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Emerging wireless communication systems exploit various resources to increase their robustness and data rate. Since these resources are limited, there is a
tradeoff between the need for robust communication and the desire for high throughput. The aim of this dissertation is to study and optimally balance this tradeoff for
a few important cases in multicarrier communications.
First, multi-code code division multiple access (CDMA) techniques tradeoff
the number of supportable subscribers with the per subscriber data rate. However,
the interference scales linearly with the data rate of each user since they use multiple
codes. To resolve this interference problem, a novel multi-code multicarrier CDMA
system is proposed, and this system clearly outperforms previous systems in terms
of bit error probability and user capacity. This shows that flexible data rates can be
successfully balanced with robustness in a multiuser multi-rate CDMA system by
carefully choosing the data rates number of subcarriers.
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Second, in multiple-input multiple-output orthogonal frequency division
multiplexing (MIMO-OFDM), pilots are used to estimate the channel, but in addition to consuming bandwidth, they reduce the transmitted energy for data symbols under a fixed transmit power constraint. This suggests a tradeoff between the
power allowed to data symbols and the accuracy of channel estimation. The optimal
pilot-to-data power ratio (PDPR) for maximizing a capacity lower bound is formulated and derived for four likely pilot patterns and two different channel conditions.
The optimal PDPR shows about 10%∼30% higher capacity lower bound than equal
power allocation.
Third, and closely related to the second contribution, adaptive M-QAM,
spectral efficiency, and symbol error rate (SER) are considered since these are respectively the dominant modulation type and quality metrics in emerging standards.
The effect of the system structure on the PDPR is analytically shown, and the optimal PDPR for minimizing the average SER and maximizing the spectral efficiency
is derived for two well-known linear receivers; zero-forcing and minimum meansquare error. The distributions of the SNR (including channel estimation error) for
these receivers are derived and used to find the optimal PDPR. Exact guidelines are
provided for the power allocation between data and pilot symbols for these cases.
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Chapter 1
Introduction

Emerging wireless communication systems exploit many resources such as
power, bandwidth, and spatial channels in order to increase their robustness and
achievable data rate. Various schemes such as spreading, error control coding, multicarrier modulation, and multiple antennas can be used to exploit these resources.
However, since these resources are limited, there is a tradeoff between the need
for robust communication and the desire for high throughput. The communication
system designer needs to consider this tradeoff in the light of the available configurations of the system and the channel characteristics.

1.1 Multicarrier Communications
Multicarrier modulation is a method of transmitting broadband data by splitting it into several components, and sending each of these components over separate
carrier signals in order to ease channel equalization at the receiver [8, 29, 43, 57, 73,
84]. While the composite signal generally has a broad bandwidth, each individual
carrier is narrowband. Even the bandwidth of several narrowband carriers is typically less than the coherence bandwidth of the channel. Therefore, the narrowband
signals do not experience frequency selective fading.

1

Multicarrier modulation was first used in analog military communications
in the 1950s. Recently, multicarrier modulation has attracted attention as a means
of enhancing the bandwidth of wireless communications with physical limitations.
The technology lends itself to digital television, and is used as a method of obtaining high data rates in asymmetric digital subscriber line (ADSL) systems and
emerging wireless communication standards such as 3GPP-LTE, IEEE 802.11a/g,
IEEE 802.16e, and IEEE 802.11n [8, 24, 35, 95, 104, 113, 117].
Orthogonal frequency division multiplexing (OFDM) and multicarrier code
division multiple access (MC-CDMA) are two popular multicarrier technologies in
recent wireless communications standards, and their transceiver block diagrams are
shown in Fig. 1.1.
The principles and some of the benefits of OFDM have been known since
the 1960s [15]. European Telecommunications Standards Institute (ETSI) digital audio broadcasting (DAB) is the first OFDM based standard [27]. When the
symbol duration is relatively long compared to channel delay spread, the system
suffers less inter-symbol interference (ISI) caused by multipath. Thus it is more
effective to transmit a number of low rate streams in parallel than a single high
rate stream. OFDM achieves this by splitting the high-rate data stream into many
low-rate parallel substreams and transmitting on multiple orthogonal subcarriers.
This makes the effects of the channel roughly constant (flat) over any given subchannel [13, 19, 36, 54, 107, 118]. It also greatly simplifies the design of both the
transmitter and the receiver, and allows for high spectral efficiency. Furthermore,
a guard period is inserted between consecutive transmitted symbols, in the form
2
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Figure 1.1: MC-CDMA and OFDM transceiver block diagram
of cyclic prefix (CP). As a result, OFDM can effectively compensate for multipath impairment without any loss of orthogonality between allocated subchannels
over frequency-selective fading channels [70]. OFDM has attracted increasing interest due to its robustness against the frequency selectivity and its resource allocation capability to multiple users [65, 111, 119]. Therefore, it is considered to be
the probable modulation method in next-generation wireless communication standards [28, 35, 52].
The term MC-CDMA has been used to represent three different technologies
such as multicarrier CDMA, multicarrier direct sequence, and multitone CDMA
[16, 20, 43, 84, 112, 123]. In this dissertation, the acronym will assume the conno-
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tations of multicarrier CDMA [43, 122]. In MC-CDMA, the different users share
the same bandwidth at the same time with the data separated by the application of
different user-specific spreading sequences. All users transmit data symbols simultaneously over several narrowband subchannels, and these subchannels are multiplied by the chips of the user-specific spreading sequence in the frequency domain
as shown in Fig. 1.1. The performance benefits of MC-CDMA are achieved by
combining across carriers to maximize frequency diversity benefits. This also results in lower interference from other cells.
The multicarrier modulation technique has a number of advantages over
single carrier modulation. The following are some of the advantages followed by
some disadvantages.
-Advantages:
• Since the frequency selective fading channel is divided into a number of narrowband subchannels as shown in Fig. 1.1, the symbol rate on each subcarrier
(low rate sub-stream) is much less than the original data symbol rate (high
rate data stream). Thus, the effects of delay spread such as ISI significantly
decrease, and the channel equalizer can be simplified (1-tap per subchannel)
at the receiver by using a longer CP than the maximum delay spread of the
wireless channel.
• Less susceptibility than single-carrier systems to interference caused by impulse noise
• Simple digital realization is possible by using digital signal processing (FFT).
4

-Disadvantages:
• A low efficiency of the power amplifier due to high peak-to-average power
ratio (PAPR).
• Loss in spectral efficiency due to the guard interval.
• Spectral regrowth of the signal outside the useful signal bandwidth.

1.2 The Rate-Robustness Tradeoff
The rate-robustness tradeoff in wireless communications is caused by the
scarcity of resources. There are various rate-robustness tradeoffs related to different
resources and their usage as shown in Fig. 1.2. A natural question that arises is
how the available resources in wireless communication systems should be optimally
used in order to tradeoff the need for robust communication and the desire for very
high throughput.
One of these rate-robustness tradeoff problems is the spatial diversity versus multiplexing tradeoff in multiple-input multiple-output (MIMO) systems. Recently, there have been a number of studies [25, 46, 47, 83, 102, 110, 127] that deal
with how spatial diversity and multiplexing gains can be utilized by considering
the fundamental tradeoff between rate and robustness in MIMO systems. Different
antennas see different multipath characteristics or different fading characteristics
and this can be used to generate a more reliable received signal, as in [34, 92, 109].
Also, in MIMO systems, the bit stream to be transmitted can be demultiplexed into

5
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Figure 1.2: Rate-robustness tradeoffs in wireless communications
the number of transmit antennas and transmitted simultaneously from each transmit
antenna. Then, at the receiver, those substreams can be extracted from the received
signal using the knowledge of the channel and combined to yield the original bit
stream. This is spatial multiplexing, and it offers a linear increase in the transmission rate for the same bandwidth with no additional power expenditure [30, 49, 91].
Spatial multiplexing focuses on data rate whereas spatial diversity focuses on the
robustness of MIMO systems. The tradeoff between spatial diversity and multiplexing is a more complicated measure than maximal spatial diversity gain or maximal
spatial multiplexing gain alone.
Error-correcting codes (ECCs) can be used to improve the robustness of the

6

system. An ECC is an algorithm for expressing a sequence of numbers such that
any errors that are introduced can be detected and corrected (within certain limitations) based on the remaining numbers. Error correction involves the addition of
redundant bits that are used to aid in correcting any bits received in error. Shannon’s channel coding theorem states that there always exists a coding scheme that
enables information to be transmitted over any given channel with arbitrarily small
error probability provided the data rate (including that due to redundant bits) over
the channel is less than the channel capacity (as defined by the classical Shannon
theorem). Over the last four decades a number of powerful and efficient codes have
been designed [72]. ECCs with coding rate r introduce 1/r redundant symbols for
every data symbol, and hence nominally reduce the transmitted data rate by a factor
r ≤ 1, where r = 1 is a trivial case. Thus, there is a tradeoff between rate and
robustness when ECCs are used. The coded sequence consumes time, frequency,
or space as a resource according to which domain is used for encoding information
data [45, 74, 79, 108, 109].
When we allocate transmit power to each user in a multiuser environment,
the rate-robustness tradeoff again comes into play [18, 53, 89, 103]. In a multiuser
environment, the multiuser interference is increased as we allocate more power
to each user. Therefore, multiuser interference such as inter-cell interference and
intra-cell interference should be handled to optimize system performance.
Besides these examples of the rate-robustness tradeoffs in wireless systems,
we can find two other rate-robustness tradeoff problems in multicarrier systems
which are caused by the utilization of the frequency domain. The data rate and
7

interference robustness tradeoff in multicarrier CDMA with a multi-code scheme
and the pilot-data power allocation tradeoff in OFDM are two of these tradeoffs as
shown in Fig. 1.2.
1.2.1 Data Rate and Interference Robustness Tradeoff in Multicarrier CDMA
with a Multi-code Scheme
The first rate-robustness tradeoff in multicarrier systems that will be considered occurs when the multicarrier system is used in conjunction with a multi-code
scheme to support higher and variable data rates. Specifically for multicarrier systems, several works such as [12, 31, 32] have attempted to utilize resources such as
spreading gain in order to support a wide variety of data rates and improve system
reliability. However, the systems in [12, 32] have a multi-code interference problem: the systems experience more interference with increasing data rate since each
data stream is treated as an independent user. Thus, there is a tradeoff between providing higher data rates and the amount interference generated by high-rate users,
and this tradeoff should be investigated in a system design to improve system performance. In this dissertation, this data rate and interference robustness tradeoff in
variable rate multicarrier systems is studied under a novel multi-code multicarrier
CDMA system (MC-MC-CDMA), proposed in this dissertation, in order to overcome the shortcomings of prior systems.
1.2.2 Pilot-Data Power Allocation Tradeoff in OFDM
In OFDM, pilot symbols are used to estimate the channel, but in addition
to consuming bandwidth, they reduce the transmitted energy for data symbols un8

der a fixed transmit power constraint. This suggests a tradeoff between the power
allocated to data symbols and the accuracy of channel estimation [2, 6, 48, 76, 86,
96]. This tradeoff depends on which is more crucial for system performance, i.e.,
whether the improvement in channel estimation error or the increase in data rate is
more valuable. Also, this pilot and data power allocation problem is related to the
channel condition and the structure of pilot symbols, for example the number of
pilot symbols in one OFDM symbol, the pilot symbol placement, and pilot transmitting patterns in MIMO systems. In this dissertation, the data rate versus channel
estimation accuracy tradeoff is investigated to find the optimal balancing power allocation for MIMO-OFDM systems for two different models: theoretical capacity
and practical performance (SER) .

1.3 Contributions and Organization of the Dissertation
The main contribution of this dissertation is to investigate the tradeoff between the data rate and robustness in order to achieve a robust high data rate multicarrier system design. In this pursuit, three principle innovations based on the
aforementioned rate-robustness tradeoff are developed.
Chapter 2 presents the first contribution of this dissertation: the tradeoff between variable data rates and interference robustness in multi-code systems which
utilize spreading gain is investigated by proposing and analyzing a novel MC-MCCDMA system. The proposed MC-MC-CDMA system can support variable data
rates without the interference scaling problem of multi-code systems and obtains
both time and frequency domain gains. The results show the availability of data
9

rate flexibility in a single antenna multicarrier CDMA system without any sacrifice in performance, and to the contrary, can actually allow improved robustness,
flexibility, and capacity.
The second contribution, presented in Chapter 3, deals with the power allocation tradeoff in MIMO multicarrier systems based on theoretical capacity. In
MIMO multicarrier systems, channel knowledge is required to make use of the
diversity or multiplexing gain. The characteristics of the channel are closely related to the diversity performance; e.g., higher selectivity channel gain gives more
diversity [124, 125]. Therefore, accurate channel estimation is critical in MIMO
multicarrier systems. Among the various resources in MIMO multicarrier systems
the power assignment for data and pilot symbols shows the tradeoff between the
raw data rate and the accuracy of the channel estimation when the total transmit
power is fixed. Pilot symbols facilitate channel estimation, but in addition to consuming bandwidth, they reduce the transmitted energy available for data symbols
(per OFDM symbol) under a fixed total transmit power condition. Thus, in Chapter 3, the power tradeoff in MIMO-OFDM systems is investigated to maximize
the system capacity lower bound for four likely pilot patterns with low and high
mobility. From the analysis, it is shown that different pilot patterns can achieve different maximum capacity lower bounds, and the capacity lower bound of a typical
MIMO-OFDM system can be increased by simply using the optimal pilot-to-data
power ratio (PDPR) without using any additional resource. Moreover, the optimal
PDPR varies not only with system parameters such as the number of antennas, the
number of pilot and data symbols, the number of channel taps, and SNR, but also
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with the vehicle speed. However it is proven that the variation of the optimal PDPR
with the vehicle speed is small.
The third contribution of this dissertation, closely related to the second contribution, is optimally balancing pilot and data power in adaptive M-QAM MIMO
multicarrier systems based on practical system performance, which is presented in
Chapter 4. Spectral efficiency and SER of adaptive M-QAM are considered as quality metrics. M-QAM is considered since it is respectively the dominant modulation
type in current and emerging standards. Since the achievable performance of the
system depends on the receiver type, the distributions of SNR with channel estimation error for two well-known linear receivers, ZF and MMSE, are derived and
used to find the optimal PDPR for minimizing the average SER and maximizing
the spectral efficiency. The results show that the amount of boosting power of pilot
symbols in practical systems should be decided based on the system configuration,
for example, the receiver type and the channel estimation method, since the optimal
PDPR depends on them.
In Chapter 5, the contributions of this dissertation are summarized alongside
future research topics.
It seems intuitive that allocating all resources to data rate will give high raw
data rate but poor reliability of communications, whereas allocating all resources to
robustness is excessively conservative. A major goal of this dissertation is to study
and optimally balance this tradeoff for multicarrier communication systems in order
to provide guidelines on how to design them.
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Chapter 2
Variable Data Rate and Interference Robustness
Tradeoff

This chapter presents the data rate-interference tradeoff in multicarrier systems. This is one of the rate-robustness tradeoffs in multicarrier wireless communications. The goal of this chapter is to investigate this tradeoff to provide a means
for many variable-rate users to simultaneously access a channel while remaining
relatively robust to the interference caused by other users.

2.1 Introduction
Future wireless systems such as fourth generation (4G) cellular will need
flexibility to provide subscribers with a variety of services such as voice, data, images, and video. Because these services have widely different data rates and traffic
profiles, future generation systems will have to accommodate a wide variety of data
rates. CDMA has proven very successful for large scale cellular voice systems, but
there is some skepticism about whether CDMA will be well-suited to non-voice
traffic [94]. This has motivated research on multi-code CDMA systems which allow variable data rates [50, 51, 99] by allocating multiple codes, and hence varying
degrees of capacity to different users. Meanwhile, MC-CDMA has emerged as a
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powerful alternative to conventional direct sequence CDMA (DS-CDMA) in mobile wireless communications [4, 42, 43, 105, 122, 123], and has been shown to have
superior performance to single-carrier CDMA in multipath fading. This chapter
proposes and analyzes a new multiple access and modulation technique: a combined multi-code multicarrier CDMA system for exploiting the best aspects of each
of these earlier systems to achieve high data rate while remaining robust to the
multiple access interference.
Multi-rate transmission for single-carrier CDMA systems in AWGN channels has been previously considered in the literature, e.g. [78, 87]. It is also an
important part on third generation cellular standards, namely CDMA2000 1xEVDO [1] and 1xEV-DV [80], known sometimes as HDR [7]. HDR supports diverse
data rates using many codes with different spreading factors. However, in this case,
the code assignment is limited by the number of orthogonal codes for the short
spreading factor, and multipath can be very problematic for the higher data rates
since the spreading factor is short. Unlike the HDR system, the proposed system
does not require variable spreading factors. It uses the same code book to support
various data rates for different users.
Multi-code techniques such as the proposed system tradeoff the number of
supportable subscribers with the per subscriber data rate. Said another way, the
number of simultaneous higher data rate users in a multi-code CDMA system will
be less than the number of equal data rate users in a traditional CDMA system. A
variation of the multi-code scheme, which supports variable data rates by varying
the set of code sequences assigned to each of the users, has been proposed in [99,
13

100]. The users communicate their data by choosing one sequence from their code
set to transmit over the common channel. Also, in [100] the performance of multicode CDMA was considered only in an AWGN channel.
There have been to my knowledge two previous studies on multi-rate transmission for multicarrier direct sequence CDMA (MC-DS-CDMA) systems [12,
31]. The study of multi-rate transmission for MC-DS-CDMA systems based on
the concepts of multi-code access and variable-spreading gain code access was first
presented in [31]. In multi-rate MC-DS-CDMA, the data stream of a user with data
rate M is first multiplexed into M different serial streams with a base data rate, and
each serial stream is treated as an individual user. Each of the M serial streams is
then converted into P parallel sub-streams and spread by the same spreading code
with a constant spreading factor. Moreover, the system in [31] has M times more
interference per user, because each of the M data streams is treated as an independent user. Therefore, the system of [31] experiences more interference as the data
rate increases, even with a fixed number of users. Also, multi-rate transmission for
frequency spread multicarrier CDMA has been studied in [32]. In the multi-rate
multicarrier CDMA system in [32], the subcarriers are divided into M groups according to the required data rate. Therefore, when the number of subcarrier is fixed,
the spreading gain in frequency domain for each data is decreased with increasing
data rate. The single-carrier multi-code CDMA system in [99] addresses this interference scaling problem by using just one code sequence instead of spreading each
of the M multiplexed data streams so that the interference does not increase linearly with the data rate. However, this system [99] does not achieve the frequency
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diversity benefits of multicarrier modulation.
This chapter proposes a multicarrier CDMA system with multi-code that
outperforms both [31] and [99]. The proposed MC-MC-CDMA system achieves
the advantages of both systems: (i) variable data rates without interference scaling
and (ii) enhanced robustness to multipath fading channels. Moreover, the proposed
system gains in both the time and frequency domain to exploit the diversity and
interference averaging properties of multicarrier modulation and CDMA. The bit
error probability of the proposed system is derived analytically and the improvement of the proposed system over an MC-CDMA system is shown through both
analysis and simulations in a frequency selective fading channel.

2.2 System Model and Time-Frequency Signaling Gain
The proposed MC-MC-CDMA system depicted in Fig. 2.1 uses a set of
M codes called the code sequence set for M-ary modulation. Each user has the
same code sequence set which represents an information data symbol of log2 M bits.
The size of the code sequence set depends on the required data rate. In the usual
CDMA case, the size of the code sequence set is 2, i.e. there are two sequences
in the set, one to represent a ‘0’ and the other to represent a ‘1’. In the proposed
system, each user has a set of M code sequences, where log2 M is the ratio of the
required data rate to the base data rate (1 bit/symbol). Therefore, if the data rate
is to be made log2 M times the base data rate, the size of the code sequence set is
M and each M-ary data symbol is mapped to one of the code sequences of length
Nc . This code length Nc is fixed over all different values of M. Thus, varying
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Figure 2.1: Transmitter and receiver structure of the MC-MC-CDMA system
the data rate does not change the code length Nc , but it does change the size of
the code sequence set M. If orthogonal code sequences are used, the performance
advantages of orthogonal modulation are attained. However, in order to maintain
linear independence between the code sets, it is required that M ≤ Nc . If nonorthogonal code sequences are used, then M can be greater than Nc , naturally at the
expense of the distance between code symbols.
As shown in Fig. 2.1(a), an M-ary symbol selects one of M pre-mapped
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code sequences for transmission. Each code sequence has a time domain length
of Nc . Each bit of the length Nc code sequence is copied onto the K subcarrier
branches and multiplied with the user-specific scrambling code of the corresponding branch, cu,k . Note that the cu,k are independent of time so that the spreading at
this stage is only in frequency, allowing users to choose specific codes that have
low cross-correlations with other user’s codes. Each of these branches then modulates one of the K orthogonal subcarriers and the results are summed. As in popular
OFDM, this process can be implemented using a size K Inverse FFT to replace the
subcarrier multiplication and summation. Unlike OFDM, which uses serial to parallel conversion, in multicarrier CDMA the same information bit is replicated on
all subcarriers to achieve a spreading gain for multiple access. Also, a cyclic prefix
is not typically employed in multicarrier CDMA because self-ISI is a minor effect
compared to multiple access interference.
A multicarrier CDMA system with spreading only in the frequency domain is generally referred to as an MC-CDMA system, while a multicarrier system with spreading only in the time domain is usually called MC-DS-CDMA. As
shown in Section 2.2 and Fig. 2.1, the proposed MC-MC-CDMA system has twodimensional gain in both the time and frequency domains by using a multi-code
signal and multicarrier modulation, respectively. Two-dimensional spreading exploits both time and frequency diversity and thus can simultaneously combat frequency selective fading and multiple-access interference (MAI) from the advantages of multicarrier modulation and CDMA.
The total gain with two-dimensional signaling is the product of the time
17

domain gain which comes from the orthogonality between code sequences and the
frequency spreading gain. Within a fixed total bandwidth, the two-dimensional gain
can be adapted to the user load and radio link conditions such as Doppler spread,
delay spread, and channel gain.
It may be noted that two-dimensional gain in the time and frequency domain
is similar in principle to the MC-DS-CDMA system recently proposed in [122].
By using a frequency spreading code sequence, both systems can distinguish users
while assigning the same time domain spreading codes to each user. MC-MCCDMA improves upon MC-DS-CDMA in its handling of variable rates, and more
efficient spreading codes. The latter property is due to the selection of one of M
information-bearing codewords rather than multiplying a fixed codeword by the
incoming data bit.

2.3 System Analysis
2.3.1 Signal Description
To formalize the analysis of the MC-MC-CDMA system, consider that each
user has the same code sequence set which can be written as
Ω = {νm (n)|1 ≤ m ≤ M} ,

(2.1)

where νm (n) is a mth code sequence in the set Ω and n is a time index. User u’s ith
M-ary data symbol bu,i is mapped to one of the code sequences in Ω. Thus the ith
transmit sequence of user u before multicarrier modulation can be written as
S u,i (n) = νbu,i (n)

(2.2)
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S u,i (t) =

N
c −1
X

S u,i (n) fr (t − nT b − iT s ),

(2.3)

n=0

where S u,i (n) is the nth bit in the ith code sequence of user u, T b is the bit duration of
the code sequence, T s is the symbol duration (T s = Nc T b ), Nc is the length of code
sequence, and fr (t) is the normalized rectangular waveform defined as

1


 √Tb , 0 ≤ t ≤ T b
fr (t) = 

0,
elsewhere

(2.4)

According to the block diagram of the MC-MC-CDMA transmitter shown
in Fig. 2.1(a), the transmitted BPSK signal of user u can be written as
su (t) =

K N
∞ X
c −1
X
X

S u,i (n) fr (t − nT b − iT s )cu,k (Nc i + n) cos(ωk t + θu,k )

(2.5)

i=−∞ k=1 n=0

where cu,k (Nc i + n) is the kth chip of the nth bit in the ith code sequence of user u, ωk
is the kth carrier frequency, θu,k is the random phase of the kth subcarrier of user u
and uniformly distributed over [0,2π], and K is the number of subcarriers.
To suppress the out-of-band interference, it may be necessary to remove the
side lobes by filtering at the transmitter. In practical systems, pulse shaping filter
such as raised cosine filter is used. In (2.5), fr (t) is used as the rectangular pulse
shaping filter for each information bit before IFFT operation. Thus, sinc functions
are located at each subcarrier in the frequency domain. Since the frequency separation between the neighboring carriers is 1/T b , the carriers are orthogonal on chip
duration. Therefore, with assumption of perfect synchronization and no frequency
offset, there is no overlap between different subcarrier signals at each subcarrier
frequency due to zero crossing. Moreover, pulse shaping for entire bandwidth after
FFT operation is assumed to be ideally used [4, 42].
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In the receiver of Fig. 2.1(b), a size K FFT is applied to the input. The
output of the FFT is then despread to generate each bit of the received code sequence. The Nc regenerated bits compose one code sequence, and the regenerated
code is the input of the matched filter bank to detect the transmitted symbol. The
Nc despread bits form a degenerated code sequence, which is correlated with each
of the possible M code sequences. The sequence that gives maximum correlation
is then mapped back into an M-ary symbol. The use of this narrowband multicarrier scheme provides frequency diversity for multipath mitigation so that no RAKE
receiver is required, and a greater percentage of the received energy is actually collected for detection.
2.3.2 Analysis of the Output of the Matched Filter
In this section, the output of the matched filter is analyzed. Because the
MC-MC-CDMA transmitted waveform consists of a large number of narrowband
subcarriers, the channel model can be reasonably approximated as a frequency selective Rayleigh fading channel where each subcarrier experiences flat Rayleigh
fading. Different channel model can be considered instead of a Rayleigh fading
channel. However, the reason for considering a Rayleigh fading channel is that
the BER performance of the proposed scheme can be easily compared with other
schemes through analysis by using this channel. The subchannels can be written as
hu,k (t) = gu,k (t)e jψu,k (t)

(2.6)

which is a complex Gaussian random variable with zero mean and variance σ2 ,
characterized by a Rayleigh distributed amplitude attenuation gu,k (t), and a phase
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shift ψu,k (t). While in practice there would be some correlation between adjacent
subchannels, it is assumed here that hu,k (t) are uncorrelated and identically distributed for different u and k.
If there are Nu active users, the received signal of the synchronous system is
r(t) =

Nu X
∞ X
K N
c −1
X
X
i=−∞ u=1 k=1 n=0

gu,k (t)S u,i (n) fr (t − nT b − iT s )

× cu,k (Nc i + n) cos ωk t + φu,k (t) + n(t),

(2.7)

where φu,k (t) = θu,k + ψu,k (t) and n(t) is the additive white Gaussian noise with zero
mean and power spectral density No . The amplitude attenuation and phase shift is
considered to be constant over the time interval [0,T b ).
From Fig. 2.1(b) and (2.7), the matched filter output at the receiver can be
derived. Assume that the user 1 is the desired user and the 0th transmitted M-ary
symbol of the desired user is m which represents an M-ary data symbol b1,0 , then
the 0th output of the filter matched to the code m of user 1 is
Z

Ts

Z1,m =

x1 (t)

N
c −1
X

0

νm (n) fr (t − nT b )dt,

(2.8)

n=0

where the demodulated code sequence of user 1 x1 (t) is
x1 (t) =

N
c −1
X

λ1, j fr (t − jT b ),

(2.9)

j=0

λ1, j

1
=
Tb

Z

( j+1)T b

r(t)
jT b

K
X

c1,q ( j) cos(ωq t + φ1,q ( j))α1,q dt.

(2.10)

q=1

In this chapter, equal gain combining (EGC) is considered, because of its simplicity
as the receiver does not require the estimation of the channel gain factor. Thus,
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α1,q = 1 for all q. As shown in Appendix A, the matched filter output (2.8) can be
written as [4, 42, 105]
Z1,m = D1,m + I1,m + J1,m + η,

(2.11)

where D1,m is the desired signal for user 1, I1,m is the same carrier interference from
other users, J1,m is other carrier interference from other users, and η is the AWGN
term with variance No KNc /4T b . The desired signal D1,m is
D1,m

Nc −1
K
X
1X
g1,q (0).
=
νm (n)νb1,0 (n)
2 n=0
q=1

(2.12)

In (2.11), the same carrier interference term I1,m can be written as
c
u X X
1X
gu,k (0)νm (n)νbu,0 (n)
=
2 u=2 k=1 n=0

N

I1,m

K N −1

×cu,k (n)c1,k (n) cos(φu,k (n) − φ1,k (n)),

(2.13)

and other carrier interference term J1,m can be written as
J1 =

Nc −1 X
Nu X
K X
K
1 X
gu,k (0)νm (n)νbu,0 (n)cu,k (n)c1,q (n)
2T b n=0 u=2 k=1 q=1
q,k

Z

Tb

×

cos((ωk − ωq )t + φu,k (t) − φ1,q (t))dt.

(2.14)

0

As shown in Appendix A, I1,m and J1,m have zero mean and variance
1
var(I1,m ) = (Nu − 1)KNc σ2 ,
4

(2.15)

σ2 Nc (Nu − 1) X X
1
var(J1,m ) =
,
2
8π
(k − q)2
k=1 q=1

(2.16)

K

K

q,k
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respectively. Therefore, assuming that the transmitted code sequence is known,
the mean and variance of Z1,m , the statistics of output of the filter matched to the
transmitted code sequence at time 0 is as follows:
E(Z1,m ) =

Nc −1 X
K
1X
g1,k (0),
2 n=0 k=1

(2.17)

and
1
1
σ2 Nc (Nu − 1) X X
No KNc
. (2.18)
var(Z1,m ) = (Nu − 1)KNc σ2 +
+
2
2
4
8π
(k − q)
4T b
k=1 q=1
K

K

q,k

Now the probability of error for orthogonal and non-orthogonal code sequences are separately derived.
2.3.3 Probability of Symbol Error for the case of an M-ary Signal using an
Orthogonal Code Sequence (M ≥ 2)
If the Gaussian approximation is used for MAI and perfect subcarrier channel knowledge is assumed, the PDF of the output of the matched filter corresponding to the transmitted code sequence m for the desired user 1 is
!
(x − E(Z1,m ))2
PZ1,m (x) = p
exp −
,
2var(Z1,m )
2πvar(Z1,m )
1

(2.19)

where E(Z1,m ) and var(Z1,m ) are shown in (2.17) and (2.18). For simplicity, let’s
assume that the transmitted code sequence m is 1. The symbol error probability
for the case of an M-ary orthogonal code sequence conditioned on the collection of
subcarrier channels Pe,M−orthogonal|g is
Z ∞
Pe,M−orthogonal|g = 1 −
P(z > Z1,2 , . . . , z > Z1,M |Z1,1 = z)PZ1,1 (z)dz,
−∞
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(2.20)

where Zi,m is the output of the matched filter corresponding to the code sequence
m for user i, m = 1, . . . M. Since the {Zi,m } are statistically independent, the joint
probability function P(z > Z1,2 , z > Z1,3 , . . . , z > Z1,M |Z1,1 = z) can be a product of
M − 1 marginal probabilities as follows,
Z

z

P(z > Z1,m |Z1,1 = z) =
−∞

PZ1,m (x)dx,

(2.21)

where the PDF of the output of the matched filter corresponding to the code sequence m (i , 1) is
!
x2
exp −
PZ1,m (x) = p
.
2var(Z1,m )
2πvar(Z1,m )
1

(2.22)

These probabilities are all same for m = 2, . . . M. Then, the symbol error probability
for the case of an M-ary orthogonal code sequence conditioned on the collection of
subcarrier channels can be obtained as
Pe,M−orthogonal|g
Z ∞


=1−
P(z > Z1,m |Z1,1 = z) M−1 PZ1,1 (z)dz
−∞

=1− p

1

Z

∞

Z

z

! ! M−1
x2
dx
exp −
p
2var(Z1,m )
2πvar(Z1,m )
1

2πvar(Z1,1 ) −∞ −∞
!
(z − E(Z1,1 ))2
×exp −
dz,
2var(Z1,1 )

where m , 1

(2.23)

The symbol error probability can be evaluated by Monte Carlo integration
over the channel realization {gu,l }. The symbol error probability conditioned on the
collection of subcarrier channels (2.23) is the same when any one of the other M − 1
code sequence is transmitted. Since all the M code sequence are equally likely, the
24

symbol error probability given in (2.23) is the average probability of a symbol error
conditioned on the collection of subcarrier channels.
For M = 2, The symbol error probability conditioned on the collection of
subcarrier channels can be simplified to
Pe,Binary−orthogonal|g



 E(Z1,1 ) 
 .
= Q  p
2var(Z1,1 )

(2.24)

2.3.4 Probability of Symbol Error for the case of an M-ary Signal using Nonorthogonal Code Sequences (M ≥ 2)
For an M-ary signal using non-orthogonal code sequences, the average symbol error probability conditioned on the collection of subcarrier channels Pe,M|g can
be expressed as
Pe,M|g

M
1 X
Pe,m|g ,
=
M m=1

(2.25)

where Pe,m|g is the probability of error conditioned on the collection of subcarrier
channels for the code sequence νm . The probability of error Pe,m|g is upper-bounded
as
Pe,m|g ≤

M
X

Pe,M=2|g (ν s , νm ),

(2.26)

s=1
s,m

where Pe,M=2|g (ν s , νm ) is the probability of error conditioned on the collection of
subcarrier channels for a binary communication system using two non-orthogonal
code sequences ν s and νm . The binary error probability Pe,M=2|g (ν s , νm ) is

 s

 1
2
d
sm
 ,
Pe,M=2|g (ν s , νm ) = Q 
2 var(Z1,m ) 
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(2.27)

Ss −b
S m k2 .
where d2sm = kb
From (2.9),(2.10), the two sequences b
S s and b
S m after passing through the channel
and demodulator are
 Z

N
K
c −1 
(n+1)T b
X
X

 1
b

Sj =
r(t)
ci,q (n) cos(ωq t + φi,q (n))αi,q dt fr (t − nT b ),
T b nT c
n=0
q=1
for j ∈ {s, m},

(2.28)

where i is the user index, and r(t) is the received signal. Thus, the symbol error
probability conditioned on the collection of subcarrier channels for an M-ary nonorthogonal code sequence is upperbounded as [93]
 s

M
M X


X
2

d
1
 1
sm
 ,
Q 
Pe|g,M ≤
M m=1 s=1
2 var(Z1,m ) 

(2.29)

s,m

which can be evaluated by Monte Carlo integration over the channel realizations
{gu,k }.
As shown in (2.29), the symbol error probability for the case of the nonorthogonal code sequence depends on the distance between code sequences in the
code sequence set, as would be expected.

2.4 Performance Comparison for MC-MC-CDMA
In this section, the numerical BER performance of MC-MC-CDMA is compared to competing systems, and some properties of MC-MC-CDMA are observed.
For the MC-MC-CDMA system, the chosen parameters are Nc = 16 for the length
of the code sequence, K = 16 for the number of subcarriers, and M = 2, 4, 8, 16 for
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Figure 2.2: Simulation results for BER versus SNR for MC-CDMA, MC-SCCDMA, and MC-MC-CDMA with various M. All these systems occupy the same
total bandwidth, and the MC-MC-CDMA system uses orthogonal code sequences
since M ≤ Nc .
the M-ary symbols. The frequency selective Rayleigh fading channel is considered
for the simulation. It is assumed that the channel on each subcarrier can be considered as flat fading and the receiver has perfect channel knowledge to detect the
transmitted signal.
Fig. 2.2 shows the BER performance of the MC-MC-CDMA system with
various M, the MC-CDMA system [42], and the multi-code single-carrier CDMA
(MC-SC-CDMA) system [99]. In order to fairly compare the performance of these
systems which have different subcarrier channel bandwidths, the number of subcarriers in each system is fixed to make the total bandwidth equal for all three systems.
For example, when the length of the code sequence Nc = M = 16, the MC-MC-
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CDMA system transmits 16 bits within one symbol time (4 information bits). That
means the MC-MC-CDMA system uses 4 times more bandwidth compared to an
MC-CDMA system with the same data rate. Therefore, 16 subcarriers are used
for the MC-MC-CDMA system and 64 subcarriers are used for the MC-CDMA
system. For the MC-SC-CDMA system, the length of the code sequence is 256.
Moreover, all three systems have the same data rate. Since the length of the code
sequence Nc is 16, the maximum supportable data rate is 4 bits/symbol. Thus, both
multi-code CDMA and the MC-CDMA systems have the same information rate of
4 bits/symbol. In this way, all three systems use the same total bandwidth and the
same data rate in the simulation. As can be seen, the proposed MC-MC-CDMA
system performs better than the MC-CDMA system. By using multicarrier modulation, the MC-MC-CDMA system also easily outperforms the MC-SC-CDMA
system in a frequency selective fading channel. Due to the gain which comes from
orthogonality between code sequences and frequency spreading gain, the proposed
MC-MC-CDMA system shows better performance than MC-CDMA and MC-SCCDMA systems. The performance can be adjusted to different channel conditions,
since the time-frequency spreading tradeoff can be controlled accordingly.
In Fig. 2.3, the analytical expressions and the simulation results in a Rayleigh
fading channel for the orthogonal code sequence case are compared. Here, M = 2
and 16, and Nu = 10. The performance is better for M = 2, because the 16-ary MCMC-CDMA system uses more code sequences than the binary MC-MC-CDMA
system. In the same Nc = 16 dimensional signal space, it results in a smaller distance between code sequences than for the M = 2 case. The plot shows that the
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Figure 2.3: The comparison of SER by analysis and SER by simulation for M-ary
(M = 2, M = 16) orthogonal code sequence cases in K = 16 independent subcarrier
channels
analytical derivations agree closely with the simulation results for the orthogonal
code sequence case.
Fig. 2.4 shows the analytical upper bound on symbol error probability and
the simulation results for the MC-MC-CDMA system using non-orthogonal code
sequences with various average code distances, as derived in Section 2.3.4. Here,
M = 16, Nc = 8, K = 32, and Nu = 10. The code sequence set is randomly
generated. In Fig. 2.4, d represents the average distance between code sequences:
XX
1
d=
kvm − v s k,
(M − 1)(M − 1) m=1 s=1
M

M

vi ∈ Ω,

i = 1, · · · , M.

(2.30)

s,m

It is shown that the simulation results fall in under the analytical upper bound, as
expected. The upper bound is relatively tight. As shown in Section 2.3.4, for the
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Figure 2.4: The comparison of SER upper bound by analysis and SER by simulation
for the MC-MC-CDMA system using non-orthogonal code sequence sets. M = 16,
Nc = 8, K = 32, Nu = 10
non-orthogonal code sequence, the symbol error probability upper bound depends
on the distance between code sequences. Naturally, as the average distance between
code sequences is decreased, the upper bound is increased.
The BER performance versus the number of users for both systems with
an SNR of 10dB is shown in Fig. 2.5. At the same BER, data rate per user, and
consumed bandwidth, the MC-MC-CDMA system can support more users than
the MC-CDMA system. For example, at a BER of 3 × 10−3 , the number of users
supported by the MC-MC-CDMA system is about 13, while it is about 7 for the
MC-CDMA system. These are both uncoded systems with a total spreading gain of
64.
Fig. 2.6 shows the received (pre-despreading) signal-to-interference-plus30
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Figure 2.5: The BER versus the number of users for the MC-CDMA system and
the MC-MC-CDMA system.
noise ratio (SINR) versus M with various numbers of users Nu and SNR. In this
system, the mean of all interference power is assumed to be equal. As shown in
Fig. 2.6, the received SINR of the MC-MC-CDMA system varies according to the
variation of Nu and SNR, but not M. Since the length of the code sequence Nc is
fixed over all different value of M, the received SINR is not changed according to
M as shown in Fig. 2.6. It means that the proposed MC-MC-CDMA system can
support higher data rate without increasing the interference unlike the multi-rate
multicarrier CDMA system [31].
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Figure 2.6: The received (pre-despreading) SINR versus M with various Nu and
SNR. It can be seen that the value of M does not change the received SINR.

2.5 Chapter Summary
In this chapter, multi-code multicarrier CDMA was shown to be a promising method for supporting variable data rates for a large number of users in future
cellular systems by addressing the interference scaling problem with enhanced robustness to multipath fading channels. By using the multi-code concept, the MCMC-CDMA system achieves two-dimensional gain as well as frequency diversity.
In addition, various data rates can easily be supported by changing the size of the
code sequence set. With the same total bandwidth, both analytical and simulation
results showed that the proposed MC-MC-CDMA system clearly outperforms mul-
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ticarrier CDMA and single carrier multi-code CDMA in terms of bit error probability and user capacity in a frequency selective Rayleigh fading channel. This shows
that data rate flexibility can be achieved in a multicarrier CDMA system without
any sacrifice in performance, but rather offers improved robustness, flexibility, and
capacity.
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Chapter 3
Power Allocation Tradeoff in MIMO Multicarrier
Systems - Theoretical Capacity
3.1 Introduction
OFDM is one of the most important physical layer technologies for high
data rate wireless communications due to its robustness to frequency selective fading, high spectral efficiency, and low computational complexity. OFDM can be
used in conjunction with a MIMO transceiver to increase the diversity gain and/or
the system capacity [3, 9, 71, 90, 106, 121]. MIMO-OFDM is considered the key
physical layer technology in emerging high-data rate systems such as 3GPP-LTE,
IEEE 802.16e (WiMAX), and IEEE 802.11n [24, 35, 52, 97].
In MIMO-OFDM systems, channel state information (CSI) is essential at
the receiver in order to coherently detect the received signal and to perform diversity
combining or spatial interference suppression. To attain instantaneous CSI at the receiver, pilot-symbol-aided or decision-directed channel estimation must be used to
track the variations of the frequency selective fading channel [68, 69]. Pilot symbols
facilitate channel estimation, but in addition to consuming bandwidth, they reduce
the transmitted energy for data symbols per OFDM symbol under a fixed total transmit power condition. This suggests a tradeoff between the power allowed to data
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symbols and the accuracy of the channel estimation when the total transmit power
is fixed. Pilot symbols can be transmitted in various ways in MIMO-OFDM systems including independent (time-multiplexed), scattered (frequency-multiplexed),
or orthogonal (code-multiplexed) pilot patterns [21]. In this chapter, the PDPR
for MIMO-OFDM systems with these different pilot patterns is optimized from a
Shannon capacity point of view. The results herein allow system designers to have
a well-justified basis for allocating more power to pilot symbols, despite the fact
that they do not carry actual information themselves.
To date, there have been several previous studies on the problem of optimizing pilot signals for wireless communication systems [86, 114], but there have been
far fewer studies for MIMO-OFDM. Optimizing the PDPR for DS/CDMA systems
has been considered in [101] for the single user case. In multiuser cases, the optimal PDPR for the DS/CDMA uplink with multiuser detection has been examined
in [48]. Both works optimized the PDPR of DS/CDMA systems with respect to
the bit error rate (BER) performance. For OFDM systems with a SISO, optimizing
training tones for minimizing the mean-square error (MSE) in channel estimates
has been proposed in [85], optimal placement and power of pilot signals for maximizing capacity has been analyzed in [2, 75, 86], and the BER-minimizing pilots
for OFDM systems were derived in [10]. Also, in [11], the training signal design
problem for single carrier SISO system with adaptive modulation has been studied
including channel estimation and prediction errors.
For MIMO systems, some recent research has begun to develop guidelines
for appropriate pilot signal design. For single-carrier MIMO systems, the effects
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of pilot-assisted channel estimation were analyzed in [96], and an optimal training
signal was developed in [44]. Both papers optimize the training signal to maximize
the capacity lower bound. In [77], the pilot signal is optimized for block transmissions with MIMO systems to maximize the capacity lower bound. However, only
the scattered pilot pattern is considered assuming that pilot symbols are transmitted at every OFDM symbol time. The problem of optimizing training tones for
MIMO-OFDM systems has been addressed in [6] with the mobility. The metric for
optimization in [6] was the MSE of the channel estimation with pilot symbols in every OFDM symbol. The effect of feedback error on the information throughput has
been studied in [5], which also studied training signal design for MIMO systems
including feedback error.
In this chapter, the PDPR of MIMO-OFDM systems is optimized by directly maximizing a capacity lower bound while considering the effects of imperfect channel estimation. The analysis shows that the correlation between different
channel links in the estimated channel can be removed by using different pilot patterns which are termed as independent, scattered, and orthogonal, and an optimal
PDPR is derived for each of those cases. The analysis is begun with a static channel, which can also be interpreted as a block fading channel. For the scattered pilot
pattern, two different scenarios are considered: (i) transmit pilot symbols only at the
first of Mt OFDM symbol times (SPP-1), (ii) transmit pilot symbols at every OFDM
symbol time (SPP-2) [77]. The analysis for the static channel case can be viewed
as a generalization of prior results on SISO-OFDM [2], as the results reduce to that
special case when only one antenna is present at both the transmitter and receiver.
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A dynamic channel case with high mobility is also considered. There have
been no studies, to my knowledge, on the relative power ratios between pilot and
data symbols for maximizing the capacity of MIMO-OFDM systems accounting
for the channel interpolation error due to Doppler effects. The importance of considering the dynamic channel case is that the block fading model is invalid at high
vehicular speed, since each OFDM symbol experiences a different channel. Moderate mobility is assumed; namely, the channel varies over a block of OFDM symbols
but is invariant during one OFDM symbol duration. Note that this level of mobility is insufficient to cause a doubly-selective channel [55, 56, 98]. As will be
explained, independent and orthogonal pilot patterns cannot properly estimate the
mobile MIMO channel, while the scattered pilot pattern can. Moreover, in emerging standards pilot symbols are transmitted periodically rather than in every OFDM
symbol, and interpolation techniques are used over two pilot-inserted OFDM symbols. For dynamic channels, the optimal PDPR can be determined by considering
both channel estimation and interpolation error over the Doppler Spectrum.

3.2 System Description
The system under consideration is depicted in Fig. 3.1, which shows a spatial multiplexing MIMO-OFDM system with Mt transmit antennas and Mr receive
antennas. The number of subcarriers is K, and the number of nonzero taps of the
impulse response is L for each channel. Suppose the received signal in the frequency domain is denoted by the Mr K × 1 vector y = [ yT1 · · · yTMr ]T where
y j = [ y j (1) · · · y j (K) ]T and y j (k) is the received signal on the kth subcarrier of
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Figure 3.1: MIMO-OFDM structure with pilot signals
the jth receive antenna. The received signal at the jth receive antenna is given by
yj =

Mt
X

xi WK hi, j + n j = XFh j + n j ,

(3.1)

i=1
K
where X = [ x1 · · · x Mt ] is the transmit symbol matrix where xi = diag (xi (k))k=1
,

the function diag(·) is used as follows
M−1
diag (Ai )i=0


0
 A0

..
= 
.

0
A M−1




 ,


(3.2)

where Ai can be a series of matrices or scalars, h j = [ hT1, j · · · hTMt , j ]T is the
channel impulse response matrix at jth receive antenna where hi, j = [ hi, j (1) · · ·
hi, j (L) ]T and hi, j (l) denotes the channel response of the lth path from the ith transmit
antenna to the jth receive antenna, and n j = [ n j (1), . . . , n j (K) ]T is additive white
Gaussian noise (AWGN) which is zero mean Gaussian with covariance σ2n I. The
subcarrier index sets for the data and pilot symbols are D and P, respectively, and
the number of the data and pilot symbols are D and P. Let xd,i and x p,i be the diagonal matrix of data and pilot symbols transmitted from the ith transmit antenna;
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in other words, xd,i = diag (xi (k))k∈D and x p,i = diag (xi (k))k∈P , where k is the subcarrier index. When E[xd,i xHd,i ] = σ2d ID , x p,i xHp,i = σ2p IP , and Ia is an (a × a) identity
matrix, the PDPR is defined as follows.
Definition 3.1. The PDPR is the ratio between the average power of each pilot and
data tone:



trace x p,i xHp,i /P
σ2p
 h
i
η=
= 2.
trace E xd,i xHd,i /D σd

(3.3)

Finally, let the DFT matrix for data subchannels and pilot subchannels be
Wd ∈ C D×L and W p ∈ C P×L . Those DFT matrices are generated by selecting rows
from WK according to the index sets D and P.

3.3 PDPR for Static Channels
In this section, the static channel case is considered. When mobility is restricted, the channel can be considered constant over some number of OFDM symbols. In this case, the estimated channel does not require time-interpolation, so
only FFT-based interpolation over frequency domain is considered. Moreover, four
likely pilot patterns; independent (IPP), orthogonal (OPP), and two scattered (SPP1,
SPP2) pilot patterns can be used to estimate MIMO-OFDM channel which requires
estimating multiple spatial links, and the optimal PDPR for each of them is obtained
for this static channel case.
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3.3.1 Channel Estimation with Different Pilot Patterns
It is assumed that the channel is estimated by using a MMSE estimator using pilot symbols as in [44] and the taps of hi, j are independent and identically
distributed (i.i.d.) complex Gaussian random variables with zero mean and variance equal to L1 . Since there are many scatterers near a receiver, each (narrowband)
channel can be modeled as a Rayleigh fading channel. It is possible to investigate
the effect of channel model on balancing PDPR by using different channel models.
However, I focused on the pilot pattern and structure. The received signal for channel estimation is composed of the signals on subcarriers reserved for pilot symbols,
and can be expressed as follows,
y p = [ yTp,1 yTp,2 · · · yTp,Mr ]T
= Zh + n p ,


where y p, j = vec y j (q)

q∈P

(3.4)

, h = [ hT1 · · · hTMr ]T , Z = I Mr ⊗ X p F p where ⊗ is

the Kronecker product, F p = I Mt ⊗ W p , W p ∈ C P×L is a DFT matrix generated
by selecting rows from a DFT matrix WK ∈ C K×L according to the index sets P,


X p = [ x p,1 · · · x p,Mt ], N p = [ nTp,1 · · · nTp,Mr ]T , n p, j = vec n j (k)
, and
k∈P

vec (ak ) is a function which creates a vector with elements ak .
h
i
From (3.4) and the channel assumption (E hhH = L1 IL ), the estimated channel can be expressed as
ĥ p = ZH (ZZH + Lσ2n IPMr )−1 Y p
i−1
h
= (I Mr ⊗ FHp XHp ) (I Mr ⊗ X p F p FHp XHp ) + Lσ2n IPMr Y p
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(3.5)

by using (A ⊗ B)(C ⊗ D) = AC ⊗ BD. Then, the estimated channel at the jth receive
antenna is
ĥ p, j = (FHp XHp ) · (

Mt
X

x p,s W p WHp xHp,s + Lσ2n IP )−1 · (X p F p h j + n p, j ),

(3.6)

s=1

where n p, j is the AWGN noise in frequency domain at the jth receive antenna. Thus,
the estimated channel between ith transmit antenna and jth receive antenna using the
MMSE channel estimator can be expressed as
ĥi, j = Ui (X p F p h j + n p, j ) =

Mt
X

Ui x p,m W p hm, j + Ui n p, j ,

(3.7)

m=1

where Ui = WHp xHp,i

P M

t

s=1

x p,s W p WHp xHp,s + Lσ2n IP

−1

. As shown in (3.7), the es-

timated channel between ith transmit antenna and jth receive antenna has components related not only to hi, j but also hm, j (m , i). Moreover, it has the term
P Mt
H H
s=1 x p,s W p W p x p,s which sums the power of pilot symbols from all transmit antennas, and decreases the performance of channel estimation. This is because pilot
symbols on the same subcarriers are transmitted from all transmit antennas at the
same time.
Three pilot transmit schemes that eliminate this interference are considered
in order to allow better channel estimation as shown in Fig. 3.2. Independent, orthogonal, and scattered pilot patterns guarantee the orthogonality between signals
from different transmit antennas in time, frequency, and code domain, respectively.
The motivation for considering different pilot patterns is that for various reasons,
different practical systems employ different pilot patterns. For example, in the IEEE
802.16e standard [52], pilot symbols for 2 different transmit antennas are allocated
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Figure 3.2: Description of independent, orthogonal and scattered pilot patterns
in different symbols (i.e. IPP). For 3 and 4 transmit antennas, pilot symbols for
different antennas are allocated in the time and frequency domain, which is a combination of IPP and SPP. In the technical specification of the IEEE802.11n (TGn
Sync) proposal [82], orthogonal codes are generated for the pilot symbols of different transmit antennas in MIMO-OFDM HT (high throughput) mode, like OPP.
Therefore, independent, orthogonal, and scattered pilot patterns are considered in
practical MIMO-OFDM systems, which provides motivation for deriving and comparing the optimal PDPR of each those patterns.
Moreover, the scattered scheme uses more subcarriers for pilot symbols and
null symbols during each OFDM symbol time, when it transmits pilot symbols at
every OFDM symbol time. It thus requires the channel to be constant over just
one OFDM symbol, rather than Mt OFDM symbols. Therefore, it is better for a
high Doppler channel scenario, i.e. a fast fading channel. Alternatively, in slowly
fading channels, it might be possible to send several OFDM symbols without pilot
symbols. Thus, the pilot symbols can be transmitted either at every OFDM symbol
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time (SPP-1) or only at the first OFDM symbol time over Mt OFDM symbol times
(SPP-2). In this chapter, both configurations will be considered for the scattered
pattern.
With the three different pilot patterns and the estimated channel in (3.7), the
channel estimation error (h̃ p = h p − ĥ p ) covariance can be found through analysis
and simplified as follows,
E

h

h̃ p h̃Hp

i



Mt
X

1 
−1 
H
H
2
=
Z (ZZ + Lσn IPMr ) Z ,
ILMt Mr −
L
i=1

−1

Mtξ σ2p H 
1
I M M ⊗ IL +
W p W p  ,
=
L r t 
Lσ2n

(3.8)

where ξ is 0 for IPP/SPP and 1 for OPP, and X p in Z depends on each pilot pattern
of IPP, OPP, and SPP.
From (3.8), it can be found that the channel estimation error covariance is
lower bounded when WHp W p is a multiple of the identity matrix. The reason for
this is that lower bound of the channel MSE can be achieved when this condition is
satisfied. In [2, 77], it has been shown that by maximizing the capacity lower bound
with respect to the pilot placement while fixing the pilot and data power tradeoff,
an upper bound on the capacity lower bound which is a function of only pilot and
data power tradeoff can be achieved. And this upper bound on the capacity lower
bound is obtained by minimizing the channel MSE, and this MSE lower bound
can be achieved when WHP WP in the channel MSE is a diagonal matrix. Since the
diagonal element of WHP WP is P, WHP WP has to be PI. And it is easy to find that
when D = mP (m ≥ 1) and P ≥ L, all of the following placements satisfy this
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condition [2]:
P = {i, i + m + 1, i + 2(m + 1), . . . , i + (P − 1)(m + 1)}

(3.9)

where i can be any integer between 1 and m + 1. Using more pilot symbols reduces
the available power for data symbols, so once WHp W p is a multiple of the identity
matrix and P ≥ L, the minimum possible value L is chosen for the number of required pilot symbols. It will be shown in Section 3.3.3 that additional pilot symbols
above L does not result in an additional capacity gain. With this placement and
number of pilot symbols, the optimal PDPR which maximizes the capacity lower
bound can be found.
3.3.2 Maximizing a Capacity Lower Bound
In this section, a lower bound on capacity is found and the relationship between the capacity lower bound and the PDPR is shown. The reason for considering
a capacity lower bound rather than the capacity is that it is difficult to obtain an exact closed form for capacity including PDPR effects. In this chapter, the optimal
PDPR is obtained by maximizing the worst case capacity which is the capacity
lower bound expressed as the closed form in this chapter. A considerable amount
of related research uses the capacity lower bound as a criterion [2, 44, 77]. The capacity is the maximum of the mutual information between the known signals and
the unknown signal over the distribution of the transmitted data signal [44]. The
received signal at the jth receive antenna in the frequency domain is given by
y j = H j xd + n j
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= Ĥ j xd + H̃ j xd + n j ,
| {z }

(3.10)

yE



where H j = [ H1, j · · · H Mt , j ], Hi, j = diag WK hi, j , xd = [ vec (x1 (k))Tk · · ·

vec x Mt (k) Tk ]T , vec (ak )k is a function which creates a row vector with elements ak .
H j = Ĥ j − H̃ j , and H̃ j is the channel estimation error in frequency domain. When


xd ∼ CN 0, σ2d I , the capacity lower bound can be obtained as follows [44],
Clb =



inf sup I yd ; xd |Ĥ

p(yE ) p(xd )

=


i
1 h
H
E log2 det IDMr + σ2d R−1
yE ĤĤ
K

(3.11)



where I yd ; xd |Ĥ is the mutual information between the received yd and transmitted xd , given the estimated channel, and p(yE ) and p(xd ) are the probability
distribution of yE and xd , respectively, RyE is the covariance matrix of yE , and
H = [ HT1 HT2 · · · HTMt ]T . With the optimal pilot placements in Section 3.3.1
and the assumption that P is a factor of K and P ≥ L, the matrix WHp W p becomes
the identity matrix. Through the mathematical analysis, the covariance matrix of yE
can be expressed as

 Mr 

RyE = σ2d E diag H̃ j H̃Hj
+ σ2n IDMr
j=1
M
 Mt
X

h
i
 r


= σ2d · diag  diag Wd Īi, j E h̃ p h̃Hp ĪHi, j WHd  + σ2n IDMr
i=1

=

Lσ2d Mt
Mtκ Pγ p +

L

j=1

!
+ σ2n I,

(3.12)

where κ is 0 for IPP and SPP, 1 for OPP, and γ p = σ2p /σ2n . Īi, j is used for convenience
in expression. Īi, j = [ 0(i−1)L+Mr ( j−1)L IL 0 ], the size of Ii is (L × LMt Mr ), and
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0(i−1)L+Mr ( j−1)L is an (L × ((i − 1)L + Mr ( j − 1)L)) all zero matrix. For the scattered
pilot pattern, two possible scenarios are considered as mentioned in Section 3.3.1.
However, the analysis of the capacity lower bound for the time when pilot symbols
are transmitted is the same for both cases.
When the PDPR is changed, the estimated channel matrix also varies. Therefore, the effective SNR and the estimated channel matrix should be considered together for maximizing the capacity lower bound. However, after normalizing the
estimated channel matrix, the capacity lower bound can be maximized by maximizing only the effective SNR, because the effective SNR is the only term including the
PDPR effect after normalization [44, 77]. The estimated channel can be normalized
as H̄ =

1
Ĥ.
σH
b

The estimated channel Ĥ is zero mean, thus the variance can be

obtained as
σ2Ĥ = E[tr(ĤĤH )]
= Mr Mt D −

Mr Mt LD
.
Mtκ Pγ p + L

(3.13)

Then, the capacity lower bound can be written as

i
1 h
E log2 det IDMr + ρeff H̄H̄H ,
K
DPMr Mt(κ+1) σ2d σ2p
=
,
σ2n (Mtκ Pσ2p + L(σ2d Mt + σ2n ))

Clb =

(3.14)

ρeff

(3.15)

where the size of the estimated channel matrix and D are different according to
the pilot patterns due to their different number of subcarriers for data symbols. In
the case of the scattered pilot pattern, this capacity lower bound is for the OFDM
symbol time when pilot symbols are transmitted. As shown in (3.14), the capacity
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lower bound can be maximized only by maximizing the effective SNR ρeff using
the optimal PDPR. If we consider a single-input single-output system by setting Mt
and Mr equal to 1, (3.14) is similar to the effective SNR in [2].
3.3.3 Optimal PDPR of IPP, OPP, and SPP-1
Let α denote the fraction of total transmit power that is allocated to data
symbols, then σ2d and σ2p in the effective SNR can be expressed with α and ptot
which is the total transmit power. Thus, the effective SNR can be written as
ρeff =

α(1 − α)DP2tot Mr
,
σ2n (αPtot (LMtχ − D) + D(Ptot + LMtχ σ2n ))

(3.16)

where χ is 0 for IPP and OPP, 1 for SPP-1. Then, the optimal PDPR that maximizes
the capacity lower bound of MIMO-OFDM system with IPP, OPP, and SPP-1 can
be obtained as following theorem.
Theorem 3.1. Under the assumption that P is a factor of D and P ≥ L, the optimal
PDPR that maximizes the capacity lower bound of MIMO-OFDM system with IPP,
OPP, and SPP-1 is given by
 DMξ

t


 √P
ηopt = 
χ
χ 2
ξ
2


 LMt D(LMt σn +Ptotχ)(P2tot +σn D)Mt
P(Ptot +LMt σn )

if LMtχ = D
otherwise

(3.17)

where ξ is 1 for IPP, 0 for OPP and SPP-1, and χ is 0 for IPP and OPP, 1 for SPP-1.
Proof. To find the optimal α, solving the optimization problems by finding max ρeff
subject to the total power constraints is required. Now, for IPP, OPP, and SPP-1
cases, the α which maximizes the effective SNR over 0 < α < 1 can be found by
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differentiating ρeff and setting it equal to zero. Thus, if it is assumed that P is a
factor of D and P ≥ L, the optimal fraction of total transmit power that is allocated
to data symbols is given by
αmax = arg max ρeff
 0<α<1
1


if LMtχ = D

2 √
= 
2


 −γ+ ββγ+γ otherwise

(3.18)

where β = Ptot (LMtχ − D), γ = D(Ptot + LMtχ σ2n ). Then, with the definition of PDPR,
the optimal PDPR can be found by using the optimal α.



From (3.16) and K = D + Mtχ P, the effect of the number of pilot symbols
on the effective SNR can be found as follows,
ρeff (P) − ρeff (P + 1) > 0

∀P ≥ L,

(3.19)

where ρe f f (P) is the effective SNR when the number of pilot symbols is P. This
means, as noted earlier, that there is no additional gain when P ≥ L, so P = L.
In the case of SPP-2, the channel value which is estimated at the first OFDM
symbol time with the PDPR in (3.17) can be used for the remaining (Mt − 1) OFDM
symbol times. Even though this is a suboptimal solution for the SPP-2 configuration, it has much lower complexity than the optimal solution. Moreover, the lower
bound with this suboptimal method shows similar results to the optimal solution, as
shown in Section 3.3.4.
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3.3.4 Optimal PDPR of SPP-2
In the configuration of SPP-2, pilot symbols are transmitted only at the first
OFDM symbol time (T 1 ) during Mt OFDM symbol times. During the remaining
Mt − 1 OFDM symbol times (T 2 ), data symbols can be transmitted on subcarriers
which is used for pilot symbols at the first OFDM symbol time with using the same
channel information estimated at first OFDM symbol time. Then the capacity lower
bound of this scattered pilot pattern can be expressed as following.
Clb =


1 
E Clb,1 + (Mt − 1)Clb,2 ,
Mt

(3.20)

where Clb,1 and Clb,2 are capacity lower bound at T 1 and T 2 , respectively, and are
given as
Clb,m =



1
log2 det IDm Mr + ρeff,m H̄H̄H ,
K

for m = 1,2

(3.21)

where D1 = D and D2 = K, ρeff,1 is the effective SNR for scattered pilot pattern in
(3.14) and ρeff,2 is given by
ρeff,2 =

(1 − α)KP2tot Mr
.
σ2n (αPtot (LMt − K) + K(Ptot + LMt σ2n ))

(3.22)

Due to the structure of H̄ and by using the singular value decomposition
(SVD), the capacity lower bound (3.21) can be expressed as follows,
Y


1
log2
det I + ρeff,1 H̄(k1 )H̄H (k1 )
K
k1 ∈DS PP
Y

1
= log2
det 1 + ρeff,1 Λ(k1 )
K
k ∈D

Clb,1 =

1

S PP
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=

Y Y

1
log2
1 + ρeff,1 λk1 , j1 ,
K
j ∈M
k ∈D
1

(3.23)

S PP 1

where M = {1, · · · , Mr }, DS PP is an index set of subcarriers for data symbols of the

scattered pilot pattern, Λ(k1 ) is a vector containing the singular values λk1 ,1 , · · · , λk1 ,Mr
of H̄(k1 )H̄H (k1 ), and H̄(k1 ) is the (Mr × Mt ) normalized estimated channel matrix
Q
Q Q
for the k1th subcarrier. With the same procedure and defining as
, Clb,2 can
a,b

a∈A b∈B

be expressed as
Clb,2 =

Y

1
log2
1 + ρeff,2 λk2 , j2 ,
K
k ,j

(3.24)

2 2

where k2 ∈ K, j2 ∈ M, K = {1, . . . , K} is an index set of all K subcarriers. Thus,
from (3.20), the capacity lower bound of SPP-2 is given by


Y
Y


1 
log
1 + ρeff,2 λk2 , j2  ,
Clb =
1 + ρeff,1 λk1 , j1 + (Mt − 1) log2
K Mt  2 k , j
k2 , j2
1 1
Y

(Mt −1)
1 
1 + ρeff,1 λk1 , j1 1 + ρeff,2 λk1 , j1
=
E log2
K Mt
k ,j
|1 1
{z
}
(3.25)−A

×
|

Y

1 + ρeff,2 λk3 , j2

k3 , j2

{z

(Mt −1) 

,

(3.25)

}

(3.25)−B

where k3 ∈ PS PP . (3.25)-B is an additional capacity gain by transmitting data symbols on subcarriers which are used for pilot symbols at the first OFDM symbol time.
The whole available transmit power is allocated to data symbols during (Mt − 1)
OFDM symbol times, and this gain can be found from ρeff,2 in (3.25). The optimal
PDPR can be found by finding α which maximizes Clb in (3.25) as follows,
αopt = arg max Clb .
0<α<1
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(3.26)

Even though this optimization can be solved for any number of antennas by differentiating Clb , there is no general closed form of the solution for the arbitrary number
of antennas cases. Moreover, the complexity of solving this problem is very high.
For example, even for the 2×2 MIMO case, the equation is the product of 2K terms.

3.4 PDPR for Dynamic Channels
In this section, moderate mobility is considered such that the channel is
varying over consecutive OFDM symbols but invariant during one OFDM symbol
duration so that it is insufficient to cause doubly-selective fading channel [55, 56,
98]. As shown in the previous section, SPP-2 shows higher capacity lower bound
than other pilot patterns in static channels, because the power allocation in SPP-2 is
a 2 dimensional problem while it is a 1 dimensional problem in other patterns. Thus,
there are more degrees of freedom with SPP-2, and it results in a higher capacity
lower bound. Moreover, since the channel varies over OFDM symbols in dynamic
channels, OPP does not guarantee the orthogonality in pilot structure and results
in worse performance. In the case of IPP, channel estimation and interpolation can
be done for each antenna separately, but still it is an 1 dimensional problem over
Mt OFDM symbol time. Thus, SPP is considered in this dynamic channel case.
In case of SPP-1, the optimal PDPR and overall analysis are the same as in static
channels, since pilot symbols are transmitted every OFDM symbol. However, in the
case of SPP-2, interpolation is required in time and frequency. Due to the excellent
performance of the SPP-2 structure in static channels, in this section the efficacy of
this pattern is analyzed with MMSE interpolation in time and frequency as shown
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Figure 3.3: Pilot and interpolation structure for the dynamic channel case
in Fig. 3.3.
3.4.1 Interpolated Symbols
First, channel estimation over pilot symbols is required. The least-squares
(LS) channel estimation is considered in this chapter. Since the channel estimation
is interpolated over time and frequency, one spatial link channel is considered in
this analysis part instead of whole MIMO channel. The LS estimated frequency
channel response over pilot symbol subcarriers is given by
ĤmP r ,mt = HmP r ,mt +

n
,
σp

(3.27)

where s p is a vector of pilot symbols transmitted at one (mth
t ) transmit antenna. Since
pilot symbols are transmitted over certain time-frequency locations, interpolation is
required to obtain the channel estimate for data symbols. MMSE interpolation is
considered in both the time and frequency domain. In this chapter, the estimated
channel is interpolated over the frequency domain, then the interpolation in time is
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performed to obtain a channel estimate for the data symbols in non-pilot-inserted
OFDM symbols. A joint 2D interpolation can show better system performance
than separate time and frequency interpolation. However, the joint 2D interpolation
has higher complexity than the separate time and frequency interpolation due to
requiring the cross correlation of frequency and time. Thus, the separate time and
frequency interpolation scheme is considered to investigate the optimal PDPR with
practical pilot structure.
3.4.1.1 MMSE Frequency Interpolation
In a pilot-assisted OFDM symbol, the channel estimate over the pilot tones
can be interpolated to provide a channel estimate for the data symbols. Since it
is assumed that the channel is varying during a block of OFDM symbols but invariant during one OFDM symbol duration, Doppler does not affect the frequency
interpolation. The estimated channel using MMSE frequency interpolation is given
by

!−1
σ2n
= RFP RPP + 2 I ĤmP r ,mt ,
(3.28)
σp
h
i
h
i
where RFP = E HmF r ,mt (HmP r ,mt )H and RPP = E HmP r ,mt (HmP r ,mt )H . With the matrix
h
i
inversion lemma and E hmr ,mt (hmr ,mt )H = L1 I,
ĤmF r ,mt

γp
FFH Ĥmr ,mt
Pγ p + L P P
nP
= µPHmr ,mt + µFFHP ,
σp

ĤmF r ,mt =
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(3.29)

where µ =

γp
.
Pγ p +L

Thus, the frequency interpolated frequency domain channel re-

sponse of kth subcarrier is given by
ĤmF r ,mt (k) = µPHmr ,mt (k) + µ

N0 (k)
,
σp

(3.30)

where N0 = FFHP nP .
3.4.1.2 MMSE Time Interpolation
Since the channel is varying over successive OFDM symbols, the data symbols in subsequent OFDM symbols undergo different but correlated channels. Let
N be the number of OFDM symbols between two pilot-inserted OFDM symbols.
Then, the channel estimation values for data symbols on the kth subcarrier in N − 1
non-pilot-inserted OFDM symbols can be obtained by interpolating the frequency
interpolated channel estimation values on the kth subcarrier in two pilot-inserted
OFDM symbols. To exploit the time correlation of channel which is related to the
Doppler effect, the MMSE time interpolation is considered.
From Appendix B.1, the time interpolated kth subcarrier channel response
of N OFDM symbols is given by
r ,mt
ĤmFT,k
= Gk ĈP,k ,

where
[Gk ]i, j = gi, j

where j=1,2
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(3.31)
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for j = 2
(3.32)
µ2 ωk
ε=µ P +
,
γP
2

ψ=

|ε2

2

−

µ4 P4 J

(3.33)

µP
.
2
0 (2π fd (N − 1)T s ) |

(3.34)

As shown in Appendix B.1 and (3.32) the Clark’s model is used to see
the effect of Doppler on balancing PDPR. Thus, a temporal correlation function
is modeled as a Bessel function. Since the channel temporal correlation similarly
decreases for different channel models, the results with different channel models
can be expected to have similar trends. Also, given a temporal correlation function
for a different channel model, the developed frame work can be used for that channel model (using the temporal correlation function instead of a Bessel function).
3.4.2 Maximizing the Capacity Lower Bound
With the time-frequency interpolated channel estimation in (3.31), the capacity lower bound of this pilot structure with Doppler effect can be obtained as
follows,

where RyE,n

 N



1 X
2 −1
H
E  log2 det I + σd RyE,n ĤFT (n)ĤFT (n)  ,
Clb =
(3.35)
KN n=1
h
i
= E yE (n)yHE (n) , yE (n) = H̃(n)X̄(n) + n, and ĤFT (n) has the same

structure as Ĥ in (3.11). Then, the capacity lower bound can be obtained as following lemma.
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Lemma 3.1. A capacity lower bound of MIMO-OFDM with pilot-based MMSE
time and frequency interpolation is
 N



1 X
H
Clb =
E  log2 det I + ρeff (n)H̄(n)H̄ (n)  ,
KN  n=1

−1
ρeff (n) = σ2d σ2Ĥ (n) diag(Λmr ,n )mMrr=1 .
FT

(3.36)
(3.37)

Proof. The channel estimation error covariance matrix can be obtained as (B.8) in
Appendix B.2, and we can normalize ĤFT (n) as H̄(n) =

1
σH
b

FT (n)

ĤFT (n), as shown in

Section 3.3.2, where the variance is given by
σ2Ĥ

FT (n)

= E[tr(ĤFT (n)ĤFT (n)H )]
Kn 
X
= Mr Mt
g2n,1 µ2 P2 + g2n,2 µ2 P2 + 2gn,1 gn,2 µ2 P2 J(1, N)
k=1

+ (g2n,1 + g2n,2 )
where




K,
Kn = 

K − Mt P,

n = 2, . . . , N − 1
n = 1, N

Then, the capacity lower bound can be obtained as (3.37)

µ2 ωk 
,
γP

(3.38)

(3.39)


3.4.3 Optimal PDPR
Let α denote the fraction of total transmit power that is allocated to data
symbols as in Section 3.3.3. The effective SNR value of each subcarrier is different
due to the frequency domain interpolation error. ω = [ω1 , . . . , ωK ] is a vector
having the same element every m + 1 elements where D = mP (i.e. ωi = ωi+m+1 ).
However, since the pilot structure in Section 3.3.1 is considered, all the elements
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of ω are same (i.e ωk = ω1 for all k). Therefore, the capacity lower bound can be
maximized by maximizing the effective SNR as in the static channel case. Thus,
the effective SNR to be maximized is given by
ρeff (n)
=



2
σ2d Mr Mt Kn g2n,1 µ2 P2 + g2n,2 µ2 P2 + 2gn,1 gn,2 µ2 P2 J(1, N) + (g2n,1 + g2n,2 ) µγωP 1
(Mt σ2d ξ1 (n) + σ2n )

,

(3.40)

As shown in Section 3.3.4, the capacity lower bound can be expressed as

 N
Y

1 X
1 + ρeff (n)λkn ,mr  ,
(3.41)
Clb =
E  log2
KN  n=1
k ,m
n

r

where kn ∈ Kn and Kn is a data subcarrier index set of the nth OFDM symbol. Then
the optimal PDPR can be obtained by finding α which maximizes Clb in (3.41) as
αopt = arg max0<α<1 Clb , when it is assumed that P is a factor of D and P ≥ L. It is
difficult to find the closed form of the solution due to the correlation between λkn1 ,mr
and λkn2 ,mr for n1 , n2, n1, n2 ∈ {1, . . . , N}. This problem can be readily solved by
numerical search and the results are shown in Section 3.5.2.

3.5 Results and Interpretation
In this section, the capacity lower bound of pilot-assisted MIMO-OFDM
systems with the optimized PDPR is demonstrated under two different channel conditions using Monte Carlo simulations. For the simulation, it is assumed that L = 4,
P = 4, K = 64, and the OFDM symbol duration (T s ) is 60µs. In the case of dynamic channels, 1∼60km/h vehicle speed is considered so that my assumption of
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a varying channel over a block of OFDM symbols and an invariant channel during
one OFDM symbol is reasonable.
3.5.1 Ergodic Capacity with the Optimal PDPR for Static Channels
Fig. 3.4 shows the ergodic capacity lower bound of a 2×2 MIMO-OFDM
system with four different pilot patterns according to the percentage of pilot power
for 2 different SNR cases (SNR=6,16dB). It is assumed that the channel is constant
over Mt OFDM symbol periods. The capacity of IPP and OPP show the same
results. At each SNR, the capacity lower bound has maximum value when the
percentage of pilot power is about 0.18 for IPP/OPP, about 0.28 for SPP-1, and
about 0.35 for SPP-2. The capacity decreases as the pilot power is either decreased
or increased from the optimal percentages due to poor channel estimation and low
transmit power for data symbols, respectively. In case of SPP-2, if more power to
pilot symbols is allocated than the optimal percentage of SPP-1, it will result in
a lower capacity lower bound than that of SPP-1 at the first OFDM symbol time.
However, a higher capacity lower bound can be obtained over the remaining (Mt −1)
OFDM symbol times which results in a higher ergodic capacity lower bound for
SPP-2. An overall observation is that the capacity is not especially sensitive to the
PDPR as long as it is in a certain region. For example, a quasi-optimal region is
about 0.1 ∼ 0.3 in 2×2 MIMO-OFDM systems with IPP/OPP.
The ergodic capacity with the optimal PDPR for 2×2 and 4×4 MIMOOFDM systems with four different pilot patterns are shown in Fig. 3.5. Suboptimal
SPP-2 is the case when the optimal PDPR of SPP-1 for SPP-2 configuration is used.
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Figure 3.4: Capacity lower bound versus pilot power for 2×2 MIMO-OFDM systems with three different pilot patterns, K=64, P=4, L=4
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Figure 3.5: Capacity lower bound with optimal PDPR versus SNR for 2×2 and 4×4
MIMO-OFDM systems, K=64, P=4, L=4
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In Fig. 3.5, the ergodic capacity lower bounds of IPP, OPP, and suboptimal SPP-2
are similar and higher than the optimal SPP-1. However, they are lower than the capacity lower bound of the optimal SPP-2. In the case of the 2x2 MIMO-OFDM, the
gap between the optimal and suboptimal solutions is very small. The optimal solution shows about 1dB gain over the suboptimal solution for 4 × 4 MIMO-OFDM.
The gap can be larger for systems that have more transmit and receive antennas,
but, for reasonable numbers of antennas (i.e. 2, 3, 4), the suboptimal solution shows
similar performance and lower complexity compared to the optimal solution.
From Section 3.3.2, for a fixed power P x = tr(E[xd xdH ]), the mutual information between transmitted information symbols and received symbols is given by
I(yd ; xd |Ĥ). The ergodic channel capacity is given by
"
#
1
C = E max I(yd ; xd |Ĥ)
K p(xd ),Px

(bits/sec/Hz).

(3.42)

Then, when the channel estimate is perfect, an upper bound on capacity can be
obtained for a Gaussian distributed xd as [77]
Cupper

"
!#
1
Px
H
= E log det I + 2 HH .
K
σn

(3.43)

This upper bound of the average capacity is a benchmark for the maximum achievable rate.
Fig. 3.6 shows the capacity upper bound and lower bound for 2×2 MIMOOFDM systems considering four different pilot patterns. As previously defined,
the upper bound case is when the channel estimate is perfect. Thus, it shows the
maximum achievable capacity. As shown in this figure, the capacity lower bound
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with equal power allocation shows capacity loss due to having channel estimation
error and using pilot symbols. Using the optimal PDPR, the capacity lower bound
is increased toward the capacity upper bound. For example, in 2×2 MIMO-OFDM
systems with SNR=10dB, the capacity lower bound can be increased about 40%,
30%, and 19% for IPP/OPP, SPP-1, and SPP-2, respectively. It implies that higher
data rates are achievable by simply using this optimal PDPR.
3.5.2 Ergodic Capacity with the Optimal PDPR for Dynamic Channels
Figs. 3.7, 3.8, and 3.9 show the results for dynamic channels. In this case,
the number of non-pilot-inserted OFDM symbols between pilot-inserted symbols is
8 (i.e. N = 10). Fig. 3.7 and 3.8 show the capacity lower bound of a 2×2 and 4×4
MIMO-OFDM systems with 3 different vehicle speeds. The optimal PDPR and
equal power points are marked with squares and circles, respectively. As shown in
these figures, the optimal PDPR changes according to the vehicle speed due to the
effect of the Doppler shift on channel estimation and interpolation. However, the
optimal points between the different vehicle speed cases are very close. With the
optimal PDPR, capacity lower bound is much higher than in the equal power case
(i.e. no pilot power boosting) as shown in the static channels. Moreover, there is
broad range of PDPR showing similar capacity to the optimal capacity case. Thus,
the smaller PDPR value can be used to achieve similar capacity lower bound with
the optimal value while reducing the peak transmit power of the transmitter.
Fig. 3.9 compares the capacity lower bound of two different vehicle speed
with the optimal PDPR and the equal pilot and data power. As shown in this figure,
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Figure 3.6: Capacity upper and lower bound versus SNR for 2×2 MIMO-OFDM
system with the optimal PDPR and equal power, K=64, P=4, L=4
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Figure 3.8: Capacity lower bound versus pilot power for 4×4 MIMO-OFDM for
dynamic channel, veh. speeds=1,30,60km/h, K=64, P=4, L=4, N=10, SNR=20dB
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with the optimal PDPR, 19% and 21% higher capacity can be achieved than the
equal power case for 1km/h and 60km/h vehicle speeds, respectively. It can be
found that the optimal PDPR results in not only a higher capacity lower bound than
the equal power case but also smaller capacity loss due to the higher speed.
Fig. 3.10 shows the optimal pilot power percentage according to different
vehicle speeds. The optimal PDPR is varied according to the vehicle speed, but its
variation is small. This is because the Doppler effect with the considered vehicle
speed region affects the channel estimation and interpolation error, but its effect is
not severe. This can be confirmed by Fig. 3.11 which shows the maximum average
effective SNR according to different vehicle speeds. As the vehicle speed increases,
the maximum average effective SNR per antenna is decreased due to higher channel estimation and interpolation error with higher Doppler effect. However, the
variation is very small. It shows that the Doppler effect with the considered vehicle
speed region is not severe, and the SNR loss due to high Doppler is reduced when
the optimal PDPR is used.
3.5.3 PDPR for Practical Systems
Maximizing the capacity lower bound might be an inappropriate solution in
some practical wireless communications systems. For example, the optimal PDPR
in this chapter might be a suboptimal solution for minimizing the average error rate,
especially for the SPP-2 case since different objective functions (log or exponential)
can give different results when they are optimized over a block of OFDM symbols.
However, in practical systems, channel coding schemes such as a turbo coding are

64

20

Capacity lowerbound (bps/Hz)

18

16

19% improvement (v=1km/h)

14
Optimal PDPR
12
21% improvement (v=60km/h)
10

8

Vehicle speed = 1km/h
Vehicle speed = 60km/h

Equal power
6
10

12

14

16

18

20

SNR (dB)
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Figure 3.11: Maximum average effective SNR versus vehicle speed for 2×2 and
4×4 MIMO-OFDM, K=64, P=4, L=4, N=10, SNR=20dB
used to obtain capacity approached performance. Also, adaptive modulation and
MIMO scheme can be used to achieve higher spectral efficiency. So, from a system view point, considering capacity as a criterion is valuable even for a practical
system. The balancing PDPR problems in other performance measures such as the
average error rate will be investigated in next chapter to see the relation with the
optimal PDPR obtained from this chapter.

3.6 Chapter Summary
In this chapter, the optimal PDPR in MIMO-OFDM for maximizing a capacity lower bound was formed and analyzed for two different channel conditions
and four likely pilot patterns. There is a tradeoff between the power for data sym-
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bols and the accuracy of the channel estimation in MIMO-OFDM systems when the
total transmit power is fixed. From the analysis, it is shown that the capacity lower
bound of a typical MIMO-OFDM system can be increased about 10%∼30% compared with the case of equal power allocation by simply using the optimal PDPR;
this is a “free” gain that consumes no other system resources. By comparing the
SPP-1 and SPP-2 cases, it is found that the optimal PDPR should be designed according to the system configuration. Also, it is found that the optimal PDPR varies
with the vehicle speed, but the variation is small.
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Chapter 4
Power Allocation Tradeoff in M-QAM MIMO
Multicarrier Systems - Practical Performance

As shown in Chapter 3, the theoretical capacity of the MIMO-OFDM system can be maximized by balancing the pilot and power tradeoff. In this chapter,
this tradeoff problem is studied in more practical system models to investigate the
feasibility of adapting the obtained solution to practical systems.

4.1 Introduction
In recent high-speed communication standards, adaptive modulation is used
to provide higher spectral efficiency over time and/or frequency varying channels [14,
17, 38, 39, 88, 115, 116, 120, 129, 130]. To adapt the modulation to the channel conditions, tracking the variations of the frequency selective fading channel is crucial
[68, 69]. In these standards, pilot symbol power is often boosted to improve the
overall system performance by enhancing the channel estimation accuracy (e.g. 2.5
dB in the IEEE 802.16e-2005 [52]), and its substantial improvement in theoretical
capacity is shown in previous chapter. A question that arises is whether the optimal
PDPR obtained in a theoretical capacity viewpoint is also the optimal solution for
practical system performance, and if not, what is the optimal solution for this case.
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In this chapter, this tradeoff problem is defined, quantified, and explored from the
viewpoint of practical system performance.
Since the optimal PDPR depends on the system structure and its objective, finding the optimal PDPR has previously been considered for a few systems
and objectives: for maximizing a lower bound on ergodic capacity for MIMO
frequency-selective fading channels [77] and the MIMO single carrier system [44],
for minimizing the channel MSE of MIMO-OFDM systems [6], and for minimizing
the BER of a transmit-beamformer with variable-rates adaptive modulation [129].
However, minimizing the MSE does not consider the tradeoff between the accuracy of channel estimation and the data symbol power, and the average error
rate and spectral efficiency are more relevant criteria for evaluating the achievable
performance of adaptive MIMO-OFDM systems than a Shannon capacity lower
bound [44, 77], due to the ubiquitous finite modulation orders (i.e. M-QAM).
In [22, 23], the pilot design problem for MIMO and SIMO with adaptive modulation has been studied for maximizing spectral efficiency. However, in MIMO
systems [22], orthogonal space time block coding scheme and linear receiver for
the STBC scheme were considered. The received SNR for both MIMO and SIMO
with MRC can be obtained in a same manner. Thus, the problem in MIMO is the
same as the problem in SIMO with MRC in [23]. Moreover, they found the optimal
solution by numerical search.
The performance of MIMO-OFDM with adaptive modulation depends on
the distribution of the SNR and the receiver type. Many receiver types can be used
for MIMO-OFDM systems such as linear (ZF and MMSE) and non-linear (max69

imum likelihood (ML) and MMSE successive interference cancellation (MMSESIC)) receivers. However, the complexity of non-linear receivers is usually too
high to implement in a practical MIMO-OFDM system. Thus, in order to provide a
framework for finding optimal PDPR in MIMO-OFDM systems, the average SER
and spectral efficiency are considered for two well-known receiver types, ZF and
MMSE. The optimal PDPR for M-QAM based MIMO-OFDM systems with ZF and
MMSE linear receivers is derived, in terms of minimizing average SER and maximizing average spectral efficiency. The results find the optimal PDPR by deriving
the distribution of the output SNR of different linear receivers including the effect
of the pilot-based channel estimation, which has not been done previously. The key
insights are that pilot power boosting should be optimized by considering system
structures such as pilot, modulation order, and receiver type.

4.2 System Model and Channel Estimation
4.2.1 System Model
A spatial multiplexing MIMO-OFDM system with Mt transmit antennas
and Mr receive antennas is considered with M-QAM, and shown in Fig. 4.1. The
LS and MMSE methods are considered for channel estimation, and ZF and MMSE
receivers are used according to whether or not the channel estimation requires the
noise statistics. At each transmit antenna, data and pilot symbols are modulated on a
set of subcarriers by the OFDM modulator with total K subcarriers. K = {1, . . . , K}
is a subcarrier index set. The number of nonzero taps of the impulse response is
L for each channel. D and P are the subcarrier index sets for the data and pilot

70

Pilot symbols

Adaptive
Modulation

OFDM
Mod
(IFFT)

OFDM
Demod
(FFT)
Channel
Estimation
and

S/P

P/S

Symbol
Detection
Adaptive
Modulation

OFDM
Mod
(IFFT)

OFDM
Demod
(FFT)

Channel Information

Figure 4.1: Adaptive MIMO-OFDM structure
signals, respectively. sd,i = vec (si (k))k∈D and s p,i = vec (si (k))k∈P are the vector of
data and pilot symbols, where si (k) is a transmit signal on the kth subcarrier of the
ith transmit antenna, and vec (ak )k is a function which creates a vector with elements
ak . The PDPR is defined in Definition 3.1.
Suppose the received signal in the frequency domain is denoted by the
Mr K × 1 vector
1
y = √ Hs + n,
Mt

(4.1)

where y = [yTj , . . . , yTMr ]T , y j = vec(y j (q))q∈K , H = [HT1 , . . . , HTMt ]T , H j = [H1, j ,

. . . ,H Mt , j ], Hi, j = diag Hi, j (1), · · · , Hi, j (K) = diag(WK hi, j ), Hi, j (k) is the frequency
channel response of the kth subcarrier from the ith transmit antenna to the jth receive
antenna, WK is a (K × L) DFT matrix, s = [sT1 , . . . , sTMt ]T , si = vec(si (k))k∈K , n
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Figure 4.2: Pilot pattern
is a (Mr K × 1) AWGN vector which is zero mean Gaussian with covariance σ2n I.
Finally, let the DFT matrix for data subchannels and pilot subchannels be Wd ∈
CD×L and W p ∈ CP×L . Those DFT matrices are generated by selecting rows from
WK according to the index sets D and P.
4.2.2 LS Channel Estimation
The LS estimate of the channel h, assuming ZH Z has full rank, is given by
ĥ =

p


−1
Mt ZH Z ZH y,

(4.2)

where Z = I Mr ⊗ SF where I Mr is an identity matrix of size (Mr × Mr ) and ⊗
is the Kronecker product. F = I Mt ⊗ W p , S = [diag(s1 ), . . . , diag(s Mt )], h =
[ hT1 · · · hTMr ]T , h j = [ hT1, j · · · hTMt , j ]T is the channel impulse response matrix at jth receive antenna where hi, j = [ hi, j (1) · · · hi, j (L) ]T , and hi, j (l) denotes
the channel response of the lth path from the ith transmit antenna to the jth receive
antenna. It is assumed that the taps of hi, j are independent and identically distributed
(i.i.d.) complex Gaussian random variables with zero mean and L1 I variance.
Since multiple channels exist in MIMO systems, the received signal will
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Figure 4.3: Effect of the number of pilot symbols and the number of channel taps
on BER performance of 2 × 2 MIMO-OFDM with LS/ZF and QPSK. P = 4
be a superposition of the signal from each transmit antenna distorted by a number
of channels. In this chapter, pilot symbols are transmitted on different subcarriers
for different antennas, and zeros are transmitted on the subcarriers which are used
for the pilot symbols of other transmit antennas as shown in Fig. 4.2. Thus, each
transmit antenna has different subcarrier index set Pi for pilot symbols.
It is shown that the channel estimation error covariance is lower bounded
with the pilot placement in (3.9). Thus, this pilot placement is considered in this
chapter. Fig. 4.3 shows the effect of the number of pilot symbols and the channel
taps on the BER performance when Mr = Mt = 2, K = 64, P = 4, and σ2d = σ2p and
4−QAM is used. As shown in this figure, the BER drops steeply when P falls below
L. Thus, the number of pilot symbols is required to be grater or equal to the number
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of channel taps. Also, using more pilot symbols reduces the available power for
data symbols. It will be shown in Section 4.5 that additional pilot symbols above L
does not result in better system performance (e.g. spectral efficiency). Thus, once
WHp W p is a multiple of the identity matrix and P ≥ L, the minimum possible value
L is the optimal number of pilot symbol. With this placement and the number of
pilot symbols, the optimal PDPR which minimizes the BER can be found.
With this pilot placement, the LS estimated MIMO-OFDM channel is obtained as follows,
ĥ = h + h̃
√

Mt 
H H
= h+
I
⊗
F
S
n,
M
r
Pσ2p

(4.3)

where h̃ is channel estimation error. Then, the estimation error using LS of the
channel between ith transmit antenna and jth receive antenna can be simplified as
√
Mt H H
h̃i, j =
(4.4)
W s̄ n j ,
Pσ2p p p,i
where s̄ p,i = diag(si (k))k∈P and n j is AWGN vector at jth receive antenna. Then, the
error covariance matrix of the LS estimated channel impulse response between ith
transmit and jth receive antenna is
h
i Mt σ2n
E h̃i, j h̃i,Hj =
.
Pσ2p

(4.5)

With (4.5), the error covariance matrix of the LS estimated channel frequency response for the data symbols can be obtained as follows,
E

h

H̃ j H̃mH

i

=

Mt
X

H
WdH ),
diag(Wd h̃i, j h̃i,m

i=1
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 M2 L


 Pγt p I,
= 

0,

j=m
j,m

,

(4.6)

where γ p = σ2p /σ2n is the SNR of the pilot symbol. Thus,
h
i M2 L
E H̃H̃H = t I
Pγ p

(4.7)

4.2.3 MMSE Channel Estimation
The MMSE estimated channel of MIMO-OFDM is given by
!−1
1
1
H
H
2
ĥ = √ Z
ZZ + Lσn I .
Mt
Mt

(4.8)

Then, the covariance matrix of the estimation error of the channel impulse response
is
h
i
h
i
E h̃h̃H = E (h − ĥ)(h − ĥ)H

!−1 


1
1 H H 1
H
H
2
=
I Mr ⊗ I −
F S
SFF S + Lσn I SF
L
Mt
Mt
!−1
1
1
H H
IM ⊗ I +
=
F S SF ,
L r
LMt σ2n

(4.9)

where the last equality is obtained by using the matrix inversion lemma. Then,
with the same pilot placement used in Section 4.2.2, the error covariance matrix of
the MMSE estimated channel impulse response between ith transmit and jth receive
antenna is
h
i
h
i
E h̃i, j h̃i,Hj = Īi, j E h̃h̃H ĪTi, j
−1

σ2p

1 
H
I +
W p W p 
=
2
L
LMt σn
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=
where

T

Mt
IL ,
Pγ p + LMt

(4.10)

is a matrix transpose, Īi, j = [ 0(i−1)L+Mr ( j−1)L IL 0 ], the size of Īi, j is

(L × LMt Mr ), 0(i−1)L+Mr ( j−1)L is an (L × ((i − 1)L + Mr ( j − 1)L)) all zero matrix, and
IL is a (L × L) identity matrix. Thus, the error covariance matrix of the MMSE
estimated channel frequency response for the data symbols is
h
i
E H̃H̃H =

Mt2 L
I.
Pγ p + LMt

(4.11)

To analysis the average SER performance of the system, the SNR expression
with the derived estimation error of LS and MMSE channel estimation is required.

4.3 SNR Analysis with PDPR
4.3.1 Average SNR of ZF Receiver with LS Channel Estimation
First, a ZF receiver that separates the received signal into its component
transmitted streams is considered with LS channel estimation in order to recover
the transmitted signal. The received signal is processed by the ZF matrix filter GZF
given by
GZF =

p

Mt Ĥ† ,

(4.12)

where † represents the pseudo-inverse. Then, the output of the ZF receiver is given
by
z=

p

Mt Ĥ

†

!
1
√ Hs + n .
Mt

Since Ĥ = H + H̃, (4.13) can be expressed as,
z =

p

Mt Ĥ

†

!

1 
Ĥ − H̃ s + n ,
√
Mt
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(4.13)

= s − Ĥ† H̃s +

p

Mt Ĥ† n

= s + e,
where e is −Ĥ† H̃s +

√

(4.14)

Mt Ĥ† n. The ZF receiver has DMt output data streams. From

(4.14), the SNR of the kth (k = 1, . . . , DMt ) output data stream with independent
detection can be obtained as follows,
σ2d
,
γk =
[Re ]k,k

(4.15)

where Re is a covariance matrix of e, and is given by
h i
Re = E eeH
h
i
h
i
= σ2d E Ĥ† H̃H̃H (Ĥ† )H + Mt σ2n E Ĥ† (Ĥ† )H ,


= σ2d β + Mt σ2n (ĤH Ĥ)−1 ,
where β =

Mt2 L
Pγ p

h
i
since E H̃H̃H =

Mt2 L
I.
Pγ p

(4.16)

Thus, the SNR of the kth (k = 1, . . . , DMt )

output data stream is given by
σ2d
h

i
γk = 
σ2d β + Mt σ2n (ĤH Ĥ)−1
k,k
γ0
i ,
=h
(ȞkH Ȟk )−1

(4.17)

k,k

σ2

d
where γ0 = (σ2 β+M
and Ȟ is (Mr × Mt ) modified estimated frequency channel
2
t σn )
d
matrix whose elements are the estimated frequency channel on the same subcarrier.

For example, in the case of 2 × 2 MIMO OFDM with K subcarriers,
"
Ĥ =

diag(Ĥ1,1 (k))k∈K diag(Ĥ2,1 (k))k∈K
diag(Ĥ1,2 (k))k∈K diag(Ĥ2,2 (k))k∈K
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#
(4.18)

and

"
Ȟk =

#
Ĥ1,1 (k) Ĥ2,1 (k)
.
Ĥ1,2 (k) Ĥ2,2 (k)

(4.19)

Since Ĥ is a block diagonal matrix as described in (4.18), each diagonal element
of inverse of its hermitian product can be calculated by using only one element in
each block of diagonal matrices in Ĥ. Thus, for convenience in analysis, (4.17) is
used instead of the equation above (4.17). Then, it can be easily shown that below
is true.
h

(ĤH Ĥ)−1

i
k,k

=

h

(ȞkH Ȟk )−1

i
k,k

.

(4.20)

Also, The matrix Ȟk is a (MR × MT ) MIMO estimated channel matrix composed
of the estimated channels on the same subcarrier. Therefore, the distribution of the
estimated channel matrix Ȟk is complex Gaussian, N(0, Φ). The covariance matrix
Φ is given by
Φ = E[vec(Ȟk )vec(Ȟk )H ]
= δI Mr Mt ,

(4.21)

where δ = E[Ĥi, j (k)Ĥi, j (k)∗ ] for i ∈ {1, . . . , Mt }, j ∈ {1, . . . , Mr }, and k ∈ K. Since
E[ĥi, j ĥi,Hj ] = E[hi, j hi,Hj ] + E[h̃i, j h̃i,Hj ],
Pγ p + Mt L
=
I,
LPγ p
δ can be obtained as
δ = E[wk ĥi, j ĥi,Hj wkH ]
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(4.22)

=

Pγ p + Mt L
.
Pγ p

(4.23)

Since the estimated channel matrix Ȟk has a matrix-variate Gaussian distri√
√

Pγ +M L
bution N(0, I Mr ⊗ δI Mt ) with δ = pPγ p t , and Mr ≥ Mt , Z =
2ȞkH
2Ȟk =
2ȞkH Ȟk is complex central Wishart distributed, and has the following distribution [40].
−1

etr(−Σ Z) (detZ) Mr −Mt
W Mt (Mr , Σ) =
,
Γ Mt (Mr )(detΣ) Mr

(4.24)

where Σ = 2δI Mt , and the multivariate gamma function Γm (·) is given by [81]
"
#
m
Y
1
1
m(m−1)
Γ a − (i − 1) ,
Γm (a) = π
Re(a) > (m − 1),
(4.25)
2
2
i=1
where Γ(·) is an ordinary gamma function. Then, with the similar way in [40], the
probability density function (p.d.f.) of the SNR on the kth stream γk in (4.17) is
given by,


2γ [Σ−1 ]
2[Σ−1 ]k,k exp − k γ0 k,k 2γ [Σ−1 ] ! Mr −Mt
k
k,k
,
f (γk ) =
γ0 (Mr − Mt )!
γ0


! M −M
exp − δγγk0
γk r t
=
.
δγ0 (Mr − Mt )! δγ0

(4.26)

Then, the average SNR of the kth stream can be obtained as following proposition.
Proposition 4.1. The average SNR of the kth stream of MIMO-OFDM with LS channel estimation and the ZF receiver using the equi-spaced pilot in 4.2.2 is
γ¯k = δγ0 (Mr − Mt + 1)
σ2d (Pσ2p + Mt Lσ2n )(Mr − Mt + 1)
=
σ2n Mt (σ2d Mt L + Pσ2p )
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(4.27)

Proof. Using the identity [41]
Z ∞

xn exp(−µx)dx = n!µ−n−1

(4.28)

0

for Re[µ] > 0 and the pdf function in (4.26), the average SNR can be obtained.



4.3.2 Average SNR of MMSE Receiver with MMSE Channel Estimation
The MMSE receiver balances multiple stream interference with noise enhancement and minimizes the total error using the information of noise statistics.
The MMSE matrix filter G MMS E is given by
GM =
where γd =

σ2d
.
σ2n

p

Mt Ĥ

Mt
ĤĤ +
I
γd

H

H

!−1
,

(4.29)

Then, as shown in Appendix C.1, the SNR of the kth output data

stream of the MMSE receiver using the MMSE estimated channel can be obtained
as
γk =

where A , I +

−1
γd
H
Ĥ
Ĥ
Mt

1 − Ak,k
Ak,k − A2k,k +
and β2 =

β2 γd
Mt

2

Ak,k − (A2 )k,k

Mt2 L
.
Pγ p +LMt

,

(4.30)

To get an average SNR of MMSE

receiver, the distribution of SNR is required. To my knowledge, the exact statistics of the SNR of MMSE receiver are not yet exactly characterized. However, the
distribution of MMSE receiver with correlated Rayleigh fading channel was well
approximated using a generalized Gamma distribution in [67]. By using this approximated SNR approach, the average SNR of the MMSE receiver can be found
with the channel estimation error according to the PDPR. Since it is hard to find the
distribution of (A2 )k,k in (4.30), the following lemma can be used to find a lower
bound of the SNR.
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Lemma 4.1. A tight lower bound of the SNR (4.30) can be obtained by using A2k,k
instead of (A2 )k,k .
Proof. See Appendix C.2.



The SNR lower bound of (4.30) is given by

1 − Ak,k 2


γk,lb =
2 γd
2
Ak,k − A2k,k + βM
A
−
A
k,k
k,k
t
!
Mt
1
=
−1
Mt + β2 γd Ak,k
Mt
=
γ̂k,lb .
Mt + β2 γd

(4.31)

Then, the approximated distribution of the SNR lower bound can be obtained in a
similar way in [67] by considering Ĥ instead of H. The distribution of γ̂k,lb =

1
Ak,k

−1

can be approximated as
f (γ̂k,lb ) = Gg (αX , βX , γX )

(4.32)

where Gg (αX , βX , γX ) is a generalized Gamma distribution [33], and αX , βX , and γX
are defined in Appendix C.3.
Then, the average SNR lower bound of the kth stream can be obtained as
following proposition.
Proposition 4.2. The average SNR lower bound of the kth stream of MIMO-OFDM
with MMSE channel estimation and the MMSE receiver using the equi-spaced pilot
in 4.2.2 is
γ̄k,lb

!
Mt δ0 γ00
(Mt − 1)(1 + γd − τγd − ξ)
Mr − Mt + 1 −
.
=
Mt + β2 γd
2τγd
81

(4.33)

Proof. With Lemma 4.1 and the approximated distribution of the SNR lower bound
in (4.32), the average SNR lower bound of the kth stream of the MMSE receiver in
(4.33) is obtained.



4.4 Effect of the PDPR on MIMO-OFDM with a Linear Receiver
In this section, the effect of the PDPR on the performance of MIMO-OFDM
systems is studied. For the adaptive modulation case, a variable-rate M-QAM system is considered to study the effect of the PDPR, since this is the dominant form
of digital modulation in current and proposed systems. The squared M-QAM constellations of size M0 = 0, M1 = 2, and Mi = 22(i−1) for i = 2, . . . , N + 1 are
considered.
4.4.1 Optimal PDPR of Minimizing Average SER of Non-adaptive M-QAM
Modulation
The closed-form of error probability expressions for M-QAM are presented
in [126], and it has been shown that the approximate error rates are within 1∼2 dB
for M = 2 ∼ 256 modulation orders [38, 128]. In order to show the analytical
relation between the optimal PDPR and average SER performance, approximate
error rates are attractive due to its simplicity to compute the optimization problem.
In Section 4.5, the tightness of analysis results with this approximated average SER
will be shown by comparing it with simulation results. The approximated average
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SER of the M-QAM MIMO-OFDM system in AWGN is given by
p

αM
= α M Q( β M γ s ) =
π

P s,AWGN

Z

π/2
0

!
βM γs
exp −
dθ
2 sin2 θ

(4.34)

where α M and β M depend on the modulation type [37]. Then, the average SER of
the M-QAM MIMO-OFDM with linear receiver under Rayleigh fading channel is
αM
P̄ s =
π

Z

π/2

MGF (s; f (γk )) dθ

(4.35)

0

βM
where s = − 2 sin
2 .
θ

4.4.1.1 ZF Receiver
From (4.35), the average SER of the ZF receiver with LS channel estimation
can be expressed as follows,
P̄ s

αM
=
π
= αM

q
where ν =

δγ0 β M
.
2+δγ0 β M

Z

π/2

(1 − δγ0 s)−(Mr −Mt +1) dθ

0

1−ν
2

! Mr −Mt +1 MX
r −Mt
k=0

(4.36)

Mr − Mt + k
k

!

!k
1+ν
,
2

(4.37)

From (4.36), it can be found that δγ0 should be maximized to

minimize the average SER. Then, the optimal PDPR is given by the follow theorem.
Theorem 4.1. With the equi-spaced pilot in Section 4.2.2, the optimal PDPR that
minimizes the average SER of MIMO-OFDM system with LS channel estimation
and the ZF receiver is
ηopt


D(Ptot −DMt σ2n )



 P(Ptot +DMt σ2n )
=
λ−DLM 2 σ2


 P(P +LMt 2 σn 2 )
tot

t

n
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if LMt = D
otherwise

.

(4.38)

Proof. Define α as the fraction of the total transmit power for data symbol as σ2d =
αPtot
, σ2p
DMt

=

(1−α)Ptot
PMt

where Ptot is the total transmit power. With α, δγ0 can be written

as
δγ0 =



α (1 − α) Ptot + LMt2 σ2n
Mt2 σ2n (αMt L + (1 − α) D)

(4.39)

Now it can be found the α which maximizes the average SNR over 0 < α <
1 by differentiating δγ0 and setting it equal to zero under the power constraints,
DMt σ2d + PMt σ2p = Ptot . If P is a factor of D and P ≥ L, the optimal fraction of
total transmit power that is allocated to data symbols is given by
 P +DM σ2


 tot 2Ptot t n if LMt = D
αmax = arg max δγ0 = 
,

 DPtot −λ
0<α<1
otherwise
(D−LMt )Ptot
where λ =

p

(4.40)

DLMt Ptot (Ptot + Mt (LMt − D)σ2n ). The average SER in (4.37) can be

minimized with the optimal αmax in (4.40). Then, the optimal PDPR can be obtained
from its definition in (3.3) with the optimal αmax .



4.4.1.2 MMSE Receiver
Since the distribution of the SNR of the MMSE receiver can be approximated to the generalized Gamma distribution as shown in (4.32), the average SER
can be expressed with its moment generating function as follows,
αM
P̄ s =
π

Z
0

π/2

!
γX −1
αX 
γX
exp
1 − (1 − βX γX s)
dθ
γX − 1

(4.41)

βM
where s = − 2 sin
2 . The optimal fraction of the total transmit power for data symbol,
θ

αmax , to minimize the average SER in (4.41) can be obtained numerically.
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4.4.2 Optimal PDPR for Adaptive Modulation
In the adaptive modulation scheme, uncertainty in SNR can result in choosing mismatched modulation order. If the modulation order is chosen based on the
SNR which includes the channel estimation error σĥe , then the modulation order
chosen based on this SNR can be different with the correct modulation order. This
is because the selected modulation order does not guarantee an instantaneous SNR
which is the same as this received SNR due to the variation of the estimated channel
error. However, there is no error propagation due to this. Pilot symbols are used for
channel estimation, and the modulation order of the pilot symbols is not changed.
Adaptive modulation is only used for data symbols. Thus, error propagation does
not occur. To include instantaneous channel estimation error, the distribution of
SNR with instantaneous channel estimation error instead of its variance is required.
However, as shown in my analysis, it is very difficult to find this distribution due to
its complicated structure. Moreover, in a practical wireless system, usually modulation order is not changed at every OFDM symbol due to the channel coherence
time. Usually, the channel can be considered constant during one OFDM frame
which includes several OFDM symbols. During this frame duration, the average
channel estimation error (its variance) can be used to support one modulation order
for several OFDM symbols. Since it is hard to change modulation order at every
OFDM symbol time, this scenario is more acceptable. In this case, the analysis in
this chapter is valid.
Moreover, Fig. 4.4 shows the amount of channel estimation error compared
with the noise variance. 2×2 MIMO-OFDM, 64 subcarriers, 4 pilot symbols, 4
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Figure 4.4: Channel estimation error versus noise variance
tap channel, and equal power allocation for pilot and data symbols are considered
in this simulation. If the estimated channel gain is very large compared to the
actual channel gain, the higher modulation order can be chosen due to the large
SNR with estimated channel. Thus, due to this mismatched modulation order, the
detection error can be increased in adaptive modulation. However, as shown in this
figure, channel estimation error variance is smaller than the noise variance. This
shows that the estimated channel well follows the actual channel. Thus, the effect
of mismatched modulation order problems on adaptive modulation does not cause
significant performance degradation.
If the adaptive modulation with a constant power transmission policy is considered, then the constellation of the data symbol on the kth subcarrier is chosen
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according to
M = Mi , when γk ∈ [i , i+1 ),

(4.42)

N+1
where {i }i=0
is boundary points, 0 = 0 and N+1 = ∞, γk is the received SNR

using the estimated channel with the distribution in (4.26). The probability that the
constellation Mi is chosen is

Z

i+1

Pr(Mi ) =

f (γk )dγk ,

(4.43)

i

where f (γk ) is the distribution of the SNR. The approximate BER of M-QAM (M ≥
4) is bounded by [38]
!
−1.5γ
BER ≤ 0.2 exp
.
(M − 1)

(4.44)

N+1
can be determined as
To maintain a fixed target BER, the boundary points {i }i=0

i = −

2(Mi − 1)
ln(5BERT ),
3

(4.45)

where BERT is the target BER.
Then, using the distributions of the SNR of the ZF and MMSE receivers
with the PDPR in (4.26) and (4.32), the probability that the constellation Mi is
chosen can be expressed as follows,
• ZF Receiver with LS Channel Estimation:
Pr(Mi )ZF

!
!!
1
i
i+1
=
G Mr − Mt + 1,
− G Mr − Mt + 1,
,
(Mr − Mt )!
δγ0
δγ0
(4.46)

where G is an incomplete gamma function which is defined as
Z ∞
G(a, x) =
ta−1 exp(−t)dt.
x

87

(4.47)

• MMSE Receiver with MMSE Channel Estimation:
Z i+1
Pr(Mi ) MMS E =
f (γk,lb )dγk,lb
Z
=

i
i+1 (Mt +β2 γd )
Mt
i (Mt +β2 γd )
Mt

Gg (αX , βX , γX )dγ̂k,lb .

(4.48)

The average spectral efficiency of the each data stream of the variable-rate
system is the sum of the data rates associated with each of the regions multiplied
by the probability that γk falls in that region. Thus, the average spectral efficiency
of the MIMO-OFDM systems with an adaptive modulation considering the PDPR
effect is given by
S =

Mt
X

Sk =

k=1

Mt
N
X
DX
k=1

K

log2 (Mi )Pr(Mi ),

(4.49)

i=1

where the probability Pr(Mi ) for ZF and MMSE receivers are in (4.46) and (4.48),
respectively.
The PDPR can be optimally balanced to maximize the average spectral efficiency by solving below problem,
αopt = arg max S
0<α<1

(4.50)

where α is the fraction of the total transmit power for data symbol. For the ZF
receiver case, the second derivative of the average spectral efficiency can be analytically derived. Since it is too long and complicate, it is not worth showing it here.
However, this second derivative of the average spectral efficiency of the LS/ZF case
is negative for 0 < α < 1. Thus, S has a maximum value with α∗ (0 < α∗ < 1),
since it is a concave function over 0 < α < 1. And this α∗ maximizing S can be
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obtained by finding the α makes the derivative of S to zero. In case of the MMSE
receiver case, the optimal solution will be obtained through the numerical search
over 0 < α < 1 by using the obtained final form of the average spectral efficiency.
Thus, claiming its concavity is not necessary in here.
4.4.2.1 ZF Receiver
The optimal PDPR maximizing the average spectral efficiency is given by
the following theorem.
Theorem 4.2. With the equi-spaced pilot in Section 4.2.2, the optimal PDPR that
maximizes the average spectral efficiency of the adaptive MIMO-OFDM system
with ZF receiver is the same as the optimal PDPR that minimizes the average SER
shown in (4.38).
Proof. As shown in Appendix D.1, differentiating S results in
∂S
∂S ∂z
=
,
∂α
∂z ∂α

(4.51)

and
X


∂S
Mt
Mr −Mt +1 −i+1 z Mr −Mt
z
,
log2 (Mi ) −iMr −Mt +1 e−i z + i+1
e
=
∂z
(Mr − Mt )! i=1
N

(4.52)

where z = (δγ0 )−1 . From Appendix D.2, it is found that α∗ cannot be found from
∂S
.
∂z

Thus, α∗ can be found from

∂z
.
∂α
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4.4.2.2 MMSE Receiver
The average spectral efficiency of the each data stream is
Z i+1 (MMt +β2 γd )
N
X
t
Sk =
log2 (Mi )  (M +β γ ) Gg (αX , βX , γX )dγ̂k,lb
i

i=1

t 2 d
Mt

(4.53)

where f (γk,lb ) is shown in (4.32). The generalized gamma distribution does not
have a closed-form density, but its characteristic function can be used to find the
probability of each SNR region as follows,
Z ρi+1
Z ∞
1
exp(ρi ) − exp(ρi+1 )
Gg (αX , βX , γX )dγ̂k,lb =
ϕ(s)ds, (4.54)
2π −∞
is
ρi



γX −1
i (Mt +β2 γd )
αX
γX
and ϕ(s) = exp γX −1 1 − (1 − βX γX is)
. The average
where ρi =
Mt
spectral efficiency is given by
Sk =

N
X
i=1

1
log2 (Mi )
2π

Z

∞
−∞

exp(−isρi ) − exp(−isρi+1 )
ϕ(s)ds.
is

(4.55)

Then, the optimal PDPR for maximizing the spectral efficiency of MIMOOFDM with MMSE receiver can be readily obtained numerically.

4.5 Numerical Results
In this section, the effect of the PDPR on the average SER and the spectral
efficiency of the MIMO-OFDM system is demonstrated by using the analysis in
Section 4.3 and 4.4. For the simulation, L = 4, P = 4, and K = 64.
4.5.1 Effect of the PDPR on the Average SER of M-QAM MIMO-OFDM
Fig. 4.5 shows the effect of the PDPR on the average SER of M-QAM
MIMO-OFDM systems for both ZF and MMSE receiver cases. 4-QAM and 2
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Figure 4.5: SER versus percentage of pilot power for 2 × 2 QPSK MIMO-OFDM
with LS/ZF and MMSE/MMSE cases.
transmit and receive antennas are used. At each SNR, there is an optimal point
where the average SER is minimized, and this optimal point depends on the channel estimation and receiver type. The average SER is minimized when about 25%
of the total transmit power is allocated to the pilot symbol for LS/ZF case. For
each SNR case, the average SER when same power is allocated to the pilot and data
symbols is marked with a circle. By using the optimal PDPR, the average SER can
be reduced compared with the equal power policy.
In Fig. 4.6 and Fig. 4.7, the average SER from analysis and simulation with
two different PDPR cases are compared for different modulations (M=2,4) with a
2x2 MIMO-OFDM system. For each modulation order, the solid line shows the
results from the analysis in Section 4.4, and the dashed line shows the results from
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simulation. The simulation results are well matched with the analytical results,
and show that SER can be lowered by using the optimal PDPR without using any
additional resource. Especially, in the MMSE/MMSE case, the gain from optimal
PDPR is higher than LS/ZF case.
4.5.2 Effect of the PDPR on Adaptive Modulation
Fig. 4.8 and Fig. 4.9 show the effect of the PDPR on the adaptive modulation in the MIMO-OFDM system. The highest modulation order Mmax is 256,
e.g. M=0, 2, 4, 16, 64, 256, and the target BER for adaptive modulation is 10−3 .
Fig. 4.8 and Fig. 4.9 show the effect of the PDPR on the achievable spectral efficiency of the 2x2 MIMO-OFDM system with adaptive modulation. Fig. 4.8 shows
the average spectral efficiency versus SNR for LS/ZF case. The ideal case is when
the transmitter has perfect channel knowledge. Thus, the whole available transmit power is allocated to data symbols only. The achievable spectral efficiency
of the adaptive M-QAM MIMO-OFDM system highly depends on the PDPR. In
Fig. 4.9, the achievable spectral efficiency (lower bound) of MMSE/MMSE case is
shown. It is shown that about 4dB gain can be obtained with the optimal PDPR in
MMSE/MMSE case when it is compared with the equal power allocation case.
Fig. 4.10 shows the effect of using more number of pilots than the number
of channel taps in LS/ZF case. L = 4, and 2x2 MIMO-OFDM system is considered. As shown in this figure, the spectral efficiency loss by using more number of
pilot symbols than L is larger than the improvement in spectral efficiency by more
accurate channel estimation.
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Figure 4.6: SER versus SNR with optimal PDPR and equal power of 2 × 2 MIMOOFDM with LS/ZF. Comparison between the analysis and simulation.
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Figure 4.7: SER versus SNR with optimal PDPR and equal power of 2 × 2 MIMOOFDM with MMSE/MMSE. Comparison between the analysis and simulation.
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Figure 4.10: Average spectral efficiency versus the number of pilot symbols (P ≥ L)
for 2 × 2 MIMO-OFDM with LS/ZF.
4.5.3 Validating the Optimal PDPR in a Practical Channel Model
In this chapter, the practically used system structure is considered with
a complex Gaussian channel having an uniform distributed power delay profile
(PDP). However, there are many channel models that can be used for evaluating
practical system performance, for example, typical urban (TU), Stanford University Interim (SUI), pedestrian A, and pedestrian B.
Usually, when system developers and researchers design channel estimation schemes and pilot signals, uniform distributed PDP can be considered due to
unknown channel statistics. To verify the results from my analysis, the proposed
optimal PDPR is compared with the optimal PDPR obtained by simulation for the
TU channel model, which is one of practical channel models used for evaluating
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Figure 4.11: Comparison between the analysis and simulation results with TU channels: spectral efficiency vs. SNR (TU channel)
system performance in emerging standards. For the LS/ZF system case, the closed
form solution of the optimal PDPR has been obtained, so this system model is considered in this simulation. For simulation, the TU channel model is used, channel
bandwidth is 1.25Mhz, carrier frequency is 2GHz, the system is 2 × 2 MIMOOFDM with 128 subcarriers (these system parameters are selected from 3GPP-LTE
standard). The number of pilot symbols is 8, target BER is 10−3 , and modulation
order is chosen from {2, 4, 16, 64, 256}.
Figs. 4.11 and 4.12 show the simulation results of the optimal PDPR with
the TU channel model. Figs. 4.11 and 4.12 compare the average spectral efficiency
of two different cases. One is the average spectral efficiency under the TU channel
model with the optimal PDPR obtained from my research. This PDPR is obtained

96

2
SNR=5dB
SNR=10dB
Optimal PDPR (from simulation)
Optimal PDPR (from analysis with Uniform PDP)

Spectral efficiency (bps/Hz)

1.8
1.6
1.4
1.2
1
0.8
0.6
0.4

1

2

3

4

5

6

PDPR (η = σ2/σ2)
p

d

Figure 4.12: Comparison between the analysis and simulation results with TU channels: spectral efficiency vs. PDPR (TU channel)
by assuming the uniform distributed PDP with the same channel taps as the TU
channel model. The other is the maximum average spectral efficiency obtained
from the simulation over different PDPR values (0< α <1) for the TU channel
model. Equal power allocation case is shown as a reference. Fig. 4.11 shows the
average spectral efficiency vs. SNR for three different PDPR cases. As shown in
this figure, even though the analysis result is obtained from the uniform distributed
PDP assumption, it shows the performance which is very close to the optimal PDPR
obtained by simulation. Moreover, by comparing the results of those two PDPR
cases with the equal power case, it can be shown that we can get higher average
spectral efficiency under practical channel (TU channel) by simple power allocation
between pilot and data symbols.
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The similar performance between the proposed optimal PDPR and the one
obtained by simulation can be explained by Fig. 4.12. It shows the achievable
spectral efficiency versus PDPR (linear scale) for two different SNR cases (i.e. 5dB
and 10dB). The spectral efficiency is obtained by simulation with TU channel. The
circle marks show the optimal PDPR which maximizes the spectral efficiency, and
the square marks represent the optimal PDPR obtained from the analysis. As shown
in this figure, those two PDPR values are different, but their achievable spectral
efficiency is similar. This is because there is a broad range of PDPR which shows
similar spectral efficiency near the optimal PDPR and those two PDPR values are
located in this range. Moreover, if pilot power is too high, then there can be a peak
power problem at the transmit power amplifier. Therefore, it is better to use lower
pilot power if similar spectral efficiency can be obtained. Also, it can be shown that
the spectral efficiency with the optimal PDPR obtained from the analysis is higher
than the equal power allocation case.

4.6 Chapter Summary
In this chapter, the optimal PDPR for minimizing the average SER and maximizing the spectral efficiency of adaptive MIMO-OFDM systems was derived for
two different channel estimation and linear receivers. The analysis with LS and
MMSE channel estimation and ZF and MMSE receivers shows that by balancing between channel estimation accuracy (high pilot power) and high signal power
(high data power), the spectral efficiency of adaptive modulation systems can be
substantially increased without consuming any additional resources. For example,
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it is shown that the optimal PDPR provides 4dB of gain for 2x2 MIMO-OFDM
with MMSE channel estimation and MMSE receiver compared to allocating equal
power to the pilot and data symbols.
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Chapter 5
Conclusion

Designing a system in order to maximize its achievable throughput and robustness is related to how the system can exploit various resources such as the
achievable spreading and diversity gain, and the amount of transmit power. The
system can exploit these resources according to trading off the need for robust communication versus the desire for high data rate in dynamic and challenging wireless
channels. Thus, in multicarrier wireless communications, the rate-robustness tradeoff has a strong impact on system design.
This dissertation studied the rate-robustness tradeoff in three different aspects for multicarrier wireless communication systems: the variable data rate and
interference robustness tradeoff, the pilot-data power allocation tradeoff in MIMO
multicarrier systems from a theoretical capacity perspective, and the pilot-data power
allocation tradeoff in M-QAM MIMO multicarrier systems from a practical performance viewpoint.
First, when MC-CDMA is combined with multi-code techniques to support
variable data rates, there is a tradeoff between the number of supportable subscribers
and the per subscriber data rate due to the interference scaling problem. In Chapter 2, we proposed a novel multi-code multicarrier CDMA system to efficiently ad-
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dress this problem with enhanced robustness to multipath fading channels [63, 64].
Moreover, the proposed system gains in both the time and frequency domains to exploit the diversity and interference averaging properties of multicarrier modulation
and CDMA. The proposed MC-MC-CDMA system shows that data rate flexibility
can be achieved in a multicarrier CDMA system without any sacrifice in performance, and to the contrary, can actually allow improved robustness, flexibility, and
capacity. Hence this system outperforms multicarrier CDMA and single carrier
multi-code CDMA in terms of bit error probability and user capacity in a frequency
selective Rayleigh fading channel with the same total bandwidth.
Another rate-robustness tradeoff in multicarrier systems can be found in the
pilot and data symbol power allocation problem. Since pilot symbols consume both
bandwidth and energy, the power budget is reduced for data symbols per OFDM
symbol when the total transmit power is fixed. This suggests a tradeoff, especially,
when OFDM is used in conjunction with MIMO. In MIMO-OFDM it is crucial
to system performance due to the necessity of CSI at the receiver. This power
allocation problem is studied in theoretically in Chapter 3 and from a practical
performance perspective in Chapter 4.
In Chapter 3, the optimal PDPR in MIMO-OFDM for maximizing a capacity lower bound was formed and analyzed for two different channel conditions
and four likely pilot patterns [58–60]. In MIMO-OFDM systems, pilot symbols
can be transmitted in various ways to avoid spatial interference when estimating
the channel. For dynamic channels, the optimal PDPR is obtained by considering
both channel estimation and interpolation error over the Doppler spectrum, since
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in emerging standards pilot symbols are transmitted periodically, and interpolation
techniques are used over two pilot-inserted OFDM symbols. From the analysis, it is
shown that the SPP-2 pilot pattern can achieve a higher capacity lower bound than
other schemes, and the capacity lower bound of a typical MIMO-OFDM system can
be increased about 10%∼30% compared with the case of equal power allocation by
simply using the optimal PDPR. Moreover, the optimal PDPR varies with vehicle
speed, but the variation is small.
As shown in Chapter 3, the optimal PDPR results in improved system performance without using additional resources, and the optimal pilot power is higher
than the data power. This pilot power boost has been shown empirically to provide substantial improvement in system performance, and explains why pilot power
boosting is considered in many emerging high data rate standards. In Chapter 4, the
effect of the PDPR on the performance of adaptive M-QAM based MIMO-OFDM
systems with ZF and MMSE linear receivers was analytically shown, and the optimal PDPR, in terms of minimizing the average SER and maximizing the spectral
efficiency, was derived [61, 62]. Since, the performance of MIMO-OFDM with
adaptive modulation depends on the distribution of the SNR and the receiver type,
our results find the optimal PDPR by deriving the distribution of the output SNR
of different linear receivers including the effect of the pilot-based channel estimation, which has not been done previously. The analysis shows that by appropriately
balancing pilot power and data power, the spectral efficiency of adaptive modulation systems can be substantially increased without consuming any additional resources. For example, it is shown that the optimal PDPR provides 4dB of gain for
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2x2 MIMO-OFDM with MMSE channel estimation and an MMSE receiver compared to allocating equal power to the pilot and data symbols. The key insights are
that pilot power boosting to improve system performance should be optimized by
considering system structures such as pilot structure, modulation order, and receiver
type.
The various fundamental tradeoffs in multicarrier communications presented
in this dissertation can be applied to the design of the PHY layer of high data rate
systems. It will provide guidelines to the system designer on how to exploit numerous available features to maximize performance while balancing the rate-robustness
tradeoffs.

5.1 Future Research
In this section, I propose several future research topics for the rate-robustness
tradeoff in wireless communication systems, potentially for other researchers interested in this area.
• Optimal PDPR with a non-uniform power delay profile (PDP)
The results for finding the optimal PDPR in this dissertation assume uniform
PDP. In many scenarios, a uniform PDP provides a good approximation of
the delay profile. However, in some wireless environments, an exponential
PDP may be more appropriate. In the case of exponential PDP, the channel
coefficients are non-identically distributed, and an equally spaced exponential
profile might be substituted [26]. The feasibility of finding optimal PDPR
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with exponential PDP analytically can be further studied, and the results of a
uniform PDP case addressed in this dissertation can be used for comparison.
• Maximizing system capacity in a multi-cell environment with the PDPR tradeoff
In multi-cell MIMO-OFDM systems, pilot symbols from other cells can result in interference to data signals in a desired cell and vice versa. Therefore,
the effective SNR includes other cell interference (which might either be pilot
or data signals from other cells). In this case, the optimal PDPR obtained in
this dissertation does not guarantee maximum system capacity. Higher PDPR
than the optimal PDPR implies lower capacity in this work. However, since
the number of data symbols is usually greater than the number of pilot symbols, the effect of other cell interference due to data symbols can be more
significant than pilot symbols. In an interference-limited case, higher PDPR
than the optimal PDPR found here can result in higher system capacity due
to lower out-of-cell interference. Simply put, a key question to consider is:
“How does the PDPR affect out-of-cell interference in capacity analysis?”
Thus, in a multi-cell environment, a framework needs to be developed where
the effect of the PDPR could be accounted for a capacity analysis.
• Applying the optimal PDPR to practical system design
The optimal PDPR addressed in this dissertation can be better applied to practical system design with more investigation on channel and system models
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such as cell structure, power constraints, and system configurations as follows.
– A multi-cell environment: As noted previously, in a multi-cell environment, the optimal PDPR is related to the amount of interference.
– Channel models: The PDPR depends on the channel model while more
detailed channel models are difficult to apply analytically. Thus, the
optimal PDPR under numerous channel models can be obtained from
simulation using the PDPR analysis framework developed in this work.
– Power constraints: The limited average power constraint is assumed
here. However, other power constraints such as a peak power constraint
can be considered. For a peak power constraint, the pilot power is limited by the peak power constraint of the power amplifier. Also, it is
related to the PAPR problem in multicarrier modulation systems.
– System configurations: Since the channel estimation and interpolation
methods are directly related to the effect of the PDPR as shown in my
work, the structure of these methods used in systems should be included
for finding optimal PDPR.
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Appendix A
Derivation of the Decision Variable: the Output of the
Matched Filter

For the analysis of the BER performance of the proposed system, the matched
filter output can be written as (2.11). From (2.8) and (2.11), due to the orthogonality
between subcarriers, the desired signal D1,m can be written as
D1,m =

Nc −1
1 X
νm (n)νb1,0 (n)
T b n=0
Z (n+1)Tb X
K
g1,q (n) fr (t − nT b )c21,q (n) cos2 (ωq t + φ1,q (n))dt
×
nT b

=

1
2

N
c −1
X
n=0

νm (n)νb1,0 (n)

q=1
K
X

g1,q (n).

(A.1)

q=1

The interference term I1,m + J1,m is given by
I1,m + J1,m

Z ( j+1)Tb X
Nc −1
Nu X
K N
c −1
X
1 X
=
νm ( j)
gu,k (n)νbu,0 (n) fr (t − nT b )cu,k (n)
T b j=0
jT b
u=2 k=1 n=0
× cos(ωk t + φu,k (n))

K
X

c1,q ( j) cos(ωq t + φ1,q ( j))dt,

(A.2)

q=1

where I1,m corresponds to the interference from the other Nu − 1 users on the same
subcarrier and J1,m corresponds to the interference from the other Nu − 1 users on
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the other subcarriers. Both I1,m and J1,m can be simplified as
Nc −1
Nu X
K N
c −1
X
X
1 X
=
νm ( j)
gu,k (n)νbu,0 (n)cu,k (n)c1,k ( j)
T b j=0
u=2 k=1 n=0
Z ( j+1)Tb

×
fr (t − nT b ) cos ωk t + φu,k (n) cos(ωk t + φ1,k ( j))dt

I1,m

jT b

=

J1,m

1
2

Nu X
K N
c −1
X
X


gu,k (n)νm (n)νbu,0 (n)cu,k (n)c1,k (n) cos φu,k (n) − φ1,k (n) , (A.3)

u=2 k=1 n=0

Nc −1
Nu N
K X
K
c −1 X
X
X
1 X
gu,k (n)νbu,0 (n)cu,k (n)c1,q ( j)
=
νm ( j)
T b j=0
u=2 n=0 k=1 q=1

Z

q,k

( j+1)T b

×

fr (t − nT b ) cos(ωk t + φu,k (n)) cos(ωq t + φ1,q ( j))dt
jT b

=

Nu N
K X
K
c −1 X
X
1 X
gu,k (n)νm (n)νbu,0 (n)cu,k (n)
2T b u=2 n=0 k=1 q=1
q,k

Z

Tb

× c1,q (n)



cos (ωk − ωq )t + φu,k (n) − φ1,q (n) dt.

(A.4)

0

As shown in (A.1)-(A.4), the matched filter output is expressed in terms of correlation functions of the code sequences. Now the variance of the term I1,m and J1,m for
the EGC case is derived. All cross terms are uncorrelated due to the random phase,
and I1,m and J1,m are zero mean. Therefore, with the fact that E[g2u,k ] = 2σ2 , the
variance of I1,m and J1,m can be simplified as
u X X
c
1X
E[g2u,k (n)]E[νm2 (n)νb2u,0 (n)c2u,k (n)c21,k (n)]
4 u=2 k=1 n=0

N

var[I1,m ] =

K N −1


× E[cos2 φu,k (n) − φ1,k (n) ]

1
= (Nu − 1)KNc σ2 ,
4

(A.5)
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Nu N
K X
K
c −1 X
X
1 X
var[J1,m ] =
E[g2u,k (n)]E[νm2 (n)νb2u,0 (n)c2u,k (n)c21,q (n)]
2T b2 u=2 n=0 k=1 q=1
q,k

Z

× E 
=

Nu N
K
K X
c −1 X
2 X
X

σ
4T b2

Tb
0

"
E

u=2 n=0 k=1 q=1
q,k


 !2 
cos (ωk − ωq )t + φu,k (n) − φ1,q (n) dt 


Tb
{sin((ωk − ωq )t + φu,k (n) − φ1,q (n))
2π(k − q)
2 #
− sin(φu,k (n) − φ1,q (n))}

σ2 Nc (Nu − 1) X X
1
=
.
2
8π
(k − q)2
k=1 q=1
K

K

q,k
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(A.6)

Appendix B
Channel Estimation and Interpolation Error Analysis
B.1 MMSE Time Interpolation
The time interpolated kth subcarrier channel response of N OFDM symbols
can be obtained as
r ,mt
ĤmFT,k
= RCĈP RĈ−1PĈP ĈP,k

2

2

= µPRCCP µ P RCPCP
h
i
where ωk = FFHP FP FH

k,k

ĈP,k =

h

µ2 ωk
I
+
γP

mr ,mt
mr ,mt
ĤF,k
(1) ĤF,k
(N)

!−1
ĈP,k ,
iT

(B.1)

is a vector of the fre-

quency interpolated kth subcarrier estimated channel response of two consecutive
h m ,m
iT
mr ,mt
r t
(1) · · · HF,k
(N)
pilot inserted OFDM symbols, C(k) = HF,k
is a channel
vector composed of the kth subcarrier channel response of N OFDM symbols. Since
the time correlation of channel is expressed by the bessel function with the Doppler
frequency. RCCP and RCPCP are (N ×2) and (2×2) size covariance matrices as below.
"
RCPCP =

RCCP






= 




#
1
J0 (2π fd (N − 1)T s )
,
J0 (−2π fd (N − 1)T s )
1

1
J0 (2π fd (N − 1)T s ) 
J0 (−2π fd T s )
J0 (2π fd (N − 2)T s ) 

..
..
 ,
.
.

J0 (−2π fd (N − 2)T s )
J0 (2π fd T s )

J0 (−2π fd (N − 1)T s )
1
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(B.2)

where J0 (·) is a 0th order bessel function. Then, the time interpolated kth subcarrier
channel response of N OFDM symbols can be obtained as (3.31).

B.2 Channel Estimation Error Covariance of the Dynamic Channel Case
The channel estimation error covariance matrix is
h
i
RyE,n = σ2d E H̃(n)H̃H (n) + σ2n I,

(B.3)

and the channel estimation error of kth subcarrier of nth OFDM symbol between mth
r
receive and mth
t transmit antenna is given by
mr ,mt
mr ,mt
H̃kmr ,mt (n) = Hkmr ,mt (n) − (gn,1 ĤF,k
(1) + gn,2 ĤF,k
(N)).

(B.4)

i
h
Assuming that there is no spatial correlation, E H̃(n)H̃H (n) is a block diagonal
matrix as below,
M
M
 Xt h
i r
E H̃(n)H̃H (n) = diag 
E H̃mr ,mt (n)(H̃mr ,mt (n))H 
,
h

i

mt =1

(B.5)

mr =1

where H̃mr ,mt (n) is a diagonal matrix, and its diagonal elements is
h
i
E H̃kmr ,mt (n)(H̃kmr ,mt (n))H
= 1 − 2gn,1 µPJ(n, 1) − 2gn,2 µPJ(n, N) + 2gn,1 gn,2 µ2 P2 J(1, N)
+g2n,1 µ2 P2 + g2n,2 µ2 P2 + (g2n,1 + g2n,2 )
, ξk (n)

µ2 ωk
,
γP
(B.6)

J(a, b) = J0 (2π fd (a − b)T s ).

(B.7)
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Then, the channel estimation error covariance matrix can be expressed as
RyE,n = diag(Λmr ,n )mMrr=1 ,

(B.8)

K
Λmr ,n = (Mt σ2d ξk (n) + σ2n )k=1
.

(B.9)

where
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Appendix C
SNR Lower Bound of MMSE Receiver with MMSE
Channel Estimation
C.1 Derivation of the kth Stream SNR of the MMSE Receiver
The output of the MMSE receiver is given by
1
1
z = G M y = √ G M Ĥs − √ G M H̃s + G M n.
Mt
Mt

(C.1)

Then, the SNR of the kth stream of the MMSE receiver with the MMSE
channel estimation is given by,

γk = 

σ2d
Mt
σ2d
G ĤĤH GHM
Mt M

h
i
where β2 = E H̃H̃H =

+

=
G M ĤĤH GHM =
=

G M Ĥ

σ2d
β G GH
Mt 2 M M

Mt2 L
Pγ p +LMt

G M Ĥ =

h

+

i 2
k,k

σ2n G M GHM


k,k

−

σ2d
Mt

h

G M Ĥ

i 2 ,
k,k

as derived in (4.11). Since

!−1
!
Mt
Mt
Mt
H
I
I−
I
Mt Ĥ Ĥ +
Ĥ Ĥ +
γd
γd
γd

!−1 
p 

γd H

Mt I − I +
Ĥ Ĥ  ,
Mt
!−1
!−1
Mt
Mt
H
H
H
H
Mt Ĥ Ĥ +
I Ĥ ĤĤ Ĥ Ĥ Ĥ +
I
γd
γd

!−1 2


γd H
Mt I − I +
Ĥ Ĥ  ,
Mt
p

(C.2)

H
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(C.3)

(C.4)

G M GHM

!−1
!−1
Mt
Mt
H
H
= Mt Ĥ Ĥ +
I Ĥ Ĥ Ĥ Ĥ +
I
γd
γd

!−1 
!−1


γd H
γd H
= γd I − I +
Ĥ Ĥ  I +
Ĥ Ĥ ,
Mt
Mt
H

(C.5)

the SNR γk can be obtained as
γk =

where A , I +

1 − Ak,k
Ak,k − A2k,k +

β2 γd
Mt

2

Ak,k − (A2 )k,k

,

(C.6)

−1
γd
H
Ĥ
Ĥ
.
Mt

C.2 Proof of Lemma 4.1 in Section 4.3.2
Ak,k is kth diagonal element of A, and (A2 )k,k is kth diagonal element of A2 .

−1
γd
H
Moreover, A2k,k := (Ak,k )2 . Then, since A , I + M
Ĥ
Ĥ
is a Hermitian matrix,
t
X

(A2 )k,k = (Ak,k )2 +

(Ak,i )2

i,i,k

= A2k,k +

X

A2k,i

i,i,k

>

A2k,k

(since A2k,i ≥ 0)

(C.7)

Then, the SNR with A2k,k instead of (A2 )k,k is

1 − Ak,k 2

 < γk .
γ =
k
2 γd
2
Ak,k − A2k,k + βM
A
−
A
k,k
k,k
t
Thus, γ is a lower bound of the exact SNR γk . Moreover,
k

Ak,k < λmax (A)
=

1
λmin (I +
114

γd
ĤH Ĥ)
Mt

(C.8)

1

=


A2

1+


k,k

γd
λ (ĤH Ĥ)
Mt min

< 1.

(C.9)

< λmax (A2 )
≤ λ2max (A) < 1.

(C.10)

where λmax (·) and λmin (·) are the maximum and minimum singular value of (·).
Since the scalar exponential function can be represented by the power series
and Ak,k < 1, exp(Ak,k ) can be approximated as
exp(Ak,k ) ≈ 1 + Ak,k +

A2k,k

.

(C.11)

A2 A3
+
+ ··· .
2!
3!

(C.12)

2!

From the definition of the matrix exponential [66],
exp(A) =

∞
X
An
n=0

Since A = (I +

γd
ĤH Ĥ)−1
Mt

n!

=I+A+

is a Hermitian matrix, its singular value decomposition

(SVD) is SVD(A) = UΛUH , where Λ is a diagonal matrix and its entries are the
singular values of A, and U a unitary matrix. Because λmax (A) < 1 as shown in
(C.9), the diagonal element of the matrix exponential of A can be expressed as
"
#


1
1
H
H
2 H
3 H
exp(A) k,k = UU + UΛU + UΛ U + UΛ U + · · ·
2
3!
k,k
= uk exp(Λ)ukH
= uk diag(exp(Λ1,1 ), · · · , exp(Λ Mt ,Mt ))ukH


Λ2Mt ,Mt  H
Λ21,1

≈ uk diag (1 + Λ1,1 +
), · · · , (1 + Λ Mt ,Mt +
) u
2
2  k
= 1 + Ak,k +

(A2 )k,k
.
2
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(C.13)

Then, the difference between (A2 )k,k and A2k,k is given by
(A2 )k,k − A2k,k ≈ ([exp(A)]k,k − 1 − Ak,k ) − (exp(Ak,k ) − 1 − Ak,k )
= [exp(A)]k,k − exp(Ak,k )

(C.14)

Since the dominant terms in (C.11) and (C.13) are the same with (1 + Ak,k ), the
difference is very small. Moreover, in (C.9) and (C.10), as γd increases, the upper
bound becomes more smaller than 1. Then, [exp(A)]k,k ≈ exp(Ak,k ) ≈ 1 + Ak,k , and
(A2 )k,k ≈ A2k,k .

C.3

αX , βX , and γX Values for the Approximated Distribution of
the SNR Lower Bound in Section 4.3.2

ξ(2Mr τγd − (Mt − 1)(1 − ξ + (1 + τ)γd ))2
,
(C.15)
2τγd2 (2ξMr τ + (Mt − 1)(1 + τ − ξ(1 + τ) + (τ − 1)2 γd ))
!
2
0 0 γd (ξ(1 + τ + 2Mr τ − Mt (1 + τ)) + (Mt − 1)(1 + τ + (τ − 1) γd ))
β X = δ γ0
,
ξ(1 + ξ(Mt − 1) + (1 + τ + 2Mr τ)γd − Mt (1 + γd + τγd ))
(C.16)

αX =

γX = −1 + γX1 γX2 ,
γX1 =
γX2

(C.17)

ξ(Mt − 1) + 2Mr τγd + τγd + γd − Mt (τγd + γd + 1) + 1

 ,
ξγd ξ(Mt + (−2Mr + Mt − 1)τ − 1) − (Mt − 1) γd (τ − 1)2 + τ + 1 2
= (1 − Mt + (1 + 2Mr − Mt )τ)ξ3 + (Mt − 1)(1 + (τ − 1)2 γd )ξ2
+ (Mt − 1)τ(1 + 2τγd + (τ − 1)2 γd2 ),
Pγ p + 2LMt
δ0 =
,
(C.18)
Pγ p + LMt

q
ξ = 1 + 2(1 + τ)γd + (1 − τ)2 γd2 ,
σ2d
,
γ00 = 
σ2d β2 + Mt σ2n

τ=
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Mt
.
Mr

(C.19)

Appendix D
Differentiation of S and Finding the Optimal α
D.1 Differentiation of S
S is shown in (4.49). Then,
∂S
∂S ∂z
=
∂α
∂z ∂α
N
X
Mt
∂
log2 (Mi ) G(Mr − Mt + 1, i z)
=
∂z (Mr − Mt )! i=1

!
 ∂z
− G(Mr − Mt + 1, i+1 z)
∂α

where z =

1
.
δγ0

(D.1)

Differentiation of an incomplete gamma function is given by
∂G(a, x)
= − exp(−x)xa−1 .
∂x

(D.2)

Then,
∂
(G (Mr − Mt + 1, i z) − G (Mr − Mt + 1, i+1 z))
∂z


= −i e−i z (i z) Mr −Mt + i+1 e−i+1 z (i+1 z) Mr −Mt


Mr −Mt +1 −i+1 z Mr −Mt
= −iMr −Mt +1 e−i z + i+1
e
z
.

(D.3)

With (D.1) and (D.3), ∂S /∂α can be obtained as
X


∂S
Mt
Mr −Mt +1 −i+1 z Mr −Mt ∂z
=
log2 (Mi ) −iMr −Mt +1 e−i z + i+1
e
z
. (D.4)
∂α (Mr − Mt )! i=1
∂α
N
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D.2 Finding α∗ from ∂S /∂z
∂S /∂z is given by
X


Mt
∂S
Mr −Mt +1 −i+1 z Mr −Mt
=
log2 (Mi ) −iMr −Mt +1 e−i z + i+1
e
z
.
∂z
(Mr − Mt )! i=1
N

(D.5)

Since δγ0 > 0 for 0 < α < 1, z > 0. Then,
N
X



Mr −Mt +1 −N+1 z
log2 (Mi ) −iMr −Mt +1 e−i z + i+1
e

i=1
Mr −Mt +1 −i+1 z
= log2 MN N+1
e
+

N
X


log2 Mi−1 − log2 Mi iMr −Mt +1 e−i z

i=2

− log2 M1 1Mr −Mt +1 e−1 z .

(D.6)

The first term log2 MN N+1 e−i+1 z goes to zero due to the definition of N+1 = ∞.

Since log2 Mi−1 − log2 Mi is negative for all i and i > 0 for i ≥ 2, z (and α) which
makes ∂S /∂z equal to zero cannot be found.
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