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This dissertation applies and extends the techniques of formal algebraic

geometry in the setting of certain “smooth” associative algebras and their glob-

alizations, noncommutative manifolds, roughly ringed spaces locally modeled

on the free associative algebra. We define a notion of noncommutative coor-

dinate system, which is a principal bundle for an appropriate group of local

coordinate changes. These bundles are shown to carry a natural flat connection

with properties analogous to the classical Gelfand-Kazhdan structure.

Every noncommutative manifold has an underlying smooth variety given

by abelianization. A basic question is existence and uniqueness of noncommu-

tative thickenings of a smooth variety, i.e., finding noncommutative manifolds

abelianizing to a given smooth variety. We obtain new results in this direction

by showing that noncommutative coordinate systems always arise as reduc-

tions of structure group of the commutative bundle of coordinate systems

vi



on the underlying smooth variety; this also explains a relationship between

D-modules on the commutative variety and sheaves of modules for the non-

commutative structure sheaf.

The lower central series invariants Mk of an associative algebra A are

the two-sided ideals generated by k-fold nested commutators; the Mk give a

decreasing filtration of A. We study the relationship between the geometry of

X = SpecAab and the associated graded components Nk of this filtration. We

show that the Nk form coherent sheaves on a certain nilpotent thickening of X,

and that Zariski localization on X coincides with noncommutative localization

of A. We then construct the Nk in terms of the bundle of coordinate systems

on X and the Nk invariants for the free associative algebra; in particular, since

this is independent of A, we exhibit the Nk as natural vector bundles on the

category of smooth schemes.
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Chapter 1

Overview of the Dissertation

1.1 Introduction

My thesis work extends the theory of formal algebraic geometry to the

study of certain smooth associative algebras and their globalizations, non-

commutative manifolds; this is a rich class of objects from noncommutative

algebra including quasi-free algebras [13], path algebras of quivers, and non-

commutative versions of Grassmannians. Given an associative algebra A, we

define its lower central series L1(A) = A, and Lk(A) = [A,Lk−1(A)]; then

Mk(A) = ALk(A)A is a sequence of ideals defining a descending filtration

on A. M. Kapranov proposed a theory of noncommutative (NC) geometry

built on algebras which are complete for this filtration and satisfy an analogue

of Grothendieck’s formal smoothness; such algebras A are called NC-smooth

algebras [25]. The completeness assumption allows us to define stalks of A

as a sheaf over X = SpecAab, the spectrum of its abelianization. We glob-

alize NC-smooth algebras to NC-manifolds, defined as sheaves of associative

algebras over a smooth variety X whose (completed) stalks are isomorphic to

the (completed) free associative algebra and which abelianize to OX . Unless

otherwise specified, all algebras and schemes are defined over C.
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The literature on lower central series (for example [16, 14, 1, 8, 7, 3]),

which related Nk(An) = Mk(An)/Mk+1(An) to the Lie algebra of formal vector

fields, led to a conjecture that these invariants would be related to the bundle of

coordinate systems on the abelianization. In the course of writing the paper

[24], we were directed to a class of associative algebras amenable to study

via formal geometry, called locally free algebras. These algebras have global

counterparts, noncommutative manifolds.

For a locally free algebra A, we view the components Nk(A) as a version

of the normal cone to the closed immersion i : X = SpecAab ↪→ “ SpecA′′.

The perspective of the paper [24], on which Chapter 2 is based, is that this

particular degeneration of the formal neighborhood of i can be understood

in terms of the formal geometry of X. This yields a description of Nk(A)

depending only on X, that is, independent of A; informally, we say that the

normal cone of abelianization is canonically associated to any smooth variety.

We also deduce algebraic consequences, for example regarding the Hilbert

series of the Nk.

The aim of [28], on which Chapter 3 is based, is to develop a version

of formal geometry able to describe the full formal neighborhood of the closed

immersion i. To this end, we define a notion of noncommutative coordinate

system, which are certain principal bundles for the automorphism group of the

completed free algebra. We mimic certain constructions from classical formal

geometry, which relate, for example, sheaves on NC-manifolds to D-modules

on the abelianization.
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1.2 Survey of Results

Noncommutative Coordinate Systems

I developed a theory of noncommuative formal geometry [28], extending

key features of the classical theory [6] to the study of NC-manifolds [25, 29].

I also gave a description [24] of the lower central series invariants of NC-

manifolds in terms of the formal geometry of the abelianizations.

Noncommutative manifolds always have underlying smooth varieties

via abelianization of their structure sheaves. Given a smooth variety X, a

basic question is of existence and uniqueness of NC-manifolds which abelianize

to X; we call these NC-thickenings of X. Let dimX = n and denote by Hn

(respectively Gn) the automorphism group of the complete free associative

algebra (respectively the complete free commutative algebra) on n generators.

One main result of [28] gives an equivalence between NC-thickenings of X and

noncommutative coordinate systems on X, which are certain principal Hn-

bundles. As a corollary I reduce this existence question to seeking a reduction

of structure group of the (classical) bundle of coordinate systems M on X from

Gn to Hn. This gives a new criterion for existence of NC-thickenings via the

following

Corollary 3.5.2. A smooth variety X admits an NC-thickening if and only if

AssocM(G+
n /H

+
n ) has global sections.

This motivates the study of the associated bundles AssocM(G+
n /H

+
n ). I

also construct a flat connection on noncommutative coordinate systems corre-

sponding to the Gelfand-Kazhdan structure in commutative formal geometry.
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Combining the above constructions, I obtain the following description

of NC-thickenings of X. NC-thickenings A of X are given by commutative

diagrams of the form

XdR

{{

q

##
BHn

// BGn

where q classifies M, and XdR denotes the de Rham stack of X [30, 20]. This

stack has the property that QC(XdR) is the category of D-modules on X.

Using the theory of sheaves of categories [19], the diagram easily yields a

functor D(X)→ A-mod from D-modules on X to sheaves of A-modules. This

functor was constructed in [29], and this diagram is an abstract explanation

for its existence.

Degeneration to Associated Graded

Let A be an NC-smooth algebra and Aab its abelianization. My joint

work with D. Jordan studies the associated graded components to the lower

central series Nk(A) = Mk(A)/Mk+1(A). One main theorem of [24] describes

Nk(A) in terms of the formal geometry of X = SpecAab. It is shown that the

components Nk(Ân) for the completed free algebra Ân are modules for Gn, and

that the associated graded algebra grM(Ân) is an algebra object of QC(BGn).

We show

Theorem 2.4.6. If X = SpecAab is affine with NC-thickening A, then

grM(A) ∼= Γ

(
X,
(
M×Gn grM(Ân)

)∇)
,
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where (−)∇ denotes the sheaf of flat sections.

In particular, although NC-thickenings do not exist for arbitrary smooth

varieties, every smooth variety carries a sequence of canonically defined vector

bundles coming from the Nk(A) (natural vector bundles in the language of

[24]).

The paper [28] contains the following categorification. The action of

Gn on grM(Ân) implies that the category grM(Ân)-mod carries an action of

Gn (see [18, 17]). There is a natural notion of an associated sheaf of categories

to a Gn-bundle (see [19, 18]), and we show

Theorem 3.6.5 (Informal). There is an equivalence of categories

grM(A)-mod(QC(X))
∼→ Γ(X,AssocM(grM(Ân)-mod)∇).

Below, let A be any finitely generated algebra over a field of charac-

teristic not 2 or 3. We first construct an affine variety which is a nilpotent

thickening of the (for this subsection, possibly singular) variety X:

Proposition 2.2.3. The product a ? b = 1
2

(ab+ ba) is associative and commu-

tative on A/M3(A) and makes each Nk(A) into a finitely generated module

over A? = (A/M3(A), ?).

We prove a strong locality statement for the coherent sheaves Nk(A)

on SpecA?:

Theorem 2.3.1. Fix a multiplicative subset S ⊂ Aab without zero divisors, and

5



let S be its preimage in A. The map

m : A?[S
−1]⊗A? Nk(A)

∼→ Nk(A[S−1])

a⊗ n 7→ an

is an isomorphism.

This locality result has a number of corollaries which hold in the great

generality above.

Corollary 2.3.7. Suppose X = SpecAab is a zero or one dimensional scheme

with finitely many non-reduced points. Then each Nk(A) for k ≥ 2 is finite

dimensional.

Corollary 2.3.8. Suppose A is the quotient of a free algebra on generators

x1, . . . , xn in degrees d1, . . . , dn, by a collection of homogeneous noncommuta-

tive polynomials, so that A is graded by degree. Then the Hilbert series for

each Nk(A) is a rational function, with poles at dthi roots of unity.
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Chapter 2

An Algebro-Geometric Construction of Lower

Central Series of Associative Algebras

This chapter was written in collaboration with David Jordan1.

2.1 Introduction

In [25], Kapranov proposes the following viewpoint on non-commutative

algebraic geometry. Given a non-commutative algebra A with abelianiza-

tion Aab, the natural surjection A � Aab can be understood as an inclusion

X = Spec(Aab) ↪→ Spec(A), where Spec(A) is the (would-be) spectrum of the

algebra A. Kapranov then proposes to study so-called NC-complete algebras:

the NC-completion of an algebra A is the “formal neighborhood” to the em-

bedding X ↪→ Spec(A); thus considering NC-complete algebras A amounts to

studying formal thickenings of X into a non-commutative scheme.

A basic invariant of a non-commutative algebra A is its lower central

series, the descending filtration L• = L•(A) by Lie ideals, defined recursively

1Citation: David Jordan and Hendrik Orem. An Algebro-geometric Construction of
Lower Central Series of Associative Algebras. International Mathematics Research Notices,
2014. All research was done collaboratively by the two authors.
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as follows:

L1 := A, Lk := [A,Lk−1].

In other words, Lk is spanned by iterated commutators, [a1, [a2, [· · · [ak−1, ak] · · · ],

for ai ∈ A. The lower central series ideals are Mk := ALkA = ALk, and the

associated graded components are Nk := Mk/Mk+1. In particular, we have

N1 = Aab = O(X). In fact, the components Nk depend only on the NC-

completion of A, so they are really invariants of Kapranov’s formal neighbor-

hood of X in A, rather than of A itself.

For several years, evidence has been mounting that – despite their ori-

gin in non-commutative algebra – the associated graded components Nk, and

their Lie analogs Bk := Lk/Lk+1, should admit descriptions in terms of the

commutative algebraic geometry of X = Spec(A/M2). The first such evidence

was provided by Feigin and Shoikhet [16] for the free algebra, An, on n gen-

erators. They constructed an isomorphism An/M3
∼= Ωev(An), identifying the

first two components N1⊕N2 with the space of even-degree differential forms

on X = Cn, with Fedosov quantized product (see Example 2.2.6). In [14]

and [15], it is shown more generally that the components Bk(An) and Nk(An),

respectively, are finite extensions of tensor field modules on An, with respect

to a natural action of the Lie algebra Wn of polynomial vector fields. The

papers [1], [3], [2], [7], [8], [27], all apply geometric techniques echoing [16] to

compute Bk(A) and Nk(A) in various special cases. Geometric aspects of the

related commutator filtration F • studied in [25] are further developed in [11]

and [10].
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The present paper aims to explain the geometric nature of the lower

central series filtration in two essential ways: Firstly, we prove that the com-

ponents Nk(A) are Zariski local on X, and are in fact coherent sheaves on a

certain canonical nilpotent thickening of X. Secondly, under the assumption

that A is locally free – in particular, for Kapranov’s NC-manifolds, and for

formally smooth (a.k.a quasi-free) algebras of Cuntz-Quillen [13] – we give

an alternative construction of the lower central series in terms of the formal

geometry of X. This construction implies that Nk(A) is not only local on

X, but it is in fact formal: Nk(A) is completely determined by its value in a

formal neighborhood of any point x ∈ X, which in turn has a universal answer

depending only on the dimension of X.

An outline of the paper is as follows. In Section 2.2, for an arbitrary

finitely generated algebra A, we begin by introducing a commutative product

on the quotient A/M3 as follows:

Proposition 2.2.3. The star-product, a?b := 1
2
(ab+ba), is associative and com-

mutative on A? := (A/M3, ?), and makes each Nk(A) into a finitely generated

A?-module.

Kapranov has shown in [25] that NC-complete algebras A admit flat

Ore localizations with respect to multiplicative subsets S ⊂ A/M2 without

zero divisors. Our first main result – the content of Section 3 – is that Ore

localization of an algebra A coincides with the ordinary, commutative local-

ization on the A?-module Nk(A):

9



Theorem 2.3.1. Fix a multiplicative subset S̄ ⊂ (A/M2) without zero divisors,

and let S := π−1(S̄) ⊂ A. The map,

m : A?[S
−1]⊗A? Nk(A)

∼−→ Nk(A[S−1]),

a⊗ n 7→ an,

is an isomorphism.

The significance of this theorem is that it allows us to work with Nk(A)

as a coherent sheaf Ñk(A) on X?, applying tools from commutative algebraic

geometry, such as localizations, completions, and Hilbert’s syzygy theorem,

to perform computations. Let Ân denote the degree completion of the free

algebra An. As applications of Theorem 2.3.1 we have:

Corollary 2.3.6. The completion Nk(A)(mx) at any smooth point x ∈ Xsm is a

quotient of Nk(Ân), where n = dimX.

Corollary 2.3.7. Suppose that X = Spec(A/M2) is a zero or one dimensional

scheme with finitely many non-reduced points. Then each Nk(A) is finite

dimensional, for k ≥ 2.

Corollary 2.3.8. Suppose A is the quotient of a free algebra on generators

x1, . . . , xn in degrees d1, . . . dn, by a collection of homogeneous non-commutative

polynomials, so that A is graded by degree. Then the Hilbert series for each

Nk(A) is a rational function, with poles at dith roots of unity.

In Section 4, we turn our attention to locally free algebras.

10



Definition 2.1.1. An algebra A is called locally free of rank n if, for every

x ∈ X, there exists an isomorphism A(mx+M2)
∼= Ân.

Example 2.1.1. There are many examples of locally free algebras:

(i) The free algebra An is locally free of rank n.

(ii) The coordinate algebra O(X) of any connected smooth affine curve X is

locally free of rank one.

(iii) The free product of locally free algebras of ranks m and n is locally free

of rank m+ n.

(iv) For any smooth complete intersection X = C[x1, . . . , xn+m]/〈f1, . . . , fm〉,

the algebra A = An+m/〈f̃1, . . . , f̃m〉, where each f̃i ∈ fi + M2, is locally

free of rank dimX = n.

(v) If A is locally free, and if S̄ is any multiplicative subset of A/M2 without

zero divisors, then A[S−1] is locally free, where S = π−1(S̄).

(vi) Any NC-smooth algebra (see [25], Proposition 1.5.1), including Kapra-

nov’s NC-smooth thickenings of any finitely generated smooth commu-

tative algebra (see [25], Proposition 1.6.1), is locally free.

(vii) Any formally smooth (a.k.a quasi-free) algebra is locally free, by the

formal tubular neighborhood theorem ([13], Section 6, Theorem 2).

Remark 2.1.1. We have isomorphisms:

(A/M2)(mx)
∼= A(mx+M2)/M2

∼= Ân/M2
∼= C[[x1 . . . xn]].

11



Thus if A is locally free of rank n, then X is smooth of dimension n.

Under these assumptions, we give a completely new construction of

Nk(A) in the language of formal geometry on X. Given a module M over

the Lie algebra Wn, which satisfies certain finiteness conditions, we have the

globalization GLX(M), a sheaf on X which “spreads” M around X, using the

Wn-action to produce transition functions (see Section 2.4.3 for a review of

formal geometry). Our second main result is:

Theorem 2.4.6. We have Ñk(A) ∼= GLX(Nk(Ân)) as vector bundles on X. In

particular, we have Nk(A) ∼= Γ(X,GLX(Nk(Ân))), as U(V ect(X)) n O(X)-

modules.

Combining Theorems 2.3.1 and 2.4.6, we exhibit Nk as a natural vector

bundle - a functorial assignment to any smooth scheme X of a vector bundle

over X; remarkably this characterization is completely independent of the

choice of locally free lift A. It is well known that the category of natural vector

bundles is equivalent to the category of finite dimensional representations of

vector fields on a formal disc vanishing at the origin; this allows us to reduce

the problem of describing the components Nk for all locally free algebras of

a given rank to a single, finite dimensional problem in representation theory;

some example computations are given at the end of Section 2.4.3.
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2.2 Preliminaries

For the remainder of the paper, A denotes a finitely generated associa-

tive algebra, and X := Spec(A/M2(A)).

2.2.1 NC-nilpotent algebras and localizations

In this subsection, we compare the filtration of A by lower central series

ideals to Kapranov’s NC-filtration [25].

Definition 2.2.1. We consider the following filtrations on A:

1. The lower central series filtration L• is defined recursively by L1 =

A,Lk := [A,Lk−1].

2. The associative lower central series filtration M• is defined by Mk :=

ALkA = ALk.

3. The NC-filtration F• is defined by Fk =
∑

i1+···+im=k−mMi1 · · ·Mim .

We denote by Bk := Lk/Lk+1, Nk := Mk/Mk+1 the associated graded compo-

nents of each filtration.

13



Remark 2.2.1. In Sections 2.3 and 2.4 we apply geometric techniques to the

graded components of the filtration Mk. The same results in fact hold for the

associated graded components of Fk, with easier proofs (compare, for example,

Theorem 2.3.1 with Theorem 2.1.6 of [25]).

Definition 2.2.2. An algebra A is Lie complete (resp, NC-complete) if it is

complete in the topology induced by the filtration M• (resp, F•). Similarly, A

is Lie nilpotent (resp, NC-nilpotent if MN(A) = 0 (resp, FN(A) = 0) for some

N .

Clearly, we have that Mk ⊂ Fk−1. Conversely, ([23], Theorem 2) proves

that for any finitely generated algebra, and any k, there exists N such that

MN
2 ⊂Mk. In particular, FN ⊂Mk. Thus we have:

Claim 2.2.1. A finitely generated algebra A is NC-complete if, and only if, it

is Lie complete. Similarly, A is NC-nilpotent if and only if it is Lie nilpotent.

Following [25], we will use the term NC-nilpotent for what is called Lie

nilpotent in [15].

Proposition 2.2.2. Suppose A is NC-nilpotent. Let S ⊂ (A/M2) be a finitely

generated multiplicative set without zero divisors, and define S = π−1(S),

where π : A→ A/M2 is the quotient map.Then:

(1) S satisfies the Ore condition.

(2) A[S−1] is finitely generated.

14



(3) A[S−1] is NC-nilpotent.

Proof. Claim (1) is precisely Proposition 2.1.5 in [25]. By Claim 2.2.1, F• and

M• induce the same completion, and hence A is nilpotent for one filtration if

and only if it is nilpotent for the other. Claim (3) thus follows from Theorem

2.1.6 in [25].

To establish finite generation, we show that (S + M2)−1 is generated

by A and S−1. For s ∈ S and m ∈ M2, we express (s + m)−1 as a geometric

series,

(s+m)−1 = s−1(1 + s−1m)−1

= s−1

(∑
i≥0

(−s−1m)i

)
,

which is seen to be a finite sum using the NC-nilpotence of A, and identity

(2.1.7.2) in [25]:

ms−1 = s−1m+ s−2[s,m] + s−3[s, [s,m]] + · · ·

2.2.2 The algebra A?

The algebra A/M3 carries a commutative multiplication, in addition to

the non-commutative multiplication induced from A. We have:

Proposition 2.2.3. The star-product, a ? b := 1
2
(ab + ba), is associative on

A? := (A/M3, ?), and the action a ? n := 1
2
(an + na), for a ∈ A?, n ∈ Nk(A)

makes each Nk(A) into an A?-module.

15



The proof of Proposition 2.2.3 depends on the following two lemmas:

Lemma 2.2.4 (Corollary 6.4 in [3]). If i is odd, then MiMj ⊂Mi+j−1.

Lemma 2.2.5. We have the containment [A, [A,Mk]] ⊂Mk+1.

Proof. We let a, b, c ∈ A, d ∈ Lk, and apply Leibniz identity:

[a, [b, cd]] = [a, [b, c]d] + [a, c[b, d]] = [a, [b, c]]d+ [b, c][a, d] + [a, c[b, d]].

Applying Lemma 2.2.4, we have that all three terms on the right are in Mk+1.

Proof of Proposition 2.2.3. Though this result is standard (see e.g. [22]), we

include a proof here since it is short and illustrative. To see that ? is associa-

tive, we compute:

(a?b)?c−a?(b?c) =
1

4
((ab+ ba)c+ c(ab+ ba)− a(bc+ cb)− (bc+ cb)a) =

1

4
[b, [a, c]],

and thus associativity holds, modulo M3.

The containment M3Mk ⊂ Mk+2 of Lemma 2.2.4 shows the map of

vector spaces A/M3 ⊗ Nk → Nk is well-defined. Associativity of the action

follows from Lemma 2.2.5; for n ∈Mk, we have:

(a ? b) ? n− a ? (b ? n) =
1

4
[b, [a, n]] = 0 mod Mk+1.

Definition 2.2.3. We denote by A? the algebra (A/M3, ?), and we let X? :=

SpecA?.
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Example 2.2.6. When A = An, the Feigin-Shoikhet isomorphism [16] iden-

tifies A/M3 with the algebra Ωev(Cn) of even degree differential forms on Cn,

equipped with the Fedosov quantized product,

ων := ω ∧ ν + dω ∧ dν.

In this case A? is the commutative algebra of even-degree differential forms,

with ordinary product.

2.2.3 Remark on the Choice of Filtration

The results of this subsection are not used elsewhere, but help to unify

the settings of [25], [29], and [24].

We remarked above that the commutator filtration Mk with respect

to which we define completeness is different from that of [25], denoted Fk,

but that they induce equivalent topologies (see [24], claim 2.4). Yet another

filtration appears in [29]: it was observed in [10] that there is a gap in the proof

of theorem 4.1.3 in [25], necessary for concrete descriptions of the associated

graded components of the filtration in loc. cit. in terms of certain polynomial

functors Qd. The authors of [29] chose a filtration such that they could describe

these components.

The paper [10] of Cortiñas corrected the proof in [25] in the case of

local algebras. We will not define the maps Qd used in the description below,

as for our purposes it suffices to note that the Qd are polynomial functors. We

will use Cortiñas’ result to give a conjectural argument for correcting
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Conjecture; Theorems 4.2.1 and 4.1.3 of [25]. For A an NC-smooth algebra,

grkF (A) ∼= Qk
A/M2

(Ω1
A/M2

).

We will denote X = SpecA/M2. The argument will use formal geom-

etry applied to the theorem for local algebras; we collect the necessary facts:

Lemma 2.2.7 ([25]). grkF commutes with lifts of Zariski localizations in X =

SpecA/M2 to A.

Lemma 2.2.8. Any isomorphism A/M2
∼→ Ân/M2 = Ôn induces a canonical

isomorphism

grkF (A)
∼→ grkF (Ân).

The same holds for algebra derivations.

Proof. The proof is the same as lemma 4.25 in [24], modified for Fk rather

than Mk.

Thus each grkF (Ân) is a module for the pair 〈gn, G+
n 〉. For the definition

of natural vector bundles and the functor GLX we refer the reader to sections

4.2 and 4.3 of [24], or to later in this chapter. It would be enough to prove the

following statement:

Claim 2.2.9. Let F be a polynomial functor on the category of vector spaces,

and V a represenetation of 〈gn, G+
n 〉. Then

F (GLX(V ))
∼→ GLX(F (V )).
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In particular, F induces an endofunctor of the category of natural vector bun-

dles.

To prove the claim, one only has to check that F (GLX(V )) is still a

natural vector bundle, but we have not yet done this.

2.3 Lower central series components as coherent sheaves
on X?

Throughout this section we assume that A is an NC-nilpotent algebra,

with MN(A) = 0. In the previous section, we endowed each Nk(A) with the

structure of a module for the commutative algebra A?, and hence obtained

a quasi-coherent sheaf Ñk on X?. On the other hand, Nk also determines a

pre-sheaf on X? by the assignment on affine opens US̄ ⊂ X? 7→ Nk(A[S−1]).

The purpose of this section is to show that the two pre-sheaves obtained this

way coincide; this is the content of:

Theorem 2.3.1. Fix a multiplicative subset S̄ ⊂ (A/M2) without zero divi-

sors, and let S := π−1(S̄) ⊂ A. The map,

m : A?[S
−1]⊗A? Nk(A)

∼−→ Nk(A[S−1]),

a⊗ n 7→ an,

is an isomorphism.

Remark 2.3.1. It follows from [15], Theorem 2.1, that Nk(A) is finitely gener-

ated over A/M3 in the case that A is a free algebra of finite rank, and thus
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whenever A is finitely generated. Thus each Nk(A) is a coherent sheaf over

X?.

Remark 2.3.2. We note that there is no loss of generality in assuming A is

NC-nilpotent: we have Nk(A) ∼= Nk(A/Mk′) for k′ > k; this allows us to apply

Theorem 2.3.1 to an arbitrary finitely generated algebra by first quotienting

by sufficiently large Mk′ .

The remainder of this section is devoted to proving Theorem 2.3.1. We

will make repeated use of the following computation:

Lemma 2.3.2. Let f ∈ A invertible. Then we have: [f−1, g] = −f−2[f, g]

mod M3(A).

Proof. We compute:

0 = f−1[f−1f, g]

= f−1(f−1[f, g] + [f−1, g]f)

= f−1(f−1[f, g] + f [f−1, g] + [[f−1, g], f ])

= f−2[f, g] + [f−1, g] + f−1[[f−1, g], f ].

Remark 2.3.3. In the Feigin-Shoikhet isomorphism A/M3
∼= Ωev(Cn), a com-

mutator [f, g] is sent to the two-form 2df ∧ dg. We note that Lemma 2.3.2

is compatible with the Feigin-Shoikhet isomorphism, via the identity d( 1
f
) =

−1
f2
df .
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For elements a1, . . . , al ∈ A, we denote by Mk(a1, . . . , al) the image of

Mk(Al) under the homomorphism Al → A, given by xi 7→ ai.

Lemma 2.3.3. For m ∈Mk, the expression

[b, d][a,m] + [a, d][b,m] (2.1)

lies in Mk+2.

Proof. The expression maps to zero under the Feigin-Shoikhet map, so it lies

in M3(a, b, d,m). The space M3(a, b, d,m) is spanned by the elements:

m[a, [b, d]], a[b, [d,m]], [a, [b, dm]], [ab, [d,m]], [a, [bd,m]],

together with their permutations in the symbols a, b, d. We have m[a, [b, d]] ∈

MkM3 ⊂Mk+2, by Lemma 2.2.4 while the remaining elements lie in Mk+2, by

Lemma 2.2.5.

Theorem 2.3.4. For k odd, we have:

[A, [A, S−1Mk(A)]] ⊂ S−1Mk+2(A) +Mk+3(A[S−1]).

Proof. Let T = S−1Mk+2(A) + Mk+3(A[S−1]). We need to show that, for

a, b ∈ A, d ∈ S, and m ∈ Mk(A), we have [a, [b, d−1m]] = 0 mod T. The

proof consists of moving d−1 out of the nested commutator, modulo terms in
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Mk+3(A[S−1]). We compute:

[a, [b, d−1m]] = [a, [b, d−1]m] + [a, d−1[b,m]] (2.2)

= −[a, d−2[b, d]m] + [a, d−1[d−1, [b, d]]m] (2.3)

+ [a, d−1][b,m] + d−1[a, [b,m]] (2.4)

= −[a, d−2[b, d]m] + [a, d−1][b,m] (2.5)

+ d−1[a, [b,m]] mod Lk+3(A[S−1]) (2.6)

In passing from equation (2.2) to (2.4), we have manipulated the first term as

in the proof of Lemma 2.3.2, and applied Jacobi identity to the second term.

Because k is odd, Theorem 1.3 of [3] implies that the second term in (2.4) lies

in [A,M3Mk] ⊂ [A,Mk+2] ⊂ Lk+3(A[S−1]), so it is zero modulo T . The third

summand in equation (2.6) lies in T , so may be ignored. Expanding the first

summand of equation (2.6) with the Leibniz rule, and applying Lemma 2.3.2

to the second, we obtain:

[a, [b, d−1m]] = −d−2[a, [b, d]m]− [a, d−2][b, d]m− d−2[a, d][b,m] mod T.
(2.7)

Applying Lemma 2.3.2 to the second RHS term of (2.7) gives:

2d−3[a, d][b, d]m ∈ S−1M3(A)Mk(A) ⊂ S−1Mk+2(A) ⊂ T,

as in the proof of Lemma 2.3.3. Thus we have:

[a, [b, d−1m]] = −d−2 ([a, [b, d]m] + [a, d][b,m]) mod T

= −d−2 ([b, d][a,m] + [a, d][b,m])− d−2[a, [b, d]]m mod T,
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by the Jacobi identity. By Lemma 2.3.3 the first expression lies in

S−1Mk+2(A) ⊂ T ; by Lemma 2.2.4, the second expression does as well.

Corollary 2.3.5. We have:

1. Mk(A[S−1]) = A[S−1]⊗AMk(A) +Mk+1(A[S−1]).

2. Mk(A[S−1]) = A[S−1]⊗AMk(A).

Proof. Assertion (2) follows by repeatedly applying (1), and using that A[S−1]

is NC-nilpotent. For (1), we consider an arbitrary generator of Mk(A[S−1]),

v = a[l1, [l2, [. . . [lk−1, lk] · · · ],

where the li are some monomials in the generators of A[S−1]. If each li lies in

A, there is nothing to prove; thus, we suppose that li = l̃if
−1, for some l̃i ∈ A,

f ∈ S, and i ∈ I. By repeated use of Jacobi identity, we may assume that

i = k.

By repeatedly applying Theorem 2.3.4, we may pull the f−1 out of the

nested commutator two slots at a time, until we are left with expressions of

the form:

af−1[l′1, [l
′
2, . . . [l

′
k−1, l

′
k] · · · ], if k is odd, or

a[l′1, f
−1[l′2, . . . [l

′
k−1, l

′
k] · · · ], if k is even,

where we have ignored any additional terms produced which lie inMk+1(A[S−1]).
In the first case, there is one less inversion in the iterated commutator expres-
sion, so by induction v lies in A[S−1]⊗AMk(A)+Mk+1(A[S−1]). In the second
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case, we compute, using the Jacobi identity:

a[l′1, f
−1[l′2, . . . [l

′
k−1, l

′
k] · · · ]

= af−1[l′1, [l
′
2, . . . [l

′
k−1, lk] · · · ] + a[l′1, f

−1][l′2, . . . [l
′
k−1, l

′
k] · · · ]

= af−1[l′1, [l
′
2, . . . [l

′
k−1, lk] · · · ]− af−2[l′1, f ][l

′
2, . . . [l

′
k−1, l

′
k] · · · ] mod Mk+1(A[S−1]).

The second summand above lies in M2Mk−1 ⊂ Mk, and both summands

feature one less inversion in the nested commutator, and so by induction lie

in A[S−1]⊗AMk(A) +Mk+1(A[S−1]).

Proof of Theorem 2.3.1. Having proved Corollary 2.3.5, the proof echoes The-

orem 2.1.6 of [25]. Namely, we have an exact sequence:

0→Mk+1 →Mk → Nk → 0. (2.8)

By Proposition 2.2.2, A[S−1] is a flat A-module; applying A[S−1] ⊗A − we

obtain:

0→ A[S−1]⊗AMk+1 → A[S−1]⊗AMk → A[S−1]⊗A Nk → 0. (2.9)

Combining this with Corollary 2.3.5, we obtain

A[S−1]⊗A Nk(A) ∼=
A[S−1]⊗AMk

A[S−1]⊗AMk+1

∼=
Mk(A[S−1])

Mk+1(A[S−1])
∼= Nk(A[S−1]).

(2.10)

Corollary 2.3.6. The completion Nk(A)(mx) at any smooth point x ∈ Xsm is

a quotient of Nk(Ân), where n = dimX.
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Corollary 2.3.7. Suppose that X = Spec(A/M2) is a zero or one dimensional

scheme with finitely many non-reduced points. Then each Nk(A) is a finite

dimensional vector space, for k ≥ 2.

Proof. By Theorem 2.3.1, each Nk(A) forms a coherent sheaf on X?. Over

any smooth, reduced point of X, the fiber is isomorphic to Nk(An) = 0, for

n = 0, 1; hence the sheaf is supported only over the singular and non-reduced

points of X, where it is of finite rank.

Remark 2.3.4. The assumption that there are finitely many non-reduced points

is necessary. For example, let A = k〈x, y〉/(y2). Then the set {[xl, y], l ≥ 1}

is linearly independent in N2. See [9] for an elaboration of this example, and

related examples.

Corollary 2.3.8. Suppose A is the quotient of a free algebra on generators

x1, . . . , xn in degrees d1, . . . dn, by a collection of homogeneous non-commutative

polynomials, so that A is graded by degree. Then the Hilbert series for each

Nk(A) is a rational function, with poles at dith roots of unity.

Proof. This follows immediately from Hilbert’s syzygy theorem for graded

modules over polynomial rings.

2.4 Formal geometry and locally free algebras

Throughout this section, we assume A is a finitely generated, locally

free algebra of rank n. We begin with a review of the basic constructions in

25



formal geometry, and then give an alternative construction of Nk(A) in terms

of the formal geometry on X. For background, we refer to [6], Section 3, whose

conventions we follow.

2.4.1 Harish-Chandra torsors

Let G be a pro-algebraic group, G = lim←−G
k. Let g = Lie(G) denote

the Lie algebra of G, and let ρ : M → X be a G torsor, that is, a scheme

M over X, equipped with a G action commuting with ρ, and inducing an

isomorphism G×M ∼= M×X M.

Definition 2.4.1. We say a G-module N is a pro-finite if we have N = lim←−N
k

of finite dimensional representations Nk of the algebraic groups Gk.

Throughout this section, we take all G-modules to be pro-finite.

Definition 2.4.2. Given a G-module N , the associated vector bundle NM on

X is:

NM := M×N/ {(m · g, v) ∼ (m, g · v)} . (2.11)

Remark 2.4.1. By construction, the fiber of NM over x ∈ X is non-canonically

isomorphic to N , and we have an isomorphism,

Γ(X,NM) ∼= Γ(M,M×N)G. (2.12)

We have an associated G-equivariant exact sequence of sheaves on M:

0→ TM/X → TM → ρ∗TX → 0 (2.13)
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which, by descent gives us an exact sequence of sheaves on X (known as the

Atiyah extension)

0→ gM
i−→ EM

j−→ TX → 0. (2.14)

Here gM denotes the bundle associated to the G-module g, as explained above.

Recall that a connection on M is a splitting θM : EM → gM. We will need to

consider a more general notion of connection, taking values in a larger Lie

algebra than g.

Definition 2.4.3. A Harish-Chandra pair 〈G, h〉 is a pro-algebraic group G,

together with a Lie algebra h with G-action, and a compatible inclusion ι :

g ↪→ h.

Definition 2.4.4. A connection θM for 〈G, h〉 is a map θM : EM → hM such

that ι = θM ◦ i. The pair (M, θM) is called a 〈G, h〉-torsor with connection.

Definition 2.4.5. For G connected, we say that an h-module N is a 〈G, h〉-

module if the induced action of g is integrated to an algebraic representation

of G.

Given a 〈G, h〉-torsor with connection (M, θM) a 〈G, h〉-module N , the

vector bundle NM carries a connection ∇, called the Harish-Chandra connec-

tion, given by the formula, for s ∈ Γ(U,NM) and ξ ∈ Γ(U,TX):

∇ξ(s) := ξ̃ · s− θM(ξ̃) · s,

where ξ̃ is any lift of ξ to EM; in fact ∇ξ is independent of the choice of lift.
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Remark 2.4.2. Given a pair 〈G, h〉, one can define a formal group H which

contains G and has Lie algebra h such that H/G is the formal neighborhood

of zero in h/g. Then there is an H-torsor associated to any G-torsor, and

splitting an analogue of (2.14) for this H-torsor is equivalent to a connection

on a 〈G, h〉-torsor as defined above.

2.4.2 Formal geometry

The fundamental example of a Harish-Chandra torsor we will use is the

bundle of formal coordinate systems, whose construction we now recall.

Let Dn denote the formal disc, Dn = spf(C[[x1, . . . , xn]]); denote the

unique maximal ideal by m0. We have the pro-algebraic group Aut(Dn) =

lim←−Aut
k(Dn), the inverse limit over k of the automorphism groups Autk(Dn)

of k-th order infinitesimal neighborhoods of the origin in An.

Let Wn denote the Lie algebra of vector fields on Dn, and let W 0
n denote

the subalgebra of vector fields vanishing at the closed point and more generally

let W k
n denote vector fields vanishing to order k + 1 at the closed point. In

other words, Wn is the Lie algebra of derivations of C[[x1, . . . , xn]], W 0
n is

the subalgebra preserving the augmentation ideal, and W k
n is the subalgebra

mk+1
0 Wn, under the natural C[[x1, . . . , xn]]-module structure on Wn. We have

an identification W 0
n = Lie(Aut(Dn)).

The following proposition is well known.

Proposition 2.4.1. A finite dimensional W 0
n-module N integrates to an Aut(Dn)-

module if, and only if, the Euler operator E =
∑
xi∂i acts diagonalizably
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with integer eigenvalues. Moreover, for such N there exists k such that the

Aut(Dn)-action on N factors through Autk(Dn).

Using the above proposition it is easy to confirm that all Wn-modules

encountered in this section give rise to 〈Aut(Dn),Wn〉-modules.

Example 2.4.2. Examples of pro-finite representations of Aut(Dn) coming

from geometry include power series rings M = k[[x1, . . . , xn]], and more gener-

ally, the completion of a natural vector bundle at a smooth point on a variety

of dimension n (see Section 2.4.3).

Definition 2.4.6. The bundle of formal coordinate systems MX on a smooth

scheme X of dimension n consists of pairs (x ∈ X, tx : X(x)
∼→ Dn). Projection

to the first factor makes MX a Aut(Dn)-torsor over X.

Remark 2.4.3. This definition is incomplete, in that it doesn’t define MX as a

scheme: in fact, MX has the structure of a scheme of infinite type over X, and

is locally trivial as a Aut(Dn)-torsor in the Zariski topology on X. We refer

the reader to [5], Sections 9.4.4 and 11.3.3, and [6], Section 3.1, for complete

definitions regarding the scheme structure on MX .

The action of Wn on C[[x1, . . . , xn]] defines a map,

ã : Wn ×MX → TMX/X ,

descending to an isomorphism,

a : (Wn)M
∼−→ EM.
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Definition 2.4.7. The bundle of flat formal coordinate systems on X is the

〈Aut(Dn),Wn〉-torsor, (MX , θMX
= a−1).

Remark 2.4.4. Given a 〈Aut(Dn),Wn〉-module N , and U ⊂ X over which NMX

trivializes, the Harish-Chandra connection NMX
|U = NMU

is given by:

∇ξ(s) = ds(ξ)− ξ ◦ s.

Thus a section s ∈ Γ(X,NMX
) is flat if the derivative, ξ(s), of s along the base

is simply the action of ξ in the fiber.

Definition 2.4.8. The globalization GLX(N) to X of a 〈Aut(Dn),Wn〉-module

N is the sheaf of flat sections of the associated bundle (NMX
,∇).

2.4.3 Natural vector bundles

A natural vector bundle is essentially a functorial assignment of a vector

bundle V(X)→ X, to every smooth X. More precisely, we have:

Definition 2.4.9. The category Smn has as objects smooth, finite-type formal

schemes, of dimension n, and as morphisms étale maps.

Remark 2.4.5. Thus, the category Smn is just general enough to encompass

both ordinary smooth algebraic varieties, as well as formal neighborhoods of

smooth points.

Definition 2.4.10. The category V Bn, of vector bundles with n-dimensional

base, has as objects pairs (X, V ) of a smooth, finite-type formal scheme X

of dimension n, and a vector bundle V → X over X. A morphism from
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(X, V ) to (Y,W ) is an étale map f : X → Y , together with an isomorphism

φ : V → f ∗(W ).

We have a forgetful functor F : V Bn → Smn, forgetting the vector

bundle.

Definition 2.4.11. A natural vector bundle V on n-dimensional schemes is a

functorial splitting of F , i.e. a functor G : Smn → V Bn, such that G ◦ F =

idSmn . A morphism of natural vector bundles is a natural transformation of

the corresponding functors. This defines the category, NVBn, of natural vector

bundles.

Semi-simple examples of natural vector bundles include: trivial vector

bundles, tangent and cotangent bundles, differential forms, polyvector fields,

and more generally any tensor bundle built from tangent and cotangent bun-

dles by Schur functors. Non-semi-simple examples include bundles of polyno-

mial differential operators of order ≤ k, for any k.

Definition 2.4.12. Let i0 : {0} ↪→ Dn denote the inclusion of the origin into

Dn. The standard fiber St(V) of V ∈ NVBn is St(V) = i∗0(V(Dn)).

Applying Definition 2.4.11, each automorphism g : Dn → Dn induces

an isomorphism φg : V(Dn) → g∗V(Dn). Since g preserves the closed point,

the assignment g 7→ φg defines an action of Aut(Dn) on St(V). Thus we have

the standard fiber functor:

St : NVBn → Aut(Dn)-modf ,
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to the category of finite dimensional algebraic Aut(Dn)-modules.

Conversely, given a finite dimensional algebraic Aut(Dn)-module N , the

assignment to each smooth scheme X of its associated bundle NMX
determines

a natural vector bundle, Assoc(N).

Proposition 2.4.3. The functors St and Assoc are mutually inverse equiva-

lences of categories.

Proof. Let M ∈ Aut(Dn) − modf . We have a natural isomorphism M
∼→

St ◦ Assoc(M), which simply identifies M with the fiber of the associated

bundle over the closed point.

For V ∈ NVBn, we now construct a natural isomorphism V →

Assoc(St(V)). Set G = Assoc ◦ St(V). Given X ∈ Smn, the data of a map

Ψ : G(X)→ V(X) is equivalent to that of a G-equivariant map Ψ̃ as shown:

MX

π

��

π∗G(X) Ψ̃ //

��

π∗V(X)

��
X G(X) Ψ // V(X)

��

with dashed arrows indicating the descent functor (i.e. takingAut(Dn)-invariants).

Note that any point (x, ϕ) ∈MX gives a map ϕx : St(V)
∼→ Vx, the fiber of V

at x ∈ X. Now let s be a section of π∗G(X) over MX . We define:(
Ψ̃(s)

)
(x, ϕ) := (x, ϕx(s(x))).

It is easy to see that Ψ̃ is a G-equivariant isomorphism, hence it induces an

isomorphism Ψ.
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Globalizations of certain Wn-equivariant ODn-modules provide an im-

portant source of natural vector bundles. We outline the construction now.

Definition 2.4.13. Let V ec(Dn/Wn) denote the category of finite rank

C[[x1, . . . , xn]]-modules with a compatible 〈Aut(Dn),Wn〉-module structure.

Remark 2.4.6. Equivalently, and object of V ec(Dn/Wn) is a finite rank

C[[x1, . . . , xn]]-module M with compatible Wn-action, such that the Euler op-

erator E acts diagonalizably with integer eigenvalues on the associated graded

module, gr(M) = ⊕kmk
0M/mk+1

0 .

We note that the globalization functor GLX applied to the Wn-module

C[[x1, . . . , xn]] yields jets of the structure sheaf OX , compatibly with the action

of O on any M ∈ V ec(Dn/Wn). This endows the globalization GLX(M) of

M ∈ Wint
O -mod with the structure of a vector bundle. The naturality of the

torsor MX under étale morphisms gives a functor:

GL : V ec(Dn/Wn)→ NVBn.

Conversely, given a natural vector bundle V, the evaluation evDn : V 7→

V(Dn) is naturally an object of V ec(Dn/Wn).

Proposition 2.4.4. The functors evDn and GL define mutually inverse equiv-

alences of categories.

Proof. A natural isomorphism GL◦ evDn(V)→ V can be constructed as in the

proof of 2.4.3. For M ∈ V ec(Dn/Wn)-mod, we construct a natural isomor-
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phism M → evDn ◦ GL(M), as follows. Let m ∈ M . We have a canonical

trivialization of the associated bundle MMDn
over Dn. For m ∈ M , we define

a section fm ∈ Γ(Dn,GLDn
(M)), by:

fm(y1, . . . , yn) = e
∑

i yi∂i ·m =
∑
I

1

I!
yI(∂Im).

On the right hand side, ∂i acts on m ∈ M via the Wn-action, I ranges over

all multi-indices I = (i1, . . . in) with each ik ≥ 0, yI = yi1 · · · yin , and ∂I =

∂i1 . . . ∂in . In other words, fm is the unique flat section taking value m at the

closed point. The correspondence m 7→ fm is clearly injective and surjective,

since a flat section on Dn is uniquely determined by its value at the origin.

In summary, we have the following categories, and functors between

them:

V ec(Dn/Wn)
GL

∼ --
NVBn

evDn

nn

St
∼
..
Aut(Dn)-modf

Assoc

mm (2.15)

Remark 2.4.7. By Proposition 2.4.1, the equivalences outlined above reduce

the problem of studying natural vector bundles to that of studying finite di-

mensional representations of the algebraic groups Autk(Dn). These groups

are unipotent extensions of the group GLn; as such their finite dimensional

irreducible representations are all pulled back from GLn.

2.4.4 Lower central series of locally free algebras

Having reviewed the basic setup for formal geometry and natural vector

bundles, we now explain the relation to lower central series.
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Lemma 2.4.5. Let Â be a local ring, non-canonically isomorphic to Ân. Then

any isomorphism ψ : Â/M2
∼→ C[[x1, . . . , xn]] induces a canonical isomorphism

ψ̃ : Nk(Â)
∼→ Nk(Ân). Moreover, for g ∈ Aut(Dn), we have g̃ ◦ ψ = g̃ ◦ ψ̃.

Proof. We have the Feigin-Shoikhet natural isomorphisms ξ : (Â/M3)? ∼=

Ωev(Â/M2). Recall that Ωev(−) is functorial w.r.t isomorphisms: an iso-

morphism f : A1
∼−→ A2 of commutative algebras induces an isomorphism

Ωev(f) : Ωev(A1)
∼−→ Ωev(A2). Thus, given ψ, we have the natural isomorphism

Ψ, defined as the composition:

(Â/M3)?
∼
ξ
//

Ψ
��

Ωev(Â/M2)

Ωev(ψ)
��

(Ân/M3)? Ωev(Ân/M2)
ξ−1

∼oo

Let Ψ : Â→ Ân denote an arbitrary isomorphism lifting of Ψ. We claim that

Ψ|Nk(A) is independent of the choice of lift. Suppose that Ψ′ is another lift;

then Ψ′(a)−Ψ(a) ∈M3(Ân), for all a ∈ Â. The containments M3Mk ⊂Mk+2,

and [A,M3] ⊂ L4 (Theorem 1.3 from [3]) imply that Ψ and Ψ′ agree modulo

Mk+1(Ân):

Ψ(a0[a1, [a2, . . . , [ak−1, ak]] . . . ) = Ψ(a0)[Ψ(a1), . . . [Ψ(ak−1),Ψ(ak)] . . . ]

= Ψ′(a0)[Ψ′(a1), . . . [Ψ′(ak−1),Ψ′(ak)] . . . ]

mod Mk+1.

Thus, we may set ψ̃ := Ψ. The second part of the claim follows from the

naturality in constructing Ψ.
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Similarly, any χ ∈ Wn induces an endomorphism of Nk(Ân), compatible

with the identification W 0
n
∼= Lie(Aut(Dn)). As a consequence, each compo-

nent Nk(Ân) is a module for the pair (Aut(Dn),Wn). Thus, we have the sheaf

GLX(Nk(Ân)) on X. The main result of this section is the following:

Theorem 2.4.6. We have Ñk(A) ∼= GLX(Nk(Ân)) as vector bundles on X.

In particular, we have Nk(A) ∼= Γ(X,GLX(Nk(Ân))), as U(V ect(X)) n OX-

modules.

Applying the construction of Proposition 2.2.3 we may regard Nk(Ân)

as an object of Wint
n,O-mod. Thus, combining Theorem 2.4.6 and the existence

of Kapranov’s locally free lifts A(X) of any smooth X, we have:

Corollary 2.4.7. The assignment X 7→ Nk(A(X)), determines a natural vec-

tor bundle.

Remark 2.4.8. It should be noted here (see [25], Remark 1.6.4) that the thick-

enings A(X) constructed by Kapranov are not themselves functorial in X,

only the components Nk(A(X)) are, by Theorem 2.4.6.

Proof of Theorem 2.4.6. Let p : MX → X denote the canonical projection,

and let U ⊂ X open. For each x ∈ X, we have canonical maps,

ρx : Ñk(U)→ (Ñk)(mx)
∼→ Nk(A(mx+M2)), (2.16)

composing the restriction to stalks with the isomorphism of Corollary 2.3.6.

We define:

ϕ : Ñk(U)→ Γ(p−1(U),MX ×Nk(Ân)),
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ϕ(f)(x, ψ) = ψ̃(ρx(f)),

where ψ̃ is the lift of ψ constructed in Lemma 2.4.5.

Proposition 2.4.8. The section ϕ(f) is Ĝ-equivariant, for all f ∈ Ñk(U).

Proof. We compute:

g · (ϕ(f)(x, ψ)) = g · (ψ̃(ρx(f)))

= g̃(ψ̃(ρx(f)))

= (g̃ ◦ ψ)(ρx(f))

= ϕ(f)(x, g ◦ ψ).

By descent, ϕ(f) defines a section in Γ(U,NX) ∼= Γ(p−1(U),MX ×

Nk(Ân))Ĝ, which we also call ϕ(f).

Proposition 2.4.9. The section ϕ(f) is flat, for all f ∈ Ñk(U).

Proof. A vector field ξ gives rise to a family ξx of derivations of O(X(mx)) at

each smooth point x ∈ X. By definition of the Harish-Chandra connection,

φ(f) is flat, and only if, the action of ξx on each Nk(A(x)) agrees with the

action of ξ on Nk(A)(x). Thus flatness of φ(f) follows from the compatibility

of the isomorphism of Theorem 2.3.1 with derivations.

Thus, the map ϕ defines a map of sheaves, ϕ : Ñk(A)→ GLX(Nk(Ân)).

It suffices to check that ϕ is an isomorphism on stalks, which follows from

Corollary 2.3.6.
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It now follows from Remark 2.4.7 that the data of the lower central

series components Nk, on any locally free algebra A of rank n, are completely

determined by the standard fiber of Nk(An). This is computationally useful

even for Nk(An) itself, as the examples below illustrate.

Example 2.4.10. A basis for the standard fiber St(N3(An)) = N3/A
+
nN3 is:

{[xi, [xi, xj]], [xi, xj][xk, xl]}.

We conclude that St(N3(A2)) is the W 0
n -module

0→ V(2,2) → St(N3(A2))→ V(2,1) → 0.

The sequence is not split, as x2
2∂2[x1, [x1, x2]] = 2[x1, x2]2, modulo A+

nN3. This

may be contrasted with [15], Proposition 5.3, which derives a split short exact

sequence:

0→ F(2,2) → N3(A2)→ F(2,1) → 0

of Wn-modules, where F(m,n) denotes the tensor field module co-induced from

the gl2-module V(m,n). However, the splitting does not commute with the

action of OA2 .

Example 2.4.11. In [27], Theorem 1.1, a bound is established on the degree

|λ| of tensor field modules Fλ appearing in a Wn composition series of Nk(An):

|λ| ≤

{
2k − 2 k odd;

2k − 2 + 2bn−2
2
c k even.

Kerchev’s bound can be re-interpreted as a bound on the degree |λ| of the gln-

representation Vλ appearing in St(Nk(An)), which can be established simply
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by bounding the degree of elements of a spanning set. Using [3], Corollary 1.5

it is easy to show that St(Nk(A)) is spanned by elements of the form,

a ? [l1, [· · · [lk−1, lk] · · · ],

where l1, lk have degree at most one, l2, . . . , lk−1 have degree at most 2, and

a is a product of simple brackets [xi, xj]. If k is odd, then M2Lk ⊂ Mk+1 in

that case, proving the bound. If k is even, a may be non-trivial, but we may

assume a[lk−1]lk 6= 0 mod M3; otherwise:

a ? [l1, [· · · , [lk−1, lk] · · · ] = [a ? l1, [· · · , [lk−1, lk] · · · ]

= [l1, [a ? l2, [· · · , [lk−1, lk] · · · ]

= · · ·

= [l1, [· · · , a ? [lk−1, lk]] · · · ].

by repeated application of Kerchev’s Lemma 2.1.
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Chapter 3

Formal Geometry for Noncommutative

Manifolds

3.1 Introduction

Throughout X is a smooth variety over C of dimension n. The remark-

able paper of Kapranov [25] puts forward a framework of noncommutative

geometry in which the local objects are NC-complete algebras with a smooth-

ness property. We briefly recall definitions of the previous chapter.

Definition 3.1.1. Let A be a NC-complete C-algebra, π : A → Aab the

abelianization map, and x ∈ SpecAab. Denote by S = π−1(S) ⊂ A the

multiplicative subset corresponding to a multiplicative subset S ⊂ Aab.

1 The stalk of A at x is the direct limit of all localizations A[S−1], where

S ⊂ Aab runs over multiplicative subsets of functions not vanishing at x.

2 An NC-complete algebra A is NC-smooth of dimension n if all of its com-

pleted stalks are isomorphic to Ân = k〈〈x1, . . . , xn〉〉.

3 An affine NC-manifold is a pair (SpecAab, A) of a smooth affine variety and

NC-smooth algebra A abelianizing to it.
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4 An NC-manifold is a smooth variety X of dimension n and a sheaf A of

associative C-algebras which is locally an affine NC-manifold of dimension

n.

5 An NC-thickening of a smooth variety X is a sheaf of algebras A such that

(X,A) is an NC-manifold. NC-thickenings of X form a category NC−ThX .

Remark 3.1.1. NC-manifolds were first defined using a different filtration by

commutator ideals; however, this filtration induces the same topology as Mk

(see claim 2.4 of [24]), and therefore the notion NC-complete is the same.

Example 3.1.1. Affine examples are the (NC-completions of) the locally free

algebras in [24]; examples are given at the beginning of the previous chapter.

Section 5 of [25] contains non-affine examples:

1 There is an NC-thickening of projective space Pn given by gluing n+1 copies

of the NC-completion of C〈x1, . . . , xn〉.

2 NC-thickenings of Grassmannians and flag varieties arise as natural non-

commutative variants of the classical functors of points.

3 Under certain conditions, Kapranov constructs an NC-thickening of the

moduli of vector bundles on a projective variety.

This paper builds on ideas of [25], [24], and [29], which had a unifying

theme of studying NC-manifolds via commutative algebraic geometry on the

abelianization. Kapranov constructs an NC-thickening of arbitrary smooth
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affine varieties X, which are unique but not functorial, so this does not give the

existence of NC-thickenings of non-affine X. One goal of this paper is to give

a new geometric criterion for the existence of NC-thickenings; we accomplish

this by developing an analogue of formal algebraic geometry for NC-manifolds.

The bundle of coordinate systems M of X is defined by its fiber over

x ∈ X being the space of isomorphisms between the formal neighborhood of

x and the abstract formal disk Spec Ôn = SpecCJx1, . . . , xnK. It is a principal

bundle for the pro-algebraic group G+
n of augmented algebra automorphisms

of Ôn; we denote by Gn the full group of algebra automorphisms. Formal

geometry, the study of the bundle M, goes back to [21], and has been used to

great effect for example in [5], [4], [6], [18], and [26].

The bundle of coordinate systems carries many rich structures, encap-

sulating information about sheaves of jets and closely related to the L∞-spaces

of [12]. Our goal is to reformulate questions about NC-manifolds in terms of

analogous objects we call noncommutative coordinate systems. These are prin-

cipal bundles for H+
n = Autaug Ân, augmented automorphisms of the formal

noncommutative disk, arising from NC-thickenings roughly as frame bundles,

and form a category NC − CoordX .

A key aspect of classical formal geometry is the Gelfand-Kazhdan struc-

ture on M. This is a splitting of the Atiyah sequence of M, valued in LieGn,

where Gn is the full group of automorphisms of Ôn. As explained in [26],

this splitting carries within it the L∞ structure on TX [−1], as well as the flat

connection on all jet bundles. In section 3.3.4, we discover a noncommutative
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Gelfand-Kazhdan structure on any noncommutative coordinate system N.

Theorem 3.4.1. The functor Coord : NC−ThX → NC−CoordX is an equiv-

alence of categories. The inverse is given by taking flat sections of AssocN(Ân)

under the NC-Gelfand Kazhdan structure on N.

To a certain extent this perspective is visible in section 4.4 of [25], but

the foundations and implications of noncommutative formal geometry are not

systematically developed.

A recent paper [29] makes several remarkable observations about NC-

thickenings of a given varietyX. The authors define a notion of NC-connection:

Definition 3.1.2. An NC-connection is a degree one, square zero derivation

D of

AX := Ω•X ⊗OX
T̂OX

Ω1
X

extending the de Rham differential on Ω•X and acting on Ω1
X ⊂ T̂OX

Ω1
X as

D(1⊗ α) = α⊗ 1 +∇1(α) +∇2(α) + · · ·

where ∇i(α) ∈ Ω1
X ⊗OX

T i(Ω1
X).

A twisted NC-connection is a sheaf of algebras J and a sheaf of ideals

I such that (J, I) is locally isomorphic to (T̂OX
(Ω1

X), T̂≥1
OX

(Ω1
X)), equipped with

an analogue of the derivation D (see definition 3.2.5).

NC-thickenings are shown to be equivalent to NC-connections:
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Theorem 2.3.23 in [29]. Given a twisted NC-connection with derivation D,

kerD is an NC-thickening of X, and this induces an equivalence of categories

NC − ConnX
∼→ NC − ThX .

Second, the authors construct a functor from the category D(X) of

D-modules on X to modules over A for any NC-thickening A of X. We

explain how both the notion of NC-connection and the functor from D(X)

arises naturally from the perspective of NC-coordinate systems:

Theorem 3.4.4. Let A be an NC-thickening of X, and N an NC-coordinate

system. Then the NC-Gelfand-Kazhdan structure on N induces a twisted

NC-connection on AssocN Ân; this construction induces an equivalence of cat-

egories NC − CoordX
∼→ NC − ConnX .

This is fully analogous to the commutative situation, where an L∞-

algebra structure on TX [−1] arises from the geometry of the bundle of coordi-

nate systems [25]; this analogy is discussed further at the end of the introduc-

tion.

Let XdR denote the de Rham stack of X [30]; recall that QC(XdR) =

D(X). The classical Gelfand-Kazhdan structure descends the map X → BG+
n

classifying M to a map XdR → BGn. The appearance of the de Rham stack in

noncommutative formal geometry gives the following relation between D(X)

and modules over NC-thickenings A.

Proposition 3.7.1 (Informal). The (commutative) bundle of coordinate systems

44



M and an NC-coordinate system N induce a commutative diagram

XdR

p

{{

q

##
BHn

// BGn

which naturally gives functors

indq (QC(BGn)) ∼= D(X)→ indp

(
Ân-mod(QC(BHn))

)
→ A-mod.

Note that, in particular, N is a reduction of structure group M from

G+
n to H+

n . This perspective has a number of applications. For example, we

give a new description of the existence of NC-thickenings of a variety X.

Corollary 3.5.2. A smooth variety X admits an NC-thickening if and only if

AssocM(G+
n /H

+
n ) has global sections.

Note that the quotient G+
n /H

+
n is taken as an algebraic stack, and thus

AssocM(Gn/Hn) is a sheaf of stacks over X. The perspective of NC-coordinate

systems also provides a globalization of local statements about Hn. In the

same way that representations of Gn give via formal geometry a universal

construction of natural sheaves on smooth varieties, the representation theory

of Hn is a source for natural sheaves on NC-manifolds.

Finally, we study how NC-coordinate systems degenerate to the asso-

ciated graded along the lower central series filtration and give a categorifica-

tion of the main result of [24]. In particular, the associated graded algebra

grMk
(Ân) carries an action of Gn. Thus grMk

(Ân)-mod is a Gn-category. The

45



main result of [24] is that if X = SpecAab is affine with NC-thickening A, then

grMk
(A) ∼= Γ(X,AssocM(grMk

(Ân))∇),

where (−)∇ denotes the sheaf of flat sections. We now state an informal

analogue of this statement for categories of modules.

Theorem 3.6.5 (Informal). There is an equivalence of categories

grM(A)-mod(QC(X))
∼→ Γ(X,AssocM(grM(Ân)-mod)∇).

We conclude the introduction with an explanation of how this paper

and [29] relate to Kapranov’s seminal paper [26], as well as how this paper re-

lates more broadly to noncommutative geometry and Koszul duality. Among

other things, Kapranov constructed a (cochain level) equivalence between JOX

(with its natural flat connection) and ŜymOΩ1, with structure maps dual to an

L∞-structure on TX [−1]. Equivalently, Kapranov constructed an isomorphism

between a natural enhancement of the formal neighborhood of the diagonal

in X ×X and a natural enhancement of the formal neighborhood of the zero

section in the tangent bundle. The L∞-structure maps on TX [−1] were con-

structed via the geometry of the bundle of coordinate systems on X.

Analogously, in [29] the authors recover A (the “structure sheaf” of a

NC-manifold) from the kernel of a collection of structure maps on T̂OΩ1. This

paper shows how to construct these structure maps from the bundle of NC-

coordinate systems associated with A. The interpretation of these structure

maps in an analogous way as a Koszul dual homotopy algebra structure will

be the subject of future work.
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From the perspective of Koszul duality, this paper can be viewed as the

case of “manifolds over the associative operad” in the following philosophy:

the structure maps of the Koszul dual split the Atiyah sequence of the bundle

of coordinate systems. Kapranov’s result explained above is the commutative

version (where the Koszul dual is the L∞-algebra TX [−1]); here we expect

to interpret the splitting maps for noncommutative manifolds in terms of the

Koszul dual A∞ algebra. A version of this is already visible in sections 5.3,

5.4 and 7.1 of [29], in an analytic setting. This suggests a deep connection

between Gelfand-Kazhdan structures and Koszul duality of operads.
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The author would like to thank David Ben-Zvi and David Jordan for
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bra, and Alexander Polishchuk, Travis Schedler, and Michel Van den Bergh

for remarks on earlier drafts of this paper. The author thanks the NSF for

support via DMS 1148490 Research and Training Grant and DMS 1103525.

3.2 Preliminaries

This section collects definitions and facts from the theories of formal

algebraic geometry and noncommutative manifolds which we will use.

3.2.1 Definitions and Notation

Throughout X is a smooth variety of dimension n over C.
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Definition 3.2.1. We define the local objects of study in this paper.

1 Let Ân = C〈〈x1, . . . , xn〉〉 denote the completed free associative algebra on

n generators.

2 Let Ôn = CJx1, . . . , xnK denote the completed free commutative algebra on

n generators.

3 Let Hn (resp. H+
n ) denote the group of algebra automorphisms (respectively

augmented C-algebra automorphisms) of Ân.

4 Let hn (resp. h+
n ) denote the Lie algebra of Hn (resp. H+

n ).

5 Let Gn (resp. G+
n ) denote the group of algebra automorphisms (respectively

augmented C-algebra automorphisms) of Ôn.

6 Let gn (resp. g+
n ) denote the Lie algebra of Gn (resp. G+

n ). Concretely, this

is the Lie algebra of vector fields on the formal disk (resp. those vector fields

vanishing at the origin).

Definition 3.2.2. The de Rham stack XdR associated to X is given on affine

schemes S by XdR(S) = X(Sred), where Sred is the reduced subscheme of S.

Definition 3.2.3. Let F be a sheaf on X with flat connection ∇. We denote

sheaf of flat sections (F)∇.

Definition 3.2.4. Let U ⊂ X be open. Define NC − ThU to be the category

whose objects are NC-manifolds A with abelianization OU , and morphisms

given by morphisms of algebras identical on OU .
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Proposition 3.2.1 ([25] 4.3.1). The assignment U 7→ NC − ThU is a stack

of groupoids locally trivial in the Zariski topology.

Definition 3.2.5 ([29], 2.3.22). We define the categoryNC−ConnX of twisted

NC-connections on X as follows. Objects are tuples (T, J, ϕ,D) where T is a

sheaf of OX-algebras, J ⊂ T is a sheaf of two-sided ideals Zariski locally iso-

morphic to the pair
(
T̂OX

Ω1
X , T̂

≥1
OX

Ω1
X

)
, ϕ is an isomorphism of graded algebras

ϕ = (⊕ϕk) :
⊕
k≥0

Jk/Jk+1 ∼−→ TOX
Ω1
X ,

and D is a differential of degree 1 on Ω•X ⊗OX
T such that D restricts to the

de Rham differential on Ω•X and the diagram

J �
� //

++ ++

T
D // Ω1

X ⊗OX
T // // Ω1

X ⊗OX
T/J

∼ // Ω1
X

J/J2
ϕ1

∼

66

commutes.

A morphism between (T, J, ϕ,D) and (T′, J′, ϕ′, D′) is a morphism ϕ :

T → T′ of OX-algebras sending J to J′ which induces the identity on TOX
Ω1
X

under ϕ and ϕ′, and such that

id⊗ f : Ω•X ⊗OX
T → Ω•X ⊗OX

T′

is compatible with D and D′.

One of the main results of [29], theorem 2.3.23 in loc. cit., is the

following

49



Theorem 3.2.2. Let (T, J, ϕ,D) be a twisted NC-connection on X. Then

kerD ⊂ T = (Ω•X ⊗OX
T)0 is an NC-thickening of X, and this extends to an

equivalence of categories

NC − ConnX
∼→ NC − ThX .

3.2.2 Recollections on Formal Geometry

Our (greatly abridged) treatment has been heavily influenced by [6]

and [5], but most closely follows [18]; details can also be found in [24].

Every smooth variety X of dimension n has a canonical G+
n -torsor

whose fiber at x ∈ X is the set of isomorphisms between the formal neighbor-

hood of x and Spec Ôn. This bundle has the structure of a scheme of infinite

type over X (see [5] for the scheme structure), and we denote it by M. The

bundle M is locally trivial over X in the Zariski topology.

Notice that M/G+
n
∼= X. However, sections of M admit an action of the

larger group Gn; this is known classically as the Gelfand-Kazhdan structure

on M, or the Harish-Chandra connection in the language of [24]; see section

3.3.4 for further discussion. Section 3 of [18] contains the following results.

Proposition 3.2.3. We have an isomorphism M/Gn → XdR. Moreover, the

maps X → BG+
n and XdR → BGn classifying M over X (resp. over XdR) fit

into a Cartesian diagram

X //

p

��

XdR

q

��
BG+

n
// BGn
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This diagram allows us to construct many natural sheaves on X (resp.

XdR) from modules for G+
n (resp. Gn). For example, pulling back the Gn-

module Ôn gives the sheaf JO of jets of functions; other jet sheaves arise

similarly. Additionally, an algebra object A of QC(BG+
n ) (resp. QC(BGn))

pulls back to an algebra object p∗A of QC(X) (resp. QC(XdR)).

3.3 Noncommutative Formal Geometry

We develop analogues of fundamental results about the bundle M and

related structures recalled in section 3.2.2 with Ôn = kJx1, ..., xnK replaced by

Ân = k〈〈x1, ..., xn〉〉. This leads us to the notion of a bundle of NC-coordinate

systems.

3.3.1 Automorphisms of the Noncommutative Disk

The surprisingly strong parallel between commutative and noncommu-

tative formal geometry arises from the following local statements.

Proposition 3.3.1. We have a diagram

H+
n

��

// Hn

��

// Hn/H
+
n

o
��

G+
n

// Gn
// Gn/G

+
n

inducing an isomorphism of the quotients.

Proof. Algebra automorphisms automatically preserve the commutator filtra-

tion, and the identification Ân/M2
∼= Ôn gives the vertical arrows. To see that
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the third vertical arrow is an isomorphism, consider the action of Hn on Ôn.

The action is transitive, and the stabilizer of the origin is precisely H+
n .

The following is standard.

Lemma 3.3.2. Write Ân = T̂k(V ) for a vector space V . Then

hn = Derk(Ân) ∼= T̂k(V )⊗k V ∗, and

h+
n = Der+

k (Ân) ∼= T̂≥1
k (V )⊗k V ∗.

3.3.2 The Functor of Noncommutative Jets

Consider the sheaf OX � A on X ×X. By proposition 2.1.5, the pre-

image of the complement of the ideal of the diagonal I∆ ⊂ OX �OX is an Ore

set in OX � A. We can then restrict to open neighborhoods of the diagonal,

and take a limit.

Definition 3.3.1. Let (X,A) be an NC-manifold. Then OX �A is a sheaf on

X × X (see above). Let p : X̂ ×X → X be the projection from the formal

neighborhood of the diagonal to X, and i : X̂ ×X → X × X the inclusion.

We define JNCA = p∗i
∗ (OX �A).

We have the following key fact due to Kapranov [25], proposition 4.4.1.

Proposition 3.3.3. The sheaf JNCA is a sheaf of OX-algebras locally isomor-

phic to

OX ⊗C Ân,

and its abelianization is isomorphic to JOX .
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Proof. The first statement follows from the local triviality of the formal neigh-

borhood of X ⊂ X ×X as a bundle on X. The second follows from the fact

that A abelianizes to OX .

The following is clear by construction.

Proposition 3.3.4. The fibers of JNCA are canonically identified with the

completed stalks of A.

The following definition appears in section 4.4 of [25].

Definition 3.3.2. Define the category NC−JetX with objects given by pairs

(J, ψ) where J is an OX-algebra locally isomorphic to OX ⊗C Ân and ψ :

J → JOX is a surjection with kernel given locally by the commutator ideal.

Morphisms (J, ψ) → (J′, ψ′) are given by isomorphisms f : J → J′ such that

ψ′ ◦ f = ψ.

The following equivalence of categories is proposition 4.4.2 in [25]. In

section 3.3.4, we will construct the quasi-inverse functor.

Proposition 3.3.5. The functor JNC : NC − ThX → NC − JetX is an

equivalence of categories.

3.3.3 The Frame Bundle Functor

The functor of noncommutative jets yeilds a sheaf of OX-algebras lo-

cally isomorphic to OX ⊗C Ân. From this, give the following
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Definition 3.3.3. Let A be an NC-thickening of X. Define frame(JNCA) =

N to be the H+
n -torsor of augmented OX-algebra isomorphisms from JNCA

to OX ⊗C Ân. We write Coord(A) = frame(JNCA) = N for the bundle of

NC-coordinate systems associated to A.

Remark 3.3.1. With the above definition, it is clear that the fibers of N =

Coord(A) are isomorphic to the H+
n -torsor of augmented C-algebra isomor-

phisms from Ax to Ân.

Proposition 3.3.6. We have equivalences of sheaves

frame
(

AssocN(Ân)
)
∼→ N

and

Assocframe(JNCA)(Ân)
∼→ JNCA.

Proof. The standard argument showing the equivalence between GLm-bundles

and rank m-vector bundles applies after obvious modifications.

Definition 3.3.4. Define the category NC − CoordX with objects given by

principal H+
n -bundles N locally trivial in the Zariski topology, equipped with

isomorphisms N ×H+
n
G+
n
∼→ M and morphisms given by compatible isomor-

phisms of bundles over X.

We may now strengthen the statement of proposition 3.3.6

Proposition 3.3.7. The functor frame : NC − JetX → NC −CoordX is an

equivalence of categories. The quasi-inverse is given by N 7→ AssocN(Ân).
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In summary, we presently have equivalences

NC − ThX
JNC
//

Coord

$$
NC − JetX

frame
++

NC − CoordX
Assoc−(Ân)

jj (3.1)

The following subsection will give us the tools required to construct a quasi-

inverse to JNC , and thus also to Coord.

3.3.4 The Noncommutative Gelfand-Kazhdan Structure

In usual formal geometry, we have a diagram

0 // adM //

��

EM
//

θ
tt

TX // 0

AssocM(Derk(kJx1, ..., xnK))
∼ // AssocN(gn)

where

EM = (TM)G
+
n ∼= DerOX−alg

(
JOX ,OX ⊗C Ôn

)
.

The map θ is called the Harish-Chandra connection, or the Gelfand-Kazhdan

structure. Rather than being a connection on M as a G+
n -bundle, it is a

connection on M as a (gn, G
+
n )-module; that is, it carries an action of gn which

is integrable along the subalgebra g+
n (see [24] for details). Extending the action

from G+
n to gn gives a flat connection on jet bundles, whose flat sections undo

the functor of jets; equivalently, it induces the diagram in proposition 3.2.3.

Definition 3.3.5. Given A ∈ NC − ThX and N = Coord(A), define

EN = DerOX−alg

(
JNCA,OX ⊗C Ân

)
.
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We wish to give an analogous diagram:

0 // adN //

��

EN
//

θNC
uu

TX // 0

AssocN(Derk(Ân)) ∼ // AssocN(hn)

(3.2)

In the commutative case, θ is an isomorphism, and is dual to the action map

of vector fields on the formal disk on functions on the formal disk.

Proposition 3.3.8. Let N be an NC-coordinate system. On a trivialization

of JNCA, we have descriptions of the sheaves:

adN = AssocN(h+
n ) ∼= T̂≥1

O (Ω1
X)⊗OX

TX

AssocN(hn) ∼= T̂O(Ω1
X)⊗OX

TX

AssocN(hn/h
+
n ) ∼= TX .

Proof. This is a globalization of 3.3.2. It follows from propositions 3.3.3 and

3.3.4 that the fiber of JNCA at x ∈ X, in turn isomorphic to the stalk Ax, is

canonically identified with T̂kV , where V is the cotangent space to X at x.

Equivalently, the generators of Ax abelianize to the generators of ÔX,x.

Remark 3.3.2. This is analogous to the decomposition of adM, where the tensor

powers above are replaced with symmetric powers of the tangent bundle; see

[25], section 4.2.

Proposition 3.3.9. The sheaf of Lie algebras AssocN(hn) acts naturally on

JNCA, hence there is a natural map AssocN(hn) → EN. This map is an iso-

morphism.
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Proof. The fibers of EN are given by DerC−alg

(
Ax, Ân

)
. Thus the natural

action map induces an isomorphism on stalks.

Remark 3.3.3. The action map defining the splitting is a map of Lie algebras;

therefore the connection is flat.

Definition 3.3.6. We call the (hn, H
+
n )-valued connection θNC = α−1 the

noncommutative Gelfand-Kazhdan structure on N.

Remark 3.3.4. The map θ induces a connection on any associated bundle

AssocN(M), M ∈ H+
n -mod. This connection can be written

∇ξ(s) = ds(ξ) + θ(ξ̃),

where ξ̃ is any lift of ξ ∈ TX to EN.

Remark 3.3.5. The above discussion extends the action of H+
n on N ∈ NC −

CoordX to an action of hn = LieHn. As in the commutative setting (see 3.2.2),

this can also be phrased in terms of extending the action to Hn. We will often

use the language of Hn rather than hn in order to phrase results in terms of

classifying spaces.

Corollary 3.3.10. Given an NC-coordinate system N on X, we have N/Hn
∼=

XdR.

Proof. This follows from proposition 3.3.8.

Remark 3.3.6. In the language of [20], an NC-coordinate system N is naturally

a crystal on X, i.e., it is equipped with descent data from X to XdR.
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3.4 NC-Thickenings, NC-Coordinate Systems, and NC-
Connections

This section establishes equivalences of categories between NC-thickenings

of a variety X, bundles of NC-coordinate systems over X, and NC-connections

on X.

3.4.1 Relation with NC-Smooth Thickenings

We will show an equivalence of categories between noncommutative

thickenings of X and noncommutative systems of coordinates on X.

Theorem 3.4.1. The functor Coord : NC−ThX → NC−CoordX is an equiv-

alence of categories. The inverse is given by taking flat sections of AssocN(Ân)

under the NC-Gelfand Kazhdan structure on N.

Proof. The fact that Coord is an equivalence follows from propositions 3.3.5

and 3.3.7. The second claim follows from proposition 3.4.2 below.

Proposition 3.4.2. There is a natural isomorphism

A
∼→
(
JNCA

)∇
.

Proof. We define a map ϕ : A →
(
JNCA

)∇
as follows. A section of A deter-

mines one of A � A via the diagonal map, hence of OX � A via projection.

For any U ⊂ X,

(OX �A) (U × U)→ JNCA(U).
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We claim that the image of this composition lands in the subsheaf of flat

sections of JNCA. The formula in remark 3.3.4 shows that flatness of a section

is equivalent to the derivative along the base being equal to the derivative long

the fiber. The above map factors through the diagonal map A→ A�A, hence

this is satisfied.

The proposition now follows from

Lemma 3.4.3. The stalks of
(
JNCA

)∇
are naturally isomorphic to Ax.

Proof. This can be deduced from [24], proposition 4.23.

We may now add another equivalence of categories to diagram (3.1):

NC − ThX

JNC

**

Coord

$$
NC − JetX

(−)∇

jj

frame
++

NC − CoordX
Assoc−(Ân)

jj (3.3)

3.4.2 Relation with NC-Connections

The aim of this section is to interpret the connection ∇ in terms of

the NC-connections of [29]. An equivalence of categories follows formally from

the preceding section and the main theorem of [29], but we wish to illustrate

directly how NC-connections relate to NC-coordinate systems.
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The noncommutative Gelfand-Kazhdan structure on N induces a flat

connection on JNCA (see remarks 3.3.3 and 3.3.4). This flat connection can

be equivalently described by

ω ∈ Ω1
X ⊗OX

End∗(JNCA).

Note that End∗(JNCA) is locally identified with

∏
k

Hom(T⊗kX ,TX) ∼=
∏
k

Hom
(

Ω1
X ,
(
Ω1
X

)⊗k)
.

Thus locally ω yields an untwisted NC-connection (see definition 3.1.2) as

follows.

A flat connection ω ∈ Ω1 ⊗ End∗(F) on a sheaf F defines a differential

D on Ω•X ⊗OX
F extending the de Rham differential. For F = T̂OX

Ω1
X , the

sheaf of endomorphisms decomposes into a product as above, and so does the

differential D. Restricting D to

Ω1
X ⊂ T̂OX

Ω1
X ⊂ Ω•X ⊗OX

T̂OX
Ω1
X

gives an operator of the form

∑
k

∇k, ∇k : Ω1
X → Ω1

X ⊗OX
T k
(
Ω1
X

)
,

where the first tensor factor of Ω1 on the right-hand side above is in graded

degree 1.

The above discussion works locally in order to identify JNCA with

T̂OX
Ω1
X . Without this the flat connection on JNCA still induces a degree 1
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derivation D on Ω•X ⊗OX
JNCA, which satisfies D2 = 0 due to the flatness of

the connection. We summarize the discussion in the following

Theorem 3.4.4. The preceding construction of D endows AssocN(Ân) =

JNCA with the structure of a twisted NC-connection. This induces an equiva-

lence of categories

GK : NC − CoordX
∼→ NC − ConnX

and the following diagram of equivalences commutes.

NC − ThX

JNC

++

Coord

%%
NC − JetX

(−)∇

jj

frame
++

NC − CoordX
Assoc−(Ân)

kk

GKqqNC − ConnXkerD

[[

Proof. The sheaf of algebras JNCA has a natural ideal sheaf locally identified

with T̂≥1
OX

Ω1
X . The preceding discussion gives a construction of D. Recalling

definition 3.2.5, it remains to construct an isomorphism of graded algebras

ϕ :
⊕
k≥0

(
JNCA

)k
/
(
JNCA

)k+1 ∼→ TOX
Ω1
X .

The map of Hn-modules Ân → Ôn induces a map JNCA → JOX , as required

in the definition of an object of NC − JetX . The filtered components of this

map give the desired maps ϕi.
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3.5 NC-Thickenings as Reductions of Structure Group

This section gives a new criterion for the existence of NC-thickenings

of a given variety X, and studies natural obstructions.

3.5.1 Existence Results

We establish a new criterion of existence of NC-thickenings of X.

Theorem 3.5.1. Every N ∈ NC −CoordX arises as a reduction of structure

group of M from G+
n to H+

n , and this reduction respects the natural action of

Hn on N and Gn on M. Equivalently, NC-coordinate systems correspond to

commutative diagrams

XdR

{{

q

##
BHn

// BGn

where q classifies M.

Proof. The statement that N is a reduction of M is immediate from the def-

inition of NC-coordinate system. This reduction intertwines the Hn and Gn

actions by the commutativity of the diagram

EN
//

��

EM

��
AssocN(hn) // AssocM(gn)

where the vertical arrows are the NC and classical Gelfand-Kazhdan struc-

tures.
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Corollary 3.5.2. A smooth variety X admits an NC-thickening if and only

if AssocM(G+
n /H

+
n ) has global sections.

Remark 3.5.1. Note that the quotient G+
n /H

+
n is taken stack-theoretically;

thus the associated bundle above gives a canonically defined sheaf of stacks on

all smooth varieties capturing the existence of NC-thickenings.

Remark 3.5.2. This corollary gives a simple geometric reason for the existence

of NC-thickenings of affine schemes: AssocM(G+
n /H

+
n ) will always have global

sections.

3.5.2 Obstruction Classes and the NC-Atiyah Class

The notion of noncommutative Atiyah class αA ∈ H1(X,Hom(T⊗2
X ,TX))

associated to an NC-thickening A is due to Kapranov [25].

Definition 3.5.1. The sheaf of noncommutative (or NC) 1-jets JNC1 A is the

quotient of JNCA by the pre-image of higher-order jets in JO.

Definition 3.5.2. The NC-Atiyah class αA of an NC-thickening A is the class

of

0→ TX → JNC1 A→ T⊗2
X → 0

in Ext1
X(T⊗2

X ,TX). Equivalently, αA is the class obtained by locally identifying

JNC1 A with T≤2
OX

Ω1
X .

An equivalent way of specifying of the map θ of section 3.3.4 is to

give a 1-form ω ∈ Ω1
N/X ⊗ p∗AssocN(hn), where p : N → X. Using the
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decomposition by degree of N, we can form the affine bundle N(2) whose fibers

are isomorphisms Ax/m
3 → Ân/m

3 which are the identity in degree 1 (cf.

section 4.2 of [26]); the form ω then yields ω2 ∈ Ω1
N(2)/X

⊗ p∗Hom(T⊗2
X ,TX).

By [25], lemma 4.1.1, the form ω2 gives a cohomology class

[ω2] ∈ H1(X,Hom(T⊗2
X ,TX)) ∼= Ext1(T⊗2

X ,TX).

Comparing definitions, we see that JNC1 A is globally trivial when pulled back

to N(2), and ω2 classifies the action of invariant vector fields on N(2) on this

trivial sheaf ON(2) ⊗ Ân/m3. Since this action gives descent data for JNC1 A, we

must have the following.

Proposition 3.5.3. The cohomology classes [ω2] = αA are equal.

Remark 3.5.3. This is fully analogous to the commutative situation: in [26],

example 4.2.2, it is observed that the usual Atiyah class of TX arises as the

“degree 2” part of the commutative Gelfand-Kazhdan structure.

Remark 3.5.4. Theorem 4.5.3 in [25] says roughly that 1-smooth thickenings

extend to 2-smooth thickenings precisely when the second A∞-compatibility

condition is satisfied by the Atiyah class. See also the discussion of A∞-spaces

in section 5.4 of [29], analogous to the L∞-spaces of [12] and [26]. The broader

relationship between coordinate systems and Koszul duality suggested by this

pattern will be the topic of future work.
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3.6 Degeneration to the Associated Graded and Lower
Central Series

This section recalls some results of the paper [24] and gives a categori-

fication of the main theorem of that paper.

3.6.1 The Lower Central Series Filtration

We restate a stronger version of lemma 4.25 of [24], which follows from

the original argument:

Proposition 3.6.1. The graded algebra grM(Ân) is an algebra object in QC(BGn).

For A the NC-thickening of a smooth affine variety X = SpecAab,

theorem 4.26 of [24] shows

Theorem 3.6.2. There is an isomorphism Γ

(
X,
(

AssocM(Nk(Ân))
)∇) ∼=

Nk(A).

Moreover, the fact that this isomorphism is canonical gives the sheaf-

theoretic analogue for non-affine X and NC-thickenings A.

3.6.2 Degeneration

Definition 3.6.1. Let Kn = Aut(grM(Ân)). Define the Kn-bundle M̃ as the

bundle of graded OX-algebra isomorphisms from grM(A) to grM

(
Ân

)
.

Combining theorems 3.6.2 and 3.5.1, we have the following

Corollary 3.6.3. AssocN(Kn) ∼= M̃ for any N ∈ NC − CoordX .
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3.6.3 Categorical Geometry of Lower Central Series Algebras

We will show that the category of modules over the associated graded al-

gebra grM(A) is associated to the bundle of coordinate systems from grM(Ân)-

mod. Throughout this section we consider differential graded categories of

modules.

It is a general fact that if a group G acts on an algebra A, then A-mod

is a G-category [17]. The following result appears in section 3.2.5 of [18].

Lemma 3.6.4. Let A ∈ Alg(QC(BG)), and P → X a G-bundle. Denote

A = AssocP(A). Then

Γ(X,AssocP(A-mod)) ∼= A-mod(QC(X)).

Proof. It is easy to see that A-mod(QC(X)) equalizes the appropriate cotensor

product diagram:

Eq // QC(P)× (A-mod)
act∗ //

triv∗
// QC(P)⊗QC(G)⊗ (A-mod)

A-mod(QC(X))

gg OO

We will need a slight extension of the notion of associated bundle, owing

to the natural action of Gn on the G+
n -bundle M. Denote by M ×Gn (N) the

quotient of M×N by the diagonal Gn-action.

Theorem 3.6.5. There is an equivalence of categories

Γ(X,M×Gn (grM(Ân)-mod)) ∼= grM(A)-mod.
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Proof. First recall that M ×G+
n
grM(Ân) ∼= JgrM(Ân) by theorem 3.6.2, and

therefore M×Gn grM(Ân) ∼= grM(Ân). The theorem then follows from lemma

3.6.4.

Remark 3.6.1. This can be viewed as a categorical analogue of theorem 4.26

of [24]. Intuitively, we think of M ×Gn (grM(Ân)-mod) as the flat sections of

the sheaf of categories AssocM(grM(Ân)-mod).

3.7 Relation to D-Modules

In section 3.2 of [29], it is observed that there is a functor from the cat-

egory of D-modules on X to the category of modules over any NC-thickening

A of X. We wish to interpret this in terms of the appearance of the de Rham

stack above.

3.7.1 Construction of Functor

Let (N,∇) be an NC-coordinate system on X. Then recall 3.3.4 that

N/Hn
∼= XdR. Results of section 3.5 imply that we have a commutative

diagram

XdR

p

{{

q

##
BHn

π // BGn

Recall [19] that, for a map f : X → Y , one has the functor

indf : QC(Y )-mod→ QC(X)-mod

C 7→ QC(X)⊗QC(Y ) C
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so in particular indf (QC(Y )) ∼= QC(X). Thus we can write

D(X) = QC(XdR) ∼= indq(QC(BGn)) ∼= indp (indπ(QC(BGn))) .

Moreover, by lemma 3.6.4,

JNCA-mod(QC(XdR)) ∼= Γ
(
XdR, indp

(
Ân-mod(QC(BHn))

))
.

Note that Γ(XdR,QC(XdR)) ∼= QC(XdR). We now have the following

Proposition 3.7.1. There are functors

indπ QC(BGn)
∼→ QC(BHn)→ Ân-mod(QC(BHn))

such that applying Γ(XdR, indp(−)) induces a functor

QC(XdR) ∼= Γ (XdR, indp (indπ QC(BGn)))→ indp

(
Ân-mod(QC(BHn))

)
∼= JNCA-mod(QC(XdR)).

Moreover, the functor of flat sections (−)∇ : QC(XdR)→ ShvC(X) induces a

functor

JNCA-mod(QC(XdR))→ A-mod(ShvC(X)),

where ShvC(X) denotes the category of sheaves of C-vector spaces on X.

Proof. The Hn-linear map Ân → C induces the desired functor

C-mod (QC(BHn)) ∼= QC(BHn)→ Ân-mod(QC(BHn)).

It remains to see that A acts on flat sections of a JNCA-module. But this

follows from proposition 3.4.2 and the Leibniz rule.

Corollary 3.7.2. For every NC-thickening A of X, we obtain a functor

D(X)→ A-mod.
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3.7.2 Comparison to the Functor of [29]

The functor D-mod→ A-mod in [29] is as follows. Given M ∈ D-mod,

we can write M as a Ω•X-comodule via M ⊗OX
Ω•X . Also, JNCA has a flat

connection so we get a de Rham-comodule JNCA⊗OX
Ω•X . We then form

K(M) = (M ⊗ Ω•X)⊗Ω•X

(
JNCA⊗ Ω•X

)
.

This is a dg-module over JNCA⊗ Ω•X . Taking the kernel of the differential in

degree 0, we get that H0(K(M)) is a module over H0(JNCA ⊗ Ω•X) ∼= A, as

desired.

In proposition 3.7.1, we have the augmentation Ân → C. This induces

a functor on Hn-equivariant modules

QC(BHn)→ModÂn
(QC(BHn)).

which, associating categories to N, gives a functor

D(X)→ModJNCA(D(X)).

We then claim that A acts naturally on the sheaf of flat sections of any JNCA-

module in D(X), i.e., we have a composition

D(X)→ModJNCA(D(X))→ModA(ShvC(X)).

These two functors morally coincide.
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