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Understanding how uncertainty effects the dynamics and be-

havior of an organization is a critical aspect of system design. Models and

methods that take uncertainty into account can lead to significant reductions

in cost. This dissertation investigates the use of stochastic optimization mod-

els for the following applications: (1) a generalized assignment problem (GAP)

with uncertain resource capacity and unknown processing times and (2) a shift

planning and scheduling problem (SPSP) with unknown demand that arises

in the construction of the workforce at US Postal Service mail processing and

distribution centers.

In the models, the first stage decisions are made before the uncertainty

is revealed. For the GAP, the first stage decisions correspond to an assignment

of jobs to agents. Penalties are incurred when the assignments do not permit

all demand to be satisfied. For the SPSP, the number of full-time and part-time
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employees, as well as the number of full-time shifts by type, must be specified

before the demand is known. In the second stage, feasibility is addressed by

allocating overtime and calling in temporary workers to handle spikes in the

mail volume.

This dissertation consists of three parts: (i) the development and analy-

sis of stochastic integer programming models for the GAP and the SPSP, (ii)

the estimation of the demand distributions from historical data for the Dal-

las processing and distribution center, and (iii) the development of column

generation algorithms to solve the associated stochastic integer programs.

In the first part, the stochastic integer programming models are for-

mulated for the two applications and the value of the stochastic solutions is

presented. The second part begins with an analysis of the weekly demand

and a test of hypothesis concerning the existence of an end-of-month effect,

i.e., that the week at the end of the month might have larger volume. The

hypothesis is rejected. After removing outliers, it is shown that the demand

is approximated well by a normal distribution. In the last part of the disser-

tation, a branch-and-price algorithm is developed and used to solve the two

applications. Experimental results demonstrate the algorithm’s effectiveness.

vii



Table of Contents

Acknowledgments v

Abstract vi

List of Tables x

List of Figures xii

Chapter 1. Research Overview 1

1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Generalized Assignment Problem . . . . . . . . . . . . . 2

1.1.2 Shift Planning and Scheduling Problem . . . . . . . . . 5

1.1.3 Column Generation . . . . . . . . . . . . . . . . . . . . 9

1.2 Research Objectives . . . . . . . . . . . . . . . . . . . . . . . . 11

1.3 Outline of the Dissertation . . . . . . . . . . . . . . . . . . . . 11

Chapter 2. Stochastic Programming Models 13

2.1 Stochastic Programming Review . . . . . . . . . . . . . . . . 13

2.1.1 Stochastic Linear Programming . . . . . . . . . . . . . . 17

2.1.2 Stochastic Integer Programming . . . . . . . . . . . . . 19

2.1.3 Value of the Stochastic Solution . . . . . . . . . . . . . 20

2.2 Generalized Assignment Problem . . . . . . . . . . . . . . . . 22

2.2.1 Formulation . . . . . . . . . . . . . . . . . . . . . . . . 22

2.2.2 Computational Results . . . . . . . . . . . . . . . . . . 25

2.3 Shift Planning And Scheduling Problem . . . . . . . . . . . . . 27

2.3.1 Deterministic Problem . . . . . . . . . . . . . . . . . . 27

2.3.2 Stochastic Formulation . . . . . . . . . . . . . . . . . . 37

2.4 Distributions of Demand for US Postal Service . . . . . . . . . 48

2.4.1 Weekly Demand Data . . . . . . . . . . . . . . . . . . . 49

viii



2.4.2 Estimation of Weekly Demand . . . . . . . . . . . . . . 55

2.4.3 Equipment Scheduling for Daily Demand . . . . . . . . 57

2.5 Computational Results of SPSP . . . . . . . . . . . . . . . . . 60

2.5.1 Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

2.5.2 Results for Basic Model . . . . . . . . . . . . . . . . . . 65

2.5.3 Heuristic Approach to the Recourse Problem . . . . . . 71

Chapter 3. Column Generation 74

3.1 Column Generation Review . . . . . . . . . . . . . . . . . . . . 74

3.1.1 Column Generation Formulation . . . . . . . . . . . . . 74

3.1.2 Stabilization . . . . . . . . . . . . . . . . . . . . . . . . 77

3.1.3 Column Generation for Mixed Integer Programming . . 81

3.1.4 Computational Results for Stabilization . . . . . . . . . 85

3.2 Generalized Assignment Problem . . . . . . . . . . . . . . . . 91

3.2.1 Formulation . . . . . . . . . . . . . . . . . . . . . . . . 92

3.2.2 Column Generation Algorithm . . . . . . . . . . . . . . 95

3.2.3 Branch-and-Price . . . . . . . . . . . . . . . . . . . . . . 95

3.2.4 Branch-and-Price Algorithm . . . . . . . . . . . . . . . 100

3.2.5 Example . . . . . . . . . . . . . . . . . . . . . . . . . . 102

3.2.6 Computational Results for GAP . . . . . . . . . . . . . 108

3.3 Shift Planning And Scheduling Problem . . . . . . . . . . . . . 119

3.3.1 Formulation . . . . . . . . . . . . . . . . . . . . . . . . 119

3.3.2 Computational Results for SPSP . . . . . . . . . . . . . 121

Chapter 4. Summary and Conclusions 125

Bibliography 129

Vita 139

ix



List of Tables

2.1 Results for various problems . . . . . . . . . . . . . . . . . . . 28

2.2 An example set of shifts . . . . . . . . . . . . . . . . . . . . . 29

2.3 Weekly mail volume for Dallas P&DC from 1999 to 2001 (1000s
of pieces) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

2.4 F -test result for comparing variances . . . . . . . . . . . . . . 53

2.5 t-test results for comparing means . . . . . . . . . . . . . . . . 53

2.6 Logit regression analysis results . . . . . . . . . . . . . . . . . 55

2.7 The result of estimation . . . . . . . . . . . . . . . . . . . . . 56

2.8 Two sets of data . . . . . . . . . . . . . . . . . . . . . . . . . 61

2.9 Input demand data (workers per period) . . . . . . . . . . . . 63

2.9 Input demand data (continued) . . . . . . . . . . . . . . . . . 64

2.10 Results for the various models . . . . . . . . . . . . . . . . . . 67

2.11 Problem dimensions and computation times . . . . . . . . . . 70

2.12 Results for the target heuristic . . . . . . . . . . . . . . . . . . 73

3.1 Results for Facility Location Problem . . . . . . . . . . . . . . 90

3.2 Results for Facility Location Problem in Silva and Wood [63] . 90

3.3 Results for the Interior Point Method . . . . . . . . . . . . . . 91

3.4 Input data for 2-agent, 5-job, 1-scenario example. . . . . . . . 102

3.5 Comparison of using an initial solution and big-M method (sec-
onds) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

3.6 Comparison of branching strategies without stabilization . . . 112

3.7 The results with stabilization . . . . . . . . . . . . . . . . . . 113

3.8 The results with reduced cost fixing . . . . . . . . . . . . . . . 114

3.9 Solution quality: LP gaps and computational times . . . . . . 116

3.10 Computational time with various scenarios (±20%) . . . . . . 117

3.11 Computational time with various scenarios (±50%) . . . . . . 118

3.12 Parametric results for stabilization . . . . . . . . . . . . . . . 123

x



3.13 Parametric results I for column generation . . . . . . . . . . . 124

3.14 Parametric results II for column generation . . . . . . . . . . . 124

xi



List of Figures

2.1 Two types of overtime . . . . . . . . . . . . . . . . . . . . . . 39

2.2 Histogram of weekly demand from 1999 to 2001 after removing
outliers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

2.3 Q-Q plot for the weekly demand . . . . . . . . . . . . . . . . . 58

2.4 An example of demand per period over a day . . . . . . . . . 60

2.5 EEV and RP solutions for Monday for S2 data set . . . . . . . 69

2.6 Parametric results for RP as a function of the full-time to part-
time ratio . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

3.1 A column generation procedure. . . . . . . . . . . . . . . . . . 77

3.2 A column generation procedure for the GAP. . . . . . . . . . . 96

3.3 Implementation of reduced-cost fixing . . . . . . . . . . . . . . 99

3.4 Implementation of a branch-and-price procedure . . . . . . . . 101

3.5 Implementation of fathom . . . . . . . . . . . . . . . . . . . . 102

xii



Chapter 1

Research Overview

1.1 Introduction

Mathematical programming has been used successfully to model and

analyze a large variety of problems arising in industry. For purposes of plan-

ning and scheduling, it is common to collect historical data and fix parameter

values based on average observations, hence ignoring the uncertainty. In many

cases, this approach works well, especially when the corresponding determin-

istic models provide valuable insights and guidance. When uncertainty plays

a significant role in the operations of a system, it is critical to account for it

in the modeling process. The cost for doing so is often measured by a sharp

increase in model complexity and computational effort.

Stochastic programming, first introduced in the 1950s, extends classical

mathematical programming by considering uncertainty in the model [9, 20].

The two-stage stochastic program with recourse, which is one of the most com-

mon models, regards uncertainty as random variables with known probability

distributions. In this context, there are at least three significant issues that

must be addressed when using this technique: model formulation, estimating

parameters, and developing an appropriate solution methodology.

1



This dissertation focuses on two applications of the two-stage stochastic

model; (1) the generalized assignment problem (GAP) and (2) a shift planning

and scheduling problem (SPSP). The GAP is standard combinatorial optimiza-

tion problem that has a simple form. Martello and Toth [51] among others

have shown it to be a NP-hard. The SPSP arises in the design of a perma-

nent workforce at US Postal Service (USPS) mail processing and distribution

centers, and is exceedingly more complicated. The goal of the dissertation is

to formulate stochastic models for these applications and to develop efficient

solution techniques that can be used for a broad class of similiar problems.

1.1.1 Generalized Assignment Problem

The generalized assignment problem (GAP) considers the minimum

cost assignment of jobs to agents such that each job is assigned to one agent

subject to capacity constraints. Despite its simple form, the deterministic

GAP is a difficult combinatorial optimization problem that is NP-hard [52].

That said, the deterministic GAP has received considerable attention in the

literature since being defined formally by Ross and Soland [57]. The virtue of

the GAP varies from its direct application to it being a substructure of a more

complicated model, such as a routing problem [27], a facility location model

[58] or a computer networking application [4].

Recently researchers have extended GAP to capture uncertainty in the

formulation, which is often present in real-world applications [1, 64, 66]. A sto-

chastic GAP arises when we do not know an agent’s resource capacity and/or
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the parameters for resource consumption. In this dissertation, we consider

a stochastic GAP in which the coefficients for resource consumption and re-

source capacity are random, and a branch-and-price algorithm is proposed to

solve the problem.

Most methods for solving the GAP exactly are based on branch-and-

bound algorithms. Ross and Soland [57] propose a branch-and-bound algo-

rithm for the GAP and Martello and Toth [51] and Fisher et al. [27] improve

the branch-and-bound approach using different relaxation bounds. Martello

and Toth [51] relax the equality constraints that ensure each job is done. Fisher

et al. [27] relax these same constraints and tighten the corresponding bound

using a dual-ascent procedure. Guignard and Rosenwein [33] extend the ap-

proach of Fisher et al. [27] by allowing temporary primal infeasibility and by

adding surrogate constraints whenever the solution violates primal feasibility.

They point out that their algorithm’s performance degrades as the ratio of the

number of agents to the number of jobs increases.

Often, exact solutions are not necessary and near optimal solutions

that can be obtained quickly are sufficient. Some approximation algorithms

are based on the linear programming (LP) relaxations. For example, Trick

[67] develops a heuristic algorithm which repeatedly solves the LP relaxation

and fixes variables taking integer values, either with probability one or some

probability less than one. Narciso and Lorena [54] propose an approximation

algorithm using the Lagrangian relaxation described above, and a subgradient

algorithm for improving the multipliers.
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Stochastic variants of the GAP have received much less attention in

the literature than the deterministic GAP. In the stochastic model, job-agent

assignments are made in the first stage. After the resource-consumption para-

meters are realized, recourse is handled by reassignments. Albareda-Sambola

et al. [1] introduce a stochastic GAP in which resource consumption is mod-

eled as a Bernoulli random variable to capture yes-no demand for individual

jobs. By assuming the resource-consumption parameters are independent of

the agent, Albareda-Sambola et al. [1] show that the combinatorial recourse

problem is totally-unimodular. They exploit this property in solving the prob-

lem with the L-shaped decomposition method with binary first stage variables

and continuous second stage variables. (The L-shaped method [70] is a cutting-

plane method similar to Benders’ decomposition.)

Tokas et al. [66] develop stochastic versions of the multi-resource GAP,

which is introduced by Gavish and Pirkul [28]. In Tokas et al. [66], the

resource-consumption coefficients are deterministic but the agents’ resource

capacity is random. Recourse in [66] is handled differently on three models.

The capacity constraints are handled by: (i) penalizing the magnitude of infea-

sibilities, (ii) penalizing the number of violated resource constraints or (iii) can-

celing jobs. Normal, bimodal of two normal distributions and exponentially-

distributed resource-capacity distributions are considered. Tokas et al. [66]

iteratively tighten Lagrangian relaxation bounds and use branch-and-bound

to solve these models.

Spoerl and Wood [64] propose a stochastic model of the GAP, where

4



the resource-consumption parameters are normally distributed and the other

parameters are deterministic. They construct two deterministic equivalent for-

mulations, depending on whether an agent’s resource-consumption parameters

have a common mean-to-variance ratio.

In this dissertation, we consider the GAP where the resource-consumption

and capacity parameters are uncertain, which has not been studied in the lit-

erature and a column generation approach is applied to solve the problem.

1.1.2 Shift Planning and Scheduling Problem

The design of a permanent workforce requires a balance between full-

time, part-time, and temporary employees. In manufacturing, this is a rel-

atively easy problem to solve, especially when demand is steady and each

classified employee works 5 days in a row, 8 hours per day. In that case, a

straightforward cost analysis is often all that is needed. However, when de-

mand fluctuates from one day to the next and when daily operations span

more than a standard shift, the solution is much less obvious. Trying to find

the size and composition of a permanent workforce to minimize the annual

cost of running a facility requires the consideration of a host of factors includ-

ing overtime rules, the use of temporary labor, government regulations, union

contracts, and organizational polices. Part-timers, for example, can increase

management’s options for dealing with peaks in demand but their use may

be limited by agreements negotiated with labor unions. Full-timers are more

stable and reliable but impose greater costs. Temporary labor is the least ex-
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pensive option but those who are available may not have the necessary skills

or motivation for the job.

Partly for these reasons, improved shift scheduling plays a central role

in many organizations wishing to streamline their workforce. Some of the

more familiar examples include nurse scheduling in hospitals, crew scheduling

in the airline industry, staffing of call centers, and manpower planning at

mail processing facilities. Both the long-run and midterm problems faced

by organizations in these industries are further complicated by uncertainty in

demand, lack of good data, and the inability to hire and fire workers at will due

to training requirements, skill shortages, and binding job security agreements.

In the long run, the goal of companies and organizations driven by

service is to optimize the regular workforce by finding weekly schedules or

tours for each employee in a given skill category. This means specifying the

work days, their length, the daily start times, and the lunch breaks. At mail

processing and distribution centers, for example, these specifications define a

“bid job” [37].

The first component of tour construction has traditionally involved shift

scheduling to satisfy some percentage of the average daily demand. The corre-

sponding objective is to find the optimal crew size and daily job assignment for

each member of the crew, each day of the week [2]. A shift may vary in length

depending on whether it is associated with a full-time or part-time employee,

and may extend into the following day.
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Personnel scheduling has been widely studied for more than 50 years

beginning with the work of Dantzig [19] who developed a set covering for-

mulation for the problem. Different ways of dealing with labor requirements,

such as days off and breaks, are discussed in [2, 3, 11, 16]. Various problem

definitions associated with types of workers, working hour limitation, and skill

categories can be found in [2, 10, 11].

Burns and Carter [16] investigated the problem of finding the minimum

workforce size subject to various days off constraints. For the case in which

each employee must be given a predefined number of days off per week in

addition to A out of every B weekends off, they derived lower bounds on the

workforce size and proved that the bounds were exact. Bechtold and Jacobs

[11] dealt with the issue of assigning lunch breaks to shifts by developing

an implicit formulation of the assignment problem. They derived a series of

forward and backward constraints that guaranteed feasibility and then used

a post-processor to make the actual assignments. Testing showed that their

implicit formulation was superior to the traditional set-covering formulation

in terms of computational time and memory usages.

In an early application, Segal [62] solved a shift scheduling problem for

telephone operators who require breaks and reliefs using various network flow

formulations. Computation times were around 30 seconds on IBM360/67 for

problems in which the day was divided into 15 minute periods from 9 am to 6

pm.

Brusco and Jacobs [15] addressed restricted start-time constraints for

7



a tour scheduling problem arising at United Airlines airport ground stations

and proposed a two-stage heuristic solution strategy. An instance with 2000

variables was solved on a Pentium-based (100 MHz) PC and shown to outper-

form the methods being used at the time. A set of experiments was conducted

and an analysis of variance (ANOVA) was used to confirm the superiority of

the proposed algorithm.

Bard (2004) considered uncertainty in both demand and employee avail-

ability by increasing the size of the permanent workforce and decreasing the

number of working days allocated to part-timers. An essential component of

the work was a procedure for identifying the week to be used to define the

input data. The algorithm in the paper considered historical productivity and

absenteeism rates, union rules regarding casual labor, and internal limits on

the use of overtime. Results were presented for the Dallas mail processing and

distribution centers based on data from fiscal years 1999-2001.

Lau [45] defined a variation of a shift scheduling problem that arises in

airline crew scheduling, which he called the changing shift assignment problem

(CSAP). The problem is concerned with finding a satisfactory assignment of

shifts to workers subject to demand and shift change constraints. Using trans-

formation from 3-satisfiability, he showed that the decision version of CSAP

is NP-hard. When the shift change constraints are monotonic, though, he was

able to develop a polynomially solvable algorithm. Computational results for

random instances involving 40 workers, 7 periods, and 3 shifts were presented.

In this dissertation, the focus is on the combined tour and shift schedul-
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ing problem at USPS mail processing and distribution centers (P&DC). Rather

than using some average level of demand to fix the permanent workforce, how-

ever, we intend to treat demand as a random variable and develop a stochastic

optimization approach that minimizes the expected annual cost of running a

P&DC.

1.1.3 Column Generation

The two-stage stochastic programming problem with recourse becomes

more difficult to solve as the number of scenarios grows. This difficulty is

compounded by the fact that many specialized algorithms are not suitable for

problems with integer variables. In most scheduling problems, integrality is a

requirement, at least for a subset of the variables. Recently, column generation

schemes have been proposed to handle this case.

Dantzig and Wolfe [21] decomposition exploits specially-structured sub-

problems to solve linear programs using a reformulation with exponentially-

many columns. More generally, a column-generation method (CG) deals with

a mathematical program with an enormous number of columns. The columns

are iteratively generated by solving a subproblem to identify columns with at-

tractive reduced costs. In some integer programs (like the GAP), CG is applied

to a problem with exponentially-many columns because more compact formu-

lations have weaker LP relaxations. In other problems, a formulation with a

huge number of columns is the only model available. Column generation can

be applied at the root node of a branch-and-bound algorithm for the purpose
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of tightening the initial LP relaxation bound. When the pricing subproblem

can be extended to apply to nodes throughout the branch-and-bound tree the

method is called a branch-and-price procedure (B&P). In recent decades, B&P

has been used with considerable success (e.g., [8, 72]) on a variety of problems

including the GAP [61], facility location problems [63], vehicle routing prob-

lems [24], and scheduling problems [7, 23].

Effective CG depends on being able to solve the pricing subproblems

quickly and on the algorithm converging in a reasonable number of iterations.

Since one of its early applications to a cutting-stock problem [30], CG has

had a reputation of converging slowly. In order to improve its convergence,

stabilization methods have been developed. (See Lübbecke and Desrosiers [47]

for a survey.) The pricing subproblems are formed using dual variables from

the master problem, which contains columns generated so far, and attempts to

“stabilize” dual solutions from the master problem limit the distance between

the dual solutions from one iteration to the next [50]. This can be accomplished

by slightly relaxing constraints and penalizing “infeasibilities.” This limits the

dual variables, and these limits and associated penalties can be updated dy-

namically [25]. Other approaches resolve the problem among multiple-optimal

dual solutions by using an interior point [59] and use a weighted average of

previously generated solutions and the current dual solution [73]. We employ

the method described above of du Merle et al. [25].

10



1.2 Research Objectives

The primary objective of this research has been to investigate the gener-

alized assignment problem and the USPS shift planning and scheduling prob-

lem from a two-stage stochastic integer programming point of view. In so

doing, a number of stochastic models have been developed and analyzed. So-

lution methods have also developed and their performance evaluated through

an extensive experimental design. To solve many of the large-scale integer

linear programs that arose in the research, it was necessary to develop a col-

umn generation scheme. Little success was achieved by simply calling on a

commercial code.

Integral to the work was the estimation of the distribution of the de-

mand data for the USPS problem. These data were obtained from the Dallas

P&DC and represent three years of weekly mail volume. For planning pur-

poses, it was assumed that mail volume is proportional to demand.

To speed convergence of the column generation scheme, an compre-

hensive investigation of several “stabilization” methods was undertaken. The

intent of these schemes, in general, is to improve the quality of the dual solu-

tions of the master problem.

1.3 Outline of the Dissertation

Chapter 2 contains a brief review of stochastic programming and the

development of stochastic models. Section 2.1 describes stochastic program-

11



ming and the meaning of solutions obtained from the various formulations.

The development of stochastic models and computational results for the gen-

eralized assignment problem follow in Section 2.2. A stochastic version of

the shift planning and scheduling problem that addresses uncertain demand is

provided in Section 2.3. In Section 2.4, demand data from the Dallas P&DC

is analyzed, and a distribution is estimated. A statistical analysis is included

to verify the results. Section 2.5 includes the computational results and the

development of an approximation algorithm.

In Chapter 3, column generation methods are described. Section 3.1

explains column generation and the mechanics of stabilization. A small com-

putational experiment is carried out for a facility location problem to demon-

strate how stabilization can improve algorithmic performance. In Section 3.2,

a column generation formulation is given for the generalized assignment prob-

lem and branching strategies are to be examined within the context of branch

and price. Finally, in Section 3.3, the shift planning and scheduling problem

is reformulated using a column generation approach.

Chapter 4 concludes the dissertation by summarizing its contributions

and presenting some ideas for future research.

12



Chapter 2

Stochastic Programming Models

This chapter reviews the literature and concepts of stochastic program-

ming and develops the stochastic formulations for the GAP and SPSP. The

demand distribution for the USPS application is also estimated from historical

data.

2.1 Stochastic Programming Review

Stochastic optimization methods are called for when some parameters

of a model are uncertain but can be characterized by a known probability

distribution. With a steady increase in computer power, it is now possible

to develop and study stochastic extensions of deterministic models that were

heretofore out of reach due to their size. Applications that fall into this cat-

egory include the unit commitment problem in electrical power generation

[22, 32, 65], capacity planning [26, 36] and revenue management [53, 71]. In

these applications, the most common random variables are demand and ca-

pacities.

Beale [9] and Dantzig [20] were the first to introduce linear program-

ming under uncertainty. Since then, two-stage stochastic programming with

13



recourse has received a significant amount of attention, e.g., see [14, 40, 55].

Stochastic linear programs (SLPs) with recourse that have a small num-

ber of scenarios may be solved as large-scale linear programs via the simplex

method or an interior point method. As the number of scenarios grows al-

gorithms that exploit special structure are computationally preferable. Ap-

proaches to solve such problems include cut generation algorithms and decom-

position methods—by scenario and by stage.

The L-shaped algorithm [70], a cut-generation algorithm, may be viewed

as applying Benders’ decomposition [12, 29] in a way that decomposes the

problem with respect to the possible outcomes of the random variables or

scenarios.

In decomposition methods, some constraints are relaxed and satisfied

iteratively. Relaxing nonanticipativity produces subproblems associated with

scenarios and relaxing linking constraints leads to subproblems associated with

stages. Scenario decomposition is very effective for problems that have a spe-

cialized structure, such as a network, or for problems whose single scenario

subproblems that can be solved efficiently (e.g., see [14, 34, 40, 55]) Decom-

position by stage, which is sometimes referred as nodal decomposition, does

not remove the stochastic complication in the problem because the nonantic-

ipativity constraint is still present. Rosa and Ruszczyński [56] applied this

approach to a multistage problem.

In a two-stage stochastic model, the second-stage cost known as the
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recourse function, is represented as a function of the first stage decision vari-

ables. For problems with linear recourse, the recourse function is piecewise

linear and convex.

If integer restrictions are imposed on the first-stage variables only, ex-

isting technology described above carries over fairly easily, at least in principle.

However, if integer restrictions are imposed on some or all of the second-stage

decision variables, which is generally the case in scheduling, convexity, and

even continuity, of the recourse function are lost. Therefore, much of the re-

search on stochastic integer programs (SIPs) has concentrated on finding a

good approximation (or a good bound) and developing algorithms to solve

ever larger problems in reasonable time.

Convex approximations of SIPs with simple integer recourse are ap-

plicable for problems in which random right-hand-side parameters follow a

certain class of distributions [42, 68]. Work to extend this to include problems

with more general integer recourse is ongoing [46, 69].

Wollmer [74] solved models with 0-1 first stage variables and continuous

second-stage problems, and Laprote and Louveaux [43] extended this to models

with binary first-state variables and an arbitrary second-stage problem. Carøe

and Tind [18] proposed an extension of the L-shaped method to solve SIPs that

required a branch-and-bound algorithm for the second-stage integer problems.

However, since the cuts generated during the branching process are not convex

in general, more research needs to be done to apply their approach to general

integer problems.

15



For applications, Laprote et al. [44] solved a class of capacitated facility

location problems with stochastic demand by formulating them as stochastic

integer programs with binary variables in the first stage and continuous vari-

ables in the second stage. They reported computational results for randomly

generated problem instances with up to 40 customers and 10 facility locations.

Lulli and Sen [49] developed a B&P algorithm for a multistage mixed

integer program by relaxing the nonanticipativity constraints. They solved

stochastic lot sizing problems having up to six decision stages and about 400

integer variables in 48 minutes on a SUN Ultra 80. CPLEX was used as the

optimization engine, with the tolerance set at 0.0001. However, they imple-

mented the column generation method using an open source code called BCP,

part of COIN-OR [35]. Because BCP took a significant amount of time to

traverse the search tree they concluded that a more efficient procedure was

needed if the approach was to be useful.

Lagrangian relaxation was used by Gollmer et al. [32], Takriti et al.

[65] to solve the unit commitment problem with uncertain demand. In this

problem, it is necessary to determine the operating schedule (binary variables)

of the generators over a planning horizon that could span a month at a time.

Dentcheva et al. [22] used the bundle method with CPLEX for the subgradient

algorithm and a specialized algorithm to solve the subproblems. They pre-

sented computational results for a problem instance having 20 thermal units,

6 hydro plants and 192 time periods. Solutions were obtained in less than

two minutes (CPU-time) on an HP-Apollo 735/125 with an optimality gap
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of 1.5% in worst case. Carøe and Schultz [17] used dual-decomposition with

Lagrangian relaxation to solve randomized test problems having 10 binary

variables and 65 continuous variables. The solutions were within 0.2% of the

optimum and computational times were less than 10 minutes on a DEC Alpha

workstation with a 266 MHz processor. The algorithm was implemented with

CPLEX and NOA [41].

2.1.1 Stochastic Linear Programming

In a two-stage stochastic linear program (SLP), a decision x must be

made before the uncertain parameters are realized. A second set of decisions y

is then taken as recourse actions once the uncertainty has been revealed. The

goal is to make the here-and-now decision x, that minimizes the total expected

cost.

Let q̃, D̃, B̃ and d̃ be random variables and ξ̃ : Ξ → ℜn be a vector

formed by the components of q̃, D̃, B̃ and d̃ where Ξ is the support of ξ̃ and n

is the number of random parameters in q̃, D̃, B̃ and d̃. Then the SLP can be

formulated as follows:

z = min
x
{cx + Eξ̃[h(x, ξ̃)] : Ax ≥ b, x ∈ X} (2.1)

where Eξ̃ is the mathematical expectation with respect to ξ̃ and X contains

simple bounds. The recourse function h(x, ξ̃) is defined as

h(x, ξ̃) = min
y
{q̃y : D̃y ≥ B̃x + d̃, y ∈ Y } (2.2)
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where Y is a set of simple bounds. We call x the first-stage decision vector,

the set X = {x : Ax ≥ b, x ∈ X} is the first stage constraint set, and (2.2)

the second stage problem, in which the first stage decisions x are constant.

Let ξω be a realization of ξ̃, ω ∈ Ω where Ω is the sample space of ξ̃, with

P (ξ̃ = ξω) = pω. Then the deterministic equivalent program (DEP) can be

defined as follows.

z = min
x,y

cx +
∑

ω∈Ω

pωqωy

s.t. Ax ≥ b

Bωx + Dωy ≥ dω

x ∈ X, y ∈ Y

Definition 2.1 (Relatively Complete Recourse). Let K = {x : ∃ y satisfying D̃y

≥ B̃x + d̃, wp 1}. If X ∩K = X, then the SLP is said to have relatively com-

plete recourse.

Relatively complete recourse means that we can find a feasible solution to the

second stage problem for any first stage solution x. We assume that problem

(2.1) has relatively complete recourse.

Proposition 2.1. h(x, ξ̃) is convex in x for a fixed value of ξ̃ ∈ Ξ.

Proposition 2.2. h(x, ξ̃) is convex on Ξ for fixed x ∈ X ∩K.

For the proofs and additional properties of h(x, ξ̃), see, e.g., Kall and

Wallace [40]. Using these properties, the SLP can be solved by cutting plane

methods such as the L-shaped method [14, 70].
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If uncertainty is not revealed at once, the model (2.1) is extended to a

multistage problem. At time t, t = 1, ..., |T |, we decide the decision (xt) with

the information revealed so far (ξt−1) and the previous stage decision (xt−1).

z = min
x0

c0x0 + Eξ̃1
[h1(x0, ξ

ω
1 )]

s.t. A0x0 ≥ b0, (2.3)

x0 ∈ X0

where

ht(xt−1, ξ̃t) = min
xt

c̃txt + E ˜ξt+1
[ht+1(xt, ξ̃t+1)]

s.t. Ãtxt ≥ B̃txt−1 + b̃t (2.4)

xt ∈ Xt

with hT+1 ≡ 0.

2.1.2 Stochastic Integer Programming

Stochastic Integer Programming (SIP) can also be represented as (2.1)

and (2.2) except that X and/or Y has integer restrictions. If integer restric-

tions are imposed on the first stage variables, then the objective function of the

problem has the same properties as in SLP since the recourse function h(x, ξ̃)

is not changed. We can use the same solution techniques for SLP coupled

with some branch-and-bound methods to obtain an integer first stage solu-

tion. However, integer restrictions on the second stage variables changes the

problem considerably. The objective function, in general, is no longer convex.
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As a result, research interests in SIP have focused on the case that the second

stage problem requires integral decisions.

Proposition 2.3. If the SIP has relative complete recourse, then the recourse

function h(x, ξ̃) is lower semicontinuous in x for all ξ̃ ∈ Ξ.

Proof. See Birge and Louveaux [14], p.124.

Proposition 2.4. The recourse function may be discontinuous.

2.1.3 Value of the Stochastic Solution

Stochastic programs enable us to capture uncertainty using random

variables in mathematical programming models, but the computational burden

may be high. Therefore, it is important to measure the value of stochastic

programming solutions over simpler and less computationally expensive ways

of handling uncertainty. One possibility is to replace the random variables by

their expected values and solve the associated deterministic problem. Another

is to solve several deterministic problems, each representing a scenario and then

to extract a decision from the separated scenario solutions. Applying heuristics

may provide reasonable solutions. In this section, two ways of measuring the

quality of stochastic solutions and relevant bounds are discussed.

To see the value of stochastic solution, several relevant problems are

solved. Using the same notation as in Section 2.1.1, define

RP = min
x∈X

{cx + Eξ̃h(x, ξ̃)} (2.5)
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EV = min
x∈X

{cx + h(x,Eξ̃[ξ̃])} (2.6)

WS =Eξ̃ min
x∈X

{cx + h(x, ξ̃)} (2.7)

where ξ̃ denotes the random variable, X is the feasible set for x, and h(x, ξ̃) is

the optimal value of the second stage problem as defined in Section 2.1.1. RP

stands for recourse problem, in which expected cost is minimized, and EV is

the expected value problem, which is the one-scenario problem defined by the

mean of ξ. WS denotes the wait-and-see problem, which is the weighted sum

of the optimized one-scenario problems associated with each scenario. Let xEV

denote the solution to the EV problem. Define

EEV = cxEV + Eb̃h(xEV , b̃), (2.8)

where EEV denotes the expected cost of using xEV . Decision xEV is feasible

but, in general suboptimal for (2.5), hence EEV ≥ RP . In (2.7) we know

perfect information regarding the future and so RP ≥ WS.

The value of the stochastic solution V SS is defined as

V SS = EEV −RP, (2.9)

and denotes the cost of using the suboptimal decision xEV decision to the

solution to (2.5). The expected value of perfect information (EV PI) is the

difference between the wait-and-see and the here-and-now solution:

EV PI = RP −WS, (2.10)

and denotes the value we would be willing to pay to eliminate uncertainty.
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2.2 Generalized Assignment Problem

The deterministic GAP has been studied and applied considerably in

many application, even though the problem is known as NP-hard, due to the

fact that the problem appears to be useful as a substructure in many appli-

cations, such as vehicle routing problem, as well as its own benefits. Recently

many researchers consider uncertainty in different parameters of the problem

which is often the case in real-world application.

In this study, uncertainty is allowed for the capacity of resources and

the consumption of each agent’s capacity for each job. This problem can be

formulated as a two stage stochastic problem, in which the assignment decision

should be made only with the knowledge of the distribution of uncertainty and

once the uncertainty is realized, the recourse decision is to made. The objective

is to minimize the total expected cost.

In this section, the generic model will be introduced and the column

generation formulation will follow in the next chapter as a branch-and-price

algorithm. The performance of the algorithm will be reviewed with computa-

tional results.

2.2.1 Formulation

The generalized assignment problem (GAP) considers the minimum

cost assignment of jobs to agents such that each job is assigned to one agent

subject to capacity constraints. The following notation is used to formulate

the problem.
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Sets

I set of agents; i = 1, ...,m

J set of jobs; j = 1, ..., n

Parameters

cij assignment cost of job j to agent i

qi cost for an additional unit of capacity of agent i over the given amount

dij consumption of capacity for agent i for job j

bi capacity of agent i

Decision variables

xij 1 if job j is assigned to agent i, 0 otherwise

The problem can be presented as follows.

min
∑

i∈I

∑

j∈J

cijxij (2.11a)

s.t.
∑

i∈I

xij = 1, ∀ j ∈ J (2.11b)

∑

j∈J

dijxij ≤ bi, ∀ i ∈ I (2.11c)

xij ∈ {0, 1}, ∀ i ∈ I, j ∈ J (2.11d)

The objective function (2.11a) minimizes the total assignment cost and the

constraint (2.11b) enforces that each job is assigned to one agent. The con-

straint (2.11c) ensures that the capacity of agent i is obeyed and finally the

integrality is maintained by (2.11d).
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Stochastic Model Now we consider uncertainty in the resource-capacity

and resource-consumption parameters. Let ξ̃i =
(
(d̃ij)j∈J , b̃i

)
denote the ran-

dom vector of the parameters associated with agent i, and let ξω
i =

(
(dω

ij)j∈J , bω
i

)

be its realizations indexed over the sample space ω ∈ Ωi. We assume |Ωi| is

finite and let pω
i = P (ξ̃i = ξω

i ), ω ∈ Ωi, be the corresponding probability mass

function. The vector of all the random parameters is ξ̃ = (ξ̃i)i∈I , but as we

describe below, our model’s objective function is separable in the subvectors

ξ̃i, i ∈ I, and hence the dependency structure among these subvectors is irrele-

vant. Restated, an optimal solution to our model is optimal for all dependency

structures between these subvectors.

Like all the stochastic GAP models [1, 64, 66] discussed in the previous

section, our stochastic GAP model first assigns jobs to agents subject to con-

straints (2.11b) and (2.11d) and with costs as indicated in (2.11a). Then we

observe a realization of ξ̃ and penalize the sum of the magnitudes of violations

in constraints (2.11c) over all agents, with respective unit penalties qi ≥ 0. We

add the expected value of this penalty function,

Eξ̃

∑

i∈I

qi

(
∑

j∈J

d̃ijxij − b̃i

)+

=
∑

i∈I

qiEξ̃i

(
∑

j∈J

d̃ijxij − b̃i

)+

=
∑

i∈I

qi

∑

ω∈Ωi

pω
i

(
∑

j∈J

dω
ijxij − bω

i

)+

,(2.12)

to that in (2.11a). Here, (·)+ = max(·, 0). Linearizing the positive-part terms

with continuous variables yω
i , denoting the magnitude of the constraint viola-
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tion, we have

z∗ = min
x,y

∑

i∈I

∑

j∈J

cijxij +
∑

i∈I

qi

∑

ω∈Ωi

pω
i yω

i (2.13a)

s.t.
∑

i∈I

xij = 1, j ∈ J (2.13b)

∑

j∈J

dω
ijxij − yω

i ≤ bω
i , ω ∈ Ωi, i ∈ I (2.13c)

xij ∈ {0, 1}, i ∈ I, j ∈ J (2.13d)

yω
i ≥ 0, ω ∈ Ωi, i ∈ I. (2.13e)

The objective function in (2.13a) minimizes the job assignment costs as in

(2.11a) plus the expected cost of violating the agent-capacity constraints. Con-

straints (2.13c) and (2.13e) linearize the positive-part terms in (2.12), while

constraints, (2.13b) and (2.13d) are identical to (2.11b) and (2.11d).

2.2.2 Computational Results

In this section, the value of stochastic solution (V SS) is investigated for

various problems. The deterministic equivalent model (2.13) was implemented

in JAVA with CPLEX 9.0 and solved on a PC with a dual 1.8GHz CPU, 1GB

memory, running SuSE Linux. For the integer solutions, the relative tolerance

was set with the default value 0.0001 and two-hour time limit was applied.

The algorithms were tested on four classes of random problems, which

were based on the rules for deterministic instances organized by Martello and

Toth [51]. Let m = |I| and n = |J |.

A. cij and dij are integer from a uniform distribution between 10 and 25
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and between 5 and 25, respectively. bi = 9 n
m

+ 0.4 max1≤i≤m

∑
j∈J∗ dij

where J∗
i = {j|i = arg min1≤r≤m crj}. qi = 30 for all i.

B. Same as A for cij, dij and qi. bi = 0.7 of bi in A.

C. Same as A for cij, dij and qi. bi = 0.8
m

∑
j∈J dij.

D. Same as C for bi. dij is integer from a uniform distribution between 1 and

100. cij = 100− dij + k, where k is integer from a uniform distribution

between 1 and 21. qi = 125 for all i.

For all four classes, scenarios for dω
ij were generated from a uniform distribution

between (dij − 20%) and (dij + 20%) and similarly, bω
i were generated from a

uniform distribution between (bi − 20%) and (bi + 20%). Various sizes were

used (m = 5, 10, 20 and n = 30, 50).

Table 2.1 shows the objective function values and the values of sto-

chastic solutions. The name of each problem is composed of a letter and three

numbers. The letter stands for the problem class and the numbers tell the

numbers of agents, jobs and scenarios in turn. For all problems, V SSs were

quite high. For an example, A.5.30.10 had 46.56% of V SS, which means that

we can decrease the total expected cost by 46.56% by solving the stochastic

model rather than solving the deterministic problem using mean values. Sup-

pose we solve the problem with mean values of the random variables and wait

for the realization of random parameters. If an assignment under a scenario is

over the capacity, the additional payment has to be paid and hence the total
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expected cost would be increased. For A.5.30.10 case, handling uncertainty

in this way cost 46.56% more than solving the stochastic model. Note that

some RP values were the same as EV values, i.e., for the cases of A.20.50.10

and B.20.50.10, which means that we can handle the uncertainty with the

same expected cost as the EV problem which would result in 78% and 43%

higher expected costs (EEV values), respectively, when the random variables

are realized.

2.3 Shift Planning And Scheduling Problem

The problem that we consider involves the development of a set of bid

jobs and schedules for a permanent workforce of career employees comprised of

full-time regulars (FTRs), part-time regulars (PTRs), and part-time flexibles

(PTFs). We begin with a presentation of the model in which the size and

composition of the workforce selected must be sufficient to meet all the demand

for some representative week during the year, where deterministic demand

values are specified in 1/2-hour increments by labor category over the selected

week. In this deterministic version of the problem, overtime and the use of

casual labor is not considered. Then, we extend the model to handle random

demand.

2.3.1 Deterministic Problem

We consider a long-term planning problem at USPS P&DCs in which

we want to decide the number of workers and to assign them to specific shifts.
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Table 2.1: Results for various problems

V SS Objective value
Problems (%) EV EEV RP
A. 5.30.10 46.56 362.0 532.0 363.0
A. 5.50.10 93.04 617.0 1196.8 620.0
A.10.30.10 111.26 324.0 690.8 327.0
A.10.50.10 28.35 554.0 714.9 557.0
A.20.30.10 12.12 308.0 346.5 309.0
A.20.50.10 78.48 513.0 915.6 513.0
B. 5.30.10 37.04 331.0 456.3 333.0
B. 5.50.10 40.23 606.0 856.8 611.0
B.10.30.10 6.21 325.0 348.4 328.0
B.10.50.10 49.59 551.0 824.2 551.0
B.20.30.10 16.55 305.0 357.8 307.0
B.20.50.10 43.62 516.0 741.1 516.0
C. 5.30.10 5.42 384.0 414.0 392.7
C. 5.50.10 15.23 591.9 690.2 599.0
C.10.30.10 35.29 349.0 488.4 361.0
C.10.50.10 15.14 571.0 662.3 575.2
C.20.30.10 32.64 322.5 458.0 345.3
C.20.50.10 46.62 535.4 880.0 600.2
D. 5.30.10 9.53 3062.3 3366.0 3073.0
D. 5.50.10 16.85 5045.0 5916.0 5063.0
D.10.30.10 38.32 3010.9 4201.0 3037.1
D.10.50.10 34.05 4960.5 6688.4 4989.6
D.20.30.10 26.46 2992.2 3814.1 3016.0
D.20.50.10 36.63 4939.7 6865.3 4973.0
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Table 2.2: An example set of shifts

Worker type Starting time Shift lengths (periods) Number of shifts
FTR Every hour 9 nT

PTF Every hour 4, 5, 6, 7 4 nT

We use various types of workers, each having different lengths of work periods,

and different restrictions. The framework of the weekly scheduling model is

adopted from the work by Bard et al. [6], which was built in consultation

with the Austin P&DC. In this problem, the ‘best’ week is selected and a

weekly schedule is formed with this ‘best’ week’s demand as proposed by Bard

[5]. This weekly schedule is to be used repeatedly for the long-term planning

period.

In this model, each day is divided into nT periods. Of the three types

of career employees at P&DCs, only FTRs and PTFs are considered in this

dissertation; the USPS is currently trying to phaseout the few PTRs on the

payroll. An FTR works 8 hours a day and is given a 1-hour lunch break.

A PTF can work one of several different shift lengths and is given a 1-hour

lunch break if the shift is longer than 6 hours. This break must occur during a

predefined break window. A shift may start at the beginning of any period in

the day, so the total number of shifts is nT for FTRs and nT times the number

of different shift lengths for PTFs. An example set of shifts is shown in Table

2.2.

Depending on the policy of the P&DC, an FTR must start the same
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time each day or may be given a starting time window. In the latter case, the

employee is assigned to one of the shifts within the time window which typically

spans two hours. PTFs have a starting time window of six hours, which means,

for example, that a part-timer may have a 4-hour shift on Monday that starts

at 6:00 a.m., and a 7-hour shift on Wednesday that starts at 11:00 a.m. FTRs

must have two days off per week. The total number of PTFs is limited by the

union contract such that the ratio of full-time to part-time workers ρ can be

maintained. Also a PTF is not allowed to work more than H̄ hours per week

on average.

The following notation is used in the development of the model.

Indices

d index for the days of the week; d = 1, ..., 7

t, s index for the periods during a day; t = 1, ..., nT

f index for the full-time shift type; f = 1, ..., nF

p index for the part-time shift type; p = 1, ..., nP

a index for the full-time starting window; a = 1, ..., nA

b index for the part-time starting window; b = 1, ..., nB

Parameters

cF
a weekly cost of a full-time worker with starting time window a

cP
p cost for a part-time worker assigned to shift p
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k earliest period a break can begin for any shift

q latest period a break can begin for any shift

nT number of time periods in a day

nF number of full-time shifts

nP number of part-time shifts

nA number of starting time windows for full-time workers

nB number of starting time windows for part-time workers

ρ full-time to part-time labor ratio

θ̄ upper bound on average working hours per week for a part-time worker

Dtd demand for period t on day d (man-hours)

Incidence matrices

Aaf 1 if full-time shift f belongs to the starting time window a; 0 otherwise

Bbp 1 if part-time shift p belongs to the starting time window b; 0 otherwise

BF
sf 1 if full-time shift f ’s break window lies between period s and nT ; 0

otherwise

B̄F
sf 1 if full-time shift f ’s break window lies between period s and nT of the

next day; 0 otherwise
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BP
sp 1 if part-time shift p’s break window lies between period s and nT ; 0

otherwise

B̄P
sp 1 if part-time shift p’s break window lies between period s and nT of the

next day; 0 otherwise

F F
sf 1 if full-time shift f ’s break window lies between period 1 and s; 0

otherwise

F̄ F
sf 1 if full-time shift f ’s break window lies between period 1 and s of the

next day; 0 otherwise

F P
sp 1 if part-time shift p’s break window lies between period 1 and s; 0

otherwise

F̄ P
sp 1 if part-time shift p’s break window lies between period 1 and s of the

next day; 0 otherwise

Gft 1 if full-time shift f covers period t; 0 otherwise

Ḡft 1 if full-time shift f covers period t of the next day; 0 otherwise

Ppt 1 if part-time shift p covers period t; 0 otherwise

P̄pt 1 if part-time shift p covers period t of the next day; 0 otherwise

Sf 1 if full-time shift f ’s break is in the day the shift starts; 0 otherwise

S̄f 1 if full-time shift f ’s break is in the day after the shift starts; 0 otherwise
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Tp 1 if part-time shift p has a break in the day the shift starts; 0 otherwise

T̄p 1 if part-time shift p has a break in the day after the shift starts; 0

otherwise

Decision variables

xfd number of full-time workers assigned to shift f on day d

ypd number of part-time workers assigned to shift p on day d

βtd total number of breaks in period t on day d

wa number of full-time workers with starting time window a

vb number of part-time workers with starting time window b

Model

min
w,v,x,y,β

nA∑

a=1

cF
a wa +

7∑

d=1

nP∑

p=1

cP
p ypd (2.14a)

s.t.
nF∑

f=1

(Gftxfd + Ḡftxf,d−1) +
nP∑

p=1

(Pptypd + P̄ptyp,d−1)− βtd ≥ Dtd, ∀t, d,

(2.14b)

nA∑

a=1

wa − ρ

nB∑

b=1

vb ≥ 0, (2.14c)

wa −
1

5

7∑

d=1

nF∑

f=1

Aafxfd ≥ 0, ∀a, (2.14d)

wa −
nF∑

f=1

Aafxfd ≥ 0, ∀a, d, (2.14e)
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vb −
1

5

7∑

d=1

nP∑

p=1

Bbpypd ≥ 0, ∀b, (2.14f)

vb −
nP∑

p=1

Bbpypd ≥ 0, ∀b, d, (2.14g)

θ̄

nB∑

b=1

vb −
7∑

d=1

nT∑

t=1

nP∑

p=1

Pptypd ≥ 0, (2.14h)

s∑

t=k

βtd −
nF∑

f=1

(F F
sfxfd + F̄ F

sfxf,d−1)−
nP∑

p=1

(F P
spypd + F̄ P

spyp,d−1) ≥ 0, ∀s, d,

(2.14i)

q∑

t=s

βtd −
nF∑

f=1

(BF
sfxfd + B̄F

sfxf,d−1)−
nP∑

p=1

(BP
spypd + B̄P

spyp,d−1) ≥ 0, ∀s, d,

(2.14j)

T∑

t=1

βtd −
nF∑

f=1

(Sfxfd + S̄fxf,d−1)−
nP∑

p=1

(Tpypd + T̄pypd) = 0, ∀d, (2.14k)

wa, vb, xfd, ypd, βtd ∈ Z+, ∀ a, b, f, p, t, d (2.14l)

The objective function (2.14a) minimizes the total weekly cost of the

workforce. The first component is written in terms of the number of full-time

workers for each time window a while the second component is written in terms

of the number of part-time shifts.

The demand at each time period on each day is satisfied by (2.14b).

Incidence matrices are used to identify the number of FTRs and PTFs that

are available at time t on day d. The break variable βtd accounts for those who

are at lunch during their shift. The second constraint, (2.14c), referred to as

the ratio constraint, limits the number of PTFs. In general, it costs less to use
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the part-time employees than to use the full-timers because of the differences

in benefits. If no limit is imposed on the number of PTFs, the demand would

be satisfied only by PTFs. Almost every union contract limits the work by

the part-timers in various ways and USPS uses head counts on the payroll as

an upper bound.

Constraints (2.14d)-(2.14g) are upper bounds of the numbers of work-

ers, introduced by Burns and Carter [16] in a slightly different form. The

first of these bounds in (2.14d) ensures that there is enough coverage so that

every worker can take two days off a week; e.g., the total number of FTR

shifts over all types f in time window a used over the week must be no more

than 5 times the number of workers wa enrolled in starting time window a.

Constraint (2.14f) provides the bound associated with PTFs. The second sets

of these bounds, (2.14e) and (2.14g), are needed to assure that there are a

sufficient number of workers, FTRs and PTFs, respectively, for each starting

time window to cover the day with the highest demand. Constraint (2.14e) is

the result of linearizing the following:

wa ≥ max





nF∑

f=1

xfd : f is in time window a, d = 1, ..., 7





where xfd is the number of FTRs assigned to shift type f on day d. Similarly,

constraint (2.14g) is for PTFs. At optimality, one of these bounds is tight. The

restriction on the average working hours for PTFs is maintained by (2.14h).

To take account of breaks, we use three constraints (2.14i)-(2.14k),

which were introduced by Bechtold and Jacobs [11]. The first constraint (2.14i)
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is referred to as the forward pass constraint, which assures that the total

number of breaks initiated from the starting period of the break window, k,

up to a given period s exceeds the total number of employees who should have

taken their breaks by that period so that sufficient breaks are provided. The

employees included in the constraint are only those whose break windows are

fully covered through s. The second constraint (2.14j) is referred to as the

backward pass constraint and assures that the total number of breaks that are

initiated from a given period s through the last period of the break window,

q, exceeds the number of employees who are entitled to a break during this

interval. In other words, there should be sufficient breaks in the future from

s onward to satisfy the break requirement for the rest of the day. These two

constraints are needed to provide every employee with a break, but they are not

sufficient to enforce the requirement that exactly one break be assigned to each

worker entitled to one. Furthermore, they do not limit the break assignments

to their respective ranges. The constraint, (2.14k), which is known as the

balance equation, is needed to assure that every worker is assigned a break and

that it is within its permitted window. For details about break constraints,

see Bard et al. [6] and Bechtold and Jacobs [11].

The solution to model (2.14) provides the number of breaks that are

required in each period over the week but does not associate them with shifts.

The actual assignment of breaks can be made with a post-processing procedure

that solves a transportation problem in which the supply nodes correspond

to the the breaks and the demand nodes correspond to the shifts; however,
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because there is no objective function, a greedy algorithm that quickly finds

feasible solutions is all that is needed. Finally, constraint (2.14l) states that

all variables must be integral.

2.3.2 Stochastic Formulation

In general the demand, Dtd, is not known when we must make certain

scheduling decisions. In the model of Section 2.3.1 we use some point forecast

of the demands, using, for example, a choice of the “best week”. Here, we

relax this assumption and replace the point forecast with an estimate of the

probability distribution governing demand and formulate an associate stochas-

tic program with the hope that resulting schedules will better hedge against

uncertainties in future demand.

We consider a planning horizon of one year. The deterministic model

produces a weekly schedule, which is applied repeatedly for that year. We

must decide the number of full-time and part-time workers that will form

the workforce before the demand is known. This is generally the case in a

scheduling situation because the regular workforce must be hired in advance

and its size cannot be changed easily. Hence, in the stochastic programming

model we decide workforce size in the first stage, before realizing the demand,

and fix it after the demand is revealed in the second stage. If demand cannot

be met using the existing workforce with regular-time hours then we can, with

some restrictions, assign overtime and hire so-called casual workers. Casual

workers have the same shifts as part-time workers but are temporary in that
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they are called in as needed, and work for a day.

With respect to our modeling constructs from Section 2.3.1, the number

of full-time workers for each time window a (wa), the number of part-time

workers for each time window b (vb), and the number of full-time workers for

each shift f (xfd) must be decided before the demand is realized. After demand

is realized part-time workers are assigned to each shift p (ypd). In addition,

overtime hours may be assigned to full-time workers either as two-hour or

four-hour extensions of their existing shifts via new decision variables µ1
fd and

µ2
fd. The number of casual workers for each shift p (γpd) is selected. The goal

is to satisfy demand through this four types of assignments, but restrictions

on the use of casual workers, the way in which overtime can be assigned, etc.,

sometimes make this impossible. Decision variables wU
a and xU

fd account for

unmet demand. Casual workers do not have breaks.

Union agreements with the USPS limits overtime hours (HOT ) no more

than 6% of the total hours (HA + HOT ) worked by full-time and part-time

workers, where HA denotes the regular-time hours worked by full-time and

part-time workers. Thus,

HA

HOT + HA

≤ 0.06

which yields

HOT

HA

≤
0.06

0.94
= 0.0625.

That is, the allowable fraction of regular-time hours which can be de devoted

to overtime hours is ρOT = 0.0625.
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The USPS wage rates increase by a factor of 1.5 for the first two hours

of overtime work and by a factor of 2 for hours in excess of two hours. Working

more than four hours of overtime is not allowed. (See Figure 2.1). The ratio

of casual workers to regular workers may not exceed ρC ; the USPS uses ρC =

0.059.

→ hour
0 1 2 3 4 5 6 7 8 9 10 11 12

Regular working hours
Type 1

Type 2

Figure 2.1: Two types of overtime

Multi-Stage vs. Two-Stage Problem A 52-week version of our problem

can be formulated as a multistage stochastic problem: At the beginning of

the one-year planning period, before any random demands become known,

the size of permanent workforce is determined; denote this sizing decision x̂0.

Then, in subsequent weeks of the year, τ = 1, ..., 52, we observe the demand

for the week and construct an adaptive weekly schedule using overtime for

the existing full-time employees as well as scheduling part-time employees and

casual workers. Denote the schedule for week τ by x̂τ . The dimension of x̂τ ,

τ = 0, ..., 52 is denoted n̂τ . Then the problem may be stated

min
x̂0

c0x̂0 + Eb̃1
[h1(x̂0, b̃1)]

s.t. A0x̂0 = b0 (2.15)

x̂0 ∈ Z n̂0

+ ,
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where for τ = 1, ..., 52

[hτ (x̂0, b̃τ )|(b̃1, ..., b̃τ−1)] = min
x̂τ

cτ x̂τ + Eb̃τ+1|b̃1,...,b̃τ
[hτ+1(x̂0, b̃τ+1)|(b̃1, ..., b̃τ )]

s.t. Aτ x̂τ = b̃τ −Bτ x̂0 (2.16)

x̂τ ∈ Znτ

+

with h53 ≡ 0 and b̃τ , τ = 1, ..., 52, including random demand. The constraint

set in (2.15) restricts the workforce-sizing decision and the feasible region of

(2.16) constrains schedules of the overtime, part-time workers and the casual

workers, given the sizing decision x̂0.

Note that the second term in the objective function of (2.16) does

not depend on x̂τ and is simply a constant with respect to the optimization

in (2.16). Moreover, the optimal solution x̂∗
τ to (2.16) depends only on the

demand b̃τ and not on the previous demand b̃1, ..., b̃τ−1, i.e., x̂∗
τ = x̂∗

τ (b̃τ ).

Thus, the expected cost incurred in week τ only depends on the marginal

distribution of b̃τ and the initial workforce sizing decision. As a result, our

multi-stage problem (2.15)-(2.16) reduces to the following two-stage SIP.

min
x̂0

c0x̂0 +
52∑

τ=1

Eb̃τ

[
hτ (x̂0, b̃τ )

]

s.t. A0x̂0 = b0

x̂0 ∈ Z n̂0

+

where, for τ = 1, ..., 52,
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hτ (x̂0, b̃τ ) = min
x̂τ

cτ x̂τ

s.t. Aτ x̂τ = b̃τ −Bτ x̂0 (2.17)

x̂τ ∈ Z n̂τ

+

If each of the b̃τ , τ = 1, ..., 52, have the same distribution, then we can simplify

(2.17) by putting b̃ ← b̃τ , A ← Aτ , B ← Bτ and c ← cτ , τ = 1, ..., 52. This

leads to

52∑

τ=1

Eb̃τ

[
hτ (x̂0, b̃τ )

]
= 52Eb̃

[
h(x̂0, b̃)

]
, (2.18)

where h(x̂0, b̃) is the equivalent of (2.17) with the subscript τ removed.

Two-Stage Model Now we define notation that will be used for the detailed

parameters and variables in addition to those defined in Section 2.3.1.

Parameters

cP
p cost of part-time worker assigned to shift p

cOT1
f cost of type 1 overtime for a full-time worker assigned to shift f

cOT2
f cost of type 2 overtime for a full-time worker assigned to shift f

CC
p cost of casual worker assigned to shift p

CU cost per week for additional full-time workers needed to cover unmet

demand
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ρOT maximum allowable ratio of overtime hours to regular-time hours

ρOT lower bound on ratio of overtime hours that must be achieved before

casual workers can be used

ρC maximum allowable ratio of casual workers to permanent workers

θ lower bound on average working hours per week that must be assigned

to part-time workers before casual workers can be used

Incident matrices

GOT1
ft 1 if type 1 overtime on shift f covers period t; 0 otherwise

GOT2
ft 1 if type 2 overtime on shift f covers period t; 0 otherwise

Random parameters

D̃td demand for period t on day d

First stage decision variables

wa number of full-time workers with starting time window a

vb number of part-time workers with starting time window b

xfd number of workers assigned to full-time shift f on day d

Second stage decision variables

ypd number of part-time workers assigned to shift p on day d

βtd total number of breaks in period t on day d
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µ1
fd number of full-time workers assigned to type 1 overtime on shift f on

day d

µ2
fd number of full-time workers assigned to type 2 overtime on shift f on

day d

γpd number of casual workers assigned to shift p on day d

wU
a number of additional full-time workers in starting time window a needed

to cover unmet demand

xU
fd number of additional full-time workers on shift f on day d needed to

cover unmet demand

z binary variable used to enforce logical constraints regarding the prece-

dence order in which overtime hours, part-time worker hours, and casuals

can be assigned

With regard to demand, let Dω
td be a realization of D̃td, ω ∈ Ω, where

Ω represents the sample space and ω is a sample point. We assume D̃td has

a discrete distribution with a finite number of scenarios. The corresponding

probability mass function is given by P (D̃td = Dω
td) = pω

td.

In the deterministic model, incidence matrices with “bars” are used,

e.g., Ḡft and P̄pt in (2.14b), because shifts may continue to the next day.

However, we write the stochastic model as if all shifts are contained within a

single day, which allows us to drops those terms that have “bars”. We do this
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only to simplify the presentation. Our computational work is based on the full

model.

Formulation

min
w,v,x
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nA∑

a=1

cF
a wa + E eD

[
h(vb, xfd, D̃)

]

 (2.19a)

s.t.
nA∑

a=1

wa − ρ
nB∑

b=1

vb ≥ 0, (2.19b)

wa −
1

5

7∑

d=1

nF∑

f=1

Aafxfd ≥ 0, ∀a, (2.19c)

wa −
nF∑

f=1

Aafxfd ≥ 0, ∀a, d, (2.19d)

wa, vb, xfd ∈ Z+ ∀a, b, f, d, (2.19e)
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where h(wa, vb, xfd, D
ω) =

min
y,β,µ1,µ2,γ,wU ,xU

7∑

d=1

nP∑

p=1

cP
p ypd +

7∑

d=1

nF∑

f=1

(cOT1
f µ1

fd + cOT2
f µ2

fd) +
7∑

d=1

nP∑

p=1

cC
p γpd

+
nA∑

a=1

cUwU
a (2.20a)

s.t.
nP∑

p=1

Pptypd +
nF∑

f=1

(GOT1
ft µ1

fd + GOT2
ft µ2

fd) +
nP∑

p=1

Pptγpd − βtd

+
nF∑

f=1

Gftx
U
fd ≥ Dω

td −
nF∑

f=1

Gftxfd, ∀ t, d (2.20b)

1

5

7∑

d=1

nP∑

p=1

Bbpypd ≤ vb, ∀ b (2.20c)

nP∑

p=1

Bbpypd ≤ vb, ∀ b, d (2.20d)

7∑

d=1

nT∑

t=1

nP∑

p=1

Pptypd ≤ θ̄
nB∑

b=1

vb (2.20e)

s∑

t=k

βtd −
nP∑

p=1

F P
spypd ≥

nF∑

f=1

F F
sf xfd, ∀ s, d (2.20f)

q∑

t=s

βtd −
nP∑

p=1

BP
spypd ≥

nF∑

f=1

BF
sfxfd, ∀ s, d (2.20g)

nT∑

t=1

βtd −
nP∑

p=1

Tpypd =
nF∑

f=1

Sfxfd, ∀ d (2.20h)

7∑

d=1

nT∑

t=1

nF∑

f=1

(GOT1
ft µ1

fd + GOT2
ft µ2

fd)− ρOT

7∑

d=1

nT∑

t=1

nP∑

p=1

Pptypd

≤ ρOT

7∑

d=1

nT∑

t=1

nF∑

f=1

Gftxfd (2.20i)
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µ1
fd ≤ xfd, ∀ f, d (2.20j)

µ2
fd − µ1

fd ≤ 0, ∀ f, d (2.20k)

7∑

d=1

nT∑

t=1

nP∑

p=1

Pptγpd − ρC

7∑

d=1

nT∑

t=1

nP∑

p=1

Pptypd ≤ ρC

7∑

d=1

nT∑

t=1

nF∑

f=1

Gftxfd (2.20l)

7∑

d=1

nT∑

t=1

nP∑

p=1

Pptypd ≥ θ
nB∑

b=1

vb −M(1− z) (2.20m)

7∑

d=1

nT∑

t=1

nF∑

f=1

(GOT1
ft µ1

fd + GOT2
ft µ2

fd)− ρOT

7∑

d=1

nT∑

t=1

nP∑

p=1

Pptypd + M(1− z)

≥ ρOT

7∑

d=1

nT∑

t=1

nF∑

f=1

Gftxfd (2.20n)

γpd ≤Mz, ∀ p, d, (2.20o)

wU
a −

1

5

7∑

d=1

nF∑

f=1

Aafx
U
fd ≥ 0, ∀ a (2.20p)

wU
a −

nF∑

f=1

Aafx
U
fd ≥ 0, ∀ a, d (2.20q)

z ∈ {0, 1},

ypd, βtd, µ1
fd, µ2

fd, γpd, xU
fd, wU

a ∈ Z+, ∀ f, p, t, d, a (2.20r)

The first stage feasible region is defined by the full-time to part-time ra-

tio constraint (2.19b) and the two lower bound constraints (2.19c) and (2.19d)

on the number of FTRs. The objective function (2.19a) minimizes the yearly

workforce costs which include the expected second stage cost. Constraints

(2.19b)-(2.19d) are identical to those used in the deterministic model.
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In the second stage problem, the objective function (2.20a) accounts for

the costs associated with the variable component of the workforce. Included

are costs for PTFs, type 1 and type 2 overtime, casual workers, and unmet

demand, respectively. Constraint (2.20b) ensures that as much of the (net)

demand as possible is covered by the available workforce. Because the number

of FTRs (wa) and their bid job assignments (xfd) are fixed in the first stage,

the demand is reduced on the right-hand side of (2.20b) in each period of the

day. Unmet demand is accounted for by the variable wU
a , which is penalized

in the objective function to discourage its use.

As in the deterministic model, (2.20c) and (2.20d) provide bounds on

the part-time employee assignments while (2.20e) limits their total working

hours per week. Constraints (2.20f)-(2.20h) account for breaks, overtime hours

are limited by (2.20i), and the number of casual hours is limited by (2.20l).

Constraint (2.20j) ensures that the number of type 1 overtime shifts associated

with full-time shift f doesn’t exceed the number of FTRs assigned to that shift.

A similar restriction is imposed by constraint (2.20k) for type 2 overtime.

USPS policy is to use as much overtime and part-time hours as possible

before hiring casuals who are actually paid at the lowest rate due to the absence

of benefits. Therefore, the number of casual shifts should be zero unless a

substantial portion of the available part-time and overtime hours are assigned.

Constraints (2.20m)-(2.20o) implement this restriction via the binary variable

z; the value of the constant M is chosen to be sufficiently large. Constraints

(2.20m) and (2.20o) ensure that the minimum number of part-time hours (θ)
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is assigned before casuals are hired while constraint (2.20n) has the same effect

for overtime hours. When z = 0, no casual shifts are permitted by (2.20o) and

constraints (2.20m) and (2.20n) are redundant. When z = 1, (2.20m) and

(2.20n) ensure that both part-time and overtime hours are within the ranges

that permit hiring of casuals.

Constraints (2.20p) and (2.20q) are used to account for unmet demand.

Because all demand must be covered in practice, we have introduced a second

category of FTRs as a modeling device, but associate a higher than normal

cost with their use. The variable xU
fd indicates how many additional full-time

shifts are needed and wU
a indicates the corresponding number of FTRs.

As can be seen from the derivation in the previous section, an interest-

ing property of model (2.19) is that there is no requirement that the demand

be uncorrelated from week to week. For equation (2.18) and hence this model

to be correct then, all that is needed is for each week’s demand to have the

same (marginal) distribution.

2.4 Distributions of Demand for US Postal Service

Model (2.19)-(2.20) is driven by the demand for labor, specified in man-

hours for each time period in the week. Even in the deterministic case, how-

ever, these data are difficult to obtain because only aggregate records exist.

The only practical way is to translate the aggregated weekly mail volume into

hourly labor requirements with a model. Therefore, once the weekly data are

analyzed, we will use daily mail arrival profiles for an average week in con-
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junction with the equipment scheduling algorithm developed by Zhang [75], to

derive values for Dtd. Note that the weekly demand is given in units of volume

of mail pieces while the daily demand is specified by the labor-hours required

to process the associated mail.

In this section, the distribution of the weekly demand will be estimated

using historical data, and given a realization of weekly demand the daily de-

mand will then be generated from the mail arrival profile generated by Zhang’s

algorithm. More specifically his procedure is used to turn a scaled demand for

one week, in terms of mail volume, into labor-hour demand per hour for the

seven days of the week.

Table 2.3 shows the weekly volume of mail (in 1000s of pieces) for the

Dallas P&DC for fiscal years 1999-2001. As can be seen from the table, the

weeks 13 to 16 differ from the rest of the year, due to the Christmas holiday

season. To prevent distortion, these weeks are excluded from our analysis.

2.4.1 Weekly Demand Data

The US federal fiscal year starts on October 1, and the data we have

begins on October 5 1998.

When one considers the nature of mail delivery in the US, it is natural

to suspect an end-of-month (EOM) effect, where the weeks at the end of each

month have higher volume than the others due to, say, bill payments and

invoicing. If this is the case, it would be necessary to separate the distribution

of the end of the month from the ‘regular’ weekly demand distribution.
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Table 2.3: Weekly mail volume for Dallas P&DC from 1999 to 2001 (1000s of
pieces)

Weeks 1999 2000 2001
1 108,220.20 107,355.80 106,310.00
2 100,163.20 105,947.50 107,773.50
3 105,290.00 110,358.40 106,875.40
4 113,982.90 117,655.70 113,758.60
5 106,055.90 108,914.90 109,334.20
6 106,681.70 111,553.10 111,913.30
7 105,550.00 105,850.80 107,135.60
8 109,262.80 116,047.70 114,570.50
9 100,785.90 101,010.10 104,664.70
10 105,806.20 107,565.50 116,640.30
11 97,720.70 91,674.70 93,753.30
12 109,050.00 107,628.90 102,962.90
13 119,479.30 117,379.30 124,625.50
14 124,167.40 121,949.90 116,373.40
15 86,571.30 102,926.70 124,409.70
16 89,890.80 85,295.70 82,400.00
17 104,751.70 121,554.50 99,631.70
18 113,673.30 112,445.50 116,416.90
19 108,996.50 102,791.40 110,484.00
20 119,134.10 107,624.40 113,178.50
21 115,284.70 117,333.60 117,451.50
22 106,715.00 107,082.80 113,260.70
23 96,705.40 103,882.80 109,012.00
24 102,258.80 100,287.20 101,427.80
25 111,712.10 107,091.70 110,501.70
26 104,991.30 107,936.50 112,565.10
27 103,446.30 104,468.40 107,338.00
28 103,803.60 103,872.40 103,069.00
29 104,821.10 99,248.30 108,015.20
30 107,266.30 109,026.00 112,189.40
31 102,831.90 105,378.90 108,316.60
32 99,662.50 104,497.90 104,454.10
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Table 2.3: Weekly mail volume for Dallas P&DC from 1999 to 2001 (cont’d)

33 101,046.50 102,678.60 106,920.90
34 115,380.50 116,801.50 114,062.70
35 107,028.00 106,618.50 107,867.00
36 105,935.00 99,628.20 105,250.20
37 103,561.60 96,317.60 104,146.40
38 96,376.70 84,351.80 91,598.50
39 103,079.70 100,919.80 106,273.50
40 99,812.50 100,553.10 102,577.60
41 94,379.90 97,197.50 103,527.40
42 104,395.20 94,446.50 101,632.10
43 89,315.70 88,590.40 100,211.20
44 106,497.70 103,027.10 105,738.00
45 101,060.30 101,299.50 104,468.50
46 101,685.00 101,229.80 103,700.10
47 108,695.70 104,365.50 105,520.10
48 102,179.00 102,264.30 106,299.80
49 97,581.90 98,457.00 102,055.20
50 102,016.00 102,239.80 82,936.80
51 108,417.50 99,397.10 84,373.20
52 96,503.90 97,276.90 81,393.70

TOTAL 5,439,681 5,431,298 5,511,366
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To test the hypothesis that the EOM weeks have higher volume, three

following methods are applied; (1) comparing two variances, (2) comparing

two means and (3) logit regression analysis. Before describing the details,

we define the EOM period and the EOM weeks. Clearly, there is no formal

definition so we consider the following two possibilities for the EOM period:

1. Period from the 26th until the 5th of the next month (EOM1)

2. Period from the 28th until the 3rd of the next month (EOM2).

We define EOM weeks to be the weeks which cover more than 50%

of an EOM period. Then, each EOM week should cover six or more days of

EOM1 and four or more days of EOM2. It turns out that EOM1 and EOM2

both produce the same set of EOM weeks for the desired time period from

October 1, 1998 to September 30, 2001. There are 30 EOM weeks and 114

regular weeks among the 144 weeks under consideration.

Comparing two variances. To test whether the population variances of the dis-

tributions of EOM weeks and regular weeks are equal, an F -test is performed

with the following null and alternative hypotheses

H0 : σ2
E = σ2

R, Ha : σ2
E 6= σ2

R,

where σ2
E and σ2

R denote the variances for the distributions of EOM weeks and

regulars weeks, respectively. The result, given in Table 2.4, shows that the

p-value is too high to reject the null hypothesis of equal variances with typical

type I error levels of 0.1 or 0.05.
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Table 2.4: F -test result for comparing variances

Measure Regular EOM Test result
Sample mean 105,057 105,895 F -statistic 1.1450

Standard deviation 6,427 6,006 F110, 29, 0.05 1.7033
Observations 111 30 F110, 29, 0.025 1.8930

degree of freedom 110 29 p-value 0.3472

Comparing two means. Consider the following null and alternative hypotheses

H0 : µE = µR, Ha : µE > µR,

where µE and µR denote the mean demand volume for EOM weeks and the

mean for regular weeks, respectively. In this analysis, we performed a one-

sided t-test for comparing two means, assuming equal variances for regular

and EOM weekly demand based on the previous test result. The result is

given in Table 2.5. The p-value is too high to reject the null hypothesis of

equal means, with error levels of 0.1 or 0.05.

Table 2.5: t-test results for comparing means

Test results
degree of freedom 139

t-statistics 0.6425
t0.1 1.2877
t0.05 1.6559

p-value 0.2608

Logit regression analysis. Logistic, or logit, regression is a well-known approach

for evaluating the effects of independent variables on a qualitative dependent
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variable, such as the presence or absence of certain factors. Using an indicator

EOM variable as the qualitative dependent variable (E) and the demand vari-

able as the qualitative independent variable (D), we can use logit regression

in an attempt to infer whether the EOM variable effects the demand.

Consider the following logistic function

E(D) =
1

1 + e−(β0+β1D)
. (2.21)

The logit transformation is the natural logarithm of the so-called odd ratio:

logit E(D) = ln

(
E(D)

1− E(D)

)
, (2.22)

which yields

logit E(D) = β0 + β1D. (2.23)

With this model, we want to test the hypothesis that there is no effect

of variable E (H0 : β1 = 0), or, in our problem, EOM weeks do not have larger

volume than the other weeks. If H0 is true, then the model given by Equation

(2.23) reduces to

logit E(D) = β0 (2.24)

The computations are performed by SAS software [60] and the results

are shown in Table 2.6, from which we can conclude that we cannot reject

the null hypothesis that there is no “end of month effect” since the p-values

are too high to reject. Thresholds for the p-value are 0.10 and 0.05 with the

significance levels 90% and 95%, respectively.
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Table 2.6: Logit regression analysis results

Test χ2 df p-value
Likelihood ratio 0.2569 1 0.6122

Wald 0.2531 1 0.6149

The result of the above analysis is consistent with respect to indicate

there is insufficient statistical evidence to suggest the presence of an EOM

effect. Hence, we ill not separate data by the EOM and will use to estimate a

single distribution govern to weekly demand volume.

2.4.2 Estimation of Weekly Demand

The demand in weeks 50-52 in 2001 is considerably lower than that of

other weeks. The corresponding month is September 2001 when there was a

terrible tragedy in New York City. In our analyses, these weeks are removed

as outliers.

After the Christmas holiday season and the September 2001 outlier

weeks are removed, the histogram of the historical data is drawn and the

distribution of the weekly demand is estimated. The histogram and the prob-

ability density function of the estimated distribution are shown in Figure 2.2.

The histogram reflects a normal distribution with a mean of 105,000 and a

standard deviation of 6,310. The estimation is performed with a simulation

software ARENA. The test results are summarized in Table 2.7.

Further test assesses the appropriateness of assuming that demand is
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Figure 2.2: Histogram of weekly demand from 1999 to 2001 after removing
outliers

Table 2.7: The result of estimation

Estimated distribution
Name: Normal(105000, 6310)
Square error: 0.010288

Verification
χ2 Test Kolmogorov-Smirnov Test

Test statistic = 7.55 Test statistic = 0.0674
Corresponding p-value = 0.0584 Corresponding p-value ≥ 0.15
Number of intervals = 6
Degrees of freedom = 3
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normally distributed, with the above parameters. We used a so-called Q-Q plot

in which the observed values are plotted versus the quantiles of the assumed

normal distribution (see, e.g., Johnson and Wichern [39]). The straightness

of the Q-Q plot is measured by the correlation coefficient of the points in the

plots defined by

rQ =

∑n

j=1(x(j) − x̄)(q(j) − q̄)
√

(x(j) − x̄)2
√

(q(j) − q̄)2
. (2.25)

The quantiles q(j) are defined by the relation

P [N(µ, σ) ≤ q(j)] = p(j) =
j − 1

2

n

where N(µ, σ) denotes a normal with mean µ and variance σ. A Q-Q plot is

the plot of pairs (q(j), x(j)), j = 1, ..., n, where x(j) are the ordered observations.

The Q-Q plot for the weekly demand is plotted in Figure 2.3.

The rQ for the above Q-Q plot is calculated as 0.9924 with 141 obser-

vations, which is greater than the threshold 0.9906 with α = 0.05 and 0.9922

with α = 0.10. (These thresholds are interpolated.) Therefore, we cannot

reject the normality with significance level α = 0.10.

2.4.3 Equipment Scheduling for Daily Demand

The demand for a week can be realized from the distribution estimated

in the previous section. Our model (see Section 2.3.2) takes as input a demand

distribution which has a resolution in period over the course of one week, i.e.,

the distribution of D̃td, t = 1, ..., nT , d = 1, ..., 7.
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Figure 2.3: Q-Q plot for the weekly demand

To obtain the realizations of such distribution, we need an algorithm

which takes mail volume for a week as an input and produces the number of

workers per each period needed to satisfy the mail volume over a week. For

this we use an equipment scheduling algorithm developed by Zhang [75]

The equipment scheduling algorithm developed by Zhang is to produce

the required number of workers of each type to process the given volume of

the mail while minimizing the labor costs associated with equipments. In this

algorithm, a large-scale mixed-integer program is optimized sequentially using

a three-phase methodology:
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1. Solve the basic multicommodity network flow model to minimize the

ending inventory.

2. Relax the volume of mail not processed in Step 1 for each operation and

minimize number of full-time shifts.

3. Relax the number of shifts found in Step 2 and minimize a combination

of the number of startups and the weighted sum of working periods.

In each phase, a separate criterion is optimized and the corresponding objective

function value is used as a constraint in the next phase. Approximations, pre-

and post-processing’s are used to enhance the performance. As a result of this

algorithm, the number of each shift for each machine is produced.

We give an equipment scheduling algorithm described above one ob-

servation of weekly demand estimated in Section 2.4.2 and obtain realizations

of D̃td, t = 1, ..., nT , d = 1, ..., 7, by adding up the numbers of workers over

machines in each period from the result. So, we feed as many observations of

our weekly distribution into this one-to-many mapping as we need in order to

estimate the distribution of D̃td, which we will subsequently use.

Figure 2.4 shows an example of the daily demand generated by this

algorithm. In this detailed demand, each day is divided into nT = 48 periods

since USPS uses 30 minute periods. For accounting purposes, the first period

starts at midnight.
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Figure 2.4: An example of demand per period over a day

2.5 Computational Results of SPSP

A series of experiments was performed to gain insight into the proposed

models. We seek to understand their strengths and weaknesses, the value of

the stochastic solution, and the accompanying computational effort. We begin

with the SIP (2.19) in which all of the demand must be processed in the current

period. Any demand that cannot be met is accounted for by additional FTRs

via variables wU
a and xU

fd.

2.5.1 Data

In the analysis, the number of periods in a day is nT = 24 and breaks

are allocated to all shifts longer than 6 hours during the 4th or 5th period. The
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specific assignments are actually made by a post-processor after the values of

the decision variables are found. The length of a full-time shift is 9 periods

including the break and may start at any hour, implying nF = 24. Similarly,

part-time shifts may start at any hour, but their lengths may vary. Table

2.8 identifies the two cases examined. In the first case (S2), shifts of 4 and

5 periods are used so nP = 48. In the second case (S4), shifts of length 4,

5, 6 and 7 periods are considered, giving nP = 96 possibilities. Part-time

shifts of length 7 have a break so, in reality, they represent 6 hours of work;

however, they are somewhat more flexible than a 6-hour shift because of the

break window.

The hourly wage rate for full-time workers was set at the national av-

erage of $28.10 and $25.85, respectively. This implies a type 1 over time rate

of $42.15/hr and a type 2 rate of $56.20/hr. For casuals, we used an hourly

rate of $15.00. As described in Section 2.3.2, we measure the amount of unmet

demand in units of full-time workers; their hourly rate was set to $61.82, which

is 10% above the highest rate—the type 2 overtime rate.

Table 2.8: Two sets of data

Set Type Start time Shift length (periods) Number of shifts
S2 Full-time every hour 9∗ 24

Part-time every hour 4, 5 48
S4 Full-time every hour 9∗ 24

Part-time every hour 4, 5, 6, 7∗ 96
* shifts that have a break
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To complete the specification of parameter values, we set the lower

bound on the ratio of full-time to part-time workers (ρ) to 8, overtime hours

were limited to 6.25% of the regular hours associated with the permanent

workforce (ρOT = 0.0625), and no more than 5.9% of the combined regular

hours for FTRs and PTFs were allowed for casuals (ρC = 0.059). To use

casual workers, at least 95% of the maximum overtime hours must be used

(ρOT = 0.0594). On average, the maximum amount of working hours for each

PTF (θ̄) was set at 25 while the minimum number of hours required before

casuals could be used (θ) was a function of the specific scenario, ranging from

14 to 20.

We approximate the distribution of D̃ with a three-point distribu-

tion with realizations (scenarios) DL, DM and DH and respective probability

weights pL, pM and pH . We use DL = DM− 1.5σ and DH = DM + 1.5σ, where

σ is the standard deviation of weekly demand. The masses pL = pH = 0.22

and pM = 0.56 were chosen so that the three-point approximating distribution

matched the variance of the three-year data set. The value of DM was selected

as that of the ‘best week’ scenario from Bard (2004). The Figure 2.4 shows

F (DM) and Table 2.9 describes F (DL), F (DM) and F (DH), which, along

with their respective weights, represented the three-scenario distribution. As

indicated in that table, higher mail volumes don’t always translate into higher

labor requirements per period, primarily due to the nonlinear nature of F , i.e.,

Zhang’s scheduling algorithm.

All models were implemented in Java and solved with the CPLEX 9.0
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Table 2.9: Input demand data (workers per period)

(a) Demand scenario H
Period 1 2 3 4 5 6 7 8 9 10 11 12
Mon 68 68 69 67 66 66 33 0 1 4 2 3
Tue 29 28 64 35 35 66 33 2 6 2 2 2
Wed 35 49 69 66 66 66 33 7 10 9 10 10
Thu 38 51 69 66 66 66 33 2 5 7 5 12
Fri 34 51 70 66 66 66 33 1 4 7 9 12
Sat 56 68 69 62 66 66 33 3 6 7 4 7
Sun 17 15 17 15 8 0 0 0 3 4 7 6

Period 13 14 15 16 17 18 19 20 21 22 23 24
Mon 5 10 12 17 33 45 42 44 44 39 33 37
Tue 2 8 8 19 44 51 52 56 56 52 52 47
Wed 8 10 10 14 35 46 51 52 54 52 50 45
Thu 10 14 16 20 44 50 52 50 49 43 40 40
Fri 12 8 8 12 32 45 56 55 55 58 57 48
Sat 6 9 13 20 22 23 25 29 29 30 31 26
Sun 7 6 5 6 17 18 21 24 26 45 66 71

(b) Demand scenario M
Period 1 2 3 4 5 6 7 8 9 10 11 12
Mon 67 67 70 66 66 66 66 1 2 2 2 2
Tue 21 17 43 67 66 66 33 1 2 4 5 3
Wed 35 31 68 67 66 66 66 1 7 7 9 11
Thu 42 32 66 68 66 66 66 4 4 4 4 6
Fri 39 32 68 69 66 66 66 3 0 5 8 8
Sat 33 32 69 66 66 66 66 2 2 4 6 8
Sun 17 15 13 16 7 0 0 0 0 2 3 6

Period 13 14 15 16 17 18 19 20 21 22 23 24
Mon 4 7 8 21 34 41 42 42 41 38 33 31
Tue 4 6 8 29 44 48 48 47 48 46 42 37
Wed 10 12 11 28 42 40 40 40 40 42 39 44
Thu 6 6 10 26 41 46 46 44 44 44 43 47
Fri 10 10 9 20 37 46 45 47 48 48 44 40
Sat 8 14 13 18 21 22 21 22 22 30 22 22
Sun 7 8 10 13 13 15 15 16 18 16 18 71
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Table 2.9: Input demand data (continued)

(c) Demand scenario L
Period 1 2 3 4 5 6 7 8 9 10 11 12
Mon 68 68 69 67 66 66 33 1 2 2 4 3
Tue 24 21 44 68 35 66 33 0 0 1 0 2
Wed 36 42 57 67 39 66 33 3 5 6 6 6
Thu 31 37 61 66 39 66 33 1 5 4 3 7
Fri 31 50 69 67 66 66 33 0 2 2 2 5
Sat 28 50 70 66 66 66 33 2 2 2 3 7
Sun 18 14 16 14 7 0 0 0 1 1 5 5

Period 13 14 15 16 17 18 19 20 21 22 23 24
Mon 4 4 5 6 21 37 38 36 32 38 35 30
Tue 4 8 8 17 34 43 43 44 43 41 38 37
Wed 5 8 10 17 35 36 39 42 42 38 37 36
Thu 7 9 9 17 35 36 40 38 37 38 40 38
Fri 5 8 8 20 40 43 44 44 44 42 41 41
Sat 7 8 11 13 18 19 18 22 22 32 21 20
Sun 5 3 2 8 8 13 18 18 19 22 41 70
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callable libraries in the form of the large-scale equivalent MIP described in

Section 2.3.1. A 0.5% optimality gap was set for the termination criterion.

The computations were performed on a Dell Precision 530 workstation with

dual 1.8 GHz Pentium Xeon CPUs and 1GB memory running SuSE Linux,

although only one processor was used.

2.5.2 Results for Basic Model

The computational results in this section are based on a single week of

operations. As explained in Section 2.3.2, to determine the total labor cost for

the year, weekly costs can simply be multiplied by 52. The number of FTRs

reported along with their schedules are invariant, except for overtime. The

weekly schedules of the PTFs and casuals depend on the demand realization.

The solutions obtained for model (2.19)-(2.20) for cases S2 and S4 are

summarized in Table 2.10. The xf and wa columns identify the total number

of full-time shifts and the total number of FTRs, respectively. The subscripts

f and a are only included as a reference to the original names of the variables.

Similarly, vb identifies the total number of part-timers and yp the total number

of PTF shifts. The number of type 1 and type 2 overtime assignments are

given, respectively, by µ1
f and µ2

f , the total number of casual shifts is γp, and

the total number of FTRs needed to cover unmet demand is listed under wU
a .

Recall that the model is designed to ensure that PTF hours and overtime are

used before casuals.

Regarding the various output measures, the EV solution is obtained by
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solving the deterministic problem with the random demand [D̃td] replaced by

its mean value [D̄]. The RP solution considers all three scenarios simultane-

ously using the demand data in Table 2.9. WS(H) refers to the deterministic

problem (i.e., one-scenario problem) under scenario H, WS(M) to the deter-

ministic problem under scenario M, and WS(L) to the deterministic problem

under scenario L. The WS value is the mean of the objective function values

of these three wait-and-see values. The numbers in parentheses following the

results for V SS and EV PI indicate the fraction by which V SS and EV PI

exceed the objective function value of the recourse problem RP . Note that

the WS(L) value obtained for the S4 shift set was marginally greater than

the value obtained for the S2 shift set even though the S4 model has a larger

second-stage feasible region. This anomaly is explained by the fact that the

0.003% difference in objective function values is well within the 0.5% optimal-

ity gap used as the stopping criterion.

The number of full-time and part-time workers associated with the RP

solution was larger than the number obtained by solving the EV problem.

EEV , which uses the first stage solution of EV , produced unmet demand for

both data sets. For S2, V SS was $5,507 or 5% of the RP value, indicating that

expected labor costs can be reduced by $5,507 per week by solving RP rather

than EV and adjusting the composition of the workforce accordingly. For S4,

the cost savings were slightly greater, amounting to $6,519 per week or 4% of

the RP value. In both cases, the RP solution called for a larger permanent

workforce than the EV solution, but the need for more costly overtime and
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Table 2.10: Results for the various models

Shift Objective 1st stage var 2nd stage var
set Problem value wa xf vb Dω µ1

f µ2
f yp γp wU

a

EV 151,498 111 555 13 D̄ 150 9 65 78 0
DH 142 18 65 75 10

EEV 165,694 111 555 13 DM 159 2 65 76 5
DL 149 6 51 76 0
DH 144 29 70 78 0

RP 157,187 116 580 14 DM 162 4 70 76 0
DL 136 25 50 38 0

S2 WS(H) 156,411 114 570 14 DH 140 23 70 80 0
WS(M) 153,115 112 560 14 DM 159 7 70 79 0
WS(L) 140,788 103 515 12 DL 107 39 59 72 0

WS 151,128
VSS 5,507 (0.05)
EVPI 6,059 (0.04)
EV 151,460 111 555 13 D̄ 149 10 65 78 0

DH 140 23 64 73 11
EEV 163,479 111 555 13 DM 161 6 65 79 4

DL 139 16 48 76 0
DH 154 20 70 80 0

RP 156,960 116 580 14 DM 162 3 69 76 0
DL 139 23 50 43 0

S4 WS(H) 156,404 114 570 14 DH 138 26 69 79 0
WS(M) 153,048 112 560 14 DM 160 0 70 72 0
WS(L) 140,792 103 515 12 DL 108 39 60 80 0

WS 151,090
VSS 6,519 (0.04)
EVPI 5,870 (0.04)
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the use of ‘extra’ workers to cover the unmet demand was reduced.

The expected value of perfect information (EV PI) is the second mea-

sure of interest. From the results, it is evident that we should be willing to pay

up to $6,059 to gather information about the future for S2 and up to $5,870

with S4.

Figure 2.5 depicts the period-by-period details of the EEV and RP

solutions for Monday under the high demand scenario for S2. PT refers to

the number of part-time shifts, FT to the number of full-time shifts, Cas to

the number of casual workers, and OT to the total number of type 1 and 2

overtime shifts. In the case of EEV , FTm denotes the number of workers

assigned to full-time shifts to cover unmet demand. The solid line indicates

the demand over 24 hours, while the other lines indicate the aggregate number

of shifts by category. The first category corresponds to the part-timers and

the second to the full-timers. The next two areas in the figure correspond to

overtime and casual workers, respectively.

The darkly shaded area at the top of Figure 2.5a corresponds to the

additional full-time workers hired to cover unmet demand. As can be seen, the

EEV solution has a manpower shortage during periods 1 to 6 and 16 to 22.

For the problems that we considered, no such additional workers were part of

the RP or WS solutions.

Table 2.11 gives the number of variables and constraints associated with

each MIP as well as the amount of (clock) time used in the computations.
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Figure 2.5: EEV and RP solutions for Monday for S2 data set
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As expected, RP took considerably longer to solve than the other problems

because it is the only model that fully embodies the three scenarios. Although

EEV also addresses the three scenarios simultaneously, the fact that the first

stage variables are fixed in this problem allows the second stage to be solved

separately for each scenario.

Table 2.11: Problem dimensions and computation times

Shift Problem size† CPU
set Problem Variables Constraints time (sec)

EV 1542 1105 101
EEV 2922 1858 5

S2 WS(H) 1542 1105 95
WS(M) 1542 1105 71
WS(L) 1542 1105 401

RP 4258 3121 1661
EV 2214 1160 311

EEV 4686 2190 3
S4 WS(H) 2214 1160 193

WS(M) 2214 1160 26
WS(L) 2214 1160 330

RP 6274 3286 3411
† after CPLEX preprocessing

Figure 2.6 depicts the RP objective function values for a range of full-

time to part-time ratios (i.e., parameter ρ). The results indicate that as the ra-

tio increases the objective function value increases at a decreasing rate. Lower

ratios mean more flexibility and hence lower costs, and the lower the ratio, the

greater the marginal benefit.
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Figure 2.6: Parametric results for RP as a function of the full-time to part-time
ratio

2.5.3 Heuristic Approach to the Recourse Problem

The deterministic equivalent form of (2.19)-(2.20) becomes dramati-

cally more difficult to solve as more scenarios are included in the analysis.

To ease the computational burden, a target heuristic is developed aimed at

finding good feasible solutions. The idea is to first solve the LP relaxation

of (2.19)-(2.20) to obtain a target solution and then find a “nearby” integer

point. This is achieved by solving an IP whose objective function consists of

the following two terms: (i) the sum of the absolute deviations from the LP

solution, and (ii) the original objective function scaled by a constant ε ≥ 0.

When ε is small, staying close to the LP solution is primary and minimizing

the original objective function is secondary. When ε is large these roles are

reversed.
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To implement this approach, let X be an appropriately dimensioned

vector denoting a solution to the problem (2.19)-(2.20), i.e., X = (wa, vb, xfd, ypd,

βtd, µ
1
fd, µ

2
fd, γpd, w

U
a , xU

fd). Also, let f(X) be the original objective function

(2.19a) and XLP a solution to the LP relaxation. Then a heuristic solution

can be obtained by solving the following IP

z = min
X
|X −XLP |+ εf(X)

s.t. (2.19b)− (2.20r),
(2.26)

where XLP is given (of course, it is necessary to linearize the first term in

the objective function of (2.26) before solving). When the above problem is

solved, the CPLEX parameter was set to stop after finding the 5th integer

feasible solution.

Table 2.12 lists the objective function values f(X) and computation

times for various values of the parameter ε. As expected, the costs were higher

than those in Table 2.10 but the solution times were only a small fraction of

those associated with the full problem. When ε was small, the target heuristic

produced solutions having costs about 6% higher than the optimum while

achieving time reductions ranging from 80 and 92%. When ε was large the

expected cost of the solution was much closer to that of RP , and surprisingly

we still achieved considerable reduction in computational effort.
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Table 2.12: Results for the target heuristic

Data Objective Cost Time Time
set ε cost increase (%) (sec) reduction (%)

0 166,762 6.2 400 87.4
10−8 166,892 6.3 324 89.8
10−7 166,892 6.3 324 89.8

S2 10−6 164,929 5.0 254 92.0
105 159,681 1.6 375 88.2
106 158,763 1.1 316 90.1
107 158,614 0.9 444 86.1
0 172,875 10.1 552 83.8

10−8 167,308 6.6 680 80.1
10−7 167,308 6.6 680 80.1

S4 10−6 166,920 5.7 436 87.2
105 157,681 0.6 363 86.7
106 157,763 0.6 364 89.3
107 160,050 2.0 368 89.2
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Chapter 3

Column Generation

Stochastic programming enables the model to capture more realistic

factors. However, it becomes impractical when the number of scenarios grows

and it gets more complicated when the model has integrality constraints. Aim-

ing to maneuver this, decomposition techniques have been applied to solve a

stochastic programming problem. In this chapter, we review column genera-

tion and implement the column generation version of the models described in

the previous chapter.

3.1 Column Generation Review

3.1.1 Column Generation Formulation

Consider the following LP.

z∗ = min
x1,x2,...,xl

l∑

i=1

cixi

s.t. Aixi = bi, i = 1, ..., l (3.1a)
l∑

i=1

Dixi = d (3.1b)

xi ≥ 0, i = 1, ..., l.
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Let Si = {xi : Aixi = bi, xi ≥ 0}, i = 1, ..., l, and assume Si is not empty and

bounded. Let xk
i , k ∈ Ki, index all extreme points of Si. Then the problem

(3.1) can be rewritten as follows.

min
λ

l∑

i=1

ci

(
∑

k∈Ki

xk
i λ

k
i

)

s.t.
l∑

i=1

Di

(
∑

k∈Ki

xk
i λ

k
i

)
= d

∑

k∈Ki

λk
i = 1, i = 1, ..., l

λk
i ≥ 0, k ∈ Ki, i = 1, ..., l.

The above problem is called the (full) master problem. Let λk
i

∗
be the solution

to the full master problem with all of the extreme points in Si, i = 1, ..., l.

Then x∗
i =

∑
k∈Ki

xk
i λ

k
i

∗
, i = 1, ..., l, solves the problem (3.1). Of course, it is

neither practical nor desirable to explicitly enumerate all extreme points of Ki,

i = 1, ..., l. Instead we start with modest-sized subsets K ′
i ⊂ Ki, i = 1, ..., l.

This leads to the so-called restricted master problem (RMP).

z̄ = min
λ

l∑

i=1

ci



∑

k∈K′

i

xk
i λ

k
i




s.t.
l∑

i=1

Di



∑

k∈K′

i

xk
i λ

k
i


 = d (3.2a)

∑

k∈K′

i

λk
i = 1, i = 1, ..., l (3.2b)

λk
i ≥ 0, k ∈ K ′

i, i = 1, ..., l.

The above RMP may not be feasible in an early stage, e.g., obviously (3.2)

is infeasible when no columns is present. If there exist columns at hand that
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make the problem (3.2) feasible, we use them. Otherwise general methods for

a simplex method such as M -method or two-phase method can be applied.

The columns are generated using the pricing problems which is based

on the reduced cost for λ. The reduced cost for λi is

c̄i = cixi − πDixi − αi

= (ci − πDi) xi − αi.

where π is the dual variable associated with (3.2a) and αi is with (3.2b). So

based on the above reduced costs, we construct the following pricing problem.

vi = min
xi

(ci − πDi)xi

s.t. Aixi = bi (3.3)

xi ≥ 0.

If vi − αi ≥ 0, for all i = 1, ..., l, we are optimal. Otherwise, pick a solution

x̂i to (3.3) having vi − αi < 0 and add a column x̂i = (x̂i1, x̂i2, ..., x̂in)T to the

restricted master problem.

The lower bound can be provided by using the pricing problem based

on the Lagrangian relaxation.

Theorem 3.1. (Bertsimas and Tsitsiklis [13]) Let z̄ denote the objective func-

tion value of the restricted master problem. Also let αi denote the dual solu-

tion associated with the convexity constraint and let vi be the objective function

value of the ith pricing problem. Finally let z ≡ z̄ +
∑l

i=1(vi − αi). Then

z ≤ z∗ ≤ z̄.
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Now we can summarize the column generation procedure in Figure 3.1.

Procedure CG

Step 0 Initialize RMP (3.14) with a set of columns

(
cix

k
i

Dix
k
i

)
, k ∈ K ′

i for

i = 1, ..., l.

Step 1 Solve the LP relaxation of the RMP (3.14) to obtain optimal value z̄,
primal solution λ, and dual solution (π, αi) for i = 1, ..., l.

Step 2 For i = 1, .., l, solve the pricing problem (3.15) to obtain vi, and x̂i.

Step 3 If vi ≥ αi for all i = 1, ..., l, the stop and report z̄ and x∗ where
x∗

i =
∑

k∈K′ xk
i λ

k
i , i = 1, ..., l.

Step 4 For i = 1, ..., l, if vi < αi then add an element to index set K ′
i for new

column

(
cix̂i

Dix̂i

)
.

Goto step 1.

End procedure

Figure 3.1: A column generation procedure.

3.1.2 Stabilization

It is well known that a CG approach converges slow. Gilmore and Go-

mory found that the algorithm slowed down toward the end when they tested

on the cutting stock problem [30]. It can be observed that the dual values

oscillate, which produces poor quality columns and poor convergence. Many

have been trying to “stabilize” dual values by preventing them from going

“too far” from iteration to iteration, which includes defining boxes for bounds
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on dual values, using a weighted sum of current dual values and previous ones

and taking ‘interior’ dual values rather than extreme dual solutions. In this

section we will review an interior point method by Rousseau, Gendreau, and

Feillet [59] or Goffin and Vial [31] and a hybrid method proposed by du Merle

et al. [25].

Interior Point method Let λ̂i, i = 1, ..., l, be the solution of (3.2) at some

iteration and let K ′∗
i denote K ′

i ∩{k : λ̂k
i > 0}. Now consider the dual of (3.2).

max
π,α

πd +
l∑

i=1

αi (3.4)

s.t. πDix
k
i + αi ≤ cix

k
i , k ∈ K ′

i, i = 1, ..., l.

By the complementary slackness conditions, the solution to the following prob-

lem is also an optimal solution to (3.4) with different objective function value

where u and ui’s are uniform random variables between 0 and 1. Note that u

is a properly dimensioned vector associated with π.

max
π,α

uπ +
l∑

i=1

uiαi

s.t. πDix
k
i + αi = cix

k
i , k ∈ K ′∗

i , i = 1, ..., l, (3.5)

πDix
k
i + αi ≤ cix

k
i , k ∈ K ′

i\K
′∗
i , i = 1, ..., l.

If the problem (3.13c) is solved with a simplex based method then its optimal

solution will constitute an extreme point of (3.4). Different instances of u and

ui’s can generate multiple optimal solutions to (3.4). If (3.4) has a unique

optimal solution, then the problem (3.13c) will produce the unique optimal
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solution even with different instances of u and ui’s. Note that 1 − u is also

uniformly distributed between 0 and 1. Hence, various instances of u and

ui’s are generated and the above problem is solved with pairs of (u, ui) and

(1 − u, 1 − ui). By doing this way, interior dual values can be produced by

taking average of all obtained extreme points.

Hybrid Method The hybrid method combines the ideas of perturbations

of equality constraints and limiting the bounds of dual variables. Perturbation

avoids the dual degeneracy and dual bounds keep from instability in the dual

solutions that are jumping from one extreme value to another.

To implement this method, the following problem is used as the re-

stricted master problem, instead of the problem (3.2).

min
λ,y+,y−

l∑

i=1

ci



∑

k∈K′

i

xk
i λ

k
i


+ κ+y+ − κ−y−

s.t.
l∑

i=1

Di



∑

k∈K′

i

xk
i λ

k
i


+ y+ − y− = d (3.6a)

∑

k∈K′

i

λk
i = 1, i = 1, ..., l (3.6b)

y+ ≤ ǫ+ (3.6c)

y− ≤ ǫ− (3.6d)

λk
i , y

+, y− ≥ 0, k ∈ K ′
i, i = 1, ..., l.

This model modifies constraint (3.2a), allowing infeasibilities that are limited

by ǫ+
j and ǫ−j for each job j ∈ J . Such violations are penalized in the objective
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function using κ+
j and κ−

j , j ∈ J . The dual of (3.6) provides insight as

max
π,α,δ+,δ−

πd +
l∑

i=1

αi −
(
ǫ+δ+ + ǫ−δ−

)

s.t. πDix
k
i + αi ≤ cix

k
i , k ∈ K ′

i, i = 1, ..., l

π − δ+ ≤ κ+ (3.7a)

−π − δ− ≤ −κ− (3.7b)

δ+, δ− ≥ 0,

where π, α, δ+ and δ− are the dual variables associated with (3.6a)-(3.6d),

respectively. Constraints (3.7a) and (3.7b) imply

κ− − δ− ≤ π ≤ κ+ + δ+.

Thus choosing π outside the (trust) region [κ−, κ+] is possible with δ+ and δ−

but such deviations are penalized in (3.7)’s objective function using ǫ+ and

ǫ−. These parameters are updated dynamically. A natural choice for κ+ and

κ− is to use the dual solution from the previous iteration, i.e., κ+ = κ− = π.

If the dual variables, π, handed to the pricing problems failed to produce new

columns then we decrease ǫ+ and ǫ− and otherwise we increase these dual

penalty coefficients.

Due to the perturbation of constraints in (3.6a), the lower bound, de-

scribed in Section 3.1.1, is not valid. When ǫ+ = ǫ− = 0 and model (3.6)

reduces to the RMP (3.2) we can, of course, use the lower bound. When ap-

plying stabilization we replace Step 3 in the column generation procedure of

Figure 3.1 with the following step, where r < 1 is a predefined constant.
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Step 3 If vi ≥ αi for all i = 1, ..., l then.

If ǫ+
j = ǫ−j = 0, then stop and report zLP and x∗ where x∗

i =
∑

k∈K′

i

xk
i λ

k
i ,

for i = 1, ..., l.

Otherwise update ǫ+ ← r ǫ+, ǫ− ← r ǫ− and κ+ ← π, κ− ← π where π

is the dual solution obtained at step 1. Goto step 1.

3.1.3 Column Generation for Mixed Integer Programming

Suppose the problem (3.1) contains one or more integer variables. Then

the master problem can be presented as

z̄ = min
λ1,λ2,...,λl

l∑

i=1

ci



∑

k∈K′

i

xk
i λ

k
i




s.t.
l∑

i=1

Di



∑

k∈K′

i

xk
i λ

k
i


 = d (3.8a)

∑

k∈K′

i

λk
i = 1, i = 1, ..., l (3.8b)

λk
i ∈ {0, 1}, k ∈ K ′

i, i = 1, ..., l,

where xk
i , k ∈ K ′

i, are the (integer) feasible points of Z+ ∩ Si = {xi : Aixi =

bi, xi ≥ 0}. The pricing problems are, for i = 1, ..., l,

vi = min
xi

(ci − πDi)xi (3.9)

s.t. xi ∈ Si ∩ Z+

We solve the LP relaxation of the master problem (3.8) until we are not able

to add a column by solving pricing problems (3.9). When no column is added,
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we apply branch-and-bound procedure. Together with column generation, this

procedure is called a branch-and-price (B&P) procedure.

Suppose we solve the RMP as an IP with current columns. Similar to

a standard branch-and-bound procedure, an algorithm repeatedly chooses a

fractional variable, adds a branching constraint and solves the problem until

the lower and upper bounds are met. However it is possible that a standard

branch-and-bound procedure would not provide the optimal columns in a B&P

approach. When a fractional variable is branched, it may be the case that

there exists a feasible column with a negative reduced cost but such a column

does not present in the current RMP. Therefore feasible columns should be

generated after branching and it does not guarantee to find an optimal solution

by solving the problem (3.8) using the standard branch-and-bound, i.e., by

solving the 0-1 integer problem (3.8) by CPLEX. Also many studies show that,

when branching, it is better to use a variable in the original problem rather

than one in the RMP, i.e., xij is better to use than λi [38]. Note that xij’s are

data in the RMP (3.14). Identical restrictions by the branching constraints

have to be applied to the pricing problems too. Otherwise existing columns in

the master problem could be generated again [8, 72].

The lower bound in Theorem 3.1 can be extended for a mixed integer

program.

Proposition 3.1. Let z denote the objective function value of the LP relax-

ation of the restricted master problem. Also let αi denote the dual optimal

solution associated with the convexity constraint and let vi be the objective
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function value of the ith pricing problem. Finally let z ≡ z +
∑l

i=1(vi − αi).

Then

z ≤ z∗.

Proof. Let π and αi be the optimal dual solutions to the restricted master

problem. Consider the Lagrangian relaxation of the problem (3.1) dualizing

the constraint (3.1b) with a constant π.

ẑ = min
x1,x2,...,xl

l∑

i=1

(ci − πDi)xi + πd

s.t. Aixi = bi, i = 1, ..., l (3.10)

xi ≥ 0, i = 1, ..., l

Any feasible solution to (3.1) is feasible, but not necessary optimal, to (3.10)

and the objective function value is the same because the dualized constraints

are equality constraints and hence it is a relaxation, i.e., z∗ ≥ ẑ. Note ẑ =
∑l

i=1 vi + πd.

z∗ ≥ ẑ

= πd +
l∑

i=1

vi

=

(
πd +

l∑

i=1

αi

)
+

(
l∑

i=1

vi −
l∑

i=1

αi

)

= z̄ +
l∑

i=1

(vi − αi)

The last equality holds due to the strong duality of the restricted master

problem.
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Branch-and-Price Algorithm The general branch-and-price algorithm is

summarized as follows. Let P be the LP relaxation of (3.8) and S be its

feasible region.

Step 0 (Solve the root node. Do the procedure CG in Figure 3.1.)

Solve P with S. If the solution is integer, then terminated the algo-

rithm. Otherwise find a fractional value of xi =
∑

k∈K′

i

xk
i λ

k
i and add the

problems P ∩ {xi ≤ ⌊xi⌋} and P ∩ {xi ≥ ⌈xi⌉} to the list. Set x̂ = 0.

(Repeat the followings steps while the list is not empty.)

Step 1 Choose P from the list. If the list is empty, then stop and report x̂

as an optimal solution with the objective function value of z̄.

Step 2 (Solve the restricted master problem)

- Solve P to obtain the objective function value z and the primal λ and

dual (π, α) solutions.

- If P has an integer solution and z ≤ z̄, then set z̄ = z and x̂i =
∑

k∈K′

i

xk
i λ

k
i , i = 1, ..., l. Fathom the node and goto step 1.

- If P is infeasible, fathom the node and goto step 1.

Step 3 (Solve the pricing problems)

- For all i, solve a pricing problem with π to obtain the objective value

vi. If vi − α < 0, add a solution xi to the restricted master problem as

a column.

- Set z = z +
∑

i∈I(vi − αi). If z ≥ z̄, fathom the node and goto Step 1.
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- If no column is added for all i, then goto step 4 and, otherwise, goto

step 2.

Step 4 (Fathoming or branching)

If z ≥ z̄, fathom the node by bound. Otherwise find a fractional solution

xi =
∑

k∈K′

i

x
(k)
i λk

i and add problems P∩{xi ≤ ⌊xi⌋} and P∩{xi ≥ ⌈xi⌉}

to the list. Goto step 1.

For the root node at step 0, early termination criterion may be adopted with

a tolerance ε, using the lower and upper bounds. We stop step 0 when the

following is satisfied.

z̄ − z ≤ min{|z̄|, |z|} · ε

3.1.4 Computational Results for Stabilization

The performance of stabilization is tested with the stochastic facility

location problem (SFLP). The model for the column generation of SFLP is

adopted from Silva and Wood [63]. SFLP is to identify the best locations for

capacitated production facilities that will produce and ship products to cus-

tomers to meet their demands. In this model, demand and capacity are known

in distributions. The purpose of this experiment is to see the performance of

the stabilization methods and hence the branch-and-bound part of the algo-

rithm is skipped, i.e., procedure CG described in Figure 3.2 is performed. The

following notation is used to describe the problem.

Indices
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i ∈ I potential facility locations

j ∈ J customers

s ∈ S scenarios

Parameters

cij average total cost for supplying the whole demand of customer j from

facility i

fi fixed cost for installing a facility at location i

ds
j demand of customer j under scenario s

us
i capacity of facility j under scenario s

ρs
i penalty for unmet demand for facility i under scenario s

ps probability of scenario s

Decision variables

xij 1 if customer j is assigned to facility j; 0 otherwise

zi 1 if facility i is installed; 0 otherwise

ys
i the amount of unmet demand for facility i under scenario s
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Then the model can be presented as

min
x,z,y

∑

i∈I

fizi +
∑

i∈I

∑

j∈J

cijxij +
∑

s∈S

∑

i∈I

psρs
iy

s
i

s.t.
∑

i∈I

xij = 1, ∀j ∈ J (3.11a)

−zi + xij ≤ 0, ∀i ∈ I, j ∈ J (3.11b)

∑

j∈J

ds
jxij − ys

i ≤ us
i ∀i ∈ I, s ∈ S (3.11c)

xij, zi ∈ {0, 1}, ∀i ∈ I, j ∈ J

ys
i ≥ 0, ∀i ∈ I, s ∈ S

The constraint (3.11a) enables that each customer is served by one location of

facility. If no facility is opened at location i, then we cannot serve any customer

from this location. This is ensured by (3.11b) and the constraint (3.11c) lets

us either to obey the capacity or to pay penalty for unmet demand.

The restricted master problem for the SFLP can be presented as follows.

min
λ

∑

i∈I

∑

k∈K′

i

ĉk
i λ

k
i

s.t.
∑

i∈I

∑

k∈K′

i

xk
ijλ

k
i = 1, j ∈ J (3.12a)

∑

k∈K′

i

λk
i = 1, i ∈ I (3.12b)

λk
i ∈ {0, 1}, k ∈ K ′

i, i ∈ I,

where ĉi
k = fiz

k
i +
∑

j∈J cijx
k
ij+
∑

s∈S psρs
iy

s,k
i . The feasible assignment (xi, yi) =
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(
(xij)j∈J

, (ys
i )s∈S

)
, for location i is generated by the following pricing problem.

vi = min
x,y

∑

j∈J

(cij − πj)xij +
∑

s∈S

psρs
iy

s
i + fi − µi

s.t.
∑

j∈J

ds
jxij − ys

i ≤ us
i , ∀s ∈ S

xij ∈ {0, 1}, ∀j ∈ J

ys
i ≥ 0, ∀s ∈ S,

where πj is a dual variable associated with (3.12a) and µi is with (3.12b).

The test problems are generated randomly by the following rules (see

Silva and Wood [63]): the reference parameters are generated first and each

scenario is generated from the reference parameters. Reference customer de-

mands dR
j are integers from uniform distribution U(5, 25) and reference facility

capacities are uR
i = 0.8

∑
j∈J dR

j /|I|. Demands ds
j are integers from ±20% of

dR
j and capacities us

i are integers from ±10% of uR
i . To complete parame-

ters, ρs
i = 0.4 maxj∈J cs

ij and ps = 1/|S|. The fixed costs are fi = 1.5uR
i and

supplying costs cij are integers from U(15, 25).

Tables 3.1 and 3.3 show the results of column generation for FLP. Silva

and Wood [63] reported computational results with the hybrid stabilization,

parts of which are copied in Table 3.2 for the comparison purpose where ‘min’

identifies the result with the fastest result among several instances while ‘max’

is the one that spent the most. They implemented the algorithm using COIN-

OR [35] open solver interface with CPLEX 8.0 on a 2 GHz Pentium 4 processor

with 1 GB of RAM, which is very similar specification to one used in this
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experiment. In the table, the problems with ’*’ indicated that they were

not solved within two hours and the other numbers show the computational

time in seconds. We can see that CG results in Tables 3.1 and 3.3 were

compatible with the Silva and Wood [63]’s results. The problem indicates

the numbers of facility locations, customers and scenarios, respectively. The

optimal objective values in the second column of Table 3.1 were obtained by

solving the deterministic equivalent problem (3.11) using CPLEX with default

relative tolerance 0.01% and two-hour time limit. The last problem 20.60.50

did not find an optimal solution within two hours and z∗ in the table was the

best solution found within the time limit and it had 0.06% of tolerance gap

when CPLEX stopped. The gaps for this problem in the table were based on

this value.

The LP relaxation gaps (%) are shown for the DEP (3.11) and the CG

formulation (3.12). We see that the CG formulation provided much lower LP

relaxation bound than the deterministic equivalent problem. In this computa-

tion, CG found optimal solutions for many cases by solving the LP relaxation

of the restricted master problem (3.12). In the table, CPU times in seconds

and the numbers of columns that were added by solving the pricing problems

are displayed, which shows that the hybrid method made CG faster.

Table 3.3 displays the parametric results with the interior point sta-

bilization method. The interior point method solves the auxiliary problem

(3.13c) with random objective coefficients at every iteration and the first row

of the table shows the number of times that random coefficients were gen-
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Table 3.1: Results for Facility Location Problem

DEP CG w/o stabilization CG w/ hybrid method
Gap Gap Time #cols Gap Time #cols

Problem z∗ (%) (%) (sec) (ea) (%) (sec) (ea)
5.15.10 4674 0.74 0.00 5 215 0.00 3 199
5.15.50 3946 0.82 0.00 7 196 0.00 5 224
8.24.50 6501 1.49 0.03 23 521 0.03 15 542
8.48.50 14594 1.05 0.00 139 1372 0.00 55 1121
10.30.50 7707 1.88 0.00 43 782 0.01 23 714
10.40.50 11299 1.39 0.00 91 1186 0.00 43 1001
10.50.50 14951 10.19 0.00 178 1603 0.00 65 1240
20.60.50 14212 2.86 0.00 795 2696 0.00 171 2290

Table 3.2: Results for Facility Location Problem in Silva and Wood [63]

Min (sec) Max (sec)
CG CG CG CG
w/o w/ w/o w/

Problem DEP stab stab DEP stab stab
5.15.10 0.4 0.6 1.1 1.4 1.1 1.6
5.15.50 1.3 1.4 2.7 3.9 2.7 4.4
8.24.50 6.6 4.2 4.2 5579.0 45.5 29.6
8.48.50 45.7 20.2 14.0 990.2 80.1 114.6
10.30.50 12.6 6.5 6.0 * 26.0 115.0
10.40.50 573.0 14.5 11.3 3559.0 30.8 27.3
10.50.50 * 33.9 27.9 * 112.3 171.7
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erated for the problem (3.13c), i.e., one means that the problem was solved

twice, with random coefficients (u, ui) and (1 − u, 1 − ui) in turn. The LP

relaxation gaps are not displayed here because they showed the same gaps

as those of the hybrid stabilization. One pair of random coefficients at each

iteration produced the best results among them, which was outperformed by

the previous hybrid stabilization.

Table 3.3: Results for the Interior Point Method

1 2 3 4
Time #cols Time #cols Time #cols Time #cols

Problem (sec) (ea) (sec) (ea) (sec) (ea) (sec) (ea)
5.15.10 3 159 4 184 4 158 5 159
5.15.50 7 166 5 169 6 161 6 163
8.24.50 11 378 16 446 22 463 21 441
8.48.50 90 1205 117 1184 161 1228 169 1155
10.30.50 24 660 31 689 37 712 44 739
10.40.50 49 992 74 1063 97 1097 109 1084
10.50.50 99 1357 139 1392 207 1529 210 1387
20.60.50 269 2709 383 2845 499 2875 504 2743

3.2 Generalized Assignment Problem

We begin this section by reformulating (2.13) so that it has exponentially-

many columns. The motivation for doing so is that the LP relaxation of (2.13)

can give weak lower bounds on z∗, and hence, applying a branch-and-bound

algorithm to (2.13) can result in excessive computational effort. After refor-

mulating (2.13), we describe upper and lower bounds on z∗ that aid branch-

and-bound. Finally, we augment our reformulation of (2.13) to help stabilize
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CG iterations within the branch-and-price algorithm (see Section 3.2.3).

3.2.1 Formulation

Let xi = (xij)j∈J denote the vector of job assignments to agent i, and

let xk
i , k ∈ Ki, index all 2|J | such assignments ranging from agent i having

no assignments to being assigned all jobs from J . Given assignment xk
i and

scenario ω ∈ Ωi, let yωk
i =

(∑
j∈J dω

ijx
k
ij − bω

i

)+

. With yk
i =

(
yωk

i

)
ω∈Ωi

, we

have the pairs (xk
i , y

k
i ) over k ∈ Ki, i ∈ I, representing all feasible solutions to

(2.13). Defining ck
i =

∑
j∈J cij xk

ij + qi

∑
ω∈Ωi

pω
i yωk

i , i.e., the expected cost of

assignment xk
i , we can reformulate (2.13) as follows

z∗ = min
λ

∑

i∈I

∑

k∈Ki

ck
i λ

k
i

s.t.
∑

i∈I

∑

k∈Ki

xk
ijλ

k
i = 1, j ∈ J (3.13a)

∑

k∈Ki

λk
i = 1, i ∈ I (3.13b)

λk
i ∈ {0, 1}, k ∈ Ki, i ∈ I. (3.13c)

Constraints (3.13b) and (3.13c) ensure exactly one set of jobs is assigned to

each agent and the objective function accounts for the associated expected cost

of that assignment. Constraint (3.13a) is then equivalent to (2.13b), i.e., each

job is done once. Problem (3.13) is called the full master problem (MP). Of

course, it is neither practical nor desirable to explicitly enumerate all feasible

assignments of Ki, i ∈ I. Instead we start with modest-sized subsets K ′
i ⊂ Ki,

i ∈ I, that have the property each job j ∈ J can be covered by at least one
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of the agents, i.e., (3.13a)-(3.13c) is feasible when Ki is replaced by K ′
i. This

leads to the so-called restricted master problem (RMP)

z̄ = min
λ

∑

i∈I

∑

k∈K′

i

ck
i λ

k
i

s.t.
∑

i∈I

∑

k∈K′

i

xk
ijλ

k
i = 1, j ∈ J (3.14a)

∑

k∈K′

i

λk
i = 1, i ∈ I (3.14b)

λk
i ∈ {0, 1}, k ∈ K ′

i, i ∈ I.

Let λ̂ =
(
λ̂k

i

)
k∈K′

i
, i∈I

be a feasible solution to the LP relaxation of (3.14).

Then (x̂ij, ŷ
ω
i )

ω∈Ωi,i∈I,j∈J
is a feasible solution to the LP relaxation of (2.13),

where x̂ij =
∑

k∈K′

i

xk
ijλ̂

k
i and ŷω

i =
∑

k∈K′

i

yωk
i λ̂k

i . Since the first stage decision

is binary, we can have the following relationship between λ̂ and x̂.

Proposition 3.2. (Savelsbergh [61]) Let λ̂ = (λ̂k
i )k∈K′

i
,i∈I be an optimal solu-

tion to the LP relaxation of (3.14). If λ̂k
i is fractional for some i, then there

must be a j such that x̂ij =
∑

k∈K′

i

xk
ijλ̂

k
i is fractional.

Savelsbergh’s proof of this proposition is for the deterministic GAP but hinges

on the assumption that there are no duplicate columns in the (restricted)

master problem. This assumption is valid for our (restricted) master problem,

and Savelsbergh’s proof carries over directly to our stochastic GAP.

Consider the LP relaxation of (3.14) and let πj, j ∈ J , and αi, i ∈

I, be optimal dual variables associated with constraints (3.14a) and (3.14b),
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respectively. The reduced cost for λk
i is then

c̄k
i = ck

i −
∑

j∈J

πjx
k
ij − αi

=
∑

j∈J

(cij − πj) xk
ij + qi

∑

ω∈Ω

pω
i yk,ω

i − αi.

The optimal dual multipliers from the RMP are defined over the problem with

columns K ′
i, i ∈ I. Consider the problem of solving mink∈K′

i
c̄k
i , i.e., finding

the column for agent i with the smallest reduced cost over the set K ′
i. This

column can be found by solving the following pricing problem for agent i

vi = min
xi,yi

∑

j∈J

(cij − πj)xij + qi

∑

ω∈Ωi

pω
i yω

i

s.t.
∑

j∈J

dω
ijxij − yω

i ≤ bω
i , ω ∈ Ωi (3.15)

xij ∈ {0, 1}, yω
i ≥ 0, ω ∈ Ωi, j ∈ J.

Let (x̂i, ŷi) solve (3.15), where x̂i = (x̂ij)j∈J
and ŷi = (ŷω

i )ω∈Ωi
. If vi − αi ≡

mink∈K′

i
c̄k
i < 0 then we add a column with x̂ij to the RMP with objective

function coefficient ĉi =
∑

j∈J cijx̂ij + qi

∑
ω∈Ωi

pω
i ŷω

i , expanding K ′
i by one

element in the process. We do this, in turn, for each agent, i ∈ I, and then

repeat the process by resolving the LP relaxation of the RMP to obtain new

dual prices. If vi − αi ≥ 0 for all i ∈ I then the LP relaxation of the RMP

has been solved to optimality. In general, the associated solution will still be

fractional. We can apply branch-and-bound to solve the associated integer-

constrained RMP. Assuming this RMP is integer-feasible (and it is straight

forward to populate K ′
i initially with columns that ensure this) the resulting
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solution is feasible, but not necessarily optimal, to (3.13) or, equivalently, to

(2.13). For this reason we will describe a full branch-and-price algorithm in

Section 4.

3.2.2 Column Generation Algorithm

The branch-and-price algorithm we describe in the next section is con-

structed in two parts. The first part obtains an optimal solution to the LP

relaxation of a full master program via column generation. Initially, this LP

relaxation is that of (3.13) but later is that of (3.13) with some assignment

decisions fixed via branching. The column generation part of the algorithm is

summarized in Figure 3.2. Step 0 of the CG procedure populates K ′
i with an

initial set of columns. This can be replaced by a big-M method that we do

not detail.

3.2.3 Branch-and-Price

The algorithm described in Figure 3.2 produces a tighter lower bound

to (2.13). Since our goal is to find an integer solution, the next step is to apply

branch-and-price to the current RMP.

Master Problem In order to carry out column generation at a node in the

branch-and-bound tree we must begin with a RMP of the form (3.14), albeit

with additional restrictions due to branching, which is feasible. At the root

node of the branch-and-bound tree, this can be accomplished in the following
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Procedure CG

Step 0 Let xk
i =

(
xk

ij

)
j∈J

, k ∈ K ′
i, i ∈ I, denote an initial set of possible

assignments for each agent. Let yωk
i =

(∑
j∈J dω

ij xk
ij − bω

i

)+

, ω ∈ Ωi, k ∈

K ′
i, i ∈ I, and ck

i =
∑

j∈J cij xk
ij + qi

∑
ω∈Ωi

pω
i yωk

i , k ∈ K ′
i, i ∈ I.

Initialize RMP (3.14) with columns

(
ck
i

xk
i

)
, k ∈ K ′

i, i ∈ I.

Step 1 Solve the LP relaxation of the RMP (3.14) to obtain optimal value
zLP , primal solution λ, and dual solution (π, α).

Step 2 For i ∈ I, solve the pricing problem (3.15) to obtain vi, x̂i and ŷi.

Step 3 If vi ≥ αi for all i ∈ I stop and report zLP and x∗, where x∗
ij =∑

k∈K′

i

xk
ij λk

i , i ∈ I, j ∈ J .

Step 4 For i ∈ I, if vi < αi then add an element to index set K ′
i for new

column

(
ĉi

x̂i

)
, where ĉi =

∑
j∈J cijx̂ij + qi

∑
ω∈Ωi

pω
i ŷω

i .

Goto step 1.

Figure 3.2: A column generation procedure for the GAP.

manner: We partition the set of jobs I among the agents using the assignment

costs cij, i ∈ I, j ∈ J . Specifically, we partition the element of J by forming

a column for each agent in which x̂ij = 1 if i ∈ arg mini∈I cij and x̂ij = 0

otherwise. To ensure a partition (and the same job is not assigned to two

agents) we break ties lexicographically, i.e., if two (or more) agents for job

j both have cost mini∈I cij the job is assigned to the agent with the smaller

index i. The objective function coefficient for agent i’s column is computed in

the usual manner, ĉi =
∑

j∈J cijx̂ij + qi

∑
ω∈Ωi

pω
i

(∑
j∈J dω

ij x̂ij − bω
i

)+

. After
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branching restrictions have been added we can again come across an infeasible

initial RMP, but of course the associated full MP with branching restrictions

is feasible (unless all agents are forbidden to do the same job). So we carry

out a similar procedure, if necessary, i.e., we partition unassigned jobs among

agents eligible to perform the job. An alternative to this approach is a big-M

method in which we form an artificial agent for each job, who can perform

only that job at a very high cost.

Branching We consider two branching strategies. The first is the standard

approach of branching on a single variable xij for some i and j. The second

branches on a subset of variables in a manner we describe below.

To branch on xij we form descendent nodes in which we, respectively,

fix xij = 1 and xij = 0. We choose for branching the xij that is closest to 1
2
.

Setting xij = 1 implies job j is assigned to agent i while xij = 0 forbids agent

i from doing job j. This branching is effected in the λ-variables in the LP

relaxation of the RMP (3.14) as follows: To forbid assignment of j to i we set

λk
i = 0 for all k ∈ K ′

i with xk
ij = 1. To assign j to i we set λk

i = 0 for all k ∈ K ′
i

with xk
ij = 0 and we set λk

i′ = 0 for all i′ 6= i, k ∈ K ′
i′ with xi′j = 1. Of course,

setting λk
i = 0 amounts to simply removing the column from the formulation.

Our second strategy replies on the fact that for an arbitrary subset of

agents I ′ ⊆ I and a fixed job j ∈ J we have the logical constraint
∑

i∈I′ xij ≤ 1

since at most one agent i ∈ I ′ will be assigned job j. This allows us to utilize

so-called generalized upper bound (GUB) branching: One descendent node
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has
∑

i∈I′ xij = 0 and the other has
∑

i∈Ī′ xij = 0, where Ī ′ = I\I ′. We choose

I ′ a priori so that |I ′| ≈ |I|
2

in an attempt to achieve “balance” in the problems

for the descendent nodes. We select to do GUB-branching on job j such that
∑

i∈I′ xij is closest to 1
2
. Of the two descendent nodes, the one with the most

fractional variables is explored first.

Reduced Cost Fixing Reduced-cost fixing is a standard technique in in-

teger programming that allows an integer variable to be fixed to its upper or

lower bound based on the value of its reduced cost relative to the optimality

gap. Specifically, let z̄ be the objective function value of the best candidate

solution we have found so far, let λ̂ =
(
λ̂k

i

)
k∈K′

i
, i∈I

be the optimal solution

to the LP relaxation of the RMP at the current node, let c̄ =
(
c̄k
i

)
k∈K′

i
, i∈I

be associated reduced cost, and z be the lower bound of Theorem 3.1 at the

current node. If z + c̄k
i ≥ z̄ and λ̂k

i = 0 then we can fix λk
i = 0 at this node and

its descendents. Similarly, if z− c̄k
i ≤ z̄ and λ̂k

i = 1 then we can fix λk
i = 1. We

attempt reduced cost fixing after solving all the pricing problems, i.e., after

Step 2 in Figure 3.2, as these allow computing the current value of z̄. Figure

3.3 details the reduced-cost fixing procedure.

Fathoming In applying branch-and-bound to solve an integer program (in

the absence of branch-and-price), we fathom a node when one of the follow-

ing conditions is satisfied: (i) the current node is infeasible, (ii) the current

node’s lower bound exceeds the global upper bound or (iii) the node produces
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Subroutine REDUCED-COST-FIXING(λ̂, π, α, z, z̄)
for k ∈ K ′

i, i ∈ I,

Let yωk
i =

(∑
j∈J dω

ij xk
ij − bω

i

)+

c̄k
i =

∑
j∈J (cij − πj) xk

ij + qi

∑
ω∈Ωi

pω
i ykω

i − αi.

if λ̂k
i = 0 and z + c̄k

i ≥ z̄ then λk
i = 0.

if λ̂k
i = 1 and z − c̄k

i ≤ z̄ then λk
i = 1.

end for

return

Figure 3.3: Implementation of reduced-cost fixing

an integer solution. These three rules apply in the branch-and-price setting

with the understanding that a node corresponds to the full MP under the

given branching restriction. Restated, a rule does not necessarily apply when

speaking of the RMP at a node.

We have discussed above that infeasibility of the RMP does not imply

infeasibility of the full MP at a node. So, rule (i) rarely applies in our setting.

(It only applies if there is a job all agents are forbidden to do due to branching

restrictions.) Rule (ii) can be applied to the RMP at a node, i.e., if the

lower bound z of Theorem 3.1, adapted to an LP relaxation with branching

constraints, exceeds z̄, the global upper bound, the node can be fathomed. In

general we cannot fathom a node when the RMP has an integer solution but

has columns with negative reduced costs. Of course, if the objective function

value happens to be sufficiently close to the lower bound we can terminate.
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3.2.4 Branch-and-Price Algorithm

The following notation is used to describe the the details of the B&P

algorithm for the GAP.

P = the LP relaxation of the RMP (3.14).

SPi = the pricing problem (3.15) for agent i.

N = the list that contains branching constraints.

v(C) = 0 if the current branching constraint C is not explored yet and

1 otherwise.

C̄ = the counter branching constraint of C.

BRANCH(N) = subroutine that chooses a branching constraint from the

list N and returns its location in the list. The depth-first search

returns the last location of the list.

CHOOSEVAR() = subroutine that chooses a branching variable. Since

the branching is performed based on the original variables, it returns

(i, j) such that xij =
∑

k∈K′

i

xk
ijλ

k
i . which is most fractional for a

single variable branching.

The branch-and-price algorithm is summarized in Figure 3.4, where the single

variable branching is employed. For the GUB branching, the branching con-

straint in lines 4 and 25 should be changed to either C = {
∑p

i=1 xij = 0} or

C = {
∑m

i=p+1 xij = 0} whichever contains the most fractional variable.
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Initialization

Perform Procedure CG to find z and its solution λ.
Obtain (i, j) = CHOOSEVAR() and add a branching constraint C =
{xij = 0} to the list N. If all λ’s are integer then stop.

Set v(C) = 0, z̄ =∞, z = −∞

Do while (N 6= ∅)
k = BRANCH(N); v(Ck) = 1.
Fix variables in P and SPi, i ∈ I, according to the branching constraint Ck.

Do while (true)
Solve P to find objective value (z) and primal and dual (λ; π, α) solutions.
if all λk

i ’s are integer
if z ≤ z̄ then

z̄ ← z and (x̂, ŷ)←

((∑
k∈K′

i

xk
ijλ

k
i

)
i∈I, j∈J

,
(∑

k∈K′

i

yωk
i λk

i

)
ω∈Ωi, i∈I

)
.

end if

for i ∈ I,
Solve a SPi with π to obtain its objective value vi and a solution

(xi, yi) =
(
(xij)j∈J

, (yω
i )ω∈Ωi

)
.

if vi − αi < 0 then add a column to P with

(
ĉi

xi

)
where

ĉi =
∑

j∈J cijxij + qi

∑
ω∈Ωi

pω
i yω

i .
end for

z ← z +
∑

i∈I(vi − αi).

if z ≥ z̄ then do FATHOM(Ck,N) and break.
if no column is added for all i ∈ I then break.
do REDUCED-COST-FIXING.

End do

Obtain (i, j) = CHOOSEVAR() and add a branching constraint
C = {xij = 0} to the list N.

Set v(C) = 0.
End do

Report z∗ = z̄ and (x̂, ŷ).

Figure 3.4: Implementation of a branch-and-price procedure
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The stabilization can be applied to all the nodes in the branch and

bound tree but the effect of stabilization is significant only on the root node

for the GAP. The subroutine FATHOM() in Figure 3.4 removes the branching

constraints that are explored already and is described in Figure 3.5.

Subroutine FATHOM(Ck,N)
Do while (true)

Restore the bounds for the variables that are fixed according to Ck in
P and SPi, ∀ i ∈ I.

N← N\{Ck}.
if v(Ck) = 0 break

k ← k − 1.
if (the list N is empty) then return

End loop

Add a constraint C̄k to the list N.
return

Figure 3.5: Implementation of fathom

3.2.5 Example

The B&P procedure is explained with a 2-agent, 5-job, 1-scenario prob-

lem for illustration. The Table 3.4 contains all input data. Since only one

scenario is used, index ω was omitted. For the explaining purpose, a single

variable branching is used and the reduced-cost-fixing is not applied.

Table 3.4: Input data for 2-agent, 5-job, 1-scenario example.

i bi di1 di2 di3 di4 di5 ci1 ci2 ci3 ci4 ci5 qi

1 121 94 1 56 67 85 13 112 57 39 20 25
2 85 8 77 64 21 43 110 30 52 81 73 25
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Initialization In the beginning, he following feasible solutions are used to

obtain the initial RMP.

x1 =

(
1 0 0 1 1
0 1 1 0 0

)
, y1 =

(
125
56

)
, ĉ1 =

(
3197
1482

)

The dual solution of the LP relaxation of the initial RMP is π =

(3197, 1482, 0, 0, 0) and α = (0, 0). Now we solve the pricing problems (3.15)

with fixed π and α, yielding the following solutions for each i.

x2 =

(
1 1 0 0 0
1 1 0 0 0

)T

, y2 =

(
0
0

)
, ĉ2 =

(
125
140

)T

We add x2 as columns to RMP. The sequence of solving master and pricing

problems are repeated until no column is generated by the pricing problems.

At the end of the initializing step, the following RMP is obtained.

min 3197λ1
1 + 125λ2

1 + 795λ3
1 + 283λ4

1 + 714λ5
1 + 834λ6

1 + 3334λ7
1 + 132λ8

1

+1482λ1
2 + 140λ2

2 + 162λ3
2 + 133λ4

2 + 675λ5
2 + 154λ6

2 + 264λ7
2 + 73λ8

2

s.t. λ1
1 + λ2

1 + λ3
1 + λ7

1 + λ2
2 + λ3

2 + λ7
2 = 1

λ2
1 + λ4

1 + λ5
1 + λ7

1 + λ1
2 + λ2

2 = 1

λ3
1 + λ4

1 + λ5
1 + λ1

2 + λ3
2 + λ4

2 + λ5
2 = 1

λ1
1 + λ4

1 + λ6
1 + λ7

1 + λ4
2 + λ6

2 + λ7
2 = 1

λ1
1 + λ5

1 + λ6
1 + λ7

1 + λ8
1 + λ5

2 + λ6
2 + λ7

2 + λ8
2 = 1

λ1
1 + λ2

1 + λ3
1 + λ4

1 + λ5
1 + λ6

1 + λ7
1 + λ8

1 = 1

λ1
2 + λ2

2 + λ3
2 + λ4

2 + λ5
2 + λ6

2 + λ7
2 + λ8

2 = 1

λj
i ≥ 0, i = 1, 2, j = 1, ..., 8
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Branch-and-Price Step The above RMP produces the fraction solution

λ4
1 = λ8

1 = λ3
2 = λ7

2 = 0.5 and choose the most fractional assignment x̂13 = 0.5

where x̂13 =
∑

k∈K′

i

xk
13λ

k
1. Add a branching constraint {x13 = 0} to the list

N; N = {x13 = 0}. Set v({x13 = 0}) = 0.

Node 1 Choose the constraint {x13 = 0} and set v({x13 = 0}) = 1. To

implement the constraint in the RMP, look at the constraint (3.16) and fix the

following variables λ3
1 = λ4

1 = λ5
1 = 0. Add {x13 = 0} to all pricing problems.

Solve RMP: The LP relaxation of the RMP produces the objective value of

1880.5 with the primal solution of λ7
1 = λ8

1 = λ3
2 = λ4

2 = 0.5 and the dual solu-

tion of π = (1615.5, 2935.5, 3107.0, 1586.5, 1622.5) and α = (−4426.0,−4560.5).

Solve the pricing problems: The pricing problems produce the objective values

v1 = −5173.5 and v2 = −7321.0. Since vi < αi for both agents, add the

following solutions as columns to RMP.

x9 =

(
0 1 0 1 1
1 1 1 1 1

)
, y9 =

(
32.0

128.0

)
, ĉ9 =

(
971

3546

)

z = 1880.5 + (−5173.5 + 4426.0) + (−7321.0 + 4560.5) = −1627.5

Solve RMP: Solve the LP relaxation of the RMP yields z = 1133.0 with the

primal solution of λ9
1 = 1, λ3

2 = 1 and the dual solution of π = (1721.3, 137.0,

3145.0, 1012.7, 1554.7) and α = (−1733.3,−4024.7). Since we have an integer

solution, update z̄; z̄ = 1133.0.

Solve the pricing problems: The pricing problems yield the objective value

v1 = −1793.0 and v2 = −5842.7. Since vi < αi for both agents, add the
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following solutions as columns to the RMP.

x10 =

(
1 1 0 0 1
1 0 1 1 1

)
, y10 =

(
59.0
51.0

)
, ĉ10 =

(
1620
1591

)

z = 1133.0 + (−1793.0 + 1733.3) + (−5842.7 + 4024.7) = −744.7

Solve RMP: The LP relaxation of the RMP yields z = 990.5 with the pri-

mal solution of λ2
1 = λ8

1 = λ4
2 = λ10

2 = 0.5 and the dual solution of π =

(725.5,−5.5, 1327.0, 696.5, 732.5) and α = (−595.0,−1890.5).

Solve the pricing problems: The pricing problems have the objective value

v1 = −712.5 and v2 = −2306.0. Add the following solutions as columns to

RMP.

x11 =

(
1 0 0 0 0
1 0 1 1 0

)
, y11 =

(
0.0
8.0

)
, ĉ11 =

(
13

443

)

z = 990.5 + (−712.5 + 595.0) + (−2306.0 + 1890.5) = 457.5

Solve RMP: The LP relaxation of the RMP yields z = 575.0 with the primal

solution of λ8
1 = 1, λ11

2 = 1 and the dual solution of π = (725.5, 112.0, 1327.0,

696.5, 732.5) and α = (−712.5,−1890.5). Since we have an integer solution

and z < z̄, update z̄ = 575.0.

Solve the pricing problems: The pricing problems produce the objective value

v1 = −712.5 and v2 = −2306.0. Add the solution from the second pricing

problem as a column to RMP.

x12
2 = (1, 0, 1, 1, 0), y12

2 = 8.0, ĉ12
2 = 443

z = 575.0 + (−712.5 + 712.5) + (−2306.0 + 1890.5) = 159.5
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Solve RMP: The LP relaxation of the RMP yields z = 575.0 with the primal so-

lution of λ8
1 = 1, λ11

2 = 1 and the dual solution of π = (310.0, 112.0, 496.0, 281.0,

317.0) and α = (−297.0,−644.0).

Solve the pricing problems: The pricing problems produce the objective value

v1 = −297.0 and v2 = −644.0. Since vi−αi = 0 for both agents and the RMP

has an integer solution, we fathom the node; remove λ3
1 = λ4

1 = λ5
1 = 0 from

the RMP and x13 = 0 from the pricing problems. Remove {x13 = 0} from the

list N and add {x13 = 1} to the list N and set v({x13 = 1}) = 0.

Node 2 Choose the constraint {x13 = 1} and set v({x13 = 1}) = 1. Fix the

following variables λ3
1 = λ4

1 = λ5
1 = 0 of the RMP and fix x13 = 1 of pricing

problems.

Solve RMP: The LP relaxation of the RMP yields 704.0 with the primal solu-

tion of λ3
1 = 0.25, λ4

1 = 0.5, λ5
1 = 0.25, λ2

2 = 0.25, λ7
2 = 0.5, λ8

2 = 0.25 and the

dual solution of π = (348.0,−7.0, 1690.0, 157.0, 274.0) and α = (−1243.0,−201.0).

Solve the pricing problems: The pricing problems produce the objective value

v1 = −1633.0 and v2 = −439.0. Since vi < αi for both agents, add the

following solutions as columns to the RMP.

x12
1 = (0, 0, 1, 0, 0), y12

1 = 0.0, ĉ12
1 = 57

x13
2 = (1, 0, 0, 0, 1), y13

2 = 0.0, ĉ13
2 = 183

z = 704.0 + (−1633.0 + 1243.0) + (−439.0 + 201.5) = 76.0

Solve RMP: The LP relaxation of the RMP yields z = 466.0 with the primal so-
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lution of λ4
1 = 1, λ13

2 = 1 and the dual solution of π = (110.0, 226.0, 1452.0, 0.0,

269.0) and α = (−1395.0,−196.0). Update z̄ = 466.

Solve the pricing problems: The pricing problems produce the objective value

v1 = −1509.0 and v2 = −196.0. Add the solution from the first pricing

problem as a column to the RMP.

x13
1 = (0, 1, 1, 0, 0), y13

1 = 0.0, ĉ13
1 = 169

z = 575.0 + (−1509.0 + 1395.0) + (−196.0 + 196.0) = 352.0

Solve RMP: The LP relaxation of the RMP yields z = 433.0 with the primal so-

lution of λ13
1 = 1, λ7

2 = 1 and the dual solution of π = (110.0, 112.0, 1452.0, 114.0,

122.0) and α = (−1395.0,−82.0). Update z̄ = 433.

Solve the pricing problems: The pricing problems produce the objective value

v1 = −1420.0 and v2 = −82.0. Add the solution from the first pricing problem

as a column to the RMP.

x14
1 = (0, 0, 1, 1, 0), y14

1 = 2.0, ĉ14
1 = 146

z = 433.0 + (−1420.0 + 1395.0) + (−82.0 + 82.0) = 408.0

Solve the RMP: The LP relaxation of the RMP yields z = 433.0 with the primal

solution of λ13
1 = 1, λ7

2 = 1 and the dual solution of π = (110.0, 137.0, 1452.0,

114.0, 147.0) and α = (−1420.0,−107.0). Update z̄ = 433.

Solve the pricing problems: The pricing problems produce the objective value

v1 = −1420.0 and v2 = −107.0. Since vi − αi = 0 for both agents, we fathom
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the node; remove λ3
1 = λ4

1 = λ5
1 = 0 from the RMP and x13 = 1 from the

pricing problems. Remove {x13 = 1} from the list N. Since the list N is

empty, we terminate the algorithm.

3.2.6 Computational Results for GAP

The branch-and-price algorithm was implemented using JAVA with

CPLEX 9.0 and its performance was compared with the deterministic equiva-

lent problems. All computations were performed on a PC with a dual 1.8GHz

CPU, 1GB memory, running SuSE Linux.

The similar setting was used for this experiment as in Section 2.2.2;

the same data generating rules and the same number of jobs and agents were

used (m = 5, 10, 20 and n = 30, 50). The more scenarios were used to show

the performance of branch-and-price algorithm.

The pricing problems were solved as integer problems using CPLEX

with the default value of relative tolerance, which is 0.0001. In an early stage

of CG procedure, two approaches were examined to make the master prob-

lem feasible; (i) big-M method and (ii) using an initial solution. For this

experiment, only root node were solved.

The result in Table 3.5 shows the computational time of B&P using

initial solutions and that with a big-M method. Initial solutions, even though

their quality were not good, performed better than a big-M method and this

was because the algorithm spent time to find a feasible solution. For the

remainder of this section, initial solution method was used.
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Table 3.5: Comparison of using an initial solution and big-M method (seconds)

With initial Using
Problem solution big-M method

A. 5.30.10 9.4 10.7
A. 5.50.10 68.5 52.8
A.10.30.10 9.4 16.0
A.10.50.10 41.1 72.6
A.20.30.10 8.1 44.8
A.20.50.10 27.2 140.1
B. 5.30.10 14.2 18.2
B. 5.50.10 80.0 144.9
B.10.30.10 7.2 21.0
B.10.50.10 32.2 140.0
B.20.30.10 5.4 42.1
B.20.50.10 19.0 144.5
C. 5.30.10 14.8 16.3
C. 5.50.10 69.1 90.8
C.10.30.10 6.8 20.9
C.10.50.10 33.8 89.9
C.20.30.10 8.6 45.0
C.20.50.10 24.2 173.8
D. 5.30.10 14.5 25.7
D. 5.50.10 123.9 174.6
D.10.30.10 8.2 21.4
D.10.50.10 42.7 105.8
D.20.30.10 10.3 43.9
D.20.50.10 26.6 260.1
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In the next experiment, the performance of branching strategies was

examined. In this experiment, fathoming by optimality was applied when no

column was added and the reduced-cost-fixing was not applied. Tables 3.6

includes the results of two branching strategies without stabilization. In the

table, the first column identifies the name of problems, the second column

displays the objective function values and the remainder of the table has the

CPU times in seconds, the number of nodes explored in a branch-and-bound

tree and the number of columns added during the column generation phase

for both strategies. It shows that the GUB branching strategy outperformed

the single variable branching method, especially when the number of branch-

and-bound nodes was large except one problem D.10.50.10. Note that some

problems were solved in column generation procedure, i.e., the number of

branch-and-bound nodes was 0, and their computational times should read

equivalently, i.e., B.10.50.10 was solved in 36.1 second with a GUB-branching

and 34.8 seconds with a single variable branching but both measured the

same calculation. Hence the GUB-branching method was used in the following

experiments.

The results with stabilization are contained in Table 3.7 where the GUB

branching was used. For stabilization, ǫ+
j and ǫ−j were set to 0.1 initially and

decreased by the rate of 0.1 when no column was added. When ǫj was less

than 0.001, it was set to zero. The current dual solutions were used for κ+
j

and κ−
j and they were updated when no column was added. Updating them at

every iteration would be an alternate but from the empirical result we decided
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to update them when no column was added. Comparing this table with the

GUB branching results in Table 3.6, we can see that the stabilization helped

the problems to be solved faster. Stabilization improved the computational

time by 65% on average.

The next computation is for the effect of the reduced cost fixing. Table

3.8 shows the results with the reduced cost fixing, where A and B refer two

optimal-fathom methods; A has the results that the rule (iii) was applied when

no column was generated while B is for the case that the rule was applied

immediate after the RMP when the RMP produced an integer solution. A

and B didn’t show much difference but A was slightly better for the most time

consumption problem, D.5.50.10. Compared with Table 3.7, both reduced cost

fixing methods improved the computational time especially when the number

of branch-and-bound nodes was large. The reduced cost fixing was employed

in the following experiments.

In the final computations, the quality of the algorithm is tested. To

verify the quality, the deterministic equivalent problems (DEP) (2.13) were

implemented and two sets of data were used for the solution quality; one was

the same data used in the previous computations and the other had various

numbers of scenarios.

In Table 3.9, the results for the LP gaps and computational times for

the whole branch-and-price algorithm are displayed, where the column LP has

the values of integrality gap in percent of the original problem (2.13) and the

column LPCG shows the gaps of the column generation formulation (3.14).
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Table 3.6: Comparison of branching strategies without stabilization

GUB-branching Single variable-branching
Time num Opt num Time num Opt num

Problem z (sec) nodes node cols (sec) nodes node cols

A. 5.30.10 363 7.9 2 1 513 14.1 2 1 509
A. 5.50.10 620 120.8 16 6 2196 216.3 10 3 1945
A.10.30.10 327 7.5 2 1 491 13.4 2 1 489
A.10.50.10 557 26.3 0 0 1069 26.1 0 0 1069
A.20.30.10 309 6.4 0 0 459 6.5 0 0 4593
A.20.50.10 513 30.1 0 0 1269 30.1 0 0 1269

B. 5.30.10 333 9.9 2 2 557 12.0 2 2 557
B. 5.50.10 611 80.9 6 5 1742 138.5 4 4 1616
B.10.30.10 328 7.0 2 2 450 8.5 2 2 450
B.10.50.10 551 36.1 0 0 1292 34.8 0 0 1292
B.20.30.10 307 9.5 4 3 575 9.8 6 4 578
B.20.50.10 516 22.8 2 1 1008 30.6 2 1 1008

C. 5.30.10 393 38.0 42 39 862 36.7 24 21 669
C. 5.50.10 599 334.4 40 40 3141 1707.9 152 152 5291
C.10.30.10 361 9.3 2 1 515 10.8 2 1 514
C.10.50.10 575 30.9 0 0 1124 30.3 0 0 1124
C.20.30.10 345 11.0 2 2 655 14.5 2 2 655
C.20.50.10 561 35.7 0 0 1328 35.3 0 0 1328

D. 5.30.10 3073 35.6 26 5 889 53.3 60 36 1138
D. 5.50.10 5063 466.3 88 58 3626 794.3 142 125 4984
D.10.30.10 3037 15.5 0 0 788 15.5 0 0 788
D.10.50.10 4990 173.3 52 51 2292 71.8 4 2 1754
D.20.30.10 3016 30.3 0 0 659 30.5 0 0 1308
D.20.50.10 4972 127.7 10 10 2676 133.4 14 14 2725
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Table 3.7: The results with stabilization

Time num Optimal num
Problem z (sec) nodes node cols
A. 5.30.10 363 6.4 2 1 372
A. 5.50.10 620 53.6 12 5 1343
A.10.30.10 327 6.5 2 2 363
A.10.50.10 557 16.1 2 1 662
A.20.30.10 309 5.5 0 0 291
A.20.50.10 513 14.9 0 0 691
B. 5.30.10 333 6.4 0 0 351
B. 5.50.10 611 67.9 14 3 1280
B.10.30.10 328 5.6 0 0 335
B.10.50.10 551 16.4 0 0 700
B.20.30.10 307 6.9 2 1 359
B.20.50.10 516 12.9 0 0 612
C. 5.30.10 393 22.5 26 7 521
C. 5.50.10 599 57.5 2 1 989
C.10.30.10 361 7.0 2 1 319
C.10.50.10 575 20.4 0 0 706
C.20.30.10 345 14.2 12 12 489
C.20.50.10 561 18.0 0 0 740
D. 5.30.10 3073 32.5 24 16 709
D. 5.50.10 5063 151.5 22 2 1508
D.10.30.10 3037 9.6 0 0 448
D.10.50.10 4990 137.7 114 113 1845
D.20.30.10 3016 11.6 0 0 589
D.20.50.10 4972 54.1 18 18 1112
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Table 3.8: The results with reduced cost fixing

A B
Time num Opt num Time num Opt num

Problem z (sec) nodes node cols (sec) nodes node cols

A. 5.30.10 363 5.9 2 1 357 6.0 4 1 348
A. 5.50.10 620 47.5 14 6 1172 41.4 10 10 1105
A.10.30.10 327 6.9 2 2 401 7.0 2 2 397
A.10.50.10 557 15.9 2 1 671 16.0 2 1 662
A.20.30.10 309 5.1 0 0 291 5.5 0 0 291
A.20.50.10 513 14.4 0 0 691 15.2 0 0 691

B. 5.30.10 333 6.5 0 0 351 6.4 0 0 351
B. 5.50.10 611 39.0 12 2 1066 36.2 8 2 988
B.10.30.10 328 5.4 0 0 335 5.7 0 0 335
B.10.50.10 551 16.1 0 0 700 16.8 0 0 700
B.20.30.10 307 6.7 2 1 360 6.7 2 1 359
B.20.50.10 516 13.1 0 0 612 13.1 0 0 612

C. 5.30.10 393 30.7 6 5 483 13.7 42 42 742
C. 5.50.10 599 45.7 2 1 1019 45.7 2 1 1047
C.10.30.10 361 7.5 2 1 319 6.6 2 2 339
C.10.50.10 575 19.8 0 0 706 20.9 0 0 706
C.20.30.10 345 16.5 10 10 535 14.6 16 16 538
C.20.50.10 561 17.5 0 0 740 18.4 0 0 740

D. 5.30.10 3073 30.2 30 27 629 33.8 28 5 759
D. 5.50.10 5063 131.9 24 2 1910 166.3 30 5 1701
D.10.30.10 3037 9.2 0 0 448 10.6 0 0 448
D.10.50.10 4990 66.4 14 14 1208 60.1 16 16 1291
D.20.30.10 3016 11.3 0 0 589 12.0 0 0 589
D.20.50.10 4972 37.5 6 6 1063 35.2 6 6 1087
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The column generation procedure provided much smaller gaps. Note that

there were some cases that the B&P produced no LP gap, i.e., the problems

in class A. The DEPs of two problems, C.20.50.10 and D.20.50.10, were not

solved in two hours.

In the following computations, 10 instances were generated for each

problem and the average computational times were reported. The data in the

smaller number of scenarios were reused in the larger number of scenarios, i.e.,

A.20.60.20 included A.20.60.10 data and 10 more scenarios. The various num-

bers of scenarios were considered and the results are found in Tables 3.10 and

3.11. The scenarios of data in the Table 3.10 were generated from a uniform

distribution of ±20%, i.e., dij ± 20% and bj ± 20%, while ±50% were used for

those in Table 3.11. In this computations, the GUB branching, stabilization

and reduced-cost-fixing methods were employed. For the reduced-cost-fixing,

method A was applied to avoid the worst time consumption.

In both tables, the first column of DEP shows the number of instances

that spent two full hours by CPLEX out of ten and those instances were

excluded from the average computational time, i.e., the reported time is the

averaged one for those solved less than 2 hours. Note that DEP had many

problems that some of the instances were not solved in two hours but B&P

solved all instances within minutes. It is common in the results that the more

distributed data took more time except the class D, which spent more time in

solving data with less variations. It seems that adding more variability made

it easier to solve class D problems.
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Table 3.9: Solution quality: LP gaps and computational times

Gap (%) Time (sec)
Problem z LP LPCG DEP B&P

A. 5.30.10 363.0 0.25 0.00 0.7 6.4
A. 5.50.10 620.0 0.25 0.00 0.9 53.6
A.10.30.10 327.0 0.77 0.00 0.8 6.5
A.10.50.10 557.0 0.60 0.00 1.0 16.1
A.20.30.10 309.0 0.32 0.00 0.9 5.5
A.20.50.10 513.0 0.11 0.00 1.0 14.9
B. 5.30.10 333.0 0.24 0.00 0.8 6.4
B. 5.50.10 611.0 0.34 0.04 0.9 51.9
B.10.30.10 328.0 1.00 0.00 0.8 5.6
B.10.50.10 551.0 0.00 0.00 0.9 16.7
B.20.30.10 307.0 0.95 0.00 0.9 6.6
B.20.50.10 516.0 0.00 0.00 0.9 12.9
C. 5.30.10 392.7 2.11 0.29 3.3 18.5
C. 5.50.10 599.0 1.05 0.02 3.1 45.5
C.10.30.10 361.0 4.53 0.08 212.9 6.7
C.10.50.10 575.2 1.67 0.00 94.4 20.8
C.20.30.10 345.3 7.33 0.06 46.1 12.6
C.20.50.10 561.0 2.68 0.00 - 18.3
D. 5.30.10 3073.0 0.54 0.11 3.1 28.7
D. 5.50.10 5063.0 0.21 0.04 38.2 108.5
D.10.30.10 3037.1 1.18 0.00 3.1 9.2
D.10.50.10 4989.6 0.37 0.01 1058.4 179.9
D.20.30.10 3016.0 1.60 0.00 1.1 11.1
D.20.50.10 4973.0 0.89 0.02 - 48.2
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Table 3.10: Computational time with various scenarios (±20%)

DEP B&P
Problem # instances Time (sec) Time (sec) # nodes # cols

A.20.60.10 1 0.4 37.6 6 602
A.20.60.20 0 0.6 46.7 10 642
A.20.60.30 0 0.8 58.3 9 755
A.20.60.40 0 0.9 58.1 6 833
A.20.60.50 0 1.2 61.6 4 657
A.20.60.60 0 1.4 71.4 7 468
A.20.60.70 0 1.6 70.0 4 682
A.20.60.80 0 1.7 80.1 4 695
A.20.60.90 0 1.8 90.9 8 621
A.20.60.100 1 2.0 88.7 5 706
B.20.50.10 0 82.3 33.8 3 452
B.20.50.20 1 146.0 54.4 16 423
B.20.50.30 0 505.2 48.3 2 340
B.20.50.40 1 175.1 50.8 2 479
B.20.50.50 0 40.4 49.4 2 463
B.20.50.60 1 49.2 53.7 2 420
B.20.50.70 0 111.0 59.8 2 503
B.20.50.80 1 138.0 78.2 3 434
B.20.50.90 1 222.0 108.0 3 430
B.20.50.100 0 94.6 99.4 3 385
C.20.30.10 1 1221.3 39.6 3 204
C.20.30.20 0 1573.8 73.8 2 153
C.20.30.30 0 1364.8 80.2 3 274
C.20.30.40 0 1747.5 76.6 2 107
C.20.30.50 0 1897.1 85.9 3 223
C.20.30.60 0 1888.3 81.3 1 263
C.20.30.70 0 2163.7 86.9 2 262
C.20.30.80 0 2128.0 93.2 2 171
C.20.30.90 0 2670.6 102.8 3 220
C.20.30.100 1 3324.3 102.5 3 220
D.20.30.10 1 505.9 45.9 11 634
D.20.30.20 0 577.2 68.3 19 544
D.20.30.30 0 570.3 66.8 14 654
D.20.30.40 0 1079.6 72.9 10 578
D.20.30.50 0 1594.9 98.1 21 731
D.20.30.60 0 1809.5 92.6 15 442
D.20.30.70 0 2092.0 87.3 8 615
D.20.30.80 0 2713.8 86.5 6 487
D.20.30.90 0 3744.8 117.9 11 507
D.20.30.100 1 3499.6 120.3 9 572
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Table 3.11: Computational time with various scenarios (±50%)

DEP B&P
Problem # instances Time (sec) Time (sec) # nodes # cols

A.20.60.10 1 1.0 37.9 3 704
A.20.60.20 0 14.8 45.0 2 377
A.20.60.30 1 837.6 63.6 6 797
A.20.60.40 0 476.1 68.9 5 419
A.20.60.50 1 822.7 79.9 6 590
A.20.60.60 1 1084.7 91.8 6 718
A.20.60.70 1 1516.0 101.9 3 496
A.20.60.80 2 2006.9 107.9 5 623
A.20.60.90 2 1973.2 158.1 14 620
A.20.60.100 2 1968.5 122.9 5 640
B.20.50.10 0 67.3 26.4 1 242
B.20.50.20 3 2198.3 40.5 8 486
B.20.50.30 3 2259.3 51.0 9 598
B.20.50.40 3 2613.0 51.9 4 423
B.20.50.50 3 2902.9 72.4 12 506
B.20.50.60 5 4299.7 72.3 10 608
B.20.50.70 3 3373.4 58.9 2 381
B.20.50.80 4 3314.8 64.6 2 317
B.20.50.90 2 2892.4 81.3 4 438
B.20.50.100 3 3117.5 100.3 8 518
C.20.30.10 10 7249.7 41.2 6 407
C.20.30.20 6 5663.7 75.9 2 119
C.20.30.30 8 6524.3 74.3 2 192
C.20.30.40 9 7038.3 79.1 1 116
C.20.30.50 9 6938.0 80.1 1 107
C.20.30.60 7 6527.4 86.8 1 149
C.20.30.70 9 7012.0 88.2 1 151
C.20.30.80 9 7093.1 88.3 1 139
C.20.30.90 10 7213.9 98.3 1 172
C.20.30.100 10 7222.9 99.5 2 208
D.20.30.10 0 111.8 26.9 3 280
D.20.30.20 0 22.0 30.7 3 268
D.20.30.30 0 13.2 40.0 9 433
D.20.30.40 0 20.7 34.9 2 391
D.20.30.50 0 10.3 39.8 3 461
D.20.30.60 0 15.3 46.3 5 336
D.20.30.70 0 17.7 52.0 5 270
D.20.30.80 0 16.6 49.3 2 268
D.20.30.90 0 19.1 48.9 1 320
D.20.30.100 0 19.0 61.1 6 399
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3.3 Shift Planning And Scheduling Problem

As reviewed in the previous section, column generation performed well

if its slow convergency can be improved and stabilization worked for a stochas-

tic facility location problem and a stochastic generalized assignment problem.

In this section, column generation is applied to a shift planning and scheduling

problem for which the model is established in Section 2.3.

3.3.1 Formulation

One of the most common ways of decomposition for a stochastic pro-

gramming problem is to decompose it according to its scenarios and, for the

column generation formulation, the problem is transformed into the one with

nonanticipativity constraints. If we put those constraints into the master prob-

lem, then each pricing problem becomes a one-scenario problem. Assuming

that the number of scenarios is finite, let’s duplicate the first stage variables

w, v and x in scenario, i.e., wa → wω
a , ω ∈ Ω, ∀a, and add the following

nonanticipativity constraint.

w0
a = wω

a , ω ∈ Ω,∀a.

The (restricted) master problem can be presented as follows.
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min
w0,v0,x0,λ

∑

ω∈Ω

∑

k∈K′ω

ĉω
kλω

k

s.t. w0
a −

∑

k∈K′ω

wω,k
a λω

k = d, ∀a, ω (3.16a)

v0
b −

∑

k∈K′ω

vω,k
b λω

k = d, ∀b, ω (3.16b)

x0
fd −

∑

k∈K′ω

xω,k
fd λω

k = d, ∀f, d, ω (3.16c)

∑

k∈K′ω

λω
k = 1, ∀ω (3.16d)

λω
k ≥ 0, k ∈ K ′ω,∀ω

(w0
a, v

0
b , x

0
fd) ∈ Z, ∀a, b, f, d,

where ĉω
k is the scheduling cost with (wω,k

a , vω,k
b , xω,k

fd ) and can be calculated by

ĉω
k =

nA∑

a=1

cF
a wω,k

a +
7∑

d=1

nP∑

p=1

cP
p yω,k

pd +
7∑

d=1

nF∑

f=1

cOT1
f µ1

fd

ω,k
+

7∑

d=1

nF∑

f=1

cOT2
f µ2

fd

ω,k

+
7∑

d=1

nP∑

p=1

cC
p γω,k

pd +
nA∑

a=1

cUwU
a

ω,k

Based on the reduced cost for λω, the following pricing problem, for

each scenario ω, will be solved to generate a column.
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vω = min
w,v,x,y,µ1,µ2,γ,wU

nA∑

a=1

(pωcF
a + πW,ω

a )wω
a +

nB∑

b=1

πV,ω
b vω

b +
7∑

d=1

nF∑

f=1

πX,ω
fd xω

fd

+
7∑

d=1

nP∑

p=1

pωcP
p yω

pd +
7∑

d=1

nF∑

f=1

pω(cOT1
f µ1

fd

ω
+ cOT2

f µ2
fd

ω
)

+
7∑

d=1

nP∑

p=1

pωcC
p γω

pd +
nA∑

a=1

pωcUwU
a

ω

s.t.
nA∑

a=1

wω
a − ρ

nB∑

b=1

vω
b ≥ 0

wω
a −

1

5

7∑

d=1

nF∑

f=1

Aafx
ω
fd ≥ 0, ∀a

wω
a −

nF∑

f=1

Aafx
ω
fd ≥ 0, ∀a, d

wω
a , vω

b , xω
fd ∈ Z+

(2.20b)− (2.20r)

where πW,ω
a , πV,ω

b , and πX,ω
fd are dual variables associated with (3.16a), (3.16b),

and (3.16c), respectively. Let αω denote a dual variable associated with (3.16d)

and if vω ≥ αω for all ω, we stop the algorithm and apply branch-and-bound.

Otherwise we add a column to the master problem with a solution (wω
a , vω

b , xω
fd).

3.3.2 Computational Results for SPSP

To test the performance of column generation, a reduced size of data

from those used in Section 2.5 was used. Only one day schedule was used

with two scenarios and for daily demand, Monday profile was used with high
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and low demands. The other parameters were set to the same as those in the

previous section; the number of periods in a day is nT = 24, the number of

full-time shifts is nF = 24, two types of part-time shifts, i.e., 4 hour shift and

5 hour shift, the number of part-time shifts is nP = 48 and both part-time

shifts do not have a break. For the daily profile, Monday profile was used. For

the feasibility of the master problem, big-M method was used. To measure

the quality of solution, the deterministic equivalent problem was solved with

1% of the relative tolerance gap. For test purpose, only the root node of

branch-and-bound procedure was solved in this section.

Table 3.12 shows the results for column generation with various stabi-

lization methods. The first column shows the type of the stabilization method;

“None” is for a column generation method without stabilization, “H” stands

for the one with the hybrid stabilization method and the remainders are for

those with the interior point method where the number shows how many ran-

dom coefficients were generated, i.e., 1 means that one instance of random

objective coefficients for u and ui was generated and the dual problem (3.4)

was solved twice with (u, ui) and (1− u, 1− ui) to produce the dual solution

at every iteration. The second column is the computational time and the last

column presents for the number of columns added by solving pricing problems.

For the hybrid method, κ+ and κ− were updated with the current dual solu-

tion at every iteration and ǫ+ and ǫ− were reduced by the rate of 0.1 when no

column was added. Its initial value was 1 and was set to 0 when it was less

than 104. We can see that the hybrid method outperformed the interior point
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Table 3.12: Parametric results for stabilization

Method Gap (%) Time (sec) # cols
None 0.05 4914 5295
H 0.07 170 294
1 0.04 776 1141
2 0.03 805 1065
3 0.53 931 1136

method and especially its CPU time was only 3% of the column generation

without stabilization. Hence the hybrid stabilization method was used for the

later computations.

In the next experiment, CG performance was examined according to

the increasing number of days. Table 3.13 includes the LP relaxation gaps,

computational time and the number of columns added for column generation

approach. “LP Gap” is the LP relaxation gap for the deterministic equivalent

form of the model (2.19)-(2.20) and “LPCG Gap” is for (3.16) in percent. All

problems were solved with two scenarios. The CG formulation (3.16) provided

tighter bounds than the deterministic equivalent problem of (2.19)-(2.20). The

computational time grew quickly as the number of days increased and this is

because increasing number of days brought larger numbers of nonanticipativity

constraints in the master problem, which makes the master problem hard to

be improved with feasible solutions.

The last experiment examines how CG performs as the number of sce-

narios grows for one day schedule. Table 3.14 includes the similar results as in

Table 3.13. The computational time grew as the number of scenarios became
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Table 3.13: Parametric results I for column generation

Column Generation
# days z∗ LP Gap (%) LPCG Gap (%) Time (sec) # cols

1 120254 7.64 0.07 170 271
2 128777 11.63 3.98 191 528
3 121128 0.71 0.10 706 645
4 126449 0.87 0.46 1052 645
5 131954 0.90 0.30 2716 862

large.

Table 3.14: Parametric results II for column generation

Column Generation
# scenarios z∗ LP Gap (%) LPCG Gap (%) Time (sec) # cols

2 120254 7.64 0.07 170 294
3 120058 7.89 0.17 302 673
4 120201 7.92 0.21 560 1124
5 120147 7.85 0.17 1085 1619

The 7-day problems that used in Section 2.5 were not able to be solved

by CG. It seems that the dimension of the nonanticipativity constraints is too

large to solve.
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Chapter 4

Summary and Conclusions

As companies involved in the service industry become more sensitive

to the needs of their customers, it is increasingly important for them to take

demand uncertainty into account at all levels of planning. One way to do this

is with the use of stochastic models. This dissertation considered two appli-

cations in which two-stage stochastic integer programs were used to address

uncertainty. The first was a generalized assignment problem, a typical combi-

natorial optimization problem; the second was a shift planning and scheduling

problem aimed at determining the structure of the permanent workforce at

USPS mail processing and distribution centers.

Chapter 2 described how stochastic models can be derived from deter-

ministic models which are often simplifications obtained by replacing random

parameters with their mean values. Standard procedures for comparing solu-

tions obtained from stochastic and deterministic models were also discussed.

In the two applications, the value of the stochastic solution (VSS) was reason-

ably high, meaning that the stochastic model provided some advantage over

its deterministic counterpart.

For the generalized assignment problem, the resource capacities and
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processing times were regarded as (discrete) random variables and random

parameters were used for the analysis. The computational results showed im-

provement between the stochastic solution and the EEV solution that ranged

from 5% up to 110%. In the Dantzig-Wolfe decomposition approach, the pric-

ing problems were integer problems. While the computational results were

satisfactory, algorithmic performance could certainly be improved by finding a

more efficient way to solve them. The literature reports that the deterministic

GAP can be solved by CPLEX in reasonable time when the problem size is

modest. However, the computational time for the stochastic GAP by CPLEX

increased significantly with the same number of jobs and agents.

Personnel scheduling in the service industry presents significant mod-

eling and computational challenges for staff planners. In this study, we have

proposed several models that can be used to help size a permanent workforce

at facilities that operate 24 hours a day and experience wide fluctuations in

demand. For a three-scenario problem, we were able to find high quality solu-

tions to the corresponding SIPs in a reasonable amount of time. This is critical

when parametric analysis is an integral component of the planning process.

In Chapter 3, a branch-and-price algorithm was developed for the two

applications. The GAP proved much easier to solve with this algorithm than

the staff scheduling problem. When the master problem was formulated with

nonanticipativity constraints, the column generation component of algorithm

bogged down due to the large number of constraints in the formulation. Col-

umn generation implementations for shift scheduling problem that use cover-
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ing constraints in the master problem rather than nonanticipativity constraints

have been the most successful. For a stochastic lot-sizing problem, Lulli and

Sen [48] included nonanticipativity constraints in the master problem but its

row dimension was less than 200, much smaller than the problems considered

in this dissertation. The column generation algorithm implemented for the

shift planning and scheduling problem was effective for only small problem

instances.

As expected, column generation provided tighter LP bounds than con-

ventional LP relaxation. To find integer solutions, a branch-and-bound proce-

dure was developed as part of the branch-and-price algorithm. Large instances,

however, failed to converge in several hours suggesting that a better balance is

needed between computational efficiency and solution quality. In this regard, a

heuristic that may be worth pursuing is to terminate column generation prior

to obtaining zero objection function values for all subproblems. Of course,

when a node in the search tree is fathomed prematurely, the optimal solution

may be overlooked. For large instances, though, this might be acceptable if

a fathoming strategy can be developed that generally results in near-optimal

solutions.

Future research can be divided into two parts—identifying more ef-

fective decompositions and developing more efficient algorithms. If we can

formulate a column generation model for the shift planning and scheduling

problem with a covering constraint, then column generation may prove more

practical. For the GAP, another approach such as a dynamic programming
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for solving the pricing problems might improve its performance.

In this research, one version of the GAP was studied, leaving open

the opportunity to explore several others. In the GAP investigated here, the

second stage variables denoted by y measured the amount of unmet capacity

and were treated as continuous. Capacity violations were penalized in the

objective function. Other possibilities would be to penalize the number of

infeasible scenarios instead or to allow the first stage assignments, x, to be

cancelled in the second stage by paying a penalty. Those problems were studied

by Tokas et al. [66] but were not solved with column generation.
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