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The main goal of this research is to propose a specification to model the unobserved

heterogeneity in count outcomes. A negative binomial likelihood is utilized for modeling

count data. Unobserved heterogeneity is modeled using random model parameters with

finite multi-variate normal mixture prior structure. The model simultaneously accounts

for potential spatial correlation of crash counts from neighboring units. The model ex-

tracts the inherent groups of road segments with crash counts that are equally sensitive

to the road attributes on an average; the heterogeneity within these groups is also allowed

in the proposed framework. This research employs a computationally efficient Bayesian

estimation framework to perform statistical inference of the proposed model. A Markov

Chain Monte Carlo (MCMC) sampling strategy is proposed that leverages recent theo-

retical developments in data-augmentation algorithms, and elegantly sidesteps many of

the computational difficulties usually associated with Bayesian inference of count models.
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Chapter 1

Introduction

1.1 Motivation

National Highway Traffic Safety Administration (NHTSA) reported an overall

decline of 22.7 percent in the occupant fatality rate (per 100,000 population) from 1975 to

1992, which further decreased by 31.1 percent from 1992 to 2012. Although a substantial

improvement has been witnessed in terms of road safety during last 35 years, about 35,000

fatalities and about 1.7 million injuries are still being reported annually in highway vehicle

crashes during 2003-2012 [NHTSA, 2014]. In 2010, NHTSA estimated traffic crashes in

the United States accounted for over $ 277 billion in economic losses [Blincoe et al.,

2014]; this is about $897 per individual distributed among 308.7 million people living

in the United States. To place it in perspective, the cost of traffic crashes is reportedly

more than two and one-half times the cost of congestion in urban areas [Herbel et al.,

2010]. The alarming crash statistics and the associated economic and social costs call for

impending safety countermeasures across the United States.

Roadway safety is often measured in terms of either crash frequency or crash

severity. Crash frequency is defined as the total number of crashes associated with a

candidate site during a time period. Crash severity is defined as the injury severity level

of the most severely injured individual involved into a road accident. Crash frequency

is generally modeled using discrete probabilistic distributions such as Poisson, Negative

binomial distributions. Crash severity is expressed in terms of discrete severity levels,

and typically modeled using discrete choice models such as ordered probit/logit and
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multinomial probit/logit. The probability of crash occurrence at a candidate site is of

interest while assessing its crash vulnerability. On the other hand, crash severity modeling

estimates the probability of a crash to fall under a given severity category conditional

on the crash occurrence. Crash frequency modeling is more suitable for site screening

applications; crash severity measure becomes relevant while performing individual crash

level analysis. In this research crash frequency (or crash count) was selected as the

response variable. Mannering and Bhat [2014] presented a historical overview of the

evolution of statistical specifications in the roadway safety research and identified several

methodological barriers. The authors highlighted that the adoption of new methodologies

is indeed essential in the field of roadway safety research to address several statistical

issues including unobserved heterogeneity, spatial and temporal correlation that may

potentially impact the precision of resulting crash predictions, thereby affect site ranking

and budget allocation.

Bayesian predictive methods have been widely used for the analysis of road safety

data and recently gaining further popularity due to the availability of efficient algorithmic

techniques for the parameter estimation. Bayesian methods allow to conveniently com-

bine prior knowledge on model parameters (if any), and update the prior distributions of

the model parameters by incorporating the observed crash data; this is often desired in

road safety management. Bayesian modeling framework facilitates to periodically update

the predictive model parameter distributions upon the arrival of the newer data. Such

framework is useful in infrastructure management applications as data are collected an-

nually. Bayesian methods circumvent numerically cumbersome likelihood maximization

of complex statistical models, particularly with count or discrete outcomes Huber and

Train [2001]. Bayesian inference also provides full posterior distribution of any function

of the model parameters. For instance, Bayesian count specifications facilitate inferences

on individual site ranks, which facilitate probabilistic site ranking of road segments.
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1.2 Main objectives

The main goal of this research is to propose a specification to model the un-

observed heterogeneity in count outcomes. A negative binomial spatial with random

parameters (NBSRP) model is progressively developed for analyzing crash data over a

few years. The unobserved heterogeneity is incorporated using a finite multi-variate nor-

mal mixture prior on the random parameters. The model extracts the inherent groups

of road segments with crash counts that are equally sensitive to the road attributes on

an average; the heterogeneity within these groups is also allowed in the proposed frame-

work. The NBSRP model simultaneously accounts for potential spatial correlation of

the crash counts from neighboring road segments. It is potentially useful in the context

of road safety management to identify the road segments that may respond to similar

safety treatments and also the strength of the spatial dependence of crash frequencies on

contiguous road segments.

This research employs a computationally efficient Bayesian estimation framework

to perform statistical inference on the proposed models. A Markov Chain Monte Carlo

(MCMC) sampling strategy is proposed that leverages recent theoretical developments

in data-augmentation algorithms, and elegantly sidesteps many of the computational

difficulties usually associated with Bayesian inference of count models.

1.3 Organization

This report is organized into five chapters. The subsequent chapter provides a

comprehensive review of the literature pertaining to statistical issues such as unobserved

heterogeneity and spatial correlation in count models. Third chapter describes the model

specification and a Gibbs sampling framework to facilitate the posterior inference. An

empirical example is provided in the fourth chapter to demonstrate the applicability of
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the proposed models in road safety. The report is concluded with a summary of major

findings and a note on future work.
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Chapter 2

Literature review

This chapter summarizes a comprehensive review of the existing literature on crash

count modeling. Several modeling approaches for modeling unobserved heterogeneity and

spatial correlation are also discussed. A review of existing literature on the influence of

road features on crash outcomes is also provided towards the end of this chapter.

2.1 Crash frequency modeling

Poisson regression is the most widely used, elementary specification for model-

ing non-negative discrete crash count data [Cameron and Trivedi, 1998]. However, the

equidispersion restriction (equality of mean and variance) disqualifies Poisson regression

model to model over-dispersed crash count data. Negative Binomial (NB) models are

among the most common probabilistic models utilized by road safety analysts as they

account for over-dispersion of the crash count data. The simplicity of the mathematical

structure and interpret-ability of the model parameters promoted the use of NB models

in road safety [Hauer, 1997]. A vast body of research studies proposed sophisticated

NB likelihood based count models that account for statistical issues such as unobserved

heterogeneity, selectivity bias, and spatial and temporal correlations. This research fo-

cuses on addressing unobserved heterogeneity and spatial correlation. A comprehensive

literature review on incorporating such statistical issues into crash frequency modeling is

provided below.
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2.2 Unobserved heterogeneity

Road segments with identical site-specific attributes often exhibit significantly

different crash outcomes. The influence of the site-specific attributes may vary across

the road segments due to unobserved reasons; this is termed as unobserved heterogeneity.

A wide variety of model specifications have been proposed in the literature to account

for unobserved heterogeneity. Unobserved heterogeneity is typically modeled by using

fixed and random effects (random parameters) in the econometric literature. Model

specifications may be categorized based on the distributional assumption on the random

parameters. The following three distributions are generally used in the literature to

model random parameters:

• Continuous distribution

• Finite mixture distribution

• Finite mixture of continuous distributions

Continuous distribution:

The parameters of the explanatory variables may be assumed to be randomly generated

according to an underlying continuous probability distribution. In other words, the sensi-

tivity of the outcome to the individual attributes is not identical across the observations;

thereby, it introduces taste variation. For instance, Anastasopoulos and Mannering [2009]

utilized negative binomial specifications with random regression parameters for modeling

the crash frequencies. The regression parameters were assumed to be independent and

Gaussian distributed. Wu et al. [2013], Chin and Quddus [2003], Ukkusuri et al. [2011]

also employed similar random parameter negative binomial models to capture unobserved

heterogeneity while modeling crash count data spanning across multiple years.
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Finite mixture distribution:

A finite mixture distribution assumes the presence of latent groups of subjects that re-

spond similarly to the explanatory variables within a given population [Xiong and Man-

nering, 2013]. The finite mixture models are semi-parametric, thereby does not require

any distributional assumptions for the mixing variable [Deb and Trivedi, 1997]. Deb and

Trivedi [1997] describe the finite mixtures as natural representation of the underlying

heterogeneity in terms of latent classes, which may be interpreted as inherent “types”.

Several studies in road safety, marketing, health care etc. employed finite mixture count

models. For example, Wedel et al. [1993] proposed a Poisson finite mixture model for-

mulation to model the number of purchases in a marketing research context. The mean

parameter of the Poisson distribution varies across a set of finite number of classes, which

is modeled using discrete finite mixture distribution. Park and Lord [2009] investigated

the possibility of employing finite mixture negative binomial models to capture the unob-

served heterogeneity of the crash count data. The proposed models assume that the crash

data are generated from a population comprising of several distinct negative binomially

distributed latent groups with distinct parameters. Individual observations belongs to

either of these mixture components (or latent groups) with a certain probability, which

is essentially the respective mixture weight. The probability of a given subject belonging

to a particular latent group may vary across the subjects. Zou et al. [2013] extended the

previously proposed (by Park and Lord [2009]) finite mixture negative binomial model by

incorporating attribute dependent mixture weights. The authors showed that the finite

mixture negative binomial models with varying mixing weights are superior than the

models with fixed weights. Zou et al. [2014] further investigated several functional forms

to model the mixing weights using site attributes in a two-component finite mixture

negative binomial model; they recommended modeling the mixing weights as a func-

tion of length raised to a power. Deb and Trivedi [1997]modeled counts of medical care

utilization using a finite mixture negative binomial models for a health care research

7



application.

In the context of modeling consumer heterogeneity, Otter et al. [2004] compared

the random parameter models and the latent class or finite mixture models using sim-

ulated datasets. Random parameter models tend to outperform over the latent class

models, if the underlying parameter distribution is strictly continuous. On the other

hand, if the underlying distribution is discrete, latent class models tend to outperform

over the random parameter models with adequate informative sample size.

Finite mixture of continuous distributions:

The finite mixture models may be extended to incorporate across group heterogeneity

by allowing the model parameters to vary within the sub-groups. For instance, a recent

study by Xiong and Mannering [2013] incorporated unobserved heterogeneity into crash

severity modeling using random parameters that are distributed as a mixture of multi-

variate Gaussian kernels. The proposed mixture modeling approach allows for skewness,

multimodality, and heavy-tails in the random regression parameter distributions. The

model assumes the presence of sub-populations that differ from the global population in

terms of the influence of explanatory variables on the model outcome. The mixture of

multi-variate Gaussian kernels facilitates modeling component-specific unobserved het-

erogeneity, while simultaneously allowing for individual-level unobserved heterogeneity

within each component. The empirical analysis demonstrated the presence of two mix-

ture components, which represents two distinct driving environments that affect the

crash injury severity of the adolescent drivers. Another study by Xiong et al. [2014] em-

ployed Markov Switching Random Parameters Ordered Probit (MSRPOP) models for

modeling panel crash-injury severity data. The proposed model structure simultaneously

handles the unobserved time-varying and time-constant heterogeneity effects on latent

crash-injury severity propensity within the underlying ordered probit model structure.

The heterogeneity arising within road segments for any given time period is modeled
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using the random ordered probit regression parameters. The random regression param-

eters were assumed to be normally distributed at any given time period. The study

hypothesizes that road segments switch between two latent safety states according to a

first order, but not necessarily stationary, Markov switching process. The earlier stud-

ies have utilized the random parameter specifications with finite-mixture distributions

while accounting for within-group variation in the case of crash injury severity modeling.

Such random parameter specifications are rarely proposed in the road safety literature

for modeling crash frequency. In this research, a random parameters negative binomial

count model with finite mixture multivariate normal structure on the random parameters

is proposed.

2.3 Spatial correlation

Relatively close road segments arguably possess common unobserved features,

thereby inducing a correlation between the crash counts of road segments within a neigh-

borhood —spatial correlation. Incorporating spatial correlation among the adjacent road

entities significantly improves the model prediction accuracy [Quddus, 2008]. Spatial cor-

relation may be incorporated using a spatially correlated mixing variable. Spatial error

correlation specifications allow for the dependence of the outcome variable at a given

location on the unobserved attributes of the neighboring spatial units. A vast body of

literature employed Gaussian Conditional Autoregressive (CAR) specification for mod-

eling spatially correlated random effects [Miaou and Song, 2005, Aguero-Valverde and

Jovanis, 2008, Ahmed et al., 2011, Yu et al., 2013, Noland et al., 2013, Wang and Kock-

elman, 2013, Zeng and Huang, 2014]. CAR specification involves a weight matrix that

controls the extent of spatial dependence; distance-based and neighborhood-based weight

matrices are generally used. For example, Noland et al. [2013], Miaou and Song [2005] in-

corporated the spatial correlation using Conditionally Autoregressive (CAR) model with
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a spatial weight matrix constructed using a negative exponential decay function based

on the distance between block centroids or spatial units. Aguero-Valverde and Jovanis

[2008] utilized a neighborhood-based weight matrix to construct CAR specification; the

neighbors are defined based on the adjacency of the spatial units. Count models involv-

ing CAR specifications are typically estimated through Bayesian inference using MCMC

methods.

Another way to induce spatial dependency among the neighboring road segments

is through spatial lag based specifications. In addition to random spatial effects, spatial

lag specifications also allow for the dependence of the outcome variable on the observed

attributes of the neighboring spatial units. For example, Narayanamoorthy et al. [2013]

employed such spatial lag specification for developing a multivariate count model. The

model was estimated using composite maximum likelihood method by recasting the count

model as a special case of generalized ordered response (GOR) model (see Castro et al.

[2012] for details on recasting).

2.4 Estimation issues

Several classical and Bayesian estimation techniques have been utilized in the

literature to estimate random parameter and finite mixture models. Simulation-based

Maximum Likelihood Estimation (MLE) with Halton draws 1 have been widely used

for estimating the parameters of the aforementioned random parameter models [Anasta-

sopoulos and Mannering, 2009, Ukkusuri et al., 2011, Anastasopoulos et al., 2012, Wu

et al., 2013]. As an alternative to Maximum Simulated Likelihood (MSL) based esti-

mation, Bhat [2011] proposed Maximum Approximate Composite Marginal Likelihood

(MACML) to circumvent the computational difficulties associated with MSL. Subse-

1see Bhat [2003] for details on the Halton draws
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quently, Bhat and Sidharthan [2012] employed the MACML approach to estimate a

panel multinomial probit model with skew-normally distributed random parameters. In

the context of mixture models, Wedel et al. [1993] utilized an Expectation-Maximization

(EM) algorithm to estimate the Poisson finite mixture model structure. Park and Lord

[2009] mentioned that the traditional EM algorithm may not be very suitable to esti-

mate mixture count models as it requires many different starting values for finding global

maximum. In case number of mixture components are unknown and to be estimated,

Bayesian method is the only sensible way for mixture model estimation [Richardson and

Green, 1997]. Park and Lord [2009] mentioned that full conditional posterior distribu-

tions of the model parameters (both dispersion and regression parameters) of the NB

mixture model do not belong to any standard distributional family. Therefore, the study

utilized random walk Metropolis algorithm with a normal proposal density, and a data

augmentation step with a latent component membership indicator variable for performing

posterior inference; the Metropolis acceptance rates were reported to be 25% to 45%. To

estimate a finite mixture random parameter binary probit model, Xiong and Mannering

[2013] employed a data augmentation step, proposed by Albert and Chib [1993], prior to

the MCMC implementation to improve the computational efficiency while keeping the

parameter inferences unchanged. The augmented posterior conditionals offer tractable

full conditional distributions for Gibbs sampling.

In this research, two recently proposed data augmentation techniques are em-

ployed to derive the full conditional distributions of the model parameters. First, a

Polya-Gamma distribution based technique is utilized to transform the discrete negative

binomial likelihood into a conditionally Gaussian likelihood; this allows to construct a

conditionally Gaussian posterior distribution for the vector of regression parameters. Sec-

ond, a compound Poisson representation of the negative binomial likelihood is utilized

to derive a closed-form update equations for the dispersion parameter. The proposed
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data-augmentation techniques thus allow to construct a Gibbs sampler with closed-form

update equations using conjugate non-informative prior distributions.

2.5 Influence of road features

A few earlier studies investigated the influence of road features such as pavement

condition, geometric, and traffic attributes on the respective crash counts. International

Roughness Index (IRI), surface rutting, median barrier presence, interior shoulder width,

horizontal curve’s degree of curvature, and AADT were generally reported as the signif-

icant predictors in crash frequency and crash rate models [Anastasopoulos et al., 2012,

Shively et al., 2010, Anastasopoulos and Mannering, 2009, Ihs et al., 2002]. Anastasopou-

los and Mannering [2009] emphasized the need for incorporating unobserved heterogene-

ity as the effect of these variables varied across the road segments. They reported that

lower crash frequencies were associated with the road segments carrying lower traffic

volume, while a minor portion of such road segment witnessed higher crashes. Shiv-

ely et al. [2010] reported a non-linear increasing relationship between AADT and the

expected crash counts. Presence of median barrier was reportedly associated with re-

duced number of crashes, while wider shoulders were generally associated with larger

number of accidents [Anastasopoulos and Mannering, 2009, Shively et al., 2010]. Road

surfaces with inferior ride quality (high IRI) values were reported to be generally associ-

ated with higher crash frequency and higher crash rates [Anastasopoulos and Mannering,

2009, Anastasopoulos et al., 2012, Ihs et al., 2002]. Surface rutting was reported to be

positively associated with crash rates [Anastasopoulos et al., 2012]; on the other hand,

the road segments with significant rutting were associated with lower crash frequencies

[Anastasopoulos and Mannering, 2009]. Anastasopoulos et al. [2012] reported a negative

correlation between crash counts and overall road condition.
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Chapter 3

Modeling unobserved heterogeneity in count data

In this chapter, a negative binomial spatial random parameters (NBSRP) count

model is proposed to simultaneously address three important characteristics of road crash

count data:over-dispersion, spatial correlation, and unobserved heterogeneity. A hierar-

chical specification that accommodates these issues is progressively developed as follows.

First, the Poisson specification is modified by introducing Gamma-distributed random

effects thereby specifying a Poisson-Gamma mixture likelihood, which is re-parametrized

as a negative binomial likelihood. Subsequently, a finite mixture multi-variate normal

distributed random parameters are specified to accommodate the unobserved heterogene-

ity. Spatial dependence is simultaneously incorporated using spatially correlated random

effects that are generated through Intrinsic Conditional Autoregressive (ICAR) prior.

3.1 Model development

Let yit denote the observed uni-variate crash count on ith road segment (i ∈
{1, 2, ...n}) during tth year (t ∈ {1, 2, ...T}); n represents the total number of road seg-

ments and T represents the number of years. We define Xit = [xit1, xit2, ...., xitk] as the

k × 1 vector of time-varying attributes corresponding to the crash count observation yit.

Time-invariant attributes are also denoted using the same notation, although the value is

constant across the time for the sake of notation. First, we assume that the crash counts

are Poisson distributed and fully characterized by the mean parameter (λit). Incorporat-

ing a random effect into the crash rate parameter removes the underlying equidispersion
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restriction (equality of mean and variance) imposed by Poisson regression model and

induces over-dispersion. Assuming strictly positive Gamma distributed random effects

(εit) produces a Poisson-Gamma mixture model, which turns out to be negative binomial

model upon marginalizing the random effects. Let pit and r be the probability and dis-

persion parameters of the negative binomial likelihood corresponding to yit. We model

the probability parameter pit as a function of road segment specific attributes (Xit). The

site-specific attributes may be divided into two groups based on their effect on the re-

spective crash count. Let XF
it = [xFit1, x

F
it2, ...., x

F
itp] denote the p× 1 attribute vector with

fixed coefficients γ = [γ1, γ2, ...γp] respectively. And, XR
it = [xRit1, x

R
it2, ...., x

R
itq] denote the

q×1 attribute vector with random coefficients βi = [βi1, βi2, ...βiq] respectively. The total

number of attributes, p+q is equal to k. Note that the random parameters are estimated

for each ith road segment using T data records from each year. In this specification, we

assume independence of crash counts across years. To justify the absence of significant

temporal trends, we used only four years of crash data. Additionally, a spatially corre-

lated random effect (φi) is also included while modeling the probability parameter. A

detailed description of the distributional assumptions on both random parameters and

spatial random effects is described later. The proposed distribution of crash counts on

the contiguous road segments is shown in Equation 3.1.

yit ∼ NB(r, pit) (3.1)

pit =
eψit

1 + eψit
; ψit = XF

it

′
γ +XR

it

′
βi + φi

3.1.1 Finite mixture multivariate normal distribution

The vector of random parameters βi corresponding to an observation i is hier-

archically modeled as a finite mixture of multivariate normal distributions as shown in

Equation 3.2. Let µc and Σc be the component specific mean vector and covariance
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matrix corresponding to cth component; c ∈ {1, 2, ...C}, where C is the total number

of mixture components. In this dissertation, we explored specifications with C values

ranging from 2 to 4. ηc denote the mixture weight corresponding to cth component.

βi ∼
C∑
c=1

ηcN(µc,Σc); s.t.
C∑
c=1

ηc = 1 (3.2)

where, µc = [µc1, µc2, .....µcq] is component mean of the random parameters corresponding

to q attributes (XR) with random parameters; Σc is the component covariance matrix

(q × q) of the random parameters.

Modeling the random parameters using the proposed finite mixture of multivari-

ate normal distributions circumvents the need to make distributional assumptions on the

random parameters. The model assumes the presence of C sub-groups of road segments

each with identical distributions on the random parameters; it is potentially useful to

identify latent “types” of road segments. Each road segment belongs to either of these

sub-groups with a probability ηc. Identifying the presence of latent sub-groups is poten-

tially useful in the context of road safety management to discover the road segments that

may respond to similar safety treatments. In addition to the heterogeneity arising due to

the such grouping, the road segments may respond differently to the identical attributes

within each sub-group. The vector of random parameters corresponding to road segments

within each sub-groups are assumed to be jointly generated by respective multivariate

normal distributions to allow the within group heterogeneity. By specifying a joint dis-

tribution, the proposed model allows for correlation across different random parameters

(off-diagonal elements are not restricted to zero). Thus, the proposed model structure

exploits the advantages of both finite mixture models and the random parameter models

for modeling unobserved heterogeneity.
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3.1.2 Intrinsic conditional autoregressive priors

Relatively closer road segments may be correlated due to common unobserved

reasons —spatial correlation. Spatial correlation may be incorporated using spatially

correlated random effects as shown in 3.1. Spatial random effects (φi) are typically

generated form normal distribution with real support (φi ∈ (−∞,∞)). Conditionally

Auto Regressive (CAR) priors, originally proposed by Besag [1974] are increasingly be-

ing used in the context of hierarchical spatial models to generate spatially correlated

random effects[Banerjee et al., 2004]. Employing CAR priors facilitate relatively easier

and computationally efficient implementation of the Gibbs sampling, particularly with

Gaussian likelihoods. The Polya-Gamma data augmentation scheme transforms negative

binomial likelihood into conditionally Gaussian likelihoods thereby eases the incorpo-

ration of CAR priors (further described in model estimation section). A Gaussian or

autonormal CAR prior (shown in Equation 3.3) specifies prior probability distribution of

the spatial random effect corresponding to ith road segment, given that of the remaining

road segments.

p(φi|φ−i) ∼ N

(∑
j

bijφj, τ
2
i

)
, i ∈ {1, 2, ...n} (3.3)

A proximity matrix (W) that governs the extent of spatial dependence across

the road network is defined. Either a neighborhood-based (binary) or distance-based

proximity matrix (need not be a row-stochastic matrix) with zero diagonal elements

is typically utilized. In order to ensure the symmetry of the covariance matrix (i.e.

(I − B)−1D), bij =
wij
wi+

and τ 2
i = τ2c

wi+
are commonly used. A neighborhood-based

proximity matrix is adopted in this study. wij = 1, if i and j are first-order1 neighbors;

1First-order neighbors are immediate neighbors of a road segments, while second-order neighbors are
neighbors of the immediate neighbors)
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wij = 1/2, if i and j are second-order neighbors and so on; otherwise wij = 0. The

intuition behind such weight matrix is trivial; the closer road segments have greater

influence than the farther road segments.

The n-dimensional joint prior distribution of the spatial random effects is obtained

by combining their individual full conditional prior distributions (shown in 3.3) using

Brooks Lemma (see Equation 3.4).

p(φ) ∝ exp

(
−1

2
φTD−1(I −B)φ

)
(3.4)

where, φ = [φ1, φ2, ...φn]T , D is a diagonal matrix with Dii = τ 2
i and B = {bij}, and

τ 2
i = τ2c

wi+
. Hyper prior can be used to learn τc rather than providing a fixed prior value,

which is often unavailable.

The propriety of the joint density of the spatial random effects is another concern

as the matrix D−1(I−B) is clearly singular, so that the covariance matrix does not exist.

Many earlier studies in road safety have introduced ρ parameter in the full conditional

mean2 of the spatial random effects to circumvent the issue of improper3 joint distribu-

tion. Also, the ρ parameter has been extensively utilized as a proxy for the strength of

underlying spatial correlation among the crash counts across road network. On the other

hand, it is reported that the ρ parameter does not compare well with other descriptive

measures of spatial association such as Moran’s I or Geary’s C (see Banerjee et al. [2004]

page 78 for discussion). Banerjee et al. [2004] mentioned that ρ can mislead the analyst

regarding the inferences on the strength of spatial correlation, particularly in the context

of CAR priors. Interestingly, Banerjee et al. [2004] did not provide any guidelines on the

inclusion of the ρ parameter, but remained neutral. Also, introduction of the ρ results

2bij =
Wij

Wi+
is replaced with bij = ρ

Wij

Wi+
3An improper probability distribution has a precision matrix that is not of full rank
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in a prior mean that is only a proportion of the neighborhood weighted average; there is

no intuitive reason behind such prior mean. We opted not to include the ρ parameter;

specifically, spatial random effects are modeled using an improper CAR (often termed as

Intrinsic CAR (ICAR)) prior.

Bayesian estimation is utilized to perform statistical inference on the parameters

of the proposed NBSRP model; the model parameters are treated as random variables in a

Bayesian framework. Any Bayesian model specification is complete with the specification

of the prior beliefs on the model parameters. We chose to utilize conjugate priors on the

model parameters in order to be able to derive analytically tractable full conditional

posterior distributions as described in the next subsection. In summary, the following

hierarchical specification is utilized for crash frequency modeling within this study.

yit ∼ NB(r, pit), i ∈ {1, 2, ...n}; t ∈ {1, 2, ...T}

pit =
eψit

1 + eψit
; ψit = XF

it

′
γ +XR

it

′
βi + φi

βi ∼
C∑
c=1

ηcMVNq(µc,Σc); c ∈ {1, 2, ...C};

ηc ∼ Dirichilet(α0, ...α0);µc ∼MVNq(b0, B0); Σ−1
c = Λc ∼ Wish4(ν0, V0);

φi|φ−i ∼ N

(∑
j

wij
wi+

φj,
τ 2
c

wi+

)
γ ∼MVNp(g0, G0); r ∼ Gamma5(r0, h); h ∼ Gamma(ha0, hb0)

1/τ 2
c = Pc ∼ Ga(c0, d0)

A multivariate normal prior is used for the fixed parameter vector γ and the com-

ponent specific random parameter mean vectors muc. The component specific covariance

4Wish(ν, V ) is Wishart distribution with mean νV
5Gamma(α, β) is Gamma distribution with mean α/β
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matrices Σc are re-parametrized into respective precision matrices Λc and a Wishart prior

is assumed for obtaining posterior inference. A Dirichilet prior is imposed on the mix-

ture weight vector η. A Gamma prior is utilized for posterior inference on the dispersion

parameter r along with a hyperprior to tune the scale parameter h.

3.2 Bayesian posterior inference

A Gibbs sampling algorithm is utilized to perform MCMC simulations for con-

structing the joint distribution of the model parameters. MCMC samples are generated

iteratively drawing from full conditional posterior distributions of the individual parame-

ters (see Gamerman and Lopes [2006] for details on MCMC simulation). Full conditional

posterior distributions of the model parameters (both dispersion and regression parame-

ters) of the negative binomial model do not belong to any standard distributional family

[Park and Lord, 2009]. Although, Metropolis-Hastings (M-H) algorithm is a great alter-

native sampling technique (used by WinBUGS), it is often associated with slow mixing

thereby delaying attainment of stationarity in MCMC chains (see Van Dyk and Meng

[2001] for discussion). To avoid M-H algorithm, we used data augmentation techniques in

this research and constructed analytical posterior probability distributions. Data Aug-

mentation technique involving intermediate latent random variables is a technique to

construct analytically tractable posteriors (only up to proportionality constant) in the

statistics literature (see Van Dyk and Meng [2001] for discussion on the art of data

augmentation). In this research, we simultaneously utilized three data augmentation

techniques for deriving full conditional distributions. The analytical full conditional dis-

tributions are derived for the model parameters to facilitate Gibbs sampling as described

below.
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3.2.1 Data Augmentation

Bayesian inference of r:

Zhou et al. [2012] proposed a data-augmentation based Bayesian inference procedure for

the dispersion parameter (r) of negative binomial likelihoods using compound Poisson

representation. Negative binomial random variables can also be generated using sums of

Logarithmic random variables under compound Poisson distribution [Quenouille, 1949].

Data augmentation is achieved by introducing a Poisson distributed random variable

Li (see Appendix A for details on Li). The full conditional posterior distribution of

r|L is constructed using the conjugacy of the Poisson likelihood and non-informative

Gamma prior. Details on the derivation of the Gamma distributed conditional posterior

distribution of r are shown in Appendix B.

Introducing latent component labels:

The proposed finite mixture random parameter structure is parametrized in terms of the

component-specific means (µ1, ..., µC) and covariance matrices (Σ1, ....,ΣC). A latent n×1

component label vector (G) representing the component membership of the nth road seg-

ment is introduced into the estimation process. In other words, Gi = {c : c ∈ {1, 2...C}}

if the the ith road segment belongs to the cth component. Latent component labels facil-

itate the Bayesian estimation of the component-specific parameters. Upon conditioning

on the G vector, the random effect vectors (βi) essentially becomes independent mul-

tivariate Gaussian draws within each mixture component; thus, a component specific

likelihood is constructed.

Bayesian inference of β1:n,γ, µ1:C, Σ1:C:

A recently developed data augmentation strategy for fully Bayesian inference in models

with negative binomial likelihoods using Polya-Gamma random variables is adopted in

this study (see Polson et al. [2013]). Polya-Gamma random variables (ωit) are introduced

into the hierarchical specification, which in turn assist in building analytical conditional
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posterior of negative binomial regression coefficients. Polson et al. [2013] proved that

binomial likelihoods parametrized by log-odds can be written as mixtures of Gaussians

with respect to Polya-Gamma distribution. The finding is very useful as it translates

the discrete negative binomial model to convenient Gaussian form upon conditioning on

the latent Polya-Gamma random variables. A brief description of Polya-Gamma random

variables and the details on transformation of negative binomial likelihood into condi-

tionally Gaussian likelihood are provided in Appendix A. The conditionally Gaussian

likelihood combined with a conjugate prior structures allows to construct respective an-

alytically tractable posterior distributions.

The posterior samples of the fixed and random parameters, and component spe-

cific means are blocked together in each MCMC iteration. In other words, the poste-

rior draws of {β1:n,γ, µ1:C} are sampled from a joint full conditional distribution. The

joint full conditional distribution of β1:n,γ, µ1:C is constructed by employing the afore-

mentioned Polya-Gamma data augmentation; the conditionally Gaussian likelihood is

combined with respective multivariate normal conjugate priors (see Appendix B). The

blocking of random effects, component specific mean vectors, and fixed regression param-

eters improves the convergence speed by accelerating the mixing of the MCMC chains

[Frhwirth-Schnatter et al., 2004, Xiong and Mannering, 2013]. The implementation of

blocked posterior samples requires marginalization of the random effects as described in

Appendix B. The analytically tractable full conditional distributions of the component

specific covariance matrices are subsequently derived by assuming respective conjugate

and non-informative prior structures. Details on the derivation of the component specific

full conditional distributions are provided in Appendix B.

The component specific labels are not identified in a finite mixture model, which

leads to so-called label switching problem. Frhwirth-Schnatter et al. [2004] discussed the

unidentifiability and label switching issues in the case of linear finite mixture models.
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The authors emphasize the importance of employing a permutation sampler using a con-

straint during MCMC simulation. In this research, a constraint is selected upon exploring

the unconstrained MCMC parameter draws. A random parameter with significantly dis-

tinct components in the posterior draws was identified rather than assuming arbitrary

constraints (such as labeling by mixture weights). The selected constraint is imposed

numerically by re-labeling the current component labels in each MCMC iteration (see

Appendix B for details).

Bayesian inference of φ:

Transforming the negative binomial likelihood into a conditionally Gaussian likelihood

also facilitates the construction of analytically tractable posterior for spatial random

effects (as shown in Appendix B). The impropriety of the prior joint distribution of spatial

random effects, arising due to the absence of the ρ parameter, does not effect the propriety

of the posterior distribution. The posterior precision is the sum of the likelihood and the

prior precision, thereby ensuring the propriety of the posterior probability distribution

of φ. However, ICAR being a pairwise difference prior identifies random effects only

upto an additive constant6; a sum-to-zero constraint7is one way to evade the issue. The

constraint is numerically imposed by re-centering the draws of φi around its own mean

in each Gibbs sampling iteration.

The detailed derivations of analytical full conditional posteriors for each model

parameter are provided in Appendix B . In summary, the model parameters are esti-

mated by iteratively drawing from the derived full conditional posteriors of the individual

parameters using a Gibbs sampling framework. The necessary full conditional distribu-

tions of the model parameters turned out to be typical probability distributions for which

6Addition of a constant to the all the spatial random effects does not change the joint density function

7
n∑

i=1

φi = 0
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efficient sampling techniques do exist. Sampling from Polya-Gamma distribution remains

an exception; we utilized an R package —BayesLogit containing efficient Polya-Gamma

samplers developed by Polson et al. [2012].

3.2.2 Convergence diagnostics

MCMC simulation involves building a multi-variate Markov chain for the vector

of model parameters until the chain attains stationarity with respect to the target joint

posterior distribution of the model parameters. Gelman and Rubin diagnostic [Gelman

and Rubin, 1992] is one of the most commonly used tool for testing the closeness of

the simulated Markov chain convergence to the stationary distribution. Potential Scale

Reduction Factor(PSRF or R̂) are calculated for model parameters; the PSRF values

closer to 1.0 indicate that the Markov chain has converged to the target/stationary

distribution. Multi-variate version of the PSRF (MPSRF)[Brooks and Gelman, 1998]

accounts for any potential correlations across individual parameter MCMC chains. The

MPSRF is particularly useful in this study given the potential for correlated parameters.

The convergence of the multi-variate MCMC chains was evaluated using the MPSRF

values.

3.3 Model selection

A model selection criterion should discount for the number of parameters or

model complexity. We use Deviance Information Criterion (DIC) (see Spiegelhalter et al.

[2002]), a commonly used model selection tool particularly in Bayesian Hierarchical mod-

eling. Models with better goodness of fit are associated with smaller DIC values. DIC

contains two components: 1) a measure of the fit of a model, 2) complexity of the model.

D̄ represents the posterior mean deviance, while pD represents the effective number of

parameters or model complexity.
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DIC = D̄ + pD (3.5)

D = Eθ|y[D] = −
∫

2 log p(y|θ)dθ,

pD = D −D(Eθ|y[θ]) = D − (−2 log p(y|θ))

In a hierarchical specification, the model generating the observable data is used

for the calculation of DIC. It is to be noted that θ is the posterior mean of the parameter

vector of the data generating model in a hierarchical specification. Spiegelhalter et al.

[2002]) suggested to use a difference in DIC value of 7 to statistically distinguish two

different models.
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Chapter 4

Empirical Analysis

This chapter describes an empirical analysis conducted to demonstrate the poten-

tial application of the proposed model structure in modeling crash counts. A compre-

hensive dataset was prepared by integrating accident and pavement databases. Model

estimation results are presented and described towards the end of the chapter.

4.1 Data collection

In this study, we modeled the crash counts of contiguous road segments of a se-

lected road network. The crash counts are sourced from the motor vehicle Crash Record

Information System (CRIS) database maintained by Texas Department of Transporta-

tion (TxDOT). The road segment attributes such as extent of surface distresses, ride

quality, traffic volumes, geometric features, etc. were obtained from TxDOT’s Pave-

ment Management Information System (PMIS) database. The PMIS database allows

TxDOT to store, retrieve, analyze, and report network-level pavement surface condition

information that is essential for decision making in pavement maintenance and reha-

bilitation [TxDOT, 1994]. Road segments and crashes are physically identified using

Texas Reference Marker (TRM) system. The CRIS database was integrated with the

PMIS database using Texas Reference Marking (TRM) system. TRMs are used to map

crashes onto respective road segments and subsequently the crash counts are calculated.

A comprehensive description of the dataset utilized for the empirical analysis is provided

below.

25



4.1.1 Data description

The dataset constituted crash counts and relevant attribute information corre-

sponding to 1158 contiguous road segments from eleven different road facilities in the

Houston area during the years 2007-10. Figure 4.1 shows a map of the road segments

included in the empirical analysis. The contiguous nature of the road segments poten-

tially induce spatial correlation across the respective crash counts. Total number of crash

counts are utilized for this empirical study; the crash counts varied from 0 to 318 with

a mean value of 17.3 within the dataset across the four years. The analysis may be ex-

tended to high or low severity crash counts using a similar model estimation procedures.

Descriptive statistics (see Table 4.1) indicate that crash counts are clearly over-dispersed,

which may be modeled using a negative binomial likelihood. Crash counts are collected

from the following types of facilities: 1) Interstate Highways (IH), 2) US highways, and

3) State Highways (SH and SL) roads. Traffic1 or exposure level is one of the important

and most intuitive predictors in crash count modeling. The dataset covers a wide range

of traffic levels on the road segments as per the descriptive statistics. The influence of

the Truck traffic is also included in the dataset as it may potentially influence the crash

counts. The truck traffic percentage varied between 2.6% to 34.3% with a mean value of

10.56%. The speed limit of the road segments varied between 55 and 70 miles/hour with a

mean value of 61 miles/hour. Table 4.1 also provides descriptive statistics corresponding

to left and right shoulder widths and total surface way width.

Distress score represents the extent of surface distresses such as cracking, rutting,

edge drop offs, raveling, etc. within a road segment. The distress score ranges between

1 (worst pavement condition with major distresses) and 100 (best pavement condition

with minor distresses). Table 4.1 reports a mean distress score of 93 with a standard

1Annual Average Daily Traffic (AADT).
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Figure 4.1: Road segment locations

deviation of 14. International Roughness Index (IRI), a measure of pavement ride qual-

ity, is annually collected across the entire Texas road network using Laser-based inertial

profilers. Higher IRI values are associated with road segments with superior ride quality.

Table 4.1 shows that the average IRI values of the road segments ranges between 35 and

319 inch/mile with a mean value of 116 inch/mile. Condition score represents the overall

condition of a road segment in terms of both distresses and ride quality. The condition

score also ranges between 1 (worst pavement condition) and 100 (best pavement condi-

tion). About 74% of the road segments are continuously reinforced concrete pavements

(CRCP), which is expected for Houston area. As shown in Table 4.1, about 45% percent

of the road segments belong to Interstate facilities. Table 4.1 shows other important
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descriptive statistics of the dataset.

Table 4.1: Descritive statistics
Category Description Minimum Maximum Mean Std.Dev.

Time Span Year 2007 2010 - -

Crashes Crash count 0 318 17.3 25.3

Traffic Annual Average Daily Traffic (AADT) 5520 167625 51692 37184
Traffic load estimate 120 197 169 18
Truck traffic percentage 2.6 34.3 10.56 6.52
Imposed speed limit 55 70 61 5

Geometrics Number of lanes (per traffic direction) 2 6 3.16 1.01
Total surface roadway width 31 110 55.44 15.36
Left shoulder width 0 27 8.53 3.04
Right shoulder width 0 13 9.35 2.26
Indicator Variable: Asphalt shoulder 0 1 0.585 -
Segment length 0 2 0.46 0.16

Pavement Condition score 3 100 87 19
Distress score 8 100 93 14
Ride score 1.1 4.9 3.48 0.57
Avg International Roughness Index (IRI inch/mile) 35 319 116 35
Left International Roughness Index (IRI inch/mile) 32 343 113 34
Right International Roughness Index (IRI inch/mile) 37 338 118 38
Maintenance Cost 0 215175 1066 4826
Indicator Variable: Asphalt pavement 0 1 0.15 -
Indicator Variable: CRCP pavement 0 1 0.74 -
Indicator Variable: JCP pavement 0 1 0.11 -
Indicator Variable: Shoulder type - Asphalt 0 1 0.58 -

Location Indicator Variable: Facility-IH 0 1 0.45 -
Indicator Variable: Facility-SH 0 1 0.15 -
Indicator Variable: Facility-US 0 1 0.26 -
Indicator Variable: Facility-Other 0 1 0.14 -
Indicator Variable: Rural Area 0 1 0.25 -

Routes: IH0010, IH0045, IH0610, SH0146, SH0225, SH0228,
SL0008, SS0330, US0059, US0090, US0290

4.1.2 Model estimation

The main goal of any specification building process is to develop a hierarchical

model that best represents the dataset. Several specifications, using the road features

provided in Table 4.1 as predictors in the mean function of the negative binomial like-

lihood, were considered. First, aspatial model specification with fixed parameters, and
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followed by an equivalent spatial specification were estimated. The number of neighbors

required to construct the spatial weight matrix was computed using model selection.

Subsequently, the spatial specification was extended to incorporate the unobserved het-

erogeneity by allowing for random parameters. As mentioned earlier, the random param-

eters were modeled using a mixture of multi-variate normal distributions. The number

of mixture components required to adequately capture the unobserved heterogeneity was

identified using model selection. A final specification was cautiously chosen among sev-

eral alternative specifications. DIC was utilized throughout the specification refinement

for model selection and comparison.

The posterior distributions of the model parameters are constructed iteratively

drawing from the full conditional posterior distributions of the individual parameters

(provided Appendix B). The simulations were carried out on a Windows-based machine

with Intel Core i7 CPU with 1.73GHz and 8GB RAM, and coded in the R language [R

Core Team, 2013]. Multiple MCMC chains differing in the initial parameter values were

constructed. A burn-in period of 5000 iterations was used, and the model parameters

were estimated based on samples obtained from 15000 iterations after the burn-in period

during the MCMC simulation. An average run time of about 7 hours (20,000 iterations)

was required to attain stationarity of the multi-variate MCMC chain, and to collect the

required parameter samples. Gelman & Rubin convergence diagnostics were performed to

ensure convergence of the MCMC chains (of the model parameters) to stationary target

posterior distributions. Posterior probability of a coefficient to be positive (P (β > 0))was

used to determine the statistical significance of regression parameters; the values closer

to 1 or 0 indicate statistical significance of the respective coefficient.

Based on the DIC model selection criterion, the spatial finite-mixture random

parameter negative binomial model (with two components) surpassed the alternative

specifications with fixed parameters as well as specifications with random parameters

29



(without finite-mixtures). Table 4.2 provides the posterior summaries of the model pa-

rameters corresponding to final refined specification, and necessary model estimation

details. An intuitive interpretation of posterior summaries is provided below to under-

stand the empirical associations between the road features and crash counts.

Table 4.2: Posterior summaries
Fixed parameter posterior summaries

Posterior mean Posterior Std.Dev. P(β > 0)
Intercept -0.046 0.033 0.08

Indicator Variable: Facility-IH -0.070 0.044 0.05
Indicator Variable: Asphalt pavement 0.193 0.059 1.00

Indicator Variable: Rural Area -0.055 0.045 0.11
Indicator Variable: Asphalt shoulder 0.096 0.045 0.98

r 7.125 0.220 1.00
τc 1.268 0.129 1.00

Spatial strength 0.659 0.030 1.00

Random parameter posterior summaries
Component 1 Component 2

Posterior mean Posterior Std.Dev. P(β > 0) Posterior mean Posterior Std.Dev. P(β > 0)

Indicator Variable: Good road condition -0.129 0.072 0.04 -0.164 0.066 0.01
(0.221) (0.188) (1) (0.118) (0.101) (1)

Segment length 1.052 0.087 1.00 0.226 0.089 1.00
(0.306) (0.225) (1) (0.184) (0.174) (1)

Traffic load estimate 0.201 0.040 1.00 -0.011 0.031 0.36
(0.202) (0.121) (1) (0.104) (0.077) (1)

Truck traffic percentage -0.118 0.086 0.08 0.043 0.076 0.71
(0.179) (0.125) (1) (0.116) (0.107) (1)

Annual Average Daily Traffic (AADT) -0.922 0.164 0.00 -0.150 0.098 0.06
(0.14) (0.116) (1) (0.161) (0.149) (1)

International Roughness Index (Inch/mile) 0.045 0.055 0.79 0.053 0.043 0.88
(0.157) (0.119) (1) (0.12) (0.102) (1)

Left shoulder width 0.117 0.070 0.96 -0.061 0.046 0.08
(0.236) (0.176) (1) (0.099) (0.081) (1)

Right shoulder width 0.101 0.063 0.96 -0.134 0.048 0.00
(0.111) (0.089) (1) (0.098) (0.069) (1)

Imposed speed limit -0.030 0.097 0.36 0.154 0.075 0.99
(0.135) (0.117) (1) (0.162) (0.147) (1)

η1 0.456 0.077
η2 0.544 0.077

DIC 26105.9
PSRF (max) 1.14

MPSRF 1.16
Number of iterations 20000

Number of road segments 1158
Number of years of data 4
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4.1.3 Discussion

Data suggests that the road features including facility type, pavement type, road

segment location, shoulder type were significantly associated with the crash counts; the

parameters corresponding to these features were fixed in the specification. The nega-

tive posterior mean of Interstate Highway (IH) facility indicator suggests that the road

segments on IH facilities witness lower mean crash count relative to the other facili-

ties. The mean crash count on the road segments in the outskirts of the Houston area

is found to be generally lower than that of the road segments in the urban area. The

asphalt road segments and/or segments with asphalt shoulders witnessed higher mean

crash counts relative to the concrete road segments and/or segments with concrete shoul-

ders respectively. The strength of spatial correlation is very significant, which indicates

the importance of accounting for the spatial correlation among the crash counts.

The unobserved heterogeneity is incorporated by allowing random parameters on

the selected2 road features including road condition, segment length, traffic load esti-

mate, truck traffic percentage, AADT, IRI, shoulder width, and imposed speed limit.

As mentioned earlier, the random parameters are modeled using a two-component mul-

tivariate normal mixture prior. The posterior summaries of component specific means

and standard deviations3 are provided in Table 4.2. The finite-mixture specification al-

lows for identifying the underlying sub-groups of road segments, and for skewness and

multi-modality in the underlying random parameter distribution. The posterior means

of the component mixture weights (η1, η2) indicate that about 45% of the road segments

belong to the component1, and the remaining 55% belong to the component2. The latent

segmentation of road segments represents the heterogeneity of road segments in terms of

2The feature selection is based on the DIC model selection criterion.
3The model specification allows for covariance among the regression parameters, and the covariance

elements were significant.

31



the relationship between the road features and the crash counts. The component specific

means represents an average influence of road features on the crash counts within the

respective sub-group of road segments. Road segments arguably respond very differently

to similar safety treatments depending on the site-specific unobserved factors. The latent

segmentation of road segment may be helpful to identify the groups of road segments

that respond fairly similar to safety treatments.

The mean crash count on the road segments in good condition4 was found to be

lower than that of road segments in inferior condition. In other words, data suggests

that the road condition positively influences the road safety in both the sub-groups of

road segments as shown by the negative component specific posterior means. The finding

highlights the safety benefits of improving overall road condition across the study area

on an average. However, the magnitude of safety benefits for a given road condition im-

provement may vary across the road segments due to heterogeneity, which is represented

by the respective significant standard deviation. The influence of improving the road

condition on the mean crash count may also effect the influence of other explanatory

variables such as traffic characteristics, and shoulder width on the crash counts; this is

represented by respective significant covariance parameters5. Positive component specific

posterior means corresponding to IRI represents an increase in mean crash count with a

decrease in the ride quality across both sub-groups of road segments. A significant com-

ponent specific standard deviations associated with the IRI indicate the heterogeneity in

terms of the influence of IRI on the mean crash count.

The posterior results show that the traffic characteristics significantly influences

the crash counts. However, the influence of traffic characteristics may be different across

the two underlying (latent) sub-groups of road segments. For instance, the traffic load is

4Road segments with condition score greater than 90.
5The estimated component specific covariance parameters are not shown due to space restrictions.
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adversely affecting the safety level of road segments in component-1, while an opposite

effect is observed in component-26. A significant heterogeneity in the influence of heavier

vehicles on crash counts within each group was also evident as indicated by significant

standard deviation of the respective regression parameters. The truck traffic percentage

was found to be negatively associated with the mean crash count on the road segments

that belong to component-1 on an average. On the other hand, the positive posterior

mean7 component-2 on the truck traffic percentage indicates an opposite relationship. A

negative posterior mean on both component specific means corresponding to logarithm of

AADT indicate that road segments with higher traffic volumes are associated with lower

mean crash count across both sub-groups. The road segments with larger traffic volumes

may often be congested with reduced actual travel speeds, which may decrease the crash

counts. A significant heterogeneity was evident on the magnitude of the influence of

AADT on the mean crash count as represented by the respective component specific

significant standard deviations.

A positive posterior component-specific mean on the regression parameter corre-

sponding to segment length indicates that larger mean crash count is associated with

longer segments in both the sub-groups of road segments. It should be noted that the

segment length may be interpreted as an exposure variable rather than a causal variable.

Posterior results indicate that the left and right shoulder widths are positively associ-

ated with the mean crash count across the road segments within the component-1 on an

average. On the other hand, the higher shoulder widths are associated with reduction in

the mean crash count across the road segments that belong to latent component-2. The

road segments in different latent groups may potentially react differently to a treatment

such as an increase in shoulder width on an average. Increase in the imposed speed limit

6However, 36% of the posterior mass of the parameter is in the positive region.
7However, 29% of the posterior mass is in the positive region.
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was found to be associated with higher mean crash counts across the road segments be-

longing to latent component-2; data suggests an opposite behavior8 regarding the road

segments in component-1. Moreover, significant component specific standard deviations

indicate the presence of within group heterogeneity regarding the influence of left and

right shoulder widths, and imposed speed limit on the mean crash count.

8However, 36% of the posterior mass is supporting a consistent behavior across the sub-groups.
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Chapter 5

Conclusions

In this research, a Bayesian modeling framework was described to model unob-

served heterogeneity for over-dispersed and spatially correlated crash count data. A

spatial negative binomial specification with random regression parameters was employed

to model crash count data. The spatial correlation was induced using intrinsic condi-

tional autoregressive (ICAR) prior structures using a neighborhood based weight matrix.

A multi-variate finite mixture Gaussian prior was imposed on the random regression

parameters to model the unobserved heterogeneity. The finite-mixture approach as-

sists to identify the underlying latent sub-groups of road segments with similar unob-

served site-specific environment; the multi-variate normal assumption allows for within

group heterogeneity and correlations across the random parameters. The number of

mixture components represents the number of underlying sub-groups required to better

represent the data. A Gibbs sampling scheme employing recent advances in data aug-

mentation techniques for estimating negative binomial likelihoods was described. Full

conditional posterior distributions of the model parameters were derived by introducing

Polya-Gamma latent random variables, and Poisson compound mixture representation of

the negative binomial likelihood. The Polya-Gamma data augmentation allows to trans-

form the negative binomial likelihood to a conditionally Gaussian likelihood, thereby

facilitates the construction of analytical full conditional distributions.

The influence of road features on the crash counts of contiguous road segments

was investigated using the proposed modeling framework. The empirical analysis sug-
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gested the presence of two distinct sub-groups of road segments within the study area.

The unobserved site specific factors may create such distinct environments that affect

the influence of road features on crash counts. The latent sub-groups of road segments

potentially respond differently to a given safety treatment. For instance, wider shoulders

were associated with larger mean crash count in one sub-group, while an opposite affect

was evident in the other sub-group within the study area. Data suggests that the road

segments with better overall condition, smoother ride, or carrying heavy traffic volumes

are generally associated with lower mean crash count in both sub-groups. The empirical

analysis also suggested significant component specific standard deviations, which indi-

cates the presence of within group heterogeneity. The specification allows for correlation

cross the random parameters and a few covariances among the random parameters were

significant.

In this research, the number of components of the finite-mixture Gaussian prior is

fixed during the Bayesian estimation. The number of latent groups may also be estimated

by employing a reversible jump MCMC within the proposed Gibbs sampling framework.

However, a larger and sufficiently informative dataset would be necessary to identify

several mixture components. The proposed Polya-Gamma data augmentation based

estimation technique may be tailored to estimate other complex hierarchical count model

structures. The computational feasibility of proposed Bayesian estimation framework

may be validated by estimating the model specification using a dataset from larger road

network. The models presented in the research may be extended to incorporate temporal

dependencies among the crash counts from different years as a future research.
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Appendix A

A.1 Polya-Gamma data augmentation

A random variable ω has a PG(b,c) distribution (Polya-Gamma distribution with

parameters b and c) if

ω
D
=

1

2π2

∞∑
k=1

gk
(k − 1/2)2 + c2/(4π2)

(A.1)

Where, g1, g2, ...gk, ... are independent random variables and identically distributed with

Gamma(b, 1).

The density of the Polya-Gamma random variables (see Polson et al. [2013] for

other distributional properties) is shown in Equation (A.2).

f(x|b, c) = {coshb(c/2)}2b−1

Γ(b)

∞∑
n=0

(−1)n
Γ(n+ b)

Γ(n+ 1)

(2n+ b)√
2πx3

e−
(2n+b)2

8x (A.2)

The Polya-Gamma distributed random variables can be generated from an infinite sum

of weighted i.i.d Gamma distributed random variables. We refer the interested readers

to Polson et al. [2013] for details on the sampling methods and efficiency of drawing

Polya-Gamma random variables.

Mathematically, the negative binomial likelihood parametrized by log-odds can

be written as,

P (yi|ψi, r) =
Γ(yi + r)

Γ(r)yi!

(eψi)yi

(1 + eψi)r+yi

=
Γ(yi + r)

Γ(r)yi!
2−(r+yi)e(yi−r)ψi/2

∫ ∞
0

e−ωiψ
2
i /2p(ωi)dωi

=
Γ(yi + r)

Γ(r)yi!
2−(r+yi)e(yi−r)ψi/2Eωi [e

−ωiψ2
i /2]

(A.3)
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where, ψi = xTi β + φi and ωi ∼ PG(yi + r, 0)

After algebraical rearrangement of terms, the negative binomial likelihood (a func-

tion of β) becomes Gaussian likelihood conditional on the Polya-Gamma random variable

ωi, r and ψi as shown below.

P (y|ψ, r, w) =
n∏
i=1

P (yi|ψi, r, wi)

=
n∏
i=1

Γ(yi + r)

Γ(r)yi!
2−(r+yi)e

(yi−r)
2

ψie−
ωiψ

2
i

2

= Ke−
1
2

(z−ψ)TΩ(z−ψ)

Where, zi = yi−r
2ωi

for i ∈ {1, 2, ....n} and the constant K is independent of the ψi that

contains the regression coefficients. It is to be noted that we pretend zi is observed

instead of yi. Thus, we obtained a Gaussian likelihood form of crash counts in terms of

zi.

A.2 Compound Poisson representation

Negative binomial random variables can be expressed as sums of Logarithmic

random variables under compound Poisson distribution [Quenouille, 1949].

yi =

Li∑
k=1

uk, uk
iid∼ Logarithmic(pi), Li ∼ Poisson(−r ln(1− pi)) (A.4)

Where, i ∈ {1, 2, ...n}. The probability density of the Logarithmic distributed random

variable u, is given by

fU(U = t) = − pt

tln(1− p)
, t ∈ {1, 2, 3, ...}
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Appendix B

B.1 Gibbs sampling scheme

A Gibbs sampling algorithm for posterior inference of the parameters of the pro-

posed model structure is provided below. Let y denote a nT × 1 vector of crash counts,

XF denote a nT × p matrix, and XR denote a nT × q matrix.

Posterior sampling of dispersion parameter (r):

We need full conditional distributions of r|Lit and Lit|r for inference of the fixed param-

eter vector r. First, r|Lit is derived.

P (r|L, p, –) ∝
n∏
i=1

T∏
t=1

P (Lit|r)P (r)

∝
n∏
i=1

T∏
t=1

Poisson(−r ln(1− pit))Gamma(r0, h)

∼ Gamma

(
r0 +

N∑
i=1

T∑
t=1

Lit, h−
N∑
i=1

T∑
t=1

ln(1− pit)

) (B.1)

Hyper parameter h is also learned by constructing the full conditional posterior.

p(h|r, –) ∝ P (r|h, –)p(h)

∼ Gamma(r0 + ha0, r + hb0)
(B.2)

Now, Lit|r is to be derived. Zhou et al. [2012] derived a closed form expression for

the conditional posterior of the Li. The likelihood of observing yi given a particular

realization of Li is constructed using Probability Generating Function (PGF) of the
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Logarithmic distribution, which is combined with the aforesaid Poisson prior with respect

to the Li. We refer interested reader to Zhou et al. [2012] for a detailed derivation of

the conditional posterior of Li. The analytical closed form expression for the posterior

of discrete random variable Li is written in a matrix form as shown below.

P (Lit = j|r, y) = R(yit, j), j ∈ {0, 1, ...yit} (B.3)

R(l,m) =


1 l = 0;m = 0

F (l,m)rm

/
l∑

j=1

F (l, j)rj l 6= 0;m 6= 0

F (m, j) =


1 m = 1&j = 1

0 m < j
(m−1)
m

F (m− 1, j) + 1
m
F (m− 1, j − 1) 1 ≤ j ≤ m

Posterior sampling of (β1:N , µ1:C , γ):

The Polya-Gamma data augmentation allows to transform the negative binomial like-

lihood to a Gaussian likelihood (see Appendix A). The joint conditional posterior is

constructed using the conditionally Gaussian likelihood using the respective conjugate

prior structures. The crash counts yi are transformed to zit = yit−r
2ωit

as described in

Appendix A. It is to be noted that we pretend zit is observed instead of yi. Thus, we

obtained a Gaussian likelihood form of crash counts in terms of zi. The random param-

eters, component specific means, and fixed parameters are sampled jointly, or in blocks,

to improve the mixing of MCMC chain and to accelerate the convergence. The blocked

sampling is performed in two steps as follows.

Goal: p(β1:N , γ, µ1:C , ω|, –)

We iterate between p(β1:N , γ, µ1:C |ω, zN , –) and p(ω|zN , –). First we derive, p(β1:N , γ, µ1:C |ω, zN , –)

as below.

p(β1:N , γ, µ1:C |ω, zN , –) ∝
n∏
i=1

p(βi|γ, µ1:C , z
N , –)p(γ, µ1:C |zN , –)
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• I: p(β1:N |γ, µ1:C , z
N , –)

• II: p(γ, µ1:C |zN , –)

I: Sampling p(β1:N |γ, µ1:C , z
N , –):

p(β1:N |γ, µ1:C , z
N , –) ∝

n∏
i=1

p(βi|γ, µ1:C , z
N , –)

P (βi|y,XF , XR, φ, r, ω,G) ∝
T∏
t=1

P (yit|ψit, r, wit, Gi)P (βi)

∝ exp

(
−1

2
(zi − ψi)TΩ((zi − ψi)

)
∗

exp

(
C∏
c=1

(
−1

2
(βi − µc)TΣc(βi − µc)

)I(Gi=c))
∝ Normal(mβi , Vβi)

(B.4)

mβi = Vβi(X
R
i

′
Ωi(zi−XF

i

′
γ−φi)+

C∏
c=1

(Σ−1
c µc)

I(Gi=c));Vβi = (XR
i

′
ΩiX

R
i +

C∏
c=1

(Σ−1
c )

I(Gi=c))

where, zN is vector of transformed crash counts. XF
i is a T × p matrix;XR

i is a T × q

matrix; Ω is a T × T diagonal matrix; Ωpp = ωit for t ∈ {1, 2, ....T}; zi, ψi, and φi are

T × 1 vectors.

II: Sampling p(γ, µ1:C |zN , –):

To construct the conditional posterior p(γ, µ1:C |zN , –), the random parameters are

marginalized as follows. Transformed likelihood is

zi = XF
i

′
γ +XR

i

′
βi + φi + εi; εi ∼ N(0, diag(1/ωit))

δi = XF
i

′
γ +

C∑
c=1

XR
i

′
D

(c)
i µc + ε∗i
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Where, ε∗i ∼ N(0, Vi) and Vi = Ωi +XR
i ΣGiX

R
i

′

p(γ, µ1:C |zN , –) ∝
C∏
c=1

p(µc|γ, zN , –)p(γ|zN , –)

• II-1: p(µ1:C |γ, zN , –)

• II-2: p(γ|zN , –)

II-1: sampling from p(µ1:C |γ, zN , –)

p(µ1:C |γ, zN , –) ∝
C∏
c=1

p(µc|γ, zN , –)

P (µc|γ, zN , –) ∼ Normal(mµc , Vµc) (B.5)

mµc(γ) = Vµc

(
n∑
i=1

XR
i

′
V −1
i D

(c)
i (zi − φi −XF

it

′
γ) +B−1

0 b0

)

Vµc =

(
n∑
i=1

XR
i

′
V −1
i XR

i D
(c)
i +B−1

0

)−1

II-2: sampling from p(γ|zN , –)

P (γ|zN , –) ∼ Normal(mγ, Vγ) (B.6)

mγ = Vγ

(
n∑
i=1

XF
i

′
V −1
i (zi − φi −XR

i mµGi
(0)) +G−1

0 g0

)

Vγ =

(
n∑
i=1

XF
i

′
V −1
i (Vi −XR

i VµGiX
R
i

′
)V −1

i XF
i +G−1

0

)−1

Second, the full conditional distribution p(ω|zN , –) turns out to be a distribution

in the Polya-Gamma class (see Polson et al. [2013] for derivations).

P (ωit|γ, r, y,XF , XR, φ) ∝ PG(yit + r, ψit) (B.7)
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where, PG(b, c) represents the Polya-Gamma distribution with the density indicated in

Equation (A.2).

Posterior sampling of component specific covariance:

The following full conditional distribution is used to iteratively draw the component

specific covariance matrices Σ1,Σ2, ....ΣC .

P (Σc|G, β, µc) ∝
n∏
i=1

P (βi|µc,Σc, Gi)P (Σc)

∝ Wish(νΣc , VΣc)

(B.8)

νΣc = ν0 +
n∑
i=1

Sc;VΣc =

(
V −1

0 +
n∑
i=1

I(Gi = c)(βi − µc)(βi − µc)T
)−1

where, β is n× q random parameter matrix; Sc is n× 1 vector and Sc = I(G = c);

Posterior sampling of latent indicator vector (Gi):

We assume a non-informative categorical prior on the latent indicator vector, which re-

sults in a categorical posterior. The support of the categorical variableGi = c : c ∈ {1, 2......, C}.

We iteratively generate n posterior component indicators using the following full condi-

tional distribution.

P (Gi = c|zi, γ, µc,Σc, –) ∝ φq(zi;mGi , VGi)ηc

Where, mGi = XF
i γ +XR

i µc + φi and VGi = XR
i ΣcX

R
i

′
+ Ωi and Ωi = diag(1/ωit)

P (Gi = c|β, µc,Σc) =
φq(zi;mGi , VGi)ηc
C∑
c=1

φq(zi;mGi , VGi)ηc

where, φq(.) is a q-dimensional multivariate Gaussian density.
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The mixture weight vector η = [η1, η2, ....., ηC ] are drawn using the following full

conditional distribution.

P (η|G) ∝ P (G|η)P (η)

∝ Dirichilet(α0 + g1, α0 + g2, ....., α0 + gC)
(B.9)

where, gc =
n∑
i=1

(Gi = c).

Posterior sampling of spatial random effects (φi):

p(φi|φ−i, zi, –) ∝
T∏
t=1

P (zit|φ−i, –)P (φi|φ−i)

∝ N(mφ, Vφ)

(B.10)

mφ =

(
T∑
t=1

(zit −XF
it

′
γ +XR

it

′
βi)ωit +

(∑
j

wij
wi+

φj

)
wi+
τ 2
c

)
Vφ

Vφ =

(
T∑
t=1

ωit +
wi+
τ 2
c

)−1

Mean centering: φ = φ− φ̄

p(1/τ 2
c |φ, –) ∼ Gamma

c0 +
n

2
, d0 +

n∑
i=1

wi+
2

(
φi −

∑
j

bijφj

)2
 (B.11)

An MCMC simulation is performed by iteratively drawing posterior samples using

equations B.1 through B.11. To avoid potential label switching, the latent component

labels are reassigned at the end of each iterations using the constraint: µ1k < µ2k < ..... <

µCk; where, µck is the kth element of the cth component specific mean. A random param-

eter (denoted by k) with considerably higher variation and clearly defined components is

identified using unconstrained sampling and utilized for re-labeling.
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