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The exact relation τ = ~/Γ between the width Γ of a resonance and the lifetime

τ for a decay of this resonance could not be obtained in the conventional quantum

theory based on the Hilbert space as well as on the Schwartz space in which the spaces

of the states and of the observables are described by the same space. Furthermore,

both dynamical evolution of the states (in Schrödinger picture) and observables (in

Heisenberg picture) are symmetrically in time, given by an unitary group with time

extending over −∞ < t < +∞. This time symmetric evolution is a mathemati-

cal consequence of Von Neumann theorem for the dynamical differential equations,

Schrödinger equation for the state or Heisenberg equation for the observable, under

either the Hilbert space or Schwartz space boundary condition. However, this unitary

group evolution violates causality. In order to get a quantum theory in which the

exact relation and causality are obtained, one has to replace the Hilbert space or the

Schwartz space boundary condition by a new boundary condition based on the Hardy

space axioms in which the space of the states and the space of the observables are

described by two distinguishable Hardy spaces. As a consequence of the new Hardy

space axiom, one obtains, instead of the time symmetric evolution for the states and

the observables, time asymmetrical evolutions for the states and observables which

are described by two semi-groups. The time asymmetrical evolution predicts an finite

beginning of time t0(= 0) for quantum system which can be experimental observed

by directly measuring the lifetime of the decaying state as the beginning of time of

the ensemble in scattering experiments. A resonance obeying the exponential time

evolution can then be described by a Gamow vector, which is defined as superposition

of the exact out-plane wave states with exact Breit-Wigner energy distribution.

v



Contents

Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

Chapter One: Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

Chapter Two: Time symmetric Quantum Mechanics . . . . . . . . . . . . . . 4

The Hilbert Space Boundary Condition . . . . . . . . . . . . . . . . . . . . 4

The Schwartz Space Boundary Conditions and Dirac Formalism . . . . . . 8

Causality Condition for Quantum Mechanics . . . . . . . . . . . . . . . . . 14

Chapter Three: Non-relativistic Time Asymmetric Quantum Mechanics . . . . 16

Resonances and Decaying states in Scattering Experiments and Boundary

Condition Beyond the Hilbert or Schwartz Space . . . . . . . . . . . . 16

In-states and Out-observables in Quantum Mechanics . . . . . . . . . . . . 18

The Hardy Space Boundary Condition . . . . . . . . . . . . . . . . . . . . 24

Decaying States, Gamow Vector and Growing States in The Scattering Phe-

nomenon . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

Non-Relativistic Time Asymmetric Evolution . . . . . . . . . . . . . . . . 43

Chapter Four: Relativistic Time Asymmetric Quantum Mechanics . . . . . . . 48
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Chapter One: Introduction

Resonance and decaying state phenomena have been studied for a long time in scat-

tering experiments. Although resonances and decaying states are studied in two

difference processes, resonances in the scattering process and decaying states in the

decay process, they are believed to be two aspects of the same phenomenon. It means

that the lifetime of the decaying state is mathematically inverse width of the reso-

nance. This belief came first in non-relativistic scattering theory [1] using the Hilbert

space axiom for which an approximate relation between lifetime of the decaying state

and the width of resonance was obtained. Khalfin [2] showed that in the standard

quantum theory based on Hilbert space axiom, there exists no vector with the expo-

nential time evolution, i.e. it is impossible to obtain the exact relation between the

width of the resonance and the lifetime of the decaying state in the quantum theory

using the Hilbert space axiom. Such a vector, called Gamow vector, with an expo-

nential time evolution property was introduced by Gamow [3]. However, the Gamow

vector has not been favored by physicists since there are no complex eigenvalues for

a self-adjoint Hamiltonian of physical system in the conventional quantum physics.

In a scattering experiment, for example, the preparation consists of the accelera-

tion and the collimation of the projectile, which interacts with the target and then

perhaps forming a resonance. The registration consists of the detection of scattered

particles, e.g. the decay products of the resonance which decays into different chan-

nels. To distinguish what is prepared in the preparation process from what is detected

in the registration process, one experimentally defines: state for what is prepared and

observable for what is detected or registered by a detector. Despite this experimental

distinction between prepared state and detected observable, conventional quantum

mechanics based on the Hilbert space does usually not distinguish in the mathemat-

ical description between space of states and spaces of observables. Mathematically,

it means that any vector in the Hilbert Space can either represent a state or an

observable.

In contrast to the mathematical description of states and observables in conven-

tional quantum theory, experimentally, an observable is defined by a registration

apparatus, e.g. a detector or counter, and a state is defined by a preparation appa-
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ratus, e.g. an accelerator. Thus, observables and states are experimentally different

physical concepts. Therefore, they should be distinguished in their mathematical de-

scriptions.In other words, the set of observables and the set of states can not be the

same Hilbert space. They could came from different subspaces of the Hilbert space

which could even be dense in the same Hilbert space.

The time evolution of the solutions of the dynamical equations , Schrödinger equa-

tion for the state in the Schrödinger picture or Heisenberg equation for the observable

in the Heisenberg picture, extends over −∞ < t < ∞ which is discussed in Chapter

2. This time-symmetric evolution is a result of the famous mathematical theorem,

Stone-von Neumann theorem [4], for the Hilbert space. The time-symmetric evolu-

tion of the observable (in the Heisenberg picture) or the state (in the Schrödinger

picture) leads to the result, that the Born probability to detect the observable in the

state exists for all time, −∞ < t < ∞. This means that the detector can detect

the observable, e.g, products of decay, for all the time, even before the apparatus are

turned on, e.g, an accelerator in the scattering experiment. This is in contrast to the

causality condition for the scattering experiment since the detector can not detect

anything until the experiment is prepared and the apparatus are turned on.

In order to obtain the unified theory of resonances and decaying states, one has

to modify the Hilbert space and also the Schwartz space boundary condition for

the space of the states and the space of the observables, and use a new boundary

condition, called Hardy space axioms, which distinguishes between the space of the

states and the space of the observables [5]. The space of states and of observables are

mathematically described by two different Hardy spaces, Hardy space of the lower

and of the upper complex energy plane on second sheet of the S-matrix, respectively.

The result of the Hardy space axioms is that, we can get an exact relation between the

width of the resonance and the lifetime of corresponding decaying state. Furthermore,

we predicts that the probability to detect an observable in a state exists only after a

finite time, beginning of time, t0(= 0) at which the state has been prepared.

We will derive that the dynamical evolution for the state and for the observable

are not described by time-symmetric group evolution, but by time-asymmetric semi-

group evolution under the Hardy space boundary condition in non-relativistic regime

in Chapter 3 and in relativistic regime in Chapter 4. Mathematically, instead of ex-

tending over −∞ < t < +∞ in time-symmetric group evolution, the time parameter

just extends over t0(= 0) ≤ t < +∞ for the state and over −∞ < t ≤ t0(= 0) for the
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observable in non-relativistic regime, respectively. In relativistic regime, the states

and the observables can be represented by the two different semi-groups, one is the

forward light cone semi-group for the observables and another is the backward light

cone semi-group for the states.

The resonance corresponding to the decaying state in the scattering process can

be represented as the Gamow state (or vectors) which is associated with a first-order

pole of the S-matrix located in second sheet of Riemann surface. This Gamow vector

is defined as continuous linear superposition of the exact out-plane waves of the exact

Hamiltonian with the exact Breit-Wigner energy distribution which energy spectrum

is over the whole energy values −∞ < E < +∞. The dynamical evolution of the

Gamow state is also governed as same as the time-asymmetric semi-group for the

state. In chapter 5, we will discuss about the beginning of time in the Rigged Hilbert

space formalism and how they can observed in the experiment. The observation of

beginning of time t0(= 0) has been experimentally observed as beginning of time of

the ensemble by directly measuring the lifetime of the decaying state represented by

a Gamow vector in quantum jump for non-relativistic regime and in the kaon physics

for relativistic regime.
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Chapter Two: Time symmetric Quantum

Mechanics

2.1 The Hilbert Space Boundary Condition

Time evolution in quantum mechanics is described in various ways, called pictures. In

the Schrödinger picture, the time evolution is described as the dynamical evolution of

the state vector φ+(t) . The differential equation is given by the Schrödinger equation

for the state vector φ+(t) :

i
∂

∂t
φ+(t) = Hφ+(t) , (2.1a)

and the observable A is chosen as time independent (A(t)=At=0 = A). The Hamilto-

nian H of the system is a self-adjoint or essentially self-adjoint operator (H† = H).

It represents the energy operator or Hamiltonian of the quantum mechanical system.

We are using the natural units in which ~ = c = 1 in the entire dissertation.

For the more complicated mixed-state, represented by the state operator ρ(t) (also

called density operator with the property ρ(t) = ρ†(t), Tr (ρ(t)) = 1) ( or density

“matrix“), the dynamical equation is given by the von-Neumann equation:

i
∂ρ(t)

∂t
= [H, ρ(t)] , (2.1b)

which yields to (2.1a) in special case that ρ(t) =|φ+(t)〉〈φ+(t) | is a pure state.

In the Heisenberg picture, the time evolution is described as the time dependence

of the observables which are represented by the (essentially self-adjoint) operator Λ(t)

( Λ† = Λ), fulfilling the Heisenberg equation:

i
∂

∂t
Λ(t) = −[H,Λ(t)] . (2.2a)

For the special case Λ(t) =|ψ−(t)〉〈ψ−(t) |, i.e. when Λ(t) is represented by the vector

up to a phase, the time evolution of the Heisenberg equation for this observable vector

ψ−(t) is:

i
∂

∂t
ψ−(t) = −Hψ−(t) . (2.2b)
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The label + for the state vector φ+(t) and the label − for the observable |ψ−(t)〉〈ψ−(t) |
have been chosen here such that they will agree with the standard notation of physi-

cists for the Lippmann-Schwinger kets [6]. Those notations are also used to denote the

in-state and out-observable in the time asymmetric quantum mechanics in chapter 3

and 4.

There is another picture which is called interaction picture, which is not discussed

in this dissertation. In interaction picture, both time evolutions of state and of

observable are time dependent with respect to the free Hamiltonian. The state and

observable in any these pictures can be expressed in other pictures.

The theoretical quantities that are be compared with the experimental data, are

the Born probabilities Pρ(Λ) for the observable Λ(t) in the state ρ defined by

Pρ(Λ) ≡ Tr(Λ(t)ρ) = Tr(Λρ(t)) . (2.3)

The Born probabilities (2.3) are the mathematical predictions that are compared

with the experimental data, e.g, the counting rates N(t)
N

of detector. For the simplest

case that the observable in (2.3) is Λ(t) =|ψ−(t)〉〈ψ−(t) | and the state in (2.3) is

ρ(t) =|φ+(t)〉〈φ+(t) |, the Born probabilities are given by:

Pρ(Λ(t)) ≡ Pφ+(|ψ−(t)〉〈ψ−(t) |) = Tr(|ψ−(t)〈ψ−(t) |φ+〉〈φ+ |)〉 (2.4a)

=|〈ψ−(t) |φ+〉|2 (in Heisenberg picture) (2.4b)

=|〈ψ− |φ+(t)〉|2 (in Schrödinger picture) . (2.4c)

These theoretical Born probabilities |〈ψ−(t) |φ+〉|2=|〈ψ− |φ+(t)〉|2 are calculated in

the quantum theory by solving the Schrödinger equations (2.1a) for the state φ+(t),

or by solving the Heisenberg equation (2.2b) for the observable Λ(t) =|ψ−(t)〉〈ψ−(t) |.
The calculated probabilities can then be checked by comparing them with the exper-

imental counting rates of detectors N(t)
N

, N =
∑
N(t). The comparison between the

calculated Born probabilities Pρ(t)(A) = Pρ(A(t)) of the theory and the experimen-

tally measured counting rates N(t)
N

of the detectors is given in the general case by:

Pρ(A)(t) = Pρ(t)(A) ' N(t)

N
, (2.5a)

and for the special case (2.4), this comparison is given by:

|〈ψ−(t) |φ+〉|2=|〈ψ− |φ+(t)〉|2 ' N(t)

N
. (2.5b)
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To solve the differential equations (2.1) and (2.2), one needs to choose a boundary

condition. The boundary condition for a differential equation specifies what kind of

state-vectors φ+ should be admitted as possible solutions of the differential equation

(2.1a), and what kind of observable-vectors ψ− should be admitted as possible solu-

tions of equation (2.2b). In other words, the boundary condition specifies what should

be the allowed set {φ+} for the state-vectors φ+(t) that fulfill the Schrödinger equa-

tion (2.2a) in Schrödinger picture. Similarly, in the Heisenberg picture, the boundary

condition specifies what is the allowed set {ψ−} for the observable vectors ψ−, which

fulfill the Heisenberg equation (2.2b).

The boundary condition in the conventional quantum theory is the Hilbert space

boundary condition, originally introduced by von Neumann, for the equations (2.1a):

Set of states: {φ+} with φ+ ∈ Hilbert spaceH ,
(all possible solutions of (2.1a))

(2.6a)

and for the equation (2.2b):

Set of observables: {ψ−} with ψ− ∈ Hilbert spaceH .
(all possible solutions of (2.2b))

(2.6b)

In other words, the set of observables is same as the set of states which is the Hilbert

space:

Set of states {φ+} = set of observables {ψ−} ≡ H (Hilbert space) . (2.6c)

Following a theorem of Stone and von Neumann [4], all solutions of the Schrödinger

equation (2.1a) for the state φ+ under the boundary condition (2.6a) are generally

given by:

φ+(t) = U †(t, t0) φ+(t0) = e−iH(t−t0) φ+(t0) , (2.7a)

where −∞ < t0 < +∞ is a finite initial time of the state. Instead of finite initial

time t0, one could mathematically choose t0 = 0 and φ+(t0 = 0) = φ+ is the initial

in-state at the initial time t0 = 0. Thus, the time evolution of the state φ+ in (2.7a)

can be rewritten as:

φ+(t) = U †(t, 0)φ+ = U †(t)φ+ = e−iHtφ+ with −∞ < t < +∞ . (2.7b)

Similarly, by the same theorem, all solutions of the Heisenberg equation (2.2b) for

observable vector ψ− under the boundary condition (2.6b) are given by:

ψ−(t) = U(t, t0)ψ−(t0) = eiH(t−t0)ψ−(t0), with −∞ < t < +∞. (2.7c)
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Or if one could mathematically choose t0 = 0 and ψ− = ψ−(t0 = 0),

ψ−(t) = U(t, 0)ψ− = U(t)ψ− = eiHtψ−, with −∞ < t < +∞. (2.7d)

The equations (2.7a) or (2.7b) and (2.7c) or (2.7d) describe the unitary group evo-

lution given by the unitary operator U †(t, t0) = e−iH(t−t0) in general or U †(t) =

U †(t, 0) = e−iHt in case t0 = 0 for the state φ+, and by U(t, t0) = eiH(t−t0) in general

or U(t, t0) = U(t) = eiHt for the observable ψ−, respectively. These operators form

a one-parameter group of unitary operators with property U †(t) = U(−t) = U−1(t)

and U(t1, t2)U(t2, t3) = U(t2, t3).

The solutions of the equation (2.2a) for the operator Λ and of the (2.1b) for the

density operator ρ are also given by the unitary group:

Λ(t) = U(t, t0)Λ0 U
†(t, t0) = eiH(t−t0)Λ0 e−iH(t−t0) , with −∞ < t < +∞ , (2.8a)

and

ρ(t) = U †(t, t0)ρ0 U(t, t0)) = e−iH(t−t0)ρ0 eiH(t−t0) , with −∞ < t < +∞ . (2.8b)

Here, Λ0 and ρ0 are the observable Λ and density operator ρ at any finite time t0,

respectively. Mathematically, one can choose finite time t0 as time at original, i.e,

t0 = 0 as chosen in (2.7b) and (2.7d).

The Hilbert space H is a linear and complete scalar product space in which the

scalar products are defined by Lebesgue integral:

(φ1|φ2) =
∫∞

0
dE φ1(E) φ2(E) .

Lebesgue
(2.9a)

Here, one are working in the energy representation in which φ1(E) and φ2(E) rep-

resent the energy wave functions of the state φ1 and φ2, respectively, but the same

kind of integration in (2.9a) is also assumed for the position wave functions φ(x) in

the position representation, the momentum wave functions φ(p) in the momentum

representation, or the function of any continuous variables which represent the phys-

ical property of the system.

The Hilbert space H is a complete space. This means all Cauchy sequences in the

Hilbert space H have a limit point in this space H. The norm in the Hilbert space

H is defined through the scalar product (2.9a) as:

||φ||2 = (φ|φ) =
∫∞

0
dE |φ(E)|2 ,

Lebesgue
(2.9b)
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and the convergence is defined with respect to the norm as:

φn → φ iff ||φn − φ||→ 0 for n→∞ . (2.9c)

However, in order that H is complete, the integration in the norm (2.9c) and in the

scalar product (2.9a) need to be defined in terms of Lebesgue integrals, not Riemann

integrals. Since most physicists do not work with Lebesgue integrals but Riemann

integrals, the Hilbert space H is hardly used by physicists.

The Lebesgue integrals need to be chosen for complete Hilbert space H, because

the space of Riemann square-integrable functions is not a complete space. Thus the

energy wave function φ1(E) = 〈E |φ1〉 in (2.9a) must be a Lebesgue square-integrable

functions. However, the Hilbert space boundary condition (2.6) with (2.9a) is not the

way physicists think of the Schrödinger or Heisenberg equations and their solutions

since physicists use the Riemann integrals in the scalar product as well as in the norm.

Thus, the Hilbert space axiom (2.6) with the norm and scalar product properties (2.9)

are in-intuitive boundary conditions for the dynamical differential equations which

describes the dynamics of the physics system.

2.2 The Schwartz Space Boundary Conditions

and Dirac Formalism

Fortunately, it is known that the Hilbert space boundary conditions (2.6) are not

the only possible boundary conditions for the dynamical equations (2.1a) and (2.2b).

The Hilbert space H is not the most suitable space to use for the theory of quantum

physics since physicists use linear scalar product spaces called pre-Hilbert spaces in

which the scalar product is defined by Riemann integrals

(φ1, φ2)Riemann =

∫ ∞
0 Riemann

dE〈φ1 |E〉〈E |φ2〉 =

∫ ∞
0 Riemann

dE 〈E |φ1〉 〈E |φ2〉 . (2.10)

Here 〈E |φ2〉 = φ(E) is the energy wave function as in (2.9a) and 〈E |φ1〉 is the

complex conjugate of the energy wave function 〈E |φ1〉.
These pre-Hilbert spaces are not complete with respect to the norm-convergence

of the Hilbert space defined in (2.9a). A scalar product space (or linear topological

space) is complete if every Cauchy sequence has a limiting element in the space. This

8



is not the case if norm and scalar product are defined by Riemann integrals and

convergence is defined with respect to the norm; i.e.

φn → φ iff ||φn − φ||Riemann→ 0 for n→∞ ,

where

||φ||2Riemann= (φ, φ)Riemann =
∫

Riemann
dE φ(E) φ(E) .

(2.11)

In order to keep using Riemann integrals for the scalar product (· , ·) in (2.11), one

can not define the meaning of convergence by one norm or scalar product, it has to be

defined in a different way in term of Dirac’s kets and bras as anti-linear functionals

on the functional space [7]. The Dirac kets which can not be defined in Hilbert space.

Dirac’s energy kets |E〉, which are the eigen-vectors or -kets of the total Hamiltonian

H of the physics system with eigenvalues E, have been shown the way towards spaces

which are complete spaces and in which the scalar product can be defined by Riemann

integrals without using the Hilbert space and Lebesgue integral in the norm definition.

The Dirac’s energy kets |E〉 have been used to write the energy wave function φ1(E)

as the bra-ket product 〈E |φ1〉 and the complex conjugate φ2(E) of energy wave

function φ2(E) as 〈φ2 |E〉 = 〈E |φ2〉 and treated the integral in the scalar product as

Riemann integral as in (2.10).

There was no clear at that time that what kind of space in which the Dirac

kets are defined and what are their mathematical meaning until Schwartz theory

of distributions [8]. In the theory of distributions, Dirac kets |E〉 were defined as

continuous anti-linear functionals on the Schwartz space FE(φ) = 〈φ |E〉 = 〈E |φ〉. In

the Schwartz space, usually denoted by Φ, the convergence of vectors is defined not

by one scalar product as in (2.11), but by a countable number of scalar products [9]

which will be defined below.

According to the Dirac formalism, the Hamiltonian H of the system has a system

of both discrete and continuous eigenvectors:

H | En) = En | En) for discrete eigenvalue En , (2.12a)

H |E〉 = E |E〉 for continuous eigenvalue E . (2.12b)

The discrete eigenvectors | En) in (2.12a) represent bound states of the system.

Generally, every vector φ ∈ Φ can be expanded with respect to the energy kets

(2.12) or with respect to eigenkets of other observables A. The Dirac basis vector
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expansion of the vector φ ∈ Φ with respect to eigenket of Hamiltonian H is:

φ =
∑

n=integer

| En)(En |φ〉+

∫ ∞
0

dE |E〉〈E |φ〉 , (2.13a)

or, if there are no discrete eigenvectors | En) the basis vector expansion (2.13a) is

rewritten as:

φ =

∫ ∞
0

dE |E〉〈E |φ〉 . (2.13b)

The eigenvectors | En) for discrete eigenvalues En fulfill the orthonormality condition:

(| En), | Em)) ≡ (En | Em) = δnm. (2.14)

The eigenvectors |E〉 for the continuous eigenvalue expansion (2.13b) were postulated

to fulfill the new orthogonality condition called Dirac orthogonality condition [7]:

〈E |E ′〉 = δ(E − E ′) , (2.15)

where δ(E − E ′) is defined as the mathematical entity which fulfills the identity:∫ +∞

−∞
dE ′〈E |E ′〉〈E ′ |φ〉 = 〈E |φ〉 , (2.16a)

or equivalently, ∫ +∞

−∞
dE ′δ(E − E ′)φ(E ′) = φ(E) , (2.16b)

for the set {φ(E)} of well-behaved energy wave function φ(E) = 〈E |φ〉.
Well-behaved function mathematically means that energy wave function φ(E) is

smooth, infinitely differentiable and rapidly decreasing for increasing energy variable

|E | than any polynomial function of energy |E |. This set of functions is defined

as the Schwartz function space, {φ(E)} ≡ S, of rapidly decreasing and infinitely

differentiable functions [8].

This Schwartz function space S is a dense subspace of the space L2 of Lebesgue

square integrable function: S ⊂ L2. Mathematically, this means that starting with

abstract Schwartz space S and adjoining it all limit points of Cauchy sequences with

respect to the Hilbert space convergence, one obtains Lebesgue square space L2.

Hence, all functions φ(E) ∈ S are members of the subset of some classes of L2-

functions, i.e., φ(E) ∈ L2. In other words, the element of L2 is not a function

but a class of Lebesgue square integrable functions. Some of these classes contain a
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continuous rapidly decreasing function φ(E) which is an element of S. But in addition

to these classes with φ(E) ∈ S, there are sets of functions {h(E)} ∈ L2 which contain

no Schwartz space function. Thus S ⊂ L2. Since according to the Fréchet-Riesz

theorem: L2 = (L2)×, where (L2)× denotes the space of anti-linear Hilbert space-

continuous functionals on L2. It follows that one has the triplet of function spaces

[10][11][12]:

{φ(E)} = S ⊂ L2 = (L2)× ⊂ S× . (2.17)

Here (L2)× and S× denote the linear spaces of continuous anti-linear functionals on

L2 and on S, respectively. The triplet (2.17) is the Rigged Hilbert Space (RHS) of

Schwartz space functions. It gives a mathematical meaning to the Dirac kets |E〉 ∈
Φ×, as continuous anti-linear functionals on abstract Schwartz space Φ. Therefore, the

Dirac δ-function, δ(E−E ′), is not a function, like a well-behaved function φ(E) ∈ S,

but a distribution defined by its property (2.16) for all well-behave function in the

Schwartz function space φ(E) ∈ S.

The abstract Schwartz space Φ is the set of vectors {φ} of (2.13b) for which their

energy wave functions are elements of the Schwartz space of functions, 〈E |φ〉 ∈ S.

According to (2.17), the abstract Schwartz space Φ associated to the Schwartz space

functions S is the dense subspace of the abstract Hilbert space H: {φ} ≡ Φ ⊂ H.

The Schwartz space Φ has a stronger definition of convergence, τΦ, than the Hilbert

space convergence τH. Mathematically, it can be stated as [13]:

φν
τΦ−→ φ ⇒ φν

τH−→ φ , but φν
τH−→ φ ; φν

τΦ−→ φ . (2.18)

Consequently, the space of continuous functionals on the Hilbert space H× is the

dense subspace of the space of continuous functionals on the abstract Schwartz space

H× ⊂ Φ×.

Therefore, in correspondence to the triplet of the Schwartz space functions (2.17),

one obtains the triplet of the abstract Schwartz space, called the Rigged Hilbert Space

(RHS) or Gelfand Triplet [14] [15] [16]:

{φ} = Φ ⊂ H = H× ⊂ Φ× . (2.19)

Here, the abstract Hilbert space H is the same of its corresponding continuous func-

tional space H× since the Hilbert space is a complete space, i.e, H = H×.

The Schwartz space Φ is a nuclear space. This means that for the Schwartz

space, the Dirac basis vector expansion (2.13b) hold as the nuclear spectral theorem
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[16]. This nuclear spectral theorem states that every vector φ ∈ Φ can be uniquely

expanded with respect to a complete set of generalized eigenvectors |E〉 ∈ Φ×

φ =

∫
dE |E〉〈E |φ〉 for every φ ∈ Φ , (2.20a)

and φ = 0 ⇐⇒ φ(E) = 〈E |φ〉 = 0 for all E . (2.20b)

There exists a complete set of eigenkets |E〉 ∈ Φ× which are generalized eigenvectors

of the Hamiltonian H with continuous eigenvalues E ∈ R, i.e,

H× |E〉 = E |E〉 where |E〉 ∈ Φ× , (2.21a)

precisely in term of a scalar product

〈Hφ |E〉 ≡ 〈ψ | H× |E〉 = E〈φ |E〉 for all φ ∈ Φ . (2.21b)

Here, the operator H is essentially self-adjoint with property H× ⊃ H† = H ⊃ H

and H× is the unique extension of H† to the conjugate space Φ× which is the space

of all anti-linear continuous functionals of the Schwartz space Φ. It means that every

φ ∈ Φ can be expanded with respect to the eigenkets |E〉 as in (2.20). The kets |E〉
are functionals of the functional space on the abstract Schwartz space.

The abstract Schwartz space Φ is a linear topological space with the convergence

defined by a countable number of norms: ||φ||p, p = 1 , 2 , · · · .

||φ||p = (φ|(∆ + 1)p|φ) , and (2.22a)

φν → φ for ν →∞ =⇒ ||φν − φ||p→ 0 for ν →∞ ,∀ p . (2.22b)

Here ∆ is the Nelson operator of the quantum system, e.g, for the harmonic oscillator,

the Nelson operator is the number operator N = 1
ω

(H−1/2). These countable norms

are chosen such that the algebra of observables called A is represented by continuous

operators in all of the space Φ [13]. In case of the harmonic oscillator, the algebra

of the observables is generated by the momentum operator P , position operator Q,

and the Hamiltonian operator H. However, the momentum P and position Q of the

oscillator are not continuous operators in Hilbert space H.

Using the Schwartz space (2.19) and Dirac’s bra-ket formalism, the set of vector-

states {φ+} fulfilling (2.1a) and the set of vector-observables {ψ−} fulfilling (2.2b)

are both described by the same Schwartz space Φ which is a dense subspace of the

12



Hilbert space H. Precisely, the abstract Schwartz space Φ differs from the Hilbert

space H by limit points of Hilbert space Cauchy sequences. Mathematically, one

can now seek for all solutions either of the in-states φ+(t) fulfilling the Schrödinger

equation (2.1a) or of the observable ψ−(t) fulfilling the Heisenberg equation (2.2b)

under the Schwartz space boundary condition:

Set of state vectors {φ+} = Φ = Schwartz space ⊂ H ⊂ Φ× , (2.23a)

Set of observable vectors {ψ−} = Φ = Schwartz space ⊂ H ⊂ Φ× . (2.23b)

The Schwartz space boundary conditions (2.23a) and (2.23b) for the dynamical equa-

tion (2.1a) and (2.2b), respectively, mean that only the in-state vectors φ+ ∈ Φ ⊂ H,

i.e, not all vectors of the Hilbert space H, represent physical states prepared by a

preparation apparatus, e.g, an accelerator in a scattering experimental setup. In

analogy, only observable vectors in the same Schwartz space, ψ− ∈ Φ ⊂ H, not the

whole Hilbert space, represent the physical observables detected by the registration

apparatus, e.g, a detector.

Using the Schwartz space boundary conditions (2.23a)(2.23b) as the boundary

condition axioms replaced the Hilbert space axiom for the solutions for the Schrödinger

equation (2.1a) and for the Heisenberg equation (2.2b), one obtains by a same math-

ematical theorem [16] like the Stone-von Neumann theory for the Hilbert space that

the time evolutions of the in-state φ+ and observable ψ− are given by unitary groups.

These unitary groups are same as the unitary group in (2.7a) and (2.7d) for the

Hilbert space H but restricted to the subspace of Hilbert space, the Schwartz space

Φ ⊂ H. Mathematically, the time evolution of the solutions of the Schrödinger equa-

tion (2.1a) under the boundary conditions (2.23a) is given by

φ+(t) = U †Φ(t) φ+ = e−iHtφ+ −∞ < t < +∞ . (2.24a)

Similarly, the time evolution of the solutions for the Heisenberg equation (2.2b) under

the boundary conditions (2.23b) is given by

ψ−(t) = UΦ(t) ψ− = eiHtψ−, with −∞ < t < +∞ . (2.24b)

In (2.24a) and (2.24b), the operators U †Φ(t) and UΦ(t) denote the restriction of the

unitary operator U †(t) in (2.7a) and of U(t) in (2.7d) for the Hilbert space H to the
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dense Schwartz - subspace Φ of the Hilbert space H, U †Φ(t) = U †(t)|Φ and UΦ(t) =

U(t)|Φ, respectively.

For the Dirac eigenkets |E〉 of the Hamiltonian H, the time evolution is given by

|E ; t〉 = e−iH
×t |E〉 = e−iEt |E〉, with −∞ < t < +∞ . (2.25)

The Born probabilities, Pρ(Λ(t)), to measure an observable Λ(t) in a state ρ under

the Schwartz space axiom are thus again predicted for all t:

PW (Λ(t)) = Tr(W Λ(t)) = Tr(W (t) Λ) for all −∞ < t < +∞ . (2.26)

For the special or simplest case, in which the state ρ is a pure state ρ =|φ+〉〈φ+ |
and the observable is given by Λ =|ψ−〉〈ψ− |, this probability is written as

Pφ+(|ψ−〉〈ψ− |) = Tr(|ψ−〉〈ψ− |φ+(t)〉〈φ+(t) |)
=|〈ψ− |φ+(t)〉|2=|〈ψ−(t) |φ+〉|2 for all −∞ < t < +∞ .

(2.27)

This means that the theory based on the Hilbert space boundary condition (2.6a)(2.6b)

as well as the theory based on the Schwartz space boundary condition (2.23a)(2.23b)

predict a certain probability |〈ψ− |φ−(t)〉|2 to detect the observable Λ =|ψ−〉〈ψ− | in

the state φ+(t) for any arbitrary negative times t < 0, i.e. even for time before the

state φ+(t) had been prepared at the time t = t0 = 0 in the scattering experiment.

2.3 Causality Condition for Quantum Mechanics

If one use the Hilbert space axiom (2.6) or the Schwartz space axiom (2.23) as the

boundary condition to find the solutions of the Schrödinger equation (2.1) for the

states φ+ or the Heisenberg equation (2.2) for the observables ψ− in quantum theory

of scattering and decay, the time parameter t in the time evolution operators needs

to extend from −∞ < t < +∞ as in (2.24). It means that one can find a certain

probability to detect the observable ψ− in the state φ+(t) even before the time t0 at

which the state φ+(t) had been prepared as calculated in (2.27).

In contrast to the mathematical prediction (2.27) for the Hilbert space boundary

condition (2.6) as well as for the Schwartz space boundary condition (2.23), the

situation in the laboratory is quite different because of the causality principle. This
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empirical causality principle states that:

A state φ+ needs to be prepared first at a time t0 before an observable

|ψ−(t)〉〈ψ−(t) | can be measured in that state φ+ with the probability

Pφ+(|ψ−i(t)〉〈ψ−(t) |) in the scattering experiment.

(2.28)

The causality principle (2.28) means that the observable |ψ−(t)〉〈ψ−(t) | or any ob-

servables A(t) can only be detected in the state φ+ at the times t after the time t0

which is the time at which the state φ+ is prepared t > t0, but not at any arbi-

trary time t < t0 in the distant past. Therefore, the time symmetric group evolution

(2.7a) and (2.7d) as well as (2.24a) and (2.24b) predicted by von Newman theorem

for the Hilbert space boundary condition (2.6a), (2.6b) and also by similar theory for

the Schwartz space boundary condition (2.23a), (2.23b) is in contradiction with the

causality principle (2.28).

The causality principle (2.28) means that an observable ψ− can not be detected

in a state φ+ before this state φ+ exits, i.e, before it has been prepared by a prepa-

ration apparatus , e.g, an accelerator in the scattering experiment. Hence, the Born

probabilities Pρ(Λ(t)) to measure observables Λ(t) in states ρ make experimentally

sense only for the time t after the preparation time t0 of the state ρ, i.e, t ≥ t0.

Therefore, a new boundary condition is needed in place of the Hilbert space

(2.23a)(2.23b) as well as the Schwartz space boundary condition (2.6a)(2.6b) for

which the Born probabilities:

Pφ+(|ψ−〉〈ψ− |) = Tr(|ψ−〉〈ψ− |φ+(t)〉〈φ+(t) |)
=|〈ψ− |φ+(t)〉|2=|〈ψ−(t) |φ+〉|2

exit only for t > t0 .

(2.29)

Here t0 denotes a finite time at which the state φ+(t) had been prepared and after

which an observable |ψ+〉〈ψ+ | can be measured in this state.

Therefore, a theory in order to describe the scattering experiment phenomenon

needs to agrees with the causality principle. In other words, the Hilbert space axiom

as well as the Schwartz axiom needs to be replace by a new axiom in which the

time evolution of solutions of the Schrödinger equations (2.1a) for the state φ+ or of

the Heisenberg equation (2.2b) for the observable exist only for t ≥ t0, where t0 is

finite time which is mathematically be chosen as zero, t0 = 0. This means that the

time evolution group is expected to be semi-group instead of the unitary group time

evolution in order to describe the scattering experiment phenomena.

15



Chapter Three: Non-relativistic Time Asymmetric

Quantum Mechanics

3.1 Resonances and Decaying states in Scattering

Experiments and Boundary Condition

Beyond the Hilbert or Schwartz Space

In the scattering experiments, resonances Ri, i = 1 , 2, · · · are generally defined as

intermediate states in the scattering processes, e.g,:

a+ b→ R1 +R2 + · · · → c+ d+ · · · (3.1)

In the scattering process (3.1) setup, two beams of particles, i.e, a and b, are accel-

erated through an accelerator and guided to collide together, for example, head-on

collisions in electron-positron or proton-anti proton experiments, or just one beam

of particles a is accelerated by the accelerator and hits the target b which is at rest.

The resonances R1, R2 · · · are formed after the collisions and then decay into the

products c, d · · · which are registered by detectors.

A resonance R is characterized by a mass MR and a width ΓR. In non-relativistic

scattering experiment, the mass MR and width ΓR of the resonance R are experi-

mentally measured by fitting the partial cross section σj(E) to the Breit-Wigner or

Lorentzian energy distribution with a slowly varying background B(E) with respect

to energy E:

σj(E) ∼
∣∣aBWj (E)

∣∣2 =

∣∣∣∣ r

E − (ER − iΓR/2)
+B(E)

∣∣∣∣2 with 0 < E <∞ . (3.2)

A decaying state D appears in decay process:

D → η + η′ · · · (3.3)

In the decay experiment, the decay products η , η′ , · · · , are counted by detectors

which may be constructed to observe some specific particles.
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A decaying state D is characterized by a mass MD and a lifetime τD. The lifetime

τD of the decaying state D is experimentally obtained by fitting the counting rate

Nη/N(t) of the product η in the time interval ∆ti to the exponential law for a partial

decay rate of product η, Rη(t):

Rη(t) = Rηe
−Rt = Rηe

− t
τD ≈ 1

N

∆Nη(ti)

∆ti
. (3.4)

Here, N is the total number of decay products of the decaying state D, i.e, it is sum

of all partial decay product η , η′ · · · which are counted by the detectors:

N =
∑

all η decay products

Nη , (3.5)

and R is total decay rate of decaying state D and inverse of the lifetime τD:

R = Rtotal =
∑

Rη =
1

τD
. (3.6)

The partial decay rate Rη for the product η can be calculated in the non-relativistic

regime by the rate of the Born probabilities PD(t) for the decaying state ψD(t) de-

caying to the product η or final observable Λη =|ψ−η 〉〈ψ−η |:

Rη =
d Pη(t)
dt

=
d

dt

(
Tr
(
Λη |ψD(t)〉〈ψD(t) |

))
=

d

dt

(
|〈ψD(t) |ψ−η 〉|2

)
. (3.7)

The observed partial decay rate 1
N

∆Nη(ti)

∆ti
in (3.4) is fitted to the exponential

time evolution e−
t
τ . From this fit, the lifetime τD of the decaying state ψD is then

determined. Physicists believe that the resonance and decaying state are two different

aspects of the same entities. In other words, they are two different aspects of the same

scattering phenomenon and the lifetime τ can be calculated as inverse width Γ, and

vice versa:

Γ = Rtotal =
1

τ
. (3.8)

The relation (3.8) between the lifetime τ and the width Γ was first justified in non-

relativistic quantum physics in the zero order of probability to detect the observable

ψ− in the state φ+(t) using Weisskopf-Wigner methods [17] by Goldberger and Watson

[1]:

|〈ψ− |φ+(t)〉|2= Pφ+(t)(ψ
−) ∼ e−Γt(1 + Γt

2
+ 3Γ2t2

28
+ Γ3t3

84
+ ...)

∼ e−Γt = e−
t
τ where τ ≈ 1/Γ .

(3.9)

17



There exists a problem in the standard quantum theory based on the Hilbert space

axiom that the exact relation between the lifetime τ and the width Γ in (3.8) can

not be obtained because the exponential time evolution is not possible in the Hilbert

space by the Khalfin’s theorem [2]. It means that there exists no vector in the Hilbert

space ψD ∈ H for which its decay rate is obey the exponential law (3.4).

In contrast to Khalfin’s theorem on the Hilbert space, experimental data show

that the decay rate of quantum systems is in good agreement with the exponential

law, if the decaying state can be isolated from the background, e.g, in K0
S-decay

experiment in the relativistic regime [18].

Another problem in standard quantum theory is that Born’s probability to detect

an observable Λ(t) =|ψ−(t)〉〈ψ−(t) | in the state φ+:

Pφ(Λ(t)) = Tr(|ψ−(t)〉〈ψ−(t) ||φ+〉〈φ+) |)
= |〈ψ−(t)|φ+〉|2 = |〈e−iHtψ−(0)|φ+〉|2,

(3.10)

is theoretically predicted for all time −∞ < t < +∞. This prediction (3.10) is

a mathematical consequence, by Stone-von Neumann theorem [4], of the Hilbert

space boundary condition for the solutions of the Schrödinger equation for the state

φ+ or of the Heisenberg equation for the observable ψ−. However, the prediction

(3.10) violates the causality principle (2.28), which states that a state φ+ must be

prepared first, e.g, by an accelerator, before the observable ψ−(t) for decay products

can be measured, e.g, by detectors, in the scattering experiment. Therefore, the

theory based on the Hilbert space (2.6) or Schwartz space boundary condition (2.24)

is mathematically not sufficient to describe the resonance and decaying state in the

scattering experiment phenomena. An expected theory to describe the resonance and

decaying state phenomena needs to be mathematically able both to derive the exact

relation (3.8) between the width Γ of a resonance and the lifetime τ of associated

decaying state and to reflect the causality principle (2.28) .

3.2 In-states and Out-observables in Quantum

Mechanics

In scattering experiments, the in-states φin are controlled or prepared in the remote

past and the out-states ψout controlled or detected in the distance future. The in-

state φin, as well as the out-states ψout are thought to obey the Schrödinger equation
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(2.1a) under the Hilbert space boundary condition (2.6a) for the states. However,

the controlled or out-state vectors ψout are controlled by a registration apparatus,

e.g, a detector in the scattering experiment. This means that the controlled out-

vectors represent the observables registered by the detector. Therefore, the so called

“out-state” in the standard quantum mechanics is really an observable which should

be governed by the Heisenberg equation (2.2b) with the solutions given by (2.7d) or

(2.24b), not governed by the Schrödinger equation (2.7a).

The in-state vectors φin(t) evolve in time according to the free Hamiltonian K as

φin(t) = eiKtφin in the Schrödinger picture. When the particles reach their interaction

regions, the free in-state vector φin changes into an exact state vector φ+.The time

evolution of exact state φ+(t) is governed by the exact Hamiltonian H = K + V ,

where V is the interaction potential. After interacting, the particles move apart from

the their interaction regions, the exact state vector φ+(t) changes into the free out-

state vector φout. These changes, from the free in-state φin to the exact state φ+ and

from the exact state φ+ to the free out-state vector φout, can be described by the

Moeller wave operator Ω± [19]:

φ+(t) ≡ Ω+φin = e−iHtφ+ = Ω−φout . (3.11)

Here t is the time in the center-of-mass of the projectile and target or of two beams of

particles. The free out-vector φout in the further future thus describes a state vector

which is determined by the preparation of φin in the further past and by the dynamics

of the scattering process as the asymptotic states. The dynamical transformation of

the asymptotic in-state φin into an asymptotic out- state φout is described by the

operator S: [20] [21]

φout = S φin, S = Ω−
†
Ω+ . (3.12)

Both states vectors φin and φ+ are determined by the preparation apparatus, i.e, an

accelerator, only. Thus, the states vectors φ+ and φin represent apparatus controlled

states. The preparation of out-state φout is determined by the preparation apparatus

and the interaction (or dynamics) described by interaction potential V or operator S

so it does not represent neither controlled states nor observables .

The vector ψout represents the asymptotically free out-observables, usually also

called out-states.The out-vectors ψout also evolve in time, in the Heisenberg picture,

according to the free Hamiltonian K. However, they evolve by the adjoint (or conju-
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gate) operator eiKt since they are observables and solutions of the Heisenberg equation

(2.2b) as ψout(t) = eiKtψout.

In a scattering experiment, a detector, or the registration apparatus, registers or

detects an observable |ψout〉〈ψout | outside the interaction region. This observable

vector ψout comes from a vector ψ− in the interaction region which is given by:

ψ− = Ω−ψout . (3.13)

The state ψout is in the asymptotic region, which is far away interaction region and

usually after the target, while the observable ψ− is in the interaction region, and φin

is in the asymptotic region which becomes φ+ in the interaction region. The vectors

φ+ fulfill the Schrödinger equation with the exact Hamiltonian H and therefore the

time evolution of the exact in-states φ+ are given by:

φ+(t) = e−iHtφ+ . (3.14a)

While the vectors ψ−(t) fulfill the Heisenberg equation of motion and hence the time

evolution of the observable state ψ− is given by:

ψ−(t) = eiHtψ− . (3.14b)

The Born probability amplitude (ψ−, φ+) to detect the observable ψ− in the state

ψ− is expressed using the standard notions of scattering theory (2.4) and can be

expressed in terms of the S-operator [20]:

(ψ−, φ+) = (Ω−ψout,Ω+φin) = (ψout, S φin) = (ψout, φout) . (3.15)

This matrix element (3.15) is the probability amplitude for the observable ψ− in the

state φ+. It can also be given in terms of the asymptotic states as the probability

amplitude for the observable ψout in the state φout.

The observable ψout is clearly not same as the state φout, since φout, like φ+ and

φin, is prepared by preparation apparatus (e.g, the accelerator) and ψout as well as

ψ− is defined (or controlled) entirely by the registration apparatus (e.g, the detector).

Thus, the set of the observable vectors {ψ−} could be distinct from the set of in-state

vectors {ψ−}. This distinction between the set of the observable vectors {ψ−} and

the set of in-state vectors {ψ−} can be expressed as the new boundary condition

which will be discussed in section 3.3 in this chapter.
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Under the standard boundary condition (2.6b) and (2.23b), the solutions of the

Heisenberg equation for the observables are predicted for all time t which extends

−∞ < t < +∞. This is in conflict with the causality principle (2.29): According

to (2.29) the observable |ψ−〉〈ψ+ | in the state φ+ can be predicted only for times

t > t0 where t0 is the time at which φ+ has been prepared. To avoid violation

of the causality principle, we need to find boundary conditions for the solutions of

the dynamical equations (2.1) and (2.2), which will be different from the Hilbert

space boundary condition (2.6) and also different from the Schwartz space boundary

condition (2.23).

These new boundary conditions need to use different representation spaces than

the Hilbert space H or the Schwartz space Φ. These new spaces are:

Φ− for the solutions of the Schrödinger equation of the states {φ+}. (3.16a)

Φ+ for the solutions of the Heisenberg equation of the observables {ψ−}. (3.16b)

This means, we need to modify the Hilbert space axiom (2.6a)(2.6b). Similarly, the

Schwartz space axiom of the Dirac formalism has to be modified. In other words,

we replace the axiom (2.23a)(2.23b) (or (2.6a)(2.6b)), in which the space of states

and of observables are the same, for the dynamical equations by a new axiom that

distinguishes mathematically between:

The prepared states which are represented by the set of prepared in-state

vectors {φ+}, obeying the Schrödinger equation (2.1a), and the detected

observables which are represented by the set of registered out-observables

{ψ−}, obeying the Heisenberg equations (2.2b).

If we define the |E, j, j3, η±〉 are the energy basis kets or energy eigenvector of

the space Φ∓ of (3.16) in the energy representation where j, j3, and η denote the

quantum numbers of angular momentum , its third component, and the particle label

quantum number, e.g., charge operators, respectively. Then, the Dirac basis vector

expansionof in-state vectors φ+ ∈ Φ− is given by

φ+ =
∑
j,j3,η

∫ ∞
0

dE|E, j, j3, η+〉〈+E, j, j3, η|φ+〉 =

∫ ∞
0

dE|E+〉〈+E|φ+〉 . (3.17a)
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And for the out-observable vector ψ−, the Dirac basis vector expansion is given by

ψ− =
∑
j,j3,η

∫ ∞
0

dE|E, j, j3, η−〉〈−E, j, j3, η|ψ−〉 =

∫ ∞
0

dE|E−〉〈−E|ψ−〉 . (3.17b)

The second terms in (3.17a) and (3.17b) are the short notation when we ignore the

quantum numbers of the angular momentum j, its third component j3, and the species

quantum number η, which do not affect the vector expansions in general.

The energy eigenkets |E+〉 ∈ Φ×− are continuous anti-linear functionals on the

space Φ− of prepared states. They fulfill the eigen equation for the exact Hamiltonian

H with the eigenvalues E:

〈Hφ+ |E+〉 = 〈φ+ | H× |E+〉 = E〈φ+ |E+〉 for all φ+ ∈ Φ− . (3.18a)

Similarly, the |E−〉 ∈ Φ×+ of (3.17b) are continuous anti-linear functions on Φ+ and

fulfill the eigen equation for the exact Hamiltonian H with the eigenvalues E::

〈Hψ− |E−〉 = 〈ψ− | H× |E−〉 = E〈ψ− |E−〉 for all ψ− ∈ Φ+ . (3.18b)

The kets |E±〉 have been used extensively for a long time in scattering theory though

the spaces Φ± had not been mathematically defined. These kets |E±〉 had been

introduced in the phenomenological scattering theory as the in- and out- plane wave

kets |E±〉 which fulfill the Lippmann-Schwinger equation [6]:

|E±〉 = |E ± iε±〉 = |E〉+
1

E −H ± iε
V |E〉 = Ω±|E〉, ε→ +0 . (3.19)

The kets |E±〉 are eigenkets of the “exact” Hamiltonian H = K + V ,

H |E, j, j3, η±〉 = H |E±〉 = E |E±〉 = E |E, j, j3, η±〉 . (3.20)

The kets |E〉 or |E, j, j3, η〉 in (3.19) are the eigenkets of the free-interaction Hamil-

tonian K: K |E〉 = E |E〉. The operator V = H −K is the interaction Hamiltonian

or perturbation Hamiltonian, and Ω± are the Möller operators [19].

The + iε in the ket |E+〉 =|E + iε+〉 of the Lippmann-Schwinger equation (3.19)

suggested that the energy wave functions of the in-states φ+ of (3.17a),

φ+(E) ≡ 〈+E |φ+〉 = 〈φ+ |E+〉 , (3.21a)
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Figure 3.1: Two sheeted Riemann Surfaces with a cut along the energy positive axis.

are the boundary value of an analytic function in the lower complex energy semi-plane

C− for complex energy z = E + iε = E − iε which is immediately below the positive

real axis on the second sheet of the S-matrix, as shown in Fig 3.1

Similarly, the − iε in the ket |E−〉 =|E − iε〉 indicates that the energy wave

functions of the observables |ψ−〉〈ψ− | in (3.17b),

ψ−(E) ≡ 〈−E |ψ−〉 = 〈ψ− |E−〉 , (3.21b)

are the boundary value of an analytic function on the upper complex energy semi-

plane C+ for complex energy z = E − iε = E + iε which is above the real axis on the

second sheet of the S-matrix. Consequently, complex conjugate ψ−(E) = 〈ψ− |E−〉 of

the energy wave function of the observable 〈+E |φ+〉 and complex conjugate φ+(E) =

〈φ+ |E+〉 of the energy wave function of the state 〈−E |ψ−〉 are analytic functions

on the lower and upper complex energy semi-plane on second sheet of S-matrix,

respectively.
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3.3 The Hardy Space Boundary Condition

The general eigenkets |E±〉 suggested by the phenomenological Lippmann-Schwinger

equation (2.24) can then be mathematically defined by the complete spectral theorem

for the exact Hamiltonian H for the in-states φ+ in the space Φ− as (3.17a) and for the

observables ψ− in the space Φ+, if one choose the wave functions 〈−E |ψ−〉 = ψ−(E)

and 〈+E |φ+〉 = φ+(E) to be the analytic functions in the upper and lower complex

energy plane on the second sheet of the S-matrix, respectively. This means that the

space {φ+} = Φ− of the states and the space {ψ−} = Φ+ of the observables will

be mathematically defined as the space of the lower and upper complex semi plane,

respectively. These spaces Φ∓ are known as the Hardy space of of the lower and

upper complex semi plane which are also called the lower and upper Hardy space,

respectively. Therefore, the basis eigenkets |E±〉 will now be defined as Hardy space

functionals of the upper and lower Hardy space, |E±〉 ∈ Φ×∓. The new axiom re-

placing the Hilbert space axiom (2.6a)(2.6b), or replacing the Schwartz space axiom

(2.23a)(2.23b) for the Dirac formulation, is now described as the new Hardy space

axiom of quantum mechanics [23] [22]:

The set of prepared (in-)states obeying Schrödinger equation {φ+} is

mathematically represented by Φ−, the Hardy space of the lower complex

energy plane of the second sheet of the S-matrix:

{φ+} ≡ Φ− . (3.22a)

The set of detected or registered observables obeying Heisenberg equa-

tion {ψ−} is mathematically represented by Φ+, the Hardy space of the

upper complex energy plane of the second sheet of the S-matrix:

{ψ−} ≡ Φ+ . (3.22b)

This Hardy space axiom means that the energy wave functions φ+(E) = 〈+E |φ+〉
and ψ−(E) = 〈−E |ψ−〉 in the Dirac basis vector expansion (3.17a) and (3.17b) are not

just functions of the Schwartz space, but that φ+(E) can also be analytically continued

into the lower complex energy plane and ψ−(E) can be analytically continued into

the upper complex plane on second sheet of the S-matrix.

In terms of the energy wave functions of the Dirac basis vector expansions (3.17a)

and (3.17b), the Hardy space axioms (3.22a) and (3.22b) are also stated as:

φ+(E) = 〈+E |φ+〉 ∈ (H2
− ∩ S) |R+ ⊂ L2(R+) ⊂ (H2

− ∩ S)× |R+ , (3.23a)
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ψ−(E) = 〈−E |ψ−〉 ∈ (H2
+ ∩ S) |R+ ⊂ L2(R+) ⊂ (H2

+ ∩ S)× |R+), . (3.23b)

Here (H2
±∩S)R+ denotes the space of Hardy classes H2

± intersected with the Schwartz

space function S and then restricted to the positive semi-axis R+, where the cut of

the S-matrix is located as depicted in Figure 3.1. L2(R+) is the space of the Lebesgue

square integrable functions of energy which is restricted to the positive value. Thus,

the Hardy space axiom in the energy representation (3.23a)(3.23b) thus says that

the energy wave functions are very well-behaved functions-Schwartz functions that

can also be analytically continued into the complex energy plane second sheet of the

S-matrix.

The new Hardy space axioms (3.22a)(3.22b) conjectured from the phenomenolog-

ical Lippmann-Schwinger equation (3.19), suggests that the energy wave functions

of the prepared in-state φ+(E) and the energy wave functions of the detected out-

observable ψ−(E) are not only smooth, rapidly decreasing and infinitely differentiable

functions on the real axis, as they would be under the Schwartz space axiom (2.23),

but φ+(E) and ψ−(E) are also analytic in the lower and upper complex energy semi-

plane on the second sheet of the S-matrix, where resonance poles of the S-matrix

are located. These functions are by axiom (3.23a),(3.23b) postulated to be smooth

Hardy functions H2
∓ ∩ S of the lower and upper complex plane second sheet of the

S-matrix, restricted to the positive real axis. These energy wave functions of the

in-state φ+(E) = 〈+E |φ+〉 and of the out-observable ψ−(E) = 〈−E |ψ−〉 are elements

of the spaces which are an intersection of two spaces: the Schwartz space S and the

lower and upper Hardy class space H2
∓, respectively:

〈+E |φ+〉 ∈ (H2
− ∩ S) |R+ or 〈+E |φ+〉 = 〈φ+ |E+〉 ∈ (H2

+ ∩ S) |R+ , (3.24a)

〈−E |ψ−〉 ∈ (H2
+ ∩ S) |R+ or 〈−E |ψ−〉 = 〈ψ− |E−〉 ∈ (H2

− ∩ S) |R+ . (3.24b)

The energy wave function conditions (3.24a)(3.24b) , which in the vector notation

are the conditions (3.22a)(3.22b), constitute an axiom called the Hardy space axiom.

Like the Hilbert space axiom (2.6a)(2.6b), these kinds of axioms can only be justified

by its success with experimental data. The smooth Hardy space wave functions

of (3.24a)(3.24b) posses many properties needed for the analytic S-matrix and the

phenomenological theory of resonances and decay.

The Hardy space condition (3.24) had been used by Lax-Phillips [24] for the anal-

ysis the scattering problems involving resonance in the scattering of acoustic waves
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off compact obstacles. The generalization of the Lax-Phillip scattering theory to the

scattering theory has been developed in [25][26]. However, the boundary condition

based on the Lax-Phillip scattering theory or associated theories is little difference

from the Hardy space axiom developed by Bohm and his colleagues [27][28][29][30].

In Lax-Phillip scattering theory, the out-observable and in-state are the elements of

two distinguished subspaces or below Hardy space D− and upper Hardy space D+ of

the Hilbert space H, respectively. These Hardy spaces D− and D+ are orthogonal

to each other. In other words, all elements of two Hardy spaces are orthogonal each

others in terms of Hilbert space scalar product. The family of the time evolution

operators of elements of two Hardy spaces are formed semi-group of one continuous

parameter t called Lax-Phillip semi-group, one is negative value in parameter t which

is associated to the time evolution of the in-coming waves and another is positive

value in t which is associated to the time evolution of the out-going waves. In the

Bohm and colleagues’ scattering theory, two Hardy spaces Φ± representing the space

of observables and in-states are overlap each other for some non-zero functions. In the

mathematic language, it means that there exits a non-zero vector or associated non-

zero energy wave function in the energy representation which belongs to the union

space between two Hardy spaces.

3.4 Decaying States, Gamow Vector and Growing

States in The Scattering Phenomenon

Working in the energy representation, there are two sets of the complete system of

commutative observable (c.s.c.o) which are corresponding to the set of the eigenkets

of the free-interaction Hamiltonian K, angular momentum J2, its third component

J3, and the the particle label quantum number operator N , e.g, the species quantum

number operator or the charge operator and the set of the eigenkets of the interaction

Hamiltonian H = K + V , angular momentum J2, its third component J3, and the

operator of the particle label quantum number N :

H , J2 , J3 , N and K , J2 , J3 , N . (3.25)

These eigenkets, free-interaction kets |E, j, j3, η〉 and exact kets |E, j, j3, η±〉, are
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related by the Lippmann-Schwinger equation (3.19). They are fulfilling the identity:

〈−E ′, j′, j′3, η′ |E, j, j3, η+〉 = 〈E ′, j′, j′3, η′ | S |E,E, j, j3, η〉 , (3.26)

where S is the S-operator defined as in (3.12). This matrix element (3.26) can

be used as the normalization condition of the exact eigenkets in terms of the free-

interaction eigentkets. Using energy and angular momentum conservation, we can

further simplify (3.12) in term of reduced S-matrix elements Sη
′η
j (E):

〈−E ′, j′, j′3, η′ |E, j, j3, η+〉 = δ(E ′ − E)δj′3j3δj′jS
η′η
j (E) . (3.27)

In general, from Hardy space boundary conditions (3.22) or in term of energy wave

function conditions (3.23), any in-state vectors φ+ ∈ Φ− can generally be expanded,

as similar to the Dirac basis expansion for any vectors φ ∈ φ in Dirac’s formalism, in

terms of the discrete basis |En, j, j3, η) which describes the bounded states and the

continuous basis |En, j, j3, η
+〉 as

φ+ =
∑
n,j, j3

|En, j, j3, η)(En, j, j3, η|φ+) +
∑
j, j3,η

∫ ∞
0

dE|E, j, j3, η+〉〈+E, j, j3, η|φ+〉 ,

(3.28a)

similarly, any the out-observable vector ψ− ∈ Φ+ can be expanded as

ψ− =
∑

n,j, j3,η

|En, j, j3, η)(En, j, j3, η|ψ−) +
∑
j, j3,η

∫ ∞
0

dE|E, j, j3, η−〉〈−E, j, j3, η|ψ−〉 .

(3.28b)

The bounded states are usually be ignored when describing the resonances and de-

caying phenomena since the bounded states have no contribution in resonance or

scattering process. If there are no bounded states, the Dirac’s expansion for the

in-state vectors φ+ ∈ Φ− and for the out-observable vector ψ− ∈ Φ+ expressed in

(3.28a) and (3.28b), respectively, can be reduced to:

φ+ =
∑
j, j3,η

∫ ∞
0

dE|E, j, j3, η+〉〈+E, j, j3, η|φ+〉 , (3.29a)

ψ− =
∑
j, j3,η

∫ ∞
0

dE|E, j, j3, η−〉〈−E, j, j3, η|ψ−〉 . (3.29b)

In this dissertation, we consider the general scattering process (3.1) in which there

are n resonances Rn are created in the scattering experiment.
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The Born probability amplitude to detect an observable ψ− in the in-state φ+:

(ψout, S φin) = (ψ− | φ+) =

=
∑
j, j3

∑
j′, j′3

∞∫
0

dE dE ′〈ψ− |E ′, j′, j′3, η′−〉〈−E ′, j′, j′3, η′ |E, j, j3, η+〉〈+E, j, j3, η |φ+〉

=
∑
j, j3

∞∫
0

dE〈ψ− |E, j, j3, η−〉Sη
′η
j (E)〈+E, j, j3, η |φ+〉 .

(3.30)

The first expansion in (3.30) is obtained by inserting the Dirac basis expansions,

(3.29a) for the in-state φ+ and (3.29b) for the observable ψ−. The second expansion

in (3.30) is obtained by using the the identity (3.26) and the normalization (3.27) of

the exact eigenkets and then integrating with respect to the energy variable E ′ and

using the properties of Kronecker delta-δ with respect to angular momentums j′ and

its third angular momentum j′3. The reduced S- matrix elements Sη
′η
j (E) depends

on the total angular momentum j of the system in the central of mass and on the

particle quantum numbers η, e.g, particle species label and channel number. In the

scattering experiment, the prepared or in-states ψ+ are usually independent on the

spins as well as the observable. If there is no degeneracy in particle quantum number

η, then the reduced S-matrix element relates to the the scattering amplitude by:

Sη η
′

j (E) =

2iaj(E) + 1 for elastic scattering η′ = η ,

2iaηj (E) for inelastic scattering from η′ → η .
(3.31)

Here, aj(E) is the j-th partial scattering amplitude for the elastic scattering, aηj (E) is

the j-partial scattering amplitude for the inelastic scattering from channel η′ to chan-

nel η, and the channel number η means the particle species and channel quantum

number reflecting the characterization of the detectors which are designed to detect

specific particle family. The reduced S-matrix element Sj(E) with the angular mo-

mentum j is defined as an analytic function of energy on a Riemann energy surface

with a cut along the real energy positive axis 0 ≤ E <∞ as depicted in Figure 3.1.

In the scattering process, the S-operator reflects interaction between the particles

in the the scattering process [31]. If there is no interaction, the S-operator is the

identity operator I. Then, the S-operator can be defined in term of the interaction

operator T :

S = I + i T . (3.32)
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Here, the T operator reflects the interaction part of the scattering process and fulfills

the Lippmann-Schwinger equation for the operator:

T = V +
1

E −K + iε
V T, ε −→ 0 . (3.33)

Or the T -operator can explicitly be expressed in term of the free Hamiltonian K and

interaction potential V :

T = V
(
1 + 1

E−K+iε
V
)−1

, ε −→ 0

= V + V 1
E−K+iε

V + V 1
E−K+iε

V 1
E−K+iε

V + · · ·
(3.34)

The scattering amplitude aj(E) expresses the conversation of energy and is related

to the T -matrix by:

aj(E) = −πiδ(E − E ′)〈E, j, j3, η | T |E ′, j′, j′3, η′〉 (3.35)

In the scattering process, the scattering amplitude aj(E) can be calculated as in

(3.35) and hence the reduced S-matrix elements as in (3.31) unless we know about

the interaction potential V .

In the S-matrix description of bounded state and resonance, a resonance with

a spin j is defined by a first-order pole, at zR = ER − iΓ/2, of the j-th partial S-

matrix element Sj(E) on the lower complex energy semi-plane in the second sheet

of the S-matrix on Riemann Surfaces, i.e, unphysical sheet. A bounded states is

defined by a pole of the S-matrix on the negative energy axis in the first sheet of

the S-matrix Riemann Surface, i.e, physical physics. Experimentally, a resonance is

usually associated with a fixed value of total angular momentum j or pair of angular

momentum j and the parity P , jP . This means, in the partial wave analysis in which

the experimental data is fitted by the differential cross section σj(E), a resonance is

identified by a Breit-Wigner amplitudes (3.2) in a partial wave amplitude aj(E). The

value j for this partial wave amplitude is considered as the spin of the resonance.

Therefore, a resonance is assigned to one partial wave with fixed value of angular

momentum j in theoretical calculation and experimental analysis. Thus, the Born

probability density (3.30) can now be written in sum over terms which are dependent

on the fixed values of angular momentum j:

(ψ−, φ+) =
∑
j, j3

∞∫
0

dE〈ψ− |E, j, j3, η−〉 Sη
′η
j (E) 〈+E, j, j3, η |φ+〉

=
∑
j

(ψ−, φ+)j .
(3.36)
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The sum over the total angular momentum j in (3.36) means that we sum over all

possible resonances with different values in the total angular momentum j created in

the scattering process. The (ψ− | φ+)j is the j-th partial probability density which

is corresponding to the j-th partial S-matrix element Sj(E) and also corresponds to

the resonances:

(ψ−, φ+)j =
∑
j3

∞∫
0

dE〈ψ− |E, j, j3, η−〉 Sη
′η
j (E) 〈+E, j, j3, η |φ+〉 . (3.37a)

The sum over the third component of the spin j3 reflects all possibilities of the third

component of the spin j3 of fixed angular momentum j.

According to the standard analyticity assumptions of the j-th partial S-matrix,

Sj(E) is an analytic function of energy with fixed total angular momentum j on

the sheets of the S-matrix excepts at some singularities on energy axis or at some

singularities in both the upper and lower complex energy semi-planes in the energy

representation. Furthermore, the S-matrix is either vanished and bounded or grows

slower than a polynomials of any power n as |E|→ ∞.

There may be poles on the real axis for negative energy values E ≤ 0 which

are corresponding to the bounded states. Here, we just consider the resonance and

scattering phenomena so we ignore such bound states if they exist in the system.

The two sheeted Riemann surface has a cut along the real energy axis that starts at

E = 0 as depicted in Figure 3.1. In order to reach the second sheet of the S-matrix,

we burrow through the cut, E ≥ 0. The contour of integration in (3.37a) is right

above the cut which extends along the lower edge of the first sheet, E + iε, ε → 0.

The j-th partial S-matrix in (3.37a) can be written as Sη
′η
j (E) = Sη

′η
j (E + iε) since

by the Lebesgue theorem, (3.37b) converges to (3.37a) as ε→ 0. For the simplest in

analysis of the S-matrix, we can drop the fixed angular momentum index j and the

channel indexes η′η in Sη
′η
j and then (3.37) can be rewritten as:

(ψ−, φ+)j =
∑
j3

∞∫
0

dE〈ψ− |E, j, j3, η−〉 S(E + iε) 〈+E, j, j3, η |φ+〉 . (3.37b)

The j-th partial S-matrix element Sj(E) can have singularities in the second

sheet. We generally consider the case that there are N first-order poles of the S-

matrix which are corresponding to N resonances created in the scattering process.
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The higher order-pole of the S-matrix element can be treated in a similar way and

lead to higher order Gamow states. [32]

According to the Hardy space boundary conditions (3.24a) (3.24b), the energy

wave function of the state φ+(E) = 〈+E |φ+〉 and the conjugate energy wave function

of the out-observable ψ−(E) = 〈ψ− |E−〉 are the elements of the space which is the

intersection of the lower Hardy class and the Schwartz space of functions. Thus,

the integrand in (3.37b) along the cut of the first sheet of the S-matrix can be

analytically continued into the lower complex energy semi-plane in the second sheet

of the S-matrix. The contour of integration in (3.37b) extends along the lower edge

of the first sheet, right above the cut along 0 ≤ E <∞. Since S(E+iε) = S(E−iεII)
as ε → 0, where E − iεII is on the second sheet and E + iε is on the first sheet, we

can as well extend the integration along the upper edge of the second sheet which is

just below the cut. Therefore, the contour of integration parallel to the real axis in

the second sheet over 0 ≤ E < ∞ in (3.37b) can now be deformed into the contour

shown in Figure 3.2: an integral along the C− from 0 to −∞II , then along the

infinite semi-circle C∞, along the Li1 which is a path parallel to the imagine axis and

connected infinite semicircle C∞ with the the contour Ci around the poles zRi , the

clockwise oriented circles Ci which contain the first-order poles at zRi , along the Li2

which is a path parallel to the imagine axis and connected the contour Ci around the

poles zRi with the infinite semicircle C∞, and again along the infinite semicircle C∞.

The contour lines L1 and L2 can be chosen as just one line which connect the infinite

semicircle C∞ to the contour around the poles Ci but with opposite directions. Figure

3.2 show Li1 and Li2 are separated with zero-limit separation.

After this contour deformation, the integral in (3.37) becomes:

(ψ−, φ+)j =
∑
j3

−∞II∫
0

dz〈ψ− |z, j, j3, η−〉 SII(z) 〈+z, j, j3, η |φ+〉

+
∑
j3

∫
C∞

dz〈ψ− |z, j, j3, η−〉 SII(z) 〈+z, j, j3, η |φ+〉

+
∑
j3

∫
Li1

dz〈ψ− |z, j, j3, η−〉 SII(z) 〈+z, j, j3, η |φ+〉

+
∑
j3

∫
Li2

dz〈ψ− |z, j, j3, η−〉 SII(z) 〈+z, j, j3, η |φ+〉

+
∑
j3

∮
Ci

dz〈ψ− |z, j, j3, η−〉 SII(z) 〈+z, j, j3, η |φ+〉

(3.38)

Here, the II subscript in SII denotes the S-matrix in the second sheet. We ignore
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Figure 3.2: Contour of integration in the complex energy plane with first-order poles
zRi = ERi − iΓi/2 located on the second sheet.

the total angular momentum j index and the particle quantum numbers η η′ in the

partial S-matrix element Sη η
′

j (E) without affecting the dynamics of the system or the

mathematical calculation in the theory since the resonance which is associated to the

first-order pole in the second sheet is assigned with fixed total angular momentum j.

The S-matrix is well-defined on the whole Riemann surface and is bounded by

a polynomial. The energy wave functions 〈ψ− |z, j, j3, η−〉 and 〈+z, j, j3, η |φ+〉 are

analytic functions on lower half plane in second sheet based on the Hardy boundary

condition (3.24). Thus, the integrand 〈ψ− |z, j, j3, η−〉 SII(z) 〈+z, j, j3, η |φ+〉 is an

analytic and well defined function on lower half plane in second sheet except for the

singularities. Therefore, The integral around the the infinite semicircle C∞ vanishes.

Each pair of integrals along Li1 and Li2, which connect the infinite semicircle C∞ to

the contour around each pole Ci, cancels each other since these integrals have the

same integrand which are integrated along the same line but in opposite directions.

The first integral in the contour deformation (3.38) is along the axis which is just

below the negative real energy axis in the second sheet and does not involve in any
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poles which are corresponding to resonances. This is non-resonant term and hence

expressed as j-partial background term, BGj . Since it integration paths is along the

axis which is just below the negative real energy axis, it is same as a integral of the

real variable E in limit ε→ 0:

BGj ≡ 〈ψ− |φBG〉

=
∑
j3

−∞II∫
0

dz〈ψ− |z, j, j3, η−〉 SII(z) 〈+z, j, j3, η |φ+〉

=
∑
j3

−∞II∫
0

dE〈ψ− |E, j, j3, η−〉 SII(E) 〈+E, j, j3, η |φ+〉 .

(3.39)

This expresses the interaction between the observable ψ− with the j-partial general-

ized background vector φBG which is defined by

φBGj =
∑
j3

−∞II∫
0

dE |E, j, j3, η−〉 SII(E) 〈+E, j, j3, η |φ+〉 . (3.40)

If there are N resonances in the scattering process (3.1) which are corresponding to

N first-order poles in the lower half plane of the second sheet of the S-matrix and

there are no higher order poles in the lower half plane in the second sheet than the

first-order pole, then we can expand the reduced S-matrix element Sj(E) around

first-order poles at complex energies zRi = Ei − iΓi/2, i = 1, 2, · · ·N by using the

Laurent expansion:

SII(z) =
ri−1

z − zRi
+ +ri0 + ri1(z − zRi) + · · · (3.41)

Here, the index i is assumed to be summed over a range {1 · · ·N} in the expan-

sion (3.38) if there are N resonances created through the collision. The ri−1 are the

residues of the SII(z) in the second sheet at the first-order poles zRi = Ei − iΓi/2.

The ri0, r
i
1, · · · are the constants corresponding to the positive powers of polynomial

around the poles zRi Laurent expansion.

The last integral in (3.38) around the circles Ci can then be performed around the

poles zRi using the expansion (3.41). This integral just involves the first-order poles

or singularities of the S-matrix so we call it the pole term:

(ψ−, φ+)poles =
∑
j3

∮
Ci

dz〈ψ− |z, j, j3, η−〉 SII(z) 〈+z, j, j3, η |φ+〉

=
∑
j3

∮
Ci

dz〈ψ− |z, j, j3, η−〉
ri−1

z−zRi
〈+z, j, j3, η |φ+〉 .

(3.42)
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The second integral in (3.42) is understood that there are i integrals around i first-

order poles zRi , i = 1, 2 · · ·N . Each integral around pole zRi is then the residue of

the integrand in second integral of (3.42) at zRi = Ei − iΓi/2:

(ψ−, φ+)poles =
∑
j3

∮
Ci

dz〈ψ− |z, j, j3, η−〉
ri−1

z−zRi
〈+z, j, j3, η |φ+〉

= −2πi ri−1

∑
j3

〈ψ− |zRi , j, j3, η
−〉 〈+zRi , j, j3, η |φ+〉 .

(3.43)

The negative sign before the coefficients in the residue in (3.43) represents that the in-

tegral is calculated in clock-wise while the resides is defined as the integral in counter-

clockwise around the pole.

The integral around each pole zRi in (3.42) can be analyzed in different way using

the Cauchy theorem in which the each contour of integration Ci around the pole zRi
in clockwise direction is deformed into path along the real axis from −∞II < E <∞
and along the infinite semicircle which vanishes because of the Hardy class property:

(ψ−, φ+)poles =
∑
j3

∮
Ci

dz〈ψ− |z, j, j3, η−〉
ri−1

z−zRi
〈+z, j, j3, η |φ+〉

=
∑
j3

∞∫
−∞II

dE〈ψ− |E, j, j3, η−〉
ri−1

E−zRi
〈+E, j, j3, η |φ+〉 .

(3.44)

The integral (3.44) extends along the line which is parallel to the negative real axis

in the second sheet ∞II < E ≤ 0 to the positive axis 0 ≤ E < ∞ which can be in

either first or second sheet. However, the major contribution to the integral (3.44)

comes from integration along the physical values 0 ≤ E <∞. The distribution
ri−1

E−zRi
is same as the Breit-Wigner energy distribution [33] but the difference is: the range

of the energy is from whole line of energy axis −∞II < E ≤ ∞ than from just half

positive energy axis 0 ≤ E < ∞ as in the standard Breit-Wigner distribution. We

call this energy distribution is generalized or exact Breit-Wigner energy distribution:

aBWj =
r−1

E − zR
for −∞II < E <∞ . (3.45)

Therefore, the pole terms (ψ−, φ+)poles can be calculated into two methods: one is

the sum of residues of the integrand 〈ψ− |z, j, j3, η−〉〈+z, j, j3, η |φ+〉 around each pole

at zRi ; another is sum of integrals of the same integrand but with the real variable

〈ψ− |E, j, j3, η−〉〈+E, j, j3, η |φ+〉 along real axis from −∞II < E <∞ with the exact

Breit-Wigner energy distribution (3.45) for each resonance corresponding to each pole

at zRi .
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From the equations (3.43) and (3.44), we have the equality:

−2πi 〈ψ− |zRi , j, j3, η
−〉〈+zRi , j, j3, η |φ+〉 =

∞∫
−∞II

dE
〈ψ− |E, j, j3, η−〉〈+E, j, j3, η |φ+〉

E − zRi
.

(3.46)

This equality (3.46) can also be justified by using the Titchmarsh theorem for Hardy

class functions 〈ψ− |zRi , j, j3, η
−〉〈+zRi , j, j3, η |φ+〉 ∈ H2

−∩S. From the equality(3.46),

each resonance corresponding to each pole at zRi = ERi − iΓi/2 can be associated

with the exact Breit-Wigner energy distribution (3.45). The equality(3.46) can be

rewritten as:

− 2πi 〈ψ− |zRi , j, j3, η
−〉 =

∞∫
−∞II

dE
〈ψ− |E, j, j3, η−〉

E − zRi
〈+E, j, j3, η |φ+〉
〈+zRi , j, j3, η |φ+〉

. (3.47)

The integral on the l.h.s of (3.47) can be further analyzed by using the Cauchy theo-

rem to deform the contour of integration along −∞II < E <∞ into the integration

around the pole sRi . By this deformation, we can get rid of the 〈+E,j,j3,η |φ+〉
〈+zRi ,j,j3,η |φ

+〉 in the

integrand of (3.47) and rewrite (3.47) in the simpler form:

〈ψ− |zRi , j, j3, η
−〉 = − 1

2πi

∞∫
−∞II

dE
〈ψ− |E, j, j3, η−〉

E − zRi
. (3.48)

Since the vector ψ− ∈ Φ+ is arbitrary, we can omit in the (3.48) and get a ket

|zRi , j, j3, η
−〉 which is associate with the exact Breit-Wigner energy distribution as

in (3.45):

|zRi , j, j3, η
−〉 = − 1

2πi

∞∫
−∞II

dE
|E, j, j3, η−〉
E − zRi

. (3.49)

We define non-relativistic Gamow ket or decaying Gamow ket ψG associated with

each first-order pole of the S-matrix and hence each resonance by:

ψGi =
√

2πΓ |zRi , j, j3, η
−〉 = i

√
Γ

2π

∞∫
−∞II

dE
|E, j, j3, η−〉
E − zRi

. (3.50)

This means that each Gamow ket (3.50) associated with a resonance is a contin-

uous linear superposition of the exact out-plane wave or Lippmann-Schwinger kets
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|E, j, j3, η−〉 with the exact Breit-Wigner energy distribution (3.24). Each Gamow

ket in (3.50) are defined as the functional on the Hardy space ψ− ∈ Φ×+ as same as

the Lippmann-Schwinger kets are continuously anti-linear functionals on the Hardy

space Φ+, |E, j, j3, η−〉 ∈ Φ×+. The coefficient
√

2πΓ in (3.50) is conventionally used

in order that the Gamma ket ψG can be normalized.

The j-th partial Born probability (3.37) can then be expanded into two terms,

one is background term (3.39) which is not related to any poles or resonance and

another is related to poles which are represented by Gamow kets ψGi or equivalent

ket |zRi , j, j3, η
−〉 as in (3.50):

(ψ−, φ+)j = BG j − 2πi
N∑
i=1

ri−1

∑
j3

〈ψ− |zRi , j, j3, η
−〉 〈+zRi , j, j3, η |φ+〉 , (3.51a)

or in terms of the integral of the integrand with the exact Breit-Wigner energy dis-

tribution:

(ψ−, φ+)j = BG j +
∑
j3

∞∫
−∞II

dE〈ψ− |E, j, j3, η−〉
ri−1

E − zRi
〈+E, j, j3, η |φ+〉 . (3.51b)

According to hermitian analyticity property of the S-matrix, if there is a first-order

pole at the complex position zR = ER + iΓ/2 then there must also be another first-

order pole at the complex conjugate position, z∗R = ER + iΓ/2, on the second sheet

reached by burrowing through the cut, 0 ≤ E < ∞ on the physical sheet. Thus, a

scattering resonance is defined by a pair of poles on the second sheet of the analytically

continued S-matrix located at positions that are complex conjugates of each other.

Therefore, associated with the complex conjugate positions at z∗Ri = ERi + iΓi/2, we

consider the complex conjugate of (3.26) which represents j-th partial Born proba-

bility to detect the in-state φ+ in the out observable ψ−:

(ψ−, φ+)∗j = (φ+, ψ−)j =
∑
j3

∞∫
0

dE〈φ+ |E, j, j3, η+〉 S∗(E + iε) 〈−E, j, j3, η |ψ−〉

=
∑
j3

∞∫
0

dE〈φ+ |E, j, j3, η+〉 S(E − iε) 〈−E, j, j3, η |ψ−〉 .

(3.52)

The second equality in (3.52) is obtained from the hermitian property of the S-

matrix, S∗(E + iε) = S(E − iε). The energy wave functions 〈E, j, j3, η− |ψ−〉 and

〈φ+ |+E, j, j3, η〉 are analytic function on the upper half complex energy plane in the
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second sheet H2
− ∩ S. The matrix S(E − iε) on the first sheet possesses the same

continuously analytic property as the matrix S(E + iεII) on the second sheet in the

limit ε → 0. This S(E + iεII) ≡ SII(E) matrix is continuously analytic function

on the whole second sheet except for some singularities. Thus, we can deform the

contour of integration in (3.51) into the upper half-plane in the second sheet in a

similar way as we did before for the lower half-plane, as depicted in Figure 3.3: an

integral along the C+ from 0 to −∞II and the counter-clockwise oriented circles C∗i

which contain the first-order poles at z∗Ri in the first sheet. The integral along the

infinite semicircle C∗∞ and the two opposite direction line integral L
′i
1 and L

′i
2 which

vanish because of the analyticity of the energy wave functions and the S-matrix:

(φ+, ψ−)j =
∑
j3

−∞II∫
0

dz〈φ+ |z, j, j3, η+〉 SII(z) 〈−z, j, j3, η |ψ−〉

+
∑
j3

∮
C∗i

dz〈φ+ |E, j, j3, η+〉 SII(z) 〈−E, j, j3, η |ψ−〉 .
(3.53)

Figure 3.3: Contour of integration in the complex energy plane with first-order poles
z∗Ri = ERi + iΓi/2 located on the first sheet.
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Again, the first integral in the contour deformation (3.53) is along the axis which

is just above the negative real energy axis in the second sheet and does not involve

in any poles which are corresponding to anti-resonances, which obey the growing

exponential law. This is non anti-resonant term and hence expressed as j-partial

background term, BG∗j which is conjugate of the background term (3.39):

BG∗j ≡ 〈φ+ |φBG∗〉 = 〈ψ− |φBG〉

=
∑
j3

−∞II∫
0

dz〈φ+ |z, j, j3, η+〉 SII(z) 〈−z, j, j3, η |ψ−〉

=
∑
j3

−∞II∫
0

dE〈φ+ |E, j, j3, η+〉 SII(z) 〈−E, j, j3, η |ψ−〉 .

(3.54)

This expresses the interaction between the in-state φ+ with the generalized back-

ground vector φBG
∗

which is defined by:

φBGj
∗

=
∑
j3

−∞II∫
0

dE |E, j, j3, η+〉 SII(z) 〈−E, j, j3, η |ψ−〉 . (3.55)

Corresponding to N first-order poles at zRi = ERi− iΓi/2, i = 1, 2, · · ·N on the lower

half plane of the second sheet of the S-matrix, there are N first-order poles at the

complex conjugate position, z∗Ri = ERi + iΓi/2, on the upper half plane of second

sheet. Therefore, the the reduced S-matrix element SII(E) can be expanded around

these poles using the Laurent expansion:

SII(z) =
r
′i
−1

z − z∗Ri
+ +r

′i
0 + r

′i
1 (z − z∗Ri) + · · · (3.56)

Here, the r
′i
−1 are the residues of the SII(z) on the upper half plane of the second

sheet at the first-order poles z∗Ri = Ei + iΓi/2. The r
′i
0 , r

′i
1 , · · · are the constants

corresponding to the positive powers of polynomial around the poles z∗Ri in Laurent

expansion.

With same analysis for second integral in (3.53) on the upper half plane of the sec-

ond sheet as we did above on the lower half plane of the second sheet, we can express

the integral around the poles at z∗Ri = ERi + iΓi/2 as the pole terms (φ+, ψ−)poles

which can further be either calculated as sum of the residues of the integrand in the

last integral of (3.53) at z∗Ri or deformed into the integral along the real axis from
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−∞II < E <∞:

(φ+, ψ−)pole =
∑
j3

∮
Ci

dz〈φ+ |z, j, j3, η+〉 r
′i
−1

z−z∗Ri
〈φ+ |z, j, j3, η+〉

= 2πi r
′i
−1

∑
j3

〈φ+ |zRi , j, j3, η
+〉 〈−zRi , j, j3, η |ψ−〉

= −
∑
j3

∞∫
−∞II

dE〈ψ− |E, j, j3, η−〉
r
′i
−1

E−z∗Ri
〈+E, j, j3, η |φ+〉 .

(3.57)

The last integral in (3.57) also extends along the line which is parallel to the negative

real axis in the second sheet ∞II < E ≤ 0 to the positive axis 0 ≤ E < ∞. The

distribution
r′i−1

E−z∗Ri
is exact Breit-Wigner energy distribution as same as (3.45) but

corresponding to poles at z∗Ri :

a′
BW
j =

r
′i
−1

E − z∗Ri
for −∞II < E <∞ . (3.58)

From the equality between the last two terms in (3.57), we can define a ket

| z∗Ri , j, j3, η
−〉 which is associate with the exact Breit-Wigner energy distribution

(3.58):

|z∗Ri , j, j3, η
+〉 = − 1

2πi

∞∫
−∞II

dE
|E, j, j3, η+〉
E − z∗Ri

. (3.59)

Now, we can define non-relativistic growing Gamow kets as the way we defined the

Gamow kets, by:

ψGR =
√

2πΓ |z∗Ri , j, j3, η
+〉 = i

√
Γ

2π

∞∫
−∞II

dE
|E, j, j3, η+〉
E − z∗Ri

. (3.60)

This means that the growing Gamow kets (3.60) associated with a anti-resonance is a

continuous linear superposition of the exact out-plane wave or Lippmann-Schwinger

kets |E, j, j3, η+〉 with the exact Breit-Wigner energy distribution (3.58). Each grow-

ing ket in (3.60) is defined as a continuously anti-linear functional on the Hardy space

Φ×−.

The j-th partial Born probability (3.51) can then expand into two terms, one

is background term (3.54) which is not related to any poles or anti-resonance and

another is related to poles which are represented by growing vectors ψGR or equivalent

ket |zRi , j, j3, η
+〉 as in (3.60):

(φ+, ψ−)j = BG∗j + 2πi
N∑
i=1

ri−1

∑
j3

〈φ+ |E, j, j3, η+〉 〈−E, j, j3, η |ψ−〉 , (3.61a)
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or in terms of the integral of the integrand with the exact Breit-Wigner energy dis-

tribution:

(φ+, ψ−)j = BG∗j −
∑
j3

∞∫
−∞II

dE〈φ+ |E, j, j3, η+〉
r
′i
−1

E − z∗Ri
〈−E, j, j3, η |ψ−〉 . (3.61b)

The Born probability (3.36) to detect the observable ψ− in the state φ+ can be

expressed in terms of the background or non-exponential term and the resonances

which are associated to the first-order poles of the S-matrix on the lower half plane

of the second sheet:

(ψ−, φ+) =
∑
j

BGj − 2πi
N∑
i=1

ri−1

∑
j,j3

〈ψ− |zRi , j, j3, η
−〉 〈+zRi , j, j3, η |φ+〉

= BG− 2πi
N∑
i=1

ri−1

∑
j,j3

〈ψ− |zRi , j, j3, η
−〉 〈+zRi , j, j3, η |φ+〉 ,

(3.62)

Here, the background term, BG, is the sum of j-partial background (3.39) over the

spin j:

BG =
∑
j

BGj =
∑
j

〈ψ− |φBGj 〉

≡
∑
j j3

−∞II∫
0

dE〈ψ− |E, j, j3, η−〉 SII(E) 〈+E, j, j3, η |φ+〉

= 〈ψ− |φBG〉 .

(3.63)

The background term (3.63) can be explained as the interaction between the observ-

able ψ− with the generalized background vector φBG defined by sum of the j-partial

background vector φBGj (3.39) over the spin j:

φBG =
∑
j

φBGj =
∑
j ,j3

−∞II∫
0

dE |E, j, j3, η−〉 SII(E) 〈+E, j, j3, η |φ+〉 . (3.64)

Similarly, the complex conjugate of (ψ−, φ+) can be expressed as

(φ+, ψ−) =
∑
j

BG∗j + 2πi
N∑
i=1

ri−1

∑
j ,j3

〈φ+ |E, j, j3, η+〉 〈−E, j, j3, η |ψ−〉

= BG∗ + 2πi
N∑
i=1

ri−1

∑
j ,j3

〈φ+ |E, j, j3, η+〉 〈−E, j, j3, η |ψ−〉 ,
(3.65)
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Where, the background ∗ term, BG∗. is the complex conjugate of background term,

BG in (3.63), explicitly,

BG∗ =
∑
j

BG∗j =
∑
j

〈φ+ |φBGj ∗〉

≡
∑
j ,j3

−∞II∫
0

dE〈φ+ |E, j, j3, η+〉 SII(z) 〈−E, j, j3, η |ψ−〉

= 〈φ+ |φBG∗〉 .

(3.66)

This expresses the interaction between the in-state φ+ with the generalized back-

ground vector φBG
∗

which is defined by:

φBG
∗

=
∑
j,j3

−∞II∫
0

dE |E, j, j3, η+〉 SII(z) 〈−E, j, j3, η |ψ−〉 . (3.67)

If we omit the arbitrary vectors ψ− ∈ Φ+ in (3.62), we get the expansion of the

state φ+ in terms of the background kets φBG and the Gamow kets or equivalent

|E, j, j3, η−〉:

φ+ =
∑
j ,j3

−∞II∫
0

dE |E, j, j3, η−〉 SII(E) 〈+E, j, j3, η |φ+〉

− 2πi
N∑
i=1

ri−1

∑
j,j3

|zRi , j, j3, η
−〉 〈+zRi , j, j3, η |φ+〉

= φBG − 2πi
N∑
i=1

ri−1

∑
j,j3

|zRi , j, j3, η
−〉 〈+zRi , j, j3, η |φ+〉 .

(3.68)

It means that the in-state φ+ can be expanded in the kets |zRi , j, j3, η
−〉 which are

associated to the resonances plus the extra background term φBG which is not related

to the resonances and maybe describes the non-exponential decay. This expansion

(3.68) is similar with Dirac’s basis expansion in the Hilbert or Schwartz space but for

the Hardy space in the energy representation. This expansion (3.68) is not true for

other representations, e.g, position representation.

Similarly, if we omit the arbitrary vector φ+ ∈ Φ− in (3.65), we get the expansion

of the observable ψ− in term of growing Gamow kets |z∗Ri , j, j3, η
+〉 and an extra term
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background φBG
∗

:

ψ− =
∑
j,j3

−∞II∫
0

dE |E, j, j3, η+〉 SII(E) 〈−E, j, j3, η |ψ−〉

+2πi
N∑
i=1

ri−1

∑
j ,j3

|z∗Ri , j, j3, η
+〉 〈−z∗Ri , j, j3, η |ψ−〉

= φBG
∗

+ 2πi
N∑
i=1

ri−1

∑
j ,j3

|z∗Ri , j, j3, η
+〉 〈−z∗Ri , j, j3, η |ψ−〉 .

(3.69)

The ket |z∗Ri , j, j3, η
+〉 and |zRi , j, j3, η

−〉 are defined as continuously anti-linear func-

tionals on the space Φ− and Φ+, respectively. Following (3.68) and (3.69), it shows

that φ+ and ψ− are also continuously anti-linear functionals of functional spaces Φ×−

and Φ×+ on the Hardy spaces Φ− and Φ+, respectively.

The |E, j, j3, η±〉 are the generalized eigenkets of the total Hamiltonian H with

the eigenvalue E to the power p, for p = 0, 1, · · · . They fulfill

H× p |E, j, j3, η±〉 = Ep |E, j, j3, η±〉 for every |E, j, j3, η±〉 ∈ Φ×∓ . (3.70)

These generalized eigenkets |E, j, j3, η±〉 can also obtained from the eigenkets of the

free-interaction Hamiltonian K using the Lippmann-Schwinger equation (3.19).

From Hardy space boundary condition (3.24) and the analyticity of the S-matrix

element, Sj(E), it shows 〈ψ− |zR, j, j3, η
−〉 ∈ (H2

− ∩ S) |R+ and 〈φ+ |z∗R, j, j3, η
+〉 ∈

(H2
+∩S) |R+ . It means that the 〈ψ− |zR, j, j3, η

−〉 are the Hardy class function on the

lower half plane of the second sheet. Since Hamiltonian H is the continuous operator

on Φ−, using (3.48) with replacement Hpψ− of ψ−:

〈Hpψ− |ψG〉 =
√

2πΓ〈Hpψ− |zR, j, j3, η
−〉 =

√
2πΓ〈ψ− | H×p |zR, j, j3, η

−〉

= −
√

2πΓ
2πi

∞∫
−∞II

dE 〈Hpψ−|E,j,j3,η−〉
E−zRi

= −
√

2πΓ
2πi

∞∫
−∞II

dE 〈ψ−|H×p|E,j,j3,η−〉
E−zRi

= −
√

2πΓ
2πi

∞∫
−∞II

dE Ep 〈ψ−|E,j,j3,η−〉
E−zRi

= zpR〈ψ− |ψG〉 for all ψ− ∈ Φ+ .

(3.71)

Hence, omitting the arbitrary vector ψ− ∈ Φ+, we get

H×p |ψG〉 = zpR |ψ
G〉 = (ER − iΓR/2)p |ψG〉 , (3.72a)
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or equivalently,

H×p |zR, j, j3, η
−〉 = zpR |zR, j, j3, η

−〉 = (ER − iΓR/2)p |zR, j, j3, η
−〉 . (3.72b)

Similarly, since the 〈φ+ |zR, j, j3, η
−〉 are the Hardy class function on the upper half

plane of the second sheet, we get:

H×p |ψGR〉 = zpR |ψ
GR〉 = (ER + iΓR/2)p |ψGR〉 , (3.73a)

or equivalently

H×p |z∗R, j, j3, η
+〉 = z∗pR |z

∗
R, j, j3, η

+〉 = (ER + iΓR/2)p |z∗R, j, j3, η
+〉 . (3.73b)

Therefore, the Gamow kets ψG =
√

2πΓ |zR, j, j3, η
−〉 defined by (3.50) or its equiv-

alence |zR, j, j3, η
−〉 and the growing Gamow kets ψGR =

√
2πΓ |z∗R, j, j3, η

+〉 defined

by (3.60) or its equivalence |z∗R, j, j3, η
+〉 are generalized eigenkets of the total Hamil-

tonian Hp for p = 0, 1, 2, · · · with the complex eigenvalues zpR and z∗pR , respectively.

The energy density distribution of the Gamow vector φG is

〈−E |φG〉 =
√

2πΓ〈−E |z−R〉 =

= −
√

2πΓ
2πi

∞∫
−∞II

dE ′ 〈
−E|E′,j,j3,η−〉

E−zRi

= i
√

Γ
2π

1
E−(ER−iΓ/2)

for −∞II < E <∞ ,

(3.74)

which is the exact Breit-Wigner energy distribution for energy from negative values

in the second sheet −∞II < E ≤ 0 to positive value in the first sheet 0 ≤< E <∞.

Similarly, the growing state φGR also have the exact Breit-Wigner energy distribution:

〈+E |φGR〉 = i
√

Γ
2π

1
E−(ER+iΓ/2)

for −∞II < E <∞ . (3.75)

3.5 Non-Relativistic Time Asymmetric Evolution

There are two basis vector expansions for the vectors in the Hardy space formalism,

i.e, quantum mechanics under Hardy space boundary conditions. The first expansion

uses the nuclear spectral theorem to justify the Dirac’s basis expansion in terms of

the discrete basis |En, j, j3, η) describing the bounded states and the continuous basis,

|En, j, j3, η
+〉 for any in-state vectors φ+ ∈ Φ− as (3.17a) and |En, j, j3, η

−〉 for any
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the out-observable vector ψ− ∈ Φ+ as (3.17b), respectively. The second expansion

uses the complex basis vector expansion which are associated with the resonances

corresponding to the first-order poles of the S-matrix elements S(E) plus the extra

term called the background term and bounded states (ignored if we consider the

scattering phenomenon), |zR, j, j3, η
−〉 defined by (3.49) and φBG defined by (3.64)

for any in-state vectors φ+ ∈ Φ− as (3.68) and |z∗R, j, j3, η
+〉 defined by (3.59) and

φBG
∗

defined by (3.67) for any observable vectors ψ− ∈ Φ+ as (3.69). In both basis

expansion (3.68) for the observable ψ− and (3.69) for the state φ+, the Gamow states

|zR, j, j3, η
−〉 or ψG and growing Gamow states ψGR or |z∗R, j, j3, η

−〉 appear as discrete

basis as stationary or bounded state | En ) in the usual basis vector expansion for a

system with discrete energy eigenvalues En in Hilbert space H.

The time evolution of the vector states are solutions of the differential equations

under specific boundary conditions which specify the properties that these solutions

will fulfill. The time evolution of the observable ψ− and of the in-state φ+ is described

by the unitary group evolution (2.7a), (2.7d) for the solutions of the dynamical equa-

tions (2.1a) and (2.2b) under the Hilbert space boundary conditions (2.6) or under

the Schwartz space boundary conditions (2.24) by the Stone-von Neumann theorem.

From the Hardy space boundary condition (3.23) for the wave energy functions,

it follow that E〈−E |ψ−〉 ∈ (H2
+ ∩ S) |R+ or its complex conjugate E〈ψ− |E−〉 ∈

(H2
− ∩ S) |R+ and E〈+E |φ+〉 ∈ (H2

− ∩ S) |R+ or its complex conjugate E〈φ+ |E+〉 ∈
(H2

+ ∩ S) |R+ , respectively. The operator eiHt is continuously operator on Φ+ for

t > 0 and on Φ− for t < 0. Equivalently, the adjoint operator (eiHt)× = e−iH
×t is

continuously operator on anti-linear functional space Φ×+ for t > 0 and on Φ×− for

t < 0 [16]. Explicitly,

〈−E | e−iH×t |ψ−〉 = 〈−E eiHt |ψ−〉 = eiEt〈−E |ψ−〉 for t > 0 , (3.76a)

similarly,

〈+E | e−iH×t |φ+〉 = 〈+E eiHt |φ+〉 = eiEt〈+E |φ+〉 for t < 0 . (3.76b)

We can omit the general vector 〈−E |∈ Φ+ in (3.76a) and the time evolution of the

observable ket |ψ−〉 ∈ Φ×+ is described by the semi-group of operator U×+ (t) restricted

on the functional space Φ×+ of the Hard space of the upper complex energy plane of the

second sheet Φ+, U×+ (t) ≡ U×Φ−(t) = e−iH
×t for t ≥ 0. Equivalently, the time evolution

of the observable vector ψ− ∈ Φ+, which are the solutions of the Heisenberg equation
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(2.2b), is described by the semi-group of operator U+(t) restricted on the Hard space

of the upper complex energy plane of the second sheet Φ+, U+(t) ≡ UΦ−(t) = eiHt:

ψ−(t) = U+(t)ψ−(0) = eiHt ψ− with 0 ≤ t <∞ for ψ− ∈ Φ+ . (3.77a)

Similarly, we omit the general vector 〈+E |∈ Φ− in (3.76b) and the state ket |φ+〉 ∈ Φ×−

is described by the semi-group of operator, e−iH
×t for t ≤ 0, or U×− (t) restricted on the

functional space Φ×− of the Hard space of the lower complex energy plane of the second

sheet Φ−, U×− (t) ≡ (U †Φ−)×(t) = eiH
×t for t ≥ 0. Equivalently, the time evolution of

the state φ+ ∈ Φ−,, which are the solutions of the Schrödinger equation (2.1a) under

the new Hardy space boundary condition (3.22a), is described by by the semi-group

of operator U−(t) restricted on the Hard space of the lower complex energy plane of

the second sheet Φ−, U−(t) ≡ U †Φ−(t) = e−iHt:

φ+(t) = U−(t)φ+(0) = e−iHt φ+ with 0 ≤ t ≤ ∞ for φ+ ∈ Φ− . (3.77b)

Here, ψ− = ψ−(0) and φ+ = φ+(0) are the the observable and state at the initial

time or beginning of time t0 = 0, respectively. The operators U±(t) form semi-groups

since their inverse operators U−1
± (t) do not exit.

In general, the time evolution of the observable ψ− ∈ Φ+ and of the state φ+ ∈ Φ+

at the arbitrary time t when the initial condition of the observable and of the state

are given at the any finite beginning of time t0 are given by:

ψ−(t) = UΦ+(t)ψ−(t0) = U+(t)ψ−(t0) = eiH(t−t0) ψ−(t0) with t0 ≤ t <∞ ,

(3.78a)

and

φ+(t) = U †Φ−(t)φ+(t0) = U−(t)φ+(t0) = e−iH(t−t0) φ+(t0) with t0 ≤ t <∞ .

(3.78b)

Mathematically, we can choose t0 = 0. Then, the time evolutions of the observable

ψ− and of the state φ+ in (3.36) are the special case of (3.78) as the finite time t0 is

chosen as t0 = 0. The value of t0 = 0 indicates the initial time or the beginning of

time of the physics process in the scattering experiment at which the resonances or

decaying state are created through interaction.

The Born probabilities to detect the observable ψ−(t) in the state φ+ under Hardy

space boundary conditions (3.22) are given by:

Pφ+(ψ−(t)) =|〈ψ−(t) |φ+〉|2=|〈ψ− |φ+(t)〉|2

=|〈eiHtψ− |φ+〉|2=|〈ψ− |e−iH×tφ+〉|2 for only t ≥ t0 = 0
(3.79)
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This means that the Born probabilities (3.79) are predicted under the Hardy space

axiom (3.22) only for t ≥ t0 = 0, i.e. only for a time t after the finite time t0 = 0

at which the resonances has been created. This prediction is in agreement with the

causality principle (2.28) and (2.29). The time t0 is chosen as the finite time t0 = 0. It

represents the time at which the resonances has been created, before which the state

φ+ has been prepared, e.g. by an accelerator beam and target, and after which the

observable ψ− can be registered, e.g. by a detector with the counting rates N(t)/N

proportional to the probability (3.79).

The time evolution of the Gamow vector ψG or equivalent vector |zR, j, j3, η
−〉 can

be obtained by considering the the time evolution of functions 〈ψ−(t) |zR, j, j3, η
−〉 =

〈ψ− | e−iH×t |zR, j, j3, η
−〉. From (3.76a) and the expansion of the |zR, j, j3, η

−〉 on the

exact basis vectors |E, j, j3, η−〉 ∈ Φ+, 〈ψ−(t) |zR, j, j3, η
−〉 ∈ (H2

− ∩ S) |R+ for any

ψ− ∈ Φ+ is defined for only only t > 0, explicitly:

〈ψ− | e−iH×t |zR, j, j3, η
−〉 = − 1

2πi

∞∫
−∞II

dE 〈ψ−|e−iH×t|E,j,j3,η−〉
E−zRi

= − 1
2πi

∞∫
−∞II

dE e−iEt〈ψ−|E,j,j3,η−〉
E−zRi

for all ψ− ∈ Φ+ and for only t ≥ 0 .

(3.80)

On the other hands, since |zR, j, j3, η
−〉 can be defined as a functional on the space

Φ+, the l.h.s of (3.80) can be written as and hence defined for only t ≥ 0:

〈ψ− | e−iH×t |zR, j, j3, η
−〉 = e−izRt〈ψ− |zR, j, j3, η

−〉
for only t ≥ 0 and any ψ− ∈ Φ+ .

(3.81)

Since ψ− ∈ Φ+ is an arbitrary vector, we can omit it in(3.81) and hence get the time

evolution of the |zR, j, j3, η
−〉 is:

e−iH
×t |zR, j, j3, η

−〉 = e−izRt |zR, j, j3, η
−〉 for only t ≥ 0 . (3.82)

Analogically, the time evolution of the vector |z∗R, j, j3, η
+〉 can be obtained by con-

sidering the time evolution of the functions 〈φ+(t) | z∗R, j, j3, η
+〉 = 〈φ+ | e−iH×t |

z∗R, j, j3, η
+〉 and is given by:

e−iH
×t |z∗R, j, j3, η

+〉 = e−iz
∗
Rt |z∗R, j, j3, η

+〉 for only t ≤ 0 . (3.83)

Therefore, the time evolution of the Gamow ket ψG is given as (3.82) by:

e−iH
×t |ψG〉 = e−izRt |ψG〉 = e−iEte−Γt/2 |ψG〉 for only t ≥ 0 . (3.84)
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And, the time evolution of the growing Gamow ket ψGR is given as (3.83) by:

e−iH
×t |ψGR〉 = e−iz∗Rt |ψGR〉 = e−iEteΓt/2 |ψGR〉 for only t ≤ 0 . (3.85)

The equations (3.84) and (3.85) describe the exponential decaying Gamow state ψG

and the exponential growing Gamow state ψGR, respectively. The time evolution of

decaying Gamow vector ψG is only defined into the forward time direction, t ≥ 0,

in which the time t must be larger than initial time or beginning of time t0 = 0.

Similarly, The time evolution of growing Gamow vector ψGR is only defined into the

backward time direction, t ≤ 0, in which the time t must be less than initial time or

beginning of time t0 = 0.

The Born probability for an observable ψ−(t), i.e, the decay products, in a de-

caying state |zR, j, j3, η
−〉 corresponding to a resonance at any arbitrary time t ≥ 0

is:

Pz−R (ψ−(t)) =|〈ψ−(t) |zR, j, j3, η
−〉|2=|〈eiHt ψ− |ER − iΓ/2, j, j3, η

−〉|2

=|〈ψ− | e−iH×t |ER − iΓ/2, j, j3, η
−〉|2

=|e−iERt e−(Γ/2)t〈ψ− |ER − iΓ/2, j, j3, η
−〉|2

= e−Γt |〈ψ− |zR, j, j3, η
−〉|2 for ψ− ∈ Φ+ and t ≥ 0 only.

(3.86)

This probability (3.86) describes the exact exponential law for the decaying states

which corresponds to the resonance defined as the first-order pole of the S-matrix

at the position zR = E − iΓ/2. Hence, we get an exact exponential decay for the

Gamow state with a lifetime τ which is exactly given by the width Γ = ΓR of the

corresponding scattering resonance:

τ =
1

Γ
or τ =

~
Γ
. (3.87)

Therefore, the resonances in the non-relativistic scattering process or corresponding

unstable, decaying states are described by the Gamow kets ψG defined in (3.50).

These Gamow kets ψG are associated with the first-order poles of the S-matrix at

sRi = ERi − iΓi/2. The time evolution of the Gamow kets ψG is not given by an

unitary group for which the time t extends for all time −∞ < t < ∞, but by the

semi-group (3.84) for which the time t extends over 0 ≤ t <∞.
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Chapter Four: Relativistic Time Asymmetric

Quantum Mechanics

4.1 Representation of Poincaré group in

4-Velocity Basis

A relativistic particle of the invariant mass squared s = m2
p and spin jp is described

by the unitary irreducible representation (UIR) of the Poincaré group P (Wigner’s

representations) labeled by invariant mass squared s = m2
p and spin jp, (s, jp) and

other quantum numbers ηp, e.g, species quantum number, isospin, lepton number,

etc... [35] [36]:

P = {(x,Λ) | Λ ∈ SO(3, 1), detΛ = +1, Λ0
0 ≥ 0} . (4.1)

Here Λ is the Lorentz transformation. The standard basis vectors are chosen as the

eigenkets of the complete set of commuting observables (c.s.c.o.) of the the Poincaré

group P , |p j3[sj], η〉 :

M× |p j3[sj], η〉 =
√
s |p j3[sj], η〉 , (4.2a)

P×µ |p j3[sj], η〉 = pµ |p j3[sj], η〉 , (4.2b)

−w2 |p j3[sj], η〉 = j(j + 1) |p j3[sj], η〉 , (4.2c)

S3 ≡ U(L(p))w3U
−1(L(p)) |p j3[sj], η〉 = j3 |p j3[sj], η〉 . (4.2d)

Here, M2 = P µPµ is the mass squared operator with the eigenvalue s = pµpµ, which

is the mean-squared invariant mass squared. For the scattering process (3.1), M =

P µPµ = (Pa + Pb)
µ(Pa + Pb)µ and s = pµpµ = (pa + pb)

µ(pa + pb)µ. Both operators

P×µ and M× are conjugate operators of Pµ and M in the dual Schwartz space Φ×,

i.e, continuous anti-linear functionals. They are unique extensions of the adjoint

operators P †µ and M † of Pµ and M in the Hilbert space to the dual Schwartz space

Φ×. The operator −w2 = −wµwµ is the squared relativistic spin operator with

eigenvalue j(j + 1), wµ is the Pauli-Lubanski operator defined as wµ = εµνρσ Pν Jρσ,

and S3 ≡ U(L(p))w3U
−1(L(p)) is defined as third component of spin operator with its
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eigenvalue j3, respectively. U(L(p)) is the representation of the rotation-free Lorentz

boost L(p) which depends on the eigenvalues of the 4-momentum operator pµ. The

matrix L(p)

Lµν(p) =

 p0

m
−pn

m

pm

m
δmn −

pm

m
pn
m

1+ p0

m

for m,n = 1, 2, 3 , (4.3)

is the transformation between the rest frame p = 0 and the laboratory frame:(
m

p

)
= Lµν(p)

(
m

0

)
or L−1(p)µν

(
m

p

)
=

(
m

0

)
. (4.4)

Here, p is the three-momentum vector. The rotation-free Lorentz boost (4.3) does not

depend on the 4-momentum pµ but on the 4-velocity p̂µ = pµ/m. Therefore, instead

of using the momentum eigenvector |p j3[sj], η〉 as basis vectors of the irreducible

representation space of [s,j], we can as well use the three space-components of the

4-velocity p̂ = p/
√
s and label the eigenvectors as | p̂ j3[s j], η〉. These labels can

also be used for the basis vectors of semi-group which will be discussed later. The

4-velocity kets |p̂ j3[sj], η〉 are the eigenkets of [51]:

M× |p̂ j3[sj], η〉 =
√
s |p̂ j3[sj], η〉 , (4.5a)

P̂×µ |p̂ j3[sj], η〉 = p̂µ |p̂ j3[sj], η〉 , (4.5b)

−ŵ2 |p̂ j3[sj], η〉 = j(j + 1) |p̂ j3[sj], η〉 , (4.5c)

U(L(p̂))ŵ3 U−1(L(p̂)) |p̂ j3[sj], η〉 = j3 |p̂ j3[sj], η〉 . (4.5d)

Here p̂µ = pµ/
√
s is 4-velocity with p̂0 = Ê(p̂) =

√
1 + p̂2 , and space-components

p̂ ∈ R3, the modified Pauli-Lubanski operator is ŵ = εµνρσ P̂ν Jρσ , and η is particle

species number.

The 4-velocity kets | p̂ j3[sj], η〉 are elements of the dual space Φ×. As in the

non-relativistic case, the Schwartz space Φ is a dense subspace of Hilbert space H
and then one obtains the Schwartz space triplet (or Rigged Hilbert Space (RHS)):

Φ ⊂ H ⊂ Φ×.

The 4-velocity kets |p̂ j3[sj], η〉 transform under inhomogeneous Lorentz transfor-

mation (Λ, x) as

U×(Λ, x) |p̂ j3[sj], η〉 = e−i p.x
∑
j′3

Dj
j3 j′3

(W (Λ−1, p)) |Λ−1p̂ j3[sj], η〉 . (4.6)
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Explicitly, under the translation (x, I) and Lorentz boost (0,Λ) transformation as

U×(x, I) |p̂ j3[sj], η〉 = e−ip.x |p̂ j3[sj], η〉 , (4.7a)

U×(0,Λ) |p̂ j3[sj], η〉 =
∑
j′3

Dj
j3 j′3

(W (Λ−1, p)) |Λ−1p̂ j3[sj], η〉 . (4.7b)

Here, U× is the extension of the operator U in the dual space Φ× of the Schwartz

space Φ. W is the Wigner rotation which depends on the Lorentz transformation Λ

and 4-velocity p̂ since the transformation L(P ) only depends on 4-velocity p̂:

W (Λ, p) = L−1(Λp)ΛL(p) , (4.8)

and Dj
j3 ,j′3

(W (Λ, p)) is the rotation matrix corresponding to the j-th angular momen-

tum. The transformation of the 4-velocity |p̂ j3[sj], η〉 between the laboratory and

the rest frame p̂ = 0 is given by

U×(L(p̂)) |p̂ = 0 , j3[sj], η〉 =|p̂ j3[sj], η〉 . (4.9)

The normalization of free 4-velocity eigenkets is chosen as

〈p̂ j3[sj], η |p̂′ j′3[s′j′], η′〉 = 2 Ê(p̂) δ(p̂− p̂′) δ(s− s′) δj3J ′3 δjj′δη,η′ , (4.10)

where Ê(p̂) ≡ E(p)/
√
s =

√
1 + p̂2 = γ = 1√

1−v2 .

If the relativistic particle system consists of 2-particles, which each of which is

represented by an unitary irreducible representation (UIR) of Poincaré group labeled

by the mass squared si, spin ji, i = 1, 2, and by the other quantum numbers collec-

tively denoted by quantum number η- including particle species numbers, the direct

product space of the 2-particle system H12 = H1 ⊗H2, can be reduced into a direct

sum of two UIR spaces of different mass and spin [37] [38] [39]:

H12 = Hη
1(s1, j1)⊕Hη

2(s2, j2) . (4.11)

Any vector φ ∈ Φ ⊂ H ⊂ Φ× can be expanded as a continuous linear superposition

of the 4-velocity kets |p̂ j3[sj], η〉 ∈ Φ× which is analogy to the Dirac’s basis vector

expansion for momentum kets by Nuclear Spectral Theorem for Rigged Hilbert Space

(RHS) [16]:

φ =
∑
jj3η

∫ ∞
s0

ds

∫
d3p̂

2p̂0
|p̂ j3[sj], η〉〈p̂ j3[sj], η |φ〉 . (4.12)
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Here, the total invariant mass squared s has the lower bound which is the total mass

squared of the system in the center of mass s0 = (m1 +m2 + · · ·+mn)2. In the center

of mass of 2 particles system of masses m1 and m2 as in the scattering experiment

(3.1), s0 = (m1 +m2)2.

In the interacting picture, the interacting in- and out-states basis kets |p̂ j3 [sj]η, n±〉
are obtained from the free-interaction basis kets by the Möller wave operators Ω± [31]:

|p̂ j3[sj], η±〉 = Ω± |p̂ j3[sj], η〉 . (4.13)

In the rest frame of the system or center of mass frame (p̂ = 0), the interacting

in- and out-kets | p̂ = 0 j3 [sj]η, n±〉 can be described as formal solutions of the

Lippmann-Schwinger equation in analogy to the Lippmann-Schwinger equation in

non-relativistic scattering. Therefore, the solutions of the Lippmann-Schwinger equa-

tion [6] in the relativistic case are:

|0 j3 [sj]η, n±〉 =

(
1 +

1

s−H ± iε
V

)
|0 j3 [sj]η, n〉 . (4.14)

The in- and out-kets in the lab frame can then be obtained from the rest frame kets

by the rotation-free Lorentz boost transformation, U(L(p̂)):

|p̂ j3[sj], η±〉 = (U †(L(p̂))× |0 j3 [sj]η, n±〉 . (4.15)

Here L(p̂) is the rotation-free Lorentz boost which is a function of the real 4-velocity

p̂µ. The conjugate operator (U †(L(p̂))× is the extension of U † acts on the dual space

Φ×±.

4.2 Hardy Space Boundary Condition of

Relativistic Quantum Mechanics

The empirical causality principle (2.28) suggests that in the scattering experiment

in both relativistic and non-relativistic regimes, the detectors are only able to detect

the observables, e.g, decay products, after the state has been prepared, i.e, after the

accelerator is turned on and the beam has hit the fixed target, or two accelerated

beams are guided to make head-on collision. It means that detectors can not detect

the observables which are the decaying products of the resonances before the reso-

nances are created. In the relativistic scattering experiment, detectors are designed
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to detect some special decaying products of particular resonances. In analogy to the

Hardy space axiom (3.22) in non-relativistic regime, the the Hardy space axiom in

relativistic regime states that:

The space of in-states {φ+} is the Hardy space Φ− of the lower complex s-plane

C− on second sheet of S-matrix:

{φ+} = Φ− ⊂ H ⊂ Φ×− . (4.16a)

Space of observables {ψ−} is the Hardy space Φ+ of the upper complex s-plane

C+ on second sheet of S-matrix:

{ψ−} = Φ+ ⊂ H ⊂ Φ×+ . (4.16b)

These Hardy spaces Φ± in (4.16) are mathematically represented by the smooth

Hardy functions rather than the L2-integrable functions of the invariant mass s =

pµpµ used in the Hilbert space. The Hardy space axiom requires that the functions

of invariant mass s = pµpµ in the upper and lower half-plane of the second sheet of

the s-surface are smooth Hardy functions [40]:

for the observable ψ− ∈ Φ+ ⇐⇒ ψ−(s) = 〈−p̂ j3[sj], η |ψ−〉 ∈ S̃ ∩ H2
+|Rs0⊗ S̃(R3) ,

(4.17a)

for the in-state φ+ ∈ Φ− ⇐⇒ φ+(s) = 〈+p̂ j3[sj], η |φ+〉 ∈ S̃ ∩ H2
−|Rs0⊗ S̃(R3) .

(4.17b)

Here, the space S̃ ∩H2
±|Rs0 are not the spaces of L2-integrable energy wave functions

but are the intersection between the Schwartz function space S̃ and Hardy class

function H2
± of the lower and upper complex s plane of the S-matrix, respectively.

Rs0 means that the value of s = pµp
µ is restricted to the physical values, s0 =

(m1 + m2)2 < s < ∞ for the scattering experiment (3.1). The space S̃(R3) is the

Schwartz function space of the space-components of the 4-velocity vector p̂ = p/
√
s.

The another causality needed to be implemented into the theory in the relativistic

regime is that the velocity of the unstable particles or resonances created after collision

have to be less than the velocity of the light. In other words, if a resonance or an

unstable particle is created at an initial space-time position (ti,xi) and decays at a

final space-time position (tf ,xf ) in the laboratory frame, the relativistic causality

implies that the space-distance |xf − xi | for the unstable particle traveling during
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the time interval tf − ti should be less then the space-distance (tf − ti) for the light

traveling during the same time interval, mathematically:

(tf − ti) ≥ |xf − xi| or t ≥ |x| . (4.18)

Here, x = xf − xi and t = tf − ti are the space and time intervals of the unstable

particle or resonance, respectively. In terms of the space-time interval or distance,

the relativistic causality (4.18) implies that :

x2 = (t)2− |x|2 ≥ 0 . (4.19)

This means that all the events in the relativistic scattering experiment are time-

like events. This relativistic causality (4.19) can be obtained as the result of Hardy

boundary condition (4.16) that allows the wave functions of mass squared s can be

analytically into the upper or lower complex s-plane.

From the Hardy space axiom for functions of the invariant mass squared s, these

functions can be analytically continued into the upper and lower of the s-complex

plane. It means that the variable s can be analytically extended from the real to

complex values. Since s = pµp
µ, pµ can also be analytically extended to complex

value and may not keep the same value during this analytic extension. Furthermore,

the Lorentz boost (4.3) only depends on the real 4-velocity p̂ = p/
√
s. Therefore,

the 4-velocity basis |p̂ j3[sj], η〉 is good choice for basis vector than the momentum

basis |p j3[sj], η〉. We restrict the representation space of [s, j] to the case in which

4-velocity p̂µ = pµ/
√
s is real while the mass

√
s and therewith 4-momentum pµ are

complex. This is called minimally complex representation for the 4-velocity ket [37].

The minimally complex representation is subclass of semi-group representations of

Poincaré group. In the minimal complex representation, the unitary representations

of the space-time translations U(I, x) turn into semi-group representations while the

representations of homogeneous Lorentz transformations U(Λ, 0) keep the same as in

Wigner’s representations [41].

In the minimally complex representation, the kets |p̂ j3[sj], η±〉 are eigenkets of the

conjugate operator P̂×µ of the 4 velocity operator P̂µ = PµM
−1 with real eigenvalue

p̂µ = pµ/
√
s and the conjugate operator M× of the mass operator M = (Pµ P

µ)1/2

with the complex eigenvalue
√
s, respectively:

M× |p̂ j3[sj], η±〉 =
√
s |p̂ j3[sj], η±〉 , (4.20)
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P̂×µ |p̂ j3[sj], η±〉 = p̂µ |p̂ j3[sj], η±〉 . (4.21)

The operator M× and P̂×µ are conjugate operators of M and P̂µ in the dual spaces

Φ×± of the Hardy spaces Φ±, respectively, which are unique extensions of M † and P̂ †µ

in the Hilbert space H to the dual spaces Φ×±. The in-coming kets |p̂ j3[sj], η+〉 and

out-going ket | p̂ j3[sj], η−〉 are elements of dual spaces: | p̂ j3[sj], η±〉 ∈ Φ×∓ of the

Hardy spaces Φ∓, respectively.

The branch of the complex variable s is chosen by the principle values of Arg(s).

It is usually to be chosen as

−π ≤ Arg(s) < π . (4.22)

This Arg(s) is not a continuous function. It has a discontinuity along the positive

real axis. The equation (4.22) is to hold up to integer multiples of 2π.

The kets |p̂ j3[sj], η±〉 are chosen as basis kets of the space Φ×∓. Like in the non-

relativistic case, any vector φ+ ∈ Φ− can be expanded in the basis |p̂ j3[sj], η+〉 ∈ Φ×−

as:

φ+ =
∑
j j3

∫ ∞
s0

ds

∫
d3p̂

2p̂0
|p̂ j3[sj]η+〉〈+p̂ j3[sj]η′ |φ+〉 . (4.23)

Similarly, any vector ψ− ∈ Φ+ can be expanded in the basis |p̂ j3[sj], η−〉 ∈ Φ×+:

ψ− =
∑
j j3

∫ ∞
s0

ds

∫
d3p̂

2p̂0
|p̂ j3[sj]η−〉〈−p̂ j3[sj]η′ |ψ−〉 . (4.24)

As a consequence of (4.20) and (4.21), the kets |p̂ j3[sj], η±〉 are also the eigenkets

of the conjugate operators (P µ)× of the exact 4-momentum operator P µ with the

eigenvalue p̂µ
√
s:

(P µ)× |p̂ j3[sj], η±〉 = p̂µ
√
s |p̂ j3[sj], η±〉, where p̂µ = (p̂0, p̂) = (γ, γv). (4.25a)

Or equivalently,

H× |p̂ j3[sj], η±〉 = γ
√
s |p̂ j3[sj], η±〉 , (4.25b)

P×i |p̂ j3[sj], η±〉 = p̂i
√
s |p̂ j3[sj], η±〉 for i = 1, 2, 3 . (4.25c)

Here, Pi for i = 1, 2, 3 are the momentum operators in space coordinates. The

operator H× and P×i are conjugate operators of Hamiltonian H and momentum

operators Pi in the dual spaces Φ×± of the Hardy spaces Φ± which are unique extensions

of H† and P †i in the Hilbert space H to the dual spaces Φ×±, respectively.
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4.3 Relativistic Decaying and Growing Gamow

Vector

Analogy to non-relativistic scattering experiment, a relativistic resonance R is also

characterized by a mass MR and a width ΓR. The mass MR and width ΓR of the

resonance R are experimentally measured by fitting the partial cross section σj(s) to

the Breit-Wigner line shape with a slowly varying background B(s).

In relativistic regime, the partial cross section σj(s) is fitted to either relativistic

Breit-Wigner or Lorentzian energy distribution of the S-matrix pole sR = (MR −
iΓR/2)2:

σj(s) ∼
∣∣∣∣ rη
s− sR

+B(s)

∣∣∣∣2 with m2
0 < s <∞ . (4.26)

Or relativistic Breit-Wigner or Lorentzian energy distribution with energy dependent

width Γ(s) of the on-shell renormalization scheme:

σj(s) ∼

∣∣∣∣∣ rη
s− (M2

R − i s
MR

ΓR)
+B(s)

∣∣∣∣∣
2

with m2
0 < s <∞ . (4.27)

Here, m0 is the rest mass of the system, e.g, for the scattering process (3.1), m0 =

ma +mb and s = (pµa + pµb )2.

The width ΓR of a resonance R can theoretically be related by the decay rate Γ

of resonance R to final states f using quantum field theory [42]:

Γ =
1

2m

∑
f

∫
dΠf |M(R→ f)|2 . (4.28)

Here, dΠf is the relativistically invariant phase space of the final states f andM(R→
f) is a scattering amplitude of resonance R which decays into the final states f . The

accuracy of the value of decay rate depends on the approximation used in calculation

of scattering amplitude M(R → f), i.e, the order in the Feynman diagrams used to

calculate the matrix M(R→ f).

Using the basis expansion for the state φ+ ∈ Φ− as (4.23) and for the observable

ψ− ∈ Φ+ as (4.24), the probability density to detect the out-observable ψ− in the

in-state φ+ can be given in term of S-matrix element Sη η
′

jj3
(s, p):

(ψ−, φ+) =
∑

jj′J3J ′3

∫∞
s0

∫∞
s0
dsds′

∫ ∫
d3p̂
2p̂0

d3p̂

2p̂′
0 〈ψ− |p̂′ j′3[s′j′]η′−〉Sη η

′

jj′ (s, p)〈+p̂ j3[sj]η |φ+〉 .

(4.29)
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Here, the S-matrix element Sη η
′

jj′ (s, p) is defined as the scalar product of the in-coming

and our-going kets |p̂ j3[sj]η±〉:

〈−p̂′ j′3[s′j′]η′ |p̂ j3[sj]η+〉 = 〈p̂′ j′3[s′j′]η′ | S |p̂ j3[sj]η〉 = Sη η
′

jj3
(s, p) . (4.30)

In relativistic regime, the S-matrix is invariant under the poincaré transformation

or inhomogeneous Lorentz transformation (x,Λ). In particular, the S operator is

invariant under the homogeneous Lorentz transformation (0,Λ). In forms of the

operators, it can be expressed as

U †(Λ) S U(Λ) = S . (4.31)

If we choose Λ = L−1(p̂), or U(Λ) = U(L−1(p̂)), the quantity in (4.31) involving in

the S-operator is invariant under the transformation (4.32):

Sη η
′

jj3
(s, p) = 〈p̂′ j′3[s′j′]η′ | S |p̂ j3[sj]η〉

= 〈p̂′ j′3[s′j′]η′ | U †(L−1(p̂))SU(L−1(p̂)) |p̂ j3[sj]η〉
= 〈0̂′ j′3[s′j′]η′ | S |̂0 j3[sj]η〉
= 〈〈j′3[s′j′]η′|S|j3[sj]η〉〉 ≡ Sη η

′

jj3
(s) .

(4.32)

The second equation in (4.32) is obtained by using the property of the operator

U(L−1(p̂)) in (4.9) which transforms the ket |p̂ j3[sj]η〉 in the laboratory into the ket

in the center of mass frame |̂0 j3[sj]η〉. The expression (4.32) shows that the S-matrix

does not depends on the the 4-velocity parameters, i.e, on the frame of reference,

laboratory or center of mass frame. The S-operator is invariant with respect to the

rotation R in the center of mass frame for the discrete quantum number j3 and hence

do not depends on j3. Since the Poincaré transformation does not change the variable

s and j, the S-matrix element Sη η
′

jj3
(s) still depends on s and j. Furthermore, the S-

matrix in (4.32) must express the conversations of energy and momentum, therefore

the S-matrix Sη η
′

jj3
(s) can be expressed in term of the reduced S-matrix Sη η

′

j (s):

Sη η
′

jj3
(s) = 2p̂0 δ(s− s′) δ(p̂′ − p̂)δjj′δj3j′3S

η η′

j (s) . (4.33)

Using the expression (4.33), the probability density (4.29) can be reduced more in

term of reduced or j-th partial S-matrix element Sη η
′

j (s):

(ψ−, φ+) =
∑
jJ3

∫∞
s0
ds
∫

d3p̂
2p̂0 〈ψ− |p̂ j3[sj]η−〉Sη η

′

j (s)〈+p̂ j3[sj]η |φ+〉

=
∑
j

(ψ−, φ+)j .
(4.34)
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The reduced S-matrix Sη η
′

j (s) in (4.34) is then connected to the scattering ampli-

tude of the j-th partial wave aj(s) of the scattering process which is analogous with

(3.31). The j-th partial probability density (ψ−, φ+)j responds to the reduced S-

matrix Sη η
′

j (s) with fixed total angular momentum j as:

(ψ−, φ+)j =

∫ ∞
s0

ds
∑
j3

∫
d3p̂

2p̂0
〈ψ− |p̂ j3[sj]η−〉Sη η

′

j (s)〈+p̂ j3[sj]η′ |φ+〉 . (4.35)

We consider the general case of n resonances created in the collision of the scat-

tering process (3.1). These resonances correspond to the first-order poles of j-th

partial S-matrix Sj(s) at the position sRi = (MRi − iΓi/2)2, i = 1, 2 · · ·n. Then,

we can expand the j-th partial S-matrix Sj(s) as a series of the first-order poles

sRi = (MRi − iΓi/2)2:

Sj(s) =
n∑
i=1

Ri

s− sRi
+Ri

0 +Ri
1(s− sRi) + · · · (4.36)

According to the relativistic Hardy space axiom (4.15) or corresponding wave

function (4.16), the wave functions 〈ψ− | p̂ j3[sj]η−〉 and 〈+p̂ j3[sj]η′ | φ+〉 can be

analytically continued into the lower complex plane of the s-plane. With the same

analytical process , we can deform the contour integral of j-th partial probability

density (ψ−, φ+)j in (4.35) as we did in the non-relativistic case. However, the cut

along the positive real axis is started at the physical value s0 = (ma + mb)
2 in

relativistic case instead of origin in non-relativistic case. Therefore, the j-th partial

S-matrix of the probability can be expressed in terms of a contour integral C around

the pole sR of Sj(s) and a background which does not depend on the pole sR:

(ψ−, φ+)j =
∞∫
s0

ds
∑
j3

∫
d3p̂
2p̂0 〈ψ− |p̂ j3[sj]η−〉Sη η

′

j (s)〈+p̂ j3[sj]η′ |φ+〉

=
∑
j3

∫
d3p̂
2p̂0

−∞II∫
s0

ds 〈ψ− |p̂ j3[sj]η−〉SII(s)〈+p̂ j3[sj]η′ |φ+〉+

+
∑
j3

∫
d3p̂
2p̂0

∮
Ci

ds 〈ψ− |p̂ j3[sj]η−〉 Ri
s−sRi

〈+p̂ j3[sj]η′ |φ+〉

= 〈ψ− |φbgj 〉+
∑
j3

∫
d3p̂
2p̂0

∫∞
−∞II

ds 〈ψ− |p̂ j3[sj]η−〉 R
s−sR
〈+p̂ j3[sj]η′ |φ+〉 .

(4.37)

Here, the Ci in the second integral in (4.37) the term indicates that there are N

integrals around N first-order poles at zRi = (MRi − iΓi/2)2. The ket |φbgj 〉 is the
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background term which does not relate to the resonance pole sR and therefore repre-

sents the non-resonant background term in the scattering experiment:

|φbgj 〉 =
∑
j3

∫
d3p̂

2p̂0

∫ −∞II

s0

ds |p̂ j3[sj]η−〉SII(s)〈+p̂ j3[sj]η′ |φ+〉 . (4.38)

We can then define a relativistic Gamow ket or 4-velocity eigenket at a pole s = sRi as

superposition of the exact out-plane waves |p̂ j3[s j]η−〉 with the Breit-Wigner energy

distribution 1
s−sRi

as we did in the non-relativistic case:

ψGsRi
=
√

2πΓ |p̂ j3[sRi j]η
−〉 = i

√
Γ

2π

∫ ∞
−∞II

ds |p̂ j3[sj]η−〉 1

s− sRi
. (4.39)

The exact relativistic Breit-Wigner energy distribution:

aBWj (s) =
Ri

s− sRi
with −∞II < s <∞ , (4.40)

is the generalization of the the exact non-relativistic Breit-Winger distribution (3.45)

for the relativistic case which extends to negative axis −∞II < s < 0 in the second

(unphysical) sheet. The kets |p̂ j3[sRi j]η
−〉 are anti-linear functionals on the Hardy

space Φ+. In other words, the kets |p̂ j3[sRi j]η
−〉 are elements of the dual space Φ×+

of the Hardy space Φ+, |p̂ j3[sRi j]η
−〉 ∈ Φ×+.

Similarly, we can consider the complex conjugate of the Born probability den-

sity (φ+, ψ−) = (ψ−, φ−) or equivalent the j-th partial Born probability density

(φ+, ψ−)j = (ψ−, φ−)j in which the wave functions 〈φ+ |p̂ j3[sj]η+〉 = 〈ψ− |p̂ j3[sj]η−〉
and 〈−p̂ j3[sj]η′ |ψ−〉 = 〈−p̂ j3[sj]η′ |ψ−〉 can be analytically continued into the upper

complex plane of the s-plane. The complex conjugate of the S-matrix S∗j (s) is the

analytic functions of the s except for some poles in the upper complex plane in the

second sheet of the S-matrix. Therefore, we can expand it as a series of the first

-order poles at s∗Ri = (MRi + iΓi/2)2:

S∗j (s) =
n∑
i=1

R′i
s− s∗Ri

+R′i0 +R′i1 (s− s∗Ri) + · · · (4.41)

Then we can deform the integral contour along the the cut s0 ≤ s <∞ into the same

path we did in the non-relativistic case in section 3.4, and get:

(φ+, ψ−)j = 〈φ+ |φ∗j bg〉+
∑
j3

∫
d3p̂
2p̂0

∞∫
−∞II

ds 〈φ+ |p̂ j3[sj]η+〉 R′i
s−s∗Ri

〈−p̂ j3[sj]η′ |ψ−〉 .

(4.42)
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The ket |φ∗j bg〉 is the background term which does not relate to the anti-resonances

poles s∗R:

|φ∗j
bg〉 =

∑
j3

∫
d3p̂

2p̂0

∫ −∞II

s0

ds |p̂ j3[sj]η+〉SII(s)〈−p̂ j3[sj]η′ |ψ−〉 . (4.43)

A relativistic growing Gamow ket or 4-velocity eigenket at a pole s = s∗Ri = (MRi +

iΓi/2)2 can be defined as superposition of the exact in-plane waves |p̂ j3[s j]η+〉 with

the exact relativistic Breit-Wigner energy distribution 1
s−s∗Ri

:

ψGs∗Ri
=
√

2πΓ |p̂ j3[s∗Ri j]η
+〉 = i

√
Γ

2π

∫ ∞
−∞II

ds |p̂ j3[sj]η+〉 1

s− s∗Ri
. (4.44)

The exact Breit-Wigner energy distribution a∗j
BW (s) corresponds to the first-order

poles in the upper complex s-plane at s∗Ri = (MRi + iΓi/2)2 for the whole s spectrum

−∞II < s <∞:

a∗j
BW (s) =

R′i
s− s∗Ri

with −∞II < s <∞ . (4.45)

The Born probability density (ψ−, φ+) to detect the out-observable ψ− in the in-state

φ+ can then be expressed in terms of the non-resonant term or background term and

the term related to the resonances or decaying Gamow vector:

(ψ−, φ+) = 〈ψ− |φbg〉 − 2πi
N∑
i=1

Ri

∑
j

〈ψ− |p̂ j3[sRij]η
′−〉〈+p̂ j3[sRij]η

′ |φ+〉 . (4.46)

Here, φbg is the total background term which is sum of the j-th partial background

term φbgj as (4.38) over the spin j:

φbg =
∑
j

φbgj . (4.47)

Since the vector ψ− ∈ Φ+ in (4.46) is arbitrary, we can omit it and express the ket

|φ+〉 in terms of the background term φbg and the superposition of the Gamow kets

|p̂ j3[sRij]η
′−〉:

φ+ = φbg − 2πi
N∑
i=1

Ri

∑
j

|p̂ j3[sRij]η
′−〉〈+p̂ j3[sRij]η

′ |φ+〉 . (4.48)
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Similarly, we can express the vector ψ− in terms of the background term φ∗bg and

sum of the growing Gamow kets |p̂ j3[sRij]η
′+〉:

ψ− = φ∗bg + 2πi
N∑
i=1

R′i
∑
j

|p̂ j3[sRij]η
′+〉〈−p̂ j3[sRij]η

′ |ψ−〉 . (4.49)

Where the background φ∗bg is the total background term which is sum of the j-th

partial background term φ∗j
bg as (4.43) over the spin j:

φ∗bg =
∑
j

φ∗j
bg . (4.50)

The expression (4.48) and (4.49) are the generalization of the expansions (3.68)

of the in-state φ+ and (3.69) of the observable ψ− into the relativistic regime in

term of the relativistic Gamow vector | p̂ j3[sRij]η
′−〉 and growing Gamow vector

|p̂ j3[sRij]η
′+〉, respectively.

By considering the action of the operator P µ to the vector ψ− in the wave function

〈ψ− | p̂ j3[sR j]η
−〉 ∈ S̃ ∩ H2

−, we can show that the relativistic Gamow kets ψGsRi
or equivalent | p̂ j3[sRi j]η

−〉 are eigenvectors of the 4-momentum operators P µ =

(P 0, P i) = (H,P i) with complex eigenvalues
√
sR p̂µ:

P×µ |p̂ j3[sR j]η
−〉 =

√
sR p̂µ |p̂ j3[sR j]η

−〉 with p̂µ = (p̂0, p̂) = (γ, γv) . (4.51a)

The (4.51a) can be obtained by following the fact that the sn/2f(s) for any contin-

uous functions f(s) ∈ S̃ ∩ H2
− are still continuous functions in S̃ ∩ H2

− for any in-

teger numbers n. With the same analysis of considering the actions of the square

mass operator M2 = P µPµ, total angular momentum operator −ŵ2, and third

component of total angular momentum S3 to to the vector ψ− in the wave func-

tion 〈ψ− | p̂ j3[sR j]η
−〉 ∈ S̃ ∩ H2

−, the relativistic Gamow kets ψGsRi
or equivalent

|p̂ j3[sRi j]η
−〉 can be showed to be eigenvectors of these operators with the eigenval-

ues, s = pµpµ, j(j + 1) and j3, respectively:

M2 |p̂ j3[sR j]η
−〉 = s |p̂ j3[sR j]η

−〉 , (4.51b)

−ŵ2 |p̂ j3[sR j]η
−〉 = j(j + 1) |p̂ j3[sR j]η

−〉 , (4.51c)

S3 |p̂ j3[sR j]η
−〉 = j3 |p̂ j3[sR j]η

−〉 . (4.51d)

The equation (4.51a)- (4.51d) show that the spaces of Gamow vectors |p̂ j3[sR j]η
−〉

labeled by a pair numbers [s, j] representing the resonances or unstable particles is
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completely analogy to the Wigner space [m2, j] for stable particles as in (4.23). The

difference is that the generalized eigenvalue
√
s of the mass operator for the relativistic

Gamow vectors is a complex number, instead of real number.

4.4 Relativistic Time Asymmetric Evolution

We have defined the relativistic decaying Gamow kets |p̂ j3[sRi j]η
−〉 in (4.39) and

growing Gamow kets | p̂ j3[s∗Ri j]η
+〉 in (4.44) as the superpositions of the exact

incoming-plane wave |p̂ j3[s j]η−〉 and exact out-going plane wave |p̂ j3[s j]η+〉 with

the exact relativistic Breit-Wigner energy distributions (4.40) and (4.45) in which the

invariant mass squared s extends into the unphysical sheet ∞II < s < ∞. These

Gamow kets |p̂ j3[sRi j]η
±〉 are associated with the first-order poles of the S-matrix

in the lower and upper s complex plane in the second sheet of the S-matrix which are

responding to the resonances, or decaying states and the anti-resonances, or growing

states.

The space-time evolution of the observable ψ− in the relativistic regime is de-

scribed by operator U×+ (I, x) of the space-time translation (I,x) :

ψ−(x) = U+(I, x)ψ− = eiP.xψ− . (4.52)

Similarly, the space-time evolution of the in-state φ+ is relativistically described by

operator U(I, x):

φ+(x) = U−(I, x)φ+ = e−iP.xφ+ . (4.53)

Here we use the subscript ± to describe the operators corresponding to the space-time

translation of the observable ψ− and of the state φ+ which are also used to represent

the operators corresponds to the forward light cone and to backward light cone of

semi-groups of the Poincaré transformation.

Since the operator eiHt is a continuously operator on the space Φ+ for the time

t ≥ 0, the time evolution of the observable eiHt for ψ− ∈ Φ+ is valid only for t ≥ 0.

We consider the time evolution of the wave function 〈ψ−(x) |p̂ j3[sR j]η
−〉 ∈ S̃ ∩ H2

−
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in the center of mass frame in which p̂ = 0

〈ψ−(x) |p̂ = 0, j3[sR j]η
−〉 = 〈U+(I, x)ψ− |p̂ = 0, j3[sR j]η

−〉
= 〈ψ− | U×+ (I, x) |p̂ = 0, j3[sR j]η

−〉
= 〈ψ− | e−iH×t |p̂ = 0 , j3[sR j]η

−〉
= e−iγ

√
sRt〈ψ− |p̂ = 0 , j3[sR j]η

−〉 for only t ≥ 0 .

(4.54)

Omitting the arbitrary vector ψ− ∈ Φ+ in (4.54), we get the time evolution of the

ket |p̂ = 0, j3[sR j]η
−〉 or the Gamow ket ψGsR in the center of mass frame p̂ = 0:

U×+ (I, x) |p̂ = 0, j3[sR j]η
−〉 = e−iH

×t |p̂ = 0 , j3[sR j]η
−〉

= e−iγ
√
sRt |p̂ = 0 , j3[sR j]η

−〉 for only t ≥ 0 .
(4.55)

The wave function 〈ψ−(x) |p̂ j3[sR j]η
−〉 ∈ S̃∩H2

− can be obtained from wave function

in the center of mass frame 〈ψ−(x) |p̂ = 0, j3[sR j]η
−〉 by using the equation (4.15).

The condition t ≥ 0 does not changed when we move from the center of mass frame to

laboratory frame since (U †(L(p̂))× operator commutes with the the operator U×+ (I, x)

responding to time-space translations. Therefore, the time-space translation of the

wave function 〈ψ−(x) |p̂ j3[sR j]η
−〉 ∈ S̃ ∩ H2

− in the laboratory is given by:

〈ψ−(x) |p̂, j3[sR j]η
−〉 = 〈U+(I, x)ψ− |p̂, j3[sR j]η

−〉
= 〈ψ− | U×+ (I, x) |p̂, j3[sR j]η

−〉
= 〈ψ− | e−iP ·x |p̂ , j3[sR j]η

−〉
= e−iγ

√
sR(t−x·v)〈ψ− |p̂ , j3[sR j]η

−〉 for only t ≥ 0 .

(4.56)

However, t ≥ 0 is not enough guarantee for e−iγ
√
sR(t−x·v)〈ψ− |p̂ , j3[sR j]η

−〉 ∈ S̃ ∩H2
−.

With analogous condition for the parameter t ≥ 0 in exponent in (4.54), it requires

that

t− x · v ≥ 0 =⇒ t ≥ x · v or 1 ≥ v2 , (4.57)

in order for the wave function e−iγ
√
sR(t−x·v)〈ψ− |p̂ , j3[sR j]η

−〉 ∈ S̃∩H2
− [41]. Further-

more, the condition (4.57) implies that the velocity v is always less then the speed of

light c, i.e, v ≤ 1. As a consequence of condition (4.57), the space-time interval x2 of

the 4-vector (t,x) fulfills constraint condition:

x2 = t2 − x2 ≥ 0 . (4.58)
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Therefore, the space-time translation of the decaying Gamow ket φG or equivalent

|p̂, j3[sR j]η
−〉 is given by

U×+ (I, x) |p̂, j3[sR j]η
−〉 = e−iγ

√
sR(t−x·v) |p̂ , j3[sR j]η

−〉 for only t ≥ 0 , x2 ≥ 0. (4.59)

The transformations of the 4-velocity kets |p̂ j3[sj], η∓〉 ∈ Φ×± under inhomogeneous

Lorentz transformation (Λ, x) are given by:

U×+ (Λ, x) |p̂ j3[sj], η−〉 = e−i p.x
∑
j′3

Dj
j3 j′3

(W (Λ−1, p)) |Λ−1p̂ j3[sj], η−〉 for t ≥ 0, x2 ≥ 0 ,

(4.60)

With analogous analysis for the wave function 〈φ+(x) |p̂ j3[sR j]η
+〉 ∈ S̃ ∩ H2

+, the

constraint conditions for time t and the space-time interval for 4-vector (t,x) are:

x2 = t2 − x2 ≥ 0 and t ≤ 0 . (4.61)

The transformation of the growing Gamow ket φGs∗R or equivalent |p̂, j3[s∗R j]η
+〉 under

space-time translation (I, x) is given by:

U×− (I, x) |p̂, j3[s∗R j]η
+〉 = e−iγ

√
s∗R(t−x·v) |p̂ , j3[s∗R j]η

+〉 for only t ≤ 0 , x2 ≥ 0 ,

(4.62)

and under inhomogeneous Lorentz transformation (Λ, x) is given by

U×− (Λ, x) |p̂ j3[sj], η+〉 = e−i p.x
∑
j′3

Dj
j3 j′3

(W (Λ−1, p)) |Λ−1p̂ j3[sj], η+〉 for t ≤ 0, x2 ≥ 0 .

(4.63)

Corresponding to the two distinct Hardy spaces Φ± for the out-observables ψ−

and in-states φ+ stated in the Hardy space axiom (2.14), there are two semi-groups

of the Poincaré transformation. One is into the forward light cone (t ≥ 0) for the

Hardy space Φ+ of the upper complex s-plane C+ on second sheet of S-matrix [41]:

P+ = {(Λ, x) | Λ ∈ SO(3, 1), detΛ = +1, Λ0
0 ≥ 0, x2 = t2 − x ≥ 0, t ≥ 0} . (4.64a)

Another semi-group of the Poincaré transformation is into the backward light cone

(t ≤ 0) for the Hardy space Φ− of the lower complex s-plane C+ on second sheet of

S-matrix:

P− = {(Λ, x) | Λ ∈ SO(3, 1), detΛ = +1, Λ0
0 ≥ 0, x2 = t2 − x ≥ 0, t ≤ 0} . (4.64b)
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The time t is dilated by a factor γ when we move from the laboratory frame to

the center of mass frame p̂ = 0, t′ = γt which is a proper time. The time evolution

of the relativistic Gamow kets ψGsR(t′) at time t′ = tγ with
√
sR = MR − iΓ/2 in the

center of mass frame (or at the time t in the laboratory frame) is given by

ψGsR(t′) = e−iH
×t′
√

2πΓ |p̂ = 0 , j3 [sR j]η
−〉

=
√

2πΓe−i
√
sR t′ |p̂ = 0 , j3 [sR j]η

−〉
=
√

2πΓe−iMRt
′
e−(ΓR/2)t′ |p̂ = 0 , j3 [sR j]η

−〉
= e−iMRt

′
e−(ΓR/2)t′ ψGsR(p̂ = 0) .

(4.65)

and is valid only for t′ ≥ 0. The probability to detect an observable ψ− in the Gamow

ket ψGsR(t′) in the center of mass frame is then given by:

|〈ψ− |ψGsR(t′)〉|2 =|e−iMRt
′
e−(ΓR/2)t′〈ψ− |ψGsR(p̂ = 0)〉|2

= e−ΓR t′ |〈ψ− |p̂ = 0 , j3 [sR j]η
−〉|2 ,

(4.66)

and exists only for t′ ≥ 0. This probability (4.66) follows the exact exponential decay

for the decaying state which corresponds to the resonance defined as the first-order

pole of the S-matrix. Again, we get an exact exponential decay for the Gamow state

with a lifetime τ which is exactly given by the width Γ = ΓR of the corresponding

scattering resonance in the relativistic regime:

τ =
1

Γ
or τ =

~
Γ
. (4.67)

Therefore, the resonances in the relativistic scattering process or unstable, decaying

states in relativistic regime are described by the relativistic Gamow kets ψGsR defined in

(4.39). These Gamow kets ψGsR are associated with the first-order poles of the S-matrix

at sRi = (MRi − iΓi/2)2. As a result of (4.65), the time evolution of the relativistic

Gamow kets ψGsR is not given by an unitary group for which the time t extends for

all time −∞ < t <∞, but by the semi-group of the Poincaré transformation (4.64a)

for which the time t extends over 0 ≤ t <∞.
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Chapter Five: Beginning of Time in the Hardy

Space Formalism and Experimental Observations

5.1 Beginning of Time in Hardy Space Quantum

Mechanics

In Hardy space formalism, an observable A(t) =|ψ−(t)〉〈ψ−(t) | cannot be measured

in a state φ+ at a time t < t0, where t0 is the (finite) time at which the state φ+

has been prepared (in the laboratory): A state φ+ needs to be prepared first, before

an observable |ψ−(t)〉〈ψ−(t) | can be detected in φ+ at a time t > t0 which can

mathematically be chosen as zero. The observable ψ−(t) can be registered in this

state by detector counts N(t)
N

only for t > t0. E.g, a detector for the observable

|ψ−(t)〉〈ψ−(t) | cannot count the decay products of a decaying state φG(t), before

the decaying quantum systems φG(t) has been prepared (in a resonance scattering

experiment). The decay products of a decaying state (e.g. a Gamow state φG) can

only be counted at a time t after the time t0, i.e., for t > t0 [43].

The finite time t0(= 0) is defined as the preparation time of the state φ−− by

preparation apparatus. It reflects the initial time of the decaying state ψG of a single

scattering process, i.e, beginning of time of the decaying process: ψG(t) −→ ψ−. This

finite time t0 = 0 does not exist in the conventional quantum theory based on the

Hilbert or Schwartz space. This is a result of solving the dynamical equation under

the Hardy space boundary condition. This is in agreement with the intuitive idea:

that a state φ+ must be prepared first by a time t0 = 0, before the observable ψ−(t)

can be detected in the state φ+ for times t > t0(= 0) which the decaying state ψG has

been created, as well causality condition: the detection time t of the decay products

ψ−(t) must be later than the preparation time t0 = 0 of the decaying state ψG,

t0(= 0) < t < ∞. This means that the time evolution in the real world or quantum

system is time asymmetric [44].

The initial or beginning of time t0 can experimentally be justified by directly

measuring the lifetime of the decaying state ψG in the scattering experiment. In

principle, if a decaying state ψG is formed at the time t0 and decays at the time t on
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the laboratory’s clock in non-relativistic regime, then a lifetime τψG of the decaying

state ψG would be measured as time interval ∆t:

τψG = ∆t = t− t0 . (5.1)

Experimentally, one prepare an ensemble of arbitrary large number N identical

micro-systems (e.g., electrons of the molecules or beam of particles in scattering

experiment) in the same state φ+ in a laboratory and performing measurements under

the same condition. In principle, there are two different but completely equivalent

ways to prepare this ensemble. The first way is that one can prepare all of the N

micro-systems or decaying events simultaneously but at different places at one instant

of time. This kind of preparation can be done in the scattering experiment in which

the ensemble is beams of same particles accelerated via accelerator. The beginnings

of time of individual decaying events will be at ti0. The set of times {t10, t20, ..., tN0 }
is referred as the ensemble of beginnings of time. Since this ensemble describes the

times at which the same state φ+ is prepared, all of these times must be exactly the

same at t0 which in general can be set as zero. Therefore, the ensemble of beginnings

of time for the ensemble of N -decaying events is

{t10, t20, ..., tN0 } = t0 = 0 . (5.2)

Each decay state of the ensemble then decays into decaying products ψ− which are

detected at detectors at the time ti > t0. If each of time ti can be measured, then

the lifetime of each decaying state can be calculated as

τ i = ∆ti = ti − ti0 . (5.3)

In principle, decaying states in the ensemble are represented same decaying state and

hence the lifetime τ i will be same,

τ = τ i = t1 − t10 = ... = tN − tNo . (5.4)

In realistic experiment, because of the systematic errors in measurement, the decaying

times ti will be slightly different. Therefore, the lifetime τ of the decaying states will

be calculated as the average value of the lifetimes τ i:

τ = average value of {t1, t2, ..., tN} . (5.5)
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An example of this preparation is the KLOE (K Long Experiment) experiment which

will be discussed in detail in framework of Rigged Hilbert space in section 5.3. The

KLOE experiment justifies the prediction of beginning of time of relativistic quantum

mechanics formalism based on the Hardy spaces in chapter 4.

The another way to prepare decaying experiments is that one can prepare a single

micro-system in the unstable state at a time and repeat its preparation N times at

different preparation time ti0. An example of this preparation is the quantum jump of

single ion which will be discussed in section 5.2. In this experiment, decaying events

are different from each other and take place in chronological order as t10 < t10 < ... <

tN0 . The ensemble of the beginnings of time is

{t10, t20, ..., tN0 } 6= {0} , with t10 < t10 < ... < tN0 . (5.6)

The lifetime of unstable state in i−th micro-system in the ensemble will be calculated

as

τ i = ti − ti0, , for i = 1, 2, ..., N . (5.7)

Theoretically, these lifetime τi would have the same value since they are the lifetime

of the same unstable-states which are just prepared in different time. However, real

measurement in the laboratory will be yielded to slightly different values due to the

systematic and random errors during the experiments. The average of the lifetime of

the unstable state can be calculated as in (5.5).

5.2 Quantum Jump and Non-relativistic

Experimental Observation of Beginning of

Time

The quantum jump experiments [45][46][47][48][49] on metastable states of single ions

in the Paul trap have been done using Dehmelts proposal of shelving the single ion

on a metastable level for a sensitive optical double-resonance detection method. The

Dehmelt’s idea can be simplified by considering three energy levels as in Fig. 5.1

The level |g〉 is the ground state of single ion. The level |e〉 is the excited state

with a short lifetime, i.e, high spontaneous decay rate than the levels |m〉 which is

the long-lifetime metastable state. A laser source is applied to the single ion which
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Figure 5.1: Simplified energy level diagram of a three-level ion

initially is in the ground state |g〉 to drive the ion from the ground state |g〉 to the

excited state |e〉. The ion in the excited state |e〉 then spontaneously decay back

to the ground state |e〉 and emit a fluorescent photon which can be monitored by

detectors. The second source such as lamp will be turned on to attempt to drive the

ion from the ground state |g〉 to the metastable state |m〉. The ion will remain in

the metastable state for a lifetime of the metastable state. The ion is then shelved in

the metastable state |m〉 and can no longer be driven to the excited state |e〉 by the

resonant laser.

The transition of the ion from ground state |g〉 to metastable state |m〉 is then

detected by the absence of many fluorescence photons or dark periods in fluorescent

monitor as in Figure 5.2 for single ion Ba+ in the Paul trap. The duration of the

shelf-time spent in the metastable state |m〉, i.e, the lifetime of the metastable state,

is therefore observed as a dark period in the fluorescence. In the experiment [45],

here were N = 203 such dark periods, three were shown in the Figure 5.2. The

fluorescence photon is emitted by transition from excited state |e〉 = 62 P3/2 to the

ground state |e〉 = 62 S1/2 and the dark period is the duration when the ion Ba+
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jumps from the background state |g〉 = 62 S1/2 to the metastable state |m〉 = 52 D5/2

through the intermediate state 62 P3/2.

Figure 5.2: Amplification of single quantum jumps by the fluorescence of S1/2 ↔
P1/2. The three (out of 203) shown onset times t10, t

2
0, t

3
0 of dark fluorescence are the

preparation times of single “D5/2”-quantum systems. (This figure is taken from [45])

The onset of a dark period at ti0 indicates that at these times ti0 the ion jumps to

metastable state |m〉 and has been shelved in this metastable state |m〉 during the

natural lifetime of metastable state which were shown in the fluorescence monitor as

the dark periods. The ion then decays back to the ground state |g〉 at the dwell time

ti which were shown in the fluorescence monitor as the return of fluorescence. The

the dwell time or lifetime τ i of i−th metastable state |m〉 is measured as the duration

of the i− th dark period:

τ i = ti − ti0 , for i = 1, ...,M . (5.8)

The duration of the length of the dark periods in the single ion quantum jump exper-

iments have justified the initial time or beginning of time for quantum system pre-

dicted in the Rigged Hilbert Space formalism in chapter 3 in non-relativistic regime.

Therefore The ensemble of the beginnings of time and of the dwell time are {ti0} and

{τ i} for i = 1, 2, ...,M , respectively.
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In this experiment [45], the state vector φ+ describes an ensemble of single particles

in Paul traps, thus the preparation time t0 of the state φ+ or the beginning of time

of the decaying state ψG which later decays, is detected as an ensemble of times t
(i)
0

on the clocks in the laboratory and also t is an ensemble of times t(i) on the clock

in the laboratory. The lifetime of a decaying state φG is then the weighted average

of the individual lifetimes (ti) − t(i)0 ) of the dark periods shown in Figure 5.2 as the

durations of the (ensemble of) dark periods in the experiment with single ions in the

Paul trap [50].

The decaying state representing metastable state is Gamow state ψG =|52 D5/2
−〉

and the observable is ψ− =|52 S1/2〉. Each metastable state i − th is created at the

time ti0 and decays after τ i time. The decay state ψG =| 52 D5/2
−〉 follows the

exponential decay laws as

ρ(t) = e−Γt and τ = 1/Γ is the mean lifetime . (5.9)

The equation (5.9) is the =the survival probability for a single unstable particle which

is created at t = 0. In the quantum jump experiment, equation (5.9) is the survival

probability of an ion in a metastable state ψG =|52 D5/2
−〉 at the a given duration

in time from when it was initially prepared. Therefore, the time parameter t is is the

time evolution parameter to which the duration of each dwell time τ i is compared.

Theoretically, it is the probability for a single ion at the time t is still in the prepared

the metastable state |m〉:

P|m〉(|m(t)〉) =|〈m |m(t)〉|2= e−t/τ . (5.10)

Where the time evolution of the metastable |m(t)〉 is described by the semi group as

in (3.84):

U(t) = e−iH
×t for 0 ≤ t <∞ , (5.11)

and

H× |m〉 = (E − iΓ/2) |m〉 . (5.12)

The number of the metastable states N|m〉(t) at the time t is the number of the

metastable states of single ion for which their dwell times τ i is greater than evolution

parameter t [52]:

N|m〉(t) ≡ Number of |m〉 for which τ i > t . (5.13)
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The experimental survive probability is then calculated as the counting rate of the

number of the metastable state | m〉(t) over the total number of dwell times (dark

periods) measured in the experiment M which is then compared with the theoretical

Born probability (5.10):

N|m〉(t)
M

= P|m〉(|m(t)〉) = e−t/τ . (5.14)

By the comparison between the theoretical Born probability P|m〉(|m(t)〉 and the

experimental counting rate, i.e, fitting the history of dwell times of duration with

the exponential law in [45] or the logarithmic plot of the the experimental number of

dwell times of duration greater than the time parameter t [52] , one can determine the

beginning of time t0 = 0 of the semi-group (5.10). Therefore, there is correspondence

between beginning of time t = 0 of the time parameter, t which parametrizes the

evolution of the decaying state or metastable state ψG =|m〉 with the ensemble of M

preparation times measured by clocks in the laboratory, {ti0}, for i = 1, 2, ..,M , at

which corresponding single ion in the ensemble of single ions to be prepared in the

metastable state |m〉:

{ti0 : i = 1, , 2...,M} ⇐⇒ t0 = 0 . (5.15)

The correspondence (5.15) justifies not only the beginning of time for each individual

decaying state but also the ensemble of the beginnings of time, which are predicted

by the Rigged Hilbert space formalism. This also verifies that the time evolution in

the decaying phenomena is time-asymmetric, not symmetric.

5.3 Kaon Physics and Relativistic Observation of

Beginning of Time

Kaons have a relatively long lifetime because they decay only through the weak

interaction. As a result, studies of their decays provide key insights into the behavior

of the weak interaction under the three fundamental symmetry operators C, P , and

T . In this dissertation, we discuss the Kaon phenomena with the KLOE detector

at DAΦNE collider. At DAΦNE collider, Kaons are created from the decay of Φ

mesons produced in e+e collisions around 1020 MeV , the mass of the Φ-meson. The

Φ-meson, lifetime τΦ = 1.55 × 10−22 s, decays dominantly to charged kaon pairs
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K± (49%), neutral kaon pairs KS and KL (34%), ρ π (15%), and ηγ (1.3%). A

KLOE detector was designed to detect the decay products from Kaon and especially

to minimize KL → KS regenerations. The KL → KS regenerations is process in

which KS generated from the strong interaction of a KL with the traversed medium.

These regenerations might simulate CP violating decays which make the test of CP

violating be less accuracy [53].

5.3.1 Kaon Physics in Hardy Space

The neutral K mesons K0 and K0 are eigenstates of the parity operator P and charge

conjugate to each other under the charge operator C. Therefore, they transform one

into another under the action of CP operator :

CP |K0〉 = − |K0〉 , CP |K0〉 = − |K0〉 . (5.16)

The linear combinations K1 and K2 of K0 and K0 are the eigenvectors of the CP

operator:

|K1〉 =
1√
2

(|K0〉− |K0〉) and CP |K1〉 = − |K1〉 , (5.17a)

|K2〉 =
1√
2

(|K0〉+ |K0〉) and CP |K2〉 = + |K2〉 . (5.17b)

When CP is conserved, the allowed decay for K1 is only into 2π while the K2 can

decay into 3π , π eν, .. The lifetime of the K1 kaon is short (τS ≈ 8.92× 1011s), while

the lifetime of the K2 kaon is quite longer (τL ≈ 5.17 × 108s). CP -symmetry can

be violated which was discovered by Christenson et al. [54]. This means that the

long-lived Kaon can also decay to 2π. The CP symmetry is slightly violated (by a

factor of 103) by weak interactions. Therefore, the CP eigenstates K1 and K2 are

not exact eigenstates of the decay interaction. Let us denote KS (S means short-lived

) and KL (L means long-lived) are the eigenstates of the decay interaction, then they

can express in the term of the K1 and K2 or equivalently in terms of K0 and K0 as

|KS〉 =
1√

1+ |ε|2
(|K1〉+ ε |K2〉 =

1√
2(1+ |ε|2)

((1 + ε) |K0〉+ (1− ε) |K0〉) , (5.18a)

|KL〉 =
1√

1+ |ε|2
(ε |K1〉+ |K2〉 =

1√
2(1+ |ε|2)

((1 + ε) |K0〉 − (1− ε) |K0〉) . (5.18b)
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Here, ε is a CP violation parameter and a complex number in general, |ε|� 0.

The neutral Kaon pairs originate from Φ-meson at rest. In the rest frame of

Φ-meson (or the lab’s frame), two neutral Kaons flight in opposite direction and

have the same momentum pS = pL = p. The KS and KL are defined to be

Gamow vectors |K−S 〉 =|KS,p , s
−
S 〉 and |K−L 〉 =|KS,−p , s−L〉 of the complex ex-

act Hamiltonian (including the violate CP term) with the complex eigenvectors√
SRS(L)

=
(
mS(L) − i

ΓS(L)

2

)
, respectively:

H× |K−S 〉 =

(
mS − i

ΓS
2

)
|K−S 〉 , (5.19a)

H× |K−L 〉 =

(
mL − i

ΓL
2

)
|K−L 〉 . (5.19b)

Here, H = H0+Hw+Hsw = H0+Hint is the exact Hamiltonian; Hw is weak Hamil-

tonian; Hsw is the violate CP Hamiltonian and Hint = Hw + Hsw is the interaction

Hamiltonian.

The space-time evolutions of the Gamow vectors |K−S,L〉 are described by the semi-

group of the Poincare transformation into the forward light cone (4.64a) by (4.57):

U×+ (I, x) |K−S 〉 = e−iγS
√
sS(t−x·vS) |K−S 〉 , t ≥ 0 , x2 ≥ 0 , (5.20a)

U×+ (I, x) |K−L 〉 = e−iγL
√
sL(t−x·vL) |K−L 〉 , t ≥ 0 , x2 ≥ 0 . (5.20b)

Since ΓS
mS
≈ 1× 10−14 and ΓL

mL
≈ 1× 10−17, ΓS(L) is negligible compared with mS(L),

then the momentum of the neutral Kaon pairs can approximately be calculated as

±p = ±√sRS(L)
p̂S(L) ≈ ±mS(L) p̂. In other words, the velocities of Kaon pairs are

well determined by their mass and momentum.

A detector, i.e, registration apparatus has been built such that it counts 2π pairs

which are coming from the position of decay vertex at x = (0, 0, z). The observable

|ψ−〉 =|f〉 registered by the detector is the projection operator:

Λ(x) =|ψ−(x, t)〉〈ψ−(x, t) |=|f, t〉〈f, t | . (5.21)

Where f are decaying products which originate from the the decay vertex’s space-

time position at x = (t,x) = (t, 0, 0, z). The decaying particle has been created at

position (t0 = 0, 0, 0, 0) and decay at position (t, 0, 0, z = tv) where v = p/m is
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the velocity of decaying particle, i.e, neutral Kaon, along the z-axis. The space-time

parameters x = (t,x) must fulfill x
t

= p̂
γ

= v . Therefore, we have

x = (t,x) = (t, 0, 0, z = tv) = (γτ, 0, 0, z = γt∗v) . (5.22)

Here, t∗ is the proper time of the decaying particle in its rest frame. The term in the

exponential of (5.20) can be rewritten as

γ
√
s(t− x · v) = γ

√
s(t− zv) = γ

√
s(1− v2)t =

√
s
t

γ
=
√
st∗ . (5.23)

Here, γ = 1√
1−v2 is Lorentz coefficient, t∗ = t/γ is the proper time in the rest frame of

decaying particle. Hence, the time evolution of the Gamow vectors |K−S 〉 =|KS,p , s
−
S 〉

and |K−L 〉 =|KS,−p , s−L〉 can be written as

e−iH
×t |K−S 〉 = e

−i√sS t
γS |K−S 〉 = e−imSt

∗
e−

ΓS
2
t∗ |K−S 〉 , t∗ ≥ 0 , (5.24a)

e−iH
×t |K−L 〉 = e

−i√sL t
γS |K−L 〉 = e−imLt

∗
e−

ΓL
2
t∗ |K−L 〉 , t∗ ≥ 0 . (5.24b)

Therefore, the Gamow vectors |KS,L
−〉 evolve irreversibly and obey the exact expo-

nential decay law (4.65) in their rest frame.

According to the Rigged Hilbert Space formalism in chapter 4, every prepared

state φ+ ∈ H2
− can be expanded in terms of Gamow vectors which are associated

with the first-order poles of the S-matrix in the lower complex invariant mass sR =

MR − iΓR/2 and the background term as (4.46). Therefore, in the double resonance

systems,|K−S,L〉 or equivalent |K±−〉 , prepared state φ+ ∈ H2
− can be expanded as

φ+ =
1√
2

(bs |K−S 〉+ bL |K−L 〉+
1√
2
φBG . (5.25)

Here, bS and bL are the complex expansion coefficients. φBG is the background term

which represents the interaction of the in-state with the background in the scattering

experiment:

|φbg〉 =
∑
j,j3,η

∫
d3p̂
2p̂0

∫ −∞II

s0
ds |p̂ j3[sj]η−〉SII(s)〈+p̂ j3[sj]η′ |φ+〉

=
∑
j,j3,η

∫
d3p̂
2p̂0 |p̂ j3[sj]η−〉bη(s) .

(5.26)

Where, |p̂ j3[sj]η−〉 are the generalized eigenvector of the exact Hamiltonian H. Since

the background term φBG is not related to the poles of the S-matrix, and represents
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the non-resonant background term in the scattering experiment, it is usually small

compared to the decaying signal. As a result, (5.25) can be approximated as the

superposition of KS and KL Gamow vectors:

φ+ ≈ 1√
2

(
bs |K−S 〉+ bL |K−L 〉

)
. (5.27)

This approximation (5.27) is the result of the Lee-Oehme-Yang theory [55], which is

based on the Weisskopf-Wigner approximation [56].

Since the Gamow vectors |K−S,L〉 and |p̂ j3[sj]η−〉 are the generalized eigenvector

of the exact Hamiltonian H, the time evolution operator of the prepared state e−iH
×t

can be diagonalized. Therefore, the time evolution of the prepared state φ+(t) which

is expanded in basis vectors of the the Gamow vectors |K−S,L〉 and |p̂ j3[sj]η−〉 can be

expressed in term of each time evolution of these basis vectors:

φ+(t) = e−iH
×tφ = 1√

2

(
bSe
−iH×t |K−S 〉+ bLe

−iH×t |K−L 〉
)

+ 1√
2
e−iH

×tφBG

= 1√
2

(
bSe
−imSt∗e−

ΓS
2
t∗ |K−S 〉+ bLe

−imLt∗e−
ΓL
2
t∗ |K−L 〉

)
+

+ 1√
2

∑
j,j3,η

∫
d3p̂

2p̂0
e−iγ

2√st∗ |p̂ j3[sj]η−〉bη(s) .
(5.28)

Similarly, in the double resonances system of |K± −〉, the prepared state φ+(t)

can be expanded as (5.28) in complex vectors basis |K± −〉 which are eigenkets of the

total Hamiltonian H:

φ+(t) = e−iH
×tφ = 1√

2

(
b+e

−iH×t |K+ −〉+ b−e
−iH×t |K− −〉

)
+ 1√

2
e−iH

×tφBG

= 1√
2

(
b+e

−imK+ t∗e−
Γ
K+
2

t∗ |K+ −〉+ b−e
−imK− t

∗
e−

Γ
K−
2

t∗ |K− −〉
)

+

+ 1√
2

∑
j,j3,η

∫
d3p̂

2p̂0
e−iγ

2√st∗ |p̂ j3[sj]η−〉bη(s) .

(5.29)

The charged Kaons, K± are the anti-particles of each other. Hence, mK− = mK= =

mK and τ− = τ+ = τK . The comparison of K+ and K lifetimes τ+/τ− is used as a

confirmation of CPT invariance which requires the equality of the decay lifetimes for

particle and antiparticle τ+/τ− = 1 under CPT transformation [57].

The time evolution of the approximation for the Gamow vectors |KS
−〉 and |KL

−〉
in (5.27), therefore, is

φ+(t) = e−iH
×tφ = 1√

2

(
bSe
−iH×t |K−S 〉+ bLe

−iH×t |K−L 〉
)

= 1√
2

(
bSe
−imSt∗e−

ΓS
2
t∗ |K−S 〉+ bLe

−imLt∗e−
ΓL
2
t∗ |K−L 〉

)
.

(5.30)
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The time evolution of the Gamow vectors |KS
−〉 and |KL

−〉 (similarly |K− −〉 and

|K+ −〉 is given by either (5.20a) and (5.20b), respectively, as the eigenkets of the

exact Hamiltonian H with the constrain condition for the space-time parameter that

t ≥ 0 and x2 ≥ 0 in the laboratory or (5.20a) and (5.20b) in the their rest frames,

respectively, with the constrain t∗ ≥ 0. We have obtained the standard phenomeno-

logical description of the neutral Kaon system with CP violation as an approximation

of the exact theory in the Rigged Hilbert Space.

The probability density amplitude to detect the observable or decaying products

ψ− in (5.21) in the prepared state φ+ which is expanded in the complex basis vectors

|KK,L
−〉 as (5.28) at the time t:

〈ψ− |φ+(t)〉 = 1√
2

(
bSe
−imSτSe−

ΓS
2
τS〈ψ− |K−S 〉+ bLe

−imLτLe−
ΓL
2
τL〈ψ− |K−L 〉

)
+

+ 1√
2

∑
j,j3,η

∫
d3p̂

2p̂0
e−iγ

√
st〈ψ− |p̂ j3[sj]η−〉bη(s) ,

= 1√
2

(
bSe
−imSτSe−

ΓS
2
τS〈−f |K−S 〉+ bLe

−imLτLe−
ΓL
2
τL〈−f |K−L 〉

)
+

+ 1√
2

∑
j,j3,η

∫
d3p̂

2p̂0
e−iγ

√
st〈−f |p̂ j3[sj]η−〉bη(s) .

(5.31)

The coefficient bη(s) ∼ 〈+p̂ j3[sj]η |φ+〉 is the scalar product of the prepared state φ+

with the eigenket or outgoing plane-wave |p̂ j3[sj]η+〉 of the exact Hamiltonian H, and

therefore the time dependence of the background term in (5.31) depends upon the

preparation of the state φ+, i.e, the setup of the experiment, and thus might vary from

experiment to experiment. The background term in (5.31) is not related to the poles of

the S-matrix, therefore its time evolution is non-exponential. This background term

represents either the interaction of the prepared state φ+ with the background in

the scattering experiment or the non-exponential scattering phenomena which is not

discussed in this dissertation. This background signal is usually small and be removed

from the experimental data analysis. Hence, the probability density amplitude (5.31)

can approximately take after isolating the background term as

〈ψ− |φ+(t)〉 ≈ 1√
2

(
bSe
−imSτSe−

ΓS
2
τS〈−f |K−S 〉+ bLe

−imLτLe−
ΓL
2
τL〈−f |K−L 〉

)
. (5.32)

This approximation (5.32) is used as the standard counting rate probability expression

to fit the the neutral Kaon experimental data. The theoretical description of the Kaon
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phenomena using the Hardy Space has been discussed in [58] in both relativistic and

non-relativistic regime.

5.3.2 Measurement of Kaon Lifetime with KLOE Detector

and Relativistic Observation of Beginning of Time

The neutral kaon pair from decaying process of Φ meson: Φ → KS + KL is in a

pure JPC = 1−− state and about 34 %. The decay process to charged Kaon pair:

Φ → K+ + K− is about 49%. Data were collected with the KLOE detector at

DAΦNE, the Frascati Φfactory. DAΦNE is an e+e collider operating at a center of

mass energy
√
s ∼ 1020 MeV , the Φ-meson mass. The center of mass energy or

Φ-meson mass
√
s, Φ-meson momentum pΦ and the average position of the beams

interaction point P are measured using Bhabha scattering events.

Figure 5.3: Geometrical diagram of the process: Φ → KL + KS, KS → φ+ + φ−,
KL → 2φ0 → 4γ. KL and KS are created at interaction point P and decay at decay
vertex DKL and DKS , respectively. The KL path is obtained from the time for each
photon γ to arrive at the calorimeter. (Diagram is taken from [60])
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About 20× 106 KS → φ+ + φ− events has been collected to calculate the lifetime

of KS [59] corresponding to an e + e integrated luminosity of 0.4 fb−1. The KS-

meson vector momentum pKS , the kaon production point or interaction point of the

e+e− beam P and its decay point DKS are determined event by event KS → π+π−.

KS → π+π− decays are reconstructed from two pions opposite sign tracks π+π− which

must intersect at a point P with radius rP < 10 cm and |zP |< 20 cm, where x=y=z=0

(coordinate of interaction point P ) is the e+e average collision point and e+e beams

are directed along the z-direction. The kaon momentum pKS can be obtained from

the sum of the pion momenta ( pπ+ + pπ− ) and also from the kaon direction with

respect to known, fixed Φ-meson momentum pΦ.

The KL mesons travel in the opposite direction of the KS mesons and decay

at the decaying vertex DKL . Productions of a KL is tagged by the observation

of KS → π+π− decay, i.e, the KS → π+π− decay provides measurement of KL

momentum, pKL = pΦ − pKS , where pΦ is the Φ-meson momentum determined from

Bhabha scattering events. About 15 × 106 KL → 3π0 decay events are selected

tagged by KS → π+π− events [60]. The decaying vertex DKL , for example, can be

constructed from the decay KL → π0π0 → 4γ from photon arrival times at the EMC

as in Figure 5.3. Each photon defines a time-of-fight triangle PADKL , where lKL is

the KL path length which is created at interaction point P and decay at the decaying

vertex DKL , lγ is the distance of the photon traveling from the decay vertex DKL to

the the calorimeter cluster registering photon A at EMC and d is the distance from

the the calorimeter cluster to the interaction point P. The decaying vertex DKL can

be determined by:

d2 + l2KL − 2 d.lKL = l2γ , (5.33a)

lKL/βKL + lγ = ctγ . (5.33b)

Here, βKL is the KL velocity and tγ is the cluster time.

The KS(L) proper time or lifetime for i-th event, τ iKL , is obtained by dividing the

decay length liKL by βiγi of the KS(L) in the laboratory:

τ iKS(L)
=
tiKS(L)

γi
=

1

γi

liKS(L)
mKS(L)

pKS(L)

=
liKS(L)

βiKS(L)
γiKL

. (5.34)

Here, pKS(L)
, βiKS(L)

=
pKS(L)

mKS(L)

, and tiKS(L)
are the momentum, velocity and time

of the Kaon KS(L) traveling in the laboratory, for i-th event, respectively. The
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measured lifetime of KS and KL with the statistical and systematic errors are:

τKS = (89.562±, 0.029stat ± 0.043syst) ps and τKL = (50.92±, 0.17stat ± 0.25syst) ns,

respectively.

For the measurement of the lifetime of the charged Kaon K±, two methods are

used to analysis data from different kind of detectors [57]. One is the Kaon decay

length method, in which decay vertex of the kaon for neutral Kaon is reconstructed

using the using a data control sample given by cylindrical drift chamber information

only, with a sample of 15 × 106 tagged kaon decays. The charged Kaons are tagged

using the decay process: K± → µ±νµ(Kµ2) which corresponds to about 63% of

charged Kaon decay width [61]. Another method is Kaon decay time method using

lead-scintillating fibers calorimeter (EMC) information only for the signal side by

selecting the event with a π0 in the final state: K± → X + π0 → X + 2γ. The

average of K± lifetime using two methods is: τ+ = (12.325 ± 0.038) ns and τ− =

(12.374± 0.040) ns.

The direct measurement of the lifetimes of the decaying Kaons (KL(S) and K±)

justifies the the time asymmetric evolution of the state and observable ψ− in the

scattering experiment which states that the observable can be detected after the time

t0 = 0 at which the in-state φ+ has been prepared. It also verifies the beginning of

time t0 = 0 at which the decaying state ψGK is created and then decays at the decay

time t in the laboratory or t∗ in their rest frame. In the scattering experiment, an

ensemble of kaon pairs is created at various times tn = 0, where n is number of sample

using in analysis, in the laboratory at the position P with z = 0 or the interaction

point at which the Φ-meson is created and decay spontaneously (τΦ = 1.55× 10−22

s). The n − th pair of neutral Kaons KS(L) or charged Kaon K± moves in opposite

directions during the time interval tnKS − t
n
0 for the KS Kaon and tnKL − t

n
0 for the KL

Kaon (or tnK± − tn0 for the charged Kaons K± Kaon) and decays at tnKS(L)
for neutral

Kaons (or tnK± for charged kaon K±) after they has moved the distance:

lK = v (tn − tn0 ) = pK
mK

(tn − tn0 )

= pK
mK

∆tn = vγt∗K = βγt∗K . (in c = 1 unit , v ≡ β) .
(5.35)

The decaying length (5.35) is applied for any Kaons with v is the velocity of kaon, pK

is the momentum of kaon, γ is the Lorentz coefficient, ∆t is the time of kaon traveling

in the laboratory and t∗ = ∆t/γ is proper time or lifetime of kaon in its rest frame.
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The ensemble of kaon pairs (KL(S) or K±) created at these different times tn0 =

at the interaction point P is described by the the Gamow vectors ψGK =|K−〉 (K is

denoted for KL(S) or K± ) which time evolution is given by exact formula as (5.20)

ψGK(t) = U×+ (I, x = (t, 0, 0, z)) |K−〉 = e−iγ
√
s(t−z·vz) |K−〉 , t ≥ 0 , x2 ≥ 0 ,

(5.36a)

or approximately as (5.24):

ψGK(t) = e
−i
√
s t
γK |K−〉 = e−imKτKe−

ΓK
2
t∗ |K−〉 , t∗ ≥ 0 . (5.36b)

The set of the beginnings of time {t10, t20, .., tn0} = t0 = 0 represents the beginning of

time of ensemble which at which ψGK is created and after which the decay products are

detected at the detector, i.e, the beginning of time tn0 = 0 for of each individual kaon

is identified with the mathematical semi-group time t0 = 0 of the semi-poincaré group

into the forward light cone (4.64a). Therefore, the Gamow ket ψGK(t) for the Kaons

with the condition t ≥ 0 describes an ensemble of individual Kaon (for each KS and

KL or each charged Kaons K±) under the same conditions. These Kaons have a well-

defined lifetime τK which is measured as average of the lifetime τK = average of τn,

where τn is determined by (5.34).

Since the kaon states is represented by relativistic Gamow vectors ψGK which de-

fined from the first-order poles of S-matrix sK = (mK − iΓK/2)2, the inverse of K is

exactly the lifetime τK in the rest frame, τK = 1/ΓK . The Born probability to detect

the final decaying products or observable ψ− =|f−〉 in the Gamow vectors ψGK at the

time t in the laboratory

P|f〉(ψGK(t)) =
∣∣〈−f |ψGK(t)〉

∣∣2 =
∣∣∣e−i√s t

γK 〈−f |K−〉
∣∣∣2

=

∣∣∣∣e−imK t
γK e

−ΓK
2

t
γK 〈−f |K−〉

∣∣∣∣2 = e
−ΓK

t
γK |〈−f |K−〉|2 , t ≥ 0 .

(5.37a)

or at the proper time t∗ in the rest frame of the Kaon ψGK

P|f〉(ψGK(t∗)) = P|f〉(ψGK(t)) =
∣∣∣e−imKt∗e−ΓK

2
t∗〈−f |K−〉

∣∣∣2
= e−ΓKt

∗ |〈−f |K−〉|2 = e
− t∗
τK |〈−f |K−〉|2 , t∗ ≥ 0 .

(5.37b)

The theoretical probability (5.37) is used to compare with the counting rate of event

in the decay ψGK → f in the proper time t∗ as:

Nf

N
= P|f〉(ψGK(t)) ∼ e

− t∗
τK , t∗ ≥ 0 . (5.38)
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The expression (5.38) has been used to fit the proper time t∗ distribution of the

decay events of Kaons with an exponential decay in [57][59][60], to get the lifetime

of the Kaons over an ensemble of n decays. The difference is that the Heaviside

function θ(t) is impose into the exponential time, θ(t)e−t
∗/τ when fitting the proper

time t∗ distribution of Kaons which is automatically put into as the consequence of

time evolution of the relativistic Gamow vectors ψGK(t) under the semi-group of the

Poincaré group into the forward light cone (4.64a).
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Chapter Six: Conclusion

By replacing the Hilbert space boundary condition, in which the states and observ-

able are described by the same Hilbert space. by the Hardy space boundary condi-

tion, in which the states and observable are described by a pair of distinguishable

Hardy spaces, we get the exact mathematical quantum theory which unites the res-

onance and decaying state phenomena. The time evolution of the state φ+ and of

the observable ψ− are asymmetric, i.e, dynamical evolutions are described by semi-

group operators, U+(t) = eiH(t−t0) with t0(= 0) ≤ t < ∞ for the observable ψ− and

U−(t) = e−iH(t−t0) with −∞ < t ≤ t0(= 0) for the state φ+ in non-relativistic regime,

or space-time translation U+(I, x) = e−iP.x with t ≥ 0, x2 ≥ 0 for the observable ψ−

and U−(I, x) = eiP.x with t ≤ 0, x2 ≥ 0 for the state φ+ in the relativistic regime.

The non-relativistic resonance associate with the first-order pole of the S matrix

at ZR = ER − iΓ/2 in the second sheet can be represented by the Gamow vector φG

obeying the exact time exponential decay. The time evolution of the Gamow vector

is also described by the semi-group U+(t) = eiH(t−t0) with t0(= 0) ≤ t < ∞ as the

consequence of the Hardy space boundary condition. The state φ+ and observable φ−

can either be expanded in terms of background and discrete decaying Gamow vectors

φG as (3.69) and the growing Gamow vectors φGR (3.68) or in terms of continuous

exact in-plane wave states |E+〉 as (3.17a) and out-plane wave states |E−〉 as (3.17b)

of the exact Hamiltonian H of the physics system, respectively.

The resonances in the relativistic scattering process or unstable, decaying states in

relativistic regime are described by the relativistic Gamow kets ψGsR defined in (3.49).

These Gamow kets ψGsR are associated with the first-order pole of the S-matrix at

sR = MR − iΓR/2. The time evolution of the relativistic Gamow kets ψGsR is given

by semi-group P+ of the Poincaré transformation (4.64a) into the forward light cone

(t ≥ 0). These the relativistic Gamow kets ψGsR obey the exact exponential decay in

their rest frame.

The finite quantum mechanical beginning of time t0 of the semi-group is ex-

perimentally observed as an ensemble of finite times in the quantum jump for the

non-relativistic or in Kaon experiment (KLOE) for the relativistic case. In the ex-

periments with a single ion in the Paul trap, ensemble of the beginnings of time
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{t(i)0 } which are the onset times of dark periods, i.e, the beginning of time on the

meta-stable state described by a Gamow vector, responds to the beginning of time

of semi-group time evolution t0 = 0 observed in the lab: t0 ↔ {t(i)0 }. In the Kaon

experiment, the set of the beginnings of time {ti0} = 0 at which individual kaon is

created represents the beginning of time t0 of ensemble described by Gamow vector

ψGK . In other words, the beginning of time tn0 = 0 for of each individual kaon is iden-

tified with the mathematical semi-group time t0 = 0 of the semi-poincaré group P+

of the Poincaré transformation into the forward light cone (4.64a): {ti0} = t0 = 0.
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