-Meiboom-Gill pulse sequence. The integral of

a(T2) gives the total porosity, ∫
a(T2)dT2 = φ. (A.2)

The NMR inverse problem is the following: given that we know M(t),

can we compute a(T2)? The first step towards finding a(T2) is to discretize

equation (A.1). If we discretize our time variable into ti and our relaxation

time variable into T2,j, then equation (A.1) can be written as

M(ti) =
∑
j

e−ti/T2,ja(T2,j)∆T2,j. (A.3)

If we let u(T2,j) = a(T2,j)∆T2,j, we may write the previous equation in a more

compact way,

M(ti) =
∑
j

e−ti/T2,ju(T2,j), (A.4)
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where u(T2,j) is the T2 partial-porosity.

A very important difference between the porosity-density, a(T2,j), and

the partial-porosity, u(T2,j), is that the porosity-density is the discrete

representation of a continuous function and can, therefore, be interpolated,

whereas the partial-porosity cannot always be interpolated. It is

mathematically valid to write

a(T2,j+1/2) =
a(T2,j) + a(T2,j+1)

2
. (A.5)

If we choose a linear sampling for T2,j, then all ∆T2,j = ∆T2 , and u(∆j) and

a(∆j) will differ just by a scalar factor. So, the partial-porosity can also be

interpolated as

u(T2,j+1/2) =
u(T2,j) + u(T2,j+1)

2
. (A.6)

However, it is customary in NMR inverse problems to choose

logarithmically spaced T2,j’s. Since the ∆T2,j’s are all different, the previous

equality no longer holds. This means that if we choose a logarithmically

spaced T2 domain, all mathematical transformations should be carried out

with the T2 porosity-density.

The total magnetization decay signal can then be written in matrix

form as

Mi =
∑
j

Kijuj, (A.7)

where Mi ≡ M(ti), Kij ≡ e−ti/T2,j , and uj ≡ u(T2,j). The Tikhonov cost
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Parameter Value
Number of Echoes > 60, 000

signal-to-noise ratio > 100
min T2 0.01 ms
max T2 104 ms
α0 1
α2 0.1

Table A.1: Typical inversion parameters for NMR laboratory measurements

function can be written as

C =
1

2

∑
i

(∑
j

Kijuj −Mi

)2

+
α2

0

2

∑
i

|uj|2 +
α2

2

2

∑
i,j

|D2
ijuj|2, (A.8)

where D2 is the second order differential operator matrix. Table A.1 shows

the typical inversion parameters used in inversion of laboratory NMR

measurements used in this work.
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