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Modeling, Estimation, and Control of Proton Exchange Membrane-

Based Electrochemical Systems 

Victor Kin-Wah Yu, Ph.D. 

The University of Texas at Austin, 2015 

Supervisor:  Dongmei Chen 

To reduce emissions and meet the rapidly growing global energy demand, 

affordable and efficient methods of electrical energy storage and generation are needed to 

exploit renewable energy sources more effectively. Proton exchange membrane (PEM) 

based electrochemical systems, such as vanadium redox flow batteries (VRFB) and PEM 

fuel cells, are playing an increasingly important role because they have a fast response rate, 

high efficiency, and small environmental impact. However, widespread commercial 

viability of these technologies in the future heavily depends on further improvements in 

their performance and reliability. Accordingly, this dissertation focuses on developing new 

methodologies to predict and control the behavior of these PEM-based electrochemical 

systems. 

In the first part of this work, a control-oriented physics-based model of a VRFB 

system is developed. This model can predict the transient response of the cell voltage under 

different operating conditions and inputs such as current, flow rate, and temperature. The 

significance of this study is having the ability to predict the short and long term effects of 

membrane crossover on the system performance. One major challenge of operating VRFB 

systems is that monitoring the state-of-charge (SOC) in real-time using traditional 

measurement techniques is expensive and impractical. To address this problem, an SOC 
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estimator is developed based on a constrained extended Kalman filter that can be used for 

real-time optimization and control because it requires only simple voltage measurements 

and a low-order model. Simulation results demonstrate the ability to predict the vanadium 

concentrations of a VRFB system without knowledge of the crossover dynamics. A major 

obstacle preventing the widespread commercialization of VRFBs is excessive capital costs. 

This issue is addressed by developing a methodology to optimally size a VRFB system 

using the minimum amount of materials required for the intended power range. For PEM 

fuel cells, proper water and thermal management is critical to optimizing performance and 

longevity. However, this can be a challenging task due to strong system interactions 

between multiple input and output variables. In the final part of this work, these system 

interactions are studied in detail and a suitable controller is designed to regulate the stack 

voltage, stack temperature, and relative humidity during load transients. 
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Chapter 1: Introduction 

The continuously growing global energy demand and concern about climate change 

is driving a rapid expansion of renewable energy resources such as wind and solar in order 

to reduce the consumption of fossil fuels [1]. To exploit these intermittent renewable 

energy resources more effectively, affordable and efficient methods of electrical energy 

storage and generation are needed [2]. Proton exchange membrane (PEM) based 

electrochemical systems are one of the most promising solutions because of their fast 

response rate, high efficiency, and low environmental impact [3], [4].  

The vanadium redox flow battery (VRFB) is one type of PEM-based 

electrochemical system that has been the focus of many research and development efforts 

over the past several decades [5]. A schematic of a VRFB system is shown in Fig. 1.1. 

During operation, vanadium ions dissolved in a liquid electrolyte are pumped through a 

cell where electrochemical reactions can occur in either direction to charge or discharge 

the battery. Each cell assembly consists of a PEM sandwiched between two porous 

electrodes. The vanadium reactants are replenished by recirculation of electrolyte between 

the cell stack and storage tanks. One of the main advantages of VRFBs is that they can 

easily scale to meet a wide range of power and capacity requirements by increasing the 

number of cells in the stack and electrolyte volume, respectively. Also, they can be 

recharged simply by replacing the electrolyte. 

 



 2

 

Figure 1.1: Schematic of a two-cell VRFB stack [6]. 

 

The PEM fuel cell is another PEM-based electrochemical system that has attracted 

a lot of attention from academia and industry in recent years [7]. A schematic of a PEM 

fuel cell is shown in Fig. 1.2. The PEM fuel cell is similar in many ways to a VRFB in 

terms of construction and operation. The main differences are that the PEM fuel cell only 

functions as a power generation device (converting chemical energy into electrical energy) 

and it uses air and hydrogen gas as reactants. 
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Figure 1.2: Schematic of PEM fuel cell [8]. 

 

Although substantial progress has been made over the past few decades in the 

advancement of VRFBs and PEM fuel cells, further improvements in performance and 

reliability are essential to making these technologies economically viable. Developing new 

methodologies to better predict and control the behavior of these PEM-based 

electrochemical systems can help substantially in this endeavor. Consequently, this 

dissertation will address several significant knowledge gaps in this area that have been 

identified from the literature. 

For VRFBs, membrane crossover is a major issue that can lead to performance 

degradation and capacity loss [4]. A dynamic physics-based model is needed to predict the 

potential effects of membrane crossover on the transient system performance and capacity 

loss. Because membrane crossover is unavoidable in VRFBs, the SOC and effective 

capacity should be regularly monitored so that electrolyte rebalancing can be performed 

when the level of capacity loss becomes unacceptable. However, traditional SOC 
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monitoring for VRFBs relies on expensive and impractical instrumentation to take 

vanadium concentration measurements [9]. Hence, a model-based estimation technique 

that depends only on voltage measurements, which are easily attainable, is needed for real-

time SOC monitoring. Determining the appropriate size of a VRFB system for the intended 

power range can help minimize the amount of materials used, thereby reducing capital 

costs [10]. To predict the power range of a VRFB system, a stack-level model is needed 

that accounts for the major parasitic power losses in the system (e.g. pumping losses). Local 

mass transfer effects on the electrode should also be incorporated into the model so that 

battery performance can be predicted accurately even when operating at high current 

densities. This model should be sufficiently low order and computationally practical for 

stack-level control and optimization purposes. 

For PEM fuel cells, proper thermal and water management is crucial for optimizing 

operational efficiency and longevity [11]. Temperature and relative humidity should be 

regulated to achieve peak performance while avoiding operating conditions that could 

damage sensitive components such as the membrane. However, the coupling of heat and 

mass transfer dynamics makes this a challenging multi-input multi-output (MIMO) control 

problem. The system interactions require further analysis and a suitable controller should 

be designed accordingly to handle these interactions effectively. 

As mentioned previously, this dissertation is focused on developing new 

methodologies to better predict and control the behavior of PEM-based electrochemical 

systems. This objective is carried out specifically by addressing four main challenges: 1) 

Establish an in-depth understanding of the dynamic behavior of PEM-based systems, 2) 

Develop a method to estimate time-varying parameters of PEM-based systems, 3) Develop 

a modeling framework to enable optimization of design and operating parameters for large 

scale PEM-based systems, and 4) Establish an in-depth understanding of the coupled heat 
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and mass transfer dynamics in PEM-based systems and develop a suitable control strategy. 

In Chapter 2, a detail literature survey is provided to justify the need to address each 

challenge as well as to explain the motivation behind the particular approaches taken in 

this dissertation to address each challenge. In Chapter 3, a control-oriented VRFB model 

incorporating membrane crossover and mass transfer effects is developed to predict system 

performance more accurately. In Chapter 4, a constrained extended Kalman filter is 

developed to predict the state-of-charge of a VRFB with membrane crossover by 

estimating the vanadium concentrations. In Chapter 5, a physics-based model of the 

parasitic losses of a VRFB system is developed to enable peak net power prediction.  In 

Chapter 6, the multivariable interactions in a PEM fuel cell are analyzed in-depth and a 

MIMO controller is designed accordingly regulate the stack voltage, temperature, and 

relative humidity. 
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Chapter 2: Background 

2.1 MEMBRANE CROSSOVER AND MASS TRANSFER EFFECTS ON SYSTEM 

PERFORMANCE1 

Increasing demand for more efficient power regulation and transmission has 

sparked considerable interest in energy storage technologies in recent decades. Problems 

caused by widespread integration of intermittent renewable energy sources such as wind 

and solar further motivate the need for an energy storage strategy to ensure electric grid 

stability and reliable power delivery [12]. Electrochemical energy storage and mechanical 

forms of energy storage such as pumped hydro and compressed air systems are both 

suitable for grid-scale applications, but the latter types are restricted by inherent geographic 

limitations [13]. Batteries are therefore generally regarded as the most practical means of 

grid-scale energy storage. Among all battery types, lithium ion has undergone the greatest 

level of development for use in hybrid/electric vehicles because of its high energy density 

and usability [14]. However, the high cost of lithium ion batteries has diverted attention 

towards cheaper alternatives like redox flow batteries (RFB) for grid-scale energy storage, 

where energy density is not a limiting factor. The major advantages of RFBs are their high 

efficiency (75 – 85 %) and ease of scalability. Theoretically, power output is determined 

by the number of cells in the stack and electrode surface area, while energy capacity 

depends on the concentrations of redox species and volume of electrolytes. Thus, power 

and energy can be scaled independently to meet the requirements for a broad range of 

applications [5]. 

                                                 
1 Parts of this section have appeared previously in the following publication: 

1. V. Yu and D. Chen, “Dynamic Model of a Vanadium Redox Flow Battery for System Performance 
Control,” J. Sol. Energy Eng., vol. 136, no. 2, p. 021005, Aug. 2013. [12] (All authors contributed 
equally.) 
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Numerous redox couples have been explored for use in RFB systems such as 

iron/chrome, bromine/polysulfide , and zinc/bromine, but the all-vanadium redox flow 

battery (VRFB) has achieved the most progress in research advancement and commercial 

development [15]. A distinct advantage of VRFBs is that both half-cells use the same 

element, so cross-contamination is avoided. Numerous mathematical models have been 

developed for VRFBs to understand their system behavior. Shah et al. developed transient 

2-D models capable of predicting profiles of concentration, overpotential, and current 

density within a VRFB cell under various operating conditions and later extended the 

model to account for gas-evolving side reactions, bubble formation, and non-isothermal 

effects [16]–[19]. Vynnycky formulated an asymptotically reduced 1-D model that lowered 

computational requirements while retaining the same results as the unreduced model [20]. 

Although these higher order models are necessary to accurately represent the physical 

phenomena and understand how parameters affect cell performance, they are also 

computationally prohibitive for real-time control and monitoring purposes. A low order 

control-oriented model is therefore needed. Simpler dynamic models have been proposed 

that were capable of capturing the performance of VRFB systems [21], [22] or predicting 

capacity loss as a result of vanadium ion diffusion across the membrane [23]. However, no 

existing battery performance models have incorporated mass transfer effects on the 

overpotential or crossover effects on charge/discharge efficiency and cycle life.  

This work presents such a unified model that includes mass transfer effects which 

contribute to the overpotential. Furthermore, the model is extended to investigate the 

effects of crossover at different temperatures and capacity loss on the voltage response. 

After obtaining the VRFB system model, a gap metric analysis is conducted to identify 

operating conditions where linear control laws can be applied. 
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2.2 SOC MONITORING BY ESTIMATION OF VANADIUM CONCENTRATION IMBALANCE2 

Reliable and efficient means of energy storage are crucial because of the need to 

integrate a rapidly growing number of intermittent renewable energy sources with the 

electric grid [13]. The vanadium redox flow battery (VRFB) is a promising solution for 

grid-scale energy storage because it operates at a high efficiency (75-85 %) and is easy to 

scale in terms of power and capacity [5], [15]. Furthermore, cross-contamination between 

the positive and negative half-cells is not a problem as with other types of batteries because 

both sides only contain vanadium. However, one unavoidable problem is vanadium 

crossover, which results in one side having a higher vanadium concentration than the other 

after long-term cycling. This crossover phenomenon causes a permanent reduction in 

overall capacity until the electrolytes are rebalanced. In response to this issue, two main 

research efforts have emerged in the areas of modeling and state-of-charge (SOC) 

monitoring of VRFBs. 

In the first research area, physics-based models are being developed in order to 

predict vanadium crossover behavior. Skyllas-Kazacos et al. have developed models 

assuming that diffusion is the only crossover mechanism responsible for vanadium ion 

transport and that diffusion coefficients are constant [23], [25]. These experimentally 

determined diffusion coefficients [26], [27] were used in simulations to predict the 

evolution of concentration imbalance over time. However, the problem with these models 

is that they do not account for other significant crossover mechanisms and also do not 

consider that diffusion coefficients can vary with temperature, membrane health, and other 

operating condition-dependent factors. Knehr et al. [28] have tried to address most of these 

                                                 
2 Parts of this section have appeared previously in the following publication: 

1. V. Yu, A. Headley, and D. Chen, “A Constrained Extended Kalman Filter for State-of-charge 
Estimation of a Vanadium Redox Flow Battery With Crossover Effects,” J. Dyn. Syst. Meas. 
Control, vol. 136, no. 4, p. 041013, Apr. 2014. [24] (All authors contributed equally.) 
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issues by developing a high fidelity model incorporating diffusion with all of the other 

important transport phenomena, including convection, migration, and water transfer. Their 

results showed that diffusion is not the only primary crossover mechanism and that the 

others play an equally significant role. Furthermore, their analysis and other experimental 

studies [29] have found that the net vanadium crossover is greatly enhanced in the direction 

of hydrogen ion flux which means that the operational mode (charge or discharge) has a 

major effect. One major implication of this finding is that the diffusion-only crossover 

model with constant diffusion coefficients will often predict vanadium crossover in the 

wrong direction. Ultimately, this will lead to erroneous long-term predictions of the 

concentration imbalance. Although a high fidelity model is more useful for gaining 

theoretical insight into the crossover phenomenon, it is computationally prohibitive and 

unfeasible for real-time monitoring and control purposes. 

The second major research area is in the development of advanced SOC monitoring 

techniques to measure the vanadium concentrations in a VRFB. Accurate SOC monitoring 

is important because it indicates the level of concentration imbalance and whether 

electrolyte rebalancing is needed. The most basic way of determining the overall battery 

SOC is to measure the open circuit voltage (OCV), which is related to the SOC through 

the Nernst equation. However, this method is only useful when both the positive and 

negative half-cells are completely balanced (i.e., have the same total vanadium 

concentration). Most recently, researchers have been successful in demonstrating that 

spectrophotometric analysis can be used to determine the chemical composition of an 

electrolyte sample [9], [30], [31]. However, for this method to be accurate requires 

compiling a large database containing the absorption or transmission spectrum of every 

possible combination of vanadium and sulfate concentrations. Only then can the spectrum 

of an electrolyte sample be matched with one from the database to determine its 



 10

composition accurately. Although spectrophotometric techniques are ideal in concept, they 

are too impractical for commercial VRFB systems due to their high cost, complexity, and 

the need to regularly recalibrate the spectroscopy equipment. 

Estimating the vanadium concentrations in a VRFB system has never before been 

realized because typical measurements do not provide sufficient information about the 

concentrations when they differ from nominal. In this work, two unconventional voltage 

measurements are proposed that augment the traditional VRFB system and then the 

extended Kalman filter (EKF) is used to demonstrate the feasibility of estimating the 

absolute vanadium concentrations of a VRFB system over long-term cycling with only 

voltage measurements. The EKF has already been used extensively as a tool to estimate 

the SOC of lithium-ion batteries [32]–[34]. However, no prior literature exists to the 

authors’ knowledge on estimating the SOC of flow batteries, which have significant 

physical differences compared to lithium-ion batteries. By estimating the absolute 

vanadium concentrations, the concentration imbalance as a result of crossover can be 

determined. The operator can then use this information to make an informed decision as to 

whether electrolyte rebalancing is necessary or a possible fault has occurred. To improve 

the performance of the EKF, state constraints were applied based on insight of the battery’s 

physical limitations. These constraints allowed us to increase the process noise high enough 

to track the slow time-varying changes in concentration while keeping the estimates 

bounded. In this work, we first provide a summary of the state prediction model and explain 

the measurements. We then explain details about the EKF algorithm implementation. 

Finally, we present and discuss the simulation results of the EKF applied to three data sets, 

each using a different proton exchange membrane for a duration of 200 charge/discharge 

cycles. 
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2.3 STACK-LEVEL VRFB MODEL FOR CONTROL AND DESIGN OPTIMIZATION3 

Operating costs can be reduced by improving the performance and efficiency of 

VRFBs. To achieve this objective, researchers are designing better materials [36] and cell 

architectures [37] as well as developing physics-based VRFB models with varying levels 

of complexity. An accurate stack-level model plays a critical role in the ultimate 

commercial success of the VRFB technology because it enables effective control design 

and system optimization. Shah et al. [16]–[19] developed first principle models, 

incorporating fundamental conservation laws and electrode kinetics, capable of predicting 

2-D distributions of concentration, overpotential, and current density in a unit cell for a 

range of operating conditions. Xu et al. [38] developed a 3-D model for investigating 

different flow field designs to reduce overpotential losses in a single cell. These high 

fidelity models are valuable for improving our understanding of the important physical 

phenomena that affect cell performance and efficiency. Nonetheless, Kear et al. [39] 

emphasized the additional need for practical stack-level models that can help in optimizing 

the design of large-scale systems.  

This need was further validated through an economic study by Hittinger et al. [40], 

who showed that improvements in capital cost and power limit, rather than efficiency and 

operating cost, have the greatest potential impact on the profitability of modular battery 

storage technologies for load following and frequency regulation applications. Indeed, 

optimal battery sizing can help minimize the amount of materials needed for the intended 

power requirement, resulting in lower capital costs. For this reason, there is a strong 

incentive to pursue research not only in engineering new materials to operate at higher 

power densities, but also in developing modeling and simulation tools to predict the peak 

                                                 
3 Parts of this section have appeared previously in the following publication: 

1. V. K. Yu and D. Chen, “Peak power prediction of a vanadium redox flow battery,” J. Power Sources, 
vol. 268, pp. 261–268, Dec. 2014. [35] (All authors contributed equally.) 
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power of VRFB systems so that their full operating range can be utilized [41]. Ma et al. 

[42] conducted experiments to characterize the performance of a specific VRFB system 

and devised a flow rate strategy to improve system efficiency at various states of charge 

(SOC). Xiong et al. [43] took a more general approach by developing a lumped parameter 

model, accounting for temperature effects and pumping losses, to predict the optimal flow 

rate that maximizes system efficiency under different operating conditions and SOC. 

Although this model is computationally practical for stack-level optimization and control 

purposes, it lacks sufficient detail in the voltage model to predict battery performance 

accurately when operating at high power densities. 

In this work, we present a modeling framework that accounts for the effects of flow 

rate on the pumping losses, local mass transfer rate, and nonuniform vanadium 

concentration in the cell. A sufficiently high flow rate is desirable for increasing the local 

mass transfer rate, thereby reducing the concentration overpotential. However, an optimal 

flow rate strategy should consider the trade-off between reducing overpotential and using 

excessive pump power.  A quantitative assessment is provided in this work to better 

understand the trade-off between these two competing objectives in order to come up with 

an optimal flow rate strategy. Depending on the flow rate and reaction rate, a lumped 

parameter model may give an unsatisfactory approximation of the bulk vanadium 

concentration inside the cell. To improve the accuracy of the lumped model with minimal 

increase in computational cost, we assume a linear profile for the vanadium concentration 

along cell length and calculate an average open circuit voltage and overpotential. The 

resulting low-order model includes sufficient detail to capture the internal battery losses at 

high power densities while remaining practical for stack-level optimization and control 

purposes. First we use our model to devise an optimal control strategy that maximizes 

battery life during discharge over a range of SOC and power demand. Assuming optimal 
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control is implemented, we then determine the upper efficiency limits of the given VRFB 

system design. The net power and associated overpotential and pumping losses are 

compared quantitatively at different operating points. To further extend the analysis, we 

investigate the effects of varying important design parameters including the electrode 

porosity, stack temperature, and total vanadium concentration on the peak power. During 

the initial design stage, these insights can help size a VRFB system appropriately for the 

intended power range while minimizing capital costs. 

 

2.4 MIMO ANALYSIS AND CONTROL OF A PEM FUEL CELL 

Proton exchange membrane (PEM) fuel cells are a promising alternative energy 

technology because they can generate emission-free electric power for stationary, portable, 

and transport applications. Their future commercial success depends heavily on continuing 

research and innovation towards improving their performance and durability [44]. For this 

reason, modeling and control of PEM fuel cell systems has emerged as a major research 

area in the past few decades. Designing an effective and reliable controller can be 

challenging due to the complexity of a PEM fuel cell system that includes not only the cell 

stack but also the auxiliary components such as the air compressor, supply and return 

manifolds, thermal and water management systems, and power electronics. Understanding 

the interactions between the individual system components and coordinating them properly 

is key to optimizing system performance and longevity. Pukrushpan developed a controller 

based on a lumped parameter PEM fuel cell stack model to control the net stack power 

indirectly by regulating the oxygen excess ratio [45]. Here, the stack current was 

considered an external disturbance that was set according to a look-up table based on the 

power demand. During load transients, the compressor voltage was used to control the air 
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flow rate in order to maintain the desired oxygen excess ratio. In this work, it was assumed 

that the humidity of the inlet flows were perfectly controlled by an external humidifier such 

that the membrane was always fully humidified.  Danzer [46] and Di Domenico [47] 

extended the work of Pukrushpan by developing MIMO control strategies to regulate the 

oxygen excess ratio as well as the cathode pressure during load transients. Pressure 

regulation was implemented as a means to improve efficiency and prevent physical damage 

to the membrane. In Danzer’s work, the dewpoint temperature was assumed to be perfectly 

regulated by an external dewpoint humidifier. In Di Domenico’s work, the humidity of the 

inlet flows was adjusted by feedforward controller based on a nonlinear steady state model 

that optimizes efficiency at every operating point. Methekar developed a decentralized 

MIMO controller based on a distributed parameter model of a single PEM fuel cell to 

control the net power density using the hydrogen flow rate and to regulate the temperature 

using the coolant flow rate [48]. In this work, the anode inlet flow was fully saturated with 

water vapor but the cathode inlet humidity was not specified. Yang developed an adaptive 

controller based on experimentally derived transfer function models to regulate the stack 

voltage using the air flow rate under various current loads [49]. Wang extended Yang’s 

work by exploring the use of robust control methodologies [50]. Both Yang and Wang used 

completely dry inlet flows in their experiments. 

Proper thermal and water management are critical for efficient and reliable 

operation of a PEM fuel cell system [51]. The temperature should be kept relatively high 

to have fast electrochemical reaction kinetics but should not exceed temperatures that can 

cause permanent degradation to the fuel cell materials [52]. The relative humidity should 

be kept sufficiently high to have good membrane conductivity but remain below saturation 

so that water condensation does not block reaction sites in the gas diffusion layer [53]. 

Despite the numerous theoretical and experimental investigations showing that inadequate 
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membrane humidification can significantly reduce voltage efficiency [53]–[60], very little 

research in the open literature has explored the use of feedback control to regulate the 

relatively humidity (RH) in PEM fuel cell stacks. Kunde et al. developed a single-input 

multiple-output (SIMO) feedback controller to regulate the temperature and RH of a micro 

fuel cell system using an air blower [61]. Due to the physical constraints of the micro fuel 

cell system, Kunde rationalized that the most practical strategy was to regulate both the 

temperature and RH using only one control input. Although this study provides some 

insight on temperature and RH control of micro fuel cell systems, the proposed strategy 

would be suboptimal for larger fuel cell systems, such as in stand-alone and automotive 

applications, where more actuators are readily available. Larger fuel cell systems typically 

have external humidifiers to humidify the inlet reactant flows and a coolant system to 

regulate temperature. Karnik et al. developed a gain-scheduled static output feedback 

controller to regulate the RH and pressure in a PEM fuel cell during load changes [62]. In 

this study, the anode inlet dry hydrogen flow rate and anode back pressure valve opening 

were used to control the anode pressure and the average water activity of the anode and 

cathode. Note that the average water activity of the anode and cathode is typically assumed 

to be the membrane water activity. Although Karnik showed that this control strategy was 

feasible, he did not provide any justification for this choice of control inputs and could 

have taken a more practical and direct approach by using the inlet flow humidifiers to 

regulate the membrane water activity. Instead, the cathode inlet RH was considered as an 

external disturbance. This notion was substantiated by Wong et al. [55], who did an 

extensive steady state analysis of a pseudo two-dimensional PEM fuel cell model to 

demonstrate that controlling the inlet anode and cathode humidification conditions is a 

simple and effective method of optimizing the performance of PEM fuel cell system with 

respect to maximizing the power density. Based on their quantitative analysis of a specific 
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stack geometry, they were able to make general qualitative recommendations for optimal 

inlet relative humidity control of PEM fuel cell systems. They concluded that the anode 

inlet flow should be fully humidified and that the cathode inlet RH should be as high as 

possible without flooding the cathode channel. For maximum voltage efficiency, the 

membrane should be fully humidified to minimize the ohmic overpotential while flooding 

should be avoided because this would substantially increase the concentration 

overpotential. Hence, a sensible control objective would be to regulate the cathode RH at 

just below saturation by proper actuation of the cathode inlet humidifier. Their study also 

discussed how the optimal cathode inlet RH varies with air flow rate and current density. 

If the cathode is below saturation, then increasing the air flow rate reduces the vapor 

concentration gradient between cathode inlet and outlet, thereby decreasing the average 

RH of the cathode channel and increasing the ohmic overpotential. However, increasing 

the air flow rate also raises the O2 pressure in the cathode channel, hence increasing the 

open circuit voltage and decreasing the activation overpotential. Clearly, their analysis 

indicates a strong coupling between the air flow rate and cathode inlet RH to the stack 

voltage and the cathode RH. This could potentially pose a difficult control challenge if the 

desired objectives are to regulate the stack voltage (as studied by Yang [49] and Wang 

[50]) while regulating the cathode RH (to maximize voltage efficiency) under various 

current loads. Consequently, the focus of this work is to study these system interactions in 

greater detail and to design a suitable controller that can handle these interactions 

effectively and deliver satisfactory control performance. The specific control objectives of 

this work are to regulate the stack voltage, cathode RH, and stack temperature using the 

cathode inlet air flow rate, cathode inlet vapor flow rate, and coolant inlet temperature as 

control inputs. The stack current is considered an external disturbance to the system. The 

air flow rate is considered a possible control input for voltage regulation based on previous 
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work by Yang [49] and Wang [50]. Although the stack temperature is typically considered 

a slowly varying parameter and has therefore been neglected in most control studies [45]–

[47], [62]–[65], it is included in this analysis for completeness. Hence, the coolant inlet 

temperature is considered a possible control input for the stack temperature. A control-

oriented physics-based model of a PEM fuel cell stack that was experimentally validated 

in our research lab is linearized at a typical operating point for the analysis and control 

design [66]. A frequency-dependent RGA analysis is performed to assess the feasibility of 

decentralized control and to decide the optimal input-output pairings. A multivariable 

controller is designed using the linear quadratic (LQ) method and the performance is 

compared to that of a decentralized controller. The advantages and tradeoffs of each control 

system configuration are analyzed and discussed. 
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Chapter 3: Dynamic Model of a Vanadium Redox Flow Battery for 
System Performance Control4 

The vanadium redox flow battery (VRFB) is an attractive grid scale energy storage 

option, but high operating cost prevents widespread commercialization. One way of 

mitigating cost is to optimize system performance, which requires an accurate model 

capable of predicting cell voltage under different operating conditions such as current, 

temperature, flow rate, and state of charge. This work presents a lumped isothermal VRFB 

model based on principles of mass transfer and electrochemical kinetics that can predict 

transient performance with respect to the aforementioned operating conditions. The model 

captures two important physical phenomena: 1) mass transfer at the electrode surface and 

2) vanadium crossover through the membrane. Mass transfer effects increase the 

overpotential and thus reduce the battery output voltage during discharge. Vanadium 

crossover causes a concentration imbalance between the two half-cells that negatively 

affects the voltage response particularly after long term cycling. Further analysis on the 

system linearity is conducted to assess the feasibility of using a linear control design 

methodology. 

 

3.1 PRINCIPLES OF OPERATION 

In a VRFB system, two soluble redox couples dissolved in electrolyte are stored in 

separate tanks. During operation, pumps circulate the electrolyte through an 

                                                 
4 Parts of this section have appeared previously in the following publication: 

1. V. Yu and D. Chen, “Dynamic Model of a Vanadium Redox Flow Battery for System Performance 
Control,” J. Sol. Energy Eng., vol. 136, no. 2, p. 021005, Aug. 2013. [12] (All authors contributed 
equally.) 
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electrochemical cell consisting of two electrodes separated by an ion exchange membrane 

where redox reactions occur. Figure 3.1 shows a simple schematic of a VRFB system. 

The main electrochemical reactions occurring at each electrode are 

 
Positive electrode: 

 
charge2+ + + -

2 2discharge
VO +H O VO +2H +e  (1) 

   
Negative electrode: 

 
charge3+ - 2+

discharge
V +e V   (2) 

 

Gas-evolving reactions such as oxygen and hydrogen evolution are neglected 

because they occur infrequently under normal operating conditions [18], [19]. Vanadium 

species that diffuse across the membrane are assumed to react instantaneously and can thus 

be considered a form of self-discharge. The side reactions occurring at each electrode are 

 
Positive electrode: 

 2+ 2+ + 2+
22VO V 2H 3VO H O     (3) 

 
 + 3+ 2+

2VO V 2VO   (4) 

 
 2+ 2+ + 3+

2VO V 2H 2V H O     (5) 

 
Negative electrode: 

 2+ 2+ + 3+
2V VO 2H 2V H O     (6) 

 
 2+ + 3+

2 22V VO 4H 3V 2H O     (7) 

 
 3 2

2V +VO 2VO    (8) 

 

 As the battery continues to cycle, a concentration imbalance develops between the 

two half-cells due to the relative difference in diffusion rates of the vanadium species. 
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Hence, vanadium crossover tends to cause a reduction in battery capacity over time [23]. 

Water crossover is neglected because the competing dynamics between the two main 

modes, osmosis and electro-osmotic drag, are extremely difficult to predict accurately 

using a lumped model. However, the overall effect of water crossover is a change in the 

vanadium concentration in each half-cell, which can be approximated by an effective 

diffusion rate of each vanadium species [27]. 

 
 

 

Figure 3.1: Schematic of a VRFB system. 

 

3.2 MODELING METHODOLOGY 

Dynamic equations were formed by using the law of mole conservation for 

vanadium species in the electrodes and reservoir volumes of each half-cell. The 

concentrations of vanadium ions in the electrodes can change during operation via 

diffusion across the membrane, redox reactions from an externally applied current, and 
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recirculation of electrolytes between the electrode and reservoir. Overall, the model 

contains a total of eight states: the concentrations of V2+ and V3+ in the electrode and 

reservoir of the positive half-cell and the concentrations of VO2
+ and VO2+ in the electrode 

and reservoir of the negative half-cell. Therefore, the balance equations for the reservoirs 

can be expressed as  

 

  
res

res

res

d

dt
i

i i

c Q
c c

V
    (9) 

 

where ic  and 
res
ic  are the respective concentrations in the cell and reservoir of species 

[2,3,4,5]i  corresponding to V2+, V3+, VO2
+ and VO2+, respectively, Q  is the flow rate, 

and Vres is the electrolyte volume in the reservoir. Balance equations for the electrodes are 

given by 

 

    appres2 m m
2 2 2 2 5 5 4 4

e e m

d
2

dt

jc A AQ
c c D c D c D c

V V F w 
        (10) 

 

    appres3 m m
3 3 3 3 5 5 4 4

e e m

d
3 2

dt

jc A AQ
c c D c D c D c

V V F w 
        (11) 

 

    appres4 m m
4 4 4 4 2 2 3 3

e e m

d
3 2

dt

jc A AQ
c c D c D c D c

V V F w 
        (12) 

 

    appres5 m m
5 5 5 5 2 2 3 3

e e m

d
2

dt

jc A AQ
c c D c D c D c

V V F w 
        (13) 

 

where j is the applied current density, Ve is the electrode volume, ε is the electrode porosity, 

Am is contact area of the membrane with the electrolyte, wm is the membrane width, and 
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D2, D3, D4, and D5 are the diffusion coefficients of their corresponding vanadium species. 

Positive and negative current densities represent discharging and charging, respectively. 

The temperature dependence of the diffusion coefficients can be approximated 

using an Ahrrenius law  

 

 
a (1/298 1/ )

0

E T

RD D e


   (14) 

 

where D0 is the diffusion coefficient of each vanadium species at reference temperature 

298 K (given in Table 3.1) and Ea is the activation energy. A best fit approximation for Ea 

is 1.663 x 104 J mol-1 and was calculated based on experimental data reported in [14] for 

VO2+ at a temperature range of 298 K to 318 K. This value was also used for the three other 

vanadium species in the simulations. 

The vanadium concentrations can be related to the open circuit voltage, EOC, by the 

Nernst Equation 

 

 
+

2
2 50 0 H

OC pos neg
3 4

ln
c c cRT

E E E
F c c

 
     

 
  (15) 

 

where 0
posE  and 0

negE  are the standard reduction potentials for the reactions at the positive 

and negative electrodes, R is the molar gas constant, T is the cell temperature, F is the 

Faraday constant, and cH+ is the molar concentration protons in the positive electrode. 

Variations in the standard potentials with temperature are small and therefore neglected. 

All species are assumed to have unit activity coefficients. Proton concentration dynamics 

are difficult to model accurately due to complex ionic equilibria [23]. However, small 
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changes in proton concentration have a minimal effect on cell voltage, so proton 

concentration is assumed constant at 4 M for simulations. 

The operating cell potential, Ecell, can then be calculated by adding the voltage 

losses due to ohmic resistance, and activation overpotential to the open circuit voltage: 

 
 cell OC ohm actE E E E      (16) 

 

Ohmic losses occur in the current collector, membrane, and electrolyte and can be 

calculated respectively by  

 

 c
c app

c

w
E j


   (17) 

 

 m
m app

m

w
E j


   (18) 

 

 e
e app 3/2

e

w
E j

 
   (19) 

 

Here, σc, σm, and σe are the conductivities and wc, wm, and we are the widths of the current 

collector, membrane, and electrode respectively. The effective electrolyte conductivity, 

ɛ3/2σe, is obtained by applying a Bruggeman correction to account for the porosity of the 

electrode. The conductivity of a Nafion membrane can be approximated using the empirical 

relationship [67]  

 

 m

1 1
(0.5139 0.326)exp 1268

303 T
          

  (20) 
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which depends on the membrane water content, λ (moles of H2O to moles of 3SO ), and cell 

temperature. The membrane is assumed to be fully saturated (λ = 22) because it is in 

constant contact with the liquid electrolyte on each side. 

The current-overpotential equation can be used to calculate the overpotential 

required to drive the electrochemical reaction at a given current density assuming 

symmetric charge transfer coefficients (α = 0.5) [68]: 

 

 
0 l,c l,a

1 exp 1 exp
2 2

j j F j F

j j RT j RT

                         
  (21) 

 

Here, η is the overpotential and j0 is the exchange current density given by 

 
Positive electrode: 

 0 pos 4 5j Fk c c   (22) 

 
Negative electrode:  

 0 neg 3 2j Fk c c   (23) 

 

The reaction rate constants, kpos and kneg, vary with temperature according to an 

Arrhenius law 

 

 

0
neg ref

neg neg, ref

( ) 1 1
exp

293

FE T
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  (24) 

 

 

0
pos ref

pos pos, ref
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exp

293

FE T
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  (25) 
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where 0
posk  and 0

negk  are the reaction rate constants at reference temperature 293 K. The 

cathodic and anodic limiting currents, jl,c and jl,a, account for the rate at which the consumed 

species can be brought to the electrode surface from the bulk electrolyte solution and are 

related to the mass transfer coefficient and bulk concentration by 

 
Positive electrode: 

   (26) 
 

 l,a 4 4j Fm c    (27) 

 
Negative electrode: 

 l,c 2 2j Fm c   (28) 

 
 l,a 3 3j Fm c    (29) 

 

where m2, m3, m4, and m5 are the mass transfer coefficients. Each vanadium species is 

assumed to have the same mass transfer coefficient that will henceforth be denoted by the 

variable mV. The mass transfer coefficient varies with the flow velocity, v, and can be 

approximated by the empirical equation [69], [70]  

 
 4 0.4

V 1.6 x 10m v   (30) 

 

 Solving for the overpotential in Eq. (21) requires nonlinear numerical methods. 

However, closed form approximations of the overpotential can be formed over different 

ranges of applied current density. If the current density is small compared to the limiting 

current density such that the concentration of consumed species at the electrode surface 

and in the bulk solution are approximately equal, then Eq. (21) reduces to the Butler-

Volmer equation [68]: 

l,c 5 5j Fm c
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0

exp exp
2 2

j F F

j RT RT

        
   

  (31) 

 

This equation can be inverted to calculate the overpotential at each electrode:  

 
Positive electrode: 

 1

pos 4 5

2
sinh

2

RT j

F Fk c c
 

 
   

 
  (32) 

 
Negative electrode: 

 1

neg 3 2

2
sinh

2

RT j

F Fk c c
 

 
   

 
  (33) 

 

The Butler-Volmer equation is a computationally efficient method of 

approximating the overpotential under the assumption that mass transfer effects are not 

important. However, prior studies using detailed 2-D steady state modeling have shown 

that decreasing the local mass transfer coefficient at the electrode surface increases the 

overpotential by a substantial amount [18]. To the best of the authors' knowledge, no 

lumped parameter models to date have incorporated mass transfer effects into the 

overpotential calculation. Consequently, we propose using closed form piecewise 

equations to approximate the full current-overpotential equation over the entire current 

range up to the limiting current. 

At high positive current densities, an approximation of the overpotential can be 

found by neglecting the anodic component (right side) of Eq. (21). This can be justified by 

the argument that current density approaches jl,c at large negative overpotentials. Thus, the 

overpotential equation for a cathodic reaction becomes 
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0 l,c

1 exp
2

j j F

j j RT

           
  (34) 

 

or rearranged as 

 

 
l,c 0

l,c

2
ln ln

j j jRT

F j j


   
          

  (35) 

 

Applying the same reasoning for high negative current densities, the overpotential 

equation for an anodic reaction becomes  

 

 
0 l,a

1 exp
2

j j F

j j RT

            
  (36) 

 

or  

 

 l,a

l,a 0

2
ln ln

jRT j

F j j j


    
          

  (37) 

 

Equations (34) to (37) will henceforth be referred to as the mass transfer-limited (MTL) 

approximations. For small current densities relative to the limiting current density, the 

Butler-Volmer equation predicts the full overpotential quite accurately. As current density 

increases, the Butler-Volmer equation becomes less accurate because it fails to capture 

mass transfer effects which contribute to the overpotential. As the limiting current density 

is approached, the MTL approximations become more accurate than the Butler-Volmer 
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equation and eventually converge to the full solution given by Eq. (21). To explicitly 

determine the conditions in which to use either the Butler-Volmer equation or MTL 

approximations depends on the state of charge and other electrochemical parameters and 

requires nonlinear numerical methods. However, since both approximation methods 

underestimate the total overpotential, the larger in magnitude of the two approximations is 

always closer to the total overpotential. Hence, the approach will be to calculate the 

overpotential using each method and use the larger of the two approximations during the 

model simulation. The accuracy of these approximations will be assessed in the following 

section. 

 

3.3 SIMULATION RESULTS AND ANALYSIS 

The VRFB model described in the previous section was developed and simulated 

in the MATLAB/SIMULINK environment. When mass transfer and crossover effects are 

neglected, the developed model exhibits the same trends as those found in [22] which were 

experimentally validated. This section shows the possible differences in voltage response 

prediction when mass transfer and crossover effects are included in the model. Structural 

dimensions of the battery are based on the experimental setup in [22]. Default parameter 

values including structural dimensions used in the simulation are given in Table 3.1. 
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Parameter Value 
Vres 2.232 x 10-4 m3 [22]  
Ve 4 × 10-5 m3 [22]  
ε 0.67 [22]  
As 0.0168 m2 [22]  
Am 0.01 m2 [22]  
wc 0.005 m [22]  
wm 1.25 × 10-4 m [22]  
we 4 × 10-3 m [22]  
R 8.3145 J mol-1 K-1 
F 96845 C mol-1 

0
posk  6.8 x 10-7 m s-1 [70]  

0
negk  1.7 x 10-7 m s-1 [70]  

0
posE  1.004 V 

0
negE  -0.26 V 

σc 9.1 x 104 S m-1 [22]  
σe 100 S m-1 [22]  
D2 5.261 x 10-6 cm2 min-1 (at 298 K) [27]  
D3 1.933 x 10-6 cm2 min-1 (at 298 K) [27]  
D4 4.095 x 10-6 cm2 min-1 (at 298 K) [27]  
D5 3.538 x 10-6 cm2 min-1 (at  298 K)  [27] 

Table 3.1: Default parameter values used for simulations. 

 

3.3.1 Mass Transfer Effects on Overpotential 

Figure 3.2a compares the Butler-Volmer equation and MTL approximation to the 

full current-overpotential equation at 50 % SOC for two different flow rates as a function 

of the current density normalized by the limiting current density (the result is symmetric 

for anodic currents so it is omitted). The Butler-Volmer equation is a reasonably accurate 

approximation at low current densities, but gradually gets worse as current density 

increases and mass transfer effects become important. The point at which the two curves 

intersect is where the MTL approximation becomes more accurate and the approximation 
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error reaches maximum. The maximum error is only 4 mV, which is insignificant compared 

to the total cell voltage and would only apply at one specific operating point. The 

overpotential curve is also shown in the case where flow rate is increased by a factor of 

five to 5 mL s-1. This curve should not be compared directly to the overpotential curve at 

1 mL s-1 flow rate because the current density ratio for each curve is scaled by a different 

limiting current density. Nonetheless, this curve shows that the maximum error decreases 

when the flow rate, and therefore mass transfer coefficient, increases. Figure 3.2b is at 20 % 

SOC and shows an improvement in the maximum approximation error compared to that of 

Fig. 3.2a. Thus, the approximations used here can reliably predict the overpotential under 

a wide range of operating conditions with the given electrochemical parameters. 
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(a) 

 

(b) 

 

Figure 3.2: A comparison of the MTL approximation and Butler-Volmer equation to the 
total overpotential for flow rates of 1 mL s-1 and 5 mL s-1 at (a) 50 % SOC 
and (b) 20 % SOC. 
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Figure 3.3a compares the voltage response with and without including mass transfer 

effects in the overpotential calculation for a 50 minute discharge at 600 A m-2 with 80 % 

initial capacity. When mass transfer effects are not included, only the Butler-Volmer 

equation is used to calculate the overpotential. When mass transfer effects are included, 

either the Butler-Volmer equation or the mass transfer approximation is used depending on 

the current density ratio. Initially there is no difference between the two curves because 

both are using the Butler-Volmer equation at a sufficiently low current density ratio. As 

the limiting current density decreases after discharging for some time, the two curves begin 

to deviate from one another after the mass transfer approximation takes effect. The 

deviation after 50 minutes of discharge, about 0.5 V, is significant and will continue to 

grow as SOC decreases. When the flow rate is increased by a factor of five (to 5 mL s-1) as 

in Fig. 3.3b, the overpotential loss decreases because of a higher mass transfer coefficient. 

Furthermore, the cell concentration is kept higher which increases the limiting current and 

open circuit voltage. 
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(a) 

 

(b) 

 

Figure 3.3: Discharge voltage response with and without mass transfer effects at 
750 A m-2 current density and 80 % initial SOC for flow rates of (a) 1 mL s-1 
and (b) 5 mL s-1. 



 34

3.3.2 Crossover Effects on Voltage Response 

Figure 3.4 compares the voltage response with and without crossover (diffusion 

coefficients set to zero) for discharge at two different temperatures with 90 % initial 

capacity. The current density and flow rate were set to 1000 A m-2 and 1 mL s-1, 

respectively. The deviation in cell voltage between the two cases is negligible at high SOC 

but increases noticeably as SOC decreases. After 30 minutes of discharge, the deviations 

in cell voltage at 298 K and 318 K are about 7 mV and 8 mV, respectively. The deviation 

is slightly greater at higher temperatures because the diffusion coefficients increase with 

temperature according to Eq. (14), which leads to a higher rate of self-discharge. The long 

term result of crossover is a permanent reduction in total capacity that can only be restored 

by electrolyte rebalancing [9]. The cell temperature also affects the overall system 

performance. Although voltage efficiency is predicted to improve at higher temperatures 

due to lower activation overpotential, the tradeoff is that the self-discharge rate and 

capacity loss also increase. 

 



 35

 

Figure 3.4: Simulated voltage response with and without crossover at 298 K and 318 K. 
The current density and flow rate were set to 1000 A m-2 and 1 mL s-1, 
respectively. 

 

3.3.3 Reduced Capacity Effects on Voltage Response 

Vanadium crossover causes not only self-discharge but also significant capacity 

loss after long term cycling. Prior dynamic cell models [21], [22] have only considered the 

case in which the battery was at nominal capacity (equal concentrations in each half-cell) 

since crossover was not considered. This section compares the voltage response at nominal 

capacity and different levels of capacity loss. Assuming an initially equal vanadium 

concentration in each half-cell, capacity loss means the total concentration of vanadium 

ions in one half-cell has been reduced by a percentage of the initial total concentration and 

the total concentration in the other half-cell has increased by the same amount. Based on 

the diffusion coefficients reported for Nafion 115 [27], the total concentration of V2+ and 
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V3+ increase while VO2
+ and VO2+ decrease in their respective half-cells over time. The 

effect of concentration imbalance on cell voltage during discharge is shown in Fig. 3.5 for 

0 %, 10 %, and 20 % capacity loss. The current density and flow rate were set to 1000 

A/m2 and 1 mL/s, respectively. For consistency, each case began discharging at an OCV 

of 1.462 V. After 24 minutes of discharge, the cell voltages for 10 % and 20 % reduced 

capacity are lower than the 0 % case by about 8 mV and 39 mV, respectively. A 

concentration imbalance basically degrades the battery's performance by decreasing the 

open circuit voltage and increasing the overpotential. 

 

 

Figure 3.5: Simulated voltage response at 0 %, 10 %, and 20 % capacity loss. The current 
density and flow rate were set to 1000 A m-2 and 1 mL s-1, respectively. 
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3.4 GAP METRIC ANALYSIS 

The purpose of the gap metric is to assess whether a linear controller for the flow 

rate will achieve good global performance [71], [72]. Linearizing the system will allow us 

to take advantage of powerful linear control design tools that are otherwise unavailable. 

The system was linearized about different operating points with cell voltage as the output 

and flow rate as the input. The MATLAB Robust Control Toolbox was then used to 

calculate a gap metric ranging between 0 and 1, with 1 meaning the systems are far apart 

or highly nonlinear. To simplify the analysis, the two half-cells were assumed to have equal 

concentrations. Also, crossover was neglected because it does not significantly affect the 

linearity and occurs on a much longer time scale compared to that of flow rate and current. 

Thus, the system is completely represented by two states, 2c  and res
2c , which can be 

normalized by the total vanadium concentration to define the state of charge in the cell and 

reservoir respectively by cell 2 V/SOC c c  and res
res 2 V/SOC c c . 

Figure 3.6 shows gap values calculated at different operating points (solid dots) 

over an expansive range of SOCcell and SOCres compared to a nominal operating point (star). 

Note that the nominal operating point is either inside or outside of the MTL region, which 

determines the most appropriate method of estimating the overpotential. Only operating 

points that are in the same region as the nominal operating point, and thus use the same 

overpotential calculation, are compared. In Fig. 3.6 (top), gap values are extremely low for 

a fairly wide operating region because the nominal operating point is not in the MTL 

region. A closer look at Fig shows that the Butler-Volmer equation behaves quite linearly 

before the MTL approximation takes over at higher current densities. When the current 

density is increased by a factor of five, Fig. 3.6 (middle) shows there are steep gap gradients 

around the nominal operating point because it is now in the MTL region where 

overpotential grows exponentially. In Fig. 3.6 (bottom), doubling the flow rate brings the 
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nominal operating point outside of the MTL region by increasing the mass transfer 

coefficient. Here, operating points at a higher SOC than the nominal operating point have 

very low gap values. On the other hand, operating points at a lower SOC than the nominal 

operating point are in the MTL region and thus cannot be compared using the gap metric. 

Varying the temperature had a negligible effect on the gap values. 
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Figure 3.6: Gap values calculated at different operating points (solid dots) compared to a 
nominal operating point (star). Current and flow rate are varied in each plot. 
Top: 1000  A m-2, 1 mL s-1. Middle: 5000 A m-2, 1 mL s-1. Bottom: 
5000  A m-2, 2 mL s-1. 
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Gap metric analysis of the model shows that the system is quite linear as long as 

the operating point is outside the MTL region. A linear control method would be suitable 

if the system is always kept within these bounds. However, it may be necessary to enter 

the MTL operating region if the battery's potential power output and efficiency is to be 

maximized. Accordingly, nonlinear control strategies will be explored. 

 

3.5 CONCLUSIONS 

This work presents a low order physics-based VRFB model that can be used to 

predict transient behavior at different temperatures and capacity loss. The simulation 

results reveal that mass transfer and crossover effects, which were not captured collectively 

by prior dynamic models [21]–[23], can have a significant impact on the voltage response. 

A gap metric analysis showed that a linear controller may only be suitable when operating 

outside the MTL region. Operation over the entire range of conditions would require a 

nonlinear controller. 
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Chapter 4: A Constrained Extended Kalman Filter for State of Charge 
Estimation of a Vanadium Redox Flow Battery with Crossover Effects5 

One of the main issues with vanadium redox flow batteries is that vanadium ions 

travel across the membrane during operation which leads to a concentration imbalance and 

capacity loss after long-term cycling. Precise state-of-charge (SOC) monitoring allows the 

operator to effectively schedule electrolyte rebalancing and devise a control strategy to 

keep the battery running under optimal conditions. However, current SOC monitoring 

methods are too expensive and impractical to implement on commercial VRFB systems. 

Furthermore, physical models alone are neither reliable nor accurate enough to predict 

long-term capacity loss due to crossover. In this work, we present an application of using 

an extended Kalman filter (EKF) to estimate the total vanadium concentration in each half-

cell by combining three voltage measurements and a state prediction model without 

crossover effects. Simulation results show that the EKF can accurately predict capacity loss 

for different crossover patterns over a few hundred cycles. 

 

4.1 BATTERY MODEL 

The state prediction model used in the EKF is based on a dynamic VRFB unit cell 

model developed by Shah et al. [22] and will be summarized here. Figure 4.1 shows a 

simple schematic of a VRFB system with a reference cell for measurement. 
 

                                                 
5 Parts of this section have appeared previously in the following publication: 

1. V. Yu, A. Headley, and D. Chen, “A Constrained Extended Kalman Filter for State-of-charge 
Estimation of a Vanadium Redox Flow Battery With Crossover Effects,” J. Dyn. Syst. Meas. 
Control, vol. 136, no. 4, p. 041013, Apr. 2014. [24] (All authors contributed equally.) 
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Figure 4.1: Schematic of a VRFB system with reference cell. 

 

Dynamic equations were formed by using the law of mole conservation for 

vanadium species in the electrode and tank volumes at the positive and negative half-cells. 

The concentrations of vanadium ions in the electrodes can change during operation via 

redox reactions from an externally applied current and recirculation of electrolytes between 

the electrode and tank, which are controlled by two time-varying inputs: current density 

and flow rate. Therefore, the model contains a total of eight states: the concentrations of 

V2+ and V3+ in the electrode and tank of the negative half-cell and the concentrations of 

VO2
+ and VO2+ in the electrode and tank of the positive half-cell. The VRFB system can 

be represented as a continuous bilinear system as follows: 

 
 1 2( ) ( ) ( ) ( )x t Ax t u t Bu t    (38) 

 
 ( ) ( , )y t h x u   (39) 
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where the system matrix A is given by 

 

 11 12

21 22

A A
A

A A

 
  
 

  (40) 

 

11 4 4A I   ,  12 4 4A I  ,  21 4 4A I  ,  22 4 4A I    

 

e

1

V



 ,  

t

1

V
   

 

Here,   is the electrode porosity, Ve is the electrode volume, and Vt is the tank volume. 

The input matrix B is given by 

 

  mem

e

1, 1, 1, 1, 0, 0, 0, 0
TA

B
V F

     (41) 

 

where Amem is the membrane area and F is Faraday’s constant. The state, input, and output 

vectors are given by 

  

  2 3 4 5 2t 3t 4t 5t, , , , , , ,
T

x c c c c c c c c   (42) 

 
 [ , ]Tu Q j   (43) 

 
 cell OC[ , ]Ty V V   (44) 

 

where ci and ci,t are the respective concentrations in the electrode and tank of species 

 2,3, 4,5i  corresponding to 2V  , 3V  , 2VO , and 2VO  , respectively. The ci’s 

physically represent the vanadium concentrations of the electrolyte as it leaves the 
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electrode and before entering the tank. We assumed that these are the effective 

concentrations in the electrode that govern the output cell terminal voltage. This type of 

lumped parameter approximation has been shown capable of accurately predicting VRFB 

system behavior [21], [22]. The electrolyte in the tank was assumed to be well-mixed so 

that tank vanadium concentrations are uniform. The two controlled inputs in u are the 

electrolyte flow rate, Q, and the current density, j. 

The typical measurements in a VRFB system consist of two voltage measurements, 

Vcell and VOC. The first output, Vcell, is the cell terminal voltage and is measured as the 

voltage across the current collectors. The cell terminal voltage is calculated by summing 

the OCV, ohmic losses, and activation overpotential as follows: 

 
 cell OC ohm actV V V V      (45) 

 

where the OCV is calculated using the Nernst equation: 

 

 
+

2
2 50 0 H

OC pos neg
3 4

ln
c c cRT

V E E
F c c

 
     

 
  (46) 

 

To simplify the model, the temperature, T, was assumed to be uniform throughout 

the system and remain constant during operation. We also assumed that the electrolyte 

proton concentration, 
H

c  , remains constant due to the initially high acid concentration. 

Overpotentials in the current collectors, electrolyte, and membrane were modeled as ohmic 

resistors. Activation overpotential was calculated using the Butler-Volmer equation [68]. 

For brevity, the equations describing the ohmic losses and activation overpotential are not 

presented here but can be found in Section 3.2.  
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Note that the measurements in Eq. (44) do not provide any information about the 

tank concentrations directly. Given that the tank volume is much larger than that of the 

electrode volume, obtaining information about the tank concentrations is crucial because it 

represents a majority of the total concentration on either side. Therefore, additional 

measurements are needed to make state estimation possible. In a typical electrode OCV 

measurement, the positive and negative electrolytes flow through a reference cell 

immediately after they have reacted in the main cell stack as shown in Fig. Using the same 

principle, it is possible to measure the OCV of the positive and negative electrolytes 

relative to each other before the electrolytes react in the main cell stack to obtain 

information about the tank concentrations. This measurement still does not allow us to 

determine any information uniquely about the concentrations of either side if the 

electrolytes are imbalanced. However, we can obtain separate information about the tank 

concentrations on each side by constructing the circuit shown in Fig. 4.2. 

 

 

Figure 4.2: The OCV is measured at the positive and negative tanks separately using two 
reference cells. 
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The OCVs measured at the outlets of the positive and negative tanks can be related 

to the tank concentrations by 

 

 
+

2
5t0 H

OC pos
4t

ln
c cRT

V E
F c


 

    
 

  (47) 

 

 0 3t
OC neg

2t

ln
cRT

V E
F c

  
   

 
  (48) 

 

Each output measures the OCV of the electrolyte with respect to a reference solution of 

known concentration. Fig is a simplified representation of the proposed measurement 

apparatus. To obtain the OCV measurements, first a small sample of electrolyte is collected 

as it leaves the tank before entering the electrode. Then a galvanic cell is formed between 

the electrolyte sample and a reference solution of known concentration, which are 

connected by a salt bridge. Finally, the OCV is measured across the two solutions using a 

voltmeter. By measuring the OCV of the positive and negative electrolytes individually as 

they flow out of the tank, the concentration ratio of the oxidized and reduced species can 

be found directly by inverting the Nernst equation. However, the absolute concentration of 

each vanadium species still cannot be determined using these measurements alone because 

the total vanadium concentration on each side is not constant due to crossover. The purpose 

of the EKF is to combine the dynamic model with measurements to obtain more accurate 

estimates of the absolute concentrations. 

Note that Eqs. (47) and (48) only describe the half-cell potentials of the unknown 

vanadium solutions, but the actual measured OCV would also include the half-cell potential 

of the reference solution and have the same form as Eq. (46). To simplify the EKF 

implementation, Eqs. (47) and (48) were considered the measured OCV outputs so that 
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choosing a specific reference solution would not be necessary. This modification does not 

affect the EKF estimates because Eqs. (47) and (48) can be obtained directly by subtracting 

the OCV of the reference solution from Eq. (46). 

 

4.2 CONSTRAINED EKF IMPLEMENTATION 

The VRFB system is represented as a continuous time model while discrete time 

measurements are taken for state estimation. Assuming that the flow rate, Q, is constant 

during each sampling interval, the state model from Eq. (38) can be recast as a discrete 

linear-time invariant system as follows:  

 

  s
1 s 1( ) ( )

1 10

k k
TA Q T A Q

k k kx e x e d Bj  
      (49) 

  

where Ts is the sampling period and k is the iteration number. The general discrete-time 

EKF algorithm is summarized below [73]. 

 

System and measurement equations: 

1 1 1 1 1k k k k k kx F x G u w        

k k k ky H x v   

T
k k kM E w w     

T
k k kR E v v     

 

Initialize: 

 0 0x̂ E x   

0 0 0 0 0( )( )TP E x x x x        
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Predict: 

State prediction: 1 1 1 1ˆ ˆk k k k kx F x G u 
      

Covariance prediction: 1 1 1 1
T

k k k k kP F P F M 
      

 

Update: 

Kalman gain:   1T T
k k k k k k kK P H H P H R

    

State estimate:  ˆ ˆ ˆk k k k k kx x K y H x      

Covariance estimate:  k k k kP I K H P    

 

1kF   1 s( )kA Q Te  ,   s
1( )

1 0

k
T A Q

kG e d B 
   , 

1 1k ku j 
,  

ˆk

k
x

h
H

x 





. 

 

The terms wk and vk represent the zero-mean, white Gaussian process and measurement 

noise, respectively. 

The standard goal of an EKF is to calculate optimal state estimates with respect to 

the model predictions, measurements, and their associated noise characteristics. In this 

work, the specific goal was to use the EKF estimates to get an overall indication of the 

concentration imbalance. Considering that the tank has a significantly larger volume than 

the electrode, the tank concentration by itself is a close and physically meaningful 

representation of the total vanadium concentration on each side. Therefore, it was not 

absolutely crucial to obtain accurate estimates of the electrode concentrations. This insight 

allowed us to disregard the potential observability issues associated with estimating the 

electrode concentrations. 
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One of the main disadvantages of the EKF is that convergence of the state estimates 

to their true values is not guaranteed. Although EKF performance can usually be improved 

by using a more detailed state prediction model, sometimes only crude models are available 

because high-fidelity models are impractical for real-time applications. Furthermore, even 

high-fidelity VRFB models have difficulty capturing complex crossover dynamics 

accurately as evidenced by their apparent discrepancies with experimental data [28]. We 

were faced with this dilemma in our estimation problem. Our decision to exclude crossover 

dynamics in the state prediction model was based on the presumption that using an 

inaccurate model can cause EKF performance to suffer. For instance, incorporating the 

diffusion-only model would sometimes bias the state prediction (i.e., crossover) in the 

wrong direction so it would be better to not consider the crossover effects. A commonly 

used method to compensate for a crude model is to artificially tune the process noise to 

account for the unmodeled dynamics [73]. However, this strategy is only known to work 

well when the unmodeled dynamic effects are much slower than the dominant dynamics. 

For VRFB systems, experiments and simulations have demonstrated that concentration 

changes over the span of one charge/discharge cycle due to crossover are insignificant 

compared to that of the primary electrochemical reactions. After long-term cycling, 

however, vanadium concentrations on each side slowly drift away from their nominal 

values due to crossover [23], [28]. The dynamic model in Eq. (38) alone, which essentially 

performs coulomb counting, is accurate enough to predict voltage response only when the 

absolute concentrations are known. It does not have the ability to track slowly time-varying 

changes in concentration. In such a case, the dynamic model can be combined with 

measurements using the EKF to obtain accurate concentration estimates.   

The process and measurement noise were tuned iteratively based on physical 

insight. Our approach was to increase the ratio of process to measurement noise until the 
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state estimation error could no longer be improved. A high process to measurement noise 

ratio indicates that the measurement carries greater weight than the model prediction in 

calculating the final state estimate. Process noise that is sufficiently large allows the filter 

to track the slowly time-varying concentration changes. However, increasing the process 

noise too high may cause the state estimates to oscillate. To simplify the tuning process 

and make the estimate oscillations less sensitive to changes in the process noise, we only 

tuned the process noise for the electrode concentration state equations (c2, c3, c4, c5)  and 

fixed the process noise for the tank concentration state equations (c2t, c3t, c4t, c5t) at a 

relatively smaller value. Because the electrode volume is much smaller than the tank 

volume, the electrode concentration process noise has a much smaller effect than that of 

the tank concentration process noise on the total concentration estimate. Therefore, the 

electrode concentration process noise can be selected over a wider range of values to 

achieve adequate performance. For practical applications, selecting optimal noise 

parameters requires experimental data which will be explored in future work. As a proof 

of concept, the next section will demonstrate the EKF performance using different process 

noise values. 

A major advantage of using a physics-based model for state estimation is that state 

constraints are intuitive and have physical significance. In a VRFB system, one constraint 

is that the vanadium concentrations must be greater than zero. Another constraint is that 

the total number of moles of vanadium in the system is constant. That is, the initial total 

concentration is known and no vanadium enters or leaves the system during operation. To 

implement these constraints, we used the standard EKF to solve for the unconstrained 

estimate and then projected it onto the constraint surface by solving a quadratic 

programming problem at each iteration [74]. The quadratic program was specifically 

formulated as 
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Minimize (with respect to constrained state estimate, cx̂ ): 

 

  2

c c uc 2
ˆ ˆ ˆf x x x   

Subject to: 

 

c van e tˆ 2 ( )Te x c V V   
 

 e e e e t t t t

T
e V V V V V V V V  

 

c min vanx̂ SOC c  
 

Here, ucx̂  is the unconstrained state estimate obtained by the EKF and SOCmin is minimum 

SOC allowed during discharge (20 %) when both sides are equally balanced. cvan is the 

total vanadium concentration of each side when equally balanced, which was assumed to 

be 1200 mol m-3. The lower bound inequality constraint prevents the concentration 

estimates from being negative, which is physically impossible. It also prevents the 

concentration estimates from going to zero, which makes the voltage undefined. The 

equality constraint ensures that the total amount of vanadium in the system is constant. By 

applying these constraints, the process noise can tuned high enough to achieve good 

sensitivity while estimates remain bounded. 

Data sets were generated for the EKF simulation in lieu of using real measurements 

due to the lack of suitable experimental data available in literature. These data were 

generated using the state prediction model of Eq. (38) with the addition of vanadium 

diffusion dynamics, which were modeled using Fick’s law with constant diffusion 

coefficients as Skyllas-Kazacos et al. have previously done [23], [25]. To account for 
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vanadium diffusion across the membrane, the A11 component of the system matrix A from 

Eq. (40) was modified as 

 

 

2 4 5

3 4 5'
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  (50) 

 

where wmem is the membrane thickness and the Di’s are the diffusion coefficients of their 

respective vanadium species. No additional states were needed to describe the system 

because vanadium species that diffuse across the membrane were assumed to undergo side 

reactions instantaneously that cause self-discharge. This augmented state prediction model 

can be used readily to simulate a variety of crossover dynamics by choosing different 

diffusion coefficients corresponding to different membranes. Because the state prediction 

model used in the EKF assumes no prior knowledge of the diffusion dynamics, this 

procedure is suitable for testing the EKF’s ability to work effectively over a range of 

operating conditions. 

To quantify the concentration imbalance, we introduce a metric called the 

concentration ratio, RC. The concentration ratio is defined as the ratio of the number of 

moles of vanadium in the positive half-cell to that of the negative half-cell and is calculated 

as 

 

 V 4 5 e 4t 5t t
C

V 2 3 e 2t 3t t

( ) ( )

( ) ( )

n c c V c c V
R

n c c V c c V





  
 

  
  (51) 
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The ratio is equal to one when both half-cells are completely balanced. A ratio greater or 

less than one means that the positive or negative half-cell has a higher total vanadium 

concentration, respectively. Note that the tank concentration accounts for most of the 

total concentration because it has a much larger volume than the electrode. 

 

4.3 RESULTS AND DISCUSSION 

The EKF was simulated on three data sets, each generated with a different set of 

diffusion coefficients corresponding to commonly used VRFB membranes Nafion 115, 

Selemion CMV, and Selemion AMV [23], [25]. In this section, these generated data will 

be referred to as either the actual or measured data. The membrane thickness and diffusion 

coefficients are given in Table 4.1. For Nafion 115 and Selemion CMV, the relative order 

of diffusion coefficients is D2>D4>D5>D3. For Selemion AMV, the relative order of 

diffusion coefficients is D2>D5>D3>D4. The relative order of diffusion coefficients and 

their magnitudes affect both the crossover rate and the steady state concentration ratio. By 

simulating these three different cases, we could assess the EKF performance over a diverse 

range of crossover patterns. In all simulations, we assumed that the initial SOC and 

concentration ratio of each half-cell were unknown. The initial prediction in each test case 

was that both half-cells were evenly balanced and at 50 % SOC. The parameter values used 

in the simulations are given in Table 4.2. 
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Nafion 115 

Selemion 
CMV 

Selemion 
AMV 

wmem (m) 1.25 x 10-4 1.20 x 10-4 1.20 x 10-4 
D2 (m2 s-1) 8.768 x 10-12 3.804 x 10-12 4.236 x 10-13 
D3 (m2 s-1) 3.222 x 10-12 8.592 x 10-13 2.616 x 10-13 
D4 (m2 s-1) 6.825 x 10-12 2.400 x 10-12 1.092 x 10-13 
D5 (m2 s-1) 5.897 x 10-12 1.500 x 10-12 3.084 x 10-13 

Table 4.1: Membrane thickness and diffusion coefficients at 298 K. 

 
Parameter Value 
Vt 1.2 x 10-2 m3 
Ve 1.2 x 10-3 m3 
ε 0.67 
Am 0.3 m2 
R 8.3145 J mol-1 K-1 
T 293 K 
F 96845 C mol-1 

H
c   4200 mol m-3 

0
posE  1.004 V 

0
negE  -0.26 V 

Table 4.2: Default parameter values used for simulations. 

 

For each data set, the EKF algorithm was tested using various process noise values, 

η, for the electrode concentration states. The process noise of the tank concentration states 

and the measurement noise were set to reasonable values к = 0.1 and σ = 3 x 10-4, 

respectively, such that the process noise vector is given by 

 

 , , , , , , ,
T

kw          

 

and the measurement noise vector is given by 
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 , ,
T

kv    . 

 

The initial covariance matrix was set to 4
0 8 810P I    to account for the ignorance of the 

initial states. 

Figure 4.3 shows the actual and estimated concentration ratios as a function of time 

for a Nafion 115 membrane with η = 1. The actual initial conditions for this simulation 

were 60 % SOC in each half-cell with a 2 % higher total vanadium concentration in the 

negative half-cell. The initial estimate was 50 % SOC for each half-cell with both 

completely balanced. The simulation was run for 200 cycles, where each cycle began by 

charging until an OCV was reached corresponding to 80 % SOC in the completely balanced 

system and ended with discharging until a 20 % SOC equivalent OCV. Measurements were 

taken and processed ten seconds apart, which is sufficient time to obtain stable voltage 

measurements and process the data. The top plot in Fig shows the data points at every ten 

second interval for the first five cycles while the bottom plot only shows the data points at 

the beginning of every charge and discharge up to 200 cycles. The flow rate and magnitude 

of the current density were 10-5 m3 s-1 and 600 A m-2, respectively, and remained constant 

throughout the entire simulation. Within about one hour, the estimated capacity ratio 

converged to the actual value. As shown in Fig. 4.3, the estimates were able to track the 

general trend of the actual values but began to deviate as cycling progressed and the 

concentration ratio approached steady state. Furthermore, the estimates fluctuated within a 

1 % band and the average of the estimates differed from the actual values by slightly more 

than 1 % at steady state. A wide gap appears in the estimates because values are only 



 56

reported at the end of each charge and discharge. That is, the entire band would be filled if 

all sampling points were plotted. 

 

 

Figure 4.3: Actual and estimated concentration ratios over 200 charge/discharge cycles 
using a Nafion 115 membrane with η = 1. Each data point corresponds to the 
beginning of a charge/discharge cycle. Top: First 25 cycles. Bottom: Cycles 
26 to 200. 

 

To raise the sensitivity of the estimates to the measurements, the process noise was 

increased to η = 50. The EKF was then simulated on the same data set for 200 cycles and 

shown in Fig. 4.4. Compared to the previous case with η = 1, the estimates here have a 
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smaller spread and the tracking error has also improved. At steady state, the average of the 

estimates remains within 1 % of the actual concentration ratio. 
 

 

Figure 4.4: Actual and estimated concentration ratios over 200 charge/discharge cycles 
using a Nafion 115 membrane with η = 50. Each data point corresponds to 
the beginning of a charge/discharge cycle. Top: First 25 cycles. Bottom: 
Cycles 26 to 200. 

 

When increasing the process noise, there is a trade-off between improving the 

responsiveness and causing large oscillations in the estimates. Figure 4.5 shows the EKF 

response when the process noise is increased to η = 200. Although the estimates still 
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capture the overall crossover trend quite well, they have a wider spread here compared to 

the case when η = 50. 

 

 

Figure 4.5: Actual and estimated concentration ratios over 200 charge/discharge cycles 
using a Nafion 115 membrane with η = 200. Each data point corresponds to 
the beginning of a charge/discharge cycle. Top: First 25 cycles. Bottom: 
Cycles 26 to 200. 

 

Figure 4.6 shows the actual and estimated concentration ratios as a function of time 

for a Selemion CMV membrane with η = 50. The actual initial conditions for this 

simulation were 40 % SOC in each half-cell with a 2 % higher total vanadium concentration 

in the positive half-cell. The initial estimate was 50 % SOC for each half-cell that were 
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both completely balanced. All other operating conditions were the same as in the Nafion 

115 case. The EKF estimate converged to the actual value almost immediately and there 

was negligible tracking error over 200 cycles. Because of the proximity between the 

estimates and actual values, it is difficult to distinguish between them in the plots. A 

noteworthy observation is that the EKF performance here is much better than that of the 

Nafion 115 case. The likely cause for this phenomenon is that the crossover dynamics are 

much more oscillatory when using the Nafion 115 diffusion coefficients. For the Nafion 

115 membrane, long-term cycling results in net crossover in the negative direction while 

crossover rate is significant in both directions within each cycle. For the Selemion CMV 

membrane, long-term cycling results in net crossover in the positive direction while 

crossover rate is much more significant in the positive direction within each cycle. 

Therefore, the unmodeled crossover dynamics in the Nafion 115 case has a larger negative 

impact on the EKF performance. It could be possible to improve the EKF performance by 

further fine-tuning the noise parameters or applying advanced methods such as covariance 

resetting and forgetting factors. These strategies will be explored in future work. 
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Figure 4.6: Actual and estimated concentration ratios over 200 charge/discharge cycles 
using a Selemion CMV membrane with η = 50. Each data point corresponds 
to the beginning of a charge/discharge cycle. Top: First 25 cycles. Bottom: 
Cycles 26 to 200. 

 

Figure 4.7 shows the actual and estimated of concentration ratio as a function of 

time for a Selemion AMV membrane with η = 50. The simulation conditions were set 

exactly as they were in the previous Selemion CMV case. Because of the difference in 

diffusion coefficients between the Selemion CMV and AMV membranes, they exhibit 

noticeably distinct crossover behaviors. Specifically, the concentration ratio evolutions of 

the Selemion CMV and AMV membranes look like a decaying exponential and linear 
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growth, respectively. Nonetheless, the EKF estimate in each case rapidly converged to the 

actual value and tracking error was negligible over the 200 cycle duration. These results 

demonstrate the versatility of the EKF in its ability to adapt to a variety of different cases. 

 

 

Figure 4.7: Actual and estimated concentration ratios over 200 charge/discharge cycles 
using a Selemion AMV membrane with η = 50. Each data point corresponds 
to the beginning of a charge/discharge cycle. Top: First 25 cycles. Bottom: 
Cycles 26 to 200. 
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4.4 CONCLUSIONS 

In this work, we showed that an EKF can be used to estimate the capacity of a 

VRFB system with good accuracy using only simple voltage measurements.  Even without 

knowledge of the crossover dynamics or initial conditions, the EKF was capable of 

estimating the capacity over long-term cycling. This estimation method can potentially 

circumvent the need for expensive and complex concentration measurements and become 

a valuable tool for effective maintenance of a VRFB system. In future work, we plan to 

experimentally validate the proposed EKF strategy. We are also investigating alternative 

observer structures, such as disturbance observers [75], [76], that can guarantee estimate 

convergence. 
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Chapter 5: Peak Power Prediction of a Vanadium Redox Flow Battery6 

The vanadium redox flow battery (VRFB) is a promising grid-scale energy storage 

technology, but future widespread commercialization requires a considerable reduction in 

capital costs. Determining the appropriate battery size for the intended power range can 

help minimize the amount of materials needed, thereby reducing capital costs. A physics-

based model is an essential tool for predicting the power range of large scale VRFB systems 

to aid in the design optimization process. This work presents a modeling framework that 

accounts for the effects of flow rate on the pumping losses, local mass transfer rate, and 

nonuniform vanadium concentration in the cell. The resulting low-order model captures 

battery performance accurately even at high power densities and remains computationally 

practical for stack-level optimization and control purposes. We first use the model to devise 

an optimal control strategy that maximizes battery life during discharge. Assuming optimal 

control is implemented, we then determine the upper efficiency limits of a given VRFB 

system and compare the net power and associated overpotential and pumping losses at 

different operating points. We also investigate the effects of varying the electrode porosity, 

stack temperature, and total vanadium concentration on the peak power. 

 

5.1 METHODOLOGY 

We consider a VRFB system as shown in Fig. 3.1 The net power output of a VRFB 

system is the sum of the stack power minus the power consumed by auxiliary components 

such as the pump, power electronics, thermal management system, and control system. In 
                                                 
6 Parts of this section have appeared previously in the following publication: 

1. V. K. Yu and D. Chen, “Peak power prediction of a vanadium redox flow battery,” J. Power Sources, 
vol. 268, pp. 261–268, Dec. 2014. [35] (All authors contributed equally.)  
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our analysis, we only consider the internal battery overpotential and pumping losses 

whereas power consumed by all other auxiliary components is neglected. Pump power has 

been shown in several pilot experiments to account for a majority of the parasitic losses in 

a VRFB system [5], [38], [42], [77]. Thus, the system net power can be calculated by 

 
 net OC loss pump)(P i E E P     (52) 

 

where i  is the current, OCE  is the open circuit voltage, lossE  is the internal battery 

overpotential loss, and pumpP  is the pump power. The following section explains the 

derivation of each term in Eq. (52). 

 

5.2 BATTERY MODEL 

We first consider the lumped parameter model of a unit cell VRFB system 

developed by Shah et al. [22] with two major modifications. First, we account for the effect 

of flow rate on the local mass transfer rate of vanadium ions, which could cause a 

significant concentration overpotential at high current densities. Second, we use a linear 

profile to approximate the 1-D vanadium concentration distribution along the cell length 

and calculate an average open circuit voltage and activation overpotential based on evenly 

spaced grid points. 

 Dynamic equations can be obtained by partitioning the unit cell VRFB system into 

four control volumes and performing a mass balance for each vanadium species. The 

control volumes include the positive tank, negative tank, positive electrode, and negative 

electrode. Thus, the system can be represented by eight state variables in the following 

state space form: 
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Here,   is the electrode porosity, eV  is the electrode volume, tankV  is the tank volume, vanc  

is total vanadium concentration, and I4x4 is the identity matrix. The concentrations of 2V    

and 3V  in the negative half-cell and tank are represented by the state variables 2 ,c  2t ,c

3 ,c  and 3t ,c  respectively. The concentrations of 2VO  and 2VO   in the positive half-cell 

and tank are represented by the state variables 4 ,c  4t ,c  5 ,c  5t ,c  respectively. The control 

inputs are the flow rate, Q, and current density, j . The current density is related to the 

current by mi jA , where mA  is the membrane area. 

The cell voltage cellE  can be obtained by 

 

 cell OC ohm pos negE E E        (54) 

 

where OCE  is the open circuit voltage, ohmE  is the ohmic overpotential, and pos  and neg are 

the activation overpotentials at the positive and negative half-cells. The open circuit voltage 

is calculated using Eq. (46) and the ohmic overpotential is calculated by Eqs. (17) – (19). 
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The activation overpotential including mass transfer effects can be obtained using the 

current-overpotential equation given by 

 

 
0 l,c l,a

1 exp 1 exp
j j F j F

j j RT j RT

                            
  (55) 

 

where   is the charge transfer coefficient. The exchange current density, 0 ,j  is calculated 

by 

 
Positive electrode: 

 
0,pos m pos 4 5j FA k c c   (56) 

 
Negative electrode: 

 
0,neg m neg 2 3j FA k c c   (57) 

 

The reaction rate constants, posk  and neg ,k  vary with temperature according to the Arrhenius 

law given by 
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  (58) 

 

negk  is found in an analogous manner to Eq. (58). To the best of the authors’ knowledge, 

only the positive activation energy has been reported in literature [78] so it is assumed that 

the negative activation energy takes on the same value for simulation purposes. 

The cathodic and anodic limiting current densities, l,cj  and l,a ,j  are the maximum 

current density limits restricted by the diffusion rate of vanadium species from the bulk 

solution to the electrode surface and are related to the mass transfer coefficient, van ,m  by 
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Positive electrode: 

 l,c m van 5j FA m c   (59) 

 
 l,a m van 4j FA m c    (60) 

 
Negative electrode: 

 l,c m van 2j FA m c   (61) 

 
 l,a m van 3j FA m c    (62) 

 

All vanadium species are assumed to have the same mass transfer coefficient [70]. 

The mass transfer coefficient can be related empirically to the electrolyte velocity, ,v  by 

[69] 

 
 4 0.4

van 2 10m v    (63) 

 

Assuming the positive and negative sides are completely balanced, and neglecting 

vanadium and water transfer across the membrane, the system can be reduced to two state 

variables by using a lumped parameter approximation [22]. Accordingly, the SOC in the 

cell and tank can be defined respectively as 
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Rewriting all pertinent equations in terms of the two new state variables, cellSOC  and 

tank ,SOC  by substitution of Eqs. (64) and (65), the resulting system of equations then 

becomes 

 
 1 2( ) ( ) ( ) ( )x t Ax t u t Bu t    
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Because the tank volume is typically much larger than the electrode volume in a 

utility-scale VRFB system, tankSOC  changes much more slowly than cellSOC . Assuming 

that tankSOC  remains constant when discharging over a short time interval, the pseudo-

steady state value of cellSOC  can be calculated for a given tank ,SOC  current, and flow rate 

by [79] 
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Equation (66) can then be used to predict the overpotential loss as a function of tank ,SOC

current, and flow rate. To improve the accuracy of the lumped parameter model, a linear 

profile can be used to approximate the 1-D SOC distribution along the length of the cell 

with tankSOC  at the cell inlet and cellSOC  at the outlet [80]. The SOC at a distance x from 

the cell inlet can be obtained by 

 

 m
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    (67) 

 

where eL  is the electrode length in the flow direction. 

For the simulations in this work, we use a resolution of N = 5 equidistant grid points 

from x1 = 0 to x5 = Le to calculate an average open circuit voltage and overpotential by 
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where each i  is a function of cell ( )iSOC x  and satisfies Eq. (55). 

 

5.3 PUMP POWER MODEL 

The pump power required to operate a VRFB system is calculated by 

 
 pump pump tot2P Q p    (70) 
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where totp  is the total pressure loss, pump 0.85   is the pump efficiency, and the factor of 

two accounts for the two pumps needed to circulate the positive and negative electrolytes. 

We use the hydraulic circuit configuration based on a typical VRFB system design 

presented by Xiong et al. [43] to determine the total pressure loss. In this section, the 

hydraulic circuit configuration is explained and model equations are summarized. The 

reader should refer to [43] for more specific details about the hydraulic circuit. 

The pressure losses in a VRFB system are comprised of major and minor losses 

that occur in the cell stack and piping system. The major loss in the cell stack is due to 

friction in the porous electrode and is calculated by using a modified form of Darcy's 

equation [17], [70] 

 

 e e
stack,major

v L
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  (72) 

 

Here,   is the electrolyte dynamic viscosity, eL  is the electrode length in the flow 

direction, e e eA w L  is the area normal to the flow, e e/v Q A  is the average electrolyte 

velocity in the electrode, fd  is the mean fiber diameter, and KCk  is the Kozeny-Carmen 

constant. For a cell stack aligned hydraulically in parallel, the pressure drop across each 

electrode is the same. The major loss in the piping system is due to friction in the pipe walls 

and is calculated by 
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where pL  is the pipe length and pD  is the pipe diameter. 

Based on a typical flow flame design, the minor losses in the cell stack can be 

approximated by summing the individual minor losses across a series of line and branch 

flow tees [43]: 
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e e
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  (74) 

 

Here, line 0.9K   is the line flow tee coefficient and branch 2K   is the branch flow tee 

coefficient for threaded fittings. The factor of two is to account for the pressure drop at the 

stack inlet and outlet. cellsn  is the number of cells in the stack. In a typical VRFB piping 

system [43], the minor losses can be approximated by summing the losses at three elbows 

as well as the entrance and exit of the tank: 

 

 

2 2
p p

pipe,minor elbow tank3 2
2 2

v v
p K K        (75) 

 

where elbow 1.5K   is the elbow friction coefficient, tank 0.97K   is the entry/exit loss 

coefficient and  2
p p/ / 4v Q D  is the average electrolyte velocity in the pipe. 

The total pressure loss in the VRFB system can then be obtained by 

 
 tot stack,major stack,minor pipe,major pipe,minorp p p p p           (76) 
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and substituted into Eq. (70) to calculate the total pump power. 

 

5.4 RESULTS AND DISCUSSION 

Figure 5.1a is a contour plot showing the net power as a function of current and 

flow rate when tankSOC  is 30 %. The pump power calculation is based on a 20 cell stack 

and the net power output is calculated using Eq. (52). The parameter values used for the 

simulations are provided in Table 5.1. At a given flow rate, the limiting current is governed 

by the rate of mass transfer of vanadium ions from the bulk solution to the electrode 

surface. As the current approaches the limiting current, the concentration overpotential 

increases significantly causing a sharp decrease in the net power. Consequently, the net 

power contour is cut off when the current exceeds 99 % of the limiting current. Figure 5.1a 

reveals that there are an infinite number of possible combinations of current and flow rate 

at a given tankSOC  that yield a given net power (except the maximum net power, for which 

only one operating point is possible). Physical intuition suggests that the optimal operating 

point for maximizing battery life during discharge uses the minimum current necessary to 

provide the desired net power. The inherent advantages of operating at the minimum 

current operating point (MCOP) can be realized by noticing several distinct features in Fig. 

5.1a. Although the MCOP requires slightly more pump power than the minimum flow rate 

operating point (MFOP) at a given net power, it would be more practical to run at the 

MCOP because the MFOP is much closer to the limiting current. Thus, the net power 

output at the MFOP would be very sensitive to changes in the operating point due to 

concentration overpotential effects. The plot also shows that the maximum net power 

occurs when the flow rate is about 3.5 × 10-4 m3 s-1, meaning it would be futile to increase 

the flow rate further beyond this point. 
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Parameter Description Value 

 Positive standard reduction potential 1.004 V 

 Negative standard reduction potential -0.26 V 

R Universal gas constant 8.3145 J mol-1 K-1 
F Faraday constant 96845 C mol-1 
Am Membrane area 0.01 m2 

H
c   Proton concentration 4 M 
wm Membrane width 1.25 × 10-4 m 
we Electrode width 4 × 10-3 m 
wc Current collector width 5 × 10-3 m 
σe Electrolyte conductivity 100 S m-1 
σc Current collector conductivity 9.1 × 104 S m-1 
α Charge transfer coefficient 0.5 

ref
posk  Positive reaction rate @ Tref = 293 K 6.8 × 10-7 m s-1 

ref
negk  Negative reaction rate @ Tref = 293 K 1.7 × 10-7 m s-1 

Ea Activation energy 52.4 × 103 J mol-1 
Lp Pipe length 2 m 
Dp Pipe diameter 0.03 m 
ρ Electrolyte density 1400 kg m3 
µ Electrolyte dynamic viscosity 4.928 × 10-3 Pa s 
Le Electrode length 0.1 m 
df Mean fiber diameter 1.76 × 10-5 m 
kKC Kozeny-Carmen constant 4.28 

Table 5.1: Default parameter values used for simulations. 

 

Figure 5.1b compares the net power and associated battery overpotential and 

pumping losses at three different operating points on Fig. 5.1a over a range of net power 

levels when tankSOC  is 30 %. Each group on the abscissa represents a net power level and 

each stack within a group corresponds to a different operating point used to reach that net 

power. The stack on the left corresponds to the MCOP. The stack in the middle corresponds 

0
posE
0
negE
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to an intermediate operating point where the flow rate is 3.5 × 10-4 m3 s-1 and the current is 

the minimum necessary to reach the given net power. The stack on the right corresponds 

to the maximum current operating point, which is the worst possible operating point during 

discharge. This plot provides an illustrative means of analyzing the net power and 

associated losses at different operating points. At the MCOP, the flow rate is just high 

enough to overcome the sharp increase in concentration overpotential without excessive 

pump power. Consequently, a majority of the losses are due to overpotential, whereas the 

ratio of pumping loss to net power is negligible and barely visible in the plot. At the 

intermediate operating point, the flow rate is always higher than necessary to reach the 

desired net power, resulting in a greater ratio of pumping loss to net power. The maximum 

current operating point is distinctly the most inefficient of the three operating points as 

indicated by the significantly higher overpotential and pumping losses. 
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(a) 

 

(b) 

 

Figure 5.1: (a) Net power over a range of operating points (flow rate and current) when  

tankSOC  is 30 %. (b) Net power and associated pumping and overpotential 

(OP) losses at three different operating points: Minimum current (left), flow 
rate is 3.5 × 10-4 m3 s-1 and current is minimum necessary to reach given net 
power (middle), maximum current (right). 
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Figures 5.2a and 5.2b are for the case when tankSOC  is 70 % and are analogous to 

Figs. 5.1a and 5.1b, respectively. When tankSOC  is 70 %, Fig. 5.2b shows that the ratio of 

pumping loss to net power is much lower than in the case when tankSOC  is 30 %. This 

occurs because a lower flow rate is needed to reduce the concentration overpotential in the 

cell when tankSOC  is higher. 
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(a) 

 

(b) 

 

Figure 5.2: (a) Net power over a range of operating points (flow rate and current)  when 

tankSOC  is 70 %. (b) Net power and associated pumping and overpotential 

(OP) losses at three different operating points: Minimum current (left), flow 
rate is 3.5 × 10-4 m3 s-1 and current is minimum necessary to reach given net 
power (middle), maximum current (right). 

Flow Rate (m3 s−1)

C
ur

re
nt

 (
A

)

 

 

1 2 3 4 5 6 7

x 10
−4

0

10

20

30

40

50

60

70

80

90

100

N
et

 P
ow

er
 (

W
)

−300

−200

−100

0

100

200

300

400

500

600

% of Max Net Power

P
ow

er
 (

W
)

 

 

30 50 70 90
0

500

1000

1500

2000

2500

3000

3500
Net
Pump
OP



 78

 

In the discussion so far, we have demonstrated a methodical and physics-based 

approach to devising an effective control strategy for a VRFB system. Assuming that an 

optimal control strategy was implemented, it was then straightforward to analyze the upper 

efficiency limits of a given VRFB system design by comparing the net power to the 

associated overpotential and pumping losses. In the next part of this section, we extend the 

analysis by showing how the maximum net power of a VRFB system running optimally is 

affected by varying important design parameters including electrode porosity, stack 

temperature, and vanadium concentration. During the initial design stage, this insight can 

be helpful for sizing the VRFB system appropriately to handle the intended power 

requirements while reducing capital costs. 

Figure 5.3 shows the maximum net power and the corresponding current and flow 

rate control inputs for tankSOC  from 10 to 90 % with electrode porosities of 0.93, 0.8, and 

0.68. This range of electrode porosities has been used in numerous research studies and 

pilot experiments [16]–[19], [70]. As electrode porosity increases, the maximum net power 

increases. This trend can be explained by Eq. (71), which predicts that head loss in the 

electrode decreases with increasing porosity. Therefore with higher porosity, the pump 

consumes less power at a given flow rate and the limiting current can be increased further. 

In the case of 0.93   when tankSOC  is high, the peak power is achieved at a slightly lower 

flow rate compared to when tankSOC  is 50 %. This phenomenon can be explained by Eq. 

(55), which predicts that the minimum activation overpotential occurs when cellSOC  is 

50 %. Using a lower flow rate not only decreases the pump power, but also makes the 

average SOC in the cell closer to 50 % when tankSOC  is high. However, the trade-off is that 

decreasing the flow rate also lowers the mass transfer coefficient and therefore the limiting 

current. That could likely explain why the same trend is not apparent in the case of 0.8   
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or 0.68, where the peak power is achieved at a relatively constant flow rate when tankSOC  

is high. 

 

 

Figure 5.3: Maximum net power (top) and the corresponding current (middle) and flow 
rate (bottom) control inputs for tankSOC  from 10 to 90 % with electrode 

porosities of 0.93, 0.8, and 0.68 
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and 278 K. In all cases, the electrode porosity is 0.93 and the total vanadium concentration 

is 2 M. At higher temperatures, the increase in maximum net power can be attributed to the 

decrease in activation overpotential according to Eqs. (55) and (58). Although increasing 

the stack temperature increases the peak power, laboratory studies report that vanadium 

begins to precipitate beyond 40 °C [43]. These results can be helpful in evaluating the 

necessity and determining the required capabilities of a temperature regulation system 

based on the climate of the deployment location. 
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Figure 5.4: Maximum net power (top) and the corresponding current (middle) and flow 
rate (bottom) control inputs for tankSOC  from 10 to 90 % with stack 

temperatures of 313 K, 298 K, and 283 K. 

 

Figure 5.5 shows the maximum net power and the corresponding current and flow 

rate control inputs for tankSOC  from 10 to 90 % with total vanadium concentrations of 2 M, 

1.6 M, and 1.2 M. In all cases, the electrode porosity is 0.93 and the stack temperature is 

298 K. The maximum net power evidently increases with a higher total vanadium 

concentration. However, the flow rate required to achieve maximum power decreases when 
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tankSOC  is above 50 % for 2 M vanadium concentration, whereas the flow rate remains 

relatively constant for the 1.6 M and 1.2 M cases. With a lower total vanadium 

concentration, a higher flow rate is required to keep the average cell overpotential low. 

Depending on the total vanadium concentration being used, it can be important to consider 

the flow rate strategy when trying to take full advantage of the peak power when tankSOC  

is high. 
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Figure 5.5: Maximum net power (top) and the corresponding current (middle) and flow 
rate (bottom) control inputs for tankSOC  from 10 to 90 % with total vanadium 

concentrations of 2 M, 1.6 M, and 1.2 M. 
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overpotential model to account for the effects of flow rate on the limiting current and on 

the non-uniform vanadium concentration in the cell. Therefore, system performance can 

be predicted accurately even at high current densities. First we used the model to devise a 

control strategy that maximizes battery life during discharge. Assuming the optimal control 

strategy was implemented, we then determined the upper efficiency limit of a given VRFB 

system at different SOC and net power levels. The net power and associated overpotential 

and pumping losses were also compared quantitatively at different operating points. 

Furthermore, we investigated the effects of varying the electrode porosity, stack 

temperature, and total vanadium concentration on the peak power output for tankSOC  from 

10 to 90 %. For a certain combination of VRFB system design parameters, we found that 

a non-intuitive flow rate strategy should be followed to take full advantage of the peak 

power available when tankSOC  is high. The methodology and analysis demonstrated in this 

work can readily be adapted to optimize other critical parameters in the design process and 

help to further reduce capital costs. 
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Chapter 6: MIMO Analysis and Control of a PEM Fuel Cell 

For efficient and reliable operation of a PEM fuel cell, proper thermal and water 

management is necessary. However, strong system interactions due to the coupling of heat 

and mass transfer dynamics make it difficult to regulate the stack voltage, temperature, and 

relative humidity simultaneously. In this work, these system interactions are analyzed using 

a frequency-dependent relative gain array and a MIMO controller is designed accordingly. 

The cathode air flow rate, cathode vapor flow rate, and coolant inlet temperature are 

considered possible control inputs. 

 

6.1 DYNAMIC PEM FUEL CELL MODEL 

The analysis and control design presented in this work is based on a control-

oriented physics-based model of a PEM fuel cell stack that was experimentally validated 

in our research lab [66]. The model was derived using mass and energy balances in four 

control volumes: 1) anode channel, 2) cathode channel, 3) fuel cell body/membrane 

electrode assembly (MEA), and 4) coolant channel. The temperature of the anode channel, 

cathode channel, and fuel cell body is considered a lumped parameter due to the large 

thermal capacitance of the fuel cell body. The model equations are summarized in the 

following sections. 

 

6.1.1 Anode Mass Balance 

The anode channel includes a mixture of H2 gas and water vapor. The rate of change 

of mass of each species in the anode can be derived using a mass balance: 

 
 

2 2 2 2H H ,in H ,out H ,reactm m m m        (77) 
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 v,an v,an,in v,an,out v,memm m m m        (78) 

  

where 
2H ,inm  and v,an,inm  are the mass flow rate of H2 and water vapor entering the anode. 

v,memm  is the rate of vapor mass going across the membrane from the anode to the cathode. 

The calculation of v,memm  is explained later in Section 6.1.5. 
2H ,reactm is the rate of H2 mass 

consumed by electrochemical reactions, which is related to the stack current, Ist, by 

 

 
2 2

st
H ,react H cells 2

I
m M n

F
   (79) 

 

Here, 
2HM  is the molar mass of H2, ncells is the number of cells in the stack, and F is the 

Faraday constant.  

The total mass flow rate leaving the anode, an,outm , is calculated using the orifice 

equation for laminar flow: 

 

  an,out an,out an an,outm k p p    (80) 

 

where kan,out is an experimentally derived orifice coefficient, pan is the anode pressure, and 

pan,out is the downstream pressure. Using the ideal gas law, pan is obtained by summing the 

partial pressures of H2 and water vapor in the anode: 

 

 2

2

2

H st v,an st
an H v,an

H an v an

m RT m RT
p p p

M V M V
      (81) 
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Here, R is the universal gas constant, Tst is the stack temperature, and Van is the volume of 

the anode channel. The mass of flow rate of H2 leaving the anode is calculated by 

 

 
2

an,out
H ,out

an1

m
m







   (82) 

 

where 
2an vap,an H/m m   is the humidity ratio in the anode. The mass flow rate of water 

vapor leaving the anode is calculated by 

 
 

2v,an,out an,out H ,outm m m      (83) 

 

The relative humidity in the anode is calculated by 

 

 
v,an

an
sat

p

p
    (84) 

 

where psat is the saturation pressure that depends on the fuel cell stack temperature by 

 
 6 4 3 3 2 2 4

sat st st st st1.508 10 1.844 10 0.858 1.797 10 1.428 10p T T T T           

 (85) 
 

6.1.2 Cathode Mass Balance 

The cathode channel includes a mixture of air (O2 and N2) and water vapor. The 

mass of liquid water is assumed to be negligible. The rate of change of mass of each species 

in the cathode can be derived using a mass balance: 

 
 

2 2 2 2ca,O ca,O ,in ca,O ,out O ,reactm m m m        (86) 
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2 2 2ca,N ca,N ,in ca,N ,outm m m      (87) 

 
 ca,v ca,v,in ca,v,out ca,v,gen v,memm m m m m          (88) 

  

where 
2ca,O ,inm , 

2ca,N ,inm  and ca,v,inm  mass flow rates of O2, N2, and water vapor entering the 

cathode, respectively. The inlet air is assumed to have an O2 mole fraction of 
2Oy = 0.21. 

2O ,reactm  is the rate of O2 mass consumed by electrochemical reactions and is given by 

 

 
2 2

st
O ,react O 4

I
m M

F
   (89) 

 

ca,v,genm  is the rate of water vapor mass generated by electrochemical reactions and is given 

by 

 

 st
ca,v,gen v 2

I
m M

F
   (90) 

 

The total mass flow rate leaving the cathode is calculated using a nonlinear orifice 

equation given by 

   ca2

ca,out ca1 ca ca,out

k
m k p p    (91) 

 

where kca1 and kca2 are experimentally determined coefficients and pca and pca,out are the 

cathode and downstream pressures, respectively. The mass flow rates of dry air and water 

vapor leaving the cathode are calculated respectively by 

 

 
ca,out

ca,da,out
ca1

m
m







   (92) 
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 ca,v,out ca ca,da,outm m    (93) 

 

where  
2 2ca ca,v ca,da ca,v ca,O ca,N/ /m m m m m     is the humidity ratio in the cathode. The 

mass flow rates of O2 and N2 leaving the cathode are calculated respectively by 

 
 

2 2ca,O ,out ca,O ca,da,outm x m    (94) 

 

  
2 2ca,O ,out ca,O ca,da,out1m x m      (95) 

 

where 
2 2ca,O ca,O ca,da/x m m  is the mass ratio of O2 in the cathode. 

 

6.1.3 Coolant Energy Balance 

The thermal management system regulates the fuel cell stack temperature by 

pumping and recirculating coolant through channels in the graphite plates. The time rate of 

change of the coolant temperature can be derived using an energy balance as 

 

  cl cl,conv cl cl,in cl
cl v,cl

1
T Q m T T

m c
    

    (96) 

 

where mcl is the coolant mass, cv,cl is the specific heat of the coolant, clm  is the coolant 

mass flow rate, and Tcl,in is the coolant inlet temperature. Qcl is the convective heat transfer 

between the coolant and fuel cell stack, which is calculated by 

 
  cl cl cl st clQ h A T T    (97) 
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Here, hcl is the convection coefficient and Acl is the area of contact between the coolant and 

fuel cell stack. In the experimental setup, deionized water is used as the coolant and it is 

assumed to be incompressible for the range of operating conditions considered in this work. 

 

6.1.4 Stack Energy Balance 

The time rate of change of the internal energy of the fuel cell stack assuming a 

lumped parameter approximation can be derived using an energy balance as 

 

st v, st v, st gen cl conv rad ,in p, ,in ,out p, sti i i i i i i i i
i i i i

U m c T m c T Q Q Q Q m c T m c T
                 
     
         

 (98) 

 

Here, the total mass of the fuel cell stack includes the graphite cell plates, two aluminum 

end plates, and the gases in the anode and cathode channels. The left hand side of Eq. (98) 

is expanded so that the differential equation can be expressed in terms of the stack 

temperature, Tst, which is a more convenient state variable than Ust because it can be 

measured directly. The last two summation terms on the right hand side of Eq. (98) 

represent the enthalpies of the gases flowing in and out of the anode and cathode channels. 

Qgen is the heat generated by chemical reaction and is obtained by 

 
  gen cells OC cell stQ n V V I     (99) 

 

where VOC is the open circuit voltage, Vcell is the cell voltage, and Ist is the stack current. 

Qconv is the heat transferred by natural convection and is calculated by 
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  conv conv amb st ambQ h A T T    (100) 

 

where hconv is the convection coefficient, Ast is the area of the fuel cell stack exposed to 

ambient air, and Tamb is the ambient air temperature. Qrad is the heat transferred by radiation 

from the surroundings and is calculated by 

 

  4 4
rad amb st ambs SBQ A T T     (101) 

 

where s  is the emissivity of the surroundings and SB  is the Stefan-Boltzmann constant. 

 

6.1.5 Membrane Water Transport 

Membrane water transport is caused primarily by two physical phenomena. The 

first is electro-osmotic drag, in which water molecules are dragged by protons across the 

membrane from the anode to the cathode. The second is diffusion, which depends on the 

water concentration gradient across the membrane. Combining these two mechanisms, the 

net rate of water vapor mass transport across the membrane from the anode to the cathode 

is given by 

 

 ca,v an,vd st
v,mem v mem cells w

mem

c cn I
m M A n D

F t

 
  

 
   (102) 

 

nd is the electro-osmotic drag coefficient calculated by 

 
 2 19

d mem mem0.0029 0.05 3.4 10n         (103) 
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Here, mem  is the membrane water content, which is assumed to be the average water 

content of the anode and cathode: 

 

 an ca
mem 2

  
   (104) 

 

an  and ca  are calculated by 

 

  

2 3 0 10.043 17.81 39.85 36 ;

1 314 1.4 1 ;
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i
ii
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  (105) 

 

where ai is the water activity calculated by 

 

 
v, v,

sat , sat ,

i i i
i

i i

y p p
a

p p
    (106) 

 

for  an, cai . Dw is the water diffusion coefficient obtained by 
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exp 2416
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  (107) 

 

where 
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  (108) 
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cca,v and can,v are the water concentrations at the membrane surfaces calculated by 

 

 mem,dry
,v

mem,dry

i
ic

M

 
   (109) 

 

for  an, cai , where mem,dry  is the dry membrane density and mem,dryM  is the membrane 

dry equivalent weight. 

 

6.1.6 Stack Voltage Model 

The fuel cell stack voltage is calculated by 

 
  st cells OC act ohm concV n V V V V      (110) 

 

where VOC is the open circuit voltage, Vact is the activation overpotential, Vohm is the ohmic 

overpotential, and Vconc is the concentration overpotential. The open circuit voltage is 

obtained by 

 
 

  2 2H O4 5
OC st st

1
1.229 8.5 10 298.15 4.3085 10 ln ln

101325 2 101325

p p
V T T      

          
    

 

 (111) 

 

where Tst is in Kelvin and 
2Hp  and 

2Op  are in Pascals. The activation overpotential is 

modeled using the Tafel equation given by 
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   act 0 a 1 st1 expV v v c I      (112) 

 

where c1 = 10, and v0 and va are functions of fuel cell temperature and oxygen partial 

pressure based on nonlinear regression of experimental data: 
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  (113) 
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  (114) 

 

The membrane’s resistance to proton transport causes an ohmic overpotential, which is 

calculated by 

 
 ohm ohmV i R    (115) 

 

where Rohm is the the ohmic resistance given by 

 

 
mem

ohm
mem

t
R


   (116) 

 

Here, tmem is the membrane thickness and mem  is the membrane conductivity, which is an 

empirical function of the membrane humidity and temperature given by [67] 

 



 95

  mem 11 mem 12 2
st

1 1
exp

303
b b b

T
 

  
       

  (117) 

 

The values used for tmem, b11, and b12 are based on a Nafion 117 membrane and b2 is an 

adjustable parameter. The concentration overvoltage is approximated by the equation 
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  (118) 

 

where c2, c3, and Imax are empirically determined constants. c2 depends on temperature and 

O2 partial pressure according to 
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 (119) 

 

6.1.7 Actuator Dynamics 

In the experimental setup considered in this work, the cathode inlet air flow is 

supplied by a compressor, the cathode inlet vapor flow is regulated by a control valve that 

changes the ratio of dry and saturated air streams, and the coolant inlet temperature is 

controlled by heating and cooling a water reservoir. These parameters are internally 

regulated by the closed-loop feedback control system in the fuel cell test station. The net 

dynamics of each subsystem can be approximated by a first order lag as 
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 da ca,da,in ca,da,in,ref ca,da,inm m m       (120) 

 
 v ca,da,in ca,v,in,ref ca,v,inm m m       (121) 

 
 

cl cl,in cl,in cl,in,refT T T       (122) 

 

where the “ref” subscript denotes the reference signal for the control input. The time 

constants for cathode inlet flow rate, cathode vapor flow rate, and coolant inlet temperature 

are given respectively by da 0.5 s  , v 0.5 s  , and cl 100 s  . The relatively long time 

constant for the coolant inlet temperature is due to the high thermal capacitance of the water 

reservoir. 

 

6.2 CONTROL PROBLEM FORMULATION 

The control objective is to regulate the stack voltage, cathode RH, and stack 

temperature using the cathode inlet dry air mass flow rate, cathode inlet vapor mass flow 

rate, and coolant inlet temperature as the control inputs. The stack current is considered as 

an external disturbance. The exogenous inputs, w, are defined as 

 

 
T

st,ref ca,ref st,ref stw v T I      (123) 

 

where vst,ref is the reference stack voltage, ca,ref , is the reference cathode RH, Tst,ref is the 

reference stack temperature, and Ist is the stack current. The control signals, u, are defined 

as 

 

 
T

da,in,ref v,in,ref cl,in,refu m m T       (124) 
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where da,inm  is the reference cathode inlet dry air mass flow rate, v,inm  is the reference 

cathode inlet vapor mass flow rate, and Tcl,in is the reference coolant inlet temperature. 

From this point forward, the “ca” subscript is dropped in the notation of da,inm  and v,inm  for 

brevity and it is implied that these control inputs correspond to the cathode inlet. The 

available measurements, ym, of the system are defined as 

 

 
T

m st ca st an da,in v,in cl,iny v T m m T        (125) 

 

The performance variables, z, which we want to minimize are defined as 

  

 
T

st,ref st ca,ref ca st,ref stz v v T T         (126) 

 

When a load change occurs corresponding to a step change in the stack current, the 

performance variables will deviate from the equilibrium point z = 0. The objective is to 

design a controller u that restores z to the equilibrium point as quickly and smoothly as 

possible with u as small as possible during load transients. There are a total of ten state 

variables in the nonlinear model of the PEM fuel cell stack, which are given by 

 

 
2 2 2ca,O ca,N ca,v an,H an,v st cl da,in v,in cl,inx m m m m m T T m m T      

 (127) 

 

6.3 LINEARIZATION AND RELATIVE GAIN ARRAY ANALYSIS 

The nonlinear dynamic model described in Section 6.1 is first linearized at an 

operating point within the range of experimentally validated operating conditions [66] so 

that linear system analysis and control design methods can be used. The nominal operating 
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point selected for linearization is given by *
st 7 AI  , *

st 17 Vv  , *
ca 90 %  , and 

*
st 353 KT  . The air flow rate is chosen to give an oxygen excess ratio of 2, which 

represents a typical operating condition [45]. The oxygen excess ratio is defined as 

 

 2

2

2

ca,O ,in
O

O ,reacted

m

m
 




  (128) 

 

All of nominal operating point parameters relevant to this work are given in Table 6.1. 

 
Ist 7 A 
vst 16.4 V 

ca  90 % 

Tst 353 K 

ca,da,inm  129.5 g/s 

ca,v,inm  32.3 g/s 

cl.inT  352.1 K 

an  87.5 % 

Table 6.1: Nominal operating point parameters 

 

The Relative Gain Array (RGA) provides a measure of the interactions between the 

inputs and outputs of a system G and is calculated by [81] 

 

  1RGA( ) ( )
T

G G G G     (129) 

 

Based on the relative magnitude of the RGA elements, one can determine the feasibility of 

decentralized control and the optimal input-output pairings that minimize undesirable 

interactions. The two main RGA pairing rules can be summarized as [81]: 
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1) Pairing is preferred on RGA elements that are closest to 1 near the crossover frequency. 

2) To avoid instability, do not pair on negative steady-state RGA elements. 
 

For the RGA analysis, the inputs, u, are ordered as 

 

 
T

da,in,ref v,in,ref cl,in,refu m m T       (130) 

 

and the outputs, y, are ordered as 

 

  Tst ca sty v T   (131) 

 

The RGA calculated over a range of frequencies at the chosen operating point is 

given in Table 6.2. Based on the steady state RGA, Pairing Rule 1 recommends pairing on 

da,inm - ca , v,inm - stv , and cl,inT - stT . However, there seems to be very little difference in pairing 

on da,inm - ca  and v,inm - stv  versus da,inm - stv and v,inm - ca  because their RGA values are both 

very close to 0.5 at low frequencies up to 1 rad/s. The RGA values being close to 0.5 

suggests strong interactions between these pairings in this low frequency range. As the 

frequency increases beyond 1 rad/s, the RGA values for the da,inm - stv and v,inm - ca  pairings 

approach 1, which suggests smaller interactions for this pairing at higher frequencies. This 

implies that the da,inm - stv and v,inm - ca  pairings could have a better possible transient 

response (faster disturbance rejection) than that of the da,inm - ca  and v,inm - stv  pairings. The 

RGA value for the cl,inT - stT  pairing is close to 1 at all frequencies, which suggests that this 

control loop can easily be decoupled with minimal interactions. 
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Frequency 
(rad/s) 

RGA 

0 0.4971 0.5100 0.0070

0.5053 0.4947 0.0000

0.0023 0.0047 1.0070

 
  
   

 

1 0.4909 0.0254 0.5091 0.0255 0.0000 0.0001

0.5091 0.0254 0.4909 0.0254 0.0000 0.0000

0.0000 0.0000 0.0000 0.0001 1.0000 0.0001

i i i

i i i

i i i

   
    
    

 

10 0.6504 0.1808 0.3495 0.1808 0.0000 0.0000

0.3496 0.1808 0.6505 0.1808 0.0000 0.0000

0.0000 0.0000 0.0000 0.0000 1.0000 0.0000

i i i

i i i

i i i

   
    
    

 

100 0.9430 0.1327 0.0570 0.1327 0.0000 0.0000

0.0570 0.1327 0.9430 0.1327 0.0000 0.0000

0.0000 0.0000 0.0000 0.0000 1.0000 0.0000

i i i

i i i

i i i

   
    
    

 

Table 6.2: RGA calculated over a range of frequencies at the nominal operating point. 

Another way to represent the magnitude of system interactions is the RGA number, 

defined as [81] 

 
 

sum
RGA number ( )G I    (132) 

 

The smaller the RGA number, the less severe the system interactions are at that 

frequency. The RGA number for the diagonal pairing is plotted as a function of frequency 

in 6.1. Note that a majority of the RGA number comes from the da,inm - ca  and v,inm - stv  

pairings (and the reversed pairings), whereas the contribution of the cl,inT - stT  pairing to the 

RGA number is negligible at all frequencies. Because the RGA results suggest that the cl,inT

- stT  pairing can easily be decoupled, the control design in the next section is only considered 

for the reduced subsystem with two inputs, da,inm and v,inm , and two outputs, stv  and ca . 
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Figure 6.1: RGA number as a function of frequency for the diagonal pairing. 

 

Another reason the cl,inT - stT  pairing can be neglected in the control design is that the 

temperature dynamics are much slower than the mass transfer dynamics. cl,inT  is only 

coupled to stv  and ca  indirectly through stT  and stT  changes very slowly because the fuel 

cell stack has a high thermal capacitance. Thus, cl,inT  can be considered a slow disturbance 

or slowly varying parameter in the system that is regulated by a separate thermal 

management system on a much longer time scale. To substantiate this claim, the 

eigenvalues of the full and reduced order linearized model are compared in Table 6.3. The 

reduced order model has seven states and is obtained by setting the stack temperature 

constant  st / 0dT dt  . This eliminates the state variables Tst, Tcl, and Tcl,in because Tcl and 

Tcl,in are only coupled to the system through Tst. As can be seen, the reduced order model 

does not retain the eigenvalue -4.0145 associated with Tcl and the two slowest eigenvalues 

-0.0152 and -0.01 corresponding to Tst and Tcl,in, respectively. The eigenvalue associated 
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with the stack temperature is more than 100 times smaller than the smallest eigenvalue 

associated with the mass transfer dynamics. Thus, a decentralized controller for the cl,inT -

stT  pairing can be designed to have minimal interactions with stv  and ca  if the cl,inT  

controller is tuned much slower than the da,inm and v,inm controllers. 

 
Eigenvalues of full model Eigenvalues of reduced order model 

-92.1984 -92.1704 
-41.9821 -41.9788 
-21.0490 -21.0369 
-4.8082 -4.8101 
-4.3781 -4.3797 
-4.0145 -2 

-2 -2 
-2  

-0.0152  
-0.01  

Table 6.3: Eigenvalues of full and reduced order model. 

 

The strong interaction for the da,inm - ca  and v,inm - stv  pairings (and reversed 

pairings) suggested by the RGA elements being close to 0.5 provides a compelling reason 

to explore MIMO control strategies. In the next section, a full state feedback controller is 

designed using the linear quadratic regulator (LQR) method with the reduced order model 

to regulate the stack voltage and cathode RH using the cathode inlet air and vapor flow 

rates. The performance of the LQR controller is be compared to that of decentralized PI 

controllers to assess the advantages and tradeoffs of using a multivariable controller. 

Because all of the state variables are not directly measurable, a reduced order observer is 

designed to estimate the states based on the available measurements so that output feedback 

can be implemented. 
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6.4 LINEAR QUADRATIC REGULATOR 

State-feedback control design requires a linear state-space representation of the 

system model. Hence, the nonlinear model was linearized at the operating point described 

in Section 6.3 resulting in the linear state-space model 
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where 
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, ,x u d
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D

du
 . As mentioned in the previous section, we are using the reduced order 

model with seven state variables for control design. The state, input, output, and 

disturbance variables of the linearized system represent their deviations from the steady 

state operating point, which are defined respectively as 

 

 
*x x x     (134) 

 

 
*u u u     (135) 

 
 *y y y     (136) 

 

 
*d d d     (137) 

 

For state-feedback control, the control input is of the form 

 
 u K x     (138) 
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To ensure that the output y  perfectly tracks a reference command r, the integral of the 

output errors are augmented into the system as state variables. For the two outputs stv  and 

ca , the extra integrator states are defined as 

 

 
ref

1 st st
ref

2 ca ca

e v vd
edt  

  
       

  (139) 

 

The augmented planted can then be represented as 
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  (140) 

 

and the augmented controller is given by 

 

  a e e a a

x
u K x K e K K K x
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  (141) 

 

Using the LQR method, the controller Ka is designed by minimizing the cost function 

 

  T T
a a a a a a a0

( )J u x Q x u R u dt


    (142) 

 

by choosing the appropriate weights Qa, which penalizes the state variables, and Ra, which 

penalizes the control inputs. The control law that minimizes Eq. (142) is given by 

 
 1 T

a aK R B P   (143) 
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where P is the solution to the algebraic Riccati equation 

 
 T 1 T

a a a a a 0PA A P Q PB R B P      (144) 

 

To reduce the number of tuning parameters, the structure of Qa was partitioned as 
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  (145) 

 

so that only the four diagonal elements of Qy and Qi need to be selected. Because the cost 

function Eq. (142) only depends on the relative magnitudes of Qa and Ra, only Qa was tuned 

and R was selected as R = I. The final design of the LQR controller was obtained by 

choosing 
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  (146) 
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which yields the control gains 
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52.39 4.51 13.44 50.55 8.50 1.68 1.60 670.07 31.94

2.30 22.64 52.15 204.79 42.18 1.60 6.11 225.85 94.76

     
       

 

 (148) 

 

The performance of the LQR controller is compared to that of decentralized PI controllers 

for the diagonal and off diagonal pairings. The decentralized PI controller parameters, 

given in Table 6.4, were tuned by trial and error to try to match the LQR controller response 

as closely as possible. 

 

p i( ) /C s K K s   
da,inm - stv  

(DP) 
v,inm -

ca  

(DP) 

v,inm - stv  

(ODP) 
da,inm - ca  

(ODP) 

Kp 111.27 27.03 31.15 -26.97 

Ki 249.94 29.32 81.95 -19.60 

Table 6.4: Decentralized PI controller parameters for diagonal pairing (DP) and off-
diagonal pairing (ODP). 

 

The linear system response of outputs stv  and ca  to a step load disturbance Ist = 

1 A under linear quadratic integral (LQI) control, PI control with diagonal pairing, and PI 

control with off-diagonal pairing is shown in Fig. 6.2. The corresponding control inputs 

da,inm  and v,inm  are shown in Fig. 6.3. 
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Figure 6.2: Linear system response of outputs (1) stv  and (2) ca  to step load disturbance 

Ist = 1 A under linear quadratic integral (LQI) control, PI control with 
diagonal pairing (DP), and PI control with off-diagonal pairing (ODP). 
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Figure 6.3: Linear system response of control inputs (1) da,inm  and (2) v,inm  to step load 

disturbance Ist = 1 A under linear quadratic integral (LQI) control, PI control 
with diagonal pairing (DP), and PI control with off-diagonal pairing (ODP). 

 

We can see in Fig. 6.2 that the settling time and maximum error of stv  are similar 

(about 1.5 seconds and 0.28 V, respectively) for all three controller configurations. Note 

that the voltage drops instantaneously in response to a step increase in current because there 

is a direct feedthrough term in the current to voltage transfer function. Hence in any case, 
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a minimum change in voltage is unavoidable after a change in current. However, the 

settling time and maximum error of ca  are smaller for the LQI controller than for the 

decentralized PI controllers. For the LQI controller, the settling time is about 1 second and 

the maximum error is about 0.5 %. For the decentralized PI controllers, the settling time is 

about 2 seconds and 4 seconds and the maximum error is about 0.86 % and 1.78 % for the 

diagonal and off-diagonal pairings, respectively. Due to the strong interactions predicted 

by the RGA, tuning the decentralized PI controllers is challenging because changing one 

control loop can cause undesirable effects in the other control loop. For instance, if the gain 

is increased in the da,inm - stv  control loop for the diagonal pairing, this will cause a greater 

maximum error in ca  due to the effect of da,inm  on ca  from the off-diagonal term. 

Consequently, the v,inm - ca  control loop must be tuned faster to offset this effect. 

However, tuning the v,inm - ca  control loop more aggressively may cause stv  to overshoot 

and oscillate around the desired set point due to the effect of v,inm  on stv  from the other off-

diagonal term. On the other hand, the multivariable LQI controller is much easier to tune 

and typically performs better than the decentralized PI controller with the same amount of 

tuning effort because the LQI controller can be tuned intuitively to achieve the desired 

response and system interactions are handled automatically. The LQI controller 

performance can also act as a benchmark for decentralized controller tuning if 

decentralized control is the only option available. We can also see in Fig. 6.2 that the 

diagonal PI controller has a better transient performance (smaller settling time and max 

error) than that of the off-diagonal PI controller. Although this result only applies for this 

particular set of PI controller parameters, the RGA at higher frequencies suggests that the 

diagonal pairing can achieve superior transient performance to that of the off-diagonal 

pairing. 
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The nonlinear system responses of outputs stv  and ca  to a series of step load 

disturbances under LQI control are shown in Fig. 6.5. The corresponding control inputs 

da,inm  and v,inm  are shown in Fig. 6.6. The series of step load disturbances which begins at 

t = 195 sec. is shown in Fig. 6.4. The transient response of stv  exhibits very slight overshoot 

and oscillation when the load disturbance goes from 7 A down to 6 A. However, the 

nonlinear system responses of the LQI controller overall appear to match closely to that of 

the linear system, which indicates that the LQI controller is robust to model nonlinearities 

within this operating region. For practical purposes, these minor differences in performance 

can be considered inconsequential. As explained previously in Section 6.3, the stack 

temperature was excluded from the MIMO control design because the analysis showed that 

decentralized control could be implemented without strongly affecting the other control 

loops. Hence a decentralized controller was designed to control the stack temperature and 

is discussed in the next section. 

 

 

Figure 6.4: Step load disturbances for nonlinear system simulation. 
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Figure 6.5: Nonlinear system response of outputs (1) stv  and (2) ca  to a series of step 

load disturbances under LQI control. 
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Figure 6.6: Nonlinear system response of control inputs (1) da,inm  and (2) v,inm  to a series 

of step load disturbances under LQI control. 

 

6.5 DECENTRALIZED CONTROL OF STACK TEMPERATURE 

The nonlinear system response of output Tst and corresponding control input Tcl,in 

to a series of step load disturbances under decentralized PI control is shown in Fig. 6.7. In 

this simulation, stv  and ca  are simultaneously under LQI control. Tst has a settling time of 
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about 300 seconds, which is much slower than the settling time of about 4 seconds for stv  

and ca  under LQI control. Because there is such a large time-scale separation between the 

Tst control loop and the LQI control loop, they both have a negligible effect on one another. 

 
 

 

Figure 6.7: Nonlinear system response of output (1) Tst and corresponding input (2) Tcl,in 

to a series of step load disturbances under decentralized PI control. The 
outputs stv  and ca are simultaneously under LQI control. 
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6.5 STATE ESTIMATOR 

In order to implement a full-state feedback controller, all of the state variables need 

to be available. The available measurements of the reduced order model are given by 

 

 st ca an da,in v,inmy v m m        (149) 

 

 Because only two of the seven state variables can be measured directly, an observer 

is needed to estimate the unmeasurable states based on the available measurements. 

Because there are seven states and five measurements, a reduced order observer can be 

designed of order 7 – 5 = 2. The methodology for designing a reduced order observer is 

explained thoroughly in Ref. [82] and only the important parts are summarized here. 

Given a linear-state space model of the form in Eq. (133) where xm nC , a matrix 
x

1
r nC   is chosen such that 

 

 
1

rank
C

n
C

 
 

 
  (150) 

 

where r = n – m. A vector ( ) rp t   is defined as 

 
 1( ) ( )p t C x t   (151) 

 

such that  

 

 a

1

( )
( )

( )

Cy t
x t

Cp t


  
   

   
  (152) 

 

where a u d( ) ( ) ( )y y t D u t D d t     . Solving for ( )x t  gives 
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 (153) 

 

Taking the derivative of p from Eq. (151) gives 

 

      1 1 1 u d 1 1 u d

d
p C x C x C A x B u B d C AL p B u B d

dt
                

 (154) 

 

An observer for p can be constructed as 

 

    1 1 u d 1ˆ ˆ ˆa ap C AL p B u B d K y y         (155) 

 
    u d 1 u dˆ ˆ ˆ ˆay C x C A x B u B d C AL p B u B d               (156) 

 

To avoid differentiation of the measured signal ay , which can be susceptible to noise, a 

new variable q(t) can be defined as 

 
 1 a( ) ( ) ( )q t p t K y t    (157) 

 
 1 a( ) ( ) ( )q t p t K y t      (158) 

 

An observer for q can be expressed as 

 
 

q qu qd q aˆ ˆq A q B u B d K y       (159) 

 
 

 1 1 1 1qA C AL K CAL    (160) 
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  qu 1 1 uB C K C B    (161) 

 
  qd 1 1 dB C K C B    (162) 

 
    q 1 1 1 1K C K C A L L K     (163) 

 

For the observer error ˆq q  to go zero, Aq must be Hurwitz. The eigenvalues of Aq can be 

placed arbitrarily by choosing an appropriate observer gain K1 if the pair (C1AL1, CAL1) is 

observable, which is true if pair (A, C) is observable. The observability of pair (A, C) can 

be checked by calculating the observability gramian, Wo, which is the solution to the 

Lyapunov equation 

 
 T T

o o 0A W W A C C     (164) 

 

The system is observable because Wo is full rank (rank(Wo) = 7), but the condition number 

of Wo is high (CN(Wo) = 8005.6) indicating that the system is weakly observable. However, 

the condition number of the observability gramian can be sensitive to scaling of the units. 

A better way to evaluate the system observability is the normalized condition number, 

defined as the ratio of the condition number of the original system to the condition number 

of a system in which all states are observable (C = I) 

 

 
o

o

( )
( )

( )o C I

CN W
NCN W

CN W 

   (165) 

 

The normalized condition number was calculated as NCN = 11.86, indicating the system 

has a much stronger observability than originally predicted by the condition number of the 
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observability gramian. To have good overall control system performance, a general rule of 

thumb is that the observer eigenvalues should be at least 10 times faster than the slowest 

eigenvalue of the closed loop system with full-state feedback control. Hence, the observer 

eigenvalues were selected as 20, 21o     to calculate the required observer gain 

 

 1

0.0055 0.1148 0.0083 0 0

0.0107 0.2397 0.0099 0 0
K

 
   

  (166) 

 

The linear system response of the estimation error of the original system states is 

shown in Fig. 6.8. The initial estimates of the reduced-order observer system states were 

set as    T0 1 1q 
 to represent uncertainty in the initial conditions. We can see that all 

of the original system states converge in about 0.2 seconds. When the initial state estimates 

are known exactly, there is no distinguishable difference between full state feedback and 

output feedback in the linear system response to a step load disturbance. 
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Figure 6.8: Linear system response of state estimation error. 

 

Figure 6.9 shows the nonlinear system response of outputs stv  and ca  to a step load 

disturbance Ist = 1 A under LQI control with full state feedback and output feedback. The 

corresponding control inputs da,inm  and v,inm  are shown in Fig. 6.10. The transient response 

of stv  match closely in both cases. The settling time for stv  and ca  are also about the same 

in both cases.  However for the output feedback case, ca  has a greater maximum overshoot 

(0.8 % versus 0.5 %) and some oscillations. Because the cathode is still far from flooding, 

this slight degradation in performance is an insignificant issue. Nonetheless, it is important 

to validate control system performance using nonlinear model simulations because there 

are no guaranteed stability margins for linear observer-based controllers [83]. Experimental 

validation of the control design is planned in future work. Overall, we have demonstrated 
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that satisfactory transient performance of stv  and ca  regulation can be achieved using LQI 

control with output feedback. 

 

 

Figure 6.9: Nonlinear system response of outputs (1) stv  and (2) ca  to a step load 

disturbance under LQI control with full state feedback (OF) and output 
feedback (OF). 
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Figure 6.10: Nonlinear system response of control inputs (1) da,inm  and (2) v,inm  to a step 

load disturbance under LQI control with full state feedback (OF) and output 
feedback (OF). 

 

6.6 CONCLUSIONS 

In this work, we investigated the control problem of regulating the stack voltage, 

cathode RH, and stack temperature during load transients. The cathode inlet air flow rate, 

cathode inlet vapor flow rate, and coolant inlet temperature were considered as possible 
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control inputs. An RGA analysis was performed on the linearized system and showed that 

the stack temperature could be decentrally controlled by the coolant inlet temperature and 

have minimal interactions with the stack voltage and cathode RH. This was also justified 

because the stack temperature changes very slowly compared to the other state variables 

so it can be considered a slowly varying parameter or disturbance. However, the RGA 

analysis indicated strong interactions between the stack voltage and cathode RH pairing 

with either the cathode inlet air or vapor flow rate. This implies that tuning a decentralized 

controller to meet transient performance specifications could be difficult due to the strong 

interactions. On the other hand, the LQR controller is much easier to tune and typically 

performs better than a decentralized controller because it inherently considers system 

interactions. Therefore, a controller was designed using the LQR method to regulate the 

stack voltage and cathode RH. The resulting LQR controller showed good transient 

performance in rejecting disturbances to the stack voltage and cathode RH. The settling 

time for the cathode RH was about 1 second and the maximum error was 0.5 %. This means 

that the cathode RH could be set higher to an even more efficient operating point while the 

LQR controller would be able to prevent the cathode from flooding during load transients. 

Because the LQR controller assumes full state feedback and not all of the states are directly 

measurable, a linear reduced order observer was designed to estimate the states based on 

the available measurements. The transient performance of the LQR controller with full 

state feedback and output feedback were both satisfactory when implemented in the 

nonlinear model simulation. 
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Chapter 7: Conclusions 

7.1 SUMMARY AND CONTRIBUTIONS 

Improving the performance and reliability of proton exchange membrane-based 

electrochemical systems can significantly increase their economic viability, thereby 

expediting widespread commercialization. Consequently, the advent of cleaner, more 

affordable, and more efficient means of electrical energy storage and generation will 

encourage a greater adoption of renewable energy technologies that can provide a 

sustainable energy future. Based on this motivation, this dissertation addressed four main 

research challenges pertaining to VRFBs and PEM fuel cells that have been identified from 

knowledge gaps in the scientific literature. Each challenge was defined by an objective that 

was met by completing specific tasks. 

The first research objective accomplished was establishing an in-depth 

understanding of the dynamic behavior of PEM-based systems by developing a control-

oriented model of a VRFB that incorporates membrane crossover and local mass transfer 

effects. This study investigated the short-term effect of membrane crossover on the 

transient voltage response at different temperatures, the long-term effect of membrane 

crossover on the capacity loss and the resulting performance degradation and different 

temperatures, and the effect of local mass transfer at the electrode surface on the calculation 

of activation overpotential at different operating conditions (flow rate and current density). 

A gap metric analysis was performed to identify operating regions where linear feedback 

laws can be applied. 

The second research objective accomplished was developing a novel approach to 

estimate time-varying parameters of PEM-based systems in real time using a physics-based 

model. This objective was motivated by the need for an accurate and practical method to 

monitor the SOC of VRFBs. In this study, a nonlinear model-based estimator was designed 
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based on the extended Kalman filter method to estimate the vanadium concentrations in a 

VRFB using only simple voltage measurements. As a result, the effective capacity loss due 

to membrane crossover can be predicted. The traditional EKF method was modified by 

applying constraints based on physical insights to improve accuracy and guarantee stability 

of the estimator. Estimator performance was further improved by tuning the process and 

measurement noise based on physical insights. 

The third research objective accomplished was developing a novel framework to 

facilitate stack-level control and design optimization of PEM-based systems by integrating 

low-order physics-based models. This objective was motivated by the need for an accurate 

and computationally practical model to enable optimization of design and operating 

parameters for large-scale VRFB systems. In this study, the effects of flow rate on pumping 

losses, local mass transfer rate, and nonuniform vanadium concentration in the cell were 

incorporated in a lumped VRFB system model. The improved model was used to predict 

the upper efficiency limits of a given VRFB system and compare the net power and 

associated overpotential and pumping losses at different operating conditions (flow rate 

and current density). In addition, the effects of varying the electrode porosity, stack 

temperature, and total vanadium concentration on the peak power were investigated. 

The fourth research objective accomplished was establishing an in-depth 

understanding of the coupled heat and mass transfer dynamic interactions in PEM-based 

systems and their effects on transient performance. This objective was motivated by the 

need for proper thermal and water management in PEM fuel cells. In this study, the specific 

control objective was to regulate the voltage, relative humidity, and temperature in a PEM 

fuel cell stack during load transients using the cathode inlet air mass flow rate, cathode 

inlet vapor mass flow rate, and coolant inlet temperature as control inputs. A frequency-

dependent RGA analysis was first performed to assess the degree of interactions between 
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inputs and outputs and determine the feasibility of decentralized control. Based on the RGA 

analysis that suggested strong interactions and difficulty in tuning a decentralized 

controller, a MIMO LQR controller was designed with full state feedback and output 

feedback. The transient performance of the LQR controller with full state feedback and 

output feedback were both satisfactory when simulated with the nonlinear model. 

 

7.2 FUTURE WORK 

This dissertation presents new methodologies that can help to better predict and 

control the behavior of PEM-based electromechanical systems. Nevertheless, further 

advancements are needed to ensure that VRFBs and PEM fuel cells become long term 

viable solutions for the global energy crisis and climate change.  

For VRFBs, this dissertation developed new modeling and estimation tools that 

provide better prediction capabilities and insights to achieving better performance. 

Although the feasibility of these methods was demonstrated through computer simulations, 

further experimental validation is needed. With these tools available, there are also future 

opportunities to try real-time optimization and control strategies such as model predictive 

control. New control algorithms can be explored with the objective of optimizing system 

performance or minimizing membrane crossover. Furthermore, alternative observer 

structures can be explored to further improve the accuracy of SOC estimation as discussed 

previously in Chapter 4. 

For PEM fuel cells, this dissertation analyzed the multivariable interactions in-

depth and a controller was designed accordingly to regulate the stack voltage, temperature, 

and relative humidity during load transients. The efficacy of this controller was verified by 

computer simulations but further experimental validation is needed. With a greater 
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understanding of the coupled heat and mass transfer dynamics developed in this 

dissertation, more advanced control algorithms can be explored. For example, a model 

predictive control strategy can be used to coordinate the cathode air and vapor flow rates 

in order to optimize system efficiency. 
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