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This analysis will provide inference on extra-Poisson variation in annual tornado

counts from 12 US states, under the assumption that the counts arise from a

Poisson distribution. Parameterizing the rate of occurrence as a function of time

varying covariates including Sea Surface Temperatures yields a fixed e↵ects Poisson

model. We use such a model as a vehicle to test counts for equal mean and

variance-a condition called equidispersion. The rejection of equidispersion prompts

the introduction of state-specific random variability in the Poisson regression model

to get a negative binomial model. We find that in the presence of the random e↵ect,

Sea Surface Temperatures becomes insignificant while Year remains significant.

Assessing the relation between Year and the state-specific random e↵ects proceeds

by estimating the joint posterior full conditional of the regression parameters for

di↵erent levels of the parameter representing state heterogeneity.
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1. Introduction

Central interest in this analysis focuses on the annual tornado counts in a state i over
year t. Let Yit denote the number of tornados observed in year t within a particular
state i. Assume that within state i, the number of tornados observed during any year,
Yit, arise from the Poisson distribution

Yit|⁄t ≥ Poi(⁄t), yit = 0, 1, 2, 3, . . . , ⁄t > 0 (1)

with equidispersion,

E[Yit|⁄] = V ar[Yit|⁄] = ⁄t. (2)

defined by equal theoretical mean and variance. The Poisson regression model-
developed by parameterizing ⁄t as a strictly positive function of exogenously determined
time-varying covariates, xit, according to

E[Yit|xt] = V ar[Yit|xit] = ⁄t = ex

T

it

—, (3)

inherits the equidispersion condition of eq. (2).

Although the Poisson is the starting point for count data analysis, it is often in-
adequate [8] due to the equidispersion assumption of eq. (2). By and large, this
assumption of equidispersion cannot often be assumed. Although eq. (3) may indeed
hold for the underlying process that generates Yit in the prescence of all significant
explanatory variables a�ecting the mean count, ⁄t, it is often impossible to account for
all relevant explanatory variables. Many potential covariates are either unobservable
or immeasurable. In addition to human error in reporting, there are many complex
meterological forces and geographical forces that interact to produce a tornado at a
specific time in a specific location. Many of the necessary atmospheric ingredients
for tornado formation such as high values of convective avaliable potential energy
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(CAPE) and turning of winds with height (shear) [2] are observable and measurable,
but are not conveniently converted to explanatory variables on an annual scale. On
the other hand, most geographical influences on individual tornado formations, such
as the established tendency for tornado occurances on one day to increase the chance
for more tornados in the same general area during that day [2], are only manifest via
patterns in the counts themselves.

However, the very source of the Poisson density limitations-equidispersion-makes
the Poisson regression model a good tool for testing for overdispersion in our count
data, as shown in the Methodological Appendix. If counts arise from the Poisson
distribution, they should, in theory, demonstrate an estimated variance very close to
the sample mean. In other words, the ratio of estimated variance to mean should
be approximately unity. Parameterizing the expectation, ⁄t, of the Poisson process
generating the counts in terms of fixed time-specific covariates will not alter the
empirical variance to mean ratio unless the source of the violation of equidisersion is
correlated with the fixed covariates of the linear predictor of eq. (3). For this reason,
if the counts Yit truly conform to the Poisson specification of eq. (1), the ratio of
estimated “leftover” or residual variability to estimated mean should roughly equal
unity (Hausman et al,1984). Contrapositionally, if the empirical ratio of residual
variance to mean is di�erent than one, the Poisson model is inadequate.Based on this
reasoning, Cameron and Trivedi (1999) have developed a have developed a formal
test of overdispersion based on regressing the estimated variance to mean ratio of
the residuals on certain estimated extra-Poisson variation specificaitions to determine
whether such specifications provide a more appropriate model for the data.

One particular extra-Poisson variance specification, given in [7],

V ar[Yit|⁄t] = ⁄t + –⁄2
t (4)

is at the heart of the model used in this analysis. Comparing the expression of eq. (4)
with the conditional Poisson variance of eq. (2), it appears that we arbitrarily added
some proportion of squared Poisson variance, ⁄2

t to itself. However, it is possible to
arrive at variance specifications of the form eq. (4) by representing omitted state-
specific explanatory factors, –i, as Gamma random variables within the Poisson
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log-linear predictor of eq. (3) to get

E[Yit|⁄t] = ex

T

it

—+log(–
i

) = –i⁄t. (5)

Letting –i of eq. (5) follow a shape-rate parametrization of the Gamma distribution
and keeping the Poisson distribution for the Yit gives a model

Yit|xit ≥ Poi(–ie
x

T

it

—) (6)
–i|„, “ ≥ Gam(„, “), „ > 0, “ > 0

with two levels of count variation. In addition to the variation imparted by the random
variation of the Yit, the conditional means given in eq. (5) are also random. The model
of eq. (6) combinines these two sources of variation to get extra- Poisson variation of
the form given in eq. (4).

In order to realize the benefits of augmenting the variance term from eq. (2) to eq. (4),
we must estimate the model of eq. (6). Traditionally, maximum likleihood estimation
of eq. (6) proceeds only if the the state i e�ects, –i, are shown to be independent
of the covariates of the log-linear predictor. For the purpose of demonstrating the
increased e�ciency of estimates produced as a result of the variance specification of
the model in eq. (6), we assume independence of the fixed and random e�ects and
estimate the model as a negative binomial model (Cameron and Trivedi,1990).

Finding an assessment of dependence between the time dependent covariates and the
–i e�ects most convincing in the context of both quantities being random, we allow
the regression parameters of the negative binomial model of eq. (6), — to be normally
distributed. With all parameters of eq. (6) defined as random variables, we can define
a posterior probability model for the joint distribution, –i and —, given the entire
sample of realized counts y

P[–i, —|y] Ã P[y|xit]P[–i|„, “]P[—]. (7)
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From eq. (7), we derive the full conditional density of the regression parameters,

P[—|–i, y] Ã P[y|xit]P[—].

and estimate dependence between — and –i by employing the Metropolis algorithm,
as described in the Methodological Appendix, to simulate the joint conditional of —

given di�erent fixed levels of –i.

The rest of this work proceeds to outline steps in the development of a sampling
scheme that assess the dependence between significant time varying covariates and
state-specific heterogeneity in factors that determine annual tornado counts. We first
focus on specifying the relationship between the variance and the mean of the counts
formally and informally in sections 2 and 3. In section 4, we present the random e�ects
model of eq. (6) as a regression model that can be shown to accomodate larger-than-
Poisson variance in counts. In section 5, the benefits of using the negative binomial
model are illustrated by comparing its estimators of regression coe�cients with those
estimates from the Poisson model. Finally, section 6 explores the extension of the
negative binomial model presented in eq. (6) to a posterior sampling model which
admits full posterior conditional approximations for the — based on di�erent values of
–i. It is in this setting that we address dependence between fixed and random e�ects.
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2. Data-Empirical Evidence of Overdispersion

2.1 Study Region

The independent variable, Yit, which denotes the number of tornados reported to
have originated in a certian state i during year t, is a variable derived from tallying
individual unique tornado reports for a particular state over the years 1950-2015. The
individual tornado event reports come from a tornado database maintained by the
Storm Prediction Center(SPC)-hailed as the most consistent and accurate e�ort to
detail tornado events to date [5].

The experimental units of interest are the twelve states in which the tornados originated.
The collection of states fall into two general tornado prone regions of the Central
United States. Seven of the states-Oklahoma, Kansas,Nebraska, Iowa, South Dakota,
North Dakota, and Minnesota comprise a region known as Tornado Alley. These seven
states form the geographic region with the highest frequency of tornados with the
most year-to-year consistency [6] . Meteorologists recognize that the region known
as Tornado Alley is ideally situated for the formation of supercell thunderstorms
that produce violent tornados.Figure 1 identifies subregions of Tornado Alley-such as
southeastern Nebraska,central Oklahoma,and most of Kansas- over which tornados
repeatedly track.

There are distinct tornado hotspots in the other states that define my study region.
Specifically, Figure 1 shows clusters of elevated activity in central Arkansas, south
central Mississippi, and northern Alabama. These states are part of a five state region
including-Arkansas,Lousiana,Alabama, Mississippi, and Georgia-known in tornado
literature as Dixie Alley. Although this region tends to see fewer overall tornados
during a typical year, it has earned its reputation as a “second tornado maximum”,
demonstrating a relatively high frequency of tornados during the late Fall [1].

2.2 Empirical Distributions of Tornado Counts

Aggregating the annual tornado counts over the entire 12-state study and recording
the number of times a certain count appears in a particular state i during year t gives
rise to a rough probability mass function (pmf) of the counts given in Figure 2(a). The
discrete nature of the pmf arises from the fact that counts take only discrete integer
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Figure 1: Tornado Paths (1950-2011)

values. The probability that a certain count occured, in a sample of theoretically
infinite size, is roughly proportional to the height of the each vertical bar above the
respective whole number tornado count.

The height of the black lines in figure 2(a) corresponds to the number of times that
particular aggregated annual count is observed as a fraction of the entire number of
count values produced over all states i over all years t. In other words, the heights
define the empirical mass function of the annual count data. Even though this sample
mass function is an incomplete picture of the infinite population of all tornado counts
over all states for all times, it still provide strong evidence for overdispersion within
that population. Notice that in comparison to the Poisson density with the same mean
(solid line),the empitical distribution demonstrates significant mass displaced in both
the left and right tails- a feature strong indicative of years featuring isolated tornado
outbreaks that Elsner and Widen (2014) argue, leads to extra-poisson variability
amongst the counts. Figure 2(b) reveals that part of the variability manifest in
observed counts of figure 2(a) is attributable to variation in the patterns at the state
level.
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(a) All Counts (b) Counts by State

Figure 2: Distributions of Annual Tornado Counts

2.2.1 Empirical Evidence of Overdispersion in Annual State Counts

The Poisson specification of eq. (1) dictates that counts Yit demonstrate with equal
mean and variance. If state counts Yit arise from a Poisson model, each state’s observed
counts should yield roughly equal sample means and variances. Figure 3 (a) displays
the sample means and variances of the observed annual tornado counts for each state,
revealing that the sample variance of each state’s counts is much larger than its mean.

Equivalently, counts that arise from a Poisson should have variance to mean ratio
equal to unity because

E[Yit] = V ar[Yit] =∆ V ar[Yit|⁄t]
E[Yit|⁄t]

= 1 (8)

regardless of the fixed covariates that determine ⁄t. Given that sample mean and
variance are consistant estimators of the theoretical expectation and variance, the
ratio of estimated mean to variance of each state should be approximately one. Figure
3(b) shows the estimated quantity of eq. (8) obtained from 1000 samples drawn with
replacement from each state’s original sample of 65 counts. All states show annual
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(a) Mean Variance Plot (b) Variance to Mean Ratios

Figure 3: Mean Variance Relationship of Annual Counts by State

tornado counts with an estimated variance to mean ratio far in excess of one, meaning
that the sample variance of the counts far exceeds the sample mean. Furthermore,
states significantly di�er in the amount by which the variance exceeds the mean,
suggesting that this ratio includes a random, rather than fixed, term. The Poisson
specification does not allow for a randomness in the variance to mean ratio because,
by eq. (8), it is a fixed constant. However, as we show,as a result of the expanded
variance form given ineq. (4), the model of eq. (6) has a variance to mean specification
that accomodates random variation in individual state i variance to mean ratios.
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3.Formally Testing Overdispersion

In order to better understand unobserved variation in the counts, it is important to
control for, and thus e�ectively remove, the influence of observed factors on counts.
Fitting the observed covariates to the tornado counts by means of a Poisson regression is
one way to acocmplish this. If there is distinct unaccounted for variability independent
of the time-varying covariates, it will appear in the residuals. At this stage, we will
unrealistically assume that all unobserved infuences are independent of fixed e�ect
covariates. If the unaccounted for variability is dependent on the observable covariates,
it will contribute to the significance of the fixed e�ects and the model will have no
way to distinguish the two e�ects.

3.1 Covariates

The observed covariates, collectively denoted xit, include February Sea Surface Tem-
peratures(SST) and a linear time trend, Year. Covariates have been chosen in light of
extensive research linking tornado count reports to global sea surface temperatures as
well as technologically driven time trends.

3.1.1 Sea Surface Temperatures

Several previous analyses have indicated that Sea Surface Temperatures(SST) can
be e�ective and statistically significant predictors of tornado activity in the Central
and Eastern United States. Covariates employed in my models expand the scope of
those included in both the analysis of Elsner and Widen (2014) and Marzban et al.
(2000) by including annual February Sea Surface Temperatures from four regions of
the tropical Pacific (PAC 1-4) as well as the Western Carribean(WCA) and the Gulf
of Alaska (GAK). Figure 4 provides a geographical reference to locate the six regions
where February SSTs were measured.

The SST in these particular six regions have demonstrated significant connections to
tornadic activity in the Central United States. Elsner and Widen (2014) have linked
SST fluxes in the WCA region (15- 25 °N , 90-70 °W) and to a lesser extent, the GAK
region (50.36- 59.95 °N, 153.66-136.08 °W) to levels of tornadic activity in central
Kansas. On the other hand, Marzban et al (2000) have correlated SST changes in
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some of the PAC regions to changes in the number of strong tornados in an area from
Illinois east to the Atlantic Coast.

3.1.2 Time Trend

Human error in tornado reporting has an observable component that must be explicitly
accounted for in the model. On the basis of technological developments, both Marzban
et al. (2000) and Elsner and Widen (2014) have argued in defense of a raw increase
in the number of tornado reports over time. Early warning programs implemented
during the 1980s and the estbalishment of a Doppler radar network in the early 1990s
[2] have both contributed to the steady increase in the number of reports. Figure 5
corroborates the veractiy of these claims, showing a general increase in the number
of annual tornados reported over the 12 state region from 1950 to 2015. Overlaying
a local regression fit (solid line)to the data points reveals that the trend is fairly
linear with very few changes in slope. Based on this finding, we have decided to
include a linear time e�ect, denoted Year, as a covariate in the linear predictor eq. (3).
Notationally speaking, Year and the subscript t denote the same quantity: both index
the year in which the annual count Yit was collected starting in 1950.
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Figure 5: Time Series of Tornado Reports Over Entire Study Region

3.2 Using Poisson Model Fit to Test for Overdispersion

In order to include the explanatory power of these observable covariates in the mean
tornado count and and hone in on the unobservables, we form the Poisson log-linear
predictor from eq. (3)

E[Yit|⁄t] = ex

T

it

— (9)

where x

T
it— is a linear combination of the covariate values formed by the inner prod-

uct of an eight dimensional row vector containing values of the seven covariates-
Year,PAC1,PAC2,PAC3,PAC4,WCA,and GAK-for the annual tornado count in state i
during year t with an 8-dimensional — column vector containing regression parameters.
Allowing each Yit to be generated from the Poisson distribution of eq. (1) gives
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Yit|⁄t ≥ Poisson(ex

T

it

—), (10)

the Poisson regression model for the annual tornado counts in state i as an exponential
function of a linear combination of covariates observed in year t. Given that the
covariates are assumed fixed, the expectation of the model given in strictly eq. (10)
is non-stochastic. All random variation comes from the Poisson specification eq. (1)
underlying the generation of the counts, Yit [4]. Since the Yit are assumed independent,
the model implies tornado counts arise independently in space and time.

As shown in the Methodological Appendix, maximum likelihood coupled with Newton-
Raphson based numerical approximation is used to estimate the parameters —, giving
fitted values

⁄̂t = Ê[Yit|xit] = ex

T

it

—̂ (11)

which provide an estimate of the expetected annual tornado count. Removing the
influence of the fixed e�ect covariates- represented by fits of eq. (11)- from the observed
counts,yit, produces the residuals

‘it = yit ≠ Ê[Yit|xit].

The residuals will embody the unobserved variation. In order to see why, assume Yit

are generated from a model that includes state-specific covariates –i that influence
annual tornado counts. Then, adding the state specific covariates as fixed e�ects
WOULD give the log-linear predictor the form

E[Yit|xit] = ex

T

it

—+log(–
i

). (12)

Estimating the Yit as if they came from the model of eq. (10), assuming that Yit is
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known to have come from the specification of eq. (12) would give residuals of the form

ex

T

it

—+log(–
i

) ≠ ex

T

it

—̂+log(–
i

)

= –i.

These residuals embody the systematic variation intrinsic to the –i with expectation
dependent on –i. Furthermore, the variance of the standardized residuals of the
Poisson model is one. Therefore, we can examine whether or not the Poisson model
is adequate by forming the estimated variance of the studentized Poisson residuals
and subtracting one in the form of the fitted values divided by themselves[4]. These
quantities are then regressed on an estimate of the proposed form of extra-Poisson
variation given in eq. (4)

(yit ≠ Ê[Yit|xit])2 ≠ Ê[Yit|xit]
Ê[Yit|xit]

= –Ê[Yit|xit] + uit. (13)

As explained in the Methodological Appendix,overdispersion is present if – of eq. (13),
the slope parameter is significantly larger than zero according to the standard t-test
[8].

Estimate Std. Error t value Pr(>|t|)
alpha -0.0267 0.0007 -36.60 0.0000

Figure 6: Poisson Test for Overdispersion

The results of the regression formulated in eq. (13) show that the – coe�cient is
significantly di�erent than zero, thereby indicating a variance described by a functional
form strictly larger than ⁄t of the Poisson model.

4. Introducing Random E�ects

In the Methodological Appendix, we show that introducing an –i as an additive
term in the log-linear predictor of eq. (10) results in a transformation of the process
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underlying the distribution of the counts. Forming the joint distribution of Yit and –i

from the specifications of eq. (6) and integrating over –i gives a negative binomial
regression model

Yit|xit ≥ NB(⁄t, ⁄t + 1
“

⁄2
t ). (14)

where the regression function formed by parameterizing ⁄t has the log-linear form of
eq. (3), and the variance has the form given in eq. (4). In contrast to the Poisson
model, the conditional mean specification of eq. (14) is random as opposed to the
non-stochastic mean of the Poisson regression model of eq. (10). Due to this second
layer of variation, there are two levels of variation in the model, so expected values and
variances are compounded. Applying the law of iterated expectations to the random
variables Yit and their random expectation of eq. (5) gives:

E[Yit] = E–
i

[E[Yit|xit, –i]] (15)
= E–

i

[⁄t–i]

= ⁄t
„i

“i

and

V ar[Yit] = E–
i

[V ar[Yit|–i]] + V ar–
i

[E[Yit|xit]] (16)
= ⁄tE–

i

[–i] + V ar–
i

[⁄–i]

= ⁄t
„i

“i

+ ⁄2 „i

“2
i

= ⁄t[1 + ⁄t

“i

].

By eq. (15), the only way to preserve the Poisson mean, ⁄t while systematically
enlarging variance to get eq. (16) involves choosing the hyperparameters of the –i

distribution to be equal. Under this assumption, the last line of eq. (15) evaluates to
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E[–i] = „

“
= 1.

Green(2007) and others employ this “one-parameter” gamma as the basis for intro-
ducing extra-variation into the Poisson regression model of eq. (10). This particular
choice of hyperparameters is appealing because it forces all of the e�ects of the omitted
influences, –i, into the variance term, mimicking the e�ect of correlation between
counts in state i over time.For instance, if YitÕ and Yit represent the counts from state
i in two di�erent years t ”= t , then the law of total covariance [10] gives:

Cov(Yit, YitÕ ) = E[Cov(Yit, YitÕ )|–i] + Cov[E[Yit|–i]E[YitÕ |–i]] (17)
= 0 + Cov[⁄t–i⁄tÕ –i]

= ⁄t⁄tÕ
1
“

.

As purported, the covariance induced by the random e�ect –i given in eq. (17)
is markedly similar to the quadratic term added to the variance specification by
incorporating the random e�ect –i. The practical implication of this similarity is
that the random terms have been added to the Poisson model in order to accomodate
state specific e�ects that induce extra-Poisson variation via correlations amongst
Yit. Accounting for correlation amongst counts from the same state i reflects the
meterological reality that the occurance of a tornado will enhance the chances of
seeing another tornado in the same region during the same day [2].

5. Estimating the Negative Binomial Model

The practical utility of the extra-Poisson variance specification of the negative binomial
model, given in eq. (12) is demonstrated in the context of estimating the standard
errors ‡—̂. Given correlated tornado counts Yit, the variance specifications of the form
eq. (4) with – ”= 0 plays a crucial role in adjusting ‡—̂ upward to reflect the increase
in variance of the estimators on account of positive dependence between Yit.
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5.1 Extra Poisson Variation and Regression Estimators

By the theory of maximum likelihood estimation, which we use to estimate the
regression parameters of both the models given in eq. (10) and eq. (14), the variance
of the likelihood estimators — is derived from the estimated inverse second derivative
matrix. For the Poisson regression model of eq. (10), the asymptotic variance is given
by

V arP oi[—̂] =
ÿ

i

ÿ

t

(xitx
T
it)≠1e≠x

T

it

—̂

where xitx
T
it is a symmetric pxp variance-covariance matrix for the estimators —̂ and

the exponential term is a scalar [8]. The asymptotic variance of the —̂ lie on the
diagonal of the matrix;the standard errors being the square roots of the diagonal
elements. Estimating the Poisson model by maximum likelihood eq. (10), as in the
Methodological Appendix, produces the estimates given in figure 7.

The standard errors repoprted in figure 7 constitute the denominator of the test
statistics:

—̂

‡̂—̂

(18)

used to assess the significance of individual covariates. At a minimum, dependence
amongst the Yit means adding the term of eq. (17) to the Poisson variance. Increases
in variance lead to increases in the the size of ‡̂—̂ and resulting decreases in the size
of the test-statistic of eq. (18). Given the positive correlations in the between-state
residuals, as seen in figure 7(a), it is highly probable that

the variance is larger than the Poisson model predicts. Therefore, the estimators ‡̂—̂,
from the Poisson regression fit given in figure 8(a), are much smaller than they should
be.

The interstate residuals from a preliminary negative binomial fit including all the
states demonstrate as much, if not more,correlation than those of the Poisson model
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(a) Poisson Model (b) Negative Binomial Model

Figure 7: Correlations Amongst Interstate Residuals

of eq. (10). However, as figure 8(b) shows, the estimated standard errors for the
negative binomial fit are significantly larger than those that arise from the Poisson
fit. The reason for the larger standard errors lies in the modification of V arP oi[—̂]
that occurs when including a random –i distributed variable. Inserting the stochastic
expectation given in eq. (5) into the likelihood of eq. (36) gives the first order log
likelihood conditions for eq. (14):

ÿ

i

ÿ

t

xit(Yit ≠ ex

T

it

—̂elog(–
i

)). (19)

Taylor expansion of eq. (19) about —, to have a “sandwich-type” asymptotic variance
covariance matrix of the form

V arNegBin[—̂] = (
ÿ

i

ÿ

t

xitx
T
ite

≠x

T

it

—̂)≠1(
ÿ

i

ÿ

t

e≠x

T

it

—̂ + e≠x

T

it

—̂

“
xitx

T
it)(

ÿ

i

ÿ

t

xitx
T
ite

≠x

T

it

—̂)≠1[8].

(20)

.
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Comparing this variance to the estimated variance given by Poisson estimates, note
that the middle term of eq. (20) is the augmented variance specification of eq. (4)
that motivated the introduction of the state-specific variability –i. Its usefulness
as a weight to increase the variance of the —̂ estimators- to capture the e�ects of
correlations in the Yit- is readily apparent when considering the Poisson variance. In
fact, V arP oi[—̂] is a variation of eq. (20) obtained by omitting the “added” portion of
the variance conveyed by the random e�ect –i in the middle term of eq. (20).

‡̂—̂

Int 1.15
Year 0.01

PAC1 0.02
PAC2 0.03
PAC3 0.03
PAC4 0.03
WCA 0.02
GAK 0.01

(a) Poisson Regression

‡̂—̂

Int 4.44
Year 0.03

PAC1 0.08
PAC2 0.11
PAC3 0.12
PAC4 0.10
WCA 0.08
GAK 0.03

(b) Negative Binomial Regression

Figure 8: Asymptotic Standard Errors of Regression Coe�cients

5.1 Fitting a Negative Binomial Regression

Given several potential layers of correlations amongst the counts, the negative binomial
fit is preferred to the Poisson fit. However, the negative binomial model presented
in eq. (14) does not have a variance specification designed to correct the standard
errors for dependence both within and between states. In order to avoid extra variance
inflating dependence that comes from the counts between states, we appeal to separate
regressions for each state. For this purpose, the counts,Yit, in each state are assumed
to originate from the model of eq. (14) where –i have been averaged out via integration,
leaving ⁄t as an exponential function of fixed covariates given in eq. (3).

Figures 10 and 11 of the Graphical Appendix present the results of regressing the
e�ects of all seven time-varying covariates on annual tornado counts, Yit assuming
the Yit originate form eq. (14). Whereas the Poisson regression indicated that almost
all of the sea surface temperature measurements (SST) covariates were significant
predictors of annual tornado counts for all states, this model can more accurately

18



assess significanct e�ects using an enlarged variance measure eq. (20) to control for
the e�ect of interstate count dependence on ‡̂—̂.

In order to ensure robust selection of significant covariates, we compute simulation-
based posterior probabilities of the null hypothesis that — = 0 for each significant
predictor in each state-based model. The posterior probabilities of accepting the
null, despite having a singificant p-value appear in Tables 1 and 2 of the Graphical
Appendix. The probabilities provided appear comfortably low-most giving a less-than
five percent chance of the p-value essentially providing the wrong information in this
particular hypothesis test. The need for reporting these probabilities is evident in light
of the interpretation that a p-value does not convey anything about the underlying
reality, but rather provides evidence based on a specific fabricated reality-the null
hypothesis [11]. As shown in the Methodological Appendix, the values in Tables 1
and 2 on the other hand, use the data to update an initial informed statement about
the chances of the null hypotheses being true.

Based on simulation-supported tests for all significanct e�ects reported by the full
model fits of Figures 10 and 11 , we arrive at the following estimates for the log-linear
regression functions:

ÊAL[Yit|xit] = e2.38+.50Y ear (21)
ÊAR[Yit|xit] = e2.6+.34Y ear

ÊGA[Yit|xit] = e2.6+.244Y ear

ÊIA[Yit|xit] = e17.23+.39Y ear

ÊKS[Yit|xit] = e20.11+.232Y ear≠.388P AC1
t

ÊLA[Yit|xit] = e≠3.27+.40Y ear+.5075P AC3
t

≠.6P AC4
t

≠.20GAK
t

ÊMS[Yit|xit] = e2.54+.44Y ear

ÊMN [Yit|xit] = e≠17.99+.53Y ear+.20P AC3
t

≠.38W CA
t

ÊNE[Yit|xit] = e3.24+.26Y ear

ÊND[Yit|xit] = e≠32.63+.46Y ear≠.62W CA
t

ÊOK [Yit|xit] = e31.27+≠.07P AC4
t

+.51W CA
t

ÊSD[Yit|xit] = e2.80+.25Y ear.
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Having centered all of the covariates, the intercept for each state indicates the estimated
mean number of annual tornados at the mean values of all other covariates.Referring
to the estimated regression functions in eq. (21), therefore, the intercept represents
the estimated mean number of tornados in the year 1982.

Assuming that all other variables included in the model are held fixed, we can interpret
the slope coe�cient —Y ear by deriving the e�ect of a small h > 0 change in the covariate
Year:

limhæ0
e—0+—1(Y ear+h) ≠ e—0+—1Y ear

h
(22)

= limhæ0
e—0+—1Y ear(e—1h ≠ 1)

h

¥ e—0+—1Y earlimhæ0
(e—10 + —1e

—10(h ≠ 0)) ≠ 1
h

= —1e
—0+—1Y ear

where the final equality comes from expanding the exponential term of the di�erential,
h, in Taylor series about zero. Interpreting eq. (22) in the context of the fitted
models given in eq. (21), moving forward one year essentially leads to a —Y ear percent
increase in observed tornados from the previous year. The same relationship holds the
interpretation of all other coe�cients. Figures 14 and 15 of the Graphical Appendix
provide plots of the fitted values given in eq. (21) across di�erent values of Year.

The reduced model output reported in Figures 12 and 13 reveals that Year is a
significant predictor of annual tornado counts in all states except Oklahoma.
Coincidentally, Oklahoma is the home of the National Weather Service and one of the
first places to have established Doppler radar. The extreme vigilllance of the population
and presence of more advanced instrumentation tested by the National Weather Service
in the area may partly explain the lack of a distinct technologically-induced time
trend.

It is not a coincidence that states with a larger number of significant explanatory
variables have much larger intercepts; the intercept tends to hold much of the unex-
plained variation in the tornado counts. Those states with higher intercepts are most
likely lacking the covariates that account for much of the variation in tornado counts.
Minnesota, Lousiana, and North Dakota stand out as three such states. Figures 12 and
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13 indicate that their tornado counts are related to sea surface temperatures(SST) in
distant oceanic regions. Either this anomaly is a testament to the fact that SSTs have
far reaching and unevenly distributed e�ects on tornado counts over distance or that
the explanatory power of SST in these regions happened to overlap with unexplained
variation enough to be considered significant. The unconvincing results of Figure 16
suggest that the second of the above conjectures is likely more accurate as SST seem
to bear no graphical relation to tornado counts.
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6. Asessing Dependence Between Fixed And Random E�ects

6.1 A Posterior Conditional for Regression Parameters

Estimation of eq. (14) permits inference on the — parameters at a fixed estimate of
–i. For the purpose of maximum likelihood estimation, the random variable –i is
marginalized out of the model to get the negative binomial model estimates form
fixed parameter estimation. This setup is not suitable for assessing the validity of
the random e�ects model, which relies on independence between random and fixed
e�ects. Rather than integrating and averaging over the –i of eq. (6) to estimate the
negative binomial model, we allow –i to remain an explicit component of the model.
In order to assess possible dependence, we allow both the random e�ect, –i, and fixed
e�ects parameters of the model eq. (6) to be random. Using results from maximum
likelihood theory, we specify

— ≥ N(0, �̂)

where

�̂ =
S

U ‡̂—̂0
0

0 ‡̂—̂
Y ear

T

V ,

indicates estimation of the standard deviation hyperparameters by the sample standard
errors from the state specific regression models based on the negative binomial fits
presented in Section 5.2. Adding these distributional elements completes eq. (6) to
the model

Yit|xit ≥ Poi(–ie
x

T

it

—–i)
–i|„, “ ≥ Gam(„̂, “̂), „ > 0, “ > 0

—j ≥ N(0, ‡̂—̂
j

),
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where j indicates the dimension of the linear predictor. Intercept and Year are included
in the log-linear regresison function based on the results of the state specific regressions
given in eq. (21), giving j=2. Applying Bayes Theorem to the likelihood of eq. (6) for
the counts in state i over all years, y gives the posterior distribution in the parameters:

Pr[–i, —|y] = P[y|–i, —]P[—]P[–i]
P[y] . (23)

Given that probabilities on the parameters, –i and — do not depend on value of the
denominator of equation eq. (23), the joint posterior can be considered as proportional
to its numerator, with distributional form

P[–i, —|y] Ã �65
t=1Poi(yt|ex

T

t

—+log(–
i

))Gam(–i|–, “)�jN(—j|0, ‡̂—̂
j

).

The posterior conditional of — for the counts in state i, given y and –i, is derived
from the joint distribution eq. (23) by explicitly expanding the likelihood and using
the definition of conditional probability to get

P[—|y, –i] Ã e≠–
i

q
T

t=1 ⁄
t�t(⁄y

it

t )e
≠

—

2
0

2‡̂

—̂0 e
≠

—

2
Y ear

2‡̂ ˆ
—

Y ear (24)

where ⁄t are parameterized as functions of the known covariates in accordance with
eq. (3).

6.2 The Metropolis Approximation

The posterior conditional of eq. (24) is central to addressing the questions of inde-
pendence that undergird the validity of the random e�ects model proposed because
it permits sampling of the — parameters for di�erent levels of the random e�ect, –i.
However, it is not a standard distribution for which there are prefabricated sampling
generation techniques. Therefore, we will estimate the density of eq. (24) using an
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approximation algortihm that will construct a collection of — samples that reflect the
relative conditional posterior probabilities.

Letting (—(1), ..., —

(S)) represent a sample from the posterior conditional of eq. (24),
we augment this sample by adding new members —

ú to get

no.—(s) = (a, b)in sample
no.—(s) = (c, d)in sample

¥ P[— = (a, b)|y, –i]
P[— = (c, d)|y, –i]

. (25)

That is, the relative amounts of any two realizations (a,b) and (c,d) of — in our sample
reflects the relative posterior conditional probabilities of those values. Though unable
to directly sample from eq. (24), we can use it as a guide to choose new —

ú.Choosing
arbitrary starting value and denoting them —

(0), new values —

(ú), are chosen from a
proposal density, J,

J(—(ú)|—(0)) ≥ N(—(0), 1)

which is chosen to be symmetric and centered on the previous draw [12]. The ideal
proposal density does not contribute intrinsically to the “structure of the sample”.
Even though samples cannot be directly drawn from the posterior conditional of
eq. (24), it can be used as a guide to including the —

ú the proposal density has found
based on the condition of eq. (25). Either

r = P[—ú|y, –i]
P[—(0)|y, –i]

(26)

is greater than one or less than one.

6.2.1 The Acceptance Function

Both outcomes of comparing eq. (26) to unity inform the construction of a sample
according to eq. (25).If r of eq. (26) is greater than one, —

ú is more likely to be sampled
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from eq. (24) than is —

(0). But since —

(0) is already in the sample, —

ú should be
included in the sample as —

(1). This condition ensures the samples come from high
probability density regions of eq. (24). However, if r<1 the symmetry of the proposal
distribution ensures

J(—ú|—(0)) = J(—(0)|—ú)

so that draws sample the entire space and avoid getting stuck[13]. Taken together,
these two constraints define the acceptance function, –, [13] that mimicks the condition
of eq. (25)

–(—ú|—(0)) = min( P[—ú|y, –i]J(—(0)|—ú)
P[—(0)|y, –i]J(—ú|—(0))

, 1) = min( P[—ú|y, –i]
P[—(0)|y, –i]

, 1). (27)

eq. (27) specifies that the value —

ú is automatically chosen to be in the sample if r>1.
If r<1, then —

ú is chosen to be in the sample and denoted —

(1) based on the outcome
of a random draw from the uniform distribution on that interval. Mathematically, this
follows from treating the acceptance function of eq. (27) as a random outcome with

Z = –(—ú|—0) = min(r, 1)

Based on its definition as a minimum,

Z = 1 =∆ 1 < r =∆ P[—(0)|y, –i] < P[—ú|y, –i]

which suggests that —

ú is accepted as part of our sample with probabilitiy 1. Otherwise,

Z = rú =∆ 0 < rú < 1,
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where rú is a particular realization of the ratio of probabilities given in eq. (26). The
potential ratio of probabilities of eq. (26),r, is a continuous random outcome on the
space [0,1]. Taking r to be uniformly distributed on the interval [0,1] gives

⁄ rú

k=0
(P[—ú|y, –i] < kP[—(0)|y, –i])dk = rú

which formally indicates the inclusion of rú œ [0, 1] instances of —

ú relative to a single
instance of —

(0) in the sample. That is, in a large sample, —

ú occurs with probability
rú, relative to —

(0).

In practice, the case where r<1 is handled by drawing a unform random variable
and including —ú if r>u, but returning to the previous draw if r<u. As shown in
the Methodological Appendix,repeating the procedure for 1000 iterations, gives us
a sample of roughly 1000 (depending on the acceptance function) — with relative
probabilities that approximate those of the conditional posterior of eq. (24).

6.2.2 Approximating Dependence

We use the 1000 draws from the posterior conditional of eq. (24)-denoted —

(0), ..., —

(1000)-
to quantify the distribution of the regression parameters —. The sample mean,

1
1000

s=999ÿ

s=0
—

(s)
Y ear (28)

is perhaps the most illustrative summary of the posterior conditional distribution of
—Y ear. Given that the samples were generated from a conditional posterior distribution
with a symmetric density centered on the previous sample, the Ergodic Theorem
guaranetees that as S æ Œ the sample mean of eq. (28) will converge to the theoretical
conditional expectation [12]. In other words,

1
1000

s=999ÿ

s=0
—

(s)
Y ear æ E[—yr|–i]. (29)
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Fig 9 presents the sample means of —
(0)
Y ear, ..., —

(999)
Y ear calculated according to eq. (28)

for three di�erent values of –i. Note that every state’s —Y ear fixed e�ect coe�cient
decreases drammatically as –i increases. Based on a significantly large sample, with a
moderate acceptance rate, the result of eq. (29) implies dependence between the fixed
e�ect of Year and the random e�ect –i.

–i = 5 –i = 5 –i = 10
AL 0.29 0.10 0.07
MS 0.28 0.12 0.07
GA 0.24 0.10 0.05
LA 0.26 0.13 0.07
AR 0.26 0.12 0.06
KS 0.31 0.18 0.12
NE 0.30 0.13 0.08
IA 0.29 0.15 0.08

MN 0.27 0.10 0.06
SD 0.27 0.13 0.08
ND 0.26 0.09 0.06

Figure 9: Posterior Mean —Y ear Conditioned on –i

Methodological Appendix

Dispersion and the General Exponential Family

Equality between mean and variance, given in eq. (2), is coded into the structure of the
Poisson model and is termed “equidispersion”. Adding the mixed e�ects –i term alters
the mean-variance relationship of the general Poisson model to yield the expanded
variance of eq. (4) associated with the term “overdispersion” . The connection between
dispersion and variance can be understood by placing both of the probability mass
functions of eq. (1) and eq. (6) into the parametric context of the general exponential
family (GEF) of models to which these probabiltiy mass functions belong.

Poisson PMF: Equidispersion

The functional form underlying the generation of the count data Yit from eq. (1) is
given by
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P[Yit|⁄t] = e⁄
t⁄y

t

t

yt!
, yit = 0, 1, 2, 3, ... (30)

By taking the exponent of the natural log, eq. (30) can be rewritten as

P[Yit = yit|⁄t] Ã ey
t

log(⁄
t

)≠⁄
t (31)

with natural parameter given by ◊t = log(⁄t). Reparameterizing eq. (31) according to
the natural parameter, ◊t gets

P[Yit = yit|⁄t] Ã e
y

t

◊

t

≠e

◊

t

1 , (32)

which adheres to the general exponential form (GEF) with b(◊t) = e◊
t and dispersion

parameter, di = 1. Observing that the support set of the pmf of eq. (32) does not
depend on the parameter value ⁄t, Leibnitz rule allows for di�erentiation of the
summation of eq. (32) with respect to ◊t [14]. Taking the first and second derivatives
of eq. (32) in this way, gives the theoretical mean and variance of Yit in terms of the
GEF of eq. (3)

E[Yit|⁄t] = b
Õ(◊t) = e◊

t (33)
V ar[Yit|⁄t] = b

ÕÕ(◊t)di[9].

It is clear that the mean and variance of the Poisson model given in eq. (33) are
equal only because the disperison parameter, di is a constant equal to one. Hence, the
equality of eq. (2) is referred to as equidispersion.

Poisson PMF with Random E�ects: Overdispersion

{ Poisson PMF with Random E�ects:Overdispersion}
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Incorporating the –i random variate into the Poisson regression can be viewed as a
way of increasing the dispersion parameter. Including a random variate in the Poisson
pmf of eq. (30) –i, gives the pmf for the model of eq. (6)

P[Yit = yit|⁄t] Ã ey
it

–
i

log(⁄
t

)≠⁄
t

–
i , (34)

which can be rewritten as:

P[Yit = yit|⁄t] Ã e
y

t

log(⁄

t

)
1

–

i

≠( ⁄

t

1
–

i

)
. (35)

Reaparemeterizing eq. (35) in terms of the natural parameter ◊t gives the general
expoenential form (GEF) of the mixed Poisson density of eq. (34):

P[Yit = yit|⁄t] Ã e
y

t

◊

t

1
–

i

≠( e

◊

t

1
–

i

)
.

which has first and second derivatives [9]

E[Yit|⁄t] = b
Õ(◊t) = e◊

t–i

V ar[Yit] = b
ÕÕ(◊t)di = (e◊

t–i)–i.

which have a variance in excess of the mean

Including –i has enlarged the mixed e�ects model variance by a factor of –i over the
mean. This is the result of the inclusion of the stochstic dispersion parameter di = –i

in the variance. The fact that this non-constant dispersion allows for a variance
potentially larger than the mean leads to the definition of overdispersion.
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The Poisson Regression Model

Mechanics of Maximum Likelihood Estimation

Taking Yit distributed according to eq. (1) with expected value ⁄t parameterized by
log-link given in eq. (3) gives the Poisson regression model

Yit|xit ≥ Poi(ex

T

it

—). (36)

for annual counts Yit. From the pmf of the Poisson given in eq. (30), the log likelihood
function for the counts from state i, including only fixed e�ects, has the form

log(L[⁄t, ..., ⁄65|yi1, ..., yi65]) = log(�65
t=1

e⁄
t⁄t

yit!
). (37)

Parameterizing ⁄t of eq. (9) as function of the fixed e�ect covariates, according to
eq. (36), the likelihood of the annual count data, yit, can be numerically computed via

#Fixed Effects Poisson Log Likelihood-for state s#

#s is state name coded as number:1-12

log.like.pois=function(beta,s){
#retrieve covariate vector from state s

x=function(s) {
xmat=as.matrix(subset(data2[,c(3:8,12,15)],as.numeric(data2$State)==s))

return(xmat)
}
#retrieve response variable data from state s

y=function(s){
ymat=as.matrix(subset(data2[,10],as.numeric(data2$State)==s))

return(ymat)
}
xmat=as.matrix(x(s))
ymat=y(s)

#log-likelihood
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ll=c()
lam=c()
for(i in 1:65){

lam[i]=exp(xmat[i,]%*%beta) #65 x1 vector

ll[i]=(dpois(ymat[i],lam[i],log=TRUE)) #loglikelihood for one state

}
return(-sum(ll)) #negative l.likelihood of entire sample of counts

}

Maximization of this likelihood proceeds by di�erentiating eq. (37) with respect to
the vector of regression coe�cients, boldsymbol— to get the first order conditions for
state i

ˆlog(L[—Y ear, ..., —GAK |yi1, ..., yi,65])
ˆ—

=
65ÿ

t=1
xit(yit ≠ ex

T

it

—) (38)

or a column vector of partial derivatives with the same dimensions as —. Equation
eq. (38) must be solved for — using numerical methods. One method involves converting
eq. (10) into a tractable form by approximating it using a quadratic polynomial Taylor
expansion and setting this approximation equal to zero. This approach is deemed
valid because the second derivative matrix

ˆ2log(L[—Y ear, ..., —GAK |yit, ..., y12,65])
ˆ—ˆ—

T =
65ÿ

t=1
xit(yit ≠ ex

T

it

—) (39)

is negative definite, and hence the first order conditions exhibit concave behavior in
—. As a consequence, in a small enough neighborhood of the maximum, —̂, eq. (38)
behaves like a quadratic in —. Letting, g(—) = ˆlog(L[—

Y ear

,...,—
GAK

|y
it

,...,y12,65])
ˆ—

and
H(—) = ˆ2log(L[—

Y ear

,...,—
GAK

|y
it

,...,y12,65])
ˆ—ˆ—

T

, so the quadratic Taylor expansion for — in the
compact ”-ball:

B”(—̂) = {—| ||—̂ ≠ —||< ”}

of the vector —̂ such that g(—̂) = 0 is given by:

31



g(—) ¥ g(—) + H[—](— ≠ —̂). (40)

Searching for the —̂ that maximizes equation eq. (40) involves setting the left hand
side to zero and picking a starting point —. Provided the original estimate is in the
concave region around —̂, one can produce a better estimate for —̂ by solving for —̂ on
the right hand side of equation eq. (40), using the starting value for — to get:

—̂ = — ≠ H[—]≠1g(—).

Iteration of the above selection procedure occurs successively until the next —̂ and
the — are very close in value. Though many sources refer to —̂ as —i and —i≠1 for the
ith iteration of the procedure, I employ my own labels because they convey the focus
(rather than mechanics)of the above iteration procedure: finding an estimate for the
MLE. This maximization procedure can be carried out in R to estimate the — by a
simple numerical optimizer

#Numerical optimization of the negative Poisson Likelihood

#set starting value

beta=matrix(.1,nrow=8,ncol=1)

#optimize by state

beta_hatAL=optim(beta,log.like.pois,s=1,hessian = TRUE)
beta_hatAR=optim(beta,log.like.pois,s=2,hessian=TRUE)
beta_hatGA=optim(beta,log.like.pois,s=3,hessian=TRUE)
beta_hatIA=optim(beta,log.like.pois,s=4,hessian=TRUE)
beta_hatKS=optim(beta,log.like.pois,s=5,hessian=TRUE)
beta_hatLA=optim(beta,log.like.pois,s=6,hessian=TRUE)
beta_hatMN=optim(beta,log.like.pois,s=7,hessian=TRUE)
beta_hatMS=optim(beta,log.like.pois,s=8,hessian=TRUE)
beta_hatND=optim(beta,log.like.pois,s=9,hessian=TRUE)
beta_hatNE=optim(beta,log.like.pois,s=10,hessian=TRUE)
beta_hatOK=optim(beta,log.like.pois,s=11,hessian=TRUE)
beta_hatSD=optim(beta,log.like.pois,s=12,hessian=TRUE)
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Checking that we have found a minimum of the negative log likelihood means we
have found a maximum of the positive log likelihood of eq. (37). Evaluating the second
derivative matrix of eq. (39)for positive eigenvalues confirms that it is positive definite
at the point —̂-ensuring convexity of the negative log likelihood and concavity of the
log likelihood, respectively.

#Evaluating second order conditions

eigen(beta_hatAL$hessian)$values

[1] 6.823365e+06 2.089983e+03 9.387665e+02 7.414799e+02 3.425383e+02
[6] 1.094231e+02 3.267099e+01 2.077054e-01

eigen(beta_hatAR$hessian)$values

[1] 5.985185e+06 1.774841e+03 8.391237e+02 6.538443e+02 2.992952e+02
[6] 9.335521e+01 2.812416e+01 1.842316e-01

eigen(beta_hatGA$hessian)$values

[1] 5.012438e+06 1.424412e+03 6.933338e+02 5.939208e+02 2.602165e+02
[6] 7.688273e+01 2.494699e+01 1.475308e-01

eigen(beta_hatIA$hessian)$values

[1] 8.369671e+06 2.374483e+03 1.158870e+03 9.950489e+02 4.362167e+02
[6] 1.282356e+02 4.175900e+01 2.461470e-01

eigen(beta_hatKS$hessian)$values

[1] 1.375548e+07 3.948782e+03 1.920710e+03 1.653229e+03 7.073463e+02
[6] 2.124324e+02 6.750477e+01 4.155452e-01

eigen(beta_hatLA$hessian)$values

[1] 6.323496e+06 1.794061e+03 8.760707e+02 7.522875e+02 3.288221e+02
[6] 9.690050e+01 3.152926e+01 1.859025e-01
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eigen(beta_hatMN$hessian)$values

[1] 5.814027e+06 1.646638e+03 8.065191e+02 6.931757e+02 3.023728e+02
[6] 8.902739e+01 2.901231e+01 1.708613e-01

eigen(beta_hatMS$hessian)$values

[1] 6.825537e+06 1.936332e+03 9.464372e+02 8.133101e+02 3.549644e+02
[6] 1.045815e+02 3.402989e+01 2.007737e-01

eigen(beta_hatND$hessian)$values

[1] 5.198413e+06 1.476191e+03 7.193230e+02 6.166219e+02 2.700315e+02
[6] 7.971674e+01 2.589789e+01 1.529007e-01

eigen(beta_hatNE$hessian)$values

[1] 9.530191e+06 2.702772e+03 1.319444e+03 1.132749e+03 4.973750e+02
[6] 1.459956e+02 4.760497e+01 2.799502e-01

eigen(beta_hatOK$hessian)$values

[1] 1.267847e+07 3.586752e+03 1.760470e+03 1.514948e+03 6.626796e+02
[6] 1.938259e+02 6.342030e+01 3.721925e-01

eigen(beta_hatSD$hessian)$values

[1] 5.923317e+06 1.680482e+03 8.204595e+02 7.044916e+02 3.079190e+02
[6] 9.078123e+01 2.953713e+01 1.740434e-01

The output from this R procedure therefore gives the —̂ used to form the fitted values
given in eq. (11).
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A Test for Overdispersion

The residuals, ‘it, of the Poisson regression model of eq. (10) have the form

‘it = Yit ≠ Ê[Yit|xit] (41)

where the conditional expectation is a stochastic quantity depending on —̂ for each
level of the predictors. If the data Yit truly arise from eq. (30), then the conditional
expectation of eq. (41) is valid and

E[‘it|xit] = E[Yit|xit] ≠ E[Ê[Yit|xit]] = 0. (42)

since the —̂ are consistent [8]. Using the definition of the variance and the result of
eq. (42), observe that

V ar[Yit|xit] = E[(Yit ≠ E[Yit|xit])(Yit ≠ E[Yit|xit)] (43)

which, when estimated, gives,

ˆV ar[Yit|xit] = E[(Yit ≠ Ê[Yit|xit])(Yit ≠ Ê[Yit|xit)]

a product of the residuals as defined in eq. (41). By the law of large numbers, the
quantity of eq. (43) can be approximated by

ˆV ar[Yit|xit] = (yit ≠ Ê[Yit|xit])2 (44)

Therefore, in order to test for general overdispersion of the form given in eq. (4),
rearrange it to get
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V ar[Yit|xit] ≠ ⁄t = –⁄2
t (45)

and estimate the eq. (45) using the fitted values from the Poisson regression- ⁄̂t given
in eq. (11)- and the estimated variance of eq. (44) to get:

(yit ≠ ˆE[Yit|xit])2 ≠ Ê[Yit|xit] = –Ê[Yit|xit]2 (46)

Dividing eq. (46) by the fitted values of eq. (11) gives the estimated variance to mean
ratio analogous to the quantity presented in eq. (8),but with time and sea surface
temperature(SST) controlled

(yit ≠ Ê[Yit|xit])2 ≠ Ê[Yit|xit]
Ê[Yit|xit]

= –Ê[Yit|xit]2

Ê[Yit|xit]
. (47)

A careful interpretation of eq. (47) suggests that testing for overdispersion involves
examining whether, after controlling for fixed e�ects through the Poisson regression
and hence removing the variables that explain the “Poisson” portion of the variation,
the residuals demonstrate a certain relationship to the estimated means. Superficially,
testing for overdisperison means testing the need for adding a variance term –⁄t to
the Poisson variance, that is

H0 : – = 0 (48)
HA : – ”= 0.

However, eq. (48) can be used as the basis for running an ordinary regression model
of the form

(yit ≠ Ê[Yit|xit])2 ≠ Ê[Yit|xit]
Ê[Yit|xit]

= –Ê[Yit|xit] + uit (49)
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where the – functions as a slope parameter.Therefore, testing the hypothesis of eq. (48)
involves testing the significance of the slope parameter in the regression of eq. (49).
Since – = 0 the slope parameter is shown to be asymptotically normal[9] under the
null hypothesis, we can employ regular t-tests to assess eq. (48).

Derivation of the Negative Binomial From the Poisson Model

According to the model given in eq. (6), since both Yit and –i are random variables,
their joint density can be derived from combining the Gamma pdf with the mixed
Poisson specification of eq. (34) to get

P[Yit, –i|⁄t] = e⁄
t

–
i(⁄t–i)y

t

yt!
“„

�[„]–
„≠1
i e“–

i , yit = 0, 1, 2, 3, ..., “ > 0, „ > 0. (50)

Marginalizing eq. (50) over –i involves evaluation of the integral

P[Yit|⁄t] =
⁄ Œ

–
i

=0
P[Yit, –i|⁄t] d–i

which has the form

“„⁄y
it

t

�[„]yit!

⁄ Œ

–
i

=0
–y

it

+„≠1
i e–

i

(“+⁄
t

) d–i, (51)

a constant multiplied by the integral of a Gam(yit + „, “ + ⁄t) kernel. The integral of
eq. (51) is thus the normalizing constant of this density. Applying this fact to eq. (51)
gives the marginal density of Yit which has closed form

“„⁄y
it

t �[„ + yit]
�[„]yit! (“ + „)„+y

it

= �[„ + yit]
�[„]yit

( “

“ + ⁄
)„( ⁄t

⁄t + “
)y

it . (52)

The expression of eq. (52) is the kernel of a negative binomial pmf with dispersion
parameter “, yielding eq. (14).Computation of the maximum likelihood estimates from
the likelihood function
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L[⁄t, ..., ⁄65|yi1, ..., yi65] = �[„i + q65
t=1 yit]

�[„i]�T
t=1yit!

( “i

“i + qT
t=1 ⁄t

)„[i](
qT

t=1 ⁄t

“i + qT
t=1]⁄t

)
q

T

t=1 y
it

(53)

can be obtained by expanding the gamma function and its derivative-the digamma-
using partial fraction expansions in eq. (53) [4].

Simulation-Based Significance Tests for the Negative Binomial Regression

Based on likelihood theory, the —̂ estimators furnished by maximizing the likelihoods
of generalized linear models each follow a normal distribution

—̂ ≥ N(—, ‡2
—̂
) (54)

centered at their true theoretical mean, —, with variance taken from the diagonal
of the inverse matrix of second derivatives of the log-likelihood function [9]. Given
extensive theory surrounding MLE estimation of generalized linear models, we rely on
computer generated output to test

H0 : —̂ = 0 (55)
HA : — ”= 0

within the context of the negative binomial regression model based on of eq. (14). I
employ simulation to directly build the empirical distribution of each of the regression
estimators of found significant from the negative binomial model output reported
in Figures 10 and 11 of the Graphical Appendix. Using this empirical distribution,
—̂1, ... · · · —̂k, as the HA specification, I rely on result of eq. (54) to simulate the
distributions of each — under H0 of eq. (55) according to

—0 ≥ N(0, ‡2
—̂
).
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Choosing a traditional significance level of .05 for the test yields critical regions based
on the empirical quantiles of the null simulated distribution. Formally speaking,
if —1

0 . . . , —k
0 are k simulated draws from the null distribution of eq. (55), then the

empirical .025 and .975 quantiles can be defined as the values —ú
0 and —úú

0 that satisfy

1
s

kÿ

s=1
I[—s

0 Æ —ú
0 ] = .025 (56)

and

1
s

kÿ

s=1
I[—s

0 Æ —úú
0 ] = .975, (57)

respectively. Since the p-value is defined as the probability of observing a —0 more
extreme than the —̂ reported in the output of Figure 10 or 11, one can estimate this
p-value by aggregating the number of —k

0 that exceed the actual —̂ value associated
with each covariate in Figures 10 and 11. Symbolically, the simulation based p-value
can be approximated by

1
s

kÿ

s=1
I[—s

0 Ø —̂]. (58)

Rather than exclusively using a simulation based p-value to measure the significance of
the resulting —̂ coe�cients, we calculate the posterior probability that H0 of eq. (55)is
true for those parameters —̂ with significant p-values according to eq. (58). Using
Bayes Theorem, the posterior probability of H0 can be written as

P[H0|p Æ .05] = P[p Æ .05|H0]P[H0]
P[p Æ .05] = P[p Æ .05|H0]P[H0]

P[p Æ .05|H0]P[H0] + P[p Æ .05|HA]P[HA] ,

(59)

a conglomerate of prior probabilities placed on the hypotheses based on previous
findings and quantities that can be estimated from simulations.
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Specifically, the numerator and denominator of eq. (59) feature the quantity P[p Æ
.05|H0]- the chosen significance level of the test of eq. (55)-.05. The quantity P[p Æ
.05|HA] is the power of the simulated test, or the probability of getting a significant
p-value under the HA. Having simulated —̂k from the HA, we can use this distribution
to compute a simulation based estimation of power based on

1
s

kÿ

s=1
I[—̂s Ø —úú

0 ] +
kÿ

s=1
I[—̂s Æ —ú

0 ],

the proportion of the total number of the —̂s simulated from the HA that fall above
—úú

0 or below —ú
0 defined in eq. (56) and eq. (57),respectively.

P[H0] of eq. (59) refers to the probability that the null of eq. (55) is true prior to
running the regressions. Given Elser and Widen’s (2014) findings regarding the
strength of the Western Carribean sea surface temperature (WCA) in explaining
tornadic activity in Kansas as well as the theoretically justified inclusion of a time
trend,Y eart, as discussed in section 3.1.2, we have chosen the null hypothesis priors

P[H0] = .3 for tests of —W CA

and

P[H0] = .3 for tests of —Y ear
t

. (60)

In contrast, the lack of any indisputable data-driven evidence suggesting a linear
relationship between February Pacific Ocean temperatures- PAC1,PAC2,PAC3, and
PAC4-and tornadic acitivty in central Plains [3] suggests non-informative priors

P[H0] = .5 for tests of —P AC1, —P AC2, —P AC3, —P AC4. (61)

Using the priors given in eq. (60) and eq. (61), we can calculate eq. (27) for the
covariates deemed significant by the traditional p-values from the model fits of eq. (21).
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Metropolis Approximation Implementation

The following R code implements the Metropolis Approximation to the posterior
conditional density given in eq. (24).

#starting value

beta_cur=c(0,0)

#update function#

betamet_update=function(beta_cur,alpha,s){
#standard dev of jump density

#jump proposal density-normal centered on the current value of intercept 
and year

beta_star=rnorm(2,mean=c(beta_cur[1],beta_cur[2]),sd=c(1,1))

y=subset(data2$freq,as.numeric(data2$State)==s)
x=subset(data2$Yearc,as.numeric(data2$State)==s)
sumy=sum(y)

#These quantities come from actually expanding the posterior pr(beta|

y,alpha)

sumpred_star=sum(exp(beta_star[1]+beta_star[2]*x))
sumpred_cur=sum(exp(beta_cur[1]+beta_cur[2]*x))
betaint_quad_star=beta_star[1]*65-((beta_star[1]*beta_star[1])/
(2*sig_betaint*sig_betaint)) betayr_quad_star=beta_star[2]*(sumy-
(1/2*(sig_betayr*sig_betayr))*beta_star[2])
betaint_quad_cur=beta_cur[1]*65-((beta_cur[1]*beta_cur[1])/
(2*sig_betaint*sig_betaint)) betayr_quad_cur=beta_cur[2]*(sumy-
(1/2*sig_betayr*sig_betayr)*beta_cur[2])
#compute ratio-r

r=exp(-alpha*sumpred_star+betaint_quad_star+betayr_quad_star)/exp(-
alpha*sumpred_cur+betaint_q

uad_cur+betayr_quad_cur)

#simulate uniform to decide acceptance

beta=c()
if(r>runif(1)){beta=beta_star}
else{beta=beta_cur}
return(beta)

}
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"Knit"-ing: Reproducible Results

“Knitr” is a novel interface for dynamically generating reproducible reports. The
software embeds the statistical functionality of R within the aesthetically pleasing
typesetting framework of LaTex. R interacts with LaTex via “chunks” or snippets
of R code that can be inserted at strategic points in a “Knitr” document to produce
output within the document. The R code seen in preceeding sections is an example of
the R input included in these “chunks”. The program stores this “chunk” input in a
markdown file used to generate the actual pdf output. Access to the underlying .Rmd
document allows not only access to the report, but access to the chunks containing
the nuts-and-bolts of the code used to create the graphics and tables used in the
report. The importance of reproducing results both in the statistical sense and the
mechanical or functional sense renders programs like “knitr” indispensible component
of a statisticians toolbox.
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Graphical Appendix: Tables and Figures

Estimate Std. Error z value Pr(>|z|)
(Intercept) 0.2864 12.1686 0.02 0.9812

Yearc 0.4782 0.0715 6.69 0.0000
PAC1c 0.1553 0.2114 0.73 0.4626
PAC2c 0.0210 0.3181 0.07 0.9473
PAC3c 0.0125 0.3356 0.04 0.9703
PAC4c -0.2503 0.2703 -0.93 0.3544
GAKc 0.0697 0.0761 0.92 0.3596
WCAc -0.0286 0.2201 -0.13 0.8967

(a) AL

Estimate Std. Error z value Pr(>|z|)
(Intercept) 12.3126 12.6902 0.97 0.3319

Yearc 0.2339 0.0742 3.15 0.0016
PAC1c 0.2236 0.2192 1.02 0.3078
PAC2c -0.0861 0.3293 -0.26 0.7937
PAC3c -0.1480 0.3516 -0.42 0.6737
PAC4c 0.1107 0.2839 0.39 0.6965
GAKc -0.0955 0.0792 -1.21 0.2280
WCAc 0.1133 0.2298 0.49 0.6219

(b) GA
Estimate Std. Error z value Pr(>|z|)

(Intercept) -12.5053 11.7176 -1.07 0.2859
Yearc 0.4794 0.0690 6.95 0.0000

PAC1c 0.2221 0.2032 1.09 0.2743
PAC2c -0.3600 0.3056 -1.18 0.2389
PAC3c 0.1947 0.3235 0.60 0.5473
PAC4c -0.0645 0.2608 -0.25 0.8046
GAKc -0.0198 0.0730 -0.27 0.7859
WCAc -0.2635 0.2123 -1.24 0.2146

(c) MS

Estimate Std. Error z value Pr(>|z|)
(Intercept) 0.0254 11.1467 0.00 0.9982

Yearc 0.4064 0.0652 6.23 0.0000
PAC1c 0.0591 0.1909 0.31 0.7569
PAC2c -0.2240 0.2885 -0.78 0.4374
PAC3c 0.7089 0.3040 2.33 0.0197
PAC4c -0.7194 0.2451 -2.93 0.0033
GAKc -0.2066 0.0694 -2.98 0.0029
WCAc 0.0977 0.2020 0.48 0.6286

(d) LA
Estimate Std. Error z value Pr(>|z|)

(Intercept) 14.5927 15.9168 0.92 0.3592
Yearc 0.3706 0.0930 3.99 0.0001

PAC1c -0.0415 0.2752 -0.15 0.8801
PAC2c -0.3154 0.4143 -0.76 0.4465
PAC3c 0.4609 0.4393 1.05 0.2941
PAC4c -0.4170 0.3548 -1.18 0.2399
GAKc -0.0494 0.0992 -0.50 0.6183
WCAc 0.3524 0.2878 1.22 0.2209

(e) AR

Figure 10: Full Model Negative Binomial Fits-Dixie Alley
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Estimate Std. Error z value Pr(>|z|)
(Intercept) 24.3533 10.5928 2.30 0.0215

Yearc 0.0369 0.0614 0.60 0.5472
PAC1c 0.0847 0.1823 0.46 0.6421
PAC2c -0.1400 0.2739 -0.51 0.6093
PAC3c 0.3658 0.2907 1.26 0.2083
PAC4c -0.4568 0.2355 -1.94 0.0525
GAKc 0.0433 0.0659 0.66 0.5110
WCAc 0.4522 0.1913 2.36 0.0181

(a) OK

Estimate Std. Error z value Pr(>|z|)
(Intercept) 20.1154 11.8799 1.69 0.0904

Yearc 0.2330 0.0689 3.38 0.0007
PAC1c -0.3882 0.2048 -1.90 0.0581
PAC2c 0.4298 0.3070 1.40 0.1615
PAC3c -0.1426 0.3265 -0.44 0.6623
PAC4c 0.0981 0.2644 0.37 0.7108
GAKc -0.1166 0.0738 -1.58 0.1141
WCAc 0.3122 0.2145 1.46 0.1456

(b) KS
Estimate Std. Error z value Pr(>|z|)

(Intercept) 14.7622 11.5048 1.28 0.1994
Yearc 0.2501 0.0670 3.73 0.0002

PAC1c -0.1336 0.1993 -0.67 0.5025
PAC2c 0.0366 0.2992 0.12 0.9027
PAC3c 0.1137 0.3172 0.36 0.7199
PAC4c -0.2114 0.2564 -0.82 0.4097
GAKc 0.0598 0.0717 0.83 0.4044
WCAc 0.2788 0.2078 1.34 0.1797

(c) NE

Estimate Std. Error z value Pr(>|z|)
(Intercept) 17.2326 11.2706 1.53 0.1263

Yearc 0.3959 0.0659 6.01 0.0000
PAC1c -0.1638 0.1953 -0.84 0.4015
PAC2c 0.0980 0.2944 0.33 0.7391
PAC3c 0.2078 0.3100 0.67 0.5026
PAC4c -0.2102 0.2499 -0.84 0.4002
GAKc -0.0268 0.0701 -0.38 0.7020
WCAc 0.3218 0.2038 1.58 0.1144

(d) IA
Estimate Std. Error z value Pr(>|z|)

(Intercept) -21.3737 10.7216 -1.99 0.0462
Yearc 0.5726 0.0637 8.99 0.0000

PAC1c -0.0102 0.1879 -0.05 0.9568
PAC2c -0.4484 0.2843 -1.58 0.1147
PAC3c 0.7179 0.2939 2.44 0.0146
PAC4c -0.3576 0.2357 -1.52 0.1293
GAKc 0.1061 0.0666 1.59 0.1108
WCAc -0.3044 0.1943 -1.57 0.1173

(e) MN

Estimate Std. Error z value Pr(>|z|)
(Intercept) -1.5468 14.9429 -0.10 0.9176

Yearc 0.3118 0.0871 3.58 0.0003
PAC1c -0.0737 0.2585 -0.28 0.7757
PAC2c -0.3892 0.3886 -1.00 0.3165
PAC3c 0.5334 0.4111 1.30 0.1944
PAC4c -0.1473 0.3325 -0.44 0.6577
GAKc 0.0006 0.0928 0.01 0.9950
WCAc 0.0137 0.2702 0.05 0.9594

(f) SD
Estimate Std. Error z value Pr(>|z|)

(Intercept) -35.8314 11.6730 -3.07 0.0021
Yearc 0.4921 0.0686 7.17 0.0000

PAC1c 0.0597 0.2021 0.30 0.7675
PAC2c -0.2342 0.3031 -0.77 0.4396
PAC3c 0.4045 0.3179 1.27 0.2031
PAC4c -0.3452 0.2566 -1.35 0.1786
GAKc 0.0394 0.0726 0.54 0.5874
WCAc -0.6071 0.2112 -2.87 0.0041

(g) ND

Figure 11: Full Model Negative Binomial Fits-Tornado Alley
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Table 1: Posterior Null Probabilities for Year Covariates

P[H0|p Æ .05]

Y earLA 0.0476190
Y earAL 0.0476190
Y earGA 0.0632911
Y earAR 0.0519031
Y earMS 0.0476190
Y earOK 0.4054054
Y earKS 0.0476190
Y earNE 0.0526316
Y earIA 0.0479233
Y earMN 0.0476190
Y earSD 0.0566038
Y earND 0.0476190

Table 2: Posterior Null Probabilities for SST Covariates

P[H0|p Æ .05]

PAC3LA 0.0746269
PAC4LA 0.0570342
GAKLA 0.0857143
PAC4OK 0.1162791
WCAOK 0.0731707
PAC3MN 0.0697674
WCAND 0.0617284
PAC1KS 0.0553506
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Estimate Std. Error z value Pr(>|z|)
(Intercept) 2.3859 0.1396 17.09 0.0000

Yearc 0.5038 0.0671 7.50 0.0000
(a) AL

Estimate Std. Error z value Pr(>|z|)
(Intercept) 2.6538 0.1426 18.61 0.0000

Yearc 0.2442 0.0695 3.52 0.0004
(b) GA

Estimate Std. Error z value Pr(>|z|)
(Intercept) 2.5406 0.1324 19.19 0.0000

Yearc 0.4464 0.0638 7.00 0.0000
(c) MS

Estimate Std. Error z value Pr(>|z|)
(Intercept) 2.5716 0.3107 8.28 0.0000

Yearc 0.3835 0.0688 5.58 0.0000
PAC3c -0.0070 0.0775 -0.09 0.9284

(d) LA
Estimate Std. Error z value Pr(>|z|)

(Intercept) 2.6049 0.1761 14.80 0.0000
Yearc 0.3399 0.0860 3.95 0.0001

(e) AR

Figure 12: Reduced Negative Binomial Model Fits-Dixie Alley

Estimate Std. Error z value Pr(>|z|)
(Intercept) 31.2664 10.3064 3.03 0.0024

PAC4c -0.0746 0.0865 -0.86 0.3887
WCAc 0.5100 0.1902 2.68 0.0073

(a) OK

Estimate Std. Error z value Pr(>|z|)
(Intercept) 2.5109 1.6020 1.57 0.1170

Yearc 0.2505 0.0654 3.83 0.0001
PAC1c -0.0727 0.1042 -0.70 0.4855

(b) KS
Estimate Std. Error z value Pr(>|z|)

(Intercept) 3.2435 0.1272 25.50 0.0000
Yearc 0.2637 0.0622 4.24 0.0000

(c) NE

Estimate Std. Error z value Pr(>|z|)
(Intercept) 2.8320 0.1266 22.36 0.0000

Yearc 0.3917 0.0614 6.38 0.0000
(d) IA

Estimate Std. Error z value Pr(>|z|)
(Intercept) -17.9978 10.9758 -1.64 0.1011

Yearc 0.5370 0.0619 8.67 0.0000
PAC3c 0.2021 0.0682 2.96 0.0030
WCAc -0.3779 0.1989 -1.90 0.0574

(e) MN

Estimate Std. Error z value Pr(>|z|)
(Intercept) 2.8086 0.1654 16.98 0.0000

Yearc 0.2517 0.0810 3.11 0.0019
(f) SD

Estimate Std. Error z value Pr(>|z|)
(Intercept) -32.6250 11.2335 -2.90 0.0037

Yearc 0.4643 0.0642 7.23 0.0000
WCAc -0.6291 0.2025 -3.11 0.0019

(g) ND

Figure 13: Reduced Negative Binomial Model Fits-Tornado Alley
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(a) AL (b) MS

(c) GA (d) AR

(e) LA

Figure 14: Reduced Negative Binomial Fitted Tornado Counts By Year-Dixie Alley
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(a) KS (b) NE

(c) SD (d) IA

(e) MN (f) ND

Figure 15: Reduced Negative Binomial Fitted Tornado Counts By Year -Tornado
Alley
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(a) MN (b) ND

(c) LA

Figure 16: Reduced Negative Binomial Fitted Tornado Counts By SST Region
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