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This dissertation presents studies of the electron interaction effects in

two-dimensional materials. In particular, excitonic effect in transition metal

dichalcogenides and quantum Hall effect in graphene have been investigated.

The common thread that passes through the two topics is the interplay between

electron interactions and spin and valley degrees of freedom. Chapter 1 is a

brief introduction to the thesis.

Chapter 2 addresses the energy and wave function of excitons in mono-

layer MoS2. It reveals several interesting features, which can be important for

exciton dynamics. Chapter 3 describes a theory of spatially indirect exciton

condensates in transition metal dichalcogenide heterostructures. A systematic

approach is developed to construct an effective exciton model with exciton-

exciton interactions. The effective exciton model provides a useful guidance

to construct the condensate phase diagram of excitons with multiple flavors.
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Chapter 4 identifies an SO(5) symmetry in the quantum Hall effect in

graphene. The enlarged SO(5) symmetry unifies the spin antiferromagnetic

order and valley XY order. The physics of the SO(5) symmetry is explored

using exact diagonalization and low-energy effective theory. Chapter 5 specu-

lates about possible SU(3) and SU(4) singlet fractional quantum Hall states at

a filling factor ν = 2/3 based on finite-size exact diagonalization study. These

singlets are surprising because they are not captured by the composite fermion

approach. The shift quantum number and the pair correlation function of the

new states are presented.
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Chapter 1

Introduction

In two-dimensional materials, electron-electron interactions are strong

because of spatial confinement and reduced screening, and play an important

role in many different electronic properties. In this dissertation, I will present

studies of two such effects: excitonic effect in transition metal dichalcogenides,

and quantum Hall effect in graphene. The common theme that underlies the

two topics is the interplay between the electron interactions and the spin/valley

internal degrees of freedom.

Transition metal dichalcogenides (TMDs) refer to materials with chem-

ical composition MX2, where M is typically a group-V or VI transition metal

atom (Nb, Ta, Mo, W), and X is a chalcogen atom (S, Se, Te). They are Van

der Waals materials with a variety of lattice and electronic structures. The

focus of this dissertation will be group VI TMDs with 2H structure. They

are indirect gap semiconductors in the bulk, and becomes direct gap in the

monolayer form. The current interest in monolayer TMDs mainly stems from

their peculiar optical properties, including large excitonic effect and the valley

degree of freedom that can be optically addressed. Chapter 2 presents a study

of the energy and wave function of a single exciton in MoS2 as a function of
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center-of-mass momentum. An exciton, which is a bound electron-hole pair, is

described by the Bethe-Salpeter equation based on a variational wave function

that includes all possible single electron-hole excitations. The study reveals

several interesting features of excitons in TMDs. A particularly important one

is the lifting of the two-fold exciton valley degeneracy at finite momentum by

the inter-valley electron-hole exchange interaction. By appealing to this fea-

ture, we recently provide a theoretical interpretation of the measured exciton

valley coherence time.

In Chapter 3, I describe a theory of spatially indirect exciton conden-

sation in TMD vertical heterostructures. This study is motivated by the large

exciton binding energy in TMDs, and the experimental realization of Van der

Waals heterostructures. A simple yet systematic approach is developed to

model the exciton-exciton interactions. The effective exciton model is valid in

the low exciton density limit, and provides a useful guidance in constructing

condensate phase diagram of excitons with spin/valley flavors.

Chapter 4 and 5 are devoted to the quantum Hall effect in graphene,

in which the physics is again enriched by the spin and valley degrees of free-

dom. In Chapter 4, SO(5) symmetry in the quantum Hall effect of graphene is

identified in a model Hamiltonian. The SO(5) symmetry unifies the spin anti-

ferromagnetic order and valley XY order. Similar SO(5) symmetry has been

previously proposed in d−wave superconductors. It turns out that graphene

provides a simple system where the enlarged SO(5) symmetry can be theo-

retically realized. The physics of the SO(5) symmetry is studied using both
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numerical exact diagonalization and analytic low-energy effective theory.

Chapter 5 is at the border on the map of knowledge of fractional quan-

tum Hall states. Using exact diagonalization, we identified SU(3) and SU(4)

singlet states at ν = 2/3, a filling factor measured from the empty N = 0

Landau level of graphene. These singlets are surprising, because they are not

captured by the composite fermion approach. A caution is that these new

singlets are discovered based on limited finite-size systems. Verification or

disprove of the new states require study of larger size systems, which is nu-

merically challenging if not impossible. Nevertheless, it is fair to conclude that

the enlarged internal degrees of freedom in graphene allows the emergence of

new low-energy states and excitations in the fractional quantum Hall regime.
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Chapter 2

Exciton band structure in monolayer MoS2

In monolayer form the group VI transition-metal dichalcogenides (TMDs)

like MoS2 are an interesting class of semiconductors, and one that has recently

received considerable attention. [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15,

16, 17] In these materials conduction and valence bands are both dominantly

d-electron in character and have band extrema located at the triangular lat-

tice Brillouin-zone-corners K and K ′. Because their structure breaks inversion

symmetry, coupling is allowed between real spin and valley pseudospin[3] and

gives rise to valley-dependent optical selection rules.[4, 5, 6] Because of rela-

tively large carrier effective masses, reduced screening, and carrier confinement

in a single atomic layer, their electron-hole interactions are much stronger than

in conventional semiconductors. Monolayer TMDs therefore host exception-

ally strongly bound excitons and trions that have been extensively studied

both experimentally and theoretically.[7, 8, 9, 10, 11, 12, 13, 14, 15] 1

In this chapter we report on a theoretical study of exciton energies and

wave functions in MoS2 as a function of momentum across the full Brillouin

1This chapter is based on the paper: Fengcheng Wu, Fanyao Qu and A. H. MacDonald,
Exciton band structure of monolayer MoS2, Phys. Rev. B 91, 075310 (2015). All authors
in this paper contributed equally.
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zone. We identify important aspects of 2D-TMD exciton physics that are con-

trolled by mirror, three-fold rotational, and time-reversal discrete symmetries.

We calculate the optical conductivity, which reflects the properties of exci-

tons with zero center-of-mass momentum and exhibits a set of peaks split by

electron-hole binding energies as usual, but also by large valence band spin-

orbit coupling energies. The spin splitting of valence band is conventionally

used to classify absorption peaks into A and B series. The exciton energy pat-

tern is distinctly different from that of a 2D hydrogenic model. In particular

the four A2p states are lower in energy than the corresponding 2s states, and

not degenerate.

Finite-momentum excitons are optically inactive, but can nevertheless

play an important role in hot carrier relaxation and in valley dynamics.[18,

19, 20, 21, 22, 23] We find that for both A and B excitons, the valley de-

generate states at the Brilliouin-zone center split at small momentum into a

lower mode with quadratic dispersion and an upper mode with non-analytic

linear dispersion. This unusual pattern is due to valley coherence established

by electron-hole exchange interactions.

Low energy exciton states appear both near the Brillouin-zone center

and near the Brillouin-zone corners. There are two distinct types of Brillouin-

zone corner excitons. One type has electrons and holes in opposite valleys (K,

K ′), while the other has holes in the Γ valley and electrons in either the K or

K ′ valley. Although monolayer MoS2 is a direct-gap semiconductor as judged

by its band structure, because of these Brillouin-zone corner exciton states,
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we propose that it may well be an indirect gap material when judged by its

excitation spectra.

2.1 Quasiparticle band structure

Because the valence and conduction band edges are dominated by Mo

atom d-orbitals we use a five band d-orbital tight-binding model to describe

the quasiparticle bands of the TMD semiconductor ground state. We approxi-

mate the quasiparticle-Hamiltonian matrix H~k by a tight-binding model which

generalizes Ref. [24] from three to five d-bands:

H~k = λ~L · ~S + I2 ⊗H0(~k). (2.1)

The first term λ~L · ~S describes the on-site atomic spin-orbit coupling of Mo

d orbitals, where ~L and ~S are respectively the orbital and spin angular mo-

mentum. The coupling constant λ = 0.073eV, which was adjusted to fit the

valence-band spin splitting at the K point as detailed in Ref. [24]. The second

term I2 ⊗ H0(~k) is spin independent, where I2 is a 2 × 2 identity matrix in

spin space, and H0(~k) is a 5×5 matrix in orbital space. Because of the mirror

symmetry with respect to the Mo plane, H0(~k) is block-diagonal:

H0(~k) =

(
Heven

0 (~k) 0

0 Hodd
0 (~k)

)
. (2.2)

Heven
0 (~k) is a 3×3 matrix in the bases {|dz2〉, |dxy〉, |dx2−y2〉}. Similarly, Hodd

0 (~k)

is a 2× 2 matrix in the bases {|dxz〉, |dyz〉}.

For Heven
0 (~k), we adopt a model constructed in Ref. [24]. The construc-

tion uses point-group symmetries to minimize the number of parameters, and
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the parameters are fitted from first-principle energy bands. An explicit form

of Heven
0 (~k) with hoppings up to third-nearest-neighbor is given in Eqs. (13) to

(24) of Ref. [24]. We generalize the symmetry-based method used in Ref. [24]

to construct the remaining part of the Hamiltonian Hodd
0 (~k), and its form is:

Hodd
0 (~k) =

(
hx(~k) hxy(~k)

h∗xy(
~k) hy(~k)

)
, (2.3)

in which
hx(~k) =O1 + 2t cos 2α + (t+ 3t′) cosα cos β

+4s cos 3α cos β + (3s′ − s) cos 2β

+2u cos 4α + (u+ 3u′) cos 2α cos 2β,

hy(~k) =O1 + 2t′ cos 2α + (t′ + 3t) cosα cos β

+4s′ cos 3α cos β + (3s− s′) cos 2β

+2u′ cos 4α + (u′ + 3u) cos 2α cos 2β,

hxy(~k) =4itxy sinα(cosα− cos β)

+
√

3(t′ − t) sinα sin β

+2
√

3(s′ − s) sinα sin β(1 + 2 cos 2α)

+4iuxy sin 2α(cos 2α− cos 2β)

+
√

3(u′ − u) sin 2α sin 2β,

(α, β) =(
1

2
kxa0,

√
3

2
kya0).

(2.4)

Hoppings in real space up to third nearest neighbors are included. The nu-
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Figure 2.1: Quasiparticle band structure of monolayer MoS2. The solid curves
were obtained using the Quantum ESPRESSO package[25]. The dashed
curves were calculated from the tight-binding model, with cyan (red) repre-
senting states that are even (odd) under mirror operation with respect to the
Mo plane.

merical value of the parameters in unit of eV is:

O1 =3.558,

t =− 0.189, t′ = −0.117, txy = 0.024,

s =− 0.041, s′ = 0.003,

u =0.165, u′ = −0.122, uxy = −0.140,

(2.5)

which are obtained by fitting to first-principle calculations as shown in Fig. 2.1.

2.2 Theoretical description of exciton states

Exciton states are obtained by solving a two-particle problem with

attractive interactions between one conduction band electron and one valence

band hole. Provided that the typical separation between the electrons and

holes in exciton states is at least several lattice constants we can assume that

the electron-hole interaction strengths are dependent mainly on the separation

8



between atomic sites and not on the d-orbital character on that site. These

considerations lead to a Hamiltonian of the form

H = H0 +HI,

HI =
1

2

∑
~R,~R′

V|~R−~R′|a
†
~Rν
a†~R′ν′

a~R′ν′a~Rν .
(2.6)

where H0 is the Hamiltonian for independent d electrons and HI describes

their interactions. In Eq. (2.6) a†~Rν (a~Rν) is the electron creation (annihilation)

operator for orbital ν at Mo site ~R and ν = (o, s) includes both orbital o and

spin s labels. We follow recent work[26, 27] by using an interaction potential

of the Keldysh form,[28, 29]

VR =
πe2

2εr0

[H0(R/r0)− Y0(R/r0)], (2.7)

to account for the finite width of the TMD layer and the spatial inhomogeneity

of the dielectric screening environment. This interaction gives a good descrip-

tion of the nonhydrogenic Rydberg series observed in monolayer WS2.[26, 27]

In Eq. (2.7) ε is an environment-dependent dielectric constant, r0 is a charac-

teristic length related to the width of a single TMD layer, and H0 and Y0 are

respectively Struve and Bessel functions of the second kind. Unless otherwise

stated, we chose ε = 2.5, which corresponds to MoS2 lying on a SiO2 substrate

and exposed to air. r0 depends on ε and we took r0 = 33.875Å/ε from Ref. [10]

. The onsite interaction is regularized by setting V0 = UVR=a0 with a0 equal to

the lattice parameter of MoS2, and the parameter U is taken to be 1 for results

presented below. The dependence of our results on the value chosen for the

9



dimensionless parameter U , which accounts for screening of on-site potentials

by remote bands, will be discussed later.

Exciton states with center of mass momentum ~Q can be expanded in

terms of one-electron/one-hole states:

|χ〉 ~Q =
∑
v,c,~k

ψ ~Q(v, c,~k) |v, c,~k, ~Q〉, (2.8)

where |v, c,~k, ~Q〉 = b†
(~k+ ~Q)c

b~kv|G〉, |G〉 is the neutral semiconductor ground

state, and the sums are over all valance (v) and conduction (c) bands. b~kn and

b†~kn are quasiparticle operators for band n at momentum ~k. The wave vector

~k + ~Q is understood to be reduced to the Brillouin-zone. The exciton center-

of-mass momentum ~Q is also understood to be confined to the Brillouin-zone

and is a good quantum number. Like the quasiparticles, excitons have a band

structure. To characterize an exciton state, we define its ~k-space probability

distribution function as

P ~Q(~k) =
∑
v,c

|ψ ~Q(v, c,~k)|2. (2.9)

The eigenvalue problem for the Hamiltonian matrix projected onto this

subspace is a Bethe-Salpeter (BS) equation. Its solution determines the exciton

energies E ~Q and wave functions. The Hamiltonian matrix

〈v, c,~k, ~Q|H|v′, c′, ~k′, ~Q〉

=δvv′δcc′δ~k~k′
(
ε(~k+ ~Q)c − ε~kv

)
−
(
D −X

)cc′
vv′

(~k,~k′, ~Q),
(2.10)

where ε~kn denotes the quasiparticle energy. We view the two-dimensional

bands predicted by density-functional theory electronic structure calculations,
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illustrated in Fig. 2.1 as solutions of the neutral semiconductor single-particle

Dyson equation including all many-body self-energy effects except for finite

lifetimes. It follows that in the exciton calculation we need to account only

for corrections due to electron-hole interactions. It will, however, be necessary

to correct for the well-known tendency of density-functional-theory bands to

underestimate semiconductor gaps. As discussed later, this consideration mo-

tivates shifting the calculated excitation energy spectrum rigidly to match

experimental optical absorption spectra.

In Eq. (2.10), D and X are respectively the direct and exchange two-

particle matrix elements:

Dcc′

vv′(
~k,~k′, ~Q) =

1

N
V~k−~k′

(
U
†
~k+ ~Q

U~k′+ ~Q

)
cc′

(
U
†
~k′
U~k
)
v′v
,

Xcc′

vv′(
~k,~k′, ~Q) =

1

N
V ~Q
(
U
†
~k+ ~Q

U~k
)
cv

(
U
†
~k′
U~k′+ ~Q

)
v′c′
,

(2.11)

where U~k is the unitary matrix which diagonalizes the quasiparticle Hamilto-

nian H~k in Eq. (2.1), N is the number of unit cells in the finite system over

which we apply periodic boundary conditions, and V~q =
∑
ei~q·

~RVR is the lattice

Fourier transform of the interaction potential. Note that V (~q) = V (~q+ ~G) for

any reciprocal lattice vector ~G. For the special case ~Q = 0, the exchange term

X vanishes because of the orthogonality property
(
U
†
~k
U~k
)
cv

= 0. We remark

that exchange term survives even at ~Q = 0 in models in which electron-hole

interactions depend not only on electron-hole separation, but also on orbital

character[22].

11



2.3 Exciton Band Structure

Monolayer MoS2 has mirror symmetry with respect to the Mo plane.

Under mirror operation M, a vector is transformed as M(x, y, z) = (x, y,−z);

a spinor |s〉 in spin space is transformed as M|s〉 = exp[−iπsz/2]|s〉 with sz

being z component Pauli matrix in spin space.

Quasiparticle band spinors can be classified by this symmetry M|~k, n〉 =

−imn|~k, n〉, where the mirror number mn = +(−) for mirror even (odd) bands

as shown in Fig. 2.1. Using mirror numbers, we can group exciton states into

three decoupled types: (1) A Type I exciton is formed by promoting an electron

from a mirror-even valance band (mv = +) to mirror-odd conduction bands

(mc = −); (2) Type II is similar to Type I but with (mv,mc) = (−,+); (3) For

a Type III exciton, mv = mc = ±. Only Type III excitons can be optically

bright. Exchange terms vanish in Type I and II excitons because their valence

and conduction bands have opposite mirror numbers. For a Type III exciton,

the two sectors mv = mc = + and mv = mc = − are coupled by exchange

terms, but not by direct terms. In the following, we restrict our discussion to

Type III excitons, although many of the points we make apply equally well to

Type I and Type II excitons.

We have solved the BS equation by applying periodic boundary condi-

tions that restrict ~k to a regular discrete grid in the primitive zone illustrated

in Fig. 2.1. Our main results are summarized in Fig. 2.2(a), which shows the

energies of Type III excitons as a function of center-of-mass momentum ~Q. To

test the convergence of our calculations with respect to the ~k-space sampling

12
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Figure 2.2: (a) Energies of Type III excitons as a function of center-of-mass

momentum ~Q. This figure is based on a calculation performed using a 45× 45
~k-grid. The lines were added as a guide to the eye. Solid (dashed) lines
represent states that are doubly(singly) degenerate. The labels of the excitons

with ~Q = 0 are explained in the main text. Excitons with ~Q = K are labeled
by χ1

K , χ2
K and so on in ascending order of energy. The left inset is a ~k-space

map plot of P ~Q(~k) (see Eq. (2.9)) for the ~Q = 2
45
M exciton in the lower-

energy branch evolving from A. The right inset schematically illustrates the
dominant electron-hole transitions which contribute to the χ1

K , χ2
K and χ3

K

exciton states. (b) Binding energy Eb for A, B and A2s excitons at ~Q = 0 as

a function of N1/2, where N is number of ~k points.

density, we plot the binding energies of low-energy excitons as a function of pe-

riodic system size in Fig. 2.2(b). We start by analyzing excitons at and close

to the Γ point ( ~Q = 0), and then discuss the nearly degenerate low-energy

excitons ~Q = K,K ′.

MoS2 has a 3-fold rotational symmetry which can be used to classify

excitons with ~Q = 0: Ĉ3|χ〉 = exp(−i2π
3
L)|χ〉, where the quantum number

L takes on the discrete values L = −1, 0, 1. An exciton state |χ+〉 with
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L = 1 has a time reversal (TR) partner |χ−〉 with the opposite L = −1. The

combination of Ĉ3 and TR symmetries guarantees that the TR pair |χ+〉 and

|χ−〉 are degenerate in energy. Breaking either Ĉ3 or TR symmetry can lift

this degeneracy[30, 31, 32, 33, 34, 35]. The optical selection rule for circularly

polarized light is related to Ĉ3 symmetry[4, 36]: 〈χ+|ĵ−|G〉 = 〈χ−|ĵ+|G〉 = 0,

where ĵ± = ĵx ± iĵy is the current operator. It follows that polarization-

dependent optical studies can be used to infer the L quantum number of a

bright exciton. L = 0 excitons are optically inactive 〈χ0|ĵ±|G〉 = 0.

2.3.1 Optical Conductivity

Exciton states at ~Q = 0 are most easily studied experimentally because

they contribute to the optical conductivity. Fig. 2.3(a) plots the real part of

the in-plane optical conductivity which has a number of clear features. Peak

A stems from the doubly-degenerate excitons expected from the symmetry

analysis given above. Fig. 2.3(b) illustrates P ~Q=0(~k) (see Eq. (2.9)) for |A+〉,

the L = 1 exciton of peak A. |A+〉 is dominated by electron-hole transitions

from valence band v1 to conduction band c2 in valley K (see Fig. 2.1), while its

TR partner |A−〉 is primarily composed of similar transitions in the opposite

valley K ′. Excitons in the B series are similar to those in A, and are dominated

by transitions from band v2 to c1 in valley K (K ′). The lowest energy A and B

excitons are analogous to the 1s states of a 2D hydrogenic model. Fig. 2.3(a)

also shows 2s and 3s peaks identified in the A series, and a 2s peak identified

in the B series.
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Our calculation predicts that the lowest energy A excitons have a bind-

ing energy ∼ 0.3 eV, in agreement with the estimate in Ref. [10]. As shown in

Fig. 2.2(b), a 33× 33 ~k-grid already provides good convergence for the lowest

energy A and B excitons whereas, because more weakly bound excitons have

sharper structure in momentum space as illustrated in Fig. 2.3(e), the A2s

exciton requires a finer ~k-grid for convergence.

The energies of s-wave excitons in the A(B) series deviate strongly from

the (n − 1/2)−2 pattern of 2D hydrogenic models. This is partly due to the

effective electron-hole interaction potential(Eq. (2.7)), which differs from the

standard Coulomb interaction because of the finite width of the TMD layer.

We also find that A2p states have a lower energy than A2s states. This anoma-

lous energy ordering is consistent with recent experimental and theoretical

studies of monolayer WS2[37]. More interestingly, the A2p states do not have

the 4-fold degeneracy expected in two-valley systems. In fact, there are two

non-degenerate A2p states within each valley, as illustrated in Fig. 2.3(c) and

2.3(d). This feature results from the dependence of band state wave functions

on momentum direction near K and K ′ valleys and is closely related to sim-

ilar properties of excitons in massive Dirac equation band models, which we

explain in detail in Section 2.4. The A2p states are not optically bright in one-

photon spectra, but can be detected using two-photon techniques like those

achieved in recent experiments.[37, 38] We therefore expect that the energy

splitting within the A2p states can be experimentally measured.
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2.3.2 Valley Coherence

Valley coherence can be externally generated using linearly polarized

light[39], and can also be intrinsically induced by electron-hole exchange in-

teractions. By treating finite ~Q terms in the BS equation(Eq. (2.10)) as a

first-order perturbation acting on valley-degenerate excitons, we arrive at the

effective Hamiltonian

Heff
~Q

=
(
~ω0 +

~2Q2

2M

)
τ0 + J ~Q τ0

+J ~Q[cos(2φ ~Q)τx + sin(2φ ~Q)τy].

(2.12)

Here ω0 is the exciton energy at ~Q = 0, and M is the exciton mass. τ0 and τx,y

are respectively identity and off-diagonal Pauli matrices in valley space. J ~Q τ0

originates from intra-valley exchange interactions, while inter-valley exchange

interactions act as an in-plane pseudo-magnetic field in the valley space and are

captured by the second line of Eq. (2.12). The dependence of Heff
~Q

on φ ~Q, the

orientation angle of the 2D vector ~Q, follows from the wave-vector dependence

of the conduction and valence band states near K and K ′. Ref. [22] and [30]

have studied the inter-valley exchange interaction and show that,

J ~Q ∝ |ψeh(0)|2Q2V ~Q, (2.13)

where |ψeh(0)|2 is the probability that an electron and a hole overlap spatially.

In the small Q limit, V ~Q ∝ 1/(Q(1 + r0Q)) for the potential in Eq. (2.7).

Therefore, J ~Q scales linearly with Q in the long wave-length limit. We note

that while inter-valley exchange interaction endows finite-momentum excitons

16



with chirality I = 2 as pointed out by Ref. [30], intra-valley exchange[22, 35, 40]

is also important especially in regard to the exciton energy dispersion.

Equation (2.12) is derived from the massive Dirac model approximation

to the quasiparticle band structure near K and K’.[22, 30] Our lattice calcula-

tion verifies this low-energy effective theory. Fig. 2.2(a) shows that there are

two non-degenerate energy branches which evolve from the double-degenerate

~Q = 0 A, B and A2s excitons. In each energy branch, the exciton state is a

coherent superposition of direct excitons at the two valleys, as demonstrated

in the left inset of Fig. 2.2(a). The lower and upper energy branch have re-

spectively quadratic and linear dispersion in the long wave-length limit, in

agreement with the prediction of Eq. (2.12). Unlike their s-wave cousins,

branches evolving from valley-degenerate ~Q = 0 A2p excitons remain doubly

degenerate at finite momentum because |ψeh(0)|2 is zero for p-wave excitons

and exchange interactions therefore vanish.

Photons with the energy of an A or B exciton can at most provide

a momentum with magnitude ∼ ωA(B)/c, where c is the speed of light. Ac-

cording to our calculation, this momentum corresponds to an energy splitting

of 0.4(0.5) meV between the two energy branches evolving from A(B), and a

period of 11(8)ps for Rabi oscillation between the two valleys. We conclude

that the momentum-dependent valley splitting induced by interaction provides

an important mechanism for valley dynamics[21, 22, 23], in addition to that

provided by impurity scattering. We have applied this property to interpret

the relatively short valley coherence time measured by polarization-resolved
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optical two-dimensional coherent spectroscopy [41].

2.3.3 Brillouin-zone corner Excitions

Large-momentum excitons composed of electrons and holes in oppo-

site valleys can have an energy similar to those with zero momentum. In

Fig. 2.2(a), the χ2
K and χ4

K excitons have center-of-mass momentum ~Q = K

when reduced to the first Brillouin-zone. They are dominated respectively by

transitions between valence band holes of v1 and v2 states in valley K and

conduction band electrons of c1 and c2 states in the opposite valley K ′. The

χ2
K and χ4

K excitons are the ~Q = K counterparts of the A and B excitons

and have nearly the same energy. The small differences have two origins, the

energy splitting between c1 and c2 bands, and a change in the exchange in-

teraction. See Ref. [24] for a detailed discussion of conduction bands energy

splitting.

However another set of excitations appear at the same crystal momen-

tum. Low energy excitations at ~Q = K also originate from holes in the Γ valley

and electrons in the K valley, as illustrated in the right inset of Fig. 2.2(a).

In our lattice calculations χ1
K and χ3

K are such excitons. If we neglect the

spin splitting of both topmost valence bands at Γ and the lowest conduction

bands at the K valley, the corresponding excitons can be classified as singlets

and triplets according to their spin configurations. Singlets experience strong

electron-hole exchange interactions, because the valence band maximum at Γ

and the conduction band minimum at K have the same dz2 orbital character.
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The exchange energy is proportional to V ~Q=K = (U − 1.28)VR=a0 . The ex-

change interactions effectively vanishes for triplets because of their particular

spin structure. In our calculation, U is set to be 1 and the exchange energy

for singlets is therefore negative. Therefore, we can identify χ1
K as the singlet

state and χ3
K as one of the triplet states. Depending on the value of U used in

our model, the lowest energy excitons can occur at ~Q = 0, corresponding to a

direct gap system, or at ~Q = K,K ′ corresponding to an indirect gap system.

Because the appropriate value which should be used for U depends on elec-

tronic correlations at the atomic level and on screening by remote bands not

included in our calculation, we are not able to reach a definitive conclusion as

to whether or not the singlet χ1
K is the lowest energy exciton. However, the

energy of the triplet χ3
K does not suffer from such uncertainty. The valence

band effective mass at the Γ point is heavier than that at the K point[42].

Electron-hole pairs are therefore bound more strongly in χ3
K than in the A

exciton, which compensates for the energy difference (68meV) between the

topmost valence bands at Γ and K points, and makes the energies of the

triplet χ3
K and A excitons very close to each other. By decreasing the dielec-

tric constant ε to 1, we find that the triplet χ3
K becomes lower in energy than

the A exciton by 19meV, as illustrated in Fig. 2.4. The energetic ordering of

direct and indirect exciton states in single-layer TMDs could therefore depend

on the two-dimensional system’s three-dimensional dielectric environment.
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2.4 Massive Dirac model for excitons

To have a deeper understanding of the exciton energy spectrum, we

study excitons in the massive Dirac model, and show that this simple model

captures many important features of the ~Q = 0 excitons in monolayer MoS2.

In the vicinity of K or K ′ point, the k · p Hamiltonian for two bands (c2, v1)

is described by the massive Dirac model[3]:

Hτ (~k) = ~vFk[cos(Φ~k)σx + sin(Φ~k)σy] + ∆σz, (2.14)

where σx,y,z is the Pauli matrices for the basis function at K or K ′ point, and

∆ is the energy gap. The angle Φ~k is defined as cot Φ~k = τkx/ky, where τ = ±1

labels valley K and K ′. The conduction and valence band are described by

spinors:

|c,~k〉τ =

(
cos( θk

2
)

sin( θk
2

)eiΦ~k

)
, |v,~k〉τ =

(
sin( θk

2
)e−iΦ~k

− cos( θk
2

)

)
, (2.15)

where angle θk is defined as cos θk = ∆/εk with εk =
√

∆2 + (~vFk)2.

As discussed in the main text, inter-valley coupling is nearly absent for

~Q = 0 excitons. Within each valley, the kernel of the BS equation in Eq. (2.10)

can be expressed in terms of band spinors:

Kτ (~k,~k
′) =δ~k~k′Tk −Dτ (~k,~k

′),

Tk =2εk,

Dτ (~k,~k
′) =

1

A
Ṽ~k−~k′

(
τ 〈c,~k|c,~k′〉τ τ 〈v,~k′|v,~k〉τ

)
=

1

4A
Ṽ~k−~k′

[
(1 + cos θk)(1 + cos θk′)

+ 2 sin θk sin θk′e
iτ(φ~k′−φ~k)

+ (1− cos θk)(1− cos θk′)e
i2τ(φ~k′−φ~k)

]
,

(2.16)
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where Tk can be understood as the kinetic energy. Dτ (~k,~k
′) is the electron-hole

direct interaction, while the exchange interaction X (Eq. (2.10)) is neglected.

A is the area of the 2D system, and φ~k is the orientation angle of ~k with

cotφ~k = kx/ky. In Eq. (2.16), angle φ~k is used instead of Φ~k (Eq. (2.14)) so

that the valley dependence of Kτ is explicit. The interaction potential has the

following form

Ṽq =
2πe2

εq
F (q), (2.17)

where the form factor F (q) = 1/(1 + r0q) modifies the Coulomb interaction

in consistency with the real-space interaction potential (Eq. (2.7)). The BS

equation reads: ∑
~k′

Kτ (~k,~k
′)ψ(~k′) = Eψ(~k). (2.18)

We can define effective Bohr radius a∗B, Rydberg energy Ry∗ and fine

structure constant α:

a∗B =
2ε(~vF )2

e2∆
, Ry∗ =

1

2

e2

εa∗B
, α =

e2

ε~vF
. (2.19)

For notation convenience, we also define parameter β = (α/2)2.

After taking a∗B as unit of length and Ry∗ as unit of energy, and using an

ansatz ψ(~k) = ψ(k)eilφ~k , BS equation is reduced to the following 1D eigenvalue

problem:
Eψ(k) = Tkψ(k)

−
∫ ∞

0

dk′
[
(1 + cos θk)(1 + cos θk′)Ikk′(l)

+2 sin θk sin θk′Ikk′(l + τ)

+(1− cos θk)(1− cos θk′)Ikk′(l + 2τ)
]
k′ψ(k′),

(2.20)
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where Tk, cos θk and Ikk′(l) in effective atomic units are:

Tk =
2

β

√
1 + βk2, cos θk = 1/

√
1 + βk2,

Ikk′(l) =
1

4π

∫ 2π

0

dφ
F (
√
k2 + k′2 − 2kk′ cosφ) cos lφ√
k2 + k′2 − 2kk′ cosφ

.

(2.21)

Eq. (2.20) makes it clear that within the same valley excitons with

quantum number l and −l are not degenerate in energy, because of the wave-

vector dependence of the band spinors. However, there is a degeneracy between

(τ , l) and (-τ , -l) excitons, which originates from time reversal symmetry.

We apply the massive Dirac model to excitons in A series of monolayer

MoS2. The appropriate parameter values are ~vF = 1.105eV × 3.193Å, ∆ =

0.7925eV[24] and r0 = 33.875Å/ε[10]. The effective atomic units then take the

following value, a∗B = ε × 2.18Å and Ry∗ = 3.3eV/ε2, and the fine structure

constant α = 4.075/ε. Eq. (2.20) is solved numerically by discretizing the 1D

k-space. The result is presented in Fig. 2.5, which depicts the binding energy

of 1s, 2s, and 2p excitons in valley K as a function of dielectric constant ε.

It reproduces all essential features of ~Q = 0 excitons discussed in the main

text: (1)binding energies deviate from the pattern of the 2D hydrogen model;

(2)2p states have a larger binding energy than 2s; and (3)there is an energy

splitting between l = ±1 2p states within the same valley. Moreover, the

binding energies calculated by using the Massive Dirac model and the lattice

model of the main text are close to each other as shown in the inset table of

Fig. 2.5.
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Finally, we study the massive Dirac model with standard Coulomb in-

teraction by taking form factor F (q) to be 1. In this case, the fine structure

constant α controls the deviation of the massive Dirac model from the 2D hy-

drogen model. Fig. 2.6 presents the binding energy as a function of α. In the

limit of weak electron-hole interaction (α → 0), the massive Dirac model re-

duces to the 2D hydrogen model as implied by Eq. (2.20) and (2.21). Therefore,

Eb(1s) = 4Ry∗ and Eb(2s) = Eb(2p) = 4
9
Ry∗ as α goes to 0. 2s and 2p states

remain nearly degenerate for α < 0.4, and develop prominent energy splitting

at large α. The energy ordering is Eb(2p, l = −1) > Eb(2s) > Eb(2p, l = +1)

in valley K. Note in the case of monolayer MoS2 where interaction potential is

modified by F (q) (Eq. (2.17)), all 2p states have bigger binding energies than

2s states as shown in Fig. 2.5.
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Figure 2.3: (a) Real part of the optical conductivity with (solid red curve) and
without (dashed green curve) electron-hole interactions. For these calculations

the BS equation was solved on a 51×51 ~k-grid and transitions were broadened
by 20meV. The solid green arrow indicates the quasiparticle band gap. The
two dashed gray arrows mark the energies of the A2p excitons. Note that we
have rigidly shift the excitation energy spectrum by a constant, so that the A
exciton energy is at 1.93eV as measured by photoluminescence experiments[6,

9, 10, 11]. (b)-(e) ~k-space maps of P ~Q=0(~k) for low-energy excitons. (b)The
L = 1 exciton |A+〉. (c)-(d) Two non-degenerate A2p excitons in valley K. (e)
The L = 1 A2s exciton.
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Figure 2.5: Binding energy Eb in massive Dirac model for 1s, 2s, and 2p exci-
tons in valley K (τ = 1) as a function of dielectric constant ε. The parameter
values are ~vF = 1.105eV × 3.193Å, ∆ = 0.7925eV and r0 = 33.875Å/ε. The
inset table compares Eb obtained respectively from massive Dirac model (MD)
and lattice model (LM) for ε = 2.5.
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Figure 2.6: Binding energy Eb in massive Dirac model with standard Coulomb
interaction(r0 = 0, F (q) = 1) for 1s, 2s, and 2p excitons in valley K (τ = 1)
as a function of fine structure constant α.
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Chapter 3

Theory of spatially indirect exciton

condensates

The study of two-dimensional van der Waals materials[43] allows famil-

iar properties, including those of metals, superconductors, semimetals, semi-

conductors, and insulators, to be combined in new ways simply by designing

stacks of atomically thick layers. We theoretically study condensation of spa-

tially indirect excitons in the case of a two-dimensional semiconductor bilayer

formed by two group-VI transition metal dichalcogenides (TMD) that are sep-

arated and surrounded by an insulator, for example hexagonal boron nitride

(hBN). The TMDs are in their 2H structure monolayer form. Two-dimensional

material stacks of this type are promising hosts for exciton condensation, both

because they host strongly bound excitons, [26, 15, 10, 27, 37, 38, 44] and

because of recent progress in realizing high quality TMD heterostructures.[45,

46, 47, 48, 49, 50] 1

In van der Waals heterostructures it is possible[51, 52] to tune the

positions of the Fermi levels in individual layers over wide ranges while main-

1This chapter is based on the paper: Feng-Cheng Wu, Fei Xue and A. H. MacDonald,
Theory of two-dimensional spatially indirect equilibrium exciton condensates, Phys. Rev. B
92, 165121 (2015). All authors in this paper contributed equally.
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taining overall charge neutrality, either by applying a gate voltage between

surrounding electrodes or a bias voltage between the semiconductor layers.

When the indirect band gap between the conduction band of one layer and

the valence band of the other layer is reduced to less than the indirect exci-

ton binding energy, charge will be transferred between layers in equilibrium.

At low densities, the transferred charges form spatially indirect excitons, and

these are expected[53, 54, 55, 56, 57, 58, 59, 60] to form Bose condensates.

The bilayer exciton condensate (BXC) state has spontaneous interlayer phase

coherence and supports dissipationless counterflow supercurrents[61, 62] that

could enable the design of low-dissipation electronic devices.[63]

Exciton condensates in TMD heterostructures are similar to atomic

spinor Bose-Einstein condensates because of the presence of both spin and

valley degrees of freedom. The spin-valley coupling of conduction band elec-

trons and valence band holes that are specific to TMD heterostructures[3]

enriches the excitonic physics. We study the interplay between the exciton

condensation and spin and valley internal degrees of freedom to construct an

exciton condensate zero temperature phase diagram as a function of effective

layer separation d and exciton chemical potential µ, or equivalently exciton

density. We demonstrate that there are two distinct condensate phases with

different number of condensate flavors, as shown in Fig. 3.1.

Our study is presented as follows. In Section 3.1, we explain how we

model the heterostructure, and present the mean-field phase diagram implied

by Hartree-Fock theory. In Section 3.2, we derive an effective boson model that
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incorporates exciton-exciton interaction effects and can be used to describe

excitons in the low density limit. The exction-exciton interaction has both

Hartree and exchange contributions. While the Hartree interaction is always

positive, the exchange interaction changes from positive to negative as the

layer separation increases. This change drives the transition from phase-II,

a phase with two condensate flavors present, to phase-I, a phase with only

one condensate flavor. Both phases spontaneously break the symmetry of

the model Hamiltonian, and the symmetry breaking pattern of each phase is

analyzed. In this section we also explain how capacitance measurements can

be used to study the exciton phase diagram experimentally and to extract the

value of the exciton-exciton interaction strength within each phase. In Sections

3.3 and 3.4, we present the detailed derivation of the boson model. In Section

3.5, we study collective fluctuations in both phase I and II using the effective

boson model. Finally in Section 3.6, we present a brief summary, discuss issues

related to experiments, and comment on the relationship between our work

and previous studies.

3.1 Mean-Field Phase Diagram

We consider two monolayer TMD semiconductors separated and sur-

rounded by hBN (Fig. 3.1). Many of the points we make apply with minor

modification, however, to any bilayer two-dimensional semiconductor system.

Monolayer TMDs are direct-gap semiconductors with band extrema located

at valleys K and K ′. Because these TMD layers lack inversion symmetry, spin
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degeneracy in the TMD bands is lifted by spin-orbit interactions. Because

of differences between the orbital character of conduction and valence band

states,[3] it turns out that spin splitting is large at the valence band maxima

and small at the conduction band minima. As illustrated in Fig. 3.1, we there-

fore retain in our theory the two valley-degenerate valence bands labeled by

v = 1, 2, and four conduction bands with labels c = 1, 2, 3, 4 corresponding to

spin and valley. We assume that exciton binding energies and densities are

small enough to justify a parabolic band approximation for all band extrema.

Our mean-field ansatz allows up to two types of excitons to be present; for

examples pairs formed from holes in band v = 1 and electrons, selected by

spin-splitting, in band c = 1, can condense, along with pairs formed from

holes in band v = 2 and electrons in band c = 2. Although the unpaired con-

duction bands c = 3, 4 are only slightly higher in energy, this pairing ansatz is

fully self-consistent at low exciton density, because of the substantial exciton

binding energy. Our pairing ansatz is also justified by an interacting boson

model, described in Sec. 3.2, which allows for the most general possible pairing

scenario.

The ansatz leads to the mean-field Hamiltonian:

HMF =
′∑

~k(vc)

(a†
c~k
, a†

v~k
)(ζ~k + ξ

(vc)
~k

σz −∆
(vc)
~k

σx)

(
ac~k
av~k

)

+
∑

~k,c=3,4

(~2k2

2me

− 1

2
µ̃
)
a†
c~k
ac~k,

(3.1)

where the prime in the first summation restricts the pair index (vc) to (11) and

(22) contributions. a† and a are fermionic creation and annihilation operators.
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The kinetic term ζ~k = ~2k2(1/(4me) − 1/(4mh)) accounts for the difference

between conduction and valence band effective masses, me and mh, and σz,x

are Pauli matrices. The dressed energy difference between conduction and

valence bands, ξ
(vc)
~k

, and the coherence induced effective interlayer tunneling

amplitude, ∆
(vc)
~k

, are defined as:

ξ
(vc)
~k

=
~2k2

4m
− 1

2
µ̃− 1

A

∑
~k′

V (~k − ~k′)〈a†
c~k′
ac~k′〉,

∆
(vc)
~k

=
1

A

∑
~k′

U(~k − ~k′)〈a†
c~k′
av~k′〉,

(3.2)

where 〈...〉 is the expectation value in the mean-field ground state,

〈a†
c~k
ac~k〉 =

1

2
(1− ξ(vc)

~k
/E

(vc)
~k

),

〈a†
c~k
av~k〉 = ∆

(vc)
~k

/(2E
(vc)
~k

),

E
(vc)
~k

=
√
ξ

(vc)2
~k

+ ∆
(vc)2
~k

.

(3.3)

In Eq. (3.2), m = memh/(me +mh) is the reduced mass, and A is the

area of the system. The paramter µ̃ is:

µ̃ = µ− 4πe2nd/ε, n =
1

A

∑
~k

∑
c=1,2

〈a†
c~k
ac~k〉, (3.4)

where µ is the chemical potential for excitons, and n is the total charge density

transferred between layers. Equations (3.2), (3.3) and (3.4) form a set of mean-

field equations that can be solved self-consistently. Note that the (11) and

(22) pairing channels are coupled through the dependence of µ̃ on the total

transferred density n.
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The exciton chemical potential can be tuned electrically by applying a

bias potential Vb between the electrically isolated layers: µ = Vb − Eg where

Eg is the spatially indirect band gap between the conduction band of the

electron layer and the valence band of the hole layer. The band gap Eg can be

adjusted to a conveniently small value by choosing two-dimensional materials

with favorable band alignments[64, 65].

V (~q) = 2πe2/(εq) and U(~q) = V (~q)e−qd are the Coulomb interaction

potentials within and between layers. The forms of Coulomb potentials are

determined by solving the Poisson equation for our schematic experimental

setup(Fig. 3.1). ε =
√
ε⊥ε‖, where ε⊥ and ε‖ are hBN dielectric constants

perpendicular and parallel to the z-axis, is the effective dielectric constant

due to insulator layer(hBN) between electron and hole layers. d = D
√
ε⊥/ε‖,

where D is the geometric layer separation between electron and hole layers, is

the effective layer separation and slightly larger than D.[66]

Below we express lengths and energies in terms of the characteristic

scales a∗B = ε~2/(me2), and Ry∗ = e2/(2εa∗B). Typical values for different

material combinations are listed in Table 3.1.

The indirect exciton binding energy Eb determines the value for µ at

which excitons first appear. When µ < −Eb no excitons are present. In this

state each layer is electrically neutral and there is no interlayer coherence.

Eq. (3.2) has nontrivial (n,∆~k 6= 0) solutions only for µ > −Eb. We find two

distinct types of BXC phase. In phase-I, only one type of exciton condenses

(e.g. ∆
(11)
~k
6= 0 and ∆

(22)
~k

= 0). In phase-II, excitons associated with both
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Table 3.1: Parameter values for different combinations of monolayer layer 2H-
TMDs. m0 is the electron bare mass. ε = 5 for hBN. Electrons reside in MoS2,
and holes in other TMDs. The listed energy gaps Eg apply in the absence of
a gate voltage.

me/m0[67] mh/m0[67] a∗B(Å) Ry∗(meV) Eg(eV)[64]
MoS2/MoTe2 0.47 0.62 9.89 145 1.1
MoS2/WSe2 0.47 0.36 12.97 111 1.4
MoS2/WTe2 0.47 0.32 13.89 104 0.8

valence bands condense and have equal population (e.g. ∆
(11)
~k

= ∆
(22)
~k
6= 0).

Both phases are allowed by Eq. (3.2). We obtain the phase diagram in Fig. 3.1

by comparing the total energy of phase-I and II as a function of (d, µ). Below

a critical layer separation dc ≈ 0.25a∗B, phase-II always has a lower energy,

as illustrated in Fig. 3.2(a). Above dc, a transition from phase-I to phase-II

occurs as the chemical potential µ increases(Fig. 3.2(b)). Typical quasiparticle

energy bands in phase-II and I are depicted in Fig. 3.2(c) and (d), and show

that the system is an excitonic insulator with a charge gap.

In our mean-field theory, condensation of one type or the other al-

ways occurs at T = 0 when excitons are present. It is well known however

that at high electron and hole densities a first-order Mott transition occurs

[68, 69, 70, 71, 72] from the gapped exciton condensate phase to an ungapped

electron-hole plasma state. The electron-hole plasma state is preferred ener-

getically because it can achieve better correlations between like-charge parti-

cles, reducing the probability that they are close together, while maintaining

good correlations between oppositely-charged particles. The density at which

the Mott transition occurs is most reliably estimated via a non-perturbative
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approaches.[69] No estimate is currently available for the TMD case, for which

the valley degeneracy and the small spin-splitting in the conduction band will

tend to favor plasma states over exciton condensate states. Based on exist-

ing estimates[69] we can conclude that the Mott transition density is below

na∗2B ∼ 0.3 as d/a∗B → 0 and below na∗2B ∼ 0.05 for d/a∗B ∼ 1. Corrections to

mean-field theory which go in the direction of favoring plasma states can be

partially captured by accounting for screening of the electron-hole interaction

which becomes stronger as exciton sizes increase and excitons correspondingly

become more polarizable. The results reported here are intended to be reliable

only in the low exciton density limit.

3.2 Interacting Boson Model

To understand the phase diagram more deeply, we employ a boson

Hamiltonian designed to describe weakly-interacting excitons in the low den-

sity limit. Our strategy to obtain the boson Hamiltonian is to construct a

Lagrangian based on a variational wavefunction which parametrizes a family

of states with electron-hole coherence. The Berry phase part of the Lagrangian

has the same form as that in the field-theory functional integral representa-

tion of a standard interacting boson model.[73] Appealing to this property, we

promote variational parameters in the wavefunction to bosonic operators. The

details of the derivation are presented in Sections 3.3 and 3.4.
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The boson Hamiltonian is:

HB =
∑

(
~2Q2

2M
− Eb − µ)B†

(vc) ~Q
B(vc) ~Q

+
1

2A

′∑{
gH( ~Q14)B†

(vc) ~Q1
B†

(v′c′) ~Q2
B(v′c′) ~Q3

B(vc) ~Q4

+ gX( ~Q13, ~Q14)B†
(vc) ~Q1

B†
(v′c′) ~Q2

B(v′c) ~Q3
B(vc′) ~Q4

}
,

(3.5)

where B(vc) ~Q is a bosonic operator for an exciton with a hole in valence band

v, an electron in conduction band c, and total momentum ~Q. ~Qab is the

momentum transfer ~Qa − ~Qb. For the TMD system, there are 8 possibilities

for the composite index (vc). The quadratic term in Eq. (3.5) accounts for

exciton kinetic energy (M = me + mh) and chemical potential. The quartic

terms describe exction-exciton interactions. The prime on the quartic term

summation enforces momentum conservation ~Q1 + ~Q2 = ~Q3 + ~Q4.

The two types of exciton interaction arise from the fermionic Hartree

and exchange interactions respectively. In the exchange interaction, two exci-

tons swap constituent electrons or holes. Analytic expressions for the coupling

strength gH(~q) and gX(~q ′, ~q) are given in Sec. 3.3.

We focus in this section on their zero-momentum limits gH = gH(0)

and gX = gX(0, 0), which are more easily interpreted and capture much of

the exciton-exciton interaction physics. For the case in which the exciton

condensate is populated by a single flavor we find that for low exciton densities

µ = −Eb + gn. (3.6)

where g = gH+gX is the total exciton-exciton interaction, as expected from the

mean-field theory for weakly interacting bosons. This behavior is illustrated
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in Fig. 3.3(a). We have verified that the interaction parameter obtained by

examining the dependence of µ on n in the fermion mean-field theory agrees

with the analytic expression in Section 3.3, as illustrated in Fig. 3.3(b) which

plots g as a function of layer separation d. We find that gH = 4πe2d/ε and

that gX = g
(1)
X − g

(2)
X , where g

(1)
X and g

(2)
X are both positive and originate

from inter and intra layer fermionic exchange interactions respectively. The

binding energy of isolated excitons is due microscopically to attractive inter

layer exchange interactions. When excitons overlap and interact with each

other, coherence between layers is reduced weakening inter layer exchange,

but strengthening intra layer exchange. This explains the signs of the two

contributions to gX . The overall sign of gX is positive at d = 0 because the

loss of interlayer exchange energy when excitons overlap is greater than the

gain in intralayer exchange energy. In Fig. 3.3(c), we show that gX becomes

negative beyond a critical layer separation dc ∼ 0.25a∗B. It turns out that

although both g
(1)
X and g

(2)
X increase with layer separation d, the rate of increase

of g
(1)
X is smaller than for g

(2)
X . The difference in behavior can be traced to the

exponential decrease in the momentum space inter-layer Coulomb interaction

with layer separation d as shown in Eq. (3.35) and (3.36).

To find the ground state in the realistic multi-flavor case, we assume

that all excitons condense into ~Q = 0 states and introduce the following matrix:

F =
1√
A

(
〈B(11)〉 〈B(12)〉 〈B(13)〉 〈B(14)〉
〈B(21)〉 〈B(22)〉 〈B(23)〉 〈B(24)〉

)
. (3.7)

Neglecting the small spin-orbit splitting of conduction band states, the total

36



energy per area can be written in a compact form,

〈HB〉
A

= −(Eb + µ)TrT +
gH
2

(TrT)2 +
gX
2

TrT2, (3.8)

where T = F†F. In Eq. (3.8) TrT is the total density of excitons,summed over

all flavors,and TrT2 − (TrT)2 measures the flavor polarization of the exciton

condensate. This energy functional is invariant under the following transfor-

mation:

F 7→ eiθU2FU
†
4. (3.9)

Here eiθ captures the U(1) symmetry which originates from separate charge

conservation in the individual layers. U2 and U4 are respectively 2 × 2 and

4 × 4 special unitary matrices, which capture the SU(2) symmetry of the va-

lence bands and the SU(4) symmetry present in the conduction bands when

their spin-splitting is neglected. The overall symmetry group of the system

is U(1)×SU(2)×SU(4). When the conduction band spin-orbit splitting is in-

cluded, the higher energy conduction band states in each valley are not occu-

pied and the symmetry group is reduced to U(1)×SU(2)×SU(2), corresponding

to separate charge conservation and rotations in both conduction and valence

band valley spaces.

F acquires a nonzero value in the ground state only if µ > −Eb, . By

minimizing the energy functional, we verify that the sign of gX determines the

position of a phase boundary between two different classes of exciton conden-

sate which we refer to as phase-I and II. When gX < 0, phase-I is energetically
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favorable and a representative realization of the ground state is,

FI =
√
nI

(
1 0 0 0
0 0 0 0

)
, (3.10)

where nI = (µ + Eb)/(gH + gX) is the exciton density. FI is invariant under

the transformation: (
eiφ 0
0 e−iφ

)
FI

(
e−iφ 0

0 V
†
3

)
= FI, (3.11)

where V3 is a 3 × 3 unitary matrix. Therefore, phase-I spontaneously breaks

the U(1)×SU(2)×SU(4) symmetry down to U(1)×U(3) symmetry.

When gX > 0 phase-II is realized. Energy minimization shows that a

representative realization of the ground state in phase-II is,

FII =
√
nII/2

(
1 0 0 0
0 1 0 0

)
, (3.12)

where nII = (µ+Eb)/(gH + gX/2) is the total exciton density in phase-II. FII

is invariant under the transformation:

U2FII

(
U
†
2 0

0 V
†
2

)
= FII, (3.13)

where V2 is a 2× 2 unitary matrix. Phase-II spontaneously breaks the

U(1)×SU(2)×SU(4) symmetry down to SU(2)×U(2) symmetry. A similar

analysis can be applied to identify the symmetry breaking pattern when the

spin splitting of the conduction bands is considered. In phase-I, an application

of an infinitesimal external Zeeman field lifts both conduction and valence

band valley degeneracies, and selects a unique condensate ground state with a
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finite spin-polarization, as illustrated in Fig. 3.4. Phase-I therefore satisfies the

definition of a ferromagnet, defined as a system with a finite spin-polarization

in an infinitesimal Zeeman field, but has a distinct set of broken symmetries

compared to the usual spin rotational symmetry breaking.

Based on this mean-field calculation, we conclude that although the

system has 8 types of excitons in total, only one or two flavors condense in

the ground state. The number of condensed flavors is in general limited by

the number of distinct valence or conduction bands, which ever is smaller in

number. Although the boson model correctly captures the phase transition

position as a function of d, it is important to emphasize that it is valid only

in the low exciton density limit. For this reason, it fails to accurately predict

the µ dependence of the phase boundary. In addition it fails to capture the

tendency toward weaker electron-hole pairing at high exciton densities, which

eventually leads to an electron-hole quantum liquid state with no interlayer

coherence.

The relationship between the exciton density n, the exciton chemical

potential µ and the coupling strength g makes it possible to extract the value

of g from capacitance measurement. The differential capacitance per area for

the heterostructure is:

C = e2∂n

∂µ
. (3.14)

The Hartree coupling strength gH can be identified as the inverse of the geo-

metric capacitance:

Cgeo = e2/gH = ε/(4πd). (3.15)
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Therefore, capacitance measurement provides a simple way to determine the

value of gX in the low-exciton density limit:

e2(C−1 − C−1
geo) =

{
gX < 0, phase-I
1
2
gX > 0, phase-II

. (3.16)

The sign of gX helps to distinguish phase-I and II.

3.3 Interacting boson model for excitons in the low den-
sity limit

In the low density limit, excitons can be approximated as interacting

bosons. We take a BCS like variational wave function to describe excitons,

|Ψ〉 =
1

N
exp(Ω†)|vac〉,

Ω† =
∑
V,C

λV Ca
†
CaV ,

(3.17)

where C and V respectively denote a conduction and valence band state, and

include internal indices such as spin and valley and also momentum label. |vac〉

is the vacuum state defined by a†V |vac〉 = aC |vac〉 = 0. Ω† operator creates

particle-hole excitations on top of the vacuum. N is a normalization factor so

that 〈Ψ|Ψ〉 = 1. λV C is a set of complex variational parameters, which are

small when the exciton density is low.

The density matrix with respect to |Ψ〉 is ραβ = 〈Ψ|a†αaβ|Ψ〉, where α

and β can be conduction or valence states. We expand the density matrix to
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fourth order in λV C ,

ρV V ′ ≈ δV V ′ + (−λλ† + λλ†λλ†)V V ′ ,

ρCC′ ≈ (λ†λ− λ†λλ†λ)CC′ ,

ρV C ≈ (λ− λλ†λ)V C ,

(3.18)

where λ is understood to be a matrix and λ† is its Hermitian conjugate.

We introduce another matrix Λ so that ρCC′ has a quadratic form with-

out fourth-order correction,

λ = Λ +
1

2
ΛΛ†Λ. (3.19)

Expanding ρ up to fourth order of Λ, we have that

ρV V ′ ≈ δV V ′ − (ΛΛ†)V V ′ ,

ρCC′ ≈ (Λ†Λ)CC′ ,

ρV C ≈ (Λ− 1

2
ΛΛ†Λ)V C .

(3.20)

The number of excitons is 〈Nex〉 =
∑

C ρCC ≈ TrΛ†Λ. Therefore, we verify

that Λ acts as the small parameter in the limit of low 〈Nex〉.

An important property of the density matrix is that

ρ2 − ρ = O(Λ5), (3.21)

which indicates that |Ψ〉 can be approximated as a Slater determinant up to

fourth order in Λ.[74]

|Ψ〉 parametrizes a family of states with electron-hole coherence, and

also represents low-energy states in the low-exicton density limit. We choose to
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construct an effective interacting boson model using this variational wavefunc-

tion approach rather than a commonly used auxiliary field approach because of

the necessity of consistently accounting for both exchange and Hartree mean-

fields in spatially-indirect exciton systems. (See additional discussion below.)

To study low-energy dynamics, we construct a Lagrangian based on |Ψ〉

L = 〈Ψ|i∂t −H|Ψ〉 = B−H, (3.22)

and again expand everything to Λ4. This Lagrangian provides an effective field

theory for excitons. The Berry phase has the following form,

B = 〈Ψ|i∂t|Ψ〉 ≈
i

2

(
Tr[Λ†∂tΛ]− Tr[(∂tΛ

†)Λ]
)
, (3.23)

which does not have fourth order corrections.

To calculate the energy functional H, we take advantage of the Slater

determinant approximation[74] to |Ψ〉 (Eq. (3.21)) and obtain that

H = 〈Ψ|H|Ψ〉 ≈ H(2) + H
(4)
H + H

(4)
X , (3.24)

where H(2) is quadratic in Λ, and H
(4)
H,X is quartic in Λ with subscript H and

X representing Hartree and exchange contributions. The explicit forms are
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below.
H(2) = (εC − εV )Λ†CV ΛV C

−WV1C1C2V2Λ
†
C1V2

ΛV1C2 ,

H
(4)
H =

1

2
WC1C2C3C4(Λ

†Λ)C1C4(Λ
†Λ)C2C3

+
1

2
WV1V2V3V4(ΛΛ†)V1V4(ΛΛ†)V2V3

−WV1C1C2V2(ΛΛ†)V1V2(Λ
†Λ)C1C2 ,

H
(4)
X =

1

2
WV1C1C2V2Λ

†
C1V2

(ΛΛ†Λ)V1C2

+
1

2
WV1C1C2V2(Λ

†ΛΛ†)C1V2ΛV1C2

− 1

2
WC1C2C3C4(Λ

†Λ)C1C3(Λ
†Λ)C2C4

− 1

2
WV1V2V3V4(ΛΛ†)V1V3(ΛΛ†)V2V4 .

(3.25)

Here εC and εV are conduction and valence state energy including self-energy

effects. The interaction kernel W has the form

W(n1
~k1)(n2

~k2)(n3
~k3)(n4

~k4)

=
1

A
δn1n4δn2n3δ~k1+~k2,~k3+~k4

Wn1n2(
~k1 − ~k4),

(3.26)

where the momentum dependence is now explicit, and n denotes internal in-

dices. A is the area of the system. Wn1n2(~q) is the intralayer interaction V (~q)

if both n1 and n2 represent conduction or valence bands, and the interlayer

interaction U(q) otherwise.

We now write H(2) in a more concrete form

H(2) =Λ∗
(v,~k)(c,~k+ ~Q)

[(~2(~k + ~Q)2

2me

+
~2k2

2mh

− µ
)
δ~k~k′

− 1

A
U(~k − ~k′)

]
Λ(v,~k′)(c,~k′+ ~Q).

(3.27)
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Here v and c denote different valence and conduction bands. We approximate

εC and εV by parabolic bands, and assume different valence (conduction) bands

have the same hole (electron) mass mh (me). In the case of TMDs, these are

reasonable approximations, and v and c respectively take two and four different

values.

H(2) can be reduced into a diagonal from by doing the following de-

composition,

Λ(v,~k)(c,~k+ ~Q) =
1√
A
f(~k + xh ~Q)B(vc) ~Q (3.28)

where B(vc) ~Q is a complex field that depends on momentum ~Q but not on ~k.

xh = mh/M , where the total mass M = me + mh. For notation convenience,

we also introduce xe = me/M = 1 − xh. f(~k) is the 1s wavefunction for a

single exciton, [~2k2

2m
δ~k~k′ −

1

A
U(~k − ~k′)

]
f(~k′) = −Ebf(~k), (3.29)

where the reduced mass m = memh/M , and Eb is the binding energy for 1s

state. The normalization condition is that

1

A

∑
~k

f(~k)2 = 1. (3.30)

Here we have chosen f(~k) to be real. In Eq. (3.28), f(~k + xh ~Q) is the wave-

function for an exciton with center-of-mass momentum ~Q.

By substituting Eq. (3.28) into Eq. (3.23) and (3.25), we obtain that

B ≈ i

2

(
B∗

(vc) ~Q
∂tB(vc) ~Q −B(vc) ~Q∂tB

∗
(vc) ~Q

)
, (3.31)
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H =
∑(~2Q2

2M
− Eb − µ

)
B∗

(vc) ~Q
B(vc) ~Q

+
1

2A

′∑{
gH( ~Q14)B∗

(vc) ~Q1
B∗

(v′c′) ~Q2
B(v′c′) ~Q3

B(vc) ~Q4

+gX( ~Q13, ~Q14)B∗
(vc) ~Q1

B∗
(v′c′) ~Q2

B(v′c) ~Q3
B(vc′) ~Q4

}
.

(3.32)

The Berry phase B has the same form as that in the field-theory functional

integral representation of a standard interacting boson model, which suggests

that the Lagrangian L = B−H is a functional field integral representation of

a boson model[73]. By replacing the complex numbers (B∗, B) with bosonic

creation and annihilation operators (B†, B) in the energy functional H, we

arrive at the boson model (3.5) in the main text.

gH(~q) is derived from H
(4)
H , and has the following analytic expression

gH(~q) = V (~q)
[
F (xe~q)

2 + F (xh~q)
2
]

− 2U(~q)F (xe~q)F (xh~q),
(3.33)

where

F (~q) =
1

A

∑
~k

f(~k)f(~k + ~q). (3.34)

For zero-momentum transfer, gH(0) = 2(V (0)− U(0)) = 4πe2d/ε.

gX( ~Q13, ~Q14) is derived from H
(4)
X , and can be further decomposed into

two parts gX = g
(1)
X − g

(2)
X . g

(1)
X arises from the loss of interlayer exchange

energy as more excitons condense, while−g(2)
X comes from the gain of intralayer

exchange energy as electron or hole density increases. The explicit forms of
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g
(1,2)
X are below.

g
(1)
X ( ~Q13, ~Q14)

=
1

A2

∑
~k,~k′

U(~k − ~k′)f(~k′)f(~k + ~Qe)

×
[
f(~k + ~Qh)f(~k + ~Qe + ~Qh)

+ f(~k − ~Qh)f(~k + ~Qe − ~Qh)
]

=
1

A

∑
~k

(
Eb +

~2k2

2m

)
f(~k)f(~k + ~Qe)

×
[
f(~k + ~Qh)f(~k + ~Qe + ~Qh)

+ f(~k − ~Qh)f(~k + ~Qe − ~Qh)
]
,

(3.35)

g
(2)
X ( ~Q13, ~Q14) =

1

A2

∑
~k,~k′

{
V (~k − ~k′ + ~Qe)f(~k)f(~k′)f(~k + ~Qh)f(~k′ + ~Qh)+

V (~k − ~k′ + ~Qh)f(~k)f(~k′)f(~k + ~Qe)f(~k′ + ~Qe)
}
,

(3.36)

where ~Qe = xe ~Q13 and ~Qh = xh ~Q14. According to Eq. (3.35), g
(1)
X can also

be interpreted as the increase of kinetic energy due to the increase of the

exciton density. The diagrammatic representation of different processes for

the exciton-exciton interaction is shown in Fig. 3.5 and 3.6. The momentum

dependence of the interaction strength gH,X is illustrated in Fig. 3.7. Both

gH and gX have a strong momentum dependence, which indicates that extion-

exciton interaction are long-ranged instead of short-ranged.

The problem of exciton-exction interaction has been studied using many

different methods in the literature[75, 76, 77, 78, 79, 80]. Here we used an

alternative approach based on a variational wave function combined with the
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Lagrangian formalism. The functional field integral representation of the boson

model in Eq. (3.5) is exactly given by the Lagrangian L with Berry phase B in

Eq. (3.31) and energy function H in Eq. (3.32)[73]. This property establishes

the equivalence between the Lagrangian and the boson model. In fact, all

results obtained using the boson model can be equivalently derived from the

Lagrangian. The phase transition between phase-I and II can be determined by

the minimization of the energy functional (3.32) with the ansatz that (B∗, B)

is spatially uniform and time independent. The collective mode studied in Sec.

3.5 can be obtained using the Euler-Lagrange equation of the Lagrangian.

There are other approaches in constructing an effective theory of bosonic

excitation in an interacting fermion system. One example is the standard

Hubbard-Stratonovich transformation. There is however a certain arbitrari-

ness in decomposing electron-electron interactions into Hartree or Fock chan-

nels in the Hubbard-Stratonovich scheme [73]. The HS approach is not appro-

priate here because a proper description of the SIEXC requires that Hartree

and Fock interactions to be treated on the same footing.
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3.4 Interacting boson model for zero-momentum exci-
tons

We consider another variational wave function with all excitons con-

dense into zero center-of-mass momentum state.

|Ψ0〉 =
∏
~k

[
s1(~k)a†

v1~k
+ f(~k)

∑
c

b(v1c)a
†
c~k

]
×

[
χ(~k)a†

v1~k
+ s2(~k)a†

v2~k
+ f(~k)

∑
c

b(v2c)a
†
c~k

]
|0〉,

(3.37)

where v1 = 1 and v2 = 2, representing two valence bands, and c represents

different conduction bands. f(~k) is the exciton wave function in Eq. (3.29).

b(vc) are complex parameters, which are independent of momentum ~k. In |0〉,

both valence and conduction bands are empty, ac~k|0〉 = av~k|0〉 = 0. Facotrs

s1,2(~k) and χ(~k) are determined by normalization and orthogonality conditions.

By normalization conditions, we have that

s1(~k) =

√
1− f(~k)2

∑
c

|b(v1c)|2,

s2(~k) =

√
1− |χ(~k)|2 − f(~k)2

∑
c

|b(v2c)|2.
(3.38)

To ensure that at each momentum ~k the two occupied states are orthogonal

to each other, we require that

s1(~k)χ(~k) + f(~k)2
∑
c

b∗(v1c)b(v2c) = 0. (3.39)

Similar to the procedure in App. 3.3, we expand the energy func-

tional 〈Ψ0|H|Ψ0〉 to fourth order in b(vc), and then replace complex numbers

(b∗(vc), b(vc)) by operators (B†
(vc)~0

, B(vc)~0)/
√
A, which gives rise to the same boson

model in Eq. (3.32) except that all momenta are restricted to be zero.
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3.5 Collective modes in the interacting boson model

The collective modes can be calculated analytically using the interact-

ing boson model. The strategy is to shift a bosonic operator by its mean-field

value,

B(vc) ~Q = 〈B(vc) ~Q〉δ ~Q,0 + b(vc) ~Q, (3.40)

where b(vc) ~Q is also a bosonic operator that describes fluctuations around the

mean field state. The bosonic Hamiltonian in Eq. (3.5) is then expanded to

second order in (b†, b). The first order terms vanish as the energy functional

in Eq. (3.8) is minimized in the mean-field state. The quadratic terms can be

diagonalized using the Bogoliubov transformation, giving rise to the collective

mode spectra. We present the dispersion and degeneracy of collective modes

in phase-I and II without giving the details of the derivation.

In phase-I, there are five gapless modes, and three gapped modes. Given

the mean-field value in Eq. (3.10), (b†, b)(vc) with different composite index (vc)

are decoupled. The (vc) = (11) mode is gapless, which is the Goldstone mode

due to the spontaneously broken U(1) symmetry, i.e. the separate charge

conservation within each layer. Its dispersion is:

ω(11) =

√[~2Q2

2M
+ (2gH + g+)( ~Q)nI

][~2Q2

2M
+ g−( ~Q)nI

]
,

g±( ~Q) = gX( ~Q, 0) + gX(0, ~Q)− gX(0, 0)± gX( ~Q, ~Q),

(3.41)

where g−( ~Q) has a Q2 dependence at small ~Q. Therefore, the (11) mode has

a linear dispersion in Q→ 0 limit.
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The (vc) = (12), (13) and (14) modes are degenerate, with a gapless

dispersion:

ω(12) =
~2Q2

2M
+
[
gx(0, ~Q)− gx(0, 0)

]
nI, (3.42)

which has a quadratic Q dependence in Q → 0 limit. Similaryly, the (vc) =

(21) mode is also gapless and quadratic at small ~Q:

ω(21) =
~2Q2

2M
+
[
gx( ~Q, 0)− gx(0, 0)

]
nI. (3.43)

The (vc) = (22), (23) and (24) modes are degenerate and gapped:

ω(22) =
~2Q2

2M
− gx(0, 0)nI, (3.44)

which shows that phase-I is stable against small fluctuations provided that

gx(0, 0) is negative.

In phase-II, the mean-field values are given in Eq. (3.12) and all eight

collective modes are gapless. The (vc) = (11) and (22) fluctuations are coupled,

and give rise to two non-degenerate gappless modes:

ω(11),(22) =

√[~2Q2

2M
+ (4gH + g+)( ~Q)

nII

2

]
×
√[~2Q2

2M
+ g−( ~Q)

nII

2

]
,

ω′(11),(22) =

√[~2Q2

2M
+ g+( ~Q)

nII

2

]
×
√[~2Q2

2M
+ g−( ~Q)

nII

2

]
,

(3.45)

both of which have a linear dispersion at small Q.
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The (vc) = (12) and (21) fluctuations are also coupled, and lead to two

modes that are degenerate with ω′(11),(22).

The (vc) = (13), (14), (23) and (24) fluctuations are decoupled, and

have degenerate collective modes:

ω(13) =
~2Q2

2M
+
[
gx(0, ~Q)− gx(0, 0)

]nII

2
, (3.46)

which has a quadratic dispersion at small Q.

Table 3.2: Number of collective modes in phase-I and II. Ngapped is the number
of gapped collective modes. N1 and N2 are respectively the number of gapless
collective modes with linear and quadratic dispersion. NBSG is the number of
the broken symmetry generators.

Ngapped N1 N2 NBSG

phase-I 3 1 4 9
phase-II 0 4 4 12

In Table 3.2, we list N1 and N2, respectively the number of gapless

collective modes with linear and quadratic dispersion, and NBSG, the number

of the broken symmetry generators for each phase. There is a relationship

among these three numbers in both phase-I and II,

N1 + 2N2 = NBSG. (3.47)

This relationship is typical for broken symmetry states in system without

Lorentz invariance[81].
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3.6 Discussion

By combining Hartree-Fock theory and an interacting boson model,

we have shown that spatially indirect exciton condensates in group-VI TMD

bilayers have two distinct phases. We have also studied the dynamics of ex-

citon condensate density and phase fluctuations and calculated the associated

collective mode spectra.

The topic of exciton condensation in semiconductors has a long his-

tory and our work is related to some earlier studies. For example, Berman et

al.[82] studied exciton condensation in bilayers formed from gapped graphene,

although the possibility of two distinct condensate phases was not considered.

The phase transition between the two condensate phases as a function of layer

separation was studied previously [83, 76] for the case of quantum well bilayer

excitons, and further explored in a very recent publication.[80] The TMD lay-

ers considered here are distinguished from semiconductor quantum well sys-

tems by exciton binding energies that are an order of magnitude larger, and

by spin-valley coupling which leads to two-fold degenerate valence bands and

approximately four-fold degenerate conduction bands. Compared to Refs.[76]

and [80], we used a completely different approach to derive an interacting

boson model. Our approach is physically transparent, and is based on a vari-

atonal wavefunctions defined by parameters whose quantum fluctuations are

characterized by using a Lagrangian formalism. The bosonic nature of exci-

tons is automatically taken into account in the Lagrangian, and there is no

need to calculate combinatorial factors arising from the indistinguishability of
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bosonic particles. Our approach provides a simple yet systematic way to model

the exction-exciton interaction. We have also discussed a fermionic Hartree-

Fock approach from which the exciton-exciton interaction strengths can be

extracted with similar results, and proposed that the interaction strengths

can be experimentally determined by performing capacitance measurement.

Because the hBN dielectric barrier in the systems of interest, must be

thick enough to make interlayer tunneling weak, Fig. 3.1 implies that phase-

I with a single condensate flavor is more likely to be realized in experiment

than phase-II. Phase-I breaks the invariance of the system Hamiltonian under

separate valley rotations in conduction and valence bands, and is ferromagnetic

in the sense that infinitesimal Zeeman coupling leads to a spin-polarization

that is proportional to the exciton density.

In spit of their large gaps, band edge states in TMDs have relatively

large Berry curvatures[3]. In monolayer TMDs momentum space Berry curva-

tures lead[44] to unusual exictonic spectra in which hydrogenic degeneracies

are lifted. Although band Berry curvatures should be less important in spa-

tially indirect exciton systems because weaker binding implies that the exciton

states are formed within a smaller region of momentum space. In terms of its

influence on quasiparticle bands, exciton condensation has the effect of pre-

venting gaps between conduction and valence band states from closing. Since

the host semiconductor materials are topologically trivial, and since transitions

between trivial and non-trivial states can occur continuously only when the

quasiparticle charged excitation energy vanishes, we argue that exciton con-
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densation will not result in interaction-driven topologically nontrivial states in

our system.

The critical temperature of spatially indirect exciton condensate is the

Berezinskii-Kosterlitz-Thouless transition temperature, given at low exciton

densities by the weakly-interacting boson expression

kBTBKT ≈ 1.3
~2n

M
= 2.6(na∗2B )

m

M
Ry∗, (3.48)

where M is the electron-hole pair total mass and m is the reduced mass. In

the low exciton density limit kBTBKT scales linearly with exciton density.[84,

72] For the MoS2/hBN/MoTe2 heterostructure and exciton densities n in the

1012cm−2 range, na∗2B ≈ 0.01 and TBKT is about 10K. The maximum possible

transition temperature is closely related to the critical density at which the

Mott transition to an electron-hole plasma occurs, and this increases as d/a∗B

decreases. Using the variational Monte Carlo estimate of DePalo et al.[69] the

critical value of na∗2B ∼ 0.3 as d/a∗B → 0. From this we conclude that kBTBKT

cannot exceed around 300K. Adjustment of exciton density by external bias

voltage can be employed to search for the highest transition temperature and to

study the Mott transition to an ungapped electron-hole plasma that is expected

at high exciton densities. The most interesting regime is likely to be the case

of very small layer separations of which current leakage driven through the

tunnel barrier by an interlayer bias potential might be appreciable, requiring

the bilayer to be treated as a non-equilibrium system.

The exciton condensate should be experimentally realizable in TMD bi-
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layers provided that samples with sufficiently weak disorder can be achieved.

The photoluminescence line width W of an individual monolayer TMD is a

particularly useful characterization of sample quality for this purpose. W

is currently dominated[85] by the position-dependence of exciton energies.

Therefore, the narrower the line width W , the weaker the disorder, and the

better the sample quality. We expect bilayer exciton condensation to occur

only in samples in which W < kBTBKT, since the excitons will otherwise sim-

ply localize near positions where they have minimum energy. Note that the

inhomogeneous broadening W of spatially indirect excitons will not be exper-

imentally accessible since the corresponding transitions are optically inactive

when the interlayer tunneling is negligible, but that it should be similar to the

broadening of the readily measurable direct exciton energies. It should there-

fore be possible to judge on the basis of optical characterization when samples

have achieved sufficient quality to study spatially indirect exciton condensate

physics.
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Figure 3.1: Transferred charge density and exciton condensate phase as a
function of effective layer separation d and chemical potential µ. The solid
orange line marks the second-order phase transition from the phase in which
there is no charge transfer between the bilayers i.e. the phase with no excitons
present, to the bilayer exciton condensate (BXC) phase. The blue dashed line
separates phase-II in which two condensate flavors are present from phase-I in
which the ground state has a single condensate flavor. The two red dotted lines
are contours at the density values na∗2B = 0.01 and 0.1. (For na∗2B & 0.1 the
exciton-condensate ground state is expected to be superseded by an electron-
hole plasma state. See text for a more complete discussion.) The arrows mark
the values of d examined in Fig. 3.2(a) and 3.2(b), and the crosses(×) indicate
the parameter values examined in Fig. 3.2(c) and 3.2(d). The left inset is a
schematic experimental setup for BXC studies in which the spatially indirect
gap is tuned by an interlayer bias potential, and the right inset illustrates the
bilayer band structure in the absence of the bias potential Vb.
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in (c) and (0.5,-1.1) in (d), corresponding to the two crosses(×) in Fig. 3.1.
These results were calculated with me = mh.
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Figure 3.4: (a) Four representative degenerate ground states in phase-I. For
illustration purpose, only two conduction bands are shown. (The other two are
slightly higher in energy because of spin-orbit splitting and do not participate
in the ground state manifold.) The dashed black oval highlights the two bands
with spontaneous phase coherence in phase-I. Charge is transferred from the
valence band partner to the conduction band partner. In the upper panels (↑↑)
and (↓↓), coherence is established between like spins and the ground state is
not spin-polarized. In the lower panels (↑↓) and (↓↑), charge is transferred
between opposite spins and the ground state is spin-polarized, with a finite
spin-polarization that is proportional to the transfered charge density. Be-
cause spin and valley are locked by spin-orbit coupling, spin-polarized states
are stabilized by an infinitesimal Zeeman field. (b) In the presence of an in-
finitesimal Zeeman field that favors spin up, the spin-polarized state (↓↑) is
selected as the unique ground state in phase-I. (c) Two representative degen-
erate ground states in phase-II. Both states have zero spin-polarization, and
remain degenerate in an infinitesimal Zeeman field as shown in (d).
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Figure 3.5: Feynman diagrams for the Hartree exciton-exciton interaction pro-
cesses. A double line with arrow represents an exciton state, and a single solid
(dashed) line with arrow depicts an electron (hole) in the exciton. Wavy lines
are interaction V (~q) or U(~q). (a) and (b) are the intralayer contributions,
while (c) is the interlayer contribution. (a), (b) and (c) correspond to the

three terms in H
(4)
H (Eq. (3.25)) and also the three terms in gH(~q) (Eq. (3.33)).
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Figure 3.6: Feynman diagrams for the exchange exciton-exciton interaction
processes. The convention is the same as in Fig. 3.5. (a) and (b) are the inter-

layer contributions, which correspond to the first two terms in H
(4)
X (Eq. (3.25))

and the two terms in g
(1)
X (Eq. (3.35)). (c) and (d) are the intralayer contri-

butions, which correspond to the lase two terms in H
(4)
X (Eq. (3.25)) and the

two terms in g
(2)
X (Eq. (3.36)).
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Chapter 4

SO(5) symmetry in quantum Hall effect of

graphene

Electron-electron interactions in the quantum Hall regime give rise to

a host of non-perturbative and unexpected phenomena, including importantly

the emergence of quasiparticles with fractional charge and statistics. Graphene

provides a unique system to study quantum Hall effect, because of the large cy-

clotron gap, the large interaction strength and the nearly four-fold spin/valley

degeneracy of Landau levels. Large gaps and associated quantum Hall effects

are produced by single-particle physics only at filling factors ν = ±2,±6, . . ..

The quantum Hall effect nevertheless occurs at all intermediate integer filling

factors [86, 87], and at many fractional filling factors [88, 89, 90], usually [91]

with a broken symmetry incompressible ground state. 1

When lattice corrections to the Coulomb interactions are ignored, the

ground state at neutrality (ν = 0) is a Slater determinant[92] with two ar-

bitrarily chosen flavors occupied and, because the Hamiltonian is SU(4) in-

variant, has four independent degenerate Goldstone modes. The rich flavor

1This chapter is based on the paper: Fengcheng Wu, Inti Sodemann, Yasufumi Araki,
Allan H. MacDonald and Thierry Jolicoeur , SO(5) symmetry in the quantum Hall effect in
graphene, Phys. Rev. B 90, 235432 (2014). All authors in this paper contributed equally.
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physics of graphene in the quantum Hall regime has already been established

by experiments, which demonstrate that phase transitions between distinct

many-electron states with the same filling factor ν can be driven by tuning

magnetic field strength or tilt-angle [93, 94, 95, 96, 97].

In graphene the competition between states with Kekulé-distorion(KD),

antiferromagnetic(AF), ferromagnetic(F), charge-density wave(CDW), and other

types of order is controlled by Zeeman coupling to the electron-spin, and

also by weak atomic-range valley-dependent [98] interactions. A variety of

approaches have been used to estimate these short-range corrections to the

Coulomb interaction [99, 100, 101, 102, 103, 104, 105]. Here we adopt a two-

parameter phenomenological model motivated by crystal momentum conserva-

tion and by the expectation that corrections to the Coulomb interaction are sig-

nificant only at distances shorter than a magnetic length [105] lB =
√
~c/eB⊥.

(B⊥ is the magnetic field component perpendicular to the graphene plane.) We

demonstrate that along a line in this parameter space SU(4) symmetry is re-

duced only to a SO(5) subgroup. We take interaction-driven quantum Hall

states at ν = 0 as an example to illustrate the physical manifestation of the

SO(5) symmetry. We explicitly derive a low-energy theory at ν = 0 that is

able to account simultaneously for Néel antiferromagnetism and Kekulé lattice-

distortion order and study collective excitations. The exact SO(5) symmetry

we have identified in the quantum Hall regime of graphene is analogous to the

approximate symmetry conjectured in some models of high-Tc superconduc-

tivity [106]. Our work demonstrates that an enlarged symmetry like SO(5)
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can indeed be exactly realized in a realistic microscopic Hamiltonian. In the

following, we start with a systematic analysis of Hamiltonian symmetries and

then use both exact-diagonalization and low-energy effective models at ν = 0

to identify some symmetry-related properties.

4.1 Hamiltonian symmetries

When projected to the N = 0 Landau level (LL) the graphene Hamil-

tonian is
H =HC +Hv +HZ,

HC =
1

2

∑
i 6=j

e2

ε|~ri − ~rj|
,

Hv =
1

2

∑
i 6=j

(
gzτ

i
zτ

j
z + g⊥(τ ixτ

j
x + τ iyτ

j
y )
)
δ(~ri − ~rj),

HZ = − εZ
∑
i

σiz.

(4.1)

In Eq. (4.1)HC is the valley-independent Coulomb interaction, ε is an environment-

dependent effective dielectric constant, Hv is the short-range valley-dependent

interaction, τα(α = x, y, z) are Pauli matrices which act in valley space, HZ

is the Zeeman energy [86], εZ = µBB where µB is the Bohr magneton and B

is the total magnetic field strength, and σα are Pauli matrices which act in

spin space. Note that B can have components both perpendicular and parallel

to the graphene plane and that we have chosen the ẑ direction in spin-space

to be aligned with B. The form used for Hv in Eq. (4.1) was proposed by

Kharitonov [105, 107].

The short-range interaction coupling constants gz,⊥/l
2
B are estimated
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to be ∼ a0/lB times the Coulomb energy scale e2/εlB, where a0 ∼ 0.01lB

is the lattice constant of graphene. They are therefore weak and physically

relevant mainly when they lift low-energy Coulomb-only model degeneracies.

For later notational convenience we define the energy scales uz,⊥ = gz,⊥/(2πl
2
B).

The Coulomb interaction HC in Eq. (4.1) commutes with the fifteen SU(4)

transformation generators which can be chosen as follows :

Sα =
1

2

∑
i

σiα, Tα =
1

2

∑
i

τ iα,

Nα =
1

2

∑
i

τ izσ
i
α, Πβ

α =
1

2

∑
i

τ iβσ
i
α,

(4.2)

where the indices α = x, y, z and β = x, y. Sα and Tα are respectively the

total spin and valley pseudospin. Due to the equivalence between valley and

sublattice degrees of freedom in theN = 0 LL of graphene, Nα can be identified

as a Néel vector. The physical meaning of the six Πβ
α operators is discussed

below.

SU(4) symmetry is broken by the valley-dependent short range in-

teractions. At a generic point in the (gz, g⊥) plane, Hv breaks the SU(4)

symmetry down to SU(2)s×U(1)v with the U(1)v symmetry corresponding to

conservation of the valley polarization Tz and the SU(2)s symmetry corre-

sponding to global spin-rotational invariance. Two high-symmetry lines in

the (gz, g⊥) parameter space are evident : (1) for g⊥ = 0 the system is in-

variant under separate spin-rotations in each valley yielding symmetry group

SU(2)Ks ×SU(2)K
′

s ×U(1)v and (2) for g⊥ = gz there is a full rotational symme-

try in valley space yielding symmetry group SU(2)s×SU(2)v.
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We have discovered that there is even higher symmetry along the g⊥ =

−gz line where the generic SU(2)s×U(1)v symmetry is enlarged to SO(5).

Along this line the Hamiltonian commutes with ten (~S, Tz, and the six Π

operators) of the fifteen SU(4) generators identified in Eq. (4.2). The other

five (Tx,y, Nx,y,z) SU(4) generators form a a natural order-parameter vector

space on which the SO(5) group acts. As illustrated schematically in Fig. 4.1,

spin operators ~S generate rotations in the Néel vector space ~N , Tz generates

rotations in the valley XY vector space Tx,y, and the Π operators generate

rotations that connect these two spaces.

To prove the SO(5) symmetry, we briefly review how SO(5) arises nat-

urally as a subgroup of SU(4). The fifteen generators of SU(4) can be chosen

to be the Pauli matrices in spin and valley space and their direct products:

{σα, τβ, σατβ}. The Clifford algebra, {γµ, γν} = 2δµν , is realized by a subset of

these generators, namely the 4x4 γ matrices, which can be chosen as:

γ1 = τx, γ2 = τzσx, γ3 = τzσy, γ4 = τzσz, γ5 = τy. (4.3)

SO(5) can be shown to be generated by the commutators of these γ

matrices: [γµ, γν ]. More specifically, we have the following ten generators of

SO(5):

γab = − i
2

[γa, γb] (4.4)
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which can be thought of as a 5×5 antisymmetric tensor :

γab =


0

τyσx 0
τyσy −σz 0
τyσz σy −σx 0
−τz τxσx τxσy τxσz 0

 . (4.5)

These matrices satisfy the following commutation relations :

[γab, γcd] = 2i(δacγbd + δbdγac − δadγbc − δbcγad), (4.6)

[γab, γc] = 2i(δacγb − δbcγa). (4.7)

Eq. (4.6) shows that the ten independent γab matrices obey a set of closed

commutation relations, which is the SO(5) Lie algebra. Additionally according

to Eq. (4.6) and (4.7), when the group is viewed as acting on γab and γa by

matrix conjugation, we have respectively a tensor and a vector representation

of SO(5) [108].

From among the fifteen generators of SU(4) group, the spin operator Sα,

the valley polarization operator Tz and the Πβ
α operators are the ten generators

of the SO(5) group. Sα and Tz automatically commute with Hv for any values

of gz and g⊥. Thus, SO(5) will be a symmetry group if the six Πβ
α operators

also commute with Hv. To simplify the calculation of these commutators, we

define the Π ladder operators :

Πλ
λ′ =

∑
i

τ iλσ
i
λ′ ,Π

λ
z =

∑
i

τ iλσ
i
z, (4.8)

where λ and λ′ can be + or −. τ± = (τx± iτy)/2 are ladder operators in valley

space, and the spin ladder operators σ± are similarly defined. We work out
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the commutator
[
Π+

+, Hv

]
in detail below :[

Π+
+, Hv

]
= 2

∑
i 6=j

(
− gzτ jz τ i+σi+ + g⊥τ

j
+τ

i
zσ

i
+

)
δ(~ri − ~rj)

= 2τ vvz Dp1p2p3p4

(
− gzc†p1K↑c

†
p2vs

cp3vscp4K′↓ + g⊥c
†
p1v↑c

†
p2Ks

cp3K′scp4v↓
)

= 2 (gz + g⊥)Dp1p2p3p4

(
c†p1K↑c

†
p2K′↑cp3K′↑cp4K′↓ + c†p1K↑c

†
p2K↓cp3K′↓cp4K↓

)
.

(4.9)

The second line of Eq. (4.9) is the Landau gauge second quantized form of the

first line. c†pvs (cpvs) is an electron creation (annihilation) operator, p denotes

the orbital index within the N = 0 Landau level, v = K,K ′ labels valley, and

s =↑, ↓ labels spin. Dp1p2p3p4 is the orbital two-particle matrix element for the

δ function interaction :

Dp1p2p3p4 =

∫ ∫
d~r1d~r2 φ

∗
p1

(~r1)φ∗p2(~r2)δ(~r1 − ~r2)φp3(~r2)φp4(~r1)

=

∫
d~r φ∗p1(~r)φ

∗
p2

(~r)φp3(~r)φp4(~r),

(4.10)

where φp(~r) is the wave function for orbital p. In the simplification leading to

the last line of Eq. (4.9), we used (1) fermion anticommutation relations, and

(2) the identity Dp1p2p3p4 = Dp1p2p4p3 , which is a special property of δ function

interaction. Eq. (4.9) shows that
[
Π+

+, Hv

]
= 0 at gz + g⊥ = 0. In a similar

fashion, it can be shown that the other Π operators also commute with Hv at

gz+g⊥ = 0. Thus, Hv has exact SO(5) symmetry for gz+g⊥ = 0 independent of

filling factors. The symmetry follows from the short-range nature of the valley-

symmetry breaking interaction combined with the Pauli exclusion principle for

electrons. Note that in Eq.(4.9), we did not make use of the explicit form of the

wave function φp(~r). The same Hamiltonian in Eq.(4.1) has also been used
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Figure 4.1: Schematic illustration of the five component (Tx,y, Nx,y,z) order
parameter space, and of rotations in this vector space produced by the SO(5)
generators.

to describe physics in N = 0 LL of bilayer graphene(BLG)[109, 110, 111].

There is a similar equivalence among valley, sublattice and layer degrees of

freedom within N = 0 LL in BLG. The main difference is that N = 0 LL

in BLG contains both n = 0 and n = 1 magnetic oscillator states. Since

the SO(5) symmetry identified for Hamiltonian in Eq.(4.1) is independent of

single-particle wave function basis, it can also be applied to the case of BLG.

When the Zeeman term is added to the Hamiltonian the spin-symmetry

is limited to invariance under rotations about the direction of the magnetic

field. The symmetry groups of HC +Hv and H and the corresponding gener-

ators are listed in Table 4.1.

As we will demonstrate, the SO(5) symmetry is spontaneously broken
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Table 4.1: Expanded symmetries along high-symmetry lines in the (gz, g⊥)
plane. At a generic point in the (gz, g⊥) plane HC + Hv has SU(2)s×U(1)v

symmetry and H = HC +Hv +HZ has U(1)s×U(1)v symmetry.
Symmetry of HC +Hv generators Symmetry of H generators

g⊥ = 0 SU(2)Ks ×SU(2)K
′

s ×U(1)v Sα, Nα, Tz U(1)Ks ×U(1)K
′

s ×U(1)v Sz, Nz, Tz
g⊥ = gz SU(2)s×SU(2)v Sα, Tα U(1)s×SU(2)v Sz, Tα
g⊥ + gz = 0 SO(5) Sα, Tz, Πx

α, Πy
α U(1)s×SU(2) Sz, Tz, Πx

z , Πy
z

when it is exact. Provided that the Zeeman and short-range interaction terms

which explicitly breaks SO(5) symmetry is not too strong, the (Tx,y, Nx,y,z)

vectors can be used to construct a useful Ginzburg-Landau model or quantum

effective-field theory. The Néel vector components of the order parameter

characterize the AF part of the order, while the valley XY components capture

the KD [105, 103] part of the order. The SO(5) symmetry demonstrates that

states which appear quite different at a first glance are close in energy and

that they can be continuously transformed into one another by appropriate

rotations in the SO(5) order parameter space. The 5D vector (Tx,y, Nx,y,z)

identified here provides a concrete example for the 56 possible quintuplets

proposed in graphene [112, 113]. Although we focus here mainly on monolayer

graphene, a similar symmetry analysis applies to the N = 0 LL in bilayer

graphene [109, 110, 111].

4.2 Exact diagonalization

We have performed exact diagonalization (ED) studies for the Hamil-

tonian specified in Eq. (4.1) acting in a ν = 0 torus-geometry Hilbert space

with up to Nφ = 8 orbitals per flavor. When only Coulomb interactions are
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included, we verify that the ground state is a single Slater determinant with

two occupied and two empty flavors [92]. We specify the ratio of gz to g⊥ by

the angle θg = tan−1(gz/g⊥) and fix the valley-dependent interaction strength

g/l2B =
√
g2
⊥ + g2

z/l
2
B at 0.01e2/(εlB). Because gNφ/l

2
B is small compared to

the Coulomb model charge-neutral energy gap that separates the ground state

multiplet from the first excited multiplet at zero momentum, the role of the

valley-dependent interactions is simply to lift the Coulomb model degeneracy

and split the corresponding SU(4) ground state multiplet. Over the angle

ranges θg ∈ [−π/4, π/2] and θg ∈ [5π/4, 7π/4] the exact ground states of

HC +Hv are single-Slater determinants, with F and CDW order respectively.

For other values of θg valley-dependent interactions are non-trivial.

Fig. 4.2 illustrates the θg-dependence of the Hamiltonian spectrum for

Ne = 16 electrons in N = 0 Landau levels with Nφ = 8 over the θg ∈

[π/2, 5π/4] interval. Fig. 4.2(a) plots ground state energies in various (Sz, Tz)

sectors and demonstrates that the overall ground state has total valley po-

larization Tz = 0 and total spin S = 0 at all θg values in this range. Note

that the dependence of energy on Tz is suppressed as the CDW state is ap-

proached (θg → 5π/4) and that the dependence of energy on S is suppressed

as the F state is approached (θg → π/2). Fig. 4.2(b) illustrates how the

Tz = 0 sector of the SU(4) Coulomb ground-state multiplet is split by Hv.

Since Hv preserves SU(2)s spin symmetry, all energies in Fig. 4.2(a,b) occur in

SU(2)s multiplets. At θg = 3π/4 eigenvalues with different values of S merge

to form SO(5) multiplets, each forming an irreducible representation of the
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Figure 4.2: Low-energy spectrum on the torus geometry for zero total momen-
tum, filling factor ν = 0, and orbital Landau level degeneracy Nφ = 8 as a
function of θg in the range [π/2, 5π/4]. Ev is defined as the difference between
the eigenvalues of HC + Hv and the Coulomb-only ground state energy. All
plotted eigenvalues are degenerate in the absence of Hv. (a) Ground state
energies in a series of (Tz, S) sectors. The solid lines show the lowest Tz = 0
energies for different total spin S values. Similarly, the dashed lines show the
lowest spin singlet (S = 0) energies in different Tz sectors. The ground state
has S = 0 and Tz = 0 throughout the plotted θg range. The inset shows
the mean-field phase diagram over the full θg range from Ref. [105]. (b) Low-
energy states in the Tz = 0 sector for a series of total spin S quantum numbers.
Note that at θg = 3π/4 states with different S values are degenerate because
of the hidden SO(5) symmetry.

72



SO(5) group. A geometric representation of the SO(5) multiplet structure is

provided in Fig. 4.3 All eigenstates have a definite value of the SO(5) Casimir

operator [114] Γ2 = S2 + T 2
z + Π2 = l(l + 3), with integer l = 0, 1...Nφ. The

low-energy spectrum at θg = 3π/4 is accurately fit by the following equation :

Heff
v (θg =

3π

4
) = uz

( 2Γ2

Nφ + 1
− Nφ(Nφ + 5)

Nφ + 1

)
, (4.11)

implying that the ground state, |G(3π/4)〉, is a SO(5) singlet with Γ2 = 0. It

follows that the 5D order parameter vector (Tx,y, Nx,y,z) is maximally polar-

ized :

〈T 2
x + T 2

y +N2〉3π/4 = 〈C4 − Γ2〉3π/4 = 〈C4〉3π/4 ≈ C∗4 , (4.12)

where 〈· · · 〉3π/4 denotes expectation values in the ground state |G(3π/4)〉 and

C∗4 = Nφ(Nφ+4) is the value of the SU(4) Casimir operator C4 in the Coulomb

model SU(4) multiplet. The approximation leading to C∗4 in Eq. (4.12) is

validated by numerical calculation, and also follows from the argument that

|G(3π/4)〉 is adiabatically connected to a state in the SU(4) multiplet. Because

|G(3π/4)〉 does not break SO(5) symmetry, 〈N2
α〉3π/4 = 〈T 2

β 〉3π/4 ≈ C∗4/5 with

α = x, y, z and β = x, y.

Eq. (4.11) predicts that in the thermodynamic limit Nφ → ∞, small l

multiplets will approach degeneracy. By making an analogy with the quantum

rotor model, we can see that this property signals spontaneous SO(5) symme-

try breaking. The energy in Eq. (4.11) can be interpreted as the kinetic energy

of a generalized rotor model in the 5D (Tx,y, Nx,y,z) space with the SO(5) gen-

erators playing the role of angular momenta. In the thermodynamic limit
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Figure 4.3: Geometric representation of SU(4) multiplet structures. (a) The
octahedron in (Sz, Nz, Tz) space represents the SU(4) multiplet structure of
Coulomb ground states at ν = 0. (b) A Tz-constant plane in the octahedron
displayed for Tz = Nφ−4 reached by applying lowering operators to the CDW
state with Tz = Nφ. The size of the symbols indicates the degeneracy at each
point in the (Sz, Nz) plane. (c) Multiplet structures of the first three levels of
SO(5).

Nφ →∞, the moments of inertia of the rotors diverge and it can be stuck in a

spontaneously chosen direction, resulting in symmetry breaking. The absence

of ground state level crossings along the θg = 3π/4 line in Fig. 4.2 indicates

that the crossover between AF and KD states is smooth in finite size systems.

However, the level crossings between the low-lying excited states in Fig. 4.2

signals a first order phase transition in the thermodynamic limit.
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4.3 Low-energy effective theory and Collective Modes

We derive a low-energy effective field theory for ν = 0 quantum Hall

states by constructing the Lagrangian,

L = 〈ψ|i∂t −H|ψ〉 =

∫
d2r

2πl2B

[
B−H

]
, (4.13)

where |ψ〉 is a Slater-determinant state in which two orthogonal occupied

spinors χ1,2 are allowed to vary slowly in space and time. This approach has

been employed in Refs.[115, 105, 116]. The Lagrangian density L = B −H

has a Berry phase part :

B = i(χ†1∂tχ1 + χ†2∂tχ2), (4.14)

and an energy density contribution :

H = l2BE0(∇P ) + Ev(P )− l2B
2
Ev(∇P ) + EZ(P ). (4.15)

where P is the local density matrix, P = χ1χ
†
1 + χ2χ

†
2 and E0(∇P ) is the

contribution from the SU(4) symmetric Coulomb interaction which is non-

zero only when P is space-dependent :

E0(P ) = ρ0Tr[∇P∇P ], (4.16)

with stiffness ρ0 =
√

2πe2/(16εlB). The next two terms are contributed by the

valley-dependent interactions :

Ev(P ) =
1

2

∑
α=x,y,z

uαξα(P ), (4.17)
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where ux,y = u⊥ = g⊥/(2πl
2
B), uz = gz/(2πl

2
B), and ξα(P ) = Tr[ταP ] Tr[ταP ]−

Tr[ταPταP ]. Ev(∇P ) is a gradient term, and has a similar expression as Ev(P ).

The last term is the Zeeman energy :

EZ(P ) = −εZ Tr[σzP ]. (4.18)

The position-dependent density matrix P has the following properties :

P † = P, TrP = 2, P 2 = P. (4.19)

It is convenient to reparametrize the state with a matrix R, where P = 1
2
(1 +

R). R is Hermitian, traceless, and R2 = 1. Thus, R can be expressed in terms

of SU(4) generators :

R =
∑
a

laγa +
∑
a>b

labγab, (4.20)

where la and lab are classical real fields. The condition R2 = 1 gives rise to

constraints on these fields. One type is normalization constraint enforcing

Tr[R2] = 4 : ∑
a

l2a +
∑
a>b

l2ab = 1, (4.21)

Another type are orthogonality constraints :

εabcdelcdle = 0, εabcdelbclde = 0, (4.22)

where εabcde is the fully antisymmetric Levi-Civita symbol in five dimensions.

The orthogonality constraint is given by Tr[R2γab] = 0 and Tr[R2γa] = 0.

The SO(5) theory of high-Tc superconductivity [106] requires a simi-

lar orthogonality constraint, which plays an essential role in predicting the
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phase transition between AF and dSC phases. There, it was proposed based

on a geometric interpretation of rotations in 5D [106], and separately based

on maximum entropy [117] considerations. In our theory, the orthogonality

constraint naturally appears because of the assumption that at each LL orbital

two spinors are occupied, i.e. that charge fluctuations are quenched. To make

the physical meaning of the fifteen fields {la, lab} transparent, we rename them

using spin and valley language :

l34,42,23 = sx,y,z, l1,5 = tx,y, l15 = tz,

l2,3,4 = nx,y,z,

l52,53,54 = πxx,y,z, l21,31,41 = πyx,y,z.

(4.23)

sα, tα and nα with α = x, y, z are respectively spin, valley and Néel fields, and

there are six π fields. The explicit form of the energy density H expressed in

terms of these classical fields is given by:

H =− u⊥ − 2εZsz + (uz + u⊥)(t2z −
∑

α=x,y,z

s2
α)

+ 2u⊥
∑
β=x,y

t2β + (u⊥ − uz)
∑

α=x,y,z

n2
α

+ l2B
[
ρz(∇tz)2 + ρ⊥

∑
β=x,y

(∇tβ)2 +
∑

α=x,y,z

ρs(∇sα)2

+ ρn(∇nα)2 + ρπ
(
(∇πxα)2 + (∇πyα)2

)]
.

(4.24)

The stiffness coefficients ρz = ρ0−(3uz+2u⊥)/4, ρ⊥ = ρ0−uz/4−u⊥, ρs = ρ0+

(uz + 2u⊥)4, ρn = ρ0 + (uz−2u⊥)/4 and ρπ = ρ0−uz/4, are dominated by the

common Coulomb contribution ρ0 =
√

2πe2/(16εlB). It is easy to check that

the energy density function H has the same symmetries as the Hamiltonian H.

The mean-field theory ground state is determined by assuming that all fields
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are static and spatially uniform. The energy competitions behind the mean-

field phase diagram previously derived by Kharitonov [105] are transparent

when Eq. (4.24) is combined with the normalization constraint
∑

α(t2α + n2
α +

s2
α + (πxα)2 + (πyα)2) = 1 In the absence of a Zeeman field the four mean field

phases are the F state (
∑
s2
α = 1), the AF state (

∑
n2
α = 1), the KD state

(t2x + t2y = 1), and the CDW state (t2z = 1). The phase boundaries between

these states, shown in the inset of Fig. 4.2(a), lie along the high symmetry

lines identified in Table 4.1.

We now concentrate on physics near uz + u⊥ = 0 where a first order

phase transition occurs between KD and AF states and the system exhibits

SO(5) symmetry. The uz+u⊥ = 0 line in graphene is analogous to the Jxy = Jz

line in a XXZ spin model, along which a phase transition occurs between Ising

and XY ground states and the system exhibits expanded O(3) symmetry.

One physical manifestation of SO(5) symmetry along the transition line is the

response to an external Zeeman field, which induces a finite z direction spin

polarization sz. It follows from orthogonality constraints on the fields that

when among the ten SO(5) generators only sz has a finite expectation value,

tx,y and nz must vanish. A finite Zeeman energy therefore favors the AF state

over the KD state because the AF state can distort to a canted AF with a finite

sz and a Néel vector lying in the xy plane. A sufficiently strong Zeeman field

eventually favors the F state. Because experiments detect what appears to be

a continuous phase transition as a function of Zeeman coupling strength [95],

they suggest that the ground state in the absence of Zeeman coupling lies in
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the AF region of the phase diagram.

Close to the uz+u⊥ = 0 line, the system retains crucial SO(5) properties

in the presence of a small Zeeman term. Approximate SO(5) symmetry is

revealed in the collective mode spectra of both KD and AF states. The KD

phase spontaneously breaks the valley U(1)v symmetry. Chosing the ground

state to have valley polarization tx with a spontaneous non-zero value, we

see that infinitesimal SU(4) rotations [118] give rise to infinitesimal values of

eight fields, {ty,z, nx,y,z, πyx,y,z}, and leave the remaining six fields, {sx,y,z, πxx,y,z}

at zero. The eight dynamical fields parametrize the tangent manifold of the

mean-field ground state. By evaluating the Berry phase we find that for small

fluctuations the valley pseudospin fields ty and tz are canonically conjugate,

and that the Néel vector field nα is conjugate to πyα. The valley pseudospin

and Néel vector collective modes therefore decouple. The valley collective

mode is gapless because of the Kekulé state’s broken U(1) symmetry and has

dispersion :

ω1(KD) = 2k
√
ρ⊥(uz − u⊥ + ρzk2), (4.25)

where k is wave vector and lengths are in units of lB. The three additional

collective modes are kinetically coupled Néel-π modes and have energy :

ω2,3,4(KD) = 2
√

(|uz + u⊥|+ ρnk2)(2|u⊥|+ ρπk2). (4.26)

Note that these modes become gapless as the SO(5) symmetry line is ap-

proached and the energy cost of Néel fluctuations away from the KD state

vanishes, and that the Zeeman field does not influence collective mode ener-
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gies in the KD phase because sz is not a dynamical field. Similarly the AF

state spontaneously breaks the spin SU(2)s symmetry. When the Néel vector

is chosen to lie along the x-axis, the dynamical fields generated by infinitesimal

SU(4) rotations are {sy,z, ny,z, tx,y, πx,yx }. Evaluating the Berry phase we find

that sy is conjugate to nz and sz to ny, as in a standard antiferromagnet. The

spin-collective modes are :

ω1,2(AF) = 2k
√
ρn(2|u⊥|+ ρsk2). (4.27)

In the AF state (tx,π
y
x) and (ty,π

x
x) fluctuations form kinetically coupled con-

jugate pairs and give rise to the sublattice/π collective mode energies :

ω3,4(AF) = 2
√

(uz + u⊥ + ρ⊥k2)(uz − u⊥ + ρπk2). (4.28)

Note that all four collective modes are gapless and degenerate along the uz +

u⊥ = 0 line. The degeneracy arises from the SO(5) symmetry.

4.4 Collective Modes in the Presence of a Zeeman Field

In the presence of Zeeman field, the AF is transformed to a canted

antiferromagnetic (CAF) state in which the spin-polarizations on opposite

sublattices are not collinear. In the CAF state, the density matrix P (CAF) =

1
2
(1 + sin θsτzσx + cos θsσz) where the canting angle cos θs = εZ/|2u⊥| [105].

One of the spin wave mode remains gapless in the CAF state :

ω1(CAF) = 2
√
ρn(2|u⊥| sin2 θs + (ρn cos2 θs + ρs sin2 θs)k2)k. (4.29)
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This gapless mode corresponds to the rotation of Néel vector within the xy

plane. Another spin wave mode acquires a gap :

ω2(CAF) = 2
√

(εZ cos θs + (ρn sin2 θs + ρs cos2 θs)k2)(2|u⊥|+ ρsk2). (4.30)

The Zeeman field also modifies the dispersion of the sublattice/π modes :

ω3,4(CAF) =2
√
uz + u⊥ + εZ cos θs + (ρ⊥ sin2 θs + ρπ cos2 θs)k2

×
√
uz − u⊥ + ρπk2,

(4.31)

which remain gapped in the CAF phase and become gapless at the CAF/KD

phase boundary uz + u⊥ + εZ cos θs = 0 [105].

At the SO(5) point uz + u⊥ = 0, the gapped spin wave mode ω2(CAF)

and sublattice/π modes ω3,4(CAF) become degenerate. The degeneracy is due

to the unbroken part of the SO(5) symmetry in the presence of Zeeman field.

4.5 Discussion

In ordered systems a Landau-Ginzburg or quantum effective model

which includes a single-order parameter, for example a complex pair-amplitude

order parameter for a superconductor or a magnetization direction order pa-

rameter for a magnetic system, is often able to describe thermodynamic, fluctu-

ation, and response properties over wide ranges of temperature and experimen-

tally tunable system parameters. These theories can be powerfully predictive

even when their parameters cannot be reliably calculated from the underly-

ing microscopic physics. The naive effective-field-theory approach sometimes
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fails however. A notable example is the case of high-temperature supercon-

ductors in which experiments indicate that charge-density, spin-density, and

pair-amplitude order parameters have correlated quantum and thermal fluc-

tuations that must be treated simultaneously. Unlike the case discussed in

this study in which an N=5 component effective theory can be motivated and

its parameters estimated on the basis of microscopic physics, large-N field

theories[106, 119, 120] are typically constructed on the basis of hints from ex-

perimental data, for example from observed correlations in the temperature

and parameter dependence of the fluctuation amplitudes of different observ-

ables. In these theories, it is often difficult to be certain that all relevant

fields have been identified, and to identify constraints imposed on the fluc-

tuations of these fields by the underlying microscopic physics. As discussed

below, the remarkably simple example of ordered states in graphene quantum

Hall systems, particularly ordered states at ν = 0, suggests criteria which can

be tested experimentally to validate large-N unified theories of systems with

competing orders.

Table 4.2: Comparison between graphene and d-wave superconductor.

Parameter Kekulé-distortion state d-wave state
Order Parameter (Tx, Ty) (∆x, ∆y)
U(1) generator Tz Charge Q
External Potential Staggered potential εv Chemical potential µ

As summarized in Table 4.2, there is a close analogy between SO(5)

symmetry in the quantum Hall effect of graphene and SO(5) symmetry in
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some theories of high-Tc superconductivity (HTS) [106]. The SO(5) theory of

HTS theory unifies antiferromagnetism and d-wave superconductivity (dSC).

The analog of d-wave superconductivity in the graphene quantum Hall case

is Kekulé distortion order. The order parameters of both theories involve a

sublattice degree of freedom, the honeycomb sublattice degree-of-freedom in

the case of graphene and the sublattice degree of freedom of the magnetically

ordered state in HTS SO(5) theory case. The graphene analog of the chemical

potential µ term which tunes transitions between antiferromagnetic and d-wave

superconducting states in the HTS case, is a sublattice-staggered potential εv.

Interestingly this field is easily tunable experimentally [121, 122, 123, 124] in

the bilayer graphene case. SO(5) symmetry in HTS is conjectured to emerge

in low-energy effective theory [106], and can be exactly realized in extended

Hubbard model with artificial long-range interactions[125, 126]; however, it

never becomes exact for commonly used models like t− J or Hubbard model.

In contrast, SO(5) symmetry and its explicit symmetry breaking naturally

appear in the microscopic Hamiltonian (Eq. (4.1)) for the quantum Hall effect

in graphene at any filling factors within N = 0 LL. We note that generic

SO(5) symmetry without any fine-tuning parameters can appear in spin-3/2

ultracold femionic system[127, 128].

The SO(5) symmetry in graphene is manifested by multiplet structure

in exact diagonalization spectra, and by the appearance of soft collective modes

beyond those associated with Kekulé or antiferromagnetic order. In particular,

the antiferromagnetic state of graphene has π-operator fluctuation collective
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modes. The observation of the analogous collective modes in the antiferro-

magnetic state of high temperature superconductors would provide powerful

evidence for the applicability of an effective theory which unifies antiferromag-

netism and superconductivity only. On the other hand their absence would

likely indicate that an effective theory of this type is not adequate over a useful

range of the tunable doping-level parameter of HTSs. Similarly a recently pro-

posed alternate N=6 parameter theory[119] which unifies charge-density-wave

and d-wave superconducting order, also has implications for collective mode

structure which, if verified, would provide powerful validation.
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Chapter 5

Singlet quantum Hall states at ν = 2/3

The presence of internal degrees of freedom in the quantum Hall regime

has often provided fertile ground for the emergence of new strongly correlated

quantum liquid physics. Examples include the pioneering work of Halperin [129]

in which he constructed multicomponent generalizations of the celebrated

Laughlin states [130], the prediction of skyrmion quasiparticles [131] in sys-

tems with small Zeeman splitting, and the identification of excitonic superflu-

idity [132, 133] in bilayer systems. Multicomponent fractional quantum Hall

systems are often experimentally relevant thanks to the rich variety of two-

dimensional electron systems that possess nearly degenerate internal degrees

of freedom, for example spin [129], layer [134] and/or sub-bands [135, 136] in

GaAs quantum wells, spin and/or valley in graphene [137], anomalous addi-

tional orbital indices in the N = 0 Landau levels of few-layer graphene [138,

139, 140], valley in AlAs [141], and cyclotron and Zeeman splittings that have

been tuned to equality in ZnO [142, 143]. In monolayer and bilayer graphene

in particular, the nearly four-fold and eight-fold degenerate N = 0 Landau

levels have recently been shown to give rise to interesting examples of ground

85



states with competing orders [91, 90, 87, 93, 121, 95, 105, 96, 97, 144, 145]. 1

A diverse toolkit of theoretical approaches that can be successfully ap-

plied to understand fractional quantum Hall states has accumulated over the

nearly three decades of research. One of the most widely employed frameworks

is that of composite fermions [146, 147]. The success of the composite fermion

picture stems in part from its simplicity, since it allows fractional quantum

Hall states of electrons to be viewed as integer quantum Hall states of com-

posite fermions. An important success of the composite fermion approach is

that it provides explicit trial wavefunctions that accurately approximate the

ground states computed using exact diagonalization for the Jain sequence of

filling fractions ν = n/(2n ± 1) [146, 147]. The composite fermion picture

can be generalized to account for a multicomponent Hilbert space, and it has

been argued that it correctly captures the incompressible ground states of 4-

component systems with SU(4) invariant Coulomb interactions [148, 149, 150].

However, a detailed test of composite fermion theory in the SU(3) and SU(4)

cases has been absent.

Here we investigate possible deviation from the composite-fermion pic-

ture arising at filling fraction ν = 2/3 for three and four-component electrons

residing in the n = 0 Landau level and interacting via the Coulomb poten-

tial. Here the filling factor ν is measured from the empty zeroth Landau

1This chapter is based on the paper: Fengcheng Wu, Inti Sodemann, Allan H. MacDonald
and Thierry Jolicoeur, SU(3) and SU(4) singlet quantum Hall states at ν = 2/3, Phys. Rev.
Lett. 115, 166805 (2015). All authors in this paper contributed equally.
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level. This circumstance is relevant to the fractional quantum Hall effect in

graphene [88, 89, 90, 93], and also bilayer quantum wells [151, 152]. Employing

exact diagonalization for the torus and sphere geometries we find that SU(3)

and SU(4) singlets, in which electrons respectively occupy three and four com-

ponents equally, have lower energy than the known single-component state

and SU(2) singlet [153, 154] at the same filling factor. More specifically, we

find that on the torus the ground state for Ne = 6 electrons and NΦ = 9 flux

quanta is a SU(3) singlet, and that for Ne = 8 and NΦ = 12 the ground state

is a SU(4) singlet. There are previous exact diagonalization studies of SU(4)

Landau levels [155, 156, 148], but to our knowledge there is no previous report

of the states we describe below.

On the sphere a shift S occurs in the finite-size relationship between

flux quanta and electrons compared to the torus NΦ = ν−1Ne − S. The shift

is a quantum number that often distinguishes competing quantum Hall states

associated with the same filling factor. In particular, under space rotational

invariance, any two states that differ in their shift cannot be adiabatically

connected and would thus belong to distinct quantum Hall phases [157, 158,

159]. Our SU(3) and SU(4) singlets appear on the sphere at (NΦ, Ne)=(7, 6)

and at (NΦ, Ne)=(10, 8) respectively, corresponding to a shift S = 2 in both

cases.

For two-component electrons the composite fermion picture allows two

competing trial wavefunctions at ν = 2/3 [146, 160]. One is a fully spin

polarized state that approximates the particle-hole conjugate of the ν = 1/3
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Laughlin state. The second is a SU(2) spin singlet, constructed from the

ν = −2 integer quantum Hall ferromagnet by flux attachment [161, 146]. This

state approximates the singlet ground state of the SU(2) symmetric Coulomb

interaction [153, 154]. No new competing states are expected at ν = 2/3 upon

increasing the number of components from two to three and four. [148, 149,

150]. Our findings indicate that this expectation breaks down.

Another way to construct multicomponent wavefunctions is to follow

Halperin’s approach [129] in which one requires that the wavefunction vanishes

with power ms (md) when pairs of particles in the same (different) component

approach each other. A four-component Halperin wavefunction arises nat-

urally at ν = 2/3 with ms = 3 and md = 1: This state is not an exact

singlet because it does not satisfy Fock’s cyclic condition [146]. This alone

does not rule out this wavefunction as a legitimate trial state, because one

could still imagine it to be adiabatically connected to the exact singlet when

exact SU(4) symmetry is relaxed. However, this Halperin wavefunction has a

shift S = 3, which differs from the shift S = 2 of the SU(4) singlet discovered

numerically. Therefore, the two states can not be adiabatically connected in

a system with rotational invariance. For the three-component case there are

no multi-component Halperin wavefunctions at ν = 2/3.

88



5.1 Exact diagonalization energy spectra

We consider the Coulomb interaction Hamiltonian projected to a N = 4

component n = 0 Landau level(LL):

H =
1

2

∑
i 6=j

e2

ε|~ri − ~rj|
. (5.1)

Because the Coulomb interaction is independent of flavors, the Hamiltonian is

SU(4) invariant. Since SU(3) is a subgroup of SU(4), the SU(3) spectrum

is embedded in the current problem. Below we use the magnetic length

lB =
√

~c/eB and the Coulomb energy e2/εlB as length and energy units.

Eigenstates of H may be grouped into SU(4) multiplets. Within a multiplet,

states are connected to each other by SU(4) transformations. A multiplet can

be labeled by its highest weight state (N1N2N3N4) [108]. Here N1, . . . , N4 are

the number of electrons in each component with N1 ≥ N2 ≥ N3 ≥ N4. A

SU(n) singlet (n ≥ 2) has a highest weight given by N1 = ... = Nn and Ni = 0

for i > n, and is invariant under the SU(n) transformation within the occupied

components.

By applying periodic boundary conditions on a torus, magnetic transla-

tional symmetry can be used to classify many-body states [162]. Fig. 5.1 shows

energy as a function of momentum at filling factor ν = 2/3. In Fig. 5.1(a), NΦ

and Ne are respectively 9 and 6, and the ground state is a SU(3) singlet that

has zero momentum, implying that it is a translationally invariant quantum

fluid state. The first excited state at zero momentum is the well-known SU(2)

singlet [153, 154] described in the introduction. The third excited state at
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Figure 5.1: Eigenenergies per electron on the torus as a function of momentum
at filling factor ν = 2/3 for Ne = 2NΦ/3 = 6 (a), and Ne = 2NΦ/3 = 8
(b). The (N1N2N3N4) labels specify the highest weight of selected multiplets.
These results are for torus aspect ratio equal to one. We find that the low-
energy spectrum is robust against aspect ratio variations.

zero momentum is the single-component particle-hole conjugate state of the

ν = 1/3 Laughlin state.

In Fig. 5.1(b), NΦ and Ne are increased to 12 and 8 respectively, and

the ground state is a SU(4) singlet at zero momentum. The first and second

excited states at zero momentum, labeled by (3320) and (4400), are very close

in energy. The particle-hole conjugate of the ν = 1/3 Laughlin state has a

higher energy and is buried deep in the continuum.

To determine the shift S of the ν = 2/3 singlets on the sphere, we vary
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Figure 5.2: Ground state energy as a function of NΦ on the sphere for Ne = 6
(a), and Ne = 8 (b). The filling factors assignments are based on comparisons
between torus and sphere spectra.

NΦ while keeping Ne fixed. Fig. 5.2 shows the ground state energy on the

sphere as a function of NΦ at Ne = 6 (Fig. 5.2(a)) and Ne = 8 (Fig. 5.2(b)).

For Ne = 6 (Fig. 5.2(a)), the ground state at NΦ = 8 is a SU(2) singlet, which

is the composite-fermion singlet with ν = 2/3 and S = 1. At NΦ = 7, the

ground state is our new SU(3) singlet at ν = 2/3 with S = 2. Note that

a SU(3) singlet also appears at NΦ = 9, which we identify as a composite-

fermion SU(3) singlet with ν = 3/5 and S = 1. The analysis of Fig. 5.2(b) is

similar. We identify the SU(4) singlet at Ne = 8 and NΦ = 10 to ν = 2/3 with

shift S = 2.
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In Table 5.1, we compare the Coulomb energies between the SU(3) and

SU(4) singlets and the SU(2)singlet at ν = 2/3. A direct energy comparison

between these two new singlets is not available because we could not reach

the system size Ne = 12 at which SU(3) and SU(4) singlets would compete.

In graphene Zeeman energy favors the SU(2) singlet which can have full spin

polarization. Ideally, one would observe a transition from the new singlet

states discovered here as the magnetic field is increased. The absence of an

apparent transition in current experiments [93] might be explained by screen-

ing [163, 164] and Landau level mixing effects [165, 166] which tend to weaken

effective interaction strengths, reducing the critical fields to values where it is

challenging to observe the fractional quantum Hall effect.

The largest system size we have attempted is on a torus with Ne =

2NΦ/3 = 10. For this number of electrons it is impossible to construct exact

SU(3) or SU(4) singlets. We restricted the numerical calculation to 3-fold

degenerate LLs, and found that a multiplet labeled by (4420) has a lower

energy than the SU(2) singlet. This adds to evidence that the ν = 2/3 SU(2)

singlet predicted by composite fermion theory is not the ground state in LLs

with more than two components. We hope that future studies will be able to

extend our study to larger system sizes.

5.2 Pair Correlation functions

We now discuss the spatial correlation functions that describe the prob-

ability of finding two electrons at certain distance from each other. We have
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Table 5.1: Energy difference per electron between SU(3) or SU(4) and SU(2)
singlet states on a torus at ν = 2/3. ∆EC is the energy difference for pure
Coulomb interaction. ∆EZ is the Zeeman coupling energy difference between
states in graphene with a g−factor of 2. µB is the Bohr magneton. For
comparison, [µBB]/[e2/(εlB)] = 10−3ε

√
B[T ]. The critical field Bc is obtained

by setting ∆EC + ∆EZ to 0.
∆EC/Ne[e

2/(εlB)] ∆EZ/Ne[µBB] Bc[T ]
(2220),(3300) −2.7203× 10−3 2/3 16.65/ε2

(2222),(4400) −2.3015× 10−3 1 5.30/ε2

found that our new SU(3) and SU(4) singlets have similar short-distance cor-

relations to the conventional SU(2) singlet and single component state at

ν = 2/3, and the long-distance correlations are different. The flavor-dependent

spatial correlation function gαβ(~r) is defined by

gαβ(~r) =
A

NαNβ

∑
i 6=j

δ(~ri − ~rj − ~r)
(
|χα〉〈χα|

)
i

(
|χβ〉〈χβ|

)
j
, (5.2)

where A is the area of the 2D system, and Nα is the number of electrons in

flavor state |χα〉.

Figs. 5.3(a) and (b) plot gαβ(~r) of ν = 2/3 states along the diagonal line

of the torus, i.e. along rx = ry. As required by the Pauli exclusion principle,

g11(r) vanishes as r → 0. It turns out that g12(r) is very small, but not exactly

zero, at r = 0 for the singlets. In graphene, SU(4) symmetry is weakly broken

by short-range interactions that arise from lattice-scale Coulomb interactions

and electron-phonon interactions. The short-range interactions are typically

modeled by a δ−function potential [105]. Since the probability for two elec-

trons to spatially overlap is small in these ν = 2/3 singlets, the short-range

interactions should have an negligible effect on these states [96, 97, 144].
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At small electron separation, g11(r) is similar in all singlet states, and

likewise g12(r), with g12(r) smaller than g11(r) as shown in Fig. 5.3(a) and

(b). We note that the four-component Halperin wavefunction with ms = 3

and md = 1 has the opposite behavior, i.e. g12(r) > g11(r) for small r. This

is another distinct feature between the Halperin wavefunction and the exact

SU(4) singlet, besides the difference in the shift.

The similarities between the pair correlation functions of different sin-

glet states at small r do not extend to larger distances. For the SU(2) sin-

glet, g11(~r) reaches a maximum at the maximum particle separation, while

g12(~r) reaches its maximum closer. The opposite behavior applies for SU(3)

and SU(4) singlets at the system sizes we are able to study, as illustrated in

Fig. 5.3.

To get a deeper understanding of the small r behavior of gαβ(~r), we

consider the relative-angular-momentum (RAM) correlation function Lαβ(m):

Lαβ(m) =
2NΦ

NαNβ

∑
i 6=j

P i,j
m

(
|χα〉〈χα|

)
i

(
|χβ〉〈χβ|

)
j
, (5.3)

where P i,j
m [146] projects electrons i and j onto a state of RAM m. Lαβ(m)

contains the same information as gαβ(~r) and can be more physically revealing:

gαβ(~r) = πl2B
∑
m

|ηm(~r)|2Lαβ(m), (5.4)

where ηm is the wave-function for a state of a RAM m [146]. At small electron
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separation r, gαβ(~r) is mainly determined by Lαβ(m) with small m,

gαβ(~r) ≈1

4
Lαβ(0) +

1

16
[Lαβ(1)− Lαβ(0)](r/lB)2

≈ 1

16
Lαβ(1)(r/lB)2.

(5.5)

The approximation in the second line of Eq. (5.5) follows from the fact that

Lαβ(0) = 4gαβ(0) is always extremely small for states we consider. Values of

Lαβ(1) are displayed in Fig. 5.3(c). Like the pair correlation functions, Lαβ(1)

has similar values in all singlet states for both α = β and α 6= β. As proved in

Section 5.3, 〈L11(1)〉s = 2〈L12(1)〉s in any singlet state. This property explains

why g12(r) is smaller than g11(r) at small r.

The energy per electron of a SU(n) singlet can be decomposed into

contributions from interactions in different angular momenta channel:

〈H/Ne〉s =
∑
m

Vm[εm(n)− (Ne − 1)/NΦ],

εm(n) =
ν

4

[
〈L12(m)〉s +

1

n
〈L11(m)− L12(m)〉s

]
,

(5.6)

where Vm is the mth Haldane pseudopotential of the Coulomb interaction[146],

and the term (Ne − 1)/NΦ takes into account the contribution from the neu-

tralizing background. For the ν = 2/3 SU(n) singlets described above, ε0(n)

is approximately zero, while ε1(n) decreases as n increases from 2 to 3 or 4.

This analysis sheds light on why SU(3) and SU(4) singlets have lower energy

than the SU(2) singlet at ν = 2/3.
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Figure 5.3: (a) and (b) Correlation function gαβ(~r) for the single-component
state and the multi-component singlets at ν = 2/3. The direction of ~r is
along the diagonal line of the torus. Solid and dashed lines distinguishes
intra-flavor and inter-flavor correlation functions. (c) RAM correlation func-
tion Lαβ(m) with m = 1. Filled and empty symbols designate intra-flavor
and inter-flavor correlation functions respectively. Note that for any singlet,
〈L11(1)〉s = 2〈L12(1)〉s.

5.3 A symmetry constraint on the correlation function
of a singlet

The second quantized form of the RAM correlation function Lαβ(m) is

Lαβ(m) =
2NΦ

NαNβ

∑
M(m)

p1p2p3p4
c†p1αc

†
p2β
cp3βcp4α, (5.7)

where c†pα (cpα) is an electron creation (annihilation) operator with p denoting

the orbital index. The matrix element M
(m)
p1p2p3p4 is

M(m)
p1p2p3p4

=

∫
d2~r1

∫
d2~r2φ

∗
p1

(~r1)φ∗p2(~r2)P 1,2
m φp3(~r2)φp4(~r1), (5.8)

where φp(~r) is the single particle wavefunction for orbital p.
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We can define a correlation function Γαβ(m) that is conjugate to Lαβ(m),

Γαβ(m) =
2NΦ

NαNβ

∑
M(m)

p1p2p3p4
c†p1αc

†
p2β
cp3αcp4β. (5.9)

The RAM projector has the property,

P 1,2
m φp3(~r2)φp4(~r1) = (−1)mP 1,2

m φp4(~r2)φp3(~r1), (5.10)

which leads to:

Γαβ(m) = (−1)m+1Lαβ(m). (5.11)

An immediate consequence is that Lαα(m) = 0 for even m, which is expected

from Pauli exclusion principle.

A SU(n) singlet state |Ψs〉 is invariant under a unitary transformation,

cpα 7→ Uαγcpγ, c
†
pα 7→ c†pγU

†
γα, (5.12)

where U is a n× n unitary matrix (n ≥ 2) that is independent of the orbital

index p. By making use of this invariance and noting that particle number in

each flavor is a good quantum number, we arrive at the following constraints:

〈Lαβ(m)〉s =
∑
γ,λ

|Uαγ|2|Uβλ|2〈Lγλ(m)〉s

+
∑
γ 6=λ

U †γαU
†
λβUβγUαλ〈Γγλ(m)〉s,

〈Γαβ(m)〉s =
∑
γ,λ

|Uαγ|2|Uβλ|2〈Γγλ(m)〉s

+
∑
γ 6=λ

U †γαU
†
λβUβγUαλ〈Lγλ(m)〉s,

(5.13)
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where 〈...〉s denotes the expectation value with respect to the singlet state

|Ψs〉. The two constraints in Eq. (5.13) are imposed by an arbitrary unitary

matrix U , and give rise to an identity,

〈L11(m)〉s = 〈L12(m)〉s + 〈Γ12(m)〉s. (5.14)

By combining Eq. (5.11) and (5.14), we can conclude that for odd m,

〈L11(m)〉s = 2〈L12(m)〉s.

5.4 Trial wavefunctions

One strategy to construct trial SU(n) singlets at ν = 2/3 is to start

from a SU(n) singlet state ψn at filling ν = n. ψn is a Slater determinant state

in which n−fold degenerate lowest LLs are fully occupied. In analogy with the

flux attachment procedure, we can multiply ψn by appropriate Jastrow-type

factors. We note that the following SU(3) and SU(4) singlet wavefunctions Ψ3

and Ψ4 have Fermi statistics, filling factor ν = 2/3 and shift S = 2:

Ψ3(ν = 2/3, S = 2) =
[
Pf
( 1

zi − zj
)
φL6/7

]
ψ3,

Ψ4(ν = 2/3, S = 2) =
[
Pf
( 1

zi − zj
)
φL4/5

]
ψ4,

(5.15)

Here zi denotes the complex coordinate of the ith electron. Pf indicates a Pfaf-

fian factor, like the one appearing in the Moore-Read wavefunction [167]. φL6/7

and φL4/5 are wavefunctions for the single-component particle-hole conjugates

of the ν = 1/7 and ν = 1/5 Laughlin states respectively. The Jastrow-type

factors, that appear in square brackets are chosen to be completely symmetric
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functions of all the particle coordinates. Because ψn have Fermi statistics and

shift S = 1, and the conjugate Laughlin states have Fermi statistics and shift

S = 0, the Pfaffian factor is required both to restore Fermi statistics and to

increase the shift by 1.

In counting the filling factor and shift, we have used the rule that

shifts and inverse of filling factors of holomorphic functions are additive under

wavefunction multiplication:

F (ν, S) = F1(ν1, S1)F2(ν2, S2),

ν−1 = ν−1
1 + ν−1

2 , S = S1 + S2,
(5.16)

where F (ν, S) is a wavefunction with filling factor ν and shift S.

Since (zi−zj) is a factor of φL6/7 and φL4/5 due to the antisymmetrization

property, the Pfaffian factor does not lead to divergences in the trial wavefunc-

tions. However, these Jastrow factors do not vanish in the limit (zi− zj)→ 0.

This implies that the full wavefunctions, Ψ3 and Ψ4, do not vanish when pairs

of particles of different flavors approach each other. This appears to be in

conflict with the qualitative behavior displayed by the pair correlations of the

states found in exact diagonalization, depicted in Fig. 5.3. Fully satisfactory

trial wave functions remain to be constructed.

5.5 ν = p/3 states in 4-fold degenerate Landau levels

Finally we discuss ν = p/3 states with p=1, 4 and 5 based on exact

diagonalization (ED) study on torus. The particle-hole symmetry in 4-fold
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degenerate LLs provides a one-to-one mapping between eigenstates at filling

factor ν and those at 4− ν. Therefore, we can focus on ν ≤ 2 states.

At ν = 1/3, we performed an ED study with NΦ up to 15 and the

ground state multiplet is represented by a single-component state, for which

the 1/3 Laughlin state is a good approximation.

Before discussing ν = 4/3 and 5/3 states, we recall two useful mappings

studied in Ref. [97], which generates states at ν ′ ∈ [1, 2] from seed states

at ν ∈ [0, 1]. Mapping-I is the particle-hole conjugation restricted to two-

components,

(N1N200), ν 7→ ((NΦ −N1)(NΦ −N2)00), 2− ν;

E2−ν = Eν + 2(1− ν)E1,
(5.17)

where Eν and E2−ν are the Coulomb energies per flux quantum and E1 =

−
√
π/8e2/(εlB). Mapping-II attaches a fully occupied LL to a seed wavefunc-

tion with three components or less,

(N1N2N30), ν 7→ (NΦN1N2N3), 1 + ν;

E1+ν = Eν + E1.
(5.18)

At ν = 4/3, ED on torus with NΦ of 6 and 9 shows that the ground

state multiplet is represented by a SU(2) singlet (2NΦ/3, 2NΦ/3, 0, 0), which

can be generated from the SU(2) singlet at ν = 2/3 by Mapping-I.

At ν = 5/3, the ground state multiplet with NΦ = 9 is represented by

(9222), which is connected to (2220) state at ν = 2/3 through Mapping-II. We

are not able to perform ED for every sector in the Hilbert space when NΦ is
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increased to 12 or 15. However, we can still make the following two predictions

based on ED results at ν = 2/3 and Mapping-II. One prediction is that (12, 3,

3, 2) has very similar energy as (12, 4, 4, 0) for NΦ = 12. Another one is that

(15, 4, 4, 2) has a lower energy compared to (15, 5, 5, 0) for NΦ = 15. These

finite-size results tend to suggest that (NΦ, NΦ/3, NΦ/3, 0) is not the ground

state at ν = 5/3 in SU(4) LLs.
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[149] C. Tőke and J. K. Jain, J. Phys.: Condens. Matter. 24, 235601 (2012).
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