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Networks are constantly generating an enormous amount of rich and

diverse information. Such information creates exciting opportunities for net-

work analytics and provides deep insights into the complex interactions among

network entities. However, network analytics often faces the problem of (i)

under-constraint, where there is too little data due to the feasibility/cost of

collecting data; or (ii) over-constraint, where there is too much data so the

analytics becomes unscalable. Compressive sensing is an effective technique to

solve both problems. It leverages the underlying data structure for analysis.

To address the under-constraint problem, we can apply compressive sensing

to reconstruct missing elements or predict future data. To address the over-

constraint problem, we can apply compressive sensing to identify important

factors. Compressive sensing has many applications. In the thesis, we apply

compressive sensing to missing data interpolation, anomaly detection, data

segmentation, and activity recognition and show their benefit.
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To demonstrate the feasibility of compressive sensing in network ana-

lytics, we first apply it to detect anomalies in a customer care call dataset.

Customer care call dataset is collected by a tier-1 ISP in US and includes the

calls which are labeled as categories representing customers’ problems. Cus-

tomer care calls reveal the major events and problems observed by customers.

We use a regression-based approach to find the relationship between calls and

events. We show that compressive sensing is effective in identifying important

factors and can leverage the low-rank structure and temporal stability of the

data to improve the detection accuracy.

While applying compressive sensing to the real-world data, we identify

several challenges. One of the challenges is that real-world data are compli-

cated and heterogeneous, and often violate the low-rank assumption required

by existing compressive sensing techniques. Such violation significantly re-

duces the applicability and effectiveness of existing compressive sensing ap-

proaches. It is important to understand reasons behind the violation to design

methods and mitigate the impact. Therefore, we analyze a wide range of

real-world traces and our analysis reveals that there are different factors that

contribute to the violation of low-rank property in real data. In particular, we

find (i) noise, errors, anomalies, and (ii) the lack of synchronization in time

and frequency-domain lead to network-induced blurring, and can easily cause

a low-rank matrix to become a much higher rank.

To address the problem of noise, errors, and anomalies, we present a

robust compressive sensing technique. It explicitly account for anomalies by
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decomposing real-world data represented in the form of a matrix into a low-

rank matrix, a sparse anomaly matrix, an error term, and a small noise matrix.

To address the problem of the lack of synchronization, we present a data-driven

synchronization algorithm. It removes misalignment while accounting for the

time and frequency-domain heterogeneity in the real-world data. The data-

driven synchronization can be applied to any compressive sensing technique

and is general for any real-world trace. We show that the combination of two

techniques can reduce the ranks of the real-world data, improve the effective-

ness of compressive sensing, and have a wide range of applications.
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Chapter 1

Introduction

1.1 Motivation

Wireless networks and sensor networks are constantly generating an

enormous amount of rich and diverse information. Such information creates

exciting opportunities for network analytics. Network analytics can provide

deep insights into the complex interactions among network entities, and has

a wide range of applications in wireless networks across all protocol layers.

Example applications include spectrum sensing, channel estimation, channel

feedback compression, multi-access channel design, data aggregation, network

coding, wireless video coding, anomaly detection, activity recognition, and

localization.

There are many challenges to enable effective network analytics:

• Under-constraint : The number of unknown factors for network ana-

lytics can be much larger than the number of measurements we made.

For example, traffic engineering requires knowing the complete traffic

matrix between all source and destination pairs in order to properly

provision traffic and avoid congestion. However, it’s very expensive, if
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not infeasible, to measures the traffic between all source and destina-

tion pairs. Reconstructing data from few measurements is an under-

constraint problem.

• Over-constraint : Even we are fortunate to have enough measure-

ments, network analytics can still be challenging because it may try to

describe the biased measurements or random noise instead of the under-

lying relationship. Moreover, the large amount of data may make the

analystics unscalable.

Compressive sensing is an effective technique to solve the problems.

It has recently attracted considerable attention in statistics, approximation

theory, information theory, and signal processing. It leverages the presence

of structure and redundancy in real data for interpolation and analysis. In

particular, several effective heuristics have been proposed to explicitly exploit

the sparse or low-rank nature of empirically obtained matrices (i.e., a matrix

can be approximated as a product of two factor matrices with few columns).

Meanwhile, the mathematical theory of compressive sensing has also advanced

to the point where the optimality of many of these heuristics has been proven

under certain technical conditions on the matrices of interest.

There are several advantages for applying compressive sensing to net-

work analytics.

• Recover missing data: High cost in collecting complete data, failures in

measurement systems, and network losses can lead to missing data. On
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the other hand, many network tasks require complete data to operate

properly. Compressive sensing can be applied to interpolate missing data

where there is too little data for analystics.

• Find the underlying data structure: Compressive sensing reconstruct

data by utilizing the underlying data structure. By designing the penalty

terms carefully, we can find the intrinsic trend in the data and avoid over-

fitting. Moreover, we can also remove noise and detect anomalies in the

data because the residual which is inconsistent with the underlying data

structure can be identified.

• Scalability and power efficiency: Compressive sensing requires few mea-

surements to reconstruct the data so reduces the cost for measurement

and data collection. This is important for network analytics to scale in

large networks and save power in sensor or mobile networks.

1.2 Apply Compressive Sensing to Real-World Data

We demonstrate the feasibility of compressive sensing in network ana-

lytics by applying it to detect events in a customer care calls dataset collected

by a tier-1 ISP in US.

Customer care calls serve as a direct channel for a service provider to

learn feedbacks from their customers. They reveal details about the nature

and impact of major events and problems observed by customers. By ana-

lyzing the customer care calls, a service provider can detect important events

3



to speed up problem resolution. However, automating event detection based

on customer care calls poses several significant challenges. First, the relation-

ship between customers calls and network events is blurred because customers

respond to an event in different ways. Second, customer care calls can be

labeled inconsistently across agents and across call centers, and a given event

naturally give rise to calls spanning a number of categories. Third, many im-

portant events cannot be detected by looking at calls in one category. How

to aggregate calls from different categories for event detection is important

but challenging. Lastly, customer care call records have high dimensions (e.g.,

thousands of categories in our dataset).

We propose a systematic method for detecting events in a major cellular

network using customer care call data. It consists of three main components:

(i) using a regression approach that exploits temporal stability and low-rank

properties to automatically learn the relationship between customer calls and

major events, (ii) reducing the number of unknowns by clustering call cate-

gories and using L1 norm minimization to identify important categories, and

(iii) employing multiple classifiers to enhance the robustness against noise and

different response time. For the detected events, we leverage Twitter social

media to summarize them and to locate the impacted regions. We show that

compressive sensing is effective in identifying important factors and can lever-

age the low-rank structure and temporal stability of the data to improve the

detection accuracy.
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1.3 Understand the Limitation

While applying compressive sensing to the real-world data, we identify

several challenges. One of the challenges is that real-world data are compli-

cated and heterogeneous, and often violate the low-rank assumption required

by existing compressive sensing techniques. Such violation significantly re-

duces the applicability and effectiveness of existing compressive sensing ap-

proaches. It is important to understand reasons behind the violation to design

methods and mitigate the impact. Therefore, we analyze a wide range of

real-world traces and our analysis reveals that there are different factors that

contribute to the violation of low-rank property in real data. In particular,

we find the following factors lead to network-induced blurring, and can easily

cause a low-rank matrix to become a much higher rank:

• Noise, Errors, and Anomalies : Noise, erroneous data, and anoma-

lies are common in real-world network data. Anomalies and errors can

hide non-anomaly-related data. It is challenging to distinguish genuine

network structure and behavior of interest from anomalies and measure-

ment imperfections in a robust and accurate fashion.

• Lack of synchronization in time domain and frequency domain :

In a distributed network, different nodes have different clocks and may

also span multiple time zones. The matrix formed by merging the mea-

surements across different nodes is likely to have misalignment. Even

with perfect clock synchronization, some network events take time to
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propagate and some network elements may see their effects earlier than

the other elements. Therefore it is not sufficient to synchronize the

clocks, but rather we should synchronize the underlying data. More-

over, in order to support a wide range of real-world data, we should take

into account of both the time domain and frequency domain information

arising from different sampling rates or speeds of movement.

1.4 Improve Compressive Sensing for Real-World Data

Robust Compressive Sensing : To address the problem due to the presence

of measurement errors, noise, and anomalies, we develop LENS decomposi-

tion , a novel technique to accurately decompose network data represented in

the form of a matrix into a Low-rank matrix, an Error matrix, a small Noise

matrix, and a Sparse anomaly matrix. This decomposition naturally reflects

the inherent structures of real-world data and is more general than existing

compressive sensing techniques by removing the low-rank assumption and ex-

plicitly supporting anomalies. The problem can be generalized to incorporate

domain knowledge, such as temporal stability, spatial locality, and/or initial

estimation (e.g., obtained from a model). We formulate this problem as a

convex optimization problem, and develop an Alternating Direction Method

(ADM) to efficiently solve it.

Our approach has several nice properties: (i) it supports a wide range of

matrices: with or without anomalies, and with or without low-rank structure,

(ii) its parameters are either exactly computed or self tuned, (iii) it can incor-
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porate domain knowledge, and (iv) it supports various network applications,

such as missing value interpolation, prediction, and anomaly detection.

Data-Driven Synchronization : To address the problem due to lack of

synchronization in time and frequency domain, we propose a data-driven syn-

chronization approach to explicitly remove misalignment while accounting for

the time domain and frequency domain heterogeneity of the real-world data.

We show synchronization improves interpolation accuracy, and allows us to

exploit the correlation among different users’ measurements to enhance seg-

mentation and activity recognition.

We evaluate LENS and data-driven synchronization using a wide range

of real-world data including network traces from traffic matrices in 3G, WiFi,

and the Internet, channel state information (CSI) matrices, RSSI matrices

in WiFi and sensor networks, and expected transmission time (ETT) traces

from UCSB Meshnet, as well as activity traces from wearable devices. Our

results show that (i) LENS significantly out-performs state-of-the-art com-

pressive sensing methods, (ii) data-driven synchronization further reduces the

matrix ranks and improves the interpolation performance of all compressive

sensing methods, and (iii) data-driven synchronization enables group-based

segmentation and activity recognition which significantly out-performs exist-

ing schemes which applied on an individual user at a time.
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1.5 Summary of Contributions

In summary, the major contributions of the thesis are as follows:

• We develop a systematic method to automatically detect anomalies in a

cellular network using the customer care call data collected by a tier-1

ISP in US. Compressive sensing is used to enhance the scalability and

improve the accuracy. Our approach out-performs the existing approach

(i.e., a regular regression approach which only minimizes the fitting er-

ror) by 64%.

• We make important observations that real-world datasets often are not

low-rank due to (i) the presence of measurement errors, noise, and anoma-

lies, (ii) lack of synchronization in time and frequency domain. To our

knowledge, this is the first work that shows the impact of noise, anoma-

lies, and synchronization in the matrix ranks, which has profound impli-

cation for compressive sensing.

• We propose a robust compressive sensing technique for real-world net-

work datasets explicitly accounts for anomalies and measurement noise.

The proposed technique out-performs the state-of-the-art approaches by

20.2-69.8% while applied in missing data interpolation, 17.7-34.6% in

prediction, and 17.6% in anomaly detection.

• We develop a simple yet effective data-driven synchronization algorithm

explicitly accounts for the time domain and frequency domanin hetero-

geneity in the real-world data. Our results show synchronizing the data
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to a common offset and frequency reduces the matrix ranks by up to

65%.

• We design algorithms that take advantage of synchronization for data in-

terpolation, segmentation, and activity recognition. We reduces interpo-

lation error by up to 79%, and significantly out-performs individual user

based segmentation and activity recognition by 12-61% and 10-123%,

respectively.

1.6 Thesis Outline

Chapter 2 overviews the related work. Chapter 3 shows how we apply

compressive sensing technique to build an anomaly detection system using

customer care call dataset. Chapter 4 identifies the factors which limit the

applicability of compressive sensing techniques in real-world data. Then in

Chapter 5, we detail the design of LENS decomposition which addresses

the problem due to the presence of anomalies, errors, and noise. In Chapter 6,

we address the problem due to the lack of synchronization by presenting the

data-driven synchronization algorithm and show how to use the algorithm to

improve missing data interpolation, enable segmentation, and perform activity

recognition. Chapter 7 concludes the thesis.

9



Chapter 2

Related Work

This chapter presents related works. In Section 2.1, we first present

the works related to compressive sensing. In Section 2.2, we introduce the

works related to the applications which can benefit from compressive sensing

technique. In particular, Section 2.2.1, 2.2.2, and 2.2.3 present the existing

works on anomaly detection, data segmentation, and activity recognition, re-

spectively.

2.1 Compressive Sensing

The Shannon/Nyquist sampling theorem states that to reconstruct a

singal without lossing information, the sampling rate should be twice or higher

than the highest frequency of the signal. The theorem is widely applied in

many areas, including wireless communication, imaging systems, audio re-

ceivers, and so on. Recent years, a technique called compressive sensing shows

that actually we can capture and represent signals at a rate significantly below

the Nyquist rate by extracting and exploiting the presence of certain types of

structure and redundancy in data from many real-world systems. The tech-

nique has recently attracted considerable attentions from statistics, approxi-
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mation theory, information theory, and signal processing [13, 23, 15, 61, 60,

86, 64] and is rapidly becoming a vibrant research area of its own.

Most existing compressive sensing works assume that the matrices sat-

isfy low-rank property. However, this assumption may not hold. Violation of

such assumption significantly limits the accuracy of these techniques. Signifi-

cant work has been done for solving under-determined linear inverse problems.

Missing value interpolation, prediction, and network tomography can be cast

into the same formulation. As described in [85], many solutions solve the

regularized least-squares problem: minx ‖y −Ax‖22 + λ2J(x), where ‖ · ‖2 de-

notes the L2 norm, λ is a regularization parameter, and J(x) is a penalization

functional. In L2 norm minimization, which is a widely used solution to linear

inference problem, J(x) = ‖x‖22. In L1 norm minimization, another commonly

used scheme, J(x) = ‖x‖1 (i.e., the L1 norm of x).

Other regularization terms include ‖X‖∗, the nuclear norm of matrix

X , and spatio-temporal terms ‖SX‖2F and ‖XT T‖2F in [86]. Unique advan-

tages of LENS formulation include (i) its general formulation to account for

a low-rank component, a sparse anomaly component, a dense but small noise

term, and domain knowledge, (ii) its effective optimization algorithm to solve

the general decomposition problem, and (iii) a data-driven procedure to learn

the parameters. Its formulation is more general than existing work (e.g., [86])

in that [86] requires the original matrix to be well approximated by the product

of two low-rank matrices, whereas LENS relaxes this constraint and allows the

delta between the original matrix and sparse anomaly matrix to be approx-
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imated by the product of two low-rank matrices. Moreover, LENS allows a

linear coefficient in each of the decomposed terms and supports general forms

of domain knowledge.

2.2 Applications

2.2.1 Anomaly Detection

There has been significant work on anomaly detection and network

diagnosis. PCA (e.g., [38, 39, 32]) has been widely used for anomaly detection.

[62] shows that PCA is sensitive to how many principal components are used.

[65] shows that data poisoning can significantly degrade the performance of

PCA. Barford et al. [9] uses wavelets to decompose an original signal into low-,

mid-, and high-frequency components and then detect anomalies based on the

high-frequency components.

Zhang et al. [86] uses compressive sensing to discover anomalies in traf-

fic matrices. [83] develops a framework to capture a range of detectors. [46]

proposes a multi-scale robust subspace algorithm to identify changes in per-

formance even when the baseline is contaminated. [68] uses ridge regression to

learn Quality of Experience (QoE) in large-scale IPTV systems. Ridge regres-

sion does not work well in our context due to possible under-constraint issues

and varying customers’ response time.

NICE [45] uses statistical correlation to detect chronic network prob-

lems. Mercury [44] detects persistent behavior changes using the time-alignment

for distributed triggers. [47] combines different anomaly detection methods,
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such as EWMA, FFT, Holt-Winters, and Wavelets, to boost the performance.

[30] uses both customer call dataset and network crash log in IPTV to detect

anomalies. It first finds heavy hitters where there might be anomalies with

high probability and then use EWMA to detect anomalies.

The statistical and multi-scale analysis used in the previous works are

complementary to our work. We complement the previous works by using L1

minimization to select important metrics, leveraging temporal stability and low

rank to enhance the accuracy of regression, and applying multiple classifiers

to enhance robustness. These techniques can be potentially useful to other

network diagnosis problems.

Twitter has been extensively studied to detect various events such as

service issues [57, 49], earthquakes [67], stock markets [66], elections [72], and

public health issues [56]. [57] shows the feasibility of social media to un-

derstand user experiences and finds correlation between tweets and customer

tickets. [49] detects outages of popular services (e.g., Gmail, Bing, PayPal)

by tracking the volumes of tweets with the phrase “X is down” or the hashtag

“Xfail”. Our work takes a step further to summarize the events and localize

the impacted regions using detailed information from tweets.

2.2.2 Segmentation

Segmentation divides a time series into multiple portions to reveal the

underlying properties of its source. Segmentation algorithms can be bottom-

up, which start from the finest segment and merge segments until some stop-
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ping criterion is met, or top-down, which recursively partition segments until

some stopping criterion is met. [35] develops a sliding window and bottom-

up approach. [27] shows a hidden Markov model is useful for segmentation.

[70, 33] use a fixed-size sliding window and segment data by first inferring

the types of activities. [63] segments sensor data by identifying a ”null-class”

window that does not belong to any known activity. [53] applies the idea

of ”null-class”, but allows dynamic window size and automatically learns the

threshold. Our segmentation algorithm complements the existing work by

leveraging synchronized group activity instead of just using one user’s trace.

2.2.3 Activity Recognition

Activity recognition is an active research area. Many algorithms have

been proposed (e.g., dynamic time warping (DTW) [11], string matching [48],

hidden Markov models (HMM) [12] etc.) Our work complements these works,

and shows that leveraging estimation across different users helps to signif-

icantly improve the recognition accuracy. This can be applied to different

activity recognition algorithms.

14



Chapter 3

Event Detection System

In this chapter, we show how compressive sensing technique can be

applied to build an event detection system in a major cellular network using

customer care call data.

3.1 Problem Formulation

Background: This study uses data derived from operational records of calls

to customer support centers of a major mobile service provider. We now

outline how these records are generated at the service center, and then describe

a subset of the records that are used for this study.

When a customer calls the customer support, the call will first reach

an Interactive Voice Response (IVR) system, an automated system configured

with pre-defined menu. Based on the selected menu, the customer’s call is

either self-served or routed to one of the customer care call centers to be

answered by an agent. Work force management for customer call centers are

often performed according to the type of plan the customer has (e.g., business

or consumer, referred as “work group”) and what type of issues the customer

has (e.g., device, billing, performance issues).
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Upon handling each customer care call, the call agent will open a case

in the ticketing system, and label the case using a “three-level pre-defined

categories” to indicate the customer’s issue or need. Detailed notes are also

input into the system based on the conversation with the customer. After the

customer’s need is satisfied and case is resolved, a “call resolution” code is

also entered into the system. Although the detailed notes may provide more

detailed information and help detect anomalies, they are used in this study

due to the privacy issues and the challenge of using natural language to process

them. Therefore, this chapter focuses on using pre-defined categories of the

calls to detect anomalies.

Customer care calls dataset: The data set for this study is derived from

several million calls received at the service centers in 5 months during 2011.

Each record in the dataset comprises the following subset of information re-

lated to a call: work group, call resolution (as described above) and the cat-

egory ascribed to the call, comprising three levels customer need: customer

need level 1, customer need level 2, and customer need level 3.

There are 141 work groups, 5394 call resolutions, 170 level-1 categories,

765 level-2 categories, and 2882 level-3 categories. Data do not contain any

information concerning calls that did not progress beyond the IVR system.

Figure 3.1 shows the normalized call distribution in the most popular 10 cat-

egories among work group, call resolution and 3 levels of customer need. We

can observe that the top 10 categories account for 30-70% of calls. Moreover,

top 10% categories account for 75-90% of calls. In spite of the significant
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Figure 3.1: The normalized number of calls.

amount of calls in top 10% categories, we cannot simply use these categories

for anomaly detection because there are many anomalies dominated by the re-

maining 90% categories. For examples, “Technical” is a level-1 category which

does not belong to the top 10% categories but it is one of the dominant factors

in 73% of outage events observed from our dataset.

Real anomalies: In addition, we get ground truth from National Call Cen-

ter Operations (NCCO) reports, in which anomalies are marked manually by

monitoring the patterns of customer calls, activity of the IVR system, and

network traffic. This process is extremely time-consuming and vulnerable to

human errors, which motivates us to develop an automatic anomaly detector.
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Event Status: Initial
Business Unit(s): Mobility
Primary System: Mobility: GSM Voice Networks
Region: North East
Start Time: month day year - time
Resolved Time: Unknown
Issue Description: Boston customers may experience no service or
degraded service in the coverage area of the cell sites affected.

Table 3.1: An example of NCCO report

Table 3.1 shows an example of NCCO report. Each anomaly in NCCO

reports contains the following information: an event status indicates the anomaly

is first reported (initial), updated, or resolved; a business unit and primary sys-

tem indicate which aspect of system is impacted by the anomaly; and a region

indicates the impacted region. A start time labels the time when the anomaly

is observed, and resolved time labels the time when the support team reports

that the anomaly has been resolved. In this example, the anomaly is just

reported, so the resolved time is unknown. There is also a description of the

anomaly, e.g., outage events or performance degradation. We designated the

start time as the time at which an anomaly is detected. There could be a gap

between the time that anomalies are observed in NCCO report and perceived

by customers.

Since our approach uses only customer calls data to detect anomalies

while the ground truth from NCCO reports is derived based on the more

complete information (e.g., activity of the IVR system and network traffic),

we do not expect our approach can detect all anomalies.
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Issues: The call records give us information about calls in different categories

with different metrics. Each category/metric gives us one timeseries. Our

goal is to automatically detect anomalies or events using all the timeseries.

A natural approach is to detect sudden changes in one or more timeseries.

But finding an appropriate aggregation of the timeseries for accurate anomaly

detection is challenging.

Simply aggregating all of them does not work well. Figure 3.2 show two

examples. In the first example, there were 3 major events related to a release of

new devices: new device announcement, new device pre-order, and new device

available. If we consider all the customer care calls that are related to a new

device, we can see clearly there are 3 spikes in the call volume corresponding

to the above events. However, the events have little impact on the total call

volume, and are difficult to detect using the total call volume. In the second

example, 3G network outage occurred in South Florida on the second day

of the third week. The anomaly can be detected using the weighted sum of

call volume from categories “Technical”, “Cannot Make or Receive Calls”,

“Voice”, and “FLP” (Florida/Puerto Rico area), but not from the total call

volume. Simply aggregating all calls is insufficient because (i) some events only

have impact on a subset of customers and do not lead to significant changes

in total volume, and (ii) even for the events that may potentially affect the

total volume, the capacity of call centers limits the increase in total volume

and makes it difficult to detect. Ideally in this case, we want to detect events

before the capacity limit is reached so that we can increase call center capacity
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Figure 3.2: The total call volume is insufficient to detect events.

temporarily in response to the increased demand.

Another natural approach to detect anomalies is to use PCA. For exam-

ple, [38] decomposes data into normal and abnormal subspaces using PCA by

(i) applying PCA to the testing dataset and examining the projection of test-

ing dataset on each principal axis in order, (ii) assigning the principal axis and

all subsequent axes to anomalous subspace as soon as a projection is found to

exceed a threshold (e.g., 2x standard deviation from mean), and (iii) detecting

spikes in the time series projected onto the anomalous subspace. We observe

its precision (i.e., fraction of predicted anomalies that are correct) is not much

better than that of a random algorithm, which reports an anomaly by tossing

a bias coin of 0.3 (i.e., close to the fraction of time that has anomalies.) PCA

performs poorly for several reasons. First, large anomalies can pollute the

normal subspace [62] so PCA usually requires anomaly-free data for training

[40]. This could be a problem for our dataset because there are average 1.8
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anomalies per week in NCCO reports and it is hard to find a clean period

for training. Second, determining the threshold for anomalous subspace is an

open question [62, 40, 38]. Third, PCA is sensitive to noise, which is common

in the customer care call dataset.

In general, the appropriate aggregation depends on the types of events.

Due to a large number of possible types of events and evolving nature of events,

it is infeasible to manually determine the aggregation for each event type in

advance. The above results call for a new method to automatically learn the

mapping from the various input metrics to anomalies. The method should

be (i) adaptive to new call labels and events, (ii) highly robust against noise,

which is inherent in call data records due to different customers’ responses to

anomalies and inconsistent call labelings.

3.2 Our Approach

3.2.1 Problem Formulation

Our main problem can be formulated as follow. We have training and

testing traces, where the training traces contain N -dimension input timeseries

and the ground-truth about when anomalies take place and the testing traces

contain new N -dimension input timeseries. Our goal is to determine when

anomalies occur in the testing traces.

We use regression to approach the problem by casting it as an inference

problem of Ax = b, where A(t, i) denotes the number of calls of category i at

time t, x(i) denotes the weight (importance value) of the i-th category, b(t)
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is an indicator whether there is an anomaly. We construct A and b from the

training traces to solve for x. Then we plug in the estimated x and construct

A from the testing traces to predict b for the testing trace. Essentially we view

there exists a linear relationship between the categories values and the result-

ing anomalies, and we try to learn the linear coefficients x that automatically

combines different metrics to predict the anomalies. As we will show in Sec-

tion 3.3, a simple linear regression model works well, so we believe the linear

assumption is reasonable. There are several significant challenges involved in

realizing this scheme.

1. Dynamic x: As the categories and events evolve, the relationship between

the inputs and the anomalies may also change. Therefore x can change

over time.

2. Under-constraints: The number of categories can be much larger than the

number of constraints derived from the training traces. So we have an

under-constrained problem and there are an infinite number of solutions.

Randomly picking one of them gives an equally good fit to the training data,

but can give very different accuracy for the testing data. Our ultimate goal

is to find x that can accurately predict the anomalies for the testing traces.

3. Over-fitting: Even if we are fortunate to get long enough training traces

so that the number of categories is close to or smaller than the number of

constraints, the weight estimation is still challenging because the solution

that minimizes the fitting error based on the training traces is often not
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the one that gives the closest fit to the testing data. In other words, there

can be over-fitting issues.

4. Scalability: There are thousands of categories or dimensions and thousands

of time intervals. The scalability issue further exacerbates when we allow

x to change. For example, if there are K different x’s, the problem size

further grows by a factor of K.

5. Varying customer response time: When an anomaly occurs, customers

respond to it at different time depending on the impact of anomaly, the

customers’ own availability, time of day, and day of week. This blurs the

relationship between A and b.

Below we first develop an approach to address the under-constraints

and over-fitting issues while allowing x to change over time (Section 3.2.2).

Then we reduce the number of unknowns as well as handle the scalability

issues by clustering categories and identifying important clustered categories

(Section 3.2.3). Finally, we use multiple classifiers to enhance the robustness

against noise and different customers’ response time (Section 3.2.4).

3.2.2 Our Regression

To address the first challenge, we generalize our formulation to Adxd =

bd, where d denotes d-th day, Ad(t, i) denote the value of i-th category from

the traces at time t on the d-th day, xd(i) denote the weight of i-th variable on

the d-th day, bd(t) denote whether there is an anomaly at time t on the d-th

day, where 1 means anomaly and 0 means no anomaly.
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To address the under-constraints and over-fitting issues, we cannot sim-

ply minimize the fitting error to the training data. Instead, we also impose

additional structures on the solution. First, we expect the weight values xd to

be stable across consecutive days d. Second, we expect x = [x1x2...xd] exhibits

low-rank structure due to the temporal stability in x and the small number of

dominant factors that cause the anomalies. Therefore, we try to find X , U , V

that minimize the combined objective:

o(X,U, V ) =
∑

d

f(X) + α · g(X) + β · h(X,U, V ), (3.2.1)

where f(X) is the fitting error, g(X) captures the degree of temporal stability,

and h(X,U, V ) captures the error in approximating X as a product of two

rank r matrices: U and V , where α and β give the relative weights of temporal

stability and low-rank constraints, respectively, and r is the desired low rank.

Next we elaborate on each term and how to select weights.

Fitting error: The fitting error is expressed as f(X) =
∑

d ‖Adxd − bd‖2F
where ‖·‖F is the Frobenius norm (with ‖Z‖F =

√

∑

ij Z(i, j)
2 for any matrix

Z.)

Incorporating temporal stability: To capture the temporal stability, we

introduce a temporal transformation matrix T and define a penalty function

as follows:

g(X)
△

=
∥

∥M ∗ T T
∥

∥

2

F
, (3.2.2)

where M = [x1x2...xd] merges all the column vectors into a matrix and
T T is the transpose of T . As in [86], we use a simple temporal transfor-
mation matrix to minimize the change in x between two consecutive days:
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T = Toeplitz(0, 1,−1), which denotes the Toeplitz matrix with central diago-
nal given by 1, the first upper diagonal given by -1. That is,

T =



















1 −1 0 . . .

0 1 −1
. . .

0 0 1 −1
. . .

...
. . .

. . .
. . .



















. (3.2.3)

Incorporating low-rank constraints: Finally, to capture the low-rank

nature of weight matrix, we introduce a penalty term function

h(X,U, V )
△

=
∥

∥M − U ∗ V T
∥

∥

2

F
(3.2.4)

where M = [x1x2...xd], U is a N × r unknown factor matrix, and V is a d× r

unknown factor matrix, and r is the desired low rank. Minimizing the penalty

term ensures M has a good rank-r approximation: M ≈ U ∗ V T .

Selecting parameters: To decide the weights α and β, we use 6-week data

as the training set to find the best weights (in terms of evaluation metrics dis-

cussed in Section 3.3) as follow. First, α and β are chosen to make fitting error,

temporal stability, and low-rank constraint have similar order of magnitude.

Second, we fix α, and keep increasing or decreasing β by a factor of 10 each

time until the performance does not improve. β is updated as the one that

gives the best performance seen so far. Third, similar to the second step, but

this time we fix β and alter α. The second and third steps are repeated until

the performance does not improve for the training traces. It usually takes 5 or

fewer iterations. Then we apply the selected parameters to the testing trace

for anomaly detection.
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3.2.3 Reducing Categories

The regression problem described in Section 3.2.2 has thousands of

variables for each day alone and the number further increases with the number

of days. This imposes both scalability issue and exacerbates under-constraint

issue.

3.2.3.1 Clustering Categories

To enhance scalability and minimize the impact of ambiguity and incon-

sistency in detecting events based on the customer needs categories, we need to

cluster relevant categories in advance. It is infeasible to group categories man-

ually because (i) the number of categories changes over time. Categories can be

added or depreciated because of the emerging or ending of services/products;

(ii) each customer care center can change the usage of categories; and (iii)

there are too many categories.

One natural approach is to cluster categories base on the similarity

between timeseries. However, the approach does not work. For example,

Figure 3.3 shows timeseries of different categories. We can see that the call

volume of category “Plans and Features” increases significantly while that of

the other category “Plan” decreases on the same day, because the agents are

asked to switch to use “Plans and Features” instead of “Plan”. Similarly, we

can see the call volume of “Device” decreases while that of “Account” and

“Equipment” increases. Although these categories represent the same group

of calls, their timeseries are not similar.
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Figure 3.3: Dynamic call labels

We cluster categories based on the similarity of their textual names

since agents usually classify calls based on the textual names of categories and

different agents may classify similar calls to different categories with similar

texts. We treat each category name as a sequence of characters and adopt

the Dice’s coefficient [81] using bigram model [80], which is widely used in

statistical natural language processing to measure string similarity. The Dice’s

coefficient s for two string x and y using the bigram model is computed as

s = 2×nt

nx+ny
, where nt is the number of character the bigrams in both strings, nx

and ny are the numbers of big-rams in strings x and y, respectively. The value

of s ranges between 0 and 1. A larger s indicates the two strings are more

similar. For example, to calculate the similarity between strings “paid” and

“payment”, we find the sets of the bigrams as (“pa”, “ai”, “id”) and (“pa”,

“ay”, “ym”, “me”, “en”, “nt”). These sets have 3 and 6 elements, while only

1 element is common. So we have s = (2 × 1)/(3 + 6) = 0.22. By using a
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threshold of 0.3 for s, we cluster the customer categories into 96 at the first

level, 354 at the second level, and 1165 at the third level. Our evaluate uses

these newly computed categories.

3.2.3.2 Identifying Important Categories

Even after clustering, there are still a large number of clustered cate-

gories. We use the following three schemes to identify important categories.

Principal component analysis (PCA): PCA can also be used to iden-

tify important categories because it reduces dimensionality of a multivariate

dataset by converting possibly correlated variables into linearly uncorrelated

variables, which are called principal components. However, using PCA in this

context has the same problem as it is used for anomaly detection mentioned in

Section 3.1. As a result, principal components may not identify the most im-

portant categories for anomaly detection. For example, the 3G network outage

event shown in Figure 3.2 is dominated by categories “Technical”, “Cannot

Make or Receive Calls”, “Voice”, and “FLP”. However, the PCA results show

that in the top 10% principal components, the coefficients of “Cannot Make or

Receive Calls” and “Voice” are small, which indicates they are not considered

as important categories in PCA.

L2 norm minimization: Another way of finding important categories is

to cast it as an inference problem Ax = b, where A(t, i) denotes the value

of category i at time t, x(i) denotes the weight (importance value) of the i-

th category, b(t) is an indicator whether there is an anomaly. Different from
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Section 3.2.2, here we just need to filter out unimportant categories instead of

determining the precise weights. So here we assume x is constant over time to

have fewer unknowns.

We obtain A and b learned from the previous traces. Then we estimate

x to best fit the relationship. A common metric for the best fit is L2 norm

minimization, defined as follows:

min
x
‖b−Ax‖22 + λ2‖x‖22, (3.2.5)

where ‖x‖2 =
√

∑

k=1..n ‖xk‖2. It can be efficiently solved using a standard

solver for linear least-squares problems. Then we filter out the categories whose

weight x is within a threshold, which is set to 0 in our evaluation.

L1 norm minimization: Another approach is to use L1 norm minimization,

defined as follow:

min
x
‖b−Ax‖22 + λ2‖x‖1. (3.2.6)

where ‖x‖1 =
∑

k=1..n ‖xk‖. L1 norm minimization is often used in situations

where x is sparse, i.e., x has only very few large elements and the other

elements are all close to 0. This is well suited to our goal of identifying a small

number of important factors. As shown in [22], the minimal L1 norm solution

often coincides with the sparsest solution for under-determined linear systems.

As we will show in Section 3.3, L1 norm minimization performs the best since

it explicitly maximizes sparsity. As before, we filter out the categories whose

weight x is within a threshold, which is set to 0 in our evaluation.
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3.2.4 Combining Multiple Classifiers

Need for multiple classifiers: Another important problem is what time

scale we should use for anomaly detection. Ideally, we would like to capture all

calls triggered by the same anomaly when learning the weight of the metrics.

That is, A should include the characteristics of all calls corresponding to that

anomaly. However, customers do not respond to an anomaly immediately and

sometimes their response time may differ by hours. But simply using a large

time window is not a good option since we can no longer detect anomalies in

a fine time granularity.

To address both issues, we use a reasonably small bin size: 1 hour,

but include calls made in previous n and next m hours as additional features.

That is, we use Ad(t−m, t− (m− 1), ..., t− 1, t, t+1, ..., t+n), which denotes

the values of N categories in the traces from time t−m to time t+n. So there

are altogether (m+ n+ 1)×N features and xd also now has (m+ n+ 1)×N

elements, which are the weights of all these features. bd(t) remains the same

as before (i.e., whether there is an anomaly at time t).

However it is challenging to select m and n a priori. One set of values

may work well on some data but not on others. Therefore we use multiple

classifiers, where each classifier uses one set of m and n, and then we aggregate

the results of all the classifiers. The intuition is that it is more likely to be a

real anomaly if lots of classifiers claim so.

Aggregating multiple classifiers: We apply each classifier independently
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to the testing data and returns a binary timeseries pb(c, t). pb(c, t) = 1 denotes

that there is an anomaly detected by classifier c at time t. pb(c, t) = 0 denotes

there is no anomaly detected. We aggregate pb(c, t) by assigning a weight wc

to each classifier. We detect an anomaly when
∑

cwcpb(c, t) > threshold. Our

evaluation uses a threshold of 0.3.

We calculate wc for a classifier c by applying 2-fold cross-validation to

the training data. The 2-fold cross-validation partitions the training data into

two parts. In the first round, it uses the first partition for training and the

second partition for testing. Since we know the ground truth in all training

data, we can evaluate how the classifier performs in cross-validation by cal-

culating the accuracy (i.e., the fraction of correct prediction) in the second

partition. Similarly, in the second round, we use the second partition of the

training data for training, use the first partition for testing, and calculate the

accuracy in the first partition. Therefore, with the 2-fold cross-validation we

can get an average accuracy ac in training set which gives us an estimate how

the classifier may perform. Then the weight of each classifier is assigned as

the normalized accuracy: wc = ac/
∑

c ac.

3.3 Evaluation

We use the following metrics to quantify the accuracy:

recall =
tp

tp+ fn
(3.3.1)

precision =
tp

tp+ fp
(3.3.2)
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where tp is the number of true positives (i.e., correctly detected anomalies),

fp is the number of false positives (i.e., incorrectly detected anomalies), and

fn is the number of false negatives (i.e., missed anomalies). In addition, we

integrate precision and recall into a single metric called F-score [82], which is

the harmonic mean of precision and recall: F-score = 2
1/precision+1/recall

. For

all three metrics, larger values indicate higher accuracy. Unless otherwise

specified, we use 30 classifiers.

Identification of important features: We first evaluate how different

feature selection algorithms impact the performance. We vary the meth-

ods of identifying important categories while using multiple classifiers and

temporal/low-rank based regression. We compare PCA, L1 norm minimiza-

tion, L2 norm minimization, and random selection (e.g., Rand 1000 and Rand

2000 randomly select 1000 and 2000 categories). L1 norm selects 612 impor-

tant categories and L2 norm selects 980 important categories. As shown in

Figure 3.4, L1 norm consistently performs the best. It out-performs L2 norm

by 23%, PCA by 45%, Rand 2000 by 454% in terms of precision; out-performs

L2 norm by 10%, PCA by 32%, and Rand 2000 by 1020% in terms of recall.
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Rand 1000 selects too few categories and yields close to 0 precision and recall,

so its bars are almost invisible from the figure.

Varying regression methods: Next we evaluate the impact of regression

methods. We use L1 norm minimization to select important categories and use

multiple classifiers in all cases. We compare regression (i) that only uses fitting

error as the objective (Fit), (ii) that uses fitting error and low rank (Fit+LR),

(iii) that uses fitting error and temporal stability (Fit+Temp), (iv) that uses

fitting error, temporal stability, and low rank (Fit+Temp+LR). In addition,

as a baseline, we use random selection (Rand 0.3) that randomly determines if

a given interval has an anomaly with a probability of 0.3 since around 30% of

time intervals have anomalies. As shown in Figure 3.5, Fit+Temp+LR yields

the highest accuracy: it out-performs Random, Fit, Fit+LR, Fit+Temp by

823%, 64%, 32%, 6%, respectively, in terms of F-score.

Using multiple classifiers: We evaluate how the number of classifiers af-

fects the performance. As shown in Fig. 3.6, leveraging more classifiers can

generally improves the accuracy, as we would expect. The improvement in-

creases significantly initially and then tapers off. Since the computation cost

increases with the number of classifiers, we use 30 classifiers as the default to

trade off the benefit and cost.

Varying the sizes of training sets: We use the previous n days as the

training set and detect anomalies on the next day. As shown in Figure 3.7,

when n increases from 7 days to 42 days, the recall increases from 46% to
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79%, but when n increases from 42 days to 63 days, the recall drops to 51%.

Similarly, when n increases from 7 days to 21 days, the precision increases from

44% to 61%, but a further increase in n to 63-day reduces the precision to 32%.

It is because when training set is larger, we have more constraints to find a

better solution for Eq. 3.2.1 and therefore a higher accuracy. However, as the

training set further increases and includes older dataset, the performance may

degrade due to the evolving nature of the dataset. We plan to place higher

weights to the constraints learned from more recent dataset to further improve

the accuracy and robustness in the future.

Varying ratios of weight: Let x(i, t) denote the weight (importance value)

of the i-th category at time t. The change ratio of weight is
∑

t

∑

i(x(i, t) −

x(i, t− 1))/x(i, t− 1) when x(i, t− 1) is not 0. We see 84% of the changes is

within 10%, and 2.5% of the changes is larger than 100%. This suggests x has

significant temporal stability, but it can also adapt to different values in order

to detect different types of anomalies across two consecutive days.
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3.4 External Data: Social Media

So far, we focus on event detection using the call records, which are

the direct feedbacks from customers. However, it is hard to understand the

nature of detected events from customer calls due to the following reasons: (i)

Categories from call records only have limited text information to describe the

issues behind the calls. (ii) Locations of the called customers can be inferred

by the area codes of their phone numbers. However, the coverage of each area

code is not uniform. Moreover, the customers may use the area codes from

their previous locations.

Benefits of using Twitter: To better understand the detected events, we

leverage Twitter social media as an indirect channel to understand customers’

experience of the service. There are mainly three reasons that make Twitter

social media an attractive data source. First, Twitter data is massive; as of

March 2012, Twitter has 500 million registered users [73]. Many people share

their experiences of the services and products they are using. Second, user

feedbacks are coming in near real-time. Compared with the efforts to report

issues through customer calls, it is much easier to express their experiences

through tweets. Third, tweets may have richer context information than cus-

tomer calls. They have many features which help to understand the various

events.

Data description: Twitter data comes with a variety of features, which will

help us to understand the nature of detected events. We use the following
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features of tweets:

• Timestamp;

• Text of original tweets

• Text of normalized tweets, which are the tweets converted into a standard

format to ease processing;

• Username: a tweet’s author;

• Twitter specific features: URLs, retweets (RT), #hashtags used to mark

keywords or topics in a tweet, and @mentions, which are the tweets

containing “@username” anywhere in the text;

• Location (city, state, latitude, longitude): Locations can come from the

tweets themselves or Foursquare [26].

Understanding detected events: Once the anomalies are detected, we

can leverage various features of tweets, such as keywords and locations, to

summarize events as follow. We first find tweets that are related to customers

experience by selecting tweets with hashtag #XXXFAIL or #XXXSUCK dur-

ing the entire period, where XXX denotes the name of the provider. Then we

try to identify important keywords that appear in the anomaly period. We

use the metric, called Term Frequency - Inverse Document Frequency (TF-

IDF) [71], to quantify the importance of a keyword. TF-IDF is defined as the

number of occurrences of word-level 1-grams and 2-grams during the period of
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Event Location Event summary by TF-IDF

3G network outage New York, NY service, outage, nyc, calls, ny, morning,
service

outage due to an earthquake East Coast #earthquake, working, wireless, service,
nyc, apparently, new, york

3G network outage Miami, FL outage, south, service, issue, broward
(a county in FL), key, west, equipment,
Florida

Internet service outage Bay Area serviceU, bay, outage, service, Internet,
area, support, #fail

New device release Nationwide iphone, sprint, verizon, apple, 4s, android,
accessibility

New device release Nationwide 4s, apple, iphone, #iphone4s, pre-order,
order, site, #apple, store

Table 3.2: Examples of detected anomalies with the summary.

the anomaly (in the selected tweets) divided by the number of occurrences in

the entire period (in the selected tweets). The intuition is that a keyword that

appears frequently only in the anomaly period but not universally frequently

is important. Table 3.2 shows some examples of events summarized using this

approach.

Figure 3.8: Tweet locations of an detected event.
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To locate the impacted regions of the given anomaly, we gather the

authors of the collected tweets, which contains n-grams with high TF-IDF

scores during the time frame. Then we check the locations of the authors to

get the impacted regions. Figure 3.8 shows an example of the tweet locations

for the anomaly occurred at Miami, FL. Although some users may tweet about

network incidents from other locations, as long as we see multiple tweets in a

region, we can correctly locate the anomaly.

3.5 Conclusion

We develop a systematic method to automatically detect anomalies in

a cellular network using the customer care call data. Our approach scales to a

large number of features in the data and is robust to noise. Using evaluation

based on the call records collected from a large cellular provider in US, we

show that our method can achieve 68% recall and 86% accuracy, much better

than the existing schemes. Moreover, we show that social media can be used

as a complementary source to get higher confidence on the detected anomalies

and to summarize the user feedbacks to anomalies with text and location

information.
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Chapter 4

Limitation of Compressive Sensing

Real-world data are complicated and heterogeneous, and often violate

the low-rank assumption required by existing compressive sensing techniques.

Such violation significantly reduces the applicability and effectiveness of ex-

isting compressive sensing approaches. It is important to understand reasons

behind the violation to design methods and mitigate the impact. In this chap-

ter, we analyze a wide range of real-world traces in order to reveal the factors

that contribute to variability of the real-world data.

4.1 Datasets

Network Date Duration Resolution Size
3G traffic Nov. 2010 1 day 10 min. 472× 144
WiFi traffic Jan. 2013 1 day 10 min. 50× 118
Abilene traffic [4] Apr. 2003 1 week 10 min. 121× 1008

GÉANT traffic [77] Apr. 2005 1 week 15 min. 529× 672
1 channel CSI Feb. 2009 15 min. 1 frame 90× 9000
multi. channels CSI Feb. 2014 15 min. 1 frame 270× 5000
Cister RSSI [52] Nov. 2010 4 hours 1 frame 16× 10000
CU RSSI [10] Aug. 2007 500 frames 1 frame 895× 500
UMich RSS [78] April 2006 30 min. 1 frame 182× 3127
UCSB Meshnet [76] April. 2006 3 days 1 min. 425× 1527

Table 4.1: Network datasets
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Table 4.1 lists the network matrices used for our study. We obtained

3G traces from 472 base stations in a downtown area of a major city with

a population of 8.7 million people in China during Oct. 2010. We generate

traffic matrices by computing the aggregated traffic every 10 minutes. M(i, t)

represents the total traffic volume to and from base station i during time

interval t, where t is a 10-minute interval.

We also got WiFi traffic from a large university in China, and generated

traffic matrices based on the traffic collected at the 50 most loaded access

points (APs) on Jan. 4, 2013. M(i, t) denotes the total traffic to/from AP i

during the t-th 10-minute time interval.

In addition to wireless traffic matrices, we also use traffic matrices from

Abilene (Internet2) [4] and GÉANT [77], which are standard traffic matrices

used in several previous studies (e.g., [38, 40, 83, 86]) and useful for com-

parison. Abilene traces report total end-to-end traffic between all pairs in a

11-node network every 10 minutes. GÉANT traces report total traffic between

all pairs in a 23-node network every 15 minutes.

For diversity, in addition to traffic matrices, we also obtain signal

strength and expected transmission time (ETT). We use the following SNR

and RSS matrices: (a) our 1 channel CSI traces, (b) our multi-channel CSI

traces, (c) Cister RSSI traces, (d) CU RSSI traces, and (e) UMich RSS. We

collected (a) by having a moving desktop transmit back-to-back to another

desktop and letting the receiving desktop record the SNR across all OFDM

subcarriers over 15 minutes using the Intel Wi-Fi Link 5300 (iwl5300) adapter.
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The modified driver [34] reports the channel matrices for 30 subcarrier groups

in a 20MHz channel, which is about one group for every two subcarriers ac-

cording to the standard [2]. The sender sends 1000-byte frames using MCS 0

at a transmission power of 15 dBm. Since MCS0 has 1 stream and the receiver

has 3 antennas, the NIC reports CSI as a 90 × 1 matrix for each frame. We

collect (b) on channels 36, 40, 44, 48, 149, 153, 157, 161, and 165 at 5GHz.

The transmitter starts from channel 36, and sends 10 packets before switching

to the next channel. The receiver synchronizes with the transmitter and also

cycle through the 9 channels, which yields 270 × 1 matrix for each frame. In

addition, we use Cister RSSI traces [52], CU RSSI traces [10], and UMich RSS

traces [78], all of which are publicly available at CRAWDAD [20]. M(f, i)

in Cister traces denotes RSSI on IEEE 802.15.4 channel f in the i-th frame,

M(l, i) in CU traces denotes RSSI of the i-th frame at location l, and M(s, i)

in UMich-RSS trace denotes the RSS measurement received by the s-th sensor

pair in the i-th packet. We also use ETT traces from UCSB Meshnet [76],

which contains the ETT of every links in a 20-node mesh network. We gen-

erate the ETT matrix M(l, t), where M(l, t) denotes the ETT of the link l

during the t-th 10-second window.

The last trace in Table 4.1 is Foursquare check-ins dataset obtained

from [19], which was collected from Foursquare location service across 3927

locations. They used the location crawler to collect information from 225,098

users, altogether 22,506,721 unique check-ins. More than 53% of the check-ins

are from Foursquare, and most of the other check-ins are from Twitters mobile
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applications and other location sharing services, such as Gowalla, Echofon, and

Gravity. As most of the places have a very few check-ins, we have aggregated

check-ins on a 2-hourly basis in 6 months over 3927 unique places across the

globe. M(l, t) in Foursquare traces denotes the number of check-ins at location

l at time interval t.

Dataset Date #Users #Activities Size
Waist accelerometer [75] Oct. 2010 30 6 10299× 561
Wrist accelerometer [74] Feb. 2014 16 14 429177× 3
Chest accelerometer [5] Feb. 2014 15 7 1926881× 5
PAMAP2 [55] June 2012 9 18 3850505× 52
EMG [24] March 2013 8 14 17920000× 8
P300 [54] March 2007 9 6 images 2949120× 34

Table 4.2: Activity datasets. The listed matrix sizes include all users. For
some analyses, we use per-user matrices, which is roughly 1/NumUsers of the
above matrix sizes.

We also use several activity and brain wave traces, as shown in Ta-

ble 4.2. The first trace [75] was collected from 30 volunteers performing six

activities: walking, walking upstairs, walking downstairs, sitting, standing,

and lying down while wearing smartphones on their waists and recording the

accelerometer and gyroscope data at 50 Hz sampling rate. 561 features were

extracted in time and frequency domain for each window. Example features

include mean, variance, maximum, minimum, energy, entropy, frequency com-

ponents of the accelerometer and gyroscope readings.

The second trace is labeled accelerometer data collected for Activities

for Daily Living (ADL) recognition using a wrist-worn tri-axial accelerome-

ter [74]. The sampling rate is 32 Hz. There are 14 activities performed by 16
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volunteers: brushing teeth, climbing stairs, combing hair, descending stairs,

drinking glass, eating meat, eating soup, getup from bed, lie down on bed,

pouring water, sitting down on chair, standing up on chair, using telephone,

walking.

The chest-mounted accelerometer dataset [5] contains uncalibrated ac-

celerometer data from 15 participants performing 7 activities: working at Com-

puter, standing up, standing, walking, going up and down Stairs, walking and

talking with someone, talking while standing at 52 Hz sampling rate.

The PAMAP2 Physical Activity Monitoring dataset [55] contains data

from 3 inertial measurement units and a heart rate monitor worn by 9 users

performing 18 activities (e.g., walking, cycling, playing soccer).

The EMG dataset [24] contains 8 participants (20-35 year old) carrying

out 14 finger movements (i.e., 12 finger pressures and 2 finger points). The

participants were asked to perform each movement six times, and hold them

for 5 seconds in each trial [36]. Four of six repeated movements were labeled.

We use these labeled traces.

The P300 EEG dataset [54] was recorded from 9 users watching a laptop

screen, which displayed six images including a television, a telephone, a lamp, a

door, a window, or a radio. The images were flashed in random sequences, one

image at a time. One of the six images was selected as the target image, and

users were asked to count how often the target image was flashed. Different

users are assigned different target images. The goal is to analyze brain waves
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collected when a user is watching an image to automatically identify if a user

is looking at a target image. The EEG samples data at 2048 Hz from 32

electrodes placed at the standard positions in the 10-20 international system

[3].

4.2 Analysis

In this section, we use the datasets listed in Table 4.1 and 4.2 to reveal

the factors that contribute to variability of the real-world data.

4.2.1 Anomalies Increase Ranks

For each network matrix, we mean center each row (i.e., subtract from

each row its mean value). We then apply singular value decomposition (SVD)

to examine if the mean-centered matrix has a good low-rank approximation.

The metric we use is the fraction of total variance captured by the top K

singular values, i.e.,
(

∑K
i=1 s

2
i

)

/ (
∑

i s
2
i ), where si is the i-th largest singular

value and (
∑

i s
2
i ) gives the total variance of the mean-centered coordinate

matrix. Note that 1−
(

∑K
i=1 s

2
i

)

/ (
∑

i s
2
i ) is the relative approximation error

of the best rank-K approximation with respect to the squared Frobenius norm.

Figure 4.1 plots the fraction of total variance captured by the top K

singular values for different traces. As it shows, from low to high, UCSB

Meshnet, GÉANT, multi-channel CSI, UMich RSS, RON, 1-channel CSI, CU

RSSI, Abilene, WiFi, 3G, and Cister RSSI matrices take 7.5%, 20.8%, 22.0%,

23.9%, 47.2%, 48.9%, 55.8%, 57.0%, 58.0%, 68.1%, and 81.0% singular val-

44



 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1
C

D
F

Top K Eigen Values

3G

WiFi

Abilene

GEANT

CSI (1 shannel)

CSI (multi-channel)

Cister RSSI

CU RSSI

UMich RSS

UCSB Meshnet

Figure 4.1: CDF of ranks.

ues to capture 90% variance, respectively. Therefore, only UCSB Meshnet,

GÉANT, multi-channel CSI, and UMich RSS are close to low rank.

Next we inject anomalies to see how it affects the results. We inject

anomalies to a portion of the entries in the original matrices. Following the

standard anomaly injection method used in existing work [38, 31, 50], we

first use exponential weighted moving average (EWMA) to predict the future

entries based on their past values (i.e., y = αx+(1−α)y, where α = 0.8 in our

evaluation) and use the maximum difference between the actual and predicted

value as the anomaly size to be injected. We vary the fraction of entries to

inject anomalies from 5% to 10%, and also scale the anomaly size by s, which

is 0.5 or 1.

As shown in Figure 4.2, when we inject more anomalies or larger anoma-

lies, more singular values are required in order to capture the variance of the

matrices. This trend is consistent across all traces. For example, as shown in

Figure 4.2(a)-(b), when we inject 5% and 10% anomalies with s=0.5, it takes
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(a) 5% anomalies with s=0.5
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(b) 10% anomalies with s=0.5
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Figure 4.2: Ranks under anomalies in traffic matrices.

60.9% and 67.6% singular values to capture 90% variance in UMich Mesh-

net, 71.0% and 75.8% in WiFi trace, and 75.7% and 80.0% in 1-channel CSI

trace. As shown in Figure 4.2(c)-(d), when we inject 5% and 10% anomalies

with s=1, the corresponding numbers are 72.5% and 76.9% in UMich Meshnet,

72.0% and 78.3% in WiFi trace, and 81.7% and 84.1% in 1-channel CSI trace.

Similarly, the other matrices exhibit the same trend: it takes 79.3% and 81.8%

singular values for Abilene to capture 90% variance, when we inject 5% and

10% anomalies with an average size of 0.1, respectively. The corresponding
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numbers rose to 85.1% and 86.0% when we inject 5% and 10% anomalies with

an average size of 0.5, respectively.

4.2.2 Lack of Synchronization Increases Ranks

We compute the rank of the matrices formed by the traces in Table 4.1,

where the rank is defined as the minimum number of eigenvalues required to

capture at least 80% energy. We compare the ranks of the original traces

(original), the ranks of the traces after shifting each row in the matrix by

a random offset (random), which serves as the worst-case performance, and

the ranks of the traces after going through our data-driven synchronization

(sync). Note that a matrix after applying synchronization or random shift is

no longer a matrix as shown in Figure 6.3, so we take overlapping columns

across all the rows to compute the rank. For fair comparison, we ensure the

same matrices size across all three schemes (e.g., extracting the same number

of columns from the original matrix to compute its rank).

Figure 4.3 summarizes the results. We make several observations. First,

the ranks after synchronization are lowest. They are 0-36% lower than the

original ranks, and 6-65% lower than the ranks under random shifts. It is

interesting that the rank can often be reduced over the original traces. This is

because of time zone difference (e.g., nodes in Four Square span different time

zones), clock synchronization error (e.g., nodes in WiFi and UMichigan traces

are on the same campuses, but have synchronization error), and propagation

time of network events (e.g., likely in 3G due to large geographic area the nodes
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span even though they are in the same time zone). Second, the reduction varies

significantly across traces. For example, the rank reduces by 65% over random

offset in multi-channel CSI, and reduces by 36-38% over both random offset

and original traces in CU RSSI, whereas the rank changes little in Cister.

Third, the ranks after random shifts are highest due to lack of synchronization

(e.g., the rank increases by 65% in multi-channel CSI with a random shift).

4.2.3 Temporal Stability Varies Across Traces

Figure 4.4 plots the CDF of normalized temporal variation (i.e., x(i)−x(i−t)
max(x(i))

)

across different traces. As it shows, different traces exhibit varying degrees of

temporal stability. For example, 3G and Cister RSSI have high variation: the

two adjacent entries differ by 6.1%-9.8% in 90% cases, and 10 time-slot apart

entries differ by 16.7%-36.2% in 90%. In comparison, UMich Meshnet and

GÉANT have low variation, where the adjacent entries differ by 0.3%-0.5%
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Figure 4.4: CDF of normalized difference between i-th and i+k-th time slot.

in 90% cases and 10 time-slot apart entries differ by 1.0%-2.4% in 90%. The

other traces are in between.

4.3 Conclusion

The major findings from the analysis include: (i) Not all real network

matrices are low rank. (ii) Adding anomalies further increases the rank. (iii)

The lack of synchronization in time domain and frequency domain increases the

rank. (iv) Temporal stability varies substantially across different traces. These

findings motivate us to develop a general compressive sensing framework to

support diverse matrices that may not be low rank, exhibit different degrees

of temporal stability, and may even contain anomalies. These results also

highlight the importance of synchronization. Synchronizing the traces reduces
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the ranks and increases effectiveness of compressive sensing, which assumes

low-rank matrices. Moreover, it increases the spatial locality in the data,

which helps segmentation and activity recognition.
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Chapter 5

Robust Compressive Sensing

In this chapter, we develop LENS decomposition, a novel technique to

accurately decompose network data represented in the form of a matrix into

a low-rank matrix, a sparse anomaly matrix, an error term, and a small noise

matrix. This decomposition naturally reflects the inherent structures of real-

world data and is more general than existing compressive sensing techniques

by removing the low-rank assumption and explicitly supporting anomalies.

5.1 LENS Decomposition

In this section, we first present LENS decomposition framework. Next

we develop an alternating direction method for solving the decomposition prob-

lem. Then we describe how to set the parameters.

5.1.1 LENS Decomposition Framework

Overview: There are many factors that contribute to real network matri-

ces, including measurement errors, anomalies and inherent noise. To capture

this insight, we decompose the original matrix into a Low-rank component,

an Error component, a Noise component, and a Sparse anomaly component
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(hence the acronym LENS decomposition). This is motivated by the following

observations:

• Low-rank component: Network matrices often exhibit significant redun-

dancy. A concrete form of redundancy is that the network matrix of in-

terest can be well approximated by low-rank matrices. For example, TM

estimation makes use of the gravity model [84], which is essentially a rank-1

approximation to matrices. [59] uses low-rank matrices for localization.

• Sparse component: Anomalies are common in large network dataset. Anoma-

lies may arise from a number of factors. For example, traffic anomalies may

be caused by problems ranging from security threats (e.g., Distributed De-

nial of Service (DDoS) attacks and network worms) to unusual traffic events

(e.g., flash crowds), to vendor implementation bugs, and to network mis-

configurations. Such anomalies are typically not known a priori and are

sparse [18, 41].

Note that there can be systematic effects that are only sparse after some

transformation (e.g., wavelet transform). For example, a major level shift

may result in persistent changes in the original data (and is thus not

sparse). But after wavelet transform (or simple temporal differencing),

it becomes sparse.

• Error and artifacts: The measurement and data collection procedure may

also introduce artifacts. For example, a SNMP traffic counter may wrap

around, resulting in negative measurements. One can always try his best
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to apply domain knowledge to filter out obvious errors and artifacts (e.g.,

missing data or negative traffic measurements). However, in general it is

difficult to filter out all such artifacts. The advantage of considering both

anomalies and errors jointly is that the parts that cannot be filtered can

get absorbed by the sparse components.

• Noise. Noise is universal, making clean mathematical models approximate

in practice. For example, real-world network matrices are typically only

approximately low-rank as opposed to exactly low-rank.

Therefore a natural approach is to consider the original dataset as a

mixture of all these effects. It is useful if one can decompose the original matrix

into individual components, each component capturing one major effect.

Basic formulation: The basic LENS decomposition decomposes an original

m× n data matrix D into a low-rank matrix X , a sparse anomaly matrix Y ,

a noise matrix Z, and an error matrix W . This is achieved by solving the

following convex optimization problem:

minimize: α‖X‖∗ + β‖Y ‖1 +
1

2σ
‖Z‖2F ,

subject to: X + Y + Z +W = D,

E. ∗W = W. (5.1.1)

where X is a low-rank component, Y is a sparse anomaly component, Z is a

dense noise term, and E is a binary error indicator matrix such that E[i, j] = 1

if and only if entry D[i, j] is erroneous or missing, and W is an arbitrary
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error component with W [i, j] 6= 0 only when E[i, j] = 1 (thus E. ∗W = W ,

where .∗ is an element-wise multiplication operator). Since W fully captures

the erroneous or missing values, we can set D[i, j] = 0 whenever E[i, j] = 1

without loss of generality. The constraint enforces D to be the sum of X , Y ,

and Z when D is neither missing nor has errors (since E[i, j]. ∗W [i, j] = 0 in

this case), while imposing no constraint when D is missing or has error (since

E[i, j]. ∗W [i, j] = W [i, j] allows W [i, j] to take an arbitrary value to satisfy

X + Y + Z +W = D).

The optimization objective has the following three components:

• ‖X‖∗ is the nuclear norm [61, 60] of matrix X , which penalizes against high

rank of X and can be computed as the total sum of X ’s singular values.

• ‖Y ‖1 is the ℓ1-norm of Y , which penalizes against lack of sparsity in Y and

can be computed as ‖Y ‖1 =
∑

i,j |Y [i, j]|.

• ‖Z‖2F is the squared Frobenius norm of matrix Z, which penalizes against

large entries in the noise matrix Z and can be computed as ‖Z‖2F =
∑

i,j Z[i, j]
2.

The weights α, β and 1
2σ

balance the conflicting goals to simultaneously

minimize ‖X‖∗, ‖Y ‖1 and ‖Z‖2F . We describe how to choose these weights in

Section 5.1.3.

Generalized formulation: Below we generalize both the constraints and the

optimization objective of the basic formulation in Eq. (5.1.1) to accommodate

rich requirements in the analysis of real-world network matrices.
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First, the matrix of interest may not always be directly observable, but

its linear transform can be observed though subject to missing data, measure-

ment errors, and anomalies. For example, end-to-end traffic matrices X are

often not directly observed, and what can be observed are link load D. X and

D follow AX = D, where A is a binary routing matrix: A(i, j) = 1 if link i

is used to route traffic for the j-th end-to-end flow, and A(i, j) = 0 otherwise.

We generalize the constraints in Eq. (5.1.1) to cope with such measurement

requirements:

AX +BY + CZ +W = D (5.1.2)

Here A may capture tomographic constraints that linearly relate direct and

indirect measurements (e.g., A is a routing matrix in the traffic matrices). B

may represent an over-complete anomaly profile matrix. If we do not know

which matrix entries may have anomalies, we can simply set B to the identity

matrix I. It is also possible to set B = A if we are interested in capturing

anomalies in X . Without prior knowledge, we set C to be the identity matrix.

Prior research on network inference and compressive sensing highlights

the importance of incorporating domain knowledge about the structure of the

underlying data. To capture domain knowledge, we introduce one or more

penalty terms into the optimization objective:
∑K

k=1 ‖PkXQT
k − Rk‖2F , where

K is the number of penalty terms. We also introduce a weight γ to capture

our confidence in such knowledge.

Examples of domain knowledge include temporal stability constraints,

spatial locality constraints, and initial estimation of X (e.g., [84] derives initial

55



traffic matrices using the gravity model [37]). Temporal and spatial locality

are common in network data [18, 79, 29]. Such domain knowledge is especially

helpful when there are many missing entries, making the problem severely

under-constrained.

Consider a few simple cases. First, when k = 1, P1 is an identity matrix

I, R1 is a zero vector, we can set Q1 = Toeplitz(0, 1,−1), which denotes the

Toeplitz matrix with central diagonal given by ones, the first upper diagonal

given by negative one, i.e.,

Q =













1 −1 0 0 . . .

0 1 −1 0
. . .

0 0 1 −1 . . .
...

. . .
. . .

. . .
. . .













. (5.1.3)

QT denotes the transpose of matrix Q. P1XQT
1 captures the differences be-

tween two temporally adjacent elements in X . Minimizing ‖P1XQT
1 −R1‖2F =

‖P1XQT
1 ‖2F reflects the goal of making X temporally stable. For simplicity,

this is what we use for our evaluation. In general, one can use similar con-

straints to capture other temporal locality patterns during different periods

(e.g., seasonal patterns or diurnal patterns).

Next we consider the spatial locality, which is represented by P . If

k = 1, R1 = 0, Q1 is an identity matrix I, we can set P1 to reflect the

spatial locality. For example, if two adjacent elements in the matrix have

similar values, we can set P = Toeplitz(0, 1,−1). Similarly, if different parts

of the matrix have different spatial locality patterns, we can use different P ’s to

56



capture these spatial locality patterns. For simplicity, our evaluation considers

only temporal stability, which is well known to exist in different networks. We

plan to incorporate spatial locality in the future.

Finally, if we have good initial estimate of Xinit (e.g., [84] uses the grav-

ity model to derive the initial TM), we can leverage this domain knowledge by

minimizing ‖X −Xinit‖ (i.e., R1 = Xinit). This term can be further combined

with spatial and/or temporal locality to produce richer constraints.

Putting everything together, the general formulation is:

minimize: α‖X‖∗ + β‖Y ‖1 +
1

2σ
‖Z‖2F +

γ

2σ

K
∑

k=1

‖PkXQT
k −Rk‖2F ,

subject to: AX +BY +CZ +W = D,

E. ∗W = W. (5.1.4)

Note that our formulation is more general than recent research on compressive

sensing (e.g., [86, 14, 60, 61]), which do not consider anomalies, have simpler

constraints (e.g., there is no A, B, or C), and have less general objectives.

5.1.2 Optimization Algorithm

The generality of the formulation in Eq. (5.1.4) makes it challenging

to optimize. We are not aware of any existing work on compressive sensing

that can cope with such a general formulation. Below we first reformulate

Eq. (5.1.4) to make it easier to solve. We then consider the augmented La-

grangian function of the reformulated problem and develop an Alternating

Direction Method to solve it.
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Reformulation for optimization: Note that X and Y appear in multiple

locations in the objective function and constraints in the optimization prob-

lem 5.1.4. This coupling makes optimization difficult. To reduce coupling, we

introduce a set of auxiliary variables X0, X1, · · · , XK and Y0 and reformulate

the problem as follows:

minimize: α‖X‖∗ + β‖Y ‖1 +
1

2σ
‖Z‖2F

+
γ

2σ

K
∑

k=1

‖PkXkQ
T
k − Rk‖2F ,

subject to: AX0 +BY0 + CZ +W = D,

E. ∗W = W,

Xk −X = 0 (∀k = 0, · · · , K),

Y0 − Y = 0. (5.1.5)

where Y0 and Xk(0 ≤ k ≤ K) are auxiliary variables. Note that formulations

Eq. (5.1.5) and Eq. (5.1.4) are equivalent.

Alternating Direction Method for solving (5.1.5): We apply an Alter-

nating Direction Method (ADM) [6] to solve the convex optimization problem

in (5.1.5). Specifically, we consider the augmented Lagrangian function:
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L(X, {Xk}, Y, Y0, Z,W,M, {Mk}, N, µ)

△

= α‖X‖∗ + β‖Y ‖1 +
1

2σ
‖Z‖2F

+
γ

2σ

K
∑

k=1

‖PkXkQ
T
k −Rk‖2F

+ 〈M,D −AX0 −BY0 − CZ −W 〉 (5.1.6)

+

K
∑

k=0

〈Mk,Xk −X〉 (5.1.7)

+ 〈N,Y0 − Y 〉 (5.1.8)

+
µ

2
· ‖D −AX0 −BY0 − CZ −W‖2F (5.1.9)

+
µ

2
·

K
∑

k=0

‖Xk −X‖2F (5.1.10)

+
µ

2
· ‖Y0 − Y ‖2F (5.1.11)

where M , {Mk}, N are the Lagrangian multipliers [1] for the equality con-

straints in Eq. (5.1.5), and 〈U, V 〉 △

=
∑

i,j(U [i, j]·V [i, j]) for two matrices U and

V (of the same size). Essentially, the augmented Lagrangian function includes

the original objective, three Lagrange multiplier terms (5.1.6)–(5.1.8), and

three penalty terms converted from the equality constraints (5.1.9)–(5.1.11).

Lagrange multipliers are commonly used to convert an optimization prob-

lem with equality constraints into an unconstrained one. Specifically, for any

optimal solution that minimizes the (augmented) Lagrangian function, the

partial derivatives with respect to the Lagrange multipliers must be 0. Hence

the original equality constraints will be satisfied. The penalty terms enforce

the constraints to be satisfied. The benefit of including Lagrange multiplier

terms in addition to the penalty terms is that µ no longer needs to itera-
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tively increase to ∞ to solve the original constrained problem, thereby avoid-

ing ill-conditioning [6]. Note that we do not include terms corresponding to

constraint E. ∗W = W in the augmented Lagrangian function, because it is

straightforward to enforce this constraint during each iteration of the Alter-

nating Direction Method without the need for introducing additional Lagrange

multipliers.

The ADM algorithm progresses in an iterative fashion. During each

iteration, we alternate among the optimization of the augmented Lagrangian

function by varying each one of X , {Xk}, Y , Y0, Z, W , M , {Mk}, N while fix-

ing the other variables. Introducing auxiliary variables {Xk} and Y0 makes it

possible to obtain a close-form solution for each optimization step. Following

ADM, we increase µ by a constant factor ρ ≥ 1 during each iteration. When

involving only two components, ADM is guaranteed to converge quickly. In our

general formulation, convergence is no longer guaranteed, though empirically

we observe quick convergence in all our experiments (e.g., as shown in Sec-

tion 5.2). We plan to apply techniques in [21] to ensure guaranteed convergence

in future work. We further improve efficiency by replacing exact optimization

with approximate optimization during each iteration. Appendix 0.1 gives a

detailed description on the steps during each iteration.

Improving efficiency through approximate SVD: The most time-consuming

operation during each iteration of the Alternating Direction Method is per-

forming the singular value decomposition. In our implementation, we add

an additional constraint on the rank of matrix X : rank(X) ≤ r, where r is
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a user-specified parameter that represents an estimated upper bound on the

true rank of X . We then explicitly maintain the SVD of X and update it

approximately during each iteration through the help of rank-revealing QR

factorization of matrices that have only r columns (which are much smaller

than the original matrices used in SVD). We omit the details of approximate

SVD in the interest of space.

5.1.3 Setting Parameters

Setting α, β and σ: A major advantage of our LENS decomposition is

that a good choice of the parameters α and β can be analytically determined

without requiring any manual tuning. Specifically, let σD be the standard

deviation of measurement noise in data matrix D (excluding the effect of low-

rank, sparse, and error terms). For now, we assume that σD is known, and

we will describe how to determine σD later in this section. Moreover, we first

ignore the domain knowledge term and will adaptively set γ for the domain

knowledge term based on the given α and β.

Let density η(D) = 1 −
∑

i,j E[i,j]

m×n
be the fraction of entries in D that

are neither missing nor erroneous, where the size of D is m × n and the size

of Y is mY × nY . E[i, j] can be estimated based on domain knowledge. For

example, we set E[i, j] = 1 if the corresponding entry takes a value outside its

normal range (e.g., a negative traffic counter) or measurement software reports

an error on the entry. Moreover, our evaluation shows that LENS is robust

against estimation error in η(D).
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We propose to set:

α = (
√
mX +

√
nX) ·

√

η(D) (5.1.12)

β =
√

2 · log(mY · nY ) (5.1.13)

σ = θ · σD (5.1.14)

where (mX , nX) is the size of X , (mY , nY ) is the size of Y . θ is a user-specified

control parameter that limits the contamination of the dense measurement

noise σD when computing X and Y . In all our experiments, we set θ = 10,

though it is also possible to choose θ adaptively, just like how we choose γ as

described later in this section.

Below we provide some intuition behind the above choices of α and β

using the basic formulation in Eq. (5.1.1). The basic strategy is to consider all

variables except one are fixed. Our evaluation shows that these choices work

well in practice.

Intuition behind the choice of α: Consider the special case when all

variables except that X are already given and stay fixed. Then we just need

to solve:

min
X

α · ‖X‖∗ +
1

2σ
· ‖D −X − Y −W‖2F (5.1.15)

since Z = D −X − Y −W . We can prove the optimal X in Eq. (5.1.15) can

be obtained by performing soft-thresholding (a.k.a., shrinkage) on the singular

values of D − Y −W . That is,

Xopt = SVSoftThresh(D − Y −W, α · σ)
△

= U ∗ SoftThresh(S, α · σ) ∗ V T , (5.1.16)
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where [U, S, V ] = svd(D − Y − W ) is the singular value decomposition of

(D−Y −W ) (thus D−Y −W = USV T ), and SoftThresh(S, ασ) = sign(S).∗

max{0, abs(S) − ασ} (sign(S) = S./abs(S)). Intuitively, soft-thresholding

eliminates the contamination on the singular values of X due to the dense

measurement noise σD.

From asymptotic random matrix theory [51], for a random matrix with

entries drawn i.i.d. from a Gaussian distribution with probability η(D), its

norm (i.e., the largest singular value) is bounded by O((
√
m+
√
n)·

√

η(D)·σD)

with a high probability. So a good heuristic is to set the soft threshold to:

α · σ = (
√
m+

√
n) ·

√

η(D) · σD · θ,

where θ is a control parameter that captures the desired separation from the

influence of dense measurement noise σD. Therefore, we simply set α = (
√
m+

√
n) ·

√

η(D) and σ = θ · σD.

Intuition behind the choice of β: Now suppose X is given and we need

to solve:

min
Y

β‖̇Y ‖1 +
1

2σ
· ‖D −X − Y −W‖2F (5.1.17)

We can prove that the optimal Y for (5.1.17) can be obtained by per-

forming soft-thresholding (a.k.a., shrinkage) on the entries of D − X − W .

Specifically, we have:

Yopt = SoftThresh(D −X −W, β · σ), (5.1.18)
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where soft-thresholding eliminates the contamination on entries of Y due to

the dense measurement noise.

In the context of standard compressive sensing setting:

min
y

β ∗ σd · ‖y‖1 +
1

2
· ‖y − d‖22,

where y is a vector of length ny, and σd is the standard deviation of the vector

of observables d. As justified in Basis Pursuit De-Noising (BPDN) [16], a

penalty term β =
√

2 · log(ny) should be used, where ny is the number of

elements in Y . Similarly, in our context, a good heuristic is to set the soft

threshold to:

β · σ =
√

2 · log(mY · nY ) · σD · θ.

So we simply set β =
√

2 · log(mY · nY ) and σ = θ · σD.

Estimating σD: When σD is not known in advance, we simply estimate it

from entries of D −AX0 −BY0 −W during each iteration in the Alternating

Direction Method (see Appendix 0.1). Specifically, let J = D−AX0−BY0−W ,

we estimate σD as the standard deviation of {J [i, j] | E[i, j] = 0}. It is also

possible to use a more robust estimator (e.g., the mean absolute value), which

gives similar performance in our experiments.

Searching for γ: γ reflects the importance of domain knowledge terms. It is

challenging to find an appropriate γ, since its value depends on how valuable

are the domain knowledge versus the information from the measurement data.

Therefore instead of using a fixed value, we automatically learn γ without
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user feedback or ground-truth of the real missing entries as follows. Given

the incomplete data matrix D, we further drop additional entries of D and

apply our algorithm under several γ values, and quantify the error of fitting

the entries that were present in D but dropped intentionally during the search

(so we know their true values). We adopt the value of γ that gives the lowest

fitting error on these entries as the final γ and apply it to our final matrix

interpolation, which only has the real missing elements.

Supporting the general formulation: In the general formulation in Eq. (5.1.4),

we first ensure that matrices A, B, C are properly scaled such that each col-

umn of A, B, C has unit length (i.e. the square sum of all elements in a

column is equal to 1). We also automatically scale Pk, Qk, Rk such that each

row of Pk and Qk has unit length. We then use the same choice of α, β, σ,

and γ as in the basic formulation.

5.2 Evaluation

5.2.1 Evaluation Methodology

Performance metrics: We quantify the performance in terms of estimation

error of the missing entries and anomaly detection accuracy. We drop data

from existing network matrices and compare our estimation with the ground

truth. We use Normalized Mean Absolute Error (NMAE) to quantify the

estimation error. NMAE is defined as follow:

NMAE =

∑

i,j:M(i,j)=0 |X(i, j)− X̂(i, j)|
∑

i,j:M(i,j)=0 |X(i, j)| , (5.2.1)
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where X and X̂ are the original and estimated matrices, respectively. We only

measure errors on the missing entries. For each setting, we conduct 10 random

runs, which drop random set of data, and report an average of these 10 runs.

We quantify the anomaly detection accuracy using F1-score [82], which

is the harmonic mean of precision and recall: F1-score = 2
1/precision+1/recall

,

where precision is the fraction of anomalies found by anomaly detection schemes

that are indeed real anomalies we injected and recall is the fraction of real

anomalies that are correctly identified by anomaly detection schemes. The

higher F1-score, the better. F1-score of 1 is perfect. We report an average of

10 random runs.

Anomaly generation: As mentioned in Section 4.2.1, we find the maximum

difference between the original trace and the EWMA prediction, and then

inject the anomaly of this size to the trace. We vary the anomaly size using

different scaling factors s and the fraction of anomalies to understand their

impacts.

Different dropping modes: As in [86], we drop data in the following

ways: (i) PureRandLoss: elements in a matrix are dropped independently

with a random loss rate; (ii) xxTimeRandLoss: xx% of columns in a matrix

are selected and the elements in these selected columns are dropped with a

probability p to emulate random losses during certain times (e.g., disk becomes

full); (iii) xxElemRandLoss: xx% of rows in a matrix are selected and the

elements in these selected rows are dropped with a probability p to emulate
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certain nodes lose data (e.g., due to battery drain); (iv) xxElemSyncLoss:

the intersection of xx% of rows and p% of columns in a matrix are dropped

to emulate a group of nodes experience the same loss events at the same

time; (v) RowRandLoss: drop random rows to emulate node failures, and (vi)

ColRandLoss: drop random columns for completeness. We use PureRandLoss

as the default, and further use other loss models to understand impacts of

different loss models. We feed the matrices after dropping as the input to

LENS, and use LENS to fill in the missing entries.

Schemes evaluated: We compare the following schemes:

• Base: It approximates the original matrix as a rank-2 approximation ma-

trix Xbase = X +Xrow1
T + 1XT

col, where 1 is a column vector consisting of

all ones and Xrow and Xcol are computed using a regularized least square

according to [86].

• SVD Base: As shown in [86], SVD Base, which applies SVD to X −Xbase,

out-performs SVD applied directly to X . We observe similar results, so

below we only include SVD Base.

• SVD Base + KNN: We obtain the result from SVD Base and then apply

K nearest neighbors (KNN) to perform local interpolation to leverage the

local structure.

• SRMF: Sparsity Regularized Matrix Factorization (SRMF) leverages both

low-rank and spatio-temporal characteristics [86].

• SRMF+KNN: It combines SRMF results with local interpolation via KNN [86].
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• LENS: We use the output from the LEN decomposition as described in

Section 5.1.
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Figure 5.1: Self learned γ.

5.2.2 Performance Results

Self learned γ: LENS supports many types of domain knowledge as de-

scribed in Sec. 5.1.1. Our evaluation only considered temporal stability for

simplicity and γ reflects its importance. To illustrate the benefit of self learn-

ing, Figure 5.1 (a) shows the performance under different γ values and differ-

ent traces. Figure 5.1 (b) shows the best γ under different traces, loss rates,

anomaly sizes, and ratio of anomalies. There does not exist a single γ that

works well for all traces or conditions. Self tuning allows us to automatically

select the best γ for these traces and achieves low NMAE in all cases.

Varying dropping rates: We first compare different schemes in terms of

interpolation accuracy measured using NMAE. Figure 5.2 shows the interpo-
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Figure 5.2: Interpolation performance under varying data loss rates.
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Figure 5.3: Varying data loss rates and no anomaly

70



lation error as we randomly inject anomalies to 5% elements with s = 1. For

clarity of the graphs, we cap the y-axis so that we can focus on the most inter-

esting parts of the graphs. We observe that LENS consistently out-performs

the other schemes. In terms of NMAE, LENS < SRMF + KNN < SRMF <

SVD Base + KNN < SVD Base. LENS reduces NMAE by 35.5% over SRMF,

27.8% over SRMF+KNN, 59.8% over SVD Base, and 44.9% over SVD Base

+ KNN on average. Moreover, the error is low for high-rank matrices. For ex-

ample, the highest rank matrices in our datasets are 1-channel CSI, CU RSSI,

Abilene, WiFi, 3G, and Cister RSSI matrices. Their corresponding NMAE

are 0.05, 0.05, 0.3, 0.69, 0.74, 0.1, respectively. Most of them have low errors

except WiFi and 3G. The error does not monotonically increase with the loss

rate because an increasing loss rate reduces the number of anomalies, which

may help reduce the error.

Figure 5.3 summarizes the results under varying data loss rates and no

anomaly. In most traces, LENS performs comparably to SRMF+KNN, the

best known algorithm under no anomaly. In UCSB Meshnet, LENS already

out-performs SRMF+KNN even without injecting additional anomalies. This

is likely because the trace has more anomalies before our anomaly injection.

In UCSB Meshnet trace, 3.2% of EWMA prediction errors are larger than 5

times standard deviation from mean, whereas the corresponding numbers in

other traces are 1.2%-2.4%. 3G trace has the second largest number of EWMA

prediction error where we can also see LENS shows 7.7% improvement over

SRMF+KNN.
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Figure 5.4: Impact of anomaly sizes.
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Varying anomaly sizes: Figure 5.4 shows the interpolation performance

as we vary the anomaly size s. LENS significantly out-performs all the other

schemes. Its benefit increases with the anomaly size. For example, when

s = 1, the NMAE of LENS is 33.7% lower than SRMF, 20.2% lower than

SRMF+KNN, 61.8% lower than SVD Base, and 34.8% lower than SVD Base+KNN.

The corresponding numbers under s = 2 are 44.9%, 31.9%, 69.8%, and 45.8%,

respectively. Moreover, as we would expect, NMAE of all schemes tends to

increase with the anomaly size in all traces, though the NMAE of LENS in-

creases more slowly than the other schemes, since LENS explicitly separates

anomalies before data interpolation. These results highlight the importance

of anomaly detection in interpolation.

Varying the number of anomalies: Figure 5.5 shows the interpolation per-

formance as we vary the number of anomalies. As before, LENS out-performs

SRMF and SVD based schemes. The improvement ranges between 25.3-59.7%

with 8% anomalies and 30.1-54.5% with 16% anomalies. In addition, the

NMAE increases with the number of anomalies. Among different schemes, the

rate of increase is slowest in LENS due to its explicit anomaly detection and

removal.

Varying noise sizes: Figure 5.6 shows the interpolation performance as

we vary the noise sizes. We inject noise to all the elements in the original

matrices. The size of the noise follows normal distribution with mean 0 and

standard deviation σ where σ is varied from 1% to 64% of the maximal value

in the matrix. As before, LENS out-performs the other schemes.
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Figure 5.5: Impact of number of anomalies.
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Figure 5.6: Impact of noise sizes.
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Figure 5.7: UCSB Meshnet: varying dropping models

Different dropping modes: Next we compare the interpolation accuracy

under different dropping modes. In the interest of brevity, Figure 5.7 shows

interpolation error for UCSB Meshnet traces. NMAE is similar for the other

traces. As we can see, LENS yields lowest NMAE under all dropping modes.

It out-performs SRMF-based schemes by 52.9%, and out-perform SVD-based

schemes by 60.0%.

Prediction: Prediction is different from general interpolation because con-

secutive columns are missing. SVD is not applicable in this context. KNN

does not work well either since temporally or spatially near neighbors have

missing values. Figure 5.8 shows the prediction error as we vary the predic-
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Figure 5.8: Prediction performance under 5% anomalies
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Figure 5.9: Prediction performance with various anomaly sizes.

tion length (i.e., prediction length l means that the first 1 − l columns are

used to predict the remaining l columns). We include Base in the figure since

[86] shows Base is effective in prediction. LENS out-performs SRMF, which

out-performs Base.

Figure 5.9 further compares Base, SRMF, and LENS as we vary anomaly

size. LENS continues to out-perform SRMF and Base. On average, it improves
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Figure 5.10: Prediction performance with various number of anomalies.

SRMF by 17.7%, and improves Base by 30.4%. Figure 5.10 shows the perfor-

mance as we vary the number of anomalies. LENS continues to perform the

best, out-performing SRMF by 29.6% and Base by 34.6%.
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Figure 5.11: Anomaly detection performance.

Anomaly detection: We further compare the accuracy of anomaly detection

as we inject anomalies to 5% elements with s = 1. SRMF detects anomalies

based on the difference between the actual and estimated values, and consider

the entry has an anomaly if its difference is larger than a threshold. LENS
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considers all entries whose Y values are larger than a threshold as anomalies.

Following [86], for each of the schemes, we choose a threshold to achieve the

false alarm probability within 10−5. As shown in Figure 5.11, LENS consis-

tently out-performs SRMF+KNN. In 3G and Cister RSSI traces, its F1-score

is 17.6% higher than that of SRMF+KNN. This shows that LENS is effective

in anomaly detection.

Computational time: Figure 5.12 compares the computation time of LENS

and SRMF when both use 500 iterations. As we can see, LENS has much

smaller computation time due to local optimization in ADM. This makes it

feasible to perform efficient search over different parameters. Figure 5.13 fur-

ther shows that LENS converges within 200-250 iterations.
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Figure 5.12: Computation time
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Figure 5.13: The performance under various number of iterations.

5.3 Conclusion

This chapter presents LENS decomposition to decompose a network

matrix into a low-rank matrix, a sparse anomaly matrix, an error matrix, and

a dense but small noise matrix. Our evaluation shows that it can effectively

perform missing value interpolation, prediction, and anomaly detection and

out-perform state-of-the-art approaches. As part of our future work, we plan

to apply our framework to network tomography (e.g., traffic matrix estima-

tion based on link loads and link performance estimation based on end-to-end

performance). As part of our future work, we plan to apply LENS to enable

several important wireless applications, including spectrum sensing, channel

estimation, and localization.
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Chapter 6

Data-Driven Synchronization

In this chapter, we present the data-driven synchronization algorithm

and apply it to improve interpolation, enable segmentation, and perform ac-

tivity recognition.

6.1 Motivation

The lack of synchronization and uniform sampling rates lead to network-

induced blurring, and can easily cause a low-rank matrix to become a much

higher rank. As an example, Figure 6.1(a) shows that 8 identical signals with

different shifts become less correlated and the matrix formed by these signals

is full rank due to misalignment. Figure 6.1(b) shows that 8 identical signals

with different frequencies appear rather distinct and the matrix formed by

these signals is full rank.

Ranks of real-world data analyzed in Section 4.2.2 support our obser-

vation. It highlights the importance of synchronization. Synchronizing the

traces reduces the ranks and increases effectiveness of compressive sensing,

which assumes low-rank matrices. Moreover, it increases the spatial locality

in the data, which helps segmentation and activity recognition.
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Figure 6.1: Effects of different offsets and frequencies.

6.2 Data-Driven Synchronization
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Figure 6.2: Synchronization in periodic traces.

Our goal is to synchronize time series from different users or nodes to

maximize spatial locality, which helps improve interpolation, segmentation,

and activity recognition. Synchronization needs to account for the time and

frequency-domain heterogeneity of the real-world data and therefore depends

on the characteristics of traces. For periodic traces, we should first bring all the

traces to the uniform frequencies and then synchronize the alignment between
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them. As an example, consider two time series shown in Figure 6.2. The two

time series not only have misalignment, but also have different frequencies.

We need to first convert them to the same frequency before finding the shift

that aligns them. On the other hand, for non-periodic traces, it is sufficient

to synchronize them directly. Therefore, our approach first separates periodic

from non-periodic traces, and then synchronizes them accordingly.

Identifying periodic portions: We use a sliding window to determine if

the current window contains periodic traces. We compute normalized auto-

correlation with a varying lag τ as in [58]. Specifically, we calculate the nor-

malized auto-correlation for lag τ at time t:

ρ(t, τ) =
E[(Xt − µt)(Xt+τ − µt+τ )]

τσtσt+τ
(6.2.1)

where µt is the mean of the time series in the current window [t, t+τ−1],

σt is the standard deviation, and E[·] is the expected value operator. A signal

with a period τ has ρ(t, τ) close to 1. To avoid treating a constant time series

(which also has a high ρ) as periodic, we require the standard deviation of the

signal in the current window is higher than a threshold (e.g., 0.1 used in our

evaluation) and there is a lag τ that gives a jump in auto-correlation for the

data to be considered as periodic. The lag τ is not known in advance. In our

traces, the periodic activities are due to walking and climbing stairs. Given

the sampling rates of 32-52Hz, the typical 2-step duration should be 18-150

samples, so we search the lag τ in this window.
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Synchronizing non-periodic traces: The traces are likely to exhibit spatial

locality in the measurements from different nodes (i.e., they may be grouped

into a small number of clusters). Unlike traditional clustering, which clusters

raw data directly, we use synchronization to enhance the spatial locality and

improve clustering. A major challenge arises from the strong interactions be-

tween synchronization and clustering (i.e., which nodes to synchronize affects

which nodes from a cluster, and vice versa).

To address this challenge, we develop a novel iterative clustering algo-

rithm that simultaneously synchronizes and clusters nodes. We first randomly

select K rows as the cluster heads. For each of the remaining rows in the

matrix, we search for the offset that maximizes the cross correlation coeffi-

cient with each of the K cluster heads and assign it to the cluster that has the

highest correlation coefficient. After all the remaining rows have been assigned

to the cluster, we select the new cluster head that has the highest correlation

coefficient with all the other cluster member (i.e., i such that maxi

∑

j 6=i ρi,j ,

where i and j belong to the same cluster). After selecting new cluster heads,

we iterate by assigning the remaining rows to the cluster head that has the

highest correlation coefficient. The iteration continues until the average in-

crease in the correlation coefficient across clusters is smaller than a threshold

or the maximum number of iterations has reached. Our evaluation uses 0.001

as the threshold for improvement in correlation coefficient, and 1000 as the

maximum iterations. Usually clustering converges within 10 iterations.

Several comments follow. First, a well known challenge in clustering
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1 Function SyncNonPeriod(traces, K)

2 heads = Rand(K); // randomly select K heads
3 for iter = 1 to maxIter do
4 clusters = [heads] // create clusters with the selected heads
5 for i = 1 to N do
6 for c in clusters do
7 find offset s.t. maximizes corrcoef (i, heads(c));
8 end
9 add i to the cluster c that has max corrcoef (i, heads(c))

10 end
11 for c in clusters do
12 for i in c do
13 avg corrcoef(i) = meani 6=j,i,j∈ccorrcoef(i, j);
14 update heads(c) to i if avg corrcoef(i) is higher

15 end

16 end
17 if ∆

∑

c avg corrcoef (heads(c)) < thresh then
18 break;
19 end

20 end
21 return clusters;

22 end

Algorithm 1: Synchronization for non-periodic traces

algorithm is how to select the number of clusters K. We address this by au-

tomatically searching for K that yields the best performance. To quantify the

performance, we apply synchronization to interpolation, drop additional ele-

ments in the matrix, and use the K that gives the lowest interpolation error

on the intentionally dropped entries (since we know their ground-truth val-

ues). Second, we try various metrics for synchronization, including correlation

coefficient, DTW distance, and rank, and find synchronization based on cor-
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relation coefficient yields highest interpolation accuracy. Third, some traces

have multiple features associated with each user. In such a case, which fea-

ture should we use for synchronization? We examine two options: the average

correlation coefficients across all features and the correlation coefficient using

the best feature (i.e., the feature that has the highest correlation coefficient.)

Our evaluation shows the best feature yields higher synchronization accuracy.

Finally, we should emphasize that synchronization should be performed at the

cluster level (i.e., all members in the cluster synchronize to the same node)

instead of pairwise since all members should synchronize with each other to

reduce the rank of the entire matrix and improve interpolation accuracy.

Synchronizing periodic traces: The above algorithm works well for non-

periodic data. For periodic data with different frequencies, we first bring them

to the same frequencies before searching for the offset to synchronize. We run

Short-Time Fourier Transform (STFT) to determine the dominant frequency

in each row. We choose one row as the target, and uniformly stretch each of the

remaining rows based on the ratio between the dominant frequency of that row

and target row. Stretching is achieved by adding points. We support a non-

integer stretching ratio by finding a least common multiple of the dominant

frequencies in the two time series and stretch each trace towards the least

common multiple. For example, the two traces have frequencies of 4 and 6,

respectively. We stretch trace 1 to a frequency of 12 by adding two samples

for every real sample, and stretch trace 2 to the same frequency by adding one

sample for every real sample. After bringing the rows to the same dominant
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frequency, we search for the offset to maximize the correlation coefficient.

The above algorithm assumes each row has one dominant frequency. If a

row has multiple dominant frequencies (e.g., an user walks at different speeds

over time), we partition the time series into two and find dominant frequency

in each, and recurse if needed. Once we find the dominant frequency for

each portion, we convert all portions into the same frequency using the above

algorithm.

1 Function SyncPeriod(traces, K)

2 for t in traces do
3 freq = FindDomFreq(t); //calculate dominant freq
4 //uniformly stretch a trace based on its dominant freq
5 post traces(i++) = StretchTraces(t, freq);

6 end
7 clusters = SyncNonPeriod(post traces, K);
8 return clusters;

9 end

Algorithm 2: Synchronization for periodic traces

With the above modification in mind, we have the following clustering

algorithm. As before, we randomly select K rows as cluster heads. For each of

the remaining rows, we try to synchronize it to each of the K cluster heads by

first synchronizing their frequencies and then finding the offset that maximizes

the correlation coefficient. We then assign the row to the cluster head that

yields the largest correlation coefficient. After all rows have been assigned,

we select new cluster heads as the ones having the largest correlation coeffi-

cient with all cluster members, and iterate until the improvement is within a

threshold or the maximum number of iterations is reached.
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6.3 Applications

Next we show how to apply data-driven synchronization to improve

interpolation, segmentation, and activity recognition.

6.3.1 Interpolation

Compressive sensing is the state-of-the-art technique for interpolation.

Real-world traces without synchronization may violate the low rank assump-

tion in existing compressive sensing techniques, and significantly degrade the

interpolation accuracy. We apply synchronization to enhance the effectiveness

of compressive sensing algorithms.

The major challenge to support interpolation with our synchronization

method is that synchronization shifts rows in a matrix by different offsets

and the original matrix after the shift is no longer a matrix, as shown in

Figure 6.3(a). In order to apply compressive sensing, we have to convert it

back to a regular matrix. One possibility is to draw a bounding box around

all rows and treat the additional elements in the bounding box as missing

elements. However, this introduces many new missing elements and reduces

the interpolation accuracy. Alternatively, we can use only the overlapping

portion to create the matrix and perform interpolation. This is insufficient

because not all missing values in the original matrix are included, and the

overlapping portion may be too small for us to effectively exploit redundancy

and structure in the matrix, thereby degrading interpolation accuracy.

Ideally, we want to have as a large matrix as possible without adding
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(a) After synchronization

Step 1

Step 2

Step 3

(b) Interpolation algorithm

Figure 6.3: (a) shows an example of matrix after synchronization, and (b)
illustrates the interpolation algorithm.

many missing values to achieve high interpolation accuracy. We prefer a large

matrix since the low-rank property and redundancy is more evident in a larger

matrix. Based on this observation, we develop an interpolation scheme that

can be applied to any compressive sensing algorithm.

In the first step, we search for the matrix that has the largest overlap-

ping area. The largest one may not include all rows, since including all rows

may lead to fewer overlapping columns as only the columns overlapped by all

the rows are included in the first step. So we need to select an appropriate

number of rows to include to maximize the matrix size. The search space is ex-

ponential since any row may or may not be included in the largest overlapping

area. We develop the following heuristic to search more efficiently. For each

row i, we calculate the number of overlapping columns it has with another

row j (denoted as OverlapColumn(i, j)), and sort j in the decreasing order

of OverlapColumn(i, j). We then consider the matrices that include only 1

row (the i-th row), 2 rows (the i-th row and the other row that has maximum
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overlap with i), up to N rows, where N is the number of rows in the original

matrix. Let M(i) denote the largest one among these N matrices associated

with row i. Similarly, we compute M for each of the other rows. Then we pick

the matrix j that has the maximum size (i.e., maxj |M(j)| where | · | denotes

the matrix size), and interpolate for this matrix.

1 Function FindMaxOverlapArea(traces)
2 for each row i do
3 for each row j and j 6= i do
4 OverlapColumn(i,j) ← number of overlap columns of

row i and j
5 end
6 sorted tr = Sort (OverlapColumn(i,:)) ;
7 for j = 1 to N do
8 mat row(j) leftarrow find overlap matrix in

sorted tr(1:j)
9 end

10 mat(i) = Max(mat row);

11 end
12 matrix = Max(mat);
13 return matrix;

14 end

Algorithm 3: Interpolation step one: find the matrix with the
maximal overlapping area.

Next we expand the matrix to include additional missing elements by

treating the interpolated values in the previous step as known and use com-

pressive sensing to interpolate the remaining missing elements. This process

continues until we interpolate all missing values in the original matrix. To

balance interpolation accuracy and running time, we use three iterations in

our evaluation (i.e., we run compressive sensing three times, one on the small
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matrix found in the first step, one on the medium matrix including half of the

remaining rows after the first step, and one on the matrix including all rows).

Figure 6.3(b) shows an example. We first interpolate the elements in

the inner-most bounding box. The missing values in this matrix are likely to

have lower error since we do not add any missing elements. Then we expand

the matrix to the middle bounding box, and interpolate for additional missing

elements. Finally, we expand the matrix to the outermost bounding box, which

includes all rows, and interpolate the remaining missing values.

6.3.2 Segmentation

Next we examine the segmentation (e.g., partition a timeseries into

smaller pieces where each contains one activity). Some of the existing works [8,

33, 63, 53] segment the traces involving multiple activities by first identifying

the type of activity each user is engaged in and then finding the transition

point between two activities. Its accuracy is limited by the accuracy of activity

recognition. Moreover, it only considers one user at a time, which further limits

the accuracy.

If all users perform the same activities over time (e.g., they watch the

same screen with different images over time as in P300 traces, watch the same

movie, listen to the same radio station, walking or climbing together as in the

periodic portions in most of our activity traces), then we can leverage the time

series collected from different users to enhance the accuracy. This is possible

due to data-driven synchronization. We use a sliding window and compute the
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average correlation coefficients across all users and all features in the current

sliding window. If the sliding window spans multiple activities, the correlation

coefficient is high since the patterns in different activities are rather different

and different users experience synchronized changes in the activities. On the

other hand, when the sliding window moves over to include only one activity,

there is no drastic synchronized change, which reduces correlation coefficients.

So we search for the segment boundary as the one with the minimum correla-

tion.

Figure 6.4 shows an example, where the top figure shows raw EMG

traces across different users and the red lines mark the real boundaries between

different activities. We see the average correlation coefficient over all users and

all features (in the bottom figure) drops around the red boundaries in the top

figure. So we use this heuristic to segment traces into smaller portions, each

containing one activity. Unlike synchronization, segmenting using all features

out-performs segmenting using the best feature. This is because segmentation

requires us to support different activities, and different features work well for

different activities whereas synchronizing one of the activities may allow us to

synchronize the entire trace.

Our implementation first smooths the time series of the correlation co-

efficient using the robust spline smoothing algorithm [28] and finds the local

minimums [25]. Near the boundary between the activities, correlation coef-

ficients may fluctuate (e.g., due to random motions between activities). The

fluctuation results in multiple local minimums near the boundary. Therefore,
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Figure 6.4: The average correlation coefficient over a sliding window drops
around the boundaries between different activities in the EMG traces, where
the sliding window size is set to the shortest activity duration.

when there are multiple local minimums next to each other (i.e., the distance

between local minimums is smaller than a threshold, set to 20 samples in our

implementation), we pick the minimal one and filter the others.

6.3.3 Activity Recognition

There are many algorithms for activity recognition. Existing activity

recognition schemes are based on traces from individual users. When users

perform the same activities, we can leverage the group information in the

traces from multiple users (or runs) simultaneously to enhance the accuracy

of recognition. Our group based activity recognition can apply to different

recognition algorithms. Here we demonstrate the idea using linear regression.

We organize the training data for each user into a matrix where different rows

represent different instances of runs (or users) and different columns represent
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different features collected from all sensors when performing an activity. We

learn the weight of each feature based on the labeled data. For activity i, we

assign bi = 1 if the current measurements are from the activity i, and bi = 0

otherwise. Let xi denote the weight of each feature associated with activity i.

We learn xi by solving the following optimization problem:

min
xi

‖bi − Axi‖22 + λ‖xi‖22 (6.3.1)

where ‖ · ‖2 denotes the L2 norm, λ is a constant that balances the

importance of minimizing the fitting error versus minimizing the magnitude

of xi. This problem can be efficiently solved using a least-square solver. The

intuition is that we want to minimize the fitting error as much as possible, but

we allow some deviation due to measurement errors. Meanwhile, we prefer a

parsimonious explanation (i.e., a solution with small L2 norm due to a small

number of important features).

For each activity, we perform the above linear regression to learn the

weight of features associated with that activity. Then we apply the weights

to the testing data by computing Atestxi for each activity i. We assign the

current measurement to the activity i that has the highest value in Atestxi.

Next we propose taking advantage of group information. Suppose all

the users are doing the same group activities. We can perform voting based

on the estimations from all users. A natural approach is to perform majority

voting, which treats all users’ estimation equally. To further improve it, we use
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weighted average of users’ estimation, where the weight is 1
var

and var is the

variance of the estimation. This is inspired by the maximum ratio combining

(MRC) in wireless communication. The higher the variance, the less weight

the estimation carries. To compute the variance, we allocate a large portion of

training data TD to learn the weights and use the remaining small portion of

training data TD′ for testing. Since we know the ground truth for all training

data (including TD′), we can compute the prediction accuracy p using TD′.

The prediction process tends to follow Bernoulli distribution, and the variance

of Bernoulli distribution is p(1−p). Therefore, we can combine different users’

estimation asmaxi

∑

u bu,i/(pu(1−pu)), where bu,i = 1 if the user u’s estimated

activity is i, and bu,i = 0 otherwise, and assign the current testing data to the

activity i with the largest weighted sum.

6.4 Evaluation

We evaluate the accuracy of synchronization, interpolation, segmenta-

tion, and activity recognition in turn.

6.4.1 Evaluation of Synchronization

Our evaluation consists of differentiating between periodic and non-

periodic patterns, and synchronizing each of them.

Accuracy of separating periodic patterns: We visually check the time

series, and label samples as periodic and non-periodic patterns. The labels

are used as ground truth values. We then use the algorithm described in

95



-15

-10

-5

 0

 5
A

c
c
e
le

ra
ti
o
n

 0
 0.2
 0.4
 0.6
 0.8

 1

 0  300  600  900  1200  1500

A
o
tu

-c
o
rr

Time

(a) Acc-Wrist

 1700

 1800

 1900

 2000

 2100

A
c
c
e
le

ra
ti
o
n

 0

 0.1

 0.2

 0.3

 23300  23500  23700  23900

A
u
to

-c
o
rr

Time

(b) Acc-Chest

-20

-10

 0

 10

A
c
c
e
le

ra
ti
o
n

 0
 0.2
 0.4
 0.6
 0.8

 1

 1000  1100  1200  1300  1400

A
u
to

-c
o
rr

Time

(c) Acc-PAMAP2

Figure 6.5: Finding periodic activities. To make periodic patterns clear, only
part of traces in (b) and (c) is shown.

Section 6.2 to separate periodic and non-periodic patterns.

Figure 6.5 shows the time series of acceleration and auto-correlation of

three accelerometer traces. The period with high auto-correlation and varia-

tion are automatically identified as periodic patterns. The start and end of

the identified periods are marked by vertical red lines in the top accelerometer

traces. As we can see, the accuracy is quite high: most periodic portions of

the traces are correctly marked as periodic.
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Figure 6.6 quantifies the accuracy of separating periodic and non-periodic

patterns. Precision denotes the fraction of samples that are identified as peri-

odic are actually periodic. Recall represents the fraction of samples that are

periodic are identified correctly as periodic. F1-score is the harmonic mean of

precision and recall (i.e., 2
1/precision+1/recall

). These three metrics are 0.82−0.99,

indicating high accuracy.
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Figure 6.6: Performance of finding periodic activities.

Synchronization accuracy for non-periodic traces: We choose the

traces that were manually synchronized by the authors for evaluation so that

we know the ground truth. Figure 6.7 shows the CDF of synchronization error

for non-periodic traces. As we can see, all subjects in EMG, Acc-PAMAP2,

and Acc-Wrist are synchronized well: normalized error (i.e., the ratio of the

offset to the trace length) < 2%. Acc-Chest is slightly worse where 10% of

subjects have 10%-12% error. The synchronization error of P300 EEG is larger

since the correlation coefficient between different users’ brain signals is very

weak and hard to synchronize accurately.

Figure 6.8(a) shows the synchronization accuracy for non-periodic traces
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using the best feature (i.e., the feature with the highest correlation coefficient),

as described in Section 6.2. 100% activity traces and 57% P300 traces are syn-

chronized within 15% normalized error.

Figure 6.8(b) compares the synchronization accuracy based on the av-

erage correlation coefficient across all features or using the best feature. In

EMG, Acc-PAMAP2, Acc-Wrist, Acc-Chest, both versions perform well, while

the best feature performs much better in Acc-Waist and P300 EEG. In par-

ticular, the accuracy in Acc-Waist is 1 using the best feature, and 0 using the

average of all features. This is because there are 591 features in the dataset and

some features are so noisy that they can degrade the performance if included.
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Figure 6.7: CDF of normalized error

Synchronization accuracy for periodic traces: Figure 6.9(a) shows the

synchronization accuracy for periodic portions of the traces. In all cases, the

synchronization accuracy is high, and the error is within 15%.
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Figure 6.8: Synchronization accuracy of non-periodic traces.
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Figure 6.9: Synchronization accuracy of (a) periodic traces, and (b) a mixture
of non-periodic and periodic traces where the first four sets of activities are
from Acc-Wrist trace, and the last one is from Acc-Chest trace.

Need of separating periodic and non-periodic traces: So far we show

our algorithms can synchronize periodic and non-periodic traces. To further

demonstrate the need of using different synchronization algorithms for pe-

riodic and non-periodic traces, we apply the synchronization algorithm for

non-periodic traces to a trace that contains both periodic and non-periodic

data. As shown in Figure 6.9(b), the synchronization accuracy of the mixed
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traces is much worse than the synchronization accuracy of either periodic or

non-periodic traces. This is because periodic traces need to be converted to the

uniform frequency before finding the right offset that maximizes correlation

coefficient. We also observe that periodic traces tend to have a higher syn-

chronization accuracy because some non-periodic traces are flat and a slight

shift may have little impact on the correlation coefficient.

6.4.2 Evaluation of Interpolation Accuracy

Performance metrics: We quantify the interpolation accuracy in terms of

estimation error of the missing entries. We drop data from existing network

matrices and compare our estimation with the ground truth. Normalized Mean

Absolute Error (NMAE) is used to quantify the estimation error as follow:

NMAE =

∑

i,j:M(i,j)=0 |X(i, j)− X̂(i, j)|
∑

i,j:M(i,j)=0 |X(i, j)| , (6.4.1)

where X and X̂ are the original and estimated matrices, respectively.

Only errors of the missing entries in the original matrices are compared. For

each setting, we conduct 10 random runs, which drop a random set of data,

and report an average of these 10 runs.

Schemes evaluated: Synchronization reduces the effective ranks of the

matrices and can be applied to any interpolation algorithm. We apply it to

the following three compressive sensing algorithms in our evaluation:

• SVD Base: It applies SVD to X−Xbase, where Xbase = X+Xrow1
T +1XT

col,
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1 is a column vector consisting of all ones, and Xrow and Xcol are computed

using a regularized least square according to [86]. This out-performs SVD

applied directly to X , as shown in [86]. We observe similar results, so below

we use SVD Base.

• SRMF: It uses Sparsity Regularized Matrix Factorization (SRMF) that

leverages both low-rank and spatio-temporal characteristics [86].

• LENS: It uses LENS decomposition, which decomposes a matrix into a

low-rank matrix, a sparse anomaly matrix, an error matrix, and a small

noise matrix [17]. Main benefit of this algorithm is its robustness against

anomalies.

Varying dropping rates: We compare the interpolation accuracy in (i) the

original trace, (ii) after a random shift, and (iii) after performing data-driven

synchronization. We use the traces in Table 4.1. Figure 6.10, 6.11, and 6.12

show the interpolation errors of WiFi traffic trace for the three cases under

SVD-Base, SRMF, and LENS, respectively. As the loss rate varies from 0.1

to 0.6, our synchronization reduces NMAE by 1% to 23%.

Figure 6.13(a) further plots the average amount of reduction in NMAE

across three compressive algorithms under all traces. As we can see, the

amount of reduction not only varies across traces, but also varies across in-

terpolation algorithms. SVD-Base generally sees the highest benefit (around

7%-79%), followed by SRMF (around 8%-48%), and followed by LENS. The

reduction in LENS is lowest because it can better cope with matrices of higher
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Figure 6.10: SVD-base: Interpolation error under varying data loss rates after
applying 20% random shift to each row and after our synchronization algo-
rithm.
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Figure 6.11: SRMF: Interpolation performance under varying data loss rates
after applying 20% random shift to each row and after our synchronization
algorithm.
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Figure 6.12: LENS: Interpolation performance under varying data loss rates
after applying 20% random shift to each row and after our synchronization
algorithm.
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ranks. Nevertheless, even LENS sees 1%-30% reduction in NMAE after syn-

chronization and 1%-44% increase in NMAE under a random shift, indicating

the importance of synchronization. In addition, our interpolation supports

both non periodic traces (the first 11 traces) and periodic traces (the last two

traces). The reduction in interpolation error is comparable.

We also analyze the reduction in the interpolation error for the missing

elements inferred during the first step. Compared with the reduction for all

missing values shown in Figure 6.13(b), the error reduction in the first step

is larger. The later steps experience larger error since we add extra missing

values to transform misaligned portions into a regular matrix.

6.4.3 Evaluation of Segmentation

Evaluation methodology: We first demonstrate the effectiveness of our seg-

mentation algorithm on non-periodic and periodic activities. Then we compare

three algorithms: (i) our algorithm with synchronization, (ii) our algorithm

without synchronization, and (iii) the existing algorithms. There are many

variants of existing segmentation algorithms. We implement one variant that

is based on first performing activity recognition and then look for the bound-

ary between two different activities/events. Our implementation uses linear

regression to perform activity recognition.

We quantify the segmentation accuracy using precision and recall, where

precision is the fraction of segmentation boundaries we detected are within

25% from the actual segmentation boundaries and recall is the fraction of real
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segmentation boundaries that are within 25% away from our detected segmen-

tation boundaries. We further summarize these two metrics using F1-score, as

defined earlier.

Segmentation accuracy for non-periodic traces: Figure 6.14(a) shows

the segmentation results of non-periodic traces in terms of precision, recall, and

F1-score. The three metrics range between 0.75 and 1 for activity traces, and

around 0.65 for P300 brain waves. P300 trace has lower precision and recall

because EEG readings are subject to muscle movement and skin condition.

The noisy data results in weak correlation coefficient so it is harder to find

segments. Acc-Wrist trace has high recall but lower precision because some

activities consist of several smooth portions with abrupt transitions (e.g., the

non-periodic activity shown in Figure 6.5(a)). The transitions result in high

correlation coefficient and cause false positive.

Segmentation accuracy for periodic traces: Figure 6.14(b) shows the

segmentation results of periodic traces. The F1-score is 1 for Acc-Chest, 0.88

for both Acc-PAMAP2 and Acc-Wrist. The segmentation accuracy is higher

for periodic traces than non-periodic traces, because the latter may have flat

portions and see similar correlation coefficient in the flat portions, thereby

limiting the accuracy.

Benefit of separating periodic and non-periodic traces: Figure 6.15

compares the segmentation accuracy of mixture traces versus either periodic or

non-periodic traces. It is evident that mixture traces experience considerably
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lower accuracy. This confirms the importance of separating periodic and non-

periodic traces before performing segmentation.

Comparing with other segmentation schemes: Figure 6.16 compares

three algorithms: (i) our algorithm as presented in Sec. 6.3.2, (ii) our algorithm

without synchronization, and (iii) the existing approach that first performs

activity recognition and then performs segmentation. For all three traces, our

approach achieves highest F1-score (a summary of precision and recall), and

also highest precision and recall in most traces. The performance of (iii) is

limited by the recognition accuracy. Recognition error may result in a false

positive in segmentation, so it has high recall but low precision. (ii) yields

the lowest precision because the the variation of correlation coefficients in

the unsynchronized portions causes lots of false positives. This result shows

that using multiple time series is useful for segmentation only when they are

synchronized well.

6.4.4 Evaluation of Activity Recognition

Finally, we evaluate the accuracy of activity recognition using linear

regression. We compare three schemes: (i) group-based voting with our syn-

chronization, which leverages the fact that all users perform the same activity

after synchronization to determine the activity as described in Section 6.3.3,

(ii) group-based voting without synchronization, which performs group voting

without synchronization first, and (iii) individual activity recognition which

determines the type of activity based on one user’s trace at a time.
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Figure 6.17 compares the fraction of activities that are correctly identi-

fied by the three schemes. Note that voting is across different users in the ac-

celerometer traces, and across different sessions per user in P300 since different

users are assigned different target images. As we can see, group-based recogni-

tion with synchronization significantly out-performs the other two schemes in

all cases. The improvement ranges from 10% to 113%. Unsynchronized traces

can significantly degrade the accuracy of voting, and even under-perform in-

dividual activity recognition, as shown in EMG traces.

6.4.5 Summary of Evaluation Results

We summarize the evaluation results and observations as follows: (i)

The synchronization error is 15% or less for 57-100% non-periodic traces and

100% for periodic traces. (ii) Our synchronization algorithm reduces the inter-

polation error by 1-79% for SVD, SRMF, and LENS. (iii) Separating period

and non-period activities benefits synchronization accuracy and segmentation

F1 scores by 18-163% and 12-42%, respectively. (iv) When there are multiple

features, the synchronization based on the best feature (the one with highest

correlation coefficient) out-performs that based on the average of all features

by 0-99%. While for segmentation, using all features perform better because

different activities may need different features to work well. (v) The error

of the segmentation method enabled by our synchronization is 25% or less for

65-100% traces which is 12-61% better than the existing segmentation scheme.

(vi) Our synchronization algorithm improves the activity recognition accuracy
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by 10-123%.

6.5 Existing Sychronization Approaches

A typical solution to achieve a network-wide synchronization is to align

the clocks of distributed nodes [43, 69]. Another class of techniques is through

monitoring packet reception [69] or protocol-specific features, such as a pream-

ble. In addition, Lukac [42] proposes synchronization by utilizing background

noise in seismic sensing systems. [7] proposes to detect events in data collected

from ambient sensors or wearables, and then use these events for synchroniza-

tion. Our work is the first that uses synchronization to reduce matrix ranks

and improves compressive sensing. Moreover, we show it is important to dis-

tinguish periodic and non-periodic data and employ different synchronization

algorithms accordingly.

6.6 Conclusion

In this chapter, we use extensive evaluation of real-world data to show

data-driven synchronization plays a significant role in the data analytics. It

can reduce matrix rank and improve the effectiveness of compressive sensing.

To maximize its effectiveness, we develop (i) a simple yet effective synchroniza-

tion algorithm that supports both periodic and non-periodic data, (ii) a new

interpolation scheme that exploits improved synchronization to enhance accu-

racy, (iii) group-based segmentation and activity recognition algorithms that

take advantage of synchronized activities across users. Our evaluation shows
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that synchronization reduces interpolation error by up to 79%, improves seg-

mentation accuracy by 12-61%, and improves activity recognition accuracy by

10-123%.
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(a) Entire trace. (b) Inner-most bounding box.

Figure 6.13: The interpolation error reduction of the missing values after syn-
chronization against the original and the random-shift traces (10% loss rate)
under (a) the entire trace and (b) the inner-most bounding box.
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Chapter 7

Conclusion

In this work we focus on applying compressive sensing for network ana-

lytics and building systems that leverage the advantage of compressive sensing,

such as anomaly detection, missing value interpolation, and future data pre-

diction. We make important observations that real-world datasets often are

not low-rank due to (i) the presence of measurement errors, noise, and anoma-

lies, (ii) lack of synchronization in time domain and frequency domain. To our

knowledge, this is the first work that shows the impact of noise, anomalies,

and synchronization in the matrix ranks, which has profound implication for

compressive sensing.

In Chapter 3, we develop a systematic method to automatically de-

tect anomalies in a cellular network using the customer care call data. Our

approach scales to a large number of features in the data and is robust to

noise. Using evaluation based on the call records collected from a large cellu-

lar provider in US, we show that our method can achieve 68%recall and 86%

accuracy, much better than the existing schemes.

In Chapter 4, we demonstrate the impact of noise, errors, anomalies,

and lack of synchronization against the matrix ranks using a wide range of real-
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world data including network traces from 3G, WiFi, mesh, sensor networks,

and the Internet, as well as activity traces from wearable devices. Our anal-

ysis show that these factors can make network matrices have a much higher

rank. Violation of low rank assumption significantly reduces the effectiveness

of existing compressive sensing approaches.

To address the problem of noise, errors, anomalies in the real-world

data, in Chapter 5, we present LENS decomposition which decomposes a net-

work matrix into a low-rank matrix, a sparse anomaly matrix, an error matrix,

and a dense but small noise matrix. LENS has the following nice properties:

(i) it is general: it can effectively support matrices with or without anomalies,

and having low-rank or not, (ii) its parameters are self tuned so that it can

adapt to different types of data, (iii) it is accurate by incorporating domain

knowledge, such as temporal locality, spatial locality, and initial estimate, (iv)

it is versatile and can support many applications including missing value in-

terpolation, prediction, and anomaly detection. Our evaluation shows that it

can effectively perform missing value interpolation, prediction, and anomaly

detection and out-perform state-of-the-art approaches.

To address the problem of the lack of synchronization, in Chapter 6, we

present a data-driven synchronization approach to explicitly remove misalign-

ment while accounting for the time domain and frequency domain heterogene-

ity of the real-world data. Data-driven synchronization reduces the matrix

ranks by up to 65% and improve the interpolation performance of all compres-

sive sensing methods. Moreover, we show that data-driven synchronization
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can enable group-based segmentation and activity recognition which signifi-

cantly out-performs existing schemes which applied on an individual user at a

time.
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0.1 Details of the Alternating Direction Method

Each iteration of the Alternating Direction Method involves the follow-

ing steps:

1. Find X to minimize the augmented Lagrangian function

L(X, {Xk}, Y, Y0, Z,W,M, {Mk}, N, µ) with other variables fixed. Remov-

ing the fixed terms, the objective is:

minimize: α‖X‖∗ +
µ

2

K
∑

k=0

‖Xk +Mk/µ−X‖2F .

Let J = 1
K+1

∑K
k=0(Xk + Mk/µ), and t = α/µ

K+1
. We can simplify the

objective to the following:

minimize: t‖X‖∗ + 1/2‖X − J‖2F .

According to matrix completion literature, this is a standard nuclear norm

minimization problem and can be solved by applying soft thresholding on

the singular values of J . Specifically, we have:

X = SVSoftThresh(J, t).

For a given J and t, let J = USV T be the singular value decomposition of

J . We have: SVSoftThresh(J, t)
△

= USoftThresh(S, t)V T , where

SoftThresh(S[i, j], t)
△

= sign(S[i, j]) max(0, |S[i, j]| − t).

2. Find Xk to minimize L(X, {Xk}, Y, Y0, Z,W,M, {Mk}, N, µ) with other

variables fixed (k = 1, 2, ..., K). This gives:

minimize:
γ

2σ
‖PkXkQ

T
k − Rk‖2F +

µ

2
‖Xk +Mk/µ−X‖2F .
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This is a least square problem with respect to Xk. The optimal solution

can be obtained by forcing the gradient of the objective to be zero. That

is,

γ

σ
P T
k (PkXkQ

T
k − Rk)Q

T
k + µ(Xk +Mk/µ−X) = 0. (0.1.1)

Let J = X −Mk/µ, and R = P T
k RkQk +

µσ
γ
J . Eq. (0.1.1) simplifies to

P T
k PkXkQ

T
kQk +

µσ

γ
Xk = R. (0.1.2)

Perform eigendecomposition on P T
k Pk and QT

kQk and let USUT = P T
k Pk;

V TV T = QT
kQk, where U and V are orthogonal matrices, S and T are di-

agonal matrices. We have: S(UTXkV )T+ µσ
γ
(UTXkV ) = UTRV . Through

a change of variable, let H = UTXkV , Eq. (0.1.2) becomes:

SHT +
µσ

γ
H = UTRV. (0.1.3)

Let s = diag(S), t = diag(T ) be the diagonal vector of S and T , respec-

tively. Eq. (0.1.3) is equivalent to (stT + µσ
γ
).∗H = UTRV . Since U and V

are orthogonal matrices, we can easily find Xk from H as Xk = UHV T . So

we have: H = (UTRV )./(stT+ µσ
γ
), where ./ is an operator for element-wise

division. Thus,

Xk = UHV T = U

(

(UTRV )./(stT +
µσ

γ
)

)

V T .

3. Find X0 to minimize L(X, {Xk}, Y, Y0, Z,W,M, {Mk}, N, µ) with other
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variables fixed (k = 1, 2, ..., K). This gives:

minimize: 〈M,D −AX0 − BY0 − CZ −W 〉

+〈M0, X0 −X〉

+µ/2‖D −AX0 − BY0 − CZ −W‖2F

+µ/2‖X0 −X‖2F

That is,

minimize: ‖X0 −X +M0/µ‖2F

+‖D − BY0 − CZ −W +M/µ− AX0‖2F

Let J0 = X −M0/µ and J = D − BY0 − CZ −W +M/µ. It becomes:

minimize:‖X0 − J0‖2F + ‖AX0 − J‖2F

Letting the gradient be zero leads to: X0−J0+AT (AX0−J) = 0. Therefore,

X0 = inv(ATA + I)(ATJ + J0).

4. Find Y to minimize L(X, {Xk}, Y, Y0, Z,W,M, {Mk}, N, µ) with other vari-

ables fixed. This gives:

minimize:β‖Y ‖1 + 〈N, Y0 − Y 〉+ µ/2‖Y0 − Y ‖2F

That is:

minimize:β/µ‖Y ‖1 + 1/2‖Y0 +N/µ− Y ‖2F .
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Let J = Y0 + N/µ. t = β/µ. It becomes: t‖Y ‖1 + 1/2‖J − Y ‖2F . This

can be easily solved as Y = SoftThresh(J, t). To see why, the problem can

be solved for each element of Y separately. So we just need to find Y [i, j]

that minimizes: t|Y [i, j]|+ 1/2(J [i, j]− Y [i, j])2.

5. Find Y0 to minimize L(X, {Xk}, Y, Y0, Z,W,M, {Mk}, N, µ) with other vari-

ables fixed. This gives:

minimize: 〈M,D −AX0 − BY0 − CZ −W 〉

+〈N, Y0 − Y 〉

+µ/2‖D −AX0 − BY0 − CZ −W‖2F

+µ/2‖Y0 − Y ‖2F

Let J0 = Y − N/µ, J = D − AX0 − CZ − W + M/µ. It becomes

minimize: ‖Y0 − J0‖2F + ‖BY0 − J‖2F Letting the gradient = 0, we obtain:

Y0 − J0 +BT (BY0 − J) = 0. So Y0 = inv(BTB + I)(BTJ + J0).

6. Find Z to minimize L(X, {Xk}, Y, Y0, Z,W,M, {Mk}, N, µ) with other vari-

ables fixed. This gives:

minimize:
1

2σ
‖Z‖2F + 〈M,D −AX0 −BY0 − CZ −W 〉

+
µ

2
‖D − AX0 − BY0 − CZ −W‖2F .

Let J = D − AX0 −BY0 −W +M/µ, it becomes:

1

2µσ
‖Z‖2F +

1

2
‖CZ − J‖2F .

Letting the gradient = 0 yields: Z = inv( 1
µσ
I + CTC)(CTJ).
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7. FindW to minimize L(X, {Xk}, Y, Y0, Z,W,M, {Mk}, N, µ) with other vari-

ables fixed. This gives:

minimize: 〈M,D − AX0 − BY0 − CZ −W 〉

+µ/2‖D − AX0 − BY0 − CZ −W‖2F .

That is:

minimize: ‖D − AX0 −BY0 − CZ −W +M/µ‖2F

So W = E. ∗ (D −AX0 − BY0 − CZ +M/µ) (recall that W = E. ∗W ).

8. Update estimate for σD as follows. Let J = D−AX0−BY0−W . We then

compute σD as the standard deviation of J [E = 0] and update σ = θσD.

In our implementation, we fix θ = 10.

9. Update estimates for the Lagrangian multipliers M , Mk and N according

to: M = M + µ · (D − AX0 − BY0 − CZ −W ), Mk = Mk + µ · (Xk −X)

(k = 0, · · · , K), N = N + µ · (Y0 − Y ).

10. Update µ = µ · ρ. In our implementation, initially µ = 1.01 and ρ = 1.01.

Every 100 iterations, we multiply ρ by 1.05.
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