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The main topic addressed in this dissertation is the interaction of intense

laser fields with the π electrons of single-walled carbon nanotubes. Since it is

very difficult to carry out ab initio calculations for nanotubes in the presence

of intense laser fields, we first propose a simple but realistic model to simulate

the π electrons in a graphene layer and single-walled carbon nanotubes. We

replace the atomic potential of each carbon atom of graphene or nanotubes

by a two-dimensional attractive regularized δ function. By adjusting the pa-
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rameters in this simple δ-potential model, we successfully reproduce the band

structures and wave functions for graphene and nanotubes calculated by ab

initio methods. With its simplicity and accuracy, we can use δ-potential model

to study the interaction of intense laser fields with nanotubes.

Combining the δ-potential model and Floquet-Bloch theory, we calcu-

late the electronic states and the electron motion in an armchair nanotube

driven by monochromatic intense laser fields with polarization parallel to the

nanotube axis. The intensity and frequency (photon energy) of the applied

laser fields are varied so their effect on the electrons can be understood. In

each case, Floquet-Bloch theory is used to calculate the Floquet-Bloch states,

quasienergy band, mean energy band, and electron current density. By sum-

ming up the current density of all occupied Floquet-Bloch states, the harmonic

generation spectrum can be determined. We demonstrate that the deforma-

tion of quasienergy band and mean energy band is related to high-order har-

monic generation. Only the states deviating from field-free eigenstates may

contribute to high-order harmonic generation.
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Chapter 1

Introduction

In the past two decades, the development of high-intensity lasers has facili-

tated experimental studies on the interaction between matter and strong fields,

and these experimental studies stimulated much theoretical work on the effect

of strong laser fields on atomic/molecular systems [1] and solid state systems,

including semiconductor bulks [2],[3] and heterostructures [4]-[6], metallic thin

films and surfaces [7]-[10], metallic clusters [11]-[13], carbon nanotubes [14]-

[16], and graphene layers [17]. When intense laser fields are applied to the phys-

ical systems mentioned above, traditional perturbation theory is no longer suit-

able, and many phenomena, including high-order harmonic generation (HHG),

cannot be understood by perturbative methods. In the theoretical study of the

interaction between matter and strong external fields, Floquet theory has been

widely used, especially for atomic and molecular systems [1]. Systems with

crystalline structure in the presence of monochromatic laser fields, since they

are spatially and temporally periodic, can be studied by using Floquet-Bloch

theory [7]-[9],[15],[17],[18].

When crystalline solids are exposed to external laser fields, the motion
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of the electrons can be very complicated because it is influenced by both the

crystal potential and the external field. In the presence of laser fields, the

electrons are driven back and forth in the crystal potential, and the acceleration

of the electrons will not have a linear relationship with the field. When the field

is strong enough, the nonlinear motion becomes significant. This nonlinear

acceleration of the electrons is the source of high-order harmonic generation.

The intensity of the field we consider in this paper will be strong enough

to generate nonlinear motion, but not too strong to ionize the electrons or

damage the crystal. Because all electrons remain bound in the crystal, the

HHG mechanism is due to bound-bound transitions, and is different from the

mechanism of HHG in atomic gas systems. In atomic gas systems, it is known

that electrons are ionized by the laser field, then recombine with the atom. In

that case, the HHG is resulted from the recombination process.

In addition to HHG, there are other phenomena that occur when elec-

trons in crystalline structures are driven by intense laser fields. In the presence

of monochromatic intense laser fields, the energy band structure of the crystal

would be different from what it is in the absence of external field, and this phe-

nomenon has been documented in many theoretical works [2],[7],[8],[17],[18].

The deformation of energy bands depends on the intensity, frequency, and

polarization of the laser field. Although the dynamics of band structure as

it changes with external field is interesting, it is difficult to study for three-

dimensional bulk materials because the energy bands of such material are

also three dimensional. Even for two-dimensional systems such as graphene,

analyzing the deformation of its energy band is still not easy [17]. So far,

most of such analyses are done for one-dimensional Kronig-Penney-type mod-

els [2],[7],[8],[18].
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Due to its quasi one-dimensional structure, single-walled carbon nan-

otubes (SWNTs) can be good candidates for the study of band dynamics in

the presence of intense laser fields. Also, the band structures of SWNTs are

very peculiar. Depending on the diameter and chirality of SWNTs, the energy

bands of different kind of SWNTs around their Fermi levels show qualita-

tive differences [19],[20]. For semiconducting zigzag SWNTs, the energy has

quadratic relation with crystal momentum, like many semiconductor materials.

For armchair SWNTs, however, the energy is linear with crystal momentum,

as is the case for relativistic massless particles [21]. Recently, the radiation of

second and third harmonics from driven nanotubes has been observed exper-

imentally [22],[23]. Although these experimental setups (for example, the po-

larization and temporal periodicity of the laser fields) are not exactly the same

as those we used for the Floquet-Bloch analysis, these works reveal the non-

linear optical properties of nanotubes. Therefore, it is of interest to study the

band dynamics and the high-order nonlinear motion of the electrons of SWNTs

under monochromatic intense laser fields in the framework of Floquet-Bloch

analysis.

In the past decade, the optical properties of SWNTs have been ex-

tensively studied in many theoretical works, using either the tight-binding

(TB) approximations [19],[20],[24]-[27] or ab initio calculations [20],[28]-[30].

These works, however, mainly focused on the effect of weak fields (perturba-

tive regime), and only very few works [14]-[16] addressed the effect of intense

laser fields (nonperturbative regime). One reason is that carrying out ab ini-

tio calculations in nonperturbative regime is extremely difficult, especially

for extended systems, such as SWNTs or metallic thin films. Many studies

of field-matter interaction were done by using a simple model with a couple
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of fitting parameters to simulate real physical systems. For example, one-

dimensional Kronig-Penney model was used to calculate the HHG spectra of

metallic thin films and surfaces [7]-[10], although these systems have higher

spatial dimension. Sometimes, two-dimensional models were used to calculate

the HHG spectra of molecules with rotation symmetry [31],[32], although real

molecules are three-dimensional objects. As to graphene layers and SWNTs,

tight-binding (TB) approximation has still been used [14]-[17], although the

electronic structures calculated by TB approximation can be quite different

from the results of ab initio calculations.

Based on the previous discussion, a model that is easy to handle in the

presence of strong fields and still provides realistic results would be desirable.

Such a model will be developed in Chapter 2. In this model, we use two-

dimensional attractive δ function to replace the atomic potential of each carbon

atom of graphene or SWNTs for simplicity. As shall be shown in Chapter 2,

this simple δ-potential model can reproduce the band structures and wave

functions for graphene and SWNTs calculated by ab initio methods. Since

the δ-potential model is a two-dimensional model, it would be suitable to

simulate the motion of electrons of SWNTs in the presence of external laser

fields parallel to the nanotube axis, or the motion of electrons of graphene

layer in the presence of external laser fields parallel to the plane of graphene.

Later, this model will be used to study how the electrons of SWNTs interact

with the laser field.

Before studying all the complicated details of how SWNTs respond to

external field, a review of Floquet-Bloch analysis, the method used to study

the electronic behavior of crystalline solids under external time-periodic fields,

is given in Chapter 3. In the presence of applied time-periodic field, the
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Hamiltonian for the electrons in the crystal is time-dependent, and energy is

no longer conserved. An operator called Floquet-Bloch Hamiltonian will be

introduced and discussed. Its eigenvalue, quasienergy, is a conserved quantity,

and will be used to specify the quantum states for electrons. Such states

are called Floquet-Bloch (FB) states, and the electrons of these states are

called Floquet-Bloch (FB) electrons. In addition to quasienergy, we can also

calculate the mean energy and electron current density of each FB electron.

By summing up all the current density, the HHG spectra can be determined.

The expressions for quasienergy band, mean energy band, nonlinear motion of

FB electrons, and HHG spectrum will be shown. Then, we apply this approach

to (10, 10) armchair SWNT in the presence of monochromatic intense laser

fields.

In Chapter 4, we look at the behavior of electrons of (10, 10) SWNT

driven by monochromatic laser fields polarized parallel to nanotube axis. To

study the effect of laser field intensity and frequency (or photon energy), we

calculate the quasienergy band, mean energy band, electron current density

(and its Fourier transform), and HHG spectrum for different combination of

laser field intensity and frequency. The dependence of the energy bands and

HHG spectra on the field intensity and frequency will be shown. More impor-

tantly, we demonstrate that the deformation of quasienergy band and mean

energy band is related to high-order harmonic generation. We can microscop-

ically determine which of the FB electrons contribute to HHG, and which of

the FB electrons have no contribution: Only the FB electrons deviating from

the field-free eigenstates may contribute to HHG, and the ones remaining at

their field-free eigenstates do not contribute.

A conclusion of this series of works will be given in Chapter 5.
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Chapter 2

Delta-potential Model for

Graphene and Nanotubes

2.1 Overview

As mentioned in the previous chapter, an empirical model for graphene and

SWNTs is desirable, and such a model is developed in this chapter. We exam-

ine an approach in which a honeycomb lattice of attractive δ-function poten-

tials is used to model the electronic structures of graphene and SWNTs. Since

a graphene layer and SWNTs are composed of a two-dimensional sheet of car-

bon atoms, and the external fields considered in this dissertation is parallel

to the nanotube axis or the graphene layer, the δ potentials used to replace

the atomic potentials of carbon are two-dimensional. It is well known that

δ functions in two or more space dimensions are not convergent [33]-[37] and

must be regularized. However, as we shall show, it is the process of regular-

ization that allows us to use two-dimensional δ functions to model the finite
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range atomic potentials of each carbon atom of the honeycomb lattice. We

also would like to point out that this approach is similar to the empirical

pseudopotential method (EPM), which has been well developed and is widely

available in literature [38]-[42]. A brief comparison between EPM and our

approach will be given in this chapter as well. This chapter is organized as

follows. In Section 2.2, we will discuss the construction of a δ-potential honey-

comb lattice with potential strength Vo and lattice constant a. The method of

obtaining the band structure of such a system is also discussed. In Section 2.3,

the band structure of δ-potential honeycomb lattices with different values of

Vo and truncated matrix sizes are computed and discussed. In Section 2.4, we

show that by choosing appropriate values of Vo, a, and truncated matrix sizes,

the band structure of graphene layers and SWNTs can be reproduced very

accurately. In Section 2.5, we use this model to calculate the wave functions

of finite-length SWNTs and compare them with ab initio calculation results.

A brief review of tight-binding model for graphene layer and SWNTs will be

given in Appendix B.

2.2 Construction of δ-potential Honeycomb Lat-

tice

In order to simulate the π electrons of a graphene layer and carbon nanotubes,

we first consider a single layer honeycomb lattice as shown in Fig. 2.1(a), where

a1, a2 are primitive vectors, and a = |a1| = |a2| is the lattice constant. The

unit cell of this lattice is shown as the shaded rhombus in the figure, which

has an area of Ω =
√

3a2/2. Each unit cell contains two atoms A and B, and

7



each atom has one electron that needs to be considered.

Since the electronic structure of nanotubes can be described to first ap-

proximation by nearest-neighbor tight-binding model, it would be reasonable

to expect that the electronic structure of nanotubes can also be reproduced

by using a strong and deep attractive potential to simulate each atom. The δ

function is a good candidate for such a potential. Thus, we write the potential

V (r) =
∑

R′A, R′B

Vo [δ (r−R′
A) + δ (r −R′

B)] ,

where Vo < 0, R′
A and R′

B are the positions of atoms of type A and B,

respectively. The potential V (r) is schematically plotted in Fig. 2.1(b) for

one unit cell. The Schrödinger equation in a unit cell is

Hkuk (r) = Ekuk (r) (2.1)

with

Hk = − ~2

2me

(∇+ ik)2 + V (r) , (2.2)

where me denotes electron mass, and

V (r) = Vo [δ (r−RA) + δ (r−RB)] . (2.3)

The boundary condition for uk (r) is uk (r + ai) = uk (r), i = 1, 2.

To solve Eq. (2.1), we need to choose an appropriate basis set. Since

uk (r) is a periodic function, a plane-wave basis set can be used. In fact, a

plane-wave basis is used in ab initio calculations for the band structure of
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Figure 2.1: (a) A two-dimensional honeycomb lattice, where a1, a2 are prim-
itive vectors. The unit cell is shown as the shaded area. (b) A sketch of the
potential within the unit cell seen by π electrons. (c) The reciprocal lattice of
(a), where b1, b2 are reciprocal vectors and the shaded area is the Brillouin
zone.
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nanotubes [43]. We thus write uk (r) as

uk (r) =
∑
G

AG
1√
Ω

eiG·r (2.4)

where G = n1b1 + n2b2 (n1, n2 = 0, ±1, ±2, · · · , ±∞) is the reciprocal

lattice vector shown in Fig. 2.1(c), and AG are coefficients to be determined.

The Brillouin zone for a honeycomb lattice is the shaded area in Fig. 2.1(c),

where K = 2
3
b1 + 1

3
b2, Γ = 0 and M = 1

2
b1 + 1

2
b2 are high-symmetry points,

and the lines connecting them are called high-symmetry lines. Our basis set

has been normalized so that

1

Ω

∫

Ω

dre−i(G−G′)·r = δG,G′ . (2.5)

After we substitute Eq. (2.4) into Eq. (2.1) and with the aid of Eq. (2.5), we

can write the Schrödinger equation in matrix form:

∑

G′

[
~2

2me

(
G2 + 2 G · k + k2

)
δG,G′ + VG,G′

]
AG′ = EkAG, (2.6)

where

VG,G′ =
1

Ω

∫

Ω

drV (r) e−i(G−G′)·r. (2.7)

Combine Eqs. (2.3) and (2.7) with G = n1b1 + n2b2, G′ = n′1b1 + n′2b2,

RA = −1
6
(a1 + a2), and RB = 1

6
(a1 + a2), we see VG,G′ becomes

VG,G′ =
2Vo

Ω
cos

[π

3
(n1 + n2 − n′1 − n′2)

]
, (2.8)

which is equal to ±Vo/Ω or ±2Vo/Ω, depending on the values of the integers
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n1, n′1, n2, and n′2.

Equation (2.6) contains infinite dimensional matrices. In order to solve

Eq. (2.6) numerically, we must truncate these matrices. We will let n1, n2, n′1, n′2 =

0 ± 1, ±2, · · · , ±Nt, and thus the Hamiltonian becomes a (2Nt + 1)2 ×
(2Nt + 1)2 matrix. Because two-dimensional (2D) attractive δ functions do

not have a convergent bound state energy [33]-[37], a convergent eigenvalue

cannot be found no matter how great Nt is. As shown in Appendix A and

Ref. [37], truncation of the matrix size is equivalent to making δ potential be-

have as a finite-size, finite-strength effective potential. The size and strength

of the effective potential depends on the size of the truncated matrix. Thus,

truncation is the method by which we regularize the lattice of δ potentials.

It is this property of 2D δ functions that gives us a chance to reproduce the

correct shape of band structures for a graphene sheet and SWNTs using a

δ-potential honeycomb lattice because we can vary not only Vo but also Nt.

With appropriate values of Vo and Nt, the correct shape of band structures

is found. We can then choose an appropriate lattice constant a to reproduce

numerically correct band structures for a graphene layer and for SWNTs.

2.3 Band Structure of δ-potential Honeycomb

Lattice

The band structures of δ-potential honeycomb lattices with various values of

Vo and Nt are computed, plotted, and discussed in this section. Before we

start, we should notice that for a δ-potential honeycomb lattice with lattice

constant a and unit cell area Ω, a natural unit of energy is E0 = ~2a2/2meΩ
2 =
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2~2/3mea
2. Note that Eo depends on the lattice constant a. For example, when

a = 1 Å, Eo = 5.091 eV; when a = 2.5 Å, Eo = 0.815 eV. In this section, all

energies will be expressed in terms of Eo, and all potential strengths (Vo) will

be expressed in terms of EoΩ. To study the effect of Vo and Nt on the shape of

band structures, several important parameters, such as the Fermi energy EF

and energy gaps at high-symmetry points K, Γ and M (see Fig. 2.1(c)) are

shown in Tables 2.1 - 2.4. In order to compare the band structures of different

cases conveniently, the Fermi energy of each case is shifted to zero in each

band structure graph shown in Figs. 2.2 and 2.3,

Let us first compare the band structures for various values of Nt and

a fixed value of Vo. In Fig. 2.2(a), we plot the band structure for Nt =

12, 25, 36, 48 with V0 = −1.6E0Ω and with the Fermi energy shifted to zero.

The band structure becomes flatter as Nt increases. From Table 2.1, we see

that as Nt increases, the Fermi energy EF approaches to negative infinity and

the energy gaps at high symmetry points decrease. These features suggest

that as Nt increases, the depth of the regularized δ potential becomes greater

(this agrees with our work [37] shown in Appendix A) and the electrons in

each potential well become more tightly bound and therefore more isolated.

Vo Nt EF Egap at K Egap at Γ Egap at M

-1.6EoΩ 12 -5.46Eo 0.016Eo 15.79Eo 4.08Eo

-1.6EoΩ 25 -29.03Eo 0.011Eo 6.21Eo 1.96Eo

-1.6EoΩ 36 -59.81Eo 0.014Eo 2.25Eo 0.74Eo

-1.6EoΩ 48 -105.63Eo 0.014Eo 0.65Eo 0.22Eo

Table 2.1: Fermi energy and energy gaps at high-symmetry points for various
Nt with Vo = −1.6EoΩ.

In Fig. 2.2(b) and Table 2.2, we make a similar comparison. We set

12



Figure 2.2: Band structure of δ-potential honeycomb lattice with different
potential strength Vo and truncated Nt: (a) Vo = −1.6EoΩ and Nt =
12, 25, 36, 48; (b) Vo = −1.2EoΩ and Nt = 18, 26, 36; (c) Nt = 30 and
Vo = −1.1EoΩ, −1.2EoΩ, −1.3EoΩ, −1.4EoΩ.
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Vo = −1.2E0Ω and Nt = 18, 26, 36. In this case, the energy gap at M does

not decrease as Nt increases, as shown in Table 2.2. From Fig. 2.2(b), we also

note that for wave vectors k on the high-symmetry line between M and K, the

magnitude of the conduction band energy is smaller than that of the valence

band, which differs from the band structure that one obtains using the nearest-

neighbor TB approximation (see Appendix B for details). This indicates that

for this weaker potential, when Nt is not large enough, the contributions from

further neighbors can be observed. We will see this more clearly when we

compare our results with the results of TB theories that include second and

third nearest neighbors (called third-neighbor TB in the rest of this chapter).

A summary of TB theories is given in the Appendix B.

Vo Nt EF Egap at K Egap at Γ Egap at M

-1.2EoΩ 18 2.40Eo 0.003Eo 22.46Eo 4.15Eo

-1.2EoΩ 26 -0.48Eo 0.002Eo 19.65Eo 4.30Eo

-1.2EoΩ 36 -4.45Eo 0.002Eo 16.46Eo 4.15Eo

Table 2.2: Fermi energy and energy gaps at high-symmetry points for various
Nt with Vo = −1.2EoΩ.

In Fig. 2.2(c) and Table 2.3, band structures for Nt = 30 and Vo =

−1.1E0Ω, −1.2E0Ω, −1.3E0Ω, −1.4E0Ω are compared. As can be seen in Fig.

2.2(c), increasing the magnitude of Vo is like increasing Nt because the bands

become flatter as Vo becomes stronger. However, as shown in Table 2.3, the

energy gap at K increases with the potential strength. This is a feature we

want to avoid because in real graphene, the gap at K is zero [19],[20],[44].

Thus, if we hope to use this δ-potential model to reproduce the electronic

structure of graphene or SWNTs, we need to choose values of Vo strong enough
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so that we don’t have to deal with a large Nt (which takes a long time to

compute) and weak enough that the energy gap at K remains zero to within

numerical error.

Vo Nt EF Egap at K Egap at Γ Egap at M

-1.1EoΩ 30 1.80Eo 0.001Eo 21.84Eo 4.21Eo

-1.2EoΩ 30 -2.01Eo 0.002Eo 18.34Eo 4.27Eo

-1.3EoΩ 30 -7.44Eo 0.003Eo 14.48Eo 3.90Eo

-1.4EoΩ 30 -15.23Eo 0.005Eo 10.52Eo 3.12Eo

Table 2.3: Fermi energy and energy gaps at high-symmetry points forvarious
Vo with Nt = 30.

In Fig. 2.3, we illustrate another feature of this δ-potential model.

When Vo is strong enough or when Nt is large enough, the energy dispersion

becomes symmetric about the Fermi energy. This is also the case when the

overlap integrals in TB models vanish (see Appendix B). From Table 2.4, we

see that the ratio between the energy gap at point Γ and the energy gap at

point M is not exactly 3, which differs from what would be given by nearest-

neighbor TB approximation. This happens because the further neighbors still

have contributions to the transfer integrals (see Appendix B).

Vo Nt EF Egap at K Egap at Γ Egap at M

-1.4EoΩ 42 -30.53Eo 0.005Eo 5.89Eo 1.87Eo

-1.5EoΩ 32 -29.97Eo 0.009Eo 6.02Eo 1.91Eo

-1.6EoΩ 25 -29.03Eo 0.011Eo 6.21Eo 1.96Eo

-1.7EoΩ 20 -27.99Eo 0.021Eo 6.49Eo 2.05Eo

Table 2.4: Fermi energy and energy gaps at high-symmetry points for various
Vo and Nt with which the overlap integral vanishes.
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2.4 Graphene Layer and Single-walled Carbon

Nanotubes

As discussed in the previous section, the shape of the band structure varies

with Vo and Nt. However, since the energy is expressed in terms of lattice

constant a, it is not numerically determined unless a is specified. Therefore,

there are three parameters (Vo, Nt, and a) in our δ-potential model. We found

that by choosing appropriate values of Vo, Nt, and a, the band structure of

a graphene layer and SWNTs can be reproduced in the optical energy range

(transition energies smaller than 4 eV), which has attracted great attention

for its physical and practical importance. With Vo = −1.1EoΩ, Nt = 44,

a = 2.33 Å or Vo = −1.2EoΩ, Nt = 29, a = 2.33 Å (a = 2.33 Å is 6% smaller

than the ab initio calculation result a = 2.46 Å), the energy dispersion of

δ-potential honeycomb lattice along the high-symmetry lines reproduces the

ab initio calculation [44] for graphene quite well for the valence band over all

k and also quite well for the conduction band in the optical energy range, as

shown in Fig. 2.4(a). In the optical energy range, the maximum difference

between our model and the ab initio calculation is 0.09 eV. Comparing these

two sets of parameters, we see that with a greater potential strength Vo, we can

use a smaller Nt to save computation time. The energy gaps at high-symmetry

point K for both cases are very small, and can be regarded as zero (0.00 eV)

within numerical error: 0.0008 eV for Vo = −1.1EoΩ, Nt = 44, a = 2.33 Å;

0.0020 eV for Vo = −1.2EoΩ, Nt = 29, a = 2.33 Å. In the rest of this chapter,

we will use Vo = −1.2EoΩ, Nt = 29, a = 2.33 Å for the δ-potential model.

In Fig. 2.4(b), we plot the band structure for the δ-potential model

(Vo = −1.2E0Ω, Nt = 29, a = 2.33 Å) along with the results obtained from
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the nearest-neighbor TB theory [19] and third-neighbor TB model [44] (see

Appendix B for a description of these models). There are six fitting parameters

in the third-neighbor TB model being used to fit the ab initio calculation

result. The authors of Ref. [44] used two sets of numbers to fit the band

structure of graphene: one to fit all k on the high-symmetry lines (set 1), the

other to fit the optical energy range more precisely (set 2). Compared to set 2,

the δ-potential model gives almost the same result in the optical energy range,

and even better for the entire valence band. Compared to set 1, the δ-potential

model is better in the optical energy range but not as good in the rest of k

space. Based on Fig. 2.4 and the comparison we just made, δ-potential model

gives a much better result than the nearest-neighbor TB model, and a result

similar to the ab initio calculation and the third-neighbor TB model along the

high-symmetry lines in the optical energy range.

It should be mentioned that the fitting procedure we used here is quite

similar to the well-developed empirical pseudopotential method (EPM). In

EPM, it is assumed that only the first few Fourier components of the po-

tential V (r) are important, and the values of each component can be varied

independently to fit experimental data [38]-[42]. In our model, since a δ func-

tion is used as the carbon atomic potential, once Vo is specified, all Fourier

components are determined. The number of Fourier components being consid-

ered is the same as the size of plane-wave basis set. This is why the truncation

of the basis set determines the potential.

Next, we will demonstrate that the δ-potential model gives good result

not only on the high-symmetry lines, but also off the high-symmetry lines.

This fact enables us to simulate the electronic structure of SWNTs. Since

a SWNT can be regarded as a rolled-up graphene sheet, we can construct a
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SWNT from our δ-potential model by rolling up the δ-potential honeycomb

lattice. A SWNT is called an (n,m) SWNT if it is rolled up with a chiral

vector (a vector on honeycomb lattice that will become the circumference of

the nanotube ) Ch = na1 + ma2. A SWNT is called an armchair SWNT if

n = m, called a zigzag SWNT if m = 0, and called a chiral SWNT otherwise.

Since a SWNT is a quasi one-dimensional object, the Bloch wave vector

k cannot occupy the entire two-dimensional reciprocal lattice (Fig. 1(c)) of

the honeycomb lattice. For an (n,m) nanotube, in order to satisfy the periodic

boundary condition along the circumference, namely, eik·Ch = 1, the allowed

wave vector for SWNT kSWNT is [19]:

kSWNT = µK1 + kK2, (2.9)

µ = 0, 1, 2, · · · , N − 1,

−0.5 ≤ k ≤ 0.5,

where

N =
2 (n2 + m2 + nm)

dR

,

dR = greatest common devisor of 2n + m and 2m + n,

K1 =
1

N
(−t2b1 + t1b2) , K2 =

1

N
(mb1 − nb2) ,

t1 =
2m + n

dR

, t2 = −2n + m

dR

.

The band structure of a SWNT can thus be obtained from the so-called zone-

folding scheme: calculate the energy dispersion Eµ,k by substituting Eq. (2.9)

into Eq. (2.6) for all continuous varying k with each discrete µ. Thus, there

will be N subbands associated with each µ for a SWNT. If n − m can be
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divided by 3, then at least one subband passes point K in Fig. 2.1(c), which

makes a zero gap at Fermi energy, so the SWNT is metallic. Otherwise, it

would be semiconducting. It should be noticed that this zone-folding scheme is

appropriate for large radius SWNTs, but not for small radius SWNTs, in which

hybridization among σ and π electrons occurs, and the electronic structure is

significantly altered [19],[20],[43],[44].

After calculating the band structure of SWNTs constructed from the

δ-potential model, we compare it with the band structure obtained from the

third-neighbor TB model, which has been shown to be almost identical to the

ab initio calculation for the optical energy range when the radius of SWNT

is large enough, namely, the hybridization among σ and π electron can be

neglected [44]. In Figs. 2.5(a), 2.6(a), and 2.7(a), we plot the band structures

for three δ-potential SWNTs with Vo = −1.2E0, Nt = 29, a = 2.33Å. In

Figs. 2.5(b), 2.6(b), and 2.7(b), we plot the band structures for the same

three SWNTs using the 3rd-neighbor TB model that fits the optical energy

range. The results of these two models agree with each other very well. For the

(10, 10) armchair SWNT as shown in Fig. 2.5, the band structures are almost

the same both in shape and in the location of the van Hove singularities in the

density of states (shown as dotted lines). For a (19, 0) zigzag SWNT in Fig.

2.6 and a (12, 3) chiral SWNT in Fig. 2.7, the two models still give very similar

results. The slight discrepancy between the two models appears mainly in the

high energy states of the conduction band. This discrepancy results from the

fact that our model does not fit the conduction band as well as the valence

band, as previously shown in Fig. 2.4. However, this discrepancy is not

important for the study of optical properties of SWNTs since it occurs away

from optical energy range. Based on the discussion so far, we can say that the
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δ-potential model captures the essence of graphene layers and SWNTs in the

optical energy range.

2.5 Wave Function of a Finite-length Nanotube

The wave functions (precisely speaking, probability densities) of finite-length

SWNTs have been observed experimentally with scanning tunneling spec-

troscopy (STS) measurements [45],[46] and they have been investigated the-

oretically in Refs. [47] and [48]. In this section, we will calculate the wave

functions for δ-potential SWNTs and compare them with the ab initio calcu-

lation in Ref. [47].

Our calculations of band structure have been for infinitely long SWNTs.

To simulate finite-length SWNTs, some boundary conditions need to be speci-

fied. We denote the x axis as the tube axis and the y axis as the circumference.

Then the eigenstate ΨE (x, y) for a finite-length SWNT with energy E can be

expanded in terms of Bloch states with the same energy as follows:

ΨE (x, y) =
∑

µ′,k′
Cµ′,k′Ψµ′,k′ (x, y) δ (E − Eµ′,k′) , (2.10)

where Ψµ′,k′ (x, y) is the Bloch state of an infinitely long SWNT, µ′, k′ are

indices for subband and wave number, as already defined in Eq. (2.9), and

Cµ,k are coefficients whose values are chosen to fit the boundary condition

being applied. Around the Fermi energy, only very few subbands need to be

considered, and Eq. (2.10) becomes

ΨE (x, y) = Cµ,kΨµ,k,E (x, y) + C−µ,−kΨ−µ,−k,E (x, y) . (2.11)
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Experimentally, the edges of SWNT can be very rough, which makes it difficult

to find out the correct boundary conditions, and thus difficult to find out the

correct amplitudes Cµ,k. For simplicity, we consider two boundary conditions

for a (10, 10) armchair nanotube in this chapter.

The most straightforward boundary condition to simulate a (10, 10)

SWNT with length La is the close-end standing wave solution, namely,

ΨE (x, y) = 0 for x = 0, La.

Then, with Ψ−µ,−k (x, y) = Ψ∗
µ,k (x, y), Eq. (2.11) has the form of

ΨSW (x, y) = Ψµ,kn (x, y)− Ψµ,kn (0, y)

Ψ∗
µ,kn

(0, y)
Ψ∗

µ,kn
(x, y) , (2.12)

with quantized wave number kn = n/L, n = 1, 2, 3, · · · , L. Like a free particle

confined in a one-dimensional box, ΨSW (x, y) also behaves like sin (knx |K2| /2),

namely, sin(nπx/La). For odd n, ΨSW (x, y) will be symmetric about the cen-

ter, x = La/2. For even n, ΨSW (x, y) is antisymmetric about the center, and

thus vanishes there.

In Fig. 2.8, we plot the probability density |ΨSW (x, y)|2 in the neigh-

borhood of the center (x = La/2) of a (10, 10) δ-potential SWNT with L = 25.

The highest occupied molecular orbital (HOMO) is plotted on the upper panel,

and the lowest unoccupied molecular orbital (LUMO) is on the lower panel.

In order for the detailed structure of the wave function to be seen clearly,

we let the color vary logarithmically with probability density |ΨSW (x, y)|2.
When L = 25, both HOMO and LUMO have a wave vector kn with n = 17.

Therefore, ΨSW (x, y) is nonvanishing at the tube center x = 12.5a. Notice
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that |ΨSW (x, y)|2 has sharp peaks at the center of each lattice site. This is

resulted from the strongly attractive δ potential. These wave functions agree

with the ab initio calculation result and both of them have the shape listed in

the Huckel catalog [47].

Another situation that could occur is that the length of the SWNT is

greater than La, but both ends of the tube are very rough so that only the

interval 0 ≤ x ≤ La can be regarded as a clean segment of a (10, 10) SWNT.

In this case, it is not reasonable to require a vanishing wave function at x = 0

and La. Instead, we consider the open-end standing wave boundary condition

∂Ψ

∂x
= 0 at x = 0 and 25a,

and the wave function has the form

ΨOW (x, y) = Ψµ,kn (x, y)−

[
∂Ψµ,kn(x,y)

∂x

]
x=0[

∂Ψ∗µ,kn
(x,y)

∂x

]
x=0

Ψ∗
µ,kn

(x, y) , (2.13)

with kn = n/L, n = 1, 2, 3, · · · , L. In this case, ΨOW (x, y) behaves like

cos (knx |K2| /2), namely, cos(nπx/La). Unlike the close-end standing wave,

an odd n makes ΨOW vanish at the center, and an even n makes ΨOW nonva-

nishing at the center.

In Fig. 2.9, we plot |ΨOW (x, y)|2 around the center of a (10, 10) δ-

potential SWNT with L = 25. The color in this graph also varies logarithmi-

cally with probability density for a better contrast. The HOMO and LUMO

satisfying the required boundary condition also have a kn with an odd n = 17,

and we clearly see ΨOW (x, y) = 0 at the center (x = 12.5a) of the interval be-

ing considered. ΨOW also shows similarity with the ab initio calculation and
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the Huckel catalog [47]. From our calculation we see that near the Fermi en-

ergy, this model provides the results similar to the ab initio calculation when

a standing wave boundary condition is chosen. This gives us confidence to

expect δ-potential model can simulate finite-size SWNTs in various physical

conditions by applying appropriate boundary conditions.

2.6 Summary

In this chapter, we have demonstrated that the electronic structure of graphene

layers and SWNTs can be reproduced by using of a regularized δ-potential hon-

eycomb lattice. This δ-potential model has almost the same band structure as

ab initio calculations and a refined third-neighbor tight-binding approximation

in the optical energy range. Based on the agreement with the first principle

calculation for wave functions, it also has the potential to simulate various

physical conditions as long as appropriate boundary conditions are chosen.

Since this model is two-dimensional, it would be very suitable to sim-

ulate the case in which the external field is parallel to the graphene layer or

parallel to the axis of nanotubes. For the case with fields in nonaxial di-

rections, further assumptions and approximations may be necessary, and the

discussion of such complicated issue is beyond the scope of this chapter. The

other thing worthy of mention is that in principle the band structure and wave

functions of σ electrons can also be modeled by specifying another set of fitting

parameters, although we just demonstrated the case for π electrons.

In summary, compared to the third-neighbor tight-binding approxima-

tion, our model uses fewer fitting parameters but gives similar band struc-

tures. Even more, our model provides wave functions, which cannot be easily
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obtained from a tight-binding approximation. Although an ab initio calcu-

lation gives both eigenvalues and eigenstates, the δ-potential model is much

simpler. With the δ potential and plane wave basis set, all matrix elements

have a simple and analytical form as was shown in Eqs. (2.6) and (2.8). With

the accuracy and simplicity provided by this model, it is a good candidate to

study the interaction between the π electrons of a SWNT and electromagnetic

fields in nonperturbative regime.
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Figure 2.3: Band structure of δ-potential honeycomb lattice for the following
values of Vo and Nt (for which the overlap integral vanishes but the transfer
integral does not): Vo = −1.4EoΩ and Nt = 40; Vo = −1.5EoΩ and Nt = 32;
Vo = −1.6EoΩ and Nt = 25; and Vo = −1.7EoΩ and Nt = 20.
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Figure 2.4: (a) Band structure of δ-potential honeycomb lattice with Vo =
−1.2EoΩ, Nt = 29, a = 2.33 Å (solid line); Vo = −1.1EoΩ, Nt = 44, a = 2.33
Å (square); and ab initio calculation (dashed) [44]. (b) Band structure of
δ-potential honeycomb lattice with Vo = −1.2EoΩ, Nt = 29, a = 2.33 Å
(solid line); third-neighbor TB fitting for all k (dashed line) [44]; nearest-
neighbor tight-binding (dotted line) [19]; and third-neighbor TB fitting for
optical energy range (dashed-dotted line) [44].
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Figure 2.5: Band structure of (10, 10) armchair SWNT. The dotted lines
denote singularities in density of states. (a) δ-potential model with Vo =
−1.2EoΩ, Nt = 29, a = 2.33 Å. (b) Third-neighbor tight-binding model [44].
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Figure 2.6: Band structure of (19, 0) zigzag SWNT. The dotted lines denote
singularities in density of states. (a) δ-potential model with Vo = −1.2EoΩ,
Nt = 29, a = 2.33 Å. (b) Third-neighbor tight-binding model [44].
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Figure 2.7: Band structure of (12, 3) chiral SWNT. The dotted lines denote
singularities in density of states. (a) δ-potential model with Vo = −1.2EoΩ,
Nt = 29, a = 2.33 Å. (b) Third-neighbor tight-binding model [44].

29



Figure 2.8: Probability density of HOMO (upper panel) and LUMO (lower
panel) for a (10,10) δ-potential SWNT with the boundary condition of close-
end standing wave: Vanishing wavefunction at x = 0 and x = 25a. Only
the neighborhood of the tube center is plotted. The horizontal axis has a
range 8.5a ≤ x ≤ 16.5a, and the vertical axis has a range −2.5a ≤ y ≤ 2.5a.
The graph shading varies logarithmically with probability density. The white
regions have maximum probability.
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Figure 2.9: Probability density of HOMO (upper panel) and LUMO (lower
panel) for a (10,10) δ-potential SWNT with the boundary condition of open-
end standing wave: Vanishing wavefunction derivative with respect to x at
x = 0 and x = 25a. Only the neighborhood of the tube center is plotted. The
horizontal axis has a range 8.5a ≤ x ≤ 16.5a, and the vertical axis has a range
−2.5a ≤ y ≤ 2.5a. The graph shading varies logarithmically with probability
density. The white regions have maximum probability.
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Chapter 3

Floquet-Bloch Theory

3.1 Overview

The laser fields considered in this dissertation are polarized parallel to the nan-

otube axis. Since the nanotube diameter is much smaller than the wavelength

of the laser beam, we can regard the laser field as being uniform in space. In

this chapter, we discuss the Floquet-Bloch analysis for crystalline structures

under a spatially uniform and temporally periodic electric field. We start with

the well known Bloch theorem in Section 3.2, and introduce the Floquet-Bloch

theorem in Section 3.3, including the method for the calculation of Floquet-

Bloch (FB) states, quasienergy band, and mean energy band. In Section 3.4,

we show the calculation of the electron current density of each FB state. By

summing up the current density of all occupied FB states, the high-order har-

monic generation (HHG) spectrum can be determined. Then we apply this

approach to (10, 10) armchair SWNT driven by monochromatic intense laser

fields in Section 3.5 to obtain all the formulae we need.
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3.2 Bloch Theorem for Crystalline Solids

Suppose we have a crystalline solid with space-periodic crystal potential Vc (r)

satisfying

Vc (r + R) = Vc (r) , (3.1)

where R is the lattice vector. In the absence of external fields, the field-free

Hamiltonian H(0) of the crystal is

H(0) = − ~2

2me

∇2 + Vc (r) , (3.2)

where me is the electron mass. According to the Bloch theorem [49], the

eigenstates of H(0) have the form

Ψ
(0)
n,k (r) = eik·ru(0)

n,k (r) (3.3)

with

u
(0)
n,k (r) = u

(0)
n,k (r + R) , (3.4)

where n is the index for energy bands, and k is the Bloch wave vector. The

time-independent Schrödinger equation is

H(0)Ψ
(0)
n,k (r) = E(0)

n (k) Ψ
(0)
n,k (r) , (3.5)

where E
(0)
n (k) is the the energy of Bloch state Ψ

(0)
n,k (r), and it also gives the

energy dispersion relation. By combining Eqs. (3.3) and (3.5), we can see the

space-periodic function u
(0)
n,k (r) satisfies

H(0) (k) u
(0)
n,k (r) = E(0)

n (k) u
(0)
n,k (r) , (3.6)
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where

H(0) (k) =
1

2me

(
~
i
∇+~k

)2

+ Vc (r) . (3.7)

3.3 Floquet-Bloch States, Quasienergy Band,

and Mean Energy Band

When a spatially uniform and temporally periodic electric field E (r, t) =

F0 sin ωt is applied to the crystal, the time-dependent Hamiltonian H̃ (t) is

H̃ (t) =
1

2me

(
~
i
∇+

eA (t)

c

)2

+ Vc (r) , (3.8)

where

A (t) =
cF0

ω
cos ωt. (3.9)

In order not to deal with the A2 (t) term in H̃ (t), a unitary transform is used

(see Appendix C). With this unitary transform, the time-dependent Hamilto-

nian H (t) that we have to consider now becomes

H (t) = H(0) +
e

mec
A (t) · ~

i
∇, (3.10)

where H(0) is the field-free Hamiltonian of the crystal defined in Eq. (3.2).

The Hamiltonian in Eq. (3.10) is periodic in both space and time. Based

on the Floquet-Bloch theorem, the steady state solution of the time-dependent

Schrödinger equation

i~
∂

∂t
Ψ (r, t) = H (t) Ψ (r, t) (3.11)
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can be written as

Ψε,k (r, t) = e−iε(k)t/~eik·rφε,k (r, t) , (3.12)

where ε (k) is called the quasienergy of FB state Ψε,k (r, t), and electrons in

states Ψε,k (r, t) are called FB electrons. The function φε,k (r, t) is periodic in

both space and time, namely,

φε,k (r, t) = φε,k (r + R, t) = φε,k (r, t + 2π/ω) , (3.13)

and it satisfies the eigenvalue equation

HF (k) φε,k (r, t) = ε (k) φε,k (r, t) , (3.14)

where HF (k) is the Floquet-Bloch Hamiltonian

HF (k) = H(0) (k) +
e

meω
F0 ·

(
~k +

~
i
∇

)
cos ωt− i~

∂

∂t
. (3.15)

To solve the eigenvalue equation in Eq. (3.14), an appropriate basis set

which contains both space and time has to be chosen. In order to satisfy the

boundary conditions described in Eq. (3.13), we expand φε,k (r, t) as

φε,k (r, t) =
∑

n′,q′
cn′,q′ (k) eiq′ωtu

(0)
n′,k (r) , (3.16)

where q′ are integers, u
(0)
n′,k (r) represents the n′th eigenstates of H(0) (k) defined

in Eq. (3.7), and cn′,q′ (k) are coefficients to be determined. For convenience,

35



we define the state |k,n′, q′〉 such that

〈r, t|k,n′, q′〉 = eiq′ωtu
(0)
n′,k(r) (3.17)

and the inner product

〈〈k,n, q|k,n′, q′〉〉 ≡ ω

2π

∫ 2π/ω

0

dt

∫
dre−iqωt

[
u

(0)
n,k (r)

]∗
eiq′ωtu

(0)
n′,k (r) . (3.18)

By this definition, the orthonormality of the basis set can be immediately

obtained

〈〈k,n, q|k,n′, q′〉〉 = δn,n′δq,q′ , (3.19)

and the matrix elements of HF (k) can be written

〈〈k,n, q|HF (k) |k,n′, q′〉〉 =
(
E

(0)
n′ (k) + q′~ω

)
δn,n′δq,q′

+
e

2meω
F0· (~kδn,n′ + Mn,n′ (k)) (δq,q′+1 + δq,q′−1) ,

(3.20)

where the matrix Mn,n′ (k) is defined as

Mn,n′ (k) ≡
∫

dr
[
u

(0)
n,k (r)

]∗ (
~
i
∇

)
u

(0)
n′,k. (3.21)

Using Eqs. (3.16) to (3.20), we can convert Eq. (3.14), a time-dependent

differential equation, into a time-independent eigenvalue equation

∑

n′,q′
〈〈k,n, q|HF (k) |k,n′, q′〉〉 cn′,q′ (k) = ε (k) cn,q (k) . (3.22)

By solving this matrix equation for the coefficients cn,q (k) of φε,k (r, t), the FB

36



state Ψε,k (r, t) can be determined. An important feature of the FB state is that

for a given Bloch wave vector k, two states with quasienergies differing by ~ω,

namely, Ψε,k (r, t) and Ψε+~ω,k (r, t), are physically the same [50]. Therefore,

physically different FB states can be characterized in the range −~ω/2 ≤ ε ≤
~ω/2, which we call the fundamental zone.

The Hamiltonian we consider in this paper is time-dependent due to

the existence of external fields. Therefore, energy is no longer conserved but

quasienergy ε is conserved. We can still calculate the mean energy of a FB

state, however, and it is given by

〈〈E (k)〉〉 ≡ 〈〈Ψε,k (r, t)|H (t) |Ψε,k (r, t)〉〉 (3.23)

= ε (k)−
∑

n′,q′
|cn′,q′ (k)|2 q′~ω.

From Eq. (3.20), we can notice that when the external field vanishes,

the matrix 〈〈k,n, q|HF (k) |k,n′, q′〉〉 is diagonal, and the quasienergy ε (k) =

E
(0)
n′ (k) + q′~ω for all k, in other words, values of ε (k) correspond to values

of E
(0)
n′ (k) folded onto the fundamental zone with vanishing external fields.

In this limit, the time-dependent FB states are the time-independent Bloch

states multiplied by a phase factor, namely,

Ψε,k (r, t) = exp
(
−iE

(0)
n′ (k) t/~

)
Ψ

(0)
n′,k (r) , with ε (k) = E

(0)
n′ (k) + q′~ω,

and the mean energy 〈〈E (k)〉〉 is the field-free eigenstate energy E
(0)
n (k). On

the other hand, when an external field is applied, the quasienergy and mean

energy band structure deviate from the field-free band structure. The defor-

mation of them depends on the frequency, intensity, and the polarization the
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external field. Such dependence can be clearly observed in Chapter 4.

In the presence of external field, sometimes the matrix F0· [M (k)]n,n′

can be diagonal for some particular Bloch wave vector k′, namely, u
(0)
n,k′ (r)

(eigenstate of H(0) (k′)) is also an eigenstate of F0· [M (k′)]n,n′ . When this

occurs, the quasienergy ε (k′) and mean energy 〈〈E (k′)〉〉 of the FB state

Ψε,k′ (r, t) remain at their field-free values, and do not vary with the intensity

of external laser field. This phenomenon also can be observed in Chapter 4,

and a detailed discussion is given in Appendix D.

3.4 Nonlinear Motion of Electrons and High-

order Harmonic Generation

In the presence of vector potential A (t), the electron current density Jε,k (t)

of a particular FB state Ψε,k (r, t) can be calculated as

Jε,k (t) = − e

me

∫
drΨ∗

ε,k (r, t)

(
~
i
∇+

e

c
A (t)

)
Ψε,k (r, t) (3.24)

= − e

me

[
~k+

eF0

ω
cos ωt +

∫
drφ∗ε,k (r, t)

(
~
i
∇

)
φε,k (r, t)

]
.

Since Jε,k (t) is time-periodic, we can calculate its Nth Fourier component by

using

Jε,k (Nω) =
ω

2π

∫ 2π/ω

0

Jε,k (t) e−iNωtdt. (3.25)
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Combining Eqs. (3.16), (3.22), (3.24), and (3.25), we can obtain Jε,k (Nω) for

all N ≥ 1 as

Jε,k (Nω) = − e

me

[
eF0

2ω
δN,1 +

∑

n,n′,q,q′
δN,q−q′c

∗
n,q (k)Mn,n′ (k) cn′,q′ (k)

]
.

(3.26)

Since the FB electrons are accelerated by the laser field, they emit

electromagnetic radiation. According to classical electrodynamics [51], the

total power of the radiation emitted by the accelerating FB electrons is

P =
2

3c3

∣∣∣∣∣∣∣
d

dt

∑

occupied
states

Jε,k (t)

∣∣∣∣∣∣∣

2

. (3.27)

Such radiation is multichromatic, attributed to the fact that electron current

density Jε,k (t) may have more than one nonzero Fourier components Jε,k (Nω).

We can determine the HHG spectrum I (Nω), the experimentally measured

intensity of the Nth harmonic, by combining Eqs. (3.25) and (3.27)

I (Nω) ∝ N2

∣∣∣∣∣∣∣

∑

occupied
states

Jε,k (Nω)

∣∣∣∣∣∣∣

2

. (3.28)

3.5 Applying Floquet-Bloch Theory to Nan-

otubes

In this dissertation, we focus on the π electrons of a (10, 10) armchair SWNT

driven by laser fields. Due to its large diameter and small curvature, when a

(10, 10) SWNT is exposed to a monochromatic laser field with polarization
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parallel to its axis, it can be regarded as a graphene layer under a spatially

uniform and temporally periodic field with a polarization perpendicular to the

chiral vector Ch = 10a1 + 10a2, where a1 and a2 are the primitive lattice

vectors of graphene. The only additional requirement is the wave function be

periodic along Ch [19],[20],[44]. This periodic boundary condition indicates

that the two-dimensional Bloch wave vector k of graphene will be quantized

in one direction. The allowed wave vector kSWNT for (10,10) SWNT is [19]

kSWNT = µ

(
b1 + b2

20

)
+ k

(
b1 − b2

2

)
, (3.29)

µ = −9,−8, . . . , 9, 10; −0.5 ≤ k ≤ 0.5,

where b1, b2 are the reciprocal lattice vectors of graphene. With such a

quantization, the two-dimensional quasienergy band ε (k) and mean energy

band 〈〈E (k)〉〉 of graphene will be projected to one-dimension. Therefore, the

quasienergy and mean energy band of (10, 10) SWNT have the form ε (µ, k)

and 〈〈E (µ, k)〉〉, namely, one-dimensional structure with subband index µ,

where µ and k are already defined in Eq. (3.29).

To obtain the FB states for the nanotube, we solve the eigenvalue equa-

tion in Eq. (3.22) with wave vector k = kSWNT . Before doing so, we need to

calculate the field-free energy band structure E
(0)
n (µ, k) and matrix elements

F0 · Mn,n′ (µ, k). To simplify the calculation, we use the δ-potential model

described in the previous chapter and Ref.[52], for it gives very similar results

to ab initio calculations.

Once the FB states Ψε,µ,k (r, t) for the nanotube are obtained, we can

determine the electron current density Jε,µ,k (t) and the resultant HHG spec-

trum. The component of the electron current around the nanotube circumfer-
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ence vanishes because of the polarization of the laser field and the symmetry

of armchair nanotubes. Thus, only the component parallel to the nanotube

axis contribute to HHG, and the HHG generation spectrum I (Nω) can be

calculated as

I (Nω) ∝ N2

∣∣∣∣∣∣∣

∑

occupied
states

Jε,µ,k (Nω)

∣∣∣∣∣∣∣

2

, (3.30)

where

Jε,µ,k (Nω) ≡ Jε,µ,k (Nω) · F0/ |F0| (3.31)

= − e

me

{e |F0|
2ω

δN,1

+
∑

n,n′,q,q′
δN,q−q′c

∗
n,q (µ, k)

F0

|F0| ·Mn,n′ (µ, k) cn′,q′ (µ, k)}.

It is necessary to truncate the basis set when carrying out the numerical

computation. With the parameters used in this paper (laser field photon

energy ~ω = 1.50 and 0.94 eV, laser field intensity I0 ≤ 8.46 × 1012 W/cm2,

which is around the damage threshold intensity being reported [22]), we obtain

convergent results by letting n′ = 1, 2 and q′ = 0,±1, · · · ,±100 in Eq. (3.16).
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Chapter 4

Nanotubes Drvien by

Intense Laser Fields

4.1 Overview

In this chapter, we look at the behavior of π electrons of (10, 10) SWNT driven

by monochromatic laser fields polarized parallel to nanotube axis. To study

the effect of laser field intensity I0 and frequency ω (photon energy ~ω), we

calculate the quasienergy band, mean energy band, electron current density

(and its Fourier transform), and HHG spectrum for different combination of I0

and ~ω. We begin with the case in which the field intensity is infinitesimal in

Section 4.2, and we compare the effect of photon energy ~ω = 1.50 eV and 0.94

eV on the band structure. In Section 4.3, we study the case with fixed photon

energy ~ω = 1.50 eV and various laser field intensities I0. The dependence of

the quasienergy band, mean energy band, and high-order harmonic generation

spectra on the field intensity can be clearly seen. In Section 4.4, we proceed
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with the case for ~ω = 0.94 eV and the various I0 used in Section 4.3. By

comparing the results in Section 4.3 and 4.4, the effect of the photon energy

~ω with nonvanishing field intensity can be observed. A brief summary is

made in Section 4.5. It should be mentioned that 1.50 eV is the lowest optical

transition energy for (10, 10) SWNT, based on the van Hove singularities of

its density of states as shown in Chapter 2 and Refs. [44],[52].

4.2 Infinitesimal Fields

We calculate the quasienergy bands ε (µ, k) and the mean energy bands 〈〈E (µ, k)〉〉
for (10, 10) SWNT in the limit where the field intensity I0 is infinitesimal. The

results are shown in Figs. 4.1 and 4.2. In each figure, different subbands µ

are plotted with different colors (color online). In the remaining graphs of this

chapter, different µ are colored in the same manner.

In Fig. 4.1, columns (a) and (b) show ε (µ, k) for ~ω = 1.50 and 0.94

eV, respectively. In both cases, the quasienergy bands are plotted in the

fundamental zone, namely, −~ω/2 ≤ ε (µ, k) ≤ ~ω/2, and only for µ = 0 to

10 with 0 ≤ k ≤ 0.5, because ε (µ, k) = ε (µ,−k) = ε (−µ,−k). In Fig. 4.2,

we show 〈〈E (µ, k)〉〉 for the case ~ω = 1.50 and 0.94 eV in panel (a) and (b),

respectively. We again only plot the cases for µ = 0 to 10 with 0 ≤ k ≤ 0.5

because 〈〈E (µ, k)〉〉 = 〈〈E (µ,−k)〉〉 = 〈〈E (−µ,−k)〉〉. In this limit, the mean

energy bands 〈〈E (µ, k)〉〉 are the same for both ~ω = 1.50 and 0.94 eV. This

is because when the external field vanishes, the mean energy 〈〈E (µ, k)〉〉 is

the field-free energy E
(0)
n (µ, k). We also see that the subband 〈〈E (10, k)〉〉

is the innermost subband and 〈〈E (0, k)〉〉 is the outermost subband. In the

field-free limit, subband 〈〈E (10, k)〉〉 generally has the smallest energy gap,
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Figure 4.1: Quasienergy band structure ε (µ, k) (in eV) of (10, 10) SWNT
in the limit where laser field intensity I0 is infinitesimal. The range of the
fundamental zone is the same as the photon energy ~ω of the laser field. (a)
~ω = 1.50 eV; (b) ~ω = 0.94 eV.

44



0 0.1 0.2 0.3 0.4 0.5
−8

−6

−4

−2

0

2

4

6

8

10

k

<
<

E
(µ

,k
)>

>
 (

eV
)

µ=10

µ=10

µ=0

µ=0

(a)

0 0.1 0.2 0.3 0.4 0.5
−8

−6

−4

−2

0

2

4

6

8

10

k

µ=10

µ=10

µ=0

µ=0

(b)

Figure 4.2: Mean energy band structure 〈〈E (µ, k)〉〉 of (10, 10) SWNT in the
limit where laser field intensity I0 is infinitesimal. Different subbands µ are
colored differently in the same manner as Fig. 1. Notice when the intensity
vanishes, photon energy ~ω of the laser field has no effect on mean energy
band. (a) ~ω = 1.50 eV; (b) ~ω = 0.94 eV.
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and subband 〈〈E (0, k)〉〉 generally has the greatest energy gap.

Comparing Figs. 4.1 and 4.2, we see that the field-free quasienergy

band ε (µ, k) can be obtained from the (mean) energy band 〈〈E (µ, k)〉〉 by

shifting all (mean) energy bands onto the fundamental zone. In other words,

when the external field vanishes, ε (µ, k) = 〈〈E (µ, k)〉〉+ q′~ω, as discussed in

the previous chapter. The degeneracy that occurs at some particular values of

quasienergy ε (µ′, k′) means the mean energy gap, 〈〈E2 (µ′, k′)〉〉− 〈〈E1 (µ′, k′)〉〉,
is ν~ω (ν integer). Some of the degeneracies for the case ~ω = 1.50 eV shown

in Fig. 4.1(a) are listed in Table 4.1. Note that there are more degeneracies in

Fig. 4.1(b) than in Fig. 4.1(a). This is because the fundamental zone is smaller

when the frequency of the laser field is lower, and a smaller fundamental zone

causes 〈〈E (µ, k)〉〉 to be folded more times onto itself.

µ k Mean energy gap (~ω)

9 0.35 1
9 0.24, 0.43 2
9 0.10, 0.48 3
8 0.34, 0.42 2
8 0.25, 0.48 3
8 0.13 4
7 0.34, 0.50 3
7 0.26 4
7 0.18 5

Table 4.1: Some of the degeneracies in the field-free quasienergy band for (10,
10) SWNT with the fundamental zone width ~ω = 1.50 eV. When degen-
eracy occurs at a particular ε(µ′, k′), the mean energy gap << E2(µ

′, k′) −
E1(µ

′, k′) >>= ν~ω, ν integer
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4.3 Various Field Intensities with Fixed Pho-

ton Energy 1.50 eV

4.3.1 Band dynamics

Now we show how the quasienergy band ε (µ, k) and mean energy band 〈〈E (µ, k)〉〉
vary with laser field intensity I0 at a fixed photon energy ~ω = 1.50 eV in Figs.

4.3 and 4.4. Columns (a), (b), (c) in Fig. 4.3 and panels (a), (b), (c) in Fig.

4.4 correspond to intensities I0 = 1.91× 1011 W/cm2, 1.04× 1012 W/cm2, and

8.46 × 1012 W/cm2, respectively. Two subbands µ = 0 and 10 of ε (µ, k) and

〈〈E (µ, k)〉〉 do not vary with field intensity. The reason is that for µ = 0 and

10, the matrices F0·Mn,n′ (µ, k) are diagonal, so the quasienergy and mean en-

ergy maintain their field-free values shown in Figs. 4.1 and 4.2 (see Appendix

D for detailed discussion). The remaining subbands with µ = 1 to 9 deform as

the field intensity varies. Some features of their evolution as the field intensity

increases are discussed as following.

The number of degeneracies in ε (µ, k) decreases with laser field in-

tensity. For example, there are originally five degeneracies for ε (9, k) and

five degeneracies for ε (8, k) when the field vanishes, as shown in Fig. 4.1(a)

and Table 4.1. There are no spikes in 〈〈E (µ, k)〉〉 when no laser field is

applied, as shown in Fig. 4.2(a). When the applied field intensity I0 =

1.91 × 1011 W/cm2, as shown in Fig. 4.3(a), the degeneracies ε (9, 0.35),

ε (9, 0.24), ε (9, 0.43), ε (9, 0.48), ε (8, 0.34), and ε (8, 0.42) become avoided

crossings. When an avoided crossing occurs at a particular ε (µ′, k′), a spike

in mean energy band 〈〈E (µ, k)〉〉 in Fig. 4.4(a) occurs at µ = µ′, k = k′. For

field intensity I0 = 1.04× 1012 W/cm2, the degeneracies ε (9, 0.10), ε (8, 0.25),

47



−0.75

0

0.75
(a)

ε(
10

,k
)

−0.75

0

0.75

ε(
9,

k)

−0.75

0

0.75

ε(
8,

k)

−0.75

0

0.75

ε(
7,

k)

−0.75

0

0.75

ε(
6,

k)

−0.75

0

0.75

ε(
5,

k)

−0.75

0

0.75

ε(
4,

k)

−0.75

0

0.75

ε(
3,

k)

−0.75

0

0.75

ε(
2,

k)

−0.75

0

0.75

ε(
1,

k)

0 0.1 0.2 0.3 0.4 0.5
−0.75

0

0.75

ε(
0,

k)

k

−0.75

0

0.75
(b)

−0.75

0

0.75

−0.75

0

0.75

−0.75

0

0.75

−0.75

0

0.75

−0.75

0

0.75

−0.75

0

0.75

−0.75

0

0.75

−0.75

0

0.75

−0.75

0

0.75

0 0.1 0.2 0.3 0.4 0.5
−0.75

0

0.75

k

−0.75

0

0.75
(c)

−0.75

0

0.75

−0.75

0

0.75

−0.75

0

0.75

−0.75

0

0.75

−0.75

0

0.75

−0.75

0

0.75

−0.75

0

0.75

−0.75

0

0.75

−0.75

0

0.75

0 0.1 0.2 0.3 0.4 0.5
−0.75

0

0.75

k

Figure 4.3: Quasienergy band structure ε (µ, k) (in eV) of (10, 10) SWNT in
the presence of monochromatic laser fields with polarization parallel to the
nanotube axis. The applied laser fields have a fixed photon energy ~ω = 1.50
eV and different intensities I0: (a) I0 = 1.91×1011 W/cm2; (b) I0 = 1.04×1012

W/cm2; and (c) I0 = 8.46× 1012 W/cm2.
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Figure 4.4: Mean energy band structure 〈〈E (µ, k)〉〉 of (10, 10) SWNT in
the presence of monochromatic laser fields with polarization parallel to the
nanotube axis. The applied laser fields have a fixed photon energy ~ω = 1.50
eV and different intensities I0: (a) I0 = 1.91×1011 W/cm2; (b) I0 = 1.04×1012

W/cm2; and (c) I0 = 8.46 × 1012 W/cm2. Different subbands µ are colored
differently in the same manner as Fig. 4.3.
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and ε (8, 0.48) in Fig. 4.3(b) become avoided crossings, and spikes occur at

〈〈E (9, 0.10)〉〉, 〈〈E (8, 0.25)〉〉, and 〈〈E (8, 0.48)〉〉 in Fig. 4.4(b). The for-

mation of an avoided crossing in ε (µ′, k′) always appears to be accompanied

by a spike in 〈〈E (µ′, k′)〉〉. Sometimes it is difficult to see if a significant

avoided crossing occurs at ε (µ′, k′). Seeing if a spike occurs in mean energy

band can help us to determine the occurrence of significant avoided crossing

in quasienergy band. The occurrence of avoided crossings in quasienergy band

and the spikes in mean energy band indicates the occurrence of multiphoton

resonances.

As the quasienergy band ε (µ, k) is deformed by the laser field, some

avoided crossings change their position before they are driven farther apart.

For example, the avoided crossings ε (7, 0.34) and ε (7, 0.50) in Fig. 4.3(a)

becomes ε (7, 0.35) and ε (7, 0.48) in Fig 4.3(b). Figures 4.4(a) and 4.4(b) also

show that the corresponding spikes change their positions as the field intensity

increases.

When the field intensity is low, the spikes in mean energy band only

occur at the (µ′, k′) with small mean energy gap. For example, in Fig. 4.4(a),

the spikes occur at 〈〈E (9, k)〉〉, 〈〈E (8, k)〉〉, and 〈〈E (7, k)〉〉 with k associ-

ated with mean energy gap 2~ω and 3~ω. When the field intensity increases,

resonances associated with greater energy can be excited. As shown in Figs.

4.4(b) and 4.4(c), we can see the resonances associated with energy up to 4~ω

and 9~ω.

As the field intensity increases, the number of spikes in the mean energy

band 〈〈E (µ, k)〉〉 and the number of avoided crossing in the quasienergy band

ε (µ, k) increase. The energy bands also deform more and more with increasing

field intensity. Such deformation in mean energy band means more electrons
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have a mean energy different from their field-free energy. This indicates that

more electrons involve in the energy exchange with the laser field when the

field becomes stronger.

4.3.2 Electron motion and harmonic generation

We now proceed with the discussion of the nonlinear electron motion and

harmonic generation. When the photon energy ~ω and the intensity I0 of the

laser field are specified, for each set of good quantum numbers (µ, k), there

are two bound FB states Ψε,µ,k (r, t) with different quasienergy ε, as shown

in Figs. 4.1 and 4.3. One of them has a lower mean energy and the other

has a higher mean energy, as shown in Figs. 4.2 and 4.4. We assume the

FB electrons of SWNT occupy the states with lower mean energy [17]. Since

only one occupied state needs to be considered for each (µ, k), for convenience

we write Jµ,k (Nω) to represent the Nth Fourier component of the electron

current density generated by the occupied FB state Ψε,µ,k (r, t), instead of

writing Jε,µ,k (Nω) as in Eq. (3.31). By summing up all Jµ,k (Nω) as shown

in Eq. (3.30), we can calculate the HHG spectrum I (Nω). The results are

shown in Figs. 4.5 - 4.7.

Before studying the relation between the HHG spectrum and laser field

intensity I0, we should discuss the symmetry properties of a (10, 10) SWNT

driven by monochromatic laser fields with polarization along the nanotube

axis. In Fig. 4.5, we plot J±7,k (3ω) and J±7,k (4ω) for the case ~ω = 1.50

eV and I0 = 1.04 × 1012 W/cm2. Note that both J7,k (3ω) and J−7,k (3ω) are

even functions of k while J7,k (4ω) and J−7,k (4ω) are odd functions of k. Thus,

when performing the summation in Eq. (3.30), J7,k (4ω) and J7,−k (4ω) cancel
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each other, while J7,k (3ω) and J7,−k (3ω) add together. This is a specific ex-

ample of the more general statement that for any SWNT driven by monochro-

matic laser fields polarized parallel to the nanotube axis, J−µ,−k (Nω) =

(−1)N+1 Jµ,k (Nω). In (10, 10) SWNT, not only do we find J7,k (4ω) =

−J−7,−k (4ω), but also J7,k (4ω) = −J7,−k (4ω). This is because the chiral-

ity of (10, 10) SWNT gives it higher symmetry than chiral SWNTs. The

fact that J−µ,−k (Nω) = (−1)N+1 Jµ,k (Nω) results in the vanishing of even

harmonics, as later shown in Fig. 4.7. Such a selection rule for HHG has

been observed and analytically proved in other physical systems with spatial

inversion symmetry driven by monochromatic time-periodic fields [8],[31]. A

general discussion for the symmetry properties of FB electrons in crystals has

also been given [53].

In the plots of J7,k (3ω) and J7,k (4ω) in Fig. 4.5, rapid changes (resonance-

like spikes) occur at k = 0.26, 0.35, and 0.48. This suggests the occu-

pied FB states Ψε,7,k around these k values interact strongly with the laser

field. Compare with Fig. 4.4(b), we also see multiphoton resonance occur at

〈〈E (7, 0.26)〉〉, 〈〈E (7, 0.35)〉〉, and 〈〈E (7, 0.48)〉〉, which agrees with Fig. 4.5.

The opposite extreme of rapidly changing current is the zero current.

We see J7,k (3ω) = J7,k (4ω) = 0 for the range of value k with −0.26 ≤ k ≤
0.26. The FB states with (µ, k) in this range have no contribution to high-order

harmonic generation. We also find the quasienergy band ε (7, k) and mean

energy band 〈〈E (7, k)〉〉 in this range of k remain at their field-free values,

as shown in Figs. 4.3(b) and 4.4(b). This indicates the states retaining their

field-free eigenvalues in the presence of the driving field have no contribution

to HHG. More cases supporting this conclusion will be shown later.

In Fig. 4.6, we plot the Fourier components of the electron current
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Figure 4.5: The third and fourth Fourier components of the electron current
density contributed by the occupied Floquet-Bloch states with µ = ±7 and
−0.5 ≤ k ≤ 0.5 of (10, 10) SWNT in the presence of monochromatic laser
fields with polarization parallel to the nanotube axis. The photon energy of the
laser field is 1.50 eV, and the intensity of the laser field is 1.04× 1012 W/cm2.
From top to down, they are J7,k (3ω), J−7,k (3ω), J7,k (4ω), and J−7,k (4ω)
respectively. Notice J±7,k (3ω) = J±7,−k (3ω) and J±7,k (4ω) = −J±7,−k (4ω).
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density Jµ,k (Nω) with N = 3, 5, 7, 9, 11 generated by occupied FB state

Ψε,µ,k (r, t) for different laser field intensities I0 with fixed photon energy

~ω = 1.50 eV. The Jµ,k (Nω) with even N are not plotted because they have

no contribution to HHG. We only plot the Jµ,k (Nω) with µ = 0, 1, . . . , 10

and 0 ≤ k ≤ 0.5 because Jµ,k (Nω) = Jµ,−k (Nω) = J−µ,k (Nω) for odd

N . Columns (a), (b), and (c) in this figure give results for field intensities

I0 = 1.91× 1011 W/cm2, 1.04× 1012 W/cm2, and 8.46× 1012 W/cm2, respec-

tively. In each case, the high-order Fourier components generated by the FB

states with µ = 0 and µ = 10 are zero, namely, J0,k (Nω) = J10,k (Nω) = 0

for N > 1. This is because all these FB states are the field-free eigenstates

multiplied by a phase factor, as discussed in Appendix D.

Now we relate the deformation of band structures and the nonlinear

electron motion by comparing Figs. 4.3, 4.4, and 4.6. In Fig. 4.3(a), there are

only a few avoided crossings and in Fig. 4.4(a) there are only a few correspond-

ing spikes. Most of the FB states maintain their field-free values of quasienergy

and mean energy. Indeed, in Fig. 4.6(a), most of Jµ,k (Nω) are zero (or too

small to be seen). The only (significantly) nonzero Jµ,k (Nω) are from the

states that have avoided crossings in ε (µ, k) and spikes in 〈〈E (µ, k)〉〉 . Let us

also compare Figs. 4.3(c), 4.4(c), and 4.6(c) for field intensity I0 = 8.46× 1012

W/cm2. In Figs. 4.3(c) and 4.4(c), for all subbands except µ = 0 and 10, only

the FB states with k < 0.1 maintain their field-free quasienergy and mean

energy, and Jµ,k (Nω) also vanish for k < 0.1. Similar phenomena can also be

seen in case (b) of Figs. 4.3, 4.4, and 4.6. From this series of comparison, we

can obtain the following conclusion: (1) As the field intensity increases, more

FB states deviate from their field-free eigenstates and have significant high-

order nonlinear motion, and (2) states maintaining their field-free quasienergy
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Figure 4.6: Several Fourier components of the electron current density con-
tributed by occupied Floquet-Bloch states of (10, 10) SWNT in the presence
of monochromatic laser fields with polarization parallel to the nanotube axis.
The applied laser fields have a fixed photon energy ~ω = 1.50 eV and different
intensities I0: (a) I0 = 1.91 × 1011 W/cm2; (b) I0 = 1.04 × 1012 W/cm2; and
(c) I0 = 8.46× 1012 W/cm2. States with different µ are colored differently in
the same manner as Fig. 4.3.
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Figure 4.7: HHG spectra of (10, 10) SWNT in the presence of monochromatic
laser fields with polarization parallel to the nanotube axis. The applied laser
fields have a fixed photon energy ~ω = 1.50 eV and different field intensities
I0: (a) I0 = 1.91 × 1011 W/cm2; (b) I0 = 1.04 × 1012 W/cm2; and (c) I0 =
8.46× 1012 W/cm2.

ε (µ, k) have no contribution to high-order harmonic generation.

With Jµ,k (Nω) being calculated, the HHG spectrum I (Nω) can be

determined. In Fig. 4.7, the HHG spectra for different laser field intensities I0

with fixed photon energy ~ω = 1.50 eV are plotted, where panels (a), (b), and

(c) correspond to laser field intensities I0 = 1.91 × 1011 W/cm2, 1.04 × 1012

W/cm2, and 8.46 × 1012 W/cm2, respectively. As is clearly shown in this

graph, when the laser intensity becomes greater, higher-order harmonics can

be generated. This can be easily understood by comparing Figs. 4.6 and

4.7. In Fig. 4.6(a), we only see significant nonzero Jµ,k (3ω) and Jµ,k (5ω);

in Figs. 4.6(b) and 4.6(c), the highest order of significant nonzero terms are

Jµ,k (7ω) and Jµ,k (11ω), respectively. This is the reason that as the field

intensity increases, radiation with greater harmonic order N can be observed

(Fig. 4.7). We can also notice that the cutoff frequencies of HHG spectra in

Figs. 4.7(a), 4.7(b), and 4.7(c) are 5ω, 7ω, and 11ω, respectively. Beyond the

cutoff frequency, the intensity of harmonic radiation decays exponentially with

56



harmonic order N .

4.4 Various Field Intensities with Fixed Pho-

ton Energy 0.94 eV

Now we consider laser fields with a fixed photon energy ~ω = 0.94 eV and

different intensities I0. For each case, the quasienergy band ε (µ, k), mean en-

ergy band 〈〈E (µ, k)〉〉, several Fourier components of electron current density

Jµ,k (Nω) with N = 3, 5, 7, 9, 15, 21, and HHG spectrum are shown in Figs. 4.8

- 4.11 respectively. In each figure, the column (or panel) labeled (a), (b), and

(c) gives results for field intensities I0 = 1.91×1011 W/cm2, 1.04×1012 W/cm2,

and 8.46 × 1012 W/cm2, respectively. All the features mentioned earlier for

Figs. 4.3 - 4.7 can also be observed in these figures, including the avoided

crossings and deformation of quasienergy bands ε (µ, k) shown in Fig. 4.8, the

spikes and deformation of the mean energy bands 〈 〈E (µ, k)〉〉 shown in Fig.

4.9, the rapid changes of Jµ,k (Nω) at some k shown in Fig. 4.10. Next, we

compare Figs. 4.8 - 4.11 with Figs. 4.3 - 4.7 to see the effect of photon energy

~ω.

As mentioned earlier, a lower incident photon energy ~ω allows more

degeneracies in quasienergy band ε (µ, k). More degeneracies allow more sig-

nificant avoided crossings as the applied field is sufficiently strong. This, in

turn, leads to more spikes in the mean energy band 〈〈E (µ, k)〉〉, as can be

seen by comparing Fig. 4.9(b) and Fig. 4.4(b). The mean energy band also

deforms more severely than the case with ~ω = 1.50 eV, as can be seen by

comparing Figs. 4.9(b), 4.9(c) with Figs. 4.4(b), 4.4(c). This indicates that
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Figure 4.8: Quasienergy band structure ε (µ, k) (in eV) of (10, 10) SWNT in
the presence of monochromatic laser fields with polarization parallel to the
nanotube axis. The applied laser fields have a fixed photon energy ~ω = 0.94
eV and different intensities I0: (a) I0 = 1.91×1011 W/cm2; (b) I0 = 1.04×1012

W/cm2; and (c) I0 = 8.46× 1012 W/cm2.
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Figure 4.9: Mean energy band structure 〈〈E (µ, k)〉〉 of (10, 10) SWNT in
the presence of monochromatic laser fields with polarization parallel to the
nanotube axis. The applied laser fields have a fixed photon energy ~ω = 0.94
eV and different intensities I0: (a) I0 = 1.91×1011 W/cm2; (b) I0 = 1.04×1012

W/cm2; and (c) I0 = 8.46 × 1012 W/cm2. Different subbands µ are colored
differently in the same manner as Fig. 4.8.
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for a sufficiently strong field intensity, when the photon energy ~ω is lower

(more photons), more electrons interact with the field. We can also clearly see

this by comparing Figs. 4.6(a) and 4.6(b) with 4.10(a) and 4.10(b). In Figs.

4.10(a) and 4.10(b), where ~ω = 0.94 eV, there are more electrons contributing

Jµ,k (3ω) than in Fig. 4.6(a) and 4.6(b), where ~ω = 1.50 eV.

With smaller photon energy ~ω, we can see nonzero Jµ,k (Nω) with

greater harmonic order N , namely, higher-order terms are more significant.

In Fig. 4.10(c), Jµ,k (15ω) and Jµ,k (21ω) are significant, while in Fig. 4.6(c)

the highest-order significant term is Jµ,k (11ω). This suggests that with lower

~ω, it would be easier to have a plateau in HHG spectrum. Indeed, a plateau

with a cutoff frequency up to 21ω appears in Fig. 4.11(c). Such an effect is

consistent with other theoretical work [17].

4.5 Summary

In this chapter, we have studied the electronic states and nonlinear motion of

π electrons in a (10, 10) armchair SWNT driven by monochromatic laser fields

with a polarization parallel to the nanotube axis. The intensity and frequency

(photon energy) of the applied laser fields are varied so their effect on the

electrons can be understood. In each case, the FB states and quasienergy band

ε (µ, k) are calculated. Then the mean energy band 〈〈E (µ, k)〉〉, the electron

current density Jµ,k (t) (and its Fourier components Jµ,k (Nω)) of occupied FB

states, and the HHG spectrum I (Nω) can be determined.

For a given laser field frequency ~ω, we can see both quasienergy band

ε (µ, k) and mean energy band 〈〈E (µ, k)〉〉 deform as the field intensity in-

creases. As the intensity becomes greater, the high-order Fourier components
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Figure 4.10: Several Fourier components of the electron current density con-
tributed by occupied Floquet-Bloch states of (10, 10) SWNT in the presence
of monochromatic laser fields with polarization parallel to the nanotube axis.
The applied laser fields have a fixed photon energy ~ω = 0.94 eV and different
intensities I0: (a) I0 = 1.91 × 1011 W/cm2; (b) I0 = 1.04 × 1012 W/cm2; and
(c) I0 = 8.46× 1012 W/cm2. States with different µ are colored differently in
the same manner as Fig. 4.8.
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Figure 4.11: HHG spectra of (10, 10) SWNT in the presence of monochromatic
laser fields with polarization parallel to the nanotube axis. The applied laser
fields have a fixed photon energy ~ω = 0.94 eV and different intensities I0: (a)
I0 = 1.91× 1011 W/cm2; (b) I0 = 1.04× 1012 W/cm2; and (c) I0 = 8.46× 1012

W/cm2.

of electron current density become more important. This is the source of high-

order harmonic generation. As can be expected, a greater laser field intensity

results in the radiation with greater harmonic order.

Then, the effect of the laser field photon energy ~ω is studied. In

general, for a given intensity in the nonperturbative regime, when ~ω is lower,

higher order terms of the current becomes more important. This is the reason

that a plateau in HHG spectrum can be made more efficiently with a lower

~ω.

All cases we studied have a common feature. The FB states with µ = 0

and µ = 10 retain their field-free quasienergy and mean energy, and these

states have no contribution to HHG. As to the other FB states, not all of

them have contribution to HHG, only the ones deviating from their field-free

eigenstates contribute.
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Chapter 5

Conclusions

In this dissertation, the interaction of intense laser fields with (10, 10) single-

walled carbon nanotube (SWNT) is studied in the framework of Floquet-Bloch

(FB) theory. Phenomena that occur in the nonperturbative regime, such as

band dynamics and high-order harmonic generation (HHG), are investigated

and discussed.

Due to the difficulty of carrying out ab initio calculations in the presence

of strong external fields for extended systems such as nanotubes, δ-potential

model, an empirical model for graphene and SWNTs, is developed in Chapter

2 to significantly simplify the computation and save computing time. In this

model, the atomic potential of each carbon atom of graphene or SWNTs is

replaced by a two-dimensional (2D) attractive δ function, thus a very simple

Hamiltonian matrix can be obtained. An important feature of 2D attractive

δ function potential is that it does not have a convergent bound state energy.

As a consequence, the band structure of the δ-potential lattice depends on

both the strength of the δ potential and the size of the Hamiltonian matrix,

namely, the size of the basis set for the wave function. It is shown in Chapter
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2 that truncation of the basis set size is equivalent to the regularization of

the divergent δ potential. In other words, a finite basis set size makes the

δ potential behaves like a finite-size and finite-depth potential. Then, we

demonstrated that by choosing appropriate lattice constant, the δ potential

strength, and the basis set size, the band structures and wave functions of

graphene and nanotubes obtained by ab initio methods can be reproduced.

Therefore, this model can be used to simulate the electron behavior of SWNTs

in the presence of external field parallel to the nanotube axis.

By combining the δ-potential model introduced in Chapter 2 and Floquet-

Bloch theory discussed in Chapter 3, we can calculate the electronic structure

(Floquet-Bloch states) and the motion of FB electrons of (10, 10) SWNT ex-

posed to monochromatic intense laser fields with polarization parallel to the

nanotube axis. Since the FB electrons are influenced by both the applied field

and the crystal potential of the SWNT, their motion have nonlinear relation

with the applied field. The high-order nonlinear terms of the electron current

density result in the occurrence of high-order harmonic generation (HHG),

and the HHG spectrum can be directly determined from the electron current

density.

In Chapter 4, the quasienergy bands, mean energy bands, electron cur-

rent density, and HHG spectra for (10, 10) SWNT under various external in-

tense laser fields are compared and discussed. For the field with relatively less

intensity (still in the nonperturbative regime), most part of the quasienergy

band and mean energy band remain at their field-free value. Only several

avoided crossings in the quasienergy band and several spikes in mean energy

band are observed. This indicates that not too many FB electrons interact

with the applied field. Comparing the quasienergy and mean energy with the
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electron current density of each FB electron, we observe that the FB electrons

retaining their field free energy have vanishing high-order terms of the electron

current density. As a result, the radiation intensity of high-order harmonics

is relatively lower, as can be seen in the HHG spectrum. As the field inten-

sity increases, the deformation of the bands become more severe. This means

that more electrons exchanges their energy with the external field. Also, the

current density of the FB electrons interacting with the external field also

have greater harmonic order. This is the reason that HHG is more obvious

when the external field is stronger. The effect of the photon energy (laser field

frequency) is also studied. For a given field intensity in the nonperturbative

regime, a plateau in HHG spectrum can be generate more efficiently with a

lower photon energy. This is in agreement with other theoretical works.
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Appendix A

Delta-function and Finite-size

Potential in a Closed System

For a two-dimensional (2D) closed system containing finite range impurity, we

can use the energy eigenstates of the impurity-free system as an orthonormal

basis with which to compute the eigenstates and eigenvalues of the system

when the impurity is present. This basis set contains an infinite (countable)

number of states, but in practice we generally can use only a finite number of

the basis states to compute physical quantities such as energy eigenvalues to

get convergent results. However, this is not true for the case of a δ-function

impurity in the closed system where the values of physical quantities vary

with mode number and never converge. However, we can use the δ-function

impurity to approximate an impurity with specified range, ã, if we use a finite

number of modes, Nt. We will show that Nt and ã can be related explicitly.

Let us consider an electron confined in a 2D circular potential well with

an infinitely hard wall and radius R in the presence of a repulsive δ-function
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impurity that lies at the center of the circular well. The Schrödinger equation

for this system, in cylindrical coordinates, can be written

− ~2

2me

(
∂2

∂r2
+

1

r

∂

∂r
+

∂2

∂φ2

)
ψ (r, φ) + V (r)ψ (r, φ) = Ẽψ (r, φ) , (A.1)

where the potential V (r) has the form

V (r) = Ṽo
δ (r)

2πr
, r < R

= ∞, r > R,

and Ẽ denotes energy eigenvalue. When the δ-function impurity lies at the

center of the circle, only states with zero angular momentum need to be consid-

ered. For states with nonzero angular momentum, the wave function vanishes

at r = 0, and is not affected by the δ-function potential. Energy eigenstates,

ψẼ(r), with zero angular momentum can be expanded in Bessel functions as

ψẼ (r) =
∞∑

n=1

An

R
√

πJ1 (x0n)
J0

(
x0n

r

R

)
(A.2)

where Jν is the Bessel function of order ν and x0n is the nth zero of J0 (x). If we

substitute Eq.(A.2) into Eq.(A.1), use the orthonormality of Bessel functions

and interchange n′ ↔ n, we obtain the following equation for coefficients An,

x2
0nAn +

2meṼo

~2π

1

J1 (x0n)

∞∑

n′=1

An′

J1 (x0n′)
=

2meR
2Ẽ

~2
An. (A.3)

In practice, when we solve Eq. (A.3) for An and the energy eigenvalues

Ẽ, the total number of equations for An must be truncated to a finite value Nt.
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Figure A.1: The lowest three energy eigenvalues of a circular potential well,
with a δ-function impurity at the center, are plotted as a function of the
number Nt of modes. Energies decrease approximately logarithmically with
Nt and do not converge.

It is quite natural to expect the eigenvalues to converge to some value as Nt

increases, but that doesn’t occur. To see this, let us consider the case where

Vo ≡ 2meṼo/π~2 = 0.1. In Fig. A.1, we plot the three lowest (dimensionless)

energies E1, E2, and E3 (Ei ≡ 2meR
2Ẽi/~2, i = 1, 2, 3) for different values of

Nt. None of them converge to any specific values but decrease approximately

logarithmically with Nt.

Let us now find the energy eigenvalues of an electron confined in a 2D
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circular potential well with a finite range impurity at the center. The potential

V (r) now has the form

V (r) =
Vo

πã2
, 0 < r < ã,

= 0, ã < r < R,

= ∞, r > R.

Note that V (r) → Ṽoδ (r) /2πr for r < R as ã → 0. Therefore, we will

concentrate on the case of ã ¿ R. We consider states with zero angular mo-

mentum in order to compare with the case of δ-function impurity. The eigen-

states with zero angular momentum are ψẼ (r) = Io (κr) for 0 < r < ã and

ψẼ (r) = AJo (kr) + BNo (kr) for ã < r < R, where Io (x), Jo (x) and No (x)

are Bessel functions, κ2 = 2meṼo/π~2ã2 − 2meẼ/~2 and k2 = 2meẼ/~2. By

requiring ψẼ (r) = 0 at r = R and requiring the continuity of the wave function

and its derivative at r = ã, we obtain

κ
I1 (κã)

Io (κã)
= −k

J1 (kã) No (kR)− Jo (kR) N1 (kã)

Jo (kã) No (kR)− Jo (kR) No (kã)
. (A.4)

Using Eq.(A.4), energy eigenvalues Ei (i=1, 2, 3) for various impurity ranges ã

are computed. In Fig. A.2, we show the relationship between Ei and a ≡ ã/R

with Vo = 0.1. We can see that the energies Ei decrease with 1/a for small

a in a manner similar to Ei versus Nt in Fig. A.1. It is interesting to note

that for large a, Ei decreases with a. This can be seen for E3 versus 1/a. This

occurs because the potential Vo/πã2 is smaller than the energy eigenvalue, a

situation that cannot occur for the δ-function potential.

Let us next determine the range of the impurity a that allows the finite
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Figure A.2: The lowest three energy eigenvalues of a circular potential well,
with a finite size impurity at the center, are plotted as a function of impu-
rity sizes. The eigenenergies decrease with 1/a in a manner similar to their
dependence on Nt in Fig. A.1.

70



impurity system to have the same energy eigenvalues as the δ-function impurity

system truncated to Nt basis states for the case Vo = 0.1. The relation between

a and Nt is plotted in Fig. A.3. We see that a smaller total number of

eigenmodes Nt corresponds to a greater range of the impurity a as we would

expect. By plotting a = ã/R versus Nt on a log scale, the relation between

a and Nt emerges clearly. For all energy eigenvalues, they can be fitted to

the relation log a = −0.78 − 1.00 log Nt, or equivalently, a = 0.46/Nt. Thus,

the impurity range is inversely proportional to total number of eigenmodes

Nt. As mentioned before, this relation is valid only for sufficiently small a or,

equivalently, sufficiently large Nt (in this case, a < 0.02 or Nt > 20).

To see how the relation between a and Nt changes with the strength of

the potential Vo, we introduce a parameter µ such that 1/µ = Nta = Nt(ã/R)

where R, the radius of the circular area, is a measure of the length scale of

the region of confinement. We find that for Vo = 0.1, µ = 2.17, while for

Vo = 10, µ = 2.32. As we change the strength of the impurity by two orders

of magnitude, the parameter µ only changes by about 10%. In other words, µ

depends only weakly on the strength of the impurity. This implies that for a

given system, a particular truncation of Nt modes corresponds approximately

to a particular impurity size, no matter how strong the impurity is.
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Figure A.3: The relation between the number of modes Nt and impurity size
a. The inset is plotted on log scale. For all energies, a and Nt satisfy the
relation a = 0.46/Nt.
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Appendix B

Tight-binding Approximations

for Graphene

The tight-binding model for graphene layers and SWNTs is briefly reviewed

in this Appendix. More details can be found in Refs. [19] and [44]. We will

also follow the notation used in those references.

Since there are two atoms A and B in a unit cell (see Fig. 1(a)), and

each one of them provides a π electron, there will be two Bloch functions

Φi (k, r) =
1√
N

∑

R′i

eik·R′iϕi (r−R′
i) , i = A, B.

where ϕi denotes the atomic wave function at sites i. Solving the following

secular equation

∣∣∣∣∣∣
HAA (k)− E (k) SAA (k) HAB (k)− E (k) SAB (k)

HBA (k)− E (k) SBA (k) HBB (k)− E (k) SBB (k)

∣∣∣∣∣∣
= 0, (B.1)
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yields energy dispersion relation E (k) in terms of Hij (k) and Sij (k) with

i, j = A or B, where Hij (k) = 〈Φi|H |Φj〉 is called transfer integral matrix,

and Sij (k) = 〈Φi|Φj〉 is called overlap integral matrix.

The simplest model is the one with vanishing overlap integral even be-

tween nearest neighbors and nonvanishing transfer integral only from the near-

est neighbors. In this case,

E (k)± = ε2p ∓ γo

√
f (k) (B.2)

where

ε2p = HAA (k) =
1

N

∑

R′A

〈ϕA (r−R′
A)|H |ϕA (r−R′

A)〉 ,

γo = 〈ϕA (r−RA)|H |ϕB (r−RB)〉 A, B are nearest neighbors.

f (k) = 3 + 2 cos (2πk1) + 2 cos (2πk2) + 2 cos [2π (k1 + k2)]

ki = k · ai/2π, i = 1, 2.

This model has been very popular in describing SWNTs because of its sim-

plicity [19],[25],[27]. In this approximation, no matter what γ0 is chosen, the

shape of the E (k) doesn’t change. The gap is always 6γ0 at Γ, 2γ0 at M , and

the energy dispersion E (k) is always symmetric about ε2p

To make E (k) asymmetric about ε2p, the overlap integral must be non-

vanishing. If only the nearest neighbors are considered, then

E (k)± =
ε2p ∓ γo

√
f (k)

1∓ so

√
f (k)

, (B.3)

where so = 〈ϕA (r−RA) |ϕB (r−RB)〉, which is usually only slightly greater
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than zero. In this case, E (k) is asymmetric about ε2p, and E (k)+ − ε2p is

always greater than ε2p − E (k)− .

A model in which up to third-nearest-neighbor is considered was pro-

posed in Ref. [44], and it can fit the ab initio calculation much better than

previous two tight binding models. In this third-neighbor tight-binding ap-

proximation, there are six parameters: γo, γ1, γ2 and so, s1, s2, which denotes

for the transfer and overlap integrals from the nearest, second, and third neigh-

bors. The energy dispersion in this case is

E (k)± =
− (−2Eo + E1)±

√
(−2Eo + E1)

2 − 4E2E3

2E3

,

where

E0 = [ε2p + γ1u (k)] [1 + s1u (k)] ,

E1 = 2s0γ0f (k) + (s0γ2 + s2γ0) g (k) + 2s2γ2f (2k) ,

E2 = [ε2p + γ1u (k)]2 − γ2
0f (k)− γ0γ2g (k)− γ2

2f (2k) ,

E3 = [1 + s1u (k)]2 − s2
0f (k)− s0s2g (k)− s2

2f (2k) ,

u (k) = f (k)− 3,

g (k) = 2u (k) + u (2k1 − k2, k1 − 2k2) ,

ki = k · ai/2π, i = 1, 2.

With six parameters (γo, γ1, γ2, s0, s1, s2), E (k)+ − ε2p is not necessarily

greater than ε2p − E (k)− for all k. The authors of Ref. [44] used two sets

of parameters to reproduce the ab initio calculation of energy dispersion for a

graphene layer: one to fit all k on the high-symmetry line (set 1), the other to
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fit the optical energy range more precisely (set 2). With parameter set 2, this

model fits the ab initio calculation for SWNTs very well in the optical energy

range when the hybridization of σ and π electrons can be neglected.

76



Appendix C

Unitary Transform

When a uniform monochromatic laser field is applied to a crystalline structure,

the time-dependent Schrödinger equation can be written as

i~
∂

∂t
ψ̃ (r, t) = H̃ (t) ψ̃ (r, t) , (C.1)

where

H̃ (t) =
1

2me

(
~
i
∇+

eA (t)

c

)2

+ Vc (r)

and

A (t) =
cF0

ω
cos ωt,

as defined in Eqs. (3.8) and (3.9). In order not to deal with A (t)2 term, we

define a wave function Ψ (r, t) such that

ψ̃ (r, t) = exp

( −ie2

2me~c2

∫ t

dt′A2 (t′)
)

Ψ (r, t) . (C.2)
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Substituting Eq. (C.2) into Eq. (C.1) yields

i~
∂

∂t
Ψ (r, t) = H (t) Ψ (r, t) , (C.3)

where

H (t) = H(0) +
e

mec
A (t) · ~

i
∇,

and H(0) is the field-free Hamiltonian of the crystal defined in Eq. (3.2).

The physical quantities we are interested in are invariant under the

unitary transform we just defined. To demonstrate this, we use electron current

density J (t) as an example. In the presence of vector potential A (t), by

definition,

J (t) = − e

me

∫
drψ̃∗ (r, t)

(
i

~

[
H̃ (t) , r

])
ψ̃ (r, t)

= − e

me

∫
drψ̃∗ (r, t)

(
~
i
∇+

e

c
A (t)

)
ψ̃ (r, t) (C.4)

By combining Eq. (C.2) and (C.4), we also have

J (t) = − e

me

∫
drΨ∗ (r, t)

(
~
i
∇+

e

c
A (t)

)
Ψ (r, t) , (C.5)

which shows the motion of electrons is invariant of such transform, and thus

the HHG spectrum is also invariant.
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Appendix D

States with Diagonal Matrix

F ·Mn,n′

When a crystal is under a spatially uniform and temporally periodic electric

field E (r, t) = F0 sin ωt, the matrix

F0·Mn,n′ (k) ≡
∫

dr
[
u

(0)
n,k (r)

]∗ (
F0·~

i
∇

)
u

(0)
n′,k (D.1)

may be diagonal for some particular Bloch wave vector k′. When this occurs,

the FB state with wave vector k′ can be calculated by directly solving Eq.

(3.14) and using Eq. (3.12):

Ψε,k′ (r, t) = exp

[
− ieF0

~meω2
· (~k′ + Mn,n (k′)) sin ωt

]
(D.2)

× exp
[−iE(0)

n (k′) t/~
]
Ψ

(0)
n,k′ (r) ,

with ε (k′) = E
(0)
n (k′) + q~ω and q an integer. In other words, the FB state is

the field-free eigenstate multiplied by a time-periodic phase factor. The mean
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energy 〈〈E (k′)〉〉 of Ψε,k′ is the same as the field-free eigenenergy E
(0)
n (k′).

Both ε (k′) and 〈〈E (k′)〉〉 are independent of external field, and remain at

their field-free values.

The electron current density Jε,k′ (t) of the FB state Ψε,k′ can be cal-

culated by using Eqs. (D.2) and (3.24)

Jε,k′ (t) = − e

me

(
~k′+Mn,n (k′) +

eF0

ω
cos ωt

)
. (D.3)

Its high-order Fourier components can be determined easily

Jε,k′ (Nω) = 0, for N > 1. (D.4)

This clearly explains why such FB state Ψε,k′ does not contribute to HHG.

When a (10, 10) SWNT is exposed to a monochromatic laser field with

polarization parallel to the its axis, it can be regarded as a graphene layer

under a spatially uniform and temporally periodic field with a polarization

perpendicular to the chiral vector 10a1+10a2, where a1 and a2 are the primitive

lattice vectors of graphene. The only thing that needs to be required is the

periodic boundary condition along 10a1 + 10a2. In such a system, all the

Bloch states Ψ
(0)
n,k′ (r) with Bloch wave vector k′ on the high-symmetry lines

parallel to the laser field are also the eigenstates of the momentum in the

direction of the field. This makes matrix F0·Mn,n′ (k
′) diagonal, which can

be observed numerically in our calculation and analytically in tight-binding

model for graphene layer [27]. The wave vectors kSWNT of a (10, 10) SWNT

with µ = 0 and µ = 10 are on this kind of high-symmetry line of graphene [19].

This is why the subbands with µ = 0 and 10 of quasienergy and mean energy
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band do not vary with external fields, and why the states on these subbands

have no contribution to HHG.
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