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This research focuses on the interactions, phase behavior, structural

characteristics and rheological properties of multicomponent polymer-particle

mixtures. The systems considered in this study include spherical and rodlike

particles in presence of non-adsorbing, adsorbing and grafted polymers. A hy-

brid multiscale approach is presented which implements polymer self consistent

field theory in combination with the McMillan-Mayer framework to deduce

the polymer-mediated interactions between the particles. The conformational

characteristics of the polymers in the vicinity of particles are extracted within

the mean field framework. A novel off-lattice simulation scheme is presented

which combines the equilibrium interactions between the particles with the

structural characteristics of polymers and allows for simultaneous identifica-

tion of thermodynamic phase behavior, structure and rheological properties of
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polymer-particle mixtures. An accurate numerical solution of field theoretic

equations is employed to discern the role of particle curvature in governing the

equilibrium phase behavior, gelation transitions and rheological characteristics

of such mixtures, with particular emphasis on the nanoparticle regime.

For the case of non-adsorbing polymer, our results demonstrate sig-

nificant multibody effects with profound consequences for the phase behavior

of the particles. We have also analyzed the effect of surface saturation and

particle curvature on the polymer adsorption characteristics to highlight differ-

ences in the structure of adsorbed polymer layers on nanoparticles from that

on larger particles. These structural characteristics are utilized in particle-

based simulations to quantify the phase behavior, percolation thresholds and

elastic properties of polymer-nanoparticle systems and successfully rationalize

experimental observations in context of polymer-nanoparticle mixtures. We

also present a systematic study on the adsorption characteristics, the effec-

tive pair-interaction potentials and the resulting phase behavior, percolation

transitions of nanorods dispersed in solutions of adsorbing polymers and dis-

cuss the efficacy of polymers in preventing van der Waals induced bundling of

nanotubes. Finally, we study adsorption of model proteins on the surfaces car-

rying grafted polymer layers and delimit the physical parameters that control

the resistance of surface grafted polymers to protein adsorption.
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Chapter 1

Introduction

The research work detailed in this dissertation focuses on interactions,

phase behavior and rheological properties of nano-sized particles in presence

of polymer solutions under different physical conditions. The objective of this

research is to develop a predictive understanding of the influence of microscopic

interactions in the binary polymer-particle system on the thermodynamical

phase behavior and structural properties of the macroscopic mixtures. The

systems that are studied in the course of this research include mixtures of (i)

non-adsorbing, (ii) adsorbing and (iii) grafted polymers with (i) spherical and

(ii) cylindrical nanoparticles. To examine the thermodynamics and structural

features of such systems, we followed the steps summarized below:

1. Developed a multiscale framework to map the binary polymer-particle

system onto an effective one component system.

2. Proposed a generic self consistent field theory for the inhomogeneous

polymeric component, which accounts for a variety of interactions be-

tween the polymer segments and surface of the particles.

3. Extended the above developed field theory to quantify conformational

characteristics of adsorbed polymer layers on the surface of particles.
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4. Developed an efficient numerical scheme to effect solutions of the above

field theories to obtain interparticle interactions and conformational

statistics for a wide range of polymer to particle size ratios

5. Employed simple analytical models to translate the information about

pair interactions into thermodynamic phase behavior of polymer-particle

systems.

6. Proposed a hybrid off-lattice Monte Carlo simulation scheme to com-

bine the thermodynamics of the system with the polymer structural fea-

tures to predict the clustering behavior and percolation transitions for

nanoparticles in adsorbing polymers.

7. Extended the Flory theory for anisotropic interactions to delineate the

isotropic-nematic transitions and percolation behavior for nanorods in

polymeric solutions.

1.1 Overview and Motivation

Adding polymer components to colloidal suspensions has emerged as a

versatile approach to control their interactions, phase behavior, and rheological

properties. Such systems exhibit a complex interplay of different interactions

depending upon the nature of the polymer, the particle surface and the sol-

vent which govern the phase behavior and rheology of the resultant mixtures.

For instance, for the case of a polymer with no preferential interactions (non-

adsorbing) with the particles, an effective attraction of purely entropic origin
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is induced between the particles [1–3]. The latter typically results in demixing

and phase separation of the colloid-polymer mixture. For the case of polymers

which can adsorb onto the particles, the effective interparticle interactions

range from being strong attractions at low polymer concentrations to purely

repulsive at high polymer concentrations [4, 5]. These characteristics can lead

to a rich phase behavior of the colloid-polymer mixture such as phase sepa-

ration, reentrant miscibility etc [6, 7]. Finally, when the polymer is grafted

onto the particles, the excluded volume repulsions between tethered chains re-

sult in a net repulsion between the polymer coated particles, which stabilizes

colloidal dispersions [8]. This ability of the polymer to induce and to control

the interactions among the suspended particles has been a topic of active sci-

entific research and has been used successfully in a number of technological

applications. Some of the industrial applications where such polymer-particle

mixtures and their phase behavior play an important role include colloidal sta-

bilization, protein crystallization, food preservation applications, separations

of surfactant micellar solutions [9–11], and polymer nanocomposites [12, 13].

Conventional applications where polymers are used as colloidal stabiliz-

ers, flocculants or rheology modifiers are characterized by particle sizes larger

than the radius of gyration Rg. Typically, the colloidal radii (R) are in the

range of 10−100 nm whereas Rg ranges between 5−40 nm resulting in particle-

to-polymer size ratios R/Rg ≥ 1. This size limit is usually referred to as the

‘colloid limit’ and has been studied extensively. However, more recent advances

have shifted the focus from the regime of colloidal suspensions to the regime
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of nanoparticle suspensions, where the typical size of the particle is compara-

ble to or smaller than the size of the polymer additives. For instance, in the

case of polymer nanocomposites, filler particles of different shapes with sizes

in the range 5 - 50 nm (comparable to Rg) are routinely dispersed in polymeric

matrices to enhance their properties [14, 15]. The nanoparticle limit is also

relevant to the understanding of the phase behavior in applications wherein

the polymers are mixed with surfactant micelles [16]. Furthermore, in many

situations polymers such as PEG are added to globular proteins to aid in their

precipitation and crystallization [17–19]. There again, the size of the proteins

is ∼ O(5 − 40) nm while the polymer size is ∼ O(10 − 50) nm placing such

applications in the nanoparticle regime.

The transition from ‘colloid’ to ‘nanoparticle’ limit has brought forth

new challenges in the field of colloidal science. The curvature of particle be-

comes an important factor in determining the equilibrium behavior and inter-

actions in polymer-particle mixtures. The physics of polymer-particle suspen-

sions is expected to be quite different in the nanoparticle limit. In the case of

depletion interactions (when the polymers do not interact with the particles),

many theoretical and experimental studies have clearly shown that the cur-

vature of the particle can have profound qualitative and quantitative effects

on both the interactions and the stability characteristics of the mixture [20–

24]. Recent experimental observations in the context of polymer-nanoparticle

systems have indicated that similar richness in phase behavior and structural

characteristics also prevails in the context of adsorbing polymers. For instance,
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in many cases even extremely low particle loadings (around a volume fraction

2 %) have been shown to lead to significant changes in the rheological prop-

erties of the mixture [25], which in turn suggest nontrivial structural charac-

teristics for the mixture. Further, observations in the context of polymer-clay

composites, laponite-PEO, silica-PEO etc. suggest a variety of phase behav-

ioral characteristics ranging from macroscopic flocculation, phase separation,

stable 1-phase gels etc [26–29].

The presence of particles can also significantly alter conformational

characteristics of the polymer chains in contact with the surface. Adsorbed

polymer layers form a variety of structures such as loops, dangling tails and

bridges (segments connecting two or more surfaces) [30]. In addition to gov-

erning the interactions, these conformational characteristics influence the rhe-

ological and mechanical properties of polymer-particle complexes significantly.

For instance, many experiments on the rheology of nanoparticle-polymer sus-

pensions have reported dramatic enhancements in the low frequency elasticity

(storage modulus) at very low loadings of the particles [25, 27, 31]. Polymer-

bridging induced gelation of particles is speculated to be responsible for the

enhancements in the elastic moduli of the composite. Several experimental

results supporting this mechanism are available. For instance, in many experi-

ments, the effects on the mechanical properties manifest at particle loadings far

below that expected/required for particle gelation. For instance, for systems of

PEO containing silica nanoparticles, Zhang and Archer have observed a tran-

sition to solid-like viscoelastic response at silica loadings as low as 2 % [25].
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More pertinently, they observed that systems involving bare silica particles

where the polymer-particle interactions are strongest induce the strongest re-

inforcement. Similar results were also observed by Macosko et al in the context

of Silica particles mixed with PDMS matrix [32].

So far, many of the above observations have only been rationalized

qualitatively by invoking the influence of polymer-mediated interactions and

the resulting polymer conformational characteristics. For instance, the forma-

tion of gels and flocs has been speculated to arise as a result of a large number

of interparticle bridges in the nanoparticle limit [27, 28]. The occurrence/lack

thereof of phase separation has again been attributed to the magnitude and

the range of the interaction potentials. Existing theoretical results for adsorb-

ing polymers are mainly at a scaling level and relate only to the adsorption

characteristics on a single nanoparticle [30, 33, 34]. Very little is known quan-

titatively about features such as effective interactions, stability and structural

characteristics of the mixture and the differences, if any, with the colloid limit

for the case involving depletion and adsorbing polymers.

At a fundamental level, the challenge in the polymer-particle mixtures

is the apparent complexity of these systems. These mixtures are characterized

by a number of competing length scales. Typical length scales that character-

ize the colloidal particles (such as radius of particles and length for the case of

anisotropic particles) are in the range of a few nm to about a micrometer. On

the other hand, the polymeric component is characterized by the monomeric

length scale, which is typically at least an order of magnitude smaller than
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the particle size. These highly asymmetric length scales make fully atom-

istic/molecular level treatment of these systems computationally cumbersome

and is, in most cases, out of reach of the available computational resources. A

computationally more viable alternative to fully atomistic models is to group

the atoms/molecules into larger ‘particles’, the efficiency and accuracy of such

an approach are sensitively dependent on the degree of coarse graining. For

example, the monomeric units on the polymers can be lumped into a larger

unit or bead such that each bead represents force center of a collection of

a small number of backbone monomers. However, incorporating essential

molecular level interactions (especially, the short ranged interactions) in the

coarse-grained particle-based methods becomes intractable and the accurate

parameterization of such beads/particles is often difficult. Moreover, for het-

erogeneous systems involving phase transitions and for highly dense polymeric

systems such a coarse grained particle approach remains computationally ex-

pensive. This necessitates development of hybrid theoretical approaches which

will enable one to study the macroscopic features of inhomogeneous polymer-

particle mixtures without sacrificing important molecular level information.

In this work we take advantage of the apparent complexity of poly-

meric systems which actually contributes to simplification of the physics of

the system on the coarse grained level and to a large extent, results in averag-

ing out of the microscopic details. This study is motivated by the basic idea

that a few characteristic attributes of the system – which absorb the micro-

scopic details of the polymers and account only for the main properties of the
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polymer and their interactions with surfaces – can be successfully used to de-

termine the macroscopic behavior of the system. Such ‘mean field’ approaches

have been widely used to describe inhomogeneous polymeric systems. In this

work, we utilize one of the most powerful mean field tools in the context of

polymeric systems, the self consistent field theory, to describe the equilibrium

properties of polymer-particle mixtures. In a nutshell, the idea behind the self

consistent theory is to describe the distribution of the polymer in terms of a

fluctuating position dependent potential field which self consistently depends

on the distribution of the polymer. We develop numerical self consistent field

theories to model the configurational distributions of polymeric components.

Such theories when used in conjunction with the McMillan-Mayer framework

result in accurate determination of ‘polymer mediated’ interactions between

the particles. The latter are combined with the structural characteristics of

polymers in a hybrid particle-based computer simulation scheme as well as in

a number of theoretical models to examine the macroscopic structure, gelation

transition and rheological properties of polymer-particle mixtures.

1.2 Outline of Dissertation

In this section, we present a brief outline of this dissertation. In Chap-

ter 2, we detail a generalized version of polymer self consistent field theory

and elaborate on the McMillan-Mayer framework used in this work to deduce

the polymer mediated interactions between the particles and polymer confor-

mational characteristics in presence of particles. The specific applications of
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the above frameworks to the case of nanoparticles in presence of depleting, ad-

sorbing and grafted polymers, the resulting interaction potentials and phase

behaviors are presented in subsequent Chapters.

1.2.1 Theoretical Formalism (Chapter 2)

In this chapter, we discuss the statistical mechanical framework to

deduce the interaction potentials between particles suspended in polymeric

solutions and present steps involved in the self consistent field theoretic for-

mulation for inhomogeneous polymeric systems. The appropriate adaptations

of the SCFT framework for specific polymeric systems are discussed in the

subsequent chapters. We also elaborate on the extension of the field theory

to extract the structural characteristics of polymer layers in the vicinity of

particles.

1.2.2 Interactions and Phase Behavior of Nanoparticles in Non-
adsorbing Polymer Solutions (Chapter 3)

We present a detailed analysis of the polymer depletion induced interac-

tions between the nanoparticles and the resultant phase behavioral character-

istics using a McMillan-Mayer like approach in combination with the polymer

field theory. In the nanoparticle limit, the volume of the polymer depletion

layers is observed to exceed the size of the nanoparticles themselves, leading

to effective polymer concentrations typically in the semidilute and concen-

trated regimes even when the average polymer concentrations are in the dilute

regimes. The multibody depletion overlaps are accounted through an approx-
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imate approach. We address the depletion characteristics in the nanoparticle

regime by effecting an accurate numerical solution of polymer mean field-

theory in bispherical coordinate system. The depletion interactions are ob-

served to be characterized by both the importance of polymer interactions as

well as the curvature of the nanoparticles relative to the correlation length of

polymers. The depletion characteristics of the nanoparticle-polymer mixture

are observed to be quite different when viewed in this framework, and have

profound consequences for the phase behavior of the nanoparticles.

1.2.3 Interactions and Phase Behavior in Mixtures of Adsorbing
Polymer and Nanoparticles (Chapter 4)

In this chapter, we analyze the polymer adsorption characteristics, pair-

interaction potentials, phase and percolation behavior in nanoparticle-polymer

mixtures. A “saturable” adsorption model is proposed to capture the effect of

the finite surface saturation capacity for adsorption. A polymer self-consistent

field theory is implemented in combination with a McMillan-Mayer framework

to compute the pair interaction potentials. The results demonstrate novel size

effects that distinguish the adsorption characteristics of nanoparticles from

that of larger particles. Specifically, the nanoparticle regime is observed to be

characterized by a significant adsorbance of polymers, albeit distributed pre-

dominantly in the form of tails. An interplay between the surface saturation,

polymer-to-particle size ratios and the polymer concentrations is predicted to

govern the overall effective interactions between nanoparticles in presence of

adsorbing polymer. Simple, mean-field models are used to relate these char-
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acteristics to the phase and percolation behavior in such systems. The per-

colation threshold for smaller particles are shown to be significantly smaller

(and overall correspond only to a few volume percent) compared to that of the

larger particles.

1.2.4 Structure and Elasticity of Polymer Bridged Gels of Nanopar-
ticles (Chapter 5)

A combination of field theory and off-lattice Monte Carlo simulations

is used to study the gelation phenomena observed in mixtures of nanoparticles

and adsorbing polymers. By combining the polymer bridging statistics and

polymer mediated interparticle interactions into the simulation framework,

we analyze effect of particle size and polymer concentration on the polymer

bridging induced gelation of particles. Further we complement the Monte

Carlo simulations with graph theory to predict the structural characteristics

and elastic properties of such polymer-bridged gels of the particles. Our results

indicate that such gels exhibit a universal fractal structure and the elastic

modulus of the gels follows a universal scaling law with volume fraction of

particles.

1.2.5 Dispersions and Phase Transitions in Mixtures of Adsorbing
Polymer and Nanorods (Chapter 6)

Next, we study the adsorption characteristics, the effective pair-

interaction potentials and the resulting phase behavior, percolation transitions

of nanorods dispersed in solutions of adsorbing polymers. A polymer self-
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consistent field theory is used in conjunction with a Derjaguin approximation

to compute the polymer-mediated orientation-dependent pair interaction po-

tentials between cylindrical nanorods. A modified Flory theory and a simple

analytical model is then implemented to delineate the different equilibrium

phases and the onset of percolation for nanorods in polymer solutions. We

present results for the influence of polymer-surface affinity, the polymer con-

centrations, the radius of rods, and the aspect ratio of rods, on the topology of

equilibrium phases and percolation regimes. As a model mimicking nanotube-

polymer mixtures, we consider the influence of strong rod-rod van der Waals

interactions on the above equilibrium characteristics.

1.2.6 Adsorption of Model Proteins on Polymer Grafted Surfaces
(Chapter 7)

Polymer grafting on particle surfaces has been actively utilized to re-

duce or prevent adsorption of proteins on foreign materials in many biomedical

applications. We extend our field theoretic framework to examine the structure

of grafted polymer layers on nanosized particles and highlight the differences

between structure of grafted polymer on nanosized particles and on planar

surfaces. We idealize the protein molecule as a rigid spherical particle and

analyze the effect of different parameters such as grafting density, size of pro-

tein and polymer molecular weight on the effectiveness of polymer grafting in

preventing protein adsorption.
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1.3 Summary

Binary polymer-particle systems are characterized by a rich phase be-

havior and percolation characteristics which are sensitively dependent on the

nature of molecular interactions between the constituents of the system. A

large body of research work has been devoted to understanding the role of

polymer in governing the interactions and phase behavior of colloidal particles

and in general, successfully describes the equilibrium characteristics of such

polymer-particle mixtures in the colloidal particle size range. However, the

recent developments in the field of nanotechnology and biological applications

have shifted the focus from ‘colloidal’ regime to ‘nanoparticle’ regime where the

conventional asymptotic approaches are found to be inadequate to character-

ize the physics of such mixtures. In this work, we explore the thermodynamics

and structural characteristics of polymer-particle mixtures in the ‘nanopar-

ticle’ regime by developing multiscale modeling approaches. To achieve this,

we combine ideas from statistical mechanics, equilibrium thermodynamics and

polymer physics and effect numerical modeling and computer simulations of

binary polymer-particle systems. This dissertation presents a hybrid multi-

scale approach developed by us to address the issues in the polymer-particle

mixtures and summarizes our contribution to the field of equilibrium thermo-

dynamics and rheological characteristics of binary polymer-particle mixtures.
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Chapter 2

Theoretical Framework

In this research, we present a coarse-grained multiscale approach which

allows for simultaneous quantification of the phase behavior, percolation and

gelation transitions and also the structural and rheological characteristics of

resultant gels in polymer-particle systems. Our idea is to use the polymer field

theory (i) to deduce the polymer induced ‘effective’ pair interactions between

the particles and (ii) to quantify the structural characteristics of polymer in

the vicinity of particles. Subsequently, we implement a number of analyti-

cal models and computer simulations (with the particles interacting through

the effective interaction potentials) to deduce the phase and percolation be-

havior of polymer-particle systems. Second aspect of this research focuses on

the polymer-induced clustering of particles, the consequent gelation of parti-

cles and structural characteristics of such particulate gels. In order to make

progress on these issues, we utilize the structural statistics of polymer chains to

deduce the probability of formation of polymeric bridges between the particles.

The latter is utilized into a hybrid particle based simulation framework to map

the connectivity between the particles and to predict the gelation transitions

and the elastic properties of resultant gels in such systems. In this chapter,

we first illustrate a multiscale statistical mechanical framework which allows
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us to decouple the binary polymer-particle systems into an effective one com-

ponent particle system by ‘averaging out’ the polymer degrees of freedom. We

subsequently implement the polymer self consistent field theory to treat the

polymer component and present an adaptation of field theory to quantify the

structural features of the polymer chains.

The rest of the chapter is arranged in the following manner. Section 2.1

details the McMillan-Mayer framework used in this work to map the two com-

ponent polymer-particle system onto an ‘effective’ one component particle sys-

tem. In section 2.2 we discuss a generalized self consistent field theory used

by us to model the polymer component. The specific applications of the field

theory to non-adsorbing, adsorbing and grafted polymers are detailed later in

the subsequent chapters. In section 2.3, we discuss extension of the self consis-

tent field theory to characterize the structural conformations of the polymer

in the vicinity of particles.

2.1 McMillan Mayer Framework

Binary hard sphere systems serve as model system for studying the equi-

librium phase behavior and rheological properties of polymer-particle mixtures

encountered in many technological applications. We consider a model system

comprising of colloidal particles immersed in polymers in an organic solvent.

As the differences in the length scales (as well as time scales) for solvent (S)

molecules and for polymers (P) and colloidal particles (C) are significant, the

solvent degrees of freedom can be ignored safely. We treat the solvent as an
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inert continuum and assume that the particles and polymers are interacting by

effective, solvent-averaged interaction potentials. In this description, we de-

note the bare particle-particle interactions by Ucc(r), the monomer-monomer

interactions by Upp(r) and the polymer particle interactions by Ucp(r). For

a system consisting of Nc particles in presence of Np polymer chains, the in-

teraction energy H = Hcc + Hcp + Hpp and can be written in terms of pair

interaction potentials Ucc, Ucp and Upp as,

Hcc(R) =
Nc∑
i<j

Ucc(|Ri −Rj|)

Hcp(R; r) =
Nc∑
i=1

Np∑
j=1

Ucp(|Ri − rj|)

Hpp(r) =

Np∑
i<j

Upp(|ri − rj|) (2.1)

where R and r represent the coordinates of the particles and the polymers

respectively.

Such binary polymer-particle mixtures have been studied using a num-

ber of different theoretical approaches, which differ in the specific assumptions

that are made to arrive at quantitative predictions for the equilibrium as well

as non-equilibrium behavior of such systems. In this study we take advantage

of the large size asymmetry between the monomeric units and the particle

components to achieve an effective, coarse grained one component representa-

tion of the original two component (polymer and colloid) system. We follow

an approach described by Dijkstra et al. [35] and map the two component
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polymer-particle system onto an effective one component particle system, by

integrating out the polymer degrees of freedom.

For this purpose, we consider a system in semigrand canonical ensemble

(Nc, zp, V, T ), where along with volume (V ) and temperature (β = 1/kBT ) of

the system, the number of particles Nc and activity of polymeric component

zp = exp[βµp] (where µp is the chemical potential of the polymer compo-

nent) are fixed. Thus our model system considers the particle component in a

canonical ensemble (Nc, V, T ) where as the polymer component is modeled in

the grand canonical framework (zp, V, T ). The thermodynamic potential βF

associated with this ensemble can be expressed as,

exp[−βF ] =
∞∑

Np=0

z
Np
p

Nc!Np!

∫
V

dR

∫
V

dr exp[−β(Ucc + Ucp + Upp − µpNp)]

=
1

Nc!

∫
V

dR exp[−β(Ucc + Ω)], (2.2)

where Ω is defined as,

exp[−βΩ] =
∞∑

Np=0

z
Np
p

Np!

∫
V

dr exp[−β(Ucp + Upp)]. (2.3)

Ω depends not only on the fugacity of polymer (zp) but also on the coordinates

Ri of the particles i = 1, 2, · · · which are treated in canonical framework.

Thus Ω can be interpreted as the grand partition sum for the polymeric com-

ponent in the external field of a fixed configuration of particles. The effective

interaction potential for the system then can be written as,

Ueff = Ucc + Ω. (2.4)
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Once Ω, and thus Ueff are known for different zp values, the phase behavior

of the system can be determined. For this purpose, we expand Ω in terms

of Mayer functions, fij = f(Ri, rj) = exp[−βUcp(Ri − rj)] − 1 and gjk =

f(rj, rk) = exp[−βUpp(rj − rk)]− 1 as:

exp[−βΩ] =
∞∑

Np=0

z
Np
p

Np!

∫
V

dr
Nc∏
i=1

Np∏
j=1

(1 + fij)

Np∏
k<l

(1 + gkl). (2.5)

Using the diagrammatic techniques, the above expression can be rewritten in

terms of diagrams:

(2.6)

where (i) each black circle represents a factor zp and an integral of Ri over the

volume V , (ii) each line between two black circles represents a g bond, and
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(iii) each open big circle connected with a black circle represents an f bond

and a summation over all different particles at positions Ri for i = 1, ..., Nc.

The grand potential Ω can then be classified according to the number n =

0, 1, 2, · · · , Nc of particles which interact simultaneously with the polymer at

constant zp as:

βΩ =
Nc∑

n=0

βΩn. (2.7)

This procedure can also be used to explicitly express Ωn in terms of poly-

= + + +…

effU
1

effU
2

effU
3

Figure 2.1: Schematic illustration of McMillan-Mayer framework for effective
interactions. The Nc-body binary polymer-particle system at polymer fugacity
zp is expressed in terms of n-body (n = 0, 1..Nc) one-component systems with
polymer-mediated effective interactions between the particles.

mer partition function Ξn. Here we give explicit expressions for Ωn for

n = 0, 1 and 2. The first bracketed term in eq. 2.6 can be reexponentiated

to obtain,

exp[−βΩ0] ≡ Ξ0(zp, V ) =
∞∑

Np=0

z
Np
p

Np!

∫
V

dr exp[−βHpp] (2.8)

where Ξ0(zp, V ) characterizes the partition function of a pure polymer at fu-

gacity zp. The diagrams involving only one open big circle, represent −βΩ1
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and can be recovered as:

−βΩ1 ≡ Nc [ln[Ξ1(Ri, zp, V )]− ln[Ξ0(zp, V )]] (2.9)

where Ξ1(Ri, zp, V ) is the partition function for a polymeric system consisting

of a single particle:

Ξ1(Ri, zp, V ) =
∞∑

Np=0

z
Np
p

Np!

∫
V

dr exp[−βH(1)
pc ] exp[−βHpp] (2.10)

Note that the term in brackets in eq. 2.9 represents the grand partition dif-

ference between a pure polymer at zp with and without a single particle and

thus, gives the insertion free energy βF 1
C for a particle in a polymeric bath:

−βF 1
C ≡ ln Ξ1(Ri, zp, V )− ln Ξ0(zp, V ). (2.11)

Similarly, it can be shown that the sum of connected diagrams involving two

open big circles is given by:

exp[−βΩ2] ≡
Nc∏
i<j

Ξ2(Ri,Rj, zp, V )/Ξ0(zp, V )

Ξ2
1(Ri, zp, V )/Ξ2

0(zp, V )
(2.12)

where Ξ2(Ri,Rj; zp, V ) represents the grand partition sum of a polymeric sys-

tem containing two particles at position Ri and Rj and is given as,

Ξ2(zp, V ) =
∞∑

Np=0

z
Np
p

Np!

∫
V

dr exp[−βH(2)
pc ] exp[−βHpp]. (2.13)

It follows directly from eq. 2.12 that

βΩ2 ≡
Nc∑
i<j

U eff
2 (Ri,Rj, zp, V ) (2.14)
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where U eff
2 (Ri,Rj, zp, V ) represents the effective pair potential between the

particles and is defined by:

exp[−βU eff
2 ] =

Ξ2(Ri,Rj, zp, V )/Ξ0(zp, V )

Ξ2
1(Ri, zp, V )/Ξ2

0(zp, V )
(2.15)

Note that by spatial homogeneity of the polymer solution, Ξ1(Ri; zp, V ) is

independent of Ri and Ξ2(Ri,Rj; zp, V ) ≡ Ξ2(|Ri−Rj|; zp, V ). Thus, we have

decoupled the binary polymer-particle system onto an effective one component

system consisting of only particles which interact through polymer mediated

effective interactions. The latter are expressed in terms of n body partition

functions for the polymeric systems. To obtain Ξn(Ri,Rj, . . . ,Rn; zp), we

implement a mean-field theoretic approach described below.

2.2 Polymer Self Consistent Field Theory

An essential starting point for theoretical studies of polymeric systems

is a microscopic model to describe the conformations of polymer chains. In

this research, we concern ourselves with flexible polymer chains which are

characterized by relatively unhindered rotations of monomeric bonds along

the polymer backbone. We represent such flexible polymer chains using a

‘Gaussian thread model’. A Gaussian chain is usually represented by a me-

chanical model termed as bead-spring model where the polymer is assumed to

be made up of N +1 beads connected through N harmonic springs of length b.

If we assume no correlations between the bonds, the distribution of the vector
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R0
R1

RN

R(0)
R(s) R(N)

(a) 

(b) 

b1

bN

Figure 2.2: Schematic representations of a Gaussian chain. (a) A discrete
bead-spring model with N+1 beads connected through N springs. The bead
positions are denoted by R0, · · ·RN and the springs are represented by bond
vectors by b1, · · · , bN . (b) Continuous representation of the Gaussian chain.
R(s) represents the continuous space curve with s ∈ [0, N ] as a contour variable
that describes the location of a segment along the backbone of the chain.

Rn −Rm between any two units n and m can be expressed as,

P (Rn −Rm; n−m) =

(
3

2π|n−m|b2

)3/2

exp

[
−3(Rn −Rm)2

2|n−m|b2

]
(2.16)

In the continuum limit of this model, the polymer chains are represented

by continuous space curves R(s̄) and Rn−Rn−1 can be replaced by dR(s̄)/ds̄

where s̄ denotes the arc length variable running from 0 to N . For an ensemble

of m polymer chains, the bonded interactions in the Gaussian thread model
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then can be quantified by an elastic interaction potential Uelastic of the form:

βUelastic({Rα(s)}) =
1

4R2
g

m∑
α=1

∫ 1

0

∣∣∣∣dRα(s)

ds

∣∣∣∣2 ds, (2.17)

where Rg =
√

Nb2/6 represents the unperturbed radius of gyration of the

polymer. Here, b represents the bond length and is generally referred to as

‘Kuhn segment length’ or ‘statistical segment length’ in polymer literature. In

the above, the arc length variable has been nondimensionalized as s = s̄/N .

The subscript α in eq. 2.17 indexes the different polymer chains. Besides the

bonded elastic interactions, the polymer segments also interact through non-

bonded interactions (such as steric effects, van der Waals attractions and other

solvent mediated interactions) if they come close to each other. Such inter-

actions between the polymer segments are generally represented in terms of

an excluded volume effect. The latter arises from the fact that the segments

have finite volume and no two segments can occupy same volume. Thus the

interaction between two polymer segments n and m can be represented as,

vkBTδ(Rn − Rm) where v denotes excluded volume parameter and δ(· · · )

represents the delta function enforcing locally the exclusion of overlaps of

monomers. The excluded volume parameter v symbolizes the solvent qual-

ity and is positive for the case of good solvent indicating swelling of a polymer

chain. On the other hand, negative v corresponds to poor solvent where the

chain size is smaller than the ideal chain (polymer chain with no excluded vol-

ume interactions). The total excluded volume interactions between monomers
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Uex({Rα(s)}) then can be expressed as [36, 37],

βUex({Rα(s)}) =
v

2

∞∑
i=0

∞∑
j=0

∫ 1

0

ds

∫ 1

0

ds′δ[Ri(s)−Rj(s
′)], (2.18)

If we define microscopic monomer density ρ̂(r) as,

ρ̂(r) =
∞∑

α=0

∫ 1

0

dsδ(r−Rα(s)), (2.19)

then βUex can be equivalently expressed as,

βUex({ρ̂(r)}) =
v

2
ρ̂2(r), (2.20)

In the grand canonical framework, the partition function of the polymer solu-

tion can be expressed as:

Ξ(zp, V, T ) =
∞∑

m=0

zm
p

m!

∫ m∏
α=1

dRα(s) exp[−Uelastic({Rα(s)})− Uex({ρ̂(r)})].

(2.21)

In order to proceed we introduce functional integrals over delta functions,

1 =

∫
D{ρ}δ(ρ− ρ̂) =

∫
D{ρ}

∫ +i∞

−i∞
D{w} exp[w(r)(ρ(r)− ρ̂(r))] (2.22)

where w(r) denotes an imaginary auxiliary field. The partition function given

by Eq. 2.21 can then be rewritten as,

Ξ(zp, V, T ) =

∫
D{ρ}

∫ +i∞

−i∞
D{w} exp[−βF{ρ(r), w(r)}]. (2.23)

where,

βF{ρ(r), w(r)} =

∫
dr(

v

2
ρ2(r)− w(r)ρ(r))− zpQ{w}. (2.24)
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Q{w} represents the partition function of a single chain moving in the field

w(r),

Q{w} =

∫
DR exp[−U0 −

∫ 1

0
dsw(R(s))]∫

DR exp[−U0]
(2.25)

and is given by a Feynman-Kac formula as:

Q =
1

V

∫
q(r, s = 1) dr, (2.26)

where the field q(r, s) satisfies the diffusion equation [38, 39]:

∂q(r, s)

∂s
=

Nb2

6
∇2q(r, s)− w(r)q(r, s); q(r, s = 0) = 1. (2.27)

The monomer density field ρ(r) is then obtained from q(r, s) as

ρ(r) = zp

∫ 1

0

q(r, s)q(r, 1− s) ds. (2.28)

Similar field theories have been developed in many different contexts such

as polymer solutions, block copolymers, and polymer blends. A number of

analytical techniques such as perturbation expansions, renormalization-group

theories, and field-theoretic simulations have been used to approximate the

resulting integrals. In the present work, we use the mean-field approximation,

commonly referred to in this context as self-consistent field theory (SCFT).

Polymer self-consistent field theory corresponds to a saddle point approxi-

mation of the above field theory [38, 39]. First we perform a saddle point

integration for Eq. 2.23 with respect to w. In this approximation the path

integral over the potential field w(r) is replaced by the value of the exponent

evaluated at its saddle point:

∂F

∂w

∣∣∣∣
w∗

= 0 (2.29)
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which leads to,

ρ(r) = −zp
δQ{w}

δw
= 〈ρ̂(r)〉GC . (2.30)

The brackets 〈· · · 〉GC denote the statistical average taken in a grand canonical

ensemble at fixed polymer activity zp. The above saddle point approximation

thus amounts to replacing the exact constraint ρ(r) = ρ̂(r) by a more relaxed

requirement ρ(r) = 〈ρ̂(r)〉GC and the functions w(r) can be interpreted as

Lagrange parameters which enforce this condition. The partition function

then reduces to,

Ξ(zp, V, T ) =

∫
D{ρ} exp[−βF{ρ(r), w{ρ(r)}}]. (2.31)

Now we perform a second saddle point integration of Eq. 2.31 with respect to

ρ(r) to approximate the free energy as,

βF (zp, V, T ) = − ln Ξ ≈ F SCF = min F{ρ∗(r), w{(ρ∗(r))}}. (2.32)

with the minimization equations given by,

∂F

∂ρ

∣∣∣∣
ρ∗

= 0 (2.33)

which results in the self-consistency condition,

w(r) = vρ(r). (2.34)

On substituting Eq. 2.34 in Eq. 2.24 we obtain the free energy of the system

as,

F [w(r)] = − 1

2v

∫
drw2(r) + ZQ(w). (2.35)
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If we deduct a constant α from w(r) (w(r) → w(r) + α) so as to subtract out

the free energy corresponding to a homogeneous polymer solution, the above

expression can be transformed as:

F [w(r)] = − 1

2B

∫
drw2 +

α

B

∫
drw + Ze−αQ(w) (2.36)

where all length scales have been nondimensionalized by the Rg. The constants

B ≡ vN2/Rd
g and Z ≡ zpR

d
g represent the nondimensional excluded volume

parameter and the activity coefficient of the polymer solution. The constant α

satisfies α = B exp(−α). The nondimensional homogeneous polymer solution

density C = ρpR
d
g/N can be obtained in terms of Z as: C = Z exp(−α).

The above formalism provides a mean-field approach to compute the

grand canonical partition function Ξ as a function of the polymer chemical

potential Z and the excluded volume parameter B. The above approach can

be extended to compute Ξ1(Z,B) and Ξ2(Ri,Rj; Z,B). In the latter cases,

the presence of the particles is accounted by imposing the potential Ucp(r) in

the single chain partition function Q(w). This external potential can be trans-

formed as a boundary condition imposed on the surface of the particles [40–42].

Computation of Ξ1(Z,B) and Ξ2(Ri,Rj; Z,B) then requires the solution of

the self-consistent equations (2.27), (2.28) and (2.34) with the appropriate

boundary conditions on the surface of the particles.

Similar SCFT based approaches have been used earlier as a fruit-

ful approach to analyze the properties of interacting polymer solutions and

melts [38, 40, 41, 43]. While SCFT is only a mean-field approach, nevertheless
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the qualitative, and in many cases, the quantitative features of semi-dilute

polymer solutions can also be predicted by using such an approach. Most ear-

lier applications have restricted this approach by either using it in conjunction

with the ground-state dominance assumption (valid for N → ∞) and/or by

considering only the case of flat geometries [41]. However, even within the

ground state dominance approach, the diffusion equation (2.27) does not ad-

mit an analytical solution for the case of a single sphere in a polymer solution

and requires either further approximations [44] or a numerical solution [45].

In order to examine the pair interactions for a range of sizes, especially for

regimes where the curvature of the particles proves crucial in determining the

physics, we solve the diffusion equation (2.27) numerically [46]. This proce-

dure is effected in spherical coordinates during the computation of Ξ1(Z,B)

and in bispherical coordinates during the computation of Ξ2(Ri,Rj; Z,B).

The use of bispherical coordinate system for the case of pair interaction

potentials is particularly advantageous as this coordinate system allows one to

access a wide range of particle sizes without encountering any artifacts arising

from geometrical discretization errors. The bispherical coordinates (η, θ, φ)

can be obtained from applying the following coordinate transformation to the

Cartesian coordinates (x, y, z):

x =
a sin θ cos φ

cosh η − cos θ
; y =

a sin θ sin φ

cosh η − cos θ
; z =

a sinh η

cosh η − cos θ
(2.37)

where a is the distance from the origin, defined by η = 0 and θ = π.

The “infinity” in Cartesian coordinates is given in bispherical coordinates as
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πθ >

0=θ

0=θ

2
πθ < 2

πθ =

πθ = 0=η

0<η

∞=η

−∞=η

0>η

Z

Figure 2.3: Schematic illustration for the bispherical coordinate system. The
solid curves correspond to surfaces with constant θ where as broken curves
represent surfaces with constant η. The line between the two poles,η = ±∞,
has θ = π. The z axis of the corresponding Cartesian coordinate system is
given by θ = 0 and θ = π in the bispherical coordinate system.

29



η = 0 and θ = 0, while the η = ±∞ in bispherical coordinates is given in

Cartesian coordinates as z = a. For the case of two spheres, specification of

the radii of the two spheres R1 and R2 and the center-to-center distance be-

tween them uniquely defines the coordinate system. The Laplacian operator

in the bispherical coordinates is given as,

∇2 =
1

h2
η

[
∂2

η −
hη

a
(sinh η)∂η − ∂2

θ +
hη

a

cosh η cos θ − 1

sin θ
∂θ +

1

sin2
θ ∂2

φ

]
(2.38)

where the scale factors are given as,

hη = hθ =
hφ

sin θ
=

a

cosh η − cos θ
. (2.39)

Note that for the case of two spheres, the system is characterized by rotational

symmetry and hence is φ independent. To solve the diffusion equation in bi-

spherical coordinates [42], we employ a non-uniform η−θ grid generated using

Fornberg’s algorithm. We solve the resulting finite difference equations using

an unconditionally stable alternating direction implicit (ADI) method [42].

2.3 Structural Conformations of Polymer Chains

Adsorbed polymer layers form a variety of interesting structures such

as loops, dangling tails and interparticle bridges (as shown schematically in

Fig 5.1). The conformations of these structures result from the competition

between monomer-monomer interactions and elastic forces - the structures

stretch away from the surface to exploit the relatively low density, this elon-

gation is counterbalanced by elastic restoring forces of entropic origin [30, 47].
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bridge

tail

loop

Figure 2.4: Structures of polymer on the particle surface. A loop is defined
as the chain segments between two consecutive surface contacts, while a tail
represents the segments of the polymer chain between the first/last surface
contact and the chain ends. Polymer segments between consecutive surface
contacts on two different particle surfaces constitute a polymer bridge.

Distribution of number and lengths of the polymer structures formed between

the particles has attracted tremendous interest because of their effect on the

rheology and mechanical properties of the polymer-particle mixtures. In this

section, we extend the self consistent field approach to quantify the number

and size distributions of bridges, loops and tails for reversibly adsorbed poly-

mer. This information will be later utilized in Chapters 4 and 5 to predict

clustering behavior and elastic properties of the polymer-particle mixtures.

For the case of adsorbing polymer, the polymers can be classified into

being either adsorbed onto the particles or free in solution [48–50]. The former

includes chains which have one or more contacts with the surfaces, while the

latter incorporates the remainder. In this section, we propose a framework

for quantification of loops, tails and bridges from the one point and two point
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propagators for a polymer chain. By restricting the chain propagators to

appropriate positions in space, we obtain chain propagators for tails, loops

and bridges between the surfaces. For instance, for the loop propagator, both

the starting and end point of a chain propagator are restricted on the surface of

same particle. From these propagators, we extract the density of the monomers

in loops, tails and bridges and subsequently compute the number and size

distributions of these structures.

We begin with the chain propagator q(r, s) defined in equation 2.27.

The one point propagator q(r, s) gives the statistical weight for a polymer chain

segment s to be at position r in space. For the case of adsorbing polymer, the

specific interactions between the polymer segments and the particle surface are

usually modeled through a short range attraction and the resultant boundary

condition for this case becomes,

n.∇q(r, s)|surface = −w(r)q(r, s). (2.40)

As our purpose here is only to present a general framework for characteriza-

tion of adsorbed polymer layers in terms of the structural distribution, we defer

the details of the polymer self consistent field theory for adsorbing polymer till

Chapter 4. However, it should be noted that the boundary condition specified

by Eq. 2.40 does not distinguish between different chain conformations and

applies to both the adsorbed as well as free chains. Thus, q(r, s) represents

the statistical weight for the “s” segment of a polymer chain to be at position

r regardless of whether it touches the particle surface or not. The conforma-

tions of the free chains are then obtained by considering the statistical weight
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qf(r, s’)
r

(b)

Figure 2.5: Schematic showing different propagators (a) Loop, (b) Tail.

qf(r, s) of the polymer chains in the self-consistent potential field w(r), where

qf(r, s) satisfies the boundary condition: qf(r, s)|R = 0. Implementation of this

‘zero’ boundary condition excludes all the polymer conformations that touch

the particle surface. The statistical weights of the adsorbed polymer confor-

mations can be obtained as: qa(r, s) = q(r, s) − qf(r, s). This is equivalent to

solving Eq. 2.27 for qa(r, s) with the ‘initial’ condition, qa(r, s = 0) = 0, and

the boundary condition, qa(r, s)|R = q(r, s)|R, where R represent the radius

of particle. The volume fraction profile of the segments in adsorbed chains

are then obtained by counting all the chains having at least one adsorbed

segment [49]:

φads(r) ∝
∫ 1

0

qa(r, s)q(r, 1− s) ds. (2.41)
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For the case of adsorption on a single particle, an adsorbed polymer

chain can be found in loop or tail conformations. A loop is defined as the chain

segments between two consecutive surface contacts, while a tail represents the

segments of the polymer chain between the first/last surface contact and the

chain ends [48]. Using the statistical weights of the free and adsorbed chain

conformations, the volume fraction of the segments belonging to tails and loops

can be obtained as,

φloop(r) =

∫ 1

0

qa(r, s)qa(r, 1− s) ds;

φtail(r) =

∫ 1

0

qa(r, s)qf(r, 1− s) ds. (2.42)

In the above, the product qa(r, s)qa(r, s
′) gives the statistical weight of a poly-

mer segment s at a position r such that at least one of the first s segments is

in contact with the surface and at least one of the last s′ segments to be in

contact with the surface. Similarly, qa(r, s)qf(r, s
′) gives the statistical weight

of an adsorbed chain section of length s to be connected with a free chain

section of length s′ at position r thus forming a tail.

In the case of two particles, the adsorbed chains can also form inter-

particle bridges [4]. A polymer bridge is defined as a chain segment whose

consecutive surface contacts occur on different particles [50, 51]. To extract

the volume fractions of monomers belonging to bridging conformations, we

need the statistical weights of chains which are adsorbed on the surface of

only one particle. We denote the chain propagator that gives the statistical

weight of a chain adsorbed on only particle I as qI
a . The qI

a(r, s) is obtained by
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qI
a(RI, s’)

qII
a(RII, s’’)

G(RI+ε,RII-ε;s)

RI RII

ε

Figure 2.6: Schematic showing a bridging chain in terms of different chain
propagators

solving Eq. 2.27 with the initial condition, qI
a(r, s = 0) = 0, and the boundary

conditions, qI
a(r, s)

∣∣
RI

= q(r, s)|RI
and qI

a(r, s)
∣∣
RII

= 0. Then, the bridging

segment volume fraction can be expressed as,

φbr(r) =

∫ 1

0

qI
a(r, s)q

II
a (r, 1− s) ds. (2.43)

Equivalently, the bridging segment volume fractions φbr(r) can be expressed

in terms of adsorbed, loop and tail volume fractions as: φbr(r) = φads(r) −

φloop(r)− φtail(r).

Quantification of statistics of bridges in terms of average size and num-

ber distribution of bridges, requires computation of two point propagator. A

two point propagator G(r, r′, s) embodies the statistical weight of a s seg-

ment polymer chain whose first and last segments are located at r and r′, and
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satisfies the following equation and boundary conditions,

∂G(r, r
′
, s)

∂s
= ∇2G(r, r

′
, s)− w(r)G(r, r

′
, s); G(r, r

′
, 0) = δ(r− r

′
);

and G(r, r
′
, s)

∣∣∣
r=RI ,RII

= 0. (2.44)

The zero boundary condition in the above equation restricts G(r, r
′
, s) to only

those chain configurations which do not touch the surfaces. In terms of the

one and two point propagators, the statistical weight of a polymer chain to

form a bridge of length s can be expressed as,

qbr(s) =

∫
dr

∫
dr

′
δ[r− (RI + ε)]δ[r

′ − (RII − ε)] G(r, r
′
, s)

×
∫ 1−s

0

qI(RI , s
′
)qII(RII , 1− s− s

′
) ds

′
(2.45)

where qI and qII are the statistical weights of polymer chains to be in contact

with surfaces I and II respectively. In Eq. 2.45, the first integrals account for

all the chain segments of length ‘s’ which extend from surface I (r = RI +ε) to

the surface II (r = RII − ε). Counting only those chain configurations which

are within an infinitesimally small distance ε (without actually touching the

surfaces) from both the surfaces I and II ensures that the loops and trains

associated with the bridge are not counted in qbr(s). The last integral in

Eq. 2.45 is proportional to the probability that the remaining polymer chain

of (1−s) segments is in contact with surfaces I and II. Using qbr, the number

of polymer segments in a bridge Nbr can be obtained as,

Nbr/N =

∫ 1

0

s
qbr(s)∫ 1

0
qbr(s′)ds′

ds (2.46)
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where N denotes the length of a polymer chain in terms of the total number of

statistical segments. The average number of bridging chains can then be ex-

pressed in terms of the total number of monomers in the bridges (
∫ ∞

0
φbr(r)dr,

where φbr(r) is the density of monomers in bridges (Eq. 2.43)) and the average

size of the bridges Nbr as,

Mbr =
N

Nbr

∫ ∞

0

φbr(r)dr. (2.47)

In Chapters 4 and 5, we use above derived number distribution of bridges to

deduce the probability of formation of polymeric bridges between the particles

and in turn, to gain insights into the clustering and structural characteristics,

percolation transitions and elastic properties of polymer particle mixtures.

2.4 Summary

In summary, we have developed a generic multiscale approach to study

the effect of polymer on the interparticle interactions, resultant phase behav-

ior and structural features of polymer-particle mixtures. The size and length

scale asymmetries encountered in such mixtures are addressed by coarse grain-

ing the polymeric component and by mapping the two component system in

terms of an effective one component system consisting of just particles. The

resultant one component system is characterized by polymer mediated effective

interactions. To extract the latter, we have developed a mean field approach

and implement a numerical version of polymer self consistent field theory in

bispherical coordinates. The latter allows us to access a wide range of polymer
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and particle sizes, while simultaneously eliminating the artifacts arising from

geometrical discretizations. Further we have extended the mean field theory

to gain more insights into the configurational structure of adsorbed polymer

layers in the vicinity of the particles. In the subsequent chapters, we adapt

the above developed framework : (i) to examine the phase behavior and per-

colation characteristics for nano-sized particles in presence of nonadsorbing,

adsorbing and grafted polymers (ii) to probe the polymer bridging induced

gelation phenomena and (iii) to predict the structure and elastic properties of

particulate gels.
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Chapter 3

Nanoparticles in Presence of Non-adsorbing

Polymers

Polymer induced depletion attraction between colloidal particles has

been studied extensively for last three decades. Addition of particles to a

solution of non-adsorbing polymers excludes the polymer centers from the

vicinity of the particles. This reduction in the free volume available for the

polymer results in a conformational entropy loss for the polymer. The result-

ing osmotic pressure imbalance for the polymer pushes the colloidal particles

together (cf. Fig. 3.1), giving rise to an effective attraction between the two

particles termed as ‘depletion attraction.’

Asakura and Oosawa (AO) [1] and independently Vrij [2] were the first

to quantify the depletion interaction and showed that this polymer mediated

effective attraction between the particles is characterized by a range Rg (the

radius of gyration of the polymers) and a strength proportional to the concen-

tration of the polymers. The AO model is known to be adequate only for the

case of dilute and noninteracting polymer solutions and only when Rg is much

smaller than the size R of the particle, i.e. R/Rg � 1 (this regime of sizes,

R/Rg > 1, is also commonly termed as the “colloid” limit) [12, 52–54].
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Figure 3.1: Schematic illustration of polymer depletion around a particle and
free volume. Each particle is surrounded by a ‘depletion zone’, (shown in
white) which is inaccessible to centers of polymer coils. The hatched area is
the free volume Vfree available for the polymer. Overlap of depletion zones
(black) leads to increase in free volume for polymer resulting an ‘effective’
attraction between the particles.

Subsequent studies have examined the depletion characteristics in

nanoparticle-polymer mixtures for situations where such conditions are not

valid. For instance, Meijer and Frenkel [55] used a lattice simulation approach

to analyze the case of dilute, ideal polymer solutions with smaller R/Rg val-

ues, and showed that multibody interactions between the particles can lead

to significant corrections to the phase behavior predicted by the AO theory.

Realizing the breakdown of AO theory for the regime R/Rg ≤ O(1), Schweizer

and coworkers [20, 53, 56, 57] have developed sophisticated integral equation

approaches which incorporate the interactions between the polymers and can

treat a wide range of polymer and particle sizes. Louis, Bolhuis and coworkers

have used coarse-graining techniques to treat the case of interacting polymers

for sizes R/Rg upto O(1) [54, 58]. Both Schweizer and Louis’s researches
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established the importance of interpolymer interactions, and also delineated

the resulting phase behavior for a variety of parametric conditions. Lekkerk-

erker [21], Tuinier and coworkers [12, 22] have pioneered the Gibbs adsorption

and free volume theories to develop the phase diagrams for mixtures of col-

loids of different geometrical shapes in both ideal and interacting polymer

solutions.

The above-mentioned theoretical approaches in conjunction with sys-

tematic experimental studies of Zukoski, Pusey and coworkers [11, 59, 60]

have led to a solid understanding of the physics behind the colloid (R/Rg ≥ 1)

limit. However the other limit, R/Rg > 1 (commonly termed as the “pro-

tein/nanoparticle” limit) is also of significant interest. Such situations arise in

relation to protein crystallization applications [19, 61], separation of proteins

using polymers [62, 63], and in experimental studies of protein aggregation,

stability using inert polymers such as PEG and Dextran [64]. In such con-

texts, experiments have shown that depletion effects can be used to rationally

control the physicochemical properties of the protein solutions. For instance,

tuning the strengths and the ranges of polymer-induced effective interactions

between proteins has been suggested as an approach to control the rates of

crystal-nucleation in protein solutions [19, 65]. Moreover, many in-vitro ex-

periments have demonstrated that the same characteristics of inter-protein

interactions can be used as a means to control the aggregation rates of pro-

teins [64]. In other contexts, the size dependence of the solvation free energies

has been used to control the solubility and the stability of the proteins [66–68].
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Some previous theoretical studies have also examined the depletion

characteristics of protein-polymer mixtures. For such systems in semidilute

and concentrated polymer solutions (the case of interest in this study), the

radius of gyration of the polymer is expected to be irrelevant in determining

the interaction characteristics. Rather, a new length scale ξ corresponding to

the polymer correlation length emerges. One of the widely studied issues in

the protein limit (i.e. Rg/R < 1) is the macroscopic phase behavior of the

protein-polymer mixture. Early scaling arguments by deGennes [69] and more

quantitative calculations of Eisenriegler [70] showed that the insertion free

energy βFs of a nonadsorbing sphere of size R into an athermal semi-dilute

polymer solution scales as

βFs ∼ (R/ξ)3−1/ν , (3.1)

where ν denotes the Flory exponent of the polymer (= 0.59 in three dimen-

sions [40]). This suggests that βFs � 1 for R � ξ, leading deGennes [69],

and later Odijk [71], to conclude that the polymer depletion induced inter-

protein interactions are weak and that protein-polymer mixtures tend to be

miscible. On the other hand, it is well known from many experiments that

polymer-protein solutions tend to demix and phase separate. To explain these

observations, Odijk [71] (and Sear [72]) used simple theories to suggest that

a poor solvent for the polymer may facilitate phase separation. Schweizer

and coworkers [53, 73] have proposed that subtle effects on polymer-polymer

interactions can rationalize the phase behavior of such systems. Bolhuis et

al. used a lattice simulation approach and implicated multibody interaction
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effects as responsible for the phase behavior of proteins in nondilute polymer

solutions [23]. Also, alternative approaches invoking perturbation theories [74],

cell models [24] and free volume concepts [22] have all been used to predict that

protein-polymer mixtures can indeed show a liquid-gas like phase separation.

This chapter examines the single and two-body depletion character-

istics of protein-polymer mixtures. Some of the interesting questions in this

context are: “Why would dilute proteins aggregate or precipitate out from con-

centrated polymer solutions ?,” “Does one need to invoke multibody interac-

tions to explain the phase behavior of protein-polymer mixtures ?,” “Is solvent

quality necessary to explain the phase behavior ?,” “Are specific interactions

between proteins and polymers a necessity to account for the observations ?”

The rest of this chapter is arranged in the following manner: Section

3.1 outlines the statistical mechanical model for polymers and proteins and the

formalism whereby the depletion characteristics can be computed. In section

3.2, we explain our hypothesis regarding free volume and propose a model for

incorporating the effect of multibody interactions. We examine the depletion

thickness, free volumes and the effective concentrations to demonstrate that

the effective concentrations fall in the semidilute and concentrated regimes.

Section 3.3 concerns with the concentration dependence of the solvation free

energies. In section 3.4, we present the qualitative and quantitative features

of the pair interactions and their implications for the thermodynamics of the

protein-polymer mixture. The chapter concludes with a summary of the results

and an outlook on future applications of the formalism used.
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3.1 Theoretical Formalism

The physical details of the model for the protein-polymer mixture are

similar to that expounded in Chapter 2. In the following, we discuss the

changes in the generalized polymer field theory pertinent to the non-adsorbing

polymers and depletion interactions. Our approach is based on the hypothesis

that the thermodynamical characteristics of the system are independent of the

ensemble used to study it. Whence, the depletion characteristics of proteins

in a polymer solution at an overall concentration φB
p with a concentration ηc

of proteins can be mapped onto the infinite dilution depletion and interaction

characteristics in a polymer solution whose fugacity is fixed at the value zp

corresponding to the fugacity of the polymer in the polymer-protein mixture.

For non-adsorbing polymer, the exclusion of polymer near the particle surface

is expressed through ‘depletion’ boundary condition for the diffusion equation

(cf. Eq. 2.27),

q(r, s)|surface = 0. (3.2)

Following the procedure detailed in the Chapter 2, the saddle point approxi-

mation results the self consistency condition:

w(r) = α[φ(r)− 1], (3.3)

where the volume fraction field φ(r) is obtained using Eq. 2.28. In this ap-

proximation, the Grand canonical partition function can be written as:

ln Ξ− ln Ξ0(Z, V, T ) = − 1

2B

∫
dr (w)2 +

α

B

∫
drw + Ze−αQ(w). (3.4)
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where ln Ξ0(Z, V, T ) represents the mean-field free energy of a homogeneous

polymer solution. The nondimensional homogeneous polymer solution density

C = ρpR
d
g0/N can be obtained in terms of Z as: C = Z exp(−α). Computa-

tion of Ξ1(Z,B) and Ξ2(ri, rj; Z,B) is achieved by solving the self-consistent

equations (2.27) – (2.28) numerically: in spherical coordinates during the com-

putation of Ξ1(Z,B) and in bispherical coordinates during the computation of

Ξ2(ri, rj; Z,B). To solve the diffusion equation in bispherical coordinates [42],

a nonuniform η − θ grid is employed with ∆s of 0.001, N+
η = N−

η = 100 and

Nθ = 100. The tolerance on maximum difference in mean field potential w(r)

was 0.0001. About 500-700 iterations were required to satisfy this convergence

criterion, giving an accuracy of ∼ 0.00001 in free energy values.

3.1.1 Model Parameters and Relationship to Experimental Vari-
ables

The polymer solution model used corresponds to the classical two-

parameter model used widely in polymer physics literature. The mean field

approximation detailed in the previous chapter neglects the contributions other

than those arising from the saddle point of the integral in eq. (2.23). Physi-

cally, this approximation is known to be qualitatively accurate, but manifests

as quantitatively incorrect scaling exponents and concentration dependencies

of the polymer solution properties when compared with the experiments [40].

Consequently, it is expected that the formulation expounded in the preced-

ing section can predict the qualitative trends, one cannot use it to predict

the quantitative behavior of the depletion characteristics, interparticle inter-
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actions, virial coefficients etc. To overcome this limitation, a physically moti-

vated approach is used which deduces the parameters in the mean-field model

based on the appropriate physical properties of the polymer solution for which

the depletion characteristics are desired.

The polymer model explained in Chapter 2 is characterized by two

nondimensional parameters, B and Z. The former quantifies the solvent qual-

ity while the latter in turn determines the nondimensional polymer density

C. To make predictions and enable a comparison with experimentally real-

izable systems, the parameters B and Z are chosen such that the mean-field

correlation lengths and the osmotic pressures match the respective values for

a semidilute solution at a density ρp. The latter rescalings also rescale the

solvation free energies and the pair potentials deduced from our field-theoretic

approach. This approach is similar in spirit to the scaling approach proposed

by deGennes to modify the mean-field expressions for the free energy of a

polymer solution [41]. To implement this idea, the published expressions for

the correlation length (ξ) and the osmotic pressure (Π) of a semidilute solu-

tion are used to determine B and Z corresponding to a given ρp [75]. These

expressions relate the correlation length and the osmotic pressure to polymer

concentration, φp:

3

4π

δ(βΠs)

δφp,s

= 1 + 2.63φp,s

(
1 + 3.25φp,s + 4.15φ2

p,s

1 + 1.48φp,s

)0.309

; and ξs ∝ φ−3/4
p,s

(3.5)

where φp,s = 4πR3
gCp,s/3 and subscript s indicates semidilute regime. In the

present formalism, the mean field osmotic pressure can be obtained from the
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grand partition function (see Eq. 2.35) as

βΠm = ln Ξ =
BC2

2
with C =

4πR3
gφp,m

3
(3.6)

The mean field correlation length ξm is related to the non-dimensional excluded

volume parameter B and polymer concentration C as,

ξ2
m =

3

2BC
(3.7)

Comparing Eqs. 3.5, 3.6 and 3.7 to the leading order we obtain scaling relations

between the mean field parameters B and C and semidilute concentration Cs

as,

C ∝ C0.809
s and B ∝ C0.691

s (3.8)

The above scaling approach will still not yield the correct exponents charac-

terizing the renormalized field theory (which requires a local scaling approach,

rather than the global scaling used). Moreover, by fixing both the B and Z pa-

rameters at finite values, in reality only the “good” but not “athermal” solvent

regime of the polymer solution is accessed (see section 3.4.3 for a further dis-

cussion of this point). However, despite these limitations, this scaling approach

can be expected to yield semi-quantitatively accurate results for the depletion

thicknesses and the interaction potentials when compared with more rigorous

implementations of the field theory. In principle, by using this approach one

can also address the effect of solvent quality on the depletion characteristics.

However, the majority of this chapter (except in section 3.4.3) focuses only

on the results for athermal solutions. In the following, we present the results

obtained by this scaled mean-field theory as a function of φp = ρp/ρ
∗
p.
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3.2 Depletion Profiles and Thickness

The polymer fugacity zp depends on both the overall polymer density

φB
p and the concentration of proteins ηc. Whence, to discuss the depletion

characteristics at a fixed φB
p and ηc, one needs a framework to obtain the zp

corresponding to those conditions. Here the density of a homogeneous polymer

solution (in the absence of proteins) with the fugacity coefficient at a value

zp is denoted as φp. In essence, φp is viewed as the effective or local polymer

concentration determining the depletion characteristics, and corresponds to

the density of a pure polymer solution in a reservoir in equilibrium with the

protein-polymer mixture. The basis underlying this work is that, in the pro-

tein limit, that the depletion thickness ∆ is much larger than the size of the

proteins. Consequently, even for conditions corresponding to dilute or semidi-

lute polymer concentrations φB
p , the effective concentrations φ (corresponding

to the number of polymers in the free volume) and fugacities zp that determine

the depletion and interaction characteristics correspond to the semidilute or

concentrated solutions of the polymer. The first issue addressed in this section

pertains to the magnitude of the depletion thickness ∆ in the protein limit.

Current theories do not all agree on the behavior of the depletion thick-

ness ∆ for proteins in semidilute and concentrated polymer solutions. In the

limit when R/ξ � 1 (which is termed here as the Protein-Colloid (PC) limit in

analogy to the colloidal suspensions), almost all theories acknowledge that the

depletion thickness should be proportional to ξ [52, 53]. However, there have

been conflicting predictions about the depletion thickness in the limit R/ξ � 1
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(which we term as the Protein-Protein (PP) limit in relation to the physics of

protein suspensions). Using approximate analytical methods, deGennes [69]

and Odijk [71] suggest that in the extreme PP limit (R/ξ � 1), the relevant

length scale for the polymer depletion is the radius of the particle R itself.

On the other hand, Schweizer and Fuchs used an integral equation approach

to suggest that the polymer density profiles exhibit two length scales, one of

which is a long ranged depletion at the length scale of ξ itself [53]. More

recently, Fleer et al. [45] proposed an analytical approximation that predicts

a depletion thickness that is intermediate between these values and scales as

ξ2/3R1/3.

Fig. 3.2 displays the volume fraction profiles φ(r) around a single pro-

tein sphere plotted as a function of the distance r from the surface (normalized

as r/ξ). The volume fractions, φ(r) were obtained from the numerical solution

of polymer SCFT around a single protein sphere. The bulk polymer density

was maintained at φp = 2.6, and the radii of the proteins were chosen to span

the R/ξ values corresponding to the PP and PC limits. As is evident from the

results, all the volume fraction profiles vanish at the surface of the sphere and

asymptote to their bulk values within a distance of about 3ξ. Also plotted in

Fig. 2.1 are the results corresponding to the polymer density profile near a flat

plate (denoted as R/ξ = ∞). It can be seen that for asymptotic values in the

PC limit (R/ξ � 1), the polymer density profiles quantitatively match with

the results corresponding to the flat plate.

Interestingly, it can be seen from Fig. 3.2 that the polymer depletion
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Figure 3.2: Polymer depletion profiles around a sphere. φ(r) denotes
the volume fraction and r represents the distance from the surface of the
sphere. Depletion profiles for different R/ξ plotted as a function of r/ξ. In
the direction of increasing R/ξ, the different results correspond to R/ξ =
0.03, 0.1, 0.33, 1, 2, 10 and ∞. The solid curves correspond to an extrapolation
formula proposed in Ref. [76] which displays an extremely good fit to our data.
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profiles in the PP regime do show that with a decrease in the ratio R/ξ, the

density profiles move closer to the particle surface, followed by a longer range

decay. The latter qualitatively resembles the predictions of integral equation

approaches [53], and is indicative of possibly a new length scale governing the

polymer depletion profiles. The length scale corresponding to the polymer

depletion is quantified in terms of an overall depletion thickness ∆ defined

as the equivalent radius of a shell over which a step function profile for the

polymer density would be depleted [22, 45]. In other words,

4π

3
[(R + ∆)3 −R3] = 4π

∫ ∞

R

dr r2[φ(r)− 1]. (3.9)

Shown in Fig. 3.3 is a plot of ∆/ξ computed from the volume fraction profiles

displayed as a function of R/ξ. It can be seen that in the PC limit (R/ξ >

1), ∆/ξ remains at the value unity, thereby confirming that the depletion

thickness is indeed the correlation length of the polymer solution. On the

other hand, in the PP limit ∆/ξ monotonically decreases with R/ξ, suggesting

the emergence of a new length scale other than ξ. To extract this length scale

and the depletion thickness, the asymptotic values in the PP limit are fitted

to a power law fit. The latter yields a slope of 0.3, suggesting that in PP limit

∆/ξ ' (R/ξ)0.3 or ∆ ∼ R0.3ξ0.7. The latter result is in remarkable agreement

with the recent analytical predictions of Fleeret al. [45] but is much larger than

the asymptotic approaches [71].

The above results indicate that in the PP limit, the overall depletion

thickness ∆ is much larger than the size of the proteins, i. e. ∆/R � 1.
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Whence, at a finite concentration of proteins, the overall depleted volume is

expected to be significant, and the effective concentrations φp will be much

larger than the actual concentrations φB
p . Further, in combination with the

McMillan-Mayer framework, the above reasoning suggests that a key to under-

standing the thermodynamical characteristics of the protein-polymer mixtures

is to understand the depletion and interaction characteristics at these effective

concentrations φp. To make progress in this idea, first the difference between

the “actual” and the “effective” concentrations is defined through,

φp =
φB

p

α
, (3.10)

where α represents the fractional free volume available to the polymers [12, 21].

Here, α is a function of both φB
p and ηc, and represents the reduction in the

volume available for the polymers due to the depletion around the proteins. In

the next section a model for α(φB
p , ηc) in eq. (3.10) is postulated which allows

estimation of the “effective concentrations” φp corresponding to a given bulk

concentration φB
p and ηc. A more rigorous approach, accurate to the level at

which the depletion and interaction characteristics are described, would be to

determine α(φB
p , ηc) from the one and two body depletion results presented

in the following sections. However, since ∆/R � 1, multibody overlaps of

depletion layers, which become important for packing fractions ηc∆
3/R3 ' 1,

occur at relatively low concentrations of the proteins. Whence, a simpler

approach is adopted wherein a model for α(φB
p , ηc) is devised which will not

match with the one- and two-body level approximation, but approximately
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accounts for the multibody interactions and overlaps between the different

proteins.

3.2.1 Model For Free Volume

As shown later in this section, for a wide range of protein sizes and

average polymer concentrations φB
p , the effective concentrations φp which de-

termine the depletion characteristics fall in the semidilute and concentrated

regimes. In these regimes, the radius of the gyration of the polymers Rg is

irrelevant, but the interactions and the overlap between the polymers play an

important role in determining the depletion characteristics. To model the free

volume available for the polymer, an approach similar to that used earlier by

Lekkerkerker, Tuinier and coworkers [12] is adopted. In this model, the poly-

mers are visualized as spheres of radius equal to the depletion thickness ∆, and

then the free volume α is approximated as the volume available for inserting

a sphere of radius ∆ in the protein solvent. Scaled-particle theory [21, 77]

provides an approximate expression for the free volume available for the inser-

tion of a sphere of radius ∆ in the hard sphere (protein) solvent of size R at

a packing fraction ηc:

α(φB
p , ηc) ≈ (1− ηc) exp[−Âγ − B̂γ2 − Ĉγ3]. (3.11)

In the above equation, γ = ηc/(1 − ηc), Â = 3β + 3β2 + β3, B̂ = 9β2/2 +

3β3, Ĉ = 3β3, with β = ∆/R. It should be noted that for a given average

polymer and protein concentrations φB
p and ηc, ∆ itself depends on the effective

concentration φp and hence also upon the free volume α. Whence, the above
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equation for the free volume α needs self-consistent solution for the value of α

corresponding to a given φB
p and ηc.

Equations (3.10) and (3.11) provide a complete set of equations to

map the depletion characteristics of a protein-polymer mixture at a specified

overall concentration φB
p and ηc onto the infinite dilution depletion and inter-

action characteristics of the proteins in a polymer solution maintained at an

activity coefficient zp. In the subsequent sections, φp is termed as the “effec-

tive concentration” determining the depletion and interaction characteristics

of the proteins. A key aspect of the present model is the self-consistent man-

ner by which φp is determined for a given φB
p and ηc. It should be noted

that the above provides just a specific model, and alternative models for the

free volume α can also be combined with the results of the subsequent sec-

tions to study the polymer depletion and the thermodynamic characteristics

of protein-polymer mixtures. Despite the inherent approximations, the above

model has some attractive features preserving the physics of the problem. By

viewing the polymers as spheres of radius equal to the depletion thickness,

the above model accounts for both the interactions between the polymers as

well as the nonzero concentration of the polymers. On the other hand, for

real hard sphere solutes, the depletion thickness near a hard sphere solvent

matches exactly with the correlation length of the solutes [35, 78]. As shown

in the next section, for a range of polymer concentrations φB
p of interest in

this study, the depletion thickness ∆ is of the same order of magnitude as the

correlation length ξ of the polymer solution. The latter suggests a posteriorly
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the consistency of viewing the polymer solution as spheres of size ∆. Also,

the above approach provides an attractive way to study the real “multibody”

effects arising from simultaneous interactions of all the protein spheres. Al-

ternative methods such as studying the three-body interactions reveal only a

part of this effect.

3.2.2 Effective Concentrations

The above model for free volume results in two important outcomes.

The first aspect pertains to the magnitudes and the regimes of the effective con-

centrations φp corresponding to different bulk concentrations φB
p . Fig. 3.4a dis-

plays the φp for a protein of size ratio q = 10 (where q is defined as q = Rg = R)

for different conditions of bulk polymer and protein concentrations φB
p and ηc.

To maintain a close connection with the experimental results, only conditions

at the border between dilute and semidilute concentrations of bulk polymer so-

lution (i. e. φB
p ' O(1)) are considered. It can be observed that over the entire

range of bulk concentrations in the dilute regime, the effective concentrations

fall in the semidilute and concentrated regimes (i. e. φp > 1). For instance, for

conditions corresponding to φB
p = 0.1 and ηc = 0.05, corresponding to a dilute

suspension of proteins in a dilute polymer solution, the effective concentrations

that determine the depletion characteristics correspond to a concentrated poly-

mer solution of φp ' 5. Furthermore, it is also evident that significant changes

in φp can result from changes in the protein and polymer concentration. The

depletion characteristics in semidilute polymer solutions can be quite different
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Figure 3.4: (a) The effective polymer concentrations φp as a function of the
protein volume fraction ηc. φB

p ’s are the bulk polymer concentrations. The
nondimensionalized protein size was fixed q = Rg/R = 10; (b) The ratio
R/ξ(φp) for different bulk concentrations φB

p . The solid lines represent the
results for q = 10 while the dashed lines represent the results for q = 3.0 (also
indicated in the brackets of the legend).

from those expected in the context of dilute polymer solutions. As will be

shown in the next section, due to the interplay between the protein size and

the polymer concentrations, one can have qualitatively distinct regimes even

within the semidilute concentrations. This fact, in combination with the de-

pendencies of φp upon φB
p and ηc will be shown to be crucial in rationalizing

the thermodynamical characteristics of protein-polymer mixtures.

The second aspect pertains to the fact that previous theoretical studies

in semidilute polymer solutions have mainly addressed the depletion charac-

teristics in the asymptotic limits R/ξ � 1 and R/ξ � 1, where ξ denotes the

correlation length of the polymer solution. Fig. 3.4b displays the values of R/ξ
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for different concentrations of the protein and polymers and for protein sizes

corresponding to q = Rg/R = 3.0 and q = 10, where ξ denotes the correlation

length corresponding to the effective concentration φp. It can be seen that

over a wide range of protein and polymer concentrations chosen in the present

study, the effective concentrations which determine the depletion characteris-

tics actually correspond to R/ξ ' O(1). Another interesting aspect is that

changes in both φB
p and ηc concentration can lead to changes in the regime

of R/ξ controlling the depletion characteristics. In the subsequent sections

it will be demonstrated that the depletion characteristics resulting from the

crossover effects in these nonasymptotic regimes can prove important for the

thermodynamics of protein-polymer mixture.

To summarize, our results suggest that in the protein limit, even at

dilute bulk concentrations φB
p of the polymer, the effective concentrations φp

determining the depletion characteristics are much larger and are in the semidi-

lute and/concentrated regimes. Furthermore, the magnitude of the ratio of the

protein size to the correlation length corresponding to the effective concentra-

tion falls in the regime R/ξ ' O(1). Asymptotic theories corresponding to

R/ξ � 1, can be expected to hold only for protein sizes R/Rg � 1. While the

above conclusions were based on a specific model for the free volume effects,

we believe that the qualitative features are generic to the protein limit. In the

following sections, the depletion and interaction characteristics of proteins are

examined while specifically focusing on the regime R/ξ ' O(1) and it is shown

that nontrivial crossover characteristics can manifest and have important im-
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plications for the phase behavior of protein polymer mixtures. It should also

be noted that the scaling result for ∆ in the PP limit taken together with the

fact that interest of this study lies in the regime R/ξ ' O(1), suggests that

the disparities between the depletion thickness ∆ and ξ are not significant.

The latter thereby provides consistency to the present framework for the free

volume which views the polymer solution as hard spheres of size ∆.

3.3 Insertion Free Energies

In this section, we discussed the results for the insertion free energies

F 1
C of proteins into semidilute and concentrated polymer solutions. The objec-

tive is to analyze the dependence of F 1
C on the ratio R/ξ, and the qualitative

features resulting from the crossover from R/ξ < 1 to R/ξ > 1. The fo-

cus is on the case of dilute protein solutions (ηc → 0), and by considering

the polymer concentration dependence of F 1
C , it is demonstrated below that

qualitatively and quantitatively distinct regimes can occur even within the

semidilute concentrations of the polymer. These features indicate the new

effects that can result from changes in the effective concentration φp due to

changes in φB
p and ηc. We further show that this results from the crossover

behavior between the regimes R/ξ < 1 and R/ξ > 1. The concept of insertion

free energies and their size dependencies are commonly invoked to explain the

effect macromolecular solutes have upon the stability, denaturation and solu-

bility of proteins [66, 79]. The results presented below incorporate both the

polymer concentrations and their interactions in a rigorous manner and could
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Figure 3.5: Insertion free energies F 1
C as a function of nondimensionalized

protein sizes q−1 for different polymer concentrations φp.

have important ramifications for macromolecular crowding experiments in the

limit considered in this section (i.e. concentrated polymers + dilute proteins).

In Fig. 3.5 we display the insertion free energies F 1
C computed using

eq. (2.9) for a range of nondimensionalized sizes of the protein and for four

different polymer concentrations within the semidilute regime. It can be seen

that the magnitudes of the insertion free energies are relatively small for small

proteins and/or for concentrations close to overlap concentration (φ = 1).

The latter is consistent with the scaling predictions embodied in (3.1) which

suggests F 1
c . O(kBT ) in this regime. With an increase in the polymer con-

centrations φp, the magnitudes of F 1
c for smaller proteins are observed to be

unaffected, while those corresponding to the larger proteins grow to signif-
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same results in a log-log scale.

icantly larger values compared to kBT . Moreover, with increasing polymer

concentrations, the transition from F 1
c ∼ O(kBT ) to F 1

c � O(kBT ) continu-

ously moves towards the smaller sized proteins.

Since the only effect of increasing the polymer concentration is to de-

crease its correlation length ξ (which in turn affects the osmotic pressure

etc.), it is interesting to first probe if indeed the above results can all be

collapsed onto a universal function of the ratio R/ξ. In Fig. 3.6 we dis-

play the insertion free energies for a range of polymer concentrations within

the semidilute regime. It is evident that the insertion free energies do col-

lapse onto a single universal function, with the transition between the small

(F 1
C ∼ O(kBT )) and large protein (F 1

c � O(kBT )) limits occurring at sizes
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such that R/ξ ' 0.5 − 0.6. In this framework, the concentration dependen-

cies can be explained by reasoning that for small proteins and/or for small

polymer concentrations, the protein radii are such that R ≤ ξ. In this limit,

eq. (3.1) should be applicable, and hence F 1
C ∼ O(kBT ). However, larger

proteins and/or for higher concentrations fall in the regime for which R ≥ ξ.

In this regime, the insertion free energy is expected to be dominated by the

work of evacuating the protein volume within the polymer solution. At these

high concentrations of the polymer, the osmotic pressure against which this

work is done, is also extremely large, leading to the result that F 1
c � O(kBT ).

These expectations are confirmed in the inset to Fig. 3.6, where the variation

of F 1
C with the ratio R/ξ is displayed on a log-log format. As can be seen, in

the limit R < ξ, the solvation free energies F 1
c ∼ (R/ξ)1.28, which is close to

the theoretical prediction [69, 70] of F 1
c ∼ (R/ξ)1.33. In the limit R/ξ > 1,

F 1
c ∼ (R/ξ)2.4, which reflects the cross-over to the asymptotic regime where

F 1
c scales as R3, the volume of the protein [41].

The above results have interesting consequences for the context of

macromolecular crowding experiments. The concentration dependencies of the

insertion costs suggest that an increase in the concentration of the polymer

leads to a decrease in the solubility and eventual precipitation of the proteins.

Also it is seen from Fig. 3.5 that the solubility limit of a protein depends sensi-

tively on its size, and that smaller proteins precipitate out of polymer solutions

at higher concentrations of the polymer solutions. Some such effects have been

seen in some selected experiments using PEG as a crowding agent [80].
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The above results also provide a first indication of the nontrivial effects

that can arise from an increase in the concentration of the polymers. As evident

from Fig. 3.4, the effective concentrations φp corresponding to a range of bulk

concentrations φB
p fall around the regimes studied in this section. Whence,

upon an increase in the concentration φB
p or of the proteins, one can expect

to move from the regime R/ξ < 1 to the limit R/ξ > 1. This will lead to con-

comitant increases in the insertion free energy of the protein and its eventual

precipitation. In the next section, we explore the consequences of these transi-

tions upon the macroscopic thermodynamics of the protein-polymer mixture.

3.4 Pair Interactions and Phase Behavior

In this section, we analyze the qualitative and quantitative features

of the pair interaction potentials obtained using the grand canonical frame-

work discussed in section 3.1. The pair interaction potentials are obtained

using eq. (2.15) by effecting numerical solution of polymer SCFT in bispheri-

cal coordinates. Consequently, the numerical results are expected to be quite

accurate for the entire range of protein sizes including when they are compa-

rable to the correlation length of the polymer. At the outset, the focus is on

the qualitatively new features of the pair interactions arising as a result of the

free volume effects at finite concentration of the proteins. We discuss these

potentials in the framework of changes in the polymer and protein concentra-

tions. Subsequently, these features and their dependencies upon the ratio R/ξ

are examined to rationalize the observations. Our objective here is to discern
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Figure 3.7: Depletion-induced pair interaction potentials βU(r) as a function
of the surface to surface distance between the two proteins: (a) For protein
size q = 5; (b) For protein size q = 10. The bulk concentration is fixed at
φB

p = 0.2 and the numbers in the brackets denote the effective concentrations
φp

the depletion characteristics in the non-asymptotic regime (R/ξ ' 0.2 − 2)

and its differences from the predictions made for the asymptotic regimes.

3.4.1 Qualitative Features of the Pair-Potential

In Fig.s 3.7a and b we display a selection of inter-protein pair potentials

determined for proteins of sizes q = 5 and 10. In both cases, the bulk con-

centration of the polymer was maintained at a value φB
p = 0.2, and the plots

display the changes resulting in the pair interactions due to changes in the

volume fraction of the protein ηc. Previous studies of the depletion-induced

pair interactions have demonstrated that the strength of the pair interactions

correlates monotonically with the concentration, while the range of the inter-
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action correlates with the correlation length of the polymer solution [41, 58].

It can be seen that the u(r) displayed in Fig. 3.7 qualitatively exhibits char-

acteristics similar to that expected at the infinite dilution limits. Indeed, an

increase in the concentration of the proteins results in an increase in the ef-

fective concentrations determining these potentials (see Fig. 3.4). The latter

leads to a corresponding increase in the strength of the pair-interactions. Con-

comitantly, the effective correlation length of the polymer solution decreases,

and leading to a decrease in the range of the pair-interactions. On the other

hand, from a quantitative framework, the potentials represented in Figs. 3.7a

and b display differences from what one may naively expect for the protein

limit in a polymer solution maintained at a concentration φB
p . The magnitudes

of the contact value of the potentials for both q = 5 and 10 are of the order

of kBT . In contrast, if the magnitudes of the contact potentials are assumed

to be of the same order of magnitude as the insertion free energies F 1
c , and if

the renormalization group (RG) expression [70, 81] F 1
c = 4.39φB

p q−1.3 is used,

then one obtains F 1
c ∼ 0.1kBT for q = 5. and ∼ 0.04kBT for q = 10, which

are an order of magnitude smaller than the contact values.

An interesting question pertains to the comparison of the pair poten-

tials (at infinite dilution of particles) determined by the polymer SCFT ap-

proach to the predictions from other approaches. Figs. 3.8a–d display the pair

potentials determined for the size ratios q = 7.78, 1.09 and 0.67 for different

reservoir/effective concentrations φp alongside the pair potentials published in

Louis, Bolhuis et al. [23, 58] and Tuinier et al. [22]. Note that q = 0.67 does not
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correspond to the protein limit considered in this study. Nevertheless, since the

present approach is expected to work equally well for the colloid limit, the lat-

ter are displayed for comparison. As can be seen, the range of the potential as

determined from SCFT matches extremely well with the corresponding results

of the Tuinier et al., while the contact values of the interaction potentials (in

the protein limit) match much more closely with the results of Louis, Bolhuis

et al. These discrepancies could arise from a number of sources, including the

scaled mean-field approach, the inherently approximate one-body framework

of Tuinier et al., the lattice effects in the simulations of Bolhuis et al. Despite

these discrepancies arising from the different models employed, a semiquan-

titative agreement between the different potentials is evident, suggesting the

validity of the SCFT approach used in this study.

The next issue addressed here is the manner in which the different

features of the pair-interactions correlate with the ratio R/ξ, where ξ denotes

the correlation length corresponding to the effective concentration? First the

dependence of the contact value of the potentials u(r = 0) upon the ratio

R/ξ is examined. In Fig. 3.9a we show the contact potentials determined for

a number of different protein sizes, while fixing the bulk concentrations in

the range φB
p = 0.1 − 1.25. It is evident that the magnitudes of the contact

strengths increase with an increase in the ratio R/ξ, and for R/ξ ' 1 (the

regime of interest in this work), acquire values of the O(kBT ). These features

manifested in Fig. 3.7 as both the magnitudes and the changes in the strength

of interactions upon increasing the concentration of the proteins. Previous
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Figure 3.9: (a) Contact potentials u(0) as a function of R/ξ. Inset shows the
same results plotted as the ratio u(0)/R as a function ξ. (b) Range of the
potential λ (nondimensionalized by the radius of the protein R) plotted as a
function of the ratio R/ξ

theoretical predictions have suggested that the contact potentials are expected

to scale as (Rgξ/R)−4/3 in the protein regime [40, 70, 71] (R � ξ) and as Πξ2

in the colloid regime [40, 41, 58, 76] where Π ∼ ξ−3 represents the osmotic

pressure of the solution. From the inset in Fig. 3.9a we note that all the values

for u(0) can actually be collapsed onto a single curve of the form q−1ξ−1.37. In

the scaled mean-field approach employed, the present results are not expected

to match exactly with the scaling expressions [82]. On the other hand, the

scaling exhibited by the contact potentials obtained using SCFT is strongly

representative of the behavior expected from the asymptotic predictions in

the protein regime, suggesting that this behavior also persists through the

crossover regimes of R/ξ.
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How does the range of the interaction potentials depend on the ratio

R/ξ ? At a practical level, tuning the ranges of the polymer-induced effective

interactions between proteins has been demonstrated as an approach to control

the rates of crystal-nucleation in protein solutions [19, 65]. At a fundamental

level, knowledge of the range of the potential is important for quantifying

the role of multibody interactions. However, previous theoretical researches

have come to somewhat contradictory conclusions regarding the range of the

interaction potentials in the protein limit. Both Eisenriegler [70] and Odijk [71]

have independently suggested that the range of the potential is of the order of

the protein size for R � ξ. However, Schweizer and Fuchs [53] have predicted

that the range of the potential has a much larger range of the order ξ itself.

For the regime R/ξ � 1, the range is expected to be similar to the colloid

regime and of the order the polymer correlation length ξ [41, 58].

We use an idea suggested by Noro and Frenkel [83] to extract the range

from the interaction potentials and define the range of the potential as the

width of the square-well potential which has an identical (normalized) second

virial coefficient, B∗
2 as the given potential. The nondimensionalized second

virial coefficient citeNoroF00:

B∗
2 = 1− 3

8R3

∫ ∞

R

dr r2 [exp(−βu(r))− 1], (3.12)

is extracted from the potential by using numerical integration procedure. In

the above B∗
2 = B2/B

HS
2 , with BHS

2 = 16πR3/3 representing the virial coef-

ficient of hard spheres of radius R. The range λ is then extracted using the
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expression [83]:

λ

R
= 3

√
1 +

1−B∗
2

eu(0) − 1
− 1. (3.13)

In Fig. 3.9b we display the nondimensionalized ranges λ as a function

of the ratios R/ξ. It is evident that for the R/ξ � 1, the range of the potential

λ is actually much larger compared to the radius of the proteins themselves,

and scales approximately as (R/ξ)−0.88. The latter is close to the predictions

of Schweizer and Fuchs [53], and suggests that for protein sizes and (effective)

polymer concentrations such that R/ξ . 0.6, the depletion interactions of

small proteins are of much larger range compared to their sizes. On the other

hand, for the regime R/ξ ≥ 1, the range λ shows a different behavior, scaling
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approximately (R/ξ)−1.38. This behavior indicates an eventual crossover to

the regime λ ' ξ. As expected in the latter regime, the range of the potential

is smaller than the size of the proteins [41, 58].

While the different features of the pair potentials can be rationalized

based on the effective correlation length ξ, the interplay between the depleted

volumes for different sized proteins and the resulting effective concentrations,

can lead to nonintuitive results for pair interactions. It is evident even from

Fig. 3.7 that at around the same concentrations of the proteins ηc, the strength

of the contact value of the pair interactions (i.e. u(r = 0)) for protein sizes q =

5 and q = 10 are approximately the same magnitude. This effect is illustrated

more clearly in Fig. 3.10, where we display the contact values u(0) for protein

sizes q = 5 and q = 10 for a range of polymer and protein concentrations φB
p ’s

and ηc. As is evident from Fig. 3.10, for a given bulk polymer and protein

concentration, the values of the contact potentials are to a good approximation

independent of the size of the proteins. This feature differs from the predictions

of the existing theories for the infinite dilution limit, which have suggested

that the interaction potentials become weaker upon decreasing the size of

the proteins (see eq. (3.1)). What is evident from the present results are

subtle effects arising from an increase in the total depleted volume at smaller

sizes. The latter leads to concomitant increases in the effective concentrations

determining the strength of the potential. These two effects (approximately)

cancel the decrease in the interaction strengths expected due to the smaller

protein sizes.
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3.4.2 Second Virial Coefficients

The interaction pair potentials play an important role in the discus-

sion of the miscibility characteristics of the protein-polymer mixtures. The

above results suggest that the magnitude of their strengths can be enhanced

compared to the values expected for the given bulk concentration. More-

over, it is also shown that nontrivial effects may arise in comparing different

sized proteins. The nondimensionalized second virial coefficient provides a

unified approach to quantify these interaction features while also providing a

framework to discuss the miscibility characteristics. Previous researches have

indicated that B∗
2 is a sensitive measure of both the strength and the range of

the depletion interactions [58, 83]. Moreover, for many simple systems with

a repulsive and an attractive component in their interaction potentials, the

location of liquid-gas critical points [84], and the stability of the liquid-gas

transitions [83] etc. have all been correlated with B∗
2 .

An earlier study by Louis et al. [58] examined B∗
2 for a range of protein

sizes in dilute polymer solutions. They showed that for protein sizes q upto

20 and for polymer concentrations in the dilute regimes, the B∗
2 values are ex-

tremely close to zero (cf. Fig. 14 of Ref. [58]). To compare with these results,

in Figures 3.11a and b we display the corresponding B∗
2 values as determined

from the pair interaction potentials discussed in the previous section. The

protein sizes are fixed at q = 5.0 and q = 10., and the interaction potentials

and B∗
2 were determined as a function of both the concentration of the proteins

and the polymers (some of the displayed values were determined by a smooth
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Figure 3.11: Normalized second virial coefficients B∗
2 as a function of protein

concentration ηc for protein sizes (a) q = 5.0; (b)q = 10. φB
p denotes the bulk

polymer concentration and the different plots in the increasing direction of the
arrow corresponds to φB

p = 0.1, 0.25, 0.5, 1.0, 1.25.

extrapolation between the B∗
2 values determined at different protein concen-

trations). The bulk polymer concentration φB
p was maintained at conditions

below and around semidilute polymer concentrations.

Qualitatively, some of the features exhibited by the B∗
2 determined

from the potentials obtained using SCFT match with the results predicted

by earlier researches. For instance, Louis et al. [58] showed that an increase

in the polymer concentration within the dilute regime leads to a decrease in

the B∗
2 values. Further, they also predicted that the magnitudes of B∗

2 are

somewhat larger for smaller proteins. It can be seen from the present results

that indeed proteins of smaller sizes in general have a more negative B∗
2 values

and that an increase in the polymer concentrations does lead to a decrease in

the B∗
2 . On the other hand, as observed in Fig. 3.11a, at low concentrations
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of proteins, while the B∗
2 values are almost independent of the concentration

of the polymers and proteins, these values are neither small in magnitude nor

positive. The latter contrasts with the quantitative values predicted by Louis

et al. and indicates that incorporating the free volume effects proves critical to

determining the quantitative characteristics of the pair interactions. It can also

be seen that upon increasing the concentration of the proteins, the B∗
2 values

become more negative and fall rapidly beyond a certain concentration of the

proteins. The latter fall-off is a manifestation of the strongly attractive forces

that arise as a consequence of the large effective concentrations experienced

by the protein (cf. Fig. 3.4) at finite protein concentrations.

Conjectures regarding the miscibility of proteins are based on both the

magnitude and the size dependence of their interactions in a polymer solution

at the specified concentration. In Fig. 3.12, we display the B∗
2 values as a

function of the ratio R/ξ, where ξ corresponds to the correlation length at

the effective concentration. The displayed results are obtained for a number

of different protein sizes for which the bulk concentrations were maintained in

the dilute-semidilute range corresponding to φB
p = 0.1−1.25. Based on earlier

mean-field studies [56], it is determined empirically that the B∗
2 values can be

collapsed onto a single universal curve by rescaling them as B∗
2q

−1 (rational-

izing the fact that smaller proteins show larger magnitudes of B∗
2). At small

R/ξ values, it can be seen that the B∗
2q

−1 tends to a constant value around

−0.15. The latter manifested as the asymptotically constant value (albeit

size dependent) attained for small protein concentrations ηc. Indeed, in these
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regimes, the free volume effects are sufficiently strong to push the effective

polymer concentrations into the semidilute regimes, but, the R/ξ values are

still relatively small for a range of protein sizes. A further increase in the R/ξ

values can be seen to lead to a rapid decrease in the corresponding B∗
2 values.

The latter manifested as the decrease in B∗
2 values seen upon increasing either

the protein or polymer concentrations, which was argued as resulting from an

increase in the effective concentrations. Eisenriegler and coworkers used RG

theories [70, 81] and predicted that as a function of the polymer concentra-

tion, B∗
2 exhibits a minimum at φ ' 1 followed by an increase (i.e. becomes less

negative) to an asymptotically constant value with increasing polymer concen-

trations. The polymer concentration dependencies predicted by Eisenriegler

were applicable for R/ξ � 1 and occur as a slow variation with increasing

polymer concentration. Schweizer and Fuchs predict a qualitatively similar

behavior [57], but do note that there could be interesting effects arising when

R ≈ ξ. The above results show differences from these theoretical predictions.

At small R/ξ values, the present results do asymptote to a constant value.

The latter is believed to correspond to the predictions of Eisenriegler for the

regime R/ξ � 1. On the other hand, upon entering the regime R/ξ ' 0.3,

we see from our results that B∗
2 grows exponentially with the ratio R/ξ and

acquires significantly negative values. From the earlier discussion, the quanti-

tative values of B∗
2 in this regime can be rationalized as resulting significantly

higher contact strengths u(0) manifesting from the crossover to a colloid-like

regime (R/ξ > 1) not captured in the earlier theories.
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The above differences between the asymptotic predictions and the

crossover effects can be expected to have important implications for the phase

behavior of the protein-polymer mixture. As pointed out in previous sections,

for a wide range of bulk polymer concentrations φB
p and protein sizes q, the

effective R/ξ values determining the depletion characteristics are in the range

0.2− 2 for the protein limit. Moreover, an increase in the bulk protein and/or

polymer concentrations leads to an increase in the effective R/ξ values, thereby

pushing the system into either the crossover or the colloid-like regimes. In this

regime B∗
2 values are strongly negative, suggestive of strong cohesive interac-

tions between the proteins. The latter can rationalize the aggregation and the

phase separation behavior of proteins in polymer solutions. In the next section

we consider a simple model to quantify these effects.

3.4.3 Implications for the Phase Behavior

In this section, the B∗
2 values discussed in the previous section are used

in conjunction with an approximate equation of state to examine the miscibil-

ity characteristics of the protein-polymer mixtures. The main objective is to

study how the qualitative and quantitative characteristics of the pair poten-

tials discussed in the previous section translate in terms of phase behavior in

the φB
p − ηc plane. However, the consideration of solid phases is eschewed and

only the occurrence of fluid-fluid transitions is examined. Before embarking

on this exercise, it should be emphasized that the protein density dependence

of the potentials does not lead to the thermodynamical inconsistencies occur-
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ring in typical density dependent potentials [85]. The potentials derived in

this study for the state point (φb
p, ηc) were in reality determined in the grand

canonical ensemble with zp fixed at the value corresponding to the state point

(A lucid discussion of the same idea can be found in Ref. [85]). Whence, us-

ing this potential does generate the correct density distribution functions for

the proteins, and furthermore the virial expression without additional density

derivatives does yield the correct equation of state for the mixture [85].

In the semi-grand canonical formalism used in this study, the proteins

are at a fixed concentration ηc and the polymers are at a fixed fugacity zp.

Thus, the equilibrium of the polymer component between the different phases

is automatically ensured. Consequently, phase equilibria calculations need to

ensure only the equality of the chemical potential and the osmotic pressure of

the protein phase. To enable this, the following approximate virial expansion

based equation of state for the protein phase is proposed:

βAex =
ηc(4− 3ηc)

(1− ηc)2
+ 4[B∗

2(zp)− 1]η2
c (3.14)

where Aex denotes the excess Helmholtz free energy of the protein phase. The

first term in the above expression represents the Carnahan-Starling (CS) ex-

pression for the hard sphere free energy [86]. The polymer contribution to the

Helmholtz free energy is captured at a second virial coefficient level through

the second term in the above equation. Note that B∗
2 as defined in eq. (3.12)

includes the hard-sphere contribution. In view of the fact that the CS expres-

sion already incorporates the hard-sphere contribution, the latter is subtracted
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from the second term. Since the objective here is to discern the coexisting com-

positions of the protein component, the free energy contributions arising from

the polymer solution are not included. Further, the contribution from the sol-

vation free energy has also been ignored since it contributes only to a uniform

shift in the chemical potential of proteins.

The above approximation differs from the classical van der Waals theory

in that the virial coefficient B∗
2 is used in place of the a parameter of the van

der Waals approximation [87]. In this manner, this approximation is expected

to accurate for dilute concentrations of proteins without any restriction on

the range of the potential. As a further support for the above model, it

is noted that the critical point of the above model occurs at around B∗
2 =

−1.65, which is close to the empirically observed value B∗
2 = −1.5 for many

systems with a repulsive and an attractive component in their interaction

potentials [84]. However, the above model can be considered at best as an

easily implementable approximation. For instance, the critical point of the

above model always occurs at ηc = 0.13, whereas in real experiments, the

values are closer to ηc = 0.2 − 0.28 [88]. Moreover, Louis [89] has pointed

out that even slight modifications to the above model can lead to significant

changes in the binodals. With this understanding of the limitations, to discern

the phase coexistence compositions using the above model, we obtained B∗
2(zp)

for a fixed zp. Subsequently, a common tangent construction is performed on

Aex to determine the protein compositions in the coexisting phases η1
c and η2

c .

From η1
c , η

2
c and zp the values of the coexisting bulk polymer compositions

79



0

1

2

3

4

0 0.05 0.1 0.15 0.2 0.25

B
Pφ

Cη

4.1=q
2.2=q
3.3=q
0.5=q
9.8=q

0

1

2

3

4

0 0.05 0.1 0.15 0.2 0.25

B
Pφ

Cη

4.1=q
2.2=q
9.8=q
4.1=q
2.2=q
9.8=q

(a) (b)

Figure 3.13: Fluid-fluid coexistence curves: (a) Based on the numerical for-
malism of this work; (b) Comparison to experimental data of Lynch et al. [90]
(reproduced from the figure 11(a) in their article). The solid lines represent
the experimental data and the dashed lines represent the numerical results
displayed in (a).

φ
B(1)
p and φ

B(2)
p are determined using the formalism outlined in section 3.2.

Figure 3.13a displays the coexistence curves for different protein sizes

in the plane of φB
p and ηc. To eschew clutter, the tie lines corresponding to

the binodals are not displayed. The protein-polymer mixtures indeed show a

large region of immiscibility over a wide range of protein sizes from q = 2.0 to

q = 8.9. It is also evident that for smaller proteins, a decrease in the size of

the protein shifts the binodals monotonically towards lower concentrations of

proteins. The latter is indicative of more extensive immiscibility for smaller

proteins, and provides strong evidence of the significance of the free volume

effects incorporated in our model. Indeed, at a given polymer concentration

and for the infinite dilution concentrations of the protein, quantities such as the
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contact potentials, insertion free energy etc. decrease monotonically with the

size of the proteins. On the other hand, at a given bulk polymer and protein

concentrations φB
p and ηc, the reduction in free volume is much more significant

for smaller proteins (cf. Fig. 3.4b), and hence the effective concentrations are

much larger. This interplay between the depletion volumes and the interaction

effects at the effective concentrations leads to the observed variations in the

binodal with the changes in the size of the proteins.

From Fig. 3.13a, we observe that for smaller proteins (notably, q =

5 and 8.9), the binodals are indicative of the coexistence of an extremely con-

centrated polymer solution (and dilute protein phase) in equilibrium with a

concentrated protein phase (in an extremely dilute polymer phase). This be-

havior is strongly suggestive of the phase separation behavior of a polymer in

poor solvents [40]. Indeed, in a protein solvent of small enough size, the repul-

sions between the polymer and proteins manifest as an attractive interaction

between the polymer segments. The latter feature is similar to the interac-

tions experienced by the polymer in poor solvents, thereby rationalizing our

observations.

While a direct comparison of our numerical results with the experi-

ments is precluded due to the approximations involved in the above model, in

Fig. 3.13b, the numerical results are compared with the experimental results

of Lynch et al. [90] It can be seen that while the results are in qualitative

agreement for larger protein sizes q = 1.4 and q = 2.2, the results for q = 8.9

match semiquantitatively with the experimental results. Indeed, experimental
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results also display a nonmonotonic trend for larger proteins, followed by a

monotonic shift towards lower polymer and protein concentrations for smaller

proteins. Moreover, the phase separation for smaller proteins is similar to

the phases seen for polymer solutions in a poor solvent, again in qualitative

agreement with our predictions.

It is noted that the above results for the phase diagram differ signifi-

cantly from the PRISM based predictions of Schweizer et al. [59, 60] and the

simulations of Bolhuis et al. [23] The most striking difference is in the mis-

cibility trends observed upon increasing the size ratio q. PRISM and other

approaches have considered the extreme limits of ideal and athermal solvents,

and have suggested that in ideal solvents, miscibility should exhibit a non-

monotonic behavior with q and should decrease with increasing q for large size

ratios q. In contrast, for athermal solvents, the miscibility has been predicted

to increase with increasing q. In this respect, the above results seem more

akin to the results for an ideal solvent. On the other hand, the comparison

of pair potentials presented in section 3.4 suggested quantitative agreement

with comparable theories for the athermal solvent limit. The quantitative dis-

crepancies evident in the phase diagram could be a result of a combination

of factors, including the approximate models used in this study for the free

energies, the scaled-particle theory expression for free volume, and the neglect

of real multibody interactions. Another possible resolution of this discrep-

ancy could be from the subtle effects by which solvent quality manifests in

the present computations. Indeed, even though the parameters B and C are
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chosen such that the osmotic pressure and correlation lengths are the same

as an athermal solution, the latter suffices only approximately to mimic the

solvent quality. Indeed, the B parameter relates to the classical excluded vol-

ume parameter which should scale as N1/2 for an athermal solvent. On the

other hand, the actual values chosen for the excluded volume parameter B in

this study were closer to O(1), suggesting that these parameters represented

a good (and possibly closer to ideal), but not an athermal solvent.

To further probe the above issue relating to solvent quality effects,

displayed in Fig. 3.14 are the phase diagrams for the size ratios q =

1.4, 2.2 and 3.3 determined by the above model for conditions correspond-

83



ing to better solvent quality where the excluded volume parameter B was

fixed at twice the value used to determine Fig. 3.13a. As is evident, an in-

crease in the solvent quality leads to an increase in the region of miscibility

of the protein-polymer mixture. This is a direct result of the influence of the

enhanced repulsive interactions between the polymers which arises in better

solvent conditions. More strikingly, it is evident that the miscibility regions

tend to become more monotonic with the size ratio q. The latter behavior

matches with the predictions of Schweizer et al. [53, 59, 60] which predict

that in the extreme limit of athermal solvent the region of miscibility would

increase monotonically with the size ratio q.

3.5 Discussion and Outlook

In conclusion, this chapter highlights several important aspects of de-

pletion in protein-polymer mixtures which had not been addressed in earlier

studies. The main hypothesis in the present study was that the depletion char-

acteristics at an one- and two-body level would suffice to address the phase

behavior of such mixtures. However, this idea is used within a McMillan-Mayer

like framework which ensures that the depletion characteristics are computed

at the effective concentration or the concentration of the reservoir. It is pointed

out that an important aspect of protein-polymer mixtures arises from the size

of the depletion volumes relative to the protein sizes themselves. This sug-

gested that the effective concentrations were in the semidilute or concentrated

polymer solution regime even when the average concentration itself was in the
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dilute regimes. Moreover, the results suggested that the asymptotic results

derived for the protein limit are applicable only for extremely small proteins,

and that crossover effects, especially into the colloid-like regime can play an

important role.

As an intermediate component in this analysis, an approximate model

for the free volume that incorporates multibody overlaps of the depletion layers

is used. As mentioned earlier, the main role played by the model was to

relate the chemical potential of the polymer to the experimentally measurable

polymer concentrations. Use of alternative models would lead to changes in

the phase diagrams in the φB
p − ηc plane, but not to the physical features

leading to the phase separation. The free volume model addressed the effects

of nonzero concentrations and the interactions of polymers by the changes in

the depletion thickness ∆. While this assumption implements the intuitive

viewpoint that the polymers are depleted upto a distance ∆ near the proteins

and that the latter should determine the effective free volume, further checks

of this assumption through more rigorous simulations are necessary.

Together, all the above effects led to prediction of the phase diagram

displayed in Fig. 3.13. The latter suggested that purely depletion effects can

lead to phase separation in protein polymer mixtures. Furthermore, all the

calculations also highlighted the importance of solvent conditions in influenc-

ing the quantitative characteristics of the phase behavior. Finally, multibody

interactions are believed to play an important role in determining the actual

locations of the phase boundaries. To verify the latter conclusion, a different
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model for α is probed:

αSB = 1− ηc

(
1 +

∆

R

)3

, (3.15)

which ascribes a nonoverlapping radius of R + ∆ to each protein. While

the above model also predicted phase separation and immiscibility of protein-

polymer mixtures, the phase coexistence curves were much shifted from those

displayed in Fig. 3.13.

One of the main outcomes of this work, was the use of a two-body

formalism to compute the quantitative characteristics of the solvation free en-

ergies and pair interactions potentials for the protein limit in semidilute and

concentrated solutions. These results arose from a rigorous numerical solution

of the two-body problem using appropriate numerical techniques and hence

are expected to be accurate for a wide range of protein curvatures not cap-

tured in earlier studies. Moreover, by using a field theoretic framework, many

of the important physical features that arise from polymer overlaps and inter-

actions at semidilute and concentrated polymer solutions are incorporated .

The formalism outlined in this chapter can be easily extended to address the

interaction characteristics for cases where the rigidity of the polymers are im-

portant [91], polymers can adsorb onto the particles and/or for polyelectrolyte

solutions.

The following summarizes the main advances and results arising from

the present framework:

(i) A McMillan-Mayer like approach [92] (see Dijkstra et al. [35, 78] for

86



recent applications of this framework) is used to study the depletion character-

istics of protein-polymer mixtures. This framework suggests that depletion in

protein-polymer mixtures should be studied not at the bulk/average polymer

concentration, but rather at an effective concentration which is a function of

both the average polymer concentration and the protein concentrations. This

effective concentration arises from the difference between the system volume

and the actual “free” volume accessible for the polymers.[21] While this fact

was pointed out first by Lekkerkerker et al. [21], the novel feature is that in the

protein limit (R/Rg < 1) the volume of the polymer depletion layers far ex-

ceeds the size of the proteins, leading to effective polymer concentrations which

are much higher (and typically in the semidilute and concentrated regimes)

than the average system concentrations (which can be in the dilute regimes).

It is shown that the depletion characteristics of the protein-polymer mixture

can be substantially different at these effective concentrations, and this can

have profound consequences for the phase behavior of the mixture.

(ii) An approximate approach is proposed to incorporate the effects

arising from the multibody overlaps of the depletion layers. Intuitively, one

would expect that in the limit q > 1, significant overlap of the depletion lay-

ers can occur even at relatively low volume fraction of proteins, leading to

nontrivial multibody interactions [23, 23, 55, 93]. The latter would render all

depletion characteristics such as depletion thickness, solvation free energies,

interprotein potentials etc. to be strongly dependent on the volume fraction of

the particles — an effect not accounted for in many of the simplistic models.
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In this work, an approach similar to earlier applications of free volume the-

ory is used and the multibody depletion characteristics are mapped onto the

one- and two-particle level depletion characteristics in a polymer solution at

an effective concentration determined accounting for multibody effects. This

approach provides a tractable approximation to study the effects arising from

the multibody overlap of depletion layers.

(iii) The depletion characteristics are examined in the nonasymptotic

regimes of the ratio R/ξ. Earlier theoretical researches have mainly exam-

ined the depletion characteristics in the asymptotic regimes R/ξ � 1 and

R/ξ � 1 [41, 69, 70, 81]. The free volume and multibody interactions based

analysis used in the present study suggest that a key to understanding the

phase behavior of protein-polymer mixtures (even for the case of dilute poly-

mer solutions), is to study the depletion effects over a range of concentra-

tions spanning the transition between R/ξ < 1 and R/ξ > 1. These results

have ramifications for interpreting some of the macromolecular crowding ex-

periments [64, 66]. In such contexts, the polymer sizes are of the order of

10-100 nm while the globular proteins, micelles and nanoparticles are of the

order of 2-30 nm. Moreover, the polymer concentrations are typically such

that φp ∼ 1 − 5 (where φp = ρp/ρ
∗
p, where ρ∗p denotes the overlap concentra-

tion of the polymers). These conditions correspond to R/Rg < 1, but with

R/ξ ∼ O(0.1− 5).

(iv) To address the above issues, a numerical solution of polymer mean

field-theory [40, 41] (also referred to as the self-consistent field theory, SCFT)
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is effected which incorporates the effects arising from polymer overlaps and

interactions, while also being accurate over a wide regime of protein sizes

characterized by the importance of their curvature relative to the correlation

length of polymers. In the subsequent chapters, we extend the numerical SCFT

developed in this chapter to the case of adsorbing polymers and grafted poly-

mers to address the interaction characteristics, phase behavior and rheological

properties in presence of spherical and rodlike nanoparticles.
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Chapter 4

Nanoparticles in Presence of Adsorbing

Polymer

Most polymer-particle mixtures involve situations where the polymers

exhibit weak to strong preferential interactions with the particles [94]. In such

cases, the effective interactions between the particles exhibit rich characteris-

tics, ranging from strong attractions to non-monotonic interactions and strong

repulsions, the regimes of manifestations of which depend on the polymer con-

centrations, polymer molecular weights and the adsorption strengths [4, 5, 95–

97]. These interaction characteristics have been extensively exploited in ap-

plications such as coatings, lubricating oils and personal care products as a

means to control their stability and/or the rheological properties [98].

The potential applications have also prompted many theoretical in-

vestigations of the physical characteristics of adsorption of polymer on solid

surfaces. On the one hand, the scaling theories have been constructed based on

the self similar structure of adsorbed layers [5, 95, 96, 99]. These approaches

have served to provide a good description of the global properties of adsorbed

polymer layers such as the polymer concentration profiles, the layer thickness

and the interactions between adsorbed polymer layers. On the other hand,
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mean field models have also been developed and provide a more detailed de-

scription of the structure of adsorbed layers in terms of the distributions of

the loop and tail conformations of the adsorbed layer [48, 97, 100, 101]. Addi-

tionally, various molecular modeling techniques such as the density functional

theories [102, 103], integral equation theories [104, 105] have been successfully

applied to extract the detailed structural descriptions and thermodynamic

properties of polymer in presence of flat surfaces. Overall, the above-mentioned

approaches have led to a very good understanding of the polymer conforma-

tions [30, 33, 34] and the effective interactions resulting in the context of flat

surfaces and for large colloidal particles [4, 49, 51, 97].

As mentioned earlier, the recent advances in the nanotechnolgy have

shifted the focus from ‘colloid’ size range to ‘nanoparticle’ regime. For in-

stance, in the polymer-nanocomposite applications, the filler particles added

for enhancement in the material properties are characterized by particle sizes

which are either comparable to or in most cases, smaller than the average size

of polymers. As highlighted in the previous chapter, the physics of polymer-

particle suspensions is observed to be quite different in the nanoparticle limit.

In the nanoparticle regime, the curvature of the particle is shown to have pro-

found qualitative and quantitative effects on both the depletion interactions

and the resultant stability characteristics of the mixture [20–24]. Recent ex-

perimental observations in the context of polymer-nanoparticle systems have

indicated that similar richness in phase behavior and structural characteris-

tics also prevails in the context of adsorbing polymers. For instance, in many
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cases even extremely low particle loadings (around a volume fraction 2 %)

have been shown to lead to significant changes in the rheological properties of

the mixture [25], which in turn suggest nontrivial structural characteristics for

the mixture. Further, observations in the context of polymer-clay composites,

laponite-PEO, silica-PEO etc. suggest a variety of phase behavioral character-

istics ranging from macroscopic flocculation, phase separation, stable 1-phase

gels etc [26–29].

So far, many of the above observations have only been rationalized

qualitatively by invoking the influence of polymer-mediated interactions and

the resulting polymer conformational characteristics. For instance, the for-

mation of gels and flocs has been speculated to arise as a results of a large

number of interparticle bridges in the nanoparticle limit [27, 28]. The oc-

currence/lack thereof of phase separation has again been attributed to the

magnitude and the range of the interaction potentials. In contrast to the de-

pletion situation, existing theoretical results for adsorbing polymers are mainly

at a scaling level and relate only to the adsorption characteristics on a single

nanoparticle [47, 106, 107]. Very little is known quantitatively about features

such as effective interactions, stability and structural characteristics of the

mixture and the differences, if any, with the colloid limit for the case involving

adsorbing polymers.

Motivated by the above experimental observations, in this chapter we

study the polymer-nanoparticle mixtures in which the polymers can adsorb

onto the particles. Specifically, the following issues are addressed: (i) How does
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the structure of adsorbed polymer layer change with increase in curvature of

particle ? (ii) What is the effect of the polymer concentrations on the structure

of adsorbed polymer layers ? (iii) How does the particle-to-polymer size ratio

influence the interparticle interactions and polymer bridging characteristics ?

(iv) What is the role of the preceding features in determining the structure

and the phase behavior of nanoparticle mixtures ?

To address the above mentioned issues, we examine the adsorption be-

havior of polymers on spherical particles using a numerical solution of polymer

self consistent field theory (SCFT) [39, 108]. Here we extend the SCFT frame-

work discussed in the previous chapter to characterize the adsorption proper-

ties of polymers in terms of both the adsorbance and the loop, tail segment

conformations for a range of polymer-to-particle size ratios and for concentra-

tions in the semi-dilute regime. Secondly, we quantify the effect of different

physical parameters on the effective pair-interaction potentials and the con-

formational characteristics (such as bridging) in the presence of two particles.

Finally, we characterize the phase behavior and the percolation phenomena in

such mixtures using simple theoretical models.

The rest of this chapter is arranged as follows: In Section 4.1, we mo-

tivate and outline a new model for polymer adsorption which accounts for the

surface saturation effects. The details of the framework used for determining

pair interactions, and the numerical aspects of the approach are similar to that

discussed in Chapter 2. Section 4.2 discusses the case of adsorption on single

particle with specific focus on the surface saturation and the relative sizes of
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the polymer and the particle. In section 4.3, we discuss the pair interaction

potentials and the conformational characteristics for the case of two particles.

Section 4.4 examines the stability characteristics and percolation thresholds

for the mixture followed by a discussion of the presented results.

4.1 Saturable Adsorption Model

Early studies on polymer adsorption phenomena have suggested that

the overall adsorption and interaction characteristics are determined by an in-

terplay between two competing factors: (a) The reduction in entropy arising

from the confinement of polymers between the surfaces; and (b) The energetic

gain due to the adsorption of polymers. The former results in a repulsive con-

tribution to the interactions whereas the latter leads to a favorable component

to the interaction free energy. Pioneering studies by de Gennes [95], Fleer and

Scheutjens [4] have demonstrated that reversibility of adsorption plays a crit-

ical role in governing the interplay between these features and the resulting

interactions. In the case termed “reversible adsorption,” the polymer layer

is assumed to be in strict thermodynamic equilibrium with the surrounding

polymer solution. When the interacting surfaces are brought closer, the overall

polymer concentration in the gap between the surfaces then decreases to main-

tain the chemical equilibrium with the bulk solution. The polymer remaining

in the gap then reduces its energy by forming bridges between the particles.

In such a situation, the enthalpic gain resulting from adsorption dominates

the loss of entropy, and the interactions between the surfaces remain always
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attractive independent of the interparticle distances or the parametric condi-

tions [4, 96].

deGennes [96] also suggested an alternate scenario, where the polymer

can be “irreversibly adsorbed,” corresponding to situations where the poly-

mer is strongly adsorbed to the surfaces such that the energy barriers and

the time scales associated with the desorption become macroscopic. Early

models [96] postulated to mimic this effect were termed as “restricted equi-

librium” adsorption. In this model, the total amount of polymer confined

between the surfaces was kept at a constant value during the approach of the

particles. Since the adsorbed polymer is now unable to leave the gap between

the surfaces, decreasing surface separation leads to increasing confinement-

induced entropy losses, and the resulting interactions can either be attractive

or repulsive depending on whether further adsorption is possible. In the ap-

proach of “starved” surfaces, the total amount of confined polymer is kept

at a value lower than that corresponding to the equilibrium adsorption on

individual plates. In such instances, mean field and scaling theories predict

an adsorption-induced attraction at large interplate separations followed by

entropic-loss induced repulsion at closer intersurface separations [5]. In con-

trast, for “saturated” surfaces, the amount of confined polymer equals to or is

greater than the equilibrium adsorption, for which case restricted equilibrium

model predicts repulsive interactions at all distances [95, 109].

The above ideas were mainly designed to model the experiments of

surface force apparatus [110, 111], for which the predictions of the restricted
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equilibrium model were found to be in excellent agreement with the experimen-

tal results. However, it is neither straightforward to extend the idea nor the

formulation of the restricted equilibrium model to analyze the interactions the

interactions between spherical particles, especially in the nanoparticle regime.

Physically, since the polymers are not restricted from redistributing on the

surface, during approach of the particles, the polymers are no longer “kinet-

ically trapped” in the gap between the particles [96]. On the other hand,

mathematically it is also not straightforward to directly constrain the amount

of polymer in the gap while also maintaining a specified value for the bulk

polymer concentration [112].

In this work, a revised version of the reversible adsorption model,

termed the “saturable” adsorption model is proposed which more faithfully

accounts for the surface saturation effects while also allowing a straightfor-

ward generalization to the case of spherical particles. The main physical fea-

ture of this model is that the polymer adsorption is assumed to always be in

equilibrium with the surrounding solution, but the surfaces of the particles

are ascribed a fixed maximum capacity (per unit area) for adsorption. The

latter situation accords closely with experimental situations which commonly

report a maximum saturation limit for adsorption on particles [28, 113, 114].

This model accommodates this feature by restricting the maximum surface

concentration of the adsorbed polymer. It should be noted that this model

differs from both the reversible and the restricted equilibrium adsorption mod-

els. In reversible adsorption, there is no restriction on the adsorption capacity
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of the surface, and the surface polymer concentration is determined solely by

the bulk polymer concentration and the adsorption strength, and in principle,

can increase unboundedly. The present model also differs from the ‘restricted

equilibrium’ model in that no restriction is placed on the total amount ad-

sorbed between the surfaces. Rather, as explained below, the constraint on

the surface saturation is incorporated automatically into the model as an addi-

tional entropic penalty which becomes relevant when the surface concentration

approaches maximum surface saturation φm. In this manner, the model also

allows one to study the polymer-particle interactions for particles with differ-

ent surface properties such as saturation.

In this chapter, the polymer mean field theory is used to study the

effects of the surface saturation, the polymer-to-particle size ratio and the

polymer concentration on the interplay between energetic and entropic inter-

actions of the polymer-particle system using the saturable adsorption model.

The polymer is modeled using the Gaussian thread model, with the effects of

the solvent accounted by effective excluded volume interactions between the

monomers [36]. The case of good solvents is considered, where the excluded

volume parameter v is positive [36]. The specific interactions between the

polymer segments and the surface of particles are expressed in terms of an

inverse adsorption length λ
′
, which can be mapped onto a square well inter-

action potential between the polymer and the particle [115]. Explicitly, if the

range of the square well potential is denoted as δ and its depth as u0 then,

λ
′
= π2(u0 − uc)/8ucδ, (4.1)
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where u0 represents the change in the free energy of the system (all energies

are expressed in kBT units) when a polymer segment adsorbs on the surface

of particle, replacing solvent molecules and can be experimentally measured

by chromatographic method [116]. uc is termed as the critical interaction

strength, and is related to the polymer segment length b as uc = π2b2/24δ2.

Physically, uc represents the interaction strength characterizing the transition

between a “depleting” to an “adsorbing” polymer [95]. Explicitly, a positive λ
′

(u0 > uc) represents the case of adsorbing polymer where there is an enhanced

polymer density at the surface of the particle, whereas a negative λ
′
(u0 < uc)

corresponds to the case of polymer depletion where there is a reduced density

at the surface. In experimental systems, λ′ can be characterized through

neutron scattering measurements [117]. In this chapter, the case of a fixed

adsorption potential corresponding to intermediate adsorption strength where

u0 ' −kT [95] is considered. The constraint of the finite surface saturation

is mimicked as an entropic contribution, ∆S, in terms of volume fraction of

unoccupied sites as,

∆S = [φm − φs(r)]

[
ln[

φm − φs(r)

φm

]− 1

]
(4.2)

where φm represents the maximum allowed polymer concentration at the sur-

face (i.e. the surface saturation) and φs(r) represents the density of the polymer

segments at the surface (cf. Eq. 2.46). Note that for large values of φm, the

influence of ∆S is weak and the above formalism corresponds to the model of

reversible adsorption [96]. In case where ∆S is relevant, the free energy of the

polymer-particle mixture is determined by an interplay of three components:
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(1) The gain in free energy due to polymer segment-surface contacts, Uads (2)

The entropic loss arising from the excluded volume repulsions between the

monomers, Uex (3) The entropic loss due to the constraint on the surface sat-

uration, ∆S. The enthalpic gain arising from the segment-surface interactions

can be represented as,

βUads({Rα(s)}) =
λ
′
N

Rg

m∑
α=1

∫ 1

0

ds δ[Rα(s)− rsurface]. (4.3)

The effect of excluded volume interactions between the monomers is accounted

in the same manner as discussed in Chapter 2(see Eq. 2.18). The entropic

contribution arising from the surface saturation constraint is incorporated in

the total free energy as,

βH({Rα(s)}) = βUex({Rα(s)}) + βUads({Rα(s)})− S({Rα(s)})]. (4.4)

where,

S({Rα(s)}) =
bN

Rg

m∑
α=1

∫ 1

0

dsδ[Rα(s)−rsurface](φm−φ(r))

[
ln

(
φm − φ(r)

φm

)
− 1

]
.

(4.5)

φm in the above equation denotes the surface saturation and represents the

maximum allowed polymer concentration at the surface and b is the statistical

segment length for the polymer. In the grand canonical ensemble, the partition

function for polymer solution can be written as [118],

Ξ(zp, V, T ) ∝
∞∑

m=0

zm
p

m!

∫ m∏
α=1

dRα(s) exp(−β[H({Rα(s)})]) (4.6)
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Using functional integral methods [119], the above partition function can be

expressed in terms of a fluctuating potential field w(r) as,

Ξ =

∫ i∞

−i∞
Dw exp(−βH[w(r)]), (4.7)

where

−βH[w(r)] =
1

2B

∫
dr[ w2(r) + 2αw(r)] + Z exp(−α)Q(w)−

∫
s

dr w(r)φ(r)

+λ

∫
s

dr φ(r)− λ

µ

∫
s

dr [φm − φ(r)]

[
ln

(
φm − φ(r)

φm

)
− 1

]
(4.8)

where µ = u0/b and
∫

s
represents integrals evaluated over the particle sur-

face. The presence of particles is accounted as an external potential that is

included in the single-chain partition function Q(w(r)) by imposing an ad-

sorption boundary condition at the particle surface. In this formalism, the

adsorption boundary condition for the Eq. 2.27 becomes,

n.∇q(r, s)|surface = −w(r)q(r, s). (4.9)

By following the procedures outlined in Chapter 2, the self consistency condi-

tion for ‘saturable’ adsorption is expressed as,

w(r) =

{
λ/2 + λ/2µ ln[(φm − φ(r))/φm], r = R

α(φ(r)− 1.0), r > R
(4.10)

Together, Equations 2.27, 4.8, 4.9 and 4.10 constitute a complete set of self

consistent equations. As discussed in Chapter 2, numerical solution of these

SCFT equations allows us to compute the partition function Ξn for a sys-

tem containing n particles immersed in a polymer bath at constant chemical
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potential Z. To deduce the pair interactions from one body and two body par-

tition functions (Ξ1, Ξ2), we use the McMillan-Mayer approach [92] detailed

in Chapter 2.

The present model is characterized by three parameters in addition to

the surface saturation concentration φm and the particle to polymer size ratio

R/Rg. These are the excluded volume parameter v, the chemical potential

Z and the polymer segment-surface interaction parameter u0. The first two

parameters quantify the solvent quality and the polymer densities, whereas

u0 determines the strength of attraction between the polymer segments and

the particle surface. In this work, the adsorption characteristics are studied

for the case of good solvent conditions (v > 0) and the non-dimensional ex-

cluded volume parameter B = vN2/Rgd is chosen to be 10.0. The parameter

Z represents the activity coefficient for the polymer solution and determines

the polymer concentration as ρp = −1/V dH/dlnZ where H is the Hamilto-

nian of the system given by Eq. 4.8. In the following, all polymer concentra-

tions are normalized by the semi-dilute crossover concentration [40], ρ∗p with

φp = ρp/ρ
∗
p > 1 indicating the semidilute concentration regime. The values

of parameter Z are chosen such that the bulk polymer concentrations corre-

spond to the semi-dilute regime (φp > 1.0), where the mean-field approach is

expected to be at least qualitatively accurate. The nondimensional segment

surface parameter λ = λ
′
N/Rg is fixed to 10.0 corresponding to an adsorption

length of d = 1/λ ' 0.1 which represents an intermediate adsorption strength.

In section 4.5 the effects resulting from other choices for these parameters are
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discussed qualitatively.

4.2 Adsorption Characteristics On a Single Nanoparti-
cle

First, we consider the adsorption characteristics on a single particle

and present the results highlighting the influences of particle curvatures, the

surface saturation and the bulk polymer concentrations upon: (i) The total

amount of polymer adsorbed; and (ii) The conformational characteristics of

adsorbed polymer, viz., the distribution of adsorbed polymer between loops

and tails. In the following sections, we will make extensive use of these adsorp-

tion characteristics to rationalize the pair interaction characteristics in such

systems.

We start by presenting a pair of intuitively contradictory results which

serve to illustrate the profound differences between the adsorption character-

istics in the nanoparticle and large particle limits. The first of these relates

to the polymer adsorbance, defined as the number of polymer segments (per

unit surface area of the particle) which belong to the adsorbed polymer chains.

As discussed in the Section 2.3(cf. Eq. 2.46), a polymer chain is classified as

adsorbed if one or more of its segments contact the particle. The adsorbance

Γ is then defined as:

Γ =
1

4πR2

∫ ∞

R

φads(r) dr. (4.11)

where R represents the radius of the particle and φads(r) denotes the segment

density profile of adsorbed polymers (Eq. 2.46). The adsorbance Γ quantifies
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Figure 4.1: Adsorbance as a function of particle size, R/Rg for saturable
adsorption (filled symbols) and for reversible adsorption (open symbols). The
bulk polymer concentrations (expressed as a ratio of the actual concentration
to the overlap concentration, ρ∗p) are φbulk = 1.29 and 5.16 and the surface
saturation concentration is φm = 20.0.

the amount of polymers stuck to a particle, and will later be seen to play

also an important role in determining the polymer compositions of coexisting

phases.

Figure 4.1 presents the results for the adsorbance Γ as a function of

the polymer-particle size ratio R/Rg for a set of bulk concentrations φbulk for

both the “saturable” (closed symbols) and the “reversible” (φm → ∞, open

symbols) models. The most important characteristic noted from the results

is the effect of the particle sizes. It is seen that for the case of large particles

(R > Rg), the adsorbance asymptotically approaches a constant value, becom-

ing independent of the particle size itself. This is intuitive considering that in

the latter limit, the adsorption should resemble that on flat surfaces and be-

103



come independent of the curvature of the particles. However, we observe that

when the particle size R becomes smaller than the size of the polymer (the

nanoparticle limit), a decrease in the size leads to significant enhancement in

the adsorbance, suggesting that the smaller particles “soak” more polymers.

A second interesting effect observed from Fig. 4.1 is the role of the sur-

face saturation. By comparing the reversible and saturable adsorption results

we observe that for small particles the surface saturation constraint plays little

or no role in modulating the total adsorbance. In contrast, for larger particles

it is evident that the saturation limit of the surface reduces the overall ad-

sorbance of the polymer. Finally, it is seen that bulk polymer concentration

φbulk also impacts the adsorbance, albeit in a more intuitively understandable

manner. It is seen that an increase in the φbulk leads to an increase in the num-

ber of adsorbed polymers, an effect ascribable to the increase in the osmotic

pressure of the bulk solution.

Why does the saturation limit only weakly affect small particles ? In

Fig. 4.2 we consider the φbulk dependence of the actual surface concentrations

φs for the case of particles of different sizes but with the same fixed surface

saturation. Overall, we observe that the surface concentrations for all parti-

cle sizes increase with an increase in the bulk concentrations (reflecting the

increased adsorption of polymers) and asymptote at higher concentrations to

the limit constrained by the surface saturation value. However, for a fixed bulk

polymer concentration, a decrease in the size of the particle leads to a corre-

sponding decrease in the surface concentration. Further, this effect is observed
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Figure 4.2: Surface concentrations (φs) as a function of the bulk polymer
concentration for saturable adsorption. The surface saturation is fixed at φm =
20.0. The polymer-to-particle size ratios are R/Rg = 1.0, 0.5, 0.25.

to become more pronounced as the particle size R becomes smaller than Rg.

The latter suggests that for larger particles, the surface concentration φs ap-

proaches the surface saturation value φm at lower bulk polymer concentrations

compared to the smaller particles (i.e. larger particles saturate earlier).

The above results for the adsorbance Γ and the surface concentration

φs appear consistent with each other, albeit only partially. On the one hand,

the observation that the adsorption on larger particles saturates earlier ra-

tionalizes the more pronounced impact of the saturation constraint upon the

adsorbance Γ for such systems. On the other hand, the observation that

the surface concentrations are substantially lower for smaller particles is some

what contradictory to the earlier result that the adsorbance on such parti-

cles is significantly higher. A resolution of these contradictory effects comes
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from examining the size-dependent differences in the structure of the adsorbed

layers themselves.

Figs. 4.3a and b display the volume fraction profiles of the monomers

belonging to the loop and tail conformations for a given bulk polymer concen-

tration and for different polymer-particle size ratios R/Rg. Qualitatively, for

all cases the volume fraction profiles for the loops display a maximum at the

surface of the particle and decrease monotonically away from the surface. In

contrast, the volume fraction profiles of the tail monomers (Fig. 4.3b) increase

with increasing distance from the surface and are characterized by a maximum

in the distribution at some intermediate distance. These observations accord

with the intuitive picture of adsorbed layers [97] that near the surface of the

particle, the adsorbed layer is primarily made of loops, whereas contribution

of tail monomers becomes more important away from the surface, with a max-

imum in the tail segment distribution arising from the finite extension of the

polymer chains.

How does the size of the particle affect the above conformational char-

acteristics ? We observe that increasing the curvature of the particle leads to

an overall decrease in the volume fraction of the loop monomers, and a cor-

responding increase in the volume fraction of the tail monomers. Moreover,

the maximum in the distribution of tail monomers moves closer towards the

particle surface. These two features are more clearly evident in the inset to

Fig. 4.3b which shows the cross-over between loops and tail volume fraction

profiles for R/Rg = 1.0 and 0.25. It is seen that a decrease in the size of the

106



0

4

8

12

0 0.2 0.4 0.6 0.8 1

 R/Rg = 1.0

 R/Rg = 0.5

 R/Rg = 0.25

lo
o
p
(r

)

r/Rg

(a)

0

0.2

0.4

0.6

0.8

0 0.5 1 1.5 2

 R/Rg = 1.0
 R/Rg = 0.5
R/Rg = 0.25

ta
il(

r)

r/Rg

0

1

0 1r/Rg

(r
)

LL

T

T

(b)

Figure 4.3: (a) Segment volume fraction of loops, φloop, as a function of dis-
tance r from the surface (normalized by Rg) for saturable adsorption for
R/Rg = 1, 0.5, 0.25 for bulk polymer concentration φbulk = 2.58. The sur-
face saturation is φm = 20. (b) Segment volume fraction profiles for tails,
φtail, for the same parameters as in (a). Inset shows the cross-over be-
tween loops (denoted as ‘L’) and tails (denoted as ‘T’) volume fractions for
R/Rg = 1 and 0.25.
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particle is accompanied by a corresponding movement towards the surface of

the crossover between the volume fraction of the loop and tail monomers.

The above results rationalize the particle size effects observed in

Figs. 4.1 and 4.2. Indeed, for smaller particles, the enhancement in the ad-

sorbance vs lower surface concentrations can be reconciled by noting that the

adsorption occurs predominantly in the form of tails, which count towards the

adsorbance but not towards the surface concentration. In contrast, for larger

particles, a significant fraction of the adsorbed polymer is present in the form

of loops. In turn, the effects observed for smaller particles can be justified

by noting that an increase in the particle curvature increases the accessible

solution volume for an adsorbed polymer chain. For small particles, the lat-

ter renders the chain conformations with large portions of the chain dangling

in the solution entropically more favorable than smaller loops with multiple

surface contacts.

It is of interest to probe if the surface saturation and/or the bulk con-

centrations affect the above conformational characteristics. Figures 4.4a and

b display these effect on the loop and tail density profiles for both reversible

and saturable adsorption. Increasing the bulk polymer concentration is ob-

served to lead to a significant increase in the tail monomer density profiles

while leading to only a weak change in the loop monomer density profiles. In

other words, at lower bulk polymer concentrations, the majority of the ad-

sorbed monomers are present in the form of loops. However, at higher φbulk

the adsorption proceeds mainly in the form of tails. The surface saturation is
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Figure 4.4: (a) Segment volume fraction profiles for loops, φloop, as a function
of distance r from the surface (normalized by Rg) for reversible and saturable
adsorption for bulk polymer concentrations φbulk = 1.29 and 5.16. The particle
size ratio is R/Rg = 1.0. The surface saturation for saturable adsorption is
φm = 20.0. (b) Segment volume fraction profiles for tails, φtail, for the same
parameters as in (a).
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seen to accentuate this effect, whereby, for a fixed particle size and bulk con-

centrations, decreasing the surface saturation leads to a substantial decrease

in the loop densities while resulting in only a weak change in the magnitudes

of tail density profiles.

Interestingly, it can be noted from Fig. 4.3 that the curvature of particle

by itself does not affect the extension of tails. For instance, even for a particle

radius as small as 0.25Rg tails extend to a distance of ∼ 2Rg. The latter could

have important implications for both the flow behavior and hydrodynamic radii

of smaller particles [120], since the latter features are sensitively dependent on

the extension and the number of the tails. Furthermore, the presence of long

tails would increase the propensity and the range of interparticle bridging, and

in turn, affect the phase behavior and gelation characteristics of the mixture.

In the following sections, the latter features are analyzed for nanoparticle

suspensions.

To summarize, the adsorption characteristics on a single isolated par-

ticle by themselves suggest important differences between the nanoparticle

and colloid regimes. An increase in the particle curvature in the nanopar-

ticle regime is observed to lead to a significant enhancement in the adsor-

bance. More importantly, the conformations of the adsorbed polymers exhibit

markedly different features in the colloid and nanoparticle limits. Indeed, with

a decrease in the particle radius, the adsorbed layer on smaller particles pri-

marily consists of large number of tails whereas adsorption on larger particles

is dominated by presence of large number of loops.

110



It should be noted that the above features are consistent with the pre-

dictions of related studies. For instance, scaling predictions of Aubouy and

Raphael [47] predicted a significant increase in adsorbance with a decrease in

the size. A similar behavior was also reported by Marla and Meredith [121]

for the case of polymers modeled through a Lennard Jones bead-spring model.

Their Monte Carlo simulations predict both an enhancement in the adsorbance

with increase in the particle curvature and an eventual saturation of the adsor-

bance as the particle size approaches the flat surface limit. Above differences

in the adsorption characteristics in the infinite dilution limit for nanoparticle

and colloid limit are expected to result in marked differences in the interac-

tions and phase behavior of polymer-particle mixtures at finite particle volume

fraction. In the following, the characteristics of pair interaction potentials are

discussed and are used to analyze the phase and percolation behavior of the

polymer-particle mixtures in the subsequent sections.

4.3 Interaction Potentials

In this section, we consider mainly the case of particle of a fixed surface

saturation value and examine the influence of the bulk polymer concentration

and the size of the particles upon the pair interactions is examined. It should

be emphasized here that the pair interactions deduced using the present model

are applicable only for a completely equilibrium situation. Whence, when two

particles carrying adsorbed polymer layers are brought closer, the polymers

are completely free to adjust their structure. The polymer may leave the gap
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for φbulk = 1.29, 2.58, 3.87. The interaction potentials at small d/Rg and the
contact potentials are obtained by integrating the best fits for the force curves.

to maintain chemical equilibrium, or transform from loops or tails to bridges

(and vice versa) to decrease the free energy. The latter feature would allow

the polymers to form interparticle bridges (by transforming their loops) even

in the event that the particles are initially saturated. In the latter respect, the

restricted equilibrium model also has a similar feature and does not capture

the nonequilibrium effects such as arising from incomplete/non-rearranging

polymer layers [122].

First we consider a fixed size of the particle and identify the role of bulk

polymer concentration in controlling the pair interaction potentials. Fig. 4.5
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presents the pair interaction potentials (with best fit lines to guide the eye) for

a particle size ratio R/Rg = 1.0 for a range of bulk polymer concentrations.

We observe that for dilute bulk polymer concentrations φbulk, the interaction

potentials are monotonically attractive as a function of interparticle distance,

with the strength of attraction of the order of many kT . However, upon

increasing the ambient polymer concentration, the interactions develop a non-

monotonic character, displaying attraction at large interparticle separations

followed by a repulsive behavior at smaller interparticle distances. At even

higher bulk concentrations, it is seen that the interactions become monotoni-

cally repulsive with the interparticle distance.

The above change in the character of interparticle potentials can be

rationalized from the understanding of the polymer adsorption characteristics

on a single particle. We first consider the case of dilute polymer concentra-

tions. In such regimes, the entropic contributions arising from the excluded

volume interactions between the monomers are relatively weak. Secondly, as

discussed in section 4.2, for low φbulk the surface concentration (φs) is also

significantly lower than that of the surface saturation value, φm. Whence the

entropic losses arising from the saturation constraint are also comparatively

weak. Consequently, when two particles are brought closer, the polymers are

free to adsorb, form more interparticle bridges and gain energetically without

incurring the concomitant entropic costs. Together, the strong energetic gain

and the weak entropic costs lead to a strong, monotonic attraction between

particles at low φbulk.
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Upon increasing the bulk polymer concentration, three effects come into

play: (i) The one particle results demonstrate that increasing φbulk increases

the number of tail segments while the number of loop monomers remains al-

most unchanged. The latter would increase the propensity to form bridges at

a given interparticle distance. (ii) A second effect is the increase in polymer

concentration between the particles. This leads to an entropic loss contribu-

tion arising from the osmotic confinement effects; (iii) Finally, the increase

in the number of bridging segments due to either decreasing interparticle dis-

tance or increasing φbulk drives the surface concentration closer to the surface

saturation. The latter manifests as an additional entropic loss due to the ap-

proach towards the saturation of the surfaces. At higher φbulk, this interplay

between bridging-induced attraction, the repulsions induced by confinement

and surface saturation determines the pair interactions.

At large interparticle separations, the surfaces are still unsaturated, the

polymer confinement effects are weak, and hence the polymer bridging mech-

anism dominates and results in an effective attraction between the particles.

With a decrease in the interparticle distance, when the surface concentration

approaches the surface saturation φm, the energetic gain arising from the for-

mation of interparticle bridges also becomes saturated. In such regimes, the

confinement and the saturation entropy costs become comparable to bridging

resulting in the minimum manifested in the interaction potentials. A further

decrease in the interparticle distance results in entropic losses due to confine-

ment and saturation leading to a weakening of interparticle attraction and at
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small distances, results in a crossover to entropy dominated repulsion. Finally,

at very high bulk polymer concentrations, the equilibrium surface concentra-

tion, φs becomes comparable to the surface saturation φm. In such cases, the

surface is already saturated with the polymer, leading to purely repulsive pair

interaction potentials.

Next, we consider the influence of the size of the particle on character-

istics of the pair interaction potentials. In Figs. 4.6a and b, we display the

pair interaction potentials for two more particle sizes (R/Rg = 0.5, 0.25) for

again the situation where the surface saturation is fixed and the bulk polymer

concentrations are varied. As a function of φbulk it is observed that for all the

sizes the interactions are attractive at dilute concentrations followed by a non-

monotonic behavior at higher concentrations and finally turns into a repulsive

behavior at the highest concentrations. However, the values of minimum in the

interaction potentials are observed to decrease monotonically with decrease in

the size of the particles. This can be rationalized by recalling from the above

discussion that the magnitude of the minimum in interaction is determined

by the number of bridging segments between the particles. A smaller particle

has smaller surface area leading to the formation of lesser number of bridges.

The decrease in bridging leads to an overall weaker attraction between the

particles.

Secondly, we observe that the effect of entropic repulsions is less pro-

nounced for smaller particles. To demonstrate this, in Fig. 4.7a we display

an effective hard sphere diameter computed using the Barker-Henderson ex-
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pression [123]. As can be seen the equivalent HS diameter is much lower for

smaller particles and the increase in σeff for smaller particles requires much

higher bulk concentrations as compared to larger particles. This effect can

be rationalized by recalling that the repulsive interactions arise due to the

entropic confinement and saturation losses. In section 4.2, it is shown that for

smaller particles, adsorption mainly happens in the form of tails leading to de-

layed surface saturation (see Fig. 4.3). Whence for a given bulk concentration,

bringing two smaller particles closer results in lower surface concentrations and

consequent entropic losses. The latter delays the onset of and decreases the

strength of the repulsive interactions.

Finally, the range of the attractive interactions relative to the size of

the particle increases with a decrease in particle sizes. To demonstrate this,

we compute the range of an equivalent square well potential, denoted λ, by

following the extended corresponding state approach proposed by Noro and

Frenkel [83]. In Fig. 4.7b we display λ as a function of the particle size for

different bulk polymer concentrations. We observe that for dilute polymer

concentrations, the range of attraction for smaller particles is much larger

than that for larger particles. Explicitly, we observe that for the smallest

particle size studied in this work, the range of attraction is ' R whereas

for R/Rg = 1.0 the range is ∼ 0.1R. These trends can be rationalized by

noting that the range is determined by the extent of bridging interactions. As

mentioned in section 4.2, even for small particles (R < Rg), the tails extend to

a distance of ∼ 2Rg from the surface of the particles (see Fig. 4.3b). Whence
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the range of interactions is also correspondingly higher for the smaller particles.

Generically, the above results suggest that for smaller particles there

exists a weak, albeit long range attraction that persists up to higher con-

centrations. In contrast, for larger particles, the interactions are stronger,

short ranged and transform into a repulsive behavior at even moderate bulk

polymer concentrations. It should be noted that this model, albeit assumes

a “reversible equilibrium” adsorption, predicts that the effective interparticle

interactions become repulsive at higher polymer concentrations. This feature

arises from the surface saturation constraint incorporated in the present model.

In previous “reversible adsorption” studies, the intersurface interactions were

predicted to be always attractive over the entire range of polymer concentra-

tions [4, 96]. Also for a given set of polymer-to-particle size ratio R/Rg, bulk

polymer concentration φbulk and adsorption strength λ, the attractive interac-

tions are always found to be weaker for the case of saturable adsorption (finite

φm) as compared to the reversible adsorption (φm � φbulk). The broad picture

that emerges from these results is that the interplay between surface satura-

tion, the bulk polymer concentration and the polymer to particle size ratio

plays a crucial role in determining the pair interactions between the nanopar-

ticles. In the following section, this microscopic information is used to probe

the macroscopic consequences such as stability and percolation characteristics

of the mixture.

Recently both computer simulations [121] and liquid state theories [124]

have been used to probe the potential of mean field between nanoparticles in
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solutions of adsorbing polymers. For a model of Lennard Jones bead-spring

polymer, the Monte Carlo simulations of Marla and Meredith [121] predict

a weakening of the interparticle interactions with decrease in the size of the

nanoparticles. For more denser polymer-particle mixtures, integral equation

theory of Hooper and Schweizer [124] shows the strength of the interparticle

interactions to become proportional to the particle size (and hence decreases

with a decrease in the particle size). Though a detailed comparison with

these approaches is not possible due to the differences in the models used, the

underlying approximations and the range of system parameters studied, these

features are in qualitative agreement with the results presented in this section.

4.4 Implications for Percolation and Phase Behavior

In the nanoparticle limit, many experiments have suggested that dra-

matic changes can result in the stability and viscoelastic properties upon

changing the concentration of the bulk polymer [27, 29]. These observations

have been qualitatively rationalized by invoking the formation of gels and/or

the miscibility characteristics of the polymer-nanoparticle mixtures [25, 28].

The framework developed in this study proves ideal to examine the above is-

sues at a more quantitative level. On the one hand, the pair potentials provide

the necessary information to examine the complete phase behavior. Secondly,

the field-theoretic approach used here allows access to all the conformational

characteristics of the polymer which can be used to compute the thresholds

for forming a percolated cluster, a necessary but not sufficient condition for
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forming a gel. Presumably, a drawback relates to the equilibrium character of

the present calculations when compared to the predominant nonequilibrium

effects that manifest in experiments. Nonetheless, a knowledge of the equilib-

rium characteristics is still useful in that it allows one to predict the expected

outcomes and identify phenomena attributable to the non-equilibrium effects.

Here, we use simple analytical theories and results from the literature

to provide a semi-quantitative picture of the stability and structure of the

polymer-nanoparticle mixtures. We focus mainly on the size and polymer

concentration effects on two aspects of polymer-particle mixtures: (i) The

formation of a percolated cluster of particles resulting from polymer bridges;

(ii) The stability and the phase behavior of the polymer particle mixtures.

Initially, we consider these features distinct from one another and elucidate

the physics governing their trends. Subsequently, we combine these results

and comment on their consistency with experimental observations.

4.4.1 Mapping φb to φo

The discussion so far pertained to the case of infinite dilution of one/two

particles immersed in a polymer solution whose ambient concentration is φb.

However, when a finite concentration of particles ηc is involved, the concen-

tration φb is to be interpreted as the effective far field concentration of the

polymer [1, 21, 35]. Experimentally, the measurable quantity is the number of

polymers in the solution (or in the different phases) per unit volume, denoted

as φo. Whence, to translate the above microscopic, two-particle information
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into a more macroscopic picture we need to also map φb to the actual or the

overall polymer concentration φo.

Two effects determine the mapping between φb and φo. The adsorption

of the polymer increases the polymer concentrations in the vicinity of the

particles. Whence, the φo are expected to be much higher than far field or

the φb. Secondly, at a finite volume fraction of particles, the polymers can

only occupy the free space unoccupied by the particles. The latter effect

would lead to a lower φo (measured on a total volume basis) compared to

φb (which corresponds to the free volume). To account for these effects, an

approximate mapping is proposed which uses the one particle results in a

cell-model approach to yield:

φoverall

φbulk

= 1− ηc +
ηc

4πR3/3

∫ ∞

R

(
φ(r)

φbulk

− 1

)
dr, (4.12)

where φ(r) represents the polymer concentration profile around a single

nanoparticle (with the far field concentration maintained at φb). The sec-

ond term in the above equation accounts for the reduction in volume at finite

ηc arising from the space occupied by the particles. The last term captures

the adsorption-induced increase in the polymer concentration in the vicinity

of the particles. We note that since φoverall is approximated at one particle

level, the above approximation is expected to be accurate only for low volume

fractions of particles. Nevertheless, in the following we use the approximate

mapping to discuss the percolation thresholds and the phase-behavior in the

φo − ηc plane.
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4.4.2 Bridging-Induced Percolation

We first characterize the particle volume fraction thresholds for forming

a polymer bridge induced percolated network. We define the threshold for the

latter as one wherein the polymer conformations are such that instantaneously

it is possible to find an infinite cluster of particles connected through polymer

bridges. This percolation threshold is motivated by experimental results which

have suggested the presence of such structures in modifying the rheology of

polymer-particle mixtures [25, 27–29]. These clusters are viewed as a result

of the transient immobilization of the polymer monomers (due to attractive

interactions) near the particles [125]. The model proposed below implements

this view while ignoring the dynamical aspects of bridging (which are expected

to be important for rheological phenomena, but cannot be accessed in the

framework of this work) and instead computes at an equilibrium level the

concentration of particles at which a connected structure formed by bridges

can result.

To characterize the percolation thresholds, we use a heuristic measure,

wherein we consider the system percolated when any given particle is connected

by bridges on an average to at least two other particles. We approximate the

“connectedness” between the particles in a mean field manner and assume it to

be proportional to the probability of forming at least one bridge between the

particles. At a specified interparticle distance d, the average number of bridg-

ing chains is given by, Nbr(d) = 1/N
∫ ∞

0
φbr(r)dr where φbr(r) represents the

volume fraction profile for bridging segments when the particles are a distance
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d apart and N represents the chain length of the polymer. The probabil-

ity Pk(d) of forming actually k bridges between the particles at the distance d

(when the average is Nbr) is assumed to follow a Poisson distribution [126, 127]:

Pk(d) =
[Nbr(d)]k

k!
exp[−Nbr(d)]. (4.13)

Whence, the probability that the particle is connected by at least one bridge

to another particle at a distance d is given by: Pbr(d) = 1− exp[−Nbr(d)]. We

then define the percolation threshold as the lowest particle density at which

the given particle is connected by bridges to at least two other particles. We

determine this critical particle density ρc as,

ρc

∫
d3rPbr(r)g(r) & 2.0, (4.14)

where g(r) is the radial distribution function for the particles and ρcg(r)d3r

gives the number of particles in a volume d3r at the distance r from the central

particle [87]. Finally, we approximate g(r) by its low density approximation as

g(r) ∝ exp (−βU(r)), where U(r) represents the polymer-mediated effective

interaction potential between the particles [87].

It should be noted that the above measure is more a semi-quantitative

hypothesis rather than a rigorous prediction. Indeed, the probability of bridg-

ing is not expected to be a true Poisson distribution, nor are the two particle

bridging probabilities expected to be applicable when three or more particles

are present. Further, while the above measure accounts for the effects of both

the number of bridging segments as well as the effective interaction potentials,
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Figure 4.8: Percolation volume fraction (ηc) as a function of overall polymer
concentration. The particle sizes are R/Rg = 1.0, 0.5 and 0.25 and surface
saturation is fixed at φm = 20.0.

it does not however account for the time-scales that need to be satisfied to

form an active network. Nevertheless, the above measure provides a simple

means to analyze the effects of size and the polymer concentrations on the

formation of a bridged, connected cluster.

Figure 4.8 displays the percolation thresholds obtained using this

model. For low φo (also corresponding to low φb), the number of interparti-

cle bridges is minimal, but the effective pair interactions are characterized by

strong attractions and hence the average interparticle distances are extremely

small. Consequently, bridging percolation can occur even at dilute concentra-

tion of the particles. Increasing φo (and φb), on the one hand leads to an in-

crease in the number of interparticle bridges, thereby increasing the probability

of forming a percolated cluster. On the other hand, the interparticle attrac-
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tions are concomitantly weakened and eventually become repulsive, thereby

increasing the average interparticle distances. The repulsive interactions man-

ifest at short distances whereas the increase in the bridging probability occurs

at distances comparable to the size of the polymer. In larger particles, these

competing effects lead to an initial increase in the percolation threshold (when

the weakening of the interactions dominate) followed by a decrease in the per-

colation threshold (when the increase in the bridging dominates). In contrast,

for smaller particles the interaction effects are much weaker, and hence the

percolation thresholds are seen to monotonically decrease with an increase in

φo.

In summary, we predict that due to the propensity to form bridges,

the bridging-induced percolation thresholds are at extremely dilute volume

fractions of the particles and decrease even further with a decrease in the size

of the particle. The structural characteristics of the percolated phases (such

as necklace-like structures vs three dimensional gels) will also depend on both

the size of the particles and the bulk polymer concentration. To elaborate this,

one would need further quantitative information on the number and the size

distribution of the bridges, the results for which will be presented in Chapter 5.

However, the observation/lack thereof of such networked phases depends on

the interrelationship between the percolation lines and the miscibility behavior

of the mixture and is addressed in the following section.
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4.4.3 Phase Behavior and Relationship to Experimental Observa-
tions

To determine the phase behavior of the nanoparticle-polymer mixtures,

we use a simplistic equation of state invoking the second virial coefficient B∗
2

values obtained from pair interaction potentials. The nondimensionalized sec-

ond virial coefficient is extracted from numerical integration of the interaction

potentials as [87],

B∗
2 = 1− 3

8R3

∫ ∞

R

dr r2 [exp(−βU(r))− 1], (4.15)

In the above B∗
2 = B2/B

HS
2 , with BHS

2 = 16πR3/3 representing the virial coef-

ficient of hard spheres of radius R. In the semi-grand canonical formalism used

to compute the pair potentials, the polymers are at a fixed chemical potential.

Thus, the equilibrium of the polymer component between the different phases

is implicitly ensured. To ensure the equality of the chemical potential and

the osmotic pressure of the particle phase, we use an approximate equation of

state for the particle phase based on virial expansion:

βAex =
ηc(4− 3ηc)

(1− ηc)2
+ 4[B∗

2 − 1]η2
c (4.16)

where Aex denotes the excess Helmholtz free energy of the particle phase. The

hard sphere free energy for the particles is approximated using the Carnahan-

Starling(CS) [86] form and is given by the first term in the above expression.

The polymer-mediated interactions to the Helmholtz free energy of the sys-

tem is approximated at second virial level and is given by the second term

in Eq. 4.16. More information on the details and approximations involved in
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this model are also discussed in the previous chapter 3. To delineate the

phase diagrams in ηc − φo plane, B∗
2 corresponding to a fixed φb is obtained

by using the mean-field based pair-interactions. The packing fractions in the

coexisting phases η1
c and η2

c are then determined by performing common tan-

gent construction on the Aex (Eq. 4.16). Finally, using the coexisting ηc’s we

determine the coexisting φo using Eq. (4.12).

In Fig. 4.9, we display the fluid-fluid coexistence curves (and the per-

colation thresholds computed in the previous section) for three particle sizes

R/Rg = 1.0, 0.5 and 0.25. It should be noted that the coexistence curves

shown here are for polymer concentrations mostly in the semidilute regime.

At extremely dilute polymer concentrations (φbulk → 0), one expects a weak-

ening of the effective attractions due to the absence of sufficient polymers to

cause bridging interactions. However, the mean-field model in this study is

not expected to be directly applicable to this lower region of polymer concen-

tration, and so the lower boundary is indicated schematically to acknowledge

its existence, and the features of phase diagram are discussed mainly in terms

of the upper phase boundary for the two-phase region.

For all the particle sizes, generically a fluid phase is observed at low

polymer concentrations (below the schematic lower boundaries), followed by a

bridging-induced phase-separation at higher polymer concentrations and sub-

sequently a stable mixture regime at even higher polymer concentrations. The

latter stabilization arises as a consequence of the saturation of the adsorption

and the repulsive effective interactions at the higher polymer concentrations.
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Figure 4.9: Fluid fluid co-existence curve (open and filled symbols) and perco-
lation line (solid line continued as a dotted line into the region of coexistence)
in the φoverall − ηc plane. The area above the co-existence curve shows the
one phase region and that below each curve represents the two phase region.
The compositions of the coexisting phases are shown by tie lines joining the
“floc” (filled symbols) and supernatant (open symbols) compositions. The
lower boundary for the two phase region is displayed schematically by dash-
dot line. Area to the left of percolation line shows fluid phase and that to
the right represents percolated phase: (a) R/Rg = 1.0; b) R/Rg = 0.5; (c)
R/Rg = 0.25.
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These predictions are qualitatively in agreement with experimental observa-

tions in the context of silica/PEO and Laponite/PEO mixtures, where increas-

ing the polymer concentrations have been shown to lead to a transition from

macroscopic flocculation to a sterically stabilized dispersion [26, 48]. As dis-

cussed earlier, these trends arise from the second virial coefficients B∗
2 values

which transform from attractive characteristics to repulsive behavior with an

increase in the polymer concentrations. The predictions of Fig. 4.9 are also in

qualitative agreement with the results in the context of PEG-Lysozyme mix-

tures (where weak adsorption interactions are expected to prevail) in which a

repulsive upturn in B∗
2 values were observed with an increase in the polymer

concentrations [18].

It is evident from Figs. 4.9 that the relative polymer-particle sizes play

an important role in influencing the structure and phase behaviors. At dilute

particle concentrations, it is observed that a lowering of the R/Rg ratio shifts

the upper boundary of the two phase region to lower polymer concentrations.

The latter suggests that polymer-nanoparticle mixtures involving smaller par-

ticles at dilute particle concentrations tend to become miscible at much lower

polymer concentrations compared to the larger particles. This is again con-

sistent with experimental phase behavior for PEO/silica particles [114], where

at high pH and low ionic strength, corresponding to conditions that promote

reversible adsorption, experiments have reported an increase in miscibility of

the mixtures with a decrease in the size of the particle.

A second particle size effect is observed in the compositions of the co-
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existing phases denoted through the tie lines (shown by the lighter lines). For

larger particles, the concentrations of polymer in the two coexisting phases are

observed to be more or less the same. The latter suggests that the phase sepa-

ration in such systems occurs into a particle-rich and particle-depleted phase,

both however rich in polymers. On the other hand, for smaller particles, the

phase separation is into a supernatant phase that is dilute in both the poly-

mer and the particles, whereas the “floc” phase is rich in both the polymer

and particles. The latter trends are consistent with the phenomena of “com-

plex coacervation” commonly observed in the context of protein-polysaccharide

mixtures [9] and arise due to the significant adsorbance (cf. Fig. 4.1) of the

small particles compared to the larger ones.

The percolation thresholds and the occurrence of a stable one-phase

gel are also found to be highly dependent on the size of the particles, which

contrasts with the expectations from random percolation theories where the

critical volume fractions are independent of the size of the particles [128]. The

particle volume fraction for the formation of a one-phase gel are observed to

actually shift to very dilute ranges (ηc ' 0.05) for small particles. The latter

is in qualitative agreement with many experiments which have observed (indi-

rectly through rheological signatures) the formation of networked structures at

extremely low volume fractions for small particles [25]. Interestingly, it is ob-

served that dilution of the single-phase gels for small particles can lead to the

formation of a homogeneous (sol) phase, whereas in the case of larger particles

it leads to a flocculation-induced phase separation. The latter predictions are
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Figure 4.10: Fluid fluid co-existence curves (symbols) and percolation lines
(solid lines) in the c− ηc plane for Rg = R, 2R and 4R.

qualitatively similar to the size effects noted during the dilution experiments

of Cabane et al. [129]

While the results displayed in Fig. 4.9 present an intuitive picture for

experiments where the size of the polymer is kept a constant while the particle

sizes are varied, an alternate experimental protocol is one where the parti-

cle sizes are kept constant while the polymer molecular weights (MW) are

varied [29]. Increase in MW decreases the crossover density ρ∗p for the poly-

mer, resulting in an increase in the normalized bulk polymer concentration,

φbulk = ρp/ρ
∗
p. The phase diagrams for such a scenario can be straightforwardly

obtained from the results of Fig. 4.9 and are displayed in Fig. 4.10 with “c” now

denoting the polymer monomer concentrations expressed in units of particle

volume. It is evident that the differences in the phase and percolation behavior
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of the different sized particles become pronounced in this representation. For

instance, for large polymers, the majority of the phase plane is occupied by

the region of single-phase gels. However, for smaller polymers such regions do

not manifest until much larger particle concentrations. Secondly, it is observed

that the region of immiscibility for larger polymers occurs only at very dilute

polymer concentrations. On the other hand, for smaller polymers, the region

of flocculation-immiscibility occupies the majority of the phase space.

In summary, the effective attractions induced by the polymers are ob-

served to lead to immiscibility of polymer-particle mixtures. The latter is

expected to lead to a closed loop miscibility of the polymer-particle mixtures.

The results suggest that the size of particles plays an important role in con-

trolling both the quantitative features of the stability and the percolation be-

havior of the mixtures. It should be noted that this analysis uses equilibrium

bridging characteristics and thus, may not capture the non-equilibrium effects

which manifest in many experiments [130]. Secondly, many experimental sit-

uations involve an interplay between polymer physisorption and electrostatic

interactions which are neglected in the present models [131]. Despite these

limitations, the qualitative agreement with many experimental observations

suggests that the results of this chapter provide a useful framework to under-

stand the stability characteristics of polymer-nanoparticles mixtures.
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4.5 Conclusion

In this chapter, the structure, pair interactions and phase behavior of

nanoparticle-polymer mixtures where the polymers can adsorb onto the parti-

cles are examined. A “saturable adsorption” model is proposed to account for

the surface saturation effects observed in adsorption of polymer onto a solid

surface. Using polymer self consistent field theory, the effect of particle size,

bulk concentrations and the surface saturation on the above characteristics is

investigated. The results indicate profound size effects upon the adsorption

and pair interaction characteristics. For a single particle, the curvature of

the particle is found to significantly enhance the total adsorbed amount, but

however most of the adsorbed polymer were found to be present in the form

of long tails that extended to a distance of ' 2Rg from the particle surface.

In the case of pair interactions, the curvature effects interplay with adsorp-

tion, saturation and excluded volume interactions to determine the resulting

features. Generically it is observed that for lower polymer concentration, the

interactions between adsorbed layers are attractive. Whereas, for intermediate

polymer concentrations, the interactions are attractive at large distances and

become repulsive as the surfaces are brought closer. The strength and the

range of pair interactions also depends critically on the particle-to-polymer

size ratio R/Rg.

We also analyzed the phase behavior and structure of polymer-

nanoparticle mixtures in terms of critical percolation densities and second

virial coefficients. For low polymer concentrations, our results suggested that
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the bridging attraction leads to flocculation and phase separation of polymer

nanoparticle mixtures. In contrast, at higher polymer concentrations the in-

terparticle repulsions induced by the polymer excluded volume interactions

stabilize the mixture. Our mean field models also predict a significant de-

crease in the percolation thresholds and an enhancement in the stability of the

mixtures upon a decrease in the size of the particles. These results were found

to be in qualitative agreement with the related experimental observations.

In the present chapter, we have displayed a set of representative results

to describe the effect of surface saturation, polymer concentration and size

of the particle on the interparticle potentials. These results are obtained at a

fixed segment-surface interaction parameter which, as mentioned earlier, corre-

sponds to the situation of weak to intermediate adsorption strength. Although

the actual magnitude of the adsorption interaction parameter will affect the

quantitative features of adsorption characteristics, we expect the qualitative

features to remain unchanged within the weak adsorption regime. For in-

stance, an increase in the strength of segment-surface interaction is expected

to enhance the adsorbance, and hence the strengths of pair interactions will be

correspondingly higher. Further, at higher adsorption strength, we expect the

surfaces to be saturated at a much lower bulk polymer concentrations. The

latter is expected to shift repulsive interactions to lower bulk concentrations.

These changes will also affect, albeit in a predictable manner, the resulting

phase behavior of the system.

The above framework presents many generalizations which are pursued
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in the subsequent chapters. In the subsequent chapter, the effective interac-

tions and the conformational characteristics determined in this chapter are

supplemented with more detailed information regarding the bridging chains to

develop models for the rheological characteristics of the system.

136



Chapter 5

Gelation in Mixtures of Polymers and

Particles

Recently, the properties of polymer-nanoparticle mixtures (also referred

to as polymer nanocomposites) have attracted a significant attention in many

contexts. Many experiments have shown that the addition of even small load-

ings of nanoparticles to the polymer matrix can result in order of magnitude

property enhancements over that of the neat polymer [25, 28, 29]. These ob-

servations have sparked interest in the potential of such materials to serve as

lightweight, high strength materials with desirable barrier properties. While

the role of microscopic interactions between the polymer and particle compo-

nent in determining such properties is well-agreed, the fundamental parameters

governing such interactions and their explicit relationship to the macroscopic

properties themselves are still not well understood. As a consequence, tun-

ing the properties of such materials and designing new materials with desired

properties remain a challenging task.

The focus of this chapter is towards the rheological properties of poly-

mer nanocomposites and their dependence on the various microscopic param-

eters. Many experiments on the rheology of nanoparticle-polymer suspensions
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have reported dramatic enhancements in the low frequency elasticity (storage

modulus) at very low loadings of the particles [25, 28, 31]. At least two propos-

als have been advanced to explain these observations. The first mechanism im-

plicates the direct particle-particle agglomeration resulting from depletion and

van der Waals interactions. For instance, experiments by Weitz and cowork-

ers [132] studied the clustering of PMMA particles induced by depletion of

polystyrene and have shown that (in the colloid limit, where the particle sizes

R are larger than the size of polymers Rg) such particle agglomerated gels

can form at low volume fractions of particles. Similarly, Zhu et. al. [133] ex-

amined the viscoelastic characteristics of Silica filled polymer melts and also

presented evidence for the role of “direct” or nonpolymeric filler-filler networks

in controlling the reinforcement of such filled polymeric systems.

The alternative mechanism implicates polymer-bridging induced gela-

tion of particles as responsible for the enhancements in the elastic moduli of

the composite. Several experimental results supporting this mechanism are

available. For instance, in many experiments, the effects on the mechanical

properties manifest at particle loadings far below that expected/required for

particle gelation. For instance, for systems of PEO containing silica nanopar-

ticles, Zhang and Archer have observed a transition to solid-like viscoelastic

response at silica loadings as low as 2 % [25]. More pertinently, they observed

that systems involving bare silica particles where the polymer-particle inter-

actions are strongest also induce the strongest reinforcement. Similar results

were also observed by Macosko et al in the context of Silica particles mixed
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with PDMS matrix [32].

Broadly, one can expect that in cases where the polymer is incompat-

ible with the particles, the particles will experience strong polymer-mediated

attractions leading to a non-equilibrium gelation either through diffusion lim-

ited (DLCA) or by a reaction limited (RLCA) cluster aggregation mechanism.

Gels resulting from such process have been well-characterized, and the fractal

dimension df of such gels have been suggested to be around df = 1.8 for DLCA

and df = 2.1 for RLCA. The scaling dependence of elastic moduli on the vol-

ume fraction of particles, η, is of the form G′ ∝ (η− ηc)
νη where the exponent

νη ≈ 3.4 and ηc represents the percolation threshold [132, 134]. In contrast,

one can expect that a polymer-bridged gel will form when the polymer is com-

patible with the particles (so that it adsorbs and wets the particle surfaces).

However, in contrast to the preceding case, very little information is available

on the characteristics of the networks formed by such processes. The unre-

solved questions include, “What is the percolation/gelation threshold for such

polymer bridged gels ?” “How does the percolation volume fraction depend

on the size of the polymer relative to the size of particles ?” “How does the

elasticity of the networks formed depend on the volume fraction of polymers,

polymer concentration, adsorption strength, surface coverage of adsorbable

groups ?” “Is there a universality for the elastic behavior of polymer-bridged

gels ?” Resolution of these issues is expected to prove important in both un-

derstanding the origin of properties of nanoparticle systems and in allowing

one to tune the macroscopic properties of such systems.
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In the previous chapter, we introduced a ‘saturable’ adsorption model

to mimic the adsorption of polymers onto nanoparticles with a specified max-

imum adsorption capacity. Explicitly, our study predicted that polymer ad-

sorption on small particles is characterized by the dominance of long tail-like

structures extending to a distance of about the radius of gyration Rg of the

polymers. Secondly, our results also suggested that the polymer-mediated

interparticle interactions tend to weaken with a decrease in the size of par-

ticles and/or an increase in the concentration of polymers. We used simple

analytical models to suggest that the above features lead to a significant in-

crease in the miscibility of the polymer-particle mixtures upon a decrease in

the size of the particles. Specifically, in the nanoparticle regime where the

size of particles R becomes comparable to or smaller than the radius of gy-

ration of polymer Rg, the phase diagrams were predicted to display a large

region of stable single phase regime where polymer-bridged gels could form.

In the present chapter, we use a novel simulation approach which combines

the framework of the previous chapter with Monte Carlo simulations of the

many particle system to study the formation, structural characteristics (such

as percolation threshold, fractal dimension) and the elastic moduli of polymer-

bridging induced gels. It should be emphasized that the present framework is

an equilibrium approach and does not account for the time scales involved in

the formation of polymer-networked gels. Explicitly, the gelation of particles

is quantified through the equilibrium probability of interparticle bridging at a

given distance. A cluster is then identified as a series of interconnected par-
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ticles. In the present approach first the mean field formalism is extended to

quantify the conformational characteristics of polymer chains in presence of

particles. The latter includes quantities such as the number and probability

distributions (as a function of interparticle distance) of interparticle bridges.

Subsequently, these microscopic features are used in a Monte Carlo simulation

framework to analyze the clustering characteristics, percolation thresholds,

structure and the elasticity of the structures. Explicitly, we probe the role of

the size asymmetry between the polymer and particle components, the affin-

ity of the polymer to the particle surface (i.e. the adsorption strength), the

concentration of the polymer and the adsorption capacity of the surface in

influencing the structural characteristics of gels.

Other prior theoretical approaches have focused on the structure, rheol-

ogy of polymer-mediated gels in colloid/nanoparticles suspensions. However,

most of these studies pertain to depletion-induced gels, where the particle

clustering is induced by the polymer-mediated attractive interactions between

the particles arising from the depletion of polymers in the vicinity of the par-

ticles [132, 134–138]. The present work differs from these prior researches

in that the focus is upon the gels and clustering arising primarily from the

polymer bridging between the particles. In broad terms, most of the previous

researches focus on the ‘attractive’ glass gels which result at higher volume

fractions of particles (η ∼ 0.4). In contrast, as we will demonstrate later, the

bridging-induced gelation occurs at much lower volume fractions of particles

(η ∼ 0.02).

141



The rest of the chapter is arranged as follows: In section 5.1, we detail

the Monte Carlo simulation approach with the methodology used for charac-

terizing the cluster statistics and the percolation thresholds. In Section 5.2 we

present results elucidating the effects of polymer concentration, relative sizes

of the polymer and the particles, the adsorption strength and surface satura-

tion on the size, number and probability distributions of polymer bridges. In

section 5.3, we present our results for the cluster statistics, percolation thresh-

old and structural characteristics obtained from the simulations. We relate the

bridging statistics obtained from the simulations to the elasticity of the net-

work and discuss the effects of different parameters on the latter. We conclude

with a discussion of our results.

5.1 Structure and Elasticity of Polymer-Particle Mix-
tures

In order to determine the structural features, clustering behavior and

connectivity in the polymer-particle mixtures, we propose a hybrid simula-

tion scheme, which combines the thermodynamic interactions with the mi-

croscopic structural characteristics. To perform the connectivity simulations

detailed later we need the probability that two particles at a given distance

are connected. For this we assume that the probability to form interpar-

ticle bridges between k neighboring particles to follow a Poisson distribu-

tion Mbr(r)
k/k! exp(−Mbr(r)). Here, Mbr(r) represents the average number

of bridging chains between the particles at an interparticle distance r and is
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obtained using eq. 2.47. The probability of formation of at least n interparticle

bridges at an interparticle distance r between the particles (or equivalently, the

probability that the particles are connected to each other through n bridges)

then follows as [126, 127],

P n
br(r) = 1−

n−1∑
k=0

Mk
br

k!
exp[−Mbr(r)]. (5.1)

Simulation Methodology

The simulation methodology consists of two parts. We use Monte Carlo

simulations of a system of particles interacting with the effective pair inter-

action potentials discussed in the preceding section. The simulations employ

a semi-grand canonical framework where the number of particles Nc and the

polymer activity coefficient Z are fixed. The grand canonical implementation

of SCFT used in the McMillan-Mayer framework allows us to utilize the poly-

mer structural characteristics (discussed in section 2.3) and interparticle in-

teraction potentials (discussed in Section 2.1) in the Monte Carlo simulations.

We use a Metropolis algorithm to generate the equilibrium configurations of

particles for a given interparticle potential.

In principle, at a given activity coefficient Z of the polymer, the con-

centration of polymer at infinite dilutions of particles and the overall polymer

concentration at finite particle volume fraction can be quite different (cf. Sec-

tion 4.4). However, for the dilute particle concentration limits of the mixture

considered in this chapter (since percolation/gelation is observed to occur in
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dilute limits), the polymer concentrations at finite particle concentration are

expected to be close to the values at infinite dilution of particles. Hence we

ignore this distinction between the polymer concentrations and report our

simulation results based on the ‘infinite dilution’ polymer concentrations.

The second aspect of the simulation framework deals with generating

and sampling of the particle clusters. The statistical distributions of particle

clusters are analyzed using the connectivity matrix algorithm proposed by Se-

vick et. al. [139] We define a cluster as a set of particles which are connected

to each other directly or indirectly (through other particles) through polymer

bridges. Whether a particle is directly connected is determined based on the

bridging probability Pbr(r) (cf. Eq. 5.1) and is achieved by randomly generat-

ing bonds between the particles. Subsequently, the bonds are accepted based

on the bridging probabilities at a given distance r. Continuing this procedure

for all pairs of particles results in a symmetric direct connectivity matrix CD,

where CD
ij = 1 if the particles i and j are connected and CD

ij = 0 otherwise.

We then follow the method outlined by Sevick et. al. to obtain the complete

connectivity matrix corresponding to this direct connectivity matrix. From di-

rect and complete connectivity matrices, different aspects of cluster statistics

are extracted: (i) The cluster size distribution, m(n), representing the number

of clusters of size n; (ii) The average size of the clusters, n̄ defined as [140],

n̄ =

∑
n n2 m(n)∑
n n m(n)

; (5.2)

(iii) The average number of clusters,
∫ N

1
m(n) dn; (iv) The mean coordination

number of the particles in a cluster z, which represents the number of particles
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directly connected to a given particle. The latter is obtained from the number

of non-zero elements in a column of direct connectivity matrix as,

z =
1

N

N∑
i=1

N∑
j=1

CD
ij − 1.0. (5.3)

Subtraction of 1.0 in the above equation ensures that the diagonal elements

are not included in the calculation of coordination number; (v) The radius of

gyration Rgc of a cluster of size n, defined as [141],

Rgc(n) =
1

n

n∑
i

(ri − rCM)2, (5.4)

where rCM = 1/n
∑n

i ri is the center of mass of the cluster. The fractal

dimension df for clusters is defined through,

Rgc ∝ n1/df . (5.5)

In determining df , we exclude clusters consisting of only a small number of

particles; and (vi) The percolation volume fraction ηc is determined by search-

ing for a cluster where a particle is connected to its replica in the neighboring

simulation boxes. In principle, this requires replicating the simulation box

into 26 copies and generating polymer bonds between the particles in different

boxes [140]. However, this process proves computationally expensive and we

circumvent this by replicating only such particles that are within a bridging

cut off distance, rbr
cut (the interparticle distance where the probability of forma-

tion of bridges goes to zero) from the simulation box and then generating the

polymer bonds for only these particles. For the systems studied in this work,
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Figure 5.1: Schematic showing determination of ‘self connected’ cluster. In
order to identify a percolated structure, it is necessary to replicate the simula-
tion box 26 times for a 3-D simulation. In this work, the percolated structure
is determined by searching for a self connected particle within a ‘bridging cut-
off’ distance rbr

cut for the simulation box and only a part of simulation box is
replicated, shown here schematically by dotted lines.

146



rbr
cut is around .05− 0.2 times the box length and implementing this procedure

results in a considerable reduction in the computational time. The percolation

probability P is then defined as the fraction of the total number of equilib-

rium configurations where such a cluster containing ‘self-connected’ particles

is found. We define the percolation threshold, ηc as the volume fraction where

this percolation probability reaches 50 % representing the clusters being con-

nected to themselves. We note that though this choice of 50% self-connected

configurations is arbitrary, a number of simulation studies have shown that it

shows the least finite size effects and is reported to give reliable estimates of

percolation thresholds and critical exponents [142–144].

Simulation Details

The initial configuration for the particles was chosen to be a face cen-

tered cubic lattice. The Monte Carlo simulations were then carried out in a

cubic box with periodic boundary conditions imposed in all three directions.

Each simulation consisted of 10000-15000 MC moves with 1000 equilibration

moves which are not counted in averaging the cluster statistics. Each MC step

involved on an average one displacement move per particle. The cluster statis-

tics was sampled at every fifth MC iteration after equilibration of the system.

Despite enforcing the periodic boundary conditions, simulation results for per-

colation thresholds can be very sensitive to the size of the system. To probe

the effect of finite system size in our simulations, we performed the simulations

for different system sizes containing N = 256, 400, 500, 600, 864 particles. For
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these system sizes, the mean coordination numbers, the percolation thresh-

olds, and the fractal dimensions were found to be unaffected by the size of the

system. The simulation results reported in the rest of the chapter correspond

to systems of 864 particles. The analysis of results suggests that the statisti-

cal errors arising from the finite system size are within 10% for all the data

reported here.

Parameters

The objective in this chapter is to study the role of parameters such as

polymer-to-particle size ratio, polymer concentration and adsorption strength

in determining the onset and structure of the gel phase. Focusing on the

nanoparticle regime (where particle size is comparable to/or smaller than the

size of the polymer), the particle-to-polymer size ratios (equivalent to changing

the polymer molecular weight) are varied from R/Rg = 2.0 to R/Rg = 0.5. We

primarily consider polymer concentrations in semi-dilute regimes under “good

solvent” conditions for the polymer. The non-dimensional excluded volume

parameter B = vN2/Rd
g is chosen to be 10. In the following, all polymer

concentrations are normalized by the overlap concentration, ρ∗ as φ = ρ/ρ∗.

The presented results correspond to φ > 1.0 indicating the semidilute con-

centration regime. In addition, the case of polymer melt is also considered,

where the excluded volume interactions between the polymer chains are as-

sumed to be screened. For illustrative purposes, the bulk polymer concentra-

tions are selected such that for the particle sizes considered in this chapter,
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the polymer-particle mixtures correspond to the stable one phase region of

the phase diagram (cf. Fig. 4.9). The nondimensional adsorption strength,

λ = λ
′
N/Rg is varied from 10 to 20. These adsorption strength values corre-

spond to moderate to high affinity between polymer segments and the particle

surface. The effect of change in the surface capacity for adsorption is studied

by varying the surface saturation concentration from φm = 8.0 to 12.0.

5.2 Microscopic Conformational Characteristics

The gelation characteristics of polymer-particle mixtures are expected

to be determined by two microscopic features, viz., (i) The interaction poten-

tials which control the average interparticle distances and structure of gels;

and (ii) The probability of formation of polymer bridges between the particles

at a given interparticle distance. As discussed in the previous chapter, the

pair interaction potentials are strongly influenced by parameters such as par-

ticle size, polymer concentration, adsorption strength and surface saturation.

Fig. 5.2 displays a summary plot of the interaction potentials as a function of

interparticle distance (normalized by radius of particle, R) for various physical

parameters considered in this chapter. Generically, a decrease in the size of the

particles is observed to result in weaker pair interaction potentials. Moreover,

at lower polymer concentrations, the overall interactions were dominated by

the interparticle bridging and displays a monotonic attraction with decrease

in the interparticle distance. However, an increase in the polymer concen-

tration increases the conformational entropy losses for the adsorbed polymer
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Figure 5.2: Interaction potentials βU(r) as a function of interparticle distance,
d/R, for different parametric conditions considered in this chapter.

and renders the interactions nonmonotonic — attractive at large interparticle

distances and repulsive at smaller distances. At even higher polymer concen-

trations, the interparticle interactions are seen to become purely repulsive due

to the increased entropic repulsions. The above listed effects with an increase

in the polymer concentration also correspond to the changes occurring dur-

ing an increase in the adsorption strength λ and/or a decrease in the surface

saturation φm.

While the formulation outlined in Section 2.3 can be adapted to ex-

tract detailed microscopic polymer conformational features in the polymer-

nanoparticle system, in the present chapter attention is restricted to two quan-

tities which are pertinent to gelation and the elastic properties of polymer-

nanoparticle mixtures. The first is the probability that at a given interparticle
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Figure 5.3: (a) Average number of bridges per unit particle surface area,
Nbr/Area, as a function of interparticle distance, d/R, for different particle-
to-polymer size ratios, R/Rg = 2.0, 1.0, 0.5. (b) Probability distribution of
bridges, Pbr, as a function of interparticle distance, d/R, for different particle-
to-polymer size ratios, R/Rg = 2.0, 1.0, 0.5. The polymer concentration is
fixed at 5.16.

serves as the “gelation potential” in the present model and will determine the

formation and the statistics of the clusters. The second quantity is the aver-

age number of bridges Mbr formed between two particles at a given distance

d. As will be discussed later, the latter controls the elasticity of the resulting

polymer-bridged network. In this section, the dependence of these quantities

upon different physical parameters is considered.

In Figs. 5.3a and b, we display the results for the average number of

interparticle bridges (normalized by the particle surface area) and probability

of bridging as a function of interparticle distance. Since it can be intuitively

expected that the number of bridges between two particles will be correlated

to their surface areas, it is normalized by surface area to render it a more
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Figure 5.3: (a) Average number of bridges per unit particle surface area,
Nbr/Area, as a function of interparticle distance, d/R, for different particle-
to-polymer size ratios, R/Rg = 2.0, 1.0, 0.5. (b) Probability distribution of
bridges, Pbr, as a function of interparticle distance, d/R, for different particle-
to-polymer size ratios, R/Rg = 2.0, 1.0, 0.5. The polymer concentration is
fixed at 5.16.

serves as the “gelation potential” in the present model and will determine the

formation and the statistics of the clusters. The second quantity is the aver-

age number of bridges Mbr formed between two particles at a given distance

d. As will be discussed later, the latter controls the elasticity of the resulting

polymer-bridged network. In this section, the dependence of these quantities

upon different physical parameters is considered.

In Figs. 5.3a and b, we display the results for the average number of

interparticle bridges (normalized by the particle surface area) and probability

of bridging as a function of interparticle distance. Since it can be intuitively

expected that the number of bridges between two particles will be correlated

to their surface areas, it is normalized by surface area to render it a more
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expected that the number of bridges between two particles will be correlated

to their surface areas, it is normalized by surface area to render it a more

explicit measure of the size characteristics. It should however be noted that

the probability of bridging (Eq. 5.1) is dictated by the number of bridges per

particle. It is observed that with a decrease in the size of the particles, there is

a significant increase in the number of bridges per unit area. The latter can be

rationalized based on the results for adsorption characteristics of the polymers

on a single particle, which suggested that with a decrease in the size of the

particle, the fraction of segments in tail-like configurations increases. Since the

number of bridge-like configurations is expected to be directly related to the

number of tail-like configurations, the latter is expected to lead to an increase

in the number of interparticle bridges. Another feature observed from Fig. 5.3b

is that the probability of the bridging for smaller particles is non-zero even for

distances much larger than the size of the particles themselves, reflecting the

fact that it is the polymer size which influences the interparticle bridging (we

note that the extension of bridges is comparable with Rg for all particle sizes).

Figures 5.4a and b illustrate the effects of the polymer concentration φ,

the surface saturation φm and adsorption strength λ on the number of bridges

per unit area and the bridging probabilities. Both the Mbr and the Pbr at a

given interparticle distance are observed to increase with an increase in either

φ, φm or λ. As reported in the previous chapter, increase in these parameters

leads to an increase in the amount of adsorbed polymer. The increase in

the adsorbance results in a concomitant increase in the number of tail-like
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Figure 5.4: (a) Average number of bridges per unit surface area, Nbr/Area, as
a function of interparticle distance, d/R, for surface saturations φm = 12 and 8
and for λ = 20 and 10,the bulk polymer concentration φ = 1.29. The size of
particle is fixed at R/Rg = 1.0. (b) Probability distribution of bridges for the
same parameters as in (a).

three distinct effects: (i) It weakens the interparticle interactions which dictate

the average interparticle distances; (ii) It increases the probability of bridging

at a given interparticle distance d/R and its range relative to the size of the

particle; and (iii) It also increases the number of bridges per unit area. Analo-

gous effects are also noted with increase in either the polymer concentration φ,

the surface saturation φm or the adsorption strength λ. An interplay between

such parameters and the resulting competition between the interparticle in-

teractions and interparticle bridging can be expected to determine the onset

of percolation, cluster statistics and the elastic moduli of the systems.
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and for λ = 20 and 10,the bulk polymer concentration φ = 1.29. The size of
particle is fixed at R/Rg = 1.0. (b) Probability distribution of bridges for the
same parameters as in (a).
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configurations and interparticle bridges as reflected in Fig 5.4.

To summarize, a decrease in the size of the particles is shown to lead to

three distinct effects: (i) It weakens the interparticle interactions which dictate

the average interparticle distances; (ii) It increases the probability of bridging

at a given interparticle distance d/R and its range relative to the size of the

particle; and (iii) It also increases the number of bridges per unit area. Analo-

gous effects are also noted with increase in either the polymer concentration φ,

the surface saturation φm or the adsorption strength λ. An interplay between

such parameters and the resulting competition between the interparticle in-

teractions and interparticle bridging can be expected to determine the onset

of percolation, cluster statistics and the elastic moduli of the systems.
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Figure 5.5: (a) Percolation volume fractions (particle volume fraction at which
percolation probability becomes larger than 0.5) as a function of particle size
ratio R/Rg for polymer concentrations, φ = 1.29, 5.16 and for polymer melt.
For R/Rg = 1 and φ = 1.29, the attractive interaction potentials induce
macroscopic phase separation and are not included in the analysis. (b) Perco-
lation probability (P) as a function of particle volume fraction, η, for different
particle-to-polymer size ratios, R/Rg = 2.0, 1.0, 0.5 for polymer melt.

5.3 Structure and Elasticity of Polymer Bridged Gels

In this section, we discuss the results of our Monte Carlo simulations

for the percolation thresholds, the structural features and the elasticity of the

polymer bridging-induced gels and their dependence on the different physical

parameters.

Percolation Thresholds

In Fig. 5.5a, we display the percolation thresholds for different par-

ticle sizes and polymer concentrations (including polymer melt). We observe

that independent of the polymer concentrations, the percolation thresholds de-
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crease substantially with a reduction in the size of the particles. On the other

hand for a fixed particle size, lowering φ is observed to increase the percolation

thresholds for the case of R/Rg = 0.5 while for R/Rg = 1, percolation thresh-

olds initially increases upon lowering φ, and decreases upon further dilution of

the polymers. For R/Rg = 2.0, the percolation thresholds also increase upon

lowering φ, but eventually undergoes macrophase separation for φ = 1.29, and

hence is not included in this analysis.

To understand the above results, in Figs. 5.5b, we display the proba-

bilities of finding a percolated cluster as a function of particle volume fraction

for the case of polymer melt where the particles interact through purely hard

sphere interaction potentials. In such cases, the particle clustering is governed

solely by the polymer-bridging and thereby explicitly illustrates the effect of

particle sizes on the bridging-induced aggregation. For such a situation, the de-

crease in the percolation thresholds can be attributed to the more pronounced

tendency to form interparticle bridges with a decrease in the size of the parti-

cles. Indeed for the hard sphere interaction, at a fixed particle volume fraction

η, the average interparticle distance d/R is identical for all the particle sizes.

However, as seen from Fig. 5.3, for smaller particles, the probability of bridg-

ing Pbr(d/R) is much higher and is non-zero upto larger distances as compared

to that for the larger particles.

To understand the effect of polymer concentration, it is noted from

Fig. 5.4a that with a decrease in the polymer concentrations, the number of

bridges per unit area decreases. However, the two polymer concentrations
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considered in Fig. 5.5a also correspond to qualitatively different interparticle

interactions (cf. Fig 5.2): (i) For the polymer concentration φ = 5.16 the

pair interactions are purely repulsive, with the overall strength of repulsion

increasing with an increase in the size of the particles. (ii) At φ = 1.29 the

interparticle interactions show a non-monotonic behavior with attractions at

large interparticle distances followed by repulsions at smaller distances, with

the strength of the attractions increasing with the size of the particles. For the

case of φ = 5.16, the observations can be rationalized in terms of the combined

effect of the decrease in the number of bridges as well as the influence of the

polymer-induced repulsions which serve to increase the average interparticle

distances relative to the case of polymer melt. Based on the earlier discussion

the dependence of these features upon the size of the particles, it is also in-

tuitive that the percolation thresholds are higher for the larger particles. At

polymer concentration φ = 1.29, for R/Rg = 0.5, the probability of finding

particles at closer distances increases due to the polymer-mediated attractive

interactions. For R/Rg = 0.5 the induced interparticle attractions are weak

and the resulting decrease in the interparticle distances is not sufficient to

overcome the lower probability of formation of polymer bridges (at an inter-

particle distance), whence an increase in the percolation threshold is observed.

In contrast, for larger particles, the interparticle attractions are much stronger

and compensate the decrease in bridging probabilities resulting in an apparent

decrease of the percolation threshold with polymer concentration.

The above results correspond to fixed adsorption strength and surface
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Figure 5.6: (a) Percolation volume fraction ηc as a function of surface sat-
uration concentration, φm, for particle-to-polymer size ratios, R/Rg = 1.0,
φ = 1.29 and λ = 10. (b) Percolation volume fraction ηc as a function
of adsorption strength, λ, for particle-to-polymer size ratios, R/Rg = 1.0,
φ = 1.29 and φm = 12.

saturation capacity. In Fig. 5.6a and b, the influence of φm and λ on per-

colation thresholds is analyzed. The percolation thresholds are observed to

decrease with an increase in the surface saturation concentrations. This trend

can be easily understood from the effect of φm on the bridging statistics (cf.

Fig. 5.4) and interparticle interactions (cf. Fig. 5.2). An increase in the surface

saturation results in an increase in the probability of interparticle bridging at

a given interparticle distance and also makes the interparticle interactions at-

tractive. The combined effect of these features manifest in the lowered values

of percolation thresholds.

As seen from Fig 5.6b, change in λ results in non-trivial effects on

percolation thresholds. With an increase in λ, the percolation thresholds are
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observed to first decrease followed by an increase at higher λ. This can be un-

derstood from the effect of λ on interparticle interactions and on the bridging

probability. Increase in λ (at fixed polymer concentration, φ and surface satu-

ration φm) induces and strengthens interparticle repulsions (cf. Fig. 5.2), thus

increasing the interparticle separations, however, it also results in an increase

in the probability of bridging at a fixed interparticle distance. For smaller

values of λ, the probability of bridging at a fixed interparticle distance is small

leading to higher percolation thresholds. With an increase in λ, the enhance-

ment in the probability of bridging counterbalances the increase in the inter-

particle distances arising due to repulsive interparticle interactions, and the

percolation thresholds are observed to decrease. However, a further increase in

the adsorption strength increases the interparticle distance further, without an

appreciable enhancement in the bridging probability (at a fixed interparticle

distance) thus leading to a higher percolation threshold. For large values of λ,

the particle surface becomes saturated, beyond which the adsorption strength

does not have any significant effect on both the interparticle interactions as

well as the bridging probabilities and the percolation thresholds remain fairly

unchanged with further increase in λ.

We note that the percolation thresholds for the formation of polymer-

bridged gels are in general very low (ηc < 0.1). These values of ηc are substan-

tially different than that suggested for the case of attractive gels observed in

mixtures of non-adsorbing polymer-particle mixtures. In such cases, introduc-

tion of short range attraction due to polymer depletion mechanism results in
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an arrested state termed as ‘attractive glass’ and the fluid to solid transition is

predicted to depend on both the strength of attraction and the volume fraction

of particles. For purely repulsive interactions between the particles, the tran-

sition volume fractions correspond to hard sphere glass transition ηc ≈ 0.58

whereas for the weakly attractive interactions (U ≈ 0− 1.3) considered in this

study, the predicted transition volume fractions (cf. Eq. 1 in Ref. [134]) for

such depletion induced gelation are much higher ηc ≥ 0.3.

Fractal Dimensions

Fractal analysis of network structure near gelation provides an useful

tool to understand the morphology of network structures, and establishes an

experimental signature to distinguish between different kinds of gels. For the

different parameters considered in this chapter, we observed that close to the

percolation transition P ≈ 0.5, the size of the clusters (defined as the num-

ber of particles in a cluster) followed a power law dependence with the radius

of gyration of the clusters (obtained using Eq. 5.4). We also observed that

such power law dependencies were absent for particle volume fractions much

lower/higher than the percolation volume fractions. In Fig. 5.7a we display

the size of the clusters n as a function of radius of gyration of the clusters Rgc

for the case of polymer melt and for different particle size ratios at percolation

transition. With increase in the size of the particles, we observe that for a

fixed size of the clusters, the radius of gyration of the clusters decreases. The

latter behavior arises due to higher percolation volume fractions for larger par-
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Figure 5.7: (a) Size of the clusters n as a function of radius of gyration of clus-
ters Rgc, for particle-to-polymer size ratios, R/Rg = 2.0, 1.0, 0.5 for polymer
melt. The volume fractions η correspond to percolation thresholds. (b) Fractal
dimension as a function of particle volume fraction expressed as (η − ηc)/ηc,
for particle-to-polymer size ratios, R/Rg = 2.0, 1.0, 0.5 for various parametric
conditions. (c) The cluster size distribution scaling exponent α [m(n) ∝ n−α],
as a function of particle volume fraction expressed as (η− ηc)/ηc, for particle-
to-polymer size ratios, R/Rg = 2.0, 1.0, 0.5 for various parametric conditions.
The legend of the symbols is same as in Fig. 5.7b.
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Figure 5.7: (a) Size of the clusters n as a function of radius of gyration of clus-
ters Rgc, for particle-to-polymer size ratios, R/Rg = 2.0, 1.0, 0.5 for polymer
melt. The volume fractions η correspond to percolation thresholds. (b) Fractal
dimension as a function of particle volume fraction expressed as (η − ηc)/ηc,
for particle-to-polymer size ratios, R/Rg = 2.0, 1.0, 0.5 for various parametric
conditions. (c) The cluster size distribution scaling exponent α [m(n) ∝ n−α],
as a function of particle volume fraction expressed as (η− ηc)/ηc, for particle-
to-polymer size ratios, R/Rg = 2.0, 1.0, 0.5 for various parametric conditions.
The legend of the symbols is same as in Fig. 5.7b.
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ticles as compared to the smaller particles. More interestingly, we note that

the power law exponents shown in Fig. 5.7a which correspond to the fractal

dimensions are insensitive to the size of the particles. To probe this effect

further, in Figure 5.7b we present the fractal dimensions (eq. (5.5)) as a func-

tion of particle volume fractions expressed as (η− ηc)/ηc for different physical

parameters. We observe that close to the percolation transition, the fractal

dimensions show a nearly constant value of ≈ 2.2 to 2.4 for the entire range

of parameters studied in this chapter. A remarkable feature of this behav-

ior is that the fractal dimension is independent of the nature of interparticle

interactions, the size of particles, polymer concentration, surface saturation

and the adsorption strength, suggesting that the process of bridging induced

aggregation of spherical particles does follow a universal trend. A similar uni-

versality is also observed in the cluster size distribution, where the exponent

α in the scaling of the number of clusters of size n,m(n) ∝ n−α is displayed

in Fig. 5.7c. As evident, at the onset of percolation, again the value of α is

approximately 2.0 ∼ 2.2 and is universal for the various system parameters.

Similar universalities in fractal dimensions and cluster size distributions

have been predicted for attractive colloidal gels and fractal structure resulting

in other situations. For particle aggregation induced by short range depletion

attractions, Brownian dynamics simulations by Ball et. al. [144] predict the

cluster size distribution to follow a power law with an exponent α ∼ 2.05. The

corresponding fractal dimensions were reported to be close to 2.5. It should be

noted that the values of α and df for both the bridging induced gelation and

161



C
oo

rd
in

at
io

n 
nu

m
be

r, 
z

Particle volume fraction, η

0.1

1

10

100

0.001 0.01 0.1 1

R/Rg = 0.5,      1.29
R/Rg = 0.5,      5.16
R/Rg = 0.5, melt
R/Rg = 1.0,      1.29
R/Rg = 1.0,      5.16
R/Rg = 1.0,melt
R/Rg = 2.0,      5.16
R/Rg = 2.0, melt

Φ =
Φ =

Φ =
Φ =

Φ =

FIG. 7:

34

Figure 5.8: Mean coordination number (z), as a function of particle volume
fraction, η, for particle-to-polymer size ratios, R/Rg = 2.0, 1.0, 0.5 for bulk
polymer concentration φ = 1.29, 5.16 and for polymer melt. The error bars
are smaller than the sizes of the symbols.

depletion induced flocculation are close to that predicted for the case of random

percolation. The cluster distribution statistics and the fractal dimensions can

be estimated from the static and dynamic light scattering measurements using

the dependence of scattering intensity on the cluster size n and scattering

vector q. At high scattering vector qRg(n), the scattering intensity follows

a power law dependence I(q) ∼ q−df and thus can be used to resolve the

structure of fractal aggregates [145]. In this respect, experimental studies

can provide a critical test for the universality of the scaling exponents and

may prove useful in determining the similarity/differences in the aggregation

behavior for the bridging induced gels and depletion induced flocculation.

The degree of connectedness between the particles (quantified by the
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coordination number, z, eq. (5.3)) characterizes the topological structure of the

gel phase and can prove useful in understanding the dynamical phenomena

in the polymer-nanoparticle gels. In Fig. 5.8, we display z as a function of

particle volume fraction for different particle sizes and polymer concentrations.

We observe that for a fixed particle volume fraction, the mean coordination

numbers become larger with either a decrease in the particle size and/or with

an increase in the polymer concentrations. This trend can be understood in

terms of the enhancements in the average number of bridges at an interparticle

distance with a decrease in the size of the particle and/or with an increase in

the polymer concentrations (cf. Figs. 5.3b and 5.4b). However, the interplay

between interparticle attractions and bridging probabilities discussed earlier

for R/Rg = 1.0 at φ = 1.29 is also evident in the coordination numbers

of the gels. For such cases, the strong attractive interactions result in closer

interparticle separations, leading to higher coordination numbers than that for

the case of φ = 5.16. Broadly, the above behavior suggests a structure which

involves highly interconnected gels for smaller particles and loosely connected

clusters for larger particles, though polymer concentration can have a non-

trivial influence on the particle connectivity.

Elastic Modulus

We use the number distribution of bridges obtained from our simula-

tions to quantify the elastic properties of polymer-nanoparticle mixtures in

the post-gel regime. Similar to classical network theories, it is assumed that
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Figure 5.9: Schematic for backbone of a percolated network. The dashed lines
and dotted lines indicate dangling end and loop respectively. The solid lines
indicate the backbone of the percolated network. The ‘sol’ fraction is indicated
by hashed spheres.

the only contribution to the elastic response of the system comes from the

backbone of the percolated network and that the “sol” fraction and the dan-

gling ends of the network do not impart any elasticity to the system. We

define the backbone of percolated network as the percolated cluster exclud-

ing the dangling tails and dangling loops (see Fig. 5.9) and is identified as

the largest biconnected component of a percolated cluster [146]. Since for the

present case of bridging-induced percolation, the interparticle bridges serve as

the stress bearing bonds between the particles, the enhancement in the elastic

modulus arising from polymer bridging is assumed to be proportional to the

number of such bridges at a given volume fraction of particles and calculate

the elastic modulus βG
′
as,

D3 βG
′ ≈ 4πη

Nperc

N
R3

g 〈Mbr〉 (5.6)
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where D = 2R represents the diameter of particle, and 〈Mbr〉 is the average

number of bridges per particle in a percolated cluster and is extracted from the

Monte Carlo simulations. The factor Nperc/N gives the fraction of the particles

that belong to the backbone of the percolated clusters and hence contribute

to the elastic modulus. This formulation ensures that the polymer bridges

that belong to the percolated cluster only participate in the elastic response of

the system and correctly yields a zero enhancement in the elastic modulus for

non-percolated systems. The above approach is analogous to affine network

model for unentangled polymer gels [147] where the entanglements between the

bridging polymer chains are ignored. For the low volume fractions of particles

considered in this study, the fraction of polymer chains in the bridge-like con-

figurations is small relative to the free chains and thus interbridge/interloop

entanglements are expected to lead to a negligible contribution to elasticity.

Figures 5.10a and b display the elastic moduli values for gels as a func-

tion of particle volume fractions for different particle sizes and polymer con-

centrations. An increase in the particle volume fractions is observed to result

in a monotonic enhancement in the values of G′. The latter is expected since

increasing the volume fractions decreases the average interparticle distances

and enhances the formation of interparticle bridges. More interestingly, a

significant increase in the G
′
(at a given η) is observed as the particle size de-

creases from R/Rg > 1.0 to R/Rg < 1.0. Finally, increase in the bulk polymer

concentration is also observed to increase the magnitude of the G
′
. This trend

in the βG
′
can be understood from the increase in the surface area resulting

165



E
la

st
ic

 m
od

ul
us

, G

Particle volume fraction, η

0

300

600

900

0 0.04 0.08 0.12 0.16

R/Rg = 0.5
R/Rg = 1.0
R/Rg = 2.0

(a)

E
la

st
ic

 m
od

ul
us

, G

Particle volume fraction, η

0

200

400

600

800

0 0.04 0.08 0.12 0.16

polymer melt
f = 5.16
f = 1.29

(b)

FIG. 9:

35

Figure 5.10: (a) Elastic modulus (G′), as a function of particle volume fraction,
η, for particle-to-polymer size ratios, R/Rg = 2.0, 1.0, 0.5 for polymer melt. (b)
Same as (a) for particle size R/Rg = 1.0 and for polymer concentrations as
indicated. The error bars are smaller than the sizes of the symbols.

at a given η with a decrease in the size of the particles. Increase in the surface

area increases the number of interparticle bridges leading to the reinforcement

displayed in the G
′
.

Many theoretical as well as experimental studies have suggested that

the formation of gel-like structures leads to a power law dependence of the

elastic moduli on the particle volume fraction. In Fig. 5.11a, we display the

elastic moduli scaled by a constant factor, as a function of particle volume

fraction, expressed as η − ηc. As observed from the figure, the elastic moduli

follows a universal power law scaling G ∝ (η − ηc)
νη with νη ≈ 1.79.

The above universal behavior of the elastic moduli exponent is an im-

portant outcome of this analysis. The value of this exponent is in good agree-
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Figure 5.10: (a) Elastic modulus (G′), as a function of particle volume fraction,
η, for particle-to-polymer size ratios, R/Rg = 2.0, 1.0, 0.5 for polymer melt. (b)
Same as (a) for particle size R/Rg = 1.0 and for polymer concentrations as
indicated. The error bars are smaller than the sizes of the symbols.
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Figure 5.11: (a) Master curve for scaled elastic modulus (G′) obtained from
simulations, as a function of particle volume fraction, η − ηc. The legend
of the symbols is same as in Fig. 5.7a. (b) Scaled elastic modulus (G′) for
experimental polymer-particle systems. The sources of experimental data are
listed in Ref. [33, 132, 133, 148–155]

ment with the theoretical predictions for the case of polymer gel while the

fractal dimensions observed in this work are also quite close to that obtained

for incipient gel for a polymer (df = 2.5). Thus the simulations predict that

while the percolation thresholds for polymer-bridged gels strongly depend on

the physical parameters and are governed by subtle interplay between inter-

particle interactions and polymer bridging, the overall structural features of the

gels resemble that of the entropic gels where the dominating contribution to the

elasticity of systems comes from the stretching entropy. This differs from the

energetic gels observed for the case of short range depletion attractions where

the strong attractions between the particles contribute to energetic bending

elasticity. In such cases, the addition of energetic contribution to elasticity re-
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experimental polymer-particle systems. The sources of experimental data are
listed in Ref. [33, 132, 133, 148–155]
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ment with the theoretical predictions for the case of polymer gel while the

fractal dimensions observed in this work are also quite close to that obtained

for incipient gel for a polymer (df = 2.5). Thus the simulations predict that

while the percolation thresholds for polymer-bridged gels strongly depend on

the physical parameters and are governed by subtle interplay between inter-

particle interactions and polymer bridging, the overall structural features of the

gels resemble that of the entropic gels where the dominating contribution to the

elasticity of systems comes from the stretching entropy. This differs from the

energetic gels observed for the case of short range depletion attractions where

the strong attractions between the particles contribute to energetic bending

elasticity. In such cases, the addition of energetic contribution to elasticity re-

sults in much higher elastic exponents, ranging from νη ≈ 2.1 to 3.8 depending

on the relative influence of stretching entropy and bending energy [156, 157].

The existence of such different scaling exponents provides an approach whereby

by examining the volume fraction dependence of elastic moduli, the mechanism

of gelation in experimental situations can be distinguished.

5.4 Summary of Results and Relation to Experiments

To summarize, both the polymer-particle size asymmetry and the con-

centration of the polymer and particle components were observed to have

non-trivial effects on the formation, structure and elastic properties of the

polymer-particle mixtures. With a decrease in the size of the particles, a sig-

nificant enhancement in the number of bridges per unit area is predicted. Also
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for smaller particles, the range of bridging relative to the particle size is much

larger than that for the larger particles. These effects result in a substantial

decrease in the percolation volume fractions and an early onset of solid-like

behavior for such mixtures. Specifically, for the case of semi-dilute solutions

and polymer melts, the polymer induced bridging results in a formation of

space spanning particle clusters at particle volume fractions as low as 0.5 to 2

%. These predictions are consistent with the experimental values reported for

PEO-silica system where in the nanoparticle regime, the percolation thresholds

are found to be less than 1-2 % [25]. Also, the smaller particles were found to

form highly interconnected gels where as for larger particles the gel structure

is much more loosely connected. The latter observation can rationalize the

observed enhancement in the elastic moduli and the increased viscosities for

silica suspensions in PAAm solutions reported in good solvent with a decrease

in the size of the particles [31]. However, it is noted that the authors report a

size independent critical floc concentration of 30% which differs substantially

from the predictions of this study.

Our results also characterize the effect of the surface properties of the

particles. With a decrease in the surface saturation concentration, we predict

a decrease in the formation of interparticle bridges, a decrease in the parti-

cle clustering and a concomitant increase in the percolation thresholds. Our

results provide a quantitative justification for the qualitative model proposed

by Macosko et. al. to rationalize the differences in rheological responses of

bare and surface modified silica [32]. A similar behavior was also reported by
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Zhang and Archer where no formation of filler structure was observed for the

surface modified silica and the weak polymer-particle interactions were found

to exhibit almost no enhancement in the viscoelastic properties [25].

Finally, we compare our results for the elastic moduli with the experi-

mental plateau moduli data for polymer-particle systems which are speculated

to form networks via polymer bridging. We note that our study treats the

polymeric bridges to be completely reversible and does not account for the

non-equilibrium effects that may be important in the experimental situations.

Hence, we expect our analysis to be more representative of weak adsorption

where the affinity between the particle surface and polymer segments is low to

moderate. For such equilibrium bridging induced networks, our results suggest

fractal structures with a nearly constant fractal dimension of df = 2.2 and pre-

dict a universal elasticity exponent of ≈ 1.79. In Fig. 5.11b, we display master

curves for elastic moduli as a function of the volume fraction, constructed for

experimental data reported for a variety of colloidal suspensions in polymer

solutions [32, 133, 148–152]. The data correspond to polymer induced aggre-

gation for spherical particles of various sizes and under different conditions

of polymer concentration, polymer MWs, surface chemistry and adsorption

strengths. Each set of data is scaled on the elastic moduli axis by a single

parameter such that different sets of data can be displayed on a single plot.

For the cases where the percolation thresholds were not explicitly reported in

the experimental studies, the percolation thresholds are approximated such

that G
′
vs. η − ηc follows a power law and the ηc values thus obtained were
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found to be within 10% of that suggested by the experiments. It is observed

that these experimental data indeed follow power law scalings as shown by

the slopes of the curves. More importantly, the data for experimental systems

where formation of polymer bridging induced gels is speculated yield a critical

exponent of νη ≈ 1.88. On the other hand, the experimental systems with

depletion induced energetic interactions [132, 153–155] display significantly

higher elastic exponents. There is a striking similarity between the upper ex-

perimental master curve and the one obtained from the simulations, both of

which yield a critical exponent of ∼ 1.79 to 1.88. This agreement suggests

that indeed a part of experimental observations on gelation and elasticity can

be rationalized through a particle network formed through polymer bridges.

5.5 Conclusions

In this chapter, the structural characteristics of polymer induced gela-

tion in mixture of nanoparticles are investigated. The model system considered

here is comprised of spherical particles immersed in semi-dilute solutions of

adsorbing polymer. Using the polymer mean field theory, the structural con-

formations of the polymer at the surface of the particles are examined. This

analysis highlights key differences in the bridging characteristics and their in-

fluence on the cluster statistics and the percolation thresholds ηc for polymer-

particle mixtures, as the size of the particles is changed. The agreement be-

tween the experimental observations and simulation predictions suggests that

the similarity between the bridging induced gelation and the classical elastic
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percolation can provide useful insights into the mechanism of gelation in the

polymer-nanoparticle mixtures. It is to be noted that the present study con-

siders “equilibrium gelation” in polymer-particle mixtures where the polymer

induced bridging is assumed to be completely reversible. Thus, the time scales

governing the formation and stability of such polymer bridged networks viz.,

the life-time of polymer bridges and the time scale for the diffusive encounters

between the particles are not accounted.
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Chapter 6

Nanorods in Polymeric Solutions

So far, the work presented in this dissertation primarily focused on

the polymer-particle systems characterized by isotropy in the shape of par-

ticles. However, a number of technologically important applications consist

of anisotropic particles such as clay particles, carbon nanotubes, nanofibers

etc. In the case of dispersions of such anisotropic particles the aspect ratio

becomes an important consideration in determining the phase behavior. Early

theoretical works of Onsager [158] and Flory [159, 160] clarified the concentra-

tion driven isotropic-nematic transition in thermotropic hard rod dispersions.

Onsager’s theory [158] truncates a virial expansion for the free energy at the

second virial level and finds the equilibrium state of the system by a functional

minimization of free energy with respect to angular distribution of rods. In

contrast, Flory theory [159, 160] derives the equilibrium distribution of rods

such that the combinatorial partition function (equivalent to the entropy of

the orientational distribution) of the rods is maximized. The predictions of

these theories have been found in approximate agreement with experiments

on synthetic as well as naturally occurring rodlike polymers [161–164]. Most

developments which have followed later have incorporated additional interac-

tions into the original Onsager’s and Flory’s theories to predict the occurrence
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of other orientationally and/or translationally ordered phases [165–168].

Despite the above theoretical progress, the effects of an added polymer

on the interactions between anisotropic particles and their resultant phase be-

haviors are comparatively unexplored. The case of polymer-induced depletion

attractions and their effect on the stability of dispersions of rodlike parti-

cles have recently been studied by using a second virial approximation [169],

scaled particle theories [167] and Monte Carlo simulations [170] etc. However,

recent surge in the applications for anisotropic particles such as carbon nan-

otubes, nanofibers, clay particles etc. has drawn much attention to the role

of an added, adsorbing polymer in controlling the stability of dispersions of

anisotropic particles [171]. Generally, many such systems are characterized

by strong van der Waals attractions between the pristine nanofillers which

lead to the formation of aggregates and bundles of the filler particles [172–

174]. The latter diminishes the dimensional advantage of nanosized fillers,

and currently proves to be a big hurdle in realizing the predicted theoretical

limits for property enhancements in many cases. To counter this, a variety of

different approaches such as surfactant adsorption [172, 175], covalent modifi-

cation [176–178], block copolymer grafting [179, 180] etc. have been developed

to induce short range repulsions between the filler particles so as to prevent

their aggregation. An equally attractive strategy that has emerged in this con-

text is the addition of non-specific, albeit adsorbing, polymers to facilitate the

isolation and dispersion of the individual filler particles [172]. In such cases,

the induced repulsions due to polymer adsorption are speculated to prevent ag-
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gregation arising from the strong short range van der Waals attractions [180].

Instances of this strategy have been reported in experiments where the ad-

dition of adsorbing polymers such as PMMA, PVP, DNA etc. facilitates a

dispersion of carbon nanotubes [172, 181–184]. However, only limited theo-

retical work exists on the phase behavior of rodlike particles in presence of

adsorbing polymers and the effects of polymer-rod preferential interactions on

these characteristics.

In many of above applications, beyond achieving a stable dispersion,

obtaining a stable ‘percolated’ network of the fillers proves equally impor-

tant [173, 174, 185, 186]. For instance, dispersing anisotropic filler particles in

a polymeric matrix transforms the linear viscoelastic properties of composites

from liquid-like characteristics to a solid-like behavior at very low filler load-

ings [187]. These changes in the rheological properties have been attributed to

formation of percolated filler networks in the polymeric matrix. Similar effects

have been observed in the context of electrical conductivity of polymer-CNT

composites, where beyond a threshold volume fraction of fillers the electrical

conductivity of the composites increases by several orders of magnitude [188].

This abrupt change in the conductivity is again attributed to formation of per-

colated structures of filler particles. Finally, recent experiments by Kashiwagi

et al. [189] have demonstrated a close relationship between fire retarding prop-

erties of nanocomposites and the formation of percolated structures of filler

particles. There has again been only limited theoretical work [190] character-

izing the role and impact of polymer matrix upon the percolation thresholds.
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In this chapter, we present results on the effects of polymer-particle

interactions, the concentration of polymer, the radius of rods and the aspect

ratio of rods on the adsorption characteristics, the phase behavior and perco-

lation thresholds for nanorods dispersed in polymer solutions. As model for

the pristine system, we consider both the cases of simple hard rods as well

as rods characterized by strong van der Waals interactions (the latter serving

as a model for nanotubes) and limit ourselves to the isotropic-nematic tran-

sition in such systems. We use the framework of self consistent field theory

for polymers to derive the pair interaction potentials between flat surfaces in

polymer solutions [118]. These are then used in a modified Derjaguin approx-

imation [191, 192] to deduce the interactions between cylindrical rods. This

approximation does introduce some inaccuracies when the size of the rods in

smaller than the range of the interactions, however, the qualitative results

obtained within this framework are expected to be accurate. We then fol-

low an approach similar to that proposed by Flory [165, 166] to predict the

isotropic-nematic transition for the rodlike particles, now interacting through

these “polymer mediated effective interaction potentials.” At finite volume

fractions of rods, the multibody effects can result in considerable change in

the overall concentration of polymer and can be accounted through a method

discussed in the Section 4.4. However, for dilute particle concentrations, such

effects are expected to be small and we examine the phase behavior based on

pair interactions potentials computed at the infinite dilution of rods. Further,

we use a simple analytical approach to also predict the percolation thresholds

176



for the rods in the presence of such polymer-induced interactions.

Our results predict that the addition of moderately and strongly ad-

sorbing polymers can result in a stabilization of the dispersions of both hard

rods and rods interacting by van der Waals interactions. In this context, an

increase in either the polymer concentration and/or the strength of adsorption

is shown to favor the formation of stable isotropic phases. Similar conditions

are also shown to favor the formation of stable percolated structures. In con-

trast, at lower adsorption strengths and/or lower polymer concentrations, the

percolation transitions are observed to occur within phase separated region.

The topology of phase diagrams and the location of percolation lines are also

shown to be strongly dependent on the radius of the rods (relative to the

polymer size) and the aspect ratio of rods.

The rest of the chapter is arranged as follows: Section 6.1 provides

details of the approach used to derive the polymer mediated effective inter-

actions between rodlike particles, and the corresponding extension of Flory

theory for isotropic-nematic transition to incorporate such interactions. We

also explain the idea behind the model used to study percolation transitions

in a system of interacting rodlike particles. In section 6.2, we discuss the ad-

sorption characteristics of polymers on rodlike particles. Section 6.3 presents

the phase diagrams for the mixtures of polymer and nanorods with emphasis

on the roles of polymer-particle interaction strength, polymer concentrations,

the radius of rods and aspect ratio of rods. We also present our results on the

influence of van der Waals interactions on the stability of rods in presence of
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adsorbing polymer. In section 6.4, we analyze the effect of above parameters

on the percolation transition of rods. In section 6.5, we discuss our results in

the context of the experimental observations for nanorod-polymer mixtures.

We conclude with a brief summary and outlook in section 6.6.

6.1 Modeling Framework

6.1.1 Pair Interactions for Rodlike Particles

We first outline the approach followed to obtain the polymer-mediated

pair interaction potentials between nanorods dispersed in polymer solutions.

The framework consists of three steps: (i) Use of self consistent field theory to

derive the polymer-mediated pair interaction potentials between flat surfaces;

(ii) Use of Derjaguin approximation to obtain the interactions between par-

allelly oriented rodlike particles; (iii) A geometrical approximation to obtain

the orientational dependence of the interactions.

To effect (i) above, the mean field theoretic approach detailed in chap-

ter 2 is implemented for a system consisting of flat surfaces immersed in a

polymer solution. The polymer is modeled as Gaussian chains with the solvent-

mediated excluded volume interactions between the monomers accounted in

terms of an excluded volume parameter denoted as v. The specific interac-

tions between the polymer segments and the surface of particles are expressed

in terms of inverse adsorption length λ
′
, which can be mapped onto a square

well interaction potential between the polymer and the particle as discussed

in Chapter 4. Most nanofillers are also typically characterized by a finite ad-
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Figure 6.1: Geometry for Derjaguin integration for parallelly oriented cylin-
ders.

sorption capacity which is accounted in our model as an additional entropic

cost manifesting when the concentration of adsorbed polymer at the surface

approaches a specified surface saturation concentration denoted as φm [193].

The McMillan-Mayer framework [92] is used to map the two component

system of polymers and particles onto a one component system by integrating

out the polymer degrees of freedom. As detailed in Chapter 2, this approach

allows us to deduce the polymer mediated effective interactions between the

flat surfaces in terms of the grand-canonical partition functions of the poly-

mer component with appropriate boundary conditions [51, 193]. The latter

are computed by implementing polymer-self consistent field theory in a 1-D

Cartesian coordinate system.

To effect (ii), the above-derived ‘effective’ interaction potentials are

used within a Derjaguin approximation to evaluate the interaction potential

179



γ

l
dmin

y = 0

y = L
y

h(y)

Figure 6.2: Geometrical construction for Derjaguin approximation for rods
oriented at an angle γ to each other.

between two rods in parallel configuration. Consider two parallelly oriented

cylindrical rods with radius R and length l at a distance h apart as shown

in Fig. 6.1. The interaction potential between differential surface element

dA(= dx dy) on the first surface and a similar differential element on the

second cylinder surface can be written as Efp(z) dx dy, where z ≈ h + x2/R

and Efp(z) denotes the effective interaction between two flat surfaces at a

distance z apart. The total interaction energy can then be expressed as,

E||(h) = l
√

R

∫ h+2R

h

Efp(z)√
z − h

dz. (6.1)

To identify the orientation dependence of the interaction potentials

(step (iii)), a geometrical construct shown schematically in Fig. 6.2 is used.

One of the rods is assumed to be fixed at the origin along the y axis and the
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other rod inclined at an angle γ with respect to the first rod is represented as

a series of subsegments each parallel to the axis of the first rod and arranged

along the orientation angle γ. The local inter-rod distance h(y, γ) can be

expressed in terms of the minimum distance between the rods dmin as,

h(y, γ) = dmin + y tan γ. (6.2)

The orientation dependent interaction Eorient(L, dmin, γ) is then approximated

as a sum of the interactions of all parallel subsegments as,

Eorient(L, dmin, γ) =
L∑

y=0

E||[h(y, γ)]. (6.3)

Averaging over all translational configurations yields the average orientation

dependent interaction potential between two rods of length L as,

Ēorient(L, dmin, γ) = 1/2L

∫ L

−L

Eorient(L
′(y′), d′min(y

′), γ) dy′, (6.4)

where L′(y′) is the length of overlap between two rods when one of the rods is

displaced by a distance y′ along the y axis and is given by L− |y′|, while the

minimum distance between the rods d′min(y
′) can be obtained as,

d′min(y
′) =

{
dmin if y′ ≤ 0;
dmin + y′ tan γ if y′ > 0.

The orientation dependent second virial coefficient B2(γ) is then obtained

as [92],

B2(γ) =

∫ ∞

2R

(exp−Ēorient(L,dmin,γ)−1) r2dr; r = 2R + dmin. (6.5)
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6.1.2 Phase Behavior: Flory Theory for Anisotropic Interactions

We extend the Flory theory for isotropic-nematic phase transition [160]

to include the above derived polymer mediated effective interactions. For

this, we first expand the orientation dependent second virial coefficient B2(γ)

(Eq. 6.5) in terms of Legendre polynomials,

B2(γ) =
∑
n≥0

C2nP2n(cos γ) (6.6)

where P2n denotes the Legendre polynomial of order 2n. Note that by the

symmetry considerations only the even coefficients C2n are non-zero. The

angle γ between the cylindrical axes of two rods is related to the respective

angles θ1 and θ2 between these axes and the space fixed axis, and the respective

azimuthal angles φ1 and φ2 as,

cos γ = sin θ1 sin θ2 cos(φ1 − φ2) + cos θ1 cos θ2. (6.7)

Fixing the orientation of rod 1 and averaging over the orientation of rod 2

enables one to write,

〈P2n(cos γ)〉 = P2n(cos θ1)〈P2n(cos θ)〉 (6.8)

where 〈. . . 〉 denotes the average over the distribution of orientations. The

subscript 2 is dropped on the assumption that the orientations θ1 and θ2 are

uncorrelated. Substituting Eq. 6.8 in Eq. 6.6, the orientation-dependent poly-

mer induced interaction that a rod segment (oriented at an angle θ1 with the

fixed axis) experiences can be written as,

ε(θ1) =
∑
n≥0

C2nP2n(cos θ1)〈P2n(cos θ)〉 (6.9)
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The subscript 1 can be omitted if the ε(θ1) is interpreted as the mean polymer-

induced interaction for a rod segment. The total orientation dependent con-

tribution to the free energy for the system is then obtained by summing over

all anxvx/2 pairs of rod segments as,

Horient(θ) = −anxvx

2

∑
n≥0

C2nP2n(cos θ)〈P2n(cos θ)〉 (6.10)

where a is the aspect ratio of the rods, defined as a = L/2R, vx is the vol-

ume fraction of rods defined as, anx/(anx + n1) where n1 and nx represent

the number of solvent and solute (rod) molecules respectively. The total free

energy of the system can then be expressed as,

H = n1v1 + nx log(
vx

a
)− (n1 + ȳnx) log[1− vx(1−

ȳ

a
)]− nx(ȳ − 1)

−
∑

θ

nxθ log(
nx

nxθ

sin θ) +
∑

θ

Horient(θ), (6.11)

where nxθ represents the number of rods that assume orientation θ with re-

spect to the preferred axis of orientation. The first four terms in Eq. 6.11

correspond to the entropic contributions arising from hard rod excluded vol-

ume interactions whereas the fifth and sixth terms represent the orientational

entropic contribution. These terms are identical to that in the original Flory

theory for hard rods [159, 160]. The last term in the Eq. 6.11 corresponds to

the effective inter-rod interactions arising from the presence of and interactions

with the polymer. The equilibrium orientation distribution function, nxθ/nx

which minimizes the above free energy can be obtained as,

nxθ

nx

= f−1
1 sin θ exp[−α sin θ −Horient(θ)], (6.12)
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where

f1 =

∫ π/2

0

sin θ exp[−α sin θ −Horient(θ)]dθ, (6.13)

and

α = − 4

π
a log[1− vx(1− ȳ/a)], (6.14)

with ȳ representing physically the equilibrium disorder in the distribution of

rods with respect to the preferred axis of orientation:

ȳ =

∫ π/2

0

(
4

π
a sin θ )

nxθ

nx

dθ. (6.15)

The averages 〈P2n(cos θ)〉 can then be expressed in terms of the above distri-

bution function as,

〈P2n(cos θ)〉 = f−1
1

∫ π/2

0

P2n(cos θ) sin θ exp[−α sin θ −Horient(θ)]dθ. (6.16)

To determine the phase behavior of the system, the chemical potentials

of the rods (denoted as µxan)and solvent (denoted as µ1an) components are

required. For the anisotropic phase, these are obtained from Eq. 6.11 as,

µxan =
∂H

∂nx

= log(vx/af1) + vx(ȳ − 1) + av2
x/2

∑
n≥0

C2n〈P2n(cos θ)〉2, (6.17a)

and

µ1an =
∂H

∂n1

= log(v1)− log[1−vx(1−
ȳ

a
)]+v2

x/2
∑
n≥0

C2n〈P2n(cos θ)〉2. (6.17b)

For the isotropic phase, f1 = 1.0, ȳ = a and P2n = 0 for n ≥ 1 and the

chemical potentials can be identified as,

µxi = log(vxi/a) + vxi(a− 1) + avx
2
i C0/2 , (6.18a)
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and

µ1i = log(v1i) + vx
2
i C0/2 . (6.18b)

The volume fractions in the coexisting phases are then obtained by equating

chemical potentials for individual components (solvent and rod) in the different

phases and by a numerical solution of the resulting equations. It should be

noted that a semigrand canonical formalism (canonical for the particles and

grand canonical for the polymer) [35] is implemented to compute the pair

potentials within the McMillan Mayer framework. Thus, equilibrium of the

polymer component between the different phases is automatically ensured by

using the pair potentials computed at a fixed activity coefficient of polymer.

Characterization of the anisotropic phase in terms of the equilibrium disorder

parameter ȳ requires the simultaneous solution of Eqs. 6.13, 6.15 and 6.16 for

a fixed volume fraction of rods, which is then utilized to determine the phase

coexistence from Eqs. 6.17 and 6.18. To effect the solution of above equations,

the expansion of second virial coefficient B2(γ) (cf. Eq. 6.6) is truncated at

n = 10 which was found to lead to an excellent convergence of the volume

fractions of rods in coexisting phases (for hard rods, n = 3 was found to be

sufficient for accurate results [194]).

6.1.3 Percolation Thresholds

To analyze the onset of percolation of the rods, a simple connectivity

criterion is used. A ‘phantom’ shell of thickness δ is constructed around the

impenetrable rod [195] and the connectivity between the rods is defined in
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terms of the overlap probabilities of shells of thickness δ for different rods [196].

Physically, the shell thickness δ can be envisioned as the range over which an

external perturbation (such as stress, electron transport) gets transferred from

a particle to another. In many previous instances [196, 197], a ‘permeable’

particle model has been used to delineate percolation thresholds. However, for

rodlike particles such as carbon nanotubes and nanofibers, the particles are

expected to have a hard core and hence the ‘core-shell’ model of connectivity is

expected to be more appropriate than the permeable rod models of percolation.

Moreover, such an approach also corresponds to the methodology typically

used in the computer simulations to deduce connectivity percolation [198, 199].

Warren [169] has derived an analytical expression for overlap volume

vov between shells enclosing long rodlike particles. Using his result (cf. Eq.

A1, Appendix in Ref. [169]), the probability of intersection between two rods

is expressed as,

P̄ ∝ Vov/V ≈ 2L2 sin γ

V

∫ 2(R+δ)

2R

f(z)

sin γ
g(z)dz; (6.19)

where V denotes the volume of the system and f(z)/ sin γ represents the over-

lap shell volume for two infinitely long cylinders oriented at angle γ with each

other and a distance z apart. The latter can be expressed as,

f(z)

sin γ
=

1

sin γ

∫ (R+δ)−z/2

−(R+δ)+z/2

4[(R+δ)2−(z/2+p)2)]1/2 [(R+δ)2−(z/2−p)2)]1/2 dp .

(6.20)

In the above, g(z) represents the radial distribution function for the

rods, for which we use its low density approximation [87] as g(z) =
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1/2π
∫ 2π

0
exp[−βĒorient(L, z, γ)]dγ with βĒorient(L, z, γ) denoting the polymer

induced effective interaction potential between the two rods (cf. Eq. 6.4). For

a finite volume fraction vx of particles, the probability of intersection of a rod

with at least i other rods can be expressed in terms of P̄ as [200],

Pi,N = 1−
i−1∑
k=0

(
N

k

)
P̄ k(1− P̄ )N−k (6.21)

where N is the total number of rods in the volume V . From Eq. 6.21,the

probability of a rod being connected with at least two rods is obtained as,

P2,N = 1− (1− P̄ )N −NP̄ (1− P̄ )N−1

≈ 1− exp[−vxVov/πR2L](1 + vxVov/πR2L). (6.22)

The percolation threshold vperc is then (somewhat arbitrarily) assigned as the

volume fraction of rods at which P2,N = 0.5, equivalent to the situation of

sufficient likelihood for a rod being connected to at least two other rods.

6.1.4 Parameters

The objective in this study is to analyze the role of parameters such as

polymer-particle interaction strengths and polymer concentrations upon the

stability and equilibrium phases of rodlike particles. Two particle-to-polymer

size ratios of R/Rg = 0.25 and 0.5 are studied, both of which fall in the

“nanoparticle” regime where radius of particle is comparable to/or smaller

than the radius of gyration of the polymer. The aspect ratio of rods is varied

from a = L/D = 15 to 100, and the attention is limited to identification of the
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isotropic and nematic phases in such systems. Primarily polymer concentra-

tions falling in the semidilute regimes and under ‘good solvent’ conditions are

considered. Correspondingly, the non-dimensional excluded volume parameter

B = vN2/Rd
g is chosen to be 10. In the following, all polymer concentrations

are normalized by the overlap concentration, ρ∗ as φ = ρ/ρ∗ and the results

presented here correspond to φ > 1.0 (indicating the semidilute concentration

regime). In this chapter, the normalized inverse adsorption length λ = λ
′
N/Rg

is varied from λ = −15 to 25. These adsorption strength values span the situ-

ations of very low to high affinity between polymer segments and the particle

surface (cf. Eq. 4.1). The surface capacity for adsorption is fixed by setting

the surface saturation concentration φm to 20. In determining the percolation

thresholds, the thickness of overlap shell for the particles (cf. Eq. 6.19) is

assumed to be δ = 0.4R. The implications of this choice are briefly discussed

later.

6.2 Adsorption on Rodlike Particles

In order to study the polymer adsorption characteristics on rodlike par-

ticles, the diffusion equation for polymer configurations (cf. Eq. 2.27) is solved

in a 1-D cylindrical coordinate system and obtain the volume fractions of ad-

sorbed segments φads using eq. 2.28. Fig. 6.3 compares the volume fractions

of adsorbed polymer segments φads as a function of distance from the surface

(normalized by Rg) for cylinders and spheres with different radii (Fig. 6.3a) and

in polymers with different adsorption strengths (Fig. 6.3b). For R/Rg � 1,
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Figure 6.3: Adsorbed segment volume fractions φads as a function of distance
from surface r (normalized by Rg) for (a) cylinders (solid symbols) and spheres
(empty symbols) with different radii. λ = 10 and φ = 5.16. (b) cylinders with
R = Rg, φ = 5.16 and for adsorption strengths λ as indicated in legend.

both cylindrical and spherical particles are observed to show similar poly-

mer volume fraction profiles, which correspond to that around a flat surface.

The latter is expected, since in the limit of R � Rg, the particles essentially

behave as flat surfaces and curvature of the particles does not have any appre-

ciable effect on the adsorption characteristics. However, in the nanoparticle

regime (R . Rg), for a cylindrical particle, we observe significantly higher

polymer segment volume fractions as compared to that for a sphere for same

set of parameters (R/Rg, λ and φ). The latter implies a stronger adsorption

of polymers on the rodlike particles as compared to spherical particles (for the

same adsorption length). A second effect is observed in terms of adsorption

strength. For a rodlike particle, an increase in the adsorption strength of poly-

mer results in considerably higher volume fractions at and close to the surface
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of the particles whereas the volume fractions further away from the surface

are nearly unchanged. This enhancement in the polymer volume fractions

on/near the surface suggests a more tight wrapping of polymers around the

rodlike particle at higher λ values. O’Connell et al. [172] have discussed such

tight wrapping of polymers on the nanotube surfaces. Recent experiments

have exploited the latter to control the dispersability of carbon nanotubes by

changing solvent conditions which reduces the thermodynamic driving force

for wrapping (corresponding to a decrease in λ value) [201]. However, con-

trary to the observations of adsorption in the form of helical monolayers of

polymers by O’Connell et al. [172], the above results indicate a substantial

amount of adsorbed polymer dangling in the solution in the form of loops and

tails of the polymers. Presence of such dangling adsorbed polymers has been

indicated using SEM and TEM imaging by Baskaran et al. [184]

6.3 Phase Behavior of Hard Rods in Presence of Poly-
mer

In this section, we present results for the interactions and phase be-

havior of hard rods in polymer solutions and discuss the effects of different

physical parameters such as adsorption strengths, polymer concentrations, ra-

dius of rods and aspect ratios of rods.
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6.3.1 Effect of Adsorption Length λ

Fig. 6.4a presents the ‘phase diagram’ (in the plane of adsorption length

λ vs rod volume fraction) for a dispersion of monodisperse rods of radius

R = 0.25Rg and aspect ratio L/D = 15 in a polymer solution of concen-

tration φ = 1.29. The dotted lines represent the corresponding coexistence

volume fractions for a solution of hard rods (i.e. in the absence of polymer)

with the identical aspect ratio. It is seen that the addition of interacting

polymers significantly affects the topology of the phase diagram. Addition of

non-adsorbing/weakly adsorbing polymer (λ < 0) leads to a distinct widen-

ing of the coexistence region which shifts the isotropic-nematic transitions to

very dilute particle volume fractions. With an increase in the polymer-particle

adsorption strength, a narrowing of the co-existence region is observed. The

latter leads to a decrease in the volume fraction of the nematic phase and an

increase in the volume fraction of isotropic phase. λ = 0 (corresponding to

u0 = uc, cf. Eq. 4.1) represents the condition of critical adsorption strength,

for which the effective rod-rod interactions are identical to that of original

hard rod mixture. Consequently, the coexistence volume fractions equal that

for a dispersion of hard rods of the same aspect ratio. For stronger adsorbing

polymers (λ > 0), first a widening of phase coexistence region leading to a com-

plete immiscibility of the rods is observed at moderate adsorption strengths.

However, further increase in adsorption strength is seen to result in a gradual

narrowing of the demixed region and a stabilization of rods at higher adsorp-

tion strengths. At the highest adsorption strengths, the coexistence volume
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Figure 6.4: (a) Phase diagram in inverse adsorption length λ vs. volume frac-
tion of rods plane for R/Rg = 0.25, L/D = 15 and φ = 2.58. The dotted lines
show the phase diagram for hard rods with same aspect ratio; (b) Pair inter-
action potential βU as a function of intersurface distance (normalized by Rg)
h/Rg for polymer concentration φ = 2.58 and λ = ±15,±10,±7.5,±5 and ±2.
The inset displays the attractive part of the interaction potentials on a semi-log
scale.

fractions are observed to correspond to that for the hard rods.

The above trends in the phase diagram can be rationalized based on

the effect of λ on the effective interaction between surfaces. In Fig. 6.4b the

polymer-induced effective interaction potentials βU (β = 1/kBT ) are displayed

as a function of intersurface separation h/Rg. The inset depicts the attrac-

tive part of the interaction potentials on a magnified, semi-logarithmic scale.

For the case of depleting polymers (λ < 0), the interactions are seen to be

purely attractive, with an increase in the attraction strength as the intersur-

face distance is decreased. It is also evident from the inset to Fig. 6.4b that

an increase in λ leads to a corresponding decrease in the strength of attrac-
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tive interactions. These trends can be understood by noting that for the case

of negative λ, the polymer is depleted from the vicinity of the surface, the

resultant osmotic imbalance for the polymer induces an effective attraction

between the surfaces. With an increase in the λ, the depletion effect and cor-

respondingly entropic loss for the polymer diminishes, resulting in a weakening

of the induced attractions. The result is, at low (negative) λ values, the strong

depletion induced effective attraction between the rods results in a highly neg-

ative second virial coefficient, and hence, the rods are nearly insoluble and

we observe a wide region of immiscibility at low values of λ. On the other

hand, with an increase in the adsorption strength, the weakening of depletion

induced attractions results in the narrowing of the two phase region.

The presence of stronger adsorbing polymer (λ > 0) is seen to result

in non-trivial interaction potentials. Generically, the adsorbing polymer is ob-

served to induce repulsive interactions at shorter distances followed by an at-

tractive minimum at larger separations between the surfaces. With an increase

in the λ values, the strength of short distance repulsion is observed to increase,

while the depth of attractive minimum first increases from zero at λ = 0 to

a maximum value followed by a decrease at higher λ values. As detailed in

Chapter 4, the intersurface interactions in presence of adsorbing polymers are

governed by an interplay between three factors: (i) The polymer attempts to

increase the number of surface contacts by forming bridges between the sur-

faces, thus resulting in an enthalpic gain; (ii) Upon confinement, the adsorbed

polymer experiences an entropic cost arising from the monomeric excluded
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volume interactions; (iii) As the surface concentration of adsorbed polymer

approaches the maximum adsorption capacity of the surface, the entropic cost

arising from the surface saturation constraint starts to manifest. At large

intersurface distances, entropic repulsions arising from both the confinement

as well as the surface saturation are negligible, and the resulting intersurface

interactions are due to the enthalpic gain arising due to the adsorption. With

a decrease in the intersurface distance, the confinement and the surface sat-

uration entropy costs become comparable to enthalpic gain, resulting in the

minimum manifested in the interaction potentials. At even smaller distances,

the confinement and saturation entropy losses dominate the enthalpic gain

arising from bridging rendering the intersurface interactions repulsive. For

small but positive values of λ, the polymer adsorption is weak and thus the

enthalpic gain is also small, resulting in weak interactions. An increase in λ fa-

cilitates adsorption of polymer, and the resulting enthalpic gain induces strong

attractions at intermediate intersurface distances. For very high values of λ,

the individual surfaces are saturated and bringing them closer results in purely

repulsive interactions between the surfaces. These nonmonotonic interactions

for adsorbing polymers result in the observed phase topology where the two

phase region first widens corresponding to increasing (bridging) attractions

between the rods, and then with increase in λ narrows down due to weakening

of attractive interactions and strengthening of repulsions (steric stabilization).

The above results suggest a novel ‘reentrant’ phase behavior where at

a fixed volume fraction of rods and polymers, the dispersion is immiscible
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Figure 6.5: (a) Phase diagram in inverse adsorption length λ vs. volume
fraction of rods plane for R = 0.25Rg, L/D = 15. and φ = 1, 29, 2.58 and 5.16.
The dotted lines show the phase diagram for hard rods with same aspect
ratio. (b) Pair interaction potential βU as a function of intersurface distance
(normalized by Rg) h/Rg for polymer concentrations φ = 1.29, 2.58, 5.16 and
λ = 15, 5 and − 10.

at weak interactions (depletion), then becomes stable and again immiscible

as strength of polymer-particle interaction is increased and then finally again

stable for the highest attractions. A similar reentrant miscibility has been

predicted for spherical particles by Hooper and Schweizer [7]. In a nutshell,

the above results suggest two optimal conditions for creating stable disper-

sions for a hard rod system: addition of either (i) weakly adsorbing (λ ' 0)

or (ii) extremely strongly adsorbing (λ � 0) polymers. These results may

have implications in choosing appropriate polymeric solvent for stabilization

or separation of rodlike particles.
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6.3.2 Effect of Polymer Concentration

In Fig. 6.5a, we display the effect of the polymer solution concentration

on the phase behavioral characteristics. For non-adsorbing/weakly adsorbing

polymers (λ < 0), the phase diagrams are seen to follow a qualitatively similar

behavior for all concentrations, with a monotonic expansion of the coexistence

region with an increase in the polymer concentrations for such systems. As

evident from Fig. 6.5b, which displays the pair interaction potentials βU as a

function of intersurface distance h/Rg for different polymer concentrations, the

strength of depletion attraction increases with an increase in the concentration

of polymers which rationalizes this widening of the region of coexistence.

In contrast, for the case of stronger adsorbing polymers (λ > 0), the

phase topology reflects a sensitive interplay between the polymer concentra-

tions and the adsorption strength. For small positive λ, with an increase in

φ, the region of immiscibility is observed to first widen and then shrink to

isotropic-nematic coexistence similar to hard rod behavior at higher φ values.

The above trends can be explained by the fact that for moderate adsorp-

tion strengths, an increase in the polymer concentration initially leads to an

increase in the bridging rendering the induced effective interactions strongly

attractive (cf. Fig. 6.5b). This leads to a wider region of immiscibility. How-

ever, further increase in polymer concentrations results in a saturation of the

surfaces and an increase in the confinement induced entropic costs, resulting in

both a strengthening of the short-distance repulsions and a weakening of the

attractions. This leads to a narrowing of the coexistence regions. At higher
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Figure 6.6: Phase diagram in inverse adsorption length λ vs. volume fraction
of rods plane for R = 0.25Rg, φ = 5.16 for L/D = 15 and 100. The dashed
lines show the phase diagram for hard rods with the same aspect ratios.

λ values, the entropic repulsions dominate, resulting in a narrowing of two

phase region monotonically with increase in the polymer concentrations. For

the highest φ values, the purely repulsive interactions lead to a phase behavior

which resembles that of the hard rods, and corresponds physically to the phase

coexistence of polymer coated rods.

6.3.3 Effect of Aspect Ratio

In Fig. 6.6, we display the effect of the aspect ratio of rods on the phase

diagrams. The radius of the rods is fixed at R = 0.25Rg and the polymer con-

centration is φ = 5.16. The dotted lines represent corresponding coexistence

curves for hard rods with the same aspect ratios. For longer rods, addition of

depleting or weakly adsorbing polymers is observed to induce immiscibility at
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nearly all negative values of λ. This situation can be contrasted for shorter

rods where stable regions were found for weakly depleting polymers. For the

case of adsorbing polymer (λ ≥ 0), an increase in the aspect ratio of rods is

observed to shift the region of coexistence to much lower volume fractions.

For larger rods, increase in the adsorption strength results in widening of co-

existence region, followed by a narrowing to hard rod coexistence behavior

at higher adsorption strengths. In contrast, the smaller rods are observed to

follow a hard rod coexistence behavior at all positive adsorption strengths. At

higher adsorption strengths, the coexistence volume fractions are observed to

shift towards higher values for all aspect ratios.

The above differences in the phase behavior can be understood by not-

ing that the strength of the interrod interactions is proportional to the length

of the rods. For negative adsorption lengths, increasing the aspect ratio re-

sults in very strong depletion attractions, which induces stronger immiscibility

for the case of longer rods. For moderate adsorption strengths, the polymer

induced interactions are characterized by short distance repulsions followed

by long distance attractions (cf. Fig. 6.4b). An increase in the aspect ratio

again results in strengthening of these interactions whose interplay results in

a widening of the coexistence region. For higher adsorption strengths, the

polymer induces purely repulsive interactions which rationalizes the observed

trends as equivalent to the phase behavior of polymer coated rods with renor-

malized radii determined by the strength of the repulsions.
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Figure 6.7: Phase diagram in inverse adsorption length λ vs. volume fraction
of rods plane for R = 0.25Rg and 0.5Rg, φ = 1.29 and L/D = 15. The dotted
lines show corresponding phase diagram for hard rods with same aspect ratio.

6.3.4 Effect of Radius of Rods

In Fig. 6.7 we analyze the effect of the radius of the rods (relative to

the size of the polymer which is assumed to be fixed) on the topology of the

phase diagram for fixed aspect ratio L/D = 15 and polymer concentration

φ = 1.29. An increase in the radius of the rods is observed to result in a

significant broadening of the two phase region for both adsorbing as well as

non-adsorbing polymers. The above effects are rationalized in terms of increase

in the strength of attractive interactions with increase in the radius of the rods.

In case of depleting polymers λ < 0, increasing the rod size correspondingly

increases the depleted volume for the polymer making the inter-rod attractions

stronger for thicker rods. Whereas for adsorbing polymers, the increase in the

adsorbing surface area enhances polymer induced bridging and correspondingly
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increases the depth of the inter-rod attractive minimum. Even at higher λ

values where the induced short distance repulsions are stronger, the strong

long range attractive interactions dominate the phase behavior, leading to

complete insolubility of thicker rods.

6.3.5 Effect of van der Waals Attractions

As discussed in the introduction, many nanoscale filler particles used

in applications exhibit a strong tendency to aggregate due to strong interpar-

ticle van der Waals interactions [179, 180, 202]. While the previous sections

focused on the case of rods with just hard body interactions, in this section

we analyze the effect of polymers on the overall interactions and stability be-

havior of rodlike particles characterized by strong van der Waals attractions.

For illustrative purposes, we have assumed a van der Waals interaction similar

to that reported for the carbon nanotubes [202] with a depth of attraction

of ∼ −25kBT per unit length of surface and a range of ∼ 0.4R. Within this

framework, Fig. 6.8a displays the resulting overall interactions (obtained by

summing the van der Waals attraction and polymer mediated effective inter-

actions) between flat surfaces. It is seen that at larger intersurface distances

the polymer-induced long range repulsions dominate the overall interactions,

whereas at small intersurface distances the van der Waals attractions domi-

nate. The main effect resulting from addition of a strongly adsorbing polymer

is seen to be the occurrence of a significant repulsive barrier in the overall

interactions, with the strength of repulsions increasing with an increase in λ.

200



-25

-15

-5

5

15

0 0.1 0.2 0.3 0.4 0.5

Overall Interactions,   = 20
van der Waals Interactions,   = 20
Polymer Induced Interactions,   = 20
Overall Interactions,   = 15
Overall Interactions,   = 10

Inter-plate separation, h/Rg

In
te

ra
ct

io
n 

po
te

nt
ia

l, 
βU

λ
λ

λ
λ
λ

(a)

0

5

10

15

20

25

0 0.2 0.4 0.6 0.8 1

   = 1.29

Volume fraction of rods,  vxa, vxi

A
ds

or
pt

io
n 

le
ng

th
, λ

φ , L/D = 15

Isotropic Nematic
Isotropic- Nematic 

coexistence

(b)

0

5

10

15

20

25

0 0.2 0.4 0.6 0.8 1

   = 1.29
   = 2.58
  = 5.16, L/D = 15

Volume fraction of rods,  vxa, vxi

A
ds

or
pt

io
n 

le
ng

th
, λ

φ
φ

φ

, L/D = 15
, L/D = 15

Isotropic Nematic

Isotropic- Nematic 
coexistence

(c)

0

5

10

15

20

25

0 0.2 0.4 0.6 0.8 1

   = 5.16, L/D = 15
   = 5.16, L/D = 100

Volume fraction of rods,  vxa, vxi

A
ds

or
pt

io
n 

le
ng

th
, λ

φ

φ

(d)

Figure 6.8: (a) Overall interactions between the flat plates βU as a function
of intersurface separation, h/Rg. The overall interactions (squares) are ob-
tained as sum of the van der Waals interactions (diamonds) and the polymer
induced ‘effective’ interactions (triangles); (b) Phase diagram in inverse ad-
sorption length λ vs. volume fraction of rods plane in presence of van der
Waals interactions between the rods. R = 0.25Rg, L/D = 15 and φ = 1.29;
(c) Same as (b) for φ = 1.29, 2.58, 5.16; (d) Same as (b) for L/D = 15 and 100
and φ = 5.16.

201



In Fig. 6.8b, we present the resulting phase diagrams illustrating the ef-

fect of addition of polymers on the stability of particles characterized by strong

van der Waals interactions. We note that in the absence of the added polymer,

such strong van der Waals attractions induce phase separations at even very

small volume fractions of the rods rendering a delineation of the phase coexis-

tence numerically intractable. This trend persists even during the addition of

non-adsorbing/weakly adsorbing polymers (λ . 5) where an almost complete

immiscibility of the rods is observed. As discussed earlier, in such cases, the

polymer-mediated interactions are also attractive and thus enhance the van

der Waals induced immiscibility of the rods. However, at higher adsorption

strengths, the particle dispersions are seen to become increasingly miscible,

with an isotropic-nematic transition and coexistence regions appearing at in-

termediate volume fractions. The latter trends are consistent with the earlier

discussions, where with increasing λ, the polymer-induced repulsions become

stronger leading to a repulsive barrier in the overall interactions (cf. Fig. 6.8)

which prevents the van der Waals induced aggregation.

The topology of phase diagram is seen to depend on the concentra-

tions of polymer and the aspect ratio of the rods in a manner similar to the

earlier discussions in sections 6.3.2 and 6.3.3. Higher concentrations of poly-

mer require much lower adsorption strengths for achieving a stable mixture

compared to the lower concentrations of polymer. For a fixed polymer con-

centration, the stabilization of longer rods is observed to occur at much higher

adsorption strengths compared to that for shorter rods. These observations
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can be rationalized in a manner similar to the behavior exhibited by hard rods.

6.4 Percolation Thresholds

In this section, we consider the percolation thresholds vperc (defined

by Eq. 6.22) and their locations relative to the phase coexistence. Shown in

Fig. 6.9 are the lines of percolation thresholds in the adsorption strength vs.

volume fraction plane for hard rods (Figs. 6.9a and b) and for rods charac-

terized by van der Waals attractions (Fig. 6.9c). The dashed lines in Fig. 6.9

correspond to the phase coexistence curves for the same parameters. For the

specific choice of overlap shell thickness δ adopted in this study(δ = 0.4R), the

overall topology of the percolation lines is observed to follow the respective

isotropic branch of the phase coexistence curves. This can be understood by

noting that the onset of percolation corresponds physically to the point where

the rods are connected and hence are also crowded and would rather order into

a nematic phase. More interesting is the influence of polymers on the relative

locations of the percolation lines and the coexistence curves. For cases where

the polymer-mediated interactions are strongly attractive, phase coexistence

is predicted to preempt the percolation. Such situations occur in the context

of strongly depleting polymers (λ � 0) and/ polymers with moderate attrac-

tive interactions with the particles (λ > 0, but λ is not too large)(Fig 6.9a).

Furthermore, at a given λ, lower polymer concentration is seen to promote the

tendency to aggregate (Fig. 6.9b). In such cases, while the attractive interac-

tions bring the particles together (and hence promote percolation, as evident
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Figure 6.9: Percolation lines (solid lines) and phase coexistence curves (dashed
lines) in inverse adsorption length λ vs. volume fraction of rods plane for R =
0.25Rg for (a) Hard rods with L/D = 15 and polymer concentration φ = 2.58.
(b) Hard rods with L/D = 15 and polymer concentration φ = 2.58 and 5.16.
(c) Rods with van der Waals interactions for L/D = 15 and φ = 2.58, 5.16.
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in the shift of percolation lines to lower volume fractions), the tendency to

aggregate overwhelms the percolation characteristics (Fig 6.9b). In contrast,

for cases where the interactions are weakly attractive and/or repulsive the per-

colation lines fall outside the phase coexistence lines. Such conditions result

for weakly (λ & 0 but small) and strongly adsorbing (λ � 0) polymers for

hard rods and for moderate-to-strongly adsorbing (λ � 0) polymers for rods

with vdW interactions (Fig 6.9c). Moreover, at a given λ, higher polymer

concentrations are seen to promote such a behavior.

Figure 6.10 summarizes the effect of polymer concentration on the sta-

bility and percolation thresholds for hard rods (solid symbols) and rods with

van der Waals interactions (empty symbols). The dark lines correspond to
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Figure 6.11: (a) Percolation thresholds vperc plotted as a function of inverse
aspect ratio (L/D)−1, for rods with R = 0.25Rg and φ = 5.16 for different
adsorption strengths. HR denotes hard rods and vdW denotes rods with van
der Waals interactions; (b) Slope m0 of linear fits for percolation thresholds
(vx = m0(L/D)−1) plotted as a function of λ for hard rods and rods with van
der Waals interactions.

stable isotropic regions whereas light lines indicate that the percolation falls

within the two phase coexistence region. For the case of hard rods, addition of

polymers with weakly depletion tendency or weakly adsorbing characteristics

can be used to lower the percolation thresholds and still maintain the volume

fraction in the stable isotropic region. On the other hand, for the case of van

der Waals attractions, stable percolated dispersions can be obtained only by

addition of polymers with moderate to high attractive interactions with the

particles. However, addition of strongly adsorbing polymer results in a signif-

icant increase in the percolation thresholds, and hence moderately adsorbing

polymers appear to be an optimal choice to promote percolation.
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In many instances, the percolation thresholds have been shown to have

a strong relationships with the aspect ratio of the rods and simple linear scaling

have been proposed to relate the thresholds to the particle anisotropy [203].

Fig. 6.11 analyzes whether such dependencies also hold when the polymer-

mediated interactions are included. In Fig. 6.11a the percolation thresholds are

displayed for the cases where percolation of rods occurs in the stable isotropic

region. Incredibly, in almost all cases, it is observed that the linear dependence

of vperc on the inverse aspect ratio of rods still holds, with however, a slope

which depends on the adsorption strength and bare interactions. The slope

of such fits (displayed in Fig. 6.11b) exhibits trends consistent with the above

discussions. Explicitly, both weakly depleting and weakly adsorbing polymers

lower the slopes, and can decrease the percolation thresholds compared to that

observed for hard rods. On the other hand, moderate and strong attractions

increase the slopes and the corresponding percolation thresholds.

It is noted that the above predictions are by and large consistent with

recent observations reported in the context carbon nanotubes [186] where an

introduction of a weak depletion attraction was shown to decrease the per-

colation thresholds significantly. It should however be noted that the above

analysis of percolation transitions does depend on the choice of connectivity

shell thickness δ. Broadly speaking, a lower (higher) value of δ shifts the per-

colation lines to higher (lower) volume fractions of rodlike particles. However,

the qualitative effects arising from varying the strength of adsorption of poly-

mers, the polymer concentrations and aspect ratio of rods are still expected to
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remain similar to that portrayed in Figs. 6.9, 6.10, 6.11. The implications of

these findings on the optimal conditions for stable and percolated dispersions

of rods will be discussed in more detail in the following section.

6.5 Discussion

The results presented in this chapter suggest that the topology of the

phase diagram of mixture of polymer and rods is highly dependent on the

anisotropy of the rods, relative sizes of the rods and polymers, concentration

of the polymer and the strength of adsorption. For the case of non-adsorbing

polymer, the polymer depletion-induced attractive interactions are found to

result in a large two phase region which widens with an increase in the poly-

mer concentration. A number of previous theoretical [167] and experimental

studies [204] report a similar trend in the phase behavior of rodlike parti-

cles such as bohemite rods, tobacco mosaic virus etc. in presence of non-

adsorbing polymers. Addition of adsorbing polymers is observed to lead to

a richer phase behavior where at high polymer concentrations, the polymer

induced repulsive interactions result in steric stabilization of the rodlike par-

ticles and the isotropic-nematic transition closely resembles to that for hard

rods. This ‘stabilizing’ behavior has also been exploited in many experimental

studies, where reversibly associating polymers such as Polyvinyl Pyrolidone,

Polystyrene Sulfonate, single stranded DNA are used to solubilize bundles of

carbon nanotubes into stable dispersions of individual CNTs [172, 183]. A

similar control of dispersion behavior is also reported for carbon nanotubes in
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presence of pH sensitive polymers such as Poly(acrylic) acid [201, 205]. In such

cases, variation of pH of solution provides a means to modify the strength of

interaction between the polymer segments and the nanotube surface and can

be used to reversibly change the suspension behavior from aggregated (at low

pH which corresponds to weak interaction) to well-foliated (at high pH which

corresponds to strong interaction) mixtures [201]. The present results also

suggest a more tight wrapping of polymer around the rodlike particles as the

strength of the polymer-particle interactions is increased.

An interesting outcome of this study is the ‘reentrant’ behavior of the

phase diagram with change in the adsorption strength. At lower adsorption

strengths, the depletion induced attractions widen the two phase region, which

narrows to hard rod isotropic-nematic transition as the adsorption strength

becomes zero. At positive adsorption strength, for certain range of polymer

concentration, a distinct broadening of the two phase region is predicted which

subsequently narrows to hard rod transition at higher adsorption strengths.

Thus at certain volume fractions of rods, the system goes from (coexisting

isotropic-nematic) - stable isotropic/nematic -(coexisting isotropic-nematic)-

stable isotropic/nematic phases as the surface affinity of the polymers is mod-

ified.

It is noted that the topology of the phase diagrams for mixtures of

polymer and rodlike particles is influenced not only by the aspect ratio (size

anisotropy) of rods but also by the relative sizes of the rods and the poly-

meric component (cf. section 6.3.4). The latter dependence arises from the
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polymer-induced interactions which are dependent on the sizes of both the

polymer and the particles. These results may have implications in the context

of purification/separation applications where adsorbing polymers are added

to pristine nanotubes in order to achieve selective dispersions of individual

nanotubes and to separate the individual nanotubes from carbonaceous im-

purities/bundles of tubes [181]. By adding appropriate quantities of polymer

with favorable physical properties (λ, molecular weight etc.), it might be pos-

sible to achieve conditions that will favor stability of individual nanorods while

facilitating separation/aggregations of the impurities/bundles of rods.

This work also studied the effectiveness of adsorbing polymers in in-

creasing dispersability of rods characterized by strong van der Waals inter-

actions. It is observed that for the case of moderate to strongly adsorbing

polymer, the polymer induced long range repulsions between nanotubes can

reduce the effect of short range van der Waals attractions and can prevent ag-

gregation of nanotubes. Such an approach has already been used in a number

of experimental investigations where selective adsorption of polymers leads to

exfoliation and stabilization of dispersions of the tubes [180, 206].

Also the percolation thresholds and their relative location to the

isotropic-nematic transition for hard rods and for rods characterized by van

der Waals interactions are examined. For the latter, a large region of per-

colated stable isotropic phase is predicted for rods dispersed in solutions of

moderate-to-strong attractive polymers. An increase in the polymer concen-

tration and/or adsorption strength is observed to enhance the stability of rods.
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However, increase in adsorption strength also shifts the percolation transition

to higher volume fractions. Thus, concentrated solutions of moderately ad-

sorbing polymers appear to be an optimal choice for maximizing the proper-

ties (such as elastic modulus, electrical conductivity which are dependent on

achieving a stable percolated phase at low volume fractions of rods).

6.6 Conclusion

In this chapter, the effect of polymer adsorption strength, polymer con-

centration, the relative sizes of rods and polymer and aspect ratio of rods on

the isotropic-nematic phase separation and percolation transitions in disper-

sions of rodlike particles in polymer solutions is studied. Within the poly-

mer field theoretic framework, the polymer mediated ‘effective’ interactions

between rodlike particles are deduced. The above derived polymer induced

effective interactions are incorporated into an adaptation of the Flory theory

for anisotropic interactions to investigate the effect of polymer on the phase

behavior and percolation transitions of rods. Our study delimits the physical

parameters that affect the solubility, phase diagrams and percolation thresh-

olds of rodlike particles in presence of polymers and indicates under what

conditions percolated stable dispersions (or easier separations) of rods may be

achieved. The change in the polymer concentration and strength of adsorption

provides an attractive means to tune the interactions between the rods and to

prevent van der Waals induced bundling of nanotubes. The latter may help

experimentalists in devising experiments which will result in better dispersions
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of technologically important rodlike systems such as nanotubes, carbon fibers,

fullerenes etc.

It should be noted that the present study considers equilibrium or

reversible adsorption of polymer on the surface of the particles and thus

does not concern with the non-equilibrium aspects of the polymer adsorp-

tion/desorption process. Further, the present framework is also inadequate

to account for the kinetic gelation effects that are reported to be important

at high volume fractions of rods or for the case of strong depletion attrac-

tions [204, 207]. The latter has been speculated to occur during quenches

inside the phase coexistence region, when the percolation lines also fall within

the coexistence region [208]. While we cannot comment on these effects the

relative locations of the percolation lines and phase coexistence curves provide

a guideline for the occurrence of such phenomena. Another limitation of the

study concerns the accuracy of Derjaguin approximation. The latter is accu-

rate in the limit where the radii of the curved surfaces are significantly larger

than the intersurface separation. For the case of polymer induced interactions,

the range of interactions is relatively large and in the present study the inter-

rod distances where the interactions become negligible are comparable to the

radius of the rods. The latter introduces inaccuracies in the quantitative de-

scription of interaction potentials. However, the qualitative trends predicted

in this work are expected to be accurate.
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Chapter 7

Adsorption of Model Proteins on Polymer

Grafted Surfaces

Grafting polymer chains on the surface of particles has been widely

used as an efficient means to achieve steric stabilization in applications rang-

ing from colloidal stabilization to design of biocompatible surfaces. Grafted

polymer chains result in long range repulsive forces between the particles and

thus inhibit the particles from reaching short distances where van der Waals

forces can lead to particle aggregation. Grafted polymers such as PEO are

also found to be highly successful in preventing protein adsorption on the

surfaces. A protein that encounters a bare surface experiences purely at-

tractive interactions due to van der Waals interactions and consequently gets

adsorbed on the surfaces. Such adsorption of proteins on the foreign materials

can result in surface-induced thrombosis [209]. In such contexts, a terminally

grafted polymer brush on the surface can induce net long range repulsion in

the surface-protein interactions and enhance the biocompatibility of materials

used in bioengineering applications.

To date, most theoretical studies have focused on polymer brushes on

flat surfaces. For the planar geometry, the density profiles for the polymer
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are found to follow an approximate parabolic shape and in such cases, the

resultant interactions between the surfaces are well understood. Systems of

practical interest such as polymeric micelles and polymers grafted on nanopar-

ticles involve polymer brushes on curved particles, for which the curvature of

the particle can be expected to lead to significant changes in the structure

of a brush. Such cases of grafted polymer brushes on curved particles have

been primarily studied in the limit where the particle is much smaller than

the polymer chains. Such brushes are described as star polymers and have

been studied extensively using scaling theories, MC and MD simulations. In

such cases, the density profiles for polymer are found to follow a power law

decay away from the core of the star polymer. However, the transition region

between flat geometries and star polymers is relatively less explored.

In this chapter, we focus on the effect of curvature of the surface on

the structure of a polymer brush and attempt to bridge the gap between the

two asymptotic limits viz, flat brush and star polymer. We further analyze the

efficacy of such a polymer brush in preventing adsorption of spherical particles

(mimicking globular proteins) on the curved surfaces of different sizes. Specifi-

cally, some of the issues that we are interested in are (i) how does the curvature

of surface affect the structure of the brush? (ii) What is the effect of the size

of the protein on the adsorption characteristics? (iii) how do the molecular

weight and grafting density of the polymer affect the effectiveness of a brush

in preventing the protein adsorption? To address these issues, we implement a

numerical self consistent field theory to derive the density profiles of a brush in
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presence of a protein, idealized as a rigid, structureless spherical particle. The

free energies of insertion of protein particles in vicinity of surfaces carrying

grafted polymer brush are deduced within the field theoretic framework. In

this chapter, we present results on the effect of surface curvature, protein size

and grafting density of polymer chains on the structural features of brush and

insertion free energies of proteins. We note that the results presented in this

chapter are preliminary and primarily qualitative in nature. In a subsequent

publication, we plan to present a rigorous scaling analysis of these results.

The rest of the chapter is arranged as follows: In section 7.1, we present

an adaptation of polymer self consistent field theory used in this work to

describe a polymer brush. In section 7.2, we discuss the effect of surface

curvature and grafting density on the structure of a polymer brush. Section 7.3

presents the effect of various physical parameters on the insertion free energies

for proteins. The chapter concludes with a discussion on implications of above

results on optimum design parameters for biocompatible surfaces in section 7.4.

7.1 Self Consistent Field Theory for Grafted Polymers

We consider a model polymer brush where each of the polymer chains

is irreversibly attached to the particle surface by one end. We further assume

that the grafting points are distributed uniformly on the particle surface. We

consider a canonical ensemble of ng Gaussian polymer chains end tethered to

a surface at r = D where D denotes the radius of the surface. The polymer is

assumed to be surrounded by an implicit solvent which acts as a good solvent
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for the polymer resulting in a positive excluded volume parameter v for the

polymer.

By following the field theory steps described in chapter 2, the effective

Hamiltonian for this model system can written as,

βF [w(r)] =
v

2

∫
drρ2(r)−

∫
drw(r)ρ(r)− ng ln Q(r⊥; [w(r)]) (7.1)

where Q(r⊥; [w(r)]) represents a normalized partition function for a polymer

chain whose one end is grafted at the surface r = D with the chain subjected

to a self consistent potential field w(r). Q(r⊥; [w(r)]) can be computed from

the propagator for the grafted polymer chain as,

Q(r⊥; [w(r)]) =

∫
dr qr⊥(r, s = 1; [w(r)]) (7.2)

where qr⊥(r, s; [w]) represents a propagator for a polymer chain that origi-

nates at the grafting surface, r = D and has its free end at position r. This

propagator satisfies a diffusion-like equation:

∂q(r, s)

∂s
=

Nb2

6
∇2q(r, s)− w(r)q(r, s), (7.3)

with initial condition given as:

qr⊥(r, s = 0; [w(r)]) = δ(r−D). (7.4)

Now we perform a saddle point approximation for Eq. 7.1. Differentiation

with respect to ρ(r) results in the self consistency condition for the poten-

tial field, w(r) = vρ(r). The corresponding density field ρ(r) is obtained by
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differentiation with respect to w(r) as,

ρ(r, w[r]) =

∫
r=D

dr ng
∂ ln Q(r⊥; [w(r)])

∂w[r]

=

∫
r=D

dr
ng

Q(r⊥; [w])

∫ 1

0

ds qr⊥(r, s)q(r, 1− s) (7.5)

where q(r, s) is a complementary propagator that describes a polymer chain

that begins at the free end of the grafted polymer chain. q(r, s) satisfies

the diffusion equation (cf. eq. 7.3) with initial condition q(r, s = 0) = 1.

Equation 7.1 can then be rewritten as,

βF [w(r)] = − 1

2B

∫
drw2(r)− σ ln Q(r⊥; [w(r)]) (7.6)

where all lengths are non-dimensionalized by Rg and B = vN2/R3
g. σ denotes

the grafting density in terms of number of grafted chains per unit area (in R2
g

units).

As shown by Müller [210] the density operator in eq. 7.5 can be rewrit-

ten as:

ρ(r, w[r]) =

∫ 1

0

ds qc(r, s)q(r, 1− s) (7.7)

where qc is new complementary propagator defined by :

qc(r, s; [w]) =

∫
r=D

dr
σ

Q(r⊥; [w])
qr⊥(r, s) (7.8)

As qc is linearly related to qr⊥ , it also satisfies the diffusion equation 7.3, with

however, the initial condition,

qc(r, s = 0; [w(r)]) =
σδ(r−D)

q(r = D; s = 1; [w(r)])
(7.9)
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Additionally, the partition function Q(r⊥) for a single chain can also be fac-

torized as:

Q(r⊥; w[r]) =

∫
dr qr⊥(r, s)q(r, 1− s) (7.10)

for all s ∈ [0, 1]. Setting s = 0 reduces equation 7.10 to,

Q(r⊥; w[r]) = q(r⊥, 1; [w]) (7.11)

Using eq. 7.11, the free energy of the system given by eq. 7.6 can now be

rewritten as:

βF [w(r)] = − 1

2B

∫
drw2(r)− σ ln q(r⊥, 1; [w(r)]) (7.12)

Thus evaluation of polymer density operator for a brush requires two solutions

of equation 7.3. First solution is effected for q(r, s) which is required for both

the initial condition of qc (cf. eq. 7.9), and for determining of segment density

profile (cf. eq. 7.7). The second solution of eq. 7.3 for qc with the initial

condition given by eq. 7.9 completes the evaluation of densities.

We use above field theory to compute the change in the free energy

as an impenetrable protein approaches a polymer brush. We define insertion

free energy for a protein molecule at a surface-to-surface distance r as the

difference in the free energy for a polymer brush in presence of a protein at r

and that for a polymer brush in absence of protein. Thus, the free energy is

computed as,

β∆F (r) = βFBrush + Protein at r − βFBrush (7.13)
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For the case of impenetrable surface of protein, the polymer chains are neither

attracted nor repelled by the surface and the appropriate boundary condition

in such case is given as q(r, s)|r=R = 0 where R denotes the radius of protein.

For the case of grafted particle, for numerical convenience we assume a weak

attractive interaction between the particle surface and polymer chains and

treat this interaction using the critical (or reflection) boundary condition,

∂q

∂r

∣∣∣∣
r=D

= 0. (7.14)

However, it should be noted that the use of the reflection boundary (in place

of adsorption boundary q(r, s)|r=D = 0) does not have any appreciable vari-

ation in the structure of the brush except at very short distances from the

surface [211]. In the subsequent sections, we present preliminary results for

the structure of a polymer brush and free energy of insertion for a protein for

various physical parameters such as the size of the protein, molecular weight

and grafting density of the polymer brush and curvature of the grafted particle.

7.2 Structure of a Polymer Brush

In this section, we analyze the effect of surface curvature and grafting

density on the structure and extension of brush. The findings of this section

will be utilized later in section 7.3 to rationalize the change in the insertion

free energies for a protein as it approaches a brush coated surface.
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Figure 7.1: (a) Segment volume fraction profiles for grafted polymer chains
φ(r) as a function of distance from the particle surfaces for spherical particles of
different radii. The flat surface volume fraction profile is indicated by R/Rg =
∞. Grafting density is fixed at σR2

g = 1.667. (b) Segment volume fraction
profiles for grafted polymer chains φ(r) as a function of distance from the
particle surfaces for particle radius D/Rg = 0.02 on log-log scale. Grafting
density is fixed at σR2

g = 16670.
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7.2.1 Effect of Surface Curvature on the Structure of a Brush

In Fig. 7.1a we display segment volume fractions for grafted polymer

brushes as a function of distance from the particle surface for different sized

particles. For large radius of curvature, we observe that the brush volume frac-

tions follow a parabolic profile except at very close distance from the surface

and at the outer end of brush. For particle radii D/Rg & 10, we observe a

good resemblance in the brush profile on a curved surface and that for a flat

surface. As the curvature of the particle is increased (smaller particles), the

shape of brush volume fraction profiles becomes more and more concave. As

shown in Fig. 7.1b, for very small particles the volume fraction profiles follow

a power law dependence on the distance from the surface. We also observe

that the extension of brushes shows a significant decrease with decrease in the

size of the particles. We quantify the extension of brushes in terms of brush

height, Hbrush. The latter is defined in similar manner as Ref. [212]:

Hbrush =

(∫
φ(r)r2(r + D)2dr∫
φ(r)(r + D)2dr

)1/2

(7.15)

Figure 7.2a shows the brush height as a function of radius of grafted surface

for different grafting densities. For all grafting densities, we observe that

the brush height follows a sigmoidal shape as the particle size is varied. For

larger particles D/Rg � 1.0, the brush height is observed to asymptote to

that for planar brushes whereas with decrease in the particle size the brush

height decreases rapidly. For larger particles where volume fractions follow a
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Figure 7.2: (a) Brush height (scaled by (σR2
g)
−0.3) as a function radius of

curvature of surface D/Rg. (b) Brush height for small particles (D/Rg � 1.0)
as a function of σR2

g.
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parabolic profile, we note that the brush height scales as:

Hbrush[D] ∝ σ0.3 (7.16)

We note that the above scaling exponent for large particles is close to the

classical scaling for planar brush where H ∝ σ0.33. On the other hand, as seen

from Fig. 7.2b, for the case of small particles (D/Rg � 1.0), the brush height

scales as Hbrush ∝ σ0.185. The latter exponent closely corresponds to that for

a star polymer where Hbrush is predicted to scale as σ1/5 [213].

7.2.2 Effect of Grafting Density on the Structure of a Brush

In Fig. 7.3a we display segment volume fractions for grafted polymer

brushes as a function of distance from the particle surface for different grafting

densities (defined as number of grafted chains per unit area). The radius of

the grafted surface is fixed at D/Rg = 1.0. With an increase in the grafting

density we observe an increase in both the volume fractions as well as the

extension of the brush. In Fig. 7.3b we display the brush height as a function

of the grafting density σR2
g for a particle size D/Rg = 1.0. We observe that

with increase in the σ, the brush height first increases and eventually levels off

to a constant value at higher σ values. As the grafting density increases, the

polymer chains start overlapping and assume more extended configurations

resulting in larger brush heights. For higher grafting densities the polymer

chains are more or less completely extended, and further increase in grafting

density does not result in appreciable changes in the brush height.
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Figure 7.3: (a) Segment volume fraction profiles for grafted polymer chains
φ(r) as a function of distance from the particle surfaces for spherical particles
of different radii. (b) Brush height as a function of grafting density σR2
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An increase in the brush height and the polymer volume fractions is

expected to result in a longer ranged and stronger steric barrier opposing

the inherent attractive van der Waals forces between external objects such as

particles and proteins. These preliminary results suggest that higher grafting

density will provide better resistance against the protein adsorption. Secondly,

for smaller particles, the brush configurations are less extended and may re-

quire higher grafting densities as compared to that for larger particles in order

to provide the same resistance to protein adsorption.

7.3 Free Energy of Insertion of a Protein onto a Grafted
Surface

Many experimental studies suggest that an interplay between param-

eters such as protein size and polymer grafting density, polymer molecular

weight governs the efficiency of inhibition of protein adsorption on grafted

surfaces. In this section, we first quantify the effect of each of these physical

parameters on the free energy of insertion (defined by eq. 7.13) for a bare pro-

tein molecule as it approaches a spherical particle carrying grafted polymer

brush. In subsequent sections, we combine these results to develop a general

understanding of optimum design parameters for protein resistant surfaces.

7.3.1 Effect of Protein Size

A number of experimental studies have discussed the size of protein

molecule as an important factor affecting the protein rejection ability of grafted
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polymers. For instance, a larger protein can approach a grafted surface only by

compressing the brush, which is expected to result in higher steric resistance

against adsorption. On the other hand, a smaller sized protein can penetrate

a brush without much change in the brush densities, and consequently with a

small free energy resisting protein adsorption. In order to analyze the effect

of the size of the protein on the insertion free energy, we fix the size of the

polymer grafted particle to D/Rg = 1.0 and compute the β∆F (r) for proteins

of different sizes.

In Fig. 7.4a, we display the insertion free energy β∆F (r) as a function of

surface to surface distance r between grafted particle and protein (normalized

by Rg). As the protein molecule approaches the grafted surface, we observe

a monotonic increase in the repulsions which corresponds to compression of

the grafted polymer chains. The resultant loss in the conformational entropy

for grafted polymer chains renders the insertion free energy positive. For

all protein sizes, the free energy of insertion is found to be always positive,

indicating protein repulsion by the grafted surface. However, with decrease

in the size of the proteins, we observe a rapid decrease in the strength of

repulsions. In Fig. 7.4b we display the insertion free energy at r = 0 (which

corresponds to change in the free energy at the closest approach between the

grafted surface and the protein) as a function of size of a protein at fixed σRg
2

for D/Rg = 1. With decrease in the size of the proteins, we first observe a

gradual decrease in ∆F (0) for R/Rg � 1.0 which becomes steeper for smaller

proteins. The latter implies that smaller proteins will adsorb more readily
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Figure 7.4: (a) Free energy of insertion β∆F (r) for a protein with radius
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ues. (b) Free energy of insertion at closest approach between grafted sur-
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on the grafted surfaces under the influence of van der Waals interactions and

thus, will require stronger steric barrier to prevent their adsorption.

We characterize the range of free energy change in terms of an equiv-

alent hard sphere diameter for the grafted surface using Barker-Henderson

expression [83, 123]:

Deff =

∫ ∞

0

(1− exp[−∆F (r)]) dr (7.17)

Fig. 7.4b displays the effective hard sphere diameter Deff/Rg as a function of

protein size R/Rg. It can be noted that Deff shows qualitatively similar be-

havior as that for ∆F (0): with decrease in the size of the protein molecule

the effective hard sphere diameter decreases. Overall, the above trends sug-

gest that with a decrease in the protein size, the resistance of grafting surface

for protein adsorption decreases. ∆F (0) gives a good measure of strength of

repulsions induced by the grafted polymer where as Deff can serve as conve-

nient parameter accounting for the range of such repulsions. With decrease in

size of the protein, we observe a decrease in both the range and strength of

the induced repulsions, which implies that smaller proteins experience lesser

resistance by the grafted surface layers and can penetrate much further in the

grafted polymer layers as compared to larger particles.

7.3.2 Effect of Grafting Density

In Fig. 7.5a we display the free energy of insertion as a function of in-

tersurface distance for different values of surface densities σR2
g. As expected,
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we observe that at any interparticle distance, the free energy of insertion in-

creases as the grafting density is increased, with the increase in free energy

being more prominent closer to the surface of the particle. As discussed in

previous section, higher grafting densities result in an overall increase in the

volume fraction of the polymer, which results in stronger repulsions between

the grafted polymer chains. In Fig. 7.5b, we display the free energy of inser-

tion at the closest approach as a function of σR2
g. With increase in the σR2

g

there is a sharp increase in the ∆F (0) at lower σ values followed by a gradual

change at higher grafting densities. Moreover, at higher grafting densities,

the distance at which ∆F (r) → 0 also increases. The latter indicates that at

higher grafting densities, the perturbation in the brush caused by the presence

of protein extends to much larger distances and is a manifestation of larger

brush height for denser brushes. In Fig. 7.5b, we present the range of free

energy in terms of an equivalent hard sphere diameter obtained using eq. 7.17.

With increase in the grafting densities, we observe first a sharp increase in

Deff at lower grafting densities and relatively less steep increase at higher σ

values. The above behavior of Deff and ∆F (0) suggests that an increase in

σ increases both the range and strength of the induced repulsions. The lat-

ter implies that denser polymer brushes will provide better resistance against

protein adsorption.
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Figure 7.5: (a) Free energy of insertion β∆F (r) for a protein with radius
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7.3.3 Effect of van der Waals Interactions

In the previous sections, we had ignored the van der Waals attractions

between the particles surface and the protein molecules and discussed the

changes in the free energies for idealized hard sphere surfaces, albeit in pres-

ence of grafted polymer layer on the particle surface. In this section, we intro-

duce van der Waals interactions between the grafted surface and the protein

molecule and study their effect on the overall interactions. We approximate

the van der Waals attraction using the DLVO theory [214]:

βUvdW(r) =


∞, r < D + R + ε

−A
6

[(
(R+D)2

2(r2−(R+D)2

)
+

(
(D+R)2

2r2

)
+ ln

[
r2−(D+R)2

r2

]]
, r ≥ D + R + ε

(7.18)

where D and R represent the radii of the grafted particle and protein respec-

tively. A denotes Hamaker constant and ε is the distance of closest approach

between the protein and the particles and is introduced to ensure that UvdW

does not diverge at contact. In the following analysis, we set Hamaker constant

to 5kT and ε = 0.05. These parameters are found to well describe globular

proteins like lysozyme for a wide range of ionic strengths [215].

Next, we define the overall interactions between the polymer grafted

surface and protein as the sum of (i) the free energy change β∆F (r) of the

system as the protein molecule approaches the particle (discussed in previous

sections) and (ii) the van der Waals interaction between the particle and pro-

tein obtained using eq. 7.18. In Fig. 7.6a, we display the overall interactions for

various sizes of proteins for fixed grafting density σR2
g = 1.667 and D/Rg = 1.
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g = 1.667.
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The bottommost curve shows van der Waals attraction between a bare

particle (without polymer grafting) and a protein of size R/Rg = 4.0. The

remaining curves from bottom-to-top correspond to overall interactions for

protein sizes R/Rg = 0.25, 0.5, 1.0, 2.0, 4.0 respectively. The overall interac-

tions are observed to be a non-monotonic function of distance between the

surface and the protein molecule. The interactions are found to be weakly

repulsive at larger distances. The strength of repulsion increases at intermedi-

ate distances whereas at smaller distances the repulsive interactions weaken,

and for smaller particles the interactions are observed to become attractive

at shorter distances. The above trends in overall interactions can be under-

stood from the relative strength of polymer induced interactions and van der

Waals attractions. At larger distances the long range polymer induced repul-

sions dominate, where as at smaller distances the short range vdW attractions

dominate the overall interactions. We further observe that the strength of

the repulsive barrier in the overall interactions critically depends on the size

of the protein molecule and decreases as the size of the protein is decreased.

These results suggest that at a fixed grafting density, the grafted surfaces will

more efficiently prevent the adsorption of larger proteins as compared to that

of smaller proteins. In Fig 7.6b, we display the overall interactions between a

grafted particle and a protein molecule as a function of interparticle distance

for different grafting densities. We observe that indeed the higher grafting

densities introduce higher repulsive barrier, implying better resistance against

aggregation.
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7.4 Summary and Discussion

In summary, we have analyzed the structure of grafted polymer brush

and their effect on the adsorption of protein on curved surfaces. For larger

particles, the brush volume fractions show classical parabolic profile [212].

The height of such brushes is observed to be independent of surface curvature

and follows a power law dependence on grafting density: H ∝ σν . For this

case of brushes on large particles, our results show a scaling exponent of ν =

0.3. The latter is close to the classical scaling exponent for flat brushes ν =

0.33 for moderately dense brushes in good solvent [212, 213]. For smaller

particles (R/Rg < 1.0), the brush height is observed to show a more intricate

dependence on the size of the particle and grafting density.

We also analyzed the effect of polymer grafting on the insertion free

energy of spherical proteins. Our results suggest that at fixed grafting density,

the resistance of the grafted polymer to protein adsorption diminishes with de-

crease in the size of the protein molecules. Secondly, we observed that increase

in the surface grafting provides stronger steric hindrance to protein adsorp-

tion. The above results are consistent with previous experimental [216]and

simulation works [217] where higher grafting densities are predicted to provide

better barrier against adsorption of proteins. Furthermore, our study suggest

that smaller protein molecules are more easily adsorbed and thus to prevent

such an adsorption of smaller proteins one would require higher grafting den-

sities. Malmsten et. al. [216] have made a similar observation in context of

adsorption of serum proteins on PEG coated surfaces where larger proteins
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are observed to be more efficiently rejected by the PEG coated surface.

It should be noted that during the adsorption process the protein can

undergo denaturation, which may have significant effect on the adsorption pro-

cess. This study ignores the such structural changes in protein molecule and

idealizes it as a spherical particle. Secondly, we model the polymer as a self

avoiding Gaussian polymer. Water soluble polymer such as PEG show some

distinctive traits that are not accounted in such a model. For instance, exper-

imental data on aqueous PEO solutions [218] reveals concentration dependent

excluded volume effect, i.e. v = v(ρ(r)). Though the self consistent field model

detailed in section 7.1 can be easily extended to incorporate this effect, the

results presented in this chapter are for the case of uniform v. Nonetheless,

the above results provide a qualitative understanding of the role of different

physical parameters, such as curvature of brush, grafting density and protein

size in preventing the adsorption of proteins on curved surfaces.
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Chapter 8

Summary and Outlook

In this chapter, we first present a summary of the research work de-

tailed in this dissertation, followed by recommendations for future work for

understanding the phase behavior, structural characteristics and rheological

properties of polymer-particle systems.

8.1 Summary of Research

An important contribution of this work to the field of multicompo-

nent polymer-particle systems is the development of a generic unified multi-

scale approach which successfully addresses the disparity in the length scales

encountered in such systems and allows simultaneous identification of phase

behavior, percolation/gelation transitions and structural and rheological prop-

erties of the systems under consideration. The subsequent applications of this

approach to the case of non-adsorbing, adsorbing and grafted polymer chains

in presence of nanoparticles have led to a predictive understanding of the in-

fluence of ‘microscopic’ parameters that characterize such binary systems on

the macroscopic thermodynamics, phase behavior, structure and rheology of

these mixtures.
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Specifically, our research effort was focused on understanding the ef-

fect of polymer on the interparticle interactions, resultant phase behavior and

structural features of polymer-particle mixtures. The size and length scale

asymmetries in such systems render both the particle-based simulations as well

as coarse grained field theoretic approaches unsuitable. To address these chal-

lenges, we implemented a multiscale approach which allows for coarse graining

of polymeric component in the system and maps the two component system

in terms of an effective one component system consisting of just particles. The

resultant one component system is characterized by polymer mediated effec-

tive interactions. To extract the latter, we adapted a mean field approach and

implemented a numerical version of polymer self consistent field theory in bi-

spherical coordinates. The latter allowed us to access a wide range of polymer

and particle sizes, while simultaneously eliminating the artifacts arising from

geometrical discretizations. In the subsequent studies, we adapted the above

developed framework : (i) to incorporate multibody effects in the nanoparticle

regime (ii) to examine the phase behavior and percolation characteristics (iii)

to probe the polymer bridging induced gelation phenomena and (iv) to predict

the structure and elastic properties of particulate gels.

Our implementation of above approach for the case of nanoparticles

in non-adsorbing polymers highlighted several surprising features that distin-

guished the nano-sized particles from the particles in colloidal size range. In

nanoparticle regime, we showed that the volume of the polymer depletion

layers far exceeds the particle size itself and leads to significant multibody
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interaction effects. The latter were approximated through a novel free volume

approach to demonstrate that the multibody effects can lead to significant

strengthening of the attractive depletion interactions and can result in demix-

ing in the protein-polymer mixtures.

Next, we studied the phase behavior, percolation transitions and struc-

tural characteristics of nanoparticles in adsorbing polymeric solutions. We

proposed a ‘saturable adsorption model’ which accounts for the finite ad-

sorption capacity of nano-sized particles. Our results demonstrated that an

interplay between surface saturation, polymer concentration and polymer-to-

particle size ratio governs the interactions between the particles. The latter are

observed to result in a rich phase behavior ranging from bridging flocculation

to steric stabilization.

Our studies on the conformational characteristics allowed a direct com-

parison between the structure of polymer layers on flat surfaces and that on

highly curved nanoparticles. Our results demonstrate that adsorption on large

particles/flat surfaces is primarily in the form of loop-like structures where as

the adsorption on smaller particles is characterized by prominence of tail-like

structures. The latter significantly enhances the probability of formation of

polymeric bridges in the nanoparticle regime. These microscopic structural

features were incorporated into a hybrid simulation approach which in con-

junction with graph theory led to direct identification of polymer induced

clustering of particles. Our results suggest significant lowering of gelation vol-

ume fractions in the nanoparticle regime and show an excellent agreement
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with the published experimental observations. An important outcome of this

study is the identification of universality in the structural characteristics and

elastic properties of polymer-bridged gels of particles. The predicted universal

scalings for structure and elastic moduli show an excellent agreement with the

experimental data for a number of polymer-particle systems and can provide

a quantitative approach to delineate the mechanisms of gelation in polymer-

nanoparticle systems.

We also studied the adsorption characteristics, the effective pair-

interaction potentials and the resulting phase behavior, percolation transi-

tions of rod-like nanoparticles dispersed in solutions of adsorbing polymers.

By using polymer self-consistent field theory in conjunction with a Derjaguin

approximation we computed the polymer-mediated orientation-dependent pair

interaction potentials between cylindrical nanorods. A modified Flory theory

and a simple analytical model is then used to delineate the different equilib-

rium phases and the onset of percolation for nanorods in polymer solutions.

We analyzed the influence of polymer-surface affinity, the polymer concen-

trations, the radius of rods, and the aspect ratio of rods, on the topology of

equilibrium phases and percolation regimes. As a model mimicking nanotube-

polymer mixtures, we also considered the influence of strong rod-rod van der

Waals interactions on the above equilibrium characteristics.

Finally, we studied the effect of grafted polymer chains on protein ad-

sorption for different sizes of protein molecules and various grafting densities.

We model polymer grafting on a particle surface within the self-consistent field
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framework and idealize the protein as a spherical particle. We analyze the ef-

fect of surface curvature on the structure of polymer brush and examine the

free energy change as the protein approaches a grafted polymer layer under

different physical conditions. Our analysis delimits the optimum design pa-

rameters for the prevention of van der Waals induced adsorption of proteins

on a particle surface.

8.2 Recommendations for Future Work

The approach developed in this dissertation presents many generaliza-

tions which can lead to a more comprehensive understanding of the manner

in which the microscopic properties of constituents influence macroscopic in-

teractions, phase behavior and rheology of polymer-particle systems. In the

following we suggest possible directions for future research that will help us

better understand the physics of nanoparticle-polymer mixtures and how it

differs from colloid-polymer mixtures.

8.2.1 Complexation and Phase behavior in Polyelctrolyte-Particle
Mixtures

Systems involving particles in presence of charged polymers such as

polyelectrolytes, polyampholytes etc. are commonly encountered in a variety

of industrial applications such as colloidal stabilization, food and dairy for-

mulations, protein separations [219, 220]. Also, many biophysical processes

such as DNA-histone complexation are governed by electrostatic interactions
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between the components [221].

A number of physical parameters determine the electrostatics of poly-

electrolyte solutions. These include the charge distribution along the polymer

chain, the concentration of counterions (which are attracted to polyelectrolyte

via a long-ranged Coulombic attraction), pH, salt concentration and solvent

quality. The presence of particles adds further to these complexities making the

theoretical studies of polyelectrolyte-particle systems far more difficult than

their neutral counterparts. Moreover, bending of a charged polymer molecule

around a curved surface is governed by the intra-chain repulsions and chain

interactions with the counterions cloud surrounding the chain and results in a

significant amount of electrostatic energy [219]. Hence curvature of the par-

ticle is expected to lead to a marked effect on adsorption of a polyelectrolyte

as compared to adsorption of neutral polymer on spherical particles. Though

polyelectrolyte adsorption on spherical geometries is of particular interest in

most colloidal science applications and bio-cellular processes, most earlier an-

alytical and/or scaling studies of these systems are limited to flat geometries.

The simultaneous presence of both, short-range (excluded volume)

and long-range (Coulombic) interactions in polyelectrolyte solutions gives rise

to many complex features in context of polyelectrolyte-particle interactions.

Some of the interesting issues in this context are:

1. Depending on salt concentration, pH, polymer concentration,

polyelectrolyte molecular weight etc, polyelectrolyte-micelles and
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polyelectrolyte-protein systems exhibit a rich phase behavior including

liquid-liquid, liquid-solid phase transitions [222]. The physics behind

these phase transitions is poorly understood.

2. In polyelectrolyte-micelle and polyelectrolyte-protein systems, conforma-

tions of polyelectrolytes on the particle surface, particularly, polymer

bridging between the particles have been speculated to play an impor-

tant role in the phase behavior [223]. Theoretical understanding of these

polyelectrolyte conformations is quite limited.

The hybrid framework developed in this research which combines the

polymer field theory with particle based simulations is especially well suited

for studying the thermodynamics and phase behavior in PE-particle systems.

At a mean field level, the PE mediated interactions between the particles

can be discerned by simultaneous solutions of polymer field theory equations

and Poisson Boltzman equation. Further, the conformational characteristics

of PE chains near the particle surface can be straightforwardly extracted by

implementing the two point propagator approach described in Section 2.3 and

can be incorporated into particle based approaches to gain insights into the

complexation and self assembly in such systems.

8.2.2 Phase Behavior, Structure and Rheology in Mixtures of
Copolymer/Polymer Blends and Nanoparticles

In this research, our focus was limited to the effect of homopolymers on

the interactions, phase behavior and structural features of particulate suspen-
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sions. However, a substantial number of the practical situations comprise of

nanoparticles in presence of copolymers or blends of different homopolymers.

Such mixtures are being actively investigated for their potential to yield com-

plex, highly ordered composites for next generation catalysts, selective mem-

branes, and photonic band gap materials. The specific morphology and hence

the applicability of these materials critically depends on the polymer architec-

ture and on parameters such as the size and volume fraction of the particles,

size asymmetry between different polymeric components/blocks and their rel-

ative affinities for the particle surfaces etc. Though polymer self consistent

field theories have shown remarkable success in modeling thermodynamics of

pure polymers and copolymers, not much theoretical work exists on the effect

of copolymers/blends on the phase behavior and self assembly characteristics

in inhomogeneous systems containing particles. The framework developed in

this research can be easily generalized for the case of polymer blends as well

as copolymers and can help understand the morphology and thermodynamic

behavior of copolymer-particle mixtures.

8.2.3 Dynamics and Flow Behavior of Nanoparticles in Polymeric
Media

Experimental studies on polymer-nanoparticle systems show a variety

of interesting effects regarding the dynamics and flow behavior of polymer-

nanocomposites. For instance, studies of dynamical behavior of polymers near

surfaces have observed significant changes in polymer mobility, slippage un-

der shear etc. These observations have been speculated to be correlated to
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the interactions between the particles and polymers. The equilibrium studies

presented in this dissertation have highlighted profound differences in the equi-

librium interactions and structural characteristics in the nanoparticle regime

in comparison with that for larger particles. These results can be combined

in hybrid molecular dynamic approaches to clarify the role of interactions,

polymer structural features (such as interparticle bridging) and rheology in

influencing the dynamics and flow behavior of polymer-nanoparticle mixtures.

Interesting connections between interaction potential and rheology have been

suggested in studies on associating polymers and mode coupling theories. Ex-

ploring such connections between the equilibrium characteristics and dynamics

of polymer-nanocomposites can have significant practical implications.
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