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While connectomics paradigms have been undergoing rapid develop-

ment in the experimental community, the problem of analyzing the resulting

data has remained largely unaddressed. Recently, the mesoscale connectome of

the mouse was made available from the Allen Brain Institute [104]. This con-

nectome was constructed by way of using enhanced green fluorescent protein

(EGFP) expressing adeno-associated viral vectors to discover the connectivity

strength between brain areas. Herein, we will attempt to show that the prob-

lem of discovering removed entries from connectivity data in a large neural

system from an ensemble of such measurements can be formulated naturally

in terms of nuclear norm minimization techniques. It is our belief that the pre-

sented methods will allow the acquisition of future connectomes with an order

of magnitude reduction in experimental e↵ort, as well as significantly outper-

form the simpler inference techniques used in prior work [47], and function

well with few data observations.
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1 Introduction

While the field of neuroscience has learned more about the basic func-

tional properties of cells, our understanding of the brains neuronal connectivity

has lagged behind, the resolution of which requires the development of new

techniques and methodologies. To date, gross anatomical studies of the brain

have been performed, which help provide a general picture of the form and

function of many di↵erent types of neurons and brain areas. One of these

pioneering studies by Semir Zeki found that anatomical connections segregate

di↵erent brain functions into specialized regions and integrate their responses

for further processing [155]. Another by Dan Felleman and David Van Essen

analyzed regions and connections in the macaque visual cortex, and found

that the brain had unique inputs and outputs for a cortical area, a so-called

'fingerprint' [41]. They were one of the first to construct a connectivity ma-

trix to represent how a given brain region is connected to another by a given

pathway.

Later studies began to further build upon this structure-function rela-

tionship by constructing structural attributes such as fingerprint motifs [105]

and clustering [55]. However, a comprehensive mapping of the brain has not

been completed, and will continue to be a challenge for some time [122]. This

in part can be attributed to the fact that neurons are very small (around

100nm), and can easily extend over long distances. If one was so inclined and

summed up the length from any individual neuron to all of its constituents

it could exceed 1m in humans and 1cm for a mouse [81]. Additionally, this

1



issue is further compounded by the fact that neurons are densely packed inside

of the brain, which make it di�cult to determine between synapses and the

neurons, themselves [29, 101].

Not long after these earlier studies began to appear, or perhaps because

of them, the terms 'connectomics,' the set of structural connections in the

brain [49], and 'connectome', a complete description of the brain elements and

interconnections [122], were introduced into the scientific vernacular in parallel.

The later paper by Sporns [122] defined the connectome at 3 primary levels of

analysis: Macro-, Meso-, Microscale. The macroscale deals with constructing

the connectome at the level of brain regions and pathways; the mesoscale, at

the level of minicolumns and the connection pattern; and the microscale, at

the level of single neurons and synapses.

In the pursuit of the microscopic connectome, techniques with a nanome-

ter level of resolution are required. The method most frequently employed

at acquiring data at this scale is electron microscopy (EM); however, this ap-

proach is often characterized with slow acquisition and image processing rates.

Consequently, EM has not been utilized for many whole brain imaging stud-

ies; nevertheless, it has been used successfully to study local neuronal circuits

[16, 53], and the connectome of the C. Elegans, which is comprised of only

302 neurons [146]. While imaging that amount of neurons may not sound like

a monumental e↵ort, keep in mind the study took over 12 years to complete

[146, 150]. In addition, mapping 1cm3 with nanometer resolution will produce

a dataset on the order of petabytes [62], with other studies easily exceeding
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hundreds of gigabytes in their endeavors [14, 16, 24]. As a frame of reference,

one of the largest databases in the world, the National Library of Congress,

which boast more than 130 million items, is only around 20 terabytes (i.e.

0.02 petabytes) [86]. As of now, current technology is not ready to cope with

large connectivity datasets; although computer systems originally built for cos-

mology are now being used in the field to help manage the resulting flood of

information [19].

The limitations of obtaining a microscale connectome made the mesoscale

a more realistic target for imaging e↵orts, as previously predicted [120, 122].

Recently, the Allen Brain Institute has completed such a connectome of the

mouse [104]. Before this study hardly anything was known about the projec-

tions of brain-wide connections, or their variability between di↵erent speci-

mens. It was also revealed that the brain doesn't fit a 'small-world' network,

where most nodes (i.e. brain areas or neurons) are not directly connected to

one another, but most nodes can be reached by nearly every other node within

a few steps [103]. This idea of a 'small-world' network was argued in prior

work [122].

With a completed mesoscale connectome, the wiring diagram of other

mammals is in reach at a micron-scale resolution. It should be mentioned that

the method underlying this level of analysis is often optical imaging techniques.

Optical methods can be combined with fluorescence labeling, which will allow

the discovery of subsets of neurons. Transgenic mice are also often utilized

within this regime, in which subpopulations of neurons are labeled with these
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florescent proteins. This process allows the mapping of neural processes pro-

jections throughout the brain [42, 84], with acquisition rates that are relatively

quick with respect to EM [99, 115].

While there are some apparent benefits of optical techniques, in com-

parison to other approaches, there are some factors a↵ecting its use. To begin

with, optical methods often require many di↵erent subjects when mapping

multiple neural subpopulations projections throughout the brain, and are fre-

quently only performed in fixed specimens [99, 115]. No doubt, some of these

constraints can be overcome with more time and resources, and even other

techniques such as light sheet fluorescence microscopy [77], but these issues

are still a major impediment limiting the use of this method in the field of

connectomics. In addition, several other challenges still need resolution today

for the connectome to be completed at all levels of analysis and are discussed

below.

1.1 Individual Variability

The nervous system is a complex machine that can be variable among

individuals of the same species. Morphologic variability at the microscale can

be seen by variable branching patterns of dendrites and axons, the number,

density and location of synapses, and changes in the cellular machinery, among

other things. Such variability can even be seen at the macroscopic level, for

example in sulcal geometry [126], size and location of Broca's area in relation to

other landmarks [7]. Yet despite structural variability, there can be functional
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consistency, so called 'degeneracy' [129]. This can be seen, for example, in the

rhythmic firing of central pattern generators, which can be constructed from a

number of di↵erent circuits with di↵erent structural or functional parameters

[91, 92]. A high level of degeneracy across individuals can make generalizing the

connectome and mining it for structure function relationships di�cult. For a

complete analysis of structure-function relationships to be elucidated, it would

require that more samples from the population of possible circuits be drawn,

which would be obtained from di↵erent individuals. It should be noted that

examining how morphological changes modify or a↵ect structural connectivity

remains largely unexplored in the context of the connectome, although studies

are beginning to explore this topic in the C. elegans and fly animal models [8].

1.2 Plasticity

The brain is a massive interconnected network that is thought to use

some form of synaptic modification for memory storage. Donald Hebb pop-

ularized this idea in the book 'Organization of Behavior', where he proposed

that if presynaptic and postsynaptic cells simultaneously fire an action po-

tential, synaptic strength would increase [51]. It took many years before a

biological mechanism was discovered to support this theory. Bliss and Lomo

observed an increase in synaptic strength following high frequency stimulation

[12]. Before long, this form of synaptic modification would be known as long-

term potentiation (LTP) [37], while the decrease in synaptic strength would

come to be called long-term depression (LTD) [67].
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It has been shown that the number of ion channels can a↵ect the

strength of a synapse [35, 75, 149]. Also the density of receptors on the post-

synaptic membrane changes a neuron's excitability to a stimulus [80, 83, 113,

119, 133]. Specifically, the addition of N �methyl �D � aspartate (NMDA)

and ↵ � amino � 3 � hydroxy � 5 � methyl � 4 � isoxazolepropionicacid

(AMPA) receptors to a membrane, and by extension the number of receptors,

can a↵ect synaptic e�cacy [83, 106, 113]. These findings are predicated by the

fact that AMPA receptors are delivered to the synapse by way of protein ki-

nase CaMKII, which itself is activated by influx of calcium through NMDA

receptors. CaMKII also a↵ects a synapse's AMPA ionic conductance via phos-

phorylation [10]. Taken together, we are left with the idea that changes in

receptors and ion channels can a↵ect synaptic strength and plasticity in the

brain.

It has been argued that the characteristics of LTP and LTD are key to

understanding the molecular mechanisms underlying memory [2, 3]. Di↵erent

induction protocols can induce plasticity changes at di↵erent timeframes, on

the order of hours or longer [34, 45, 116]. The induction of LTP and LTD

is dependent on the synthesis of new proteins [4, 63, 64, 87]. Interestingly,

the inhibition of protein synthesis will only prevent LTP and LTD during

induction, but not once it has been established [11, 43, 65]. Lastly, the time

scales involved with LTP and LTD are similar in nature to the timeframe of

protein turnover [66, 89].

As has been discussed, the cellular and molecular mechanisms that
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underlie synaptic plasticity are constantly in flux. The turnover of neuronal

proteins, such as receptors, channels, and neurotransmitters, highlight the dy-

namical nature of the cellular machinery underlying plasticity, and perhaps

even its fragile state. Numerous studies have found that indeed the topology

of neuronal circuits could rapidly undergo modifications [58]. Additionally,

sensory deprivation and psychophysics experiments have shown that changes

to an underlying input or learning can result in morphological changes in the

centric spines of cortical neurons, respectively [56, 153]. While these studies

highlight the idea that learning or modification of an input can result in dif-

ferent network topologies, such changes can also occur seemingly randomly.

In the macaque primary visual cortex the branching of axons, and turnover

of synapses can spontaneously occur on the order of days to weeks, with no

changes to underlying sensory input or learning occurring [124]. Such spon-

taneous changes were also observed in inhibitory interneurons in the cortex

[26].

At the end of the day, we are left with an impression that the brain's

topology is constantly in flux, the degree to which can depend on learning and

modulation of input into a cortical area. These observations make mapping out

the connectome in humans or animal models di�cult, because the connectome

at any particular instance would only represent a snapshot of a dynamical

system frozen in time. To alleviate such concerns, connectome mapping studies

could infer the neural wiring diagram from a number of di↵erent subjects (i.e.

subsample the brain). Left unexplored, however, is how plasticity mechanisms
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cause topology changes within the network over time.
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2 Research Design and Methods

At the mesoscale, both distance and local connections can be described

by using neuroanatomical tracers that allow for whole brain mapping. The

Allen Mouse Brain Connectivity Atlas is such a mesoscale connectome, whose

data were characterized in wild-type adult mouse brains with a pan-neuronal

AAV vector expressing EGFP under the human synapsin I promoter [104].

These data are primarily composed of 295 grey-matter structures at the highest

level of the ontology brain tree, which results in over 500,000 total voxels. This

connectivity atlas will provide us a mesoscale connectome with brain wide

coverage, and will be the basis for the presented work herein.

The mesoscale connectome data, as made available from the Allen Brain

Institute, will be transformed into a weighted adjacency matrix. The m rows

by n columns (i.e. m ⇤ n) weighted adjacency matrix M will be defined as

M
ij

=

⇢
c
i,j

: if i connectel to j
0 : otherwise,

where c
i,j

> 0 is a real number representative of the connectivity strength

between brain regions i and j. Here the number of rows will represent the

di↵erent injection sites whose connectivity strength was quantified to a num-

ber of di↵erent brain regions (i.e. signified by the number of columns). The

weight within the adjacency matrix would ideally represent the synaptic con-

nectivity strength between di↵erent brain areas. Therefore, we propose to set

the weight, and hence infer the synaptic e�cacy between areas, as presented

by the fluorescent values in the dataset. To insure that the adjacency matrix
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is not in 3D, if areas have multiple connections between them, we will sum the

values across the di↵erent connections to a target area when calculating the

weight.

From this data we will attempt to recover the complete weighted adja-

cency matrix when di↵erent fractions of entries are randomly removed, under

the assumption that these entries could be corrupted by a small amount of

noise. This noise could be modeled with a set of entries, !, in the matrix as

Y
ij

= M
ij

+ Z
ij

, (i, j) 2 !, (1)

where Z
ij

: (i, j) 2 ! may be stochastic or deterministic noise. The only

assumption is that the noise level � follows kZk
F

 � and � > 0.

In general, recovery of a matrix without noise involves solving the fol-

lowing optimization problem

minimize Rank(X)

subject to X
ij

= M
i,j

(i, j) 2 ⌦,
(2)

where X 2 Rm⇤n is the decision variable, rank(X) is equal to the rank of the

matrix X, and ⌦ is the set of locations corresponding to the observed entries.

This solution unfortunately is computationally intractable [14]; therefore, we

consider an alternative that minimizes the sum of the singular values over the

constraint set. This sum is called the nuclear norm,

kXk⇤ =
nX

k=1

�
k

(X) (i, j) 2 ⌦, (3)
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where �
k

(X) represents the kth largest singular value of X. Thus, the more

practical optimization problem is given by

minimize kXk⇤

subject to X
ij

= M
i,j

(i, j) 2 ⌦.
(4)

However, this method assumes that no noise is present within the data. Hence,

we will reconfigure the optimization problem to take this into account, and

instead solve the following problem to recover the weighted adjacency matrix

under noisy conditions

minimize kXk⇤

subject to
X

(i,j)2⌦

(X
ij

� Y
i,j

)2  (�)2.
(5)

This optimization problem can in part be solved with numerical software pack-

ages [15, 85, 127, 152]. After completing the matrix we will calculate the error

of the algorithm with respect to the ground truth.

2.1 Expected Outcomes

While connectomics paradigms have been undergoing rapid develop-

ment in the experimental community, the problem of analyzing the resulting

data has remained largely unaddressed. We will show that the problem of re-

constructing a connectomes connectivity matrix in a large neural system from

an ensemble of such measurements can be formulated naturally in terms of nu-

clear norm minimization techniques. From this work we expect to be able to

complete a weighted adjacency matrix from a subsample of its entries, which

will at most be corrupted by a small amount of noise. The source of this noise
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could be the result of human error during the tracing and geometric processing

steps, or the result of some other unforeseen event. What this means is that

the completed matrix M̂ follows

kM � M̂kf 

s
C

p

min(m,n)

p
� + 2�, (6)

where p is the fraction of observed entries, and C
p

= 2+ p. In other words we

expect an error that will be proportional to the noise term �. It is our belief

that the presented method will significantly outperform inference techniques

used in other work [27, 28, 47, 79, 131], work in an undersampled setting (i.e.

with few data observations), and in the presence of noise.

2.2 Potential Problems and Alternative Strategies

It is generally understood that recovery of a matrix of low-rank is a very

di�cult problem. Consider a matrix L where all the entries are zero except

for one. In this case even if we sampled from most of the entries, we would not

be guaranteed recovery of the matrix. Fortunately, if the singular vectors of

a matrix are su�ciently spread then there is hope that a recovered low-rank

matrix consistent with the observed entries can be found. There are several al-

ternative matrix completion algorithms such as alternating minimization [70],

stochastic gradient descent [110], and riemannian low-rank matrix completion

[135], but these algorithms are either more computationally costly or have ad-

ditional constraints on the matrix. More importantly, it has been shown that

nuclear-norm minimization will succeed when completion is possible [23].
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3 Results

To demonstrate the practical applicability of the nuclear norm heuristic

for recovering connectome matrices from their partial entries, we conducted a

series of numerical experiments on the mesoscale connectivity data from the

Allen Brain Institute. The data contains the normalized projection strength

values underlying the connectome. Its values consist of 295 injection and the

associated 469 anatomical target regions on both the ipsilateral and contralat-

eral hemispheres of the mouse brain, a contour plot of these data can be seen

in Figure 1.

We began our numerical experiments by only observing a subset of the

entries at random, and will attempt to discover the missing elements projec-

tion values with nuclear norm minimization. We will repeat this process by

increasing the fraction of observed entries in increments of .025 from 0 to 1,

and at each fraction will recover the matrix 50 times and record the mean

square error (MSE) with respect to the ground truth. We define the MSE as

MSE =

nX

j=1

 
mX

i=1

(P
i,j

�O
i,j

)2
!

mn
, (7)

where O is the original dataset, m and n are the number of rows and columns,

and P is the predicted matrix generated by the nuclear norm minimization al-

gorithm. During this process the following nuclear norm minimization problem
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will be solved
minimize kXk⇤

subject to
X

(i,j)2!

(X
ij

� Y
i,j

)2  (�)2,
(8)

using the SDP solver SDPT3 [128]. Thereafter, we will declare M to be recov-

ered if the solution, Xopt, satisfies

kX(opt) �Mk
F

/kMk
F

< 10�6. (9)

While looking at Figure 1 can provide insight into the structure of the

data a more quantitative approach is needed. To help provide this insight the

distribution of the singular values of the data are shown in Figure 4, as well

as the amount of explained variance along the principle components as seen

in Figure 3. These two Figures help show that these data principally lie along

only a few dimensions, despite the fact that the rank of the matrix is 469.

This means that the low rank, or even approximately low rank, assumption

of the nuclear norm minimization approach is not met when attempting to

solve the matrix recovery problem in this particular case, which may e↵ect

the chances of getting a reasonable reconstruction error. However, this issue

is often ignored in the real world, since noise frequently increases the rank of

many datasets.

The numerical results for our approach at the di↵erent observed incre-

ments and the associated error are presented in Figure 2 (orange line). The

x-axis represents the fraction of entries that were accessible to the algorithm.
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The y-axis corresponds to the MSE for each entry in the matrix when compar-

ing the predicted to the true values. Note how MSE decreases as the number

of observed entries increases. This general trend was to be expected, since as

equation 6 shows the error is proportional to the noise level and number of

observed entries; here the noise level is held constant, so the error only gets

smaller as the fraction of observed entries is increased.

To get a qualitative idea of how well the nuclear norm minimization

approach works, you can compare the contour plot of the original data, as seen

in Figure 1, to the contour plots of the predicted matrix when only a small

subset of entries are known at di↵erent fractions as seen in Figure 5, Figure

6, and Figure 7. For a more concrete comparison, a rank-2 approximation

M2 of the original data matrix was created, and had the same reconstruction

procedure applied to it with di↵erent fractions of entries removed, as described

before. As can be seen in Figure 2 (red line), the RMS decreases sharply as

the fraction of observed entries increases. These findings help put a sensible

lower bound on the minimum amount of error that could be expected in the

best case scenario for the prior results of the whole dataset.

15



Figure 1: Here we show the projections intensities from 295 brain regions to
their 469 target regions on both the ipsilateral and contralateral parts of the
mouse brain. The color map represents the raw projection values. These data
were acquired from the Allen Mouse Brain Connectivity Atlas [104].
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Figure 2: Plot of the reconstruction errors generated from the nuclear norm
minimization algorithm, as defined in equation 5, on the mouse connectome
dataset as the fraction of observed entries is increased. The orange line is
the MSE of the original data, where as the red line is the MSE of the rank 2
approximation. The error bars are the standard deviation of the MSE across
50 di↵erent trial runs for the two di↵erent datasets.
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Figure 3: The amount of explained variance for the various rank-k approxi-
mations of the mouse connectome dataset.
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Figure 4: Distribution of the singular values from the Mouse Connectivity
data.
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Figure 5: Here we show the predicted projection values for 295 brain regions
to their 469 target regions on both the ipsilateral and contralateral parts of
the mouse brain, after 90 percent of the entries were removed. The color map
represents these raw projection values. These data were acquired from the
Allen Mouse Brain Connectivity Atlas [104].
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Figure 6: Here we show the predicted projection values for 295 brain regions
to their 469 target regions on both the ipsilateral and contralateral parts of
the mouse brain, after 80 percent of the entries were removed. The color map
represents these raw projection values. These data were acquired from the
Allen Mouse Brain Connectivity Atlas [104].
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Figure 7: Here we show the predicted projection values for 295 brain regions
to their 469 target regions on both the ipsilateral and contralateral parts of
the mouse brain, after 50 percent of the entries were removed. The color map
represents these raw projection values. These data were acquired from the
Allen Mouse Brain Connectivity Atlas [104].
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4 Discussion

Using nuclear norm minimization, we showed that despite removing

a large fraction of entries from the connectome, the reconstruction up to a

certain error rate could be achieved, despite the data not being low rank. This

was only possible since much of the matrix's explained variance was within

its first few principle components; although reconstruction of the matrix was

largely constrained by the signal to noise ratio (SNR). Having a relatively low

SNR in the real world, however, may not be feasible, and can be caused by

a variety of sources depending on the level of analysis and method used, as

expressed in the introduction. This noise results in the rank of the data matrix

being increased and causes many of the singular values to be nonzero, which

needs to be taken into account when deciding on the fraction of entries to

sample. The presence of noise also brings up an interesting question, what is

the optimal fraction of entries to sample when reconstructing the connectome?

The reconstruction results of the rank-2 and original connectome data would

suggest a fraction of about 0.5. This is because the slope of the error doesn't

decrease as quickly as the fraction of observed entries is increased after this

point. This would seem to indicate that past that fraction of entries you are

only fitting noise and/or fine-grained details of the connectome, or at the very

least at some point will be as the portion is increased.

Understanding the e↵ects of noise and discovering ways to ameliorate

this concern is a topic for future studies, since this is the rate-limiting step

when pursuing this line of research. One potential solution to this problem is
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to add more information in addition to the connectomics data. It has been

shown that connectivity patterns can be predicted by gene expression profiles,

in data from C. Elegans [76, 136] and the mesoscale mouse data utilized herein

[39, 74]. This means that when genetic information is pooled with connectivity

data that the missing parts of the connectome have a potential to be better

predicted with a higher degree of accuracy then when only employing one

source of information.

The general idea of filling in missing data based on existing data is not a

radical notion, since many di↵erent fields have utilized this approach. Clinical

trials, for instance, often times use this methodology when subject(s) only

have some of the required measurements recorded, but they need to discover

the missing entries [47]. In addition, microarray experiments [132] and genome

wide association studies [90] have also been known to exploit this framework.

Currently, the Allen Brain Institute would construct a mesoscale con-

nectome by measuring an injection site's connectivity to many di↵erent target

regions. This quantification requires that a new subject be utilized when

tracing one region's connections throughout the brain, which can be highly

laborious and costly since it requires many such observations and subjects.

Future studies done at this scale could more readily be performed by employ-

ing the nuclear norm minimization framework, since fewer injection and target

regions would be needed when constructing the connectome. It is our hope

that in a similar light that future-wiring diagrams at all levels of analysis can

be inferred with an orders of magnitude reduction in experimental e↵ort, with
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use of the presented or similar methods.

Having a wealth of connectomics data will allow future studies to dis-

cover the connection between external influences and connectivity patterns

in healthy and ailing brains across animal models. One could imagine this

radically changing our view on how various structure-function relationships

operate in the brain. However, this information is often di�cult to obtain in

practice using existing connectomics paradigms and methodologies; therefore,

the technique presented herein has the potential to help advance the field of

neuroscience.
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of network structure and cellular response on spike time correlations.

PLoS computational biology, 8(3):e1002408, 2012.

[131] Olga Troyanskaya, Michael Cantor, Gavin Sherlock, Pat Brown, Trevor

Hastie, Robert Tibshirani, David Botstein, and Russ B Altman. Miss-

ing value estimation methods for dna microarrays. Bioinformatics,

17(6):520–525, 2001.

[132] Olga Troyanskaya, Michael Cantor, Gavin Sherlock, Pat Brown, Trevor

Hastie, Robert Tibshirani, David Botstein, and Russ B Altman. Miss-

ing value estimation methods for dna microarrays. Bioinformatics,

17(6):520–525, 2001.

[133] Joe Z Tsien, Patricio T Huerta, and Susumu Tonegawa. The essential

role of hippocampal ca1 nmda receptor–dependent synaptic plasticity in

spatial memory. Cell, 87(7):1327–1338, 1996.

[134] Martijn P van den Heuvel, Rene CW Mandl, Rene S Kahn, Hulsho↵

Pol, and E Hilleke. Functionally linked resting-state networks reflect

the underlying structural connectivity architecture of the human brain.

Human brain mapping, 30(10):3127–3141, 2009.

[135] Bart Vandereycken. Low-rank matrix completion by riemannian opti-

mization. SIAM Journal on Optimization, 23(2):1214–1236, 2013.

46



[136] Vinay Varadan, David M Miller, and Dimitris Anastassiou. Compu-

tational inference of the molecular logic for synaptic connectivity in c.

elegans. Bioinformatics, 22(14):e497–e506, 2006.

[137] Lav R Varshney, Beth L Chen, Eric Paniagua, David H Hall, and Dmitri B

Chklovskii. Structural properties of the caenorhabditis elegans neuronal

network. PLoS computational biology, 7(2):e1001066, 2011.

[138] Lav R Varshney, Beth L Chen, Eric Paniagua, David H Hall, and Dmitri B

Chklovskii. Structural properties of the caenorhabditis elegans neuronal

network. PLoS computational biology, 7(2):e1001066, 2011.

[139] Philipp Vetter, Arnd Roth, and Michael Häusser. Propagation of action
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