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Abstract 

 

Modeling and Uncertainty Quantification of Non-contact Scanning 

Thermal Microscopy  

  

 

Yu Huang, M.S.E 

The University of Texas at Austin, 2015 

 

Supervisor:  Li Shi  

 

Since its introduction, Scanning Thermal Microscopy (SThM) has been widely 

used to measure surface temperature and thermal properties of nano-scale materials and 

structures with high spatial resolution. However, discrepancy exits between the 

temperature read by the SThM probe and the actual temperature of sample measured. In 

addition, the temperature of the measured sample can be affected by the presence of the 

SThM probe. In this thesis work, we used Ansys Fluent to develop a SThM model to 

establish calibration between the temperature read by the SThM probe and the actual 

temperature of measurement. The effects of the probe on the temperature of sample is also 

quantified. We use Bayesian inference to calibrate the unknown thermal conductivities of 

the polymer (substrate). This model is validated by comparing its predictions with 

experiment observations. We also quantify the uncertainties in the Quantity of Interest 

(QoI), the probe tip temperature, due to the uncertainty in the simulation input parameters. 

This is accomplished by using a generalized polynomial chaos (gPC) formalism. A 
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response surface relating the QoI to model inputs is constructed through stochastic 

collocation. A Smolyak sparse grid is used to reduce the computation expense. The 

response surface is sampled based on the PDFs of the input parameters to obtain the PDF 

of the QoI. We find the uncertainty in the cross-plane thermal conductivity of the liquid 

polymer and the diameter of the probe tip have large contributions to the overall uncertainty 

in the QoI.  
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Chapter 1 Introduction 

 Microscale thermal measurement techniques 

In recent years, micro and nanoscale systems and structures have gained 

increasing popularity. They have demonstrated promising properties in many industrial 

applications. In order to investigate their thermal properties, a variety of thermal 

characterization techniques have also been developed. 

Nanoscale fluorescence thermometry has wide a range of applications, from 

thermal imaging of microelectromechanical systems (MEMS) to living cells [1]. This 

technique utilizes the temperature dependence of the fluorescence signal. The intensity of 

the fluorescence signal decreases and its peak shifts to a longer wavelength with 

increasing temperature. The phosphor exciting fluorescence acts as the temperature 

sensor. The spatial resolution of the device is related to the size of the phosphor. Bastida 

et al. provided the fabrication technique of using quantum dots of nominal diameter of 4 

nm and 5nm [2] for the phosphor. 

Microscale Raman thermometry is also used to characterize thermal properties of 

nano scale structures and devices. This technique uses a temperature-dependent Raman 

signal to create the thermal image of the sample surface. The Raman signal is an inelastic 

scattering effects. Temperature differences cause different lattice vibrations of the sample 

material and affects the intensity, frequency, and width of the measured peaks [3].By 

measuring the peak shifts and the change in peak width, nanoscale Raman thermometry 
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measures the temperature of the sample surface. Yue et al used this technique to 

investigate the thermal conductivity and thermal diffusivity of multi-wall carbon 

nanotubes (CNTs) [4]. 

Infrared thermal imaging is another common method for measuring temperature 

on small scale devices and structures. Khurana and Chiang developed infrared thermal 

imaging technique that allowed temperature measurement with spatial resolution of 1 

µm. Their apparatus consists of an optical microscope stage, a gated duel microchannel 

intensifier, a solid state camera, and an image processing computer. The duel 

microchannel intensifier was linked to the solid state camera to probe and amplify faint 

light emitted by the sample surface. An image processing computer was used to boost the 

sensitivity and capture the signal [5]. 

Scanning optical thermometry is another popular technique for measuring 

temperature at micro-scale. It typically includes an optical microscope, a scanning mirror 

pair, a laser, a photo detector, and a waveform generator [6]. It uses the laser to excite 

and interrogate thermal properties of sample surface. Scanning optical thermometry 

measures the sample surface without requiring heat diffusion into its sensor, allowing 

picosecond scale time resolutions. Scanning optical thermometry using visible or near 

visible radiation with far-field optics can achieve spatial resolution on the order of 1 µm 

[6]. 

 Scanning thermal microscopy   
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 Compared to the measurement techniques mentioned above, scanning thermal 

microscopy (SThM) provides superior spatial resolution, allowing measurements in sub-

100 nm regime [7].Scanning thermal microscopy generally consists of the following 

components and features: a probe, a cantilever, a force transducer, feedback systems, and 

atomic force microscope (AFM) [8]. An illustration of SThM is show in Figure 1.1 .The 

probe contains a temperature sensor tip and is mounted on the cantilever. The cantilever 

includes the force transducer, which detects the force between the probe and sample. 

When used in non-contact mode, the temperature sensitive tip of probe is brought close to 

the sample surface. The feedback systems maintain constant force and gas gap distance 

between the probe and sample surface, providing constant tip-sample resistance. The 

temperature sensor tip scans the sample surface and generates a map of temperature 

distribution [9]. When the scanning thermal microscope is used in contact mode, the heat 

transfer mechanism is complex. In the ambient air, the heat transfer modes between the 

SThM probe tip and the sample surface include: radiation, tip-sample conduction, tip-air 

conduction, and tip-water meniscus conduction. Lefevre used both experiments and 

modeling to investigate the conductance of the various heat transfer modes [10]. He 

found the conductance to be on the order of 10-3, 0-1.8 , 2.5, and 5-30 µW/K for 

radiation, tip-sample conduction, tip-air conduction, and tip-water meniscus conduction 

respectively.  
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Figure 1.1 SThM setup. The device consists of a cantilever and a probe. The sample 

surface is mounted on a substrate. The signal is induced by heat flux from the point of 

measurement on the sample surface, as well as the heated surrounding air, affecting the 

accuracy of measurement. 

The radius and height of SThM probe are typically 1 nm to 8µm long, and sub 

continuum effects may become important on length scales on the order of the tip size. 

Sub-continuum transport is characterize by the Knudsen number, which is defined as 

Kn = λ/Lc, where λ is the mean free path of the gas molecule and Lc is the characteristic 

length. The continuum assumption is valid, when Kn is much less than 1. Due to the 

small characteristic lengths of the SThM probe tip, Kn may be comparable to 1 very 

close to the probe. Master et al developed a numerical model to study the influence of the 

rarified gas conduction on the measurements of AFM [11]. A heated cantilever, modeled 
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as a rectangular beam, is positioned paralleled to the sample surface. They used Direct 

Simulation Monte Carlo (DSMC) method [12] and a kinetic theory based macro model to 

evaluate heat transfer for the sub-continuum gas between the cantilever and sample 

surface. They found that the sensitivity of the measurement, which is defined as the 

change in measured voltage results from a change in the gas gap, is a strong function of 

the power used in the cantilever.  

Despite its high spatial resolution, the temperature read by SThM deviates from 

the actual temperature of the measured sample due to the thermal resistance between 

them, as show in Figure 1.2. In addition, the non-local natural measurement of SThM 

affects its accuracy: the signal induced in the probe is not only from the heat flux through 

the sample surface, but also from air gap between the SThM probe and the sample [13] , 

shown in Figure 1.1. Thus, establishing the correct correlation between the reading of the 

SThM probe and the sample surface temperature is critical to understand the temperature 

measurement made by the device.  
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Figure 1.2 Discrepancy between actual temperature and by SThM measurement. 

Temperatures measured by SThM must be interpreted to understand of the actual 

temperatures of sample surface [14].  

 Uncertainty quantification 

In recent decades, uncertainty quantification has been increasingly used in 

engineering simulations [15, 16].Uncertainty quantification characterizes and propagates 

aleatory uncertainty(variability in parameters) and epistemic uncertainty (lack of 

knowledge in model) to through the numerical simulation to create probabilistic predictions 

of the QoI to variability in inputs to evaluate confidence in the simulation results.  

The Bayesian framework has been widely used for calibration, validation, and 

uncertainty quantification in computational models [17, 18, 19].  Bayesian inference uses 
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Bayes’ theorem to incorporate new information to update probability. Unlikely the 

frequentist approach, Bayesian calibration considers unknown parameters in the model to 

be random variables with associated densities based upon known information. It uses the 

new observations (measurements) to update the probability density function (PDF) of the 

parameters to reflect the new information. The advantage of Bayesian calibration is that 

the calibrated PDF of the parameters can be further propagated through the model and used 

to study the uncertainty of the computational model. Recently, this technique has gained 

popularity in quantifying uncertainties in multiscale fluid flow [20] and heat transfer 

computations [21].  

One of most widely used uncertainty quantification methods is Monte Carlo (MC) 

sampling [22]. In the MC approach, samples are randomly drawn from each input 

parameter distribution. These samples are fed into the simulation model to obtain responses. 

The process is repeated to construct the PDF of the QoI from the PDF of the input 

parameters. Though MC method is versatile and applicable to most models, the 

convergence of this approach is typically very slow with respect to the number of samples, 

and thus requires a large number of simulations. When the simulation run is 

computationally intensive, this approach becomes prohibitively expensive. Latin 

hypercube [23] sampling method improves the traditional MC by partitioning the random 

spaces of the input parameters into equally divisions. The partitioning allows Latin 

hypercube to evenly represent the input parameter space. 
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 Recently, polynomial chaos (PC) methods have gained popularity in quantifying 

uncertainties in models. PC was first developed by Ghanem and coworkers to use the 

Wiener-Hermite expansion to represent Gaussian random processes. [24]. Xiu and 

Karniadakis later extended this ideal to use the Weiner-Askey expansion to create 

generalized polynomial chaos (gPC), where general orthogonal polynomials are used to 

represent more general random processes [25]. The disadvantage of the intrusive methods, 

such as the PC and gPC, is that the formulation and solution of the stochastic version of 

the original model may not be easily obtain, especially, when the parameter dimension is 

high. To overcome this, non-intrusive methods such as sparse grid collocation schemes 

were developed [26, 27]. These methods create a set of the sparse collocation points in the 

input parameter space [28]. These collocation points are used to compute the QoI. A 

response surface is then created and sampled to produce the PDF of the QoI from the PDFs 

of the inputs. For moderate numbers of input parameters, sparse grid collocation is 

generally faster than MC sampling and Latin hypercube sampling.  

 Aim 

The purpose of the thesis work is to develop non-contact SThM model in Ansys 

Fluent based on experimental data and to use the model to provide a correlation between 

the measured sample surface temperature and the temperature read by SThM probe. One 

specific objective of the work is to investigate the influence of the presence of the probe 

on the point of measurement. We also wish to quantify the uncertainty in the model 

prediction due to uncertainties in model inputs. To better match the experiment setup, the 
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SThM probe, cantilever, sample surface, the liquid and solid polymer, which act as the 

substrate of the sample, and the surrounding air are modeled. The unknown thermal 

conductivities of the polymer are found by calibrating simulation results with experiment 

measurements. The objective of the project is to use SThM simulation model to answer 

the following questions: 

 What are the cross-plane and in-plane thermal conductivity for substrate 

(solid and liquid polymer) used in experiment? 

 How is the temperature measured by the non-contact SThM probe related 

to the actual temperature on the sample surface temperature? 

 How much is the measured temperature affected by the presence of the 

SThM tip? 

 What are the uncertainties in the simulation? How reliable is our 

predictions, given all the uncertainties in the inputs? To which inputs are 

the predictions most sensitive? 

 Scope and limitations  

This thesis work uses Ansys Fluent to develop a SThM model to investigate the 

relation between SThM probe temperature and the sample surface temperature. A 

continuum assumption is made to model the air region, using the Navier-Stokes 

equations. This continuum assumption is correct for most of the air in the model, except a 

small region near the SThM probe tip, where the mean free path of air at room 
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temperature (about 70 nm) is comparable to characteristic length scale.  In this region, 

the continuum assumption breaks down and rarefaction effects must be accounted for.  

In the experimental device, the SThM probe and cantilever are fabricated with 

thin films of SiO2 and SiNx of thickness of less than 100 nm [9]. These small features 

cause low mesh quality, leading to divergence in the simulations. Furthermore, fully 

resolving the small geometry requires very fine meshes, which dramatically increases the 

number of cells in the model and the computational cost of the simulation. Thus, the 

probe and cantilever are modeled as a single uniform material and its effective thermal 

conductivity is calibrated based on experiment measurement.  

 

 Thesis outline 

Following the introduction, Chapter 2 presents the theory used in this thesis. This 

includes the governing equation, basics of finite volume method, Bayesian calibration 

methodology ,as well as the stochastic collocation technique.  

Chapter 3 describes the methodology employed to perform the simulations and 

gives an overview of the calibration procedures and uncertainty quantification 

Chapter 4 presents the simulation results and discusses their implications. 

Chapter 5 summarizes the conclusions of the thesis and makes recommendations 

for future work.  
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Chapter 2 Theory 

The SThM Model is shown in Figure 2.1. It consists of the SThM device 

including the V-shaped cantilever and probe, a sample, and a substrate ( liquid and solid 

polymer), as well as surrounding air. More geometric details of the model are provided in 

Chapter 3. 

 

Figure 2.1 3D model of SThM. The model consists of the SThM cantilever, probe, 

sample surface, liquid and solid polymer, and the surrounding air.  
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 3D Conduction governing equation 

The system being considered in the simulation is shown in Figure 2.1. The 

primary heat transfer mode is conduction. 

 In the simulation, the temperature of the sample surface (which also acts as a heat 

source) is approximately 350 K and the temperature of the surroundings are 300 K, 

according to experimental data. It is estimated that at these temperatures, the radiative 

heat transfer coefficient hr, approximated by 4σT3, is 7.78 W/m2K, where σ is the Stefan-

Boltzmann constant. It is insignificant compared to the conductive heat transfer 

coefficient, evaluated by K/Lc (3000 W/m2K using air thermal conductivity or 1312000 

W/m2K using probe thermal conductivity), where K is the thermal conductivity and Lc is 

the characteristic length scale. The effects of air convection are also estimated to be small 

because of the Rayleigh number, Ra, defined as Ra =
gβ

να
(Ts − T∞)𝐿𝑐

3, is estimated to be 

3.95×10-9. Here, g is the acceleration due to gravity, β is the thermal expansion 

coefficient, ν is the kinematic viscosity, α is the thermal diffusivity, Ts is the 

temperature of the surface, T∞ and is the ambient temperature. Thus, heat transfer is 

dominated by conduction between the substrate, the SThM probe, and through 

surrounding air. Steady state conduction problem with a heat source is governed by the 

following equation, 

 

 
∂

∂x
(K

∂T

∂x
) +

∂

∂y
(K

∂T

∂y
) +

∂

∂z
(K

∂T

∂z
) + S = 0 (2.1) 

 where K is the thermal conductivity, T is temperature, S is the heat generation rate. 
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 Temperature slip in Fluent 

 As described earlier, the small characteristic length scale near the SThM probe 

leads to a region very close to the probe tip to be slip regime, where the continuum 

assumption does not hold. Though rarefaction effects may be accounted for using either 

direct simulation Monte Carlo (DSMC) or the Bhatnagar Gorss Krook (BGK) model [29] 

and its variants [30, 31], an inexpensive way to address the problem is through the use of 

a slip boundary condition at the walls. In the slip regime, the temperature of the gas at 

surface differs from the temperature of the wall. Ansys Fluent adopts Maxwell’s slip 

model [32] to account this temperature jump phenomenon. The discretized Maxwell slip 

model is given by, 

 Tw − Tg = 2 (
2 − αT

αT
)

λ

δ
(Tg − Tc) (2.2) 

In (2.2), the subscripts, w , c, and g represent the wall, cell centroid, and gas 

temperature, respectively.δ is the distance from the cell centroid to the wall. αT is the 

thermal accommodation factor of the gas. λ denotes the mean free path, and is computed 

as, 

 λ =
kBTc

√2πσ2P
 (2.3) 

where P is the pressure, kB is the Boltzmann constant, and  σ is the Lennard-Jones 

characteristic length [33].   
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 Finite volume method 

 Ansys Fluent numerically models problems using the finite volume method 

(FVM). FVM was first introduced in the 1960s to solve fluid flow problems on simple 

geometries using Cartesian structured meshes [34]. It was later extended to use 

unstructured mesh to study problems with more complex geometries [35]. Over the 

decades, FVM have been popularly used to solve fluid flow, heat transfer and other 

physical related problems. The advantage of FVM is that it always assures the 

conservations equations of the transport variables. 

 For simplicity, the FVM is described below for 2D steady state conduction with a 

structured mesh. A more complete description is given in Murthy’s work on numerical 

methods [36].  

 

Figure 2.2  2D control volume for steady conduction [36]. 
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Consider the steady 2D diffusion problem for a transport variable ∅. The 

governing equation can be expressed as, 

 ∇ ∙ J = S (2.4) 

In the equation above, S represents the source, and  J is the diffusion flux vector and 

can be further written as  

 J = −Γ∇∅ (2.5) 

where Γ is the diffusion coefficient. The computational domain is discretized as shown 

in Figure 2.2 using a structured mesh. In this example, the focus is placed on cell P and 

its neighbors, N,S,W,E,and S. An , As , Aw, Ae  are the outward-pointing area vectors 

associated with the cell labeled as P and the connecting cells N,S,W,and E respectively. 

Equation (2.4) is integrated over cell P and using divergence theorem, it is discretized 

into the following form, 

 JeAe+JwAw+JnAn+JsAs=s̅Δv (2.6) 

where Je, Jw, Jn, and Js are the diffusion fluxes on the east, west, north, and south faces 

of cell P, respectively. s̅ is the volume averaged source. Δv is the volume of cell P, 

which can be further expressed as Δv = Δx Δy , where Δx is the length and  Δy is the 

height of cell P. Each term on the left hand side of (2.6) represents diffusion flux entering 

cell P through the corresponding face. They are given as,  

JeAe = −ΓeΔy (
∂∅

∂x
)

e
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JwAw = ΓwΔy (
∂∅

∂x
)

w
   

JnAn = −ΓnΔx (
∂∅

∂y
)

n

   

 JsAs = ΓsΔx (
∂∅

∂y
)

s

. (2.7) 

In FVM, the transport variable and properties such as thermal conductivity are 

traditionally stored at cell centroids. Assuming a linear profile of ∅ between cell 

centroids, the derivatives on the cell faces may be further discretized as, 

JeAe = −ΓeΔy
∅E − ∅P

(δx)e
 

JwAw = ΓwΔy
∅P − ∅W

(δx)w
 

JnAn = −ΓnΔy
∅N − ∅P

(δy)n
 

 JsAs = ΓsΔy
∅P − ∅s

(δx)s
 (2.8) 

where the lower-cased letters and capital letters in the subscripts denote the variables on 

the face and cell centroid respectively. δx and δy are the distances between the 

centroids. Also, the volume averaged source, s̅ is usually linearized as,  

 s̅ = sc + sp∅P (2.9) 

where sc = s∗ − (
∂s

∂∅
)

∗

∅∗ and sp = (
∂s

∂∅
)

∗

.  The asterisked terms represents the value 

that exists at the current iteration. The purpose is the linearization of the source term is to 
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aid stable convergence: for most problems, sp is negative, allowing the satisfaction of 

Scarborough criterion to increase stability of the scheme [36].  

 Substituting (2.8) and (2.9) into (2.6), the discrete equation for cell P is obtained: 

 aP∅P = aE∅E + aW∅W + aN∅N + aS∅S + b (2.10) 

where  

aE =
ΓeΔy

(δx)e
 

aW =
ΓwΔy

(δx)w
 

an =
ΓnΔx

(δy)n
 

as =
ΓsΔx

(δy)s
 

aP = aE + aW + aN + aS − sPΔxΔy 

 b = scΔxΔy (2.11) 

(2.10) can be solved iteratively for cell P and its neighbor cells [36]. 

 Bayesian techniques for parameter calibration 

 In the simulation model, the thermal conductivities of the solid and liquid 

polymers are not experimentally measured. However, experiment measurements of 

temperature have been made by Sadeghi [14] at the center of the sample surface and 135 

µm away to that center. Therefore, the thermal conductivities of the polymers must be 

found by calibrating against the experimental measurements for use in the simulation. A 
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2D simplified simulation model of the device is developed and used to perform Bayesian 

calibration [17] for the thermal conductivities for the polymers using experimentally 

measured data. 

In a Bayesian framework, parameters are considered random variables with 

associated density functions, which allow them and their uncertainties to be propagated 

through models and quantified.  

 Bayesian calibration is based on Bayes’ Theorem [37], 

 P(A|B) =
P(B|A)P(A)

P(B)
 (2.12) 

Here, P(A) is the probability of event A occurring. This term is also called prior, 

representing the knowledge prior to obtaining measurements, derived from previous 

experience. P(A|B)represents the probability of event A given event B occurring, also 

known as the posterior. This term stands for the updated knowledge after new evidence 

(Event B) is taken into account. P(B|A) is the likelihood, the probability of event B 

given event A occurring, incorporating information provided by the samples. P(B) is the 

normalization factor.  

 This idea may be further extended to random variables, as described by the 

following equation. 

 π(θ|d) =
π(d|θ)π(θ)

π(d)
 (2.13) 

Here, θ and d represent the unknown parameter and the measured data, respectively. In 

(2.14), π(θ) and π(d) are the probability density functions of random variables of 
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interest. π(θ|d) and π(d|θ) are the posterior and likelihood, respectively. The PDF of 

the prior is based upon on knowledge of the parameter, or previous observations. The 

normalization factor, π(d), may be evaluated using (2.14). 

 π(d) = ∫ π(d|θ) π(θ)dθ (2.14) 

In order to construct the likelihood π(d|θ) in (2.13), one needs assumptions regarding 

the distribution of errors. One popular method to generate the likelihood is to use sum of 

the least square, assuming the errors are independent and identically distributed (i.i.d) and 

is normally distributed with a mean of 0, and variance, σ2 [38]. 

 π(d|θ) =
1

(2πσ2)n/2
e−SSq/2σ2

 (2.15) 

where  

 SSq = ∑(di − fi(θ))2

n

i=1

 (2.16) 

is the sum of squares error, n is the number of model evaluations.  

In the simulation model, two parameters need to be calibrated for the thermal 

conductivities of the polymers: Kliq_y, the cross-plane thermal conductivity for the liquid 

polymer, and R, the constant ratio between cross-plane thermal conductivity and in-plane 

thermal conductivity for both liquid and solid polymer. The measured data are the metal 

temperature in an experimental device described in Chapter 3. Details of the calibration is 

described in Chpater 3. 
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  Stochastic collocation and Smolyak sparse grid 

 In this thesis work, we empolyed the stochastic collocation method to construct 

the response surface of the probe tip temperature as a function of the input parameters. In  

the stochastic collocation method, the QoI is expanded in a polynomial basis in the input 

random variables [27].The type of polynomial depends on the type of random variable 

[25]. Early work empolyed Hermit polynomials consistent with normally distributed 

random variables. This was extended by Xiu and Karinadakis for other types of random 

variables using the Weiner-Askey scheme [25]. The coefficients of the expanision are 

determined by exploiting the orghogonality properties of the polynomial and using 

determisitc solutions computed at various points in the input parameter space. Full grids 

(tensor product grids) are reasonable to use when the demensionality is low. Howerver, 

the full grids become very expensive, when the the dimension of the polynomial is high, 

or realization of the collocation points is computationally intensive. Thus, sparse grids 

method using Smolyak algorithm [28] are used. Sparse grids method reduces the number 

of collation points needed to construct the response surface while maintain the accuracy 

to a reasonable degree. We follow the work by Barthelmann et al [39] and describe the 

construction of the Smolyak sparse grids using Lagrange interpolating polynomials as 

basis. 

 Denote by ξ any point in the random space ƞ ⊂ ℝN, by ΠN, the space of all N-

variate polynomials and by ΠN
P  , the subspace of polynomials of total degree at most p. 

The interpolation problem can be described as follows: for a set of nodes ΘN = {ξi}i=1
M  
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in the N-dimensional random space ƞ and the smooth function f: ℝN →  ℝ, find the 

polynomial ℊf such that ℊf(ξi) = f(ξi), ∀i = 1, … , M.  

 The polynomial approximation ℊf can be expressed using Lagrange interpolation 

polynomials as : 

 gf(ξ)= ∑ f(ξk

M

g=1

)Lk(ξ) (2.17) 

where Li(ξj) = δij. After obtaining the interpolating polynomial using the sparse nodes 

{ΘN}, we can approximate the value of the function at any point ξ ∈ Γ using ℊf(ξ).  

 To generate the response surface, we use a univariate interpolation formula. Let 

f: [a, b]  → ℝ  be a function to be in interpolated by a polynomial ℊn(f) using a  

number of nodes a ≤ x0 < x1 < ⋯ < xn ≤ b . There exits a unique polynomial ℊn(f) ∈

Π1
n satisfying ℊn(f)(xi) = (f)(xi) for i=0,1…n. This is described in the form: 

 ℊn(f)(x) = ∑ f(xi)

n

i=0

Li(x) (2.18) 

where the basis polynomials are given by 

 Li(x) = ∏
x − xk

xi − xk

n

k=0,k≠i

. (2.19) 

As the number of node points n increases, the interpolation function ℊn(f) represents the 

function f better. This doesn’t depend on how the nodes{xi}i=0
n  are chosen.  

 Using tensor product, one can extend the interpolation functions from one 

dimension to multiple dimensions. If the u(ξ) is a function to be interpolated in N-
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dimensional space, and i=(m1, m2, … , mN) are the number of grids used in the 

interpolation, the full tensor interpolation formula is given as 

 

ℊNu(ξ) = (ℊi1 ⨂ … ⨂ℊiN)(u)(ξ) =

∑ … ∑ u(
mN
jN=1

mi
ji=1 ξj1

i1  , … , ξjN

iN). (Lj1

i1 ⨂ … ⨂Lj1

i1 ) , 

(2.20) 

where ℊik are the interpolation functions in the ik direction and ξjm

ik  is the jmth pint in 

the kth coordinate. The (2.20) requires m1 × … × mN function evaluations, at points 

sampled on a full grids. This number becomes very large when the dimension is high. 

 The Smolyak algorithm provides a way to construct interpolation functions based 

on a minimal number of points in multi-dimensional space. Using the Smolyak method, 

the univariate interpolation formula is extended to multivariate case by using tensor 

products in a special way. The algorithm provides a linear combination of tensor products 

chosen in such a way that the interpolation property is conserved for higher dimensions.  

Consider the one-dimensional interpolation formula 

 𝒰m(f)(x) = ∑ f(xi)

m

i=1

Li(x) (2.21) 

The set of points used to interpolate function is denoted by Θ(g). For instance, Θ(3) 

represents the Chebyshev points that interpolate a third order polynomial.The Smolyak 

algorithm constructs the sparse interpolant 𝒜q,N using products of one-dimensional 

functions. 𝒜q,N is given as 

 𝒜q,N (f) = ∑ (−1)q−|𝐢|

q−N+1≤|𝐢|≤q

∙ (
N − 1

q − 𝐢
) ∙ (𝒰m1 ⊗⋅⋅⋅⊗ 𝒰iN) (2.22) 
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where N is the number of dimensions and q is the level of the sparse grid. In the equation 

above,𝐢 = (i1, … . , iN) and |𝐢| = i1 + ⋯ + iN. The Smolyak algorithm constructs the 

interpolation function by adding a combination of one-dimensional functions of order ik 

with the constraint that the sum total across all dimension is between q − N + 1 and q. 

The structure of the algorithm becomes clearer when we consider the incremental 

interpolant, ∆i given by 

 𝒰0 = 0,                   ∆i =𝒰i − 𝒰i−1 (2.23) 

The Smolyak interpolation Aq,N(f) is then given by 

 

𝒜q,N (f) = ∑ (
|𝐢|≤q

∆i1 ⊗⋅⋅⋅⊗ ∆iN )(f)

= 𝒜q−1,N (f) + ∑ (
|𝐢|=q

∆i1 ⊗⋅⋅⋅⊗ ∆iN )(f) 

(2.24) 

In order to compute the 𝒜q,N (f), the function values at the sparse grid are used 

as the following 

 ℋq,N = ⋃ (Θ1
(i1)

q−N+1≤|i|≤q

×∙∙∙× Θ1
(iN)

) (2.25) 

The Smoyalk algorithm allows the utilization of all the previous results genreated to 

improve the interpolation.  
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Chapter 3 Methodology 

 Overview of the SThM model and boundary conditions 

 The SThM model is constructed based upon an experimental setup developed in 

the laboratory of Prof. Li Shi at UT Austin. The configuration is shown in Figure 3.1 and 

Figure 3.2. The model consists of the SThM device, the sample surface, the polymer 

substrate, and the surrounding air. The SThM device in the model consists of a V-shaped 

cantilever and probe. The temperature is measured by the probe tip. The SThM probe is 

the 8µm in height. The diameter of the probe is 2 µm while the bottom surface 

(connecting face to cantilever) of the probe has a diameter of 5 µm. Length, width, and 

thickness of each branch of the cantilever are 200 µm, 10 µm, and 1µm, respectively. The 

cantilever is curved and this curvature is included in the model; it is not described here 

for the sake of simplicity.   

The experimental sample considered here consists of a sample metallic line made 

of gold. The sample is deposited on top two layers, a liquid polymer and a solid polymer, 

which act as a substrate in the experiment. It is heated by conducting electronic current 

into the metallic line. The sample surface spans on the top of the liquid polymer. Its 

length, width, and thickness are 400 µm, 10 µm , and 45 nm, respectively.The liquid 

polymer is directly in contact with the sample surface and has a thickness of 10 µm. The 

solid polymer of thickness of 125 µm lays under liquid polymer. The length and width of 

both liquid and solid polymer are 400 µm.  
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Non-contact modes are considered in the simulation. The vertical distance 

between the sample surface and the probe tip ranges from 0.1 µm to 0.4 µm for different 

models, depending on the height at which the measurements are made. The SThM device 

and polymer layers are contained in a rectangular box containing air. The bottom surface 

of the air box aligns with that of the polymer. The length, width, and height of the air box 

are 520 µm, 500 µm, and 320 µm, respectively. The dimensions of the air are determined 

by gradually increasing the size of the box until further increase in dimensions does not 

change the probe tip temperature.  

 

Figure 3.1. Geometric details of the SThM model. The air domain containing the stump 

setup and is not shown here for clarity. 
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Figure 3.2. Geometric details of the SThM probe. The SThM probe is mounted on the V-

shaped cantilever. The sample surface and substrate is below the probe.  

 

A Robbins or convective heat transfer boundary condition is imposed on all the 

outer boundaries of the air box except the bottom polymer surface. An ambient 

temperature of 300K and a heat transfer coefficient of 5 W/m2K are used.  The bottom 

surface of the air box, bordering the polymer is held at a constant temperature of 300K. 

Uniform heat generation is applied to the sample. The amount of energy generation varies 

for different simulation cases and ranges between 56.8W/ cm2 and 153.6W/ cm2. 

 2D simulation model for calibration of polymer thermal conductivities 

 The in-plane and cross-plane thermal conductivities of the liquid and solid 

polymer used in the experiment are not measured. In order to obtain their values for the 

use in the 3D SThM model, a 2D simulation model is constructed to calibrate the 
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polymer thermal conductivities against experiment temperature measurements. The 2D 

simulation model is shown in Figure 3.3. The 2D model consists of a cross-section of the 

sample and polymer layers from 3D model without presence of the SThM device (SThM 

probe and cantilever) and the surrounding air. The use of a 2D model to represent the 3D 

model locally is justified because the sample is a long thin metal line and there is no 

significant temperature gradient in that direction. This was verified by a 3D simulation, 

which only included the sample and polymer layers. We observed that temperature along 

the sample surface is almost uniform. The simplification from 3D to 2D largely reduce 

the the computational cost and time, allowing better resolution for calibration 

 

 

Figure 3.3 2D Model is used to calibrate the thermal conductivities of liquid and solid 

polymers. Temperatures at the center of sample surface Tcenter and 135µm left to that 

point Tleft are used for calibration. 

 

  All boundaries employ a Robbins boundary condition, with an ambient 

temperature of 300K and a heat transfer coefficient of 5 W/m2K, except for the bottom 
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surface, to which a constant temperature of 300K is applied. The dimensions of the model 

are the same as those of the appropriate cross-section in the 3D model.  

 Bayesian calibration for polymer thermal conductivities 

In this section, Bayesian calibration for thermal conductivities of the two polymer 

layers is described. Heat conduction in the in polymer layers is anisotropic, with in-plane 

thermal conductivity different from the cross-plane thermal conductivity for both the 

solid and liquid polymer. Therefore, four thermal conductivities must be solved, namely, 

the cross-plane thermal conductivity for the solid polymer Ksol_y, and the liquid polymer 

Kliq_y, as well as the in-plane thermal conductivity for the solid polymer, Ksol_x , and the 

liquid polymer, Ksol_x. The cross-plane thermal conductivity of the solid polymer, Ksol_y, is 

assumed to be 0.18 W/mK , according to a separate measurement [14]. For both the 

liquid and solid polymers, the ratio between cross-plane and in-plane thermal 

conductivity is assumed to be a constant Kr =
Kliq_x

Kliq_y
=

Ksol_x

Ksol_y
 . This assumption reduces 

the calibrated variables to two. Thus, our objective is to obtain the PDF for Ksol_y and Kr. 

Using their PDFs, along with the assumptions of Ksol_y and Kr, we may find the PDFs of 

all thermal conductivities. 

 The temperature at the sample center and 135 µm to the left of the center are 

experimentally measured.  Temperatures at the same locations are also obtained from 

simulations. In order to take account of the temperatures of both points in the calibration 

at the same time, a normalized temperature is introduced, defined as, 
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 γ =
Tcenter − T∞

Tleft − T∞
 (3.1) 

where γ is the normalized temperature, Tcenter is the temperatuer at the sample center, 

Tleft is the temperature on the left, and T∞ is the ambient temperature as shown in 

Figure 3.3.  Using the Bayesian calibration techniques described in section 2.3, the 

probability density function (PDF) of the unknown parameters may be calibrated using 

the following equation. 

 π(Kliq_y, Kr|γ) =
π(γ|Kliq_y, Kr)π(Kliq_y)π(Kr)

∬ π(γ|Kliq_y, Kr)π(Kliq_y)π(Kr)dKliq_ydKr

 (3.2) 

The left hand side of the equation is the joint posterior distribution. π(Kliq_y)  

and  π(Kr) are the priors, representing the initial distribution of Kliq_y and Kr. The 

PDF of the priors, π(Kliqy) and π(R) are assumed to be uniform distributions in the 

absence of more detailed information. π(γ|, Kr) is the joint likelihood, denoting the 

probability that γ is obeserved for the given values of Kliq_y and Kr. In the 

calibrations, a number of the simulations are performed using various combinations of 

the Ksol_y  and Kr . The temperatures from the simulation are normalized using (3.1). The 

normalized temperature from experiment observations and simulations are used to 

computed the joint likelihood using Equation (2.15) and  (2.16).Once the joint 

likelihood is obtained, the joint posterior π(Kliq_y, Kr|γ), can be calculated using (3.2). 

Using the joint likelihood we can computed the posterior of each individual parameter by 

integrating out the other parameter.  
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 Meshing for SThM model 

 The meshes used for the SThM model are shown in Figure 3.4 to Figure 3.6. 

Conformal meshes are employed for the entire model. Given the large range of length 

scale in the model, the SThM probe is resolved with a mixture of tetrahedral and 

hexahedral meshes. Fine hexahedral meshes are used within the cantilever to 

accommodate small geometric dimensions. The liquid polymer and air in the model use 

tetrahedral mesh with coarser quality. As the smaller dimension geometric features are 

concentrated at the center of the model, the mesh becomes coarser as it approaches to the 

boundaries. The solid polymer is meshed with relatively coarse hexahedral meshes.  

 

 

Figure 3.4 Surrounding air mesh in SThM model. 
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Figure 3.5 Solid and liquid polymer meshes in SThM model. 

 

Figure 3.6 SThM probe mesh. 
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 Automation of geometry and meshing generation and simulation 

 Calibrations of the thermal conductivity and construction of the response surface 

requires a large numbers of simulations with variations in geometry and thermal 

conductivities. Manually performing these processes is cumbersome and time consuming. 

Thus, programs were developed to automate the geometry generation, meshing 

generation, and simulation process.  

 The automation programs include a test program and a control program. The test 

program includes the original scripts in Ansys Design Modeler, Ansys Meshing, and 

Fluent for geometry construction, meshing generation, and simulation, respectively. The 

original scripts create the default settings in geometry, meshing, and simulation. The 

control programs are used to modify the default scripts in the test program and create new 

scripts according to the desired geometry, meshing, and simulation parameters set by the 

user. The modified scripts are run in batch mode in their corresponding software to create 

desired parameters in geometry, mesh, and simulation parameters for calibration and 

response surface construction.  

 Sensitivity analysis  

 Sensitivity analysis is performed in order to identify the key parameters that affect 

the performance of the model.  The sensitivity of the probe tip temperature is computed 

with respect to the input parameters in the model. The sensitivity is the derivative of the 

probe tip temperature respect to the independent variable and is approximated as,  
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∂Ttip

∂V
=

R(V + ∆V) − R(V)

∆V
 (3.3) 

where Ttip is the temperature of probe tip, V is the independent variable, and R is the 

realization of the model . In order to obtain the sensitivity, the probe temperature of the 

default case is obtained, using the initial values of the parameters. The new temperature is 

obtained by increasing the value of one parameter by five percent of its original value, 

while other parameters remain the same. The sensitivity of the temperature regarding the 

parameter is the ratio between the difference of the new and default case and the amount 

of change in the parameter. This procedure is repeated for every parameter used in the 

simulation.   

 Uncertainty quantification  

 In this section, we present the method for quantifying the uncertainty in the 

quantity of interest (the SThM probe tip temperature) resulting from uncertainties in the 

inputs to the model. The objective of the uncertainty quantification is obtain the PDF of 

the output resulting from the PDF of the input parameters in our simulations.  This can 

be achieved be using Monte Carlo (MC) method.  In this technique, the input parameters 

are sampled based on their distributions. The each sampled parameter yields a 

corresponding point in the temperature space. When the sample size is large enough, its 

corresponding points in temperature form its actual PDF due to the distribution in the 

input parameters. However, this technique requires large number of realizations. When 

each individual simulation is computationally intensive, the whole process becomes very 
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expensive. In order to overcome this, we construct a response surface for the output as a 

function of the input parameters using stochastic collocation and a Smolyak sparse grid, 

as described in Chapter 2. The response surface is then sampled to obtain the PDF of the 

QoI.  

For our model, a third degree polynomial in four random input parameters is 

constructed using 137 collocation points. The random input parameters used for 

uncertainty quantification include of Kliq_y , Kr,  sample width, W, and probe diameter, D. 

Sensitivity analysis shows that they are the input parameters to which the probe tip 

temperature is most sensitive. The Smolyak sampling and construction of the response 

surface is performed using Purdue Uncertainty Quantification (PUQ) software from 

Purdue University [40]. The response surface as a function of the input parameters are 

then sampled according to the distribution of the input parameter and the sampled 

responses are used to construct the PDF using kernel density estimator [41].  
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Chapter 4 Results and Discussion 

In this chapter, we first present our results for the calibration of polymer thermal 

conductivity using measured temperature data. Using these data, we compute the thermal 

fields and calibration curves for SThM setup. Detailed results from these 3D simulations 

are also presented.  

 2D calibration model: model mesh convergence   

 As described in Chapter 2, a 2D simulation model of the sample, liquid, and solid 

polymer is developed to calibrate the thermal conductivities of the polymers. The 

calibration in this case requires many simulation runs and a fine-enough, though 

computationally tractable mesh is needed. A coarse mesh is initially generated and is 

refined until the temperature at the sample center is invariant with further refinement.  
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Figure 4.1 Calibration model mesh independence study: number of cells vs temperature 

at sample center. The mesh is refined until the temperature at the sample center is 

unchanged. The solution is found to be converged at around 3600 cells. 

 

 Figure 4.1 shows that for a size ranging from around 2000 to 3500 cells, the 

solution approaches convergence quickly, as the mesh is refined. Mesh independence is 

achieved at near 3600 cells. A mesh of size of 3654 cells is used affordability. 

 Calibrated PDF for Kliq_y and Kr 

  The polymer thermal conductivities are calibrated using the Bayesian calibration 

and automation techniques described in the Chapter 3. The PDFs of the cross-plane 

thermal conductivity of the liquid polymer, Kliq_y, and the conductivity ratio, Kr, are 

shown in Figure 4.2and Figure 4.3 respectively. In Figure 4.2, the PDF of Kliq_y  has two 
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peaks, centered at 0.32 W/mK and 0.49 W/mK. The PDF covers from 0.1 W/mK to 

around 0.72 W/mK. For any value beyond 0.72 W/mK, it is unlikely to result in the 

experiment data. Similarly, the PDF of Kr also has two peaks, ranging from 0.01 to 

around 12. The low peak and high peak reside at 2.2 and 8.6, respectively .The PDFs of 

Kliq_y and Kr  indicate that there exist combinations of Kliq_y  and Kr  with significant 

possibility of capturing the experimentally measured temperatures. The primary reason 

for this is that we have insufficient data with which to calibrate the unknown parameters. 

Thus a range of values of  Kliq_y and Kr  may satisfy the calibration. However, the 

advantage of Bayesian calibration is that it allows us to quantify the influence of this lack 

of knowledge on our ultimate predictions. 
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Figure 4.2 PDF of cross-plane thermal conductivity of liquid polymer. The PDF includes 

two peak values. The high peak value Kliq_y=0.49W/mK is used in 3D model. This PDF 

of Kliq_y is later used in uncertainty quantification of SThM model. 
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Figure 4.3 PDF of in-plane and cross-plane thermal conductivity ratio. The PDF of Kr 

includes two peaks. The higher peak value Kr=2.22 is used in the 3D model. This PDF of 

Kr is later used in uncertainty quantification for the model. 

 

 The high peak values of the PDF are used in the 3D SThM model. With the 

calibrated Kliq_y=0.49W/mK, Kr=2.22 and along with the assumptions that 

Ksol_y=0.18W/mK and Kr =
Kliq_x

Kliq_y
=

Ksol_x

Ksol_y
 , the values of Kliq_x and Ksol_x are found to 

be 1.09 W/m-K and 0.40W/m-K, respectively.  

 SThM model: mesh convergence  

 Simulation of the temperature field in the 3D SThM model and its uncertainty 

quantification require a large number of simulations. Therefore, using a mesh of suitable 

size is important to generate both accurate and affordable solutions. As before, an initial 

coarse mesh of mixed hexahedral and tetrahedral cells is generated and refined. As shown 
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in Figure 4.4, the computed probe tip temperature becomes mesh-independent converged 

at around four million cells. Therefore, the mesh of size of 3,996,800 is used to find 

deterministic solutions for the SThM model. 

 
Figure 4.4 3D model mesh independence study: number of cells vs. temperature of probe 

tip. 3D model mesh is refined until the temperature at the SThM probe tip is unchanged. 

Convergence is achieved at around four million cells. 

 

 SThM model simulation results 

 As mentioned previously, the SThM probe and cantilever used in the experiment 

contain thin films of the SiO2 and SiNx, whose thickness are on the order of nanometers. 

These features are extremely small, compared to the size of the simulation domain 
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(~700µm). Fully resolving these thin films requires extremely fine meshes within the 

probe, cantilever, and their surroundings. This dramatically increases grid size and makes 

the model computationally unaffordable. In order to avoid the use of the thin films, the 

SThM probe and cantilever are modeled as a single uniform material. The effective 

thermal conductivity, Keff, in the probe and cantilever is calibrated using the experiment 

data. 

 Simulation automation programs are created as described in Chapter 3, varying 

the thermal conductivity of SThM probe and cantilever from 1 W/mK to 100 W/mK with 

increment of 0.1 W/mK. The temperature at the tip of the probe from simulation is 

compared to the same temperature form experiment measurement using least square 

error. The calibration yields the effective thermal conductivity in the two components 

10.5 W/m-K. This calibration is performed with source flux of 153.8 W/cm2 at probe tip 

height at 0.1µm ( the vertical distance between probe tip and sample surface). 

 With known thermal conductivities of the liquid, solid polymer, and the effective 

thermal conductivity of the SThM tip and cantilever, we create the 3D model for SThM 

device. 

The table below shows that values of all parameters used for the 3D simulations.  
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Table 4—1 Parameter values in 3D simulation 

Parameters  

Sample thermal conductivity 318 W/mK 

Polymer width 400 µm 

Heat transfer coefficient 5 W/m2K 

Polymer length 400 µm 

Solid polymer thickness 125 µm 

Probe height 8 µm 

Liquid polymer thickness 10 µm 

Keff 10.5 W/mK 

Sample thickness 45 nm 

Sample width 10 µm 

Ksol_x 0.40 W/mK 

Ksol_y 0.18W/mK 

Kliq_x 1.09 W/mK 

Kliq_y 0.49 W/mK 

Probe diameter 0.2 µm 

 

Figure 4.5 and Figure 4.6 shows the center front and top view of temperature 

contours for a power source of 153.8 W/cm2 for the 3D simulation. As expected, the high 

temperatures occur at the power source (sample surface) and because of its high thermal 

conductivity, the temperature within the sample remains nearly a constant. It can also be 

seen that a large temperature gradient is developed in the polymer layers because of their 

low thermal conductivities. As also shown in the temperature maps, the temperature of 

the measured point is slightly lower than its surrounding neighbors in the air as well as in 

the sample. This alternation of temperature is caused by the presence of the SThM probe. 

Its high thermal conductivity relative to air allows more heat to conduct through it at this 

region, which lowers the temperature of the measurement point compared to that in the 

absence of the probe.  
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The heat transfer rate at each boundary surface is shown in Table 4—2. It shows 

that net power on the boundaries is equal to the power generated in the source. This 

energy balance is guaranteed by the FVM employed for the simulation.Also shown in 

this table, most heat generated in the sample surface exits the system through conduction 

via the polymers. Even though the thermal conductivity of the polymers is small, it is 

larger than the thermal conductivity of the surrounding air, creating a lower resistance  

path for heat to be conducted out of the domain. This also indicates the importance of 

predicting the correct polymer thermal conductivities of polymers in the SThM 

simulation.  
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Figure 4.5 Front view of temperature contour for power source 153.8 W/cm2 for 3D 

model. It is observed that the presence of the SThM probe altered the temperature of the 

measured point on the sample surface. 
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Figure 4.6 Top view of temperature contour for power source 153.8 W/cm2 for 3D 

model. High temperatures are observed near the heat source (sample surface). 

 

 

Table 4—2 Heat transfer rate at boundary surfaces 

Wall  Total Heat Transfer Rate (W) 

Air back surface 0.0000107 

Air front surface 0.0004047 

Air left surface 0.0000122 

Air right surface 0.0000104 

Air bottom surface 0.0000104 

Air top surface 0.0000262 

Polymer bottom surface 0.0056081 

Net power generation  0.0061213 
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 STM model validation 

 In order to validate the SThM 3D model, the temperatures of the probe tip from 

simulation and experiment are compared at various power sources and heights, shown 

from Figure 4.7 to Figure 4.10. The error between the simulation and experiment is 

defined as: 

error = |
Tsim−Texp

Texp−T∞
|, where Tsim is the temperature of the probe tip from simulation, 

Texp is same temperature from the experiment, and T∞ is the ambient temperature. The 

calibration of the SThM model uses experimentally measured temperature at power 

source value of 153.8 W/ cm2 and height of 1 µm. Experimental measurements at other 

power sources and heights are used to validate the model.  

 As shown in Figure 4.7, Figure 4.8, Figure 4.9,and Figure 4.10, the SThM model 

slightly underpredicts the probe tip temperature at all tip heights for power sources values 

of 56.8W/ cm2, 75W/ cm2, and 123 W/ cm2. It overestimates the temperature for the 

power source of 153.8 W/ cm2 at height of 2µm and 4µm. For all power sources, the 

predictions from the model at tip heights of 1µm, 2µm, and 4µm agree with the 

experiment measurements data within 0.5K. The average errors of the three tip heights 

for power source values of 56.8 W/ cm2, 75W/ cm2, 123 W/ cm2, 158 W/ cm2 are 2.00%, 

1.45%, 0.38%, and 0.22%, respectively. For source of 158 W/ cm2 and tip height of 1um, 

simulation result and experiment measurement are almost identical because these data are 

used for calibration. 
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Figure 4.7  Probe tip temperature comparison for model and experiment at 56.8 W/cm2. 

The simulation and experimental results agree to within 0.5K. The average error of the 

model for this power source is 2.00%. 
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Figure 4.8 Probe tip temperature comparison for model and experiment at 75.0 W/cm2
. 

The simulation and experimental results agree to within 0.5K. The average error of the 

model for this power source is 1.45%. 
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Figure 4.9 Probe tip temperature comparison for model and experiment at 123.0 W/cm2. 

The simulation and experimental results agree to within 0.5K. The average error of the 

model for this power source is 0.38%. 
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Figure 4.10 Probe temperature comparison for model and experiment at 153.8 W/cm2. 

The simulation and experimental results agree to within 0.5K. The average error of the 

model for this power source is 0.22%. 
 

 Calibration curve of probe tip temperature and actual temperature of measured 

point 

 

Using the SThM model, we calibrate the reading temperature read by the probe 

(i.e., the tip temperature) and the actual temperature of the measurement point at different 

measurement heights, as shown in Figure 4.11. In Figure 4.11, the normalized 

temperature is given by 
Tactual−Ttip

sL2/K
  and the normalized height is expressed as 

H

L
 . Here 

Tactual is the temperature of the measurement point, which is directly beneath the probe 

tip and is affected by the presence of the probe. Ttip represents the reading temperature 
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of the probe tip, s is the power density in the sample, L is the length of the probe, K is the 

thermal conductivity of the probe, and the H is the probe tip height above the sample 

surface at which the measurements are made. The calibration equation is obtained using 

least square fitting. Using the calibration, one can predict the actual temperature of the 

measured point for given power density, probe height, and the reading of the probe.  

 

Figure 4.11 Calibration of probe tip temperature and the actual temperature of 

measurement point. The calibration allows the interpretation of the actual temperature of 

the measurement point and the temperature read by the SThM probe. 

 

 Similarly, we investigate the effect of the presence of the probe tip on the 

temperature of the measured point. The temperature of the point in the absence of the 
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probe tip, Tunaffected is obtained by another 3D model, whose conditions are the same as 

the original model, except without the probe tip and cantilever. Again, the normalized 

temperature, 
Tunaffected−Tactual

sL2/K
 is plotted against the normalized the height, 

H

L
 . The 

calibration curve is shown in Figure 4.12. This figure shows that as the tip is moved 

further away from the sample surface, the values of  Tunaffected and Tactual become the 

closer. Combined with the calibration in Figure 4.11, one can also obtain the relation 

between, Ttip and Tunaffected.  

 

Figure 4.12 Calibration between the unaffected temperature and affected temperature of 

the measurement point by the presence of SThM probe. 
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 Sensitivity analysis   

The sensitivity of the probe tip temperature to the parameters of the simulation 

model are studied and shown in Table 4—3. Probe tip temperatures sensitivities are 

obtained by increasing one parameter’s value by five percent of the original value while 

all other parameters remain the same. The percent change of the probe tip temperature is 

evaluated respect to the change of the parameter, using (3.3). The sensitivity of the probe 

tip parameters with respect to the different input parameters is listed in Table 4—3.  

Table 4—3 Sensitivity of the probe tip temperature with respect to input parameters 

Parameters Sensitivity 

Sample thermal conductivity 0.00105 

Polymer width 0.02366 

Heat transfer coefficient 0.02400 

Polymer length 0.03225 

Solid polymer thickness 0.17944 

Probe height 0.19750 

Power density 0.25217 

Liquid polymer thickness 0.28800 

Cantilever thermal conductivity 0.47399 

Sample thickness 0.86189 

Sample Width 1.67850 

Kr 3.68242 

Probe diameter 5.92236 

Kliq_y 7.10204 

 

As shown Table 4—3, the probe temperature is relatively insensitive to most of 

the parameters, such as the thermal conductivity of sample. In Table 4—2, it is observed 

most heat generated in the source leaves the domain through the bottom surface of the 

polymer, implying the cross-plane thermal conductance is an important parameter. The 
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probe tip temperature is most sensitive to four parameters including: width of the sample, 

W, diameter of the probe, D, and the calibrated Kr  and Kliq_y. These sensitivities are 

significantly higher than the other variables. These parameters contribute the most to the 

overall uncertainty in simulation results.  

 Probe tip temperature response surface 

 In order to quantify the uncertainty in the probe tip temperature due to the most 

sensitive parameters, we construct the response surface of probe tip temperature as 

function of Kliq_y , Kr,  sample width, W, and probe diameter, D, using the sparse grid 

collocation method described in Chapters 2 and 3 . The PDFs f Kliq_y and Kr,  are shown 

in Figure 4.2 and Figure 4.3 respectively. Sample width and probe diameter are assumed 

to be normally distributed, with mean of 10 µm and 0.2 µm, a variance of 0.3 µm and 

0.022 µm, respectively, based upon experiment measurements [14]. The mean and of the 

standard deviations of these input parameters are listed in Table 4—4.The response 

surface are created with the sparse collocation points from the distributions of Kliq_y , Kr, 

W, and D. The Smolyak algorithm is employed to reduce the number of collocation 

points  required to construct the response surface. Using 138 collocation points for the 

input parameters, Fluent simulations are performed to obtain the probe tip temperature. A 

third degree response surface of the probe tip temperature is created as a function of 

Kliq_y, Kr, W, and D. The response surface is shown in the following figures, while 

holding two of the parameters constant and the other two at values of deterministic case ( 

the values in Table 4—1 ). 
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Table 4—4 Mean and standard deviation of the PDFs of input parameters 

PDF Mean µ Standard deviation σ σ/ µ 

Kliq_y 0.366 W/mK 0.176 W/mK 0.481 

Kr 4.515 W/mK 3.176 W/mK 0.703 

Probe tip diameter 0.2 µm 0.148 µm 0.740 

Sample width 10 µm 0.548 µm 0.055 

 

 

 

Figure 4.13 Response surface with constant tip diameter and sample width 
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Figure 4.14 Response surface with constant Kr and sample width 
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Figure 4.15 Response surface with constant probe diameter and Kr 
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Figure 4.16 Response surface with constant Kliq_y  and  probe diameter. 
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Figure 4.17 Response surface with constant Kr and sample width 
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Figure 4.18 Response surface with constant Kliq_y and Kr. 

 

In the response surfaces figures, the probe tip temperature generally increases 

with decreasing Kliq_y and Kr value. It decreases with smaller probe diameters. Increasing 

sample width also increases the tip temperature, however, its influence is limited 

compared to Kliq_y , Kr and probe diameter. These characteristics of the response surface 

match our expectations. An increase of Kliq_y and Kr  decreases the resistance of the 

polymer layers, which is the primary pathway for heat transfer, leading to lower 

temperature in the sample and thereby the probe tip temperature. A larger probe tip 

diameter allows a larger area of the tip to receive heat from the sample, consequently, 

reducing the thermal resistance between the source and the tip surface, thus raising the tip 
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temperature. Change in the sample width, simply changes the amount of energy from the 

source.  

 

 Probe tip temperature uncertainty 

  In order to quantify the uncertainty of the probe tip temperature due to the 

uncertainty in the input parameters, Kliq_y , Kr , probe tip diameter, and sample width, 

their distributions are sampled. The sampled data points are used in interrogating the 

response surface to generate probe tip temperature responses. Then kernel density 

estimation technique is used to the construct the PDF of the probe tip temperature. In 

order to study how each parameter effects the output, one of the four input parameters is 

randomly sampled while the other three are held at constant using the deterministic case 

values ( shown in Table 4—1). The PDFs of the probe tip temperature for the different 

cases are shown in Figure 4.19.
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Figure 4.19 Uncertainties in the probe tip temperature. 

 The mean and standard deviations of the above PDFs are shown in Table 

4—5. 
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Table 4—5 Mean and standard deviation of output PDFs 

 

PDF Mean µ 

(K) 

Standard deviation σ 

(K) 

  σ/ µ 

Varying all 340.05 6.34 0.0186 

Varying Kliq_y 340.80 7.57 0.0222 

Varying Kr 337.95 2.27 0.0066 

Varying probe tip diameter 339.32 3.93 0.0116 

Varying sample width 339.32 1.95 0.0057 

 

 As shown in Figure 4.19 and Table 4—5, when all parameters are sampled, the 

output PDF range from approximately 315K to 363 K, with a mean of 340.05K and a 

standard deviation of 6.34K. The means of all these PDFs are fairly close to the 

experimental measurement (~339 K).The output PDF obtained by varying Kliq_y has the 

largest standard deviation of 7.57 K, much larger than that of the other PDFs. The large 

standard deviation indicates that Kliq_y contributes the most to the overall uncertainty of 

the probe tip temperature. Similarly, we found that uncertainty in the probe tip diameter 

also contributes significantly to the uncertainty in the probe tip temperature. The PDFs 

obtained by varying Kr and sample width are centered around 339K, with a smaller range 

relative to the PDFs obtained by varying Kliq_y and probe tip diameter. Their uncertainties 

contribute the less to the overall uncertainty. Combined with the standard deviation to 

mean ratio, σ/ µ , in Table 4—4 and Table 4—5, we can estimate the sensitivity of the 
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probe tip temperature to input parameters’. Kr is found to have a low sensitivity relative 

to the other three variables, because the σ/ µ ration is high in the input, but low in the 

output. For similar reason, we conclude that Kliq_y has the highest sensitivity. Thus Kliq_y 

contributes most to the overall uncertainty in this model for its large input uncertainty, as 

well as its high sensitivity.   
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Chapter 5 Conclusions 

 Summary 

 In this thesis work, we develop an non-contact SThM and compare it with the 

experimental on experimental observations. Bayesian interference is employed to 

calibrate the thermal conductivities of the liquid and solid polymer in the model. The 

model is validated by comparing its predictions of the probe tip temperature to 

experiment measurements. Using this model, we established a calibration relation 

between the temperature measured by the probe tip and the actual temperature of the 

measurement point on the sample at different heights of the probe tip from the sample 

surface. The sensitivity of each parameter in the model is studied. We used a sparse 

collocation method to construct a response surface of the probe tip temperature as a 

function of the most sensitive parameters, Kliq_y , probe tip diameter, Kr , and sample 

width. The uncertainty of probe tip temperature is quantified by sampling the response 

surface. We found Kliq_y , the cross-plane thermal conductivity of the liquid polymer, 

plays a critical role in this model. Its uncertainty contributes significantly to the overall 

uncertainty in probe tip temperature. 

 Future work 

 The solver we used for the thesis work, Ansys Fluent, solves macro scale 

governing equations for continuum flow, i.e. for flows whose Knudsen number is much 
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less than 1. As mentioned earlier, for this model, the continuum assumption for air breaks 

down at the region near the probe tip because of the small characteristic length scale. 

Even though we have employed low pressure slip boundary conditions in Fluent to 

account for the temperature jump at walls due to large Knudsen number, it would be 

more accurate to model sub-continuum regime Bhatnagar-Gross-Krook (BGK) model 

which transitions naturally from the continuum to the continuum to the rarefied regime as 

Kundsen number changes in the domain. To allay the cost of the simulation, it may be 

possible to model the high Knudsen number region very close to the probe tip using the 

BGK model, and use it to compute an effective air thermal conductivity. We could then 

integrate it into Fluent. 

 Another improvement that can be made in the future is to accurately model the 

thin films in the probe tip and cantilever as the experiment device. Even though this 

requires using much finer meshes in the model and would result in a large increase in the 

computation expense, it can be done with increased computational power. The effective 

thermal conductivity we used in the model for the probe and cantilever simplified the 

geometry and increased computation speed, however it cannot capture the temperature 

distribution within the probe and cantilever. Using the actual structures in the device 

would provide better characterization of the thermal properties in the probe and 

cantilever. 

 From sensitivity analysis and uncertainty quantification, we observed that the 

thermal conductivities of the polymers layers, especially the cross-plane thermal 
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conductivity of the liquid polymer, is critical to the accuracy of the model. Due to limited 

experiment data, assumptions were made in calibrations of the polymer thermal 

conductivity. It is recommended that more experiment measurements are used to improve 

the calibration for polymer thermal conductivities and, hence the accuracy of the model. 

This is likely to yield the dividend in accuracy and in reducing the uncertainty in the 

prediction of the probe temperature.   
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