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This research focuses on the computational modeling of fluctuations,

interactions, phase behavior and structural characteristics of multicomponent

polymeric systems. The role of fluctuations is studied in the context of block

copolymer melts and polymer blends stabilized using copolymers exhibiting

different sequence architectures. The relationship between interparticle in-

teractions and structural characteristics of the aggregates formed in particle-

polymer solutions is examined for charged nanoparticle-polymer and charged

dendrimer-polyelectrolyte system. A hybrid Monte Carlo and self consis-

tent field theory approach employed in single chain in mean field simulations

(SCMF) is utilized in order to achieve the equilibrium morphologies/aggregates

in such polymeric systems.

We examine the effect of composition fluctuations on the phase behav-

ior of polydisperse block copolymer melts quantified in terms of fluctuation-
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induced shift in the order-disorder transition temperature from the correspond-

ing mean-field predictions. Fluctuation effects can also play an important role

in stabilizing bicontinuous microemulsions phases. To study this effect, we ex-

amine polymer blend systems compatibilized by a copolymer having different

sequence architectures such as monodisperse and polydisperse block copoly-

mer, and gradient copolymer. We systematically assess the efficiency of such

system in forming bicontinuous microemulsions phases. We also study the

effect of sequence architecture on the phase behavior of gradient copolymer

solutions.

We extend above framework to account for electrostatic effects arising

from charged polymers and dendrimers. Using such a framework, we char-

acterize the clusters formed due to electrostatic binding between oppositely

charged dendrimers and polyelectrolytes. Our results indicate that, the bind-

ing is maximum when the charge on dendrimers is balanced by the charge on

the polyelectrolytes. We extend the above study to probe the phase behavior

of charged nanoparticles suspended in polymer solutions. We examine the in-

fluence of polymer concentration, particle volume fraction, and particle charge

on the structure and size of clusters. We also examine the influence of multi-

body effects on the resulting structure of nanoparticle clusters. The charged

nanoparticle-polymer solution is seen to exhibit significant multibody effects

and the effective two-body interparticle potentials are seen to be a function of

nanoparticle density.
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Chapter 1

Introduction

The research work described in this dissertation focuses on studying

fluctuations, structure/morphology of polymer solution/melt and nanoparticle-

polymer mixtures. Polymers can be synthesized with a wide range of architec-

ture, compositions and chain lengths, thereby imparting flexibility in tuning

the structural, thermodynamic and mechanical properties. Moreover, when

polymers are added to nanoparticle suspensions, their properties can have a

significant influence on interparticle interactions, phase behavior and structure

of aggregates. The objectives of this research are to study these multicompo-

nent systems in order to (i) develop an understanding of fluctuation effects and

its implications on the phase behaviour of polymer melts and (ii) to examine

the interactions and phase behavior of nanoparticle-polymer systems.

One of the theoretical methods to study the equilibrium properties of

polymeric systems is the self consistent field theory (SCFT).[1–4] SCFT mod-

els the characteristics of polymer mixtures through a mean-field approxima-

tion. In a nutshell, the idea behind the SCFT is to model the conformational

characteristics of the interacting polymer chains by an equivalent system of

ideal polymer chains interacting with fluctuating position dependent potential
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field which depends self consistently on the overall distribution of the poly-

mers themselves. Much of the success of the SCFT can be attributed to the

extended size of polymer molecules as they can be described by a small num-

ber of coarse-grained parameters such as radius of gyration of polymer (Rg)

and incompatibility between polymer segments characterized by Flory-Huggins

parameter χ (χ ∝ 1/T where T denotes the temperature).[5, 6] On the other

hand, SCFT fails to capture some effects which are dependent on the number

of chains per unit volume. Such effects lead to a deviation from mean-field

behavior which becomes significant and is believed to increase with decreas-

ing number of chains per unit volume. Such effects arise from fluctuations in

polymeric systems.

One of the objectives of this work is to quantify the fluctuation effects

mentioned above and study their influence on the phase behavior and mor-

phology of the polymeric systems. Previous studies have extensively examined

such effects in flexible AB diblock copolymers[6] and have demonstrated sub-

stantial influence of composition fluctuations on the order-disorder transition

(ODT) defined as the temperature at which the disordered diblock copolymer

melt transitions to an ordered state. As a result of such composition fluctua-

tions, the phase boundaries between ordered and disordered states were seen to

shift to lower temperatures.[5, 7–10] In the context of polymer blends compat-

ibilized using copolymers, a new phase termed as bicontinuous microemulsion

(BµE) has also been predicted to appear as a result of similar fluctuation ef-

fects in the vicinity of phase transition from microscopically ordered to a phase
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separated regime.[11–21] In this work, we present results which strengthen our

understanding of such effects in polymer blend systems and also examine the

influence of different sequence architectures of copolymers on the formation of

BµE phase.

Polymers are commonly used as additives to nanoparticle suspensions

as a versatile approach to control the interactions, phase behavior and struc-

ture of the system. Not surprisingly, a lot of research is focused on understand-

ing the ability of polymer to induce and control the interactions in nanoparticle

suspensions.[22–31] Some of the industrial applications where nanoparticle-

polymer systems and their phase behavior play an important role include

protein separation,[32–34] colloidal stabilization, food preservation,[23] pro-

tein recovery from industrial by-products,[35–37] and polymer nanocompos-

ites.[38, 39] Such systems exhibit a complex interplay of interactions depend-

ing upon the size and structure of the polymer, the particle size relative to

the polymer, and the solvent quality. If either or both the components of

nanoparticle-polymer mixture are charged, one more level of complexity is

added due to the electrostatic interactions. Proteins (modeled as nanoaprti-

cles) and polysaccharides (modeled as polyelectrolytes) are the biopolymers

which are abundantly found in living organisms and also in numerous engi-

neered products that exploit biomaterials. Numerous biological processes such

as protein transcription, antigen-antibody reactions or enzymatic channeling

etc., involve formation of aggregates of such biopolymers governed by elec-

trostatic interactions. The natural association of these biopolymers plays a
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pivotal role in maintenance of cell membranes and organelles, aggregation be-

tween of histones and DNA, and enzyme catalysis. However, under certain

physical conditions, the incompatibility between proteins and polysaccharides

contribute to cell partition.

A different, albeit related system, wherein hyper-branched polymer

molecules known as dendrimers electrostatically bind to charged genetic mate-

rial are being explored in the context of gene therapy.[40–46] Such a system is

similar to nanoparticle-charged polymer system discussed above wherein the

dendrimer molecules represent a soft nanoparticle which is penetrable by poly-

mers. Second objective of this work is to examine the relationship between

the interactions and the structure of the particles/dendrimers suspended in

polymer solution. Specifically, we explore the vast parameter space available

for these systems to target the sought-after morphologies required for specific

applications. These interesting problems and the goals of this dissertation are

discussed in more detail in the forthcoming subsections.

1.1 Fluctuation Effects in Polymeric Systems

Numerous soft matter systems display intriguing behavior in the vicin-

ity of phase transitions as a consequence of fluctuation effects pertaining to

local variation in temperature/composition. Polymeric melts having a high

molecular weight (MW) are regarded as systems wherein the fluctuation ef-

fects are largely suppressed and SCFT can be readily used to predict the phase

behavior. However, for systems having low MW, the fluctuation effects have
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been shown to lead to important quantitative corrections to mean-field theories

of polymer melts. These issues have motivated the extension of mean-field the-

ories to capture effects of fluctuations in systems exhibiting complex sequence

architectures.

Towards above objective, we utilize single chain in mean field (SCMF)

simulation methodology. The SCMF methodology proposed by Muller and

coworkers[47–53] is a Monte Carlo (MC) simulation approach wherein the in-

tramolecular bonded interactions of the polymers are accounted in an exact

manner, whereas, the nonbonded pairwise interactions are replaced by inhomo-

geneous potential fields acting on the polymer monomers. Such potential fields

are usually taken to correspond to the mean-field limit of the model and is ex-

pressed as a function of the spatially varying polymer densities and segmental

volume fractions. In the implementation of SCMF, such potential fields are

determined on-the-fly using the instantaneous values for the inhomogeneous

polymer densities and volume fractions. Due to the absence of direct pairwise

intermolecular interactions, such methods are computationally efficient and

enable significant parallelization. Most importantly, the SCMF methodology

accounts for fluctuation effects and allows us to study large scale systems. For

instance, the BµE phases are formed as a result of thermal fluctuations and

possess a characteristic lengthscale of 100 nm. The SCMF methodology is

particularly useful to study such large scale systems. In this section of the

dissertation, using SCMF methodology, we examine the importance of fluc-

tuations and their effect on the phase behavior of various multicomponent
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polymeric systems.

1.2 Phase Behavior of Gradient Copolymer Solutions

With the development of advanced polymerization techniques, a precise

control over polymer properties by controlling their physicochemical charac-

teristics such as molecular weight, chain architecture, sequence chemistry, etc.

can be achieved.[54–57] As a consequence, synthesis of new classes of copoly-

mers, such as gradient copolymers, comb copolymers, star copolymers etc., is

now becoming common.[58–61] In this research work, we study a class of such

polymers termed gradient copolymers.[62–67] Gradient copolymers are random

copolymers which exhibit a gradual change in monomer composition along the

length of the polymer.[68, 69] A number of uses have been proposed for such a

class of polymers, which include applications such as reinforcement agents,[70]

damping materials[71] and thermoplastic elastomers.[72][73] In this work, we

examine the effect of their sequence architecture on the phase behavior in

solution conditions. Gradient copolymers have also gained significant atten-

tion in the context of interfacial modifiers. Hence, we also examine gradient

copolymers as compatibilizing agents for polymer blend systems.

1.3 Interactions and Clustering in Nanoparticle - Poly-
mer Solutions

Polymers added to a suspension of charged nanopaticles is a complex

system wherein the interactions are governed by two competing effects, viz.,
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short range depletion attraction induced by addition of polymers and long

range electrostatic repulsion between charged particles. The depletion interac-

tion is a purely entropic effect in which the nanoparticles experience a polymer-

mediated attractive interaction.[74–76] Such short range depletion attraction

is expected to drive the aggregation of particles and thus the growth of large

clusters. However, the long-range electrostatic interactions are expected to

dominate for larger clusters and lead to equilibrium clusters possessing a pre-

ferred size. Thus, there is a significant interest in relating the cluster structure

and sizes to the effective interparticle interactions.

Such particle-polymer systems represent a generic model for even more

complex systems such as protein-DNA interactions where the protein can be

viewed as a nanoparticle in its globular state and the DNA can be represented

as a stiff polymer. Hence, the underlying physics behind binding/aggregation

in such system can be readily extracted from the much simpler nanoparticle-

polymer system. In the context of gene therapy, a similar system of dendrimer-

polyeletrolyte is being explored due to the increasing need for effective gene

delivery vectors to enhance the efficiency of drug delivery and gene therapy

systems.[40–46] In support of the utility of dendrimers for gene delivery ap-

plications, a number of experimental studies have reported the formation of

nanoscale complexes/aggregates in the dilute solution of charged dendrimers

and DNA molecules.[77–89] Thus, there is a significant interest in understand-

ing the effect of conformational properties of dendrimer and polymer, solvent

quality on the aggregates/clusters formed in the solution.
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Despite the importance of the above problems, the theoretical advances

have been limited to studying single or a few particles/dendrimers dispersed in

polymer solution.[90–104] Full scale particle based simulations such as molec-

ular dynamics and MC simulations become computationally expensive if the

charged particles/dendrimers, polymers and ions are treated on an equal foot-

ing whereas in field based approaches such as SCFT, the characterization of

aggregates becomes difficult. The SCMF methodology, on the other hand, is

able to overcome these shortcomings making this methodology ideal to study

the particle/dendrimer-polymer systems. Thus, in this work, we extend the

SCMF framework to enable multiparticle simulations of nanoparticle-polymer,

dendrimer-polymer mixtures in order to study the structure of clusters formed

in such systems.

1.4 Outline of Dissertation

1.4.1 Fluctuation Effects on the Order-Disorder Transition in Poly-
disperse Copolymer Melts

We examine the influence of fluctuation effects on the order-disorder

transition (ODT) of polydisperse copolymer systems. We consider two model

systems: (i) Molecular weight polydisperse systems represented by AB diblock

copolymer melts having monodisperse A blocks and polydisperse B blocks;

and (ii) Compositionally polydisperse symmetric diblock copolymer systems.

In each case, we present results for the fluctuation-induced shift in the ODT

from the corresponding mean-field predictions. In both models, an increase in
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polydispersity enhances the influence of fluctuations. Moreover, for composi-

tionally polydisperse systems, we observe that the effect of fluctuations show

similar trends in systems containing quenched and annealed representation of

sequences.

1.4.2 Efficacy of Different Block Copolymers in Facilitating Mi-
croemulsion Phases in Polymer Blend Systems

In this chapter, we consider the ternary blend system of A and B ho-

mopolymers mixed with block copolymers containing A and B segments, and

probe the efficacy of different copolymer configurations in promoting the for-

mation of microemulsion phases. Specifically, we consider: (a) Monodisperse

diblock copolymers; (b) Diblock copolymers with bidisperse molecular weights

(MW); (c) Block copolymers having MW polydispersity in one of the blocks;

(d) Diblock copolymers having monodisperse MW but bidispersity in average

composition; and (e) Gradient copolymers exhibiting a linear variation in the

average composition. Using single chain in mean field simulations effected in

two dimensions, we probe the onset of formation and the width of the bicon-

tinuous microemulsion channel in the ternary phase diagram of homopolymer

blended with compatibilizer. We observed that diblock copolymers having

bidisperse composition are most efficient (i. e. microemulsion phases occupy

the largest area of phase diagram) in forming microemulsions. On the other

hand, monodisperse diblock copolymers and diblock copolymers having bidis-

perse MW distribution form microemulsions with the least amount of com-

patibilizers. We rationalize our results by explicitly quantifying the interfacial

9



activity and the influence of fluctuation effects in the respective copolymer

systems.

1.4.3 Phase Behavior of Gradient Copolymer Solutions

We use computer simulations to study the phase separation behavior

of amphiphilic linear gradient copolymer solution under poor solvent condi-

tions. Using Bond Fluctuation model and parallel tempering algorithm, we

explore the influence of the gradient strength (the largest difference in the

instantaneous composition along the copolymer) upon the phase separation

characteristics. Under poor solvent conditions, the chains collapse to form

micelle-like aggregates. We find that the critical temperature for this transi-

tion exhibits a linear dependence on the gradient strength of the copolymers.

A systematic quantification of the cluster characteristics formed during the

phase separation also reveals a strong dependence of aggregation numbers and

the bridging statistics upon the gradient strength of the copolymers. Analysis

of our results reveals that the critical parameter determining the thermody-

namic behavior of gradient copolymers is in fact the average length of the

hydrophobic sequences in the gradient copolymers. We demonstrate that the

latter provides a useful measure to quantitatively predict the critical transi-

tion temperature of the gradient copolymer solution. We also present a few

results from the framework of an annealed representation of the sequences of

the gradient copolymer to demonstrate the limitations arising from such a

model representation.
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1.4.4 Computer Simulations of Dendrimer and Polyelectrolyte Com-
plexes

We carry out a systematic analysis of static properties of the clus-

ters formed by complexation between charged dendrimers and linear poly-

electrolyte (LPE) chains in a dilute solution under good solvent conditions.

We analyze the structure of the clusters through radial distribution functions

of the dendrimer, cluster size and charge distributions. The effects of LPE

length, charge ratio between LPE and dendrimer, the influence of salt con-

centration and the dendrimer generation number are examined. Systems with

short LPEs showed reduced propensity for aggregation with dendrimers lead-

ing to formation of smaller clusters. In contrast, larger dendrimers and longer

LPEs lead to larger clusters with significant bridging. Increasing salt con-

centration was seen to reduce aggregation between dendrimers as a result of

screening of electrostatic interactions. Generally, maximum complexation was

observed in systems with equal amount of net dendrimer and LPE charges,

whereas either excess LPE or dendrimer concentrations resulted in reduced

clustering between dendrimers.

1.4.5 Interactions, Clustering and Multibody Effects of Charged
Nanoparticles in Uncharged Polymer Solutions

We study the polymer-mediated interactions between charged particles

suspended in polymer solution and examine their effect on the structure of

aggregates. We present an extension of the single chain in mean field simu-

lation method to study the charged particle-uncharged polymer system. We
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examine the effect of particle charge, polymer concentration and particle vol-

ume fraction on aggregation between particles. The structure of aggregates are

characterized using particle-particle radial distribution functions, cluster size

distribution, and fractal analysis. We observe that the aggregation between

particles increase with particle volume fraction and/or polymer concentration,

decreasing particle charge. We also examined the influence of multibody effects

on the structure of charged particle-polymer system. Specifically, we examined

whether the effective two-body potentials are able to reproduce the structure

observed in multiparticle simulation. Our results indicate that the effective

two body approximation overpredicts the aggregation between particles even

at dilute particle concentrations.
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Chapter 2

Fluctuation Effects on the Order-Disorder

Transition in Polydisperse Copolymer Melts

2.1 Introduction

Numerous soft matter systems display intriguing behavior in the vicin-

ity of phase transitions as a consequence of thermal fluctuation effects. How-

ever, large molecular weight (MW) polymeric melts have often been regarded

as a system in which fluctuation effects are by and large suppressed (except

for conditions very close to phase transitions) such that their thermodynamic

characteristics resemble mean-field behavior for a wide range of parameters.

Indeed, such expectations have spurred numerous successful applications of

mean-field theories (MFT), collectively known as polymer self-consistent field

theory (SCFT),[1–4] for the prediction of the equilibrium morphologies and

characteristics of multicomponent polymers. Despite such successes, fluctua-

tion effects have been shown to lead to important corrections to mean-field

theories of polymer melts. For instance, such effects lead to a modification

of both the temperature and the nature of the order to disorder transitions

(ODT) [5, 7–10, 105–107] in monodisperse diblock copolymer systems. In other

contexts, fluctuation effects have also been shown to stabilize novel morpholo-

gies such as bicontinuous microemulsion phases in blends of block copolymers
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[13, 16, 17] and new morphologies in multiblock copolymers.[108, 109] Moti-

vated by such results, there has arisen an interest in understanding the influ-

ence of fluctuations upon the equilibrium characteristics of different kinds of

multicomponent polymer systems.[110–120]

In this chapter, we are concerned with the interplay between fluctuation

effects and polydispersity in diblock copolymer systems. Polydispersity in

multicomponent systems can be broadly classified into two categories:

1. MW polydispersity: This represents the case in which there is a poly-

dispersity in the MWs of the copolymer. Such a feature is extremely

common, and arises either from imperfections in the synthesis strategies

and/or is an inherent outcome of some synthesis techniques.[58, 60, 121,

122] MW polydispersity has shown to significantly alter the ODT and

domain spacing in block copolymer melts.[123–130] In this context, our

studies are motivated by the experiments of Lynd and Hillmyer which

systematically studied the effects of MW polydispersity on the phase be-

havior and order-disorder transition (ODT) temperature of AB diblock

copolymer melts.[123–127] Their work considered the case in which the

MW polydispersity was in one of the blocks (which we denote as B in

this chapter) and examined copolymer melts containing different average

volume fractions of the B component. When the B segments constitute

the minority component (i. e. when the average volume fraction of B

component, which is denoted as f in this chapter, is such that f < 0.5),
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they observed that an increase in the MW polydispersity resulted in a

decrease in the Flory-Huggins interaction parameter, χODT , required for

the order disorder transition. Whereas, when the B segments were the

majority component (f > 0.5), increasing MW polydispersity was seen

to result in an increase in the χODT . Interestingly, such observations

contradicted the predictions of MFTs which suggest that increasing the

MW polydispersity should lead to a decrease in the χODT for all average

compositions (f) of the block copolymer.[131–133]

Spurred by the inconsistency noted between the MFT and experiments

of Hillmyer and coworkers, Beardsley and Matsen [128] used lattice

Monte Carlo (MC) simulations to study the ODT of polydisperse diblock

copolymer melt systems. For a compositionally symmetric copolymer

system (f = 0.5) their simulation results indicated that the ODT ex-

hibits only a small change with increasing polydispersity, a result which

contrasted with MFT predictions,[131–133] but was however qualita-

tively consistent with the experimental trends noted in Ref. [124]. In a

more recent article,[129] they studied compositionally asymmetric poly-

disperse systems and demonstrated a qualitative correspondence with the

experimental trends for the ODT behavior as a function of MW poly-

dispersity. Since their MC simulations accounted for fluctuation effects,

they concluded that the deviations of experiments from the mean-field

predictions arose from the influence of thermal fluctuation effects.

Despite the important insights shed by the study of Beardsley and Mat-
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sen, [128, 129] some unresolved issues remain. Specifically, in their MC

study for symmetric (f = 0.5) copolymers, the χODT was found to be

practically insensitive to the polydispersity index (PDI) in the range of

PDI = 1.0−2.0,[128] which contrasted with the results of the experiments

in which a slight decrease in the χODT with PDI was observed. The more

recent simulation study of Beardsley and Matsen,[129] examined only a

specific PDI (PDI = 1.5) and fixed invariant degree of polymerization

(N̄). As a consequence, full clarity on the interplay between PDI, N̄

and the average composition (f) of the block copolymer in influencing

fluctuation effects of MW polydisperse copolymer systems is still lacking.

Motivated by the above issues, in this paper, we present the results of a

more comprehensive examination of fluctuation effects in MW polydis-

perse systems. Specifically, we probe the interplay between MW polydis-

persity, average composition and the invariant degree of polymerization

of the copolymers in influencing the fluctuation effects. Our results clar-

ify the influence of different parameters on the deviations from MFT

predictions and also serve to highlight the influence of the invariant de-

gree of polymerization in influencing the fluctuation effects.

2. Compositional polydispersity: An alternative situation is one wherein

the MWs of the copolymers are (approximately) monodisperse, whereas

the sequences and the resulting average compositions of individual copoly-

mers display variation among the polymers. Such a situation mostly

arises as a consequence of the stochastic nature of the reaction scheme
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used in the preparation of the copolymers. In such situations, copoly-

mers are synthesized such that on an average they possess well-defined

composition profile, but however, the individual copolymers may exhibit

different sequences with differing average compositions. [134–144] There

is very little understanding of the interplay between fluctuation effects

and such sequence driven compositional polydispersity in copolymer sys-

tems.

In this work, we adopt a model of copolymers in which we can explic-

itly tune the compositional polydispersity to examine its interplay with

fluctuation effects in influencing the ODT behavior of such systems. We

compare the fluctuation-influenced ODT of an ensemble of sequences

of differing compositions (termed as quenched system) with the corre-

sponding mean-field predictions. Additionally, in order to clarify the

importance of using such a quenched ensemble of sequences, we compare

the fluctuation-influenced ODT of such an ensemble with an “annealed”

representation wherein the system consists of an ensemble of chains of

single sequence with however a continuously varying composition along

the sequence. In the manner, we clarify the interplay between both com-

position and sequence polydispersity in influencing the effect of thermal

fluctuations upon the ODT of diblock copolymers.

The rest of the chapter is arranged as follows. In section 2.2 we briefly

discuss the methodology we used to simulate our system and the measures
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used to locate the ODT in our simulations. In section 2.3 we present our

results for the systems under consideration. In section 2.4 we conclude with a

short summary and outlook for future work.

2.2 Simulation Methodology

In this work, we adopted the single chain in mean field (SCMF) sim-

ulation methodology proposed by Muller and coworkers[47–53, 145] to study

the effects of fluctuations on the ODT and phase behavior of copolymer sys-

tems. In essence, SCMF methodology is a MC simulation approach wherein

the intramolecular bonded interactions of the polymers are accounted in an

exact manner, whereas, the nonbonded pairwise interactions are replaced by

inhomogeneous potential fields acting on the polymer monomers. Such poten-

tial fields are usually taken to correspond to the mean field limit of the model

and is expressed as a function of the spatially varying polymer densities and

segmental volume fractions. In the implementation of SCMF, such potential

fields are determined on-the-fly using the instantaneous values for the inho-

mogeneous polymer densities and volume fractions.[47, 48, 146] In the scheme

wherein the potentials are updated after each MC move, the SCMF simulation

methodology generates configurations consistent with a prespecified Hamilto-

nian. Due to the absence of direct pairwise intermolecular interactions, SCMF

simulations can treat different chains as independent of each other except in-

sofar as the step during which the densities are computed and the potentials

are updated. Hence, such methods are computationally efficient and enable
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significant parallelization. Such approaches have been used to study the phase

behavior of polymer blends,[47, 146] block copolymers,[48, 147–149] polymer

nanoparticle mixtures,[150] and semiflexible copolymers.[151]

In relation to the present work, we opted for SCMF approach due to its

unique advantage in being able to simulate, without any additional computa-

tional cost, ensembles of polymers differing in their molecular weights and/or

sequences. In contrast, in some alternative simulations methodologies,[3, 4]

studying fluctuation effects in polydisperse systems require significantly more

computational effort. Specific advantages of SCMF methodology include the

ability to compare to the corresponding mean-field theory results and the ease

with which parallelization of the computer algorithms can be achieved. More-

over, by restricting the symmetry of the potential fields, we can study phe-

nomena in a specific spatial dimension. Indeed, since the qualitative features

of the influence of the fluctuations are expected to be similar in different spa-

tial dimensions, we can expedite our computations to access a wider range of

parameters by using two dimensional simulations instead of three dimensional

calculations.

2.2.1 Polymer Chain Models

In our SCMF simulations, we considered the following systems:

1. AB diblock copolymer melt with MW polydispersity: We adopted a

model which closely mimics the experimental conditions of Lynd and

Hillmyer.[123–127] Specifically we assumed that the A block is perfectly
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monodisperse and chose the MW of the B blocks based on a Schultz-

Zimm distribution.[152, 153] In such a model, the probability p(NB) that

the B-block has NB segments is given as:

p(NB) =
kkNk−1

B

(NB)kavgΓ(k)
exp

(
− kNB

(NB)avg

)
. (2.1)

In the above, the parameter k is related to PDI through PDI = (k+1)/k

and (NB)avg is the average number of segments in the distribution. Γ(k)

denotes the Gamma function.[154] In our study, polymer melts having

PDIs = 1.25, 1.5, 1.75, 2.0 were considered. The number of segments in

A block (NA) was fixed to 20 and the average composition f was related

to (NB)avg as f = (NB)avg/(NA + (NB)avg).

2. Compositionally polydisperse AB diblock copolymer melts: We consid-

ered an ensemble of diblock copolymers in which the probability dis-

tribution P (f) of the composition of the chain sequences were chosen

from:

P (f) =

{
1 0.5−∆ ≤ f < 0.5 + ∆

0 otherwise
(2.2)

The parameter ∆ quantifies the compositional polydispersity of the melt

system. Explicitly, a large (small) ∆ corresponds to a system wherein

the chain sequences possess a wide (narrow) distribution of average com-

positions.

The above model corresponds to an ensemble of diblock copolymer chains

of varying individual compositions, with however the system possessing

an overall average composition of f = 0.5. However, we note that the
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Figure 2.1: Composition profiles for an annealed representation of sequences
as a function of ∆. C(i) denotes the average volume fraction of A monomers
at a specific location i in the polymer chain. i denotes the segment index
(normalized by the total number of segments).

above model can also equally well serve as a more detailed represen-

tation for a system of blocky copolymer chains possessing an averaged

monomer scale composition profile displayed in Fig. 2.1. Such systems

are termed as “tapered copolymers” and have attracted considerable at-

tention due to the opportunities they furnish for tuning the self-assembly

characteristics.[155–163] In a number of previous studies, it has been ob-

served that the phase behavior and properties of systems possessing an

ensemble of sequences exhibits significant differences compared to that

wherein a single averaged sequence is used as a model.[143, 164–167]

In this work, we probe the fluctuation effects on the ODT of an ensemble

of sequences (termed in our work as the “quenched” system) exhibiting
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compositional polydispersity. We also compare such results with cor-

responding behavior of tapered copolymers (termed in our work as the

“annealed” system). In this manner we clarify the effects arising from the

polydispersity in the composition as well as those that can be attributed

to the sequence polydispersity effects.

2.2.2 Single Chain in Mean Field Simulation

For our SCMF simulations, we adopted the Gaussian chain model in

which each polymer chain is discretized into a collection of N beads connected

by N − 1 harmonic springs. For copolymers having MW polydispersity, NB is

determined by the Schultz-Zimm distribution discussed in earlier section and

N is calculated using N = NA+NB. The bonded and nonbonded interactions

are described by the following single chain Hamiltonian:

H[ri(s)]

kBT
=

N−1∑
s=1

[
3

2b2
[ri(s)− ri(s+ 1)]2 +

(2γ(s)− 1)w(ri(s)) + π(ri(s))

N − 1

]
,

(2.3)

where ri(s) denote the position of the sth monomer on the ith chain and b

denotes the effective bond length. In the above, γ(s) = 1 if the segment s

is A monomer and is 0 otherwise. The potential fields w(ri(s)) and π(ri(s))

acting on the polymer segments are adopted as the saddle point solutions of

the corresponding field theory.[3] Explicitly,

w(r) =
χN

2
(φA(r)− φB(r)), (2.4)

π(r) = κN(φA(r) + φB(r)− 1). (2.5)
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where φα (α = A,B) represents the instantaneous local volume fraction of α

segments, χ is the Flory-Huggins interaction parameter which describes the

incompatibility between A and B segments, and κ is a parameter which is

inversely proportional to the isothermal compressibility of the overall system.

In the above notation, wA = −w + π and wB = w + π are the fields acting on

the A and B monomers respectively.

We used a MC simulation approach in which the Hamiltonian, H, is

sampled by Metropolis algorithm.[168] The chain beads are evolved in three

dimensions using moves involving displacement of the monomers. The “quasi-

instantaneous field” approximation in SCMF refers to the update of external

potential fields after a specific number of MC steps. However, strictly speak-

ing, such an approach does not satisfy the detailed balance principle, and its

accuracy in reproducing the statistical features of the original Hamiltonian

method decreases with increasing number of MC steps between subsequent

update of potential fields. Daoulas and Muller[48] systematically quantified

the effect of updating frequency upon the accuracy of SCMF simulations. For

a homopolymer melt system they reported that the results for the polymer

end-to-end distance computed using SCMF methodology showed good agree-

ment (≈ 3% error) with the same calculated using direct MC simulations

for updating frequencies less than 1 i.e. the fields were updated after one

(or less) MC moves per monomer. They also pointed out that this error be-

tween SCMF and MC simulations occur mainly due to the local stretching of

bonds whereas, intrachain correlations are not largely influenced by the quasi-
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instantaneous field approximation. In our simulations, we update the poten-

tial fields w(ri(s)), π(ri(s)) based on the inhomogeneous volume fractions of A

and B monomers after one MC step which offers a tradeoff between quality of

quasi-instantaneous field approximation and computational efficiency. Some

of our simulations were effected in a two-dimensional representation in which

the density fields corresponding to the particle locations were averaged over

two-dimensions. We used a box size of 64×64 and 64×64×64 lattice units for

two-dimensional and three-dimensional simulations respectively. In all of our

simulations, we used κ = 50 to ensure a nearly incompressible system. The

system was equilibrated for 1 × 106 MCS per monomer and thermodynamic

quantities (discussed below) were averaged every 50 MCS per monomer.

In some works,[10, 169] it has been common to characterize the effect

of fluctuations through a parameter C = ρRd
g/N (with d denoting the number

of dimensions and ρ = nN/V where n denotes the total number of copolymer

chains in the system and V is the system volume in terms of unperturbed

radius of gyration, Rg). C is related to the commonly used invariant degree of

polymerization, N̄ , through C = (N̄/63)d/2−1, and represents the “Ginzburg”

parameter for our field theory. A small value of C is equivalent to a small num-

ber of polymer chains surrounding each molecule, and hence corresponds to

stronger composition fluctuations. The limit of mean-field theories correspond

to C → ∞. Some of the experimental results in the context of MW polydis-

perse copolymer systems correspond to N̄ values as low as 300.[124, 129] On the

other hand, SCMF-type approaches require a minimum number of monomers
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per grid point so that the instantaneous densities are suitably approximated.

Probing low values of N̄ necessitates decreasing the total number of grid points

(i.e. increasing grid spacing). However, such modifications would necessitate

a more careful accounting of the errors resulting from discretization effects.

Instead, in our simulations we maintain a fixed discretization (∆L = 0.156Rg)

to ensure comparable discretization errors in the different simulations, thereby

enabling us to compare the results for different physical parameters. In this

regard we were guided by the work of Daoulas and Muller which introduced a

parameter ε to quantify the accuracy of quasi-instantaneous field approxima-

tion.[48] Explicitly, they suggested that ε� 1 with

ε ≡ V

nN2∆L3
(2.6)

ensures the validity of quasi-instantaneous field approximation. In our sim-

ulations, the highest value of ε (encountered for lowest C) is ≈ 1.6 × 10−3

which ensures that SCMF captures fluctuations. However, our efforts to meet

the above criterion with a fixed discretization also limited the lowest C pa-

rameters we could probe in our simulations. As a consequence, our studies

are limited to C parameter values in the range 10− 100 which corresponds to

N̄ ≈ 2.16× 104 − 2.16× 106.

To quantify the fluctuation effects in our work, we compute the devi-

ation of ODT calculated from SCMF simulations from the mean-field predic-

tions. For the model system considered in this study, the ODT predictions

from the random phase approximation (RPA) have been noted to be in good
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agreement with SCFT results,[131, 132] and hence we use the former as a mea-

sure of the prediction of mean field theories. However, the spatial discretization

employed in SCMF simulations is equivalent to a finite range of interaction

between the monomers and requires to be accounted within the RPA theo-

ries.[145, 170] To incorporate such effects, we employ the approach suggested

by Wang[170] to compute the corrected RPA predictions and henceforth we

refer to such values as the mean-field ODT results.

2.2.3 Determining ODT

Three different measures were used to discern the location of χODTN

for the different systems:

(i) The structure factor of composition fluctuations was calculated as,

S(q) =
1

4nN

〈∣∣∣∣ n∑
j=1

N∑
s=1

[2γ(s)− 1] exp(−iq.rj(s))
∣∣∣∣2〉. (2.7)

The contribution of dominant wavevectors to S(q) is expected to be small in

the disordered phase and considerably large in the ordered phase. Based on

such expectations, we probed the measure S1 =
∑

j S(q̂j) (where j indexes

the wavevector, q̂ for which S(q) is maximum. For instance, if the dominant

contribution from 5 wavevectors is considered, j = 1 to 5.) and identified the

χ at which S1 undergoes a jump as the ODT.1 As an alternate measure, we

also probed S2 =
∫
S(q)2qdq which also undergoes a jump near the ODT[128]

where S(q) is spherically averaged structure factor. As we demonstrate later

1We thank Prof. David Morse for this suggestion.
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(cf. discussion in the context of Fig. 2.2) the ODT computed from S1 and S2

were found to be in agreement with each other.

(ii) We computed anisotropy parameters f2, f4 which are defined as:[16]

fn(q) =
1

2π

∣∣∣∣
2π∫
0

dθ|F (q)|2 exp(inθ)

∣∣∣∣ (2.8)

where

F (q) =

∫
φ̂A(r) exp(−2πiqr)dr. (2.9)

In the above, φ̂A(r) represents the averaged composition of A monomer (in

contrast to the “instantaneous” compositions φA(r) in eqns. (6.3) and (6.4))

and F (q) represents the fourier transform of such a quantity. The order pa-

rameters f2, f4 are zero in the disordered phase and are positive in ordered

morphologies. For simplicity, we use a single dimensionless number, Fn to

quantify the anisotropy parameter:

Fn =

∫
dqfn(q)

σ
(2.10)

with

σ =

[∫
dqq2fn(q)∫
dqfn(q)

−
(∫

dqqfn(q)∫
dqfn(q)

)2]1/2
. (2.11)

The order parameters F2 and F4 are also expected to display a jump near the

ODT,[16] and we identified χODTN as the onset of such a behavior.

(iii) We used the occurrence of a sharp change in average internal en-

ergy of the system as a function of χ to identify the ODT. We note that the

internal energy of the system can exhibit hysteresis in the vicinity of first order
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transitions. To account for such phenomena, we started the SCMF simulations

from a disordered state and increased χ every 2× 105 MCS (cooling run) and

determined the average energy of the system as a function of χ. We also re-

peated such a process starting from an ordered state (high χ) by lowering the

χ (heating run). In many cases, we observed that the average energy of the

system in the heating and cooling runs were indistinguishable within numer-

ical error of 0.25 in terms of χN (i.e. hysteresis loops were imperceptible, cf.

Fig. 2.2(c)). We fitted the average energy data to a hyperbolic tangent profile

and located the ODT as the χ at which average energy decreased to 20% of

its high temperature value.

In Fig. 2.2, we depict a comparison of the results from the different mea-

sures used to locate the ODT. For illustrative purposes, we consider the block

copolymer melt system having symmetric composition (f = 0.5) with different

MW PDIs. In Fig. 2.2(a), we display the structure factor measures S1 and S2

which are seen to undergo a sharp jump near a critical χ which is identified as

the ODT. Figure 2.2(b) displays the normalized anisotropy parameters, F2 and

F4 which are also seen to undergo a sudden jump in the vicinity of the ODT.

In Fig. 2.2(c) we depict the average energy and observe that the hysteresis

effects between the heating and cooling protocols are minimal. In Fig. 2.2(d)

we compare the ODTs discerned in Figs. 2.2(a-c) and observe that the χODT

values discerned from the different measures agree within a numerical resolu-

tion of 0.25 in χN . In the results below we base our discussion primarily on

the ODTs located by the use of the anisotropy parameters F2 and F4.
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Figure 2.2: (a) Structure factor measures S1 (filled) and S2 (hollow) as a
function of χN ; (b) anisotropy parameters, F2 (hollow) and F4 (filled) as a
function of χN ; (c) Hysteresis loop in the average energy normalized by χN ;
and (d) Comparison of ODTs discerned by the measures depicted in (a)-(c).
All plots correspond to 3D SCMF simulation of symmetric block copolymer
melt (f = 0.5) for C = 20.
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2.3 Results

In this section we present results quantifying the effect of fluctuations

on the ODT of polydisperse copolymer systems. As a first step, we assess the

ability of SCMF simulation method to quantitatively capture the fluctuation

effects in (compositionally and MW) monodisperse copolymer melt systems.

Subsequently, we present results which characterize the influence of fluctua-

tions on MW and compositionally polydisperse copolymer systems.

2.3.1 Comparison of SCMF with Field-Theoretic Simulations (FTS)

In an earlier work, Daoulas and Muller extensively studied the ability of

SCMF to capture fluctuation phenomena in polymeric systems.[48] Explicitly,

they probed the structure factor, S(q), in SCMF simulations and compared the

results against the predictions of both RPA and the Fredrickson-Helfand (FH)

one-loop fluctuation theory.[48, 106] Consistent with the expected influence of

fluctuation effects, they found that S(q) (where q∗ denotes the wavevector

corresponding to maximum in S(q)) calculated from the SCMF simulations

deviated from the RPA predictions and displayed semi-quantitative agreement

with the predictions of FH theory.[106]

While the study of Daoulas and Muller was insightful in clarifying the

manifestation of fluctuation effects in SCMF simulations, their comparisons

relied upon the FH approximation — a theory which is expected to be valid

at only large values of C. To undertake a more rigorous quantification of the

ability of SCMF to capture fluctuation effects, especially for smaller C, we
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probed the ODT of monodisperse diblock copolymer melts within a two di-

mensional framework of the SCMF approach and compared our results with

those reported based on the field-theoretic simulation (FTS) approach.[10]

FTS is a methodology which directly samples the field-theory model by us-

ing either complex Langevin technique or MC simulation method. FTS has

been used successfully in earlier works to study fluctuation effects in diblock

copolymers,[10, 171] polymer blends,[16, 17] polymer solutions,[169, 172, 173]

and polyelectrolytes.[174] Since FTS makes no approximation to the underly-

ing field theory, a comparison to FTS is expected to be a stronger test of the

ability of SCMF to capture fluctuations.

In Fig. 2.3 we display a comparison of the fluctuation-induced shifts in

the ODT from the mean field value deduced from FTS and SCMF approaches.

It can be observed that the results of SCMF quantitatively tracks the ODTs

reported using the FTS methodology. Interestingly, such agreement seems to

hold even for C = 30 − 40, for which the fluctuation effects are expected to

be significant. These results serve to confirm that SCMF can indeed be used

as a tool to quantitatively assess the effect of fluctuations upon the ODT of

polydisperse diblock copolymer melt systems.

2.3.2 Fluctuation Effects in Symmetric Block Copolymers with
MW Polydispersity

In this section, we present results for the effect of fluctuations on the

ODT of symmetric (f = 0.5) block copolymer melts exhibiting MW polydis-
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χ

Figure 2.3: The fluctuation induced shift in ODT for symmetric monodisperse
diblock copolymer melt as a function of Ginzburg parameter (C) obtained from
two-dimensional FTS(•)[10] and SCMF(�) simulations. N = 40, the simula-
tion box length of 8Rg with a discretization of 0.125Rg has been utilized for
both simulations. The error bars on SCMF data correspond to a deviation
of 0.1 in χN from the reported ODT. The error bars for SCMF results corre-
spond to the resolution with which of χ was varied in SCMF simulations for
locating χODT .
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persity. As discussed in the introduction, mean-field theories for MW poly-

disperse symmetric copolymers predict that an increase in the polydispersity

should lead to a decrease in the χODT .[131–133] While the experimental trends

qualitatively agree with such predictions, significant quantitative discrepancies

have been noted. Explicitly, in Fig. 2.4 we display a comparison of the ex-

perimental results of Lynd and Hillmyer [124] and the respective mean-field

ODTs. Shown alongside are also the corresponding MC simulation results of

Beardsley and Matsen which shows the upper and lower bound of hysteresis

loops observed for a particular system size.[128] We note that the experimental

results used the mean-field value of monodisperse (PDI = 1.0) block copoly-

mers to parametrize χ, and hence the displayed values are only appropriate for

examining the influence of PDI on the relative deviation of the ODTs from the

MFT predictions. In Fig. 2.4, it can be seen that the experimental results show

only a slight decrease in absolute values of the χODTN with increasing PDI,

which contrasts with the significant slope exhibited by the mean-field predic-

tions. As a consequence, the deviations between the experimental results and

the mean-field predictions are seen to increase with increasing polydispersity.

The MC simulation results on the other hand are seen to exhibit an almost

constant χODT with variations in PDI.[128]

In this section, we present the results of SCMF simulations effected in

two dimensions (with the polymer chains evolved in three dimensions) to ad-

dress the influence of the C parameter upon fluctuation effects. Specifically, we

are interested in probing whether the differences between experimental obser-

33



χ

χ

Figure 2.4: Experimental data by Lynd and Hillmyer adopted from
Ref. [124] for nearly symmetric (filled diamonds and squares) poly-(ethylene-
alt-propylene)-b-poly(DL-lactide) diblock copolymers having polydispersity in
one block plotted with respective mean-field ODT. The MC simulation data
by Beardsley and Matsen from Ref. [128] for a specific system size (L = 54
lattice units) is also shown. The limits of error bars correspond to the upper
and lower bound of hysteresis loops presented in Ref. [128]. The lines are
meant to be a guide to the eye.
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Figure 2.5: (a) Effect of B-block polydispersity for a symmetric melt on χNODT

as a function of PDI as characterized by Ginzburg parameter (C). We also
display a result from 3D simulations at C = 20 to characterize the influence
of dimensionality on the ODT. The lines are guide to the eye. (b) Effect of
B-block polydispersity for a symmetric melt on fluctuation induced shift in
ODT temperature relative to mean field value (∆t) as a function of Ginzburg
parameter (C) for different PDI. ∆t approximately follows a power law with
respect to C and the power law slopes of these lines (indicated in the figure)
are seen to be approximately the same (within statistical error of 0.1 in χN).

vations, mean-field predictions and the simulation results depicted in Fig. 2.4

can be understood as a consequence of the influence of C and fluctuations.

Towards this objective, we use the measure ∆t which represents the shift of

χODTN discerned from SCMF from the corresponding mean-field predictions

and probe its dependence upon C.

Figure 2.5(a) displays χODTN as a function of PDI for different C

values. We observe that the fluctuation-influenced χODTN decreases with

increasing PDI — a trend which is similar to that of the mean-field predictions.
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Moreover, we also display a comparison to the results of 3D simulations for

C = 20, which indicate trends which are semiquantitatively similar to that of

2D simulations. To understand more clearly the influence of fluctuations on the

PDI, in Fig. 2.5(b) we display the fluctuation-induced shift of χODTN from the

mean field predictions as a function of the Ginzburg parameter, C. Consistent

with expectations, the deviations from the mean field predictions are seen to

increase with decreasing C parameter. Explicitly, the deviations ∆t are seen

to follow approximately a power law behavior C−α with α ' 0.62 − 0.68,

which indicates an agreement of SCMF results with the mean-field predictions

for C → ∞. More interestingly, fluctuation-induced shifts in the ODT at

higher PDI are seen to be generally higher than the corresponding values at

lower PDI. As a consequence, we observe that the slopes of the χODT vs. PDI

curves in Fig. 2.5(a) decrease in magnitude with decreasing C, and there is a

gradual flattening of the dependence of the fluctuation-induced ODTs upon

the PDI.

The above results (specifically, those presented in Fig. 2.5(b)) indi-

cate that fluctuations have a stronger influence on the χODTN for higher PDI

systems. Moreover, the displayed SCMF results are also consistent with the

associated experimental observations[124] and indicate a gradual flattening of

the χODT behavior (as a function of PDI) at smaller C (as discussed earlier, the

experimental results correspond to Cs which are smaller than those probed in

our simulations). We also note that the above results help rationalizing the dis-

crepancies between the Matsen’s simulations results[128] and experiments.[124]
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Explicitly, we note that Matsen’s simulations correspond to a lower C (cor-

responding to N̄ = 100) compared to the experiments (N̄ = 300, 1200), and

hence is expected to exhibit a lower slope of χODTN vs. PDI behavior. Such

an expectation is consistent with the results displayed in Fig. 2.4.

2.3.3 Fluctuation Effects in Asymmetric Copolymers with MW
Polydispersity

In this section, we present results quantifying the interplay between

PDI and C in influencing the ODT of compositionally asymmetric copoly-

mers. As discussed in the introduction, experiments of Lynd and Hillmyer[124]

have demonstrated that when the polydisperse block is the majority compo-

nent (f > 0.5), χODTN increases with increasing polydispersity. In contrast,

for f < 0.5, the χODTN was seen to decrease with PDI, a behavior which

was consistent with the situation of symmetric copolymers. Interestingly, the

mean field predictions for both f ≤ 0.5 and f > 0.5 indicate a decrease in

χODTN with increase in polydispersity. Motivated by such discrepancies, in

this section we present the results for the ODT of asymmetric diblock copoly-

mers having MW polydispersity in the majority component (f > 0.5). Our

objective is to discern the specific roles of C and PDI on the deviations from

the mean field predictions and thereby probe whether the deviations from

MFT noted in experiments arise as a consequence of fluctuations. We note

that previous studies have reported that asymmetric polydisperse copolymer

melts may form gyroid/perforated lamellar phases,[123, 124, 129] and hence we

used three-dimensional simulations to study the effect of MW polydispersity in
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Figure 2.6: Variations in (a) χODTN and (b) fluctuation-induced shift in the
ODT (∆t), with PDI. The results correspond to three-dimensional SCMF at
C = 20. To avoid clutter, we have only plotted the ∆t values determined from
F2,4 measures. The statistical error is of the order of 0.25 in χN . The lines
are a guide to the eye.

asymmetric copolymers. Due to the computationally expensive nature of such

simulations, most of our results are for a fixed value of Ginzburg parameter

corresponding to C = 20 (except for f = 0.7, as we discuss later).

We display the SCMF results for the ODT of asymmetric copolymers

in Fig. 2.6(a) for f = 0.6 and 0.7. Overall, for both fs, we observe that

χODTN decreases with increasing MW polydispersity. Moreover, from the

results displayed in Fig. 2.6(b), we observe that the deviations from the mean-

field predictions, ∆t, increases with increasing PDI (within numerical error,

the ∆t results for PDI = 1.75 are comparable to those of PDI = 1.5). Overall,

these trends match with the results discussed for f = 0.5 in the previous
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section.

While the fluctuation effects are seen to be enhanced with increasing

PDI, our results for χODTN do not agree with experimental trends discussed

in the beginning of the section. Explicitly, despite the stronger fluctuations

at higher PDIs we do not observe an increase in χODTN with increasing poly-

dispersity in asymmetric copolymers. We speculate that a possible resolution

between our simulation and experiments could be that the invariant degree

of polymerization used in our study (C = 20, N̄ = 86.4 × 103) is higher than

that used for experiments (N̄ = 300) and in other simulations (N̄ = 100). We

recall that results from the previous section indicated that for smaller Cs (or

N̄) the effect of fluctuations for larger PDIs becomes stronger so as to cause

flattening of the slope of χODTN vs. PDI curves. One may speculate that for

even smaller N̄s the fluctuation effects become even stronger so as to cause an

increase in χODTN as a function of PDI.

In support of the above conjecture, we demonstrate that the effect of

C on the ODT of asymmetric block copolymers at different PDIs is similar

to that observed in the previous section for symmetric copolymers. Towards

this objective, we simulated an asymmetric copolymer system (f = 0.7) for

C = 10, and in Fig. 2.7b, we compare the results for the deviation of the

ODT from mean-field predictions (∆t) for C = 10 and 20. With decreasing C,

we observe a larger slope in ∆t vs PDI trends, a behavior which is consistent

with the increased influence of fluctuations for larger PDI. In turn, such effects

manifest as a smaller slope for χODT vs PDI (see Fig. 2.7(a)). While we were
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Figure 2.7: Variations in (a) χODTN and (b) ∆t with PDI for f = 0.7 compared
for different C values. The numbers denote the slope of linear fits to the data.

unable to observe an increase in χODTN with PDI at C = 10, we note that

the corresponding N̄ = 21.64× 103 is still considerably larger than the exper-

imental values. Unfortunately, as discussed earlier, probing of even smaller C

would require us to more carefully account for discretization effects, and hence

we do not embark on such an undertaking in this work. However, the displayed

results still supports the hypothesis that experimentally observed trends and

the deviations from mean-field could be a consequence of the enhanced influ-

ence of fluctuations at smaller C for larger PDI systems. Moreover, our results

point to an interesting experimentally testable prediction that for asymmetric

copolymers, larger values of invariant degree of polymerization would lead to

a decrease in the χODTN with increasing PDI.
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2.3.4 Fluctuation Effects in Compositionally Polydisperse Diblock
Copolymers

In this section, we present the results for fluctuation induced shift in the

ODT in compositionally polydisperse block copolymer melts represented by

the composition profiles described in Sec. 2.2.1. We consider only symmetric

copolymers (f = 0.5) and use the parameter ∆ (cf. Sec 2.2.1) to quantify

the compositional polydispersity of the sequences. Similar to the approach

adopted in the previous section, we identify the influence of fluctuations by

comparing the SCMF results with the predictions of RPA theory.

In Fig. 2.8(a) we display the SCMF results for χODT for the system

of quenched ensemble of sequences. To quantify the effect of fluctuations

more directly, in Fig. 2.8(b) we display ∆t which represents the deviation of

the SCMF results from the mean-field predictions. Overall, we observe that

compositionally monodisperse diblock copolymers exhibit the least influence of

fluctuations and that the fluctuation-induced shift in the ODT increases with

increasing compositional polydispersity (∆) of the copolymers. Moreover, as

observed earlier in case of MW polydisperse block copolymers (cf. Secs. 2.3.2

and 2.3.3), the influence of fluctuations is seen to increase with decreasing C.

As discussed in Sec. 2.2.1, our “quenched” model which contains an

ensemble of sequences also serves as a representation for a system of blocky,

tapered copolymers with average composition profiles depicted in Fig. 2.1 (an-

nealed system). In this context, we note that the mean-field (RPA) predic-

tions for the quenched and annealed systems exhibit contrasting trends with
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Figure 2.8: Variation in χODTN with Ginzburg parameter, C for (a) quenched
and (c) annealed representation of sequence. Fluctuation-induced shift in the
ODT of (b) quenched and (d) annealed representation of sequences for com-
positionally polydisperse block copolymer systems. The statistical error is of
the order of 0.1 in χN .
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increasing compositional polydispersity. Explicitly, for the system of quenched

ensemble of sequences, the mean-field predictions for χODTN are 9.35, 10.13

and 10.52 respectively for ∆ = 0.3, 0.2 and 0.1 (i. e. ODT increases with

decreasing ∆). In contrast, for the annealed, tapered copolymer system the

mean-field predictions for the χODTN are 15.69, 12.8 and 11.2 respectively for

∆ = 0.3, 0.2 and 0.1 (i. e. ODT decreases with decreasing ∆). Hence, it is of

interest to consider the influence of fluctuations upon the annealed model and

probe the differences, if any, with the quenched ensemble of sequences.

In Fig. 2.8(c) and (d), we display the corresponding SCMF results for

the annealed system of tapered copolymers. Interestingly, despite the con-

trast in the mean-field dependence of χODT upon ∆, we observe that both

quenched and annealed ensemble displays similar trends with respect to the

influence of fluctuation effects. Specifically, we observe that an increase in ∆

(representing the gradient strength of the annealed representation) increases

the influences of fluctuations. Moreover, the annealed and quenched systems

are seen to exhibit quantitatively comparable magnitudes of deviations in ODT

from the corresponding mean-field predictions. Overall, these results suggest

that similar fluctuation effects manifest in quenched and annealed systems and

indicates that the sequence polydispersity effects play only a secondary role in

the influencing the fluctuation effects upon ODT.
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2.4 Summary

In this chapter, we presented results quantifying the effects of fluctu-

ations on MW polydisperse (AB diblock copolymers having polydispersity in

B block length distribution) and compositionally polydisperse (quenched and

annealed ensemble of symmetric gradient copolymer melts) copolymer melts

using single chain in mean field simulations. The strength of fluctuations

was characterized by the Ginzburg parameter (C) representing the number of

polymer chains per unit volume. We demonstrated that both compositional

and MW polydispersity can have a significant impact on fluctuations near the

order-disorder transition.

For diblock copolymer melts having symmetric composition, MW poly-

dispersity was seen to enhance the strength of fluctuations. For symmetric

diblock copolymers, χODTN was found to decrease with increasing PDI which

was consistent with experimental observations (cf. Fig. 2.4). Also, the magni-

tude of the slope of the variation in χODTN with PDI decreased with decreas-

ing C suggesting that the deviations of the ODT from mean-field predictions

increase at higher PDI. Such behavior was in agreement with the experimen-

tally observed deviations. For asymmetric diblock copolymers (f > 0.5), we

observed a decrease in χODTN with increasing MW polydispersity. While this

trend does not agree with the experimental observations,[124] we suggested

that the increased influence of fluctuations with increasing PDI for lower C

values may explain the ODT behavior in experiments. For compositionally

polydisperse diblock copolymers, we observed that the compositional polydis-
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persity increases the strength of fluctuations. Moreover, we observed similar

trends in fluctuation effects for quenched and annealed representation of se-

quences.

In contrast to the extensive theoretical frameworks which have ad-

dressed fluctuation effects in monodisperse block copolymer systems, compa-

rable analytical results do not exist for composition and/or MW polydisperse

systems. The simulation results presented in this chapter serve to fill this void

by presenting results, albeit numerical, quantifying the influence of fluctua-

tions as a function of the degree of polydispersity. Such results are expected

to be useful both in the context of interpreting experiments and in the val-

idation of analytical theories. In a next chapter, we demonstrate that the

results presented herein prove useful for the interpretation of fluctuation ef-

fects in polymer blends containing different architectures of block copolymer

compatibilizers.
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Chapter 3

Efficacy of Different Block Copolymers in

Facilitating Microemulsion Phases in Polymer

Blend Systems

3.1 Introduction

In this work we are concerned with a mixture of two homopolymers (de-

noted as A and B) of equal molecular weight (MW) mixed with block copoly-

mers. In the case when the ternary blend contains AB diblock copolymers,

mean-field theories[175–183] have suggested that the phase behavior of such a

ternary system is governed by the following parameters: (i) Ratio of the chain

lengths of the homopolymer to copolymer, denoted as α in this chapter; (ii)

Total volume fraction of homopolymer, denoted as φH ; (iii) The composition of

the copolymer, denoted as f ; and (iv) The incompatibility between the A and

B monomers characterized by the Flory-Huggins interaction parameter (χ). A

schematic phase diagram for the case when the system consists of symmetric

(f = 0.5) AB copolymers mixed with A + B polymer blend is shown in Fig-

ure 3.1. For small homopolymer volume fractions (φH), ordered lamellar phase

is observed at low temperatures. The lamellar microstructure persists for in-

creasing φH , however with increasing domain sizes. Beyond a critical φH , the

lamellar phase “unbinds” to lead to macrophase segregation.[184] Theoretical
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Figure 3.1: Schematic of phase diagram of ternary symmetric blend of ho-
mopolymers with copolymer. φH denotes the total homopolymer volume frac-
tion and T represents temperature.

and experimental results have suggested that between the two-phase (2φ) and

lamellar region, a narrow channel of bicontinuous microemulsion (BµE) phase

is formed as a result of thermal fluctuations.[11–21] Such phases constitute the

focus of this chapter.

In contrast to conventional oil-water microemulsions, polymeric BµEs

possesses characteristic lengthscales of approximately 100 nm,[185] and large

surface areas, rendering them ideal candidates for synthesizing nanoporous

materials with uniform pore sizes.[185–188] Not surprisingly, such phases have

attracted attention in the context of various applications such as catalysis,[189]

gas storage,[190] electronic devices,[191] separations and drug delivery,[192]

etc. The first experimental evidence of BµE using block copolymers was found

in late 90’s by Bates and coworkers.[13–15, 193] However, despite the initial

flurry of activity accompanying the discovery of BµE phases,[11, 13–17, 19–
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21, 180–182, 194–198] very little progress has been achieved in the systematic

design of ternary blend systems which can allow versatile access to such phases.

Polymeric BµE phases owe their origin to thermal fluctuation effects,[14,

16, 17] which are not captured in mean-field approaches such as self-consistent

field theories.[2–4] Hence, initial theoretical and computational studies of such

morphologies were limited to indirect approaches to identify the optimal for-

mulations for accessing polymeric BµE phases. For instance, Matsen and

coworkers used mean-field theories to identify different characteristics of the

block copolymer which could optimize the formation of BµE phases in ternary

polymer blend systems.[180, 181, 199–201] Specifically, Thompson and Mat-

sen[201] demonstrated that in ternary blends of homopolymers with diblock

copolymers, the copolymers form inflexible monolayers which tend to attract

each other. Moreover, if the attraction is significant, they suggested that the

copolymer monolayers tend to expel the homopolymer and lead to macrophase

segregation. By using mean-field calculations,[2–4] Thompson and Matsen pre-

dicted that introducing polydispersity in block copolymers can overcome the

attraction between the copolymer layers and also endow them with appropri-

ate flexibility to improve the formation of polymeric BµE phases. In a different

context, Fredrickson and Bates[12] have used mean-field theories to identify

the location (in the χ − φH space) of the transition between lamella and two

phase region to suggest strategies to improve the formation of polymeric BµE

phases.

Recently however a number of computational approaches have been de-
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veloped to study fluctuation effects in polymeric systems[3, 4, 16, 17, 47, 48, 111,

118–120] which have enabled the study of polymeric microemulsion phases. For

instance, Duchs and coworkers,[16, 17] used field theoretic simulation (FTS)[3,

4] methodology effected in two-dimensions to study fluctuation effects in the

ternary homopolymer/diblock copolymer blend system. Their results for order-

disorder transition (ODT) showed qualitative agreement with the experimental

phase diagram. Moreover, they found evidence of a narrow channel of BµE

phase consistent with the experiments. More recently, Sun and Guo[202, 203]

studied the phase behavior and interfacial properties of the ternary homopoly-

mer/gradient copolymer blends using Monte Carlo simulations. Their studies

suggested that the gradient copolymers possessing a larger width of composi-

tion distribution are capable of forming soft monolayers and are more efficient

in forming BµE phases.

Inspired by the above developments, in this work we use the computa-

tional methodology of single chain in mean field (SCMF) approach to study

directly the efficacy of different copolymer formulations in promoting the for-

mation of polymeric BµE phases in ternary blend systems. Specifically, we

consider the following classes of compatibilizers:

(a) Monodisperse diblock copolymers (D): Most of the research related

to the formation of BµEs has been focussed on diblock copolymers having

(approximately) monodisperse MW distribution. In this work, we consider

monodisperse diblock copolymers: (i) To use the existing results in the context

of such copolymers to validate our simulation method and analysis; and (ii)
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To compare the efficacy of such systems against other copolymer architectures

(discussed below).

(b) Diblock copolymers having bidisperse MW distribution (BDL):

Study of this system has been motivated by the work of Thompson and Mat-

sen[200] which indicated that MW polydisperse block copolymers are more

efficient in forming BµE phases. We seek to examine the correlation between

interfacial properties and the onset of BµE formation in such systems and

compare the efficacy of BDL system as compared to D system.

(c) Diblock copolymers having polydispersity in one of the blocks (PD):

MW polydisperse copolymers have been predicted to be better compatibilizers

compared to monodisperse diblock copolymers, as they create a more gradual

interface which suppresses the attractive interactions between diblock mono-

layers.[200] In contrast however, experiments found a shift in the BµE channel

towards higher copolymer volume fractions[20]. We simulate the PD system

and compare our results with experimental observations and probe whether

diblock copolymers with MW polydispersity in a single block do exhibit better

propensity to form BµEs.

(d) Diblock copolymers having bidisperse composition (BDC): We sim-

ulate a mixture of diblock copolymers having monodisperse MWs but different

compositions (f). Using bidispersity in composition have shown to greatly in-

fluence the interfacial properties in case of random copolymers.[204] We seek to

examine if imparting similar compositional polydispersity in block copolymers

could also lead to improvement in the formation of BµE.

50



(e) Gradient copolymers (G): Gradient copolymers possess a gradual

change in the composition along the chain length[68, 69]. Such systems have

recently attracted significant attention due to their promising interfacial prop-

erties. Prior studies have confirmed that gradient copolymers in homopolymers

preferentially phase segregate to the interface and stabilize the blend.[64, 202]

Sun and Guo [203] recently reported that the copolymers having larger width

of gradient composition occupy larger interfacial area and form softer mono-

layers and are more efficient in forming BµEs. Motivated by such observations,

in this work we study the effect of different sequence distributions of gradient

copolymers in influencing the formation of BµE phases.

An “optimal” formulation of copolymer can serve to aid in the for-

mation of BµE phases by two means: (i) Ensure that the BµEs are formed

with the minimum amount of copolymers. Since the copolymer is typically

the most expensive component in the blend, this issue has important impli-

cations in rendering the process economically feasible; and (ii) Increase the

overall area of phase diagram occupied by the BµE phases to allow access to

such morphologies for a wider range of parameters. Motivated by such con-

siderations, in this work we use SCMF methodology to study both the onset

of formation of BµE and the width of the BµE region for the different com-

patibilizer systems. We hypothesize that the property (i) above is likely to

be related to the interfacial activity of the compatibilizer in a polymer blend

system,[180, 199–201] and use polymer self-consistent field theory to quantify

the interfacial activity of the different copolymer formulations and thereby
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understand the trends observed in the onset of formation of BµE phases. We

propose that the property (ii) is more closely related to the influence of ther-

mal fluctuations in ternary blend systems, and use considerations relating to

fluctuation effects in the corresponding copolymer systems to justify the roles

of different compatibilizers.

The rest of this chapter is arranged as follows. In Section 3.2, we

describe the models used for the systems considered in this study and outline

the details of our simulation framework including the methodology used to

identify BµE phases. In Section 3.3, we present results for the interfacial

tension and the phase diagrams of ternary blend. We discuss the observed

phase boundaries of BµE in terms of the interfacial activity and the fluctuation

effects in the respective systems.

3.2 Simulation Details

3.2.1 Model Copolymer Systems

The following presents the model details and the terminology of the

different copolymer systems we have studied in the context of ternary ho-

mopolymer/copolymer blend system. In all cases, the copolymer chain length

was fixed at N = 50.

1. D: Monodisperse diblock copolymer having symmetric composition, f =

0.5.
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2. BDL: Bidisperse diblock copolymers containing equal number of long

(N1 = 70) and short (N2 = 30) symmetric diblock copolymers each with

a fixed composition f = 0.5.

3. PD: Polydisperse diblock copolymer having MW polydispersity in B

block. We choose a polydispersity index, PDI= 1.5 and possessing a

symmetric composition (f = 0.5) on an average. We chose the MW of

the B blocks based on a Schultz-Zimm distribution.[152, 153] In such a

model, the probability p(NB) that the B-block has NB segments is given

as:

p(NB) =
kkNk−1

B

(NB)kavgΓ(k)
exp

(
− kNB

(NB)avg

)
. (3.1)

In the above, the parameter k is related to polydispersity index (PDI)

through PDI = (k+1)/k and (NB)avg is the average number of segments

in the distribution; and Γ(k) denotes the Gamma function.[154] The

number of segments in A block (NA) is fixed to 25 and the average

composition f is related to (NB)avg as f = (NB)avg/(NA + (NB)avg).

4. BDC: MW monodisperse diblock copolymer containing a 50-50 mixture

of diblock copolymers having compositions; f1 = 0.75 and f2 = 0.25.

5. G1: Symmetric (f = 0.5) gradient copolymer exhibiting tangent hy-

perbolic composition profile. To model such systems, we considered an

ensemble of sequences such that the average composition of the ensem-

ble f(i) at the segment index i (= 1 · · ·N) follows a tangent hyperbolic
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profile of the form,

f(i) =
1

2

[
1 + tanh

(
Aπ(

i

N
− f̄ ∗)

)]
. (3.2)

In the above expression f̄ ∗ is a parameter chosen such that the overall

average composition of B monomers in the melt matches the specified

average composition (f). The parameter A controls the steepness of the

gradient profile. Systems corresponding to large A values are referred to

as strong gradient copolymers, whereas, those possessing small A values

are termed as weak gradient copolymers. In our earlier work,[205] we

pointed out that in consideration of such ensembles of sequences, the

blockiness of the sequences (denoted as λ, 0 ≤ λ ≤ 1) emerges as an ad-

ditional important parameter. In physical terms, λ is a nondimensional

parameter which quantifies the correlations along a single polymer chain

and represents the size of continuous sequences of the monomers of the

same chemical identity. In other words, a large (small) λ corresponds to

an ensemble of sequences consisting of chains which possess large (small)

blocks of A and B segments.

In the present work, we seek to quantify the effects of compositional gra-

dient and sequence blockiness of the copolymeric system upon the phase

behavior of ternary homopolymer/copolymer system. In this context, we

use λ = 0.1 and 0.7 for A = 1 as a model for polymers possessing weak

compositional gradient, and having non-blocky and blocky sequences re-

spectively. To generate sequences of gradient copolymers having specified
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Figure 3.2: Schematic representation of polydisperse copolymer sequences uti-
lized in this study.

composition profile and blockiness, we adopt the methodology proposed

in our earlier work.[205]

The schematic representation of ensembles of the above model copoly-

mer systems is depicted in Figure 3.2.

3.2.2 SCFT and Interfacial Tension

The formation of BµE phases has typically been associated with ul-

tralow interfacial tensions of the homopolymer/copolymer blend system.[206]

Based on such considerations, we speculate that the onset of formation of BµE

phases are likely to correlate to the interfacial activity of the copolymers. In

this work, we use the changes in the interfacial tension of polymer blend re-

sulting from the addition of copolymers as a measure of the interfacial activity

of the compatibilizer. Strictly speaking, a quantification of interfacial activity
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also requires consideration of properties such as bending modulus, saddle-splay

modulus, etc.[199, 200, 207] However, since we mainly propose to use such mea-

sures to qualitatively understand the phase behavior of the ternary blend, in

this work we restrict our considerations to just interfacial tension as a measure

of interfacial activity.

Quantifying interfacial tension requires free energy of the ternary blend

system, a quantity whose calculation is computationally involved in fluctua-

tion based approaches.[208] In this work, we instead opt to use the mean-field

framework of polymer self-consistent field theory (SCFT). The details of our

SCFT model closely resemble to that used in Matsen’s studies [199, 207] to

examine the interfacial properties of diblock copolymers. In our previous pub-

lication[205], we outlined the manner in which such SCFT formalism can be

extended to compute the interfacial tension in systems containing an ensemble

of chains of different characteristics. In a nutshell, the presence of an ensemble

of MW or compositionally polydisperse sequences, requires us to modify the

underlying field theory to incorporate the nature of individual sequence. At

a practical level, this entails the solution of the diffusion equations arising in

SCFT for each of the different chains.

3.2.3 Single Chain in Mean Field Simulations

To study the phase diagrams of ternary blend of homopolymer/copolymer

systems, we used the single chain in mean field (SCMF) simulation method-

ology proposed by Muller and coworkers[47–53]. In SCMF methodology, the
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intramolecular bonded interactions of the polymers are accounted in an ex-

act manner, whereas, the nonbonded pairwise interactions are replaced by

inhomogeneous potential fields acting on the polymer monomers. Such po-

tential fields are expressed as a function of the spatially varying polymer

densities and are determined instantaneously using inhomogeneous polymer

densities.[47, 48, 146, 209] When the potentials are updated after each MC

move, the SCMF simulation methodology generates configurations consistent

with a prespecified Hamiltonian. SCMF-type approaches have been used

to study the phase behavior of polymer blends,[47, 146, 209] block copoly-

mers,[48, 147–149, 210] polymer nanoparticle mixtures,[150] and semiflexible

copolymers.[151] In a recent study, we used SCMF methodology to probe the

fluctuation effects in MW polydisperse block copolymer melts.[210] In order to

test the capability of SCMF method to capture fluctuations, we also compared

the fluctuation-induced shifts in order-disorder transition (ODT) of monodis-

perse diblock copolymer melts arising in the SCMF and field-theoretic sim-

ulation (FTS) methods. The comparison showed excellent agreement which

suggested SCMF to be a suitable methodology for studying fluctuation phe-

nomena in polymeric systems.

In this work, we adopted the SCMF approach because it provides a

straightforward approach to study the equilibrium behavior of an ensemble of

polymer chains differing in MW and/or sequence distributions without any

additional computational cost relative to a monodisperse system. In this re-

spect, SCMF offers advantages over other computational methods such as field
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theoretic simulations.[3, 4] Moreover, due to the absence of direct pairwise in-

termolecular interactions, SCMF simulations can treat different chains as in-

dependent of each other (except at the step of updating the potential field).

Hence, such methods enable significant parallelization and are computationally

efficient compared to full scale MC simulations with pairwise interactions.[47]

In our SCMF framework, the polymer chain is represented by a Gaus-

sian chain model having N − 1 bonds per polymer. The bonded and non-

bonded interactions are described by the following single chain Hamiltonian:

H[ri(s)]

kBT
=

N−1∑
s=1

[
N − 1

4R2
g

[ri(s)− ri(s+ 1)]2 +
(2γ(s)− 1)w[ri(s)]− π[ri(s)]

N − 1

]
,

(3.3)

where ri(s) denote the position of the sth monomer on the ith chain and Rg

denotes the unperturbed radius of gyration, Rg = b
√
N/6, where b is the

segment length. In the above, γ(s) = 1 if the segment s is A monomer and is

0 otherwise. The potential fields w(ri(s)) and π(ri(s)) acting on the polymer

segments correspond to the saddle point solution of the corresponding field

theory and are given by,[4, 48]

w(r) =
χN

2
(φA(r)− φB(r)), (3.4)

π(r) = κN(φA(r) + φB(r)− 1). (3.5)

where φα (α = A,B) represents the instantaneous local volume fraction of α

segments, χ denotes the Flory-Huggins interaction parameter which describes

the incompatibility between A and B segments, and κ is a parameter inversely
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proportional to the isothermal compressibility of the overall system.[48] In the

above notation, wA = −w + π and wB = w + π are the fields acting on the A

and B segments respectively.

The single chain Hamiltonian, H[ri(s)] (Eq. 6.1), was sampled by MC

simulation approach using Metropolis algorithm.[168] The monomer positions

were evolved in three dimensions using random displacement MC moves. After

every MC step (i.e. one MC attempt per monomer), we updated the fields

w(ri(s)), π(ri(s)) based on the inhomogeneous volume fractions of A and B

monomers. Additional details of the algorithm are described elsewhere [48].

As discussed in the introduction, the formation of BµE phases is driven

by thermal fluctuation effects. Such fluctuation effects are in general influenced

by the degree of overlap between monomers, which in turn is quantified by a

parameter given as,[211]

C =
Rg3

N

∑
j

njNj

V
(3.6)

where nj represents number of polymer chains of species j each having Nj

segments and V represents the volume of the system. The parameter “C” is

referred to as the “Ginzburg” parameter[3, 4, 10, 212] and for one component

polymer systems its related to the commonly used invariant degree of poly-

merization, N̄ as, C ∝ N̄d/2−1 (with d denoting number of dimensions). In this

work, we fixed the value of Ginzburg parameter, C = 10 and examined the

influence of the architecture of the compatibilizer on the formation of BµE.

In our simulations, the ratio of chain length of homopolymer to copoly-
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mer (α = Nh/N), was fixed at 0.2. This value of α was motivated by our

earlier study on fluctuation effects in ternary blend of homopolymer/block

copolymer using FTS methodology[16]. Since the qualitative features of the

influence of the fluctuations are expected to be similar in different spatial di-

mensions,[16, 210] we used simulations in two dimensions which allows access

to a wider range of parameter space. Considering the longer lengthscales in-

volved in the formation of BµEs, we utilized a simulation box size of 40Rg

(which corresponds to 8 × 105 monomers for C = 10) and computational

grid of 128 × 128. In all of our simulations, we used κN = 50 to ensure a

nearly incompressible system. The system was equilibrated for 1 × 106 MCS

per monomer and thermodynamic quantities were averaged every 50 MCS per

monomer for another 1× 106 MCS.

3.2.4 Identifying Phase Boundaries

The phase behavior of the ternary blend of homopolymers and block

copolymer considered in this work exhibits disordered, ordered lamellar, BµE

and macrophase segregated morphologies for appropriate χs and volume frac-

tions of the homopolymer. We used the structure factor of composition fluc-

tuations, defined as,[48]

S(q) =
1

4nN

〈∣∣∣∣ n∑
j=1

N∑
s=1

[2γ(s)− 1]exp(−iq.rj(s))
∣∣∣∣2〉, (3.7)

as the primary quantity to identify the phase boundaries between disordered/ordered/BµE/macrophase

segregated morphologies (n is the total number of polymer chains in the sys-

tem).
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Macrophase segregation is observed when the wavevector q∗ correspond-

ing to the peak in spherically averaged S(q) is identically zero.[18, 21] However,

due to periodic boundary conditions in our simulations, macrophase segrega-

tion manifests as a small q∗ which is close to zero. In contrast, transition from

BµE and microphase separation into lamellar phase manifests in a peak at a

finite q∗. To distinguish between the lamellar and BµE phases, we fit S(q) to

the Teubner-Strey functional form,[213]

S(q) =
1

w + gq2 + cq4
(3.8)

and extract the coefficients w, g and c. Regimes in which w > 0, q < 0, c > 0

and 4wc−g2 > 0 are identified as BµE phases[213] and regimes for which these

inequalities are not fulfilled is taken to correspond to lamellar morphologies.

To illustrate, in Figure 3.3(a) we display representative q∗ for two systems,

D and BDL as a function of φH at χN = 14. We observe that for high φH

systems, q∗ w 0.4 which corresponds to the macrophase segregated regime.

For smaller φH systems, we observe a transition to a larger q∗. The bound-

aries between disordered/lamellar phase−BµE phase, and BµE−macrophase

separated regions as deduced using the Teubner-Strey fit is displayed in the

plot as dashed lines.

We note that in some other works, amphiphilicity factor[214–216] de-

fined as,

fa =
g√
4wc

(3.9)

is used as a measure to identify the BµE phases. Specifically, fa < −1 is
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Figure 3.3: (a) The variation in the peak position of S(q), q∗ and (b) am-
phiphilicity factor, fa with homopolymer volume fraction, φH for the ho-
mopolymer blend with copolymer corresponding to the model systems: D and
BDL at χN=14. The dotted lines denote the approximate phase boundary
of BµE phase determined using Teubner-Strey fit. The solid lines denote the
phase boundary determined using graphical measure, Dc discussed in the text.

taken to correspond to a lamellar phase, whereas, BµE phases are identified

as −1 < fa < 0. In Figure 3.3(b) we present results for the Teubner-Strey fit

in terms of the amphiphilicity factor as a function of φH and also depict the

phase boundaries of Figure 3.3(a). It is seen that, the BµE phase boundaries

determined by q∗ (and Teubner-Strey fit) (Figure 3.3(a)) match closely with

the BµE regimes suggested by amphiphilicity factor.

In addition to the structure factor measures, we also used a graphi-

cal analysis of the averaged volume fraction profiles to identify the BµE phase

boundary on the copolymer rich side. To implement this approach, we convert
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Figure 3.4: Variation in preferential lengthscale, L0 and mean curvature diam-
eter, DC with homopolymer volume fraction, φH for BDL copolymer system
at χN=14. The lines are guide to the eye.

the averaged composition profile, φ̄A(r) to a black and white image by assign-

ing the white pixels to correspond to 0 6 φ̄A 6 0.5 and the black pixels to

correspond to 0.5 < φ̄A 6 1. We then calculate the mean curvature diameter

given as,[17]

DC = 2

[
1

LC

∫
dx

∣∣∣∣ dtdx
∣∣∣∣2]1/2. (3.10)

In Eq. 3.10, LC is the sum of all contour lengths of the microdomain boundaries

and t is the tangent vector at a given position x along the contour. It was

proposed by Duchs et al.[17] that the transition from lamellar to BµE phases

manifests at the volume fraction φH at which the structural length scale, L0 =

2π/q∗ becomes greater than the mean curvature diameter, DC .

Figure 3.4 depicts the results for the length scale, L0 = 2π/q∗, and
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the mean curvature diameter, DC , as a function of the homopolymer volume

fraction, φH , for BDL copolymer system at χN=14. It can be seen that L0

gradually increases with φH , whereas DC is approximately a constant over the

range of φH examined. These trends can be understood by noting that at

moderate-high φH , the copolymers segregate mainly to the interface between

the microdomains. Since the curvature is induced by the copolymers, the mean

curvature diameter, DC , remains independent of amount of homopolymers as

long as the interface is saturated. In contrast, the structural lengthscale, L0

increases with increasing φH due to the associated swelling of lamellae. In

this framework, the transition between lamellar and BµE phase, φ∗H , is iden-

tified as the point of intersection of Dc and L0. In Figure 3.3 we display the

so-determined boundaries as solid black lines. It can be seen that there is an

excellent agreement between the boundaries determined using the Dc, L0 ap-

proach and the S(q) measures. In the following section, we base our discussion

mainly on the results obtained using Teubner-Strey fit.

3.3 Results and Discussion

In this section we present the results for the interfacial activity and the

corresponding phase diagrams of ternary blend of homopolymers A and B hav-

ing equal chain length (NA = NB = αNAB) with different model copolymers

described in Section 3.2.1. Since we are primarily concerned with the BµE

phases, we focus only on the homopolymer rich side of the phase diagram and

restrict our results to the region, 0.6 < φH < 1.0.
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Figure 3.5: (a) Interfacial tension,
∑

versus bulk concentration of copolymer,
φbulk and (b) excess copolymer, Ω versus φbulk for the model copolymer systems
(cf. Section 3.2.1) considered in this study.

In Figure 3.5 we present the results for the interfacial tension of the

homopolymer/model copolymer blend for the different compatibilizer architec-

tures. Specifically, in Figure 3.5(a) we display the variation in the interfacial

tension (
∑

) with concentration of the copolymer dissolved in the bulk phase

(φbulk), and in Figure 3.5(b) we display the interfacial excess copolymer (Ω) as

a function of the bulk copolymer concentration. We observe in Figure 3.5(a)

that diblock copolymers (D) require the minimum amount of bulk copolymer

to saturate the interface (i.e. corresponding to
∑

= 0). In contrast, diblock

copolymers having polydispersity in one block (PD) and diblock copolymers

having bidisperse composition (BDC) display the lowest interfacial activity
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(with the activity of PD < BDL) requiring the largest φbulk for achieving a

saturated interface. Gradient copolymers (G) and diblock copolymers having

bidispersity in length (BDL) are seen to display an interfacial activity inter-

mediate between D, BDL and PD.

The above results can be understood by considering the interfacial ex-

cess, Ω as a function of φbulk displayed in Figure 3.5(b). It can be seen that

Ω displays a direct correlation to the interfacial activity. Explicitly, the D

copolymer exhibits the largest Ω, whereas, PD displays the lowest Ω for a

specific φbulk. This correspondence between
∑

and Ω can be understood by

noting that the interfacial activity is expected to be correlated to the amount

of compatibilizer at the interface. Since PD and BDC copolymers contain an

ensemble of chains, some of which are individually enriched in A or B com-

ponents, the resulting partitioning of such enriched chains to the respective

homopolymer domains is expected to result in a reduced propensity for inter-

facial segregation in such systems (relative to a compositionally monodisperse

system). In the case of PD copolymers, due to the MW polydispersity, there

is additionally expected to be a population of short chains which experience

reduced driving force for interfacial segregation. Hence, for a given φbulk, PD

chains can be expected to display an even lower Ω compared to BDC. Gradient

copolymers are seen to display Ω values which are intermediate between D and

PD copolymers. G copolymers also have a significant number of copolymer

chains which are enriched in either A or B monomers, and hence they also ex-

perience a propensity for segregation to the respective homopolymer phases.
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However, due to the stochastic nature of sequences in such polymers, they are

likely to experience more unfavorable interactions during their dissolution in

the corresponding homopolymer phases. Hence, there is a stronger driving

force for the adsorption of G copolymers on the interface relative to PD and

BDC copolymers.
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Figure 3.6: Phase diagrams of homopolymer blend with (a) diblock copoly-
mer (D), (b) diblock copolymer having bidisperse length (BDL), (c) diblock
copolymer having polydispersity in one of the blocks (PD), (d) diblock copoly-
mer having bidisperse composition (BDC), (e) gradient copolymer (G) having
A = 1 and λ = 0.7, and (f) gradient copolymer having A = 1 and λ = 0.1. The
square marker on the mean-field spinodal indicated by the arrow represents the
location of the Lifshitz point predicted by random phase approximation. The
black dotted lines are only guide to the eye and do not depict real boundaries
of BµE phase.
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Based on the results of Figure 3.5, one would expect that D copolymers,

as a consequence of possessing the highest interfacial activity, would require

the least amount of copolymers to form BµE, followed in that order by BDL

and G systems. In contrast, for PD and BDC systems, based on the results

for
∑

, one would expect the onset of formation of BµE phase to require larger

copolymer volume fractions. Below, we test such expectations against explicit

results of the phase behavior.

Figure 3.6(a-f) display the phase diagrams for the model copolymer

systems described in Section 3.2.1. Figure 3.6(a) shows the phase diagram

for homopolymer blend with monodisperse diblock copolymer (D). The phase

boundaries reported by Duchs et al.[16, 17] for the same system obtained in

two-dimensions at C = 50 using FTS methodology are also depicted in Fig-

ure 3.6(a). Our BµE phase boundaries are seen to be in qualitative agreement

with the phase diagram reported by Duchs et al.[17] Surprisingly, we observe

that despite the difference in C parameter, the width of the BµE channel of our

results agrees approximately with that of Duchs’s results. However, the phase

boundaries in our study (dotted lines) are seen to shift towards higher χN

values as compared to Duchs’s phase diagram. Such a result is a consequence

of the stronger fluctuation effects which result due to the lower C parame-

ter used in our study. These results serve to validate the SCMF simulation

method and the measures used in this work for identifying phase boundaries.

In comparing the behavior of the different compatibilizers, we observe

that all the copolymers considered in our study exhibit BµE phases. From Fig-
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ure 3.6(a-b) we observe that, D and BDL systems form BµE with the lowest

amount of copolymer, a trend which is consistent with the highest interfacial

activity exhibited by these copolymers (cf. Figure 3.5). On the other hand,

the PD, BDC and G systems are seen to require larger content of copolymer

to stabilize the BµE phase. We note that such shift of BµE channel towards

higher copolymer volume fraction observed in PD systems relative to D system

is consistent with experiments of Ellison et al.[20] While above observations

broadly agree with the interfacial activities for these copolymers (cf. Fig-

ure 3.5), some small discrepancies are seen. Specifically, while the interfacial

activity of G copolymers is seen to be comparable to that of BDL system in

Figure 3.5, in contrast, the onset of formation of BµE phase is seen to be at

higher copolymer volume fractions in G copolymers compared to BDL copoly-

mers. Moreover, while PD systems exhibited lowest interfacial activity among

the different compatibilizers, the onset of the actual BµE phase boundary is

seen to occur at lower copolymer volume fraction in PD systems compared to

the BDC and G systems which exhibited higher interfacial activity. Hence,

the interfacial activity of copolymers is seen to be at best only a qualitative

predictor of the efficacy of copolymers in forming BµE phases.

A second quantity of interest in the phase diagrams of Figure 3.6 is the

width of homopolymer volume fractions of the regions where BµE phases are

formed. While the onset of BµE phases were seen to be broadly correlated to

the interfacial tension, the width of BµE channel is more likely to be related

to the influence of fluctuation effects, and hence proves less straightforward to
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Figure 3.7: The BµE phase boundary (hatched region) of the ternary ho-
mopolymer/copolymer blend phase diagram for various model copolymer sys-
tems. The BµE phase boundaries are identified at the highest χN probed for
each system assuming the width of the channel does not change substantially.
Note that these boundaries are approximate as we studied the phase behavior
at large intervals of homopolymer volume fraction, φH .
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rationalize. To explicitly compare the effects of the compatibilizer architecture

on the width of BµE channel, in Figure 3.7 we consider the highest χN probed

for each system and display the φH range over which BµE phases are observed

in the compatibilizer systems. From Figure 3.7 we observe that the width of the

BµE regions in BDL and D systems are approximately same (cf. Figure 3.6(a-

b)), indicating the MW bidisperse systems and monodisperse block copolymers

are comparably efficient in forming BµE phases, a result which contrasts with

the prediction of Thompson and Matsen.[200] However, we note that our study

effected SCMF simulations for only one set of bidisperse length copolymers

(N1 = 70, N2 = 30) and hence it is not evident if the comparison between

D and BDL copolymers hold in general. For PD systems (cf. Figure 3.6(c)),

we observe that despite the larger amount of copolymer needed to form BµE

phases, the width of the resulting BµE region is larger than that for D and

BDL copolymer systems. More interestingly, bidisperse composition diblock

copolymers (BDC cf. Figure 3.6(d)), BµEs are seen to exhibit widest BµE

channel as compared to other copolymer systems. Also, the BµE channel in G

system is seen to form over approximately same range of homopolymer volume

fractions for high and low blockiness copolymers (cf. Figure 3.6(e-f)), hence

both high and low blockiness copolymers are denoted as “G” in Figure 3.7 and

is seen to exhibit a width which is comparable to PD system.

To understand the results of Figure 3.7, we note that the different

copolymer systems differ by at least two factors in their ability to promote/sustain

BµE phases. On one hand, the thermal fluctuations which are responsible for
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the formation of BµE phases are likely to have different influences on the

phase behavior of the copolymer systems. On the other hand, in systems such

as BDC and PD, the presence of asymmetric copolymers in the ensemble is

likely to promote the formation of interfaces with different spontaneous cur-

vatures. For instance, a SCFT study of interfacial properties by Muller and

Gompper[207] suggested that the spontaneous curvature imparted by a mix-

ture of asymmetric block copolymers lowers the bending rigidity of polymer

blend interfaces. Such effects are likely to enhance the propensity to form BµE

phases.

As a step towards understanding the trends noted in Figure 3.7, we con-

sider the influence of fluctuations on the phase behavior of the corresponding

copolymer systems. In a recent study, we examined the fluctuation-induced

shift in the ODT of block copolymers having MW polydispersity in one of

the blocks (PD) and compared such results with monodisperse length block

copolymers.[210] We observed that the influence of fluctuations increased with

increasing MW polydispersity. We believe that such stronger influence of fluc-

tuations in PD systems in conjunction with the spontaneous curvature effects

discussed above allows stabilization of BµE morphologies over broader range

of homopolymer volume fraction as compared to monodisperse diblock copoly-

mers (D).

In order to investigate if the above explanation can also rationalize the

trends seen in case of BDL, BDC and G copolymers, we examined the effects

of fluctuation-induced shift in the ODT of these copolymers. In our previ-
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ous article,[210] we have presented an elaborate discussion of the methodology

used to determine ODT and hence we refrain from repeating the details here

and present only the final results. In Figure 3.8 we compare the fluctuation-

induced shift, ∆t, in the ODT of D, BDL, BDC and G copolymer melts from

the respective mean-field predictions as a function of the C parameter. From

the results for C = 20 and C = 30, it can be seen that D and BDL systems ex-

hibit the smallest influence of fluctuations (the results for C = 10 are harder

to resolve within the numerical accuracy we probed). Additionally, due to

symmetric nature of the copolymers in D and BDL systems, the spontaneous

curvature effects are expected to be absent. These considerations rationalize

the narrower channel of BµE phase in the D and BDL systems. On the other

hand, it is evident that gradient copolymers (both high and low blockiness)

exhibit stronger influence of fluctuations which manifest as a larger shift of

ODT than diblock copolymers. Moreover, due to the presence of fluctuations

in spontaneous curvature in such systems, the BµE channel is expected to be

wider in G copolymers as compared to the D system. In comparing BDC sys-

tem with other copolymers, we observe that the BDC system exhibit highest

strength of fluctuations as compared to D, BDL and G systems. Moreover, due

to the presence of copolymers of significantly different compositions in BDC

systems, there is expected to be significant local spontaneous curvature fluctu-

ations induced by the presence of the copolymers of the different compositions

at the polymer blend interface. Together we believe that such fluctuation and

spontaneous curvature effects aid in stabilizing the BµEs over large range of
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Figure 3.8: The fluctuation-induced shift in the ODT of copolymer melts from
the mean field prediction (∆t = χN(C) − χN(C = ∞)) as a function of C
parameter.

homopolymer volume fractions in BDC ternary blends.

3.4 Summary

We studied the phase behavior of ternary blend of symmetric homopoly-

mers with various polydisperse copolymers using single chain in mean-field

simulations. Specifically, we identified the phase boundaries of BµE region to

clarify the role of different compatibilizing copolymers in forming BµE phases.

Moreover, using self-consistent field theory, we calculated the interfacial ten-

sion in our model systems to examine correlation between the BµE phase

boundaries and the interfacial activity of the copolymers.

We observed that monodisperse diblock copolymers and bidisperse (length)
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diblock copolymers were the most efficient in forming BµEs as they require

least amount of copolymer to form BµE. However, the area of phase dia-

gram occupied by BµEs was seen to be narrow in such systems as compared

to polydisperse copolymer systems. MW polydispersity in one of the blocks

of a diblock copolymer was seen to shift the BµE channel towards copoly-

mer rich side of the phase diagram. However, the BµEs were formed over a

wider range of homopolymer volume fraction as compared to monodisperse

and bidisperse (length) block copolymers. Diblock copolymers having com-

positional polydispersity were seen to exhibit widest BµE channel among all

model copolymer systems. However, they also required the largest amount

of copolymer to stabilize BµEs. Gradient copolymers showed an intermedi-

ate behavior between monodisperse diblock copolymers and compositionally

bidisperse diblock copolymers.

In summary, our results suggest that compositionally polydisperse copoly-

mers serve as more efficient compatibilizers for stabilizing BµE morphologies

over wider homopolymer concentration. Whereas, MW polydisperse copoly-

mers exhibit better interfacial activity and form BµEs with low amount of

copolymer. Broadly, our results for the interfacial tension were seen to be cor-

related with the efficiency of copolymers to form BµE whereas, the influence of

fluctuations on the corresponding copolymer system was seen to be correlated

with the width of BµE channel. We believe these findings can be used as a

rule of thumb for experimental design of BµE morphologies using polydisperse

copolymers.
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Chapter 4

Phase Behavior of Gradient Copolymer

Solutions

4.1 Introduction

With the development of advanced polymerization techniques, it is

now becoming possible to exercise significant control over polymer properties

by controlling their physicochemical characteristics such as molecular weight,

chain architecture, sequence chemistry etc.[54–57] As a consequence, synthesis

of new classes of copolymers, such as gradient copolymers, comb copolymers,

star copolymers etc. is now becoming common.[58–61] In this chapter we focus

on a class of such polymers which has recently attracted significant attention

in the context of interfacial modifiers, termed gradient copolymers.[62–67] Gra-

dient copolymers are random copolymers which exhibit a gradual change in

monomer composition along the length of the polymer.[68, 69] A number of

other uses have also been proposed for such a class of polymers, which include

applications as reinforcement agents,[70] damping materials[71] and thermo-

plastic elastomers.[72][73]

The equilibrium properties of gradient copolymers are expected to be

intermediate between the behavior of diblock copolymers, which exhibit a
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step change in composition, and that of random copolymers, which possess

a uniform composition profile.[217–220] For instance, Okabe et al.[217, 218]

observed micelle formation and microphase segregation in semi-dilute aque-

ous solution of gradient copolymers and block copolymers using small-angle

neutron scattering and dynamic light scattering (DLS). The micelle size for

gradient copolymer was found to decrease gradually with temperature and

less ordered micelle structures were observed as compared to block copoly-

mer solutions. The work reported in the chapter is motivated by recent

experimental results of Gallow et al.[142, 144] which examined the effect of

monomer sequence distribution on the cloud point of dilute solutions of gradi-

ent copolymers. They synthesized a series of 2-hydroxyethyl methacrylate and

2-(dimethylamino)ethyl methacrylate gradient copolymers having prespecified

composition profiles. In dilute aqueous-buffered solutions, these copolymers

exhibited aggregation and phase separation phenomena whose onset was sen-

sitively dependent on the details of monomer sequence distribution. Moreover,

based on the combined results of DLS and cloud point observations, a two-

step aggregation mechanism for solutions was proposed, in which the initial

stages of phase separation involves the local collapse of the chains (intramolec-

ular aggregation) followed by strong interchain aggregation which manifests as

macroscopic clouding.

A number of prior theoretical studies have considered the phase behav-

ior of gradient copolymer systems, but mostly in the regime of melt-like condi-

tions.[50, 221–225] Such studies have examined the interfacial properties,[226]
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the self-assembly morphologies[50, 221–225] and the conformations of polymer

brushes[227] using polymer self consistent field theory. Despite this signifi-

cant body of literature, the phase behavior of gradient copolymers in solution

conditions remains unexplored. In the chapter, we report results of Monte

Carlo simulation studies exploring the phase behavior of gradient copolymer

solutions. Our work seeks to address the influence of the sequence distribu-

tion of the gradient copolymers upon their phase separation characteristics in

poor solvent conditions. To quantify the phase separation characteristics, we

examine the size and organization of the clusters formed during phase sepa-

ration and quantify the relative roles of inter and intramolecular aggregation.

Specifically, we would like to address: (i) the origin of the gradient strength

dependence of the critical temperature; and (ii) whether the sequence of ag-

gregation events indeed correspond to that hypothesized in experiments.

A second, related issue we probe in this chapter is the influence of the

“randomness” of the gradient copolymer sequences. Specifically, much of the

prior theoretical studies[50, 221–224, 227] have used an “annealed” represen-

tation of the gradient copolymer (albeit, exceptions do exist[225]). In such

a model, all the copolymers are assumed to possess the same sequence, with

however, the identity and the interactions of each monomer chosen to be repre-

sentative of the “averaged” identity of the monomer. While this is a reasonable

first step, a more realistic model for such systems, and one that we primarily

focus on in this work, is to use an ensemble of “quenched” sequences, whose

compositions on an average mimic the experimentally synthesized conditions of
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the gradient copolymers. For instance, recent work has demonstrated that the

chemical sequence of copolymer compatibilizers can significantly influence the

dynamics of phase separation of immiscible binary homopolymer blends.[67]

Other studies[143, 164–166] have demonstrated that the use of the more real-

istic quenched sequences for grafted copolymers can lead to novel phenomena

and effects which cannot in general be captured by the annealed sequences.

Motivated by such considerations, we compare the phase separation character-

istics of annealed sequences with the behavior of the more realistic, quenched

sequence model of gradient copolymer systems.

The rest of this chapter is arranged as follows. In Section 4.2, we out-

line details of our simulation methodology, the quenched and annealed models

of the linear gradient copolymer systems and the framework used for clus-

ter analysis. In Section 4.3, we present our results in both the annealed and

quenched systems for the phase transition temperature and the characteristics

of the micelle-like structures formed below the phase separation temperature.

We discuss our results in connection with the above-cited experimental obser-

vations.

4.2 Simulation Details

4.2.1 Bond Fluctuation Model

Monte Carlo lattice models has been used extensively to study the equi-

librium properties for a variety of copolymeric systems.[67, 107, 225, 228–238]

In this chapter, we use the Bond Fluctuation method (BFM) of Carmesin and
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Kremer[239] to study the phase separation process in gradient copolymer so-

lutions.[240] Many prior studies have demonstrated BFM simulation approach

as a convenient method to study both the equilibrium and dynamical proper-

ties of polymer melts and solutions. For instance, earlier studies have applied

the BFM approach for the study of issues such as phase separation of polymer

blends,[241] interdiffusion of polymers,[239] the static and dynamical proper-

ties of block copolymers[242] and the transport properties of penetrants in

polymer matrices.[243, 244]

In BFM, a polymer chain is represented by cubes (each monomer occu-

pying 8 lattice sites) on a lattice, with a maximum occupancy for each lattice

position restricted to a single monomer in order to model excluded volume

interactions. The monomers are connected by bond vectors whose magnitudes

l lie in the range 2 ≤ l ≤ 10. The latter constrains the bond vectors to the

set [200][210][211][221][300][310] and their permutations and sign inversions.

An elementary move in BFM consists of choosing a monomer at random and

displacing it by one lattice unit. If the move leads to a bond vector con-

tained in the admissible bond vector set and if excluded volume conditions

are satisfied, the move is accepted according to the Metropolis criterion based

on the energetic differences.[168] The original BFM simulation limits the MC

moves only among the 6 directions around the monomer to ensure bond non-

crossability. However, we use a modified version of the BFM algorithm pro-

posed by Wittmer et al.[245] where attempts to displace the monomer are

effected in the 26 available directions. Such a modification helps in reducing
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Figure 4.1: (a) A depiction of the linear composition profiles adopted for the
polymer chains in our simulation. The figure also defines the gradient strength,
∆g, a quantity which constitutes the focus of our study. (b) Composition
Profiles: R (∆g = 0), L1 (∆g = 0.2), L2 (∆g = 0.4), L3 (∆g = 0.6), L4
(∆g = 0.8), L5 (∆g = 1.0).

the relaxation time for the system, and is especially convenient for probing

equilibrium properties.

4.2.2 Modeling Linear Gradient Copolymer Solutions

We consider linear gradient copolymers comprising A (hydrophilic) and

B (hydrophobic) monomers. The average compositions of such linear gradient

copolymers are modeled through a continuous composition function c(t)dt,

where t (index along polymer backbone) varies from 0 to 1. Explicitly,

c(t) = 2(fA − dx)t+ dx, (4.1)

82



where fA is the average of composition over the chain, dx = f−∆g/2 represents

the lowest composition of A monomer and ∆g is the gradient strength of

the copolymer and is defined as the largest difference in the instantaneous

composition along the backbone of copolymer.[142] The composition profile of

such linear gradient copolymer is pictorially depicted in Figure 4.1(a).

In the experiments discussed in the introduction,[142, 144] gradient

copolymers were synthesized by a semi batch polymerization process wherein

one monomer is loaded and the comonomer flow rate is continuously moni-

tored. While the monomeric sequences generated by the experiments are ex-

pected to possess complex correlations along the chain, in an effort to account

for the chain-to-chain variability in the sequences, we adopt a stochastic ap-

proach relying on an ensemble of many chains to mimic the compositional pro-

files depicted in Figure 4.1(b). Explicitly, for each chain, a specified monomer

t is probabilistically chosen to be as either an A or a B monomer based on the

average composition at that location. Since the average composition changes

along the backbone, the chemical identity of the specified monomers also varies

gradually along the backbone (albeit, in a probabilistic manner). To contrast

with the phase behavior of random copolymer solutions, we also consider the

behavior of a pure random copolymer solution (denoted as R in our results). In

the latter, the polymer chains are populated by random, uncorrelated sequence

of A and B monomers.

To study the phase behavior of a system of above copolymers in so-

lution conditions, we treat the solvent molecules (S) in an implicit manner
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as the “vacancies” or holes in our system. Following the parametrization of

Khokhlov et al.[230], we set both εAB and εAA identically to zero, where εij

refers to the interaction energy parameter between i and j species. In other

words, we limit A-A and A-B interactions to just the excluded volume steric

interactions. To mimic the hydrophilic and hydrophobic behaviors of the A

and B monomers, we impose εAS < 0, εBS > 0 and εBB < 0. Two non-bonded

monomers are considered to be interacting if their distance vectors belongs to

the set (2, 0, 0)
⋃

(2, 1, 0)
⋃

(2, 1, 1) (and their permutations and sign inversions)

which covers 54 lattice sites around the randomly selected monomer. The

maximum number of monomer-monomer contacts for this interaction range

is 26, whereas the number of corresponding monomer-solvent contacts is 98.

Consequently, we use the following simple parametrization and assume that

−98/26εAS = 98/26εBS = −εBB = ε, where ε represents a measure of temper-

ature in the system and constitutes the parameter that is varied in our study.

The interaction parameter, ε is proportional to inverse temperature in case

of systems exhibiting upper critical solution temperature (UCST) behavior.

However, the experimental results of Gallow et al.[142, 144] correspond to a

lower critical solution temperature (LCST) system. To avoid confusion while

comparing the simulation results with experiments, we identify ε to be pro-

portional to temperature, although the same analysis can be easily extended

to UCST systems.

All our simulations were carried out for a chain length corresponding

to the number of monomers N set to N = 128, and for the case where the
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volume fraction of the polymer chains corresponded φ = N×m×8/L3 ≈ 0.03,

where m is number of copolymer chains of length N . Moreover, we fixed the

average composition of the A and B monomers as fA = fB = 0.5. Our study

is primarily concerned with the influence of the “gradient strength” upon the

phase separation behavior of copolymer solutions. For this purpose, we study

the phase separation behavior of five linear gradient copolymers which are

depicted in Figure 4.1(b) and are labeled in the increasing order of gradient

strengths. Henceforth in this chapter, we will use the terminology L1 - L5

(Figure 4.1(b)) to identify the system to which the results correspond.

As mentioned in the introduction, a second objective of this work is

to examine the impact of using an annealed model representation of the gra-

dient copolymer solutions. In pursuit of this, we consider the two extreme

compositional profiles, L1 and L5 in Figure 4.1(b), and consider an annealed

representation of the sequences. Explicitly, in such simulations, the monomers

are treated as partially resembling both A and B in character, but with how-

ever each chain in the ensemble possessing the same sequence. The interaction

energies experienced by a monomer t is then calculated as:

Et = c(t)(−98

26
εASns) + (1− c(t))(98

26
εBSns − εBB

M∑
i=1

(1− ci(t))), (4.2)

where ns denotes the the number of solvent molecules and M labels the

polymeric monomers present in the interaction range of the monomer t. In

the above, c(t) denotes the probability of the monomer t being A (cf. Fig-

ure 4.1(a)).
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4.2.3 Parallel Tempering Algorithm

To study the phase separation behavior of the gradient copolymer so-

lutions in computer simulations, we employed a parallel tempering (PT) al-

gorithm (replica exchange).[246] Many earlier studies[232–234] have demon-

strated that PT provides an efficient approach to sample the phase space

and acquire better statistics during polymer collapse and phase separation

processes. In this methodology, M non-interacting replicas of the system are

simulated in parallel at different temperatures. After a pre-specified number of

Monte Carlo steps within the given temperature, (in this work, PT moves were

performed at a frequency of one PT move per one hundred MC sweeps of the

system), a swap move is attempted between the configurations of neighboring

replicas. Such swap moves are accepted based on the Metropolis criterion:[247]

p(ti ↔ ti+1) = min{1, exp[−(βi − βi+1)(Ui − Ui+1)]} (4.3)

where

βi = 1/kBTi (4.4)

where Ui is the total energy of the replica system at the temperature Ti.

Exchange of configurations between replicas offers an efficient way to overcome

the energy barriers encountered at low temperatures and thereby facilitate the

system to reach equilibrium.

In our work, we used a modified PT algorithm to make the algorithm

efficient for parallel computing. Explicitly, in PT, the only inter-processor
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communication occurs while attempting a swap. In MPI (Message Passing In-

terface) implementation, a master thread randomly chooses the replicas which

will participate in exchange and broadcast the information to all threads. This

involves global synchronization, a procedure which is computationally expen-

sive. Instead, we implement a decentralized parallel tempering algorithm[248]

using SPRNG 4.0 (Scalable Parallel Random Number Generator) library.[249]

SPRNG library provides independent random number streams for parallel pro-

cesses which are deterministic and reproducible. Thus identical random num-

ber streams (starting with same seed) can be spawned on each processor to

decide which replicas are participating in the swap. The latter eliminates

global synchronization and thus speeds up computation. In addition to these

global random number streams (restricted to replica exchange moves), we need

to maintain independent random number streams local to the processor to de-

termine Metropolis acceptance for MC moves. The pertinent details of the

algorithm have been provided elsewhere.[248]

We use M = 36 replicas for our simulations. As we are interested in

collapse and phase separation transition, we mainly focus on the temperature

regime around the phase separation temperature of the system. The M replicas

are first equilibrated for 1×106 MC cycles to get the initial configurations, and

then subsequently, parallel tempering is carried out for 5×106 MC cycles. The

system is further equilibrated for 2×106 MC cycles and various thermodynamic

quantities are averaged each 100 MC cycles for 3× 106 MC cycles.
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4.2.4 Cluster Analysis Algorithm

At low temperatures, amphiphilic gradient copolymers are expected to

exist in a homogeneous disordered state in solution. However, upon increasing

the temperature, there is expected to be an enhancement in the B-S repulsion

and the A-S and B-B attractions. These features are expected to lead to a

high temperature state wherein the B monomers of the different chains aggre-

gate to form micelle-like structures. In the snapshots displayed in Figure 4.2,

such considerations are indeed seen to be borne out in our simulations. Inter-

estingly, bigger clusters are seen to be formed in case of L5 (highest gradient

strength)(Figure 4.2(a)) with as compared to the L1 Figure 4.2(c) sequences.

These microsegregated structures are not strictly micelles as they lack the typ-

ical core-shell structure due to linear composition profile, but for brevity of

notation henceforth we address these structures as micelles.

To compare and contrast (pictorially) the behavior of the quenched

sequence model with that of the annealed sequences, we also display the

snapshots for the high temperature structures in annealed sequences in Fig-

ure 4.2(b) and Figure 4.2(d). For clarity, annealed sequences are colored in a

manner such that the monomers when c(t) < 0.5 are identified as B whereas

when c(t) > 0.5 the monomers are identified as A. In comparing the results

in Figure 4.2(b) and Figure 4.2(d) with Figure 4.2(a) and Figure 4.2(c), we

observe that the annealed model displays structures that are substantially dif-

ferent from the quenched model. Specifically, for the annealed case, the sizes

of clusters are seen to increase with decreasing gradient strength, which is
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opposite the behavior noted for the quenched model. These results can be un-

derstood by noting that for the symmetric case (fA = fB = 0.5) considered in

this study, lowering the gradient strength would render the annealed copoly-

mer system similar to a homopolymer system retaining only the attractions

between the hydrophobic monomers (Section 4.2.1). Such interactions would

lead to the formation of macroscopic aggregates instead of micelles in the case

of annealed L1 polymers, which is consistent with the observed trends in the

sizes of the clusters.

A specific objective of this work is to quantify the characteristics of the

aggregates (micelles) formed during the phase separation processes in gradi-

ent copolymer solutions. In situations involving regular multiblock copolymer

solutions, identification of “micelles” proves straightforward since all the hy-

drophobic monomers are expected to be confined to the core. In such cases,

labeling the B monomers and identifying their connectivities would serve to

quantify the micellar size and numbers. In contrast, in quenched gradient

copolymers, due to the linear composition profiles along the backbone (and

the stochastic nature of sequences), there is expected to be a non-zero fraction

of hydrophobic monomers which exist outside the “core” of the micelle. To

illustrate this feature, in Figure 4.3(a), we display a snapshot of the collapsed

structures formed during the phase separation of quenched gradient copoly-

mers L5 (∆g = 1). It is clearly evident that there are B monomers present

outside the cores of the micelles in the case of gradient copolymers.

To overcome the above issue and identify the micelles formed during
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Figure 4.2: Snapshots at (a) L5 at ε = 0.7 (∆g = 1.0) quenched model (b)
L5 at ε = 0.7 (∆g = 1.0) annealed model; Snapshots at (c) L1 at ε = 1.0
(∆g = 0.2) quenched model (d) L1 at ε = 1.7 (∆g = 0.2) annealed model.
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Figure 4.3: (a) Snapshots of collapsed micellar structure for L5 (∆g = 1). The
hydrophilic monomers (in yellow color) are intentionally pictured smaller than
hydrophobic monomers so as to make it easier to identify micelle cores. (b)
Same system with the core of the micelles identified using proposed algorithm.
The monomers discarded as a consequence of not belonging to the clusters is
indicated by blue color.
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the phase separation of gradient copolymers, we employ a two step procedure

by adapting connectivity and cluster identification algorithms used in our prior

studies.[250–253] Explicitly, we identify the connectedness between monomers

based on whether the monomers are nearest neighbors of each other. To

discard the non-core B monomers, we first identify the biggest cluster in each

chain and identify the monomers in this cluster temporarily as the core of a

micelle. As the second step, we color all the other B monomers connected to

these micelle cores. To accomplish the latter step, we identify all B monomers

which fall in the interaction range of already colored monomers. The latter is

achieved by an iterative process to ensure that every monomer belonging to

interaction range of colored monomers is included. In Figure 4.3(b) we depict

the cores of micelles identified by this procedure. Our approach correctly

identifies the micellar structures while eliminating the non core B monomers.

Subsequently, we quantify the statistics of the so-identified clusters and study

their dependencies upon the gradient strengths.

For structures employing annealed sequences, the B monomers cannot

be recognized explicitly, since each monomer is partially A and partially B.

Thus, we identify the biggest cluster in each chain irrespective of whether the

monomers are A or B. Then we color all the monomers (A and B) connected

to these clusters. This approach correctly captures the onset of interchain

aggregation which is one of the main objectives of this study. However, as

a consequence of this coloring process much higher aggregation numbers are

expected for the annealed sequences as compared to that of the quenched
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sequences.

4.3 Results and Discussion

In this section, we present a quantitative discussion of the results of our

computer simulation studies. Our specific parametric studies were motivated

by recent experiments which examined the phase separation characteristics of

gradient copolymers as a function of the gradient strength.[142, 144] Inspired

by the results of the experimental study we address the following issues:

(i) Is it possible to define a specific temperature for the transition from

the low temperature disordered phase to the high temperature micellar phase?

If so, how does the transition temperature depend upon the gradient strength?

This issue is motivated by the experimental results which found that the cloud

point discerned in the experiments exhibited a linear dependence on the gra-

dient strength of the copolymers.

(ii) What is the sequence of aggregation events accompanying the tran-

sition between the low and high temperature phases? Specifically, we are

interested in probing the onset of intra and intermolecular aggregation and

their dependence on gradient strength.

(iii) How do the size, number and other characteristics of the micellar

structures formed during the phase separation of the system depend on the

gradient strength?

(iv) To what extent does annealed model of sequences can capture the
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behavior predicted by the more realistic, quenched model?

4.3.1 Phase Transition Temperature

To quantify the transition from the low temperature to the high tem-

perature phase, we probed the temperature dependence of both the average

internal energy and the average fluctuations in the internal energy of the sys-

tem in our simulations (Figure 4.4 and Figure 4.5). From Figure 4.4(a), we

observe that the upon lowering the temperature the system undergoes a steep,

albeit continuous, decrease in energy signifying the formation of collapsed mi-

cellar phases at high temperatures. More pertinently, we observe that the

energy fluctuations in the system (Figure 4.4(b)) displays a peak at a specific

interaction strength, which indicates a transition to an aggregated phase at a

critical interaction strength.[228, 232, 233] A similar trend in energy and energy

fluctuations are also observed for simulations employing annealed sequences

(Figure 4.5(a)(b)). We note that due to the finite size of the chains used in

our simulations, our results for the critical interaction strength are expected

to depend on the chain length N of the copolymers. Moreover, for the same

reason our results are not sufficient to draw conclusions regarding the order of

the phase transition occurring in these systems. Despite these limitations, the

peaks in the energy fluctuations are discernible for almost all cases; hence, we

use the corresponding temperature (εc) as a measure of the phase transition

temperature in the system. Furthermore, in the following section, we present

results for the temperature dependence of the intermolecular aggregation and
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Figure 4.4: Quenched model: (a) average energy and (b) average fluctuations
in energy as a function of interaction parameter ε: R (∆g = 0), L1 (∆g = 0.2),
L2 (∆g = 0.4), L3 (∆g = 0.6), L4 (∆g = 0.8), L5 (∆g = 1.0). Lines are just
a guide to the eye.

micelle sizes, wherein it will be demonstrated that such quantities also undergo

a sharp transition at εc, thereby confirming that εc as deduced through the

energy fluctuations can be identified as the phase transition temperature from

a disordered phase to the micellar phase.

In Figure 4.6 we display εc for different sequences as a function of the

gradient strength in the copolymer. We observe that for the quenched model,

the critical interaction strength (critical temperature) decreases linearly with

an increase in the gradient strength of the copolymers. We note that such

a trend agrees quantitatively with the linear dependence of the cloud point

temperature as a function of the gradient strength found in the experiments

of Gallow et al. [142, 144] In the experiments, the cloud point was determined
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Figure 4.5: Annealed model: (a) average energy and (b) average fluctuations in
energy as a function of interaction parameter ε: L1 (∆g = 0.2), L5 (∆g = 1.0.)
Lines are just a guide to the eye.

as the temperature at which the polymer solution underwent a transition from

a transparent to turbid solution. Based on the similarities in the gradient

strength dependence noted between our simulation results and the experi-

ments, we conclude that the transition noted in the experiments indeed corre-

sponds to a change from the homogeneous solution to an aggregated micellar

phase.

In comparing the results for the annealed model against the quenched

polymers, we observe that significantly higher critical interaction energies are

required to collapse copolymers having annealed sequences. Such a result

is easy to understand since the annealed model smears out the interactions

between the monomers (Figure 4.2) and hence much stronger effective inter-

actions are needed for chain collapse. This feature becomes more prominent

at lower gradient strengths, since, in such a limit the identity and the interac-
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Figure 4.6: Effect of gradient strength on phase transition temperature. The
continuous line represents a linear fit to the data.

tions of the monomers becomes more uniform (f ≈ 0.5, cf. Figure 4.1(b)) in

the annealed model and hence much higher interaction strengths are required

to achieve aggregation. In contrast, the quenched model retains the specific

identities and interactions of the monomers, and thus some chains possess long

enough sequences of B segments to cause the collapse of the chains at much

smaller interaction strengths.

What is the origin of the above-observed dependence of the critical tem-

perature on the gradient strength ? We note that the average compositions

of the different copolymers considered in our study are identical and hence

a mean-field (Flory-Huggins) like theory would actually predict no difference

in the transition temperatures for the different systems. The latter suggests

that the observed simulation results arise from correlation effects embodied
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Figure 4.7: Hydrophobic block length distributions for linear gradient copoly-
mers of varying gradient strengths.

in the sequences of our different gradient copolymer systems. Specifically, we

hypothesize that copolymers with larger gradient strengths are more likely to

possess longer sections of hydrophilic and hydrophobic groups at their ends.

The presence of such longer sections of the groups would facilitate easier inter-

molecular aggregation of the chains and hence require only weaker interaction

energies. In contrast, copolymers with weaker gradient strengths are expected

to possess shorter sections of the hydrophilic and hydrophobic groups, such

that aggregation would result in energetically unfavorable contacts between A

and B monomers, thereby requiring stronger interaction strengths to facilitate

phase separation.

In Figure 4.7 and Figure 4.8, we provide quantitative evidence support-

ing our above hypothesis. Specifically, in Figure 4.7 we display the distribution

of the number of blocks of continuous hydrophobic or hydrophilic monomers

as a function of the gradient strength of the copolymer sequences. It can be
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seen that with an increase in the gradient strength, the overall distribution de-

velops a more prominent tail towards larger blocks of continuous hydrophobic

monomers. In Figure 4.8 we provide a more direct measure of the block length

distributions by depicting the average hydrophobic block length LBB for the

different polymers considered in our study. It is seen that indeed the average

hydrophobic block length increases with increasing gradient strength (with the

minimum occurring for ∆g = 0 in the case of purely random copolymer).

To probe whether the above trends can quantitatively explain the be-

havior of the critical interaction strengths observed in our simulations, in Fig-

ure 4.8 we display the product of critical interaction energies and the average

hydrophobic block length of such continuous hydrophobic segments. It is seen

that to a good degree of approximation, such a product is independent of the
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with gradient strength. Hollow points correspond to experimental data[144]
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gradient strength, suggesting that the linear dependence of the critical inter-

action temperature upon the gradient strength arises purely as a consequence

of the variations in the average hydrophobic block length as a function of the

gradient strength.

Motivated by the success of the ability of LBB to quantitatively predict

our simulation results for the critical interaction strengths, we probe whether

similar considerations can also be used, at a quantitative level, to rationalize

experimental observations. To probe this hypothesis in the context of the lin-

ear gradient copolymers studied in the experiments, we generated sequences

corresponding to the experimental conditions (f w 0.65) and computed the

LBB corresponding to such sequences. In Figure 4.9, we display a comparison
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of the L−1BB and the critical temperatures observed in the system (we assume

that the cloud point temperature of the experiments Tc can be translated to an

interaction parameter εc through εc = a+ bTc, where a and b are temperature,

gradient strength independent constants). In Figure 4.9, it is seen that there

is remarkably good agreement between Tc and the average length of the hy-

drophobic segments in the sequences. This quantitative agreement between the

experimental work and our simulations points to the fact that LBB is directly

correlated with the experimentally tunable variable of gradient strength.

Experimental studies cited in the introduction have observed that a

strong dependence of cloud point with gradient strength held true even for

copolymers containing hyperbolic composition profiles.[144] Despite the fact

that the correlation deduced in our simulations was for linear gradient copoly-

meric systems (and compared to the corresponding experiments above), we

probe whether similar considerations (ε ∝ L−1BB) hold true even when other

composition profiles are considered. To achieve this, we again generated se-

quences corresponding to the experimental conditions of the hyperbolic gradi-

ent composition profiles and computed LBB for such systems. In Figure 4.10,

we display a comparison of the LBB and the critical temperatures observed in

the system. Yet again, there is seen to be an excellent agreement between Tc

and the average length of the hydrophobic segments in the sequences, suggest-

ing that the quantity LBB serves more generally as a quantitative predictor of

the cloud point temperature for gradient copolymer solutions.
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Figure 4.11: Average number of BB contacts for quenched model: (a) In-
tramolecular (b) Intermolecular as a function of interaction parameter ε: R
(∆g = 0), L1 (∆g = 0.2), L2 (∆g = 0.4), L3 (∆g = 0.6), L4 (∆g = 0.8), L5
(∆g = 1.0). Lines are just a guide to the eye.

4.3.2 Intra- and Intermolecular Aggregation

The results presented in the preceding section provides evidence for the

occurrence of a phase transition in the gradient copolymer systems. While the

low temperature phase in the different copolymeric systems is well-defined as

corresponding to a solution of homogeneous non-aggregated chains, the mor-

phology of the high temperature “aggregated” systems corresponds in fact to a

variety of states, ranging from a few micelles to a large network of micellar cores

linked by bridges. Of interest are the questions, what is the sequence of aggre-

gation events accompanying phase transition ? Specifically, does intramolec-

ular aggregation precede intermolecular aggregation or vice versa ? Is there

a dependence of such features on the gradient strength? For instance, in the
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experiments discussed in the introduction,[144] the phase transition phenom-

ena in gradient copolymer solutions were studied by two different techniques:

DLS and turbidity measurements. The former was argued to be sensitive to

intrachain aggregation, whereas the latter was more sensitive to larger scale,

interchain aggregation. Based on systematic differences between the aggre-

gation temperature and the macroscopic cloud point temperature extracted

from DLS and turbidity measurements, respectively, phase separation in gra-

dient copolymer solutions was found to proceed in a two step manner wherein

the intrachain aggregation occurs at a much lower temperature compared to

the interchain aggregation. A specific objective of this section is to quantify

the aggregation events in our simulations of gradient copolymer solutions and

verify the hypothesis presented in the experimental context.

To study the above issues, we probed the temperature (interaction pa-

rameter) dependence of inter- and intramolecular BB contacts (Figure 4.11)

for the quenched and annealed models (not displayed). From the data in Fig-

ure 4.11, it is seen that even at the lowest ε we probed, a substantial number

of intrachain contacts are already present. Moreover, with an increase in ε,

there is a gradual enhancement of intrachain BB contacts. In contrast, the

number of interchain BB contacts are negligible at the lowest temperatures

and exhibits a sharp jump at around the critical (cloud-point) temperature.

Interestingly, the results for the intra- and intermolecular BB contacts for the

annealed model also exhibited trends similar to that noted for the quenched

model (not displayed).
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The above results are qualitatively consistent with the hypothesis pre-

sented in the corresponding experiments.[144] Indeed, our results confirm that

the phase transition phenomena discerned in the previous section (which we

argued to correspond to the turbidity of the solution) does indeed coincide

with the onset of significant interchain aggregation. However, within the lim-

ited temperature range we probed, we did not see any sharp jump in the

intrachain contacts. In contrast, since the intrachain aggregation and contacts

are significant even much prior to the phase transition temperature, one may

conclude that the onset of intrachain aggregation occurs at a much lower ε, as

was deduced through the experimental DLS measurements.

4.3.3 Interaggregate Bridges

The preceding two sections provided evidence for the influence of the

gradient strength upon the phase transition temperature and the nature of the

accompanying transition. In this final section, we discuss the influence of the

gradient strength on the nature of the aggregates and the larger lengthscale

structures formed subsequent to the phase separation. The results presented

in this section are motivated by the results of experimental transmittance

studies which revealed a larger breadth of transition (i.e. temperature interval

over which the copolymer solution changes from transparent to turbid[142])

for higher gradient strength copolymers. We hypothesize that such results

arise from the fact that lower gradient strength copolymers possess shorter

sequences of hydrophobic (B) groups (Figure 4.8), and also are more likely
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to possess B groups towards the middle and A-rich regions of the chains. As

a consequence, we propose that the lower (higher) gradient strength copoly-

mers tend to form smaller (larger) sized aggregates, but with substantially

more (less) intermicellar connections (bridges). Since the formation of bridges

corresponds to the growth of larger length scale structures, we associate the

breadth of the transition noted in the transmittance experiments to the num-

ber of bridges as a function of temperature and gradient strengths. To corrob-

orate these hypotheses, in this section we present results which characterize

the micellar aggregates through two measures: (i) Their aggregation numbers

(i.e. number of monomers in the micellar core); and (ii) The bridging number,

which quantifies the number of chains forming bridges between micelles rela-

tive to the total number of chains. A chain is identified as forming a bridge if

its hydrophobic monomers belong to at least two different micelle cores.

In Figure 4.12(a), we display the results for aggregation number of the

micelles as a function of the gradient strength in the copolymers. Consistent

with the hypothesis presented above, we observe indeed that the aggregation

numbers decrease with decreasing gradient strengths. To compare these results

with the behavior of annealed model copolymer sequences, we also display the

aggregation numbers for L1 and L5 using the annealed model in Figure 4.12(b).

In contrast to the trends noted for the quenched model, the aggregation num-

bers are found to increase with decreasing gradient strength in the annealed

model. These results are easy to understand in the context that the annealed

model becomes akin to a homopolymer solution (in a poor solvent) in the limit
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Figure 4.12: (a) Change in average size of micelle core with interaction pa-
rameter ε: R (∆g = 0), L1 (∆g = 0.2), L2 (∆g = 0.4), L3 (∆g = 0.6), L4
(∆g = 0.8), L5 (∆g = 1.0). (b) Size of cluster for annealed model as a function
of interaction parameter ε: L1 (∆g = 0.2), L5 (∆g = 1.0). Lines are just a
guide to the eye.
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Figure 4.13: The variation in bridge number, Bn with gradient strength, ∆g.
Lines are just a guide to the eye.

of weak gradient strengths of the copolymer. Hence, at interaction strengths

greater than the critical value, the system undergoes macroscopic phase sep-

aration characterized by the formation of a large aggregates which represent

intermediates in the path towards a completely segregated system.

In Figure 4.13, we display the bridging numbers in the micelles as a

function of the gradient strength of the copolymers. In accord with our hy-

pothesis above, it can be seen that both the number of chains forming bridges,

as well as the sharpness of the temperature dependence of the number of

bridges, correlates inversely with the gradient strength of the copolymer solu-

tions sequences. This result is physically intuitive since the weakest gradient

copolymers are more likely to possess smaller blocks of hydrophobic monomers

which are distributed over the entire backbone (Figure 4.8). Such blocks are

108



more likely to become involved in independent aggregation events with other

chains and result in the formation of bridges among neighboring chains. In-

deed, the stronger gradient copolymers resemble diblock copolymers due to

their blocky ends, and hence the number of chains forming bridges are sub-

stantially lowered in such systems.

4.4 Summary

By using Monte Carlo simulations and a parallel tempering algorithm,

we have studied the phase behavior of amphiphilic linear gradient copolymers

for both quenched and annealed model of sequences. Under poor solvent con-

ditions, the copolymer chains collapse to form micelle like structures. With

quenched model, we found a linear trend for transition temperature with gra-

dient strength which agrees with the results reported by Gallow et al.[142]

We argued that such trends arise from the average length of the hydropho-

bic segments LBB in the gradient copolymer sequences. After validating this

hypothesis against our simulation results for linear gradient copolymers, we

demonstrated that LBB provides a quantitative means to predict the cloud

point temperatures of gradient copolymer solutions even for other composi-

tion profiles.

As a second aspect of this work, we probed the statistics of the aggre-

gates formed during the phase separation process and confirmed the two step

sequence of aggregation hypothesized in experiments. Specifically, interchain

interactions were found to undergo a sudden jump around the critical (cloud
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point) temperature, whereas the onset of intrachain aggregation occurred at a

much lower interaction strengths, consistent with the observation of a unimer-

to-aggregate transition via DLS at temperatures below the macroscopic cloud

points. A strong dependence of the resulting micellar properties upon the

gradient strength of copolymers was also observed.

In this work, we also contrasted our results for the quenched model of

gradient copolymer against that of the annealed model. In the latter situation,

due to smearing of interactions, the copolymer collapse occurred at signifi-

cantly higher interaction strength as compared to quenched model. While the

annealed model exhibited a similar sequence of aggregation events as quenched

model, much of the behaviors upon varying the gradient strengths either dis-

appeared or contrasted with the quenched model due to the lack of sequence

correlations in the annealed model.
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Chapter 5

Computer Simulations of Dendrimer and

Polyelectrolyte Complexes

5.1 Introduction

The increasing need for effective gene delivery vectors have motivated

the design of novel polymeric materials to enhance the efficiency of drug deliv-

ery and gene therapy systems. In this context, charged dendrimers have shown

great promise as they exhibit desirable binding with drug/genetic material.[40–

46] In support of the utility of dendrimers for gene delivery applications,

a number of experimental studies have reported the formation of nanoscale

complexes/aggregates in the dilute solution of charged dendrimers and DNA

molecules.[77–89] Subsequent studies have also shown that such complexes,

termed as “dendriplexes,” can penetrate the cell membrane and deliver ge-

netic material.

Recent experiments have highlighted the influence of different parame-

ters in influencing the DNA-dendrimer complexation and drug delivery. “Charged

dendrimers” (henceforth referred to as “dendrimers” in the text) are regularly

branched macromolecules carrying charged groups which are capable of disso-

ciation in the presence of a solvent.[78] Such macromolecules comprise of linear
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chains called spacers stemming out from one/two central monomers comprising

the 0th generation of the dendrimer. The spacers attached to the end groups

of 0th generation forms the 1st generation and so on. The functionality of den-

drimer denotes the number of spacers connected to each branch point whereas

the generation number controls the spread or size of the molecule. A number

of studies have illustrated the effect of dendrimer size/generation on the size of

the clusters and on the uptake of such clusters by various types of cells. Specifi-

cally, experiments by Chen et al. found that higher generation dendrimers (4th

and 5th) form more stable complexes in solutions with oligodeoxynucleotides

(as characterized by higher zeta potential).[77] Also, the cell intake was seen

to be better for complexes synthesized using 4th and 5th generation dendrimers

as compared to those arising from lower generation dendrimers.[77] Kabanov

et al. also confirmed that the solubility of clusters formed using dendrimers

with generations four and five significantly differs from the dendrimers with

smaller generations (1− 3).[254] A number of other studies have also charac-

terized the effect of dendrimer to DNA ratio (expressed as dendrimer surface

groups to DNA base pairs) and found better binding for charge ratios close to

or greater than unity.[85] These experiments have raised significant interest in

gaining a fundamental understanding of the influence of different parameters

on polyelectrolyte-dendrimer complexation phenomena.

Motivated by the above observations, in the past decade, several theo-

retical and simulation studies have examined the conformational properties of

the complexes formed by electrostatic binding between dendrimer and linear

112



polyelectrolytes (LPE).[90–104] For instance, Welch and Muthukumar used

Monte Carlo simulations to examine the conformation of complexes formed

between dendrimers with terminally charged groups and oppositely charged

polyelectrolyte.[96] They observed different possible conformations of com-

plexes, involving cases where a dendrimer may completely encapsulate the

LPE, or situations in which the LPE can interpenetrate the dendrimer. Lyulin

and coworkers used Brownian Dynamics simulations to explore the effect of

dendrimer/nucleic acid charge ratio on the overall charge of the complex.[97–

100]

Most of the above studies focus on a single dendrimer interacting with

one (or a few) LPE molecules. Recently however, progress has been made

in the context of simulating multiple dendrimers interacting with multiple

LPEs.[255–257] For instance, Posocco et al.,[256] studied the self-assembly of

spermine-functionalized dendrones and their aggregation with DNA using dis-

sipative particle dynamics simulations. They found that first generation den-

drones yield aggregates with higher charge density which makes them more

effective in binding to DNA as compared to second generation dendrones.

Eleftheriou and Karatasos used Molecular Dynamics (MD) simulation to study

the effect of strength of electrostatic interactions upon the formation of com-

plexes between dendrimers and oppositely charged linear polyelectrolytes and

concluded that the chain length of polyelectrolytes and the strength of elec-

trostatic interactions are key parameters in determining the structure of the

resulting complex.[257]

113



While the above studies have led to several useful insights, there are

still some unresolved issues. Namely, very few studies have embarked on a de-

tail characterization of the statistical features of aggregates and clusters which

result in dendrimer-LPE systems. Also, as far as we are aware, none of the

earlier theoretical studies have considered the influence of parameters such as

the relative concentrations of the dendrimer, LPEs and the length of the LPEs

upon the resulting complexes. From a modeling perspective, many of the the-

oretical studies have incorporated only a screened Coulomb potential of the

Debye-Huckel type. Results in other contexts have shown that such an approx-

imation to electrostatic interactions may prove inadequate for predicting the

structure and properties of charged polymers.[258] Moreover, most of the prior

studies were limited to lower generation dendrimers (3rd generation) contain-

ing few charge groups (≤ 24 per dendrimer). In contrast, dendrimers used in

experiments are typically of higher generations, and containing larger number

of surface groups — features which are expected to significantly influence the

complexation phenomena.

Motivated by above issues, in this work we adapt the single chain in

mean field (SCMF) simulation method to study the complexation between

LPE and dendrimers. SCMF is a hybrid methodology combining Monte Carlo

(MC) and polymer self-consistent field theory and provides a straightforward

means to incorporate complex polymeric architectures while still enabling

study of equilibrium properties of dense systems.[47–53] Moreover, study of

complexation process in oppositely charged systems requires accounting for
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fluctuation phenomena,[259] effects which are naturally present in SCMF frame-

work.[210] Another advantage of SCMF type approach in contrast to compet-

ing methodologies such as field-theoretic simulations (FTS)[259] is the fact that

the conformational aspects of the molecules are directly accessible in SCMF

simulations, and hence quantification of cluster characteristics of the resulting

complexes is much more straightforward in the latter framework.

In this study, we carry out a systematic analysis of the structures

formed as a result of electrostatic interactions between peripherally charged

cationic dendrimers and negatively charged LPE chains. We specifically aim

to probe the effects of dendrimer generation, LPE length, salt concentration

and charge ratio (i.e. concentration of charges on the LPE relative to those on

the dendrimers) on the structure of the resulting aggregate. We also explicitly

compare our results with the series of studies by Linse and co-workers which

have systematically examined similar effects in the context of macroion-LPE

mixtures.[260–265]

The outline of the rest of the chapter is as follows: In Section 5.2 we

describe the nomenclature and simulation method employed in this study and

a brief description of the simulation methodology and the different measures

used to characterize clusters. In Section 5.3, we first present some results

which validate the use of SCMF for studying electrostatic phenomena in poly-

meric systems. Subsequently, we present results for the effect of LPE length,

addition of salt and charge ratio on the structure of the resulting complexes.

We summarize our results in Section 5.4.
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5.2 Simulation Method

In this section, we discuss the model and terminology used to describe

the dendrimer-polyelectrolyte mixture. As mentioned in the introduction, we

adopt the single chain in mean field simulation framework to model the equilib-

rium behavior of our system. In a nutshell, the SCMF methodology proposed

by Muller and co-workers[47–53] is a MC simulation approach in which the

bonded interactions between the polymer molecules are accounted in an exact

manner, whereas, the nonbonded interactions are accounted through one-body

interactions of polymer segments with external fluctuating potential fields.

The explicit functional form of such potential fields is usually derived from the

mean-field limit of the corresponding field-theory model[4] and typically leads

to a framework in which the potential fields are determined by the instanta-

neous values of inhomogeneous densities and volume fractions. SCMF-type

approaches treat different non-bonded segments of the polymer chains as in-

dependent of each other except in so far as the step of computing the potential

and density fields from the coordinates of the molecules. As a consequence,

such methods facilitate significant parallelization of computation and is espe-

cially suited for dense systems. Moreover, the electrostatic interactions can

be efficiently quantified by solving the Poisson equation using a grid-based

implementation. Further, since the molecular coordinates are retained, such a

method allows for straightforward characterization of cluster features.

Our model system is comprised of dendrimers and linear polyelectrolyte

molecules (LPEs) in the presence of counterions and monovalent salt ions. We
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Summary 

Dendrimers are repetitively branched tree like polymers 

Architecture 

• Functionality - 3 

• Generation (G) – 3,4,5 

• Space length - 5 

Dendrimer-Polyelectrolyte Complex 

• Gene therapy 

Use of therapeutic nucleic acids (NA) to 

treat genetic disorders 

• Types of therapeutic NAs 

• Large Plasmid/Linear DNA molecules 

• Short Oligomeric NAs 

• Antisense oligonucleotides (double 

stranded) 

• siRNA (double stranded) 

• DNAzymes (single stranded) 

• Cationic dendrimers bind with anionic DNA 

strands forming “dendriplex” 

• Protects DNA from serum nucleases 

• Neutralizes/overcompensates negative charge 

for more favorable interaction with the 

negatively charged membrane 

 

-Dendrimers increase transfection 

-Transfection charge dependent 

Yoo, H., Sazani, P., Juliano, R., Pharmaceutical Research, 

1999, 16(12), 1799 

• Dendrimers protect siRNA from degradation 

- Lyulin, S., Darinskii, A., Lyulin, A., Macromolecules, 2005, 

38, 3990 
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• Extensive cluster formation for α≈1 

• Shorter LPEs result in weak complexation 

• Longer LPEs assume compact configuration and form extended clusters 

• Dendrimer overcharging observed for α>1 

• Cluster size distribution exhibits strong dependence on strength of 

electrostatic interaction (or screening length) 

• Cluster size increases with increasing dendrimer generation 

Easy to incorporate dendrimer architecture 

Possible to simulate high density dendrimer-LPE system 

NLPE=30 NLPE=60 

Increasing NLPE results in extended clusters 

Effect of NLPE more prominent for larger dendrimers 

α=1.125 

E=900 (κ = 8.5) E=5500 (κ = 3.5) 

G=3 G=5 G=4 

• Large and broad gden-den(r) represents maximum 

cluster formation for α=1 

• Non-monotonic effect of α on average size of 

clusters 

• Narrow cluster charge distribution for α<1 and α>1 
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Objective Figure 5.1: Schematic of the model system comprising of 3rd generation den-
drimers having functionality of 3, LPE chains and counterions.

consider a mixture of nDEN peripherally charged dendrimers (i.e. only the end

groups on the periphery of the dendrimer are charged) and nLPE oppositely

charged linear polyelectrolytes of NLPE segments in a system of volume V .

In this study we consider trifunctional dendrimers (f = 3) having generations

in the range G = 3 − 5, with spacer length of 5. Figure 5.1 presents the

schematic of our model system. The 0th generation is comprised of one core

monomer and the spacers attached to it. We have depicted a dendrimer with

a functionality of 3 in which three spacers stem out of the core monomer. The

next generation is comprised of the spacers attached to the end groups of the

earlier generation and so on (the dendrimers shown in Figure 5.1 are third

generation dendrimers). The total number of monomers (NDEN) comprising
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a dendrimer is given as:

NDEN(G) =
nf((f − 1)G+1 − 1)

f − 2
+ 1 (5.1)

where f denotes the functionality, n represents spacer length and G denotes

the generation of the dendrimer. The terminal groups (i.e. monomers at

the periphery of the dendrimer) are assumed to carry a positive charge, z =

1.0, whereas the LPE monomers are negatively charged each carrying z =

−1.0 charge. We assume a quenched charge model for our charged monomers

wherein all the charged groups on the dendrimer and LPE are completely

dissociated and the charge does not vary as a function of solution conditions.

Our mean field model closely resembles the model used by Fredrickson

and co-workers to study polycation-polyanion complexation.[259] We use a

Gaussian chain model to characterize the connectivity between the monomers

of both the LPE chain and the dendrimers. The intramolecular (bonded)

energy for the dendrimer-LPE system is given by:

βUb(r) =
3

2b2

([ nDEN∑
i=1

G∑
g=0

f(f−1)g∑
j=1

n−1∑
s=1

[ri,DEN,g,j(s+ 1)− ri,DEN,g,j(s)]
2

]

+

[ nLPE∑
k=1

N−1∑
s=1

[rk,LPE(s+ 1)− rk,LPE(s)]2
])

(5.2)

where rm,n denotes the coordinates of mth monomer of nth species. b repre-

sents the length of each statistical segment which is assumed the same for the

dendrimers and LPEs. In such a notation, the radius of gyration of the LPE

chain of length N is given as Rg = b
√
N/6.
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To quantify the non-bonded monomer-monomer interactions, we use

an implicit solvent model and the interaction between the different LPE and

dendrimer segments are represented by an excluded volume potential,

βUev(r) =
u0
2

∫
d3rρ2(r) (5.3)

where u0 is the excluded volume parameter which is assumed to be the same for

both LPE and dendrimer segments and ρ(r) denotes the sum of concentration

of dendrimer and LPE monomers.

The electrostatic interactions between charges in the system is given

by,

βUel(r) =
1

2

∫ ∫
d3rd3r′ρc(r)

lB
|r − r′|

ρc(r
′) (5.4)

where lB ≡ βe2/ε is the Bjerrum length and e denotes the elementary charge

of an electron. In the above, the total microscopic charge density field ρc(r)

as

ρc(r) = zρ+DEN(r)− zρLPE(r) + zρ+(r)− zρ−(r) (5.5)

where ρ+DEN(r), ρLPE(r), ρ+(r), ρ−(r) represents the microscopic charge den-

sity of terminal monomers of dendrimers, LPE monomers, positive and nega-

tive counterions respectively.

In SCMF simulations, the polymer and charge densities are expressed

via actual particle coordinates and the pairwise interactions of a polymer seg-

ment with the surrounding segments is replaced by the interaction of the poly-

mer segment with a fluctuating potential field.[48] The explicit expression for
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such potential fields are derived by a transformation of the particle based rep-

resentation to a field based representation.[4] In our model, these potential

fields account for the excluded volume interactions between segments (w(r))

and the electrostatic interaction between charged species (Φ(r)) and are given

as:[259]

w(r) = u0ρ(r) (5.6)

52Φ(r) = −4πlBρc(r) (5.7)

Using rescaled variables according to r/Rg → r, V/R3
g → V,Nw →

w,NzΦ → Φ the system can be described using a set of dimensionless vari-

ables,[259]

C =
(nLPENLPE + nDENNDEN)R3

g

NV
, B =

u0N
2

R3
g

, E =
4πlBz

2N2

Rg

. (5.8)

In the above, C , B and E represents respectively the nondimensionalized

chain concentration, excluded volume parameter and Bjerrum length. In such

a notation, the potential fields can be written as,

w(r) = BCφ(r) (5.9)

52Φ(r) = −ECcφc(r) (5.10)

where φ, φc denotes the total volume fraction of monomers and volume fraction

of charged species respectively. In the above,

Cc =
R3
g

N

∑
i

niNi

V
(5.11)
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where i runs over the number of charged species in the system. Using above

representation, the system’s total Hamiltonian can be expressed as,

βH(r) = βUb(r) +
N∑
i=1

(w(ri)± Φ(ri)). (5.12)

In the above equation, the sign before the electrostatic field corresponds to the

charge carried by the monomer. If the monomer is uncharged, it is only acted

upon by the w(r) field. Our counterions are assumed to be point particles and

hence, they are only acted upon by the Φ(r) field. Such a representation is

reasonable as the size of counterions is much smaller than the coarse grained

polymer and dendrimer segments. Consequently, previous studies have also

employed such an approach in the context of polymeric charged systems.[104,

266].

The conformations of LPE-dendrimer solution given by Eq. 5.12 were

sampled using Monte Carlo simulations by using Metropolis algorithm.[168]

The monomers and counterions were enclosed in a cubic simulation box with

periodic boundary conditions in three dimensions. In order to compute the

local volume fraction of polymer segments, contribution to eight neighboring

grid points surrounding a polymer segment was considered. The potential

acting at any location was derived using linear interpolation from the potential

acting on eight grid points enclosing the position.

5.2.1 Simulation Details

The SCMF simulation framework is comprised of two steps repeated in

a cyclic manner. In the first step, the polymer conformations are evolved under
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constant external potential fields (w(r) and Φ(r)) for a prespecified number

of MC moves. In the second step, the potential fields are updated using the

instantaneous polymer and charge densities. More frequent updates of poten-

tial fields results in a framework which more effectively captures fluctuation

effects.[48] Updating the potential field w(r) requires only local computations

and hence we update w(r) after every accepted MC move. In contrast, updat-

ing the electrostatic field Φ(r) requires the solution of the Poisson equation

and is hence prohibitively expensive to effect after every MC move. We use the

symbol ν to denote the updating frequency, which is defined as the number of

MC steps (each MC step comprises of one attempted MC move per monomer)

executed in between each update of electrostatic field. Almost all our results

in the subsequent sections correspond to the case of ν = 1. However, for some

of the cases we have repeated the simulations for a number of updating fre-

quencies ν = 0.25, 0.5 and for the set of results reported in this study, we did

not notice any significant deviations in the results for charge correlations (see

also Section 5.3.1).

Our simulations were initiated with random configurations of the den-

drimer, LPE molecules and counterions. The initial equilibration of these

polymers was effected for 1× 105 MC steps in conditions under which all the

external potential fields were absent. Subsequently, we turned on the potential

fields and equilibrated for another 1×106 MC steps. The relevant equilibrium

properties were averaged subsequently for another 1×106 MC steps. The trial

moves involved random displacement of monomers and counterions in three
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dimensions. To solve for Φ(r), the Poisson equation was solved using Fast

Fourier Transform (FFT) implementation on a 128× 128× 128 grid covering

the simulation box of length 40Rg.

The Bjerrum length in our simulations is set equal to the length of

polymer segments (b) which is equal to 0.7nm, corresponding to the Bjerrum

length of water. The reduced excluded volume parameter B is set equal to 10

for all simulations (corresponds to a segment radius of approximately 0.2nm).

We did not undertake a study of the influence of these parameters on the cluster

properties. The number of dendrimers, nDEN for all simulations was fixed to 30

which approximately corresponds to 0.02, 0.04, 0.09 M solutions of G = 3, 4, 5

dendrimers respectively. We chose this concentration in order to stay well

below the overlap concentration. Moreover, most of the studies in the context

of complexation behavior have been carried out in the similar concentration

regime which makes it easier to compare our results with previous reports.[257,

266]

The results for complexation in dendrimer-LPE solution are divided

into three sections wherein we study the effect of LPE length ratio, ionic

strength and charge ratio between LPE and dendrimer respectively. The sim-

ulation details pertaining to each section are summarized in Table 5.1. The

ionic strength is defined as I = 0.5
∑

i z
2
i ci where zi and ci are the charge and

molar concentration of species i respectively.

In order to confirm that the resulting conformations are true equilib-

rium configurations, we examined the root mean squared displacement of cen-
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Table 5.1: System parameters

G Effect of LPE Length Effect of Ionic Strength Effect of Charge Ratio
NLPE nLPE NLPE nLPE I (M) NLPE nLPE I (M)

3 12,24,48 60,30,15 24 30 0.005-
0.1

24 1,15,30,45,60 0.005

4 24,48,96 60,30,15 48 30 0.005-
0.1

48 1,15,30,45,60 0.005

5 48,96,192 60,30,15 96 30 0.005-
0.1

96 1,15,30,45,60 0.005

ter of mass of dendrimers and LPE molecules. On an average, the dendrimers

and LPE molecules were seen to travel 1.6Rg and 3Rg respectively during each

set of 500 MC cycles. This shows that the macromolecules do exhibit substan-

tial displacement during the simulation and suggests that the aggregates we

obtain are expected to be of equilibrium nature.

5.2.2 Cluster Analysis

The objective of this study is to quantify the aggregation characteristics

of complexes formed in solutions of dendrimer-LPE mixtures. Towards this

objective, we carried out a systematic cluster analysis which is adapted from

a procedure originally proposed by Sevick et al.[250, 252, 253, 267] In brief,

the distribution of particle clusters is analyzed through a connectivity matrix

which accounts for direct contact between components of the mixture. This

matrix is then further modified to account for indirect connectivity, i.e., parti-

cles connected through other particles in the cluster. In our work, two particles
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are assumed to be directly connected if the distance between them is less than

the grid spacing employed in our simulations. Although this choice of cut off

distance is arbitrary, we believe it is still a reasonable choice given the fact

that correlation effects smaller than the grid spacing are ignored. From this

procedure, we probe the following aspects of cluster statistics: (i) The aver-

age radius of gyration of cluster, < Rg,cl >, where the radius of gyration of a

cluster containing n particles is given as:

Rg,cl(n) =
1

n

n∑
i=1

(ri − rcom)2 (5.13)

where r and rcom are the coordinates of particle within the cluster and center

of mass of the cluster respectively; (ii) The probability distribution of cluster

size, Pcl(r) representing the fraction of clusters of radius of gyration r; (iii)

The cluster charge distribution which quantifies the net charge Qcl distribution

as a function of radial distance from the center of mass rcom of a cluster;

(iv) Bridging fraction, Bf , defined as the average number of LPEs connected

to more than one dendrimer. (v) We also probe the dendrimer center-to-

center radial distribution function which quantifies the aggregation propensity

of dendrimers.

5.3 Results and Discussion

In this section we present results for complex formation in our model

system of multiple dendrimers and multiple LPEs in presence of counterions.

As a first step, we validate the qualitative ability of our simulation framework
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to capture structural features of systems containing charged macromolecules.

For this purpose, we study the model of a mixture of positively and negatively

charged LPEs, and compare the results with existing theoretical predictions.

Subsequently, in the context of dendrimer-LPE solutions, we study the effect

of (i) dendrimer sizes, (ii) LPE length, (iii) salt concentration and (iv) charge

ratio on the complexation behavior.

5.3.1 Validation of Simulation Method

A number of past studies have used a variety of simulation methods,

ranging from particle based MC, MD simulations,[94, 98, 101, 258, 268–270]

field theoretic[208, 259] and mean field simulations,[104, 271–276] theoretically

informed coarse grained simulations, etc.,[277, 278] to study charged polymeric

systems. However, to our knowledge the present report is the first study to ex-

amine charged systems using the SCMF approach. In this section, we present

some selected results of studies we undertook on simpler systems to validate

the simulation framework, its ability to reproduce the physics underlying elec-

trostatic interactions.

The system considered in this section is a mixture consisting of equal

volume fraction of identical homopolymers carrying positive (polycations) and

negative charge (polyanions). Each monomer carries either a +z or −z charge

and the monomers are fully dissociated at all solvent qualities. We specifically

probe the charge structure factor Scc(q) for such a system and compare against

the corresponding theoretical predictions. We note that an identical system
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Figure 5.2: Charge structure factor computed using the simulation framework
employed in this study for E = 3600 and C = 5, 12. Comparison to RPA
prediction is also displayed.

has been studied by Fredrickson and co-workers using the field theoretic sim-

ulation methodology to examine the influence of fluctuation effects.[259] For

the parameters C = 12, and E in the range 900 − 19600, they found that

the charge structure factors from FTS were in good agreement with predic-

tions based on random phase approximation (RPA). In such a framework, the

charge-charge correlation Scc(q) is given by

4πlB
q2

Scc(q) ≈
CEĝD(q2R2

g)

q2R2
g + CEĝD(q2R2

g)
. (5.14)

The parameters C and E are defined in Eq. 5.8. ĝD(q2R2
g) is the Debye scat-

tering function for an ideal Gaussian chain:[279]

ĝD(x) =
2

x2
[exp(−x) + x− 1]. (5.15)

In Figure 5.2 we display the charge structure factor calculated using

our framework for E = 3600 and C = 5, 12, alongside the RPA predictions for
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same parameters. We observe that the simulation results are able to match

most of the aspects of the theoretical predictions. Specifically, both the lo-

cation of the peak and the trends arising from changing C are seen to be

well-captured within our simulation framework. Quantitatively, we do observe

deviations in the magnitude of the charge correlations especially at large wave

vectors, which likely arise from the grid framework and coarse-graining in-

herent in SCMF simulations. The dependence of the results on the updating

frequency, ν, for solution of Poisson’s equation is also indicated. The charge

structure factor is seen to have only a small dependence upon the updating

frequency of electrostatic potential. While the influence of updating frequency

is seen to be more pronounced for higher values of E, the qualitative effects

are seen to be captured even with updating frequency equal to unity. Thus,

for the set of parameters considered in this short assessment of our simulation

framework, we observe that our simulation method qualitatively captures the

charge correlations in polymeric systems.

5.3.2 Complexation in Dendrimer-LPE Solutions

5.3.2.1 Effect of LPE Length

The binding mechanism between charged dendrimer and linear poly-

electrolytes is largely dominated by electrostatic attractions. Hence, modifica-

tions in the number of charges carried by one of the components of the solution

is expected to have a strong influence on the structure of the resulting com-

plexes. Since we assume that the fractional charge carried by the monomers is
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fixed, we use LPE length as a parameter to vary the charge carried by individ-

ual LPE. We quantify the effect of LPE length using a parameter α defined as

the ratio of actual LPE length to LPE length required to balance the charge

on the dendrimer.

α =
NLPE

NLPE,0

(5.16)

where NLPE,0 represents the LPE length required to balance the opposite

charge on a dendrimer. For G = 3, 4, 5 dendrimers used in this study NLPE,0 =

24, 48, 96 respectively, and the systems we considered correspond to α =

0.5, 1.0, 2.0. However, the number of LPEs were adjusted so that the net

negative charge on the LPEs is balanced by the net positive charge on den-

drimers. The simulation results presented in this section are carried out at

a constant low ionic strength at conditions in which the salt was absent and

counterions were included.

Figure 5.3 shows configurations from the simulations for system con-

taining G = 5 dendrimers having (a) α = 0.5 and (b) α = 2.0. We observe

that several independent clusters are formed for shorter LPEs corresponding

to α = 0.5, whereas large clusters connected by LPE molecules are visible

for longer LPEs with α = 2.0. We note that Linse and coworkers have used

MC simulations to study the effect of LPE length on the complex formation

between proteins and LPE molecules[266] and observed that shorter LPEs

showed less propensity for protein-protein aggregation as reflected in the for-

mation of small clusters, in contrast, larger clusters were seen to form in sys-

tems with longer LPEs. Our results displayed in Figure 5.3 are seen to be
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Figure 5.3: (a) Snapshots from simulation for α = 0.5 and (b) α = 2.0 for G =
5 dendrimer. The uncharged dendrimer monomers are shown in blue whereas
charged dendrimer monomers are shown in yellow. For clarity, uncharged
dendrimer monomers are drawn smaller than charged dendrimer monomers.
The LPE monomers are colored in red connected with thick red line.

consistent with such earlier results. In the following text, we quantify our

observations using the analysis tools described in Section 5.2.2.

To quantify the organization of the dendrimers within the clusters,

we present the dendrimer center-to-center radial distribution functions (rdfs),

(gDEN−DEN(r)), for G = 3, 4, 5 in Figure 5.4. The gDEN−DEN(r) for the case

with no electrostatic interactions for α = 1.0 is also shown for comparison. The

neutral case is seen to display a trend in which the gDEN−DEN(r) gradually

increases from zero till unity, characteristic of the presence of only excluded

volume interactions between the soft dendrimer cores. In contrast, all the

charged systems are seen to display a large peak in gDEN−DEN(r) characteristic

of aggregation between the dendrimers. The peak in gDEN−DEN(r) is seen to

increase with increasing LPE length ratio α which suggests a higher propensity
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for dendrimer aggregation with increasing LPE lengths. Moreover, the overall

peak in the gDEN−DEN(r) is seen to shift towards higher separation distances

with increasing size/generation of dendrimer.

The above results can be rationalized based on the understanding that

the primary driving force for complexation phenomena in dendrimer-LPE sys-

tems is the presence of electrostatic interactions between the dendrimer and

the LPEs. An increase in α increases the number of dendrimers which can be

complexed by a single LPE (below, we present results for the bridging fractions

which supports this hypothesis), and thereby serves to bring more of the den-

drimers together within a single cluster. Such an effect serves to enhance the

peak in the dendrimer-dendrimer radial distribution function gDEN−DEN(r).

On the other hand, the location of the peak in the gDEN−DEN(r) reflects a bal-

ance between the excluded volume repulsions between the charged dendrimer

cores and their aggregation mediated by the LPEs. It is seen to be relatively

insensitive to the LPE lengths and occurs at a distance of the order of the ra-

dius of gyration of the dendrimer (for instance, the peak for G = 5 dendrimers

occurs at approximately 1.2Rg), a feature which is consistent with the dilute

dendrimer concentrations in our simulations.

The above results provide insights into the nature of the dendrimer

packing within the aggregates, but do not shed light on the nature of the

aggregates themselves. To quantify further the nature of the clusters that

form in our simulations, in Figure 5.5 we display the probability distribution

of cluster sizes Pcl(r) for the dendrimer-LPE solution. Figure 5.6(a) displays
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Figure 5.4: Dendrimer center to center radial distribution function,
gDEN−DEN(r), for dendrimer generations 3, 4, 5 as a function of α. The neutral
case represents the gDEN−DEN(r) for α = 1.0 without electrostatic interactions.
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(a) (b)

Figure 5.6: (a) The average size of clusters as a function of α for different
dendrimer generations. (b) The bridging fraction Bf as a function of α for
different dendrimer generations. The lines are guide to the eye.

the corresponding average cluster sizes of the aggregates as a function of α

and G. Overall, we observe that with an increase in α there is a shift from a

narrowly peaked distribution (at small sizes) to one which exhibits an increased

tendency for clusters of larger sizes. Correspondingly, the average cluster size

is seen to increase with both the dendrimer generation and the LPE lengths.

The above dependencies of the cluster statistics on the LPE lengths

can again be rationalized as a consequence of the propensity for longer LPE

chains to “bridge” and thereby complex with more than one dendrimer. Such

an effect is expected to lead to a shift of the cluster size distributions to larger

clusters. To provide evidence for this effect, in Figure 5.6(b), we display the

bridging fraction, Bf , defined as the fraction of LPE monomers complexed

with more than one dendrimer. Consistent with our expectations, we observe

that longer LPE molecules (higher α) exhibit larger Bf values.

The dependencies of the cluster statistics upon the dendrimer genera-
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tion can generally be rationalized as a simple consequence of the larger size

of the dendrimers themselves. Consistent with such a reasoning, we observe

that for larger G, the cluster distributions are peaked at larger cluster sizes

and are indeed characterized by larger average sizes (Figure 5.6(a)). Interest-

ingly, the results for G = 5 display trends which are somewhat distinct from

G = 3 and 4. Explicitly, for G = 5 we observe that the cluster size distri-

butions show a pronounced influence of α (large clusters as big as 16Rg are

evident for α = 2.0, as indicated by the dotted lines in Figure 5.5), and corre-

spondingly we observe that the average size of clusters display a pronounced

jump for α = 2.0. We believe that such trends arise from the fact that our

dendrimers are terminally charged, and hence, a larger generation dendrimer

which possesses a larger surface area furnishes a stronger possibility for clusters

in which different LPEs complex with different portions of a single dendrimer.

This would lead to the formation of a loosely packed aggregate of dendrimers

which however span a substantial physical extent as reflected in Figure 5.5.

The snapshots displayed in Figure 5.3b are seen to be consistent with this

picture. Moreover, we also observe that the gDEN−DEN(r) for G = 5 displayed

in Figure 5.4 are relatively insensitive to α which supports our hypothesis of

a dispersed cluster of dendrimers.

The overall charge on the dendrimer-LPE complex has been speculated

to play an important role in the uptake of complexes by cells. Motivated by

such considerations, in Figure 5.7 we display the average integrated charge

distribution, < Qcl > (with reference to the center-of-mass of the cluster) for
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the dendrimer-LPE clusters. We observe the dendrimer-LPE complex devel-

ops a net negative charge near the center of the cluster which is akin to an

overcharging-like effect of the LPEs. At further distances, there is an increased

positive charge (Figure 5.7) arising from the neighboring dendrimer molecules.

With increasing α, we observe a broader charge distribution which is consistent

with increase in average cluster sizes (see Figure 5.6(a)). More interestingly,

we observe that the peak in the charge distributions show a nontrivial in-

terplay between the generation numbers and the LPE lengths. Explicitly, for

α = 0.5 and 1.0 we observe that peak in the charge distributions display larger

magnitudes for higher Gs. Such a trend is consistent with the larger (positive)

charges possessed by the individual dendrimers for higher Gs. However, for

the case of α = 2.0 we observe that the peak in G = 5 is lower than the corre-

sponding value for G = 4. The latter can be understood based on our results

of cluster size distributions which indicated the formation of loosely packed

clusters for G = 5.

In general, from a cell uptake perspective, positively charged complexes

are more desirable due to the inherent electrostatic interactions with the cell

membranes. Our above results are consistent with the work by Chen et al.[77]

which used zeta potential measurements to show an increase in the stabil-

ity of dendrimer-DNA complexes and their uptake with increasing dendrimer

generation. However, our results go beyond such simple considerations also

indicate that the effect of generation alone cannot be relied upon as a unique

quantity to determine the efficacy of dendrimer-LPE complexes. Indeed, for
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appropriate combinations of G and α, lower generations may possess a higher

positive charge and efficiency for interactions with the cells. Such insights re-

quire detailed characterization of the cluster size and charge distributions such

as effected in this work.

5.3.2.2 Effect of Ionic Strength

We now present results for the effect of salt concentration on the dendrimer-

LPE complexation characteristics. Since electrostatic interactions are the main

driving force for complexation, an increase in the salt concentration is expected

to lead to less propensity for complexation. For instance, Linse and co-workers

have studied similar effects for LPE-macroion systems and have shown that

dissolution of the complexes can be achieved by the addition of appropriate

concentrations of salt.[262] For this section, we consider a dilute solution of

LPE and dendrimers at stoichiometric charge ratios for dendrimer generation

3− 5 for ionic strengths in the range I = 0.005− 0.1M . The screening length,

κ = (4πlB
∑

i z
2
i ci)

−0.5 corresponding to the ionic strength values are in the

range κ = 4.28− 0.96 nm. Since we simulate dendrimer and LPEs at stoichio-

metric charge ratio, we have only included salt ions (no counterions) for this

case. Thus, only salt ions contribute to the ionic strength of the solution.

In Figure 5.8 we display gDEN−DEN(r) for G = 3, 4, 5 for different

values of ionic strength (I = 0.02, 0.06, 0.1). We have also presented the

gDEN−DEN(r) for the neutral case where there is an absence of dendrimer ag-

gregates. We observe that with increasing ionic strength, the peak in gDEN−DEN(r)
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Figure 5.8: Dendrimer center to center radial distribution function,
gDEN−DEN(r), for dendrimer generations 3, 4, 5 as a function of ionic strength.
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decreases. Such a trend is consistent with the expectation that increasing ionic

strength should decrease the propensity for complexation. As a consequence,

we also expect the interpenetration between dendrimers to decrease, a be-

havior which is reflected in the small but noticeable increase in the average

separation between dendrimers.

Interestingly, we see that the aggregation between dendrimers becomes

less pronounced with increasing generation/size of the dendrimer at low ionic

strength, whereas, for higher ionic strengths the peak in gDEN−DEN(r) is seen

to be higher for larger dendrimers. This behavior suggests that larger den-

drimers require a larger concentration of salt to facilitate their dissolution.

This is expected since the number of charges carried by dendrimers increase

with increasing size/generation.

The corresponding cluster size distributions for G = 3, 4, 5 are shown

in Figure 5.9. Interestingly, we observe that for all dendrimer generations, a

preferred cluster size exists which is independent of salt concentration. With

the increase in salt concentration, the number of clusters at the most probable

size is seen to reduce. With further addition of salt, we expect the trend to

continue and lead to dissolution of clusters. In some cases (see results for

G = 5) we observe the formation of larger clusters at higher ionic strengths.

These results may be speculated to be a consequence of increased salt ions

which may reduce the electrostatic repulsion between clusters and allow them

to merge into larger ones. Alternatively, these results may just be an artifact of

our procedure for classifying overlapping monomers as belonging to the same
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cluster, which may lead to assignment of some well-dispersed morphologies as

being erroneously classified as large clusters.

Summarizing, the addition of salt has qualitatively similar effects for

G = 3, 4 and 5 dendrimers. The peak in gDEN−DEN(r) is seen to decrease with

increasing ionic strength suggesting decrease in binding between dendrimers.

Smaller size/generation dendrimers are seen to exhibit stronger/enhanced ef-

fect of salt concentration which is attributed to small number of charged groups

associated with smaller generation dendrimers. At low ionic strength, several

small clusters are seen to form. While much of the preceding results are intu-

itive, an interesting outcome of our cluster analysis is the characterization of

the size distributions as a function of the ionic strength which indicates the

persistence of a preferred cluster size even for larger ionic strengths.

5.3.2.3 Effect of Dendrimer-LPE Charge Ratio

We now present results quantifying the influence of charge ratio between

LPEs and dendrimers on the complexation behavior. For this purpose, we use

a parameter β (referred as charge ratio in the text) defined as the ratio of total

negative charge on LPE to the total positive charge on dendrimer:

β =
nLPENLPEzLPE
nDENN

+
DENzDEN

. (5.17)

In the above, N+
DEN denotes the number of positive charges on a dendrimer.

We are motivated by previous experimental works which have suggested a

significant influence of charge ratio on the properties of resulting clusters.[254]
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Specifically, better binding between dendrimer and DNA has been observed

when the total charge carried by the dendrimer is equal to or greater than the

total charge on DNA. In this section, we quantify the effect of the charge ratio β

on the properties and structure of clusters formed in dendrimer-LPE solution.

We studied systems in which β = 0.03, 0.5, 1.0, 1.5, 2.0 and the simulations

were carried out at a constant low ionic strength value of 0.005M . Since the

total charge on the dendrimers is not balanced by the total charge on LPEs,

counterions have been included to ensure electrical neutrality.

In Figure 5.10 we display some simulation snapshots at conditions

corresponding to excess dendrimer charge (β = 0.5), equal absolute charge

(β = 1.0) and excess LPE charge (β = 1.5) for dendrimer-LPE solutions con-

taining G = 5 dendrimers. For the system containing excess dendrimer charge

(β = 0.5), we observe a state characterized by several dispersed clusters. With

increase in β, enhanced bridging and consolidation of the clusters is evident.

For the system containing excess LPE charge (β = 1.5), we see that the sys-

tem again reverts to a state of dispersed clusters. For the case of β = 1.5

we see a number of LPEs which are attached to the dendrimer on one end

but with a tail-like configuration which protrudes outside the complex. This

can be understood to be a consequence of the excess LPE concentration due

to which several LPEs partially compensates for the charge on a dendrimer.

Hence, only a part of LPE chain complexes with the dendrimer and the other

part remains outside the complex.

In Figure 5.11 we display the dendrimer-dendrimer radial distribution
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Figure 5.10: Snapshots from simulation for (a) β = 0.5, (b) α = 1.0 and (c)
β = 1.5 for G = 5 dendrimer. The uncharged dendrimer monomers are shown
in blue whereas charged dendrimer monomers are shown in yellow. For clarity,
uncharged dendrimer monomers are drawn smaller than charged dendrimer
monomers. The LPE monomers are colored in red connected with thick red
line.

functions, gDEN−DEN(r), for varying β. It can be observed that when β is

close to zero i.e. when there are no (or very few) LPEs in the solution, the

rdf gradually increases from zero to unity. Such a behavior is consistent with

the behavior expected for a homogeneous solution of dendrimers character-

ized only by electrostatic and excluded volume interactions. Upon increasing

β to β = 1.0, we observe that the magnitude of the peak in gDEN−DEN(r)

grows and the peak location moves to smaller r. This indicates an increased

propensity for aggregation between dendrimers and the formation of a more

closely packed cluster of dendrimers (also seen in Figure 5.10b). Increasing β

beyond β = 1 is seen to lead to a reduction in the magnitude of the peak and

eventually at larger β we observe that the gDEN−DEN(r) reverts back to the

form characteristic of a homogeneous solution of dendrimers.

The above results confirm that for all generation numbers the most
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Figure 5.11: Dendrimer center to center radial distribution function,
gDEN−DEN(r), for dendrimer generations 3, 4, 5 as a function of charge ratio.
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propensity for forming complexes occur for a situation in which the total charge

carried by the dendrimers balance those on the LPEs. For the cases when

β 6= 1.0 one may hypothesize that the unbalanced charges lead to some effective

repulsions between the individual dendrimers complexed with LPEs. As a

result there is expected to be reduced aggregation and less dense packing of the

dendrimers in the clusters. The results presented in Figure 5.11 are consistent

with such a hypothesis. Within this physical picture, one may expect that for a

specified β 6= 1 the effective repulsions will be more pronounced and as a result

the aggregation tendency will be reduced for higher generation dendrimers.

The magnitudes of the peaks in Figure 5.11 at a specified β for the different

generations are seen to be consistent with such a reasoning. Interestingly, for

G = 5, clustering between dendrimers is observed only in systems with equal

absolute charge ratio (β = 1). All other charge ratios are seen to exhibit

a homogeneous mixture of dendrimers which is indicative of strong effective

repulsions arising for the unbalanced charge situations (β 6= 1.0).

Figure 5.12 presents the average size of the clusters as a function of

β. The average radius of gyration of the clusters is seen to exhibit a non-

monotonic trend with β. The cluster size distributions shown in Figure 5.13

provides insights into the trends observed in average size of the cluster (we

display the explicit cluster size distributions instead of the probability distri-

butions). Explicitly, for small β we observe the presence of only a few clusters

of finite and large sizes coexisting with very small complexes. Moreover, as seen

in Figure 5.14, the bridging fraction of LPEs is close to unity in such regimes.
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These results suggest that large clusters owe their existence to LPE bridging.

With increasing β we observe that the bridging fractions (Figure 5.14) become

reduced and correspondingly the size distribution moves towards smaller clus-

ters. These trends are seen to be reflected in the reduction of the average Rg

of the cluster displayed in Figure 5.12. Increasing β beyond β = 1.0 is seen

to decrease the number of bridges between the clusters (Figure 5.14) which

leads to an increase in the number of clusters with only little change in the

most probable size of the clusters (Figure 5.13). This correspondingly leads to

the increase in the average Rg of the cluster seen in Figure 5.12. The further

decrease in average size of the clusters upon increasing β from 1.5 to 2.0 is a

consequence of the occurrence of a large number of small clusters at β = 2.0

which contrasts with a broader distribution of cluster sizes at β = 1.0. The

higher concentration of LPE molecules leads to complexation of a dendrimer

with more than one LPE resulting in a net negative charge on the periphery of
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the clusters (see cluster charge distribution discussed below). Such effect in-

duces repulsion between clusters leading to decrease in average size of clusters

observed at β = 2.0.

In Figure 5.15 we plot the average cluster charge, < Qcl > distribution

for β = 0.03−2.0. The width of cluster charge distribution is seen to be corre-

lated with the average size of the cluster displayed in Figure 5.12. Specifically,

the cluster charge distributions are seen to be narrow and small in magnitude

at β = 1.0 which suggests formation of several separated clusters when the

absolute charge on dendrimer balanced by the opposite charge on LPE. In

contrast, the cluster charge distribution shows an overall positive charge on

the complex at the average cluster size for cases when the dendrimer concen-

tration is equal or in excess as compared to the LPE concentration. Since the

cell membrane is known to have a negative charge, the most suitable com-

plexes for the purpose of gene delivery should possess a positive charge. In

conjunction with the need to generate aggregates of dendrimers, this suggests

that the systems with β close to but less than unity are likely to form the most

suitable complexes for drug delivery.

5.4 Summary

We presented results for the complexes formed between dendrimers and

linear polyelectrolyte molecules in a dilute solution under good solvent condi-

tions with a focus on examining the effect of dendrimer generation/size on the

complexation behavior. We examined the effect of LPE length, salt concen-
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tration and charge ratio on the static properties cluster/complexes formed.

The complexation behavior was seen to significantly depend upon den-

drimer size in all cases. When the LPE lengths were increased, larger clus-

ters were observed for all generations studied. The aggregation between den-

drimers was seen to increase with increasing LPE length for smaller dendrimers

(G = 3, 4). For larger dendrimers (G = 5), however, the aggregation between

dendrimers was insensitive to LPE length although larger clusters were formed.

This effect was attributed to bridging due to longer LPE chains which inter-

connects the clusters without increasing the aggregation between dendrimers.

With addition of salt, the binding between dendrimer and LPE was seen to

reduce. The effect of addition of salt was seen to be more pronounced for

smaller generation dendrimers.

The charge ratio between dendrimers and LPEs had a substantial ef-

fect on the properties of clusters. Larger dendrimers (G = 5) were seen to be
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most sensitive to charge ratio and formed aggregates only at balanced absolute

charge case. Smaller dendrimers (G = 3, 4) displayed a non-monotonic behav-

ior with increasing charge ratio eventually leading to redissolution at higher

values of charge ratio.

The results presented in this chapter demonstrates that the SCMF ap-

proach can serve as a versatile framework to study and characterize the phe-

nomena relevant to multi-body dendrimer-LPE interactions. In future studies

we propose to consider physics relevant to systems comprising of stiff chains

(which are more faithful models of DNA and RNA polymers) interacting with

dendrimers.[104]
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Chapter 6

Interactions, Clustering and Multibody Effects

of Charged Nanoparticles in Uncharged

Polymer Solutions

6.1 Introduction

Nanoclusters comprised of colloidal particles have attracted signifi-

cant interest in the context of biomedical imaging, catalysis, electronics, sen-

sors, electromagnetic imaging.[280–286] Adding polymers to suspensions of

nanoparticles in order to induce clustering is emerging as a strategy to syn-

thesize such equilibrium aggregates for a variety of applications. A number

of experiments have demonstrated formation of equilibrium clusters in which

the cluster size can be tuned by varying the nanoparticle and polymer con-

centrations, size and charge.[287–289] Such effects have been hypothesized to

arise from the interplay between the short range depletion attraction induced

by addition of polymers and the electrostatic repulsion between charged par-

ticles.[39, 290–292] Not surprisingly, there has arisen a significant interest in

relating the cluster structure and sizes of the equilibrium aggregates to the

physical parameters underlying the particle-polymer mixture.

Despite the significance of the above problem, theoretical advances in

the context of mixtures of charged nanoparticle (CNP)-uncharged polymers
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have been limited. Full-scale simulations in which the charged particles, poly-

mers and ions are treated on an equal rigorous footing are computationally

expensive.[262, 263] As a consequence, interparticle interactions are routinely

approximated by the effective polymer-mediated two-body potentials deduced

at the dilute limit of CNP concentrations, and are used in simulations in-

volving just the particle system.[293–296] Such approaches typically invoke a

short-range attraction to model the polymer depletion interaction, and a long-

range repulsion to characterize the electrostatic interactions.[288, 292] It has

been argued that the short range depletion attraction drives the aggregation of

particles and promotes the growth of large clusters. However, the long-range

electrostatic interactions dominates for larger clusters and thereby limits the

cluster size and leads to an equilibrium size of aggregates.[287–289, 292]

Recently however, a number of studies have raised doubts about the

above assumptions underlying the pair interaction potentials and their in-

fluence on the resulting clusters.[297, 298] Explicitly, a common assumption

underlying many of the studies is that the effective interactions are identi-

cal for all pairs of CNPs and independent of the state of aggregation of the

CNPs. Such an assumption ignores the change in the environment surround-

ing individual CNPs in an aggregate and the accompanying screening effects

on depletion and electrostatic interactions.[297, 299–303] For instance, a recent

work by Glotzer et. al. [298] employed such considerations (albeit, only in the

context of the repulsive interactions) within a phenomenological approach to

demonstrate that novel aggregation characteristics may result in CNP sys-
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tems. Similarly, a number of studies in other contexts have shown that such

“effective” interactions can be influenced by multibody effects, and can exert

a significant influence on the structure of the particle phase.[299–303]

Motivated by the above issues, in this work we develop a simulation

framework which enables multiparticle simulations of nanoparticle-polymer

mixtures to study the structure of aggregates formed from the interplay of

depletion and electrostatic effects. The approach presented avoids any as-

sumptions about effective interparticle interactions or its dependence on the

particle concentrations and aggregate characteristics. We specifically study

the nanoparticle limit of CNP-polymer mixtures in which the particle sizes

are comparable to the polymer sizes. In such regimes, multibody effects are

expected to be relevant for both depletion and electrostatic interactions.[300–

303] Using our computational approach, we address two broad questions:

1. What are the morphological characteristics of such systems when such

multibody effects are accounted? Do equilibrium aggregates of finite

sizes form in such a framework?

2. How signficant are multibody interactions in such systems and what is

their influence upon the aggregate structures?

Towards the above objectives, we have adopted the single chain in

mean field simulation (SCMF) framework[47–49, 53] to study suspensions of

charged particles in uncharged polymer solutions. In prior studies, the SCMF-

like methods has been successfully employed to study the phase behavior
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of polymer blends,[47, 146] block copolymers,[48, 149] polymer nanoparticle

mixtures,[150] semiflexible copolymers[151], BCP thin films[49, 304, 305] and

dendrimer-polyelectrolyte solutions.[306] The SCMF methodology replaces the

non-bonded pairwise interactions in the system by one-body interactions of the

polymers with pseudo potential fields. Since such a methodology eliminates

the need to track explicit pairwise interactions, such a framework allows sig-

nificant parallelization and renders multiparticle simulations tractable (as we

demonstrate in later sections). Another advantage of SCMF methodology is

that the cluster characterization, including features such as polymer bridged

clusters (which arise if the polymers are also charged) is straightforward.[306]

Moreover, extensions to treat complexities such as inhomogeneities in dielec-

tric permittivity and partial dissociation of charges are also possible within

such a framework.

The rest of this chapter is arranged as follows: After an introduction to

methodological details (Section 6.2), we present results validating the SCMF

method for the system under consideration (Section 6.3). For this purpose,

we compare the potential of mean force computed from SCMF methodology

with the same computed from self consistent field theory (SCFT) framework[4]

for just two particles in the polymer solution. Subsequently (Section 6.4), we

use the SCMF method to study the structure of aggregates resulting in our

system and quantify our findings through morphological “phase-diagrams” for

varying particle charge, polymer concentration and particle volume fractions.

Our results demonstrate the formation of equilibrium clusters even within the
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multiparticle simulation framework, and exhibit characteristics consistent with

the competition between depletion and electrostatic interactions. In the final

section (Section 6.5), we quantify the origin and influence of the multibody

interactions in our system.

6.2 Simulation Details

6.2.1 Model

In this work, we extend the single chain in mean field (SCMF) sim-

ulation methodology introduced by Muller and coworkers[47–49, 53] to study

charged nanoparticles (CNPs) in uncharged polymer solution. In a previous

study, we employed the SCMF methodology to study complexation between

charged dendrimers and polyelectrolytes.[306] Our model and method used

in the present study closely resembles our dendrimer-polyelectrolyte study,

except in the approach used for modeling the charged particles.

Our system consists of Np particles having radius, RP , n polymer chains

each having N + 1 segments, and counterions in volume, V . A schematic of

this system is shown in Figure 6.1(a). The interactions which contribute to

the energy of the system involves bonded and non-bonded interaction between

polymer monomers, excluded volume interactions between polymer monomers,

particle-polymer monomer, particle-counterions interactions, and electrostatic

interactions between particles and counterions. The polymer chains are mod-

eled as Gaussian chains consisting of N + 1 beads connected by harmonic
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springs. The bonded energy, Hb, of this model is given by[4]

Hb[ri(s)]

kBT
=

3

2b2

n∑
i=1

N∑
s=1

[
ri(s)− ri(s+ 1)

]2
(6.1)

where ri(s) is the position of sth monomer on the ith chain and b is the bond

length between two adjacent monomers.

The presence of particles and their interactions with polymer segments

and counterions are modeled by incorporating a steeply repulsive potential to

ensure the impenetrability of polymer segments and ions into the particle core.

Explicitly, the potential is given as

Wcp(r) = 0.5

[
1− tanh

(
2
r − αRp

β

)]
× 10. (6.2)

The coefficients α and β control the steepness and range over which the po-

tential decays from 10 kBT at the particle core to 0 kBT outside the particle.

Such a functional form provides an accurate representation of an impenetrable

particle core and a soft penetrable outer shell. We used values α = 0.9 and

β = 0.5, and Figure 6.1(b) depicts the particle-monomer, particle-ion potential

corresponding to this potential.

In SCMF methodology, the pairwise interactions are replaced by one-

body interactions with fluctuating potential fields.[47–49, 53] The expressions

for such potential fields are derived from saddle point approximation of the

corresponding field theory. In our model, the excluded volume interaction

between polymer monomers and electrostatic interactions are respectively ac-

counted by using potential fields given as[4, 48]

w(r) = u0ρ(r) (6.3)
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Figure 6.1: (a) Schematic of CNP and polymer system. (b) The particle-
monomer, particle-ion interaction, Wcp as a function of distance between
particle-monomer, ion (r) in nm. The parameters correspond to Rp = 10,
α = 0.9 and β = 0.5.

O2Φ(r) = −4πlBρc(r) (6.4)

where u0 represents the excluded volume parameter,[279, 307] the polymer

monomer density, ρ(r), and charge density, ρc(r), are obtained via actual

monomer, particle and counterion coordinates. Equation 6.4 above corre-

sponds to the Poisson equation with constant dielectric value where lB is the

Bjerrum length. Using such a notation the potential fields acting on the par-

ticle (Up(r)), polymer monomer (Upol(r)) and the counterions (Uion(r)) are
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given as,

Up(r) = Wcp(r)(ρ(r) + ρion(r)) + zpΦ(r) (6.5)

Upol(r) = βHb(r) + w(r) +Wcp(r) (6.6)

Uion(r) = Wcp(r)± zionΦ(r) (6.7)

where ρion(r) is the density of ions at position r, and zp, zion denote the charge

on particle and ions respectively. We neglect all non-electrostatic interaction

between ions. We assume a quenched charge model wherein all the charges on

particles and ions are completely dissociated and the charge does not vary as

a function of solution conditions.

6.2.2 SCMF Simulation Method and Parameters

The model described above was used in a Monte Carlo simulation ap-

proach wherein the configurational space was sampled using Metropolis algo-

rithm.[168] The monomer, particle and ion positions were evolved in three di-

mensions using random displacement MC moves. In addition to the monomer

displacement moves, slithering snake moves wherein the polymer chain is re-

grown by one segment in either direction were used. Each Monte Carlo step

(MCS) consisted of 100 MC random displacement attempts per monomer and

ion, one MC random displacement attempt per particle and one slithering

snake move per chain. The fields w(ri(s)), π(ri(s)) are updated based on the

inhomogeneous density of monomers, particles and ions after one MC step per

monomer and one MC step per particle. After each particle displacement, we
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attempt a large number of MC steps on polymer segments and ions to ensure

sufficient relaxation and minimal overlap between particle and monomers, ions.

Additional details of the algorithm are similar to those described elsewhere.[48]

The system was equilibrated for 5× 104 MCS after which the properties were

averaged and clusters were analyzed.

In the results presented in following section, we worked in units in which

lB = 0.7 nm, the Bjerrum length of water at room temperature. We used a

three dimensional simulation box of size 200 (nm3) discretized with a uniform

grid of 64× 64× 64. We fixed particle size at Rp = 10 (nm) and polymer size

at Rg = 15 (nm) where Rg is the unperturbed radius of gyration of polymer

chain defined as R2
g = Nb2/6. Admittedly, some of the multibody effects we

propose to study are expected to be influenced by the relative ratio Rp/Rg. In

this work we did not vary the particle or the polymer sizes and instead defer

a more comprehensive study of such parameters to a future study.

We studied three cases for particle charge Qp = 5, Qp = 10 and 20. We

model particles such that the charge is uniformly distributed within the parti-

cle. Thus, all grid points within the particle are assumed to carry a fractional

charge zp which is the ratio between total particle charge and number of grid

points covering the particle. The ions in our simulation carry one elementary

charge each i.e. zion = ±1. To model particle-monomer, particle-counterion

interactions, we calculate the potential field created by every particle using

Wcp(r) (Eq. 6.2) where r is the distance between particle center and the grid

point. We studied CNP-polymer mixture at particle volume fractions in the
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range 2.5− 20% and polymer concentrations in the range C/C∗ = 0.25− 1.0,

where C∗ is the overlap concentration. The result presented in this chapter cor-

respond to a fixed low salt concentration for which the Debye–Huckel screening

length (given as λD = [4πlB
∑
z2i ci]

−1/2, where zi and ci are the charge and

concentration of species i respectively) for the infinite dilution concentration

of particles equals 10.9 nm. For a finite volume fraction of particles, the salt

concentration is kept constant and counterions are included. Our simulations

were initiated with particles placed in cubic lattice conformation and ran-

dom configurations of polymer and ions. We carried out a pre-equilibration

MC simulation on a system of just the polymer and ions to generate our ini-

tial configuration with minimal particle-polymer and particle-ion overlaps. To

solve for Φ(r), the Poisson equation was solved using fast Fourier transform

implementation. Necessarily, SCMF simulation approaches are influenced by

discretization and finite size effects. In our previous article,[306] we presented

results which demonstrated that for sufficiently small grid sizes, the results of

SCMF match quantitatively with more refined field theories. In the present

work, we opt for analyses and parametric studies which serve to provide qual-

itative insights, and hence, we do not embark on a detailed consideration of

grid and box size effects.

6.2.3 Self Consistent Field Theory

In our previous study, we developed a theory and numerical framework

based on a mean-field model to study the interactions between charged and
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uncharged particles suspended in polymer solution.[308] In the present work,

we use such a framework to compute the potential of mean force (PMF) be-

tween charged particles in the solution of uncharged polymers. Our goal is to

validate the capability of SCMF framework to capture interactions between

charged particles by comparing the PMF obtained from SCFT and SCMF

simulations. We do note that the self consistent field theory framework ne-

glects both fluctuation and charge correlation effects.[4] However, we expect

the mean-field approximation to furnish semi-quantitatively accurate results

for the interaction features of the charged/uncharged particle-polyelectrolyte

systems, and hence, use SCFT to benchmark the proposed simulation method-

ology.

A detailed description of our SCFT formalism is provided in our pre-

vious article, and hence we avoid repeating the details here.[308] We utilize a

model identical to that discussed in Section 6.2.1 to describe polymer chains

and particle-monomer, particle-counterion interactions. By adopting a semi-

grand canonical framework in which the activity coefficient of the polymer is

fixed,[309–312] we compute the free energy of the system of two particles in

the polymer solution as a function of the interparticle distance to deduce the

polymer-mediated effective pair interactions between the charged particles.

6.2.4 Umbrella Sampling

For the comparisons with SCFT, we considered a system comprised

of two particles in the polymer solution and used a classical umbrella sam-
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pling[313] technique in conjunction with SCMF to compute the potential of

mean force between the CNPs. We used a harmonic bias potential linking the

particle positions r, u = 1/2k(r − r0)
2 where r0 is the equilibrium distance

between the particles and k is the spring constant. Such biasing potential

enforces a local constraint on r, enabling the system to overcome the en-

ergy barrier present in the original system. We perform Nw simulations each

enforcing a different equilibrium separation, r0, between CNPs. Each simula-

tion window samples the distance between two particles with r0 ranging from

20 − 100 nm. For each simulation window, the distance between particles is

binned to generate a probability distribution. Subsequently, the results from

different simulation windows are combined using weighted histogram analysis

method[314] to generate the PMF.

6.2.5 Structure Analysis

We carried out a systematic analysis of particle clusters formed as a

result of depletion interactions induced by polymer molecules. The primary

measure used to analyse the structure of CNP-polymer mixture is the particle-

particle radial distribution function, g(r), which quantifies the aggregation

propensity of particles. Clusters are identified using a procedure proposed by

Sevick et al.[253] in which the clusters are identified through a connectivity

matrix based on physical contact between particles. The matrix is then further

modified to account for indirect contact among particles. Particles are consid-

ered in physical contact with each other when the distance between particles
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is less than one grid spacing i.e. the distance is less than 2Rp+4x. We expect

this to be an appropriate measure since resolutions below 4x are inherently

coarse-grained in our simulation method.

For characterization of the clusters, we compute the radius of gyration

of cluster defined as

Rg,cl(s) =
1

s

n∑
i=1

(ri − rcom)2 (6.8)

where ri, rcom is the position of particle within the cluster and center of mass

of cluster respectively. s denotes the number of particles in a cluster. The

fractal dimension of clusters, df , is defined through

Rg,cl ∝ sdf (6.9)

is used to understand the morphology of the network. While computing df we

exclude dimer clusters.

To identify the different kinds of clusters, we use an approach recently

proposed by Godfrin et. al. [315] For this purpose, we compute N(s), the

average fraction of particles contained in a cluster of size s:

N(s) = (s/Np)n(s), (6.10)

(with Np denoting total number of particles and n(s) representing the average

number of clusters of size s).[316] Subsequently, we classify the different clus-

tered states as monomer dominated (M), clustered (CL) and percolated (P)

states.[315, 317, 318] Monomer dominated states contain small clusters (com-

prising of less than 10 particles) in majority and do not exhibit a preferred
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cluster size. A monotonically decaying N(s) is classified as M.[315] States

containing clusters which exhibit a preferred cluster size are classified as clus-

tered (CL). In such states N(s) develops a maximum at a size s∗ larger than a

monomer.[315] A percolated state is identified when a single cluster comprising

of all the particles in the system emerges. If N(s) exhibits a peak for s ' Np,

we classify such states as P.

6.3 Validation of Simulation Method

Prior to the present study, we are not aware of any other work which

has used the methodology of SCMF to study charged particle and polymer

mixtures. To validate the simulation framework we have employed, we com-

pare the PMFs computed using SCMF methodology with the corresponding

self consistent field theory results. To deduce the potential of mean force be-

tween the particles from SCMF simulations, we performed umbrella sampling

simulations (discussed in Section 6.2.4).

In Figure 6.2 we display the PMFs obtained from SCFT (hollow mark-

ers) and SCMF (filled markers) method for polymer concentration of C/C∗ =

0.25, 0.5, 1.0. The lines are a guide to the eye. In CNP-polymer systems,

PMFs are expected to posses a combination of short-ranged attraction and

long-ranged repulsion. The short-ranged attraction between CNPs arises from

polymer-exclusion induced depletion interactions. Moreover, since the parti-

cles are charged, a repulsive force analogous to Yukawa like interactions is ex-

pected to manifest. The results displayed in Figure 6.2 is seen to exhibit trends
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Figure 6.2: The potential of mean force calculated using umbrella sampling
compared with the PMF obtained from SCFT simulations at Qp = 10 for
varying polymer concentration.

consistent with such expectations. In all cases, the magnitude of the strength

of interaction is seen to increase with polymer concentration, consistent with

increasing importance of depletion interactions. For the lowest polymer con-

centration, C/C∗ = 0.25, PMF obtained from the SCMF method displays a

weakly repulsive potential. In contrast, the SCFT predicts an interaction with

a weak attractive potential well. However, the strength of potentials are weak

in both cases and hence we are not able to calibrate the accuracy beyond sta-

tistical errors. For the cases of C/C∗ = 0.5, 1.0, the PMF from SCMF is seen

to be in good agreement with the one computed using SCFT. An interesting

feature of the potentials for the parameters we have chosen is that the range of

attractions are seen to be comparable to the range of repulsions. This differs

from the models typically used in simulations, but is however consistent with

the nanoparticle regime of particle-polymer sizes probed in this work.
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Overall, for the set of interactions studied in this section, we observe

that the SCMF methodology is able to capture the interplay between depletion

and electrostatic interactions in the CNP-polymer system. We believe that the

small discrepancies observed while comparing the PMFs obtained from SCFT

and SCMF might be results of consequences of fluctuation effects (ignored

in SCFT),[4] discretization effects inherent in SCMF simulations, and/or a

dependence on the frequency with which we update the potential fields in

SCMF. Despite these differences, we view the semiquantitative agreement be-

tween SCFT ad SCMF as support for validation of the SCMF methodology

for the systems considered in this chapter.

6.4 Structure of Aggregates

In this section, we present results quantifying the structure of ag-

gregates formed in CNP-polymer system. We study CNP volume fraction

in the range, φp = 0.025 − 0.2, and polymer concentration in the range,

C/C∗ = 0.25−1.0. Using the measures discussed in Section 6.2.5, we quantify

the structure and size of the particle aggregates.

6.4.1 Radial Distribution Functions

We first present results for the particle-particle radial distribution func-

tions (g(r)) of the CNP-polymer system for different polymer concentrations

and CNP volume fractions. Figure 6.3(a) shows g(r) for Qp = 10 for polymer

concentrations C/C∗ = 0.25− 1.0 and fixed CNP volume fraction, φp = 0.05.
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We observe that for the specified CNP volume fraction, the aggrega-

tion between CNPs increases with increasing polymer concentration. Such an

effect is consistent with the higher strength of depletion interactions noted

in Figure 6.2 with increasing polymer concentrations. At a fixed polymer

concentration (Figure 6.3(b-c)), the aggregation between CNPs is seen to in-

crease with CNP volume fraction. With increasing CNP volume fraction, the

effective attraction between CNPs is expected to increase as a result of screen-

ing of electrostatic repulsion between CNPs. In addition, in our simulations,

we fix the number of polymer chains in the system, and add more particles

(i.e. maintain a canonical ensemble for polymers). In contrast, an equilibrium

realization of CNP-polymer system would fix the chemical potential of the

polymer (semi-grand canonical ensemble). Increasing particle volume fraction

in such a framework would reduce the uptake of polymer chains as a result

of the entropic costs arising from polymer exclusion from particle cores. In

other words, maintaining a fixed concentration of polymers is equivalent to

increasing the polymer’s chemical potential with increasing particle volume

fraction.[311] Therefore, the depletion interactions are expected to become

stronger with increasing CNP volume fractions. As a consequence, we ob-

serve that the particle aggregation increases with both increasing polymer and

particle concentration.

169



2

4

6

8
C/C

*
=0.25

C/C
*
=0.5

C/C
*
=1.0

1

2

3

4

g(
r)

φ
p
=0.025

φ
p
=0.05

φ
p
=0.1

φ
p
=0.15

φ
p
=0.2

20 40
r (nm)

0

2

4

6

8

φ
p
=0.05

C/C
*
=0.5

C/C
*
=1.0

C/C
*

φ
p

φ
p

(a)

(b)

(c)

Figure 6.3: Particle-particle radial distribution functions, g(r) (a) as a function
of polymer concentration for φp = 0.05 and as a function of particle volume
fraction for polymer concentrations (legend indicated in (c) is common to (b)
and (c)) (b) C/C∗ = 0.5, (c) C/C∗ = 1.0.

To characterize the effect of particle charge on the aggregation between
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CNPs, in Figure 6.4 we display g(r) for Qp = 10 (solid line) and Qp = 20

(dotted line) for polymer concentrations, C/C∗ = 0.5 and C/C∗ = 1.0. For

lower CNP volume fraction and lower polymer concentration, the electrostatic

repulsion dominates. Hence, the g(r) gradually increases from zero at particle

contact to unity at large r indicating a well dispersed solution of CNPs. With

increasing Qp, the peak in g(r) is seen to reduce as a result of increasing

electrostatic repulsion. However, even for Qp = 20 we observe aggregation for

CNP volume fractions larger than 15% for C/C∗ = 0.5 and 5% for C/C∗ = 1.0,
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suggesting that high enough volume fraction of particles or concentration of

polymer leads to aggregation of the CNPs.

6.4.2 Cluster Phase Diagram

In Figure 6.5 we display the cluster size distribution depicting the av-

erage fraction of particles, N(s) contained in cluster of size s. Representative

snapshots of the different cluster states corresponding to C/C∗ = 0.5 are also

displayed (in which each color represents an independent cluster and only clus-

ters having two or more particles are shown). In the context of CNP-polymer

system, the monomer dominated states (M) are seen to exist at low polymer

concentrations and low CNP volume fractions where the electrostatic forces

dominate depletion attractions. Clustered state (CL) are observed at inter-

mediate particle volume fractions over the range of polymer concentrations

examined. In such conditions, we may expect that the electrostatic repulsions

is balanced by depletion attraction leading to a preferred cluster size. Perco-

lated states (P) are seen to occur at high polymer concentrations and particle

volume fractions when the depletion attraction is very strong such that all the

particles are connected with each other.
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states are also displayed.

In Figure 6.6 we present “phase diagrams” summarizing the cluster

states found in different simulations. In all cases, at low particle concentra-

tions, we observe minimal clustering at low polymer concentrations due to

weak depletion interactions. In contrast, screening of electrostatic interactions

and stronger depletion interactions are seen to lead to percolated clusters at
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high particle and polymer concentration. At a constant polymer concentration,

the cluster states are seen to transform from monomer dominated to clustered

to percolated (M→CL→P) with increasing particle volume fraction. We ob-

serve similar transitions while increasing the polymer concentrations at a fixed

particle volume fraction. With increasing particle charge, overall clustering is

seen to reduce as a consequence of increased electrostatic repulsion between

particles. Also, the aggregate state boundaries are seen to shift towards higher

particle volume fractions with increasing particle charge. Moreover, for the set

of particle and polymer concentration studied in this chapter, we observe that

clustered states (exhibiting preferred cluster size) for Qp = 10 are seen to dis-

appear for increased particle charge of Qp = 20. The simulations carried out

at a constant screening length were seen to exhibit the same aggregate states

as observed in Figure 6.6 for which the salt concentration was kept fixed.
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Figure 6.6: The state of aggregates formed as a function of particle volume
fraction and polymer concentration for Qp = 5, Qp = 10, and Qp = 20.

The results presented in Figure 6.6 serve to address the first of the ques-
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tions raised in the introduction to this chapter. An interesting outcome of our

result is the observation that “equilibrium” cluster states (CL) form at inter-

mediate particle volume fractions and polymer concentrations. As discussed

earlier, significant interest has arisen in such morphologies,[39, 287–292] and

the formation of such states have been rationalized as arising from an interplay

between depletion and electrostatic interactions.[287, 289, 319–321] Explicitly,

the free energy contribution from depletion (electostatic) interactions decreases

(increases) with an increase in the number of particles in the cluster.[319] In

such a framework, equilibrium clusters are expected to form only for an inter-

mediate range of particle charges and polymer concentrations such that there

is a competition between the magnitudes of depletion and electrostatic inter-

actions. Consistent with such considerations, in Figure 6.6 we observe the

formation of clusters only for Qp = 5 and Qp = 10 for the range of polymer

concentrations we examined. Moreover, the transition to the clustered phases

are seen to move to higher φp with either decreasing C/C∗ or increasing Qp.

The latter behavior accords with the lower energy gained by aggregating to

clusters for such parametric conditions.

Together, the trends exhibited by the above results confirm that the

clustering observed in our simulations is driven by the interplay between de-

pletion attractions and electrostatic repulsions. However, a surprising aspect

of our result is that in our system the depletion attraction and the electrostatic

repulsions exhibit comparable range of interactions (see Figure 6.2). Such a

feature contrasts with the present understanding that a long-range repulsion
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is needed to stabilize such clusters.[287, 288, 292, 319] While we do not have

a conclusive explanation for our results, in the next section we demonstrate

the importance of multibody effects which indirectly suggests that consider-

ations based on (effective) interparticle pair-interactions may not suffice to

understand aggregation and clustering in such systems.

6.5 Multibody Effects

6.5.1 Demonstration of Multibody Interactions

In this section, we present results which address the second of the ques-

tions raised in the introduction, viz., “How signficant are multibody interac-

tions in such systems and what is their influence upon the aggregate struc-

tures?” Towards the objective of quantifying multibody interactions, we first

consider the commonly employed approximation in which the polymer degrees

of freedom are integrated out, thereby reducing the CNP-polymer system to an

one-component CNP system which interact via polymer-mediated effective po-

tentials. While such an approximation is exact when interactions at all orders

are accounted,[311, 322] the polymer-mediated potentials are typically further

approximated as the potential of mean force computed at the infinite dilution

limit (i. e. two particles in the polymer solution) of particle concentration. As

a first step to demonstrate the influence of three and higher body interactions

on the structure of aggregates, we compare the structural results from two

cases: (i) Particle-only MC simulations, with however the particles interacting

via polymer-mediated interactions obtained by PMF at infinite dilution con-
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centration of the particles; and (ii) SCMF simulations on the complete model

involving particles at finite concentrations, polymers and counterions. In the

discussion below, we refer to the results from such simulations as cases (i) and

(ii) respectively.

For the above comparisons, we ensure that the SCMF simulations are

carried out at conditions corresponding to the same chemical potential of the

polymer as the infinite dilution conditions. Such an approach is necessary

since the reduction of the CNP-polymer mixture to an effective one-component

system is valid only for semi-grand ensemble for polymers.[302, 322] Since em-

ploying a semi-grand canonical ensemble in SCMF-like approaches is relatively

cumbersome, we opt to use an indirect approach to mimic such a framework

within the SCMF methodology. In brief, we use the SCFT approach to deduce

the polymer concentrations as a function of the volume fraction of particles

for fixed chemical potential of polymers. We believe it is an approximate yet

reasonable choice as the two methodologies (SCMF and SCFT) exhibit quali-

tatively similar PMF at infinite dilution concentration of particles (discussed

in Section 6.3).
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Figure 6.7: (a) The particle-particle radial distribution functions obtained
from particle only MC simulations using PMF as the polymer mediated in-
terparticle potential (case (i)) and the same obtained from SCMF simulations
(case (ii)) for two polymer concentrations at φp = 0.05. (b) U2(r;φp) obtained
using Inverse Boltzmann method for different particle volume fractions at a
fixed C/C∗ = 1.0.

In Figure 6.7(a) we display a comparison between the structure of CNPs

obtained from cases (i) and (ii). We observe that the peaks of the g(r) in case

(i) are considerably higher than those observed in case (ii). Surprisingly, such

differences are seen to manifest even for CNP volume fractions as low as 5%.

As expected, the disparity between the results of cases (i) and (ii) grows with

increasing volume fraction of particles (not shown). More interestingly, we

observe that the results of cases (i) and (ii) exhibit more pronounced differences

for larger C/C∗. Overall, these results suggest that, using U2(r) to represent

the interparticle interactions (case (i)) greatly overestimates the aggregation

propensity between particles.

In order to understand why multibody effects lead to reduced aggre-
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gation, we compute a “ficticious interparticle potential,” U2(r;φp), which is

capable of reproducing the structure formed in full scale SCMF simulations.

To compute such an effective interparticle potential, we use Inverse Boltzmann

methodology[323] in which we carry out MC simulations involving just parti-

cles, and iteratively refine U2(r;φp) to reproduce the g(r) obtained from the

SCMF simulations. The initial guess for U2(r;φp) is chosen as − ln g(r) and

U2(r;φp) is updated at the end of each iteration as

U2(r, φp)n+1 = U2(r, φp)n + λ ln

(
g(r)n
g(r)t

)
(6.11)

where n is the iteration, λ is a prefactor between 0 and 1, and g(r)n is the radial

distribution function obtained at nth iteration and g(r)t is the target g(r). Note

that U2(r;φp) deduced by such a process is expected to be dependent on the

particle volume fraction, and is hence not a true interparticle potential. The

computation of U2(r;φp) was carried out for different particle volume fractions

and polymer concentrations.

In Figure 6.7(b), we display the PMF corresponding to infinite dilute

concentration for particles from SCFT (red line) along with U2(r;φp) deduced

from the structure resulting in SCMF simulations. We observe that the attrac-

tive component of the potential is maximum for the lowest particle concentra-

tion (i.e. φp → 0) and the strength of such component monotonically decreases

with increasing particle concentration. Moreover, the range of the potential

is also seen to decrease with increasing particle concentrations. These results

suggest that the reduction in aggregation observed in Figure 6.7(a) can be
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rationalized as a consequence of reduction of both strength and the range of

the effective interparticle interactions with increasing particle concentration.

6.5.2 Origin of Multibody Effects

“What is the origin of the reduction in the strength and range of in-

teraction between CNPs with the increase in CNP concentration?” To shed

light on this issue, we probe the specific effects of multibody effects on the two

main factors influencing interactions in our systems, viz., electrostatics and

polymer depletion. To study the effects in the context of electrostatic interac-

tions, we consider a system containing only charged particles in a counterion

solution devoid of polymers. To study the corresponding effects in depletion

interactions, we consider uncharged particles in a polymer solution. For each

of these situations we perform corresponding SCMF simulations and use an

approach similar to that described above to deduce the U2(r;φp) which can

reproduce the resulting g(r).

In Figure 6.8(a) and (b) we display the effective pair potentials, U2(r;φp),

for different particle volume fractions for the situations described above. From

Figure 6.8(a) we observe that both the strength and the range of the electro-

static repulsion between particles becomes reduced with increasing particle

volume fraction. These results are consistent with the classical screening ef-

fects[324] expected for finite concentration of charged particles. Interestingly,

at very large φp, we see that the interaction develops an attractive well. Such

multibody correlations are known to arise due to non-linear counterion screen-
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Figure 6.8: The effective two body potentials, U2(r;φp), obtained using from
SCMF simulations (a) for the case of only electrostatic interactions (just CNP
system) at Qp = 10 and (b) for only depletion interactions (uncharged parti-
cles) for C/C∗ = 1.0

ing.[324]

In Figure 6.8(b) we observe that the strength of depletion interaction is

strongest for the lowest particle volume fraction and that the strength and the

range decreases with increasing particle volume fraction. A simple explanation

of such effects is that a third particle experiences only a reduced polymer

density (due to depletion) in the vicinity of other particle pairs.[312] Hence,

the net three-particle interactions are expected to be lower than what may

be expected based on the sum of the pair-interactions deduced at the infinite

dilute limit. We note that similar effects have been noted and discussed in

earlier studies.[300, 303]

Together the above results suggest that the multibody effects in our

system arise as a consequence of the multibody effects in both electrostatic and
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depletion interactions. Explicitly, such multibody effects are seen to reduce

both the strength and the ranges of the repulsive electrostatic interactions and

the attractive depletion interactions.

6.5.3 Influence of Multibody Interactions on the Cluster Morphol-
ogy

In this final section, we illustrate the direct role of multibody inter-

actions upon the aggregation and cluster morphologies. For this, we present

the phase diagrams (Figure 6.9) obtained using the pair-interaction potentials

deduced at infinite dilution particle concentrations. These phase diagrams

constitute the analog of the corresponding results presented in Figure 6.6 for

the multibody framework. In comparing Figure 6.6 and Figure 6.9, we ob-

serve significant differences in the regimes of occurrances of the M, CL and P

states. Explicitly, for Qp = 10 in Figure 6.9, we observe a narrower range of

polymer concentrations (compared to Figure 6.6) where CL phases occur and

a larger regime of percolated (P) states. Similarly, for Qp = 20, we observe

a stronger propensity to form monomer dominated (M) phases in Figure 6.9

for the regimes in Figure 6.6 which exhibited no aggregation. These results

are consistent with the stronger propensity for aggregation noted in Figure 6.7

for such pair-interaction based approaches, and serve to reinforce the impor-

tance of accounting for the multibody interaction effects to study the aggregate

morphologies in such systems.
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Figure 6.9: The state of aggregates obtained using the pair-interaction poten-
tials deduced at infinite dilution concentration as a function of particle volume
fraction and polymer concentration for Qp = 10, and Qp = 20. The legend is
common to both plots.

6.6 Summary

In this chapter, we presented an extension of the single chain in mean

field simulation framework to study charged nanoparticle-polymer systems.

Such a framework treats particles, polymers and counterions on an equal foot-

ing enabling large scale simulations of nanoparticle-polymer systems at finite

particle volume fractions. We validated the simulation method by comparing

the potential of mean force computed from SCMF framework with the one

obtained from self-consistent field theory method. The variation in cluster

state and size was examined for varying particle charge, particle volume frac-

tion and polymer concentration. Broadly, the clustering between particles was

seen to increase with polymer concentration as a result of stronger depletion
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interactions. Increasing particle charge was seen to reduce the propensity to

form clusters as a consequence of increased repulsion between particles. By

explicitly characterizing the cluster states, we demonstrated the formation of

monomer dominated clusters at lower particle volume fractions and lower poly-

mer concentrations, and percolated clusters at high particle volume fraction

and high polymer concentration. At an intermediate range of particle and

polymer concentrations, clustered states were observed in which the system

exhibited a preferred cluster size.

We also elucidated the influence of multibody interactions on the struc-

ture of the charged particle-polymer system. The use of a two-body potential

obtained at infinite dilution regime led to significant overestimation of cluster-

ing between particle even at particle volume fractions as low as 5%. The results

were rationalized by demonstrating that, the pair-potentials fitted to reproduce

structures formed in SCMF simulations exhibited weaker depletion attractions

and electrostatic repulsions, and a much shorter-range for the potentials. Not

suprisingly, the phase diagrams deduced based on the pair-interaction poten-

tials approach exhibited markedly different characterstics when compared to

those deduced from a full multibody simulation framework.

The results presented in this chapter demonstrate the ability of SCMF

methodology to study the interactions and structures formed in nanoparticle-

polymer systems. In future studies, we plan to extend this framework to study

systems with more complex interactions arising from dielectric inhomogeneities

and partial dissociation of charges in the system. Moreover, the multibody
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effects discussed in the present chapter are expected to display a strong de-

pendence on the particle sizes and its magnitude relative to the polymer sizes

(or the correlation length of the polymer solution). In future work, we hope

to explore a range of particle sizes to delineate the parametric conditions for

which pair-interaction approaches can furnish accurate results.
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Chapter 7

Summary and Future Work

7.1 Summary of Research

In this thesis, we examined various multicomponent polymeric systems

using single chain in mean field simulations to study the effect of fluctuations

in the context of uncharged polymer melts and solutions. This work pro-

vided important insights on the role of fluctuations in influencing the phase

behavior of copolymer systems possessing different sequence architectures.

We extended the SCMF framework to examine the structure, interactions

in charged particle-polymer and charged dendrimer-polyelectrolyte solutions.

We studied a range of dendrimer sizes, particle and polymer concentrations

and examined the effects leading to various states of aggregation between den-

drimers/particles.

An important contribution of this work is the development of the sim-

ulation framework utilized to study the interactions between nanoparticle and

polymers which accounts for polymer induced depletion effects and electro-

static charges on any or both the components. The size and lengthscales

involved in these systems render both the particle-based simulations as well

as field theoretic approaches unsuitable. To address these challenges, we em-
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ployed single chain in mean field methodology in which the conformations are

sampled using Monte Carlo approach and the pairwise interactions are replaced

with external potential fields. Such a methodology provides the advantage of

directly quantifying the structure of the particle-polymer systems since the ac-

tual particle and polymer positions are retained. Incorporating fields instated

of pairwise accounting of non bonded interactions makes the methodology

computationally efficient. Our results indicate that such a framework is able

to describe the essential physics of particle-polymer mixtures and hence, can

be used to incorporate more complex phenomena which can lead to a more

comprehensive understanding of the manner in which the interactions between

nanoparticles influence the structure and phase behavior of the system.

7.2 Recommendations for Future Work

7.2.1 Incorporating Charge Dissociation and Dielectric Inhomo-
geneity

The simulation framework presented in Chapter 5 and 6 can be readily

extended to incorporate more complex interactions such as charge dissociation

and inhomogeneities in dielectric permittivity to closely mimic “real” condi-

tions. These improvements will lead to a better charcterization of interparticle

potentials, multibody effects and structure of the clusters.
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7.2.2 Complexation and Phase behavior in Polyelectrolyte-Particle
Mixtures

The SCMF framework used in this work can be utilized to study the

interactions between charged nanoparticles suspended in polyelectrolyte so-

lution. Such particle-polymer mixtures represent systems involving particles

or proteins in presence of charged polymers such as polysaccharides, polyam-

pholytes, etc., which are commonly encountered in a variety of industrial and

biological applications. The theoretical work on such systems is limited as

compared to their neutral counterparts. Such studies can specifically address

the role of polyelectrolyte bridging interactions which have been speculated to

play an important role in the phase behavior charged particle-polyelectrolyte

mixture.

7.2.3 Grafted Nanoparticles

Dispersing nanoparticles in polymer matrices is a common strategy to

improve the mechanical, electrical or optical properties of the polymer ma-

terial. In order to enhance the dispersion of particles in the bulk polymer,

nanoparticles grafted with polymer chemically identical to matrix polymer are

utilized. Due to computational limitations, the theoretical studies in this con-

text are limited to one or few nanoparticles dispersed in the polymer matrix.

SCMF simulation framework employed in this work provides a straightfor-

ward approach to model grafted nanoparticles and thus, the effect of grafted

nanoparticle properties such as grafting density, graft length, particle shape

188



and size on the level of dispersion of particles in the polymer matrix can be

examined.

7.2.4 Anisotropic and Patchy Particles

The particle-polymer model studied in this work represents a generic

model which can be developed to more closely mimic specific interactions such

as anisotropic particles, protein structures from protein data bank, etc. To

achieve this, the particle model can be modified to simulate proteins in globu-

lar state in which the uniform charge distribution within the particle employed

in this study can be replaced by patches of hydrophobic and hydrophilic re-

gions. Moreover, complex sequence architectures and stiffness of polyelec-

trolyte chains can also be incorporated. Such an approach will enable more

reliable comparison of structural characteristics of complexes formed in the

simulations with the experiments.
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