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Abstract 

 

Four-Probe Measurements of Anisotropic In-Plane Thermal Conductivities of Thin 

Black Phosphorus 

 

Brandon Paul Smith, M.S.E. 

The University of Texas at Austin, 2016 

 

Supervisor:  Li Shi 

 

Phosphorene, a two-dimensional material exfoliated from black phosphorus (BP), is a 

promising p-type, high-mobility semiconductor. Phosphorene and BP display intrinsic in-

plane anisotropic transport properties due to its puckered honeycomb lattice with distinct 

armchair and zigzag crystallographic orientations. The anisotropic thermal transport 

properties of BP and phosphorene influence the performance and reliability of functional 

devices made from these materials, and remain to be better understood. Here, we report the 

anisotropic in-plane thermal conductivities of suspended multi-layer BP samples, which 

are measured by a four-probe thermal transport measurement method. The measurement 

device consists of four microfabricated, suspended Pd/SiNx lines that act as resistive 

heaters and thermometers. The BP flake is suspended across the microstructure in contact 

with all four lines. This four-probe thermal transport measurement is equipped with the 

unique ability to isolate the intrinsic thermal resistance from the contact thermal resistance, 

which can be a major source of error in thermal conductivity measurements of 
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nanostructures. Four BP samples were measured with thicknesses ranging from 39.2 nm to 

274 nm and a peak thermal conductivity of 142 W m-1 K-1 at 80 K for a 55.6 nm thick 

zigzag-oriented flake. The measurement results exhibit more pronounced temperature 

dependence with a higher peak thermal conductivity together with a weaker thickness 

dependence than prior reports. The results suggest the important role of defects in thermal 

transport in thin BP flakes, which can degrade upon exposure to air and water.  
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Chapter 1: Introduction 

 Since the creation of the solid state transistor by John Bardeen, Walter Brattain, and 

William Shockley in 1947 and the subsequent creation of the integrated circuit by Jack 

Kilby in 1958, the computer electronics industry has pursued an insistent path to maximize 

processing power while reducing cost. This drive has primarily been achieved by 

increasing device density that has generally followed Moore’s Law,1 which states the 

number of transistors in an integrated circuit chip doubles every 18-24 months, and 

progressive device miniaturization where the characteristic dimension of the device has 

shrunk from the macroscale into the nanoscale.  

 Increasing device density and reducing logic gate size have the negative effect of 

increasing power density across all scales of the system.2,3 Power density is directly related 

to the generation of heat that must be dissipated or transported out of the system in order 

for operation of electronics at peak performance, which occurs at maximum power. In 

solids, heat is transported by charge carriers such as electrons and holes or by phonons, 

which are quantized atomic lattice vibrations. For semiconductors and insulators, the 

thermal conductivity, κ, is dominated by phonon transport, whereas in metals the 

contribution by charged carriers exceed lattice vibrations. Electronic device performance, 

power density, and thermal management critically depend on understanding the thermal 

conductivity of its base components.  
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 The importance of R&D and innovation in the computer electronics industry 

coupled with heightened interest in low-dimensional nanomaterials has resulted in the 

emergent field of flexible electronics.4 These devices are fabricated by creating logic 

devices from two-dimensional (2D) nanomaterials on a flexible substrate.5–8 The use of 2D 

crystals are essential to obtain overall device flexibility due to their superior strain limits, 

which experimentally exceeds 20%, compared to conventional bulk semiconductor 

materials.4,9 An example of a flexible electronic device has been illustrated in a recent 

review by the Akinwande et al. on flexible nanoelectronics.4 The requirement of substrate 

flexibility is met by soft polymers or plastics, which have a thermal conductivity two orders 

of magnitude lower than their bulk silicon semiconductor counterpart. Additionally, 

polymers and plastics have melting temperatures below practical device operating 

temperatures. Hence, power density limitations and thermal management challenges are 

exacerbated in flexible electronics. A recent publication by Akinwande4 has described 

flexible device failure due to hotspot generation from high power density. For this reason, 

there is great desire to find 2D nanomaterials with efficient, enhanced heat spreading 

capabilities to obtain high performance flexible electronics.3,4,10  
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1.1 Black Phosphorus 

 The rediscovery of graphene by Nobel Prize winners Andre Geim and Konstantin 

Novoselov inspired the resurgence of 2D nanomaterial research worldwide.11 This 

enthusiasm combined with graphene’s shortcoming of zero bandgap has led to advances in 

other 2D nanomaterials, including transition metal dichalcogenides (TMDs) and hexagonal 

boron nitride (h-BN).4 TMD are of the form MX2 where M is a transition metal atom (Mo, 

W, etc.) and X a chalcogen atom (S, Se, or Te).12,13 h-BN is an ideal 2D dielectric and a 

possible heat dissipater in flexible electronics.14,15 In addition, 2D puckered or buckled 

crystals have been termed Xenes, which include silicene,16 germanene,17 and 

phosphorene.18–21  

 Phosphorene, a stable allotrope of phosphorus at ambient pressure and temperature, 

is a 2D monolayer exfoliated from black phosphorus (BP) in 2014.18–21 Due to weak 

interlayer bonding, multi-layer BP flakes can be mechanically exfoliated from bulk crystals 

for use in electronic and optoelectronic applications.18–22 Compared to graphene and 

TMDs,4,23 BP has distinct electrical and thermal transport anisotropy arising from its 

puckered honeycomb structure.18,24 This anisotropy along BP’s two high-symmetry, in-

plane directions has been theoretically and experimentally examined for mechanical,25,26 

optical,20,27,28 electrical,18–22,24,27,29 and thermal properties.24,29–36 The aforementioned high-

symmetry, in-plane crystallographic axes are referred to as the zigzag (ZZ) and armchair 

(AC) directions where ZZ is along the a–axis and AC is along the c–axis with lattice 
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constants of 3.314 Å and 4.376 Å, respectively.27 The thickness-dependent thermal 

conductivity of BP has been calculated only under the relaxation-time approximation and 

using boundary scattering models developed for isotropic crystals, which is inherently 

incorrect due to the distinct anisotropy of BP.33 

 BP’s distinct ZZ and AC directions can be determined with angle-resolved 

polarized Raman spectroscopy. BP has three observable Raman-active vibrational modes 

at ≈363 cm-1 (𝐴𝑔
1 ), ≈440 cm-1 (𝐵2𝑔), and ≈467 cm-1 (𝐴𝑔

2).37,38 BP crystal structure and its 

observable vibrational modes are shown in Figure 1.1 where the 𝐴𝑔
1 , 𝐵2𝑔, and 𝐴𝑔

2  modes 

correspond to vibrations along the [010] (out of plane), [100] (in-plane, ZZ), and [001] (in-

plane, AC) directions, respectively. The intensities of the 𝐴𝑔
1 , 𝐵2𝑔, and 𝐴𝑔

2  modes can be 

used to determine the crystal orientation because they are functions of the laser polarization 

direction with respect to the a–c plane.38 Specifically, the intensity ratio of the 𝐴𝑔
2  mode to 

the 𝐴𝑔
1  mode reaches its maximum when the Raman laser is polarized in parallel to the AC 

direction.20 

 

Figure 1.1. Black phosphorus crystal structure illustration displaying the in-plane 

crystallographic axes and three Raman-active vibrational modes.   
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 Exfoliated BP flakes chemically degrade upon exposure to an ambient 

environment.39–41 BP is hygroscopic and reacts with O2 saturated H2O to produce POx 

species causing irreversible alteration of material and electronic properties.39,41 

Additionally, light exposure increases the chemical reactivity of BP with O2.
40 Volume 

increase due to water absorption and layer-by-layer etching characterize the deterioration 

process. Topographic protrusions or bubbles form on the top layer that can be quantified 

by atomic force microscopy (AFM). This degradation can be substantially minimized with 

an atomic layer deposition of a thin AlOx passivation layer or by storage and measurement 

at high vacuum.  

1.1.1 Thermal Transport Measurement Techniques 

 A variety of thermal measurement methods have been developed to measure 

nanoscale materials due to their size-dependent unique thermal transport properties and 

increasing importance of thermal management for small-scale devices. The thermal 

conductivity of BP has been experimentally measured via micro-Raman thermometry,33 

two-probe microdevice,34 time-domain thermoreflectance,35 and the time-resolved 

magneto-optical Kerr effect.36 BP thermal conductivity is dominated by lattice vibrations 

(phonons) along with a negligible electronic contribution.34,42 

 Raman thermometry has been used to investigate the thermal transport of properties 

of graphene,43 carbon nanotubes,44 h-BN,45 and MoS2.
46 This method utilizes Raman 

spectroscopy to probe the sample temperature while simultaneously heating the sample 
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either by Joule heating or laser heating. The temperature rise modifies the optical phonon 

frequency causing a measurable red shift of the peaks. The thermal conductivity of the 

sample is extracted by solving a three-dimensional anisotropic heat conduction equation 

and matching the measured temperature and sample geometry. Raman thermometry suffers 

from limited temperature sensitivities, and strain shifts of Raman peaks, and heat loss to 

the surrounding gas molecules if the measurement is not carried out with the sample in 

vacuum. These effects can result in large thermal conductivity errors.  

 Suspended resistance thermometer two-probe microdevices have been used to 

measure carbon nanotubes,47,48 silicon nanowires,49 graphene,50 and MoS2.
51 The device 

consists of two suspended silicon nitride (SiNx) pads that each contain serpentine platinum 

resistance thermometers connected to the bulk substrate by six SiNx beams. The pair of 

resistance thermometers act as both heaters and thermometers. A sample is suspended 

across the device so that it makes contact with the two membranes. The thermal resistance 

of the sample is determined by measuring the temperature rise in the two membranes while 

one membrane is heated. The extracted thermal resistance of the sample may contain error 

due to the presence of the contact thermal resistance. Contact resistance between the 

sample and measurement device can be evaluated by a four-probe method developed by 

Mavrokefalos et al. if the sample has a large, uniform Seebeck coefficient for both the 

suspended and supported segments.52 This technique uses the nanofilm itself as a 

differential thermocouple to measure temperature drops. It is important to note that the 

supporting substrate may alter the electrical conductivity and Seebeck coefficient of 
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atomically thick samples, invalidating the assumption behind the four-probe method. 

Thermal conductivity is obtained from the measured thermal resistance after sample 

dimensions are evaluated  

 Time-domain thermoreflectance (TDTR) is similar to Raman thermometry in that 

a laser is used as a both a pump and probe. However, the TDTR technique measures the 

change in reflectance of a material as its temperature changes. This transient method is best 

suited for cross-plane thermal transport measurements of thin films and interfaces.53,54 In-

plane thermal measurements of samples that lack in-plane crystal symmetry require the use 

of a beam-offset method.55 The sample under investigation is coated with a thin, optically 

opaque metal transducer layer with known properties. An ultrafast laser is then split into a 

pump and probe used for heating and measuring, respectively. At the same location, the 

pump and probe reflect off the transducer layer into a photodetector. The probe beam 

measures the transient reflectivity response of the metal transducer caused by temperature 

change. Because the reflectivity of the transducer metal is known, the transient temperature 

change can be obtained and used to extract the thermal conductivity. There is limited 

sensitivity for the measurement of in-plane thermal conductivity of thin films if the thin 

film lateral thermal conductance is comparable to that of the substrate within the 

penetration depth. Moreover, the beam-offset method cannot measure monolayer or few-

layer samples. Lastly, the smallest dimension of the sample needs to be larger than the 

micron-scale laser spot size, and the sample needs to have minimal surface roughness.  
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 The time-resolved magneto-optical Kerr effect (TR-MOKE) measurement is 

fundamentally similar to the beam-offset TDTR measurement whereby laser pulses in the 

pump beam heat the sample surface while a temperature-dependent property is measured 

with a time-delayed probe beam.54 TR-MOKE is different than TDTR in that the probe 

beam measures the temperature dependence of the polarization of reflected light as 

opposed to the intensity of reflected light.56 The magneto-optical Kerr effect is responsible 

for rotating the polarization of the reflected probe beam. TR-MOKE allows the use of a 

non-optically opaque thin metal transducer layer.  

1.2 Motivation of This Work 

 This work investigates anisotropic thermal transport in few-layer black phosphorus 

along its two in-plane directions utilizing a new four-probe thermal transport measurement 

method developed by Kim et al., which has been used to measure silicon nanowires and 

boron arsenide microwires.57,58 This four-probe microdevice is able to isolate contact 

thermal resistance from the intrinsic thermal resistance of a sample. Although three 

different experimental techniques have been used for black phosphorus thermal 

conductivity measurements, each measurement has difficulty in separating the contact 

thermal resistance from the intrinsic thermal resistance of the sample.  

 The intrinsic thermal conductivity of few-layer black phosphorus will provide 

useful data for the design of next-generation electronic devices such as flexible systems 

where thermal management is a major concern. This work presents black phosphorus 
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assembly onto the suspended four-probe microdevice, measurement of the intrinsic thermal 

resistance of four few-layer BP samples, and their characterization to obtain thermal 

conductivity results. The measurement results are compared with prior reports and 

collaborative theoretical calculation to develop a better understanding of the unusual 

thermal transport properties of BP and phosphorene.  
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Chapter 2: Four-Probe Thermal Measurement 

2.1 Four-Probe Microdevice 

 In the four-probe thermal transport measurement,57 the nanostructure sample is 

suspended across four palladium/chromium/silicon nitride (Pd/Cr/SiNx) beams, which 

serve as resistive heaters and thermometers. The sample is placed on an evacuated sample 

stage of a variable temperature cryostat. One of the four lines is electrically heated while 

the electrical resistances of the four lines are measured. Based on the electrical resistance 

of each line measured without a heating current at different cryostat temperatures, the 

change in resistance versus temperature of each line due to the heating is used to obtain the 

average temperature rise in each line. A total of sixteen temperature measurements are 

obtained after each line has been used as the resistive heater. The sixteen measurement data 

can be used to obtain nine of the eleven thermal resistances shown in the thermal circuit of 

Figure 2.1. Because the heat flow rate in the middle suspended segment and across the two 

middle contacts are different and their ratios depend on which line is used as the heating 

line, the measurements obtain the middle suspended segment thermal resistance (R2) and 

the two contact thermal resistances (Rc,2 and Rc,3) to the middle suspended segment. 
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Figure 2.1. Thermal resistance circuit of the measurement device when the first Pd/Cr line 

is electrically heated at a rate of (IV)1. R1, R2, and R3 are the intrinsic thermal resistances of 

the left, middle, and right suspended segments of the suspended black phosphorus sample. 

Rc,j is the contact thermal resistance between the jth Pd/SiNx line and the sample. Rb,j is the 

thermal resistance of the jth Pd/Cr resistance thermometer line. 𝜃𝑐,𝑗,𝑖 is the jth Pd/Cr line 

temperature rise at the contact to the sample when the ith line is used as the heater line. The 

temperature rise 𝜃0 at the two ends of each of the suspended Pd/Cr lines is assumed to be 

negligible.57 
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 From the thermal circuit, the following three equations are used to obtain R2, Rc,2, 

Rc,3, R1+Rc,1, and R3+Rc,4: 

𝜃𝑐,2,𝑖 − 𝜃𝑐,3,𝑖 = 𝑄2,𝑖𝑅𝑐,2 + (𝑄1,𝑖 + 𝑄2,1)𝑅2 − 𝑄3,𝑖𝑅𝑐,3, for i = 1,2,3,4      (2.1) 

𝜃𝑐,1,𝑖 − 𝜃𝑐,2,𝑖 = 𝑄1,𝑖(𝑅1 + 𝑅𝑐,1) − 𝑄2,𝑖𝑅𝑐,2, for i = 1,2,3,4        (2.2) 

𝜃𝑐,4,𝑖 − 𝜃𝑐,3,𝑖 = 𝑄4,𝑖(𝑅3 + 𝑅𝑐,4) − 𝑄3,𝑖𝑅𝑐,3, for i = 1,2,3,4        (2.3) 

where the temperature rises and heat flow rates at different contacts can be obtained from 

the measured average temperature rise data, as discussed below.  

2.2 Finite Width Derivation 

 The four-probe measurement performed in this work differs from the measurement 

created by Kim et al.57 in that point contact between the BP and suspended Pd/Cr resistance 

thermometer line is not assumed. As a result, the finite width of the sample participates in 

heat conduction with temperature profiles of the ith heating line and jth resistance 

thermometer line illustrated in Figure 2.2(a). Figure 2.2(b) shows the conformal contact of 

BP to a Pd/Cr line.   
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Figure 2.2. (a) Optical micrograph of a 55.6 nm thick, 2.46 µm wide BP sample assembled 

across four suspended Pd/Cr lines together with a schematic of the temperature profiles 

along the Pd/Cr heat line (ith line) and one Pd/SiNx resistance thermometer line (jth line, j ≠ 

i). (b) Tilted SEM image of a 39.2 nm thick BP flake displaying typical contact of a BP 

sample to a Pd/Cr line. Scale bars are 5 µm for (a) and 1 µm for (b).  
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 Specifically, the temperature distribution in the jth thermometer line that is not the 

ith heating line as a function of position, x, as seen in Figure 2.2(a) is  

�̅�𝑗,𝑖 =
1

2𝐿𝑗
∫ 𝜃𝑗,𝑖(𝑥)𝑑𝑥

𝐿𝑗

−𝐿𝑗
, for j ≠ i           (2.4) 

�̅�𝑗,𝑖 =
1

2𝐿𝑗
[∫

𝜃𝑐,𝑗,𝑖(𝑥+𝐿𝑗)

(𝑑𝑗−𝑤𝑗)+𝐿𝑗
𝑑𝑥 + ∫ 𝜃𝑐,𝑗,𝑖𝑑𝑥 +

𝑑𝑗+𝑤𝑗

𝑑𝑗−𝑤𝑗
∫

𝜃𝑐,𝑗,𝑖(𝑥−𝐿𝑗)

(𝑑𝑗+𝑤𝑗)−𝐿𝑗
𝑑𝑥

𝐿𝑗

𝑑𝑗+𝑤𝑗

𝑑𝑗−𝑤𝑗

−𝐿𝑗
]      (2.5) 

Here, �̅�𝑗,𝑖 is the average temperature of the entire jth line while heating the ith line. Whereas, 

𝜃𝑐,𝑗,𝑖 is the temperature at the contact point in the jth line i.e. the red plateau in Figure 2.2(a). 

Solving for the contact point temperature for the jth thermometer line that is not the ith 

heating line 

𝜃𝑐,𝑗,𝑖 = (
2𝐿𝑗

𝐿𝑗+𝑤𝑗
) �̅�𝑗,𝑖, for j ≠ i,            (2.6) 

where Lj and wj are the half lengths and widths of the jth line, respectively.  

 The thermal resistance of each of the four thermometer lines is  

1

𝑅𝑏,𝑗
=

1

𝐿𝑗+(𝑑𝑗−𝑤𝑗)

𝜅𝑗𝐴𝑗

+
1

𝐿𝑗−(𝑑𝑗+𝑤𝑗)

𝜅𝑗𝐴𝑗

            (2.7) 

𝑅𝑏,𝑗 =
(𝐿𝑗−𝑤𝑗)

2
−𝑑𝑗

2

2𝜅𝑗𝐴𝑗(𝐿𝑗−𝑤𝑗)
             (2.8) 
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where κj, Aj, and dj are the effective thermal conductivity, cross-sectional area, and 

displacement distance of the center of the flake to the center of the jth suspended 

thermometer line.  

 The average temperature rise in the ith heater line from Joule heating the ith line as 

a function of position is 

�̅�𝑖,𝑖 =
1

2𝐿𝑖
∫ 𝜃𝑖,𝑖(𝑥)𝑑𝑥

𝐿𝑖

−𝐿𝑖
            (2.9) 

�̅�𝑖,𝑖 =
1

2𝐿𝑖
[∫ 𝜃𝑖,𝑖,𝐴(𝑥)𝑑𝑥 + ∫ 𝜃𝑐,𝑖,𝑖𝑑𝑥 +

𝑑𝑖+𝑤𝑖

𝑑𝑖−𝑤𝑖
∫ 𝜃𝑖,𝑖,𝐵(𝑥)𝑑𝑥

𝐿𝑖

𝑑𝑖−𝑤𝑖

𝑑𝑖−𝑤𝑖

−𝐿𝑖
]     (2.10) 

where θi,i,A and θi,i,B are functions of position describing the parabolic temperature profiles 

for each side of the plateau in Figure 2.2(a) and are defined as 

𝜃𝑖,𝑖,𝐴(𝑥) =
−(𝐼𝑉)𝑖

4𝜅𝑖𝐴𝑖𝐿𝑖
𝑥2 + 𝐶1𝑥 + 𝐶2         (2.11) 

𝐶1 =
−(𝐼𝑉)𝑖

4𝜅𝑖𝐴𝑖𝐿𝑖

[𝐿𝑖 − (𝑑𝑖 − 𝑤𝑖)] +
𝜃𝑐,𝑖,𝑖

[𝐿𝑖+(𝑑𝑖−𝑤𝑖)]
        (2.12) 

𝐶2 =
(𝐼𝑉)𝑖

4𝜅𝑖𝐴𝑖𝐿𝑖

[𝐿𝑖(𝑑𝑖 − 𝑤𝑖)] + 𝜃𝑐,𝑖,𝑖 [
𝐿𝑖

𝐿𝑖+(𝑑𝑖−𝑤𝑖)
]       (2.13) 

𝜃𝑖,𝑖,𝐵(𝑥) =
−(𝐼𝑉)𝑖

4𝜅𝑖𝐴𝑖𝐿𝑖
𝑥2 + 𝐷1𝑥 + 𝐷2         (2.14) 

𝐷1 =
(𝐼𝑉)𝑖

4𝜅𝑖𝐴𝑖𝐿𝑖

[𝐿𝑖 + (𝑑𝑖 + 𝑤𝑖)] −
𝜃𝑐,𝑖,𝑖

[𝐿𝑖−(𝑑𝑖+𝑤𝑖)]
        (2.15) 

𝐷2 =
−(𝐼𝑉)𝑖

4𝜅𝑖𝐴𝑖𝐿𝑖

[𝐿𝑖(𝑑𝑖 + 𝑤𝑖)] + 𝜃𝑐,𝑖,𝑖 [
𝐿𝑖

𝐿𝑖−(𝑑𝑖+𝑤𝑖)
]       (2.16) 
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Solving for the contact temperature as a function of Joule heating, (IV)i, of the ith Pd/Cr 

heating line 

𝜃𝑐,𝑖,𝑖 = (
2𝐿𝑖

𝐿𝑖+𝑤𝑖
) �̅�𝑖,𝑖 −

1

6
(𝐼𝑉)𝑖𝑅𝑏,𝑖

[(𝐿𝑖−𝑤𝑖)2(𝐿𝑖
2−2𝐿𝑖𝑤𝑖+3𝑑𝑖

2+𝑤𝑖
2)]

𝐿𝑖(𝐿𝑖+𝑤𝑖)[(𝐿𝑖−𝑤𝑖)2−𝑑𝑖
2]

      (2.17) 

 An energy balance yields the following relationship 

𝑄𝑖,𝑖 = − ∑ 𝑄𝑗,𝑖
4
𝑗=1
𝑗≠𝑖

           (2.18) 

𝑄𝑗,𝑖 =
−𝜃𝑐,𝑗,𝑖

𝑅𝑏,𝑗
, for j ≠ i           (2.19) 

Substituting and rearranging gives 

∑
𝜃𝑐,𝑗,𝑖

𝑅𝑏,𝑗
= −𝜅𝑖𝐴𝑖

𝑑𝜃𝑖,𝑖,𝐴

𝑑𝑥
|

𝑥=𝑑𝑖−𝑤𝑖

+ 𝜅𝑖𝐴𝑖
𝑑𝜃𝑖,𝑖,𝐵

𝑑𝑥
|

𝑥=𝑑𝑖+𝑤𝑖

+ (𝐼𝑉)𝑖
𝑤𝑖

𝐿𝑖

4
𝑗=1
𝑗≠𝑖

, for i = 1, 2, 3, 4      (2.20) 

Individually solving for the derivatives on the right hand side 

𝑑𝜃𝑖,𝑖,𝐴

𝑑𝑥
|

𝑥=𝑑𝑖−𝑤𝑖

=
−(𝐼𝑉)𝑖

4𝜅𝑖𝐴𝑖𝐿𝑖
(𝐿𝑖 + 𝑑𝑖 − 𝑤𝑖) +

𝜃𝑐,𝑖,𝑖

𝐿𝑖+𝑑𝑖−𝑤𝑖
       (2.21) 

𝑑𝜃𝑖,𝑖,𝐵

𝑑𝑥
|

𝑥=𝑑𝑖+𝑤𝑖

=
(𝐼𝑉)𝑖

4𝜅𝑖𝐴𝑖𝐿𝑖
(𝐿𝑖 − 𝑑𝑖 − 𝑤𝑖) −

𝜃𝑐,𝑖,𝑖

𝐿𝑖−𝑑𝑖−𝑤𝑖
       (2.22) 

Plugging Equation (2.21) and (2.22) back into (2.20) 

∑
𝜃𝑐,𝑗,𝑖

𝑅𝑏,𝑗
= (𝐼𝑉)𝑖

𝑤𝑖

𝐿𝑖
+ 𝜅𝑖𝐴𝑖 [

(𝐼𝑉)𝑖

4𝜅𝑖𝐴𝑖𝐿𝑖
2(𝐿𝑖 − 𝑤𝑖) −

𝜃𝑐,𝑖,𝑖

𝐿𝑖+𝑑𝑖−𝑤𝑖
−

𝜃𝑐,𝑖,𝑖

𝐿𝑖−𝑑𝑖−𝑤𝑖
]4

𝑗=1
𝑗≠𝑖

    (2.23) 
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∑
𝜃𝑐,𝑗,𝑖

𝑅𝑏,𝑗
= (𝐼𝑉)𝑖

𝑤𝑖

𝐿𝑖
+4

𝑗=1
𝑗≠𝑖

(𝐼𝑉)𝑖 (
𝐿𝑖−𝑤𝑖

2𝐿𝑖
) −

𝑘𝑖𝐴𝑖

𝐿𝑖+𝑑𝑖−𝑤𝑖
𝜃𝑐,𝑖,𝑖 −

𝑘𝑖𝐴𝑖

𝐿𝑖−𝑑𝑖−𝑤𝑖
𝜃𝑐,𝑖,𝑖    (2.24) 

∑
𝜃𝑐,𝑗,𝑖

𝑅𝑏,𝑗
=4

𝑗=1
𝑗≠𝑖

(𝐼𝑉)𝑖 (
𝐿𝑖+𝑤𝑖

2𝐿𝑖
) −

𝜃𝑐,𝑖,𝑖

𝑅𝑏,𝑖
         (2.25) 

Substituting Equation (2.6) and (2.17) into (2.25) yields 

∑
1

𝑅𝑏,𝑗

�̅�𝑗,𝑖

(𝐼𝑉)𝑖

2𝐿𝑗

𝐿𝑗+𝑤𝑗
=

2[(𝐿𝑖
3−𝑤𝑖

3)(𝐿𝑖−𝑤𝑖)−3𝐿𝑖𝑑𝑖
2𝑤𝑖]

3𝐿𝑖(𝐿𝑖+𝑤𝑖)[(𝐿𝑖−𝑤𝑖)2−𝑑𝑖
2]

4
𝑗=1 , for i = 1, 2, 3, 4     (2.26) 

This sum can be written in matrix form to solve for the thermal resistances of the four 

thermometer lines, Rb,1, Rb,2, Rb,3, and Rb,4, based on the 16 sets of �̅�𝑗,𝑖 (𝐼𝑉)𝑖⁄  measurement 

data.  

 With the calculated Rb,j values, the contact point temperature rise for the ith heater 

line of Equation (2.17) can be rewritten as 

𝜃𝑐,𝑖,𝑖 = 𝜃𝑖,𝑖(𝑑𝑖 − 𝑤𝑖 < 𝑥 < 𝑑𝑖 + 𝑤𝑖) = 𝑅𝑏,𝑖 {(𝐼𝑉)𝑖 (
𝐿𝑖+𝑤𝑖

2𝐿𝑖
) − ∑ [

�̅�𝑗,𝑖

𝑅𝑏,𝑗
(

2𝐿𝑗

𝐿𝑗+𝑤𝑗
)]4

𝑗=1
𝑗≠𝑖

}   (2.27) 

 In the limit of vanishing width for all the above equations, the finite width 

derivation reverts to the contact point assumption, and the remainder of the four-probe 

thermal measurement solution follows the work of Kim et al. using relationships from the 

thermal circuit of Figure 2.1.  
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2.3 Sample Assembly 

 To maximize yield and throughput, the devices are fabricated utilizing conventional 

photolithography and etching techniques available at the Microelectronics Research 

Center. Eric Ou has detailed the four-probe device fabrication.59 Four black phosphorus 

flakes were transferred to the four-probe microdevice. The measurement device for each 

sample had unique line length and resistance thermometer spacing, which is summarized 

in Table 2.1. The BP flakes had thicknesses of 39.2 nm, 55.6 nm, 145 nm, and 274 nm that 

were determined by either SEM or AFM. Raman spectroscopy confirmed that all flakes 

have the characteristic vibrational modes of BP. The nomenclature for the following 

material will drop the use of the descriptor “thick” to describe the dimension for the 39.2 

nm, 55.6 nm, 145 nm, and 274 nm BP samples due to repetitiveness except for figure and 

table captions. Once successfully suspended across the four resistance thermometers, the 

crystal deterioration was minimized with the use of a high vacuum transport and storage 

apparatus consisting of a metal chamber connected to a butterfly valve.  

 

BP Nanoribbon 

Thickness (nm) 

Total Line 

Length (µm) 

Gap 1-2 

(µm) 

Gap 2-3 

(µm) 

Gap 3-4 

(µm) 

Line Width 

(µm) 

39.2 200 7 16 7 1.5 

55.6 100 4 9 4 1.5 

145 100 7 7 7 1.5 

274 100 4 12 4 1.5 

Table 2.1. Device dimensions for measured samples.  
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2.3.1 BP Exfoliation and Transfer 

 Bulk BP flakes were obtained from a commercial source, Smart Elements. The bulk 

material was stored in a nitrogen desiccator to minimize hygroscopic degeneration and 

placed in a plastic container wrapped with aluminum foil to eliminate light interaction. To 

obtain few-layer black phosphorus, bulk BP was mechanically exfoliated using two 

Polydimethylsiloxane (PDMS) cubes each with a volume of approximately 1 cm3. Few-

layer BP flakes exfoliated onto the PDMS surface can be seen with an optical microscope. 

Similar to SiO2 oxide thickness corresponding to a specific color, an individual BP flake’s 

color could be used to estimate thickness. The exfoliated BP flakes tended to separate along 

the AC and ZZ directions. The optical microscope is outfitted with a micromanipulator that 

uses a sharp tungsten probe to selectively transfer flakes. The PDMS surface is soft such 

that the probe tip can compress the surface and be positioned under the flake. Once under 

the flake, the probe is able to lift the flake off the surface, which sticks to the probe via van 

der Waals forces. The flake is then assembled onto a device where the resistance 

thermometer line spacing allows adequate maneuverability of the tungsten probe. This dry 

transfer process is expected to be cleaner compared to transfer techniques that utilize a 

Poly(methyl methacrylate) (PMMA) carrier layer.60  

2.3.2 Sample Preparation 

 A single 4” silicon wafer has a maximum yield of 2160 individual devices or 240 

chips that are a 3 × 3 array of devices. A single chip measures 5 mm × 6 mm, and it is the 

maximum size that can fit in the chip carrier. The purpose of the chip carrier is to act as the 
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electric intermediary between the microscale device and the macroscale cryostat. 

Immediately following flake suspension on a device, the 3 × 3 chip array is attached to a 

chip carrier using electrically conducting silver nanoparticle paint and stored inside a high 

vacuum transport apparatus to minimize degradation. The device is removed from the high 

vacuum apparatus, wire bonded to the chip carrier, and loaded into a temperature controlled 

cryostat. To eliminate convection, residual gas conduction, and radiation parasitic losses, 

the measurement is performed at a high vacuum of ~10-6 Torr with two radiation shields. 

In total, the flakes are exposed to atmosphere for thirty to ninety minutes during the 

assembly process of exfoliation, micromanipulator transfer, chip carrier attachment, wire 

bonding, and cryostat loading. 

2.4 Measurement Process 

 Thermal measurements of each sample were performed in the temperature range 

from 350 K to 10 K. High temperatures were avoided due to degradation concerns.61 Low 

temperature measurements necessitated the use of liquid nitrogen from room temperature 

to 80 K and liquid helium from 80 K to 10 K. The low temperature measurements were 

necessary because the thermal conductivity peaks of BP occurred at 80 K for the 55.6 nm 

zigzag flake and 60 K for the other three armchair flake. Measurements below the peak 

temperature were performed to obtain additional data for the calculation of dR/dT for each 

suspended Pd/Cr line.  
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 The thermal measurement is performed in the manner discussed in Section 2.1 

using the finite width equations in Section 2.2. Further details of the four-probe thermal 

measurement are discussed by Eric Ou.59 Because BP does not grow a native oxide, 

electrical contact to the resistance thermometer lines occurred for the 39.2 nm, 55.6 nm, 

and 145 nm samples. However, these electrical contacts were unstable resulting in no 

relevant electrical conductivity or Seebeck coefficient trends. BP samples with electrical 

contact to the resistance thermometer lines required the application of a floating current 

source for the heating line to separate the grounds of the ith DC heating line and the jth AC 

resistance thermometer. The 274 nm flake was in thermal contact resulting in the use of a 

heating current source with a common ground to the other measurement electronics. 

Multiple measurements are performed for each heating of the ith line and measurement of 

the jth line, and these measurements are averaged for the data analysis to minimize random 

uncertainty.  

 After thermal measurements were completed, the BP flakes were characterized with 

optical microscopy and scanning electron microscopy to obtain the flake dimensions that 

include the length of the middle suspended gap, width of the middle suspended sample, 

finite width of each BP contact to the resistance thermometer lines, and the displacement 

of each BP contact from the midpoint of their respective resistance thermometer line. 

Subsequently, the flakes were transferred with the micromanipulator from the 

measurement device onto a SiO2 wafer piece with alignment marks. Atomic force 
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microscopy and polarized Raman spectroscopy were performed to obtain the nanoribbon 

thickness and crystallographic orientation.  

2.5 Characterization Results 

 First, optical and scanning electron microscopes are used to visualize and measure 

the samples. Top-down SEMs of all four samples are shown in Figure 2.3. As thickness 

decreases, the BP transparency increases. The 274 nm flake in Figure 2.3(d) is completely 

opaque, and the flakes with thicknesses below 145 nm are partially transparent as seen in 

Figure 2.3(a-c). The 274 nm, 145 nm, and 55.6 nm flakes do not have any noticeable 

defects in contrast with the 39.2 nm flake.  

Figure 2.3. Top-down SEMs of measured BP flakes with thickness of (a) 39.2 nm, (b) 55.6 

nm, (c) 145 nm, (d) 274 nm. Scale bar is 5 µm (a-c) and 10 µm.  

c 

b 

d 

a 
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 Next, the flakes are transferred to a SiO2/Si wafer with alignment marks for atomic 

force microscopy and angle-resolved polarized Raman spectroscopy analysis. Figure 2.4 

shows the AFM topographic height images obtained from normal tapping mode used to 

obtain sample thickness. Multiple thicknesses were obtained using the section function in 

the Nanoscope software package following the use of the 2nd order plane fit function to 

account for swiveling of the AFM probe. The section function lines are shown in Figure 

2.4 along with topographic data in the corner. The thickness of the 274 nm sample was 

obtained from 85° tilted SEM analysis shown in Figure 2.5. The 274 nm, 145 nm, and 55.6 

nm BP flakes have uniform width and thickness along the length of the middle suspended 

segment; however, the 39.2 nm flake has an irregular width and thickness along the middle 

suspended segment. Consequently, the width and thickness for the 39.2 nm BP sample are 

averaged to obtain the thermal conductivity. The samples display minimal topographic 

protrusions indicative of the BP degradation process.39  
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Figure 2.4. AFM height data used to obtain thicknesses of (a) 39.2 nm, (b) 55.6 nm, and 

(c) 145 nm via step function in the Nanoscope software package.  

 

 

Figure 2.5. 85° tilted SEM of 274 nm thick BP flake used to obtain thickness in 

conjunction with other images. Scale bar is 1 µm.  

  

a c b 
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 Finally, angle-resolved polarized Raman spectroscopy was performed to obtain the 

lattice orientation of the flakes. Because the Raman apparatus had no rotational stage nor 

laser rotation capabilities, manual rotation of the flake about the sample normal in the a–c 

plane was performed to obtain Raman versus orientation data. A 532 nm laser permanently 

polarized parallel to the x-axis was used to probe the 𝐴𝑔
1 , 𝐵2𝑔, and 𝐴𝑔

2  black phosphorus 

vibrational modes where a typical response can be seen in Figure 2.6. Furthermore, as 

discussed in Section 1.1, the intensity ratio of the 𝐴𝑔
2  peak to the 𝐴𝑔

1  peak as a function of 

orientation can be used to determine the crystallographic direction of each sample. Figure 

2.7 shows the 𝐴𝑔
2 /𝐴𝑔

1  ratio versus the angle of the polarized laser for the 55.6 nm ZZ flake 

and the 39.2 nm AC flake. The 39.2 nm sample is oriented approximately 22.5° off the AC 

crystallographic direction with respect to the resistance thermometer lines of the 

measurement device. An armchair response was also observed for the 145 nm and 274 nm 

samples.  
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Figure 2.6. Typical Raman spectra for BP.  

 

Figure 2.7. Angle-resolved polarized Raman spectra for two samples showing the lattice 

orientation dependence of the 𝐴𝑔
2  to 𝐴𝑔

1  intensity ratio. The lines are simple fitting to the 

measurement results (symbols). The rotation angles of 90° and 180° correspond to light 

polarization perpendicular and parallel, respectively, to the heat transport direction along 

the sample.   
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2.6 Uncertainty Analysis 

 Uncertainty analysis was performed to assess the confidence of the results by 

determining the accuracy and precision of the data. Error propagates throughout the 

measurement via random uncertainty in the measured sample dimensions and sample 

conductances.  

 Random and bias uncertainty of a variable X are the two components of total 

uncertainty that is defined as 

𝛿𝑋𝑇𝑜𝑡𝑎𝑙 = √𝛿𝑋𝑅
2 + 𝛿𝑋𝐵

2          (2.28) 

where the subscripts R and B denote random and bias, respectively. Bias uncertainty is 

determined from the experimental instruments. Random uncertainty of a variable X is 

defined as 

𝛿𝑋 =
𝜎𝑋

√𝑁
𝑡            (2.29) 

where σX is the standard deviation, N is the number of measurements, and t is the student 

t-distribution for a 95% confidence and a degree of freedom equal to one less than the 

number of measurements.  

 Multiple measurements of all sample dimensions were obtained from scanning 

electron microscopy and atomic force microscopy. Sample dimensions and their 

corresponding uncertainties are show in Table 2.2 where L is the length, w is the width, 

and t is the thickness.  
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BP 

Nanoribbon 

Thickness 

(nm) 

L (µm) δL (µm) w (µm) δw (µm) t (nmA) δt (nm) 

39.2 15.36 0.15 9.24 0.48 39.2 3.34 

55.6 12.18 0.53 2.46 0.11 55.6 0.42 

145 8.13 0.17 2.81 0.09 145 1.51 

274 12.28 0.19 7.60 0.04 274 5.96 

Table 2.2. Sample dimensions of the middle suspended segment and their uncertainty.  

 

 The error in the measured sample thermal conductivity in Figure 3.3 is derived from 

its definition, which is  

𝜅 =
𝐿

𝑅2𝐴
            (2.30) 

where L is the length, R2 is the intrinsic thermal resistance, and A is the cross sectional area 

equal to the multiplication of width and thickness. All variables are for the middle 

suspended segment of each sample. The total uncertainty for the thermal conductivity is 

defined as 

𝛿𝜅 = [(
𝜕𝜅

𝜕𝐿
𝛿𝐿)

2

+ (
𝜕𝜅

𝜕𝑅2
𝛿𝑅2)

2

+ (
𝜕𝜅

𝜕𝑤
𝛿𝑤)

2

+ (
𝜕𝜅

𝜕𝑡
𝛿𝑡)

2

]

1
2⁄

      (2.31) 

𝜕𝜅

𝜕𝐿
=

1

𝑅2𝑤𝑡
            (2.32) 

𝜕𝜅

𝜕𝑅2
=

−𝐿

𝑅2
2𝑤𝑡

            (2.33) 

𝜕𝜅

𝜕𝑤
=

−𝐿

𝑅2𝑤2𝑡
            (2.34) 
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𝜕𝜅

𝜕𝑡
=

−𝐿

𝑅2𝑤𝑡 2
            (2.35) 

 Equation (2.1), (2.2), and (2.3) yield four values for each thermal resistance,  R2, 

Rc,2, Rc,3, R1+Rc,1, and R3+Rc,4, using different subsets of the 16 �̅�𝑗,𝑖 (𝐼𝑉)𝑖⁄  measurement 

data. The range of each Rthermal uncertainty in Figure 3.2 is determined from the maximum 

and minimum of these four values. The beam resistance, Rb,j, uncertainty in Figure 3.1 are 

calculated from Equation (2.29). However, all 16 �̅�𝑗,𝑖 (𝐼𝑉)𝑖⁄  measurement data are used to 

obtain Rb,1, Rb,2, Rb,3, and Rb,4 from Equation (2.26). Consequently, the different values 

needed for N and standard deviation are obtained by using individual �̅�𝑗,𝑖 (𝐼𝑉)𝑖⁄  data as 

opposed to averaging the set of �̅�𝑗,𝑖 (𝐼𝑉)𝑖⁄ . 

 Lastly, temperature error is incorporated into all conductivity and thermal 

resistance figures by plotting the average and range of variation. The average temperature 

is defined as  

𝑇𝐴𝑣𝑒𝑟𝑎𝑔𝑒 = 𝑇𝐶𝑟𝑦𝑜𝑠𝑡𝑎𝑡 +

∑ (
𝜃𝑐,2,𝑖,𝑚𝑎𝑥 +𝜃𝑐,3,𝑖,𝑚𝑎𝑥

2
)4

𝑖=1

4

2
       (2.36) 

where the subscript i denotes the heating line. The range minimum is the cryostat 

temperature while the range maximum is defined as 

𝑇𝑀𝑎𝑥𝑖𝑚𝑢𝑚 𝐸𝑟𝑟𝑜𝑟 = 𝑇𝐶𝑟𝑦𝑜𝑠𝑡𝑎𝑡 + MAX [∑ (
𝜃𝑐,2,𝑖,𝑚𝑎𝑥+𝜃𝑐,3,𝑖,𝑚𝑎𝑥

2
)4

𝑖=1 ]     (2.37) 

where MAX is an operator that extracts the maximum value from the summation.   
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Chapter 3: Results and Discussion 

3.1 Experimental Results 

 The thermal resistances of the thermal circuit in Figure 2.1 are analyzed first from 

the measurement data. Figure 3.1 shows the four beam thermal resistances Rb,1, Rb,2, Rb,3, 

and Rb,4 as a function of temperature for the 145 nm BP flake. This is a typical Pd/Cr beam 

resistance response for all measured devices where Rb,j is defined in Equation (2.8). In 

metals, the electronic contribution dominates the total thermal conductivity and increases 

with temperature. Referring to Table 2.1, the devices for measuring the 55.6 nm and 274 

nm flakes have beam resistances with the same magnitude as the device for measuring the 

145 nm flake because their total beam lengths are the same. Conversely, the device for 

measuring the 39.2 nm flake has double the total beam length, and the magnitude of Rb,j is 

approximately two fold greater than the 145 nm flake beam resistances.  

 
Figure 3.1. Pd/Cr line thermal resistance as a function of temperature for 145 nm thick BP 

sample. The error bars of some of the data are smaller than the symbol size.  
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 Continuing the discussion on the resistances of the thermal circuit, Figure 3.2(a-d) 

shows R2, Rc,2, Rc,3, R1+Rc,1, and R3+Rc,4 as a function of temperature for each BP flake. 

The 39.2 nm sample in Figure 3.2(a) shows an abrupt change in contact resistance at beam 

four between measurements at 100 K and 125 K for R3+Rc,4, which does not affect the 

measurement of R2. Figure 2.2(b) shows the BP flake contact to the fourth beam for the 

39.2 nm sample. Similarly for the 274 nm BP flake, Rc,1 increases noticeably below 150 K 

in Figure 3.2(d) suggesting poor contact to the Pd/SiNx resistance thermometer.  
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Figure 3.2 is continued on the next page.  
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Figure 3.2. Thermal resistances as a function of temperature for (a) 39.2 nm, (b) 55.6 nm, 

(c) 145 nm, and (d) 274 nm thick BP samples. The error bars of some of the data are smaller 

than the symbol size.  
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BP 

Nanoribbon 

Thickness 

(nm) 

Rc,2 

Average 

(K/µW) 

Rc,2  

High 

(K/µW) 

Rc,2  

Low 

(K/µW) 

Rc,3 

Average 

(K/µW) 

Rc,3  

High 

(K/µW) 

Rc,3  

Low 

(K/µW) 

39.2 -0.023 0.021 -0.088 0.094 0.161 0.042 

55.6 0.004 0.221 -0.063 -0.039 0.197 -0.119 

145 -0.027 -0.003 -0.069 -0.016 0.023 -0.035 

Table 3.1. Average, high, and low contact resistance values for the two middle beams for 

the 39.2 nm, 55.6 nm, and 145 nm thick BP flakes.  

 

 The contact resistance at beam two, Rc,2, and three, Rc,3, are too small and too close 

to zero to be measured for the 39.2 nm, 55.6 nm, and 145 nm samples at certain 

temperatures. This outcome is a result of measurement sensitivity and uncertainty. Similar 

to an earlier two-probe thermal measurement, the noise and resolution of the four-probe 

thermal measurement is constrained by a 10–50 mK temperature fluctuation of the cryostat 

sample stage.62 The temperature volatility of the microdevice affects the measurement of 

the beam thermal resistances that are used to calculate the heat flow rates into the sample 

at the contact points, which is then used to calculate the contact resistances. The smallest 

measurable contact resistance is approximately a 100th of Rb.62 Because the 55.6 nm and 

145 nm BP flakes have a total beam length of 100 µm and the 39.2 nm BP flake has a total 

beam length of 200 µm, the minimum sensitivity is about 0.06 K/µW and 0.11 K/µW, 

respectively. Table 3.1 summarizes the average, high, and low values of contact resistance 

for beams two and three for the flakes with negative contact resistance values. The negative 

contact resistance values are comparable to the sensitivity of the measurement. Hence, the 

interfacial contact between the BP and Pd/SiNx is good such that the thermal resistance is 
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below the sensitivity of the measurement where the negative values are a result of noise 

and uncertainty.  

3.2 Temperature and Thickness Dependence 

 The thermal conductivity of the four BP flakes are shown in Figure 3.3 elucidating 

the distinct anisotropy along the zigzag and armchair in-plane directions, which agrees with 

theoretical predictions and experimental measurements.24,29–36 In particular, the thermal 

conductivity along the zigzag high-symmetry direction is threefold higher than the 

armchair samples, which was predicted in theoretical works.24,29–32 Low temperature 

thermal conductivity peaks for each sample were also observed. The thermal conductivity 

peak arises from the reduction of the umklapp process and increased importance of 

geometrical effects and imperfections. These two phenomena are best understood with the 

mathematical definition of lattice thermal conductivity, κ, that is defined as63 

𝜅 = ∑ 𝐶𝒌(𝑣𝒌 ∙ �̂�)2𝜏𝒌𝒌              (3.1) 

where Ck is the specific heat supplied by the mode with the wavevector k, v is the phonon 

group velocity, �̂� is the unit vector in the direction of temperature gradient, τ is the phonon 

relaxation time following Matthiessen’s rule, and the summation is over the first Brillouin 

zone of all wavevector modes. The decrease in thermal conductivity at low temperatures is 

caused by imperfections and geometrical or size effects, which encompasses phonon 

scattering by crystal boundaries, chemical impurities, lattice imperfections, etc.64 Crystal 

imperfections and size effects reduce the phonon relaxation time. Alternatively, umklapp 
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scattering, primarily phonon–phonon scattering between the optical and acoustic branches, 

diminishes at low temperatures because high energy optical modes become frozen or 

inactive. Thus, the acoustic phonons scatter less, which causes an increase in the relaxation 

time. The temperature at which a crystal’s thermal conductivity reaches its maximum 

occurs lower for crystals with less imperfections, ceteris paribus.  

 Observing the temperature dependence of the 39.2 nm and 145 nm samples, the 

difference in thermal conductivities becomes greater at decreasing temperature. This may 

be due to extrinsic scattering such as boundary scattering, which has a more pronounced 

effect at low temperatures than at high temperatures, or crystal imperfections that 

influences the phonon relaxation time. The thermal conductivity separation for decreasing 

temperature between the 274 nm and 145 nm flakes is miniscule compared to the 39.2 nm 

and 145 nm flakes. This result suggest that imperfections such as point defects are more 

important than boundary scattering in the temperature range below the thermal 

conductivity peak. Figure 2.3(a) shows stacking defects, holes, and tears for the 39.2 nm 

sample that do not exist in either the 145 nm or 274 nm samples. Another trend is that 

increasing temperature causes decreasing thermal conductivity for all samples, which is 

expected for a crystalline material with phonon-dominated heat transport, indicating that 

phonon-phonon scattering dominates as opposed to extrinsic scattering.  
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Figure 3.3. In-plane thermal conductivity of suspended few-layer black phosphorus for 

samples oriented along the AC (blue) and ZZ (red) direction. The error bars of some of the 

data are smaller than the symbol size.  
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 This work’s thermal conductivities are compared against previous experimental 

studies in Figure 3.4 and Figure 3.5.33–35 The thermal conductivity results utilizing TR-

MOKE were not included in the figures because Zhu et al. measured bulk BP flakes on the 

order of tens of microns.36 In addition to the experimental results, Bjorn Vermeersch, Jesús 

Carrete, and Natalio Mingo are collaborators who have provided thermal conductivity first 

principles calculations seen as the dashed and solid lines in the aforementioned figures. 

The dashed lines represent pristine, defect-free thermal conductivities while the solid lines 

represent thermal conductivities with vacancy defects. The vacancy defects are 

imperfections in the crystal that scatter phonons decreasing the phonon relaxation time and 

crystal thermal conductivity. For the four-probe samples, the vacancy point defect 

concentrations are 0.04%, 0.145%, 0.1%, and 0.14%, respectively for the 55.6 nm, 274 nm, 

145 nm, and 39.2 nm samples. The first principles calculation technique to obtain thermal 

conductivity is described in detail in a previous publication by the collaborators.65 Briefly, 

the calculations were performed using VASP with projector-augmented-wave datasets.66,67 

A generalized Fuchs model was then employed to obtain the thermal conductivity while 

accounting for the BP anisotropy for the defect-free results. Vacancy defects were modeled 

as mass defects with an effective mass equal to three times the mass of a phosphorus atom. 

Three-dimensional Monte Carlo simulations were used to extract thermal conductivity for 

the vacancy defect results.  
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Figure 3.4. Temperature dependence of the basal-plane thermal conductivities of the BP 

samples measured in this work (filled symbols) and in a recent report by Lee et al.34 

(unfilled symbols) for the zigzag (a) and the armchair (b) directions. The dashed lines are 

the theoretical calculation results for defect-free samples. The solid lines are the calculation 

results with additional phonon scattering by vacancy point defects at a concentration of 

0.04%, 0.145%, 0.1%, and 0.14%, respectively for the 55.6 nm, 274 nm, 145 nm, and 39.2 

nm samples, 0.6% and 0.4 % for the 170 nm thick, zigzag-oriented and armchair-oriented 

samples of Lee et al.,34 respectively. The dashed and solid lines are provided by 

collaborators Bjorn Vermeersch, Jesús Carrete, and Natalio Mingo. The sample thickness 

is indicated in the legend. The error bars of some of the data from this work are smaller 

than the symbol size.  
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Figure 3.5. Thickness dependence of the room-temperature thermal conductivities of the 

BP samples measured in this work (filled circles), by Luo et al.33 with micro-Raman 

thermometry (unfilled diamond symbols), by Lee et al.34 with a two-probe method (unfilled 

square symbols), and by Jang et al.35 using TDTR (crosses) for the zigzag (a, red symbols) 

direction and the armchair (b, blue symbols) and through-plane direction (b, black crosses) 

directions. The dashed and solid lines are the calculation results for defect-free samples 

and samples with 0.1% point vacancies, respectively, provided by collaborators Bjorn 

Vermeersch, Jesús Carrete, and Natalio Mingo.   

1

10

100

10 100 1000

κ
(W

 m
-1

 K
-1

)

Thickness (nm)

Luo
Lee
Jang
Smith
Defect-Free
0.10% Vacancy Defect

a

1

10

100

10 100 1000

κ
(W

 m
-1

 K
-1

)

Thickness (nm)

Luo
Lee
Jang
Jang through-plane
Smith
Defect-Free
0.10% Vacancy Defect

b



41 

 

 Figure 3.4 shows the temperature dependence of thermal conductivity for different 

BP thicknesses comparing the two-probe microdevice utilized by Lee et al.34 (unfilled 

symbols) and this work’s four-probe microdevice (filled symbols). In agreement with 

theoretical predictions, both measurement methods have obtained higher thermal 

conductivities along the ZZ direction than along the AC direction.24,30–32 Nevertheless, the 

four-probe measurements have produced higher thermal conductivity values for both in-

plane, high symmetry directions across the entire temperature range. Similar to Lee et al., 

the thermal conductivity of the armchair orientated flakes peak at a lower temperature than 

the zigzag oriented flake. However, the temperature of the peak location is different 

between the two-probe and four-probe microdevices. The AC samples peak at ~60 K and 

the ZZ sample peaks at ~80 K compared to Lee et al.’s ~100 K and ~150 K for AC and 

ZZ, respectively.  

 It is noted that in the two-probe measurements reactive ion etching was utilized to 

pattern their samples to a width of 540–590 nm, which is much smaller than the 2.46–9.24 

m widths of the exfoliated samples used for the four-probe measurements without 

etching. This work’s higher thermal conductivity and location of the thermal conductivity 

low-temperature peaks compared to Lee et al.34 provide insight into fabrication processes 

that can damage the suspended sample and reveal the importance of extrinsic scattering. 

Lee et al. obtains BP nanoribbons via a top-down microfabrication process that involves 

two spin coats of PMMA, reactive ion etching, and argon ion milling. These 

microfabrication steps employed by Lee et al. have the possibility of physically damaging 
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the sample thereby creating point defects and increasing the scattering site density.60,68–71 

In contrast, this work employs no microfabrication techniques utilized by Lee and his 

colleagues.  

 Referring to Equation (3.1), the relaxation time is lowered due to phonon scattering 

off size effects or imperfections, which explains the low thermal conductivity values 

reported by Lee et al. using a two-probe microdevice. Additionally, an increase in the 

imperfection concentration explains why Lee et al.’s thermal conductivity peaks occur at a 

higher temperature where scattering off imperfections limits the thermal conductivity at 

low temperatures. This is confirmed by the collaborators who fit the temperature-

dependent thermal conductivity curves by adding vacancy defects. The 170 nm Lee et al. 

curves have approximately 0.6% and 0.4% vacancy defect concentration for their ZZ and 

AC samples, respectively. This imperfection concentration is much larger than the four-

probe samples. Hence, the high thermal conductivity of the 55.6 nm sample is due to having 

less crystal imperfections.  

 Figure 3.5 shows the thickness dependence of thermal conductivity for both 

crystallographic directions at room-temperature for three measurement techniques 

discussed in Section 1.1.1. In addition, a defect-free dashed curve and a 0.1% vacancy 

defect concentration solid curve is plotted from collaborator data. The room-temperature 

thermal conductivity magnitudes of the four-probe measured samples are comparable to 

those reported from the micro-Raman thermometry measurement33 and TDTR 
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measurement.35 These two techniques have only obtained the near-room-temperature 

values. The values obtained for the four-probe samples are lower than the values measured 

by the TDTR technique in much thicker flakes.35 The 55.6 nm ZZ-oriented sample 

measured in this work exhibits the highest thermal conductivity of 142  22 W m-1 K-1 at 

80 K and a value of 65  4 W m-1 K-1 at room temperature. This sample has higher thermal 

conductivity than reported values for MoS2.
46,51,72  

 There is a pronounced thermal conductivity thickness dependence of sub–100 nm 

BP flake samples measured by the micro-Raman technique. However, the first principles 

calculations by the collaborators, which is confirmed by the AC four-probe results, 

suggests a less sensitive thickness-dependence of thermal conductivity highlighting the 

phonon focusing effect. The phonon focusing effect is the result of minimal phonon 

scattering off bottom and top layers in thin 2D layers compared to thin films of a relatively 

isotropic structure, as discussed in an earlier work on thin MoS2.
51 Due to less phonon 

scattering off top and bottom layers, the thermal conductivity does not depend as strongly 

on thickness. Comparing the results of the micro-Raman and TDTR measurements to the 

0.1% vacancy defect concentration line, micro-Raman thinner samples require a much 

higher point defect concentration while fitting the TDTR samples require a point defect 

concentration lower than 0.1%. It is important to note again that the micro-Raman samples 

are exposed to flowing nitrogen gas while the TDTR samples are capped in an aluminum 

oxide layer. In addition, the two-probe samples underwent etching processes unlike the 

four-probe samples but each were measured in vacuum. The differences in sample 
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preparation and measurement between the four measurement techniques reveal the 

importance of BP surface degradation, which results in higher concentration of point 

defects.  
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Chapter 4: Conclusion 

 The intrinsic in-plane thermal conductivity of few-layer black phosphorus has been 

measured in this work. Development of a four-probe finite width solution was derived 

necessitated by the width of the exfoliated BP flakes and their high thermal conductivity. 

Four BP samples were measured and subsequently characterized to determine sample 

dimensions and the crystallographic orientation. The extracted intrinsic thermal 

conductivity was anisotropic with the zigzag direction having threefold thermal 

conductivity than the armchair direction. The largest intrinsic thermal conductivity of 142 

W m-1 K-1 at 80 K and a value of 65 W m-1 K-1 at room temperature was obtained from a 

55.6 nm thick zigzag-oriented sample at 80 K. The contact resistance was determined to 

be smaller than the sensitivity of the measurement, which is limited by the magnitude of 

the suspended Pd/SiNx beam resistances. 

 The thermal conductivity magnitudes obtained from the four-probe thermal 

transport measurement of black phosphorus agreed with results from micro-Raman 

thermometry and TDTR. However, the collaboration results and AC four-probe data show 

a less sensitive thickness-dependence of thermal conductivity than the pronounced sub-100 

nm dependence by micro-Raman thermometry measurement. The weak thermal 

conductivity dependence on thickness is attributed to the phonon focusing effect. In 

addition, this work’s four-probe measurement results compared to results from a two-probe 

microdevice measurement were dissimilar, which can be explained from extrinsic 

scattering e.g. point defects caused by microfabrication techniques. This work has shown 
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the weak thermal conductivity thickness dependence of BP as well as the room for 

improvement of BP thermal conductivity by reducing defects. These results provide insight 

for thermal management design and fabrication of 2D nanomaterial logic systems 

especially flexible electronic devices.  
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