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 In traditional latent growth modeling, researchers assume that assessment dates 

within waves from longitudinal studies are homogeneous, although they are nearly always 

heterogeneous. In this study, we present a pedagogical illustration of assessing the 

consequences of ignoring time-point variability within a wave using the Math Item 

Response Theory scores from the Early Childhood Longitudinal Study for Kindergarten 

(ECLS – K). By comparing latent growth change and prediction models for time invariant 

and time varying latent growth models, we found some changes in parameter estimates, 

particularly in the variance and residual variance in the linear effect. We found slight 

differences on the mean of the linear and quadratic effect, as well as the direct effect of our 

predictor on the linear and quadratic effect. However, further substantive claims about 

parameter estimates changes are limited due to missing data and a possible model 

misspecification. 
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Purpose of Study 

 In traditional large-scale longitudinal data, each wave of the longitudinal data is 

suggested to have been collected at the same time. The first wave of data may be collected 

at a specific time for all individuals, while the second wave of data is said to have occurred 

one year later. However, these waves of data typically have been collected over a span of 

time, not necessarily exactly at the same amount of time after the first data collection time-

point. In fact, the greater the scope of the data, the more difficult it is for researchers to 

collect data on each participant that is in exact correspondence with the wave structured 

time-points of the dataset. As a result, this variation in exact time-point collection is often 

overlooked in traditional latent growth models (Duncan, 2006) when they are analyzed 

using structural equation modeling techniques. 

 Typical analyses of latent growth models in Structural Equation Modeling assume 

that any continuous dependent variables that are to be analyzed should be measured on at 

least three measurement occasions. In addition, each of these scores should have the same 

units across time and measure the same construct at each assessment. Finally, the data 

should be time structured, suggesting that cases are all tested at the same time intervals 

(Kline, 2005). This, however, does not require each interval to be equal. It is often the case 

that waves are measured every year for the first few waves, but perhaps every other year 

for the last few. This type of time structure can easily be taken into account in latent growth 

models in SEM by adjusting the factor loading coefficients. (Kline 2005). Nevertheless, 

the assumption that all cases are tested at the same intervals cannot be fully satisfied unless 
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the assessment occurs at exactly the same amount of time after the previous wave, for each 

person. 

 As a result, there are different ways to approach longitudinal data of this sort. First, 

we can ignore the variability in measurement occasions, as discussed above, and model the 

growth using traditional latent growth modeling procedures within the structural equation 

modeling framework. In contrast, we can take an alternative approach in hierarchical linear 

modeling by adding a random effect for time for each measurement occasion. The first 

approach allows for a model that is much more simplified, and researchers tend to go this 

route with latent growth modeling (Aydin, Leite, and Algina, 2014). These types of models 

assume that each participant is given the assessment exactly the same amount of time after 

the previous wave as the other participants. Because of this more restricted assumption, 

both the model specification and output is more interpretable for presentation and analysis. 

In addition, models of this type provide statistical indices of model fit. By contrast, the 

second approach is more complex in specification and output interpretation due to the 

random time effect for every participant, for each wave. This technique does not provide 

statistical indices for model fit, but it does provide comparative fit indices such as the 

Akaike Information Criterion (AIC), the Bayes Information Criterion (BIC), and adjusted 

Bayes Information Criterion (adj. BIC).  Nevertheless, the second approach does have the 

advantage that it accounts for the variability in time-point measurements, while the 

traditional SEM approach does not; an assumption that is typically not met with 

longitudinal data. 
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 The issue of ignoring variation in times of measurement has been given some 

attention over recent years. As more longitudinal datasets of large magnitude become 

available, such as the Early Childhood Longitudinal Study, the High School Longitudinal 

Study of 2009, or the Middle Grades Longitudinal Study of 2016, (National Center for 

Education Statistics), researchers have employed techniques of structural equation 

modeling to map out growth trajectories of numerous outcomes. Mehta and West (2000), 

Blozis and Cho (2008), and Aydin, Leite and Algina (2014), have provided a series of 

examples that illustrate the consequences of accounting for variability in measurement 

occasions. Mehta and West (2000) used a simulated dataset to compare a latent growth 

model with fixed time-points to another latent growth model which accounted for age 

heterogeneity across individuals, centered at age 12. The results of their study indicated 

that the parameter estimates were identical, with the exception of the intercept variance and 

the intercept and slope covariance. Blozis and Cho (2008) used two non-simulated datasets 

to compare latent growth models that accounted for age heterogeneity against those that 

did not. Aydin, Leite, and Algina (2014) extended the results of Mehta and West (2000) 

and Blozis and Cho (2008) to include a Monte Carlo simulation. They found that parameter 

estimates showed some bias when heterogeneity between assessment dates were large and 

when the distribution of the assessment dates were heavily skewed.  

 The goal of this study is to examine the effects of ignoring time-point heterogeneity 

within waves in order to determine if accounting for the variability in time-point 

measurement occasions provides different estimates. We present an empirical study to 

illustrate these effects when time coding does not account for age, but rather the differences 
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in assessment dates between individuals. In addition, we present a latent growth model 

with five time-points, more than the previous studies have explored, in an attempt to 

discover if time-points that cover a larger span of years remains relatively unchanged when 

ignoring assessment date heterogeneity. We will use both a change model and a prediction 

model to compare the effects of ignoring the variability in time-point measurements. 

Because our primary goal is to compare the models without time varying measurement 

occasions to the models with time varying measurement occasions, relatively little 

emphasis will be placed on model interpretation. Instead, our focus will be on the 

comparison of means, variances, and covariances of the intercept, slope, and quadratic 

effect across the two approaches. For the prediction models, we will consider the direct 

effects of our predictor on the intercept, linear, and quadratic effect, as well as their residual 

variances. With the exception of the time varying measurement occasions, the models that 

are to be compared are identical in specification to avoid differences in parameter estimates 

due to other causes. 
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Data Collection 

 The dataset that was used for this study is the Early Childhood Longitudinal Study 

for the Kindergarten Class of 1998-1999 (ECLS-K) from the National Center for Education 

Statistics. The ECLS-K data set contains information on a cohort of Kindergarten students 

from various backgrounds from all across the United States. The dataset follows this 

Kindergarten class from the Fall semester of their Kindergarten year through the Spring 

semester of their 8th grade year. The ECLS-K dataset contains the precise assessment dates 

for each child, so we utilized these dates to assess any variability that occurs within the 

waves of the study. In our present analysis, we collected data from both the Fall and Spring 

Kindergarten measurement occasions, the 1st grade spring measurement occasion, the 3rd 

grade spring measurement occasion, and the 5th grade spring measurement occasion. For 

all participants, we collected a demographic variable for the educational status of the 

working parent. Although this variable was categorized into 9 different levels, we grouped 

these categories into two levels. The dummy coded variable takes on a value of 0 for 

students whose parents have no college level education, and it is coded as 1 for students 

whose parent has at least some college level education. For the waves of data, we collected 

both the Math Item Response Theory (IRT) scores from a mathematics assessment, as well 

as the date of the assessment. The overall Math IRT scores for these students were scores 

from the Mathematics assessment given to the students which measured the student’s 

mathematical achievement score at each wave of the study. The date of the measurement 

occasion was provided as three separate variables for the day, month, and year of the 

assessment, so it was first necessary to compile these three variables into a single new 
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variable. Then, for each wave of the study, the date of the assessment was converted into 

the number of days after the first assessment was given. Thus, the number of days after the 

first assessment, DAYS1, was zero for each child’s first assessment. Each subsequent 

wave’s DAYS variable was calculated by subtracting the first assessment date from the 

wave’s assessment date for each individual. There was an average of 186.6 days between 

the first and second assessment, so this was also used as a scaling factor for each subsequent 

wave of data. The average time that each assessment took place after the initial assessment 

can be seen in Table 1. All missing data observations were coded as -9 for each of the 

variables in the study. 

 
Table 1: Data Screening Statistics: Days Between Assessments  

VARIABLE N �̅� 𝝈 MIN MAX 

Days1 19121 0 (0) 0 (0) 0           (0) 0            (0) 

Days2 18173 1 (186.64) 0.115 (21.48) 0.616     (115) 1.511     (282) 

Days3 15110 2.96 (551.61) 0.125   (23.27) 2.550     (476) 3.456     (645) 

Days4 13029 6.83 (1276.50) 0.142   (26.50) 6.419     (1198) 7.389     (1379) 

Days5 10228 10.63 (1983.75) 0.162  (29.92) 10.201  (1904) 11.203   (2091) 

Note: (Parentheses Values are in units of Days) 
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Data Screening 

 Before beginning our analysis, sample statistics were gathered on each of our 

variables of interest. For our Math Item Response Theory scores, we checked for outliers 

in each time-point, and found one score that was unnaturally higher than the rest of the 

scores. This score was the maximum score on the Fall Kindergarten Mathematics 

Assessment, a value of 115.65. Although it was unusually high for the first Mathematics 

assessment, it did not seem to be a data entry error, and remained as a part of the analysis. 

 With the exception of the 3rd grade wave, each of the waves of the Math IRT scores 

had a skewed distribution. The Fall and Spring Kindergarten distributions were both highly 

positively skewed, while the Spring 1st grade distribution had only a slight positive skew. 

In the Spring of the 5th grade assessment, however, the distribution was negatively skewed. 

Each of the distributions of the Mathematics Item Response Theory scores can be seen in 

Figure 1. As a result of the non-normality of our observed outcome variables, we decided 

to follow Aydin, et al.’s (2014) approach of using a Maximum Likelihood Robust 

Estimator in our analysis to provide us with more robust standard errors. 

Figure 1: Distribution of Math IRT Scores 
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Table 2: Data Screening Statistics: Math Scores 

VARIABLE N 𝒙 σ MIN MAX % MISS 

Math1 18636 25.905 9.099 10.51 115.65 13.0% 

Math2 19649 36.273 12.004 11.57 113.80 8.2% 

Math3 16635 61.263 18.093 12.61 132.49 22.3% 

Math4 14374 98.724 24.715 34.56 166.25 32.9% 

Math5 11274 123.687 24.792 50.86 170.66 47.3% 

 

One area of interest is the attrition over time due to the nature of a longitudinal 

study. By referring to Table 2, we can see by the end of the study, that approximately 47.3% 

of the students did not take the Mathematics assessment, possibly causing another bias in 

estimates. This is one fact that Aydin, et al. (2014) did not address specifically in their 

study. Although this is a pedagogical approach to discussing differences in model 

specification for time variability, our data extends farther along into the scope of the 

longitudinal study, where missing data becomes more apparent. A limitation of our study 

is that we cannot make large claims about any large observed differences in growth 

parameter estimates due to missing data patterns. 

 The variability of assessment dates within waves can also be seen in the distribution 

of our DAYS variables. In Table 1, each of the statistics reported in parentheses are in units 

of days, while the statistics that are not in parentheses are in units of days divided by 186.6. 

As previously discussed, this scaling was done to fix the factor loadings to more 

interpretable numbers for our growth model. We can see that all students did not take the 

assessments the same amount of days after their first assessment. For example, observing 

the minimum and maximum values from the DAYS2 variable in Table 1, we can see that 

one student was given the Math assessment 115 days after their first assessment, while 

another student took it 282 days after their first assessment. With the second student taking 
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the second assessment after receiving 167 extra days of study time, it seems inadequate to 

group all students into a single time-point. In addition, each of the DAYS variables show 

a standard deviation of approximately 20-30 days, suggesting that students take the 

subsequent mathematics assessments approximately 20-30 days difference with other 

students, on average. These differences in assessment dates provide the motivation to 

proceed with our two methods of analysis, and ultimately determine if accounting for this 

variability between measurement occasions substantially alters the growth parameter 

estimates from our models. 

 Aydin, et al. (2014) also noted in their simulation study, that parameter estimates 

changed when the distribution of the assessment dates were heavily skewed. However, 

when we checked the distribution of the time between assessment dates, we found little 

evidence of skewness. As a result, we can expect for our parameter estimates to remain 

relatively unaffected due to normality of the assessment dates. The distribution of days 

between assessments can be seen in Figure 2 below. 

Figure 2: Distribution of Assessment Date Differences 

 



10 
 

Model Specification 

Aydin, et al. found slight differences in parameter estimates when comparing the 

time invariant model to the time varying model. We present here four models, where the 

first two include a change and a prediction model that assume that all measurement waves 

were taken without within-wave variation. Our last two models are also a change and a 

prediction model. However, in the latter two models, we are taking within wave variability 

into account by specifying person-specific times at which the individual has taken the 

assessment. As a result of making this comparison between models, we wanted to ensure 

that our model specifications were all exactly the same, with the exception of only the time 

variation within each wave. 

We have two models that were analyzed, assuming that there is no within wave 

variability. Our first model is a change model for the growth in Math item response theory 

scores. The model specification is shown with the level 1 equation: 

 

                                      𝑦𝑖𝑡 =  𝛼𝑖 + 𝜆𝑡𝛽1𝑖 + 𝜆𝑡
2𝛽2𝑖 + 𝜀𝑖𝑡    (1) 

 

where 𝑦𝑖𝑡 is individual i’s Math score at time-point t. The intercept for the individual’s 

growth is denoted by 𝛼𝑖, the linear component is represented by 𝛽1𝑖, the quadratic 

component is represented by 𝛽2𝑖, and the error term for individual i at time-point t is 𝜀𝑖𝑡. 

The factor loadings, 𝜆𝑡 and 𝜆𝑡
2, are held constant across individuals, reflecting the 

measurement occassions. The level 2 equations for the change model are: 
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                                                              𝛼𝑖 =  µ𝛼 +  𝜁𝛼𝑖      (2) 

                                                              𝛽1𝑖 =  µ𝛽1
+  𝜁𝛽1𝑖     (3) 

                                                              𝛽2𝑖 =  µ𝛽2
      (4) 

 

where µ𝛼 is the mean intercept, µ𝛽1
is the mean linear effect, and µ𝛽2

is the mean quadratic 

effect across all individuals. The first two equations have an error term that varies by 

individual, 𝜁𝛼𝑖 and  𝜁𝛽1𝑖, to indicate that the intercept and linear slope are random variables, 

respectively. However, the quadratic level 2 equation does not have an individual error 

term because the quadratic variance was constrained to zero in each of our model due to 

improper specification (negative variance was estimated). However, this could be treated 

as random as well. 

In our prediction model, the Equations 2, 3, and 4 are modified to include predictors 

of the intercept, slope, and quadratic terms. Thus, for our prediction model, the level 2 

equations become: 

 

                                                            𝛼𝑖 =  µ𝛼 + 𝛾𝛼(𝑥𝑖) + 𝜁𝛼𝑖     (5) 

                                                            𝛽1𝑖 =  µ𝛽1
+ 𝛾𝛽1

(𝑥𝑖) + 𝜁𝛽1𝑖   (6) 

                                                            𝛽2𝑖 =  𝛾𝛽2
(𝑥𝑖) + µ𝛽2

    (7) 

 

The above models assume that all individuals have taken the mathematics assessments with 

identical times between assessments. However, for our two time-varying models, the factor 
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loadings from Equation 1 are allowed to vary by individual. So, our level 1 equation 

becomes: 

 

                                                𝑦𝑖𝑡 =  𝛼𝑖 + 𝜆𝑡𝑖𝛽1𝑖 + 𝜆𝑡𝑖
2 𝛽2𝑖 + 𝜀𝑖𝑡   (8) 

 

to allow the factor loadings 𝜆𝑡𝑖 and 𝜆𝑡𝑖
2  to vary by individual i. The level 2 equations for 

the change and prediction time varying models remain the same as the change and 

prediction time invariant models, in Equations 2, 3, and 4, respectively. 
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Time Invariant Latent Growth Model  

We began our analysis comparison by constructing a latent growth model, with and 

without predictors in MPlus (version 7.0 Muthén and Muthén, 1998-2015). The change 

model, without any predictors, simply models the growth patterns of the Math IRT scores 

over the 5 measurement occassions. In order to create a similar model to Aydin, et al. 

(2014), we decided to include a quadratic term, as well as an intercept and slope to model 

growth over time. In addition, we decided to constrain the variance of the quadratic term 

to 0 after it was estimated to be negative in the time varying model in order to accurately 

compare the results of our time variant models to our time invariant models. Thus, the 

variance was constrained to be equal to zero in the time invariant models as well.  

We fixed the factor loadings using the average number of days after the first wave 

that the assessment was given for all participants. The second assessment was given an 

average number of 186.6 days after the first assessment across all participants. The next 

wave in the analysis was approximately 551.6 days after the initial assessment on average. 

This is about 3 times as much as the time span between the first two waves. As a result, we 

fixed the first time-point at 0, the second time-point at 1, and third time-point at 3. The last 

two time-points were freely estimated, because the initial values for these estimated time-

points (calculated in a similar manner as described above) did not result in good model fit. 

Thus, this is an unspecified latent growth model. Nonetheless, this slope will be referred to 

as linear for simplicity. We allowed for Type = General to use all available data and used 

a Maximum Likelihood Robust (MLR) estimator because the Math IRT scores were non-

normal (version 7.0 Muthén and Muthén, 1998-2015). Specifying that Estimator = MLR 
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allows for robust standard errors and chi-squared test statistics, but does not change 

parameter estimates. 

 An assessment of the time invariant model showed an adequate model fit. Complete 

model fit estimates can be found in Table 3. The Chi-Squared significance test is known to 

be inflated for large sample sizes, and with our sample size of 21,409 participants, it should 

not be trusted. The Root Mean Square Error of Approximation (RMSEA) was the only 

index to indicate a poor model fit, with a value of .088. (Browne and Cudeck, 1993). 

Nevertheless, the other indicators of model fit, such as the Comparative Fit Index (CFI), 

the Tucker-Lewis Index (TLI) and the Standardized Root Mean Square Residual (SRMR) 

indicated a good model fit since these values fell below the recommended cutoff values of 

.95, .95, and .08, respectively. (Keith, 2006). As a result of our adequate model fit, and 

intention of the study, we decided to retain our change model since we will be comparing 

it to a similar time varying model as presented by Aydin, et al. (2014). 

Table 3: Comparing Model Fit Statistics Between all Models 

MODEL RMSEA CFI TLI SRMR AIC BIC Adj. BIC 

Time Inv. Change .088 .983 .966 .031 602787.1 602906.4 602858.7 

Time Inv. Prediction .077 .984 .966 .027 628699.0 628858.4 628794.8 

Time Var. Change - - - - 562896.9 562983.3 562948.3 

Time Var. Prediction - - - - 586266.8 586392.7 586341.9 

 

 Because this is a pedagogical illustration, we will place little emphasis on the 

interpretation of the factor loadings on the Math IRT scores. Instead, we will examine the 

estimates in the mean structure portion and the covariance portions of our model at the 

factor level. In this model, our mean estimates for the initial status, linear change, and 

quadratic change were 25.775, 9.573, and 0.694 respectively, with each of the estimates 
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being statistically significant. As a result, the Math IRT scores seemed to begin with an 

estimated score of 25.775 on average. The growth also has an estimated linear increase of 

9.573 points for every unit of increase in time. In this case, the unit of increase is based on 

the average time between the first two time-points, so approximately 186.6 days. Similarly, 

the Math IRT score is estimated to have a quadratic increase of .694 units for every 186.6 

days, on average. The variance for the initial status was an estimated 77.736 points on the 

Math IRT scale with statistical significance. This suggests that there was significant 

variability where students began on Math IRT scores in Kindergarten. The variance for the 

linear effect was also significant, at an estimated 8.745 points, indicating significant 

variability across students in terms of linear growth. The estimated covariance between the 

initial status and the linear term was also significant, at an estimated 12.482 units on the 

Math IRT scale, suggesting that students who start with a higher Math IRT score tend to 

also increase at a faster linear rate. The variances and covariance above were also all 

significant as well. There is no variance estimated for the quadratic term, nor a covariance 

between the initial status and linear status with the quadratic factor because the variance of 

the quadratic term was set to 0 during model specification. These parameter estimates can 

be found in Table 4 below. 

Table 4: Comparing Parameter Estimates between Change Models 

 

Note: (Standard Error estimates are given in parentheses) All *’s indicate that p < .05. 

PARAMETER TIME INV. CHANGE MODEL TIME VAR. CHANGE MODEL 

µ𝛼  25.775* (0.063) 25.602* (0.066) 

µ𝛽1
 9.573*   (0.068) 12.471* (0.041) 

µ𝛽2
 0.694*   (0.023) -0.320*  (0.003) 

𝜎𝛼
2 77.736* (1.442) 80.409* (1.500) 

𝜎𝛽1

2  8.745*   (0.206) 4.029*   (0.064) 

𝜎𝛼𝛽1
 12.482* (0.265) 8.639*   (0.212) 
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Time Invariant Prediction Latent Growth Model 

 Here we present a latent growth model with an additional predictor of Math IRT 

scores with the use of Parental Education Status. Research has shown that parental 

education levels have a significant impact on a child’s educational achievement (Rainey 

and Murova), so we include this information as a predictor in our model. From the ECLS-

K dataset, all students were given a parental education rating, indicating the parents’ 

highest level of education. As previously described, these categories were combined into a 

dummy coded variable, with a value of 0 indicating that the parent did not have any college 

education, and a value of 1 indicating that the parent did have some college education. 

With the exception of this predictor variable, the model specification is identical to that of 

the growth model previously described. 

 Model assessment of the prediction model showed an adequate model fit, much like 

the growth model. Only the Root Mean Square Error of Approximation (RMSEA) showed 

a poor/adequate model fit, .077, while the other fit indices suggested a good model fit. See 

Table 3 for complete model fit statistics. Nevertheless, in order to make a correct 

comparison to the specification of the time varying models, we decided to retain this 

prediction model as well. 

 Because we now have a predictor in our model, we will shift our attention to the 

direct effects of the Intercept, Slope, and Quadratic factor when regressed on our observed 

dummy variable, Parental Education. Students whose parents have at least some college 

level education, have an intercept that is 6.165 points significantly higher, on average, than 

those whose parents do not have a college level education. The linear effect suggests that 
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students whose parents have some college education have a significant linear effect that is 

1.664 points higher on average than students whose parents do not have a college level 

education. Similarly, the significant quadratic effect indicates that these students have a 

quadratic factor that is .026 points higher on average than students with parents that do not 

have a college level education. In addition to the direct effects, we should note that the 

residual variance of the intercept was 68.614 points, while the residual variance of the 

linear effect is 8.025 points. Since both of these estimates were also significant, this implies 

that even after taking parental education into account, there is still significant variability in 

where students begin on the Math IRT scale as well as significant variability in linear 

growth. There is no residual variance for the quadratic effect because we fixed the variance 

to equal zero in model specification. Each of these parameter estimates can be seen in Table 

5 below. 

Table 5: Comparing Parameter Estimates between Prediction Models 

PARAMETER TIME INV. PREDICTION MODEL TIME VAR. PREDICTION MODEL 

𝛾𝛼 6.165*   (0.119) 6.140*   (0.123) 

𝛾𝛽1
 1.664*   (0.056) 2.230*   (0.057) 

𝛾𝛽2
 0.027*   (0.006) -0.108*  (0.004) 

𝜁𝛼
2 68.614* (1.316) 70.741* (1.354) 

𝜁𝛽1

2  8.025*   (0.195) 3.638*   (0.058) 

Note: (Standard Error estimates are given in parentheses) All *’s indicate that p < .05 
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Time Varying Latent Growth Model 

 In order to specify both of our time varying latent growth models, we again used 

MPlus software (version 7.0 Muthén and Muthén, 1998-2015). However, since we 

accounted for individual within-wave time variation, we did not fix time-points as in our 

previous models. Instead, each Math IRT score received a random time effect depending 

on when the individual was given the assessment. We indicated TYPE = Random to allow 

for the random intercepts and slope by individual (version 7.0 Muthén and Muthén, 1998-

2015). The DAYS variables used in our models each held the number of days after the 

initial assessment was given for that particular wave for the given individual. However, as 

stated previously, the DAYS variable was scaled down by dividing the number of days by 

the average number of days between the first and second assessment. As a result, for all 

individuals, DAYS1 had a value of 0, while DAYS2 varied by individual, with all 

individuals centered at a value of 1 (186.64 days). Similarly, DAYS3 varied by individual, 

with all DAYS3 values centered at 2.96 (551.64 days), and so on. The growth was modeled 

using an initial status, a linear component, and a quadratic component as in our previous 

models.  

 Although entire model fit indices are not available for these types of models, MPlus 

does provide information criteria such as the Akaike Information Criterion (AIC), the 

Bayes Information Criterion (BIC) and a sample-size adjusted Bayes Information 

Criterion. With AIC = 562896.9, BIC = 562983.3 and adjusted BIC = 562948.3, we can 

see that these are all considerably lower than the corresponding criteria values from the 

time invariant change model. This suggests that the change model that does account for 
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within wave time variation is a more appropriate model for the growth of Math IRT scores 

(Keith, 2006). The fit statistics can be observed in Table 3 above. 

 In comparison to the time invariant growth model, the parameter estimates of the 

means of the intercept, linear effect, and quadratic effect do not seem to differ drastically. 

The mean intercept for the time varying model is 25.602, the mean linear effect is 12.471, 

and the mean quadratic effect is -.320, each with statistical significance. Among these three 

estimates, the intercept is very close to that of the time invariant model, while the linear 

effect seems to change the most in magnitude. Although the mean for the quadratic effect 

does not change significantly in magnitude, it should be noted that the quadratic effect 

changes signs. This suggests that the two growth patterns actually predict very different 

long term effects since the time invariant model predicts a positive quadratic effect, and 

the time varying model predicts a negative quadratic effect. 

 We observed changes in the variance of the intercept and linear slope, also. The 

variance of the intercept increases from 77.7 to 80.4 after accounting for within wave time 

variation, suggesting that students have slightly more variation in their starting values. The 

variation in the linear effect actually decreases, however, from 8.7 to 4.0, suggesting less 

variability in linear growth among individuals. Finally, the covariance between the 

intercept and linear effect also decreased from 12.5 to 8.6. Each of the estimates above 

showed statistical significance. Our results suggest that before taking the variability in 

measurement occasions into account, the variability in assessment dates seems to have been 

displaced in the variation of the linear effect, suggesting more variation in growth than 
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there really is. However, when we account for the variability in assessment dates, the 

variation in the linear effect decreases. 
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Time Varying Prediction Latent Growth Model 

 Finally, we present our prediction model that accounts for within-wave time 

variation. As before, this model is identical to our previous model, with the exception of 

the Parental Education (PARED) exogenous variable. We have regressed initial status, a 

linear effect, and a quadratic effect on Parental Education variable to model the growth of 

the Math IRT scores. An examination of the model fit statistics again suggest that this 

model is favorable to the time invariant model. The AIC = 586266.8, BIC = 586392.7 and 

adjusted BIC = 586341.9 are all lower than their respective values in the time invariant 

prediction model. You may refer to Table 3 for complete model fit statistics on the four 

models. 

 Parameter changes that are of interest are the direct effects of the predictor on the 

intercept, slope, and quadratic effect, as well as the residual variances of the intercept and 

linear slopes. In the prediction models we find that the direct effect of parental education 

on the intercept remains relatively unchanged after accounting for variability in time-point 

measurements, dropping from 6.17 to 6.14. Also, the effect of PARED on the linear term 

also increases, while the effect of PARED on the quadratic term slightly decreases. After 

taking parental education into account, the residual variance of the intercept increased for 

the time varying model from 68.6 to 70.7, while the residual variance of the linear effect 

decreased from 8.0 to 3.6. Each of the estimates discussed above were also statistically 

significant, indicating that after taking parental education into account, there is still 

significant variation in the intercept and linear slope for the growth of Math IRT scores. 

Thus, with our prediction model, as with our change model comparison, we observe 
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parameter changes that suggest that the assessment date variability is being observed in the 

variation of the linear growth effect. After accounting for this variation, the residual 

variance of the growth effect decreases substantially. The comparison of the parameter 

estimates for both prediction models is shown in Table 5 above. 
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Conclusion 

 The purpose of this study was to understand the effects of different methods of 

modeling longitudinal data. Although researchers often analyze such data by assuming that 

individuals measured at each wave of data are measured simultaneously, large data sets 

typically cannot meet this assumption. Nevertheless, in traditional latent growth modeling 

under the Structural Equation Modeling framework, time-points are fixed, suggesting that 

all individuals are treated as having been measured at equal time intervals. To explore this 

issue, we presented an empirical analysis, using Mathematics Item Response Theory 

Scores from the Early Childhood Longitudinal Study, following a Kindergarten cohort 

through the 8th grade. We modeled the growth of Mathematics scores using an intercept, 

linear, and quadratic effect, and compared parameter estimates using four models: a time 

invariant change model, a time invariant predictor model, a time varying change model, 

and a time varying predictor model. We did notice some differences in parameter estimates, 

particularly with the mean of the linear and quadratic effect in the change models, as well 

as the direct effect of our predictor variable on the linear and quadratic effect in the change 

models. More interestingly, we noticed that the residual variance of the linear growth factor 

seemed to decrease substantially after accounting for variation in assessment dates. This 

could indicate that without accounting for this within-wave variability, the linear growth 

factor may vary more than it actually does. As a result, we suggest that ignoring within 

wave variability in assessment dates should not be ignored as it may change the growth 

estimates. However, throughout our analysis, we did constrain the variance of the quadratic 

effect to be equal to 0, as was done in previous examples of this context. It will be 
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interesting to investigate if allowing the quadratic effect to vary will cause the estimates of 

the quadratic effect to change at all. In addition, our time invariant models had an RMSEA 

value above the threshold of good model fit. As a result, this possible misspecification may 

also have resulted in other changes in our parameter estimate differences. Also, there may 

be bias with respect to missing data. Further substantive inferences would not 

recommended until this issue is resolved. 
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Appendix 

 
 Here we present the MPlus code used to estimate each of the four models used in 

our study. 
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