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Abstract 

 

Design and Evaluation of Negative Stiffness Honeycombs  

for Recoverable Shock Isolation 

 

Dixon Malcolm Correa, M. S. E. 

The University of Texas at Austin, 2015 

 

Supervisor:  Carolyn C. Seepersad 

 

 Negative stiffness elements are proven mechanisms for shock isolation [1-3, 9, 

13]. The work presented in this thesis investigates the behavior of negative stiffness 

beams when arranged in a honeycomb configuration. Regular honeycombs consisting of 

cells such as hexagonal, square, and triangular absorb energy by virtue of plastic 

deformation which is unrecoverable [7]. The major goal of this research is to investigate 

the implementation of negative stiffness honeycombs as recoverable shock isolation so as 

to better the performance of regular honeycombs. 

  To effectively model the honeycomb behavior, analytical expressions that define 

negative stiffness beam behavior are established and finite element analysis (FEA) is 

used to validate them. Further, the behavior of negative stiffness beams when arranged in 

rows and columns of a honeycomb is analyzed using FEA. Based on these findings, a 

procedure for the optimization of negative stiffness honeycombs for increased energy 
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absorption at a desired force threshold is developed. The optimization procedure is used 

to predict trends in the behavior of negative stiffness beams when its design parameters 

are varied and these trends are compared to those observed in regular honeycombs. 

Additionally, experimental evaluations of negative stiffness honeycombs under 

quasi-static loading are carried out using prototypes built in nylon 11 material 

manufactured by selective laser sintering (SLS). Energy absorption calculations conclude 

that optimization of negative stiffness honeycombs can yield energy absorption levels 

comparable to regular honeycombs. A procedure for dynamic testing of negative stiffness 

honeycombs is discussed. Results from dynamic impact testing of negative stiffness 

honeycombs reveal excellent shock absorption characteristics. FE models are developed 

for static and dynamic loading and the results show strong correlation with experiments. 

Further, temperature dependency of nylon 11 is investigated using impact tests on 

honeycomb prototypes. Finally, example applications utilizing negative stiffness 

honeycombs are discussed and recommendations are made for their refinement. 
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Chapter 1 

 Introduction  

1.1 MOTIVATION 

Mechanical vibrations and impact forces are regularly encountered by mechanical 

systems in everyday environments.  A major challenge faced by mechanical engineers is 

to mitigate these forces to prevent them from potentially damaging equipment or products 

or injuring the operators that rely on them. Honeycombs are used regularly in packaging 

and other impact mitigating applications because they provide advantageous 

combinations of lightweight stiffness, strength, and energy absorption.  The major 

disadvantage of honeycombs, however, is the fact that their capacity to absorb impact 

energy depends heavily on plastic deformation, rendering any protective device 

constructed from traditional honeycombs unusable for subsequent impacts.  Negative 

stiffness honeycombs, as introduced in this thesis, are designed to provide the energy 

absorption capabilities of regular honeycombs in a recoverable manner.    

Hayes [7] studied various kinds of linear cellular materials and their behavior 

when subjected to in-plane compressive loads.  The results are of utmost importance to 

this research as they form a benchmark for the evaluation of the performance of negative 

stiffness honeycombs. When subjected to in-plane quasi-static displacement loading, 

regular honeycombs exhibit high initial stiffness leading up to a stress threshold. This 

behavior can be seen in Figure 1.1. Beyond the stress threshold, plastic buckling begins 

to occur in the cell walls. The buckling of the cell walls results in a constant stress plateau 
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region. The contact stress transmitted by the honeycomb thus remains relatively constant 

at the stress threshold while energy from the impact is being absorbed by the plastic 

buckling of the cell walls. This property is useful in near-ideal shock isolation where 

energy is absorbed at a constant transmitted force or stress threshold. Such behavior is 

regarded to be nearly ideal because the force transmitted to the object to be isolated is 

relatively constant while energy from the impact is being absorbed resulting in smooth 

energy absorption. 

 

 

Figure 1.1: Stress-strain curve for a honeycomb in in-plane compression [7]. 

Since regular honeycombs absorb energy via plastic deformation, they are not 

recoverable. The representative damaged honeycombs shown in Figure 1.2 illustrate that 

plastic deformation of their cell walls renders them permanently unusable and unable to 

respond to subsequent impact loadings.  The negative stiffness honeycombs designed in 

this thesis and shown in Figure 1.3, demonstrate a fundamentally different response that 

provides recoverable energy absorption.  The strategy is to arrange negative stiffness 
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beams in a honeycomb configuration.  This research investigates the behavior of these 

negative stiffness honeycombs and establishes an accepted procedure for optimized 

honeycomb design to suit various scenarios. 

 

Figure 1.2: Regular honeycombs in their undeformed shape (top left and bottom left) 

and in their permanently deformed shape (top right and bottom right) after 

compression. 

 

(1) 

 

(2) 

 

(3) 

 

(4) 

 

(5) 

 

(6) 

 

(7) 

 

(8) 

 

(9) 

 

(10) 

Figure 1.3: A negative stiffness honeycomb in compression (Frames (1) to (5)) and 

release (Frames (6) to (10)) showing full recovery after deformation. 

1.2 PREVIOUS WORK 

Negative stiffness elements have been shown to be useful for mechanical impact 

absorption [1-3, 13]. They behave differently from elastic elements that display a positive 
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force-displacement slope, namely, negative stiffness elements display a negative force-

displacement slope when subjected to displacement controlled loading. This region of 

negative stiffness can be exploited to achieve ideal shock absorption properties such that 

forces beyond a certain threshold are prevented from being transmitted to an isolated 

mass. 

  A simple way to create a negative stiffness element is to use a buckled beam [1-3, 

9]. A straight beam can be buckled to create a negative stiffness element by axial loading 

either end as shown in Figure 1.4. Applying a transverse force to this buckled beam 

exhibits the force-displacement relationship seen in Figure 1.5. 

 

Figure 1.4: A buckled beam with applied axial forces (P) and transverse force (F). 

 

Figure 1.5: Force displacement relationship for the buckled beam seen in Figure 1. 
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Fulcher [9] studied the use of a buckled beam with compression springs in 

parallel for the purpose of shock isolation. In his experiments, he made use of a setup that 

allows for variable compression of a beam manufactured in selective laser sintering 

(SLS) using nylon 11 (PA 11). The setup also has provisions to accommodate up to four 

compression springs in parallel with the beam. The complete shock isolation system 

along with predicted and measured force-displacement response can be seen in Figure 1.6 

(a). 

 

 

(a) (b) 

Figure 1.6: (a) Shock isolation system with a beam and compression springs in parallel 

and (b) Experimental results from displacement controlled loading [9]. 

Fulcher [9] subjected his shock isolation system to displacement controlled 

loading in a universal testing frame which is shown in Figure 1.6(b). The experimental 

results show negative stiffness behavior in all variations of the tested beam. Additionally, 
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it can be seen that for increased beam compression, a higher force threshold and more 

pronounced negative stiffness behavior can be observed from the isolation system.  

In further experiments conducted by Fulcher [9] on his shock isolation system, a 

square wave of input velocity (which equates to an impulse of acceleration) was applied 

to the system using an electrodynamic shaker. The low-pass filtered acceleration data 

showing the shock response of the system are shown in Figure 1.7. Clearly, the 

acceleration experienced by the isolated mass is far less than the peak of acceleration 

impulse. The results clearly indicate that a buckled beam is an effective means of shock 

isolation. 

 

Figure 1.7: Filtered experimental shock response of Fulcher’s shock isolation system 

[9]. 
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 One difficulty of using buckled beams as NS elements is the need to buckle the 

beam elements after constructing a structure that one desires to use. Qiu [4] investigated 

the possibility of using pre-fabricated buckled beams to generate negative stiffness 

behavior. In that work, analytical equations to describe a single prefabricated curved 

beam are derived. Some of these equations are discussed in subsequent chapters of this 

thesis. For a beam with dimensions depicted in Figure 1.8, Qiu [4] found that the value of 

the parameter 𝑄 = ℎ/𝑡 (where h is the apex height and t is the beam thickness) for a 

beam determined the extent of negative stiffness and bistability exhibited by the beam. A 

high value of Q yields a high force threshold with a large negative stiffness region 

whereas a low value of Q yields a low force threshold with a smaller negative stiffness 

region. At 𝑄 = 2.31, there is no negative force across the range of total beam 

displacement to dictate bistability. Therefore, for any Q less than 2.31, the beam recovers 

its original position and is monostable. Figure 1.9 shows the force-displacement 

relationship of a beam with different values of Q where F is the normalized force on the 

beam and Δ is the normalized displacement of the beam. 

 

Figure 1.8: Pre-fabricated buckled beam dimensions adapted from Qiu et al [4]. 
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Figure 1.9: Force-displacement relationship for curved beams with varying Q values. 

 Qiu [4] further demonstrated that in order for enhanced negative stiffness 

behavior to be realized in a pre-fabricated curved beam, it is imperative to constrain the 

twisting mode, or second mode, of bending in the beam. The modes of buckling for a pre-

fabricated beam clamped on both ends in seen in Figure 1.10.  

 

Figure 1.10: First three bending modes for a beam clamped at both ends [4]. 
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Qiu [4] proposed that using a double beam rigidly clamped at the center could eliminate 

second mode buckling in favor of third mode buckling. Figure 1.11 shows a pre-

fabricated shape of a double beam connected via a vertical elastic connector at the center. 

The double beam construction forces the beam to snap from one stable position to 

another while transitioning through a third mode shape thus realizing negative stiffness 

behavior with bistability.  

 

Figure 1.11: Pre-fabricated double beam with a central elastic connector. 

Klatt [3] in his thesis at The University of Texas at Austin analytically and 

experimentally expanded upon the work of Qiu. In his analysis, Klatt determined that for 

values of 𝑄 ≈ 1.2, the curved beams do not display any negative stiffness. In order to be 

able to utilize pre-fabricated curved beams for shock isolation, it becomes imperative to 

select beam dimensions such that 𝑄 > 1.2. The force-displacement relationship for a 

beam with 𝑄 ≈ 1.2 is seen in Figure 1.12 where F is the normalized force on the beam 

and Δ is the normalized displacement of the beam. It is clear that there is no negative 

slope visible in the relationship. 
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Figure 1.12: Force-displacement relationship for curved beam having 𝑄 = 1.2. 

Klatt [3] took his study further by building prototypes of pre-fabricated curved 

beams in nylon 11 using additive manufacturing, namely selective laser sintering (SLS), 

and experimentally testing them subject to fixed and free boundary conditions. The 

experiment consisted of subjecting two prototypes of exactly the same design (Figure 

1.13) to a quasi-static transverse displacement – one being mounted in a fixture that 

constrained the ends and the other with free end conditions. Figure 1.13 shows the beam 

element prototyped in nylon 11 using SLS and experimentally tested under quasi-static 

displacement loading. The experiments revealed that fixed boundary conditions were 

necessary for the pre-fabricated curved beam to exhibit negative stiffness under quasi-

static displacement loading. Figure 1.14 (a) shows a clear negative slope in the force-

displacement relationship where the boundary walls of the prototype were held in a 

fixture. Figure 1.14 (b) shows no such slope where the boundary walls were free to move. 
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The black curve indicates the loading path of the prototype and the blue curve indicates 

the unloading path. 

 

Figure 1.13: Beam element prototyped and experimentally tested in a fixture by Klatt [3]. 

 

Figure 1.14: Force-displacement relationship for a negative stiffness beam with (a) fixed 

boundary condition and (b) free boundary condition [3]. 
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Previous research shows that we have substantial understanding of negative stiffness 

beams and how they can be utilized in near-ideal shock absorption. These negative 

stiffness elements have been designed as stand-alone structures or elements in shock 

isolation systems, but they have not been arranged in a periodic honeycomb-like 

structure. The purpose of this research is to investigate this possibility. 

1.3 RESEARCH OBJECTIVES 

The primary goal of this research is to study the effectiveness of negative stiffness 

honeycombs in shock isolation and to establish a procedure for designing them to suit 

applications in various scenarios. 

Shock isolation is essentially dissipation of impact energy. Regular honeycombs 

are proven mechanisms of energy absorption by virtue of plastic deformation. In order to 

demonstrate that negative stiffness honeycombs have the ability to act as shock absorbers 

in practical applications, it is essential to compare them with regular honeycombs. An 

objective of this research is therefore to design a negative stiffness honeycomb that has 

the same relative density and force threshold of a regular honeycomb and can closely 

match its energy absorbing capacity per unit mass.  

Another goal is to study the behavior of negative stiffness honeycombs for 

varying force thresholds and relative densities and compare the results with the trends 

observed with regular honeycombs. The purpose is to develop an understanding of 

negative stiffness beam design to help with the optimization of honeycombs for 

maximum energy absorption. 
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Yet another objective of this research is to study the effects of impact loading on 

negative stiffness honeycombs. The aim is to establish a relationship between static and 

dynamic performance of the honeycombs using both finite element analysis and 

experimentation. The method will involve creating a honeycomb design, performing FEA 

on it for static and impact loading, building a prototype in SLS using nylon 11, and then 

evaluating the behavior of the prototype via experiment. The prototype will be subjected 

to both quasi-static and drop tests to study the behavior of negative stiffness honeycombs 

under both loading conditions. Comparisons can then be made between static and 

dynamic behavior of the honeycomb. 

Finally, example applications of negative stiffness honeycombs will be discussed 

and evaluated. Two important applications are considered – a design for army helmet 

linings and a design for a bicycle seat suspension. Army helmets are in constant threat of 

blunt and ballistic impacts and thus make for an interesting application for negative 

stiffness honeycombs. Similarly, bicycle riders experience severe impacts when a bicycle 

traverses bumps on the road, which can be a perfect scenario to demonstrate the 

effectiveness of negative stiffness honeycombs as shock absorbers. This thesis will 

discuss design considerations for both applications. 

1.4 OVERVIEW OF THESIS AND RESEARCH 

This thesis can broadly be divided into an investigative phase, an experimental phase, 

and an application phase. Details about each of these sections are summarized below. 
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1.4.1 Investigation 

Currently, not much is known about negative stiffness honeycombs although a 

substantial amount of research has been done in the past regarding negative stiffness 

beams and their applications. This section aims to understand the need for negative 

stiffness honeycombs and recoverable shock isolation in order to be able to design 

structures that suit the purpose. Investigation into how negative stiffness beams behave 

when arranged in rows and columns are carried out with the help of FEA. FEA is further 

used to predict the behavior of negative stiffness honeycombs under static and dynamic 

loading conditions. Comparisons of the behavior of negative stiffness honeycombs to that 

of regular honeycombs are also discussed in terms of energy absorbing capacity using the 

common baseline of relative density. Additionally, optimization studies are performed to 

establish procedures for designing honeycombs to meet energy absorption requirements 

at predetermined force thresholds.  

1.4.2 Experimentation 

In the experimental phase, negative stiffness honeycombs are prototyped in nylon 

11 (PA 11) using SLS as the primary manufacturing process. The prototypes are then 

experimentally evaluated under static and dynamic loading conditions. Their behavior is 

then evaluated against analytical estimates and FEA predictions. Keeping in mind that 

most applications requiring shock isolation are highly dynamic in nature, the experiments 

are intended to be geared towards studying honeycomb behavior under impact loading. 

Comparisons are made between static and dynamic testing results. 
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1.4.3 Application 

 In the final phase, example applications for negative stiffness honeycombs are 

discussed. Among these, a design for army helmets is discussed. Army helmets need to 

be designed for protection from both blunt and ballistic impacts. These requirements for 

the helmet are obtained from the US Marines. A design to suit these requirements is then 

optimized for energy absorption and evaluated in FEA for static and dynamic loading. 

 A design for a bicycle seat is also conceived. The design is built to suit 

requirements of the rider obtained from experimental data. Data regarding impact 

loadings is collected using an accelerometer fixed to a bike seat. The bike is then driven 

over a series of sharp road bumps. After conceiving a design for the honeycomb for 

desired isolation, a 3D model for the seat suspension is built in CAD to interface with an 

existing bike frame and seat.  The bike seat design is prototyped in SLS and evaluated 

through FEA and experimentation to gauge its effectiveness.  
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Chapter 2 

Negative Stiffness Honeycomb Design 

2.1 INTRODUCTION 

As discussed in the preceding chapter, significant research has been done on 

negative stiffness beams and their design. However, the effects and behavior of negative 

stiffness beams in a honeycomb configuration are yet to be explored and investigated. 

This chapter attempts to use FEA as a basis to understand the effects of negative stiffness 

beams arranged in various combinations. To achieve this end, a single pre-fabricated 

buckled beam is analyzed in FEA under quasi-static displacement loading and its 

behavior compared with a pre-fabricated double beam. Effects of the number of columns 

and rows in a honeycomb-like configuration are then evaluated. Conclusions drawn from 

these analyses are intended to form the basis for the design of future honeycombs. 

2.2 PRE-FABRICATED CURVED BEAMS: GEOMETRY AND IMPORTANT RELATIONSHIPS 

To model the pre-fabricated buckled beam, the design proposed by Qiu [4] and 

experimentally evaluated in nylon 11 by Klatt [3] was adopted. The beam design can be 

seen in Figure 2.1. For a beam with length 𝑙, thickness 𝑡, width 𝑏, and initial apex height 

ℎ, the shape of the beam is governed by the equation 

 �̅�(𝑥) =
ℎ

2
[1 − 𝑐𝑜𝑠 (2𝜋

𝑥

𝑙
)] (2.1) 
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In Equation (2.1), 𝑥 is the lateral position of any point on the beam from one end and   

�̅�(𝑥) is the vertical distance of any point on the beam from the horizontal line that 

connects the two ends of the beam. 

 

Figure 2.1: Pre-fabricated curved beam geometry as adapted from Qiu et al [4]. 

Qiu [4] also derived analytical relationships between transverse force and 

displacement for a pre-fabricated curved beam. The relationships derived can be 

summarized by the following equations for a beam in which the second mode of bending 

is constrained: 

 𝐹1 =
3𝜋4𝑄2

2
∆ (∆ −

3

2
+ √

1

4
−

4

3𝑄2
) (∆ −

3

2
− √

1

4
−

4

3𝑄2
) (2.2) 

and, 𝐹3 = 8𝜋4 − 6𝜋4∆ (2.3) 

In Equations (2.2) and (2.3), 𝐹1 and 𝐹3are the first and third solutions for 

normalized force acting transversely on the beam. 𝐹3 only exists when the second mode 

of bending is constrained as explained in Figure 1.5 of Chapter 1. Δ is the beam 

displacement normalized to the initial apex height of the beam and defined by the 

relationship 𝛥 = 𝑑/ℎ. The geometry constant 𝑄 is the ratio of the apex height of the 

beam to its thickness and can be derived from the relationship 𝑄 = ℎ/𝑡. Furthermore, the 
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actual force 𝑓 acting on the beam can be computed from the normalized force using the 

equation 

 𝑓 =
𝐹𝐸𝐼ℎ

𝑙3
 (2.4) 

where 𝐸 is the Young’s modulus of the material of the beam and 𝐼 is the area moment of 

inertia of the cross section of the beam. 

Figure 2.2 shows a representation of a typical force-displacement plot of a 

negative stiffness beam with a constrained second mode.  

 

Figure 2.2: Force-displacement curve for a second-mode-constrained curved beam [4]. 

According to Qiu [4], the force threshold, 𝑓𝑡𝑜𝑝, can be estimated by the expression in 

Equation (2.5) provided the second mode of bending is constrained such that the beam 

exhibits pure third mode bending. As discussed in Chapter 1, using double beams 

connected by a vertical elastic connector is one way to constrain second mode bending.  

 𝑓𝑡𝑜𝑝 ≈ 8𝜋4
𝐸𝐼ℎ

𝑙3
 (2.5) 



 19 

For the purpose of energy absorption, the force threshold 𝑓𝑡𝑜𝑝 of the beam is important. 

In an ideal scenario energy must be absorbed without transmitting a force greater than the 

designed force threshold to the object to be isolated. Equation (2.5) helps to analytically 

estimate the force threshold of a single pre-fabricated curved beam provided the beam 

dimensions are known.  

2.3 SINGLE BEAM UNDER QUASI-STATIC DISPLACEMENT LOADING 

To compare the predictions of analytical models to those of FE models, a single 

beam with a shape corresponding to the expression given in Equation (2.1) and beam 

parameters tabulated in Table 2.1 was modeled in CAD. Abaqus CAE was used to 

simulate the force-displacement relationship of the beam under quasi-static displacement 

loading. The material selected was nylon 11 (PA 11) with a Young’s modulus of 1400 

MPa and Poisson’s ratio of 0.33. The beam element can be seen in Figure 2.3 along with 

a loading schematic for simulation.  

 

 

Figure 2.3: Single beam element with loading schematic for Abaqus CAE. 
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Beam Dimension Value [inch] Value [mm] 

Length, 𝑙 2 50.8 

Thickness, 𝑡 0.05 1.27 

Apex Height, ℎ 0.2 5.08 

Width, 𝑏 0.5 12.7 

Table 2.1: Beam dimensions for the beam element seen in Figures 2.3, 2.6, 2.9 and 

2.12. 

The analysis for the single pre-fabricated curved beam yielded the force 

displacement curve seen in Figure 2.4. Step-wise deformation of the specimen is seen in 

Figure 2.5. 

 

Figure 2.4: Force-displacement relationship for a single beam element with dimensions 

recorded in Table 2.1 under quasi-static displacement loading as obtained 

from Abaqus CAE. 
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Figure 2.5: Step-wise deformation of a single pre-fabricated curved beam element with 

beam dimensions as recorded in Table 2.1 under quasi-static displacement 

loading as obtained from Abaqus CAE. 

The force-displacement curve closely corresponds to the typical behavior 

proposed by Qiu [4] in Figure 2.2. Initial transverse displacement up to 1.25 mm shows a 

region of high stiffness before a force threshold of approximately 55 N is reached. 

Subsequently the beam begins to buckle and exhibits a negative stiffness region for a 

displacement up to about 8.75 mm after which a positive stiffness region is observed 

again. Analytical calculations using Equation (2.5) predict a force threshold of 

approximately 91 N for a single beam with the beam parameters specified in Table 2.1. 

However, referring to Frame (4) of Figure 2.5 in which the step-wise deformation of the 

beam is captured, it can be seen that the beam buckles via a mixture of the second mode 

and third mode shape. From Qiu [4], for active second mode buckling, 

 𝑓𝑡𝑜𝑝 ≈ 4.18𝜋4
𝐸𝐼ℎ

𝑙3
 (2.6) 

Equation (2.6) estimates a force threshold of approximately 48 N which corresponds 

more closely to the force threshold seen in FEA than the estimate given by Equation 

(2.5). 
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2.4 DOUBLE BEAM UNDER QUASI-STATIC DISPLACEMENT LOADING 

 To avoid second mode buckling of the curved beam some rearrangement needs to 

be made. Qiu [4] theorized that having two beams clamped to each other at their centers 

prevents twisting of the beam during compression and hence serves as a technique to 

eliminate second mode bending in the beams. Since this would mean having two beams 

in parallel, the force-displacement curve for a double beam would still be similar to the 

curve represented in Figure 2.2. Additionally, the force threshold should theoretically be 

doubled. According to Qiu [4], the force threshold for such a beam provided the second 

mode is absent can be calculated from the expression 

 𝑓𝑡𝑜𝑝 ≈ 1480
𝐸𝐼ℎ

𝑙3
 (2.7) 

 

 

 

Figure 2.6: Double beam element with loading schematic for Abaqus CAE. 
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A representation of a pre-fabricated curved double beam with its loading 

schematic for quasi-static displacement loading in Abaqus CAE can be seen in Figure 

2.6. The beam parameters are tabulated in Table 2.1. The material selected was nylon 11 

(PA 11) with a Young’s modulus of 1400 MPa and Poisson’s ratio of 0.33. Simulating 

the behavior of the beam for these loading conditions in Abaqus CAE yielded the force-

displacement diagram shown in Figure 2.7. 

 

Figure 2.7: Force-displacement relationship for a double beam element with dimensions 

recorded in Table 2.1 under quasi-static displacement loading as obtained 

from Abaqus CAE. 

The resultant force-displacement plot for the double beam shows a region of high 

stiffness for transverse displacements less than approximately 1.6 mm after which the 

negative stiffness regime of the beam takes over. The force threshold observed is 

approximately 110 N before the snap-through of the beam starts to occur. The analytical 

expression to calculate this force threshold using Equation (2.7) yields an estimated force 

threshold of 174 N. Observing the step-wise deformation of the double beam in Figure 
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2.8, it can be seen that the second mode of bending partially occurs. Frame (5) of Figure 

2.8 shows third mode buckling for the lower beam, but the upper beam buckles via 

second mode. This partially substantiates Qiu’s [4] premise that using two curved beams 

clamped in the center helps mitigate second mode buckling. The result, however, 

completely substantiates Qiu’s [4] claim that the force threshold doubles when the 

number of beams is doubled. Thus, when second mode bending is present the following 

equation obtained by doubling the relation in Equation (2.6) provides a closer estimate 

(approximately 96 N) of the force threshold 

 𝑓𝑡𝑜𝑝 ≈ 8.36𝜋4
𝐸𝐼ℎ

𝑙3
 (2.8) 

 Additionally, when the second mode of bending in the beam is restricted, 

Equations (2.5) and (2.7) may be assumed to be close estimates of the force thresholds of 

pre-fabricated curved single and double beams respectively. 
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Figure 2.8: Step-wise deformation of a pre-fabricated curved double beam element with 

beam dimensions as recorded in Table 2.1 under quasi-static displacement 

loading obtained from Abaqus CAE. 

In order to keep the second mode of bending restricted, studies from this point 

onward will incorporate double beam elements instead of single beam elements. 
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2.5 HONEYCOMB CONSTRUCTION  

To incorporate negative stiffness beam elements into a honeycomb, they must be 

stacked vertically and horizontally to form an array of repeatable cells. However, it is 

essential to establish the effects of horizontal or column-wise stacking of elements as 

well as vertical or row-wise stacking of elements prior to building a honeycomb. For this 

reason, double beams were modeled with multiple rows and columns and their behavior 

was studied with the help of FEA.  

2.5.1 Effect of Multiple Rows 

A unit cell with double beams arranged as mirror images of each other was 

created in CAD. The representation of the element can be seen in Figure 2.9 along with a 

schematic for loading conditions in Abaqus CAE. In addition to the set of double-beams, 

the unit cell includes a beam that runs through the center of the element.  This addition is 

necessary to ensure that fixed boundary conditions are approximated at the extremities of 

the beams as they buckle, which is critical to obtaining negative stiffness behavior [4]. 

The beam dimensions are identical to those documented in Table 2.1. The material 

selected for the purpose of simulation is nylon 11 (PA 11) with a Young’s modulus of 

1400 MPa and Poisson’s ratio of 0.33.  
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Figure 2.9: Element with two rows of pre-fabricated double curved beams with loading 

schematic for Abaqus CAE. Beam parameters are listed in Table 2.2. 

The force-displacement relationship for the element in Figure 2.9 obtained though FEA 

can be seen in Figure 2.10. For about half-way through the displacement of the element 

(10 mm), the behavior observed is similar to that of a double beam element with a single 

row (refer to Figure 2.7). A high stiffness region is observed before the force threshold of 

approximately 110 N is reached and the upper double beam begins to buckle. This creates 

the first negative stiffness region seen in the plot. The force threshold is equal to that of 

the double beam in Figure 2.6 and follows the predicted value of 96 N from Equation 

(2.8) very closely. After the upper beam has completely buckled, the lower beam begins 

to deform. Step-wise deformation of the element can be seen in Figure 2.11. The FEA 
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results show that the honeycomb rows buckle independently of each other. Although the 

dimensions of every beam are the same, no two rows have the exact same stiffness as a 

result of inherent material and manufacturing defects. Hence, rows exhibiting lesser 

stiffness tend to buckle first as the honeycomb is compressed. Additionally, this means 

that the order of buckling seen in this simulation is not necessarily true for every case. 

Experimental results show that the order of buckling layers is random. For the latter half 

of the element’s displacement, the force-displacement relationship is again very similar to 

a double beam element with a single row seen in Figure 2.7 with the peak reaching a 

threshold of 110 N before the negative stiffness regime takes over. 

 

Figure 2.10: Force-displacement relationship for a double beam element with two rows 

and with dimensions recorded in Table 2.1 under quasi-static displacement 

loading as obtained from Abaqus CAE. 

It can be concluded from the preceding analysis that a honeycomb with multiple 

rows maintains its designed force threshold irrespective of the number of rows. The 

number of “humps” seen in the force-displacement plot corresponds to the number of 
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rows in the honeycomb. Furthermore, each layer buckles independently and each “hump” 

has the same peak force provided the beams of each layer have the same design. A 

designer may add rows to a honeycomb to keep the force threshold at a fixed value but 

increase energy absorption.  

 
(1) 

 
(2) 

 
(3) 

 
(4) 

 
(5) 

 
(6) 

 
(7) 

 
(8) 

 
(9) 

 
(10) 

Figure 2.11: Step-wise deformation of a pre-fabricated curved double beam element with 

two rows under quasi-static displacement loading obtained from Abaqus 

CAE. Beam dimensions are as recorded in Table 2.1. 

2.5.2 Effect of Multiple Columns 

To evaluate the effect of arranging pre-fabricated curved beams as columns of a 

honeycomb, the element seen in Figure 2.12 was created. This figure also includes the 

loading schematic overlaid. The elements are arranged so as to enable them to work in 

parallel with each other. For the purpose of simulation in Abaqus CAE, the element 

loading was idealized by fixing the end and intermediate supports of the beams. 

Furthermore, the connectors connecting the double beams in the center were assigned 

roller supports in order to simulate third mode bending and eliminate second mode 
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bending. The material was again assumed to be nylon 11 (PA 11) with a Young’s 

modulus of 1400 MPa and a Poisson’s ratio of 0.33 for the purpose of simulation. 

 

 

Figure 2.12: Element with two columns of pre-fabricated double curved beams with 

loading schematic for Abaqus CAE. Beam parameters for this element are 

listed in Table 2.1. 

The force-displacement relationship for the element under quasi-static 

displacement loading can be seen in Figure 2.13. An initial positive stiffness region is 

seen until a force threshold of approximately 206 N is observed. From this point, the 

negative stiffness regime of the element begins as the beams transition from their one 

first-mode buckled position to the other. This transition can be seen in the step-wise 

deformation of the element captured in Figure 2.14. It is interesting to note that compared 

with an element with two rows, an element with two columns shows only one “hump”. 

The reason for this behavior is because the beams behave like springs in parallel – the 
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displacement for each beam is the same as the other and the forces of each beam add up 

as the element is compressed.  

 

Figure 2.13: Force-displacement relationship for a double beam element with two 

columns and with dimensions recorded in Table 2.1 under quasi-static 

displacement loading as obtained from Abaqus CAE. 
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Figure 2.14: Step-wise deformation of a pre-fabricated curved double beam element with 

two columns under quasi-static displacement loading obtained from Abaqus 

CAE. Beam dimensions are as recorded in Table 2.1. 

Referring to Section 2.4, for a double beam with properties listed in Table 2.1, the 

FEA predicts a force threshold of 110 N. Assuming that the beams stacked in columns 
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element in Figure 2.12 should be 220 N. The FEA prediction for the honeycomb with two 

columns stands at approximately 206 N which comes very close to the expected value. It 

can thus be concluded that the force threshold multiplies proportionately with the number 

of columns added to the honeycomb behaving like springs in parallel. 

2.6 SUMMARY 

 This chapter investigates the effects of including negative stiffness beams into 

honeycomb-like structures in order to gain a better understanding for the design of 

negative stiffness honeycombs. FEA was used to study how single beams and double 

beams behaved under static displacement loading. Later, double beams were arranged to 

form elements with multiple rows and columns. Again, the behavior of these elements 

under quasi-static displacement loading was evaluated using FEA. When comparisons 

were made between the FEA results and the analytical equations proposed by Qiu [4], 

there were some correlations and some mismatches. Qiu [4] expects the double beams to 

completely restrict second mode bending in the beams, and the double beams adopted by 

Qiu and used in this thesis consist of a connector to clamp the two beams together. 

However, FEA simulations showed that in some cases, second mode of bending was not 

completely eliminated using this technique. The relationships derived for the force 

threshold of beams with second mode active (Equations (2.6) and (2.8)) were found to be 

closer estimates of the force threshold obtained through FEA.  

 The results obtained in this chapter prove to be extremely useful in designing 

honeycombs for force threshold and energy absorption requirements. By understanding 
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the effects of arranging double beams in rows and columns, honeycombs can be 

manipulated to fit into space constraints while still meeting force threshold and energy 

requirements. When double beams are stacked as rows in a honeycomb, the force 

threshold of the honeycomb remains the same but the number of peaks observed in the 

force-displacement relationship increase correspondingly. This implies that increasing the 

number of rows in a honeycomb can maintain the force threshold of that honeycomb 

while increasing energy absorption. Conversely, when double beams are stacked as 

columns in a honeycomb, the beams behave as springs in parallel. The force threshold 

increases proportionately to the number of columns added. Adding columns to a 

honeycomb is useful in a situation where the force threshold needs to be increased 

without changing the honeycomb travel. The understanding gained from this chapter thus 

helps predict honeycomb behavior from its constituent beam parameters and forms the 

basis for honeycomb design in the chapters that follow. 
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Chapter 3 

FEA and Experimental Evaluation of a Negative Stiffness Honeycomb 

Prototype under Quasi-Static Displacement Loading1 

3.1 INTRODUCTION 

In Chapter 2, an FEA-based feasibility study was performed to investigate the 

feasibility of creating honeycombs using negative stiffness elements and how they would 

behave when arranged in rows and/or columns. This chapter is devoted to the design of a 

negative stiffness honeycomb built on similar lines, having four rows and two columns. 

As part of the study, a prototype of this honeycomb was built and experimentally tested 

under quasi-static displacement loading. The prototype was built in nylon 11 (PA 11) 

using selective laser sintering (SLS) as the manufacturing process. The experimental 

results and their comparison with FEA predictions are discussed in this chapter. 

3.2 DESIGN AND PROTOTYPE 

Based on recommendations from Klatt [3] and Qiu [4] along with the results 

obtained in Chapter 2, a negative stiffness honeycomb was designed. Initially, the design 

involved arranging double beams into rows and columns so that it represented a 

                                                 
1 This chapter contains work published or yet to be published in the following publications: 

1. D. Correa, T. Klatt, S. Cortes, M. Haberman, D. Kovar, and C. Seepersad, "Negative Stiffness 

Honeycombs for Recoverable Shock Isolation," Rapid Prototyping Journal, vol. 21, no. 2, pp. 

193-200, 2015. Timothy Klatt envisioned the concept, Dr. Desiderio Kovar and Sergio Cortes 

provided support and equipment for the experimental evaluation, and Dr. Michael Haberman and 

Dr. Carolyn Seepersad were supervisors of the project. 

2. D. Correa, C. Seepersad, and M. Haberman, “Mechanical Design of Negative Stiffness 

Honeycomb Materials”, Integrating Materials and Manufacturing Innovation Journal, p. Under 

Review, 2015. Dr. Carolyn Seepersad and Dr. Michael Haberman were supervisors of the project. 
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honeycomb. The primitive prototype and supporting fixture are shown in Figure 3.1. 

However, such a design had no provision for constraining the ends of the beams and was 

required to be placed in a fixture. In spite of using a fixture to prevent lateral expansion 

of the beams, the inner cell walls were still free to rotate. This unrestricted motion of the 

cell walls resulted in non-negative stiffness behavior from the honeycomb under quasi-

static displacement loading.  

 
(a) 

 
(b) 

Figure 3.1: (a) Cell geometry for a primitive negative stiffness honeycomb prototype 

and (b) 3D printed primitive prototype supported in its supporting fixture. 

The final design for the prototype can be seen in Figure 3.2 and the cell geometry 

is seen in Figure 3.3 [5, 8]. To prevent second mode buckling from occurring, double 

beams clamped in the center were used. The double beams were then stacked as rows and 

columns following the pattern discussed in the preceding chapter. To maintain fixed 

boundary conditions at the extremities of the beams, a horizontal central beam was added 

that runs through the middle of each honeycomb cell. Chamfers on either end of this 

horizontal beam prevent the twisting of the cell walls during compression of the 

honeycomb.  For this reason, the prototype does not need to be supported in a fixture to 

realize negative stiffness behavior.  

Additionally, design considerations were made to suit manufacturing process 

capabilities. For example, the prototype honeycomb was fabricated with selective laser 
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sintering.  To facilitate removal of unsintered powder from between the double beams, 

the gap between them was kept at an acceptable value. Also, provisions were made in the 

design to allow for physical testing of the prototype such as flat faces on the top and 

bottom of the honeycomb to interact with the load cell and platform of the universal 

testing frame.  

 

(a) 

 

(b) 

Figure 3.2: (a) Representation of negative stiffness honeycomb geometry with four rows 

and two columns with beam dimensions recorded in Table 3.1 and (b) 

Photograph of prototype built in nylon 11. 

Beam Dimension Value [inch] Value [mm] 

Length, 𝑙 2 50.8 

Thickness, 𝑡 0.05 1.27 

Apex Height, ℎ 0.2 5.08 

Width, 𝑏 0.5 12.7 

Table 3.1: Beam dimensions for the prototype seen in Figures 3.1. 



 36 

The prototype was fabricated with a 3D Systems HiS-HiQ Vanguard selective 

laser sintering (SLS) machine and nylon 11 (PA 11) material. Nylon 11 was selected for 

its high elongation at yield (approximately 20% [11]) which makes it ideal for the large 

deformations undergone by the beams. The material properties of the specimen were 

derived by experimentally testing tensile specimens built along with the prototypes. The 

tensile specimens were built according to the dimensions of Type 1 of ASTM D638 [10]. 

The properties derived are recorded in Table 3.2. 

 

Figure 3.3: Cell geometry of the negative stiffness honeycomb prototype [5, 8]. All 

dimensions are in millimeters. 



 37 

Property Value Unit 

Density 1040 Kg / m3 

Poisson's Ratio 0.33 - 

Young's Modulus 1582 MPa 

Table 3.2: Experimentally derived properties of sintered nylon 11 parts. 

3.3 FINITE ELEMENT ANALYSIS 

Finite element analysis (FEA) was performed on the prototype prior to fabrication 

to predict the behavior of the honeycomb under quasi-static displacement loading. The 

analysis was carried out in Abaqus/Explicit. The loading schematic for the honeycomb is 

shown in Figure 3.4. The boundary conditions for the honeycomb were idealized to 

simulate third mode buckling. The idealization involves assuming that the central beam 

running through each honeycomb cell cannot rotate, keeping the vertical cell walls 

upright at all times. This is not the case in practice where the central beam is 

unconstrained and there is some deflection of the vertical cell walls. This behavior is 

often seen in experimental testing and is discussed in Section 3.3 of this chapter. 

However, the idealization provides a better prediction of the force threshold of the 

honeycomb observed in experiments. The material considered for the FEA analysis was 
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nylon 11 (PA 11). Properties of the material were determined from experimental result of 

the tensile specimens built with the prototypes and summarized previously in Table 3.2. 

 

 

Figure 3.4: Idealized loading schematic for FEA analysis in Abaqus/Explicit of a 

negative stiffness honeycomb prototype. 

A quasi-static displacement load of 35 mm was applied to the top surface of the 

honeycomb while the bottom surface was kept fixed. The vertical cell walls were given 

roller support conditions restricting motion in the lateral direction. Additionally, the 

connectors of the double beams were given roller supports to simulate third mode 

buckling in FEA. The force-displacement results from the Abaqus/Explicit analysis can 

be seen in Figure 3.5. The raw data is noisy because the nylon is modeled as a perfectly 
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elastic-plastic material, but the curve fitted data after processing in MATLAB gives a 

good prediction of the honeycomb behavior under quasi-static conditions. Curve fitting to 

the data points was performed using the method of least squares. The result follows from 

Chapter 2 for a honeycomb with four rows and two columns. There are distinctly four 

negative stiffness regions, each formed when a layer of negative stiffness beams buckles 

from one first-mode buckled shape to the other. A force threshold of approximately 230 

N is observed for the first row (in the raw data), approximately 215 N for the second and 

third, and 170 N last row. Predicted stage-wise deformation for the prototype is shown in 

Figure 3.6. 

 

Figure 3.5: Force-displacement relationship for the honeycomb in Figure 3.2 under 

quasi-static displacement loading as obtained through Abaqus/Explicit. 

It is important to note that the negative stiffness regions of in Figure 3.5 are 

highly pronounced because of the idealized loading of the honeycomb for simulation 

purposes. The idealization also ensures that the beams always buckle via third mode 

bending, which is observed during experimental testing of the honeycomb (discussed in 
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Section 3.4). The Abaqus/Explicit simulation reveals that each row buckles 

independently of each other, and each peak in the force-displacement relationship of the 

honeycomb occurs just before a new row buckles. This behavior follows a pattern similar 

to the element with two rows discussed in Chapter 2. 

   

Figure 3.6: Predicted stage-wise compression for the honeycomb seen in Figure 3.1 

under quasi-static displacement loading obtained from Abaqus/Explicit. 

3.4 EXPERIMENTAL TESTING AND RESULTS 

Two identical prototypes were built in nylon 11 (PA 11) using SLS and each was 

subjected to a loading-unloading cycle. This was done to provide an indication of 

consistency in performance between samples and tests. The quasi-static compression 

testing was performed on a MTS Sintech 2G universal testing frame. The prototypes were 

held fixed between the load cell and the base of the testing frame as shown in Figure 3.7. 

No supporting fixture was used as explained in Section 3.3. The experimental procedure 

consisted of applying a displacement of 35 mm to the top of the sample being tested at a 

constant crosshead velocity of 5 mm/min. Force-displacement data was recorded for both 

loading and unloading cycles. 
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Figure 3.7: Schematic test setup for quasi-static displacement loading of negative 

stiffness honeycomb prototypes. 

The force-displacement relationship obtained from experimental testing of the 

honeycombs can be seen in Figure 3.8.  

 

 

Figure 3.8: Quasi-static force-displacement relationships for experimentally tested 

honeycomb prototypes overlaid with the FEA prediction [5, 8]. 
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The results are overlaid on the FEA prediction from Abaqus/Explicit. The experimentally 

acquired data corresponds closely with the FEA prediction, particularly with respect to 

the magnitude of the force thresholds and the number of force peaks. However, 

differences can be observed in the pronouncement of negative stiffness regions. The FEA 

predicted an average force threshold of close to 207.5 N for each buckled row of the 

honeycomb and the experimentally measured prototypes exhibited a force threshold of 

approximately 200 N, showing strong correlation between the FEA prediction and 

experimentally derived results. However, the experimental results show less pronounced 

differences between the force thresholds at the peaks and troughs respectively. This may 

be because the idealization in FEA assumes that there is no lateral movement of the cell 

walls and ensures that second mode buckling is completely absent in the individual 

negative stiffness beams. In reality, however, the central beam does possess some 

compliance and is not entirely capable of constraining the ends of the negative stiffness 

beams perfectly. This results in some second mode buckling of the beams, which 

effectively decreases the differences between the force thresholds at the peaks and 

troughs. Stage-wise compression of the honeycomb as observed during the experiment is 

shown if Figure 3.9. 

 

Figure 3.9: An SLS prototype of a negative stiffness honeycomb in various stages of 

quasi-static compression [5, 8]. 
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It is interesting to note that the experimental results also exhibit hysteresis effects 

in nylon 11. The loading curve and unloading curve as indicated by the green arrows in 

Figure 3.8 follow distinctly different paths. As a result, energy is dissipated by 

conversion to heat through hysteresis as the honeycomb is compressed and then relaxed. 

The quantity of energy dissipated can be calculated by integrating under the loading and 

unloading curves and taking the difference of the two results. Experimental results also 

show that the negative stiffness honeycomb is completely recoverable with negligible 

plastic deformation experienced by the cells. The pre-test and post-test dimensions of the 

experimental samples are recorded in Figure 3.10. The recoverability is a major 

advantage of negative stiffness honeycombs over regular honeycombs. 

 

Figure 3.10: Overall honeycomb dimensions before and after compression. 
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3.5 EXPERIMENTAL TESTING OF A HEXAGONAL HONEYCOMB 

To investigate how the negative stiffness honeycomb compares to a regular 

honeycomb of the same relative density, a hexagonal honeycomb was designed and 

prototyped in nylon 11 (PA 11) using SLS. Relative density is considered to be a baseline 

for comparing regular honeycombs to negative stiffness honeycombs because stress 

thresholds of regular honeycombs are directly dependent on relative density. This means 

that two regular honeycombs with different cell dimensions but the same relative density 

theoretically possess the same stress threshold. Hayes [7] predicts that the stress threshold 

of a regular honeycomb is governed by the equation 

 𝜎𝑡ℎ = 0.5𝑟2𝜎𝑦𝑠 (3.1) 

In Equation (3.1), 𝜎𝑡ℎ is the stress threshold of the honeycomb, 𝑟 is the relative density of 

the honeycomb, and 𝜎𝑦𝑠 is the yield strength of the material of the honeycomb. Hayes [7] 

also proposes a relationship to determine the relative density of a hexagonal cell. This 

relationship is given by the equation 

 𝑟 =
2𝑇

√3𝐿
 (3.2) 

where 𝑇 is the thickness of the honeycomb cell wall and 𝐿 is the length of the wall 

(Figure 3.11). The cell dimensions are recorded in Table 3.3. Using Equation (3.2), the 

relative density of the honeycomb is calculated to be 0.177. Compression tests on the 

honeycomb were performed in a setup similar to the one in which the negative stiffness 

honeycombs were tested. The experiment was conducted on a MTS Sintech 2G universal 

testing frame.  A compressive load was applied at the rate of 5 mm/min for a 
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displacement of 35 mm. The hexagonal honeycomb was, in contrast to the negative 

stiffness honeycomb, held in a supporting fixture during the test.  

 

Figure 3.11: Hexagonal honeycomb representative dimensions. 

Honeycomb Dimension Value [mm] 

Length, L 7.2 

Thickness, T 1.1 

Out-of-plane depth, B 7.9 

Table 3.3: Hexagonal honeycomb prototype cell dimensions. 

The force-displacement relationship of the honeycomb derived as a result of the 

experiment is as seen in Figure 3.12. The nature of the curve follows Hayes’ [7] findings 

on regular honeycombs in in-plane compression. Figure 3.13 shows the stage-wise 

compression of the honeycomb captured during the experiment. 
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Figure 3.12: Experimentally derived force-displacement relationship of a hexagonal 

honeycomb with cell dimensions in Table 3.3 under quasi-static 

displacement loading [5]. 

 

Figure 3.13: A hexagonal honeycomb prototype in various stages of quasi-static 

compression [5]. 

An initial region of high stiffness is observed as the honeycomb is compressed 

with a plateau region forming once the force threshold of the honeycomb is reached. In 

this plateau region, the cell walls of the honeycomb undergo plastic deformation. The 

peak force threshold exhibited by the honeycombs is approximately 400 N. The plateau 

region is in the range of 200 to 250 N which is very similar to the experimentally tested 

negative stiffness honeycombs. The honeycomb also showed very little recovery after 

compression compared to the negative stiffness honeycombs which exhibited full 

recovery. 
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3.6 ENERGY ABSORPTION  

As discussed previously, the hysteresis exhibited by the honeycomb material is 

evidence of energy dissipation by the negative stiffness honeycomb during compression. 

In order to evaluate the quantity of energy absorbed, the area under the loading and 

unloading curves can be integrated. These areas amount to the quantity of energy 

absorbed during compression and recovered after release respectively. The difference 

between the former and the latter is the energy that is dissipated by the honeycomb 

material as it progresses through the deformation, as represented by the shaded region of 

the hysteresis loop of the honeycomb in Figure 3.14. Experimental force displacement 

data was integrated numerically using the trapezoidal method in MATLAB to perform 

the energy evaluations. 

 

Figure 3.14: Energy absorbed by a negative stiffness honeycomb over one complete 

cycle of loading and unloading. 

The results from the evaluation and comparisons with the hexagonal honeycomb 

performance are shown in Table 3.4. As the overall sizes of the two types of honeycombs 
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are different (owing to the fact that they were designed for similar relative densities and 

force thresholds), a true comparison of their energy absorbing capacities can only be 

made by comparing the energy that each one absorbs per unit mass of the honeycomb.  

The negative stiffness honeycombs absorb an average of 62.26 mJ of energy per gram of 

honeycomb mass. In contrast, the hexagonal honeycomb absorbed 161.85 mJ per gram of 

honeycomb mass. It is interesting to note that the hysteresis effects were constant over all 

tests performed on the negative stiffness honeycomb. The negative stiffness honeycombs 

dissipated approximately 66% of the energy incident on them along with full recovery. 

This is in comparison with approximately 86% energy absorbed by the hexagonal 

honeycomb through permanent plastic deformation. 

 

Table 3.4: Energy absorption - summary of calculations [5, 8]. 

Prototype 

Sample 
Test 

Energy 

Absorbed 

During 

Loading 

[J] 

Energy 

Recovered 

During 

Unloading 

[J] 

Net Energy 

Absorbed  

[J] 

Percent 

Energy 

Absorbed 

[%] 

Mass 

[g] 

Energy 

Absorbed 

Per Unit 

Mass 

[mJ/g] 

Sample R 

Test 1 4.88 1.62 3.26 66.8 49.8 65.37 

Test 2 3.91 1.33 2.58 66.0 49.8 51.73 

Sample L 

Test 1 5.31 1.79 3.52 66.3 49.8 70.58 

Test 2 4.73 1.67 3.06 64.7 49.8 61.36 

Hexagonal 

Honeycomb 
Test 1 11.33 1.59 9.74 85.9 60.1 161.85 
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From the figures in Table 3.4, clearly the negative stiffness honeycombs absorbed 

only about 38% of the energy absorbed by the hexagonal honeycomb. However, the 

negative stiffness honeycomb was designed arbitrarily and not necessarily optimized for 

maximum energy absorption. The results in Table 3.4, however, show that there is a need 

for improvement in energy absorption by the negative stiffness honeycombs. An attempt 

was made to optimize the beam design for maximum energy absorption while 

maintaining a similar force threshold. The optimization was performed using an 

indigenously developed code in MATLAB. Details about the problem formulation, the 

objectives, and constraints are discussed in depth in Chapter 4 of this thesis.  

The beam parameters for the optimized honeycomb can be seen in Table 3.5. The 

resultant force-displacement relationship for the optimized honeycomb was determined 

through FEA. This allowed for a prediction of the energy absorbed by the optimized 

honeycomb assuming that the honeycomb dissipates 66% of the energy that is incident on 

it. The predicted energy absorption per unit mass and the constitutive calculations for the 

optimized honeycomb are summarized in Table 3.6. The optimized negative stiffness 

honeycomb is predicted to absorb 155.36 mJ/g of energy which closely approaches the 

capacity of the tested hexagonal honeycomb. This great improvement is possible because 

of the dual advantage of reduction in negative stiffness honeycomb size and increase in 

force threshold to match that of the tested hexagonal honeycomb. 
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Parameter Symbol Original Value [mm] Optimized Value [mm] 

Length l 50.8 41.15 

Thickness t 1.27 1.14 

Apex Height h 5.08 5.08 

Width b 12.7 13.46 

Table 3.5: Optimized negative stiffness honeycomb beam dimensions [5]. 

 
Hexagonal 

Honeycomb 
Original NS Honeycomb 

Optimized 

NS 

Honeycomb 

 
Experimental 

Evaluation 

Experimental 

Evaluation 

FEA 

Prediction 

FEA 

Prediction 

Force Threshold [N] 389 211 271 393 

Energy Absorbed [J] 11.33 4.71 4.193 6.066 

Energy Dissipated [J] 9.74 3.11 2.72 3.94 

Mass [g] 60.18 49.87 49.87 25.36 

Energy per unit mass 

[mJ/g] 
161.85 62.26 54.54 155.36 

Table 3.6: Revised energy absorption calculations after optimization of negative 

stiffness honeycombs [5]. 
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The results in Table 3.6 reveal that negative stiffness honeycombs can be 

optimized for energy absorption comparable to that of regular honeycombs with the 

added advantage of recoverability. Another important point is that the response of the 

honeycombs under quasi-static displacement was used for energy evaluations. Under 

impact loading, negative stiffness honeycombs tend to exhibit a plateau region instead of 

the alternating negative and positive stiffness behavior seen in quasi-static displacement 

loading. As a result energy absorption is expected to increase in an impact scenario.   

3.7 SUMMARY 

Negative stiffness honeycombs exhibit behavior that is very similar to regular 

honeycombs. Experimental and FEA results of the quasi-static displacement loading of 

negative stiffness honeycombs reveal that they exhibit a region of high stiffness until the 

mechanical loading reaches a designed force threshold. Later, regions of alternating 

negative stiffness and positive stiffness are observed providing energy absorption at a 

nearly constant force. FEA predictions of honeycomb behavior agree very closely with 

experimental observations although an improved model is necessary for close correlation. 

Energy absorption was evaluated by integrating the experimental force-

displacement data for both types of honeycombs. The negative stiffness honeycombs 

tested in this study were found to absorb approximately 66% of the incident energy on 

them. Additionally, the negative stiffness honeycombs showed complete recovery in 

contrast to the hexagonal honeycomb that exhibited minimal recovery. The energy 

absorption of negative stiffness honeycombs can be optimized to approach the energy 
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absorption levels of regular honeycombs. Negative stiffness honeycombs thus show 

immense promise in recoverable shock isolation. 
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Chapter 4 

Optimization of Negative Stiffness Honeycombs for Increased Energy 

Absorption2 

4.1 INTRODUCTION 

Chapter 3 of this thesis revealed that simply designing a negative stiffness 

honeycomb for relative density is insufficient for maximizing energy absorption. In order 

for negative stiffness honeycombs to approach the energy absorbing capacity of regular 

honeycombs, they must be optimized. This chapter discusses the factors to be considered 

in the design optimization problem and attempts to establish a procedure for optimization 

of negative stiffness beams for maximized energy absorption. Coupled with space 

constraints and force threshold requirements, the procedure makes for an interesting 

optimization problem. This chapter further investigates how the behavior of negative 

stiffness honeycombs differs from that of regular honeycombs, particularly the fact that 

multiple design solutions exist for a given relative density with each one having a unique 

force threshold and energy absorption capability.  

This chapter opens by stating the optimization problem and formulating the 

objective function. It later goes on to discuss the various constraints to which the 

objective function is subjected and the bounds which limit the design variables. The 

program developed in MATLAB to carry out the optimization is then discussed. The 

                                                 
2 This chapter contains work published or yet to be published in the following publication: 

1. D. Correa, C. Seepersad, and M. Haberman, “Mechanical Design of Negative Stiffness 

Honeycomb Materials”, Integrating Materials and Manufacturing Innovation Journal, p. Under 

Review, 2015. Dr. Carolyn Seepersad and Dr. Michael Haberman were supervisors of the project. 
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program was developed to design negative stiffness honeycombs having the same relative 

density and force threshold as a hexagonal honeycomb described in Chapter 3. However 

the essence of the program is such that it is adaptable to design honeycombs for various 

applications. Designs to suit example applications are discussed using this program in 

Chapter 6 of this thesis. To end the chapter, comparisons are made between the behavior 

of negative stiffness honeycombs and regular honeycombs.  

4.2 PROBLEM FORMULATION 

This section attempts to assimilate the information needed to formulate the 

optimization problem. It starts off with defining the objective function and the relations 

by which it can be analytically determined. Later, constraints are discussed that include 

space requirements, material strain at yield, and force threshold requirements. 

4.2.1 Objective Function 

Before establishing the objective function, it is necessary to model negative stiffness 

beam behavior with the help of equations. To analyze negative stiffness beam behavior, a 

double beam with beam length 𝑙, apex height ℎ, thickness 𝑡, and out-of-plane depth 𝑏 

was considered. The force threshold for the beam was derived from the equation 

proposed by Qiu [4] for a double beam with second mode buckling constrained 

 𝑓𝑡ℎ ≈ 1480
𝐸𝐼ℎ

𝑙3
 (4.1) 
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where 𝐸 is the Young’s modulus of the material of the beam and 𝐼 is the area moment of 

inertia of the cross section of the beam. For full compaction, the total distance traversed 

by the beam was considered to be 

 𝑑𝑚𝑎𝑥 = 2ℎ  (4.2) 

and from Qiu et al [4], the distance traveled prior to snap-through is calculated as 

 𝑑𝑡ℎ = 0.16ℎ  (4.3) 

Relative density of the double beam was determined by the following process. Initially 

the arc length 𝑙𝐴 of the beam was calculated using the expression 

 𝑙𝐴 = ∫ √1 + (
𝑑𝑦

𝑑𝑥
)

2

𝑑𝑥

𝑙

0

 (4.4) 

where 𝑦 is the shape function of the beam given by 

 𝑦 =
ℎ

2
[1 − 𝑐𝑜𝑠 (2𝜋

𝑥

𝑙
)] (4.5) 

Furthermore, the cross-sectional area 𝐴𝑐𝑠 of the double beam was determined by the 

expression 

 𝐴𝑐𝑠 = 2𝑙𝐴𝑡 (4.6) 

The relative density 𝜌 of the negative stiffness double beam was then determined to be 

the ratio of the cross-sectional area occupied by the beam to the area of the rectangular 

bounding box that surrounds it (refer to the blue rectangle in Figure 4.1). The relative 

density is given by the expression  
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 𝜌 =
𝐴𝑐𝑠

𝑙(3𝑡 + ℎ)
 (4.7) 

assuming that the gap between the two beams is equal to the thickness of a single beam. 

 

Figure 4.1: A double beam with its surrounding bounding box. 

The primary parameter to maximize in a shock absorption application is the 

amount of energy absorbed or dissipated. For this reason, the energy absorbed by the 

honeycomb is the objective function. In order to develop an analytical expression for the 

amount of energy absorbed by the honeycomb in an impact, the force-displacement curve 

for the negative stiffness beams was assumed to be of the nature shown in Figure 4.2.  

 

Figure 4.2: Estimation of energy absorbed by cell compaction. 

To calculate the area occupied by the hatched region, the region was divided into 

a triangle with height equal to 𝑓𝑡ℎ and base equal to 𝑑𝑡ℎ and a rectangle with length equal 

to (𝑑𝑚𝑎𝑥 − 𝑑𝑡ℎ) and breadth equal to 𝑓𝑡ℎ. Using Equations (4.1) and (4.3), the area of the 
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triangle can be determined. Similarly, using Equations (4.1), (4.2) and (4.3), the area of 

the remaining rectangle can be calculated. This gives us the expression for energy for a 

double beam 

 𝐸 = 0.5𝑓𝑡ℎ𝑑𝑡ℎ + 𝑓𝑡ℎ(𝑑𝑚𝑎𝑥 − 𝑑𝑡ℎ) (4.8) 

However, energy must be maximized and most optimization toolboxes require the 

problem to be defined as a minimization problem. To accommodate this constraint, the 

negative of energy absorbed can be minimized. 

 The initial high stiffness region exhibited by the negative stiffness beam is not a 

perfectly straight line. An exaggerated representation of the true behavior of the beam can 

be seen in Figure 4.3. 

 

Figure 4.3:  Energy absorption estimation accounting for true behavior of negative 

stiffness beams. 

In order to improve the accuracy of the estimate, Equations (4.9) and (4.10) (also 

discussed in Chapter 2) derived by Qiu [4] may be used to calculate the transverse force 

on the beam for infinitesimal displacement steps until 𝑑𝑡ℎ is reached. The force-

displacement data can then be generated numerically in MATLAB and integrated to 
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determine the true area under the curve. The area of the remaining rectangle can then be 

determined as described above. 

 𝐹 =
3𝜋4𝑄2

2
∆ (∆ −

3

2
+ √

1

4
−

4

3𝑄2
) (∆ −

3

2
− √

1

4
−

4

3𝑄2
) (4.9) 

 
𝑓 =

𝐹𝐸𝐼ℎ

𝑙3
 

(4.10) 

In Equations (4.9) and (4.10), F is the normalized force acting transversely on the beam. 

Δ is the beam displacement normalized to the initial apex height of the beam and defined 

by the relationship 𝛥 =
𝑑

ℎ
. The geometry constant 𝑄 is the ratio of the apex height of the 

beam to its thickness and can be derived from the relationship 𝑄 =
ℎ

𝑡
. In Equation (4.10), 

𝑓 is the actual force acting transversely on the beam, 𝐸 is the Young’s modulus of the 

material of the beam, and 𝐼 is the area moment of inertia of the cross section of the beam. 

4.2.2 Constraints and Bounds 

This section discusses the factors that limit energy maximization in negative 

stiffness beams. The strength of the material is a primary factor in determining the 

feasibility of a solution. When negative stiffness beams are compressed by a transverse 

force, the stress in the material increases up to the stress threshold of the beam. If at any 

point the maximum stress exceeds the yield stress of the material, the negative stiffness 

beams undergo plastic buckling. This results in under-recovery of the beam upon 

reduction/removal of the compressive force. The yield strength of the material can also be 

quantified by the elongation at yield; that is, the amount of elongation the material can 
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withstand before the yield strength of the material is breached. Qiu [4] claims that the 

maximum strain 휀𝑚𝑎𝑥 in the beam can be calculated by the following equation 

 휀𝑚𝑎𝑥 ≈ 2𝜋2
𝑡ℎ

𝑙2
+ 4𝜋4

𝑡2

3𝑙2
 (4.11) 

If 휀 is the permissible strain at elongation of the material of the beam considering a 

suitable factor of safety, the first constraint is given by the relationship 

 휀𝑚𝑎𝑥 ≤ 휀 (4.12) 

 A second important constraint is space limitations, particularly the thickness of 

the honeycomb. In order to ensure that the honeycomb is allowed maximum travel for 

energy absorption, the support interfaces on the top and bottom need to be placed in such 

a way that they do not collide with the side walls of the cell before the beams have 

completed their travel. In the most economical utilization of space, a honeycomb cell 

might look like the one seen in Figure 4.4. 

 

Figure 4.4:  Dimensions of a honeycomb cell designed for optimum space utilization. 
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If the maximum thickness permissible for the application is 𝛿𝑚𝑎𝑥, then the space 

constraint for a single honeycomb cell shown in Figure 4.4 can be represented by the 

following equation 

 6ℎ + 9𝑡 ≤ 𝛿𝑚𝑎𝑥 (4.13) 

The designer may choose to have more than one set of double-beams in the thickness 

direction of the application. The number of beams in the honeycomb can be said to be the 

number of rows 𝑅 of the honeycomb. Given that each cell contains two sets of double-

beams, Equation (4.13) can be suitably modified to accommodate the number of cells or 

rows that the designer requires. This new expression can be written as  

 
𝑅(6ℎ + 9𝑡)

2
≤ 𝛿𝑚𝑎𝑥 (4.14) 

 Another important constraint that appears in shock absorption applications is a 

force threshold constraint. An ideal shock absorber absorbs energy at a constant force. In 

order to effectively isolate the subject from shock, the honeycomb must be designed to 

buckle before the permissible transmitted force is reached. The force threshold of the 

double beam can be estimated from the relationship derived by Qiu [4] in Equation (4.1). 

If the desired maximum force threshold for the application is 𝑓𝑚𝑎𝑥, then the force 

threshold constraint for a given beam design can be written as  

 1480
𝐸𝐼ℎ

𝑙3
≤ 𝑓𝑚𝑎𝑥 (4.15) 

The designer may also choose to have multiple columns in the honeycomb design. In this 

event, the force threshold of the beam or cell is multiplied by the number of columns 𝐶 in 

the honeycomb following the findings in Chapter 2 of this thesis. Equation (4.15) must 
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then be modified to accommodate the number of columns in the honeycomb. Apart from 

rows and columns, the honeycomb structure may also be extended in the out-of-plane 

depth direction and can be said to consist of stacks. The change in force threshold is 

similar to the adding of columns and the resultant force threshold is equal to the force 

threshold of the unit cell multiplied by the number of stacks 𝑆. 

 Furthermore, if the maximum area available to impact for a given application is 

𝐴𝑚𝑎𝑥, then the number of columns and stacks that the honeycomb can accommodate may 

be limited by the following equation 

 𝐶𝑆[(𝑙 + 2𝑡)𝑏] ≤ 𝐴𝑚𝑎𝑥 (4.16) 

assuming that the thickness of the cell walls is equal to the beam thickness 𝑡. 

Depending upon the application, it may be necessary to design the beams for 

monostability. Qiu [4] states that for a beam with 𝑄 ≤ 2.31, the beam is monostable. 

Therefore, since =
ℎ

𝑡
 , the monostability constraint can be written as 

 
ℎ

𝑡
≤ 2.31 (4.17) 

 Additional constraints may be added to the problem depending upon the nature of 

the problem and the needs of the designer. However, it is important to note that the 

design variables themselves may be subject to bounds depending upon factors like 

manufacturing process, material, and space constraints. These bounds must be selected by 

the designer based on the application. Example applications are discussed in Chapter 6 of 

this thesis where bounds for design variables are selected with appropriate explanations 

and justifications. 
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4.2.3 Problem Definition 

Putting together the equations in Sections 4.2.1 and 4.2.2, the optimization 

problem definition can be created. The definition is in a format that can be optimized 

using available standard optimization tools. Example applications in Chapter 6 of this 

thesis utilize MATLAB’s inbuilt optimization function fmincon to solve the optimization 

problems in this format.  

The generalized optimization problem for building a negative stiffness 

honeycomb with design variables 𝑙, ℎ, 𝑡, 𝑏, 𝑅, 𝐶, and 𝑆 can thus be stated as follows. 

Minimize: 

 𝐸 = −𝑅𝐶𝑆[0.5𝑓𝑡ℎ𝑑𝑡ℎ + 𝑓𝑡ℎ(𝑑𝑚𝑎𝑥 − 𝑑𝑡ℎ)] (4.18) 

Subject to: 

 
2𝜋2

𝑡ℎ

𝑙2
+ 4𝜋4

𝑡2

3𝑙2
−  휀 ≤ 0 (4.19) 

 𝑅(6ℎ + 9𝑡)

2
− 𝛿𝑚𝑎𝑥 ≤ 0 (4.20) 

 𝐶𝑆[(𝑙 + 2𝑡)𝑏] − 𝐴𝑚𝑎𝑥 ≤ 0 
(4.21) 

 
𝐶𝑆 (1480

𝐸𝐼ℎ

𝑙3
) − 𝑓𝑚𝑎𝑥 ≤ 0 (4.22) 

 ℎ

𝑡
− 2.31 ≤ 0 (4.23) 
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4.3 UNIQUE BEHAVIOR OF NEGATIVE STIFFNESS HONEYCOMBS 

Now that a procedure to optimize negative stiffness honeycombs has been 

established, it is important to note that they behave differently from regular honeycombs. 

Regular honeycombs are usually designed for energy absorption using the relations 

derived by Hayes and co-authors [7] discussed in Chapter 3. For example, in hexagonal 

honeycombs, the length 𝐿 and thickness 𝑇 of the cell walls are designed to create a 

honeycomb with a stress threshold 𝜎𝑡ℎ given by the equation  

 𝜎𝑡ℎ = 0.5𝑟2𝜎𝑦𝑠 (4.24) 

where 𝜎𝑦𝑠 is the yield strength of the honeycomb material and 𝑟 is the relative density of 

the honeycomb that can be calculated using the relation 

 𝑟 =
2𝑇

√3𝐿
 (4.25) 

for the honeycomb dimensions shown in Figure 3.11 in Chapter 3. Similarly, other kinds 

of regular honeycombs can be designed using the relations derived by Hayes [7]. The 

force threshold of the honeycomb 𝑓𝑡ℎ can then be determined from the stress threshold by 

setting the out-of-plane depth 𝐵 of the honeycomb such that the following equation is 

satisfied 

 𝑓𝑡ℎ = 𝜎𝑡ℎ𝐴 (4.26) 

where 𝐴 is the out-of-plane cross-sectional area of the honeycomb. 

 The force threshold of a honeycomb, along with its overall compression, 

determines the energy absorption during impact. The energy absorbed by the honeycomb 

is the area occupied by the region under the force-displacement curve of the honeycomb. 
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From the equations above, it is clear that the force threshold of a honeycomb with unit 

out-of-plane depth 𝐵 is directly related to the length 𝐿 and thickness 𝑇 of the honeycomb 

cell. However, in the case of negative stiffness honeycombs with unit out-of-plane depth 

𝑏, there are three parameters directly responsible for the force threshold. These are the 

length of the beam 𝑙, the beam thickness 𝑡, and the apex height ℎ of the beam. For this 

reason, negative stiffness honeycombs may have multiple design solutions having the 

same relative density, each with a unique force threshold and hence a unique energy 

absorbing capacity. For example, a negative stiffness beam with high thickness and 

greater apex height might have a relative density similar to a beam having the same 

length but low thickness and lesser apex height and yet possess a very different force 

threshold and energy absorption capacity. Highly exaggerated representations of two 

such beams can be seen in Figure 4.5 to illustrate this point.  

 

Figure 4.5: Exaggerated representations of negative stiffness beams having the same 

relative density but very different force thresholds and energy absorption capacities. 

This behavior is in stark contrast to regular honeycombs that may have multiple 

design solutions with the same relative density but each one having the same force 

threshold and energy absorbing capacity. In order to compare the behavior of both types 
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of honeycombs, a study was conducted to record the energy absorbing capacity of a 

hexagonal honeycomb within a specified design space for varying relative densities. 

Keeping in mind that negative stiffness honeycomb properties are dependent on three 

parameters whereas regular honeycomb properties are dependent on two, the length of 

the negative stiffness beam was designated fixed at 3 cm while the apex height and beam 

thickness varied. For the hexagonal honeycomb, the length and thickness of the cell wall 

were varied. The out-of-plane depth for both cells was fixed at 1 cm. The energy 

absorbed by each of the cells was determined by estimating the force-displacement curve 

for that cell under impact and integrating it. The force displacement curves for the cells 

were idealized to be of the nature seen in Figure 4.2. The hatched region under the curve 

is the theoretical energy absorbed by the cell upon complete compaction, also known as 

the compaction energy.  

The relative density, stress threshold, and force threshold for the hexagonal cell 

were determined using Equations (4.24), (4.25), and (4.26). For full compaction the 

regular hexagonal cell was displaced by the total amount given by the equation 

 𝑑𝑚𝑎𝑥 = √3𝐿 − 𝑇  (4.27) 

where 𝑇 is the thickness and 𝐿 is the length of the honeycomb cell wall. 

 By varying the cell parameters for the hexagonal honeycomb in MATLAB, 

compaction energy was calculated for different force thresholds. Similarly, beam 

parameters of the negative stiffness double beam were varied to calculate the maximum 

compaction energy of the double beam for varying force thresholds and relative densities. 

The results from the study can be seen in Figure 4.6. 
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Figure 4.6:  Compaction energy per unit cell versus relative density [6]. 

As discussed earlier, the hexagonal honeycomb does not possess design solutions 

with varying force thresholds and compaction energy for a given relative density. 

Therefore, only a single curve is seen on the plot. Energy absorbed is a sharply increasing 

function of relative density because the force threshold for a hexagonal honeycomb 

shares a quadratic relationship with relative density as seen in Equation (4.24). However, 

this behavior is only valid for low relative densities. After a certain point, the increase in 

relative density will limit the amount of travel, thus reducing the energy absorbing 

capacity. For this reason, honeycombs with relative densities in the range of 0.1 to 0.4 are 

usually employed for energy absorption.  In contrast, the negative stiffness beams display 

different maximum energy absorption levels for varying force thresholds and relative 

densities. In Figure 4.6, stress thresholds were arbitrarily chosen and feasible design 
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solutions satisfying these thresholds were evaluated. Each solution was also evaluated for 

energy absorption and relative density. As discussed previously, multiple designs exist 

for a given force threshold and relative density. For the figure, however, only the designs 

having the maximum compaction energy for a given force threshold and relative density 

were plotted. The resultant curves show that for low relative densities, it is possible to 

approach the energy absorption capabilities of regular honeycombs by optimizing for 

energy absorbed. However, as relative density increases, the energy absorbing capacity of 

regular honeycombs increases exponentially and it is not possible to find feasible design 

solutions for negative stiffness honeycombs to match these levels. It can also be seen that 

for higher force thresholds, it is easier to find solutions to match the energy absorption 

capacity of regular honeycombs.  

4.4 SUMMARY 

The first half of the chapter focusses on deriving equations and relationships that 

can be used to create an optimized negative stiffness honeycomb. The objective function 

is defined and the constraints to which it is subjected are discussed. The objective 

function is to maximize the energy absorbed by the honeycomb while the constraints 

include material stress limits, space limitations, and force threshold requirements. As a 

summary, all the derived equations are consolidated to create an optimization problem 

defined in a standard format. This optimization problem can be implemented in any 

available optimization toolbox to get optimized results.  
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In the latter half of the chapter, the behavior of negative stiffness honeycombs is 

compared with that of regular honeycombs. The compaction energy per unit cell of the 

hexagonal honeycomb was compared analytically to that of a negative stiffness double 

beam. The negative stiffness beam provided multiple design solutions for the same force 

threshold and relative density. When the solutions having maximum energy absorption 

were selected for analysis, the results showed that for low relative densities (< 0.15), it is 

possible to design negative stiffness honeycombs with energy absorption comparable to 

regular honeycombs.  
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Chapter 5 

FEA and Experimental Evaluation of a Negative Stiffness Honeycomb 

Prototype under Dynamic Impact Loading 

5.1 INTRODUCTION 

Chapter 3 of this thesis discussed the response of negative stiffness honeycombs 

to quasi-static displacement loading. However, in reality, impact cannot be considered to 

be a static phenomenon. Impact is, in fact, a dynamic phenomenon occurring is a short 

time span. Under very high rates of deformation, many materials stiffen, which can 

significantly affect their structural performance. To study the capabilities of negative 

stiffness honeycombs under dynamic impact loading, a quasi-static experiment may be 

insufficient. This chapter discusses an experimental approach to study the response of 

negative stiffness honeycombs subjected to impact and comparisons are made between 

the experimentally observed dynamic and quasi-static responses. 

The chapter begins with a description of the experimental setup, which is used to 

perform a number of different impact tests on the prototype. Results of those tests are 

discussed. A preliminary FE model in Abaqus/Explicit for impact loading of the 

prototype is also discussed, and comparisons are drawn between the experimental and 

FEA results. The chapter also includes information related to strain rate dependence and 

viscoelasticity of the material used to fabricate the honeycomb and recommendations on 

how this information can be included in the Abaqus/Explicit FE model in the future. The 

preliminary FE model, however, does not include these material properties. 
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5.2 EXPERIMENTAL TESTING 

This section details the experimental setup for impact loading of the negative 

stiffness honeycombs and the experimental results. 

5.2.1 Experimental Setup 

To experimentally investigate the response of negative stiffness honeycombs to 

dynamic impact loading, a testing rig was developed at The University of Texas at Austin 

by Bostwick [15] (see Figure 5.1). The setup consists of an aluminum frame upon which 

two linear bearings are mounted. The bearings support a rigid mass. The rigid mass is 

capable of sliding up and down over the entire height of the testing rig while the bearings 

ensure reduced sliding friction. At the bottom, a flat plate is designed to hold the 

prototypes firmly during the test. The prototype under consideration may be fastened to 

the plate with the help of clips. The testing rig is equipped with levelling screws that 

ensure that the setup is perfectly horizontal during testing. 

As part of the experiment, a falling block was dropped from various heights on to 

the prototype mounted at the base plate. An accelerometer (PCB Piezotronics 352C03) 

was rigidly attached to the falling block. Data from this accelerometer was captured as 

the mass dropped using a data acquisition system, which described by Bostwick [15]. The 

acceleration data was used to approximate the magnitude of the force experienced by the 

prototype during impact given that the mass of the falling block was known. 

Additionally, accelerometer data could also be integrated to estimate the velocity and 

displacement of the falling block at any time during the data capture.  
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Figure 5.1: Experimental testing rig for impacts adopted from Bostwick [15]. 

 

Figure 5.2: Experimental testing setup for dynamic impact loading. 

The prototype tested was similar to the one discussed in Chapter 3. The honeycomb had 

four rows and two columns of negative stiffness double beams. Beam dimensions of the 

honeycomb prototype are recorded in Table 5.1. As stated in Chapter 3, the honeycomb 

was built in nylon 11 material using selective laser sintering (SLS).  
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Beam Dimension Value [inch] Value [mm] 

Length, 𝑙 2 50.8 

Thickness, 𝑡 0.05 1.27 

Apex Height, ℎ 0.2 5.08 

Width, 𝑏 0.5 12.7 

Table 5.1: Beam dimensions for the experimentally tested prototype shown in Figure 

5.2. 

Referring to Figure 5.2, the experiment was structured as follows. The rigid block of 

mass 𝑚 was dropped from a varying height 𝑑 above the honeycomb. Neglecting friction 

in the bearings and drag on the block, the velocity 𝑣 of the block at the time of impact 

can be calculated by the expression 

 𝑣 = √2𝑔𝑑 (5.1) 

where 𝑔 is the acceleration due to gravity. Provided the sampling rate of the 

accelerometer is sufficient, it may be possible to compute velocity by integrating 

acceleration values at every step. Acceleration data from the block was recorded over the 

duration of each of these experiments. The instantaneous force experienced by the 

prototype was evaluated by multiplying the instantaneous acceleration by the mass of the 

falling block. Table 5.2 summarizes the various combinations of tests carried out as part 

of the experiment.  



 73 

Case Mass, 𝒎 [kg] Height, 𝒅 [cm] Velocity, 𝒗 [m/s] 

Combination 1 1.8 31 2.46 

Combination 2 1.8 21 2.03 

Combination 3 1.8 11 1.47 

Table 5.2: Summary of impact loading experiment combinations. 

5.2.2 Experimental Results and Discussion 

The acceleration data (in ‘g’s) obtained from one of the experiments is shown in 

Figure 5.3.  

 

Figure 5.3: Acceleration data obtained from an impact experiment [15]. 

The block begins freefall at around time instant 0.36 seconds. Thereafter, a 

negative acceleration is witnessed which is indicative of the downward fall of the block 

due to gravity. The first spike that appears at around 0.7 s is the sudden deceleration 
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experienced by the block upon impact with the prototype. Thereafter, the block bounces 

off the sample and strikes it repeatedly until it comes to a rest. For the purposes of this 

study, only the first impact of the block with the honeycomb is important. Therefore, data 

from subsequent impacts due to bounce back are ignored. The results are expressed in 

force versus time to allow for clear comparisons with the static force-displacement data 

reported in Chapter 3. The unfiltered force-time relationships obtained from three 

different combinations of the experiment are shown in Figure 5.4. 

 

Figure 5.4: Force-time relationships of a negative stiffness honeycomb under impact 

from a block of 1.8 kg dropped from various heights d. 

From Figure 5.4, it is clear that the block never experiences a force higher than 

the force threshold of the negative stiffness honeycomb (approximately 200 N) 

experimentally reported in Chapter 3, regardless of the height from which it is dropped. 

This is a positive indication of the usability of negative stiffness honeycombs to mitigate 

shock provided their force thresholds are aptly designed. Furthermore, the number of 

rows in the honeycomb that snap is directly related to the height from which the falling 
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mass is dropped. This trend is reflected in the overall time over which the block is 

compressed. The block experiences the impact force for the longest time when dropped 

from a height of 31 cm above the honeycomb and the shortest time when dropped from a 

height of 11 cm. Individual force-time relationships for the honeycombs for the three 

experiment combinations are discussed subsequently in this section. 

Figure 5.5 shows the force-time response for the tested negative stiffness 

honeycomb when impacted by a block falling from a height of 31 cm above it. The 

energy from the impact causes three rows of the honeycomb to buckle. The three peaks 

having force thresholds of close to 200 N in the first 0.02 seconds of impact are the peaks 

caused by the buckling of the first three rows. The peaks between 0.035 and 0.055 

seconds of impact are the beams snapping back to their original state, the reduced force 

threshold being the result of hysteresis.  

 

Figure 5.5: Force-time relationship of a negative stiffness honeycomb under impact 

from a block of 1.8 kg dropped from a height of 31 cm. 
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Figure 5.6 shows the force-time relationship for the tested negative stiffness 

honeycomb when impacted by a block falling from a height of 21 cm above it. The 

decrease in input energy has caused only two rows of the honeycomb to completely 

buckle as can be witnessed by the two peaks in the first 0.02 seconds of impact. The 

response follows a similar pattern as can be seen in the previous figure with the two 

peaks of reduced force threshold occurring between 0.035 and 0.045 seconds after 

impact. The overall time for impact is also shorter at around 0.047 seconds as a result of 

fewer rows of the honeycomb buckling. 

 

Figure 5.6: Force-time relationship of a negative stiffness honeycomb under impact 

from a block of 1.8 kg dropped from a height of 21 cm. 

Figure 5.7 shows the force-time relationship for the tested negative stiffness 

honeycomb when impacted by a block falling from a height of 11 cm above it. The 

energy from the impact buckled only one row of the negative stiffness honeycomb. As a 

result only one peak of approximately 200 N is observed at 0.01 seconds. Another peak is 

observed at 0.032 seconds when the buckled row recovers to regain its original position. 
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The reduction in input energy also means that the impact forces last for a shorter span of 

time, in this case approximately 0.038 seconds. 

 

Figure 5.7: Force-time relationship of a negative stiffness honeycomb under impact 

from a block of 1.8 kg dropped from a height of 11 cm. 

5.3 FINITE ELEMENT MODELING 

To effectively design honeycombs for shock isolation, FE modeling is of prime 

importance. It helps reduce expense and time related to prototyping and experimentally 

testing the design. Strain rate dependence and viscoelasticity of the material are important 

factors to consider in the dynamic FE model, and although these effects are not included 

in the preliminary FE model, they are discussed in Section 5.3.2. 

All FEA analyses with respect to dynamic impact loading of honeycombs were 

performed in Abaqus/Explicit. A loading schematic and setup for the honeycomb in 

Abaqus/Explicit are shown in Figure 5.8. The loading was idealized by providing roller 
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the model. This block was given a contact interaction with the top surface of the 

honeycomb and an initial velocity corresponding to the drop height according to Equation 

(5.1). The density and volume of the block were adjusted to ensure the block had a mass 

of 1.8 kg. Force on the honeycomb, time, and displacement of the top surface of the 

honeycomb were acquired from the simulation. 

 

 

Figure 5.8: Loading schematic of a negative stiffness honeycomb for dynamic impact in 

Abaqus/Explicit. 

5.3.1 FEA Results and Discussion 

Preliminary FEA simulations were performed for all combinations of the 

experimentally tested negative stiffness honeycombs. The effects of strain rate 
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dependence on nylon 11 material are assumed to be negligible [18] and were hence not 

included in the material properties for the simulation. Additionally, the falling block was 

assumed to fall without retardation caused by friction in the bearings of the test setup. 

Effects of viscoelasticity and material damping were also not implemented at this stage. 

Additionally, the FEA only recorded the compression of the honeycomb and not the 

subsequent snap back. The results from the analyses are shown in Figures 5.9, 5.10, and 

5.11. 

Figure 5.9 shows the force-time response of the honeycomb under impact from a 

1.8 kg block falling from a height of 31 cm obtained from Abaqus/Explicit. The FE 

model predicts complete buckling of all four layers of the honeycomb and subsequent 

densification at time instant 0.02 seconds. The FEA results show four distinct peaks for 

each buckled layer of the honeycomb. Each peak has an approximate force threshold 

between 200 N and 250 N. The force threshold corresponds closely to the force threshold 

observed in experiments (refer to Figure 5.5). However, during the experiment, only three 

layers of the honeycomb buckled. The FEA overestimates the energy input to the 

honeycomb because it does not account for the friction in the bearings of the test setup or 

the effect of atmospheric drag on the falling block. In reality, the block strikes the 

honeycomb prototype with a velocity less than that predicted by Equation (5.1). As the 

input to the FE model is the velocity of the block, accurate estimation of the true velocity 

of the block as it impacts the honeycomb is essential for a strong prediction. 
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Figure 5.9: Force-time relationship of a negative stiffness honeycomb under impact 

from a block of 1.8 kg dropped from a height of 31 cm as predicted by 

Abaqus/Explicit. 

The experimental results also do not exhibit peaks as prominent as those predicted 

by the FEA. There could be two reasons for this. First, the FE model idealizes the 

boundary conditions of the honeycomb by providing roller supports at the beam ends. 

This idealization enhances the negative stiffness behavior in the simulation. Secondly, 

effects of material damping have not been included in the FE model. Inherent damping of 

nylon 11 material results in milder oscillations in the force response in practice and may 

be a possible contributor to the differences observed in the model and experimental data. 

Preliminary FEA results as shown in Figure 5.9 only capture the compression of the 

honeycomb and not the subsequent recovery. The compression occurs in approximately 

0.02 seconds as predicted by FEA. The experimental results in Figure 5.5 for the 

compression of the honeycomb reveal that three layers of the honeycomb compress in 

0.025 seconds. This shows that the impact time prediction of the FEA is fairly accurate. 
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Figure 5.10 shows the force-time response of the honeycomb under impact from a 

block weighing 1.8 kg falling from a height of 21 cm obtained from Abaqus/Explicit.  

 

Figure 5.10: Force-time relationship of a negative stiffness honeycomb under impact 

from a block of 1.8 kg dropped from a height of 21 cm as predicted by 

Abaqus/Explicit. 
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these effects. As the data obtained from Abaqus/Explicit was noisy, it was passed through 

a low pass filter to obtain a cleaner signal. The filter used was a second order low pass 

Butterworth filter, implemented in MATLAB with a cutoff frequency of 125 Hz. The 

FEA predicts that three rows of the honeycomb completely buckle and the fourth just 

begins to buckle when the block is dropped from this height, as indicated by the presence 
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honeycomb completely buckle. As discussed above, the difference can be attributed to 

the lack of friction and drag in the FE model. However, there is a strong correlation 

between the force threshold observed in FEA and experiments. The FEA on average 

predicts a force threshold close to 200 N which is very close to the experimentally 

observed 190 N. There also exists a correlation of the time stamps of the predicted FEA 

force-time relationship and the experimental results. Both compressions last for 

approximately 0.02 seconds. 

 Figure 5.11 shows the force-time response of the honeycomb under impact from a 

block weighing 1.8 kg falling from a height of 11 cm obtained from Abaqus/Explicit. 

 

Figure 5.11: Force-time relationship of a negative stiffness honeycomb under impact 

from a block of 1.8 kg dropped from a height of 11 cm as predicted by 

Abaqus/Explicit. 

As explained above, the data obtained from Abaqus/Explicit was noisy, and it was passed 

through a low pass filter to obtain a cleaner signal. The FEA predicts that one row of the 

honeycomb completely buckles with the second row buckling approximately half way. 
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The first distinct peak that occurs approximately at time instant 0.005 seconds is the 

result of the first row snapping through. The force threshold recorded is approximately 

225 N. The second peak does not attain the height of the first one because the energy 

from the impact is insufficient for the second row of the honeycomb to completely snap 

through. Experimental results (as shown in Figure 5.7) exhibit a force threshold of 180 N 

and also indicate the collapse of a single row of the honeycomb. Overall, the time for 

compression of the honeycomb was approximately 0.025 seconds in both cases. 

In all FE models, the velocity of the block was being over-estimated because 

effects of atmospheric drag and friction in the bearings of the test setup were neglected. 

To demonstrate the significance of friction in the bearings, however, experimental results 

from Combination 1 (refer to Figure 5.5) are seen to correlate very strongly to the FEA 

result in Figure 5.10 which assumes the falling block has a velocity of 2.03 m/s. This 

correlation exists because the true velocity of the block falling from 31 cm may actually 

be closer to 2.03 m/s than the predicted value of 2.46 m/s due to friction and drag. Figure 

5.12 shows the experimental results from Figure 5.5 overlapped with the filtered FEA 

force-time relationship from Figure 5.10. The FEA results predict the occurrence of the 

peaks caused due to the buckling of each honeycomb row with a fair degree of accuracy. 

Not only are the force thresholds of the FEA and experimental results similar, they also 

occur at nearly the same time instant. The FEA predicts peaks and valleys that are more 

pronounced, however, due to idealization of the loading schematic (thus neglecting 

second mode bending effects in the honeycomb). Further, the FE model does not account 

for the twisting of the cell walls, a phenomenon that may occur during experiments. This 
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twisting may exert a rotational torque on the falling block which can increase the friction 

in the sliding bearings. Another reason for the increased pronouncement of peaks and 

valleys could be the absence of material damping in the FE model. This pronouncement 

is not witnessed in the experimental results due to the viscoelasticity and inherent 

material damping of nylon 11. Also, the FEA and experimental results are seen to diverge 

after time instant 0.02 seconds although they follow similar trends. The force as predicted 

by the FEA decreases between time instants 0.025 and 0.04 seconds while experiments 

show that the force remains relatively constant in this region.  Additionally, the forces 

predicted by the FEA during recovery of the honeycomb also appear to be lower than the 

forces experienced during the experiment. As a side note, the close comparison illustrated 

in Figure 5.12 reveals that accurate estimation of the impact velocity may yield better 

FEA predictions. 

 

Figure 5.12: Experimentally obtained force-time relationship of Combination 1 (𝑑 = 31 

cm) overlaid filtered FEA prediction of Combination 2 (𝑣 = 2.03 m/s). 

-50

0

50

100

150

200

250

0 0.01 0.02 0.03 0.04 0.05

F
o
rc

e 
[N

] 

Time [s] 

FEA Prediction: v = 2.03 m/s

Experimental Result: d = 31 cm



 85 

5.3.2 Future Work 

The FEA results obtained at this point are only partially indicative of the behavior 

of the negative stiffness honeycombs under impact. While the force thresholds and time 

stamps in the FEA simulation and experiments align closely, there are discrepancies in 

the number of rows buckled under impact and the degree of pronouncement of the peaks. 

The discrepancies with respect to the number of peaks can be attributed to being unable 

to exactly predict the velocity of the falling block at the time of impact from a given 

height. A high speed camera with a known frame rate may be used to record the falling 

block from its starting position to the moment it strikes the honeycomb. The velocity of 

the block at every time instant recorded by the camera can then be determined from this 

data. Additionally, if atmospheric drag and friction in the bearings can be accurately 

modeled analytically, the true velocity of the falling block can be calculated. Another 

difference between the FEA predictions and the experimentally observed results is the 

pronouncement of the peaks when each layer of the honeycomb buckles and excessive 

noise in the force-time curves. This noise can be removed with the help of a low pass 

filter. However, in the long run, it is desirable to model the material damping effects of 

nylon 11 in order to improve the accuracy of the predictions. Additionally, strain rate 

dependence and effects of viscoelasticity must be implemented in the model to achieve 

better accuracy. Recommendations for implementing these material properties into the 

FE model are discussed below. 

Many materials, including plastics, tend to stiffen when subjected to high strain 

rates or high rates of deformation. As the experimental results discussed in Section 5.2.1 



 86 

show, the impact and subsequent deformation of the negative stiffness honeycomb 

prototypes last for only about 0.05 seconds on average. In this time, the honeycomb sees 

a deformation of approximately 30 mm assuming that three rows have buckled 

completely. This translates to a strain rate of 6.65 s
-1

 for a sample with original end-to-

end dimensions of 90.17 mm. The material of the honeycomb must be investigated to 

create an accurate FE model for strain rates of this magnitude.  

Tsantinis and co-authors [18] conclude through a Split Hopkinson Pressure Bar 

(SHPB) test that TROGAMID CX-7323 (a transparent nylon) exhibits negligible increase 

in Young’s modulus even at strain rates as high as 1400 s
-1

. Tsantinis further goes on to 

create an FE model that excludes the strain rate dependent properties of nylon. The FEA 

deformation results closely match physical observations from experimentation. Wang et 

al [19] present results related to strain rate dependent properties of nylon 6 (PA 6). 

Although the results reported reach a tested strain rate of only 5 min
-1

, the Young’s 

modulus of nylon shows slight increase with the increase in strain rate at a constant 

temperature of 21.5 °C.  

Modeling for strain rate dependency of honeycomb material in Abaqus may be 

done in a number of ways. If the Johnson-Cook parameters of the material are available, 

they can be inserted directly into Abaqus. Abaqus also has the provision to include rate 

dependent data of Young’s modulus and strain. The FEA results in this thesis do not 

account for strain rate dependent properties because nylon shows very little strain rate 

dependence for the strain rates the prototypes are subjected to during experimentation. 
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However, for honeycombs designed with materials that exhibit strain rate dependency, it 

may be necessary to include those properties in the FE model. 

One technique for modeling viscoelasticity in Abaqus requires material data from 

stress relaxation experiments. A stress relaxation test involves subjecting a material 

sample to an initial strain and holding the specimen for a prolonged period of time. 

During this time, the stress in the specimen is measured at repeated time intervals. As a 

result, stress relaxation data is usually available in the form of a plot with stress versus 

time. The relaxation modulus 𝐸(𝑡) at time instant 𝑡 can be computed form the following 

equation 

 𝐸(𝑡) =
𝜎(𝑡)

휀0
 (5.2) 

where 𝜎(𝑡) is the stress at time instant 𝑡 and 휀0 is the initial strain. 

 Kawahara et al [16] performed stress relaxation experiments on nylon 6/6 

specimens. Select data derived from Kawahara’s results are tabulated in Table 5.3. A plot 

of stress relaxation modulus versus time derived from Kawahara and co-authors is shown 

in Figure 5.13. 

𝐄(𝐭) 
[MPa] 

430.63 516.75 574.17 588.52 602.88 473.68 459.33 444.98 430.63 

Time 
[s] 

2.85 8.57 14.29 17.14 20 25.71 31.42 60 100 

Table 5.3: Select stress relaxation data for nylon 6/6 derived from Kawahara et al [16] 

for an initial strain 휀0 = 0.2. 
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Figure 5.13: Stress relaxation curve for nylon 6/6 obtained from Kawahara et al [16]. 

Assuming that nylon 11 properties are close to those of nylon 6/6, the stress relaxation 

data reported by Kawahara and co-authors was used to simulate hysteresis effects in 

Abaqus. Abaqus requires data in the form of instantaneous shear modulus 𝐺(𝑡) and bulk 

modulus 𝐾(𝑡). These properties can be calculated from the instantaneous relaxation 

modulus using the equations reported by Kwok [17] 

 𝐺(𝑡) =
𝐸(𝑡)

2(1 + 𝜈)
 (5.3) 

and, 𝐾(𝑡) =
𝐸(𝑡)

3(1 − 2𝜈)
 (5.4) 

where 𝜈 is the Poisson’s ratio of the material. Input into Abaqus, however, requires the 

normalization of each of these moduli that can be computed using the equations 
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and, 𝑘(𝑡) =
𝐾(𝑡)

𝐾0
 (5.6) 

where 𝐺0 = 𝐺(0) and 𝐾0 = 𝐾(0) – the instantaneous shear and bulk moduli at 𝑡 = 0. 

Abaqus then converts the relaxation test data into Prony series parameters for the material 

through curve fitting by least squares that can be used to determine the instantaneous 

Young’s modulus of the material in impact. Modeling viscoelasticity of the honeycomb 

material in Abaqus helps predict hysteresis effects seen in experimentation. 

5.4 TEMPERATURE DEPENDENCE OF NYLON 11 

Plastics, in general, are very sensitive to external temperatures. Nylon 11 being no 

exception, behavior of the honeycomb was studied under two operating temperatures – 

32 °F (0 °C) and 130 °F (54.5 °C).  To bring the temperature of the prototype sample 

down to 32 °F, an ice bath was used. The sample was sealed in an air-free Ziploc bag and 

immersed in the ice for at least an hour. A thermocouple placed inside the bag was used 

to measure the temperature of the sample. When the temperature was steady at 31 °F, the 

sample was removed from the ice bath and immediately tested under impact. To bring the 

prototype sample to 130 °F, a similar but heated bath was used. The sample sealed in an 

air-free Ziploc bag was immersed in the hot bath to maintain uniform temperature and 

avoid temperature gradients. The temperature was again measured with the help of a 

thermocouple placed inside the Ziploc bag. The sample was kept immersed until the 

steady temperature of 130 °F was reached after about an hour. The sample was then 

removed from the bath and immediately tested under impact.  
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Figure 5.14 shows the effects of ambient temperature on the prototype behavior 

under impact from a height of 21 cm. Low temperature (32 °F) appears to have little 

effect on the behavior of nylon 11. The sample behaved in nearly the same manner as it 

would at room temperature and exhibited approximately the same force threshold. Two 

rows of negative stiffness elements were buckled during the test and can be seen as peaks 

in the force-time relationship. On the other hand, high temperature (130 °F) has a 

profound effect on the behavior of the honeycomb. The force threshold dropped to 

approximately 100 N, which is nearly half the force threshold of the sample at room 

temperature. Furthermore, the sample also bottomed out during testing as the result of all 

four rows of the honeycomb buckling and causing a large spike in force at approximately 

0.03 seconds into the impact. Additionally, the time taken for the honeycomb to compress 

and decompress also was larger due to the additional travel of the honeycomb. 

 

Figure 5.14: Influence of ambient temperature on the force-time relationship of a 

negative stiffness honeycomb under impact from a block of 1.8 kg dropped 

from a height of 21 cm. 
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Figure 5.15 shows the effect of ambient temperature on the force-time 

relationship of the tested honeycomb when the mass was dropped from a height of 11 cm 

above the prototype. As discussed previously, low temperature (32 °F) showed little 

influence on the behavior of the honeycomb. One row of the honeycomb snapped through 

completely similar to the tested sample at room temperature. A drop in force threshold is 

seen but the magnitude is so small that it can be attributed to experimental error. High 

temperature (130 °F) once again showed tremendous influence on the behavior of the 

honeycomb. Three rows of the honeycomb were buckled on impact relative to one row of 

the sample tested at room temperature. Additionally, the drop in force threshold is also 

noticeable – approximately half that of the sample at room temperature. The sample also 

exhibited a longer recovery time partly due to the additional travel to which the 

honeycomb was subjected on impact. 

 

Figure 5.15: Influence of ambient temperature on the force-time relationship of a 

negative stiffness honeycomb under impact from a block of 1.8 kg dropped 

from a height of 11 cm. 
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In conclusion, it can be said that although negative stiffness honeycombs built 

with nylon 11 are unaffected by temperatures as low as 32 °F, they are severely affected 

by increased temperature. The samples were tested at 130 °F, and the threshold after 

which significant degradation of material properties occurs has not been investigated at 

this point in this thesis. That aspect of the investigation is reserved for future work. 

However, according to studies by Wang and co-authors [19], the Young’s modulus of 

nylon 6 decreases significantly with increases in ambient temperature, and a similar trend 

can be expected for nylon 11 as well. In order to design honeycombs for high temperature 

applications, materials with less temperature dependence must be explored. 

5.5 SUMMARY 

This chapter began by discussing an experimental procedure to evaluate the 

performance of negative stiffness honeycombs under impact loading [15]. Impact tests 

were conducted on negative stiffness honeycomb prototypes by dropping a block from 

three different heights onto the honeycomb. The acceleration of the block was recorded 

using an accelerometer. The response of the honeycomb upon impact was recorded in the 

form of force-time plots for each of the different heights from which the block was 

dropped. The experimental results show that irrespective of the height from which the 

object was dropped (or in other words, irrespective of the energy input to the 

honeycomb), the designed force threshold of the honeycomb remains unchanged. 

Furthermore, experiments reveal excellent shock absorption characteristics. A clear 
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region of high stiffness is observed before a plateau region occurs at which energy is 

absorbed at a nearly constant force.   

Preliminary FEA predictions for dynamic impact loading of negative stiffness 

honeycombs were discussed in this chapter. The FEA predictions show strong similarities 

to the experiments with regard to force threshold magnitudes and response time. 

However, the FEA results revealed that due to atmospheric drag and bearing friction in 

the impact test setup, a better means of estimating the impact velocity is required to 

produce more accurate results.  

Lastly, the temperature dependence of nylon 11 was studied. Impact tests were 

carried out on negative stiffness honeycomb prototypes in hot and cold conditions. The 

response of the honeycombs at cold temperatures (32 °F) was unaffected when compared 

to results at room temperature. However, at higher temperatures (130 °F), a clear drop in 

stiffness of the honeycomb was seen with the force threshold dropping to nearly half the 

force threshold at room temperature. The results indicate that better material selection is 

needed for honeycombs operating at higher temperatures. 
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Chapter 6 

Applications of Negative Stiffness Honeycombs 

6.1 INTRODUCTION 

In the preceding chapters of this thesis, negative stiffness honeycombs were 

shown to be promising solutions for recoverable shock isolation. This chapter 

investigates the design and implementation of negative stiffness honeycombs in 

applications where recoverable energy absorption is needed. Two major applications are 

discussed, namely, bicycle seat suspensions and army helmets. 

An important requirement for a competitive bicyclist is to have a bicycle with a 

stiff frame when riding on smooth surfaces. A stiff bicycle frame ensures that all the 

energy being input into the pedals by the rider is used to turn the wheels of the bicycle. 

However, a bicyclist may also face impacts when he rides his bike over ditches and other 

obstacles on the road. Some mountain bicycles are equipped with suspension systems to 

isolate the rider from these impacts. Traditional suspension systems, however, are also 

constantly at work when the rider is riding on smooth surfaces causing energy losses due 

to the compliance in the bike frame. An ideal suspension system for such an application 

must possess high stiffness in good road conditions but quickly transition into a low 

stiffness energy absorbing system under impact. Negative stiffness honeycombs have 

been shown to exhibit high initial stiffness up to a designed force threshold and then 

begin to buckle, absorbing energy at a constant transmitted force. This chapter discusses 

a negative stiffness honeycomb design for a bike seat to suit such an application. The 
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design is prototyped in SLS using nylon 11 material and experimentally tested to gauge 

efficacy. The results and conclusions from the experiments are also discussed. 

Army combat helmets are constantly under threat from blunt and ballistic impacts 

[12]. A blunt (or “bump”) impact is one which occurs over a larger area of the helmet 

caused by objects travelling at a low velocity. A blunt impact may also occur when a 

soldier falls in such a way that it causes his helmet to impact the ground or when the 

helmet collides with obstacles that are at head height. On the other hand, a ballistic 

impact occurs when a projectile travelling at high velocity impacts the helmet. The region 

of impact is much smaller than the area of impact from a blunt object and the energy 

imparted may also be much higher. A technical approach to protect the wearer of the 

helmet is to design the helmet to absorb as much energy as possible from the incoming 

projectile so that the wearer’s head is protected from the projectile [14]. This goal may be 

achieved by breaking, stretching, or compressing the materials in the helmet’s outer shell 

and/or lining [12]. Another complementary approach is to redistribute the energy to other 

parts of the helmet or body that are better capable of dealing with the incoming energy. A 

combat helmet is usually made up of a hard outer shell or armor and an interior cushion 

or liner. This thesis focuses on using negative stiffness honeycombs as a liner material to 

help dissipate the energy of an impact by compression and improve the resistance of the 

helmet to multiple impacts through recoverability. 
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6.2 APPLICATION OF NEGATIVE STIFFNESS HONEYCOMBS TO A BICYCLE SEAT 

This section discusses a specific application of negative stiffness honeycombs to a 

bicycle seat. To study the magnitude of impacts felt by a rider on a bicycle seat, an 

experiment was conducted where an accelerometer was fastened to the bicycle seat while 

the bicycle was driven over a series of road bumps. The data was collected with the help 

of a portable handheld data acquisition device. Based on the data collected in this 

experiment, a negative stiffness honeycomb design was conceptualized to be installed 

under the seat with the intent of transmitting only an acceptable level of force to the rider 

while absorbing the energy transmitted through the bicycle frame on account of the 

impact. The design was prototyped using selective laser sintering (SLS) and 

experimentally tested to validate performance. The experimental results are discussed at 

the end of the section. 

6.2.1 Data Collection 

In order to design a negative stiffness honeycomb to suit a bicycle seat 

application, experimental data on the force experienced by a bicycle rider when riding 

over a series of three consecutive road bumps was collected using an accelerometer fixed 

to a bicycle seat. The accelerometer data was acquired using a portable data acquisition 

device. The accelerometer used was Vernier ACC-BTA with a capability of measuring 

accelerations up to 25-g. The handheld data acquisition device was a Vernier LabQuest 2. 

The accelerometer was fixed to the bicycle seat as seen in Figure 6.1.  
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Figure 6.1: Experimental setup for data acquisition of impact forces experienced by a 

bicycle seat when driving over road bumps. 

From the acceleration data acquired, the forces experienced by the rider were calculated 

by multiplying the mass of the rider by the acceleration. The mass of the rider was 72 kg. 

The entire mass of the rider was assumed to be supported by the seat for the purpose of 

data acquisition. The raw results from the experiment can be seen in Figures 6.2 and 6.3. 

The experiment was repeated three times. The results from all three tests were relatively 

consistent and hence the results from only one trial are shown in Figures 6.2 and 6.3. 

 

 

Figure 6.2: Acceleration data acquired from experiments. 
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Figure 6.3: Force data derived from acceleration data. 

The experiments show that acceleration spikes as high as 4-g are experienced by 

the rider on sudden impact with road bumps. This may translate to impact forces as high 

as 3600 N depending upon the mass of the rider. There is certainly a need for a 

suspension system for a bicycle seat that can help mitigate these impacts but at the same 

time provide high stiffness in ideal road conditions. 

6.2.2 Design of a Bicycle Seat Honeycomb 

Based on the acceleration and force data gathered from experiments, a design to 

mitigate accelerations over 1-g was conceived. Assuming that only about 70% of the 

rider’s weight is actually supported by the seat, the honeycomb was designed to have a 

force threshold of 488 N (approximately 50 kg) to limit accelerations exceeding 1-g in 

the worst case scenario. Equation (4.1) and other recommendations from Chapter 4 of 

this thesis were utilized to design the honeycomb. The beam parameters of the designed 

honeycomb are summarized in Table 6.1. The honeycomb was designed with additions 
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meant to interface with the existing seat and frame of the bicycle. Along with a design for 

the bicycle, a separate design with interfaces was created for experimental testing on a 

universal testing rig. The PTC Creo CAD models of the two designs can be seen in 

Figure 6.4 (a) and (b). 

 
 

(a) (b) 

Figure 6.4: Negative stiffness honeycomb design for (a) interfacing with the bike seat 

and frame and (b) experimental testing. 

Beam Dimension Value [inch] Value [mm] 

Length, 𝑙 2 50.8 

Thickness, 𝑡 0.05 1.27 

Apex Height, ℎ 0.2 5.08 

Width, 𝑏 1.4 35.56 

Table 6.1: Beam dimensions of the designed bicycle seat honeycomb. 
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FEA validation of the design prior to prototyping was performed using Abaqus 

CAE. The loading schematic of the honeycomb can be seen in Figure 6.5. The material of 

the honeycomb was assumed to be nylon 11 (PA 11) with a Young’s modulus of 1400 

MPa and a Poisson’s ratio of 0.33. The predicted force-displacement relationship 

obtained from FEA can be seen in Figure 6.6. 

 

 

Figure 6.5: Loading schematic of the bicycle seat honeycomb in Abaqus CAE. 

 

Figure 6.6: Force-displacement relationship of the bike seat honeycomb under quasi-

static displacement loading obtained using Abaqus CAE. 
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The FEA prediction of the honeycomb behavior under quasi-static displacement 

loading shows typical behavior of honeycombs with two rows of negative stiffness 

beams. There are two distinct peaks, each having a force threshold of 320 N. This value 

is in disagreement with the analytically predicted value of 488 N. However, it comes 

close to the experimentally tested prototype results discussed subsequently. The predicted 

stage-wise deformation of the honeycomb experimental prototype is shown in Figure 6.7. 

 
(1) 

 
(2) 

 
(3) 

 
(4) 

 
(5) 

 
(6) 

 
(7) 

 
(8) 

 
(9) 

 
(10) 

Figure 6.7: Stage-wise deformation of the bike seat honeycomb experimental prototype 

seen in Figure 6.4 (b) as obtained from Abaqus CAE. 

Prototypes of the two design varieties were built using selecting laser sintering 

(SLS) with nylon11 (PA 11) as the material. One of the prototypes (illustrated in Figure 

6.4 (b)) was experimentally evaluated under quasi-static displacement loading. The 

testing was carried out on a MTS Sintech 2G universal testing frame. The force-

displacement results from the test are documented in Figure 6.8. Stage-wise deformation 

of the tested prototype is illustrated in Figure 6.9. The honeycomb prototype behaves as a 

typical negative stiffness honeycomb with two rows. There is a visible high stiffness 



 102 

region for the first 5 mm of compression before a force threshold of approximately 445 N 

is reached when the bottom double beam begins to buckle. This peak contradicts the FEA 

predicted value of 320 N. A negative stiffness region is observed before the top double 

beam begins to buckle, and the second “hump” in the force-displacement plot is 

observed. The force threshold for this “hump” is 340 N which is significantly less than 

that of the bottom double beam but is very close to the predicted FEA force threshold. 

This may be attributed to inconsistency in the SLS build resulting in some areas in the 

build chamber being stronger than others. Often, factors like poor heat distribution on and 

above the build surface may result in partial sintering of powder in those regions. Parts or 

features in regions in the build chamber that are insufficiently heated may be weaker than 

others. However, the force threshold value of the second peak correlates very strongly 

with the predictive FEA result. 

 

Figure 6.8: Experimental force-displacement relationship of the bike seat honeycomb 

prototype. 
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(1) 

 

(2) 

 

(3) 

 

(4) 

 

(5) 

Figure 6.9: Stage-wise deformation of the bike seat honeycomb prototype under 

experimental quasi-static displacement loading. 

6.2.3 Experimental Validation 

The experimental validation of the designed negative stiffness honeycomb was 

performed in a setup similar to the one described in Section 6.2.1. The major difference is 

the addition of the prototyped negative stiffness honeycomb between the bicycle frame 

and seat. The new setup can be seen in Figure 6.10. As part of the experiment, the bicycle 

was again driven over a series of three consecutive road bumps and the effects of having 

a negative stiffness honeycomb suspension under the bike seat were analyzed. 

 

Figure 6.10: Experimental setup for negative stiffness honeycomb bicycle seat prototype 

validation. 

A comparison of accelerations experienced at the bike seat with and without the 

honeycomb can be seen in Figure 6.11. In order to get a clear comparison between the 
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two scenarios, data from only one impact was considered. Additionally, the noise was 

also filtered out using a low pass Butterworth filter for better clarity. In Figure 6.11, as 

the impact from the bump is felt at a time instant of about 1 s, the seat with a honeycomb 

sees an acceleration of approximately 10 m/s
2
. However, the seat with the honeycomb 

only sees accelerations within ± 5 m/s
2
 which is nearly a 50% reduction in amplitude. 

When multiplied by the mass of the rider’s body (72 kg) this translates to a force 

threshold of 360 N which is very close to the experimentally observed  340 N in the 

second “hump” (refer to Figure 6.8). It must be noted that accelerations for the seat 

without the honeycomb were measured directly from the bicycle frame. 

 

Figure 6.11: Comparison of accelerations experienced by the bicycle seat when the 

bicycle strikes a road bump with and without a negative stiffness 

honeycomb. 
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complete collapse of the honeycomb is that the honeycomb was designed purely on the 

basis of force threshold. However, the designed honeycomb was not able to absorb the 

energy from the impact completely, causing it to bottom out. A future improvement to 

mitigate this design oversight could be to increase the number of rows in the honeycomb 

so that its energy absorbing capacity is increased. Overall, however, the concept of using 

a negative stiffness honeycomb as a bicycle seat suspension system shows immense 

promise provided the honeycomb is designed to operate at an appropriate force threshold 

and sufficient energy absorption. 

As a side note from experimentation, it is better to design the honeycomb with 

multiple columns with force thresholds that add up to the desired force threshold. Having 

a single column of negative stiffness beams as the design discussed in this chapter results 

in considerable rocking of the seat from side to side due to it being mounted on 

essentially a knife edge. This may somewhat distort the experimental results if not 

handled effectively. In the future, building a honeycomb with two columns can help 

mitigate this rocking as it allows the seat to be fixed to the honeycomb at two separate 

places. A representative honeycomb with two columns is shown in Figure 6.12. 

 

Figure 6.12: Representative negative stiffness honeycomb with two columns to reduce 

rocking of the bicycle seat. 
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6.3 APPLICATION OF NEGATIVE STIFFNESS HONEYCOMBS TO COMBAT HELMETS 

This section discusses the design of a liner made of negative stiffness elements for 

a combat helmet for the U. S. Marines. The project is sponsored by SBIR (Small 

Business Innovation Research) under the topic N142-085, “Protective Helmet Suspension 

and Retention System.” The design is being developed jointly with MAPC (Maritime 

Applied Physics Corporation). The goal of the project is to design and analytically 

validate a negative stiffness honeycomb that meets the requirements of a combat helmet 

under blunt and ballistic impacts.   

6.3.1 Combat Helmet Liner Design Requirements 

As discussed previously, impacts to a combat helmet are broadly classified as 

blunt and ballistic impacts. Both types of impacts can injure the subject in very different 

ways. For this reason, a combat helmet cushion or liner must be equipped to deal with 

both kinds of impacts. However, the specifications required from the helmet are very 

different in these two scenarios. Force thresholds, energy absorption requirements, and 

available area to dissipate energy are all very different in either case. For example, in the 

event of a ballistic impact, the projectile strikes the helmet at a very high velocity – 

sometimes as high as 358 m/s [14]. Additionally, the area of impact is very small when 

compared to the entire surface area of the helmet. However, most combats helmets have a 

very hard protective outer shell that is designed to absorb most of the energy from the 

high velocity projectile. Thus, energy absorption requirements of the helmet liner for a 

ballistic impact are usually low but concentrated in a small area. On the other hand, blunt 
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impacts are generally of lower velocity. The area of impact is also large when compared 

to the overall size of the helmet. Energy absorption requirements for blunt impacts are, 

however, higher than ballistic impacts because the hard outer shell of the helmet usually 

does not absorb significant amounts of energy from the blunt impact. This means that the 

liner of the helmet must dissipate nearly all the energy of the impact. The requirements of 

a combat helmet liner provided by the SBIR are summarized in Table 6.2. 

Constraint Classification Parameter Value [unit] 

Space Liner Thickness 19.05 [mm] 

Blunt Impact 

Impact Area 52 [cm2] 

Energy Absorbed 68 [J] 

Force Threshold 7358 [N] 

Ballistic Impact 

Impact Area 1 – 10 [cm2] 

Force Threshold 1700 [N] 

Table 6.2: Combat helmet liner requirements for blunt and ballistic impacts. 

6.3.2 Combat Helmet Liner Design 

In order to meet the requirements of the liner specified by the SBIR, a design for 

the helmet liner was conceptualized. The design was a result of optimizing the negative 

stiffness beams for maximum energy absorption while ensuring that they conformed to 
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the space and force threshold requirements of the helmet liner. The design was 

envisioned to consist of a number of negative stiffness honeycomb cells – each 

disconnected from each other to allow individual actuation and each consisting of two 

rows 𝑅 of double beams. Each cell is intended to absorb the energy from a ballistic 

impact (only the percentage of energy still possessed by the projectile after piercing the 

outer shell of the helmet) within the area specified in Table 6.2. A group of cells arranged 

in columns 𝐶 and stacks 𝑆 are envisioned to provide the necessary force threshold and 

energy absorption requirements of a blunt impact. In a representation of the envisioned 

design in Figure 6.13, a single cell (marked in red) is designed to mitigate a ballistic 

impact and the region marked in yellow is designed to mitigate the effects of a blunt 

impact. The representation is considered to be a basic unit of the helmet liner, with more 

such building units arranged to populate the inner surface of the entire helmet.  Since the 

cells are disconnected from one another, it is also possible to conform the cells to the 

curvature of the helmet’s inner surface. The beam parameters and other specifications for 

the design are reported in Table 6.3. 

 

Figure 6.13: Representation of an envisioned negative stiffness helmet liner concept. 
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Category Parameter Value [unit] Objective [unit] 

Beam Parameter 

Length, L 11. 94 [mm] - 

Apex Height, h 2.16 [mm] - 

Thickness, t 0.59 [mm] - 

Out-of-plane Depth, b 10.16 [mm] - 

Ballistic Impacts 

(Single Cell) 

Area 1.21 [cm2] 1-10 [cm2] 

Energy 1.96 [J] - 

Force Threshold (over an 

area of 1.21 cm2) 
242 [N] - 

Force Threshold (over an 

area of 8.47 cm2) 
1694 [N] 1700 [N] 

Thickness 18.03 [mm] 19.05 [mm] 

Blunt Impacts 

Rows 2 - 

Columns 5 - 

Stacks 6 - 

Area 36.3 [cm2] 52 [cm2] 

Energy 58.8 [J] 68 [J] 

Force Threshold 7260 [N] 7358 [N] 

Thickness 18.03 [mm] 19.05 [mm] 

Table 6.3: Negative stiffness honeycomb design for a combat helmet liner. 
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The material considered for the design was nylon 11 (PA 11) with a Young’s 

modulus of 1400 MPa and a Poisson’s ratio of 0.33. Strain at yield for the material was 

considered to be 20% [11]. The optimization procedure was based primarily on the 

discussion in Chapter 4 albeit with a few modifications to suit the specific application. 

The MATLAB code used to generate the discussed designs is attached to Appendix A of 

this thesis. 

6.3.3 Future Work 

In this section, a design for a combat helmet liner was discussed. Although the 

design meets the specifications of the liner by analytical calculations, verification through 

FEA and experimental prototyping was not possible in the limited time frame of the 

project. Future work regarding the combat helmet liner design includes finalizing a 

design that can be accommodated into the complex geometry of the inside of the combat 

helmet. Furthermore, FEA studies need to be performed on the combination of the helmet 

shell with honeycomb lining to ensure force threshold and energy absorption 

requirements of the helmet are met. Additionally, it may be necessary to prototype the 

geometry and test it under blunt and ballistic impacts. Finally, as previously discussed in 

Chapter 5, nylon 11 may not be an ideal material choice for a helmet meant to be used in 

hot climates because of its poor performance at elevated temperatures around 130 °F. An 

alternate material needs to be explored and tested for performance at high temperatures. 

Otherwise, the results obtained with negative honeycombs so far in this thesis indicate 
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that it is reasonable to expect that the analytical prediction for the helmet liner will be 

verified through FEA and experiments. 

6.4 SUMMARY 

In this chapter, the need for negative stiffness honeycombs in applications such as 

a bicycle seat and combat helmet was discussed.  To design a honeycomb for a bicycle 

seat, experimental data was first acquired by riding a bicycle over three consecutive road 

bumps and collecting acceleration data with the help of an accelerometer. This data was 

used to judge the required force threshold for the application and design a honeycomb to 

interface with the bicycle frame and seat. A prototype of the honeycomb was built using 

selective laser sintering (SLS) and experimentally validated using the setup previously 

described. The results demonstrate improved performance with the negative stiffness 

honeycomb while also bringing to light some deficiencies in the honeycomb design, 

namely, the fact that the energy absorption capacity of the honeycomb was under-

designed, resulting in a bottoming out of the honeycomb. These deficiencies are 

discussed and solutions to mitigate them in the future are suggested. 

The latter half of the chapter discusses the application of negative stiffness 

honeycombs to combat helmets. Specifications for the combat helmet liner were first 

established. Based on these specifications, an optimized design for the liner was 

envisioned. Optimization of the honeycomb geometry was performed in MATLAB using 

the approach detailed in Chapter 4 of this thesis. The optimized geometry and deliverable 

specifications of the proposed honeycomb were then presented. At the end, a plan for 
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future work relating to the FEA and experimental verification of the design was 

discussed. 
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Chapter 7 

Closure 

7.1 SUMMARY 

The focus of this thesis was to study the behavior of negative stiffness beams 

when arranged in a honeycomb configuration. Prior research on negative stiffness 

elements demonstrated good potential for energy absorption under impact. With the 

development of negative stiffness honeycombs being a relatively new concept, however, 

the research in this thesis was aimed at gaining an understanding of the behavior of 

negative stiffness honeycombs under static and dynamic loading and establishing a 

procedure to design honeycombs for optimum energy absorption.  

Chapter 1 began with a literature review of prior research on regular honeycombs 

and their benefits in shock absorption applications. Hayes and co-authors [7] studied 

regular honeycombs and their behavior under quasi-static displacement loading. Hayes 

[7] also established relationships that govern honeycomb behavior based upon the cell 

design. These relationships are helpful when comparing the performance of negative 

stiffness honeycombs to that of regular honeycombs. Chapter 1 also discussed prior work 

related to negative stiffness beams and their suitability in shock isolation. The work of 

Kashdan [1], Fulcher [2, 9], and Klatt [3] indicated that buckled beams are promising 

candidates for shock absorption applications. The work of Qiu and co-authors [4] showed 

that prefabricated curved beams can be used to achieve behavior similar to buckled 

beams. Qiu and co-authors [4] also derived relationships that define the behavior of a 
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prefabricated curved beam based on its geometry. The review in Chapter 1 concluded that 

negative stiffness behavior may be obtained from pre-fabricated curved beams and 

recoverable shock isolation may be possible with the construction of honeycombs using 

these curved beams. 

Chapter 2 investigated basic negative stiffness honeycomb construction and the 

relationships developed by Qiu and co-authors [4].  FEA was used to verify analytical 

predictions for the force threshold of pre-fabricated curved beams. A single beam and 

double beam were subjected to quasi-static displacement loading in Abaqus CAE and the 

resulting force-displacement relationships were compared with analytical equations 

proposed by Qiu et al [4]. On similar lines, simple honeycombs – one with two rows and 

another with two columns – were analyzed using FEA. The results showed that adding 

columns to the honeycomb increases the force threshold proportionately to the number of 

columns added. Additionally, the force threshold of the honeycomb remains unchanged 

with the increase in number of rows. Chapter 2 created the basis for the design of 

negative stiffness honeycombs to be experimentally and analytically evaluated in the 

subsequent chapters of this thesis. 

Chapter 3 of this research focused on experimentally evaluating a negative 

stiffness honeycomb prototype and comparing the results with FEA predictions. A 

prototype of a negative stiffness honeycomb was built in nylon 11 material using 

selecting laser sintering (SLS). FEA predictions of the behavior of the honeycomb under 

quasi-static displacement loading were performed using Abaqus/Explicit. The prototype 

was tested using a universal testing frame and force-displacement data was recorded. The 
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experimental results showed strong similarities to the predictive FEA results in terms of 

force threshold and nature of the force-displacement plots. Further, energy calculations 

were made for the experimentally tested honeycomb and compared to that of an 

experimentally tested regular honeycomb. The results showed that in order for the energy 

absorbing capacity of a negative stiffness honeycomb to be comparable to that of a 

regular honeycomb, optimization of the negative stiffness beams is necessary. 

Considerations and procedures for optimizing negative stiffness honeycombs for 

maximized energy absorption were reported in Chapter 4. The objective function was 

defined and constraints and bounds for the design variables were discussed. The 

mathematical relationships for the objective function and constraints were covered in 

detail.  The result was a problem formulation that can be implemented in any established 

optimization toolbox available in the market. Chapter 4 ended with a discussion that 

contrasts the behavior of regular honeycombs with negative stiffness honeycombs and 

comments on why negative stiffness honeycombs behave in a manner that makes for an 

interesting optimization problem. 

Chapter 5 of this thesis discussed the behavior of negative stiffness honeycombs 

under dynamic impact loading. Using a test setup developed by Bostwick [15], specimens 

tested in Chapter 3 were subjected to impact loads of varying magnitudes. Acceleration 

versus time relationships for the honeycombs were captured using an accelerometer, and 

converted to force versus time relationships using simple physical relationships. FEA 

predictions for the honeycomb under impact showed similarities to the experimentally 

tested specimens in some respects, particularly in force threshold and time span of 
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impact. A deviation of the FEA model from the experimentally observed results was the 

pronouncement of the peaks seen in the force-time relationship of the honeycomb. The 

FEA predicted clearly defined peaks while the experiments showed peaks that were less 

pronounced. The temperature dependence of nylon 11 was also studied in Chapter 5 with 

impact tests performed on prototype samples maintained at hot (130 °F) and cold (32 °F) 

temperatures respectively. The results showed that while properties of nylon 11 remain 

unaffected at low temperatures, they are severely affected at high temperatures indicating 

that alternate materials need to be investigated for use at high temperatures. 

Example applications of negative stiffness honeycombs in shock absorption were 

discussed in Chapter 6. The chapter began with a discussion regarding a honeycomb 

design for a bicycle seat. The design was prototyped in SLS using nylon 11 material and 

experimentally evaluated by riding a bicycle over three consecutive road bumps. The 

results were then compared to data previously collected in the absence of the honeycomb. 

The results revealed the shortcomings of the design while also highlighting the potential 

for improved shock isolation with negative stiffness honeycombs. Peak accelerations of 

the bike seat were reduced by approximately half with the addition of the negative 

stiffness honeycomb to the seat when compared to tests without the honeycomb. 

Recommended design improvements for future work were suggested that could enable 

the honeycomb to achieve improved performance.  

Another application discussed in Chapter 6 is a helmet liner for an advanced 

combat helmet. The proposed design for the helmet liner was developed with funding 

from the Department of Defense Small Business Innovation Research (SBIR) Program 
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under SBIR Topic N142-085, “Protective Helmet Suspension and Retention System”, in 

collaboration with the Maritime Applied Physics Corporation (MAPC). Combat helmets 

are under constant threat of blunt and ballistic impacts. The helmet liner was designed to 

withstand energy absorption requirements for each of these impacts without exceeding 

the dimensional and force threshold specifications of the liner. The optimization 

procedure developed in Chapter 4 was used to develop a design to address the 

challenging specifications. The resulting design and the envisioned embodiment of the 

liner are discussed at the end of the chapter. 

7.2 FUTURE WORK 

Although the suitability of negative stiffness honeycombs for applications 

requiring shock isolation has been substantially demonstrated in the work documented in 

this thesis, there is much scope for future work in this area. The FEA model created in 

Abaqus/Explicit for quasi-static simulations provides near-accurate predictions of the 

honeycomb behavior. However, the models developed in this thesis only predict the 

loading curve of the force-displacement relationship. Experimental results reveal that the 

unloading curve follows a very different path than the loading curve due to hysteresis 

effects. These effects are the result of the viscoelastic behavior of nylon 11 and need to 

be modeled in the FEA simulation to predict hysteresis effects. The data required for 

viscoelastic modeling in Abaqus or any other FEA software requires stress relaxation 

data of the concerned material which is not always easy to obtain. As part of this thesis, 

viscoelastic modeling was carried out using stress relaxation data of nylon 6 and the 
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results do not accurately predict experimental observations in nylon 11 prototypes. In the 

future, it may be a viable option to conduct stress relaxation tests on sintered nylon 11 

tensile bars to obtain stress relaxation data for accurate viscoelastic modeling. 

The FEA results obtained for dynamic impact loading predict the force threshold 

and time span of the impact to a high degree of accuracy. However, the force-time results 

show excessive oscillations and increased pronouncement of peaks during snap-throughs. 

This may be due to the absence of viscoelastic modeling of the material in the FEA 

models. The viscous nature of nylon 11 in practice dampens these oscillations as seen in 

experimental results. Viscoelastic modeling of the honeycomb material for dynamic FEA 

simulations may be a good next step for future work with regards to FEA simulations of 

negative stiffness honeycombs. 

Temperature dependence tests on nylon 11 honeycomb samples conducted in 

Chapter 5 of this thesis revealed that nylon 11 material properties severely degrade at 

high temperature (around 130 °F). The Young’s modulus of the material decreases 

substantially causing a deterioration of honeycomb response under impact. As part of 

future work, it may be necessary to explore alternate materials that exhibit good high 

temperature performance. Some materials that could be worth exploring are PPSU 

(polyphenylsulfone), PPS (polyphenylene sulfide), and PPA (polyphthalamide). These 

materials possess a high temperature tolerance and can be expected to perform across a 

broader temperature range. However, the disadvantage of these materials is that they are 

presently unsuitable for selective laser sintering (SLS) and alternate manufacturing 

methods may need to be used to create honeycomb prototypes using these materials. 
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The honeycomb design created for the bicycle seat experiment in Chapter 6 

showed positive indications of improved shock isolation performance. However, due to 

time constraints, a second iteration on the conceived design was not possible. There were 

some shortcomings of the tested design that need improvement in the future. Firstly, the 

force threshold of the honeycomb was not adequate, which led to regular bottoming out 

of the honeycomb on road bumps. The bottoming out of the honeycomb resulted in 

spikes of acceleration (and hence force) experienced by the bicycle seat, making it 

difficult to make comparisons with data acquired without the honeycomb installed. A 

honeycomb with a higher force threshold and/or more transverse displacement should 

resolve this issue and make for a clear representation of the benefits of a negative 

stiffness honeycomb suspension in a bicycle seat. Secondly, the bicycle seat honeycomb 

was designed with one column and two rows of negative stiffness beams. Because the 

seat was supported on what was essentially a knife-edge, the seat experienced undesirable 

side-to-side rocking when riding over road bumps. To have a stable seat and more 

accurate results in the future, the honeycomb must be designed with at least two columns 

so that the seat is adequately supported. 

Finally, the helmet design in discussed in Chapter 6 of this thesis was derived 

assuming the material to be nylon 11. However, high temperature experiments at 130 °F 

(discussed in Chapter 5) revealed that nylon 11 may not be suited for applications at high 

temperature. As future work, the honeycomb design for a combat helmet liner may need 

to be developed using a temperature tolerant material using a similar procedure. 
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Appendix A 

MATLAB Code for Optimized Helmet Liner Design 

Main Script 

%Material Properties (Source: Matbase) 
%Material; Elongation (%); Young's Modulus (GPa) 
%Aluminum; 30; 70 
%Spring Steel; 7; 210 
%Nylon 11; 20; 1.4 
%Steel; 5 to 8; 200 
%High Temperature Steel; 20; 210 
%All dimensions in inches 

clear all; 
close all; 
clc; 
b=0.4; 
liner=0.75; 
l0=1; 
h0=0.15; 
t0=0.025; 
x0=[l0;h0;t0]; 
[x,E]=fmincon(@Sizing_Energy_Optimization,x0,[],[],[],[],[0.1;0.02;0.02

],[1.4;0.3;0.2],@Sizing_Constraint); 
E=-E; 
row=floor(2*(liner/(6*x(2)+8*x(3)))); 
col=floor(2.8/x(1)); 
stack=floor(2.8/b);  
disp(['L = ',num2str(x(1)),' in, h = ',num2str(x(2)),' in, t = 

',num2str(x(3)),' in']); 
disp(['L = ',num2str(x(1)*25.4),' mm, h = ',num2str(x(2)*25.4),' mm, t 

= ',num2str(x(3)*25.4),' mm']); 
disp(['E = ',num2str(E),' J']); 

 

 

Minimization Function File 

function E=Sizing_Energy_Optimization(x) 
    l=x(1); 
    h=x(2); 
    t=x(3); 
    Y=1.4*(10^9); 
    b=0.4/39.37; 
    l=l/39.37; 
    h=h/39.37; 
    t=t/39.37; 
    d=0:(0.001/39.37):(2*h); 
    D=d/h; 
    I=b*t*t*t/12; 
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    Q=h/t; 
    F=(3*(pi^4)*(Q^2).*D/2).*(D-3/2+sqrt(1/4-4/(3*(Q^2)))).*(D-3/2-     

sqrt(1/4-4/(3*(Q^2)))); 
    f=Y*I*h*F/(l^3); 
    [fmax,index]=max(f); 
    dmax=d(index); 
    drem=d(end)-dmax; 
    E=real(trapz(d(1:index),f(1:index)))+drem*fmax; 
    %Set E = -E for minimization in fmincon 
    E=-E; 
end 

 

 

Constraint Function File 

function [c,ceq]=Sizing_Constraint(x) 
    %Constraint file based on sigma 
    %Dividing by 39.37 to convert from inch (in) to meter (m) 
    l=x(1); 
    h=x(2); 
    t=x(3); 
    %Enter in desired force threshold (ballistic) in Newton. 
    threshold=1700; 
    %Enter blunt impact threshold in Newton 
    blunt_threshold=7358; 
    %Enter liner thickness (inch) 
    liner=0.75; 
    liner=liner/39.37; 
    %No of unit beam cells that fit in a 0.8x0.8 in (~ 4 cm2) area for  

    %b = 0.4 in 

    n=floor(0.64/(0.4*l)); 
    %Threshold required per unit beam cell 
    t_unit=threshold/n; 
    Y=1.4*(10^9); 
    b=0.4/39.37; 
    l=l/39.37; 
    h=h/39.37; 
    t=t/39.37; 
    d=0:(0.001/39.37):(2*h); 
    D=d/h; 
    I=b*t*t*t/12; 
    Q=h/t; 
    F=(3*(pi^4)*(Q^2).*D/2).*(D-3/2+sqrt(1/4-4/(3*(Q^2)))).*(D-3/2-

sqrt(1/4-4/(3*(Q^2)))); 
    f=Y*I*h*F/(l^3); 
    %Calculate number of rows, columns and stacks required for blunt  
    %impact area (~ 52 cm2)or (2.8 in x 2.8 in) 
    row=floor(2*(liner/(6*h+8*t))); 
    col=floor((2.8/39.37)/l); 
    stack=floor((2.8/39.37)/b);  
    %Calculate maximum strain 
    strain=2*(pi^2)*t*h/(l*l)+4*(pi^2)*t*t/(3*l*l); 
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    %Constraints 
    %Strain Constraint 
    c1=strain-0.2; 
    %Dimensional Constraint 
    c2=6*h+8*t-liner; 
    %Ballistic threshold constraint 
    c3=max(f)-t_unit; 
    %Bistability constraint 
    c4=2.5-Q; 
    %Blunt threshold constraint 
    c5=(max(f)*col*stack)-blunt_threshold; 
    c=[c1;c2;c3;c4;c5]; 
    ceq=[]; 
end 
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