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A queueing system can be described as a population of customers which

from time to time utilize the resources of a service provider in order to ob-

tain service. Since it is a difficult task to analyze a stochastic model, often

macroscopic models are utilized to gain insight on high level properties of the

real model. The contributions of this thesis can be summarized in three parts.

In the first and second parts of the thesis, we investigate the stability of the

fluid models and the relationship between the fluid and the stochastic models.

In the third part, we use queueing theory to tackle a revenue management

problem of a monopolistic firm.

First, we investigate a fundamental property of fluid solutions in mul-

ticlass fluid networks. In [14] it is shown that if a fluid network has the finite

decomposition property and is not weakly stable, then any queueing network

associated with the fluid network is not rate stable. In particular, we show

vi



that the finite decomposition property holds for certain classes of two-pass

fluid networks.

Next, we try to characterize the intersection of stability regions of the

static buffer priority service disciplines for a certain type of three station net-

works. The results expand the known stability region by utilizing fluid trajec-

tories and a new methodology is proposed to identify if a service rate vector

is in the aforementioned stability region or not.

Finally, we investigate the pricing problem of a firm which dominates

the market. In our model, there is a single server with exponential service

times and arrivals follow a compound Poisson process where the number of

customers in a group is a random variable. We let the firm to adjust the price

as the length of the queue changes. A major difference between this research

and the previous literature is that we allow group arrivals and the firm may

only accept or reject customer groups as a whole. We identify the optimal

acceptance policy that maximizes the revenue and show that this policy is

also socially optimal.
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Chapter 1

Introduction

A queueing system can be described as a population of customers which

from time to time utilize the resources of a service provider in order to obtain

service. A service might consist of utilization of a single resource or multiple

resources arranged in order. For most real life scenarios, the scarcity of re-

sources often limits the number of customers that can be served at the same

time. If all resources are allocated to customers, the next arriving customer

enters a waiting line and waits until a resource becomes available. Real life

examples can be found in manufacturing, communication and various service

industries. A restaurant might be an example of a queueing system. The cus-

tomer population consists of customer groups arriving to the restaurant and

resources are defined as tables in the restaurant. If all of the tables are busy,

the arriving customer group starts waiting for a table.

Some immediate questions arise from the aforementioned example. What

is the average waiting time in the queue? Does the queue length in the long

run converge to a finite number or diverge? What is the average utilization

of tables? How does the waiting cost of the customer group and the price

of service affect the customer group’s decision to join the queue? Random-
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ness in either the arrival process, service process or both processes creates a

need for stochastic mathematical models to accurately answer these questions.

Although it may be more difficult to analyze stochastic models, they often

represent the real life problem better than deterministic models and provide

valuable high level information related to the real model.

In case two or more customers are waiting for service at any station,

when the server becomes available a decision mechanism is required to decide

which customer to serve next. The set of rules that dictate the service priority

at each station is called a service discipline. Service disciplines play a key role

in scheduling problems. Although exogenous arrival and service processes may

be stochastic and outside of our control, one can strive for the best performance

with respect to different performance metrics of interest by picking the optimal

service discipline.

As in other optimization problems, the first step is to identify the feasi-

ble set of service disciplines that can be used in the optimization. It is obvious

that we cannot use a service discipline that keeps each server always idle, since

it is unstable in the sense that service delays will grow without bound in such

a system. A nonidling service discipline is a discipline that forces each station

to work and provide service if there is a customer waiting for service. We know

that nonidling policies are not always optimal, however in many cases, good

(optimal or near-optimal) policies are nonidling. Also, in situations when we

do not have tight control over the exact service discipline, the class of non-

idling policies might be considered a reasonable class. Let us assume then
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that our set is restricted to nonidling service disciplines. At this point, it is

natural to ask the question, for which design parameters (arrival, service rates,

topology) will operating within a large class of “reasonable” policies lead to a

stable system?

Traditionally, based on the work of Jackson [18] and Kelly [20], it was

widely believed that a necessary and sufficient condition for stability of a

queuing network working under any nonidling service discipline was that the

traffic intensity at each station of the network is less than one. In other words,

the capacity of each station should be such that it is able handle the arriving

workload to that station. For multiclass networks, Kumar and Seidman [22],

Lu and Kumar [26], and Rybko and Stolyar [34] identified nonidling service

disciplines that lead to instability even if the traffic intensity at each station is

less than one. Bramson [1] and Seidman [35] have shown that the instability

phenomenon is present even for the first-in-first-out (FIFO) service discipline.

These counterexamples show that additional research is required to

identify the global stability region of a stochastic network, which is the set

of parameters for which the network is stable under all nonidling service dis-

ciplines. Since it is not an easy task to analyze the stability of a stochastic

network, various methodologies have been developed to overcome this prob-

lem. Rybko and Stolyar [34], Dai [7], proved how fluid models could be used to

determine the global stability region of the stochastic network. It was shown

that a stochastic network is stable if its fluid network counterpart is stable.

Returning to our initial example, let us assume that our restaurant is
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an Italian restaurant in a small town and that it has local monopoly power.

Thus, it has the ability to charge different prices to different customers based

on non-cost related features of customers to extract customer surplus and turn

this into additional revenue.

This pricing strategy is called price discrimination and it requires mar-

ket power, customer segmentation and strong barriers between customer seg-

ments. Price discrimination can be achieved by providing different prices or

by offering different discounts to different customers. In the case of the Italian

restaurant, the restaurant owner can use his market power to charge different

prices based on the size of customer group, or their expected waiting time, to

increase his revenue. So, the main problem of the restaurant owner becomes

choosing the optimal price points for each segment in order to maximize his

revenue.

Instances similar to the previous example exist in the service sectors and

manufacturing industries. Airplane manufacturing, high precision robot pro-

duction and high-end computer processor manufacturing are manufacturing

industries where customer orders are often taken in groups and because of high

holding costs, production is make-to-order. An example of a near monopoly

in the service sector could be a sole computer technician in a small town,

who provides repair service to locally owned businesses and other personal

computer owners. Although there might be other options to fix a computer

problem, a highly skilled technician might be preferred over other options.

The customer base might consist of computer owners with one computer and
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small businesses utilizing multiple computers. The skilled technician can use

his market power to charge different prices based on the number of comput-

ers that customer owns, or the number of customers waiting to be served, to

increase his revenue.

Naor [30], in a seminal paper, investigated the control problem of a

monopoly using a single server queueing system. Naor investigated the reward

maximization problem of individual customers, the firm and the society as a

whole. By definition, a society consists of the customers and the firm and

transactions in the society do not change the total social welfare. In his work,

he pointed out that under individual optimization, the optimal queue joining

policy for a customer is not socially optimal since the decision is solely based

on the customer’s own waiting cost instead of the cost to the whole society.

To achieve social optimality, Naor suggested charging a fee for service to mo-

tivate customers to make socially optimal decisions. He also showed that the

aforementioned social welfare optimizing fee is less than the profit-maximizing

fee. Knudsen [21] extended the single server results to multi-server queues

with general waiting cost functions. Edelson and Hildebrand [12] showed that

when customers are forced to make a decision before observing the state of the

system, then the profit-maximizing fee is equal to the social welfare optimizing

fee.

Lipmann and Stidham [25] studied queueing systems with holding costs

and discounting. This paper was one of the first in a series that considered

state dependent fees to achieve social optimality. Stidham [37] and Stidham
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and Johansen [19] extended previous results to general renewal arrival pro-

cesses and general service times. They also considered batch arrivals with

partial acceptance. Readers are referred to the second chapter of Hassin and

Haviv [17] for a comprehensive overview of all the related work on observable

queues.

In the next three chapters, we focus on the stability of the stochastic

and fluid networks. We introduce the stochastic and fluid networks and define

the notion of stability in Chapter 2. At the end of the chapter, we describe

our contributions related to the stability topic. In Chapters 3 and 4, the main

results related to the stability of stochastic and fluid networks are presented.

Chapter 5 is devoted to pricing of queueing networks. The first section

consists of the implications of the main results of Naor [30] and extensions of

Naor’s model. At the end of the first section, our contributions with regards

to pricing of queueing models are provided. Next, the model considered in this

dissertation and the main results are revealed. The final chapter is dedicated

to further directions for research related to the stability and pricing of queueing

networks.
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Chapter 2

Stability

2.1 Multiclass Queueing Networks

In this chapter, we introduce open multiclass queuing networks (OMQN)

and multiclass fluid models (MFM) which are the main focus of the next two

chapters. This section starts with a detailed description of OMQNs and contin-

ues with the definition of service disciplines and the dynamic equations which

describe the evolution of queue lengths in stochastic networks. A pathwise ap-

proach is taken to construct the queue length process and for the simplicity of

illustration, i.i.d. interarrival times and service times are used. The construc-

tion of multiclass fluid models is explained in Section 2.2, and demonstrated

with an example in Section 2.3. The last section is dedicated to the definition

of stability of stochastic and fluid networks. Finally, the contributions of this

thesis, with regard to stability of queueing and fluid networks, are stated.

The OMQN considered in this chapter consists of J single-server sta-

tions, denoted 1, 2, . . . , J and K classes of customers or jobs, denoted 1, 2, . . . , K.

Customers arrive from outside the network, receive service at a number of sta-

tions and leave the system. Each customer belongs to a single customer class

in every phase of it’s life in the system. After a service completion at a par-
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ticular station, a customer either leaves the system or changes it’s class. In

case the number of servers is equal to the number of customer classes, the

network is called a single class queueing network. Hence multiclass queueing

networks require the number of customer classes to be greater than the number

of stations, more explicitly, K > J .

If there exists an exogenous arrival process for customer class k, we let

uk(i) be the interarrival time between the ith and (i − 1)th class k customers

where {uk(i), i ≥ 1} are nonnegative i.i.d. random variables with finite mean

1/αk. For all n ≥ 1, the arrival epoch of nth class k customer is denoted as

Uk(n) and defined as Uk(n) =
∑n

i=1 uk(i). Let Ak(t) be the cumulative arrival

process for customer class k. The cumulative arrival process, which counts the

number of arrivals in time interval [0, t], is the inverse of the process Uk(n),

Ak(t) = sup{n ≥ 0 : Uk(n) ≤ t}.

Class k customers require service at a particular station denoted as

σ(k) and the set of classes served at station j is denoted as C(j). For i ≥ 1,

let vk(i) be the service time required for ith class k customer served, where

{vk(i), i ≥ 1} are nonnegative i.i.d. random variables with finite mean 1/µk.

The service epoch for nth class k customer is called Vk(n), where Vk(n) =
∑n

i=1 vk(i), n ≥ 1. Let Sk(t) be the cumulative service process for customer

class k. The cumulative service process, which counts the number of service

completions in the time interval [0, t] if station σ(k) devotes all of its capacity
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to class k customers, is the inverse of the process Vk(n),

Sk(t) = sup{n ≥ 0 : Vk(n) ≤ t}.

Uk(n) and Vk(n) are nondecreasing functions and members of the space

of real-valued functions on [0,∞) that are right continuous with left limits

(RCLL), denoted as D . Let X ∈ D and Y = {Y (t), t ≥ 0} denote the inverse

of process X, defined as follows:

Y (t) = sup{s ≥ 0 : X(s) ≤ t}. (2.1.1)

Proposition 2.1.1. Consider the (X,Y) pair. Suppose

X(t)

t
→ m a.s. as t →∞ (2.1.2)

for a positive constant m, and set µ = 1/m. Then,

Y (t)

t
→ µ a.s. as t →∞. (2.1.3)

For the proof of the Proposition (2.1.1) and a detailed review of the

related background material the reader is referred to Chen and Yao [5]. Note

that, Uk(n) and Vk(n) are special cases of X(t) =
∑btc

i=1 xi, t ≥ 0 where the xi

are nonnegative i.i.d. random variables. In light of this information, one can

show that Ak(t) and Sk(t) (given there is an upper bound on the number of

class k customers which can have outstanding partial services) satisfy

Ak(t)

t
→ αk, for k = 1, 2, . . . , K

Sk(t)

t
→ µk, for k = 1, 2, . . . , K.
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Upon service completion, a class k customer either becomes a customer

of another class or leaves the system. For each positive integer n, let φk(n)

be a K-dimensional vector where the `th element φk
` (n) is 1 if the nth class k

customer is routed to class ` and 0 otherwise. Let Φk(n) represent the total

number of customers routed to class ` among the first n class k customers and

assume that satisfies the strong law of large numbers

Φk
` (n)

n
→ pk` for k, l = 1, 2, . . . , K.

Although this assumption is satisfied under more general setups, a sim-

ple example of φk(n) is a K-dimensional Bernoulli random variable with pa-

rameters pk`. pk` is called the routing probability from class k to class ` and

K×K dimensional matrix P = [pk`], which is a substochastic matrix, is called

the routing matrix. Every customer entering an open multiclass queueing net-

works leaves the network eventually. This requires (I −P ′) to be invertible or

in other words

(I − P ′)−1 = (I + P + P 2 + . . . )−1 < ∞.

Unlike a single class queueing network, in a multiclass queueing network

there exists at least one station that serves multiple classes. In case there

are multiple classes of customers waiting for service at the same station, the

capacity that will be allocated to each customer class at any given time has

to be determined. A service discipline provides the rules that determine how

each station must allocate its capacity to customer classes waiting for service.
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An important set of service disciplines are the nonidling service dis-

ciplines in which each station has to work if there is a customer waiting for

service. Two members of this set are the first-in-first-out (FIFO) service disci-

pline, where priority is given to the first customer that arrived to the station,

and the last-in-first-out (LIFO) service discipline, where priority is given to the

last customer that arrived to the station. Another important set consists of

the head-of-the-line (HL) service disciplines. HL service disciplines are those

in which jobs are served in FIFO order within each class and at most one job

from each class at a station may be undergoing service at any given instant.

The FIFO discipline is an HL discipline, whereas the egalitarian processor

sharing discipline, where all customers present equally share the available ser-

vice capacity, is not. After this point, we only consider networks that are

operating under service disciplines that belong to class of nonidling HL service

disciplines.

Let T (·) = (T1(·), . . . , TK(·)) be the allocation process where {Tk(t), t ≥
0} is the cumulative time that station σ(k) allocated to class k during the time

interval [0, t]. The number of customers initially in the system is denoted by

Q(0) = (Q1(0), . . . , QK(0)), where Qk(0) is the initial number of customers in

class k. Let Qk(t) be the number of jobs in class k, Zj(t) be the total number

of customers that are present at station j and Ij(t) be the cumulative amount

of time station j was idle up to time t ≥ 0. The initial number of customers

Q(0), the arrival process A(·) = (A1(·), . . . , AK(·)), the service process S(·) =

(S1(·), . . . , SK(·)), the routing process Φ(n) and the allocation process T (·)
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constitutes the data required to construct the queue length process Q(·) =

(Q1(·), . . . , QK(·)). Next, we write down the following dynamic equations for

our network:

Qk(t) = Qk(0) + Ak(t) +
K∑

l=1

φl
k(Dl(t))−Dk(t), (2.1.4)

Zj(t) =
∑

k:σ(k)=j

Qj(t), (2.1.5)

Ij(t) = t−
∑

k:σ(k)=j

Tk(t), (2.1.6)

Tk(0) = 0 and Tk(·), Ij(·) are nondecreasing, (2.1.7)

Qk(t) ≥ 0, Zj(t) ≥ 0 ∀ k ∈ K, j ∈ J, t≥0, (2.1.8)

where Dk(·) = Sk(Tk(·)) is the departure process of customer class k, which

counts the number of class k customers served in the system during time

interval [0, t]. The number of customers waiting in the buffer of class k at

time t is derived by utilizing the initial number of customers, total arrivals

and departures up to time t in equation (2.1.4).

Specifying a service discipline or a class of service disciplines imposes

limitations on the allocation process T (·). Restrictions imposed by a service

discipline are represented by new equations which augment equations (2.1.4)-

(2.1.8). For example, the additional constraint required by the set of nonidling

service disciplines is:

∫ ∞

0

Zj(t)dIj(t) = 0 j = 1, 2, . . . , J.
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Since Ij(·) is a nondecreasing process, the condition above implies that

the cumulative idle time of a station doesn’t increase whenever there is a

customer waiting to be served at that station.

2.2 Fluid Models

Since it is a difficult task to analyze a stochastic network, often macro-

scopic models are utilized to gain insight into high level properties of the real

model. In this section, we focus on one of those models which is called fluid

models. In a fluid model, discrete stochastic primitive processes are replaced

with continuous deterministic processes. Since the customers are no longer

discrete entities, but continuous entities, we use the term ”fluid” to refer to

the customer mass residing in the system. We start with the fundamental

theorem, called the Functional Strong Law of Large Numbers (FSLLN), that

is utilized to construct the fluid models.

Theorem 2.2.1 (FSLLN). Let X(t) =

btc∑
i=1

xi t ≥ 0, where the xi are i.i.d.

random variables with a finite mean m > 0. Let Y (t) be the inverse of X(t)

defined by the equation 2.1.1 and define X̄n(t) for n ≥ 1 as,

X̄n(t) =
1

n
X(nt), (2.2.1)

then as n →∞,

(X̄n, Ȳ n) → (X̄, Ȳ )

where convergence is uniform on compact sets and X̄(t) = mt, Ȳ (t) = µt.
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The primitive variables defined in the first section, Uk(n) and Vk(n), are

special cases of X(t). With that in mind, Theorem (2.2.1) can be utilized to

show that inverse processes Ak(·) and Sk(·) (given there is an upper bound on

the number of class k customers which can have outstanding partial services)

converges to deterministic processes:

An
k(t) → αkt u.o.c. as n →∞ for k = 1, 2, . . . , K,

Sn
k (t) → µkt u.o.c. as n →∞ for k = 1, 2, . . . , K.

The FSLLN implies, for large n, the stochastic processes Ak(·) and Sk(·)
can be approximated by the deterministic processes αkt and µkt. Hence, this

provides some justification for using the fluid model to acquire a high level

understanding of the stochastic network.

We now define the fluid model of primary interest in this work, the

multiclass fluid model (MFM). The model has J stations where J ≥ 1 and K

fluid classes, with K ≥ J . We think of a particular class k ∈ {1, . . . , K} as

being served by a station σ(k) ∈ {1, . . . , J}. Hence we must have K ≥ J . The

set of classes served at a station j is denoted by C(j).

For each class k there is potentially a stream of fluid arriving from the

outside to this class. The rate of fluid arriving from outside to class k is denoted

by αk and α is the K-dimensional vector of exogenous arrival rates (note that

some rates may be zero). Associated with each class k is a processing rate µk.

This is the rate at which a station can process class k fluid if it devotes 100%

of its processing capacity to this fluid. Another convenient metric that is used
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frequently is the processing time for one unit of fluid, which is mk = 1/µk.

We use µ to denote the K-dimensional vector of rates µk, m to denote the K-

dimensional vector of processing times mk, and M to be the diagonal matrix

diag(m).

Finally, when class k fluid completes processing at a station, it is routed

to another class, or leaves the network. The general multiclass model allows

proportional routing in which case a fraction pk` of class k fluid is routed to

the class ` buffer. Note that the fraction

1−
K∑

k=1

pk`

is the fraction of class k fluid which leaves the network. The K ×K matrix of

routing proportions pk` is denoted by P . An open multiclass fluid network is

one for which

I + P ′ + (P ′)2 + . . .

converges.

Finally we outline the dynamical equations which define the behavior

of an MFM which has parameters (α,m, P ), and is associated with a certain

network topology which maps the classes to stations. To this end, we define

Q̄k(t) as the buffer level of class k fluid at time t, T̄k(t) as the amount of time

devoted to processing class k fluid during [0, t], and D̄k(t) as the amount of fluid

which has departed the class k buffer during [0, t]. We use the natural column

vector version of these quantities below. The fluid model then is defined by
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the following equations:

Q̄(t) = Q̄(0) + αt + (P ′ − I)D̄(t), (2.2.2)

Q̄(t) ≥ 0, (2.2.3)

D̄(t) = MT̄ (t), (2.2.4)

T̄ (0) = 0, T̄ (·) is non-decreasing, (2.2.5)

Īj(t) = t−
∑

k∈C(j)

T̄k(t), is non-decreasing (2.2.6)

Īj(t) can increase only when Z̄j(t) = 0, ∀ t ≥ 0, (2.2.7)

where

Z̄j(t) =
∑

k∈C(j)

Q̄k(t).

We have reused the symbols Z, Q and T to emphasize the connection

between stochastic networks and their corresponding fluid networks. It should

be clear from the context whether these symbols are associated with queueing

networks or fluid networks. We add a bar to the fluid quantities when it is

necessary.

Since there are exogenous and endogenous arrivals to class k, the effec-

tive arrival rate λk for class k is calculated by considering outside arrivals and

customers arriving from within the network. Let α = (αk) and λ = (λk), then

λ = α + P
′
λ, (2.2.8)

where P is the routing matrix. Under the assumptions stated for the routing

matrix P , there exists a unique solution for equation (2.2.8) which is,

λ = (I − P ′)−1α.
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Further, the traffic intensity for station j, denoted by ρj, is

ρj =
∑

k:σ(k)=j

λkmk,

and usual traffic conditions are defined as

ρj < 1 ∀ j = 1, 2, . . . , J.

To be precise, the model defined in equations (2.2.2)-(2.2.7) implies

that the fluid model is operating under a certain subclass of control policies

which are nonidling and head-of-the-line (HL). Equation (2.2.7) enforces the

nonidling requirement and equation (2.2.4) enforces the HL requirement. This

equation arises from examining the limits of dynamical equations governing

discrete networks operating under HL policies (see Dai [9] for more discussion).

Given a particular HL nonidling fluid model, we are interested in the

behavior of the solutions to this model.

Definition 2.2.1. A pair of functions (Q̄(·), T̄ (·)) on [0,∞) which satisfy

(2.2.2)–(2.2.7) is called a nonidling fluid solution.

Given a fluid solution (Q̄(·), T̄ (·)), T̄ (·), and by definition Q̄(·), is dif-

ferentiable for almost all t in (0,∞). We say that t is a regular time point for

a fluid solution if T (·) is differentiable at time t. For a function f : [0,∞) → R

that is differentiable at t, ḟ(t) denotes the derivative of f at time t.

The type of scaling in time and space used in equation (2.2.1) is referred

to as fluid scaling. In equation (2.2.1), n may represent the initial number of
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customers in the network. We attach a superscript n to a symbol to indicate

the dependence on the initial number of customers n:

X̄n(t) =
1

n
Xn(nt).

We say that (Q̄(t), T̄ (t)) is the fluid limit of joint process (Q(t), T (t))

if for some sample path ω and a sequence nk →∞,

(
Q̄nk(t, ω), T̄ nk(t, ω)

) → (Q̄(t), T̄ (t)) uniformly on compact sets.

One can use FSLLN and Oblique Reflection Mapping to show that the

fluid limit (Q̄(t), T̄ (t)) described above, if it exists, satisfies the fluid model

equations (2.2.4)–(2.2.7). We refer the reader to Chen and Yao [5] for the

illustration of the aforementioned argument. Although a fluid limit is a fluid

solution by definition, a fluid solution is not always a fluid limit. The collection

of all fluid limits under HL service discipline is called the fluid limit model of

the service discipline.

In subsequent chapters, we study a subset of fluid models known as

two-pass networks, which we define now.

Definition 2.2.2.

1. An MFM is called a reentrant line if

• αk > 0 iff k = 1.

• pk,k+1 = 1 for all k < K and pk` = 0 otherwise.
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................................................
µ2JµJ+2µJ+1

µJµ2µ1α = 1

Figure 2.1: A Two-pass Reentrant Line

2. A reentrant line is called a two-pass network if in addition to being a

reentrant line, we have C(j) = {j, j+J}. Note that, in this case, K = 2J .

3. A two-pass network is of Type I if

• µ1 > µ2 > ... > µJ

• µJ+1 > µJ+2 > ... > µ2J .

A two-pass network is of Type II if

• µ1 < µ2 < ... < µJ

• µJ+1 < µJ+2 < ... < µ2J .

Figure 2.1 depicts the routing in a two-pass fluid network.

2.3 Sample Network

In this section the Kumar-Seidman Network, as shown in Figure 2.2

is used to demonstrate how one can construct stochastic and fluid models.
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There are two stations indexed by j = 1, 2, and four classes indexed by k =

1, 2, 3, 4. The network is assumed to be working under a static buffer priority

service discipline, with high priority on classes 2 and 4. Static buffer priority

service disciplines are nonidling and HL service disciplines. It is assumed

that the buffer priority policy considered in this section is preempt-resume,

which means the server can interrupt service to one customer to serve a higher

priority customer and then resume service at a later time.

To construct the stochastic model, the arrival and service processes

are assumed to be general renewal processes whose interrenewal times have a

common, finite mean. Let A1 = {A1(t), t ≥ 0} and A3 = {A3(t), t ≥ 0} denote

the exogenous arrival processes to classes 1 and 3 and let Sk = {Sk(t), t ≥ 0}
denote the potential service process for class k = 1, 2, 3, 4. The notation

introduced in Section 2.1 is used to denote each process. The flow-balance

¾¾ ¾

-- -

α3µ3µ4

µ2µ1α1

Figure 2.2: Kumar-Seidman Network
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equations for the stochastic model are

Q1(t) = Q1(0) + A1(t)− S1(T1(t)),

Q2(t) = Q2(0) + S1(T1(t))− S2(T2(t)),

Q3(t) = Q3(0) + A3(t)− S3(T3(t)),

Q4(t) = Q4(0) + S3(T3(t))− S4(T4(t)),

and

T1(t) =

∫ t

0

I{Q4(s)=0,Q1(s)>0} ds,

T2(t) =

∫ t

0

I{Q2(s)>0} ds,

T3(t) =

∫ t

0

I{Q2(s)=0,Q3(s)>0} ds,

T4(t) =

∫ t

0

I{Q4(s)>0} ds.

To construct nonidling conditions and priority policy conditions, we use

the process Y (t) = (Y1(t), Y2(t), Y3(t), Y4(t)) which is defined as,

Y1(t) = t− T1(t)− T4(t),

Y2(t) = t− T2(t),

Y3(t) = t− T2(t)− T3(t),

Y2(t) = t− T4(t).

Now additional conditions required to ensure nonidling can be written
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in terms of Y (t) and Q(t),

∫ ∞

0

(Q1(t) + Q4(t)) dY1(t) = 0,

∫ ∞

0

(Q2(t) + Q3(t)) dY3(t) = 0,

and the priority of classes 2 and 4 is guaranteed by the equations

∫ ∞

0

Q4(t) dY4(t) = 0,

∫ ∞

0

Q2(t) dY2(t) = 0.

Using the notation provided in Section 2.2, we have the following flow-

balance equations for the fluid model:

Q̄1(t) = Q̄1(0) + α1t− µ1T̄1(t), (2.3.1)

Q̄2(t) = Q̄2(0) + µ1T̄1(t)− µ2T̄2(t), (2.3.2)

Q̄3(t) = Q̄3(0) + α3t− µ3T̄3(t), (2.3.3)

Q̄4(t) = Q̄4(0) + µ3T̄3(t)− µ4T̄4(t), (2.3.4)

Q̄(t) ≥ 0, d T̄ (t) ≥ 0, (2.3.5)

T̄ (0) = 0, d Ȳ (t) ≥ 0. (2.3.6)

Let Ȳ1(·) and Ȳ3(·) denote the cumulative idle time processes at the two

stations, and Ȳ2(·) and Ȳ4(·) denote the remaining capacity processes (after
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processing the higher priority classes) for the fluid model.

Ȳ1(t) = t− T̄1(t)− T̄4(t),

Ȳ2(t) = t− T̄4(t),

Ȳ3(t) = t− T̄2(t)− T̄3(t),

Ȳ4(t) = t− T̄2(t).

Then the nonidling conditions required for the fluid model can be listed as

(Q̄1(t) + Q̄4(t))dȲ1(t) = 0, (2.3.7)

(Q̄2(t) + Q̄3(t))dȲ3(t) = 0. (2.3.8)

And since the network is working under a priority policy, we must have

Q̄2(t)dȲ2(t) = 0, (2.3.9)

Q̄4(t)dȲ4(t) = 0. (2.3.10)

Any pair of processes (Q̄(·), T̄ (·)) that satisfies conditions (2.3.1)-(2.3.10)

is called feasible fluid level process and feasible allocation process pair or a fluid

solution for the fluid model.

2.4 Stability

In this section, we start with the different definitions of the stability for

stochastic networks and fluid models. After the definitions, the relationship

between stability of fluid models and stochastic networks is explained. Finally,
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the connection of stability and the material covered in subsequent chapters is

discussed.

Let X = {X(t), t ≥ 0} be the state process, which describes the dy-

namics of the queueing network. The first concept of stability that will be in-

troduced in this section is similar to the positive recurrence notion for Markov

chains. In the case that, state process is a Markov chain then the notion of

positive Harris recurrence coincides with the positive recurrence. If all the

interarrival and service times are distributed exponentially, then the queue

length process is sufficient for the description for the state process to be Marko-

vian, given network is working under a preemptive static buffer priority policy.

In general, the state process needs to include the residual exogenous interar-

rival times and the remaining service times to retain the Markov property.

Dai [7] showed that the state process, with a proper augmentation, is strong

a Markov process given appropriate assumptions on the arrival and service

processes. The reader is referred Dai [7] for detailed information on this topic.

Definition 2.4.1. A multiclass queueing network working under a service

discipline is said to be stable if the underlying Markov process associated with

the network dynamics is positive Harris recurrent.

The service discipline plays a vital role in stability analysis as do the

arrival and service process distributions. A network with fixed primitive dis-

tributions might be stable under certain service disciplines, but unstable under

other service disciplines. The next definition is based on a concept which is

introduced by El-Taha and Stidham [13].
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Definition 2.4.2. A queueing network is said to be pathwise stable if for all

k ∈ K:

Dk(t)

t
→ λk as t →∞

with probability one.

On the other hand, stability in fluid networks is defined in terms of

fluid solutions (Q̄(·), T̄ (·)), which were defined in Definition (2.2.1). We now

introduce several notions of stability for fluid networks.

Definition 2.4.3. A fluid model is stable if there exists a time δ > 0 such

that for each nonidling fluid solution (Q̄(·), T̄ (·)) with |Q̄(0)| ≤ 1, Q̄(t) = 0

for all t ≥ δ.

Definition 2.4.4. A fluid solution (Q̄(·), T̄ (·)) is unstable if there exists a

sequence {tn} with tn → ∞ such that Q̄(tn) > 0 for each n. The fluid model

is unstable if there exists an unstable fluid solution.

Definition 2.4.5. The fluid model is weakly stable if for each fluid solution

(Q̄(·), T̄ (·)) with Q(0) = 0, Q(t) = 0 for t > 0.

Definition 2.4.6. The fluid model under a given service discipline is weakly

unstable if there exists a time δ > 0 such that Q̄(t) 6= 0 for each fluid solution

(Q̄(·), T̄ (·)) with |Q̄(0)| = 0.

As mentioned earlier it is not easy to analyze the stability of a stochas-

tic network. In the mid-1990’s an important connection between the stability
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of multiclass queueing networks and their corresponding fluid counterparts

was established. Specifically, it was shown that the stability of a fluid model

implies stability of any corresponding stochastic network, under some appro-

priate technical conditions on the random variables which define the network

(see [2, 7, 38]). Next we present the theorems that connect the stability of fluid

models to the stability of stochastic networks.

Theorem 2.4.1. If the corresponding fluid model is stable, then the stochastic

network is positive Harris recurrent.

Theorem 2.4.2. If the corresponding fluid model is weakly unstable, then the

queueing network is unstable in the sense that with probability one:

|Q(t)| → ∞ as t →∞.

Various converses to these initial results were established in [8, 28, 29,

33]. In all cases, the converses required establishing a property of some set

of fluid limits, rather than the set of fluid solutions (for a more extensive

discussion of the various converses see [14]).

In Chapter 3, we resolve part of a question left open in a recent pa-

per by Gamarnik and Hasenbein [14]. That paper studies the relationship

between fluid models and their discrete, stochastic counterparts and is part

of significant stream of research which investigates this connection. Gamarnik

and Hasenbein [14] proved a “full converse” in the sense that the converse

statement is in terms of the fluid solutions only. However, their paper still
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has an additional side condition which must be checked. The side condition is

a characteristic, called the finite decomposition property (FDP), of the fluid

model of interest.

In the case of two station multiclass networks there is a concise proof

that FDP holds in all cases. The proof rests on fairly straightforward analytical

and geometrical arguments which do not extend to the case of networks with

three or more stations. Hence, one is left with some open questions: Do

all multistation fluid networks possess the FDP? If not, is there any easily

identifiable class of multistation fluid networks which possess the FDP? The

main goal of Chapter 3 is to provide an answer to the second question. The

first question remains open. Along with the results in [14], our answer to the

FDP question implies that a converse stability theorem holds for the class of

multistation networks which we consider.

Definition 2.4.7. For given α = (αi) > 0, the global stability region D∞ of

a fluid network is the set of positive service times m = (mk) for which a fluid

network is globally stable.

Definition 2.4.8. For given α = (αi) > 0, monotone global stability region

M∞ of the fluid network is the set of positive service time vectors m such that

the fluid network is globally stable for all positive service time vectors m̃ ≤ m.

Dai, et al. [11] considered two-station multiclass fluid models and ex-

plicitly characterized the global stability region of the models in terms of the
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arrival and service rates. In the same paper, the global stability region of two-

station multitype fluid models was shown to be equal to the monotone global

stability region and the intersection of the stability regions of the static buffer

priority service disciplines. Dai, et al. [10] proved that this is not the case for

a certain class of three station fluid models. Although it was shown that the

intersection of stability regions of the static buffer priority service disciplines

is a superset of the global stability region, no sharp characterization of this

region is provided.

In Chapter 4, we try to characterize the intersection of stability regions

of the static buffer priority service disciplines for a certain type of three station

network. This research is an attempt to expand the known stability region

by utilizing fluid trajectories. At the end of the chapter, a methodology is

proposed to identify if a service rate vector is in the priority stability region

or not under static buffer priority policies.
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Chapter 3

Finite Decomposition Property

3.1 Main Results

Before we present our main results, we review some definitions and

results from [14] which motivate our results. As mentioned in the Chapter

2, fluid models have been useful in analyzing the stability behavior of their

discrete, stochastic counterparts, multiclass queueing networks. We briefly re-

view the results of [14] which link the stability of MFMs to multiclass queueing

networks.

We define the notion of rate stability for stochastic queueing networks

which are reentrant lines. The interested reader should refer to Chen [2] or

El-Taha and Stidham [13] for more discussion on rate stability. Our definition

assumes that the classes of the network are labeled in the natural order implied

by the route.

Definition 3.1.1. A queueing network which is a reentrant line is said to be

rate stable if starting from any initial state x,

Px

{
lim
t→∞

DK(t)/t = α1

}
= 1,

where DK(t) is the number of jobs which have departed the network in [0, t].
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We next define the finite decomposition property (FDP) of fluid models,

which is the primary topic of interest for us.

Definition 3.1.2. A fluid model is said to have the finite decomposition prop-

erty if there exist values ν, B > 0 which satisfy the following conditions. For ev-

ery nonidling fluid solution (Q(t), T (t)) defined over an interval [0, θ] such that

Q(t) 6= 0, for all t ∈ [0, θ], there exists a nonidling fluid solution (Q̄(t), T̄ (t))

also defined over [0, θ] and a sequence of times 0 = t0 < t1 < t2... < tM = θ

such that

1. M ≤ νθ sup0≤t≤θ(
1

‖Q(t)‖) + B and inf0≤t≤θ(‖Q(t)‖) ≥ inf0≤t≤θ(‖Q̄(t)‖).

2. Q̄(0) = Q(0) and Q̄(θ) = Q(θ).

3. For each interval (tν , tν+1), ν = 0, 1, 2, . . . , M − 1 and each station j

either Z̄j(t) > 0 for all t ∈ (tν , tν+1) or Z̄j(t) = 0 for all t ∈ (tν , tν+1).

It should be noted that our definition differs slightly from that in [14],

in point (2). However, one can check that the main result in that paper still

holds using this more relaxed version of the FDP. With this definition we can

restate the main result of [14]. For simplicity we state the result for reeentrant

lines only.

Theorem 3.1.1. (Gamarnik and Hasenbein) Consider a queueing network

which is a reentrant line, and satisfies the technical assumptions in [14]. Sup-

pose the associated fluid model is not globally weakly stable and satisfies FDP.
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Then there exists a nonidling policy under which the queueing network is not

rate stable, i.e. the queueing network is not globally rate stable.

The technical assumptions mentioned above are usually easy to verify.

In [14] the finite decomposition property was shown to hold for all two station

fluid networks. The question of the property holding in networks with more

than three stations was left open. With our main result below, we show that

the property holds for at least some classes of networks with an arbitrary

number of stations.

Theorem 3.1.2. The finite decomposition property holds for

(a) Two-pass reentrant lines of Type I

(b) Two-pass reentrant lines of Type II.

Combining this result with Theorem 3.1.1 yields the following corollary.

Corollary 3.1.1. A queueing network whose fluid model is a two-pass reen-

trant line of Type I or Type II is globally rate stable if and only if the associated

fluid model is globally weakly stable.

Although Corollary 3.1.1 appears to be a new result concerning the

stability of fluid and queueing networks, it should be noted that the result

can be inferred indirectly from some previous results in the literature. In

particular, with a little work, one can use our analysis here to prove that Type

I and Type II fluid networks are globally rate stable if and only if the usual
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traffic conditions hold. One can then apply the results of Dai [8] and Chen [2]

to obtain the corollary.

3.2 Proof of Main Result

Theorem 3.1.2 is proved in this section. We prove the Type I and Type

II cases separately, although the general approach to proving both cases is

similar.

Throughout the proofs below, we use the following notation for the first

draining time of a station. Let

tσi
:= inf{t > 0 : Qσi

(t) = 0)} for i = 1, . . . , J,

where the total fluid waiting to be served at station i at time t is denoted as

Qσi
(t). Also a time t is called regular if the derivative {Q̇(t), Ṫ (t)} exists at

time t.

3.2.1 Type I Two-pass Networks

We start with the following lemma.

Lemma 3.2.1. Consider a Type I two-pass network with J = 3. For any

nonidling fluid solution, if Qσi
(t) = 0 for i ∈ {2, 3} and any regular t > 0,

then Qσi−1
(t) = 0.

Proof. Fix an i ∈ {2, 3}. Specializing the fluid dynamical equations to the

network under consideration we have that the fluid levels of class i and i + 3
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are given by

Qi(t) = µi−1Ti−1(t)− µiTi(t) + Qi(0)

Qi+3(t) = µi+2Ti+2(t)− µi+3Ti+3(t) + Qi+3(0).

Taking derivatives with respect to time, we have that for a regular time t:

Q̇i(t) = µi−1Ṫi−1(t)− µiṪi(t) (3.2.1)

Q̇i+3(t) = µi+2Ṫi+2(t)− µi+3Ṫi+3(t). (3.2.2)

We prove the result by contradiction. Thus, assume that Qσi
(t) = 0 and

Qσi−1
(t) > 0 for some regular t > 0. By the nonidling condition (2.2.7), we

have that for Qσi−1
(t) > 0

Ṫi−1(t) + Ṫi+2(t) = 1. (3.2.3)

At station i the resource condition (2.2.6) requires

Ṫi(t) + Ṫi+3(t) ≤ 1. (3.2.4)

Since t is regular, Qσi
(t) = 0 implies that Q̇i(t) = Q̇i+3(t) = 0. Our

next task is to show that if Qσi−1
(t) > 0 then Q̇i(t) and Q̇i+3(t) cannot both

be zero.

So, assuming that Q̇i(t) = 0, then (3.2.1) yields

Q̇i(t) = µi−1Ṫi−1(t)− µiṪi(t) = 0.
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Using this in conjunction with the assumption µi−1 > µi for Type I networks

yields:

Ṫi(t) =
µi−1

µi

Ṫi−1(t) > Ṫi−1(t).

Now, combining this with (3.2.3) and (3.2.4) gives

1− Ṫi+3(t) > 1− Ṫi+2(t).

Rewriting and again using a Type I assumption, µi+2 > µi+3

µi+2Ṫi+2(t) > µi+3Ṫi+3(t).

Finally, this and (3.2.2) imply

Q̇i+3(t) = µi+2Ṫi+2(t)− µi+3Ṫi+3(t) > 0.

Hence, Q̇i(t) = 0 implies Q̇i+3(t) > 0. By an exactly analogous ar-

gument it can be shown that Q̇i+3(t) = 0 implies Q̇i(t) > 0. Therefore the

two derivatives cannot simultaneously be zero, which implies a contradiction

in our original assumption that Qσi
(t) = 0 and Qσi−1

(t) > 0 for some regular

t > 0, and the lemma is proved.

Note that the arguments in the last paragraph of the proof also imply

that if a station has positive workload, then the the buffer level of one of the

two classes at the downstream station must be increasing. We will use this

fact in the proof of Theorem 3.2.3.
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Lemma 3.2.2. Consider a Type I two-pass network with J = 3. Suppose

there exists a nonidling solution (Q(t), T (t)) which satisfies the following four

conditions over some interval [0, t2]:

1. Qσ1(0) = Qσ2(0) = Qσ1(t2) = Qσ2(t2) = 0.

2. Qσ1(t) > 0 for all t ∈ (0, t1) where t1 ≤ t2.

3. Qσ1(t) = 0 for all t ∈ [t1, t2].

4. Qσ2(t) > 0 for all t ∈ (0, t2).

Then there exists a nonidling fluid solution (Q′(t), T ′(t)) defined on [0, t2] which

satisfies the conditions below:

1. Q(0) = Q′(0) and Q(t2) = Q′(t2).

2. Q′
σ1

(t) = 0 for all t ∈ [0, t2].

3. Q′
σ2

(t), Q′
σ3

(t) > 0 for all t ∈ (0, t2).

Proof. We define a modified solution (Q′(t), T ′(t)) on [0, t2] by defining the

derivatives Ṫ ′(t) for almost all t in this interval. Since any fluid solution is

absolutely continuous and T ′(0) is known, this gives a complete specification

of T ′(t). Using the dynamical equations, and the initial fluid levels Q′(0), one

can then derive a complete fluid solution from T ′(t). In our construction of the

new solution, the main modification is that station 1 is empty on the entire

interval [0, t2] rather than just on [t1, t2].
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We define Ṫ ′(t) on [0, t1] as follows:

1. Ṫ ′
1(t) = λ/µ1, ∀ t ∈ [0, t1]

2. Ṫ ′
4(t) = 1− λ/µ1, ∀ t ∈ [0, t1]

3. Ṫ ′
2(t) = T2(t1)/t1,∀ t ∈ [0, t1]

4. Ṫ ′
5(t) = 1− Ṫ ′

2(t1), ∀ t ∈ [0, t1]

5. Ṫ ′
3(t) = µ4/µ3(1− λ/µ1),∀ t ∈ [0, t1]

6. Ṫ ′
6(t) = 1− Ṫ ′

3(t),∀ t ∈ [0, t1].

On (t1, t2] the new allocation is the same as the old allocation at all buffers:

Ṫ ′
i (t) = Ṫi(t),∀ t ∈ (t1, t2], i = 1, 2, ..., 6.

For the proposed values of Ṫ ′(·) to represent a valid nonidling fluid

solution, we must show that the time allocation is feasible, nonidling, and

satisfies the various end point conditions. For the allocation to be feasible we

must have:

Ṫ ′
i (t) + T ′

i+3(t) ≤ 1 for i ∈ {1, 2, 3} and t ∈ [0, t2].

This feasibility requirement is satisfied automatically on [0, t1] by the defi-

nitions given in (1)-(6). It is also satisfied on (t1, t2] since the old feasible

allocation remains unchanged on this interval. Next, since starting at t1 the
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modified allocation coincides with the original allocation, we must show that at

t1 the new fluid solution has the same amount of fluid waiting to be processed

at each buffer as the original fluid solution.

Station 1. We start by showing that under the new allocation, station

1 spends the same amount of time processing class 1 and class 4 fluid between

0 and t1 as it does under the old allocation:

T ′
1(t1) =

∫ t1

0

(λ/µ1)dt =
λt1
µ1

=
µ1T1(t1)

µ1

= T1(t1)

T ′
4(t1) =

∫ t1

0

(1− λ/µ1)dt = t1 − λt1
µ1

= t1 − µ1T1(t1)

µ1

= t1 − T1(t1) = T4(t1).

Note that at t1 class 1 has processed all of the fluid which arrived in [0, t1].

Hence we must have λt1 = µ1T1(t1), a fact which we used twice in the deriva-

tions above. In the last inequality we also used the fact that station 1 had to

work at full effort on [0, t1], due to the nonidling requirement.

We next show that for all t between 0 and t1, the class 1 and class

4 buffers remain empty by showing that the derivatives of the corresponding

fluid levels are identically zero on this interval. Since station 1 is initially

empty, this implies the buffers are empty on the entire interval. We have that

for all t on [0, t1]:
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Q̇′
1(t) = λ− µ1Ṫ

′
1(t1) = λ− µ1

λ

µ1

= 0 and

Q̇′
4(t) = µ3Ṫ

′
3(t)− µ4Ṫ

′
4(t) = µ3

µ4

µ3

(
1− λ

µ1

)
− µ4

(
1− λ

µ1

)

= µ4

(
1− λ

µ1

)
− µ4

(
1− λ

µ1

)
= 0.

Station 2. We have verified that station 1 processes the same amount

of fluid on [0, t1] in both the original and new fluid solutions. It can be seen

from (3) and (4) in the definition of our new solution that T ′
2(t1) = T2(t1) and

T ′
5(t1) = T5(t1). Since fluid arrivals and departures from station 2 are the same

under the new and old solutions, so are the fluid levels at t1.

We next note that in the new solution the fluid level at all buffers at

station 2 is linear in time on [0, t1], since for all regular t ∈ [0, t1):

Q̇′
2(t) = µ1T

′
1(t)− µ2T

′
2(t) = µ1

λ

µ1

− µ2T2(t1)/t1 = λ− µ2T2(t1)/t1

Q̇′
5(t) = µ4T

′
4(t)− µ5T

′
5(t) = µ4(1− λ

µ1

)− µ5
T5(t1)

t1

= µ4
T4(t1)

t1
− µ5

T5(t1)

t1
.

This, plus the fact that Q′
σ2

(0) > 0 and Q′
σ2

(t1) > 0 implies that the
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fluid level at station 2 is positive over the entire interval. Thus (3) and (4)

clearly imply that the new fluid solution is nonidling on this interval.

Station 3. As before we can first verify that under the new and old

fluid solutions, the same amount of time is devoted to processing class 3 and

class 6 fluids on [0, t1]. We show the calculation for class 3 and omit the similar

calculation for class 6:

T ′
3(t1) =

∫ t1

0

µ4

µ3

(
1− λ

µ1

)
dt =

µ4

µ3

(
t1 − λt1

µ1

)

=
µ4

µ3

(
t1 − µ1T1(t1)

µ1

)
=

µ4T4(t1)

µ3

=
µ3T3(t1)

µ3

= T3(t1).

Thus since Q′
σ3

(0) = Qσ3(0), the calculation above implies Q′
σ3

(t1) = Qσ3(t1).

It remains to be proved that Qσ3(t) > 0 for all t in [0, t1]. Above we

showed that Qσ2(t) > 0 over this interval, which means in particular it it true

for every regular t in [0, t1]. Using the contrapositive form of Lemma 3.2.1,

we then have that Qσ3(t) > 0 for all regular t in the interval. Since Qσ3(·)
is Lipshitz continuous, this implies that Qσ3(t) > 0 holds for all t in [0, t1].

Finally, we note that (5) and (6) ensure that the fluid solution is nonidling

over the interval.

To summarize, we shown that the proposed new fluid solution is feasible

and nonidling. Furthermore, the buffer levels at stations 2 and 3 are positive

over the initial interval, and are such that Q′(t1) = Q(t1). Since the old and

new solutions coincide after t1 we also have Q′(t2) = Q(t2), completing our

proof.
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Theorem 3.2.3. The finite decomposition property holds for any Type I two-

pass network with J = 3.

Proof. Recall that for a nonidling fluid solution (Q(·), T (·)) , tσi
is defined to

be the first time after zero at which the total buffer level of station i is zero.

Lemma 3.2.1 immediately implies that

tσ1 ≤ tσ2 ≤ tσ3 . (3.2.5)

We now show that FDP holds for every nonidling fluid solution (Q(t), T (t))

defined over an interval [0, θ].

Case 1

Suppose that θ ≤ tσ1 , then (3.2.5) implies that Qσi
(t) > 0 for all t in [0, θ) and

i ∈ {1, 2, 3}. So, this nonidling solution itself satisfies FDP with M = 1.

Case 2

Assume tσ1 < θ < tσ2 , then set t1 := tσ1 , t2 := supt1≤t≤θ(Qσ1(t) = 0), and

t3 := θ. If t2 = t3 we simply don’t use t3. Note that on the segment between

t1 and t2, the trajectory may be either on the boundary of the state space or

in the interior of the state space. This segment can be linearized such that it
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is on the boundary for the entire interval. So, we define a new fluid solution

(Q̄(t), T̄ (t)) as follows:

Q̄(t) = Q(t) and T̄ (t) = T (t), ∀ t ∈ [0, t1] ∪ [t2, t3]

Q̄(t) = Q(t1) +
t− t1
t2 − t1

[Q(t2)−Q(t1)], ∀ t ∈ [t1, t2]

T̄ (t) = T (t1) +
t− t1
t2 − t1

[T (t2)− T (t1)], ∀ t ∈ [t1, t2].

It can be checked that this new linearized solution is both feasible and non-

idling (given that the original solution was nonidling).

Our new fluid solution satisfies the following conditions:

1. For all t ∈ [0, t1), Q̄σ1(t) > 0, Q̄σ2(t) > 0, and Q̄σ3(t) > 0.

2. For all t ∈ [t1, t2], Q̄σ1(t) = 0, Q̄σ2(t) > 0, and Q̄σ3(t) > 0.

3. For all t ∈ (t2, t3], Q̄σ1(t) > 0, Q̄σ2(t) > 0, and Q̄σ3(t) > 0.

Hence the new fluid solution (Q̄(t), T̄ (t)) satisfies FDP with M = 3.

Case 3

Suppose that tσ1 ≤ tσ2 ≤ θ < tσ3 and µ3 < µ4 · (1 − ρ1). The second condi-

tion insures that once station 1 empties it will remain empty forever (for any

41



nonidling solution), i.e. Qσ1(t) = 0 for all t ≥ tσ1 . This fact allows us to use

a linearization argument as in Case 2. Thus, we now set t1 := tσ1 , t2 := tσ2 ,

t3 := suptσ1≤t≤θ(Qσ2(t) = 0), and t4 := θ. If t3 = t4 then we simply do not use

t4. We now define a modified fluid solution (Q̄(t), T̄ (t)) as follows:

Q̄(t) = Q(t) and T̄ (t) = T (t), ∀ t ∈ [0, t1] ∪ [t3, t4]

Q̄(t) = Q(t1) +
t− t1
t2 − t1

[Q(t2)−Q(t1)], ∀ t ∈ [t1, t2]

T̄ (t) = T (t1) +
t− t1
t2 − t1

[T (t2)− T (t1)], ∀ t ∈ [t1, t2]

Q̄(t) = Q(t2) +
t− t2
t3 − t2

[Q(t3)−Q(t2)], ∀ t ∈ [t2, t3]

T̄ (t) = T (t2) +
t− t2
t3 − t2

[T (t3)− T (t2)], ∀ t ∈ [t2, t3].

Again, it can be checked that the new solution is both feasible and

nonidling. Our new fluid solution satisfies the following conditions:

1. For all t ∈ [0, t1), Q̄σ1(t) > 0, Q̄σ2(t) > 0, Q̄σ3(t) > 0.

2. For all t ∈ [t1, t2), Q̄σ1(t) = 0, Q̄σ2(t) > 0, Q̄σ3(t) > 0.

3. For all t ∈ [t2, t3], Q̄σ1(t) = 0, Q̄σ2(t) = 0, Q̄σ3(t) > 0.

4. For all t ∈ (t3, t4], Q̄σ1(t) = 0, Q̄σ2(t) > 0, Q̄σ3(t) > 0.

Thus, the solution (Q̄(t), T̄ (t)) satisfies FDP with M = 4.
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Case 4

Suppose that tσ1 ≤ tσ2 ≤ θ < tσ3 and µ3 ≥ µ4 · (1− ρ1). Under these assump-

tions, the Case 3 argument does not necessarily work because linearization of

such a fluid solution could result in a solution which is idling.

First, we linearize the original fluid solution up to time tσ2 . Let us set

t1 := tσ1 , t2 := tσ2 and define (Q̄(t), T̄ (t)) as follows:

Q̄(t) = Q(t) and T̄ (t) = T (t) ∀ t ∈ [0, t1]

Q̄(t) = Q(t1) +
t− t1
t2 − t1

[Q(t2)−Q(t1)], ∀ t ∈ [t1, t2]

T̄ (t) = T (t1) +
t− t1
t2 − t1

[T (t2)− T (t1)], ∀ t ∈ [t1, t2].

Here the linearization preserves feasibility and the nonidling property. Our

new fluid solution satisfies the following conditions:

1. For all t ∈ [0, t1), Q̄σ1(t) > 0, Q̄σ2(t) > 0, Q̄σ3(t) > 0.

2. For all t ∈ [t1, t2), Q̄σ1(t) = 0, Q̄σ2(t) > 0, Q̄σ3(t) > 0.

3. Q̄σ1(t2) = 0, Q̄σ2(t2) = 0, Q̄σ3(t2) > 0.

Note that Q(t2) = Q̄(t2) and T (t2) = T̄ (t2). Next, on the interval [t2, θ]

we define a nondecreasing sequence of time points {pi, i ≥ 0} where for each

pi, Qσ1(pi) = Qσ2(pi) = 0. We start by setting p0 := t2. The definition of

subsequent time points depends on the behavior of the fluid solution just after
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pi. If Qσ2 is zero in a neighborhood to the right of pi then pi+1 is the time just

before which Qσ2 goes positive. If Qσ2 is positive in a neighborhood to the right

of pi, then pi+1 is the first time Qσ2 is zero after pi. Formalizing this definition

we have: (a) if there exists an ε > 0 such that Qσ2(t) = 0 for all t ∈ [pi, pi + ε)

then pi+1 := inf{t > pi : Qσ2(t) > 0}, (b) if there exists an ε > 0 such that

Qσ2(t) > 0, for all t ∈ (pi, pi + ε) then pi+1 := inf{t > pi : Qσ2(t) = 0}. Now

on any interval (pi, pi+1) there can be two different types of behavior:

1. Qσ1(t) = 0, Qσ2(t) = 0,∀ t ∈ (pi−1, pi)

2. There exists p′ ∈ (pi−1, pi) such that

(a) Qσ1(t) ≥ 0, Qσ2(t) > 0,∀ t ∈ (pi−1, p
′)

(b) Qσ1(t) = 0,∀ t ∈ [p′, pi)

(c) Qσ2(t) > 0,∀ t ∈ [p′, pi).

It has already been shown that whenever station 1 has a positive work-

load, the buffer level of one of the classes at station 2 must increase (see the

remark following the proof of Lemma 3.2.1.) It then follows that if station 2

empties at some time r, we must have Qσ1(t) = 0 for all t ∈ [r− ε, r] for some

ε > 0. This ensures the existence of a p′ < pi in the second case above and

also implies that whenever station 2 is empty, station 1 must also be empty.

Using these observations, we continue with the definition of (Q̄(t), T̄ (t))

in the interval (t2, θ]. Consider now each subinterval (pi−1, pi) which comprise
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(t2, θ]. If the first type of behavior occurs, then there is no need to modify the

original solution on that subinterval. If the second type of behavior occurs,

then we use the results of Lemma 4.2 to modify the solution on the subinterval

(pi−1, pi). In a new fluid solution constructed in this manner, Station 1 remains

empty after it empties for the first time. Hence, we have constructed a solution

analogous to that in case 3 and thus the solution satisfies FDP with M = 4.

All cases summary

Note that we need not explicitly consider the case when θ ≥ tσ3 . At

tσ3 the entire network must be empty (by Theorem 3.2.1). Once the network

has emptied, there always exists a nonidling solution under which the network

remains empty, as long as the usual traffic conditions are satisfied. So, there

is no need to consider the behavior of fluid solutions beyond tσ3 .

To finish the proof we need to argue that inf0≤t≤θ ‖Q̄(t)‖ ≥ inf0≤t≤θ ‖Q(t)‖.
To see this, note that across various segments of the new fluid solution we ei-

ther left the old fluid solution unchanged or “linearized” the solution in some

manner. Examining intervals of the first type, it is clear that the minimum

fluid level remains unchanged. Intervals of the second type are “linear” in

the sense that the fluid processing rates are constant in an interval, hence the

minimum fluid level must occur at one of the two endpoints of the interval.

However, the fluid level at these endpoints are, by construction, the same as

the fluid levels in the old solution. Thus, the new solution cannot have a lower

minimum fluid level overall than the old solution.
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To summarize, in each of the four cases above (which partition the

possible fluid solutions) we have proved that there exists a modified fluid

solution which satisfies FDP. In particular, for every nonidling fluid solu-

tion (Q(t), T (t)) defined over interval [0, θ], there exists a modified solution

(Q̄(t), T̄ (t)) also defined over [0, θ] which is nonidling and satisfies FDP with

M ≤ 4.

Finally, we are prepared to prove the first half of Theorem 3.1.2.

Proof of Theorem 3.1.2, part (a). We use induction on the number of stations

J . We have already established the case J = 3. We suppose FDP holds for

a Type I two-pass network with J − 1 stations, and prove that for a network

with J stations FDP also holds.

Using arguments analogous to those in the proof of Lemma 3.2.1, we

can show that at tσi+1
station i must be empty and therefore

tσi−1
≤ tσi

, for all i ∈ J.

If θ < tσ2 , or both tσ2 ≤ θ and µJ < µJ+1(1− ρ1), we can linearize the

original fluid solution using an argument analogous to that used in the proof

of Theorem 3.2.3. If tσ2 ≤ θ and µJ ≥ µJ+1(1− ρ1), then we can an argument

similar to that in Case 4 to define a new fluid solution that satisfies the FDP

conditions.

After tσ1 , Station 1 may either remain empty thereafter or fill and drain

repeatedly. Let {pk, k ≥ 0} be the sequence which delineates the busy and
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empty periods of Station 1, that is either Qσ1(t) > 0 for all t ∈ (pk, pk+1) or

Qσ1(t) = 0 for all t ∈ (pk, pk+1). If Qσ1(t) = 0 on (pk, pk+1) then we do not

modify the original fluid solution on this interval. If Qσ1(t) > 0 on (pk, pk+1)

then we will define a modified fluid solution for which Qσ1(t) = 0 on this

interval and otherwise does not modify the fluid levels at the other stations.

To this end we define the modified solution T ′(·) via the derivatives

of T (·) on an interval (pk, pk+1). As discussed previously, these derivatives

uniquely define a fluid solution on the interval. So, let

Ṫ ′
1(t) = λ/µ1,∀ t ∈ [pk, pk+1]

Ṫ ′
J+1(t) = 1− λ/µ1, ∀ t ∈ [pk, pk+1]

Ṫ ′
i (t) = (Ti(pk+1)− Ti(pk))/(pk+1 − pk),∀ t ∈ [pk, pk+1] and i = 2, 3, . . . , J − 1

Ṫ ′
i (t) = 1− Ṫ ′

i (t1),∀ t ∈ [pk, pk+1] and i = 2, 3, . . . , J − 1

Ṫ ′
J(t) = µJ+1/µJ(1− λ/µ1),∀ t ∈ [pk, pk+1]

Ṫ ′
2J(t) = 1− Ṫ ′

J(t), ∀ t ∈ [pk, pk+1].

Using the same methodology as in the proof of Lemma 3.2.2, it can be

shown that a fluid solution modified as above is still feasible and nonidling.

Furthermore, in the modified solution, Station 1 remains empty once it has

drained for the first time (at tσ1). Hence after tσ1 , Station 1 “drops out” of

the fluid network, and we are left with a fluid network with J − 1 stations.

By assumption, FDP holds for any such network. Note that all stations have

positive buffer levels before tσ1 , hence each step in the induction adds at most
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one segment in the FDP definition. By the induction principle we conclude

that in general FDP holds for a J station network with M ≤ J + 1.

3.2.2 Type II Two-pass Networks

We now prove the second half of Theorem 3.1.2, i.e. the Type II case.

We start with a basic lemma which applies to networks with J ≥ 3 stations.

The lemma shows that in a Type II network once a station i (i ≥ 2) empties,

it must remain empty permanently.

Lemma 3.2.4. Consider a Type II two-pass network with J ≥ 3. For any

nonidling fluid solution, if Qσi
(t′) = 0, i ∈ {2, 3, . . . , J} then Qσi

(t) = 0 for

all t > t′.

Proof. Fix an i ∈ {2, 3, . . . , J}. Again specializing the fluid dynamical equa-

tions to the network under consideration, we have that the fluid levels of class

i and i + J are given by:

Qi(t) = µi−1Ti−1(t)− µiTi+J(t) + Qi+J(0)

Qi+J(t) = µi+J−1Ti+J−1(t)− µi+JTi+J(t) + Qi+J(0).

Taking derivatives with respect to time, we have that for a regular time t:

Q̇i(t) = µi−1Ṫi−1 − µiṪi (3.2.6)

Q̇i+J(t) = µi+J−1Ṫi+J−1 − µi+J Ṫi+J . (3.2.7)
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At station i− 1 the resource condition (2.2.6) requires

Ṫi−1(t) + Ṫi+J−1(t) ≤ 1 for all regular t > 0. (3.2.8)

We will prove that Q̇i(t) ≤ 0 and Q̇i+J(t) ≤ 0 for all regular t > 0, by

contradiction. So suppose there exists a regular time t > 0 with either Q̇i(t) >

0 or Q̇i+J(t) > 0. For now assume Q̇i(t) > 0 (and of course Q̇i+J(t) ≥ 0).

Then rewriting (3.2.6) and (3.2.7) yields:

µi−1Ṫi−1(t) > µiṪi(t) (3.2.9)

µi+J−1Ṫi+J−1(t) ≥ µi+J Ṫi+J(t). (3.2.10)

Combining (3.2.8)–(3.2.10), we have

µi

µi−1

Ṫi(t) +
µi+J

µi+J−1

Ṫi+J(t) < 1. (3.2.11)

Recall the Type II assumptions µi > µi−1 and µi+J > µi+J−1, which imply

µi

µi−1

Ṫi(t) +
µi+J

µi+J−1

Ṫi+J(t) > Ṫi(t) + Ṫi+J(t).

Now we also have that Q̇i(t) > 0 implies Ṫi(t) + Ṫi+J(t) = 1, due to the

nonidling assumption. Combining this with the equation immediately above

gives

µi

µi−1

Ṫi(t) +
µi+J

µi+J−1

Ṫi+J(t) > 1,

which obviously contradicts (3.2.11).

An analogous argument shows that we cannot have Q̇i+J(t) > 0 for any

regular t > 0. Thus we conclude that Q̇i(t) + Q̇i+J(t) ≤ 0 for all regular t.
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Recall that Qσi
(·) is non-negative and absolutely continuous (because it is Lip-

shitz continuous). We then note that any non-negative absolutely continuous

function which has a non-positive derivative almost everywhere must remain

at zero once it reaches zero.

Note that the result of Lemma 3.2.4 does not necessarily hold for station

1. In particular, if µJ > µJ+1(1−ρ1), then the station 1 fluid level may become

positive after it has hit zero. Thus, for the theorem below, we need to break

up the proof into two cases, depending on whether or not the inequality above

holds.

We are now prepared to prove the second half of Theorem 3.1.2.

Proof of Theorem 3.1.2, part (b). We use induction on the number of stations.

The case for J = 2 was established in [14]. So, we suppose FDP holds for a

Type II two-pass network with J − 1 stations, and prove that FDP holds for

a network with J stations.

Case 1. Suppose µJ ≤ µJ+1(1−ρ1), then by an argument analogous to

that in Lemma 3.2.4 one can show that once station 1 empties, it will remain

empty forever.

Next, let t1 be the first time when any one of the stations empties:

t1 := inf(t ≥ 0 : Qσi
(t) = 0, i ∈ {1, 2, . . . , J}).

In this case, any station that empties remains empty forever. So, after t1 one of

the stations drops out and the fluid solution is that of a J−1 station network.
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By the induction assumption, FDP holds for all J − 1 station networks, thus

FDP also holds for the J station network. Note that the interval [0, t1] adds

just 1 to the value of M in the FDP conditions.

Case 2. Suppose µJ > µJ+1(1− ρ1). If t1 6= tσ1 , then by Lemma 3.2.4

the system behaves like a J − 1 station network after t1, and by the argument

in Case 1, FDP holds.

The only other possibility now is that t1 = tσ1 . If this is the case, then

we define a time r which is the last time station 1 is empty before some other

empties. Formally,

r := sup(t > 0 : t1 ≤ t ≤ t2 and Qσ1(t) = 0),

where t2 := min{tσ2 , . . . , tσJ
}.

On the interval [t1, r] we use the linearization technique to define a new

nonidling solution which satisfies FDP. To this end, we define:

Q̄(t) = Q(t) and T̄ (t) = T (t), ∀ t ∈ [0, t1] ∪ [r, θ]

Q̄(t) = Q(t1) +
t− t1
r − t1

[Q(r)−Q(t1)] ∀ t ∈ [t1, r]

T̄ (t) = T (t1) +
t− t1
r − t1

[T (r)− T (t1)] ∀ t ∈ [t1, r].

Again, the modified solution is both feasible and nonidling, given that the ini-

tial solution was also. The new fluid solution satisfies the following conditions:

1. Q̄σi
(t) > 0, for all t ∈ [0, t1) and i ∈ {1, . . . , J},

2. Q̄σ1(t) = 0 and Q̄σi
(t) > 0 for all t ∈ [t1, r] and i ∈ {2, . . . , J},
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3. Q̄σi
(t) > 0 for all t ∈ (r, t2) and i ∈ {1, . . . , J}.

Now our argument is similar to that of Case 1. After t2 one of the

stations drops out and the fluid solution is that of a J−1 station network. By

the induction assumption FDP holds for all two station networks, thus FDP

also holds for the J station network. Note that the interval [0, t2] adds just 3

to the value of M in the FDP conditions, giving an upper bound of M ≤ 3J

for a general network.
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Chapter 4

Priority Stability Region

4.1 Introduction

Dai, et al. [11] considered two-station multiclass fluid models and ex-

plicitly characterized the global stability region of the models in terms of the

arrival and service rates. In the same paper, the global stability region of

two-station multitype fluid models was shown to be equal to the intersection

of its stability regions of the static buffer priority service disciplines. In Dai,

et al. [10], fluid solution analysis and Lyapunov functions are utilized to prove

that this is not the case for a certain class of three station fluid models. Al-

though it was shown that the intersection of stability regions of the static

buffer priority service disciplines is a superset of the global stability region,

no sharp characterization of this region is provided. In this chapter, we try to

define the intersection of stability regions of the static buffer priority service

disciplines for a certain class of three station network.

We consider the three station fluid network illustrated in Figure 4.1

which consists of J = 3 stations and K = 6 fluid classes. The fluid network

is assumed to be working under a subclass of the nonidling service disciplines

called static buffer priority service disciplines. Namely, whenever there is more
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than one fluid class waiting to be served at a station, fluid classes are served

according to some fixed ranking of the classes. We describe a buffer priority

service discipline π as an ordered list of the classes 1, 2, . . . , K in the network.

Classes listed first in the ordered list have higher priority than those listed

later.

----

-- -

µ6µ5µ4

µ3µ2µ1λ

Figure 4.1: Three station two pass fluid network

For the aforementioned three station two pass multiclass fluid network,

the priority service discipline that gives highest priority to classes 1, 2, 6 is

written as π{1,2,6,3,4,5}. Since the lowest priority classes can be dropped from

the list we will denote it as π{1,2,6}. The set of all static buffer priority service

disciplines for the network considered, denoted by Π, consists of eight service

disciplines, and elements of this set are π{1,2,3}, π{4,2,3}, π{4,5,3}, π{4,5,6}, π{1,5,3},

π{1,5,6}, π{1,2,6}, π{4,2,6}.

Next, we describe the equations that the fluid network must obey when

it is operating under a non-idling static buffer priority service discipline. The

buffer level vector Q(t) = (Qk(t)) and time allocation vector T (t) = (Tk(t))
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must satisfy

Qk(t) = Qk(0) + µk−1Tk−1(t)− µkTk(t), (4.1.1)

Ij(t) = t−
∑

k∈C(j)

Tk(t), (4.1.2)

Qk(t) ≥ 0, ∀ k = 1, 2, . . . , 6, j = 1, 2, 3, t ≥ 0 (4.1.3)

where class 0 represents the exogenous arrival process with µ0 = λ and T0(t) =

t. Note that Tk(t) and Ij(t) are nondecreasing cumulative vectors, for all

k ∈ K = {1, 2, . . . , 6} and j ∈ J = {1, 2, 3}. Operating under a nonidling

service discipline the fluid model must satisfy,
∫ ∞

0

Zj(t)İj(t) = 0 for j = 1, 2, 3, (4.1.4)

where Zj(t) is total fluid waiting for service at station j and defined as Zj(t) =
∑

k:σ(k)=j Qk(t) for j = 1, 2, 3.

Since equations (4.1.1)-(4.1.4) define the set of fluid solutions for the

fluid network working under any nonidling service discipline, we need to define

additional equations to satisfy service priority requirements. If class k has

higher priority than class l, we write πk < πl, and for each t > 0
∫ ∞

0

Z+
k (t)İ+

k (t) = 0 for k = 1, 2, . . . , 6, (4.1.5)

where

Hk = {l : σ(l) = σ(k), πl ≤ πk},

I+
k (t) = t−

∑

l∈Hk

Tl(t),

Z+
k (t) =

∑

l∈Hk

Ql(t).
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Definition 4.1.1. The region defined by usual traffic conditions for three

station two pass multiclass fluid network is denoted by D0 where

D0 = {m ∈ R6
+ : m > 0, λ(m1 + m4) < 1, λ(m2 + m5) < 1, λ(m3 + m6) < 1}.

Definition 4.1.2. The static buffer priority stability region, the intersection

of stability regions of the static buffer priority service disciplines, is denoted

by DΠ and defined as DΠ = ∩π∈ΠDπ.

The extent of our knowledge about the stability region of the fluid

network working under π{4,2,6}, denoted by Dπ{4,2,6} , limits our ability to char-

acterize the static buffer priority stability region. It is shown that π{1,2,3},

π{4,2,3}, π{4,5,3}, π{4,5,6}, π{1,5,3}, π{1,5,6}, π{1,2,6} are stable in the region defined

by the usual traffic conditions in Dai, et al. [10]. Up to this point, the litera-

ture on this subject is limited to Hasenbein [15], Dai, et al. [10] and Chen, et

al. [2, 6]. Pseudostation conditions for the specified fluid network, as defined

by Hasenbein [15], are

λ(m1 + m4) < 1, (4.1.6)

λ(m2 + m5) < 1, (4.1.7)

λ(m3 + m6) < 1, (4.1.8)

λ(m2 + m4 + m6) < 2, (4.1.9)

where (4.1.6)-(4.1.8) are the usual traffic conditions implied by D0. Together

with (4.1.9), the region created by the pseudostation conditions defines the

necessary conditions for stability and is denoted by Dp. In case equation

56



(4.1.9) is not satisfied, it can be shown that the fluid network is unstable

under the service discipline π{4,2,6}. So in the region DC
p , where SC represents

the compliment of a set S in R6
+, the network is unstable under the service

discipline π{4,2,6}.

Dai, et al. [10] showed that together with the usual traffic conditions,

if the mean processing times of the three station two-pass multiclass fluid

network satisfy

λm2 + λ2m4m6 < 1 (4.1.10)

or

λm1 +
m4

m3

< 1 (4.1.11)

then the fluid network is globally stable. Note that the fluid network is stable

under all static buffer priority policies in the region defined by the usual traffic

conditions and equation (4.1.10) or (4.1.11).

To summarize, DΠ is a subset of Dp and a superset of D∞, namely

D∞ ⊂ DΠ ⊂ Dp. To characterize the stability region of π{4,2,6}, we have

to investigate the region S := Dp \ D∞ which is defined by the usual traffic
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conditions and the inequalities (4.1.9)-(4.1.11):

λ(m1 + m4) < 1 (4.1.12)

λ(m2 + m5) < 1 (4.1.13)

λ(m3 + m6) < 1 (4.1.14)

λ(m2 + m4 + m6) < 2 (4.1.15)

λm2 + λ2m4m6 ≥ 1 (4.1.16)

λm1 +
m4

m3

≥ 1. (4.1.17)

To identify the static buffer priority stability region DΠ, we have to

identify points in S that are unstable by constructing a diverging trajectory

paired with boundary conditions, and points in S that are stable by proving

the network drains after a finite time. In the next section, we demonstrate

how to construct an unstable fluid solution when the service and arrival rates

satisfy three additional conditions.

4.2 Unstable Fluid Solution Construction

Proposition 4.2.1. If a service rate vector in the region S satisfies all the

conditions listed below

m2 > m4 + m1 (4.2.1)

m4 > m3 + m6 (4.2.2)

m5 < m6(1− λm2) (4.2.3)
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then there exists an unstable fluid solution under the static buffer priority

service discipline π{4,2,6}.

Proof. First note that inequality (4.1.16) along with the usual traffic conditions

implies that

m5 < min(m4,m6), (4.2.4)

m2 > max(m1,m3). (4.2.5)

Conditions (4.2.1)-(4.2.3) impose certain restrictions on the service

rates, namely:

µ4 > µ2,

µ6 > µ4,

µ6 > µ2,

µ3 > µ4.

The construction of the unstable fluid solution using conditions (4.2.1)-

(4.2.3) relies on the fact that to fill a high priority class, having a positive buffer

at the previous class in the service order is enough. For example, if there is

some fluid in class 1, then we can increase the fluid level of class 2. In the

construction, at the beginning of each step the fluid level of one class decreases

while the fluid level of at least one class increases.

We start constructing our unstable fluid solution using equations (4.2.1)-

(4.2.5) under the static buffer priority service discipline π{4,2,6}. Let t0 be the
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starting time point and without loss of generality set t0 = 0. During each

interval [ti−1, ti], i = 1, 2, . . . , the buffer priorities are constant. Assume that

at time t0, the fluid level of each class is as follows,

Q1(t0) > 0,

Qi(t0) = 0 for i = 2, 3, 4, 5, 6.

We define t1 to be the first time after t0 that class 1 empties. The

information provided by (4.2.1) and (4.2.5) implies that class 2 processes fluid

more slowly than class 1 and class 4. While class 1 fluid decreases, it initiates

the increase of class 2 fluid level and in return the increase of class 5 fluid level.

We can show that for all t between time t0 and t1, the derivative of the queue

length process of each class follows as:

Q̇k(t) > 0, k = 2, 5,

Q̇k(t) < 0, k = 1,

Q̇k(t) = 0, k = 3, 4, 6,

and at time t1 the fluid level at each class is,

Q1(t1) = 0,

Q2(t1) =

((
1− µ2

µ4

)
µ1 − µ2

)
t1,

Q3(t1) = 0,

Q4(t1) = 0,

Q5(t1) = µ2t1,

Q6(t1) = 0,
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where

t1 =
Q1(t0)(

1− µ2

µ4

)
µ1 − λ

.

At this point we have to show that class 1 actually empties, or in other

words that t1 is finite. Next, we explain why condition (4.2.1) implies the

finiteness of t1 by showing the positivity of (1− µ2

µ4
)µ1 − λ:

m2 > m4 + m1

⇔ λµ2 > λµ4 + λµ1

⇔ 1 >
λµ4

λµ2

+
λµ1

λµ2

⇔ 1 >
λµ4

λµ2

+ λµ1

⇔ 1− λµ4

λµ2

> λµ1

⇔ 1− µ2

µ4

> λµ1

⇔
(

1− µ2

µ4

)
µ1 > λ.

The third inequality is true since 1 > ρ2 as a consequence of the usual

traffic conditions.

We define t2 as the first time after t1 that class 2 empties. Since class

2 has higher priority than the class 5, as class 2 drains the class 5 fluid level

increases. The derivative of the queue length process of each class for all
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regular t between time t1 and t2 is given by:

Q̇k(t) > 0, k = 5,

Q̇k(t) < 0, k = 2,

Q̇k(t) = 0, k = 1, 3, 4, 6,

and at time t2 the fluid level at each class is

Q1(t2) = 0,

Q2(t2) = 0,

Q3(t2) = 0,

Q4(t2) = 0,

Q5(t2) = µ2t2,

Q6(t2) = 0,

where

t2 =
Q1(t0) + λt2

µ2

=
Q1(t0)

1− ρ2

.

At the beginning of the third step, class 5 is the only class with a

positive buffer level. Let t3 be the first time after t2 that class 5 empties.

The information provided by (4.2.3) and (4.2.4) implies that class 6 processes

fluid more slowly than class 5 while class 2 stays empty. While class 5 fluid

decreases, it initiates the increase of class 6 fluid level and in return the increase

of class 3 fluid level. We can show that for all t between time t2 and t3, the
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derivative of the queue length process of each class follows as:

Q̇k(t) > 0, k = 3, 6,

Q̇k(t) < 0, k = 5,

Q̇k(t) = 0, k = 1, 2, 4,

and at time t3 fluid level at each class is

Q1(t3) = 0,

Q2(t3) = 0,

Q3(t3) = λ(t3 − t2),

Q4(t3) = 0,

Q5(t3) = 0,

Q6(t3) = (µ5(1− ρ2)− µ6)(t3 − t2),

where

t3 =
(µ5(1− ρ2) + µ2)t2

µ5(1− ρ2)
.

We define t4 as the first time point after t3 that class 6 empties. Since

class 6 has the highest priority in station 3, class 6 drains and class 3 fluid

level increases. The derivative of the queue length process of each class for all

t between time t3 and t4 is given by:

Q̇k(t) > 0, k = 3,

Q̇k(t) < 0, k = 6,

Q̇k(t) = 0, k = 1, 2, 4, 5,
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and at time t4 the fluid level at each class is

Q1(t4) = 0,

Q2(t4) = 0,

Q3(t4) = λ(t4 − t2),

Q4(t4) = 0,

Q5(t4) = 0,

Q6(t4) = 0,

where

t4 − t2 =
µ2t2
µ6

.

At the beginning of the fifth step, class 3 is the only class with a pos-

itive buffer level. Let t5 be the first time after t4 when class 3 empties. The

information provided by (4.2.2) and (4.2.4) implies that class 4 processes fluid

much slowly than class 3 while class 6 stays empty. While class 3 fluid de-

creases, it initiates the increase of class 4 and in return the increase of class

1 fluid. We can show that for all t between time t4 and t5, the derivative of

queue length process of each class is given by:

Q̇k(t) > 0, k = 1, 4,

Q̇k(t) < 0, k = 3,

Q̇k(t) = 0, k = 2, 5, 6,
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and at time t5 the fluid level at each class is

Q1(t5) = λ(t5 − t4),

Q2(t5) = 0,

Q3(t5) = 0,

Q4(t5) =

((
1− µ4

µ6

)
µ3 − µ4

)
(t5 − t4),

Q5(t5) = 0,

Q6(t5) = 0,

where

t5 − t4 =
λµ2t2

µ6

(
1− µ4

µ6

)
µ3

.

We define t6 as the first time after t5 after class 4 empties. Since class

4 has the highest priority in station 1, class 4 drains and class 1 fluid level

increases because of arrivals. The derivative of the queue length process of

each class for all t between time t5 and t6 is given by:

Q̇k(t) > 0, k = 1,

Q̇k(t) < 0, k = 4,

Q̇k(t) = 0, k = 2, 3, 5, 6,

65



and at time t6 fluid level at each class is

Q1(t6) = λ(t6 − t4),

Q2(t6) = 0,

Q3(t6) = 0,

Q4(t6) = 0,

Q5(t6) = 0,

Q6(t6) = 0,

where

t6 − t4 =
λµ2t2
µ6µ4

.

The first cycle ends at time t6, and the initial step of the second cycle

starts. One can show that the fluid level of class 1 at time t6 is more than the

fluid level at t0 using (4.1.16) in the last inequality and the definition of time

t2,

Q1(t6) = λ(t6 − t4)

= λ
λµ2t2
µ6µ4

= λ
λµ2Q1(t0)

µ6µ4µ2(1− ρ2)

=
λ2m4m6

1− ρ2

Q1(t0)

> Q1(t0),
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which concludes our construction of an unstable fluid solution and the proof

of the proposition.

Let S1 denote the region identified as unstable by the unstable fluid

solution construction defined in Proposition 4.2.1 and defined by the equations,

λ(m1 + m4) < 1

λ(m2 + m5) < 1

λ(m3 + m6) < 1

λ(m2 + m4 + m6) < 2

λm2 + λ2m4m6 ≥ 1

λm1 +
m4

m3

≥ 1

m4 + m1 < m2

m3 + m6 < m4

m6(1− ρ2) > m5.

To summarize the findings, a network with service times, which is in

S1, is unstable under the static buffer priority discipline π{4,2,6}. One can use

linear programming techniques to provide a numerical demonstration. For

example, for λ = 1 the service time vector

m = (0.006, 0.898, 0.7625, 0.885, 0.006, 0.116)

satisfies the conditions listed above.
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4.3 Departure Rates

Up to this point, we have built an unstable fluid solution to identify

the region that is not in the stability region Dπ{4,2,6} . If the service rates of

a fluid network satisfies at least one of the inequalities listed below, then the

conditions (4.2.1)-(4.2.3) required by Proposition 4.2.1 are not satisfied:

i) µ2 > µ4

ii) (1− µ2

µ4
) < µ2

µ1
when µ4 > µ2

iii) µ4 > µ6

iv) (1− µ4

µ6
) < µ4

µ3
when µ6 > µ4

v) µ5(1− ρ2) < µ6.

We have to show either that there are other unstable fluid solution con-

structions methodologies to identify other potential unstable fluid solutions,

or show that network is stable under service policy π{4,2,6} in the region S \S1.

Given the fluid state Q(t) at time t, the departure rate of a class is the

instantaneous rate at which fluid of that class is being processed. Departure

rates are required to construct both stable and unstable fluid solutions. To

identify a service rate vector as a stable point, we have to show that for every

initial condition, fluid in the network drains after a finite amount of time. The

set of departure rates calculated for every state of the network is helpful to

illustrate how a network drains given certain initial conditions. On the other
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hand, we have already used the departure rates implicitly while constructing

unstable solutions under the Proposition (4.2.1) conditions.

Next, we define the methodology that is utilized to calculate the de-

parture rates for each state. Let di(t) be the departure rate of class i at time

t, where di(t) = µiṪi(t). Given a fluid state Q(t), departure rates at time t

can be calculated by solving the equations defined in Hasenbein [16] and Dai

et al. [10]:

di(t) = di−1(t) if Qi(t) = 0, i = 1, 2, . . . , 6,

d1(t) = 0 if Q4(t) > 0,

d5(t) = 0 if Q2(t) > 0,

d3(t) = 0 if Q6(t) > 0,

d1(t)m1 + d4(t)m4 = 1 if Z1(t) > 0,

d2(t)m2 + d5(t)m5 = 1 if Z2(t) > 0,

d3(t)m3 + d6(t)m6 = 1 if Z3(t) > 0,

di(t) ≥ 0 for i = 1, 2, . . . , 6.

Note that, the positivity of the fluid levels alone is enough to determine

the departure rates, and the fluid level at each class is used only to calculate

the amount of time for which a network processes fluid with a specific set of

departure rates. At the end of that period, a set of fluid classes drain and/or

start filling. This transition might happen immediately, i.e. when the solution
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d(t) = (di(t)) does not satisfy

d1(t)m1 + d4(t)m4 ≤ 1,

d2(t)m2 + d5(t)m5 ≤ 1,

d3(t)m3 + d6(t)m6 ≤ 1.

Then the corresponding departure rates are infeasible, which implies a

transition to another state which has different set of equations and departure

rates. Table 4.1 shows the departure rates for all possible states of the network.

Each state is represented by a three digit number where each number represent

the state of each station. The state of a station can described by one of three

cases:

• The fluid level of the high priority class is positive, which is denoted by

the number of the high priority class,

• Only the fluid level of the low priority class is positive, which is denoted

by the number of low priority class,

• Station is empty, which is denoted by x in the table.

For example, given the only the low priority class has a positive buffer

level at station 3 while stations 1 and 2 are empty, we say state of the system

is 003. Two states do not appear in Table 4.1. The first one is 135, where all

the low priority classes have a positive fluid level, and the second one is xxx,

where all stations are empty. Next, we derive the departure rates for 135 and
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d1 d2 d3 d4 d5 d6 State
λ d1 1/m3 + m6 d3 d3 d3 003
λ d1 0 0 0 µ6 006
λ d1 d1 d1 µ5(1− ρ2) d5 050
λ d1 (1−m6d5)/m3 d3 µ5(1− ρ2) d5 053
λ d1 0 0 µ5(1− ρ2) µ6 056
λ µ2 d2 d2 0 0 020
λ µ2 µ3 µ3 0 0 023
λ µ2 0 0 0 µ6 026

1/m1 + m4 d1 d1 d1 d1 d1 100
µ1(1− d3m4) d1 1/m3 + m6 d3 d3 d3 103

µ1 d1 0 0 0 µ6 106
1/m1 + m4 d1 d1 d1 µ5(1− d1m2) d5 150

µ1 d1 0 0 µ5(1− µ1m2) µ6 156
µ1(1− µ3m4) µ2 µ2 µ2 0 0 120
µ1(1− µ3m4) µ2 µ3 µ3 0 0 123

µ1 µ2 0 0 0 µ6 126
0 0 0 µ4 d4 d4 400
0 0 µ3(1− µ4m6) µ4 d4 d4 403
0 0 0 µ4 d4 µ6 406
0 0 0 µ4 µ5 d5 450
0 0 µ3(1− µ5m6) µ4 µ5 d5 453
0 0 0 µ4 µ5 µ6 456
0 µ2 µ2 µ4 0 0 420
0 µ2 µ3 µ4 0 0 423
0 µ2 0 µ4 0 µ6 426

Table 4.1: Departure Rates for different cases

show that until one of the low priority classes drains none of the high priority

classes start filling.

Proposition 4.3.1. Given m ∈ R, if classes 1, 3 and 5 are the only classes

with a positive buffer level then the buffer of each of the high priority classes

will remain empty until one of the low priority classes empties.
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Proof. If we can show that for all m ∈ R, there exists a departure rate vector

with all of its elements positive then proof will be complete since it indicates

that the same set of inequalities defines the departure rate, until one of the

low priority classes empties. As a consequence, each high priority class will

remain empty since the arrival rate will be equal to the departure rate.

Let t0 be the starting time and t1 be first time after t0 when a low

priority class empties. Departure rates for each t in the interval [t0, t1] are

defined by the equations,

d1(t) = d2(t),

d3(t) = d4(t),

d5(t) = d6(t),

d1(t)m1 + d4(t)m4 = 1,

d2(t)m2 + d5(t)m5 = 1,

d3(t)m3 + d6(t)m6 = 1.

Solution of these six equations with six unknowns gives us the values

of the departure rates:

d1(t) =
m3m5 + m6m4 −m5m4

m1m3m5 + m2m4m6

,

d3(t) =
m5m1 + m6m2 −m6m1

m1m3m5 + m2m4m6

,

d5(t) =
m4m2 + m3m1 −m3m2

m1m3m5 + m2m4m6

.
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First note that inequality (4.1.10) along with the usual traffic conditions

implies:

µ5 > max(µ4, µ6),

µ2 < min(µ1, µ3),

and these two conditions imply that for all m ∈ R+6, we have

m2 > m1,

m2 > m3,

m6 > m5,

m4 > m5.

Using the inequalities listed above, some algebra shows that the de-

parture rates of classes 1 and 3 are positive. Next, we have to use inequality

(4.1.17) to show that the departure rate of class 5 is positive:

m2m4 + m3m1 −m3m2 ≥ m2(m3 − λm1m3) + m3m1 −m3m2,

= m3m1 − λm2m3m1,

> 0.

As a conclusion, until one of the low priority classes empties, classes

2, 4 and 6 will remain empty and at most two of the three low priority classes

has a positive buffer level at time t1.

Finally, we propose a methodology that will be helpful to identify if a

service rate vector is stable or not. This methodology is demonstrated using
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the service rate vector m = (0.05, 0.7, 0.15, 0.7, 0.05, 0.5), which satisfies in-

equalities (4.1.15)-(4.1.17) and inequalities (4.2.2)-(4.2.3). For each state, we

determine if the departure rates are feasible or there is an immediate transi-

tion to another state. Feasibility results can be found in the second column of

Table (4.2).

To understand the dynamics of the network, we look at the arrival and

the departure rates of each class to determine if the fluid level is increasing

(represented by I), decreasing (represented by D) or staying constant (repre-

sented by SC). Columns C1 - C6 in Table 4.2 represent how the fluid level of

each class is changing in time. This information is used to identify the set of

possible states that are accessible from the current state. Elements of this set

are listed in the last three columns of Table 4.2. If a state is infeasible, an

immediate transition is made to the only accessible state.

The network dynamics are depicted by utilizing the transition informa-

tion. The network illustrated in Figure 4.2 is called as the transition network.

Infeasible states are represented by the feasible states that they immediately

make a transition to. For example, states 003 and 103 are represented by 403

in the network.

An unstable fluid solution might be constructed using states 126, 026,

456, 406, 423 and 420, since they create a loop in the transition network. To

construct an unstable fluid solution, one has to show that after every cycle

in the loop, the fluid level in the network increases. The reader is referred to

Appendix 1 for unsuccessful fluid solution constructions. Nodes 006 and 400
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State F C1 C2 C3 C4 C5 C6 State1 State2 State3
003 N SC SC D SC SC SC 403
006 Y SC SC I SC SC D 003
050 N SC SC SC SC D SC 056
053 N SC SC I SC D SC 056
056 Y SC SC I SC D I 006
020 N SC D SC SC I SC 120
023 N SC D D SC I SC 423
026 Y SC D I SC SC D 006 023
100 Y D SC SC SC SC SC 000
103 N I SC D SC SC SC 403
106 N D SC I SC SC D 126
150 Y D SC SC SC D SC 100 050
153 Y D SC D SC D SC 150 103 053
156 N D SC I SC SC D 126
120 Y I D SC SC I SC 150
123 N I D D SC I SC 423
126 Y D I I SC SC D 026 123
400 Y I SC SC D SC SC 100
403 Y I SC D I SC SC 400
406 Y I SC SC D SC D 106 400
450 N I SC SC D D SC 456
453 N I SC SC D D SC 456
456 Y I SC SC D D I 156 406
420 Y I D SC SC I SC 450
423 Y I D D I I SC 453 420
426 Y I D I D I D 423 456 126

Table 4.2: Dynamics of the Sample Network

are the only nodes that connect the nodes mentioned above and the rest of

the network. To prove that the network drains starting from any node, one

has to show that at the end of any cycle a transition from either 026 to 006 or

406 to 400 must occur.
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Figure 4.2: Transition Network

One can show that starting from states 100, 400, 403, 153, 006, 056, 120

and 150, the system drains in a finite amount of time since there is a directed

path to the empty node. Note that all aforementioned nodes contain at most

one busy high priority class.

Of course, the next natural question to investigate is: given that there is

a loop in the transition network how can we construct an unstable fluid solution

or show that the network reaches to empty state from all other states? Also

with this methodology, we have to construct a transition network for each point

in the unknown region. It is very difficult to complete the described analysis for
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each point. The relation between service rates and the constructed transition

networks is a topic that should be explored to extend the methodology from

a single point to a set of points.
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Chapter 5

State Dependent Pricing in Queues with

Batch Arrivals

5.1 Introduction

A monopoly is a market where there is a sole supplier of a product

or service. The existence of a monopoly depends on different barriers which

prevent other firms from entering the market. An Italian restaurant in a

small town might be an example of a monopoly. The nearest town might be

miles away. Although customers could drive to the nearest Italian restaurant

in the next town, the time and cost of the drive limits this choice. In the

aforementioned example, the location of the restaurant limits the availability

of a substitute product and the market size of the town creates a barrier of

entry for new firms planning to invest.

The Italian restaurant mentioned in the previous example, with lo-

cal monopoly power, has the chance to charge different prices to different

customers based on non-cost related features of customers to extract cus-

tomer surplus and turn this into additional revenue. This pricing strategy

is called price discrimination and it requires market power, customer segmen-

tation and strong barriers between customer segments. Price discrimination
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can be achieved by providing different prices or by offering different discounts

to different customers. In the case of the Italian restaurant, the restaurant

owner can use his market power to charge different prices based on the size of

customer group, or their expected waiting time, to increase his revenue. So,

the main problem of the restaurant owner becomes choosing the optimal price

points in order to maximize his revenue.

In this chapter, we will investigate the pricing problem of a monopolistic

firm which dominates the market. We assume the firm is a near monopoly

and price maker per se. Although the firm under consideration dominates the

market, a substitute product is available. The firm has the ability to change

the price based on the number of customers in the system and the size of

the arriving batch. Our model consists of a single server with exponential

service times. Customer arrivals follow a compound Poisson process where

the number of customers in a group is a random variable. The firm and

each arriving customer group maximize their expected discounted return and

arriving customers calculate the expected return for the whole group using

waiting cost per unit time, observed queue length, the price provided by the

firm and the substitute product reward. Our aim is to find the optimum

pricing strategy that maximizes the firm’s expected discounted revenue.

One can strive for the best performance with respect to different eco-

nomic metrics like revenue per unit time or discounted holding cost by con-

trolling the service processes or arrival processes. One approach to control an

arrival process is to charge a fee or to advertise a price for the service provided.
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Under this approach customers are allowed to choose whether or not to join

the queue for service based on the current fee or advertised price.

Leeman [23] was one of the first papers to discuss the control of queues

through the use of price and listed various real life examples where pricing

might be helpful to control a queue. Naor [30], in a seminal paper, investigated

the control problem of a monopoly using a single server queueing system.

Naor investigated the reward maximization problem of individual customers,

the firm and the society as a whole. By definition, a society consists of the

customers and the firm and transactions in the society do not change the total

social welfare. In his work, he pointed out that, under individual optimization

a customer’s choice to join the queue is not socially optimal since the decision

is solely based on the customer’s own waiting cost instead of the cost to the

whole society. To achieve social optimality, Naor suggested charging a fee

for service to motivate customers to make socially optimal decisions. He also

showed that the aforementioned social welfare optimizing fee is smaller than

the profit-maximizing fee.

Knudsen [21] extended the single server results to multi-server queues

with general waiting cost functions. Edelson and Hildebrand [12] showed that

when customers are forced to make a decision before observing the state of the

system, then the profit-maximizing fee is equal to the social welfare optimizing

fee. Lipmann and Stidham [25] studied queueing systems with holding costs

and discounting. This paper was one of the first in a series that considered state

dependent fees to achieve social optimality. Stidham [37] and Stidham and
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Johansen [19] extended previous results to general renewal arrival processes

and general service times. They also considered batch arrivals with partial

acceptance.

In a pair of papers, Chen and Frank [3, 4] analyzed a monopoly that can

adjust the price of service as the number of customers in the system changes.

They assumed customers and the firm maximize their expected discounted

return. In Chen and Frank [3], it is shown that a near monopoly’s profit-

maximizing pricing policy achieves social optimality by collecting customer

surplus. Maglaras [27] considered a make-to-order production firm that offers

multiple products to a market where arrival rates are controllable. Instead of

using the more standard Markov decision process framework, fluid and diffu-

sion approximation models are utilized to achieve a better understanding of

the problem. Ormeci and Burnetas [31] considered the problem of dynamic

admission control in a multi-class Markovian loss system with batch arrivals.

They assumed that the system may employ batch acceptance, in which it can

either accept or reject the entire batch, or partial acceptance, where some of

the jobs in a batch can be admitted and the remaining ones rejected. All jobs

require an exponential service time with the same rate and jobs are differen-

tiated only by their reward. Dynamic admission policies that maximize the

total expected discounted reward of a two class Markovian loss system with

different service rates examined in Ormeci and Burnetas [32].

In our work, similar to Chen and Frank [3], we let the firm adjust

the price as the length of the queue changes. A major difference between
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this research and the previous literature is that we allow group arrivals and

the firm may only accept or reject customer groups as a whole (unlike the

previous literature no partial acceptance is allowed). We identify the optimal

acceptance policy that maximizes the revenue of the firm and show that this

policy is also socially optimal.

The rest of the chapter is organized as follows: In the next section, the

model considered in this chapter with necessary notation is introduced. Then

the decision process of customer groups and the firm is explained in detail.

In section 5.3, assumptions related to customer cost and reward functions

are followed by the derivation of the posted price based on these functions.

Then the expected value of service is calculated based on the price function

in section 5.4. Finally, we define the optimal acceptance policy and show the

social optimality of this policy.

5.2 Model and Notation

Customers arrive in groups and the firm-customer interactions can be

modeled as a queueing system. To be explicit, our model consists of a single

server, which represents the firm. Customer arrivals follow a compound Pois-

son process where the arrival rate of a customer group of size x ∈ X, X ⊆ Z+

is denoted by λx, and λ is defined as λ =
∑

x∈X λx. Customer groups are

served on a FCFS basis and the service time of each customer is exponential

random variables with rate µ. Upon arrival, a customer group observes the

queue length and the firm provides a price of admission for the customer group
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based on the number of customers in the system and the size of the arriving

customer group. Each arriving group calculates its expected discounted return

for the whole group using waiting cost per unit time, observed queue length,

and the price provided by the firm. If the expected discounted return is greater

than or equal to the discounted reward provided by the substitute product,

then that group of customers pay the price and join the queue, otherwise they

leave the system. As mentioned earlier there exists a substitute product with

a certain discounted reward and customers who don’t want to join the queue

will purchase the substitute product.

Customers in the same group act as one entity and customer groups

that are equal in size have a homogeneous valuation for the service provided by

the firm. For a customer group of size x, the reward that would be received by

the group after completion of service is R(x), the waiting cost of the group per

unit time is c(x) and if the group chooses not to join the system there exists

a substitute product with net discounted reward v(x). It is assumed that the

firm has prior knowledge of the customer reward and cost functions. This

information is used to adjust the posted price p(i, x) where i is the number

of customers in the system. When a customer group of size x arrives, the

number of customers in the system and posted price for a customer group size

x is observed. Then the expected net discounted reward that will be received

is calculated using the discount factor γ, the parameters defined above and

the fact that customers are served based on their arrival time (FCFS). If the

calculated reward is greater than or equal to the net discounted reward of the
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substitute product, then the customer group joins the system, otherwise it

leaves the system.

Given a function f(x, y) with a discrete domain, we define the first

discrete derivative of f(x, y) with respect to x to be ∆xf(x, y) = f(x, y)−f(x−
1, y) and the second discrete derivative with respect to x to be ∆2

xf(x, y) =

∆xf(x, y)−∆xf(x− 1, y).

5.2.1 Customer’s Decision

In this section, we calculate the expected discounted reward for an

arriving customer group of size x based on the price provided by the firm.

Given the number of customers in the system is i, the time spent in the

system until all customers in the arriving customer group leave the system is

represented by random variable τ which has a Gamma distribution with shape

parameter x + i and scale parameter µ. The price published for a customer

group of size x, when the number of customers in the system is i, is denoted

by p(i, x). The price is paid when the customer group decides to join to the

system and the reward is gained when all customers in the arriving customer

group are served. The expected net discounted reward, denoted by ER(i, x) for

a group of size x given number of customers in the system i, can be formulated,

using the parameters defined in this section and the previous one, as

ER(i, x) = E

[
exp(−γτ)R(x)− p(i, x)− c(x)

∫ τ

0

exp(−γt)dt

]
.
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Since the only random variable in the previous equation is τ ∼ Gamma(x+

i, µ), the moment generating function of τ will be utilized in the calculations.

Setting θ = µ/(µ + γ), moment generating function of τ is

E[exp(−γτ)] = θi+x.

Now the expected net discounted reward becomes

ER(i, x) = E

[
exp(−γτ)R(x)− p(i, x)− c(x)

∫ τ

0

exp(−γt)dt

]

= R(x)θi+x − p(i, x) +
c(x)

γ
(θi+x − 1)

= θi+x

(
R(x) +

c(x)

γ

)
−

(
p(i, x) +

c(x)

γ

)
.

Recall that a customer group will pay the entry price p(i, x) and join

the queue if the expected reward is greater than or equal to v(x). In other

words to convince a customer group to join the queue, the firm must set the

price by considering the inequality (5.2.1),

v(x) ≤ ER(i, x) (5.2.1)

⇔ p(i, x) ≤ R(x)θi+x +
c(x)

γ
(θi+x − 1)− v(x). (5.2.2)

Given posted prices p(i, x), a group of size x will join the queue if

number of customers in the system satisfies
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p(i, x) + v(x) + c(x)
γ

(R(x) + c(x)
γ

)
≤ θx+i

x ≤ ln α(i, x)

ln θ
− i,

where

α(i, x) :=
p(i, x) + v(x) + c(x)

γ

(R(x) + c(x)
γ

)
.

As stated earlier, the firm has prior knowledge of the customer cost and

reward functions and it will use this information to determine the maximum

price that can be charged. Note that whenever the expected net discounted

reward is equal to the discounted reward of the substitute product, customer

groups are indifferent between the two products or services. We will assume

customer groups that are indifferent between the two products will join the

queue. When the right-hand side of the inequality (5.2.2) is greater than zero,

the maximum price is set to this value. Since a firm would never pay to have

customers join the queue, the minimum posted price is always nonnegative.

Thus if the right-hand side of inequality (5.2.2) is smaller than zero, customer

groups are better off when they choose the substitute product since the mini-

mum posted price is always nonnegative and inequality (5.2.2) is not satisfied.

So the maximum price, denoted as p∗(i, x), is defined to be

p∗(i, x) =

(
R(x)θi+x +

c(x)

γ
(θi+x − 1)− v(x)

)+

. (5.2.3)
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5.2.2 Recursive Dynamic Programming Problem of Firm’s
Decision

We model the firm’s decision process as a continuous time Markov

decision process (CTMDP). A CTMDP is defined by five elements: a state

space S, an action space A = ∪s∈SAs, a law of motion q(·|s, a) conditioned on

action a ∈ As taken when the state of system is s, a transition time t(·|s, a, s′)

which is an exponential random variable and reward r(t, s, a, s′). The dynamics

of a CTMDP can be summarized as follows: assume that at a particular time

point, the system is in state s ∈ S then we choose an action a which is available

when the system is in state s. At this point, we move to another state s′ ∈ S

with probability q(s′|s, a) where the probability is conditioned on the current

state of the system s and the action a taken. The time spent before the system

moves to state s′ is an exponential random variable t(·|s, a, s′) conditioned on

the action taken, the current state and the final state. The reward r(t, s, a, s′)

is the sum of the reward for a transition from state s to state s′ and a reward

for time spent in transition.

The state of the system is defined by the number of customers waiting

in the system and the size of the arriving customer group. The customer group

size is an element of the set X ′ which is defined as X ′ = {0}∪X. Note that, the

group size 0 is included to represent departures in our model. To be explicit,

the state space is denoted by S and defined as S = {(i, x) : x ∈ X ′, i ∈ Z+},
where i is the queue length.

At each decision epoch, the firm has at most two actions available to
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it: accepting(ac) or rejecting(rj) the arriving customer group. For all i, when

x = 0 the action set is limited to A(i,0) = {ac}, otherwise the action set is

A(i,x) = {ac, rj}. The transition rates of the CTMDP which are conditioned

on the state of the system and the action taken are defined below:

q′((i + x, y)|(i, x), ac) = λy

q′((i, y)|(i, x), rj) = λy

q′((i + x− 1, 0)|(i, x), ac) = µ

q′((i− 1, 0)|(i, x), rj) = µ

q′((i, y)|(i, 0), ac) = λy

q′((i− 1, 0)|(i, 0), ac) = µ

q′((0, y)|(0, 0), ac) = λy.

Next, the well established uniformization technique will be utilized

to create the corresponding Markov decision process (MDP). Lipmann [24]

showed that introducing additional observation points in a CTMDP doesn’t

change the optimal policy and Serfozo [36] showed that this approach is simil-

iar to the uniformization technique used to transform continuous time Markov

chains to discrete time Markov chains. The uniformized CTMDP has tran-

sition probabilities that are different from those of the original CTMDP. In

a CTMDP transition rates depend either on the arrival process or on both

arrival and departure processes depending on the state of the system. To fix
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transition times, dummy or virtual customers are introduced. When the server

is idle we will assume system starts working on a dummy or virtual customer.

Whenever a real customer arrives, the dummy customer is preempted by the

real customer. In other words by introducing dummy customers, the system

is observed more frequently. Then the transition probabilities become

q((i + x, y)|(i, x), ac) = q((i, y)|(i, x), rj) =
λy

λ + µ

q((i + x− 1, 0)|(i, x), ac) = q((i− 1, 0)|(i, x), rj) =
µ

λ + µ

q((i, y)|(i, 0), ac) =
λy

λ + µ

q((i− 1, 0)|(i, 0), ac) =
µ

λ + µ

q((0, y)|(0, 0), ac) =
λy

λ + µ

q((0, 0)|(0, 0), ac) =
µ

λ + µ
∀ x, y ∈ X, i ≥ 1,

and the time spent between each transition is an exponential random variable

with a fixed rate λ+µ ≥ max(i,x)∈S,a∈A{
∑

(j,y)∈S q′((j, y)|(i, x), a)}. We assume

that the firm’s reward consists of the price charged when a customer group

joins the system. Define for all i > 0 and x ≥ 1 the to be reward r((i, x), ac) =

p∗(i, x) otherwise the reward is set equal to zero. Since any price less than or

equal to p∗ induces customer groups to join the system, the firm should post

the highest possible price to maximize revenue. In the rest of the section with

a little abuse of notation, we will denote the maximum feasible price by p(i, x).

In our model, we let Vn(i, x) denote the discounted value function for

89



the finite time horizon problem, when there are n transitions remaining, i

customers in the system, and the batch size of the next arriving customer group

is x. For the infinite time horizon problem, V (i, x) denotes the discounted value

function. Using the reward function and transition probabilities defined above

and given there are n transitions before the last transition, where 0 ≤ n < ∞,

Vn(i, x) can be formulated as

Vn+1(i, x) = max
a∈A(i,x)



r((i, x), a) +

∑

(j,y)∈S

(λ + µ)

λ + µ + γ
Vn(j, y)q((j, y)|(i, x), a)



 ,

V0(i, x) = 0.

Define Λ = λ + µ + γ where γ is the discount rate. For n, i ≥ 1,

x ∈ X, we now rewrite the value function by expanding, and then simplifying

the terms, using some of our previous definitions:

Vn+1(i, x) = max

{
p(i, x) +

∑
y∈x

(λ + µ)

λ + µ + γ
Vn(i + x, y)q((i + x, y)|(i, x), ac)

+
∑
y∈x

(λ + µ)

λ + µ + γ
Vn(i + x− 1, 0)q((i + x− 1, 0)|(i, x), ac),

∑
y∈x

(λ + µ)

λ + µ + γ
Vn(i, y)q((i, y)|(i, x), rj)

+
∑
y∈x

(λ + µ)

λ + µ + γ
Vn(i− 1, 0)q((i− 1, 0)|(i, x), rj)

}

= max

{
p(i, x) +

1

Λ

(∑
y∈x

λyVn(i + x, y) + µVn(i + x− 1, 0)

)
,

1

Λ

(∑
y∈x

λyVn(i, y) + µVn(i− 1, 0)

)}
.
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For n, i ≥ 1, x = 0, it is easier to rewrite the value function since there

is no decision to make

Vn+1(i, 0) =
∑
y∈x

(λ + µ)

λ + µ + γ
Vn(i, y)q((i, y)|(i, 0), ac)

+
∑
y∈x

(λ + µ)

λ + µ + γ
Vn(i− 1, 0)q((i− 1, 0)|(i, 0), ac)

=
1

Λ

(∑
y∈x

λyVn(i, y) + µVn(i− 1, 0)

)

Vn+1(0, 0) =
∑
y∈x

(λ + µ)

λ + µ + γ
Vn(0, y)q((i, y)|(0, 0), ac)

+
∑
y∈x

(λ + µ)

λ + µ + γ
Vn(0, 0)q((0, 0)|(0, 0), ac)

=
1

Λ

(∑
y∈x

λyVn(0, y) + µVn(0, 0)

)
.

For simplicity, define

Un(i) :=
1

Λ

{∑
x∈X

λxVn−1(i, x) + µVn−1(i− 1, 0)

}
∀ i ∈ Z+(5.2.4)

Un(0) :=
1

Λ

{∑
x∈X

λxVn−1(0, x) + µVn−1(0, 0)

}
, (5.2.5)

then the Bellman equations for the discounted value function are

V0(i, x) = 0 ∀ i ∈ Z+, x ∈ X ′ (5.2.6)

Vn(i, 0) = Un(i) ∀ n ≥ 1, i ∈ Z+ (5.2.7)

Vn(i, x) = max{p(i, x) + Un(i + x), Un(i)} ∀ n ≥ 1, i ∈ Z+, x ∈ X.(5.2.8)
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5.3 Properties of the Price Function

In this section we first introduce some additional assumptions on the

customer’s cost and reward functions, we then describe how the price is ad-

justed with the change in the number of customers in the system and the

arriving batch size.

Assumption 1. R(x), c(x) and v(x) are increasing nonnegative functions of

x.

Proposition 5.3.1. Under assumption 1, let p(i, x), as defined in (5.2.3), be

the maximum price that could be charged when the system state is (i, x). Then

∀ x ∈ X,

1. p(i, x) is nonincreasing with increasing i,∀ i ≥ 0,

2. p(i, x) is convex with increasing i, ∀ i ≥ 0,

3. There exists an ix ∈ Z, such that for all i < ix p(i, x) is positive and for

all i ≥ ix p(i, x) is zero.

Proof. For a fixed batch size x, we analyze the effect of the number of cus-

tomers in the system on the price. A negative first discrete derivative of the

price function with respect to i for all i ≥ 0, x ∈ X indicates that p(i, x) is
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nonincreasing with increasing i. For all x ∈ X, we have

∆ip(i, x) = p(i, x)− p(i− 1, x)

= R(x)θi+x − c(x)

γ

(
1− θi+x

)− v(x)

−
[
R(x)θi+x−1 − c(x)

γ

(
1− θi+x−1

)− v(x)

]

= θi+x−1

(
R(x)(θ − 1)− c(x)

γ
(1− θ)

)

= (θ − 1)θi+x−1

(
R(x) +

c(x)

γ

)
.

By definition 0 < θ < 1 and thus the last expression is less than zero.

This concludes the proof of the first part. To prove the convexity property, we

have to check the sign of second derivative of the price function p(i, x) with

respect to i. By definition, ∆2
i p(i, x) = ∆p(i, x) −∆p(i − 1, x) and if we can

write ∆ip(i − 1, x) in terms of ∆ip(i, x), then we can show that the second

derivative is positive:

∆ip(i− 1, x) = p(i− 1, x)− p(i− 2, x)

= R(x)θi+x−1 − c(x)

γ
(1− θi+x−1)− v(x)

−
(

R(x)θi+x−2 − c(x)

γ
(1− θi+x−2)− v(x)

)

= (θ − 1)θi+x−2

(
R(x) +

c(x)

γ

)

=
1

θ
(p(i, x)− p(i− 1, x))

=
1

θ
∆ip(i, x)

≤ ∆ip(i, x).
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The last inequality holds again because 0 < θ < 1. Thus the second

derivative is positive for all i ≥ 1 which in return implies the convexity property

of the price function. To prove the third part, we use the definition of p(i, x),

p(i, x) := R(x)θi+x − c(x)

γ
(1− θi+x)− v(x) > 0

⇔ θi+x

(
R(x) +

c(x)

γ

)
− (v(x) +

c(x)

γ
) > 0

⇔ θi+x >
v(x) + c(x)

γ

R(x) + c(x)
γ

.

Note that right hand side of the last inequality does not depend on i,

so for the remainder of the proof we denote this expression by k(x). Given a

customer group size of x, the maximum price is positive if and only if i satisfies

i <
ln k(x)

ln θ
− x. (5.3.1)

For a fixed x, the right hand side is constant and can be smaller than

zero. In that case the maximum customer group size which would join the

system is smaller than x. In other words, customer groups of size x are deterred

for all i ≥ 0. The right hand side of the inequality (5.3.1) is used to define ix:

ix =

(
ln k(x)

ln θ
− x

)+

.

Note that for values greater than or equal to ix, the maximum price is

equal to zero and the firm will deter customer groups of size x by setting the

price to zero when there are more than ix customers in the system.
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Assumption 2. Assume that there exists x0 ≥ 1, such that p(0, x) > 0,∀ x ≤
x0.

Assumption 3. R(x), c(x), v(x) belong to the set of all linear functions f :

Z+ → R+ of the form f(x) = ax where a ∈ R+.

As stated earlier, the firm is not willing to pay customers to convince

them to join the system. When all prices are zero or negative, it is meaningless

for the firm to provide service. In light of this observation, if assumption (2) is

not satisfied, all customer groups are forced to choose the substitute product

since it is the only option available in the market.

Proposition 5.3.2. Under Assumptions 1-3, let p(i, x) be the maximum price

that could be charged in system state (i, x). Then ∀ i ∈ Z,

1. There exists an x′ ∈ X such that ∆xp(i, x) is positive for all x ≥ x′ and

negative otherwise.

2. There exists an x′′ ∈ X such that ∆2
xp(i, x) is negative for all x ≥ x′′

and positive otherwise.

Proof. Given i ≥ 0, when all functions are nondecreasing the first derivative

of price with respect to x is defined as
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Figure 5.1: Maximum price with respect to customer group size

∆xp(i, x + 1) = p(i, x + 1)− p(i, x)

= θi+x

[
(R(x + 1)θ −R(x)) +

(
c(x + 1)

γ
θ − c(x)

γ

)]

+

(
c(x)

γ
− c(x + 1)

γ

)
+ (v(x)− v(x + 1)),
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and we want to find the minimum value of x that satisfies,

θi+x

[
(R(x + 1)θ −R(x)) +

(
c(x + 1)

γ
θ − c(x)

γ

)]

+

(
c(x)

γ
− c(x + 1)

γ

)
+ (v(x)− v(x + 1)) ≥ 0.

We rewrite the formula above employing assumption 3,

θi+x

[
(R(x + 1)θ −Rx) +

(
c(x + 1)

γ
θ − cx

γ

)]

+

(
cx

γ
− c(x + 1)

γ

)
+ (vx− v(x + 1)) ≥ 0

⇔ θi+x

[
(R(x + 1)θ −Rx) +

(
c(x + 1)

γ
θ − cx

γ

)]
−

(
c

γ
+ v

)
≥ 0

⇔ θi+x

[
((x + 1)θ − x)

(
R +

c

γ

)]
−

(
c

γ
+ v

)
≥ 0

⇔ θi+x(x(θ − 1) + θ) ≥
v + c

γ

R + c
γ

.

Replacing the constant on the right side of the last equation with κ, we

then have

θi+x(x(θ − 1) + θ) ≥ κ.

After some algebra, we can characterize the critical value x′ as follows:

let x′ = bxc+ 1 with x defined by

x :=
θ

1− θ
+

w

ln θ
, (5.3.2)

where w is the solution of the following equation

κθ−i+ θ
θ−1 ln θ

θ − 1
= wew. (5.3.3)
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If we think of x′ as a function of i, then it can be seen that x′(i) is

nonincreasing with increasing i. Note that with increasing i the left hand-side

of (5.3.3) increases, and as a consequence w increases and x′(i) decreases.

We now proceed to prove the second part of the proposition. When all

functions are increasing, the second derivative of p(i, x) with respect to x is

defined as

∆2
xp(i, x + 2) = p(i, x + 2)− p(i, x + 1)− [(p(i, x + 1)− p(i, x)]

= θi+x(R(x)−R(x + 1)θ) +

(
c(x + 1)

γ
− c(x)

γ

)

− θi+x

(
c(x + 1)

γ
θ − c(x)

γ

)
+ (v(x + 1)− v(x))

−
[
θi+x+1(R(x + 1)−R(x + 2)θ) +

(
c(x + 2)

γ
− c(x + 1)

γ

)

− θi+x+1

(
c(x + 2)

γ
θ − c(x + 1)

γ

)
+ (v(x + 2)− v(x + 1)).

]

Now using the fact that R(x), c(x), v(x) ∈ A, the last expression is

equal to

θi+x(Rx− 2R(x + 1)θ + R(x + 2)θ2) + θi+x

(
cx

γ
− 2c(x + 1)

γ
θ +

c(x + 2)

γ
θ2

)

= θi+x

(
R +

c

γ

)
(x + xθ2 + 2θ2 − 2xθ − 2θ)

= θi+x

(
R +

c

γ

)
(x(θ − 1)2 + 2θ(θ − 1))

= θi+x(θ − 1)

(
R +

c

γ

)
(x(θ − 1) + 2θ)

= θi+x(1− θ)

(
R +

c

γ

)
(x(1− θ)− 2θ).
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Since all terms except the last one are positive, the sign of the last term

determines the sign of second discrete derivative. Using this last expression we

can now define the critical value for the second derivative as x′′ = d 2θ
1−θ
e + 2.

Since the second term in (5.3.2) is always negative, x′′ is always greater than x′.

The second term in (5.3.2) is always negative because ln θ is negative (since

θ < 1 and w is always positive since the left hand side of (5.3.3) is always

positive).
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Figure 5.2: Price change with customers in the system

Next, the propositions given in this section are demonstrated with an

example. Suppose we are given customer cost and reward functions R(x) =

15x, c(x) = x, γ = 0.095, v(x) = x, µ = 10. The formulation provided
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earlier is utilized to calculate x′(i) and x′′(i). For i = 1, it can be shown that

x′(1) = 57 and x′′(1) = 318. Using the price formula defined in the second

section Table 5.1 has been created for different numbers of customers in the

system and these results show how the price changes with increasing x. One

can confirm that x′(i) is nonincreasing with i by looking at the values in Table

5.1. Figure 5.2 illustrates the concavity of the price function as the size of the

customer group changes.

x p(1, x) p(2, x) p(3, x) p(4, x) p(5, x) p(6, x)
53 351.168 345.113 339.097 333.118 327.177 321.273
54 351.625 345.495 339.403 333.350 327.335 321.358
55 351.893 345.689 339.523 333.397 327.309 321.259
56 351.974 345.696 339.458 333.260 327.100 320.979
57 351.870 345.520 339.211 332.941 326.711 320.520
58 351.582 345.162 338.782 332.443 326.143 319.883

Table 5.1: Posted price for group size x given there are i customers in the
system

5.4 Properties of Value Function

In this section we investigate properties of the value function.

Proposition 5.4.1. Under assumption 1, let Vn(i, x) be the optimal value

function described by equations (5.2.4)-(5.2.8). Then,

1. Given a fixed x ∈ X and 0 ≤ n ≤ ∞, Vn(i, x) is a nonincreasing function

of i ≥ 1 ,
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2. Given a fixed x ∈ X and 0 ≤ n ≤ ∞, p(i, x)+Un(i, x) is a nonincreasing

function of i ≥ 1 ,

3. Under Assumption 2, ∃ x ∈ X, such that p(0, x) + U(x)− U(0) ≥ 0.

Proof. The proof is separated into three parts:

Part 1

Note that ∆iVn(i, x) ≤ 0, ∀ i ≥ 1 indicates that Vn(i, x) is a nonin-

creasing function of i ≥ 1 for all n where 0 ≤ n ≤ ∞.

For n = 0, the result follows trivially from definitions. For all x ∈ X

and i ∈ Z, by definition V0(i, x) = 0 and

∆iV0(i, x) = V0(i, x)− V0(i− 1, x) ≤ 0.

For n = 1, given i ≥ 1, x ∈ X

V1(i, x) = max {p(i, x) + U1(i + x), U1(i)} = p(i, x),

since

U1(i) =
1

Λ

{∑
x∈X

λxV0(i, x) + µV0(i− 1, 0)

}
= 0 i ≥ 1,

U1(0) =
1

Λ

{∑
x∈X

λxV0(0, x) + µV0(0, 0)

}
= 0.
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By definition note that U1(i)− U1(i− 1) ≤ 0,∀ i ≥ 1. Given that the

maximum price p(i, x) is always nonnegative, the first discrete derivative of

the value function with respect to i becomes,

∆iV1(i, x) = V1(i, x)− V1(i− 1, x) =





p(i, x)− p(i− 1, x) i ≤ ix
−p(i− 1, x) ix < i ≤ ix + 1
0 ix + 1 < i

Using Proposition (5.3.1), we can conclude that ∆iV1(i, x) ≤ 0 for all

i ≥ 1, x ∈ X. Next, for n ≥ 2, an upper bound, denoted by υn(i, x), on the

first derivative with respect to i is utilized to prove the desired result:

∆iVn(i, x) = Vn(i, x)− Vn(i− 1, x)

= max{p(i, x) + Un(i + x), Un(i)} −

max{p(i− 1, x) + Un(i + x− 1), Un(i− 1)}

≤ max{∆p(i, x) + ∆Un(i + x), ∆Un(i)} (5.4.1)

= υn(i, x).

We now outline the argument which validates the inequality (5.4.1).

∆iVn(i, x) can take four different values. Two of these values are included in

the maximum given in inequality (5.4.1). Now assume p(i− 1, x) + Un(i + x−
1) < Un(i− 1) and p(i, x) + Un(i + x) > Un(i). As a result the third possible
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value is ∆iVn(i, x) = p(i, x) + Un(i + x)− Un(i− 1), then

∆iVn(i, x) = p(i, x) + Un(i + x)− Un(i− 1)

< p(i, x) + Un(i + x)− p(i− 1, x)− Un(i + x− 1)

≤ υn(i, x).

An analogous argument shows that the fourth possible value is bounded

by υn(i, x). Up to this point, we have shown that the price p(i, x) decreases

with an increasing number of customers in the system but we do not know

much about Un(i) − Un(i − 1). If we can show that this value is less than or

equal to zero for all i, then we can conclude that the first discrete derivative

of the value function with respect to i is less than or equal to zero. For n ≥ 2,

Un(i)− Un(i− 1) =
1

Λ

{∑
x∈X

λxVn−1(i, x) + µVn−1(i− 1, 0)

}

− 1

Λ

{∑
x∈X

λxVn−1(i− 1, x) + µVn−1(i− 2, 0)

}

=
1

Λ

{∑
x∈X

λx∆iVn−1(i, x) + µ∆iVn−1(i− 1, 0)

}

Un(1)− Un(0) =
1

Λ

{∑
x∈X

λxVn−1(1, x) + µVn−1(0, 0)

}

− 1

Λ

{∑
x∈X

λxVn−1(0, x) + µVn−1(0, 0)

}

=
1

Λ

{∑
x∈X

λx∆iVn−1(1, x)

}
.

For all n ≥ 2, ∆iVn−1(i, x) ≤ 0, ∀ i ≥ 1, x ∈ X implies Un(i)− Un(i−
1) ≤ 0, ∀ i ≥ 1 and this in return implies υn(i, x) ≤ 0. We have shown that
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∆iV1(i, x) ≤ 0,∀ i ≥ 1 and x ∈ X, we can conclude by induction for all n ≥ 2,

∆iVn(i, x) ≤ 0,∀ i ≥ 1 and x ∈ X. This concludes the proof of the first part.

Part 2:

The proof of the second part follows from proposition (5.3.1) and from

previous argument where it has been shown by induction that Un(i)− Un(i−
1) ≤ 0,∀ i ≥ 1:

p(i + 1, x) + Un(i + 1 + x)− [p(i, x) + Un(i + x)]

= −(p(i, x)− p(i + 1, x))− (Un(i + x)− Un(i + x + 1)) ≤ 0.

The last inequality implies that the value of a customer group decreases

as the number of customers in the system increases.

Part 3:

The inequality p(0, x) + U(x)−U(0) ≥ 0 indicates that a group of size x ∈ X

will be accepted by the firm when the system is empty.

For the proof of the last part, we utilize the results we obtained in

the first two parts. Note that V (0, x) = max{p(0, x) + U(x), U(0)} ≥ U(0)

and V (0, 0) = U(0). Suppose first that U(0) = 0. It is known that U(i) ≥
0,∀ i ∈ Z+, and by assumption 2, p(0, x) + U(x) − U(0) ≥ p(0, x) > 0,∀x ≤
x0, so we have to accept group sizes smaller than x0 which in turn implies

V (0, x) > 0. But this contradicts our initial assumption, because by definition

U(0) = 1
Λ
{∑x∈X λxV (0, x) + µV (0, 0)} > 0. Now assume U(0) > 0 and
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p(0, x) + U(x)− U(0) < 0,∀ x ∈ X, then V (0, x) = U(0), ∀ x ∈ X. Starting

with the definition of U(0),

U(0) =
1

Λ

{∑
x∈X

λxV (0, x) + µV (0, 0)

}

=
1

Λ

{∑
x∈X

λxV (0, x) + µU(0)

}
.

Collecting terms:

U(0) =
1

(Λ− µ)

∑
x∈X

λxV (0, x)

U(0) =
1

(Λ− µ)

∑
x∈X

λxU(0)

U(0) = U(0)

∑
x∈X λx

(Λ− µ)
.

Since U(0) > 0,

U(0)

∑
x∈X λx

(Λ− µ)
> 0

∑
x∈X λx

(Λ− µ)
> 0.

We know that Λ − µ >
∑

x∈X λx, ∀ γ > 0, which contradicts the last

equation.

Next, we provide an interesting property of the value function that

explores the relationship between two different states of the system.
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Proposition 5.4.2. Under Assumptions 1-3, let Vn(i, x) be the optimal value

function described by equations (5.2.4)-(5.2.8), then given i ≥ 1, V (i, x) ≥
V (i + 1, x− 1).

Proof. Assume p(i, x) = 0, then for all j + y = i + x the price p(j, y) provided

is zero by the definition of the price function. Given both prices are equal

to zero, the firm will deter customers in both cases and as a result V (i, x) =

U(i) ≥ U(i + 1) = V (i + 1, x− 1). Now assume that p(i, x) ≥ 0. We will show

that p(i + 1, x− 1) ≥ 0. Whenever p(i, x) ≥ 0, we have

p(i, x) = θi+x

(
R(x) +

c(x)

γ

)
−

(
v(x) +

c(x)

γ

)

= (x)

[
θi+x

(
R +

c

γ

)
−

(
v +

c

γ

)]

= θi+x

[(
R +

c

γ

)
−

(
v +

c

γ

)]
≥ 0.

The positivity of p(i + 1, x− 1) follows from,

p(i + 1, x− 1) = θi+x

(
R(x− 1) +

c(x− 1)

γ

)
−

(
v(x− 1) +

c(x− 1)

γ

)

= (x− 1)

[
θi+x

(
R +

c

γ

)
−

(
v +

c

γ

)]
≥ 0.

106



Next we show that p(i, x) ≥ p(i + 1, x− 1),

p(i, x)− p(i + 1, x− 1) = θi+x

(
R(x) +

c(x)

γ

)
−

(
v(x) +

c(x)

γ

)

− θi+x

(
R(x− 1) +

c(x− 1)

γ

)

−
(

v(x− 1) +
c(x− 1)

γ

)

= θi+x

(
R(x)−R(x− 1) +

c(x)

γ
− c(x− 1)

γ

)

−
(

v(x)− v(x− 1) +
c(x)

γ
− c(x− 1)

γ

)

= θi+x

(
R +

c

γ

)
−

(
v +

c

γ

)
≥ 0.

The last inequality follows from the positivity of p(i, x). Finally by the

definition of the value function and the inequalities proved above we have,

V (i, x) = max{p(i, x) + U(i + x), U(i)}

≥ max{p(i + 1, x− 1) + U(i + x), U(i)}

≥ max{p(i + 1, x− 1) + U(i + x), U(i + 1)}

= V (i + 1, x− 1).
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5.5 Optimal Policy of the Firm

Under assumptions 1-3, the definition of the value function is,

V0(i, x) = 0 ∀ i ∈ Z, x ∈ X ′,

Vn(i, 0) = Un(i) ∀ n ≥ 1, i ∈ Z,

Vn(i, x) = max{p(i, x) + Un(i + x), Un(i)} ∀ n ≥ 1, i ∈ Z, x ∈ X,

where Un(i), the expected reward when the system is in state i, is defined by,

Un(i) =
1

Λ
{
∑
x∈X

λxVn−1(i, x) + µVn−1(i− 1, 0)} ∀ i ∈ Z,

Un(0) =
1

Λ
{
∑
x∈X

λxVn−1(0, x) + µVn−1(0, 0)}.

Next, a reduction of the number of states to a finite number is described.

Define i∗ as the minimum i that satisfies

i >
ln(κ)

lnθ
− 1,

where κ is defined in Section 2. For all i ≥ i∗, we reject any arriving customer

group, since the maximum price that could be charged is negative. So for all

i ≥ i∗, V (i, x) = U(i), ∀ x ∈ X and
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U(i) =
1

Λ

{∑
x∈X

λxV (i, x) + µV (i− 1, 0)

}

⇔ ΛU(i) = λU(i) + µU(i− 1)

⇔ (µ + γ)U(i) = µU(i− 1)

⇔ U(i) =
µ

µ + γ
U(i− 1)

⇔ U(i) = (
µ

µ + γ
)i−i∗+1U(i∗ − 1).

Define x∗i as the minimum positive x that satisfies

x >
ln(κ)

lnθ
− i.

Given that there are i customers in the system, for all x ≥ x∗i , we deter

any arriving customer group, since the maximum price that could be charged

is negative. So for all x ≥ x∗i , V (i, x) = U(i), ∀ i ≥ 0 and

U(i) =
1

Λ

{∑
x∈X

λxV (i, x) + µV (i− 1, 0)

}

⇔ ΛU(i) =
∑

x<x∗i

λxV (i, x) + U(i)
∑

x≥x∗i

λx + µU(i− 1)

⇔

Λ−

∑

x≥x∗i

λx


 U(i) =

∑

x<x∗i

λxV (i, x) + µU(i− 1).

Linear programming (LP) will be utilized to find the optimal acceptance

policy. To construct our LP we use the results shown above and the definition

of the value function. Note that to find the optimal value of x where x =
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max{x1, x2, . . . , xn}, we solve the LP

min x
s.t. x ≥ x1

x ≥ x2

.

.
x ≥ xn.

The optimal Policy LP (OPLP) can be constructed as

min
V (i,x),U(i)

∑
0≤i<i∗

∑

0≤x<x∗i

V (i, x)

s.t.


Λ−

∑

0<x<x∗i

λx


 U(i) =

∑

0<x<x∗i

λxV (i, x) + µU(i− 1) ∀ 0 < i < i∗


Λ−

∑

x≥x∗i

λx


 U(0) =

∑
x<x∗i

λxV (0, x) + µU(0)

V (i, x) ≥ p(i, x) + U(i + x) ∀ 0 ≤ i < i∗, 0 < x < x∗i

V (i, x) ≥ U(i) ∀ 0 ≤ i < i∗, 0 < x < x∗i

V (i, x) ≥ 0, U(i) ≥ 0 ∀ 0 ≤ i < i∗, 0 < x < x∗i .

OPLP has i∗ + 2
∑

0<i<i∗ x∗i constraints and i∗ +
∑

0<i<i∗ x∗i variables.

Based on the OPLP solution, the firm makes a decision on accepting or deter-

ring the arriving customer group. Although the posted price can be positive,

the firm might prefer to reserve space for future arrivals by deterring the ar-

riving customer group. In other words, a higher utilization does not always

maximize revenue.
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5.5.1 Social Welfare Optimality

Social welfare optimality is achieved when we consider the welfare of

the whole society which is composed of the firm and the customers. In light

of this definition, the price paid by the customers has no effect on the social

optimality. Although the welfare of the members of the society changes, the

total welfare of the society remains constant. To optimize the social welfare,

we have to maximize the difference between the total benefit received from the

service and associated costs such as waiting cost and holding cost. A social

optimizer starts with the information of the customers’ waiting cost function,

the reward function of the original product and the reward function for the

substitute product. Up to this point we have assumed that customer groups

first make the decision on either to join or not to join the system and then the

firm either accepts or deters the customer considering their expected return.

After this point we will assume that a social optimizer controls the

decisions of the customers and the firm considers the social welfare. This

problem is similar to the original decision problem of the firm. Details of the

derivation will be omitted at this point. If a customer group of size x joins

the system, the expected reward received by society is equal to the reward

received by the customer group minus the waiting cost. In view of the previous

explanation the expected reward to society is
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ER(i, x) = E[exp(−γτ)R(x)− c(x)

∫ τ

0

exp(−γt)dt]

= R(x)θi+x +
c(x)

γ
[θi+x − 1]

= θi+x

(
R(x) +

c(x)

γ

)
− c(x)

γ
.

The definition of the maximum price is now used to rewrite the expected

reward to society

ER(i, x) = θi+x

(
R(x) +

c(x)

γ

)
− c(x)

γ

= p(i, x) + v(x).

If a customer group of size x joins the system, the expected reward

received by society is equal to p(i, x) + v(x), otherwise the expected reward

is equal to the substitute product reward, v(x). We let Wn(i, x) denote the

discounted value function for the finite time horizon problem,when there are

n transitions remaining, i customers in the system, and the batch size of next

arriving customer group is x. For the infinite time horizon problem, W (i, x)

denotes the discounted value function.The value function of society can now
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be derived with the reward information. For all n ≥ 1, i ∈ Z, x ∈ X ′,

W0(i, x) = 0 and W0(i, 0) = 0

Wn(i, 0) = Yn(i)

Wn(i, x) = max{v(x) + p(i, x) + Yn(i + x), v(x) + Yn(i)}

Yn(i) =
1

Λ

{∑
x∈X

λxWn−1(i, x) + µWn−1(i− 1, 0)

}

Yn(0) =
1

Λ

{∑
x∈X

λxWn−1(0, x) + µWn−1(0, 0)

}
.

Let U(i) be the value function of the firm which satisfies (5.2.4)-(5.2.8)

then one can show that

Y (i) = U(i) +
∑
x∈X

λxv(x)

W (i, x) = V (i, x) + v(x) +
∑
x∈X

λxv(x),

is the value function of the social welfare optimizer. This shows that for each

system state, the social optimizer makes the same decision as the firm. As

a conclusion, the decision process that maximizes the revenue of the firm is

same as the decision process that maximizes the social welfare.
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Chapter 6

Conclusion

Multiple topics including, but not limited to the stability, scheduling

and pricing of queueing networks have attracted numerous researchers to the

application of queueing theory in modeling real-life systems such as computer

systems, manufacturing and service industries. In spite of the effort spent by

researchers, the theory is far from being complete. We investigated problems

related to two such topics in this dissertation, namely stability and pricing. In

this chapter, we discuss the questions and further research directions associated

with the results presented in previous chapters.

In the first part of the dissertation, we focus on the stability of fluid

networks. In chapter 3, we have given a partial answer to an open question

raised in [14]. An important connection between the stability of multiclass

queueing networks and their corresponding fluid counterparts was established

in a series of papers (see [2, 7, 38]). Specifically, it was shown that the stability

of a fluid model implies stability of any corresponding stochastic network,

under some appropriate technical conditions on the random variables which

define the network Gamarnik and Hasenbein [14] proved a “full converse” in

the sense that the converse statement is in terms of the fluid solutions only.
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Of course the question of whether (strong) global stability of the fluid model is

equivalent to positive Harris recurrence remains open even for networks with

two stations. One issue raised in our analysis is the following.

The proof of FDP in the two station case relies essentially on a lin-

earization argument (as used section 3.2), and a simple geometrical argument

which applies broadly to two station fluid trajectories. It would be of interest

to resolve the question entirely, that is, either show that all multiclass fluid

models possess the finite decomposition property, or find a counterexample

of a network which does not. However, the analysis in this dissertation re-

lies both on linearization arguments, plus a more detailed, nuanced analysis

of the fluid trajectories for certain types of networks. One would hope that

there exists a proof of FDP for general J station networks which relies only

on broad arguments. If stability analysis of fluid models is any guide, such a

broad proof could be elusive. In general, when moving from the J = 2 case to

the J > 2 case, fluid network analysis seems to become much less tractable.

In the second part of the dissertation, we concentrate on the stability

region of the static buffer priority service disciplines. In Dai, et al. [11], the

global stability region of two station multitype fluid models was shown to be

equal to the intersection of the static buffer priority stability regions. Although

it was proven that this is not the case for a certain class of three station fluid

models, no sharp characterization of the static buffer priority stability region

is provided. Chen and Zhang [11] utilized the new class of linear Lyapunov

functions, but this approach also failed to achieve the desired result. In chapter
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4, we attempted to identify the static buffer priority stability region for a

certain class of three station networks by constructing unstable fluid solutions.

Our results improved the current knowledge about the static buffer priority

stability region, although it failed short to provide a sharp characterization.

At the end of the chapter 4, a methodology is proposed to identify if a network

is stable or not under a particular static buffer priority service discipline.

One shortcoming of this methodology is we have to construct a tran-

sition network for each point in the unknown region. It is very difficult to

complete the described analysis for each point. The relation between service

rates and the constructed transition network is a topic that should be explored

to extend the methodology from a single point to a set of points.

In the third part of the dissertation, we focus on the pricing of queue-

ing networks. Naor [30] investigated the revenue maximization problem of a

monopolistic firm by choosing the fixed price. In his work, he showed that the

social welfare optimizing fee is smaller than the profit-maximizing fee. This

model was extended by various researches during the last few decades to in-

corporate heterogeneous customers, discounting, different service policies and

state dependent pricing. In this work, we investigated the optimal pricing

policy of a monopolistic firm with batch arrivals, discounting and state depen-

dent pricing. We identified the optimal pricing that maximizes the revenue

of the firm by utilizing Markov decision processes. Results provided in Chap-

ter 5 showed that the firm might reject customers, even if the posted price

is positive, to accommodate future customers. Although the social planner
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considers the benefits both of the customers and the firm, the optimal pricing

that maximizes the social welfare coincides with the firm’s optimal pricing.

The reason for the aforementioned phenomenon is that the pricing strategy

allows the firm to extract the surplus of value received form the service of each

customer.

Of course, the next natural topic to investigate is the characteristics

of the optimal pricing policy that maximizes the revenue of the firm. In the

case of single customers, it has been proven that the optimal pricing policy

is a threshold policy, which is a policy where the firm stops serving when the

number of customers in the system exceeds a fixed number. Extension of this

result to batch arrivals is not direct, because of the structure of the Markov

decision process constructed in our analysis. Multiple thresholds might be

defined for this model. A threshold might limit the total number of customers

or the group size when the number of customer in the system is provided.

Of course, one might extend the model to incorporate competition in

the market by relaxing the monopoly assumption. In that case the firm should

determine the price based on the market price and customer price sensitivity

information. Although adding new features or relaxing some assumptions

might improve the realism of the proposed model, the benefits gained from

the additional complexity have to be considered.
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Appendix 1

Unsuccessful Constructions

A cycle construction consists of three steps. During each step two high

priority and one low priority classes are busy.

Step 1: Starting at time t0, assume initial fluid levels are defined as

Q1(t0), Q6(t0) > 0, Q3(t0), Q5(t0) ≥ 0 and Q2(t0), Q4(t0) = 0. At time t1 the

first step ends and t1 is defined as the time when the class 6 buffer empties.

Between t0 and t1, the fluid level of classes 2 and 3 increases while the fluid

level of classes 1 and 6 decreases. At t1 we have

Q2(t1), Q3(t1) > 0,

Q4(t1), Q6(t1) = 0,

Q1(t1), Q5(t1) ≥ 0.

Step 2: At time t2 the second step ends and t2 is defined as the time

point where the class 2 buffer empties. Between t1 and t2, the fluid level of

classes 1, 4 and 5 increases while the fluid level of classes 2 and 3 decreases.
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At t2 we have

Q1(t2), Q4(t2), Q5(t2) > 0,

Q2(t2), Q6(t2) = 0,

Q3(t2) ≥ 0.

Step 3: At time t3 the third step ends and t3 is defined as the time

point where the class 4 buffer empties. Between t2 and t3, the fluid level of

classes 1 and 6 increases while the fluid level of classes 4 and 5 decreases. At

t3 we have

Q1(t3), Q6(t3) > 0,

Q2(t3), Q4(t3) = 0,

Q3(t3), Q5(t3) ≥ 0.

We can always change the assumption related to the initial conditions

and use the fluid levels at time t1 or t2 as the initial fluid levels to modify our

construction so that step 1 or 2 becomes the first step in our new construction.

Also note that t3 is the starting point of the next cycle, and the fluid level of

class 6 at time t3 has to be greater than the initial level. It can be shown that

under different cases, which will be described later, the time spent at each step

is a fixed constant times time spent at step 1. Furthermore when we increase

the fluid level of class 6, we automatically increase time spent at step 1. In

conclusion this will lead us to an unstable fluid solution.
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There are different ways to construct an unstable fluid solution, de-

pending on the departure rates at each step. Before explaining all the possible

construction methodologies, we introduce the notation that will be used. Each

construction starts at time t0 and initial cycle will be denoted as cycle zero.

We assume that step s of cycle i, where i = 0, 1, 2, . . . and s = 1, 2, 3, starts

at time t3i+s−1. ∆t3i+s represents the time spent at step s of cycle i. δi rep-

resents the ratio ∆t3i+1/∆t3(i+1)+1. Using our notation, we can define the set

of equalities that describe the relation between the total fluid processed by a

low priority class and the fluid processed at each step by a high priority class

at each step.

• µ2(∆t1 + ∆t2) = Total fluid departure from class 1 at step 1.

• µ4(∆t2 + ∆t3) = Total fluid departure from class 3 at step 2.

• µ6(∆t3 + ∆t4) = Total fluid departure from class 5 at step 3.

Next we investigate different departure rates that lead to different con-

struction methodologies. The total departure from a class depends on the

difference in the cumulative time allocation to that class between initial and

final time points of each step.

1.1 Construction 1

We assume the class 1 fluid level is positive for all t ∈ [t3i, t3i+1), i =

0, 1, 2, . . . . Note that the fluid level can be zero at the end of step 1. Also
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assume that class 3 and 5 fluid level is positive at steps 2 and 3 of each cycle

respectively. Assume there exists enough initial class 1 fluid so that class 1

never idles during step 1. Considering this assumption the total departure

from class 1 during step 1 will be µ1∆t3i+1. Furthermore assume that at the

beginning of steps 2 and 3, there is enough fluid in class 3 and 5 so that

each class never idles at steps 2 and 3 respectively. Then our set of equalities

becomes

µ2(∆t3i+1 + ∆t3i+2) = µ1∆t3i+1,

µ4(∆t3i+2 + ∆t3i+3) = µ3∆t3i+2,

µ6(∆t3i+3 + ∆t3(i+1)+1) = µ5∆t3i+3.

Next, we replace ∆t3(i+1)+1 with δ∆t3i+1 and solve the three equations

with three unknowns. Solving these equations yields:

∆t3i+2 =

(
µ1

µ2

− 1

)
∆t3i+1 = k1∆t3i+1,

∆t3i+3 =

(
µ3

µ4

− 1

)(
µ1

µ2

− 1

)
∆t3i+1 = k2∆t3i+1,

∆t3(i+1)+1 =

(
µ5

µ6

− 1

)(
µ3

µ4

− 1

)(
µ1

µ2

− 1

)
∆t3i+1 = δ∆t3i+1.

Next the list of conditions that must be satisfied at the end of every

step will be explained. Starting with step 1, there must be enough fluid in the

class 1 buffer to keep class 1 working for all t ∈ [t3i, t3i+1), i = 0, 1, 2, . . . . So

for all i = 0, 1, 2, . . . ,

Q1(t3i+1) = Q1(t3i) + (λ− µ1)∆t3i+1 ≥ 0,
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and Q1(t3(i+1)+1) can be written in terms of the time differences and Q1(t3i+1),

Q1(t3(i+1)+1) = Q1(t3i+1) + (∆t3i+2 + ∆t3i+3 + ∆t3(i+1)+1)λ−∆t3(i+1)+1µ1

= Q1(t3i+1) + (k1 + k2 + δ)∆3i+1λ−∆t3i+1δµ1

= Q1(t3i+1) + ((k1 + k2 + δ)λ− δµ1)∆t3i+1

= Q1(t1) + ((k1 + k2 + δ)λ− δµ1)
i∑

j=0

∆t3j+1

= Q1(t1) + ((k1 + k2 + δ)λ− δµ1)
i∑

j=0

δj∆t1 ≥ 0.

It is clear from the last inequality that since δ ≥ 1 the value inside the

parentheses should be greater than or equal to zero to achieve the bound, so

(k1 + k2 + δ)λ− δµ1 ≥ 0

⇔ (k1 + k2)ρ1

1− ρ1

≥ δ

⇔ m1ρ4m5 ≥ (m6 −m5)(m4 −m3)(1− ρ1),

and the initial fluid level of class 1 should be,

Q1(t0) + (λ− µ1)∆t1 ≥ 0

⇔ Q1(t0) ≥ (1− ρ1)

m1

∆t1

⇔ Q1(t0) ≥ (1− ρ1)m6

m1

Q6(t0).

At the second step, there must be enough fluid in the class 3 buffer

to keep class 3 working for all t ∈ [t3i+1, t3i+2), i = 0, 1, 2, . . . . So for all

i = 0, 1, 2, . . . ,

Q3(t3i+2) = Q3(t3i) + (∆t3i+1 + ∆t3i+2)µ2 −∆t3i+2µ3 ≥ 0,
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and Q3(t3(i+1)+2) can be written in terms of time differences and Q3(t3i+2),

Q3(t3(i+1)+2) = Q3(t3i+2) + (∆t3(i+1)+1 + ∆t3(i+1)+2)µ2 −∆t3(i+1)+2µ3

= Q3(t3i+2) + (1 + k1)∆t3(i+1)+1µ2 − k1∆t3(i+1)+1µ3

= Q3(t3i+2) + ((1 + k1)µ2 − k1µ3)∆t3(i+1)+1

= Q3(t2) + ((1 + k1)µ2 − k1µ3)
i∑

j=1

∆t3(j+1)+1

= Q3(t2) + ((1 + k1)µ2 − k1µ3)
i∑

j=1

δj∆t1 ≥ 0.

It is clear from the last inequality that since δ ≥ 1 the value inside the

parentheses should be greater than or equal to zero to achieve the bound, so

(1 + k1)µ2 − k1µ3 ≥ 0

⇔ m1 + m3 ≥ m2,

and in case this condition is satisfied, the initial fluid level of class 3 can be

any value greater than or equal to zero, since by definition

Q3(t2) = Q3(t0) + ((1 + k1)µ2 − k1µ3)∆t1 ≥ 0.

At the third step, there must be enough fluid in the class 5 buffer

to keep class 5 working for all t ∈ [t3i+2, t3(i+1)), i = 0, 1, 2, . . . . So for all

i = 0, 1, 2, . . . ,

Q5(t3(i+1)) = Q5(t3i) + (∆t3i+2 + ∆t3(i+1))µ4 −∆t3(i+1)µ5 ≥ 0,
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and Q5(t3(i+1)) can be written in terms of the time differences and Q5(t3i),

Q5(t3(i+1)) = Q5(t3i) + (∆t3i+2 + ∆t3(i+1))µ4 −∆t3(i+1)µ5

= Q5(t3i) + (k1 + k2)∆t3(i+1)µ4 − k2∆t3(i+1)µ5

= Q5(t3i) + ((k1 + k2)µ4 − k2µ5)∆t3i+1

= Q5(t0) + ((k1 + k2)µ4 − k2µ5)
i∑

j=0

∆t3j+1

= Q5(t0) + ((k1 + k2)µ4 − k2µ5)
i∑

j=0

δj∆t1 ≥ 0.

Since δ ≥ 1 the value inside the parentheses should be greater than or

equal to zero to achieve the bound, so

(k1 + k2)µ4 − k2µ5 ≥ 0

⇔ m5 + m3 ≥ m4,

and in case this condition is satisfied, the initial fluid level of class 5 can be

any value greater than or equal to zero, since by definition

Q5(t3) = Q5(t0) + ((k1 + k2)µ4 − k2µ5)∆t1 ≥ 0.

Conditions that are required to construct unstable fluid solution are,

m1m3m5 ≤ (m6 −m5)(m4 −m3)(m2 −m1), (1.1.1)

m1ρ4m5 ≥ (m6 −m5)(m4 −m3)(1− ρ1), (1.1.2)

m1 + m3 ≥ m2, (1.1.3)

m5 + m3 ≥ m4. (1.1.4)

125



Conditions (1.1.1) and (1.1.2) together imply

m1m3m5

(m2 −m1)
≤ m1ρ4m5

(1− ρ1)

⇔ m3

(m2 −m1)
≤ ρ4

(1− ρ1)

⇔ m3

(m2 −m1)
≤ 1

⇔ m1 + m3 ≤ m2.

Last inequality contradicts with the condition (1.1.3). In conclusion,

in this case it is not possible to construct an unstable fluid solution.

1.2 Construction 2

We assume the class 1 fluid level is positive for all t ∈ [t3i, t3i+1), i =

0, 1, 2, . . . . Note that the fluid level can be zero at the end of step 1. Also

assume that class 3 fluid level is positive at step 2 of each cycle. Assume

there exists enough initial class 1 fluid so that class 1 never idles during step

1. Considering this assumption the total departure from class 1 at step 1 will

be µ1∆t3i+1. Furthermore assume that at the beginning of step 2 , there is

enough fluid in class 3, so that class 3 never idles at step 2 . Then our set of

equalities become

µ2(∆t3i+1 + ∆t3i+2) = µ1∆t3i+1,

µ4(∆t3i+2 + ∆t3i+3) = µ3∆t3i+2,

µ6(∆t3i+3 + ∆t3(i+1)+1) = µ3∆t3i+2.
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We replace ∆t3(i+1)+1 with δi∆t3i+1 and solve the three equations with

three unknowns. The resulting solution is

∆t3i+2 =

(
µ1

µ2

− 1

)
∆t3i+1 = k1∆t3i+1,

∆t3i+3 =

(
µ3

µ4

− 1

)(
µ1

µ2

− 1

)
∆t3i+1 = k2∆t3i+1,

∆t3(i+1)+1 =

(
µ3

µ6

− µ3

µ4

+ 1

)(
µ1

µ2

− 1

)
∆t3i+1,

δi = δ =

(
µ3

µ6

− µ3

µ4

+ 1

)(
µ1

µ2

− 1

)
.

Next the list of conditions that must be satisfied at the end of every

step will be explained. Starting with step 1, there must be enough fluid in

class 1 buffer to keep class 1 working for all t ∈ [t3i, t3i+1), i = 0, 1, 2, . . . . So

for all i = 0, 1, 2, . . . ,

Q1(t3i+1) = Q1(t3i) + (λ− µ1)∆t3i+1 ≥ 0,

and Q1(t3(i+1)+1) can be written in terms of time differences and Q1(t3i+1),

Q1(t3(i+1)+1) = Q1(t3i+1) + (∆t3i+2 + ∆t3i+3 + ∆t3(i+1)+1)λ−∆t3(i+1)+1µ1

= Q1(t3i+1) + (k1 + k2 + δ)∆3i+1λ−∆t3i+1δµ1

= Q1(t3i+1) + ((k1 + k2 + δ)λ− δµ1)∆t3i+1

= Q1(t1) + ((k1 + k2 + δ)λ− δµ1)
i∑

j=0

∆t3j+1

= Q1(t1) + ((k1 + k2 + δ)λ− δµ1)
i∑

j=0

δj∆t1 ≥ 0.
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It is clear from the last inequality that since δ ≥ 1 the value inside the

parentheses should be greater than or equal to zero to achieve the bound,so

(k1 + k2 + δ)λ− δµ1 ≥ 0

⇔ (k1 + k2)ρ1

1− ρ1

≥ δ

⇔ m1ρ4 ≥ (m6 −m4 + m3)(1− ρ1),

and the initial fluid level of class 1 should be,

Q1(t0) + (λ− µ1)∆t1 ≥ 0

⇔ Q1(t0) ≥ (1− ρ1)

m1

∆t1

⇔ Q1(t0) ≥ (1− ρ1)m6

m1

Q6(t0).

At the second step, there must be enough fluid in the class 3 buffer

to keep class 3 working for all t ∈ [t3i+1, t3(i+2)), i = 0, 1, 2, . . . . So for all

i = 0, 1, 2, . . . ,

Q3(t3i+2) = Q3(t3i) + (∆t3i+1 + ∆t3i+2)µ2 −∆t3i+2µ3 ≥ 0,

and Q3(t3(i+1)+2) can be written in terms of time differences and Q3(t3i+2),

Q3(t3(i+1)+2) = Q3(t3i+2) + (∆t3(i+1)+1 + ∆t3(i+1)+2)µ2 −∆t3(i+1)+2µ3

= Q3(t3i+2) + (1 + k1)∆t3(i+1)+1µ2 − k1∆t3(i+1)+1µ3

= Q3(t3i+2) + ((1 + k1)µ2 − k1µ3)∆t3(i+1)+1

= Q3(t2) + ((1 + k1)µ2 − k1µ3)
i∑

j=1

∆t3(j+1)+1

= Q3(t2) + ((1 + k1)µ2 − k1µ3)
i∑

j=1

δj∆t1 ≥ 0.
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It is clear from the last inequality that since δ ≥ 1 the value inside the

parentheses should be greater than or equal to zero to achieve the bound, so

(1 + k1)µ2 − k1µ3 ≥ 0

⇔ m1 + m3 ≥ m2,

and in case this condition is satisfied, the initial fluid level of class 3 can be

any value greater than or equal to zero, since by definition Q3(t2) is equal to,

Q3(t2) = Q3(t0) + ((1 + k1)µ2 − k1µ3)∆t1 ≥ 0.

At the third step, class 5 must have processed all of the fluid which

arrived in steps 2 and 3. At the end of the third step Q5(t3i), class 5 fluid level

has to be zero, for all i = 0, 1, 2, . . .

Q5(t3(i+1)) = Q5(t3i) + (∆t3i+2 + ∆t3(i+1))µ4 −∆t3(i+1)µ5

= (k1 + k2)∆t3(i+1)µ4 − k2∆t3(i+1)µ5

= ((k1 + k2)µ4 − k2µ5)∆t3i+1

= ((k1 + k2)µ4 − k2µ5)
i∑

j=0

∆t3j+1

= ((k1 + k2)µ4 − k2µ5)
i∑

j=0

δj∆t1 ≥ 0.

It is clear from the last inequality that since δ ≥ 1 the value inside the

parentheses should be smaller than zero to achieve the bound, so

(k1 + k2)µ4 − k2µ5 < 0

⇔ m5 + m3 < m4.
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Conditions that are required to construct unstable fluid solution are,

m1m3 ≤ (m6 −m4 + m3)(m2 −m1), (1.2.1)

m1ρ4 ≥ (m6 −m4 + m3)(1− ρ1), (1.2.2)

m1 + m3 ≥ m2, (1.2.3)

m5 + m3 ≤ m4. (1.2.4)

Conditions (1.2.1) and (1.2.2) together imply

m1m3

(m2 −m1)
≤ m1ρ4

(1− ρ1)

⇔ m3

(m2 −m1)
≤ ρ4

(1− ρ1)

⇔ m3

(m2 −m1)
≤ 1

⇔ m1 + m3 ≤ m2.

Last inequality contradicts with the condition (1.2.3). In conclusion,

in this case it is not possible to construct an unstable fluid solution.

1.3 Construction 3

We assume the class 1 fluid level is positive for all t ∈ [t3i, t3i+1), i =

0, 1, 2, . . . . Note that,fluid level can be zero at the end of step 1. Also assume

that class 5 fluid level is positive at step 3 of each cycle. Assume there exists

enough initial class 1 fluid so that class 1 never idles during step 1. Considering

this assumption the total departure from class 1 at step 1 will be µ1∆t3i+1.

And assume that at the beginning of step 3, there is enough fluid in class 5,
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so that class 5 never idles in step 3. Then our set of equalities becomes

µ2(∆t3i+1 + ∆t3i+2) = µ1∆t3i+1,

µ4(∆t3i+2 + ∆t3i+3) = µ1∆t3i+1,

µ6(∆t3i+3 + ∆t3(i+1)+1) = µ5∆t3i+3.

We replace ∆t3(i+1)+1 with δi∆t3i+1 and solve the three equations with

three unknowns. The result is

∆t3i+2 = (
µ1

µ2

− 1)∆t3i+1 = k1∆t3i+1,

∆t3i+3 = (
µ1

µ4

− µ1

µ2

+ 1)∆t3i+1 = k2∆t3i+1,

∆t3(i+1)+1 = (
µ5

µ6

− 1)(
µ1

µ4

− µ1

µ2

+ 1)∆t3i+1,

δi = δ = (
µ5

µ6

− 1)(
µ1

µ4

− µ1

µ2

+ 1).

Next the list of conditions that must be satisfied at the end of every

step will be explained. Starting with step 1, there must be enough fluid in the

class 1 buffer to keep class 1 working for all t ∈ [t3i, t3i+1), i = 0, 1, 2, . . . . So

for all i = 0, 1, 2, . . . ,

Q1(t3i+1) = Q1(t3i) + (λ− µ1)∆t3i+1 ≥ 0,
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and Q1(t3(i+1)+1) can be written in terms of time differences and Q1(t3i+1),

Q1(t3(i+1)+1) = Q1(t3i+1) + (∆t3i+2 + ∆t3i+3 + ∆t3(i+1)+1)λ−∆t3(i+1)+1µ1

= Q1(t3i+1) + (k1 + k2 + δ)∆3i+1λ−∆t3i+1δµ1

= Q1(t3i+1) + ((k1 + k2 + δ)λ− δµ1)∆t3i+1

= Q1(t1) + ((k1 + k2 + δ)λ− δµ1)
i∑

j=0

∆t3j+1

= Q1(t1) + ((k1 + k2 + δ)λ− δµ1)
i∑

j=0

δj∆t1 ≥ 0.

It is clear from the last inequality that since δ ≥ 1 the value inside the

parentheses should be greater than or equal to zero to achieve the bound, so

(k1 + k2 + δ)λ− δµ1 ≥ 0

⇔ (k1 + k2)ρ1

1− ρ1

≥ δ

⇔ ρ4

1− ρ1

≥ δ

⇔ 1 ≥ δ.

This condition contradicts with the condition δ ≥ 1. As a conclusion,

this is not a possible case to construct an unstable fluid solution.

1.4 Construction 4

We assume the class 1 fluid level is positive for all t ∈ [t3i, t3i+1), i =

0, 1, 2, . . . . Note that the fluid level can be zero at the end of step 1. Assume

there exists enough class 1 initial fluid so that class 1 never idles during step
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1. Considering this assumption the total departure from class 1 at step 1 will

be µ1∆t3i+1. Then our set of equalities becomes

µ2(∆t3i+1 + ∆t3i+2) = µ1∆t3i+1,

µ4(∆t3i+2 + ∆t3i+3) = µ1∆t3i+1,

µ6(∆t3i+3 + ∆t3(i+1)+1) = µ1∆t3i+1.

We replace ∆t3(i+1)+1 with δi∆t3i+1 and solve the three equations with

three unknowns. The result is

∆t3i+2 =

(
µ1

µ2

− 1

)
∆t3i+1 = k1∆t3i+1,

∆t3i+3 =

(
µ1

µ4

− µ1

µ2

+ 1

)
∆t3i+1 = k2∆t3i+1,

∆t3(i+1)+1 =

(
µ1

µ6

− µ1

µ4

+
µ1

µ2

− 1

)
∆t3i+1,

δi = δ =

(
µ1

µ6

− µ1

µ4

+
µ1

µ2

− 1

)
.

Next the list of conditions that must be satisfied at the end of every

step will be explained. Starting with step 1, there must be enough fluid in the

class 1 buffer to keep class 1 working for all t ∈ [t3i, t3i+1), i = 0, 1, 2, . . . . So

for all i = 0, 1, 2, . . . ,

Q1(t3i+1) = Q1(t3i) + (λ− µ1)∆t3i+1 ≥ 0,
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and Q1(t3(i+1)+1) can be written in terms of the time differences and Q1(t3i+1),

Q1(t3(i+1)+1) = Q1(t3i+1) + (∆t3i+2 + ∆t3i+3 + ∆t3(i+1)+1)λ−∆t3(i+1)+1µ1

= Q1(t3i+1) + (k1 + k2 + δ)∆3i+1λ−∆t3i+1δµ1

= Q1(t3i+1) + ((k1 + k2 + δ)λ− δµ1)∆t3i+1

= Q1(t1) + ((k1 + k2 + δ)λ− δµ1)
i∑

j=0

∆t3j+1

= Q1(t1) + ((k1 + k2 + δ)λ− δµ1)
i∑

j=0

δj∆t1 ≥ 0.

It is clear from the last inequality that since δ ≥ 1 the value inside

parentheses should be greater than or equal to zero to achieve the bound,so

(k1 + k2 + δ)λ− δµ1 ≥ 0

⇔ (k1 + k2)ρ1

1− ρ1

≥ δ

⇔ ρ4

1− ρ1

≥ δ

⇔ 1 ≥ δ.

This condition contradicts with the fact that to construct unstable fluid

solution δ ≥ 1. As a conclusion, this is not a possible case to construct an

unstable fluid solution.

1.5 Construction 5

In constructions 5 and 6 we start at step two of the original construc-

tion, unlike constructions 1 through 4. We assume the class 3 fluid level is
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positive for all t ∈ [t3i+1, t3i+2), i = 0, 1, 2, . . . . Note that the fluid level can be

zero at the end of step 2. Also assume that class 5 fluid level is positive at step

3 of each cycle. Assume there exists enough initial class 3 fluid so that class

3 never idles during step 2. Considering this assumption the total departure

from class 3 at step 2 will be µ3∆t3i+1. Assume that at the beginning of step

3, there is enough fluid in class 5, so that class 5 never idles in step 3. Then

our set of equalities becomes

µ4(∆t3i+2 + ∆t3i+3) = µ3∆t3i+2,

µ6(∆t3i+3 + ∆t3(i+1)+1) = µ5∆t3i+3,

µ2(∆t3(i+1)+1 + ∆t3(i+1)+2) = λ(∆t3i+2 + ∆t3i+3 + ∆t3(i+1)+1).

We replace ∆t3(i+1)+2 with δi∆t3i+2 and solve the three equations with

three unknowns. The result is

∆t3i+3 =

(
µ3

µ4

− 1

)
∆t3i+2 = k1∆t3i+2,

∆t3i+1)+1 =

(
µ3

µ4

− 1

)(
µ5

µ6

− 1

)
∆t3i+2 = k2∆t3i+2,

∆t3(i+1)+2 = ρ2

(
µ5

µ6

(
µ3

µ4

− 1) + 1

)
∆t3i+2,

δi = δ = ρ2

(
µ5

µ6

(
µ3

µ4

− 1

)
+ 1

)
.

Beginning with the first step, there must be enough fluid in the class 3

buffer to keep class 3 working for all t ∈ [t3i+1, t3(i+2)), i = 0, 1, 2, . . . . So for

all i = 0, 1, 2, . . . ,

Q3(t3i+2) = Q3(t3i) + (∆t3i+1 + ∆t3i+2)µ2 −∆t3i+2µ3 ≥ 0,
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and Q3(t3(i+1)+2) can be written in terms of the time differences and Q3(t3i+2),

Q3(t3(i+1)+2) = Q3(t3i+2) + (∆t3(i+1)+1 + ∆t3(i+1)+2)µ2 −∆t3(i+1)+2µ3

= Q3(t3i+2) +

(
k2

δ
+ 1

)
∆t3(i+1)+2µ2 −∆t3(i+1)+2µ3

= Q3(t3i+2) +

((
k2

δ
+ 1

)
µ2 − µ3

)
∆t3(i+1)+2

= Q3(t2) +

((
k2

δ
+ 1

)
µ2 − µ3

) i∑
j=1

∆t3(j+1)+2

= Q3(t2) +

((
k2

δ
+ 1

)
µ2 − µ3

) i∑
j=1

δj∆t2 ≥ 0.

It is clear from the last inequality that since δ ≥ 1 the value inside the

parentheses should be greater than or equal to zero to achieve the bound, so

(δ + k1)µ2 − δµ3 ≥ 0.

Note that for δ ≥ 1, the condition described above indicates that the

processing rate vector must satisfy

m4m6 + m3m5 + m3m5 > m4m5 + m6m3 + m2m5. (1.5.1)

But since m6 > m5 and m2 > m3 in region S, inequality (refconse:c1)

cannot be achieved. In conclusion, in this case it is not possible to construct

an unstable fluid solution of the form we consider.

1.6 Construction 6

We assume the class 3 fluid level is positive for all t ∈ [t3i+1, t3i+2),

i = 0, 1, 2, . . . . Note that the fluid level can be zero at the end of step 2.
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Assume there exists enough class 3 initial fluid so that class 3 never idles

during step 2. Considering this assumption the total departure from class 3

at step 2 will be µ3∆t3i+1. Then our set of equalities becomes

µ4(∆t3i+2 + ∆t3i+3) = µ3∆t3i+2,

µ6(∆t3i+3 + ∆t3(i+1)+1) = µ3∆t3i+3,

µ2(∆t3(i+1)+1 + ∆t3(i+1)+2) = λ(∆t3i+2 + ∆t3i+3 + ∆t3(i+1)+1).

We replace ∆t3(i+1)+2 with δi∆t3i+2 and solve the three equations with

three unknowns. The result is

∆t3i+3 =

(
µ3

µ4

− 1

)
∆t3i+2 = k1∆t3i+2,

∆t3(i+1)+1 =

(
µ3

µ6

− µ3

µ4

+ 1

)
∆t3i+2 = k2∆t3i+2,

∆t3(i+1)+2 =

(
ρ2 − (1− ρ2)

µ3

µ6

+
µ3

µ4

− 1

)
∆t3i+2,

δi = δ =

(
ρ2 − (1− ρ2)

µ3

µ6

+
µ3

µ4

− 1

)
.

Beginning with the first step, there must be enough fluid in the class 3

buffer to keep class 3 working for all t ∈ [t3i+1, t3(i+2)), i = 0, 1, 2, . . . . So for

all i = 0, 1, 2, . . . ,

Q3(t3i+2) = Q3(t3i) + (∆t3i+1 + ∆t3i+2)µ2 −∆t3i+2µ3 ≥ 0,
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and Q3(t3(i+1)+2) can be written in terms of time differences and Q3(t3i+2),

Q3(t3(i+1)+2) = Q3(t3i+2) + (∆t3(i+1)+1 + ∆t3(i+1)+2)µ2 −∆t3(i+1)+2µ3

= Q3(t3i+2) +

(
k2

δ
+ 1

)
∆t3(i+1)+2µ2 −∆t3(i+1)+2µ3

= Q3(t3i+2) +

((
k2

δ
+ 1

)
µ2 − µ3

)
∆t3(i+1)+2

= Q3(t2) +

((
k2

δ
+ 1

)
µ2 − µ3

) i∑
j=1

∆t3(j+1)+2

= Q3(t2) +

((
k2

δ
+ 1

)
µ2 − µ3

) i∑
j=1

δj∆t2 ≥ 0.

It is clear from the last inequality that since δ ≥ 1 the value inside

parentheses should be greater than or equal to zero to achieve the bound,so

(δ + k1)µ2 − δµ3 ≥ 0.

Note that for δ ≥ 1, the condition above indicates that the processing

rate vector must satisfy,

m6 + 2m3 ≥ m2 + m4, (1.6.1)

and whenever δ ≥ 1,

ρ2 − (1− ρ2)
µ3

µ6

+
µ3

µ4

− 1 ≥ 1

⇔ λm2 − m6

m3

+ λm2
m6

m3

+
m4

m3

≥ 2

⇔ λm2m3 −m6 + λm2m6 + m4 ≥ 2m3

⇔ λm2m3 + λm2m6 + m4 ≥ 2m3 + m6

⇔ (λm3 + λm6)m2 + m4 ≥ 2m3 + m6

⇔ m2 + m4 > 2m3 + m6.
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The last inequality follows from the usual traffic conditions and when-

ever δ ≥ 1 this inequality contradicts with the inequality 1.6.1. In conclusion,

in this case it is not possible to construct an unstable fluid solution of the form

we consider.
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