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Abstract 

 

Effect of Rough Fractal Pore-Solid Interface on Single-Phase 

Permeability in Random Fractal Porous Media 

 

Timothy Alexander Cousins, M.S.E. 

The University of Texas at Austin, 2016 

 

Supervisor:  Hugh Daigle 

 

 

Single-phase permeability k has intensively been investigated over the past 

several decades by means of experiments, theories and simulations. Although the effect 

of surface roughness on fluid flow and permeability in single pores and fractures as well 

as in a network of fractures was studied previously, its influence on permeability in a 

random mass fractal porous medium constructed of pores of different sizes remained as 

an open question. A fractal medium is one whose pore space and solid matrix can be 

characterized by statistical self-similarity and described by a fractal dimension Dm. 

Specifically, in a random mass fractal, each iteration of construction of the medium is 

composed of identical-size particles and pores of different sizes that are distributed 



 vii 

randomly within (Hunt et al. 2014). This thesis contains the research into the effect of 

rough pore-solid interface on single-phase flow and permeability in fractal porous media. 

Using fractal geometry, randomly generated three-dimensional Menger sponges were 

created to model porous media with a range of mass fractal dimensionalities Dm between 

2.579 and 2.893. This dimensionality characterizes both the solid matrix and the pore 

space of the media. The pore-solid interface of the media is subsequently roughened 

using the Weierstrass-Mandelbrot approach and controlled primarily by the surface 

fractal dimension Ds and root-mean-square of roughness height σ. 

The permeability was calculated for all the roughened media using the lattice-

Boltzmann method using D3Q19 geometry and Bhatnagar-Gross-Krook (BGK) collision 

model. The LBM simulations calculated the single-phase permeability based on Darcy’s 

Law. 

Results indicate that permeability decreases sharply with increasing Ds from 1 to 

1.1 regardless of Dm value, and remains relatively constant as Ds increases from 1.1 to 

1.6. Furthermore, while creating the media, a lower bound for the percolation threshold 

appeared to be around 29.8% for randomized Menger sponges. When fitted to the 

percolation model presented in Larson et al. (1981) with an upper limit of 0.36 from Kim 

et al. (2011), the parameters from a least squares fit point to a critical porosity ϕc of 30% 

and a percolation exponent t between 3.1 and 3.3. 

Future research should investigate the effect of the percolation threshold for these 

simulated porous media and the effect surface roughness would have on this threshold. 

Finally, future research should expand into two-phase flow and investigate the effects of 
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surface roughness on relative permeability and capillary pressure in simulated fractal 

porous media.  
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Chapter 1: Introduction 

Fractal geometry provides a promising method for representing the microscopic 

properties of soils and rocks. The definition of a fractal porous medium, as given in Rieu 

and Sposito (1991), is a medium whose pore space and solid matrix can be characterized 

by statistical self-similarity. This is the idea that certain geometrical features in a medium 

are statistically repeated at multiple scales independent of the length of measurement of 

the scale. Multiple studies have involved modeling pore-size distributions in soils as 

fractal objects in order to predict water retention and drainage/imbibition curves (Tyler 

and Wheatcraft 1990, Rieu and Sposito 1991, Perrier et al. 1996, Cihan et al. 2007, 

Ghanbarian-Alavijeh et al. 2011). Along with the pore-size distribution in soils, studies 

have shown that the pore space of sandstones, carbonates and fracture networks can be 

characterized with fractal geometry and, specifically in sandstones, contain self-similar 

properties over several orders of magnitude (Katz and Thompson 1985, Jacquin and 

Adler 1987, Hansen and Skjeltorp 1988, Krohn 1988, Berkowitz and Hadad 1997, 

Radliński et al. 1999, Xie et al. 2010). For this research, I use randomly generated, 

statistically self-similar three-dimensional Menger sponges (Mandlebrot 1983) to 

characterize the porous media. 

In addition to modeling pore space in soils and rocks, fractal geometry has been 

shown as an effective approach to model microscopic surface roughness. Brown (1995) 

showed that the surface roughness topography in fractures could be characterized by a 

self-affine fractal model. Chen et al. (2009) investigated characterizing surface 
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roughness, specifically in microchannels, using the Weierstrass-Mandelbrot (W-M) 

function, and studied the effects that surface roughness had on laminar flow. For this 

research, the method presented in Chen et al. (2009) is used to characterize the surface 

roughness of the pore-solid interface within the fractal porous medium.  

In a series of articles, Adler and his coworkers addressed various characteristics 

of flow in two- and three-dimensional random fractal porous media. Adler and Jacquin 

(1987) investigated permeability in two-dimensional media whose cross-sectional areas 

conformed to random site percolation by means of series expansion and Monte Carlo 

simulations. They showed that both methods yielded similar results for low porosities 

(e.g., less than 0.2). However, as porosity ϕ increased, deviations become more apparent. 

Jacquin and Adler (1987) analyzed different two-dimensional surface images of geologic 

structures such as fracture networks, chalks, limestone and sandstones, and demonstrated 

that their pore space and surface roughness are fractal. In another study, Adler (1988) 

investigated permeability above the site percolation threshold of a square lattice, ϕc = 

0.593, in a two-dimensional random site square lattice and a traditional Sierpinski carpet. 

He found that permeability scaled as 𝜙 − 0.593 ! when t = 1.493, which is not greatly 

different from percolation scaling exponent of t = 1.3 that occurs near the percolation 

threshold in two dimensions (Stauffer and Aharony 1994). Similar results of t = 1.47 

were also found later by Andrade et al. (1995) in two dimensions. In another study, 

Lemaitre and Adler (1990) numerically calculated permeability by means of Monte Carlo 

simulations in traditional mass fractal Menger sponges, which is the three-dimensional 

analogue of the Sierpinski carpet, and random site cubic lattices. Given that ϕc = 0.3116 
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in three dimensions on a site cubic lattice (Aharony and Stauffer 1994), Lemaitre and 

Adler (1990) found t = 1.8, near the percolation scaling exponent of 2 in three 

dimensions. 

Sukop et al. (2002) studied the percolation threshold for flow through pore space 

in two-dimensional random mass fractal Sierpinski carpets. They found that the 

percolation threshold increased beyond the threshold value for site square lattice of 0.593 

as scaling factor, which controls the ratio between pore sizes, and number of iterations, 

which controls the range of pore sizes, increased (these two parameters will be described 

in greater detail in Section 2.2.1). Kim et al. (2011) investigated permeability and 

percolation threshold in three-dimensional random mass and pore-solid fractal porous 

media using the Lattice-Boltzmann method. They reported that percolation thresholds 

were inversely correlated with the fraction of micro-pore clusters and were equal to 0.36 

and ϕc = 0.3 in mass and pore-solid fractal media respectively. Kim et al. (2011) also 

found that permeability in pore-solid fractal models was greater than that in mass fractals. 

More recently, Yang et al. (2014) assumed that pore-solid interface roughness 

might be modeled as a rough surface constructed of cone-shaped features (or peaks) 

whose heights are proportional to their base diameters. By such a simple relationship 

between height and diameter, Yang et al. (2014) characterized roughness with one scaling 

power law and fractal dimension. Following those authors, Yang et al. (2015) presumed 

that the two fractal dimensions characterizing the base diameter- and pore-size 

distributions were the same. Although such an assumption is consistent with Katz and 

Thompson (1985), who argued that “the pore volume [space] is a fractal with the same 
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fractal dimension as the pore-rock interface”, it is in contrast with Dathe and Thullner 

(2005), who stated that, “For all images the smallest fractal dimension was found for the 

interface between matrix and pores. Values for the fractal dimension of the two phases 

[i.e., pore space and solid matrix] were between those for the interface and the Euclidean 

space with the phase with the lower mass fraction always having the smaller dimension”. 

Using the bundle of capillary tubes approach, Yang et al. (2015) suggested that the ratio 

of permeability in a bundle of rough-walled tortuous capillary tubes to that in smooth-

walled tortuous tubes should scale as (1 – ε)4 in which ε is the relative roughness of 

surfaces of capillaries, which is calculated based on the ratio of the average height of 

roughness elements to the capillary diameter.  

The effect of surface roughness on fluid flow in single pores and fractures was 

studied by Brown (1987), Thompson and Brown (1991), Zimmerman et al. (1991), 

Brown et al. (1995), Drazer and Koplik (2000), Chen and Cheng (2003), Madadi et al. 

(2003), Eker and Akin (2006), Deng et al. (2016), and Ghanbarian et al. (2016), among 

many others. For example, Brown (1987) emphasized that parameters most affecting 

fluid flow through rough fractures were the surface fractal dimension and the ratio of the 

mean distance between pairs of pore-solid interface points to the root-mean-square 

surface height. The former scales the roughness of surface, and the latter controls the 

asperity height, or roughness thickness. The influence of surface roughness on fluid flow 

and permeability in networks constructed of fracture of different aperture sizes has been 

also investigated (Tsang and Tsang 1987, Drazer and Koplik 2002, Madadi and Sahimi 

2003). Although numerous theoretical and numerical methods, such as Monte Carlo and 
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lattice-Boltzmann, were applied to model and/or simulate permeability in fractal porous 

media with smooth pore-solid interface, to my knowledge no numerical simulations have 

been yet carried out for fluid flow modeling in synthetic and random fractal media with 

rough pore-solid interface characterized by known roughness properties of surface fractal 

dimension Ds and root-mean-square (rms) roughness height σ.  

The permeability for each medium is calculated using the lattice-Boltzmann 

method (LBM). The LBM has proven to be a powerful numerical simulator for 

computationally modeling fluid flow in porous media (Chen and Doolen 1998).  Multiple 

studies have been done to investigate permeability over a wide range of porous media 

using the LBM (Bosl et al. 1998, Cihan et al. 2009, Nabovati et al. 2009). One of the 

closest studies to this research, Cihan et al. (2009), investigated the intrinsic permeability 

of fractal porous media characterized by randomized three-dimensional Menger sponges 

using the lattice-Boltzmann method. In Cihan et al. (2009), a new model was developed 

for intrinsic permeability characterized by the pore-space fractal dimensionality, and the 

internal two-dimensional fractal dimensionality of slices of the porous media. The LBM 

was then used to calculate the actual permeability and compare those values to the 

theoretically calculated values. Similar to Cihan et al. (2009), I use three-dimensional 

Menger sponges characterized by two fractal dimensionalities. However, the models in 

this research contain rough pore-solid interfaces characterized by the W-M function. The 

lattice-Boltzmann simulator used in this study was the open-source simulator Palabos 

D3Q19 BGK collision model for three-dimensional simulations (Latt 2009). 



 6 

The overall goal of this research is to investigate the effect of fractal surface 

roughness on permeability in fractal porous media by both controlling the roughness 

profile of a surface as well as the height asperity of the roughness. More specifically, the 

effect of surface roughness on the power-law relationship between porosity and 

permeability is investigated.  

The remaining chapters of this thesis are organized as follows: Chapter 2 covers 

the background theory of the concepts used in this study, such as the concepts of fractal 

geometry (including mass fractal dimensionality and surface roughness fractal 

dimensionality), lacunarity, permeability and lattice-Boltzmann simulations; Chapter 3 

discusses the methods and procedures used to implement these methods and perform the 

simulations; Chapter 4 covers the results of this research, and Chapter 5 will contain 

conclusions and recommendations for future studies.   
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Chapter 2: Background 

This section describes the theory behind the topics covered in this research. This 

includes the concepts of fractal geometry, permeability, lacunarity and lattice-Boltzmann 

simulations. 

2.1 PERMEABILITY 

Permeability is a measure of how well a fluid flows through a porous medium. 

This is an especially important property in the petroleum industry, where understanding 

how fluid will flow through a reservoir is the key to effectively and efficiently producing 

hydrocarbons. Permeability is defined by Darcy’s Law, given by 

𝑢! =
!!"
!

!"
!!!

,             (2.1) 

where kij (i = 1, 2, 3; j = 1, 2, 3) are the permeabilities for the flow in the x, y and z 

directions (xi = x, x2 = y, x3 = z) driven by pressure gradients δp/δxj in the xj (j = 1, 2, 3) 

directions, u is the fluid velocity, and µ is the viscosity of the fluid. For one-dimensional 

fluid flow with scalar permeability, Darcy’s law can be simplified to  

𝑢 = !
!

!"
!"

.              (2.2) 

Flow in porous media was first successfully modeled as a bundle of capillary 

tubes developed independently by Blake (1922), Kozeny (1927), and Fair and Hatch 

(1933), in which permeability for single-phase flow could be calculated in unconsolidated 

packs of particles that have diameters that do not vary by more than a factor of four 
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(Carman 1937, Larson et al. 1981). This modeling proves problematic in consolidated 

porous media, and cannot be extended to two-phase flow (Larson et al. 1981). However, 

work done by Fatt (1956) introduced randomness and “branchiness” in his network 

modeling of porous media, introducing interconnectivity into the model which did not 

exist in the earlier research. For random porous media, percolation theory has been 

shown to be effective in describing the power-law relationship between porosity and 

permeability (Stauffer and Aharony 1992). This relationship, as given by percolation 

theory, is defined as (Larson et al. 1981) 

𝑘 = 𝑘!(𝜙 − 𝜙!)!              (2.3) 

where k is the permeability, ϕ is the porosity, k0 is a constant, ϕc is the critical porosity 

and t is the percolation exponent. 

 Porosity (ϕ) is a fractional measurement of the void volume per unit bulk volume 

in a porous medium. Percolation theory states that if a medium displays a random 

distribution of solid and pore space, then there should exist a percolation porosity ϕc at 

which no connected pathways exist through the medium and permeability is equal to zero 

(Larson et al. 1981).  

 For this research, the effect of surface roughness along the pore-solid interface in 

fractal porous media on k, ϕc, t, and k0 is investigated by creating fractal porous media 

with varied mass fractal dimensionalities (Dm) and roughening the pore-solid interface 

with various degrees of surface fractal dimensionality (Ds). For descriptions of Dm and Ds 

see Section 2.2.1 and 2.2.2. 
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2.2 FRACTAL GEOMETRY 

Fractal geometry was first introduced by Mandelbrot (1983) as a mathematical 

method to describe naturally occurring features that cannot be characterized by classic 

Euclidean geometry. Fractal geometry has been shown to successfully characterize 

natural features including the profile of mountain ranges, the distribution of branches in 

trees, and the profile of coastlines (Mandelbrot 1983, Feder 1988).  The key component 

of fractal concept is the notion of self-similarity, which implies regular or statistically 

regular patterns appear in nature at all scales of observation (Tyler and Wheatcraft 1990). 

A classic example of self-similarity is the Koch snowflake, which describes a profile that 

is nowhere differentiable (Von Koch 1904) (Figure 2.1). The profile of the Koch 

snowflake consists of sequentially smaller equilateral triangles, leading to the profile to 

appear identical at any scale of observation.  

 

Figure 2.1: Visualization of self-similarity of a Koch Snowflake (figure courtesy of B. 

Ghanbarian). 
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  In fractal geometry, measuring the characteristics of the shape is meaningless 

without knowing the scale at which the measurement was made (Tyler and Wheatcraft 

1990). A classic example of this is measuring the coastline of Great Britain. The features 

of the coastline exist at all scales, from the bays to estuaries to streams, all of which 

display some level of similarity over multiple scales. Mandelbrot found that the length of 

the coastline L as a function of the scale of measurement ε obeys a power-law 

relationship given by 

𝐿 𝜀 = 𝐹𝜀!!!              (2.4) 

where D is the fractal dimension, F is a scaling constant, and E is the Euclidean 

dimension, equal to 1 for the case of the coastline (Mandlebrot 1983, Tyler and 

Wheatcraft 1990). Figure 2.2 shows this concept of length as a function of the scale of 

measurement.  

  

Figure 2.2: Measuring coastline of Great Britain with ε  = 200, 100 & 50 km (Source: 

http://intothefractalvoid.blogspot.com/2012/11/infinity_24.html). 
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The fractal dimension (D) does not have to be an integer value, and often 

represents a value between Euclidian dimensions. For example, where a line is expressed 

in Euclidean dimensions as one-dimensional, a rough line does cannot be characterized 

by just one dimension. However, the Euclidian dimension (E) of 2, usually to represent a 

two-dimensional plane, does not accurately characterize of the details of a rough line 

either. If the rough line however displays self-similarity properties, then it can be 

characterized by a fractal dimension with a value between 1 and 2. This concept is 

visualized in Figure 2.3. The values for D presented in Figure 2.3 are rough 

approximations, meant to visualize how increasing D changes the profile of a line.  

 

 

Figure 2.3: Visualization of Euclidean versus Fractal Dimensionality (figure courtesy of 

B. Ghanbarian). 

The most common method for computing D is known as the box-counting 

algorithm, specifically in digitized objects and images. The digitized object is covered in 

a grid of squares (cubes for 3-dimensional objects) of length η. The number of squares 

that contain part of the object N is counted, and this process is repeated M times with 
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increasingly smaller η. Mandelbrot (1983) showed that D can be calculated from the 

resulting power-law relationship  

𝑁 ∝ 𝜂!!.               (2.5) 

This relationship can be used to calculate the fractal dimension of the Koch 

snowflake shown in Figure 2.1. In each iteration, 4 lines are created of a size equal to 1/3 

of the original line. To plug this into Equation (2-5), replacing N with 4 and η with 1/3 

results in D = log(4)/log(3) = 1.26.  

While objects in nature are rarely perfectly self-similar, which is to say perfectly 

similar at every scale, many are statistically self-similar, meaning the properties being 

observed scale the same at every dimension, or “each portion can be considered a 

reduced-scale image of the whole” (Mandelbrot 1967). If these properties can be 

characterized by scaling law property and fractal geometry, it is considered statistically 

self-similar. Studies of the pore-solid interface have shown that microscopic pore 

properties, such as the pore-size distribution and the surface roughness, can be 

characterized by fractal scaling (Katz and Thompson 1985, Chen et al. 2009). 

Another important concept for fractal geometry is the property of self-affinity. 

Self-affine fractals differ from self-similar fractals in that self-affine fractals scale 

differently with different geometrical directions (Carr 1997). A magnified image of a 

self-affine fractal still looks qualitatively similar in structure to the larger image, but the 

image is scaled differently in the x and y directions (Feder 1988). It has been shown that 

surface roughness can be characterized by self-affine fractals from the nanometer to 

millimeter scale (Majumdar and Tien 1990, Majumdar and Bhushan 1991, Sahimi 2011). 
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Figure 2.4 shows a visual characterization of self-affine fractal dimensionality for a rough 

surface.  

 

Figure 2.4: Qualitative description of statistical self-affinity for a surface profile (Chen 

et al. 2009). 

The two fractal dimensionalities used in this study were the self-similar mass 

fractal dimensionality, Dm, and the self-affine surface roughness fractal dimensionality, 

Ds. The following sections will describe the fundamental concepts behind these two 

quantities.  

2.2.1 Fractal Porous Media Forms 

Fractal models for porous media exist in three different forms: mass fractal, pore 

fractal and pore-solid fractal. Mass and pore fractals are both known as primary fractal 

models, and include only the two phases of solid and pores (Hunt et al. 2014).  The main 

characterization of a mass fractal is that “within each iteration of its construction, the 

model is composed of identical-size particles with pores of different sizes” (Hunt et al. 

2014). For a pore fractal, the opposite is true. A two-dimensional mass and pore fractal in 

the form of perfectly self-similar Sierpinski carpet are shown in Figure 2.5. 

rough surface. As a result, a proper scale-invariant character-
ization of the rough surface topography must be developed.

In this paper, inspired by the successful utilization of frac-
tal geometry in exploring the role of roughness on friction
and wear of sliding solid surfaces !18–22", the fractal geom-
etry is introduced to characterize the microchannel surface
profile and to determine its impact on laminar flow in rough
microchannels. A three-dimensional model of laminar fluid
flow in microchannel with fractal rough surfaces is devel-
oped and analyzed numerically. The effects of Reynolds
number, relative roughness, and self-affine fractal dimension
on the laminar flow are all investigated and discussed. In
addition, the accuracy of the Poiseuille number as deter-
mined by the present model is verified using experimental
data available in the literature.

II. FRACTAL CHARACTERIZATION OF ROUGH
SURFACES

Fractal geometry was founded by Mandelbrot !23–25" to
describe disordered objects using fractal dimensions. Differ-
ing from Euclidean geometry, fractal geometry suggests that
the dimensions of the disordered and irregular objects such
as a natural coastlines !23", fractal trees !26,27", porous me-
dia !28", and rough surfaces !22" can all be noninteger re-
lated.

It is well documented that, as shown in Fig. 2, when a
surface is magnified appropriately, the magnified image
looks very similar to the original profile, i.e., the roughness
at all magnifications appear quite qualitatively similar in
structure !18". These rough surface profiles nearly always

follow power laws and hence create a self-affine property. By
using a more general class of fractals, the so-called self-
affine fractals, characterization of surface roughness from the
nanometer to the millimeter scale has been demonstrated
!18,22". The profile of a surface, R#y$, can be assumed to be
continuous down to an infinitesimal of length scale by ne-
glecting the discrete atomic arrangement. The continuity,
self-affinity and nondifferentiability of the surface profile are
preserved by a fractal characterization, in which R#y$ is rep-
resented by the Weierstrass-Mandelbrot #W-M$ function
!22",

R#y$ = G#D−1$ %
n=n1

!
cos#2"#ny$

##2−D$n ; 1 $ D $ 2; # % 1

#1$

where, G is a scaling constant, D is the self-affine fractal
dimension, G and D are independent of the resolution of the
scan instruments and scale, # is the scaling parameter for
determining the spectral density and self property. In the
roughness investigation, #=1.5 is shown to be a suitable
value !22". The parameter, n1, is used to specify the low
cut-off frequency in the W-M function. This parameter is
numerically related to the sample length, Ls by #n1=1 /Ls.

The Weierstrass-Mandelbrot function, R#y$, is a multi-
scale function, composed of a superposition of infinite fre-
quency modes. The power spectrum of this multiscale func-
tion can be described as

s#&$ =
G2#D−1$

2 ln #

1
&#5−2D$ . #2$

The structure function, Str#'$

Str#'$ = &!R#y + '$ − R#y$"2'

= (
−!

!

s#&$#ei&' − 1$d& = (G2#D−1$'#4−2D$ #3$

where, & ' implies temporal average, ( is a constant,

( =
)#2D − 3$sin!#2D − 3$"/2"

2 ln ##2 − D$
. #4$

The root-mean-square #rms$ roughness height

(a)

symmetry

(b)

porous media layer

symmetry

(c)

symmetry

FIG. 1. Construct of microchannel surface roughness available
in the literature: #a$ roughness modeled through random peaks !12",
#b$ roughness modeled as porous medium !13", #c$ roughness sub-
jected to GAUSSIAN distribution !14".

R

y

FIG. 2. Qualitative description of statistical self-affinity for a
surface profile.
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Figure 2.5: Perfectly self-similar Sierpinski Carpet with D = 1.893 as a (a) mass fractal 
and a (b) pore fractal with solid matrix in black and pore space in white 
(Hunt et al. 2014). 

A pore-solid fractal model is a three-phase fractal model, with a solid phase, a 

pore phase and a fractal phase. The discrepancies between the mass, pore, and pore-solid 

fractal models have been addressed in detail by Rieu and Perrier (1998) and more 

recently by Hunt et al. (2014, Ch. 4). 

The fractal model used in this study is a statistically random three-dimensional 

mass fractal known as a randomized three-dimensional Menger sponge. Menger sponges 

are useful for modeling porous media because they can display a wide range of pore sizes 

and configurations (Cihan et al. 2009). Menger sponges are known as pre-fractal models. 

The difference between a fractal model and a pre-fractal model is that a fractal model 

extends over an infinite range of scales, while a pre-fractal model has a finite range of 

scale, which in this study are bounded by the minimum and maximum pore sizes 

(Mandlebrot 1983, Kim et al. 2011). To understand the concepts behind characterizing 

the fractal dimensionality and porosity of the three-dimensional Menger sponge, it is 

useful to start with the two-dimensional analog case known as the Sierpinski carpet.  

104 4 Fractal Models of Porous Media

Fig. 4.1 Exactly self-similar Sierpinski carpets after two iterations with fractal dimension
D = 1.893 and b = 3: (a) a solid fractal model constructed of particles of the same size but pores
of different sizes, (b) a pore fractal model built up of particles of different sizes but pores of the
same size (after Ghanbarian et al. [21]). The solid matrix is shown in black, while pores are white

surfaces are statistically self-affine [64]. Poon et al. [52] modeled surface roughness
of fractures by means of self-affinity; see Sahimi [55] for a comprehensive review
of related work.

A feature of power-law functions that distinguishes them from all other functions
is that they are linear when plotted on a log-log scale. The power-law function for
describing a fractal number-size distribution is [37]

N(≥ l) = kl−D, lmin < l < lmax (4.1)

where N (≥ l) is the number of fractal objects whose size is equal or greater than l,
k is a constant coefficient, and the fractal dimension D typically ranges between
0 and 3 in natural porous materials. Note that Eq. (4.1) is a truncated power-law
function: it only applies within the specified range, lmin to lmax.

Tyler and Wheatcraft [59] used Eq. (4.1) to estimate the fractal dimensionality
of particle-size distributions. To be consistent with Arya and Paris [2], they applied
the arithmetic mean particle radius derived from sieve data. Given that counting
all particles between two sieve sizes was impractical if not impossible, Tyler and
Wheatcraft [59] inferred the number-size distribution from the mass-size distribu-
tion. For this purpose, they divided the mass of particles retained on the lower sieve
by the mass of a particle with radius equal to the mean of the two sieve sizes. They
found that D > 3 for 9 of the 10 experiments they analyzed, a physically dubious
result because we expect D (even for a number distribution) to be less than E, the
Euclidean dimension in which it is embedded.

The fractal dimension over-estimation by Tyler and Wheatcraft [59] and later
researchers is likely due to incorrect assumptions used in deducing number-size
distributions from mass-size distributions. The first assumption is that particle den-
sity is scale-invariant. This assumption would be especially unrealistic if aggregate
number-size distribution were derived from aggregate mass-size data. However,
analysis of experimental aggregate data by Perfect et al. [48] showed that the as-
sumptions of scale-invariant density and shape were valid for most samples. A sec-
ond simplifying assumption is ignoring the shape of the aggregates or particles: for
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Sierpinski Carpet 

The traditional Sierpinski carpet is a perfectly self-similar, two-dimensional 

fractal model, where “successively smaller ‘holes’ are cut out of the plane to produce a 

pattern which is self-similar at all scales smaller than the initial size of the carpet” (Tyler 

and Wheatcraft, 1990). In a Sierpinski carpet, you start with a solid initiator plane of size 

l by l. The initiator plane is divided into b2 squares of size l/b, where b is the scaling 

factor. For the traditional case, the center square of the original plane is removed, 

creating a pore of size l/b. For the next iteration, each of the remaining b2-1 squares of 

size (l/b)2 are divided into b2 squares of size (l/b2)2. This creates b2-1 “regions” each 

containing b2 smaller squares for a total of b2(b2-1) squares. From each “region”, the 

center square is removed, creating b2-1 pores of size (l/b2)2 and the process is repeated. 

For the traditional case, (b2-1)i-1 pores of size (l/bi)2 are created within each iteration i.  

As the number of iterations is increased to very large values, the result is a “carpet 

filled with pores of all sizes with a predominance of small holes” (Tyler and Wheatcraft 

1990).  Figure 2.6 shows a traditional Sierpinski carpet for iterations 1 through 4, with a 

scaling factor of 3 and pore space represented by white. 
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Figure 2.6: Traditional Sierpinski carpet with b = 3 for i = 1, 2, 3, 4. 

To calculate the fractal dimensionality of this model, the power-law scaling 

between the b and the solid phase of the medium as given by Mandelbrot (1983) is used 

(𝑏!)!! = (𝑏!)! − 𝑛,              (2.6) 

where Dm is the mass fractal dimension and is n is the number of squares of size (l/bi)2 

need to cover pores of size (l/bi)2. The mass fractal dimension for the Sierpinski carpet 

can be found by rearranging Equation (2.7) to find 

𝐷! = !"# (!!)!!!
!"# (!!)

.              (2.7) 

In the traditional case shown in Figure 2.6, b = 3. For i = 1, or the first iteration, 1 square 

of size (l/b)2 is needed to cover the single pore, meaning n = 1. Using Equation (2.7) with 
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b = 3, i = 1 and n = 1 results in a Dm = 1.893. Due to the self-similar properties of Menger 

sponges, the mass fractal dimension is scale invariant and remains constant across all 

iterations.  Using this value for Dm, the value for n for the second iteration (i = 2) can be 

found by Equation (2.6) as equal to 17. This means that 17 squares of size (l/b2)2 are 

needed to cover the pore space present in the carpet, which accounts for the 8 squares 

removed from the center of each “region” as well as 9 squares to cover the pore of size 

(l/b)2 created in the previous iteration. For this thesis, n will refer to the amount of pores 

removed in the first iteration, which is equivalent to the number of pores removed from 

each individual “region”. This allows Equation (2.7) to be simplified as  

𝐷! = !"# !!!!
!"# (!)

              (2.8) 

to express Dm in terms of solely b and the pores removed from each “region” n. 

The porosity for the carpet can be found at any iteration by calculating how many 

pores of size (l/bi)2 there are per total area, expressed as (Tyler and Wheatcraft 1990, 

Ghanbarian et al. 2011) 

𝜙! =
(! !!)!!

!!
= !

(!!)!
,             (2.9) 

where n refers to its rigorous definition. Combining Equations (2.6) and (2.9) results in  

𝜙! = 1− 𝑏! (!!!!),            (2.10) 

which gives the porosity of the carpet in any iteration in terms of Dm, i, and b. 
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As the number of iterations approaches infinity, it can be seen by Equation (2.10) 

that the porosity of the carpet approaches 1 as Dm will always be a value less than 2. 

Using Equation (2.8), the porosities for each of the iterations of the carpet presented in 

Figure 2.6 (with Dm = 1.893) can be calculated as 0.111, 0.210, 0.297, and 0.375. 

For the randomized case of the Sierpinski carpet, the number of squares to be 

removed from each “region”, n, becomes an integer variable rather than just equal to 1 as 

in the traditional case. Furthermore, the squares removed from each “region” are selected 

randomly rather than just the center square. During the iterations, n squares are removed 

from each of the “regions” that are subdivided into b2 squares. Therefore, for the current 

iteration i, n(b2-n)i-1
 pores of size (l/bi)2

 are removed. The number of squares removed in 

the first iteration n must be less than b2. If n is equal to b2
, it can be seen from equation 

(2.5) that the pore fractal dimension becomes undefined, and the porosity will be equal to 

1 as all solid space will be removed. Figure 2.7 shows four iterations of a randomized 

Sierpinski carpet with b=3 and n=2. 
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Figure 2.7: Random Sierpinski carpet for b = 3, n = 2 for i = 1, 2, 3, 4. 

From Equation (2.8), Dm can be calculated for the Sierpinski carpet shown in 

Figure 2.7 as equal to 1.771. Using Equation (2.10), the porosities for the iterations of the 

carpet shown in Figure 2.7 can be calculated as 0.222, 0.395, 0.529, and 0.634 

respectively.  

Menger Sponge 

The three-dimensional analogue for the two-dimensional Sierpinski carpet is 

known as the Menger sponge. The Menger sponge, similar to the Sierpinski carpet, can 

display a wide range of pore sizes and pore configurations and has been used in multiple 

studies to model flow and transport problems in complex pore space geometries 

(Garrison et al. 1992, Garza-López et al. 2000, Cihan et al. 2009).  
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Similar to the traditional Sierpinski carpet, a traditional Menger sponge is a 

perfectly self-similar mass fractal model. A Menger sponge starts with a solid cube of 

size l3. The solid cube is divided into b3 cubes of size (l/b)3. For the traditional case, the 

center cube from each face of the initiator cube, as well as the center cube are removed, 

for a total of 7 cubes removed. In the next iteration, the remaining, b3-7 cubes are each 

divided into b3 “regions” of size (l/b2)3, and the center cubes are removed again. As in the 

Sierpinski carpet, the process is repeated until the desired number of iterations or porosity 

is reached. For the current iteration i, 7(b3-7)i-1
 pores of size (l/bi)3 are removed. Similar 

to the Sierpinski carpet, as the iterations approach infinity, cubes of smaller and smaller 

size are removed and the medium has a large number of smaller pores. As the number of 

iterations goes to infinity, the porosity goes to 1. Equations (2.6) through (2.10) can be 

expressed in a more general form as: 

(𝑏!)! = (𝑏!)! − 𝑛,           (2.11) 

𝐷! = !"# (!!)!!!
!"# (!!)

 ,           (2.12) 

𝐷! = !"# !!!!
!"# (!)

,           (2.13) 

𝜙! =
(! !!)!!

!!
= !

(!!)!
,           (2.14) 

𝜙! = 1− 𝑏! (!!!!),           (2.15) 

where E is the Euclidean dimension, equal to 2 for the two-dimensional Sierpinski carpet 

and 3 for the three-dimensional Menger sponge. 
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The following figure shows 4 iterations of a traditional Menger sponge with b = 3. 

   

   

Figure 2.8: Traditional Menger sponge with b = 3 and i = 1, 2, 3, 4. 

For the traditional case, n = 7. From Equation (2.13), with b = 3, n = 7, and E = 3, 

the mass fractal dimension can be calculated as Dm = 2.727. The porosities for iterations 

1, 2, 3 and 4, as calculated from Equation (2.15), are 0.259, 0.451, 0.594 and 0.699.  

The random Menger sponge follows from the same idea as the random Sierpinski 

carpet, where n becomes a variable with a value less than bE, and the cubes removed from 

each region are selected randomly. The number of cubes removed for iteration i becomes 

n(b3-n)i-1
 pores of size (l/bi)3. The following figure shows 4 iterations of a randomized 

Menger Sponge where n = 3 and b = 3. 
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Figure 2.9: Random Menger sponge for b = 3, n = 3, i = 1, 2, 3, 4 

From Equation (2.13), the Dm for the Menger sponges shown in Figure 2.9 is 

equal to 2.854. The porosities for the four iterations of the Menger sponge are calculated 

from Equation (2.15) as 0.148, 0.274, 0.382, and 0.473 respectively. The randomized 

Menger sponge was the statistically self-similar mass-fractal model used to model the 

media used for this research. Apendix A4 contains a script to create a 3D Menger Sponge 

similar to the one shown in Figure 2.9. 

2.2.2 Pore-Surface Roughness 

Along with the effects of mass fractal dimensionality, I wanted to know the effect 

of roughness of the pore-solid interface on fluid flow and permeability. The effects of 

surface roughness on laminar flow have been studied repeatedly, in particular in single 

pores, fractures and microchannels. Various studies followed different methods to 
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characterize the relative roughness of the surface profile through sets of roughness 

descriptors, such as randomly generating peaks, using porous media, and through the use 

of Gaussian distributions (Kleinstruer and Koo 2004, Croce and D’Agaro 2005, Bahrami 

et al. 2006, Chen et al. 2009). All these methods attempt to provide a way to quantify the 

effects of different aspects of the surface topography on pressure drop and fluid flow 

behavior (Kandlikar et al. 2005, Taylor et al. 2006, Chen et al. 2009). However, large 

differences can arise within each method due to the non-stationary random nature of the 

rough surface topography. Furthermore, different surface characterization methods can 

provide vastly different values for the same surfaces (Chen et al. 2009).  

Following Chen et al. (2009), the pore-solid interface surface was roughened with 

the Weierstrass-Mandelbrot method, in which the power spectrum of rough surfaces 

conforms to a power-law form within the length scales considered. The spectral behavior 

indicates statistically similar characteristics as the surface is magnified repeatedly with 

the scaling of the surface roughness described by the self-affinity characteristic and a 

surface fractal dimension Ds. The rough profile of the surface, R(y), where R is the height 

of the surface profile at a particular position y along the rough line, can be represented by 

the Weierstrass-Mandelbrot (W-M) function as follows: 

𝑅 𝑦 = 𝐺!!!! !"# (!!!!!)
! !!!! !

!
!!!! ; 1 < 𝐷! < 2; 𝛾 > 1,       (2.16) 

where Ds is the self-affine surface fractal dimension, G  is a scaling constant, and γ is the 

scaling parameter set equal to 1.5 (Majumdar and Tien 1990). The low cut-off frequency 

is specified in the W-M function by n1, which is defined by the scaling parameter and the 
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sample length Ls as γn1 = 1/Ls. G and Ds, due to the self-affinity characteristics of the 

surface, are independent of the scale and the resolution of the scan instruments (Chen et 

al. 2009).  

 While the surface roughness is characterized by Ds, the height asperity, or 

thickness, of the roughness is characterized by the root-mean-square of the roughness 

height, which is given by 

𝜎 = !! !!!!

!!"#
!

!!!!!

!

!!
!!!!! −

!

!!
!!!!!

!.!
,         (2.17)  

where σ is the root-mean-squared of roughness height, wl is the low frequency cut-off and 

wh is the upper frequency cut-off.  Essentially, the roughness height, or thickness, is 

controlled by these lower and upper frequency cut-offs, defined as 1/Ls and 1/Lr where Ls 

is the sample length and Lr is the maximum resolution at which the surface roughness can 

be measured experimentally. The former may be assumed a function of pore tube length, 

and the latter depends on the measurement resolution (Chen et al. 2009). 

The following figure shows simulated rough surface profiles for Ds values of 1.2, 

1.4 and 1.6.  
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Figure 2.10: Simulated rough surfaces for various Ds values with σ = 3. 

Figure 2.10 shows how the variation in the topography of the surface is controlled 

by the value of Ds. As Ds increases, the amount of dips and peaks in the surface increases, 

while the overall thickness of the roughness remains constant due to σ being constant.  
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Figure 2.11. shows how the value for σ controls the height asperity of the rough 

surface. 

 

Figure 2.11: Simulated surface with Ds=1.2 with σ =3, 6, 9 

It can be seen that as σ increases, the sizes of the peaks and valleys increase, but 

the overall statistical occurrences of these features remains constant as Ds is not changed. 

The two parameters of σ and Ds allow us to create a large range in possible surface 

roughness profiles for the pore-solid interfaces within the randomized Menger sponges.  

2.2.3 Lacunarity 

In randomized Menger sponges, the concept of lacunarity can be used to measure 

the amount of randomness. As stated in Allain and Cloitre (1991), lacunarity “measures 

to the extent at which a set is not translationally invariant.” Essentially, it quantifies how 

the pore distribution is arranged within the fractal medium. More specifically, two 
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random Menger sponges with the same Dm may have different pore space distributions, 

connectivity characteristics and consequently lacunarity values. This is demonstrated in 

the following figure, which shows visually a random and traditional Sierpinski with the 

same Dm value.  

        

Figure 2.12: Two Sierpinski carpets with Dm = 1.893 

These two carpets are both characterized by the same Dm value, but have very different 

distributions of pore space. This difference led to the development of lacunarity to 

differentiate between fractal models that share the same pore-fractal dimensionality 

To calculate lacunarity, we used the gliding box algorithm presented in Allain & 

Cloitre (1991), where a box of radius r “glides” over the lattice, and the mass contained 

in each location of the box is measured. The distribution of mass in the gliding boxes is 

defined as N(M, r), where N is the number of boxes of size r and mass M, where mass is 

defined as the number a solid pixels in the lattice, or pixels of value 1. A probability 

function, Q(M,r), is obtained by dividing mass distribution by the total number of boxes. 

The statistical moments Z(q) for the probability function can be calculated by (Allain and 

Cloitre 1991) as 
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𝑍!
! 𝑟 = 𝑀!𝑄(𝑀, 𝑟)! .           (2.18)  

 The lacunarity of the lattice as a function of the radius of the gliding box, r, is 

then defined as  

Λ 𝑟 =  
!!
!(!)

!!
!(!)

!,            (2.19) 

where Λ is the lacunarity. It can be shown that as porosity of a medium approaches 1, the 

lacunarity inevitably approaches 1 as well. For mass fractal models, lacunarity is 

inversely proportional to the gliding box size r (Turcotte 1997, Kim et al. 2011). The 

maximum lacunarity occurs when r is equal to 1 pixel length, and is equal to 1/ϕ, while 

the minimum lacunarity occurs when r is equal to the lattice size, and is equal to 1 

(Plotnik et al. 1996).  For Figure 2.12 the lacunarity of the media presented are 1.63 and 

2.04 respectively.  

2.3 LATTICE-BOLTZMANN SIMULATION 

The lattice-Boltzmann method is a powerful numerical technique for discrete 

computational modeling of fluid flow and transport in porous media (Chen and Doolen 

1998, Chen et al. 2014). Conventional numerical schemes typically rely on the 

discretization of macroscopic continuum equations (Chen and Doolen 1998). In contrast, 

the LBM is based on microscopic models and mesoscopic equations, with the main idea 

of constructing “simplified kinetic models that incorporate the essential physics of 

microscopic or mesoscopic processes so that the macroscopic averaged properties obey 

the desired macroscopic equations” (Chen and Doolen, 1998). Using simplified kinetic 



 29 

methods for macroscopic fluid flow is based on the idea that macroscopic dynamics are 

not “sensitive to the underlying details in microscopic physics”, but rather the result of 

“the collective behavior of many microscopic particles in the system” (Kadanoff 1986, 

Chen and Doolen 1998).   

By viewing the microscopic particle activities as scaling up to averaged 

macroscopic behavior, many advantages arise that are typically found in molecular 

dynamics, primarily the ease in parallelizing the algorithms to solve the kinetic equations. 

This particular feature allows me to utilize the University of Texas’s powerful computing 

facility, the Texas Advanced Computing Cluster (TACC), to run the simulations for 

lattice sizes up to 8103 lattice units. As a result of the kinetic nature of the LBM, three 

main features arise that separate it from alternate numerical methods: the streaming 

process is linear, where “simple convection combined with a relaxation process (or 

collision operator) allows the recovery of the nonlinear macroscopic advection through 

multi-scale expansions”, in contrast to the nonlinear convection terms found in other 

macroscopic approaches; the incompressible Navier-Stokes equations can be obtained 

through the “nearly incompressible limit of the LBM,” in contrast to direct numerical 

simulation of the incompressible NS equations where pressure “satisfies a Poisson 

equation with velocity strains acting as sources,” which often produces multiple 

numerical difficulties; finally, the LBM “utilizes a minimum set of velocities in phase 

space,” which greatly simplifies the transformation of microscopic distribution functions 

to macroscopic quantities to simple arithmetic calculations (Chen and Doolen 1998). 
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Over the years the LBM has been used to solve a wide range of complex fluid 

flow problems (Chen et al. 1991, Martys and Chen 1996, Verberg and Ladd 1999, Tang 

et al. 2005). In particular interest for this paper, the LBM has been successfully 

implemented to compute permeability in porous media over a wide range of conditions 

(Succi et al. 1989, Martys and Chen 1996, Manwart et al. 1996, Keehm et al. 2004, Cihan 

et al. 2009, Daigle and Dugan 2011, Daigle and Reece 2015, Sheikh and Pak 2015). For 

recent reviews of LB methods and applications see Chen et al. (2014), Wang et al. 

(2016), and references therein. 

The lattice Boltzmann equation with the Bhatnagar-Gross-Krook collision model 

(BGK), can be expressed by 

𝑓! 𝒙+ 𝒄!𝑑𝑡, 𝑡 + 𝑑𝑡 = 𝑓! 𝒙, 𝑡 − !
!
𝑓! 𝒙, 𝑡 − 𝑓!

!" 𝒙, 𝑡 ,      (𝑖 = 0,1… ,𝑀),    (2.20) 

where ci is a particle speed vector pointing to the adjacent lattice site, fi is the particle 

distribution function along the ci direction, τ is the single relaxation time that “controls 

the rate approaching equilibrium” (Manwart et al. 2002, Ho et al. 2009). The lattice 

speed, c, is defined as dx/dt, where dx is the lattice width and dt is the time step. The 

right-hand side of the equation represents the collision operations, and is the post 

collision particle distribution function, while the left-hand side represents the streaming 

operations. 

 The macroscopic density and velocity are defined from the particle distribution 

function, fi, and given as follows: (Chen and Doolen 1998, Ho et al. 2009) 

𝜌 = 𝑓!!
! ,          (2.21) 
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𝜌𝒖 = 𝑓!𝒄!!
! .          (2.22) 

The equilibrium distribution functions are given as a second-order Taylor series 

expansion of the Maxwell-Boltzmann distribution equation about u = 0 (Qian et al. 1992, 

Hecht and Harting 2010): 

𝑓!
!" = 𝜔!𝜌 1+ 𝒄!∙𝒖

!!!
+ (𝒄𝒊∙𝒖)!

!!!!
+ !𝒖∙𝒖

!!!!
,          (2.23) 

where cs is the speed of sound equal to 1/√3. The kinematic viscosity of the fluid is 

related to the relaxation time τ by (Ho et al. 2009) 

𝜈 = 𝑐!!(𝜏 − 0.5).             (2.24) 

 For this research, I used the D3Q19 model for three-dimensional simulations. For 

these geometrical models, the number following “D” represents the Euclidean dimension, 

and the number following “Q” represents the number of directions a particle can move in. 

In the D3Q19 model, i has a range from 1 to M=19. Each lattice site holds M fi values, 

each of which is assigned to a lattice vector ci, and the momenta for the particle in each 

direction is simulated in each step. The following figure shows representations of the 

D3Q19 geometry. 
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Figure 2.13: Geometry of D3Q19 lattice (Hecht and Harting 2010) 

The weighting factors, ωi are based on the length of the ci vectors, and are given 

for the D3Q19 model as 

𝑤! =

2
36 𝑖 = (1⋯ 6)

1
36 𝑖 = (7⋯ 18

12
36 𝑖 = 19

) .          (2.25) 

An important aspect of the LBM is to define the boundary conditions. For these 

simulations, the bounce-back rule was used for boundary conditions, where the momenta 

of the particles that interact with a solid wall are reversed (He et al. 1997, Manwart et al. 

2002). This method is attractive for its simplicity and computational efficiency in 

imposing no-flow conditions on irregularly shaped walls (Manwart et al. 2002). 



 33 

The three-dimensional LBM simulations were implemented through the use of the 

open source software Palabos, which was chosen due to its highly scalable features as 

well as having parallelization with MPI built into the software. The specifics of the 

simulations are covered in Chapter 3: Methods. 
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Chapter 3: Methods 

This section will describe how the porous fractal models were modeled, how the 

pore-solid interfaces in the models were roughened using the Weierstrass-Mandelbrot 

function, and the specifics behind the lattice-Boltzmann method simulations in Palabos.  

3.1  CREATING THE FRACTAL POROUS MEDIA 

The randomized, three-dimensional Menger sponges used in this research were 

created with code written in MATLAB. The code was first written to create traditional 

Sierpinski carpets, followed by random Sierpinski carpets. Once the 2D code was 

successfully written, it was adapted for the three-dimensional Menger sponges for both 

the traditional and random cases. For the code, the scaling factor b, the length of the 

medium l, the number of pores to remove from each region n, the minimum pore size 

dmin, and the number of iterations i are specified. The Euclidian dimension E is given a 

value of either 2 or 3 for the two- and three-dimensional cases respectively. The constant 

n is given a value between 1 and bE. The code can be found in Appendix A1.  

The maximum pore size can be found by 

𝑑!"# = 𝑑!"#𝑏!!!,             (3.1) 

where dmax is the maximum pore size. 

 The minimum pore size had to be at least three lattice units (l.u.) to ensure the 

validity of the lattice-Boltzmann simulations. If the minimum pore size is below 3 l.u., 

the LBM breaks down and provides inaccurate results (Pan et al., 2006, Boek and 
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Venturoli, 2010). For these media, the minimum pore size was set to 10 l.u., with a max 

pore size of 90 l.u. The minimum pore size of 10 was chosen to show sufficient 

resolution for the pore-solid interface roughness, and the maximum pore size was chosen 

to give an order of magnitude difference between the minimum and maximum pore sizes. 

The values for b, dmin, and i were held constant across all media at 3, 10 l.u., and 3 

respectively, so that the values for Dm and ϕ would be altered by only varying n.  

The value of n was altered between each of the five media to give sufficient range 

in Dm and ϕ values. The following table summarizes the media used for this research. 

Medium n Dm ϕ 
1 3 2.893 0.298 
2 4 2.854 0.382 
3 6 2.771 0.529 
4 8 2.680 0.652 
5 10 2.579 0.750 

Table 3.1: Properties of 3D randomized Menger sponges 

When creating the media, the finite-size effect on permeability anisotropy had to 

be taken into account. The lattice length had to be large enough for the permeability to be 

isotropic in the x, y, and z directions, since statistically self-similar media are expected to 

be isotropic in simulations (Koza et al. 2009). If the lattice length is too small, then flow 

tends to be dominated by one direction where the pores form a large channel that 

dominates all flow. To determine the minimum lattice size, directional permeability was 

plotted against lattice size to see where the media would approach isotropy, as shown in 

Figure 3.1. 
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Figure 3.1: Permeability vs. lattice size for lattice length effect 

 From this figure, the threshold for lattice length effect was set at 800 l.u. A lattice 

size of 810 l.u. was selected as the lattice length needed to divisible by dmax in order to 

accurately create the randomized Menger sponges. This was also deemed to be close to 

the maximum lattice size that would still be computational feasible for both roughening 

the pore-solid interfaces as well as performing the LBM simulations.   

The lattice size of 810 l.u. was a further limitation on the maximum pore size. The 

lattice length effect on anisotropy of the media is a function of the dmax, with the value 

chosen equal to 9dmax. If a larger pore size is desired to show greater magnitudes of order 

between dmin and dmax, then the lattice size has to increase significantly as well, and the 

lattice size would become computationally unfeasible. A lattice size of 810 results in 

531,441,000 voxels, which in the Palabos simulator each contain 19 directions for 

momentum. This amount of computation can be handled by TACC, but a significant 

increase in lattice size would be too computationally demanding. For the lowest porosity 
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media used in this study (ϕ = .297), the simulations took ~16 hours utilizing 8 Xeon E5-

2690 v3 computing nodes with 24 cores per node.  

3.2  ROUGHENING THE PORE-SOLID INTERFACE 

The pore-solid interface within the fractal porous media is roughened using the 

Weierstrass-Mandelbrot (W-M) equation given by equation (2.15). Each medium is 

roughened with a surface fractal dimension Ds of 1.1, 1.2, 1.4 and 1.6. In addition to Ds, 

the value for G has to be defined as well. The roughening code was implemented in 

MATLAB and is shown in Appendix A2. For the roughness to remain statistically self-

similar across all pore sizes, the characterization of the roughness profile has to remain 

the same across all pore sizes while height asperity has to be scaled accordingly. 

Essentially, the summation term from the W-M function given in Equation (2-15) has to 

remain constant across the whole medium while G is scaled for each pore size. 

To keep the summation term of the W-M function constant, certain parameters 

have to be kept constant across the whole medium. The summation term is given as  

𝑅 𝑦 ~ !"# (!!!!!)
! !!!! !

!
!!!! .               (3.2) 

 For each medium, n1 and γ have to be kept constant. As stated previously, n1 is 

related to the sample length (Ls) by γn1 = 1/Ls. The scaling parameter γ is set equal to 1.5 

(Majumdar and Tien 1990). For this research, Ls was set equal to the largest pore size. 

Therefore, n1 can be found by  

𝑛! =
!!" !!
!"!

.                  (3.3) 
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For the roughness between pores to scale, the relationship between the height of 

roughness R(y) and the pore size d is given by 

!!
!!
= !(!)!

!(!)!
=

!!!!!!
!"# (!!!!!)
! !!!! !

!
!!!!

!!!!!!
!"# (!!!!!)
! !!!! !

!
!!!!

.              (3.4) 

With Equation (3.3) held constant, Equation (3.4) simplifies to 

!!
!!
= !!

!!

!!!!
.                  (3.5) 

 Accordingly, Equation (2.14) can be rearranged to give G in terms of the root-

mean-squared of roughness height (σ) as 

𝐺 = !!(! !"!)(!!!!!)

!

!!
!!!!!!

!

!!
!!!!!

!
! !!!!

.           (3.6) 

 Substituting Equation (3.6) into (3.5) defines a linear relationship between d and σ 

given by 

!!
!!
= !!

!!
.                  (3.7) 

Equation (3-7) indicates that larger pores have rough surfaces with necessarily larger 

thicknesses. This linear relationship between d and σ allows a constant value to be 

defined for the ratio of σ to d across the medium, which is surprisingly in agreement with 

experimental data from Power et al. (1988), who found that as surface length increased in 

fractures, σ of surface roughness increased linearly as well as shown in the following 

figure. 
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Figure 3.2: Root Mean Square of roughness as a function of profile length (Power et al. 

1988) 

Taking the data points for the 10-5 to 10-4 m lengths from Power et al. (1988) and 

adding a best fit line found 𝜎 ≈ 2×10-2d. This means for pores of size 90 l.u., the value of 

σ would be about 1.8 l.u. This fit is shown in the Figure 3.3 
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Figure 3.3: L vs. σ for 10-5 to 10-4 Data (Power et al 1988, B. Ghanbarian) 

For the roughening code, the inputs are Ds and σ for the smallest pore based on 

the values of ratio between σ and d and dmin. With the σ value for dmin defined, σ for any d 

value can be calculated using the relationship expressed in Equation (3-5) with d1 = dmin 

and σ1 = σmin. With σ, the scaling factor G for any d can be calculated at each pore size 

from Equation (3-4). In the equation, as stated previously, wl is the low frequency cut-off 

defined as 1/Ls where Ls is equal to dmax and wh is the upper frequency cut-off defined as 

1/Lr where Lr is the size of the one voxel for the medium, or 1 l.u.  

The smallest pores are roughened first, followed by each successive pore size 

until the all pores are roughened. This is to ensure that the pore distribution is maintained, 

because if the largest pores are roughened first, the roughness can mask or disrupt some 

of the smaller pores.  

 For the two-dimensional case the pores are square, so to roughen the pore-solid 

interface, four rough lines are created of size d. Each of these lines is placed onto a side 

of the square pore. The pores in the three-dimensional media are cubes, so to roughen the 
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pore-solid interfaces, six rough planes of size d2
 have to be created for each pore of size 

d3. To create a rough plane, a line is created of size d2. The line is then separated into d 

segments, which are placed side by side to create a rough plane of size d2. The plane is 

the then placed onto one of the pore-solid interfaces of the cube. The following figure 

shows a rough line of Ds = 1.2 and σ = 3 converted to a rough plane.  

 

Figure 3.4: Rough line converted to a rough plane for Ds = 1.2, σ = 3, and L = 27 

To ensure that the rough lines and planes are randomly generated for each pore, 

the starting point for each line is randomly generated. Randomizing the starting point of 

each rough interface created ensures that the characteristic roughness is maintained (i.e. 

can still be defined by same Ds and σ) while randomizing the specific interfaces. If each 

interface were identical, then the media could not be considered truly random.  
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To overlay the rough planes onto the pore-solid interface, the rough lines have to 

be discretized, or given integer values. This is because of the lattice in which the porous 

media are created. Each medium is essentially a three-dimensional binary matrix with 

pore space represented by 0 and solid matrix represented by 1. When the rough plane is 

overlaid on a pore-solid interface, positive values represent solid space into pore space, 

and negative values represent pore space into solid space. However, if the value along a 

rough line is 3.4, there is no way to roughen 0.4 of a lattice unit since it can only have a 

value of 0 or 1. Therefore this value is rounded down to 3. The rough lines were 

discretized using MATLAB’s built-in in round formula. An example of a discretized 

rough line is shown in the following figure for a rough line for a pore of size 90 l.u. with 

Ds = 1.2 and σ = 1.8. 

 

Figure 3.5: Discretized rough line  

 The discretization limits the resolution for roughness, particularly in the smaller 
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is 0.2 l.u. This means most of the roughness gets rounded out during the process. 

However, for the largest pores of size 90 lattice units, the root-mean-squared of 

roughness asperity is 1.8 l.u., which is large enough for the roughness profile 

characterization to be evident. 

 As stated, the smallest pores are roughened first. As each interface is roughened, 

there is a check over each lattice unit to see if the pore space was already intersecting a 

pore. If it is, then that unit is skipped, as it would create an artificial rough surface 

between pores when there should just be open connectivity. The pore space on the 

boundaries is also not roughened, as the area outside of the media is not known. 

Furthermore, for each pore interface, 5% of the edge for each pore is not roughened to 

prevent new connections to form between pores that touched at corners but had no 

connectivity in the smooth case. Without this limitation, new channels could open up 

between pores, which would alter the pore space fractal dimensionality and therefore 

invalidate the results.  

 The following figures show 5 identical slices of medium 2 zoomed-in on three of 

the pores of size 90 l.u. from the smooth case of Ds = 1.0 through Ds = 1.6.  

 

 

 

 

 

 



 44 

 

(a)  (b)  

(c)  (d)   

(e)  

Figure 3.6: Zoomed-in view of slice 43 of medium 2 with Ds = (a) 1.0, (b) 1.1, (c) 1.2, 

(d) 1.4 & (e) 1.6 

As can be seen, the most of the roughness for the smaller pores is impossible to 

observe due to discretization limit. However, there is sufficient resolution for the pores of 

size 30 and 90 for the roughness to be evident. As the value for Ds is increased, the height 
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of roughness stays relatively uniform while the chaotic nature of the profile increases, 

leading to a higher frequency of peaks and valleys.  

3.3 LATTICE-BOLTZMANN SIMULATIONS IN PALABOS 

As previously stated, the LBM simulations were run in the open-source software 

simulator Palabos. The simulations were run with a D3Q19 lattice and a Bhatnagar-

Gross-Krook (BGK) collision model with a single relaxation time. The boundary 

conditions used were standard bounce-back model, were the momentum of a particle is 

reversed when is encounters a solid. 

The fabrics are converted to a .dat file to be read into Palabos, in which 0 

represents pore space, 1 represents solid matrix in contact with pore space, and 2 

represents solid space that will never encounter pore space or fluid. The script that 

converted the files is shown in Figure A3 and is available on the Palabos website.  

LB simulations were run on a test model with pressure drops across the medium 

in the direction of flow (Δp) values of 10-2
, 10-5 and 10-7, and when no change in 

permeability was recorded, 10-5 was the chosen value for all future simulations. The 

simulations end when the systems converge to steady state, at which point the average 

viscosity and velocity is computed. The relaxation time τ was set equal to 1. These 

values, along with Δp and the length of the lattice Δx, are used to compute the 

permeability in units of (l.u.)2 with Darcy’s law, given in Equation (2.1).   

For each simulation, Palabos produced a .vtk file representing the flow through 

the media, which could be rendered to show stream lines. However, the lattice sizes of 
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8103, the files were to large to render. The following figure show an example for the 

stream lines produced for a smaller Menger sponge.  

 

Figure 3.7: Example of streamlines in a randomized Menger sponge 
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Chapter 4: Results and Discussions 

4.1 LBM SIMULATION RESULTS 

The following tables show the permeability results from the lattice-Boltzmann 

simulations run on Palabos with a Δp = 10-5 in the x-, y-, and z-directions. Permeability is 

given in units of (l.u.)2. 

Dm ϕ Ds = 1.0 Ds  = 1.1 Ds = 1.2 Ds = 1.4 Ds = 1.6 
2.8928 0.2977 0.116 0.106 0.100 0.107 0.101 
2.8540 0.3819 0.157 0.141 0.144 0.145 0.141 
2.7712 0.5295 4.215 3.769 3.769 3.759 3.738 
2.6801 0.6515 15.969 14.332 14.298 14.277 14.177 
2.5789 0.7504 47.946 43.620 43.521 43.358 43.140 

Table 4.1: LBM permeability results for x-direction 

Dm ϕ Ds = 1.0 Ds  = 1.1 Ds = 1.2 Ds = 1.4 Ds = 1.6 
2.8928 0.2977 0.074 0.060 0.062 0.067 0.061 
2.8540 0.3819 0.186 0.171 0.170 0.170 0.170 
2.7712 0.5295 3.698 3.312 3.297 3.302 3.273 
2.6801 0.6515 16.492 14.815 14.877 14.757 14.721 
2.5789 0.7504 42.475 38.715 38.760 38.570 38.390 

Table 4.2: LBM permeability results for y-direction 

Dm ϕ Ds = 1.0 Ds  = 1.1 Ds = 1.2 Ds = 1.4 Ds = 1.6 
2.8928 0.2977 0.032 0.028 0.030 0.029 0.029 
2.8540 0.3819 0.180 0.164 0.165 0.165 0.162 
2.7712 0.5295 3.823 3.391 3.420 3.385 3.390 
2.6801 0.6515 12.469 11.251 11.246 11.212 11.144 
2.5789 0.7504 41.809 37.989 38.102 37.885 37.633 

Table 4.3: LBM permeability results for z-direction 
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In creating medium 1, with Dm = 2.8928 and ϕ = 0.298, it was found that the first 

iteration did not percolate. After multiple iterations, it was found that only roughly 10% 

of realizations of the mass fractal Menger sponge with ϕ = 0.298 percolated, and 

sometimes only in one direction of flow. I concluded that this value might be below the 

percolation threshold for a randomly generated Menger sponge model, which is in 

agreement with the results of Kim et al. (2011) who reported ϕc = 0.36 in mass fractal 

randomized Menger sponges. Furthermore, despite the realization used in the results 

shown in Tables 4.1 through 4.3 percolating in all three directions, it cannot be 

considered isotropic as the values for permeability range from 0.03 to 0.11. 

Consequently, the permeability simulations results from medium 1 will not be included in 

further analysis. 

Figures 4.1 through 4.3 show the simulated permeability in units of (l.u.)2 by the 

lattice-Boltzmann method with Δp = 10-5 in the x, y and z directions as a function of 

porosity. For all these media, the surface ratio of σ of surface roughness to pore size was 

held constant at 2×10-2 in agreement with experimental data from Powers et al (1991).  
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Figure 4.1: Log-log plot of permeability vs. porosity for x-direction 

 

Figure 4.2: Log-log plot of permeability vs. porosity for y-direction 
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Figure 4.3: Log-log plot of permeability vs. porosity for z-direction 

The permeability results from the LBM simulations were normalized with the 

maximum permeability for each medium and plotted against Ds to further visualize the 

effect of roughness on permeability. The following tables show the results of the 

normalization.  

Ds Dm = 2.85 Dm = 2.77 Dm = 2.68 Dm = 2.58 
1.0 1.00 1.00 1.00 1.00 
1.1 0.90 0.89 0.90 0.91 
1.2 0.92 0.89 0.90 0.91 
1.4 0.92 0.89 0.89 0.90 
1.6 0.90 0.89 0.89 0.90 

Table 4.4: Normalized permeability for x-direction 
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Ds Dm = 2.85 Dm = 2.77 Dm = 2.68 Dm = 2.58 
1.0 1.00 1.00 1.00 1.00 
1.1 0.92 0.90 0.90 0.91 
1.2 0.91 0.89 0.90 0.91 
1.4 0.92 0.89 0.89 0.91 
1.6 0.92 0.89 0.89 0.90 

Table 4.5: Normalized permeability for y-direction 

Ds Dm = 2.85 Dm = 2.77 Dm = 2.68 Dm = 2.58 
1.0 1.00 1.00 1.00 1.00 
1.1 0.91 0.89 0.90 0.91 
1.2 0.92 0.89 0.90 0.91 
1.4 0.91 0.89 0.90 0.91 
1.6 0.90 0.89 0.89 0.90 

Table 4.6: Normalized permeability for z-direction 

The following figures show permeability versus Ds for each of the media, labeled 

by Dm values. 

 

Figure 4.4: Normalized permeability versus Ds in x-direction 
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Figure 4.5: Normalized permeability versus Ds in y-direction 

 

Figure 4.6: Normalized permeability versus Ds in z-direction 
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However, the effect of surface roughness becomes more apparent when permeability is 

compared against surface roughness fractal dimensionality Ds for each value of Dm as 

shown in Figures 4.4 through 4.6. In every case, the maximum permeability occurs for 

the smooth case of Ds = 1. Results indicate that permeability (k) decreases sharply with 

increasing Ds from 1 to 1.1 regardless of Dm value, and remains relatively constant as Ds 

increases from 1.1 to 1.6. With the introduction of roughness, the value of permeability 

always remains between .88 and .92 times the permeability value of the smooth case. As 

Chen et al. (2009) stated, introducing roughness to the pore-solid interface yields a 

change in velocity profile and considerable local pressure drops under laminar flow 

conditions. One should, therefore, expect such local pressure drops to be greater in 

porous media with rougher pore-solid interface than those with smoother one. In other 

words, the larger the surface fractal dimension the higher the local pressure drop. What 

was found, however, is that Ds does have a significant effect on permeability beyond the 

initial decrease in value from the introduction of any roughness. The introduction of this 

roughness asperity to the pore-solid interface creates a boundary effect, distorting the 

flow and leading to the observed reduction in permeability. 

The following figure shows a zoomed in slice of a two-dimensional channel 

during a LBM simulation for Ds = 1.0, 1.2 and 1.4. It can be seen that for the smooth case 

that the flow is undisturbed and covers the largest area, corresponding to the largest value 

for permeability. For the two rough cases however, the flow is disturbed and altered at 

the edges, restricting flow and causing a drop in permeability.  
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Figure 4.7: Flow in 2D channel with Ds = 1.0, 1.2 and 1.4 

 While the edge is more distorted, it does not appear to lead to a further drop in 

permeability. Rather, it appears that the size of this boundary effect, which is controlled 

by the height asperity of the rough surface, plays a greater role in the decrease in 

permeability. Since the profile of the rough surface is controlled by both Ds and the 

scaling factor G, it would appear that G, which is controlled by σ as described in section 

2.4, has a greater effect on the permeability. To confirm this, LBM simulations were run 

on medium 3, which contains a Dm = 2.7712 and ϕ = 0.5295 with a ratio of σ to pore size 

of 1.5x10-2 instead of 2x10-2 as used on all other simulations. The medium was 

roughened with the same Ds values of 1.1, 1.2, 1.4 and 1.6, and produced the following 

values for normalized permeability.  

Ds σ/d = 1.5x10-2 σ/d = 2x10-2 
1 1 1 

1.1 0.9288 0.8941 
1.2 0.9305 0.8943 
1.4 0.9300 0.8919 
1.6 0.9273 0.8868 

Table 4.7: Ds vs Permeability for Dm=2.7712 for different σ/d  
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Figure 4.8:  Ds vs Permeability for Dm = 2.7712 for different σ/d 

Figure 4.8 demonstrates that the scaling factor and root-mean-squared height of 

roughness has a greater effect on permeability than the fractal dimensionality of the 

roughness. For both ratios of σ to pore size, the permeability follows a similar profile, 

with a sudden drop in permeability that remains relatively constant as Ds is increased.  

4.2.2 Percolation Threshold 

A secondary result from this research was the percolation threshold for 

randomized Menger sponges. As stated previously, in creating medium 1, which contains 

n = 3, ϕ = 0.298, and Dm = 2.893, it was found that fewer than 10% of realizations would 

percolate. Furthermore, when n was set equal to 2, corresponding to ϕ = 0.206 and Dm = 

2.93, none of the realizations percolated, while when n was set equal to 4, corresponding 

to ϕ = 0.382 and Dm = 2.85, 100% of the realizations percolated. Setting the boundaries of 

10% percolation frequency at ϕ = 0.298 and 100% at ϕ = 0.382 gives a range in which the 

percolation threshold for Menger sponges should lie. In Kim et al. 2011, a percolation 
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threshold for mass pre-fractal models, such as a Menger sponge, was found to be 0.36, 

which they defined as the porosity value where 50% of realizations would percolate.  

Within the percolation theory framework, permeability k in terms of effective 

porosity, given as total porosity minus critical porosity (𝜙 −  𝜙!), conforms to a power 

law with exponent t as given in equation (2.3) as (Larson et al. 1981) 

𝑘 = 𝑘!(𝜙 − 𝜙!)!,              (4.1) 

where k is the permeability, ϕ is the porosity, k0 is a constant, and ϕc is the critical 

porosity. 

This equation is theoretically valid above but near the percolation threshold (or 

critical porosity). However, the term “near” has never been satisfactorily defined in the 

literature. Analyses of experimental and numerical studies (Ghanbarian et al. 2013, 2014, 

Hunt et al. 2014, Ghanbarian and Hunt 2014, Daigle et al. 2015, Ghanbarian et al. 2015, 

Gostick and Weber 2015) show that such a power law often applies over a wide range of 

ϕ > ϕc, a result anticipated earlier by Sahimi (1993). 

In random bond and site percolation, the exponent t in Equation (4.1) is universal 

and equal to 2 in three dimensions (Stauffer and Aharony 1994, Sahini & Sahimi 1994). 

However, in random continuum percolation its value is non-universal and typically t > 2. 

For example, Koponen et al. (1997) found 𝜙! = 0.33 and t = 2.8 by simulating two-

dimensional permeability through square lattices composed of freely penetrating square 

particles. 

 Equation (4.1) was fit to the results of the LB simulations by constraining ϕc 

between the lower bound of 0.298 (found in this study) and the upper bound of 0.36 
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(given by Kim et al. 2011) to find the value that gave the best fit. Results for the x, y, and 

z directions are shown in Tables 4.8 through 4.9.  

ϕc = .30 Ds = 1.0 Ds  = 1.1 Ds = 1.2 Ds = 1.4 Ds = 1.6 
R2 0.998 0.997 0.997 0.997 0.997 
t 3.3 3.3 3.3 3.3 3.3 
k0 (l.u.) 570 517 508 505 509 

Table 4.8: Optimized parameters of Equation (4.1) for x direction 

ϕc = .30 Ds = 1.0 Ds  = 1.1 Ds = 1.2 Ds = 1.4 Ds = 1.6 
R2 0.997 0.996 0.996 0.996 0.996 
t 3.2 3.1 3.1 3.1 3.1 
k0 (l.u.) 458 410 413 408 406 

Table 4.9: Optimized parameters of Equation (4.1) for y direction 

ϕc = .30 Ds = 1.0 Ds  = 1.1 Ds = 1.2 Ds = 1.4 Ds = 1.6 
R2 0.993 0.993 0.993 0.993 0.993 
t 3.1 3.1 3.1 3.1 3.1 
k0 (l.u.) 393 353 353 351 351 

Table 4.10: Optimized parameters of Equation (4.1) for z direction 

 In all directions, a ϕc value of 30% provided the best-fit line as determined by the 

value for correlation coefficient R2. The percolation exponent for all directions varied in a 

restricted range between 3.1 and 3.3. An exponent value greater than 2 implies non-

universal scaling of permeability, in agreement with continuum percolation theory 

results. If the upper limit of 36% for critical porosity is used, then the percolation 

exponent has a value between 1.8 and 1.9, which is close to the universal percolation 

scaling exponent of 2 for random bond and site percolation. However, the quality of the 

fit drops significantly when using this value of critical porosity, suggesting that the media 
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do exhibit non-universality. The results of the fit are shown in the following the table for 

the x direction.  

ϕc = 0.36 Ds = 1.0 Ds  = 1.1 Ds = 1.2 Ds = 1.4 Ds = 1.6 
R2 0.978 0.977 0.977 0.977 0.977 
t 1.9 1.9 1.9 1.9 1.9 
k0 (l.u.) 185 168 165 164 165 

Table 4.11: Optimized parameters of Equation (4.1) with ϕc = 0.36. 

For the purpose of this study, the introduction of surface roughness surprisingly 

did not have a significant effect on ϕc or the percolation exponent t. The constant k0 value 

was highest for the smooth case of Ds = 1.0. It follows a similar pattern to the 

permeability, with the value dropping to between 0.88 and 0.92 of the smooth case value, 

and staying within this range as Ds is increased. 

Interestingly, Equation (4.1) with t = 3 is similar in form to the Kozeny-Carman 

equation modified to include the effect of percolation threshold. van der Marck (1996) 

and Mavko and Nur (1997) showed that Equation (4.1) with t = 3 could scale 

permeability with porosity in Fontainebleau sandstones, glass beads, sphere packs and 

hot-pressed calcites accurately. 

Due to the similar values of t = 3 from this research and the research of van der 

Marck (1996) and Mavko and Nur (1997), the LBM permeability results were compared 

with the Kozeny-Carman equation given in the form of 

𝑘 = !!

!"#
!!

!!! !  ,             (4-2) 
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where d is the characteristic grain size. In this study, the characteristic grain size was 

calculated with as a weighted arithmetic mean, a weighted geometric mean, and a 

weighted harmonic mean over the three pore sizes of 10, 30 and 90 l.u. Note that in the 

Menger sponge, at each iteration generated pores and grains are of the same size. All 

three methods provided comparable values due to there only being less than one order of 

magnitude difference between dmin and dmax. Furthermore, it is reasonably to suspect that 

the flow in the media used in this research would be affected by the interplay between the 

pore space and solid matrix, which is characterized by the ϕ and the (1-ϕ) terms. The 

predicted permeability values from Equation (4.2) did not match closely to the LBM 

results except for in medium 2, with ϕ = 0.382. However, when the smallest pores of size 

10 l.u. are excluded and the characteristic pore size is calculated based on just the pores 

of size 30 and 90 l.u., the predicted permeability values by the Kozeny-Carman equation 

are in close agreement with the LBM permeability results for the higher porosity media. 

This is due to the percolation threshold being reached with just the larger 2 pore sizes in 

the higher porosity media and most of the flow being dominated by the larger pores. For 

example, in medium 2, with Dm = 2.854, pores of size 90 and 30 l.u. only contribute to 

27% of the total porosity, which is below the determined percolation threshold of 30%. 

Therefore, pores of size 10 l.u. play a larger role in the flow through the medium and 

have a greater impact on permeability. Table 4.12 shows d calculated for each media and 

the corresponding predicted permeability resulting from Equation (4.2). Figure 4.9 shows 

the predicted Kozeny-Carman permeability values overlain onto the LBM results for the 

x direction. For medium 2, d was calculated as the weighted arithmetic mean for all pore 
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sizes, while for media 3 through 5, d was calculated as the weighted arithmetic mean for 

pores of size 30 and 90 l.u.  

Dm ϕ d (l.u.) Predicted k (l.u.2) 
2.854 0.382 11.0 0.1 
2.771 0.529 32.7 4.0 
2.680 0.652 33.0 13.8 
2.579 0.750 33.3 41.9 

Table 4.12: Kozeny-Carman Permeability results 

 

Figure 4.9: Kozeny-Carman equation fitted to LBM results  

Since the percolation threshold of Menger sponges was not the primary focus of 

this research, this would be further investigated in future studies. Multiple iterations 

would need to be run to find the true frequency of percolation for media with ϕ = .298, 

and Dm = 2.89, and future study would also investigate the effect of b, dmin, and i on the 

percolation threshold.  

Lacunarity was calculated for each medium with gliding box radii of 30, 90, 180 

and 270. Figure 4.9 shows a plot of lacunarity vs. porosity for each gliding box size.  
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Figure 4.10: Lacunarity vs. porosity for increasing gliding box size 

As porosity approaches 1, lacunarity for each medium approaches 1 as well. 

Furthermore, as the gliding box size increases, the lacunarity values approaches 1. This is 

consistent with the fact that the minimum lacunarity for any medium is 1, which occurs 

when the gliding box size equal to the lattice size. These results are consistent with the 

lacunarity results presented in Kim et al. (2007).  

Figures 4.11 through 4.13 show plots of permeability vs. lacunarity for the all 

directions 
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Figure 4.11: Permeability vs. lacunarity for x direction 

 

Figure 4.12: Permeability vs. lacunarity for y direction 
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Figure 4.13: Permeability vs. lacunarity for z direction 

These plots reveal that lacunarity is not a good indicator for permeability in 

media. The lacunarity results from gliding box with large values of r do not provide any 

useful insight as there values are all close to 1. There appears to be an inverse 

relationship between permeability and lacunarity that becomes larger as the gliding box 

size is decreased. However, the value for lacunarity depends too largely on the gliding 

box radius r and does not appear to be a good indicator for permeability.   

From these results, it appears lacunarity is not a good indicator for permeability in 

porous media. Instead, lacunarity can be used to compare the variations in pore clustering 

between porosity values. For a given porosity, a higher value of lacunarity corresponds to 

a greater amount of pore clustering within a lattice. However, this effect can be masked at 

higher porosity values due to lacunarity approaching 1 as porosity approaches 1. 

Lacunarity can be normalized to compare between porosity values by the following 

equation presented in Kim el al. (2011): 
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Λ(𝑟)∗ = ! ! !!!"#
!!"#!!!"#

= ! ! !!
! !!!

,             (4.3) 

where Λ*(r) is the normalized lacunarity for a gliding box size of r. As previously stated, 

the maximum lacunarity is equal to the inverse of porosity when r = 1 and the minimum 

lacunarity of 1 occurs when r equals the lattice size.  

 The normalized lacunarity for r = 30 is plotted against porosity in the following 

figure. The values for r  = 90 showed similar results but at reduced values due to the 

increased box size.   

 

Figure 4.14: Normalized Lacunarity vs. Porosity for r = 30. 

The normalized lacunarity for a gliding box of size 30 has a range from 0.27 to 

0.33, with the higher porosity media corresponding the lower end of the normalized 

lacunarity values. The narrow range for normalized lacunarity implies that the amount of 

pore clustering for at any given porosity does not vary greatly between the media used in 

this study. This supports that the power law relationship determined between porosity and 

permeability is not greatly altered by one of the media used having an abnormally large 

or small amount of pore clustering relative to the other media. 
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Chapter 5: Conclusions 

This research represents the first attempt to model the pore-solid interface 

roughness in mass fractal Menger sponges with a surface roughness fractal 

dimensionality Ds. Permeability for the constructed media was calculated using the LBM. 

It has been shown and was expected that an increase in roughness would lead to a 

decrease in permeability. While roughness did indeed lead to a drop in permeability, the 

drop was more dependent on the root-mean-squared height of surface roughness rather 

than the value of Ds. Although increasing the value of Ds does increase the chaotic nature 

of the profile of the pore-solid interface, it does not appear to lead to a further decrease in 

permeability beyond the initial drop that occurs when any roughness is added.   

Another significant result of this research was the percolation threshold in 

randomized Menger sponges. The creation of the media led to a lower bound for the 

critical porosity of 0.298, while an upper bound of .36 was set from Kim et al. 2011. 

From these bounds, fitting the percolation power-relationship between ϕ and k as given 

equation (2.3) for each direction revealed a critical porosity for these media of 30%, and 

an exponent value of 3.1 to 3.3, implying non-universal scaling of permeability in these 

media. While the introduction of roughness was found to not have a significant effect on 

ϕc and t in the fits, it did lead to a drop in the fitting parameter k0.  

The lacunarity was calculated for each medium and normalized to compare 

between media with varying porosities. The narrow range found for the normalized 

lacunarity suggests implies that the power law relationship determined between porosity 
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and permeability is not greatly altered by one of the media used having an abnormally 

large or small amount of pore clustering relative to the other media. 

Future study would further investigate the percolation threshold of Menger 

sponges and how roughness affects it by varying the ratio of the root-mean-squared of 

roughness height to pore-size, as well as further varying the scaling factor b, the number 

of iterations i, and the values for dmin and dmax.  

Future studies might also look into new ways to model the randomized Menger 

sponges. The sponges were modeled as three-dimensional binary matrices in order to be 

run on a lattice-Boltzmann simulation. The problem with this is that it was difficult to 

achieve greater than an order of magnitude difference between the minimum and 

maximum pore size, due to the lattice size becoming so large that it was not 

computationally possible to run simulations on it. Furthermore, due to discretization of 

the pore-solid interface roughness, the pores of smaller size do not always exhibit 

roughness, which could be masking the effect of roughness on permeability. If the media 

were represented in a different matter, it may be possible to achieve larger orders of 

magnitude, but a new simulation method would have to be used to compute to the desired 

properties.  

Furthermore, the next step in this research would be to go beyond measuring just 

permeability, and investigate the effects of pore-solid interface roughness in porous 

fractal media on properties such capillary pressure curves. Modeling two-phase flow in 

LBM simulations would allow the investigation of surface roughness fractal dimension 

on more properties beyond 1-D permeability, and would ultimately yield greater insight 
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into the effect of rough pore-solid interfaces characterized by fractal geometry on flow in 

porous media.  
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Appendix 

A1. MATLAB CODE FOR CREATING MEDIA 

% Tim Cousins 
% 06/2016 
  
% This code creates a self similar 2D Sierpinski carpet or 3D Menger sponge 
% Inputs are the scaling factor, b, number of squares to remove l, 
% number of iterations, iter, Euclidian dimension, E, and binary random variable. 
% Calculates Pore Fractal Dimension Dp, porosity 
  
% Inputs 
% len: Length of Lattice 
% 
% Global Declarations 
% E:      Euclidian Dimension, either 2 or 3 
% random: Binary Variable for Traditional or Randum Medium 
% b:      scaling factor 
% dmin:   minum pore size 
% dmax:   maximum pore size 
% l:      number of pores to remove in each iteration 
  
function [fabric, D, por] = create_carpet(len) 
tic 
  
global E random b 
global dmin dmax l 
  
% create fabric, determines number of pores to remove if traditional 
switch E 
    case 2 
        fabric = ones(len); 
        if random == 0 
            l = 1; 
        end 
    case 3 
        fabric = ones(len, len, len); 
        if random == 0 
            l = b*3-2; 
        end 
    otherwise 
        error('E must equal 2 or 3!');                                      % Error if E != 2 or 3 
end 
  
D = log(b^E-l)/log(b);                                                      % calculate's fractal dimension 
  
% center of each subsection 
center = fix((b/2) + .5); 
d = dmax; 
% loops through each iteration 
while d >= dmin 
    if rem(len,(d*b)) == 0 
        sub_vec = ones(1, len/(d*b))*d*b; 
        n = l; 
    else 
        sub_vec = len; 
        n = floor(l*(len/(d*b))^E); 
    end 
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    switch E 
        % 2D case 
        case 2 
            sub = mat2cell(fabric, sub_vec, sub_vec);                       % divides matrix into cells 
            n_subs = length(sub);                                           % number of subdivions 
            sub_length = length(sub{1});                                    % length of each subdivison 
            temp_vec = ones(1, sub_length/d)*d; 
            for ix = 1:n_subs                                               % for each row of subdivions 
                for iy = 1:n_subs                                           % for each column of subdivisions 
                    if sum(sub{ix,iy}(:)==0) == 0                           % check if current subdivision is already pore 
                        temp = mat2cell(sub{ix,iy}, temp_vec, temp_vec);    % divides matrix into cells 
                        cdim = length(temp{1});                             % length of current cells 
                        tl = length(temp); 
                        for k = 1:n                                         % for number of pores to remove 
                            if random == 1                                  % Random case 
                                locx = randi([1,tl]);                       % choose random row 
                                locy = randi([1,tl]);                       % choose random columns 
                                while sum(temp{locx, locy}(:)==0) ~= 0      % Make sure cell is not already a pore 
                                    locx = randi([1,tl]);                   % chooses random locations until finds pore to remove 
                                    locy = randi([1,tl]); 
                                end 
                                temp{locx, locy} = zeros(cdim);             % turn cell into pore 
  
                            else                                            % Non-random case 
                                locx = center;                              % center row and column 
                                locy = center; 
  
                                temp{locx, locy} = zeros(cdim);             % turn cell into pore 
                            end 
                        end 
                        sub{ix, iy} = cell2mat(temp); 
                    end 
                end 
            end 
            fabric = cell2mat(sub); 
            d = d/b; 
  
        % 3D Case 
        case 3 
            sub = mat2cell(fabric, sub_vec, sub_vec, sub_vec); 
            n_subs = length(sub);                                           % number of subsections 
  
            sub_length = length(sub{1});                                    % length of subsections 
            temp_vec = ones(1, sub_length/d)*d; 
            for ix = 1:n_subs                                               % loop through all cells 
                for iy = 1:n_subs 
                    for iz = 1:n_subs 
                        if sum(sub{ix,iy, iz}(:)==0) == 0                   % check if cell has already been removed as a pore 
                            temp = mat2cell(sub{ix,iy,iz}, temp_vec, temp_vec, temp_vec);  % divides cell into subdivisions to remove 
                            cdim = length(temp{1});                         % length of subdivisions 
                            tl = length(temp); 
                            if random == 1                                  % Random Pore removal 
                                for k = 1:n                                  % loop through number of pores to remove 
  
                                    locx = randi([1,tl]);                    % select random location 
                                    locy = randi([1,tl]); 
                                    locz = randi([1,tl]); 
                                    while sum(temp{locx, locy, locz}(:)==0) ~= 0 % Make sure cell has not already been removed 
                                        locx = randi([1,tl]);                % select random locations until find one to remove 
                                        locy = randi([1,tl]); 
                                        locz = randi([1,tl]); 
                                    end 
                                    temp{locx, locy, locz} = zeros(cdim, cdim, cdim); % remove pore 
                                end 
                            else                                            % non-random case 
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                                loc = center;                               % center of cell 
                                for k = 1:b                                 % loop to remove the pores for non-random case 
                                    temp{k,loc, loc} = zeros(cdim, cdim, cdim); 
                                    temp{loc,k,loc} = zeros(cdim, cdim, cdim); 
                                    temp{loc,loc,k} = zeros(cdim, cdim, cdim); 
                                end 
                            end 
                            sub{ix, iy, iz} = cell2mat(temp); 
                        end 
                    end 
                end 
            end 
            fabric = cell2mat(sub); 
            d = d/b; 
    end                                               % convert total subdivisions back to carpet at end of each iteration 
end 
por = 1 - nnz(fabric)/(len^E); 
toc 
end 

A2. MATLAB CODE FOR ROUGHENING PORES 

% Tim Cousins 
% 06/2016 
  
% This code roughens the surfaces of self similar 2D Sierpinski carpets or 
% 3D Menger sponges 
% Inputs are the a medium, fabric, Surface fractal dimension Ds, and rms for roughness hieght number 
% Outputs roughened fabric 
  
% Inputs 
% fabric: 2D or 3D matrix 
% Ds: Surface Fractal Dimension 
% rms: Root mean sqaure height for roughness 
function rough_f = roughen(fabric, Ds, rms_char, b, dmin, dmax, l) 
tic 
  
% global dmax dmin b 
global gamma E n1 
  
gamma = 1.5; 
E = ndims(fabric); 
  
  
dim = length(fabric); 
step = 1; 
rms_char = rms_char*step; 
  
n1 = log10(1/(dmax*step))/log10(gamma); 
  
wh = 1/step; 
wl = 1/(dmax*step); 
  
% start at max pore size 
d = dmin; 
% loops through each iteration, from Dmax to Dmin 
while d <= dmax 
    if rem(dim,(d*b)) == 0 
        sub_vec = ones(1, dim/(d*b))*d*b; 
        n = l; 
    else 
        sub_vec = dim; 
        n = floor(l*(dim/(d*b))^E); 
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    end 
    bound = round(0.05*d); 
    rms = rms_char*(d/dmin); 
     
    G = (rms^2*(4-2*Ds)*(2*log(gamma))/(1/(wl^(4-2*Ds)) - 1/(wh^(4-2*Ds))))^(1/(2*(Ds-1))); 
     
    switch E 
        % 2D case 
        case 2 
            % divides matrix into cells 
            sub = mat2cell(fabric, sub_vec, sub_vec); 
            % number of subdivions 
            n_subs = length(sub); 
            % length of each subdivison 
            sub_length = length(sub{1}); 
            temp_vec = ones(1, sub_length/d)*d; 
            L = d*step; 
            % for each row of subdivions 
            for ix = 1:n_subs 
                % for each column of subdivisions 
                for iy = 1:n_subs 
                    if sum(sub{ix,iy}(:)==0) < sub_length^E 
                        % divides matrix into cells 
                        temp = mat2cell(sub{ix,iy}, temp_vec, temp_vec); 
                        n_temps = length(temp); 
                        track = 0; 
                        br = false; 
                        for locx = 1:n_temps 
                            for locy = 1:n_temps 
                                if sum(temp{locx, locy}(:) == 0) == d^E % find pores 
                                    % x - 1 
                                    [~,s] = rough_line(Ds, L, step, G); 
                                    if locx - 1 > 0 
                                        for t = (1+bound):(d-(bound)) 
                                            if temp{locx-1, locy}(d, t) == 1 
                                                if s(t) > 0 
                                                    for h = 0:s(t)-1 
                                                        if (d-h) > 0 
                                                            temp{locx-1, locy}(d-h,t) = 0; 
                                                        end 
                                                    end 
                                                elseif s(t) < 0 
                                                    for h = 0:abs(s(t))-1 
                                                        if (1+h) <= d 
                                                            temp{locx, locy}(1+h,t) = 1; 
                                                        end 
                                                    end 
                                                end 
                                            end 
                                        end 
                                    elseif ix - 1 > 0 
                                        temp2 = mat2cell(sub{ix-1,iy}, temp_vec, temp_vec); 
                                        for t = (1+bound):(d-(bound)) 
                                            if temp2{b, locy}(d, t) == 1 
                                                if s(t) > 0 
                                                    for h = 0:s(t)-1 
                                                        if (d-h) > 0 
                                                            temp2{b, locy}(d-h,t) = 0; 
                                                        end 
                                                    end 
                                                elseif s(t) < 0 
                                                    for h = 0:abs(s(t))-1 
                                                        if (1+h) <= d 
                                                            temp{locx, locy}(1+h,t) = 1; 
                                                        end 
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                                                    end 
                                                end 
                                            end 
                                        end 
                                        sub{ix-1, iy} = cell2mat(temp2); 
                                    end 
                                     
                                    % x + 1 
                                    [~,s] = rough_line(Ds, L, step, G); 
                                    if locx + 1 <= n_temps 
                                        for t = (1+bound):(d-(bound)) 
                                            if temp{locx+1, locy}(1, t) == 1 
                                                if s(t) > 0 
                                                    for h = 0:s(t)-1 
                                                        if (1+h) <= d 
                                                            temp{locx+1, locy}(1+h,t) = 0; 
                                                        end 
                                                    end 
                                                elseif s(t) < 0 
                                                    for h = 0:abs(s(t))-1 
                                                        if (d-h) > 0 
                                                            temp{locx, locy}(d-h,t) = 1; 
                                                        end 
                                                    end 
                                                end 
                                            end 
                                        end 
                                    elseif ix + 1 <= n_subs 
                                        temp2 = mat2cell(sub{ix+1,iy}, temp_vec, temp_vec); 
                                        for t = (1+bound):(d-(bound)) 
                                            if temp2{1, locy}(1, t) == 1 
                                                if s(t) > 0 
                                                    for h = 0:s(t)-1 
                                                        if (1+h) > 0 
                                                            temp2{1, locy}(1+h,t) = 0; 
                                                        end 
                                                    end 
                                                elseif s(t) < 0 
                                                    for h = 0:abs(s(t))-1 
                                                        if (d-h) > 0 
                                                            temp{locx, locy}(d-h,t) = 1; 
                                                        end 
                                                    end 
                                                end 
                                            end 
                                        end 
                                        sub{ix+1, iy} = cell2mat(temp2); 
                                    end 
                                     
                                    % y - 1 
                                    [~,s] = rough_line(Ds, L, step, G); 
                                    if locy - 1 > 0 
                                        for t = (1+bound):(d-(bound)) 
                                            if temp{locx, locy-1}(t, d) == 1 
                                                if s(t) > 0 
                                                    for h = 0:s(t)-1 
                                                        if (d-h) > 0 
                                                            temp{locx, locy-1}(t, d-h) = 0; 
                                                        end 
                                                    end 
                                                elseif s(t) < 0 
                                                    for h = 0:abs(s(t))-1 
                                                        if (1+h) <= d 
                                                            temp{locx, locy}(t,1+h) = 1; 
                                                        end 
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                                                    end 
                                                end 
                                            end 
                                        end 
                                    elseif iy - 1 > 0 
                                        temp2 = mat2cell(sub{ix,iy-1}, temp_vec, temp_vec); 
                                        for t = (1+bound):(d-(bound)) 
                                            if temp2{locx, b}(t, d) == 1 
                                                if s(t) > 0 
                                                    for h = 0:s(t)-1 
                                                        if (d-h) > 0 
                                                            temp2{locx, b}(t,d-h) = 0; 
                                                        end 
                                                    end 
                                                elseif s(t) < 0 
                                                    for h = 0:abs(s(t))-1 
                                                        if (1+h) <= d 
                                                            temp{locx, locy}(t,1+h) = 1; 
                                                        end 
                                                    end 
                                                end 
                                            end 
                                        end 
                                        sub{ix, iy-1} = cell2mat(temp2); 
                                    end 
                                     
                                    % +y side 
                                    [~,s] = rough_line(Ds, L, step, G); 
                                    if locy + 1 <= n_temps 
                                        for t = (1+bound):(d-(bound)) 
                                            if temp{locx, locy+1}(t, 1) == 1 
                                                if s(t) > 0 
                                                    for h = 0:s(t)-1 
                                                        if (1+h) <= d 
                                                            temp{locx, locy+1}(t, 1+h) = 0; 
                                                        end 
                                                    end 
                                                elseif s(t) < 0 
                                                    for h = 0:abs(s(t))-1 
                                                        if (d-h) > 0 
                                                            temp{locx, locy}(t,d-h) = 1; 
                                                        end 
                                                    end 
                                                end 
                                            end 
                                        end 
                                    elseif iy + 1 <= n_subs 
                                        temp2 = mat2cell(sub{ix,iy+1}, temp_vec, temp_vec); 
                                        for t = (1+bound):(d-(bound)) 
                                            if temp2{locx, 1}(t, 1) == 1 
                                                if s(t) > 0 
                                                    for h = 0:s(t)-1 
                                                        if (1+h) > 0 
                                                            temp2{locx, 1}(t, 1+h) = 0; 
                                                        end 
                                                    end 
                                                elseif s(t) < 0 
                                                    for h = 0:abs(s(t))-1 
                                                        if (d-h) > 0 
                                                            temp{locx, locy}(t, d-h) = 1; 
                                                        end 
                                                    end 
                                                end 
                                            end 
                                        end 
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                                        sub{ix, iy+1} = cell2mat(temp2); 
                                    end 
                                    track = track + 1; 
                                    if track == n 
                                        br = true; 
                                        break; 
                                    end 
                                end 
                            end 
                            if br == true; 
                                break; 
                            end 
                        end 
                         
                        sub{ix, iy} = cell2mat(temp); 
                    end 
                end 
            end 
             
            % 3D Case 
        case 3 
            sub = mat2cell(fabric, sub_vec, sub_vec, sub_vec);              % divides matrix into cells 
             
            n_subs = length(sub);                                           % number of subsections 
            sub_length = length(sub{1});                                    % length of subsections 
            temp_vec = ones(1, sub_length/d)*d; 
            L = d^2*step; 
            for ix = 1:n_subs                                               % loop through all cells 
                for iy = 1:n_subs 
                    for iz = 1:n_subs 
                        if sum(sub{ix,iy, iz}(:)==0) < sub_length^E 
                             
                            temp = mat2cell(sub{ix,iy,iz}, temp_vec, temp_vec, temp_vec);  % divides cell into subdivisions to remove 
                            n_temps = length(temp); 
                            br = false; 
                            track = 0; 
                            for locx = 1:n_temps                             % loop through all cells 
                                for locy = 1:n_temps 
                                    for locz = 1:n_temps 
                                        if sum(temp{locx, locy, locz}(:) == 0) == d^E % find the pores to roughen 
                                             
                                            % Bottom face 
                                            [~,s] = rough_line(Ds, L, step, G); 
                                            if locz - 1 > 0             % check if bottom z 
                                                for xs = (1+bound):(d-bound) 
                                                    for ys = (1+bound):(d-bound) 
                                                        if temp{locx, locy, locz-1}(xs, ys, d) == 1 
                                                            if s(xs, ys) > 0 
                                                                for h = 0:s(xs, ys)-1 
                                                                    if (d-h) > 0 
                                                                        temp{locx, locy, locz-1}(xs, ys, d-h) = 0; 
                                                                    end 
                                                                end 
                                                            elseif s(xs, ys) < 0 
                                                                for h = 0:abs(s(xs, ys))-1 
                                                                    if (1+h) <= d 
                                                                        temp{locx, locy, locz}(xs, ys, 1+h) = 1; 
                                                                    end 
                                                                end 
                                                            end 
                                                        end 
                                                    end 
                                                end 
                                            elseif iz - 1 > 0 
                                                temp2 = mat2cell(sub{ix,iy, iz-1}, temp_vec, temp_vec, temp_vec); 
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                                                for xs = (1+bound):(d-bound) 
                                                    for ys = (1+bound):(d-bound) 
                                                        if temp2{locx, locy, b}(xs, ys, d) == 1 
                                                            if s(xs, ys) > 0 
                                                                for h = 0:s(xs, ys)-1 
                                                                    if (d-h) > 0 
                                                                        temp2{locx, locy, b}(xs, ys, d-h) = 0; 
                                                                    end 
                                                                end 
                                                            elseif s(xs, ys) < 0 
                                                                for h = 0:abs(s(xs, ys))-1 
                                                                    if (1+h) <= d 
                                                                        temp{locx, locy, locz}(xs, ys, 1+h) = 1; 
                                                                    end 
                                                                end 
                                                            end 
                                                        end 
                                                    end 
                                                end 
                                                sub{ix, iy, iz-1} = cell2mat(temp2); 
                                            end 
                                             
                                            % Top Face 
                                            [~,s] = rough_line(Ds, L, step, G); 
                                            if locz + 1 <= n_temps 
                                                for xs = (1+bound):(d-bound) 
                                                    for ys = (1+bound):(d-bound) 
                                                        if temp{locx, locy, locz+1}(xs, ys, 1) == 1 
                                                            if s(xs, ys) > 0 
                                                                for h = 0:s(xs, ys)-1 
                                                                    if (1+h) <= d 
                                                                        temp{locx, locy, locz+1}(xs, ys, 1+h) = 0; 
                                                                    end 
                                                                end 
                                                            elseif s(xs, ys) < 0 
                                                                for h = 0:abs(s(xs, ys))-1 
                                                                    if (d-h) > 0 
                                                                        temp{locx, locy, locz}(xs, ys, d-h) = 1; 
                                                                    end 
                                                                end 
                                                            end 
                                                        end 
                                                         
                                                    end 
                                                end 
                                                 
                                            elseif  iz + 1 <= n_subs 
                                                temp2 = mat2cell(sub{ix,iy, iz+1}, temp_vec, temp_vec, temp_vec); 
                                                 
                                                for xs = (1+bound):(d-bound) 
                                                    for ys = (1+bound):(d-bound) 
                                                        if temp2{locx, locy, 1}(xs, ys, 1) == 1 
                                                            if s(xs, ys) > 0 
                                                                for h = 0:s(xs, ys)-1 
                                                                    if (1+h) <= d 
                                                                        temp2{locx, locy, 1}(xs, ys, 1+h) = 0; 
                                                                    end 
                                                                end 
                                                            elseif s(xs, ys) < 0 
                                                                for h = 0:abs(s(xs, ys))-1 
                                                                    if (d-h) > 0 
                                                                        temp{locx, locy, locz}(xs, ys, d-h) = 1; 
                                                                    end 
                                                                end 
                                                            end 
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                                                        end 
                                                    end 
                                                end 
                                                sub{ix, iy, iz+1} = cell2mat(temp2); 
                                            end 
                                             
                                            % -y face 
                                            [~,s] = rough_line(Ds, L, step, G); 
                                            if locy - 1 > 0 
                                                for xs = (1+bound):(d-bound) 
                                                    for zs = (1+bound):(d-bound) 
                                                        if temp{locx, locy-1, locz}(xs, d, zs) == 1 
                                                            if s(xs, zs) > 0 
                                                                for h = 0:s(xs, zs)-1 
                                                                    if (d-h) > 0 
                                                                        temp{locx, locy-1, locz}(xs, d-h, zs) = 0; 
                                                                    end 
                                                                end 
                                                            elseif s(xs, zs) < 0 
                                                                for h = 0:abs(s(xs, zs))-1 
                                                                    if (1+h) <= d 
                                                                        temp{locx, locy, locz}(xs, 1+h, zs) = 1; 
                                                                    end 
                                                                end 
                                                            end 
                                                        end 
                                                    end 
                                                end 
                                            elseif iy - 1 > 0 
                                                temp2 = mat2cell(sub{ix,iy-1, iz}, temp_vec, temp_vec, temp_vec); 
                                                for xs = (1+bound):(d-bound) 
                                                    for zs = (1+bound):(d-bound) 
                                                        if temp2{locx, b, locz}(xs, d, zs) == 1 
                                                            if s(xs, zs) > 0 
                                                                for h = 0:s(xs, zs)-1 
                                                                    if (d-h) > 0 
                                                                        temp2{locx, b, locz}(xs, d-h, zs) = 0; 
                                                                    end 
                                                                end 
                                                            elseif s(xs, zs) < 0 
                                                                for h = 0:abs(s(xs, zs))-1 
                                                                    if (1+h) <= d 
                                                                        temp{locx, locy, locz}(xs, 1+h, zs) = 1; 
                                                                    end 
                                                                end 
                                                            end 
                                                        end 
                                                    end 
                                                end 
                                                sub{ix, iy-1, iz} = cell2mat(temp2); 
                                            end 
                                             
                                            % +y face 
                                            [~,s] = rough_line(Ds, L, step, G); 
                                            if locy + 1 <= n_temps 
                                                for xs = (1+bound):(d-bound) 
                                                    for zs = (1+bound):(d-bound) 
                                                        if temp{locx, locy+1, locz}(xs, 1, zs) == 1 
                                                            if s(xs, zs) > 0 
                                                                for h = 0:s(xs, zs)-1 
                                                                    if (1+h) <= d 
                                                                        temp{locx, locy+1, locz}(xs, 1+h, zs) = 0; 
                                                                    end 
                                                                end 
                                                            elseif s(xs, zs) < 0 
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                                                                for h = 0:abs(s(xs, zs))-1 
                                                                    if (d-h) > 0 
                                                                        temp{locx, locy, locz}(xs, d-h, zs) = 1; 
                                                                    end 
                                                                end 
                                                            end 
                                                        end 
                                                    end 
                                                end 
                                            elseif  iy + 1 <= n_subs 
                                                temp2 = mat2cell(sub{ix,iy+1, iz}, temp_vec, temp_vec, temp_vec); 
                                                for xs = (1+bound):(d-bound) 
                                                    for zs = (1+bound):(d-bound) 
                                                        if temp2{locx, 1, locz}(xs, 1, zs) == 1; 
                                                            if s(xs, zs) > 0 
                                                                for h = 0:s(xs, zs)-1 
                                                                    if (1+h) <= d 
                                                                        temp2{locx, 1, locz}(xs, 1+h, zs) = 0; 
                                                                    end 
                                                                end 
                                                            elseif s(xs, zs) < 0 
                                                                for h = 0:abs(s(xs, zs))-1 
                                                                    if (d-h) > 0 
                                                                        temp{locx, locy, locz}(xs, d-h, zs) = 1; 
                                                                    end 
                                                                end 
                                                            end 
                                                        end 
                                                    end 
                                                end 
                                                sub{ix, iy+1, iz} = cell2mat(temp2); 
                                            end 
                                             
                                            % -x face 
                                            [~,s] = rough_line(Ds, L, step, G); 
                                            if locx - 1 > 0 
                                                for ys = (1+bound):(d-bound) 
                                                    for zs = (1+bound):(d-bound) 
                                                        if temp{locx-1, locy, locz}(d, ys, zs) == 1 
                                                            if s(ys, zs) > 0 
                                                                for h = 0:s(ys, zs)-1 
                                                                    if (d-h) > 0 
                                                                        temp{locx-1, locy, locz}(d-h, ys, zs) = 0; 
                                                                    end 
                                                                end 
                                                            elseif s(ys, zs) < 0 
                                                                for h = 0:abs(s(ys, zs))-1 
                                                                    if (1+h) <= d 
                                                                        temp{locx, locy, locz}(1+h, ys, zs) = 1; 
                                                                    end 
                                                                end 
                                                            end 
                                                        end 
                                                    end 
                                                end 
                                            elseif ix - 1 > 0 
                                                temp2 = mat2cell(sub{ix-1,iy, iz}, temp_vec, temp_vec, temp_vec); 
                                                for ys = (1+bound):(d-bound) 
                                                    for zs = (1+bound):(d-bound) 
                                                        if temp2{b, locy, locz}(d, ys, zs) == 1 
                                                            if s(ys, zs) > 0 
                                                                for h = 0:s(ys, zs)-1 
                                                                    if (d-h) > 0 
                                                                        temp2{b, locy, locz}(d-h, ys, zs) = 0; 
                                                                    end 
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                                                                end 
                                                            elseif s(ys, zs) < 0 
                                                                for h = 0:abs(s(ys, zs))-1 
                                                                    if (1+h) <= d 
                                                                        temp{locx, locy, locz}(1+h, ys, zs) = 1; 
                                                                    end 
                                                                end 
                                                            end 
                                                        end 
                                                    end 
                                                end 
                                                sub{ix-1, iy, iz} = cell2mat(temp2); 
                                            end 
                                             
                                            % +x face 
                                            [~,s] = rough_line(Ds, L, step, G); 
                                            if locx + 1 <= n_temps 
                                                for ys = (1+bound):(d-bound) 
                                                    for zs = (1+bound):(d-bound) 
                                                        if temp{locx+1, locy, locz}(1, ys, zs) == 1 
                                                            if s(ys, zs) > 0 
                                                                for h = 0:s(ys, zs)-1 
                                                                    if (1+h) <= d 
                                                                        temp{locx+1, locy, locz}(1+h, ys, zs) = 0; 
                                                                    end 
                                                                end 
                                                            elseif s(ys, zs) < 0 
                                                                for h = 0:abs(s(ys, zs))-1 
                                                                    if (d-h) > 0 
                                                                        temp{locx, locy, locz}(d-h, ys, zs) = 1; 
                                                                    end 
                                                                end 
                                                            end 
                                                        end 
                                                    end 
                                                end 
                                                 
                                            elseif  ix + 1 <= n_subs 
                                                temp2 = mat2cell(sub{ix+1,iy, iz}, temp_vec, temp_vec, temp_vec); 
                                                for ys = (1+bound):(d-bound) 
                                                    for zs = (1+bound):(d-bound) 
                                                        if temp2{1, locy, locz}(1, ys, zs) == 1 
                                                            if s(ys, zs) > 0 
                                                                for h = 0:s(ys, zs)-1 
                                                                    if (1+h) <= d 
                                                                        temp2{1, locy, locz}(1+h, ys, zs) = 0; 
                                                                    end 
                                                                end 
                                                            elseif s(ys, zs) < 0 
                                                                for h = 0:abs(s(ys, zs))-1 
                                                                    if (d-h) > 0 
                                                                        temp{locx, locy, locz}(d-h, ys, zs) = 1; 
                                                                    end 
                                                                end 
                                                            end 
                                                        end 
                                                    end 
                                                end 
                                                sub{ix+1, iy, iz} = cell2mat(temp2); 
                                            end 
                                            track = track + 1; 
                                            if track == n 
                                                br = true; 
                                                break; 
                                            end 
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                                        end 
                                    end 
                                    if br == true 
                                        break; 
                                    end 
                                end 
                                if br == true 
                                    break; 
                                end 
                            end 
                            % Convert total subdivison back to matrix 
                            sub{ix, iy, iz} = cell2mat(temp); 
                        end 
                    end 
                end 
            end 
             
    end 
    d = d*b;    % next pore size for next iteration 
    % convert total subdivions back to carpet at end of each iteration 
    fabric = cell2mat(sub); 
end 
  
rough_f = fabric; % rough fabric returned 
toc 
end 
 

A3. MATLAB CODE TO CONVERT TO MEDIA TO .DAT FILE (SOURCE: PALABOS) 

function createDAT(numFiles,path,baseInput,baseOutput) 
  
tic 
basename = [path '/' baseInput]; % base name of the bmp files 
fid = fopen(baseOutput, 'w');    % open the output file to write in 
  
  
  
%%%%%%%%%%%%%%%%%%%%% INLET SLICE %%%%%%%%%%%%%%%%%%%%%%%% 
fname = [basename num2str(1, '%0.4i') '.bmp']; 
  
fnameu = [basename num2str(2, '%0.4i') '.bmp']; 
  
BB=imread(fname ,'BMP'); 
CC=imread(fnameu ,'BMP'); 
nx=size(BB,2) 
ny=size(BB,1) 
B=zeros(ny,nx); 
  
wholeGeom=zeros(ny,nx,2); 
  
  
wholeGeom(:,:,1)=BB; 
wholeGeom(:,:,2)=CC; 
  
indexMin=find(wholeGeom==0); 
indexMax=find(wholeGeom>0); 
  
wholeGeom(indexMin)=255; 
wholeGeom(indexMax)=0; 
  
  
%i 
rA = circshift(wholeGeom,[0,1, 0]); 
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lA = circshift(wholeGeom,[0,-1, 0]); 
fA = circshift(wholeGeom,[1,0, 0]); 
bA = circshift(wholeGeom,[-1,0,0]); 
  
rfA = circshift(wholeGeom,[1,1,0]); 
rbA = circshift(wholeGeom,[-1,1,0]); 
lfA = circshift(wholeGeom,[1,-1,0]); 
lbA = circshift(wholeGeom,[-1,-1,0]); 
  
  
%i+1 
uA=circshift(wholeGeom,[0,0, 1]); 
  
urA = circshift(wholeGeom,[0,1, 1]); 
ulA = circshift(wholeGeom,[0,-1, 1]); 
ufA = circshift(wholeGeom,[1,0, 1]); 
ubA = circshift(wholeGeom,[-1,0,1]); 
  
urfA = circshift(wholeGeom,[1,1,1]); 
urbA = circshift(wholeGeom,[-1,1,1]); 
ulfA = circshift(wholeGeom,[1,-1,1]); 
ulbA = circshift(wholeGeom,[-1,-1,1]); 
  
for i=1:nx 
        for j=1:ny 
             
            if (wholeGeom(j,i,1) == 255 && rA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,1) == 255 && lA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,1) == 255 && fA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,1) == 255 && bA(j,i)==0) 
                B(j,i) = 1; 
             
            elseif (wholeGeom(j,i,1) == 255 && rfA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,1) == 255 && rbA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,1) == 255 && lfA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,1) == 255 && lbA(j,i)==0) 
                B(j,i) = 1; 
             
                 
             
            elseif (wholeGeom(j,i,1) == 255 && uA(j,i)==0) 
                B(j,i) = 1; 
                 
            elseif (wholeGeom(j,i,1) == 255 && urA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,1) == 255 && ulA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,1) == 255 && ufA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,1) == 255 && ubA(j,i)==0) 
                B(j,i) = 1; 
             
            elseif (wholeGeom(j,i,1) == 255 && urfA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,1) == 255 && urbA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,1) == 255 && ulfA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,1) == 255 && ulbA(j,i)==0) 
                B(j,i) = 1; 
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            elseif (wholeGeom(j,i,1) == 0) 
                B(j,i) = 0; 
            else 
                B(j,i)=2; 
  
            end 
  
        end 
end 
  
image(30*B) 
axis equal 
drawnow 
  
'printing first slice' 
fprintf(fid, '%i\n', B); 
  
  
%%%%%%%%%%%%%%%%%%%%% INTERNAL SLICES %%%%%%%%%%%%%%%%%%%%%%%% 
  
for ii=2:numFiles-1 
    ii 
fname = [basename num2str(ii, '%0.4i') '.bmp']; 
fnamed =[basename num2str(ii-1, '%0.4i') '.bmp']; 
fnameu = [basename num2str(ii+1, '%0.4i') '.bmp']; 
AA=imread(fnamed ,'BMP'); 
BB=imread(fname ,'BMP'); 
CC=imread(fnameu ,'BMP'); 
  
wholeGeom=zeros(ny,nx,3); 
  
wholeGeom(:,:,1)=AA; 
wholeGeom(:,:,2)=BB; 
wholeGeom(:,:,3)=CC; 
  
indexMin=find(wholeGeom==0); 
indexMax=find(wholeGeom>0); 
  
wholeGeom(indexMin)=255; 
wholeGeom(indexMax)=0; 
  
%i 
rA = circshift(wholeGeom,[0,1, 0]); 
lA = circshift(wholeGeom,[0,-1, 0]); 
fA = circshift(wholeGeom,[1,0, 0]); 
bA = circshift(wholeGeom,[-1,0,0]); 
  
rfA = circshift(wholeGeom,[1,1,0]); 
rbA = circshift(wholeGeom,[-1,1,0]); 
lfA = circshift(wholeGeom,[1,-1,0]); 
lbA = circshift(wholeGeom,[-1,-1,0]); 
  
  
%i-1 
dA=circshift(wholeGeom,[0,0, -1]); 
  
drA = circshift(wholeGeom,[0,1, -1]); 
dlA = circshift(wholeGeom,[0,-1, -1]); 
dfA = circshift(wholeGeom,[1,0, -1]); 
dbA = circshift(wholeGeom,[-1,0,-1]); 
  
drfA = circshift(wholeGeom,[1,1,-1]); 
drbA = circshift(wholeGeom,[-1,1,-1]); 
dlfA = circshift(wholeGeom,[1,-1,-1]); 
dlbA = circshift(wholeGeom,[-1,-1,-1]); 
  
%i+1 
uA=circshift(wholeGeom,[0,0, 1]); 
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urA = circshift(wholeGeom,[0,1, 1]); 
ulA = circshift(wholeGeom,[0,-1, 1]); 
ufA = circshift(wholeGeom,[1,0, 1]); 
ubA = circshift(wholeGeom,[-1,0,1]); 
  
urfA = circshift(wholeGeom,[1,1,1]); 
urbA = circshift(wholeGeom,[-1,1,1]); 
ulfA = circshift(wholeGeom,[1,-1,1]); 
ulbA = circshift(wholeGeom,[-1,-1,1]); 
  
for i=1:nx 
        for j=1:ny 
            if (wholeGeom(j,i,2) == 255 && rA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && lA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && fA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && bA(j,i)==0) 
                B(j,i) = 1; 
             
            elseif (wholeGeom(j,i,2) == 255 && rfA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && rbA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && lfA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && lbA(j,i)==0) 
                B(j,i) = 1; 
             
             
                 
            elseif (wholeGeom(j,i,2) == 255 && dA(j,i)==0) 
                B(j,i) = 1; 
                 
            elseif (wholeGeom(j,i,2) == 255 && drA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && dlA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && dfA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && dbA(j,i)==0) 
                B(j,i) = 1; 
             
            elseif (wholeGeom(j,i,2) == 255 && drfA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && drbA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && dlfA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && dlbA(j,i)==0) 
                B(j,i) = 1; 
                 
             
            elseif (wholeGeom(j,i,2) == 255 && uA(j,i)==0) 
                B(j,i) = 1; 
                 
            elseif (wholeGeom(j,i,2) == 255 && urA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && ulA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && ufA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && ubA(j,i)==0) 
                B(j,i) = 1; 
             
            elseif (wholeGeom(j,i,2) == 255 && urfA(j,i)==0) 
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                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && urbA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && ulfA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && ulbA(j,i)==0) 
                B(j,i) = 1; 
                 
                 
            elseif (wholeGeom(j,i,2) == 0) 
                B(j,i) = 0; 
            else 
                B(j,i)=2; 
  
            end 
   
        end 
end 
%  
image(30*B) 
axis equal 
drawnow 
  
 fprintf(fid, '%i\n', B); 
end 
  
  
  
  
%%%%%%%%%%%%%%%%%%%%% OUTLET SLICES %%%%%%%%%%%%%%%%%%%%%%%% 
  
fname = [basename num2str(numFiles, '%0.4i') '.bmp']; 
fnamed =[basename num2str(numFiles-1, '%0.4i') '.bmp']; 
  
AA=imread(fnamed ,'BMP'); 
BB=imread(fname ,'BMP'); 
  
  
wholeGeom=zeros(ny,nx,2); 
  
wholeGeom(:,:,1)=AA; 
wholeGeom(:,:,2)=BB; 
  
indexMin=find(wholeGeom==0); 
indexMax=find(wholeGeom>0); 
  
wholeGeom(indexMin)=255; 
wholeGeom(indexMax)=0; 
  
%i 
rA = circshift(wholeGeom,[0,1, 0]); 
lA = circshift(wholeGeom,[0,-1, 0]); 
fA = circshift(wholeGeom,[1,0, 0]); 
bA = circshift(wholeGeom,[-1,0,0]); 
  
rfA = circshift(wholeGeom,[1,1,0]); 
rbA = circshift(wholeGeom,[-1,1,0]); 
lfA = circshift(wholeGeom,[1,-1,0]); 
lbA = circshift(wholeGeom,[-1,-1,0]); 
  
  
%i-1 
dA=circshift(wholeGeom,[0,0, -1]); 
  
drA = circshift(wholeGeom,[0,1, -1]); 
dlA = circshift(wholeGeom,[0,-1, -1]); 
dfA = circshift(wholeGeom,[1,0, -1]); 
dbA = circshift(wholeGeom,[-1,0,-1]); 
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drfA = circshift(wholeGeom,[1,1,-1]); 
drbA = circshift(wholeGeom,[-1,1,-1]); 
dlfA = circshift(wholeGeom,[1,-1,-1]); 
dlbA = circshift(wholeGeom,[-1,-1,-1]); 
  
  
  
for i=1:nx 
        for j=1:ny 
            if (wholeGeom(j,i,2) == 255 && rA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && lA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && fA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && bA(j,i)==0) 
                B(j,i) = 1; 
             
            elseif (wholeGeom(j,i,2) == 255 && rfA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && rbA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && lfA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && lbA(j,i)==0) 
                B(j,i) = 1; 
             
             
                 
            elseif (wholeGeom(j,i,2) == 255 && dA(j,i)==0) 
                B(j,i) = 1; 
                 
            elseif (wholeGeom(j,i,2) == 255 && drA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && dlA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && dfA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && dbA(j,i)==0) 
                B(j,i) = 1; 
             
            elseif (wholeGeom(j,i,2) == 255 && drfA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && drbA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && dlfA(j,i)==0) 
                B(j,i) = 1; 
            elseif (wholeGeom(j,i,2) == 255 && dlbA(j,i)==0) 
                B(j,i) = 1; 
                 
            
                 
            elseif (wholeGeom(j,i,2) == 0) 
                B(j,i) = 0; 
            else 
                B(j,i)=2; 
  
            end 
  
        end 
end 
  
image(30*B) 
axis equal 
drawnow 
  
'printing last slice' 



 85 

fprintf(fid, '%i\n', B); 
  
  
fclose(fid); 
  
toc 

 

A4. MASTER SCRIPT TO CREATE MENGER SPONGE 

 
% Tim Cousins 2016 
% Master Script to create Menger Sponge as seen in Figure 2.9 
  
global E random 
global dmin dmax b l  
  
E = 3; 
b = 3; 
dmin = 3; 
iter = 4; 
dmax = dmin^iter; 
  
l = 3;  % corresponds to n 
random = 1; 
  
len = dmax * b; % size of lattice 
  
[f, D, por] = create_carpet(len); 
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Glossary 

Dm: Mass fractal dimensionality 

Ds: Surface roughness fractal dimension 

σ:  Root-mean-squared of roughness height 

ϕ:  Porosity 

k:  Permeability 

Λ:  Lacunarity 

 



 87 

Bibliography 

Adler, P. M. (1988). Fractal porous media III: Transversal Stokes flow through random 

and Sierpinski carpets. Transport in Porous Media, 3(2), 185-198. 

 Adler, P. M., & Jacquin, C. G. (1987). Fractal porous media I: Longitudinal Stokes flow 

in random carpets. Transport in Porous Media, 2(6), 553-569. 

 Allain, C., & Cloitre, M. (1991). Characterizing the lacunarity of random and 

deterministic fractal sets. Physical review A, 44(6), 3552-2558. 

 Andrade Jr, J. S., Street, D. A., Shinohara, T., Shibusa, Y., & Arai, Y. (1995). 

Percolation disorder in viscous and nonviscous flow through porous media. 

Physical Review E, 51(6), 5725-5731. 

 Bahrami, M., Yovanovich, M. M., & Culham, J. R. (2006). Pressure drop of fully 

developed, laminar flow in rough microtubes. Journal of Fluids 

Engineering, 128(3), 632-637. 

Berkowitz, B., & Hadad, A. (1997). Fractal and multifractal measures of natural and 

synthetic fracture networks. Journal of Geophysical Research: Solid 

Earth, 102(B6), 12205-12218. 

Blake, F. C. (1922). The resistance of packing to fluid flow. Transactions of the 

American Institute of Chemical Engineers, 14(415-421), 3. 

Boek, E. S., & Venturoli, M. (2010). Lattice-Boltzmann studies of fluid flow in porous 

media with realistic rock geometries. Computers & Mathematics with 

Applications, 59(7), 2305-2314. 

 Bosl, W. J., Dvorkin, J., & Nur, A. (1998). A study of porosity and permeability using a 

lattice Boltzmann simulation. Geophysical Research Letters, 25(9), 1475-1478. 

Brown, S. R. (1987). Fluid flow through rock joints: the effect of surface roughness. 

Journal of Geophysical Research: Solid Earth, 92(B2), 1337-1347. 



 88 

Brown, S. R. (1995). Simple mathematical model of a rough fracture. Journal of 

Geophysical Research: Solid Earth, 100(B4), 5941-5952. 

Carman, P. C. (1937). Fluid flow through granular beds. Transactions-Institution of 

Chemical Engineers, 15, 150-166. 

Carr, J. R. (1997). Statistical self-affinity, fractal dimension, and geologic interpretation. 

Engineering geology, 48(3), 269-282. 

 Chen, L., Kang, Q., Mu, Y., He, Y. L., & Tao, W. Q. (2014). A critical review of the 

pseudopotential multiphase lattice Boltzmann model: Methods and applications. 

International Journal of Heat and Mass Transfer, 76, 210-236. 

Chen, S., Chen, H., Martnez, D., & Matthaeus, W. (1991). Lattice Boltzmann model for 

simulation of magnetohydrodynamics. Physical Review Letters, 67(27), 3776-

3779. 

Chen, S., & Doolen, G. D. (1998). Lattice Boltzmann method for fluid flows. Annual 

Review of Fluid Mechanics, 30(1), 329-364. 

Chen, Y., & Cheng, P. (2003). Fractal characterization of wall roughness on pressure 

drop in microchannels. International Communications in Heat and Mass 

Transfer, 30(1), 1-11. 

Chen, Y., Zhang, C., Shi, M., & Peterson, G. P. (2009). Role of surface roughness 

characterized by fractal geometry on laminar flow in microchannels. Physical 

Review E, 80(2), 026301. 

Cihan, A., Perfect, E., & Tyner, J. S. (2007). Water retention models for scale-variant and 

scale-invariant drainage of mass prefractal porous media. Vadose Zone 

Journal, 6(4), 786-792. 

Cihan, A., Sukop, M. C., Tyner, J. S., Perfect, E., & Huang, H. (2009). Analytical 

predictions and lattice Boltzmann simulations of intrinsic permeability for mass 

fractal porous media. Vadose Zone Journal, 8(1), 187-196. 



 89 

Croce, G., & D'Agaro, P. (2005). Numerical simulation of roughness effect on 

microchannel heat transfer and pressure drop in laminar flow. Journal of 

Physics D: Applied Physics, 38(10), 1518-1530. 

Daigle, H., & Dugan, B. (2011). Permeability anisotropy and fabric development: 

A mechanistic explanation. Water Resources Research, 47(12). 

Daigle, H., & Reece, J. S. (2015). Permeability of two-component granular materials. 

Transport in Porous Media, 106(3), 523-544. 

Daigle, H., Ghanbarian, B., Henry, P., & Conin, M. (2015). Universal scaling of the 

formation factor in clays: Example from the Nankai Trough. Journal of 

Geophysical Research: Solid Earth, 120(11), 7361-7375. 

Dathe, A., & Thullner, M. (2005). The relationship between fractal properties of solid 

matrix and pore space in porous media. Geoderma, 129(3), 279-290. 

Deng, Z., Chen, Y., & Shao, C. (2016). Gas flow through rough microchannels in the 

transition flow regime. Physical Review E, 93(1), 013128. 

Drazer, G., & Koplik, J. (2000). Permeability of self-affine rough fractures. Physical 

Review E, 62(6), 8076-8085. 

Drazer, G., & Koplik, J. (2002). Transport in rough self-affine fractures. Physical Review 

E, 66(2), 026303. 

 Eker, E., & Akin, S. (2006). Lattice Boltzmann simulation of fluid flow in synthetic 

fractures. Transport in Porous Media, 65(3), 363-384. 

Fair, G. M., Hatch, L. P., & Hudson, H. E. (1933). Fundamental factors governing the 

streamline flow of water through sand [with discussion]. Journal (American 

Water Works Association), 25(11), 1551-1565. 

Fatt, I. (1956). The network model of porous media III. Dynamic properties of networks 

with tube radius distribution. Transactions of AIME, 207, 164-181. 



 90 

Feder, J. (1988). Fractals (physics of solids and liquids). Plennum, New York. 

Garza-López, R. A., Naya, L., & Kozak, J. J. (2000). Tortuosity factor for permeant flow 

through a fractal solid. The Journal of Chemical Physics, 112(22), 9956-9960. 

Garrison Jr, J. R., Pearn, W. C., & von Rosenberg, D. W. (1992). The fractal Menger 

sponge and Sierpinski carpet as models for reservoir rock/pore systems: I.; Theory 

and image analysis of Sierpinski carpets. In Situ, 16(4), 351–406. 

Ghanbarian-Alavijeh, B., Millán, H., & Huang, G. (2011). A review of fractal, prefractal 

and pore-solid-fractal models for parameterizing the soil water retention 

curve. Canadian Journal of Soil Science, 91(1), 1-14. 

Ghanbarian, B., & Hunt, A. G. (2014). Universal scaling of gas diffusion in porous 

media. Water Resources Research, 50(3), 2242-2256. 

Ghanbarian, B., Hunt, A. G., Sahimi, M., Ewing, R. P., & Skinner, T. E. (2013). 

Percolation theory generates a physically based description of tortuosity in 

saturated and unsaturated porous media. Soil Science Society of America 

Journal, 77(6), 1920-1929. 

Ghanbarian, B., Hunt, A. G., Ewing, R. P., & Skinner, T. E. (2014). Universal scaling of 

the formation factor in porous media derived by combining percolation and 

effective medium theories. Geophysical Research Letters, 41(11), 3884-3890. 

Ghanbarian, B., Hunt, A. G., Skinner, T. E., & Ewing, R. P. (2015). Saturation 

dependence of transport in porous media predicted by percolation and effective 

medium theories. Fractals, 23(01), 1540004. 

Ghanbarian, B., Hunt, A. G., & Daigle, H. (2016). Fluid flow in porous media with rough 

pore‐solid interface. Water Resources Research. 

Gostick, J. T., & Weber, A. Z. (2015). Resistor-network modeling of ionic conduction in 

polymer electrolytes. Electrochimica Acta, 179, 137-145. 



 91 

Hansen, J. P., & Skjeltorp, A. T. (1988). Fractal pore space and rock permeability 

implications. Physical Review B, 38(4), 2635. 

He, X., Zou, Q., Luo, L. S., & Dembo, M. (1997). Analytic solutions of simple flows and 

analysis of nonslip boundary conditions for the lattice Boltzmann BGK model. 

Journal of Statistical Physics, 87(1-2), 115-136. 

Hecht, M., & Harting, J. (2010). Implementation of on-site velocity boundary conditions 

for D3Q19 lattice Boltzmann simulations. Journal of Statistical Mechanics: 

Theory and Experiment, 2010(01), P01018. 

Ho, C. F., Chang, C., Lin, K. H., & Lin, C. A. (2009). Consistent boundary conditions for 

2D and 3D lattice Boltzmann simulations. Computer Modeling in Engineering 

and Sciences (CMES), 44(2), 137. 

Hunt, A., Ewing, R., & Ghanbarian, B. (2014). Percolation theory for flow in porous 

media (Vol. 880). Springer. 

Jacquin, C. G., & Adler, P. M. (1987). Fractal porous media II: Geometry of porous 

geological structures. Transport in Porous Media, 2(6), 571-596. 

Kadanoff, L. P. (1986). On two levels. Physics Today, 39, 7-9. 

Kandlikar, S. G., Schmitt, D., Carrano, A. L., & Taylor, J. B. (2005). Characterization of 

surface roughness effects on pressure drop in single-phase flow in minichannels. 

Physics of Fluids (1994-present), 17(10), 100606. 

Katz, A., & Thompson, A. H. (1985). Fractal sandstone pores: implications for 

conductivity and pore formation. Physical Review Letters, 54(12), 1325. 

Keehm, Y., Mukerji, T., & Nur, A. (2004). Permeability prediction from thin sections: 

3D reconstruction and Lattice‐Boltzmann flow simulation. Geophysical Research 

Letters, 31(4). 



 92 

Kim, J. W., Perfect, E., & Choi, H. (2007). Anomalous diffusion in two‐dimensional 

Euclidean and prefractal geometrical models of heterogeneous porous 

media. Water Resources Research, 43(1). 

Kim, J. W., Sukop, M. C., Perfect, E., Pachepsky, Y. A., & Choi, H. (2011). Geometric 

and hydrodynamic characteristics of three-dimensional saturated prefractal porous 

media determined with Lattice Boltzmann modeling. Transport in Porous 

Media, 90(3), 831-846. 

Kleinstreuer, C., & Koo, J. (2004). Computational analysis of wall roughness effects for 

liquid flow in micro-conduits. Journal of Fluids Engineering, 126(1), 1-9. 

Koponen, A., Kataja, M., & Timonen, J. (1997). Permeability and effective porosity of 

porous media. Physical Review E, 56(3), 3319-3325. 

Koza, Z., Matyka, M., & Khalili, A. (2009). Finite-size anisotropy in statistically uniform 

porous media. Physical Review E, 79(6), 066306. 

Kozeny, J. (1927). About capillaries conducting water in the earth. Sitzber. Akd. Wiss. 

Wien, Math. Naurv. Kasse, 136, 271-306. 

Krohn, C. E. (1988). Fractal measurements of sandstones, shales, and carbonates. Journal 

of Geophysical Research: Solid Earth, 93(B4), 3297-3305. 

Larson, R. G., Scriven, L. E., & Davis, H. T. (1981). Percolation theory of two phase 

flow in porous media. Chemical Engineering Science, 36(1), 57-73. 

 Latt, J. (2009). Palabos, parallel lattice Boltzmann solver, http://www.palabos.org. 

Lemaitre, R., & Adler, P. M. (1990). Fractal porous media IV: three-dimensional stokes 

flow through random media and regular fractals. Transport in Porous 

Media, 5(4), 325-340. 

Madadi, M., & Sahimi, M. (2003). Lattice Boltzmann simulation of fluid flow in fracture 

networks with rough, self-affine surfaces. Physical Review E, 67(2), 026309. 



 93 

Madadi, M., VanSiclen, C. D., & Sahimi, M. (2003). Fluid flow and conduction in two‐

dimensional fractures with rough, self‐affine surfaces: A comparative 

study. Journal of Geophysical Research: Solid Earth, 108(B8). 

Majumdar, A., & Bhushan, B. (1991). Fractal model of elastic-plastic contact between 

rough surfaces. Journal of Tribology, 113(1), 1-11. 

Majumdar, A., & Tien, C. L. (1990). Fractal characterization and simulation of rough 

surfaces. Wear, 136(2), 313-327. 

Mandelbrot, B. B. (1967). How long is the coast of Britain. Science, 156(3775), 636-638. 

Mandelbrot, B. B. (1983). The Fractal Geometry of Nature (Vol. 173). Macmillan. 

Manwart, C., Aaltosalmi, U., Koponen, A., Hilfer, R., & Timonen, J. (2002). Lattice-

Boltzmann and finite-difference simulations for the permeability for three-

dimensional porous media. Physical Review E, 66(1), 016702. 

Martys, N. S., & Chen, H. (1996). Simulation of multicomponent fluids in complex three-

dimensional geometries by the lattice Boltzmann method. Physical Review 

E, 53(1), 743-750. 

Mavko, G., & Nur, A. (1997). The effect of a percolation threshold in the Kozeny-

Carman relation. Geophysics, 62(5), 1480-1482. 

Nabovati, A., Llewellin, E. W., & Sousa, A. C. (2009). A general model for the 

permeability of fibrous porous media based on fluid flow simulations using the 

lattice Boltzmann method. Composites Part A: Applied Science and 

Manufacturing, 40(6), 860-869. 

Pan, C., Luo, L. S., & Miller, C. T. (2006). An evaluation of lattice Boltzmann schemes 

for porous medium flow simulation. Computers & Fluids, 35(8), 898-909. 

Perrier, E., Rieu, M., Sposito, G., & Marsily, G. (1996). Models of the water retention 

curve for soils with a fractal pore size distribution. Water Resources 

Research, 32(10), 3025-3031. 



 94 

Plotnick, R. E., Gardner, R. H., Hargrove, W. W., Prestegaard, K., & Perlmutter, M. 

(1996). Lacunarity analysis: a general technique for the analysis of spatial 

patterns. Physical Review E, 53(5), 5461-5468. 

Power, W. L., Tullis, T. E., & Weeks, J. D. (1988). Roughness and wear during brittle 

faulting. Journal of Geophysical Research: Solid Earth, 93(B12), 15268-15278. 

Qian, Y. H., D. D'Humières, and P. Lallemand. 1992. Lattice BGK models for navier-

stokes equation. Europhysics Letters, 17(6), 479-84. 

Radliński, A. P., Radlińska, E. Z., Agamalian, M., Wignall, G. D., Lindner, P., & Randl, 

O. G. (1999). Fractal geometry of rocks. Physical Review Letters, 82(15), 3078-

3081. 

Rieu, M., & Perrier, E. (1998). Fractal models of fragmented and aggregated soils. In: 

Baveye, P., Parlange, J.-Y., Stewart, B.A. (Eds.), Advances in Soil Science. 

Fractals in Soil Science. CRC Press, Boca Raton, FL: 169 – 202. 

Rieu, M., & Sposito, G. (1991). Fractal fragmentation, soil porosity, and soil water 

properties: I. Theory. Soil Science Society of America Journal, 55(5), 1231-1238. 

Sahimi, M. (1993). Fractal and superdiffusive transport and hydrodynamic dispersion in 

heterogeneous porous media. Transport in Porous Media, 13(1), 3-40. 

Sahimi, M. (1994). Applications of percolation theory. CRC Press. 

Sahimi, M. (2011). Flow and Transport in Porous Media and Fractured Rock: from 

Classical Methods to Modern Approaches. John Wiley & Sons. 

Sheikh, B., & Pak, A. (2015). Numerical investigation of the effects of porosity and 

tortuosity on soil permeability using coupled three-dimensional discrete-element 

method and lattice Boltzmann method. Physical Review E, 91(5), 053301. 

Stauffer, D., & Aharony, A. (1994). Introduction to Percolation Theory. CRC press. 

Succi, S., Foti, E., & Higuera, F. (1989). Three-dimensional flows in complex geometries 

with the lattice Boltzmann method. Europhysics Letters, 10(5), 433. 



 95 

Sukop, M. C., van Dijk, G. J., Perfect, E., & van Loon, W. K. (2002). Percolation 

thresholds in 2-dimensional prefractal models of porous media. Transport in 

Porous Media, 48(2), 187-208. 

Tang, G. H., Tao, W. Q., & He, Y. L. (2005). Gas slippage effect on microscale porous 

flow using the lattice Boltzmann method. Physical Review E, 72(5), 056301. 

Taylor, J. B., Carrano, A. L., & Kandlikar, S. G. (2006). Characterization of the effect of 

surface roughness and texture on fluid flow—past, present, and future. 

International Journal of Thermal Sciences, 45(10), 962-968. 

Thompson, M. E., & Brown, S. R. (1991). The effect of anisotropic surface roughness on 

flow and transport in fractures. Journal of Geophysical Research: Solid 

Earth, 96(B13), 21923-21932. 

Tsang, Y. W., & Tsang, C. F. (1987). Channel model of flow through fractured media. 

Water Resources Research, 23(3), 467-479. 

Turcotte, D. L. (1997). Fractals and Chaos in Geology and Geophysics. Cambridge 

University Press. 

Tyler, S. W., & Wheatcraft, S. W. (1990). Fractal processes in soil water retention. Water 

Resources Research, 26(5), 1047-1054. 

van der Marck, S. C. (1996). Network approach to void percolation in a pack of unequal 

spheres. Physical Review Letters, 77(9), 1785. 

Verberg, R., & Ladd, A. J. C. (1999). Simulation of low-Reynolds-number flow via a 

time-independent lattice-Boltzmann method. Physical Review E, 60(3), 3366-

3373. 

Von Koch, H. (1904). Sur une courbe continue sans tangente, obtenue par une 

construction géométrique élémentaire. Arkiv för Matematik, 1, 681-704. 



 96 

Wang, J., Chen, L., Kang, Q., & Rahman, S. S. (2016). The lattice Boltzmann method for 

isothermal micro-gaseous flow and its application in shale gas flow: a review. 

International Journal of Heat and Mass Transfer, 95, 94-108. 

Xie, S., Cheng, Q., Ling, Q., Li, B., Bao, Z., & Fan, P. (2010). Fractal and multifractal 

analysis of carbonate pore-scale digital images of petroleum reservoirs. Marine 

and Petroleum Geology, 27(2), 476-485. 

Yang, S., Yu, B., Zou, M., & Liang, M. (2014). A fractal analysis of laminar flow 

resistance in roughened microchannels. International Journal of Heat and Mass 

Transfer, 77, 208-217. 

Yang, S., Liang, M., Yu, B., & Zou, M. (2015). Permeability model for fractal porous 

media with rough surfaces. Microfluidics and Nanofluidics, 18(5-6), 1085-1093. 

 Zimmerman, R. W., Kumar, S., & Bodvarsson, G. S. (1991). Lubrication theory analysis 

of the permeability of rough-walled fractures. International Journal of Rock 

Mechanics and Mining Sciences & Geomechanics, 28(4), 325-31. 

 

 


