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Abstract 

 

Quantification of Production Recovery using Probabilistic Approach 

and Semi-analytical Model for Unconventional Oil Reservoirs 

 

 

Bong Joon Choi, M.S.E. 

The University of Texas at Austin, 2015 

 

 

Supervisor:  Kamy Sepehrnoori  

Co-supervisor:  Sanjay Srinivasan 

 

 

Decline curve analysis is widely applied for production forecasting in oil & gas 

industry. However, many models do not work for super-tight, unconventional wells with 

dominant fracture flows. Some novel decline models have been introduced for 

unconventional plays, but the transition time between the transient and pseudo-steady 

flow period is difficult to model with such pure empirical relations. Consequently, the 

decline projections are often inaccurate and furthermore, they are difficult to quantify the 

uncertainty associated with the predictions. To address these issues, a combined 

probabilistic approach is proposed that uses a dual-porosity semi-analytical decline model 

within an extended bootstrap framework in order to provide estimates for the P10, P50 

and P90 production profiles.  



 viii 

The probabilistic method employed in this research is a data-generative approach 

that employs modified bootstrap method to generate multiple decline model projections. 

The semi-analytical model is an approximate decline model that optimizes parameters 

describing flow in matrix-fracture systems using the observed production profile.   

In the proposed method, probabilistic approach and semi-analytical decline model 

are combined. The modified approach is compared to the performances developed with 

Arps’ hyperbolic model. Both models are fitted by optimizing respective parameters and 

50 synthetic data sets are used to draw confidence interval projections.  

The probabilistic approach is extended by proposing alternate blocking techniques 

– variance of the mean and analysis of the variance (ANOVA), in place of a scheme 

based on the autocorrelation exhibited by the decline data, originally implemented by 

other researchers.  The cumulative production and forecast period production errors are 

calculated for these alternative schemes. 

For all proposed applications, two unconventional, horizontal oil wells are used to 

test the results. Both these wells exhibit sharp decline in production rate in the first few 

months that is related to fracture flow regimes. The results show that the proposed 

application of semi-analytical model with probabilistic approach significantly improved 

the projections. The implementation of alternate blocking techniques also show 

improvement in confidence interval projections, The resultant uncertainty distributions 

are more accurate and precise than those obtained using the autocorrelation based 

schemes. The combined results show that ANOVA blocking technique outperformed the 

other two techniques.  
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Chapter 1: Introduction 

 

In reservoir engineering, depending on the availability of data, a full field 

reservoir study is often performed. In order to do this, a reservoir field model is generated 

using well log and seismic data. From cores, geologic attributes such as porosity and 

permeability may be calculated and integrated into the model. Pressure and production 

flow rates obtained from test wells can also be integrated for a full physics simulation of 

the reservoir. The purpose of all these efforts is to describe the field, characterize the 

target of interest, and estimate the reserves. This process, however accurate, is based on 

many assumptions and uncertainties that may cause the results to differ from the actual 

production results. Recognizing this need to quickly quantifying the uncertainty 

underlying performance prediction, many researchers and engineers have employed a 

more direct, yet simple method of decline curve analysis. The belief is that such analysis, 

though approximate, can be rapidly performed in order to quantify the uncertainty 

associated with performance prediction. 

Normally when a well goes into production, the reserve fluid in the formation 

flows at a peak rate due to the drawdown of reservoir pressures. As time progresses, the 

decline in reservoir pressure gradually subsides and the flow rate declines. Here, decline 

curve analysis takes the production and pressure data and empirically draws decline 

projections based on historical data (Lacayo, Texas, & Lee, 2014). The method is simple 

to implement since it does not explicitly consider the geology or prior knowledge of the 

field (Lee & Sidle, 2010). The technique can be applied to a wide variety of formations 

with relative accuracy in estimating reserves and ultimate recovery. However, the 

technique has its limitations in that the models are empirically based. The lack of geology 
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and flow physics explicitly within the decline model renders it impossible to correlate 

decline from one well to another (Fetkovich, 1996). Also, decline curve analysis is data 

driven, meaning, it is rather difficult to draw projections for wells with limited production 

data. Any operational changes or changes in reservoir conditions may affect the decline, 

making it difficult to model using the decline analysis methodology (Lacayo et al., 2014). 

Traditionally, several decline models were and continue to be developed for the 

performance of conventional reservoirs. These models, most notably the ones developed 

by Arps, assume boundary dominated flow with constant reservoir pressures (Arps, 

1945). With recent development of unconventional reservoirs, where flow physics is 

vastly different from that for conventional reservoirs, the traditional decline models fail 

to model the production decline with accuracy. Unconventional reservoirs are tight 

geologic formations in which equilibration of flow conditions takes a long time, resulting 

in a prominent transient flow regime. For these types of shale or tight formation 

reservoirs, several novel decline models, such as Stretched Exponential Production 

Decline (SEPD), Duong models, and dual models, have been developed (Indras & Lee, 

2014). Besides simple, empirical based decline models; there are some semi-analytical 

models that consider geology and flow physics into the model, notably the mechanistic 

model for unconventional oil reservoirs developed by Ogunyomi (2015). Models such as 

Cheng et al. (2010) take a probabilistic approach by applying the decline models 

statistically in order to determine confidence intervals for projections. This yields a 

projection range that depicts the expected range over which production would decline 

(Cheng et al., 2010). Currently, there are traditional and novel decline models for specific 

formation and reservoir conditions. In drawing projections, fitting procedure decline 

models is mostly subjective and requires engineering experience to project accurately. 

The subjective and empirical approach of decline curve analysis motivates a need for 
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more objective, consistent approach that is broadly applicable, physics-based, and 

relatively easy to implement.  

 

1.1 Research Objectives 

 

The primary goal of this thesis is to investigate the applications of probabilistic 

approach for quantifying the production characteristics of unconventional oil wells. 

Instead of an empirical curve fitting procedure, probabilistic approach applies the decline 

models to project confidence intervals.  

The research objectives are summarized below: 

1. Apply a physics based proxy model for modeling the decline characteristics of 

wells completed in unconventional formation. This proxy model was 

developed by Ogunyomi (2015). 

2. Implement a probabilistic approach presented by Cheng et al. (2010) using 

Ogunyomi’s semi-analytical model for unconventional wells (2015). The 

original probabilistic approach uses traditional Arps’ equations to base its 

confidence interval projections. Instead of using empirically fitted traditional 

decline models, the application of semi-analytical model is considered, 

reasoning that the latter model’s consideration for flow physics and geology 

would better project the production characteristics.  

3. Investigate improvements to the bootstrap method used in probabilistic 

approach by applying variance of the mean technique (Lake & Srinivasan, 

2004) and the analysis of variance (ANOVA) technique commonly 

implemented in statistics. In Cheng et al.’s work, an autocorrelation based 
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method is used to determine the optimal block size. Alternate blocking 

techniques are investigated in order to robustly assess the uncertainty 

associated with decline trends.  

 

1.2 Description of Chapters 

 

Chapter 2 covers the literature review of decline curve analysis, its development 

and applications. Both traditional and novel methods will be introduced. Semi-analytical 

model is also outlined. Decline model applications, such as Fetkovich type curve and 

probabilistic approach, will be covered to illustrate the data driven methods. Lastly, 

different types of autocorrelation methods will be explored to understand their 

application in declines curve analysis. 

Chapter 3 covers semi-analytical model applications beginning with its 

development and assumptions. The implementation of the model will be evaluated using 

data for horizontal, unconventional oil wells. 

Chapter 4 covers the probabilistic approach developed by Cheng et al. Here, 

Arps’ hyperbolic model will be used to calculate the confidence intervals with the 

original method of autocorrelation. Similar to Chapter 3, the implementation will be 

evaluated for several example oil wells. 

Chapter 5 covers the coupled application of semi-analytical model and 

probabilistic approach. The combined methodology will be compared against original 

probabilistic approach developed by Cheng et al. and the performances will be evaluated. 

The same example oil wells used in Chapters 3 and 4 will be used to illustrate 

performance. 
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Chapter 6 details two alternate statistical blocking techniques for implementation 

in the probabilistic approach. Each technique will be used alongside with semi-analytical 

model and their performance will be evaluated. 

Chapter 7 summarizes the results from the previous chapters and draws key 

conclusions. The chapter also presents improvements to be made and recommendations 

for future work.  
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Chapter 2: Background and Literature Review 

 

This chapter reviews the relevant papers regarding decline curve analysis and 

probabilistic approach and their respective implementations. The chapter goes through 

detailing several traditional and novel decline curve models. Several of these models are 

developed for specific reservoir conditions and formations. The probabilistic approaches 

will be discussed next, along with the definition of autocorrelation and other blocking 

techniques. Their application to statistical approach to decline projections is also 

discussed. 

 

2.1 Traditional Decline Models 

 

Decline curve analysis is an empirical technique that uses the historical 

production data to draw decline projections. Most notably and widely used decline 

models for conventional wells are developed by Arps in 1945. In his paper, Arps’ has 

distinguished three different rate-decline behaviors and based on these developed three 

decline models. 

 

 
Eq. 2.1 
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 Eq. 2.3 
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Equations Eq. 2.1 to Eq. 2.3 are exponential, hyperbolic, and harmonic decline models, 

respectively. Here, iq  is initial production rate, iD  is decline rate, and b  is hyperbolic 

decline exponent. It can be noted that depending on models, the range of hyperbolic 

factor changes. For exponential model, hyperbolic factor is 0; for the harmonic model it 

is 1; and for the hyperbolic model, it ranges from 0 to 1 (Ahmad, 2006). The following 

figure conveniently depicts the decline models and the associated profiles based on b  

value. 

 

 
Figure 2.1: Decline curves for all three models (Ahmad, 2006). 

 

For all three models, the decline rate variable iD  is simplified by keeping the term a 

constant. This term represents the instantaneous rate of change of log production with 

respect to time 𝑡.  



 8 

 

 Eq. 2.4 

 

A minus sign is in place because decline rate and time are inversely related (Ahmad, 

2006). The empirical development of these models allows simplicity in implementation. 

It is possible to project reserve estimations and ultimate recoveries without considering 

the flow phenomena or reservoir parameters (Mattar & Anderson, 2003). However, these 

same reasons that make the traditional decline analysis methods attractive also pose as 

disadvantages in other considerations. The biggest limitation rises from assumption of 

boundary dominated flows (Lacayo et al., 2014). This limits the Arps equations only to 

reservoirs with constant flow pressures, thus it is inapplicable to transient-flow systems 

(Cheng et al., 2010). Furthermore, there is always a restriction in estimating future 

production based on historical or current operating constraints that may not be applicable 

in the future (Mattar & Anderson, 2003). Some notable examples are re-perforations, 

operator controlled production rate changes, and development of hydraulic fractures in 

reservoirs. 

 

2.2 Decline Type Curves 

 

In order to better quantify production behavior of wells, type curve analysis 

techniques have been developed. First introduced by Agarwal, Al-Hussainy, & Ramey in 

1970, it is a set of theoretical curves generated to reflect the changes in well production 

and pressures as a function of well configuration, reservoir characteristics etc.. These 

curves are matched to the observed flow behavior in order to predict the decline 

(ln ) 1d q dq
D

dt q dt
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characteristics of a well (Ahmad, 2006). Later in 1980, Fetkovich proposed a type curve 

matching technique to extend the use of decline curve analysis. Using this idea, 

Fetkovich developed decline type curves with varying hyperbolic decline exponent b . 

 

 
Figure 2.2: Fetkovich type curve from (M J Fetkovich, 1980) adapted by (Ahmad, 

2006). 

 

Utilizing both analytical solutions of flow equations and empirical solutions, the type 

curve provides a reliable framework for calculation of reservoir parameters by simply 

superposing the observed decline curve on top of the type curve and reading off the 

parameters of the matching curve. Various parameters such as skin factor, permeability, 

and porosity may be calculated by matching the decline curve models to the type curve 

(Fetkovich, 1980). 

However, type curve analysis does pose some practical limitations. First, the early 

production data during the early depletion stages are difficult to match. Second, the 

hyperbolic decline exponent b  is often not a constant value but a variable with time, 
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especially for gas wells (Chen & Teufel, 2002). Third, Fetkovich type curve assumes 

decline exponent to be between 0 and 1, but many tight gas formations show productions 

that are best matched with decline exponent greater than 1 (Kupchenko, Gault, & Mattar, 

2008). To mitigate the limitation posed by the constant pressure assumption, Carter 

(1985) developed type curves to address the pressure changes and their effect on fluid 

properties. Later, a new type curve was also developed based on conversion from gas 

well production and pressure data to liquid production data equivalent (Palacio & 

Blasingame, 1993). This type curve made it easier to project gas production decline using 

well-test analysis.  

 

2.3 Novel Decline Models 

 

 With rise of interest in tight gas and shale reservoirs, traditional decline curve 

analysis has severe limitations in accurately modeling the production decline. As 

mentioned earlier, traditional decline curve analysis assumes pseudo-steady state flow, or 

boundary dominated flow. However, in unconventional plays like shales, the pseudo-

steady state flow period is not attained until several years into production (Duong, 2010). 

Typically, unconventional wells show different flow regimes in transient stages until 

finally stabilizing to pseudo-steady state flow at much later times (Joshi & Lee, 2013). 
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Figure 2.3: Flow regimes of a typical horizontal well in unconventional plays (Doe et 

al., 2014). 

 

As shown in Figure 2.3, fracture flow occurs initially, and matrix flow occurs once 

fractures deplete. When the near-fracture matrix depletes, flow in the reservoir 

commences (Doe et al., 2014). In order to depict the transient nature of unconventional 

wells, several novel decline models have been developed. Several models such as 

Stretched-Exponential Production Decline (SEPD) (Valkó & Lee, 2010), Duong (Duong, 

2010), Logistic Growth (Clark, Lake, & Patzek, 2011), Power Law (Ilk, Perego, Rushing, 

& Blasingame, 2008), Dual Models (Joshi & Lee, 2013) are designed to better 

characterize the early stages of production (Lacayo et al., 2014). Besides these, a hybrid 

model was also introduced (Indras et al., 2014) that combines the novel models with 

those of Arps’ that characterize the boundary dominated flows. While these novel decline 

models are designed specifically for unconventional plays, these are still empirically 

derived. Just like Arps’ equations, there are no specific link between reservoir parameters 

and the models. In addition, none of these models provide well-specific flow regime 

transition times. This means that the engineer must subjectively decide when the transient 
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flow regime ends and when the boundary dominated flow starts, all adding to the 

uncertainty in using these models (Ogunyomi, 2015). 

 

2.4 Dual Porosity Models – Mechanistic Approach 

 

In an effort to relate the empirical nature of decline curve analysis to flow physics 

and reservoir parameters, several methods have been developed. Dual porosity considers 

two flow systems: matrix and fractures (Warren & Root, 1963). Fractures generally have 

higher permeability than the matrix in which fluids from fractures are rapidly produced. 

Once depleted, fluids in matrix drain into these fractures until all fluids are transported 

via fractures to wellbore (Lee & Wattenbarger, 1996). The first dual porosity application 

was developed by Warren and Root (1963). Numerous other researchers have extended 

and applied the original dual porosity model including Ozkan et al in (1987), Carlson and 

Mercer in (1991), and El-Banbi and Wattenbarger in (1998). More recently, for 

applications in unconventional resources, Lewis and Hughes in (2008) presented a 

method to analyze production from shale gas wells accounting for adsorbed gas. 

However, the model required numerous parameters that made it difficult to implement 

and interpret (Ogunyomi, 2015). Samandarli et al. in (2011) developed a semi-analytical 

method for history matching and production forecasting of shale reservoirs using the dual 

porosity model. The method combines mathematically derived analytical solutions for 

history matching and empirical solutions for predictions. As for oil wells, Song (2014) 

presented solutions to finite-difference method for hydraulic fractured oil wells. In 2015, 

Ogunyomi has developed a simple analytical and physics based approximate model that 
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projects the production decline of unconventional oil wells based on several assumptions 

(Ogunyomi, 2015): 

 

1) Flow of single phase slightly compressible fluid. 

2) Isothermal flow within the reservoir. 

3) Isotropic and homogeneous properties in each compartment (fracture and 

matrix). 

4) No communication between matrix and wellbore. 

5) Large difference in permeability between matrix and fracture compartments. 

6) Secondary effects – stress dependent permeability and desorption – are 

neglected. 

 

The following figure is a visualization of the flow configuration employed for deriving 

the semi-analytical model (Ogunyomi, 2015). 
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Figure 2.4: Fractured horizontal well model adapted from Ogunyomi (2015). 

 

The blue lines mark fracture boundaries and horizontal black lines mark horizontal 

wellbore. Fluid flows from matrix to fracture and then to the wellbore. Based on the 

above assumptions, Ogunyomi developed a new approximate analytical solution to dual-

porosity flow. This model will be extensively reviewed in the next chapter in terms of its 

derivation and applications. The model is based on the physics of flow in comparison to 

simple, empirically derived decline models. However, one set back to this model is that 

the model does not consider complex fluid flows such as two phase and three phase 

flows. This limits the applications to unconventional oil wells only (Ogunyomi, 2015). 
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2.5 Decline Analysis – Probabilistic Approach 

 

Instead of developing decline models to reflect the decline behaviors and flow 

physics, some have pursued a probabilistic approach to estimate reserves. Instead of 

modeling a single projection curve, probabilistic approaches estimate a range of values 

for reserves by drawing confidence intervals (P10, P50, and P90) to outline the 

probability of projection paths. Often, decline curve models have significant uncertainty 

associated with their estimation (Cheng et al., 2010). There is also ample evidence that 

decline curve models yield much error in reserves estimation (Thompson, Wright, & 

Digert, 1987). In order to tackle these disadvantages, Jochen and Spivey applied 

conventional Bootstrap method (1996) to quantify the uncertainty associated with the 

predictions. Bootstrap method was first introduced by Efron (1979). The method is a 

statistical technique that can assess the probability distribution describing a phenomenon 

by generating synthetic data points using Monte Carlo sampling. This method allows an 

objective assessment of uncertainty associated with the given data (Cheng et al., 2010). 

Cheng et al., has used a similar approach for reserves estimations, but used modified 

bootstrap method for their experimentations. Traditional bootstrap does not consider the 

trends in the data set; it simply assumes random dataset. Modified bootstrap method 

generates synthetic data, while honoring the declining trend that is pervasive in reservoir 

production. In order to implement this, Cheng et al. introduced an autocorrelation 

technique to find the time interval that yields the optimal block size for Monte Carlo 

sampling. The autocorrelation function is defined as 
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 Eq. 2.5 

 

where 1 2,  ,  ,  NX X X  are production data at time 1 2,  ,  ,  ,Nt t t  respectively, k  is the lag 

size, and X  is the sample average.  kR  is then plotted against the lag time. Optimal block 

size is then determined by identifying an autocorrelation value that is significantly 

nonzero (Cheng et al., 2010). Besides autocorrelation technique, several alternate 

blocking techniques are introduced. One technique is developed by Kim (2014), which 

used high run, low run residual cycles to indicate optimal block sizes.  

 

 
Figure 2.5: Cycle generation by data residuals (Kim, 2014). 
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In this case, data residuals based on Arps’ decline model are calculated and each cycle 

that is generated is considered the optimal block size for that particular group of 

production data. The advantage is that the block sizes are different, which may 

characterize the decline trends better. 

 Next, Lake and Srinivasan (2004) developed a variance of the mean technique to 

calculate the optimal block size for scale-up applications. The technique seeks to find the 

appropriate lag distance that small scale and large scale variability is minimized. 

Variance of the mean equation is given below: 

 

   
2

2

0 0

2
( )

L

Var Z d d
L

  

 


   

 

 

    Eq. 2.6 
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Z  is the data, 2  is variance of the whole sample,   is the spatial autocorrelation 

function, and L  is the lag size. The optimal lag size is determined when the variance of 

the mean slope approaches -1, which indicates that the block 𝑍 values act independently 

at this point (Lake & Srinivasan, 2004) or in other words, the Representative Elementary 

Volume (REV) of Z is established at that point.  

Another alternative to data-based blocking technique is analysis of variance 

(ANOVA). ANOVA is a statistical analysis technique that identifies whether there are 

universal effects or variations among groups of data. The method analyzes differences in 

group means and tests these effects to the null hypothesis for statistical significance. 

Essentially, ANOVA is an extension of the concept of t-test, which tests two data sets for 

underlying relation. ANOVA generalizes this to more than two data sets (Lowry, 2015). 

Because of this reason, ANOVA uses F-table, which is a right-skewed distribution, to test 

the null hypothesis. If the  is left of critical value, the underlying relationships are 

negligible; if to the right, the underlying relationships are significant.  

 

 
Figure 2.6: Example F-distribution plot for illustration. 

ratiof
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Critical   is calculated with degrees of freedom based on the data set. Although not 

typically applied in petroleum industries, the statistical concept can be utilized to 

determine the optimal block size. In the case of production data, ANOVA testing can be 

conducted for different block sizes and calculation of   is possible. Because high 

 corresponds to structural trends in groupings, correlating the block size that yields 

the lowest  that can be described as optimal block size for the data. The lowest  

can be interpreted as data groupings with minimal data trends, which is essentially the 

goal of the modified bootstrap method. Figure 2.7 illustrates this idea. 

 

 
Figure 2.7: Conceptual sketch of method of determining optimal block size with 

ANOVA. 

The methodology is covered in more detail in Chapter 6. 

There are several techniques presented, one of the goal of this thesis is to 

investigate different blocking techniques for blocking the decline profile. Using such 

techniques, optimal block size is determined and a number of synthetic data are generated 

for each block, which are used to produce a distribution of decline model parameters and 

ratiof

ratiof

ratiof

ratiof ratiof
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estimated reserves (Cheng et al., 2010). For method implementations, Cheng et al. used 

Arps’ hyperbolic model to develop the confidence intervals. The results, compared to the 

actual production data, looked promising with most of actual data falling within the 

confidence band (between P90 and P10). However, depending on the time frame of 

history matching, the confidence intervals shifted significantly, thus, they have 

experimented modeling the intervals based on varied fitting history. 

 

 
Figure 2.8: Different backward estimation cases (Cheng et al., 2010). 

 

Cheng et al., noticed that by increasing percent production history used in decline curve 

models, the less the confidence interval coverage resulted. This means that the confidence 

interval lose its accuracy when more historical data are considered. Based on this finding, 

Cheng et al., has presented several promising results for both oil and gas wells. 
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Figure 2.9: Oil well confidence interval 

coverage. 

 
Figure 2.10: Gas well confidence interval 

coverage. 

 

Both figures show the actual production to be within the confidence intervals. The 

method did not capture the projection for gas well as well as the oil well. This is because 

of the strong dependence of fluid flow properties on pressure that causes gas wells to 

have varied hyperbolic decline exponent 𝑏 (Chen & Teufel, 2002). Any modeling for gas 

well must use the most recent set of historical data to mirror the most likely conditions 

during the forecast period (Cheng et al., 2010).  

As mentioned before, the traditional decline models are not representative of the 

decline performance of unconventional reservoirs. Therefore it is of interest in this thesis 

to investigate more physics based models for uncertainty quantification such as the semi-

analytical model developed by Ogunyomi (2015). 

 

2.6 Chapter Summary 

 

In this chapter, a detailed literature review of previous attempts to model the 

decline performance of reservoirs is presented. Both traditional and novel decline 

analysis methods are covered, outlining advantages and disadvantages for these models. 
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Several type curve methods are also mentioned. The focus is then shifted to dual-porosity 

models that are more analytically rigorous, but physically robust for describing the 

production decline. Rather than fitting empirically generated parameters, the semi-

analytical models fit parameters that are more in line with fracture and reservoir flows. 

Lastly, probabilistic approaches for reserves estimation are reviewed. Cheng et al.’s, 

method is expanded to detail its applicability to decline projections. To facilitate the 

probabilistic approach, several blocking techniques are also introduced. In the next 

chapter, Ogunyomi’s semi-analytical model will be investigated in more detail. The 

development of this model is discussed, and the model is implemented for analyzing the 

decline characteristics of a well and the results are compared to those from a traditional 

hyperbolic model.  
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Chapter 3: Application of a Semi-analytical Model for Production 

Decline  

 

In Chapter 2, several approaches for estimating production reserves are discussed, 

including both traditional and novel decline curve models. These models, while easy to 

use and based on an approximation of the physical processes resulting in the decline, also 

reveal the need for more robust, geology-related models that better represent the reservoir 

and the processes. This led to development of dual-porosity models where fracture and 

matrix flows are considered. Here, a semi-analytical model (Ogunyomi, 2015) is 

discussed, outlining its development and application to predicting decline characteristics.  

 

3.1 Development of Dual-Porosity Semi-analytical Model 

 

Following the assumptions outlined in Chapter 2, the approximate model is first 

developed based on the diffusivity equation written in terms of the effective permeability 

of the reservoir: 
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 Eq. 3.1 

 

Where mP  is pressure and  
m

mt

k

c )(
 is diffusivity coefficient for the reservoir matrix, 

respectively. The corresponding pressure diffusivity equation in fracture is: 
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 Eq. 3.2 
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Where 
fP and 

f

ft

k

c )(
are pressure and diffusivity coefficient in fractures (Ogunyomi, 

2015). In both the fracture and the matrix, diffusivity coefficient is a ratio of the 

compartment’s storativity to its transmissibility, and that can be correlated to the rate of 

fluid response in transient state (Shadizadeh et al., 2007). Upon solving the two equations 

using the respective initial conditions as outlined in Chapter 2, the following system of 

ordinary differential equations emerge. 
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  for each compartment. 

Eq. 3.3Eq. 3.3 shows that the system of PDEs has been transformed to a system of ODEs 

that can be solved analytically. In addition, the problem eliminates the need for fracture 

geometry and dimensions. This makes the production estimation simple to implement 

(Ogunyomi, 2015). In order to solve for the average pressure P , a one-dimensional linear 

flow analytical solution is implemented (El-Banbi & Wattenbarger, 1998; Bello & 

Wattenbarger, 2008; Patzek et al., 2013). 
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It can be observed that variations with respect to dimensions xyz are eliminated, leaving 

variations in pressure as a function of time only. Because the solution variable is the 

average pressure, P , knowledge of exact fracture and matrix volumes is unnecessary, 

thereby simplifying the treatment of the problem (Ogunyomi, 2015). In order to solve for 

fracture production rate, 
fq , Ogunyomi defines several parameter groups: 
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Eq. 3.8 

 

Where 
fiq  and miq  are initial production in fracture and matrix, respectively; 

fJ  is 

fracture productivity index, xT  is matrix productivity index, 
f is fracture time constant, 

and m  is matrix time constant. Time constants define the fluid storage time in each 

compartment. Using the above definitions, approximate fracture production rate is solved 

by the method of matrix decomposition (Ogunyomi, 2015). 
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 Eq. 3.9 

 

 Where 1,  2 ,  ,  and   are defined as follows: 
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 Eq. 3.13 

 

In physical terms, 1  and 2  are time-constant equivalents for parallel flow model 

without cross-flow. Eq. 3.10 to Eq. 3.13 are considered scaling parameters that 

transforms two compartment series flow to parallel flow without cross-flow (Ogunyomi, 

2015). The corresponding cumulative production ( )PN t  is given by 
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 Eq. 3.14 

 

All four parameters described by Eq. 3.10 through Eq. 3.13 are based on the flow physics 

and related to productivity index and time constant parameters (Eq. 3.5 – Eq. 3.8) for 

fracture and matrix. Given production data, the approximate dual-porosity model is 

history matched by perturbing the underlying parameters ,fiq  / ,x fT J ,f  and m . Thus, 

instead of adjusting simple statistical or empirical parameters that accomplish history 
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match as in the traditional decline curve models, this semi-analytical model takes into 

account the production data and optimizes the parameters that are physically related to 

flow in horizontal fractures and matrix. The optimization procedure entails minimizing 

the total error, which is calculated as follows: 
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total rate cumerror error error   
Eq. 3.17 

 

totalerror  is the summation of equal parts of rateerror  and cumerror  because minimizing 

rate production error alone may not quantitatively fit the true production in the long run. 

On the other hand, minimizing cumerror  would bring about quantitative fitting, but would 

result in unreasonable fits in the early stages where the magnitude of the production may 

outweigh the effects of late stages with low productions. Thus, to balance these two 

effects – qualitative and quantitative fits – both are equally weighted in calculating the 

objective function value. The error summation for both rate and cumulative errors 

neglects the errors in the production rising stages ( i k ). Thus, the initial peak rate in 

production is considered the first point at which history matching is considered. 
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Figure 3.1: Criteria for history matching. 2

nd
 month ( 2k  ) is initial peak 

production from which history matching is considered. Production in build-up stage 

(1
st
 month) is not considered for error calculations. 

 

The semi-analytical model does not consider the rising period of production. In the case 

of Figure 3.1, production from 2
nd

 month or 2k   to end of reported production is 

considered for error calculations.  

 

3.2 Example application of Dual-Porosity Semi-analytical Model 

 

Ogunyomi’s semi-analytical model is used in conjunction with production data 

for a well. As mentioned previously, the model assumes a dual-porosity flow system with 

flow in fractures and matrix. The applications data was extracted for wells in the Austin 

Chalk formations in west Texas. Specifically, wells are extracted for a well that presents 

a natural decline with minimal operation or reservoir changes.  
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3.2.1 Example 1: 

 

A horizontal oil well from Burleson County is selected. The well has been in production 

from January 1993 to January 2015. The peak monthly production rate is at 249 bbl/day. 

 

 
Figure 3.2: Example 1 oil horizontal well in Burleson County, Texas.  

Figure 3.2 shows the production decline with respect to time. It is apparent that there is 

an operational change or stimulation in the 67
th

 month, which might be a good starting 

point for history matching. However, the history matching range used here includes 

period prior to the well stimulation period in order to preserve the overall decline 

characteristics from the initial decline. In other words, the overall decline structure from 

7
th

 month to present is smoothly preserved, except for the interruption in the 67
th

 month. 

Thus, production data from months 7 to 150 is selected to fit the decline model as 

highlighted in red in Figure 3.2. This assumes 7
th

 month as the initial peak production to 

fit the model and 150
th

 month, or June 2005 as the present time for analysis.  
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Decline curve projection is modeled in MATLAB using an iterative process to 

perturb ,fiq  ,x

f

T
J

 ,f  and m  for optimized fitting. x

f

T
J

 is lumped into one parameter 

because it represents transmissibility coefficient between matrix and fracture spaces 

(Ogunyomi, 2015). This allows a single term to represent the flow relationship between 

the two spaces. For comparison purposes, model fit with initial model parameters is 

shown in Figure 3.3. 

 

 
Figure 3.3: Semi-analytical model fit using initial parameter values (before 

optimization) for example 1 oil well.  

 

The corresponding initial parameter set is given in Table 3.1. 
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Table 3.1: Initial decline model parameters for example 1 oil well. 

Model Parameters 

fiq  900 

x

f

T
J

 
0.05 

f  25 

m  650 

 

The units are /bbl d  for ,fiq  dimensionless for ,x

f

T
J

 and 
1day
 for 

f  and m . 

Iterations are conducted to obtain the final fit in Figure 3.4. Final parametric values are 

shown in Table 3.2. 

 

  
Figure 3.4: Actual production data fitted with semi-analytical model using 

parameter optimization for example 1 oil well. Future actual production data is also 

plotted to compare the forecast performance. Model fitted using 144 data points in 

total. 
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The decline model is fitted using both production rate and cumulative production up to 

150
th

 month of production. Because only months 7 to 150 are used, the production before 

the peak rate at 7
th

 month is neglected in the decline analysis.  

 

Table 3.2: Final decline model parameters after optimization. 

Model Parameters 

fiq  931 

x

f

T
J

 
0.07 

f  4.22 

m  9001 

 

The production data is also matched using Arps’ hyperbolic model with similar 

optimization process for fitting semi-analytical model. Tables Table 3.3 and Table 3.4 

show initial and final parameter values for hyperbolic fits. 

 

Table 3.3: Initial parameter values for hyperbolic model fit. 

Model Parameters 

( / )iq bbl day  100  

1( )iD yr  0  

b  1.4  
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Table 3.4: Final parameter values for hyperbolic fit after optimization. 

Model Parameters 

( / )iq bbl day  252.3  

1( )iD yr  0.101  

b  1.75  

 

Based on the optimized parameters, the hyperbolic model is fitted.  

 

  
Figure 3.5: Production data fitted with Arps’ hyperbolic decline model for example 

1 oil well.  

 

History matching using the hyperbolic model yields 252iq  bbl/day, 0.101iD   
1yr
, 

and 1.75b  . Both models show a good fit, however, even with b  factor of 1.75,  

hyperbolic model shows a shallower decline rate than the semi-analytical model. The 

semi-analytical model shows a steeper decline that yields less optimistic estimate for the 
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cumulative production. Table 3.5 compares the performances of semi-analytical model 

and hyperbolic model fits to example 1 oil well. 

 

Table 3.5: Decline model fit performance comparison chart for example 1 oil well.  

Models Hyperbolic Model Semi-analytical Model 

Relative Absolute Error (%) 35.4% 28.9% 

      

Forecast period Relative Absolute Error (%) 71.8% 47.0% 

      

Production Sum (Mbbl) 353 350 

Actual Total Production (Mbbl) 329 329 

Cumulative Production Error (%) 7.5% 6.6% 

      

Forecast Period Production Sum (Mbbl) 46 38 

Actual Forecast Period Production (Mbbl) 28 28 

Forecast Period Production Error (%) 63.2% 36.7% 

      

10 Year Ultimate Recovery (Mbbl) 459 417 

 

 Overall, the semi-analytical model was able to fit both early and late production stages 

with better accuracy. Much improvement is seen for the forecast projection where the 

semi-analytical model produced forecast production error of 36.7%  compared to the 

hyperbolic model with 63.2% . The cumulative production error also shows slight 
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improvement. 10 year ultimate recovery reveals that semi-analytical model projects 

slightly less at 417 Mbbl than 459 Mbbl with hyperbolic model. 

 

3.2.2 Example 2: 

 

In the preceding example, the magnitude of the operational rate change may have 

a significant effect on the quality of the fit and the applicability of the model for making 

reliable prediction. In addition, the decline is rather gradual implying that it may not 

entirely be based on transient flow conditions that the semi-analytical model is 

specifically designed to represent. In order to test these points, an example that best 

represents the steep decline due to transient flow and minimal operational changes is 

chosen.  The dual porosity model and the Arps’ model are applied to a 2009 vintage 

unconventional oil well. The example well has a steep initial decline from the initial 

peak, a characteristic of horizontal fractured well and minute operation changes 

throughout the life of the well.  
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Figure 3.6: Example 2 Horizontal oil well. The data between the 7

th
 month 

and the 47
th

 month is used for history matching. Green depicts the future data used 

for forecast comparisons. Red depicts the production range used to history match 

decline models. 

 

For history matching purposes, data from the 7
th

 to the 47
th

 month is considered. The 

semi-analytical model is fitted by iteration and total error is minimized.  
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Figure 3.7: Production data fitted using the semi-analytical model using an iterative 

parameter optimization procedure. Future production forecast is compared to the 

actual observed production shown in green. The model is fitted using 40 months of 

data. 

 

The semi-analytical model shows a good fit throughout the history match production 

period. In terms of the production forecast, the model slightly overestimates the 

production at late times. The optimized fit parameters are summarized in Table 3.6. 

 

Table 3.6: Optimized decline model parameters after optimization. 

Model Parameters 

fiq  339  

x

f

T
J

 
7.11  

f  2.31  

m  151 
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The fracture time constant 
f  indicates a small value in comparison to the matrix time 

constant. Physically, this suggests that the fractures are equivalent to the wellbore in 

terms of permeability in the sense that the fluid residence time in both the wellbore and 

the fracture is very small.  For comparison, Arps’ hyperbolic model is fitted using the 

same production. 

 

 
Figure 3.8: Actual production with Arps’ hyperbolic model. The forecast obtained 

using the model is compared to the actual data (shown in green). Model fitted using 

40 months of data. 

 

The corresponding parameter fits are 654iq   bbl/day, 0.19iD   
1year
, and 1.18b  . 

The hyperbolic model models the steepness of the early time decline by moderating the 

trend. This behavior is different from the semi-analytical model that closely models the 

steep drop in production at the early times. The hyperbolic model shows better fit 

visually, covering most of the production history with relative accuracy.  
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In both examples, the hyperbolic decline exponent, b  exceeds the recommended 

range of 0 to 1 with values of 1.74  and 1.18 , respectively. Although, practically 

speaking, b  factor can exceed the recommended range, Arps’ decline models are 

developed with an assumption of boundary-dominated flow, which unconventional 

reservoirs do not follow. This force fitting can have negative effect in reserves estimation 

in the long run primarily because 1b   causes overestimation in production and applying 

the fit in the transient stages would further increase uncertainty in estimation (Ilk et al., 

2008). With different flow regimes in transient stages and late stages in mind, Ogunyomi 

developed semi-analytical model that, in turn, describes the transient stages well. It 

considers the flow regimes in fracture and matrix compartments and considers the storage 

in the matrix, which allows the decline curves to better fit the production (Ogunyomi, 

2015). However, semi-analytical model fitting is based on an optimization procedure 

similar to hyperbolic model fitting. Any specific production changes due to operation 

changes or reservoir stimulations are ignored while fitting the semi-analytical model. 

Table 3.7 shows the quantitative comparisons between the two model fits for example 2 

oil well. 

 

 

 

 

 

 

 



 40 

Table 3.7: Decline model fit performance comparison chart for example 2 oil well. 

Models Hyperbolic Model Semi-analytical Model 

Relative Absolute Error (%) 11.1% 20.0% 

Forecast period Relative Absolute Error (%) 13.6% 19.4% 

Production Sum (Mbbl) 299 348 

Actual Total Production (Mbbl) 292 292 

Cumulative Production Error (%) 2.5% 19.3% 

Forecast Period Production Sum (Mbbl) 61 65 

Actual Forecast Period Production (Mbbl) 54 54 

Forecast Period Production Error (%) 11.8% 19.1% 

10 Year Ultimate Recovery (Mbbl) 445 416 

 

In the case of example 2 oil well, semi-analytical model produced higher overall error 

compared to hyperbolic model. Comparing the cumulative production error, semi-

analytical model resulted in 19.3%  error while hyperbolic model showed only 2.5% . 

The semi-analytical model showed an error of 19.1%  in predicting future performance 

while the error was 11.8%  for the hyperbolic model. However, it is interesting to note 

that the 10 year EUR results indicate lower recovery prediction using the semi-analytical 

model in comparison to the hyperbolic model. This suggests that the semi-analytical 

model predicts a more rapid decay in production than the hyperbolic model. The semi-

analytical model is designed to consider changes in flow regimes once boundary-
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dominated flow is reached. The decline at later times follows an exponential decline 

resulting in lower projections for EUR.  

 

3.3 Further Analysis 

 

For further investigation of the semi-analytical model, sensitivity analysis and another 

fitting example is demonstrated. Because semi-analytical model requires four variables 

for adjustment of fitting, understanding sensitivity of fit to this parameter is important. 

Example 2 oil well is used to conduct the sensitivity analysis. Based on the results 

presented in Figure 3.7, each parameter is perturbed 10%  and the effects are shown in 

Figure 3.9.  

 

 
Figure 3.9: Sensitivity analysis performed by perturbing semi-analytical model 

parameter values for example 2 oil well. Plot is in semi-log for better visualization. 
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The above analysis shows that the decline is most sensitive to ,fiq  ,X

f

T
J

 and m  while 

f  perturbations have the least influence on the decline characteristics. 
fiq  shows 

influence at early times, however, m  takes over as the dominant parameter at about 130
th

 

month. Table 3.8 quantifies the results. 

 

Table 3.8: Sensitivity analysis of semi-analytical model parameters. 

  Perturbations 

  fiq  
x fT J  

f  
m  

Original Fit 339 7.12 2.31 151 

-10% 305 6.41 2.08 136 

+10% 373 7.83 2.54 166 

     
Overall Difference (Mbbl) 84 82 0.17 81 

 

Comparatively, ,fiq  ,x fT J  and m  have similar effects on the model performance. 

Perturbation of 10%  shows that the three parameters are the ones that need to be 

weighted more in determining the semi-analytical model fits.  
x fT J  have an influence in 

determining the onset of flow regime change. m  is also important in that the flow 

capacity of matrix is related to productivity and estimated reserves. This reveals that 

rather than simple equally weighted optimization, a multi-objective optimization might 

be more effective in determining the optimal values for these parameters.  

 Following the sensitivity analysis, the application of semi-analytical model is 

demonstrated using another example. Figure 3.10 shows the fit results for semi-analytical 

model and hyperbolic model.  
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(a) 

 

(b) 

Figure 3.10: Example 3 oil well fitted using (a) semi-analytical model and (b) 

hyperbolic model. Both fits are optimized using iteration procedures. 

 

Optimized parameters for semi-analytical model are 1105fiq  / ,bbl d  0.13,x

f

T
J

  

7.67f 
1,day

 and 458.9m  1day
; and hyperbolic model, 482.06iq  / ,bbl d  

0.4iD  1,yr
 and 0.76b  . From a glance, the semi-analytical model precisely matched 

both early and late stages of the production, except for the period after stimulation at the 

end of the 4
th

 month. Hyperbolic model, however, shows shallow initial slope that does 

not quite match the initial decline slope. Table 3.9 shows the quantitative analysis. 
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Table 3.9: Quantitative analysis of performance of semi-analytical model and 

hyperbolic model fits for example 3 oil well. 

Models Hyperbolic Model Semi-analytical Model 

Relative Absolute Error (%) 33.6% 50.4% 

      

Forecast period Relative Absolute Error (%) 33.0% 20.3% 

      

Production Sum (Mbbl) 84 76 

Actual Total Production (Mbbl) 81 81 

Cumulative Production Error (%) 7.5% 6.6% 

      

Forecast Period Production Sum (Mbbl) 4.61 2.67 

Actual Forecast Period Production (Mbbl) 3.07 3.07 

Forecast Period Production Error (%) 63.2% 36.7% 

      

10 Year Ultimate Recovery (Mbbl) 103 81 

 

Besides the absolute relative error values, all other errors – cumulative and forecast 

period production errors – show improvement with semi-analytical model. It can also be 

observed that distinct flow regime change by semi-analytical model closely match the 

actual production decline behavior. Overall, example 3 serves to demonstrate the case 

where semi-analytical model fits well.  
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3.4 Chapter Summary 

 

 In this chapter, the dual-porosity semi-analytical model developed by Ogunyomi 

is discussed. The model is then fitted against the actual monthly production data for three 

wells in Texas and compared against the traditional Arps’ hyperbolic model. The results 

show small variations between the models, but the semi-analytical model was able to 

represent the rapid decline during the transient stages more accurately than the hyperbolic 

model for the 1
st
 and 3

rd
 example oil wells. The 2

nd
 example well showed a steep decline 

at the beginning, but semi-analytical model was not able to capture with enough accuracy 

to recommend over the hyperbolic model. It was also observed that the hyperbolic 

decline exponent exceed the expected range of 0 to 1 for both 1
st
 and 2

nd
 well examples, 

indicating that much steeper production declines are observed in unconventional 

production as compared to the traditional reservoirs for which the hyperbolic decline 

model was developed. For further analysis, sensitivity analysis of semi-analytical model 

parameter revealed that ,fiq  ,x fT J  and m  have equivalent influences in the model 

performance.  

Using both semi-analytical and hyperbolic models, uncertainty associated with the 

forecast is inescapable. The model forecasts are based on historical operations and 

reservoir conditions that may not be necessarily true in the future. The resultant 

uncertainty must be quantified in some way to estimate reserves with associated 

uncertainties. In the next chapter, this issue of uncertainty assessment is addressed. A 

methodology for quantifying the uncertainty in decline forecasts and providing 

confidence intervals is discussed.   
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Chapter 4: Quantifying Uncertainty in Production Forecasts 

 

In Chapter 3, the dual-porosity semi-analytical model is discussed and used to fit 

actual production data for a few unconventional wells. It is demonstrated that the semi-

analytical model accurately depicts the decline characteristics during the transient stages, 

which is important for estimating ultimate recovery. However, the results from the semi-

analytical model are extremely sensitive to any changes in operation or reservoir 

conditions that may bring about an inaccurate decline projection. It is the purpose of this 

chapter to introduce the probabilistic approach to making decline forecasts that yields 

confidence limits.  

 

4.1 Development of Probabilistic Approach 

 

The probabilistic approach developed by Cheng et al. (2010) is a data-driven 

decline curve analysis method that couples statistical analysis with decline projections. In 

this approach, a modified bootstrap method is used to generate synthetic data that would 

be used to develop confidence intervals associated with decline forecasts. Originally 

developed by Efron (1979) and first applied by Jochen and Spivey (1996), the bootstrap 

method generates synthetic data using Monte Carlo sampling of given data. The method 

is called bootstrap because the retrieved samples effectively replace the actual data 

progressively in time or distance. The probabilistic approach based on conventional 

bootstrap method is described in the figure below.  
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Figure 4.1: Probabilistic approach based on conventional bootstrap (Cheng et al., 

2010). 

 

Once synthetic data sets are generated, for each of these sets, an Arps’ decline model is 

fitted by optimizing the decline parameters. Afterwards, a cumulative distribution is 

found for each parameter as shown in the right hand side of Figure 4.1: Probabilistic 

approach based on conventional bootstrap (Cheng et al., 2010) Finally, based on the 

decline models fitted to synthetic data sets, P10, P50, and P90 values are calculated. P10 

means that there is 10% probability that the reserves will be lesser than the corresponding 

quantile; similarly there is 50% probability that the reserves will be lesser than the P50 

quantile, and a 90% probability that the reserves will be lesser than the P90 quantile. 

Thus, P90 and P10 act as lower and upper bound for the forecast, indicating that there is 

an 80% probability that the future decline production will be within these bounds (Cheng 

et al., 2010). However, the uncertainty in decline parameters obtained using conventional 

bootstrap sequential approach is strongly affected by the sampling scheme employed to 
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synthesize the data sets. In order to render the uncertainty distributions for model 

parameters more robust, Cheng et al. (2010) implemented a modified Bootstrapping 

technique that is shown in the figure below. 

 

 
Figure 4.2: Probabilistic approach based on modified bootstrap (Cheng et al., 2010). 

 

In this modified scheme, instead of taking the entire production data and sub-sampling by 

bootstrapping, Cheng et al. separate the production data into blocks from which Monte 

Carlo samples are extracted. This is achieved by first fitting an Arps’ hyperbolic decline 

model and then computing its residuals from the actual data.  
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Figure 4.3: Residual calculation from production data and decline model (Cheng et 

al., 2010). 

 

The residuals are calculated by subtracting the actual data from the decline model for 

each time step. Once residuals are calculated, residual against time is plotted. 

 

 
Figure 4.4: Residual plot with blocks (Cheng et al., 2010). 

 

As observed, the residuals are not arranged randomly, but correlated with time. In order 

to preserve the decline trend and data structure, Cheng et al. implemented a block 
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sampling approach that samples production data within each block. For determining 

optimal block size, Cheng et al. utilize the autocorrelation measurement as defined in Eq. 

2.5. 

 

 
Figure 4.5: Autocorrelation based time lag (Cheng et al., 2010). 

 

Autocorrelation measures the degree of similarity between attribute values separated by a 

lag. The autocorrelation decreases with increasing lag distance. Thus, those that are 

closest to autocorrelation value of zero are least related or similar (Box & Jenkins, 1976).  

Figure 4.5 shows the autocorrelation of residuals as a function of the time lag separating 

them. These autocorrelation values are pooled to compute a cumulative distribution 

function (cdf). Based on this cdf, Cheng et al. calculate a confidence band to describe 

lower and upper bounds of the autocorrelation.  

 

1Z

N

  Eq. 4.1 

 



 51 

Where N  is the data sample size, Z  is the inverse cumulative distribution function, and 

  is significance level. The two horizontal red lines in Figure 4.5 are the calculated 

confidence bounds. Within this confidence band, the autocorrelation value that is 

significantly nonzero is assumed to correspond to the optimal time lag, or the block size 

(Cheng et al., 2010). Once the optimal block size is determined, sampling of data within 

the block is conducted. This is done for all blocks thereby generating a synthetic 

production profile. 

 

 
Figure 4.6: Synthetic production data with corresponding hyperbolic decline model 

(Cheng et al., 2010). 

 

Figure 4.6 shows a full synthetic data set generated with modified bootstrap method. It 

can be observed that a new hyperbolic model corresponding to the new production data is 

generated with different model parameters. These parameters are kept and pooled 

together with parameters from other synthetic profiles in order to determine P10, P50, 

and P90 values for each parameter. One example demonstrating the computation of the 

confidence interval is shown in the following figure: 
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Figure 4.7: Confidence interval generation based on decline model fit using recent 

50% production data from start of forecast period (Cheng et al., 2010). 

 

For this example, Cheng et al. considered an oil well for evaluation. The mock-present 

time is assumed to be the 120
th

 month. All periods after the 120
th

 month are considered 

forecast period to gauge the accuracy and precision of confidence intervals. Confidence 

intervals are calculated based on modified bootstrap method with blocking scheme in the 

fitting period. It can be observed that the forecast period falls within the 80% confidence 

interval (between the P10 and P90 projections). It is also shown that confidence interval 

spread is becoming wider with time, which corresponds to increased uncertainty in the 

future. In conclusion, the probabilistic approach with modified bootstrap method has the 

following two main advantages (Cheng et al., 2010): 

 

1) Because bootstrap generates synthetic data, any prior distribution of 

parameters is not necessary. 

2) Production trends and data structures are preserved with modified bootstrap 

method. 
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In the next subsection, the application of the probabilistic approach is demonstrated using 

actual production data. 

 

4.2 Application of Probabilistic Approach  

 

The example wells presented here are the same wells demonstrated in Chapter 3. 

As was concluded in Chapter 3, it is not correct to describe the decline performance of 

unconventional plays with Arps’ decline models, but in this chapter in order to 

demonstrate the application of the methodology in Cheng et al. (2010), it was decided to 

implement the traditional models.  

 

4.2.1 Example 1: 

 

Same history match conditions as in Chapter 3 are applied. For example 1, only the data 

7
th

 to 150
th

 months are considered for hyperbolic model fitting and the results are the 

same as shown in Figure 3.2. Based on the decline model, data residuals are calculated 

and plotted with the following definition. 

 

moddata elresiduals q q   
Eq. 4.2 
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Figure 4.8: Production residual computed as the true data minus the predicted rate 

using the Arps’ model is plotted against time for example 1 oil well. 

 

In Figure 4.8, it can be observed that the residuals are not completely random, but instead 

exhibit multiple trends. In order to preserve the decline characteristics, autocorrelation is 

calculated and subsequently the cdf of the correlations is plotted and used for calculating 

the confidence band as defined in Eq. 4.1. 
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Figure 4.9: Autocorrelation plot of residuals and confidence band to determine 

optimal block size in order to optimally sample the decline data. The two confidence 

bands are drawn corresponding to the auto-correlation threshold. 

 

The confidence bands are calculated to be 0.19  calculated using Eq. 4.1 with N  = 144 

and assuming    as 0.01 , the same as the one chosen by Cheng et al. The corresponding 

1z    is 2.325 from a normal table. The time lag at which the autocorrelation is 

significantly different from zero but within the confidence band yields the optimal block 

size (Cheng et al., 2010). In this case, the residuals are highly correlated in the short lag 

times, thus the point at which the autocorrelation crosses the upper confidence band is 

chosen as the optimal lag size. This value corresponds to lag of 21. There are also other 

inflection points at time lag of 60, 101, and 130 but choosing relatively high lag size 

would yield synthetic data sets not much different from the data sets derived with 

conventional bootstrap method. Therefore, the lower lag size of 21 data points is chosen 

as optimal block size. 



 56 

 
Figure 4.10: Production decline with optimal blocks for example 1 oil well. 

 

Blocks show the observed decline overlain with blocks drawn at 21 month spaces. Data 

within the blocks are then sampled using the bootstrap method. As there are seven 

individual blocks, seven different bootstrap samplings are conducted to generate 

synthetic data. Overall, 50 synthetic realizations are conducted.   
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Figure 4.11: First four synthetic data realizations based on modified bootstrap 

method for example 1 oil well. 

 

As can be observed in Figure 4.11, the synthetic data preserves the decline structure of 

the actual production data. The oscillations in the first part of the decline duration are 

slightly more than in the latter part of the synthetic data. The realizations do in general 

show higher oscillations unlike the smooth decline observed in actual production. This is 

because the bootstrap is data-driven and samples drawn from one block to the next are 

completely uncorrelated. Thus, instead of evaluating declines based on any individual 

realization, it is best to take the realizations collectively and obtain the ensemble of fit 

parameters that can subsequently be used to calculate confidence intervals. 
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 Using the results for 50 realizations, the cumulative distributions for four model 

parameters ,iq  ,iD  and b  are found.  

 

 
Figure 4.12: Cumulative distribution plots for three Arps’ parameters ,iq ,iD  and b  

for example 1 oil well. Distribution based on 50 synthetic data sets. 

 

Generally, iq  shows a widely spread distribution (indicating greater uncertainty) while 

other two parameters show narrower ones. This indicates that P10, P50, and P90 values 

are vastly different for iq , but fairly similar for other two parameters. It is interesting to 

note that b  factor distribution shows that many of the b  values are greater than 0.5, 

meaning the decline in most realizations is rather steep. The distributions may improve 

and made more robust by increasing the number of realizations, but this has been 
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demonstrated to not necessarily be true (Cheng et al., 2010). The purpose of the 

cumulative distribution is to observe how the model parameters differ in the synthetic 

data sets. Finally, based on the 50 fitted hyperbolic models, P10, P50, and P90 production 

rates are calculated and complete confidence intervals are plotted. 

 

 
Figure 4.13: Confidence interval decline forecast with P10, P50, and P90 curves for 

example 1 oil well. Forecast based on first 7
th

 – 147th months of production, as 

indicated in blue. Actual production not included in forecasting but used as model-

data comparison is shown in green. 

 

As expected, the confidence interval widens with an increase in time to represent 

increased uncertainty in the future. The forecasting starts at month 150 and overestimates 

the actual production in the beginning for few months until the production rises back. A 

rise in production is due to either operation changes or well stimulations that oftentimes 

information is not available. This is in fact one major advantage of the probabilistic 
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approach in that the confidence interval is wide enough to contain any subsequent 

production changes. Figure 4.13 also implies that the method does better at predicting a 

stimulated well than the undisturbed well. At the end of month 192, where the latest 

actual data is reported, the data is well within 80% confidence interval.  

 

4.2.2 Example 2: 

 

Probabilistic approach is also tested against example 2 oil well. Residuals are calculated 

based on Arps’ hyperbolic model fit as shown in Figure 4.15. 

 

 
Figure 4.14: Decline profile for example 2 oil well. Fitting period is shown in red and 

forecast period is shown in green. 
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Figure 4.15: Production residual plot based on Arps’ hyperbolic model for example 

2 oil well. 

 

Unlike the first well example, the residuals show much more correlated trends with time. 

Residual plot also shows that the model does not do a good job fitting the actual 

observation resulting in several large negative values for the residuals. Given the residual 

plot, autocorrelation is calculated for the well of interest with the confidence band of 

0.37  with 40N   and same significance level of 0.01 . 1z   here is calculated to be 

2.34 . 



 62 

 
Figure 4.16: Autocorrelation plot of residuals and confidence band to determine 

optimal block size for example 2 oil well. 

 

The autocorrelation results indicate that the optimal block size is 5 again where the upper 

confidence band intercepts the autocorrelation profile. As a result, the production is 

partitioned into 8 blocks in which the bootstrap method is conducted. Overall, 50 

synthetic data sets are generated by sampling 5 data points in each of 8 blocks.  
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Figure 4.17: Production decline with optimal block partitions for example 2 oil well. 
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Figure 4.18: First four synthetic data realizations based on modified bootstrap 

method for example 2 oil well. 

 

Again, Figure 4.18 shows many oscillations in the early stages of production because the 

1
st
 block contained data with steep decline. The overall data structure and trend is 

preserved with production decreasing with time. The cumulative distribution functions of 

parameters bear resemblance similar to the results in example 1. 
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Figure 4.19: Cumulative distribution plots for all three parameters for example 2 oil 

well. Distribution based on 50 synthetic data sets. 

 

iD  ranges from 0.08 to 0.13 (
1yr
) and  b  ranges from 0.5 to 1.0. Compared to the b  

range in Example 1, in this case, the b  values are mostly below 1.0, indicating a less 

steep decline in production rates.  
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Figure 4.20: Confidence interval decline forecast with P10, P50, and P90 curves for 

example 2 oil well. Forecast based on 7
th

 – 47
th

 months of production, as indicated in 

blue. Actual production not included in forecasting but used as model-data 

comparison is shown in green.  

 

Hyperbolic model is history matched from 7
th

 to 47
th

 month of production, which is the 

period for which bootstrapping is conducted. All data after the 47
th

 month, highlighted in 

green, is retained to validate the forecast results. The production data from the 1
st
 to 6

th
 

month are removed from analysis. Overall, the confidence interval fails to bracket the 

actual production decline curve and estimates the future production. The method was not 

able to capture a slight bump in production (operational changes or stimulation) from 50
th

 

month onward within its 80% confidence interval. The poor prediction owes to 

hyperbolic model’s inability to fit the steep decline that is characteristic of 

unconventional wells. Contrary to the Example 1 fitting where the confidence interval 

was able to predict the stimulated production in the forecast, this example shows 

otherwise. The contradicting results suggest that hyperbolic model may not be the 

optimal model for these types of wells, especially when decline transitions from the 
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transient stage to pseudo-steady state stage. In addition, Figure 4.19 shows that most of 

the b  values are between 0 and 1, indicating that within the original constraints, the 

hyperbolic fails to model such production behavior. As a result, Figure 4.20 demonstrates 

the importance of choosing a decline model that best represents the reservoir flow 

properties.  

 

4.3 Chapter Summary 

 

In this chapter, the application of a probabilistic approach to decline curve 

analysis has been presented. The approach utilizes modified bootstrap method to generate 

synthetic data sets for constructing confidence interval. This enables assessment of 

uncertainty which is an important improvement over a unique decline model that may or 

may not represent the future production. The probabilistic approach mitigates this 

shortcoming by projecting a confidence band around the forecast production. This 

methodology is demonstrated with two example unconventional oil wells fitted using 

Arps’ hyperbolic decline model. The first example predicted the future production within 

the 80% confidence interval. However, the confidence interval in the second example 

was not able to capture the production changes in the future. The contradicting results 

demonstrate the importance of choosing the right decline model to fit productions from 

unconventional wells. Thus, as discussed in Chapter 3, the semi-analytical model for flow 

in a dual porosity system might be more relevant model to use within the probabilistic 

approach. The goal of the next chapter is therefore to couple the semi-analytical model to 

the probabilistic approach for implementation in unconventional wells. 
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Chapter 5: Combined Application 

 

In Chapters 3 and 4, the dual-porosity semi-analytical model (Ogunyomi, 2015) 

and probabilistic approach (Cheng et al., 2010) are discussed with production examples 

from unconventional plays to validate the two approaches. The semi-analytical model 

showed better fit for both early and late stages of the decline than the Arps’ hyperbolic 

model. In an effort to quantify the uncertainty associated with the prediction, a 

probabilistic approach is investigated to provide the P10, P50, and P90 estimates of the 

decline forecast. In this chapter, semi-analytical model and probabilistic approach is 

coupled in order to provide the probabilistic estimates. 

 

5.1 Probabilistic Approach with Dual-Porosity Semi-analytical Model Application 

 

The probabilistic approach using modified bootstrap method as presented in Chapter 4 

demonstrated that it was feasible to quantify the uncertainty associated with production 

forecasts made using Arps’ hyperbolic model. The methodology first requires fitting the 

decline model in order to calculate the residuals, it then calculates the autocorrelation of 

the residuals and finally applies significance testing of the autocorrelation in order to 

determine the optimal block size. Based on the block size, synthetic data sets are sampled 

from which hyperbolic model is fitted for each data set. In this chapter, instead of 

hyperbolic model, the semi-analytical model is implemented in order to calculate the 

probabilistic estimates. 
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5.2 Application Example 1: 

 

As in chapters 3 and 4, in order to illustrate the applicability of the coupled system, the 

same oil well example is used. The fit of the semi-analytical model against the actual 

production is illustrated in Figure 3.4. Using the fit, the residual at each time step is 

calculated and plotted along with hyperbolic model residuals in Figure 4.8. 

 

 
Figure 5.1: Example 1 oil well residual plot based on semi-analytical model and 

hyperbolic model. 

 

In comparison, a discrepancy is readily observed in the first three months of history 

match. This is due to an overestimation. The problem commonly rises when the 

resolution of production data is not detailed enough to represent the variation in 

production rate at the development stages. As expected, the rate fluctuation immediately 

following the stimulation in the 61
st
 month is not represented well by both models. 

Quantitatively, 94.4%  of the data values are within 50  range, 86%  are within 25  
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range, and 54.5%  are within 10  range; while for hyperbolic model, 97.2%  of the data 

values are within 50  range, 90.9%  are within 25  range, and 55.2%  are within 10  

range. The numbers show that hyperbolic model fits the history slightly better than the 

semi-analytical model. However, the autocorrelation calculation needed for identifying 

the time-blocks discussed in Chapter 4 do not change because they are based on the 

actual observed production data. As a result, the optimal block size based on this 

autocorrelation result comes out to be a time lag of 21 with seven block divisions as 

shown in Figure 4.10. 50 synthetic data sets are realized based on the above block size. 

All 50 data sets are then modeled using semi-analytical model with 100 iterations to 

obtain the optimized parameter values. The cumulative distributions for four model 

parameters ,fiq  ,x

f

T
J

 ,f  and m  are shown in Figure 5.2.  
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Figure 5.2: Cumulative distribution plots for four parameters Distribution based on 

synthetic data sets for example 1 well. 

 

m  and 
f  show significant variation in values because of the high contrast between the 

matrix and fracture permeability. Following this logic, /x fT J  distribution makes sense 

because the matrix productivity index is much less than fracture productivity. Lastly, 
fiq  

shows normally distributed values. The results indicate that the semi-analytical model is 

capable of providing probabilistic estimates with parameter distributions that are 

physically realistic. The next plot shows the final confidence interval results based on 

coupled approach. The reserves distribution is based on 50 semi-analytical model 

realizations where P10, P50, and P90 production values are obtained at each time step.   
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(a) 

 

(b) 

Figure 5.3: Confidence interval decline forecast with P10, P50, and P90 curves for 

example 1 well. Forecast based on first 150 months of production from initial peak 

production, as indicated in blue. (a) Confidence interval based on semi-analytical 

model and (b) confidence interval based on Arps’ hyperbolic decline model. Future 

production is not included in forecasting but used as model-data comparison as 

shown in green. 

 

P10, P50, and P90 curves bracket the future production. The confidence interval deviates 

from the future production data slightly at the beginning of the projection; however the 

big decline in observed production is mainly due to an unusual ramp down period of 

production. Overall, the semi-analytical model derived intervals fitted the observed well 

production relatively well. The intervals closely follow the natural decline, especially at 

the beginning of the production. As for the confidence intervals produced with the 

hyperbolic model, Figure 5.3b does not show much variation from the results of semi-

analytical model. However, it slightly underestimates the production in comparison. Also, 

observations at the late stages show that semi-analytical model declines at a faster rate 

than the hyperbolic model, which makes sense physically because once the production 

reaches matrix depletion stage, the production declines at a rapid rate. Figure 5.3b shows 
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that decline slope becomes shallower with time, which does not capture the actual 

production behavior at the late stages. 

 

5.3 Application Example 2: 

 

 For the next example, the same horizontal, unconventional oil well in Chapters 3 

and 4 is applied for the coupled approach. Based on the semi-analytical model fit in 

chapter 3, corresponding residuals are calculated and plotted along with the residuals 

from hyperbolic model. 

 

  
Figure 5.4: Example 1 oil well residual plot based on semi-analytical model and 

hyperbolic model. 

 

Hyperbolic model residuals show lesser spread than the residuals from semi-analytical 

model. Quantitatively, 85% of the residuals are within 50;  68% within 25;  and 28% 

within 10,  while for residuals based on hyperbolic model, 95%  are within 50;  82.5%  
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within 25;  and 45%  within 10 . Similar to example 1, shows that the hyperbolic 

model describes the given production data slightly better than the semi-analytical model. 

Again, the computation of autocorrelation and determination of optimal block size are 

calculated in the same way as for Example 1. The optimum block size is determined to be 

5  based on the test of significance of the autocorrelation. This optimal block size is used 

to conduct bootstrap sampling to generate 50 synthetic data sets. The following parameter 

distributions are the results obtained by fitting the semi-analytical model for each 

synthetic data set.  

 

 
Figure 5.5: Cumulative distribution plots for four parameters. These distributions 

are obtained using synthetic data sets for example 2 well. 
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Unlike the distributions shown for example 1 well, the coefficient of variance (standard 

deviation divided by mean expressed as a percentage) shows that 87.6%,fiq   

85.1%,x

f

T
J

  271%,f   and 146%m  . This indicates that all four distributions 

show relatively wide distributions. The wide distributions indicate that there is much 

variability between the synthetic data sets. This may in turn indicate that the optimized 

block size might not be accurate for the data at hand. Based on the 50 model realizations, 

P10, P50, and P90 confidence intervals are plotted.  

 

 

 (a) 

 

(b) 

Figure 5.6: The P10, P50 and P90 profiles of declines for the well in example 2. 

Forecast based on first 40 months of production from initial peak production, as 

indicated in blue. (a) Confidence interval based on semi-analytical model and (b) 

confidence interval based on Arps’ hyperbolic decline model. Future production 

data is not included in forecasting but used as model-data comparison as shown in 

green. 

 

Nonetheless, based on the 50 model realizations, the decline curves corresponding to the 

P10, P50, and P90 estimates are plotted. It can be seen from Figure 5.6 that the 

probabilistic estimates based on the semi-analytical model bracket the future production 

data better than the ones based on hyperbolic model. Figure 5.6a shows that almost all of 

forecast period is within the 80% confidence bounds, albeit a bit skewed to the P90 
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estimate. Figure 5.6b mostly missed the future production by underestimating production. 

Even though the model was able to fit the early half of the data, the description of the 

decline characteristics using a few simple regression parameters limits the flexibility of 

the model to predict future performance. Again, the semi-analytical model because it is 

based on the principles of flow in dual-porosity system fits the future performance well.  

 

5.4 Chapter Summary 

 

In this chapter, the probabilistic approach is combined with the semi-analytical 

decline model. The coupled methodology replaced the traditional Arps’ hyperbolic model 

within the probabilistic assessment methodology. To evaluate the performance of the 

coupled approach, the methodology is applied to model the decline characteristics of two 

horizontal, unconventional oil wells. For the first example, both semi-analytical model 

and hyperbolic model declines were able to quantify the forecast within the 80% 

confidence intervals. Application of semi-analytical model improved overall fit and 

predicted future performance with relative accuracy. For the second example, the forecast 

period was well within the 80% confidence intervals when the semi-analytical model was 

used. The confidence intervals overestimated the well performance during the forecast 

period when hyperbolic model was used. This indicated that the prediction of future 

performance of the well improved using the semi-analytical model was coupled with the 

probabilistic approach. In the next chapter, some variations to the optimal blocking 

technique are investigated in detail. Several alternative methodologies are presented and 

compared against the autocorrelation method implemented in previous probabilistic 

performance assessment approaches. 
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Chapter 6: Alternative Approaches to Block Decline Characteristics of 

Wells   

 

In Chapter 5, the probabilistic approach is implemented using semi-analytical 

model in place of hyperbolic decline model. The results showed general improvement in 

obtaining probabilistic assessment that bracket the well performance. The results in the 

previous chapter used synthetic data sampled from the actual decline profile using a 

blocking scheme. In this chapter, this concept of block size optimization is explored for 

further improvements in confidence interval projections.  

The probabilistic approach implemented in this work is a modified bootstrap 

method that generates a number of synthetic data sets for performing confidence interval 

calculations. The concept, as explained in Chapter 4, groups the production data such that 

the resultant samples do not exhibit significant correlation or any trends. To accomplish 

this task, Cheng et al. utilized autocorrelation technique to calculate the optimal block 

size for the specific production data. Autocorrelation measures correlations along 

progressing lag time or distance. Upon calculation, autocorrelation results are plotted 

according to lag size and optimal block size is determined based on the most correlated 

lag size. However, the technique also requires the specification of a significance level,  

below which the correlation is assumed to be insignificant. Thus assumption plays a key 

role in determining the optimal lag size.  Determination of this value is subjective, adding 

to the uncertainty in the overall approach. Here, alternate approaches – variance of mean 

and analysis of variance – are used to calculate the optimal block size. 
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6.1 Variance of the Mean Technique for Determining Optimum Block Size 

 

Variance of the mean is a concept that enables the Representative Elementary 

Volume (REV) to be determined for a spatial phenomenon that exhibits spatial 

correlation (Lake and Srinivasan, 2004). The spatial correlation is computed as a function 

of the spatial lag. The spatial covariance is integrated within a convolution integral in 

order to calculate the variance of the mean as a function of the length scale over which 

the averaging is performed. The length scale at which variance of the mean attains a 

value of -1 is indicative of the blocks acting independent to each other i.e. REV scale. 

Figure below illustrates this concept.  
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Figure 6.1: Variance of the mean plot illustrating -1 slope to identify REV scale 

(Lake & Srinivasan, 2004). 

 

At smaller length scales, the variable of interest, porosity in this case exhibits a lot of 

fluctuations that gradually subsides as REV is approached. As the averaging volume  

approaches coarse scale, the porosity exhibits variability due to large-scale trends. 

Conceptually, this behavior is observed in the variance of the mean plot also (Lake & 

Srinivasan, 2004). The variance of the mean decreases steady as the scale is increased. 

The transition to REV is observed when the variance of the mean is plotted against the 

lag distance.  

V
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Figure 6.2: REV concept transitioning from fine to coarse scale lag distance in 

spatial domain (Lake & Srinivasan, 2004). 

 

Statistically, the  slope indicates the distance where the blocks are spatially 

independent for the variable of interest (Lake & Srinivasan, 2004). This means that at 

REV scale, the correlation in the form of either the fine scale trend or coarse level 

structure is minimized.  

 In terms of determining the optimal block size for production data, this above 

concept is applicable. However, instead of using the correlation in a spatial context, it is 

used in a temporal context. In addition, production data has a continuously declining 

trend, but the application of variance of the mean requires that the data to obey 

stationarity, or randomly distributed with no distinct trends in data (Lake & Srinivasan, 

1
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2004). To address such problem, the residual production data based on semi-analytical 

decline model is used.  

 As a first step, residuals are calculated with semi-analytical model. Using the 

residuals, variogram is then modeled to obtain the autocorrelation function used in the 

convolution integral.  

 

 
Figure 6.3: Variogram results with increasing time step size. Single exponential 

model with sill contribution of 2154, nugget effect of 800, and range of 50 is shown 

as black curve. 

The corresponding variance of the mean equation is 
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 Eq. 6.1 

 

where  is the nugget effect,  is the sill contribution of the exponential structure,  is 

time lag. Figure 6.4 shows the plot of normalized variance of the mean against time lag.  

 

 

 
Figure 6.4: Normalized variance of the mean plot used to determine the optimal 

time lag or block size for example 1 oil well. 

 

It is interesting to note that the length scale to reach a slope of -1 is rather large and this is 

because of the strong trend exhibited by the data. Because slope of -1 is not reached, the 

onset of slope change is determined the most representative of REV, as indicated in 

Figure 6.4. The onset of slope change is identified as 50. This size is different from the 

optimal block size of 21 as calculated with autocorrelation method. Figure 6.5 compares 
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the confidence interval projection using two different optimal block sizes obtained using 

by two different blocking techniques.  

 

 

(a) 

 

(b) 

Figure 6.5: Confidence interval projection fitted with semi-analytical model for 

example 1 oil well. (a) Forecast based on variance of the mean blocking technique 

with 50 optimal block size, and (b) forecast based on autocorrelation blocking 

technique with 21 optimal block size. 

 

Both techniques result in final forecast period within 80% confidence intervals. Figure 

6.5a shows thinner forecast interval window. This makes sense because the technique 

determined the optimal block size as 50, which only groups the data into three blocks. 

The lesser the number of blocks, the narrower the reserve window, until eventually, when 

the block size reaches one, the forecast becomes deterministic – a single curve decline 

projection. It can be observed that the original, autocorrelation based blocking technique 

predicted higher overall recovery in comparison.  

 Blocking on the basis of the variance of the mean is also implemented for the 2
nd

 

example oil well. Starting with residuals calculation using semi-analytical model, the 

same procedure is taken to obtain the optimal block size results.  
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Figure 6.6: Variogram results for 2

nd
 example oil well. Single exponential model 

with sill contribution of 8630, nugget effect of 7000, and range of 23 is shown as 

black curve. 

The variogram result showed similar trend as the one from the 1
st
 example. The 

population variance is higher at . Using the auto-covariance model, variance of 

the mean is calculated for each time lag and plotted.  

 

15,630
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Figure 6.7: Normalized variance of the mean according to time lags for example 2 

oil well. Time lag of 20 corresponds to slope change. 

 

Similar to example 1, the slope does not fully reach -1. Because of this reason, the onset 

of slope change at time lag of 20 is chosen as the lag distance that the data is most 

correlated. The determined optimal block then is applied to bootstrap method to obtain 

the new synthetic data sets. Finally, confidence interval projections are calculated and 

plotted in Figure 6.8 along with the results based on autocorrelation.  
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(a) 

 

(b) 

Figure 6.8: Confidence interval projection fitted with semi-analytical model for 

example 2 oil well. (a) Forecast based on variance of the mean blocking technique 

with 20 optimal block size, and (b) forecast based on autocorrelation blocking 

technique with 5 optimal block size. 

 

Variance of the mean technique resulted in two blocks from which bootstrap method is 

conducted. Because of such low number of blocks, narrow projection interval is 

calculated where P10, P50, and P90 are almost overlapping. In comparison, 

autocorrelation technique with 5 optimal block size showed wide projection interval that 

most of forecast period are included in 80% confidence interval. The quantification of 

uncertainty of the forecast is important. In the case of implementation of variance of the 

mean, the results did not show the adequate spread of reserves estimation to deem useful 

for the probabilistic approach.  

 

6.2 Analysis of Variance (ANOVA) Application in Blocking Technique 

 

Instead of variance of the mean where spatial estimation methodology is adapted 

for time dependent production data, ANOVA is a statistics-driven technique that 

determines whether the data of interest has an underlying trend or not. For each block 
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size, sum of squares between, sum of squares within, and ratiof  are calculated and 

compared with critf  obtained from F-distribution table. Depending on ratiof  value, the 

null hypothesis is tested whether underlying trend is significant or is not significant. 

Thus, ANOVA is fairly simple to implement. For each block size, production data are 

grouped into blocks, and ANOVA calculation can be conducted to determine . To 

illustrate this application, the production data from example 1 oil well is grouped into 6 

blocks or 24 data points in each block. Raw production data is used instead of model 

derived residuals because the outcome is rooted in the performance of the model fit and 

changes for other model implementations.   
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Table 6.1: Production data grouping for ANOVA applications. 

 



 89 

Notice groups are chronologically grouped, and the production decreases from one block 

to the next following the natural production decline. Obviously, according to the 

grouping, there underlies declining trend from 1
st
 to last group. As a first step, sum of 

squares within groups is calculated with Eq. 6.2 

 

 

 Eq. 6.2 

 

where  is number of groups,  is number data in each group,  is data  at index 

 in group  and  is the mean value for group . Next sum of squares between 

groups,  is calculated  

 

 Eq. 6.3 

 

where  is the population mean. Lastly, ratiof  is calculated with Eq. 6.4 and Eq. 6.5, 

arriving at Eq. 6.6 

 

 Eq. 6.4 

 Eq. 6.5 

 Eq. 6.6 

 

where  and  are degrees of freedom or  and  respectively. The 

resulting  is . In order to determine whether to reject or accept the null 
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hypothesis,  is inferred from the F-distribution table based on the degrees of freedom 

calculated previously. Taking the same significance level, ,  as for the autocorrelation 

method, the critf  value is found to be  for the present data grouping. Accordingly, 

because ratiof  is greater than ,critf   the null hypothesis is rejected, meaning the 

underlying decline trend is significant in the present group.  

 

 
Figure 6.9: F-distribution pdf plot according to degrees of freedom corresponding to 

example block size.  value is much bigger than , rejecting the null 

hypothesis. 

 

High  shows that there still exists significant decline trend between the current 

groupings of 24 data points. If the null hypothesis is true, however, the decline trend is 

negligible in the grouping set, making it ideal for optimal block size for bootstrap 

method. Continuing the similar approach expanded in the previous example,  for 

different block groups are calculated. Figure 6.10 shows the  for different block 

groupings.  

critF

3.02

ratiof critf

ratiof

ratiof
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Figure 6.10: Plot of calculated  for different block sizes for example 1 oil well. 

Optimal block size is identified at size 9 with  of 37.1. 

 

It can be observed that none of the  reached  to satisfy the null hypothesis. This 

is expected because the production data have innate declining trend that has significant 

effect of the data, no matter what the grouping is. However, among the block sizes, the 

point here is to identify the block size that results in minimal  which is considered 

the most representative data blocking scheme that preserves the overall trend in the 

model. As such, ANOVA is applicable in determining the optimal block size. Indicated 

by red line in Figure 6.10, the optimal block size identified is used to calculate the 

confidence interval based on the semi-analytical model. Figure 6.11 compares the results 

based on ANOVA and autocorrelation blocking techniques. 
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ratiof critf
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(a) 

 

(b) 

Figure 6.11: Confidence interval obtained using the semi-analytical model for the oil 

well in example 1. (a) Forecast based on ANOVA blocking technique with 9 optimal 

block size, and (b) forecast based on autocorrelation blocking technique with 21 

optimal block size. 

 

The ANOVA based confidence interval depicts asymmetry about the P50 estimate and 

the spread is more than that for the prediction using blocks that are selected using the 

autocorrelation. The decline behavior during the forecast period is mostly within the 80% 

confidence intervals, unlike the autocorrelation generated results in Figure 6.11b. Thus, it 

is important to quantify the proportion of forecast period data that falls within the 80% 

probability interval (between the P10 and P90 values). If the modeled uncertainty is 

accurate than the 80% interval should contain the measured value at least 80% of the 

time. On the other hand, if the modeled uncertainty is accurate as well as precise then it 

should contain the measured data exactly 80% of the time. In the case of ANOVA based 

results, this coverage percentage is significantly higher than the autocorrelation based 

results. The following table summarizes the effectiveness of each blocking techniques for 

bracketing the measured data.  
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Table 6.2: Comparison of probabilistic approach results for hyperbolic and semi-

analytical models. Three blocking techniques are tested coupled with semi-analytical 

model. Cumulative and forecast period productions are analyzed against actual 

production from example 1 oil well. 

  

Hyperbolic Model Semi-analytical Model 

Blocking Technique Autocorrelation Autocorrelation Variance of the Mean ANOVA 

P50 Relative Absolute Error (%) 29.2% 28.6% 24.7% 7.0% 

          

Forecast period 80% CI Coverage Rate (%) 14.3% 21.4% 21.4% 83.3% 

80% CI Range in Forecast Period (Mbbl) 1,347 ~ 1,667 1,353 ~ 1,782 1,289 ~ 1,653 882 ~ 1,779 

          

P50 Production Sum (Mbbl) 65,768 62,145 59,680 60,348 

Actual Total Production (Mbbl) 61,155 61,155 61,155 61,155 

Cumulative Production Error (%) 7.5% 1.6% -2.4% -1.3% 

          

P50 Forecast Period Production Sum (Mbbl) 1,485 1,627 1,455 1,450 

Actual Forecast Period Production (Mbbl) 1,183 1,183 1,183 1,183 

Forecast Period Production Error (%) 25.5% 37.6% 23.0% 22.6% 

 

 

The semi-analytical model improves the overall confidence interval projections in 

comparison to hyperbolic model especially when combined with the variance of the mean 

or the ANOVA scheme for blocking the production data. However, variance of the mean 
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implementation did not improve the projection in comparison to autocorrelation or the 

application with hyperbolic model. Even with 50 optimal blocking sizes, the confidence 

interval forecast show good approximation of forecast period. Analyzing the values for 

cumulative production comparison and relative absolute error percentages, the semi-

analytical model showed better results with lower error and closer approximations to the 

true cumulative production values. The modeled uncertainty distribution is both accurate 

and precise when the ANOVA scheme is employed for blocking the production data. 

Overall, Table 6.2 quantifies the improvement in decline projection using semi-analytical 

model and alternate blocking techniques. 

For further analysis, oil well in example 2 is also evaluated using ANOVA. The 

earlier ANOVA methodology is employed, yielding optimal block size of 10. Figure 6.12 

shows the plot of  against different block sizes.  

 

 
Figure 6.12: Plot of calculated  for different block sizes for example 2 oil well. 

Optimal block size is identified at size 10 with  of 74.3. 

 

ratiof

ratiof

ratiof
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 The following result is compared to the confidence intervals generated with 

autocorrelation blocking technique in Figure 6.13. 

 

 

 

(a) 

 

(b) 

Figure 6.13: Confidence interval projection fitted with semi-analytical model for 

example 2 oil well. (a) Forecast based on ANOVA blocking technique with 10 

optimal block size, and (b) forecast based on autocorrelation blocking technique 

with 5 optimal block size. 

 

Similar to Figure 6.11, results in Figure 6.13a show slight lower decline projection 

compared to the results in Figure 6.13b that is obtained using the autocorrelation based 

technique for blocking the data. The P50 projection obtained using the ANOVA blocking 

scheme almost overlaps the data over the forecast period. The following table 

summarizes the projection performances obtained from different blocking techniques for 

example 2 oil well.  
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Table 6.3: Comparison of probabilistic approach results for hyperbolic and semi-

analytical models. Three blocking techniques are tested coupled with semi-analytical 

model. Cumulative and forecast period productions are analyzed against actual 

production from example 2 oil well. 

  

Hyperbolic Model Semi-analytical Model 

Blocking Technique Autocorrelation Autocorrelation Variance of the Mean ANOVA 

P50 Relative Absolute Error (%) 20.2% 20.1% 15.3% -2.9% 

          

Forecast period 80% CI Coverage Rate (%) 19.2% 73.1% 26.9% 84.6% 

80% CI Range in Forecast Period (Mbbl) 713 ~ 1,249 1,319 ~ 1,893 1,217 ~ 1,409 1,221 ~ 1,966 

          

P50 Production Sum (Mbbl) 18,011 19,595 17,832 18,204 

Actual Total Production (Mbbl) 19,271 19,271 19,271 19,271 

Cumulative Production Error (%) -6.5% 1.7% -7.5% -5.5% 

          

P50 Forecast Period Production Sum (Mbbl) 974 1,737 1,292 1,447 

Actual Forecast Period Production (Mbbl) 1,409 1,409 1,409 1,409 

Forecast Period Production Error (%) -30.9% 23.3% -8.3% 2.7% 

 

 

Noting P50 relative absolute error, the alternate blocking schemes demonstrated lower 

errors than the autocorrelation technique. .  
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Again, the results show that semi-analytical model yields more accurate uncertainty 

estimates than the hyperbolic model. The relative absolute error also shows an 

improvement with alternate blocking schemes. However, cumulative production error 

shows worse performances using alternate techniques to autocorrelation technique. In 

addition, implementation of variance of the mean technique resulted in underestimation 

for both cumulative and forecast productions ( 7.5%  and 8.3%,  respectively), owing 

to narrow interval range with forecast period coverage percentage of only 26.9% . 

Nevertheless, both alternate techniques demonstrated a lower P50 relative absolute error. 

Ultimately, the accuracy and precision of the uncertainty distributions is much better 

using the variance of the mean and ANOVA based techniques. Thus, based on the 

quantitative results from the two example wells, it can be observed that the confidence 

interval projections generally improved by applying the semi-analytical model, as well as 

ANOVA blocking technique.  

 

6.3 Chapter Summary 

 

In this chapter, alternate blocking techniques – variance of the mean and ANOVA – are 

applied and discussed. Similar to the autocorrelation method, both techniques are data-

driven in order to determine the best block size based on data to data correlations. The 

variance of the mean capitalizes on the spatial correlation of the phenomenon being 

studied. ANOVA also measures the variances among groups and is based on an 

assessment of whether the underlying correlation effects in the data are significant or not. 

It uses the F-distribution table to gauge significance of the data structure. For example 1, 

the variance of the mean showed block size of 50, but ANOVA showed a block size of 9. 
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For example 2, both variance of the mean yielded block size of 20, and ANOVA 

techniques yielded block size of 10. Qualitatively, decline projections improved with the 

implementation of alternate blocking techniques, but for example 2, because of the large 

block size calculated with variance of the mean, the result was accurate, but lacked 

precision. Quantitatively, the accuracy and precision of the uncertainty estimates obtained 

using the ANOVA approach was most reliable. Generally, it can be observed that 

regardless of the blocking technique, the semi-analytical model generated results that 

show much better forecast approximations than the hyperbolic model. 
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Chapter 7: Conclusions and Recommendations  

 

 Decline curve analysis is used because of its simplicity and empirical-based 

derivation, but can be especially inaccurate for predicting future performance of 

unconventional wells. Semi-analytical model developed based on dual-porosity 

assumptions yield more accurate predictions while conforming to the physics of flow in 

fractures and matrix (Ogunyomi, 2015). However, as with other decline curve models, a 

unique estimate for decline characteristics does not quantify the uncertainty associated 

with forecasts, and may therefore result in erroneous predictions and development 

decisions. For uncertainty quantification, probabilistic approach with modified bootstrap 

method is explored (Cheng et al., 2010). This thesis extends the application of 

probabilistic approach to unconventional wells by coupling it with dual-porosity semi-

analytical model. The results reveal that this coupled approach is more effective for 

quantifying the uncertainty associated with forecasts. Furthermore, the bootstrap methods 

is extended by employing alternate blocking techniques for identifying important flow 

episodes during the production of the well and the application of bootstrap results 

obtained by sampling data from these periods yield more accurate and precise uncertainty 

distributions for unconventional wells.  

 

7.1 Conclusions 

 

Following are key conclusions and findings from this study: 

 In-depth investigation into semi-analytical model derivation and the application of 

a probabilistic approach for quantifying the uncertainty associated with the 
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prediction is conducted. It has to be noted that the semi-analytical model is 

derived based on dual-porosity model that is limited to single phase flows. Thus, 

the application is limited to unconventional, horizontal oil wells only.  

 Probabilistic approach with the dual-porosity semi-analytical model is directly 

compared to probabilistic approach with Arps’ hyperbolic model for two 

unconventional, horizontal example oil wells. The results show better transient 

stage and late stage characterization of production using the semi-analytical 

model. For example well 1, the production data during the forecast period is 

within the 80% confidence interval for both the Arps’ model and the semi-

analytical model. However, for example 2 oil well, the confidence interval based 

on Arps’ hyperbolic model failed to bracket the observed production data in its 

entirety. It is concluded that the results from the probabilistic approach improved 

with implementation of semi-analytical model for unconventional oil wells. 

 The use of variance of the mean as an alternate blocking technique is investigated 

(Lake & Srinivasan, 2004). The method uses a convolution integral of the 

temporal covariance function in order to fine the REV scale at which the blocks 

exhibit least correlation. For time dependent production data, an attempt is made 

to remove the trends in characteristic decline by computing the covariance of the 

residuals obtained by fitting the semi-analytical model to the observed production. 

One advantage of this method is that it is purely data-driven analysis with no 

subjective inputs of significance level etc. that are required for the autocorrelation 

based approach. The method is compared to autocorrelation blocking technique 

and resulted in overall improvement for cumulative production and forecast 

period production calculations. However, implementation of variance of the mean 

technique resulted in rather high block sizes that made confidence interval 
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approach deterministic curve. This is readily realized in example 2 where the 

narrowness of the interval significantly cause increased cumulative and 

production errors. Nonetheless, in comparison to hyperbolic model fit, the errors 

are minimized and the P50 estimate matched the future performances well. 

 Analysis of variance (ANOVA) is also investigated as an alternate blocking 

technique within the extended bootstrap method. ANOVA relates 2 or more 

groups of data by determining whether data trends or structures are significant at 

different scales of averaging. Optimal block size is determined by finding the 

lowest ratiof  for all lag sizes. One advantage of this method is the simplicity in 

implementation. Use of ANOVA changed optimal block sizes for both example 

oil wells and resulted in better overall forecast projections. Cumulative production 

and forecast period production errors are improved compared to autocorrelation 

blocking technique. Comparing to variance of the mean, ANOVA implementation 

demonstrated better results in capturing forecast period and overall productions. 

The resultant uncertainty distributions obtained using variance of the mean was 

accurate but lacked precision, while ANOVA technique was both accurate and 

precise. 

 

7.2 Recommendations for Future Work 

 

 The applications examples for the coupled probabilistic approach assumed an 

initial peak in production rate and a declining rate thereafter that continues until 

the end of production. However, in actual cases, a well may undergo many 

operational changes as well as reservoir changes that may increase uncertainty in 
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decline forecasts. Notably, example 1 oil well production data show two peaks in 

production, one in the 7
th

 month and the other at 68
th

 month. Adjusting the history 

match range to the latest production peak may generate better results. 

Furthermore, using finer scale data, such as production volume per day, may have 

allowed semi-analytical model to generate a better fit. Semi-analytical model is 

generated based on daily production, not monthly production, which means that 

many of transient stages that occur within the first two months are inadequately 

fitted with the model. Refinement of data and adjustment of the range of history 

match data is recommended for future studies. 

 The present thesis experimented probabilistic approach using dual-porosity semi-

analytical model. The uncertainty quantification approach may be combined with 

other novel decline models for unconventional wells. In addition, the production 

forecast, as indicated by the confidence intervals, can be verified using more 

physically realistic modeling approaches such as using CMG or S-GeMS. 

 One of the assumptions of semi-analytical model is single-phase flow, in which 

case only data from oil wells can be analyzed. Efforts to investigate other semi-

analytical models that have the capability to characterize two phase flow should 

be undertaken in order to apply these techniques to quantify the uncertainty in gas 

well production characteristics.  
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