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We study the linear stability of a family of Jeffery-Hamel solutions which satisfy

a zero flux condition. With a suitable regularization of these velocity profiles we show

that the linearized perturbation equation is well-posed on a weighted L2 space with a

certain class of radial weights, in the example of a half plane or in the whole plane. We

prove that the perturbed Stokes operator of this system is the generator of a strongly

continuous analytic semigroup. We also describe some formal asymptotics under which

the linear stability problem could be reduced to a one dimensional problem for which we

state a formal perturbation theory.
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Chapter 1

Introduction

In order to study the motion of an incompressible, viscous, Newtonian fluid we will

consider a model commonly referred to as the Navier-Stokes equations. These equations

were proposed by C. L. Navier in 1822 and later rederived by G. H. Stokes in 1845. For

the case of a fluid in a spatial domain Ω we now state the instationary Navier-Stokes

equations which are a system of nonlinear partial differential equations:



ut − ν∆u+ (u · ∇)u+∇p = f in Ω× (0, T )

div u = 0 in Ω× (0, T )

u(x, t) = 0 on ∂Ω× (0, T )

u(x, 0) = u0 in Ω× {t = 0}

(1.0.1)

where the unknown quantities are the velocity vector field u = u(x, t) and the pressure

function p = p(x, t), and the given quantities are an external force f = f(x, t), an initial

velocity u0 = u0(x) and a coefficient of kinematic viscosity ν.

The questions of existence and uniqueness of solutions to the Navier-Stokes equations

have been addressed in many works including the groundbreaking work of Leray and

Hopf. There are still many open problems of importance. For example the questions of
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global existence of strong solutions and uniqueness of Leray-Hopf weak solutions are still

open in spatial dimension n ≥ 3. The Serrin class Lp((0, T );Lq(Ω)) for 2/p + n/q = 1

with p > n is important because Leray-Hopf weak solutions with initial data in L2(Ω) are

unique and regular in this class. Other examples are the works of Lions and Prodi, and

of Ladyzhenskaya on the problem with spatial dimension n = 2 wherein the existence of

unique solutions is obtained. In order to study a solution in this class, one may use an

Lq space approach as has been done for many domains with compact and noncompact

boundaries.

Another approach to the instationary Stokes and Navier-Stokes equations is based on

semigroup theory. This approach is convenient and has been applied in the usual Lq

space setting to the Stokes operator Aq which is defined by

Aq = −Pq∆

as an operator acting on the domain D(Aq) = W 2,q(Ω)n ∩W 1,q
0 (Ω)n ∩ Lqσ(Ω), where Pq

is the Helmholtz projection in Lq(Ω) which projects onto the space of solenoidal vector

fields and Lqσ(Ω) = PqL
q(Ω). In order to analyze properties of the Stokes operator using

a semigroup approach, one must obtain resolvent estimates. For obtaining properties

such as maximal regularity, it has been shown that there are several approaches including

the classical boundedness of imaginary powers approach as well as a more modern func-

tional abstract approach using R-boundedness. The classical approach of boundedness of

imaginary powers of sectorial operators is very useful for the estimation of the nonlinear

term of the Navier-Stokes equation and the maximal Lp-regularity of the Stokes operator

is a crucial property for the study of the partial regularity for the Navier-Stokes equations.

2



The Lq theory is well developed and has been generalized recently by A. Fröhlich to

the case of a weighted space Lqω where the weight ω is allowed to be any Muckenhoupt

weight. In the works [18] [19] [20], Fröhlich has established a framework of results for these

weighted spaces on a domain Ω = IRn, IRn
+, or a bounded C1,1 domain, with n ≥ 2. The

results include a Helmholtz-type decomposition, a comprehensive study of the Stokes op-

erator, and applications of properties of the Stokes operator to the Navier-Stokes problem.

In particular, maximal Lp-regularity of the Stokes operator may be obtained by studying

the Stokes resolvent system using Fourier analytic techniques to obtain estimates which

prove that the solution operators are R-bounded. A modern characterisation in [56] due

to Weis then shows that the property of R-boundedness implies maximal Lp-regularity.

An application of this framework arises in the study of the linear stability problem for

Jeffery-Hamel solutions which are self-similar stationary solutions to the Navier-Stokes

equations in an infinite wedge domain in dimension n = 2. The Jeffery-Hamel solutions

were first investigated by Jeffery [32] (1915) and Hamel [29] (1916), and later by others

including Harrison [30] (1919), Karman [34] (1922), Tollmien [50] (1931), Noether [42]

(1931), Dean [9] (1934) and Rosenhead [44] (1939). Decades later these solutions were

classified by Fraenkel [16, 17] (1962-63). The study of perturbations of Jeffery-Hamel

solutions have been approached in many works, including studies conducted by Cliffe and

Greenfield [8] (1982), Eagles and Allmen [2] (1984), Georgiou and Eagles [23] (1985),

Sobey and Drazin [45] (1986), Banks, Drazin and Zaturska [4] (1988), Goldshtik, Hus-

sain and Shtern [25] (1991), and Hamadiche, Scott and Jeandel [28] (1994), providing
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many insights and a wealth of numerical studies of the problem. These simulations have

often been from the perspective of demonstrating evidence of the existence of pitchfork

bifurcations of steady two dimensional flows in symmetric channels and attempting to

classify the nature of these bifurcations (i.e., as subcritical or supercritical). As Drazin

and McAlpine have noted, it is of interest that some of these studies find a subcritical

pitchfork bifurcation of Jeffery-Hamel solutions while others find a supercritical pitchfork

bifurcation of channel flows.

Drazin and McAlpine [11] (1998) returned to the question of stability, citing a method

used by Libby and Fox [38] (1963), and by K.K. Tam [49] (1996) on other problems

of stability of nearly parallel flows, wherein an approximate separation of variables is

found which is only valid far downstream. In their work they provided a self-consistent

asymptotic expansion for the perturbation of the basic stream function as well as much

numerical information regarding stability of flows of types I, II1, or III1 in Fraenkel’s

classification from [16].

The following image appeared in a work by Yasuki Nakayama [40] (1988). In it we see a

visualization of a flow through a diverging channel with plane walls of half-angle equal to

ten degrees at R=300. The steady flow of water is visualized by a line of hydrogen bubbles

produced at eight one-second intervals at each of four stations. There is a pronounced

central region of outflow as well as regions of inflow near the walls, which appears to be

consistent with Fraenkel’s classification of the profiles.
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Figure 1.1: Flow through a diverging channel

The linearized evolution equations of a perturbation of a Jeffery-Hamel solution are



wt = −(u,∇)w − (w,∇)u+ ν∆w −∇p in Ω× [0,∞)

∇ · w = 0 in Ω× [0,∞)

w = 0 on ∂Ω \ {0} × [0,∞)

w(x, 0) = w0(x) in Ω× {t = 0}

(1.0.2)

where u is the basic flow and w is the velocity perturbation. The well-posedness of this

problem in standard function spaces appears to be a difficult question due to the singu-

larity of these solutions at the origin, and does not appear to be a simple question even in

L2. It is for this reason that we introduce a regularization, to smooth the singularity in a

neighborhood of the origin. The regularized Jeffery-Hamel flows we define are no longer

singular, instead they become bounded but are not affected outside of a neighborhood of

zero. The well-posedness theory for such regularized basic flows fits into the Yudovich
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[59] framework, and so the L2 question of well-posedness is already well understood.

For the case of a weighted L2 space, we will make use of the framework developed by

Fröhlich. Since it does not appear that this framework generalizes readily to wedge do-

mains of arbitrary angle, this necessitates the restriction of the problem to the cases where

the domain is IR2 or IR2
+, since in those domains the existence of a Helmholtz projection

has been established. In the IR2 case Hamel found families of self-similar solutions which

also exhibit rotations, and generalizations of Hamel’s solutions in [29] have been discov-

ered recently by Guillod and Wittwer [27]. In the IR2
+ case the self-similar solutions were

studied by both Jeffery [32] and Hamel [29].

In our study of the linearized perturbation equation, we will work exclusively with one

family of weight functions, ρ(x) = (1 + |x|2)γ/2 with γ chosen so that ρ is a Muckenhoupt

A2 class weight on Ω = IR2, IR2
+. Our first goal will be to prove an a priori estimate

for solutions of the linearized perturbation equation. We prove this using a variational

argument which in the case of the half space uses the property of maximal Lp-regularity

to avoid having to estimate the pressure directly. We then form a suitable approximation

to the equation and apply general facts about bounded perturbations of C0 and analytic

semigroups to prove existence and uniqueness of the approximate solutions. Then we ob-

tain existence of the solutions to the full linear problem. Next, by viewing the linearized

perturbation equation as a perturbed Stokes problem, we will show using the variation of

constants formula that the perturbed Stokes operator is the generator of a C0 semigroup,

which will imply that the solutions we obtained earlier are unique. This argument will
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utilize weighted Lp estimates of the Stokes semigroup proved recently by Kobayashi and

Kubo [35]. We will then give an argument based on the Ukai solution [52] in IR2
+ which

shows that the semigroup generated is also analytic. Finally, we will address the problem

of linear stability and using an approach due to Drazin we will give a description of some

formal asymptotics under which the stability problem formally degenerates to a one di-

mensional Orr-Sommerfeld type problem.

This thesis is organized as follows:

In Chapters 2-5 we will give the background of the Jeffery-Hamel solutions, their classifi-

cation and indicate the regularization to be applied.

In Chapters 6-8 we will define the weighted spaces, give the background on the Helmholtz

projection and study properties of the Stokes operator on the weighted spaces.

In Chapter 9 we will prove the a priori estimate for solutions of the linearized problem.

In Chapter 10 we state the main theorem and answer the question of existence.

In Chapter 11 we show continuity of the semigroup generated by the perturbed Stokes

operator.

In Chapter 12 we show analyticity of this semigroup.

In Chapters 13 and 14 we will describe some formal asymptotics under which we obtain

a degenerate version of the eigenvalue problem, and describe a solution to that problem.
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Chapter 2

Jeffery-Hamel Solutions

In this paper we study the initial value problem (IVP) for a linearization of the

Navier-Stokes system about a Jeffery-Hamel flow. Before introducing the basic flow, let

us recall the Navier-Stokes system in a spatial domain Ω ⊆ IRn and for time t ∈ [0,∞)

ut + (u · ∇)u− ν∆u = −∇p+ f(x, t)

∇ · u = 0
(2.0.1)

which is the familiar system of conservation of momentum and mass equations in the

Navier-Stokes model for viscous fluid flow, wherein u denotes the vector field which mod-

els the velocity of the fluid and p denotes a function describing the pressure of the fluid,

f is an additional forcing term, and ν is the viscosity coefficient.

For the moment let us take Ω = {(r, θ) ∈ (0,∞)× (−α, α)} for some half-angle α ∈ (0, π)

and f ≡ 0. We will also impose the usual no-slip condition along the boundary. In

Ω× [0,∞) we will have the following boundary value problem:
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ut + (u · ∇)u− ν∆u = −∇p

∇ · u = 0

u|∂Ω\{0} = 0

(2.0.2)

which is known to have a countable number of families of stationary solutions called the

Jeffery-Hamel flows [57], which were originally studied by Jeffery [32] in 1915 and by

Hamel [29] in 1917.

One may derive these solutions on any sector by seeking a solution of the form u(r, θ) =

G(r)F (θ). The continuity equation gives ∂u
∂r

+ u
r

= 0, and we infer from this that

u = Cν
r
F (θ). Using this ansatz, the momentum equations allow us to obtain the pressure

p = Cν
r2
F (θ) + p1(r), and the relation r3 ∂p1

∂r
= Cν2(2F ′′ + 4F 2 + 8F ). Since the left hand

side is a function of r only, and the right hand side is a function of θ only, we may set

the above equal to a constant (say −aν2) to conclude that 2F ′′ + 4F 2 + 8F + a = 0.

We can rephrase this in a more standard form if we multiply by F and integrate, to get

F ′2 + 4
3
F 3 + 4F 2 + aF = b then substitute F (θ) = −3(f(θ) + 1), to get an equation of the

form f ′(θ)2 = 4f 3 − g2f − g3 where g2 = 1
3
(4− a) and g3 = 1

27
(8− 3a− 3b).

We may express the solution to this type of differential equation in terms of the Weier-

strass elliptic function ℘ whose invariants are g2 and g3. When forming this solution it is

important to take into account that the no-slip condition F (θ) = 0 at the walls implies the

fact that b = F ′(θ)2 when θ = ±α which implies that b must be non-negative. To express

the solution to the ODE above, we will use the Weierstrass function f(θ) = ℘(θ − θ0)
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where θ0 ∈ C is a constant of integration.

The Jeffery-Hamel solutions have the following form:

u = −C1ν

r
(3℘(θ − θ0) + 1) (2.0.3)

p = −C2ν

r2
(3℘(θ − θ0) + 1) +

C3ν

r2
+ C4 (2.0.4)

where the invariants of the ℘ function are g2 and g3 as above. These solutions must satisfy

the conditions that θ0 is a constant that makes u finite and real valued for all θ ∈ [−α, α]

and u must be zero at the walls θ = ±α, which implies that F (α) = 0, so f(θ) = −1
3
.

Note that since f(α) = f(−α) = −1
3

we also have ℘(α − θ0) = ℘(α + θ0). This will only

be satisfied if α− θ0 = ±(α+ θ0) + 2mω1 + 2nω3 for integers m and n, where ω1, ω2, and

ω3, are the half-periods of the ℘ function, which we describe in detail later.

For now let us mention that the analysis of these solutions is divided mainly into two

non-degenerate cases, based on the sign of the discriminant of the cubic 4s3−g2s−g3 = 0,

which is ∆ = g3
2 − 27g2

3. In the case where ∆ > 0, the roots of 4s3 − g2s− g3 = 0 are all

real, say e1 ≥ e2 ≥ e3, and one period of the ℘ function will be purely real, and another

purely imaginary. On the other hand, if ∆ < 0, then only one root is real, and one period

of the ℘ function will be real, while the other two are complex conjugates.

We would like to study the evolution of linearized perturbations of suitable regularizations

of these solutions which will be presented in Chapter 5.
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Chapter 3

Existence of Jeffery-Hamel Profiles with Zero Flux

In the previous chapter we have derived the Jeffery-Hamel solutions and saw that

they are singular at the origin and decay at infinity. Our next objective is to show that

there exist Jeffery-Hamel profiles which satisfy a zero flux condition, which is precisely

that u have zero flux across each arc of fixed radius. This will be useful as we will later

show that such profiles may be regularized to smooth the singularity at the origin, while

preserving the divergence free and no-slip conditions.

Note that the zero flux condition is not satisfied by every Jeffery-Hamel solution. For

example, there are a family of profiles which consist of purely outflow, for which it is

clearly impossible to have zero flux unless the profile is identically zero.

In this chapter we will prove the following theorem regarding zero flux profiles:

Theorem 3.0.1. For any given positive viscosity coefficient ν and half-angle α ∈ (0, π)

there exist at least a countable number of Jeffery-Hamel solutions having zero flux across

each arc of fixed radius centered at the origin.

Here we make use of information provided in a study of the Jeffery-Hamel profiles
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performed by Rosenhead [44], whose notation we will use.

Recall that for a Jeffery-Hamel profile the no-slip boundary condition may be written

℘(α− θ0) = ℘(α + θ0)

which is equivalent to α− θ0 = ±(α+ θ0) + 2mω1 + 2nω3. This tells us that at least one

of α = mω1 + nω3 or −θ0 = mω1 + nω3 must be satisfied. Since the flow only depends on

℘(θ − θ0) we may take θ0 from within the fundamental parallelogram for ℘, with no loss

of generality. Then we see that θ0 must in fact be equal to one of the half periods ω1, ω2,

or ω3.

Let us now make a clear distinction between the two cases mentioned in the previous

chapter, ∆ > 0 and ∆ < 0. All of the profiles which come from solutions in the case

∆ < 0 represent pure outflow which is symmetrical with respect to the center line {θ = 0}.

This means that we may not consider such profiles to be candidates for our regularization

procedure, since they will not satisfy the zero flux condition. Instead we must look into

the second case, wherein ∆ > 0. In this case several types of profiles are possible, some

of which are symmetric, some asymmetric, with various numbers of regions of inflow and

outflow.

Recall that in the case ∆ > 0 the roots of the cubic 4s3−g2s−g3 = 0 are all real. To avoid

degenerate cases, let us assume they are distinct and have the ordering e1 > e2 > e3. Now

one period of the ℘ function, say 2ω1, is purely real and another, say 2ω3, is purely imag-

inary. The other is 2ω2 = −2ω1 − 2ω3. The period parallelogram is therefore a rectangle
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in the complex plane whose corners are located at the complex numbers 0, 2ω1,−2ω2, and

2ω3. Along each edge the Weierstrass function ℘(z) will attain every real value twice, and

these are the only lines in the fundamental parallelogram where the function may attain

purely real values.

Let us now consider the possibility of choosing θ0 from the values 0, ω1, ω2 and ω3. If

θ0 = 0 then along the line {θ = 0} we have u(r, 0) =∞, and if θ0 = ω1 then the argument

of ℘(θ− θ0) would be on the line {z = 2λω1}, but along that line ℘(θ− θ0) is always pos-

itive, and so it is not possible to satisfy the boundary condition f(α) = ℘(α− θ0) = −1
3
.

We are left with four sub-cases from which to choose:


(i) θ0 = ω3

(ii) θ0 = ω2

(iii) α = (2n+ 1)ω1 for n ∈ N
(iv) α = 2nω1 for n ∈ N

(3.0.1)

We will consider here only profiles of the asymmetric type, which are also described in

section 4 of [44]. As a matter of convenience we will restrict to members of case (iv)

with multiple regions of inflow and outflow, though a similar analysis would apply to case

(iii). For these profiles the wedge angle is related to the real half period by α = 2nω1

with n ∈ N. By considering the values of ℘(θ − θ0) in θ ∈ [−α, α], one may see that

Im[θ0] = ω3 and that e2 ≥ −1
3
≥ e3. Then if we let α0 = Re[θ0] so that θ0 = α0 + ω3, we

find that solving the equation ℘(α0 − ω3) = −1
3

will allow us to determine α0.

We make use of the fact that an equation of this form may be rewritten in a useful
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way:

−1

3
= ℘(η − ω3) = e3 + (e2 − e3)sn2(η

√
e1 − e3) =

1

3
X(3k2sn2(η

√
X)− 1− k2)

which yields the equation

sn2(η
√
X) = [(1 + k2)X − 1]/3k2X

which has real solutions precisely when (2k2 − 1)X ≥ −1 ≥ −(1 + k2)X.

In order to study the flux of the profiles we next introduce some additional useful notation.

In particular we define notation for the complete elliptic integrals of the first kind K(k) =∫ π/2
0

(1 − k2sin2(θ))−1/2 dθ and the second kind E(k) =
∫ π/2

0
(1 − k2sin2(θ))1/2 dθ. For

an elliptic modulus k, we also define the Jacobian Zeta function Z(u) =
∫ u

0
dn2u du −

uE(k)/K(k).

We will also introduce two parameters, k2 and X. The first parameter k2 = (e2 −

e3)/(e1− e3) is the square of the modulus of the usual elliptic integrals, and X is a quan-

tity relating the value of ω1 with the complete elliptic integral of the first kind, by the

relation ω1 = K(k)X−1/2. We note here that one can express the roots e1, e2, e3 in terms

of the parameters X and k2, by the relations e1 = 1
3
(2 − k2)X, e2 = 1

3
(2k2 − 1)X, and

e3 = −1
3
(1 + k2)X.
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The total flux of a Jeffery-Hamel profile, a quantity which Rosenhead called R, may

be expressed by a combination of partial fluxes for inflow and outflow regions, S and T :

S = 2

∫ η1

0

F (η)dη > 0

T = 2

∫ ω1

η1

F (η)dη < 0

where F = ru/(2ν) is the profile and η1 is the smallest root of the equation

sn2(η
√
X) = [(1 + k2)X − 1]/3k2X

Furthermore from the relations ω1 = KX−1/2 and

F (η) = −3e3 − 3(e2 − e3)sn2(η(e1 − e3)
1
2 )− 1 = 3Xdn2(η

√
X)− (2− k2)X − 1

these fluxes may be explicitly determined to be

S = 6X1/2Z(η1X
1/2) + 2η1[X(3

E(k)

K(k)
− 2 + k2)− 1]

and

S + T = 2K(k)X−1/2[X(3
E(k)

K(k)
− 2 + k2)− 1]

which allow us to compute the total flux of a profile from case (iv).

For a profile of the type in case (iv) having n regions of inflow and n regions of out-

flow, the total flux is precisely

R = n(S + T ) = 2nK(k)X−1/2[X(3
E(k)

K(k)
− 2 + k2)− 1]

15



which tells us that for flux to be zero we must take parameters X and k2 so that

X(3
E(k)

K(k)
− 2 + k2)− 1 = 0

will hold simultaneously with ω1 = KX−1/2. Note that since we have fixed the angle α in

our study to be π
2
, the half period ω1 is also fixed by the relation α = nω1, which allows

us to determine X and thus the total flux in terms of only the parameter k2. By doing

this and setting the total flux to be zero we find the condition

3KE + (k2 − 2)K2 − π2

4n2
= 0

which we claim for each positive integer n ≥ 2 has a unique solution k such that k2 < 1.

To see this we note that the K and E are analytic in k2 and K(0) = π
2
, E(0) = π

2
, and

K(1) = ∞, E(1) = 1, so by the Intermediate Value Theorem the solution exists. This

allows us to infer the existence of a countable family of profiles having zero flux. Noticing

that if we take n ≥ 3 this argument is valid for any α ∈ (0, π) proves the theorem stated

at the beginning of the chapter. We will show in a later chapter that these profiles may

be regularized in such a way that both incompressibility and the no-slip condition are

simultaneously satisfied.

16



Chapter 4

Classification of Jeffery-Hamel Profiles

In this chapter the goal is to more completely describe the classification of Jeffery-

Hamel velocity profiles. Let us begin by restating the basic equations, this time using

Fraenkel’s notation for the Jeffery-Hamel solutions. Let Ψ(θ) be a stream function which

satisfies Navier-Stokes in a sector (0,∞) × (−α, α). Define G(y) = Ψ/ν and impose the

usual no-slip boundary condition, and an additional condition to specify that the profile

has a given flux Φ, so that we have:

G(4) + 4α2G′′ + 2ν−1αG′′G′ = 0 (4.0.1)

G(±1) = Φ/2 (4.0.2)

G′(±1) = 0 (4.0.3)

Note that we have put y = θ/α and that the velocity function is G′ = g. Starting with

(4.0.1), after integration, multiplication by 2G′′ and integration again, we obtain:

(g′)2 = 4B − 2Ag − 4α2g2 − 2

3
ν−1αg3

where A and B are constants of integration. To see this as an elliptic integral we may

first rewrite it in the form

g(y) = −2ν

α
{α2 + 3l(y)}
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and then use that g = 0 at y = −1 to see that

y + 1 =

∫ l

− 1
3
α2

(4λ3 − g2λ− g3)−
1
2dλ

with 4λ3 − g2λ − g3 = 4(λ − e1)(λ − e2)(λ − e3), where the roots ei are the values of l

at which l′(y) = g′(y) = 0, and they satisfy e1 + e2 + e3 = 0. We are only concerned

with profiles which Fraenkel has named type 2, that is those solutions for which all ei are

real. For clarity, let us assume the roots have the ordering e1 ≥ e2 ≥ e3. Now for l′(y)

to be real, the type 2 case requires that either e3 ≤ l ≤ e2 or l ≥ e1 > 0, but since l

attains the boundary value −1
3
α2 we know that e3 ≤ l ≤ e2 must hold for type 2 solutions.

The elliptic integral above is studied using a branch cut on the real axis in the λ-plane,

and one may take a path around a cut from e3 to e2 to obtain type 2 profiles from inverting

the integral. Fraenkel has determined the set of possible profiles by studying the available

paths to be taken in this integral, and they are classified in his papers [16] and [17].

With the goal of showing that there are profiles which have zero flux for arbitrarily small

α, we may consider the inversion of the elliptic integral above, using a representation in

terms of Jacobian elliptic functions. Define m to be the square of the elliptic modulus,

and let us define the basic elliptic integrals as follows:

z =

∫ sn(z|m)

0

{(1− t2)(1−mt2)}−
1
2dt

K(m) =

∫ 1

0

{(1− t2)(1−mt2)}−
1
2dt

E∗(z|m) =

∫ sn(z|m)

0

(1− t2)−
1
2 (1−mt2)

1
2dt =

∫ z

0

dn2(ζ|m)dζ
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E(m) = E∗(K|m)

where we may write sn(z) for sn(z|m) whenever the value of the modulus is clear.

Inverting the elliptic integral may be done using the methods recorded in Milne-Thomson

[39] or in Whittaker and Watson [55], and for type 2 solutions we will use the change of

parameters e1 − e3 = b2 and e2 − e3 = mb2. With the use of another parameter C which

distinguishes between possible cases, this will yield the general form of a type 2 solution:

g(y) = 6νmbQ−
1
2{sn2(b+ C)− sn2(by + C)}

where α = bQ
1
2 with Q(m, b) = 1 + m− 3msn2(b + C) and (n− 1)K(m) ≤ b ≤ nK(m).

It is important to note that the values of C and b together determine the structure of

the profile, and they may be found in terms of K(m) and another parameter β, which

satisfies 0 ≤ β ≤ K and sn2(β) = sn2(±b+ C).

The flux of the various type 2 profiles may be expressed in terms of the quantities

ρ+ = m

∫ β

0

(sn2β − sn2Y ) dY = E∗(β)− βdn2β ≥ 0

ρ− = m

∫ K

β

(sn2β − sn2Y ) dY = E − E∗(β)− (K − β)dn2β ≤ 0

which are useful for rephrasing the zero flux condition Φ = 0 in terms of Jacobian elliptic

functions.

For the sake of completeness, we recall here Fraenkel’s classification of the Jeffery-Hamel

solutions as summarized in Table 1 from [16], but for profiles with an arbitrary flux Φ.
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Family Type n L C b 1
6
ν−1Q1/2Φ

I 1 - (−; 1) - - -
IIn 2 1, 3, 5, ... (−; 2n− 1) 0 (n− 1)K + β nρ+ + (n− 1)ρ−

2, 4, 6, ... (+; 2n− 1) 0 nK − β (n− 1)ρ+ + nρ−
IIIn 2 1, 3, 5, ... (+; 2n− 1) K nK − β (n− 1)ρ+ + nρ−

2, 4, 6, ... (−; 2n− 1) K (n− 1)K + β nρ+ + (n− 1)ρ−
IVn 2 1, 2, 3, ... (−; 2n) nK − β nK n(ρ+ + ρ−)
Vn 2 1, 2, 3, ... (+:2n) −nK + β nK n(ρ+ + ρ−)

Table 4.1: Classification of the Jeffery-Hamel functions

In the previous chapter we have given an example of a family of type 2 profiles

which are of interest. Specifically we considered the family of profiles IVn which are

generated by the path L which in Fraenkel’s notation is denoted by (−; 2n), meaning

the path contains 2n half circuits and the corresponding profiles will contain 2n extrema.

Note that in this notation the minus sign denotes the sign of l′(−1), which is by definition

always the same as that of −ν−1αg′(−1). To illustrate why this family is of interest, we

looked at the flux. For family IVn we have that b = nK, C = nK − β and a rescaled flux

equal to n(ρ+ + ρ−). Recalling the computation in the previous chapter, we have seen

that there are infinitely many profiles for each wedge of half-angle α which have zero flux

and satisfy the no-slip condition.

Definition 4.0.1. In what follows we will call a Jeffery-Hamel profile admissible for

regularization precisely when it satisfies the condition of zero flux across every arc of

fixed radius from the origin.

It is worth noting that there are several families of profiles in the Fraenkel clas-

sification which could have members satisfying such a zero flux condition. For example,
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an argument identical to the one given for family IVn applies immediately to family Vn

as they are essentially reflections of one another and have identical fluxes. It is also

likely that with little modification a similar argument could be applied to the families of

symmetric profiles IIn and IIIn which are closely related. We anticipate that there are

admissible profiles contained by each group of families except family I which contains

only pure outflow solutions.
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Chapter 5

Regularization of the Basic Flows

In this chapter we demonstrate a means of regularizing the Jeffery-Hamel profiles

satisfying a zero flux condition as described in the previous two chapers, and show that

they preserve the no-slip condition.

Consider a Jeffery-Hamel profile u = ∇⊥ψ(θ) which has a stream function ψ which de-

pends only on the angle θ ∈ [−α, α]. We would like to regularize the profile near zero in

such a way that the no-slip condition will be preserved. For this purpose we will choose a

regularizing function η ∈ C∞(IR2) which is radial, and which vanishes in a neighborhood

of zero, and is equal to 1 outside B1(0). We then define the regularized version of our

profile as follows:

ũ = ∇⊥(η(x)ψ(θ)) = η∇⊥ψ + ψ∇⊥η

Observe that ũ ∈ C∞(IR2) and vanishes near the origin, but is equal to u outside B1(0).

We would like for this profile to be divergence free and satisfy the no-slip boundary condi-

tion. For this to be satisfied it is enough to impose a condition on the flux of the original

profile u. More precisely, we will require that u have zero flux across each arc of fixed

radius. It follows immediately from the divergence theorem that ψ(α) = −ψ(α) = 0 and
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∇ψ(α) = −∇ψ(α) = 0, so we see that ũ(r, α) = ũ(r,−α) = 0, which recovers the no-slip

condition.

We will apply this type of regularization to admissible Jeffery-Hamel profiles which have

been specified in the previous chapters. We note that such regularized profiles will no

longer satisfy homogeneous stationary Navier-Stokes, but will satisfy an inhomogeneous

version of stationary Navier-Stokes with a carefully chosen right hand side depending on

the profile.

To conclude this chapter we mention that in the case of the whole plane IR2 some re-

markable solutions generalizing the Hamel solutions [29] have been studied recently by

Guillod and Wittwer [27] which have been shown to exhibit spiraling behavior and decay

like |x|−1.

Definition 5.0.1. We will call such a Hamel profile in IR2 admissible for regularization

precisely if it satisfies the condition of zero flux across every arc of fixed radius from the

origin.

For more information regarding these types of solutions one may refer to work by

Šverák [48] on the scale-invariant (and therefore self-similar) stationary solutions of the

Navier-Stokes equations in dimension d ≥ 2. From the generalized Hamel solutions one

may select an admissible family of divergence free profiles with zero flux from which one

can form similar regularizations to which our arguments in the IR2 case will apply.
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Chapter 6

Weighted Spaces

In this chapter we summarize some information regarding the weighted spaces

which are to be used in the investigation. We rely heavily on the literature for these facts,

which are required in making the a priori estimate and semigroup construction.

First we introduce the Muckenhoupt class of weights.

Definition 6.0.1. Let 1 < q < ∞. A weight function ω ∈ L1
loc(IR

n), ω ≥ 0 belongs to

the Muckenhoupt class Aq if the function ω satisfies

Aq(ω) := sup
Q

(
1

|Q|

∫
Q

ω dx

)(
1

|Q|

∫
Q

ω−1/(q−1) dx

)q−1

<∞

where the supremum is taken over all cubes Q ⊂ IRn and |Q| is the usual n-dimensional

Lebesgue measure of Q. Aq(ω) is called the Aq constant of ω.

Example 6.0.1. Some examples of these weights include radially symmetric weights, for

example the functions ω(x) = |x|γ or 〈x〉γ = (1 + |x|2)γ/2 for −n < γ < n(p − 1). An

example without radial symmetry found in [18] is the function ω(x) = d(x,M)γ for a

k-dimensional compact Lipschitzian manifold M and −(n − k) < γ < (n − k)(p − 1).

Additional examples of weights may be found in [14], and for basic properties of weights

we may refer to [26].
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Note that if
∫

Ω
|f(x)|qω(x) dx < ∞ for ω ∈ Aq then f ∈ L1

loc(Ω) follows from

Hölder’s inequality and the definition of Aq. To see this we observe that Hölder’s inequality

implies that ‖f‖1 ≤ ‖ω−
1
q ‖q′‖fω

1
q ‖q and so over any compact subset K ⊂⊂ Ω we have

that ∫
K

|f | ≤

∫
K

ω−q
′/q

1/q′∫
K

|f |qω

1/q

where 1
q

+ 1
q′

= 1. We then observe that

−q
′

q
= −(q′ − 1) = 1− q′ = − 1

q − 1

so we have in fact ∫
K

|f | ≤

∫
K

ω−1/(q−1)

1/q′∫
K

|f |qω

1/q

which is finite if
∫
K

ω−1/(q−1) <∞ since we assumed
∫

Ω
|f(x)|qω(x) dx <∞ and K ⊂⊂ Ω.

We now use that ω ∈ Aq, which by definition means that

[ω]Aq := sup
Q

 1

|Q|

∫
Q

ω

 1

|Q|

∫
Q

ω−1/(q−1)

q−1

<∞

Since this supremum is finite we may now apply this to all cubes in some covering of K.

Since K is compactly contained in Ω we may find a set of cubes Qi for which Qi ⊂ Ω

and K ⊂ ∪iQi ⊂ Ω and note that since ω ∈ Aq is required to be locally integrable,∫
∪iQi ω <∞. This guarantees that ∫

∪iQi

ω−1/(q−1) <∞
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for the set ∪iQi which contains K. Therefore
∫
K
ω−1/(q−1) < ∞ as well, which implies

that ∫
K

|f | ≤

∫
K

ω−1/(q−1)

1/q′∫
K

|f |qω

1/q

<∞

and thus f ∈ L1
loc(Ω).

Following Fröhlich we now define weighted Lebesgue and Sobolev spaces with a Mucken-

houpt class of weight.

Definition 6.0.2. Let ω : Ω → IR be a weight function in the class Aq(Ω). For an open

set Ω ⊆ IRn and 1 < q <∞ we define the weighted spaces

Lqω(Ω) = {f ∈ L1
loc(Ω)|

∫
Ω

|f(x)|qω(x) dx <∞}

with the usual norm

‖u‖Lqω(Ω) = ‖u‖q,ω,Ω :=

∫
Ω

|u|qω dx

1/q

To denote this norm we will often write simply ‖u‖q,ω if Ω is fixed.

We may also define for 1 < q <∞, k ∈ N, and ω ∈ Aq the weighted Sobolev spaces:

W k,q
ω (Ω) = {u ∈ Lqω(Ω) : Dαu ∈ Lqω(Ω), |α| ≤ k}

Ŵ k,q
ω (Ω) = {u ∈ W k,1

loc (Ω) : Dαu ∈ Lqω(Ω), |α| = k}

and

W k,q
0,ω(Ω) = C∞0 (Ω)

where the closure is taken with respect to the norm of W k,q
ω (Ω).
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The space Lqω(Ω) is a reflexive Banach space, because Lq(Ω) is a reflexive Banach

space and the mapping f 7→ fω
1
q is an isometric isomorphism from Lqω(Ω) to Lq(Ω).

We also observe that the space W k,q
ω (Ω) with the norm

‖u‖Wk,q
ω (Ω) = ‖u‖k,q,ω :=

∑
|α|≤k

‖Dαu‖q
Lqω(Ω)

1/q

is a reflexive Banach space. On Ŵ k,q
ω (Ω) the seminorm

|u|Ŵk,q
ω (Ω) := ‖∇ku‖q,ω,Ω =

∑
|α|=k

‖Dαu‖q
Lqω(Ω)

1/q

is defined. Let P n
k−1 be the set of polynomials of degree ≤ k − 1 on IRn and P n

k−1(Ω) :=

P n
k−1|Ω. Then the factor space

Ŵk,q
ω (Ω) := Ŵ k,q

ω (Ω)/P n
k−1(Ω)

is equipped with the norm

‖[u]‖
Ŵ
k,q
ω (Ω) := ‖∇ku‖q,ω

where u ∈ Ŵ k,q
ω (Ω) and [u] ∈ Ŵk,q

ω (Ω) is the respective equivalence class. In the pa-

per [7] Theorem 4.9 it is proved that Ŵk,q
ω (Ω) is a Banach space and that Ŵk,q

ω (Ω) can

be identified with a closed subspace of Lqω(IRn)N for N = |{|α| = k}| via the mapping

[u] 7→ (Dαu)|α|=k. Thus Ŵk,q
ω (Ω) is also reflexive. Note that ∇k : Ŵk,q

ω (Ω) → Lqω(Ω)N is

well defined by ∇k[u] := ∇ku where u ∈ Ŵ k,q
ω (Ω) is arbitrary.

For a given ω ∈ Aq we define ω′ := ω−
1
q−1 ∈ Aq′ and observe that:

(Lqω(Ω))∗ = Lq
′

ω′(Ω)
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if we identify functions with functionals to form the dual space, which is to say that we

set (f, g)Ω :=
∫

Ω
fg dx and identify f ∈ Lqω(Ω) with the functional g 7→ (f, g)Ω. If Ω is

fixed, we write (·, ·) instead of (·, ·)Ω.

By Ŵ−k,qω (Ω) and W−k,q
ω (Ω) we denote the dual spaces of Ŵk,q′

ω′ (Ω) and W k,q′

ω′ (Ω) respec-

tively.

At this point we also define an important technical property of the constants which ap-

pear in several of the following results, known as Aq-consistency. The importance of this

property has been demonstrated in [20], where it is a key component of Fröhlich’s proof

of the result of maximal Lp-regularity for the Stokes operator in weighted Lq spaces.

Definition 6.0.3. A mapping C : Aq → IR+ is called Aq-consistently increasing if and

only if ∀c ∈ IR+

sup{C(ω) : ω ∈ Aq, Aq(ω) ≤ c} <∞

A mapping C : Aq → IR+ is called Aq-consistently decreasing if and only if 1
C

is Aq-

consistently increasing.

We now address some additional useful properties of weighted Sobolev spaces in

the following sections.

6.1 Extension theorems

For this section we follow [19], section 3.1.
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Definition 6.1.1. Let ε > 0 and δ ∈ (0,∞]. An open connected set Ω ⊂ IRn is an (ε, δ)-

domain if for all x, y ∈ Ω, |x − y| < δ there exists a rectifiable curve γ ⊂ Ω connecting

x, y such that

l(γ) ≤ 1

ε
|x− y|

and

d(z) ≥ ε
|x− z||y − z|
|x− y|

for all z ∈ γ, where l(y) is the length of γ and d(z) = inf
a∈Ωc
|a− z|.

Fröhlich has noted that since we are restricting to domains, i.e. open connected

subsets of IRn here, we may drop some of the technical conditions of [7] in the previous

definition. We now state an extension theorem due to Chua [7].

Theorem 6.1.1. Let 1 < qi <∞ and ωi ∈ Aqi for i = 1, ..., N .

i) Let Ω ⊂ IRn be an unbounded (ε,∞)-domain and k1, ..., kN ∈ N0. Then there ex-

ists a linear extension operator

E : ∩Ni=1Ŵ
ki,qi
ωi

(Ω)→ ∩Ni=1Ŵ
ki,qi
ωi

(IRn)

such that

‖∇kiEu‖qi,ωi,IRn ≤ Ci‖∇kiu‖qi,ωi,Ω

for all i = 1, ..., N and u ∈ ∩Ni=1Ŵ
ki,qi
ωi

(Ω).

ii) Let Ω ⊂ IRn be a bounded (ε,∞)-domain, U an open bounded set such that Ω ⊂ U
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and k1, ..., kN ∈ N0. Then there exists a linear extension operator

E : ∩Ni=1Ŵ
ki,qi
ωi

(Ω)→ ∩Ni=1Ŵ
ki,qi
ωi

(U)

such that

‖∇kiEu‖qi,ωi,U ≤ Ci‖∇kiu‖qi,ωi,Ω

for all i = 1, ..., N and u ∈ ∩Ni=1Ŵ
ki,qi
ωi

(Ω).

Furthermore, for all 1 < q < ∞, ω ∈ Aq and k ∈ N there exist linear bounded extension

operators

E : W k,q
ω (Ω)→ W k,q

ω (IRn)

Ê : Ŵ k,q
ω (Ω)→ Ŵ k,q

ω (IRn)

Proof. We refer to [7] Theorem 1.2, Theorem 1.4, and Theorem 1.5.

It is demonstrated in [33] that every bounded Lipschitz domain is an (ε,∞)-

domain, and IRn
+ is also an (ε,∞)-domain. In [20] it is noted that since the proof of

ii) depends on estimates for regular singular integral operators (see Theorem 2.2 in [19])

and for the maximal operator (see Theorem 2.1 in [19]) which have Aq-consistently in-

creasing constants, the constant in ii) may also be seen to be Aq-consistently increasing.

6.2 Density of smooth functions

For this section we follow [19], section 3.2.
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Lemma 6.2.1. Let 1 < q < ∞, ω ∈ Aq and 0 ≤ ϕ ∈ C∞0 (IRn) radial and radially

decreasing with
∫
ϕ = 1 and ϕε(x) := ε−nϕ(x

ε
), for ε > 0. Then for all f ∈ Lqω(IRn) it

holds that ϕε ∗ f → f in Lqω(IRn) for ε→ 0.

Proof. We refer to [7], Lemma 4.1 for the proof.

Recall that for any Banach spaces X and Y with norms ‖·‖X and ‖·‖Y respectively,

the space X ∩ Y is equipped with the norm ‖z‖X∩Y = ‖z‖X + ‖z‖Y .

Lemma 6.2.2. Let 1 < qi <∞, ωi ∈ Aqi , for i = 1, 2 and Ω ⊂ IRn be an (ε,∞)-domain.

Then C∞0 (Ω) is dense in W k,q1
ω1

(Ω) ∩W k,q2
ω2

(Ω).

For completeness we include the proof, obtained from Lemma 3.2 in [19].

Proof. Let Ω = IRn. It is straightforward to verify that for ψ ∈ C∞0 (IRn) with ψ ≡ 1

on B1(0) and ψk(x) := ψ(x
k
), k ∈ N, the sequence (ψku) converges to u in W k,q1

ω1
(IRn) ∩

W k,q2
ω2

(IRn). Combining this fact with the previous lemma yields the assertion for Ω = IRn.

If Ω ⊂ IRn is an unbounded (ε,∞)-domain, then part i) of the above Extension The-

orem 6.1.1 completes the proof.

If Ω ⊂ IRn is a bounded (ε,∞)-domain choose a bounded open neighborhood U of Ω and

a cut-off function ψ ∈ C∞0 (U) with ψ ≡ 1 on Ω. Then it follows from part ii) of the above

Extension Theorem 6.1.1 that there is an extension operator E from W k,q1
ω1

(Ω)∩W k,q2
ω2

(Ω)

to W k,q1
ω1

(U) ∩W k,q2
ω2

(U) such that

‖ψEu‖
W
k,qi
ωi

(IRn)
≤ C‖u‖

W
k,qi
ωi

(Ω)
, i = 1, 2
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Thus we have reduced the problem to the case Ω = IRn discussed above.

6.3 Traces

For this section we follow section 3.3 in [19].

We identify ∂IRn
+ with IRn−1 and define the spaces

L1
loc(IR

n
+) := {u : IRn

+ → C :

∫
IRn+∩Br(0)

|u| dx <∞, ∀r > 0}

W 1,1
loc (IRn

+) := {u ∈ L1
loc(IR

n
+) : ∇u ∈ L1

loc(IR
n
+)n}

For every r > 0 and u ∈ W 1,1
loc (IRn

+) the trace of u|IRn+∩Br(0) ∈ W 1,1(IRn
+ ∩ Br(0)) on

IRn−1 ∩ Br(0) is well defined. Hence there is a linear trace operator γ : W 1,1
loc (IRn

+) →

L1
loc(IR

n−1).

Let 1 < q < ∞, ω ∈ Aq and k ≥ 1. For u ∈ Ŵ k,q
ω (IRn

+) we have ∇ku ∈ Lqω(IRn
+) ⊂

L1
loc(IR

n
+) and it follows from the Poincaré inequality that u ∈ W k,1

loc (IRn
+). In particular,

Ŵ k,q
ω (IRn

+) ⊂ W 1,1
loc (IRn

+) and W k,q
ω (IRn

+) ⊂ W 1,1
loc (IRn

+) admitting the following definition:

Definition 6.3.1. With the trace operator γ : W 1,1
loc (IRn

+)→ L1
loc(IR

n−1) let for j ≥ 1

T j,qω (IRn−1) := γ(W j,q
ω (IRn

+))

T̂ j,qω (IRn−1) := γ(Ŵ j,q
ω (IRn

+))

and denote the kernels of the trace operator γ in W j,q
ω (IRn

+) and in Ŵ j,q
ω (IRn

+) by

W j,q
0,ω(IRn

+) := {u ∈ W j,q
ω (IRn

+) : γ(u) = 0}

Ŵ j,q
0,ω(IRn

+) := {u ∈ Ŵ j,q
ω (IRn

+) : γ(u) = 0}
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For φ ∈ T j,qω (IRn−1) and ψ ∈ T̂ j,qω (IRn−1) we define

‖φ‖T j,qω = inf{‖u‖j,q,ω,IRn+ : u ∈ W j,q
ω (IRn

+), γ(u) = φ}

|ψ|T̂ j,qω = inf{‖∇ju‖q,ω,IRn+ : u ∈ Ŵ j,q
ω (IRn

+), γ(u) = ψ}

Example 6.3.1. Weights of the form ωα(x) = dist(x, ∂IRn
+)α are in Aq for −1 < α <

q − 1. For these weights it is seen in [41] and [1] (p.184 and subsequent pages) that

T 1,q
ωα (IRn−1) = W 1− 1+α

q
,q(IRn−1).

It follows from the above definition that the trace operators

γ : W j,q
ω (IRn

+)→ T j,qω (IRn−1)

γ : Ŵ j,q
ω (IRn

+)→ T̂ j,qω (IRn−1)

are linear and bounded, where for simplicity we denote the restrictions of the trace oper-

ator γ to W j,q
ω (IRn

+) and Ŵ j,q
ω (IRn

+) again by γ.

Lemma 6.3.1. Let 1 < q < ∞, ω ∈ Aq and u ∈ Ŵ 1,q
0,ω(IRn

+). Then the extension ũ of

u to IRn by 0 is in Ŵ 1,q
ω (IRn). The assertion remains true when replacing Ŵ 1,q

0,ω(IRn
+) by

W 1,q
0,ω(IRn

+) and Ŵ 1,q
ω (IRn) by W 1,q

ω (IRn).

Proof. Let u ∈ Ŵ 1,q
0,ω(IRn

+). First we show that ũ has weak derivatives ∂iũ ∈ L1
loc(IR

n) for

i = 1, ..., n. We denote the extension of ∂iu by 0 to IRn by vi and claim that vi = ∂iũ

on IRn. For the proof choose φ ∈ C∞0 (IRn) with support in BR(0), say, and a cut-off

function ηR ∈ C∞0 (B2R(0)) with ηR = 1 on BR(0). Since u ∈ Ŵ 1,q
0,ω(IRn

+) ⊂ W 1,1
loc (IRn

+) and

γ(u) = 0, it follows that uηR ∈ W 1,1
0 (B2R(0) ∩ IRn

+). Therefore there exists a sequence
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(uk) ∈ C∞0 (B2R(0)∩ IRn
+) with uk → uηR in W 1,1(B2R(0)∩ IRn

+). In particular, uk → u in

W 1,1(BR(0) ∩ IRn
+). Thus∫

IRn
ũ∂iφ =

∫
BR(0)∩IRn+

u∂iφ = lim
k

∫
BR(0)∩IRn+

uk∂iφ

= − lim
k

∫
BR(0)∩IRn+

∂iukφ = −
∫
BR(0)∩IRn+

∂iuφ = −
∫

IRn
viφ

proving ∂iũ = vi ∈ L1
loc(IR

n). Since ‖∂iũ‖q,ω,IRn = ‖vi‖q,ω,IRn = ‖∂iu‖q,ω,IRn+ < ∞ we get

ũ ∈ Ŵ 1,q
ω (IRn). The proof for u ∈ W 1,q

0,ω(IRn
+) is analogous.

Lemma 6.3.2. For i = 1, ..., n− 1

|∂iφ|T̂ 1,q
ω
≤ |φ|T̂ 2,q

ω

and

‖∂iφ‖T 1,q
ω
≤ ‖φ‖T 2,q

ω

Proof. By definition for every φ ∈ T̂ 2,q
ω (IRn−1) and every c > 1 there is a u ∈ Ŵ 2,q

ω (IRn
+)

such that γ(u) = φ and |u|Ŵ 2,q
ω
≤ c|φ|T̂ 2,q

ω
. We claim that γ(∂iu) = ∂iγ(u) = ∂iφ for

i = 1, ..., n − 1. For the proof let R > 0 and choose ψR ∈ C∞0 (IRn) such that ψR(x) = 1

for |x| ≤ R. Note that u ∈ W 2,1
loc (IRn

+) and thereforec ψRu ∈ W 2,1(IRn
+). Then it is

known that γ(∂iψRu) = ∂iγ(ψRu) for i = 1, ..., n− 1. Since R > 0 was arbitrary we have

γ(∂iu) = ∂iγ(u) = ∂iφ and therefore

|∂iφ|T̂ 1,q
ω
≤ |∂iu|Ŵ 1,q

ω
≤ |u|Ŵ 2,q

ω
≤ |φ|T̂ 2,q

ω

Since c > 1 was arbitrary the first part is proved. The proof of the second part is

analogous.

34



Theorem 6.3.1. For u ∈ W 1,q
ω (IRn

+), v ∈ W (IRn
+) and i = 1, ..., n

(u, ∂iv) = −(∂iu, v) + δin

∫
IRn−1

γ(u)γ(v)

Proof. Approximate u and v by functions from C∞0 (IRn
+) and obtain uv ∈ W 1,1(IRn

+)

yielding ∂i(uv) = u∂iv + v∂iu and γ(uv) = γ(u)γ(v). So the claim is reduced to the

known result that
∫

IRn+
∂iw = δin

∫
IRn−1 γ(w) for w ∈ W 1,1(IRn

+). We refer to [3] for details

on this result.

6.4 Classes of bounded operators

Next we observe that several important operators remain bounded in Lqω(IRn) for

ω ∈ Aq(IRn). Define the Hardy-Littlewood maximal operator for f ∈ L1
loc(IR

n) by

Mf(x) := sup
Q

1

|Q|

∫
Q

|f | dy

where the supremum is taken over all cubes Q ⊂ IRn that contain the point x ∈ IRn. We

state a theorem due to Muckenhoupt.

Theorem 6.4.1. Let 1 < q <∞ and ω ∈ Aq. Then there is a C ∈ IR such that

‖Mf‖q,ω ≤ C‖f‖q,ω

Proof. We refer to [21] Theorem 2.1, Chap. IV, p.395 and [51], Theorem 2.8 Chap. IX

for the proof.

It follows from this that regular singular integral operators are bounded on Lqω(IRn).

We define such operators as in [19]:
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Definition 6.4.1. A tempered distribution K ∈ S′ is called a regular singular integral

kernel if K coincides on IRn \ {0} with a locally integrable function k(x) such that:

i) K̂ ∈ L∞

ii) |k(x)| ≤ A|x|−n

iii) |k(x− y)− k(x)| ≤ A|y||x|−(n+1), ∀|x| > 2|y| > 0

The operator Tf := K ∗ f , f ∈ S(IRn), is called a regular singular integral operator.

Example 6.4.1. Let k ∈ C1(IRn \ {0}) be homogeneous of degree 0 with vanishing mean

over the unit sphere. Then the operator

Tf(x) = p.v.

∫
k(y)

|y|n
f(x− y) dy

is a regular singular operator (see [21], Remark on p. 204).

We now state the result that regular singular integral operators are bounded on

Aq-weighted spaces, which is Theorem 2.2 in [19].

Theorem 6.4.2. Let 1 < q < ∞, ω ∈ Aq and let T be a regular singular integral

operator. Then T is bounded on Lqω(IRn). More precisely, there is an Aq-consistently

increasing constant C ∈ IR such that for all f ∈ S

‖Tf‖q,ω ≤ ‖f‖q,ω

Proof. We refer to the proof of Theorem 3.1, Chap. IV, p.411 in [21]. Note that the

important property of Aq-consistency of the constant follows from the proof given in

[21].
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The following weighted multiplier theorem of Hörmander-Michlin type also holds:

Theorem 6.4.3. Let m ∈ Cn(IRn \ {0}) with the property that ∃M ∈ IR such that

|Dαm(ξ)| ≤M |ξ|α

holds ∀ξ ∈ IRn \ {0}, |α| = 0, 1, ..., n. Then for all 1 < q <∞ and ω ∈ Aq the multiplier

operator T̂ f = mf̂ defined for Schwarz functions f ∈ S = S(IRn) can be extended

uniquely to a bounded linear operator from Lqω(IRn) to Lqω(IRn). More precisely, there is

an Aq-consistently increasing constant C = C(n, q, ω,M) ∈ IR such that

‖Tf‖q,ω ≤ C‖f‖q,ω

for all f ∈ Lqω)(IRn).

Proof. We refer to [21] Theorem 3.9, Chap. IV, p.418 for the proof, where the result is

shown even under more general conditions on m. Although it is not explicitly mentioned

there, Fröhlich has noted in [19] that the Aq-consistency of the constant C ∈ IR in this

theorem follows directly from the proof in [21].

6.5 A weighted inequality

To conclude this chapter we prove a weighted Poincaré type inequality which is

valid in radially weighted Sobolev spaces over a wedge, which will allow us to control a

weighted norm of a function by a weighted norm of its derivative. This useful inequality

is proved by Gentile and Rionero in [22]. A precise statement of a slightly less general

version of the inequality they obtained is the following:
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Lemma 6.5.1. Let Ω be a wedge of half-angle α ∈ (0, π] and let ρ = ρ(r) be a nonnegative

radial weight function. Then for any ϕ = ϕ(r, θ) such that ϕ(r,±α) = 0 and ∇ϕ ∈  L2
ρ(Ω)

the following inequality holds:∫
Ω

ρr−2ϕ2 dΩ ≤ C

∫
Ω

ρ|∇ϕ|2 dΩ

with C = 4α2

π2 .

For completeness we include the proof contained in [22].

Proof. Since we assume ϕ(r,±α) = 0 the usual one dimensional Poincaré inequality [15]

implies that ∫ α

−α
ϕ2 dθ ≤ C

∫ α

−α
(
∂ϕ

∂θ
)2 dθ

and we may note that

(
∂ϕ

∂θ
)2 ≤ r2[(

∂ϕ

∂r
)2 + r−2(

∂ϕ

∂θ
)2] = r2|∇ϕ|2

which implies ∫ α

−α
r−2ϕ2 dθ ≤ C

∫ α

−α
|∇ϕ|2 dθ

then multiply both sides by rρ and integrate with respect to r to obtain the result.

We require several more facts about these weighted spaces. In particular we will

need the existence of a Helmholtz decomposition on the weighted space, the bounded-

ness of the solenoidal projection and its adjoint operator, various estimates for the Stokes

semigroup, and a very strong property of the Stokes operator on the space called maximal

Lp-regularity.
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In the next two chapters we will discuss the existence of the hydrodynamical projec-

tion and then define and present properties of the Stokes operator, including maximal

Lp-regularity. Other estimates of the Stokes semigroup we postpone to chapter 11.
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Chapter 7

The Helmholtz Decomposition

We would like to define the Stokes operator using a projection of weighted spaces

onto divergence free (solenoidal) vector fields. For this we will need to make use of the

existence of the Helmholtz decomposition on such spaces:

Lqω(Ω)n = Lqω,σ(Ω)⊕Gq
ω(Ω)

which is proved in [18] for 1 < q <∞ and all ω ∈ Aq, in the cases where Ω is IRn or IRn
+ or

a bounded domain with a C1 boundary. The decomposition is into the usual divergence

free or solenoidal space Lqω,σ(Ω) = C∞0,σ(Ω) and the gradient fields in the weighted space

Lqω(Ω)n. The closure of the solenoidal space C∞0,σ(Ω) = {u ∈ C∞0 (Ω)n : div u = 0} is taken

in the norm of Lqω(Ω)n.

This type of Helmholtz decomposition is central to the subject of fluid dynamics, and it

is important that we have the existence of a hydrodynamical projection on the weighted

spaces. By this we mean a bounded projection operator:

Pq,ω : Lqω(Ω)n → Lqω,σ(Ω)
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Fröhlich has proved the existence and boundedness of this projection by transferring the

argument of Simader and Sohr [47] to the weighted case. Doing this requires the solution

of a weak Neumann problem for the Laplace equation. In the case of a bounded domain

of class C1 this also requires the proof of a compact embedding and a Poincaré inequality

in weighted Sobolev spaces. We note that the proof given by Fröhlich is valid for a general

Muckenhoupt weight without any restriction near ∂Ω.

We will now recall the structure of Fröhlich’s argument in [18] for the decomposition.

7.1 Helmholtz decomposition of Lq
ω(Ω)n

First define as in [18] section 3:

Lqω,σ(Ω) := {u ∈ C∞0 (Ω)n : div u = 0}

with the closure taken with respect to the norm ‖ · ‖Lqω(Ω)n and

Gq
ω(Ω) := {∇p : p ∈ Ŵ 1,q

ω (Ω)}

where

Ŵ 1,q
ω (Ω) = {u ∈ L1

loc(Ω) : Dαu ∈ Lqω(Ω), |α| ≤ 1}

To justify the Helmholtz decomposition

Lqω(Ω)n = Lqω,σ(Ω)⊕Gq
ω(Ω)

with a continuous projection

Pq,ω : Lqω(Ω)n → Lqω,σ(Ω)n
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which has kernel

ker Pq,ω = Gq
ω(Ω)

we solve a weak Neumann problem.

Given f ∈ Lqω(Ω)n find p ∈ Ŵ 1,q
ω (Ω) such that:

(∇p,∇φ) = (f,∇φ)

holds ∀φ ∈ Ŵ 1,q′

ω′ (Ω) where (h, g) :=
∫
Ω

h · g dx.

The main step is the following variational inequality which is Theorem 3 in [18]:

Theorem 7.1.1. Let 1 < q <∞, ω ∈ Aq and let Ω be IRn, IRn
+ or a bounded or exterior

domain with C1 boundary. Then there is a constant C ∈ IR such that

‖∇p‖q,ω ≤ C sup
{φ∈Ŵ 1,q′

ω′ (Ω):∇φ 6=0}

|(∇p,∇φ)|
‖∇φ‖q′,ω′

for all p ∈ Ŵω(Ω).

Remarks on the proof. For the case Ω = IRn the weighted multiplier theorem (Theorem

6.4.3) implies the result. For the case Ω = IRn
+ can be reduced to the IRn case by a

reflection argument. We see that for the even extension of ω|IRn+ for ω ∈ Aq is again an

Aq weight. Therefore without loss of generality we may assume that the weight ω is even

with respect to xn. This guarantees that the proof of Theorem 1.3 in [47] transfers to the

weighted case. We omit the details for the case where Ω is a bounded or exterior domain

as these cases are not important in the present investigation.
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7.2 Solution of the Neumann problem

Now following section 4 of [18], we introduce the dual space

Ŵ−1,q
ω (Ω) := (Ŵ 1,q′

ω′ (Ω)/IR)∗

and the weak Laplacian

∆q′,ω′ : Ŵ 1,q′

ω′ (Ω)/IR→ Ŵ−1,q′

ω′ (Ω)

∆q′,ω′(p) := (∇p,∇·)

This operator is injective, and by the variational inequality in the previous section it also

must have closed range. Then the closed range theorem [58] implies that ∆q,ω is surjective

since ∆q,ω = (∆q′,ω′)
∗. This implies the result (Theorem 4 in [18]):

Theorem 7.2.1. Let Ω be IRn, IRn
+ or a bounded or exterior domain with C1 boundary.

Then ∆q,ω is an isomorphism, i.e.

for any F ∈ Ŵ−1,q
ω (Ω) there exists a unique p ∈ Ŵ 1,q

ω (Ω)/IR such that:

(∇p,∇φ) = F (φ)

hold for all φ ∈ Ŵ 1,q′

ω′ (Ω) and

‖∇p‖q,ω ≤ C‖F‖−1,q,ω

7.3 Proof of the Helmholtz decomposition of Lq
ω(Ω)n

Following section 5 of [18] we now define the space:

V q
ω (Ω) = {v ∈ Lqω(Ω)n : (v,∇φ) = 0, ∀φ ∈ Ŵ 1,q′

ω′ (Ω)}
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For f ∈ Lqω(Ω)n we solve the weak Neumann problem

(∇p,∇φ) = (f,∇φ) ∀φ ∈ Ŵ 1,q′

ω′ (Ω)

then write f = (f−∇p)+∇p and use the uniqueness assertion of Theorem 7.2.1 (Theorem

4 in [18]) to see that

Lqω(Ω)n = V q
ω (Ω)⊕Gq

ω(Ω)

The estimate of ∇p in the previous section shows that this decomposition is also topolog-

ical. Then by the Hahn-Banach and de Rahm theorems we may conclude that V q
ω (Ω) =

Lqω,σ(Ω).

This proves the Helmholtz decomposition of Lqω(Ω)n which is Theorem 5 in [18]:

Theorem 7.3.1. Let 1 < q <∞, ω ∈ Aq and let Ω be IRn, IRn
+, a bounded or an exterior

C1-domain. Then there is an algebraic and topological decomposition

Lqω(Ω)n = Lqω,σ(Ω)⊕Gq
ω(Ω)

We will make use of this decomposition immediately in the next chapter in the

definition of the Stokes operator.
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Chapter 8

The Stokes Operator

In this chapter we will define and present basic properties of the Stokes operator

in the weighted space Lqω,σ(Ω). We will then discuss the important property of maximal

Lp-regularity of the Stokes operator on these spaces. Using the Helmholtz projection we

may now define the Stokes operator by

Aq,ω := −Pq,ω∆ on D(Aq,ω)

where the domain will be

D(Aq,ω) := W 2,q
ω (Ω)n ∩ Lqω,σ(Ω) ∩ {u ∈ W 1,q

ω (Ω)n) : u|∂Ω = 0}

For this operator Fröhlich [20] has proved many useful properties. We restate here the

fundamental facts that for Ω = IRn, IRn
+, or a bounded C1,1 domain, that the Stokes

operator

Aq,ω : D(Aq,ω) ⊂ Lqω,σ → Lqω,σ(Ω)

is densely defined and closed, and that the Stokes operator −Aq,ω is the generator of
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a bounded analytic semigroup in Lqω,σ(Ω). These facts are summarized in the following

result due to Fröhlich, which is Theorem 4.1 in [20]:

Theorem 8.0.1. Let 1 < q <∞, ω ∈ Aq and Ω = IRn, IRn
+ or a bounded C1,1-domain.

(i) The Stokes operator Aq,ω : D(Aq,ω) ⊂ Lqω,σ → Lqω,σ(Ω) is densely defined and closed.

(ii) For every f ∈ Lqω,σ(Ω) and λ ∈ Σε, 0 < ε < π
2

the resolvent problem

λu+ Aq,ωu = f

has a unique solution u ∈ D. This solution satisfies the estimate

|λ|‖u‖q,ω + ‖Aq,ωu‖q,ω ≤ Cε‖f‖q,ω

where Cε = Cε(ω) is Aq-consistently increasing. Moreover,

(λ+ Aq,ω)−1f = (λ+ Ap,v)
−1f

for 1 < p < ∞, v ∈ Ap and f ∈ Lqω,σ(Ω) ∩ Lpv,σ(Ω). If Ω is a bounded C1,1-domain, then

Aq,ω is invertible.

(iii) The Stokes operator −Aq,ω generates a bounded analytic semigroup in Lqω,σ(Ω).
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Proof. This result combines Theorem 3.1 and Theorem 3.3 from [20] so we refer to the

proofs there, as well as in [14] p.270 for the case Ω = IRn.

8.1 Stokes resolvent estimates

We recall here the Stokes resolvent problem, then restate the central resolvent

estimate, which is shown for the case Ω = IRn in [14], and which is Theorem 1.1 in [20].

For n ≥ 2 the generalized Stokes resolvent problem is as follows:


λu−∆u+∇p = f in IRn

+

div u = g in IRn
+

u = 0 on ∂IRn
+

(8.1.1)

in weighted Lq spaces for a large class of weights and λ contained in the sector

Σε := {λ ∈ C \ {0} : |arg λ| < π − ε}, 0 < ε <
π

2

We now state the main resolvent estimate Theorem 1.1 in [20]:

Theorem 8.1.1. Let 1 < q <∞, ω ∈ Aq and Ω ⊆ IRn, n ≥ 2 be equal to IRn, IRn
+, or a

bounded domain with boundary of class C1,1. Then for every 0 < ε < π
2

the sector

Σε = {λ 6= 0, |argλ| < π − ε}

belongs to the resolvent set of −Aq,ω. There is a constant C > 0 depending only on q,Ω, ε

and Aq-consistently increasing on ω ∈ Aq such that

‖λ(λ+ Aqω)−1f‖q,ω ≤ C‖f‖q,ω

47



for all f ∈ Lqω,σ(Ω) and for all λ ∈ Σε.

Proof. In the case Ω = IRn this theorem is proved by Farwig and Sohr in [14] and for

Ω = IRn
+ this theorem follows directly from Theorem 1.1 in part I [19]. In the case of a

bounded C1,1-domain, we refer to Theorem 3.3 in part II [20] for the proof.

This resolvent estimate for the Stokes operator leads to the proof of a property

known as maximal Lp-regularity, which we will see in the following section. For complete-

ness we restate Theorem 1.1 from [19], with a sketch of the proof.

Theorem 8.1.2. Let n ≥ 2, 1 < q <∞, ω ∈ Aq, 0 < ε < π
2
. Then:

i) For every f ∈ Lqω(IRn
+)n, g ∈ W 1,q

ω (IRn
+) ∩ Ŵ−1,q

ω (IRn
+) and λ ∈ Σε there is a unique

solution (u, p) ∈ W 2,q
ω (IRn

+)n × Ŵ1,q
ω (IRn

+) of the Stokes resolvent problem. This solution

satisfies the estimate

|λ|‖u‖q,ω + ‖∇2u‖q,ω + ‖∇p‖q,ω ≤ C(‖f‖q,ω + ‖∇g‖q,ω + ‖λg‖
Ŵ
−1,q
ω

)

where C > 0 depends only on n, q, ε and Aq-consistently increasing on ω.

ii) If for some r ∈ (1,∞) and some v ∈ Ar additionally f ∈ Lrv(IRn
+)n and g ∈ W 1,r

v (IRn
+)∩

Ŵ−1,r
v (IRn

+) then (u, p) ∈ W 2,r
v (IRn

+)n ∩ Ŵ1,r
v (IRn

+).

For the analogous weighted estimates for general Aq-weights for the Stokes resol-

vent system in the case of IRn one may refer to Theorem 4.5, p.270 in [14]. Note that

the constant C in the estimate in that Theorem depends Aq-consistently increasing on
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ω ∈ Aq, since the estimate follows from the weighted version of the Hörmander-Michlin

Multiplier Theorem.

Sketch of the proof. The proof of the present case IRn
+ forms the bulk of [19], and we give

only a sketch of the argument here. For the purposes of simplifying the problem a scaling

argument is employed to reduce to the case λ ∈ Σε with |λ| = 1.

We assume that |λ| = 1 and ω = ω∗ where as in Lemma 2.1 in [19] we define ω∗(x′, xn) :=

ω(x′,−xn) for (x′, xn) ∈ IRn. Write f = (f ′, fn) with f ′ = (f1, ..., fn−1) and denote the

even extension of f ′ by f ′e and the odd extension of fn by fno where both extensions are to

IRn. Then F := (f ′e, fno) ∈ Lqω(IRn)n. Moreover we denote by G ∈ W 1,q
ω (IRn)∩ Ŵ−1,q

ω (IRn)

the even extension of g to IRn.

Using Theorem 4.5 from [13] the existence of a solution pair (U, P ) ∈ W 2,q
ω (IRn)n ×

Ŵ 1,q
ω (IRn) to the resolvent problem with right hand sides F and G is guaranteed.

A further reduction on this problem to the case γ(Un) = 0 is now made using a sym-

metry consideration. Set φ′ := γ(U ′) ∈ T 2,q
ω (IRn−1)n−1. The estimate of this Theorem in

the case Ω = IRn with |λ| = 1 and the assumption ω = ω∗ now yield

‖φ′‖T 2,q
ω
≤ ‖U ′‖W 2,q

ω

≤ C(‖(F,∇G)‖q,ω + ‖G‖
Ŵ
−1,q
ω

)

≤ 2C(‖(f,∇g)‖q,ω + ‖g‖
Ŵ
−1,q
ω

)
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where C depends only on n, q, ε and Aq-consistently increasing on ω. Subtracting (U, P )

the resolvent problem is reduced to:



λu−∆u+∇p = 0

div u = 0

γ(u′) = φ′

γ(un) = 0

(8.1.2)

where φ′ := γ(U ′) ∈ T 2,q
ω (IRn−1)n−1 comes from the trace of the nth component of the

solution to the related problem. It remains to show that for φ′ ∈ there is a unique solution

(u, p) ∈ W ×W of this problem satisfying the estimate

‖(u,∇u,∇2u,∇p)‖q,ω ≤ C‖φ′‖T 2,q
ω

with an Aq-consistently increasing constant C.

To this end an explicit solution formula is derived in terms of φ′ using same method as in

[13], which is Fourier transformation with respect to the first n − 1 variables. Weighted

estimates for un and u′ are then obtained in section 6 of [19] by using boundedness prop-

erties of several multiplier and regular singular integral operators, where each estimate

is shown with an Aq-consistently increasing constant. Together the estimates obtained

imply that
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‖u‖q,ω ≤ C‖φ′‖T 2,q
ω

At this point various weighted estimates for the Stokes problem are invoked, including a

result on strong solutions to the following Stokes problem:


−∆u+∇p = −λu

div u = 0

γ(u) = (φ′, 0)

(8.1.3)

with right hand side λu ∈ Lqω(IRn
+)n∩Lq(IRn

+)n and with (φ′, 0) ∈ S(IRn−1)n ⊂ T 2,q(IRn−1)n∩

T 2,q
ω (IRn−1)n.

Specifically we first apply Lemma 5.4 in [19] to see that (u, p) ∈ Ŵ 2,q
ω (IRn

+)n× Ŵ 1,q
ω (IRn

+).

Then Theorem 5.3 in [19] combined with the previous estimate gives us

‖∇2u‖q,ω + ‖∇p‖q,ω ≤ C(‖u‖q,ω + |φ′|T̂ 2,q
ω

) ≤ C‖φ′‖T 2,q
ω

Therefore (u, p) ∈ W 2,q
ω (IRn

+)n × Ŵ 1,q
ω (IRn

+) upon the application of a result for the weak

solution of the Laplace equation in IRn
+ found in section 4.2 in [19], and we finally obtain

the estimate

‖u‖q,ω + ‖∇2u‖q,ω + ‖∇p‖q,ω ≤ C‖φ′‖T 2,q
ω
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Then the density of C∞0 (IRn−1) in T 2,q
ω (IRn−1) (Corollary 4.2 in [19]) allows us to obtain the

existence of a solution (u, p) ∈ W 2,q
ω (IRn

+)n × Ŵ 1,q
ω (IRn

+) for arbitrary φ′ ∈ T 2,q
ω (IRn−1)n−1

such that this estimate holds. This proves the existence assertion.

The uniqueness assertion is proved using the integration by parts formula from Theo-

rem 6.3.1, which is Theorem 3.3 in [19]. We omit the details.

The regularity assertion ii) is proved in [14] for the case Ω = IRn. Let Ω = IRn
+. The

assertion for Ω = IRn implies that for the boundary values φ′ = γ(u′) in the reduced

problem it holds that:

φ′ = T 2,q
ω (IRn−1)n−1 ∩ T 2,r

v (IRn−1)n−1

In the proof of i) we first assumed that φ′ ∈ C∞0 (IRn−1)n−1 and obtained an explicit solu-

tion (u, p) of the reduced problem depending only on φ′ but not on the pair (q, ω).

Since by Corollary 4.7 in [19] we can approximate an arbitrary φ′ ∈ T 2,q
ω (IRn−1)n−1 ∩

T 2,r
v (IRn−1)n−1 in T by functions from C∞0 (IRn−1)n−1 it follows that the solution (u, p),

which we obtained by a density argument, is contained in (W 2,q
ω (IRn

+)n ∩W 2,r
v (IRn

+)n) ×

(Ŵ 1,q
ω (IRn

+) ∩ Ŵ 1,r
v (IRn

+)). This concludes the sketch of the proof.

The importance of the technical fact that the constants in these resolvent estimates

are Aq-consistently increasing is identified clearly in [20], from which we now recall some

very useful remarks. It is known that the uniform dependence of C > 0 in the resolvent
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estimate ‖λ(λ+Aqω)−1f‖q,ω ≤ C‖f‖q,ω on λ ∈ Σε for ε > 0 implies that −Aq,ω generates

a bounded analytic semigroup. The assertion that C > 0 is Aq-consistently increasing

means that for every c0 > 0 it can be chosen uniformly for all ω ∈ Aq with Aq(ω) ≤ c0.

Fröhlich proves in [20] that this kind of uniform dependence of C > 0 on the weight

implies maximal Lp-regularity, an argument which we summarize in the next section.

8.2 Maximal Lp-regularity

To begin this section we will state a definition of maximal Lp-regularity similar to

that found in [56].

Consider an operator A which is the generator of a bounded analytic semigroup Tt on a

Banach space X. Then the Cauchy problem:

y′(t) = Ay(t) + f(t), t ≥ 0, y(0) = 0

has a unique mild solution y ∈ Lploc(IR+, X) for every f ∈ Lp(IR+, X).

Definition 8.2.1. We say that the operator A has maximal Lp-regularity, 1 < p < ∞,

on [0, T ], for some 0 < T ≤ ∞, if for every f ∈ Lp([0, T ], X) the solution to the above

Cauchy problem is almost everywhere differentiable, has values in D(A) and there is a

constant C <∞ such that

‖y′‖Lp([0,T ],X) + ‖Ay‖Lp([0,T ],X) ≤ C‖f‖Lp([0,T ],X)
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The result of maximal Lp-regularity of the Stokes operator for spaces without

weight is classical. A discussion on this may be found in many sources, for example in

Sohr’s book [46]. It was shown by a method involving boundedness of imaginary powers of

the Stokes operator which can be seen for example in [24]. In the weighted case Fröhlich

has proved maximal Lp-regularity using a different method. In his paper [20] he uses the

fact that the resolvent estimate shown in the previous section is valid for all Muckenhoupt

weights ω ∈ Aq with an Aq-consistently increasing constant to prove that the operator

family

{s(A + is)−1 : s ∈ IR \ {0}}

is R-bounded, a property which we will now define.

Definition 8.2.2. Let X be a Banach space. A subset T ⊂ L(X) is called R-bounded if

there exists some constant C such that

∫ 1

0

‖
N∑
j=1

rj(u)Tjxj‖X du ≤ C

∫ 1

0

‖
N∑
j=1

rj(u)xj‖X du

for all T1, ..., TN ∈ T, x1, ..., xN ∈ X and N ∈ N, where (rj) is a sequence of independent,

symmetrically distributed, {−1, 1} valued random variables defined on [0, 1]. The smallest

constant C such that this property holds is called the R bound of T and is denoted by

R(T).
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In order to see that the relevant operator family is R-bounded, we will make use

of the following Theorem 4.3 from [20] which is a generalization of Theorem 6.4, Chap.

V in [21].

Theorem 8.2.1. Let 1 < p, q < ∞, ω ∈ Aq and Ω ⊂ IRn an open set. Moreover let

T ⊂ L(Lqω(Ω)) be a family of linear operators with the property that for all ω ∈ Ap there

is a constant C = C(Ap(ω)) ∈ IR depending only on the Ap-constant of ω such that

‖Tf‖Lpω(Ω) ≤ C‖f‖Lpω(Ω)

for all f ∈ Lqω(Ω) ∩ Lpω(Ω) and all T ∈ T. Then T is R-bounded in L(Lqω(Ω)).

Proof. For the proof we refer to Theorem 4.3 in [20].

One may then apply a characterization of maximal Lp-regularity by R-bounded

families due to Weis [56]. We note that in order to apply this theorem one must verify

that the space in which it is applied is a UMD space, which we now define.

Definition 8.2.3. A Banach space X is called a UMD space if the Hilbert transform

Hf(t) = PV

∫
IR

1

t− s
f(s) ds

extends to a bounded linear operator in Lp(IR, X) for 1 < p <∞.

Example 8.2.1. All closed subspaces of Lq(Ω, µ) for 1 < q < ∞ are UMD spaces. For

this fact we refer to [5].
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We now restate the characterization result which is Theorem 4.2 in [56], which is

also restated as Theorem 4.4 in [20].

Theorem 8.2.2. Let A be the generator of a bounded analytic semigroup in the UMD

space X. Then A has maximal Lp-regularity if and only if the operator family

{λ(λ− A)−1 : λ ∈ iIR, λ 6= 0}

is R-bounded.

Proof. We refer to [56] Theorem 4.2(3) and Corollary 4.4(i).

Upon applying this characterization to the above family of operators, one obtains

the following result, which is Theorem 1.2 in [20].

Theorem 8.2.3. Let 1 < p <∞, 1 < q <∞, ω ∈ Aq and Ω ⊆ IRn be the whole space, the

half space, or a bounded domain with a boundary in class C1,1. Then the Stokes operator

Aq,ω has maximal Lp-regularity in X = Lqω,σ(Ω), i.e., for every f ∈ Lp(IR+, L
q
ω,σ(Ω)) the

mild solution of the evolutionary Stokes problem

ut + Aq,ωu = f, u(0) = 0

satisfies the estimate

‖ut‖Lp(IR+;X) + ‖Aq,ωu‖Lp(IR+;X) ≤ C‖f‖Lp(IR+;X)

Proof. The proof found in [20] we restate here for convenience. By Theorem 8.0.1(ii) and

by the fact that the operator norm of the Helmholtz projection Pq,v is Aq-consistently

increasing, there is an Aq-consistently increasing constant C = C(v) ∈ IR such that
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‖λ(Aq,v + λ)−1Pq,v‖q,v ≤ C‖f‖q,v

for all v ∈ Aq, f ∈ Lqv(Ω)n and λ ∈ iIR \ {0}. Since the constant C = C(v) is Aq-

consistently increasing this constant can be chosen in such a way that it depends only on

the Aq-constant of v, i.e. C = C(Aq(v)).

Hence by Theorem 8.2.1 (Theorem 4.3 in [20]) and by part (ii) of Theorem 8.0.1 (Theorem

4.1 in [20]) the family

{λ(Aq,ω + λ)−1Pq,ω : λ ∈ iIR \ {0}}

is R-bounded in Lqω(Ω)n. Since f = Pq,ωf for f ∈ Lqω,σ(Ω) it follows that

{λ(Aq,ω + λ)−1 : λ ∈ iIR \ {0}}

is R-bounded in Lqω,σ(Ω).

We note that the space Lqω,σ(Ω) is a closed subspace of Lqω(Ω)n and therefore a UMD

space (see [5]). By Theorem 8.2.2, Theorem 8.0.1 part (iii) (resp. Theorem 4.4, Theorem

4.1 part (iii) in [20]) and the R-boundedness of the above family the maximal Lp-regularity

of the Stokes operator −Aq,ω in Lqω,σ(Ω) is completely proved.
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Although the result of maximal Lp-regularity for the Stokes operator is stated in

[20] with T =∞, we will apply a version of this estimate for a finite time interval in the

next chapter to obtain an a priori estimate for the solution of a linearized Navier-Stokes

equation in the cases where Ω = IR2 or IR2
+. We note that maximal Lp-regularity on IR+

implies that

‖ut‖Lp([0,T ),Lqω,σ(Ω)) + ‖Aq,ωu‖Lp([0,T ),Lqω,σ(Ω)) ≤ C‖f‖Lp([0,T );Lqω,σ(Ω)) (8.2.1)

for any desired 0 < T ≤ ∞. This follows immediately from Dore’s Theorem 2.3 in [10],

whose proof we will include for the sake of completeness.

Theorem 8.2.4. Let X be a complex Banach space and A any linear closed densely

defined operator in X. If there is Lp regularity on the interval I = [0,+∞) for the

problem: u′(t) = Au(t) + f(t)

u(0) = 0
(8.2.2)

then ∀T ∈ IR+ there is Lp regularity on [0, T ].

Proof. If there is Lp regularity on [0,+∞) then A generates a strongly continuous analytic

semigroup, so that there is uniqueness of the solution on [0, T ]. To get existence, if

f ∈ Lp([0, T ], X), then let f̃ be the extension of f with 0 outside [0, T ], the restriction to

[0, T ] of the solution of (8.2.2) on [0,+∞) with non-homogeneous term f̃ is the required

solution.
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We also include two closely related theorems, the first is due to T. Kato and the

second follows from this and the previous theorem. The first is Theorem 2.4 in [10].

Theorem 8.2.5. Let X be a complex Banach space and A a linear closed densely defined

operator in X. If there is Lp regularity on the interval [0, T ] for (8.2.2) and the semigroup

generated by A has negative exponential type, then there is Lp regularity on [0,+∞).

Proof. We refer to the proof of Theorem 2.4 in [10], as the method of proof is not directly

relevant to the present investigation.

We now state a corollary of the two above theorems, which is Theorem 2.5 in [10].

Theorem 8.2.6. Let X be a complex Banach space and A a linear closed densely defined

operator in X. If there exists T0 ∈ IR+ such that there is Lp regularity on the interval

[0, T0] for (8.2.2) then ∀T ∈ IR+ there is Lp regularity on [0, T ].

Sketch of proof. This theorem follows from the previous two results, if we take into ac-

count the following remark from p.29 in [10]. We proved that for the generator of a

semigroup of negative exponential type Lp regularity is independent on the interval I on

which we consider (8.2.2). However if A generates a strongly continuous semigroup then,

for a suitable λ ∈ C, the operator A + λ generates a semigroup of negative exponential

type and Lp regularity (on a bounded interval) for the operator A is equivalent to Lp

regularity for A + λ. This observation allows to get a result of Lp regularity on [0,+∞)

from every result of Lp regularity on [0, T ].
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Chapter 9

A Priori Estimate

In this chapter our goal is to prove an a priori estimate on the solution of the

linearized perturbation equation, or more precisely the following system of equations:

wt = −(u,∇)w − (w,∇)u+ ν∆w −∇p in Ω× [0,∞) (9.0.1)

∇ · w = 0 in Ω× [0,∞) (9.0.2)

w = 0 on ∂Ω \ {0} × [0,∞) (9.0.3)

w(x, 0) = w0(x) in Ω× {t = 0} (9.0.4)

where u is a velocity profile of Jeffery-Hamel type which has been regularized using the

method of chapter 5. We will now restrict Ω to be either IR2 or IR2
+. Of course we must

omit the boundary condition in the case without a boundary.

We will study a variational form of this problem in a weighted space L2
ρ(Ω) with a radial

weight ρ. We now specify a weight function ρ : IR2 → IR by ρ(x) = 〈x〉γ = (1 + |x|2)γ/2

to be used in our weak formulation of the problem, allowing γ ∈ [0, 2). We may observe

that weights of this form are in the Muckenhoupt class Ap(IR
n) for −n < γ < n(p− 1).

We will now prove the following a priori estimate to the above problem.
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Theorem 9.0.1. Let (w, p) be a weak solution to the problem (9.0.1)-(9.0.4), with Ω =

IR2 or IR2
+. Then for any time 0 < T <∞, there exist constants C1 and C2 dependent on

T , γ, u and the norms of initial data ‖w0‖L2
ρ(Ω) and ‖A2,ρw0‖L2

ρ(Ω) such that

‖w‖L2
ρ(Ω) ≤ C1

and
T∫
0

‖∇w‖L2
ρ(Ω) ≤ C2 <∞ for all 0 < t ≤ T .

We proceed in two separate cases due to additional difficulty in the case with

boundary.

9.1 Whole plane case: Ω = IR2

First we discuss the case without boundary.

Multiplying the momentum equation by ρw and integrating over Ω gives∫
Ω

ρw · ∂tw = −
∫
Ω

ρw · (u,∇)w −
∫
Ω

ρw · (w,∇)u+ ν

∫
Ω

ρw ·∆w −
∫
Ω

ρw · ∇p

After integration by parts and an application of the divergence theorem (with vanishing

boundary terms, and keeping the divergence free condition in mind) we arrive at

1

2

∫
Ω

ρ∂t|w|2 ≤
∫
Ω

∇ρ·u|w|2+

∫
Ω

ρw·(w,∇)u−ν
∑
i

∫
Ω

ρ|∇wi|2+ν
∑
i

∫
Ω

∇ρwi∇wi+
∫
Ω

∇ρ·wp

The idea is to obtain estimates of each term on the right hand side by the weighted

L2 norms of w and ∇w, and then make use of the negative sign in the third term to move

the gradient term to the left hand side, with the goal being to apply Grönwall’s inequal-

ity. Note that by definition of ρ we have |∇ρ
ρ
| = γ |x|

1+|x|2 and the explicit form of u implies
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that |u(x)| . |x|−1 and similarly |∇u| . |x|−2, which will allow us to more easily make

estimates on the above integrals.

We estimate the first term on the RHS as follows:∫
∇ρ · u|w|2 ≤ γ

∫
1

1 + |x|2
ρ|w|2 ≤ γ

∫
ρ|w|2

For the second term we use a Poincaré-type inequality similar to that in [22] to see∫
ρw · (w,∇)u ≤

∫
ρ|∇u||w|2 = C

∫
|x|−2ρ|w|2

≤ C

M

∫
ρ|∇w|2 + CM

∫
ρ|w|2

The third term is to be used later so we move now to estimating the fourth term,

ν
∑
i

∫
∇ρwi∇wi ≤ ν

∑
i

∫
|∇ρ
ρ
|ρ|wi||∇wi|

≤ Cγν
∑
i

∫
ρ1/2|wi|ρ1/2|∇wi|

≤ Cγν
∑
i

(M

∫
ρ|wi|2 +

1

M

∫
ρ|∇wi|2)

Finally we estimate the fifth term, which requires an estimate of the pressure. We compute

the pressure of our problem by taking the divergence of the original equation, to see that

∆p =
∑
i,j

∂i∂j(uiwj)

Thus we see that p can be written as p = RiRj(uiwj), in terms of the Riesz transforms

which may be defined as Fourier multiplier operators.

Rjf(x) = F−1
ξ

(
i
ξj
|ξ|

Fx[f ](ξ)

)
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The Riesz transform itself is a Calderon-Zygmund operator, so because we are in the

case Ω = IR2 we may utilize the fact that for any ρ ∈ Ap, the operator Rj maps Lpρ(IR
n)

continuously into itself (for a proof, see Duoandikoetxea[12]).

This gives us the following estimate:∫
∇ρ · wp ≤ CMγ

∫
ρ|w|2 + C

γ

M

∑
i,j

∫
ρ|∆−1∂i∂j(uiwj)|2

≤ CMγ

∫
ρ|w|2 + C

γ

M

∫
|x|−2ρ|w|2

≤ CMγ

∫
ρ|w|2 + C

γ

M

∫
ρ|∇w|2

Now if we use all of these estimates together, we have:

∂t

∫
ρ|w|2 ≤ −ν

∑
i

∫
ρ|∇wi|2 +

C

M

∫
ρ|∇w|2 + CM

∫
ρ|w|2

Taking M large enough that C
M
< ν, this gives us:

∂t

∫
ρ|w|2 ≤ CM

∫
ρ|w|2

Grönwall’s inequality now implies that (for some new M)∫
ρ|w(x, t)|2 ≤ CeMt

∫
ρ|w(x, 0)|2

and, since ‖∇w‖L2
ρ(Ω) is the only possibly unbounded quantity in the estimate, we can

integrate in time to obtain that
t∫

0

‖∇w‖L2
ρ(Ω) <∞ as well. Note that since this argument

did not depend on the chosen time T > 0 we have this estimate for all time t > 0.
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9.2 Half plane case: Ω = IR2
+

We now discuss the case of the half plane.

In order to obtain the estimate we need, we will first study the projection of the problem

where we can make use of the maximal Lp-regularity result of Fröhlich to obtain a bound

on ‖wt‖L2
tL

2
ρ,σ

which will in turn imply a bound on
∫ t

0

∫
Ω
ρw∇p. This bound will enable

us to apply Grönwall’s inequality to obtain an a priori estimate on the energy.

Let us begin by taking the projection P2,ρ of our IVP from the weighted space L2
ρ(Ω)

onto L2
ρ,σ(Ω). This gives us the following problem:

wt = −P2,ρ(u,∇)w − P2,ρ(w,∇)u+ νP2,ρ∆w in Ω× [0,∞) (9.2.1)

w(x, 0) = w0(x) in Ω× {t = 0} (9.2.2)

wherein we identify the Stokes operator and rewrite

wt + νA2,ρw = −P2,ρ(u,∇)w − P2,ρ(w,∇)u in Ω× [0,∞) (9.2.3)

w(x, 0) = w0(x) in Ω× {t = 0} (9.2.4)

however this problem has non-zero initial data. We therefore set v = P2,ρ(w − w0) and

form the above problem for v.

vt + νA2,ρv = wt + νA2,ρw − νA2,ρw0 in Ω× [0,∞) (9.2.5)

v(x, 0) = 0 in Ω× {t = 0} (9.2.6)
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Now we use the above problem for w to write this as

vt + νA2,ρv = −P2,ρ(u,∇)w − P2,ρ(w,∇)u− νA2,ρw0 in Ω× [0,∞) (9.2.7)

v(x, 0) = 0 in Ω× {t = 0} (9.2.8)

Now set f(w) := −P2,ρ(u,∇)w − P2,ρ(w,∇)u. Since this problem has zero initial data,

we may now use maximal Lp-regularity of the operator A2,ρ to obtain an estimate on v:

‖vt‖L2([0,T ),L2
ρ,σ(Ω))+‖νAv‖L2([0,T ),L2

ρ,σ(Ω)) ≤ C(‖f(w)‖L2([0,T ),L2
ρ,σ(Ω))+‖νAw0‖L2([0,T ),L2

ρ,σ(Ω)))

holds for any time 0 < T ≤ ∞. Where we note that the constant C must depend on ν, so

we rename it Cν . From the definition of the norm we have that ‖νAw0‖L2([0,T ),L2
ρ,σ(Ω)) =

T 1/2ν‖Aw0‖L2
ρ,σ(Ω).

Replacing v with w − w0 and f(w) by its definition yields:

‖wt‖L2
TL

2
ρ,σ

+‖νA2,ρw‖L2
TL

2
ρ,σ
≤ Cν(‖P2,ρ(u,∇)w‖L2

TL
2
ρ,σ

+‖P2,ρ(w,∇)u‖L2
TL

2
ρ,σ

+T 1/2ν‖Aw0‖L2
ρ,σ

)

Now we need to use that the projection operator is bounded in P2,ρ.

‖wt‖L2
TL

2
ρ,σ

+ ‖νA2,ρw‖L2
TL

2
ρ,σ
≤ Cν(‖(u,∇)w‖L2

TL
2
ρ,σ

+ ‖(w,∇)u‖L2
TL

2
ρ,σ

+ T 1/2ν‖Aw0‖L2
ρ,σ

)

We now use that wt is divergence free to obtain that ‖wt‖L2
ρ,σ

= ‖wt‖L2
ρ
. Next we use that

the norm of L2
ρ,σ is controlled by the norm of L2

ρ to majorize the right hand side. After

these we have:

‖wt‖L2
TL

2
ρ
≤ Cν(‖(u,∇)w‖L2

TL
2
ρ

+ ‖(w,∇)u‖L2
TL

2
ρ

+ T 1/2ν‖Aw0‖L2
ρ,σ

)
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Now we may use that u and∇u are bounded and∇u decays like |x|−2 to estimate the right

hand side, using the weighted inequality
∫

Ω
ρ|x|−2w2 ≤ C

∫
Ω
ρ|∇w|2, which was Lemma

6.5.1 shown earlier.

‖wt‖L2
TL

2
ρ
≤ Cν(‖∇w‖L2

TL
2
ρ

+ T 1/2ν‖Aw0‖L2
ρ,σ

)

Note that if we choose T = 1 then for t in the interval 0 < t ≤ T = 1 we have that

‖wt‖L2
tL

2
ρ
≤ Cw0 + Cν‖∇w‖L2

tL
2
ρ

for Cw0 := νCν‖A2,ρw0‖L2
ρ,σ

. Next we expand the norms to obtain:

( t∫
0

∫
Ω

ρ|wt|2
) 1

2

≤ Cw0 + Cν

( t∫
0

∫
Ω

ρ|∇w|2
) 1

2

Squaring both sides and using the inequality x1/2 ≤ 1 + x for x > 0 gives:

t∫
0

∫
Ω

ρ|wt|2 ≤ C2
w0

+ Cν,w0

t∫
0

∫
Ω

ρ|∇w|2

Now we will return to the equation to show that this estimate implies a good con-

trol of the quantity
∫ t

0

∫
Ω

ρw∇p.

We begin by integrating the equation against ρw. We write:

wt = −(u,∇)w − (w,∇)u+ ν∆w −∇p

and rearrange to get

∇p = ν∆w − (u,∇)w − (w,∇)u− wt
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Integrating in space against ρw gives us∫
Ω

ρw∇p = ν

∫
Ω

ρw∆w −
∫
Ω

ρ(u,∇w)w −
∫
Ω

ρ(w,∇u)w −
∫
Ω

ρwtw

Integration by parts yields, for normal vector ~n to the boundary ∂Ω,∫
Ω

ρw∇p = −ν
∫
Ω

∇(ρw) · ∇w +

∫
∂Ω

ρw · ~n−
∫
Ω

ρ(u,∇w)w −
∫
Ω

ρ(w,∇u)w −
∫
Ω

ρwtw

and now we use that w|∂Ω = 0 and rearrange∫
Ω

ρw∇p+ ν

∫
Ω

ρ|∇w|2 = −ν
∫
Ω

∇ρw∇w −
∫
Ω

ρ(u,∇w)w −
∫
Ω

ρ(w,∇u)w −
∫
Ω

ρwtw

we may drop the positive term on the left hand side∫
Ω

ρw∇p ≤ −ν
∫
Ω

∇ρw∇w −
∫
Ω

ρ(u,∇w)w −
∫
Ω

ρ(w,∇u)w −
∫
Ω

ρwtw

and now integrating in time gives us

t∫
0

∫
Ω

ρw∇p ≤ −ν
t∫

0

∫
Ω

∇ρw∇w −
t∫

0

∫
Ω

ρ(u,∇w)w −
t∫

0

∫
Ω

ρ(w,∇u)w −
t∫

0

∫
Ω

ρwtw

now take absolute values and move them inside the integrals on the right hand side

|
t∫

0

∫
Ω

ρw∇p| ≤ ν

t∫
0

∫
Ω

|∇ρ||w∇w|+
t∫

0

∫
Ω

ρ|uw∇w|+
t∫

0

∫
Ω

ρ|∇u||w|2 +

t∫
0

∫
Ω

ρ|wtw|

We now use that u and ∇u are bounded and |∇ρ| ≤ Cρρ to see

|
t∫

0

∫
Ω

ρw∇p| ≤ (Cρν + 1)

t∫
0

∫
Ω

ρ|w∇w|+
t∫

0

∫
Ω

ρ|w|2 +

t∫
0

∫
Ω

ρ|wtw|
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applying Cauchy’s inequality to the first and third integrals on the right hand side, we

see that for any M > 0 to be chosen later

|
t∫

0

∫
Ω

ρw∇p| ≤ (Cρν+ 1)
1

M

t∫
0

∫
Ω

ρ|∇w|2 + (M(Cρν+ 2) + 1)

t∫
0

∫
Ω

ρ|w|2 +
1

M

t∫
0

∫
Ω

ρ|wt|2

Now we are ready to use the bound we obtained earlier, which was that

t∫
0

∫
Ω

ρ|wt|2 ≤ Cw0 + Cν,w0

t∫
0

∫
Ω

ρ|∇w|2

this implies that

|
t∫

0

∫
Ω

ρw∇p| ≤ (Cρν + Cν,w0 + 1)
1

M

t∫
0

∫
Ω

ρ|∇w|2 + (M(ν + 2) + 1)

t∫
0

∫
Ω

ρ|w|2 +
Cw0

M

Now set C̃0 = Cρν + Cν,w0 + 1, C̃1 = M(ν + 2) + 1, and C̃2 =
Cw0

M
. We have

|
t∫

0

∫
Ω

ρw∇p| ≤ C̃0

M

t∫
0

∫
Ω

ρ|∇w|2 + C̃1

t∫
0

∫
Ω

ρ|w|2 + C̃2

Returning to the equation once more we will see that this estimate may be used to obtain

the a priori estimate.∫
Ω

ρwtw = −
∫
Ω

ρw(u,∇)w −
∫
Ω

ρw(w,∇)u+ ν

∫
Ω

ρw∆w −
∫
Ω

ρw∇p

Integration by parts again gives∫
Ω

ρwtw = −
∫
Ω

ρw(u,∇)w −
∫
Ω

ρw(w,∇)u− ν
∫
Ω

ρ|∇w|2 − ν
∫
Ω

∇ρw∇w −
∫
Ω

ρw∇p

we rearrange to get

1

2
∂t

∫
Ω

ρ|w|2 + ν

∫
Ω

ρ|∇w|2 = −
∫
Ω

ρw(u,∇)w −
∫
Ω

ρw(w,∇)u− ν
∫
Ω

∇ρw∇w −
∫
Ω

ρw∇p
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now integration in time yields

1

2

∫
Ω

ρ|w|2 + ν

t∫
0

∫
Ω

ρ|∇w|2 =

1

2

∫
Ω

ρ|w0|2 −
t∫

0

∫
Ω

ρw(u,∇)w −
t∫

0

∫
Ω

ρw(w,∇)u− ν
t∫

0

∫
Ω

∇ρw∇w −
t∫

0

∫
Ω

ρw∇p

Taking absolute values and noting that both terms on the left hand side are positive we

write

1

2

∫
Ω

ρ|w|2 + ν

t∫
0

∫
Ω

ρ|∇w|2 ≤

1

2

∫
Ω

ρ|w0|2 +

t∫
0

∫
Ω

ρ|w(u,∇)w|+
t∫

0

∫
Ω

ρ|w(w,∇)u|+ ν

t∫
0

∫
Ω

|∇ρ||w∇w|+ |
t∫

0

∫
Ω

ρw∇p|

now estimating with Cauchy’s inequality as before we have for any M > 0 that this is

≤ 1

2

∫
Ω

ρ|w0|2 +
(Cρ + 1)

M

t∫
0

∫
Ω

ρ|∇w|2 + ((Cρν + 1)M + 1)

t∫
0

∫
Ω

ρ|w|2 + |
t∫

0

∫
Ω

ρw∇p|

at which point we use our estimate on the last term on the right hand side to majorize

by

≤ C̃2 +
1

2

∫
Ω

ρ|w0|2 +
(C̃0 + Cρ + 1)

M

t∫
0

∫
Ω

ρ|∇w|2 + (C̃1 + (Cρν + 1)M + 1)

t∫
0

∫
Ω

ρ|w|2

Set now C0 = C̃0 +Cρ + 1, 1
2
C1 = C̃1 + (Cρν+ 1)M + 1, and 1

2
C2 = C̃2 + 1

2

∫
Ω

ρ|w0|2. Then

1

2

∫
Ω

ρ|w|2 + ν

t∫
0

∫
Ω

ρ|∇w|2 ≤ C0

M

t∫
0

∫
Ω

ρ|∇w|2 +
1

2
C1

t∫
0

∫
Ω

ρ|w|2 +
1

2
C2
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Taking M > ν
C0

we may absorb the gradient term into the left hand side, obtaining

‖w‖L2
ρ(Ω) ≤ C2 + C1

t∫
0

‖w‖L2
ρ(Ω)

This allows us to apply Grönwall’s inequality in integral form to obtain:

‖w‖L2
ρ(Ω) ≤ C2e

C1t for all 0 < t ≤ T = 1

where we note that the constants depend on the initial data. We also obtain that
t∫

0

‖∇w‖L2
ρ(Ω) < ∞ for 0 < t ≤ T = 1. To obtain the statement up to any desired

time 0 < T < ∞ we may repeat the above argument, noting that the time interval on

which the estimate holds will each time have length 1. This allows us to extend the esti-

mate to hold over any finite time interval 0 < t ≤ T .
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Chapter 10

Existence of a Weak Solution

In this chapter our goal is to demonstrate the existence of a weak solution to the

IVP presented in the previous chapter. For the regularized basic flow u, we have for the

perturbation of this flow the following linearized IVP:

wt = −(u,∇)w − (w,∇)u+ ν∆w −∇p in Ω× [0,∞) (10.0.1)

∇ · w = 0 in Ω× [0,∞) (10.0.2)

w = 0 on ∂Ω \ {0} × [0,∞) (10.0.3)

w(x, 0) = w0(x) in Ω× {t = 0} (10.0.4)

Having proved an a priori estimate in the previous chapter, we are now in a suitable

position to form an approximation of the solution w. For this purpose we will fix an

orthonormal basis {φj}∞j=1 of the weighted space L2
ρ. The construction of this basis we

defer to the end of this chapter.

We seek to construct solutions to approximations of this problem, which will require

that we define the projection PN : L2
ρ → V N , onto the space V N :=span{φj}Nj=1. There

will be two cases, Ω = IR2 and Ω = IR2
+, and the arguments vary slightly between cases,

but both rely on the application of maximal Lp-regularity and on a result from semigroup

theory on perturbations by bounded operators to obtain the existence of a solution to the

71



Nth approximation.

We now state the main theorem which will be proved in this thesis:

Theorem 10.0.1. Let either Ω = IR2 or IR2
+. Let u be a regularized admissible generalized

Hamel solution if Ω = IR2, or a regularized admissible Jeffery-Hamel solution if Ω = IR2
+.

Let the initial data w0 be such that ‖w0‖L2
ρ(Ω)n and ‖A2,ρw0‖L2

ρ,σ(Ω) are both finite. In

each case there exists a unique solution pair (w, p) which weakly solve the following initial

boundary value problem:

wt = −(u,∇)w − (w,∇)u+ ν∆w −∇p in Ω× [0,∞)

∇ · w = 0 in Ω× [0,∞)

w = 0 on ∂Ω \ {0} × [0,∞)

w(x, 0) = w0(x) in Ω× {t = 0}

with w ∈ L∞loc([0, T ], L2
ρ(Ω)n) and ∇p ∈ L∞loc([0, T ], G2

ρ(Ω)).

The existence argument will now be presented in two cases, and the uniqueness

will follow from the result of the next chapter.

10.1 Whole plane case: Ω = IR2

We begin with the argument in the whole plane.

We work with the Nth approximation to the above system:

∂tw
N − ν∆wN = PN [−(u,∇)wN − (wN ,∇)u]−∇pN (10.1.1)
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We fix an orthonormal basis {φj}∞j=1 of the weighted space L2
ρ. We note here that by the

density of smooth, compactly supported functions in L2
ρ it is possible to choose a set of

basis functions φj which are also smooth and have compact support. We seek to construct

an approximate solution to a perturbed Stokes problem with a right hand side in the space

V N :=span{φj}Nj=1 and so we will utilize the orthogonal projection PN : L2
ρ → V N .

To obtain existence and uniqueness of solutions to this problem we will study the solenoidal

projection of the problem using maximal Lp-regularity. We postpone this until after ob-

taining an a priori estimate of wN which we do next.

In order to obtain a weak solution to the original problem, we would like to integrate

against a test function and pass to the limit in N. For this we need to demonstrate that

the weighted norm of each element of the sequence of solutions to the approximated prob-

lem is bounded uniformly in N. This will follow from an argument similar to the a priori

estimate, by which we will make estimates on the energy allowing us to pass to the limit

in the weak form of the projection of the system.

Taking the inner product of the Nth projection of the momentum equation with wN

gives us the variational form:

1

2
∂t

∫
ρ|wN |2 = −

∫
ρ(u,∇)wNPNwN−

∫
ρ(wN ,∇)uPNwN+ν

∫
ρwN∆wN−

∫
ρ∇pNwN

which we will integrate by parts, and applying the divergence free condition we arrive at:
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1

2
∂t

∫
ρ|wN |2 =−

∫
ρ(u,∇)wNPNwN −

∫
ρ(wN ,∇)uPNwN

− ν
∫
ρ|∇wN |2 + ν

∫
∇ρwN∇wN +

∫
(∇ρ · wN)pN

which is the quantity that we would like to estimate from above. Using the boundedness

and decay of u and ∇u and the fact that |∇ρ| ≤ Cρ we now take absolute values of all

but the third term on the right hand side. Cauchy’s inequality is applied to the second

term, and boundedness of PN is used there.

∂t

∫
ρ|wN |2 ≤

∫
ρ|u||∇wN ||PNwN |+

∫
ρ|∇u||wN ||PNwN |

− ν
∫
ρ|∇wN |2 + ν

∫
|∇ρ||wN ||∇wN |+

∫
|∇ρ||wN ||pN |

≤ C

∫
ρ|∇wN ||PNwN |+ C

∫
ρ|wN |2

− ν
∫
ρ|∇wN |2 + Cν

∫
ρ|wN ||∇wN |+ C

∫
ρ|wN ||pN |

We now use the Cauchy inequality on the first two terms to show that for some M > 0

to be chosen later we have:
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∂t

∫
ρ|wN |2 ≤ C

M

∫
ρ|∇wN |2 + (M + C)

∫
ρ|wN |2

− ν
∫
ρ|∇wN |2 + Cν

∫
ρ|wN ||∇wN |+ C

∫
ρ|wN ||pN |

≤ (M(Cν + 1) + C)

∫
ρ|wN |2 +

C

M
(1 + ν)

∫
ρ|∇wN |2

− ν
∫
ρ|∇wN |2 + C

∫
ρ|wN ||pN |

It remains to estimate the final term on the RHS, which is the pressure term.

∫
ρ|wN ||pN | ≤ CM

∫
ρ|wN |2 +

C

M

∫
ρ|pN |2

≤ CM

∫
ρ|wN |2 +

C

M

∫
ρ|
∑
i,j

∆−1∂i∂juiwj,N |2

≤ CM

∫
ρ|wN |2 +

C

M

∫
ρ|u|2|wN |2

≤ CM

∫
ρ|wN |2 +

C

M

∫
|x|−2ρ|wN |2

≤ CM

∫
ρ|wN |2 +

C

M

∫
ρ|∇wN |2

Here we have again used the boundedness of the Riesz transform on L2
ρ(IR

2). This allows
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us to finish the earlier estimate, concluding that:

∂t

∫
ρ|wN |2

≤ (M(Cν + 1) + C)

∫
ρ|wN |2 +

C

M
(1 + ν)

∫
ρ|∇wN |2 − ν

∫
ρ|∇wN |2 + C

∫
ρ|wN ||pN |

≤ (M(Cν + C + 1) + C)

∫
ρ|wN |2 +

C

M
(2 + ν)

∫
ρ|∇wN |2 − ν

∫
ρ|∇wN |2

As before we may choose M large enough that the third term absorbs the second, giving

an estimate suitable for the application of Grönwall’s inequality.

∂t

∫
ρ|wN |2 ≤ CM,ν

∫
ρ|wN |2

As this estimate is uniform in N, we may now apply Grönwall’s inequality to obtain

‖wN(x, t)‖2
L2
ρ(Ω) ≤ CeCM,νt‖wN(x, 0)‖2

L2
ρ(Ω)

Since this implies that the sequence wN is a bounded sequence in the weighted space

L2
ρ(Ω), we may extract a weakly convergent subsequence with a limit w∗.

Before we can study the weak limit, we must justify the existence of the solutions wN and

obatin further estimates by using maximal Lp-regularity of the operator A2,ρ. In order to

justify the existence of the solution wN to the problem

∂tw
N − ν∆wN +∇pN = PN [−(u,∇)wN − (wN ,∇)u] (10.1.2)

we note that this problem is a perturbation of the homogeneous Stokes problem by the

right hand side, which we will show is a bounded operator. Since it is known that the
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semigroup generated by the Stokes operator is C0 and analytic, we know from Theorem

1.1 in Chapter 3, Section 1 and Corollary 2.2 in Chapter 3, Section 2 of [43] that the semi-

group generated by any bounded perturbation of this operator is also C0 and analytic.

From Corollary 1.5 in Chapter 4 [43] we may then conclude the existence and uniqueness

of a solution to the corresponding abstract Cauchy problem.

To see that the right hand side of (10.1.2) is a bounded operator on L2
ρ(Ω) we will now

observe that for the dual pairing 〈·, ·〉 of distributions against test functions we have:

PN [(u,∇)wN + (wN ,∇)u] =
∑
j≤n

〈(u,∇)wN , ρϕj〉ϕj +
∑
j≤n

〈(wN ,∇)u, ρϕj〉ϕj

=
∑
j≤N

〈wN , (u,∇)(ρϕj)〉ϕj +
∑
j≤n

〈(wN ,∇)u, ρϕj〉ϕj

where (u,∇)ρϕj is bounded in L2
ρ−1 and ‖wN‖L2

ρ
and

∫ T
0
‖∇wN‖L2

ρ
are bounded by the a

priori estimate. This implies that the right hand side is bounded. Therefore by the above

argument the existence and uniqueness of wN is justified.

We will now show how to use maximal Lp-regularity to obtain some additional estimates.

Let us begin by taking the solenoidal projection P of the Nth approximation of our IVP

from the weighted space L2
ρ(Ω) onto L2

ρ,σ(Ω). This gives us the following problem:

wNt = −PPN(u,∇)wN − PPN(wN ,∇)u+ νP∆wN in Ω× [0,∞) (10.1.3)

wN(x, 0) = PPNw0(x) = PwN0 (x) in Ω× {t = 0} (10.1.4)
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wherein we identify the Stokes operator and rewrite

wNt + νA2,ρw
N = −PPN(u,∇)wN − PPN(wN ,∇)u in Ω× [0,∞) (10.1.5)

wN(x, 0) = PwN0 (x) in Ω× {t = 0} (10.1.6)

however this problem has non-zero initial data. We therefore set vN = P(wN − wN0 ) and

form the above problem for each vN .

vNt + νA2,ρv
N = wNt + νA2,ρw

N − νA2,ρw
N
0 in Ω× [0,∞) (10.1.7)

vN(x, 0) = 0 in Ω× {t = 0} (10.1.8)

but now we use the above problem for each wN to write this as

vNt + νA2,ρv
N = −PPN(u,∇)wN − PPN(wN ,∇)u− νA2,ρw

N
0 in Ω× [0,∞)

vN(x, 0) = 0 in Ω× {t = 0}

Now set f(wN) := −PPN(u,∇)wN − PPN(wN ,∇)u. Since this problem has zero initial

data, we may now use maximal Lp-regularity of the operator A2,ρ to obtain an estimate

on vN :

‖vNt ‖L2([0,T ),L2
ρ,σ(Ω))+‖νA2,ρv

N‖L2([0,T ),L2
ρ,σ(Ω))

≤ C(‖f(wN)‖L2([0,T ),L2
ρ,σ(Ω)) + ‖νA2,ρw

N
0 ‖L2([0,T ),L2

ρ,σ(Ω)))

holds for any time 0 < T ≤ ∞. Where we note that the constant C must depend on ν,

so we will rename it Cν . Also from the definition of the norm we have that

‖νA2,ρw
N
0 ‖L2([0,T ),L2

ρ,σ(Ω)) = T 1/2ν‖A2,ρw
N
0 ‖L2

ρ,σ(Ω).
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Replacing vN with P(wN − wN0 ) and f(wN) by its definition, and applying the triangle

inequality to the left hand side yields:

‖wNt ‖L2
TL

2
ρ,σ

+ ‖νA2,ρw
N‖L2

TL
2
ρ,σ

≤ Cν(‖PPN(u,∇)wN‖L2
TL

2
ρ,σ

+ ‖PPN(wN ,∇)u‖L2
TL

2
ρ,σ

+ T 1/2ν‖A2,ρw
N
0 ‖L2

ρ,σ
)

Now we use that the projection operators P and PN act in a bounded way on L2
ρ(Ω).

‖wNt ‖L2
TL

2
ρ,σ

+ ‖νA2,ρw
N‖L2

TL
2
ρ,σ

≤ Cν(‖(u,∇)wN‖L2
TL

2
ρ,σ

+ ‖(wN ,∇)u‖L2
TL

2
ρ,σ

+ T 1/2ν‖A2,ρw
N
0 ‖L2

ρ,σ
)

We now use that wNt is divergence free to obtain that ‖wNt ‖L2
ρ,σ

= ‖wNt ‖L2
ρ
. Next we use

that the norm of L2
ρ,σ is controlled by the norm of L2

ρ to majorize the right hand side.

After these we have:

‖wNt ‖L2
TL

2
ρ

+ ‖νA2,ρw
N‖L2

TL
2
ρ,σ

≤ Cν(‖(u,∇)wN‖L2
TL

2
ρ

+ ‖(wN ,∇)u‖L2
TL

2
ρ

+ T 1/2ν‖A2,ρw
N
0 ‖L2

ρ,σ
)

Now we may use that u and ∇u are bounded and ∇u decays like |x|−2 to estimate

the right hand side, using the weighted inequality
∫

Ω
ρ|x|−2|wN |2 ≤ C

∫
Ω
ρ|∇wN |2 from

Lemma 6.5.1 shown earlier.

‖wNt ‖L2
TL

2
ρ

+ ‖νA2,ρw
N‖L2

TL
2
ρ,σ
≤ Cν(‖∇wN‖L2

TL
2
ρ

+ T 1/2ν‖A2,ρw
N
0 ‖L2

ρ,σ(Ω))

Note that if we choose T = 1 then for t in the interval 0 < t ≤ T = 1 we have that

‖wNt ‖L2
tL

2
ρ

+ ‖νA2,ρw
N‖L2

tL
2
ρ,σ
≤ Cw0 + Cν‖∇wN‖L2

tL
2
ρ
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for Cw0 := νCν‖A2,ρw
N
0 ‖L2

ρ,σ
. Note that this estimate plays a key role in passing to the

limit in N , since we have already obtained control of the right hand side.

To obtain the pressure, first we write again the soloenoidal projection of the Nth ap-

proximation of the system:

wNt = P[−PN(u,∇)wN − PN(wN ,∇)u] + νP∆wN

In order to preserve equality, if we add the gradient part

∇pN := −(I − P)PN(u,∇)wN − (I − P)PN(wN ,∇)u+ ν(I − P)∆wN

we must also subtract a corresponding quantity of the same size. Therefore by adding

0 = −(I−P)PN(u,∇)wN − (I−P)PN(wN ,∇)u+ν(I−P)∆wN −∇pN to the right hand

side, we get the full equation:

wNt + PN(u,∇)wN + PN(wN ,∇)u− ν∆wN = −∇pN

Now using weak-* compactness one can extract from the sequences wN and pN a weakly

convergent subsequence, converging to some limits w∗ and p∗ which we would like to see

satisfy the original equation in a weak sense. To do this we write the variational form by

integrating the above equation against a smooth test function ϕ ∈ (L2
ρ(IR

2))∗ ∩ C∞0 (IR2)

which vanishes at infinity, and putting the adjoint (PN)∗ with respect to the pairing of

distributions against test functions onto the test function wherever possible:

〈∂twNj , ϕ〉 = −〈(u,∇)wNj , (P
N)∗ϕ〉 − 〈(wN ,∇)uj, (P

N)∗ϕ〉+ ν〈∆wNj , ϕ〉 − 〈∂jpN , ϕ〉

= −
∑
i

〈ui∂iwNj , (PN)∗ϕ〉 −
∑
i

〈wNi ∂iuj, (PN)∗ϕ〉+ ν〈∆wNj , ϕ〉 − 〈∂jpN , ϕ〉
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By integration by parts we move derivatives onto the test function in the fourth and fifth

terms on the right hand side.

〈∂twNj , ϕ〉 = −〈(u,∇)wNj , (P
N)∗ϕ〉 − 〈(wN ,∇)uj, (P

N)∗ϕ〉 − ν〈∂jwNj , ∂jϕ〉+ 〈pN , ∂jϕ〉

In order to pass to the limit we must use that for an initial data of fixed size we have

bounds on the norms of wNj and pN which are independent of N . More precisely, we will

use each of the following bounds which have been obtained above. We know there exist

positive constants C1, C2, C3, and C4, which may depend on T but not on N such that:

‖wN‖L2
ρ(Ω) ≤ C1

‖pN‖L2
ρ(Ω) ≤ C2

t∫
0

‖∇wN‖L2
ρ(Ω) ≤ C3

‖wNt ‖L2
tL

2
ρ

+ ‖νA2,ρw
N‖L2

tL
2
ρ,σ
≤ Cw0 + Cν‖∇wN‖L2

tL
2
ρ
≤ C4

The boundedness of each term may then be seen as follows:

81



|〈∂twNj , ϕ〉| ≤ C4

|〈(u,∇)wNj , (P
N)∗ϕ〉| ≤ C3‖(PN)∗‖

|〈(wN ,∇)uj, (P
N)∗ϕ〉| ≤ C1‖(PN)∗‖

|ν〈∂jwNj , ∂jϕ〉| ≤ C3

|〈pN , ∂jϕ〉| ≤ C2

Now using weak-* compactness one can extract from the sequences wN and pN a weakly

convergent subsequence, converging to some limits w∗ and p∗. One may then pass to the

limit in N in the above weak form of the approximate equation, and return to the original

variational form by integration by parts. By doing this one obtains j equations:

〈∂tw∗j , ϕ〉 = −〈(u,∇)w∗j , ϕ〉 − 〈(w∗,∇)uj, ϕ〉+ ν〈∆w∗j , ϕ〉 − 〈∂jp, ϕ〉

Since the weak form of the equation (10.0.1) is satisfied by our limit w∗, we conclude that

a weak solution to the original IVP exists in the function space L∞([0, T ],W 2,2
ρ (IR2)n ∩

W 1,2
ρ,0 (IR2)n∩L2

ρ,σ(IR2)). This solution satisfies the same a priori estimates as shown above,

and it is uniquely determined by the choice of the initial data.
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10.2 Half plane case: Ω = IR2
+

We now study the case of a half plane.

Our goal is to prove the existence of a pair (w, p) which will satisfy the problem (10.0.1-

10.0.4) in a weak sense. We will form an Nth approximation to the solenoidal projection

of this problem to obtain the velocity in a weak limit.

As before we fix an orthonormal basis {φj}∞j=1 of the weighted space L2
ρ. We note here

that by the density of smooth, compactly supported functions in L2
ρ it is possible to

choose a set of basis functions φj which are also smooth and have compact support. We

seek to construct an approximate solution to a perturbed Stokes problem with right hand

side in the space V N :=span{φj}Nj=1, and so we again utilize the orthogonal projection

PN : L2
ρ → V N .

We will then define the Nth approximation to the momentum equation to be the solution

pair (wN , pN) of the following PDE:

∂tw
N − ν∆wN = −PN(u,∇)wN − PN(wN ,∇)u−∇pN (10.2.1)

We must now justify the existence of the solutions wN to this problem, which we rewrite:

∂tw
N − ν∆wN +∇pN = PN [−(u,∇)wN − (wN ,∇)u] (10.2.2)
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we note that this problem is a perturbation of the homogeneous Stokes problem by the

right hand side, which we will show is a bounded operator. Since it is known that the

semigroup generated by the Stokes operator is C0 and analytic, we know from Theorem

1.1 in Chapter 3, Section 1 and Corollary 2.2 in Chapter 3, Section 2 of [43] that the semi-

group generated by any bounded perturbation of this operator is also C0 and analytic.

From Corollary 1.5 in Chapter 4 [43] we may then conclude the existence and uniqueness

of a solution to the corresponding abstract Cauchy problem.

To see that the right hand side of (10.2.2) is a bounded operator on L2
ρ(Ω) we will now

observe that for the dual pairing 〈·, ·〉 of distributions against test functions we have:

PN [(u,∇)wN + (wN ,∇)u] =
∑
j≤n

〈(u,∇)wN , ρϕj〉ϕj +
∑
j≤n

〈(wN ,∇)u, ρϕj〉ϕj

=
∑
j≤N

〈wN , (u,∇)(ρϕj)〉ϕj +
∑
j≤n

〈(wN ,∇)u, ρϕj〉ϕj

where |(u,∇)ρϕj| and |∇uρϕj| are bounded in L2
ρ−1 and ‖wN‖L2

ρ
and

∫ T
0
‖∇wN‖L2

ρ
are

bounded by the a priori estimate. This implies that the right hand side is bounded.

Therefore by the above argument the existence and uniqueness of wN is justified.

Next we will now show how to use maximal Lp-regularity to obtain an a priori esti-

mate for this case. To avoid confusion with PN , we denote the solenoidal projection by

P := P2,ρ for the rest of this chapter. We will work with the solenoidal projection of the
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Nth approximation of the system, which is:

∂tw
N + νA2,ρw

N = P[−PN(u,∇)wN − PN(wN ,∇)u] (10.2.3)

We follow an argument similar to that in section 9.2 to obtain an energy bound on the

Nth approximation of the velocity. In order to obtain the estimate we need, we will first

study the projection of the problem where we can make use of the maximal Lp-regularity

result of Fröhlich to obtain a bound on ‖wNt ‖L2
tL

2
ρ,σ

which will in turn imply a bound on∫ t
0

∫
Ω
ρwN∇pN . This bound will enable us to apply Grönwall’s inequality to obtain an a

priori estimate on the energy.

Let us begin by taking the solenoidal projection P of the Nth approximation of our IVP

from the weighted space L2
ρ(Ω)n onto L2

ρ,σ(Ω). This gives us the following problem:

wNt = −PPN(u,∇)wN − PPN(wN ,∇)u+ νP∆wN in Ω× [0,∞) (10.2.4)

wN(x, 0) = PPNw0(x) = PwN0 (x) in Ω× {t = 0} (10.2.5)

wherein we identify the Stokes operator and rewrite

wNt + νA2,ρw
N = −PPN(u,∇)wN − PPN(wN ,∇)u in Ω× [0,∞) (10.2.6)

wN(x, 0) = PwN0 (x) in Ω× {t = 0} (10.2.7)

85



however this problem has non-zero initial data. We therefore set vN = P(wN − wN0 ) and

form the above problem for each vN .

vNt + νA2,ρv
N = wNt + νA2,ρw

N − νA2,ρw
N
0 in Ω× [0,∞) (10.2.8)

vN(x, 0) = 0 in Ω× {t = 0} (10.2.9)

but now we use the above problem for each wN to write this as

vNt + νA2,ρv
N = −PPN(u,∇)wN − PPN(wN ,∇)u− νA2,ρw

N
0 in Ω× [0,∞)

vN(x, 0) = 0 in Ω× {t = 0}

Now set f(wN) := −PPN(u,∇)wN − PPN(wN ,∇)u. Since this problem has zero initial

data, we may now use maximal Lp-regularity of the operator A2,ρ to obtain an estimate

on vN :

‖vNt ‖L2([0,T ),L2
ρ,σ(Ω))+‖νA2,ρv

N‖L2([0,T ),L2
ρ,σ(Ω))

≤ C(‖f(wN)‖L2([0,T ),L2
ρ,σ(Ω)) + ‖νA2,ρw

N
0 ‖L2([0,T ),L2

ρ,σ(Ω)))

holds for any time 0 < T ≤ ∞. Where we note that the constant C must depend on ν,

so we rename it Cν . Note that from the definition of the norm we have that

‖νA2,ρw
N
0 ‖L2([0,T ),L2

ρ,σ(Ω)) = T 1/2ν‖A2,ρw
N
0 ‖L2

ρ,σ(Ω).

Replacing vN with P(wN − wN0 ) and f(wN) by its definition, and applying the triangle

inequality to the left hand side yields:

‖wNt ‖L2
TL

2
ρ,σ

+ ‖νA2,ρw
N‖L2

TL
2
ρ,σ

≤ Cν(‖PPN(u,∇)wN‖L2
TL

2
ρ,σ

+ ‖PPN(wN ,∇)u‖L2
TL

2
ρ,σ

+ T 1/2ν‖A2,ρw
N
0 ‖L2

ρ,σ
)
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Now we use that the projection operators P and PN act in a bounded way on L2
ρ(Ω).

‖wNt ‖L2
TL

2
ρ,σ

+ ‖νA2,ρw
N‖L2

TL
2
ρ,σ

≤ Cν(‖(u,∇)wN‖L2
TL

2
ρ,σ

+ ‖(wN ,∇)u‖L2
TL

2
ρ,σ

+ T 1/2ν‖A2,ρw
N
0 ‖L2

ρ,σ
)

We now use that wNt is divergence free to obtain that ‖wNt ‖L2
ρ,σ

= ‖wNt ‖L2
ρ
. Next we use

that the norm of L2
ρ,σ is controlled by the norm of L2

ρ to majorize the right hand side.

After these we have:

‖wNt ‖L2
TL

2
ρ

+ ‖νA2,ρw
N‖L2

TL
2
ρ,σ

≤ Cν(‖(u,∇)wN‖L2
TL

2
ρ

+ ‖(wN ,∇)u‖L2
TL

2
ρ

+ T 1/2ν‖A2,ρw
N
0 ‖L2

ρ,σ
)

Now we may use that u and ∇u are bounded and ∇u decays like |x|−2 to estimate

the right hand side, using the weighted inequality
∫

Ω
ρ|x|−2|wN |2 ≤ C

∫
Ω
ρ|∇wN |2 from

Lemma 6.5.1 shown earlier.

‖wNt ‖L2
TL

2
ρ

+ ‖νA2,ρw
N‖L2

TL
2
ρ,σ
≤ Cν(‖∇wN‖L2

TL
2
ρ

+ T 1/2ν‖A2,ρw
N
0 ‖L2

ρ,σ(Ω))

Note that if we choose T = 1 then for t in the interval 0 < t ≤ T = 1 we have that

‖wNt ‖L2
tL

2
ρ

+ ‖νA2,ρw
N‖L2

tL
2
ρ,σ
≤ Cw0 + Cν‖∇wN‖L2

tL
2
ρ

for Cw0 := νCν‖A2,ρw
N
0 ‖L2

ρ,σ
. Note that this estimate plays a key role in passing to the

limit in N later, since we will eventually obtain control of the right hand side. Next we

drop the second term on the left hand side, then expand the norms of all remaining terms

to obtain: ( t∫
0

∫
Ω

ρ|wNt |2
) 1

2

≤ Cw0 + Cν

( t∫
0

∫
Ω

ρ|∇wN |2
) 1

2
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Squaring both sides and using the inequality x1/2 ≤ 1 + x for x > 0 gives:
t∫

0

∫
Ω

ρ|wNt |2 ≤ C2
w0

+ Cν,w0

t∫
0

∫
Ω

ρ|∇wN |2

Now we will return to the equation to show that this estimate implies a good con-

trol of the quantity
∫ t

0

∫
Ω

ρwN∇pN .

We plan to integrate the equation for the Nth approximation against ρwN . First write:

wNt = PN [−(u,∇)wN − (wN ,∇)u] + ν∆wN −∇pN

then rearrange to get

∇pN = ν∆wN − PN(u,∇)wN − PN(wN ,∇)u− wNt

Integrating in space against ρwN gives us∫
Ω

ρwN∇pN =

ν

∫
Ω

ρwN∆wN −
∫
Ω

ρPN(u,∇)wNwN −
∫
Ω

ρPN(wN ,∇)uwN −
∫
Ω

ρwNt w
N

Now using that the adjoint of PN with respect to the Hilbert space duality on L2
ρ(Ω)n is

again PN , we may move the projections PN onto wN to get∫
Ω

ρwN∇pN = ν

∫
Ω

ρwN∆wN −
∫
Ω

ρ(u,∇)wNPNwN −
∫
Ω

ρ(wN ,∇)uPNwN −
∫
Ω

ρwNt w
N

Integration by parts yields, for normal vector ~n to the boundary ∂Ω,∫
Ω

ρwN∇pN =− ν
∫
Ω

∇(ρwN) · ∇wN +

∫
∂Ω

ρwN · ~n

−
∫
Ω

ρ(u,∇)wNPNwN −
∫
Ω

ρ(wN ,∇)uPNwN −
∫
Ω

ρwNt w
N
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and now we use that wN |∂Ω = 0 to see∫
Ω

ρwN∇pN + ν

∫
Ω

ρ|∇wN |2

=− ν
∫
Ω

∇ρwN∇wN −
∫
Ω

ρ(u,∇)wNPNwN −
∫
Ω

ρ(wN ,∇)uPNwN −
∫
Ω

ρwNt w
N

we now drop the positive term on the left hand side∫
Ω

ρwN∇pN ≤ −ν
∫
Ω

∇ρwN∇wN−
∫
Ω

ρ(u,∇)wNPNwN−
∫
Ω

ρ(wN ,∇)uPNwN−
∫
Ω

ρwNt w
N

and now integrating in time gives us

t∫
0

∫
Ω

ρwN∇pN ≤− ν
t∫

0

∫
Ω

∇ρwN∇wN

−
t∫

0

∫
Ω

ρ(u,∇)wNPNwN −
t∫

0

∫
Ω

ρ(wN ,∇)uPNwN −
t∫

0

∫
Ω

ρwNt w
N

now take absolute values and move them inside the integrals on the right hand side

|
t∫

0

∫
Ω

ρwN∇pN | ≤ν
t∫

0

∫
Ω

|∇ρ||wN ||∇wN |

+

t∫
0

∫
Ω

ρ|u||PNwN ||∇wN |+
t∫

0

∫
Ω

ρ|∇u||PNwN ||wN |+
t∫

0

∫
Ω

ρ|wNt ||wN |

We now use that u and ∇u are bounded by a constant C and |∇ρ| ≤ Cρρ to see

|
t∫

0

∫
Ω

ρwN∇pN | ≤Cρν
t∫

0

∫
Ω

ρ|wN ||∇wN |

+C

t∫
0

∫
Ω

ρ|PNwN ||∇wN |+ C

t∫
0

∫
Ω

ρ|PNwN ||wN |+
t∫

0

∫
Ω

ρ|wNt ||wN |
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Now using the boundedness of PN and Cauchy’s inequality on the third term on the right

hand side we have:

|
t∫

0

∫
Ω

ρwN∇pN | ≤Cρν
t∫

0

∫
Ω

ρ|wN ||∇wN |

+C

t∫
0

∫
Ω

ρ|PNwN ||∇wN |+ C

t∫
0

∫
Ω

ρ|wN |2 +

t∫
0

∫
Ω

ρ|wNt wN |

applying Cauchy’s inequality to the first, second and fourth integrals on the right hand

side, and using boundedness of PN in the second term, we see that for any M > 0 to be

chosen later

|
t∫

0

∫
Ω

ρwN∇pN |

≤ (Cρν + C)
1

M

t∫
0

∫
Ω

ρ|∇wN |2 + (M(Cρν + C) + C)

t∫
0

∫
Ω

ρ|wN |2 +
1

M

t∫
0

∫
Ω

ρ|wNt |2

Now we are ready to use the bound we obtained earlier, which was that

t∫
0

∫
Ω

ρ|wNt |2 ≤ Cw0 + Cν,w0

t∫
0

∫
Ω

ρ|∇wN |2

this implies that

|
t∫

0

∫
Ω

ρwN∇pN | ≤ (Cρν+Cν,w0+C)
1

M

t∫
0

∫
Ω

ρ|∇wN |2+(M(Cρν+C)+C)

t∫
0

∫
Ω

ρ|wN |2+
Cw0

M

Now set C̃0 = Cρν + Cν,w0 + C, C̃1 = M(Cρν + C) + C, and C̃2 =
Cw0

M
. We have

|
t∫

0

∫
Ω

ρwN∇pN | ≤ C̃0

M

t∫
0

∫
Ω

ρ|∇wN |2 + C̃1

t∫
0

∫
Ω

ρ|wN |2 + C̃2
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Returning to the equation once more we will show see that this estimate may be used to

obtain the a priori estimate. We write once more∫
Ω

ρwNt w
N = −

∫
Ω

ρPNwN(u,∇)wN −
∫
Ω

ρPNwN(wN ,∇)u+ν

∫
Ω

ρwN∆wN −
∫
Ω

ρwN∇pN

where we have again used the duality on the Hilbert space to move the projection operators

PN onto wN in the first two terms on the right hand side. Integration by parts now gives∫
Ω

ρwNt w
N =

−
∫
Ω

ρPNwN(u,∇)wN −
∫
Ω

ρPNwN(wN ,∇)u− ν
∫
Ω

ρ|∇wN |2 − ν
∫
Ω

∇ρwN∇wN −
∫
Ω

ρwN∇pN

we rerrange to get

1

2
∂t

∫
Ω

ρ|wN |2 + ν

∫
Ω

ρ|∇wN |2

= −
∫
Ω

ρPNwN(u,∇)wN −
∫
Ω

ρPNwN(wN ,∇)u− ν
∫
Ω

∇ρwN∇wN −
∫
Ω

ρwN∇pN

now integration in time yields

1

2

∫
Ω

ρ|wN |2 + ν

t∫
0

∫
Ω

ρ|∇wN |2 =
1

2

∫
Ω

ρ|wN0 |2

−
t∫

0

∫
Ω

ρPNwN(u,∇)wN −
t∫

0

∫
Ω

ρPNwN(wN ,∇)u− ν
t∫

0

∫
Ω

∇ρwN∇wN −
t∫

0

∫
Ω

ρwN∇pN

Taking absolute values and noting that both terms on the left hand side are positive we
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write

1

2

∫
Ω

ρ|wN |2 + ν

t∫
0

∫
Ω

ρ|∇wN |2 ≤ 1

2

∫
Ω

ρ|wN0 |2 +

t∫
0

∫
Ω

ρ|PNwN ||(u,∇)wN |

+

t∫
0

∫
Ω

ρ|PNwN ||(wN ,∇)u|+ ν

t∫
0

∫
Ω

|∇ρ||wN ||∇wN |+ |
t∫

0

∫
Ω

ρwN∇pN |

now estimating with Cauchy’s inequality as before, again using boundedness of PN where

it appears, we have for any M > 0 that this is

≤ 1

2

∫
Ω

ρ|wN0 |2+
(Cρ + C)

M

t∫
0

∫
Ω

ρ|∇wN |2+((Cρν+C)M+C)

t∫
0

∫
Ω

ρ|wN |2+|
t∫

0

∫
Ω

ρwN∇pN |

at which point we use our estimate on the last term on the right hand side to majorize

≤ C̃2 +
1

2

∫
Ω

ρ|wN0 |2 +
(C̃0 + Cρ + C)

M

t∫
0

∫
Ω

ρ|∇wN |2 +(C̃1 +(Cρν+C)M +C)

t∫
0

∫
Ω

ρ|wN |2

Set now C0 = C̃0 + Cρ + C, 1
2
C1 = C̃1 + (Cρν + C)M + C, and 1

2
C2 = C̃2 + 1

2

∫
Ω

ρ|w0|2.

Then

1

2

∫
Ω

ρ|wN |2 + ν

t∫
0

∫
Ω

ρ|∇wN |2 ≤ C0

M

t∫
0

∫
Ω

ρ|∇wN |2 +
1

2
C1

t∫
0

∫
Ω

ρ|wN |2 +
1

2
C2

Taking M > ν
C0

we may absorb the gradient term into the left hand side, obtaining

‖wN‖L2
ρ(Ω) ≤ C2 + C1

t∫
0

‖wN‖L2
ρ(Ω)

This allows us to apply Grönwall’s inequality in integral form to obtain:

‖wN‖L2
ρ(Ω) ≤ C2e

C1t for all 0 < t ≤ T = 1
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where we note that the constants depend on the initial data. We also obtain that
t∫

0

‖∇wN‖L2
ρ(Ω) < ∞ for 0 < t ≤ T = 1. To obtain the statement up to any desired

time 0 < T < ∞ we may repeat the above argument, noting the the time interval on

which the estimate holds will each time have length 1. This allows us to extend the esti-

mate to hold over any finite time interval 0 < t ≤ T .

In other words we have that for any 0 < T < ∞ there exists a constant C = C(T ) > 0

such that:

‖wN‖L2
ρ(Ω) ≤ C for all 0 < t ≤ T

This implies that the sequence wN is a bounded sequence in the weighted space L2
ρ(Ω)

for a.e. t ∈ [0, T ]. Due to the weak-* compactness of bounded sets in L∞([0, T ];L2
ρ(Ω))

we may extract a weakly convergent subsequence with a limit w∗.

Since we have not shown any bound on the weighted norm of the pressure in the case

of IR2
+ we will first justify the existence of the velocity by working with the solenoidal

projection of the system, and then return to make sense of the pressure.

Recall that the Helmholtz projection P := P2,ρ where

P2,ρ : L2
ρ(Ω)n → L2

ρ,σ(Ω)

is continuous and has an adjoint operator with respect to the pairing 〈·, ·〉 of distributions

against test functions

(P2,ρ)
∗ = P2′,ρ′ = P2,ρ′
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which is continuous on (L2
ρ)
∗ = L2

ρ′ with the same definition of ρ′ as before. For conve-

nience we will call P := P2,ρ and P∗ := P ∗2,ρ.

We may therefore consider the solenoidal projection of the momentum equations:

wt = −P(u,∇)w − P(w,∇)u+ νP∆w

We must now verify that the weak limit w∗ satisfies this solenoidal projection of the mo-

mentum equations in a weak sense. To do this we write the dual pairing of the solenoidal

projection of the Nth approximation of the momentum equation

wNt = P[−PN(u,∇)wN − PN(wN ,∇)u] + νP∆wN

against a smooth test function ϕ ∈ (L2
ρ(IR

2
+))∗ ∩C∞0 ((IR2

+)) which vanishes on ∂IR2
+ (and

at infinity), to get:

〈∂twNj , ϕ〉 = −〈PPN(u,∇)wNj , ϕ〉 − 〈PPN(wN ,∇)uj, ϕ〉+ ν〈P∆wNj , ϕ〉

= −
∑
i

〈PPN(ui∂iw
N
j ), ϕ〉 −

∑
i

〈PPN(wNi ∂iuj), ϕ〉+ ν〈P∆wNj , ϕ〉

Using that P and PN have bounded adjoint operators P∗ and (PN)∗ on the dual space

(L2
ρ(IR

2
+))∗ we may write

〈∂twNj , ϕ〉 = −〈(u,∇)wNj , (P
N)∗P∗ϕ〉 − 〈(wN ,∇)uj, (P

N)∗P∗ϕ〉+ ν〈P∆wNj , ϕ〉

= −
∑
i

〈(ui∂iwNj ), (PN)∗P∗ϕ〉 −
∑
i

〈(wNi ∂iuj), (PN)∗P∗ϕ〉+ ν〈P∆wNj , ϕ〉
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We now wish to show that every term in this equation is bounded uniformly in the pa-

rameter N . We will use the boundedness of the adjoints P∗ and (PN)∗ to control the

right side of each pairing by the size of ϕ, which is arbitary and may be normalized to 1.

For the left sides we will recall the a priori estimates obtained on wN and ∇wN earlier,

as well as maximal Lp-regularity of the Stokes operator.

More precisely we use that for t ∈ [0, T ] we have seen that there exist constants C1,

C2 and C3 which may depend on T, but not on N , such that the following inequalities

hold:

‖wN‖L2
ρ(Ω) ≤ C1

t∫
0

‖∇wN‖L2
ρ(Ω) ≤ C2

‖wNt ‖L2
tL

2
ρ

+ ‖νA2,ρw
N‖L2

tL
2
ρ,σ
≤ Cw0 + Cν‖∇wN‖L2

tL
2
ρ
≤ C3

The boundedness of each term may then be seen as follows:

|〈∂twNj , ϕ〉| ≤ C3

|〈(u,∇)wNj , (P
N)∗P∗ϕ〉| ≤ C2‖(PN)∗‖‖P∗‖

|〈(wN ,∇)uj, (P
N)∗P∗ϕ〉| ≤ C1‖(PN)∗‖‖P∗‖

|ν〈P∆wNj , ϕ〉| ≤ C3
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It is now enough to note that ‖(PN)∗‖ and P∗ are bounded independently of N , since ad-

joints of bounded operators are bounded with the same norm, and PN and P are bounded

by construction. Now that we have seen each term above is bounded independently of N ,

we may take the limit as N → ∞ and move the solenoidal projection P back to the left

in each pairing to obtain

〈∂tw∗j , ϕ〉 = −〈P(u,∇)w∗j , ϕ〉 − 〈P(w∗,∇)uj, ϕ〉+ ν〈P∆w∗j , ϕ〉

This shows that w∗ is a weak solution to the solenoidal projection of the original system.

We now wish to obtain the limiting pressure p∗ by writing the equation in a weak form and

taking the limit. First we write again the soloenoidal projection of the Nth approximation

of the system:

wNt = P[−PN(u,∇)wN − PN(wN ,∇)u] + νP∆wN

In order to preserve equality, if we add the gradient part

∇pN := −(I − P)PN(u,∇)wN − (I − P)PN(wN ,∇)u+ ν(I − P)∆wN

we must also subtract a corresponding quantity of the same size. Therefore by adding

0 = −(I−P)PN(u,∇)wN − (I−P)PN(wN ,∇)u+ν(I−P)∆wN −∇pN to the right hand

side, we get the full equation:
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wNt + PN(u,∇)wN + PN(wN ,∇)u− ν∆wN = −∇pN

We would like to take the weak limit of this equation as N →∞. The boundedness of each

term independently of N may be seen similarly to above for the first three terms. For the

Laplacian term, we must move derivatives onto the test function. Since all terms on the

left hand side are bounded independently of N they must have a weak limit. Therefore

the right hand side must also, and we call that weak limit ∇p∗. In other words the pair

(w∗, p∗) must satisfy weakly the equation:

w∗t + (u,∇)w∗ + (w∗,∇)u− ν∆w∗ = −∇p∗

when tested against any function ϕ ∈ (L2
ρ(IR

2
+))∗ ∩ C∞0 (IR2

+). Since this is precisely the

momentum equation, we may conclude the the pair (w∗, p∗) is a weak solution of the

original problem, and that w∗ is uniquely determined by the choice of the initial data,

while p∗ is determined up to an additive constant, since ∇p∗ is known.

To see that the boundary condition is verified we note that by construction each ap-

proximation wN will satisfy wN = 0 on the boundary. By our a priori estimate on wN

and ∇wN , we have that wN ∈ L∞([0, T ],W 2,2
ρ (IR2

+)n∩W 1,2
ρ,0 (IR2

+)n∩L2
ρ,σ(IR2

+)) with norm

bounded independently of N , which implies by weak-* compactness that the weak limit

w∗ must also be zero on the boundary.
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Combining the results of the present and previous section, we have obtained a weak

solution to the linearized Navier-Stokes problem in the cases Ω = IR2 or IR2
+. By a similar

consideration of the weak limit we may verify that the solution in each case satisfies the

divergence free condition in Ω. We may also note that in the case Ω = IR2 there is no

boundary condition to satisfy, whereas the solution in Ω = IR2
+ is identically zero on the

boundary, as required. We have therefore justified the existence claim from Theorem

10.0.1.

In the next chapter we will see that the solution is strongly continuous at t = 0, or

equivalently that the semigroup generated by the linearized perturbation operator is of

class C0. However due to a technical limitation of the argument we will restrict the class

of weights significantly in the case IR2
+.

To conclude this chapter we now present a construction of the basis for V N .

10.3 Construction of the basis of the subspace V N

In the arguments of this chapter we have made use of an orthonormal basis {φj}∞j=1

of the weighted space L2
ρ(Ω). We claim that by using the density of smooth, compactly

supported functions in L2
ρ(Ω) it is possible to choose a set of basis functions {φj} which

are also smooth and have compact support. Using such a basis we constructed an approxi-

mate solution by solving an approximate problem which utilized the orthogonal projection

PN : L2
ρ(Ω)→ V N , where we define V N :=span{φj}Nj=1. We will now prove the existence

of the orthonormal basis {φj}∞j=1 by applying the Gram-Schmidt algorithm.
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First we note that L2
ρ(Ω) is a separable Hilbert space. We have seen that smooth func-

tions with compact support are dense in the space L2
ρ(Ω). We claim it is possible to find a

complete, orthonormal system for the Hilbert space L2
ρ(Ω) which is contained in C∞0 (Ω).

To prove this we first note that as a subspace of a separable Hilbert space, C∞0 (Ω)∩L2
ρ(Ω)

must have a countable dense subset {xn}. We will apply the Gram-Schmidt algorithm

with normalization to {xn} to produce an orthonormal set {φn}.

Let (u, v) denote the inner product of two arbitrary elements v and u in the Hilbert

space L2
ρ(Ω). Then define the projection

Pu(v) :=
(u, v)

(u, u)
u

The Gram-Schmidt process is as follows, where the norms are the same norm as defined

earlier on L2
ρ(Ω):

u1 := x1 φ1 :=
u1

‖u1‖
u2 := x2 − Pu1(x2) φ2 :=

u2

‖u2‖
u3 := x3 − Pu1(x3)− Pu2(x3) φ3 :=

u3

‖u3‖
... ...

uj := xj −
j−1∑
k=1

Puk(xj) φj :=
uj
‖uj‖

We note that if some step with index i produces ui = 0 then xi should be discarded
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from the sequence {xn}, as this implies that xi was linearly dependent on the previous

{x1, x2, ..., xi−1}. By construction we see that the linear span of {φn} contains every {xn},

therefore it is dense in C∞0 (Ω) ∩ L2
ρ(Ω), and so it must also be dense in the space L2

ρ(Ω).

Thus we have shown by construction that {φn} is a complete orthonormal system.
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Chapter 11

Continuity

We will show in this chapter that the semigroup generated by the linearized per-

turbation operator enjoys strong continuity in time. Our basic flow will again be the

modified Jeffery-Hamel profile which only satisfies stationary Navier-Stokes away from

zero in the half plane with a forcing term which compensates for the regularization of u

near the origin. More precisely, let u denote such a regularized profile and let f(x, t) be

chosen such that:

ut + (u · ∇)u− ν∆u = −∇p+ f(x, t) (11.0.1)

∇ · u = 0 (11.0.2)

u|∂Ω\{0} = 0 (11.0.3)

As before we form the linearization of the perturbation of this system about our new

solution u, so that we now seek to address properties of the solution to:

wt = −(u,∇)w − (w,∇)u+ ν∆w −∇p in Ω× [0,∞) (11.0.4)

∇ · w = 0 in Ω× [0,∞) (11.0.5)

w = 0 on ∂Ω \ {0} × [0,∞) (11.0.6)

w(x, 0) = w0(x) in Ω× {t = 0} (11.0.7)

We are therefore interested in the solution to the following Cauchy problem:
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{
∂tw = Aw + ν∆w −∇p
w(0) = w0

(11.0.8)

where the operator A is defined by Aw := −(u,∇)w − (w,∇)u. In order to study this

problem we will again make use of the Helmholtz-type decomposition on the weighted

space. Taking the solenoidal projection P = P2,ρ of the above problem removes the

pressure term:

{
∂tw − νP∆w = PAw

w(0) = Pw0

(11.0.9)

We would like to express the solution to this problem using a variation of constants

formula, wherein the term PAw is viewed as an inhomogeneous term for the homogeneous

problem:

{
∂tw − νP∆w = 0

w(0) = Pw0

(11.0.10)

We would like to make sense of a variation of constants formula for the inhomogeneous

problem stated above. Fröhlich [19, 20] has shown that the semigroup generated by

Ap,ρ = −Pp,ρ∆ on the space Lpρ,σ(Ω) is bounded, C0, and analytic for any ρ ∈ Ap and

Ω = IRn, IRn
+, or a bounded domain, with n ≥ 2. The domain for this operator was

specified there to be D(−P∆) = {W 2,p
ρ (Ω) ∩W 1,p

ρ,0 (Ω) : ∇ · u = 0}.
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Since we are projecting onto the space L2
ρ,σ(Ω) let us call the semigroup generated by

the Stokes operator A2,ρ = −P2,ρ∆ by H(t) := e−tA2,ρ . The typical formula for inhomo-

geneous problems therefore gives us a solution [43]:

w(t) = H(t)w0 +

t∫
0

H(t− s)PAw(s) ds

Noting that the term (u,∇w) in Aw may be unbounded, it is necessary to be precise when

making sense of an estimate of the quantity H(t − s)PAw(s). One idea is to use that u

and w are divergence free to move the derivative to the outside of the expression, however

only works in the case of Ω = IR2 because the derivative commutes with the projection

operator. In the case of Ω = IR2
+ we will estimate directly.

We will require estimates on the evolution of initial data under the semigroup gener-

ated by the Stokes operator on the weighted space. We will recall here some weighted

estimates due to Kobayashi and Kubo, which appeared as Lemma 5.1 in their recent

paper [35].

Lemma 11.0.1. Let n ≥ 2, 1 < p, r ≤ q <∞ and w = 〈x〉sp. Let Ω be the whole space

IRn or the half-space IRn
+. Let s be a positive number such that 0 ≤ s < n(1 − 1/p) if

Ω = IRn or 0 ≤ s < (n− 1)(1− 1/p) if Ω = IRn
+. Then for a ∈ Lpw(Ω) ∩ Lr(Ω) we have

‖〈x〉se−tAq,wPq,wa‖Lq(Ω) ≤ Ct−n(1/p−1/q)/2‖〈x〉sa‖Lp(Ω) + Ct−n(1/r−1/q)/2+s/2‖a‖Lr(Ω)

and

‖〈x〉s∇e−tAq,wPq,wa‖Lq(Ω) ≤ Ct−n(1/p−1/q)/2−1/2‖〈x〉sa‖Lp(Ω)+Ct
−n(1/r−1/q)/2+(s−1)/2‖a‖Lr(Ω)

for t > 0.
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Proof. We first consider the case Ω = IRn.

In this case the Stokes semigroup e−tAq,w is represented by the convolution

e−tAq,w = (E0 ∗ f)(x) :=

∫
IRn

E0(t, x− y)f(y) dy

for f ∈ Lpw,σ(IRn), where E0(t) = (4πt)−n/2e−|x|
2/(4t) is the heat kernel.

Using that 〈x〉s ≤ 〈x− y〉s + 〈y〉s, we see that

|〈x〉s∇|α|e−tAq,wPa| ≤ C

(4πt)n/2

∫
IRn

〈x− y〉s
(x− y

2t

)α
e−|x−y|

2/(4t)Pa(y) dy

+
C

(4πt)n/2

∫
IRn

(x− y
2t

)α
e−|x−y|

2/(4t)〈y〉sPa(y) dy

=: G1 ∗ Pa+G2 ∗ (〈x〉sPa)

We will estimate both terms, starting with G1.

|G1(t, x)| ≤ Ct−n/2+(s−|α|)/2e−|x|
2/(8t)

so for any 1 < r̃ <∞

‖G1‖Lr̃ ≤ Ct−n(1−1/r̃)/2+(s−|α|)/2
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Thus by Young’s inequality with 1 + 1/q = 1/r + 1/r̃ we have

‖G1 ∗ Pa‖Lq ≤ ‖G1‖Lr̃‖Pa‖Lr ≤ Ct−n(1/r−1/q)/2+(s−|α|)/2‖Pa‖Lr

For the term G2 we again apply Young’s inequality to see

‖G2 ∗ (〈x〉sPa)‖Lq ≤ ‖G2‖Lr‖〈x〉sPa‖Lp ≤ Ct−n(1/p−1/q)/2−|α|/2‖〈x〉sPa‖Lp

Since the weight function 〈x〉sp and the Helmholtz projection P commute when the expo-

nent s satisfies −n/p < s < n(1− 1/p) we obtain the desired result for the whole space.

The proof of this theorem in the case where Ω = IRn
+ relies on the unique solution to

the homogeneous Stokes problem given by Ukai [52], who produced an exact formula for

the solution u in the case of an n dimensional half-space, which we recall to be:

{
u′ = E(t)V2u0 − SUE(t)V1u0

un = UE(t)V1u0

(11.0.11)

where the operator E(t) is defined via the heat kernel E0(t, x) = (4πνt)−n/2e−|x|
2/4νt as

follows:

E(t)f =

∫
IRn+

(E0(t, x− y)− E0(t, x′ − y′, xn + yn))f(y) dy
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The operators V1 and V2 are defined via the Riesz transforms S = (S1, ..., Sn−1) on

IRn−1 and R = (R1, ..., Rn) on IRn. Using these we define V1u = −S · u′ + un and

V2u = u′+Sun. Next let Γ and Σ respectively denote the restriction operator from IRn to

IRn
+ and the extension by zero operator from IRn

+ to IRn. Then we can define the opera-

tor Uf = ΓR′ ·S(R′ ·S+Rn)Σ and now we have the ingredients of Ukai’s solution formula.

Using the boundedness of the operators used to construct the Ukai solution (for details

see for example the proof of Theorem 3.1 in [6]), the problem is reduced to that of the

whole space, and we obtain the desired estimates over the half space.

From this theorem we utilize the case n = p = q = r = 2 and s = γ/2 with the

weight function ρ(x) = 〈x〉γ = (1 + |x|2)γ/2 where γ ∈ (0, 2) if Ω = IR2 and γ ∈ (0, 1) if

Ω = IR2
+ which gives us the following weighted estimates on H(t) the Stokes semigroup:

‖H(t)w0‖L2
ρ(Ω) ≤ (C + Ctγ/4)‖w0‖L2

ρ(Ω) (11.0.12)

‖∇H(t)w0‖L2
ρ(Ω) ≤ (Ct−1/2 + Ct−1/2+γ/4)‖w0‖L2

ρ(Ω) (11.0.13)

These estimates enable us to give an argument for continuity of the semigroup generated

by the perturbed Stokes operator. Next we will prove the following theorem.

Theorem 11.0.1. Let Ω = IR2 or IR2
+, and ρ(x) = (1+ |x|2)γ/2, with γ ∈ (0, 2) if Ω = IR2

and γ ∈ (0, 1) if Ω = IR2
+. Let u be a regularized admissible profile as taken in Theorem

10.0.1. Then the semigroup generated by the perturbed Stokes operator −νP2,ρ∆−P2,ρA

is of class C0.
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11.1 Whole plane case: Ω = IR2

Proof. From the variation of constants formula, we have

w(t)− w(0) = H(t)w0 − w0 +

t∫
0

H(t− s)PAw(s) ds

whereupon taking the spatial norm and using that ∇ commutes with P and H(t), along

with a weighted estimate of the Stokes semigroup, the boundedness of the Helmholtz

projection (and the fact that the singularity of u has been regularized so u is bounded)

will yield

t∫
0

‖H(t− s)PAw(s)‖L2
ρ
ds ≤ C

t∫
0

‖H(t− s)P∇(uw(s))‖L2
ρ
ds

≤ C

t∫
0

‖∇H(t− s)P (uw(s))‖L2
ρ
ds

≤ C

t∫
0

((t− s)−
1
2 + (t− s)−

1
2

+ γ
4 )‖P (uw(s))‖L2

ρ
ds

≤ C

t∫
0

((t− s)−
1
2 + (t− s)−

1
2

+ γ
4 )‖uw(s)‖L2

ρ
ds

≤ C

t∫
0

((t− s)−
1
2 + (t− s)−

1
2

+ γ
4 )‖w(s)‖L2

ρ
ds

≤ CeCt‖w0‖L2
ρ

t∫
0

(t− s)−
1
2 + (t− s)−

1
2

+ γ
4 ds

which implies that

‖w(t)− w(0)‖L2
ρ
≤ ‖H(t)w0 − w0‖L2

ρ
+ CeCt(t

1
2 + t

1
2

+ γ
4 )‖w0‖L2

ρ
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Now to take the limit t → 0, we need only use the fact that the semigroup H(t) is

C0, which implies that the first term vanishes in the limit. Hence we have proved the

continuity of the semigroup generated by the perturbed Stokes operator in the example

case of Ω = IR2.

11.2 Half plane case: Ω = IR2
+

Proof. In this section we will give a direct argument for the continuity of the semigroup

generated by our perturbed Stokes operator acting on the Banach space L2
ρ(IR

2
+). Given

initial data w0, we again construct the solution by the variation of constants formula to

see that

w(t)− w(0) = H(t)w0 − w0 +

t∫
0

H(t− s)PAw(s) ds

The argument here is similar to the previous one, except that we may not commute the

operator ∇ with P or H(t). Instead we estimate directly:

t∫
0

‖H(t− s)PAH(s)(w0)‖L2
ρ
ds ≤ C

t∫
0

‖PAH(s)w0‖L2
ρ
ds

≤ C

t∫
0

‖AH(s)w0‖L2
ρ
ds

≤ C

t∫
0

‖u∇H(s)w0‖L2
ρ

+ ‖∇uH(s)w0‖L2
ρ
ds

≤ C

t∫
0

‖∇H(s)w0‖L2
ρ

+ ‖H(s)w0‖L2
ρ
ds
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We can see from this the inequality

t∫
0

‖H(t− s)PAH(s)(w0)‖L2
ρ
ds ≤ CeCt

t∫
0

(s−
1
2 + s−

1
2

+ γ
4 + 1 + s

γ
4 )‖w0‖L2

ρ
ds

which implies that

‖w(t)− w(0)‖L2
ρ
≤ ‖H(t)w0 − w0‖L2

ρ
+ CeCt(t

1
2 + t

1
2

+ γ
4 + t+ t1+ γ

4 )‖w0‖L2
ρ

Now we use again the continuity of the semigroup H(t), and by taking the limit t → 0

our claim is proved.
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Chapter 12

Analyticity

In this chapter our goal is to demonstrate that the semigroup generated by our

perturbed Stokes operator extends to an analytic family of semigroups which solve the

perturbation equation for ν ∈ C \ {0}. We will now prove the following:

Theorem 12.0.1. Let Ω = IR2
+, ρ(x) = (1 + |x|2)γ/2, with γ ∈ (0, 1), and let u be

a regularized admissible Jeffery-Hamel solution. Then the perturbed Stokes operator

−νP2,ρ∆− P2,ρA generates an analytic semigroup on L2
ρ,σ(IR2

+).

Proof. We are again interested in the solution to the Cauchy problem:

{
∂tw = Aw + ν∆w −∇p
w(0) = w0

(12.0.1)

with the operator A as before, but now taking ν ∈ C. We again take the solenoidal

projection to obtain

{
∂tw − νP∆w = PAw

w(0) = Pw0

(12.0.2)
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which just as before can be viewed as an inhomogeneous problem. We therefore wish to

describe the solution using the solution to the homogeneous problem:

{
∂tw + νA2,ρw = 0

w(0) = Pw0

(12.0.3)

The solution to this problem has the same form as Ukai’s solution

{
u1 = E(t)V2u0 − SUE(t)V1u0

u2 = UE(t)V1u0

(12.0.4)

where operator E(t) is once again defined via the heat kernel E0(t, x) = (4πνt)−1e−|x|
2/4νt

as follows:

E(t)f =

∫
IR2

+

(E0(t, x− y)− E0(t, x1 − y1, x2 + y2))f(y) dy

The operators V1, V2, S, and U are defined the same way as before. Now since the kernel

E0(t) cannot have a pole anywhere except the origin (or at infinity), we will have com-

plex differentiability of the solution provided that it holds that V1, V2, S, and U are all

bounded operators on the weighted space. Since this was shown by Cheng and LiZheng

in [6], we may conclude that the solution to the homogeneous Stokes problem is analytic

away from zero.

Now we may once again consider the solution to the inhomogeneous problem,
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w(t) = H(t)w0 +

t∫
0

H(t− s)PAw(s) ds

where we now have the knowledge that H(t) is analytic. This implies that both terms

on the right hand side are analytic, which implies that the semigroup generated by the

perturbed Stokes operator is also analytic, and our theorem is proved.
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Chapter 13

An Eigenvalue Problem

In this chapter our goal is to describe the linear stability problem for certain

Jeffery-Hamel profiles in a wedge with small half angle α. In order to ensure that the

problem is well-posed we will restrict ourselves to profiles with zero flux, and which have

been regularized in a neighborhood of the origin. After a change of variables it can be seen

that these profiles have a formal limit as α → 0, and the linear stability problems corre-

sponding to these profiles are of possible interest. In this study we do not make a claim

about the stability or instability of these profiles, but instead we will give a perturbation

argument which will relate unstable eigenfunctions which may exist for the limiting pro-

files with a corresponding sequence of approximating functions for the analogous profiles

with values of α very near to zero.

Recall the linearized evolution equation for the perturbation in vorticity form, where

ξ is the perturbation vorticity, ψ is the perturbation stream function with the convention

ξ = −∆ψ, and Ψ is the stream function of the basic flow. In polar coordinates this is:

ν∆ξ =
∂ξ

∂t
+

1

r

∂Ψ

∂θ

∂ξ

∂r
+

1

r3

∂3Ψ

∂θ3

∂ψ

∂r
+

2

r4

∂2Ψ

∂θ2

∂ψ

∂θ
(13.0.1)
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with boundary conditions ψ = ∂ψ
∂θ

= 0 at θ = ±α. Rephrasing this in terms of only the

stream functions yields:

0 = −
(
∂3ψ

∂t∂r2
+ r−1 ∂

2ψ

∂t∂r
+ r−2 ∂3ψ

∂t∂θ2

)
+ ν

{
∂4ψ

∂r4
+ 2r−1∂

3ψ

∂r3
− r−2∂

2ψ

∂r2
+ 2r−2 ∂4ψ

∂r2∂θ2

+ r−3∂ψ

∂r
− 2r−3 ∂3ψ

∂r∂θ2
+ 4r−4∂

2ψ

∂θ2
+ r−4∂

4ψ

∂θ4

}
− r−1∂Ψ

∂θ

(
∂3ψ

∂r3
+ r−1∂

2ψ

∂r2
− r−2∂ψ

∂r
+ r−2 ∂3ψ

∂r∂θ2
− 2r−3∂

2ψ

∂θ2

)
+ r−3∂

3Ψ

∂θ3

∂ψ

∂r
+ 2r−4∂

2Ψ

∂θ2

∂ψ

∂θ

Next we make a change of variables y = θ/α and denote (using the notation of Drazin and

McAlpine) U(y) := α∂Ψ
∂θ

in order to move the parameter α out of the boundary condition

and into the equation itself.

0 = −
(
∂3ψ

∂t∂r2
+ r−1 ∂

2ψ

∂t∂r
+ α−2r−2 ∂3ψ

∂t∂y2

)
+ ν

{
∂4ψ

∂r4
+ 2r−1∂

3ψ

∂r3
− r−2∂

2ψ

∂r2
+ 2α−2r−2 ∂4ψ

∂r2∂y2

+ r−3∂ψ

∂r
− 2α−2r−3 ∂3ψ

∂r∂y2
+ 4α−2r−4∂

2ψ

∂y2
+ α−4r−4∂

4ψ

∂y4

}
− α−1r−1U

(
∂3ψ

∂r3
+ r−1∂

2ψ

∂r2
− r−2∂ψ

∂r
+ α−2r−2 ∂3ψ

∂r∂y2
− 2α−2r−3∂

2ψ

∂y2

)
+ α−3r−3∂

2U

∂y2

∂ψ

∂r
+ 2α−3r−4∂U

∂y

∂ψ

∂y
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with boundary conditions ψ = α−1 ∂ψ
∂y

= 0 at y = ±1.

In their paper [11], Drazin and McAlpine have compared this problem with a one di-

mensional Orr-Sommerfeld eigenvalue problem obtained from this equation via a formal

limiting procedure. Their idea was to insert a separated variables ansatz of the form

eg(r,t)f(y) with the exponential term being of the form g(r, t) = ik(α−1log r − cα−2r−2t)

to balance the orders of r and α appearing on the main terms of the equation. Their

procedure truncates all but the terms whose orders of r and α balance and the terms

which remain form an Orr-Sommerfeld type eigenvalue problem when considered in the

small angle limit α → 0. Our goal in the next chapter is to give a description of the

formal asymptotics which are obtained from this consideration, but first we will recall the

classical result of instability for the Poiseuille problem.

13.1 Krylov’s stability analysis of Poiseuille flow in a 2D channel

In this section we will recall the well known result of Krylov on the problem of

the Poiseuille flow in a two dimensional channel with parallel walls. The question is to

determine the mathematical stability or instability of the flow with respect to infinitely

small perturbations. This problem is known to reduce to the solution of the problem

(D2 − α2)2ϕ = iαR{(u− c)(D2 − α2)− u′′}ϕ

with boundary conditions
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ϕ = Dϕ = 0 for y = ±1

where D = d
dy

, −1 < y < 1, α is a wavenumber, R is the Reynolds number, and u = 1−y2

is the quadratic profile of classical Poiseuille flow in an infinite channel of fixed width. The

question is to determine whether for this problem there exists an eigenvalue c = c(α,R)

in the upper half-plane for arbitrary values of α,R > 0. If such c exists then Poiseuille

flow is unstable. It is demonstrated in the works of Krylov [36] [37] that there does exist

such a c. The argument given by Krylov rigorously proves that Heisenberg’s answer in

[31] to the stability question is correct.

First a linear substitution is used to transform the problem into a related problem

(D2 − β2)ϕ+ (−iρ2){z(1− z/2)(D2 − β2) + 1}ϕ = 0

with boundary conditions

ϕ = Dϕ = 0 for z = z1(c) and z = z2(c) = 2− z1(c)

where D = d
dz

, β2 = α2(1− c), ρ2 = 2αR(1− c), and

z1(c) = 1− 1

(1− c)1/2
= − c

2
(1 + O(c))
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and

z2(c) = 2− z1 = 1 +
1

(1− c)1/2
= 2 +

c

2
(1 + O(c))

This problem belongs to a class of equations studied by Wasow in [53] [54]. For such

problems one is able to determine a fundamental system of solutions which consists of a

pair of “inviscid solutions” which for ρ → ∞ are close to the solution of the degenerate

equation

(u− c)(D2 − α2)ϕ− u′′ϕ = 0

and a pair of “boundary-layer” solutions. This system will depend on the parameters β2

and λ2 = −iρ2, and it is found in the region 1 ≥ z � |ρ|−2/3, |arg z − πk| < ε. The

parameters ρ and β are allowed to vary toward∞, under the constraints that |arg ρ| < ε,

|arg β| < ε, and |β|−3 � |λ| � |β|−5.

Using the knowledge of these solutions, the characteristic determinant of this pair of

functions is analyzed at a point z near the origin and an approximate root z0(β, λ) of the

characteristic equation is obtained. Next the error of the root determination is shown to

be small enough that the imaginary part of the exact root must have the same sign of as

that of the approximate root. More precisely, it is shown that:

|z0(β, λ)− zexact(β, λ)| < |Im z0(β, λ)|

Finally, the equation z = z(β(α, z), λ(αR, z)) is studied and it is shown that there exists
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a solution in the same region of the z-plane (i.e., with Im z < 0). It is then concluded

that there exists an eigenvalue in the lower half plane for the transformed problem, which

corresponds with an eigenvalue in the upper half plane for the original problem.

It is also noted in Krylov’s work that the same methods may be used for the numeri-

cal computation of eigenvalues c = c(α,R), and that an analogous method could be used

to study problems of boundary-layer stability on a flat plate and other problems involving

the loss of stability of plane-parallel flows.
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Chapter 14

Formal Asymptotics

In this chapter we study a degenerate problem related to (13.0.1) from the pre-

vious chapter. Where the ansatz used by Drazin and McAlpine included an exponential

term eg(r,t) with g(r, t) = ik(α−1log r−cα−2r−2t), we will now consider the same equation

as in the previous chapter (after changing variables) but with a slightly modified ansatz

wherein the eigenvalue c and the eigenfunction f are perturbed, and where the pertur-

bation is assumed to have a series expansion in powers of the small parameter α. The

ansatz used will be the same eg(r,t)f(y) with g(r, t) = ik(α−1log r − cα−2r−2t).

We will expand the eigenvalue c = c0 + αc1 + α2c2 + O(α3) and eigenfunction f(y) =

f0 + αf1 + α2f2 + O(α3). Here we record the approximation obtained by substituting

this expanded ansatz into the linearized perturbation equation from chapter 9, discarding

terms above the first order in α downstream where the product rα is constant. The effect

of this localization will be to produce a perturbed eigenvalue problem, asymptotically

expanded in the small parameter α, so that we may study the first order correction.

After inserting the ansatz and dividing by the common exponential term, and discarding

terms above first order in α where rα is assumed to be constant, we have the following

approximate equation.
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0 ≈ 2k2cα−3r−4f − ik3cα−4r−4f − 4ik3c2α−5r−6tf

+ ikcα−4r−4f ′′ + ν{4ik3α−3r−4f + k4α−4r−4f + 8k4cα−5r−6tf

− 2k2α−4r−4f ′′ − 8k2cα−5r−6tf ′′ − 4ikα−3r−4f ′′ + α−4r−4f (iv)}

− 2k2Uα−3r−4f + ik3Uα−4r−4f + 6ik3cUα−5r−6tf − ikUα−4r−4f ′′

− 2ikcUα−5r−6tf ′′ + 2Uα−3r−4f ′′ + ikU ′′α−4r−4f + 2ikcU ′′α−5r−6tf + 2U ′α−3r−4f ′

If we assume that we are looking at a perfect localization of the equation at some station

downstream such that r = α−1 holds exactly, as suggested by Drazin and McAlpine’s

work [11] then we may remove the explicit r dependence in favor of α dependence. Doing

this gives an equation which for α very near zero will only be valid at a particular station

located far downstream from the source:

0 = −ik3cf + ikcf ′′ + ν{k4f − 2k2f ′′ + f (iv)}+ ik3Uf − ikUf ′′ + ikU ′′f

+ α(2k2cf − 4ik3c2tf + ν{4ik3f + 8k4ctf − 8k2ctf ′′ − 4ikf ′′}

− 2k2Uf + 6ik3cUtf − 2ikcUtf ′′ + 2Uf ′′ + 2ikcU ′′tf + 2U ′f ′)

+ O(α2)

Now expanding c = c0 + αc1 + O(α2) and f = f0 + αf1 + O(α2) gives us:
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0 = −ik3c0f0 + ikc0f
′′
0 + ν{k4f0 − 2k2f ′′0 + f

(iv)
0 }+ ik3Uf0 − ikUf ′′0 + ikU ′′f0

+ α(−ik3c0f1 + ikc0f
′′
1 + ν{k4f1 − 2k2f ′′1 + f

(iv)
1 }+ ik3Uf1 − ikUf ′′1 + ikU ′′f1)

+ α(−ik3c1f0 + ikc1f
′′
0 )

+ α(−4ik3c2
0tf0 + 2k2c0f0 + ν{8k4c0tf0 + 4ik3f0 − 8k2c0tf

′′
0 − 4ikf ′′0 }

+ 6ik3c0Utf0 − 2k2Uf0 − 2ikc0Utf
′′
0 + 2Uf ′′0 + 2ikc0U

′′tf0 + 2U ′f ′0)

+ O(α2)

This formal perturbation series in α produces an Orr-Sommerfeld type eigenvalue problem

at order zero, which we may compare at least qualitatively with the equation solved by

Krylov, although the basic flow U(y) is now a different one from that of Poiseuille flow,

and the viscosity coefficient is present in place of the Reynolds number.

We will now state a theorem regarding the perturbation of an eigenvalue c0 which may

exist for this one dimensional eigenvalue problem.

Theorem 14.0.1. If we suppose that c0 ∈ C is an eigenvalue having multiplicity one for

the problem

0 = −ik3c0f0 + ikc0f
′′
0 + ν{k4f0 − 2k2f ′′0 + f

(iv)
0 }+ ik3Uf0 − ikUf ′′0 + ikU ′′f0

with corresponding eigenfunction f0, then we can find a family of eigenvalues c = c0+αc1+

O(α2) and eigenfunctions f(y) = f0 + αf1 + O(α2) which solve the family of eigenvalue
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problems:

0 = −ik3c0f0 + ikc0f
′′
0 + ν{k4f0 − 2k2f ′′0 + f

(iv)
0 }+ ik3Uf0 − ikUf ′′0 + ikU ′′f0

+ α(−ik3c0f1 + ikc0f
′′
1 + ν{k4f1 − 2k2f ′′1 + f

(iv)
1 }+ ik3Uf1 − ikUf ′′1 + ikU ′′f1)

+ α(−ik3c1f0 + ikc1f
′′
0 )

+ α(−4ik3c2
0tf0 + 2k2c0f0 + ν{8k4c0tf0 + 4ik3f0 − 8k2c0tf

′′
0 − 4ikf ′′0 }

+ 6ik3c0Utf0 − 2k2Uf0 − 2ikc0Utf
′′
0 + 2Uf ′′0 + 2ikc0U

′′tf0 + 2U ′f ′0)

+ O(α2)

up to an error of order O(α2).

Proof. At first order we have the same operator applied to f1, but with some additional

terms which we move to the right hand side:

− ik3c0f1 + ikc0f
′′
1 + ν{k4f1 − 2k2f ′′1 + f

(iv)
1 }+ ik3Uf1 − ikUf ′′1 + ikU ′′f1

= ik3c1f0 − ikc1f
′′
0 + 4ik3c2

0tf0 − 2k2c0f0 − ν{8k4c0tf0 + 4ik3f0 − 8k2c0tf
′′
0 − 4ikf ′′0 }

− 6ik3c0Utf0 + 2k2Uf0 + 2ikc0Utf
′′
0 − 2Uf ′′0 − 2ikc0U

′′tf0 − 2U ′f ′0

We would like to identify a condition on the eigenvalue perturbation c1 so that this relation

will be solvable for the eigenfunction perturbation f1. In order to obtain a solvability

condition for c1 one may take the following approach. Define an operator by setting the

left hand side of the equation to (L0 − c0I)f1, where I is the identity operator. Next we

will define the adjoint of this operator. For an ordinary differential operator of order m,
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L[u] :=
m∑
k=0

pk(y)u(k)(y)

the adjoint operator is defined to be

L∗[v] :=
m∑
k=0

(−1)k[p̃k(y)v(y)](k)

where the coefficients may be found using integration by parts. This produces a precise

definition of the adjoint operator (L0 − c0I)∗, which we record here in terms of its action

against a function f .

(L0 − c0I)∗f = −ik3c0f1 + ikc0f
′′ + ν{k4f − 2k2f ′′ + f (iv)}+ ik3Uf − ikUf ′′ + 2ikU ′f ′

We immediately observe that L0 − c0I is not self-adjoint. For simplicity we will now

assume that the eigenvalue c0 is of algebraic and geometric multiplicity one. In this case

the adjoint operator will have eigenvalue c̄0 with an associated eigenfunction which we will

label f ∗0 . Then we integrate both sides of the above relation against f ∗0 , the eigenfunction

which is dual to f0. This nullifies the left hand side, producing a compatiblity condition

which can be solved to determine c1 uniquely up to the time t at which the relation is

being solved, which is presumed to be fixed, and the choice of the wavenumber k.
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c1

(
ik(f ∗0 , f

′′
0 )− ik3(f ∗0 , f0)

)
= 4ik3c2

0t(f
∗
0 , f0)− 2k2c0(f ∗0 , f0)

− ν{8k4c0t(f
∗
0 , f0) + 4ik3(f ∗0 , f0)− 8k2c0t(f

∗
0 , f

′′
0 )− 4ik(f ∗0 , f

′′
0 )}

− 6ik3c0t(f
∗
0 , Uf0) + 2k2(f ∗0 , Uf0) + 2ikc0t(f

∗
0 , Uf

′′
0 )

− 2(f ∗0 , Uf
′′
0 )− 2ikc0t(f

∗
0 , U

′′f0)− 2(f ∗0 , U
′f ′0)

After solving this relation to obtain the eigenvalue perturbation c1, we may return to the

relation a step earlier. Since c1 is now known we will be able to use it to determine f1.

The main difficulty is that the operator L0 − c0I is not invertible since c0 is assumed to

be in the spectrum of L0. To proceed we observe that the set of functions satisfying the

compatibility condition is a closed subspace of finite codimension, and decomposes into

the direct sum of a nullspace and eigenspaces corresponding to the eigenvalues of this

operator. Complementary to the eigensubspace which corresponds to the eigenvalue c0

we have an invariant subspace Π (which is itself a Banach space). Noting that we have

assumed that the eigenvalue c0 is of algebraic and geometric multiplicity one, we may

observe that the subspace Π must have codimension one. On the subspace Π an inverse

to the operator L0 − λI may be seen to be well-defined even for λ in a neighborhood of

c0.

To see this we note that the operator L0 has smooth coefficients, so we may define the

associated Green’s function G(y, ξ). Since the coefficients of L0 are smooth we have that

the Green’s function is also smooth, except possibly on the diagonal y = ξ. Now the eigen-
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value problem L0v = λv is equivalent to an integral equation v(y) = λ
∫
G(y, ξ)v(ξ) dξ,

to which the Fredholm alternative may be applied. As a result we know the set of eigen-

values is countable and has no finite limit points. For every λ which is not an eigenvalue

of L0 we may construct a Green’s function G(y, ξ, λ) associated to the operator L0 − λI.

This is a meromorphic function in λ whose poles are precisely the set of eigenvalues of

the operator L0.

Now the inverse operator to L0 − λI is given by an integral operator whose kernel is

the associated Green’s function G(y, ξ, λ) introduced above. The action of (L0 − λI)−1

on a function v(y) is given by (L0− λI)−1v(y) =
∫
G(y, ξ, λ)v(x) dξ. We may now define

(L0− c0I)|−1
Π through this action by taking the limit as λ approaches c0. This provides us

with the solution to problems of the form L0v = f which is v(x) = lim
λ→c0

∫
G(y, ξ, λ)f(ξ) dξ.

This gives meaning to the right hand side of the above relation, provided that c1 is

found as specified above, and so f1 is also well-defined. We now give the resulting formula

for the first order of the eigenfunction perturbation.

f1 =
(
L0 − c0I

)
|−1
Π

(
ik3c1f0 − ikc1f

′′
0 + 4ik3c2

0tf0 − 2k2c0f0

− ν{8k4c0tf0 + 4ik3f0 − 8k2c0tf
′′
0 − 4ikf ′′0 }

− 6ik3c0Utf0 + 2k2Uf0 + 2ikc0Utf
′′
0 − 2Uf ′′0 − 2ikc0U

′′tf0 − 2U ′f ′0
)

Continuing this approach would yield higher orders of the perturbation, which we will not
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include here. What we have obtained is a first order approximation to the solution of the

perturbed eigenvalue problem with a localization to a station downstream where r = α−1

has been assumed to hold precisely.

We find it of possible interest to note that if one introduces a constant τ and

instead of αr = 1 we require that αr = τ−1 one can produce via a similar computation

corrections to the eigenvalue and eigenfunction which have τ dependence, producing a

continuum of branches of perturbations to the localized one-dimensional eigenvalue prob-

lem.

As a final remark we note that if the eigenvalue c0 happens to be unstable then the

perturbed eigenvalue obtained by the above approach will also be unstable for small

enough α.
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Chapter 15

Conclusion

In this thesis we have demonstrated a rigorous foundation for the study of the

linear stability problem for regularized Jeffery-Hamel flows in the half plane or the whole

plane. We have obtained a mathematically precise description of the solutions of the

linearized perturbation equation and their properties. Motivated by the work of Drazin

and McAlpine on the stability problem, we have analyzed the one-dimensional eigenvalue

problem suggested by the formal asymptotics outlined in their work.

The primary contribution of this work is the well-posedness of the evolution equations

for a perturbation of a regularized Jeffery-Hamel solution in a weighted Lebesgue space

L2
ρ(Ω) with the radial weight ρ(x) = (1 + |x|2)γ/2 for a suitable range of the exponent γ.

The arguments presented apply to regularized Jeffery-Hamel solutions having zero flux

in the case of a half plane or to regularized Hamel solutions having zero flux in the case

of a whole plane. The first step is to prove an a priori estimate for the solutions of the

linearized perturbation equation using a variational argument which in the case of the half

plane uses the property of maximal Lp-regularity to avoid having to estimate the pressure

directly. Existence is then shown by a suitable approximation method. Next by viewing

the linearized perturbation equation as a perturbed Stokes problem, we have shown that

the perturbed Stokes operator is the generator of a C0 semigroup. This argument utilized
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weighted Lp estimates of the Stokes semigroup which were proved recently by Kobayashi

and Kubo. The strong continuity of the semigroup guarantees the solutions found earlier

are unique. We then gave an argument based on the Ukai solution in IR2
+ which shows

that the semigroup generated is in fact analytic.

Additionally, we have considered the problem of linear stability, and using an approach

due to Drazin and McAlpine we have described some formal asymptotics under which

the stability problem can be reduced to a one dimensional Orr-Sommerfeld type problem,

in a small angle limit viewed at a location which is suitably far downstream. For this

degenerate problem we give a self-consistent asymptotic expansion and compute the first

order correction to the eigenvalue. The fact that this degenerate problem occurs suggests

that it would be of interest to study the Orr-Sommerfeld problem with the various other

profiles coming from Jeffery-Hamel solutions in order to attempt to answer the stability

question for each type of profile. If the framework of localization used in the last chapter

could be used to rigorously construct a sequence of approximate eigenfunctions, it may

be possible to answer the question of linear stability.

There are many other technical topics which remain for future study. Only one fam-

ily of Muckenhoupt weights was used in this study and our arguments may certainly be

generalized to a wider class of weight functions. Additional information about the Stokes

operator itself would be particulary useful. For instance, there is the question of gener-

alizing the results of Fröhlich to infinite wedge domains whose openings are of arbitrary

angles, and then generalizing the results in our work to those domains. The most central
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technical issue is the singularity of the Jeffery-Hamel profiles. It remains to address even

the well-posedness of the linear stability problem for the profiles without smoothing in a

neighborhood of the origin.

Many of the arguments in our work are also limited to a regularized class of profiles

which have zero flux, thereby excluding those profiles studied by Drazin and McAlpine

which seem to be of primary interest. Obtaining a similar set of properties for such profiles

requires a different approach since they may not be regularized in the same fashion. This

presents an obstacle to the study of profiles which consist of purely outflow, which seem

natural and are probably of much physical interest. An approach to treat these profiles

could involve either improving the estimates to deal with the singularity at the origin, or

some other way of circumventing the singularity.

Perhaps the most interesting question is to determine if there is a way to rigorously con-

nect stability information for Jeffery-Hamel flows with that of Krylov’s famous stability

analysis of Poiseuille flow in a channel. This question has been identified by many people

who have worked on this problem and is partially addressed by Drazin and McAlpine, who

provide a self-consistent asymptotic expansion for the perturbation of the basic stream

function and suggest a formal limit under which the problem degenerates to a one di-

mensional problem. While we have now analyzed this degenerate problem, it remains

of interest to make precise the mathematical nature of the connection between the one

dimensional degenerate problem and the full two dimensional problem.
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