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We derived the jump conditions for Faraday’s induction law at the interface of two
contacting bodies in both Eulerian and Lagrangian descriptions. An algorithm to
implement the jump conditions in the potential formulation of Maxwell equation is
presented. Calculations show that the use of the correct jump conditions leads to good
agreement with experimental data, whereas the use of incorrect jump conditions can
lead to severe inaccuracies in the computational results. Our derivation resolves the
jump condition discrepancy found in the literature and is validated with experimental results. Copyright 2013 Author(s). This article is distributed under a Creative
Commons Attribution 3.0 Unported License. [http://dx.doi.org/10.1063/1.4789794]

I. INTRODUCTION

One of the critical issues in computational modeling of electromagnetic systems containing
sliding contacts, such as railguns, is the relationship between electromagnetic quantities on either
side of a sliding contact interface. While these interface conditions, called jump-conditions or
continuity-conditions are easily derived for stationary contacts, the situation is more complicated
for sliding contact surfaces. In the literature there is a clear difference of opinion on the general
nature of such jump conditions. The matter is further complicated when one considers two common
kinematic descriptions used in computational mechanics, Lagrangian and Eulerian. In the Lagrangian
description, the equations are cast in material coordinates, i.e. in a reference frame fixed to the
material and deforming with it. In the Eulerian description, on the other hand, the reference frame is
fixed in space (laboratory frame.) Irrespective of the choice of reference frame, the field equations
in the computational domain and the interface conditions between domains must be independent of
the choice of reference frame.
Sommerfeld1 provides an interesting historical note on how the extension of Maxwell equations
for media at rest to media in motion preoccupied Hertz, Lorentz, Minkowski and Einstein. Minkowski
finally derived the correct expressions for electromagnetic fields in moving media as follows:
E ∗ = E + u × B, and
H∗ = H − u × D

(1)

where E, B, H and D are spatial electric field, magnetic flux density, magnetic field intensity, and
electric flux density, respectively, at a fixed location, E∗ and H∗ are field quantities on the body
moving with velocity, u. Since there is no difference of opinion in the literature on the continuity
of the normal components of B and current density, j, and since the boundary conditions on H are
similar to those on the electric field, we will focus on the interface condition on the electric field in
the rest of the paper.
Sommerfeld derived the boundary conditions associated with a moving body, and concluded
that the jump conditions associated with Faraday’s law for a moving body relative to another depend
on the nature of velocity jump at the interface. If the velocity is continuous across the interface, i.e.
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if [[u]] = 0, where the double square bracket denotes jump in the quantity, then
n × [[E ∗ ]] = 0,

(2)

but if the velocity is not continuous across the interface, i.e. if [[u]] = 0, as is the case for sliding
contacts, then
n × [[E]] = 0.

(3)

In essence, Sommerfeld’s contention was that if the bodies are at rest relative to each other,
the tangential component of relative electric field, E∗ is continuous across the boundary. But if the
velocity has a jump in the tangential component at the boundary, the spatial electric field (E) is
continuous, not E∗ . He did not address the condition of a surface discontinuity (such as a shock or an
acceleration wave) propagating inside a body, across which there may be a jump in particle velocity.
Lax and Nelson2 disagreed with Sommerfeld’s conclusion on the boundary condition. They
presented a thorough derivation of the relationships between electromagnetic quantities expressed
in spatial and material descriptionsa of a deformable body. Specifically, the electric and magnetic
fields in spatial (unprimed) and material (primed) frames were shown to be related by,
E  = [E + u × B] · F, or, E  • dl  = E ∗ • dl
and
B  = J F −1 · B, or, B  • da  = B • da

(4)

where F = ddXx is the two-point deformation gradient tensor, and J is the Jacobian of transformation
between the frames. Lax and Nelson’s results applied to deformable moving bodies. For rigid
bodies, the deformation gradient is the identity tensor, for which case E∗ = E . They concluded that
the derivation of jump conditions in spatial frame is difficult, which led to the incorrect results of
Sommerfeld. Use of a material frame of reference, they argued, would provide the correct jump
condition since the material boundaries appear at rest in this frame. Therefore, without stating the
proof explicitly, they concluded that the jump in tangential component of the material electric field
at the boundary of a moving deforming body is zero. In other words,
n × [[E  ]] = 0,

(5)

where E  and n are the electric field and surface normal in Lagrangian frame respectively. For rigid
bodies, F = I , hence equation (5) reduces to equation (2), which should hold for both stationary and
moving rigid bodies. Using this as a starting point, Lax and Nelson derived the boundary conditions
in spatial frame. To do so, one must evaluate the jump in the deformation gradient so that equation (4)
can be used in equation (5). They argued that the boundary between a conductor and vacuum can be
obtained as a limiting process from a boundary between two conducting bodies in intimate contact,
provided they do not slip. In this way, their contention was that the gradient of position tangential to
the surface is always continuous, and hence the proper jump condition in spatial coordinates from
equations (4) and (5) is,
n × [[E ∗ ]] = 0

(6)

Use of no-slip argument at the conductor boundary appears to indicate that equation (5) may not apply
to the interface at the sliding conductors, where the deformation gradient may not be continuous.
However, no restriction was imposed on equation (5), for which the tangential components of the
deformation gradient need not be continuous. For rigid bodies, equation (5) and (6) are identical.

a In a material description, the field quantities are measured at a “material” point moving and deforming with the body. In

contrast, in Eulerian description the field quantities are measured at a fixed location in space. Material and Lagrangian
descriptions are synonymous, as are Eulerian and spatial descriptions. The material quantities are denoted by a prime. A
third set of quantities, call relative quantities are also used that are measured in a reference frame moving relative to the
material, and are denoted with a “∗ ” superscript.
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Therefore, there is a clear contradiction between Sommerfeld’s conclusion (eq. (3)) and Lax and
Nelson’s conclusion (eq. (5) and (6)) for sliding contacts.
For clarity, we restate three definitions of electric field that we have encountered thus far:
E: Electric field in spatial or Eulerian frame, which is measured in a reference frame fixed in
space (laboratory frame.) It is only a part of the electric field experienced by a moving particle
collocated at the measurement point.
E ∗ = E + u × B: Electric field measured in a reference frame moving at a speed, u with respect
to the laboratory frame. It is the electric field experienced by a particle moving at speed, u
with respect to the laboratory frame. It is also the material or Lagrandian electric field in a
non-deforming (rigid) body that causes a current flow if a circuit is present.
E  = (E + u × B) · F: Electric field in a deformable body in material or Lagrangian reference
frame. The material point has a speed, u and deformation gradient, F. This is the electric field
that a sensor mounted on the body would measure. The current in the body is proportional to
this material electric field.
II. INTERFACE JUMP CONDITION AT A SLIDING CONTACT

Lax and Nelson’s account presented above dealt with “boundary” conditions on moving bodies
and vacuum (free surface.) It is not immediately obvious if these conditions would apply to moving
interfaces, either inside a body, such as that present across shock waves, or between two bodies in
sliding contacts. One may argue that vacuum, in electromagnetism, is a medium that can support
the fields unlike in solid mechanics, where a “material” body is necessary to conduct the forces and
displacements. Therefore, the boundary conditions derived above would be applicable for internal
interfaces or sliding contacts. Extending this thought, the edge of contact between two bodies can be
treated as a common boundary with vacuum; therefore the boundary conditions derived for vacuumconductor interface would at least apply there. However, such arguments do not provide an explicit
proof for the continuity condition or jump condition between two sliding bodies.
A few other results exist for motion of discontinuities, or singular surfaces inside a conducting
media. Woodson and Melcher3 as well as Jackson4 have derived expressions for jump in the electric
field across a singular surface moving with a velocity, u normal to the surface itself. In this case, the
electric fields on either side of the surface are shown to be related by,
n × [[E]] = (n · u) [[B]]

(7)

This is a slightly more general result than Sommerfelds’s jump condition in that it covers motion of
a surface discontinuity in the interior of a body. Woodson and Melcher claimed that the tangential
velocity had no bearing on the interface condition; only the velocity component normal to the
interface is important. Equation (7) can be recast in the following form,
n × [[E n∗ ]] ≡ n × [[E + (n · u) n × B]] = 0

(8)

This equation has the same form as equation (6) but only takes the normal velocity of the surface
discontinuity into account. Using the vector identity, a × b × c = (a · c) b − (a · b) c, equation (8)
can be recast in the following form.
n × [[E ∗ ]] = (n · B) [[n × u × n]]

(9)

since [[u · n]] = 0. The term inside the double square bracket on the right hand side is the tangential
component of the velocity. This result implies that the relative electric field, E∗ (in a non-deforming
body) would not be continuous across an interface in presence of a normal magnetic field and a jump
in tangential velocity (i.e. for sliding contacts,) in contradiction with Lax and Nelson’s conclusion.
Costen and Adamson5 recognized the need for a jump condition across a contact surface or an
internal surface that moved at an arbitrary velocity different from the material particle velocity. They
used an “abstract velocity” to derive a generalized result encompassing arbitrary motion of a surface
inside a conductor or between two sliding conductors. However, the purported general solution was
identical to equation (7). Maugin and Eringen6 derived a more general continuity condition for a
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discontinuous surface moving inside a body at an arbitrary orientation with respect to the interface
with speed, v, and did not assume that the particle speed, u, across the singular surface is continuous.
In such cases, they showed that the jump condition across the singular surface can be expressed as
follows.
n × [E ∗ + (v − u) × B] = 0

(10)

For sliding contact, a distinction must also be made for the B field in two bodies. In the special case,
when v = u, equation (10) reduces to equation (6) in agreement with Lax and Nelson’s condition.
In such cases, the interface is a material boundary (topological boundary, or a vortex sheet of order
zero, in Truesdell and Toupin’s7 terminology.) For sliding bodies a conceptual difficulty arises in
defining the speed of the interface with respect to the conducting bodies, even though the particle
speeds on either side of the interface can be clearly identified. Equation (9) reduces to equation (6)
only if one assumes that the speed of the singular surface (i.e. interface) is equal to the speed of the
moving body on one side, and equal to the speed of the body on the other side (or equal to zero if
the second body is at rest.)
In view of the discussion above, it is clear that there has been significant disagreement on
the boundary and interface condition for bodies in relative motion. One view is that the tangential
component of the spatial electric field, E is continuous across a material interface, whereas the
contradicting view is that the tangential component of the material electric field, E  (or E∗ in
absence of deformation) is continuous across a material interface. In the following, we will present
a derivation for the jump condition at the interface of two sliding bodies, which in essence proves
Lax and Nelson’s conclusion and removes the ambiguity in the continuity condition for sliding
interfaces. We will finally show that computation with this jump conditions gives good agreement
with experimental data, whereas use of Sommerfeld’s condition disagrees with the experimental
results. The computations are done with finite element method. The implementation of the Maxwell
equation and the jump condition in this numerical method will also be described.
III. JUMP CONDITION AT A MATERIAL INTERFACE

In the derivation of the jump conditions in this section, we will apply Faraday’s induction law to
three different loops: a loop fixed to a spatial location (Eulerian), a loop fixed to the original material
configuration (Lagrangian), and a loop deforming with the material (material loop.) It will be shown
that all three methods result in the same jump condition that the tangential component of material
electric field, E  is continuous across a sliding interface.
Consider two bodies, “A” and “B” separated by a “shear layer (SL.)” The body-B moves with
speed u in x-direction relative to body-A. Since we consider the jump condition at any instance of
time, no restriction is placed on time variation of the sliding velocity. The top of the shear layer is
attached (no-slip condition) to body-A and the bottom is attached to body-B. As a result, it deforms
(shears) with time. The field variables are assumed to be constant in the shear layer. This does not
pose any problem for sliding contact case, since the shear layer will be taken to the zero thickness
limit. The non-zero thick shear layer solution will be limited to cases where the field is constant
through the shear layer thickness. Consider an Eulerian loop PQRSTUVW encompassing a portion
of the stationary body-A, the shear layer, and the moving body-B. The PQRW part of the loop is
in body-A, RSVW part is in the shear layer, and the STUV part of the loop is in body-B. Let the
material loop that was coincident with the Eulerian loop at time, tn deform to PQRS’T’U’V’W at
time tn+1 .
A. Eulerian Description

In Eulerian description, we focus at a spatial location. Therefore, we consider only the fixed loop
PQRSTUVW. The surface enclosed by this loop has different velocities in different parts, unlike
the Lagrangian loop considered in the following section. Applying the Faraday’s induction equation
around this loop.
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We start with the material (Lagrangian) form of Faraday’s induction law (as was originally
observed in experiments.)


E  · dl  = −

d
dt


S

B · d A

(11)

In view of the transformation laws stated in equation (4), equation (11) can be expressed in an
Eulerian description for the deforming body as follows.


E ∗ · dl = −

d
dt


B · da

(12)

s

where dl and da refer to the differential length and area, respectively, of the deforming body in
spatial coordinates. Using Reynold’s transport theorem, the right hand side of equation (12) can be
expanded to obtain,


∂
E .dl = −
∂t
∗







(∇ · B) u · da +

B · da −
s

s

∇ × (u × B) · da.

(13)

S

The middle term on the RHS is zero since ∇ · B = 0. The last term on the r.h.s. can be converted to
a line integral using Stoke’s theorem to obtain the Eulerian form of the induction law as follows.


∂
E · dl = −
∂t
∗




B · da +

(u × B) · dl

(14)

S

Note that the use of Stoke’s theorem implies that the quantity (u X B) is unique in the domain of
integration.
Now, evaluation of equation (14) around the loop PQRSTUVW yields,



 ∗A


 ∗B

 ∗SL
∗B
∗A
∗SL
∗B




E ∗A
P Q − E T U · (L k) + E Q R − E W P · (δ1 j) + E R S − E V W · (ε j) + E ST − E U V · (δ2 j)
=

∂
[ Bx | P Q RW δ1 L + Bx | R SV W εL + Bx | ST U V δ2 L] − [−B y u A L + B y u B L]
∂t

(15)

Taking the limits δ1 → 0, δ2 → 0, and ε → 0, and cancelling out L from both sides, we obtain,
n × (E ∗A − E ∗B ) = (B · n)(u A − u B )

(16)

Therefore, in presence of a normal magnetic field, the difference of electric field, E∗ across a shear
layer is non-zero. The question is can this equation be taken to a limiting case of zero-shear layer
thickness case to obtain a jump condition on the electric field for sliding contacts? If it can be,
then the result would be in contradiction with Lax and Nelson’s results as well as with Maugin and
Eringen’s results (at least for the case when v = u!) but would be in agreement with Sommerfeld’s
conclusion. It turns out that while the derivation is correct for a continuous media,with a thin enough
shear-layer bridging two solids where the fields can be assumed to be constant, it doesn’t apply to
a contact surface or a discontinuous surface. The limit ε → 0 cannot be taken without violating
the underlying assumption of continuous integrand in Stoke’s theorem as used in equation (14).
The standard form of Stoke’s theorem (that was employed in obtaining equation (14)) applies only
for cases where the integrand is uniquely defined throughout the domain of integration (see for
example Greenberg)8 If the surface of integration includes a singular curve where the integrand is
not continuous, the modified Stoke’s law (see for example Eringen)9 is given by,



∇ × A · da =
S−γ


A · dl −

C−γ

[[A]] · dl

(17)

γ
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where γ is the singular curve inside S. Therefore, equation (14) needs to be modified to,b


E ∗ · dl = −

∂
∂t







(u × B) · dl −

B · da −
S−γ

[[u × B]] · dl

(18)

γ

C−γ

In the limit, S → 0, the first term on the RHS becomes zero. Evaluation of the last two terms around
the loop indicates,
 ∗A




 ∗B

 ∗SL
∗SL
∗A
∗B
 + E ∗A



E P Q − E T∗BU · (L k)
Q R − E W p · (δ1 j) + E R S − E V  W · (ε j) + E ST − E U V · (δ2 j)
∂
[Bx | P Q RW δ1 L + Bx | R SV W εL + Bx | ST U V δ2 L]−[−B y u A L + B y u B L]+[−B y u A L + B y u B L]
∂t
(19)
Now that the internal discontinuity or non-unique velocity has been taken into account, the limit
ε → 0 can be taken without any error. Thus in the limit, δ1 → 0, δ2 → 0, and ε → 0, we obtain,
B

L(E A
P Q − E T  U  ) · k = 0. Similarly, by taking a loop in orthogonal plane considered here, it can be
B

shown that L(E A
P Q − E T  U  ) · i = 0. Hence,
=

n × [[E∗]] = 0

(20)

Therefore, we have arrived at a jump condition across a sliding surface that is consistent with Lax
and Nelson’s conclusion for conductor-vacuum interface. We did not impose any restriction on
the continuity of deformation gradient or slippage between surfaces. Therefore, this result is more
general than Lax and Nelson’s result and applies to sliding contact interfaces described in Eulerian
description. It also removes the difficulty associated with defining a unique sliding surface velocity
in Maugin and Eringen’s results. Another important point to note is that equation (16) is correct for
continuous media, or two bodies joined by a shear-layer whose edges are attached to the two bodies
on either side. However, the correct jump condition can’t be obtained by successively reducing the
shear-layer thickness to zero, since in this limit the assumption of continuous (unique) velocity field
is violated. In presence of a normal magnetic field, there will be always a difference between the
tangential electric fields across the shear layer in the bodies themselves. Since a non-zero thick shear
layer ensures continuity of velocity at any point, the jump in u is zero leading to identical results
between equations (16) and (20).

B. Lagrangian description

There are two ways to derive jump condition of material E , one is to apply the induction law to
a fixed material loop PQRSTUVW as in Figure 1, and the other to apply to a deformable material
loop (embedded in the material) that deforms from the initial position PQRSTUVW at time tn to
PQRS T U V W at time tn+1 .
The body surface is at rest in the Lagrangian loop, i.e. materials do not have velocity with respect
to the Lagrangian frame, since the surface enclosed by the loop deforms with material points. Let’s
apply Faraday’s law to this loop. Integrating Faraday’s induction equation,


E · d L = −

d
dt



B · d A

(21)

S

b As a corollary, cancelling out the integral of u × B from both sides of equation (18), the Eulerian form of Faraday’s law




becomes

E.dl = −

∂B
S−γ ∂t

· da −

γ

[[u × B]] · dl for a loop containing a discontinuity.
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FIG. 1. Sliding contact showing two bodies “A” and “B” having a relative motion, separated by a shear-layer. Integration
contours are shown.

around the loop, we obtain,


 A

 B

B
A
B




−L E A
P Q − E T  U  · k − δ1 E Q R − E W p · j + E R S  − E V  W · (ut i − ε j)
 B

−δ2 E S  T  − EUB V  · j




B  (tn+1 ) · d A P Q RW − B  (tn ) · d A P Q RW
B  (tn+1 ) · d A R S  V  W − B  (tn ) · d A R SV W
+
=
t
t






B (tn+1 ) · d A S  T  U  V  − B (tn ) · d A ST U V
(22)
+
t
As δ1 → 0, δ2 → 0 and ε → 0, the differential area dA tends to zero. Hence the RHS is zero. Further
as t → 0, the only term that survives is the first term on the LHS. Therefore, in these limits,


B

or [[E  ]] · k = 0
(23)
L E A
P Q − E T  U  · k = 0,
Similarly, it can be shown that [[E  ]] · i = 0. Therefore, the interface jump condition for the electric
field is given by,
n × [[E  ]] = 0

(24)

This result is identical to that in Lax and Nelson.
Finally, the jump condition on nxE’ also can be derived from E∗ by applying Faraday’s induction
law to a deformable material loop. Starting with the induction law for deforming body (eq. (12)),
and integrating around the loopPQRS ;T U V W, we obtain,
 ∗A





QR
∗A W P
∗B


E P Q l P Q − E T∗B U  l T  U  · k + E ∗A
· j + E ∗B
− EW
Q R δ1
P δ1
R S  − E V  W · (ut i − ε j)






+ E S∗B T  δ2S T − EU∗B V  δ2U V
=



· j

B (tn+1 ) · da| P Q RW − B (tn ) · da| P Q RW
B (tn+1 ) · da| R S  V  W − B (tn ) · da| R SV W
+
t
t
+

B (tn+1 ) · da| S  T  U  V  − B (tn ) · da| ST U V
t

(25)
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Using the relationship between Lagrangian and Eulerian quantities for a moving, deforming body,
 
E ∗ · dl = E  · dl  , and B  · da  = B · da (equation (4)) and the relations l T  U  = Fl T U , δ2S T = Fδ2 ,
etc, we obtain,





 ∗A
QR
∗A W P
∗B


· j + E ∗B
− EW
E P Q F · l P Q − E T∗B U  F · l T U · k + E ∗A
Q R δ1
P δ1
R S  − E V  W · (ut i − ε j)


+ E S∗B T  F · δ2 − EU∗B V  F · δ2 · j
=

B (tn+1 ) · da| P Q RW − B (tn ) · da| P Q RW
B (tn+1 ) · da| R S  V  W − B (tn ) · da| R SV W
+
t
t
B (tn+1 ) · da| S  T  U  V  − B (tn ) · da| ST U V
+
t
Taking the limit as δ1 → 0, δ2 → 0, ε → 0, and t → 0, we obtain,


B

l E A
P Q − ET U · k = 0

(26)

(27)

Hence, [[E  ]] · k = 0. Similarly, it can be shown that [[E  ]] · i = 0. Therefore, the interface jump
condition for the electric field is given by,
n × [[E  ]] = 0

(28)

This result is identical to that derived in Lagrangian reference frame earlier, as it should be.
IV. EVALUATION OF JUMP CONDITION EFFECTS IN SLIDING CONTACT

We used a finite element code, EMAP3D10, 11 to evaluate the implication of the jump conditions
across the contact surface. The intent was to compare the results with experimental data later. Since
our finite element method implementation is based on discretization of electric scalar potential and
magnetic vector potential using nodal elements, we first express the jump conditions in terms of
potentials and then describe how they are implemented in the finite element formulation.
For clarity, we will denote primed-variables, A , B  , E  in material (Lagrangian) representation,
and unprimed variables, A, B, E, etc. in spatial (Eulerian) representation. Similarly, the gradient in
material frame is denoted by a prime. The material representation of electric potential ϕ is ϕ  . Let’s
start with the integral form of Faraday’s induction law.


d


E · dl = −
B  · d A
(29)
dt


Defining B  as curl of a vector potential,A , i.e. B  = ∇  × A , the electrical field can be expressed
as,
E = −

d A
− ∇ ϕ,
dt

(30)

where ϕ  is the material electric scalar potential. Equations (29) and (30) take identical form in
spatial description in view of Minkowski relation in equation (1) and Lax and Nelson’s result in
equation (4), e.g. E = − ddtA − ∇ϕ. The connection between the spatial and material potentials can
be easily established. Adding u × B term to both sides of the expression for spatial electric field, E,
and some vectorial manipulation, we obtain,
E +u× B = −

d
(A · F) − ∇  (ϕ − A · u) · F −1
dt

(31)

where F = ∂ x/∂ X , the deformation gradient. Since the material description of the electric field,2
E  = (E + u × B) · F we obtain,
A = A · F and ϕ  = ϕ − A · u

(32)
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(a): Configuration at time, tn
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Y
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A1′m (tn )

u

A2′s (tn +1 )

X

(b): configuration at time, tn+1
FIG. 2. Time evolution of the configuration of the sliding contact.

These relationships between Eulerian and Lagrangian potentials are the same as that derived by
Lax and Nelson. Since we used nodal elements, the next question is: do continuity of A and ϕ 
violate any jump condition? A careful examination of equations (14) and (21) indicates that the jump
conditions for E  depend on ∇  ϕ  , not on ϕ  itself. From equation (14) the jump condition in the
tangential plane in terms of the potentials can be written as follows.
[[E  ]] j =

−

d A
dt

− [[∇  ϕ  ]] j = 0

(33)

j

Does this jump condition in tangential components of the gradients of the potentials create any
problem if one assumes continuity of A and ϕ  ? The first term on the RHS has a non-zero jump as
shown later. The second term on the RHS must have a non-zero jump to be able to cancel out the
jump in the first term. To enforce the jump condition at the interface, the gradients can be treated as
unknowns in the interface (without changing the continuity assumption on the potentials.) This is a
more accurate way to enforce the jump condition as compared to enforcing it through discontinuous
ϕ  , even though the latter method is valid and results in fewer unknowns.
Let’s consider the situation as described in the Figure 2. The superscripts “m” and “s” denote
moving and stationary conductor, respectively. The moving conductor moves from location-1 to
location-2. The location is denoted by the subscripts in the variable A . Let’s evaluate jump in E  .
n × [[E  (tn+1 )]] = n ×

−

d A
− ∇ ϕ
dt

= −n ×

m
Am
As (tn+1 ) − As2 (tn )
2 (tn+1 ) − A1 (tn )
− n × [∇  ϕ m − ∇  ϕ s ]
− 2
t
t

= −n ×


As2 (tn ) − As1 (tn )
− n × ∇  ϕ m − ∇  ϕ s
t

(34)

s
m
s
The continuity condition onA , i.e. Am
2 (tn+1 ) = A2 (tn+1 ); A1 (tn ) = A1 (tn ) is used in the above
equation. A careful look at the above equation shows that the jump in the first bracket on RHS is
not zero, since the vector potentials refer to different locations. This term is really the u · ∇ A term
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Rails

Armature

FIG. 3. Computational model of the armature and rails. Only a quarter of the model need be meshed for finite element
analysis exploiting two orthogonal planes of symmetry.

in Eulerian description. Therefore, the jump in E  at the interface can be explicitly enforced by
requiring that
n × [∇ϕ m − ∇ϕ s ] = n ×

As2 (tn ) − As1 (tn )
t

(35)

As stated earlier, this condition can be easily implemented by either treating the tangential component
of the gradients as unknown in the interface, or by using discontinuous potential at nodes. The former
method is more accurate while the latter is less computationally intensive.
V. COMPARISON WITH EXPERIMENTS

Measuring the jump in the electric field across a sliding electric contact is not a trivial matter.
Therefore, the analytical results must be validated against indirect measurement of the jump condition
effects. The railgun experiment offers an excellent means to study the effects of jump condition on the
interface, since it has a great bearing on the current through the armature and hence the Lorenz force
generated, as will be evident from the following results. We compare our computed results with two
different jump conditions in this section with two different railgun experiments. These experiments
contain sliding electric contacts, and hence are appropriate to test the jump condition differences. In
a railgun, an armature is propelled by electromagnetic force. Two stationary conductors (rails) are
connected to a capacitor bank. An armature, typically a solid piece of metal, is placed between the
rails to complete the circuit. The electromagnetic force accelerates the armature, which slides on
the rail surface and pushes the launch package ahead of it. The launch force in a simple railgun is
proportional to the inductance gradient and square of the applied current. The inductance gradient
is a function of the rail geometry that can be computed irrespective of the armature design.
The jump conditions in eqs. (3) and (5) show a difference in the jump in material (Lagrangian)
electric field in presence of sliding electric contact. The jump indicated by equation (3) implies
the condition in equation (9) that the jump in tangential electric field across the sliding interface
is proportional to the normal magnetic field at the rail-armature interface, and to the velocity of
the accelerating armature. Since the launch force is proportional to the square of applied current,
which in turn is a function of material electric field in the conductors, a clear difference in velocity
prediction is expected with the two jump conditions.
We compare our results with two railgun experiments.12, 13 The first one was conducted on IAT’s
medium caliber launcher (MCL) and the second test was done on IAT’s small scale launcher (SCL.)
The MCL test12 used ETP copper rails with Al 7075 armatures weighing 319 g. The bore size was 40
× 40 mm in cross-section, 7 m long. The computational geometry is shown in Figure 3. It consists of
a rail and armature (shown) and surrounding air space (not shown). Since rail-guns are symmetrical
by design, we can completely characterize the problem by modeling a quarter of the gun. The
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FIG. 4. The MCL velocity data shows better agreement with eq. (5).
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FIG. 5. The SCL velocity data shows that non-zero jump in E  diverges from the test data progressively as the velocity
increases.

SCL experiment13 was similar to the MCL experiment, except for different dimensions. It used a
25 × 25 mm rail bore with copper rails and a 25 g aluminum armature.
Figures 4 and 5 show the armature velocity profile obtained from the computations and the two
experiments. It is evident from the plot that the jump condition of eq. (5) tracks the experimental
data much better than the jump condition suggested by eq. (9) In addition, the discrepancy between
the experiment and discontinuous E  jump condition increases with velocity as expected from
eq (9) since the jump is proportional to the velocity. Therefore, the experimental results support the
conclusion that the tangential component of the material electric field is continuous across a sliding
electric contact.
In Figure 6 we plot the magnetic field amplitude and current density vector field. Figure 7 shows
the magnetic field vectors and current density magnitude. For continuous material electric field at
the interface, the magnetic field and current density distribution appear to diffuse into the interface
from the edges, with higher edge fields seen in the leading edge of the armature. This appears
reasonable since the magnetic flux ahead of the armature is crowded due to motion, resulting in a
higher gradient in magnetic field there. This produces higher current density in the leading edge.
On the other hand, with a discontinuous material electric field at the interface, the magnetic field
and current densities are skewed towards the outer edge of the armature. The field distributions are
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FIG. 6. The contour plot shows magnetic field magnitude and the vector plot shows the current density distribution for
no-jump in E  (eq. (5)) in the upper plot and with a jump in E  (eq. (3)) in the lower plot.

FIG. 7. The contour plot shows current density magnitude and the vector plot shows the magnetic field for no-jump in E 
(eq. (5)) in the upper plot and with a jump in E  (eq. (3)) in the lower plot.

substantially different between the two cases, and would affect temperature distribution and interface
phenomena such as erosion. Therefore, the simulation accuracy and utility critically depend on the
correct jump condition.

VI. SUMMARY

Difference of opinion exists in the literature on the jump condition arising out of Maxwell
equation at interface of bodies in relative motion. We presented a rigorous derivation of the interface
condition, which showed that the material tangential electric field must be continuous at material
interfaces. A mere use of a shear layer in the interface to remove discontinuity in the velocity is
inadequate to obtain the correct continuity condition. The jump condition is indeed identical in both
Eulerian and Lagrangian reference frames. Our finite element simulations of railgun experiments
validated our conclusion that the material tangential electric field must be continuous. We showed
that the use of discontinuous material tangential electric field at the interface leads to monotonic
deviation of computed velocity from experimental data, as suggested by the non-zero jump term.
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