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Abstract 

Shock Isolation Performance of a Negative Stiffness Honeycomb with an 
Integrated Fluid Damping System 

Mark C. Kershisnik, Jr., MSE 

The University of Texas at Austin, 2015 

Supervisor:  Carolyn C. Seepersad 

. 

In this thesis, the design, modeling, and shock testing of a monolithic curved 

beam negative stiffness honeycomb with an integrated air damping system is presented. 

The purpose of this research was to explore the potential to introduce one way damping 

into negative stiffness honeycombs by exploiting the geometry changes of the 

honeycomb during deformation. By adhering an elastomeric diaphragm to the open ends 

of the honeycomb, the volume of air displaced by the beams during compression is 

exhausted to the atmosphere from the interior of the honeycomb reservoir through a 

direction biased check valve system. During rebound, the extension of the honeycomb 

causes air to be drawn in through an orifice resulting in a damping force. A mathematical 

model of the system was derived using the theory of compressible flow through an orifice 

and the constitutive force-displacement relationship of the negative stiffness honeycomb 

was obtained through quasi-static compression testing of a sample negative stiffness 

honeycomb.  



vi 

A prototype integrally-damped negative stiffness honeycomb was created using 

the Selective Laser Sintering additive manufacturing process. A latex rubber diaphragm 

with a differential check valve system was adhered to the open ends of the honeycomb. 

The honeycomb was subjected to shock loadings using a drop-test apparatus, and the 

flow control orifice diameter was varied to observe the effect of orifice size on both 

compressive, or snap-through accelerations, and rebound or snap-back accelerations. By 

decreasing the rebound flow control orifice diameter, the snap-back accelerations were 

reduced, but not as effectively as predicted in the mathematical model, providing an 

incentive to further investigate the concept of integrated damping systems for negative 

stiffness honeycombs.  
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Chapter 1 
 

Introduction 
 

1.1 MOTIVATION 

Shock and vibration isolation is a prevalent subject of interest in many areas of 

science and technology. It is often desirable to isolate sensitive measuring equipment or 

even entire experimental systems from ambient vibrations or mechanical shocks. Ground 

vehicle suspensions provide isolation of the vehicle body from rough or uneven terrain 

and enhance ride quality as well as vehicle control. Many structures must be built with 

some form of seismic and wind loading control to ensure the building will remain 

structurally sound in such conditions. These examples demonstrate but a few of the 

problems faced in the world of shock and vibration isolation that are solved with both 

active and passive systems. A promising technology in this field is the concept of using 

negative stiffness mechanisms as isolators for shock and vibration protection. Devices 

that incorporate negative stiffness have been shown to exhibit improved shock isolation 

characteristics over common linear systems as they have high static stiffness and absorb 

mechanical impact energy at a constant predefined force threshold, making them nearly 

ideal shock isolators [1, 2].  

One application that is becoming increasingly relevant is the design of sports and 

military helmets that deform upon loading to absorb and dissipate energy and return to 

their original, stress-free state after the loading is removed. There is an opportunity to 

investigate the potential of incorporating repeated arrays of negative stiffness 

mechanisms into a deformable honeycomb type structure to act as a protective layer not 

only in helmets but other systems as well. A drawback to many bistable mechanisms is 

that they experience relatively large accelerations when returning to their original, stress-

free equilibrium positions, and this behavior is also exhibited in the negative stiffness 
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honeycomb structures. To address this challenge, one-way damping could be added to a 

system to slow the return to its equilibrium position.  

In engineering systems, space and weight are often at a premium; so, compact 

components are valuable and integrating two or more functional components into a single 

component can be advantageous. The negative stiffness honeycombs could be designed 

in such a way that the volumetric compression of the structure during the loading cycle is 

exploited as a source of damping force, thus combining the isolator and damper into one 

component. The integration of a differential damping system into a negative stiffness 

array, with minimal disruption of the original configuration, could allow for the benefit of 

improved shock isolation performance while keeping the system compact by negating the 

need for separate damping components. An integrated negative stiffness based shock 

isolation system could allow for improved performance over linear systems, decreased 

cost by reducing the number of components, and greater flexibility in design. 

1.2 NEGATIVE STIFFNESS MECHANISMS 

 A mechanism is defined as “a system of elements arranged to transmit motion in a 

predetermined fashion” [4]. This definition does not distinguish between ideally rigid 

member mechanisms, such as a linkage or a gear train, and compliant mechanisms, which 

use flexure between members to transmit motion and transform forces. A negative 

stiffness mechanism (NSM) can be described as any mechanical device that assists the 

applied force for some interval throughout its range of motion in the same way that a 

positive stiffness element resists an applied force. Mechanical negative stiffness 

mechanisms inherently require compliance in some of the constituents of the mechanism. 

They can be constructed from a kinematic chain of rigid links and compliant components 

such as springs, or simply as a fully compliant mechanism. The nonlinearity of negative 

stiffness mechanisms gives rise to bistable behavior meaning that the mechanism is stable 

in two configurations. The concept of negative stiffness mechanisms is not new as many 
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existing mechanisms rely on bistability such as toggles and over-center mechanisms, 

clamps, cams, switches, popper toys, and many other snap-action devices. 

 

Figure 1.1: Examples of bistable mechanisms, figure adapted from Ref. [5] 

A negative stiffness mechanism is easiest to understand through examination of 

the force-displacement diagram. A positive stiffness element, such as a coil spring, has a 

force-displacement relationship with a positive slope throughout its total travel. In many 

applications, the relationship is assumed to be linear, which is often accurate; however, 

nonlinear spring rates are common. On the other hand, mechanical negative stiffness 

elements have a highly nonlinear relationship in which positive stiffness is observed 

initially. Once a certain force threshold is reached, the slope changes to the negative 

regime for a certain amount of displacement before returning to the positive regime. This 

inversion of stiffness is the manifestation of elastic stress release within the mechanism, 

which is characterized by the familiar snap action. Examples of the force-displacement 

diagrams for different types of positive stiffness elements and a negative stiffness 

element can be observed in Figure 1.2. 

 

233

Fig. 5 The sphere ejection principle is based on snap buttons, spring-loaded balls and catches, and retaining-rings for fastening that must
withstand repeated use. Their action can be designed to provide either easy or difficult removal. Wear can change the force required.

Fig. 6 A pneumatic dump valve produces snap action by preventing piston movement until
air pressure has built up in the front end of the cylinder to a relatively high pressure. Dump-
valve area in the low-pressure end is six times larger than its area on the high-pressure side.
Thus the pressure required on the high-pressure side to dislodge the dump valve from its seat
is six times that required on the low-pressure side to keep the valve properly seated.

Fig. 4 Over-centering mechanisms find many applications in electrical switches. Considerable design ingenuity has been applied to fit this
principle into many different mechanisms. It is the basis of most snap-action devices.
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Figure 1.2: (a) Force-displacement diagrams of positive stiffness springs, (b) a negative 

stiffness element. 

Approximating the negative stiffness curve by a cubic polynomial, it is a simple 

exercise to demonstrate why negative stiffness mechanisms are bistable. By evoking the 

law of conservation of energy, the work done in deforming an elastic element, positive or 

negative, is equal to the integral of the force multiplied by the displacement and is stored 

as elastic potential energy [5]. As can be seen in Figure 1.3, this integral operation yields 

a potential energy curve with two local minima. The Principle of Minimum Total 

Potential Energy ensures that a system will evolve to a state in which the potential energy, 

in this case the elastic spring energy, is minimized [6]. Therefore in a mechanical system 

with negative stiffness of this type, there are two possible stable equilibrium 

configurations of static equilibrium separated by an unstable configuration. 

 

Figure 1.3: (a) Polynomial approximation of a negative stiffness force-displacement 

diagram, (b) potential energy-displacement diagram demonstrating bistability. 
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For the case of a shock isolator, bistable behavior is not desirable, as the system 

will stabilize in an unknown state (which could be classified as up or down) when 

subjected to random excitations. The addition of a positive stiffness linear element in 

parallel with the negative stiffness element produces a quasi-zero stiffness (QZS) isolator, 

which is monostable and has been demonstrated to have very attractive qualities [1]. 

From an energy standpoint, a quasi-zero stiffness mechanism of this type can store nearly 

double the amount of energy that can be stored by a similar positive spring element alone 

as demonstrated in Figure 1.4. 

 

FIGURE 1.4: Force-displacement diagram of a quasi-zero stiffness mechanism compared 

to a positive linear spring element. 

A fully compliant monostable negative stiffness isolator can be constructed from 

a pre-formed curved beam with end constraints. When a beam is buckled by the 

application of sufficient end force, it assumes a certain analytical shape based on the end 

constraints [7]. Constructing a curved beam in the shape of a buckled beam, one can 

design a negative stiffness mechanism to be monostable or bistable. These negative 

stiffness mechanisms have the advantage of being in a stress-free state as fabricated and 

have relatively predictable mechanical characteristics for the purpose of design. Figure 

1.5, demonstrates a monostable curved beam in the two possible first mode 

Force!

Displacement!
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configurations and the transitional third mode configuration; note that a monostable 

negative stiffness mechanism does not exert a negative force in stage III, as opposed to a 

bistable mechanisms as pictured in Figure 1.2 (b). When the apex of the curved beam is 

displaced transversely, it begins to transition into a third-mode configuration. As the 

beam is displaced further, bending and compressive stresses increase to a maximum 

when the apex reaches the centerline. Any further increase in displacement causes the 

beam to snap through into a non-equilibrium first mode state. It is important to note that 

when a buckled beam is displaced transversely, it must be additionally constrained in 

such a way as to inhibit the second-mode buckling shape. Second mode buckling detracts 

from the negative stiffness performance of a buckled beam mechanism and a simple and 

effective solution in which two parallel, offset buckled beams are coupled at their 

bisection has been developed and implemented successfully [8]. 

  

(a) (b) 

FIGURE 1.5: (a) Monostable curved beam negative stiffness mechanism in (I) 

equilibrium first mode configuration, (II) third-mode transition, (III) non-equilibrium first 

mode configuration. (b) Force-displacement diagram of the monostable mechanism. 

Fully compliant curved beam mechanisms form the basic building blocks of 

negative stiffness honeycomb structures. The unit cell of a negative stiffness honeycomb 

consists of a pair of parallel-coupled curved beams in opposing orientation as can be seen 

I 

II 

III 

Displacement!

Force!

I! II! III!
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in Figure 1.6. A unit cell also includes a tensile beam element that serves as an end force 

constraint to prevent the beams from spreading horizontally upon actuation and preserves 

the negative stiffness behavior [9]. The unit cells can be stacked side-by-side and 

vertically forming an array similar to a honeycomb. Figure 1.7 provides an example of 

the negative stiffness honeycomb design used in this work. The existence of distinct 

layers in a honeycomb means that for a given input force, a certain number of layers of 

the honeycomb will snap through in parallel so that a larger impact will actuate more 

layers and vice versa. An alternative design of a compliant curved beam array utilizes 

only half of a unit cell in an effort to create low profile arrays for shock isolation 

applications [10]. 

 

 

 

FIGURE 1.6: Unit cell of a double-beam negative stiffness honeycomb including tensile 

retaining beam. 
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FIGURE 1.7: CAD model of the negative stiffness honeycomb used in experimentation. 

The performance of NS honeycombs is in need of improvement. When an 

undamped monostable curved beam mechanism is loaded in shock, the beam is first 

displaced into the snapped configuration and stores some energy elastically. As the load 

is released, the beam returns suddenly into the stable configuration with substantial snap-

back acceleration imparted directly to the system being protected. In order to ensure that 

the system returns to the equilibrium position in a gentle, controlled manner, the elastic 

energy that is stored in the buckled beam must be dissipated, and the preferred way to do 

this is to use a direction-biased, or one-way damper. 

1.3 THE ROLE OF DAMPING 

In many common systems, such as door springs and automotive suspensions, a 

direction-biased damping mechanism provides better performance than a strictly 

proportional damper. For example, when a door with a return spring is opened, the 

damping force is bypassed so that the user does not have to fight against the damper. 

Elastic energy is stored in a return spring that will push the door closed when released. 

As the door closes, the damping mechanism prevents the door from slamming shut [3]. 
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Similarly in vehicle suspensions, a hydraulic dashpot, also called a shock absorber, 

typically has a much higher damping force in extension than compression (achieved 

through the use of a bypass valve) so that the suspension can react quickly to impulse 

inputs but rebound to equilibrium relatively slowly in order to dissipate the energy stored 

in the spring.  

These examples describe predominantly passive systems, that is, systems that do 

not operate on the concept of feedback control. A typical passive isolation system 

consists of a mass, a spring (isolator), and a damper, also commonly referred to as a 

mass-spring-damper system. The mass usually represents the component or payload that 

is to be isolated from the applied forces, while the spring supports the payload and allows 

relative displacement between input and output. The damper provides a path for energy 

dissipation. In the proposed system, a negative stiffness honeycomb takes the place of the 

isolator, and a fluid-orifice damping system is built into the honeycomb itself. This 

creates an all-in-one system that can be placed between a component or payload and an 

input source, forming a protective layer in a compact package. 

1.4 GOALS 

 The primary goal of this work is to investigate the shock isolation performance of 

a negative stiffness honeycomb with a built in one-way damping system. The system 

consists of a curved beam honeycomb with an air impermeable diaphragm adhered to 

each end. An open plumbing system is fitted to the diaphragm that allows for direction 

biased airflow resistance by using a specific configuration of check valves and orifices. 

This concept was selected by considering many different approaches, in several energy 

domains, for how to damp a negative stiffness honeycomb, with the main objective of 

making a compact system while keeping the overall honeycomb architecture relatively 

unchanged. The performance of a damped prototype will be tested against identical 

undamped honeycomb samples in a series of drop test experiments to compare 

transmissibility of the input forces. Changing the orifice diameter on both the 
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compression stroke and the return stroke can also vary the amount of damping in the 

system, and this effect was examined here. Experimental results were used to benchmark 

different models of the system for the benefit of future design work.  

1.5 THESIS OVERVIEW 

This thesis is divided into two major sections, the design and modeling of a 

direction-biased damping mechanism for negative stiffness honeycombs, and the 

experimental evaluation of a prototype system with comparison to mathematical 

modeling predictions. The design of the device is broken into a discussion of the 

conceptual design, including choice of negative stiffness mechanisms and methods of 

damping, and the parametric design of the negative stiffness mechanism and damping 

components. The modeling section consists of a discussion of the physics of fluid 

damping at the component level and the dynamics of the system as a whole. 

Computational models were created in the MATLAB environment to simulate the system 

level dynamic response of a damped negative stiffness mechanism and FEA simulations 

were performed using the ABAQUS finite element package.  

In the experimentation section, prototypes fabricated using the selective laser 

sintering (SLS) additive manufacturing process were tested in a drop test apparatus made 

in house for the purpose of testing other compliant negative stiffness arrays [10]. In the 

first series of tests, a set of otherwise identical damped and undamped samples were 

subject to a shock loading of variable magnitude to compare shock-loading 

characteristics. The acceleration of the test apparatus’ falling mass was measured using a 

PCB Piezotronics accelerometer to determine output accelerations. In the second series of 

tests, the return flow orifice diameter was varied and the system was again subjected to 

shock loadings so that the shock performance of a damped negative stiffness honeycomb 

could be characterized by orifice size. In the last series of tests, an exhaust flow orifice 

was introduced into the system so that it was externally damped on both the compression 

stroke and the return stroke, and the effects of variable damping ratio were observed. 
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Finally, the results of these tests were analyzed to help validate and improve models and 

to form a conclusion on the potential of the chosen design as a useful component in 

applications for shock isolation. 
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Chapter 2 

 

Conceptual Design 

 

2.1 OVERVIEW OF DAMPING OPTIONS 

The primary objective in the design of the system was to synthesize a negative 

stiffness honeycomb with an integrated external damping device without disturbing the 

overall geometry of the honeycomb. As an operational definition, an integrated damping 

system is defined as one that exploits the kinematic geometry of the honeycomb itself as 

a source of damping. Figure 2.1 demonstrates how the kinematics of a honeycomb unit 

cell produce a volume change as the area beneath the curve decreases during snap 

through and is restored on snap back. This volume change provides the relative motion 

necessary to perform mechanical work as a force-displacement or pressure-volume 

process that can be dissipated by a damping element. Controlling the overall geometry 

such that the size and shape of a damped system is, at most, marginally altered relative to 

an undamped system will minimize the complexity and spatial footprint of an integrated 

system. 

 

FIGURE 2.1: The area underneath the curved beam decreases significantly on snap 

through. 

There are many ways a negative stiffness honeycomb could be mechanically 

damped with a separate device such as a dashpot or rotary damper linked across the free 

and fixed ends of a honeycomb array. A possible separate element configuration could 
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consist of a row of piston-in-cylinder dampers linked to a honeycomb as pictured in 

Figure 2.2. This would be a relatively simple means of adding effective one-way 

damping to a negative stiffness honeycomb, but there are several reasons to investigate a 

system that does not rely on separate components for enhanced performance. Supposing 

that comparable performance to a commercial damping device can be attained, an 

integrated system would reduce the amount of space required to achieve an increase in 

isolation performance. Using separate components also requires substantial fastening to 

couple the honeycomb dynamics to the damping elements and each damper must be 

tuned individually unless a complex mechanism can be constructed to link each damper 

tuning mechanism together. This dramatically increases the number of parts, which in 

turn increases complexity, cost, and the number of possible points of premature failure. 

The design of an integrated damping system seeks to eliminate these potential downsides 

with a simple system. 

 

FIGURE 2.2: Negative stiffness honeycomb with piston-in-cylinder linear dashpots 

attached to each unit cell apex. 

 There are three domains of damping to be considered for integration into the 

negative stiffness honeycomb system. These domains are friction damping (also called 

Coulomb damping), magnetic damping, and fluid damping. Friction damping and 

magnetic damping fall under the umbrellas of structural damping and material damping, 

respectively [12]. Friction damping is normally considered at the interfaces of structural 

joints due to relative shearing motion between bearing surfaces. The force of sliding 
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friction is linearly related to the normal force between the surfaces in relative motion by a 

constant of proportionality known as the coefficient of friction, as stated in equation 2.1.  

 

 
!! = !" (2.1) 

Friction devices can be incorporated into a negative stiffness honeycomb as the 

relative motion of the fixed and free ends provide the means for friction surfaces to slide 

against one another. In one concept, a pair of materials with a high coefficient of friction 

could be attached to a honeycomb such that one friction element is fastened to the free 

end and the other to ground and the elements made to rub against one another through an 

applied preload during snap-through. Direction biased friction mechanisms could be 

designed easily, and research on directional friction surfaces is promising enough for 

one-way friction damping to be feasible [13,14]. A simple one-way damping system is 

presented in Figure 2.3 in which a block with a high friction surface is wedged against a 

spring-loaded lever with a friction surface. The effect of the wedge causes the normal 

force of the block pushing against the lever to change value depending on the direction of 

the velocity of the block, thus changing the magnitude of the frictional force according to 

the mechanics of dry friction.  

 

FIGURE 2.3: One-way friction mechanism. Block (a) is attached to the apex of a curved 

beam. A high friction material pair (b) provides an energy sink. Spring (c) preloads lever 

(d) against block (a).  

a 
b 

c 

d 
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There are several drawbacks to using a friction damping system due to the very 

nature of friction surfaces themselves. Sliding friction tends to generate a significant 

amount of heat locally, which is the mechanism by which energy is dissipated. Heat 

dissipation could prove to be difficult for a negative stiffness honeycomb subjected to 

rapidly repeated shock loadings without forced convection to carry heat away from the 

system. The air displaced by the beams on snap through could be directed at the friction 

interface so that heat is transferred to the air and out of the system, but this may be 

ineffective in the case of repeated shock loadings. Friction surfaces also wear over time 

and require a regular maintenance schedule to compensate for wear, though there are 

many friction materials that have a very high life rating. The forces associated with dry 

friction surfaces are generally constant and therefore independent of displacement and 

velocity. This is disadvantageous because the reaction force is not proportional to the 

input force, so the damping force is the same for a light impact as it is for a heavy impact. 

Finally, it is not readily apparent how to build a friction based damping system into the 

honeycomb, so the degree of integration of the damping system is diminished. Due to 

these reasons, a friction based damping system will not be further investigated, but the 

other domains are considered below. 

Magnetic damping occurs when a magnetic material is in motion relative to a 

conductive material. The apparent changing magnetic field induces an eddy current loop 

in the conductor according to Faraday’s Law and the induced current, again relative to a 

changing magnetic field, produces the opposing Lorentz force that is felt by the magnet 

and conductor equally according to Newton’s third law [15]. Although an interesting 

phenomenon, magnetic damping will not be further considered as it requires both 

permanent magnets and a certain amount of conductive material, each of which are 

typically heavy. One of the major applications being considered in this work is the use of 

negative stiffness honeycombs in helmets and therefore excessive weight quickly 

becomes an issue. 
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Finally, fluid damping is a viable option primarily due to the volume change that 

a negative stiffness honeycomb produces as discussed earlier. There are several forms of 

fluid damping and countless products that rely on it to damp out shock and vibration. 

Perhaps the most familiar source of a fluid damping force is the drag force on an object 

moving through a fluid medium. The opposing force that an object experiences when 

moving through a fluid depends on its Reynolds number and is primarily either inertial or 

viscous [16]. In the low Reynolds number regime, the effects of fluid viscosity are 

dominant, and the drag force is linearly proportional to the velocity of the body as 

described by equation 2.2 below. When the Reynolds number is large, the inertial effect 

of the body displacing the fluid becomes the dominant force and is quadratic in the 

body’s velocity as described by equation 2.3. In the case of transitional flow, both terms 

should be taken into account. These types of fluid damping, which will be called drag 

damping, can be realized in a mechanical system by forcing a mass with a large effective 

cross-sectional area to move through a volume of viscous fluid.  

 !!"#$%&# = !" (2.2) 

 

 

!!"#$%!&' = !!! (2.3) 

In practice, fluid damping is usually achieved using orifice flow. Typical 

automotive dampers work primarily by forcing a perforated piston through a cylinder 

filled with oil so that the oil must pass through the orifices.  An orifice acts to constrict 

the flow of fluid and dissipates kinetic energy through the combination of turbulence and 

viscous losses. The physics of flow through an orifice is discussed in subsequent sections. 

In the case of the negative stiffness honeycombs, the volume of air (or another fluid) that 

is displaced as the beams snap through can be captured and directed through a set of 

orifices to achieve this form of external damping. For instance, impermeable bladders 

could be inserted into the unit cells of a honeycomb array and fastened to the inner 

surfaces of the beams to capture and direct the displaced air into a directional orifice 
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damping system. This type of design would ensure almost complete integration of the 

damping system into the honeycomb structure.  

2.2 CHOICE OF DAMPING TECHNOLOGY 

The design problem has been narrowed to one of determining the configuration of 

an integrated one-way fluid damping system for a negative stiffness honeycomb. This 

includes the choice of damping fluid medium, a method to contain the fluid, and a means 

of creating resistance to the flow of the fluid. Fluid damping can be achieved using a 

liquid or gas (or a two-phase mixture) as the damping medium. For most heavy 

applications, a viscous liquid such as oil is used. This is because oils have a high mass 

density ideal for promoting turbulent losses, which are the dominant factor in liquid 

based orifice-valve type dampers [17]. In lighter applications, air has proven to be an 

effective medium as demonstrated by manufacturers such as Airpot Corporation, which 

offers light force level products such as dashpots and snubbers [18].  

For this research, the damping medium of choice will be air for the following 

reasons. In the application of negative stiffness honeycombs as a protective layer in 

helmets, using air would dramatically cut down on the weight of the system. A liquid 

damping system must be a closed system requiring an accumulator to store the damping 

fluid as it is displaced from the space within the unit cells of the honeycomb. In addition 

to liquid being significantly denser than air, the extra componentry further increases the 

weight and size of the design and reduces the degree of integration of the damping 

system into the honeycombs. For air, the atmosphere acts as a reservoir, thus requiring 

fewer parts, which reduces cost and complexity and improves system integration. Due to 

the virtual incompressibility of liquids over a wide range of pressures, liquid systems 

require more robust piping and valves than air systems, with the exception of compressed 

air systems. The force thresholds of the honeycombs used in this work are designed to be 

around 20-30 lbf, so a light duty system will suffice. To summarize, an air operated 
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damping system offers a lighter, simpler package than a liquid system that is easier to 

construct and has a higher degree of integration. 

Now that the damping medium has been decided, the means of containing and 

directing the fluid must be chosen. The concept generation and selection process yielded 

several approaches to a solution generally involving the creation of a bellows type 

mechanism out of the honeycomb array. The three final concepts can be seen in Figure 

2.4; the insertion of elastomeric bladders into the honeycomb unit cells, tapering the cross 

section down to a rectangular section with a hole, and adhering a diaphragm to the ends 

of the array. Due to the highly nonlinear deformation of the beams during snap through, a 

flexible air-impermeable material must be used to create the bellows. The material must 

also be strong, resist tearing and folding, and must be able to be cut for fabrication. 

Inserting a bladder into the space of a unit cell is possibly the simplest solution, but it 

requires that the outer surface of the bladder be adhered to the inner surface of the beams. 

Otherwise on snap-through the beams would squeeze out the air inside the bladder as 

desired, but on snap back, the beams would not be able to pull the bladder open to draw 

air in. The adhesion process would be difficult if the honeycomb is very wide and an 

individual bladder would be needed for each unit cell.   
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FIGURE 2.4: Three final integrated concepts. (a) Bladders inserted into unit cell spaces, 

(b) Negative stiffness honeycomb with smooth tapered ends, (c) Honeycomb with 

diaphragms joined to front and rear. 

In the second concept, the honeycomb itself is inserted into a bladder and the top 

and bottom ends fastened to the inner wall of the bladder to couple bladder volume to 

honeycomb travel. This concept poses some problems similar to the first concept. A 

significant portion of the bladder material is not rigidly attached to the honeycomb and it 

might fold and crease in unpredictable ways and alter the flow into the resistive 

components. Unless the bladder is transparent, the honeycomb cannot be inspected for 

damage; this is not a problem for cheap, disposable systems, but for systems requiring a 

long life it could lead to sudden unexpected failure due to lack of awareness of severe 

wear. This type of design may be difficult to construct, as the bladder must either be seam 

welded/bonded around the honeycomb or stretched open to accommodate the honeycomb. 

As shown in Figure 2.4b, the third concept forgoes the need for a flexible bladder 

or membranous material in favor of out-of-plane geometry. In the basic honeycomb 

Diaphragm 

c 

a 

b 
Smooth Taper 

Bladders 

Valve Interface 
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design, the arrays are planar so that they may be produced by extrusion or other 2D 

manufacturing processes. In this design, the beams are smoothly tapered into a 

rectangular plate using a spline curve. A hole is created in the end plate so that a valve 

can be fitted for flow control. This design is intriguing, but the three dimensional 

geometrical features introduce more complicated mechanics yet to be analyzed which 

falls outside the scope of this work.  

In the last concept, shown in Figure 2.4c, flexible diaphragms are attached to the 

front and rear extruded surfaces of the honeycomb to form a seal with the interior of the 

cells of the array. The diaphragm could be bonded by an adhesive or direct fusion with 

the honeycomb. It is important to note that the beams themselves form a crucial role in 

sealing the interior volume of the honeycomb in this design. The nonlinear deformation 

of the beams presents a challenge in the selection of a diaphragm material and method of 

attachment that will not adversely affect the behavior of the honeycomb. In the end, this 

particular concept was chosen due to its simplicity and ease of construction.  

In the final stage of the conceptual design, the flow control architecture must be 

designed such that it exhibits direction-biased resistance. The basic scheme consists of a 

plumbing system fitted to an opening in the diaphragm wall as can be seen in Figure 2.5. 

The flow path runs from the honeycomb reservoir through a single tube into a tee fitting 

that branches into an exhaust line and an intake line. Flow control valves, also known as 

one-way valves or check valves, are fitted to each line such that when the pressure inside 

the honeycomb reservoir exceeds atmospheric pressure, the exhaust check valve opens 

and air flows out until the pressure is equalized and the valve closes. When a vacuum 

exists in the reservoir, atmospheric pressure forces the intake valve open so that air flows 

into the reservoir until equilibrium is again reached. A circular orifice valve is placed in 

series with the check valve to act as resistor to the flow.  
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FIGURE 2.5: One way damping system schematic. (a) Intake, (b) Intake Orifice, (c) Intake 

check valve, (d) Tee fitting, (e) Diaphragm interface line and fitting, (f) Exhaust check 

valve, (g) Exhaust. 

Flow resistance in an orifice valve, manifested as a pressure drop across the 

orifice, is highly dependent on orifice diameter, so a damping ratio can be created by 

placing orifice valves of different diameters in the exhaust and intake flow paths [19]. 

This design is good for experimental work, but it can be made even more compact by 

considering valve type and operation. For instance a single check valve or reed valve 

could be perforated with orifice passageways in the valve gate. When the reservoir 

pressure exceeds atmospheric by an amount greater than the pressure drop across the 

orifice, the valve gate opens and flow resistance is reduced. However when a vacuum is 

drawn in the reservoir, the valve gate closes and the only flow path is through the 

orifice(s), resulting in a restricted flow. An example of this type of valve concept can be 

seen in Figure 2.6. As a side note, this type of device may be appropriate only for open 

systems that come to equilibrium with atmospheric pressure due to inevitable leakage 

losses in an otherwise pressurized system. 
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FIGURE 2.6: Integral differential reed valve concept. (a) Orifice opening, (b) Reed, (c) 

Valve body. When the pressure inside the valve body is significantly higher than the 

ambient pressure, the Reed opens and a low resistance flow state occurs. 

Combining the results of each step in the conceptual design process leads to the 

functional prototype in Figure 2.7. The experimental system consists of a double wide 

single row negative stiffness honeycomb with an elastomeric diaphragm adhered to the 

cross sectional ends of the honeycomb acting as an impermeable seal around the newly 

formed reservoir. The honeycomb is manufactured using the Selective Laser Sintering 

additive manufacturing process from nylon 11 (PA11) powder. A minimum of two side-

by-side unit cells is necessary to ensure rotational stability of the honeycomb during use. 

A valve is fitted to the diaphragm and channels formed in the cross beams to direct air 

from each unit cell of the reservoir into the valve. Flexible tubing connects the tee fitting 

to the reservoir and the exhaust and intake lines. On the exhaust line, a small diaphragm 

type check valve allows airflow into the atmosphere, either directly or through an orifice 

valve. On the intake line, a check valve allows airflow into the reservoir through an 

orifice from atmosphere. The orifice size on the intake line is designed to be more 

restricting than that on the exhaust line to achieve one way damping. Together the two 

check valves can be viewed as a differential valve forming a simple logic system. If the 

honeycomb is being compressed, then the valve is in a low resistance state; else the valve 
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is in a high resistance state. Check valves and orifices are important system components, 

and so a discussion of the physics of these fluid mechanical devices, as well as air 

damping, is presented in the subsequent section. 

 

FIGURE 2.7: A functional prototype with latex rubber diaphragm adhered to nylon 11 

honeycomb using two-part urethane adhesive and RTV sealant. Tubing is ¼” vinyl and 

all fittings, valves, and orifices are nylon.  

2.3 FLUID MECHANICS OF AIR DAMPING  

The basic governing equations of classical fluid mechanics are defined by the 

continuum mechanical principles of the conservation of mass, momentum, moment of 

momentum (or angular momentum), and energy. These principles are most generally 

contained in the Reynolds Transport Theorem, which describes the laws of physics using 

a control volume analysis approach. A control volume is a geometrical entity independent 

of a system of matter, and it is a useful tool for analyzing a flow. Due to the macroscopic 

continuum nature of a fluid, it is practical to define a region of space, the control volume, 

with a boundary, the control surface, to account for the conserved quantities carried by a 

moving system of mass. Classically, the conservation laws are written for a distinct 



 24 

system of matter, but it is often desirable to know what is occurring inside a region of 

space through which matter can enter and leave continuously, such as a nozzle or even a 

whole engine. The integrated honeycomb damping system is an open system as the air 

inside the reservoir can enter and leave through the differential orifice valve.  

Where a fluid goes after leaving a control volume in an open system is often 

inconsequential, and so a set of equations is necessary to relate the conservation laws for 

a system of matter to a set of measurable quantities of the control volume. Consider an 

amount of the conserved extensive property ! (mass, momentum, angular moment, or 

energy) contained in a control volume. An intensive property !  (velocity, angular 

velocity, specific energy) is a field quantity and is related to its corresponding extensive 

property ! by 

 ! =
!"
!". (2.4) 

The general mathematical manifestation of the Reynolds Transport Theorem, in 

terms of the intensive properties of matter, for an arbitrarily moving, deformable control 

volume is written using indicial notation as 

 !
!" !"#$

!!"!
=
!
!" !"

!!"
!" + !"

!!!"
!!!!!", (2.5) 

where ! is the mass density, !! is the flow velocity parallel to the normal vector !!, and 

the subscripts sys, CV, and CS denote the quantities associated with the system, control 

volume, control surface, respectively [20, 21]. The quantity ! is defined 

 ! = !"#$
!

. (2.6) 

This states in words that the rate of change of a conserved quantity ! possessed 

by the system of matter instantaneously inside a control volume is equal to the rate of 

change of the total amount of ! contained in the control volume plus the net rate of flux 

of ! carried across the control surface by mass transport [22]. We can elucidate the 
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physical meaning of the relation by reducing it down to a one-dimensional system, which 

is often applicable for basic engineering flow problems. The flux terms of the 

conservation equations can be separated into a sum of one-dimensional terms each 

representing an inlet or outlet for flow into or out of the control volume according to 

equation 2.7 [20]  

 

 
!"

!!
!!!!!" = !"#

!"
!!!" − !"#

!"
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A common example of this would be a holding tank with a line to supply water 

for storage in the tank and one or more delivery lines carrying water out of the tank. It is 

important to note that an assumption has been made about each inlet/outlet such that the 

flow properties are uniform across each cross section. This assumption can be justified by 

taking an average of the flow profile at each inflow/outflow and further simplified using 

equation 2.8 relating the mass flow rate to the volumetric flow rate [22] 
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Combining the results from equations 2.6 through 2.8, the one-dimensional simplified 

Reynolds Transport Theorem is written 
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This form yields a useful result for the computation of various flow properties in a 

transient (or unsteady) system with a deformable control volume. In the real system, the 

honeycomb reservoir represents the deformable control volume and the differential 

orifice valve is a single logical inlet/outlet. This tool will prove useful for determining the 

system dynamics of the integrated honeycomb in chapter 3. 

The theoretical flow through an orifice can be derived using the conservation of 

energy equation from the Reynolds Transport Theorem. When the extensive property of 



 26 

interest is energy and flow is steady and incompressible, equation 2.8 becomes the 

famous Bernoulli equation 

 

 

!!

2! + ! +
!
!   = const., (2.10) 

where ! is the velocity of the fluid, ! is the height of the fluid relative to some datum, ! 

is the static pressure, ! is the density, and ! is the acceleration due to gravity. 

Several assumptions are made about the flow in the classical derivation of the 

flow rate through an orifice using the Bernoulli equation. Following the derivation for a 

compressible flow by Waller, the flow is assumed to be of uniform cross section (an 

average over the flow profile), irrotational, and the effects of friction ignored [23]. The 

flow through the orifice is treated as incompressible as it passes through the orifice, but 

this needs clarification. When the honeycomb is compressed, the resistance of the orifice 

will build pressure inside the reservoir due to the compressibility of air. Although the 

density of the air in the reservoir may be changing with time, it is assumed that the 

instantaneous density of the air as it passes through the orifice does not change. In other 

words, the instantaneous density of air is uniform throughout the reservoir and tubing. 

The classical derivation is also under the assumption that the flow is steady state, but 

there are consequences to this assumption that will be discussed shortly.  

Figure 2.8 shows a profile view of flow through an orifice. The type of orifice 

used in experiments features a short tube preceding the actual opening and is a called re-

entrant or Borda type orifice. The presence of turbulence behind the orifice plate incurs a 

head loss, which is the main source of energy dissipation in orifice flow. The dashed line 

represents the surface of the control volume for the purpose of analysis. 



 27 

 

FIGURE 2.8: Flow of a fluid through a Borda type orifice.  

The principle of conservation of energy requires that 
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where states 1 and 2 represent either side of the orifice.  The change of potential energy 

can be ignored and terms rearranged to yield 
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Returning to the Reynolds Transport Theorem for the conservation of mass yields what is 

known as the continuity equation, which is written 
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Therefore 
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Under the assumption of incompressible flow across the orifice, the mass inside the 

control volume cannot increase, then 
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P1, v1 P2, v2 
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 Since the flow is assumed uniform and incompressible across the orifice, and the 

areas of the inlet and outlet of the control volume are constant, equations 2.8 and 2.15 can 

be combined to arrive at the relation  

 

 
!!!! = !!!!, (2.16) 

where !! and !! are the cross sectional areas of the pipe and orifice, respectively, and !! 

and !!  are the flow velocities through the pipe and the orifice, respectively. The 

Bernoulli equation can be rearranged to arrive at the flow velocity at the entrance to the 

orifice as 

 

 

!! =
2 !! − !!

! 1− !!
!!

! . 
(2.17) 

The pressure outside the orifice is at atmospheric and the absolute pressure inside the 

pipe includes atmospheric pressure so a gauge pressure ! can replace !! − !!. The mass 

flow rate through the orifice is written 
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Introducing equation 2.18 to equation 2.17 yields 
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(2.19) 

At this point in the derivation, the issue of turbulence and viscous losses must be 

addressed. These effects invalidate the assumption that energy is conserved across the 

orifice and in practice this is dealt with by introducing a factor ! into equation 2.19, 

which ensures a permanent head loss in the flow. In practice, this factor and the term in 

the denominator are combined into a single factor !!called the discharge coefficient. The 

final form of the steady-state incompressible mass flow rate of air through an orifice is 

thus 



 29 
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Values for the discharge coefficient are always less than 1 and are determined empirically. 

The discharge coefficient of a restriction is highly dependent on the geometry of the 

restriction and all restrictions in a pipe introduce turbulent losses into a flow no matter 

how smooth the transition. In the case of flow metering, it is desirable to use a geometry 

with the highest possible discharge coefficient in order to reduce energy loss. Examples 

of flow differential metering devices with lower discharge coefficients include nozzles 

and Venturi tubes. In the case of fluid dampers, a low discharge coefficient is desirable, 

which is why orifices with very sudden changes in their geometry are used for that 

application. The discharge coefficient for a Borda type orifice is typically close to 0.52-

0.54 in steady state conditions, approaching 0.5 asymptotically as the ratio of the entrance 

tube length to the orifice diameter is increased [24].  

 As stated earlier, the assumption about steady-state flow needs to be evaluated 

due to the following reasons. The very nature of a shock loading is transient in its effect 

on a system. When the damped honeycomb is loaded in shock, the air contained in the 

reservoir is compressed rapidly and, in turn, the flow state in the orifice changes rapidly. 

The unsteady behavior of orifice flow in transient conditions can depart considerably 

from steady state predictions due to the inertia of the fluid in the vicinity of and inside the 

orifice [25]. This behavior is manifested as a dependence of the discharge coefficient on 

the ratio of the upstream to downstream pressure (presented as !! in equation 2.20) with 

the value tending towards a constant value as the pressure differential increases [26]. The 

effect is observed to be greater in sharp edged orifices, whereas for slender orifices (the 

orifice diameter is smaller than the length of the orifice tube), the effect appears to be 

nearly inconsequential. Seeing as a Borda type orifice has a slender diameter to length 

ratio, it will be assumed that the orifice discharge coefficient has minimal pressure 

dependence and can be ignored, resulting in 
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!! =

!
!!"#

. (2.20) 

One final note is made about the assumption of the compressibility of air across 

the orifice used in the derivation of equation 2.19. For compressible media, the pressure 

ratio !! does play a role in determining the mass flow rate through the orifice. To 

account for the compressibility, an expansion factor ! is introduced into equation 2.19 

yielding 

 

 
! = 1−

0.41+ 0.35!! ∆!
! , (2.21) 

where ! is the ratio of the orifice diameter to pipe diameter, and k is the ratio of specific 
heats !!

!!
 of the gas [27]. This produces the modified mass flow rate relation for 

compressible flow through an orifice as 

 

 
!! = !!!!! 2!". (2.22) 

As the pressure differential across the orifice diameter increases, the fluid velocity 

inside the orifice increases asymptotically to the speed of sound. As the flow nears 

supersonic, the flow condition through the orifice becomes choked and the velocity 

cannot increase any further. The mass flow rate through an orifice under the condition of 

choked flow can be computed as 

 

 
! =

!!
2

! + 1

!
!!!

!!
!"   !! !"

2
! + 1 !, (2.23) 

where ! is the gas constant and ! is the temperature of the gas [28]. This relation can be 

simplified down to 

 

 
! =

0.6847!!!!!!
!"

. (2.24) 
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The condition for choked flow must be checked when appropriate so that the proper mass 

flow rate is used in dynamic simulation. This condition is met when the pressure ratio is 

less than the critical pressure ratio for supersonic flow [19]: 

 

 

!!"#
!!

=
2

! + 1

!
!!!

= 0.528. (2.25) 

Otherwise, the modified mass flow rate of equation 2.22 will be used to simulate the 

mass flow rate of air between the honeycomb reservoir and the atmosphere through a 

restrictive orifice. 

 The relations derived in equations 2.19, 2.22, and 2.24 can be used in the design 

of fluid damping devices that utilize an orifice to dissipate energy. As discussed in 

Section 2.2, fluid damping is ubiquitous in commercial and engineering devices, and air 

is a common damping medium in these devices. Open systems such as those offered by 

Airpot offer low force level protection while higher forces can be met by closed air 

systems. BMW now offers a closed system air damper that is pressurized with a charge of 

nitrogen called the Air Damping System for the HP2 Enduro on-off road motorcycle [29]. 

Air suspensions typically rely on a source of compressed air and are very common in 

vehicles, especially heavy-duty vehicles, offering several advantages over oil based 

automotive struts. The concept of integrated air damping using an orifice in a pressurized 

air spring is also being actively researched to cover heavy force level applications [30, 

31]. The force levels that will be met by the negative stiffness honeycomb integrated air 

damping system are in the low regime. Now that the sources of air damping have been 

discussed, the parametric design and modeling of the integrated system can proceed.  
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Chapter 3 

 

Parametric Design and Analysis 
 
 

3.1 MECHANICAL DESIGN 

The mechanical design of the monostable negative stiffness honeycomb was 

based on the method developed in Qiu et al, and the configuration developed in Correa et 

al [9, 10]. In the design of the mechanism, the geometry and mechanical behavior is 

controlled by the following parameters: apex height, beam length, beam width, beam 

thickness, and travel. A diagram of these design parameters in a unit cell can be seen in 

Figure 3.1. The shape of the curved beam is designed to be the same as the first mode 

shape of a fixed-fixed buckled beam. A short analytical derivation of this mode shape 

follows.  

 

FIGURE 3.1: Diagram of the design parameters of a negative stiffness unit cell. 

Consider a beam or column with a uniform cross section along its entire length 

and both ends of the beam are fixed. An axial force is applied and buckling occurs such 

that the displacement of the middle of the beam is known.  From the elementary theory of 



 33 

the bending of beams, the bending moment at any point along a beam is described by 

Equation 3.1, where ! is the moment resisted by a beam,  ! is Young’s modulus, and ! is 

the second moment of area of the beam cross section [8]. A free body diagram of a 

section of the buckled beam is given in Figure 3.2. 

 

FIGURE 3.2:  Uniaxial buckling of a beam/column with fixed-fixed end conditions. 

 

 
! = !"#′′ (3.1) 

 

 
! ! + !" = !! (3.2) 

It is clear from Figure 3.2 that a balance of the moments of the beam about the fixed end 

results in the relation in Equation 3.2, where !(!) is the internal moment resisted by the 

beam at a point ! along the beam, ! is the applied load, ! is the transverse displacement 

of the beam, and !! is the reaction moment. Substituting Equation 3.1 into Equation 3.2 

yields a differential equation for the transverse displacement of a beam as a function of 

distance along the beam axis written 

 

 
!"!!! + !" = !!. (3.3) 
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This second order nonhomogeneous ordinary differential equation has a solution of the 

form 

 

 
! ! = !! cos !" + !! sin !" + !, (3.4) 

where !!,  !!. !, and ! are constants to be determined by the boundary conditions. The 

fixed-fixed end conditions and known apex height of the beam give the boundary 

conditions 

 

 

! 0 = ! ! = 0
!!(0) = !′(!) = 0

! !/2 = ℎ
 . (3.5) 

Solving for the coefficients of Equation 3.4, the equation that describes the curve of a 

fixed-fixed buckled beam is 

 

 
! ! =

ℎ
2 1− cos

2!"
! , (3.6) 

Where ℎ is the apex height of the beam in the buckled configuration, and ! is the distance 

between the ends of the beam in the buckled configuration. This equation approximates 

the curve of a thin beam and can be used to parametrically model the geometric boundary 

of a beam with dimensional thickness in a CAD system.  

 When considering the performance of the integrated fluid damping system, 

several more design constraints are introduced in addition to the strength and stiffness of 

the honeycomb structure itself. As stated in chapter two, the volume of a unit cell is 

simply the area under the curve of the beam multiplied by the beam width. The area 

under the curve of Equation 3.6 is simply the integral along the beam length 

 

 
! =

ℎ
2

!

!!!
(1− cos

2!"
! !" =

!ℎ
2 . 

(3.7) 

The volume beneath a beam of width ! is then 

 

 
! =

!ℎ!
2 . (3.8) 
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The volume of a unit cell in equilibrium can easily be computed by adding Equation 3.8 

to the volume of the rectangular prism beneath the buckled beam. In this application, the 

height of this rectangle is chosen to be equal to the apex height of the buckled beam. This 

is because when the beam is in the fully snapped position it cannot be extended further in 

order to prevent excessive deformation and failure of the beams. Therefore the total travel 

of a two-stage honeycomb of this design is simply four times the apex height of the 

buckled beam. When the travel limit is reached, the support structure of the honeycomb 

bears the full load resulting in a very high stiffness situation termed “bottoming out.” The 

volume of a unit cell is thus 

 

 
!!"## = 3!ℎ − !!"#$%&'. (3.9) 

A diagram of the volume calculation can be seen in Figure 3.3. The diagram 

demonstrates that the volume is equal to the area under the curve plus some rectangular 

area extruded out by a distance equal to the width of the honeycomb. The figure only 

shows half of a unit cell, which has a total volume of !!"##
!

. 

 

FIGURE 3.3: Diagram of the volume of half a unit cell as the area under the curve 

extruded through a distance equal to the width of the honeycomb. 
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From a qualitative perspective, the thickness of the retaining beam in a unit cell is 

an important parameter in actualizing the negative stiffness behavior. When a buckled 

beam is displaced transversely from equilibrium, the compressive force constraining the 

ends of the beam is matched by a reaction force on the constraining walls, as per 

Newton’s Laws. This force tends to bend the constraints outwards and greatly reduces the 

negative stiffness behavior of the beam if the system is not sufficiently stiff. Figure 3.4 

demonstrates this phenomenon. To combat this detrimental effect, the retaining beam and 

sidewalls are made thick and a substantial chamfer is added. The chamfer dimensions are 

determined by tracing the curve of the beam in the snapped through position and ensuring 

that the chamfer does not interfere with the total travel of the beam while maximizing the 

amount of material used. Space for adequate filleting of the beam-ends is also considered 

to reduce stress concentrations in these vital areas.  

 

FIGURE 3.4:  The spreading effect experienced by negative stiffness beams with 

inadequate constraint stiffness, causing a reduction of negative stiffness performance. 

The constraining walls can be considered as cantilevered beams subject to a point load at 

the free end.  

One additional design detail pertinent to buckled beam type negative stiffness 

mechanisms is constraining against second mode buckling when the beam is displaced 

transversely. The second mode corresponds to an S-shape and causes the beam to twist or 
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“wriggle” into the other first mode configuration as opposed to snapping. This behavior 

also greatly detracts from the desired negative stiffness performance of a buckled beam 

mechanism and can be eliminated by constraining the middle of the beam against 

rotations. Control over second mode motion of the beams is achieved by using the well-

established double beam design approach in which two beams are stacked and rigidly 

coupled in parallel at the middle of each beam [1, 9, 10]. 

 The final values of the design parameters were chosen by formulating an 

optimization problem and solving it numerically. The optimization problem can be stated 

as follows: for a desired threshold force !! of the negative stiffness honeycomb, choose 

the geometric parameters that maximize the volume change of the empty space in the 

honeycomb when exercising the full range of travel subject to the constraint of no 

yielding. The design variables are, of course, the beam length, width, apex height, and 

thickness. The total volume change seen by this negative stiffness mechanism is simply 

the volume of all of the unit cells in the stable configuration minus the volume in the 

unstable configuration. In the stable configuration, the total volume is 

 

 
!!"#$%& = 2!!"## = 6!ℎ! − 2!!"#$%&', (3.10) 

and in the unstable configuration the volume is equal to twice the volume of the 

rectangular prism (of identical height as the apex height) minus the volume under a 

buckled beam by itself, so 

 

 
!!"#$%&'( = 2!ℎ!. (3.11) 

Therefore, the total volume change is 

 

 
∆! = 4!ℎ!. (3.12) 

The force threshold of a monostable curved beam negative stiffness mechanism 

has been derived in Qiu et al. [9]. The bistability of a curved beam NS honeycomb has 



 38 

been shown to be dependent on a dimensionless geometric parameter, ! = !
!
, which is 

defined as the ratio of the apex height to the beam thickness. If the ! parameter is below 

a certain value, the curved beam will exhibit monostable negative stiffness, and as the ! 

parameter is increased the beam becomes progressively bistable. The maximum 

theoretical value of ! that maintains mono-stability is 2.31; however, in practice, it has 

been observed that slightly higher values of ! are also monostable. For this design, a ! 

value of 2.56 was selected, in effect, reducing the number of design variables from four 

to three as the apex height and beam thickness are now interdependent. The threshold 

force required to actuate such a monostable NSM is approximately [9]: 

 

 
!!"#$%"&'( ≅

3!!!"ℎ
4!! !! ≅

4.64!!!"ℎ
!! . (3.13) 

This is the approximate force threshold of a single monostable curved beam NSM with 

! = 2.56, however each layer of the honeycomb has two sets of double beams in parallel, 

so the force threshold for first layer snap through multiplied by four is 

 

 
!!"#$%"&'( ≅

18.56!!!"ℎ
!! , (3.14) 

where the second moment of area is calculated for a beam of rectangular cross section as 

 

 
! =

!"!

12 , 
(3.15) 

and ! is the thickness of the beam. 

The yield criterion used to ensure that the beams remain in the elastic limit 

throughout the entire range of travel is based on the strain limit of the material. For a 

monostable NSM, the maximum strain experienced by the beams during deflection is 

approximately 

 

 
!!"# ≅

2!!!ℎ
!! +

4!!!!

3!! . (3.16) 
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Yielding occurs if the maximum strain exceeds the strain at yield of the material and a 

safety factor, !, can be introduced as a conservative approach. The safety factor is used 

primarily as an additional buffer against stress concentrations. The maximum strain must 

therefore be 

 

 
!!"# ≤

!!"#$%
!

, (3.17) 

where  !!"#$% is the yield strain of the beam material. 

Gathering Equations 3.12 to 3.17, the optimization problem can be formulated 

mathematically using the nonlinear programming problem format [32]: 

 

 
Minimize: !(!) 
 

Subject to: 
!! ! ≤ 0
ℎ! ! = 0
!! ≤ ! ≤ !!

. 
(3.18) 

In this application, the function that is being minimized is the negative of the volume 

change in Equation 3.12. Optimization problems are typically formulated for 

minimization problems and so a maximization problem is simply the minimization of the 

function multiplied by -1. The functions !! ! , the inequality constraint and ℎ! ! , the 

equality constraint, represent the functions of the yield criterion and the force threshold 

and ! parameter, respectively. In general, the set of design variables ! is written as a 

vector quantity as this is a multivariate method. Finally, the upper and lower bounds !! 

and !! on the design variables prevent the optimization search from leaving the feasible 

design space. Since the parts are fabricated using the Selective Laser Sintering (SLS) 

additive process, practical experience has suggested that the beam thickness should be 

kept in a familiar range of around 0.04 inches. The desired force threshold must be kept 

within a reasonable range to be able to be actuated by the apparatus fabricated by 
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Bostwick, as will be discussed in chapter 4 [11]. The nonlinear programming problem is 

therefore defined: 

 

 

Minimize: ! !, ℎ,! = −4!ℎ!, 
 

Subject to: 

!!"# −
!!"#$%
!

≤ 0
!!"#$%"&'( − ! = 0

!" − ℎ = 0
0.035" ≤ ! ≤ 0.050"

. 
(3.19) 

The optimization problem has been programmed into the MATLAB computing 

environment using the built-in nonlinear constrained optimization function fmincon. This 

function is a nonlinear programming tool that uses the Sequential Quadratic 

Programming (SQP) method to settle on an optimal point in the design space. This 

approach was used because a solution can be quickly programmed into MATLAB for 

relatively simple problems and the SQP method has a high convergence rate and can 

handle equality constraints [32]. The code for this nonlinear programming solution can be 

found in Appendix A. The results from the optimization code suggest a beam with the 

dimensions shown in Table 3.1. 

Parameter Name Value 

Apex Height: ℎ 0.115” 

Beam Thickness: ! 0.045” 

Beam width: ! 1.25” 

Beam Length: ! 2.337” 

TABLE 3.1: Optimized honeycomb design parameters. 

 As a measure of assurance, a controlled displacement simulation was performed 

using the ABAQUS finite element analysis software package. A CAD model was created 

in the SolidWorks solid modeling package and imported into ABAQUS as an IGES file. 

The chamfers were excluded from the model in order to simplify the mesh generation 

process, and a top-down tetragonal mesh was generated. The bottom face of the 
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honeycomb was given a fixed constraint boundary condition and the sides given a sliding 

constraint to prevent any rotation in the simulation. The top face was then given a 

displacement boundary condition, and the simulation compressed the unit cells through 

nearly the full range of travel. The stress field was checked for yielding near the stress 

concentrators and through the beams in mid travel. Figure 3.5 displays a screenshot of the 

FEA simulation in mid-travel. 

 

FIGURE 3.5: FEA controlled displacement simulation of the negative stiffness honeycomb 

design. The bottom layer has snapped-through fully and the top layer is beginning to 

deform. The largest stresses are seen near the ends of the beams so filleting will help 

reduce stress concentrations. 

The FEA simulations confirmed that the honeycomb design would not fail by 

yielding at any point throughout the full range of travel for the optimized design. This 

concludes the parametric design stage of the negative stiffness honeycomb to be used 

experimentally. The negative stiffness honeycomb was manufactured in PA D80-ST 

(nylon 11) using a powder SLS process with a 3D Systems Sinterstation HiQ machine. 

Overall build quality turned out very well with only slight warping on the top faces due to 

a temperature gradient on the build plate. All dimensions measured within 5% of nominal 

and the honeycomb displayed strong negative stiffness characteristics. The parts were 
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cleaned thoroughly to establish a strong bond with the adhesive. The honeycomb forms 

the base structure of the integrated damping system and a diaphragm and means of 

attachment must be chosen to control the movement of the damping fluid upon actuation.  

3.2 MATERIALS SELECTION AND FABRICATION 

The design of the fluid containment and routing components is primarily an 

exercise in materials selection. The basic requirements for selecting a diaphragm are that 

the material must be flexible, air-impermeable, resilient, and must accept a bonding agent. 

In most air spring applications, a textile reinforced rubber diaphragm is used. In this 

application, the diaphragm does not need to contain highly pressurized air, so a polymer 

film is a good choice due to the hyperelastic properties of many polymers. Elastomers are 

polymers that can be either thermosetting or thermoplastic (TPEs) and can undergo very 

large strains while still being able to return to the original shape, that is, they are 

hyperelastic [33]. Seeing as the beams of the honeycombs, which undergo highly 

nonlinear changes in geometry, are a major attachment point for the diaphragm, an air 

impermeable elastomer is a good choice.  

The selection of adhesive to attach the diaphragm to the honeycomb is subject to 

similar constraints as the diaphragm and so should be selected simultaneously. The 

adhesive must also be flexible, impermeable, and have good adhesive strength with the 

selected substrates. A two-part urethane adhesive was found to adhere well to the Nylon 

and was flexible enough for the application so that cracks did not occur during 

deformation. In preliminary tests, a butyl rubber diaphragm was selected for its high air 

impermeability; however, it was found to be a difficult material to bond because several 

types of adhesives had very low peel strength with this material. A functional prototype 

with a latex rubber diaphragm (with a thickness of approximately 0.014”) was made 

using the two-part urethane adhesive, which performed well and held a good seal. To 

create a true positive seal between the diaphragm-honeycomb interface, an RTV silicone 
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sealant was applied along the bond filling any gaps in the adhesion layer and preventing 

air leaks through these gaps.  

A second prototype with a urethane rubber film diaphragm was adhered using the 

two-part urethane adhesive, however the resulting bond had a very low peel strength, 

even when the substrate surface was prepared by light abrasion and cleaned with a 

solvent prior to bonding. For this reason, the latex rubber diaphragm prototype was 

chosen, as it requires minimal surface preparation for good adhesion, is highly flexible, 

and makes an adequate seal. It should also be noted that if excessive amounts of the 

urethane adhesive are applied to the honeycombs, the resulting structure stiffens 

substantially and as a result, the negative stiffness performance is diminished. To avoid 

this issue in fabrication, small amounts of urethane adhesive are used and the RTV 

silicone sealant is also applied as an adhesive.  

Prior to assembly, one of the diaphragms has to be modified to include an opening 

to connect the flow control system (FCS) to the reservoir. To accomplish this, a ½” hole 

punch was machined from stainless steel tube stock and hardened. The tube stock was 

turned down to create a sharp circular cutting edge and later quench hardened using a 

MAPP gas torch as a heat source and water as the quenching medium. The completed 

tool and its functionality are pictured in Figure 3.6. A nylon NPT nut is then glued to the 

opening so that a nylon fitting could be threaded onto the nut, forming the connection 

between the flow control system and the honeycomb reservoir. As discussed in chapter 2, 

the flow control system consists of nylon fittings and valves joined together by vinyl 

tubing.  
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FIGURE 3.6: Diaphragm fabrication process with custom hole-punch tool. 

One additional potential method for joining a flexible diaphragm to the 

honeycomb structures is plastic welding. Thermoplastic polymers, such as nylon, can be 

reshaped when heated above their melting temperatures and then cooled. Using this 

concept, it may be possible that a nylon film could be welded to the honeycomb, however 

it was not attempted in this work. The completed system can now be modeled 

mathematically and computationally as will be discussed in subsequent sections. 

3.3 SYSTEM LEVEL DYNAMICS 

In a basic linear mass-spring-damper (also called the damped harmonic oscillator) 

shock isolation system, the major components are the mass of the payload and the 

components, a spring to absorb the input force, and a damper to dissipate the stored 

energy and reduce rebound accelerations. The integrated negative stiffness honeycomb 

(NSH) can be view as a similar system, but with components that exhibit strongly 

nonlinear behavior and actually form a multi-stage device. Because the honeycomb 

consists of two layers in series, each layer will be loaded with the same force. Both layers 

will, of course, tend to be displaced simultaneously, but small geometric manufacturing 

errors dictate that the honeycomb layers will snap through one after the other, and not 

simultaneously. To demonstrate this effect and determine the constitutive relationship, 

the honeycombs were subjected to a force-displacement test using an MTS Sintech 2/G 

Hole Punch 

Diaphragm 

Honeycomb 
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Universal Test Machine. The resulting force-displacement (F-D) curve of one sample can 

be seen in Figure 3.7. Note the considerable hysteresis of the curve.  

 

FIGURE 3.7: Measured force-displacement constitutive curve of a negative stiffness 

honeycomb. 

 The initial mechanical model of the system is presented in Figure 3.8(a). In this 

model, each layer of the honeycomb is represented as a separate nonlinear spring in series, 

and the fluid damping system is modeled as a dashpot connected in parallel to the set of 

springs. Because it is unknown which layer will buckle first, the constitutive curve 

determined from the force-displacement tests can be used to bundle the layers into a 

single spring with the constitutive curve that contains the necessary information for both 

layers. This simplified model can be seen in Figure 3.8(b).  
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(a) 

 

 

(b) 

FIGURE 3.8: (a) Two stage model with dashpot representation, (b) simplified single stage 

model with dashpot. 

 The dashpot in Figure 3.8 serves merely as a symbolic representation of the fluid 

damping system rather than a physical one. In actuality, the damping system is more 

complex than a simple viscous dashpot and will be modeled as a deformable reservoir 

with a (binary – low or high) variable orifice restriction. In general the volume inside the 

cavity is nonlinear with respect to displacement; however, it was observed that with a 

relatively small apex height parameter, the volume change might be closely linear in 

deflection. Figure 3.9 demonstrates that a straight-line approximation of a buckled beam 

does not deviate appreciably from the beam curve. In fact, the area of the triangle under 

the straight-line approximation is exactly the same as the area under the curve defining 

the shape of the beam. Thus, it is worth investigating whether a linear approximation of 

the relationship of displacement and reservoir volume is accurate for the sake of model 

simplification.  

 

FIGURE 3.9: Triangular approximation of the curve of a buckled beam. 

!"
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 In order to calculate the volume of the reservoir as a function of displacement, the 

shape of the beam curve as a function of displacement must be known. An analytical 

approach has been outlined in Qiu et al., which involves a summation over all possible 

modes of the beam by imposing the principle of minimum total potential energy on the 

bending and compressive stress [9]. An alternative approach is to compute the volume-

displacement relationship numerically, such as with a finite element analysis. This 

approach was applied using the ABAQUS FEA software package to perform another 

controlled displacement analysis while recording the coordinates of the mesh nodes 

generated along the curve of a single beam. The honeycomb was loaded up to its 

maximum displacement, and the XY coordinates of the mesh nodes for each step in the 

displacement were exported to Microsoft Excel for sorting and numerical integration of 

the area under the curve. Because the honeycombs are extruded, the area under the curve 

of the beam is directly proportional to the volume of the reservoir. The coordinates for 

each step were plotted Y as a function of X to confirm that the order of the coordinates 

was conserved. A trapezoidal numerical integration method was used to determine the 

area under the curve at each time step and then plotted against the displacement of the top 

face of the honeycomb. The plot of area under beam curve vs. displacement can be seen 

in Figure 3.10, and a strongly linear relationship between volume and displacement is 

evident.  
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FIGURE 3.10: Plot of equivalent area under the curve of a deforming beam as a function 

of honeycomb displacement. The change in area is strongly linear in displacement. 

 The coordinate data can also be used to show that the surface area of the beams is 

nearly constant throughout the full displacement of the honeycomb. Again, since the 

honeycomb has extruded geometry, the arc length of the beam curve is directly 

proportional to the surface area of the beam. By computing the arc length of the beam at 

each time step and plotting the relationship, it was discovered that the surface area of the 

beams was indeed very close to constant for the full range of travel. A plot of beam 

surface area against honeycomb displacement can be seen in Figure 3.11. 
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FIGURE 3.11: Plot of beam surface area as a function of displacement. The surface area is 

approximately constant through the honeycomb’s travel.  

Having established that the volume-displacement relationship is acceptably linear 

and surface area constant, it is appropriate to consider the honeycomb reservoir similarly 

to a piston-in-cylinder device with the slope of the line equal to volume per stroke 

distance. With this knowledge, the damping system thus can be modeled as a piston-

cylinder device of variable volume with a single inlet/outlet connected via a short section 

of tubing to a Tee fitting followed by a check valve and orifice valve in sequence. The 

direction of flow is of course dependent on the pressure differential between the reservoir 

and the atmosphere. The tube sections connecting the fittings and valves are kept as short 

as possible to reduce the effects of viscous pipe friction, and such effects will be ignored 

from a modeling perspective. It is also important to consider the losses of the fittings and 

valves, which are critical components in the fluid damping system. In a Tee fitting, minor 

losses occur due to the change in the direction of flow within the fitting and the 

associated turbulence. In this application, it has been determined experimentally that the 

Tee fitting does not have a noticeable effect on system performance, so the minor losses 

contributed by the fitting will be ignored. The check valves, on the other hand, were 
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found to contribute significantly to system performance, so their behavior must be 

considered. The experiments conducted to deduce these facts are discussed briefly in 

Chapter 5. 

 In Chapter 2, the basic behavior of the fluid flow through an orifice was discussed. 

The flow of fluid through a valve is determined by a similar set of equations, which 

account for turbulent losses manifested as a pressure drop across the valve. Equation 3.20 

is one such description of the mass flow rate through a valve as a function of the pressure 

differential across the valve [33]. It is important to note that this equation is determined 

as a function of pressure and density (namely [!"#$] and [!"
!!]) and gives the mass flow 

rate in !
!

!"#
, and as such must be converted into the same system of units chosen for 

system modeling 

 

 
!! = 0.455!!! !∆!, (3.20) 

where !! is the mass flow rate through the check valve, !! is the flow coefficient of the 

valve, and ! is the expansion factor to account for the effects of compressibility. The 

form of Equation 3.20 is identical to that of Equation 2.233 and this can be used to 

simplify the model by lumping the separate valves into a single entity. Consider the total 

pressure drop across the valves as the reservoir absolute pressure minus atmospheric 

pressure. This pressure drop is the sum of the individual pressure drops across each valve 

and is expressed 

 

 
∆!! = ∆!! + ∆!!, (3.21) 

where ∆!! is the total pressure drop, ∆!! is the pressure drop across the check valve, and 

∆!! is the pressure drop across the orifice. Continuing with the assumption of uniform 

density throughout the entire fluid damping system, Equation 3.21 can be rewritten as 

 

 
!∆!! = !∆!! + !∆!!. (3.22) 
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By the principle of continuity, the mass flow rate is the same through each valve as it is 

assumed there is no mass accumulation in the tubes. Equations 3.20 and 2.23 are recast 

with the constants ! = 0.455!!! !! and ! = !!!! !! and squared as 

 

 

!∆!! = !!!!

!∆!! = !!!!
 . (3.23) 

The total pressure drop is therefore 

 

 
!∆!! = !!(!! + !!). (3.24) 

Rearranging terms, a lumped parameter valve equation that represents the mass flow rate 

of the check valve and orifice valve in series is written 

 

 
! =

!∆!!
!! + !!

  . (3.25) 

Finally, a simplified model of the full system can be seen in Figure 3.12(a) and 

the equivalent bond graph model in Figure 3.12(b). In this model, a mass is supported by 

the negative stiffness honeycomb, which is represented by a nonlinear spring. The fluid 

system is represented by an air piston-cylinder with a lumped valve resistance 

mechanically in parallel with the nonlinear spring. When the mass is displaced, it will 

cause the spring to deflect and the piston to compress the air inside the reservoir leading 

to an increase in pressure, which in turn causes fluid flow through the valve. The 

connection of the mass to the piston-cylinder is a modulated transformation from the 

mechanical energy domain to the fluid energy domain. The modulator is a binary state 

element that contains the information dictating the direction of flow. Put simply, if the 

honeycomb is being compressed, the modulated transformer will cause the valve to 

behave as an outflow valve with the proper parameters, and vice versa.  
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(a) 

 

(b) 

FIGURE 3.12: Final simplified mechanical model of the differentially damped honeycomb 

system: (a) Mechanical Diagram, (b) Bond Graph model. 

 The bond graph is used to derive a dynamical system of equations with time 

dependent variables for the momentum ! of the mass, the displacement ! of the spring, 

and the pressure !, temperature  !, and volume ! of the air inside the reservoir. The mass, 

spring, and air are able to store and exchange energy in the forms of kinetic, potential, 

and thermal energy, respectively. A balance of forces on the mass is used to find the first 

equation, and it is written 

 

 
! = !!! + (! − !!"#)! −!". (3.26) 

The spring constant !! is dependent on the displacement of the honeycomb, and in 

simulation, the force !! = !!! will be determined by using a lookup table that maps the 

displacement to the force according to the experimentally measured force-displacement 

relationship. The hysteresis of the force-displacement curve must be accounted for by 

checking whether the system is undergoing compression or rebound. This can be 

accomplished by looking at the sign of the momentum variable such that if the 

momentum is positive, the honeycomb is being compressed, and if it is negative, the 

honeycomb is rebounding. This also sets the sign convention for the simulation where 

!"

C 
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compressive displacements are considered positive and extensive displacements negative. 

The force !! = !" exerted by the air inside the reservoir on the mass is determined by 

multiplying the reservoir pressure ! by the total beam inner surface area computed in the 

FEA simulations.  

The FEA results also show that the volume and displacement are related by a 

factor proportional to the slope of the line fit to the data of area against displacement in 

Figure 3.10. Because of the linear relationship, the true volume change as a function of 

displacement can be computed with the following equation: 

 

 
! = !! − !", (3.27) 

where the slope ! can be computed by plugging in the known volume in the fully 

compressed position and the total displacement. This relation reduces the number of 

independent variables of the dynamical system from five to four. The time derivative of 

the volume can be written in terms of the momentum, yielding another state equation. 

The time rate of change of the displacement is equal to the velocity of the mass, therefore 

 

 
! = −

!
!  . 

(3.28) 

Taking the time derivative of Equation 3.27 and substituting in Equation 3.28, the time 

rate of change of the volume is written 

 

 
! = !

!
!  . 

(3.29) 

  To find the remaining two first order differential equations for the pressure and 

temperature, the ideal gas law can be used. Because air is a mixture of non-monatomic 

gases, the validity of the use of the ideal gas law must be confirmed. It is known from 

empirical results in thermodynamics that a gas can be modeled as an ideal gas when the 

compressibility factor ! is approximately 1. The compressibility factor is determined by 

computing the reduced pressure and temperature of the gas and using an empirical 
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relation in which ! is mapped against these quantities. As a rule of thumb, a gas can be 

treated as ideal if the absolute temperature of the gas is greater than two times the critical 

temperature (i.e. the reduced temperature is greater than 2) [28]. The critical temperature 

of air is about 133 K, so the reduced temperature is 2.2. Therefore, the air inside the 

reservoir can be treated as an ideal gas. The ideal gas law is written 

 

 
!" = !"#. (3.30) 

Taking the time derivative of this relation: 

 

 
!! + !! = !!" +!"!. (3.30) 

Inserting Equation 3.25 into the mass flow rate term and Equation 3.30, solved for mass 

into the mass term: 

 

 
!! + !! =

!(! − !!"#)
!! + !!

!" +
!"!
! . (3.31) 

The density ! = !
!
= !

!"
 can be rewritten into Equation 3.31 and rearranging in terms of 

the time derivative of pressure as 

 

 
! =

!(! − !!"#)!"
! !! + !!

+
!!
! − !

!
!  . 

.(3.32) 

In the case of an impact loading, events often occur on the order of milliseconds 

to tens of milliseconds. Because the honeycomb will be loaded in shock, it is assumed 

that all thermodynamic processes are adiabatic as events occur too quickly for heat 

diffusion to occur. In an adiabatic process, the relation between the temperature and 

volume of an ideal gas can be written 

 

 
!!!!! = const., (3.33) 
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where ! is the ratio of specific heats of a gas and is equal to 1.4 for air as an ideal gas 

[28]. Taking the time derivative of this equation and rearranging terms, the rate of change 

of the temperature is 

 

 
! = −

! ! − 1
! !. (3.34) 

Substituting in Equation 3.29, Equation 3.34 becomes 

 

 
! = −

! ! − 1
! !

!
!  . 

(3.35) 

Inserting this result into Equation 3.32 and after some algebra the pressure dynamic 

equation is written 

 

 
! =

!
!

(1− !!"#! )!"

!! + !!
−
!"#
! . (3.36) 

Compiling together Equations 3.26 through 3.36, the dynamical system of equations of 

the physical model is thus 

 

 

! =
!! !! − !

! + ∆!" −!"

! =
!
!

1− !!"#! !"

!! + !! −
!"#
!   

! =
!"
!

! = −
!"# ! − 1

!"   

. 

 

(3.37) 

To simulate a shock input to the system, the payload mass ! will be used to 

represent a falling mass as part of a drop-test rig. The simulation begins at the instant the 

mass makes contact with the face of the honeycomb. At this instant the mass will have an 

initial velocity that can be calculated from conservation of energy. Neglecting friction 

and aerodynamic losses, the potential energy of a mass raised a height !  above a 
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reference altitude is converted entirely into kinetic energy, which can be solved for the 

velocity 

 

 
! = 2!". (3.38) 

The initial momentum of the payload mass is therefore 

 

 
!! = ! 2!". (3.39) 

This allows the initial momentum to be parameterized by the drop height !. Using the 

known initial conditions for pressure, volume, and temperature, the physical system can 

be simulated using a computer numerical solver as will be discussed in the following 

section.  

3.4 COMPUTATIONAL MODELING 

Due to the presence of nonlinear terms in the dynamical system, an analytical 

solution is not possible; therefore, a numerical method must be used to solve the system. 

A common tool to numerically solve ordinary differential equations is the MATLAB 

built-in function ode45. This function uses a Runge-Kutta method of the fourth and fifth 

order simultaneously to enable the use of an adaptive time step, reducing numerical error 

[35].  A MATLAB program has been written to solve the dynamical system using ode45 

for a variety of input parameters such as drop height, orifice size, and damping ratio to 

observe the effects these quantities have on the system. The dynamics of an undamped 

honeycomb is also simulated for comparison. The code for these programs can be found 

in the appendix.  

The simulated shock response of an undamped honeycomb for a drop height of 18 

centimeters can be seen in Figure 3.13. The term undamped is somewhat of a misnomer 

because there is damping in the form of the hysteresis of the honeycombs, but no external 

damping from the fluid damping system. The drop-test mass was set to 0.75 kg and the 

displacement (in millimeters), the velocity (in meters per second), and the acceleration (in 
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g’s) are plotted against time (in seconds). In this simulation, the honeycomb is fully 

compressed, leading to a bottoming out of the honeycomb and a spike in acceleration 

after snap through. The shock profile has a period of about 25 milliseconds and the 

acceleration peaks at over 45 g’s. The snap-through accelerations are less than 15 g’s for 

the first stage and approximately 10 g’s for the second stage, and the snap back 

accelerations are roughly 5-6 g’s for each stage.  

 

FIGURE 3.13: Simulated shock response of an undamped negative stiffness honeycomb 

for a drop height of 18 cm. The snap-through, bottoming-out, and snap-back events are 

labeled appropriately. 

In Figure 3.14, the simulated shock response of the undamped honeycomb for an 

increased drop height of 25 cm is presented. As expected, an increase in drop height, 

which corresponds to an increase in initial velocity by a factor of !
!
!, leads to higher 

accelerations when the honeycomb is bottomed out. Due to the nature of negative 

stiffness honeycombs, the existence of a force threshold imposes a condition of 

predefined acceleration during the snap-through phase. The snap-through accelerations 
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are indeed unchanged between the two simulations, confirming the effect. The peak 

acceleration for this test reaches over 60 g’s, an increase of approximately 30%, and 

snap-back accelerations appear slightly higher. The shock profile for this test has a 

slightly shorter period of 22 milliseconds. 

 

FIGURE 3.14: Simulated shock response of an undamped NS honeycomb for a drop height 

of 25 cm.  

 In the next set of figures, simulation results for a honeycomb with the external 

fluid damping dynamics active are presented. Before discussing these data, it is important 

to note that the system defined in Equation 3.37 resulted in numerical convergence issues 

with the built-in solvers. To work around this, an equivalent alternative set of equations is 

derived in the following manner. The equation for the mass flow rate through the lumped 

orifice and check valve is written in terms of the volume flow rate, which is equal to the 

rate of change of the volume of the honeycomb reservoir: 
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! = ! =

!!!!!
! !∆!. (3.40) 

Squaring both sides, substituting in Equation 3.29 for the time rate of change of volume, 

and solving for !: 

 

 
∆! = !

!
!"#

!
!!. (3.41) 

Inserting this relation into the force balance of the mass, the momentum equation 

becomes: 

 

 
! =

!! !! − !
! + !!

!
!"#

!
!! −!". (3.42) 

Using the adiabatic relations property relations: 

 

 

!!! = const.
!!!!! = const.

 . (3.43) 

Differentiating with respect to time, and again substituting in Equation 3.29: 

 

 
! =

!"#
!" !

! =
! ! − 1 !

!" !
. (3.44) 

The time rate of change of the ideal gas law can be written in the form: 

 

 
! = !!" + !"!. (3.45) 

Inserting the results from Equation 3.43, the rate of change of density is: 

 

 
! =

!
!"

!"
!" − ! ! − 1 !. (3.46) 

Compiling the new equations together, the equivalent system can be seen in Equation 

3.47 and allows the solver to converge on a solution for the simulated shock inputs. 



 60 

 

 
! =

!! !! − !
! + !!

!
!"#

!
!! −!"

! =
!
!"

!"
!"

− ! ! − 1 !

! =
!"#
!" !

! = !
!
!

! =
! ! − 1 !

!"
!

. (3.47) 

 The simulated response of the damped honeycomb for a drop height of 18 

centimeters can be seen in Figure 3.15. In this simulation, a damping ratio of 2:1 was 

imposed meaning that the damping coefficient !
!"#

!
is two times higher on the rebound 

than in compression. This effect would be equivalent to placing an orifice on the exhaust 

line of the fluid system with a larger diameter than the intake orifice with the goal of 

quick absorption of the input and gentle rebound. Some immediate differences between 

this response and that of the undamped honeycomb are the lack of an acceleration spike 

and an increase in snap-through acceleration of the first stage. The system is also much 

slower to respond with a period of about 45 milliseconds, which is double that of the 

undamped honeycomb for the same drop height.  



 61 

 

FIGURE 3.15: Simulated shock response of a damped NS honeycomb with a 2:1 damping 

ratio for a drop height of 18 cm. The drop height does not have enough energy to fully 

bottom out the system. 

The lack of an acceleration spike means that the honeycomb did not fully 

compress suggesting that exhaust damping increases the capacity of the honeycomb in 

exchange for slightly higher snap through accelerations. Physically, this is likely due to 

the compressibility of the air inside the reservoir as the flow resistance of the exhaust 

orifice allows the reservoir pressure to build when the honeycomb is compressed, 

creating an air spring effect. This effect leads to an increase in stiffness of the system and 

also some work must be done in compressing the air, increasing the internal energy of the 

air, which is carried away from the system when the air is exhausted. The snap-back 

accelerations are reduced to approximately 4 g’s, where the first snap-back is hardly 

noticeable. Based on these observations, some preliminary conclusions can be made 
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about adding the external damping system. The damped honeycomb has the benefit of 

increased energy absorbing capacity and reduced snap-back accelerations. Of course, 

there are always tradeoffs in changing system parameters and the slower response time of 

the damped honeycomb could impact its capacity for repeated shock loadings, especially 

of higher frequency.  

 The simulated response of the damped system for a drop height of 25 centimeters 

is presented in Figure 3.16. In this simulation, the increase in drop height was enough to 

cause the damped system to fully bottom-out as evidenced by the existence of a third 

acceleration peak following the two snap-through peaks. The first snap-through peak is 

higher in this event than it is for the 18 cm drop test simulation. This is further 

confirmation of the effects of the compressibility of the reservoir air resulting in a 

component of dynamic stiffness. Physically, this can be reconciled by considering the 

volume flow rate of air through an orifice. If a greater amount of air is being forced 

through a restriction it requires a higher pressure to drive the process. An increase in the 

reservoir air pressure results in a higher force exerted on the mass by the reservoir, which, 

in turn, increases the acceleration. The snap back accelerations are again reduced to 3 to 4 

g’s due to the intake damping and the period is approximately 40 milliseconds. A direct 

comparison of the shock profiles of the damped and undamped honeycombs can be seen 

in Figure 3.17. 
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FIGURE 3.16: Simulated shock response of a damped NS honeycomb with a 2:1 damping 

ratio for a drop height of 25 cm.  

 

FIGURE 3.17: Comparison of the acceleration shock profiles of the damped and undamped 

honeycombs for a drop height of 25 centimeters.  
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 A final set of simulations was performed to observe the predicted response of a 

honeycomb system that is not externally damped in compression, but damped on the 

rebound. In the system settings, the compression damping term is set to zero while the 

rebound damping is unchanged, establishing an “infinite” damping ratio. In reality this is 

not physically realizable due to the flow resistance inherent in the check valves that direct 

the flow unless a valve is used with a very a very high flow coefficient, resulting in 

minimal loss. Nonetheless, these experiments were performed to observe the extremes of 

the effects, resembling a close-to-ideal system. In Figures 3.18 and 3.19, the shock 

response of the infinite-ratio system can be seen for drop heights of 18 and 25 

centimeters, respectively.  

 

FIGURE 3.18: Simulate shock response of a damped NS honeycomb with an infinite 

damping ratio for a drop height of 18 cm. 
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FIGURE 3.19: Simulated shock response of a damped NS honeycomb with an infinite 

damping ratio for a drop height of 25 cm. 

 In the response of the 18-centimeter simulation, the mass saw a peak acceleration 

of 45 g’s with snap-through accelerations of around 15 and 10 g’s for the first and second 

stages, respectively; these acceleration levels are identical to those in the undamped 

honeycomb simulations as in Figures 3.13 and 3.14. The snap-back accelerations were 

exceptionally low in comparison to the other systems. In the 25-centimer simulation, the 

bottomed-out acceleration peak was over 55 g’s, but maintained very low snap-back 

accelerations by comparison. As expected, the lack of external damping on the 

compression stroke causes the system to be less stiff than the system with a 2:1 damping 

ratio. This, of course, reduces the energy absorption capacity of the system in exchange 

for lower snap-through accelerations as well as reduced snap-back accelerations. 

Therefore, as long as the system is used within its limits, it can provide superior overall 

performance to the more heavily compression-damped system, creating an incentive to 
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pursue low resistance valves in order to realize lower compression stiffness. Overall, the 

modeling produced interesting results that can be explained physically and provide 

insight into the potential effects of adding differential fluid damping to the negative 

stiffness honeycombs. These results will be compared with actual results from physical 

testing that will be outline in the next chapter. 
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Chapter 4 

 

Experimental Setup 
 
 

4.1 EQUIPMENT 

To measure the effects of a shock loading on both damped and undamped 

negative stiffness honeycombs, a series of drop-test experiments was performed using the 

apparatus designed by Bostwick [11]. A picture of the drop-test apparatus can be seen in 

Figure 4.1 (a). The rig consists of an aluminum frame supporting two upright hardened 

steel rails on which recirculating linear ball bearings ride. The bearings are bolted to a 

polymeric block that enters a state of near free fall when released from a predetermined 

height. When the block is released, it is allowed to fall onto a honeycomb and the impact 

accelerations of the drop-block are measured using a Piezotronics PCB 352C03 ICP 

accelerometer. The test rig has two different drop-blocks that can be used: a low mass 

block and a high mass block. In these experiments, the stiffness of the honeycombs is too 

high for the low mass block, which cannot fully actuate the beams, even at the highest 

possible drop height, so the high mass drop-block was used exclusively. 

 Accurate testing of the honeycombs requires that other damping mechanisms are 

constrained as much as possible. The test rig is constructed in such a manner that it has 

high mass and good rigidity relative to the honeycomb samples. The bottom faces of the 

honeycombs are fastened to the structure using custom plastic clips that fit tightly onto 

the steel base plate and slide firmly into the space around the short columns that couple 

the apex of the beams to the bottom face. The clips are further anchored to the base plate 

with adhesive tape. The setup can be seen in Figure 4.1 (b) below.  
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(a) (b) 

FIGURE 4.1: (a) The drop test apparatus used to experiment on negative stiffness 

honeycombs, (b) means of fastening the honeycomb bottom face to the test rig base plate. 

 To capture the acceleration data digitally, a measurement circuit was set up by 

Bostwick [11]. A signal block diagram of the measurement system can be seen in Figure 

4.3. When the drop-block is released from the desired test height, it accelerates under the 

influence of gravity until it strikes the top face of a honeycomb sample. The honeycomb 

slows the drop-block and the accelerations are sensed by the accelerometer by way of the 

piezoelectric effect. The accelerometer is a ceramic shear-type integrated circuit 

piezoelectric (ICP) sensor, and it operates by using the inertia of a mass fused to a 

ceramic crystal that produces a voltage when deformed in shear by the mass as it is 

accelerated [36].   
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FIGURE 4.2:  Signal block diagram of measurement system.  

The voltage signal is amplified by a microelectronic amplifier circuit embedded 

within the transducer and propagated down a BNC coaxial cable to the signal conditioner. 

The signal conditioner, a PCB Piezotronics 482C, both amplifies the output signal of the 

sensor and also provides a constant current source to the sensor to power the integrated 

circuit. The amplified signal then passes to a data acquisition system (DAQ), a National 

Instruments cDAQ-9178 multi-channel modular chassis with a NI 9234 analog signal 

acquisition module that samples the signal and sends it to the CPU via a USB connection. 

A LabVIEW interface is used to filter, visualize, and record the digitized data and also set 

the sampling rate and number of samples to record. By sampling the acceleration signal 

at a known rate, a time history of the acceleration is created so that the shock profile can 

be constructed. Using this setup, several interesting characteristics of the shock response 

of both the externally damped and undamped honeycombs can be investigated.  

4.2 MEASUREMENTS 

The aspects of the shock response of the honeycombs investigated were the peak 

acceleration, the snap-through and snap-back accelerations, and the pulse width or period 

of the shock profile. In the full event, the honeycomb is initially compressed to some 

degree, absorbing the kinetic energy of the falling mass. The honeycomb then recovers, 

dissipating some energy in the process, but transferring the remaining energy back into 

the mass. This process repeats until all of the energy in the system is dissipated, causing a 
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transient oscillation of the honeycomb. As demonstrated in Figure 4.4, the initial 

response of a honeycomb is significantly higher than the subsequent oscillations. The 

shock profile of the first pulse is the primary region of interest in the analysis of the 

acceleration history, as a full snap-through typically occurs only in this initial pulse, 

dissipating a majority of the energy. Some characteristics of the full acceleration history 

that will be considered are the settling time and number of oscillations to equilibrium to 

determine if the integrated damping system improves these aspects. 

 

FIGURE 4.3:  Example of a shock response of a negative stiffness honeycomb in a drop 

test. The vertical (acceleration) axis is measured in g’s and the horizontal (time) axis is 

measured in seconds.  

 Prior to conducting the dynamic experiments, a quasi-static force-displacement 

test was performed on the undamped honeycomb and honeycomb with diaphragm 

attached to determine how the adhesive and RTV sealant affect the stiffness of the 

honeycombs. These data were also used to provide the constitutive relationship of the 

beams for the purpose of modeling, as discussed in Chapter 3. As can be seen in Figure 

4.5, the honeycomb with diaphragm, adhesive, and sealant has a higher force threshold 
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by about 10%. A higher force threshold theoretically increases the energy absorbing 

capacity, but also increases snap-through accelerations. The dynamic behavior of a 

honeycomb with the diaphragm, adhesive, and sealant is also expected to be different 

from that of a bare honeycomb, and so a series of drop-tests comparing the dynamic 

performance of each was performed as discussed in the next section. 

 

(a) 

 

(b) 

FIGURE 4.4:  Comparison of the quasi-static force-displacement relationship of: (a) a bare 

honeycomb and, (b) a honeycomb with diaphragm adhered and sealed. 
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In Figure 4.6, several distinct events can be discerned in the initial pulse, and 

these bear a familiar resemblance to the numerical simulation results in Chapter 3. At the 

beginning of the pulse, there are two distinct peaks that correspond to the snap-through 

acceleration of the first and second layers of the honeycomb. Immediately following 

these, a high magnitude sharp peak in acceleration corresponds to a bottom-out event in 

which the honeycomb is fully compressed and a very high stiffness configuration results. 

On the down slope of the bottom-out peak, the honeycomb has begun to recover and the 

following two peaks correspond to the snap-back of each layer. The accelerations 

corresponding to each event have been found to vary slightly between drops so a 

statistical average will be taken from multiple trials. As discussed in Chapter 1, the 

primary goal of this work is to investigate the effectiveness of an integrated damping 

system on mitigating snap-back accelerations. As such, focus will be placed on the 

comparison of average snap-back acceleration as a function of orifice diameter, which 

will be discussed in the following section. 

 

FIGURE 4.5:  Example of the initial pulse of the response of a negative stiffness 

honeycomb in a drop test. 
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4.3 DAMPING EXPERIMENTS 

In the experimentation phase, three basic tests were conducted to characterize the 

dynamics of various aspects of the externally damped honeycomb. As noted in the 

previous section, the addition of the diaphragm to the honeycomb had a measurable effect 

on the stiffness of the honeycomb, due to the adhesive and sealant, and it was suspected 

that the dynamic behavior would be similarly affected. Additionally, fluid transport 

components such as tubing and fittings introduce losses into a fluid flow similar to an 

orifice or other flow restriction. These losses are classified as “minor losses” and are 

associated with sudden and gradual expansions or contractions of a flow, bends, elbows, 

and tee fittings, and valves [20]. Major losses are associated with the frictional losses of 

fluids flowing through pipe and may be ignored for very short sections of pipe and tubes. 

The effects of the diaphragm and adhesives, tee fittings, and check valves were observed 

by first testing a bare honeycomb sample to establish a baseline, and then adding each 

component individually and comparing the shock profile for each result. The analyses of 

these tests are primarily qualitative in nature to determine the validity of certain 

assumptions such as ignoring the minor losses of the tee fittings and accounting for 

pressure drop across the check valves.  

The second series of tests were performed to explore the effect of orifice size on 

snap-back acceleration. Referring to Equation 2.23, the mass flow rate of a fluid through 

an orifice is a function of discharge coefficient, pressure difference across the orifice, 

fluid density, and the cross sectional area of the orifice opening. All orifices used in the 

experiments are of circular cross section so the orifice area is simply 

 

 
!! = !

!!
2

!

. (4.1) 

A decrease in orifice diameter causes a reduction in the mass flow rate, assuming all 

other parameters remain unchanged. Similarly, according to Equation 2.23, if the orifice 

diameter is reduced by a factor of two, then the differential pressure must be increased by 
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a factor of sixteen to maintain the same mass flow rate under otherwise identical 

conditions. For the tests, seven nylon orifice fittings of various diameters were selected 

and a list of the orifice sizes can be seen in Table 4.1. For each orifice fitted to the intake 

line, the damped honeycomb system was subjected to five drop-test trials and an 

additional trial without any orifice in place. The shock time history was recorded for later 

comparison of the snap-back accelerations and any other noticeable trends that might 

occur with various orifice sizes in place.  

Orifice Diameter (mm) 

1.60 

1.02 

0.71 

0.51 

0.25 

0.18 

0.10 

TABLE 4.1:  List of all orifice sizes by diameter used in damping experiments. 

 In the final series of tests, the effect of damping ratio on shock performance was 

observed. In this work, the damping ratio is defined by the ratio of the intake orifice 

diameter to the exhaust orifice diameter. For example, a damping ratio of 2 describes a 

system with an exhaust orifice that is twice the diameter of the intake orifice, and an 

“infinite” damping ratio would describe a system with no exhaust orifice. In the 

simulations outlined in Chapter 3, the damping ratio had a significant effect on system 

performance, such that a 2:1 damping ratio increased snap-through accelerations, but 

reduced bottom-out accelerations, thereby increasing the overall energy capacity of the 

honeycomb. To test the experimental effects of damping ratio on shock performance, the 

0.178 mm diameter orifice was fitted to the intake line while orifices of various sizes 
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were fitted to the exhaust line and subjected to drop tests, continuing with the procedure 

of performing five trials for each damping ratio. The minimum value of the damping ratio 

was limited to one as the construction of the damped honeycomb system had limitations 

in compression. When a damped honeycomb with a relatively small exhaust orifice is 

compressed very quickly, the air pressure inside the reservoir can build up faster than the 

orifice can relieve this pressure. If the pressure becomes too great, the seal or the 

diaphragm of the honeycomb may burst, causing a loss of performance and requiring 

repair. To avoid this, the exhaust orifice was limited to a minimum of 0.254 mm 

providing a minimum damping ratio of 10:7. Table 4.2 lists all of the exhaust orifice sizes 

and corresponding damping ratios in the experiments.  

Exhaust Orifice Diameter (mm) Equivalent Damping Ratio 

1.60 9:1 

1.02 5.7:1 

0.71 4:1 

0.51 2.9:1 

0.25 1.4:1 

TABLE 4.2:  List of all damping ratios used in experiments. 

 These experiments are intended to benchmark the performance of the concept of a 

negative stiffness honeycomb with a built-in air damping system. It was expected that 

decreasing intake orifice diameter would lead to reduced snap-back accelerations, and 

that the presence of an exhaust orifice would lead to increased energy capacity and higher 

stiffness. When performing the experiments, a drop height was chosen that would cause 

the damped honeycomb to be fully actuated, but avoid excessive accelerations caused by 

bottoming-out. A drop height of approximately 10 centimeters was found to exercise the 

full travel of the damped honeycombs and minimize bottom-out accelerations. The results 

and analysis of these experiments are presented in the following chapter.  
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Chapter 5 

 

Experimental Results 
 

5.1 RESULTS AND ANALYSIS 

In the first set of experiments, the effects of the fluid components and adhesives 

on the dynamic response of the damped honeycomb were examined. As discussed in the 

previous chapter, a bare honeycomb, see Figure 5.1(a), was first subjected to a drop test 

and the acceleration history recorded. The total mass of the drop-block was 2.34 kg, 

which includes the mass of the linear bearings, and was dropped from a height of 10 cm. 

This procedure was repeated for five trials, allowing for a 30-second pause between each 

test. In the second round, a honeycomb with a diaphragm adhered to the edges, and with 

a reservoir valve and fitting mounted, was subjected to the same procedure, see Figure 

5.1(b). In the third and fourth rounds, the procedure was repeated for a honeycomb with 

the tee fitting attached to the reservoir valve, Figure 5.1(c), and again for a honeycomb 

with the check valves in place, Figure 5.1(d).  

 

FIGURE 5.1: Progression of the addition of fluid damping components to a honeycomb. 

(a) Bare honeycomb, (b) diaphragm added, (c) tee fitting added, (d) check valves added. 

(a) (b) 

(c) (d) 
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FIGURE 5.2: Complete measured acceleration time series (a) and gated time series of the 

initial pulse (b) for the bare negative stiffness honeycomb of Figure 5.1(a). 

From the results of these tests, it was found that the addition of the diaphragm and 

the check valves had a significant effect on the dynamic behavior of the negative stiffness 

honeycomb. When the bare honeycomb was subjected to the shock loading, there was 
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enough energy to overload the honeycomb causing it to bottom-out, as can be seen in the 

acceleration history in Figure 5.2(b). The acceleration time-series of all drop tests 

conducted in this work can be found in Appendix B. Example time-gated acceleration 

measurements surrounding the initial pulse for a single trial for each case are shown in 

Figure 5.3.  Peak values associated with each event illustrated in Figure 5.2(b) were 

extracted for each trial and the mean values and standard deviations are shown in Table 

5.1.  

 

FIGURE 5.3: Comparison of sample trials for each configuration. The bare honeycomb has 

much higher peak acceleration, while the check valve configuration experiences the 

lowest. 
Honeycomb 

Configuration 
Peak Bottom-Out 

Acceleration (g): Mean (Std. 
Dev., Rel. Std. Dev.) 

Max. Snap-
Through Accel. 

(g) 

Max. Snap-Back 
Accel. (g) 

Bare Honeycomb 26.6 (0.9, 0.03) 7.55 (0.24, 0.032) 5.74 (0.47, 0.081) 
Diaphragm Only 15.3 (0.2, 0.01) 8.53 (0.41, 0.048) 3.34 (0.047, 0.014) 
Tee Fitting 15.4 (0.4, 0.03) 8.28 (0.11, 0.013) 3.40 (0.053, 0.016) 
Check Valves 11.1 (0.7, 0.06) 8.33 (0.12, 0.015) 3.39 (0.080, 0.024) 

TABLE 5.1: Mean accelerations and standard deviations for the three events illustrated in 

Figure 5.2(b), for the four honeycomb configurations of Figure 5.1. 
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The addition of a diaphragm causes the energy absorbing capacity of the 

honeycomb to increase, as the bare honeycomb bottomed out with significantly higher 

peak accelerations than seen in the other configurations. It is thought that this is caused 

by the adhesive, sealant, and diaphragm absorbing energy upon deformation and this 

energy requirement is estimated in the following manner. At the instant the mass contacts 

the honeycomb top face, its velocity (and kinetic energy) can be computed with Equation 

3.38. When dropped from a height of 10 centimeters, a falling body would be traveling at 

roughly 1.41 m/s, so a mass of 2.34 kg would have a total kinetic energy of 

approximately 2.3 J. By numerically integrating the area under the snap-through 

acceleration history for both the bare and diaphragm-laden honeycombs, a velocity 

difference between the two can be estimated for the velocity just prior to bottoming out. 

The velocity change that the mass undergoes in the bottoming-out event is also calculated 

as a means of validation of the first set of velocity calculations through kinematics. That 

is, the sum of the velocity changes in the snap-through and bottom-out events should be 

equal to the initial velocity of the mass within some error. Table 5.2 contains the velocity 

and corresponding energy estimations as discussed. 
Honeycomb 

Configuration 
Snap-through ΔV (m/s): Mean 

(Std. Dev., Rel. Std. Dev.) 
Kinetic Energy 
Absorbed (J) 

Bottom-out ΔV 
(m/s) 

Bare Honeycomb 0.51 (0.0089, 0.018) 0.30 0.93 (0.040, 0.043) 
Diaphragm Only 0.65 (0.011, 0.017) 0.49 0.83 (0.021, 0.074) 

TABLE 5.2: Average velocity change experienced by mass during snap-through, energy 

absorbed by honeycomb in snap-through, and average velocity change during bottom-out 

events.  

At the end of the bottom-out event, the mass should come to rest momentarily, 

resulting in a velocity of zero, and a total velocity change of 1.41 m/s. From Table 5.2, 

the sum of the velocity changes incurred during snap-through and bottom-out come out to 

an average of about 1.46 m/s, which is higher than the theoretical velocity, and is not 

fully explained by the calculated error. This is thought to be due to the error in the 
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measured drop-height, which is measured using a rule with 1-mm graduations from the 

bottom of the drop-block to the top face of the honeycomb. Accounting for the 

limitations in the precision of the rule, the error in the theoretical initial velocity is 

approximately 0.01 m/s.  Friction losses in the sliding mechanism that constrains the drop 

weight to vertical motion have not been accurately assessed, but it is possible that it 

accounts for most of the rest of the deviation, bringing the error within acceptable bounds. 

Taking the difference of the absorbed kinetic energies between the bare honeycomb and 

the honeycomb with diaphragm, the data suggest that the adhesive, sealant, and the 

diaphragm itself absorb approximately 0.19 J of energy when the honeycomb is fully 

deformed, which is around 8% of the total initial energy in the system.  

Referring back to Table 5.1, it is clear that the addition of the tee fitting to the 

honeycomb does not have a significant effect on the dynamic behavior. Therefore, the 

minor losses due to the change in direction of the airflow through the fitting are 

negligible, as expected. The check valves, on the other hand, were observed to have a 

substantial effect on the energy absorbing capacity of the honeycombs. These valves 

require a 0.5-psi pressure differential across the valve in order to be opened. This would 

allow for an increase in the air pressure inside the reservoir and for some of the energy of 

the falling mass to go into compressing the air. Thus, the increased energy absorbing 

capacity of the honeycomb with check valves can be attributed to the compressibility of 

air inside the reservoir and the minor flow losses of the valves. This concludes the 

discussion of the first set of experiments characterizing the components of the fluid 

damping system not including flow resistive orifices. 

In the second set of experiments, the effect of the intake orifice diameter on snap-

back accelerations was explored.  It was hypothesized that if the intake orifice diameter is 

decreased, then snap-back accelerations will be reduced. As the damped honeycomb 

snaps back into the equilibrium position, it draws a partial vacuum inside the reservoir, 

creating a resistive force. A smaller orifice diameter requires a higher pressure 
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differential across its ends for a given mass flow rate and so more force is required to pull 

air through the orifice, resulting in a higher vacuum inside the reservoir, and therefore a 

higher resistive force. A table of the average accelerations for each orifice diameter is 

presented below in Table 5.3. 
Intake Orifice 

Diameter (mm) 
Peak Bottom-Out 

Acceleration (g): Mean (Std. 
Dev., Rel. Std. Dev.) 

Snap-Through Accel. 
(g) 

Snap-Back Accel. 
(g) 

No Orifice 11.1 (0.7, 0.06) 8.33 (0.12, 0.015) 3.39 (0.080, 0.024) 
1.60 9.11 (0.065, 0.007) 7.66 (0.077, 0.010) 3.26 (0.040, 0.012) 
1.02 9.63 (0.71, 0.074) 7.51 (0.084, 0.011) 3.25 (0.057, 0.018) 
0.71 9.53 (0.35, 0.018) 7.48 (0.14, 0.018) 3.15 (0.039, 0.012) 
0.51 10.24 (0.35, 0.034) 7.39 (0.059, 0.008) 3.07(0.030, 0.010) 
0.25 9.60(0.60, 0.062) 7.83 (0.21, 0.027) 2.87 (0.034, 0.012) 
0.18 9.36 (0.44, 0.049) 7.82 (0.17, 0.021) 2.84 (0.013, 0.005) 
0.10 9.40 (0.33, 0.035) 7.57 (0.34, 0.045) 2.82 (0.023, 0.0083) 

Grand Mean 9.55 (0.67, 0.070) 7.61 (0.52, 0.068)  

TABLE 5.3: Effect of orifice size on mean accelerations and standard deviations. 

When determining the maximum snap-back accelerations, some anomaly in the 

acceleration time-series data was identified. The acceleration time-series for one trial of 

the honeycomb without an intake orifice installed can be seen in Figure 5.4. Prior to the 

snap-back event, the accelerometer data contains negative accelerations; however, 

because the drop-block and honeycomb are not mechanically coupled, it is not possible 

for the honeycomb to impart a negative acceleration on the drop-block. It was also found 

that after the honeycomb has fully recovered, the accelerometer signal does not 

immediately return to its bias voltage (which is close to a zero voltage), but instead 

(relatively) slowly decays back towards the bias voltage. Several potential error sources 

have been considered in an attempt to eliminate this behavior, but no definitive 

conclusion has been made at this time as to what the source of the return to zero error is. 

Based on the analyses presented in previous work using similar or identical equipment, it 

has been determined that the raw values of the acceleration data at each peak can be 
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trusted, and these are the values reported in this work. In the future, efforts will be made 

to determine and mitigate the source of the accelerometer data error. 

 

FIGURE 5.4: Acceleration time-series of the first pulse for a negative stiffness honeycomb, 

demonstrating occurrence of negative accelerations. 
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 From the results in Table 5.3, there is a positive trend between orifice size and 

average maximum snap-back acceleration, whereby decreasing orifice size causes a 

reduction in the maximum snap-back acceleration. Using the 0.18 mm or 0.10 mm 

diameter orifice, it was observed that the maximum snap-back acceleration could be 

reduced by approximately 17% compared to a honeycomb with no intake orifice installed. 

A plot of acceleration as a function of orifice diameter can be seen in Figure 5.5, which 

shows that by decreasing intake orifice diameter, the maximum snap-back acceleration 

can be reduced. However, a diminishing increase in performance is seen for the smallest 

orifices, so the 0.10 mm orifice size does not have markedly improved performance over 

the 0.18 mm or 0.25 mm orifice sizes. The effect of the orifice on the maximum snap-

back acceleration is not as strong as was originally expected, but there is another aspect 

where the orifice does provide a substantial improvement over the undamped honeycomb, 

which will be discussed shortly. 

 

FIGURE 5.5: Effect of orifice diameter on maximum snap back acceleration. The error 

bars denote the standard deviation on each data point. 
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 The metric of maximum snap-back acceleration used to characterize the 

effectiveness of the orifice does not fully describe how the orifice affects the dynamics of 

the honeycomb. Because of the two-layer design, both the snap-through and snap-back 

events can be subdivided into two separate events in which one layer snaps in sequence 

after the other. Figure 5.6 demonstrates how the presence of an orifice slightly reduces 

the higher first layer snap-back acceleration, as discussed earlier, but greatly reduces the 

snap-back acceleration of the second layer. By examining how the damped honeycomb 

behaves when compressed manually, it was concluded that the first layer snap-back is not 

as diminished as the second layer because the first layer must create a partial vacuum in 

the midst of the snap-back event. However, after the first layer snaps back into position, 

the pressure inside the reservoir is significantly reduced, creating a much higher force 

that resists the snap-back of the second layer. The only significant force resisting the 

snap-back of the first layer is the flow resistance of the orifice, whereas the second layer 

must fight against both a vacuum and the flow resistance of the orifice, greatly reducing 

the rate at which it can snap back. Thus, the orifice has a greater effect on the second 

layer snap-back which is an important consideration in multi-layer devices. As stated 

earlier, there is room for improvement in the overall performance of the damped 

honeycomb of this type and there are several suggestions for how to improve the 

performance in the discussion section. 
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FIGURE 5.6: Effect of 0.18 mm intake orifice on snap-back acceleration.  

 In the third set of experiments, the effect of placing an orifice on the exhaust line 

was explored in what is termed the damping ratio of the integrated fluid damping system. 

In these experiments a 0.18 mm diameter orifice was installed on the intake line and a 

range of orifice sizes installed on the exhaust line and the honeycomb subjected to drop 

testing. In these experiments, only four trials were conducted for each damping ratio 

category to limit the wear on the diaphragm seal. Table 5.4 outlines the results of the drop 

tests in a similar manner to Tables 5.3 and 5.1. From the results in Table 5.4, there 

appears to be a dependence of snap-through acceleration on exhaust orifice diameter in 

that reducing the damping ratio (by reducing the exhaust orifice diameter) leads to an 

increase in snap-through accelerations. A similar effect was seen in the simulations in 

Chapter 3, and it is speculated that restricting the exhaust flow allows for an increase in 

air pressure inside the reservoir as the honeycomb is deformed, creating an air spring 

effect. The increase in pressure causes a resistive force against compression and 

combining this force with the flow resistance of the exhaust orifice, more impact energy 

would be absorbed and dissipated during snap-through with a smaller exhaust orifice. 
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Damping Ratio Peak Bottom-Out Acceleration 

(g): Mean (Std. Dev., Rel. Std. 
Dev.) 

Snap-Through 
Accel. (g) 

Snap-Back Accel. 
(g) 

No Orifice 9.36 (0.44, 0.049) 7.82 (0.17, 0.021) 2.84 (0.013, 0.005) 
9:1 10.33 (0.034, 0.0033) 7.72 (0.23, 0.030) 2.92 (0.069, 0.023) 

5.7:1 10.32 (1.043, 0.10) 7.81 (0.17, 0.022) 2.94 (0.038, 0.013) 
4:1 9.92 (0.55, 0.053) 7.87 (0.23, 0.029) 2.90 (0.026, 0.09) 

2.9:1 10.20 (0.32, 0.032) 8.10 (0.25, 0.031) 2.93 (0.049, 0.017) 
1.4:1 9.87 (0.36, 0.037) 8.53 (0.34, 0.040) 2.93 (0.047, 0.016) 

Global Mean 10.13 (0.46, 0.045) 8.06 (0.23, 0.029) 2.92 (0.013, 0.005) 

TABLE 5.4: Effect of damping ratio on mean accelerations and standard deviations. 

 

FIGURE 5.7: Plot of the inverse damping ratio vs. average snap-through acceleration over 

four trials. The error bars denote the standard deviation on each data point. 

In Figure 5.7, a plot of the average snap-through acceleration vs. the inverse of 

the damping ratio suggests a linear trend in this representation of the data. This is simply 

a visual representation of the conclusion that an exhaust orifice causes an increase in 

snap-through accelerations, but it is not immediately obvious why this effect would be 

useful. To further investigate how exhaust orifice diameter can improve system 

performance, the drop height was increased to 12 centimeters and several drop tests 
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performed comparing a honeycomb with a 1.02 mm diameter exhaust orifice installed 

with a honeycomb with no orifice in place. It was found that increasing the drop height 

caused the honeycombs to bottom-out harder than a lower drop height due to the greater 

amount of energy in the system. One notable difference between the undamped and 

exhaust-damped honeycomb was that the peak acceleration associated with bottoming-

out was markedly reduced as can be seen in Figure 5.8. This phenomenon is thought to be 

a consequence of the air spring effect discussed previously and is evidence for increased 

energy capacity of the exhaust-damped honeycombs. 

 

FIGURE 5.8: Effect of 1.02 mm-diameter exhaust orifice on acceleration time-series. 

 One final feature of the damped honeycombs that was investigated was how 

quickly the oscillations die out as a function of orifice diameter and damping ratio. It was 

observed that changing the intake orifice diameter did not yield a consistent result for 

transient time to equilibrium; there was no observed correlation between intake orifice 

size and settling time. However, in the damping ratio experiments, it was found that 

decreasing the exhaust orifice diameter did have a repeatable effect on transience and this 
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effect can be seen in Figure 5.9. In the experiments, the honeycomb with the 0.25 mm 

diameter exhaust orifice installed consistently experienced a shorter settling time than 

with the other orifices. The reason for this may be that the presence of an exhaust orifice 

enhances the energy dissipation due to the fact that orifice damping occurs in both 

directions of the actuation of the honeycomb. Due to the compressibility of the reservoir 

air, work must be done in compressing the air on the down-stroke and this energy is 

dissipated as the air escapes through the exhaust orifice. This effect must be much greater 

in smaller orifices to explain why the 0.25 mm diameter orifice showed such a 

pronounced difference in comparison with the other larger orifices. 

 

FIGURE 5.9: Effect of orifice diameter on transient decay of motion. 

 This concludes the presentation of the experimental results. To summarize, three 

sets of experiments were conducted to characterize the effects of the integrated air 

damping system concept on shock isolation performance. In the first series of drop tests, 
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effects on the shock response. It was found that the adhesive, sealant, and diaphragm 
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material increase system stiffness and energy absorbing capacity, and the check valves 

have notable flow resistance. In the second series of tests, the intake orifice diameter was 

varied to observe its effect on maximum snap-back acceleration. The results suggest that 

smaller orifice diameters do lead to a decrease in snap-back acceleration on the order of 

10%. In the last series of tests, an exhaust orifice was added to define a damping ratio 

system parameter and its effects on snap through acceleration were explored. These 

results suggest that decreasing the exhaust orifice diameter increases the energy capacity 

of the damped honeycomb and decreases the transient settling time of the response.  

5.2 MODEL VALIDATION 

In Chapter 3, a mathematical model of the externally damped honeycomb system 

was derived and examined for three cases at two different drop heights; one for an 

undamped honeycomb, one for a damped honeycomb with a 2:1 damping ratio, and one 

for a damped honeycomb with infinite damping ratio. In the following cases, the model 

will be adapted to more closely resemble the real behavior seen in the drop tests 

discussed in the previous section. 

One major change to the model was the addition of viscoelastic terms in an 

attempt to account for the added stiffness and damping properties of the adhesive, 

silicone sealant and diaphragm material itself. A simple Kelvin model was assumed and 

added between the mass and ground. In the Kelvin model for viscoelasticity, a material is 

modeled as an elastic element K and a viscous element b coupled in parallel as can be 

seen in Figure 5.10 [33]. The viscoelastic terms were inserted into the state-space model 

(Equation 3.47) to yield 
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From manual inspection of the materials, it was found that both the adhesive and sealant 

exhibited very low viscous qualities. When bending samples of the adhesive and sealant 

and then releasing them suddenly, the samples sprung back very quickly to the original 

position, slowing only slightly as they returned to equilibrium. Based on these 

observations, the viscous term was assigned a much lower value than the elastic term. An 

elastic stiffness coefficient of ! = 1.5 N/mm and a damping coefficient of ! = 14 N-s/m 

were used in the numerical simulations with the viscoelastic terms included. 

 

FIGURE 5.10: Updated mechanical system model including viscoelastic material 

properties. 
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After adding the Kelvin element to the modeling equations, various modeling 

parameters were adjusted iteratively until the simulation results began to appear similar to 

actual test results by manual inspection. The final modeling parameters used to generate 

the following results can be found in the Model ODE function code in Appendix A. A 

sample result of the updated model can be seen in Figure 5.11. In this particular run, the 

snap-through accelerations were approximately 8.2 g with a peak acceleration of just over 

18 g and a maximum snap-back acceleration of 3.15 g. The intake orifice diameter 

modeling parameter was set to 0.51 mm with the damping ratio parameter set to infinity 

while all other modeling parameters were left unchanged. When compared to the 

experimental data for a trial run of a honeycomb with a 0.51 mm diameter intake orifice, 

it can be seen that the model captures most of the dynamics quite well. The duration of 

the initial pulse deviates from the experimental result by roughly 5%, and the model 

overestimates both the snap-through and bottom-out peaks. The overestimation of snap-

through stiffness is likely due to the addition of the viscoelastic stiffness being too high; 

however, if this quantity is reduced, the bottom-out acceleration increases significantly. 

The difference in the experimental and simulated bottom-out accelerations is thought to 

be due to friction in the real system slowing down the drop block to a speed less than that 

of free fall. Thus, the model can be run with a lower initial velocity to compensate for the 

effects of friction and drag.  
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FIGURE 5.11: Sample simulation result using updated model compared to sample 

experimental result for 0.51 mm intake orifice for the snap-through event. 

The updated model was then used to simulate the damping experiments discussed 

in the previous section. In the first set of simulations, the damping term on the exhaust 

stroke was set to only consider damping due to the flow resistance of the check valves, 

while the orifice diameter was varied through the same range as in the experiments. The 

range of intake orifice diameter parameters used to generate these data can be found in 

Table 4.1. In the second set of simulations, the intake orifice damping term was fixed for 

an orifice diameter of 0.18 mm and the damping ratio modeling parameter was varied to 

simulate the same damping ratios used in the last set of experiments. The range of 

damping ratio parameters used to generate these data can be found in Table 4.2. 

In simulating the effect of intake orifice diameter on snap-back acceleration, a 

trend was seen in which decreasing orifice size caused a decrease in the acceleration, 

similar to what was seen experimentally. Figure 5.12 displays a plot of maximum snap-

back acceleration vs. intake orifice diameter, and by inspection, the data demonstrates 

that for larger orifice diameters there is not much change in the level of acceleration until 
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the 0.51 mm orifice is used. Between the 0.51 mm and 0.18 mm diameter orifices, there 

is a somewhat steady decrease in acceleration, but when the smallest orifice is used, the 

acceleration decreases dramatically. This sudden drop off in the acceleration was not 

observed in the physical tests, where the actual results were more similar to those of the 

first six data points instead. The computer simulations predict significantly better 

performance than was realized for the smallest orifice diameter and so it is speculated 

that changes in the design of the integrated damping system could improve performance.      

 

FIGURE 5.12: Effect of intake orifice diameter on maximum snap-back acceleration via 

simulation using equations 5.1. The orifice diameter modeling parameter and remaining 

input parameters can be found in Table 4.1 and Appendix A, respectively. 

 In the damping ratio simulations, a strongly linear trend was seen between the 

inverse of the damping ratio and the maximum snap-through acceleration, again similar 

to what was observed experimentally. A plot of the simulated snap-through and peak 

accelerations vs. the inverse damping ratio (intake:exhaust orifice diameter) can be seen 

in Figure 5.13. Decreasing the damping ratio (by using a smaller exhaust orifice 

diameter) causes an increase in the snap-through accelerations, essentially stiffening the 
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system. Decreasing the damping ratio also simultaneously reduces peak bottom-out 

acceleration in a relatively linear fashion, which is likely due to the increased system 

stiffness leading to higher energy absorption and dissipation in the snap-through phase of 

actuation. These results demonstrate a tradeoff between damping ratio and system 

behavior; increasing damping on the compression stroke makes for a stiffer system, but a 

higher capacity for energy dissipation. This suggests that the integrated damping system 

could be modified to include a variable orifice diameter that can be used to tune the 

system performance depending on loading conditions.   

 

FIGURE 5.13: Simulated accelerations vs. damping ratio. The damping ratio modeling 

parameters and remaining input parameters can be found in Table 4.2 and Appendix A, 

respectively. 

In this section, the mathematical model developed in Chapter 3 was revisited to 

discuss changes to the model to more accurately reflect how the system behaves in reality. 

It was shown that the introduction of viscoelastic terms and increasing the force-

displacement data enabled simulations with physically plausible results. Referring back 

to the sampled run in Figure 5.11, the magnitudes of the accelerations and also the pulse 

width were quite realistic. In the simulated experiments relating orifice diameter and 
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snap-back acceleration, the model predicts better results than was seen in the experiments, 

but it shared in the overall trend of decreasing orifice diameter causing decreased 

accelerations. In the simulated damping ratio experiments, the model closely mimicked 

what was seen in terms of maximum snap-through acceleration. In all, the experimental 

and mathematical results indicate that the integrated fluid damping system does affect the 

performance of negative stiffness honeycombs, but improvements to the design and 

alternative concepts should be explored to realize a more substantial performance 

increase, as will be discussed in the following section.  

5.3 DISCUSSION 

From the experimental results, it was concluded that both intake orifice diameter 

and damping ratio influence the performance of the integrated negative stiffness 

honeycomb. In the original concept, a one-way air damping system was sought to yield a 

system that responds quickly to inputs, and gently returns to equilibrium. It was expected 

that reducing the intake orifice diameter would lead to an appreciable increase in rebound 

damping, and this was observed to an extent, though not exceptionally so.  

Based on these observations, it is recommended that the concept of an integrated 

damping system for negative stiffness mechanisms and honeycombs continue to be 

researched and developed from alternative angles. Some ideas that should be considered 

are introducing a check valve preload into the flow control system, changing to a closed 

circuit system and considering the used of a liquid as damping medium, scaling up the 

system to increase the volume of air flow, making a sturdier mechanical seal, and even 

choosing an alternate geometric design. 

Improvements to the flow control system are simple to implement due to the 

modular nature of fluid flow components. By using a check valve with a higher preload, 

or perhaps a tunable preload, the system can be made to build up pressure as it is 

compressed so that the pressure difference across the orifice is increased. After the 

honeycomb is actuated and begins to snap back, the beams will draw a vacuum inside the 
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reservoir causing a resistive force to motion. The vacuum can be increased through the 

use of a preloaded valve, and because the resistive force of an orifice damper is 

proportional to the square of the velocity, increasing the pressure differential across the 

orifice leads to an increase in the air velocity and thus a higher orifice damping force. A 

pair of tunable check valves could also be used to tune the allowable pressure inside the 

reservoir in compression as well as rebound, further enhancing control over the damping 

ratio of the integrated system. 

As discussed in Chapter 2, air was chosen as the damping medium due to the ease 

of construction of an open system whose air supply is the entire atmosphere. However, 

changing the damping medium could lead to a considerable increase in system 

performance. Referring to Equation 2.20 and solving for the volume flow rate, the 

pressure differential across an orifice can be written 

 

 
∆! =

!!!

2 !!! !  . (5.2) 

Equation 5.2 shows that the pressure difference across an orifice is proportional to the 

square of the flow velocity and directly proportional to the density. By using a liquid such 

as water or oil as the working fluid, the force required to push an equal volume of fluid 

through the orifice would increase by three orders of magnitude. An added benefit of 

using a liquid is the practical incompressibility of liquids, which would eliminate the 

delay of the orifice response to the rebound event. When a honeycomb with a liquid 

damping system would begin to snap back, the smallest amount of displacement would 

draw liquid into the reservoir creating an immediate response to the snap back and an 

even damping force in the snap-back of each layer. Of course, the draw back to using a 

liquid damping medium is the need for a closed circuit system and more robust sealing, 

as discussed in Chapter 2.  

 Often in the study of the dynamic behavior of fluids, dimensional analysis is an 

important tool as geometrically similar systems scale nonlinearly in general, and it is best 
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to create a nondimensional parameter set to describe the system [20]. It is possible that a 

larger scale negative stiffness mechanism with integrated fluid damping might see a 

greater effect from the damping system on overall system performance. It is supposed 

that for a negative stiffness mechanism with more travel (and thus a larger internal 

volume), the effectiveness of the damping system would increase to an even greater 

extent. It is important to consider that negative stiffness mechanisms scale highly 

nonlinearly with geometry, so a larger system should be designed to not be excessively 

stiff for testing purposes. A sizing study of a number of systems with increasing travel 

would aid in determining a relation between system size and orifice damping capability. 

 Finally, revisiting the honeycomb geometry might yield a configuration that is 

more conducive to confining and sealing a damping fluid. In the current design, fluid 

containment is achieved by using the beams themselves as an attachment point for the 

diaphragm. In practice this design would probably not work well from the standpoint of 

fatigue of the adhesives, which could compromise the seal in a potentially unpredictable 

manner, leading to premature failure of the damping system and loss of performance that 

is difficult to repair. During experiment, the damped honeycomb was subjected to at least 

several hundred drop-tests without compromising the seal, but signs of weakening began 

to show in several places. Thus, finding a geometry and means of sealing the fluid such 

that the joints are minimally stressed would vastly improve system reliability and 

performance decay. Examination of common designs of commercial air springs would be 

a good inspiration for adapting concepts for negative stiffness mechanisms with 

integrated fluid damping systems. 

 In summary, the functional prototype testing showed that the integrated fluid 

damping system has a measureable effect on the performance of negative stiffness 

honeycombs in that it reduces snap-back accelerations as intended. A number of 

improvements in the design of the system have been suggested and further testing 

procedures will be suggested in the conclusion and future work section. 
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Chapter 6 

 

Conclusion 
 

6.1 SUMMARY 

In this work, the design, modeling, and testing of a negative stiffness honeycomb 

with an integrated fluid damping system for shock isolation was presented. Curved beam 

negative stiffness mechanisms have been shown to provide superior shock and vibration 

isolation and can be made into monolithic honeycomb structures of various 

configurations as single material protective layers [1, 9, 10, 11].  In shock isolation 

applications, a one-way damping system is known to improve performance by allowing 

rapid response in compression with a gentle, controlled recovery. A design was sought in 

which a fluid damping system could be integrated into the structure of a negative stiffness 

honeycomb so that one-way damping could be achieved in a relatively compact system.  

In the second chapter of this thesis, the conceptual design of the integrated system 

was documented. Three common domains of damping were considered including friction 

damping, magnetic damping, and fluid damping. Within the fluid damping domain, air 

damping was the chosen technology due to the ease of construction of an open system 

that uses air as the damping medium. In most fluid damping applications, the damping 

force is achieved by forcing the fluid through a flow constriction. In many fluid damping 

elements, an orifice is used to inhibit the flow of fluid displaced by an input force. The 

mechanical effect of the flow of a fluid through an orifice was derived analytically for the 

purpose of modeling the performance of the damping system.  

In Chapter 3, the mechanical design and modeling of the damped negative 

stiffness honeycomb concept was documented. This included a discussion of the 

optimization of design parameter values of the negative stiffness honeycomb, a brief 

overview of materials selection for the fluid containment system, and a derivation and 
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simulation of the system level dynamics. In this work, a slightly modified version of the 

honeycomb configuration presented in Correa et al. was used [10]. The geometric design 

parameters were optimized based on the work in Qiu et al. using the built-in MATLAB 

constrained minimization function fmincon [9]. For the purpose of simulating the 

damping system, the displaced internal volume of the honeycomb was linearized as a 

function of the transverse displacement of the center of the beam, and this linearization 

was confirmed using finite element simulations in ABAQUS. The mathematical model of 

the simplified system was simulated in MATLAB with the ode45 solver for three 

situations; a system with no external damping, a system with a 2:1 (exhaust:intake orifice 

diameter) damping ratio, and a system with an infinite damping ratio (no exhaust orifice). 

According to the simulation results, the addition of an intake orifice reduces the snap-

back acceleration levels, and the addition of an exhaust orifice increases snap-though 

accelerations, but absorbs enough energy to lessen the magnitude of bottoming-out 

accelerations significantly. 

In Chapter 4, the experimental setup for drop testing was reviewed. A drop test rig 

designed by Bostwick was used to test the damped and undamped honeycombs in shock 

loading conditions [11]. The acceleration data was acquired using a shear-type 

piezoelectric accelerometer to examine the total acceleration time-series and the 

acceleration time-series of the initial impact pulse in detail. Three sets of experiments 

were conducted to characterize the real-world behavior of the damped system. In the first 

set of experiments, the flow control components were added one at a time to determine 

their effect on the system response. In the second set of experiments, the effect of 

decreasing intake orifice diameter was observed to determine any improvements in snap-

back acceleration performance. In the third set of experiments, the damping ratio was 

altered by holding the intake orifice diameter constant, adding an exhaust orifice, and 

decreasing the diameter of this orifice to determine the effect on snap-through and peak 

accelerations. 
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The results of the experiments were presented and analyzed in Chapter 5. In the 

first set of experiments, the adhesive, sealant and diaphragm material that formed the air 

reservoir reduced the peak bottom-out accelerations by around 40%. Also, the check 

valves contributed to the reduction of these accelerations, showing that the inherent flow 

resistance of the valves is significant. From the results of the second set of experiments, a 

correlation between intake orifice diameter and maximum snap-back acceleration was 

observed such that reducing the orifice diameter led to a reduction in the maximum snap-

back acceleration magnitude of up to 9%.  

From the final set of experiments, a similar trend was observed between the 

variation in damping ratio and maximum snap-through acceleration. By reducing the 

exhaust orifice diameter while holding intake orifice diameter constant, thereby reducing 

the damping ratio, the maximum snap-through acceleration levels increased. This shows 

that by constricting the exhaust flow, more force is required to actuate the honeycombs, 

resulting in a higher apparent stiffness. The experimental data was then used to make 

improvements to the model by introducing viscoelastic terms for the adhesive and sealant 

materials and tuning the modeling parameters until they approximated the experimental 

observations. Improving the accuracy of the analytical model makes it a better predictive 

tool for designing future iterations of this type of integrated damping system.  

6.2 FUTURE WORK 

As discussed in Chapter 5, the accelerometer data contains anomalies in which 

negative acceleration signals are generated around the snap-back events, and there is a 

drift back towards the bias voltage after impact. It is desirable to find the source of these 

errors so that future experimental data can be generated without signal drift. It is thought 

that when using piezoelectric sensors, a parameter called the discharge time constant 

(DTC) may be responsible for some of this behavior, but other, still unknown, sources of 

error must be considered. In future experimentation, the experimental setup will be 

refined and other types of accelerometers will be considered for use. 
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Overall, the experimental results demonstrated the desired effect of the damping 

system in reducing snap-back accelerations, though the actual gain in performance was 

not as substantial as predicted by the analytical model. It is believed that enhanced 

damping can be achieved with an improved design and better construction techniques. 

The design of the diaphragm should be revisited to reduce the effect of the compliance of 

the diaphragm on the actual reservoir volume change. A highly flexible diaphragm bows 

out during compression due to the increase in reservoir pressure and bows inward during 

recovery, curtailing the actual volume flow rate of air through the orifice. This 

detrimental effect could be diminished by adding a plate over the end of the restraining 

beam that is offset from the end of the honeycomb so that it does not interfere with the 

motion of the beams. By adhering the diaphragm to this plate, it would prevent bowing; 

however, the diaphragm would then be stretched over the plate during compression, 

subjecting it to a repeated tensile loading, possibly resulting in premature failure.  

The effects of bowing might also be reduced by geometrically scaling up the 

honeycomb, which increases the theoretical volume change. By increasing the scale, the 

relative amount of volume lost to bowing would decrease, therefore minimizing the 

problem rather than attempting to eliminate it. It is also speculated that by increasing the 

scale and adding check valves with a higher preload, the damping force can be 

significantly increased as a much higher flow rate through the orifices would result. One 

challenge in creating a larger prototype is the nonlinear relationship between stiffness and 

certain geometric parameters of negative stiffness mechanisms such as beam thickness 

and apex height. A design should be produced that maximizes displaced volume while 

meeting requirements for initial stiffness and force threshold.  

A closed system that uses a liquid damping medium is worth investigating as 

density plays a significant role in orifice damping. For instance, water is nearly 1000 

times as dense as air and is effectively incompressible. This introduces new design 

challenges such as sealing a liquid, and closed systems add a level of complexity. It 
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should be noted that a liquid system defeats the purpose of weight reduction and 

simplicity offered by an air-based open system for weight sensitive applications such as 

helmets, but it is a viable option in applications where weight is not an issue such as 

impact absorbing walls and other static structures.  
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Appendix A: Matlab Code 

OPTIMIZATION SCRIPT 
% Mark Kershisnik 19 Dec 2014 
% Optimization script for full beam 
  
clear, clc 
  
%% Variables (Inch-Pound-Seconds) 
  
% Material 
E = 181297; % [PSI] Average Young's Modulus of Nylon 11 
S_y = 6962; % [PSI] Average Yield strength of Nylon 11 
% S_y12 = 6962 [PSI] Average Yield strength of Nylon 12 
  
rat1 = 1; 
  
% Geometric 
L_c = 2.3375*rat1; % [in] Compressed beam length 
t = 0.045*rat1; % [in] Beam thickness 
W = 1.25*rat1; % [in] Extruded depth 
h = 0.115*rat1; % [in] Buckled transverse displacement 
  
% W = 1.5 
  
% Derived  
L_o = (h*pi)^2/(4*L_c) + L_c; % [in] Approximate natural beam length 
I = W*(t^3)/12; % [in^4] Second moment of area of single beam (about most flexible 
axis) 
A = W*t; % [in^2] Area of beam 
ux_cr1 = 4*(pi^2)*I/(A*L_o); % [in] 1st Mode Critical buckling (axial) displacement  
ux_cr3 = 4*ux_cr1; % [in] 3rd Mode Critical buckling (axial) displacement 
ux = L_o - L_c; % [in] Axial displacement of beam 
K_N3 = 2*(pi^4)*E*I*(1-ux_cr3/ux_cr1)/(L_o^3); % [lbf/in] Negative stiffness of beam 
uy_o = 2*sqrt((t^2)*(ux/ux_cr1 - 1)/3); % [in] Resting transverse displacement ??? 
% ** approximately equal to u_y 
F_thres = -K_N3*uy_o; % [lbf] Approximate force threshold 
P_cr3 = 16*(pi^2)*E*I/(L_o^2); % [lbf] 3rd mode Euler critical buckling load (end 
force) 
sigma_b = 4*E*pi*t*sqrt((ux-ux_cr3)*L_c)/(L_c^2); % [PSI] Max bending stress 
sigma_a = P_cr3/A; % [PSI] Axial stress 
sigma_tot = sigma_a + sigma_b; % [PSI] combined stress 
  
%% Preview  
F_thres2 = 4*F_thres 
deltaV = 4*L_c*W*h 
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travel = 4*h 
max_stress = sigma_tot 
stress_factor = max_stress/S_y 
  
%% Optimization 
% Choose a force threshold 
% >> maximize delta V with design variables L_c, u_y, W, t 
% subject to stress constraint 
  
% Fmincon 
  
% Starting points (Design variables) 
L_c_0 = L_c; u_y_0 = h; W_0 = W; t_0 = t; 
% x(1)          x(2)              x(3)        x(4) ************ 
  
FF = 25; % [lbf] Desired force threshold 
  
% Linear constraints 
A = [1,0,0,0;0,1,0,0;0,0,1,0;0,0,0,1]; B = [2.5;0.2;2;0.05]; % Linear Inequality constraints 
A*x < = B 
Aeq = []; Beq = []; % Linear Equality constraints Aeq*x = Beq 
  
options = optimset('Algorithm','interior-point','MaxIter',10000,... 
    'MaxFunEvals',10000,'Display','off'); % optimization algorithm settings 
  
[x,fval] = 
fmincon(@beam_volume,[L_c_0,u_y_0,W_0,t_0],A,B,Aeq,Beq,[1,0.1,1,0.02],[], ... 
    @nonlcons_beam1,options); % nonlinear gradient based optimization code 
  
L_op = x(1), u_op = x(2), W_op = x(3), t_op = x(4); %optimized ouputs 
vol_op = -fval; %optimized volume 
 
 

OPTIMIZATION NONLINEAR CONSTRAINTS FUNCTION 
function [c,ceq] = nonlcons_beam1(x) 
% Nonlinear constraints for buckled beam optimization problem 
% Designed for SLS Nylon 12 
  
  
E = 181297; S_y = 6962; FF = 25; % Material Properties 
  
L_c = x(1); u_y = x(2); W = x(3); t = x(4); 
  
I = W*(t^3)/12; A = W*t; 
L_o = (u_y*pi)^2/(4*L_c) + L_c; % [in] Approximate natural beam length 
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ux_cr1 = 4*(pi^2)*I/(A*L_o); % [in] 1st Mode Critical buckling (axial) displacement  
ux_cr3 = 4*ux_cr1; % [in] 3rd Mode Critical buckling (axial) displacement 
ux = L_o - L_c; % [in] Axial displacement of beam 
K_N3 = 2*(pi^4)*E*I*(1-ux_cr3/ux_cr1)/(L_o^3); % [lbf/in] Negative stiffness of beam 
uy_o = 2*sqrt((t^2)*(ux/ux_cr1 - 1)/3); % [in] Resting transverse displacement ??? 
% ** approximately equal to u_y 
F_thres = -K_N3*uy_o; % [lbf] Approximate force threshold 
P_cr3 = 16*(pi^2)*E*I/(L_o^2); % [lbf] 3rd mode Euler critical buckling load (end 
force) 
sigma_b = 4*E*pi*t*sqrt((ux-ux_cr3)*L_c)/(L_c^2); % [PSI] Max bending stress 
sigma_a = P_cr3/A; % [PSI] Axial stress 
sigma_tot = sigma_a + sigma_b; % [PSI] combined stress 
  
safety = 0.6; % Factor of safety 
  
c = [sigma_tot - safety*S_y];  
ceq = [F_thres - FF/2]; 

 

MODEL CALL SCRIPT 
% ODE Call file for damped honeycomb 
% Mark Kershisnik 2015 
% This file calls the ode45 function to solve the dynamic system 
  
%% Initial Conditions 
g = 9.81; % gravity 
z = 10/100; % [m] Drop height (from centimeters) 
fr = 0.8; % friction factor slowing mass 
z = z*fr; % adjusted equivalent drop height for simulation 
vi = sqrt(2*g*z); % [m/s] initial velocity 
M = 2.33; % kg Drop mass 
p_atm = 101325; % [Pa] atmospheric pressure 
alpha = 0.00187; % [m^-2] relation between  
rho_stp = 1.205; % standard air density 
T_0 = 293; % initial temperature 
  
%% Modeling parameters for simulations that mirror experiments 
D_o = .007*0.0254; % [m] Orifice diameter converted from inches to meters 
  
dr = inf; % Damping ratio (exhaust orifice diameter:intake diameter) 
  
%% Initial conditions 2 
Pm_0 = M*vi; % [kg*m/s] initial momentum 
q_0 = 0; 
  
y_0 = [Pm_0,q_0,rho_stp,p_atm,T_0]; 
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% NS FD lookup table 
load('FDNS_data_m.mat') 
Fd = FDNS_data_m; 
d = Fd(:,1)*0.001; f = Fd(:,2);  
  
load('FDNS_data_hyst.mat') 
Fd_hyst = FD_hyst; 
d_hyst = Fd_hyst(:,1)*0.001; f_hyst = Fd_hyst(:,2);  
  
  
%% Smoothing experimental FD data 
f_hyst = smooth(f_hyst,.02); f_hyst = smooth(f_hyst); 
[fmin_hyst, fmin_idx_hyst] = min(abs(f_hyst)); 
f_hyst = f_hyst - fmin_hyst*sign(f_hyst(fmin_idx_hyst)); 
  
f = smooth(f,.02); f = smooth(f);  
[fmin, fmin_idx] = min(abs(f)); 
f = f - fmin*sign(f(fmin_idx)); 
  
fcorr = f(d>=0.0121); dcorr = d(d>=0.0121); 
  
for ii = 1:length(fcorr) 
    fcorr(ii) = fcorr(1) + fcorr(ii)*ii/50; 
end 
start1 = length(f)-length(fcorr)+1; 
end1 = length(f); 
f(start1:end1) = fcorr; 
  
fcorrh = flipud(fcorr); 
  
f_hyst(1:length(fcorrh)) = fcorrh; 
  
d(start1:end1) = flipud(d_hyst(1:length(fcorr))); 
  
fd = [d,f]; 
  
fd_hyst = [d_hyst,f_hyst]; 
  
%% Time 
  
t0 = 0; 
tf = .07; % [s] 
% tspan = [t0,tf]; 
tspan = t0:0.0001:tf; 
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%% ODE45 call 
[T,Y] = ode45(@(t,y) DNSsys_Alt_ed1(t,y,fd,fd_hyst,M,D_o,dr),tspan,y_0); 
  
Pm = Y(:,1)/M; % Velocity 
q = Y(:,2)*1000; 
% qdot = diff(q)./diff(T); 
a = -diff(Pm)./diff(T); 
ac = zeros(length(a)+1,1); ac(2:end) = a; 
  
dt = round(length(T)/4); 
  
ax0 = [0,T(end)]; % zero-axis 
ay0 = [0,0]; 
  
%% Plotting displacement, velocity, and acceleration output 
figure(2) 
plot(T,q,T,Pm,T,ac/g,ax0,ay0,'k') 
title('Shock Response of Damped Honeycomb: z = 10[cm] , Damping Ratio Inf', 
'FontSize', 14,'fontWeight','Bold') 
xlabel('Time [s]', 'FontSize', 14); ylabel('Response', 'FontSize', 14) 
legend('Displacement [mm]', 'Velocity [m/s]', 'Acceleration [g''s]') 
axis([0,0.045,-5,80]) 
 

MODEL ODE FUNCTION 
function ydot = DNSsys_Alt(t,y,Fd,Fd_hyst,M,D_o,dr) 
%Damped honeycomb shock response ODEs 
% Mark Kershisnik 2015 
  
% parameters 
% M = .6; % [kg] Payload mass 
g = 9.81; % m/s^2 gravity 
p_atm = 101325; % [Pa] = [N/m^2] Atmospheric pressure in pascals 
k = 1.4; % specific heat ratio - dimensionless 
alpha = 0.00187; % [m^-2] slope of V vs q 
A = 4*0.059811*0.03175; % [m^2] surface area of beams 
V_0 = 0.00004; % m^3 initial volume of honeycomb 
Cv = 0.14; %  Flow coefficient of check valve 
Cd = 0.5; % Orifice discharge coefficient 
Y = 1; % Expansion factor for compressible flow 
% D_o = 0.063*0.0254; % [m] Orifice diameter converted from inches to meters 
A_o = pi*D_o^2/4; % [m^2] Orifice area 
D_p =0.25*0.0254; % [m] Tube diameter 
A_p = pi*D_p^2/4; % [m^2] Tube area 
gamma = sqrt(1-(A_o/A_p)^2); % C = C_D*gamma 
a = 1/(0.455*Cv*Y/60/10000); b = 1/(Cd*A_o*Y/gamma); % flow parameters 
c = 1/sqrt(a^2 + b^2); % simplified flow parameter 
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R = 287; % [J/kgK] Gas constant 
rho_stp = 1.205; %[kg/m^3] density of air at 20C 
  
% Dynamic variables 
Pm = y(1); % momentum [kg*m/s] 
q = y(2); % displacement [m] 
rho = y(3); % density [kg/m^3] 
p = y(4); % pressure [Pa] 
T = y(5); % temperature [K] 
  
  
if Pm >= 0  
    d = Fd(:,1); f = Fd(:,2); % Force and displacement data from lookup table 
    FNS =1.75*interp1(d,f,real(q)); % interpolate NS force from displacement 
elseif Pm < 0 
    d = Fd_hyst(:,1); f = Fd_hyst(:,2); % Hysteresis effect of honeycomb (Nylon) 
    FNS = 1.75*interp1(d,f,real(q)); % interpolate NS force from displacement 
end 
  
b = 14; % viscoelastic damping parameter 
k_s = 1500; % elastic parameter 
% k_s = 0; 
  
if q>max(d) % stiffening if maximum displacement is exceeded 
    FNS = (q-max(d))*100000 + max(f); 
end 
  
V = V_0 - alpha*q; % Volume calculated from displacement 
  
% Compressibility 
rhodot = (alpha/(M*V))*(k*p/(R*T) - rho*(k-1))*Pm; 
pdot = alpha*k*p*Pm/(M*V); 
Tdot = alpha*(k-1)*T*Pm/(M*V); 
  
% Incompressible 
% rhodot = 0; 
% pdot = 0; 
% Tdot = 0; 
  
if q < 0.008 && q > 0 && Pm < 0 
    FNS = FNS*1.1; 
    b = 0; 
    k = 0; 
end 
  
% Equations of Motion 
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if Pm < 0 % Differential valving 
    Pmdot = -FNS - rho*((alpha/(c*M*Y))^2)*A*(Pm*abs(Pm))/1e6/60 + M*g - ... 
        b*Pm/M - k_s*q; % extension stroke, factor of 1e6 for unit conversion  
else 
    Pmdot = -FNS - (1/dr^2)*rho*((alpha/(c*M*Y))^2)*A*(Pm*abs(Pm))/1e6/60 + M*g -
 ... 
        b*Pm/M - k_s*q; % compression stroke 
end 
  
% When mass is not in contact with honeycomb 
if q < 0 
    Pmdot = M*g; 
end 
  
% Linearized EOM 
%kNS = 200; 
% Pmdot = -kNS*q - rho*((alpha/(c*M*Y))^2)*A*(Pm); % Linear 
  
qdot = Pm/M;  
  
% ydot = [Pmdot;qdot]; 
ydot = [Pmdot;qdot;rhodot;pdot;Tdot]; 
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Appendix B: Drop Test Figures 

The figures presented in this appendix document the results of the three 

experiments discussed in Section 5.1. They are listed in the same order as originally 

discussed.  

EFFECTS OF FLOW CONTROL COMPONENTS ON HONEYCOMB BEHAVIOR 

Figures B.1 through B.4 show the drop test experimental results for the first set of 

experiments in which the effects of the fluid control components on system behavior 

were observed. 

 

FIGURE B.1: Drop test experimental results for a bare negative stiffness honeycomb. 

There is a relatively large amount of variability in the timing of the events with the bare 

honeycomb compared to the honeycombs with the damping components attached. 
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FIGURE B.2: Drop test experimental results for a negative stiffness honeycomb with only 

the diaphragm attached. 

 

FIGURE B.3: Drop test experimental results for a negative stiffness honeycomb with Tee 

fitting. 
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FIGURE B.4: Drop test experimental results for a negative stiffness honeycomb with 

check valves. 
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VARIABLE INTAKE ORIFICE SIZE TEST RESULTS 

The following figures represent the acceleration time histories for the experiments 

relating the average maximum snap-back acceleration to the intake orifice diameter.  

 

FIGURE B.5: Drop test one-way damping experimental results for 1.6 mm intake orifice 

diameter. 
 

 

FIGURE B.6: Drop test one-way damping experimental results for 1.02 mm intake orifice 

diameter. 
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FIGURE B.7: Drop test one-way damping experimental results for 0.71 mm intake orifice 

diameter. 

 

FIGURE B.8: Drop test one-way damping experimental results for 0.51 mm intake orifice 

diameter. 
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FIGURE B.9: Drop test one-way damping experimental results for 0.25 mm intake orifice 

diameter. 

 

FIGURE B.10: Drop test one-way damping experimental results for 0.18 mm intake orifice 

diameter. 
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FIGURE B.11: Drop test one-way damping experimental results for 0.10 mm intake orifice 

diameter. 
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VARIABLE DAMPING RATIO TEST RESULTS 

The following figures represent the acceleration time histories for the experiments 

relating the average maximum snap-back acceleration to the damping ratio. The intake 

orifice diameter was held constant at 0.18 mm. 

 
FIGURE B.12: Drop test experimental results for a 9:1 damping ratio. 

 
FIGURE B.13: Drop test experimental results for a 5.7:1 damping ratio. 
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FIGURE B.14: Drop test experimental results for a 5.7:1 damping ratio. 

 

FIGURE B.15: Drop test experimental results for a 2.9:1 damping ratio. 
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FIGURE B.16: Drop test experimental results for a 1.4:1 damping ratio. 
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