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Error Using Bistatic Reflection 

by 
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SUPERVISOR: Alan Bovik 

 Bistatic Sonar involves the transmission of a signal from a source, reflection of 

the signal from a target, and the reception of the signal by a receiver. Real-world 

environmental errors make target localization for underwater bistatic sonar a difficult 

task. The bistatic equation is used to calculate the range between the receiver and target 

location using geometric information, the travel time of the signal from the source to the 

receiver, and the estimated underwater sound speed. Using the receiver to target range 

and bearing allows the receive ship to observe where the target ship is located. Due to the 

complexity of the bistatic equation, it is necessary to model these real-world 

environmental errors with computer simulations to improve target localization for bistatic 

sonar. In this thesis, Monte Carlo simulations will be used to model bistatic sonar for two 

different real-world environments using three likely error input scenarios and also to 

determine the variables that have the most influence on target localization error. 
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Chapter 1: Introduction 

A persistent challenge in underwater acoustic signal processing is environmental 

error, especially in the ocean. Because of the vastness of the ocean, researchers use sound 

waves that can travel long distances in the water. Sound waves allow researchers to map 

underwater terrain in a quick and efficient way and detect the range and orientation of a 

submerged object. There are multiple methods of using sound waves to detect submerged 

objects, but one, of particular interest, is bistatic sonar, which has a source ship transmit a 

signal that is later received by an entirely separate ship. This forms a triangle 

configuration between the source, target, and receive ships [1]. 

Assuming the receive ship can estimate travel time and receiver bearing 

information of the signal, it must now calculate the location of the contact given 

geometric information from this triangle configuration between all three entities, the 

estimated sound speed in the water, and the time it takes for the signal to travel from the 

source ship to the receive ship. This information can be represented in a single equation, 

known as the bistatic equation. Using the range and bearing from the receiver to the 

target makes it possible to estimate the location of the target. However, the influence of 

environmental errors on the inputs to the bistatic equation can significantly impact the 

output of the bistatic equation. The objective of this thesis is to use Monte Carlo 

simulations to model bistatic sonar for two different real-world environments using three 

likely error input scenarios and also to determine the variables that have the most 

influence on the target localization error. 
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1.1 Active Sonar 

In underwater acoustics, active sonar refers to a method of obtaining the 

characteristics of unknown objects in the ocean through the active transmission of a 

sound signal. First, a sound signal is transmitted by a transducer and propagates through 

the ocean. Then, the sound signal reflects off of an object and travels back to where it 

originated or to another receive ship for analysis to determine the range and bearing of 

the contact of interest. It is very common for active sonar to be used with monostatic 

sonar, in which the source and receive ships are one in the same. Active sonar is also 

used with bistatic sonar, in which the source and receive ships are different from each 

other [1].  

1.2 Monostatic and Bistatic Sonar 

Monostatic Sonar occurs when a source transmits a signal, that signal reflects off 

of an object of interest, and then returns back to the source for analysis. The amplitude 

and travel time of the received signal are recorded. Monostatic sonar is very useful 

because creating a signal from and retrieving from the same location makes it relatively 

easy to compute the distance between the receiver and target ship. However, as stated 

before, monostatic sonar allows other ships including the contact of interest to hear the 

transmitted signal. The configuration of the target, source, and receiver for a monostatic 

sonar in x-y space can be seen in Figure 1.1 with a an observed bearing angle from true 

north to the target ship, 𝜃𝑅𝑇, and an observed range between the target and receiver, 𝑑𝑅𝑇. 



3 

 

 
Figure 1.1: Source-Target-Receiver Geometric Configuration for Monostatic Sonar 

Bistatic sonar occurs when a source transmits a signal, that signal reflects off of a target 

of interest, and then travels to a receive ship for analysis [2]. The receive ship can be any 

ship within audible range of the signal transmission. 

Bistatic sonar geometry creates a triangular source-target-receiver configuration. 

This makes the range approximation between the receive ship and the target ship a 

trigonometric problem. The ranges between the source and target, 𝑑𝑆𝑇, receiver and 

source, 𝑑𝑅𝑆, and receiver and target, 𝑑𝑅𝑇 make up the three sides of the triangle, and the 

difference in the bearings from the receiver to the target, 𝜃𝑅𝑇, and the receiver to the 

source, 𝜃𝑅𝑆, make up the receiver angle of the triangle, 𝜃𝑇𝑅𝑆. It is important to note that 

all bearing angles in this thesis will be defined as starting from true north or the y-axis to 

be consistent with common usage. Figure 1.2 illustrates the source-target-receiver 

configuration in x-y space for bistatic sonar. 
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Figure 1.2: Source-Target-Receiver Geometric Configuration for Bistatic Sonar 

The observed distance that the sound wave travels from the source to the receiver 

can be estimated using equation 1.1.  

𝑑𝑅𝑇 + 𝑑𝑆𝑇 = 𝑐𝜏                                                      (1.1) 

In equation 1.1, c is the estimated sound speed in water, and 𝜏 is the measured travel time 

from the source to the target to the receiver [2]. 

It is now possible to determine what the measured distance from the receiver to 

the target, 𝑑𝑅𝑇, is for a bistatic equation. Equation 1.2 is derived from the trigonometric 

law of cosines. 

(𝑑𝑆𝑇)
2 = (𝑑𝑅𝑇)

2 + (𝑑𝑅𝑆)
2 − 2 ∙ (𝑑𝑅𝑇) ∙ (𝑑𝑅𝑆) ∙ cos(𝜃𝑇𝑅𝑆)                  (1.2) 
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Substituting𝑑𝑆𝑇 = 𝑐𝜏 −𝑑𝑅𝑇 into equation 1.2 and solving for the observed 

range from the receiver to the target, 𝑑𝑅𝑇, will yield the bistatic equation shown in 

equation 1.3.   

     𝑑𝑅𝑇 =
(𝑐𝜏)2−𝑑𝑅𝑆

2

2[𝑐𝜏−𝑑𝑅𝑆cos(𝜃𝑇𝑅𝑆)]
                                                     (1.3) 
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Chapter 2: Previous Work 

There are many important papers that provided useful insights on the subject of 

bistatic/multistatic sonar target localization. The four papers that were used the most for 

this thesis presented many different methods and observations that were useful for 

understanding and solving the target localization problem. The first paper titled 

“Multistatic Sonar Localization” used Monte Carlo simulations to determine what a 

multistatic sonar distribution will look like. This paper makes many assumptions. One of 

which includes using a Gaussian distribution with a predetermined mean and standard 

deviation to represent the error of each variable in the bistatic equation [3]. The second 

paper, “Performance Comparison of Target Localization for Active Sonar Systems,” 

looks at the performance between monostatic, bistatic, and multistatic sonar systems and 

runs diagnostic tests on them to see which one improves target localization [4]. The third 

paper, “Multistatic Localization Error Due to Receiver Positioning Errors,” looks at how 

the observed target position is affected by a change in the receiver position. It only looks 

at changes in the receive variables and makes a few assumptions to simplify the problem 

[5]. The fourth and final paper, which is titled “Optimal Geometry Analysis for 

Multistatic TOA Localization,” investigates the optimal configurations of the target-

source-receiver geometry to solve the target localization problem [6].  

2.1 Multistatic Sonar Localization 

In the paper “Multistatic Sonar Localization”, a model of bistatic contact-

localization statistics is created using the “source-target-receiver geometry, source and 
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receiver location errors, sound-speed errors, time and bearing errors, and array-heading 

errors” [3].  Error mapping is left two-dimensional in their paper by neglecting the depth 

component, and ignoring multipath arrivals, which they stated is reasonable for these 

observable geometries using a very low frequency active sonar; however, if the source 

and receiver are closer, these assumptions fail [3]. 

Errors modeled as a Gaussian distribution were applied to the different 

components of the bistatic equation, or equation 1.3, to find the observed range from the 

receiver to the target. In order to quantify the localization error, they tried to find the 

estimated target location, and the mean of the target localization error. By using cartesian 

coordinates, they were able to apply a linear Kalman filter instead of applying an 

extended Kalman filter, which they would have done if they had used polar coordinates. 

Then, an error estimate was obtained to compare the actual Monte Carlo simulated results 

to verify the accuracy of the covariance matrix elements. These error estimation 

calculations followed the small-error assumptions, which permitted using the first-order 

linearization expression. They then represented the bias errors in contact-localization and 

the measurement covariance matrix by setting the x-y positions to the mean x-y value and 

the covariance matrix to the error estimate of the covariance matrix. To test the accuracy 

of a source-target-receiver geometry with an assumed array heading, they generated a 

large quantity, N, of observed target locations and found the unbiased estimates of the 

mean and covariance of the generated distribution and compared those to estimated mean 

target location and the estimated error covariance matrix respectively [3]. 
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They found that as the number of samples increased, the estimation error 

decreased. This showed that the localization expressions are practically unbiased, and the 

localization accuracy from the analytical expressions and the actual localization accuracy 

from the Monte Carlo simulations were very similar. They went on to show the 

distribution of contacts in a variety of different geometric configurations and noted that at 

long distances the influence of localization accuracy of bearing errors was greater than 

the influence of localization accuracy of time errors [3].  

Their findings suggest that the influence of bearing errors in their particular 

geometry is relatively small close to the receiver; however, these errors increased as the 

target distance from the receiver increases. The influence of time errors is large when it is 

between the source and receiver, but is about the same for every other source-target-

receiver configuration. Also, the influence of sound speed errors increases as the distance 

between the target and the source or receiver increases. They explain that there are some 

configurations of the source-target-receiver geometry where the localization accuracy is 

not very precise; however, if there are multiple source receiver pairs then the fusion of 

the data from these different source-target-receiver geometries can be combined to 

produce a more accurate multistatic contact. Using this improved multistatic contact can 

then be further improved over time using known target-tracking techniques [3].   

During their tests, they encountered some validation issues. They state that “the 

analytical expressions for target localization will be evaluated using sensor 

measurements. Thus, the measurement covariance matrix will differ slightly from (the 

covariance matrix that they used), which is evaluated using knowledge of the true target 
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location” [3]. Their calculations have the underlying assumption that the correlation 

between the speed of sound and bearing measurements is very small, and can therefore be 

excluded from the calculation of the covariance matrix. They go on to say that it may be 

important to find the correlation between contact-localization errors because these errors 

are all used for target localization [3]. 

They conclude that the accuracy of their localization statistics matched what they 

had derived analytically with Monte Carlo simulations of the source-target-receiver 

geometry using the generalized error statistics for measurements of the source and 

receiver locations, sound speed, time, bearing, and array heading. They state that their 

“study shows that the impact of measurement errors to localization accuracy depends 

highly on the source-target-receiver geometry. This dependence can be mitigated, and 

overall localization errors can be reduced through the use of multiple source–receiver 

pairs, i.e., multistatics, coupled with contact data fusion. The improved accuracy 

identifies a potential benefit of multistatic systems for undersea surveillance” [3].  

 The methods used in their paper for error estimation are very much like the 

methods that will be used in this paper; however, their paper worked under the 

assumption to model the error of all of the variables in the bistatic equation as a normal 

Gaussian distribution with a predetermined mean and standard deviation. Instead of using 

a normal Gaussian distribution to represent the sound speed error, this thesis will use 

gridded fields of localized sound speed estimates (specifically Navy Coastal Ocean 

Model, or NCOM  Fields) to represent the error due to sound speed. This error estimation 

method will be explained further in Chapter 3. Also, their paper looked at the impact of 
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all of the different errors independently; however, this thesis will observe the impact that 

combinations of errors have on the estimated target location.  

2.2 Performance Comparison of Target Localization for Active Sonar  

An assessment between the performance of monostatic, bistatic, and multistatic 

active sonar was performed in the paper “Performance Comparison of Target 

Localization for active sonar.” They confirmed that similar research has already been 

conducted for modeling and fusing multistatic sonar data for target localization. In their 

paper, they looked at the target localization model for every active sonar system and then 

tested the performance of the monostatic, bistatic, and multistatic sonar using the least 

square method by testing them in many different noise environments with a varying 

number of receivers. They assumed that Rayleigh noise and Gaussian noise are the source 

of corruption for both their range and azimuth measurements. They also made the 

assumption that “the positions of transmitter and receivers are known a priori(,) the 

directivity of observation angle is omni-directional, e.g., 0-360o(, and) the variance of 

measurement information is also assumed to be known” [4].  

Using the bistatic configuration modeling technique as described in Section 1.3, they 

came to the conclusion that in order for multistatic sonar to have a significant 

performance improvement over monostatic sonar, the multiple receivers must be 

configured in an optimal arrangement around the target. For example, they used a 

configuration that shows a larger range and bearing error from the receiver to the target 

for bistatic sonar compared to monostatic sonar, which would not enhance the 

performance of bistatic sonar compared to monostatic sonar. However, they also show a 
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configuration where bistatic sonar has a smaller range and bearing error from the receiver 

to the target, so it actually performs better than the monostatic sonar in this case. Thus, 

the placement of the receiver sensor is crucial to its relative performance of monostatic 

sonar. It is important to add that they found that the RMSE (Root Mean Squared Error) 

drastically increases when the target is positioned between the source and receiver, 

making it a primarily useless bistatic configuration. [4]. This region is known as the 

direct blast masking region. 

They go on to explain that there are three different configurations for multistatic 

sonar: multiple transmitters and a single receiver, a single transmitter and multiple 

receivers, and multiple transmitters and multiple receivers. They only look at the second 

case where there is a single transmitter and multiple receivers. They present two separate 

methods for data fusion. The first is the Least Square (LS) method, which is trying to 

minimize the sum of the squares of the residual x-y error target positions with the 

estimated x-y target position and the residuals of the estimated range and each individual 

range between the target and the different receivers. The second method they propose is 

the Weighted Least Square (WLS) method, which is useful in data fusion because it is not 

as sensitive to noisy measurements unlike the LS method. The WLS method is the same 

as the LS method except each measurement is weighted by that measurements level of 

confidence [4].    

They performed a Monte Carlo simulation 100 times for a single target and used an 

RMSE comparison for the three different sonar configurations at three different target-

source-receiver angles. For every single case the average RMSE of the multistatic sonar 
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outperformed that of the monostatic and bistatic sonar at different standard deviations for 

the range noise and azimuth noise using the LS method. They then tested the 

performance of monostatic, bistatic, and multistatic sonar using Monte Carlo simulations 

for both the LS and WLS method at different standard deviations for range noise and the 

azimuth noise. The WLS method showed a small improvement in RMSE value over the 

LS method for receivers that shared identical accuracy likelihood and a larger 

enhancement in RMSE value over the LS method for receivers that did not share the 

same accuracy likelihood. They also ran a test by increasing the number of receivers and 

determined there was some improvement by adding more receivers. By adding a fourth, 

fifth and sixth receiver, the improvement percentage increased by approximately 10% 

each time; however, the percentage improvement decreased as more receivers were 

added. Also, they plotted the RMSE for 4-10 receivers at increasing distances between 

the transmitter and receiver to find that the RMSE values decreased to their lowest point 

when the transmitter and receiver were approximately 18,000m apart. As the distance 

between the transmitter and receiver increased after that, the RMSE values for the 

different number of receivers continued to increase as well, so they explain that 18,000m 

is the ideal range between the transmitter and receiver for target localization. [4]. 

They argue that even though bistatic sonar underperformed against monostatic sonar 

when the target was located between the transmitter and receiver, it outperformed 

monostatic sonar when the receiver was located in the region between the transmitter and 

target. They showed that the target localization error was lower for multistatic sonar as 

opposed to monostatic and bistatic sonar, and not as sensitive to measurement noise. 
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They found that an improvement of approximately 2.27% was obtained by using the 

WLS method over the LS method. They also discovered that the target localization was 

improved for a certain distance between the transmitter and receiver, approximately 

18,000 m in their particular case, and as the number of receivers increases, the RMSE 

will begin to converge, so there exists an optimal range between the transmitter and 

receiver and an optimal number of receivers for the ideal target localization performance 

[4]. 

Their paper revealed a detailed amount of information pertaining to the different 

active sonar systems; however, they make many assumptions to get to their results. Their 

assumption to use Rayleigh and Gaussian noise for range and azimuth measurement error 

does not take into account the varying sound speed along the path of the signal that would 

occur in the real world, creating a varied probability distribution. Another assumption 

they make is that the variance of the measurement information is already known. This 

makes their problem easier to solve and would not be applicable in a real world setting.  

2.3 Multistatic Localization Error Due to Receiver Positioning Errors 

The focus of the paper, “Multistatic Localization Error Due to Receiver 

Positioning Errors,” primarily dealt with the effect of receiver positioning errors on the 

accuracy of target localization for multistatic sonar. In this paper, they use multiple 

transmitters and receivers for target localization. Sound propagation is assumed to be in a 

two-dimensional space with a constant sound speed. This makes the problem easier to 

solve because it restricts the problem to only two dimensions. It makes converting 

between both range and time easier because this can be done with a single sound speed 
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value, and it also makes the matrices for the numerical technique that they use much 

simpler. However, they are ignoring environmental effects by only looking at these two 

dimensions. They also assume that the target echo from each transmitter can be detected 

by the sonar on each receiver, so any issues of detectability are ignored [5].   

 They used elliptical and hyperbolic fixing for target localization analysis. 

Basically, the target was constrained to lay on either an elliptical or hyperbolic curve for 

each receiver measurement, and the localization is achieved by defining the position 

closest to the intersection of these curves. A cost function is then used to combine the 

measurements from multiple receivers to try to find the target position, which only has 

two degrees of freedom, or an x and y coordinate. Their process involved finding 

derivative matrices for the elliptical and hyperbolic constraints and the approximated 

Hessian of the elliptical cost function. They then used these matrices to calculate the 

target error from the receiver position error [5]. 

In their analysis, they looked at four different target-source-receiver configuration 

examples: two receivers and one transmitter with elliptical constraints, two receivers and 

two transmitters with elliptical constraints, two receivers and two transmitters with 

elliptical and hyperbolic constraints, and three receivers and one transmitter with 

elliptical and hyperbolic constraints. They plotted the configuration and the scale factor 

of error that would be experienced with a small change in the receiver location, which 

can be found in their paper. In their conclusion, they state that they successfully created a 

simple algorithm that uses a two-dimensional cost function technique to find the target 

error given the receiver position error input. They also found that the receiver field, 
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receiver positioning, and the transmitter geometry are very important factors to determine 

the accuracy for target localization [5].  

 One thing that they did not do in their paper was look at the trade-off between the 

area of effective coverage and the receiver position accuracy, which could be done by 

setting a predetermined target accuracy for several bistatic sonar configurations of 

interest. Then given the receiver position accuracy, the area of effective coverage where 

the predetermined target accuracy is satisfied would show the trade-off between the 

receiver positioning accuracy and the target accuracy. However, the analysis would be 

limited to the effects of errors for the estimated receiver position. They also only looked 

at receiver position errors, which have an effect on the bistatic equation. They did not 

account for other environmental errors, and also used approximations for their cost 

function.             

2.4 Optimal Geometry Analysis for Multistatic TOA Localization 

 In the paper “Optimal Geometry Analysis for Multistatic TOA Localization,” 

Nguyen and Dogancay perform an analysis of the optimal geometries for a two-

dimensional time of arrival localization configuration using one source and multiple 

receivers. Their analysis consists of minimizing the confidence region for their area of 

estimation by maximizing the determinant of the Fisher information matrix [6]. In their 

paper, they claim that contrary “to other localization techniques, optimal sensor 

placement for elliptic-TOA-based localization has not been fully examined in the 

literature despite the fact that the multistatic setting can provide numerous performance 

advantages” [6].  
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They found that an optimal geometry was obtained by placing multiple receivers 

along two lines. One line of receivers was set at a bearing of +
𝜋

3
 radians, or +60𝑜, from 

the line intersecting the target to the source and the other was set at bearing of −
𝜋

3
 

radians, or  −60𝑜, from the line intersecting the target to the source. Figure 2.1 illustrates 

what their target-source-receiver configuration looks like.  

 
Figure 2.1: Optimal Geometry Used for Analysis Reproduced from Ref. [6] 

 They show in their analysis that the optimal geometries for localization have 

similar geometric configurations regardless of the different number of receivers and noise 

variances that they use in their analysis, which requires that each receiver be collinear 
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along the lines that are at a bearing of ±
𝜋

3
 radians from the line intersecting the target and 

the source. Their paper verifies their analytical findings with simulation examples [6]. 

 They primarily focused on setting up the analytics for a time of arrival problem 

using Gaussian noise with a standard variance that they claim is commonly used when 

studying optimal sensor placement. The assumption that all clocks are synchronized is 

made. They do not look at other potential error variables such as the range between the 

source and receiver and the bearing from the receiver to the source. Their paper did carry 

some useful information about the optimal configuration for target localization, which 

can be seen in Figure 2.1. The symmetry of their set up is a limiting factor in their 

analysis, and an asymmetric configuration could have its own optimal placement of 

receivers. There may also be a geometric configuration that has a higher performance and 

reliability if receivers cannot stay stationary [6].  

The optimal target localization analysis in this paper will have receivers placed in 

different geometric configurations to see which variables in the bistatic equation have the 

most impact as well as to determine the position of receivers that will minimize the area 

of uncertainty for the location of the target.  
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Chapter 3: Methods 

 This Section describes exactly which techniques will be used to model bistatic 

errors. However, before performing any modeling, it is necessary to first perform a 

sensitivity analysis on the bistatic equation to determine which variables have the largest 

impact on the observed range from the receiver to the target and also the observed 

bearing from the receiver to the target. These two sets of information will be used in the 

sensitivity analysis to determine the average observed target location error from the 

perspective of the receive ship at different locations.  

Once the sensitivity analysis is completed, it is now time to start modeling real-

world bistatic environmental errors. In the first paper mentioned in Section 2, Multistatic 

Sonar Localization,” the ocean was modeled using Gaussian errors for all of the inputs of 

the bistatic equation. While this is a quick and efficient way to model the ocean 

environment, it does not take into account the variability of temperature, pressure, and 

salinity that exist in parts of the ocean such as the Gulf Stream in the Atlantic Ocean. 

These factors can influence the speed of sound in the ocean in such a way that it creates a 

gradient of sound speed values. The structure of a sound speed gradient can be more 

accurately represented by using data from the real world.  

In this paper, a technique will be used to model an underwater ocean environment 

with Monte Carlo simulations. This procedure involves the use of real-world NCOM 

fields as the source of error for the observed travel time calculation from the perspective 

of the receive ship. The first step will involve merely computing the observed target 
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location using the calculated travel time for two different underwater environments in the 

Gulf Stream and setting all other variables to their initial value.  The second step will 

repeat this method, but this time reasonable errors for other variables in the bistatic 

equation will also be applied during the Monte Carlo simulation. The technique will then 

be repeated for both the first and second methods using two different mappings of the 

sound speed grid, which will demonstrate two extremes of the dynamic range of the real 

world NCOM Fields. The first mapping will flatten the sound speed grid, and the second 

mapping will expand the sound speed grid.  By using the modeled NCOM Fields for the 

sound speed, the bistatic equation calculation will illustrate the effects a sound speed 

gradient will have on the observed target location from the perspective of the receive ship 

in comparison to other errors.   

3.1 Sensitivity Analysis 

In order to determine the precise bistatic configurations that present the least 

amount of variation from the environmental errors, it is necessary to look at the impact 

that each of the different variables in the bistatic equation has on the observed receiver to 

target range and bearing from the perspective of the receiver. This Section will describe 

two different sensitivity analyses. The first analysis focuses on using Monte Carlo 

simulations to model the average observed target location error for all of the components 

in the bistatic equation, and the second analysis focuses on using error from two different 

sound speed grids, which are described in more detail in Section 3.3, and setting all other 

variables to their initial conditions to model the average observed target location error 

from the perspective of the receive ship at different locations.  
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3.1.1 Average Observed Target Location Error Analysis 

The bearing error from the receiver to the target, 𝜃𝑅𝑇, will be modeled as a 

Gaussian distribution and independent of the other error variables. However, finding the 

dependence of the observed range, 𝑑𝑅𝑇, with respect to each of the five variables 

𝑐, 𝜏, 𝑑𝑅𝑆, 𝜃𝑅𝑆, and 𝜃𝑅𝑇 will require a more thorough analysis. The method that was used 

for looking at the average observed target location error with respect to each of these five 

variables was sampling the bistatic equation for an input of 10,000 Gaussian distributed 

random variables with a mean at the initial condition and a standard deviation that may 

differ for each of three scenarios as described in Sections 3.1.2-3.1.4. This process will be 

repeated for many different receiver ranges and bearings relative to the target assuming 

that the target and source are located in the same place each time.  

 The target was fundamentally set at the origin of a large x-y grid measured in 

kilometers (km). The source was positioned at a range of 10km and a bearing of 0o true 

north from the target, and the receiver was placed at various locations in a polar grid that 

started at a range of 4 km from the target and ended at a range of 20 km from the target. 

The receiver was located at a bearing of -145o relative to true north from the target and 

ended at a bearing of 145o relative to true north from the target. These ranges and 

bearings of the receiver relative to the target were chosen because they encompass an 

area where active sonar can create a bistatic sonar without the asymptotic effects that can 

occur when the target is located anywhere near the line connecting the source and 

receiver.  
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For every receiver position on this polar grid, one source of the bistatic error was 

sampled 10,000 times using a Gaussian distribution while the other variables were held 

constant. The observed target location was found by using the receiver to target range and 

bearing, and then the average observed target location error was found by averaging the 

range between the 10,000 observed target locations with the actual target location.  It is 

important to note that the receiver to target bearing, 𝜃𝑅𝑇, is the only variable in the 

bistatic equation that impacts both target localization components, which are itself and 

the receiver to target range, 𝑑𝑅𝑇. Therefore, if the receiver to target bearing, 𝜃𝑅𝑇, is 

assumed to be known perfectly, then the average observed target location error can be 

simplified to the average observed receiver to target range error. This range error is 

calculated by finding the average absolute difference between every observed target 

range, 𝑑𝑅𝑇,  and the actual receiver to target range where all other variables are set to 

their initial conditions. This process was repeated for every component in the bistatic 

equation and for each of the three scenarios of standard deviation values. 

3.1.2 Scenario 1 

The first scenario worked under the assumption that the source location was 

known with a pretty high accuracy, i.e., as if the transmit/receive ships were using GPS 

information to minimize the error in 𝑑𝑅𝑆 and 𝜃𝑅𝑆, and the source and receive ships had 

highly synchronized clocks to minimize the error in 𝜏. However, the receiver to target 

bearing was estimated with a Gaussian error with a standard deviation of one degree. For 

scenario 1, the modeled errors in the bistatic equation were set accordingly. The speed of 
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sound error was 𝑁 (1500
𝑚

𝑠
, 7.5

𝑚

𝑠
), the travel time error was 𝑁 ([

𝑑𝑅𝑆+𝑑𝑅𝑇

𝑐
] 𝑠, 0.01𝑠), the 

range error from the receiver to the source was 𝑁(𝑑𝑅𝑆20𝑚), the bearing error from the 

receiver to the source was 𝑁(𝜃𝑅𝑆, 0.1
𝑜) and the bearing error from the receiver to the 

target was 𝑁(𝜃𝑅𝑇 , 1.0
𝑜).  

3.1.3 Scenario 2 

The second scenario worked under the assumption that the source and receiver 

locations were both known with a pretty high accuracy by the receive ship using GPS 

information to minimize the standard deviation of 𝑑𝑅𝑆 and 𝜃𝑅𝑆 and the source and receive 

ships had highly synchronized clocks to minimize the standard deviation of 𝜏. The 

receiver to target bearing error was assumed to be reduced by an order of magnitude of 

one tenth of a degree, assuming a larger aperture sonar receive ray was used. For scenario 

2, the speed of sound error was 𝑁(1500
𝑚

𝑠
, 7.5

𝑚

𝑠
), the travel time error was 

𝑁 ([
𝑑𝑅𝑆+𝑑𝑅𝑇

𝑐
] 𝑠, 0.01𝑠), the range error from the receiver to the source was 𝑁(𝑑𝑅𝑆, 20𝑚), 

the bearing error from the receiver to the source was 𝑁(𝜃𝑅𝑆, 0.1
𝑜), and the bearing error 

from the receiver to the target was 𝑁(𝜃𝑅𝑇 , 0.1
𝑜).  

3.1.4 Scenario 3 

The third scenario did not use GPS and worked under the assumption that the 

source location was estimated acoustically by the receiver, by detecting the direct blast of 

the transmission and tracking/localizing it over time. This resulted in a large and time 

varying source to receiver range error, as well as a larger source to receiver bearing error 

because the direct blast arrival angle for the source was estimated in a similar way that it 
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was for the target. For this scenario, we are going to assume that the receive ship location 

errors are detected with an error that varied as a Gaussian distribution with a standard 

deviation of one degree, and the source and receive ships had clocks that were 

unsynchronized, thus the standard deviations of 𝜏, 𝑑𝑅𝑆, 𝜃𝑅𝑆, and 𝜃𝑅𝑇were all relatively 

high. For scenario 3, the speed of sound error was 𝑁(1500
𝑚

𝑠
, 7.5

𝑚

𝑠
), the travel time 

error was 𝑁 ([
𝑑𝑅𝑆+𝑑𝑅𝑇

𝑐
] 𝑠, 0.3𝑠), the range error from the receiver to the source was 

𝑁(𝑑𝑅𝑆, 1000𝑚), the bearing error from the receiver to the source was 𝑁(𝜃𝑅𝑆, 1.0
𝑜), and 

the bearing error from the receiver to the target was 𝑁(𝜃𝑅𝑇 , 1.0
𝑜).  

3.1.5 Sound Speed Grids 

 The final sensitivity analysis was performed on the two different environments 

that are described later on in Sections 3.3.1-3.3.2. Basically all variables in the bistatic 

equation were set to their initial conditions, and the travel time was calculated using the 

sound speed grids from the two different environments. This action was performed only 

once, and then the observed target location or more specifically the observed receiver 

target range was calculated. The magnitude of the difference between the observed 

receiver to target range and the actual receiver to target range was computed for every 

receiver position on the polar grid described earlier to see the effect of the sound speed 

grids on the observed target location error. 

3.2 Modeling the Impact of Gridded Sound Speeds on Bistatic Error 

In order to run a proper test to simulate signal travel time error, it is necessary to 

model the environment through which the signal will travel from the source to the 
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receiver. There are many factors such as temperature, pressure, and salinity that all have 

an impact on the sound speed in the ocean and will add an error to the travel time of the 

signal, which will ultimately alter the perceived location of the target from the point of 

view of the receiver. 

3.2.1 NCOM Fields 

NCOM fields used in this thesis were provided by the Naval Oceanographic 

Office (NAVOCEANO) and serve “as the Navy’s real-time operational global 

nowcast/forecast system. The Naval Research Laboratory developed NCOM based on the 

Princeton Ocean Model with time invariant hybrid (sigma over z) vertical coordinates.” 

The final product is an interpolated latitude-longitude grid with data containing 

information on salinity, temperature, pressure, and more for a large cluster of grid blocks 

in specific regions around the world [7]. 

3.2.2 Sound Speed Grid Calculation 

There are many different sound speed profiles that exist in an underwater ocean 

environment. Although a normal Gaussian distribution was used in the paper “Multistatic 

Sonar Localization” to represent the sound speed error, the sound speed profile can take 

many different forms; it can also be modeled as constant, linear, or quadratic. Figure 3.1 

shows what each of these different sound speed changes might look like across a 20km 

range. 
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Figure 3.1: Sound Speed Profiles in the Ocean 

 Using the three main factors that affect the sound speed in the ocean (temperature, 

pressure or depth, and salinity), a model was developed in the mid-twentieth century to 

approximate sound speed at depths of less than 1000m. This model, called the Medwin 

Model, will be used in this thesis to approximate the sound speed in each grid box given 

the temperature, pressure, and salinity. Equation 3.1 is the calculation involved with the 

Medwin Model [8]. 

𝑐(𝑡, 𝑧, 𝑆) = 1449.2 + 4.6 × 𝑡 − 5.5 × 10−2𝑡2 + 2.9 × 10−4𝑡3 

+(1.34 − 10−2𝑡)(𝑆 − 35) + 1.6 × 10−2𝑧                  (3.1) 

In equation 3.1, t is the temperature in Celsius, z is the depth in meters, and S is the 

salinity in practical salinity unit. Although pressure is not explicitly used in the Medwin 

model calculation, it is estimated using the depth from the surface of the ocean. The 
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limits that constrain the equation require that the temperature stay between 0oC and 35oC, 

the depth ranges from 0m to 1000m, and the salinity ranges from 0 to 45 practical salinity 

units (psu), which is the same as parts per thousand (ppt). A trend emerges when plotting 

the Medwin approximated sound speed with respect to the three factors. The sound speed 

increases linearly with increasing temperature, depth, and salinity. The relationship 

between the three different variables can be seen in Figure 3.2 assuming the other two 

variables are constant [8]. 

 
Figure 3.2: Medwin Approximated Sound Speed. Reproduced from Ref. [8] 

In the ocean, there are three main layers that affect the sound speed profile, which 

is basically the sound speed as a function of depth. The first layer, known as the surface 

layer, runs from 0 meters to as much as 100-200 meters deep in the ocean. The depth is 

dependent and can vary due to location, season, time of day, currents, weather, and more. 

This layer shows the most variation in sound speed because it is constantly changing due 
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to varying exposure to sunlight in different seasons. The second layer is known as the 

main thermocline, which varies from about 100-200 meters deep to 500 meters deep. It 

connects the surface layer to the isothermal layer. The isothermal layer, which starts 

around 500 meters deep, shows the least variation with a constant temperature of 

approximately 1oC. In this layer, the sound speed only increases due to an increase in 

pressure. Figure 3.3 shows what a typical sound speed profile looks like [8].   

 
Figure 3.3: Sound Speed Profile at Salinity = 35psu [8] 

 

Because the surface layer has the most variation in sound speed associated with it, 

the Medwin approximated sound speeds that reside in the surface layer will be calculated 

with equation 3.1 using the corresponding temperature, salinity, and depth from the 

NCOM Fields data provided by NOAA for each grid box in latitude and longitude space. 
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Then, the average Medwin approximated sound speed at the many depths of the surface 

layer (0m-100m) will be used to represent the sound speed of that grid box. 

3.2.3 Travel Time Calculation Using Sound Speed Grid  

The way to compute the travel time is to sum the distance the signal traveled 

through each grid box divided by the corresponding sound speed in that grid box, which 

is expressed in equation 3.2. 

𝜏 = ∑ 𝜏𝑖
𝑛
𝑖=1 = ∑

𝑑𝑖

𝑐𝑖

𝑛
𝑖=1                                             (3.2) 

In equation 3.2, 𝑐𝑖 is the speed of sound in each grid box, and 𝑑𝑖 is the distance the signal 

traveled in each grid box. NCOM Field coordinates will be used to create a sound speed 

grid in latitude and longitude space to model this distribution. Using the boundaries of the 

NCOM Fields will be used to calculate the distance that the signal travels in each sound 

speed grid box, 𝑑𝑖, for the travel time calculation in equation 3.2. Equation 3.3 illustrates 

how the distribution for the observed range 𝑑𝑅𝑇 from equation 1.3 will look using this 

sound speed grid. 

𝑂𝑏𝑠𝑒𝑟𝑣𝑒𝑑 𝑑𝑅𝑇 = 

(𝑐 ∑
𝑑𝑖
𝑐𝑖

𝑛
𝑖=1 )

2

− 𝑁(𝑑𝑅𝑆, 𝜎𝑑𝑅𝑆)
2

2 [(𝑐 ∑
𝑑𝑖
𝑐𝑖

𝑛
𝑖=1 ) − 𝑁(𝑑𝑅𝑆, 𝜎𝑑𝑅𝑆) ∙ 𝑐𝑜𝑠 (𝑁(𝜃𝑅𝑇 , 𝜎𝜃𝑅𝑇) − 𝑁(𝜃𝑅𝑆, 𝜎𝜃𝑅𝑆))]

(3.3) 

In equation 3.3, c represents the nominal sound speed in each environment, which will 

vary based on the mean of the NCOM Field, and𝑑𝑖 represents the distance traveled in 

each grid box.  
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The source-target-receiver layout and a close-up of this layout in latitude and 

longitude space on this sound speed grid can be seen in Figures 3.4 and 3.5 respectively. 

 
Figure 3.4: Source-Target-Receiver Layout on Sound Speed Grid 

 
Figure 3.5: Close Up of Figure 3.4 
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Notice the intersection of the signal path with each sound speed grid square in 

Figures 3.4 and 3.5. Each of these intersections was computed to determine the distance 

that the signal resides in each particular grid box. Each of these distances were then used 

in the summation part of Equation 3.2 and divided by the corresponding sound speed in 

that grid box to compute the observed travel time of the signal. 

3.2.4 Modeling Other Observed Errors in the Bistatic Equation 

Aside from the sound speed grids (travel time) playing a major role in the bistatic 

equation, there are other factors that can also influence the observed range from the target 

to the receiver. These include the range from the receiver to the source, 𝑑𝑅𝑆, and the 

angle 𝜃𝑇𝑅𝑆. The range from the receiver to the source, 𝑑𝑅𝑆, can be inaccurate due to 

discrepancies in measurements in time and location between the source and receiver 

assuming that the GPS coordinates of the source are unknown to the receiver. The range 

𝑑𝑅𝑆 only adds more error to the observed range, but changing the angle 𝜃𝑇𝑅𝑆 adds 

another level of dimensionality to the problem. It is important to notice that 𝜃𝑇𝑅𝑆 is 

merely the magnitude of the difference between angle 𝜃𝑅𝑆 and 𝜃𝑅𝑇. Adding an error to 

𝜃𝑅𝑆 only changes the observed range for 𝑑𝑅𝑇, but adding an error to 𝜃𝑅𝑇changes the 

observed direction from the receiver to the target. These inaccuracies are due to sensor 

limitations. This makes the problem two-dimensional as illustrated in Figure 3.6. 
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Figure 3.6: Observed Target Location Error from the Perspective of the Receiver Ship 

By adding a normal Gaussian error to the range 𝑑𝑅𝑆, the angle 𝜃𝑅𝑆, and the angle 

𝜃𝑅𝑇, a partial disc cross-section is formed one standard deviation away from the actual 

location of the target. The added errors that can occur in the real world makes this 

problem much more complex than dealing with sound speed errors in two-dimensions 

because after two pings the intersection of the lines passing through both targets and 

receivers would always intersect at the location of the target if it is not moving. Although 

underwater sonar occurs in three-dimensions, this problem will ignore the dependency of 

water depth in the bistatic equation and also the effect of multipath arrivals. 

3.3 Using Two Different Environments in the Atlantic Ocean 

 Because different parts of the ocean can show very different variability in sound 

speed, it is necessary to use two different environments to test the effects of using gridded 

sound speed profiles to compute the observed travel time, 𝜏, in the bistatic equation and 

ultimately the observed target location. The two locations that were chosen reside near 
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the Gulf Stream in the Atlantic Ocean on March 17, 2009 and have both a low and high 

variability in sound speed. Figure 3.7 illustrates the approximate center location of each 

sound speed grid used in this thesis. 

 
Figure 3.7: Global Location of Two Environments (provided by Google Earth) 

3.3.1 Environment 1 (Far From the Continental Shelf in the Atlantic Ocean) 

 Environment 1 was chosen because overall its grid showed very little variability 

in sound speed, which only had a range of 6 m/s with a median at approximately 1543 

m/s. A grid of its sound speed with a single target-source-receiver configuration can be 

seen in Figure 3.8, and a surface plot of its sound speed can be seen in Figure 3.9. 
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Figure 3.8: Real Sound Speed Grid for Environment 1 

 

 
Figure 3.9: Surface Plot of Real Sound Speed Grid for Environment 1 

 

Because the grid of sound speeds for environment 1 is an estimate for the overall 

sound speed at each grid box location, which spans approximately a 3.1km by 3.29km 

grid region in the ocean, further analysis is required to detect the impact of the sound 

speed grid on the observed target location. Using the original sorted grid of sound speed 



34 

 

values, two maps were created to flatten and extend the sound speeds of the original map. 

Flattening the sorted sound speed grid used a square mapping and had the minimum limit 

set to the original minimum+1
𝑚

𝑠
 and the maximum limit set to the original 

maximum−1
𝑚

𝑠
, and extending the sorted sound speed grid used a square root mapping 

and had the minimum limit set to the original minimum−3
𝑚

𝑠
 and the maximum limit set 

to the original maximum+3
𝑚

𝑠
.  The original sound speed grid was flattened with a = 1 

using equation 3.4 and extended with b = 3 using equation 3.5. 

𝑆𝑆𝐺 𝑙𝑒𝑓𝑡

𝑟𝑖𝑔ℎ𝑡

= |𝑆𝑆𝐺 ± 𝑎
𝑚

𝑠
−𝑚𝑒𝑑𝑖𝑎𝑛(𝑆𝑆𝐺)| (

|𝑆𝑆𝐺𝑖−𝑚𝑒𝑑𝑖𝑎𝑛(𝑆𝑆𝐺)|

|𝑆𝑆𝐺−𝑚𝑒𝑑𝑖𝑎𝑛(𝑆𝑆𝐺)|
)
2

(3.4)  

𝑆𝑆𝐺 𝑙𝑒𝑓𝑡

𝑟𝑖𝑔ℎ𝑡

= |𝑆𝑆𝐺 ∓ 𝑏
𝑚

𝑠
−𝑚𝑒𝑑𝑖𝑎𝑛(𝑆𝑆𝐺)|√(

|𝑆𝑆𝐺𝑖−𝑚𝑒𝑑𝑖𝑎𝑛(𝑆𝑆𝐺)|

|𝑆𝑆𝐺−𝑚𝑒𝑑𝑖𝑎𝑛(𝑆𝑆𝐺)|
)(3.5)  

 Figure 3.10 shows what the sorted original, flattened, and extended sound speed 

grids for Environment 1 look like.  

 
Figure 3.10: Plot of Sorted Sound Speed Grids for Environment 1 
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The surface plot for the original sound speed grid, the flattened square mapping of the 

sound speed grid and the difference between the flattened square mapping and the 

original sound speed grid for Environment 2 can be seen in Figure 3.11. 

 
Figure 3.11: Surface Plot of Flattened Sound Speed Grid for Environment 1 

The surface plot for the original sound speed grid, the extended square root mapping of 

the sound speed grid and the difference between the extended square root mapping and 

the original sound speed grid can be seen in Figure 3.12 
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Figure 3.12: Surface Plot of Extended Sound Speed Grid for Environment 1 

 

All three of the maps for the original, extended, and flattened maps will be used later in 

the Monte Carlo simulations for comparison. 

3.3.2 Environment 2 (On the Continental Shelf in the Atlantic Ocean) 

 Unlike Environment 1, Environment 2 was chosen because overall its grid 

showed very large variability in sound speed, which had a range of 46 m/s with a median 

at approximately 1460 m/s. A grid of its sound speed with a single target-source-receiver 
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configuration can be seen in Figure 3.13, and a surface plot of its sound speed can be 

seen in Figure 3.14. 

 
Figure 3.13: Real Sound Speed Grid for Environment 2 

 

 

 
Figure 3.14: Surface Plot of Real Sound Speed Grid for Environment 2 

Environment 2 spans approximately a 2.89km by 3.29km grid region in the ocean. 

Just like for Environment 1, two maps were created for Environment 2 to flatten and 
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extend the sound speeds of the original map. Flattening the sorted sound speed grid used 

a square mapping and had the minimum limit set to the original minimum+2
𝑚

𝑠
 and the 

maximum limit set to the original maximum−2
𝑚

𝑠
, and extending the sorted sound speed 

grid used a square root mapping and had the minimum limit set to the original 

minimum−5
𝑚

𝑠
 and the maximum limit set to the original maximum+5

𝑚

𝑠
.  The original 

sound speed grid was flattened with a = 2 using equation 3.4 and extended with b = 5 

using equation 3.5. 

 Figure 3.15 shows what the sorted original, flattened, and extended sound speed 

grids for Environment 2 look like.  

 
Figure 3.15: Plot of Sorted Sound Speed Grids for Environment 2 

The surface plot for the original sound speed grid, the flattened square mapping of the 

sound speed grid and the difference between the flattened square mapping and the 

original sound speed grid for Environment 2 can be seen in Figure 3.16. 
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Figure 3.16: Surface Plot of Flattened Sound Speed Grid for Environment 2 

The surface plot for the original sound speed grid, the extended square root mapping of 

the sound speed grid and the difference between the extended square root mapping and 

the original sound speed grid can be seen in Figure 3.17. 
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Figure 3.17: Surface Plot of Extended Sound Speed Grid for Environment 2 

 

3.4 Monte Carlo Method 

 Due to the multi-variate complexity of the bistatic equation, deriving an analytical 

closed-form expression to represent the observed range from the receiver to the target 

would prove to be very complex and difficult. Instead, there exists a method of extracting 

the output to the bistatic equation given randomized inputs. This modeling method is 
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referred to as Monte Carlo simulation, which involves gathering a randomized sample of 

data for each input variable, and applying those inputs to a deterministic function to form 

a computational model for analysis [9]. The deterministic function that will be used in 

this paper is the bistatic equation, with the inputs 𝑐, 𝜏, 𝑑𝑅𝑆, 𝜃𝑅𝑆, and 𝜃𝑅𝑇 and the output, 

𝑑𝑅𝑇. The sample size will be set to a large number, 100 samples, to model the function as 

accurately as possible, and each randomized sample of input data will follow the overall 

distribution of the variable that it represents in the deterministic function.  

Using the original, flattened, and extended sound speed grids for environments 1 

and 2, a Monte Carlo simulation will be run by setting the remaining variables to be 

Gaussian distributed for each of the three scenarios described in Sections 3.1.2-3.1.4. The 

travel time component, 𝜏, will be calculated for the original, flattened, and extended 

sound speed grids for environments 1 and 2. The resulting calculated travel time 

component will then also have an error modeled as a Gaussian distribution applied to it 

for each of the three scenarios. This will demonstrate the effect of the error from the 

sound speed grids combined with the underwater environmental errors, 𝜏, 𝑑𝑅𝑆, 𝜃𝑅𝑆, and 

𝜃𝑅𝑇, on the observed average target location relative to the actual target location at 

different receiver locations.   
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Chapter 4: Simulation Results 

A sensitivity analysis was implemented on the bistatic equation using Monte 

Carlo simulations to determine which variables have the largest effect on the average 

observed target location for three different scenarios. This was done by computing the 

range between the observed target location and the actual target location using only the 

error associated with the sound speed grids of the two different environments for many 

different receiver positions relative to the target and source. The distributions for the 

minimum and maximum average observed target location error were plotted for 𝜃𝑅𝑇, 

which had two-dimensions of error, and a combination of all of the components in the 

bistatic equation. For the final sensitivity analysis, the average observed target location 

error was found using the original, flattened, and extended sound speed grids from the 

two different environments and setting all of the other variables to their initial conditions. 

The Monte Carlo simulations using the original, flattened, and extended sound 

speed grids from two different real-world environments were performed for three 

different input error scenarios. The test looked at the effect of the original, flattened, and 

extended sound speed grids from the two different environments and the Gaussian 

distributed error inputs on the average observed target location error between the 

observed target location and the actual target location. This test was repeated for three 

different specific scenarios for the inputs to the bistatic equation.  
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4.1 Sensitivity Analysis 

 The sensitivity analysis on the average observed target location error was divided 

into two parts. The first part used Monte Carlo simulations to test the effect of each 

individual component on the average observed target location error. This sensitivity 

analysis provided a meaningful insight into the impact that each component has on the 

average target location for the three different scenarios. The second part used the original, 

flattened, and extended sound speed grid for each environment and set all of the other 

variables in the bistatic equation to their initial conditions. This analysis provided a 

framework to compare the Monte Carlo simulations later on to see the impact of the 

original, flattened, and extended sound speed grid for each of the three scenarios. 

4.1.1 Bistatic Equation 

The first sensitivity analysis looked at the components in the bistatic equation and 

their effect on the average observed target location error for the first scenario. Using the 

sampling method described in Section 3.3.2, a plot of the average error in target location 

in meters was found for many different receiver positions with a range that varied from 

4km to 20km and a bearing that varied from -145o to 145o. The scale used to represent the 

average observed target location error for each receiver position had a minimum cutoff 

set to 10 meters for all three scenarios. The maximum cutoff, however, was set to 510 

meters for scenario 1 and 3 and 210 meters for scenario 2 because scenario 2 represented 

a much more ideal case with very small errors applied. These maximum cutoffs were also 

used for the corresponding Monte Carlo simulations. The sensitivity analysis plot for the 

all of the variables in the bistatic equation for the first scenario can be seen in Figure 4.1. 
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Figure 4.1: Scenario 1 Sensitivity Analysis using Monte Carlo Simulations 

The results from the sensitivity analysis of the first scenario turned out to be what 
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was expected. The sound speed, c, showed an effect relative to the other variables, but 

𝜃𝑅𝑇 dominated the overall impact on the target location error. This is primarily due to the 

assumption that the GPS and synchronized clocks minimized the other errors in the 

bistatic equation. Figure 4.2 shows the distribution that yielded the minimum average 

observed target location error for 𝜃𝑅𝑇, and Figure 4.3 shows the distribution that yielded 

the minimum average observed target location error for the 𝜃𝑅𝑇.  

 
Figure 4.2: Histogram of Minimum Observed Target Location Error for 𝜃𝑅𝑇 

 

 
Figure 4.3: Histogram of Maximum Observed Target Location Error for 𝜃𝑅𝑇 

 

 A sensitivity analysis was repeated twice using the sampling method described in 

Sections 3.1.3 and 3.1.4. The resulting plots for the all of the variables in the bistatic 

equation for the scenario 2 and scenario 3 can be seen in Figures 4.4 and 4.5 respectively. 
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Figure 4.4: Scenario 2 Sensitivity Analysis using Monte Carlo Simulations 
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Figure 4.5: Scenario 3 Sensitivity Analysis using Monte Carlo Simulations 

 

The resulting sensitivity analysis plots for scenario 2 and 3 in Figures 4.4 and 4.5 

respectively represent two extreme cases. In Figure 4.4, it is important to notice that the 
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scale for the maximum cutoff was changed to 210 meters since scenario 2 exhibited less 

dynamic range. Figure 4.4 represents the scenario where all variables are basically 

negligible relative to the effects of sound speed on the average observed target location 

error, and Figure 4.5 represents the scenario where there is a greater uncertainty in the 

transmit position and time, and all of the other variables overshadow the effects of sound 

speed, especially the travel time component, which appears to be the dominant variable 

for scenario 3. The distributions that yielded the minimum and maximum average 

observed target location error when all of the components of the bistatic equation are 

combined can be seen in Figures 4.6 and 4.7 respectively. 

 
Figure 4.6: Histogram of Minimum Observed Target Location Error for All Variables 

 

 
Figure 4.7: Histogram of Maximum Observed Target Location Error for All Variables 
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4.1.2 Sound Speed Grid Sensitivity 

 The sensitivity analysis of the average observed target location error for 

Environment 1 using only the sound speed grid as a source of error and setting all other 

variables in the bistatic equation to their initial conditions can be seen in Figure 4.8. 

 
Figure 4.8: Sensitivity Analysis of Environment 1 with Sound Speed Grid Error 

 

It is essential to note that the scale on the average error in target location has been 

lowered with a maximum cutoff at 210m, which shows that the impact from the sound 

speed grid of environment 1 is very small. This can be expected especially since this 
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latitude and longitude location was chosen for its low variability in sound speed. Also, 

extending the sound speed grid appears to maximize the average observed target location 

error relative to the original map and the flattened map, which also is not surprising since 

it is increasing the range of sound speed values on the sound speed grid. Figure 4.9 shows 

the sensitivity analysis of the average observed target location error for Environment 2 

using only the sound speed grid as a source of error and setting all other variables in the 

bistatic equation to their initial conditions. 

 
Figure 4.9: Sensitivity Analysis of Environment 2 with Sound Speed Grid Error 
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The larger variability in sound speed of Environment 2 had a greater impact on the 

average observed target location than the variability in sound speed of Environment 1, 

which can be expected since the range of sound speed values is much higher for 

Environment 2 than it is for Environment 1. Once again, the impact from the extended 

sound speed grid on the average observed target location error is greater than that of the 

original or flattened sound speed grid.  

4.2 Monte Carlo Simulations 

In this Section, Monte Carlo simulations were used to recreate underwater 

environmental errors for two different real-world environments using three input error 

scenarios. One assumption that was used in this thesis is that the environmental 

simulation errors act independently from each other. For convenience, the target location 

resided at the origin of the grid, and the source ship was always located at a range of 10 

km and a bearing of 0o relative to true north from the target ship. This could easily be 

generalized to other locations. 

As described in Section 3.2.3, the travel time was calculated using the sound speed 

grid and the distance that a signal traveled through each grid square. This travel time and 

the other variables in the bistatic equation were varied with standard deviations that 

corresponded to each of the three scenarios described in Sections 3.3.2-3.3.4. The 

resulting observed range and bearing from the receiver to the target were used to 

determine an observed target location. This process was repeated 100 times for each 

receiver location and the average of the difference between all 100 observed target 

locations and the actual target location is then plotted at that receiver location.  
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4.2.1 Scenario 1 

Scenario 1 modeled the variables in the bistatic equation as normal Gaussian 

errors where 𝜏 = 𝑁(𝜏𝑜𝑏𝑠𝑒𝑟𝑣𝑒𝑑, 0.01𝑠), 𝑑𝑅𝑆 = 𝑁(𝑑𝑅𝑆, 20
𝑚

𝑠
), 𝜃𝑅𝑆 = 𝑁(𝜃𝑅𝑆, 0.1

𝑜), and 

𝜃𝑅𝑇 = 𝑁(𝜃𝑅𝑇 , 1.0
𝑜). Figure 4.10 shows what the Monte Carlo simulation for 

environment 1 and scenario 1 looked like.  

 
Figure 4.10: Monte Carlo Simulation of Environment 1 and Scenario 1 

 

 Because Environment 1 had such a low range on its sound speed grid with a 

maximum average observed target location error at 40 m, it had a very negligible effect 

on the overall average observed target location error for scenario 1. The dominating 

component in the bistatic equation for scenario 1 was 𝜃𝑅𝑇, which showed a greater 
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average target localization error at larger ranges relative to the target and bearings 

relative to the target and source. The original, flattened, and extended mappings were all 

comparable to the sensitivity analysis plot of 𝜃𝑅𝑇 in Figure 4.10.  

Figure 4.11 shows what the Monte Carlo simulation of environment 2 looked like 

using scenario 1 constraints. 

 
Figure 4.11: Monte Carlo Simulation of Environment 2 and Scenario 1 

 

 Although the sound speed grid of environment 2 may have influenced the Monte 

Carlo simulation for scenario 1, it is very hard to see a major difference for the original, 

flattened, or extended mappings. However, the extended sound speed grid for 

environment 2 does appear to have the largest error in Figure 4.11, which is expected 
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since the extended sensitivity plot for environment 2 in Figure 4.9 had the largest impact 

on the average observed target location error compared to the original and flattened 

mappings. Aside from that, it appears that the variable with the greatest influence on the 

average observed target location error is once again 𝜃𝑅𝑇, which is expected since the 

sensitivity analysis of scenario 1 showed that 𝜃𝑅𝑇was the dominant variable.   

4.2.2 Scenario 2 

Scenario 2 modeled the errors in the bistatic equation as Gaussian errors where 

𝜏 = 𝑁(𝜏𝑜𝑏𝑠𝑒𝑟𝑣𝑒𝑑, 0.01𝑠), 𝑑𝑅𝑆 = 𝑁(𝑑𝑅𝑆, 20
𝑚

𝑠
), 𝜃𝑅𝑆 = 𝑁(𝜃𝑅𝑆, 0.1

𝑜), and 𝜃𝑅𝑇 =

𝑁(𝜃𝑅𝑇 , 0.1
𝑜). Figure 4.12 shows what the Monte Carlo simulation for environment 1 and 

scenario 2 looked like.  

 
Figure 4.12: Monte Carlo Simulation of Environment 1 and Scenario 2 
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 The original, flattened, and extended of the sound speed grid for environment 1 is 

not very apparent for scenario 2 even though scenario 2 is the ideal case with very low 

errors. It seems that combining all of the errors from the sensitivity plot in Figure 4.4 and 

the sound speed grid for environment 1 is what created the error seen in Figure 4.12. 

Although there does not seem to be a dominating variable for the Monte Carlo simulation 

of environment 1 using scenario 2, 𝜃𝑅𝑇 appears to have influenced the average observed 

target location error the most in Figure 4.12.  

Figure 4.13 shows what the Monte Carlo simulation of environment 2 looked like 

using scenario 2 constraints. 

 
Figure 4.13: Monte Carlo Simulation of Environment 2 and Scenario 2 
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In Figure 4.13, the  Monte Carlo simulation of the original, flattened, and 

extended mappings of environment 2 using scenario 2 inputs looks very much like Figure 

4.9, which used only the sound speed grid for environment 2 and no errors for the other 

variables. This is not surprising especially considering that the sound speed grid for 

environment 2 had a much larger range of sound speed values than environment 1; thus, 

it was the dominant variable on the average observed target location.  

4.2.3 Scenario 3 

Scenario 3 modeled the variables in the bistatic equation as normal Gaussian 

errors where 𝜏 = 𝑁(𝜏𝑜𝑏𝑠𝑒𝑟𝑣𝑒𝑑, 0.3𝑠), 𝑑𝑅𝑆 = 𝑁(𝑑𝑅𝑆, 1000
𝑚

𝑠
), 𝜃𝑅𝑆 = 𝑁(𝜃𝑅𝑆, 1.0

𝑜), and 

𝜃𝑅𝑇 = 𝑁(𝜃𝑅𝑇 , 1.0
𝑜). These values were used to present a more challenging case to 

compare with the scenario 1 and 2 and to determine which variable in the bistatic 

equation had the most influence on the average observed target location error. It is 

important to note that due to the much higher error values that were used for simulating 

scenario 3 it was necessary to raise the maximum cutoff of the average observed target 

location error to 1010 meters for this scenario only. This is mainly due to the fact that 

combining the errors from Figure 4.5 and the sound speed grid for environment 1 

overwhelmed the original scale, so that the entire plot appeared to be saturated. Raising 

the maximum cut-off kept the polar grid from being saturated in most of the polar grid for 

the average observed target location error.  Figure 4.14 shows what the Monte Carlo 

simulation for environment 1 and scenario 3 looked like.  
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Figure 4.14: Monte Carlo Simulation of Environment 1 and Scenario 3 

The original, flattened, and extended sound speed grids for environment 1 using 

the scenario 3 input errors is not apparent in the polar grids at all. The average observed 

target location seems to be dominated by two variables from the bistatic equation in two 

different regions of the plot. The first region which starts at the source location and runs 

along the line perpendicular to the line between the target and the source seems to be 

influenced by the error associated with the range between the source and receiver, 𝑑𝑅𝑆. 

And the second region lies everywhere else on the plot that is not saturated and seems to 

be dominated by the error associated with travel time, 𝜏. Figure 4.15 shows what the 

Monte Carlo simulation of environment 2 looked like using scenario 3 constraints. 
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Figure 4.15: Monte Carlo Simulation of Environment 2 and Scenario 3 

 

Much like the Monte Carlo simulation for environment 1 using scenario 3 inputs, 

the error associated with the original, flattened, and extended sound speed grid appears to 

be indistinguishable from the dominant errors affecting the observed average target 

location error. Once again, the dominant errors are 𝑑𝑅𝑆 in the region 1 and 𝜏 in region 2 

as described before. 

4.3 Discussion of Results 

In summary, the Monte Carlo Simulations provided a great deal of useful 

information on the effect that each variable in the bistatic equation has on the average 

observed target location error. Table 4.1 shows the standard deviation values of the 
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Gaussian distributions that were used to represent each of the variables in the bistatic 

equation. The sound speed error is not listed in Table 4.1 because it was not represented 

by a Gaussian distribution. Instead, it was modeled using real-world NCOM Fields at two 

different locations. Environment 1 had a low range in sound speed, and environment 2 

had a high range in sound speed. The mean travel time, 𝜏, was calculated using these 

NCOM Fields, and the standard deviation of the Gaussian distribution that was used to 

represent 𝜏 is listed in Table 4.1. 

 𝝉 𝒅𝑹𝑺 𝜽𝑹𝑺 𝜽𝑹𝑻 

Scenario  1 0.01s 20m 0.1o 1.0o 

Scenario 2 0.01s 20m 0.1o 0.1o 

Scenario 3 0.3s 1000m 1.0o 1.0o 

Table 4.1: Standard Deviation Values Used for Variables in the Bistatic Equation 

 

Several Monte Carlo simulations were performed by using the parameters from 

each of the three scenarios in Table 4.1 and the original, flattened, and extended 

mappings for the two different sound speed grids (SSG) from Figures 3.10 and 3.15 

respectively. These Monte Carlo Simulations were used to Figure out the impact that 

each of variables had on the target localization error for each environment and scenario, 

which can be seen in Table 4.2. Table 4.2 uses the terms low, moderate, and high to 

describe the influence of each variable on the target localization error. Low means that 

the variable had little or no influence on the target localization error, moderate indicates 

that the variable had an modest influence on the target localization error, and high refers 

to any variable that had a significant influence on the target localization error.   



60 

 

  SSG 𝝉 𝒅𝑹𝑺 𝜽𝑹𝑺 𝜽𝑹𝑻 

Environment 1       

 Scenario  1 Low Low Low Low High 

 Scenario 2 Moderate Moderate Moderate Moderate Moderate 

 Scenario 3 Low High High Moderate Moderate 

Environment 2       

 Scenario  1 Low Low Low Low High 

 Scenario 2 High Low Low Low Low 

 Scenario 3 Low High High Moderate Moderate 

Table 4.2: Relative Impact of Variables on Target Localization Error 

 

 The original, flattened, and extended sound speed grids appeared to show the 

same pattern for most of the environments and scenarios. The only time that the Monte 

Carlo Simulations for the original, flattened, and extended sound speed grids significantly 

differed occurred for environment 2 using scenario 2 parameters. This is expected since 

the standard deviations for all of the input parameters are very low while the sound speed 

grid for environment 2 is very high.  
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Chapter 5: Conclusion 

In conclusion, the primary goals of this thesis were to model bistatic sonar for two 

different real-world environments using Monte Carlo simulations of three likely error 

input scenarios and analyze which errors had the most impact on the target localization 

error. The only time that the sound speed grid for an environment was the most apparent 

occurred for environment 2 using scenario 2 input parameters. This is not a surprise 

because it was the ideal circumstance for the sound speed grid to impact the target 

localization error. The sound speed grid of environment 2 had the largest range of sound 

speed values, and scenario 2 was an ideal condition where other errors in the bistatic 

equation were relatively small in comparison. For a more uniform sound speed grid like 

environment 1, the effects of the sound speed grid profile on the target localization error 

were less significant. Thus, only under ideal circumstances will the sound speed grid 

have a significant impact on the target localization error. 

5.1 Final Analysis 

The novel aspect of this paper, using sound speed grids gathered from real-world 

NCOM Fields in the Gulf Stream of the Atlantic Ocean, was a challenging task but 

provided insightful information on the effects that a low sound speed gradient, 

Environment 1, and a high sound speed gradient, Environment 2, had on the average 

observed target location error. Basically, the Monte Carlo simulation, that was used to 

compile Table 4.1, showed that while the sound speed grids may have an effect on the 

overall average observed target location error, the error associated with it can only be 

seen when all other variables in the bistatic equation have a relatively low error, which is 
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an optimistic case. Furthermore, the sound speed grid with a higher sound speed gradient 

tended to show a larger effect on the average observed target location error than the lower 

sound speed gradient. Also, while stretching the sound speed grid range mapping may 

have amplified the overall target localization error, flattening the sound speed grid range 

mapping diminished the overall target localization error from the original real-world 

sound speed grid.     

The sensitivity analyses of the variables in the bistatic equation for all three 

scenarios and the sensitivity analysis for the original, flattened, and extended sound speed 

grids for environments 1 and 2 were useful because they made it easier to see the effect 

that each component of the bistatic equation had on the observed target localization. The 

Monte Carlo simulations also made it possible to see the predominant factor for each 

scenario and environment that contributed to the average observed target location error, 

which can be seen in Table 4.1. 

5.2 Future Work 

 There is a broad range of research that could expand on this thesis. One example 

would be that this thesis primarily focused on the effects of the variables in the bistatic 

equation on the target localization error, but many assumptions were made to make this a 

two-dimensional problem. This topic could be expanded to a third dimension using depth 

as another component. Because the sound speeds in the surface layer of the ocean were 

averaged to get a single sound speed to represent a single sound speed grid box in this 

thesis, it may be of interest to look at the sound speed propagation at different depths in 

the surface layer of the ocean. 
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Another example of further research may include the placement of the source and 

target ship relative to each other. For the sake of generality, the source and target ships 

were place exactly 10km apart for the Monte Carlo simulations. Even though the range 

between the source and target ship is not explicitly included in the bistatic equation, 

equation 1.3, it is still used as part of the calculation of the bistatic equation. By 

extending the source to target range, the travel time will be extended, and by shortening 

it, the travel time will be shortened. This may change the overall look of the Monte Carlo 

simulations and may even change the dominance of the travel time for all three scenarios.  

 A final example of an area not covered in this thesis would be the effects of the 

sound speed grid error on the average observed target location error for multistatic sonar. 

Multistatic sonar involves using multiple source ships for transmitting signals, multiple 

receive ships for receiving signals, or both, so that more than one signal is received and 

used for target localization [2]. Another research topic that could be explored would be 

testing the effects of environmental error on target localization error for multistatic sonar. 
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