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Abstract 

Integration of Microseismic Data with Geomechanical Models 

Mingyuan Yang, M.S.E 

The University of Texas at Austin, 2015 

Supervisor: Mark W. McClure 

Hydraulic fracturing is a technology that is applied to increase production from 

unconventional resources such as shale gas and tight oil. Many hydraulic fracturing 

models have been developed in recent years that can be used to predict the performance 

of a hydraulic fracturing treatment. Inverse modeling involves conditioning simulation 

models to field data. The solution to the inverse problem provides estimates for formation 

properties and other model input parameters. The tuned model can then be used for 

predictive simulations.  

In this research, we developed a framework that can solve inverse problems using 

a Gibbs sampler and a radial basis function proxy model. In multidimensional inverse 

problem, the solution is often not unique, which means that there are multiple 

combinations of input parameters that can provide matches to the data. The goal of this 

research is to find a practical algorithm that can find all possible parameter combinations 

that match the available data, within bounds specified by the user. This is better than 

obtaining a single solution that matches the data, because it allows us to better account 

for uncertainty. For finding precise matches to data, our algorithm would be 
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outperformed by other methods. However, our algorithm is very good at efficiently 

mapping out the global solution space and solving highly nonunique problems. 

The framework that we propose also allows us to visualize the relationship 

between input variables in order to better understand the underlying physical processes. 

In this report, two example cases are presented and discussed. The example cases 

demonstrate the efficacy of our approach. 
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Chapter 1: Introduction 

Hydraulic fracturing is commonly used for developing unconventional resources 

such as shale gas. It has been used to stimulate up to 70% of the gas wells and 50% of the 

oil wells in the North America (Renard et al. 2008). Many hydraulic fracturing simulators 

have been developed to predict fracturing job performance. The data collected from 

hydraulic fracturing jobs can be used to infer model input parameters. This is analogues 

to doing history matching of a reservoir simulator with production data. History matching 

methods have been studied for decades, and remarkable progress has been made in 

generating reservoir simulation models that match large amounts of production data 

(Oliver and Chen, 2010).   

In this study, we came up with an algorithm to solve the multi-dimensional 

inverse problem of hydraulic fracturing by varying the simulator input parameters to 

match the data. Our algorithm combines a Gibbs sampler with a proxy model. The Gibbs 

sampler is used to solve the inverse problem, and the proxy model is used to reduce 

computation time, since the Gibbs sampler requires a huge number of forward model 

evaluations. With the algorithm, model input parameters can be inferred using the data 

that is collected during the hydraulic fracturing job. The tuned parameters can be used for 

predictive simulations. 

Chapter 2 gives some background literature review related to this research. 

Chapter 3 explains the numerical techniques that are used in this research and the 

workflow of the proposed algorithm. Chapter 4 summarizes two case studies using the 

algorithm. Chapter 5 gives the conclusion of the study. 
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Chapter 2: Background 

In inverse problems, observed reservoir data is used to estimate reservoir model 

parameters (Oliver and Chen, 2010). Methods for solving inverse problems can roughly 

be divided into two categories, gradient based methods and gradient free methods. 

Gradient based methods are usually the most efficient when the target function to be 

optimized is sufficiently smooth (Oliver and Chen, 2010). Gradient based methods have 

two main disadvantages. The first is that they require the evaluation of the first order 

derivative or second order derivative, which can be computationally expensive. The 

derivatives may not exist if the function is not continuous or takes only discrete values. 

The second disadvantage is that these methods are susceptible to falling into local optima.  

There are many types of gradient free methods. One type is evolutionary 

algorithms (EAs). EAs provide a robust and efficient method for exploring a large search 

space (Dehuri et al., 2008). We implemented an EA called simple genetic algorithm 

(SGA), which is introduced by J.H. Holland (1975). It worked well in finding input 

parameter combinations that match the data but tended to converge to a single answer. 

Because the goal of our research was to identify all the possible solutions within the 

searching range, we switched to an alternative approach. 

Another class of gradient free methods is stochastic and based on Bayes’ theorem. 

This group of methods can generate a population of solutions distributed according to a 

probability density function instead of determining a single solution (Caers and Hoffman, 

2005). There are two main limitations to methods based on a Bayesian framework. The 

first limitation is that they can require a large number of forward model evaluations, 

which is not feasible if the simulation takes hours of CPU time. The second limitation is 



3 

 

that many methods assume that an analytical expression, such as the Gaussian 

distribution, can be used to describe the distribution of parameters (Caers and Hoffman, 

2005). The true distribution may be more complex.  

In this research, a proxy model was used to replace the real simulator and 

overcome the problem of computational efficiency. Proxy models are used as a cheap 

alternative to full numerical simulation in production optimization and forecasting 

(Zubarev, 2009). Based on literature review, neural networks models were found to be 

good proxy models for multi-dimensional problems (Krishnamurthy, 2005; Yeten et al, 

2005; Li et al, 2005). Radial basis function models are a type of neural network and have 

very good performance (Li and Friedmann, 2005). 
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Chapter 3: Methodology 

3.1 CFRAC 

CFRAC is the hydraulic fracturing simulator that was used in this research. 

CFRAC stands for Complex Fracturing ReseArch Code (McClure and Horne, 2013). It 

couples fluid flow and the stresses induced by deformation in large, complex discrete 

fracture network. Details about CFRAC can be found in the dissertation by McClure 

(2012).  

 

Figure 3.1: A typical simulation outcome of CFRAC, The figure is an above view 

of the formation. The black line is the wellbore. Blue lines are natural fracture network, 
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and red lines are the stimulated fractures. Color of the map represents the magnitude of 

stress. 

Figure 3.1 shows a typical simulation result from CFRAC. It shows a map of the 

formation viewed from above. The black line in the center is the wellbore. The blue lines 

are the unstimulated natural fractures, and the red lines are the natural and hydraulic 

fractures that have been stimulated by injection. The green and yellow contours on the 

map are contours of stress induced by fracture deformation. The figure shows the result 

from a simulation where fluid was injected and then flowed back to the surface. 

Some basic equations used in CFRAC are listed below. These equations define 

some key parameters in this research. 

𝑇 =
𝑒3

12
     (3.1) 

𝑒 = 𝑒0 + 𝐷𝑒,𝑒𝑓𝑓 · 𝑡𝑎𝑛𝜑𝑒𝑑𝑖𝑙 + 𝐸𝑜𝑝𝑒𝑛   (3.2) 

The cubic low is used to calculate fracture transmissivity T (3.1). The parameter 

e0 is the hydraulic aperture of a natural fracture that has not been shear stimulated at an 

effective normal stress of zero. 𝜑𝑒𝑑𝑖𝑙 is the shear dilation angle that determines how slip 

couples to increase in transmissivity 𝐸𝑜𝑝𝑒𝑛 is the physical separation between the fracture 

walls.  
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𝐸 =
𝐸0

1+9σ𝑛/σ𝑛,𝐸𝑟𝑒𝑓
+ 𝐷𝑒,𝑒𝑓𝑓 · 𝑡𝑎𝑛

𝜑𝐸𝑑𝑖𝑙

1+9σ𝑛/σ𝑛,𝐸𝑟𝑒𝑓
   (3.3) 

Equation (3.3) indicates how relationships are used to relate effective normal 

stress and cumulative shear displacement to void and hydraulic aperture. E is the aperture 

of a closed fracture. σ𝑛,𝐸𝑟𝑒𝑓 is the fracture 90% closure stress which is related to the 

fracture stiffness and determines how strongly hydraulic aperture is affected by effective 

normal stress σ𝑛 . 

 

 

 

 

3.2 Radial basis functions proxy model  

A proxy model was used in this research to replace the simulator CFRAC for 

forward simulations. The proxy model was used because the Gibbs sampler requires a 

large number of forward simulations .The algorithm would be not feasible if it was 

necessary to use CFRAC directly in the Gibbs sampler. 

The proxy model used in this research is called radial basis functions (RBF). The 

RBF model fulfills the two requirements for an effective proxy model, that it must 

accurately represent the output response variable, and it must be computationally efficient 

(Li and Friedmann, 2005). We constructed the proxy model using the following equation 

(Li and Friedmann, 2005): 

𝐹(𝑥) = ∑ 𝛽𝑖
𝑚
𝑖=1 𝜑(𝑟𝑖, 𝑐) + 𝑓 · ℎ(𝑥), where 𝑟𝑖(𝑥) =∥ 𝑥 − 𝑥𝑖 ∥  (3.4) 

In equation (3.4), F(x) is the simulation outcome that we want to predict with the 

proxy model. 𝛽 and 𝑓 are coefficients to be determined by conditioning the proxy model 
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to the data. 𝜑 is a kernel function. The kernel function that we used is called the Gaussian 

kernel:  

𝜑(𝑟𝑖, 𝑐) = 𝑒−(𝑐·𝑟𝑖)2
    (3.5) 

In equation (3.5), c is a user specified constant (we used 3.0). 𝑟𝑖 is the Cartesian 

distance between the predicted point with each of the data points (in the normalized 

solution space).  ℎ(𝑥) is a polynomial term to make the function smooth. In our research, 

we used a linear function for ℎ(𝑥). 

The following equations are used to solve for the coefficients 𝛽 and 𝑓 (Li and 

Friedmann, 2005). 

 Nodal values 

𝐹(𝑥𝑖) = 𝐹𝑖, 𝑖 = 1,2, … , 𝑁, ..  (3.6) 

where Fi is the exact value of F(x) at the interpolation point xi. 

 Zero total ‘force’ 

∑ 𝑓𝑖 =𝑛
𝑖=0 0  (3.7) 

 Zero total ‘force moment’ 

∑ 𝑓𝑖 · 𝑥𝑖
𝑛
𝑖=0 = 0 (3.8) 

In the RBF method, the number of unknowns is the same with the number of 

equation, so it can reproduce the data values exactly.  

 

3.3 Gibbs sampler 

The Gibbs sampler is a sequential sampling strategy, a type of Markov chain 

Monte Carlo algorithm. The Gibbs sampler is based on Bayes’ theorem and is widely 

used due to its relative ease of implementation (Smith and Roberts, 1992; Gelman et al, 



8 

 

2003).  The Gibbs sampler has been found to be an effective strategy to do the Bayesian 

analysis and generate the posterior population (Wakefield and Smith, 1994). 

𝑝(𝜃|𝑦) =
𝑝(𝑦|𝜃)·𝑝(𝜃)

𝑝(𝑦)
  (3.9) 

Equation (7) gives Bayes’ theorem. In the formula, y is the vector of observations, 

and 𝜃 is the vector of model parameters. The goal of using the Gibbs sampler is to 

estimate the posterior distribution,𝑝(𝜃|𝑦). 𝑝(𝜃) is the prior distribution of the model 

parameters, and 𝑝(𝑦|𝜃) is the probability of a simulation outcome given a particular 

combination of model parameters. 𝑝(𝑦) is the probability of the observation represented 

by the vector y. 

 

 

Figure 3.2: Four steps of obtaining a new point in the posterior distribution in a 

two-variable case. https://victorfang.wordpress.com/2012/04/21/gibbs-sampling-easy-

example/ 
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Figure 3.3: Implementation posterior distribution with two variables. 

http://khiripet.blogspot.com/2010/05/gibbs-sampler-of-bivariate-normal.html 

 

Figure 3.2 shows an example of how the Gibbs sampler is used to estimate the 

posterior distribution. In this example, the two variables are x1 and x2. The sampler starts 

from a random location in the domain, and uses conditional distributions to stochastically 

move throughout the domain, generating a sequence of sampling points. For instance, in 

part (b) of the figure 3.2, x2 is fixed and an x1 value is randomly picked from the 

conditional distribution 𝑝(𝑥1|𝑥2). This distribution is also conditioned on the available 

data. By repeating these steps, the algorithm generates a point cloud, as shown in the part 

of figure 3.3. The point cloud is equivalent to a series of draws from the posterior 

distribution. The density of the points is related to the probability that a particular 

combination of parameters will match the data.  

Most of the computational effort is involved in finding the one-dimensional 

conditional distribution at each step. Our algorithm finds the conditional distribution by 
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performing direct sampling. First, sampling points are picked uniformly between the 

user-specified minimum and maximum allowed values of the parameter. Forward 

simulations are performed at each of these sampling points. These simulations yield an 

estimate for the value of y. Then the simulated values of y are compared to the true value 

of y. There is some error associated with the proxy model, and in some cases there is 

randomness in the solution (for example, when a stochastically generated fracture 

network is used by the simulation). To account for these issues, a fitness value is assigned 

to each sampling point, depending on the difference between the predicted and observed 

y. The fitness value is calculated from a Gaussian distribution, evaluated at the point 

equal to the "true" value of the data, with mean equal to the predicted value of the data at 

each sample point, and with standard deviation taken from the proxy model cross-

validation (described in case studies). If y is a vector, rather than a scalar, the Gaussian is 

multidimensional, with a diagonal covariance matrix. In this way, close simulation 

matches to the data are given higher fitness value than poor matches. Once the fitness 

value has been evaluated for all of the sample points, the values are summed up and 

normalized so that a probability can be assigned to each sample point. Finally, a random 

number is drawn from the resulting probability density function. 
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3.4 Workflow of the algorithm 

 

 

 

Figure 3.4: Workflow of solving the inverse problem 

Figure 3.4 shows the workflow of our algorithm to solve the inverse problem.  

First, a Sobol sequence is used to generate an initial population of input 

parameters. Sobol sequences provide quasi-random samples from a high-dimensional 

space. Despite the name, quasi-random samples are not truly random. They create a 

sequence of points distributed uniformly throughout a space in a way that maximizes the 

average distance between the points. A quasi-random sequence is used to generate the 

points because it uniformly samples the entire space, giving maximum information with a 

minimum number of simulations. 
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Next, proxy models are built from the sample points and the simulation outcomes. 

A separate proxy model is constructed for each variable in the vector y. Then the Gibbs 

sampler is used to generate a population of samples from the posterior distribution.  

Optionally, the posterior distribution can be refined by running additional 

simulations, rebuilding the proxy models, and repeating the Gibbs sampler. The 

additional simulations are run at points drawn from the initial representation of the 

posterior distribution. In this way, additional information can be gathered about the 

structure of the posterior distribution in the regions of greatest interest. This cycle could 

be repeated as many times as desired. 
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Chapter 4: Case studies 

4.1 Case 1 

4.1.1 Problem statement 

In this case study, we simulated a single stage hydraulic fracturing job. The 

duration of the simulation was one hour. The injection period was 30 minutes, and then 

the well was shut-in for an additional 30 minutes. 

The data to match was the size of the stimulated reservoir volume (SRV) and 

magnitude of the initial shut-in pressure (ISIP). The SRV is the volume of reservoir that 

has been stimulated by fracturing. The size of the SRV was calculated by post-processing 

of the simulation results. The simulation domain was split into grid blocks. Grid blocks 

within a specified distance from a fracture with pressure above a certain threshold were 

considered part of the SRV. In this case study, the pressure threshold was 1 MPa, and the 

specified distance was 20 meters.  Initial shut-in pressure is the bottomhole pressure 

immediately after the well is shut-in. 

4.1.2 Examples of the data to be matched 

Figure 4.1 and figure 4.2 show an example of a fracture network in plan view, 

before and after stimulation, respectively. The blue lines in the figure 4.1 show the 

stochastically generated fracture network. In figure 4.2, the fracture color is proportional 

to the logarithm of transmissivity.  
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Figure 4.1: View of fracture networks from above before stimulation  
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Figure 4.2: View of fracture networks from above after stimulation  

Figure 4.3 shows a plot of wellbore pressure versus simulation time. The pressure 

in the circle is the initial shut-in pressure (ISIP) which was recorded at the shut-in time 

1800 seconds. ISIP is the second data that we tried to match in this example case. The 

simulations did not include wellbore friction or perforation friction, and so the ISIP was 

equal to the pressure at the moment of shut-in. 
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Figure 4.3: Wellbore pressure profile of one CFRAC simulation 

4.1.3 Parameters varied in the inverse problem 

Eight input parameters of CFRAC were varied to match the data. Their ranges are 

listed in Table 4.1. Their prior probability is assumed to be uniformly or log-uniformly 

distributed between the maximum and minimum. The matrix permeability, k, determines 

how rapidly fluid leaks off from the fractures into the matrix. The parameter e0 is the 

hydraulic aperture of a natural fracture that has not been shear stimulated at an effective 

normal stress of zero (Equation 3.2). The hydraulic fracture crossing tendency is related 

to whether fractures tend to propagate across natural fractures or terminate against them. 

The shear dilation angle determines how slip couples to increase in transmissivity 

(Equation 3.2). The fracture 90% closure stress is related to the fracture stiffness and 

determines how strongly hydraulic aperture is affected by effective normal stress 

(Equation 3.3). The natural fracture orientation is measured counterclockwise from the 
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positive x-axis direction. The fracture orientations are randomly selected from + or – 10 

degrees from the primaryfracorientation specified in the disc_settings file. The formation 

depth is assumed to be between 1 km and 4 km. This affects the values of fluid pressure 

and the principal stresses, which are assumed to be linearly related to depth with gradient 

given in Table 4.1. Finally, stress anisotropy was varied between 0 and 1. A stress 

anisotropy of 0 meant that the maximum horizontal principal stress was equal to the 

minimum horizontal principal stress. A stress anisotropy of 1 meant that the maximum 

horizontal principal stress was given a value so that optimally oriented fractures in the 

formation would be critically stressed for slip. 

The key parameters of CFRAC that were held constant in all simulations are 

given in Table 4.1. 
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Table 4.1: Key parameters of CFRAC held as constant in case study1. Variable 

definitions are given in McClure (2012) 

G (shear 

modulus) 

15000 MPa φEdil (void 

aperture shear dilation 

angle) 

0 

𝑑𝜎𝑥𝑥

𝑑𝐷
 

(derivative of initial 

pressure with respect 

to depth) 

13.95 

MPa/km 

S0 (fracture 

cohesion) 

0.5 MPa 

𝑑𝑃

𝑑𝐷
 (derivative 

of initial pressure with 

respect to depth) 

10 MPa/km v (Poisson's 

ratio) 

0.25 

KI,crithf 

(fracture toughness) 

2.5 MPa-m
1/2

 𝜇 (coefficient 

of friction) 

0.6 

Cw (fluid 

compressibility) 

0.08 m
3
/MPa ρ

init
 (initial 

fluid density) 

1000 kg/m
3
 

𝜑init
 (initial 

porosity) 

3% c𝜑 (porosity 

compressibility 

0.00145 MPa
-

1
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Table 4.2: Parameters in case study 1 

Parameter Lower bound 

(before normalization) 

Upper bound 

(after normalization) 

Sampling way 

Matrix 

permeability, k 

10
(-19) 

m
2
 10

(-16) 
m

2
 Logarithmic 

spacing 

e0
3
/12 -14 m

3
 -18 m

3
 Cartesian 

spacing 

Hydraulic 

fracture crossing 

tendency 

1.5 9.0 Cartesian 

spacing 

Hydraulic 

fracture shear 

dilation angle, φedil 

0 4 Cartesian 

spacing 

Hydraulic 

aperture 90% 

closure stress, 

𝜎𝑛,𝑒𝑟𝑒𝑓 

10 90 Cartesian 

spacing 

Natural 

fracture 

orientation 

0° 90° Cartesian 

spacing 

Formation 

depth 

1 km 4 km Cartesian 

spacing 

Stress 

anisotropy 

0 1 Cartesian 

spacing 
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For convenience, all variables are normalized from 0 to 1 in the discussion later 

on 

4.1.4 Initial preparations 

First, we chose a particular combination of the eight parameters to run a CFRAC 

simulation to generate synthetic data (SRV and ISIP). Then our goal was to use the 

algorithm to find combinations of parameters that match this data.  

 

 

Table 4.3: The parameter combination that was used to generate the synthetic 

dataset 

Parameters Normalized value 

Stress anisotropy 0.65 

e0
3
/12 0.67 

Shear dilation angle 0.76 

Natural fracture orientation 0.59 

Hydraulic aperture 90% closure 

stress 

0.99 

Matrix permeability 0.67 

Hydraulic fracture crossing 

tendency 

0.10 

Depth of formation 0.44 
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 We sampled 199 points using a Sobol sequence, and then used them to run 

CFRAC simulations. The results were used to build the proxy models. Every simulation 

used a different stochastically generated fracture network. 

 

4.1.5 Cross-validation of the proxy models 

Before using the algorithm, we tested the accuracy of the proxy models. Leave-

one-out cross-validation was used to test our proxy models. The idea is to take one point 

out from the 199 sample data that were just collected, and build the proxy model with the 

remaining 198 data points, and then used the proxy model to predict the SRV and ISIP on 

the removed data point. This procedure was repeated for every datapoint. Then we 

plotted the actual CFRAC results versus the proxy model predictions on a scatter plot. 

We calculated the standard deviation of the error, which was used later to make the 

conditional distribution in the Gibbs sampler. 
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Figure 4.4: Cross-validation of the RBF proxy model for SRV 

Figure 4.4 shows the cross-validation of the proxy model for SRV. The x axis is 

the SRV result from the CFRAC simulations, and y axis is the predicted SRV from the 

proxy model. Ideally, all points should lie on the straight line y=x, which would mean 

that the proxy model perfectly predicted the CFRAC result. On the scatter plot, we can 

see a strong correlation between the results from CFRAC and the proxy model. The error 

is in large part due to the uncertainty from the stochastically generated fracture network. 

Every simulation used a different stochastically generated network. As a result, if 

multiple CFRAC simulations are run with the same combination of input parameters, 

different results are obtained. We ran multiple simulations with the same parameters (as 

described in section 4.1.4) and found that the standard deviation of the variability in SRV 
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due to the fracture network was 5196 m
2
. Comparing this result to figure 4.4, it is clear 

that most of the variance can be explained by the fracture network randomness, rather 

than proxy model error. 

 

 

Figure 4.5: Cross-validation of the RBF proxy model for ISIP 

Figure 4.5 shows the cross-validation of the proxy model for ISIP. The x axis is 

the ISIP result from the CFRAC simulations, and y axis is the predicted ISIPs from the 

proxy model. Because ISIP is less affected by the vagaries of the stochastically generated 

fracture network, the proxy model is more accurate for predicting ISIP than for SRV. The 

plot shows that there is a very strong correlation between the proxy results and the correct 

value. 
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Figure 4.6: Histogram of prediction error for the SRV proxy model 

Figure 4.6 shows the histogram of error between the SRV from CFRAC and the 

proxy model. We can see that it approximately follows a Gaussian distribution. Using 

Matlab, we found the standard deviation to be 5196 m
2
.  
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Figure 4.7: Histogram of prediction error for ISIP proxy model 

Figure 4.7 shows the histogram of error between the ISIP from CFRAC and the 

proxy model. The distribution is approximately Gaussian with a standard deviation of 

1.36 MPa. 

4.1.6 Results and discussion 

Using the algorithm, we obtained the posterior distribution,  the probability 

distribution of the input parameters given the data SRV and ISIP. It is impossible to 

visualize an eight-dimensional cloud of points, so we projected the posterior distribution 

onto two-dimensional slices, each showing the distribution of two of the parameters. 
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Figure 4.8: 2D marginal probability density functions 

Figure 4.8 shows the 2D marginal probability density functions of the parameter 

combinations. Each figure shows the relationship between two of the parameters. The 2D 

domain was divided into 40*40 grid blocks; the represents the number of points in each 

block. The black star on each plot shows the parameter combination that was used to 

generate the target SRV and ISIP. From the plots, we can see that a wide range of 

parameters could potentially match the data. This shows that the answer is very 

nonunique, and the input parameters are still not well constrained. 

Figure 4.9 shows the relationship between the orientation of nature fractures and 

the matrix permeability. This 2D posterior distribution was obtained by fixing all 

parameters except orientation and permeability in the proxy model and then rerunning the 

Gibbs sampler. The x axis is the matrix permeability value from 0 to 1 after 
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normalization, and y axis is the orientation from 0 to 1 after normalization. As in figure 

4.8, the warmer colors indicate indicates a high probability, and the blue color indicates a 

low probability. The figure shows that the algorithm is able to capture the nonlinear 

relationship between these two variables. The black star shows the orientation and 

permeability values that were used to generate the target data. The most probable region 

traces a sinusoid wave along the y axis direction, which makes sense because the y axis 

shows the orientation angle. 

 

Figure 4.9: Relationship between orientation of natural fractures and the matrix 

permeability 

Figure 4.10 was generated in the same way as Figure 4.9 and shows the 

relationship between shear dilation angle and the matrix permeability. The shear dilation 
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angle controls the amount that transmissivity increases due to fracture sliding, and so a 

greater value of dilation angle causes a larger SRV. Higher matrix permeability causes 

smaller size of SRV. Because the parameters have opposite effects, they are correlated in 

the posterior distribution. However, we see that correlation is not purely linear, and 

values in the upper left corner of Figure 4.10 are more likely than values in the lower left 

corner. Again, the parameters used to generate the data are shown with a black star. 

Figure 4.10: Relationship between shear dilation angle and the matrix permeability 

The posterior distribution is so poorly constrained because of the variability 

caused by the stochastically generated fracture network. To deal with this problem, we 

ran 18 additional simulations, all with the same input parameters as the initial simulation 
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that was used to generate the target SRV and ISIP, but each with a different fracture 

network. This is analogous to having 18 different fracture stages from a field dataset.  

The 18 new simulations were incorporated into the Gibbs sampler in the calculation of 

𝑃(𝑦|𝜃). When calculating the fitness values, a fitness value was calculated using each of the 

results from the 19 total simulations. Then the total fitness value was calculated by taking the 

product (this assumes the trials were independent). 

Figure 4.11 shows the refined 2D marginal probability density function using 18 

additional data points. Figure 4.12 shows the refined relationship between the orientation 

of natural fractures and the matrix permeability. Figure 4.13 shows the refined 

relationship between the shear dilation angle and the matrix permeability. The new 

figures show that the nonuniqueness of the match can be significantly reduced by using 

information from multiple fracture stages. 
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Figure 4.11: Refined 2D marginal probability density function after using 18 

additional data 
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Figure 4.12: Refined relationship between orientation of natural fractures and the 

matrix permeability 
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Figure 4.13: Refined relationship between shear dilation angle and the matrix 

permeability 

 

 

4.1.7 Summary of case one 

Case study 1 shows that the algorithm has been successfully implemented on an 

eight dimensional inverse problem.  

Using the algorithm, we inferred the posterior distribution, and visualized the 

relationships between some parameters. 
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The initial results were very nonunique because of the randomness created by the 

stochastically generated fracture network. By incorporating 18 new simulation results (as 

data values), the results were significantly refined.  

4.2 Case Study 2 

In this example case, we varied five parameters in CFRAC to simulate a 

diagnostic fracture injection test (DFIT). DFITs are used to estimate formation pressure, 

the minimum principal stress, and other formation parameters (Cramer and Nguyen, 

2013). The goal was to find a combination of parameters that could match the wellbore 

pressure versus time curve from a particular DFIT. This DFIT was performed in a 

vertical well in a shale reservoir. The data was previously presented by Cfamer and 

Nguyen (2013). 

4.2.1 DFIT curve and objective function 

Figure 4.14 shows the field data. The injection lasted for 352.8 seconds, and then 

the well was shut-in. We focused on matching the pressure transient after shut-in. 
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Figure 4.14: Wellbore pressure versus time from DFIT data 

The simulation misfit was defined as follows: 

𝑚𝑖𝑠𝑓𝑖𝑡 =
√∑ (𝑃𝑘

𝑟𝑒𝑎𝑙−𝑃𝑘
𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑

)2
200

𝑘=1

200
. (4.1) 

200 sample times were picked logarithmic spacing between the shut-in time at 

352 seconds and the end of simulation at 10
6
. 
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Figure 4.15: An example comparison between real and predicted DFIT curves 

Misfit has the unit of MPa, and can be interpreted as the average distance between 

the data and the simulated curve. Figure 4.15 shows an example comparison between the 

real and predicted DFIT curves. The x axis is the simulation time, and the y axis is the 

wellbore pressure. The blue curve is the real DFIT curve that we tried to match, and red 

curve is the simulated data. In this example, the misfit is 1.74 MPa. 

4.2.2 Parameters varied in the inverse problem 

We varied five parameters in CFRAC to match the data. The parameter ranges are 

listed below in Table 4.4. Default values were used for parameters in CFRAC other than 

these mentioned five parameters, and their values are shown in Table 4.5. 
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Table 4.4: Parameter varied in case study 2 

 

Parameter Lower bound 

(before normalization) 

Upper bound 

(before 

normalization) 

Samp

le way 

Matrix 

permeability, k 

10
(-20)

 m
2
 10

(-16)
 m

2
 Loga

rithm spaced 

Hydraulic 

fracture 90% closure 

stress, 𝜎𝑛,𝑒𝑟𝑒𝑓 

5 100 Carte

sian spaced 

Principal 

minimum stress, syy 

45 MPa 56 MPa Carte

sian spaced 

Height of 

formation, h 

2 meters 20 meters Carte

sian spaced 

Fracture 

toughness 

1 6 Carte

sian spaced 

 

 

 

 

 

 

 

 

 



37 

 

Table 4.5: Key parameters of CFRAC held as constant in case study2 

 

G (shear 

modulus) 

15000 

MPa 

φEdil (void aperture 

shear dilation angle) 

0 

𝑑𝜎𝑥𝑥

𝑑𝐷
 (derivative 

of initial pressure with 

respect to depth) 

13.95 

MPa/km 

S0 (fracture 

cohesion) 

0 MPa 

𝑑𝑃

𝑑𝐷
 (derivative of 

initial pressure with 

respect to depth) 

10 

MPa/km 

v (Poisson's ratio) 0.25 

KI,crithf (fracture 

toughness) 

3.4227 

MPa-m
1/2

 

𝑟𝑒𝑠𝑖𝑑𝑢𝑎𝑙𝑎𝑝𝑒𝑟𝑡𝑢𝑟𝑒𝑓𝑎𝑐𝑡𝑜𝑟 0.9 

Cw (fluid 

compressibility) 

0.0184 

m
3
/MPa 

ρ
init

 (initial fluid 

density) 

1000 

kg/m
3
 

𝜑init
 (initial 

porosity) 

3% c𝜑 (porosity 

compressibility 

0.00145 

MPa
-1

 

 

For convenience, all variables are normalized from 0 to 1in the following 

discussion. 

4.2.3 Initial preparations 

 We generated 191samples using a Sobol sequence, and then used them to run 

simulations on CFRAC. A proxy model was built using radial basis functions on these 

sample data. 
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Figure 4.16: Cross-validation of RBF model in case study 2 

Figure 4.16 is the cross-validation for the misfit proxy model, and it shows that 

the proxy model was very accurate in estimating the misfit between the two curves. 
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Figure 4.17: Histogram of misfit difference between CFRAC and proxy model. 

 

Figure 4.17 shows the histogram of misfits between CFRAC and the proxy model. 

The standard deviation of the fitted normal distribution was 0.72 MPa. 

4.2.4 Results and discussion 

The algorithm was used to estimate the posterior distribution. The five-

dimensional posterior was projected onto 2D planes with respect to only two parameters, 

as shown in Figure 4.18 
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Figure 4.18: 2D marginal probability density functions for the posterior from case 

study 2 

 

To test the accuracy of the posterior distribution, 60 random points were drawn 

from the distribution. Then these 60 parameter combinations were run on CFRAC and 

their misfits were calculated. The best match had a misfit of 0.43 MPa. A comparison of 

that simulation to the real data is shown in Figure 4.19. 
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Figure 4.19: Comparison of DFIT curves. The blue curve is the real data and the 

red curve is the simulation result that was the best match to the data. 

 

The result shows that the algorithm can successful identify combinations of 

parameters that match the data.  

The 60 points were added to the original sample set and a new proxy model was 

built. Figure 4.20 shows the cross-validation for the new proxy model. The model was 

more accurate this time, especially in the low misfit region which is the part that we are 

interested in. Figure 4.21 shows the refined 2D marginal probability density functions for 

the posterior distribution. 
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Figure 4.20: The refined proxy model after incorporating with additional 60 

points. 
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Figure 4.21: Refined 2D marginal probability density functions for the posterior 

from case study 2 

 

4.2.5 Summary of case two 

In case study 2, our algorithm was successfully implemented on a five 

dimensional inverse problem. Using the algorithm, we inferred the input parameters 

posterior distribution, and found a parameter combination that matched the DFIT 

reasonably well. The match was not perfect, and further optimization would be needed to 

achieve a more precise match. 
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Chapter 5: Conclusions 

In this research, an algorithm was developed to solve inverse problems involving 

the hydraulic fracturing simulator CFRAC. The algorithm can find combinations of input 

parameters that match real or synthetic data. The algorithm also allows us to better 

understand the underlying physical process and visualize the relationships between 

variables. 

In this report, two case studies were presented that demonstrate good performance 

of the algorithm. Case study 1 was a field scale hydraulic fracturing simulation. The 

initial realization of the posterior distribution showed that the answer was highly 

nonunique. However, the results were significantly refined when 18 additional 

simulations were performed to represent 18 additional fracturing stages. With additional 

data available to condition the model, nonuniqueness was strongly reduced. However, the 

answer remained fairly nonunique.  

Case study 2 involved matching a diagnostic fracture injection test. Reasonably 

good matches to the data were found in the posterior distribution. Through cross-

validation, it was found that the accuracy of proxy model was improved by incorporating 

addition simulations results, based on points drawn from the posterior. 

The results confirmed that nonuniqueness is a big challenge in solving the multi-

dimensional inverse problem. Our algorithm is probably not the most efficient for finding 

parameter combination with high precision, but it is able to efficiently scan the entire 

plausible solution space to map out the posterior and is robust against local minima. 
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