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During the past decade, advances in information technology have profoundly impacted the 

business sector. In this dissertation, we focus on three aspects of the changes that influence firms’ 

strategic and operational decisions.  For the first research problem, we attempt to understand the 

competition between an online store and a traditional brick-and-mortar retailer.  We incorporate 

multi-channel customers in our model, and investigate the implications of existence of multi-

channel customers on the effectiveness of profit-enhancing strategies for the retailer and online 

store.  For the second problem, we study how manufacturers may incorporate information on 

anticipated demand and supply into its pricing and inventory allocation decisions.  Our pricing 

policy highlights the interaction among the demands for multiple substitutable products as well as 

limited resource availability shared by the products.  For the third problem, we study the complex 

tradeoffs that network planners face between minimizing the total cost of the network configuration 

while meeting end-to-end service requirements such as limits on traversal time or reliability.  We 

propose a service network design model formulation for finding a minimum-cost network design in 

which the selected routes satisfy service requirements.  
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CHAPTER 1  INTRODUCTION 

During the past decade, advances in information technology have profoundly impacted the 

business sector.  In this dissertation, we focus on three aspects of the changes that influence firms’ 

strategic and operational decisions.  First, with the advance of web-based technology to support 

distributing, buying, selling, and marketing products and services over the internet, the internet has 

developed as an important channel for consumers.  Historical figures from the U.S. department of 

Commerce indicate that online commerce has enjoyed annual sales increases of more than 25% 

overall, and far more rapidly in some categories.  The fact that internet merchants have been 

creating more satisfying online shopping experience certainly contributes to the fast growth of 

online sales.  Moreover, consumers are feeling more comfortable using the internet and have 

continued shifting their spending from retail stores to online stores.  Since 2001, US online users 

has grown from 142 million to 211 million by 2006, a nearly 50% increase.  Online stores are 

particularly attractive to consumers who value the convenience of online shopping and consumers 

who are price sensitive.  Price and convenience are two of the top reasons that consumers choose 

online stores (2006 consumer behavior report by Pricegrabbber).  The growth of e-commerce has 

posed serious challenges to conventional brick-and-mortar retailers.  Nowadays, retail stores not 

only face competition with each other but also from direct channels such as the internet and catalog 

stores.  Thus, traditional retailers must rethink how to compete in the new environment.  

Second, with increased globalization and outsourcing activities, firms have become more 

aware of the importance of coordination and collaboration with their suppliers and clients.  

Effective and efficient communication and information sharing constitute the building block of 

successful coordination.  Fortunately, the rapid growth of information technology has made 

coordination both technically feasible and cost efficient.  Sensor-based Radio Frequency 

Identification (RFID) technology, for example, has enabled firms to instantaneously link the 

physical world to the digital world.  Thus, RFID technology combined with web-based information 

systems can provide pervasive visibility along a supply chain and create opportunities for firms to 

improve forecasts, reduce inventories, and increase sales.  In the meanwhile, such timely and 

accurate communication among business partners also imposes new challenges on supply chain 

partners.  For instance, how should the manufacturer incorporate the demand and supply 

information into their decision-making process? 
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Third, in today’s interconnected economies and societies, reliable and cost-efficient service 

networks that transport material, information, energy, or other resources are vital for both business 

corporations and our every-day life.  The service network can be a physical transportation network 

for distributing commercial and consumer products, or a telecommunication network that supports 

business information transfer, research and education communications, and entertainment activities 

such as online and mobile games.  These networks must be cost effective as well as responsive to 

meet the challenges of global expansion of markets and supply chains, increasing service 

expectations of customers, and growing emphasis on resource conservation and efficiency.  With 

annual public and private sector investments of hundreds of billions of dollars in such networks, 

optimizing the topological design of these networks to provide the needed transport services can 

produce enormous cost savings.  The network configuration (and hence the available routes) not 

only determines the total investment needed but also greatly influences its service capabilities such 

as end-to-end delays.  Because of the significant economies of scale (due to the large fixed costs 

for installing arcs in the network), emphasizing cost minimization alone can result in sparse 

networks that are not responsive.  Therefore, in configuring these networks, planners must select a 

design that is both cost-effective and meets end-to-end service requirements. 

Regarding the above three aspects of the changing environment, this dissertation proposes 

three related research problems.  For the first research problem, we attempt to understand the 

competition between an online store and a traditional brick-and-mortar retailer.  We incorporate 

multi-channel customers in our model and investigate the implications of existence of multi-

channel customers on the effectiveness of profit-enhancing strategies for the retailer and online 

store.  For the second problem, we study how manufacturers may incorporate information on 

anticipated demand and supply into its pricing and inventory allocation decisions.  Our pricing 

policy highlights the interaction among the demands for multiple substitutable products as well as 

limited resource availability shared by the products.  For the third problem, we study the complex 

tradeoffs that network planners face between minimizing the total cost of the network configuration 

while meeting end-to-end service requirements such as limits on traversal time or reliability.  We 

propose a service network design model formulation for finding a minimum-cost network design in 

which the selected routes satisfies service requirements.  Next, we briefly describe each of the three 

problems, discuss the research methodologies we use in analyzing and solving these problems, and 

then summarize the contribution of this dissertation. 
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In Chapter 2, we study the implications of browsing behavior on retail-online competition.  

Motivated by the findings in Balasubramanian (1999) that the competition has shifted focus from 

among the retailers to retailer-versus-online-store, we construct a simple duopolistic setting where 

a brick-and-mortar retailer and an online store compete on selling the same product to customers.  

We focus on decisions at the strategic level where the retailer and online store both select prices to 

maximize their own profits.  To capture the different shopping experience that retail and online 

stores provide to customers, we consider the situation where customers have uncertainty in their 

product valuation that can only be resolved via physical examination of the product, e.g., in the 

retail store.  Customer’s valuation uncertainty highlights the role of the retail store in providing a 

product-experiencing service.  More importantly, valuation uncertainty permits us to examine a 

new type of customers, namely, browsers, who examine and learn about the product at the retail 

store but purchase online.   

A distinct feature of our model from the previous research is that the online store in our model 

can have two types of customers, namely, e-direct shoppers who purchase the product without 

resolving uncertainty, and browsers who browse and experience the product in the retail store 

before purchasing from the online store.  We characterize three market profiles based on whether 

the online store has e-direct shoppers only, browsers only, or both types of customers.  In the 

equilibrium analysis, we discovered some interesting features of the model that are not present in 

the literature of retail-online competition.  Specifically, we found that the existence of browsers 

depends on the retail price; and the existence of e-direct shoppers depends on the e-tail price.  Also, 

the retailer’s demand function depends on whether retail browsers exist or not and thus its price 

best responses are different without or without browsers.  We demonstrate that the market profile at 

equilibrium depends on product and market characteristics such as customers’ disutility of 

experiencing the product at the retail store, the uncertainty of purchasing an unfit product, and 

customer’s difference in their attitude (or cost) of purchasing from online stores.  Also, 

discouraging browsers from visiting the retail store to experience the product can indeed benefit the 

e-tailer and retailer.  Moreover, our sensitivity analysis suggests that the impact of increasing or 

decreasing values of the model parameters depends on market profile, i.e., the types of customers 

supported by the price equilibrium.  Therefore, our insights on the impact of model parameters on 

the profits will provide additional perspectives for retailers to evaluate decisions that can 

potentially affect customer’s disutility of purchasing from the retail store, the likelihood that 

customers like the product, or customer’s attitude (cost) toward online shopping. 



 

4 

 

To sharpen our understanding of the impact of browsing on retail-online competition, we 

studied the hypothetical situation where the retailer can identify and prohibit browsing behavior.  

We show that in the presence of retail browsing both the e-tailer and retailer are getting lower 

profit (relative to the case where browsing is prohibited).  This finding suggests that, for products 

and markets where browsing can benefit some of the customers, previous research on the retail-

online competition may be inadequate.  Specifically, a model that does not permit browsing can 

lead to sub-optimal pricing strategies for the e-tailer and retailer.  And the equilibrium profit, which 

is an important metric in evaluating many strategic movements, might be overestimated.  Our 

analysis also demonstrates that even though both the e-tailer and retailer are worse off with 

browsers, consumers’ total surplus will increase.   

In our model the browsers balance the tradeoff between the regret of purchasing an ill-fit 

product (possibly at lower price from online) and the cost of visiting the retail store to resolve the 

uncertainty.  Motivated by customer’s need in resolving uncertainty at lower cost, we studied 

several strategies that either discourage customers from browsing or provide alternative options for 

customers to experience the product.  The retailer, for example, can choose to charge an 

experiencing fee for every customer visiting the store regardless whether she will purchase the 

product or not.  For the e-tailer, we consider two strategies, installing e-showrooms that provide a 

relative inexpensive way for e-tail customers to experience the product, and permitting product 

returns.  We can think of product return as an alternative method for customers to experience the 

product.  Because these strategies will affect customer’s decisions differently, their effectiveness in 

improving the profit are also different.  We characterize conditions under which the retailer (and e-

tailer) can benefit from charging an experiencing fee.  By examining the various strategies for the 

e-tailer and retailer, we wish to demonstrate to the practitioners that the strategic decisions proved 

to be effective in one competition setting may not be so in other settings.  

In Chapter 3, we study methods on how to enhance operational decisions in an IT-enabled 

collaborative business environment.  Specifically, we address how a monopolist manufacturer, in a 

collaborative supply chain with information visibility, can use pricing as tool to shape the demand 

to meet anticipated supply.  We consider a manufacturer who sells vertically differentiated 

products to the customers.  The products offer similar basic functionality but differ in quality levels 

or premium features.  Customers differ in their willingness to pay for product quality.  Thus, 

despite the price difference between products with different quality levels, customers with 
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sufficiently high valuation of quality may prefer to purchase the product with higher quality.  For 

customers who have relatively low valuation of quality, price, instead of quality, is a bigger 

concern when they decide which product to buy.  Therefore, by setting prices properly, the 

manufacturer can achieve the desired market segmentation.  With the anticipated supply of 

products/components through the selling horizon, the manufacturer must decide how to set prices 

to segment customers in each period in order to maximize the total profits. 

A notable feature of our model is that we consider dynamic arrival of product replenishments.   

The replenishment quantities are not decision variables; rather they have been exogenously 

determined.   Thus, the situation where a fixed capacity is available at the beginning of the horizon 

is a special case of our model.  We characterize the optimal pricing and inventory allocation 

policies.  Our analysis reveals interesting insights on how replenishment profiles and other problem 

parameters affect price properties.  In particular, we demonstrate how substitutable products 

complement each other under various scenarios of their replenishment profiles. For several 

replenishment profiles with special structures, we show that there exist simple methods for finding 

the optimal solution.  For general replenishment profile and a special distribution of customer’s 

valuation for product quality, we develop efficient algorithms based on the optimal pricing 

properties for finding the optimal solution.  Finally, we study several heuristic pricing policies, for 

which we investigate possible factors that lead to relatively poor performance of these heuristic 

policies.  Our numerical experiments demonstrate under what circumstances each of the heuristic 

policies performs well or poorly. 

In Chapter 4, we study a weight-constrained network design (WCND) problem: given the 

projected origin-to-destination traffic flows and available point-to-point connections of arcs, we 

consider the core planning problem of selecting a subset of arcs, and routing all the origin-to-

destination flows on the chosen arcs in order to meet end-to-end service requirements at minimum 

total cost.  Depending on the service context, selecting an arc between two nodes or locations can 

correspond to creating transport facilities (e.g., roads, cable conduits, electricity distribution lines), 

adding transmission capacity, choosing a transportation mode, or even establishing periodic point-

to-point services (e.g., scheduled trucking services).  For each origin-to-destination flow, the 

service requirements can take various forms.  A common quality-of-service requirement imposes 

an upper limit on the total end-to-end traversal time, which is equal to the sum of transportation 

(and transshipment) time on the arcs in the route.  We can also model (using a suitable logarithmic 
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transformation) route reliability requirements when arcs are prone to disruption or failure, or hop 

restrictions that limit the maximum number of permissible arcs or transshipments on each route.  

We consider two types of costs associated, respectively, with the arc selection and routing 

decisions.  We incur a fixed cost when we select an arc, reflecting the economies of scale that are 

central to network design. This cost can vary by arc (e.g., the cost may be proportional to the 

distance or length of the arc).  In addition, we incur an arc-dependent routing cost for each unit of 

traffic that flows on that arc; this per-unit cost can vary by origin-destination pair.  The routing or 

variable costs might represent traffic-dependent operational costs and/or the costs of installing the 

needed capacity to accommodate the traffic.  

Since the WCND problem generalizes many computationally intractable (NP-hard) 

optimization problems, solving it optimally is very difficult.  For special cases such as the traveling 

salesman and Steiner tree problems, polyhedral approaches that rely on strengthening the linear 

programming relaxation by adding model-specific valid inequalities have proven to be most 

effective.  Following this successful experience, we too focus on developing strong cutting planes 

that eliminate fractional solutions to the linear programming relaxation of the problem without 

eliminating optimal integer solutions.  This strategy requires first understanding the problem 

structure and characteristics of its linear programming solutions, and using these insights to 

formulate new classes of valid inequalities tailored for the WCND model.  Since some families of 

inequalities encompass a vast number of constraints (typically, exponential in the problem size), we 

adopt a the cutting plane procedure (see, for example, Nemhauser and Wolsey 1988 for a general 

discussion of the principles underlying cutting plane algorithms) that solves progressively tighter 

linear programming relaxations of the WCND problem by iteratively adding valid inequalities that 

are violated by the current linear programming solution.  Consequently, the linear programming 

lower bound progressively increases, either terminating with the optimal integer solution or 

providing a tight lower bound for a subsequent branch-and-bound or other enumerative procedure.  

Starting the enumerative procedure with a tight linear programming relaxation reduces the time and 

effort required for the enumeration phase (since more branches can be pruned without full 

exploration) and allows solving larger problem instances.  Moreover, the better lower bound can 

also improve the solution quality of heuristic procedures.  Grötschel et al. (1992), Magnanti et al. 

(1995) Bienstock et al. (1998), and Dahl and Stoer (1998), among many others, have successfully 

applied cutting plane based methods to solve a variety of network design problems. 
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To strengthen the model and speed up the solution procedure, we develop several classes of in 

valid inequalities.  Adding these inequalities, either a priori or iteratively using a cutting plane 

method, will raise the optimal value of the linear programming relaxation.  In turn, this 

strengthening provides three benefits: (i) the stronger bounds provide better performance 

guarantees for heuristic solutions since the linear programming value is closer to the (unknown) 

true optimal value; (ii) increasing the linear programming value can greatly accelerate exact 

procedures such as branch-and-bound that rely on lower bounds to prune the enumeration tree; and 

(iii) linear programming solutions to the stronger model can provide better starting points for 

optimization-based (e.g., rounding) heuristics, thus improving the quality of their solutions. 

We develop the principles underlying these inequalities, illustrate their ability to strengthen the 

service network design model by eliminating fractional linear programming solutions, and discuss 

generalized versions of these constraints.  We also discuss separation procedures to identify 

inequalities in each of the two classes that are violated by a given linear programming solution, and 

present computational results incorporating these and other inequalities to solve some test 

problems.  Our results indicate that the valid inequalities we have developed are very effective in 

closing the duality gap between the optimal linear and integer programming values, thereby 

permitting us to solve the problem optimally using branch-and-bound with only modest 

computational effort.  Thus, the research not only contributes to practice by addressing important 

strategic decisions facing service providers but also contributes to the academic literature on 

integer programming by providing yet another successful application of polyhedral approaches. 
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CHAPTER 2  RETAIL-ONLINE COMPETITION WITH VALUE 

UNCERTAINTY 

2.1  Introduction  

The increasing popularity of internet retail channels combined with the accelerating rate of 

introduction of new consumer products and technologies poses interesting challenges and 

opportunities for traditional retailers.  According to a recent study by Forrester (2007), online 

retail sales will grow from $172 billion in 2005 to $329 billion in 2010.  “As consumers increase 

shopping related activities and sellers compete to innovate and keep them engaged, online sales 

will enjoy a solid 14% compound annual growth rate over the next five years.”  This suggests that 

customers are increasingly comfortable and value the convenience of online shopping.  At the 

same time, as manufacturers rush to bring products and technological innovations quickly to the 

marketplace, consumers’ valuation of these products is somewhat uncertain (relative to their 

valuation of established products and brands) since the products have not been widely adopted or 

evaluated.  Home theater systems, smart appliances, and versatile cell phones provide good 

examples of such product categories.  In this situation, particularly for high-cost items, customers 

might prefer to examine and “experience” the product, say at a local bricks-and-mortar retail 

store, before deciding whether and where (retail or online) to purchase the item.  Thus, a visit to 

the retail store can serve both to ensure that the product fits the customer’s need, and to obtain the 

product immediately if the customer decides to buy at the store.  However, this dual role of a 

retail store—as a place to resolve product valuation uncertainty by experiencing the product and 

as a channel to procure the product—raises the intriguing possibility of retail browsing by 

customers who ultimately purchase the product online.  In other words, if an online retailer or e-

tailer offers the same product at a markedly lower price, customers who do not mind receiving 

the product later (due to shipping delays from the e-tailer) might well visit the retail store to 

examine the product and later order the product on-line.  These retail browsers, who experience 

the product from the retail store and purchase from online stores, emerge as the internet becomes 

more and more popular as an independent market channel to distribute products to customers.  A 

survey of multi-channel shoppers by DoubleClick (2003) confirms the wide prevalence of retail 

browsing; specifically, the survey finds that “16% reported browsing at retail but purchasing 

online” and “80% who purchased on the Internet after browsing at retail cited price as the reason 

for switching.”   
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The phenomenon of retail browsing raises several interesting questions.  What are the 

implications of having browsers on retail versus online competition, e.g., on their equilibrium 

demands, prices, and profits?  Can the retailer or e-tailer control the existence of browsers, e.g., 

via product prices?  If yes, under what circumstances do we expect to see retail browsers?  Since 

the browsing behavior is driven by customers’ need for resolving product uncertainty, should the 

retailer and e-tailer invest in assisting customers to get product information, e.g., should the e-

tailer install its own e-showrooms to help customers find out product fit?  How would such 

experiencing service affect the pricing strategies as well as the total profit of the retailer and e-

tailer.  This chapter attempts to address these questions.   

Motivated by the findings in Balasubramanian (1999) that the competition has shifted focus 

from among the retailers to retailer versus online stores, we construct a simple duopolistic setting 

where a brick-and-mortar retailer and an online store compete on selling the same product to 

customers.  We focus on decisions at a strategic level where the retailer and online store both 

select prices to maximize their own profits.  To capture the different shopping experience that 

retail and online stores provide to customers, we consider the situation where customers have 

uncertainty in the product that can only be resolved via physical examination of the product, e.g., 

in the retail store.  Customers’ valuation uncertainty highlights the role of the retail store in 

providing product-experiencing service.  More importantly, valuation uncertainty permits us to 

examine a new type of customers, namely, browsers, who examine and learn about the product at 

the retail store but purchase online.   

A distinct feature of our model from the previous research is that the online store in our 

model can have two types of customers, namely, e-direct shoppers who purchase the product 

without resolving uncertainty, and browsers who browse and experience the product in the retail 

store before purchasing.  We find that the pricing strategies of the retailer and e-tailer depends on 

the market profile, namely, whether the e-tail customers are purely browsers, or are customers 

who purchase directly from e-tailer without resolving uncertainty, or are a mix of both.  

Moreover, the market profile depends on product and market characteristics such as the cost of 

experiencing the product at the retail store, the cost of purchasing an unfit product, and customer 

differences in their attitude (or cost) of purchasing online.  For example, we show that for a 

market where the store visit cost is low relative to the average e-shopping cost, then the retailer 

and e-tailer will select their prices such that all e-tail customers browse and experience the 

product at the retail store.  

This chapter complements recent studies on the implications of the direct channel on 

traditional retailers.  We demonstrate that incorporating the existence of retail browsers in retail-

online competition permits us to derive insights that would not be possible in a model without 
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browsers.  Specifically, we demonstrate that the effectiveness of the retailer’s and e-tailer’s 

strategies as well as the impact of increasing or decreasing values of the model parameters 

typically depends on the market profile.  Moreover, we demonstrate that discouraging browsers 

from visiting the retail store to experience the product can indeed benefit the e-tailer and retailer.  

To better understand retail-online competition with browsers, we investigate the implications of 

the e-tailer’s strategies in providing alternative experiencing options for customers, permitting 

product returns, and installing e-showrooms.  We find that the e-tailer can benefit from providing 

e-showroom service when all of the e-tail customers are browsers.  Also, the e-tailer can benefit 

from permitting product returns under certain conditions on the fee charged to customers who 

return the product.  We also study the effectiveness of the retailer’s strategy of charging an 

experiencing fee to discourage browsing; we find that the retailer can benefit from the 

experiencing fee when browsers exist in the market.  Finally, we explore several model 

extensions to incorporate positive product cost, retailer incurring store traffic cost, and the 

existence of a well-informed customer segment.  We discuss implications of these extensions to 

the equilibrium price and profit. 

The rest of the chapter is organized as follows.  Section 2.2 introduces our base model of 

duopolistic competition between the e-tailer and retailer, and reviews relevant literature.  Section 

2.3 characterizes the competition scenarios for the e-tailer and retailer, and gives the conditions 

under which each scenario occurs.  In Section 2.4, we investigate three strategies: admission fee 

(charged by the retailer), e-showrooms, and returns policy for the e-tailer.  We discuss the 

effectiveness of these strategies and their impact on the retailer’s and e-tailer’s total profits.  

Section 2.5 studies three extensions of the base model, namely, product marginal cost, store 

traffic cost for the retailer, and having a well-informed customer segment.  Section 2.6 concludes 

by summarizing the main results. 

2.2  Problem Definition and Related Literature 

In this section, we first set up the model and describe the main assumptions.  Then, we 

discuss the related literature. 

2.2.1 BASE MODEL  

We consider a duopolistic setting where a brick-and-mortar retailer and an online e-tailer both 

sell the same product, but only the retail store can provide experience service to customers.  Two 

important features distinguish our approach from previous models of competition between sales 

channels—uncertainty in product valuation and heterogeneity of customers’ disutility of 
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purchasing from the e-tailer.  We describe a base model that highlights the key options and 

tradeoffs, and later address various model extensions.  

For new products or for products with features that customers can only judge by touch-and-

feel, physically examining the products constitutes an important part of the purchasing process 

(Pyke and Johnson 2001).  For instance, prior to purchasing a high-end audio or home theatre 

system, customers might first want to listen to the system.  Some automobile manufacturers even 

offer customers the option of driving a new car for 24 hours before purchase.  On the other hand, 

a 2006 survey by DoubleClick indicates that for industry sectors such as books, music, DVD, 

travel, and finance, more and more customers choose to purchase from online stores without 

examining the product at a local store.  A common feature of these latter products is that, instead 

of visiting a retail store to resolve uncertainty, customers can easily collect digital information on 

these products to decide whether the product fits their needs.   

To model the uncertainty in customers’ valuation of the product, we consider a simple 

situation where customers, after resolving uncertainty by visiting the store or purchasing the 

product, are either completely satisfied with the product or do not like the product at all.  In the 

former case, the product provides customers with its full value v.  If customers do not like the 

product, we assume that they get zero value.  Assume that every customer will like the product 

with probability ρ.  Thus, a priori, without resolving the uncertainty, the expected value of the 

product is ρv.  For the base model, we focus on the situation where all customers have the same 

probability of liking the product.  We explore in Section 2.6 the general situation when some 

customers are knowledgeable, i.e., they already know whether or not they like the product. 

To capture the convenience of shopping online versus from the retail store, we use a 

parameter δ to represent the disutility incurred by the customer who visits the store to purchase or 

experience the product.  This disutility δ, which we call store visit cost, accounts for the effort 

associated with visiting the store, such as devoting a certain amount of time for the trip, dealing 

with store traffic, and so on.  For analytical tractability, we assume that δ is the same for all 

customers. 

To many customers, the disadvantage of shopping online, besides the uncertainty about the 

product value, is the waiting time for delivery (Gupta et al., 2004).  Customers may vary in their 

willingness to wait for product delivery.  Other differences in customers’ readiness to purchase 

online may stem from their prior experiences with on-line shopping, concerns about security and 

privacy of online transactions, concerns about the e-tailer’s reputation and reliability, after-sales 

service, and so on.  In this chapter, we incorporate the heterogeneity among customers in their 

costs to purchase online via an e-shopping cost β that varies by customer.  We assume that the e-
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shopping cost β, incurred whenever the customer orders from the e-tailer, is uniformly distributed 

from 0 to ˆ β , ˆ β  > 0.  

We assume that customers have full knowledge about product prices, the likelihood that she 

will like the product ρ, the store visit cost δ, and her e-shopping cost β; and she will choose the 

purchasing strategy to maximize her expected utility.  The decision of the e-tailer and retailer is to 

choose their prices, pe and pr, to maximize their profits.  Before analyzing the base model, we 

review related research and position this work in the literature. 

2.2.2 RELATED LITERATURE 

The marketing literature well recognizes the multiple functions—communication, transaction, 

and delivery—that sales channels can perform.  Many researchers (e.g., Balasubramanian, 

Raghunathan, and Mahajan 2005) suggest that some further understanding is needed for 

customer’s choice and use of different channels at various shopping stages.  A recent paper by 

Frambach, Roest, and Krishnan (2007) addresses a related issue by investigating customers’ 

preference for online versus offline purchasing across different purchasing stages.  They analyze 

data from 300 customers and find that the attitude toward online purchasing differs among 

customers with different past online experiences.  Customer’s heterogeneity in their attitude 

(cost) towards shopping online is an important feature of our model.  In particular, we 

analytically demonstrate that customer’s heterogeneity in e-shopping cost, together with 

customer’s uncertainty in product valuation, can make multi-channel shopping a desirable choice 

for certain customers.  The behavior of multi-channel shopping implies that customers switch 

channels in their purchase process.  Reardon and McCorkle (2002) explain channel-switching 

behavior using an extended model based on Becker’s theory of time allocation (1965).  In our 

model, both channel-switching and retail browsing refer specifically to the behavior of obtaining 

product information from one channel, namely, the retailer, and purchasing the product from 

another channel, the e-tailer.  While channel-switching behavior is itself interesting, we focus on 

how channel switching, or browsing, affects firms’ pricing strategies.  

Researchers in marketing, information systems, and operations have developed various 

models of competition to study the pricing strategies for the retailer and e-tailer.  However, these 

models are not well suited to address retail browsing and channel switching.  For instance, Druehl 

and Porteus (2005) study the impact of internet penetration, product innovation, and niche appeal 

of online products on the pricing decisions of the online and offline firms.  Viswanathan (2003) 

focuses on how channel flexibility, network externality, and switching cost affect firms’ 

equilibrium prices and profits.  Strauss (2002) proposes a model to study price and service 

competition among retailers and e-tailers.  He considers the situation where customers have the 
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opportunity to exploit (at least partially) the services offered by retailers before purchasing from 

e-tailers.  He also investigates how much information the retailer should provide in order to 

increase the utility for customers who use the store service.  In his model, customers already 

know and will definitely purchase the product.  Additional information about the product can 

only increase (never decrease) customer’s product valuation.  Thus, browsing (visiting the store 

to experience the product and then purchase online) is unnecessary.  Balasubramanian (1998) 

studies the strategic implications of direct channel on the competition among traditional retailers.  

To capture the different shopping experiences provided by the direct channel and the retailers, he 

assumes that customers and the retailers are located on a spatial market where the distance 

between each customer and a retailer represents the cost of shopping from the retailer.  For the 

direct channel, he assumes that a fixed disutility (e.g., the cost from purchasing a unfit product) is 

associated with each purchase from the direct channel.  So, without uncertainty, customers will 

either purchase the product from a retailer or directly order the product from the e-tailer.  Our 

model is similar in that we also model the costs (in addition to the product price) associated with 

the purchases from the two channels: store visit cost (δ) for the retailer and the e-shopping cost 

(β) for the e-tailer.  However, two features distinguish our model from Balasubramanian’s model, 

which result in a different characterization of the customer segments and a different equilibrium.  

First, we introduce heterogeneity in customers’ e-shopping costs as opposed to fixed disutility for 

all customers who purchase from the internet.  Second, we incorporate customers’ uncertainty in 

their valuation of the product.  These two features create the possibility that customers may 

benefit from using multiple channels in their purchasing process, that is, experiencing the product 

at a retail store and making the purchase from online. 

Our work is also related to the literature on online and offline pricing strategies under the 

framework of dual channel competition.  The central question in this stream of work is whether 

manufacturers/retailers should establish their own direct channel, and how to set the prices in 

multiple channels.  Chiang et al. (2003) study the strategic usage of the direct channel by the 

manufacturer to mitigate the effect of double marginalization.  Cattani et al. (2005) compare 

various wholesale and retail pricing strategies when the manufacturer must commit to setting a 

direct channel price that matches the price offered by the traditional retailer.  Biyalogorsky and 

Naik (2003) empirically analyze the impact of online activities on offline sales within a click-and-

mortar firm, and find that online-sales do not significantly cannibalize retail sales.   

In our model, every customer must decide whether they want to visit the retail store to resolve 

product uncertainty.  Thus, in a sense, this chapter is related to the search literature.  Many 

researchers examine the impact of lowered search cost as they relate to the level of information 

provided to customers.  For example, Bakos (1997) studies the impact of lower search costs in the 
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electronic marketplace, and finds that reducing the cost of obtaining price and product 

information can improve market efficiency but will reduce sellers’ profits.  Wu, et al. (2004) 

examine firms’ optimal service level in the presence of free riding.  They demonstrate that when 

search cost is lower and competition increases, firms have less incentive to provide information 

service.  But the social welfare may increase or decrease with search cost.  Lal and Sarvary 

(1999) and Zettelmeyer (2000) both consider firms competing with two distribution channels and 

show that the internet does not necessarily intensify price competition.  Zettelmeyer (2000) finds 

that firms can achieve finer customer segmentation by controlling the amount of product 

information provided to customers.  Lal and Sarvary (1999) show that the price may increase 

even when firms do not have complete control over the information provided to the customers.  

The current chapter is somewhat related to this literature if we think of customer’s disutility of 

undertaking the trip (i.e., store visit cost) to the retail store as the search cost (for revolving 

product uncertainty).  We demonstrate how the market equilibrium switches to scenarios with 

more browsers as the search cost (or store visit cost) decreases.  Also, we show that a higher store 

visit cost may reduce the competition under certain conditions.  The rationale behind this result is 

similar to the argument in Lal and Sarvary (1999), i.e., the introduction of the internet has 

changed customers’ effective search costs. 

To the best of our knowledge, the equilibrium analysis with the existence of retail browsers 

has not been previously addressed.  This chapter attempts to fill this gap by characterizing the 

equilibrium pricing strategies for the e-tailer and the retailer.  We investigate the implications of 

the existence of retail browsers on the equilibrium of retail-online competition, and how the 

retailer’s and e-tailer’s profit-enhancing strategies may depend on the existence of browsers. 

2.3  Model Analysis 

To characterize the equilibrium prices for the e-tailer and retailer, we begin by studying the 

purchase decisions of customers.  Section 2.3.1 describes a customer’s decision process and 

analyzes the various possible market scenarios, each of which permits a subset of customer types 

to exist in the market.  Section 2.3.2 characterizes the demand, best responses, and equilibrium 

solutions for each scenario.  Section 2.3.3 characterizes the conditions under which each scenario 

will occur.  Finally, in Section 2.3.4, we discuss the impact of the problem parameters on 

equilibrium solutions.  
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2.3.1  CUSTOMER’S DECISION PROCESS AND MARKET SCENARIOS 

The first decision that every potential customer must make is whether she would like to visit 

the retail store or not.  If she chooses not to visit the retail store, she will order the product 

directly from the e-tailer, in which case, she cannot return the product if she does not like it.  If 

she chooses to visit the store, after experiencing the product, she may or may not like the product.  

If she likes the product (with probability ρ), she then needs to decide from which store to 

purchase the product; otherwise, she opts out of the market.  Thus, the customer faces the tradeoff 

between the cost of visiting the retail store to resolve product uncertainty versus the risk of 

purchasing a product that she does not like. 

Figure 2.1 illustrates customer’s decisions in different stages. 

 

Figure 2.1  Customer’s decision procedure 
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Figure 2.1 indicates that a customer’s purchasing process can potentially involve two 

decisions.  First, she must decide whether or not she wants to resolve the product uncertainty 

before purchasing the product.  If she does, for the second decision, she must decide from which 

store she prefers to buy the product by comparing the total shopping costs, pr from the retailer and 

pe + β from the e-tailer.  Notice that all three parameters, pr, pe, and β, are known to the customer 

at the beginning.  In other words, a priori, the customers knows from which store she would 

prefer to buy the product if, after visiting the store, she decides to purchase the product.   

Therefore, we can translate the customer’s two-stage decision problem into single-stage decision 

problem.  Figure 2.1 suggests that potentially three types of customers can exist: e-direct shopper 

who purchases directly from the e-tailer, retail browser who visits the retailer store to resolve 

uncertainty and then purchases from the e-tailer, and retail shopper who purchases from the retail 

store.  Thus, at the outset, the utility-maximizing customer must decide whether she prefers to be 

an e-direct shopper, retailer browser, or retail shopper. 

Each customer will make her purchasing decision based on the surplus associated with each 

shopping option.  We consider an additive surplus function that consists of three components: (1) 

expected product valuation, (2) channel purchasing cost, and (3) product prices.  That is, a 

customer’s expected surplus of purchasing the product is her expected product valuation minus 

the channel purchasing cost and the product price.  Let C = {E, B, R} denote the set of customer 

types, where E, B, and R represent, respectively, e-direct shopper, retail browser, and retail 

shopper.  Let pe and pr denote, respectively, the price charged by the e-tailer and retailer.  Thus, 

the surplus of customers of type c ∈{E, B, R} with e-shopping cost β, which we denote as S(c, β), 

is given by  

 S(c,β) =
vρ − pe − β               if c = E
ρ(v − pe − β) −δ       if c = B
ρ(v − pr ) −δ             if c = R

⎧ 

⎨ 
⎪ 

⎩ 
⎪ 

.       (2.1) 

To characterize the customer’s optimal decision, let us first compare two options at a time.  A 

customer prefers e-direct shopping to retail browsing if and only if vρ − pe − β ≥ ρ(v − pe − β) − δ, 

i.e., β ≤ δ/(1 − ρ) − pe.  In other words, a customer is indifferent between e-direct shopping and 

retail browsing if her e-shopping cost β equals δ/(1 − ρ) − pe.  We denote the value of β for 

customers who are indifferent between e-drect shopping and retail browsing as βEB, i.e., βEB = 

δ/(1 − ρ) − pe.   

Similarly, a customer prefers retail browsing to retail shopping if and only if ρ(v − pe − β) − δ 

≥ ρ(v − pr) − δ, i.e., β ≤ pr − pe.  And a customer prefers retail shopping to e-direct shopping if 
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and only if ρ(v − pr) − δ ≥ vρ − pe − β, i.e., β ≥ ρpr − pe + δ.  We denote the value of β for 

customers who are indifferent between retail browsing and retail shopping as βBR = pr − pe, and 

the value of β for customers who are indifferent between e-direct shopping and retail shopping as 

βER = ρpr − pe + δ. 

In Figure 2.2 to 2.4, we plot three scenarios of the surplus functions, with each scenario 

corresponding to a different ordering of the three indifference β values, βBR, βER, and βEB. 

In Figure 2.2, customers with β ≤ βEB can get most surplus by purchasing directly from the e-

tailer and thus will choose e-direct shopping.  Similarly, customers with β > βBR will choose retail 

shopping, and customers with βEB < β ≤ βBR will choose retail browsing.  Therefore, all three 

types of customers can exist in this scenario. 

  

Figure 2.2  Surplus functions for the E-B-R scenario 

Figure 2.3 is an alternate scenario where e-direct shopping is dominated by retail browsing 

for all customers.  This situation can occur when the likelihood that customers like the product 

(ρ) is small or the store visit cost is relatively low, and so all customers prefer to visit the retail 

store to resolve product uncertainty.   

In the third scenario, illustrated in Figure 2.4, all customers who prefer browsing to retail 

shopping can actually gain more surplus from e-direct shopping than from browsing.  This may 

occur when the likelihood ρ that customers like the product is relatively high.  In this scenario, 

the market consists of two types of customers, e-direct shoppers with relatively low e-shopping 

cost and retail shoppers with relatively high e-shopping cost. 
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Figure 2.3  Surplus functions for the B-R scenario 

 

Figure 2.4  Surplus functions for the E-R scenario 

For the following discussions, we refer to the above three scenarios as E-B-R, B-R, and E-R.  

Next, we derive conditions on the e-tail and retail prices, pe and pr, under which each of the three 

scenarios occurs. 

Observe from Figure 2.2 to Figure 2.4 that browsers exist if βEB = δ/(1 − ρ) − pe ≤ βBR = pr − 

pe, i.e., if pr > δ/(1− ρ).  Also, e-direct shoppers exist if βEB = δ/(1 − ρ) − pe > 0, i.e., pe < δ/(1 − 

ρ).  Therefore, in order to have the E-B-R scenario, the prices of the e-tailer and retailer must 

satisfy 

   pe < δ/(1 − ρ) and pr > δ/(1− ρ).       (2.2) 
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In order to have B-R scenario, the prices of the e-tailer and retailer must satisfy 

   pe ≥ δ/(1 − ρ) and pr > δ/(1 − ρ).       (2.3) 

And in order to have E-R scenario, the prices of the e-tailer and retailer must satisfy 

   pe < δ/(1 − ρ) and pr ≤ δ/(1− ρ).       (2.4) 

We verify that e-direct shoppers can indeed get more surpluses (relative to the other two options) 

if β < βEB and the e-tail and retail prices satisfy condition (2.2).  The e-direct shopper’s surplus is 

ρv − pe − β, which is greater than ρv − pe − βEB = ρv − δ/(1 − ρ); the retail shopper’s surplus is ρv 

− ρpr − δ, which is less than ρv − ρδ/(1 − ρ) − δ = ρv − δ/(1 − ρ).  Therefore, S(E, β) > S(R, β).  

To compare the surplus of the e-direct shopper and the retail browser, notice that the expected 

regret of purchasing from the e-tailer is (1 − ρ) (pe + β) and the cost for resolving the uncertainty 

is δ.  Thus, customers will prefer e-direct shopping if the expected regret of purchasing an ill-fit 

product exceeds the cost of revolving the uncertainty, i.e., (1 − ρ) (pe + β) > δ, or β < βEB.  

Similarly, we can verify that, for prices pe and pr that satisfy condition (2.3), e-direct shopping is 

dominated by retail browsing or retail shopping, and, for pe and pr that satisfy condition (2.4), 

retail browsing is dominated by either e-direct shopping or retail shopping. 

Under our duopolistic assumption, retail shoppers always exist.  And for the e-tailer, either e-

direct shopper or retail browser or both exist.  Thus, the three scenarios, E-R, B-R, and E-B-R, 

cover all possible scenarios.  We note that the analysis so far does not depend on the Uniform 

distribution of β. 

2.3.2  DEMAND FUNCTIONS AND BEST RESPONSES 

In this subsection we derive the demand functions and best response functions, and then solve 

for the equilibrium prices. 

Demand functions 

In E-B-R scenario, customers with β ≤ βEB are e-direct shoppers, and customers with βEB < β 

≤ βBR are retail browsers.  Thus, the e-tailer’s demand is ( ˆ β −βEB)/ ˆ β  +ρ (βBR− βEB)/ ˆ β , and the 

retailer’s demand is ρ(1− βBR)/ ˆ β .  Substituting the expressions of βEB and βBR into the demand 

functions, we get the demand function (ρpr − pe + t)/ ˆ β  for the e-tailer and ( ˆ β − pr + pe )/ ˆ β  for the 

retailer.   

Similarly, for the E-R scenario, the e-tailer’s demand function is 

De = βER / ˆ β = (ρpr − pe +δ) / ˆ β , and the retailer’s demand function is 
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Dr = ( ˆ β − βER ) / ˆ β = ( ˆ β − ρpr + pe −δ) / ˆ β .  And for the B-R scenario, the e-tailer’s demand 

function is De = βBR/ ˆ β  = ρ (pr − pe )/ ˆ β , and the retailer’s demand function is Dr = ( ˆ β − βBR)/ ˆ β  = 

( ˆ β  − pr + pe )/ ˆ β .  

Table 2.1 summarizes the demand functions for all three scenarios.  Interestingly, the e-

tailer’s demand functions in scenario E-R and E-B-R are identical, and the retailer’s demand 

functions in scenario E-B-R and B-R are identical.  This observation suggests that the e-tailer’s 

demand and best response depend on whether there are e-direct shoppers, and the retailer’s 

demand and best response depend on whether there are retail browsers. 

Table 2.1  Demand functions 

 

 

Alternatively, we can write the retailer’s demand function as 

Dr =
ρ( ˆ β − ρpr + pe −δ) / ˆ β      if pr ≤ δ /(1− ρ)

( ˆ β − pr + pe ) / ˆ β                otherwise

⎧ 
⎨ 
⎪ 

⎩ ⎪ 
,  

and the e-tailer’s demand function as 

De =
(ρpr − pe +δ) / ˆ β              if pe ≤ δ /(1− ρ)

ρ( pr − pe ) / ˆ β                  otherwise

⎧ 
⎨ 
⎪ 

⎩ ⎪ 
. 

Scenario De(pe, pr) Dr(pe, pr) 

E-R (ρpr − pe + δ)/ ˆ β  ( ˆ β −ρ pr + pe−δ)/ ˆ β  

E-B-R (ρpr − pe + δ)/ ˆ β  ( ˆ β − pr + pe)/ ˆ β  

B-R ρ (pr − pe)/ ˆ β  ( ˆ β − pr + pe )/ ˆ β  



 

 - 21 - 

 

Figure 2.5  Retailer’s demand for fixed e-tail price 

 

Figure 2.6  E-tailer’s demand for fixed retail price 

In Figure 2.5 and 2.6, we plot, respectively, the retailer’s demand function for fixed pe and e-

tailer’s demand function for fixed pr.  We can see that retailer’s demand is a concave function and 

e-tailer’s demand is a convex function. 

Best responses 

Define Ωe(pr) and Ωr(pe), respectively, as the best response function of the e-tailer and the 

retailer.  Using the demand functions in Table 2.1 we next derive the best response functions. 

Consider the E-B-R scenario.  The e-tailer selects its price pe to maximize the profit  

  pe(ρpr − pe + δ)/ ˆ β .          
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Taking the first order derivative of the above profit w.r.t pe and setting it to zero, we get  

  ρpr − 2pe + δ = 0.       

Thus, for fixed retailer’s price pr, the e-tailer’s best response for the E-B-R scenario is 

  Ωe(pr) = (ρpr + δ)/2.           

Similarly, the retailer’s best response for the E-B-R scenario is 

  Ωr(pe) = (pe + ˆ β  − δ)/(2ρ).         

In the B-R scenario, the e-tailer selects price pe to maximize the profit  

  pe(pr − pe ) ρ/ ˆ β .          

Taking the first order derivative of the above profit w.r.t pe and setting it to zero, we get  

  Ωe(pr) = pr /2.           

Similarly, the retailer’s best response for the B-R scenario is 

  Ωr(pe) = (pe + ˆ β )/2.           

To summarize the above analysis and the scenario conditions (2.2) to (2.4), we have the e-

tailer’s best response 

 Ωe ( pr ) =
(ρpr +δ) 2       if pe < δ (1− ρ)
pr 2                 otherwise

⎧ 
⎨ 
⎩ 

,      (2.5) 

and the retailer’s best response 

 Ωr ( pe ) =
( ˆ β + pe −δ) (2ρ)   if pr ≤ δ (1− ρ) , 

( ˆ β + pe ) 2             otherwise

⎧ 
⎨ 
⎪ 

⎩ ⎪ 
      (2.6) 

Table 2.2 summarizes the best response functions for all three scenarios. 

Table 2.2  Best responses 

Scenario Ωe(pr) Ωr(pe) 

E-R (ρpr + δ)/2 ( ˆ β  + pe − δ)/(2ρ)  

E-B-R (ρpr + δ)/2 (pe + ˆ β )/2 

B-R pr/2 (pe + ˆ β )/2 
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Notice that the two-piece best response in (2.5) is still a function of pe, and so is not truly e-

tailer’s best response.  Indeed, as we can observe from Figure 2.7, for a certain range of the retail 

price the e-tailer’s best responses in both the E-R and B-R scenario will apply.  Similarly, for the 

retailer, we can see from Figure 2.8 that there exists a range of the e-tail price where the best 

response in neither the E-R nor the B-R scenario will apply.  Therefore, we need to characterize 

the global best response for the retailer and e-tailer. 
 

 

Figure 2.7  E-tailer’s best response 

 

Figure 2.8  Retailer’s best response 
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Global best responses 

From Table 2.2 and conditions (2.2) to (2.4), the e-tailer’s best response 

  Ωe(pr) = (ρpr + δ)/2         (2.8) 

applies if the e-tailer and retailer compete in either E-R or E-B-R scenario, i.e., 

   pe < δ/(1−ρ).          (2.9) 

Otherwise, if  

  pe ≥ δ/(1−ρ),          (2.10) 

the e-tailer’s best response is 

  Ωe(pr) = pr/2.         (2.11) 

Substituting (2.8) into condition (2.9), we get pr < 2δ/(ρ(1−ρ)) − δ/ρ.  Substituting (2.11) into 

condition (2.10), we get pr ≥ 2δ/(1−ρ).  We can show that 2δ/(ρ(1−ρ)) − δ/ρ ≥ 2δ/(1−ρ) for any ρ 

≤ 1.  So, there exists a range of retailer’s price, 2δ/(1−ρ) ≤ pr ≤ 2δ/(ρ(1−ρ)) − δ/ρ, where the e-

tailer has two best responses.  To see which best response is superior, (2.8) or (2.11), we compare 

the e-tailer’s profits under the two best response functions.  We use superscripts to identify 

scenarios and subscripts e and r to identify e-tailer and retailer.  For instance, π e
ER  is the e-tailer’s 

profit under the E-R scenario. 

Substituting the best response functions (2.8) and (2.11) into e-tailer’s profit function, we get 

πe
ER ( pr) = Ωe

ER ( pr )De
ER = ρpr +δ( )2 ˆ β , and πe

BR ( pr ) = Ωe
BR ( pr )De

BR = ρ( pr 2)2 ˆ β .  So, the best 

response in (2.8) (E-R or E-B-R scenario) is superior than the one in (2.11) (B-R scenario) if and 

only if (ρpr +δ)2 / ˆ β ≥ ρ( pr /2)2 / ˆ β , or pr ≤δ ( ρ − ρ) .  To summarize, the e-tailer’s best 

response function is 

 Ωe ( pr ) =
ρpr +δ( ) 2       if pr ≤ δ ρ − ρ( ), and

pr 2                 otherwise.

⎧ 
⎨ 
⎪ 

⎩ ⎪ 
     (2.12) 

Thus, the e-tailer’s profit, written as a function of pr, is 

πe ( pr ) =

ρpr +δ
2

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ 

2 1
ˆ β 

   if pr ≤ δ ρ − ρ( ), and

pr

2
⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ 

2 ρ
ˆ β 

                 otherwise.

⎧ 

⎨ 

⎪ 
⎪ 

⎩ 

⎪ 
⎪ 

 

Observe from Figure 2.9 that the e-tailer’s profit increases in the retail price; and, when the 

retail price exceeds δ /( ρ − ρ) , the e-tailer’s profit increases faster.  Recall that δ represents the 
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shopping cost at the retail store. So, Figure 2.9 seems to imply that if the product price is 

sufficiently greater than the cost of visiting the retail store, all customers will prefer to resolve the 

uncertainty at the retail store, which leads to the e-tailer adopting the best response in the B-R 

scenario (so does the retailer). 

 

Figure 2.9  E-tailer’s profit as a function of retail price 

For the retailer, by conditions (2.2) through (2.4), the best response 

  Ωr(pe) = ( ˆ β  + pe − δ)/(2ρ),        (2.13) 

applies if 

   pr ≤ δ/(1−ρ).          (2.14) 

Otherwise, if 

   pr > δ/(1 − ρ),          (2.15) 

the retailer’s best response (for E-B-R or B-R scenario) is 

  Ωr(pe) = (pe + ˆ β )/2.          (2.16) 

Substituting the best response (2.13) into condition (2.14), we get pe ≤ (1 + ρ)δ /(1 − ρ) − βö .  

Substituting retailer’s best response (2.16) into condition (2.15), we get pe > 2δ/(1 − ρ) − βö .  

Because (1 + ρ)δ /(1 − ρ) − ˆ β  < 2δ/(1 − ρ) − βö , for e-tailer’s price pe such that (1 + ρ)δ/(1 − ρ) 

− βö < pe ≤ 2δ/(1 − ρ) − βö , the boundary best response Ωr(pe) = δ/(1 − ρ) applies.  To summarize, 

the retailer’s best response function is 
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 Ωr ( pe ) =

( ˆ β + pe −δ) (2ρ)   if pe ≤ (1+ ρ)δ (1− ρ) − ˆ β , 

( ˆ β + pe ) 2             if pe > 2δ (1− ρ) − ˆ β , and
δ (1− ρ)                 otherwise.

⎧ 

⎨ 
⎪ ⎪ 

⎩ 
⎪ 
⎪ 

    (2.17) 

Thus, the retailer’s profit, written as a function of the e-tail price, is 

πr ( pe ) =

ˆ β + pe −δ
2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2
1
ˆ β ρ

                 if pe ≤ (1+ ρ)δ (1− ρ) − ˆ β , 

ˆ β + pe

2

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2
1
ˆ β 

,                       if pe > 2δ (1− ρ) − ˆ β , and

δ
1− ρ

( ˆ β + pe − δ
1− ρ

) 1
ˆ β 

       otherwise.

⎧ 

⎨ 

⎪ 
⎪ 
⎪ 
⎪ 

⎩ 

⎪ 
⎪ 
⎪ 
⎪ 

 

 

Figure 2.10  Retailer’s profit as a function of e-tail price 

In Figure 2.10, we plot the above profit function.  We can see that when the e-tail price is 

between 2δ 1− ρ( )− ˆ β  and 1+ ρ( )δ 1− ρ( )− ˆ β , the retailer can get the most profit by adopting a 

best response that does not change with pe, i.e., pr = δ/(1 − ρ). 

Equilibrium prices, demands, and profits 

Table 2.2 indicates that the e-tailer’s best response depends on whether there are e-direct 

shoppers and the retailer’s best response depends on whether there are retail browsers.  Also, in 

scenario E-R or E-B-R, the existence of e-direct shoppers makes the e-tailer’s price less sensitive 

to the changes of the retail price relative to the B-R scenario.  In the E-B-R or B-R scenario, the 
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existence of retail browsers makes the retailer’s price more sensitive to the changes of the e-tail 

price relative to the E-R scenario.  Recall that the best responses for each scenario in Table 2.2 

are associated with the conditions on prices (condition 2.2 to 2.4).  Next, we derive the 

equilibrium prices for each of the three scenarios.  Then, in Section 2.3.3, we use the equilibrium 

prices to derive the condition under which that each scenario occurs. 

Equilibrium prices 

Solving the equations (2.6) and (2.7) for the equilibrium prices in the E-B-R scenario, we get 

  pe
* = ρ ˆ β + 2δ

4 − ρ
 and pr

* = 2 ˆ β +δ
4 − ρ

.        

Substituting the above equilibrium prices into the demand functions for the E-B-R scenario, we 

get 

  De
* = ρ ˆ β + 2δ

(4 − ρ) ˆ β 
,  and Dr

* = 2 ˆ β +δ
4 − ρ

ρ
ˆ β 

.      

Thus, the equilibrium profits for the E-B-R scenario are 

  πe
* = ρ ˆ β + 2δ

(4 − ρ)

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2
1
ˆ β 

,  and πr
* = 2 ˆ β +δ

4 − ρ

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2
ρ
ˆ β 

.   

In the E-R scenario, solving the best responses Ωe(pr) = (ρ pr + δ)/2 for the e-tailer and Ωr(pe) 

= ( ˆ β  + pe − δ)/(2ρ) for the retailer, we get pe
* =

ˆ β +δ
3

, pr
* = 2 ˆ β −δ

3ρ
.  So, the equilibrium demand 

is De
* =

ˆ β +δ
3 ˆ β 

 for the e-tailer and Dr
* = 2 ˆ β −δ

3 ˆ β 
ρ  for the retailer; and the corresponding profits 

are πe
* =

ˆ β +δ( )2

9 ˆ β 
, and πr

* =
2 ˆ β −δ( )2

9 ˆ β 
. 

Similarly, for the B-R scenario, the demand function is De = βBR/ ˆ β  = ρ (pr − pe )/ ˆ β for the e-

tailer, and Dr = ( ˆ β − βBR)/ ˆ β  = ( ˆ β  − pr + pe )/ ˆ β  for the retailer.  It follows that their best responses 

are Ωe(pr) = pr/2 for the e-tailer, and Ωr(pe) = ( ˆ β  + pe)/2 for the retailer.  Solving for equilibrium 

prices, demands, and profits, we have pe
* =

ˆ β 
3

, pr
* = 2 ˆ β 

3
, De

* = ρ
3

, Dr
* = 2ρ

3
, πe

* = ρ ˆ β 
9

, and 

πr
* = 4ρ ˆ β 

9
. 
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Table 2.3 summarizes the equilibrium price, demand, and profit for all three scenarios. 

Table 2.3  Equilibrium prices 

Scenar

io 
pe pr 

E-R ˆ β +δ
3

 2 ˆ β −δ
3ρ

 

E-B-R ρ ˆ β + 2δ
4 − ρ

 2 ˆ β +δ
4 − ρ

 

B-R ˆ β 
3

 2 ˆ β 
3

 

 

Table 2.4  Equilibrium demands 

Scenar

io 
De Dr 

E-R ˆ β +δ
3 ˆ β 

 2 ˆ β −δ
3 ˆ β 

ρ  

E-B-R ρ ˆ β + 2δ
4 − ρ

1
ˆ β 

 2 ˆ β +δ
4 − ρ

ρ
ˆ β 

 

B-R ρ/3 2ρ/3 
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Table 2.5  Equilibrium profits 

Scenar

io 
πe πr 

E-R ˆ β +δ
3

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2
1
ˆ β 

 2 ˆ β −δ
3

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2
1
ˆ β 

 

E-B-R ρ ˆ β + 2δ
4 − ρ

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2
1
ˆ β 

 2 ˆ β +δ
4 − ρ

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2
ρ
ˆ β 

 

B-R ρ ˆ β 
9

 4ρ ˆ β 
9

 

 

From Figure 2.7 and 2.8, we can see that both the e-tailer and retailer have best responses that 

span all three scenarios.  Thus, the equilibrium may occur in any of the three scenarios.  In Figure 

2.11 through 2.14, we illustrate all four possibilities of the equilibrium: the first three cases 

correspond to equilibrium in the E-B-R, E-R, and B-R scenarios, respectively; and the last case 

corresponds to a boundary scenario where the retailer adopts a constant best response.  

 

 

Figure 2.11  Equilibrium in the E-B-R scenario 
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Figure 2.12  Equilibrium in the E-R scenario 

 

 

Figure 2.13  Equilibrium in the B-R scenario 
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Figure 2.14  Equilibrium in the boundary scenario 

2.3.3  EQUILIBRIUM CONDITIONS 

With the optimality conditions (2.12) and (2.17) for the best response for each scenario and 

the equilibrium prices in Table 2.3, we are now ready to derive the conditions for each scenario to 

occur.  Four sets of requirements are needed to hold for every scenario: 

(1) Condition (2.2) to ensure the validity of the demand functions, 

(2) The best response conditions in (2.12) and (2.17),  

(3) Non-negativity of demand for both the e-tailer and the retailer, and 

(4) Non-negativity of customer’s surplus. 

Consider the E-B-R scenario.  Substituting the equilibrium prices pe = ρ ˆ β + 2δ
4 − ρ

 and 

pr = 2 ˆ β +δ
4 − ρ

 into condition (2.2), we get 

 pr > δ/(1−ρ) ⇔δ / ˆ β < 2(1− ρ) / 3, and         

 pe < δ/(1−ρ) ⇔δ / ˆ β > ρ(1− ρ) /(2 + ρ) .        (2.18) 

Also, for the best response in the E-B-R scenario to be optimal, we have 

 pr ≤δ /( ρ − ρ) ⇔δ / ˆ β ≥ 2( ρ − ρ) /(4 − ρ ) .       (2.19) 
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Since )4/()(2 ρρρ −− ≥ ρ(1− ρ) /(2 + ρ)  if and only if (4 − ρ)(1− ρ ) ≥ 0, which is true for 

all 0 ≤ ρ ≤ 1.  Thus, condition (2.19) implies condition (2.18). 

The equilibrium demands, (ρ ˆ β + 2δ) /((4 − ρ) ˆ β )  for the e-tailer and (2 ˆ β +δ)ρ /((4 − ρ) ˆ β )  for 

the retailer, are both nonnegative.  Therefore, the equilibrium condition for the E-B-R scenario is 

2( ρ − ρ) /(4 − ρ ≤δ / ˆ β < 2(1− ρ) / 3.        

Finally, to ensure that customers get non-negative surplus, notice that condition (2.2) can 

guarantee that 0 < βEB < βER < βBR.  Thus, by surplus functions for all three types of customers 

(See Figure 2.2), if retail shopper’s surplus is non-negative, so will be the surpluses of e-tailer’s 

customers (browsers and e-direct shoppers).  Therefore, if ρ(v − pr) − δ ≥ 0, or v ≥ 

(2 ˆ β +δ) /(4 − ρ) +δ / ρ , then, all three types of customers can get non-negative surplus. 

Similarly, we can characterize the conditions for the E-R and B-R scenario (see Appendix 2A 

for details).  

PROPOSITION 2.1 (Equilibrium conditions)  The equilibrium conditions can be conveniently 

characterized in terms of the ratio δ/ ˆ β  of the store visit cost and the e-shopping cost.  In 

particular, the e-tailer and the retailer will compete in the B-R scenario if δ / ˆ β < 2( ρ − ρ) / 3, in 

the E-B-R scenario if 2( ρ − ρ) /(4 − ρ ) ≤δ / ˆ β < 2(1− ρ) / 3, and in the E-R scenario if 

2(1− ρ) /(1+ 2ρ) ≤ δ / ˆ β ≤ 2.  Also, for 2(1− ρ) / 3 ≤ δ / ˆ β < 2(1− ρ) /(1+ 2ρ) , the retailer will adopt 

the boundary best response, i.e., pr = δ/(1 − ρ).  

 

Figure 2.15  Characterization of equilibrium regions 

In Figure 2.15, we illustrate the region of every possible equilibrium on the axis of δ/ ˆ β  (with 

fixed value of ρ).   We can see that as the value of δ/ ˆ β  increases, we expect to have B-R 

scenario, E-B-R scenario, boundary scenario, and E-R scenario.  We notice that an overlapping 

region exists between the B-R and E-B-R scenario.   
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To understand Proposition 2.1, we can think of δ/ ˆ β  as the competitive advantage of the 

retailer relative to the e-tailer.  Proposition 2.1 tells us that, for a product and market with certain 

values of ρ and δ/ ˆ β , in which scenario we expect the e-tailer and retailer compete.  For example, 

for relative low values of δ/ ˆ β , the competition will occur in the B-R scenario where all customers 

choose to resolve product uncertainty by visiting the store.  Similarly, for relatively high values of 

δ/ ˆ β , no e-tailer’s customers will visit the store to resolve uncertainty.  Thus, the E-R scenario 

occurs.  The E-B-R scenario, where we expect to have all types of customers, occurs for moderate 

values of δ/ ˆ β .  

Recall that the parameter ρ is the probability that customers like the product.  As the product 

matures, we expect that the value ρ will increase during the product’s life cycle.  The question is, 

in Figure 2.15, how will the equilibrium region for each scenario change as ρ increases?  For the 

B-R region, its upper bound for the ratio δ/ ˆ β  is 2( ρ − ρ) /3, which increases in ρ for ρ ≤ 0.25, 

and decreases in ρ otherwise.  So, as ρ increases, the B-R region will first expand (for ρ ≤ 0.25) 

and then shrink until it vanishes for ρ = 1.  Also, both 2(1− ρ) / 3−2( ρ − ρ) /(4 − ρ ) and 

2(1− ρ) /(1+ 2ρ) − 2(1− ρ) / 3 decreases with ρ.  Thus, the E-B-R and boundary scenario will 

vanish as ρ increases to 1.  Thus, for mature products with ρ close to 1, the competition is more 

likely (i.e., for wider range of values of δ/ ˆ β ) to take place in the E-R scenario. 

Now, let us consider the overlapping area between the B-R and E-B-R scenario.  That is, the 

market supports two equilibria for the values of δ/ ˆ β  such that  

 2( ρ − ρ) /(4 − ρ ) ≤δ / ˆ β < 2( ρ − ρ) / 3.        (2.20) 

Two equilibria can exist possibly because of the special demand functions.  As we can see 

from the plot of the demand functions in Figure 2.5 and 2.6, the demand function is concave for 

the retailer and convex for the e-tailer.  Also, from their best response functions illustrated in 

Figure 2.7 and 2.8, we can see that indeed the retailer’s best response can intersect with the e-

tailer’s best response simultaneously in the B-R and E-B-R scenario.  So, for the values of δ, ρ, 

and ˆ β  that satisfy condition (2.20), the e-tailer and retailer either compete in the B-R scenario 

where all the e-tailer’s customers browse at the retail store or in the E-B-R scenario where some 

of the e-tailer’s customers browse at the retail store.  Now we compare the equilibrium profits in 

these two scenarios, B-R and E-B-R. 
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The e-tailer can earn more profits in the B-R than they do in the E-B-R scenario if and only if 

ρ ˆ β + 2δ
4 − ρ

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2
1
ˆ β 

 ≤ ρ ˆ β 
9

, i.e.,  

  δ
ˆ β 

≤
(4 − ρ) ρ − 3ρ

6
.          (2.21) 

Because (4 − ρ) ρ − 3ρ
6

>
2( ρ − ρ)

3
 for 0 < ρ < 1 and the condition is binding when ρ = 0 

or 1, so, condition (2.21) always holds.  By condition (2.20), the e-tailer’s profit in the B-R 

scenario is no less than in the E-B-R scenario. 

The retailer can earn more profits in the B-R scenario than in the E-B-R scenario if and only 

if 2 ˆ β +δ
4 − ρ

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2
ρ
ˆ β 

 ≤ 4ρ ˆ β 
9

, i.e., δ
ˆ β 

≤ 2(1− ρ)
3

, which is implied by condition (2.20).  Thus, the retailer 

is better off in the B-R scenario.         

2.3.4  SENSITIVITY ANALYSIS 

In this section, we make some observations on how the equilibrium solutions (Table 2.3 to 

2.5) react to marginal changes of problem parameters.   

Impact of ρ  

The parameter ρ corresponds to the likelihood that customers like the product.  Intuitively, a 

higher value of ρ implies less regret for e-direct shoppers.  Hence, we expect the e-tailer to charge 

higher prices for product with higher value of ρ.  Interestingly, the equilibrium solutions in Table 

2.3 to 2.5 indicate that the impact of ρ depends on which scenario they compete in.   

In the E-R and B-R scenario, the retailer’s demand clearly increases in ρ because both 

(2 ˆ β −δ)ρ /(3 ˆ β )  and 2ρ/3 increases in ρ.  In the E-B-R scenario, since ∂Dr
* /∂ρ = 

∂(2 ˆ β +δ)ρ /((4 − ρ) ˆ β )) /∂ρ  = (8 ˆ β +δ(8 − ρ)ρ) /(4 − ρ)2 / ˆ β > 0, the retailer’s demand also 

increases in ρ.  Thus, the retailer’s demand increases with ρ in both the E-B-R and B-R scenario.  

The reason is, with higher value of ρ, among customers who visit the store, the percentage of 

customers who buy the product increases.  For the e-tailer, since ρ/3 increases in ρ and 

∂(ρ ˆ β + 2δ /((4 − ρ) ˆ β )) /∂ρ  = 2(2 ˆ β +δ) /(4 − ρ)2 / ˆ β > 0, the e-tailer can have higher demand due to 

higher value of ρ only in the E-B-R and B-R scenario where its marginal customer (i.e. 
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indifferent customers for the e-tail shopping and retail shopping. is indifferent between actually 

uses the retail store to resolve uncertainty. 

The impact of ρ on prices is also interesting.  When all customers can find out if they like the 

product or not before purchasing (B-R scenario), ρ has no impact on the equilibrium prices.  

When there are e-direct customers, however, the impact of ρ will depend on whether the marginal 

e-tail customer is a browser or e-direct shopper.  In the first case, higher value of ρ does not 

induce browsers to switch to retail shopping or make retail shoppers switch to browsing, but it 

does induce some browsers to switch to e-direct shopping.  Thus, the e-tailer will raise price due 

to increased demand, and in response, the retailer also raises prices.   

Remark: the impact of ρ on the percentage of browsers in the E-B-R scenario depends on the 

parameters. 

Impact of ˆ β  

The parameter ˆ β  specifies how diversely customers’ e-direct shopping costs are distributed.  

For large value of ˆ β , customers with higher e-shopping cost prefer retailer shopping.  Thus, the 

retailer has its niche market and the competition with the e-tailer becomes less intense.  Table 2.3 

indicates that the equilibrium prices for both the e-tailer and retailer increase with ˆ β  in all three 

scenarios.  

Now we examine the impact of ρ on the equilibrium demand.  In the E-R scenario, clearly, 

the e-tailer’s demand decreases in ˆ β .  In the E-B-R scenario, ∂(ρ ˆ β + 2δ) /((4 − ρ) ˆ β ) /∂ ˆ β =  

−2 ˆ β /[ ˆ β 2(4 − ρ)] < 0.  So, the e-tailer’s demand decreases in ˆ β .  Moreover, the e-tailer’s demand 

decreases in the E-R scenario and does not change in the B-R scenario.  For the retailer, clearly, 

its demand in the E-R scenario increases.  And its demand in the E-B-R scenario decreases in ˆ β  

because ˆ β (2 ˆ β +δ)ρ /((4 − ρ) ˆ β ) /∂ ˆ β = −δρ /( ˆ β 2(4 − ρ)) < 0.   

The impact of the value of ˆ β  on the profit in the E-R-R scenario depends on the value of ρ.  

However, in the E-R and B-R scenario, both the e-tailer and retailer’s profit increases in ˆ β . 

On the surface, customer’s e-shopping cost β is a disadvantage of the e-tailer.  However, the 

above analysis suggests that the e-tailer cannot increase profits in the E-R and B-R scenario by 

reducing the value of ˆ β . 
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Impact of δ 

The store visit cost δ in our model represents inconvenience for customers to visit the retail 

store and thus is a disadvantage for the retailer.  As δ increases and thus the cost of experiencing 

the product becomes more expensive, we expect some customers to switch to the e-tailer.  Thus, 

the retailer’s profit may decrease.  However, this intuition holds only for the E-R scenario where 

there are no browsers.  In the E-B-R scenario, increasing δ will not impact the customers who are 

indifferent between retail browsing and retail shopping, and increasing δ does cause some 

browsers to switch to e-direct shopping.  As a result, the e-tailer will raise the price, and the 

retailer will follow to raise price.  Therefore, as δ increases, both the e-tailer and retailer can earn 

more profits.  In other words, in the E-B-R scenario, the retailer (and e-tailer) can be better off by 

making it difficult for customers to visit the store to experience the product, e.g., by lowering the 

service level in the store. 

The above discussions shed some managerial insights on whether the retailer should 

discourage retail browsing, say, by reducing sales efforts thereby increasing customer’s store visit 

cost δ.  Specifically, when there are no browsers (E-R scenario), reducing customer’s store visit 

cost δ will increase the retailer’s profit.  When some e-tail customers are browsers (E-B-R 

scenario), reducing store service and hence increasing δ can actually help the retailer (and e-

tailer) to make more profits.  The reason is some browsers switch to e-direct shopping, thereby 

permitting the e-tailer to raise the price.  Thus, the competition becomes less intense.  In the B-R 

scenario, increasing δ marginally does not affect e-tailer and retailer’s profits. 

To further understand the impact of browsers on the competition, we next examine a 

hypothetical situation where the retailer has a way to identify and block the browsers.  The goal is 

to understand whether the retailer and e-tailer can be better off with browsers blocked. 

Observe that the case with browsers blocked corresponds to the E-R scenario of the base 

model.  Proposition 2.2 shows that both the retailer and e-tailer are better off when browsing is 

blocked.  The proof is in Appendix 2B. 

PROPOSITION 2.2 (Blocking retail browsing)  When retail browsing is prohibited, both the e-

tailer and the retailer charge higher prices and earn more profits in the B-R and E-B-R scenario.  

However, the total customer welfare is lower than in scenarios with browsers. 

In the E-R scenario, since customers have fewer options to buy the product, it is not 

surprising that customers will be worse off.  Notice that the browsers use the store service 

provided by the retailer but make the purchase from the e-tailer.  In a sense, the e-tailer is free-

riding the retailer’s store service.  Interestingly, Proposition 2.2 suggests that the e-tailer does not 
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benefit from the service that retailer provides.  In other words, the e-tailer and retailer can 

potentially earn more profits if they can do something to discourage browsing behavior. 

To summarize the analysis for the base model, we have characterized three scenarios of the 

retail-online competition, namely, the E-R scenario where no e-tail customers are browsers, the 

B-R scenario where all e-tail customers are browsers, and the E-B-R scenario where the e-tailer 

has both browsers and non-browsers (i.e., e-direct shoppers).  We have calculated the equilibrium 

prices, demands, and profits for each scenario. By sensitivity analysis on the model parameters, 

we demonstrate that the impact of the parameters on the equilibrium price and profit largely 

depends on in which scenario the e-tailer and retailer are competing.  Then, we characterized the 

equilibrium conditions for each scenario, and show that as product matures, the competition is 

more likely to take place in the E-R scenario.  Finally, we demonstrate that the e-tailer and 

retailer both can be better off if they could block the retail browsers. 

In the next section, we investigate some strategies for the e-tailer and retailer that can 

potentially increase the profits. 

2.4 Strategies  

In this section, we focus on several possible strategies that the e-tailer and retailer can take to 

improve profits.  For the retailer, we examine the option of charging an experiencing fee to all 

customers who visit the store.  For the e-tailer, since directly discouraging browsing is difficult, 

we examine two alternative experiencing options that e-tailer can provide to customers, namely, 

e-showrooms and returns policy. 

2.4.1  EXPERIENCING FEE 

Various forms of experiencing fee already exist in some retail industries.  For example, sport 

stores typically charge a few dollars per day for customers to test tennis rackets, and will 

reimburse the fee as long as customers make their purchases at the store.  Similarly, car 

companies also charge test-drive fees and reimburse the fee if customers eventually purchase the 

car.  The experiencing fee to some extent helps discourage online shoppers from free-riding the 

store service.  However, it is not clear in equilibrium how experiencing fees will affect 

customer’s decisions, equilibrium prices and profits.  In this subsection, we examine whether the 

retailer can benefit from charging an experiencing fee, and if yes, under what conditions. 

Assume that the retailer charges an experiencing fee a to every customer who comes to the 

store.  We assume that the experiencing fee is non-reimbursable.  We can then write the surplus 

functions for the three types of customers as  
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 S(c,β) =
vρ − pe − β                          if c = E
ρ(v − pe − β) −δ − a            if c = B
ρ(v − pr ) −δ − a(1− ρ)        if c = R

⎧ 

⎨ 
⎪ 

⎩ 
⎪ 

, and     (2.22) 

Like store visit cost δ, the experiencing fee is a cost for customers to visit the store, regardless 

of whether they will buy the product or not.  Thus, there will be no browsers if pr < (δ + a)/(1 − 

ρ), and there will be no e-direct shoppers if pe > (δ + a)/(1 − ρ).  To summarize, the condition for 

the E-R scenario is  

 pr ≤ (δ + a)/(1 − ρ) and pe ≤ (δ + a)/(1 − ρ),       (2.23) 

the condition for the E-B-R scenario is 

  pr > (δ + a)/(1 − ρ) and pe < (δ + a)/(1 − ρ),       (2.24) 

and the condition for the B-R scenario is  

 pr ≤ (δ + a)/(1 − ρ) and pe > (δ + a)/(1 − ρ).        (2.25) 

Equilibrium prices, demands, and profits 

From the surplus functions (2.22), we can calculate the β values for the indifferent customers: 

βER = ρ pr − pe + δ + a, βEB = (δ + a)/(1 − ρ) − pe, and βBR = pr − pe.  We can follow the approach 

in the base model to derive the equilibrium prices, demands, and profits. 

For the E-R scenario, the demand functions are De = (ρpr − pe + δ + a)/ βö  and Dr = ρ( βö− ρpr 

+ pe− δ − a )/ βö .  For any given pe, the retailer chooses pr to maximize its profits πr = 

(pr + a) ( βö− ρpr + pe− δ − a )/ βö .  Thus, the retailer’s best response is Ωr(pe) = ( ˆ β  + pe − δ − a −  

aρ)/(2ρ).  Similarly, we can derive the e-tailer’s best response as Ωe(pr) = (ρ pr + δ + a)/2.  

Solving for the equilibrium prices, we have  

pe
* = (δ + ˆ β + (1− ρ)a) / 3, pr

* = (2 ˆ β −δ − (1+ 2ρ)a) / 3ρ .   

So,  

De
* = (δ + ˆ β + (1− ρ)a) /(3 ˆ β ) , Dr

* = ρ(2 ˆ β −δ − (1− ρ)a) /(3 ˆ β ) ,  

πe
* = (δ + ˆ β + (1− ρ)a)2 /(9 ˆ β ) , and π r

* = (2 ˆ β −δ − (1− ρ)a)2 /(9 ˆ β ) .   

We can see that compared to the profit in the base model the retailer is worse off when it 

charges an experiencing fee.  The e-tailer, however, is better off.  These results hold when the 

retailer and e-tailer will stay in the E-R scenario if with or without the experiencing fee. 
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For the E-B-R scenario, the demand function is De = (ρpr − pe + δ + a)/ βö for the e-tailer and 

Dr = ρ( βö− pr + pe )/ βö for the retailer.  Thus, the best responses are Ωe(pr) = (ρ pr + δ + a)/2, and 

Ωr(pe) = ( ˆ β  + pe )/2.  Solving for equilibrium prices, we get pe
* = 2(δ + a) + ρ ˆ β 

4 − ρ
 and 

pr
* = δ + a + 2 ˆ β 

4 − ρ
.   

So, De
* = (2(δ + a) + ρ ˆ β ) /((4 − ρ) ˆ β ) , Dr

* = ρ(δ + a + 2 ˆ β ) /((4 − ρ) ˆ β ) ,  

πe
* = 2(δ + a) + ρ ˆ β 

4 − ρ

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2
1
ˆ β 

, and πr
* = δ + a + 2 ˆ β 

4 − ρ

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2
ρ
ˆ β 

+ a(2δ + 2a + 4 ˆ β )
4 − ρ

− δ + a
(1− ρ) ˆ β 

.   

We can see that both the e-tailer and the retailer charge higher prices and have higher demand 

in equilibrium. 

In the B-R scenario, since all customers visit the store, the experiencing fee does not affect 

the best responses for the e-tailer and the retailer.  So, charging an experiencing fee will only 

increase the retailer’s profit by a and will not change the equilibrium solution.  The equilibrium 

prices and demands are the same as in the base model.  The equilibrium profit is 9/ö* βρπ =e for 

the e-tailer, and π r
* = 4ρ ˆ β /9 + a for the retailer. 

To summarize the above analysis, the retailer can benefit from charging an experiencing fee 

if (a)  the competition is in the E-B-R scenario without the experiencing fee and remains in the E-

B-R scenario with the experiencing fee, or, (b) the competition is in the B-R scenario without the 

experiencing fee and remains in the B-R scenario with the experiencing fee.  The retailer will be 

worse off if (c) the competition is in the E-R scenario without the experiencing fee and remains in 

the E-R scenario with the experiencing fee.  For the e-tailer, the retailer’s experiencing fee will 

not affect the e-tailer’s profit under condition (b) and will increase the e-tailer’s profit under the 

conditions (a) and (c). 

In the E-B-R and B-R scenario, by making the browsing more expensive, the retailer can 

discourage the browsing behavior and cause some browsers to go e-direct shopping, which 

permits both the retailer and the e-tailer to charge higher prices (similar to the analysis for the 

impact of store visit cost δ in Section 2.3.4). 

We remark that the above analysis on the impact of the experiencing fee apply to the situation 

where the competition does not switch from one scenario to another when the retailer charges an 

experiencing fee.  In reality, the experiencing fee will affect both the equilibrium prices and the 
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conditions for each scenario (see conditions 2.23 through 2.25).  So, we expect that under some 

circumstances charging an experiencing fee will cause the e-tailer and retailer to switch to a 

different scenario to compete.  Next, we characterize the equilibrium conditions and examine how 

equilibrium may switch across scenarios. 

Equilibrium conditions 

We derive the conditions that each of the three scenarios occurs.  The purpose is to 

understand with the experiencing fee whether the competition will switch from one scenario to 

other scenarios.  This analysis is useful for retail managers to decide how to charge an optimal 

experiencing fee to maximize its profits.  We follow the same approach as we use in the base 

model to derive the conditions for each scenario.  To focus on duopolistic competition, that is, 

both the e-tailer and retailer must have positive market share and profit, we assume that the 

parameter v is sufficiently high so that the non-negativity of customer’s surplus is guaranteed.  

So, we will focus on the remaining three sets of conditions, i.e., validity of demand functions, 

validity of best responses, and non-negativity of demands. 

Best response 

For the e-tailer’s best response in the E-R scenario to be optimal, the e-tailer must earn more 

profit by adopting the best response in the E-R scenario than the B-R scenario.  So 

ρpr +δ + a
2

ρpr +δ + a
2 ˆ β 

≥ pr

2
ρ
ˆ β 

( pr − pr

2
) = pr

2
⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ 

2 ρ
ˆ β 

, i.e., pr ≤ δ + a
ρ − ρ

.  Otherwise, if 

pr > δ + a
ρ − ρ

, then the best response in the B-R scenario will be optimal.  

Similar to the base model, the retailer’s best response in the E-R scenario is optimal if  

pr =
ˆ β + pe −δ − a − ρa

2ρ
≤ δ + a

ρ − ρ
, i.e., pe ≤ δ(1+ ρ)

1− ρ
+ (1− ρ)a − ˜ β .  And the retailer’s best 

response in the B-R scenario is optimal if pr =
ˆ β + pe

2
> δ(1+ ρ)

1− ρ
, i.e., pe > 2(δ + a)

1− ρ
− ˜ β . 

Conditions for the E-R scenario 

The equilibrium will occur in the E-R scenario if the three sets of conditions hold: (1) 

pr
* ≤ δ + a

1− ρ
 and pe

* ≤ δ + a
1− ρ

, (2) pr
* ≤ δ + a

ρ − ρ
 and pe

* ≤ δ(1+ ρ)
1− ρ

+ (1− ρ)a − ˆ β , and (3) Dr
* ,De

* ≥ 0.  

When pr = δ + a
1− ρ

, the e-tailer’s price, according to its best response pe = ρ( pr +δ + a)
2

, is 
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pe = ρ(2 − ρ)
2

δ + a
1− ρ

≤ δ + a
1− ρ

.  So, for condition (1), it suffices to impose pr
* ≤ δ + a

1− ρ
.  Moreover, 

because δ + a
1− ρ

< δ + a
ρ − ρ

, thus, we can ignore the condition pr
* ≤ δ + a

ρ − ρ
 in Condition (2). 

To summarize, the sufficient condition for the E-R scenario is 

pr
* = 2 ˆ β −δ + (1+ 2ρ)a

3ρ
≤ δ + a

1− ρ
⇔δ ≥ 2(1− ρ) ˆ β − a(1− 2ρ2 − 2ρ)

1+ 2ρ
,  

pe
* =

ˆ β +δ + (1− ρ)a
3

≤ δ + a
1− ρ

+ (1− ρ)a − ˆ β ⇔δ ≥ 3(1− ρ)
2 + ρ

4 ˆ β 
3

− a 1
1− ρ

+ 2(1− ρ)
3

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ , and  

Dr
* = ρ(2 ˆ β −δ − (1− ρ)a)

3 ˆ β 
≥ 0 ⇔δ ≤ 2 ˆ β − (1− ρ)a . 

To summarize the above analysis, the condition for the E-R scenario is L ≤ δ ≤ 2 ˆ β − (1− ρ)a  

where        

L = max 2(1− ρ) ˆ β − a(1− 2ρ2 − 2ρ)
1+ 2ρ

, 3(1− ρ)
2 + ρ

4 ˆ β 
3

− a 1
1− ρ

+ 2(1− ρ)
3

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

⎧ 
⎨ 
⎪ 

⎩ ⎪ 

⎫ 
⎬ 
⎪ 

⎭ ⎪ 
.   (2.26) 

Compare the above condition with the E-R condition in the base model (Proposition 2.1), we 

can see that the upper bound moves to the left relative to that in the base model.  For the lower 

bound, observe that when a is large enough, lower bound L can be less than 2(1− ρ) ˆ β 
1+ 2ρ

 (the lower 

bound for the E-R scenario in the base model), which implies that the lower boundary will shift to 

the left.  On the other hand, because 2(1− ρ) ˆ β 
1+ 2ρ

≤ 3(1− ρ)
2 + ρ

4 ˆ β 
3

, for small enough values of a, 

3(1− ρ)
2 + ρ

4 ˆ β 
3

− a 1
1− ρ

+ 2(1− ρ)
3

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

⎛ 

⎝ 
⎜ 

⎞

⎠
⎟ can be greater than 2(1− ρ) ˆ β 

1+ 2ρ
.  Therefore, the lower bound 

can shift to the right. 

To summarize, the upper bound of condition (2.26) is smaller than its counterpart (i.e., the 

upper bound of condition for the E-R scenario) in the base model and the lower bound may be 

larger or smaller than its counterpart in the base model. 

Conditions for the E-B-R scenario 
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The equilibrium will occur in the E-B-R scenario if the three sets of conditions hold: (1) 

pr
* > δ + a

1− ρ
 and pe

* ≤ δ + a
1− ρ

, (2) pr
* ≤ δ + a

ρ − ρ
 and pe

* > 2(δ + a)
1− ρ

− ˆ β , and (3) Dr
* ,De

* ≥ 0.   

Substituting the equilibrium prices in the E-B-R scenario into the above conditions, we have 

pr
* = δ + a + 2 ˆ β 

4 − ρ
> δ + a

1− ρ
⇔δ < 2 ˆ β 

3
(1− ρ) − a ,  

pe
* = 2(δ + a) + ρ ˆ β 

4 − ρ
< δ + a

1− ρ
⇔δ > (1− ρ)ρ

2 + ρ
ˆ β − a ,  

pr
* = δ + a + 2 ˆ β 

4 − ρ
≤ δ + a

ρ − ρ
⇔δ >

2 ˆ β ( ρ − ρ)
4 − ρ

− a , and 

pe
* = 2(δ + a) + ρ ˆ β 

4 − ρ
> 2(δ + a)

1− ρ
− ˆ β ⇔δ < (4 − ρ2)

6
ˆ β − a .   

Because 2 ˆ β 
3

(1− ρ) − a  < (4 − ρ2)
6

ˆ β − a  and 
2 ˆ β ( ρ − ρ)

4 − ρ
− a  > (1− ρ)ρ

2 + ρ
ˆ β − a , the condition 

for the E-B-R scenario is  

  
2 ˆ β ( ρ − ρ)

4 − ρ
− a < δ < 2 ˆ β 

3
(1− ρ) − a .     (2.27) 

Compare with the equilibrium condition for E-B-R scenario in the base model (Proposition 2.1), 

for the same values of ρ and ˆ β , the range of δ in condition (2.27) shifts to left (i.e., smaller).  

That is, when the retailer charges experiencing fee, in order to have E-B-R scenario, the value of 

store visit cost δ is smaller, or, alternatively, the value of ˆ β  is larger relative to the base model. 

Conditions for the B-R scenario 

The equilibrium will occur in the B-R scenario if the three sets of conditions hold: (1) 

pr
* > δ + a

1− ρ
 and pe

* > δ + a
1− ρ

, (2) pr
* > δ + a

ρ − ρ
 and pe

* > 2(δ + a)
1− ρ

− ˆ β , and (3) Dr
* ,De

* ≥ 0.  Similar 

to the argument in the E-R scenario, to satisfy all three sets of conditions, we need 

pr
* = 2 ˆ β 

3
> δ + a

ρ − ρ
 and pe

* =
ˆ β 
3

> 2(δ + a)
1− ρ

− ˆ β , i.e.,  

δ < min
2( ρ − ρ) ˆ β 

3
− a, 2(1− ρ) ˆ β 

3
− a

⎧ 
⎨ 
⎪ 

⎩ ⎪ 

⎫ 
⎬ 
⎪ 

⎭ ⎪ 
 = 2( ρ − ρ) ˆ β 

3
− a .     (2.28) 
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Comparing the above condition with the condition for the B-R scenario in the base model 

(see Proposition 2.1), we can see that the equilibrium boundary value shifts to the left.  This 

observation implies that for the same values of ρ and ˆ β , when charging an experiencing fee, the 

store visit cost δ is relatively smaller that that in the base model in order for the E-R scenario to 

occur. 

Summarizing the equilibrium conditions for all three scenarios, when the retailer charges an 

experiencing fee, relative to the base model, (1) the B-R region (in terms of δ) becomes smaller 

and shifts to the left, (2) the E-B-R region shifts to the left but its span does not change, and (3) 

the E-R scenario’s upper bound moves to the left and its span may become larger or smaller.  

Thus, relative to the base model, the competition can switch from the B-R scenario to the E-B-R 

scenario or from the E-B-R to the boundary or E-R scenario.  

Optimal experiencing fee 

In the E-R scenario, the retailer’s profit π r
* = (2 ˆ β −δ − (1− ρ)a)2 /(9 ˆ β )  decreases in a.  So, if 

the competition starts from the E-R scenario and remains in the same scenario with an 

experiencing fee, then, charging zero experiencing fee is optimal. 

For the B-R scenario, the retailer’s profit is π r
* = 4ρ ˆ β /9 + a .  So the retailer set the 

experiencing fee as large as possible subject to the equilibrium conditions in (2.28), i.e., 

a* =
2( ρ − ρ) ˆ β 

3
−δ , in which case, the scenario B-R vanishes. 

For the E-B-R scenario, the retailer selects a to maximize its profit 

 δ + a + 2 ˆ β 
4 − ρ

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2
ρ
ˆ β 

+ a(2δ + 2a + 4 ˆ β )
4 − ρ

− δ + a
(1− ρ) ˆ β 

       (2.29) 

subject to the condition (2.27).  Because the above profit function is a convex function of a, so 

the objective value achieves the maximum as its boundary points, i.e., 

a* =
2 ˆ β ( ρ − ρ)

4 − ρ
−δ  or  2 ˆ β 

3
(1− ρ) −δ .  Through some numerical analysis, we found that the 

optimal value of a depends on the model parameters.  In particular, for parameter values such as 

( ˆ β , δ, ρ) = (3, 1, 0.5), the optimal experiencing fee is a* = 2 ˆ β 
3

(1− ρ) −δ ; and for parameter 

values such as ( ˆ β , δ, ρ) = (2, 1, 0.9), the optimal experiencing fee is a* =
2 ˆ β ( ρ − ρ)

4 − ρ
−δ . 
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2.4.2  E-TAILER PROVIDING EXPERIENCING OPTIONS 

Not only the retailer can provide experiencing service to customers, so can the e-tailer.  

Today, many e-tailers have opened up their local showrooms to help customers make their 

purchase decisions.  The ModernTots retail web site, for example, was first launched in 2005.  It 

networks with artists and designers to sell modern products ranging from cribs and beds to toys 

and accessories.  After two years of successful experience, in January 2007, the company opened 

its first showroom in New York to provide customers hands-on experiences with furniture, toys, 

and other products.  As another example, iFloor.com was an online retailer in Seattle selling 

carpet, tile, and hardwood flooring.  The company built actual showrooms soon after the launch 

of the online store to complement the website.  According to the company, “showrooms allow 

admiring customers who have seen the textiles on their computer screens to experience products 

firsthand, running their hands across an array of various samples of carpeting and wood flooring”.  

Besides brick-and-mortar showrooms, e-tailers are using other strategies to help customers make 

the decision.  Amazon.com, for example, has watch-it-in-action video clips that either 

demonstrate how to use the product or highlight advanced product features.  Many online stores 

now provide online interactive customer support to help customers revolve uncertainties.  The 

purpose of all these services is to create in-store experiences for customers.  Our questions are 

how the experiencing options affect the retailer’s profits.  We attempt to address these questions 

next. 

We refer to the e-tailer’s experience service as e-showroom.  Let t be the cost for customers 

to visit the e-showroom.  Since the purpose of the e-showroom is to provide a more convenient 

way for customers to resolve the product uncertainty, we assume that t ≤ δ.  In the case that the e-

tailer builds brick-and-mortar showrooms, we assume that the e-showroom is solely for 

customers to experience the product, not for selling products.  Also, we assume that customers 

can fully resolve product uncertainty at the e-showroom just like they visit the retail store.  Let t = 

θδ with θ < 1.  

Because of the convenience of visiting the e-showroom, all three types of shoppers in our 

base model can potentially switch to using the e-showroom.  Specifically, the e-direct shoppers in 

the base model may choose to visit the e-showroom due to the reduced cost for resolving 

uncertainty.  For θ ≤ 1, the browsers in the base model will definitely choose to browse at the e-

showrooms rather than the retail store.  And the retail shoppers may choose to browse at the e-

showroom and then make their purchase at the retail store.  Therefore, there are potentially four 

types of customers: (1) e-direct shoppers (E) as defined in the base model; (2) e-browsers (B') 

who browse at the e-showroom but purchase online; (3) e-r-browsers (R') who browse at e-
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showrooms but purchase at the retail store; and (4) retail shoppers (R) who browse and purchase 

from the retail store.  We can write the surplus functions for the four types of customers as  

 S(c,β) =

vρ − pe − β                if c = E
ρ(v − pe − β) −θδ     if c = ′ B 
ρ(v − pr −δ) −θδ      if c = ′ R , and
ρ(v − pr ) −δ             if c = R.

⎧ 

⎨ 
⎪ 
⎪ 

⎩ 
⎪ 
⎪ 

      (2.30) 

The surplus functions for e-direct shoppers and retail shoppers are the same as those defined 

in the base model.  Retailer’s customers (R' and R) have two options to resolve uncertainty, at the 

e-showrooms or in the retail store.  Visiting the e-showroom costs θδ, and the expected regret of 

visiting the retail store is (1 − ρ)δ.  Thus, when θδ ≥ (1− ρ)δ, the retail shoppers prefer to visit the 

retail store instead of the e-showroom to resolve uncertainty.  When the store visit cost δ is the 

same for all customers, all retail shoppers either choose the e-showroom or the retail store for 

resolving uncertainty.  

OBSERVATION 2.3  All retail shoppers switch to visiting the retail store (instead of the e-

showroom) to resolve product uncertainty if and only if θ ≥ 1 − ρ.  Thus, there can be at most 

three types of customers in each scenario. 

Next, we characterize the equilibrium scenarios for the case θ ≥ 1 − ρ and θ < 1 − ρ, 

separately.  

For θ ≥ 1 − ρ 

Notice that when θ ≥ 1 − ρ the only difference with the base model is that the browsers, if 

they exist, will browse at the e-showroom.  So, we have three possible scenarios: E-R (with e-

direct shoppers and retail shoppers), E-B'-R (with e-direct shoppers, e-browsers, and retail 

shoppers), and B'-R (with e-browsers and retail shoppers).   

We start by examining the conditions of having e-browsers and e-direct shoppers.  We define 

the indifference values of β similarly to the base model except that retail browser (B) is now 

replaced with e-browser (B'), i.e., βEB' is the value of β for customers who are indifferent between 

e-direct shopping and e-browsing.   

By the surplus function in (2.30), customers are indifferent between e-browsing and retail 

shopping if and only if ρ(v − pe− β) − θδ = ρ(v − pr) − δ, i.e., β = pr − pe + (1−θ)δ/ρ.  Thus, βB’R = 

pr − pe + (1−θ)δ/ρ.  Similarly, customers are indifferent between e-browsing and e-direct 

shopping if and only if ρ(v − pe− β) − θδ = ρv − pe − β, i.e., β = θδ/(1−ρ) − pe.  Thus, βEB’ = 



 

 - 46 - 

θδ/(1−ρ) − pe.  Because the surplus function for e-direct shoppers and retail shoppers are the same 

as in the base model, the express of βER is the same as in the base model, i.e., βER = ρpr − pe + δ.   

In Figure 2.16 to 2.18, we plot the surplus functions for all three scenarios as well as the 

indifferent values of β.  To characterize the conditions for each scenario, notice that in order to 

have e-browsers, we must have βEB’ = θδ/(1−ρ) − pe ≤ βB’R = pr − pe + (1−θ)δ/ρ, or, 

pr ≥ θ + ρ −1
ρ(1− ρ)

δ .  And in order to have e-direct shoppers, we must have βEB’ = θδ/(1−ρ) − pe > 0, 

or, pe < θδ
1− ρ

.  Therefore, we will have E-R scenario if  

  pe < θδ
1− ρ

 and pr < θ + ρ −1
ρ(1− ρ)

δ ;      (2.31) 

 

 

Figure 2.16  Surplus functions in the E-B'-R scenario with e-showroom (θ ≥ 1 − ρ) 
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Figure 2.17  Surplus functions in the B'-R scenario with e-showroom (θ ≥ 1 − ρ) 

 

We will have E-B'-R scenario if 

  pe < θδ
1− ρ

 and pr ≥ θ + ρ −1
ρ(1− ρ)

δ ;       (2.32) 

And we will have B'-R scenario if 

  pe ≥ θδ
1− ρ

 and pr ≥ θ + ρ −1
ρ(1− ρ)

δ .      (2.33) 

 

Figure 2.18  Surplus functions in the E-R scenario with e-showroom (θ ≥ 1 − ρ) 
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Now, we study the equilibrium solutions for each scenario.  Since the demand functions of 

the e-tailer and retailer are determined by βER, which has the same expression as in the base 

model, so, the demands, best responses, and the equilibrium prices are the same as in the base 

model.  This is not surprising because no customers use the e-showroom.  

E-B′-R scenario 

The e-tailer’s demand is De = [βEB' + ρ(βB'R − βEB')]/ ˆ β  =( ρpr − pe + δ)/ ˆ β .  So, e-tailer’s best 

response is  

  Ωe(pr) = (ρpr + δ)/2.   

Similarly, the retailer’s demand is De = ρ( ˆ β  − βB'R)/ ˆ β  = ρ( ˆ β  − pr + pe − δ(1 − θ)/ρ)/ ˆ β , from 

which we can derive the best response as  

  Ωr(pe) = [ ˆ β  + pe − δ(1 − θ)/ρ]/2.   

Solving the best responses for the equilibrium prices, we have 

  pe
* = ρ ˆ β +δ(1+θ)

4 − ρ
 and pr

* = 2 ˆ β ρ −δ(2 − ρ − 2θ)
ρ(4 − ρ)

. 

So, we can compute the equilibrium demands as 

  De
* = ρ ˆ β +δ(1+θ)

ˆ β (4 − ρ)
 and Dr

* = 2 ˆ β ρ −δ(2 − ρ − 2θ)
ˆ β ρ(4 − ρ)

. 

For θ = 1, the above equilibrium prices and demands correspond to the equilibrium in the base 

model.  We can see that, as θ decreases from 1, the e-tailer’s price and demand will decrease.  

Thus, the e-showroom cannot benefit the e-tailer in this case.  For the retailer, because θ + ρ ≥ 1, 

we have (2 − ρ − 2θ)/ρ ≤ 1.  Thus, 2 ˆ β ρ −δ(2 − ρ − 2θ)
ρ(4 − ρ)

 ≥ 2 ˆ β ρ −δ
4 − ρ

 and 2 ˆ β ρ −δ(2 − ρ − 2θ)
ˆ β ρ(4 − ρ)

 ≥ 

2 ˆ β ρ −δ
ˆ β (4 − ρ)

ρ .  So, relative to the base model in the E-B-R scenario, the retailer can benefit from the 

e-showroom.   

B'-R scenario  

The e-tailer’s demand is De = ρβB'R/ ˆ β  = ρ (pr − pe + δ(1 − ρ)/ρ)/ ˆ β .  So, the e-tailer’s best 

response is  

  Ωe ( pr ) = pr +δ(1−θ) / ρ
2

. 
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Similarly, the retailer’s demand is De = ρ( ˆ β  − βB'R)/ ˆ β  = ρ( ˆ β  − pr + pe − δ(1 − θ)/ρ)/ ˆ β , from 

which we can derive the best response as  

  Ωr ( pe ) =
ˆ β + pe −δ(1−θ) / ρ

2
 . 

Solving the best responses for the equilibrium prices, we have 

  pe
* = ρ ˆ β +δ(1−θ)

3ρ
 and pr

* = 2 ˆ β ρ −δ(1−θ)
3ρ

. 

So, we can compute the equilibrium demands as 

  De
* = ρ ˆ β +δ(1−θ)

3 ˆ β 
 and Dr

* = 2 ˆ β ρ −δ(1−θ)
3 ˆ β 

. 

Because ρ ˆ β +δ(1−θ)
3ρ

>
ˆ β 
3

 and 2 ˆ β ρ −δ(1−θ)
3ρ

< 2 ˆ β 
3

, relative to the base model in the B-R case, 

the e-tailer has higher price and higher demand, and the retailer has lower price and lower 

demand. 

For θ < 1 − ρ 

By the surplus function in (2.30), customers are indifferent between e-browsing and e-r-

browsing if and only if ρ(v − pe− β) − θδ = ρ(v − pr − δ) − θδ, i.e., β = pr − pe + δ.  Thus, βB’R' = pr 

− pe + δ.  Similarly, customers are indifferent between e-browsing and e-direct shopping if and 

only if ρ(v − pe− β) − θδ = ρv − pe − β, i.e., β = θδ/(1−ρ) − pe.  Thus, βEB’ = θδ/(1−ρ) − pe.   

In order to have e-browsers, we must have βEB’ = θδ/(1−ρ) − pe ≤ βB’R' = pr − pe + δ, or, 

pr ≥ θ + ρ −1
1− ρ

δ .  Because θ + ρ − 1 < 0 by our assumption, so pr ≥ θ + ρ −1
1− ρ

δ  is always true.  In 

other words, the e-browsers always exist.  To derive the conditions for the existence of e-direct 

shoppers, we must have βEB’ = θδ/(1−ρ) − pe > 0, or, pe < θδ
1− ρ

.  Therefore, we will have E-B'-R' 

scenario if  

  pe < θδ
1− ρ

, and         (2.34) 

And we will have B'-R' scenario if 

  pe ≥ θδ
1− ρ

.         (2.35) 
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E-B′-R' scenario  

The e-tailer’s demand is De = [βEB' + ρ(βB'R' − βEB')]/ ˆ β  = [ρpr − (ρ + θ)δ − pe]/ ˆ β .  So, e-

tailer’s best response is  

  Ωe(pr) = (ρpr + (ρ + θ)δ)/2.   

Similarly, the retailer’s demand is De = ρ( ˆ β  − βB'R' )/ ˆ β  = ρ( ˆ β  − pr + pe − δ)/ ˆ β , from which we 

can derive the best response as  

  Ωr(pe) = ( ˆ β  + pe − δ)/2.   

Solving the best responses for the equilibrium prices, we have 

  pe
* = 2θδ + ρ( ˆ β +δ)

4 − ρ
 and pr

* = 2 ˆ β −δ(2 − ρ −θ)
4 − ρ

. 

So, we can compute the equilibrium demands as 

  De
* = 2θδ + ρ( ˆ β +δ)

(4 − ρ) ˆ β 
 and Dr

* = 2 ˆ β −δ(2 − ρ −θ)
(4 − ρ) ˆ β 

. 

Thus, the equilibrium profits are  

  πe
* = 2θδ + ρ( ˆ β +δ)

4 − ρ

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2
1
ˆ β 

 and πr
* = 2 ˆ β −δ(2 − ρ −θ)

4 − ρ

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2
1
ˆ β 

. 

  and pr
* = 2 ˆ β + t

4 − ρ
.        

Because θ + ρ < 1, so, the e-tailer’s price 2θδ + ρ( ˆ β +δ)
4 − ρ

 is less than ρ ˆ β + 2δ
4 − ρ

, which is the e-

tailer’s price in the E-B-R scenario in the base model.  Also, because 2 − ρ − θ  > 1, so, the retail 

price pr
* = 2 ˆ β −δ(2 − ρ −θ)

4 − ρ
 is less than 2 ˆ β +δ

4 − ρ
 in the base model.  So, relative to the base model, 

both the e-tailer and retailer have lower prices and lower demands. 

B′-R′ scenario  

The e-tailer’s demand is De =  ρβB'R'/ ˆ β  = ρ (pr + δ − pe)/ ˆ β .  So, e-tailer’s best response is  

  Ωe(pr) = (pr + δ)/2.   
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And the retailer’s demand is De = ρ( ˆ β  − βB'R' )/ ˆ β  = ρ( ˆ β  − pr + pe − δ)/ ˆ β , from which we can 

derive the best response as  

  Ωr(pe) = ( ˆ β  + pe − δ)/2.   

Solving the best responses for the equilibrium prices, we have 

  pe
* =

ˆ β +δ
3

 and pr
* = 2 ˆ β −δ

3
. 

And the equilibrium demands are 

  De
* =

ˆ β +δ
3 ˆ β 

ρ  and Dr
* = 2 ˆ β −δ

3 ˆ β 
. 

So, the equilibrium profits are 

  πe
* = ρ( ˆ β +δ)2

(9 ˆ β )
, and πr

* = ρ(2 ˆ β −δ)2

9 ˆ β 
. 

Because 
ˆ β +δ

3
>

ˆ β 
3

 and 2 ˆ β −δ
3

< 2 ˆ β 
3

, so, relative to the base model, the e-tailer charges a higher 

price and have higher demand, and the retailer charges lower price and gets lower demand. 

We summarize the findings of the above analysis in Proposition 2.3. 

PROPOSITION 2.3 (E-experiencing) The e-tailer can benefit from the e-showroom service   

(a) if, for θ ≥ 1 − ρ, the competition moves from the B-R scenario in the base model to the B'-

R scenario with e-showroom, or 

(b) if, for θ < 1 − ρ, the competition moves from the B-R scenario in the base model to the B'-

R' scenario with e-showroom. 

And, the retailer can benefit from the e-showroom if, for θ ≥ 1 − ρ, the competition moves from 

the E-B-R scenario in the base model to the E-B'-R scenario with e-showroom. 

Note that our analysis indicates that the e-tailer cannot benefit from the e-showroom service 

if the competition moves from the E-B-R scenario in the base model to the E-B'-R scenario with 

e-showroom.  And the retailer cannot benefit from the e-showroom for θ < 1 − ρ, or, if θ ≥ 1 − ρ, 

the competition moves from the B-R scenario in the base model to the B'-R scenario with e-

showroom. 

Since the conditions (2.27 to 2.29) for the three scenarios are different than the base model, 

when the e-tailer installs the showroom, the competition is likely to switch to a different scenario.  
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Thus, Proposition 2.3 only characterizes the situations where the competition stays in the same 

scenario as in the base model (e.g., from B-R to B-R', from E-B-R to E-B'-R').  

2.4.3  RETURNS POLICY 

Permitting product return is another strategy that the e-tailer can use to invite customers to try 

the product without browsing at the retail store.  In reality, more and more online stores provide 

hassle-free returns policy, Amazon, eBags, Overstock, Dell, to name a few.  In order to encourage 

customers to try their products, some e-tailers offer free return shipping.  In this section, we study 

the impact of offering product returns on the e-tailer and retailer’s profit.  

In the supply chain and operations management literature, most work on returns policies 

focuses on returns between manufacturers and retailers/distributors, e.g., Pasternack (1985), 

Padmanabhan and Png (1995), and Emmons and Gilbert (1998).  These papers study how to set 

product prices under a returns policy and how returns policies can coordinate the supply chain.  In 

the economics literature, Che (1996) studies returns policy for experience goods in a monopolistic 

setting.  He shows that a returns policy is optimal when customers are sufficiently risk averse or 

when the retail cost is high.  Mixon (1999) extends Che’s work by empirically testing the 

optimality of return policies in relation to customers’ search cost.  In contrast, this section studies 

the e-tailer’s returns policy offered to customers and how the returns policy may affect the retail 

online duopolistic competition. 

Returning the product can be costly for both customers, e.g., inconvenience from shipping 

delays, and the e-tailer, e.g., costs of receiving, storing, or refurbishing returned products.  

However, the returns policy does provide convenience as it saves browsers a trip to the retail 

store for finding out the product fit.  We consider the setting where customers who return the 

product will pay restocking fee g pe, g ≤ 1.  In other words, customers get reimbursement of (1 − 

g) pe if they return the product.  Among the restocking fee g pe, h g pe goes to the e-tailer’s 

revenue with h ≤ 1, and the remaining (1 − h) g pe is the actual cost incurred by the e-tailer for 

processing the returned product.  We assume that customer’s e-shopping cost β is non-refundable.   

With returns policy, potentially four types of customers can exit: e-direct shoppers with a 

return option (E'), retail browsers (B), retail shoppers (R), and e-experiencing retail shoppers who 

resolve uncertainty by purchasing from the e-tailer and then return the product (R').  For e-direct 

shoppers, the cost for resolving product uncertainty is (1 − g) pe with probability 1 − ρ.  Thus, 

their surplus function is 

  S(E', β) = vρ − pe − β + (1 − ρ) (1 − g) pe.     (2.36) 
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For e-experiencing retail shoppers, the cost of experiencing the product from the e-tailer is 

their e-shopping cost plus the return cost, i.e., β + g pe. So, their surplus function is 

  S(R', β) = ρ(v − pr − δ) − β −  g pe.     (2.37) 

Comparing the surpluses in (2.30) and (2.31), we have S(E', β) ≥ S(R', β) if and only if  

  pe ≤ (pr + δ)/(1− g).       (2.38) 

Condition (2.38) requires that the e-tail price is sufficiently low.  For example, if pe ≤ pr, then 

condition (2.38) is satisfied.  For the remaining analysis in the section, we focus on the case 

where condition (2.38) holds. 

We first compute the indifferent values of β.  By equating the surplus functions e-direct 

shoppers (E') and retail browsers (B), i.e., vρ − pe − β + (1 − ρ) (1 − g) pe = ρ (v − pe − β) − δ, we 

obtain 

  βE'B = δ/(1− ρ) − g pe.        

Similarly, we can calculate the value of β for customers who are indifferent between e-direct 

shopping and retail shopping, i.e., vρ − pe − β + (1 − ρ) (1 − g) pe = ρ (v − pr) − δ, or 

  βE'R = ρpr − (ρ + g− ρ g) pe + δ.        

Note that the above expression for g = 1 corresponds to βER in the base model.   

Finally, βBR = pr − pe is the same as in the base model. 

 

Figure 2.19  Surplus functions in the E'-B-R scenario with returns policy 
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In Figure 2.19, we plot the surplus functions for one scenario where all three customer types, 

E', B, R, coexist. Following the approach in the base model, browsers will exist if βBR > βE'R, i.e., 

pr − pe > ρpr − (ρ + g− ρ g) pe + δ, or, 

  pr > (1 − g) pe + δ/(1 − ρ).        

E-direct shoppers (E') will exist if βE'B ≥ 0, i.e., 

  pe ≤ δ/[g(1 − ρ)].        

Thus, we have E'-R scenario if  

  pr ≤ (1 − g) pe + δ/(1 − ρ) and pe ≤ δ/[g(1 − ρ)],     (2.39)  

E'-B-R scenario if 

  pr > (1 − g) pe + δ/(1 − ρ) and pe ≤ δ/[g(1 − ρ)], and    (2.40)  

B-R scenario if 

  pr > (1 − g) pe + δ/(1 − ρ) and pe > δ/[g(1 − ρ)].     (2.41)  

Notice that in the B-R scenario all customers go to the store and thus, no one uses returns policy.  

Therefore, the equilibrium solution is the same as the B-R scenario in the base model. 

E'-R scenario 

The e-tailer’s demand function is De = ρβE'R/ ˆ β  = ρ[ρpr − (ρ + g− ρg) pe + δ)]/ ˆ β .  The e-tailer 

selects pe to maximize the profit 

πe = peDe + (1− ρ)βE 'R
ˆ β 

hgpe = ρ + (1− ρ)hg
ˆ β 

ρpr − (ρ + g − ρg) pe +δ( )pe . 

The first order conditions is ∂π e

∂pe

= ρ + (1− ρ)hg
ˆ β 

(ρpr − 2(ρ + g − ρg) pe +δ) = 0.  Thus, the best 

response is 

 Ωe ( pr ) = ρpr +δ
2(ρ + g − ρg)

. 

The retailer’s demand function is Dr = ρ( ˆ β  − βE'R)/ ˆ β  = ρ[ ˆ β  − ρpr + (ρ +g − ρ g) pe − δ)]/ ˆ β .  

Thus, the retailer’s best response is 

 Ωr ( pe ) =
ˆ β + (ρ + g − ρg) pe −δ

2ρ
. 
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Solving for the equilibrium prices, we have pe
* =

ˆ β +δ
3(ρ + g − ρg)

 and pr
* = 2 ˆ β −δ

3ρ
.  So, the 

equilibrium demands are De
* = ( ˆ β +δ)ρ

3 ˆ β 
 and Dr

* = ρ 2 ˆ β −δ
3 ˆ β 

, and the equilibrium profits are 

πe
* = 1

ˆ β 

ˆ β +δ
3

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2
ρ + (1− ρ)hg
ρ + (1− ρ)g

 and πr
* = 2 ˆ β −δ

3

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2
1
ˆ β 

. 

Notice that the returns policy does not affect the retailer’s equilibrium price, demand, and 

profit.  For the e-tailer, recall that the equilibrium profit in the E-R scenario in the base model is 

ˆ β +δ
3

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2
1
ˆ β 

.  Since ρ + (1− ρ)hg
ρ + (1− ρ)g

 ≤ 1, the e-tailer cannot benefit from the returns policy when the 

equilibrium is in the E-R scenario without returns policy and stays in E'-R scenario with the 

returns policy. 

E'-B-R scenario 

The e-tailer’s demand function is De = ρβBR/ ˆ β  = ρ(pr − pe)/ ˆ β .  The e-tailer selects pe to 

maximize the profit 

 πe = peDe + (1− ρ)βE 'B
ˆ β 

hgpe = ρ
ˆ β 

( pr − pe ) pe + (1− ρ)
ˆ β 

( δ
1− ρ

− gpe )hgpe . 

Thus, the e-tailer’s best response is 

 Ωe ( pr ) = ρpr +δhg
2(ρ + hg2(1− ρ))

. 

The retailer’s best response is determined by βBR, which the same as in the base model.  Thus, 

Ωr ( pe ) =
ˆ β + pe

2
.  Therefore, we obtain the following equilibrium prices: 

 pe
* = ρ ˆ β + 2δhg

3ρ + 4hg2(1− ρ)
 and pr

* = 2 ˆ β (ρ + hg2(1− ρ)) +δhg
3ρ + 4hg2(1− ρ)

. 

So, the equilibrium demands are 

 De
* = ρ (2hg2(1− ρ) + ρ) ˆ β − hgδ

ˆ β (3ρ + 4hg2(1− ρ))
 and Dr

* = ρ
ˆ β 

2(ρ + hg2(1− ρ)) ˆ β +δhg
(3ρ + 4hg2(1− ρ))

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ , 

and the equilibrium profits are 
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 πe
* = hg2(1− ρ) + ρ

ˆ β 
ρ ˆ β + 2δhg

3ρ + 4hg2(1− ρ)

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2

 and πr
* = ρ

ˆ β 
2 ˆ β (ρ + hg2(1− ρ)) +δhg

3ρ + 4hg2(1− ρ)

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2

. 

Because characterizing the equilibrium conditions with returns policy is very complex, we 

now examine some special cases.  For h = g = 1, observe that the above equilibrium prices, 

demands and profits corresponds to the E-B-R scenario in the base model.  Thus, by selecting the 

parameters g and h appropriately, the e-tailer can do at least as well as in the base model.   

As another special case, consider h = 0.  The above equilibrium profit reduces to the B-R 

scenario in the base model.  In other words, when the e-tailer sets the restocking fee exactly equal 

to the cost incurred for processing returned products, the e-tailer can duplicate the B-R scenario’s 

profit in the base model.  Recall that we have shown in Section 2.3.3 that both the e-tailer and 

retailer can have more profits in the B-R scenario than in the E-B-R scenario.  Thus, if the 

parameters are such that the competition is in the E-B-R scenario without returns policy and will 

stay in the E'-B-R scenario with product returns, then, the returns policy with h = 0 can benefit 

both the e-tailer and retailer.   

Intuitively, the returns policy will encourage customers to purchase directly from the e-tailer.  

Thus, the equilibrium is likely to switch from scenarios with more browsers (e.g., B-R) to 

scenarios with fewer browsers (e.g., E-R).  Next, we show that the equilibrium can shift from the 

B-R scenario to the E'-B-R scenario with the returns policy.   

Using similar procedures as in the base model, the E'-B-R scenario occurs only if δ/ ˆ β  ≥ 

2( ρ(ρ + (1− ρ)gh) − ρ) /(3h).  According to Proposition 2.1, the left bound for the E-B-R 

scenario is 2( ρ − ρ) /3.  Also, 2( ρ(ρ + (1− ρ)gh) − ρ) /(3h) < 2( ρ − ρ) /3 if and only if 

ρ + (1− ρ)gh < h + ρ (1− h) .  Both ρ + (1− ρ)gh  and h + ρ (1− h)  increase in θ, and both 

equal ρ  when θ = 0, and ρ + (1− ρ)gh  < h + ρ (1− h)  for θ = 1.  Thus, ρ + (1− ρ)gh  < 

h + ρ (1− h)  for θ close to 1, which shows that the equilibrium can shift from the B-R scenario 

to the E'-B-R scenario. 

We can show that for certain parameters (for which the equilibrium remains in the E'-B-R 

scenario), the e-tailer’s profit with returns policy can be greater than ö/ 9ρβ .  For example, for ˆ β  

= 3, δ = 0.5, h  = 0.1, g = 0.3, πe
* = hg2(1− ρ) + ρ

ˆ β 
ρ ˆ β + 2δhg

3ρ + 4hg2(1− ρ)

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2

≥ ρ ˆ β 
9

 for all 0 ≤ ρ ≤ 1.  

Therefore, the e-tailer can be better off by offering the returns policy.  On the other hand, as we 

observed earlier, a returns policy with h = 0 in the E'-B-R scenario can duplicate the B-R 
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scenario’s profit.  Thus, if the competition is in the E'-B-R and switches to the B-R scenario under 

a returns policy, the e-tailer can be strictly better off by setting h = 0. 

To summarize, in this section, we have shown that with returns policy the equilibrium may 

switch from the B-R scenario to the E'-B-R scenario.  The effectiveness of the returns policy in 

improving the total profit depends on the parameters g and h for the returns policy.  In particular, 

if the equilibrium starts from the E-B-R scenario and stays in the E'-B-R scenario with returns 

policy, the e-tailer can benefit from a returns policy with h = 0.  Also, if the equilibrium switches 

from the B-R scenario to the E'-B-R scenario with returns policy, the e-tailer can strictly benefit 

from certain settings of the returns policy where h > 0.   

2.5  Extensions 

We extend the base model by incorporating the following features: (1) positive product costs 

for the e-tailer and retailer, (2) store traffic cost incurred by the retailer for every customer who 

come to the store to experience the product, and (3) heterogeneity of customers’ product 

information, for example, some customers are well-informed about whether they like the product 

or not without visiting the store.  

2.5.1  PRODUCT COST 

Suppose the marginal cost for selling each unit of product is ce for the e-tailer and cr for the 

retailer.  Because the product cost does not affect customers’ decisions, thus, customers’ surplus 

functions and the demand functions of the e-tailer and retailer remain the same as the base model.  

However, for fixed product prices, the profit will decease in the marginal product cost.  For the E-

R scenario, the e-tailer will choose pe to maximize the total profit πe = ( pe − ce )(ρpr − pe + t) / ˆ β .  

Taking the first order derivative and setting it to zero, we get 

  Ωe ( pr ) = ρpr +δ + ce

2
.          

Similarly, to maximize the total profit π r = ( pr − cr )( ˆ β − ρpr + pe − t) / ˆ β , the retailer will set its 

prices according to  

  Ωr ( pe ) =
ˆ β + pe −δ + ρcr

2ρ
.        

Solving the above best responses for the equilibrium prices, we get 
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 pe
* =

ˆ β +δ + ρcr +2ce

3
 and pr

* = 2 ˆ β −δ + 2ρcr + ce

3ρ
.     

Substituting the above equilibrium prices to the demand functions De = (ρpr − pe + t) / ˆ β  and  

Dr = ( ˆ β − ρpr + pe − t) / ˆ β , we get 

 De
* =

ˆ β +δ + ρcr − ce

3 ˆ β 
 and pr

* = ρ(2 ˆ β −δ − ρcr + ce )
3 ˆ β 

.      

Therefore, the equilibrium profits are πe
* = ( ˆ β +δ + ρcr − ce )2 /(9 ˆ β )  and 

π r
* = ρ(2 ˆ β −δ − ρcr + ce )2 /(9 ˆ β ) . 

From the above equilibrium solution, we can see that the e-tailer’s price increases in both ce 

and cr.  However, e-tailer’s demand and profit both decrease in ce and increases in cr.  For the 

retailer, the impact of the marginal cost is symmetric.   

Similarly, we can calculate the equilibrium solutions for the other two scenarios.  

For the E-B-R scenario, the equilibrium prices are pe
* = ρ( ˆ β + cr ) + 2(δ + ce )

4 − ρ
 and 

pr
* = 2( ˆ β +cr) + (δ + ce )

4 − ρ
.  The equilibrium demands are De

* = ρ( ˆ β + cr ) + 2δ − (2 − ρ)ce

(4 − ρ) ˆ β 
 and 

Dr
* = ρ 2 ˆ β +δ + ce − (2 − ρ)cr

(4 − ρ) ˆ β 
.  And the equilibrium profits are 

πe
* = ρ( ˆ β + cr ) + 2δ − (2 − ρ)ce

4 − ρ

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2
1
ˆ β 

 and πr
* = 2 ˆ β +δ + ce − (2 − ρ)cr

4 − ρ

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2
ρ
ˆ β 

.  

For the B-R scenario, the equilibrium prices are pe
* = ( ˆ β + cr + 2ce ) / 3 and 

pr
* = (2 ˆ β + 2cr + ce ) / 3.  

The equilibrium demands are )ö3/()ö(* ββρ ere ccD −+=  and )ö3/()ö2(* ββρ err ccD +−= .  

And the equilibrium profits are )ö9/()ö( 2* ββρπ ere cc −+=  and )ö9/()ö2( 2* ββρπ err cc +−= . 

To summarize, the qualitative effect of ce and cr on the equilibrium prices, demands, and 

profits is the same for all three scenarios. That is, for both the e-tailer and retailer, the equilibrium 

price increases in ce and cr.  The demand and profit of the e-tailer (retailer) decrease (increase) in 

ce and increase (decrease) in cr. 
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2.5.2  STORE TRAFFIC COST 

In the base model, we assume that the retailer does not incur additional costs when retail 

browsers visit the store.  In reality, these non-productive customers do impose a cost on the 

retailer.  Retailer staff sales time, congestion, and wear and tear are a few examples of the indirect 

costs brought by retail browsers.  Typically, the retailer cannot distinguish between customers 

who intend to purchase from the store from those who mainly use the store service to resolve 

uncertainty.  The question is then, should the retailer raise the price to discourage browsers to 

visit the store? 

Suppose the retailer incurs a constant store traffic cost ϕ for every customer visiting the store.  

Because it is the retail who incurs the store traffic cost, customer’s decisions remain the same as 

the base model.  Also, the conditions for the three scenarios are the same as defined in (2.2) to 

(2.4).  We next examine each of the three scenarios regarding how store traffic cost may or may 

not affect the best responses of the e-tailer and retailer.   

First, for the B-R scenario, all customers visit the store, thus, the total store traffic cost ρϕ is a 

constant.  Therefore, the best response functions are the same as the base model.   

For the E-B-R scenario, the e-tailer’s demand and profit functions are the same as in the base 

model.  So, the e-tailer’s best response is as defined in Table 2.2.  For the retailer who incurs 

store traffic cost for every browser and retail shopper, the total store traffic cost is ( ˆ β − βEB )
ˆ β 

ϕ  = 

( ˆ β −δ /(1− ρ) + pe )
ˆ β 

ϕ .  Notice that the total store traffic cost does not depend on pr.  Thus, even 

though the retailer’s profit function changes, its best response is the same as in the base model 

(see Appendix 2C for verification).  The reason is, the store traffic volume is determined by the 

marginal value of β at which customer is indifferent between retail browsing and e-direct 

shopping, and the decision of this marginal customer depends on pe and not pr.  The retailer’s 

profit, however, will decrease.   

For the E-R scenario, the total store traffic is ( ˆ β − βBR)/ ˆ β , which is a function of pr.  Thus, 

the store traffic cost will influence the best response of the retailer, but not the e-tailer.  From 

retailer’s profit function πr = pr ρ( ˆ β  − ρpr + pe − δ)/ ˆ β  − δ ( ˆ β  − ρpr + pe − δ)/ ˆ β , we can derive 

its best response  

 Ωr(pe) = ( ˆ β + pe − δ + ϕ)/(2ρ).          

From Table (2.2), the e-tailer’s best response in the E-R scenario is  
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 Ωe(pr) = (ρpr + δ)/2.           

Solving the above best responses for the price, we get pe
* =

ˆ β +δ +ϕ
3

 and pr
* =

ˆ β −δ +2ϕ
3ρ

.  So, 

De
* =

ˆ β +ϕ +δ
3 ˆ β 

, Dr
* = ρ(2 ˆ β −δ −ϕ )

3 ˆ β 
, πe

* = ( ˆ β +ϕ +δ)2

9 ˆ β 
, and πr

* = ρ(2 ˆ β −δ −ϕ )2

9 ˆ β 
.   

Notice that for the above equilibrium prices, demands, and profits, setting ϕ = 0, we obtain 

the equilibrium solutions to the base model.  Therefore, relative to the base model, the e-tailer 

charges higher price and earns more profit; whereas the retailer charges lower price and earn less 

profit. 

To summarize, store traffic cost will reduce the retailer’s profit in all three scenarios and will 

increase e-tailer’s profit in the E-R scenario.  Moreover, the equilibrium prices and demands in 

the E-B-R and B-R scenario will remain the same as in the base model.   

Finally, we examine how the equilibrium region changes (relative to the base model).  If the 

equilibrium occurs in the E-R scenario, we require that pe
* =

ˆ β +δ +ϕ
3

< δ
1− ρ

 (by condition 2.4).  

Expressing this condition in terms of δ, we have  

  δ > 2( ˆ β +ϕ )(1− ρ)
1+ 2ρ

. 

Note that for ϕ = 0, the above condition reduces to the condition for the E-R scenario in the 

base model.  So, as ϕ increases, the E-R region becomes smaller.  Thus, for the same values of 

the model parameters, the equilibrium can switch to the boundary scenario as ϕ increases.  

Because the equilibrium prices for the B-R and E-B-R scenario are the same as the base model, 

the equilibrium conditions will also remain the same.   

2.5.3  KNOWLEDGEABLE CUSTOMERS 

In the base model, we focus on a new product for which every potential customer is uncertain 

about its value.  As a new product starts gaining customer base, some customers will become well 

informed about their product valuation.  In the lifecycle of a product, the proportion of well-

informed customers may increase.  On the other hand, the pricing strategies for well informed 

customers are generally different from customers who are uncertain about the product.  For 

instance, well-informed customers will never be browsers.  In this section, we incorporate the 

knowledgeable customer segment into the equilibrium analysis for the e-tailer and retailer. 
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Let α be the percentage of customers that are well informed.  Thus, 1 − α is the percentage of 

uninformed customers.  Assume that the well-informed customers are evenly distributed among 

customers with different e-shopping cost.   

As in the base model, we can categorize the uninformed customers into three scenarios, E-R, 

E-B-R, and B-R.  For the well-informed customers, only customers who like the product will 

purchase the product.  To decide from which store to buy, the customer compares her surpluses 

S(E, β) = v − pe − β and S(E, β) = v − pe − δ.  Thus, a customer will buy from the retailer if and 

only if her e-shopping cost β ≥ pr + δ − pe.  Otherwise, she will buy from the e-tailer.  

Due to the complexity of the analysis, below we only study two scenarios, E-R, the no-

browsing scenario, and B-R, the full-browsing scenario. 

For given price pr and pe, the demand for the retailer or e-tailer includes customers from the 

well-informed segment as well as the uninformed segment.  

Consider the B-R scenario, the demand function for the e-tailer is De = (1 − α) ρ(pr − pe) ˆ β  + 

α ρ(pr + δ − pe)/ ˆ β , or 

  De = ρ(pr + αδ − pe)/ ˆ β .         

The demand function for the retailer is Dr = (1 − α) ρ( ˆ β  − pr + pe) ˆ β  + α ρ( ˆ β  − pr − δ + pe)/ ˆ β  

  Dr = ρ( ˆ β  − pr − αδ + pe)/ ˆ β .        

Thus, the best responses are 

  Ωe(pr) = (pr + αδ)/2 and Ωr(pe) = ( ˆ β  + pe − αδ)/2.      

Solving for the equilibrium prices, we get pe
* = ( ˆ β + aδ) / 3 and pr

* = (2 ˆ β − aδ) / 3.  So, 

De
* = ρ( ˆ β + aδ) /(3 ˆ β ) , Dr

* = ρ(2 ˆ β − aδ) /(3 ˆ β ) , πe
* = ρ( ˆ β + aδ)2 /(9 ˆ β ) , and 

π r
* = ρ(2 ˆ β − aδ)2 /(9 ˆ β ) . 

We can see that as the percentage of knowledgeable customers increase, the e-tailer will 

charge higher price and earn more profits, whereas the retailer will charge lower price and earn 

less profits. 

Similarly, for the E-R scenario, we can derive the equilibrium prices as follows: 

pe
* = (2(1−α +αρ)(α + (1−α)ρ)δ + ρ ˆ β − ρδ) /(4(1−α +αρ)(α + (1−α)ρ) − ρ)  and 

pr
* = (1−α +αρ)(2 ˆ β −δ) /(4(1−α +αρ)(α + (1−α)ρ) − ρ) .  So, the equilibrium demands and 
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profits are 

De
* = (1−α +αρ)(2δ(1−α +αρ)(α + (1−α )ρ)δ + ρ ˆ β − ρδ) /(4(1−α +αρ)(α + (1−α )ρ) − ρ) / ˆ β , 

Dr
* = ρ(1−α +αρ)(α + (1−α)ρ)(2 ˆ β −δ) /(4(1−α +αρ)(α + (1−α)ρ) − ρ) / ˆ β , 

πe
* = (1−α +αρ)((2δ(1−α +αρ)(α + (1−α)ρ)δ + ρ ˆ β − ρδ) /(4(1−α +αρ)(α + (1−α )ρ) − ρ))2 / ˆ β , 

and π r
* = ρ(1−α +αρ)((α + (1−α )ρ)(2 ˆ β −δ) /(4(1−α +αρ)(α + (1−α )ρ) − ρ))2 / ˆ β . 

We can show (see Appendix 2D) that, for the E-R scenario, (1) e-tailer’s price increases with 

α for α ≤ ½, and decreases with α for α > ½, (2) e-tailer’s demand decreases with α, and (3) 

retailer’s price and demand both decreases with α. 

To summarize the above analysis, in the B-R scenario, as the percentage of well-informed 

customers increases, the e-tailer is better off and the retailer is worse off.  In the E-R scenario, 

both the e-tailer and retailer are worse off when α increases.   

In the E-R scenario, the well-informed shoppers for the e-tailer have higher expected 

valuation of the product.  Thus, potentially the e-tailer can charge higher price if it ignores the 

uninformed customers.  Therefore, when the proportion of well-informed segment is either close 

to 0 or close to 1, the e-tailer can be better off by targeting its pricing strategy on one segment.  

This explains why the e-tailer has lowest profit when the sizes of the two segments are 

approximately equal and the e-tailer cannot afford to ignore either one of them. 

Now, we consider an extreme situation where α = 1, i.e., all customers are well informed 

about their valuation of the product.  We refer to this case as perfect information scenario.   

Clearly, with perfect information, there are only two types of customers: well-informed e-

direct shoppers, and retail shoppers.  Their surplus functions are S(E, β)  = v −pe − β and S(R, β)  = 

v − pr − δ.  Following the approach in the base model analysis, we can compute the equilibrium 

prices and profits as follows (see Appendix 2E for details): pe
* = ( ˆ β +δ) / 3, pr

* = (2 ˆ β −δ) / 3, 

De
* = ρ( ˆ β +δ) /(3 ˆ β ) , Dr

* = ρ(2 ˆ β −δ) /(3 ˆ β ) , πe
* = ρ( ˆ β +δ)2 /(9 ˆ β ) , and πr

* = ρ(2 ˆ β −δ)2 /(9 ˆ β ) .   

Proposition 2.4 characterizes under what conditions the e-tailer and retailer prefers all 

customers being well informed.  The proof is in Appendix 2E. 

PROPOSITION 2.4 (Perfect information) The retailer prefers perfect information if and only 

if 2( ρ − ρ) / 3≤δ / ˆ β ≤2(1− ρ) /(7− ρ) (within E-B-R), and e-tailer prefers perfect information if 

and only if δ / ˆ β ≤( ρ (4 − ρ) − 3ρ) /(6− ρ (4 − ρ))  for ρ < (4 − 7) /2, and δ / ˆ β ≤2(1− ρ) / 3for 

ρ > 2/)74( − . 
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Proposition 2.4 says that the e-tailer prefers perfect information when δ/ ˆ β  is low (B-R and 

part of E-B-R scenario), and the retailer prefers perfect information when the ratio δ/ ˆ β  is 

moderate, i.e., within the E-B-R scenario.  

2.6 Conclusions 

In this chapter, we propose an economic model to study the retail-online competition that 

permits the existence of retail browsers.  We characterize the competition based on which types 

of e-tail customers that the market can support, i.e., the E-R scenario with e-direct shoppers, B-R 

scenario with retail browsers, and E-B-R scenario with both direct shoppers and retail browsers.  

During the equilibrium analysis, we discovered some interesting features of the model that are not 

present in the literature of retail-online competition.  Specifically, we found that the existence of 

the browsers depends on the retail price; and the existence of the e-direct shoppers depends on the 

e-tail price.  Also, the retailer’s demand function depends on whether retail browsers exist or not 

and thus its price best responses are different without or without browsers.  Similarly, the e-

tailer’s demand function depends on whether e-direct shoppers exist or not and its price best 

responses are different without or without e-direct shoppers.  Also, the retailer’s demand function 

is concave and the e-tailer’s demand function is convex.  Such demand functions lead to piece-

wise linear best responses for both retailer and e-tailer.  As a result, for certain values of the 

parameters, the market can support two equilibria, one in the B-R scenario and the other in the E-

B-R scenario. 

While the e-tailer and retailer’s prices certainly affect customer’s purchasing decisions, 

eventually it is the product and market characteristics such as store traffic cost (δ), likelihood that 

customers like the product (ρ), and customer’s diverse attitude/cost of shopping online ( ˆ β ), 

determine which types of customers that will exist in the market.  We found that, for fixed value 

of ρ, when store visit cost δ is high relative to ˆ β , the market will support only the e-direct 

shoppers as e-tail customers; and for relative small values of δ, the e-tailer and retailer will set 

prices such that all e-tail customers are browsers.  And when the value of δ is moderate, the 

market will permit both e-direct shoppers and browsers to exist.  Our analysis provides insights 

that can guide managers in setting prices as well as reacting to the changes of their competitor’s 

prices.  For example, the retailer and e-tailer can estimate the values of the model parameters and 

infer in which scenario they are competing.  Then, according to Table 2.2, in the B-R scenario, 

the e-tailer should react to the changes of the retail price more aggressively than in the E-R 

scenario; and in the B-R scenario the retailer should react to the changes of the e-tail price less 
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aggressively than in the E-R scenario.  Moreover, our sensitivity analysis suggests that the impact 

of increasing or decreasing values of the model parameters depends on in which scenario the 

retailer and e-tailer compete.  For example, while increasing the store visit cost will negatively 

affect the retailer’s profit (and will increase the e-tailer’s profit) in the E-R scenario, in the E-B-R 

scenario, increasing the store visit cost can lead to more profits for both the retailer and e-tailer.  

Therefore, our insights on the impact of model parameters on the profits will provide additional 

perspectives for retailers to evaluate decisions that can potentially affect customer’s disutility of 

purchasing from the retail store, the likelihood that customers like the product, or customer’s 

attitude (cost) toward online shopping. 

To sharpen our understanding of the impact of browsing on retail-online competition, we 

studied the hypothetical situation where the retailer can identify and prohibit browsing behavior.  

We show that in the presence of retail browsing both the e-tailer and retailer are getting lower 

profit (relative to the case where browsing is prohibited).  This finding suggests that, for products 

and markets where browsing can benefit some of the customers, previous research on the retail-

online competition may be inadequate.  Specifically, a model that does not permit browsing can 

lead to sub-optimal pricing strategies for the e-tailer and retailer.  And the equilibrium profit, 

which is an important metric in evaluating many strategic movements, might be overestimated.  

Our analysis also demonstrates that even though both the e-tailer and retailer are worse off with 

browsers, consumers’ total surplus will increase.   

In our model the browsers balance the tradeoff between the regret of purchasing an ill-fit 

product (possibly at lower price from online) and the cost of visiting the retail store to resolve the 

uncertainty.  Motivated by customer’s need in resolving uncertainty at lower cost, we studied 

several strategies that either discourage customers from browsing or provide alternative options 

for customers to experience the product.  The retailer, for example, can choose to charge an 

experiencing fee for every customer visiting the store regardless whether she will purchase the 

product or not.  For the e-tailer, we consider two strategies, installing e-showrooms that provide a 

relative inexpensive way for e-tail customers to experience the product, and permitting product 

returns.  We can think of product return as an alternative method for customers to experience the 

product.  Because these strategies will affect customer’s decisions differently, their effectiveness 

in improving the profit are also different.  We found that the retailer (and e-tailer) can benefit 

from charging an experiencing fee in the E-B-R scenario.  In the B-R scenario all customers who 

visit the store pay an experiencing fee, which adds to the retailer’s revenue; however, the 

retailer’s price and demand will remain the same as in the base model.  In the E-R scenario, the 

retailer’s profit will decrease in the experiencing fee.   
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For the e-tailer, we found two circumstances under which installing an e-showroom will 

benefit the e-tailer, i.e., the equilibrium switches from the B-R scenario either to the B'-R scenario 

for θ ≥ 1 − ρ, or to the B'-R' scenario for θ < 1 − ρ.  The second circumstance corresponds to the 

situation where the e-showroom is so convenient that the retail customers will choose to visit the 

e-showroom for experiencing the product before they purchase the product at the retail store. 

These two conditions suggest that the e-tailer can benefit from providing e-showroom service 

when all e-tail customers are browsers in the base model.  For the e-tailer’s returns policy, our 

analysis incorporates (1) the restocking fee that customers incur if they return the product, as the 

percentage of e-tail price and (2) the percentage of the restocking fee that goes to the retailer 

(g*h).  We demonstrated that by setting the parameters g and h appropriately, the returns policy 

can increase the e-tailer’s profit.   

All of the above strategies will affect the tradeoffs of the browsers in one way or another.  

Thus, the strategies may cause the equilibrium to switch from one scenario to other scenarios.  In 

general, we found that the experiencing fee can cause equilibrium to switch from the B-R to E-B-

R scenario or from the E-B-R to the boundary or E-R scenario.  On the other hand, the e-tailer’s 

returns policy, which encourages customers to purchase directly from online, can cause the 

equilibrium to switch from the B-R to the E'-B-R scenario.   

By examining the various strategies for the e-tailer and retailer, we wish to demonstrate to the 

practitioners that the strategic decisions proved to be effective in one competition setting may not 

be so in other settings.  For example, while charging an experiencing fee can benefit the retailer 

in the presence of browsers, in the case where no browser exists an experiencing fee can lower 

the retailer’s profit.  

Finally, we generalize the base model by incorporating three extensions.  First, our model can 

easily incorporate the product cost incurred by the e-tailer and the retailer.  As intuition may tell, 

the e-tailer’s profit decreases in its own product cost and increases in the retailer’s product cost; 

and similar observations of the impact of the product costs on retail profit can be made.  Second, 

we examine the situation where the retailer incurs positive traffic cost for every customer visiting 

the store.  We found that the store traffic cost will negatively impact the retailer’s profit only 

where no browsers come to the store (i.e., E-R scenario); and the store traffic cost does not affect 

the equilibrium prices and profits whenever browsers exist (i.e., in the B-R and E-B-R scenario).  

Third, we consider both ill-informed customers (as we do in the base model) and well-informed 

customers who have perfect knowledge about the product fit.  Also, both the e-tailer and retailer 

must set one price that applies for both customer segments.  We found that in the B-R scenario, as 

the percentage of well-informed customers increases, the e-tailer is better off and the retailer is 

worse off; and in the E-R scenario, both the e-tailer and retailer are worse off as the percentage of 
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knowledgeable customers increases.  Lastly, we study an extreme case where all customers have 

perfect knowledge about the product.  We find that the e-tailer prefers perfect information when 

δ/ ˆ β  is low (B-R and part of E-B-R scenario), and the retailer prefers perfect information when 

the ratio δ/ ˆ β  is moderate, i.e., within the E-B-R scenario.  
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CHAPTER 3  SHAPING DEMAND TO MATCH 

ANTICIPATED SUPPLY 

Pricing, as one of the most adjustable marketing decisions, has received considerable 

attention recently both in academia and in practice.  Indeed, unlike decisions such as product 

design or product distribution, which can take months or years to change, prices can be changed 

very rapidly.  In a collaborative environment where information on product demand and supply 

are readily available, adjusting product prices to respond to the changing market environments 

has become critical to firms’ survival and success.  In the operations management literature, many 

researchers have studied the dynamic pricing problem for a single product.  Such problems can 

become challenging when either the demand or product supply has some uncertainty.  Typically 

structural properties can be derived to characterize the optimal price policy.  The optimal policy 

for a single product, however, does not in general apply to a multi-product situation for two 

reasons.  First, when multiple products share a set of scarce resources or product components, the 

pricing decisions of the multiple products are linked by the decision of allocating these resources 

or product components among these products.  Moreover, many manufacturers carry a broad 

product line to cater to customers who differ in their willingness to pay for additional product 

features and functionality improvements.  As the products that belong to the same product line are 

substitutable to customers, each customer will weigh the enhanced performance of premium 

product models against the low price of other product models.  As a result, these substitutable 

products will compete for the market share and can potentially hurt each other’s sales.  Such 

cannibalization effect has linked the pricing decisions of the substitutable products altogether.  

Consequently, the pricing decisions for the substitutable products must be jointly made.   

Research on pricing decisions for substitutable products has not been adequate.  Indeed, 

Bitran and Caldentey (2003) point out in their survey paper that the multi-product pricing 

problem has not received much attention possibly because of the complexity brought by demand 

correlation and product substitutability effects.  The goal of this chapter is to develop a 

deterministic model to understand the pricing properties of substitutable products.  The 

deterministic model provides mathematical tractability that will enable us to understand how the 

optimal pricing policies depend on problem parameters.   

We consider a monopolist manufacturer who sells vertically differentiated products to 

customers.  The products offer similar basic functionality but differ in quality levels or premium 

features.  Customers differ in their willingness to pay for product quality.  Thus, despite the price 

difference between products with different quality levels, customers with sufficiently high 
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valuation of quality may prefer to purchase the product with higher quality.  For customers who 

have relatively low valuation of quality, price rather than quality is a bigger concern when they 

decide which product to buy.  Therefore, by setting prices properly, the manufacturer can achieve 

the desired market segmentation.  With the anticipated supply of products/components through 

the selling horizon, the manufacturer must decide how to set prices to segment customers in each 

period in order to maximize the total profits.  

A notable feature of our model is that we consider dynamic arrival of product replenishments.   

The replenishment quantities are not decision variables; rather they have been exogenously 

determined.  Thus, the situation where a fixed capacity is available at the beginning of the horizon 

is a special case of our model.  We characterize the optimal pricing and inventory allocation 

policies.  Our analysis reveals interesting insights on how replenishment profiles and other 

problem parameters affect price properties.  In particular, we demonstrate how substitutable 

products complement each other under various scenarios of their replenishment profiles.  A 

tradeoff that the manufacturer faces in the process of finding the optimal solution is between the 

benefit and cost of simultaneously selling substitutable products.  On the one hand, selling 

vertically differentiated products simultaneously permits the manufacturer to sell high quality 

products to high valuation customers and thus provides an opportunity to earn more profits.  On 

the other hand, when customers can choose which product to purchase, product cannibalization 

can affect the sales and profits for the substitutable products.  This tradeoff makes the solution 

process very challenging.  For several replenishment profiles with special structures, we develop 

simple methods for finding the optimal solution.  Then, for general replenishment profiles and 

Uniform distribution of customer quality preferences, we explore the necessary and sufficient 

conditions of the pricing policy for finding the product prices as well as calculating the value of 

expediting product replenishments.  Finally, we study several heuristic pricing policies for which 

we investigate factors that lead to relatively poor performance of these policies.  Our numerical 

experiments identify parameter settings under which each of the heuristic policies performs well 

or poorly. 

The remainder of the chapter is organized as follows.  We review related literature in Section 

3.2.  Section 3.3 defines the pricing problem, and describes assumptions we make in the base 

model.  We study the single-product pricing problem to obtain some intuition, and then introduce 

a mathematical formulation of the general pricing problem.  In Section 3.4 we characterize some 

important properties of the optimal pricing policies; we use several representative examples to 

illustrate how problem parameters affect the optimal inventory allocation strategy.  Section 3.5 

discusses efficient algorithms for solving several special classes of the general problem and for 

calculating the value of expediting product replenishments.  Section 3.6 studies three heuristic 
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pricing policies.  We demonstrate under what circumstances these heuristic policies perform 

poorly.  Thus adopting the optimal policy is valuable.  In Section 3.7, we conduct extensive 

numerical experiments to examine the impact of problem parameters on the relative performance 

of the heuristic policies.  Section 3.8 extends the pricing properties obtained in Section 3.4 to 

incorporate component commonality.  And we conclude this chapter in Section 3.9. 

3.2  Related Literature 

The research problem we study in this chapter falls broadly into the category of dynamic 

pricing and revenue management.  For an overview of pricing models, we refer readers to the 

survey papers by Elmaghraby and Keskinocak (2003) and Bitran and Caldentey (2003).  Also, 

Talluri and van Ryzin (2004) cover both theory and practice for price-based revenue management 

problems.  In this literature review, we will first focus on the pricing models for multiple 

products.  Then, we discuss several papers in the marketing literature on pricing with market 

segmentation.  Finally, we contrast with recent papers in the context of information sharing the 

different perspectives of this chapter. 

Gallego and van Ryzin (1997) study finite-horizon pricing policies for multiple products with 

stochastic demands.  They adopt a general demand model to permit the interaction of demands 

among multiple products.  They assume that inventories are available at the beginning of the 

horizon, and no replenishments are allowed within the selling horizon.  Based on the solution to 

the deterministic version of their problem, they propose two heuristic methods that they 

subsequently show to be asymptotically optimal.  In contrast, we consider a deterministic model 

for demand and supply that permits dynamic product arrivals.  Also, we focus on vertically 

differentiated products and explicitly model customers’ purchasing decisions.  In our specific 

problem setting, we derive insights on the interrelationship between optimal pricing strategies and 

problem parameters such as replenishment profiles, characteristics of products and customers.   

Bitran and Caldentey (2003) characterize the optimal solution for the deterministic version of 

the multi-product pricing problem with all products (capacity) available at the beginning of the 

horizon.  Using Karush-Kuhn-Tucker conditions, they derive the optimal price as either an 

interior solution with abundant capacity, or with scarce capacity, a boundary solution for which 

some resources are exhausted.  Thus, a fixed-price solution is optimal.  Bitran and Caldentey 

(2003) also prove that, under suitable conditions, the optimal price is non-increasing in the total 

available products.  In our problem, with dynamic product arrivals, however, a fixed-price 

solution is generally not optimal.  The key to obtaining the optimal solution, as we will discuss in 
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Section 3.4, reduces to identifying the optimal set of periods that have positive inventory transfer 

to future periods.   

Swann (2001) studies a joint pricing and production scheduling model.  She considers a 

capacitated facility that must decide, for each period in a multi-period horizon, the number of 

products to produce and the price to charge for the products sold in that period.  The model 

incorporates production costs as well as inventory holding costs.  She develops a greedy 

algorithm for finding the optimal solution for the single-product case.  In an extension, she 

examines the situation where a production facility is shared by multiple non-substitutable 

products.  She demonstrates that, for the multi-product case, the greedy algorithm can find the 

optimal solution in some special cases.  Her model, however, does not permit correlated product 

demands, i.e., the price of one product does not affect the demand of other products.    

Some researchers study pricing policies with substitution effects in a competitive setting.  For 

instance, Perakis and Sood (2004) study a multi-period pricing problem with fixed and limited 

product availability.  In their model, the demand for each seller’s product is a function of the 

prices set by all sellers.  They solve a non-cooperative game to obtain equilibrium prices.   

Our customer choice model is similar to the ones that frequently appear in the market 

segmentation literature, e.g., Mussa and Rosen (1978), Katz (1984), Moorthy (1984), and Desai 

(2001).  As is well known in the marketing literature, with multiple substitutable products, a 

monopolist manufacturer needs to account for cannibalization when making decisions regarding 

pricing, product line design, as well as product releasing strategies.  Along these lines, Desai 

(2001) examines how consumers’ taste preferences for different products impact the 

cannibalization effect.  Moorthy and Png (1992) assume unlimited product availability, and study 

the effect of cannibalization by comparing the choices of releasing two products simultaneously 

versus sequentially.  These papers consider single period models, and typically do not consider 

resource limits in order to focus on the impact of cannibalization from a strategic level.  Several 

papers in marketing science study dynamic pricing problems at the tactical level.  For example, 

Chakravarty and Martin (1989) investigate how to set product discounts with dynamic 

deterministic demand.  Kinberg and Rao (1975) study how to set the optimal duration of a price 

promotion.  Neither paper considers correlated product demands of substitutable products.   

In the context of manufacturers exploiting information sharing to enhance profitability, our 

work is related to the literature on information sharing in a supply chain.  Most papers in this 

stream (e.g., Gavirneni, Kapuscinski, and Tayur 1999, Gavirneni 2002, and Chen 2003) address 

the benefits of information sharing by downstream supply chain partners (e.g., conveying retail 

demand information to suppliers).  Recently, driven by both technological capability for 

information sharing and increased customer pressure on the manufacturer to share information, 
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reverse information sharing has received much interest.  For example, Jain and Moinzadeh (2005) 

investigate the impact of the manufacturer sharing inventory information at warehouses on the 

retailer’s inventory policy.  Most papers in this stream study decisions on inventory policies; in 

contrast, this chapter demonstrates how sharing product supply information may be used to 

improve manufacturer/retailer’s pricing decisions. 

3.3  Demand Shaping Model 

Consider a monopolist manufacturer who sells multiple vertically differentiated products in a 

finite horizon with m periods.  For analytical tractability, we consider two products: a premium 

product h with relatively high quality and a regular product l with relatively low quality.  Let the 

quality levels for the two products be qh and ql, respectively, with qh > ql > 0.  In general, each 

product requires two types of components: product-specific components and common 

components.  The manufacturer relies on its suppliers to supply these components.  Let Ch and Cl 

denote the sets of components needed for the premium and regular products, respectively.  To 

focus on product substitution effects, we will consider a base model with no common 

components, i.e., Ch ∩ Cl = ∅, and later (Section 3.8) re-examine pricing properties with 

component commonality. 

 Without loss of generality, we assume that each unit of a product requires one unit of each 

component in its component set.  For each component j ∈ Ch ∪ Cl, the manufacturer knows, 

through the upstream information sharing mechanisms, exactly how many units of the component 

will arrive in each of the following m periods.  Let Ajt denote the number of units of component j 

that the manufacturer will receive at the start of period t, for t = 1, 2,…, m; without loss of 

generality, we can assume that the initial inventory of each component is zero (if not, we can add 

the actual initial inventory to the quantity received in the first period).  Since each unit of finished 

product requires one unit of each component, we can determine the number of “kits” (or full sets 

of components to produce finished products) that become available in each period.  Specifically, 

for all t = 1, 2,…, m, and for product k = h or l, let Bkt = min j ∈Ck
{ A jt 't '=1

t∑ } denote the 

cumulative availability of kits for product k until time t.  Then, Rkt = Bkt − Bk, t−1 is the additional 

number of component kits that become available for product k in period t; we will refer to this 

value as product k’s kit replenishment in period t.  Therefore, Rkt is the replenishment of product k 

in period t, for k = h or l, and t = 1, 2,…, m. 
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Let the replenishment profile be R =
Rh

Rl

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ , where Rk = (Rk1, …, Rkm) is a vector of 

replenishment for product k ∈ {h, l}, and Rkt is the number of units of component k that the 

manufacturer will receive at the start of period t, for k ∈ {h, l}, and t = 1, …, m.  

We consider a population of heterogeneous customers who differ in their willingness to pay 

for product quality.  Let λt be the number of customers arriving in period t, for t = 1,…, m.  Each 

customer is characterized by a quality sensitivity parameter θ, which represents the customer’s 

valuation of unit product quality.  Let F(.) be the cumulative distribution of θ, and f(.) be the 

density function, with 0 ≤ θ ≤ 1.  That is, in any period, the proportion of customers with quality 

sensitivity less than θ is F(θ).  We assume that F(.) is continuously differentiable for all 0 < θ < 1.  

For analytical simplicity, we adopt a linear utility function of the form: U(θ) = θq − p, where θ is 

the customer’s quality sensitivity, p is product price, and q is product quality.  Thus, for a product 

with fixed quality level q, customers with higher θ will get more surplus from the product.  

Similar utility functions also appear in Desai (2001) and Netessine and Taylor (2005) in the 

context of pricing decisions for product line design. 

At the end of the horizon, the unsold items may be salvaged.  Let vh and vl denote, 

respectively, the salvage values for the premium and the regular products.  The manufacturer’s 

objective is to determine the product prices pht and plt for t = 1,…, m to maximize the total profits 

in the selling horizon.  We assume that customers are non-strategic, i.e., they will not come back 

in future periods if they do not buy the product in the period they arrive, and will purchase 

whichever product in the arrival period that gives them a higher and non-negative surplus.  We 

focus on pricing decisions in a short planning horizon where replenishment decisions have been 

made.  So, discounting factor and holding cost will play less important roles in the overall profits.  

Thus, we will ignore the inventory holding cost and discount factor in our pricing decisions.   

Before discussing the pricing decisions for two-product case, we examine the pricing problem 

for a single product to get some intuition. We first make an assumption which we will use to 

prove the main results of the paper.  Let 
)(1

)()(
θ

θθ
F

fH
−

=  be the hazard function of F(.). 

ASSUMPTION 3.1  H(.) is non-decreasing. 

3.3.1  PRICING POLICY FOR SINGLE PRODUCT 

In this section, we study the pricing policy for a single product.  Let the product quality be q 

and replenishment in period t be Rt, for t = 1,…, m.  Let N = Rtt=1

m∑  be the total quantity of 
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components received during the decision horizon.  Intuitively, in any period t, the available 

inventory should be no less than the demand induced by the price set by the manufacturer in that 

period.  Otherwise, the manufacturer could raise the price to the point where the number of 

customers who are willing to buy the product exactly matches the available inventory.  We will 

formally establish this no-rationing property for the two-product scenario in Section 3.3.2.  

For the moment, let us assume that all N units of the product are available at the beginning of 

the horizon.  In this case, we can aggregate both the demand and supply for the m periods.  The 

distribution of customer’s quality sensitivity in the aggregated market is still F(.) since the 

fraction of customers whose quality sensitivity is below θ is still F(θ).  Thus, the m-period 

problem reduces to a one-period pricing problem.  Clearly, in order to have more customers 

willing to purchase the product, the manufacturer must lower product price.  Thus, there is a 

tradeoff between selling more products and selling at higher prices.  Even with unlimited product 

availability, the profit-maximizing manufacturer will not choose to lower the price indefinitely.  

Instead, as product availability increases, the manufacturer will only increase the sales up to a 

threshold value, which we call desired sales.  In order to define the desired sales, we first 

characterize the optimal price ˆ p  for unlimited product availability, i.e., N = ∞. 

Define λ = λtt=1

m∑ as the total number of customers.  Also, for simplicity we assume that the 

salvage value of the product is zero.  Note that if the price is p, a customer with quality sensitivity 

θ will get surplus θq − p if she purchases the product.  Thus, at price p, all customers with quality 

sensitivity θ ≥ p/q will buy the product.  So, the demand induced by price p is [1− F(p/q)]λ.  The 

manufacturer chooses the optimal price p to maximize the total profit, i.e., 

  π = max
p>0

p(1− F( p / q))λ .         (3.1) 

Because θ is distributed over the unit interval and the profit is zero for p < 0 or p > q, the optimal 

price p must satisfy 0 ≤ p ≤ q.  Since F(.) is continuous, the profit function is continuous, hence 

problem (3.1) has an optimal solution.  Also, the profit is zero when p = 0 or p = q, and any 0 < p 

< q generates a positive profit.  Therefore, the optimal solution must lie strictly between 0 and q 

and thus must satisfy the first order condition.  Therefore, if there exists a unique price p that 

satisfies the first order condition, such p must be the optimal solution, even if the profit function 

is not concave in p.  Taking the first order condition w.r.t. p and setting it to zero, we have  

  1− F( p / q) − f ( p / q) p / q = 0 .        (3.2) 



 

 - 74 - 

Dividing by 1 − F(p/q) on both sides, we have 1− f ( p / q)
1− F( p / q)

p / q = 0 .  By definition of hazard 

function, the first order condition in (3.2) becomes H( p / q) = q
p

.  Since q/p decreases in p and 

the hazard function is non-decreasing, the first order condition has a unique solution, i.e.,    

  ˆ p ∈ {0 ≤ p ≤ q : H( p / q) = q / p}.      (3.3) 

We know from earlier discussion that p̂ must be the optimal solution.  So, the desired sales for λ 

customers are ˆ S (λ) = (1− F( ˆ p / q))λ .  And, ˆ s =1− F( ˆ p / q)  is the desired sales rate.  In general, 

we refer to normalized sales as sales rate.  For example, if the sales are S and the total number of 

customers is λ, then, the sales rate is S/λ.  

Now, we consider a general situation where the total product availability N is not unlimited.   

The manufacturer chooses the optimal price p* to maximize the total profit p (1− F(p/q))λ, subject 

to the product availability constraint (1− F(p/q))λ ≤ N.  For this constrained maximization 

problem, with the Assumption 3.1, we claim that the optimal price is p* = qF-1(1−N/λ) if the 

product availability N < ˆ S (λ) .  To see this, let p' satisfy (1− F(p'/q))λ = N, i.e., p' = qF-1(1−N/λ).  

Since N < ˆ S (λ) , it must be that ˆ p  < p'.  For any p < p', the demand (1− F(p/q))λ is greater than 

N, so the profit is pN, which is less than p'N.  Therefore, the problem reduces to maximizing the 

profit function over [p', q].  Observe that p = q is not optimal.  And, if the optimal solution is 

strictly between p' and q, the first order condition must be satisfied.  But we have already shown 

that, for non-decreasing hazard function, ˆ p  is the unique solution to the first order condition, and 

ˆ p  < p'.  So we must have p* = p'. 

To summarize, for the single period pricing problem with arbitrary product availability, the 

optimal price p* is either ˆ p , defined in (3.3), or is such that the product availability constraint is 

binding, i.e.,   

  p* = ˆ p  if ˆ S (λ)  ≤ N, and p* = qF-1(1−N/λ) otherwise.      (3.4) 

And, if the product availability is limited, i.e., N < ˆ S (λ) , the optimal price is strictly higher than 

the case with unlimited products.  

When all products are available at the beginning of the horizon, the manufacturer will set a 

fixed price and sell the products at a uniform rate throughout the horizon.  Otherwise, when 

products arrive dynamically in the horizon, there can be a “bottleneck” period in which the 

manufacturer runs out of inventory.  Based on this intuition, we next introduce an algorithm that 

sequentially identifies the set of “bottleneck” periods and thus the corresponding prices/sales.   
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ASSUMPTION 3.2  The product replenishment R satisfies ∑ =
+−≤

m

tj j StmR ),(ˆ)1( λ  for all t = 

1,…, m. 

Assumption 3.2 is a sufficient condition that ensures that there will be no leftover inventory 

at the end of the horizon.  We establish this result next. 

OBSERVATION 3.1  If the condition in Assumption 3.2 holds, it is optimal to sell all available 

products in the planning horizon. 

Proof.  Suppose by way of contradiction that at optimum, not all available products are sold.  

Then, there must be some units unsold at the end of period m, i.e., ∑∑ ==
>

m

j j
m

j j SR
11

.  It follows 

that the sales in the last period equals the desired sales, i.e., Sm = ˆ S (λ) .  Because Rm ≤ ˆ S (λ)  (by 

Assumption 3.2) and the fact that there are positive inventories at the end of period m, there must 

be positive inventory transfer from period m – 1.  Therefore, it must be that Sm-1 = ˆ S (λ) .  Because 

Rm + Rm-1 ≤ 2 ˆ S (λ) , there must be a positive transfer from period m – 2, hence  

Sm-2 = ˆ S (λ) .  Applying this argument until period 1, we have St = ˆ S (λ) , for all t from m to 1.  

Thus, the total sales are m ˆ S (λ) .  So, the total number of available products is strictly greater than 

m ˆ S (λ) , which contradicts the assumption that ∑ =
≤

m

j j SmR
1

)(ˆ λ .     

Previously we defined profit as a function of price p.  Now, we define profit equivalently as a 

function of sales rate s.  When sales rate is s, price is p = qF−1(1−s), and total profit is  

λs qF−1(1−s).  Then, π(s) = s qF−1(1−s) is the profit per arriving customer. 

ASSUMPTION 3.3  π(s) is concave in s. 

The condition under which Assumption 3.3 holds is π'' (s) ≤ 0.  Calculating the derivatives, 

this requires ,0))((')1()))(((2 121 ≥−+ −− sFfssFf  for all s ∈ [0, 1], which is satisfied, for 

example, by the Uniform distribution.  In general, it is also satisfied by any distribution with non-

decreasing probability density function. 

Let CRtt ' = Rjj= t

t '∑ λ jj= t

t '∑ be the cumulative replenishment rate between period t and 

period t'.   Let CStt '
* = min{1− F( p * / q), CRtt' } , with p* as defined in (3.4), be the sales rate if the 

selling season starts from period t and ends at period t', and all replenishments in the [t, t'] interval 

occur in period t.  For any given set of multi-period prices and sales, we say that period t is an 

exhaust period if there is no leftover inventory at the end of period t, for t = 1,…, m.  Otherwise, t 

is a transfer period.  Let E be the set of exhaust periods. 
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Algorithm 1: Single product pricing 

Initialize: Let t0 = 1, and E = {m}. 

Step 1: Calculate the desired sales rate CSt0m
* ; 

Step 2: Find the smallest period j with the lowest cumulative availability, i.e.,  

j = min{i ∈ Τt0
} where Tt0

= {t : CRt0t ≤ CRt0i  t0 ≤ i ≤ m}.  If CRt0 j < CSt0m
* , set E = E ∪{j} 

and t0 = j +1, go to Step 1.  Otherwise, stop; 

Step 3: For every exhaust period t and its immediate next exhaust period t' in set E, set sj = 

CSt +1,t '
*  for all t +1 ≤ j ≤ t '. 

The above algorithm can find the set E in no more than m(m + 1)/2 iterations.  Also, by the 

algorithm, the sales rates for all periods between every pair of consecutive exhaust periods are the 

same.  Let s = (s1,…, sm) be the sales rate schedule.  Let I = (I1,…, Im) be the inventory vector.  

We first present a property of the sales rate derived from Algorithm 1, then we establish that 

Algorithm 1 can find the optimal solution. 

LEMMA 3.1  Let s be the sales rate obtained from Algorithm 1.  Then, the sales rate sj is non-

decreasing in j.   

Proof.  Suppose sj > sj+1 for some j = 1,…, m −1.  So, we have j ∈ E.  Let i be the largest period 

such that i − 1 ∈ E and i ≤ j, and let i' be the smallest exhaust period that satisfies i' ≥ j + 1. 

Because s j =
Rtt= i

j∑
λtt= i

j∑
> s j +1 =

Rtt= j +1

i'∑
λtt= j +1

i'∑
, we must have 

Rtt= i

j∑
λtt= i

j∑
>

Rtt= i

j∑ + Rtt= j +1

i'∑
λtt= i

j∑ + λtt= j +1

i'∑
.  So, 

when t0 = i in Algorithm 1, CRt0 j > CRt0i' , and j ∉ E, which contradicts the assumption that j is an 

exhaust period.  Therefore, sj ≤ sj+1 for j = 1,…, m − 1.       

PROPOSITION 3.2  Algorithm 1 finds the optimal solution.  

Proof. We show that the sales rate vector s according to Algorithm 1 is optimal.  Suppose there 

exists an optimal sales schedule s' that deviates from s.  Let t be the smallest period such that s't ≠ 

st .  Consider two cases.   

Case (i): s't < st.  We show that there exists a period j ≥ t such that s'j < s'j+1 and Ij > 0.  

Suppose s't ≥ s't+1 ≥… ≥ s'm.  Because st ≤ st+1 ≤…≤ sm (Lemma 3.1), we have s't < st, s't+1 < st+1,…, 

s'm < sm.  So, from period t to period m, the total sales according to s' is strictly less than the total 
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sales according to s.  But we also know that the total sales before period t −1 are equal for both 

sales schedules.  So, in the planning horizon, the total sales under s' is strictly less the total sales 

under s, which contradicts Observation 3.1.  Thus, there exists a period j ≥ t such that s'j < s'j+1.  

Let j be the smallest such period.   Recall that the total sales before period t −1 are equal for both 

sales schedules, and, from period t to period j, the total sales according to s' is less than that 

according to s.  So, the sales schedule s' must have positive inventory at the end of period j, i.e., Ij 

> 0.  Thus, it is feasible to sell s'j + ε in period j and s'j+1 − ε in period j+1.  Moreover, by the 

Mean Value Theorem, and the fact that s'j < s'j+1, there exists ε > 0 small enough such that (1) 

π(s'j + ε) − π(s'j) = ε π'(c1) where s'j < c1 < s'j + ε, (2) π(s'j+1 − ε) − π(s'j+1) = −ε π'(c2), where s'j+1 − 

ε < c2 < s'j+1, and (3) c1 < c2.  Due to the concavity of π(s), we have π(s'j + ε) + π(s'j+1 − ε) − (π(s'j) 

+ π(s'j+1)) = ε(π'(c1) − π'(c2)) > 0.  Therefore, s' is not optimal. 

Case (ii): s't > st.  Let period i be the smallest period after t that belongs to E.  Because 

′ s jλ jj= t

i∑ ≤ s jλ jj= t

i∑  and s't > st, there exists a period j, for t ≤ j ≤ i, such that s'j < sj = st < s't.  

Let j be the smallest period such that s'j > s'j+1.  We can use the same argument as in Case (i) to 

show that the sales schedule s' is not optimal.      

 

 

Figure 3.1  Optimal sales to a single product pricing problem 

Figure 3.1 shows an example of the optimal solution according to Algorithm 1.  The slope 

corresponds to the sales rate.  We can see that the optimal sales rate is the lower envelope of the 
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cumulative product availability.  Two features characterize the lower envelope.  First, the sales 

rate is non-decreasing (which we have shown in Lemma 3.1).  It follows that the price must be 

non-increasing.  Second, if price decreases after period t, the inventory at the end of period t must 

zero.  If there is positive inventory at the end of period t, then, according to Algorithm 1, period t 

is not an exhaust period.  Thus, the sales rates in period t and t+1 are the same.  We summarize 

these properties in Proposition 3.3. 

PROPOSITION 3.3  For single-product pricing problem, (a) the optimal price is non-

increasing, (b) if price strictly decreases from period t to period t+1, then there is no inventory 

transfer at the end of period t, (c) if there is positive inventory at the end of period t, then the 

price does not change from period t to period t+1. 

The underlying principle for single product pricing is to have non-decreasing sales rates that 

are closest to a constant rate.  When selling multiple substitutable products, however, this 

smoothening strategy is no longer optimal.  The reason is, when one product is in shortage, the 

manufacturer may sell more of its substitute to complement the shortage.  This complementarity 

effect can potentially help the manufacturer to mitigate the loss caused by uneven replenishment 

rates of individual products.  Product complementarity also makes the pricing problem more 

challenging due to the interrelated pricing and inventory decisions among the substitutable 

products.  Next, we introduce the general formulation of the two-product pricing problem along 

with some preliminary properties. 

3.3.2  PRICING MODEL FOR TWO PRODUCTS 

In this section, we focus on the two-product pricing problem: Given the replenishment profile 

R =
Rh

Rl

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟  with Rk = (Rk1, …, Rkm) for k = h, l, product salvage values (vh, vl),  customer arrival rate 

(λ1,…, λm), and the distribution F(.) for quality sensitivity θ, the manufacturer chooses the price 

P =
Ph

Pl

⎛ 

⎝ 
⎜ 

⎞

⎠
⎟ , where Ph = (ph1,…, phm) and Pl = (pl1,…, plm), to maximize the total profit over an m-

period horizon.  Define Sh = (Sh1,…, Shm) and Sl = (Sl1,…, Slm) as, respectively, the sales of the 

premium and regular product. 

Before we formally formulate the two-product pricing problem as a mathematical program, 

we first establish some preliminary results.  For the moment, we will suppress the subscript t until 

Lemma 3.6.  We note that the following discussion applies to every period t = 1, …, m.  
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For any given price (ph, pl), define Dh(ph, pl) and Dl(ph, pl) as the set of quality sensitivity 

values of customers who prefer to buy the premium product and regular product, respectively, 

i.e.,  

 Dh(ph, pl) = {0 ≤ θ ≤ 1: θ qh − ph ≥ θ ql − pl and θ qh − ph ≥ 0}, and 

 Dl(ph, pl) = {0 ≤ θ ≤ 1: θ ql − pl > θ qh − ph and θ ql − pl ≥ 0}.   

The first inequality, θ qh − ph ≥ θ ql − pl, in the set Dh(ph, pl), known as the incentive compatibility 

condition, ensures that customers with quality sensitivity θ prefer the premium product to the 

regular product; and, the second inequality, θ qh − ph ≥ θ ql − pl, known as the individual 

rationality condition, ensures that customers (with quality sensitivity θ) who buy the premium 

product will get non-negative surplus.  We can similarly interpret the two inequalities in the set 

Dl(ph, pl).  Equivalently, we can write Dh(ph, pl) and Dl(ph, pl) as 

 Dh(ph, pl) = {0 ≤ θ ≤ 1: θ ≥ (ph − pl)/(qh − ql) and θ ≥ ph/qh}, and    (3.5) 

 Dl(ph, pl) = {0 ≤ θ ≤ 1: θ < (ph − pl)/(qh − ql) and θ ≥ pl /ql}.    (3.6) 

Define  

θh(ph, pl) = min{θ ∈ Dh(ph, pl)} if Dh(ph, pl) is non-empty, and θh(ph, pl) = 1 otherwise, and  

θl(ph, pl) = min{θ ∈ Dl(ph, pl)} if Dl(ph, pl) is non-empty, and θl(ph, pl) = θh(ph, pl) otherwise. 

So, for non-empty sets Dh(ph, pl) and Dl(ph, pl), θh(ph, pl) and θl(ph, pl) are the smallest values of θ 

in the set Dh(ph, pl) and set Dl(ph, pl), respectively.  Moreover, every θ ≥ θh(ph, pl) belongs to the 

set Dh(ph, pl), and every θ with θl(ph, pl) ≤ θ < θh(ph, pl) belongs to the set Dl(ph, pl).  The next 

lemma reveals the structure of the market segmentation. 

LEMMA 3.4  For any given non-negative prices ph and pl, we must have θh(ph, pl) ≥ θl(ph, pl). 

Proof.  For non-empty sets Dh(ph, pl) and Dl(ph, pl), we have θh(ph, pl) ≥ (ph − pl)/(qh − ql) and 

θl(ph, pl) < (ph − pl)/(qh − ql).  Thus, θh(ph, pl) > θl(ph, pl).  If Dh(ph, pl) = ∅, then θh(ph, pl) = 1 ≥ θl.  

Finally, if Dl(ph, pl) = ∅, then by definition θl(ph, pl) = θh(ph, pl).  Therefore, in all cases, we have 

θh(ph, pl) ≥ θl(ph, pl).           

In Lemma 3.5, we derive the expressions of θh(ph, pl) and θl(ph, pl). 

LEMMA 3.5  For non-negative prices such that ph /qh ≥ pl/ql and for non-empty sets Dh(ph, pl) 

and Dl(ph, pl), we must have θh(ph, pl) = (ph − pl)/(qh − ql) and θl(ph, pl) = pl/ql. 
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Proof. If ph /qh > pl/ql , then (ph − pl)/(qh − ql) > pl/ql,  and so θh(ph, pl) > θl(ph, pl).  Notice that the 

equation θh(ph, pl) = (ph − pl)/(qh − ql) means that the incentive compatibility constraint for 

customer with θ = θh(ph, pl) is binding, i.e., θh(ph, pl) qh − ph = θh(ph, pl) ql − pl.  Suppose, for 

contradiction, θh(ph, pl) > (ph − pl)/(qh − ql), or, θh(ph, pl) qh − ph > θh(ph, pl) ql − pl.  Then, there 

exists a small number ε > 0 such that (1) θh(ph, pl) − ε > θl(ph, pl), and (2) θh(ph, pl) − ε > (ph − 

pl)/(qh − ql), or (θh(ph, pl) − ε )qh − ph > (θh(ph, pl) − ε )ql − pl.  The latter condition implies that the 

customer with θh(ph, pl) − ε prefers the premium product to the regular product.  Moreover, by 

condition (1), we have θh(ph, pl) − ε > θl(ph, pl) but θl(ph, pl) ql − pl ≥ 0.  So, (θh(ph, pl) − ε) ql − pl ≥ 

0.  Thus, θh(ph, pl) − ε ∈ Dh(ph, pl),  contradicting the definition of θh(ph, pl).  Suppose now that 

θl(ph, pl) > pl/ql , then there exists a small number ε > 0 such that pl/ql  < θl(ph, pl) − ε < (ph − 

pl)/(qh − ql), hence θl(ph, pl) − ε also satisfies the conditions in Dl(ph, pl), contradicting the 

definition of θl(ph, pl). 

If ph /qh = pl/ql , then (ph − pl)/(qh − ql) = pl/ql = ph /qh.  In this case if θh(ph, pl) > (ph − pl)/(qh − 

ql), then θh(ph, pl) > ph /qh . For small ε > 0, we have θh(ph, pl) - ε > (ph − pl)/(qh − ql), and θh(ph, pl) 

- ε > ph /qh, contradicting the definition of θh(ph, pl).  Suppose now that θl(ph, pl) > pl/ql , then 

θl(ph, pl) > (ph − pl)/(qh − ql), contradicting the definition of θl(ph, pl).    

Note that for customers with θ = θh(ph, pl) and who purchase the premium product, the 

incentive compatibility condition is binding.  So, customers with θh(ph, pl) are indifferent between 

purchasing the premium and regular product.  And, for customers with θ = θl(ph, pl) and who 

purchase the regular product, the individual rationality condition is binding.  So, customers with 

θl(ph, pl) are indifferent between purchasing the regular product and not purchasing. 

Define dh(ph, pl) and dl(ph, pl) as the demand for the premium and regular product, 

respectively, induced by prices ph and pl.  By Lemma 3.5, if the prices satisfy ph /qh > pl/ql and ph, 

pl ≥ 0, then, the demand for the premium product is (1 − F(θh(ph, pl)))λ, i.e., 

  dh(ph, pl) = (1 − F((ph − pl)/(qh − ql)))λ,      (3.7) 

and the demand for the regular product is (F(θh(ph, pl)) − F(θl(ph, pl)))λ, i.e., 

  dl(ph, pl) = (F((ph − pl)/(qh − ql)) − F(pl/ql))λ.     (3.8) 

For the special case where θh(ph, pl) = θl(ph, pl), we have (ph − pl)/(qh − ql) = pl/ql = ph/qh.  So, the 

demand for the regular product is zero, and the demand for the premium product is (1 − F((ph − 

pl)/(qh − ql)))λ = (1 − F(ph/qh)λ.  Thus, the demand functions (3.7) and (3.8) also apply to the case 

where θh(ph, pl) = θl(ph, pl). 



 

 - 81 - 

So far we have characterized product demand induced by price ph and pl that satisfy the 

conditions in Lemma 3.5.  Next, we present a result regarding whether or not the demand 

specified in (3.7) and (3.8) will be satisfied in an optimal solution.   

LEMMA 3.6 (No rationing) At optimum, in any period t, the manufacturer will choose the prices 

ph and pl such that the demand is no more than the available products, i.e., dh(pht, plt) ≤   

Ih,t−1 + Rht − Iht  and dl(pht, plt) ≤ Il,t−1 + Rlt − Ilt, where Ikt is the leftover inventory for product k at 

the end of period t, k = h or l, and t = 1, …, m. 

Proof. Consider the single period problem first.  We suppress subscript t in the single period 

problem.  Suppose, for contradiction, there exist optimal prices ph and pl such that dh(ph, pl) > Rh.  

Then, Sh = Rh and Sl = min{dl(ph, pl), Rl}.  Now consider a new price ph + ε for the premium 

product with ε > 0, and keep the price for the regular product at pl.  Because the distribution of θ 

is continuous, these exists a value of ε such that dh(ph + ε, pl) ≥ Rh.  So, the profit from the 

premium product becomes (ph + ε) Rh.  Moreover, as the premium product’s price increases from 

ph to ph + ε, the size of the set Dl(ph, pl) will not decrease (may increase). So, with the prices ph + 

ε and pl, the profit from the regular product does not decrease (relative to the case with ph and pl), 

while the profit from the premium product increases by ε Rh, which contradicts the optimality of 

the prices ph and pl.  Similarly, we can derive contradiction for the case dl (ph, pl) > Rl. 

Now we consider the multi-period problem.  Consider period t, for t = 1, 2, .., m.  Fix an optimal 

solution.  Let Ih, t−1 + Rht − Iht be the quantity of premium product to be sold in period t, and let 

Il,t−1 + Rlt − Ilt be the quantity of regular product to be sold in period t, according to the optimal 

solution.  Consider the following single period problem. Choose ph and pl to maximize profit with 

Rh =  Ih, t−1 + Rht − Iht, and Rl = Il,t−1 + Rlt − Ilt.  From the above paragraph, we know that at 

optimum, dh(ph, pl) ≤ Rh, and dl(ph, pl) ≤ Rl.  But since we fixed an optimal solution to the multi-

period problem, it must be that ph  = pht, and pl = plt.  Therefore, we have dh(pht, plt) ≤ Ih, t−1 + Rht − 

Iht  and dl(pht, plt) ≤ Il,t−1 + Rlt − Ilt.       

For fixed t, pht and plt , define 

  θht(pht, plt) =  (pht − plt)/(qh − ql) and θlt(pht, plt) =  plt /ql.    (3.9) 

If prices pht and plt satisfy the conditions in Lemma 3.5, then, the demand for the premium 

product is (1 − F(θh(pht, plt)))λ, and the demand for the regular product is (F(θht(pht, plt)) − 

F(θlt(pht, plt)))λ.  By Lemma 3.6, if pht and plt are also optimal, then the sales of the premium 

product in period t is (1 − F(θh(pht, plt)))λ, and the sales of the regular product in period t is 

(F(θht(pht, plt)) − F(θlt(pht, plt)))λ.  We now argue that we can search for optimal prices pht and plt 
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only in the range where the conditions in Lemma 3.5 are satisfied, i.e., pht /qht ≥ plt/qlt .  To see 

this, notice that if ph t/qht < plt/qlt, then (pht − plt)/(qh − ql) < ph t/qht < plt/qlt.  By decreasing plt 

continuously to plt' such that (pht − plt')/(qh − ql) = ph t/qht = plt'/qlt, the sales and profit will not 

change in period t.  Hence we can limit our attention only to such pht and plt that pht /qht ≥ plt/qlt, or 

equivalently, (pht − plt)/(qh − ql) ≥ plt/qlt.  

The above discussion motivates us to formulate the two-product pricing problem as follows, 

which we call problem [DSP]. 

[DSP]  Max ( phtλt (1− F( pht − plt

qh − ql

)) + plt λt (F( pht − plt

qh − ql

) − F( plt

ql

)))
t=1

m

∑ + vh ( Rht
t=1

m

∑    

 − λt (1− F( pht − plt

qh − ql

)))
t=1

m

∑ + vl ( Rht
t=1

m

∑ − λt
t=1

m

∑ (F( pht − plt

qh − ql

) − F( plt

ql

)))   (3.10) 

subject to 

 λ j (1− F( pht − plt

qh − ql

))
j=1

t∑ ≤ Rhjj=1

t∑ ,  for t = 1,…, m,     (3.11) 

 λ j (F( pht − plt

qh − ql

) − F( plt

ql

))
j=1

t∑ ≤ Rljj=1

t∑ , for t = 1,…, m, and    (3.12) 

 0 ≤ plt

ql

≤ pht − plt

qh − ql

≤1    for t = 1,…, m.                  (3.13) 

The objective function (3.10) maximizes the total profits for premium and regular products 

over all periods plus the salvage values for the leftover products.  Constraints (3.11) and (3.12) 

specify that the cumulative sales for the premium and regular product up to any period t must not 

exceed the cumulative available products, for t = 1,…, m.  Constraints (3.13) imply that (1) all 

customers who purchase the premium product must have higher values of θ than customers who 

purchase the regular product, and (2) θh(pl, pl) and θl(pl, pl) are within its support between 0 and 

1.  This constraint ensures the validity of the demand functions.   

For the next formulation and the remaining of this chapter, when there is no ambiguity, we 

will suppress the arguments of θht(ph, pl) and θlt(ph, pl), and use θht and θlt instead.   

Next, we present an alternative formulation in which, instead of using the price variables, we 

use θh = (θh1,…, θht) and θl = (θl1,…, θlt) as the decision variables.  By the definition of θht(ph, pl) 

and θlt(ph, pl) in (3.9), the new formulation, which we call [DSP'], is equivalent to the formulation 

[DSP].   
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 [DSP']        Max ((θht (qh − ql ) +θltql )λt (1− F(θht )) +θltqlλt (F(θht ) − F(θlt )))
t=1

m

∑ +vh ( Rhjj=1

t∑ −

 )))()((()))(1(
111 ∑∑∑ ===

−−+−
t

j lthtj
t

j hjl
t

j htj FFRvF θθλθλ     (3.15) 

subject to 

 ∑∑ ==
≤−

t

j hj
t

j htj RF
11

))(1( θλ ,     for t = 1,…, m,     (3.16) 

 ∑∑ ==
≤−

t

j lj
t

j lthtj RFF
11

))()(( θθλ ,  for t = 1,…, m, and       (3.17) 

 0 ≤ θlt ≤ θht ≤1    for t = 1,…, m.                    (3.18) 

Problem [DSP'] is a nonlinear program with 2m decision variables.  In the next section, we study 

the pricing properties of the problem [DSP']. 

3.4  Optimal Properties of Problem DSP 

In Section 3.3.1, we developed an algorithm for the single product case based on the intuition 

of smoothening sales throughout the horizon.  In the case of two products, however, the solution 

becomes more complex due to the correlated demands of the two products.  The goal of this 

section is to explore the optimality properties of the pricing policy.  It will also be interesting to 

understand how the two decisions, market segmentation and inventory balancing, interact with 

each other.  We start by characterizing some useful properties for two-product pricing problem 

and will further explore solution strategies in Section 3.5.  

3.4.1  PRICING POLICIES FOR TWO PRODUCTS 

We first make an assumption on the density function f(.), which will permit us to ignore the 

constraints (3.18) when applying the Karush-Kuhn-Tucker conditions to characterize the optimal 

solutions.  

ASSUMPTION 3.4  The function θ f(θ)is non-decreasing. 

LEMMA 3.7  The constraints (3.18) in the formulation [DSP'] are redundant under Assumption 

3.4. 

Proof. See Appendix 3A.  

Since the objective function (3.15) is continuous, and the constraint set defined by (3.16) to 

(3.18) is closed and bounded, by Weierstrass’s Theorem, an optimal solution must exist.  
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Therefore, we can apply the Karush-Kuhn-Tucker necessary conditions to problem [DSP'].  Next, 

we characterize the optimal pricing policies for the two products.  

Let S =
Sh

Sl

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟  be the sales vector with Sk = (Sk1, …, Skm) for k = h or l.  Define I =

Ih

Il

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟  as the 

inventory vector with Ik = (Ik1, …, Ikm) for k = h or l, and Iht = Rhjj=1

t∑ − λ j 1− F θht( )( )
j=1

t∑  and 

Ilt = Rhjj=1

t∑ − λ j F θht( )− F θlt( )( )
j=1

t∑  for t = 1,…, m.  Let μ =
μh

μl

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ , with μk = (μk1,…, μkm) for 

k = h or l, be the Lagrange multipliers associated with the constraints (3.16) and (3.17), 

respectively.  Because we have shown in Lemma 3.7 that constraints (3.18) are redundant, we can 

ignore constraints (3.18).  Thus, the Lagrangian function is given by 

L(θht ,θlt ,μht ,μlt ) = ((θhtqh −θht ql +θltql )λt (1− F(θht )) + (θlt ql )λt (F(θht ) − F(θlt )))
t=1

m

∑

+vh ( Rht
t=1

m

∑ − λt (1− F(θht ))
t=1

m

∑ ) + vl ( Rlt
t=1

m

∑ − λt (F(θht ) − F(θlt ))
t=1

m

∑ )

μht ( Rhj
j=1

t

∑ − λt (1− F(θhj )))
j=1

t

∑
t=1

m

∑ + μlt ( Rlj
j=1

t

∑ − λt (F(θhj ) − F(θlj ))
j=1

t

∑
t=1

m

∑ ) . 

The partial derivatives with respect to θht and θlt are 

∂L(θht ,θlt ,μht ,μlt )
∂θlt

= λtql (1− F(θlt ) − f (θlt )θlt ) + λt vl f (θlt ) + λt f (θlt ) μlt
j= t

m

∑  and  (3.22) 

+−+−−−=
∂

∂ )()())()(1)((),,,(
htlhthththtlht

ht

lthtltht fvvfFqqL
θλθθθλ

θ
μμθθ  

   λt f (θht ) (μhj − μlj )
j= t

m

∑ .       (3.23)   

Rearranging (3.22) and (3.23) in terms of the hazard rate H(θ), we have 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
++−−=

∂
∂ ∑

=

m

tj
ljltltlltltltlt

lt

lthtltht HHvpHqF
L

μθθθλθ
θ

μμθθ
)( )()())(1(

),,,(
 and 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−+−+−−−=

∂
∂ ∑

=

m

tj
ljhjhthtlhhthtlhtht

ht

lthtltht HHvvHqqF
L

)()()()())(1)(())(1(
),,,(

μμθθθθλθ
θ

μμθθ

. 

Therefore, the Karush-Kuhn-Tucker conditions are given by  



 

 - 85 - 

  plt = ql

H(θlt )
+ vl + μlj

j= t

m

∑  for t = 1,…, m      (3.24) 

  θht qh − ql( )= qh − ql

H(θht )
+ (vh − vl ) + (μhj −

j= t

m

∑ μlj )  for t = 1,…, m   (3.25) 

  Iktμkt = 0 for k = h or l, and t = 1,…,m, and    (3.26) 

  Ikt ≥ 0, μkt ≥ 0 for k = h or l, and t = 1,…,m.      (3.27) 

Note that condition (3.26) is the complementary slackness condition, and condition (3.27) 

requires that the Lagrange multipliers are nonnegative and the solution is feasible.  Recall that pht 

= (qh− ql)θht + qlθlt. Summing up equations (3.24) and (3.25) gives 

  
  
pht = qh − ql

H (θht )
+ ql

H (θlt )
+ vh + μhj

j= t

m
∑ .       (3.28) 

Also, if condition (3.24) holds, then equation (3.28) is equivalent to condition (3.25).  Some 

observations are in order.   

First, because ql/H(θlt) and qh/H(θht) are positive, and μlj and μhj are non-negative, the price 

for each product must be no less than its salvage value, i.e., plt ≥ vl and pht ≥ vh.  Intuitively, it is 

not optimal for the manufacturer to set product prices such that he could earn more revenue by 

salvaging the products at the end of the horizon. 

Second, the price in period t for each product increases in μkt' for every t' > t, k = h, l.  In other 

words, if the marginal value of the resource in period t' increases (e.g., fewer products are 

available in period t'), then we should raise the price for period t.  The rationale is that we can 

think of the inventory in period t as flexible resource that can be used toward the sales for any of 

the periods after t.  Therefore, the price in period t should reflect the marginal value of additional 

resource for not only period t but also all periods after period t.  

Applying (3.24) and (3.28), we can write the price differences for period t and t+1 as  

  lt
tl

l

lt

l
tllt H

q
H

q
pp μ

θθ
+−=−

+
+ )()( 1,

1,  and       (3.29) 

 ht
tl

l

th

lh

lt

l

ht

lh
thht H

q
H

qq
H

q
H

qqpp μ
θθθθ

+−
−

−+
−

=−
++

+ )()()()( 1,1,
1, .   (3.30) 

LEMMA 3.8  Under Assumption 3.1 and 3.5, Table 3.1 characterizes the relationship between 

optimal Lagrange multipliers and optimal prices. 
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 μlt = 0 μlt > 0 

μht = 0 plt = pl,t+1 and pht = ph,t+1 NA 

μht > 0 
plt = pl,t+1 and pht > 

ph,t+1 
plt > pl,t+1 and pht > ph,t+1 

Table 3.1  Characterizing the optimal Lagrange multipliers and the optimal prices 

Proof. (1) μht = μlt = 0.  According to (3.29), we have plt − pl,t +1 = ql

H(θlt )
− ql

H(θl,t +1)
, which 

simplifies to      

 θlt −θl,t +1 = 1
H(θlt )

− 1
H(θl,t +1)

.        (3.31)  

Because H(θ) is non-decreasing in θ, so, θ − 1/H(θ) is also a non-decreasing function.  Thus, if 

θlt > θlt+1, then 
)(

1
)(

10
1,

1,
+

+ −≥>−
tllt

tllt HH θθ
θθ ; if θlt < θlt+1, then 

)(
1

)(
10

1,
1,

+
+ −≤<−

tllt
tllt HH θθ

θθ .   Therefore, (3.31) holds if and only if θlt  = θl,t+1.  For the 

premium product, from (3.30) and the fact that pht = θht (qh −ql) + plt, we have 

 
)()(

)()(
1,

1,1,
+

++ −=−+−−−
th

h

ht

h
tlltlhthlhht H

q
H

qppqqqq
θθ

θθ .      

We have shown that θlt  = θl,t+1, and so we must have plt  = pl,t+1.  Thus, (3.20) simplifies to  

 
)()(

))((
1,

1,
+

+ −=−−
th

h

ht

h
lhthht H

q
H

qqq
θθ

θθ .        (3.32) 

Applying the same argument for the regular product, we can show that (3.32) holds if and only if 

θht  = θh,t+1.  Therefore, pht  = ph,t+1. 

(2) μht = 0 and μlt > 0. Not applicable because μht ≥μlt. 

(3) μht > 0 and μlt = 0.  We have shown that θlt  = θl,t+1 or plt  = pl,t+1.  Clearly, from (3.30), θht  ≠ 

θh,t+1.  Suppose θht  < θh,t+1.  Then, the right hand side of (3.30) is positive, but the left hand side of 
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(3.30) is negative.  Contradiction.  Thus, θht  > θh,t+1, which, according to the left hand side of 

(3.30), implies that pht  > ph,t+1.    

(4) μht > 0 and μlt > 0.  Combining the arguments in (2) and (3), we can show that pht  > ph,t+1 and 

plt  > pl,t+1.           

To understand Lemma 3.8, we note that μht = 0 (or μlt = 0) corresponds to the situation when 

we have leftover premium (regular) products at the end of period t.  Thus, Lemma 3.8 says that 

the optimal price for both products will remain the same when there are positive inventory 

transferred to the next period and will decrease when no inventory is left. 

To characterize the optimal prices to problem [DSP'], we state the following assumption, 

which guarantees that the problem we solve is a convex program (Proposition 3.9). 

ASSUMPTION 3.5  The density function f(.) is log-concave and satisfies (a) 

⎭
⎬
⎫

⎩
⎨
⎧

−
−

≤′ =
l

l

lh

lh

v
q

vv
qq

f
2

,
)(
)(2

min])([ln( 0θθ , and (b) (−1)t|Ct| ≥ 0, for t = 1, …, 2m, where Ct is given 

in the Appendix 3A. 

PROPOSITION 3.9  Problem [DSP'] is convex program under Assumption 3.5. 

Proof. See Appendix 3B. 

PROPOSITION 3.10  Under Assumption 3.1, 3.4, and 3.5, a feasible solution P to problem 

[DSP'] is optimal if and only if the following conditions hold: (a) pht ≥ ph,t+1 and plt ≥ pl,t+1, (b) if 

the inventory variable Iht > 0, then pht = ph,t+1, and if Ilt > 0, then plt = pl,t+1, and (c) If Ihm > 0, then 

the sales rate is shm =1− F( ˆ p / q) , and if Ilm > 0, then shm + slm = shm =1− F( ˆ p / q) , where ˆ p   is 

defined in (3.3). 

Proof. For a given price P, define

 

    

μht = pht − ph,t +1 − qh − ql

H pht − plt

qh − ql

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

+ ql

H plt

ql

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

− qh − ql

H ph,t +1 − pl,t +1

qh − ql

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

− ql

H pl,t +1

ql

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

⎛ 

⎝ 

⎜ 
⎜ 
⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟ 
⎟ 

.   (3.33) 

We first show that if the conditions in Proposition 3.10 hold, then the following Lagrange 

multipliers satisfy the Karush-Kuhn-Tucker conditions (3.24) through (3.26).   

l
lm

l
lmlm v

H
qp −−=

)(θ
μ ,         (3.34) 
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h
lm

l

hm

lh
hmhm v

H
q

H
qq

p −−
−

−=
)()( θθ

μ ,       (3.35) 

)()( 1,
1,

+
+ +−−=

jl

l
jl

lj

l
ljlj H

qp
H

qp
θθ

μ , for j = 1,…, m−1, and    (3.36) 

)()()()( 1,1,
1,

++
+ +

−
+−

−
−−=

jl

l

jh

lh

lj

l

hj

lh
jhhjhj H

q
H

qq
H

q
H

qqpp
θθθθ

μ , for j = 1,…, m−1. (3.37) 

Adding the equation (3.34) and equations (3.36) for j = t,…, m−1, we obtain the equation (3.24).   

Adding the equation (3.35) and equations (3.37) for j = t,…, m−1, we have 

  
pht = qh − ql

H (θht )
+ ql

H (θlt )
+ vh + μhj

j= t

m
∑ . 

Taking the difference of the above equation and equation (3.24), we obtain equation (3.25).  From 

part (b), if Ilt > 0, then plt = pl,t +1 or θlt = θl,t+1.  It follows from (3.36) that μlt = 0.  If Iht > 0, part (b) 

and equation (3.37) suggest that μht = 0.  Therefore, condition (3.26) holds. 

Because P is feasible, we have Ikt ≥ 0 for k = h or l, t = 1,…,m.  The non-negativity of μlt, for t = 

1,…, m−1, follows from part (a) and the fact that θ − 1/H(θ) is an increasing function of θ.  The 

non-negativity of μht, for t = 1,…, m−1, follows from the non-negativity of μht in part (b).  It 

remains to show that μhm and μlm are non-negative. 

We can write the profit for period m as 

+−+−+−= mhmlmllmmhmllmlhmhhmlmhm FFqFqqq λθθθλθθθθθθπ ))()(())(1)((),(
)))()((()))(1(( 1,1, mlmhmmllmlmhmmhhmh FFIRvFIRv λθθλθ −−++−−+ −− .  From result (c), the 

marginal revenue of selling additional unit of regular product or premium product is non-positive, 

i.e., )())()(1(),(
lmlmlmlmlmlm

lm

lmhm fvfFq θλθθθλ
∂θ

θθ∂π
+−−=  ≤ 0 and lmhm θθ ,  ≤ 0.  Re-

arranging these two inequalities, we have l
lm

l
lm v

H
q

p +≥
)(θ

 and 

)(
)(

)( lh
hm

lh
lhhm vv

H
qqqq −+

−
≥−

θ
θ .  From the first inequality, we have l

lm

l
lmlm v

H
q

p −−=
)(θ

μ ≥ 

0.  From the second inequality, we have )(
)(

)( lh
hm

lh
lhhmlmhm vv

H
qq

qq −−
−

−−=−
θ

θμμ  ≥ 0.  

Therefore, μhm ≥ 0.  



 

 - 89 - 

Next, we show that any optimal solution P must satisfy the conditions (a) to (c).  The condition 

(a) follows from Lemma 3.8.  Because the optimal Lagrange multipliers are non-negative, and so 

the four cells shown in Table 3.1 exhaust all possibilities.  Also, if Iht > 0, then µht = 0.  By Table 

3.1, we have pht = ph,t+1.  Similarly, if Ilt > 0, then µlt = 0.  By Table 3.1, we have plt ≥ pl,t+1.  Part 

(c) follows from the local optimality conditions for the sales in the last period.  This completes 

the proof.            

Define sht and slt as the sales rates for the premium and regular products, respectively, 

i.e., sht =1− F(θht ) and slt = F(θht ) − F(θlt ) for t = 1,…, m.   Then, the optimal sales rate satisfy sht 

+ slt ≤ sh,t+1 + sl,t+1.  To see this, if the prices are non-increasing, i.e., plt ≥ pl,t+1, then, θlt ≥ θl,t+1.  By 

Lemma 3.6, the demand and sales will exactly match, so, sht + slt = (1 − F(θlt)) and sh,t+1 + sl,t+1 = 1 

− F(θl,t+1).  Therefore, sht + slt ≤ sh,t+1 + sl,t+1, which says that the total sales rate is non-decreasing.  

Regarding the optimal sales rates and prices, we have the following properties.  For any t = 1,…, 

m−1, 

(a) if pht = ph,t+1 and plt = pl,t+1, then sht = sh,t+1 and slt = sl,t+1;  

(b) if pht = ph,t+1 and plt > pl,t+1, then sht > sh,t+1, slt < sl,t+1, and sht +slt < sh,t+1+sl,t+1;  

(c) if pht > ph,t+1 and plt = pl,t+1, then sht < sh,t+1, slt > sl,t+1, and sht +slt = sh,t+1+sl,t+1;  

(d) if pht > ph,t+1 and plt > pl,t+1, then sht +slt < sh,t+1+sl,t+1;  

(e) for any period, if skt < sk,t+1, then Ikt = 0, k = h or l; and 

(f) if plt > pl,t+1, then Ilt = 0.  

Result (a) follows by observing that if pht = ph,t+1 and plt = pl,t+1 then we must have μht = μlt = 0 (by 

Lemma 3.8).  Thus, θht = θh,t+1 and θlt = θl,t+1.  To prove result (b), notice from Lemma 3.8 that we 

must have μht = 0 and μlt > 0.  Thus, from (3.29) and increasing hazard rate, we have θlt > θl,t+1.  It 

then follows from (3.30) that  θht < θh,t+1.  Similarly, we can prove the result (c) and (d).  If slt < 

sl,t+1, then θlt > θl,t+1.  It follows from (3.29) that μlt > 0.  Thus, Ilt = 0.  Similarly, we can show that 

if sht < sh,t+1, then Iht = 0.  Therefore, result (e) is true.  Similarly, we can prove result (f).   

Note that in result (d) where both products’ prices decrease, the individual products’ sales rate 

can increase or decrease, but the total sales rate must increase.  The opposite of result (e) is not 

true.  That is, if there is no inventory, the sales rate for individual product may increase or 

decrease.  Result (f) says that if the price for the regular product increases from period t to period 

t+1, then the leftover inventory at the end of period t must be zero.  Note that with strictly 

increasing hazard function, we do not have parallel results for the premium product.  However, 
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with constant hazard function such as exponential, similar result holds for the premium product. 

i.e., if pht > ph,t+1, then Iht = 0.  

We have learned that while the optimal prices are non-increasing, the optimal sales rates of 

any individual product are generally not monotonic.  The reason is, when one product incurs a 

shortage, the manufacturer can sell more of the other products to mitigate the loss from shortages.  

And the complementarity effect between two products sales destroys the monotone property of 

sales that is optimal in the single product case.  Next, we study several special replenishment 

profiles to illustrate when and how the two products complement each other’s sales. 

3.4.2  PRODUCT COMPLEMENTARITY AND CANNIBALIZATION 

In this section, through several representative examples we take a closer look at the sales 

strategies under different scenarios of replenishment profiles for the two products.  In particular, 

we will examine situations where the two products’ replenishments are positively correlated and 

negatively correlated.  Under each of these situations, we are interested to see how the optimal 

sales of the two products relate to each other.  

Product complementarity 

For expositional purposes, we consider a two-period scenario and assume that (1) θ follows a 

Uniform distribution between 0 and 1, (2) λ1 = λ2= λ, and (3) Rh2 + Rl2 ≤ λ/2 and Rh1 + Rl1+Rh2 + 

Rl2 ≤ λ.  The third assumption implies that the optimal solution will sell everything by the end of 

two periods because the optimal sales rate with Uniform distribution of θ is 1/2.  In Figure 3.2 to 

3.5, we illustrate four cases of replenishment profiles we consider and the associated solutions. 
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Figure 3.2  A two-period example with Rh1 < Rh2 and Rl1 < Rl2 

In Figure 3.2, with Rh1 < Rh2 and Rl1 < Rl2, selling all products available in each period is 

optimal.  In other words, when product replenishment is non-decreasing, it is not optimal to 

reserve products for future periods.  In Figure 3.3, where Rh1 > Rh2 and Rl1 > Rl2, constant sales 

rates for both products are optimal.  So, in this case, there are positive inventory transfers at the 

end of period 1.  Because the manufacturer faces the same distribution F(.) through the horizon, 

we expect that the optimal prices /sales rates for both products are constant when replenishment is 

non-decreasing as in the case of Figure 3.3.  Later, we will show in Section 3.5 that if the 

cumulative availability for both products can sustain a constant sales rate, then this constant sales 

rate is optimal.  Essentially, this situation reduces to a one-period problem (by merging product 

replenishments and customers for all periods into one period).  
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Figure 3.3  A two-period example with Rh1 > Rh2 and Rl1 > Rl2 

In the remaining two scenarios, illustrated in Figure 3.4 and Figure 3.5, the replenishment 

rates for the two products are negatively correlated.  Because the two products are substitutable, it 

will be interesting to see how the sales strategy for one product is affected by the other product’s 

replenishment profile.  And, how the product complementarity effect, if any, depends on problem 

parameters such as product quality levels. 
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Figure 3.4  A two-period example with Rh1 > Rh2 and Rl1 < Rl2 

In Figure 3.4, since Rh1 > Rh2 and Rl1 < Rl2, a constant sales rate for selling all premium 

products is infeasible.  Thus, at least one product must be exhausted at the end of the first period.  

In fact, we can show that in this case the regular replenishment is exhausted in the first period.  

Now, in order to get the optimal solution, we must compute the optimal sales for the premium 

product, or equivalently, determine how many premium products should be reserved at the end of 

the first period.  Let Δh be the inventory of the premium product at the end of the first period.  The 

total profit as a function of Δh is given by: 

    π = ph1Sh1 + pl1Sl1 + ph2Sh2 + pl2Sl2 

2222211111 )))(())(( lllhlllhhlllhlllhh SqSqqqSqSqqq θθθθθθ ++−+++−=  

= θh1(qh − ql )Sh1 +θl1ql (Sl1 + Sh1) +θh 2(qh − ql )Sh 2 +θl 2ql (Sl 2 + Sh 2)  
= (1− Sh1 / λ)(qh − ql )Sh1 + (1− (Sh1 + Sl1) / λ)ql (Sl1 + Sh1) + (1− Sh 2 / λ)(qh − ql )Sh 2  

 + (1− (Sh 2 + Sl 2) / λ)ql (Sl 2 + Sh 2)  

= (1− (Rh1 − Δh ) / λ)(qh − ql )( Rh1 − Δh ) + (1− (Rh1 + Rl1 − Δh ) / λ)ql (Rh1 + Rl1 − Δh )  
+ (1− (Rh2 + Δh ) / λ)(qh − ql )(Rh 2 + Δh ) + (1− (Rh 2 + Rl 2 + Δh ) / λ)ql (Rh 2 + Rl 2 + Δh )   (3.38) 

Observe that the profit function (3.38) is concave.  Setting the first order derivative with respect 

to Δh to be zero, we have 

  2/)//( 2211 hllhhllhh qqRRqqRR −−+=Δ .     (3.39) 
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The optimal transfer of the premium product defined in (3.39) leads to three observations.  First, 

since the transfer must be non-negative, positive inventory transfer occurs if and only if the right 

hand side of (3.39) is positive.  In other words, if   Rh1 + Rl1ql / qh<   Rh2 + Rl2ql / qh, then the optimal 

solution will have no inventory at the end of the first period.  Interestingly, we can interpret Rht + 

ql/qh Rlt as the total quality-weighted product availability in period t.  Thus, reserving some 

premium products to the second period is optimal only if the weighted product availability in the 

first period exceeds that of the second period.  Second, the optimal transfer for the premium 

product increases with the ratio ql/qh.  As ql/qh goes to zero, the RHS of (3.39) becomes (Rh1 − 

Rh2)/2, which make the sales rate (and prices) of the premium product for the two periods equal, a 

situation that is optimal in the single-product case.  Thus, as the product quality difference 

increases, the sales rates for the premium product resemble those for the single-product case.  

Third, the optimal transfer is less than in the single-product case (without the regular product). 

To summarize, when Rh1 > Rh2 and Rl1 < Rl2, we say that the premium product complements 

the regular product by transferring less (or selling more, relative to the single-product case) 

premium products from period 1 to period 2.  Moreover, the premium product transfer depends 

on (1) quality ratio, and (2) the difference of the total quality-weighted product availability of the 

two periods.  

 

Figure 3.5  A two-period example with Rh1 < Rh2 and Rl1 > Rl2 
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For the case in Figure 3.5, it is easy to show that carrying no inventory for the premium 

product at the end of the first period is optimal.  Let Δl be the leftover inventory of the regular 

product at the end of the first period.  Following the same approach in deriving equation (3.39), 

we obtain the following expression for Δl: 

   Δl  = (Rh1 + Rl1 − Rh2− Rl2 )/2.      (3.40) 

The expression in (3.40) indicates that the optimal transfer for the regular product does not 

depend on the relative quality of the two products.  Moreover, positive transfer for the regular 

product occurs if and only if the total product availability in the first period exceeds that in the 

second period.  

To summarize, when Rh1 < Rh2 and Rl1 > Rl2, we say that the regular product complements the 

premium product by transferring less (or selling more, relative to the single-product case) regular 

products from period 1 to period 2.  Interestingly, the regular product transfer does not depend on 

quality ratio.  Moreover, the transfer depends on the difference of the total product availability of 

the two periods. 

Product cannibalization 

In marketing, cannibalization refers to negative impacts to one product’s sales volume, 

revenue, or market share as a result of selling another product.  Researchers in marketing, e.g., 

Moothy and Png (1991), have shown that sequential product introduction can alleviate 

cannibalization by introducing the high-end product first and forcing low-end consumers to buy 

later.  One of the features that distinguish our problem from the research in marketing is that we 

consider the situation where the production decisions have been made and so production cost is 

sunk.  Thus, the decisions of the manufacturer, which are at an operational level, are setting 

product prices dynamically in order to maximize the total revenue.  Notice that in our model the 

manufacturer can choose not to sell the premium (or regular) product if it is profitable to do so, 

simply by setting a high enough price for that product.  The question is, in our model, are there 

circumstances where the optimal solution precludes selling both products in order to avoid 

product cannibalization? 

To answer this question, let us first consider a six-period replenishment profile where all 

premium replenishments arrive in the first three periods, and regular replenishments arrive only in 

the last three periods (see Table 3.2(a)).  Such a replenishment profile naturally suggests a 

sequential selling strategy to avoid product cannibalization, that is, selling the premium product 

in the first three periods and the regular product only in the last three periods.   
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For convenience, we assume that θ follows Uniform distribution.  Table 3.2(a) and Figure 

3.6(a) show the optimal solution where it is optimal to sell the premium product in every period 

until the end of the horizon.  Clearly, by selling the premium product only in the first three 

periods the manufacturer does not need to compromise the price for the premium product and 

thus can avoid cannibalization.  On the other hand, all customers value the high quality of the 

premium product.  Thus, the profit from selling some premium products to high-valuation 

customers in the last three periods can outweigh the loss from having to set lower price to the 

regular products.  In the example of Table 3.2(a), transferring some premium products to last 

three periods will increase the revenue for those non-transfer premium products.  The price for 

those transferred premium products depends on the price for the regular product.  That is, the 

lower the regular product price, the lower the premium product price.  Thus, the more regular 

products we have, the more compromise the price for the premium product.  In the meanwhile, to 

accommodate the sales of the transferred premium products, the price for the regular products has 

to be lower than the case without premium sales.  Finally, the quality difference of the two 

products will lessen the negative impact of product cannibalization.    

To summarize, when replenishment profile exhibits the pattern as illustrated in Table 3.2(a), 

the benefit of simultaneous selling the two products can outweigh the loss from product 

cannibalization in the following situations:  

(a) Relatively high volume of premium product replenishments in early stages, 

(b) Relatively low volume of regular product replenishments in later stages, and 

(c) Relatively high ratio of product quality levels: qh /ql . 

 

T Rh Rl Sh Sl 
1 300 0 133.3 0 
2 200 0 133.3 0 
3 100 0 133.3 0 
4 0 200 66.7 200 
5 0 200 66.7 200 
6 0 200 66.7 200 

Table 3.2(a)  An illustrative example: qh = 3, ql = 1, λ = 800 
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Figure 3.6(a)  Optimal solution to the replenishment profile in Table 3.2(a) 

 

T Rh Rl Sh Sl 
1 75 0 50 0 
2 50 0 50 0 
3 25 0 50 0 
4 0 200 0 200 
5 0 200 0 200 
6 0 200 0 200 

Table 3.2(b)  An illustrative example: qh = 3, ql = 1, λ = 800 
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Figure 3.6(b) Optimal solution to the replenishment profile in Table 3.2(b) 

Table 3.2(b) is an example where the replenishments for the premium product are low relative to 

the case in Table 3.2(a).  Table 3.2(c) is an example where the replenishments for the regular 

product are high relative to the case in Table 3.2(a).  In both situations, the effect of product 

cannibalization prevents the manufacturer from selling two products simultaneously.   

 

T Rh Rl Sh Sl 
1 300 0 200 0 
2 200 0 200 0 
3 100 0 200 0 
4 0 300 0 300 
5 0 300 0 300 
6 0 300 0 300 

Table 3.2(c)  An illustrative example: qh = 3, ql = 1, λ = 800 

To see the impact of product quality ratio, we use the same replenishment profile in Table 

3.2(a) but set the value of qh to be 1.5 instead.  The optimal solution in Table 3.2(d) indicates that 

fewer premium products are transferred to the last three periods (illustrated in Figure 3.6(d)).  

 

T Rh Rl Sh Sl 
1 300 0 166.7 0 
2 200 0 166.7 0 
3 100 0 166.7 0 
4 0 200 33.3 200 
5 0 200 33.3 200 
6 0 200 33.3 200 

Table 3.2(d)  An illustrative example: qh = 1.5, ql = 1, λ = 800 
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Figure 3.6(d) Optimal solution to the replenishment profile in Table 3.2(d) 

Cumulative Replenishments

0

100

200

300

400

500

600

700

1 2 3 4 5 6 7
Time

premium replenishment regular replenishment
 

Figure 3.7 Increasing premium replenishment and decreasing regular 
replenishment  

When the replenishment for the premium product increases and the replenishment for the 

regular product decreases, as illustrated in Figure 3.7, the benefit of simultaneously selling two 

products can outweigh the loss from product cannibalization in the following situations:  

(a) Relatively low volume of premium product replenishments in early stages, and 
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(b) Relatively high volume of regular product replenishments in later stages.  

Notice that in this case the product quality ratio does not play a role in assessing the tradeoff 

between simultaneous selling and product cannibalization.  The reason is that, for such 

replenishment profiles (Figure 3.7) the purpose of transferring regular products is to complement 

the premium product sales.  And, we have established earlier this section that when the regular 

product complements the premium product, the optimal transfer volume does not depend on 

quality ratio. 

To solve problem [DSP'], the manufacturer must decide, for each period, whether it is 

optimal to sell both product simultaneously or sell them separately (or sequentially) to avoid 

cannibalization.  When selling two products simultaneously, the manufacturer must ensure that 

the prices for the two products satisfy incentive compatibility.  When selling two products 

separately, the manufacturer must decide which product to transfer to later periods.  In both cases, 

one period’s decision is connected with the decision of other periods and cannot be made 

independently.  In Section 3.5, we discuss solution strategies to resolve such complexity.  

3.5  Algorithms for Finding the Optimal Pricing Policy 

In this section, we first identify some replenishment profiles with special structure, where the 

optimal prices are easy to obtain.  Then, for a special class of Problem [DSP'], specifically, 

assuming Uniform distribution of θ, we explore the problem’s special structure and develop a 

heuristic algorithm for finding the optimal pricing policy.  To focus on exploring the problem 

structure for finding the optimal solution, we assume zero salvage values.   Note that all 

qualitative results in this section apply to situations with nonzero salvage values. 

3.5.1  SPECIAL CLASSES OF TWO-PRODUCT PRICING PROBLEM 

An essential element that simplifies the solution procedure is monotonic replenishment rates 

for at least one product.  Next, we consider the situation where replenishment rates for both 

products are non-decreasing in time.  The optimal solution is easy to find because carrying 

inventory to the future will not increase profits.  So, the problem essentially reduces to multiple 

single-period problems.  We can sequentially determine the optimal sales by following three easy 

rules: Set sales in each period for both products up to their replenishments; the total sales in each 

period is no more than ˆ S (λ) = (1− F( ˆ p / q))λ  (see definition of ˆ p  in 3.3); when the total 
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replenishment exceeds ˆ S (λ) , give priority to the premium product.  We show in Proposition 3.11 

that this solution procedure is optimal.  Define )))(ˆ1(1* λλθ SF −= − . 

PROPOSITION 3.11  For a replenishment profile R such that both Rht /λt and Rlt /λt increase in 

t, the optimal sales are defined by          

 } ,))(1min{( **
httht RFS λθ−= and } ,))(1min{( ***

lthttlt RSFS −−= λθ    (3.41) 

for all t.      

Proof. It suffices to show that if tht FS λθ ))(1( ** −< , then Sht
*

 = Rht  for all t = 1,…m.   

Step 1: Suppose that there exists an optimal solution S' with Sht
'

 < Rht for some t, i.e., the leftover 

inventory Iht
'

 > 0.  We first show that for any such solution we can always identify a two-period 

sub-problem and strictly improve the solution.  Let S* be a solution such that Sht
*  satisfies (3.41).  

Let s' and s* be the corresponding sales rates for solution S' and S*. 

Claim 1: ∑∑
==

≥
m

t
ht

m

t
ht SS

1

*

1

' .  If not, find the first period t' such that ∑∑
′

=

′

=

<
t

t
ht

t

t
ht SS

1

*

1

' .  Then, by 

increasing the premium sales in period t (which is feasible due to feasibility of S*) fixing the sales 

of other periods, we can strictly increase the profit, contradicting the optimality of S'.   

Claim 2: We can find period t in S' such that either 

  *'
htht ss ≤  and *

1,
'

1, ++ > thth ss , or        (3.42) 

  *'
htht ss <  and *

1,
'

1, ++ ≥ thth ss .       (3.43) 

To prove Claim 2, let j be the smallest period such that  shj
' < shj

* .  If   sh, j+1
' ≥ sh, j+1

* , then j is such 

period.  Otherwise, *
1,

'
1, ++ < jhjh ss .  By Claim 1, it is impossible to have  sht

' ≤ sht
*  for all t ≥ j+1.  

Thus, there exists t such that either (3.42) or (3.43) holds.   

Because s* is feasible and Iht
* = Ih,t +1

* = 0, and  sht
' < sht

*  or   sht
' > sh,t +1

* , we must have Iht
'  > 0.  On the 

other hand, conditions (3.42) and (3.43) suggest thatθht
' > θh,t +1

* .  Moreover, by Proposition (3.10) 

and Lemma 3.5, we have pht ≥ ph,t+1 and plt ≥ pl,t+1, and the latter result implying that θlt ≥ θl,t+1.  

So, by (3.30), μht > 0, contradicting the fact that Iht
' >0. 

Step 2: We show that the solution strategy in (3.41) is optimal for the regular product.  We have 

shown that, for both solutions S' and S*, the premium sales defined in (3.41) is optimal.  Thus, we 
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fix the sales of the premium product.  It follows that θht is fixed for all t = 1, …, m.  So, problem 

[DSP'] reduces to a single-product problem with objective function  ∑
=

−
m

t
lttllt Fq

1

)))(1( θλθ  + 

constant, subject to )())(1(
1

*
1 ∑∑ ==

+≤−
t

j hjlj
t

j ltj SRF θλ  for t = 1, …, m.  Notice that the sales 

defined in S* satisfy the KKT optimality conditions, i.e., prices are non-increasing, and Ilt = 0 if Slt 

< tF λθ ))(1( *− .  Therefore, S* must be optimal.       

PROPOSITION 3.12   For a replenishment profile R such that Rht /λt increases in t and Rlt/λt is 

arbitrary for all t, the optimal solution has the following properties: 

(a) The optimal sales for the premium product is } ,))(1min{( **
httht RFS λθ−= , for all t; and 

(b) The optimal total sales can be determined by solving single product pricing problem with 

replenishment in period t as *
htS  + Rlt, for all t = 1, …, m.  

Proof. We can prove (a) using exactly the same arguments in the proof of Proposition 3.11.  Part 

(b) follows from Step 2 of the proof of Proposition 3.11.       

PROPOSITION 3.13   For a replenishment profile R such that both Rht/λt and Rlt/λt decrease in 

t, the optimal prices can be determined by solving a single-period problem with Rkt
t=1

m

∑ as the 

replenishment for product k, for k = h or l, and ∑
=

m

t
t

1

λ as the total number of customers. 

Proof. Consider a single-period problem where the premium replenishment is Rht
t=1

m

∑ and the 

regular replenishment is Rlt
t=1

m

∑ .  Clearly, the optimal total profit from the single-period problem 

is an upper bound of the original problem.  We show that the optimal solution for the single-

period problem is feasible to the original problem.  Consider the scenario where the optimal sales 

for the premium product is Rht
t=1

m

∑ , and Rlt
t=1

m

∑ for the regular product.  The argument for other 

scenarios is similar.  So, for the single-period problem, the optimal sales rate for the premium 

product is Rht
t=1

m
∑ λt

t=1

m
∑ .  To show that this sales rate is feasible for the original problem, we need   
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Rht

t=1

m
∑

λt
t=1

m
∑

λt
t=1

t '
∑ ≤ Rht

t=1

t '
∑ for all t', 1≤ t' ≤ m.       (3.44) 

We can rewrite the sales rate as 
Rht

t=1

m
∑

λt
t=1

m
∑

=
Rht

t=1

t '
∑ + Rht

t=t '+1

m
∑

λt
t=1

t '
∑ + λt

t=t '+1

m
∑

.  By assumption Rh1

λ1

≥ Rh2

λ2

≥ ... ≥ Rhm

λm

, we 

can show 
Rht

t=1

t '
∑

λt
t=1

t '
∑

≥
Rht

t=t '+1

m
∑

λt
t=t '+1

m
∑

 and so 
Rht

t=1

t '
∑

λt
t=1

t '
∑

≥
Rht

t=1

t '
∑ + Rht

t=t '+1

m
∑

λt
t=1

t '
∑ + λt

t=t '+1

m
∑

.  Therefore, the inequality (3.44) holds.  

This proves that the optimal sales rate for the singe-period problem is feasible to the original 

problem.  Since the optimal profit is an upper bound, thus the feasible solution is optimal.   
            

PROPOSITION 3.14   If Rlt /λt increases in t and the limited product availability conditionf 

∑∑
==

−≤+
m

kt
t

m

kt
ltht FRR ))(1()( *θλ ,  for k = 1, …, m, holds, then the optimal sales for the regular 

product is } ,))(1min{( **
lttlt RFS λθ−= , for all t. 

The proof of Proposition 3.14 uses similar arguments as in Proposition 3.12.  Both 

Proposition 3.12 and Proposition 3.14 consider increasing replenishment rates for one product 

and non-monotonic replenishment rate for the other product.  And, the optimal sales for the 

product with increasing replenishment rate have similar structure in both cases.  However, 

Proposition 3.14 requires an additional condition, namely, ∑∑
==

−≤+
m

kt
t

m

kt
ltht FRR ))(1()( *θλ , for k 

= 1, …, m, which basically implies that the optimal solution sells all products at the end of the 

horizon.  Moreover, the total optimal sales in Proposition 3.14 cannot be determined in similar 

fashion as in Proposition 3.12.  The reason is, when the sales for the premium product are fixed, 

problem [DSP'] decomposes into two problems as shown in Proposition 3.12.  When the sales for 

the regular product are fixed, however, such decomposition is not valid.   

3.5.2  SOLUTION STRATEGIES FOR TWO-PRODUCT PRICING PROBLEM 

In this section we first characterize the necessary and sufficient optimality conditions under 

Uniform distribution of θ.  Based on these conditions, in Section 3.5.2.1, we develop a heuristic 

algorithm for finding the optimal solution to problem [DSP'].   Then, we propose methods to 
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enhance the algorithm.  In Section 3.5.2.2, we study the value of expediting product 

replenishments.  

3.5.2.1  Algorithms for solving problem [DSP'] 

With Uniform distribution of θ, problem [DSP'] reduces to 

 [DSP_UNI]        Max ∑
=

−+−+−
m

t
lthttllthttlltlhht qqqq

1

))()1())((( θθλθθλθθ    (3.45) 

subject to:  

   ∑∑ ==
≤−

t

j hj
t

j htj R
11

)1( θλ , for t = 1,…, m, and   (3.46) 

   ∑∑ ==
≤−

t

j lj
t

j lthtj R
11

)( θθλ ,  for t = 1,…, m.       (3.47) 

Because the objective function (3.45) is concave and the constraint set is convex, problem 

[DSP_UNI] is a convex program.  The first order conditions (3.24) and 3.28) in Section 3.4.1 

reduce to ∑
=

+−=
m

tj
ljltllt qp μθ )1(  and ∑

=

+−+−−=
m

tj
hjltlhtlhht qqqp μθθ )1()1)(( , which are 

equivalent to 

 ltlttlltllt qpp μθθ +−=− ++ )( 1,1,  for t = 1, …, m−1,    (3.48a) 

 lmlmllm qp μθ +−= )1( , and        (3.48b) 

 htlttllhtthlhthht qqqpp μθθθθ +−+−−=− +++ )())(( 1,1,1,  for t = 1, …,m−1, (3.49a) 

 hmlmlhmlhhm qqqp μθθ +−+−−= )1()1)(( .      (3.49b) 

By equation (3.48a), we have 

=−−−=−−−= ++++ )()( 1,1,1,1, lttltlltlttlltlltlt ppppqpp θθμ )(2 1, +− tllt pp .   

Similarly, by equation (3.49a), we have  

)(2)( 1,1,1, +++ −=−−−= thhthtththhtht ppppppμ . 

So, if μkt = 0, then pkt = pk,t+1, and if μkt > 0, then Ikt = 0, for k = h or l, t = 1,…,m−1. 
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In summary, with Uniform distribution of θ, a feasible solution is optimal if and only if (a) 

    pkt ≥ pk ,t +1, for k  = h or l, t = 1,…,m−1, (b) if   Ikt > 0 , then   pkt = pk ,t +1 for k  = h or l, t = 1,…,m− 

1, and (c) If     Ihm > 0 , then mhms λθ )1( *−= , and if   I lm > 0, then mlmhm ss λθ )1( *−=+ . 

Conditions (a) and (b) require that the optimal price must be non-increasing in time for both 

products, and that if there are positive inventories in period t, then the price remains the same 

from period t to period t+1.  Condition (c) says that the sale in the last period is locally optimal.  

In other words, if there is leftover inventory at the end of the horizon, then the desired sales rate 

must have been achieved.   

We can easily obtain a feasible solution that satisfies condition (c) by adjusting the sales in 

the last period.   In this case, if a feasible solution is not optimal, we can conclude that either 

condition (a) or (b) or both are violated.  To ensure that condition (b) holds, say, for period t for 

product k, we can adjust the inventory transfer so that pkt = pk,t+1.  For example, for the premium 

product, the condition that guarantees an equal price in period t and t+1 is 

    
1−

Ih,t−1 + Rht − Iht

λt

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ qh − ql( )+ 1−

Il,t−1 + Rht + Rlt − Ilt

λt

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ ql = 1−

Iht + Rh,t +1 − Ih,t +1

λt +1

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ qh − ql( ) 

+ 1−
Ilt + Rh,t +1 + Rl,t +1 − Il,t +1

λt +1

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ ql , which simplifies to 

)]()([)]()([ 1,1,1,1,1,1,1 ++++−−+ −++−+=−++−+ tltlltlththhthtltlttllhthtthht IRIqIRIqIRIqIRIq λλ . 

            (3.50) 

Similarly, for the regular product, we have 

    
1−

Ih,t−1 + Il,t−1 + Rht + Rlt − Iht − Ilt

λt

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ ql = 1−

Iht + Ilt + Rh,t +1 + Rl,t +1 − Ih,t +1 − Il,t +1

λt +1

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ ql, which 

simplifies to 

)()( 1,1,1,1,1,1,1 ++++−−+ −−+++=−−+++ tlthtlthlthttlthtlthttltht IIRRIIIIRRII λλ .  (3.51) 

Thus, if we start with a set of transfer periods where we impose equal price constraints as in 

(3.50) and (3.51) and still can get a feasible solution, we can tell whether the solution is optimal 

simply by checking condition (a).  Next, we develop an algorithm that starts from a feasible 

solution and attempts identifying and removing violations of condition (a) iteratively. 
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Given replenishment profile R and the set of transfer periods, (Th, Tl), we define a system of 

simultaneous equations (Eqht, Eqlt)t as follows: Eqht is equation (3.50) for t ∈ Th, and Iht = 0 

otherwise; Eqlt is equation (3.50) for t ∈ Tl, and Ilt = 0 otherwise.  

Solving (Eqht, Eqlt)t will guarantee an equal price before and after each of the transfer periods.  

Depending on the set of transfer periods, the resulting solution may or may not be feasible, i.e., 

the non-negativity of inventory depends on the set of transfer periods.  Therefore, finding the 

optimal sets of transfer periods is critical in finding the optimal solution.  

For exposition purposes, we assume that the optimal solution has zero leftover inventories at 

the end of horizon.  Algorithm 2, as we describe below, attempts to find the set of transfer periods 

while maintaining feasibility (i.e., inventory is non-negative).  

ALGORITHM 2: Two-product pricing with Uniform distribution 

Step 1: Set Th and Tl to be empty.  Set I = 0.  

Step 2: Find a period t such that pkt < pk, t+1 and (Ik, t−1 + Rkt − Ikt)/ λt > (Ik, t + Rk,t+1 − Ik,t+1)/ 

λk,t+1, k = h or l, t ∉ Tk .  If no such period exists, stop. 

Step 3: Solve the simultaneous equations (Eqht, Eqlt)t for I with respect to Tk ∪ {t}.  If I is 

non-negative, set Tk = Tk  ∪ {t}.  Go to Step 2, find the next t. 

Step 4: Compute the corresponding prices, plt = 1−
Ih,t−1 + Il,t−1 + Rht + Rlt − Iht − Ilt

λt

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ ql  and 

pht = 1−
Ih,t−1 + Rht − Iht

λt

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ qh − ql( )+ plt for t = 1, …, m. 

In Step 2 of the above procedure, period t may be added to either Th or Tl, or both.  We note, 

however, that it is not critical to update both Th and Tl when the condition in Step 2 applies to 

both products.   

To speed up the iterative procedure in Algorithm 2, we can identify multiple periods that 

violate the price non-increasing property and add to the transfer sets.  So, we can modify Step 2 

as follows: 

Let      CTh = t ∈ T \ Th  pht < ph,t +1 and Ih,t−1 + Rht − Iht( ) λt > Ih,t + Rh,t +1 − Ih,t +1( ) λt +1{ } and 

    CTl = t ∈ T \ Tl  plt < pl,t +1 and Il,t−1 + Rlt − Ilt( ) λt > Il,t + Rl,t +1 − Il,t +1( ) λt +1{ }.  If both CTh and 
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CTl are empty, stop; otherwise, set Tk = Tk ∪ CTk for k = h or l.  Go to Step 3, and solve for the 

inventory transfer I.  If nonnegative, add to the corresponding transfer sets Th and Tl. 

So far we have focused on solving problem [DSP'] with Uniform distribution.  The Uniform 

distribution is convenient for us to simplify the optimality conditions and proving the validity of 

the algorithm.  With general distribution, we can have a similar algorithm for finding a heuristic 

solution as Algorithm 2.  However, the general distribution makes the problem much more 

complex.  First, the simultaneous equations are non-linear and much difficult to solve.  Second, 

we lose the good structures of the optimality conditions.   

For general distribution of θ, the conditions that ensures zero marginal revenue are given by 
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    (3.50') 

for the premium product, and 

  
)()( 1,

1,
+

+ −=−
tl

l
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tllt H

q
H

qpp
θθ

      (3.51') 

for the regular product. 

Given replenishment profile R, the set of transfer periods, (Th, Tl), a system of simultaneous 

equations tltht EqEq ),( ''  is defined as: Eqht is equation (3.50') for t ∈ Th, and Iht = 0 otherwise;  Eqlt 

is equation (3.51') for t ∈ Tl, and Ilt = 0 otherwise.  

ALGORITHM 3: Two-product pricing with general distribution 

Step 1: Set Th and Tl to be empty.  Set I = 0.   

Step 2: Find the sets 
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}11,1,,1, )()( and +++− −+>−+ ttltltltltlttl IRIIRI λλ .   

If both CTh and CTl are empty, stop.  Otherwise, go to Step 3. 



 

 - 108 - 

Step 3: Solve simultaneous equations tltht EqEq ),( ''  for I with respect to Tk ∪ CTk for k = h 

or l .  If I is non-negative, set Tk = Tk  ∪ CTk for k = h or l.  Go to Step 2, find the next sets 

CTh and CTl. 

Step 4: Compute the corresponding 

prices, plt = 1− F Ih,t−1 + Il,t−1 + Rht + Rlt − Iht − Ilt

λt

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ ql  and 

pht = 1− F Ih,t−1 + Rht − Iht

λt

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ qh − ql( )+ plt for t = 1, …, m. 

 

3.5.2.2  Value of expediting 

Depending on suppliers’ flexibility in their production and/or shipping schedules, the 

manufacturer may have the option of expediting replenishments at a cost.  For example, the menu 

of expediting options may specify a set of periods in which expediting is possible with the 

associated expediting charges.  This section provides a guideline on how to decide whether it is 

profitable to pursue expediting and how to maximize the profits from expediting options.  We 

first discuss one-period expediting where replenishments can be advanced by exactly one period, 

followed by a discussion on multi-period expediting, i.e., when replenishments can be advanced 

by more than one periods.   

One-period expediting 

For product k, k = h or l, if the optimal inventory level in period t is positive, then the 

marginal revenue of transferring one unit of product k from period t +1 to period t is zero.  In this 

case, expediting is clearly not profitable.  So, expediting can increase profits only in periods 

where the leftover inventory is zero.  To evaluate whether expediting replenishments in a specific 

period is profitable, we can compute the associated Lagrange multiplier.  Namely, from (3.29) 

and (3.30), for a given solution P, the marginal revenue of expediting one unit of the premium 

product from period t+1 to period t is given by 
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1,μ , and the 

marginal revenue of expediting one unit of the regular product from period t+1 to period t is 



 

 - 109 - 

given by 

⎟⎟
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q
ppμ .  Thus, it is profitable to expedite if and only 

if the corresponding Lagrange multiplier is greater than the associated expediting cost.   

Assume that, for fixed period t, the costs of expediting product k from any period j > t are the 

same, for k = h or l.   Let ckt denote the cost of expediting one unit of product k into period t.  We 

can think of ckt as the opportunity cost for the supplier for every unit of unused production 

capacity in period t.  Proposition 3.16 characterizes the optimal expediting strategy under a 

special cost structure.   

PROPOSITION 3.16. If expediting cost ckt is non-decreasing in t, for k = h or l, then for any two 

periods, t and t', that do not belong to the optimal set (Th, Tl), expediting into period t is more 

profitable than expediting period t' for t < t'. 

Proof. The result follows by observing that for t < t' inventory available in period t can be carried 

to period t' at no additional cost.  Thus, the marginal revenue of additional unit in period t is 

greater than that that in period t'.         

Proposition 3.16 implies that, if the specified property of expediting costs holds, the marginal 

revenue from expediting is decreasing in t for t belonging to the optimal set of the exhaust 

periods.  In reality, however, the manufacturer may frequently face decreasing expediting cost.  

Next, we discuss how to compute the value of expediting for a general cost structure for 

expediting.   

In Section 3.5.2.1, we defined a system of simultaneous equations with respect to a set of 

transfer periods.  There, equations (3.50) and (3.51) associated with each transfer period t ensure 

an equal price at period t and t + 1.  Here, in the same spirit, we introduce the set of expediting 

periods, denoted as (Γh, Γl), for which the manufacturer expects to have replenishment expediting.  

The equation we use to guarantee profitable expediting is given by 

 

    

pht − ph,t +1 − qh − ql

H pht − plt

qh − ql

⎛ 

⎝ 
⎜ 
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⎠ 
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+ ql

H plt

ql
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⎝ 
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⎞ 

⎠ 
⎟ 

− qh − ql

H ph,t +1 − pl,t +1

qh − ql
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− ql

H pl,t +1

ql
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⎝ 
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⎠ 
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= cht   (3.52) 

for the premium product, and 
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plt − pl,t +1 − ql

H ( plt

ql

)
− ql

H ( pl,t +1

ql

)
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⎠ 

⎟ 
⎟ 
⎟ 
⎟ 

= clt        (3.53) 

for the regular product.   

Given a replenishment profile R, the set of transfer periods, (Th, Tl), and the set of expediting 

periods, (Γh, Γl), we define a generalized system of simultaneous equations tltht GEqGEq ),( as 

follows: htGEq  is equation (3.50) for t ∈ Th, equation (3.52) for t ∈ Γh, and Iht = 0 for t ∉Th and 

t ∉Γh; ltGEq is equation (3.51) for t ∈ Tl, equation (3.53) for t ∈ Γl, and Ilt = 0 for t ∉Tl and t ∉Γl.  

Next, we propose a heuristic algorithm to compute the value of one-period expediting. 

Suppose, for a replenishment profile R, we have applied Algorithm 2 to find the transfer set 

(Th, Tl) and the associated inventory vector I.  If, for product g and period j, μgj > cgj, then 

expediting product g in period j is profitable.  Let the total profit associated with inventory I be 

Π(I) .  Let T = {1,…, m}.  Algorithm 4 finds the value of expediting product g in period j, g = h 

or l, 1≤ j ≤ m−1.  

ALGORITHM 4: Find the value for one-period expediting  

Step 1: Initialize (Γh, Γl) by setting Γg = {j}, Γ-g = null.  Tk = Tk \{i ∈ {j−1, j+1}∩ T | i ∈ 

Tk}, k = h or l.   

Step 2: Solve the generalized simultaneous equations tltht GEqGEq ),( with respect to 

(Th, Tl) and (Γh, Γl) for I'.   

Step 3: Find the set } or  ,|},...,1{},{),{( 1, jtgkppmlhtk tkkt ≠≠<×∈=Ψ + .  For every 

(k, t) in set Ψ , let   Tk = Tk \{t}.  If Ψ  is empty, stop; else, go to Step 2.  

Step 4: The increased profit is given by ||)()( gjkt Ic−Π−′Π II , where |Igj| is the 

replenishment to be expedited.   

In Step 1, we treat period j as expediting period for product g, and thus relax the inventory non-

negativity constraint for product g in period j.  Because negative inventory at the end of period j 

may result negative inventories in other transfer periods, we thus remove the transfer periods 

before and after period j in Step 1, and add them back if the price non-increasing property is 
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violated.  Alternatively, we can start with the optimal transfer set (Th, Tl), and update the transfer 

set only when we detect negative inventories in Step 2.  

Multi-period expediting 

Ultimately, the manufacturer is interested in taking full advantage of the replenishment 

options that the supplier offers and maximizing the total value of expediting.  Thus, the 

manufacturer needs to decide the optimal set of periods that products are expedited and the 

optimal volume to expedite for each period.  

Unlike the one-period expediting in Algorithm 4, here we permit expediting to be from any 

period j to any period i for j > i.  Yet we require that the total replenishments for each product 

through the horizon remain the same.  Observe that expediting one period can make it more 

profitable to expediting other periods. 

Using similar notations as for Algorithm 4, suppose, for replenishment profile R, we have 

applied Algorithm 2 to find the optimal transfer set (Th, Tl) and the associated inventory vector I.   

ALGORITHM 5: Value of multi-period expediting  

Step 1: Initialize (Γh, Γl) by setting { }ktktk cmTt >∈=Γ μ}{\ for k = h or l.   

Step 2: Solve the generalized simultaneous equations tltht GEqGEq ),( with respect to. 

(Th, Tl) and (Γh, Γl) for I'. 

Step 3: Fine the set { }0 <∈= ktkk ITtCE  for k = h or l.  Find the set 

{ }ktktk cmTt >∈=Ξ μ}{\ .  If CEk  and  Ξk are both empty, stop; else, set 

  Tk = Tk \ CEk  and   Γk = Γk ∪ Ξk . Go to Step 2.  

Step 4: The increased profit is given by 
( )
∑

Γ∈

−Π−′Π
kttk

ktkt Ic
:,

)()( II , where |Ikt| is the 

replenishment to be expedited for product k in period t.   
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3.6  Heuristic pricing policies 

This section compares the performance of several heuristic policies with our optimal policy.  

We propose three heuristic policies: myopic pricing in which the manufacturer sets prices for 

each period assuming that the marginal revenue of selling any leftover inventory in the future is 

zero, constant pricing where single price is calculated assuming that product replenishments 

arrive at an even rate, and sequential pricing where we first determine the sales for the premium 

product based on the availability of the premium product only, then decide the sales for the 

regular product.  As we will see shortly, the price according to these heuristic policies is easy to 

obtain and implement in practice.  The performance of each of the heuristic policies, however, 

generally depends on specific problem parameters.  Due to the compounding effects of several 

parameters that affect the performance of the heuristic policies, we will focus on one or two 

parameters at a time to understand their impact on the heuristics policies.  In the next section, we 

conduct numerical experiments to test the effect of each problem parameters.  

The metric we use to represent the relative performance of each heuristic policy is profit 

ratio, defined as 
  
ζ A = π A

π optimal  for A ∈ {myopic, constant, sequential}, where π Ζ  is the total 

profit according to policy Z, Z ∈ {optimal, myopic, constant, sequential}.  Let ρ = qh/ql be the 

quality ratio of the two products.  We are interested in characterizing, for each heuristic policy, 

the replenishment profile R, the length of the horizon m, and quality ratio ρ such that   ζ
A is 

minimized.  

Myopic Pricing.     Consider the situation where the manufacturer is not forward-looking and 

thus will not balance the tradeoff between selling available products in the current period versus 

in future periods.  Instead, the manufacturer sets product price in each period only to maximize 

the current period’s profit.    

Clearly, the performance of the myopic pricing policy depends on the replenishment profile.  

For instance, in Proposition 3.11 we have established that when both products’ replenishments 

are increasing in time t, the myopic policy defined in (3.41) is optimal.  On the other hand, if we 

have decreasing replenishments, but the total quantity is very high so that selling at the desired 

rate is feasible, then the myopic policy is also optimal.  So, intuitively, when product 

replenishments are decreasing but with the total quantity is limited, we expect the myopic policy 

to perform poorly.  Proposition 3.17 gives the worst-case ratio the single product scenario. 
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PROPOSITION 3.17   For single product, the worst-case ratio for the myopic policy is 
    

m
2m −1

, 

which is ½ as m goes to infinity. 

Proof.  Claim 1: It is without loss of generality to consider a non-increasing replenishment 

profile such that Rht does not increase in t.  To see this, we show that, for any replenishment 

profile R'h, we can construct a replenishment profile Rh for which the myopic policy’s 

performance is no better than that for R'h.  Let the myopic policy’s sales rate corresponding to 

replenishment profile R'h be s' = (s1,…, sm).  Sort the sales rate st in decreasing order, and denote 

the new vector as s' = (s'1,…, s'm) where s't is non-increasing in t.  Set Rh = s'.  Then, the myopic 

policy’s profit for Rh equals to the myopic policy’s profit for R'h; also, using the optimal pricing 

policy, the profit for Rh is greater than or equal to the profit for R'h.  So, the performance of the 

myopic policy under Rh is at least as worse as that under R'h. 

Claim 2: Among all non-increasing replenishment profiles R'h with fixed total quantity N = 

′ R htt=1

m∑ , the performance of the myopic policy for Rh = (N, 0,…, 0) is the worst.  Under myopic 

policy, the cumulative sales in every period for replenishment profile Rh are higher than that for 

R'h.  Also, for any two periods t and t + 1, the total profits for decreasing sales rate (sht > sh, t+1) is 

lower than the total profits for constant sales rate (assuming that the total sales are the same in 

both cases).  Thus, starting from the myopic sales profile for Rh, we move some sales in the 

earlier periods to the future periods and strictly improve the total profit.  For the optimal pricing 

policy, observe that the profit for Rh is the highest among all R'h.  Thus, the performance of the 

myopic policy for R'h is the lowest among all R'h.  

Now, we can focus on replenishment profile of the form Rh = (N, 0,…, 0).  Let 

2
)(1

λβ+== nNRh , where n < m is a positive integer, and 0 ≤ β < 1.  Notice that if n+β ≥ m, 

then the myopic policy is optimal.  Thus, consider the case where n+β < m.  The profit function 

under myopic policy is given by βλβ
λ

λλπ
2

)
2

1(
42 h
hmyopic q

q
n −+= , and the profit function 

under the optimal policy is given by 
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optimal .  Thus, 
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nmmyopic .  We can show that  ζ

myopic  reaches minimum when n = 1 and β = 
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0, which gives the profit ratio of 
    

m
2m −1

.  Therefore,  ζ
myopic = 

 
1
2

 as m goes to infinity, and the 

associated replenishment profile is 
    
Rh1 = λ

2
 and Rht = 0, t ∈ T\{1}.     

For two products, however, the worst-case scenario may involve multiple replenishments.  To 

understand the impact of quality ratio on the performance of the myopic policy, we next study a 

two-product setting where the total replenishment is λ/2 and this replenishment occurs in the first 

period.   

Consider a replenishment profile R where 
  
Rh1 = αλ , Rl1 = λ

2
−αλ , 0 ≤ α ≤ 1/2, and Rht = Rlt = 

0, t ∈ T\{1}.  Then, under the myopic policy, the sales occur only in the first period, whereas the 

optimal policy will allocate the premium and regular products evenly throughout the horizon.  

Thus, the profit functions under these two policies are given by, respectively, 

22
1))(1( λαλαπ llh

myopic qqq +−−=  and
2

)
2
11())(1( λαλαπ llh

optimal q
m

qq
m

−+−−= .  Thus, 

)
2
11()1)(1(2

2/1)1)(1(2

mm

myopic

−+−−

+−−
=

αρα
αραζ .  We can show that  ζ

myopic  decreases in ρ and reaches its 

minimum at 
    

m
2m −1

 when ρ = 1, which corresponds to single-product case.   

The above analysis suggests that the myopic policy performs poorly when (1) replenishments 

are clustered at the beginning of the horizon, (2) the total replenishment is relatively low, (3) 

product quality levels are close, or (4) length of the selling season is long. 

Constant Pricing.   Under constant pricing policy, the manufacturer maintains a constant 

price throughout the selling season regardless of the conditions of the market and product supply.  

How to select the best constant price depends on how much information the manufacture has 

regarding the expected product availability.  In this study, we consider the constant pricing policy 

for which the manufacturer will set the price assuming a constant replenishment rate through the 

horizon.  This situation can occur when for example the manufacturer may only know the total 

product availability throughout the horizon, and does not know the exact timing of each 

replenishment arrival.  We illustrate in this simple setting how constant policy performs relative 

to the optimal pricing policy.  

First, we study for the single-product case the impact of the timing of replenishment arrivals.  

Consider a replenishment profile Rh such that Rht = a, and Rhj = 0, j ∈ T\{t} for  t = 1, …, m.  
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Then, the profit function under constant policy and optimal policy is given by 
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show that 
    
∂(ζ constant )

∂t
< 0.  So, the relative performance of constant policy decreases as t 

increases.  Therefore, in this case, the constant policy is the worst when replenishment arrives in 

the last period. 

Second, consider a replenishment profile Rh such that Rhm = a, Rhj = 0 for j ∈ T\{m}.  Then, 

the profit function under constant policy and optimal policy is given by 
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can show that the profit ratio   ζ
constant  reaches minimum 

  
1
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when a goes to zero. 

Last, we study the impact of product quality ratio on the performance of the constant policy’s 

relative performance.  Consider a replenishment profile Rh such that Rhm = θa, Rlm = (1−θ) a, 

0 ≤ θ ≤ 1, a ≤ λ/2, and Rht = Rlt = 0 for t ∈ T\{m}.  Thus, 
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We can show that 
    

∂(ζ constant )
∂(ql / qh)

> 0, implying that the profit ratio is minimum when ql = qh.  

Intuitively, when products arrive in later periods, we expect that the constant policy performs 

poorly.  The above analysis also suggests that the constant policy performs poorly when (1) the 

total replenishment is relatively low, (3) product quality levels are close, or (4) length of the 

selling season (m) is long.  Among the four factors, we see the same effect of the last three factors 

on the myopic policy; and, the first factor, the timing of replenishment arrival, impacts the two 

policies in an opposite way. 

Sequential Pricing. When selling multiple products with significantly different profit 

margins, the manufacturer may use a sequential heuristic policy that ensures the sales and prices 

for the most profitable product.  In our problem setting, for example, the manufacturer can first 

ignore the regular product availability and determine the sales or price for the premium product.  

Once the price or sales for the premium product is fixed, it is relatively easier to allocate the 
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regular products through the horizon.  Thus, this heuristic policy can be appealing in its easiness 

to obtain a reasonably good solution, especially when the profit margins of the substitutable 

products are significantly different from each other.  In the following, we study a sequential 

policy where the sales, instead of price, of the premium product are first determined followed by 

the sales of the regular product.  

Consider a two-period scenario.  If Rh1 ≤ Rh2, then, under both the sequential policy and the 

optimal policy, there is zero inventory for the premium product at the end of the first period.  

Thus, the worst-case scenario must correspond to the case where Rh1 > Rh2.  For the regular 

product, if Rl1 ≥ Rl2, then the sales are the same under both pricing policies, i.e., selling an equal 

amount of both products in the two periods.  Thus, the worst-case scenario must have Rl1 < Rl2.  

Let replenishment profile R be such that Rh1 > Rh2 and Rl1 < Rl2.  Under sequential policy, the sales 

for the premium product is, Sh1 = Rh1 /2, and Sh2 = Rh1 /2.  The profit functions under the sequential 

and optimal policies are, respectively, 

    
π sequential = 1− Rh1
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We can show that
    

∂ζ sequential

∂Rh1

> 0.  Therefore, the worst-case scenario is Rh1 = λ/2, Rh2 = 0, and Rl1 = 

0, Rh2 = λ/2.  From (3.54) and (3.55), one can show that 
  
limql / qh →1ζ sequential = 3

4
.   

3.7  Numerical Experiments 

We conduct numerical experiments to study how each of the heuristic policies performs 

relative to the optimal pricing policy.  As we learn from the sensitivity analysis in Section 3.4, the 

relative performance of the heuristic policies will depend on specific parameters of the problem.  

Below, we describe the set of parameters that we consider in this experiment, followed by a 

detailed procedure for generating random problem instances. 

We first introduce three parameters that characterize product replenishments.  

a) Product Availability 
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We have seen in Section 3.3 that the manufacturer will sell no more than 
ˆ S (λ) = (1− F( ˆ p / q))λ  in any period with λ potential customers.  Clearly, with sufficient product 

replenishments, (e.g., the replenishment in every period exceeds ˆ S (λ) ), a marginal change of the 

total product availability will not affect the relative performance of the heuristic policies.  With 

limited replenishments, however, the heuristic policies are generally sub-optimal.  Thus, a 

marginal change of the total replenishment will affect the total profits of the optimal and heuristic 

policies differently.  To characterize product availability, we introduce the parameter, product 

availability index, which we define as ( ) t

m

t

m

t
ltht FRR λθ∑∑

==

−+
1

*

1

))(1( .  By examining the 

performance of both the heuristic policies and the optimal policy under different levels of product 

availability, we wish to understand how this factor impacts the performance of the heuristic 

policies.   

b) Product composition 

For fixed total product replenishment that we define in a), the percentage of the premium 

product will certainly impact the sales strategy and thus the total profits.  For instance, if the 

percentage of the premium product is high, then we expect that the sequential policy that gives 

priority to the premium product will perform better.   

c) Product replenishment profile   

For fixed total replenishment that we define in a), the replenishment profile, i.e., how 

individual replenishments are distributed over the horizon, will determine an upper bound of the 

total profits we can achieve.  We consider three possible replenishment profiles regarding the 

expected replenishment in every period: increasing (I), decreasing (D), and constant (C).  For 

instance, for an increasing replenishment profile, for product k, we have E[Rkt ]≤ E[Rk,t+1] for all t 

= 1,…, m–1;  and, with an even replenishment profile, we have E[Rkt]= E[Rk,t+1]for all t = 1,…, 

m–1.  In addition to expected replenishment quantities, we use another parameter, coefficient of 

variation (CV), to capture all unexpected factors that contribute to the deviation from expected 

quantities.  For instance, with CV equal to 0.4, the standard deviation of the replenishment will be 

0.4*μ, where μ is the expected replenishment.  In general, distributions with coefficients of 

variation less than 1 are considered low-variance.  We will test problems with both high (e.g., CV 

> 1) and low (e.g., CV <1) variance.    

Next, we introduce two more parameters that we consider in the experiment. 
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d) Product quality levels    

One of the insights we derive from the analysis in Section 3.4 is that the quality difference of 

the two products can affect how the sales for the premium product complement the sales for the 

regular product.  This situation arises when the replenishment for the premium product decreases 

and the replenishment for the regular product increaes.  When the two products have similar 

quality levels and thus substitutability is high, the manufacturer will set prices to sell the premium 

product faster in the early periods to compensate for the low availability of the regular product.  

When the quality levels of the two products are significantly different, however, adjusting 

premium sales will not be as profitable.  In this case, the optimal sales for the premium product 

will resemble to the optimal sales for single (premium) product situation.  Since we are only 

interested in relative performance of the heuristic policies, we will fix the value of ql to be 1 and 

examine different values of qh.    

e) Length of the planning horizon 

 To some extent, the impact of having fewer periods is similar to having an upper limit for the 

number of price changes that we permit.  We wish to see to what extent this factor impacts the 

performance of heuristic policies.  For convenience, we assume that θ follows Uniform 

distribution and customer arrival rates are equal in the planning horizon.   

Next, we present the problem generator that we use to generate random problem instances. 

3.7.1  PROBLEM GENERATOR 

We will focus on how we generate individual product replenishments in each period.  First, 

we introduce some notations.  Let λ be the number of customers arriving in every period.  We 

denote the total replenishments for both products as TR = RH + RL, where ∑
=

=
m

t
htRERH

1

)(  and 

∑
=

=
m

t
ltRERL

1

)( .  Let ρh be the percentage of the premium product, i.e., ρh = RH /TR.  And let α 

be the product availability index, i.e., α = t

m

t

FTR λθ∑
=

−
1

* ))(1( .   

Given customer arrival rate λ, product availability index α, percentage of the premium 

product ρh, and number of periods m, we describe the procedure that we use to generate random 

problem instances.  
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From product availability index α and total desired sales [1−F(θ*)]λm in the m-period 

horizon, we can compute the total replenishments.  With fixed total replenishments, we generate 

five types of profiles for the expected replenishments: (1) I-I where both E(Rht) and E(Rlt)  

increase in t, (2) I-D where E(Rht) increases in t and E(Rlt)  decreases in t, (3) D-I where E(Rht) 

decreases in t and E(Rlt)  increases in t, (4) D-D where both E(Rht) and E(Rlt) decrease in t, and (5) 

C-C where both E(Rht) and E(Rlt) do not change with t.   

For the expected replenishment in every period, we assume a linear function of the form 

E(Rkt) = aΩ + bΩ t for k = h or l and Ω = I, D, or C.  Thus, for increasing replenishments, we have 

bI > 0.  bD < 0 corresponds to decreasing replenishments, and bC = 0 for even replenishments.  We 

can then write the total replenishment for each product as a function of aΩ and bΩ, 

( ) ( )∑∑
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m

t

tbma
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.  By varying a Ω  (or b Ω ), we can generate the 

monotone replenishment profiles with different degree of variance.  Because the profile C-C 

represents an even replenishment rates, we are interested in generating increasing or decreasing 

replenishments with the deepest slopes (i.e., large absolute value of bΩ).  To achieve this type of 

replenishment profile, we can set the replenishment in period 1 to zero for increasing 

replenishment, and set the replenishment in period m to zero for decreasing replenishment.  

Therefore, we can derive the values of aΩ and bΩ by solving two equations, i.e., (aI , bI) = {(a, b): 

a+b = 0 and TH = ma + bm(m +1) /2} for increasing replenishments, and (aD , bD) = {(a, b): a+bm 

= 0 and TH = ma + bm(m +1) /2} for decreasing replenishments.  Thus, we obtain 

aI =− TH/[m(m+1)/2−m], bI = TH/[m(m+1)/2−m], aD = TH/[(m+1)/2−m], and bD = 

TH/[m(m+1)/2−m2].  

With the expected value of replenishment in each period and its coefficient of variation, we 

can generate random replenishment for every period for any given distribution.  For our 

experiment, we assume a Normal distribution.  Next, we summarize the above procedure as 

follows. 

PROBLEM GENERATOR 

Step 1: Compute the total replenishments for both products: 

TR = α[1−F(θ*)]λm.   

Step 2: Compute TH and TL: 

TH = ρh TR and TL = (1− ρh )TR. 

Step 3: Compute the expected replenishments for each period 
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With aI =− TH/[m(m+1)/2−m], bI = TH/[m(m+1)/2−m], aD = TH/[ (m+1)/2−m], and 

bD = TH/[m(m+1)/2−m2], we can compute E[Rht] and E[Rlt] as follows. 

For profile I-I: E[Rht] = E[Rlt] = aI + bI t for t = 1,…, m; 

For profile I-D: E[Rht] = aI + bI t and E[Rlt] = aD + bD t for t = 1,…, m; 

For profile D-I: E[Rht] = aD + bD t and E[Rlt] = aI + bI t for t = 1,…, m; 

For profile D-D: E[Rht] = E[Rlt] = aD + bD t for t = 1,…, m; 

For profile C-C: E[Rht] = TH/m, and E[Rlt] = TL/m for t = 1,…, m. 

Step 4: Generate random replenishments for each period  

Rkt ~ N[E(Rkt), CV]. 

Step 5: Scale each individual replenishment.  Let 
  
ηh = Rht

t=1

m
∑ TH and 

    
η l = Rlt

t=1

m
∑ TL. 

Set Rkt  ← Rkt/ηk for k = h and l, t = 1,…, m. 

Table 3.3 summarizes the set of values for each parameter we use to generate our problem 

instances.  The underlined values are what we select as the base case.  That is, if we test the effect 

of product availability, then we fixed the value of ρh, the percentage of the premium product, as 

0.2, the value of coefficient of variation as 0.2, and the number of periods as 10, and so on.  

We will test the impact of each of these parameters under all five replenishment profiles: I-I, 

I-D, D-I, D-D, and C-C. 

 

Parameters Values 

Product availability index (α) 0.2       0.5        0.8 

Percentage of premium products (ρh) 0.2       0.5        0.8 

Coefficient of variation (CV) 0.2       0.8         2 

Length of the horizon (m)  2           5          10 

Quality level (qh) 1.2       1.5         2 

Table 3.3  Parameter values of the computational results 
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For each set of parameters, we generate five problem instances, and evaluate the relative 

performance of the heuristic policy, i.e., the total profit under each of the heuristic policy divided 

by the total profit under the optimal policy.  Section 3.7.2 reports computational results.     

3.7.2  COMPUTATIONAL RESULTS AND INTERPRETATIONS 

Table 3.4(a) through Table 3.4(c) summarize, respectively, for myopic policy, constant 

policy, and sequential policy, the relative performance for three values of qh under five 

replenishment profiles.  The first column gives the values of qh.  For each value of qh and for each 

of the five replenishment profiles, we generate five random problem instances, and take the 

average of the profit ratios associated with the five problem instances.  The remaining tables in 

this section have similar structure.  

 

qh I-I I-D D-I D-D C-C 

1.2 0.816 0.922 0.801 0.992 0.979 
1.5 0.799 0.904 0.818 0.992 0.978 
2.0 0.776 0.877 0.841 0.992 0.977 

Table 3.4(a)  Performance of constant policy  

qh I-I I-D D-I D-D C-C 

1.2 0.992 0.874 0.988 0.735 0.984 
1.5 0.992 0.881 0.988 0.749 0.985 
2.0 0.993 0.892 0.988 0.769 0.986 

Table 3.4(b)  Performance of myopic policy  

qh I-I I-D D-I D-D C-C 

1.2 0.992 0.992 0.926 0.992 0.993 
1.5 0.993 0.992 0.934 0.992 0.994 
2.0 0.993 0.993 0.945 0.992 0.994 

Table 3.4(c)  Performance of sequential policy  

Table 3.4(a) indicates that the constant policy is close to optimal under profile D-D, which 

corresponds to decreasing replenishments for both products.  Similarly, the myopic policy is close 

to optimal under profile I-I.  These observations are consistent with Proposition 3.11 and 

Proposition 3.13 that we established in Section 3.5.  Also, when the two products’ replenishments 

are positively correlated (profile I-I and D-D), the constant policy and the myopic policy 
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complement each other.  That is, under profile I-I, the myopic policy performs well and the 

constant policy performs badly; and, under profile D-D, the constant policy is near-optimal and 

the myopic policy achieves only 75% of the profit in the optimal policy.  

Notice that, under profile I-D and profile D-I, the performance of constant policy exhibits 

opposite trends as qh increases.  That is, as qh increases, the relative performance of constant 

policy decreases under profile I-D and increases under profile D-I.  The reason is, when the 

replenishments for the two products are negatively correlated and the substitutability between the 

two products is high (qh is close to ql), the total replenishment, which is the sum of an increasing 

series and a decreasing series, has less variation and thus the constant policy performs well.  As 

qh increases and substitutability becomes low, the constant policy will deviate more from the 

optimal policy.  This explains why the performance of constant policy in profile I-D becomes 

worst when qh increases.    

We expect that similar arguments apply to profile D-I; yet, the trend exhibited under column 

D-I in Table 3.4(a) suggests that there are other reasons driving the performance of constant 

policy to become better with increasing values of qh.  Recall from Section 3.3 that there exists 

complementarity effect when the two products’ replenishments are negatively correlated.  Also, 

when the premium product complements the shortage of the regular product, the resulting 

inventory transfer depends on the quality ratio between the two products.  The opposite is not 

true, i.e., when the regular product complements the premium shortage, the inventory transfer 

does not depend on product quality ratio.  This suggests that under profile D-I, the inventory 

transfer will decrease as qh increases and thus the constant policy performs better relative to the 

optimal policy.   

Table 3.4(c) indicates that the sequential policy is close to optimal under all replenishment 

profiles except for profile D-I.  This, again, is consistent with our insights on product 

complementarity.  Under profile I-I, D-D, and I-D, the sales according to sequential policy is the 

same as in the optimal policy.  Under profile D-I, however, the sequential policy sells the 

premium product at a constant rate whereas the optimal policy will sell more premium products 

(than a constant rate) in the early periods to compensate for the early shortage of the regular 

product.   

Table 3.5(a) through Table 3.5(c) summarize the performance of the three heuristic policies 

under different values of product availability α.   
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α I-I I-D D-I D-D C-C 

0.2 0.658 0.908 0.731 0.993 0.960 
0.5 0.816 0.922 0.801 0.992 0.979 
0.8 0.936 0.939 0.881 0.990 0.979 

Table 3.5(a)  Performance of constant policy for different values of α 

 

α I-I I-D D-I D-D C-C 

0.2 0.994 0.952 0.994 0.899 0.992 
0.5 0.992 0.874 0.988 0.735 0.984 
0.8 0.991 0.839 0.986 0.661 0.977 

Table 3.5(b)  Performance of myopic policy for different values of α 

We have observed complementarity between myopic policy and constant policy in Table 

3.4(a) to Table 3.4(c).  That is, myopic policy performs relatively worse under profile I-I and 

constant policy performs worse under profile D-D.  Similar phenomenon exists here.  Moreover, 

as we increase product availability, myopic policy’s performance becomes worse (column D-D in 

Table 3.5(b) and constant policy’s performance becomes better (column I-I in Table 3.5(a)).  The 

reason is, under profile D-D all products are sold under both myopic policy and optimal policy; 

but a fair amount of products in earlier periods are under-priced according to the myopic policy, 

and thus the more products the more loss due to under-priced sales.  For myopic policy with 

profile I-D, we observe that profit ratio exhibits similar behavior except that the profit ratio is 

higher than in profile D-D.  This makes sense because myopic policy is optimal for the premium 

product in profile I-D.  For constant policy, high product availability for profile I-I implies that 

the optimal policy may choose not to sell all products at the end of the horizon.  Thus, as α 

becomes big enough, the sales rate in the optimal policy will stop increasing and remain at 

(1− F( ˆ p / q))  while the sales rate for constant policy will continue to increase, which will results a 

smaller gap between profits under constant policy and optimal policy.  Similar arguments apply 

to constant policy with profile D-I. 

  

α I-I I-D D-I D-D C-C 
0.2 0.994 0.993 0.974 0.993 0.995 
0.5 0.992 0.992 0.926 0.992 0.993 
0.8 0.991 0.990 0.901 0.990 0.992 

Table 3.5(c)  Performance of sequential policy for different values of α 
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For the sequential policy, we again observe that its performance is very close to optimal in all 

but profile D-I.  Also, with higher product availability, the sequential policy becomes worse 

(column D-I in Table 3.5(c)).   

 

ρh I-I I-D D-I D-D C-C 
0.2 0.816 0.922 0.801 0.992 0.979 
0.5 0.806 0.825 0.861 0.992 0.975 
0.8 0.816 0.801 0.945 0.992 0.975 

Table 3.6(a)  Performance of constant policy for different values of ρh 

 

ρh I-I I-D D-I D-D C-C 
0.2 0.992 0.874 0.988 0.735 0.984 
0.5 0.991 0.976 0.964 0.743 0.990 
0.8 0.991 0.991 0.859 0.737 0.989 

Table 3.6(b)  Performance of myopic policy for different values of ρh 

Table 3.6(a) and Table 3.6(b) present, respectively, for constant policy and myopic policy, 

the profit ratios as the percentage of the premium product changes.  For constant policy, we 

observe that, as ρh increases, the performance under profile I-D decreases and increases under 

profile D-I.  And the trend reverse itself for myopic policy, that is, as ρh increases, the myopic 

policy performs better in profile I-D and worst in profile D-I.  We can use the following generic 

arguments to explain: for policy H∈{myopic, constant}, product k∈{premium, regular}, and 

profile β ∈{I-D, D-I}, if policy H is optimal for product k under profile β, then as the percentage 

of product k increases, then the performance becomes better, and worse otherwise.   

 

ρh I-I I-D D-I D-D C-C 
0.2 0.992 0.992 0.926 0.992 0.993 
0.5 0.992 0.994 0.941 0.992 0.993 
0.8 0.992 0.993 0.986 0.992 0.994 

Table 3.6(c)  Performance of sequential policy for different values of ρh 

Table 3.6(c) indicates that the sequential policy is close to optimal as the percentage of 

premium product increases.  This is rather intuitive since when determining product sales the 
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sequential policy gives priority to the premium product.  In fact, as ρh goes to 1, the sequential 

policy is optimal. 

 

CV I-I I-D D-I D-D C-C 
0.2 0.816 0.922 0.801 0.992 0.979 
0.4 0.806 0.917 0.809 0.991 0.960 
0.8 0.793 0.906 0.798 0.974 0.936 

Table 3.7(a)  Performance of constant policy for different values of CV 

 

CV I-I I-D D-I D-D C-C 
0.2 0.992 0.874 0.988 0.735 0.984 
0.4 0.990 0.837 0.983 0.717 0.964 
0.8 0.969 0.789 0.964 0.671 0.905 

Table 3.7(b)  Performance of myopic policy for different values of CV 

 

CV I-I I-D D-I D-D C-C 
0.2 0.992 0.992 0.926 0.992 0.993 
0.4 0.991 0.992 0.926 0.992 0.993 
0.8 0.986 0.993 0.923 0.993 0.989 

Table 3.7(c)  Performance of sequential policy for different values of CV 

From Table 3.7(a) through Table 3.7(c), we can see that increasing the variance of product 

replenishments consistently decreases the performance of all heuristic policies.   

 

m I-I I-D D-I D-D C-C 
2 0.816 0.935 0.925 0.807 0.972 
5 0.753 0.894 0.788 0.992 0.984 
10 0.816 0.922 0.801 0.992 0.979 

Table 3.8(a)  Performance of constant policy for different values of m 
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m I-I I-D D-I D-D C-C 
2 0.992 0.898 0.910 0.992 0.993 
5 0.992 0.765 0.963 0.571 0.984 
10 0.992 0.874 0.988 0.735 0.984 

Table 3.8(b)  Performance of myopic policy for different values of m 

   

m I-I I-D D-I D-D C-C 
2 0.992 0.994 0.993 0.992 0.993 
5 0.992 0.992 0.914 0.992 0.993 
10 0.992 0.992 0.926 0.992 0.993 

Table 3.8(c)  Performance of sequential policy for different values of m 

It is interesting to observe that in some cases increasing the parameter m will not lead to 

monotonic changes of the profit ratios.  For instance, the relative performance of the constant 

policy under profile I-I, I-D, and D-I is the worst when the length of the horizon is moderate (i.e., 

m = 5).   

3.8  Component Commonality 

We use subscript c to denote common components. Let Cc denote the set of common 

components required for both the premium and regular products.  We assume that one unit of 

each product-specific component and one unit of each common component in the respective sets 

are needed to produce one unit of the corresponding product.  Also, let Rct denote the number of 

units of common component c that the manufacturer will receive at the start of period t, for c ∈ 

Cc, and t = 1, 2, …, m.  To incorporate the availability of common components, we need to add 

the following constraint,  

λ j (1− F(θlj ))j=1
t∑ ≤ Rcjj=1

t∑ for t = 1,…, m        (3.56) 

to problem [DSP'].  Let us call the new model [DSP_COM].  Constraints (3.56) ensure that the 

cumulative total products sold should be less than or equal to the cumulative available common 

components for every period.  Proposition 3.18 characterizes the properties of the new problem. 

PROPOSITION 3.18  Under Assumption 3.1, 3.4, and 3.5(a), the optimal solution to Problem 

[DSP_COM] satisfies the following properties: 
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(a) The prices for both the regular and the premium products are non-increasing, 

(b) The total sales rates of the regular and premium products are non-decreasing, and 

(c) For any period t where there are inventory transfers for both premium (regular) and 

common components, the prices for the premium (regular) product are constant. 

Proof. To prove (a), we define DSP-2 as a two-period subprblem based on the optimal solution P 

to problem [DSP'].  Specifically, let the replenishment R' for problem DSP-2 be the optimal sales 

for the original problem for period t and t +1, i.e.,   Rk1
' = Skt , Rk2

' = Sk,t +1, for k = h or l, 

and Rc1
' = Sht + Slt , Rc2

' = Sh,t +1 + Sl,t +1.  Clearly, the optimal sales in the original problem [DSP'] for 

period t and t+1 solves problem DSP-2,  To show that prices are non-increasing, it suffices to 

show that the prices for problem DSP-2 defined for any two consecutive periods, t and t+1, are 

non-increasing.  Suppose an optimal solution P' violates condition (a).  So, we can find the period 

t and t +1 such that '
1,

'
+< thht pp  or '

1,
'

+< tllt pp  or both.  Notice that the solution P' must be locally 

optimal, that is, by transferring inventory from one period to its immediately next period and 

keeping sales of all other period unchanged, we cannot strictly improve the objective value.  

Consider three cases: (1) '
1,

'
+< thht pp  and '

1,
'

+≥ tllt pp , (2) '
1,

'
+≥ thht pp  and '

1,
'

+< tllt pp , and (3) 

'
1,

'
+< thht pp  and '

1,
'

+< tllt pp .  For the corresponding problem DSP-2 based on period t and t+1,  In 

Case (1), by transferring some premium products from period t to t+1, we can strictly improve the 

profit; in Case (2), by transferring some regular products from period t to t+1, we can strictly 

improve the profit; and in Case (3), by transferring both products (and selling at constant rates for 

both products), we can strictly improve the profit.  So, none of the three cases can be optimal, 

contradicting the optimality of price P'.  Therefore, the prices for both products must be non-

increasing.  Result (b) follows from Lemma 3.6 (no rationing) and the fact that the price for the 

regular product is non-increasing.  

Next, we prove result (c).  From any solution that has positive leftover inventory for the premium 

and common components in period t, construct a two-period problem DSP-2 as in (a), i.e., 

let Rk1
' = Skt , Rk2

' = Sk,t +1, for k = h or l, and Rc1
' = Sht + Slt , Rc2

' = Sh,t +1 + Sl,t +1.  Clearly, the optimal 

sales in the original problem for period t and t+1 solve Problem DSP-2.  Because the common 

component is not a bottleneck for the first period in Problem DSP-2, we can obtain the same 

optimal sales by solving Problem DSP-2 without common component constraints.  Thus, all 

optimal properties (Proposition 3.10) that we obtain for the case without common components 

hold.             
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With component commonality, the optimal pricing policy depends not only on the availability 

of product-specific components, but also on common component availability.  For instance, 

without common components, the price for the premium product does not change if there is 

positive inventory transfer of the premium product component at the end of that period.  With 

commonality, the same property holds (premium product price does not change) only if there are 

positive inventory transfer for both premium and common components.   

3.9  Conclusion  

In this chapter, we have studied methods on how to enhance operational decisions in an IT-

enabled collaborative business environment.  Specifically, we consider a supply chain with 

information visibility where a monopolist manufacturer uses pricing as tool to shape the demand 

to meet anticipated supply.  We consider a monopolist manufacturer who sells vertically 

differentiated products to the customers.  The products offer similar basic functionality but differ 

in quality levels or premium features.  Customers differ in their willingness to pay for product 

quality.  Thus, despite the price difference between products with different quality levels, 

customers with sufficiently high valuation of quality may prefer to purchase the product with 

higher quality.  Our analysis reveals interesting insights on how replenishment profiles and other 

problem parameters affect price properties.  In particular, we demonstrate how substitutable 

products complement each other under various scenarios of their replenishment profiles. For 

several replenishment profiles with special structures, we show that there exist simple methods 

for finding the optimal solution.  For general replenishment profile, we develop efficient 

algorithms based on the optimal pricing properties for finding the optimal solution.  Finally, we 

study several heuristic pricing policies, for which we investigate possible factors that lead to 

relatively poor performance of these heuristic policies.  Our numerical experiments demonstrate 

under what circumstances under which each of the heuristic policies performs poorly.   
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CHAPTER 4  SERVICE NETWORK DESIGN 

4.1  Introduction 

Service networks that transport material, information, energy, or other resources are vital for 

today’s interconnected economies and societies.  These networks must be cost effective as well as 

responsive to meet the challenges of global expansion of markets and supply chains, increasing 

service expectations of customers, and growing emphasis on resource conservation and 

efficiency.  With annual public and private sector investments of hundreds of billions of dollars in 

such networks, optimizing the topological design of these networks to provide the needed 

transport services can produce enormous cost savings.  The network configuration (and hence the 

available routes) not only determines the total investment needed but also greatly influences its 

service capabilities such as end-to-end delays.  Because of the significant economies of scale (due 

to the large fixed costs for installing arcs in the network), emphasizing cost minimization alone 

can result in sparse networks that are not responsive.  Therefore, in configuring these networks, 

planners must select a design that is both cost-effective and meets end-to-end service 

requirements. 

Motivated by the need to simultaneously consider cost and service requirements, we attempt 

to understand and solve an optimization model -- the weight-constrained network design 

problem (WCND): given a set of commodities characterized by their origin-destination node 

pairs, available point-to-point links or arcs, and the cost and service characteristics of each arc, 

find the least-cost network design that contains at least one path between each origin-destination 

node pair satisfying the service requirements.  We consider two types of costs: fixed cost when 

we select an arc, reflecting the economies of scale that are central to network design, and arc-

dependent routing cost for each unit of traffic that flows on that arc.  The routing or variable costs 

might represent traffic-dependent operational costs and/or the costs of installing the needed 

capacity to accommodate the traffic. 

Since the WCND problem generalizes many computationally intractable (NP-hard) 

optimization problems, solving it optimally is very difficult.  For special cases such as the 

traveling salesman and Steiner tree problems, polyhedral approaches that rely on strengthening 

the linear programming relaxation by adding model-specific valid inequalities have proven to be 

most effective.  Following this successful experience, we too focus on developing strong cutting 

planes that eliminate fractional solutions to the linear programming relaxation of the problem 

without eliminating optimal integer solutions.  This strategy requires first understanding the 
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problem structure and characteristics of its linear programming solutions, and using these insights 

to formulate new classes of valid inequalities tailored for the WCND model.  Since some families 

of inequalities encompass a vast number of constraints (typically, exponential in the problem 

size), we adopt a the cutting plane procedure (see, for example, Nemhauser and Wolsey 1988 for 

a general discussion of the principles underlying cutting plane algorithms) that solves 

progressively tighter linear programming relaxations of the WCND problem by iteratively adding 

valid inequalities that are violated by the current linear programming solution.  Consequently, the 

linear programming lower bound progressively increases, either terminating with the optimal 

integer solution or providing a tight lower bound for a subsequent branch-and-bound or other 

enumerative procedure.  Starting the enumerative procedure with a tight linear programming 

relaxation reduces the time and effort required for the enumeration phase (since more branches 

can be pruned without full exploration) and allows solving larger problem instances.  Moreover, 

the better lower bound can also improve the solution quality of heuristic procedures.  Grötschel 

and Win (1992), Magnanti, Mirchandani, and Vachani (1995), Bienstock, Chopra, Günlük, and 

Tsai (1998), and Dahl and Stoer (1998), among many others, have successfully applied cutting 

plane based methods to solve a variety of network design problems. 

We develop the principles underlying these inequalities, illustrate their ability to strengthen 

the weight-constrained network design model by eliminating fractional linear programming 

solutions, and discuss generalized versions of these constraints.  We also develop separation 

procedures to identify inequalities that are violated by a given linear programming solution.  Our 

computational results indicate that the valid inequalities we have developed are very effective in 

closing the duality gap between the optimal linear and integer programming values.  Moreover, 

we find that, the improved bounds obtained from adding these inequalities, either a priori or 

iteratively using a cutting plane method, can (i) provide better performance guarantees for 

heuristic solutions since the linear programming value is closer to the (unknown) true optimal 

value, (ii) greatly accelerate exact procedures such as branch-and-bound that rely on lower 

bounds to prune the enumeration tree, and (iii) provide better starting points for optimization-

based (e.g., rounding) heuristics, thus improving the quality of their solutions. 

This chapter not only contributes to practice by addressing important strategic decisions 

facing service providers but also contributes to the academic literature on integer programming 

by providing yet another successful application of polyhedral approaches. 

The rest of this paper is organized as follows. In Section 4.2, we introduce the notation and 

formulate the problem as an integer program.  Section 4.3 reviews related research on the 

network design problem with service requirements.  Then, we provide an overview of all the 
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valid inequalities we develop in this chapter.  Section 4.4 and 4.5 discuss two classes of 

inequalities that focus on restricting the values of the routing variables in the linear programming 

solution for individual origin-to-destination commodities.  In Section 4.6, we introduce the third 

class of inequalities that captures the interaction among the routing decisions for different 

commodities and the design decisions for arcs on this route.  Section 4.7 discusses separation 

procedures for identifying valid inequalities in a give linear programming solution.  Section 4.8 

describes the implementation and reports computational results.  Section 4.9 concludes this 

chapter. 

4.2  Model Formulation 

Given the projected origin-to-destination traffic flows and available point-to-point 

connections or arcs, we consider the core planning problem of selecting a subset of arcs, and 

routing all the origin-to-destination flows on the chosen arcs in order to meet end-to-end service 

requirements at minimum total cost.  Depending on the service context, selecting an arc between 

two nodes or locations can correspond to creating transport facilities (e.g., roads, cable conduits, 

electricity distribution lines), adding transmission capacity, choosing a transportation mode, or 

even establishing periodic point-to-point services (e.g., scheduled trucking services).  For each 

origin-to-destination flow, the service requirements can take various forms.  A common quality-

of-service requirement imposes an upper limit on the total end-to-end traversal time, which is 

equal to the sum of transportation (and transshipment) time on the arcs in the route.  We can also 

model (using a suitable logarithmic transformation) route reliability requirements when arcs are 

prone to disruption or failure, or hop restrictions that limit the maximum number of permissible 

arcs or transshipments on each route.  We consider two types of costs associated, respectively, 

with the arc selection and routing decisions.  We incur a fixed cost when we select an arc, 

reflecting the economies of scale that are central to network design. This cost can vary by arc 

(e.g., the cost may be proportional to the distance or length of the arc).  In addition, we incur an 

arc-dependent routing cost for each unit of traffic that flows on that arc; this per-unit cost can 

vary by origin-destination pair.  The routing or variable costs might represent traffic-dependent 

operational costs and/or the costs of installing the needed capacity to accommodate the traffic.  

Next, we introduce the notation to capture these problem parameters. 

4.2.1  Notation 

Let G:(N, A) denote the given directed graph, with nodes i ∈ N representing origins, 

destinations, or transshipment points for traffic, and arcs (i, j) ∈ A representing the possible node-
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to-node connections that we can select.  We define one commodity for each origin-destination 

pair.  Let K denote the set of commodities of interest, and let sk and tk denote, respectively, the 

origin and destination of each commodity k ∈ K.  Each commodity k has a demand of bk, i.e., we 

must route bk units of traffic along the selected arcs from origin sk to destination tk.  For each 

commodity, we consider different service requirements; each requirement has an associated 

metric (e.g., total end-to-end traversal time and number of intermediate hops are two metrics for 

service performance).  Let q denote the service metric, q ∈ Q.  To model the service 

requirements, for every arc, we associate a weight corresponding to each metric, and define the 

weight of an origin-to-destination route as the sum of the weights of the arcs on this route.  The 

service requirements for a commodity specify that this commodity must be routed on path whose 

total weight, for any metric, does not exceed a specified upper bound.  In particular, for each arc 

(i, j) ∈ A and every metric q ∈ Q, let wij
q  denote the weight of arc (i, j) for metric q.  (For 

notational convenience, we assume that this weight does not depend on the commodity; our 

model can easily incorporate commodity-dependent weights.)  The service requirement q for 

commodity k specifies that the total weight of the origin-to-destination route for this commodity 

must be less than or equal to a maximum permissible value V
kq.  We refer to any route satisfying 

this condition as a feasible route for commodity k and metric q.  Turning to the cost parameters, 

let Fij denote the fixed cost for each arc (i, j) ∈  A; and, for every commodity k ∈ K, let gij
k  denote 

the per-unit cost of routing this commodity on arc (i, j).  We define cij
k = gij

k bk  as the cost of 

routing all bk units of commodity k on arc (i, j).  The weight-constrained network design problem 

requires finding the minimum cost network configuration and commodity routes on the chosen 

arcs so that each commodity flows from its origin to destination on a unique route that is feasible 

with respect to all the service metrics. 

4.2.2  Problem formulation 

To formulate the WCND problem as an integer program, we define two sets of binary 

variables.  The design variables yij, for all arcs (i, j) ∈ A, represent the choice of arcs (from the 

available set A) to include in the network design solution.  In particular, yij takes the value one if 

arc (i, j) is selected, and is zero otherwise.  To model the commodity routing decisions, we 

introduce the arc routing variables xij
k  for every commodity k ∈ K and each arc (i, j) ∈ A; this 

variable is one if commodity k is routed on arc (i, j), and is zero otherwise.  Using these two sets 

of variables, we can formulate the WCND problem as follows: 
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Minimize Fij yij
i, j( )∈A
∑ + cij

k xij
k

k ∈K
∑

i, j( )∈A
∑         (4.1) 

subject to 

 xij
k

j:(i, j )∈A
∑ − x ji

k

j:( j,i)∈A
∑ =

 1  if i = sk ,
−1 if i = tk ,
0  otherwise,

⎧ 

⎨ 
⎪ 

⎩ 
⎪ 

  for all i ∈ N, k ∈ K,   (4.2) 

 xij
k ≤ yij       for all (i, j) ∈ A, k ∈ K,   (4.3) 

 wij
q xij

k

(i, j )∈A
∑ ≤ V kq     for all k ∈ K, q ∈ Q,   (4.4) 

 yij , xij
k ≥ 0     for all (i, j) ∈ A, k ∈ K, and  (4.5) 

 yij , xij
k  int eger     for all (i, j) ∈ A, k ∈ K.   (4.6) 

The objective function (4.1) minimizes the total fixed costs of the selected arcs and the 

routing costs for all commodities.  Constraints (4.2) and (4.6) ensure that the arc routing variables 

create an origin-to-destination route for each commodity.  They specify that commodity k must be 

routed on one arc leaving the origin sk, and on one arc entering the destination tk.  At intermediate 

nodes i, the commodity must be routed on one outgoing arc if it enters node i on an incoming arc.  

Constraints (4.3) link the design and arc routing variables by specifying that we can route any 

commodity k on an arc (i, j) (i.e., xij
k  can be one) only if this arc is included in the design (i.e., if 

yij = 1).  Constraint (4.4) imposes the commodity-specific service restrictions, i.e., the total weight 

of the route chosen for commodity k must be less than the maximum permissible value Vkq for 

every metric q ∈ Q.  Finally, constraint (4.5) and (4.6) impose non-negativity and integrality on 

the design and arc routing variables. 

When all the costs are positive, the optimal solution to the model (4.1) – (4.6) will set all 

variable values to either one or zero; so, we do not require explicit upper bounds limiting these 

values to be less than or equal to one. 

The WCND model is quite versatile.  For instance, we can model concave, piecewise linear 

arc cost functions by introducing parallel arcs, each representing one segment of the piecewise 

linear function and carrying appropriate fixed and routing costs (that, respectively, represent the 

intercept and slope of the corresponding segment) but the same service weights as the original arc 

for all metrics.  Since the cost is concave, the optimal solution will automatically select the 

appropriate range (or parallel arc) that is applicable to the total flow on that arc.  We can also 
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model situations in which we are not required to necessarily serve every commodity.  In 

particular, suppose commodity k can be omitted or outsourced at a cost of hk.  We can incorporate 

this option in the WCND model by adding a direct arc from origin sk to destination tk with fixed 

cost hk service weight equal to Vkq.  Selecting this arc and routing commodity k on it corresponds 

to omitting the commodity.  To prevent other commodities k' from using this direct arc, we can 

either omit the corresponding routing variables xsk ,tk
k'  or impose high routing costs for these 

commodities on the (sk, tk) arc. 

The WCND model generalizes several well-known and difficult optimization problems such 

as the traveling salesman, Steiner network, and fixed-charge network design problems. For 

example, for a network with n nodes, for every pair of nodes s and t in the network, we create a 

commodity that starts from node s and ends at node t.  When the arc costs satisfy the triangle 

inequality, the WCND problem reduces to the traveling salesman problem.  Moreover, some 

previous service-oriented network models arise as special cases of the WCND problem.  For 

example, with Q = 1, and all the weights wij
k =1, the problem reduces to the hop-constrained 

network design problem (Balakrishnan and Altinkemer 1992); in this special case, every 

commodity k must be routed on a path containing no more than Vk hops or arcs.  Similarly, when 

we specialize the WCND model to a single commodity, the problem reduces to the budget-

constrained shortest path problem (e.g., Handler and Zang 1980).  With additional configuration 

constraints (e.g., the requirement that the design must be a tree) and using particular demand 

structures, the WCND model subsumes models such as the diameter-constrained spanning tree 

problem and budget-constrained Steiner tree problem (e.g., Gouveia and Magnanti 2003). 

4.3  Related Literature and Solution Approach 

Although prior research on network design is extensive (see the survey papers by Magnanti 

and Wong 1984), this literature does not adequately address models that explicitly include end-to-

end service considerations.  To support strategic planning for service networks, we propose a 

generalization of the fixed-charge network design problem with additional constraints to ensure 

that the “lengths” of the required origin-to-destination paths do not exceed specified values.  For 

the transportation context, these limits ensure that the total traversal times from origins to 

destinations are not excessive or that shipments are not transshipped multiple times.  In 

telecommunications, the path length limits can assure minimum reliability of traffic flow routes.  

We permit multiple service metrics, and the limits can vary by origin-destination pair to reflect 

heterogeneous customer service requirements.  In our formulation, the knapsack constraints (4.4) 

impose the weight limit requirement for each metric and each commodity.  In the network design 
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literature, similar side (and additive) constraints have been addressed in various contexts.  Next, 

we give an overview on the solution strategies of network design problem with side constraints. 

As we note in Section 4.2, when there is single metric and the weight of each arc equals one, 

the WCND problem reduces to the hop-constrained network design problem.  Balakrishnan and 

Altinkemer (1992) first investigate this problem by using a Lagrangian-based approach to 

generate the upper and lower bounds of the optimal solution.  Pirkul and Soni (2003) investigate 

alternative formulations and heuristic solution algorithms for the hop-constrained network design 

problem studied in Balakrishnan and Altinkemer (1992).  Gouveia et al. (2003) examine a 

specific problem in the context IP service provision with Quality of Service (QoS) requirements, 

one of which they model using hop constraints.  They propose heuristic methods to solve the 

problem. 

Side constraints also appear in the constrained Steiner tree and constrained minimum 

spanning tree problem.  For example, Rosenwein and Wong (1995) investigate various 

decomposition based solution approaches to obtain bounds for the constrained steiner tree 

problem.  Their computational experiences indicate that the traditional relaxation approach is 

more efficient in terms of running time.  Voß (1999) studies the hop-constrained Steiner tree 

problem, and develops a simple heuristic based on the tabu search method.  A variation of the 

constrained Steiner tree is called cost-distance problem which entails finding a Steiner tree that 

optimizes the total edge costs as one metric and the sum of source-sink distances as a second 

metric.  Chekuri et al. (2001) and Meyerson et al. (2000) develop approximation algorithms for 

solving such problems.  Finally, Gouviea and Requejo (2000) use the Lagrangian relaxation 

approach to obtain lower bounds for the hop-constrained minimum spanning tree problem. 

When there is single commodity, the WCND problem becomes a constrained shortest path 

problem (CSP).  Several classes of inequalities introduced in this chapter apply to the CSP 

problem.  Due to its usage in modeling a wide range of problems (e.g. vehicle routing and crew 

scheduling), there exists an extensive literature on the CSP problem.  The solution strategies fall 

in three categories: algorithms for solving kth shortest path, labeling methods based on dynamic 

programming, and Lagrangian relaxation methods.  Next, we discuss each approach in detail. 

To apply kth shortest path approach for solving the CSP problem, we generate paths in 

increasing order of cost, and stop once we have a path that is weight-feasible.  Unfortunately,  

because k cannot be fixed a priori, the time complexity of the kth shortest path method can be 

exponential.  Handler and Zang (1980) empirically compare the performance of their Lagrangian 

relaxation based approach and the kth shortest path method of Yen (1970).  They find that the 

performance of the former is much faster. 
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Some early papers formulate the CSP program as a dynamic program, e.g., Lawler (1976).  

Since then, various labeling algorithms have been developed (see, for example, Aneja, et al. 1983, 

Desrochers and Soumis 1988).  More recently, Feillet et al. (2004) and Stefan and Villeneuve 

(2006) have developed the pseudo-polynomial labeling algorithms that incorporate cycle-

breaking rules. 

Lagrangian relaxation, was used in Handler and Zang (1980) to reduce the value of k for the 

kth shortest path algorithm.  Their computational results indicate orders of magnitude savings for 

large problems.  Their algorithm, however, applies to the case of one weight metric.  Mehlhorn 

and Ziegelmann (2000) extend the algorithm in Handler and Zang (1980) to the case of multiple 

resources.  Beasley and Christofides (1989) obtain a lower bound by relaxing the weight limit 

constraint, and use a subgradient procedure to approximately solve the Lagrangian relaxation 

problem.  Dmitrescu and Boland (2003) demonstrate how to incorporate the Lagrangian 

multiplier information into their label-setting method. 

In the literature on QoS (or constraint-based) routing, the CSP problem is also called Multi-

constrained Optimal Path (MCOP) problem.  Many researchers have developed pseudo-

polynomial algorithms (e.g., Hassin 1992 and Jaffe 1984) for this problem.  Since the complexity 

of these algorithms depends on the values of the weight limits and the size of the network, these 

algorithms can become computationally expensive as the network size or weight limit increases. 

Holmberg and Yuan (2003) study a constrained multi-commodity flow problem where only 

routing (variable) costs are considered.  They present a path formulation and develop a tailored 

column generation method where the side constraints are handled in the path-generation 

subproblem.  The column generation approach and algorithm enhancements are found to be 

promising even for large networks. 

Our solution approach follows the very successful tradition of developing specialized cutting 

plane methods to solve many challenging integer programming models.  In particular, the mixed 

integer program studied by Padberg, Van Roy, and Wolsey (1985) has some similarities with the 

WCND problem that we study in this chapter.  The feasible region for both problems is defined 

by, among other types of constraints, some simple additive constraints.  The problem in Padberg 

et al. (1985) can be viewed as a capacitated network model in which one must choose the flow on 

each capacitated arc that is incident from the source node such that the total flow from the source 

node does not exceed (or is no less than) a specified value.  In their model, the flow variables can 

take fractional values; in contrast, the WCND problem we study require a single path for each 

commodity and so our flow variables are binary.  Because of such difference, the flow cover 

inequalities developed in Padberg et al. (1985) do not directly apply to the WCND problem.  The 
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cover inequalities and the lifting procedures in Nemhauser and Wolsey (1988), however, do apply 

to the WCND problem.  In Section 4.4, we introduce several enhancements of the cover 

inequalities by exploring the special structure of the WCND problem. 

We attempt to solve the WCND problem using the cutting-plane approach.  Unlike the 

uncapacitated network design problem (Balakrishnan, Magnanti, and Wong 1989), solving the 

linear programming relaxation of the routing subproblem with fixed design variables (i.e., 

permitting the xij
k  values to be continuous, but with yij values fixed at zero or one so as to form a 

network design containing feasible routes for all commodities) does not guarantee finding an 

integral routing solution.  Specifically, the linear programming solution to the WCND problem 

can select fractional values for the design and routing variables to minimize cost in two ways: (i) 

it can split the flow of a commodity k among multiple origin-to-destination routes, some of which 

may be infeasible (i.e., have a total weight exceeding the upper limit Vkq, for one or more service 

metrics) but have lower cost.  To meet the service requirements (4.4), the solution must also route 

some fraction of flow on feasible routes so that the convex combination of path weights does not 

exceed the upper limit; and/or (ii) the solution can set design variables for certain arcs to 

fractional values, thus not incurring the full fixed cost of these arcs, by routing only a portion of a 

commodity’s flow on these arcs.  Again, the solution selects multiple routes for some 

commodities and routes only a portion of the total flow on each route.  For the case of multiple 

commodities, even if all the selected routes are feasible, the linear programming solution may still 

split the flow among multiple routes (see Figure 4.10 for an example). 

Based on these observations, we seek valid inequalities that attempt to: (i) prevent routing 

commodities on infeasible paths; and, (ii) induce design variable values closer to one even when 

only fractional demands are routed on an arc.  To meet these objectives, we have developed three 

broad classes of inequalities, and several distinct families of cuts within each class.  The first two 

classes of inequalities, cardinality and contingent routing inequalities, focus on restricting the 

values of the routing variables in the linear programming solution for individual origin-to-

destination commodities.  In particular, based on insights regarding feasible routes, these 

constraints inter-relate the routing decisions on multiple arcs for each commodity.  The third 

family of inequalities, route-coordination forcing inequalities, is distinctive because it captures 

the interaction among the routing decisions for different commodities and the design decisions for 

arcs on this route.  In the following sections, we discuss each class of inequalities in detail. 
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4.4  Cardinality Inequalities 

The service constraints (4.4) of the WCND model resemble the constraints of the classical 

knapsack problem: for any service metric q and commodity k, we must select arcs (to form a 

route for this commodity) whose total weight does not exceed the upper limit (or knapsack 

capacity) Vkq.  Therefore, cutting planes analogous to the cover inequalities (see Nemhauser and 

Wolsey 1988), proposed for the knapsack problem, can apply to the WCND problem.  In this 

section, we first discuss methods for strengthening the cover inequalities by exploring the special 

structure of the WCND problem. Then, we introduce the concept of strong cover, based on which 

we develop a new class of inequalities, which we call the r-incompatible inequality.  A common 

feature of the cover and r-incompatible inequalities is that the RHS of the constraint is a non-

negative integer, which corresponds to the maximum number of the arcs that any feasible route 

can select from the subset of arcs on the LHS of the constraint. 

4.4.1  Cover inequalities 

Define an arc set C as a cover for commodity k and metric q if the condition 

  wij
q xij

k

i, j( )∈C
∑ > V kq    for k ∈ K, q ∈ Q,   (4.7) 

holds.  It follows from constraint (4.4) that at least one arc in set C does not belong to any  

feasible route for commodity k.  Thus, the cover inequality 

  xij
k

i, j( )∈C
∑ ≤ C −1         (4.8) 

is valid.  We will refer to arcs in a cover as base arcs, and inequality of the form (4.8) as the base 

cover inequality.  This inequality is tightest when the set C is a minimal cover, i.e., when 

C does not contain any proper subset that is also a cover.  Note that a cover for the WCND 

problem is always with respect to a service metric q ∈ Q and a commodity k ∈ K.  For purpose of 

exposition, we suppress the superscript q for the remaining discussions on valid inequalities, and 

suppress the superscript k for all but the route coordinating inequalities in Section 4.6.  Next, we 

discuss several ways to strengthen the cover inequality. 

4.4.2  Lifting the cover inequalities 

Observe that a feasible route can never have two arcs that start from or end at the same node,  

So, a cover inequality based on a subset of arcs that contains at least two such coincident arcs 
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(that share the start or end node) will not be violated by any LP solution.  However, a feasible 

solution can never violate the cover inequalities based on such cover.  Therefore, for the 

remaining discussion, we assume that a cover does not contain coincident arcs. 

First, we consider heavy arcs whose weight is greater than that of every arc in a cover.  For a 

cover C, let the weights of arcs in set C be arranged in a decreasing order and indexed from w(1) 

to w |C |.  For any arc (i, j) ∉ C, let λij be a positive integer such that wij ≥ w(l )

l=1

λij∑ .  Then, we can 

lift the cover inequality by adding the arc routing variable corresponding to arc (i, j) to the left-

hand side with coefficient λij, i.e., we can impose the tighter restriction 

xhl(h,l )∈C∑ + λij xij ≤ C −1 instead of constraint (4.8). 

In general, given a cover C, a subset Ψ ⊆ A\C, and the associated coefficient λij with 

}:max{
1

)(∑ =
+ ≥∈=

h

l
l

ijij wwZhλ  for every arc (i, j) ∈ Ψ, the inequality 

  xij
i, j( )∈C
∑ + λij xij

(i, j )∈Ψ

∑ ≤ C −1       (4.9) 

is valid.  Because the lifted arcs in the LHS are all heavier than the base arcs in set C, we refer to 

constraint (4.9) as heavy lifting. 

To prove its validity, consider any subset Ψ' ⊆ Ψ.  The total weight of the arcs in Ψ' is 

wij(i, j )∈ ′ Ψ 
∑ .  Let θ( ′ Ψ ) = λij(i, j )∈ ′ Ψ 

∑ .  Then, wij(i, j )∈ ′ Ψ 
∑ ≥ w(l )

l=1

λij∑(i, j )∈ ′ Ψ 
∑ ≥ w(l )

l=1

θ ( ′ Ψ )∑ .  

Because wij(i, j )∈C∑ = w(l )

l=1

θ ( ′ Ψ )∑ +          w(l )

l=θ ( ′ Ψ )+1

|C |∑ > V , thus, a feasible route that contains all 

arcs in set Ψ' can include at most |C| − θ(Ψ') − 1 arcs from set C.  Therefore, the LHS of 

constraint (4.9) must be at most |C| − 1. 

In constraint (4.9), the lifted heavy arcs in the LHS do not have to be related (i.e., share the 

start or end node) with any arc in the cover.  For any arc set L, we refer to arcs that do not share 

the start or end node with the base arcs in L as unrelated arcs.  Conversely, we refer to arcs that 

share a start and/or end node with some base arc in the cover as coincident arcs.  For example, in 

Figure 4.1, arc (i1, l) is a coincident arc with respect to base arc (i1, j1) and arc (g, j2) is a 

coincident arc with respect to base arc (i2, j2). 

When an arc (i, j) shares its start node i with a base arc and shares its end node j with another 

base arc, we refer to arc (i, j) as a shortcut arc.  For instance, in Figure 4.2, (i1, j2), (j2, i1), (i2, j3), 
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and (i3, j4) are all incident to and from two base arcs and thus are shortcut arcs.  Because every 

shortcut arc is coincident with two base arcs, a shortcut arc is a special type of coincident arc. 

For any arc set L, define CO(L) ={(i, j) ∈ A: (i, l) ∈ L or (l, j) ∈ L for all l ∈ N } as the set of 

coincident arcs, and SC(L) ={(i, j) ∈ A: (i, l) ∈ L for some l ∈ N and (h, j) ∈ L for some h ∈ N} 

as the set of shortcut arcs with respect to set L.  Thus, SC(L) ⊆ CO(L).  Also, let UN(L) = A\ (L ∪ 

CO(L)) be the set of unrelated arcs. 

 

Figure 4.1  Coincident arcs 

 

 

Figure 4.2  Shortcut arcs 

Given a set of base arcs L and its coincident arc set CO(L), for a subset Φ ⊆ CO(L), define 

ζ(Φ, L) as the set of base arcs that are coincident with the arcs in Φ, i.e., ζ(Φ, L) = {(i, j) ∈ L: 

some (i, l) ∈ Φ or some (h, j) ∈ Φ}.  Also, for any path p, define A(p) as the set of arcs contained 

in path p, and N(p) as the set of nodes on path p.  For a network G:(N, A), define δ+(i) as the set of 

arcs that start from node i, i.e., δ+(i) = {(i, j): j ∈ N and (i, j) ∈ A}, and δ− (i) as the set of arcs that 

end at node i, i.e., δ− (i) = {(j, i): j ∈ N and (j, i) ∈ A}.   
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Observation 4.1  By definition of ζ(Φ, L), if a feasible route contains all the arcs in set Φ, then, it 

must not contain any arc in the set ζ(Φ, L). 

Next, we introduce some methods for lifting coincident and shortcut arcs based on this 

observation. 

Lifting coincident arcs 

Consider the example in Figure 4.1.  Observe that if   wi1l ≥ wi1 j1
, then we can add the routing 

variable corresponding to arc (i1, l) to the LHS of the base cover inequality, i.e., 

1
1),(

−≤+∑ ∈
Cxx liCji ij .  In fact, we can lift all arcs that are incident from node i1 and heavier 

than arc (i1, j1), all arcs that are incident from node i2 and heavier than arc (i2, j2), and all arcs that 

are incident from node i3 and heavier than arc (i3, j3), i.e., 

xij
i, j( )∈C
∑ + xi1 j

(i1 , j ):wi1 j ≥wi1 j1
(i1 , j )∈A \C

∑ + xi2 j
(i2 , j ):wi2 j ≥wi2 j2
(i2 , j )∈A \C

∑ + xi3 j
(i3 , j ):wi3 j ≥wi3 j3
(i2 , j )∈A \C

∑ ≤ C −1. 

To generalize the above example, define +
ijHC  ={(i, l)∈δ+(i): wil ≥ wij, l ≠ j} as the set of 

heavier tail-coincident arcs with respect to arc (i, j), and −
ijHC  ={(l, j)∈δ− (j): wlj ≥ wij, l ≠ i} as 

the set of heavier head-coincident arcs with respect to arc (i, j); and let HCij   = +
ijHC  ∪ 

−
ijHC .  Let 

U Cji ijC HC
∈

=Ω
),(

 be the set of heavier coincident arcs with respect to cover C.  Let Ω'C ⊆ ΩC 

be an arc subset such that, for every arc (i, j)∈C, the set Ω'C  does not contain arcs that are both 

head-coincident and tail-coincident with this arc (i, j) , i.e., 

 for any arc (i, j) ∈ C, (δ+(i) ∩ Ω'C) = ∅, or (δ− (j) ∩ Ω'C) = ∅.      (4.10) 

Then, the lifted cover inequality   

  xij
(i, j )∈C
∑ + xij

(i, j )∈ ′ Ω C

∑ ≤ C −1       (4.11) 

is valid.  To prove the validity, let p be any simple feasible route (visiting each node at most 

once), and let Φ = Ω'C ∩ A(p).  Note that the set Φ does not contain coincident arcs because the 

path p is simple.  Also, because the set Φ satisfies condition (4.10), any arc pair in Φ cannot be 

associated with the same base arc in set C.  Thus, the number of base arcs that the arc set Φ is 

associated with is greater than or equal to |Φ|, i.e., |ζ(Φ, C)| ≥ |Φ| (strictly greater, if Φ contains 

shortcut arcs).  Since the arcs in set Φ are heavier coincident arcs, we have 
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wij(i, j )∈Φ
∑ ≥ wij(i, j )∈ζ (Φ, C )∑ .  Thus, wij(i, j )∈C \ζ (Φ, C )∑ + wij(i, j )∈Φ

∑ ≥ 

wij(i, j )∈C \ζ (Φ, C )∑ + wij(i, j )∈ζ (Φ, C )∑ = wij(i, j )∈C∑  > V. 

So, the arc subset C\ζ(Φ, C) ∪ Φ is a cover.  Therefore, any feasible path cannot select all 

arcs from the sets C\ζ(Φ, C) ∪Φ.  Therefore, the number of LHS variables that can take a value 

of one is less than or equal to |Φ| + |C\ζ(Φ, C)| − 1 = |Φ| + |C| − |ζ(Φ, C)| − 1 ≤ |C| − 1. 

Can we lift both arc (i1, l) and arc (g, j1) in Figure 4.3? 

Figure 4.3 gives an example of a cover with two coincident arcs associated with arc (i1, j1) in 

the cover.  The number on each arc is the weight associated with that arc.  Because 

wi1 j1 + wi2 j2
+ wi3 j3

>15, the base cover inequality xi1 j1 + xi2 j2
+ xi3 j3

≤ 2  is valid. 

 

Figure 4.3  Lifting coincident arcs 

Moreover, we can lift the inequality by adding the arc routing variable corresponding to 

either arc (i1, l) or arc (g, j1) to the left-hand side, that is, xi1l + xi1 j1 + xi2 j2
+ xi3 j3

≤ 2 or 

xgj1 + xi1 j1 + xi2 j2
+ xi3 j3

≤ 2.  However, even though arc (i1, l) and arc (g, j1) are both heavier than 

the base arc (i1, j1), it is not valid to lift both arcs (i1, l) and (g, j1).  That is, the inequality 

      xi1l + xgj1 + xi1 j1 + xi2 j2 + xi3 j3 ≤ 2       (4.12) 

is not valid.  To see why, notice that the total weight of arc (i1, l), (g, j1), and (i2, j2) is less than the 

weight limit 15, and so a feasible solution can potentially contain all these three arcs, which 

violates the inequality (4.12). 
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Lifting shortcut arcs 

Every shortcut arc is incident to two base arcs.  So, for any optimal route that contains one 

shortcut arc, the flow conservation equations in (4.2) will automatically prohibit two base arcs 

from being selected.  Thus, we can lift the base cover inequality by adding the arc routing 

variable with respect to any shortcut arc, regardless of the arc weight, to the LHS.  For the 

example in Figure 4.2, the inequality xij(i, j )∈C∑ + xgh ≤ 3 for (g, h) ∈ {(i1, j2), (i2, j1), (i2, j3), (i3, 

j4)} is valid.  To see if we can lift more than one shortcut arc, let us consider the example in 

Figure 4.2,  Observe that the shortcut arcs (i1, j2), (i2, j3), and (i3, j4) are incident to four base arcs.  

So, any feasible route that contains all of the three arcs, (i1, j2), (i2, j3), and (i3, j4), cannot include 

the associated four base arcs.  Thus, we can lift shortcut arcs (i1, j2), (i2, j3), and (i3, j4), i.e., 

xij(i, j )∈C∑ + xi1 j2
+ xi2 j3

+ xi3 j4
≤ 3. 

Given a set Ω, define }:{)( hh =ΓΩ⊆Γ=Ω  as the set of subsets of Ω that contains h 

elements.   

We say that an arc subset Φ does not contain mutually non-coincident arcs if, for any pair of 

arcs (i, j), (h, l)∈Φ, we must have i ≠ h and j ≠ l. 

Shortcut lifting  Given a cover C and a subset of the associated shortcut arcs SSC(C) ⊆ 

SC(C), we can lift all arcs in SSC(C) with coefficient one if the following condition is satisfied: 

for every subset Φ ⊆ SSC(C) that does not contain mutually coincident arcs, either 

(a) |Φ| < |ζ(Φ, C)|, or 

(b) |ζ(Φ, C)| ≤ |Φ| ≤ |C| − 1, and wij(i, j )∈Φ
∑ ≥ wij(i, j )∈ζ (Φ,C )∑ + w(l )

l=1

|Φ|−|ζ (Φ,C )|∑ . 

The lifted inequality has the form of: 

  xij
i, j( )∈C
∑ + xij

(i, j )∈SSC(C )
∑ ≤ C −1.       (4.13) 

To prove the validity, for any feasible path p, let Φ' = SSC(C) ∩ A(p).  Since path p contains all 

the shortcut arcs in Φ', this path cannot contain a base arc that is coincident to any of the arcs in 

Φ', i.e., A(p) ∩ ζ(Φ', C) = ∅.  If |Φ| < |ζ(Φ, C)|, or |Φ| ≤ |ζ(Φ, C)| − 1, then, the LHS of constraint 

(4.13) is less than or equal to |C\ζ(Φ, C)| + |Φ| ≤  |C\ζ(Φ, C)| + |ζ(Φ, C)| − 1 = |C| − 1.  Therefore, 

constraint (4.13) is valid.  If |Φ| ≥ |ζ(Φ, C)|, let h = |Φ| − |ζ(Φ, C)|.  By Observation 4.1, selecting 
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arcs in set Φ prevents the arcs in ζ(Φ, C) from being selected.  Also, since C is a cover and 

ζ(Φ, C) ⊆ C, so, 

   wij(i, j )∈ζ (Φ,C )∑ + wij(i, j )∈C \ζ (Φ,C )∑ > V .     (4.14) 

And, for any )),(\()),(\( hCCCC −ΦΦ∈Γ ζζ , we have 

w(l )

l=1

h∑ + wij(i, j )∈Γ
∑ > wij(i, j )∈C \ζ (Φ,C )∑ . 

Adding the above inequality with inequality (4.14), we have wij(i, j ) ∈ ζ (Φ,C )∑ + w(l )

l=1

h∑ +  

wij(i, j ) ∈  Γ∑ > V .  It follows from condition (b) that wij(i, j ) ∈  Φ∑ + wij(i, j ) ∈  Γ∑ > V .  Thus, if a 

feasible route selects arcs in set Φ, it can select at most |C| − |Φ| − 1 arcs from set C.  Therefore, 

the value of the LHS must not exceed |C| − 1 in feasible path. 

Now, we further strengthen the inequality (4.13) by incorporating the possibility of increasing 

the coefficients of some of lifted shortcut arcs above one. 

Strengthened shortcut lifting Given a cover C and a subset of the associated shortcut 

arcs SSC(C) ⊆ SC(C), we can lift all arcs in SSC(C) with coefficient aij ≥ 1 for every (i, j) ∈ 

SSC(C) if the following condition is satisfied: For every subset Φ ⊆ SSC(C) that does not contain 

arcs that are mutually coincident, i.e., such that for any (i, j), (h, l) ∈ Φ, i ≠ h and j ≠ l, either 

(a) aij(i, j )∈Φ∑ < ζ (Φ, C) , or 

(b) ζ (Φ, C) ≤ aij
(i, j )∈Φ

∑ ≤ C −1 and wij(i, j )∈Φ
∑ ≥ wij(i, j )∈ζ (Φ,C )∑ + w(l )

l=1

|Φ|−|ζ (Φ,C )|∑ . 

The lifted inequality is 

  xij
i, j( )∈C
∑ + aij xij

(i, j )∈SSC(C )
∑ ≤ C −1.       (4.15) 

We can establish the validity of constraint (4.15) by using similar arguments as in the proof 

for constraint (4.13).  Also, we will later provide a complete proof for a more general case 

(constraint 4.16). 

So far we have studied lifting methods for single types of arcs, namely, constraints (4.9) for 

heavy arc lifting, constraint (4.11) for heavy coincident lifting, and constraints (4.13) and (4.15) 
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for shortcut lifting.  Next, we present a method to concurrently lift the coefficients for different 

types of arcs. 

PROPOSITION 4.2  (Mixed lifting) Given a cover C and an arc subset Ω ⊆ A\C, we can lift 

the arcs in Ω with coefficient aij  ≥ 1 for every (i, j) ∈ Ω, if the following condition is satisfied: For 

every subset Φ ⊆ Ω that does not contain arcs that are mutually coincident, i.e., for any (i, j), (h, 

l) ∈ Φ, i ≠ h and j ≠ l, either 

(a) aij(i, j )∈Φ
∑ < ζ (Φ, C) , or 

(b) ζ (Φ, C) ≤ aij(i, j )∈Φ
∑ ≤ C −1 and wij(i, j )∈Φ

∑ ≥ wij(i, j )∈ζ (Φ,C )∑ + w(l )

l=1

|Φ|−|ζ (Φ,C )|∑ . 

The lifted inequality has the form 

  xij
i, j( )∈C
∑ + aij xij

(i, j )∈Ω

∑ ≤ C −1.       (4.16) 

Proof.  Consider a feasible route p and define Φ = A(p) ∩ Ω.  By observation 4.1, the LHS of 

constraint (4.16) is less than or equal to C \ζ (Φ, C) + aij(i, j )∈Φ
∑ .  If aij(i, j )∈Φ

∑ < ζ (Φ, C) , or 

aij(i, j )∈Φ
∑ ≤ ζ (Φ, C) −1, then, C \ζ (Φ, C) + aij(i, j )∈Φ

∑ ≤ C \ζ (Φ, C)  +  ζ (Φ, C) −1 = C −1.  

Therefore, constraint (4.16) is valid. 

Now consider the case where aij(i, j )∈Φ
∑ ≥ ζ (Φ, C)  and let h = aij(i, j )∈Φ

∑ − ζ (Φ, C) .  Since C 

is a cover and ζ(Φ, C) ⊆ C, we have 

  wij(i, j )∈ζ (Φ,C )∑ + wij(i, j )∈C \ζ (Φ,C )∑ > V .       (4.17) 

Also, for any )),(\()),(\( hCCCC −ΦΦ∈Γ ζζ , we have  

  w(l )

l=1

h∑ + wij(i, j )∈Γ
∑ > wij(i, j )∈C \ζ (Φ, C )∑ . 

Adding the above inequality with inequality (4.17), we get 

wij(i, j )∈ζ (Φ, C )∑ + w(l )

l=1

h∑ + wij(i, j )∈Γ
∑ > V .  It follows then from condition (b) that 

wij(i, j )∈Φ
∑ + wij(i, j )∈Γ

∑ > V  for any )),(\()),(\( hCCCC −ΦΦ∈Γ ζζ .  Thus the LHS of the 

inequality (4.16) is less than or equal to C \ζ (Φ, C) − h + aij(i, j )∈Φ∑ −1 or 
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C − ζ (Φ, C) − h + aij(i, j )∈Φ∑ −1. 

Substituting h = aij(i, j )∈Φ
∑ − ζ (Φ, C)  into the above expression, we have the LHS of inequality 

(4.16) is less than or equal to |C|−1.  Therefore, the constraint (4.16) is valid.     

In Section 4.8.1, we discuss methods for choosing the set Ω and determining the coefficient 

aij for each arc in the set Ω. 

4.4.3  r-incompatible inequalities 

In this section, we introduce a new class of inequality, the r-incompatible inequality, which 

consists of two subclasses of inequalities, (1) r−arc inequality which are based on a subset of arcs 

that cannot belong to any feasible path, and (2) r−node inequality which are based on a subset of 

incompatible nodes that cannot belong to any feasible path.  WeW first introduce the notion of 

strong cover.   

 

Figure 4.4  Strong infeasibility 

Define SPij as the length of the shortest i-to-j path, using arc weights as arc lengths, in the 

original graph G.  Consider the two arcs (i1, j1) and (i2, j2) in Figure 4.4 with     wi1 j1 = 8 and 

    wi2 j2 = 5 and the commodity (s, t) with the weight limit 15.  The arc subset {(i1, j1), (i2, j2)} is not 

a cover according to condition (4.7) because   wi1 j1 + wi2 j2 = 13 < 15.  However, there are other arcs 

involved in forming an s-to-t path, e.g., arcs that connect the origin s to node i1 or i2, arcs that 

connect the two arcs, and arcs that connect node j2 or j1 to the destination t.  Thus, we can 

represent the length of the shortest s-to-t path that contains arc (i1, j1) and (i2, j2) as 

min{SPs,i1 + wi1 j1 + SPj1 ,i2 + wi2 j2
+ SPj2 ,t , SPs,i2 + wi2 j2

+ SPj2 ,i1 + wi1 j1 + SPj1 ,t }.   (4.19) 

The two terms in expression (4.19) correspond to the lengths of the shortest paths that visit the 

two arcs in different sequences.  Notice that both terms in (4.19) contain   wi1 j1 + wi2 j2 .  Thus, as 
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long as min{SPs,i1 + SPj1 ,i2 + SPj2 ,t ,SPs,i2 + SPj2 ,i1 + SPj1 ,t } > 2, which means that the length of the 

shortest path including both arc (i1, j1) and (i2, j2) is greater than 15, we can conclude that {(i1, j1), 

(i2, j2)} is a cover.   

Definition 4.1.  Given an arc set L, we say that the arcs in set L are incompatible if the length of 

the shortest path that includes all arcs in L exceeds the weight limit V.  If the arcs in L are 

incompatible, we say that the set L is a strong cover.  It follows that the arcs in any (weak) cover, 

that satisfy condition (4.7) is also a strong cover. 

r-arc inequality 

Consider an arc set L such that for any subset L' ⊆ L that contains r arcs, the arcs in L' are 

incompatible.  Then, the inequality 

  xij
(i, j )∈L
∑ ≤ r −1         (4.20) 

is valid.  We refer to the above inequality as the r-arc inequality.  Next, we consider two special 

cases where r = 2 or 3 . 

(a) r = 2.  If every pair of arcs in the subset L are incompatible, then, we have the RHS value 

equal to 1.  In particular, let L1 and L2 be, respectively, two subsets of coincident arcs such that 

the arcs in these two subsets are mutually incompatible, i.e., for every arc (i, j) ∈ L1 and (g, h) ∈ 

L2, we have VSPwSPwSP htghjgijsi >++++  and VSPwSPwSP jtijhighsg >++++ .  Then,  

  1
21),(

≤∑
∪∈ LLji

ijx         (4.21) 

is a valid inequality.   

(b) r = 3.  If in the subset L at most two arcs are compatible, then, the RHS value equals 2 for the 

r-arc inequality.  If an arc (i, j) in the set L is incompatible with every other arc in L, then we can 

set the coefficient of (i, j) to 2.  In general, let L' be a subset of L such that every arc in L' is 

incompatible with every other arc in L, then, the inequality 

  22
),(\),(

≤+ ∑∑
′∈′∈ Lji

ij
LLji

ij xx         (4.22) 

is valid.  If any feasible solution contains one arc from set L', then it must not contain any other 

arc in set L.  So, the lifted r-arc inequality in (4.22) is valid. 
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Observe that, if the subset L' = L in the constraint (4.22), then all arcs on the LHS receive 

coefficients of 2.  In such situation, dividing by 2 on both side of the constraint (4.22), we obtain 

an r-arc inequality with r = 2δ.   

r-node inequality 

Similar to the idea of the r-arc inequality, the variables on the LHS can be based on a subset 

of incompatible nodes.  In particular, we say that a node set S is 2-incompatible if, for any two 

nodes i, j ∈ S, VSPSPSP jtijsi >++  and VSPSPSP itjisj >++ .  And, a node set S is 3-

incompatible if, for any three nodes i, j, l ∈ S, we have  

VSPSPSPSP ltjlijsi >+++ , VSPSPSPSP jtljilsi >+++ , VSPSPSPSP ltiljisj >+++  ,  

VSPSPSPSP itlijlsj >+++ , VSPSPSPSP jtijlisl >+++ , and VSPSPSPSP itjiljsl >+++ .  In 

general, consider a node subset S with |S| ≤ r such that any feasible path can pass at most r −1 

nodes in the set S.  In this case, we say that the nodes in S are r-incompatible.  Also, the 

inequality 

  1
)(),(

−≤∑ ∑
∈ ∈ +

rx
Si iji

ij
δ

       (4.23) 

is valid. 

4.4.4  Strengthening the cardinality inequalities 

In this section, we study how to calculate the smallest RHS value for the cover and r-arc 

inequalities. 

For an arc set L that corresponds to the LHS variables in the cover or r-arc inequalities, let 

β(L) be the maximum number of arcs any feasible path can select from set L.  For any subset of 

arcs L, let J(L) = {j ∈ N: (i, j) ∈ L} and I(L) = {i ∈ N: (i, j) ∈ L} be, respectively, the set of end 

nodes and start nodes for arcs in set L.  Define A(H) as the set of arcs in a subgraph H, and N(H) 

as the set of nodes in subgraph H.  Next, we develop a procedure to find an upper bound of β(L), 

which we denote as ˆ β (L) . 

Construct a graph G' as follows.  Let the node set N(G') = N(L) ∪ {s, t}.  To define the arc 

set, let OA = {(s, i): some (i, j) ∈ L, i ≠ s} be the set of arcs that connect the origin s with the start 

node of each arc in set L; let DA = {(j, t): some (i, j) ∈ L, j ≠ t} be the set of arcs that connect the 

end node of each arc in set L with the destination t; and let AA = {{(j, g), (h, i)}: for every arc pair 

(i, j), (g, h) ∈ L} be the set of arcs connecting each pair of arcs in set L.  Finally, let BA = OA ∪ 
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DA ∪ AA.  Then, we set the arc set A(G') = L ∪ BA.  For each arc (i, j) ∈ L, let the associated arc 

weight ′ w ij  be the same as defined in the original graph, i.e., ′ w ij = wij .  For each arc (i, j) ∈ BA, 

set the arc weight ′ w ij  as the shortest path length from node i to node j in the original graph, i.e., 

′ w ij  = SPij. 

Let DSP(j, h) be the length of the shortest path in graph G' from origin s to node j that 

includes exactly h arcs from set L in graph G'.  Let RSP(j, h) be the length of the shortest path 

from origin s to node j that includes h arcs from the set L with the last arc on the path being an arc 

from set L.  Let BSP(j, h) be the length of the shortest path from origin s to node j that includes h 

arcs from the set L with the last arc on the path being an arc from set BA. 

Dynamic program for finding ˆ β (L) : 

Initialization 

Set DSP(i, h) = RSP(i, h) = ∞ for every i ∈ G' and 0 ≤ h ≤ |L|.  For every arc (s, j) ∈ 

OA, set DSP(j, 0) = ′ w sj .  Set h = 1. 

Iterative steps 

Step 1: For every end node j ∈ J(L) 

For a subset of arcs B(j) = {(i, j) ∈ δ−( j) ∩ L: h − aij ≥ 0}, set RSP(j, h) = 

min(i, j )∈B( j ){DSP(i,h − aij ) + ′ w ij }. 

Step 2: For every start node j ∈ I(L), set  

BSP( j,h) = min(i, j )∈δ − ( j )∩BA{RSP(i ,h) + ′ w ij } 

For every node j ∉ I(L), set BSP(j, h) = ∞. 

For every node N(G')\{s, t} spanned by arcs in L, set DSP(j, h) = 

min{RSP(j,h), BSP(j,h)}. 

Set DSP(t, h) = minj∈N(G'){DSP(t, h), DSP(j, h) + SPjt}. 

Step 3: If DSP(t, h) > V, stop, ˆ β (L)  = h − 1; else, set h = h + 1, repeat. 

Note: The above procedure is valid if graph G' does not contain negative cycles. 

PROPOSITION 4.3.  The above dynamic program finds the upper bound ˆ β (L) . 
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Proof. We show that no feasible route can include more than ˆ β (L)  arcs from the subset L.  

Without loss of generality, we focus on the case where aij ≥ 1 for every (i, j) ∈ L. Define W(p) as 

the length of path p. 

First, we show, by induction on h, that DSP(j, h) is the length of the shortest s-to-j path that 

contains exactly h arcs from subset L from graph G'.. 

If h = 1, in Step 1, because the set B(j) contains all arcs from set L that ends at node j, So, RSP(j, 

1) = min(i, j )∈B( j ){DSP(i ,0) + ′ w ij } is the length of the shortest s-to-j path that contains and ends 

with one arc from set L. 

For Step 2, define P1 as the set of s-to-j paths such that (1) any p ∈ P1 contains exactly one arc 

from subset L, and (2) the last arc on any p ∈ P1 belongs to the subset BA.  We show that, in Step 

2, BSP(j, 1) = minp ∈P1
W ( p) .  Observe that BSP(j, 1) = min(i, j )∈δ − ( j )∩BA{RSP(i, 1) + ′ w ij } = 

minp ∈ ′ P 1 W ( p)  where ′ P 1  = {p ∈ P1: the next to last arc on path p belongs to subset L}. 

Suppose, for contradiction, there exists a path p0 ∈ P1 such that W(p0) < minp ∈ ′ P 1 W ( p) , and, if 

the only arc on path p0
 that belongs to subset L is (u, v), the number of arcs (from subset BA) 

between node v and node j on path p0 is greater than 1.  Denote the path segment on path p0 from 

node v to node j as v-i1-i2…-id…j.  So, we can write the total length of path p0 as 

W ( p0) = RSP(v, 1) + ′ w v,i1 + ′ w i1 ,i2 + ...+ ′ w id j . 

Now, consider path p' that contains the same path segment as path p0 from node s to node v.  

After node v, however, path p' has a single arc (v, j) ∈ BA. So, p' ∈ ′ P 1 .  It follows that the length 

of path p' is W ( ′ p ) = RSP(v, 1) + ′ w vj .  Because the arcs on path segment v-i1-i2…-id…j belong to 

subset BA, by definition of weight of arcs in set BA, we have 

′ w v,i1 + ′ w i1 ,i2 + ...+ ′ w id j = SPv,i1 + SPi1 ,i2 + ...+ SPid , j , which is greater than or equal to SPvj .  So, W(p0) 

≥ W(p'), contradiction with the assumption W(p0) < minp ∈ ′ P 1 W ( p) .  Therefore, BSP(j, 1) = 

minp ∈ ′ P 1 W ( p) .  Since the last arc of any path in graph G' belongs to either subset L or subset BA, 

DSP(j, 1) must be length of the shortest s-to-j path that contains one arc from subset L. 

Suppose the hypothesis holds for h ≤ d > 0 and d is an integer.  Consider h = d + 1.  In Step 1, 

because aij ≥ 1,  we have d + 1 − aij ≤ d.   Thus, by our hypothesis, DSP(i, d + 1 − aij) is the length 

of the shortest s-to-i path that includes d +1 − aij arcs from L.  Thus, RSP(j, d + 1) = 

min(i, j )∈B( j ){DSP(i,d +1− aij ) + ′ w ij } is the length of the shortest s-to-j path that ends with an arc 

from set L and includes d + 1 arcs from L. 
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For Step 2, define Pd+1 as the set of s-to-j paths that contain d + 1 arc from subset L and the last 

arc on the path is an arc from the subset BA.  We show that BSP(j, d + 1) = minp ∈Pd+1
W ( p) .  

Observe that BSP(j, d + 1) = min(i, j )∈δ − ( j )∩BA{RSP(i,d +1) + ′ w ij } = minp ∈ ′ P d+1
W ( p)  where ′ P d +1 = 

{p ∈ Pd+1: the next to last arc on path p belongs to subset L}. 

Suppose, for contradiction, there exists a path p0 ∈ Pd+1 such that W(p0) < minp ∈ ′ P d+1
W ( p) , and, if 

the last arc from subset L on path p0 is (u, v), the number of arcs (from subset BA) between node v 

and node j on path p0 is greater than 1.  Denote the path segment on path p0 from node v to node j 

as v-i1-i2…-ir-j.  So, we can write the total length of path p0 as 

W ( p0) = RSP(v,d +1) + ′ w v,i1 + ′ w i1 ,i2 + ...+ ′ w ir j . 

Now, consider path p' that contains the same path segment as path p0 from node s to node v.  

After node v, however, path p' has a single arc (v, j) ∈ BA. So, p' ∈ ′ P d +1.  It follows that the 

length of path p' is W ( ′ p ) = RSP(v,d +1) + ′ w vj .  Because all arcs on path segment v-i1-i2…-ir-j 

belong to subset BA, by definition of weight of arcs in set BA, we have 

′ w v,i1 + ′ w i1 ,i2 + ...+ ′ w ir j = SPv,i1 + SPi1 ,i2 + ...+ SPir , j , which is greater than or equal to SPvj .  So, W(p0) 

≥ W(p'), contradiction with the assumption W(p0) < minp ∈ ′ P d+1
W ( p) .  Therefore, BSP(j, d + 1) = 

minp ∈ ′ P d+1
W ( p) .  Since the last arc of any path in graph G' belongs to either subset L or subset 

BA, DSP(j, d + 1), calculated as min{RSP(j, d + 1), BSP(j, d + 1)} in Step 2, must be the length of 

the shortest s-to-j path that contains d + 1 arcs from subset L. 

Second, we show that DSP(j, h) is increasing in h.  Let p be a shortest s-to-j path that contains h 

arcs from the subset L.  Arrange the arcs in the set A(p) ∩ A(L) as (i1, j1), …, and (ih, jh) in the 

order that they appear on path p.  Then, for any integer d < h, consider the path p' that consists of 

the path segment s to jd from path p and an arc (jd, j) ∈ BA.  Because 

SPjd j = ′ w jd j ≤ ′ w jd id+1
+ ′ w id+1 jd+1

+ ... ′ w ih jh
+ ′ w jh j = SPjd id+1

+ wid+1 jd+1
+ ...wih jh

+ SPjh j , so, W(p') ≤ 

W(p).  Therefore, DSP(j, d) ≤ BSP(j, d) ≤ W(p') ≤ W(p) = DSP(j, h).  So, DSP(j, h) increases in h.  

It follows, from definition of DSP(t, h), that DSP(t, h) also increases in h.  Thus, if DSP(t, h) > V 

for some h, DSP(t, h') > V for all h' > h.  Therefore, when the dynamic program terminates, we 

obtain an upper bound of β(L).         

4.5  Contingent Routing Constraints 

In this section, we introduce some inequalities for which the right-hand side (RHS) 

corresponds to a set of flow variables (as opposed to constant integers in the cardinality 
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constraints in the previous section).  For a given subset of the left-hand side (LHS) arcs, we are 

interested in identifying a set of RHS arcs such that any feasible path that uses some arc from the 

LHS set must also select some arcs from the RHS arc set.  We ensure the validity of these 

constraints by setting the coefficients of the RHS variables appropriately.  We refer to this type of 

inequalities as contingent routing inequality.  In this section, we will introduce three classes of 

such inequalities, infeasible subgraph inequality, turn inequality, branch inequality, and cut flow 

inequality. 

4.5.1  Infeasible subgraph inequality 

In this section, we derive valid inequalities based on a connected subgraph that does not 

contain feasible paths. 

For a path p, define sp and tp, respectively, as the start node and end node of path p. 

Define infeasible subgraph as a connected subgraph that does not contain any feasible origin-

to-destination paths. 

Consider an infeasble sugraph H.  Let AO(H) = δ+[N(H)\{s}]\A(H) and BI(H) = 

δ− [N(H)\{t}]\A(H) be, respectively, the set of outlet bristle arcs and the set of inlet bristle arcs.  

Next, we develop a valid inequality with the arcs in A(H) on the LHS and the arcs in AO(H) ∪ 

BI(H) on the RHS.  For simplicity, we assume that each bristle arc is either outlet or inlet, but not 

both, i.e., AO(H) ∩ BI(H) = ∅.  We will consider the case AO'(H) ∩ BI'(H) ≠ ∅ subsequently for 

a special subgraph H. 

For every inlet bristle arc (l, i) ∈ BI(H), let its coefficient bli = maxp|A(p)| be the number of 

arcs on the longest-hop path segment p in graph H that (i) originates from node i, and (ii) is 

compatible with arc (l, i), i.e., SPsp t + wli + wij(i, j )∈A( p )∑ + SPt p t ≤ V .  Similarly, for every outlet 

bristle arc (i, l) ∈ AO(H), let its coefficient ail = maxp|A(p)| be the number of arcs on the longest-

hop path p in graph H that (i) ends at node i, and (ii) is compatible with arc (i, l), i.e., 

SPs,sp
+ wij(i, j )∈A( p )∑ + wil + SPlt ≤ V .  Then, the infeasible subgraph inequality has the form: 

  xij
(i, j )∈A( H )

∑ ≤ ail xil
i,l( )∈AO( H )

∑ + bli xli
l,i( )∈BI ( H )

∑ .      (4.25) 

To see the validity of constraint (4.25), consider any path segment p contained in set A(H).  If 

any feasible path includes the segment p, then it either uses some inlet bristle arc that is incident 

to node sp, or uses some outlet bristle arc that is incident from node tp, or both.  By definition, the 

coefficients of the inlet and outlet bristle arcs are greater than or equal to the number of arcs on 
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any path that is compatible with the corresponding bristle arc.  Thus, the value of the RHS, which 

is the sum of the coefficients of the bristle arcs, is greater than or equal to the value of LHS, 

number of selected arcs from graph H.  Therefore, constraint (4.25) is valid. 

Notice that, determining the coefficients of the outlet and inlet bristle arcs in constraint (4.25) 

entails solving the longest path problem, for which there is no known polynomial algorithm.  

Next, we consider a special case of the infeasible sugraph inequality (4.25) for which the 

determination of the coefficients is relatively easy. 

Now, we study the infeasible subgraph inequality by considering the case where the subgraph 

H is a path segment.  Let p be a path segment such that A(p) ⊆ A(G)\{δ+(t)∪δ− (s)} and p does not 

include any feasible s-to-t path.  Let d = | A(p)| be the number of arcs in set A(p), and we index 

the nodes on path p from i0, i1,…, to id.  Then, AO(p) = δ+[N(p)\{t}]\A(p) and BI(p) = 

δ− [N(p)\{s}]\A(p) are, respectively, the set of outlet bristle arcs and the set of inlet bristle arcs 

for path p.  Let SC(p) = AO(p) ∩ BI(p) be the set of shortcut arcs, i.e., arcs that belong to both the 

outlet and inlet bristle sets.  Also, let SC(p) = FSC(p) ∪ RSC(p) where FSC(p) contains all 

forward shortcut arcs (ih, iu) for h ≤ u + 2, and RSC(p) contains all reverse shortcut arcs (ih, iu) 

for h ≥ u + 2.  The specialized infeasible subgraph inequality, which we call infeasible path 

inequality, has the form 

xij
(i, j )∈A( p )

∑ ≤ ail xil
i,l( )∈AO( p )\ SC ( p )

∑ + blixli
l,i( )∈BI ( p )\ SC ( p )

∑ + lij xij
i, j( )∈FSC( p )

∑ + rij xij
i, j( )∈RSC( p )

∑ ,   (4.26) 

where 
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We can see that we need to include both the outlet and inlet bristle arcs on the RHS only 

when both the origin s and the destination t belong to path p.  Otherwise, if s ∉ N(p), we can 

exclude the outlet bristle arcs from the RHS, and if t ∉ N(p), we can exclude the inlet bristle arcs 

from the RHS. 

PROPOSITION 4.3. The infeasible path inequality (4.26) is valid.   

Proof.  Let p0 be an arbitrary feasible route, and let p' = A(p0) ∩ A(p).  For the case where i0 = s 

and id ≠ t, if A(p') ≠ ∅, then A(p0) ∩ AO(p) ≠ ∅.  That is, the feasible route p0 must contain some 



 

 - 154 -  

outlet bristle arc (it ′ p 
, j)  ∈ AO(p) since t ∉ N(p).  Consider two cases.  Case (i): RSC(p) = ∅.  

Because p' ⊆ p, the number of arcs before node it ′ p 
 on path p', which is the LHS value for 

constraint (4.26), must be less than or equal to the number of arcs before node it ′ p 
 on path p, 

which is the RHS value of constraint (4.26).  Now, we consider case (ii): RSC(p) ≠ ∅.  Notice 

that if we treat each reverse shortcut arc (iu, ih) as an outlet bristle, i.e., setting the coefficient 

riu ih = aiu ih = h , then the argument in case (i) can establish the validity.  However, we can do 

better.  Because the reverse arc (iu, ih) together with the path segment from ih to iu on path p form 

a cycle, a feasible simple path that selects arc (iu, ih) can not select all arcs between node ih and 

node iu on path p.  Thus, setting the coefficient of (iu, ih) as u − h − 1 is valid.  The proof for the 

second and third cases is similar. 

Consider the case where i0 = s and id = t.  Because p does not contain feasible s-to-t routes, so, 

A(p0) ∩ (AO(p) ∪ BI(p)) ≠ ∅.  If A(p0) ∩ AO(p) ≠ ∅, the feasible route p0 must use some outlet 

bristle arc (it ′ p 
, j) .  If A(p0) ∩ BI(p) ≠ ∅, the feasible route p0 must use some inlet bristle arc 

( ′ j , is ′ p 
) .  If (it ′ p 

, j)  and ( ′ j , is ′ p 
)  are not shortcut arcs, then, similar to case (i), the LHS value 

is the number of arcs before node it ′ p 
 on path p' and the RHS value is the number of arcs before 

node it ′ p 
 on path p. Because p' ⊆ p, the RHS value is greater than or equal to the LHS value.  

Now consider the case where (iu, ih) ∈ A(p0) ∩ (AO(p) ∪ BI(p)) is a reverse shortcut arc.  Without 

loss of generality, a feasible route does not contain a cycle.  So, the maximum number of arcs 

contained in the path segment p' = A(p0) ∩ A(p) is u − h − 1, i.e., from node h + 1 to node u on 

path segment p.  Therefore, setting the coefficient to u − h − 1 is sufficient.  Now consider the 

case where (iu, ih) ∈ A(p0) ∩ (AO(p) ∪ BI(p)) is a forward shortcut arc.  Notice that, if (iu, ih) ∈ 

A(p0), then, the feasible route p0 can select the path segment before node h on p and the path 

segment after node u on p.  So, the maximum number of arcs that belong to both p and p0 is h, the 

number of arcs before node h on segment p, plus d − u, the number of arcs after node u on 

segment p.  Thus, setting the coefficient s to h + d − u for the reverse arc is sufficient. 

The proof for the case where i0 = s and id ≠ t and i0 ≠ s and id = t is similar.   
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Figure 4.5  Infeasible path inequality 

In general, the coefficient of a bristle arc is determined by the position of its associated base 

arc on path segment p.  We refer to the coefficient in (4.27) as position-based coefficients.  For 

example, in Figure 4.5, the outlet bristle arc (i2, l) is associated with base arc (i1, i2), which is the 

second arc on path p.  Therefore, the coefficient of arc (i2, l) is 2.  However, setting the coefficient 

for arc (i2, l) to be 2, not smaller, is needed only when there is a feasible route that contains the 

whole path segment i0−i1−i2−l.  Otherwise, if no feasible routes contain all three arcs on i0−i1−i2−l, 

i.e., SPs,i0 + wi0i1 + wi1i2 + wi2l + SPlt > V , then, we can set the coefficient of arc (i2, l) to 1.  Further, 

if arc (i1, i2) and (i2, l) are incompatible, i.e., SPs,i1 + wi1i2 + wi2l + SPlt > V , then, the coefficient of 

arc (i2, l) is 0. 

Formally, let 

′ a ihl = max 0 ≤ v ≤ h : SPs,ih−v
+ wiu iu+1( )

u= h−v

h−1∑ + wihl + SPlt ≤ V⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

, 

′ b l,ih = max 0 ≤ v ≤ d − h : SPsl + wl,ih + wiu iu+1( )
u= h

h +v−1∑ + SPih+v ,t ≤ V⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

, 

rbiu ih = max 0 ≤ v ≤ u − h −1: SPs,iu + wiu ih + wi j i j +1( )j= h

h +v−1∑ + SPih+v+1 ,t ≤ V⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

, and 

raiu ih = max 0 ≤ v ≤ u − h −1: SPs,iu−v
+ wi j i j +1( )j= u−v

u−1∑ + wiu ih + SPiht ≤ V⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

.   (4.32) 

Thus, the position-based coefficient in (4.27) can be tightened as follows: 
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aihl , bl,ih , lihiu , riu ih( )=

′ a ihl , 0, ′ a ihiu , raiu ih( )                     if i0 = s and id ≠ t

0, ′ b l,ih , ′ b ihiu , rbiu ih( )                     if i0 ≠ s and id = t

′ a ihl , 0, ′ a ihiu , raiu ih( ) or  0, ′ b ihiu , ′ b ihiu , rbiu ih( )  
                                                        if i0 ≠ s and id ≠ t

′ a ihl , ′ b l,ih , ′ a ihiu + ′ b ihiu , ( max{raiu ih , rbiu ih }) 

                                                        if i0 = s and id = t

⎧ 

⎨ 

⎪ 
⎪ 
⎪ 
⎪ 

⎩ 

⎪ 
⎪ 
⎪ 
⎪ 

.  (4.33) 

To summarize, the idea for the infeasible subgraph inequality is that any feasible route, if 

using some arcs that belongs to an infeasible subgraph (path), then it must use the bristle arcs of 

the infeasible subgraph.  Then, we need to calculate the coefficient of these bristle arcs (that 

appear on the RHS of the inequality) to ensure validity.  Later in this section, we derive another 

classes of forcing constraints, the branch inequality, that subsumes the bristle inequality.  In the 

following subsection, we introduce a simple version of the branch inequality. 

4.5.2  Turn inequalities 

Consider an arc (i, j) in G:(N, A).  Suppose arc (i, j) has three incident arcs from node j (see 

Figure 4.6).  Suppose both {(i, j), (j, l1)} and {(i, j), (j, l1)} are incompatible arc sets, but arc (i, j) 

is compatible with arc (j, l3).  Then, the following two cover inequalities are valid: 

      xij + x jl1 ≤ 1 and   xij + x jl2 ≤ 1.       (4.34) 

 

Figure 4.6   Turn inequality 

Because (j, l1) and (j, l2) are coincident arcs and cannot appear in any feasible path, we have 

      x jl1 + x jl2 ≤ 1. 

Add the above constraint to the constraints (4.34), we obtain   2 xij + x jl1 + x jl2( )≤ 3, which, after 

we divide both sides by 2 and round down, reduces to 
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  xij + x jl1 + x jl2 ≤1.        (4.35) 

Constraint (4.35) suggests that the path segment i−j−j1 and i−j−j2 can never belong to a feasible 

route.  On the other hand, by the flow conservation constraint xij = x jl1 + x jl2 + x jl3
 and the 

observation that if a feasible route has flow on arc (i, j), it must use arc (j, l3), and not arc (j, l1) or 

(j, l2).  Thus, the inequality 

  xij ≤ x jl3          (4.36) 

is valid.  Constraint (4.36) can be interpreted as “if any feasible path has flow on arc (i, j), then, it 

must has flow on arc (i, l3)”.  Note that we can obtain constraint (4.35) by adding constraint (4.36) 

and the constraint x jl1 + x jl2 + x jl3 ≤1 (the total flow incident to any node is at most one unit).  

Thus, constraint (4.36) is stronger than constraint (4.35). 

Next, we generalize the above example.  Let AO'(i, j) be the set of all arcs in δ+(j) that are 

compatible with arc (i, j), i.e., A ′ O (i, j) = ( j,h) ∈ δ+( j) : SPsi + wij + w jh + SPht ≤ V{ }.  For any arc 

(i, j), the inequality 

  xij ≤ x jh
j,h( )∈A ′ O (i, j )

∑          (4.37) 

is valid. 

Similarly, we can find the set of arcs that are incident to node i and are compatible with arc 

(i, j), i.e., B ′ I (i , j) = (h,i) ∈ δ−(i) : SPsh + whi + wij + SPjt ≤ V{ }.  Thus, the inequality 

  xij ≤ xhi
h,i( )∈B ′ I (i, j )

∑          (4.38) 

is valid.  We refer to constraint (4.37) and (4.38) as turn inequalities. 

We now discuss how to lift the turn inequalities.  Let B''(i, j) be the set of incident arcs to 

node j that are incompatible with every arc in set δ+(j)\AO'(i, j), i.e., B''(i, j) = {(h, j) ∈ δ− (j)\(i, j): 

SPsh + whj + wjl  + SPlt > V for any (j, l) ∈ δ+(j)\AO'(i, j)}.  Then, we can lift constraint (4.37) as 

follows: 

  xij + xhj
(h, j )∈ ′ ′ B (i, j )

∑ ≤ x jh
( j,h )∈A ′ O (i, j )

∑  . 
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Similarly, let A''(i, j) be the set of incident arcs from node i that are incompatible with every 

arc in δ− (i)\BI'(i, j), i.e., A''(i, j) = {(i, u) ∈ δ+(i)\(i, j): SPsh + whi + wiu + SPut > V for any (h, i) ∈ 

δ− (i)\BI'(i, j).  Then, we can lift constraint (4.38) as follows: 

  xij + xih
i,h( )∈ ′ ′ A (i, j )

∑ ≤ xhi
h,i( )∈B ′ I (i, j )

∑ . 

In the next section, we generalize the turn inequalities. 

4.5.3  Branch inequalities 

For arc (i, j) ∈ A, instead of examining incident arcs from node j (as in turn inequalities), we 

now examine a subgraph rooted at node j.  Figure 4.7 shows an example based on the one in 

Figure 4.6. 

 

Figure 4.7  Outbound branch inequality 

Following the assumptions in Section 4.5.2, we have the valid inequality xij ≤ x jl3
, which 

says that if a feasible route is routed on arc (i, j), then it must be routed on arc (i, l3).  Now 

suppose that from node l3 there are two outgoing arcs, (l3, g3) and (l3, g2), and if a feasible path 

includes node i, node j, and node l3, then it must use arc (l3, g3) and not arc (l3, g2), i.e., 

SPsi + wij + w j,l3
+ wl3g3

+ SPg3t ≤ V  and SPsi + wij + w j,l3
+ wl3g2

+ SPg2t > V .  Then, the inequality 

xij ≤ xl3g3
 is valid. 

Define SPij(H) as be the length of the shortest i-to-j path in graph H.  In general, for arc (i, j) 

∈ A, define Gj as an outbound subgraph rooted at node j such that (i) every arc in Gj belongs to A, 

(ii) i ∉ Gj, and (iii) there is a j-to-l path for every node l in Gj.  Define 

  
AO(G j ) = δ+(h)

h ∈N(G j )U \ A(G j )  as the set of outlet arcs of subgraph Gj.  And, let 
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A ′ O (i,G j ) = {(h,l) ∈ AO(G j ) : SPsi + wij + SPjh (G j ) + whl + SPlt ≤ V} be the set of all compatible 

outlet arcs with arc (i, j) relative to the subgraph Gj.  Then, 

  xij ≤ xhl
(h,l )∈A ′ O (i,G j )

∑ .        (4.40) 

is a valid inequality.  We refer to constraint (4.40) as outbound branch inequality. 

Let B''(i, Gj) be the set of incident arcs to node j that are incompatible with every arc in set 

AO(Gj)\AO'(i, Gj), i.e., B''(i, Gj) = {(h, j) ∈ δ− (j)\(i, j): SPsh + whj + SPjl (Gj) + wlu + SPut > V for 

any (l, u) ∈ AO(Gj)\AO'(i, Gj)}.  Then, we can lift the outbound branch inequality as follows: 

  xij + xhj
(h, j )∈ ′ ′ B (i,G j )

∑ ≤ xhl
(h,l )∈A ′ O (i,G j )

∑ .       (4.41) 

We can similarly write the inbound branch inequality and its lifted version.  For arc (i, j) ∈ A, 

Define G'i as an inbound subgraph rooted at node i such that (i) every arc in G'i belongs to A, (ii) j 

∉ G'i, and (iii) there is an l-to-i path fro every node l in G'i.  Define 

  
BI ( ′ G i) = δ−(h)

h ∈N ( ′ G i )U \ A( ′ G i)  as the set of inlet arcs of subgraph G'i.  Let 

B ′ I ( ′ G i , j) = {(h,l) ∈ BI ( ′ G i) : SPsh + whl + SPli ( ′ G i) + wij + SPjt ≤ V} be the set of all compatible 

inlet arcs with arc (i, j) relative to subgraph G'i.  Then, 

  xij ≤ xhl
(h,l )∈B ′ I ( ′ G i , j )

∑ .        (4.42) 

is a valid inequality.  We refer to constraint (4.42) as inbound branch inequality. 

Let A''(G'i, j) be the set of incident arcs from node i that are incompatible with every arc in 

BI ( ′ G i) \ B ′ I ( ′ G i , j) j, i.e., A''(G'i, j) = {(i, u) ∈ δ+(i)\(i, j): SPsh + whl + SPli (G'i) + wiu + SPut > V for 

any (h, l) ∈ BI(G'i)\BI'(G'i, j)}.  Then, we can lift the inbound branch inequality as follows: 

  xij + xih
(i,h )∈ ′ ′ A ( ′ G i , j )

∑ ≤ xhl
(h,l )∈B ′ I ( ′ G i , j )

∑ .       (4.43) 

PROPOSITION 4.4  The branch inequalities (4.40) and (4.42) dominate the infeasible path 

inequality (4.26) with the weight-based coefficients defined in (4.33). 

Proof.  Let p' be an infeasible path with d arcs, and let nodes on path p' be indexed from 

i0, i1,…, id.  Consider the case where i0 = s and id ≠ t.  The infeasible path inequality 

  xij
(i, j )∈A( p )

∑ ≤ ′ a ihl xihl
(ih ,l )∈A ′ O ( p )\ RSC( p )

∑ + raihiv xihiv
(ih ,iv )∈RSC( p )

∑ ,     (4.44) 
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where, according to definition (4.33), the coefficient of the RHS arc (ih, l) is given by 

 ′ a ihl = max{0 ≤ v ≤ h : SPs,ih−v
+ wiu iu+1u= h−v

h−1∑ + wihl + SPlt ≤ V}, and 

 raiu iv = max{0 ≤ g ≤ u − v −1: SPs,iu−g
+ wi j i j +1j= u−g

u−1∑ + wiu iv + SPiv t ≤ V}.   (4.45) 

Now, for each arc (ih−1, ih) ∈ A(p), we identify a path segment ph ⊆ p such that sph
= ih  and 

tph
= ih +u where u = max{0 ≤ v ≤ d − h: SPs,ih + wigig+1g= h

h +v−1∑ + wih+v ,l + SPlt ≤ V  for some 

(ih +v ,l) ∈ δ+(ih +v ) \ A( p) }. 

Next, we formulate a branch inequality of the form (4.40) for each arc (ih−1, ih) ∈ A(p).  Let ph be 

the outbound subgraph Gih . Let 
 
AO(Gih ) = δ+( j)

j ∈N(Gih )U \ A(Gih )  be the set of outlet arcs of 

subgraph Gih .  Let 

 A ′ O (ih−1,Gih ) = {(iu,l) ∈ AO(Gih ) : SPs,ih−1
+ wih−1ih + SPihiu (Gih ) + wiu l + SPlt ≤ V  

   and l ≠ iv for v ≥ h −1}       (4.46) 

be the set of all compatible outlet arcs with arc (ih−1, ih) relative to the subgraph Gih .  We can then 

write the branch inequality 

  xih−1 ,ih ≤ x jl
( j,l )∈A ′ O (ih−1 ,Gih )

∑  for each (ih−1, ih) ∈ A(p).     (4.47) 

Notice that each outlet arc may appear in the set of A ′ O (ih−1,Gih )  for different values of h.  Also, 

if the arc (ih−1, ih) is compatible with the outlet arc (iu, l) via the path segment ih− ih+1…−iu for u > 

h, so must every arc on the path segment ih− ih+1…−iu. Moreover, let β = ′ a iul
 be the coefficient of 

the outlet arc (iu, l) according to definition (4.32), then the base arc (iu−β − j , iu−β − j +1)  for all 1 ≤ j 

≤ u − β must be incompatible with arc (iu, l).  In other words, on path segment p, only the arcs 

between the path segment iu−β− iu−β+1…−iu are compatible with the outlet arc (iu, l).  Thus, there 

are exactly β = ′ a iul
 copies of arc (iu, l) in set 

 
A ′ O (ih−1,Gih )

h=1

d
U .  Notice that in this case a 

forward shortcut is treated as a non-shortcut outlet arc, and a backward shortcut (iu, iv) arc is 

incompatible with the segment ih−1− ih…−iu for v ≥ h − 1. By definition (4.46), either l ∉ p or l = 

iv and v < h − 1.  Thus, at most u − v − 1 arcs (between node v + 1 and u on path segment p) in 

A(p) can be compatible with the shortcut (iu, iv).  The exact number of arcs that are compatible 
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with shortcut (iu, iv) is determined by (4.45), the coefficient of shortcut (iu, iv).  Therefore, 

summing up constraint (4.47) for all 1 ≤ h ≤ d, we obtain constraints (4.44). 

Similarly, for the case where i0 ≠ s and id = t, we can define the set of all compatible inlet arcs 

with arc (ih−1, ih) relative to subgraph ′ G ih−1
 as B ′ I ( ′ G ih−1

,ih ) = {(u,l) ∈ BI ( ′ G ih−1
) : SPsu + wul + 

SPlih−1
( ′ G ih−1

) + wih−1ih + SPiht ≤ V  and u ≠ iv  for all v ≤ h}.  The remaining proof is similar to the case 

where i0 = s and id ≠ t.          

4.5.4  Cut flow inequality 

In the previous section, we have introduced the branch inequality whose RHS variables 

correspond to either the outlet arcs that are incident from the outbound subgraph or the inlet arcs 

incident from the inbound subgraph.  In this section, we extend the branch inequality to the case 

where the RHS arcs can be drawn from both inlet arcs incident to an inbound subgraph and outlet 

arcs incident from an outbound subgraph.  The inequality, which we call cut flow inequality, has 

the generic form 

   xhl
(h,l )∈L
∑ ≤ xhl

(h,l )∈Ω(L,GL )
∑        (4.51) 

where L is the set of reference arcs on the LHS, and Ω(L, GL) is a subset of RHS arcs that are 

incident to and from subgraph GL. 

We say that two arc sets A' and B' are pair-wise incompatible relative to graph G' if any arc 

pair (h, l) ∈ A' and (u, v) ∈ B' are incompatible via G’, i.e., SPsu + wuv + SPvh(G') + whl + SPlt > V.  

We assume that an arc is incompatible with itself. 

We first consider the case where the LHS set L contains a single arc.  Let L = {(i, j)} for arc 

(i, j) ∈ A.  Consider an outbound subgraph Gj and inbound subgraph Gi such that (i) Gi ∩ Gj = ∅, 

(ii) the subgraph GL = Gi ∪ Gj ∪ L contains no feasible s-to-t paths.  We select the RHS arcs from 

the set of outbound bristle arcs AO(Gj) and the set of inbound bristle arcs BI(Gi).  Note that the 

two sets AO(Gj) and BI(Gi) can share some common arcs, which we call shortcut arcs.  To 

characterize the RHS arcs, let AO''(Gj) ⊆ AO(Gj) and BI''(Gi) ⊆ BI(Gi) be two arc sets such that if 

a shortcut arc belongs to one of the two sets AO''(Gj) and BI''(Gi), then it must belong to both sets 

AO''(Gj) and BI''(Gi).  Then, if the sets AO''(Gj) and BI''(Gi) are pair-wise incompatible, we can 

set the RHS arc set Ω(L, GL) = (AO(Gj)\AO''(Gj)) ∪ (BI(Gi)\BI''(Gi)). 
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Constraint (4.51) says if a feasible route uses arc (i, j), then it must also use at least one arc 

from set Ω(L, GL).  Since the arc (i, j) serves as a bridge that connects the inbound subgraph Gi 

and outbound subgraph Gj, we refer to this special case of constraint (4.51) as bridge arc 

inequality. 

We now extend the bridge arc inequality by having L ⊆ δ+(i) contain a subset of arcs incident 

from node i as the LHS arcs.  To characterize GL in constraint (4.51), let Gi be an inbound 

subgraph and let Gj be an outbound subgraph for each j ∈ J(L) such that (i) GL = Gi ∪ GJ ∪ L, Gi 

∩ GJ = ∅ for GJ = ∪j ∈ J(L)Gj, (ii) the subgraph GL contains no feasible s-to-t paths.  Let AO''(GJ) 

⊆ AO(GJ) and BI''(Gi) ⊆ BI(Gi) be two arc sets such that if a shortcut arc belongs to one of the 

two sets AO''(Gj) and BI''(Gi), then it must belong to both sets AO''(Gj) and BI''(Gi).  Then, if the 

sets AO''(Gj) and BI''(Gi) are pair-wise incompatible, we can set the RHS arc set as Ω(L, GL) = 

(AO(Gj)\AO''(Gj)) ∪ (BI(Gi)\BI''(Gi)).  In this case, we refer to the constraint (4.51) as node flow 

inequality where the set L containing a subset of arcs that are incident from the same node. 

The node flow inequality can be strictly stronger than the bridge arc inequality.  For example, 

consider a special situation in Figure 4.8 where each of the three LHS arcs has the same pair-wise 

incompatible arc set, AO''(GJ) and BI''(Gi).  So, for an LP solution, the bridge arc inequality for 

each individual arc may not be effective, but the node flow inequality (for all three LHS arcs) 

which has the same RHS value but strictly greater LHS value may be violated. 

 

Figure 4.8  Node flow inequality 

Next, we further generalize the node flow inequality by having the set L contain non-

coincident arcs.  Observe that for both the bridge arc and node flow inequality, the LHS value is 

at most one.  This property permits us to set the coefficient for all RHS variables to be one.  

When the LHS has more than one compatible arc (i.e., more than one arc can appear in a feasible 
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route), determining the coefficients of the RHS arcs is very challenging.  For this reason, we 

impose the condition that the LHS set does not contain mutually compatible arcs.  Let LHS arc 

set L ⊆ ALP be such that the arcs in L are pair-wise incompatible.  Let GL = GJ(L) ∪ GI(L) ∪ L be a 

subgraph such that (i) GJ(L) = ∪j ∈ J(L) Gj and GI(L) = ∪i ∈ I(L) Gi where Gj and Gi are, respectively, an 

outbound and inbound subgraph defined in Section 4.5.3, and (ii) GL does not contain feasible 

paths.  Let AO''(GJ(L)) ⊆ AO(GJ(L)) and BI''(GI(L)) ⊆ BI(GI(L)) be two arc sets such that if a shortcut 

arc belongs to one of the two sets AO''(GJ(L)) and BI''(GI(L)), then it must belong to both sets 

AO''(GJ(L))  and BI''(GI(L)).  Then, if the sets AO''(GJ(L)) and BI''(GI(L)) are pair-wise incompatible, 

we can set the RHS arc set Ω(L, GL) = (AO(GJ(L))\AO''(GJ(L))) ∪ (BI(GI(L))\BI''(GI(L))). 

For the bridge arc inequality, when Gi = ∅, and so the set BI''(Gi) = ∅, the set Ω(L, GL)  = 

(AO(Gj)\AO''(Gj) contains all the outlet arcs that are compatible with arc (i, j) via subgraph GL.  

Therefore, in this case, the bridge arc inequality reduces to the branch inequality.  We can 

similarly argue that when Gi = Gj = ∅, the bridge arc inequality reduces to the turn inequality. 

We have described four types of contingent routing inequalities.  In general, the effectiveness 

of these inequalities will depend on the total value of the RHS flow variables for a given LP 

solution.  In Section 4.7, we discuss methods to identify the most violated inequalities for any LP 

solution. 

4.6  Route-coordination Forcing Constraints 

The cover and contingent routing constraints focus on restricting the choice of commodity 

routes to feasible paths.  In particular, each constraint applies to a single commodity, and includes 

only the arc routing variables for that commodity.  We now consider valid inequalities that 

contain both routing and design variables; moreover, they involve routing decisions for more than 

one commodity.  Since these constraints capture the interaction or coordination among the routing 

decisions for multiple commodities, and since they relate the routing and design decisions 

(similar to the forcing constraints 4.3), we refer to this class of constraints as route-coordination 

forcing constraints. 

4.6.1  Exclusive-OR inequality 

Let us first examine a simple network illustrated in Figure 4.9.  The numbers next to the arcs 

are the corresponding arc’s fixed costs; routing costs are zero for all commodities.  Commodity 1 

must be routed from node 3 to node 6, commodity 2 from node 5 to node 2, and commodity 3 
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from node 1 to node 4.  (The problem may contain other commodities and arcs not shown in the 

figure.) 

 

Figure 4.9  Route Coordination Example 1 

The optimal solution will select (1, 2), (2, 4) and (3, 2) among the arcs with non-zero costs, 

which gives a total costs of 6.  However, the linear programming relaxation of the base WCND 

model (4.1) – (4.6) for this problem instance yields a solution in which the design variable values 

yij for each arc with non-zero cost is ½.  For example, half of commodity 1 is routed on arc (3, 2) 

and (2, 6), and the other half on arc (3, 4) and (4, 6).  So, the total cost for the LP solution is 5.5. 

Now, consider adding the following valid inequality to the model: 

 x32
1 + x34

1 + x12
2 + x32

2 + x12
3 + x34

3 ≤ y12 + y32 + y34 +1.     (4.60) 

This constraint specifies that, if all three commodities are routed on at least one of the three 

arcs (1, 2), (3, 2), and (3, 4), then the solution must select at least two among the three arcs.  

When two or fewer commodities are routed on these arcs, then this constraint is implied by the 

constraints in the original model (4.1) – (4.6).  Adding constraint (4.60) to the base model for this 

example problem increases the linear programming value to 6, thus closing the duality gap. 

To establish the validity of constraint (4.60), we begin by noting that, since arcs (3, 2) and 

(3, 4) emanate from the same node, commodity 1 can be routed on either arc (3, 2) or arc (3, 4), 

but not both.  Similarly, commodity 2 can be routed on arc (1, 2) or arc (2,3), but not both; and, 

commodity 3 can be routed on arc (1, 2) or arc (3, 4).  The following three inequalities express 

these conditions: 

  x32
1 + x34

1 ≤1, x12
2 + x32

2 ≤1, and x12
3 + x34

3 ≤1.     (4.61) 

Adding the inequalities (4.61) to the forcing constraints: x32
1 ≤ y32, x34

1 ≤ y34 , x12
2 ≤ y12,  

x32
2 ≤ y32, x12

3 ≤ y12, and  x34
3 ≤ y34 , we get 
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 2(x32
1 + x34

1 + x12
2 + x32

2 + x12
3 + x34

3 ) ≤ 2(y12 + y32 + y34 ) + 3.     (4.62) 

Dividing the inequality (4.62) by two, and rounding down the right-hand side constant 3/2 to 1 

gives the valid inequality (4.60).  (The rounding down operation is valid since the left-hand side 

variables are all integer-valued.) 

Now, we give a general description for the type of inequality in (4.60).  For three arcs (i1, j1), 

(i2, j2), and (i3, j3) and three commodities k1, k2, and k3, such that k1 can be routed on (i1, j1) or (i2, 

j2), but not both, k2 can be routed on (i2, j2) or (i3, j3), and k3 can be routed on (i3, j3) or (i1, j1).  

Then, the inequality: 

 xi1 j1
k1 + xi2 j2

k1 + xi2 j2

k2 + xi3 j3

k2 + xi3 j3

k3 + xi1 j1
k3 ≤ yi1 j1 + yi2 j2

+ yi3 j3
+1.    (4.63) 

is valid.  Notice that each commodity in constraint (4.63) can be routed on at most one of its two 

candidate arcs.  Thus, we refer to inequality (4.63) as the Exclusive-OR inequality or 3-OR 

inequality.  The Exclusive-OR condition can arise either because the service restrictions preclude 

using both arcs, or because the two arcs share a common start node or end node.  Detecting these 

situations is relatively easy, i.e., given three arcs and three commodities, we can verify if the 

conditions needed for the Exclusive-OR inequality hold in polynomial time. 

4.6.2  1-OR inequality 

Consider a simple network with three commodities shown in Figure 4.10. 

 

Figure 4.10  Route Coordination Example 2 

As before, the fixed costs are shown next to the arcs, and routing costs are zero for all 

commodities.  Commodities 1, 2, and 3 must be routed, respectively from node 2 to 5, 1 to 3, and 

1 to 4.  The optimal linear programming solution of the base WCND model (4.1) – (4.6) for this 
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problem instance sets yij for each of the three arcs (1, 2), (2, 3), and (2, 4) to ½; the routing 

variables for the three commodities on these arcs are either zero or ½, e.g., half of commodity 1 is 

routed on arc (2, 3) and the other half on arc (2, 4), i.e., x23
1 = x24

1 =½.  The cost of this linear 

programming solution is 5.5, whereas the optimal solution routes commodity 1 on arc (2, 3) or (2, 

4), and routes the other two commodities as shown by the dashed and dotted lines.  The total cost 

of this solution is 6.  However, when we add the following inequality to the model: 

 x23
1 + x24

1 + x23
2 + x24

3 ≤ y12 + y23 + y24 ,      (4.64) 

the optimal linear programming value increases to 6, thus closing the duality gap.  This constraint 

specifies that, if all three commodities are routed via node 2, then the solution must select at least 

two among the three arcs. 

Next, we use a rounding argument to validate the inequality (4.65).  Observe that the 

structure of the network in Figure 4.10 naturally suggests that the following conditions regarding 

the routing choices for commodity 2 and 3 hold: 

 x23
2 ≤ x12

2  and x24
3 ≤ x12

3 .        (4.65) 

The inequalities (4.65) specify that (i) commodity 2 can be routed on arc (2, 3) only if it is routed 

on arc (1, 2), and (ii) commodity 3 can be routed on arc (2, 4) if and only if it is routed on arc (1, 

2).  Also, commodity 1 must be routed on either arc (2, 3) or arc (2, 4) since both these arcs 

emanate from node 2.  Hence, the following inequality holds: 

  x23
1 + x24

1 ≤1.         (4.66) 

Adding constraints (4.65) and (4.66) to the forcing constraints: 

  x23
1 ≤ y23, x24

1 ≤ y24 , x12
2 ≤ y12,  x23

2 ≤ y23, x12
3 ≤ y12, x24

3 ≤ y24 ,    (4.67) 

we get 

  2(x23
1 + x24

1 + x12
2 + x12

3 ) ≤ 2(y12 + y23 + y24 ) +1. 

Dividing this inequality by two and rounding down the fractional value in the right-hand side 

gives the inequality (4.64).  Next, we examine several variations of the constraint (4.64).  

Suppose the following conditions hold: 

  x12
2 ≤ x23

2  and x12
3 ≤ x24

3 .        (4.65') 

That is, commodity 2 can be routed on arc (1, 2) only if it is routed on arc (2, 3), and commodity 

3 can be routed on arc (1, 2) only if it is routed on arc (2, 4).  Adding constraints (4.66), (4.65'), 

and the forcing constraints (4.67) and applying the rounding down procedure, we get 
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  x23
1 + x24

1 + x12
2 + x12

3 ≤ y12 + y23 + y24 .      (4.68) 

Similarly, if commodity 2 can be routed on arc (1, 2) only if it flows on arc (2, 3), and commodity 

3 can be routed on arc (2, 4) only if it flows on arc (1, 2).  Then, we have 

  x23
1 + x24

1 + x12
2 + x24

3 ≤ y12 + y23 + y24 .      (4.69) 

And, if commodity 2 can be routed on arc (2, 3) only if it flows on arc (1, 2), and commodity 3 

can be routed on arc (1, 2) only if it flows on arc (2, 4).  Then, we have 

  x23
1 + x24

1 + x23
2 + x12

3 ≤ y12 + y23 + y24 .      (4.70) 

We refer to the constraints (4.64), (4.68) through (4.70) as 1-OR inequalities. 

We can extend the above 1-OR inequality to less restrictive situations.  For example, for 

constraint (4.68), other arcs incident from node 2, instead of arc (2, 3), may succeed arc (1, 2) on 

certain feasible routes for commodity 2. 

Define Ak(i, j) as the set of arcs incident from node j that can succeed arc (i, j) on a feasible 

route for commodity k.  To ensure the validity of the inequality, we require that (i) arcs (2, 4) and 

(1, 2) must be incompatible for commodity 2, i.e., (2, 4) ∉ A2(1, 2), and (ii) arcs (2, 3) and (1, 2) 

must be incompatible for commodity 3, i.e., (2, 3) ∉ A3(1, 2).  Then, the following extension of 

inequality (4.68) is valid: 

 x23
1 + x24

1 + x12
2 + x12

3 ≤ y12 + y23 + y24 + xij
2

(i, j )∈A 2 (1,2)\{(2,3)}

∑ + xij
3

(i, j )∈A 3 (1,2)\{(2,4 )}

∑ .   (4.71) 

Define Bk(i, j) as the set of arcs incident to node i that can precede arc (i, j) on a feasible route 

for commodity k.  We can similarly extend constraints (4.64), (4.69), and (4.70) as follows: 

 x23
1 + x24

1 + x23
2 + x24

3 ≤ y12 + y23 + y24 + xij
2

(i, j )∈B 2 (2,3)\{(1,2)}

∑ + xij
3

(i, j )∈B 3 (2,4 )\{(1,2)}

∑ ,   (4.72) 

 x23
1 + x24

1 + x12
2 + x24

3 ≤ y12 + y23 + y24 + xij
2

(i, j )∈A 2 (1,2)\{(2,3)}

∑ + xij
3

(i, j )∈B 3 (2,4 )\{(1,2)}

∑ , and  (4.73) 

 x23
1 + x24

1 + x23
2 + x12

3 ≤ y12 + y23 + y24 + xij
2

(i, j )∈B 2 (2,3)\{(1,2)}

∑ + xij
3

(i, j )∈A 3 (1,2)\{(2,3)}

∑ .   (4.74) 

Finally, we relax the assumption that commodity 1 must be routed on either arc (2, 3) or arc 

(2, 4) and permit other feasible arcs for commodity 1.  Also, we consider the situation where the 

three reference arcs are not coincident (as shown in the example in Figure 4.10). 
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In general, for unrelated arcs, consider three arcs (i1, j1), (i2, j2), and (i3, j3) and three 

commodities k1, k2, and k3, the generalized 1-OR inequality is 

+++++≤+++ ∑∑
∈∈ )},{(\),(),(),(

1

3311
2

2

1

1
332211
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xxyyyxxxx ∑
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            (4.75) 

4.7  Separation Procedures 

We have conceptually described three broad classes of inequalities in Section 4.4 to 4.6.  As 

we mention in Section 4.1, our solution approach is to identify and add violated inequalities to the 

current LP relaxation, and by iteratively solving the LP relaxation problem we obtain improved 

lower bounds.  For an LP solution, the number of violated inequalities can be exponential and 

frequently some inequalities are subsumed by others.  So, we are interested in identifying the 

most effective inequalities, adding which hopefully can improve the LP bounds faster thereby 

reducing the number of iterations or the time required to obtain an optimal or near-optimal 

solution.  In this section, we describe some heuristic procedures to identify effective inequalities 

for each class of valid inequalities. 

4.7.1  Separating Cover inequalities 

In Proposition 4.2, we present a method to lift different types of arcs simultaneously. Two 

important decisions involved in identifying the constraint (4.16) can influence the effectiveness of 

the constraint: (1) the choice of cover C, and (2) the set Ω of lifted arcs.  Our goal is to identify a 

cover C and a set ΩC that maximizes the value of the LHS minus the RHS with respect to. the 

current LP solution.  Next, we describe a simplified version of constraint (4.16) that leads to a 

simple separation procedure. 

One difficulty of identifying inequalities as defined in constraint (4.16) is that in general 

lifting both head-coincident and tail-coincident arcs for the same base arc is not valid.  To prevent 

lifting both head-coincident and tail-coincident arcs for the same base arc, we require that the set 

of candidate arcs to be lifted does not contain both head-coincident and tail-coincident arcs for 

the same base arc. 

For a cover C without coincident arcs, let C1 and C2 be a partition of the set C, i.e., C1 ∪ C2 = 

C and C1 ∩ C2 = ∅.  Let A(C1) and B(C2) be two subsets such that (i) A(C1) ⊆ δ+[I(C1)]\C1 is the 

set of tail coincident arcs for set C1, and (ii) B(C2) ⊆δ− [J(C2)]\C2 is the set of head coincident 

arcs for set C2, and (iii) no two arcs in the set A(C1) ∪B(C2) share the same related base arc, i.e., 
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for any (i, j) ∈ A(C1) and (u, v) ∈ B(C2), we have (u, j), (i, v) ∉ C.  The last condition guarantees 

that no two arcs in the set A(C1) ∪ B(C2) are associated with the same arc in set C.  Let 

  ΩC = {(i, j) ∈ A(C1) ∪ B(C2): wij ≥ wζ(i,j)}      (4.76) 

be the subset of heavier coincident arcs.  For any subset Φ ⊆ ΩC, let the associated set of base arc 

be ) ,( CΦζ .  Observe that any feasible path can include at most | ) ,( CΦζ | arcs from the set Φ, 

and the total weight of these | ) ,( CΦζ | arcs from the set Φ exceeds the total weight of the arcs in 

set ) ,( CΦζ .  So, the condition (b) in Proposition 4.2 is satisfied (for the case | ) ,( CΦζ | = |Φ|.  

Therefore, the cover inequality 

  xij
(i, j )∈C
∑ + xij

(i, j )∈ΩC

∑ ≤ C −1       (4.77) 

is valid.  We refer to constraint (4.77) where all lifted arcs receive a coefficient of one as basic 

lifting. 

Now, we can apply the heavy lifting method to constraint (4.77).  Given a cover C, let ΘC be 

the set of heavy arcs, i.e., ΘC = {(i, j) ⊆ A\C: }:max{
1

)(∑ =
+ ≥∈=

h

u
u

ijij wwZhλ ≥1}.  Then, the 

inequality 

  xij
(i, j )∈C
∑ + λij xij

(i, j )∈ΘC

∑ + xij
(i, j )∈ΩC \ΘC

∑ ≤ C −1      (4.78)  

strengthens the inequality (4.77). 

Next, we further lift the constraint (4.78) by examining the heavy shortcut arcs.  Let ΨC = {(i, 

j) ∈ SC(C) ∩ ΩC: some (i, l) ∈ C1, some (h, j) ∈ C2, wij ≥ wil + whj, and  λij < 2} be the set of sum-

heavy shortcut arcs.  Then, we can strengthen the inequality (4.82) by lifting the sum-heavy 

shortcut arcs with coefficient 2: 

  xij
(i, j )∈C
∑ + λij xij

(i, j )∈ΘC

∑ + 2xij
(i, j )∈ΨC

∑ + xij
(i, j )∈ΩC \{ΨC ∪ΘC }

∑ ≤ C −1.    (4.79) 

Constraint (4.79) specifies that we can set the coefficient to 2 for heavy shortcut arcs that 

belong to set ΨC, set the coefficient to λij for the heavy arcs, and set the coefficient to 1 for the 

remaining arcs in set ΩC. 

The separation procedure below introduces a heuristic method to determine a cover C, 

partition the set C, and determine the set Ωc. 
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Define GLP as the subgraph that includes all arcs with positive flow after we solve the LP 

relaxation of the WCND problem.  Define }:),(\)(),{(),( ijihLP wwjiAihijiAH ≥∩∈= +δ  and 

}:),(\)(),{(),( ijhjLP wwjiAjjhjiBH ≥∩∈= −δ .  Given an arc (i, j) in an LP solution, let θij
+  

and θij
− be, respectively, the tail heavy coincident flow and head heavy coincident flow defined as 

θij
+ = xih(i,h )∈AH (i)∑  and θij

− = xhj(h, j )∈BH ( j )∑ . 

Because coincident and shortcut arcs are all regarding to a specific cover, identifying the 

cover is critical in generating effective cover inequalities.  In general, we need to identify a cover 

that (1) has higher total arc flows and contains relatively fewer arcs, and (2) has coincident arcs 

whose value in the LP solution are relatively high.  Motivated by this observation, we propose the 

following separation procedure. 

Separation procedure for cover inequalities 

Find a cover: Initialize C = ∅, ω = 0. 

For each arc (i, j) in the LP solution, compute θij
+  and θij

−, and set αij = max{θij
+ , θij

−}. 

L is the list of all arcs in A(GLP) sorted in decreasing order of αij. 

Iterative steps: 

Pick the first arc (i, j) from L, and set L\{(i, j)}. 

If the set C does not contain an arc that is coincident with arc (i, j),i.e., δ+(i) ∩ C = 

δ− (j) ∩ C = ∅, set C = C ∪ (i, j) and ω = ω + wij. 

If ω > V, stop; else repeat. 

Minimalize the cover 

Find the arc (i', j') = ( , )arg min ( )i j C ijw∈ .  If C\(i', j') is a cover, i.e., wij(i, j )∈C \(i', j ' )∑ > V, set 

C = C\(i', j').  Repeat. 

Partition the set C 

Initialize C1 = C2 = ∅. 

For each arc (i, j) ∈ C, set C1 = C1 ∪ {(i, j)} if θij
+ > θij

− , and C2 = C2 ∪ {(i, j)} otherwise. 

Basic lifting 
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Find the set ΩC (defined in 4.76) and set the coefficient λij of every arc in ΩC to 1. 

Heavy lifting 

Find the set of heavy arcs ΘC = {(i, j) ⊆A\C: λij = max{h ∈ Ν+ : wij ≥ w(l )

l=1

h∑ } > 1} and, 

for each arc (i, j) in ΘC, set its coefficient to λij. 

Find the set of heavy shortcut arcs ΨC = {(i, j) ∈ SC(C) ∩ ΩC: some (i, l) ∈ C1, some (h, j) 

∈ C2, wij ≥ wil + whj, and λij < 2}.  For each arc (i, j) ∈ ΨC, set its coefficient to 2. 

Reducing the RHS 

Apply the dynamic program in Section 4.4.4. 

4.7.2  Separating r-incompatible inequalities 

Given an arc set L and a positive integer r < |L|, we wish to know whether it is true that any 

subset L' ⊆ L with |L'| = r is a strong cover. 

We can apply the dynamic program procedure in section 4.4.4 to compute an upper bound on 

the maximum number of arcs from a given arc set that any feasible route can include.  If the 

upper bound is strictly less than r, then, we say the set is r-incompatible. 

For special cases where r = 2 and r = 3, the dynamic program has simpler representations.  

For r = 2 and an arc set L that is 2-incompatible, the set {(i, j)} ∪ L is 2-incompatible if, for every 

arc (i', j') ∈ L, SPsi + wij + SPji' + wi' j ' + SPj ' t > V  and SPsi' + wij + SPj ' i + wi' j ' + SPjt > V .  For r = 3 

and an arc set L that is 3-incompatible, the set {(i, j)} ∪ L is 3-incompatible if, for every pair of 

arc (i', j'), (i'', j'') ∈ L, the following conditions are satisfied: 

SPsi + wij + SPji' + wi' j ' + SPj ' i'' + wi'' j '' + SPj '' t > V ,  

SPsi + wij + SPji'' + wi' j ' + SPj '' i' + wi'' j '' + SPj ' t > V , SPsi' + wij + SPj ' i'' + wi' j ' + SPj '' i + wi'' j '' + SPjt > V ,

SPsi' + wij + SPj ' i + wi' j ' + SPji'' + wi'' j '' + SPj '' t > V , SPsi'' + wij + SPj '' i + wi' j ' + SPji' + wi'' j '' + SPj ' t > V , 

and SPsi'' + wij + SPj '' i' + wi' j ' + SPj ' i + wi'' j '' + SPjt > V .  Next, we present the separation procedures 

for the r-arc inequality. 

Separation procedure for r-arc inequalities for r = 3 

Step 0: Let {(i(1), j(1)), …, (i(u), j(u))} be an ordered set of h arcs such that (i(u), j(u)) ∈ A(GLP) and 

xiu j u
k ≥ xiu+1 j u+1

k  for any 1≤ u ≤ h.  Set p1 = 1, p2 = 2, and p3 = 3. 
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Step 1: Set L = {(i ( p1 ), j( p1 )),(i ( p2 ), j( p2 ))}.  If L ∪{(i ( p3 ), j( p3 ))} is 3-incompatible, 

set L = L ∪{(i ( p3 ), j( p3 ))}. 

Step 3: If p3  + 1 ≤ h 

 Set p3 = p3 + 1 and go to Step 1. 

Else 

If xij(i, j )∈L∑ > r −1, add the inequality xij(i, j )∈L∑ ≤ r −1 and drop arcs in set L. 

If p2 +1 ≤ h − 1, set p2 = p2 +1 and p3 = p2 + 1. Go to Step 1. 

Else, if p1 +1 ≤ h − 2, set p1 = p1 +1, p2 = p1 +1, and p3 = p2 + 1; Go to Step 1. 

Separation procedure for r –arc inequality for r >3 

Step 0: Let {(i(1), j(1)), …, (i(u), j(u))} be an ordered set of h arcs such that (i(u), j(u)) ∈ A(GLP) and 

xiu j u
k ≥ xiu+1 j u+1

k  for any 1≤ u ≤ h.  For d = 1 to r+1, set pd = d. 

Step 1: Set L = {(i ( p1 ), j( p1 )),...(i ( pr ), j( pr ))}.  If L ∪{(i ( pr+1 ), j( pr+1 ))} is r-incompatible, 

set L = L∪{(i ( pr+1 ), j( pr+1 ))}. 

Step 3: If pr+1  + 1 ≤ h 

Set pr+1 = pr+1 + 1 and go to Step 1. 

Else 

If xij(i, j )∈L∑ > r −1, add the inequality xij(i, j )∈L∑ ≤ r −1 and drop arcs in set L. 

Set d = 0, Flag = 0. 

Do 

If pr−d  + 1 ≤ h − d −1 

Set p' = pr−d and Flag = 1 

For every u = −1 to d, set pr−u   = p' + 1 + d − u; 

Else, set d = d + 1. 

While d ≤ r − 1 and Flag = 0. 

If Flag = 1, go to Step 1. 
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The separation procedure for the r-node inequalities is similar to that for the r-arc 

inequalities.  In order to generate the most violated inequalities, we sort the total flows incident to 

each node in decreasing order, and pick candidate nodes in the sorted order. 

Separation procedure for r-node inequalities for r = 3 

Step 0: Let {(i(1), …, i(u)} be an ordered set of h nodes such that i(u) ∈ N(GLP) and 

∑∑
+++

+
+ ∈∈

≥
)(),()(),( 11

1
uu

u
uu

u

iji
ji

iji
ji

xx
δδ

 for any 1≤ u ≤ h.  Set p1 = 1, p2 = 2, and p3 = 3. 

Step 1: Set },{ )()( 21 pp iiS = .  If }{ )( 3piS ∪  is 3-incompatible, set }{ )( 3piSS ∪= . 

Step 3: If p3  + 1 ≤ h 

 Set p3 = p3 + 1 and go to Step 1. 

Else 

If 1
)(),(

−>∑ ∑
∈ ∈ +

rx
Si iji

ij
δ

 

Add the inequality 1
)(),(

−≤∑ ∑
∈ ∈ +

rx
Si iji

ij
δ

 and drop nodes in set S. 

If p2 +1 ≤ h − 1, set p2 = p2 +1 and p3 = p2 + 1. Go to Step 1. 

Else, if p1 +1 ≤ h − 2, set p1 = p1 +1, p2 = p1 +1, and p3 = p2 + 1; Go to Step 1. 

4.7.3  Separating Branch inequalities 

We describe the separation procedure for identifying violated Outbound Branch inequalities 

for every commodity.  Denote the set of the RHS and LHS arcs as ARHS and ALHS, respectively.  

Let X(L) be the total flow for all arcs in set  L for the current LP solution.  For arc (i, j), define 

SPij = SPsi + wij.   

Step 0: For each node j ∈ GLP, sort the arcs δ−(j) incident to node j in increasing order of the 

value SPij = SPsi + wij.  Let Aj be the list of arcs in sorted order. 

Step 1: For every “reference” arc (i, j) ∈ Aj ∩ A(GLP) in the sorted order, let ALHS be the set of 

all arcs on the list Aj including and after arc (i, j).    

Initialize ARHS = ∅, L1 = ∅, and let the subgraph Gj contain a single node j, i.e., set 

N(Gj) = {j}.  Set SPjj(Gj) = 0, and SPjl(Gj) = ∞ for l ≠ j . 
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Step 2: Find AO(j), the set of compatible arcs with arc (i, j), i.e., 

}:)(),{()( VSPwwSPjljjAO ltjlijsi ≤++++∈= +δ  

Set L1 = L1
 ∪(AO(j) ∩ A(GLP)), and ARHS = ARHS ∪ (AO(j)\A(GLP)).   

Step 3: Find arc (u, h) in set L1 such that SPju(Gj) + wuh ≤ SPju'(Gj) + wu'h' for every  other arc 

(u', h') ∈ L1.  Set L1 = L1 \ (u, h). 

If h = t, set ARHS = ARHS ∪ {(u, h)}. 

Else  

If SPjh(Gj) < ∞, set A(Gj) = A(Gj) ∪ {(u, h)}.   

Else  

Find AO(h), the set of compatible arcs with arc (i, j), i.e., 

})(:)(),{()( VSPwGSPwSPhlhhAO lthljjhijsi ≤++++∈= +δ . 

If uhhAOlh hl xx <∑ ∈ )(),(
 

Set A(Gj) = A(Gj) ∪ {(u, h)}, L1 = L1
 ∪ (AO(h) ∩ A(GLP)), and 

ARHS = ARHS ∪ (AO(h)\A(GLP)).   

Set SPjh(Gj) = SPju(Gj) + wuh. 

Else 

Set ARHS = ARHS ∪ {(u, h)}. 

Repeat Step 3 until L1 = ∅.   Set the violation for arc (i, j) as 

∑∑ ∈∈
−

RHSLHS Aji jiAji ji xx
)','( '')','( '' . 

Go to Step 1 (pick the next reference arc with positive flow in Aj). 

Step 3: For node j in the LP graph, add the most violated outbound branch inequality with 

positive violation. 

Step 4: Return to Step 0, i.e., pick the next node j in GLP. 

In the above separation procedure, because SPi'j ≥SPij for every arc (i', j) in the set ALHS, any 

bristle arc we identify as incompatible with arc (i, j) is also incompatible with other arcs in the set 

ALHS.  Therefore, the lifted branch inequality ∑∑ ∈∈
≤

RHSLHS Ahu uhAhu uh xx
),(),(

is valid. 
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4.7.4  Separating Cut Flow inequalitiesCFies 

The following procedure applies to Bridge arc and Outbound Node flow inequalities.  A 

similar procedure separates violated Inbound Node flow inequalities. 

Step 0:  Find the infeasible subgraph G' 

Initialize G' = GLP.   

Find the shortest path p in G'.  If p is infeasible, stop.  Otherwise, find the bottleneck 

arc with the minimum flow on the path.  Subtract from all arcs on the path the flow of 

the bottleneck arc.  Remove the bottleneck arc and other arcs with zero flow from G'.  

Repeat.   

If G' is disconnected, stop; otherwise, go to Step 1. 

Step 1:  For every node i ∈ N(GLPG') in the LP solution, sort the incident arcs in the subset  

)()( GAi ′∩+δ  in decreasing order of arc flow values 

Step 2: For each l = 1, 2…, | )()( GAi ′∩+δ |, let the LHS arc set L include the first l arcs in 

the sequence of the sorted arcs  

Step 3: Find the inbound subgraph Gi with the node set 

)}()(ith    to from path   :)({)( GApAwigpGNgGN i ′⊆∃′∈=  and arc set 

)}( ,:)(),{()( ii GNhgGAhgGA ∈′∈= . 

For each node j ∈ J(L), find the outbound subgraph Gj with the node set 

)}()(ith    to from path   :)({)( GApAwgjpGNgGN j ′⊆∃′∈=  and arc set 

)}( ,:)(),{()( jj GNhgGAhgGA ∈′∈= . 

Step 4: Find the set of outbound bristle arcs )}(  )(\)(),{()( JJJ GNhGAhlhGAO ∈∀∈= +δ , 

and the set of inbound bristle arcs BI(Gi) = {(l,h) ∈ δ−(h) \ A(Gi) ∀h ∈ N(Gi)}. 

Step 5: Find the incompatible arc sets AO''(GJ) and BI''(Gi) 

Initialize AO''(GJ) and BI''(Gi) to be empty.  Let S be a list of arcs in decreasing order 

of flow values for arcs in AO(GJ) and BI(Gi), indexed as {(l1, h1), (l2, h2),… , (lr, hr)}. 

For each arc (lu, hu) from S, u = 1, …, |S| 

If (lu, hu) ∈ AO(GJ) and (lu, hu) ∉ BI(Gi) 
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If (lu, hu) is incompatible with every arc (l', h') ∈ BI''(Gi), i.e., 

SPsl' + wl 'h ' + SPh' l u (GL ) + wl u h u + SPh u t > V  

Set A''(GJ) = AO''(GJ) ∪ (lu, hu). 

If (lu, hu) ∈ BI(Gi) and (lu, hu) ∉ AO(GJ) 

If (lu, hu) is incompatible with every arc (l', h') ∈ AO''(GJ), i.e., 

SPsl u + wl u h u + SPh u l ' (GL ) + wl 'h' + SPh ' t > V  

Set BI''(Gi) = BI''(Gi) ∪ (lu, hu). 

If (lu, hu) ∈ AO(GJ) and (lu, hu) ∈ BI(Gi) 

If (lu, hu) is incompatible with every arc (l', h') ∈ AO''(GJ) ∪ BI''(Gi), i.e., 

SPsl' + wl 'h ' + SPh' l u (GL ) + wl u h u + SPh u t > V  

Set AO''(GJ) = AO''(GJ) ∪ (lu, hu) and BI''(Gi) = BI''(Gi) ∪ (lu, hu). 

Step 6: Set the RHS arc set Ω(L, GL) = (AO(Gj)\AO''(Gj)) ∪ (BI(Gi)\BI''(Gi)).  Compute the 

violation as X(L) − X(Ω(L, GL)). 

Step 7: If l < | )()( GAi ′∩+δ |, go to Step 2 for the next l; 

Else, select the LHS arc set L with the maximum violation.  If the violation is 

positive, add the inequality.  Go to Step 1 for the next node. 

Similarly, we can identify node flow inequality corresponding to a subset of inbound coincident 

arcs of node i.  In Step 1, we select the LHS arcs from the subset )(\)( GAi ′−δ  sorted in 

decreasing order of arc flow values.  In Step 3, we identify an inbound subgraph Gi for each node 

i ∈ I(L) and an outbound subgraph Gj.  The remaining steps are similar to the above procedure.  

Note that in the above separation procedure, the subset of LHS arcs that gives the maximum 

violation may contain only one arc, in which case, we have the bridge arc inequality.  

4.7.5  Separating Route-Coordination inequalities 

Let Wij(p) be the total weight of arcs on a path p starting from node i to node j.  Define SPij \ lh  

as the length of the shortest path from node i to node j in the original graph G without using arc 

(l, h). We now describe a heuristic separation procedure for identifying violated 1-OR and 3-OR 

inequalities. 
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Separating 1-OR inequalities 

In this procedure, for notational convenience, we denote arcs as a, b, c, etc. instead of (i, j).  For 

any arc e, we denote its start (tail) and end (head) nodes as es and et. 

Step 0: For every commodity k ∈ K and every pair of arcs b and c that are mutually 

incompatible, k
c

k
b xx ,  > 0, and yb, yc < 1, compute x'(k, b, c) = min{ k

c
k
b xx , }.  Sort all 

the triplets (k, b, c) in decreasing order of x'(k, b, c), and let KBC denote this sorted 

set. 

Step 1: Select the next triplet (k, b, c) from KBC in sorted order, and let k1 = k.  Initialize  

the LHS value XLHS = 11 k
c

k
b xx +  and the RHS value XRHS = yb + yc. 

Step 2: For all commodity pairs (k2, k3), with k2, k3∈K and 0, 32 >k
c

k
b xx , compute 

3332 )},{min{max),(
},{\32

k
c

k
b

k
a

k
acbAa

xxxxkkx ++=′′
∈

.  Arrange these commodity pairs in 

decreasing order of x"(k2, k3); let K2K3 denote this sorted list. 

Step 2a: Select the next commodity pair (k2, k3) from K2K3 in sorted order. 

Step 3: Determine the third arc a  

For every arc a∈A\{b, c} such that 0 < ya < 1, compute the violation of the 1-OR 

inequality for commodities k1,k2, k3 and arc a, b, c as follows. 

If at least one of the four conditions is violated: (1) 

cba
k
a

k
a

k
c

k
b yyyxxxx ++≤+++ 3211 , (2) cba

k
a

k
b

k
c

k
b yyyxxxx ++≤+++ 3211 , (3) 

cba
k
c

k
a

k
c

k
b yyyxxxx ++≤+++ 3211 , and (4) cba

k
c

k
b

k
c

k
b yyyxxxx ++≤+++ 3211  

Let ),(2 baAOk  = ∅, ),(2 baBI k = ∅, ),(3 baAOk  = ∅, and ),(3 baBI k = ∅. 

Set XRHS = XRHS + ya. 

For commodity k2 

If condition (1) or (3) is violated, and if the length of the shortest weight path p 

from node at to node bs in the LP graph for commodity k2 is less than ∞ 

For each node u on path p, set 

})(:),{(),(),( 222
\\

k
bdtuduaabsa

kk VSPwpWwSPAdubaAObaAO
ts

≤++++∈∪=
 and 
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xxxx , choose 2k
ax  in the LHS of the 1-OR 

inequality (i.e., the if condition), set XLHS  = XLHS + 2k
ax  and XRHS = XRHS + 

∑
∈ ),(),( 2

2

baAOji

k
ij

k

x ; otherwise, we choose 2k
bx  on the LHS (i.e., the only-if 

condition), set XLHS  = XLHS + 2k
bx  and XRHS = XRHS + ∑

∈ ),(),( 2

2

baBIji

k
ij

k

x . 

Else, if condition (2) or (4) is violated, and if the length of the shortest path p in 

the LP graph from node bt to node as is less than ∞  

For each node u on path p, set  
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and 
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xxxx , we choose 2k
ax  on the LHS (i.e., the if 

condition) , set XLHS  = XLHS + 2k
ax  and XRHS = XRHS + ∑

∈ ),(),( 2

2

baBIji

k
ij

k

x ; otherwise, 

choose 2k
bx  in the LHS of the 1-OR inequality (i.e., the only-if condition), set 

XLHS  = XLHS + 2k
bx  and XRHS = XRHS + ∑

∈ ),(),( 2

2

baAOji

k
ij

k

x . 

Else, if there is no path between a and b 

Pick the next arc a and repeat Step 3. 

For commodity k3 

Similar to commodity k2 (replace arc b with arc c, and commodity k2 with k3) 

Set the violation to be XLHS − XRHS. 

Pick the arc a with maximum violation.   

If the violation is positive, add the inequality. 
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Option 1: Drop arcs a, b, c, i.e., delete the triplets (k, e, f) for e = a, b, or c or f = 

a, b, or c from the list KBC 

Option 2: Drop arc a, i.e., delete the triplets (k, e, f) for e = a or f = a from the list 

KBC 

Option 3: Drop k1, i.e., delete the triplets (k, e, f) for k = k1 from the list KBC, 

Return to Step 1 (select next triplet (k, b, c) from list KBC). 

If not (i.e., violation is zero or negative), return to Step 2a and pick the next 

commodity pair from the list (k2, k3) from K2K3.  If this list is empty return to Step 1 

(select next triplet (k, b, c) from list KBC) 

Two special cases of the above 1-OR separation procedure are: (1) arcs b and c are coincident, 

and (2) arc a share a node with arcs b or c, i.e., as = bt or ct, or at = bs or cs. 

Next, we present the separation procedure for 3-OR inequalities. 

Separation procedure for 3-OR inequalities 

Step 0: For every commodity k ∈ K and every pair of arcs b and c that are mutually 

incompatible, k
c

k
b xx ≥  > 0, and yb, yc < 1, compute x'(k, b, c) = min{ k

c
k
b xx , }.  Sort all 

the triplets (k, b, c) in decreasing order of x'(k, b, c), and let KBC denote this sorted 

set. 

Step 1: Select the next triplet (k, b, c) from KBC in sorted order, and let k1 = k.   

Step 2: Sort the commodities k ∈ K\{k1}  that satisfy 02 >k
bx  in decreasing order of k

bx , and 

let K2 denote this sorted set. 

Step 2a: Select the next k2 from K2 in sorted order. 

Step 3: Sort the commodities k ∈ K\{k1, k2} that satisfy 03 >k
cx  in decreasing order of k

cx , 

and let K3 denote this sorted set. 

Step 3a: Select the next k3 from K3 in sorted order. 

Step 4: For each arc a such that 0 < ya < 1, and 

(1) arcs a and b are incompatible for commodity k2 

(2) arcs a and c are incompatible for commodity k3 

Set the violation = ).1(332211 +++−+++++ cba
k
c

k
a

k
b

k
a

k
c

k
b yyyxxxxxx  
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Pick the arc a with the maximum violation. 

If the violation is positive,  

Add the inequality and drop arcs a, b, c, i.e., delete the triplets (k, e, f) for e = a, 

b, or c or f = a, b, or c from the list KBC, and return to Step 1 (select the next 

triplet (k, b, c) from list KBC). 

Else (i.e., violation is zero or negative),  

Return to Step 3a and pick the next commodity k3 from K3.  If this list is empty, 

return to Step 2a and select the next commodity k2 from K2.  If this list is empty, 

return to Step 1 and select the next triplet (k, b, c) from list KBC. 

 

4.8  Implementation and Computational Results 

We implemented a cutting plane procedure incorporating the various families of valid 

inequalities (in the three classes –cover, contingent routing, and route-coordination forcing 

constraints) we have developed, and applied it to randomly generated test problems.  Our 

algorithm, implemented in the C programming language with CPLEX callable routines to solve 

the linear programs, begins by first applying a preprocessing procedure to reduce the model size 

by fixing or eliminating some variables.  Next, the cutting plane algorithm starts by solving the 

linear programming relaxation of the base model corresponding to the reduced graph.  It then 

iteratively identifies violated valid inequalities, adds them to the current formulation, and re-

solves the linear programming relaxation.  The procedure terminates when either the linear 

programming relaxation solution is integral (or its value equals any known upper bound value), or 

if the separation procedure cannot identify any violated inequalities.  We then apply a branch-

and-bound procedure to the strong model formulation. 

4.8.1  Preprocessing procedure 

Preprocessing procedures have proved very effective for many network problems.  For 

example, Balakrishnan and Patel (1987) develop and test several problem reduction methods for 

the Steiner network problem.  Their preprocessing procedure not only reduces the number of 

decision variables but also increases the linear programming lower bound, reduces branch-and-

bound computational effort, and improves the performance of heuristic solution methods.  In this 
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section, we introduce several problem reduction methods that permit use to preclude or fix some 

design and routing variables for the WCND problem. 

Node elimination 

Using a shortest-path procedure with the service weights as arc lengths, we can first 

determine, for each commodity, the lowest possible length of an origin-to-destination path 

through a particular node.  If this length exceeds the upper limit for at least one metric for the 

commodity, then we can omit the routing variables for the arcs incident to and from that node.  

Formally, for commodity k and node i, if 

   SPq (sk ,i) + SPq (i ,tk ) > V kq       (4.80) 

for at least one q ∈ Q, then, we can preclude the routing variables for commodity k for all arcs in 

the set δ+(i) ∪ δ− (i).  If condition (4.80) holds for all k ∈ K, then, we can reduce the network by 

setting A = A\(δ+(i) ∪ δ− (i)). 

Note that condition (4.80) implies that no feasible paths can contain any arc incident to and 

from node i.  Next, we consider a less restrictive situation where the condition (4.80) holds for 

only a subset of arcs incident to and from node i. 

Arc elimination 

Similar to node elimination, using a shortest-path procedure with the service weights as arc 

lengths, we first determine the lowest possible length of an origin-to-destination path for some 

commodity through a particular arc.  If this length exceeds the upper limit for at least one metric 

for the commodity, then we can omit its routing variable on that arc.  Formally, for commodity k 

and arc (i, j), if 

   SPq (sk ,i) + wij
q + SPq ( j,tk ) > V kq      (4.81) 

for at least one metric q ∈ Q, then we can preclude the routing variable corresponding to arc (i, j) 

and commodity k.  If the inequality (4.81) holds for all k ∈ K, then, we can reduce the network by 

setting A = A\{(i, j)}. 

Arc inclusion 

If the network and commodity structure is such that some commodity must necessarily use a 

particular arc in order to meet its service requirement, then we can fix the arc’s design variable 

and the routing variable for the commodity on that arc to one. 
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For commodity k and arc (i, j), if the shortest path without using arc (i, j) exceeds the weight 

limit, i.e., 

  SPq (G : (N ,A \ (i , j))) > V kq , for at least one q ∈ Q,     (4.82) 

then we can set the routing variable xij
k  = 1 and the design variable yij = 1. 

Node inclusion 

Similar to the arc inclusion method, for commodity k and node i, if the shortest path without 

using node i exceeds the weight limit, i.e., 

SPq (G : (N \{i},A)) > V kq , for at least one q ∈ Q,    (4.83) 

then the inequality 

  xij
k

(i, j )∈δ + (i)

∑ =1         (4.84) 

is valid.  Condition (4.84) specifies that commodity k must be routed via node i.  If condition 

(4.83) holds for all commodity k ∈ K, then the following inequality regarding the design variables 

is valid: 

  yij
(i, j )∈δ + (i)

∑ =1.         (4.85) 

Path inclusion 

After we apply the above tests, if the remaining (feasible) set of arcs for commodity k 

contains no coincident arcs, then there is a unique feasible path for commodity, which is also 

optimal.  So, we can omit commodity k and set the design variables for all feasible arcs for 

commodity k to 1. 

4.8.2  LP-based heuristic procedure 

The LP solution to our strong model can provide a good starting point for heuristics solution 

procedures. For the WCND problem, we have implemented a heuristic procedure that iteratively 

selects a subset of the arcs in the LP solution and sets the value of those arcs to 1, and re-solves 

the LP problem until we obtain an integer solution.  We wish to select and fix arcs that are most 

likely to be included in the optimal design.  Thus, we have developed and implemented five 

criteria on selecting the subset of arcs to be fixed.  Next, we describe the heuristic procedure as 

well as the criteria we use to select arcs to be fixed. 
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Let C be a subset that contains arcs whose design variables have been fixed to 1. 

Step 1: Initialize C = ∅. 

Step 2:  Select an arc subset L using one of the following rules. 

Rule 1: L contains one arc (i, j) in the subset ALP\C that has the maximum fractional 

value, i.e., yij ≥ ygh  for all  (g,h) ∈ ALP \ C . 

Rule 2: L contains a subset of arcs that has the maximum fractional value, i.e., 

L = {(i , j) ∈ ALP \ C : yij ≥ ygh  for all  (g,h) ∈ ALP \ C}. 

Rule 3: Let uij = ( xij
k

k∈K∑ ) / yij  be the utilization of arc (i, j). Then, 

L = {(i , j) ∈ ALP \ C : uij ≥ ugh  for all  (g,h) ∈ ALP \ C}. 

Rule 4: L = {(i, j) ∈ ALP \ C : cij / uij ≥ cgh / ugh  for all  (g,h) ∈ ALP \ C}. 

Rule 5: L = {(i, j) ∈ ALP \ C : cij (1− yij ) ≤ cgh (1− ygh )  for all  (g,h) ∈ ALP \ C }. 

Add the constraint yij = 1 for every arc (i, j) ∈ L to the model, and re-solve the LP.  If 

the solution is integer, stop; else repeat Step 2. 

Step 3: With an integer heuristic solution, apply the following arc-drop procedure. 

Let L' be the list of arcs in the LP solution, sorted in decreasing order of arc costs. 

Initialize the subset of dropped arcs D to be empty. 

Iterative procedure: If L' is not empty, pick the next arc (i, j) from set L'.  If the 

solution is feasible without arc (i, j), i.e., with arcs in the set ALP\{D∪(i, j)}, we can 

find a feasible origin-to-destination path for every commodity; then, set D = D ∪ (i, j).  

Else, repeat. 

4.8.3  Network generator 

Generating difficult WCND test problems with large duality gaps is challenging.  In this 

section, we first discuss the rationale of several features of out problem generator including cost 

structure, network topology, and methods of setting weight limits.  Then, we present a step-by-

step procedure of our network generator. 

Since problems with high fixed costs relative to routing costs are more difficult to solve (see 

Balakrishnan, Magnanti, and Wong 1989), we assume that variable costs are zero.  We focus on 



 

 - 184 -  

problems where arc cost is a convex combination of the Euclidean length of the arcs and 

randomly generated cost. 

For budget-constrained shortest path problems, Beasley and Christofides (1989) observed that 

problems with origin-to-destination paths containing at least four or five arcs are more 

challenging compared to those that have direct origin-to-destination connections or paths with 

few hops.  To create such networks, we limit the span of available arcs (e.g., each arc spans no 

more than two higher or lower-numbered nodes) compared to commodity spans (i.e., separation, 

in terms of node numbers, between the origin and destination of each commodity).  For example, 

when the maximum arc span is 4, for commodity k with origin at node 1 and destination at node 

15, the minimum number of arcs on any 1-to-15 path is four (e.g., the path is 1−5−9−13−15).  To 

control the number of arcs on available paths, we first construct a regular network where each 

node has the same out-degree and in-degree, i.e., |δ+ (i)| = |δ− (i)| for any i ∈ N and |δ+ (i)| = |δ+ (j)| 

for any i, j ∈ N.  Then, we apply a re-wiring procedure to achieve modest randomization of the 

configuration of available arcs. 

As another tactic to generate difficult problems, we select arc weights that are negatively 

correlated with arc costs so that the design and routing strategy that minimizes cost does not also 

select origin-to-destination paths with low weights, thereby automatically satisfying the service 

requirements.  Specifically, for arc (i, j) and service metric q, the arc weight takes the form 

wij
q = M − β × ncij + (1− β) × rwij

q , where M is a large number, 0 ≤ β ≤ 1, ncij is normalized arc 

cost, and rwij
q  is the random number from 0 to 1.  So, the parameter β indicates the degree of 

negative correlation between arc cost and arc weight. 

Moreover, even with negatively correlated weights, we must select the upper limits for 

service requirements so that they are binding but not too restrictive.  If these limits are loose, then 

the problem effectively reduces to a fixed-charge network charge problem without service 

requirements; on the other hand, if these limits are too tight, the number of feasible origin-to-

destination paths is low, making the problem relatively easy to solve.  For our test problems, we 

set the service upper limits to be the length of the lth shortest origin-to-destination path where l = 

Uniform[l_lb, l_ub], and l_lb and l_ub are two specified positive integers. 

Let n = |N| be the number of nodes, m = |A| be the number of arcs, and l = |K| be the number 

of commodities.  Let d be the node degree, d = |δ+ (i)| =  |δ− (i)| for i ∈ N.  Let g be the index span 

for every commodity k ∈ K.  Let ρ be the probability that each arc is randomly rewired.  Let 

( pi
x , pi

y )  be the two-dimensional Euclidean position for node i.  Denote the proportion of 
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Euclidean cost as r; thus, 1 − r is the proportion of random cost.  Denote the proportion of arc 

cost for the weight of each arc and each service metric as β.  Let R[a, b] be a randomly generated 

number between a and b, b ≥ a. 

Problem generator 

Step 1: Create n nodes 

For i = 1 to n, set px = R[0, 300] and py = R0, 400]. 

Step 2: Create m arcs 

Initialize A = Ø.  For each node i, set 

U U UU })},{({})},{({ 
11

d

l

d

l
liiliiAA

==
−+= . 

Rewiring: For each arc (i, j) ∈ A 

If R[0, 1] ≤ ρ 

If R[0, 1] ≤ 0.5 

Let i' = R[1, n] such that (i', j) ∉ A, and rewire the arc (i, j) 

as (i', j) 

Else 

Let j' = R[1, n] such that (i, j') ∉ A, and rewire the arc (i, j) 

as (i, j') 

Step 3: Generate l commodities 

Initialize K = Ø. 

Iterative: For s = R[1, n] and t = Uniform[1, n], if |t − s| ≥ g 

If R[0, 1] > 0.5 and (s, t) ∉ K, set K = K ∪ {(s, t)}, else 

If R[0, 1] ≤ 0.5 and (t, s) ∉ K, set K = K ∪ {(t, s)} 

Repeat until |K| = l. 

Step 4: Arc fixed cost 

Compute ecij = ( pi
x − p j

x )2 + ( pi
y − p j

y )2  for each arc (i, j), the normalized 

Euclidean cost necij =
ecij − minij ecij

max ij ecij − ecij
, and rcij  = R(0, 1). 
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Set cij = r × necij +(1− r) × rcij . 

Step 5: Arc weight 

For each arc (i, j), compute the normalized arc cost ncij =
cij − minA cij

maxA cij − cij
. 

For each arc (i, j) and each metric q, set rwij
q  = Uniform[0, 1]. 

Compute M = min(i, j )∈A (−β × ncij + (1− β) × rwij
q ) .  Set 

wij
q = −M − β × ncij + (1− β) × rwij

q  if M < 0. 

Step 6: Weight limit 

For each k ∈ K and q ∈ Q, set V kq = SPq (sk ,tk ) ×α kq , αkq ≥ 1, or, set V kq to be the 

lth shortest path length from sk to tk, l ≥ 1, l = Uniform[l_lb, lub]. 

4.8.4  Computational results 

To assess the effectiveness of our valid inequalities, we implemented and applied our strong 

model with the valid inequalities discussed in this paper to some test problems.  The goal is (1) 

demonstrate the effectiveness of the valid inequalities in improving the lower bound and upper 

bound of the heuristic procedure, (2) test the effectiveness of the valid inequalities in reducing the 

duality gap, (3) test the effectiveness of each class of inequalities, and (4) test the robustness of 

the cutting plane method with different parameters.  From these tests, we wish to identify 

problems structures and characteristics that make the WCND problem difficult to solve.  Next, we 

introduce some notation for problem parameters and metrics we report in the computational 

results. 

Notation 

|Q| number of service metrics 

n number of nodes 

m number of arcs 

|K| number of commodities 

r proportion of random cost for arc cost 

β degree of negative correlation for arc cost and arc weight, 0 ≤ β ≤ 1 

l_lb lower bound of the number of feasible paths for all commodities 
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l_ub upper bound of the number of feasible paths for all commodities 

h lower bound for the number of hops for all commodities 

ρ probability of random rewiring 

SP cost of shortest path using cost as arc lengths, ignoring weight constraint(s) (for Beasley 

problems) 

EN number of eliminated nodes 

EA number of eliminated arcs 

NR number of rows (after CPLEX completes preprocessing) 

NC number of columns 

FC total cost for fixed arcs by preprocessing 

CB solution value for base LP model 

CSL solution value for strong LP model 

CSU starting value of feasible solution (provided by the heuristic methods) 

CFL Best lower-bound when the branch and bound terminates 

CFU Best upper-bound when the branch and bound terminates 

TB solution time (in CPU seconds) for base LP 

TS solution time (in CPU seconds) for strong LP 

TI solution time (in CPU seconds) to obtain the best upper bound. 

TH solution time (in CPU seconds) for heuristic procedure 

NCo number of cover inequalities 

rn2 number of r-node inequalities for r = 2 

rn3 number of r-node inequalities for r = 3 

Nr2 number of r-arc inequalities for r = 2 

Nr3 number of r-arc inequalities for r = 3 

NBr number of branch inequalities 

NNF number of node flow inequalities 

N1OR number of 1-OR inequalities 
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N3OR  number of 3-OR inequalities 

N-iter number of cutting-plane iterations 

BBN number of branch-and-bound nodes to solve IP 

Heur-n objective value using heuristic method n, n = 1, 2,…,5 

CBH best LP-based heuristic value, = minn{Heur-n) 

GB Integrality gap of the base model, = (CFU− CB)/CFU 100% 

GS Integrality gap after solving strong model = = (CFU− CSL)/CFU 100% 

GC Percentage of gap closed by strong LP, = (GB) − GS))/ GB 100% 

GF Overall gap, =  (CFU− CFL)/CFU 100% 

We use the network generator (discussed in Section 4.9.3) to generate random problem 

instances.   For purpose of demonstrating the effectiveness of the strong model in improving the 

lower and upper bounds, and in reducing the time of using branch and bound procedure to find 

the optimal solution, we use base problems with the following parameters: 

Number of nodes n = 50, 

Number of arcs m = 200, 

Number of commodities |K| = 50, 

Number of service metrics |Q| = 1, 

Number of hops for each commodity h = 4, 

The proportion of Random cost r = 0.5, 

The degree of negative correlation of arc’s weight and cost β = 0.5, 

Weight limits generated using l-shortest path, with l ∈ Uniform [5, 25], 

Rewiring probability = 0.1. 

In the cutting plane procedure, we iteratively identify and add all inequalities.  We set the 

tolerance value for inequality violation to 0.01, i.e., an inequality will be added only if the 

difference of the LHS and RHS values exceeds 0.01.  We set the tolerance of LP improvement to 

0.001.  In other words, the cutting-plane procedure will terminate if the improvement of LP 

bounds is less than or equal to 0.001.  Thus, the cutting plane procedure will terminate when 

either the separation procedures cannot identify any violated inequality or the improvement of the 

LP value is less than 0.0001. 
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First, we demonstrate the effectiveness of using our strong model in improving the heuristic 

solution.  We apply the heuristic procedure to the above base problems for half an hour starting 

with the base LP model in the first run, and, in the second run, starting with the strong LP model.  

Table 4.1 reports for five problem instances the value of heuristic solution and the solution time.  

The first five rows correspond to five problem instances that we apply the heuristic procedure 

starting from the base model.  And the next five rows correspond to the same five problem 

instances but when we apply the heuristic procedure after we solve the strong LP problem.  

Columns heur-1 to heur-5 report the objective values for the five heuristic methods.  Column 

CBH and CFU give the best heuristic values and the best IP values.  As we can see, for all five 

problem instances, the best heuristic value based on the strong model is lower than that based on 

the base model.  In fact, the strong LP based heuristic finds the optimal solution in four out of 

five instances.  However, column TH indicates that the computational time for the strong LP 

based heuristics is much higher than that for the heuristic based on the base model.  The possible 

reason is that the strong LP added many inequalities which slow down the heuristic procedure. 

Second, we demonstrate the effectiveness of using our strong model in improving the IP 

solution procedure.  We apply the branch-and-bound procedure to the base problems for half an 

hour starting with the base LP model in the first run, and, in the second run, starting with the 

strong LP model.  Table 4.2 reports for five problem instances the number of branch and bound 

nodes it takes to solve the IP (column BBN) and the solution time (column TI).  The first five 

rows correspond to five problem instances when we apply the branch and bound procedure 

starting from the base model.  And, the next five rows correspond to the same five problem 

instances that we apply the branch and bound procedure after we solve the strong LP problem.  

Column GS indicates the gaps for both runs; on average, the gap for the strong model based IP is 

1.2%, compared with 6.4% for based model based IP.  Column BBN indicates that the number of 

nodes for the branch and bound procedure based on base model is 1,651 on average compared 

with 48 for the branch and bound procedure based on the strong model.  Moreover, the average 

time for the former approach is 46.4 CPU seconds, which is lower than 109 CPU seconds for the 

latter approach. 



 

 190

 

 

Table 4.1 Computational results:  solutions based on the base model versus the strong model  

Pr# CB Nco 
rn 
2 

rn 
3 Nr1 Nr2 NBr NNF N1OR N3OR N_iter TS CSL 

Heur-
1 

Heur-
2 

Heur-
3 

Heur-
4 

Heur-
5 CBH TH 

1 562.33           0 562.3 643 677 675 634 661 634 7 
2 579.53           0 579.5 696 754 742 714 828 696 8 
3 582.57           0 582.6 646 629 667 657 805 629 2 
4 512.02           0 512 563 642 583 624 649 563 11 
5 629.79           0 629.8 676 831 691 718 709 676 3 
        
1 562.33 0 35 124 203 173 232 340 669 215 34 124 598 604 681 620 604 604 604 32 
2 579.53 1 19 74 140 127 124 232 464 133 20 52 616.5 648 673 654 661 680 648 41 
3 582.57 1 18 57 92 88 71 208 198 75 11 9 611.9 615 724 625 615 615 615 2 
4 512.02 0 38 111 218 193 182 327 847 228 31 137 545 551 551 551 574 551 551 63 
5 629.79 2 20 69 118 108 114 271 368 128 17 23 652.6 657 657 659 672 657 657 10 
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Table 4.2  Computational results: Solving IP based on the base model versus the strong mode 

Pr# CB N_iter TS CSL BBN TI GS 
1 562.33  1 562.3 228 23 6.9% 
2 579.53  1 579.5 6814 158 8.6% 
3 582.57  1 582.57 672 14 5.3% 
4 512.02  1 512 482 29 7.1% 
5 629.79  1 629.8 59 8 4% 

ave. 573.248   1 573.234 1651 46.4 6.4% 

 
Pr# CB N_iter TS CSL BBN TI GS 
1 562.33 32 114 597.2 14 132 1.1% 
2 579.53 31 86 616.9 197 162 2.7% 
3 582.57 14 10 610.9 5 18 0.7% 
4 512.02 35 145 544.2 21 171 1.2% 
5 629.79 27 52 654.1 2 62 0.4% 

ave. 573.248 27.8 81.4 604.66 48 109 1.2% 
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Third, we assess the effectiveness of each class of valid inequalities.  Again we use the base 

problems and apply either one class or a combination of a subset of the inequalities in the cutting plane 

procedure.  Table 4.3 reports the results.  From row 2 to row 9, we apply, respectively, the cover 

inequalities, the r-node, r-arc inequalities, the branch inequalities, the cut-flow inequalities, and the 

route-coordination inequalities.  Then, row 7 and row 8 correspond to the results for the cardinality, 

contingent routing inequalities, respectively.  Finally, in the last row we report results when we apply all 

the inequalities.  The last column reports the gap we obtain for each of the above test.  We can see that 

the route-coordination inequalities (with an average gap of 2%) are more effective than the other 

inequalities.  Also, when we apply all the inequalities together, the gap (1%) after solving the strong 

model is much lower.  From the computational time and base gaps shown in the table, these base 

problems are relatively easy to solve.  So, in order to better assess the effectiveness of these inequalities, 

we need to generate more difficult problems. 

Finally, we test the robustness of the performance of our valid inequalities to factors including 

problem size, network and commodity structure, arc cost structure, and arc weight structure.  Our 

strategy is to use the base problem as a benchmark and vary one parameter at a time to see the impact of 

each parameter.  To evaluate the impact of the problem size, we vary the number of nodes n, the number 

of arcs m, and the number of commodities |K|.  Similarly, to evaluate the impact of the network and 

commodity structure, we vary the lower bound of commodity hops h, the rewiring probability ρ.  To see 

the impact of cost structure, we vary the proportion r of the Euclidean cost (versus random cost) in the 

formula that we use to generate each arc’s fixed cost.  Also, we vary the value of β which represents 

how negatively correlated each arc’s cost and weight are.  For weight structure, we vary the tightness of 

the weight limit for each commodity.  Intuitively, if the weight limit is tight, we expect to have few 

feasible routes for each commodity.  Table 4.4 summarizes the parameter settings. 

We generate five problem instances for each parameter setting in Table 4.4, and solve each problem 

using the strong model followed by the branch and bound procedure.  After half an hour, we record the 

base LP value (before applying the strong model), the strong LP value (before branch and bound 

procedure) and the best integer value (after the branch and bound procedure).  We calculate the base gap 

as (best integer value − base LP value)/(best integer value − total cost of fixed arcs) and the strong gap 

as (best integer value − strong LP value)/ best integer value.  Table 4.5a and Table 4.5b summarize 

results for the average of the five replications in each problem setting.  The detailed data for each 

replication in each problem setting is in the Appendix 4A. 

We can see from Table 4.5a that the base gap increases under the following situations: (1) the 

number of nodes decreases, (2), the number of arcs increases, (3) the number of commodities increases, 
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(4) lower bound of the number of hops for each commodity increases, (5) weight limit is relatively loose 

(i.e., more feasible paths for each commodity), and (6) the random rewiring probability is higher.  The 

impact of the cost structure, r and β, however, is not significant. Table 4.5a also indicates that, for 

problems with higher base gaps, we also expect the strong gaps to be higher.  Overall, the average base 

gap for all problem instances is 7.5%, and 2.7% for our strong model.  So, the strong model has closed 

about closed 76.2% of the base gap. 

To demonstrate the effectiveness of our inequalities in tightening the lower bounds obtained from 

the LP problem, we also applied our cutting-plane procedure to the 24 problem instances provided by 

Beasley and Christofides [1989].  Notice that these problems are special case of the weight-constrained 

network design problem with single commodity.  Therefore, except for the route coordination 

constraints, all the remaining inequalities we develop in this chapter apply. 

Table 4.6 reports the network data and results for the Beasley problems.  There are 24 problem 

instances with the number of service metrics |Q| = 1 or 10, the number of nodes n = 100, 200, 500, the 

number of arcs m varies from 955 to 4868.  Columns EN and EA gives, respectively, the number of 

nodes and arcs eliminated by the preprocessing procedure.  Columns NR and NC correspond to the 

number of rows and number of columns for the reduced problems.  Column CB reports the objective 

value of the base model, and column CS the objective value of the strong model.  Columns NCo, Nr2…,  

and NNF, are the number of violated inequalities added by the cutting plane procedure.  Finally, 

columns GB and GS are the gaps we calculated for the base model and strong LP model, i.e., GB =  

(CFU − CB)/(CFU)%, and GS =  (CFU− CSL)/(CFU− FC)%.  Notice that in calculating both gaps we 

have excluded the total cost of the arcs that we fix in the preprocessing procedure.  Column GC 

represents the percentage of the base model gaps that are closed by the strong model. 

We see from Table 4.6 that our base LP with preprocessing procedure found the optimal solution for 11 

problem instances, and identified one problem (Problem 14) as infeasible.  For the remaining 12 

problem instances, on average, the duality gap for the linear programming relaxation of the base model 

is 24%; and adding our valid inequalities closed the gap for all 12 problem instances.  The computation 

time ranges from one second to an hour (for problem 24).  These results demonstrate that the cutting 

plane approach with our valid inequalities is very effective, permitting us to solve problems of 

reasonable size to optimality with modest computational effort. 
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Table 4.3  Testing the effectiveness of each class of inequalities 

Pr# CB Nco 
rn 
2 

rn 
3 Nr2 Nr3 NBr NNF N1OR N3OR N_iter TS CSL CFU BBN TI GB GS 

1 573 0.2 0 0 0 0 0 0 0 0 2 1 573 612 1651 46 6% 6%
2 573 0.0 16 0 0 0 0 0 0 0 5 0 576 612 2417 71 6% 6%
3 573 0.0 0 57 0 0 0 0 0 0 6 0 579 613 674 32 7% 6%
4 573 0.0 0 0 96 0 0 0 0 0 5 0 583 612 378 23 6% 5%
5 573 0.0 0 0 0 102 0 0 0 0 7 1 583 612 296 22 6% 5%
6 573 0.0 0 0 0 0 127 0 0 0 5 0 581 612 322 19 6% 5%
7 573 0.0 0 0 0 0 0 203 0 0 5 0 583 612 283 21 6% 5%
8 573 0.0 0 0 0 0 0 0 743 0 33 72 598 612 225 156 6% 2%
9 573 0.0 0 0 0 0 0 0 0 226 23 12 581 612 1158 98 6% 5%
10 573 0.4 15 42 77 64 0 0 0 0 4 2 583 612 315 22 6% 5%
11 573 0.0 0 0 0 0 115 206 0 0 5 1 583 612 327 21 6% 5%
12 573 0.0 0 1 0 0 0 0 700 208 31 100 600 612 355 216 6% 2%
13 573 0.2 15 45 71 58 104 173 0 0 4 2 583 612 273 23 6% 5%
14 573 0.4 14 63 104 110 96 189 392 102 28 81 605 612 48 109 6% 1%

Scenario:    1. Cover inequality, 2. r-node inequality for r = 2;  3. r-node inequality for r = 3; 

4. r-arc inequality for r = 2;  5. r-arc inequality for r = 3;  6. Branch inequality; 7. Cut flow inequality;  

8. 1-OR inequality; 9. 3-OR inequality; 10. Cardinality inequality (cover + r-arc + r-node);  

11. Contingent routing inequality; 12. Route-coordination inequality; 

13. Cardinality + contingent routing inequality; 14. All inequalities.
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Table 4.4  Robust test problem parameters 

Pr# |Q| n m |K| r l_lb l_ub H β Ρ 
1 1 50 200 50 0.5 5 25 4 0.5 0.1
2 1 80 320 50 0.5 5 25 4 0.5 0.1
3 1 100 400 50 0.5 5 25 4 0.5 0.1
4 1 50 300 50 0.5 5 25 4 0.5 0.1
5 1 50 400 50 0.5 5 25 4 0.5 0.1
6 1 50 200 100 0.5 5 25 4 0.5 0.1
7 1 50 200 150 0.5 5 25 4 0.5 0.1
8 1 50 200 50 0.5 5 25 3 0.5 0.1
9 1 50 200 50 0.5 5 25 5 0.5 0.1
10 1 50 200 50 0 5 25 4 0.5 0.1
11 1 50 200 50 1 5 25 4 0.5 0.1
12 1 50 200 50 0.5 5 25 4 0.2 0.1
13 1 50 200 50 0.5 5 25 4 0.8 0.1
14 1 50 200 50 0.5 10 20 4 0.5 0.1
15 1 50 200 50 0.5 15 35 4 0.5 0.1
16 1 50 200 50 0.5 5 25 4 0.5 0.5
17 1 50 200 48 0.5 5 25 4 0.5 0.8
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Table 4.5a  Testing the robustness of the valid inequalities: Preprocessing, base LP, strong LP, and the gaps 

  EA NR NC FC CB TB N_iter TS CSL CSU CFL CFU BBN TI GB GS GC GF 
1 5 2231 1535 49 573.248 0 27.8 81 604.7 612 612.2 612 47.8 109 6.4% 1.2% 82.3% 0.0% 
2 22 2298 1646 55 820.412 0.8 10.6 20 847.2 852 850.2 850 8.4 26.6 3.5% 0.4% 92.5% 0.0% 
3 38 2441 1800 57 952.69 0 5 8.2 976.7 978 977 977 0 8.4 2.5% 0.0% 99.1% 0.0% 
4 26 2316 1708 9.6 528.712 0.6 20.6 91 566.2 599 584.4 591 359.6 439.4 10.4% 4.1% 63.6% 1.0% 
5 60 2414 1858 2.4 527.384 0 21 114 565.1 587 581.6 582 275.8 341.6 9.3% 2.8% 71.2% 0.0% 
6 0.6 4437 2858 79 676.726 1 23.2 174 711.7 739 720.3 740 65.4 500.2 8.6% 3.9% 65.0% 2.7% 
7 0.2 6429 4039 101 742.646 0 26.2 304 781.8 788 813.8 814 61.6 875.4 8.7% 4.0% 60.4% 0.0% 
8 4.6 2107 1450 58 579.63 0 15.6 30 607.9 614 614.4 614 16.2 50 5.6% 1.0% 83.9% 0.0% 
9 6.6 2237 1528 45 555.756 0 17.8 49 588 599 594.8 595 31.4 91.6 6.7% 1.2% 82.3% 0.0% 
10 6.4 2199 1498 61 601.876 0 12.8 25 628.5 634 632.8 633 3.2 32.8 4.9% 0.7% 86.9% 0.0% 
11 7.2 2113 1447 56 559.04 0 8.4 7.8 575 375 577 577 0.4 10.6 3.2% 0.3% 88.8% 0.0% 
12 9.4 2129 1443 77 559.666 0 10.6 15 575.6 343 577.4 577 1.8 19.8 3.1% 0.3% 91.7% 0.0% 
13 6.6 2174 1492 50 598.344 0 16.2 50 627.3 506 633.2 633 21.4 83.2 5.6% 1.0% 85.2% 0.0% 
14 6.6 2230 1529 44 553.552 0 15.6 55 584.3 481 591.6 592 42.2 100.6 6.5% 1.2% 84.0% 0.0% 
15 2 2721 1908 27 515.01 0.2 20.8 182 549.3 463 558.3 564 94.6 474.4 8.7% 2.7% 75.3% 1.1% 
16 2.4 2654 1820 6.4 428.942 0.6 23.6 285 465.8 512 479.6 510 227 811.4 15.5% 8.3% 49.2% 5.5% 
17 3 2922 2010 11 438.024 0.8 21.4 311 470.9 534 481.6 538 259.8 1003 18.7% 12.6% 34.8% 10.6%

average 7.5% 2.7% 76.2% 1.2% 

* Each row in this table corresponds to the average of five problem instances (See Appendix 4A for results of individual problem instances)
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Table 4.5b  Testing the robustness of the valid inequalities: Number of aded inequalities 

  Nco rn2 rn3 Nr2 Nr3 NBr NNF N1OR N3OR 
1 0.4 14.4 63 104 110 95.8 189 391.6 101.8 
2 2.4 19.2 65.4 95 83 94.4 216 251.8 71 
3 2.2 18.4 51.2 72 63 91 190 158.2 48.4 
4 0.4 12.8 57 130 103 202 266 713 116.2 
5 0.6 4.6 32.8 123 85 251 278 726.6 89.8 
6 2.4 49.2 232 340 313 323 594 1249.8 351.8 
7 3.2 114 468 589 558 527 923 1879 674.2 
8 1.6 24.2 74 144 131 131 255 413.2 122.6 
9 1.2 26.2 83.8 150 135 143 253 502.4 148 
10 1.4 21.8 50.4 85 75 92.8 186 242.4 75.8 
11 1 15.2 49.2 77 70 88.4 155 154.6 60 
12 1 12 40.4 65 59 70.4 144 217.8 69 
13 1.6 22.8 81.4 132 119 119 239 474.4 129.8 
14 0.6 27.8 84.2 138 125 139 242 508.2 126.4 
15 0.6 41.8 150 282 263 254 437 961.2 197.2 
16 0.2 9 83.4 214 157 339 317 1352.4 91.2 
17 0.2 10.2 82 231 162 488 451 1474.6 78.8 

* Each row in this table corresponds to the average of five problem instances 

(See Appendix 4A for results of individual problem instances) 
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Table 4.6 Computational results for constrained shortest path problems 

Pr# |Q| N m EN EA NR NC CB TB NCo
 

Nr NBr N-
BA 

NNF CS TS GB GS GC

1 1 100 955 0 44 1012 1866 89.0 1 0 3 5 0 2 131 0 32% 0% 100% 

2 1 100 955 0 63 993 1847 131.0 0   0     0%   

3 1 100 955 2 24 1034 1894 1.5 0 0 15 4 3 10 2 0 25% 0% 100% 

4 1 100 955 2 32 1026 1886 2.0 0   0     0%   

5 10 100 990 0 63 1037 1917 83.9 1 60 7 8 0 8 100 0 16% 0% 100% 

6 10 100 990 0 102 998 1878 93.6 0 6 7 7 0 4 100 0 6% 0% 100% 

7 10 100 999 10 160 939 1838 4.2 1 0 152 42 102 254 6 2 31% 0% 100% 

8 10 100 999 10 260 839 1738 5.4 0 14 603 218 1146 1846 14 27 62% 0% 100% 

9 1 200 2040 193 2033 15 2047 420.0 0        0%   

10 1 200 2040 193 2033 15 2047 420.0 0        0%   

11 1 200 1971 27 310 2110 3886 6.0 24        0%   

12 1 200 1971 6 56 2110 3886 6.0 0        0%   

13 10 200 2080 57 1867 366 2293 448.0 0        0%   

14 10 200 2080 181 2055   Infea         0%   

15 10 200 1960 19 248 1903 3672 6.9 2 0 181 111 149 386 9 32 24% 0% 100% 

16 10 200 1960 19 331 1820 3589 9.0 2 0 617 486 1587 2984 17 172 47% 0% 100% 

17 1 500 4858 0 22 5337 9694 488.6 15 0 1 6 2 8 652 9 25% 0% 100% 

18 1 500 4858 0 25 5334 9691 522.1 7 0  6 2 8 652 2 20% 0% 100% 

19 1 500 4978 27 29 5156 9660 6.0 4  95 40   6 2 0%   

20 1 500 4978 27 310 5142 9646 6.0 7   0     0%   

21 10 500 4847 205 4170 982 5524 858.0 0   0     0%   

22 10 500 4847 343 4591 423 5103 858.0 0   0     0%   

23 10 500 4868 31 309 5038 9427 3.5 19 0 28 10 7 22 4 131 13% 0% 100% 

24 10 500 4868 31 372 4975 9346 4.3 18 0 148 125 99 243 5 645 15% 0% 100% 
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4.10  Conclusion 

The weight-constrained network design problem is a very important class of models for designing 

cost-effective, yet service-oriented, service infrastructure networks.  By identifying and 

exploiting the special structure of this problem, our research has yielded a number of important 

classes of valid inequalities for this problem.  Our implementation of these inequalities in a 

cutting plane algorithm demonstrates that they perform exceptionally well in practice.  Moreover, 

the computational time required to find the optimal solution is quite minimal.  These results 

establish the effectiveness of both the valid inequalities and our separation procedures (to identify 

violated valid inequalities) in closing the integrality gap, thus permitting solution of realistic 

WCND problems to support design decisions for infrastructure networks. 
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CHAPTER 5  CONCLUSION 

In this dissertation, we have addressed problems that arise in an information-enabled 

environment.  In the first problem, we characterize the competition based on which types of e-tail 

customers that the market can support, i.e., the E-R scenario with e-direct shoppers, B-R scenario 

with retail browsers, and E-B-R scenario with both direct shoppers and retail browsers.  During 

the equilibrium analysis, we discovered some interesting features of the model that are not 

present in the literature of retail-online competition.  Specifically, we found that the existence of 

the browsers depends on the retail price; and the existence of the e-direct shoppers depends on the 

e-tail price.  Also, the retailer’s demand function depends on whether retail browsers exist or not 

and thus its price best responses are different without or without browsers.  To sharpen our 

understanding of the impact of browsing on retail-online competition, we studied the hypothetical 

situation where the retailer can identify and prohibit browsing behavior.  We show that in the 

presence of retail browsing both the e-tailer and retailer are getting lower profit (relative to the 

case where browsing is prohibited).  This finding suggests that, for products and markets where 

browsing can benefit some of the customers, previous research on the retail-online competition 

may be inadequate.  Specifically, a model that does not permit browsing can lead to sub-optimal 

pricing strategies for the e-tailer and retailer.  And the equilibrium profit, which is an important 

metric in evaluating many strategic movements, might be overestimated.  Our analysis also 

demonstrates that even though both the e-tailer and retailer are worse off with browsers, 

consumers’ total surplus will increase.  By examining the various strategies for the e-tailer and 

retailer, we wish to demonstrate to the practitioners that the strategic decisions proved to be 

effective in one competition setting may not be so in other settings. 

In the second problem, we have studied methods on how to enhance operational decisions in 

an IT-enabled collaborative business environment.  Specifically, we examine how a monopolist 

manufacturer uses pricing as tool to shape the demand to meet anticipated supply.      We have 

characterized the optimal properties for the pricing decisions for substitutable products.  Our 

analysis of the optimal pricing and inventory policy reveals interesting insights on how 

replenishment profiles and other problem parameters affect price properties.  In particular, we 

demonstrate how substitutable products complement each other under various scenarios of their 

replenishment profiles.  Our worst-case studies demonstrate under what conditions adopting the 

optimal pricing policy is especially valuable. 

In the third problem, we propos an efficient solution procedure for solving an important 

optimization model -- the weight-constrained network design problem (WCND): given a set of 
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commodities characterized by their origin-destination node pairs, available point-to-point links or 

arcs, and the cost and service characteristics of each arc, find the least-cost network design that 

contains at least one path between each origin-destination node pair satisfying the service 

requirements.  By identifying and exploiting the special structure of this problem, our research 

has yielded a number of important classes of valid inequalities for this problem.  Our 

implementation of these inequalities in a cutting plane algorithm demonstrates that they perform 

exceptionally well in practice.  Moreover, the computational time required to find the optimal 

solution is quite minimal.  These results establish the effectiveness of both the valid inequalities 

and our separation procedures (to identify violated valid inequalities) in closing the integrality 

gap, thus permitting solution of realistic WCND problems to support design decisions for 

infrastructure network
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APPENDICES 

Appendix 2A 

We use superscripts to denote the scenario and subscripts to denote e-tailer or retailer. 

Equilibrium conditions for E-R, B-R, and the boundary scenario 

For the E-R scenario, the following three sets of conditions must be satisfied: (1) With the E-R 

equilibrium prices, both the e-tailer and the retailer must have non-negative demands, i.e., 

 * 0eD ≥ ⇔δ + ˆ β ≥ 0, which is true. Dr
* ≥ 0 ⇔δ / ˆ β ≤ 2;     (a.1) 

(2) The E-R scenario conditions 

 pr ≤ δ 1− ρ( )⇔δ / ˆ β ≥ 2(1− ρ) /(1+ 2ρ) ;       (a.2) 

Note that the condition pe < δ/(1−ρ) is automatically satisfied if (a.1) is true.  

(3) For the E-R best response to be optimal for the e-tailer, condition (a.1) must be satisfied, 

i.e., pr ≤δ /( ρ − ρ) .  Observe that this condition holds as long as (a.2) is true.  

(4) The retail shopper’s surplus is non-negative if ρ(v − pr) − δ ≥ 0, or v ≥ (2 ˆ β −δ) /(3ρ) +δ / ρ . 

Therefore, the equilibrium condition for the E-R scenario is 2(1− ρ) /(1+ 2ρ) ≤ δ / ˆ β ≤ 2.  Note that 

we assume the valuation v is high enough so that consumers always get positive surplus.  

Otherwise, we also need to impose non-negativity of consumer surplus, which translates 

toδ / ˆ β ≤ 2ρv /2 ˆ β −1. 

For the B-R scenario, the following three sets of conditions must be satisfied: (1) Both the e-tailer 

and the retailer must have non-negative demands, i.e., De
* ≥ 0 ⇔ ρ ≥ 0. Dr

* ≥ 0 ⇔ ρ ≥ 0. True. 

(2) For the B-R best response to be optimal for the e-tailer, we must have 

 pr >δ /( ρ − ρ) ⇔δ / ˆ β < 2( ρ − ρ) / 3.       (a.3) 

(3) The B-R scenario conditions: pr > δ/(1 − ρ) is implied by (a.3).  

 pe ≥ δ/(1 − ρ) ⇔δ / ˆ β ≤ (1− ρ) / 3.        (a.4) 
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Since 3/)(2 ρρ − 13/)1( ≤⇔−≤ ρρ , which is true.  Thus, (a.3) implies (a.4). Therefore, 

the equilibrium condition for the B-R scenario is δ / ˆ β < 2( ρ − ρ) / 3. 

(4) The retail shopper’s surplus is non-negative if ρ(v − pr) − δ ≥ 0, or v ≥ 2 ˆ β / 3+δ / ρ . 

For the boundary scenario, because δ 1− ρ( )< δ ρ − ρ( ), the e-tailer’s best response is Ωe(pr) = 

(ρ pr+δ)/2 (by e-tailer’s best response in (2.6).  Thus, the equilibrium prices are pe
* = δ 2(1− ρ)  and 

pr
* = δ (1− ρ) .  And the corresponding demands are De

* = δ 2(1− ρ) ˆ β ( ) and 

De
* = ( ˆ β −δ 2(1− ρ)) / ˆ β .  For the retailer’s boundary best response to apply, we need the e-tailer’s 

price to satisfy (1 + ρ)δ /(1 − ρ) − ˆ β  < pe ≤ 2δ/(1 − ρ) − βö , which reduces to 

2(1− ρ) / 3 ≤ δ / ˆ β < 2(1− ρ) /(1+ 2ρ) .  Moreover, we can see that the demands are nonnegative under 

this condition.  Finally, the customers will get non-negative surplus if ρ(v − pr) − δ ≥ 0, or v ≥ 

δ /(1− ρ) +δ / ρ .          

 

Appendix 2B 

Block Retail Browsing 

From Table 2.3 to 2.5, we can easily show that pe
ER ≥ pe

EBR , pr
ER ≥ pr

EBR ,  πe
ER ≥ πe

EBR ,  and 

πr
ER ≥ πr

EBR  if  

 δ / ˆ β ≤ 2(1− ρ) / 3.           (b.1) 

And pe
ER ≥ pe

BR , pr
ER ≥ pr

BR ,  πe
ER ≥ πe

BR , and π r
ER ≥ π r

BR  hold if  

 δ / ˆ β ≤ 2( ρ − ρ) / 3.           (b.2) 

Notice that the conditions (b.1) and (b.2) are the corresponding equilibrium conditions.  Thus, the 

prices and profits for both e-tail and retail are higher in E-R scenario than the other two scenarios. 

The total consumer welfare in the E-B-R scenario is 

w EBR = (ρv − pe
EBR − β)d0

β EB∫ β + ρ(v − pe
EBR − β) −δ( )dββ EB

β BR∫ + ρ(v − pr
EBR ) −δ( )dββ BR

ˆ β ∫ . (b.3) 
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The total consumer welfare without browsers is  

 w no−browsers = (ρv − pe
ER − β)d0

β ER∫ β + ρ(v − pr
ER ) −δ( )dββ ER

ˆ β ∫ .    (b.4) 

Comparing (b.3) and (b.4), we have  

w EBR − w no−browsers

= δ2(20 + 69ρ − 9ρ2 + ρ3) + 4(1− ρ)2(44 − 5ρ) ˆ β 2 − 2(64 − 24ρ − 45ρ2 + 5ρ3)δ ˆ β 
18(4 − ρ)2(1− ρ)

   

= (δ / ˆ β )2(20 + 69ρ − 9ρ2 + ρ3) + 4(1− ρ)2(44 − 5ρ) − 2(64 − 24ρ − 45ρ2 + 5ρ3)δ / ˆ β 
18(4 − ρ)2(1− ρ)

.  (b.5)  

Because 096920 32 >+−+ ρρρ , the total consumer surplus in (b.3) reaches its minimum 

when δ
ˆ β 

= 64 − 24ρ − 45ρ2 + 5ρ3

20 + 69ρ − 9ρ2 + ρ3 .  Moreover, 
3

)1(2
96920

5452464
32

32 ρ
ρρρ
ρρρ −

>
+−+
+−− (the right bound 

of the E-B-R scenario).  Therefore, (b.5) is decreasing inδ / ˆ β .  Finally, the total consumer surplus 

in (b.3), evaluated at δ
ˆ β 

= 2(1− ρ)
3

, is
)1()4(162

)54)(14(4
2

22

ρρ
ρρρ

−−
+−+ , which is positive.  Thus, wEBR > 

w no_browsers.  

 

Appendix 2C 

Experiencing Fee   

In the B-R scenario, all consumers still visit the store with marginal increase of the store admission 

fee.  The total revenue from the store admission fee is a constant, and will not change the best 

responses for the e-tailer and the retailer.  Therefore, the equilibrium profit is πe
* = ρ ˆ β /9for the e-

tailer, and ar += 9/ö4* βρπ for the retailer. 

In the E-B-R scenario, βEB = (δ + a)/(1 − ρ) − pe and βBR = pr − pe − a.  Thus, the demand functions 

are De = (ρpr − pe + δ + a)/ βö for the e-tailer, and Dr = ρ( βö− pr + pe )/ βö for the retailer.  It follows 

that their best responses are Ωe(pr) = (ρ pr + δ + a)/2, and Ωr(pe) = ( ˆ β  + pe )/2.   
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Solving for equilibrium prices, demands, and profits, we have pe
* = (2(δ + a) + ρ ˆ β ) /(4 − ρ) , 

pr
* = (δ + a + 2 ˆ β ) /(4 − ρ) .  So, De

* = (2(δ + a) + ρ ˆ β ) /((4 − ρ) ˆ β ) , Dr
* = ρ(δ + a + 2 ˆ β ) /((4 − ρ) ˆ β ) , 

πe
* = ((2(δ + a) + ρ ˆ β ) /(4 − ρ)) 2 / ˆ β , and π r

* = ρ((δ + a + 2 ˆ β ) /(4 − ρ))2 / ˆ β + a(2δ + 2a + 4 ˆ β ) /(4 − ρ)  

− (t + a) /(1− ρ) / ˆ β . 

Both the e-tailer and the retailer charge higher prices and have higher demand in equilibrium.  

∂πe
*

∂a
> 0.  ∂π r

*

∂a
= 2α(8 + ρ) − 8 ˆ β (2 − 3ρ + ρ2) + (8 + ρ2)δ

ˆ β (4 − ρ)2(ρ −1)
.  We can show that 

2a(8 + ρ) − 8 ˆ β (2 − 3ρ + ρ2) + (8 + ρ2)δ < 0 as long as the parameters satisfy the E-B-R equilibrium 

conditions 2( ρ − ρ)
3

ˆ β − a ≤ δ ≤ 2(1− ρ)
3

ˆ β − a .  

In the E-R scenario, De = (ρpr − pe + δ + a)/ βö , and Dr = ρ( βö− ρpr + pe− δ − a )/ βö .  The best 

responses are Ωe ( pr) = (ρpr +δ + a) /2 , and Ωr ( pe ) = ( ˆ β + pe −δ − 2a) /2ρ .  Therefore, we have the 

equilibrium prices, pe
* = (δ + ˆ β ) / 3, pr

* = (2 ˆ β −δ − 3a) /(3ρ) , De
* = (δ + ˆ β ) /(3 ˆ β ) , 

Dr
* = ρ(2 ˆ β −δ) /(3 ˆ β ) , πe

* = (δ + ˆ β )2 /(9 ˆ β ) , π r
* = (2 ˆ β −δ)2 /(9 ˆ β ) .  Thus, with uniform distribution, 

the experiencing fee has no impact on the retailer’s profit.   

Store traffic cost 

We verify that the retailer’s best response in the E-B-R scenario is the same as the base model.  

The retailer chooses pr to maximize its profit ( ˆ β − pr + pe )ρ
ˆ β 

pr − ( ˆ β −δ /(1− ρ) + pe )
ˆ β 

ϕ .  Taking the 

first order derivative w.r.t. the profit and setting the it to zero, we get Ωr ( pe ) =
ˆ β + pe

2
, which is the 

same as the base model. 

Knowledgeable customer segment  

To see the effect of knowledgeable customers on the equilibrium prices and profits, we derive the 

first order conditions as follows: 

∂pe
*

∂α
= 2(2α −1)(1− ρ)2 ρ(2 ˆ β −δ)

(4α(1− ρ)2 − 4α 2(1− ρ)2 + 3ρ)2 , and ∂pr
*

∂α
= (4 + 8α(ρ −1) + 4α 2(1− ρ)2 − ρ)(ρ −1)(2 ˆ β −δ)

(4α(1− ρ)2 − 4α 2(1− ρ)2 + 3ρ)2 .   
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Because 2 ˆ β  > δ, the e-tailer’s price decreases with α if and only if α < ½.   

Also, we can show that 4 + 8α (ρ −1) + 4α 2(1− ρ)2 − ρ > 0. So, the retailer’s price decreases with α. 

Perfect Information 

The marginal consumer who is indifferent between purchasing from online and the retail store has 

e-purchase cost pr + δ - pe.  The market demands for the e-tailer and the retailer 

are ρ pr +δ − pe( )/ ˆ β , and ρ( ˆ β − pr −δ + pe ) / ˆ β , respectively.  The best responses are pe = (pr + δ)/2 

for the e-tailer and pr = ( ˆ β + pe −δ) /2for the retailer.  Solving for the equilibrium prices, we 

have pe
* = ( ˆ β +δ) / 3, pr

* = (2 ˆ β −δ) / 3, De
* = ρ( ˆ β +δ) /(3 ˆ β ) , Dr

* = ρ(2 ˆ β −δ) /(3 ˆ β ) , 

πe
* = ρ( ˆ β +δ)2 /(9 ˆ β ) , and πr

* = ρ(2 ˆ β −δ)2 /(9 ˆ β ) . 

In the E-R scenario, it is obvious that ER
e

PI
e ππ ≤  and ER

r
PI
r ππ ≤ .  

In the B-R scenario, BR
e

PI
e ππ ≥ ⇔ ( ˆ β +δ) / 3 ≥ ˆ β / 3, and πr

PI ≤ πr
BR ⇔ (2 ˆ β −δ) / 3 ≤ 2 ˆ β / 3.  Thus, e-

tailer prefers perfect information, and the retailer does not.  

In the E-B-R scenario, for the e-tailer, EBR
e

PI
e ππ ≥  ⇔ ρ ( ˆ β +δ) / 3 ≥ (2δ + ρ ˆ β ) /(4 − ρ)  

⇔δ / ˆ β ≤ ( ρ (4 − ρ) − 3ρ) /(6− ρ (4 − ρ)) .  Recall that the boundary points of E-B-R scenario are 

3/)(2 ρρ −  and 3/)1(2 ρ− .  And we can show that ( ρ (4 − ρ) − 3ρ) /(6 − ρ (4 − ρ)) > 

3/)(2 ρρ − and ( ρ (4 − ρ) − 3ρ) /(6 − ρ (4 − ρ)) ≥ ⇔− 3/)1(2 ρ  ρ > 2/)74( − .  

Therefore, EBR
e

PI
e ππ ≥ if one of the following conditions holds: (1) ρ > 2/)74( − ; or (2) ρ 

< 2/)74( −  and 2( ρ − ρ) / 3≤δ / ˆ β ≤ ( ρ (4 − ρ) − 3ρ) /(6 − ρ (4 − ρ)).  

Or, EBR
e

PI
e ππ < if ρ < 2/)74( −  and ( ρ (4 − ρ) − 3ρ) /(6− ρ (4 − ρ)) ≤δ / ˆ β ≤ 2(1− ρ) / 3.  

For the retailer. EBR
r

PI
r ππ ≥ ⇔ (2 ˆ β −δ) / 3 ≥ (δ + 2 ˆ β ) /(4 − ρ) ⇔δ / ˆ β ≤ 2(1− ρ) /(7 − ρ) .  Since 

3/)(2)7/()1(2 ρρρρ −≥−− and 3/)1(2)7/()1(2 ρρρ −<−− , we have 

EBR
r

PI
r ππ ≥ ⇔ 2( ρ − ρ) / 3 ≤δ / ˆ β ≤ 2(1− ρ) /(7 − ρ) , 

and EBR
r

PI
r ππ < ⇔ 2(1− ρ) /(7 − ρ) ≤ δ / ˆ β ≤ 2(1− ρ) / 3.   
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To summarize, retailer always prefers perfect information if and only if 

2( ρ − ρ) / 3 ≤ δ / ˆ β ≤ 2(1− ρ) /(7− ρ) , and e-tailer prefers perfect information if and only if one of 

the two conditions holds: 1. ρ > 2/)74( − ; 2.  ρ < 2/)74( − , and 

δ / ˆ β ≤ ( ρ (4 − ρ) − 3ρ) /(6− ρ (4 − ρ)) . 

 

Appendix 3A 

Proof for Lemma 3.7: Redundancy of the constraints (3.18). 

Proof. Let the domain of the preference distribution F(θ) be defined over [0, 1], we have F(θ) = 0 

for θ < a and F(θ) = 1 for θ > b.  Thus, for any solution with θlt < 0 or/and θht  > 1, we can always 

find a solution that has the same objective value by letting θlt = 0 or/and θht  = 1, respectively.   

To show that θlt ≤ θht is redundant, suppose, there exists an optimal solution θh and θl with θlt > θht 

for some period t = 1,…, m.  Then, there exists a period j such that the constraint (3.17) is not 

binding and θlj > θl,j+1.  To see the existence of such period j, notice that the constraint (3.17) at 

period t − 1 is satisfied.  By assumption, θlt > θht, the sales of the regular product Slt are negative.  

Thus, some period j ≥ t must have positive inventory. 

For period j, let θlj
' = θlj −ε , hjhj θθ ='  and for period j + 1, let θl, j +1

' = θl, j +1 +ε , θh, j +1
' = θh, j +1. Note 

that the new solution is still feasible since ε  is small and constraint (3.17) is not binding by our 

assumption of period j. 

The profit difference between the new solution and the previous solution is as follows, 

1 1 1 1

1 1

1 1 1

1 1 1

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( ( ) ( ) ( ))

( )( ( ) ( ) ( ))

( ( ) ( )) ( ) ( )

lj lj lj lj lj lj lj lj

lj lj lj lj lj lj lj

lj lj lj

lj lj lj lj lj lj

F F F F

F F F f

F f

F F f f

θ θ θ θ θ ε θ ε θ ε θ ε

θ θ θ θ θ ε θ θ ε ε

θ ε θ θ ε ε

ε θ θ θ θ ε θ θ ε

+ + + +

+ +

+ + +

+ + +

= + − − − − + +

= + − − − + Δ

− + + + Δ

= − + −

 

In the above, ( )εΔ  represents orders higher than 2 and all of higher orders can be ignored.  Also, 

with Assumption 3.4, θf(θ) is a non-decreasing function.  So, the above profit difference is non-

negative.  Therefore, if there exists a solution with θlt > θht, we can find a solution with θlt ≤ θht that 
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can do at least as well.  This shows that the objective function in problem [DSP'] will guarantee to 

find an optimal solution with θlt ≤ θht.        

 

Appendix 3B 

Proof of Proposition 3.9. 

We prove the proposition in three steps. 

Step 1: A necessary and sufficient condition for the objective function to be concave is that, 
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Take the first order derivative of the objective function w.r.t. htθ  and ltθ  respectively, we have, 
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Take the second order derivatives, we have,  
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Since the cross-over second order derivatives are all zero, the Hessian matrix of the objective 

function is a diagonal matrix. Consequently, as long as each element in the diagonal is non-

positive, the objective function is a concave function, thus, the necessary and sufficient condition 

for the profit function ),( lthtf θθ  to be concave is that, 
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By rearranging terms, we have, 
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Step 2: A log-concave preference distribution together with a boundary condition can guarantee 

the objective function to be concave. The boundary condition is, 
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Proof of Step 2.  According to Bagnoli and Bergstrom (1989), if the preference distribution )(θf  

is log-concave, then )(
)('

θ
θ

f
f  is monotonically decreasing in its domain, which is [0, 1] in our case.  

Denote 
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θ
θθθ −−−= .  Then, it is obvious that )( hth θ  is decreasing 
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with respect to htθ , thus, 
)0(
)0(')()0()(
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Step 3: If 0)1( ≥− t
t C  for mt 2,1 L= , then the constraint set is convex, where tC  for 
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⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−

−

−

−

−−

=

)('

)('
)('

)('

)(

)(
)(

)(
)()()()(0

11

11

11

11

1111

ltt

l

htt

h

ltt

l

htt

h

lttlhtth

t

f

f
f

f

f

f
f

f
ffff

C

θλ

θλ
θλ

θλ

θλ

θλ
θλ

θλ
θλθλθλθλ

O

O

M

M

LL

. 

 

Proof of Step 3: the constraint set is a convex set, we only need to show that 
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constraints (3.18) are linear, and thus are convex. Note, constraint ∑∑ ==
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monotonically non-decreasing function, thus the function is a quasi-concave function, thus 
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)()( λθλ  is a convex set (Sundaram, 1996). To see whether the constraint 
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for mt 2,1 L= , then the constraint set is convex.   
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Appendix 4A 

Table 4A.1 Base problems  

with n = 50, m = 200, |K| = 50, r = 0.5, l_lb =5, l_ub=25, h = 4, β = 0.5, ρ = 0.1 

Pr# EA NR NC FC CB TB N_iter TS CSL CSU CFL CFU BBN TI GB GS GC GF 
1 6 2294 1574 47 562.33 0 32 114 597.2 604 604 604 14 132 6.9% 1.1% 83.7% 0.0%
2 2 2257 1573 25 579.53 0 31 85 616.9 634 634 634 197 161 8.6% 2.7% 68.6% 0.0%
3 6 1941 1332 90 582.57 0 14 11 610.9 615 615 615 5 19 5.3% 0.7% 87.4% 0.0%
4 5 2438 1676 52 512.02 0 35 145 544.2 551 551 551 21 171 7.1% 1.2% 82.6% 0.0%
5 6 2224 1518 29 629.79 0 27 52 654.1 657 657 657 2 62 4.1% 0.4% 89.3% 0.0%

ave. 5 2231 1535 49 573.248 0 27.8 81 604.7 612 612.2 612 47.8 109 6.4% 1.2% 82.3% 0.0% 

 

Pr# Nco rn2 rn3 Nr2 Nr3 NBr NNF N1OR N3OR 
1 0 10 68 115 116 137 197 475 127 
2 0 16 60 108 111 92 175 403 92 
3 1 14 39 74 78 50 171 166 41 
4 0 17 66 127 138 130 228 542 126 
5 1 15 82 97 108 70 176 372 123 

ave. 0.4 14.4 63 104 110 95.8 189 391.6 101.8 
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Table 4A.2  Robustness test: problem size  

(n = 80, m = 200, |K| = 50, r = 0.5, l_lb =5, l_ub=25, h = 4, β = 0.5, ρ = 0.1) 

Pr# EA NR NC FC CB TB N_iter TS CSL CSU CFL CFU BBN TI GB GS GC GF 
1 25 2510 1786 60 769.51 1 5 11 801 801 801 801 0 11 3.9% 0.0% 100.0% 0.0%
2 32 2384 1681 51 816.06 1 15 20 842.3 848 843 843 0 21 3.2% 0.1% 97.4% 0.0%
3 23 2175 1551 68 878.38 1 10 11 909.3 912 912 912 0 13 3.7% 0.3% 92.0% 0.0%
4 13 2274 1642 13 806.45 0 19 56 838.3 852 850 850 42 85 5.1% 1.4% 73.1% 0.0%
5 18 2149 1570 83 831.66 1 4 3 845 845 845 845 0 3 1.6% 0.0% 100.0% 0.0%

ave. 22 2298 1646 55 820.412 0.8 10.6 20 847.2 852 850.2 850 8.4 26.6 3.5% 0.4% 92.5% 0.0% 

 

Pr# Nco rn2 rn3 Nr2 Nr3 NBr NNF N1OR N3OR 
1 2 21 84 117 101 132 296 333 95 
2 0 29 63 95 81 82 226 215 73 
3 5 16 66 88 80 124 189 218 67 
4 1 19 80 126 110 90 227 455 105 
5 4 11 34 47 44 44 144 38 15 

ave. 2.4 19.2 65.4 95 83 94.4 216 251.8 71 
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Table 4A.3  Robustness test: problem size  

(n = 100, m = 200, |K| = 50, r = 0.5, l_lb =5, l_ub=25, h = 4, β = 0.5, ρ = 0.1) 

Pr# EA NR NC FC CB TB N_iter TS CSL CSU CFL CFU BBN TI GB GS GC GF 
1 36 2451 1804 49 958.38 0 8 15 994.3 1001 996 996 0 16 3.8% 0.2% 95.5% 0.0%
2 35 2308 1719 95 1082.68 0 3 3 1095 1095 1095 1095 0 3 1.1% 0.0% 100.0% 0.0%
3 52 2445 1782 59 786.82 0 4 4 802 802 802 802 0 4 1.9% 0.0% 100.0% 0.0%
4 25 2605 1924 59 949.98 0 3 6 979 979 979 979 0 6 3.0% 0.0% 100.0% 0.0%
5 43 2398 1771 25 985.59 0 7 13 1013 1013 1013 1013 0 13 2.7% 0.0% 100.0% 0.0%

ave. 38 2441 1800 57 952.69 0 5 8.2 976.7 978 977 977 0 8.4 2.5% 0.0% 99.1% 0.0% 

 
Pr# Nco rn2 rn3 Nr2 Nr3 NBr NNF N1OR N3OR 
1 1 34 75 103 92 151 275 259 77 
2 1 6 21 23 18 48 87 44 21 
3 6 5 19 33 32 26 90 39 14 
4 3 29 77 98 84 132 296 171 42 
5 0 18 64 105 88 98 200 278 88 

ave. 2.2 18.4 51.2 72 63 91 190 158.2 48.4 
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Table 4A.4  Robustness test: problem size  

(n = 50, m = 300, |K| = 50, r = 0.5, l_lb =5, l_ub=25, h = 4, β = 0.5, ρ = 0.1) 

Pr# EA NR NC FC CB TB N_iter TS CSL CSU CFL CFU BBN TI GB GS GC GF 
1 21 2450 1804 30 544.42 1 21 113 586.2 631 604.3 629 682 743 13.4% 6.2% 51.8% 100.0%
2 12 2292 1712 0 502.78 1 17 62 542.7 552 551 551 40 143 8.8% 1.7% 81.1% 100.0%
3 46 2269 1650 18 556.93 0 27 125 596.7 658 625.5 633 639 767 12.0% 6.5% 48.6% 100.0%
4 23 2442 1791 0 495.64 1 24 130 536.9 573 563 563 409 497 12.0% 4.6% 61.3% 100.0%
5 29 2129 1585 0 543.79 0 14 24 568.5 580 578 578 28 47 5.9% 1.7% 71.9% 100.0%

ave. 26 2316 1708 9.6 528.712 0.6 20.6 91 566.2 599 584.4 591 359.6 439.4 10.4% 4.1% 62.9% 100.0%

 

Pr# Nco rn2 rn3 Nr2 Nr3 NBr NNF N1OR N3OR 
1 0 15 79 188 146 253 374 857 98 
2 2 16 56 118 86 211 241 632 142 
3 0 13 62 155 123 229 322 954 160 
4 0 17 52 113 102 175 219 763 104 
5 0 3 36 78 60 142 175 359 77 

ave. 0.4 12.8 57 130 103 202 266 713 116.2 
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Table 4A.5  Robustness test: problem size  

(n = 50, m = 400, |K| = 50, r = 0.5, l_lb =5, l_ub=25, h = 4, β = 0.5, ρ = 0.1) 

Pr# EA NR NC FC CB TB N_iter TS CSL CSU CFL CFU BBN TI GB GS GC GF 
1 64 2385 1844 0 542.9 0 23 131 580.2 595 595 595 230 352 8.8% 2.5% 71.6% 100.0%
2 64 2383 1840 0 510.38 0 17 97 558.3 591 586 586 585 519 12.9% 4.8% 63.1% 100.0%
3 59 2542 1937 0 519.79 0 19 134 556.3 561 561 561 15 212 7.3% 0.8% 88.6% 100.0%
4 48 2407 1846 0 562.93 0 22 117 597.9 631 620 620 301 339 9.2% 3.5% 61.6% 100.0%
5 66 2352 1824 12 500.92 0 24 93 532.9 555 546 546 248 286 8.3% 2.3% 72.3% 100.0%

ave. 60 2414 1858 2.4 527.384 0 21 114 565.1 587 581.6 582 275.8 341.6 9.3% 2.8% 71.4% 100.0%

 
Pr# Nco rn2 rn3 Nr2 Nr3 NBr NNF N1OR N3OR 
1 0 3 29 119 85 302 310 769 65 
2 1 10 46 137 90 249 260 701 79 
3 0 5 28 132 89 230 337 809 108 
4 1 0 25 91 69 197 192 624 88 
5 1 5 36 138 92 276 291 730 109 

ave. 0.6 4.6 32.8 123 85 251 278 726.6 89.8 
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Table 4A.6  Robustness test: problem size  

(n = 50, m = 200, |K| = 100, r = 0.5, l_lb =5, l_ub=25, h = 4, β = 0.5, ρ = 0.1) 

Pr# EA NR NC FC CB TB N_iter TS CSL CSU CFL CFU BBN TI GB GS GC GF 
1 0 4704 3042 85 645.74 1 22 317 686.5 749 700.7 747 154 1018 13.6% 5.7% 49.1% 100.0%
2 2 4352 2798 93 672.47 1 18 50 702.2 711 711 711 49 116 5.4% 1.2% 77.2% 100.0%
3 0 4155 2664 131 708.41 1 28 144 757 770 768 768 21 296 7.8% 1.4% 82.0% 0.0% 
4 1 4708 3053 30 610.39 1 23 308 642.9 692 650 703 103 1010 13.2% 7.8% 36.9% 0.0% 
5 0 4264 2735 54 746.62 1 25 49 769.7 772 772 772 0 61 3.3% 0.3% 90.9% 0.0% 

ave. 0.6 4437 2858 79 676.726 1 23.2 174 711.7 739 720.3 740 65.4 500.2 8.6% 3.3% 67.2% 40.0% 

 

Pr# Nco rn2 rn3 Nr2 Nr3 NBr NNF N1OR N3OR 
1 1 53 290 494 437 431 734 1924 499 
2 2 23 148 165 159 154 385 558 194 
3 4 63 300 398 391 391 756 1246 471 
4 0 82 315 484 418 497 747 1930 397 
5 5 25 108 161 159 144 348 591 198 

ave. 2.4 49.2 232 340 313 323 594 1249.8 351.8 
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Table 4A.7  Robustness test: problem size  

(n = 50, m = 200, |K| = 150, r = 0.5, l_lb =5, l_ub=25, h = 4, β = 0.5, ρ = 0.1) 

Pr# EA NR NC FC CB TB N_iter TS CSL CSU CFL CFU BBN TI GB GS GC GF 
1 0 6725 4265 107 679.74 0 22 334 728.1 731 806 806 10 1202 15.7% 9.7% 38.3% 0.0% 
2 1 6211 3857 108 771.08 0 30 316 808.1 818 823 823 148 847 6.3% 1.8% 71.3% 0.0% 
3 0 6198 3851 186 792.49 0 26 248 838.5 841 846 846 20 429 6.3% 0.9% 86.0% 0.0% 
4 0 6396 4079 54 727.65 0 28 306 770.4 775 814 814 24 1049 10.6% 5.4% 49.5% 0.0% 
5 0 6616 4145 51 742.27 0 25 318 763.7 777 780 780 106 850 4.8% 2.1% 56.8% 0.0% 

ave. 0.2 6429 4039 101 742.646 0 26.2 304 781.8 788 813.8 814 61.6 875.4 8.7% 4.0% 60.4% 0.0% 

 

Pr# Nco rn2 rn3 Nr2 Nr3 NBr NNF N1OR N3OR 
1 3 135 619 693 613 705 947 2278 774 
2 3 100 444 587 602 460 852 1523 631 
3 4 124 534 608 602 414 1083 1520 590 
4 5 116 389 575 527 540 938 2315 724 
5 1 96 354 481 446 515 796 1759 652 

ave. 3.2 114 468 589 558 527 923 1879 674.2 
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Table 4A.8  Robustness test: Network and commodity structure  

(n = 50, m = 200, |K| = 50, r = 0.5, l_lb =5, l_ub=25, h = 3, β = 0.5, ρ = 0.1) 

Pr# EA NR NC FC CB TB N_iter TS CSL CSU CFL CFU BBN TI GB GS GC GF 
1 7 2214 1514 103 608.25 0 24 68 634.1 650 650 650 50 103 6.4% 2.4% 61.9% 0.0% 
2 9 2104 1426 54 590.72 0 6 3 607 607 607 607 0 3 2.7% 0.0% 100.0% 0.0% 
3 2 1894 1308 105 613.39 0 11 9 648.3 653 653 653 2 17 6.1% 0.7% 88.1% 0.0% 
4 4 2150 1505 15 498.52 0 19 38 527.1 532 532 532 14 64 6.3% 0.9% 85.4% 0.0% 
5 1 2173 1496 14 587.27 0 18 34 623.1 630 630 630 15 63 6.8% 1.1% 83.9% 0.0% 

ave. 4.6 2107 1450 58 579.63 0 15.6 30 607.9 614 614.4 614 16.2 50 5.6% 1.0% 83.9% 0.0% 

 
Pr# Nco rn2 rn3 Nr2 Nr3 NBr NNF N1OR N3OR 
1 1 13 68 139 131 132 268 519 112 
2 2 23 65 97 91 83 239 123 38 
3 4 23 64 138 130 112 266 292 109 
4 1 35 79 155 132 126 181 530 166 
5 0 27 94 191 172 202 321 602 188 

ave. 1.6 24.2 74 144 131 131 255 413.2 122.6 
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Table 4A.9 Robustness test: Network and commodity structure  

(n = 50, m = 200, |K| = 50, r = 0.5, l_lb =5, l_ub=25, h = 5, β = 0.5, ρ = 0.1) 

Pr# EA NR NC FC CB TB N_iter TS CSL CSU CFL CFU BBN TI GB GS GC GF 
1 6 2274 1537 46 559.53 0 21 50 603.9 607 607 607 0 63 7.8% 0.5% 93.5% 0.0% 
2 8 2147 1474 37 555.75 0 16 14 574.3 582 580 580 31 27 4.2% 1.0% 76.5% 0.0% 
3 6 2093 1432 75 607.48 0 18 18 640.6 648 645 645 7 31 5.8% 0.7% 88.3% 0.0% 
4 2 2512 1742 10 458.92 0 24 153 491.8 508 507 507 114 315 9.5% 3.0% 68.4% 0.0% 
5 11 2157 1456 56 597.1 0 10 11 629.2 649 635 635 5 22 6.0% 0.9% 84.7% 0.0% 

ave. 6.6 2237 1528 45 555.756 0 17.8 49 588 599 594.8 595 31.4 91.6 6.7% 1.2% 82.3% 0.0% 

 

Pr# Nco rn2 rn3 Nr2 Nr3 NBr NNF N1OR N3OR 
1 0 19 63 133 116 124 184 551 152 
2 2 15 45 91 89 120 174 311 99 
3 1 18 69 141 136 110 253 370 143 
4 1 43 152 227 193 215 321 908 189 
5 2 36 90 157 139 144 334 372 157 

ave. 1.2 26.2 83.8 150 135 143 253 502.4 148 
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Table 4A.10 Robustness test: Network and commodity structure  

(n = 50, m = 200, |K| = 50, r = 0, l_lb =5, l_ub=25, h = 4, β = 0.5, ρ = 0.1) 

Pr# EA NR NC FC CB TB N_iter TS CSL CSU CFL CFU BBN TI GB GS GC GF 
1 9 2267 1535 32 625.71 0 18 18 653 663 662 662 10 32 5.5% 1.4% 75.2% 0.0% 
2 10 2067 1411 77 608.18 0 4 1 628 632 632 632 0 1 3.8% 0.6% 83.2% 0.0% 
3 4 1941 1332 62 610.21 0 8 4 644 650 646 646 0 4 5.5% 0.3% 94.4% 0.0% 
4 5 2465 1681 76 557.64 0 30 98 591.8 598 598 598 6 125 6.7% 1.0% 84.6% 0.0% 
5 4 2257 1532 56 607.64 0 4 2 625.5 626 626 626 0 2 2.9% 0.1% 97.3% 0.0% 

ave. 6.4 2199 1498 61 601.876 0 12.8 25 628.5 634 632.8 633 3.2 32.8 4.9% 0.7% 86.9% 0.0% 

 

Pr# Nco rn2 rn3 Nr2 Nr3 NBr NNF N1OR N3OR 
1 2 10 38 85 80 98 177 336 120 
2 1 18 27 43 37 58 106 27 11 
3 2 33 71 111 95 127 240 131 47 
4 0 25 69 144 128 132 272 671 180 
5 2 23 47 40 34 49 137 47 21 

ave. 1.4 21.8 50.4 85 75 92.8 186 242.4 75.8 
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Table 4A.11 Robustness test: Network and commodity structure  

(n = 50, m = 200, |K| = 50, r = 1, l_lb =5, l_ub=25, h = 3, β = 0.5, ρ = 0.1) 

Pr# EA NR NC FC CB TB N_iter TS CSL CSU CFL CFU BBN TI GB GS GC GF 
1 6 2139 1465 70 568.47 0 19 23 594.9 597 597 597 0 32 4.8% 0.4% 92.6% 0.0% 
2 12 2044 1380 44 552.65 0 2 1 554 0 554 554 0 1 0.2% 0.0% 100.0% 0.0% 
3 5 1922 1324 114 576.69 0 4 1 586.5 590 590 590 2 1 2.3% 0.6% 73.7% 0.0% 
4 4 2378 1650 11 431.46 0 5 6 458 0 458 458 0 6 5.8% 0.0% 100.0% 0.0% 
5 9 2084 1414 43 665.93 0 12 8 681.5 686 686 686 0 13 2.9% 0.7% 77.6% 0.0% 

ave. 7.2 2113 1447 56 559.04 0 8.4 7.8 575 375 577 577 0.4 10.6 3.2% 0.3% 88.8% 0.0% 

 

Pr# Nco rn2 rn3 Nr2 Nr3 NBr NNF N1OR N3OR 
1 1 18 73 112 104 143 182 325 113 
2 1 9 31 26 23 34 69 28 10 
3 0 5 27 38 40 37 89 29 14 
4 1 32 84 136 118 145 270 234 90 
5 2 12 31 74 64 83 165 157 73 

ave. 1 15.2 49.2 77 70 88.4 155 154.6 60 
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Table 4A.12  Robustness test: Network and commodity structure  

(n = 50, m = 200, |K| = 50, r = 0.5, l_lb =5, l_ub=25, h = 4, β = 0.2, ρ = 0.1) 

Pr# EA NR NC FC CB TB N_iter TS CSL CSU CFL CFU BBN TI GB GS GC GF 
1 12 2119 1419 114 574.4 0 14 6 587.3 589 589 589 0 6 2.5% 0.3% 88.4% 0.0% 
2 12 2025 1363 26 524.95 0 4 1 534 0 534 534 0 1 1.7% 0.0% 100.0% 0.0% 
3 8 1962 1339 86 579.22 0 6 2 595.5 601 598 598 0 2 3.1% 0.4% 86.7% 0.0% 
4 9 2364 1618 73 497.73 0 23 61 521.3 527 526 526 9 86 5.4% 0.9% 83.4% 0.0% 
5 6 2177 1476 85 622.03 0 6 4 640 0 640 640 0 4 2.8% 0.0% 100.0% 0.0% 

ave. 9.4 2129 1443 77 559.666 0 10.6 15 575.6 343 577.4 577 1.8 19.8 3.1% 0.3% 91.7% 0.0% 

 

Pr# Nco rn2 rn3 Nr2 Nr3 NBr NNF N1OR N3OR 
1 1 7 26 40 37 59 89 124 51 
2 1 6 22 19 20 21 76 44 18 
3 1 16 43 62 58 72 151 104 39 
4 2 18 68 142 130 120 240 646 167 
5 0 13 43 62 52 80 164 171 70 

ave. 1 12 40.4 65 59 70.4 144 217.8 69 

 

 

 

 



 

- 223 - 

Table 4A.13  Robustness test: Network and commodity structure  

(n = 50, m = 200, |K| = 50, r = 0.5, l_lb =5, l_ub=25, h = 4, β = 0.8, ρ = 0.1) 

Pr# EA NR NC FC CB TB N_iter TS CSL CSU CFL CFU BBN TI GB GS GC GF 
1 5 2258 1556 47 602.22 0 22 73 636.2 652 643 643 6 107 6.3% 1.1% 83.3% 0.0% 
2 9 2086 1425 80 644.38 0 2 1 659 0 659 659 0 1 2.2% 0.0% 100.0% 0.0% 
3 4 1929 1329 70 584.78 0 9 5 620.5 626 624 624 0 5 6.3% 0.6% 91.1% 0.0% 
4 6 2410 1662 26 525.33 0 21 97 554.3 576 566 566 79 192 7.2% 2.1% 71.2% 0.0% 
5 9 2188 1490 28 635.01 0 27 75 666.3 674 674 674 22 111 5.8% 1.1% 80.3% 0.0% 

ave. 6.6 2174 1492 50 598.344 0 16.2 50 627.3 506 633.2 633 21.4 83.2 5.6% 1.0% 85.2% 0.0% 

 

Pr# Nco rn2 rn3 Nr2 Nr3 NBr NNF N1OR N3OR 
1 1 17 129 175 147 185 291 631 199 
2 0 12 28 63 60 57 185 53 22 
3 4 17 57 102 95 107 251 231 84 
4 0 29 79 153 135 129 210 758 154 
5 3 39 114 166 157 115 258 699 190 

ave. 1.6 22.8 81.4 132 119 119 239 474.4 129.8 
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Table 4A.14 Robustness test: Network and commodity structure  

(n = 50, m = 200, |K| = 50, r = 0.5, l_lb =10, l_ub=20, h = 4, β = 0.5, ρ = 0.1) 

Pr# EA NR NC FC CB TB N_iter TS CSL CSU CFL CFU BBN TI GB GS GC GF 
1 6 2322 1594 38 546.66 0 22 95 585 596 596 596 18 140 8.3% 1.8% 77.7% 0.0% 
2 11 2111 1444 49 539.87 0 2 1 558 0 558 558 0 1 3.2% 0.0% 100.0% 0.0% 
3 5 1998 1377 76 563.09 0 11 9 591.7 595 595 595 0 11 5.4% 0.6% 89.7% 0.0% 
4 7 2432 1668 28 500.28 0 24 118 540.3 561 555 555 159 274 9.9% 2.6% 73.1% 0.0% 
5 4 2285 1562 30 617.86 0 19 52 646.6 654 654 654 34 77 5.5% 1.1% 79.5% 0.0% 

ave. 6.6 2230 1529 44 553.552 0 15.6 55 584.3 481 591.6 592 42.2 100.6 6.5% 1.2% 84.0% 0.0% 

 
Pr# Nco rn2 rn3 Nr2 Nr3 NBr NNF N1OR N3OR 
1 0 35 119 199 170 196 290 784 201 
2 1 18 44 45 42 62 147 63 21 
3 1 22 62 110 102 103 220 269 79 
4 0 42 109 198 178 172 286 910 202 
5 1 22 87 140 135 164 266 515 129 

ave. 0.6 27.8 84.2 138 125 139 242 508.2 126.4 
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Table 4A.15 Robustness test: Network and commodity structure  

(n = 50, m = 200, |K| = 50, r = 0.5, l_lb =15, l_ub=35, h = 4, β = 0.5, ρ = 0.1) 

Pr# EA NR NC FC CB TB N_iter TS CSL CSU CFL CFU BBN TI GB GS GC GF 
1 3 2902 2028 38 503.03 0 26 310 543.2 595 557.9 578 276 966 13.0% 6.0% 53.6% 3.5% 
2 3 2579 1815 22 503.33 0 4 5 525 0 525 525 0 5 4.1% 0.0% 100.0% 0.0% 
3 1 2387 1681 55 533.8 0 18 59 567.9 576 574 574 15 106 7.0% 1.1% 84.8% 0.0% 
4 2 3020 2117 12 460.29 1 28 313 498.3 522 510.7 521 161 973 11.7% 4.4% 62.6% 2.0% 
5 1 2717 1901 6 574.6 0 28 221 612 624 624 624 21 322 7.9% 1.9% 75.7% 0.0% 

ave. 2 2721 1908 27 515.01 0.2 20.8 182 549.3 463 558.3 564 94.6 474.4 8.7% 2.7% 75.3% 1.1% 

 

Pr# Nco rn2 rn3 Nr2 Nr3 NBr NNF N1OR N3OR 
1 1 55 216 359 328 348 531 1318 217 
2 1 22 71 133 132 153 313 212 76 
3 0 41 108 218 214 179 345 651 184 
4 0 48 196 412 374 319 482 1625 288 
5 1 43 161 286 267 271 512 1000 221 

ave. 0.6 41.8 150 282 263 254 437 961.2 197.2 
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Table 4A.16 Robustness test: Network and commodity structure  

(n = 50, m = 200, |K| = 50, r = 0.5, l_lb =5, l_ub=25, h = 4, β = 0.5, ρ = 0.5) 

Pr# EA NR NC FC CB TB N_iter TS CSL CSU CFL CFU BBN TI GB GS GC GF 
1 1 2838 1937 0 431.51 1 21 303 471.1 531 478.6 531 285 979 18.7% 11.3% 39.8% 9.9% 
2 2 2685 1835 20 390.47 0 26 310 420.8 442 438 438 227 801 10.9% 3.9% 63.8% 0.0% 
3 4 2644 1815 12 472.06 1 27 307 514.1 562 529.5 563 340 959 16.2% 8.7% 46.2% 6.0% 
4 4 2277 1583 0 403.28 0 25 191 433.5 453 453 453 56 315 11.0% 4.3% 60.8% 0.0% 
5 1 2827 1930 0 447.39 1 19 315 489.3 571 498.9 566 227 1003 21.0% 13.6% 35.3% 11.9%

ave. 2.4 2654 1820 6.4 428.942 0.6 23.6 285 465.8 512 479.6 510 227 811.4 15.5% 8.3% 49.2% 5.5% 

 

Pr# Nco rn2 rn3 Nr2 Nr3 NBr NNF N1OR N3OR 
1 1 10 119 245 174 460 412 1509 80 
2 0 17 71 232 188 321 363 1316 128 
3 0 7 72 229 168 397 348 1374 84 
4 0 4 66 121 90 136 162 1054 75 
5 0 7 89 241 167 379 302 1509 89 

ave. 0.2 9 83.4 214 157 339 317 1352.4 91.2 
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Table 4A.17  Robustness test: Network and commodity structure  

(n = 50, m = 200, |K| = 50, r = 0.5, l_lb =5, l_ub=25, h = 4, β = 0.5, ρ = 0.8) 

Pr# EA NR NC FC CB TB N_iter TS CSL CSU CFL CFU BBN TI GB GS GC GF 
1 2 3502 2435 14 376.91 1 16 309 401.2 466 405.5 498 87 1070 24.3% 19.4% 20.1% 18.6%
2 4 2729 1859 5 438.52 1 21 306 472.6 516 487.4 516 321 959 15.0% 8.4% 44.0% 5.5% 
3 5 2523 1738 23 481.76 0 30 305 522.3 574 535.7 562 411 951 14.3% 7.1% 50.5% 4.7% 
4 2 3141 2152 11 475.54 1 16 322 505.7 592 520.1 592 198 1042 19.7% 14.6% 25.9% 12.1%
5 2 2713 1866 0 417.39 1 24 314 452.8 523 459.5 523 282 993 20.2% 13.4% 33.5% 12.1%

ave. 3 2922 2010 11 438.024 0.8 21.4 311 470.9 534 481.6 538 259.8 1003 18.7% 12.6% 34.8% 10.6%

 
Pr# Nco rn2 rn3 Nr2 Nr3 NBr NNF N1OR N3OR 
1 1 14 120 370 251 788 831 1535 101 
2 0 10 67 147 98 336 303 1455 73 
3 0 13 67 181 129 344 341 1318 120 
4 0 5 100 292 212 619 496 1467 51 
5 0 9 56 165 119 351 285 1598 49 

ave. 0.2 10.2 82 231 162 488 451 1474.6 78.8 
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Table 4A.18 Testing the effectiveness of the Cover inequalities 

Pr# CB Nco 
rn 
2 

rn 
3 Nr2 Nr3 NBr NNF N1OR N3OR N_iter TS CSL CFU BBN TI GB GS 

1 562 0 0 0 0 0 0 0 0 0 2 1 562.3 604 228 23 6.9% 6.9%
2 580 0 0 0 0 0 0 0 0 0 2 1 579.5 634 6814 158 8.6% 8.6%
3 583 1 0 0 0 0 0 0 0 0 3 1 582.6 615 672 14 5.3% 5.3%
4 512 0 0 0 0 0 0 0 0 0 2 1 512 551 482 29 7.1% 7.1%
5 630 0 0 0 0 0 0 0 0 0 2 1 629.8 657 59 8 4.1% 4.1%

ave 573 0.2 0 0 0 0 0 0 0 0 2.2 1 573.24 612.2 1651 46.4 6.4% 6.4%

 

Table 4A.19 Testing the effectiveness of the r-node inequalities for r = 2 

Pr# CB Nco rn 2 
rn 
3 Nr2 Nr3 NBr NNF N1OR N3OR N_iter TS CSL CFU BBN TI GB GS 

1 562 0 8 0 0 0 0 0 0 0 4 0 563.9 604 174 17 6.9% 6.6%
2 580 0 11 0 0 0 0 0 0 0 3 0 580.6 634 10514 265 8.6% 8.4%
3 583 0 19 0 0 0 0 0 0 0 6 0 586.6 615 151 8 5.3% 4.6%
4 512 0 20 0 0 0 0 0 0 0 5 0 514.6 551 1183 54 7.1% 6.6%
5 630 0 23 0 0 0 0 0 0 0 5 0 632.5 657 65 9 4.1% 3.7%

ave 573 0 16.2 0 0 0 0 0 0 0 4.6 0 575.64 612.2 2417.4 70.6 6.4% 6.0%
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Table 4A.20 Testing the effectiveness of the r-arc inequalities for r = 2  

Pr# CB Nco 
rn 
2 

rn 
3 Nr2 Nr3 NBr NNF N1OR N3OR N_iter TS CSL CFU BBN TI GB GS 

1 562 0 0 0 90 0 0 0 0 0 4 0 570.3 604 160 14 6.9% 5.6%
2 580 0 0 0 108 0 0 0 0 0 6 0 592.1 634 1550 77 8.6% 6.6%
3 583 0 0 0 60 0 0 0 0 0 4 0 594 615 24 5 5.3% 3.4%
4 512 0 0 0 109 0 0 0 0 0 4 1 522.9 551 88 14 7.1% 5.1%
5 630 0 0 0 113 0 0 0 0 0 6 0 635.6 657 69 7 4.1% 3.3%

ave 573 0 0 0 96 0 0 0 0 0 4.8 0.2 582.98 612.2 378.2 23.4 6.4% 4.8%

 

Table 4A.21 Testing the effectiveness of the r-arc inequalities for r = 3 

Pr# CB Nco 
rn 
2 

rn 
3 Nr2 Nr3 NBr NNF N1OR N3OR N_iter TS CSL CFU BBN TI GB GS 

1 562 0 0 0 0 114 0 0 0 0 6 1 570.3 604 122 15 6.9% 5.6%
2 580 0 0 0 0 84 0 0 0 0 8 1 592.1 634 1213 67 8.6% 6.6%
3 583 0 0 0 0 70 0 0 0 0 4 0 594 615 27 5 5.3% 3.4%
4 512 0 0 0 0 112 0 0 0 0 7 1 522.9 551 99 17 7.1% 5.1%
5 630 0 0 0 0 129 0 0 0 0 9 1 635.6 657 19 8 4.1% 3.3%

ave 573 0 0 0 0 102 0 0 0 0 6.8 0.8 582.98 612.2 296 22.4 6.4% 4.8%

 

 

 



 

- 230 - 

 

Table 4A.22 Testing the effectiveness of the Branch inequalities 

Pr# CB Nco 
rn 
2 

rn 
3 Nr2 Nr3 NBr NNF N1OR N3OR N_iter TS CSL CFU BBN TI GB GS 

1 562 0 0 0 0 0 140 0 0 0 5 0 568.6 604 113 10 6.9% 5.9%
2 580 0 0 0 0 0 105 0 0 0 4 0 590.9 634 1044 47 8.6% 6.8%
3 583 0 0 0 0 0 83 0 0 0 6 0 589.1 615 51 4 5.3% 4.2%
4 512 0 0 0 0 0 196 0 0 0 6 1 520.9 551 330 28 7.1% 5.5%
5 630 0 0 0 0 0 111 0 0 0 4 0 633.5 657 70 8 4.1% 3.6%

ave 573 0 0 0 0 0 127 0 0 0 5 0.2 580.6 612.2 321.6 19.4 6.4% 5.2%

 

Table 4A.23 Testing the effectiveness of the cut-flow inequalities 

Pr# CB Nco 
rn 
2 

rn 
3 Nr2 Nr3 NBr NNF N1OR N3OR N_iter TS CSL CFU BBN TI GB GS 

1 562 0 0 0 0 0 0 165 0 0 3 0 570.3 604 291 19 6.9% 5.6%
2 580 0 0 0 0 0 0 195 0 0 6 0 591.4 634 706 41 8.6% 6.7%
3 583 0 0 0 0 0 0 176 0 0 4 0 594 615 33 5 5.3% 3.4%
4 512 0 0 0 0 0 0 221 0 0 4 1 521.9 551 322 28 7.1% 5.3%
5 630 0 0 0 0 0 0 259 0 0 6 0 635.5 657 62 10 4.1% 3.3%

ave 573 0 0 0 0 0 0 203.2 0 0 4.6 0.2 582.62 612.2 282.8 20.6 6.4% 4.9%
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Table 4A.24 Testing the effectiveness of the 1-OR inequalities  

Pr# CB Nco 
rn 
2 

rn 
3 Nr2 Nr3 NBr NNF N1OR N3OR N_iter TS CSL CFU BBN TI GB GS 

1 562 0 0 0 0 0 0 0 883 0 44 111 590.8 604 85 174 6.9% 2.2%
2 580 0 0 0 0 0 0 0 693 0 28 51 606.6 634 849 273 8.6% 4.3%
3 583 0 0 0 0 0 0 0 372 0 21 10 604.4 615 82 23 5.3% 1.7%
4 512 0 0 0 0 0 0 0 1310 0 48 166 538.3 551 95 272 7.1% 2.3%
5 630 0 0 0 0 0 0 0 458 0 26 23 650.2 657 13 38 4.1% 1.0%

ave 573 0 0 0 0 0 0 0 743.2 0 33.4 72.2 598.06 612.2 224.8 156 6.4% 2.3%

 

Table 4A.25 Testing the effectiveness of the 3-OR inequalities 

Pr# CB Nco 
rn 
2 

rn 
3 Nr2 Nr3 NBr NNF N1OR N3OR N_iter TS CSL CFU BBN TI GB GS 

1 562 0 0 0 0 0 0 0 0 387 45 35 572.9 604 272 91 6.9% 5.1%
2 580 0 0 0 0 0 0 0 0 181 19 8 585.7 634 4894 296 8.6% 7.6%
3 583 0 0 0 0 0 0 0 0 158 16 2 593.4 615 151 18 5.3% 3.5%
4 512 0 0 0 0 0 0 0 0 219 17 9 517.1 551 392 65 7.1% 6.2%
5 630 0 0 0 0 0 0 0 0 185 18 5 637.2 657 83 20 4.1% 3.0%

ave 573 0 0 0 0 0 0 0 0 226 23 11.8 581.26 612.2 1158.4 98 6.4% 5.1%
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Table 4A.26 Testing the effectiveness of the cardinality inequalities (Cover + r-node + r-arc) 

Pr# CB Nco 
rn 
2 

rn 
3 Nr2 Nr3 NBr NNF N1OR N3OR N_iter TS CSL CFU BBN TI GB GS 

1 562 0 10 46 74 58 0 0 0 0 4 2 570.3 604 263 18 6.9% 5.6%
2 580 0 9 26 73 61 0 0 0 0 5 2 592.1 634 1145 63 8.6% 6.6%
3 583 2 17 35 56 54 0 0 0 0 4 1 594 615 22 5 5.3% 3.4%
4 512 0 22 54 95 75 0 0 0 0 4 2 522.9 551 95 16 7.1% 5.1%
5 630 0 17 49 87 74 0 0 0 0 4 2 635.6 657 49 10 4.1% 3.3%

ave 573 0.4 15 42 77 64 0 0 0 0 4.2 1.8 582.98 612.2 314.8 22.4 6.4% 4.8%

 

Table 4A.27 Testing the effectiveness of the contingent routing inequalities (Branch + Cut-flow) 

1 CB Nco 
rn 
2 

rn 
3 Nr2 Nr3 NBr NNF N1OR N3OR N_iter TS CSL CFU BBN TI GB GS 

2 562 0 0 0 0 0 127 158 0 0 3 0 570.3 604 84 11 6.9% 5.6%
3 580 0 0 0 0 0 115 221 0 0 7 1 591.5 634 1285 64 8.6% 6.7%
4 583 0 0 0 0 0 67 184 0 0 4 0 594 615 31 4 5.3% 3.4%
5 512 0 0 0 0 0 162 233 0 0 5 1 524 551 184 19 7.1% 4.9%

ave 630 0 0 0 0 0 104 236 0 0 6 1 635.5 657 53 8 4.1% 3.3%
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Table 4A.28 Testing the effectiveness of the route-coordination inequalities 

Pr# CB Nco 
rn 
2 

rn 
3 Nr2 Nr3 NBr NNF N1OR N3OR N_iter TS CSL CFU BBN TI GB GS 

1 562 0 0 1 0 0 0 0 829 286 44 153 594 604 51 206 6.9% 1.7%
2 580 0 0 1 0 0 0 0 658 169 26 69 607 634 1641 479 8.6% 4.3%
3 583 0 0 1 0 0 0 0 290 108 17 10 606.9 615 19 23 5.3% 1.3%
4 512 0 0 1 0 0 0 0 1215 301 45 235 538.5 551 52 321 7.1% 2.3%
5 630 0 0 1 0 0 0 0 506 174 25 35 651.4 657 13 50 4.1% 0.9%

ave 573 0 0 1 0 0 0 0 699.6 207.6 31.4 100.4 599.56 612.2 355.2 215.8 6.4% 2.1%

Table 4A.29 Testing the effectiveness of the cardinality + contingent routing inequalities 

Pr# CB Nco 
rn 
2 

rn 
3 Nr2 Nr3 NBr NNF N1OR N3OR N_iter TS CSL CFU BBN TI GB GS 

1 562 0 0 1 0 0 0 0 829 286 44 153 594 604 51 206 6.9% 1.7%
2 580 0 0 1 0 0 0 0 658 169 26 69 607 634 1641 479 8.6% 4.3%
3 583 0 0 1 0 0 0 0 290 108 17 10 606.9 615 19 23 5.3% 1.3%
4 512 0 0 1 0 0 0 0 1215 301 45 235 538.5 551 52 321 7.1% 2.3%
5 630 0 0 1 0 0 0 0 506 174 25 35 651.4 657 13 50 4.1% 0.9%

ave 573 0 0 1 0 0 0 0 699.6 207.6 31.4 100.4 599.56 612.2 355.2 215.8 6.4% 2.1%

 

 



 

- 234 - 

 

Table 4A.30 Testing the effectiveness of cardinality + contingent routing inequalities 

Pr# CB Nco rn 2 rn 3 Nr2 Nr3 NBr NNF N1OR N3OR N_iter TS CSL CFU BBN TI GB GS 
1 562 0 9 40 64 51 128 153 0 0 3 1 570.3 604 110 14 6.9% 5.6%
2 580 0 10 32 69 56 96 160 0 0 4 2 592.5 634 954 62 8.6% 6.5%
3 583 1 14 32 52 50 48 155 0 0 4 1 594 615 12 5 5.3% 3.4%
4 512 0 22 65 88 68 148 188 0 0 5 3 523.9 551 255 26 7.1% 4.9%
5 630 0 18 54 80 67 102 210 0 0 4 2 635.6 657 34 8 4.1% 3.3%

ave 573 0.2 14.6 44.6 70.6 58 104 173.2 0 0 4 1.8 583.26 612.2 273 23 6.4% 4.7%
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