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ABSTRACT 

Carbon-burning nucleosynthesis and energy generation in hydrostatic stars is considered, using 
a realistic reaction network. Useful approximations are presented and compared with the numerical 
results. It is found that the hydrostatic nucleosynthesis resembles that at a suitably chosen, con
stant temperature, and that the "no-sodium approximation" works well for massive stars 
(M ~ 15 M0). 
Subject headings: stellar evolution - nuclear reactions 

I. INTRODUCTION 

If we make the plausible assumption that there exists a universal Fermi interaction, 
the11 in the thermonuclear evolution of massive stars the first stage to be dominated 
by energy loss by neutrino emission is carbon burning. Because of the relatively high 
temperatures involved (0.7 ~ T9 ~ 1.1), many reactions become important simul
taneously, so that the problem of describing the changes in nuclear abundances 
appears to be more complicated than in earlier stages of stellar evolution. Simple 
approximate expressions for energy generation and abundance changes, which do not 
unduly misrepresent the actual complex situation, are needed for the construction of 
stellar evolutionary models of the carbon burning stage (Arnett 1972b, to be referred 
to as Paper II). 

It is the purpose of this paper to examine such approximate expressions for energy 
generation and nucleosynthesis. As a by-product a fairly realistic description of 
nucleosynthesis during carbon burning in hydrostatic stars is obtained. 

II. METHOD OF CALCULATION 

The last detailed study of carbon burning under conditions similar to those expected 
in hydrostatic stars was that of Arnett and Truran (1969, to be referred to as AT). 
Two astrophysical aspects of that study are unrealistic representations of the stellar 
situation: (1) temperature and density are not constant during the burning; and (2) the 
initial 12C/160 abundance ratio does vary with stellar mass. 

Currently R. G. Couch and the author are examining the thermonuclear reaction 
rates appropriate to carbon burning. In the time since the AT calculations were 
completed there have been a number of experimental studies which allow a better 
determination of these rates. The empirical basis for carbon-burning nucleosynthesis 
has been strengthened; the new rates differ little from the old ones in the relevant 
temperature range. Consequently, the present paper uses precisely the same reaction 
rates as AT in order to facilitate comparison with that paper. The errors involved are 
negligible. 
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The one possible exception to the statement above involves the rate of the 12C + 12C 
reaction. At lower temperatures (T9 ~ 0.8) the rate of Michaud (1972) diverges from 
that of Patterson, Winkler, and Zaidins (1969). In his analysis Michaud included the 
low-energy measurements of Mazarakis and Stephens (1972) which extend to effective 
energies corresponding to a temperature of T9 '.::'. 1.0. These data exhibit an increase in 
the cross-section factor at the lowest energies measured. Mazarakis and Stephens 
(1972) have suggested that this might be another resonance phenomenon of the 
12c + 12C system. Michaud (1972) has suggested that it is due to "capture under the 
barrier" caused by the extensive tails of the wave functions implied by the optical 
model potential. It is not now clear what the correct interpretation is. 

The Michaud rate exceeds that of Patterson et al. by a factor of 3 to 10 for typical 
burning conditions in low-mass stars. A resonance interpretation of the lowest energy 
measurements of Mazarakis and Stephens should give a rate intermediate between 
these two, and would probably resemble the Patterson et al. rate at still lower energies. 

The stellar evolutionary sequences upon which the present investigation is based 
(Paper II) were already begun when the Michaud rate became available; the Patterson 
et al. rate was used. The goal of this paper is understanding rather than precise 
numerical results; by noting that a higher rate for 12C + 12C causes a decrease in the 
burning temperature, the reader may infer the effects of using a different rate. 

The numerical technique and reaction data of AT were used throughout. The 
density and temperature as a function of 12C abundance were tabulated from detailed 
stellar evolutionary models. In particular, the density and temperature at the radius 
enclosing half of the energy generation in the convective core were used. The stellar 
models were preliminary versions of-and therefore similar to-those described in 
Paper II; they were calculated using the" E1 " expression for the rate of energy genera
tion (see below for details). The initial 12C and 160 abundance were obtained from 
previous helium burning [with Ba2 = 0.085 for the 12C(a, y)160 rate] in helium stars 
of mass Ma/M0 = 4, 8, and 32 (Arnett 1972a, to be referred to as Paper I). The 
initial neutron excess was taken to be Y/ = 0 and Y/ = 2 x 10- 3 , These values are 
equivalent to an extremely metal-poor (Population II) composition and a normal 
Population I composition, respectively. In the latter case the excess neutrons were 
introduced in the form of 180 (strictly speaking, 22Ne would have been more realistic, 
but the choice makes no significant difference in final results). The 180 was added 
at the expense of 160; the abundance of 12C was the same for both choices of 
initial "l· 

III. NUMERICAL RESULTS 

The initial 12C abundances by mass of 0.432, 0.354, and 0.193 for Ma/M0 = 4, 8, 
and 32 cause quantitatively different resulting abundances from those found in AT. 
Qualitatively the thermonuclear evolution is very similar. For example, define a 
"characteristic burning temperature" < T) as that occurring at the time when half the 
12C is consumed. Then the constant-temperature calculation at temperature T closely 
resembles the stellar calculation for (T) ~ T. For Ma/M0 = 4, <T> '.::'. 0.8 x 109 ° K, 
and the stellar results resemble the T9 = 0.8 calculations of AT. The flows are similar 
to those shown in figures 7 and 8 of AT; the thermonuclear evolution in time is 
similar to that shown in figures 9, 10, and 11 of AT. The Ma/M0 = 8 and 32 cases 
correspond to constant temperatures of T9 ~ 0.9 and 1.0, respectively. The increase 
in neutron excess is slightly less for the stellar calculations. For Y/ = 0 initially, the 
final 'fJ is 4.5 x 10- 3 for T9 = 0.8 against 3.9 x 10- 3 for Ma/M0 = 4; and 0.852 x 
10- 3 for T9 = 1.0 versus 0.364 x 10- 3 for Ma/M0 = 32. This is due to the different 
initial abundances of 12C, that is, to the different amounts of 12C burned. 

Because of this similarity of the stellar calculations to constant-temperature calcula
tions at the corresponding effective temperature, the present description of the 
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TABLE 1 
FINAL ABUNDANCES BY MASS 

Ma 

QUANTITY 4M0 8M0 32M0 

Initial values: 
71 X 10a ..... 0 2.0 0 2.0 0 2.0 
12c ......... 0.432 0.432 0.354 0.354 0.193 0.193 
16Q ......... 0.568 0.550 0.646 0.628 0.807 0.789 
1so ......... 0 0.018 0 O.Q18 0 O.Q18 

Final values: 
71 x 1Q3 ••.•. 3.91 4.68 1.86 2.67 0.366 1.58 
12c ......... 2.08(-3) 5.45(-3) 3.04(-3) 3.23(-3) 1.67(-3) 2.41( - 3) 
1eo ......... 4.20(-1) 4.06(-3) 5.05( -1) 4.95( -1) 7.11(-1) 7.09( -1) 
20Ne ........ 3.79(-1) 3.77( -1) 3.61( -1) 3.57(-1) 2.40(-1) 2.18(-1) 
21Ne ........ 1.10(-2) 1.02(-2) 7.28(-4) 6.63(-4) 9.02(-6) 7.34(-6) 
22Ne ........ 1.58(-3) 1.41(-3) 2.53(-4) 2.06(-4) 7.76( -6) 1.90(-5) 
2aNa ........ 4.55(-2) 4.85(-2) 2.26(-2) 2.57(-2) 5.60(-3) 1.34(-2) 
24Mg ........ 1.71( -1) 1.16(-1) 9.07(-2) 8.93( -2) 3.89(-2) 3.76(-2) 
2sMg ........ 9.81( - 3) 1.27(-2) 5.74(-3) 9.02(-3) 6.65(-4) 6.63(-3) 
2aMg ........ 1.09(-2) 1.80(-2) 7.10( - 3) 1.35( - 2) 1.10(- 3) 8.48(-3) 
27Al. ........ 6.40(-4) 1.45(- 3) 1.14(-3) 2.53(-3) 4.12(-4) 1.84(-3) 
2asi ......... 2.58(-3) 2.66(-3) 3.02(- 3) 3.14(-3) 1.02(-3) 1.15(-3) 
29Si ......... 1.17(-4) 1.46( -4) 1.14(-4) 1.93(-4) 2.36(-5) 1.53(-4) 
sosi ......... 6.24(-6) 9.76(-6) 7.45(-6) 1.68(-5) 2.85(-6) 1.40( -5) 

qualitative nature of the numerical results can be short; the reader is referred to AT for 
a detailed discussion. The final abundances are given in table 1, which also gives the 
initial and final values of neutron excess 7/· 

IV. APPROXIMATE METHODS 

a) The "Production Ratio" Approximation 

One of the simplest approximations for carbon burning is to assume that all 12C 
goes to 24Mg. This may be seen from table 1 to be a poor choice: the 20Ne abundance 
exceeds that of 24Mg by a healthy margin. A slightly better approximation, but much 
in the same spirit, is to assume that 12C goes to both 20Ne and 24Mg, and that the 
production ratio (by mass), 20Ne/(24Mg + 20Ne), is some constant b. Then, the 
abundance changes are described by 

and 

Ye = - Yc2[12c, 12q ' 

XNe = -bXc, 

XMg = -(1 - b)X0 , 

(1) 

(2) 

(3) 

where the notation of Fowler, Caughlan, and Zimmerman (1967) and of AT is used. 
Note that [12C, 12C] relates to the rate of formation of the 24Mg compound nucleus, 
and Yi = Nd pd relates the Y variables to the number densities Ni> the mass density 
p, and Avagadro's number d.. Mass fractions Xi are just YiAi where Ai is atomic 
number. 
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The energy generation rate (per unit mass) is 

(4) 

where Bi is the nuclear binding energy of species i. For equations (1)-(3) this implies 

(5) 

where q1 = 5.58 x 1017 and q2 = 2.20 x 1017 ergs g-1, and of course Xe = I2Ye by 
definition. Equations {l) and (5), and a chosen value of b, define a simple approxima
tion for the energy generation rate. The difficulty is to choose b before solving the 
problem. To illustrate the behavior of approximations of this type, in which a 
"branching ratio" is guessed, let us take b = 0, so that 

(6) 

which defines the "e1" approximation. 

b) The" No-Sodium" Approximation 

From table 1 it is clear that 160 participates in carbon burning, primarily by 
160(cx, y) 20Ne. We can include this effect, and calculate the 20Ne/24Mg ratio fairly 
well, if we make use of the fact that although 23Na is strongly coupled to other 
nuclei, its abundance remains low (at least for T9 ~ 0.8). The T9 = 0.8 case of AT 
further suggests which reactions might comprise a useful approximate network. The 
number densities of free neutrons, protons, and alphas all remain very small (less 
than 10-s by mass) during carbon burning. For such small abundances, a "steady 
state" is set up between creation and destruction; the corresponding dY/dt is small. 
We further note that for T9 ~ 0.8 the dominant destruction mechanism for protons 
is 23Na(p, a)2°Ne. Because the primary source of protons is 12C(12C,p) 23Na, this 
means that the proton channel is "shorted out" back to 20Ne by 

i2c(12c, p)23Na(p, a)20Ne 

most of the time. Using these features of the burning, in Paper II the following 
equations were derived: 

• 1 • 
Yo = "!<I> Ye 

YNe = -<I>Ye 

YMg = --!(Ye+ YNe) 
where 

<I> = Yo[16Qa],./( Yo[16Qcx],. + YNe[20Nea],.) 

and Ye is given by equation (1). The corresponding energy generation rate is 

E ~ E2 = -Xc[q1 - <l>q3] ' 

(7) 

(8) 

(9) 

(10) 

(11) 

where q3 = 1.84 x 1017 ergs g- 1 (which differs from q2 in eq. [5] because 160 now 
participates in the thermonuclear evolution). This will be called the "e2" approxima
tion. Note that <I> depends on the temperature and the current 160/20Ne abundance 
ratio. 

© American Astronomical Society • Provided by the NASA Astrophysics Data System 

http://adsabs.harvard.edu/abs/1973ApJ...179..249A


1
9
7
3
A
p
J
.
.
.
1
7
9
.
.
2
4
9
A

No. 1, 1973 

u 
~ 
I 

~ 
"' ~ 
"' 

CARBON BURNING 

10B.-----.....----,----,-----,.---,---,-, 

107 

106 

M"' = 4Me 
..,(t=Ol = 2 x10- 3 

• 

L/I. I x 
x 

i 
x 

• 

• x 

• 

I 105 '------'-----"-x ....__ _ _,___ _ _.__ _ _,__~ 
0.5 0.4 0.3 0.2 0.1 0 

x (12Cl 

253 

Fm. 1.-Energy generation rates predicted by approximate and by network calculations, shown 
as a function of 12C abundance. The case shown is for a Population I star with 4 M 0 interior to the 
hydrogen-burning shell (total mass M ~ 15 M0 ). Despite the large dynamic scale, the agreement 
is good, especially for the approximate expression E2 (see text for details). 

c) Further Approximations 

For massive stars (Ma ~ 4 M 0 or M ~ 15 M 0 ) the "no-sodium" approximation 
will probably prove adequate for most purposes. For less massive stars (and for 
estimates of the change in neutron excess) the abundance of 23Na and of neutron-rich 
isotopes (e.g., 21 •22Ne, 25 •26Mg, 27 Al, etc.) is no longer negligible. Then the evolution 
of many additional nuclei must be followed and the question of the budgets for 
protons and neutrons considered. A "simple" approximation involving only four or 
five nuclei is no longer possible. On the other hand a much-abbreviated version of the 
carbon-burning network can be devised (it is not necessary to follow 40 nuclei in 
detail). 

The construction of approximate networks is an open-ended problem in the sense 
that the number of nuclei required depends on the degree of realism desired. The next 
step brings a considerable increase in complexity. For the moment a discussion of 
more complex schemes will be deferred. 

V. ACCURACY OF APPROXIMATE METHODS 

a) Energy Generation 

As may be seen in figure 1, both the e1 and e2 expressions reproduce the energy 
generation rate quite well, especially when the large dynamic range of e is considered. 
Clearly the e1 fit could be improved by taking an appropriate value of b. The case 
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Fm. 2.-Comparison of approximate to network predictions of energy generation rates, shown 
as a function of 12C abundance. The ratio of approximate to network value, E;/E, is given for the 
""1" and "E2 " approximations (see text). The pairs of curves are labeled by the initial neutron 
excess 'YJ, and by the mass interior to the hydrogen-burning shell. The E2 approximation improves 
for larger mass; the choice of initial neutron excess of 'Y/ = 0 or 2 x 10- 3 makes little difference 
for these models. 

shown in figure 1, Ma = 4 M0 , was the worst; the agreement between E and E2 was 
even better for Ma/M0 = 8 and 32. The accuracy of the approximations differs little 
for an initial neutron excess of zero or 2 x 10- 3 . Figure 2 displays the ratios E1/E and 
E2/E of the approximate to the actual energy generation. The E2 approximation is 
clearly excellent, especially for the larger-mass stars, and the E1 expression is not too 
bad. Figures 1 and 2 indicate that simple expressions can adequately reproduce the 
rate of energy generation during carbon burning. 

b) Nucleosynthesis 

While the nature of the current burning stage is affected by the rate of nuclear 
energy release, the nature of subsequent evolution is intimately related to the products 
of the current nuclear burning. For example, if helium burning were to produce no 
12C, then no 12C burning would follow. Similarly, the production of 20Ne during 
carbon burning determines the existence of a 20Ne-burning stage. Further, because of 
similarity in nuclear binding energy per nucleon for many nuclei, a good approxima
tion to the energy generation rate does not necessarily imply a good approximation to 
the nuclear abundances produced. 

Because it does not predict abundances, the E1 approximation is useless here. The 
same assumptions from which E2 was derived are useful, however, as equations (1) 
and (7)-(10) may be integrated to predict final abundances of 12C, 160, 20Ne, and 
24Mg. Table 2 displays the results of such integrations for Ma/ M0 = 4, 8, and 32. 
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TABLE 2 

COMPARISON OF ABUNDANCES FROM APPROXIMATE AND NETWORK CALCULATIONS 

Ma/M0 

4 8 32 

NUCLEUS Approx. Net Approx. Net Approx. Net 

12c .......... 0 0.002 0 0.003 0 0.004 
160 ...•.•.... 0.372 0.420 0.480 0.505 0.718 0.712 
20Ne ......... 0.490 0.379 0.416 0.361 0.222 0.238 
2sNa ........ 0 0.046 0 0.023 0 0.006 
24Mg ........ 0.138 0.118 0.104 0.091 0.060 0.038 
All others .... 0 0.037 0 0,018 0 0.002 

For comparison the corresponding final abundances, for an initial neutron excess of 
zero, are also listed (an initial neutron excess ri = 2 x 10- 3 gives very similar results). 
The approximation is best for MalM0 = 32, and gets worse for lower masses. The 
scheme overestimates the 20Ne produced by 12C + 12C; the extra alphas then add to 
the error by 160(a, y)20Ne. For lower masses more 23Na and other neutron-rich 
nuclei are produced; these abundances are neglected in this scheme. Nevertheless, 
even at Mal M 0 = 4 the approximation is not too bad, especially when it is considered 
that in further evolution, approximating 23 Na by 20Ne is not unreasonable from the 
point of view of energy generation. For lower masses (Mal M 0 < 4) a better approxi
mation is probably needed to investigate hydrostatic carbon burning. 

VI. SUMMARY 

Nucleosynthesis and energy generation during carbon burning in hydrostatic stars 
has been analyzed. An iterative approach was used, first calculating detailed stellar 
models with simplified prescriptions for energy generation and then calculating the 
detailed nucleosynthesis with a realistic reaction network but using simplified stellar 
models. For massive stars (MIM0 :( 15 or Ma/M0 :( 4), a simple approximation 
gives both energy generation and nucleosynthesis with reasonable accuracy. At lower 
burning temperatures the increasing abundance of 23 Na and other nuclei renders this 
simple approximation invalid, at least for composition changes. 

The nuclear evolution during hydrostatic carbon burning is compared to that which 
would occur at constant temperature and density. A "characteristic burning tem
perature" is defined which allows one to relate the two cases. This allows the detailed 
analysis of Arnett and Truran (1969) to be applied to stellar evolutionary calculations. 

This work was supported in part by NSF grants GP-32051 and GP-23282. A 
generous gift of computer time by Professor Sir Fred Hoyle and the Institute of 
Theoretical Astronomy is gratefully acknowledged. 

APPENDIX 

For completeness the tables of temperature and density as a function of 12C 
abundance are presented here (table Al). Entries are given for various stages of 12C 
depletion for Ma/ M 0 = 4, 8, and 32, where Ma is the mass interior to the hydrogen
burning shell (see Papers I and II for details). Intermediate values were found by 
linear interpolation. Temperatures are given in units of 109 ° Kand densities in units 
of 105 g cm - 3 ; abundances of 12C are quoted as fractions by mass. 
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TABLE Al 

REPRESENTATIVE CONDITIONS FOR HYDROSTATIC 
CARBON BURNING IN STARS 

Ma/M0 T9 Ps X(12c) 

4 .......... 0.5978 5.464 0.432 
0.6621 6.934 0.421 
0.6948 6.892 0.420 
0.7455 5.501 0.410 
0.7426 3.929 0.388 
0.7476 3.195 0.338 
0.7617 3.153 0.283 
0.7743 3.085 0.243 
0.8344 3.825 0.111 
0.8858 5.977 0.028 
0.8402 10.14 0.007 

8 .......... 0.6911 0.9876 0.354 
0.7242 1.268 0.348 
0.7644 1.503 0.329 
0.8035 1.578 0.309 
0.8369 1.560 0.305 
0.8615 1.463 0.272 
0.8817 1.517 0.210 
0.9064 1.670 0.156 
0.9536 2.103 0.085 
0.9842 2.644 0.041 
0.9847 2.975 0.036 
0.9706 3.322 0.016 

32 ......... 0.7674 0.2604 0.193 
0.7727 0.2936 0.192 
0.8151 0.3874 0.191 
0.8568 0.4977 0.189 
0.9018 0.6327 0.180 
0.9509 0.7787 0.161 
1.003 0.9157 0.123 
1.042 1.024 0.077 
1.080 1.249 0.038 
1.117 1.580 0.019 
1.161 2.032 0.009 
1.176 2.347 0.005 

As noted above, these models were calculated with the E1 approximation. They are 
similar but not identical to the models of Paper II which used the e2 approximation. 
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