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and selfless person I have ever met, and our son, Andrew, who gives meaning

to it all.

vi



Cosmology Driven by Physics Beyond the Standard

Model

Publication No.

Marija Žanić, Ph.D.

The University of Texas at Austin, 2007

Supervisor: Sonia Paban

This dissertation investigates several problems inspired by the interplay

of cosmology and theories beyond the Standard Model of particle physics.

The first part of this work is a study of time evolution of unstable dSp×

Sq configurations with flux in theories of gravity with a cosmological constant.

We find that, depending on the flux, these configurations either evolve towards

newly identified stable solutions with a smaller final effective cosmological

constant, or tend toward decompactification of the internal sphere.

In the second part, we investigate the problem of evolution of vacuum

bubbles in inhomogeneous backgrounds. It is expected that the process of

inflation will significantly smooth out spatial inhomogeneities. However, the

initial conditions for inflation are often taken in the already homogeneous and

isotropic FRW form, even though it is assumed that initial homogeneity is

not necessary for the onset of inflation. We determine the effects of certain
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inhomogeneities, introduced in the curvature of the outside spacetime, on the

propagation of bubbles, and how these effects differ depending on whether the

perspective taken is that of the outside observer or an observer on the bubble.

The last part of the dissertation presents a model for a novel compo-

nent of the energy density of the universe. The observational limits on the

present energy density allow for a component that redshifts like 1/a2 and can

contribute significantly to the total. We show that one possible origin for such

a contribution is that the universe has a toroidal topology with ”wound” scalar

fields around its cycles.
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Chapter 1

Introduction

This thesis addresses issues in cosmology inspired by recent develop-

ments in high energy physics. Physical phenomena on small scales are remark-

ably well-described by quantum mechanics, and Einstein’s general theory of

relativity gives us a clear understanding of the force of gravity, which is usually

important only on large, cosmic scales. For a complete physical understanding

of the universe, we also need a quantum theory of gravity, which would tell

us about how gravity behaves on small scales. Though such a theory is still

not fully developed, string theory has emerged as the best current candidate.

Over the course of the last decade, cosmological observations have provided us

with remarkable data about the universe [1, 2] that can be used to test current

theories. Not only does a successful theory have to be consistent with the

observed properties of our universe, but also the hope is that current cosmo-

logical observations can give us a window into the early universe, and therefore

help develop a better understanding of the physics at high energy scales.

Our understanding of the history of the universe comes in the form of

the Big Bang theory. The Big Bang model employs the general theory of rela-

tivity and uses the fact that our universe appears extremely homogeneous and
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isotropic on very large scales (the so-called cosmological principle). The theory

predicts that our universe has been expanding from a hot dense plasma to its

current state over billions of years. Major support of this model came through

the discovery [3] of Cosmic Microwave Background Radiation (CMBR), an ex-

tremely isotropic radiation with a black-body spectrum. CMBR is comprised

of photons remnant from the very early hot universe. These photons stopped

scattering off the hot dense plasma once the universe was cold enough for the

formation of hydrogen to happen (about 3,000 K), and have been traveling to

us ever since and cooling down due to the expansion of the universe.

The Big Bang model is very successful, however, it does not provide

for a complete picture of the universe and its evolution. In particular, it as-

sumes the cosmological principle, but does not offer an explanation of why the

universe is so homogeneous and isotropic on large scales. Also, on very small

scales, the Big Bang model does not address the origin and nature of the ob-

served inhomogeneities of the cosmic microwave background or consequently,

the formation of structure in the universe.

The first of these issues, commonly referred to as the horizon problem,

can be resolved by inflation, a period of very rapid accelerated growth at the

early stages of the universe [4]. The problem is that the extraordinary isotropy

of the universe exists on sizes larger than our present horizon, which is the

distance a photon could travel over the age of the universe. Our universe also

appears to be very flat, i.e. having nearly zero spatial curvature. Translated

to early times of an expanding universe filled with matter and radiation, this
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means that the universe must have been extremely flat, which seems to be an

improbable coincidence and is referred to as the flatness problem. The way

inflation deals with these problems is that through a period of exponential

expansion inflation irons out the inhomogeneities and smoothes out any non-

flatness that exists in the small patch of the early universe which corresponds

to what we observe today. In addition, inflation resolves another cosmological

problem, called the monopole problem, by explaining why it is that we do

not observe magnetic monopoles, which should be plentiful according to our

particle physics theories.

Understanding the observed inhomogeneities in the CMBR requires

a physical theory which would explain the density fluctuations in the early

universe. In the inflationary theory, such perturbations can arise from vacuum

fluctuations of the inflaton field, a scalar field which drives the inflation.

Currently there are many models of inflation, each coming with its

own set of predictions that can be checked against the observational data. It

is expected for a quantum theory of gravity, such as string theory, to provide

models of inflation within its framework. Indeed, recent developments in string

theory have led to several models of string inflation [5, 6].

Furthermore, string theory needs to be compatible with the present

state of the universe. We have strong observational evidence [7] that the uni-

verse is currently undergoing accelerated expansion, driven by so-called dark

energy. The nature of the dark energy is still unknown, and accommodating

it in string theory is not an easy task [8].

3



In recent years one scenario has emerged as a possible way to address

both the inflation and the current acceleration of the universe in the realm of

string theory. It is a model known as the string theory landscape [9]. This

controversial model predicts that there exists an enormous number of vacua in

string theory (on the order of 10500), some of which will have properties (such

as the observed acceleration) of our universe. There have been a lot of efforts

put into the concrete realizations of this scenario which, in turn, could lead to

a much-desired test of the possible predictions coming from string theory [10].

In addition to the above challenges, string theory requires the existence

of extra dimensions, beyond the four spacetime dimensions we are familiar

with. The two main proposals for why we do not see the extra dimensions are

the compactification and the braneworld approaches. In the first case, extra

dimensions are assumed to be compactified on a tiny scale, so small that we

cannot probe them with our current experimental capabilities. The second

option is that all matter and forces, except for gravity, are constrained to a

four-dimensional subspace (a brane) of the full spacetime.

This thesis addresses several problems related to and inspired by issues

described above. In particular, Chapter 2 deals with a toy model which has

compactified extra dimensions. The model assumes four-dimensional space-

time in the form of de Sitter space, the simplest solution of the Einstein’s

equations for an accelerating universe. In addition, the model involves sev-

eral extra dimensions, compactified on a sphere. The extra dimensions are

prevented from becoming large by a presence of flux. However, some such

4



constructions are known to be unstable under the perturbations of the space-

time metric [11]. This chapter addresses the time evolution of such spacetimes

and finds where it leads.

Chapter 3 investigates the time evolution of the expanding universe in

a hypothetical inhomogeneous background. The goal is to provide a better

understanding of the constraints on initial conditions for the onset of cosmo-

logical inflation. This is particularly important in the context of developing

cosmological models within the framework of string theory, where it seems

that the background encountered by a growing vacuum bubble would more

likely be inhomogeneous.

Chapter 4 explores a model for a novel component of the energy density

of the universe (in addition to matter, radiation, and so forth). The model is

based on the assumption of toroidal topology of the universe, and it introduces

scalar fields that are wound around the torus cycles. This scenario leads to

a component which redshifts as 1/a2. The observational constraints for the

topology and size of the universe as well as present energy density composition

are discussed, leading to a bound on the contribution of this component to the

present energy density of the universe.

Chapter 5 presents concluding remarks, based on the results obtained

in chapters 2-4.

This thesis is mostly based on work presented in [12],[13] and [14].
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Chapter 2

Evolution of Gravitationally Unstable de

Sitter Compactifications

Compactifications of extra dimensions are a very important subject of

study, particularly due to the prediction of string theory which requires the ex-

istence of extra dimensions in our own universe. Some simple compactification

solutions have been known for decades; in particular Freund and Rubin [15]

discovered that spacetimes of dimension p+q naturally compactify to product

spaces of the form dSp×Sq if an antisymmetric tensor field of dimension q−1

is added to the standard Einstein-Hilbert action. It is furthermore interesting

to investigate what kind of solutions one obtains if a positive cosmological

constant is added to such model.

Bousso, de Wolfe and Myers [11] studied these conditions and were

particularly interested in potential entropy bounds that could be established

for such compactifications. Namely, it is known that de Sitter space has a

finite entropy related to the value of its cosmological constant [16]. Therefore,

as argued by Fischler [17] and Banks [18], de Sitter space should be described

by a finite-dimensional Hilbert space, containing a total of eS0 independent

quantum states. Furthermore, the so-called Λ−N correspondence postulates a

6



direct link between the size of the cosmological constant and the dimensionality

of the Hilbert space, and one may ask whether specifying the cosmological

constant alone is sufficient to determine the size of the corresponding Hilbert

space, leading to the so called ”N-bound” [19].

In order to address this question, Bousso, de Wolfe and Myers first

investigated stability of the above class of dSp×Sq solutions under gravitational

perturbations. Then they looked into the total entropy of the stable solutions

in this class, and found some particular cases where the entropy is unbounded.

They therefore found counterexamples of the N-bound and concluded that

knowing the cosmological constant does not always lead to a finite observable

entropy.

While investigating the gravitational stability of these dSp × Sq com-

pactifications, Bousso, de Wolfe and Myers discovered that there are cases in

which such compactifications are unstable to gravitational perturbations, and

posed a question regarding their future. In this work we address and answer

this question by performing numerical simulations of the time evolution of

such unstable compactifications.

In what follows, we first present a summary of the solutions described

in [19] and then discuss their gravitational stability. Furthermore, we intro-

duce a more general solution of the equations of motion that reduces to the

solutions found in [19], and can therefore interpolate between an initial unsta-

ble configuration and a final, stable one. We then present the time evolution

that results from our numerical analysis.
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2.1 Product Spacetimes with Flux

We will consider solutions of the following action:

S =
1

2

∫
dp+qx

√
−g(R− 2Λ− 1

2q!
FP1...PqF

P1...Pq), (2.1)

in units where MP in p+q dimensions has been set equal to 1. The cosmological

constant Λ will be assumed positive. FP1...Pq is a totally antisymmetric tensor

of rank q. Throughout this chapter we adopt the notation that upper case

latin indices run from 1 to p + q, greek indices µ, ν, ... run from 1 to p and

greek indices α, β, ... run from 1 to q. The equations of motion are:

GMN =
1

2(q − 1)!
FMP1...Pq−1F

P1...Pq−1

N − gMN (Λ +
1

4q!
FP1...PqF

P1...Pq), (2.2)

1√
−g

∂M(
√
−gFMP1...Pq−1) = 0. (2.3)

These equations admit a solution that is a product of two spaces, a Lorentzian

and a Riemannian (Sq):

ds2 = −dt2 + a(t)2dp−1x +R2
0dΩq, (2.4)

Rµν =
p− 1

L2
gµν , (2.5)

Rαβ =
q − 1

R2
gαβ, (2.6)

with the field strength Fq proportional to the volume form on Sq:

Fq = c volSq ,

∮
volSq = Rq

0 Ωq. (2.7)
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To be consistent with the notation of [11] we will parametrize the solutions in

terms of

F =
c2

4Λ
. (2.8)

Though F has often in the literature been referred to as the flux, it is clear

from (2.7) that the actual flux, with the normalization given above, is also a

function of the compactification radius R0. With a normalization that makes

the flux radius independent, Fq = c
Rq(t)

volSq , there are actually two static

solutions, instead of one, for some values of c.

The equations of motion for the Lorentzian scale factor, a(t) are:

(p− 1)(p− 2)

2

ȧ2

a2
+

(p− 1)(p− 2)

2

k

a2
= Λ + Λ F − q(q − 1)

2

1

R2
0

, (2.9)

where k = 1, 0,−1 corresponds to closed, flat or open spaces.

The effective cosmological constant of the p dimensional Lorentzian

space , Λp, is given by:

(p− 1)Λp =
p− 1

L2
=

2Λ

p+ q − 2
(1− (q − 1)F) . (2.10)

Since Λ has been chosen positive, the effective cosmological constant will be

positive as long as

0 ≤ F <
1

q − 1
. (2.11)

The radius of Sq is given by:

q − 1

R2
0

=
2Λ

p+ q − 2
(1 + (p− 1)F) . (2.12)
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2.2 Stability under Gravitational Perturbations

In this section we will summarize the results of [20] and [11] to show

the existence of unstable radion modes (i.e. modes that correspond to the

perturbation of the size of the sphere Sq), whose evolution we will study in

the following sections.

2.2.1 Linearized Fluctuations and Gauge Fixing

Linearized fluctuations of the metric are defined by:

δgµν = hµν = Hµν −
1

p− 2
gµνh

α
α, (2.13)

δgµα = hµα, (2.14)

δgαβ = hαβ, (2.15)

where (2.13) reflects the linearized Weyl shift.

Hµν and hαβ can be decomposed into trace and traceless parts:

Hµν = H(µν) +
1

p
gµνH

ρ
ρ , (2.16)

hαβ = h(αβ) +
1

q
gαβh

γ
γ, (2.17)

where gµνH(µν) = gαβh(αβ) = 0.

Gauge fixing is obtained by imposing de Donder gauge conditions:

∇αh(αβ) = ∇αhαµ = 0. (2.18)
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Linearized fluctuations of the form field are defined by:

δAq−1 = aq−1, (2.19)

δFq ≡ fq = daq−1, (2.20)

where Fq = dAq−1.

Since Aq−1 contains gauge degrees of freedom, analogous to the electro-

magnetic gauge potential, we further impose Lorentz-type gauge conditions:

∇αaαβ2...βq−1 = ∇αaαβ2...βq−2µ = ... = ∇αaαµ2...µq−1 = 0. (2.21)

The fluctuations can be expanded in spherical harmonics:

H(µν)(x, y) =
∑
I

HI
(µν)(x)Y I(y), (2.22)

Hµ
µ (x, y) =

∑
I

HI(x)Y I(y), (2.23)

h(αβ)(x, y) =
∑
I

ΦI(x)Y I
(αβ)(y), (2.24)

hαα(x, y) =
∑
I

πI(x)Y I(y), (2.25)

hµα(x, y) =
∑
I

BI
µ(x)Y I

(α(y), (2.26)

aβ1...βq−1 =
∑
I

bI(x)εαβ1...βq−1∇αY
I(y), (2.27)

aµβ2...βq−1 =
∑
I

bIµ(x)εαββ2...βq−1∇[αY
I
β](y), (2.28)

...

aµ1...µq−1 =
∑
I

bIµ1...µq−1
(x)Y I(y), (2.29)
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where I is an index over the possible spherical harmonics of the corresponding

tensor representation.

Any n-form on a compact q-dimensional manifold without boundary

can be represented as a sum of an exact, a co-exact and a harmonic n-form.

Lorentz conditions (2.21) require the exact contribution to vanish, and since

our manifold is a sphere, there are no nontrivial harmonic forms, and therefore

our gauge potentials (2.28) are expanded as co-exact forms, i.e. curls.

For further simplification we also define:

b(x, y) ≡
∑
I

bI(x)Y I(y), (2.30)

bµα(x, y) ≡
∑
I

bIµ(x)Y I
α (y). (2.31)

2.2.2 Linearized Einstein and Form Field Equations

Linearized perturbations of the Ricci tensor are given by:

δRMN =− 1

2
(�x + �y)hMN +∇M∇Nh

P
P −∇M∇PhPN −∇N∇PhPM

− 2RMPQNh
PQ −RP

MhNP −R
p
NhMP ,

(2.32)

where �x ≡ gµν∇µ∇ν , and �y ≡ gαβ∇α∇β.

12



In components, this corresponds to:

δRµν =− 1

2
[(�x + �y)(Hµν −

1

p− 2
gµνh

γ
γ) +∇µ∇ν(H

ρ
ρ −

2

p− 2
hγγ)

−∇µ∇ρ(Hρν −
1

p− 2
gρνh

γ
γ)−∇ν∇ρ(Hρµ −

1

p− 2
gρµh

γ
γ)

− 2Rµρσν(H
ρσ − 1

p− 2
gρσhγγ)−Rρ

µ(Hρν −
1

p− 2
gρνh

γ
γ)

−Rρ
ν(Hρµ −

1

p− 2
gρµh

γ
γ)],

(2.33)

δRµα =− 1

2
[�xhµα −∇µ∇νhνα −Rν

µhνα + �yhµα −Rβ
αhβµ −∇ν

αhνµ

+∇µ∇α(Hρ
ρ −

2

p− 2
hγγ)−∇µ∇βhβα],

(2.34)

δRαβ =− 1

2
[(�x + �y)h(αβ) − 2Rαγδβh

(γδ) −Rγ
αh(γβ) −Rγ

βh(γα)

+
1

q
gαβ(�x + �y)h

γ
γ −

(
2

q
+

2

p− 2

)
∇α∇βh

γ
γ +∇α∇βH

µ
µ

−∇α∇µhµβ −∇β∇µhµα].

(2.35)

We will be using Ricci form of Einstein’s equations, RMN = SMN ,

where SMN ≡ TMN + 1
2−DgMNT

P
P .

Corresponding components on the right hand side of the Einstein’s

equations are given by:

δSµν =
c2(q − 1)

2(D − 2)
hµν +

q(q − 1)c2

2(D − 2)q!
gµνh

αβεαγ2...γqε
γ2...γq
β

− c(q − 1)

D − 2
gµν(f · ε) +

2Λ

D − 2
hµν ,

(2.36)

δSµα =
c

2
∇µ∇αb+

c

2
(�ybµα −Rβ

αbµβ)− c2(q − 1)

2(D − 2)
hµα, (2.37)
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δSαβ =
p− 1

D − 2
gαβ�ycb+

q − 1

R2
h(αβ) −

(q − 1)2

qR2
gαβh

γ
γ, (2.38)

where f · ε ≡ fα1...αqε
α1...αq/q!.

We also expand the equation of motion for the form field (2.3) to linear

order in perturbations and obtain:

∇MfMβ2...βq − cgµνδΓγµνεγβ2...βq − cgγδδΓθγδεθβ2...βq

−c(q − 1)gγδδΓθγβ2
εδθβ3...βq = 0,

(2.39)

∇MfMµβ3...βq − cgγαδΓδγµεαδβ3...βq = 0. (2.40)

2.2.3 Scalar Perturbations

Using the expansion into spherical harmonics, (2.22) - (2.29), we can

obtain equations of motions for particular modes of perturbation. In what

follows we will only be interested in the scalar perturbations, and will therefore

concentrate on the corresponding equations.

From (2.33) and (2.36) we obtain:[(
�x + �y −

2(q − 1)2

R2
0

+
4Λ(p− 2)

D − 2

)
πI + �y

(
HI − 2(D − 2)

q(p− 2)
πI
)

+
2q(p− 1)

D − 2
�ycb

I

]
Y I = 0.

(2.41)

Equations (2.35) and (2.38) yield:(
HI − 2(D − 2)

q(p− 2)
πI
)
∇(α∇β)Y

I = 0. (2.42)
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Finally, from (2.39):

∇α

(
(�x + �y)b

I +
c

2
HI − c(p− 1)

p− 2
πI
)
Y I = 0. (2.43)

Let us first consider the case where no derivatives of spherical harmonics

Y I vanish. Equation (2.42) allows us to eliminate HI in favor of πI :

HI = −2(D − 2)

q(p− 2)
πI , (2.44)

which can be substituted into (2.43):(
(�x + �y)b

I +
c(q − 1)

q
πI
)
Y I = 0. (2.45)

Combining (2.41) with (2.45) gives the coupled system of equations:

L2�x

(
cbI

πI

)
=

(
λ̄I 2

q
(α + (p− 1)(D − 2))

2q(p−1)
D−2

λ̄I λ̄I + 2(p−2)
(D−2)

α + 2(p− 1)2

)(
cbI

πI

)
, (2.46)

where α ≡ 2ΛL2 = 2 Λ
Λp

, and λ̄I is the rescaled eigenvalue of the compact

Laplacian:

−L2�yY
I ≡ λ̄IY I =

(
L2

R2
0

)
λIY I , (2.47)

and for Sq λ takes values k(k + q − 1), k ∈ Z+.

After diagonalization we obtain the mass spectrum for this coupled

system:

m2
±(λ̄)L2 = λ̄+ A±

√
A2 + 4Bλ̄, (2.48)

where

A =
p− 2

D − 2
α− (p− 1)2 =

(p− 1)2(q − 1)

1− (q − 1)F
(F − Fs), (2.49)
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B =
p− 1

D − 2
α− (p− 1)2 =

(p− 1)2(q − 1)

1− (q − 1)F
F, (2.50)

Fs ≡
1

(p− 1)(q − 1)
. (2.51)

Since the dSp solutions exist in the range 0 ≤ F ≤ Fm = 1
q−1

, B is

always positive, and A changes sign at F = Fs.

To identify unstable modes, we need to look for tachyonic modes. The

minimum mass is obtained for:

λ̄min =
4B2 − A2

4B
, (2.52)

for which:

m2
+(λ̄min)L2 = λ̄min + A+ 2B. (2.53)

This is always positive, since λ̄min > 0 and B > 0 imply A + 2B > 0

and 2B − A > 0. On the lower branch:

m2
−(λ̄min)L2 = λ̄min − (2B − A) = −(2B − A)2

4B
, (2.54)

which will lead to some tachyonic modes.

In particular, λ̄ for which m2
−L

2 is negative must be in the range:

0 < λ̄ < λ̄0 ≡ 4B − 2A =
2(p− 1)2(q − 1)

1− (q − 1)F
(F + Fs). (2.55)

We see that if any modes with k ≥ 3 are tachyonic, k = 2 mode has

to be tachyonic as well. We are therefore interested in finding out when is the
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inequality (2.55) satisfied if k = 2. We obtain that this is the case only for

q ≥ 4 and

F > Ft ≡
2

q(q − 3)(p− 1)
. (2.56)

For k = 1, ∇(α∇β)Y
I = 0, and therefore (2.44) can not be used. In that

case we use equation (2.43) to eliminate HI in favor of πI and bI . Substituting

into (2.41) and using that �y = − q
R2 for a sphere Sq, gives:(

�x −
q(2q − 1)

R2
0

)(
πI +

q(p− 1)

(q − 1)(D − 2)
cbI
)

+
4Λ(p− 2)

D − 2
πI = 0, (2.57)

which has the same mass as would be obtained from the upper branch of (2.48)

for k = 1, and is therefore positive.

Finally, for k = 0, all derivatives of Y I vanish, and the only nontrivial

equation is (2.41), which reduces to:(
�x −

2(q − 1)2

R2
0

+
4Λ(p− 2)

D − 2

)
πI = 0. (2.58)

In this case the mass is given by:

m2
0L

2 = 2A. (2.59)

Note that this is on the upper branch only for F > Fs. However, for F < Fs

this mode is tachyonic.

Taking all modes into account, dSp × Sq solutions will be stable only

for:

Fs ≤ F ≤ Ft. (2.60)
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For q = 2 and q = 3 only k = 0 mode is unstable, and therefore compact

S2 and S3 are unstable for F ≤ Ft only.

For q = 4, (2.60) implies stability in the range of flux 1/[3(p − 1)] ≤

F ≤ 1/[2(p− 1)].

For q ≥ 5 it turns out that Ft < Fs, and therefore instabilities occur at

all values of F.

The following table summarizes the regions of stability as a function

of the free dimensionless parameter F and the dimension of the Riemannian

space q as derived in [11].

Table 2.1: dSp × Sq Regions of Stability.

dSp × Sq Minkowski ×Sq
q unstable stable
2 0 ≤ F < 1

(p−1)
1

(p−1)
≤ F < 1 F = 1

3 0 ≤ F < 1
2(p−1)

1
2(p−1)

≤ F < 1
2

F = 1
2

4 0 ≤ F < 1
3(p−1)

, 1
2(p−1)

< F < 1
3

1
3(p−1)

≤ F < 1
2(p−1)

F = 1
3

≥ 5 0 ≤ F < 1
q−1

– F = 1
q−1

Not reflected in the previous table is the fact that the number of un-

stable modes increases as a function of q. For q = 2, and q = 3 there is only

one unstable mode. It corresponds to the radius of Sq. For q ≥ 4 other modes

became tachyonic as well.
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2.3 Evolution of Unstable Spacetimes

There is a broader set of solutions to (2.2) and (2.3) that do not corre-

spond to a product spacetime. They are of the form:

ds2 = −dt2 + a(t)2dp−1x +R(t)2dΩq, (2.61)

Fq =
f

Rq(t)
volSq

∮
volSq = R(t)q Ωq. (2.62)

In this case, the normalization of the differential form Fq is fixed by the equa-

tions of motion.

The corresponding equations of motion are:

q(q − 1)

2R2
(1+ Ṙ2)+

(p− 1)(p− 2)

2

ȧ2

a2
+q(p−1)

Ṙ ȧ

R a
= Λ

(
1 +

β

ΛqR2q

)
, (2.63)

q(q − 1)

2R2
(1 + Ṙ2) +

(p− 2)(p− 3)

2

ȧ2

a2
+ q(p− 2)

Ṙ ȧ

R a
+

+(p− 2)
ä

a
+ q

R̈

R
= Λ

(
1 +

β

ΛqR2q

)
,

(2.64)

(q − 2)(q − 1)

2R2
(1 + Ṙ2) +

(p− 1)(p− 2)

2

ȧ2

a2
+ (q − 1)(p− 1)

Ṙ ȧ

R a
+

+(p− 1)
ä

a
+ (q − 1)

R̈

R
= Λ

(
1− β

ΛqR2q

)
,

(2.65)

where β
Λq

= f2

4Λ
. To lighten these already complicated equations we have made

the assumption that k = 0, the generalization to k = ±1 is straightforward.
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These equations can be reduced into an equation for the breathing

mode of the sphere, often called the radion, R(t):

R̈ =
q + p− 2

p− 2

Ṙ2

R

∓ p− 1

p− 2
Ṙ

√
q(p+ q − 2)

p− 1

Ṙ2

R2
− 2

p− 2

p− 1

[
q(q − 1)

2R2
− Λ

(
1 +

β

ΛqR2q

)]
− dV (R)

dR
,

(2.66)

where the potential

V (R) = − ΛR2

p+ q − 2
+

(p− 1)

(q − 1)(p+ q − 2)

1

(ΛR2)q−1
+ (q − 1) ln(R). (2.67)

The evolution of a(t) is given by:

ȧ

a
= − q

p− 2

Ṙ

R

± 1

p− 2

√
q(p+ q − 2)

p− 1

Ṙ2

R2
− 2

p− 2

p− 1

[
q(q − 1)

2R2
− Λ(1 +

β/Λq

R2q
)

]
.

(2.68)

The initial conditions, i.e. the sign of ȧ
a

at Ṙ = 0, and R equal the radius

of the unstable point, decide which branch of the equations (2.66), (2.68) to

consider.

As long as the flux is nonvanishing and relatively small; 0 < βs, where

βs =
(q − 1)2q−1

p− 1

(
p+ q − 2

2q

)q
, (2.69)

the radion potential will always have two stationary solutions, one stable and

one unstable. There is a solution to the equations of motion that corresponds

to the field R(t) sitting on the maximum. In this case, the geometry factorizes
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Figure 2.1: Potential for the field R(t) as a function of the flux, β, when p = 4
and q = 2.

and corresponds to a dSp×Sq space. There are also solutions that correspond

to R(t) sitting in the minimum. In these cases, the corresponding geometry

also factorizes into the product of the spaces Lp×Sq. The Lorentzian signature

space will be a (A)dS or flat Minkowski depending on the value of β. In

particular, for βm < β < βs, where

βm =
(q − 1)2q−1

2q
, (2.70)

the Lorentzian signature space will also be a de Sitter space.

We are interested in studying the evolution of the unstable solutions

away from the maximum. The equations (2.66), (2.68) will capture such an

evolution provided that R(t) is the only mode excited along the path away

from the maximum. The analysis of [11] proves that this is indeed the only

excited mode around the extrema of the potential, provided that q = 2, 3, for
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Figure 2.2: Value of ȧ2

a2 at the stationary points as a function of the initial
condition β. The upper branch corresponds to the unstable point and the
lower branch corresponds to the stable point. (Case p = 4, q = 2.)

q ≥ 4 there will be other unstable modes. In this work we will restrict our

attention to the first two cases, and leave the analysis of q ≥ 4 to future work.

2.4 Results

In this section we report on the numerical solution of the equations

(2.66), (2.68). An example of the code used in Mathematica for these numerical

simulations can be found in Appendix.

It is useful to distinguish between two cases:

• When the minimum of the potential corresponds to another de Sitter

solution (βm < β < βs)

• When the minimum of the potential corresponds to an Anti de Sitter

solution (0 < β < βm)
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Figure 2.3: Numerical evolution for p = 4, q = 2, β = 0.3. The arrows indicate
the direction of time evolution.

2.4.1 βm < β < βs

Let us choose the initial condition such that ȧ/a > 0, namely, we start

with an expanding de Sitter space. The numerical analysis shows that the

evolution from the unstable dSp×Sq in this case leads either to a decompact-

ification of the compact dimensions, or to another, stable dSp × Sq solution,

see Figure 2.3.

In the case of decompactification, the expansion rate of the radius of

the sphere Sq asymptotes to:

Ṙ

R
=

√
2Λ

(D − 1)(D − 2)
, (2.71)

where D = p+ q.

It is interesting to note that this expansion rate matches the asymptotic

effective Hubble constant for the de Sitter space, i.e. Ṙ/R = ȧ/aas R, a→∞.
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Figure 2.4: Flux β as a function of parameter F, when p = 4 and q = 2.

This agrees with the result found in [21], because this fast evolution erases all

the information about the initial flux.

The other direction of evolution from the unstable dSp×Sq, with these

initial conditions, leads to a stable dSp × Sq solution. The two solutions are

characterized by the same value of β. Namely, for a static solution we have:

β/Λq = FR2q, (2.72)

R2 =
(q − 1)(D − 2)

2Λ[1 + (p− 1)F]
. (2.73)

For a particular value of β we have two static solutions related by:

Ff

Fi
=

(
1 + (p− 1)Ff
1 + (p− 1)Fi

)q
. (2.74)

The stable solution will always have a smaller radius R than the initial, un-
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stable one. The two are related by:

R2
f =

1 + (p− 1)Fi
1 + (p− 1)Ff

R2
i . (2.75)

The effective cosmological constant for the de Sitter is given by (2.10),

and it therefore changes:(
ȧ

a

)2

f

=
1 + (1− q)Ff
1 + (1− q)Fi

(
ȧ

a

)2

i

. (2.76)

In particular, for p = 4 and q = 2 we have:

Ff =
1

9Fi
, (2.77)

R2
f =

2

Λ
−R2

i = 3FiR
2
i , (2.78)

(
ȧ

a

)2

f

=
(9Fi − 1)

9Fi(1− Fi)

(
ȧ

a

)2

i

, (2.79)

Λ4f =
Λ4i − 4

27
Λ

6Λ4i − Λ
Λ. (2.80)

Notice that the final effective cosmological constant can be made very

small compared with the initial. The radius of the internal sphere will, how-

ever, remain within the same order of magnitude of the initial one.
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Figure 2.5: The evolution of effective Hubble rate for p = 4, q = 2. (The
colors match the numerical evolution in Figure 2.3)

Let us compare the entropies of the initial and the final solution:

S(dS4 × S2)f
S(dS4 × S2)i

=
A(dS4)f × V (S2)f
A(dS4)i × V (S2)i

=
(1− Fi)(1 + 3Fi)

(1− Fi)(1 + 3Fi)

= 27(Fi)
2 1− Fi

9Fi − 1
> 1,

(2.81)

as long as, 1
9
< Fi <

1
3
, which corresponds to our initial unstable static solution.

Now let’s look at the situation where the initial conditions are chosen

such that the de Sitter component of the space is initially contracting, ȧ/a < 0

(See Figure 2.6). In this case, the numerical evolution shows that the internal

dimensions necessarily decompactify, while the initial de Sitter dimensions

keep contracting. This result may appear surprising, at first, when the initial

velocity at the unstable point is taken to be negative, i.e. Ṙ < 0. These initial

conditions choose the negative branch in (2.68) and hence the positive branch
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Figure 2.6: Numerical evolution for p = 4, q = 2, β = 0.3

in (2.66). The friction force in (2.66) is then big enough to overcome the force

generated by the potential.

The crunching solution should (2.61) asymptotically become a Kasner

type solution. We did not use this ansatz in the numerical analysis that led

to Figure 2.6.

2.4.2 0 < β < βm

When the flux β is very small, only one of the static solutions corre-

sponds to a de Sitter compactification, the other solution corresponds to an

anti de Sitter space. In this case the numerical solution in both branches

(either initially contracting (Figure 2.7), or expanding (Figure 2.8) de Sitter

phase) leads to a decompactification of the inner space, while the initially de

Sitter components either expand or contract, depending on the initial condi-

27



0.25 0.5 0.75 1 1.25 1.5 1.75 2
R ������

-1

-0.75

-0.5

-0.25

0.25

0.5

R
�

H�0

H�0

Figure 2.7: Numerical evolution for p = 4, q = 2,β = 0.15 or equivalently Anti
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Figure 2.8: Numerical evolution for p = 4, q = 2, β = 0.15 or equivalently
Anti de Sitter minimum.
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tions and the initial direction of the numerical evolution. This is a sensible

result. The classical trajectories studied here cannot connect spaces with dif-

ferent spacial curvatures. Given the ansatz for the metric (2.61) the initial de

Sitter configuration can be either flat or closed while the final anti de Sitter

configuration has to be open.

2.5 Conclusions

In this chapter we have studied the evolution of gravitationally unsta-

ble dSp × Sq compactifications. We have identified an additional static stable

solution that only exists for a certain interval of fluxes. Under certain condi-

tions the evolution leads to this static solution. The other possible final states

correspond to a decompactifying internal sphere, while the de Sitter space may

either expand or contract.

This work answers the question about the fate of these solutions, orig-

inally posed in [19]. A similar analysis, in the absence of flux, was recently

done by Contaldi, Kofman and Peloso [21]. It is unclear to what extent the

lessons learned here translate into more realistic models, e.g. [22, 23]. In

fact, Giddings and Myers [24] have studied these types of models and ar-

gued that positive vacuum energy, together with extra dimensions renders the

four-dimensional spacetime unstable toward decompactification of the extra

dimensions. Our study is purely classical and does not incorporate the effect

of thermal fluctuations or tunneling considered in [24].

After this work was completed, we learned that the time evolution of
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these configurations had already been studied in the past [25, 26]. The goal of

these earlier papers was to use the unstable mode as the inflaton mode. Our

results present a more complete analysis of all the initial conditions and agree

with them when these conditions overlap.
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Chapter 3

Bubble Propagation in Gravitationally

Inhomogeneous Backgrounds

Although propagation of bubbles in homogeneous cosmological back-

grounds has been amply studied [27]-[29], bubble propagation in inhomoge-

neous backgrounds is virtually unexplored [30]. Since tunneling is of great

importance [31, 32] in populating the string landscape [9, 22], the evolution of

a new universe through an old one is a problem that needs a better under-

standing.

One reason for the lack of emphasis on inhomogeneous backgrounds is

the cosmic no-hair conjecture [16, 33], which states that the evolution of an

expanding universe with a cosmological constant will eventually become domi-

nated by the cosmological constant and asymptote to a de Sitter space. In par-

ticular, the cosmic no-hair conjecture implies that inhomogeneous backgrounds

containing a cosmological constant (like the ones constructed on Landscape

vacua) will evolve toward ’ironing out’ such inhomogeneities, and therefore it

would make sense to confine the studies of bubble propagation to homogeneous

backgrounds. To the best of our knowledge, the cosmic no-hair conjecture has

not been unambiguously proven, nor have its hypotheses been clearly stated,
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thus warranting further examination of the problem.

One particular work that stands out in this context is that of Wald

[34], who did a comprehensive study of the late time evolution of anisotropic

but homogeneous spaces with a cosmological constant. In this restricted set-

ting, he was able to define the conditions for the cosmic no-hair conjecture to

be satisfied by taking advantage of the Bianchi classification of homogeneous

anisotropic metrics. Wald studied the time evolution of such metrics when the

energy momentum tensor is the sum of two components: a cosmological con-

stant and a term that satisfies the dominant and strong energy conditions. He

found that, with the exception of the Bianchi IX, all other models asymptote

to a de Sitter space within a time scale of
√

3
Λ

. In the case of the Bianchi

IX models, the future behavior depends on the relative sizes of the cosmo-

logical constant and the spatial curvature. Only when the latter exceeds the

cosmological constant will the time evolution not lead to a de Sitter space.

Inflation is a beautiful solution to the horizon and flatness problems,

but as already remarked in its early years, this is based on the assumption

that the pre-inflationary state of the universe can be described by a homoge-

neous and isotropic Friedmann-Robertson-Walker (FRW) space. Since then,

the question of whether an inflating region can continue to inflate if the ambi-

ent region is inhomogeneous has been explored by several authors for different

pre-inflationary backgrounds. In a set of papers [35–37], Goldwirth and Piran

sought to answer the question of whether a large inhomogeneity in the very

early universe could prevent it from entering a period of inflation. In their
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work, inflation was not driven by a cosmological constant, but by an infla-

ton field. Their analysis is numerical and restricted to an inhomogeneous but

isotropic and closed-universe background. They found that a large initial in-

homogeneity could indeed suppress the onset of inflation, and that the inflaton

field must have a suitable value over a region of several horizon sizes in order

for inflation to start. This last finding raises the issue of an acausal initial con-

ditions, although admittedly the required amount of fine-tuning will be below

the required to explain the current observations in the absence of inflation.

Other numerical simulations disagree with these results claiming that inhomo-

geneous backgrounds will have enough inflation to explain current observations

[38, 39]. Analytical computations that use the long wavelength approximation

seem to confirm that large inhomogeneities of the spatial curvature prevent

the onset of inflation [40–42].

In this chapter we will not be able to conclusively settle this issue once

and for all. Instead, our goal here is to study a particular problem that we

believe captures some of the same physics, by playing local curvature effects

against the might of the cosmological constant. The problem we consider is

the classical evolution of a vacuum bubble in an inhomogeneous background,

containing a cosmological constant and dust.

This background, which we will refer to as the Lemâıtre-Tolman-Bondi

(LTB) spacetime (slightly generalized from the original form to allow for a

positive cosmological constant), will be the simplest possible inhomogeneous

space, spherically symmetric and with only one center [43–45]. The bubble will
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be created in a region of space that is expanding, but will encounter through

its evolution regions of varying curvature. In a nutshell, the problem is that

the critical size for bubble nucleation depends locally on the scale factor. Since

this factor changes as a function of the position of the bubble, it is possible

for a supercritical bubble to become subcritical. Our analysis will be confined

to the evolution of the bubble, it will not address the interesting issue of

tunneling probabilities in inhomogeneous backgrounds. This latter issue has

been partially studied in [46]. Final conclusions can not be reached without

knowing the effect of inhomogeneities on both tunneling transition rates as

well as the bubble propagation.

3.1 Description of the Background on which the Bubble
Propagates

A propagating bubble divides the space-time into three regions: out-

side, shell and inside. To give a proper description of this space-time in general

relativity we will make use of the junction conditions, first presented by Israel

[27] and extensively used since then by many authors. In particular, we will

follow the implementation of this formalism developed by Berezin, Kuzmin

and Tkachev [28].

The model we will study consists of a bubble of true vacuum propagat-

ing on a metastable vacuum whose energy-momentum tensor contains a higher

cosmological constant and dust. In addition, we will assume that this outer

space-time is asymptotically flat. The bubble is assumed to be a thin-shell,
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with a perfect-fluid energy-momentum tensor whose equation of state will be

allowed to vary. The true vacuum will be assumed homogeneous and isotropic

while the outside background will be assumed to be spherically symmetric

about one point in space.

The line element of the outside region [47] is:

ds2 = −dt2 +
[a(t, r) + ra′(t, r)]2

1− r2

R2(r)

dr2 + a2(t, r)r2dΩ2. (3.1)

The expansion parameter a(t, r) is both a function of time and of the radial

coordinate r. Partial derivatives with respect to the radial coordinate will

be represented by a prime and partial derivatives with respect to time will

be represented by a dot. The function R(r) is an arbitrary function of the

radial coordinate only and will be taken to be positive everywhere. This form

of the outside metric allows us to investigate the effects of inhomogeneous

backgrounds on the evolution of a bubble by making different choices of R(r).

Because it is our prejudice that curvature will interfere with the expansion

of the bubble, when its value is comparable to the cosmological constant, we

will particularly investigate R(r) such that the curvature tends to zero for

large radii but for small radius can overwhelm the effect of the cosmological

constant.

The equations of motion for the expansion factor and the dust density

d(t, r), in units where 8πG = 1, are:

ȧ2(t, r)

a2(t, r)
+

1

a2(t, r)R2(r)
=

A

a3(t, r)
+

Λout

3
, (3.2)

1

3
d(t, r)a2(t, r)(a(t, r) + ra′(t, r)) = A. (3.3)
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A is a constant. These equations reduce to the familiar Friedmann-Robertson-

Walker equations in the limit where R(r) is independent of the radial coordi-

nate.

Besides choosing R(r) the solution to the equations of motion will in-

volve the choice of a(t0, r). To simplify our computations we will choose this

function to be independent of the radial coordinate r.

The bubble will be assumed to be a thin-shell (described by a hyper-

surface Σ) and spherically symmetric. Its energy momentum tensor will be

assumed to be of a perfect-fluid type: S0
0 = σ, S2

2 = S3
3 = P , P = wσ, and

with the metric:

ds2|Σ = −dτ 2 + ρ2(τ)dΩ2. (3.4)

The interior of the bubble will be assumed homogeneous and described by

ds2 = −dT 2 + b2(T )

(
dz2

1 + z2
+ z2dΩ2

)
, (3.5)

with the following equation of motion for the scale factor:(
db

dT

)2

=

(
Λin

3

)
b2(T )− 1. (3.6)

We are assuming the inner space-time of the bubble to be open as derived

from a tunneling process [48].

3.2 Junction Conditions

Israel junction conditions connect the three portions of the spacetime.

The first condition requires that the metric be a continuous function at the
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junction. In terms of the coordinates of the outside(inside) region, the position

of the hypersurface Σ will be given by r = x(t) and z = Z(T ), respectively.

The continuity of the metric at Σ requires:

ρ(τ) = a(t, x(t))x(t) = b(T )Z(T ), (3.7)

dτ =

√
1− b2(T )

1 + Z2(T )

(
dZ

dT

)2

dT, (3.8)

dt =

√
1− x2/R2√

−ẋ2(ax),2x + 1− x2/R2

dτ, (3.9)

where (ax),x ≡ (a′(t, r)r + a(t, r))|r=x(t).

We will outline the derivation of the second junction condition, detailed

in [28]. Once the continuous matching of the metrics is carried out, the metric

on the whole manifold can be written in a general form:

ds2 = dn2 + γij(x, n)dxidxj, (3.10)

where the junction surface Σ is given by n = 0. We now apply Einstein

equations using thin-wall approximation. The Einstein equations on the shell

take the form:

(Γnij − γijΓnklγkl)+ − (Γnij − γijΓnklγkl)− = Sij, (3.11)

where Sij is the surface stress-energy tensor on the shell, + denotes the outer

region, − the inner region, and we’re using 8πG = 1. The outer curvature
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tensor of the surface Σ is defined by:

Kij ≡ −Nij = Γnij, (3.12)

where N is the unit vector normal to the surface Σ. (3.11) can now be rewritten

as:

[Kj
i ]− δ

j
i [K

l
l ] = Sji , (3.13)

where

[Kj
i ] ≡ Kj+

i −K
j−
i (3.14)

is the discontinuity of the outer curvature tensor.

Using this notation, the other components of the Einstein equation

yield:

Sji |j + [T ni ] = 0, (3.15)

and

{Ki
j}S

j
i + [T nn ] = 0, (3.16)

where the vertical bar denotes covariant differentiation with respect to the

metric on Σ, and

{Ki
j} ≡

1

2
(Ki+

j +Ki−
j ). (3.17)

In the particular case of a spherical shell, which is our case of interest,

we obtain from (3.13):

S0
0 = 2[K2

2 ], (3.18)

and

S2
2 = [K0

0 ] + [K2
2 ]. (3.19)
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Similarly, equations (3.15) and (3.16) now become:

dS0
0

dτ
+

2

ρ

dρ

dτ
(S0

0 − S2
2) + [T n0 ] = 0, (3.20)

and

{K0
0}S0

0 + 2{K2
2}S2

2 + [T nn ] = 0, (3.21)

where we assume that the metric on the shell takes the form (3.5).

Berezin et al. [28] derive the general expressions for the components of

the outside curvature tensor:

K0
0 = − γ

(ρ̇2 −∆)1/2

[
ρ̈+

1 + ∆

2ρ
− ρ

2
T nn

]
, (3.22)

K2
2 = −γ

ρ
(ρ̇2 −∆)1/2, (3.23)

where

∆ = gαβρ,αρ,β , (3.24)

γ = +1 when the radius is increasing in the direction of the outer normal to

the surface Σ, and γ = −1 if the radius is decreasing. We can now see that

equation (3.16) is a linear combination of equations (3.18) and (3.19).

To fully specify the dynamics, we not only need the dynamical equa-

tions but also the equation of state. Determining the relationship between σ

and P on the shell from first principles is a difficult problem that requires a

field-theoretic model for matter on either side. In the absence of a detailed un-

derstanding of this phase transition we will confine our study to perfect-fluid

shells (S0
0 = σ, S2

2 = S3
3 = P , P = wσ), and explore various values of w.
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We are now left with the system of equations:

σ = 2 [K2
2], (3.25)

−P = [K0
0] + [K2

2], (3.26)

dσ

dτ
= −2

ρ

dρ

dτ
(σ + P )− [T0

n]. (3.27)

The equations (3.25)-(3.27) are not independent, the latter is an inte-

grability condition of the first two.

Using (3.22), (3.23), we obtain the outer curvature tensors for the out-

side and inside metric, as defined by (3.4) and (3.5).

Outside Metric:

K2
2 = −γout

ρ
(ρ̇2 −∆out)

1/2, where ∆out = −1 + ρ2

(
Λout

3
+
A

a3

)
,

K0
0 = − γout√

ρ̇2 −∆out

(
ρ̈+ ρ

(
−Λout

3
+

A

2a3

)
+
ρ

2

d(t, r) ẋ2 (ax),2x
(−ẋ2(ax),2x + 1− x2/R2)

)
,

T0
n = − ẋ (ax),x

(−ẋ2(ax),2x + 1− x2/R2)
d(t, x)

√
1− x2/R2. (3.28)

γout = +1 when the radius of the outside region is increasing in the outward

direction normal to the surface Σ, and γout = −1 if the radius is decreasing.
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Inside Metric:

K2
2 = −γin

ρ
(ρ̇2 −∆in)1/2, where ∆in = −1 + ρ2 Λin

3
,

K0
0 = − γin√

ρ̇2 −∆in

(
ρ̈− ρΛin

3

)
,

T0
n = 0. (3.29)

γin = +1 when the radius of the inside region is increasing in the outward

direction normal to the surface Σ, and γin = −1 if the radius is decreasing.

Taking all this into account, we will study the evolution of the bubble

by solving (3.25) and (3.27) simultaneously. In the absence of dust these

equations can be written only in terms of ρ(τ), but this is no longer possible

when dust is included.

Indeed, the equation (3.25) can be written as:

ρ̇2 = −1 +B2ρ2, (3.30)

where

B2 =
Λin

3
+

(
σ

4
+

1

σ

(
Λout − Λin

3
+
A

a3

))
. (3.31)

When solving (3.30) and (3.27) there is an additional point that we

need to consider. Using the definition of outer curvature tensors given above,

(3.25) can be written as:

∆out −∆in =
ρ2σ2

4
+ γoutρσ(ρ̇2 −∆out)

1/2. (3.32)

41



Assuming σ > 0, which is our case of interest, we obtain the conditions:

∆out −∆in >
ρ2σ2

4
if γout = +1, (3.33)

∆out −∆in <
ρ2σ2

4
if γout = −1. (3.34)

Furthermore, defining:

ξ ≡ 4(∆out −∆in)

ρ2σ2
, (3.35)

and using (3.25), the following relationship holds:

γin | ξ + 1 | −γout | ξ − 1 |= 2. (3.36)

Depending on the outer and inner geometry, and given the energy den-

sities both inside and outside the bubble, there will only be a certain range of

possible values for the energy density σ on the surface of the bubble consistent

with (3.36).

3.3 Bubble Expansion in a Homogeneous Background

The study of the bubble evolution can be done in different sets of coor-

dinates. The problem of interest is most conveniently analyzed in the coordi-

nates of the outside background when dust is present. To familiarize ourselves

with these coordinates we will devote this section to analyze a simpler prob-

lem. The simplification will come from restricting the outside background to

be homogeneous (R(r) = const). First, we will redo the well studied motion

of a vacuum shell in a cosmological constant background. Then we will add a

dust energy density to the cosmological constant.
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3.3.1 Homogeneous Background without Matter

The Israel junction conditions (3.25)-(3.27) tell us that it is consistent

to have a vacuum shell (surface energy is constant and w = −1) in a transition

that separates two de Sitter spaces with different values of the cosmological

constant.

In terms of the intrinsic bubble coordinates, the equation (3.30) can be

easily solved:

ρ(τ) =
1

B
coshBτ, (3.37)

where in this case:

B2 =
Λin

3
+

(
σ

4
+

Λout − Λin

3σ

)2

, (3.38)

regardless of the curvature of the outside background. The effect of this cur-

vature only becomes manifest when we express the motion of the bubble in

terms of the outside coordinates. In these coordinates the evolution of the

position of the bubble is given by:

dx

dt
=
−(1− x2

R2 )
√

(Λ
3
− 1

a2R2 )±
√

(B2a2x2 − 1)(B2 − Λ
3
)(1− x2

R2 )

a2x(B2 − 1
a2R2 )

, (3.39)

where the further assumption that Λin = 0 and Λout = Λ has been made.

The evolution of the scale factor is given by:

ȧ2

a2
+

1

a2R2
=

Λ

3
. (3.40)
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For times t >> 1
H

=
√

3/Λ, (3.39) and (3.40) reveal the following

asymptotic behavior:

a(t) → 1

2HR
eHt, when a(0) =

1

HR
,

x(t) → R sin

(
C

R

)
−O(e−Ht), if R > 0 and finite,

x(t) → constant +O(e−HT ), if R→∞. (3.41)

Asymptotically the difference between the case with and without cur-

vature is encoded in the dependence on a(0). A space with positive curvature

only makes sense if a(0) ≥ 1
RH

. Once the initial value exceeds this critical

value the space expands forever. The effect of the curvature becomes even-

tually negligible. Thus it is not surprising that the evolution of the bubble

is similar in both instances. There is a difference in the possible asymptotic

value that x can take; in the positive curvature case x always has to remain

below R. The rate of the expansion is asymptotically given by B in the shell

coordinates and by H in the outside coordinates.

In terms of the inside coordinates the motion of the bubble is given by:

Z(T ) =
1

B

√
1 +B2(T − T0)2. (3.42)

This expression can be derived from (3.7) and (3.8) assuming that b(T0) = 1,

which is a good assumption when Λin = 0. T0 is the inside time at which the
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bubble is created. For late times the bubble propagates at the speed of light

as expected [48].

Ultimately, we are always interested in the motion of the bubble as

viewed by the observer inside the bubble. The moral of this example is that

the motion, as viewed by the inside observer, is the same regardless of the

amount of curvature outside the bubble.

The effects of curvature on the bubble propagation, as seen by the

outside observer, are illustrated in Figures 3.1, 3.2 and 3.3. To simulate these

evolutions we have chosen the following values for the parameters, in units of

8πG = 1:

Λ = 3× 10−5,

ainit = 5,

γout = γin = +1,

σinit = 10−3. (3.43)

These values can’t all be chosen independently since they have to satisfy the

condition (3.36) that yields:

σ ≤ 2

√
Λ

3
= 6.3× 10−3. (3.44)

Also, from the equation (3.39) the lower and the upper bound on x are:

1

aB
≤ x ≤ R. (3.45)
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We have chosen the initial size of the bubble in accordance with this range.

An example of the Wolfram Mathematica code used to generate the plots can

be found in Appendix B.

Figure 3.1: Time evolution of the bubble in the outside coordinates, x[t], for
several initial sizes, xinit = 20, 55, 90. The background is assumed homoge-
neous (R = 100) and without matter.

In particular, Figure 3.1 shows the evolution of the bubble in the outside

coordinates for various initial sizes. Note that the maximum size of the bubble

in these coordinates corresponds to the limit x = R.

Figure 3.2 shows the effects of curvature on bubble propagation by

comparing evolutions of bubbles with the same initial size xinit, but in different

curvature backgrounds. We see that more curvature corresponds to a slower

evolution of the bubble in the outside coordinates; however, the corresponding
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Figure 3.2: Time evolution of the bubble in the outside coordinates, x[t],
in homogeneous backgrounds without matter. Colors correspond to different
choices of R; R = 100 red, R = 150 green, R =∞ blue.

Figure 3.3: Time evolution of the bubble in the coordinates of the bubble,
ρ[τ ], in homogeneous backgrounds without matter (same as in Figure 3.2).
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bubble evolution ρ[τ ] in the bubble coordinates is exactly the same, irrespective

of the amount of background curvature, and it is shown in Figure 3.3.

In addition, one might wonder what would happen if we did not assume

the bubble to be a vacuum bubble, namely if w 6= −1. Then the evolution of

the energy density σ on the bubble is governed by (3.27). In the absence of

dust on the outside the solution to this equation is:

σ =
ξ

ρ2(1+w)
, (3.46)

where ξ is a constant. When substituting this solution on (3.25) we obtain the

following equation for ρ(τ)

ρ̇2 = −1 +

(
ξ

4ρ(1+2w)
+

Λ

3ξ
ρ3+2w

)2

. (3.47)

For ρ large, the solution to this equation takes the form:

ρ(τ) ∼ ρ(τ0)[
1− (1 + 2w) Λ

3ξ
ρ(τ0)1+2w(τ − τ0)

]1/(1+2w)
. (3.48)

This analysis of the asymptotic behavior is also captured in the results

plotted in Figures 3.4 and 3.5.

Figure 3.6 depicts the corresponding bubble evolution in the outside

coordinates, x[t]. We see that for bigger w, x[t] grows faster. This can be

understood from equations (3.38) and (3.39). As σ goes to zero, B rapidly

grows, which in turn leads to the greater contribution of the second, positive

term, over the first, negative term in the evolution of x[t].
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Figure 3.4: Time evolution of the surface energy density σ[t] on the bubble.
The background is assumed homogeneous (R = 100) and without matter.
Colors correspond to different equations of state; w = 1/3 red, w = 0 yellow,
w = −1/3 green, w = −1 blue.

Figure 3.5: Time evolution of the bubble in the coordinates of the bubble,
ρ[τ ]. The background is assumed homogeneous (R = 100) and without matter.
Colors correspond to different equations of state; w = 1/3 red, w = 0 yellow,
w = −1/3 green, w = −1 blue.
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Figure 3.6: Time evolution of the bubble in the outside coordinates, x[t].
The background is assumed homogeneous (R = 100) and without matter.
xinit = 20. Colors correspond to different equations of state; w = 1/3 red,
w = 0 yellow, w = −1/3 green, w = −1 blue.

3.3.2 Homogeneous Background with Matter

To study the evolution of the bubble in a space that might contract we

have to modify the outside energy density. One option is to introduce matter.

In this instance the evolution of the scale parameter is given by

ȧ2 +
1

R2
− Λ

3
a2 − A

a
= 0. (3.49)

If A ≤ 1
R3

√
4

9Λ
and a(0) is small enough, the expansion of the universe

will reverse into contraction. It is interesting to study the evolution of bubbles

in different cases.

With this new form of outside energy density, however, it is no longer

consistent with the matching conditions to have a constant surface energy
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density on the bubble, not even when σ + P = 0. The evolution will be given

by the equations:

dx

dt
=
−
(

1− x2

R2

)
ȧ
a
±
√(

1− x2

R2

)
(a2B2x2 − 1)

(
B2 −

(
Λ
3

+ A
a3

))
xa2(B2 − 1

a2R2 )
,(3.50)

dσ

dt
= −2

(
ȧ

a
+
ẋ

x

)
(σ + P ) +

ẋ√
−ẋ2a2 + 1− x2

R2

3A

a2
, (3.51)

B =
σ

4
+

1

σ

(
Λ

3
+
A

a3

)
. (3.52)

As in the previous section, in order to solve these equations an as-

sumption about the equation of state on the bubble is needed. We make the

assumption that the shell is made of a perfect fluid with equation of state

P = w σ, and explore several values for w. For the dust energy to be compa-

rable to the cosmological constant at early times, we choose

A = 10−4, (3.53)

in Planck units. The critical curvature which is the minimal curvature needed

for the space to turn around and eventually collapse is given by:

Rcr =

(
9ΛA2

4

)−1/6

= 107. (3.54)

The position of the maximum of the potential V [a] is given by:

amax =

(
3A

2Λ

)1/3

= 1.7. (3.55)
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In our simulations we choose the initial value of the scale factor a to be ainit =

a(0) = 1.

The outside background geometry will be completely specified once we

choose the amount of curvature. We will consider several cases.

3.3.2.1 R > Rcr

For R > Rcr the universe will always expand. If at the instant the

bubble is created a(0) is to the left of the maximum of the potential, then

the universe will experience a period of slower growth until it eventually goes

over the maximum and the expansion becomes dominated by the cosmological

constant.

We will now investigate bubble propagation on such background. We

are again assuming that the inside region has zero energy density, and that

γout = γin = +1. In this case, the condition (3.36) yields:

σ ≤ 2

√
Λ

3
+
A

a3
. (3.56)

This constraint will be the strongest as a → ∞, when, as is the case without

matter, it reduces to:

σ ≤ 6.3× 10−3. (3.57)

Once again, we choose:

σinit = 10−3, (3.58)

where σinit is given in Planck units. The initial size of the bubble is taken in

accordance with the range (3.45).
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We will compare the evolution for several equations of state on the

surface of the bubble. Decreasing R (and therefore increasing the curvature

of the space) will have the effect of slowing down the evolution, as long as

R > Rcr.

First let us consider the case with very little curvature, R = 500. Figure

3.7 shows the time evolution of bubbles of several initial sizes in the outside

coordinates. In most cases bubbles grow without reaching the upper bound,

x = R. Smaller w slows down the expansion rate, and in particular, the choice

of w = −1 soon leads to a contracting bubble in the outside coordinates.

Depending on the initial size of the bubble, w = −1 bubbles either reach the

lower bound, x = 1
aB

, which results in the breakdown of the simulation, or

eventually stabilize and stop contracting.

Time evolution in the coordinates on the bubble (Figure 3.8) reveals

behavior similar to the case without matter. Namely, for the bubbles that

do survive, the evolution is slower than in the case without matter, but the

overall qualitative behavior stays the same.

Next we turn to the case with more curvature, but still such that R >

Rcr. From Figure 3.9 we see that in most cases bubbles again grow, but

now they asymptote to the upper bound, x = R. The corresponding bubble

evolution in the coordinates on the bubble is shown in Figure 3.10. The

overall effect of more curvature is a further slowdown in the time evolution of

the bubbles.
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Figure 3.7: Time evolution of the bubble in the outside coordinates, x[t], for
several initial sizes, xinit = 10, 50, 100. The background contains homogeneous
curvature (R = 500) and matter (A = 10−4). Colors correspond to different
equations of state; w = 1/3 red, w = 0 yellow, w = −1/3 green, w = −1 blue.

Figure 3.8: Time evolution of the bubble in the bubble coordinates, ρ[t], for the
same background conditions as in Figure 3.7. Colors correspond to different
equations of state; w = 1/3 red, w = 0 yellow, w = −1/3 green, w = −1 blue.
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Figure 3.9: Time evolution of the bubble in the outside coordinates, x[t], for
several initial sizes, xinit = 10, 50, 100. The background contains homogeneous
curvature (R = 120) and matter (A = 10−4). Colors correspond to different
equations of state; w = 1/3 red, w = 0 yellow, w = −1/3 green, w = −1 blue.

Figure 3.10: Time evolution of the bubble in the bubble coordinates, ρ[t],
for the same background conditions as in Figure 3.9. Colors correspond to
different equations of state; w = 1/3 red, w = 0 yellow, w = −1/3 green,
w = −1 blue.
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3.3.2.2 R < Rcr

For curvature greater than the critical value (i.e. R < Rcr) the space

will eventually collapse. To investigate this case we choose R = 100. The

evolution of the scale factor is shown in Figure 3.11.

Figure 3.11: Time evolution of the scale factor a[t] for R = 100. (Λ = 3 ×
10−5, A = 10−4.)

In the outside coordinates, the time evolution of most bubbles will once

again lead to the upper bound, x = R (Figure 3.12). Bubbles with w = −1

contract and hit the lower bound x = 1
aB

, which stops their further evolution.

Figure 3.13 reveals corresponding behavior in the coordinates on the

bubble. Bubbles which do not hit the bound x = 1
aB

eventually collapse along

with the collapse of the space itself.
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Figure 3.12: Time evolution of the bubble in the outside coordinates, x[t], for
crunching background (Figure 3.11). xinit = 10. R = 100. Colors correspond
to different equations of state: w = 1/3 red, w = 0 blue.

Figure 3.13: Time evolution of the bubble in the bubble coordinates, ρ[t], for
crunching background (Figure 3.11). xinit = 10. R = 100. Colors correspond
to different equations of state; w = 1/3 red, w = 0 blue.
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3.4 Bubble Expansion in Inhomogeneous Background

3.4.1 Generating a Curvature Profile

In order to generate an inhomogeneous curvature profile, we choose:

R(r) = (αr + βRcr)

(
1± 1

γ + (δ − r)2

)
. (3.59)

α > 0 ensures that as r −→∞ we have an asymptotically flat space. Choosing

β > 1 will allow us to generate a sharp drop in the function R(r), for the cases

where the minus sign is chosen. The position and the width of the extremum

will be regulated by the parameter δ, and the depth/height by γ. Since we do

not want our space to crunch anywhere, we will require R(r) > Rcr for all r.

Furthermore, we want to make sure to satisfy the weak energy condi-

tion, namely that the matter density stays positive:

d(t, r) =
3A

a2(t, r)(a(t, r) + ra′(t, r))
. (3.60)

Since A is positive definite, this gives us a condition:

a(t, r) + ra′(t, r) > 0. (3.61)

This means that a(r) should nowhere fall faster than 1/r.

3.4.2 Examples

As an example, we first choose the minus sign in R(r), with α = 0.1,

β = 3 and δ = 20. In order for R to stay above Rcr, in this case we need

γ > 1.5. In addition, numerical simulations show that to satisfy the weak
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energy condition, γ ≥ 2.9, and since we’d like to investigate the sharpest

possible profile, we choose γ = 2.9. Therefore, our R(r) takes the form:

R(r) = (0.1r + 3Rcr)

(
1− 1

2.9 + (20− r)2

)
. (3.62)

This choice of the function R(r) generates a profile in the evolution of

the scale factor a(r, t), as shown in Figure 3.14. We will compare evolution of a

bubble in such background with evolution in a curvature background without

a profile, namely, R(r) = (0.1r+ 3Rcr). The two choices of R(r) are shown in

Figure 3.15.

Figure 3.14: a(r, t) as a consequence of the profile (3.62), depicted in red in
Figure 3.15.

The resulting bubble evolutions are shown in Figures 3.16 and 3.17.

We see that even though in the outside coordinates bubble evolution is greatly

affected by the curvature profile, such effect is absent for the bubble evolution

in the coordinates on the bubble.
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Figure 3.15: First example of an inhomogeneous background: Two choices of
R(r).

For comparison, we will also choose R(r) with the plus sign, and α =

0.1, β = 2,γ = 0.7 and δ = 20:

R(r) = (0.1r + 2Rcr)

(
1 +

1

0.7 + (20− r)2

)
. (3.63)

This results in a profile for a(r, t) shown in Figure 3.18. We will compare the

effects of this profile with a nearly constant curvature, shown in Figure 3.19.

The corresponding bubble evolution is shown in Figures 3.20 and 3.21.
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Figure 3.16: Evolution of bubbles in outside coordinates, x(t), for two curva-
ture profiles shown in Figure 3.15.

Figure 3.17: Evolution of bubbles in bubble coordinates, ρ(τ), for two curva-
ture profiles shown in Figure 3.15.
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Figure 3.18: a(r, t) as a consequence of the profile (3.63), depicted in red in
Figure 3.19.

Figure 3.19: Second example of an inhomogeneous background: Two choices
of R(r).
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Figure 3.20: Evolution of bubbles in outside coordinates, x(t), for two curva-
ture profiles shown in Figure 3.19.

Figure 3.21: Evolution of bubbles in bubble coordinates, ρ(τ), for two curva-
ture profiles shown in Figure 3.19.
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3.5 Conclusions

We have investigated the propagation of vacuum bubbles on different

backgrounds, always including a cosmological constant. We find that the ef-

fects of curvature can significantly change the propagation of a bubble from

the point of view of the outside coordinates. However, this is not the case when

the evolution is studied in terms of the more physically relevant coordinates

on the shell, or its interior.

Namely, for cases without matter, we find that the evolution of a bubble

in the coordinates on the bubble is completely unaffected by the curvature of

the background. Once we introduce matter in the equations, we find that more

curvature will lead to a slower time evolution of the bubble in the coordinates

on the bubble, but the functional form remains the same. Furthermore, we

looked at several equations of state on the bubble and found that greater the

w, faster the bubble evolution is. In particular, for w = 1/3, 0,−1/3 bubble

expansion diverges from the point of view of the bubble coordinates. In the

presence of matter we also observe that some bubbles, with an equation of

state close to w = −1, disappear.

In addition, for the examples of inhomogeneous curvature background

studied, effects of inhomogeneity are negligible from the point of view of the

observer on the bubble. It is important to note, however, that the weak

energy condition (3.61) considerably restricts the sharpness of the allowed

inhomogeneity profiles.
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Chapter 4

The Energy Density of ”Wound” Fields in a

Toroidal Universe

In this chapter we present a model for a novel type of contribution

to the present energy density of the universe which redshifts like 1/a2 and

contributes to the present energy density at the level of roughly one percent.

We assume a flat universe with the spatial topology of a torus. The

physical size of the torus at the onset of inflation is such that the minimum

amount of inflation, needed to solve the horizon and flatness problems, leads

to the lower bound on the present size of a toroidal universe, obtained by

the search for ”circles in the sky” [49]. Other bounds on the topology of the

universe are available from the CMB fluctuations [50], as well as from galactic

methods [51, 52].

In addition to the inflaton and conventional low energy states, we as-

sume that the matter content has at least three massless angle-valued fields, θi,

similar to axions. One crucial assumption will be the existence of a non-trivial

topological configuration for these fields.

The model will lead to the existence of a component in the energy

density that scales like 1/a2, and in the Friedmann equation mimics a negative
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spatial curvature term. However, unlike the curvature term, it does not modify

the relation between the angular and the radial distance from what it is in flat

space [53].

The motivation for this model comes from the fact that the present

data, as best we can tell, does not exclude a contribution of a percent or so

to the present energy density that could arise from such a construction, and

therefore warrants some exploration.

We will begin by clearly stating the various assumptions and then de-

scribe how they can lead to a contribution of the order of a percent to the

total energy density of the present universe.

4.1 Setup of the Model

In this section we will present the setup of fields which will lead to a

component of the energy density of the universe scaling like 1/a2.

Our first assumption is that the universe is spatially flat with the topol-

ogy of a torus. For simplicity, we will take the torus to be a cube with opposite

sides identified. The coordinate distance between opposite sides of the cube is

L. We will denote the three cycles of the torus by:

xi =
L

2π
χi, (4.1)

where the χi are angles.

We will also assume the existence of three minimally coupled scalar

fields, ϕi where i = 1, 2, 3 which span a torus in field space. The three cycles
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of the field-space torus have linear sizes fi:

ϕi =
fi
2π
θi, (4.2)

where the θi are angle valued fields, and the ”decay constants” fi are tunable

parameters (like L).

These scalar fields are assumed to couple to matter through their deriva-

tives1 and that no potential is generated for these fields, i.e. the Lagrangian

and the quantum dynamics that it generates, is invariant under the following

transformations:

θi → θi + ci, (4.3)

where ci are (space-time independent) constants. These scalars can be thought

of as massless axions.

We want to briefly address the question of whether these massless

scalars could generate long range forces that would rule them out experimen-

tally. A simple answer to such concern would be to require that they do not

couple directly to the low energy degrees of freedom, except through gravity.

The equations of motion for the scalar fields in a Friedmann-Robertson-

Walker (FRW) flat universe are:

θ̈i + 3
ȧ

a
θ̇i −

∇2θi
a2

= 0, (4.4)

1The assumption that the ϕi are minimally coupled scalars ensures that the gravitational
coupling of these scalars to matter is also through derivatives.
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where the FRW metric we use is:

ds2 = −dt2 + a2(t)δijdx
idxj. (4.5)

Next, we choose as solution of equations (4.4) a topologically non-trivial

configuration for the scalar fields:

θi = wiχi, (4.6)

where wi corresponds to a winding number for each angular field around its

respective cycle.

Now let us turn to the consequences of this setup.

4.2 Tµν and the Isotropy of the Microwave Background

The components of the energy-momentum tensor, Tµν , associated with

this solution are:

T
(i)
00 =

1

2

(
fiwi
Lia

)2

, (4.7)

T
(i)
ii =

1

2

(
fiwi
Li

)2

, (4.8)

T
(i)
jj = −1

2

(
fiwi
Li

)2

, (4.9)

where i, j = 1, 2, 3 and j 6= i.

We see that if one allows for different values for the ”decay constants”,

fi, in order to respect the stringent limit of one part in 105 on the isotropy
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of the microwave background, the sizes, Li, of the cycles of the spatial torus

must satisfy:

L1

w1f1

=
L2

w2f2

=
L3

w3f3

. (4.10)

Since we decided for simplicity to choose the spatial topology of the

universe to be a torus with three cycles of same size, from now on we will

assume that our scalar fields have the same ”decay constants” f1 = f2 = f3 = f

and winding numbers w1 = w2 = w3 = w. This very special choice of a

background solution for the θi, will ensure that we comply with the isotropy

of the microwave background.

4.3 Contribution to the Energy Density

With the above assumptions, we see from (4.7) that the energy density,

ρw, stored in this configuration of scalar fields is:

ρw =
∇iϕj∇iϕj

2a2
=

3w2f 2

2L2a2
. (4.11)

The same dependence of the energy density on the scale factor can be

obtained for an ideal fluid with the following equation of state:

P = −1

3
ρ. (4.12)

Namely, the energy conservation law for the FRW metric gives:

dρ

dt
+

3ȧ

a
(p+ ρ) = 0, (4.13)
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which, assuming an equation of state of an ideal fluid, p = αρ, gives:

ρ ∝ a−3−3α. (4.14)

Therefore, our case corresponds to α = −1/3.

It is interesting to note that this equation lies at the boundary between

equations of state that lead to an accelerating universe and the ones that lead

to the decelerating one. We can see that from the Friedmann equation, which

governs the expansion of the universe and, like the energy conservation law

(4.13), can be obtained from the Einstein equations.

ȧ2 +K =
8πGρa2

3
(4.15)

Solving the Friedmann equation, (4.15), in the case K = 0 and assuming ideal

fluid gives:

a ∝t
2
3

1
1+α for α 6= −1,

a ∝ exp(Ht) for α = −1,
(4.16)

where H is the Hubble constant, given by:

H =

√
8πGρV

3
, (4.17)

and ρV is the vacuum energy density, ρV = 8πGΛ.

For α = −1/3 this corresponds to a ∝ t. However, we will see that

in our model the energy stored in the ”wound” scalar fields has never been

the dominant component of the energy density of the universe. Therefore that
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component of the energy density does not affect the leading characteristics of

the expansion of the universe.

Even though this energy density redshifts like the spatial curvature

contribution to the Friedmann equation, it does not alter the relation between

angular and radial distances from their flat space behavior [53].

In particular, the luminosity distance, which is a common observable

parameter, is defined as:

dL ≡
(
L

4πl

)1/2

, (4.18)

where L is the absolute luminosity, and l is the apparent luminosity, corre-

sponding to the power received per unit area of the mirror.

Since the apparent luminosity of a source at radial coordinate r with a

redshift z is given by [54]:

l =
L

4πr2a2(t0)(1 + z)2
, (4.19)

where subscript 0 denotes present quantities, it follows that:

dL = a(t0)r(1 + z). (4.20)

A light ray which leaves a distant source from a radial coordinate r at

time t1 will arrive to us at time t0 given by:∫ t0

t1

dt

a(t)
=

∫ r

0

dr√
1−Kr2

. (4.21)

We will use the standard definitions of the fractions ΩΛ, ΩM and ΩR

of the critical energy density, such that the present energy densities in the

71



vacuum, non-relativistic matter and relativistic matter are:

ρV ≡
3H2

0 ΩΛ

8πG
, (4.22)

ρM ≡
3H2

0 ΩM

8πG
, (4.23)

ρR ≡
3H2

0 ΩR

8πG
, (4.24)

and, using (4.15):

ΩΛ + ΩM + ΩR + ΩK = 1, (4.25)

such that

ΩK ≡ −
K

a2
0H

2
0

. (4.26)

Using these definitions, the energy density is:

ρ =
3H2

0

8πG

[
ΩΛ + ΩM

(a0

a

)3

+ ΩR

(a0

a

)4
]
. (4.27)

Furthermore, Friedmann equation (4.15) gives:

dt =
dx

H0x
√

ΩΛ + ΩKx−2 + ΩMx−3 + ΩRx−4
, (4.28)

where x ≡ a/a0 = 1/(1 + z).

From (4.21) and (4.28) we obtain:

r(z) = S

[
1

a0H0

∫ 1

1/(1+z)

dx

x2
√

ΩΛ + ΩKx−2 + ΩMx−3 + ΩRx−4

]
, (4.29)

where

S[y] ≡

{ sin y K = +1
y K = 0

sinh y K = −1.
(4.30)
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Therefore, the luminosity distance in a flat universe (K = 0) will be

given by:

dL(z) =
1 + z

H0

∫ 1

1/(1+z)

dx

x2
√

ΩΛ + ΩMx−3 + ΩRx−4
. (4.31)

However, adding a curvature term, ΩK , results in:

dL(z) =
1 + z

H0ΩK
1/2
×

× sinh

[
ΩK

1/2

∫ 1

1/(1+z)

dx

x2
√

ΩΛ + ΩKx−2 + ΩMx−3 + ΩRx−4

] (4.32)

On the other hand, adding the energy density Ωw from our model to a

flat universe would result in:

ρ =
3H2

0

8πG

[
ΩΛ + Ωw

(a0

a

)3

+ ΩM

(a0

a

)3

+ ΩR

(a0

a

)4
]
, (4.33)

and

dL(z) =
1 + z

H0

∫ 1

1/(1+z)

dx

x2
√

ΩΛ + Ωwx−2 + ΩMx−3 + ΩRx−4
, (4.34)

where

ρw ≡
3H2

0 Ωw

8πG
. (4.35)

Therefore we see that the effect of such a contribution to the energy

density can be distinguished from the effect of curvature.

Next we will discuss the requirements on the various parameters of

our model, ensuring that this form of energy density survives and makes a

non-negligible contribution to the present energy density of the universe.
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4.4 Spatial Size of the Toroidal Universe

There are various bounds on the spatial size of the universe when the

universe is assumed to have the topology of a torus. The most stringent bound,

to our knowledge, comes from the absence of ”circles in the sky” [49].

Namely, if our universe was shaped as a torus, the light from a distant

source could reach us from two directions. This could be observed provided

enough time has passed such that both signals arrive, or in other words pro-

vided that the universe is small enough. The farthest distance that can be

observed is the surface of the last scattering, and this is where one should

search for evidence of multiple imaging.

With the recent Wilkinson Microwave Anisotropy Probe (WMAP) ex-

periment [55] we have entered the era of precision cosmology, and it is now

possible to analyze the WMAP data to look for evidence of non-trivial topology

of the universe.

In particular, the surface of last scattering is a 2-sphere centered around

the observer. If two copies of surfaces of last scattering are separated by a

distance smaller than the diameter of the surface of last scattering, the two

spheres will intersect, and their intersection will be a circle. In this case, cosmic

microwave background radiation coming from the surface of last scattering

should have circular patterns of hot and cold spots.

Observing a circle with an angle α would correspond to a translation
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distance of:

d = 2Rlss cosα, (4.36)

where Rlss is the distance to the last scattering surface (see Figure 4.1).

Figure 4.1: Intersection of two copies of the surface of last scattering leads to
circular patterns. The size of the universe corresponds to d.

The search on the WMAP data found no statistically significant circular

matches for α > 25◦ [49]. This means that the physical size of the toroidal

universe should be no smaller than about six times the size of our present

horizon;

La0 ≥ 24 Gpc ∼ 5× 1061lP , (4.37)

where lP = (~G/c3)1/2 is the Planck length.

Using the lower bound on the size of the universe, we estimate the

energy density, ρw stored today in the ”wound” scalar fields as a function of
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the parameter f, ”the decay constant” of the θi.

ρw =
3w2f 2

2L2a2
≤ 3w2f 2

5× 10123lP
2 , (4.38)

which gives a contribution to the density of the universe today:

ρw
ρcr

=

(
f w

2× 1019GeV

)2

. (4.39)

A one percent contribution to the present energy density corresponds

to:

f ∼ 2× 1018GeV. (4.40)

We can now point out an additional reason why these scalars are not

expected to affect static forces between bulk matter at macroscopic distances,

which is that they couple derivatively with a decay constant that is close to

the Planck scale.

4.5 Remark on the Use of Classical Gravity

Even though the above-derived decay constant (4.40) is close to the

Planck scale, it does not invalidate the use of classical gravity to describe the

evolution of the universe.

Since for w = −1/3:

R = 8πG(ρ− 3p) = 16πGρ, (4.41)

using (4.11), the contribution to the Ricci scalar from this form of energy is
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evaluated to be:

R l2P ∼ 24π

(
lP

La(t)

)2(
w f

1.2× 1019GeV

)2

. (4.42)

Therefore as long as the physical size of the universe exceeds 10lP , the

scalar curvature is safely subplanckian.

It is worth reminding the reader that we imposed earlier a restriction

on parameter space by choosing the same ”decay constant”, f , for the θi to

insure the isotropy of the microwave background.

4.6 Requirements Coming from Inflation

Inflation is a successful cosmological theory which assumes that early

universe went through a phase of rapid accelerated expansion. This in turn

helps explain the observed flatness and homogeneity of the present universe, as

well as absence of relics from the hot big bang stage of the very early universe.

One of the simplest models assumes that the inflation is driven by a

scalar field, inflaton. A particular feature of scalar fields is that their effective

equation of state is one with a negative pressure, which is needed for inflation.

The energy density and pressure of a homogeneous scalar field φ are

given by:

ρφ =
1

2
φ̇2 + V (φ), (4.43)

pφ =
1

2
φ̇2 − V (φ), (4.44)

where V (φ) is the potential of the scalar field.
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Using the continuity equation (4.13) and the Friedmann equation (4.15),

and assuming a flat universe, we obtain

φ̈+ 3Hφ̇ = −dV
dφ

(4.45)

and

H2 =
1

3M2
P

[
V (φ) +

1

2
φ̇2
]
, (4.46)

where H is the Hubble constant (4.17) and MP is the reduced Planck mass,

MP ≡ (8πG)−1/2 = 2.4× 1018 GeV. (4.47)

In studying inflation, the so called slow-roll approximation is commonly

assumed. The conditions for this approximation is that the slow-roll parame-

ters ε and η, defined by [56]:

ε(φ) ≡ M2
P

2

(
V ′

V

)2

, (4.48)

η(φ) ≡M2
P

V ′′

V
, (4.49)

where prime denotes derivative with respect to φ, satisfy:

ε(φ) << 1,

|η(φ)| << 1.
(4.50)

Equations (4.45) and (4.46) in the slow-roll approximation become:

3Hφ̇ ' −V ′ (4.51)

and

H2 ' V

3M2
P

. (4.52)
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There are several requirements which our model needs to fulfill coming

from inflation. In particular, we need to ensure the appropriate onset of infla-

tion, as well as the scale-invariance of the perturbation spectrum coming from

inflation. This section addresses these issues.

4.6.1 Onset of Inflation

In the presence of this additional form of energy, the onset of inflation

depends on the energy density stored in the scalar fields to become smaller

than the energy density, ΛI , which sets the energy density scale of inflation.

ρw(tbi) << ΛI , (4.53)

where subscript bi stands for ”beginning inflation”.

In terms of the current energy density stored in the scalar fields:

ρw(t0) =

(
a(tai)

a(t0)

)2

ρw(tai)

=

(
T (t0)

TR

)2

ρw(tai)

=

(
T (t0)

TR

)2(
a(tbi)

a(tai)

)2

ρw(tbi)

=

(
T (t0)

TR

)2

e−2Neρw(tbi),

(4.54)

this constraint becomes:

ρw(t0) << ΛIe
−2Ne

(
T0

TR

)2

, (4.55)

where subscript ai stands for ”after inflation”, TR is the reheating temperature,

and Ne denotes the number of e-foldings during inflation.
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4.6.2 Spectrum of the Fluctuations

Another important constraint comes from requiring that the fluctua-

tions generated during inflation, in the energy density of the scalar field (in

the presence of their non-trivial topological background) not overwhelm the

scale invariant fluctuations produced by the inflaton.

To study the spectrum of the fluctuations of the inflaton field we assume

φ(~x, t) = φ(t) + δφ(~x, t). (4.56)

Using Fourier expansion

δφ(~x, t) =
∑
~k

δφ~k(t)e
i~k~x, (4.57)

the scalar wave equation (4.45) for a given Fourier component becomes:

δφ̈~k + 3Hδφ̇~k +
k

a2
δφ~k = 0, (4.58)

where negligible inflaton mass was assumed. Using

δφ~k(t) = wk(t)a~k + w∗k(t)a
†
−~k, (4.59)

where wk(t) satisfies:

ẅk(t) + 3Hẇk(t) +

(
k

a

)2

wk = 0, (4.60)

we obtain the solution:

wk(t) = L−3/2 H

(2k3)1/2

(
i+

k

aH

)
exp

(
ik

aH

)
. (4.61)
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A few Hubble times after horizon exit k � aH, and so we can drop the second

term in (4.61).

Assuming the vacuum quantum state, annihilated by a~k, the mean

square vacuum fluctuation is:

< |δφ~k|
2 >= |wk|2, (4.62)

which for time t?, corresponding to a few Hubble times after horizon exit,

becomes:

< |δφ~k|
2 >=

H2(t?)

2L3k3
. (4.63)

We define the spectrum of the fluctuations:

Pφ(k) = V
k3

2π2
|wk|2, (4.64)

such that:

< φ2(~x) >=

∫ ∞
0

Pφ(k)
dk

k
. (4.65)

Therefore, using (4.63), we obtain:

Pφ(k, t?) =

(
H

2π

)2

k=aH , (4.66)

where H is evaluated at the horizon exit (k = aH), since in the slow-roll

approximation we are using, the variation of the Hubble rate is negligible over

a few Hubble times.

Perturbations in the wound fields (δθi) together with the perturbations

of the inflaton field (δφ) will generate a perturbation of the stress energy

density. In turn, these perturbations will generate a perturbation in the metric
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(Ψ). To relate this latter variable to the first two, we should construct the

linear combination of these quantities that is conserved outside the horizon.

It is given by [57, 58]:

ζ =
−ikiδT 0

iH

k2(ρ+ P )
−Ψ. (4.67)

One can separately analyze the contributions to δT 0
i from the two types of

fields.

Since:

T 0
i = g0αφ,αφ,i , (4.68)

using (4.56) and (4.57), we obtain:

(δTφ)0
i = −iki

dφ

dt
δφ. (4.69)

On the other hand, for the wound fields, using:

θi(~x, t) = θi(xi) + δθi(~x, t) , (4.70)

we obtain:

(δTw)0
i = −wf

2

L

dδθi
dt

. (4.71)

Since |dδθi
dt
| = H√

2
|δθi| at horizon crossing, the fluctuations around the

wound fields, if dominant, will generate a non scale invariant power spectrum.

Both the inflaton field and the wound fields are scalars and will have the same

quantum perturbations.

< δφ(~k, t)δφ(−~k, t) >= f 2 < δθi(~k, t)δθi(−~k, t) > . (4.72)
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Hence the condition to avoid violations of scale invariance is that:

ρw << (Pφ + ρφ) =

(
dφ

dt

)2

. (4.73)

This condition, in turn, ensures that the contribution to Ψ from the wound

fields is negligible at sub-horizon and crossing horizon scales.

4.6.3 Observational Data on Inflationary Parameters

In this section we explore the observational constraints on the various

inflationary parameters discussed in the previous section. In addition, we also

discuss the extent to which the 1/a2 contribution to the energy density could

be present today.

The spectrum of the primordial curvature perturbation in the slow-roll

approximation is given by [56]:

∆2
R(k) =

[(
H

φ̇

)2

Pφ(k)

]
t=t∗

. (4.74)

Using (4.66) we obtain:

∆2
R(k) =

[(
H

φ̇

)(
H

2π

)]2

k=aH

. (4.75)

Furthermore, from (4.48), (4.51), (4.52):

ε =
3

2

φ̇

V
, (4.76)

leading to

∆2
R(k0) =

V/M4
P

24π2ε
. (4.77)
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The relative amplitude of the tensor to scalar modes r is defined by:

r ≡ ∆2
h(k0)

∆2
R(k0)

, (4.78)

where the gravitational-wave spectrum is given by:

∆2
h =

8

M2
P

(
H

2π

)2

. (4.79)

Using (4.76) this gives:

r = 16ε. (4.80)

Recent WMAP data [59] yields values

r(k0 = 0.002 Mpc−1) < 0.90, (4.81)

A(k0 = 0.002 Mpc−1) = 0.75+0.08
−0.09, (4.82)

where A(k0) and ∆2
R(k0) are related through

∆2
R(k0) ' 2.95× 10−9A(k0). (4.83)

From (4.77) and (4.80) we see that the WMAP data corresponds to

φ̇ ' 2× 10−34 V

GeV2 , (4.84)

V < (3.1× 1016 GeV)4. (4.85)

We have previously obtained the requirement (4.73):

ρw < φ̇2. (4.86)
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Assuming that the modes of the size of present horizon left the horizon during

inflation Ne e-foldings before the end of the inflation, which in our scenario

is the beginning of inflation, and also assuming maximally efficient reheating

(T 4
R = V ), using (4.38), (4.54) and (4.86) we obtain:

ρw(t0) =
3

2

(
wf

La0

)2

< φ̇2e−2Ne
T 2

0√
V
, (4.87)

which, taking ρw <
1
10
φ̇2 and using (4.84), leads to:

f < 1.2× 10−47e−NeV 3/4La0/GeV. (4.88)

In particular, taking La0 ∼ 24 Gpc, V ∼ (3× 1016 GeV)4 and Ne = 60

we obtain the limit:

f < 1019 GeV. (4.89)

This constraint turns out to be more stringent than the one obtained

from considerations regarding the onset of inflation. Namely, comparing the

two conditions, and using the value of V as above, we see that the condition

(4.55) is weaker than the condition (4.87) by a factor of
√
V /φ̇ ∼ 10. Therefore,

(4.89) represents the overall bound coming from inflation considerations.

4.7 Other Constraints

In addition to insuring that our model is consistent with inflation and

its predictions, there are several other constraints on the parameters of our

model coming from cosmological observations. Here we will address a few.
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4.7.1 High-Redshift Supernova Measurements

There are additional constraints from the observational data which can

potentially limit the contribution of 1/a2 term to the present energy density.

One of the strongest evidences for the acceleration of our present universe

comes from the studies of Type Ia supernovae. In accelerating universe, distant

supernovae (redshifts z ≈ 0.5) will appear to be dimmer than what one would

expect in a universe expanding at a constant rate. Such observations give

us limits on the distribution of energy density in the universe, and lead to

predictions of the present amount of dark energy.

In particular, recent high-redshift supernova measurements [60] seem

to allow a flat universe with e.g. ΩM ' 0.27 and ΩΛ ' 0.53, within the 95%

confidence level, which in our model would correspond to Ωw ' 0.20 (Ωw being

the contribution of 1/a2 term to the present energy density).

4.7.2 Age of the Universe

A considerable Ωw would also have an effect on the age of the universe,

which might provide an additional constraint on our model.

From (4.28), assuming a flat universe (ΩK = 0) and a fraction of energy

density Ωw in wound fields given by (4.35), we obtain the current age of the

universe:

H0t0 =

∫ ∞
0

dz

1 + z

[
ΩΛ + Ωw(1 + z)2 + ΩM(1 + z)3 + ΩR(1 + z)4

]−1/2

. (4.90)
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In particular, for a flat universe with:

ΩM = 0.27± 0.04,

Ωw = 0.2,

ΩR = 10−4,

ΩΛ = 1− ΩM − ΩR − Ωw,

H0 = 72± 3± 7 km s−1 Mpc−1,

(4.91)

one obtains the age of the universe to be:

t0 = 13± 2 Gyr, (4.92)

where the value for ΩM is from [59], and the value for H0 from the HST Key

Project [61].

This is consistent with the present observational data coming from

cosmic microwave background radiation considerations [55]; age of metal-poor

stars obtained from the observations of stellar abundances of stable elements

[62]; as well as the globular clusters age estimates [63, 64].

Therefore even a 20% contribution to the present energy density in this

form would not be excluded on the basis of considerations of the current age

of the universe.
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Figure 4.2: The effect of Ωw = 1− ΩM − ΩΛ on the age of the universe. The
light yellow region corresponds to the globular cluster age t0 = 12.7± 0.7 Gyr
[63]. Plot uses the HST Key Project [61] value of H0 = 72± 8 km s−1 Mpc−1.

4.8 Conclusions

The experimental data seem to leave open the possibility of a contri-

bution to the present energy that redshifts like 1/a2. In this chapter we pre-

sented a rather constrained setup that cannot yet be excluded experimentally

and does yield such a contribution to today’s energy density.

There are, in addition, other known sources for a component of the

energy density that behaves like 1/a2. Among these are models of texture

[65], which is a type of a cosmological topological defect. However, these

topological defects decay, leading to generation of cosmic structure [66], with a

distribution excluded by the observational data of spatial clustering of clusters

of galaxies [67].
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Another source that would lead to 1/a2 contribution to the present

energy density are cosmic strings [68–70]. It is unclear, however, whether

these sources would contribute in such manner today [71].

Our hope is that the experiments will put firmer bounds on the exis-

tence of a 1/a2 contribution to the present energy density, irrespective of what

sources such contribution.
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Chapter 5

Concluding Remarks

The interface of cosmology with string theory is an extremely exciting

and important area of current research. The problems arising at this interface

are numerous, and this thesis is inspired by and touches upon just a few of

them.

First, we investigated evolution of certain classically unstable de Sitter

compactifications. This research was motivated by the work of Bousso, De-

Wolfe and Myers [11] who studied dSp × Sq - type solutions with flux arising

in gravity with a positive cosmological constant. Among the stable solutions

of this form they found solutions with unbounded entropy, thus leading to

the conclusion that a positive cosmological constant alone is not sufficient to

characterize classes of spacetimes with finite-dimensional Hilbert spaces. In

addition, they found some unstable solutions of dSp× Sq form, and posed the

question of the fate of these solutions. This was the question we addressed in

Chapter 2 of this thesis. In order to study the time evolution of named solu-

tions, we looked at a broader set of solutions that in general do not correspond

to product spacetimes, but rather have a time-dependent radius of the extra

dimensions. This construction allowed us to numerically follow the evolution,
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and led us to the discovery of additional stable solutions that the original,

unstable solutions tend toward for a certain range of fluxes. We found that in

this process de Sitter space ends up with a smaller final effective cosmological

constant. For other values of flux, we find that the internal sphere decom-

pactifies, in which case it either expands at the same rate as the de Sitter

dimensions, or it might also happen that the de Sitter space contracts in the

process.

The spacetimes we investigated have additional unstable modes not

studied in our current work. This would be the natural extension of this

analysis. In addition, it would be interesting to further these studies by look-

ing into more realistic compactification models, from the viewpoint of string

theory, as well as addressing non-classical effects of thermal fluctuations and

tunneling.

Next, we discussed the problem of evolution of vacuum bubbles in in-

homogeneous backgrounds. It is expected that the process of inflation will

significantly smooth out spatial inhomogeneities. However, the initial condi-

tions for inflation are often taken in the already homogeneous and isotropic

FRW form, even though it is assumed that initial homogeneity is not necessary

for the onset of inflation. We feel that a better understanding of constraints on

the homogeneity of space at the onset of inflation is needed. Moreover, this is

particularly important in the context of the landscape of vacua where generic

backgrounds are more likely to be inhomogeneous than not. In Chapter 3

we saw the effects of certain inhomogeneities on the propagation of vacuum
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bubbles, which were obtained through numerical simulations. In particular,

we learned that from the point of view of the outside coordinates, matter and

inhomogeneities introduced through the background curvature can have a sig-

nificant effect on the bubble evolution. However, from the point of view of the

coordinates on the bubble, such inhomogeneities have only negligible effects

on the bubble propagation, and the bubble in most cases inflates, as long as

the outside space itself does not go through a crunch.

To continue these studies, more examples of the inhomogeneities should

be looked at, with variable initial conditions. In our current analysis we as-

sumed the inside of the bubble to be empty and introduced inhomogeneities

through background curvature only. In addition we imposed a particular equa-

tion of state on the surface of the bubble. This led to a rather specific and

somewhat constrained investigation. A better understanding of the nature of

the tunneling process through which these bubbles are created with certain

restrictions and initial conditions would allow further progress of our studies.

Finally, we looked at a model which can account for a significant con-

tribution to the present energy density of the universe. The model is based on

the assumption of toroidal topology of the universe, and it introduces scalar

fields that are wound around the torus cycles. This results in a component of

the energy density which redshifts as 1/a2.

We investigated various observational constraints the model needs to

satisfy; limits coming from the size and topology of the universe, effects of the

model on the age of the universe, onset of inflation, as well as effects on the
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spectrum of the fluctuations observed in the CMBR. This analysis led to the

conclusion that this model could source a contribution of roughly 1% to the

present energy density of the universe. We expect that the future observational

data will provide more stringent constraints not only on this model, but on

any model that produces contributions of the 1/a2 type.

Future studies of the interplay of cosmology with physics beyond the

Standard Model will undoubtedly have profound effects on our understanding

of the shape and nature of our universe.
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Appendix A

This is an example of the Wolfram Mathematica file used to generate

time evolution plots in Chapter 2. This file leads to the Figure 2.8.

<< Graphics̀MultipleListPlot̀<< Graphics̀MultipleListPlot̀<< Graphics̀MultipleListPlot̀

β = 0.15;β = 0.15;β = 0.15;

d = 1/100;d = 1/100;d = 1/100;

t[n ] = n ∗ d;t[n ] = n ∗ d;t[n ] = n ∗ d;

nmax = 2500;nmax = 2500;nmax = 2500;

F [x , y ]:=x
2

+ 3
2
β
x3 − 1

x
+ 2y

2

x
−F [x , y ]:=x

2
+ 3

2
β
x3 − 1

x
+ 2y

2

x
−F [x , y ]:=x

2
+ 3

2
β
x3 − 1

x
+ 2y

2

x
−3

2
y
√

8
3
y2

x2 − 4
3

(
1
x2 − 1− β

x4

)
3
2
y
√

8
3
y2

x2 − 4
3

(
1
x2 − 1− β

x4

)
3
2
y
√

8
3
y2

x2 − 4
3

(
1
x2 − 1− β

x4

)
For[k = 1, k ≤ 13,For[k = 1, k ≤ 13,For[k = 1, k ≤ 13,

Clear[x, y];Clear[x, y];Clear[x, y];

Switch[k, 1, {x[0] = 2, y[0] = −2}, 2, {x[0] = 1.5, y[0] = −2},Switch[k, 1, {x[0] = 2, y[0] = −2}, 2, {x[0] = 1.5, y[0] = −2},Switch[k, 1, {x[0] = 2, y[0] = −2}, 2, {x[0] = 1.5, y[0] = −2},

3, {x[0] = 1, y[0] = −2}, 4, {x[0] = .45, y[0] = −2},3, {x[0] = 1, y[0] = −2}, 4, {x[0] = .45, y[0] = −2},3, {x[0] = 1, y[0] = −2}, 4, {x[0] = .45, y[0] = −2},

5, {x[0] = .25, y[0] = −2.5}, 6, {x[0] = .35, y[0] = −2},5, {x[0] = .25, y[0] = −2.5}, 6, {x[0] = .35, y[0] = −2},5, {x[0] = .25, y[0] = −2.5}, 6, {x[0] = .35, y[0] = −2},

7, {x[0] = .3, y[0] = −2}, 8, {x[0] = .63, y[0] = −2},7, {x[0] = .3, y[0] = −2}, 8, {x[0] = .63, y[0] = −2},7, {x[0] = .3, y[0] = −2}, 8, {x[0] = .63, y[0] = −2},

9, {x[0] = .81, y[0] = −2}, 10, {x[0] = 1.25, y[0] = −2},9, {x[0] = .81, y[0] = −2}, 10, {x[0] = 1.25, y[0] = −2},9, {x[0] = .81, y[0] = −2}, 10, {x[0] = 1.25, y[0] = −2},

11, {x[0] = 1.75, y[0] = −2}, 12, {x[0] = 2.17, y[0] = −2},11, {x[0] = 1.75, y[0] = −2}, 12, {x[0] = 2.17, y[0] = −2},11, {x[0] = 1.75, y[0] = −2}, 12, {x[0] = 2.17, y[0] = −2},

13, {x[0] = 1.9, y[0] = −2}];13, {x[0] = 1.9, y[0] = −2}];13, {x[0] = 1.9, y[0] = −2}];
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For[n = 1, n ≤ nmax,For[n = 1, n ≤ nmax,For[n = 1, n ≤ nmax,

x[n] = x[n− 1] + y[n− 1] ∗ d;x[n] = x[n− 1] + y[n− 1] ∗ d;x[n] = x[n− 1] + y[n− 1] ∗ d;

y[n] = y[n− 1] + F [x[n], y[n− 1]] ∗ d;y[n] = y[n− 1] + F [x[n], y[n− 1]] ∗ d;y[n] = y[n− 1] + F [x[n], y[n− 1]] ∗ d;

n++];n++];n++];

z[k] = Table[{x[n], y[n]}, {n, nmax}];z[k] = Table[{x[n], y[n]}, {n, nmax}];z[k] = Table[{x[n], y[n]}, {n, nmax}];

k++]k++]k++]

Clear[x, y]Clear[x, y]Clear[x, y]

Solve

[
− y
x

+ 1
2

√
8
3
y2

x2 − 4
3

(
1
x2 − 1− .15

x4

)
== 0, y

]
Solve

[
− y
x

+ 1
2

√
8
3
y2

x2 − 4
3

(
1
x2 − 1− .15

x4

)
== 0, y

]
Solve

[
− y
x

+ 1
2

√
8
3
y2

x2 − 4
3

(
1
x2 − 1− .15

x4

)
== 0, y

]
{{y → −1.52349× 10−8√
−4.30844× 1015 + 6.46266×1014

x2 + 4.30844× 1015x2

}
,

{y → 1.52349× 10−8√
−4.30844× 1015 + 6.46266×1014

x2 + 4.30844× 1015x2

}}
w1[x ]:=1.5234912189342865̀*∧-8w1[x ]:=1.5234912189342865̀*∧-8w1[x ]:=1.5234912189342865̀*∧-8
√ (
−4.30844039633288̀*∧15 + 6.46266059449932̀*∧14

x2 +
√ (
−4.30844039633288̀*∧15 + 6.46266059449932̀*∧14

x2 +
√ (
−4.30844039633288̀*∧15 + 6.46266059449932̀*∧14

x2 +

4.30844039633288̀*∧15x2)4.30844039633288̀*∧15x2)4.30844039633288̀*∧15x2)

Clear[x, y]Clear[x, y]Clear[x, y]

Solve
[

8
3
y2

x2 − 4
3

(
1
x2 − 1− .15

x4

)
== 0, y

]
Solve

[
8
3
y2

x2 − 4
3

(
1
x2 − 1− .15

x4

)
== 0, y

]
Solve

[
8
3
y2

x2 − 4
3

(
1
x2 − 1− .15

x4

)
== 0, y

]
{{

y → −0.612372
√
−1.33333− 0.2

x4 + 1.33333
x2 x

}
,{

y → 0.612372
√
−1.33333− 0.2

x4 + 1.33333
x2 x

}}
w2[x ]:=0.6123724356957945̀w2[x ]:=0.6123724356957945̀w2[x ]:=0.6123724356957945̀
√ (
−1.3333333333333333̀− 0.19999999999999998̀

x4 +
√ (
−1.3333333333333333̀− 0.19999999999999998̀

x4 +
√ (
−1.3333333333333333̀− 0.19999999999999998̀

x4 +

1.3333333333333333̀
x2

)
x1.3333333333333333̀

x2

)
x1.3333333333333333̀

x2

)
x
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x[n ]:=.001 + 0.001 ∗ n;x[n ]:=.001 + 0.001 ∗ n;x[n ]:=.001 + 0.001 ∗ n;

b1 = Table[{x[n],w1[x[n]]}, {n, 1000}];b1 = Table[{x[n],w1[x[n]]}, {n, 1000}];b1 = Table[{x[n],w1[x[n]]}, {n, 1000}];

b2 = Table[{x[n],w2[x[n]]}, {n, 1000}];b2 = Table[{x[n],w2[x[n]]}, {n, 1000}];b2 = Table[{x[n],w2[x[n]]}, {n, 1000}];

b3 = Table[{x[n],−w2[x[n]]}, {n, 1000}];b3 = Table[{x[n],−w2[x[n]]}, {n, 1000}];b3 = Table[{x[n],−w2[x[n]]}, {n, 1000}];

MultipleListPlot[z[1], z[2], z[3], z[4], z[5], z[6],MultipleListPlot[z[1], z[2], z[3], z[4], z[5], z[6],MultipleListPlot[z[1], z[2], z[3], z[4], z[5], z[6],

z[7], z[8], z[9], z[10], z[11], z[12], z[13], b1, b2,z[7], z[8], z[9], z[10], z[11], z[12], z[13], b1, b2,z[7], z[8], z[9], z[10], z[11], z[12], z[13], b1, b2,

b3,PlotJoined→ True, SymbolShape→ None,b3,PlotJoined→ True, SymbolShape→ None,b3,PlotJoined→ True, SymbolShape→ None,

PlotStyle→ {Hue[0.7],Hue[0.7],Hue[0.7],Hue[0.7],PlotStyle→ {Hue[0.7],Hue[0.7],Hue[0.7],Hue[0.7],PlotStyle→ {Hue[0.7],Hue[0.7],Hue[0.7],Hue[0.7],

Hue[0.7],Hue[0.7],Hue[0.7],Hue[0.7],Hue[0.7],Hue[0.7],Hue[0.7],Hue[0.7],Hue[0.7],Hue[0.7],Hue[0.7],Hue[0.7],Hue[0.7],Hue[0.7],Hue[0.7],

Hue[0.7],Hue[0.7],Hue[0.7],Hue[0.7],Hue[0, 0, 0],Hue[0.7],Hue[0.7],Hue[0.7],Hue[0.7],Hue[0, 0, 0],Hue[0.7],Hue[0.7],Hue[0.7],Hue[0.7],Hue[0, 0, 0],

Hue[0, 0, 0],Hue[0, 0, 0]},Hue[0, 0, 0],Hue[0, 0, 0]},Hue[0, 0, 0],Hue[0, 0, 0]},

PlotRange→ {{0, 2}, {−.7, .7}},AxesLabel->
{
R
√

Λ, Ṙ
}
,PlotRange→ {{0, 2}, {−.7, .7}},AxesLabel->

{
R
√

Λ, Ṙ
}
,PlotRange→ {{0, 2}, {−.7, .7}},AxesLabel->

{
R
√

Λ, Ṙ
}
,

AspectRatio→ .45]AspectRatio→ .45]AspectRatio→ .45]

0.25 0.5 0.75 1 1.25 1.5 1.75 2
R ������
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-0.4
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0.6

R
�
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Appendix B

This is an example of the Wolfram Mathematica file used to generate

bubble evolution plots in Chapter 3. This file leads to the Figures 3.7 and 3.8.

<< Graphics̀Graphics3D̀<< Graphics̀Graphics3D̀<< Graphics̀Graphics3D̀

<< Graphics̀MultipleListPlot̀<< Graphics̀MultipleListPlot̀<< Graphics̀MultipleListPlot̀

Clear[F, λ, nmax, dt, s, x, R, b, n,m, a, ap, o, B, kp, x, v, τ, z1,Clear[F, λ, nmax, dt, s, x, R, b, n,m, a, ap, o, B, kp, x, v, τ, z1,Clear[F, λ, nmax, dt, s, x, R, b, n,m, a, ap, o, B, kp, x, v, τ, z1,

ninit, t, w, sinit, adot, dif,B1, pot, phase, sf, p, l]ninit, t, w, sinit, adot, dif,B1, pot, phase, sf, p, l]ninit, t, w, sinit, adot, dif,B1, pot, phase, sf, p, l]

λ = 3 ∗ 10−5;λ = 3 ∗ 10−5;λ = 3 ∗ 10−5;

R = 500;R = 500;R = 500;

F = 10−4;F = 10−4;F = 10−4;

nmax = 10000;nmax = 10000;nmax = 10000;

ninit = 1;ninit = 1;ninit = 1;

dt = .1;dt = .1;dt = .1;

p = 1;p = 1;p = 1;

b[a ]:=
√

F
a

+ λ∗a2

3
− 1

R2 ;b[a ]:=
√

F
a

+ λ∗a2

3
− 1

R2 ;b[a ]:=
√

F
a

+ λ∗a2

3
− 1

R2 ;

s[ninit] = .001;s[ninit] = .001;s[ninit] = .001;

τ [ninit] = 0;τ [ninit] = 0;τ [ninit] = 0;

a[0] = 1;a[0] = 1;a[0] = 1;
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For[k = 1, k ≤ ninit, k++,For[k = 1, k ≤ ninit, k++,For[k = 1, k ≤ ninit, k++,

a[k] = a[k − 1] + b[a[k − 1]] ∗ dt];a[k] = a[k − 1] + b[a[k − 1]] ∗ dt];a[k] = a[k − 1] + b[a[k − 1]] ∗ dt];

For[l = p, l ≤ p+ 3,For[l = p, l ≤ p+ 3,For[l = p, l ≤ p+ 3,

Switch[l, p, w = 1/3, p+ 1, w = 0, p+ 2, w = −1/3, p+ 3, w = −1];Switch[l, p, w = 1/3, p+ 1, w = 0, p+ 2, w = −1/3, p+ 3, w = −1];Switch[l, p, w = 1/3, p+ 1, w = 0, p+ 2, w = −1/3, p+ 3, w = −1];

For[n = ninit, n ≤ nmax,For[n = ninit, n ≤ nmax,For[n = ninit, n ≤ nmax,

a[n] = a[n− 1] + b[a[n− 1]] ∗ dt;a[n] = a[n− 1] + b[a[n− 1]] ∗ dt;a[n] = a[n− 1] + b[a[n− 1]] ∗ dt;

o[n] = λ
3

+ F
a[n]3

;o[n] = λ
3

+ F
a[n]3

;o[n] = λ
3

+ F
a[n]3

;

adot[n] = b[a[n]];adot[n] = b[a[n]];adot[n] = b[a[n]];

B[n] = 4∗o[n]+s[n]2

4∗s[n]
;B[n] = 4∗o[n]+s[n]2

4∗s[n]
;B[n] = 4∗o[n]+s[n]2

4∗s[n]
;

x[ninit] = 10;x[ninit] = 10;x[ninit] = 10;

kp[n] = 1
/(

x[n] ∗ a[n]2 ∗
(
B[n]2 − 1

a[n]2R2

))
kp[n] = 1

/(
x[n] ∗ a[n]2 ∗

(
B[n]2 − 1

a[n]2R2

))
kp[n] = 1

/(
x[n] ∗ a[n]2 ∗

(
B[n]2 − 1

a[n]2R2

))
(
−adot[n]

a[n]

(
1− x[n]2

R2

)
+

(
−adot[n]

a[n]

(
1− x[n]2

R2

)
+

(
−adot[n]

a[n]

(
1− x[n]2

R2

)
+

√(
((B[n] ∗ a[n] ∗ x[n])2 − 1) (B[n]2 − o[n])

(
1− x[n]2

R2

)))
;

√(
((B[n] ∗ a[n] ∗ x[n])2 − 1) (B[n]2 − o[n])

(
1− x[n]2

R2

)))
;

√(
((B[n] ∗ a[n] ∗ x[n])2 − 1) (B[n]2 − o[n])

(
1− x[n]2

R2

)))
;

x[n+ 1] = x[n] + kp[n] ∗ dt;x[n+ 1] = x[n] + kp[n] ∗ dt;x[n+ 1] = x[n] + kp[n] ∗ dt;

s[n+ 1] =s[n+ 1] =s[n+ 1] =

s[n]−s[n]−s[n]−(
2 ∗ s[n] ∗ (1 + w) ∗

(
adot[n]
a[n]

+ kp[n]
x[n]

)
−

(
2 ∗ s[n] ∗ (1 + w) ∗

(
adot[n]
a[n]

+ kp[n]
x[n]

)
−

(
2 ∗ s[n] ∗ (1 + w) ∗

(
adot[n]
a[n]

+ kp[n]
x[n]

)
−

3∗F
a[n]2
∗ kp[n] ∗ 1√

1−x[n]2

R2 −kp[n]2∗a[n]2

 ∗ dt;3∗F
a[n]2
∗ kp[n] ∗ 1√

1−x[n]2

R2 −kp[n]2∗a[n]2

 ∗ dt;3∗F
a[n]2
∗ kp[n] ∗ 1√

1−x[n]2

R2 −kp[n]2∗a[n]2

 ∗ dt;

v[n] =
√

1− a[n]2

1−x[n]2

R2

∗ kp[n]2;v[n] =
√

1− a[n]2

1−x[n]2

R2

∗ kp[n]2;v[n] =
√

1− a[n]2

1−x[n]2

R2

∗ kp[n]2;

τ [n+ 1] = τ [n] + v[n] ∗ dt;τ [n+ 1] = τ [n] + v[n] ∗ dt;τ [n+ 1] = τ [n] + v[n] ∗ dt;

t[n] = n ∗ dt;t[n] = n ∗ dt;t[n] = n ∗ dt;

n++];n++];n++];
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wx[l] = Table[{t[n], x[n]}, {n, ninit, nmax}];wx[l] = Table[{t[n], x[n]}, {n, ninit, nmax}];wx[l] = Table[{t[n], x[n]}, {n, ninit, nmax}];

Ax[l] = Table[{t[n], 1/(B[n] ∗ a[n])}, {n, ninit, nmax}];Ax[l] = Table[{t[n], 1/(B[n] ∗ a[n])}, {n, ninit, nmax}];Ax[l] = Table[{t[n], 1/(B[n] ∗ a[n])}, {n, ninit, nmax}];

bub[l] = Table[{τ [n], x[n] ∗ a[n]}, {n, ninit, nmax}];bub[l] = Table[{τ [n], x[n] ∗ a[n]}, {n, ninit, nmax}];bub[l] = Table[{τ [n], x[n] ∗ a[n]}, {n, ninit, nmax}];

si[l] = Table[{t[n], s[n]}, {n, ninit, nmax}];si[l] = Table[{t[n], s[n]}, {n, ninit, nmax}];si[l] = Table[{t[n], s[n]}, {n, ninit, nmax}];

l++]l++]l++]

xfullfixed500:=MultipleListPlot[wx[1],wx[2],wx[3],wx[4],xfullfixed500:=MultipleListPlot[wx[1],wx[2],wx[3],wx[4],xfullfixed500:=MultipleListPlot[wx[1],wx[2],wx[3],wx[4],

wx[5],wx[6],wx[7],wx[8],wx[9],wx[10],wx[11],wx[12],wx[5],wx[6],wx[7],wx[8],wx[9],wx[10],wx[11],wx[12],wx[5],wx[6],wx[7],wx[8],wx[9],wx[10],wx[11],wx[12],

PlotJoined→ True, SymbolShape→ None,PlotJoined→ True, SymbolShape→ None,PlotJoined→ True, SymbolShape→ None,

PlotStyle→ {Hue[0],Hue[0.15],Hue[0.3],Hue[0.6],Hue[0],PlotStyle→ {Hue[0],Hue[0.15],Hue[0.3],Hue[0.6],Hue[0],PlotStyle→ {Hue[0],Hue[0.15],Hue[0.3],Hue[0.6],Hue[0],

Hue[0.15],Hue[0.3],Hue[0.6],Hue[0],Hue[0.15],Hue[0.3],Hue[0.6]}]Hue[0.15],Hue[0.3],Hue[0.6],Hue[0],Hue[0.15],Hue[0.3],Hue[0.6]}]Hue[0.15],Hue[0.3],Hue[0.6],Hue[0],Hue[0.15],Hue[0.3],Hue[0.6]}]
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rhofullfixed500:=MultipleListPlot[bub[1], bub[2], bub[3], bub[4],rhofullfixed500:=MultipleListPlot[bub[1], bub[2], bub[3], bub[4],rhofullfixed500:=MultipleListPlot[bub[1], bub[2], bub[3], bub[4],

bub[5], bub[6], bub[7], bub[8], bub[9], bub[10], bub[11],bub[5], bub[6], bub[7], bub[8], bub[9], bub[10], bub[11],bub[5], bub[6], bub[7], bub[8], bub[9], bub[10], bub[11],

bub[12],PlotJoined→ True, SymbolShape→ None,bub[12],PlotJoined→ True, SymbolShape→ None,bub[12],PlotJoined→ True, SymbolShape→ None,

PlotStyle→ {Hue[0],Hue[0.15],Hue[0.3],Hue[0.6],Hue[0],PlotStyle→ {Hue[0],Hue[0.15],Hue[0.3],Hue[0.6],Hue[0],PlotStyle→ {Hue[0],Hue[0.15],Hue[0.3],Hue[0.6],Hue[0],

Hue[0.15],Hue[0.3],Hue[0.6],Hue[0],Hue[0.15],Hue[0.3],Hue[0.6]}]Hue[0.15],Hue[0.3],Hue[0.6],Hue[0],Hue[0.15],Hue[0.3],Hue[0.6]}]Hue[0.15],Hue[0.3],Hue[0.6],Hue[0],Hue[0.15],Hue[0.3],Hue[0.6]}]
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