
 

 

 

 

 

 

 

 

 

Copyright 

by 

Amir Reza Rahmani 

2013 

 

 

  



The Dissertation Committee for Amir Reza Rahmani Certifies that this is the 

approved version of the following dissertation: 

 

 

Modeling of Recovery Process Characterization Using Magnetic 

Nanoparticles 

 

 

 

 

 

Committee: 

 

Steven L. Bryant, Supervisor 

Chun Huh, Co-Supervisor 

Alex E. Athey 

Maša Prodanović 

Kamy Sepehrnoori 

Thomas E. Milner 



Modeling of Recovery Process Characterization Using Magnetic 

Nanoparticles 

 

 

by 

Amir Reza Rahmani, B.E.; M.S.E. 

 

 

 

Dissertation 

Presented to the Faculty of the Graduate School of  

The University of Texas at Austin 

in Partial Fulfillment  

of the Requirements 

for the Degree of  

 

Doctor of Philosophy 

 

 

The University of Texas at Austin 

December 2013 



Dedication 

 

To my beloved parents Zohreh and Mahmood for their endless love… 

 

 



 v 

Acknowledgements 

Completion of this dissertation would not have been possible without the support 

and contribution of many people. It is a great honor for me to thank some of those many, 

to whom I owe my deepest gratitude.  

I would like to express my deepest appreciation to my supervisor, Dr. Steven 

Bryant for his excellent guidance, caring, patience, and providing me with an excellent 

atmosphere for doing research. He continually and convincingly conveyed a spirit of 

adventure in regard to research, and courage and versatility to battle challenging 

problems that I face in life. His scientific intuition, genius, invaluable insights, and 

continuous involvement were indispensable in developing my academic merits.  

I am also most grateful to my co-supervisor, Dr. Chun Huh for his invaluable 

guidance and contributions since the beginning of this project. His continuous interest in 

the project and his generosity in sharing his knowledge and ideas have had a tremendous 

impact on the quality of my dissertation as well as my scientific vision. 

Also, it is with immense gratitude that I acknowledge the support and help of Dr. 

Alex Athey who I am so lucky to have in my committee. The continuous collaboration 

with him is one of the greatest privileges that I have had during my Ph.D. studies at The 

University of Texas at Austin. His invaluable advice has enriched my academic growth. 

I consider it an honor to work with Dr. Maša Prodanović whose guidance and 

support is extremely precious to me, especially in setting up a steady step when I started 

the project. 

It gives me great pleasure in acknowledging the support of Dr. Kamy Sepehrnoori 

for helping me get through difficult times, and for all the emotional and technical 

guidance he provided during my life in Austin. 



 vi 

I would also like to thank Dr. Thomas Milner for his advice on the practical 

applications of my work. 

I would like to express my special thanks to the Advanced Energy Consortium 

(AEC) jointly sponsored by BG Group, BP, Petrobras, Schlumberger, Shell, Total, and 

Statoil. In this regard, I would like to thank Dr. Mohsen Ahmadian, my dear friend and 

the project manager of the AEC for his invaluable support and guidance during the course 

of my research and study.  

Furthermore, I would like to express my special gratitude to Schlumberger EMI 

Technology Center for the opportunity to work in such a dynamic and brilliant team. 

Specifically, I wish to thank Dr. Michael Wilt, for his invaluable advice, instructive 

suggestions and directions, and significant contributions during my research. Without his 

support and persistent help, this dissertation would have remained a dream. I am also 

indebted to my colleagues in the EMI team including Dr. Nestor Cuevas and Dr. Ping 

Zhang, and especially Dr. Jiuping Chen whose motivation, guidance, and discussion 

helped me illuminate my way in life and research.  

I would also like to acknowledge the staff of the Department of Petroleum and 

Geosystems Engineering, Dr. Roger Terzian, Frankie Hart, Cheryl Kruzie, Sophia Ortiz, 

Joanna Castillo, Glen Baum, Gary Miscoe, John Cassibry, and Mary Pettengill for their 

technical and administrative support. 

I would like to express my gratitude to all friends who helped and supported me 

throughout my study and made my life rewarding at Austin. I am especially thankful to 

Dr. Javad Behseresht for his indispensable support during tough times. Special thanks go 

to Hamid Reza Lashgari and Mohammad Lotfollahi for their fruitful discussions on 

reservoir simulation parts of this work. I am also very grateful to my friends Dr. Ali 

Moinfar, Dr. Mahdy Shirdel, Saadeh Mohebbinia, Abdolhamid Hadibeik, Dr. Hassan 



 vii 

Dehghanpour, Amir Frooqnia, Amir Kinaninezhad, Dr. Rouzbeh Ghanbarnezhad, Dr. 

Vahid Shabro, Dr. Amin Ettehad Tavakkol, Dr. Rohollah Abdollahpour, Dr. Zoya 

Heidari, Morteza Elahi Naraghi, Yashar Mehmani, Ayaz Mehmani, Ali Goudarzi, 

Aboulghasem Kazemi Nia, Hamed Darabi, Reza Ganjeh Danesh, Ali Abouie, Dr. 

Siyavash Motealleh, Shayan Tavassoli, Saeid Enayatpour, Dr. Ehsan Saadatpoor, 

Christopher Blyton, Lokendra Jain, and many other friends that I have not mentioned 

their names for all their support and making my life so pleasant during these years. 

I wish to express my sincere appreciation to my beloved parents, Zohreh and 

Mahmood, for their endless love and incredible support through my entire life. I owe 

them more than they know. 



 viii 

Modeling of Recovery Process Characterization Using Magnetic 
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Stable dispersions of magnetic nanoparticles that are already in use in 

biomedicine as image-enhancing agents, also have potential use in subsurface 

applications. Surface-coated nanoparticles are capable of flowing through micron-size 

pores across long distances in a reservoir with modest retention in rock. Tracing these 

contrast agents using the current electromagnetic tomography technology could 

potentially help track the flood-front in waterflood and EOR processes and characterize 

the reservoir.  

The electromagnetic (EM) tomography used in the petroleum industry today is 

based on the difference between the electrical conductivity of reservoir fluids as well as 

other subsurface entities. The magnetic nanoparticles that are considered in this study, 

however, change the magnetic permeability of the flooded region, which is a novel 

application of the existing EM tomography technology.  

As the first fundamental step, the magnetic permeability change in rock due to 

injecting magnetic nanoparticles is quantified as a function of particle and reservoir 

properties. Subsequently, a new formulation is devised to compute the sensitivity of 

magnetic measurements to magnetic permeability perturbations. The results are then 



 ix 

compared with the sensitivity to conductivity perturbations to identify the application 

space of magnetic contrast agents.  

Using numerical simulations, the progress of magnetic nanoparticle bank is 

monitored in the reservoir through time-lapse magnetic tomography measurements that 

are expected. Initially, simple models for displacement of injection banks are assumed 

and the level of complexity is gradually increased to incorporate the realities of fluid flow 

in the reservoir. The fluid-flow behavior of the nanoparticles is dynamically integrated 

with time-lapse magnetic response. Since the nanoparticles could help illuminate the flow 

paths, they could be used to indirectly measure reservoir heterogeneities. Therefore, 

numerous case studies are demonstrated where reservoir heterogeneity could potentially 

be inferred. Finally, fundamental pore-scale models are developed as a first step towards 

the multiple fluid phases extension of the EM tomography application. 

Using magnetic nanoparticles to improve electromagnetic tomography provides 

several strategic advantages. One key advantage is that the magnetic nanoparticles 

provide high resolution measurements at very low frequencies where the conductivity 

contrast is hardly detectable and casing effect is manageable. In addition, the sensitivity 

of magnetic measurements at the early stages of the flood is significantly improved with 

magnetic nanoparticles. Moreover, the vertical resolution of magnetic measurements is 

significantly enhanced with magnetic nanoparticles present in the vicinity of source or 

receiver. The fact that the progress of the magnetic slug can be detected at very early 

stages of the flood, that the traveling slug’s vertical boundaries can be identified at low 

frequencies, that the reservoir heterogeneities could potentially be characterized, and that 

the magnetic nanoparticles can be sensed much before the actual arrival of the slug at the 

observer well, provides significant value of using magnetic contrast agents for reservoir 

illumination. 
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Chapter 1: Introduction 

1.1 BACKGROUND 

An important problem in petroleum industry is characterizing the reservoir and 

monitoring fluids displacement in it. In order to guide drilling of wells and manage and 

develop a field, accurate reservoir models need to be developed providing 3D numerical 

representation of the hydrocarbon bearing formation, properties of reservoir 

compartments, properties of reservoir fluids, and the nature of the boundaries. In order to 

construct such models, the reservoir engineer needs to correlate the detailed data from 

well logs in a limited number of wells using a geologic conceptual and sometimes 

qualitative model and seismic data. Such extrapolation to interwell volume can be 

significantly improved using advanced geophysical techniques, the most important of 

which are seismic and electromagnetic methods.  

Seismic methods have already been developed to provide spatial distribution of 

the geometry of producing formations and hydrocarbon distribution. However, 

electromagnetic properties of the formation, such as electrical conductivity, have a more 

direct relationship to reservoir fluid properties compared to seismic properties; porosity, 

saturation, pore fluid conductivity, and temperature all affect effective electromagnetic 

properties of rocks. Hence, seismic methods exhibit less sensitivity to fluid phases and 

zero sensitivity to fluid composition compared to electromagnetic methods. 

Crosswell and borehole-to-surface configurations offer better sensitivity 

compared to the conventional surface-to-surface configurations for both seismic and 

electromagnetic methods. In the surface-based schemes, the EM signal (“field”) must 

travel to the target depth and produce a secondary field which returns to the surface 

receivers. There is a large attenuation when the primary field travels to the target and the 

secondary field travels from the target to the surface. Such attenuations could severely 
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suppress the sensitivity of the measurements. If, on the other hand, either of the source or 

receiver is located close to the target, sensitivity is improved. Therefore, in crosswell 

measurements when both the source and receiver are positioned in the target depth range, 

greater resolution and sensitivity is expected. 

Electromagnetic (EM) tomography is based on the contrast in electromagnetic 

properties of different geologic features present in the subsurface. These properties are 

electrical conductivity, magnetic permeability, and dielectric permittivity. Today, a large 

proportion of electromagnetic tomography in oil and gas industry is performed through 

crosswell tomography. Crosswell EM measurements are emerging as an important 

reservoir characterization and monitoring tools, adding to the understanding of reservoir 

heterogeneity and fluid front evolution (Sanni et al. 2007, Marion et al. 2011). While 

traditional well log data provide high resolution measurements of the formation very 

close to the wellbore, and surface-based methods provide a large volume of investigation 

but at very coarse resolution, crosswell measurements bridge this information gap by 

imaging the interwell region at the reservoir scale (Figure 1.1). In crosswell 

measurements, usually low frequencies (tens of kHz and less) are employed to increase 

the depth of investigation, especially in conductive areas. 
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Figure 1.1: Bridging the resolution gap between the well scale and basin scale by 

crosswell electromagnetic measurements (Marion et al., 2011). 

1.1.1 Conventional electromagnetic tomography 

A typical EM system consists of a transmitter that broadcasts a time-varying 

magnetic field and multiple receivers that detect the field at some distance away. For 

conventional EM tomography, the recorded magnetic fields are a combination of the 

primary field of the transmitter and the secondary fields produced by currents induced in 

the electrically conductive formation. The ratio of secondary field to the primary 

magnetic field depends upon conductivity, frequency, and borehole separation (Wilt et al. 

1995). Whenever possible, the source and receiver are placed at regularly spaced 

intervals below, within, and above the depth of interest (Alumbaugh et al. 2008). The 

collected data are interpreted via an inverse technique whereby an initial model that was 

constructed mainly through logs and background geology is adjusted until the observed 

and calculated data fit within a given tolerance. This process results in building an image 

of the interwell conductivity structures (Montaron et al. 2007). As of now, the only EM 

property of interest for deep EM readings has been electrical conductivity. In this 

dissertation, however, the focus is on using magnetic nanoparticles to change the 

magnetic permeability of the rock and use the resultant contrast for imaging. 
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1.1.2 Application and generation of magnetic permeability contrast 

In the oil and gas industry, magnetic nanoparticles have not been utilized as of 

date. Stable dispersions of surface-coated single-domain ferro- or ferri-magnetic 

nanoparticles (<30 nm), also known as ferrofluids, are already widely used for biological, 

medical and other applications, and have promising application potentials for oil reservoir 

monitoring and improved oil recovery. Because the nanoparticles are coated with special 

polymer or surfactant to avoid aggregation, ferrofluids preserve the ability to flow easily 

in porous reservoir rock. Because the nanoparticles are so small, thermal agitation 

prevents them not only from magnetically aligning themselves within the carrier fluid 

(Figure 1.2.a) but also from settling due to gravity. Thus, the ferrofluid behaves as a 

paramagnetic material: when an external magnetic field is applied, the nanoparticles 

become oriented parallel to the field (Figure 1.2.b), but they do not maintain magnetic 

moment after the field is removed, retaining no magnetic memory and reverting to 

random orientations. Furthermore, the coating of the nanoparticles can be designed in 

such a way that the particles prefer to stay only in a particular phase (aqueous or non-

aqueous), or at their interface. Such engineered magnetic nanoparticles can change the 

magnetic permeability of the formation rock. 

Ferrofluids have a wide range of applications, from various engineering devices 

(such as micro-electro-mechanical systems: Pérez-Castillejos et al., 2000), lubrication 

and sealing of the bearings, to biomedical applications (e.g., magnetic nanoparticles are 

used in biomedicine as contrast agents to characterize human body tissues: Berkovsky et 

al., 1993; Pankhurst et al. 2003). Their potential utility in subsurface environment and 

porous media was first recognized in the late 1990’s (Morridis et al. 1998; Oldenburg et 

al. 2000). In their applications in reservoir rocks, the size of the particles plays a critical 

role. Properly coated nano-size particles are capable of flowing through micron-size 
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pores and throats without plugging or blocking them, and with minimal retention in rock 

(Yu et al. 2010), even at large particle concentrations (Rodriguez et al. 2009), which 

opens up immense potential for oil production applications.  

 

(a) (b) 

Figure 1.2: Schematic of nanoparticles with the single domain ferro- or ferri-magnetic 

core and coated with the adsorbed dispersant molecules. The magnetic core 

radius is typically about 80% of the particle radius. (a) With no external 

magnetic field applied; (b) in the presence of an external magnetic field, the 

nanoparticles become oriented. 

1.2 PROBLEM STATEMENT 

The key question to be addressed in this research is:  

Is there compelling computational and theoretical evidence that magnetic 

nanoparticles can effectively be used to remotely image fluids of interest, in particular, 

with the crosswell electromagnetic (EM) tomography?  

In other words, the detectability of the nanoparticles is investigated by employing 

the existing crosswell EM measurement configurations and tooling. The concept for this 

application can be summarized as follows: first, the ferrofluid is injected into the 

reservoir to deliver the magnetic nanoparticles to the formation. Next, the reservoir is 

illuminated through a vertical magnetic dipole source; the source is deployed at the 

transmitting well and the receivers at the sensing well (setting up a crosswell system). 

The resulting EM signal is subsequently measured at the receivers, with particular 

attention to the perturbations caused by the presence of the nanoparticles to the EM 
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measurements. Figure 1.3 illustrates the overall schematic of the procedure for slug-wise 

injection of ferrofluid into a reservoir layer bedded between two low-permeability layers.  

 

Figure 1.3: Schematic of a crosswell system with injected ferrofluid identified with 

green, reservoir layer with grey, low-permeability barrier with orange, and 

wells with solid black vertical lines. Fluid is injected from the left well. The 

signal is collected at the sensing well highlighted with the dashed red 

rectangle. The source, not shown in the figure, is located at the injection 

(left) well.  

The EM response can help us characterize the formation and fluid displacement 

mechanism and learn more about the reservoir and its dynamics. The capability to 

generate magnetic permeability contrast combined with existing technology for 

electromagnetic tomography, makes imaging the magnetic nanoparticles in the reservoir 

intriguing. In this regard, three potential applications are envisioned. The first application 

is tracking flood-front in waterflood and EOR processes. These processes include adding 

the nanoparticles to (i) the injected water for waterfloods; (ii) the injected polymer 

solution for polymer floods; (iii) the injected water phase of the water-alternating-gas 

floods, most commonly CO2 floods; (iv) the injected microemulsion formulation for 

(alkaline-) surfactant-polymer processes; and (v) the in-situ gelling formulation for the 

conformance control processes. The second application is reservoir characterization. By 

injecting the magnetic nanoparticles, it is possible to identify the flow paths and 

streamlines carrying the magnetic nanoparticles and thus indirectly evaluate areal and 
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vertical reservoir heterogeneities. The third application is adding the magnetic 

nanoparticles to fracturing fluid for hydraulic fractures imaging and assessment. In all of 

the above applications, the magnetic nanoparticles serve as contrast agents; they change 

the magnetic permeability of a target zone and thereby create a contrast between the 

flooded and not flooded regions. In this study, I focus on the first two of the above 

applications. In all of the proposed applications, the perturbation in magnetic properties 

due to the presence of nanoparticles affects the response to an AC magnetic field. 

Through time-lapse measurements of magnetic field, such perturbations can potentially 

be tracked and interpreted to understand the oil displacement dynamics and evaluate the 

formation at the interwell scale. The process does not focus on inventing new crosswell 

EM equipment or data interpretation algorithms and software; instead, the current 

technology in this area is utilized.  

Finally, using a controlled magnetic source, it is possible to identify more subtle 

magnetic anomalies than those detectable with earth’s magnetic field. The application of 

such a controlled source has some advantages and disadvantages compared to the use of 

the earth’s magnetic field (Wilt et al., 2013). By moving and re-orienting the source, the 

target can be illuminated from a variety of positions, angles, and polarizations. This could 

potentially result in higher resolution and sensitivities. Moreover, the use of a low-

frequency (AC) source implies elimination of the remnant magnetization, which is a 

common problem at DC. Finally, a repetitive controlled source signal can be averaged 

resulting in a significant improvement in the signal to noise ratio. This facilitates 

illumination of more subtle targets. The main disadvantage is that a source is required, 

adding cost and complexity to data interpretation and processing. 
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1.3 RESEARCH OBJECTIVES 

The most important objective of this dissertation is exploring the feasibility of 

using magnetic nanoparticles, capable of changing the magnetic permeability of the rock, 

to enhance the current electromagnetic tomography technology. More specifically, I 

investigate whether the flood-front can be detected with a higher resolution than the 

conventional methods in secondary and EOR processes. I intend to verify that the change 

in magnetic properties of the flooded zones improves the accuracy in locating the flood 

front using EM crosswell tomography methods when combined with the information 

obtained as a result of electrical resistivity contrast between the fluids. I aim to confirm 

that utilizing the functional magnetic nanoparticles, the effectiveness of an oil recovery 

process, e.g., the transport and integrity of the injection bank in the reservoir can be 

quantified with greater clarity than available from conventional EM tomography. Also, in 

many applications, it is desirable to distinguish the injected water from the resident water. 

Such a distinction is difficult with the current EM tomography methods when the 

conductivity contrast between the injection and the resident fluid is not sufficient for 

imaging, e.g., when salinities of the injected and the resident fluid are similar. In such 

cases, EM tomography based on magnetic permeability contrast is preferred over 

conductivity contrast. 

The second most important objective is determining conditions under which the 

magnetic nanoparticles could be detected most effectively as well as identifying the 

situations where the magnetic permeability perturbations are more detectable compared 

to conductivity perturbations. The detectability of the magnetic nanoparticles could thus 

be optimized knowing the limiting conditions based on the characteristic parameters of 

the system. 
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The third goal is to quantify the value and the application space of magnetic 

nanoparticles for tracking flood-front in secondary and EOR processes and reservoir 

characterization.  

The final objective is to study the impact of realistic and dynamic distribution of 

magnetic nanoparticles in the reservoir on the time-lapse EM response. Through 

identifying flow paths and streamlines carrying the magnetic nanoparticles, evaluating 

areal and vertical reservoir heterogeneities is possible. 

1.4 REVIEW OF THE RELEVANT LITERATURE 

The literature relevant to this study is divided into two major categories. The first 

part is dedicated to sensing and imaging magnetic nanoparticles. This part is mostly 

derived from biomedical and biological literature. The second part, however, is related to 

EM induction tomography systems discussed in geophysics literature.  

1.4.1 Imaging of magnetic nanoparticles in biomedicine 

For imaging purposes in biomedicine, magnetic nanoparticles are used for 

enhanced magnetic resonance imaging (MRI) and magnetic particle imaging (MPI). Both 

applications are described in this section. 

MRI is one of the most powerful non-invasive imaging techniques used in clinical 

medicine today. The method is based on the different relaxation times of hydrogen atoms. 

Magnetic nanoparticles can be used as enhanced MRI contrast agents because they can 

increase the diagnostic sensitivity and specificity due to modifications of relaxation time 

of the protons. More specifically, the magnetic nanoparticles shorten both the 

longitudinal and transverse relaxation of surrounding protons. MRI contrast relies on the 

differential uptake of different tissues. The first dextran coated iron oxide nanoparticle 

was officially registered 16 years ago as a contrast agent for an MRI of liver in Europe 
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(Kresse at al. 1997). The efficiency of iron oxide nanoparticles as contrast agents in 

various tissues depends on their physiochemical properties such as size, charge, and 

coating (Chouly et al. 1996), and can be augmented through surface modifications by 

biologically active substances (antibodies, receptor ligands, proteins, etc) (Schütt et al. 

1997; Bulte et al. 1997; Zhang et al. 2000). The effects of magnetic nanoparticle 

composition and size on proton relaxation have been evaluated empirically with iron 

oxides (Josephson et al. 1988, Jun et al. 2005). For instance, nanoparticles with diameters 

of 30 nm or more are rapidly collected by the liver and spleen, while particles with sizes 

of 10 nm or less are not easily recognized. Since the smaller particles have longer half-

life in the blood stream, they have been used to visualize the vascular system (Weissleder 

et al. 1990; Ruehm et al. 2001; Wacker et al. 2003). Moreover, some tumor cell 

relaxation times are not altered by these contrast agents. This effect can be used to help 

identify malignant liver and brain tumors (Michel et al. 2002; Semelka and Helmberger 

2001; Enochs et al. 1999). In general, the resolution of MRI can be enhanced to such an 

extent that even single cells could be detected (Neuberger et al. 2005). The magnetic 

nanoparticles have already been used as contrast MRI agents also for cancer imaging 

(solid tumors) and cardiovascular imaging (Semelka et al. 2001; Harisinghani et al. 2004; 

Enochs et al.1999; Neuwelt et al. 2004; Sosnovik et al. 2007; Wickline et al. 2007). They 

can also be used for molecular imaging due to their ability to serve as molecularly 

targeted imaging agents and resolve dimensions beyond the detection threshold of many 

other imaging techniques (Harisinghani et al. 2003; Weissleder and Mahmood 2001; 

Weissleder 2006). Superparamagnetic iron oxide nanoparticles can also be used as 

combined carrier systems for drug delivery while at the same time serving as contrast 

agents (Bulte et al. 1995). Using this technique, the behavior of the pharmaceutical agent 
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could be monitored by means of MRI. Further, distribution of particles can be influenced 

through the application of an external magnetic field.  

Another imaging modality in which magnetic nanoparticles are used is called 

Magnetic Particle Imaging (MPI) (Pankhurst et al. 2009). This technique was first 

developed by Gleich and Weizenecker from Philips Research in Hamburg (Gleich and 

Weizenecker 2005). The proposed method is based on the nonlinearity of the 

magnetization curve of the magnetic nanoparticles. The idea is that if the experiment is 

designed to work at the nonlinear part of the curve with magnetic fields far below 

saturation, the measured signal contains harmonics of the excitation signal. However, if 

the operation point is at the saturation regime, harmonics of the exciting oscillating field 

are almost non-existent. Therefore, in the presence of a large enough DC magnetic field, 

the magnetization curve is flat, and as such the harmonic signals disappear. The result of 

this simple concept is that if a DC field is applied to all but a small area of the sample 

(a.k.a ‘field-free point’), the only harmonic signal received comes from that field-free 

point, and all other signals coming from other points of the sample are damped out (i.e., 

they do not exhibit large enough harmonics to be measured). This technique is superior to 

MRI for two reasons. The first reason is that the sensitivity of imaging is improved as the 

signal is virtually unattenuated by intervening tissue. The second advantage of this 

technique over MRI is that there is no need to place the specimen in a total-surround 

scanner. Only a single-sided scanner is sufficient for imaging in this technique, with a 

resolution of 1 mm. 

Magnetic nanoparticles have applications other than imaging in biomedicine. 

They can be employed in magnetic separation of labeled cells and other biological 

entities, drug delivery, and hypothermia.  
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For magnetic separation, first the biological entity is tagged or labeled with 

magnetic material, and next, the tagged entities are separated out via a fluid-based 

magnetic separation device.  Tagging is made possible through chemical modification of 

surface coating of magnetic nanoparticles, usually by coating with biocompatible 

molecules. Here, the coating not only serves for colloidal stability, but also provides a 

link between the particle and the target site. The magnetically labeled material is 

separated from its containing solution by passing the fluid through a region in which 

there is a magnetic field gradient capable of immobilizing the tagged material (Pankhurst 

et al. 2003).  

For drug delivery, a cytotoxic drug is attached to a biocompatible magnetic 

nanoparticle. A colloidal suspension of these magnetic targeted carriers is then injected 

intravenously. A magnetic field gradient is then applied to guide the magnetic targeted 

carriers to the desired biological entity where the therapeutic agent is unloaded from the 

magnetic nanoparticles (Dobson 2006; Neuberger et al. 2005). The advantages of this 

method are (i) reducing the amount of distribution of the cytotoxic drug, thereby reducing 

the side effects and (ii) reducing the dosage required by localized targeting of the drug 

and hence increasing the treatment efficiency (Pankhurst et al. 2003). 

For hypothermia applications, the magnetic nanoparticles are initially dispersed 

throughout the target tissue. Afterwards, an AC magnetic field with appropriate 

amplitude and frequency is applied to cause the particles to heat. The induced heat 

conducts into the immediate surrounding diseased tissue. If the temperature can be 

maintained above the therapeutic threshold of 42
o
C for more than 30 min, the cancer cells 

will be destroyed. With this technique, heat generation is localized around the target 

tissue without adverse simultaneous heating of the healthy tissues (Pankhurst et al. 2009). 
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1.4.2 Crosswell electromagnetic induction tomography 

Crosswell EM measurements are emerging as key reservoir characterization and 

monitoring tools that enable greater understanding of reservoir heterogeneity and fluid 

front monitoring over time (Marion et al. 2011). Crosswell EM tomography has the 

potential to provide fluid distribution mapping at the interwell scale, and thus can be used 

for identification of bypassed hydrocarbon, monitoring macroscopic sweep efficiency, 

planning infill drilling, and improving effectiveness of reservoir simulation (Sanni et al. 

2007). While traditional well log data provide high resolution measurements of the 

formation very close to the wellbore, surface-based methods provide a larger volume of 

investigation but coarser resolution. Crosswell measurements bridge the gap by imaging 

the interwell region at the reservoir scale (Marion et al. 2011). It should be noted that all 

applications of crosswell EM tomography thus far are exclusively based on the 

conductivity contrast in the formation. In this proposal, evidence to detect magnetic 

permeability contrast using the EM crosswell technology is sought.  

A crosswell EM system consists of a transmitter in one well that broadcasts a time 

varying magnetic field in the 3D region surrounding the boreholes, and multiple receivers 

that detect the field in another well some distance away from the first. The recorded 

magnetic fields are a combination of the primary field of the transmitter and the 

secondary fields produced by currents induced in the electrically conductive formation. 

The relative ratio of scattered to primary magnetic field increases with increasing 

conductivity, frequency, and borehole separation. Whenever possible, the sources and 

receivers are placed at regularly spaced intervals below, within, and above the depth 

range of interest (Alumbaugh et al. 2008). The collected data are interpreted via an 

inverse technique whereby an initial model is constructed mainly through logs and 

background geology, and the inversion adjusts the model until the observed and 
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calculated data fit within a given tolerance. This process results in building an image of 

the interwell conductivity structures (Montaron et al. 2007). 

This geometry provides high resolution resistivity (and/or conductivity) 

distribution of the subsurface between the wells. When obtained at different time steps 

during injection and production, this resistivity distribution provides valuable information 

that can be integrated with other data to interpret the changes in the reservoir rock and 

distribution between the wells. These data are valuable in updating the reservoir model 

with reduced uncertainty and enhanced predictability (Marion et al. 2011).   

The basic theory for the use of low frequency crosswell EM methods for 

determining conductivity distribution between boreholes on a scale useful for reservoir 

characterization has been developed and detailed in a series of papers by Zhou et al. 

(1993), Alumbaugh and Morrison (1995), Spies and Habashy (1995), and Wilt et al. 

(1995). The work of Zhou (1989) initiated a systematic study of low-frequency crosswell 

EM for reservoir scale problems and showed that a low-frequency analog of seismic 

diffraction tomography provided good resolution for interwell features. Wilt et al. (1995) 

subsequently developed instrumentation possessing adequate power for moderate to high-

resolution imaging, using boreholes spaced up to 500 m apart. Their initial field 

experiment was undertaken at the Devine test site in Texas. They conducted another field 

experiment at the University of California’s Richmond field and could track an injected 

slug of salt water using conductivity images before and after injection. Their displayed 

examples showed that subsurface conductivity imaging is feasible with crosswell EM 

induction. Alumbaugh et al. (1995) proved that vertical resolution improves with 

increasing frequency and spatial sampling density. They also claimed that greater 

conductivity contrasts between the target and the background can result in better 
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resolution. The results are critically dependent on the transmitter-receiver spacings, and 

because of the strong attenuation, also on the noise model.  

Spies and Habashy (1995) conducted sensitivity analyses for low-frequency 

crosswell EM and showed that the region contributing to the response is quasi-ellipsoidal 

and encompasses both source and receiver. The strongest response originates from the 

immediate vicinity of source and receiver. Contributions from the interwell region, 

although measurable, have a much smaller effect on the response. However, with 

increasing frequency, the sensitivity of the results to the interwell region increases as 

well. They also showed that interpretation is improved by combining measurements at 

different frequencies by using multi-component receivers.  

Several researchers studied the effect of steel-cased wells on the crosswell EM 

response. They all report magnificent signal attenuation due to the presence of the casing. 

Nekut (1995) showed that steel-cased wells completed or retrofitted with insulating gaps 

offer a stable, low-cost, permanent set of electrodes to implement long-term monitoring 

of petroleum reservoir fluid movements using EM tomography technology. Wilt et al. 

(1996) showed that crosshole measurements could be effective from the fiberglass well to 

any steel-cased well located within a few hundred meters of the transmitter. They also 

showed that attenuation of the signal due to the presence of casing increases with 

increasing frequency. Therefore, there is a trade-off between casing effect attenuation and 

higher resolution with increasing frequency. In addition, their results indicate that casing 

effect is quite local, most likely due to the pipe immediately surrounding the sensor. 

Bhatti et al. (2007) demonstrated the application of the crosswell EM technique to 

a pilot in UAE. They also showed the benefit of using the optimized casing material on 

the resolution of crosswell EM resistivity images. Furthermore, these researchers 

described the methods they employed for monitoring the fluid flow and illustrated the 
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preliminary results of their modeling process. Their pre-job simulations concluded that 1) 

crosswell EM resistivity technique is well suited for tracking the water front in their 

reservoir conditions, 2) the injected fluids created sufficient conductivity contrast to be 

sensed by the technique, and 3) the flood front propagation could be captured by 

conducting the surveys in a time-lapse mode. Montaron et al. (2007) illustrated the 

application of the crosswell EM technique for reservoir characterization in China’s 

Gudao oil field. The crosswell survey was designed to help better understand the 

waterflood dynamics and locate bypassed reserves, thereby improving reservoir 

definition in the mentioned oil field. 

Sanni et al. (2007) carried out extensive pre-job forward modeling to investigate 

the feasibility of obtaining useful results with a proposed crosswell system in a carbonate 

reservoir in Saudi Arabia. The interwell spacing was at the upper limit of the operating 

envelope allowed by the EM technology of that time, circa 1000 m. They obtained 

encouraging results from the simulations. They could successfully detect edge water due 

to highly permeable layers or fracture swarms, bottom water encroachment, coning, etc. 

They also evaluated optimal operating frequency of the system transmitter as well as 

necessary extension of logging depth below and above the zone of interest for optimal 

aperture and data resolution. 

DePavia et al. (2008) developed and field-tested a new crosswell EM system. 

Their invented system possesses several advantages over earlier systems including larger 

moment of the openhole transmitter and smaller-diameter receivers with similar 

sensitivity. The tool also enables higher sampling rate, faster logging speed, and wireless 

GPS synchronization. A software package with improved data processing flow also 

accompanies the tool. Finally, a field test was conducted with different operation 

frequencies for multiple data resolutions in open-hole conditions. The field test results 
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indicated that the higher-frequency data set provides higher-resolution inverted resistivity 

images between the wells as does using a priori information to build the starting model.  

Bhatti et al. (2008) applied the crosswell EM method to a water injection pilot 

initiated by ADCO and measured the interwell resistivity distribution between the 

observation wells at the pilots. They briefly described the pilot design and the detailed 

geological model and showed crosswell EM results from the initial set of baseline and 

time lapse data sets. Recently, Marion et al. (2011) showed, through investigating two 

case studies, that integrating crosswell seismic and crosswell EM measurements into 

modeling workflow offers helpful insight into reservoir structure and fluid movement in 

the formation. Their discussion particularly focuses on diagnostic capabilities of using 

crosswell seismic and EM and their sensitivity to steam injection processes. Wilt et al., 

2012 monitored a waterflood in Dom Joao oil field in Brazil using crosswell EM (based 

on the conductivity contrast between the injected and resident fluids) and induction log 

data. The crosswell data they gathered provided an image consistent with the information 

obtained from well logs. They used highly accurate equipment capable of monitoring 

resistivities with 1% precision. 

1.5 PROPOSED APPROACH FOR CONDUCTING RESEARCH AND ANALYZING THE DATA 

In this dissertation, an integrated multi-physics and multi-scale approach for 

modeling to image the magnetic nanoparticles using electromagnetic tomography is 

developed in steps with increased sophistication. The proposed approach consists of 

several components, as depicted in Figure 1.4, and completes a full forward modeling 

path for studying permutations of reservoir imaging. Each block in Figure 1.4 is 

described as follows: 
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1. Contrast agent selection: In this stage of the multi-physics simulation, the type of 

nanoparticle and the pertinent properties are selected. The properties include: 

a. Particle size and size distribution 

b. Particle volume concentration 

c. Particle shape 

d. Material (e.g., iron, iron oxide, etc)  

e. Carrier liquid (water, oil, emulsion, etc) 

The electromagnetic properties of the assumed solution are then computed based 

on the correlations in Chapter 3. This information will be used in the subsequent steps for 

effective properties computations. 

2. Reservoir geological and petrophysical properties: After selecting the nanoparticle 

and the corresponding ferrofluid, the petrophysical properties of the formation are 

input for subsequent reservoir simulations. In this dissertation, semi-analytical 

techniques as well as a commercial reservoir simulator are used for fluid-flow 

simulations. The parameters include: 

a. Rock porosity 

b. Rock permeability 

c. Initial saturations of each phase 

d. Capillary pressure  

e. Relative permeability  

f. Salinity and pH 

g. Mineralogy of the formation 

h. Shale/clay content 

i. Layering of the formation with the corresponding thicknesses 

j. Formation anisotropy 
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k. Formation heterogeneity 

3. Injection strategy determination: Once the properties of the reservoir and the 

particle injectates are selected, the injection strategy parameters are determined. 

These parameters include: 

a. Injection rate 

b. Injection pressure 

c. Injected concentration 

d. Injection duration 

e. Injection stages. Often times, the contrast agents are injected in 

combination with other materials, e.g. polymer for decreasing dispersion.  

Most of the reservoir simulation part is performed using UTCHEM. Extensive 

research at The University of Texas at Austin results in development of a three 

dimensional multiphase multicomponent chemical compositional simulator, UTCHEM, 

which is capable of simulating different chemical EOR processes (Satoh, 1984; Saad, 

1989; Bhuyan, 1989; Delshad et al., 1996; Aldejain, 1989 and Liu et al., 1994). After 

performing the simulations up to this stage, the nanoparticle distribution is obtained. 

Based on the computed concentration profile and the contrast agent solution properties 

identified in Stage 1, the modified magnetic permeability of rock is calculated using the 

mixing laws in Chapter 3 and the spatial distribution of magnetic permeability of the 

reservoir is determined. This spatial distribution will be input into the electromagnetic 

simulator (the following two blocks).  

4. Electromagnetic (EM) excitation strategy determination: Once the magnetic 

properties of the reservoir are known, the excitation strategy is selected. The most 

important parameters for this stage are: 

a. Excitation frequency  
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b. Excitation source (magnetic dipole, electric dipole) 

c. Source-receiver configuration: crosswell, single-well, surface to borehole, 

borehole to surface 

d. Observation parameters: distance from the source, sensor deployment in 

production wells, in horizontal wells, vertical wells, receiver arrays 

spacing.  

5. Magnetic response computation: Once the excitation strategy is determined, the 

magnetic response is calculated using a numerical code. In this dissertation, the 

commercial finite-element code, COMSOL (for more details, see 

www.comsol.com) and a finite-difference code recently developed at Duke 

University (Zhang et al., 2013) are used. The candidates for magnetic response 

are: 

a. Magnetic field (different components: x, y, and z, amplitude and phase) 

b. Electric field (different components: x, y, and z, amplitude and phase) 

c. Voltage (amplitude and phase) 

d. Current (amplitude and phase) 

         In this dissertation, I only focus on a and b. 
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Figure 1.4: The developed multi-physics and multi-scale approach for imaging magnetic 

nanoparticles. 

1.6 BRIEF DESCRIPTION OF CHAPTERS 

In Chapter 2, I provide a brief introduction into magnetism and magnetic 

materials. In Chapter 3, I quantify the achievable magnetic permeability in the reservoir 

using appropriate mixing laws and effective medium theory. In Chapter 4, I derive 

mathematical formula to determine the sensitivity of magnetic measurements to 

perturbations of magnetic permeability and compare it with the sensitivity of 

measurements to conductivity perturbations. In Chapter 5, I demonstrate the conceptual 

feasibility of using magnetic nanoparticles for imaging by numerical EM geophysics 

models and simulations. In Chapter 6, I couple reservoir simulations with magnetic 

measurements to capture the impact of the realistic fluid flow behavior of the magnetic 

nanoparticles. In the same chapter, I present case models which confirm the feasibility of 

inferring both areal and vertical reservoir heterogeneities using magnetic nanoparticles. 

In Chapter 7, I develop fundamental pore-scale models to study multi-phase pore-scale 

phenomena in the presence of a magnetized phase. This study sets the first step in 

upscaling the pore-scale properties and obtaining macro-scale reservoir properties, such 

as capillary pressure and relative permeability, to be used in reservoir simulators. 
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Moreover, the study in this chapter helps us explore another imaging modality which is 

based on the oscillation of magnetic nanoparticles at the interface of two fluid phases 

(water and oil) in the formation and analyzing the resultant acoustic response. Such an 

acoustic response will be proportional to the number of water-oil interfaces which is 

proportional to the saturation of oil phase. Finally, Chapter 8 presents the conclusions of 

this research and recommendations for future work. 
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Chapter 2:  Introduction to Bulk Magnetism  

In order to learn how the magnetic nanoparticles affect the magnetic properties of 

rocks, we need to have a working knowledge of magnetic materials in the bulk scale. 

This chapter provides us with the reasonable background required to quantify the impact 

of magnetic nanoparticles when injected into a formation. I start with a discussion on the 

origin of magnetism. I subsequently introduce and explain the magnetic materials 

classification and different magnetization mechanisms for each class. Appendix A in this 

dissertation summarizes the most important parameters that characterize the magnetic 

behavior of a material and the relationships among them. The discussion on bulk 

magnetism presented in this chapter prepares us for the more complicated area of 

nanomagnetism, discussed in the following chapter. 

2.1 ORIGIN OF MAGNETISM 

2.1.1 Magnetic dipole 

Magnetic properties of materials involve concepts based on the magnetic dipole 

moment. The magnetic dipole is defined as follows: assume a current loop with the 

flowing current equal to I and the enclosed area (inside the loop) equal to A. If nu is the 

unit normal vector pointing out of the current loop, then the magnetic (dipole) moment of 

the current loop is defined by 

nm IAu .                                                  (2.1) 

When a magnetic dipole moment is located in a magnetic field, it feels a torque 

that tries to rotate the magnetic moment to orient its axis along the field.  

2.1.2 Atomic magnetic moments 

Magnetic moments inside materials arise due to two mechanisms. The first 

mechanism is a result of orbital motion of an electron around the nucleus (Magnetic 
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Orbital Moments). The electron orbiting in an atom is essentially a current loop; thus, a 

magnetic moment is established along the axis of rotation (Kasap, 2005), as depicted by 

Figure 2.1. In such a configuration, the current is 

2
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    ,                                            (2.2) 

where e is the charge and ω is the rotational velocity of an electron. 

 

Figure 2.1: An orbiting electron around the nucleus generates a magnetic moment along 

the axis of the rotation. 

Thus, the magnetic moment of the orbiting electron is  
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where r is the radius of the orbit and v is the linear velocity of the electron. 

Quantum mechanics teaches that the angular momentum of an electron is an 

integral multiple of 
2

h


, where h is the Planck’s constant. Thus 
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where W is the mass of an electron and n is an integer. Combining the two equations, we 

obtain 
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for the magnetic moment of the electron in the first (n = 1) (Bohr) orbit. 
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The second source of magnetic moment is electron spin. Spin is a universal 

property of an electron. The electron behaves as if it spins around its own axis. The 

electron spin results in both angular momentum and magnetic moment. The moment 

resulting from these spinning electrons is along the spin axis, either up or down. Theory 

and experiments both show that the magnitude of the spin moment is  
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As can be seen from Equations (2.5) and (2.6), the spin moment is equal to orbital 

moment at n = 1. This quantity is called Bohr magneton, denoted by µB. Bohr magneton 

is the natural unit of magnetic moment, just like e, the electric charge of an electron 

which is the natural unit of electric charge. The combination of orbital and spin moments 

for every electron throughout a crystal defines its magnetic properties. 

Every material consists of many atoms and each atom contains many electrons, 

each spinning around its own axis and in its orbit. The magnetic moment associated with 

each moment is identified with a vector quantity, parallel to the axis of spin or 

perpendicular to the orbit plane. The total magnetic moment of an atom is the vector sum 

of all its electronic moments. Based on this fact, two possible origins arise for magnetic 

properties of materials: 

1) The magnetic moments of all the electrons inside an atom are oriented in such a 

way that they cancel one another out, leaving the atom no net magnetic moment. 

This condition results in diamagnetism. 

2) The cancellation of magnetic moments is only partial and the atom as a whole 

possesses a net magnetic moment. Such an atom is referred to as a magnetic atom. 

Materials composed of this type of atom are paramagnetic, ferromagnetic, 
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antiferromagnetic, or ferromagnetic, depending on their response to an externally 

applied magnetic field.  

In the next section, I discuss different types of magnetic materials and their 

corresponding specifications. 

2.2 MAGNETIC MATERIALS CLASSIFICATION 

In general, materials are categorized into five distinct classes based on their 

magnetic properties: diamagnetic, paramagnetic, ferromagnetic, antiferromagnetic, and 

ferrimagnetic. These classes are determined from the material properties of the atom and 

separation into the categories are defined by the response of a material to an externally 

applied magnetic field. 

The main point we are interested in is the response of a material to a magnetic 

field. This is characterized by a quantity called magnetic susceptibility. Magnetic 

susceptibility is defined as the ratio of magnetization to the magnetic field intensity (see 

Appendix A for more details). We have a goal to inject magnetic fluid into the reservoir 

and cause as much change as possible in magnetic properties. Since we are only 

interested in strong changes in susceptibility, we are only interested in ferro- and 

ferrimagnetic materials, further discussed below. Diamagnetism, paramagnetism, and 

anti-ferromagnetism are briefly explained. 

2.2.1 Diamagnetism 

Diamagnetic materials are non-magnetic. Diamagnetism is non-permanent and 

only occurs in the presence of an external magnetic field. Even in strong external 

magnetic fields, diamagnetism is a weak form of magnetism. Diamagnetic materials 

possess susceptibility that is negative and small. For example, silicon crystal is 

diamagnetic with susceptibility equal to -5.2 x 10
-6

. Therefore, the magnetic permeability 
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of diamagnetic materials is slightly less than unity. When a diamagnetic material is 

placed in an external magnetic field, the induced magnetization would be in the opposite 

direction to the applied field, as depicted by Figure B.1. Thus, the diamagnetic material 

tends to expel the applied field. If the field spatially varies, the diamagnetic material 

experiences a net force toward smaller magnetic fields, unlike all other magnetic 

materials. Diamagnetism is most common for atoms with completely filled orbitals (no 

unmatched electrons that could have spin moments). Some examples of diamagnetic 

materials include inert gases, some ionic structures (H2O, Al2O3, Na
+
, Cl

-
), and noble 

metals (Au, Cu, Ag, Hg, Zn). Diamagnetism is usually too weak to matter. It is only 

observed if no other form of magnetism exists for the atom and/or crystal. 

 

Figure 2.2: Diamagnetic material in the absence of the field (left) and in the presence of 

the field (right). Atoms (or molecules) do not possess magnetic moments 

before field application. External field induces moments in the opposite 

direction. 

2.2.2 Paramagnetism 

Paramagnetism occurs if the orbitals of atoms are not completely filled or spins 

not balanced, leading to the existence of an overall (net) small magnetic moment. 

Without an external magnetic field, the moments are randomly oriented; no net 

macroscopic magnetization exists. The interaction among individual atomic or molecular 

moments is minimum in paramagnetic materials compared to other magnetic materials 

discussed later. In an external field, the moments align with the field, thus enhancing it, 

shown by Figure 2.3 (only a very small amount, though); magnetic permeability (μr) > 
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1+delta (≈ 1.00001 to 1.01). When a paramagnetic specimen is placed in a magnetic field, 

it experiences a net force toward greater magnetic field (unlike diamagnetic materials). 

The magnetization typically decreases with increasing temperature as temperature 

increase causes molecular agitation and collisions which tend to disalign the atomic or 

molecular magnetic moments with the field. Examples of paramagnetic materials include 

Al, Mg, Cr, Cr2Cl3, and MnSO4.  

 

Figure 2.3: Paramagnetic material in the absence of the field (left) and in the presence of 

the field (right). Atoms (or molecules) possess magnetic moments in random 

orientations before field application. External field aligns the atomic 

moments. 

Because the magnetic materials depend on spin alignment, there is a strong 

interaction with temperature as thermal interactions cause disalignments of the moments. 

In 1895, Curie found that the magnetic susceptibility of paramagnetic materials varies 

inversely with temperature 

C

T
  ,                                                        (2.7) 

where C is the Curie constant and T is the absolute temperature. It was later shown that 

the Curie law is a specific case of a more general law  
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,                                                      (2.8) 

called Curie-Weiss law, where θ is a constant with dimensions of temperature. The Curie 

law remained unjustified for a number of years. In 1905, Langevin proposed a model for 

paramagnetic materials consisting of non-interacting atomic or molecular moments and 
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derived the Curie’s law (Cullity and Graham, 2009). He assumed that the individual 

moments are of equal strength, m. The result of magnetic susceptibility for paramagnetic 

materials is similar to an ensemble of non-interacting magnetic nanoparticles, for 

example a ferrofluid (stable suspension of colloidal magnetic nanoparticles). This is 

discussed extensively in the sections related to nanomagnetism. Here I mention the result 

of Langevin’s theory for paramagnetic materials. The normalized magnetization of a 

paramagnetic material is (according to Langevin’s theory) 
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where 
mH

a
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 , 0M nm , and L(a) is called the Langevin function. In this equation, m 

is the magnetic moment of each atom (or molecule), H is the magnetic field intensity, n is 

the number per unit volume of the individual magnetic moments, T is the absolute 

temperature, and k is the Boltzmann constant. At sufficiently small magnetic fields (or 

equivalently a),  
3

a
L a  and thus 
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Equation (2.10) suggests that in the limit of small H, magnetization changes 

linearly with H. Therefore, one can define the susceptibility of a paramagnetic material as 
2

3

nm

kT
  ,                                                  (2.11) 

which is a refinement of the Curie’s law defined in (Equation 2.7). On the other hand, for 

high values of magnetic field, the Langevin function asymptotes to unity (from below), 

resulting in magnetic saturation of the paramagnetic material. In many nanomagnetisim 

studies the saturation magnetization is the most important characteristic because high 

fields are applied. In the remote sensing application in geophysics, the susceptibility is 
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much more important as the field experienced by the nanoparticles in the crosswell 

configuration is less than 1 Oe.    

Since the Langevin’s model does not take into account the interaction between 

individual dipoles, a number of paramagnetic materials do not obey the Curie’s law. They 

instead obey the more general Curie-Weiss law defined in (Equation 2.8). The parameter 

θ takes into account the effect of dipole-dipole interaction and can be positive or 

negative, depending on the substance under discussion. 

2.2.3 Ferromagnetism 

Ferromagnetic materials can exhibit large permanent magnetizations, even in the 

absence of an applied field. The relationship between magnetization and magnetic field is 

highly nonlinear and thus, the susceptibility both depends on the applied field and is 

large. Just like paramagnetic materials, the ferromagnetic materials saturate at high 

magnetic fields. Maximum possible magnetization for these materials is the saturation 

magnetization (Md, usually quoted per volume). 

A ferromagnetic material consists of many regions, called “magnetic domains” in 

which all the atomic moments are aligned, as depicted by Figure 2.4. Thus, each region 

has a net magnetization vector M due to the alignment of all the ferromagnetic material 

atoms in this region. In the absence of the field, different domains have random 

orientations and thus a ferromagnetic material possesses negligible net magnetization. In 

the presence of the field, the magnetization of each domain starts to rotate toward the 

field direction and the domains aligned with the field grow in size. The origin of the 

individual magnetic moments being aligned in each domain (in the absence of the field) 

is quantum mechanical exchange interaction (for more details, refer to Kasap, 2005).  
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(a) (b) 

Figure 2.4: Magnetic domains in a ferromagnetic material. (a) In the absence of a 

magnetic field, the domains usually cancel, leaving no net magnetic domain 

in the bulk. (b) In the presence of an external magnetic field, the domains 

tend to align with the applied field and grow in size. 

Increasing the temperature in ferromagnets decreases the saturation magnetization 

(Md). Temperature rises enhance lattice vibrations which result in frequent disruption of 

alignment of the spins. The ferromagnetic behavior disappears at a critical temperature, 

called the Curie temperature, denoted by Tc. Beyond the Curie temperature, the crystal 

behaves as if it were paramagnetic, with no net-magnetism. 

2.2.3.1 Exchange interaction 

Ferromagnetic materials consist of domains in which all the atomic moments are 

aligned. The reason for this alignment is not magnetostatic forces because magnetic 

potential energy of interaction is even smaller than thermal energy. 

The physical origin of the molecular field responsible for alignment of atomic 

moments in magnetic domains of a ferromagnetic material is quantum-mechanical 

exchange forces, explained by Heisenberg (1928). The same non-classical forces explain 

the problem of two hydrogen atoms forming a stable molecule. Electrostatic forces as 

explained by Coulomb’s law describe the interactions between the electrons and the 

nuclei of the two hydrogen atoms. Here we are concerned with another nonclassical 

force, the exchange force. This force depends on the relative orientation of the spins of 
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the two electrons. If the spins are anti-parallel, the sum of all the forces is attractive. On 

the other hand, if the spins are parallel, the two atoms repel each other.     

Heisenberg showed that the exchange forces not only play a decisive role in 

formation of covalent bonds in many materials (e.g. hydrogen), but also they have a 

crucial role in ferromagnetism. If two atoms i and j have spin angular momentum of iS

and jS , then the exchange energy between them is 

 2 2 cosex ex i j ex i jE J S S J S S      ,                         (2.12) 

where Jex is called the “exchange integral” and ϕ is the angle between the spins. Based on 

the above equation, if Jex is positive, Eex is a minimum when the spins are parallel (cos ϕ 

= 1) and a maximum when they are antiparallel (cos ϕ = -1). If Jex is negative, the lowest 

energy state corresponds to the anti-parallel spin. In ferromagnetic materials, Jex is 

positive and thus the spin moments are aligned on the adjacent atoms. In other words, the 

exchange forces cause the spins to be parallel in ferromagnetic materials. For some 

materials, such as antiferromagnetic materials, Jex is negative; hence the spins are anti-

parallel. The exchange forces decrease rapidly with distance between the atoms. 

2.2.3.2 Saturation magnetization change with temperature 

Temperature plays an important role in magnetization by affecting interaction 

between the spin alignments through thermal agitations, producing randomization. Any 

temperature above absolute zero causes energetic lattice vibrations, leading to disruption 

of the alignment of the spins. Hence, the spins alignment is in competition with lattice 

vibrations. The ferromagnetic behavior disappears at a critical temperature called “Curie 

temperature” denoted by Tc. Above the Curie temperature, the thermal energy of the 

lattice vibrations overcomes the exchange energy. Thus, the spin alignments are 

destroyed and the ferromagnetic material behaves as a paramagnetic above Tc. Weiss 
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(1907) proved that the reduced saturation magnetization versus the reduced temperature 

(ratio of the temperature to the Curie temperature) is the same for all ferromagnetic 

materials. This is sometimes called the law of corresponding states. The Weiss theory 

may be modernized using quantum-mechanics concepts. Thus, for most magnetic 

materials, the magnetization changes with temperature as 
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,                                        (2.13) 

where σs represents the saturation magnetization per unit mass at the temperature T, σ0 

denotes the saturation magnetization at T = 0 K, and Tc identifies the Curie temperature 

for the material. Assuming the thermal expansion coefficient is small for the given 

ferromagnetic material, we have the same relationship between Ms/M0 vs T/Tc as in 

Equation (2.13) (reminder: /s s sM  and 
0 0 0/M   where ρs and ρ0 are the density 

of the material at T and 0 K, respectively). Figure 2.5 shows the reduced saturation 

magnetization as a function of the reduced temperature based on Equation (2.13). The 

saturation magnetization disappears above the Curie temperature. Table 2.1 lists the 

Curie temperature of some of the relevant ferromagnetic materials.  
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Figure 2.5: Normalized saturation magnetization vs reduced temperature T/Tc where Tc is 

the Curie temperature. The saturation magnetization is highest at absolute 

zero on the left hand of the x-axis and drops to zero at T/Tc = 1. 

 Fe Co Ni 

Tc 1043 K 1400 K 289 K 

Table 2.1: Curie temperature of some of ferromagnetic materials. 

2.2.3.3 Magnetic domains and domain walls 

As mentioned earlier, a ferromagnetic material consists of a number of small 

regions, called “magnetic domains”. Magnetic domains represent the “quantum” of 

magnetism; that is, the magnetic domain is the largest region in which all the individual 

moments are aligned. For each domain, the exchange energy and the magnetostatic 

energy are in equilibrium. Each domain is spontaneously magnetized to the material 

saturation magnetization Md, but the directions of magnetization of each domain is such 

that the material as a whole does not necessarily exhibit a net magnetization. Thus, in 

each domain, all the atoms are aligned to the full saturation magnetization (due to the 

exchange forces). The magnitude of magnetization is constant in each domain (also 
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called grain) regardless of the value of the applied field. An externally applied field only 

has the ability to change the direction of the magnetization in each domain.  

In the previous sections, I mentioned that the exchange forces strongly favor the 

alignment of the adjacent moments in a ferromagnetic material. But why does a magnetic 

material consist of many domains rather than a single magnetic domain? This question 

can be answered from a magnetostatic energy point of view.  

Consider a single crystal of iron which possesses a permanent magnetization, as 

shown in Figure 2.6.a. This crystal acts as a bar magnet with magnetic field lines 

surrounding it. From electromagnetic theory, we know that there is potential energy in 

the magnetic field lines. When the entire crystal is single-domain with all its magnetic 

moments aligned, the potential energy in the field lines (the magnetostatic energy) is 

maximum. The magnetostatic energy stored in the magnetic field lines is reduced when 

the iron crystal is divided into two magnetic domains, as illustrated by Figure 2.6.b. Thus, 

this energy state is more favorable from an equilibrium point of view. The potential 

energy is further reduced by dividing the crystal into more domains, as depicted by 

Figures 2.6.c and 2.6.d.  

The boundary between two adjacent domains is called a “domain wall” (or “Bloch 

wall”). The direction of magnetization (and hence the atomic spins) changes across the 

wall. Figure 2.6.b shows a 180
o
 wall where the magnetization changes direction by 180

o
. 

Figure 2.6.c illustrates 90
o
 wall where the magnetization direction rotates by 90

o
, end 

domains are referred to as closure domains. There is potential energy stored in a domain 

wall, because it requires energy to rotate the atomic spins by 180
o
 as the exchange forces 

favor alignment of the spins.  

The domain wall has a finite thickness (e.g. 0.1 μm for iron). The thickness of a 

domain wall is determined by the interplay between the exchange forces between the 
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adjacent moments and the anisotropy energy (discussed later in the next section). The 

exchange forces favor little relative rotation and thus slow transitions between 

neighboring domains.  

The exchange forces favor thick domain walls. However, on the other hand, each 

magnetic crystal possesses an “easy axis” along which the potential energy is minimized 

and spin alignment is preferred. Thus, the magnetic moments that are oriented away from 

their easy axes gain an excess potential energy, called the anisotropy energy (discussed 

extensively in the next section). Hence, the magnetic anisotropy favors a thinner domain 

wall whereas the exchange forces favor thicker walls. The equilibrium wall thickness is 

the one that minimizes the total potential energy, balancing the exchange energy, 

magnetostatic potential energy, and magnetic anisotropy energy. 

 

Figure 2.6: (a) Ferromagnetic specimen at the magnetized state (single domain). The 

magnetic field lines store magnetic potential energy. (b) Creation of two 

domains reducing the potential magnetostatic energy. (c) Closure domains 

fitting the ends, resulting in further reduction of the magnetostatic potential 

energy. (d) The non-magnetized specimen with multiple domains. The 

formation of the magnetic domains can effectively cancel each other 

resulting in no net magnetization. 

Although increasing the number of domains reduces the magnetostatic energy, the 

potential energy stored in the domain walls increases. Hence, the number of magnetic 

domains depends upon the potential energy balance between creating another domain and 
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creating an additional wall. Once the specimen reaches its minimum potential energy 

(Figure 2.6.d), it does not possess any net magnetization. The size and shape of the 

domains depends on a number of parameters including size and shape of the specimen. 

For iron particles with a diameter smaller than 18 nm, the potential energy increase in 

creating a domain wall is energetically unfavorable. Hence, 18 nm and smaller iron 

particles are single-domain and always magnetized at room temperature.    

The magnetization of a ferromagnetic sample involves converting the multi-

domain specimen into single-domain in which the entire sample is magnetized in the 

direction of the applied magnetic field. Figure 2.7 schematically illustrates this procedure. 

Figure 2.7.a shows a portion of the non-magnetized crystal consisting of two domains 

separated by a domain wall. With application of a magnetic field, the domain located at 

the top of the sample grows at the expense of shrinkage of the one at the bottom (Figure 

2.7.b). Hence, the magnetization process involves the motion of Bloch walls in the 

crystal. Further increasing the field, the bottom domain vanishes and the entire substance 

becomes single domain (Figure 2.7.c). Increasing the magnetic field beyond this point 

results in rotation of the magnetization vector and its subsequent alignment with the 

applied magnetic field (Figure 2.7.d). During the entire procedure, the magnitude of the 

magnetization within each domain does not change, only the direction of the 

magnetization vector changes within each domain. 



 39 

 

Figure 2.7: Magnetization process in a ferromagnetic substance. 

2.2.3.4 Magnetic anisotropy 

The term magnetic anisotropy implies that the magnetic properties of magnetic 

materials (i.e., ferro- and ferrimagnetic materials) depend on the direction they are 

measured. This subject applies to both ferro- and ferrimagnetic materials. The concept is 

important in understanding numerous principles of nanomagnetism. There are several 

types of magnetic anisotropy: 

1) Magnetocrystalline anisotropy (or crystal anisotropy)  

2) Shape anisotropy 

3) Stress anisotropy  

4) Anisotropy induced by 

a. Magnetic annealing  

b. Plastic deformation  

c. Irradiation  

5) Exchange anisotropy  
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Here, I explain only the first and the second types of magnetic anisotropy. Note 

that only magnetocrystalline anisotropy is intrinsic to the material and all the other types 

are extrinsic or induced. 

2.2.3.4.1 Magnetocrystalline anisotropy 

The atomic spins in a ferromagnetic specimen usually tend to magnetize in some 

directions which are called “easy axes” of the crystal. In these directions, the exchange 

forces are strongest and hence, spins are most easily aligned along these directions. On 

the other hand, there exists another set of axes along which magnetization occurs with the 

highest potential energy. These axes are called hard axes of the ferromagnetic material. 

Thus, magnetization along easy axes requires the least energy whereas magnetization 

along hard axes consumes the highest energy. For iron crystal, for example, the easy axis 

is directed along any of the six edges of the cubic unit cell, collectively denoted by <100> 

and the hard axes are located along the cube diagonal labeled by <111>.  

Because for a given magnetic field, the magnetization is strongest along the easy 

direction, the magnetization of a given crystal typically involves only domain growth for 

magnetic fields along one of the easy axes. For magnetic fields that are not aligned with 

any of the easy axes, the magnetization involves the energetically unfavorable domain 

growth or domain rotations. Therefore, crystal anisotropy can be thought of as a force 

which tends to hold the magnetization in certain crystallographic directions. Hence, an 

applied field must do work against the anisotropy force to turn the magnetization vector 

away from an easy direction, thereby storing energy in any crystal whose magnetization 

points in a non-easy direction. This energy is called crystal anisotropy energy, denoted by 

Eanis in this document. The crystal anisotropy energy in cubic crystals (structure shown in 

Figure 2.8) is given by 



 41 

   2 2 2 2 2 2 2 2 2

0 1 1 2 2 3 3 1 2 1 2 3anisE K K K              ,            (2.14) 

where α1, α2, and α3 are the cosines of the angles that the magnetization vector (Md) 

makes with the crystal axes (denoted by a, b, and c respectively) and K0, K1, and K2 are 

constants for a particular material at a particular temperature with units of J/m
3
. Higher 

powers are not generally needed and often times, K2 is negligible.  The first term, K0 is 

independent of angle and is usually ignored because only the change in the anisotropy 

energy is of interest as the Md vector rotates. Table 2.2 lists the value of E when Md 

vector is directed along a specific direction [u v w]. The easy, medium, and hard axes of 

the crystal can also be obtained using the signs of the anisotropy constants (see Table 

2.3). 

 

Figure 2.8: Schematic of cubic crystal structure.  

[u v w] a (
o
) b (

o
) c (

o
) α1 α2 α3 E 

[1 0 0] 0 90 90  1 0 0 K0 

[1 1 0] 45 45 90 1/ 2  1/ 2  0 K0 + K1/4 

[1 1 1] 54.7 54.7 54.7 1/ 3  1/ 3  1/ 3  K0 +K1/3+ K1/27 

Table 2.2: Crystal anisotropy energies for different directions in a cubic crystal. 
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K1 + + + - - - 

K2 + to  

-9K1/4 

-9 K1/4 to  

-9K1 

-9 K1 to  

-  

- to  

9 1K  /4 

9 1K  /4 

to 9 1K  

9 1K to   

+  

Easy <100> <100> <111> <111> <110> <110> 

Medium <110> <111> <100> <110> <111> <100> 

Hard <111> <110> <110> <100> <100> <111> 

Table 2.3: Directions of easy, medium, and hard magnetization in a cubic crystal. 

When K2 is zero, the direction of easy axis is determined by the sign of K1. For 

positive values of K1, E100<E110<E111; hence the easy axis is <100>. Iron and the cubic 

ferrites containing cobalt have positive values of K1. On the other hand, for negative 

values of K1, <111> is the easy axis direction and E111<E110<E100.  Magnetite, nickel, and 

all other cubic ferrites that contain little or no cobalt have negative values of K1. For 

nonzero values of K2, the easy axis direction depends on the values of both K1 and K2 (see 

Table 2.3 for more details). 

Not all the magnetic materials possess cubic lattice structure. Cobalt, for example, 

has a hexagonal close-packed structure (Figure 2.9). The hexagonal axis is the easy 

direction of such a lattice and all directions in the basal plane are equally hard. 

 

Figure 2.9: Schematic of hexagonal crystal structure for cobalt. 
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The anisotropy energy for magnetic materials possessing hexagonal lattice 

structure is given by 

2 4

0 1 2sin sinanisE K K K     ,                         (2.15) 

where θ is the angle between magnetization and the hexagonal axis ([0001] shown in 

Figure 2.9) and K1 and K2 are the anisotropy constants. Note that the anisotropy energy 

for this type of lattice depends only on one angle and hence this type of anisotropy is 

called uniaxial.  For positive values of K1 and K2, the energy E is minimum for θ = 0 and 

the hexagonal diagonal is the easy axis (e.g. cobalt, barium ferrite, and many rare earth 

transitional intermetallic compounds). If either of K1 and K2 is negative, the situation 

becomes more complicated (for more details see Cullity and Graham, 2009. Very few 

materials exhibit this behavior, though). 

Table 2.4 lists the values of magnetic anisotropy constants for some of the 

important magnetic materials. Please note that anisotropy constants almost always 

decrease as the temperature increases and become zero before the Curie temperature is 

reached. Beyond that point, there is no preferred crystallographic direction for the 

magnetization of a domain. One model for the temperature dependence of the anisotropy 

is based on the idea that with increasing temperature, the local magnetization spans a 

wider range of angles resulting in a rise in the energy of the easy axis and reduction in the 

hard axis energy. Thus, the anisotropy energy decreases as a power of the reduced 

magnetization M/M0, where M0 is the saturation magnetization at 0 K: 
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,                                    (2.16) 

where n is the power of the anisotropy function and is equal to 2 for uniaxial anisotropy 

and 4 for cubic anisotropy, K is the anisotropy constant at T and K0 is the anisotropy 

constant at 0 K. 
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Structure Substance K1 (10
4
 J/ m

3
) K2 (10

4
 J/ m

3
) 

Cubic Fe 4.8 0.5 

 Ni -0.5 -0.2 

 FeO. Fe2O3 -1.1  

 MnO. Fe2O3 -0.3  

 NiO. Fe2O3 -0.62  

 MgO. Fe2O3 -0.25  

 CoO. Fe2O3 20  

Hexagonal Co 45 15 

 BaO.6Fe2O3 33  

 Y Co5 550  

 MnBi 89 27 

Table 2.4: Anisotropy constant for some magnetic materials (both ferro- and 

ferrimagnetic). 

The magnetic anisotropy determines the range of superparamagnetic regime for 

magnetic nanoparticles. Operation in this regime optimizes the imaging capability of the 

magnetic nanoparticles, as will be discussed in the next chapter. It will be shown later, 

however, that the crystalline anisotropy does not affect the low-field magnetic 

susceptibility of the nanoparticles.  

2.2.3.4.2 Shape anisotropy 

It is important to investigate how the shape of the particles affects their imaging 

capability to affect the magnetic permeability of the rock. Let’s assume a specimen that 

has no preferred crystallographic direction for its grains. If it is spherical, the same 

applied magnetic field will magnetize it to the same extent in all the directions. However, 

for a non-spherical shape, it will be easier to magnetize it in a long axis than a short axis 

because the demagnetizing field along a short axis is stronger than that along the long 

axis. The applied field along a short axis has to be stronger than that along the long axis 

to produce the same magnetization. Hence, the shape asymmetry itself can act as a source 

of magnetic anisotropy.  
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In order to quantitatively treat the shape anisotropy, we use the expression for the 

magnetostatic energy Ems per unit volume of a permanently magnetized body in zero 

applied field (Guimarães, 2009, pages 30-31): 

1

2
ms dE H M   ,                                            (2.17a) 

d dH N M  ,                                                (2.17b) 

where M is the magnetization of the specimen, Hd is the demagnetizing field, and Nd is 

the demagnetizing factor along the magnetization. Note that the demagnetizing factor is 

not necessarily constant throughout the volume of the material, except for specific 

shapes, such as ellipsoid. For the remainder of this section, I focus on ellipsoidal shapes. 

For an ellipsoidal body, the magnetostatic energy per unit volume is 

 2 2 2

0

1

2
ms a a b b c cE N M N M N M   ,                            (2.18) 

where Na, Nb, and Nc are demagnetization factors along the major axes of the ellipsoid 

and Ma, Mb, and Mc represent the component of saturation magnetization along the same 

axes. If the ellipsoid possesses rotational symmetry (Nb= Nc, prolate or oblate ellipsoid, 

see Figure 2.10) 
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,                           (2.19) 

where Na and Nc are the demagnetizing factors along a and c axes, respectively and θ is 

the angle that the magnetization makes with the c axis (see Figure 2.10, reminder: for 

prolate ellipsoid, the ratio c/a  > 1 and for oblate ellipsoid, the ratio c/a < 1). Equation 

(2.19) can be written as 

 2 2 2

0 0

1 1
sin

2 2
ms d c a c dE M N N N M     .                         (2.20) 

Equation (2.20) clearly shows that the shape anisotropy is mathematically similar 

to uniaxial magnetocrystalline anisotropy. The c axis of the specimen plays the same role 
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as the easy (hard) axis of the crystal for a prolate ellipsoid (an oblate ellipsoid). The 

directions on the circle with radius a are equally hard (easy) for the prolate (oblate) 

ellipsoid. The shape anisotropy constant is given by 

  2 2

0 0

1 1

2 2
s a c d dK N N M NM       (J/m

3
).                          (2.21) 

 

 

(a) (b) 

Figure 2.10: (a) Prolate ellipsoid (c/a  > 1) and (b) oblate ellipsoid (c/a < 1).  

The demagnetization factor along x, y, and z directions for a general ellipsoid can 

be obtained from any electromagnetic text book (I use Sihvola, 1999, page 66 here). For a 

prolate or an oblate ellipsoid, these equations are simpler (same reference, page 64). For a 

prolate ellipsoid (c > a, Figure 2.10.a) 
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For an oblate ellipsoid (c < a, Figure 2.10.b) 
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where 

2

1
a

e
c

 
  

 
. 

Figure 2.11.a shows the demagnetization factors along both c and a axes for 

prolate and oblate ellipsoids based on the above formulae vs aspect ratio c/a (see Figure 

2.10). For the sphere, both factors are equal to 1/3. Figure 2.11.b illustrates the ΔN, which 

represents the shape anisotropy constant, (see Equation (2.21) for calculating the shape 

anisotropy constant). The extreme case for an oblate ellipsoid is a disk (c << a) and the 

extreme case for a prolate ellipsoid is a needle (c >> a). I will later use this information to 

study the effect of shape anisotropy in superparamagnetic nanoparticles, discussed in the 

next chapter. 

 

(a) (b) 

Figure 2.11: (a) Demagnetization factor along the c and a axes for both prolate and 

oblate ellipsoids vs the aspect ratio (c/a) (see Figure 2.10). The 

demagnetization factors of sphere, pointed by the red arrow, are both equal 

to 1/3. (b) The ΔN in Equation (2.21) which determines the shape anisotropy 

constant. 

The magnetostatic energy of a magnet in its own (demagnetization) field should 

not be confused with the potential energy per unit volume of a magnet in an applied field 
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p aE H M   ,                                              (2.24) 

where Ha is the applied field. Thus, the total magnetic potential energy per unit volume of 

a magnet in an applied field is the sum of the a) energy in its own field (Equation 2.20), 

b) the magnetocrystalline energy (Equation 2.14 or 2.15), and c) the potential energy due 

to the applied field (Equation 2.24). I will get back to these terms when discussing the 

magnetic properties of nanoparticles. 

The easy axis of a specimen can change from the crystalline easy axis when both 

crystal and shape anisotropy are present depending on the relative direction of the shape 

anisotropy axis and the crystal easy axis and the magnitude of the constants for each of 

the anisotropy types. 

Consequently, the above analysis indicates that the shape anisotropy works in 

exactly the same way as uniaxial crystalline anisotropy does. They both have an easy axis 

and anisotropy energy constant. The shape anisotropy, therefore, affects the 

superparamagnetic regime for magnetic nanoparticles. Operation in this regime optimizes 

the imaging capability of the magnetic nanoparticles, as will be discussed in the next 

chapter. It will be proven later, however, that the shape anisotropy of particles does not 

affect their low-field magnetic susceptibility. 

2.2.4 Anti-Ferromagnetism 

Antiferromagnetic materials, such as chromium, possess small but positive values 

of susceptibility. They do not exhibit magnetization in the absence of an applied magnetic 

field, unlike ferromagnetic materials. In these materials, magnetic moment coupling (for 

each individual atom) does not align constructively as for ferromagnetism; the alignment 

of the spin moments of adjacent atoms is in opposite directions due to negative exchange 

integral (Jex) explained in the discussion of Equation 2.12. Figure 2.13 shows an example 
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case of MnO where O
2-

 has no net moment and Mn
2+

 has a spin based net magnetic 

moment. Anti-ferromagnetism occurs at temperatures below Néel’s temperature, TN. 

Above this temperature, they become paramagnetic. 

 

Figure 2.12: Schematic of anti-ferromagnetic magnetic structure. The magnetic moments 

effectively cancel each other. The anti-ferromagnetic materials exhibit weak 

magnetic properties. 

2.2.5 Ferrimagnetism 

Ferrimagnetic materials, such as ferrites (e.g. Fe3O4), exhibit magnetic behavior 

just like ferromagnetic materials. They also have a temperature dependence characterized 

by the Curie temperature (Tc). Typically, the ferromagnetic materials possess a 

substantial magnetization at room temperature. They, like ferromagnets, consist of 

magnetically saturated domains, and exhibit magnetic saturation. Moreover, they become 

paramagnetic above their Curie temperature. They are second only to ferromagnets in 

terms of magnetization (capability of being magnetized) and are thus industrially 

important magnetic materials. The most important class of ferrimagnetic materials is 

ferrites, which are double oxides of iron and another metal (cubic ferrites have the form 

MO.Fe2O3, where M is another metal).  

The origin of ferrimagnetism is based on the specific magnetic structure, shown in 

Figure 2.13.a for magnetite and schematically illustrated in Figure 2.13.b. Figure 2.13.b 

suggests that all A atoms have their spins aligned in one direction and all B atoms have 
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their moments in the opposite direction. The exchange between an A atom and a B atom 

is negative whereas the exchange between two A atoms, as well as between two B atoms, 

is positive. Since the magnetic moment of an A atom is larger than that of a B atom, the 

moments do not completely cancel each other (as is the case in anti-ferromagnets), and 

the ferrimagnetic specimen could potentially have a net magnetization (or a net moment). 

 

 
 

(a) (b) 

Figure 2.13: (a) Magnetic structure of magnetite: All Fe
2+ 

have a spin magnetic moment, 

half of Fe
3+

 have a spin moment in one direction, the other half in the other 

(decreasing the overall moment to just that contributed by the Fe
2+

 ions). (b) 

Magnetic sketch of moments, resulting in a net magnetic moment. 

Magnetic ferrites are categorized into two groups based on their crystalline 

structure: 

1. Cubic. They have the general formula MO.Fe2O3, where M is a divalent metal ion 

such as Mn, Ni, Fe, Co, or Mg. Only cobalt ferrite is magnetically hard; the rest of 

the cubic ferrites are magnetically soft.  

2. Hexagonal. The most important in this group are barium and strontium ferrites, 

BaO.6Fe2O3 and SrO.6 Fe2O3, which are magnetically hard. 

Ferrimagnetic materials behave very similar to the ferromagnetic materials. 

Therefore, all the basic principles covered so far for ferromagnets (such as exchange 
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interaction, magnetic anisotropy, magnetic domains, domain walls, etc) qualitatively 

apply to ferrimagnetic materials, as well. 

The variation of saturation magnetization with temperature has a somewhat 

different trend in ferrimagnetic materials compared to ferromagnetic ones (described by 

Equation 2.13 and illustrated by Figure 2.5). As illustrated by Figure 2.14, the saturation 

magnetization of the ferrimagnetic material, magnetite (Fe3O4) reduces more rapidly 

compared to that of iron (the data for magnetite are based on measurements by Pierre 

Weiss, 1907). The black dashed line marks the vales of saturation magnetization of both 

iron and magnetite in a typical temperature of subsurface hydrocarbon reservoirs. The 

green and red dashed lines point out the Curie temperatures for magnetite and iron, 

respectively. Figure 2.14 also shows the larger saturation magnetization in iron (a typical 

ferromagnet) compared to that of the magnetite (typical ferrimagnet). Writing a closed 

analytical form for saturation magnetization of a ferrimagnetic material is more complex 

compared to ferromagnetic materials and involves multiple parameters.  
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Figure 2.14: Saturation magnetization vs temperature for a typical ferrimagnet 

(magnetite) and a typical ferromagnet (iron). The reduction of saturation 

magnetization with temperature in ferrimagnetic materials is more rapid 

compared to ferromagnetic materials. The important point is that 

saturation magnetization is only down by a factor of 95% in transition 

from room temp to reservoir temp. 

Table 2.5 lists the Curie temperature and other key magnetic properties for 

various well-known ferrimagnetic materials (and also iron for comparison) in their bulk 

form at 0 K (with the subscript 0) and also room temperature (with the subscript d). One 

important parameter determining the magnetic susceptibility of an ensemble of magnetic 

nanoparticles is the saturation magnetization (Md: magnetic moments per unit volume). 

From Table 2.5, one can see that iron has the largest saturation magnetization (Md) at 

both zero and room temperature. At room temperature, Md of iron is 3.57 times that of 

magnetite. Magnetite has the second largest saturation magnetization at room 

temperature. Reminder: for converting magnetization (M) from emu/cc to A/m, use: M 

(A/m) = 1000M (emu/cc). Also note that M = σρ where M is the magnetization per unit 
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volume, σ is the magnetization per unit mass, and ρ is the density of the material. Table 

2.6 summarizes some of the important properties of different classes of magnetic 

materials. 

 

Substance Density 

(gr/cc) 

σ0 

(emu/gr) 

M0 

(emu/cc) 

σd 

(emu/gr) 

Md 

(emu/cc) 

Tc (
o
C) 

MnO.Fe2O3 5.00 112 560 80 400 300 

FeO. Fe2O3 5.24 98 510 92 480 585 

CoO. Fe2O3 5.29 90 475 80 425 520 

NiO. Fe2O3 5.38 56 300 50 270 585 

CuO.Fe2O3 5.41 30 160 25 135 455 

MgO.Fe2O3 4.52 31 140 27 120 440 

BaO.6Fe2O3 5.28 100 530 72 380 450 

Fe 7.87 222 1747 218 1714 770 

Table 2.5: Magnetic key parameters for some important ferromagnetic materials and iron 

(Cullity and Graham, 2009, Chapter 6). Column one shows the density of the 

material. Columns two and three show the saturation magnetization per unit 

mass and per unit volume at 0 K, respectively. Columns four and five show 

the same quantities at room temperature. The last column shows the Curie 

temperature of the materials. 
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Table 2.6: Summary of magnetic material classification. 
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Chapter 3:  Magnetic Nanoparticles for Imaging Applications  

In this chapter, I discuss and quantify the impact of magnetic nanoparticles on the 

magnetic properties of formation rocks.  I first explain how the magnetic properties of 

ferrofluids change with their physical properties. Subsequently, I discuss how the 

magnetic properties of a rock saturated with a ferrofluid are affected by applying 

effective medium theory. Using the proposed method, I finally quantify the range of 

magnetic permeability that could be achieved when injecting the magnetic nanoparticles 

in the reservoir. The results of this chapter are essential to coupling the realistic flow 

behavior of the nanoparticles with the corresponding magnetic response.   

3.1 INTRODUCTION 

The term “electromagnetic contrast agents” refers to particles or agents that can 

modify the electromagnetic properties of the formation rock. These properties include 

conductivity, dielectric permittivity, and magnetic permeability. In their applications in 

reservoir rocks, the size of the particles plays a critical role as we require particles small 

enough to flow through the reservoir. Properly coated nano-size particles are capable of 

flowing through micron-size pores and throats with minimal retention (Yu et al., 2010), 

even at large particle concentrations (Rodrigues et al., 2009). These nano-sized particles 

retain their electromagnetic properties; and their injection into the rock perturbs the bulk 

rock electromagnetic properties, allowing for a remote sensing detection opportunity.  

In this chapter, I focus on the nanoparticles capable of changing magnetic 

permeability of the formation. The degree of magnetic property modification under 

various operational and design conditions is quantified. First, I start an extensive 

discussion on nanomagnetism and investigate how magnetic properties of materials 

change as their dimensions reduce from bulk (which was discussed in Chapter 2) to 
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nanometer scale. Subsequently, the dependence of the magnetic properties of the nano-

scale magnetic particles on several important parameters such as concentration, 

interparticle interaction, size and size distribution, temperature, frequency, and particle 

shape is studied. Finally, the most relevant applicable mixing laws to compute the 

effective magnetic properties of the formation rock will be discussed when magnetic 

particles are injected. This chapter provides sufficient information to control and tailor 

the properties of magnetic nanoparticles to optimize the magnetic properties of the 

formation rock.  

3.2 FROM BULK SCALE TO NANOMETER SCALE 

With a fundamental understanding of bulk magnetism from the previous chapter 

on bulk magnetism, we can now examine how magnetism changes as particle size 

approaches the nano-scale. We are interested in this size scale (from 1 to 100 nm) 

because we require the particles to transit the reservoir with micron sized pores and 

throats. In transiting to smaller scales, we need to understand how magnetism behaves 

when approaching the size limit of magnetic domains. Figure 3.1 shows a high-resolution 

image of a 15-nm diameter iron oxide nanoparticle obtained with a transmission electron 

microscope (TEM), where the crystal lattice is clearly visible (Pinna et al., 2005). 
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Figure 3.1: High-resolution TEM image of a 15-nm iron oxide nanoparticle showing its 

crystalline structure (Pinna et al., 2005). 

For the remainder of this chapter, I focus my attention on strongly magnetic 

substances, namely, ferro- and ferrimagnetic materials for building the nanoparticles. In 

particular, I mostly calculate numerical values for iron (Fe) and magnetite (Fe3O4). 

The properties of materials at the nano scale differ from the magnetic properties 

of the same materials in the macro (bulk) scale. The primary reason for this is the fact 

that the dimensions of the nanoparticles are comparable to characteristic magnetic length 

scales, such as the limiting size of the magnetic domains. Many of these dependences are 

determined empirically as there is not a universal theory for how magnetic material 

properties change as materials transition into the nano-domain. For instance, the Curie 

temperature of the maghemite (γ-Fe2O3) nanoparticles increases with decreasing the 

particle size (Iglesias and Labarta, 2001). The magnetic anisotropy energy and the 

saturation magnetization of magnetite (Fe3O4) nanoparticles have also been reported by 

experiments to be different than the bulk values (Goya et al., 2003, Luo et al., 1991). 

Several researchers have studied the magnetic properties of iron nanoparticles 

experimentally. Lacroix et al., 2008 have reported larger values of magnetic anisotropy 

energy constant than bulk properties (more than ten times). They also reported lower 
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saturation magnetization than the bulk value (by 10%). Even more interestingly, Ibusuki 

et al., 2001, have reported uniaxial magnetic anisotropy with a much larger magnetic 

anisotropy constant than that of the bulk iron (reminder: iron has cubic magnetic 

anisotropy, see Chapter 2). On the other hand, Cordente et al., 2001 studied Nickel 

nanorods and reported saturation magnetization values comparable and close to bulk 

values. Clearly there is disagreement within the literature and perhaps sample preparation 

could account for some of the reported differences as aggregation has a large effect as 

materials reconstitute to their bulk properties. 

Additionally, the dynamic behavior of magnetic nanoparticles is different from 

that of the macroscopic scale. The main reason is the enhanced influence of thermal 

fluctuations upon small particles. For instance, the phenomenon of superparamagnetism 

is observed in magnetic nanoparticles if the thermal energy kBT is almost the same as the 

anisotropy energy of the particles, resulting in a zero net magnetic moment in such 

particles and not behaving as stable magnets. Superparamagnetism is discussed in details 

in the subsequent sections. 

3.2.1 Single-domain particles 

The magnetic behavior of particles is in general, strongly dependent on their 

dimensions. As previously mentioned, if the size of the particles is reduced below a 

“critical” size, the ferro- or ferrimagnetic particles will consist of only one domain. 

Above this critical diameter (denoted by Dcr), the particles will have multiple magnetic 

domains. 

Consider a small ellipsoidal magnetic single-domain particle, as shown by Figure 

3.2.a. For now, let’s assume the particle is spherical (ellipsoid with aspect ratio = 1) and 

exhibits a uni-axial anisotropy with anisotropy axis pointing in the positive z-direction. In 
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the absence of a magnetic field, the magnetization points along the anisotropy axis, either 

parallel or anti-parallel to it. The reason is that the total potential energy of the particle 

exhibits two minima, one at θ = 0 and another one at θ = 180
o
 with θ being the angle 

between the magnetization and the easy axis, as illustrated by the black curve (for a zero 

magnetic field) in Figure 3.2.b. Here we assume that the magnetization initially points in 

the positive z-direction. The two minima in the energy diagram are separated by EB = KV, 

where K is the anisotropy constant of the particle and V is its volume. As the magnetic 

field starts to increase anti-parallel to the z direction, the potential energy diagram begins 

to tilt toward θ = 180
o
, and the energy value at θ = 0 increases. Beyond a certain value of 

magnetic field, the minimum at θ = 0 vanishes and the energy plot has only one minimum 

at θ = 180
o
 and the magnetization changes direction and becomes anti-parallel to the easy 

axis.    

  

(a) (b) 

Figure 3.2: (a) Schematic of a magnetic particle with an initial magnetization pointing in 

the positive z-direction. (b) Energy diagram of a single particle in (a) subject 

to different values of magnetic field. The curves exhibit only one minimum 

beyond a certain value of the magnetic field when the magnetization 

changes direction and becomes anti-parallel to the easy axis. EB is the 

energy from one easy direction to the other one. 
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Superparamagnetism is a magnetic regime where the thermal energy could 

surpass the energy barrier. If single-domain magnetic particles have a volume less than or 

equal to a “critical” volume, the thermal energy (kBT) will be comparable to the height of 

the potential barrier (EB = KV) and can potentially surmount it, thereby spontaneously 

changing the direction of magnetization. This state is called superparamagnetism. The 

magnetization of the particles at this state jumps between two possible orientations, and 

their average moment is zero. This type of magnetic regime is described by the Langevin 

function, described later in this chapter.  

With increasing particle size above the superparamagnetic limit, the nanoparticles 

will still be single-domain, but their magnetic moment will have a stable direction of 

magnetization (magnetic moment is locked within the particle). The particle moments 

cannot be rotated by thermal energy at the operation temperature and are not 

superparamagnetic anymore. The magnetization curve of the particles at this state is 

described by Stoner-Wohlfarth model (Guimarães, 2009). In all single-domain 

nanoparticles, all the individual moments rotate coherently and unanimously with 

application of a magnetic field. This type of coherent rotation is called Néel rotation, as 

opposed to Brownian rotation, which is bodily rotation of small particles as a result of 

thermal agitation, usually occurring in ferrofluids.    

With further increasing the particle size beyond the single-domain limit, the 

particles will contain multiple magnetic domains. These particles change their 

magnetization by re-arranging their magnetic domain structure, i.e., through the motion 

of magnetic domain walls or changes of the magnetic domain shape, just like the bulk 

material explained in the previous chapter. 

In order to quantitatively categorize the magnetic regimes of the nanoparticles 

based on their size, one can use the coercive field, Hc. The coercive field, Hc, (or 
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coercivity) is defined as the magnetic field applied in the direction opposite to the 

direction of the original magnetization to produce M = 0. Figure 3.3 schematically shows 

the different magnetic regimes for small particles, where Hc is plotted against the particle 

diameter. Three distinct regimes can be identified in this figure.  

1. Multi-domain: Particles with diameter larger than Dcr consist of multiple domains. 

Their magnetization changes with domain wall motion. The Dcr  for an ellipsoidal 

particle is calculated by (Guimarães, 2009)
1
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where Npa is the demagnetization factor along the direction of magnetization for 

the ellipsoid. Equation (3.1.a) for a spherical particle (Npa = 1/3) reduces to 
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where K is the anisotropy constant (defined in the previous chapter), A is the 

exchange stiffness constant which gives the strength of the magnetic coupling and 

thus measures how difficult it is for a given spin to deviate from the direction of 

the exchange field, and Md is the magnitude of the saturation magnetization at the 

given temperature. The value of A for iron, magnetite, and cobalt are listed in 

Table 3.1.  

Material A (exchange stiffness constant) (10
-11 

Jm
-1

) 

Iron 1.98 

Cobalt 2.81 

Magnetite 2.27 

Table 3.1: Exchange stiffness constants for iron, magnetite, and cobalt. 

                                                 

1 I use Equation 2.104 of this reference substituting for domain wall energy ( 4 AK  ) and assuming 

α=0.5. 
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An empirical correlation based on experimental observation indicate that, 

in this regime, the coercivity of the particles is related to their diameter by 

c

b
H a

D
  , where a and b are empirical constants specific to the material 

(Cullity and Graham, 2009). 

2) Single-domain: Particles with diameters smaller than Dcr consist of only one 

domain. In this magnetic regime, the coercivity reaches its maximum value for D 

= Dcr. These particles change their magnetization by spin rotation, but more than 

one mechanism of rotation can be involved. In this regime, the coercivity 

decreases with decreasing particle diameter, due to thermal effects. An empirical 

correlation based on experimental observation suggests that 
3/2c

h
H g

D
  , where 

g and h are empirical constants specific to the material (Cullity and Graham, 

2009). 

3) Superparamagnetic: with further decreasing the diameter of the magnetic 

nanoparticles below a critical diameter, denoted by Dcr
spm

, the coercivity becomes 

identically zero. The small size of the particles makes it easier for the thermal 

agitation to change the orientation of the magnetization spontaneously (in the 

absence of an external magnetic field) and thus demagnetize the previously 

saturated assembly of particles by surmounting the energy barrier (EB) described 

in Figure 3.2.b. The change in orientation of the magnetization is from one easy 

axis to another. This magnetic regime is ideal for magnetic tomography. Due to 

zero coercivity, the particles exhibit more sensitivity to magnetic field and are 

thus more responsive for imaging purposes. The calculation of the Dcr
spm

 is 

discussed in the next section. 
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Figure 3.3: Coercivity vs the size of the magnetic particles. SPM = superparamagnetic, 

SD = single-domain, MD = multi-domain. Coercivity is maximum at single-

domain critical diameter (Dcr) and is zero in the superparamagnetic regime. 

A single-domain magnetic nanoparticle is by definition, always saturated, even in 

the absence of an externally applied magnetic field. All the magnetic moments within the 

individual nanoparticle are aligned with each other (although disrupted by thermal 

agitation), but they are not necessarily aligned with an applied field. The magnitude of 

magnetization is always constant in single-domain particles and always equal to the 

saturation magnetization. Only their magnetization orientation is affected (rotated) by the 

applied field. Multi-domain particles, on the other hand, can be brought into saturation by 

applying a sufficiently large external magnetic field. Once this field is removed, the 

particles are not in the saturation regime any longer. Their magnetization involves 

rearrangement of magnetic domains and domain wall motion whereas the magnetization 

of the single-domain particles involves the rotation of the magnetization vector (or 

equivalently magnetic moment) of the particles. From another view point, the 

magnetostatic energy per unit volume of a spherical single-domain magnetic nanoparticle 
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is always Ems = (1/2) (1/3) μ0 Md
2
 (according to Equation 2.18), regardless of its size and 

the applied magnetic field; for the multi-domain particles, this energy is supplied by the 

externally applied magnetic field.  

For non-zero coercive field, the magnetization curve (M vs H) of the magnetic 

nanoparticles exhibits hysteresis and thus the magnetizing and demagnetizing paths are 

different. On the other hand, if the coercive field is zero (superparamagnetism), there is 

no hysteresis in the magnetization curve. 

3.2.2 Superparamagnetism and its importance for magnetic tomography 

The superparamagnetic nanoparticles are the ideal candidates for imaging (see 

Tartaj et al, 2003 about the usage of superparamagnetic nanoparticles in biomedical 

imaging). The zero coercive field and the unstable magnetic moment of these particles 

makes them more sensitive to the presence of an applied magnetic field compared to the 

non-superparamagnetic single-domain nanoparticles. In other words, the magnetization 

(the magnetic moment) of the superparamagnetic nanoparticles responds immediately to 

the magnetic field (and magnetically rotates). For single-domain (non-

superparamagnetic) nanoparticles, the magnetization will respond weaker to the magnetic 

field because the magnetization will not respond to the magnetic field until the field 

exceeds the coercive field (Hc), effectively acting as a bias, reducing sensitivity. On the 

other hand, single-domain nanoparticles with large coercive fields are used when 

permanent nanomagnets are desired, e.g. data storage applications, where each state 

represents bits of information. For this type of application, the magnetic moment of the 

particles ought to be stable and insensitive to the external magnetic fields or temperature 

fluctuations. This application is not the topic of this dissertation. In this section, the size 
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range for the occurrence of superparamagnetism is identified and numerical values are 

provided for important magnetic materials.  

Consider an ensemble of single-domain magnetic particles brought to some initial 

state of magnetization Mi by an externally applied field. Suppose that the field is turned 

off at t = 0. The magnetization will vary with time according to: 

0

1
B

B

E

k TdM M
Me

dt  



    ,                                     (3.2) 

where τ is the  relaxation time, or inverse of the switching frequency. The prefactor τ0, the 

inverse of the attempt frequency (f0), is usually in the range of 10
-12

-10
-9

 s; most literature 

use the value of 10
-9

 s for τ0. This value is almost constant with magnetic field. The 

equation suggests that the system of the particles makes 1/τ attempts per second to 

surmount the energy barrier under the influence of thermal energy. Please note that for 

spherical particles (each of them having volume V) with uniaxial anisotropy (e.g. cobalt), 

EB = KV, but for spherical particles with cubic anisotropy, EB = 1/4 KV if K is positive 

with <100> easy axis (e.g. iron) or 1/12 KV if K is negative with <111> easy axis (e.g. 

magnetite). The remnant magnetization (which is the magnetization left behind in a ferro- 

or ferri-magnetic material after an external magnetic field is removed) is therefore 

t

r iM M e  ,                                                  (3.3) 

where                                                      0
B BE k Te  .                                                   (3.4) 

The value of τ is the time for Mr to decrease to 1/e or 37% of its maximum 

(initial) value. The observed magnetic behavior of magnetic particles depends on the time 

scale or time window of the measurements. For macroscopic techniques such as direct 

magnetization measurements, the measuring time is usually taken as tm = 100 s. If the 

relaxation time is smaller than the measurement time (tm), the spontaneous magnetization 

is zero and the particle is superparamagnetic. If, however, the relaxation time is larger 
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than the measurement time (tm), the particle is not superparamagnetic and is in the 

“blocked regime” and a nonzero magnetization is observed. Thus, depending on the 

relative magnitudes of tm  and τ, we have 

                                      For τ <  tm: superparamagnetic regime; 

                                      For τ >  tm: blocked regime (ferromagnet). 

From Equation (3.4), we have  

0ln ln B

B

E

k T
   .                                          (3.5) 

Taking τ0 = 10
-9

 s and assuming τ = 100 s, we obtain the critical volume for the 

superparamagnetic regime for particles with uniaxial anisotropy (EB = KV) 

25spm B
cr

k T
V

K
 ,                                            (3.6) 

and the superparamagnetic critical diameter for spherical particles is 
1/3

6spm spm

cr crD V


 
  
 

.                                       (3.7) 

The critical volume calculated by Equation (3.6) is the volume for a particle 

below which, at a given temperature, particles are superparamagnetic with zero 

coercivity; above this volume the particles exhibit hysteresis and a non-zero coercive 

field. 

For spherical particles with cubic anisotropy, EB = 1/4 KV if K is positive with 

<100> easy axis (e.g. iron) or 1/12 KV if K is negative with <111> easy axis (e.g. 

magnetite). Thus, for calculating the critical superparamagnetic diameter for cubic 

crystalline anisotropy, EB should be replaced accordingly.  

On the other hand, for a given particle volume, there is a critical temperature 

above which superparamagnetism occurs and below which the particles exhibit non-zero 
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coercivity. This temperature is called “the blocking temperature” and denoted by TB, 

(based on Equation (3.5) and taking τ0 = 10
-9

 s and assuming τ = 100 s): 
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 ,                                             (3.8.a) 

and for particles with uniaxial anisotropy 
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K in Equation (3.8.b) is the effective anisotropy constant including both the 

crystal and shape anisotropy (see Equation (3.9.a)). Therefore, the blocking temperature 

depends on the effective anisotropy constant, particle size, and the experimental 

measuring time. Table 3.2 lists the single-domain and superparamagnetic critical 

diameters (Dcr and Dcr
spm

) for spherical nanoparticles made of magnetite, iron, and cobalt 

(based on Equations (3.1.b) and (3.7)) at T = 400 K, which is a typical temperature for 

subsurface hydrocarbon reservoirs. 

 Dcr (nm) Dcr
spm 

(nm) 

Magnetite 124 66 

*Iron 19 28 

Cobalt 96.3 8.6 

Table 3.2: Critical single-domain and superparamagnetic diameters for spherical 

nanoparticles at T = 400 K. 

*
Note that for iron, the computed critical superparamagnetic diameter is larger 

than the critical single-domain diameter. The critical superparamagnetic diameter is 

calculated assuming that the particle is already in the single-domain. Thus, we can 

conclude that all single-domain iron nanoparticles are superparamagnetic and their 

coercivity is zero (assuming τ = 100 s) below 19 nm. Above 19 nm, they are all multi-

domain. 
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Moreover, the effective anisotropy energy constant changes when including shape 

anisotropy for the nanoparticles; hence, both the energy barrier and the critical volume of 

the nanoparticles change for both the single-domain and superparamagnetic regimes. 

More quantitatively, the energy per unit volume of a magnetic single-domain 

nanoparticle in the absence of an applied field is (ignoring the second order magneto-

crystalline anisotropy, excluding the constant terms, and including the shape anisotropy, 

for more details, see Section 2.2.3.4.1) 

  2 2

1 sin sins eff

E
K K K

V
    ,      for uniaxial anisotropy    (3.9.a) 
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V
        
 

,     for cubic anisotropy    (3.9.b) 

where K1 and Ks are crystal and shape anisotropy constants, respectively and θ is the 

angle between the anisotropy axis and the magnetization, and φ is the angle between the 

projection of magnetization vector on the x-y plane and the x-axis, as depicted in Figure 

3.4. The easy axis (magnetocrystalline anisotropy) points in the positive z-direction. 

 

Figure 3.4: Schematic of an ellipsoidal nanoparticle with the easy axis in the positive z-

direction. 

In order to get an idea of how much shape anisotropy affects these regimes, I first 

compute the ratio of the shape anisotropy constant to the crystal anisotropy constant vs 
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the ellipsoid aspect ratio (c/a in Figure 2.10) for three different magnetic materials, 

cobalt, magnetite, and iron and illustrate the results in Figure 3.5. Please note that the 

shape anisotropy vanishes when aspect ratio (c/a in Figure 2.10) equals to one, 

representing a sphere. Shape anisotropy for magnetite and iron dominates the crystalline 

anisotropy for very large and very low aspect ratios, corresponding to needles and discs, 

respectively.  

 

Figure 3.5: Ratio of shape anisotropy constant to crystal anisotropy constant for 

important magnetic materials. The shape anisotropy vanishes when aspect 

ratio (c/a in Figure 2.10) equals to one (i.e. spherical particles). 

Next, I calculate the equivalent critical diameters for prolate and oblate ellipsoidal 

shapes with aspect ratios 10 (similar to a needle) and 0.1 (similar to a disc) for magnetite, 

iron, and cobalt and list the results in Table 3.3 along with the results for spherical 

particles from Table 3.2. Equivalent diameter in this study refers to the diameter of an 

equivalent sphere whose volume is equal to the volume of the prolate or oblate ellipsoid. 

At the selected aspect ratios, the shape anisotropy dominates the magnetic anisotropy for 

iron and magnetite (see Figure 3.5), allowing us to use uniaxial anisotropy formula to 

calculate the critical superparamagnetic diameter (Equations 2.30 and 2.31). In case of 
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cobalt, both the crystal and shape anisotropy are uniaxial and the resultant anisotropy is 

calculated by adding the two terms. The single-domain critical diameter is calculated 

using Equation (3.1.a) for all of the three materials. Table 3.3 shows that the single-

domain critical diameter for needle-like particles (c/a = 10 in Figure 2.10) increases 

significantly due to smaller values of Npa in Equation (3.1.a). Therefore, the particle can 

be transferred to the single-domain state without decreasing the volume if it has a shape 

of an oblong ellipsoid. For disc-like particles, however, the single-domain critical 

diameter is much smaller than that for spherical particles, due to the larger values of Npa 

in Equation (3.1.a). The superparamagnetic critical diameter, on the other hand, is the 

largest for spherical nanoparticles and smaller for any anisotropic shape, due to the 

dominance of shape anisotropy. Therefore, superparamagnetism range is indeed affected 

(and restricted) by any shape anisotropy of the particles. For the same volume, elongated 

particles will be more stable, and therefore tend to remain in the ferromagnetic and non-

superparamagnetic state (see Johnsen and Lohmann, 2008 and Figure 3.20). Therefore, 

making anisotropic nanoparticles implies limitation of the superparamagntic range; 

therefore, making non-spherical particles is not helpful and thus not recommended. 

 

 Dcr (nm) 

needle sphere disc 
 

 

Dcr
spm 

(nm) 

needle sphere disc 
 

 

Magnetite 2043 124 48 
 

15.7 66 13.2 
 

Iron 325 19 8 
 

7 28 6 
 

Cobalt 1580 96.3 37.3 
 

7.7 8.6 6.4 
 

Table 3.3: Equivalent single-domain and superparamagnetic critical diameters for 

needle-like, disc-like, and spherical particles. 
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3.3 MAGNETIC PROPERTIES OF SUPERPARAMAGNETIC NANOPARTICLES: LANGEVIN 

EQUATION 

The simplest method of describing the magnetic properties of an ensemble of 

superparamagnetic nanoparticles is Langevin equation. The derivation of Langevin 

equation is described in numerous references in the literature (Cullity and Graham, 2009, 

Rosensweig, 1997, Bean and Livingston, 1959). Here the results are briefly described. 

The magnetization of a randomly oriented dilute mixture of superparamagnetic 

nanoparticles with negligible anisotropy is given by 
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coth
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M
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M
 


   ,                                (3.10) 

where M is the magnetization of the mixture, Ms is the saturation magnetization of the 

mixture which occurs if all of the particles are aligned with the applied magnetic field 

and is equal to 

s dM nm M  ,                                           (3.11.a) 

where n is the number density of the particles, m is the magnetic moment of each particle, 

Md is the bulk magnetization of the material, and ϕ is the volume fraction of the particles. 

In Equation (3.10), L (α) denotes the Langevin function and α  is 

mH

kT
  ,                                                  (3.11.b) 

where H is the magnitude of the applied magnetic field, k is the Boltzmann constant, and 

T is the absolute temperature. The magnetic moment of each (single-domain) 

nanoparticle is 

3

0 0
6

d dm M V M d


   ,                                     (3.11.c) 

where V and d are the particle volume and diameter (in case of spherical particles), 

respectively. In the limit of small applied magnetic field (small α), the magnetization 

becomes a linear function of the applied magnetic field and Equation (3.10) reduces to 
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and thus 

M H ,                                                (3.12.b) 

where 
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                                          (3.12.c) 

is called the magnetic susceptibility of the ferrofluid. In the next few sections, the effect 

of physical properties of a system of magnetic particles on its magnetic properties is 

studied using the Langevin equation, its modified forms, experiments, and numerical 

simulations. 

Figure 3.6.a shows the normalized magnetization curve for a ferrofluid consisting 

of spherical magnetite nanoparticles with different diameters according to Langevin 

theory described by Equation (3.10) at T = 400 K. The figure indicates that the 

magnetization is stronger for larger nanoparticles, because their magnetic moment is 

larger (see Equation 3.11.c) and thus aligns easier with the applied magnetic field. 

3.3.1 Concentration effect 

Figure 3.6.b illustrates the magnetic susceptibility of the ferrofluid as a function 

of the particle volume fraction for different particle diameters at T = 400 K according to 

Equation (3.12.c) [reminder: magnetic susceptibility is the slope of the magnetization 

curve (i.e., non-normalized version of Figure 3.6.a) for small values of the magnetic 

field]. The figure indicates that the magnetic susceptibility increases linearly with particle 

volumetric concentration. The curves in Figure 3.6 assume that the saturation 

magnetization of the nanoparticles is similar to that of the bulk. Multiple experimental 

studies have shown that the saturation magnetization of nanoaprticles is smaller than that 

of the bulk. This will be discussed in more details in the subsequent sections. 
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(a) (b) 

Figure 3.6: (a) Normalized magnetization curve (M/Ms) for magnetite nanoparticles with 

different diameters. (b) Magnetic susceptibility vs particle volume fraction 

for different particle diameters for dilute mixtures. 

3.3.1.1 Dipolar interaction between the particles and its corresponding impact on the 

magnetization 

The Langevin equation (3.10 and 3.11.c) is derived only for dilute solutions of 

non-interacting particles (not more than 5%). With increasing particle size and the 

particle concentration, the particle-particle interaction also increases. For interacting 

particles, the magnetic susceptibility does not change linearly with the particle volume 

concentration. The effect of particle interaction is investigated in this next section. 

The magnetic properties of samples of nanoparticles are often strongly influenced 

by interparticle interactions. There are two major interparticle interactions in an ensemble 

of superparamagnetic nanoparticles, dipolar and exchange interactions. The dipolar 

interactions are due to the local field that the neighboring dipoles (particles) create at the 

location of a particular particle.  

The exchange interactions are described in the previous chapter for atomic 

moments. The same physical principles described for atomic moments govern the 
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exchange interactions among the moments of the superparamagnetic nanoparticles. The 

exchange interaction forces, however, drop rapidly with interparticle distance. Hence, 

they are only important for very dense solutions or when the particles touch each other. In 

ferrofluids with coated particles, even in dense packings, the interparticle distance is too 

large for effectiveness of the exchange interactions which favor the alignment of the 

adjacent moments. 

Before discussing the models describing the magnetic behavior of interacting 

superparamagnetic nanoparticles, please note that there are three aspects that one needs to 

check in order to verify if a system behaves as ideal (non-interacting) superparamagnetic 

particles:  

(a) if the normalized magnetization (M/Ms) plotted as a function of Ms (H/T) 

results in a universal curve, also called “classical scaling law of 

superparamagnetism”, 

(b) if the magnetization curves (or isotherms) are anhysteric, and 

(c) if the size distribution of the particles obtained from fitting the measured 

magnetization curve to Langevin equation is (almost) temperature independent.  

All of the above items can be understood and verified by looking into the 

Langevin equation (Equations (3.10) to (3.11.c)). 

There are numerous contradicting conclusions in the literature modeling and 

studying the dipolar interactions, each of them depending on the approach adopted to 

investigate the problem. Some researchers have reported that with increasing particle 

density and particle size, the interaction energy becomes comparable to both anisotropy 

energy and the thermal energy and is thus capable of altering the energy barrier, thereby 

changing the magnetic behavior of the particle (Dormann et al., 1999). Their model 

considers the interparticle interactions as merely changing the energy of isolated particles 
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and thus replaces the many-body effect by a single-particle description. This model 

predicts the energy barrier of each particle will increase as a result of dipolar interactions. 

On the other hand, other researchers (Morup and Trunc, 1994 and Hansen and Morup, 

1998) have shown that the net effect of the dipolar interactions reduce the average energy 

barrier of the particles. However, the predictions of both models fail to explain some 

experimental results. There have also been numerous research on numerically simulating 

the dipolar interactions and studying their effect on the magnetization. Most of them 

concluded that for each particle, every adjacent or neighbor dipole creates an additional 

field at the location of the particle which negatively affects the external local field 

(verified by multiple papers). Thus, the local field is less than the external applied field. 

Hence the magnetization is suppressed with increasing dipolar interactions. 

3.3.1.1.1 T
*
 model 

In 2001, Allia et al. proposed a model which is capable of explaining a significant 

number of experimental results published in the literature. I briefly describe their model 

here and mention some of the experiments that verified this model. Based on these facts, 

I believe that this model is the most efficient and simplest model proposed so far in the 

literature and I recommend it for the material characterization for design and synthesis of 

superparamagnetic nanoparticles for imaging purposes.  

The model described in Allia et al., 2001, usually denoted as the T
*
 model, is a 

perturbation to the Langevin equation (which is valid for non-interacting 

superparamagnetic nanoparticles) and introduces a proper transformation in the argument 

of Langevin function. In this way, a different magnetic regime, called “interacting 

superparamagnetic” emerges. In their study, Allia et al., 2001 applied their proposed 

model to the particular case of Cu90Co10 granular ribbons (Cu matrix with embedded 
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cobalt nanoparticles with 10 % volume fraction). They fit the measured magnetization 

curves over a wide temperature range with a simple single formula.  

The basic idea of the T
*
 model is that the random dipolar interactions among the 

particles disrupt the order of the individual superparamagnetic nanoparticles arising from 

the applied magnetic field, with high frequency (10
9
 Hz), just like the effect of thermal 

agitation in disorienting the particles away from the applied magnetic field. 

The dipolar interactions result in a vector field at the location of each moment. 

This field, a random function of both space and time, reduces the initial rate of approach 

to saturation for the ensemble of particles at a particular temperature. This field is not 

large enough to overwhelm the superparamagnetic feature of the system but it introduces 

perturbations which could be accounted for by changing the argument of the Langevin 

function. The role of the dipolar local field is exactly like temperature, thus the modified 

Langevin equation can be written as 

s a
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M kT

 
  

 
,                                          (3.13.a) 

where Ta is the apparent temperature defined by 
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aT T T  ,                                             (3.13.b) 

and T
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 is a parameter related to the rms dipolar energy, εD: * D
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 ,                      (3.13.c) 

and 2 3/D d  where d is the average interparticle distance and α is the proportionality 

constant deriving from the sum of all dipolar energy contributions (this value cannot be 

obtained from the first principles, see Allia et al., 1997, Morish 1966, and Kittel, 1968). 

Hence, the Langevin equation is modified to 
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and to 
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for magnetic susceptibility 

where T
*
 can be written as 
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where Ms = nm with n being the number density of the nanoparticles and m the magnetic 

moment of each individual nanoparticle. 

Combining Equations (3.13.d) and (3.14) for low magnetic field values, the 

magnetic susceptibility is calculated by 
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for a mono-disperse particle system, and by 
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for a poly-dispersed particle system with ρ defined as 

2

2

m

m
   and m and 2m  being 

the average values of the particle moment and its square obtained from the true 

distribution of the particle size (for more details, see Allia et al, 2001, appendix section). 

The distribution of particle moment is usually assumed to be log normal, shown and 

verified by O’Grady and Bradbury, 1983. 

Thus, by plotting 1/χ, n and α are easily determined from which T
*
 can be 

calculated for mono-dispersed particles. n and α are calculated similarly for poly-

dispersed particles. Allia et al, 2001 found a linear dependence of the quantity ρ/χ for a 

wide temperature range. The values of T
*
 obtained by this procedure change significantly 

from sample to sample. This parameter can also be written in the form 
2
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    ,                                           (3.16) 
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with v being the average particle volume, x the particle volume fraction, Md
FM

 is the 

saturation magnetization of the bulk ferri- or ferromagnetic material, 
FM

dm M v is the 

average particle moment, and
3

d v x . Hence, T
*
 depends on temperature (because 

Md
FM

 depends on temperature, see Equation (2.13)), average particle volume (size), and 

particle concentration (x). The value of T 
*
is measured experimentally. There is no 

accurate correlation developed as of data. 

The described theory suggests that the particle sizes determined from the 

conventional analysis of magnetization curves (using Langevin equation) are 

systematically underestimated for interacting particles (more than 5% volume 

concentration). This theory states that there is another magnetic regime, called interacting 

superparamagnetic regime (ISP), different from superparamagnetic regime (SP). The 

magnetization of particles in the ISP regime is characterized by Equations (3.13.a) to 

(3.13.d). The SP regime is characterized by Equations (3.10) to (3.11.c).  The “critical” 

particle volume that separates the SP and the ISP regime at any given temperature is the 

volume for which T
*
equals T: 
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.                                               (3.17) 

For a given temperature, the ISP regime dominates when ISPv v and the SP regime 

dominates when ISPv v ; vISP diverges as T approaches Tc with Ms tending to zero. 

Also, the original Langevin equation (Equation (3.10)) indicates that the magnetization 

scales with H/T. Hence, if we plot the normalized magnetization curves at different 

temperatures vs H/T, the curves coalesce. However; the modified Langevin equation 

(Equation (3.13.d)) implies that the normalized magnetization no longer scales with H/T, 

especially for large values of T
*
 (i.e., in the presence of strong dipolar interactions). 
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For sufficiently dilute solutions, the particles cross over from the 

superparamagnetic regime to single-domain blocked regime directly. This transition only 

depends on the properties of the individual nanoparticles, such as their size and their 

magnetic anisotropy. However, for more concentrated nanoparticle systems, when the 

interparticle interactions are no longer negligible, the particles migrate from the SP to the 

intermediate ISP regime, and then to the blocked (single-domain) regime where the 

moment is locked inside the particle. Thus, if the interparticle interactions are significant, 

the magnetic behavior of the system depends on both the intrinsic particle properties as 

well as the dipolar coupling. These transitions in magnetic regimes are illustrated in 

Figure 3.7, taken from Allia et al., 2001. 

 

 

Figure 3.7: Magnetic regime diagram for Co particles (composition: Cu90Co10) with 

magnetization and anisotropy values of bulk Co, taken from Allia et al., 

2001. SP = superparamagnet, ISP = Interacting Superparamagnet, B = 

Blocked state. 

3.3.1.1.2 Limitation of the T
*
 model 

The introduced model does not take into account the magnetic anisotropy 

(crystalline or shape) of the individual nanoparticles. Therefore, for interacting particles 

with significant anisotropy energy, the magnetization values at high values of magnetic 
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field are not accurate. Especially at low temperatures and high values of magnetic field, 

the T
*
 model may not accurately describe the magnetization. For geophysical imaging 

purposes, we operate at low values of magnetic field. The temperature at subsurface 

reservoirs is relatively high. Thus, the magnetic anisotropy does not affect our range of 

interest. Moreover, as will be shown later in this chapter, the magnetic anisotropy does 

not affect the values of magnetization at low magnetic field values; it only affects the 

magnetization values at high magnetic fields. Hence, the magnetization and low-field 

magnetic susceptibility are not affected by magnetic anisotropy for all practical 

geophysical purposes. Therefore, the T
*
 model is appropriately applicable geophysical 

sensing of superparamagnetic nanoparticles. 

3.3.1.1.3 Experimental validations of the T
*
 model 

Several studies applied the T
*
 model and verified it against experimental results. 

Allia et al., 2001 applied the model to different sized Cu90Co10 granular ribbons. Their 

values of T
*
are listed in Table 3.4. 

<R> (nm) T
*
 (at 300 K) α 

4.2 3310 11.2 

5.3 5960 10.4 

2.6 1170 16.7 

1.4 210
a
 17.8 

1.5 55
b
 2.4 

2.2 215 4.3 

2.4 270 3.0 

2.4 325 6.0 

Table 3.4: T
* 

and α values that characterize the intensity of interaction among the 

particles in a Cu90Co10 system for particles of different average radii at T = 

300 K. The volume fraction of cobalt particles in all samples is 10%. 
a
T=251 K; 

b
T=244 K. 

Tartaj et al., 2004 studied the magnetic behavior of superparamagnetic iron 

nanoparticles (4-7 nm) confined inside the submicron-sized spherical silica cages (around 
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150 nm) for biomedical imaging applications. The data for the four samples follow the 

linear trend predicted by Equation (3.15.b). The results therefore support the ISP regime 

introduced by Allia et al., 2001. The values of T
*
 and the relevant properties of their 

samples are summarized in Table 3.5. Their measurements show that the Md (saturation 

magnetization) values of the iron nanocrystals can be smaller than the bulk value (220 

emu/gr Fe). For iron crystals larger than 7 nm, the saturation magnetization is almost 

equal to that of the bulk. These observations are consistent with the model presented by 

Hendriksen et al., 1993 which predicts variation of saturation magnetization with 

temperature and particle size. The measured anisotropy constants are close to that of the 

bulk values (4.8 x 10
4
 jm

-3
) according to Table 2.4. According to Table 3.5, samples F1 

and F4, with larger values of particle size and large volume fraction, possess larger values 

of T
*
, whereas this value is almost zero for samples F2 and F3. Thus, samples F2 and F3 

behave like ideal non-interacting superparamagnets at room temperature. They also 

reported that the blocking temperature is insensitive to particle volume fraction and thus 

does not depend on the interparticle interactions. 

Sample F1 F2 F3 F4 

D (nm) 6.9 (0.5) 5.2 (0.5) 4.4 (0.5) 7.3 (0.5) 

Ms (emu/g Fe) 205 180 160 210 

KR (x 10
4
 jm

-3
) 5 6 5 4 

Fe/(Fe+SiO2) (wt%) 15 15 15 25 

Fe/(Fe+SiO2) (vol%) 5.62 5.62 5.62 10.1 

T
*
 (K) 360 0 0 450 

Table 3.5: The physical and magnetic properties of the samples studied in Tartaj et al., 

2004. The T
*
 values are calculated at room temperature. 

Vargas et al., 2005, studied spherical iron nanoparticles with narrow size 

distribution and different concentrations dispersed in paraffin and verified the role of 

dipolar interactions on the macroscopic magnetic behavior of the system. They analyzed 
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their experimental data using the T
* 

model and obtained an excellent agreement. Through 

considering the interparticle interactions, they managed to find the magnetic moment and 

the structural parameters that are consistent with the values measured by small angle x-

ray scattering (SAXS) and transmission electron microscopy (TEM). They also reported 

that the blocking temperature increases with increasing particle volume concentration 

unlike Tartaj, et al., 2004. The particles of their experiment are coated with organic 

material to prevent from aggregation, resulting in pure dipolar interaction and completely 

suppressed exchange interactions. The particle mean diameter is 7.1 nm with very narrow 

size distribution (σ = 0.08 based on TEM image and 0.17 based on SAXS data). 

The researchers studied four samples with dilutions of 0.05, 0.5, 5, and 45 % mass 

of colloid/mass of paraffin, named C005, C05, C5, and C45, respectively. The volume 

fraction of the iron nanoparticles in each sample is 0.0057, 0.057, 0.57, and 4.9 %, 

respectively (density of paraffin is 0.9 gr/cc and iron 7.874 gr/cc). They also precipitated 

their initial batch and obtained iron nanoparticles in powder form (with no paraffin 

present) and measured the magnetization. The magnetization data for samples C005 and 

C05 are strongly influenced by the demagnetizing effect of paraffin (due to extremely 

small concentrations) and are thus removed from the rest of study.  

Following the T
*
 model, these researchers obtained the value of T

*
 for three 

different samples, listed in Table 3.6. The values of T
* 

are underestimated in this study 

because the authors normalized the magnetization to saturation magnetization at 20 K and 

did not consider the variation of the saturation magnetization with temperature. They still 

obtain the correct and consistent trend among samples, however. The T
*
value increases 

with increasing particle concentration. The size distribution obtained after applying the T
* 

model agrees very well with the structural data (TEM and SAXS). This study is the first 
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experimental test of the T
* 

model using a well behaved system consisting of truly isolated 

spherical nanoparticles with narrow size distribution. 

Sample Fe volume fraction (%) T
*
 (K) 

C5 0.57 51.7 

C45 4.9 76.1 

Powder 100 196.1 

Table 3.6: The values of T
* 

taken from Vargas et al., 2005. The ρ parameter in the T
* 

model is calculated using the SAXS volume distribution and is equal to 1.13. 

Brandl et al., 2005 studied the magnetic behavior of superparamagnetic cobalt 

(Co) nanoparticles (2-4 nm in diameter) dispersed in an amorphous insulating SiO2. The 

samples they used are Cox(SiO2)1-x where x takes two values of 0.25 and 0.35 

(Co0.25(SiO2)0.75 and Co0.35(SiO2)0.65) (the subscripts denote weight percentages). Both 

samples possess a log-normal distribution for the particle diameter. For the 

Co0.35(SiO2)0.65 sample, the median diameter is d0 = 3.2 nm (σd = 0.43) and for the 

Co0.25(SiO2)0.75 sample, d0 = 2.8 nm (σd = 0.23). These researchers applied the T
* 

model to 

their experimental data and obtained the values of T
*
 at two different temperatures. These 

values are listed in Table 3.7. The T
*
 is not a strong function of temperature. Also, the 

value of T
* 

changes drastically when changing the weight percentage from 25% to 35%. 

The volume percentage of the two samples are 9.02 % and 13.8 %, respectively (density 

of cobalt is 8.9 gr/cc and SiO2 2.648 gr/cc).  

Sample T
*
 (300 K) T

*
 (100 K) 

Co0.25(SiO2)0.75 29.8 K 30.8 K 

Co0.35(SiO2)0.65 211.9 K 196.5 K 

Table 3.7: T
* 

values at two different temperatures for samples in Brandl et al., 2005. 

Using the T
* 

values, Brandl et al. 2005 computed the true (corrected) value of the 

mean particle diameter for each of the samples at different temperatures. Without 
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applying the T
* 

model and with direct using of the simple Langevin function, the mean 

particle diameter increases with temperature, which is unphysical. With application of the 

T
* 

model, however, the mean particle diameter is constant with temperature. This value is 

slightly smaller than that measured with TEM for both samples. There are a number of 

reasons preventing a perfect match between the results of the T
*
 model and the TEM 

measurements: 

(a) The analysis of TEM images is tedious and subject to errors. The frontiers of the 

grains are not always perfectly clear, and very small particles can be neglected, 

shifting the distribution slightly to larger particle sizes. 

(b) The value of saturation magnetization used in this study is that for bulk cobalt. 

This value can be strongly affected with size (Hendriksen et al., 1993). 

Nevertheless, the data in the literature on this effect is dispersed.   

(c) At high particle concentrations, some particles may touch each other, leading to 

strong exchange interactions that could significantly alter the macro-scale 

magnetization behavior.  

Binns et al., 2002 investigated iron nanoclusters in silver matrix. They used both a 

Monte Carlo numerical simulation and an experimental approach. Both their 

experimental technique and the numerical approach allow the particles to be in direct 

contact. Hence, the effect of exchange interaction is significant in their study. When the 

particles touch each other, the exchange forces dominate (even at low volume fractions, 

e.g. 10%) but when the particles are not in direct contact, the dipolar forces dominate. 

The exchange forces, unlike the dipolar forces, tend to increase the magnetization and the 

low-field magnetic susceptibility. For iron nanoclusters in silver matrix with volume 

fraction of 10%, they obtained T
*
 = 94 K (shown in Table 3.8). The particle size 
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distribution is log normal with a median particle diameter of 2 nm and a standard 

deviation of 1.  

Fe volume fraction (%) T
* 

10 94  

Table 3.8: T
* 

value for iron nanoparticles dispersed in silver at T = 300 K.  

3.3.1.1.4 Numerical validation of the T
*
 model: Monte Carlo simulations 

The need to study inter-particle interactions effects on the magnetization of 

randomly oriented magnetic nanoparticle systems in detail requires the use of numerical 

techniques such as Monte Carlo simulations. Chantrell et al., 2000 argued that although 

the analytical models provide an insight and intuition about the interaction effects, they 

involve significant approximations. They developed a Monte-Carlo (MC) model to study 

the effects of dipolar interactions on the magnetization curves of single-domain particle 

systems. They showed that for a superparamagnetic fine particle system, the  

magnetization is suppressed with increasing particle volume concentration.   

Kechrakos and Trohidou, 2000 studied the dipolar interaction of the particles and 

simulated its impact on the magnetization numerically using a Monte Carlo approach. 

They found that the dipolar interactions act to lower the normalized magnetic response 

(M/(φMd) vs H) of the system, so that M(H)/(φMd) approaches saturation at a much 

slower rate than the corresponding curve for the non-interacting particles, consistent with 

the T
*
 model predictions. They did not consider the exchange forces and anisotropy 

energy of the nanoparticles and considered only dipolar interactions among the particles 

and the interaction of each particle moment with the applied magnetic field.  

Binns et al., 2002 also investigated the interparticle interactions. They also 

considered exchange interactions among the particles in the systems in which the 

particles are allowed to touch each other and become in direct contact. They also 
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accounted for the anisotropy of each individual particle. They concluded that in such 

systems, the influence of exchange interactions is significant, even at low volume 

fractions (10%). The exchange forces are short range forces (and thus operate only in 

contact) and improve magnetization; whereas dipolar forces act in longer ranges and 

usually frustrate the magnetization. Including exchange forces in the Monte Carlo 

simulations increases the magnetization as well as low-field magnetic susceptibility.  

For geophysical imaging purposes, we are looking into using the 

superparamagnetic nanoparticles in fluid environment (i.e. ferrofluids). Hence, it is 

critically important that the particles be appropriately coated to prevent aggregation and 

blocking the pores and the throats of the formation. Therefore, exchange forces are 

negligible due to their short range of operation; hence they are not considered in this 

dissertation. 

The total energy of a system of nanoparticles is the sum of the energies of the 

individual constituent nanoparticles and the interparticle interactions, 
i

i

E E  , where 

the most general energy term for each particle (Ei) is 

       
    2

3

 

 int int

ˆ ˆˆ ˆ ˆ ˆ3
ˆˆ ˆ ˆ ˆ ˆ

i ij i ij i j

i i i i i j

j jij
Magnetic anisotropyMagnetostatic

Exchange eractionsDipolar eractions

s R s R s s
E h s H k s e g J s s

R

   
        ,     (3.18) 

where îs and îe are the unit vectors in the direction of magnetic moment (spin) and 

anisotropy axis of the i
th

 particle, and ˆ
ijR D is the center-to-center distance between the 

particles. The energy parameters in Equation (3.18) are the Zeeman energy, h = mH 

(where m is the magnetic moment of each particle), the dipolar energy, 2 3

0 / 4g m D   

, the anisotropy energy, k = KV, and the effective exchange energy, J. For details, see 

Binns et al., 2002). 
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Mao et al., 2008 studied the dipolar interactions in ferromagnetic nanoparticle 

systems using a Monte Carlo simulation approach. They only considered the 

magnetostatic, magnetic anisotropy, and the dipolar interaction terms of Equation (3.18). 

They found that the magnetic behavior of such systems cannot be simply described by the 

T
*
 model at relatively low temperatures due to the interplay between the magnetic 

anisotropy and dipolar interactions, as well as the spatial arrangement effect. Their 

simulations indicate that the anisotropy dominates the deviation from the Langevin 

equation in low particle volume concentrations, whereas the dipolar interaction becomes 

more significant with increasing particle volume concentration. The spatial arrangement 

of the particles also affects the magnetization, especially at high values of magnetic field. 

For geophysical imaging application, the low-field magnetization and high temperature 

conditions are considered; therefore, the T
*
 model is reasonably adequate for modeling 

the superparamagnetic nanoparticles for subsurface applications. 

Al Saei et al., 2011 studied the effect of a distribution of dipolar interaction fields 

on the magnetization of superparamagnetic nano-granular systems using a general 

Monte-Carlo model. The particle diameter distribution is assumed log-normal with 

median diameter Dm = 6 nm. They simulated the room temperature (normalized) 

magnetization curves at different particle volume concentrations. Their calculations 

indicate that the (normalized) magnetization curves are always depressed with increasing 

volume concentration. In their simulations, they considered the particle anisotropy 

energy, magnetostatic energy, and the dipolar interactions (the first three terms in 

Equation (3.18)). They also noted that the (reduced) magnetic susceptibility
2
 of the 

system changes as 
0

c

T T
 


where c is a proportionality constant and T0 is a parameter 

                                                 
2 By reduced magnetic susceptibility means the initial slope of reduced magnetization curve (M/(φMd) vs 

H). 
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that increases with increasing the particle volume fraction (consistent with the T
*
 model). 

They refuted the hypothesis that the dipolar interaction fields are negative. Instead, they 

concluded that the reduction in magnetization is associated to the non-linear response of 

the magnetization to the applied field, which weighs the negative interactions more 

strongly than the positive ones. Hence, the nonlinear response of the magnetization is 

equally important as the sign of the interaction field. 

3.3.1.1.5 Implications of the T
*
 model 

In this section, the magnetic behavior of a hypothetical sample with properties 

close to those discussed in the literature is studied using representative T
*
 values to 

determine the range of ferrofluid magnetic permeability. Initially, mono-dispersed 

dispersions with iron particles 7 nm in diameter and 5% volume fraction are assumed. 

Also, bulk values of saturation magnetization are assumed.  

Figure 3.8 shows the magnetization of this hypothetical sample and compares 

them with the original Langevin function (T
*
 = 0 curve) based on Equations (3.10) and 

(3.13.d). Table 3.9 also shows the susceptibility values when considering the particle 

interaction and compares them with the susceptibility obtained from the original 

Langevin function. The data indicate that including the interparticle interactions 

suppresses the magnetic susceptibility of a ferrofluid below the Langevin value, up to 

50% in the worst case scenario (T
*
 = 360 K). One can conclude that for such a sample, 

the magnetic permeability is within the range of [2.22, 3.14]. 
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Figure 3.8: Magnetization behavior of a ferrofluid with iron nanoparticles with 7 nm in 

diameter and 5% volume fraction at room temperature taking into account 

the particle interaction. The red curve identifies the Langevin equation 

(Equation (3.10)) and the other curves are calculated based on Equation 

(3.13.d) for T
*
 model. 

 Langevin (T
*
 = 0) T

*
 = 76.1 K T

*
 = 360 K 

Permeability 3.68 3.14 2.22 

Table 3.9: The susceptibility values for a ferrofluid with iron nanoparticles of 7 nm in 

diameter and 5% volume fraction at room temperature. The data show how 

including the interparticle interactions suppress the magnetic susceptibility of 

a ferrofluid below the Langevin value. The T
* 

values are based on Tartaj et 

al., 2004 and Vargas et al., 2005. 

3.3.2 Size and size distribution effect 

The magnetization and the low-field magnetic susceptibility of monodispersed 

ferrofluids increase with the size of nanoparticles due to the increase in the moment of 

each particle (Figure 3.6). As Equation (3.12.c) shows, the magnetic susceptibility 

depends on the volume of each particle (and thus the cube of diameter, d
3
). However, 

increasing the size of the particles increases their dipolar interactions, too. The dipolar 

interactions, as discussed in the previous section, tend to suppress the magnetization. 
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It is possible to examine a poly-dispersed ferrofluid. Assuming the probability 

distribution of the magnetic moment of a nanoparticle system is f (m) where m is the 

moment of each individual particle (equal to 
3

0 0
6

d dm M V M d


   , see Equation 

(3.11.c)), the magnetization of a ferrofluid with non-interacting particles is calculated as a 

weighed sum of Langevin functions (see Equations (3.10) and (3.11.a)) 

   
0

M n mL f m dm


  ,                                      (3.19.a) 

with α defined in Equation (3.11.b), L the Langevin function defined in Equation (3.10), 

and n the number density of particles. At the saturation limit, L (α) = 1:  

 
0

sM n mf m dm



  ;                                   (3.19.b) 

thus, 

   

 

0

0

s

mf m L dm
M

M
mf m dm










,                                (3.19.c) 

with 
3

0 0
6

d dm M V M d


   . Thus, one can calculate the magnetization of a ferrofluid 

by knowing either the size distribution of the particles. Numerous researchers consider a 

log-normal distribution for the particle diameter or volume in a nanoparticle ensemble, 

based on their experimental results (Al Saei et al., 2011, Claesson et al., 2007, Morup and 

Hansen, 2007, Brandl et al., 2005, Caizer, 2003, Goya et al., 2003, Wiekhorst et al., 2003, 

and Rosensweig, 2002, Batlle et al., 2002, Binns et al., 2002, Kliava, 1999, Jamon et al., 

2001, Ferrari et al., 1997, O’Grady et al., 1993). Few authors have considered Gaussian 

distribution for particle volume (Vargas et al., 2005, Garcia-Otero, et al., 2000). In this 

study, a log-normal distribution is considered for particle diameter. Assuming a log-

normal distribution for particle diameter results in a log-normal distribution for particle 
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volume and particle moment, with different mean and standard deviations. The log-

normal distribution and all its pertinent properties are described in Appendix B of this 

dissertation as well as the relationship between the size distribution of diameter and the 

particle moment. 

3.3.2.1 Implications of poly-dispersed dispersions 

We can examine the effects of poly-dispersion by picking a realistic dispersion 

and comparing to the mono dispersed ferrofluid. Let’s use the data of Tartarj et al., 2004 

and Vargas et al., 2005 and compare the magnetization values including the size 

distribution with equivalent mono-dispersed solutions. Assuming the median of the 

diameters of the samples (d0) is 6.9 nm, and σ = 0.5 for Tartaj et al., 2004 sample, and d0 

= 7.1 nm with σ = 0.17 for Vargas et al., 2005, the size distribution of the particles is 

depicted in Figures 3.9.a and 3.9.b. The latter has a much narrower size distribution.  

 

  

(a) (b) 

Figure 3.9: (a) Particle size distribution for the sample used in Tartaj et al., 2004 with d0 

= 6.9 and σ = 0.5. (b) Particle size distribution for the sample used in Vargas 

et al., 2005 with a narrower distribution, d0 = 7.1 nm with σ = 0.17. 
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The mean particle diameter in the size distribution in Figure 3.9.a is 7.82 nm (see 

Equation B.5). In the following two plots of Figure 3.10, I compare the magnetization 

and magnetic susceptibility of the above sample with a mono-dispersed sample with 

diameter of 7.82 nm. The poly-dispersed ferrofluid has a magnetic susceptibility 2.60 

times larger than that of the mono-dispersed ferrofluid. The particle interaction is not 

accounted for in the following plots. 

The mean particle diameter in the size distribution in Figure 3.9.b is 7.2 nm (see 

Equation B.5). In the following two plots of Figure 3.11, I compare the magnetization 

and magnetic susceptibility of the above sample (as in Figure 3.10.b) with a mono-

dispersed sample with diameter of 7.2 nm. The poly-dispersed ferrofluid has a magnetic 

susceptibility 1.19 times larger than that of the mono-dispersed ferrofluid. The particle 

interaction is not accounted for in the following plots. Figures 3.10 and 3.11 indicate that 

the narrower the size distribution, the less effect it has on the magnetic susceptibility. 

Wide size distribution enhances the magnetization due to including larger nanoparticles 

with larger magnetic moments (m). According to Langevin equation (Equation (3.10.c)), 

the low-field magnetic susceptibility depends on d
3
. Table 3.10 shows the magnetic 

permeability values of the two samples considered in this section. The equivalent mono-

dispersed particle diameter, deq, is chosen to be the mean diameter in the size distribution 

curves of Figure 3.9. 
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(a) (b) 

Figure 3.10: Comparison of a poly-dispersed ferrofluid with an equivalent mono-

dispersed one. The d0 of the ferrofluid is 6.9 nm and σ is 0.5, as depeicted 

in Figure 3.9.a. The mono-dispersed ferrofluid nanoparticles have a 

diameter of 7.82 nm, equal to the mean diameter in the size distribution of 

Figure 3.9.a. (a) Magnetization curve for poly-dispersed vs. mono-

dispersed magnetic fluids at a fixed volume concentration of 5%. (b) 

Initial magnetic susceptibility for poly-dispersed vs. mono-dispersed 

magnetic fluids for different volume concentrations. The poly-dispersed 

ferrofluid has a magnetic susceptibility 2.60 times larger than that of the 

mono-dispersed ferrofluid. 
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(a) (b) 

Figure 3.11: Comparison of a poly-dispersed ferrofluid with an equivalent mono-

dispersed one. The d0 of the ferrofluid is 7.1 nm and σ is 0.17, as depeicted 

in Figure 3.9.b. The mono-dispersed ferrofluid nanoparticles have a 

diameter of 7.2 nm, equal to the mean diameter in the size distribution of 

Figure 3.9.b. (a) Magnetization curve for poly-dispersed vs. mono-

dispersed magnetic fluids at a fixed volume concentration of 5%. (b) 

Initial magnetic susceptibility for poly-dispersed vs. mono-dispersed 

magnetic fluids for different volume concentrations. The poly-dispersed 

ferrofluid has a magnetic susceptibility 1.34 times larger than that of the 

mono-dispersed ferrofluid. 

Sample d0 (nm)  σ deq (nm) Poly-dispersed μ Mono-dispersed μ 

Tartaj et al., 

2004 

6.9 0.5 7.82 8.37 3.83 

Vargas et al., 

2005 

7.1 0.17 7.2 3.63 3.21 

Table 3.10: Magnetic permeability calculation of poly-dispersed vs mono-dispersed 

samples of two samples reported in the literature. 

3.3.3 Temperature dependence 

Increasing the temperature decreases the magnetization and thereby the magnetic 

susceptibility of a ferrofluid as the susceptibility of a ferrofluid is inversely proportional 

to the temperature, according to the Langevin equation (Equation (3.10)) and Equation 

(3.12.c). In addition, the temperature affects the saturation magnetization (see Chapter 2) 
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and also affects the dipolar interaction (for larger particle volume concentrations) which 

can be introduced through T
*
 in the T

*
 model (Equations (3.13.d) and (3.13.e)).  

The magnetization of small ferro- and ferromagnetic particles does not necessarily 

follow the Equation (2.13) which describes the saturation magnetization variation with 

temperature for bulk ferromagnetic materials and depicted in Figures 2.5 and 2.14. Goya 

et al., 2003 studied the static and dynamic properties of spherical magnetite 

nanoparticles. They measured the saturation magnetization of the magnetite particles (in 

emu/gr) and concluded that for the spherical magnetite nanoparticles with average 

diameter of 5 nm (d0 = 5nm) and σ = 1.4, the saturation magnetization varies as 

    3/20 1d dM T M BT    ,          (for magnetite)         (3.20) 

with Md (0) = 51.6 emu/gr (this quantity is 98 emu/gr for bulk magnetite) and B0 = 

3.3x10
-5

 K
3/2

. This relationship is accurate up to around 400 K. Martinez et al., 1996 

showed that the saturation magnetization of maghemite (γ-Fe2O3) nanoparticles with 

diameters ranging from 10 – 15 nm is described by Equation (3.20) but with Md (0) = 

22.4 emu/gr (this quantity is 83.5 emu/gr for bulk maghemite) and B0 = 2.8 x 10
-5

 K
3/2

. 

Lacroix et al., 2008 studied the effect of size reduction on magnetic anisotropy and 

saturation magnetization for iron nanoparticles with a diameter distribution 1.5 ± 0.2 nm 

(σ = 0.5 nm) and concluded that the saturation magnetization changes with 

   2 1d dM T M K bT    ,          (for iron)                   (3.21) 

with α = 1.9 and b = 1.91 x 10
-6

 K
1.9

, Md (2 K) = 193.75 emu/gr (this quantity is 222 

emu/gr for bulk iron). In all of the above cases, the saturation magnetization of the 

nanoparticles is less than that of the bulk and decays faster with temperature.  Figure 

3.12.a compares the saturation magnetization change with temperature for bulk iron 

(based on Equation (2.13)) and for the iron nanoparticles with diameters of 1.5 nm (as in 

Lacroix, et al., 2008) based on Equation (3.21). Figure 3.12.b compares the saturation 
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magnetization of magnetite at bulk scale (based on measurements by Pierre Weiss, 1907) 

and the nano-scale (based on Equation 3.20). Equation (3.20) is valid only up to 400 K, 

below magnetite Curie temperature (585 K). The saturation magnetization is reduced 

significantly in both cases, especially in magnetite (around 50%). The saturation 

magnetization appears as Md
2
 in Equation (3.12.c) for Langevin magnetic susceptibility. 

Thus, reduction in Md decreases the magnetic susceptibility quite noticeably. Such 

experimental results may accompany errors. They are mentioned here to call for attention 

about such an effect. The degree of the accuracy of Equations (3.20) and (3.21) is 

difficult to evaluate only based on the published literature and remains an area of active 

research.  

  

(a) (b) 

Figure 3.12: (a) Comparison of saturation magnetization of iron for bulk and nano-scale. 

The nano-scale data are based on Lacroix, et al, 2008 experiments (see 

Equation (3.21)). (b) Comparison of saturation magnetization of magnetite 

for bulk and nano-scale. The nano-scale data are based on Goya, et al, 2003 

experiments (see Equation (3.20)). The bulk data are based on 

measurements by Pierre Weiss, 1907. 
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Reminder: in order to calculate Md in emu/cc, multiply Md (in emu/gr) by the 

density of the material (density of magnetite = 5.16 gr/cc, iron = 7.874 gr/cc). Also, note 

that Md (A/m) = 1000 Md (emu/cc). 

Figure 3.13 shows magnetic susceptibility at different particle volume fractions 

for a 15 nm diameter mono-dispersed ferrofluid with iron (Figure 3.13.a) and magnetite 

(Figure 3.13.b) nanoparticles. The figure suggests that magnetite ferrofluid is 

significantly affected by the nano-scale reduction of saturation magnetization with 

temperature. Table 3.11 shows the magnetic permeability of both iron and magnetite 

nanoparticle ferrofluids (15 nm mono-dispersed) with and without nano-scale reduction 

of saturation magnetization at 5% particle volume concentration. The data suggest that it 

is quite challenging to achieve high magnetic permeabilities with magnetite 

nanoparticles. The data and figures in this section do not take into account the 

interparticle interactions. 

  
  

(a) (b) 

Figure 3.13: (a) Magnetic susceptibility of iron nanoparticle ferrofluid computed with 

bulk and nano-scale saturation magnetization (see Figure 3.10.a). (b) 

Magnetic susceptibility of magnetite nanoparticle ferrofluid computed with 

bulk and nano-scale saturation magnetization (see Figure 3.10.b). 
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 With nanoscale magnetization With bulk magnetization 

Iron 11.8 21 

Magnetite 1.27 2.07 

Table 3.11: Magnetic permeability of a mono-dispersed ferrofluid with particle diameter 

of 15 nm and volume fraction of 5% at 400 K for iron and magnetite 

nanoparticles computed using the saturation magnetization at bulk and nano-

scale. 

3.3.4 Effect of magnetic crystalline and shape anisotropy 

It is possible to examine the effect of both crystalline and shape anisotropy on the 

magnetic properties of an ensemble of magnetic nanoparticles. Equation (3.17) can be 

simplified for the total energy of an ellipsoidal single-domain magnetic nanoparticle 

(schematic shown in Figure 3.14) in the absence of dipolar and exchange interactions 

with uniaxial anisotropy 

   2 4 2

1 2 0

  

, , sin sin sin cos cos sin sin cosi i i s i s i

Crystal anisotropy Shape anisotropy Magnetostatic

E K V K V K V M HV               

, (3.22.a) 
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, (3.22.b) 

for a particle with cubic anisotropy, where Ei is the energy of each particle, K1 and K2 are 

crystalline anisotropy constants (K2 is usually negligible), and Ks is the shape anisotropy 

constant. 

For a particle system with uniaxial anisotropy, we define two dimensionless 

parameters as 
eff

B

K V

k T
  and 0 d

B

M VH

k T


   with Keff = K1 + Ks (including both the shape 

and magnetocrystalline anisotropy). Hence, 
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          .              (3.23) 

 

Figure 3.14: Schematic of a single-domain ellipsoidal ellipsoidal particle in a magnetic 

field H, showing the relevant angles between the field, the anisotropy axis z, 

and the magnetization vector, M. 

Based on Figure 3.14, the net magnetization of an ensemble of particles is the 

vector sum of all the individual particle moments projected along the magnetic field 

vector. The probability of a particle to exist in the general state depicted in Figure 3.14 is 

proportional to the Boltzmann factor (Hanson et al., 1993) 
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.                             (3.24) 

The average magnetic moment of the particles in the direction of the applied 

magnetic field, with random anisotropy axis direction making an angle ψ with the applied 

magnetic field is 
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. (3.25.a) 

For an ensemble of superparamagnetic nanoparticles with random anisotropy axis 

direction, the average magnetic moment is 
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2

0

1
sin

2
m m d



    .                           (3.25.b) 

For more details on how to calculate the average magnetic moment using 

Equation (2.49b), see Chantrell et al., 2000, Morup and Hansen, 2007, Fang et al., 2009, 

Hanson et al., 1993, Margeat et al., 2010, Wiekhorst et al., 2003, Respaud 1999, Carrey 

et al., 2011, Tannous et al., 2008, and Usov and Grebenshchikov, 2009. Figure 3.14 

shows the magnetization calculated based on Equation (3.25.b) for different values of the 

reduced magnetic anisotropy, σ (
eff

B

K V

k T
  ). The magnetic anisotropy suppresses the 

magnetization and the magnetization is always below the Langevin equation values 

(which is valid for isotropic particles). Therefore, the effect of particle anisotropy, which 

includes both crystal and shape anisotropy, is similar to the effect of dipolar interaction 

among the particles in that they both decrease the magnetization. However, the decrease 

in magnetization due to magnetic anisotropy is only significant at high values of 

magnetic field. Respaud, 1999 mathematically proved that for sufficiently small values of 

magnetic field (for 1   where   is the dimensionless magnetic field 0 d

B

M VH

k T


   

with Md the saturation magnetization of the particle, H the magnetic field, T the 

temperature, and V the particle volume), the low-field susceptibility is unaffected. Carrey 

et al., 2011 demonstrated the same fact. At low values of the magnetic field, the magnetic 

anisotropy does not affect the magnetization, unlike the interparticle dipolar interactions 

which affect the magnetization at both low and high values magnetic field. Hence, the 

low-field magnetic susceptibility is almost unaffected by the magnetic anisotropy (shape 

and crystalline) and the Langevin (Equation (3.10) and (3.12.c)) and modified Langevin 

(Equations (3.13.d) and (3.13.e)) Equations both suffice for describing the magnetic 

behavior of dispersions of anisotropic nanoparticles at low magnetic fields. Changing the 



 101 

particle shape does not result in any change in low-field magnetic susceptibility. 

However, as shown in Table 3.3 in Section 3.2.2, non-isotropic particles (non-spherical 

such as needle or disk) result in smaller superparamagnetic critical volume for particles. 

This means that for non-spherical particles, the volume of each particle should be smaller 

than for spherical nanoparticles in order to operate at superparamagnetic regime. The 

shape anisotropy limits the range of the superparamagnetic regime (due to increase in 

Keff) and reduces the critical volume of the nanoparticles below which 

superparamagnetism occurs. Thus, spherical particles are more advantageous compared 

to other shapes for geophysical imaging applications. For the same volume, elongated 

particles will be more stable, and therefore tend to remain in the ferromagnetic state 

(blocked regime). This is best visible schematically in Figure 3.a of Johnsen and 

Lohmann, 2008, and repeated in Figure 3.16. With increasing aspect ratio of a magnetite 

crystal, the critical superparamagnetic volume increases while the critical single-domain 

decreases (Table 3.3). Therefore, for optimized imaging capability at low values of 

magnetic field, it is more reasonable to make spherical particles (isotropic in shape) 

rather than non-spherical (anisotropic in shape) nanoparticles.  
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Figure 3.15: Numerical calculations of the magnetization curves for different values of 

the reduced magnetic anisotropy, σ, which includes both the shape and 

magnetocrystalline anisotropy. Magnetic anisotropy does not affect the 

magnetization at low values of magnetic field, thereby leaving the low-field 

magnetic susceptibility unchanged. The magnetization at high values of the 

normalized magnetic field ( 1  ) is suppressed below the Langevin values 

(identified with the dashed green curve).  

 

Figure 3.16: The behavior of magnetite crystals depends on their volume and aspect 

ratio. Large particles separate into multiple domains, while small particles 

are superparamagnetic, their moments tumbled by thermal fluctuations. In 

the yellow region, crystals are single domain. With decreasing aspect ratio 

(deviating from spherical shape), the critical superparamagnetic volume 

decreases while the critical single-domain increases (see Table 3.3 of this 

chapter). (Figure taken from Johnsen and Lohmann, 2008). 
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3.3.5 Magnetic relaxation of nanoparticles: frequency dependence 

There are two mechanisms by which the magnetization of a colloidal ferrofluid 

can relax with changing the applied magnetic field (Rosensweig, 1995). In the first 

mechanism, the relaxation occurs due to particle rotation in the liquid ferrofluid. This 

mechanism has a hydrodynamic origin (Frenkel, 1955). In the second mechanism, the 

relaxation occurs due to the rotation of the magnetic moment inside the particle. In solid 

ensembles of superparamagnetic nanoparticles or in frozen ferrofluids, only the second 

mechanism is active (already described earlier in this chapter). 

In the first mechanism, the particle rotation, is governed by Brownian rotation 

with a diffusion time of τB given by 

03 H
B

B

V

k T


  ,                                                (3.26) 

where VH is the particle hydrodynamic volume (including both the magnetic core and the 

coating), η0 is the ferrofluid viscosity, T is the temperature, and kB is the Boltzmann 

constant. 

The second mechanism, already discussed in Section 3.2.2, is related to the 

rotation of the magnetic moment within each particle. For a single-domain uniaxial 

magnetic anisotropy in the absence of an applied magnetic field, the magnetization vector 

has two equilibrium orientations, both along the easy axis of the particle, but in opposite 

directions. An energy barrier equal to EB (introduced earlier) must be overcome for the 

magnetic moment to go from one equilibrium direction to another. The amount of the 

energy barrier depends on the type of anisotropy; for uniaxial anisotropy, EB = K Vm 

where K is the anisotropy constant and Vm is the particle magnetic volume (does not 

include the coating volume), for cubic anisotropy with positive anisotropy constant (K1), 

EB = K1 Vm /4, and for cubic anisotropy with negative anisotropy constant (K1), EB = K1 
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Vm /12 where K1 is the first anisotropy constant and V is the particle volume. If the energy 

barrier is much smaller than thermal energy (kBT) (i.e. EB << kBT), the thermal agitation 

induces random moment fluctuations between the equilibrium states inside the 

nanoparticle with a characteristic time τN, first recognized by Néel (1949, 1953) given by 

0

1
exp B

N

B

E

f k T


 
  

 
,                                            (3.27) 

where f0 is the attempt frequency (inverse of τ0 defined in Equation (3.4)) with an 

approximate value of  10
9
 Hz which is largely independent of temperature and field. 

If τN << τB, relaxation occurs by the Néel mechanism, and the material is called 

“intrinsic superparamagnetic”. If, on the other hand, τN >> τB, the Brownian motion 

dominates the relaxation and the material is said to be “extrinsic superparamagnetic”. If 

the minimum of the two time constants is larger than the time scale of the measurements 

(or in our case the inverse of the frequency), the material is no longer superparamagnetic 

and is in its bulk ferro- or ferrimagnetic state.  

The transition from Néel to Brownian relaxation occurs for a particle diameter 

obtained by equating respective time constants (τN = τB). The implicit relationship from 

which one finds the transition particle diameter is  

0 03
exp H

B

V f

k T


  ,                                           (3.28) 

with B

B

E

k T
  . The magnetic and hydrodynamic volumes of the particle which appear in 

Equations (3.26) and (3.27) (through EB) are different. The hydrodynamic volume 

includes both the magnetic core and the polymer (non-magnetic) coating of the particle; 

whereas the magnetic volume only includes the magnetic core of the particle. The 

hydrodynamic and magnetic volumes are related by 

3

1H MV V
R

 
  

 
where δ is the 
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thickness of the non-magnetic coating with VH and VM being hydrodynamic and magnetic 

volumes, respectively.  

Figure 3.17 shows the variation of the transition diameter with temperature with 

the carrier fluid viscosity of 1 cP for three magnetic materials, magnetite, iron, and cobalt 

assuming that the magnetic and hydrodynamic diameters are equal (δ = 0). At larger 

diameters, the relaxation is dominated by Brownian relaxation whereas at smaller values 

of particle diameter, the relaxation is governed by Néel relaxation. Please note that since 

the critical single-domain diameter for iron is 19 nm at 400 K (see Table 3.3), its 

relaxation is mostly governed by Néel phenomenon.    

 

Figure 3.17: Transition from Néel to relaxation for a ferrofluid of viscosity 1 cP with 

temperature for cobalt, magnetite, and iron.  

The time-varying magnetic induction results into heating the colloidal magnetic 

fluid (ferrofluid). The heating of ferrofluid is particularly important in hyperthermia 

applications with immense potentials in medical treatments. Here, I describe the 

dissipation relationships developed by Rosensweig, 2002 based on rotational relaxation 

of single-domain magnetic particles dispersed in a liquid matrix. Please note that eddy 
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current heating is negligible due to the small size of the particles (usually less than 15 

nm).  

If the magnetization lags the magnetic field, the magnetic energy is converted into 

increasing the internal energy of the ferrofluid. Only when the magnetic susceptibility of 

the ferrofluid is complex, there would be a lag between the magnetization and the 

magnetic field. If we express the magnetic susceptibility of the ferrofluid as 

i     ,                                           (3.29) 

then the volumetric power dissipation is (Rosensweig, 2002) 

2

0 0P f U fH    ,                                    (3.30) 

where f is the frequency of the applied magnetic field and H0 is its amplitude. Equation 

(3.30) suggests that only the imaginary part of the magnetic susceptibility contributes to 

power dissipation (and heat generation). Rosensweig, 2002 show that the real and 

imaginary parts of the magnetic susceptibility of a ferrofluid are given by 
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.                                           (3.31.b) 

In Equations (3.31.a) and (3.31.b), χ0 is the value of the magnetic susceptibility at zero 

frequency (DC limit), ω is the angular frequency (ω = 2πf), and the equivalent τ is given 

by 

1 1 1

B N  
  ,                                                   (3.32) 

with τN and τB defined in Equations (3.26) and (3.27). Please note that Equation (3.32) is 

based on the fact that both Néel and Brownian relaxations occur in parallel. Figure 3.18 

shows the variation of the time constants τN and τB and the effective equivalent time 

constant, τ for magnetite nanoparticles at T = 400 K in a ferrofluid with viscosity of 1 cP. 
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For smaller particles, Néel relaxation takes over whereas for larger particles, Brownian 

relaxation dominates.  

 

Figure 3.18: Time constant vs. particle size for magnetite nanoparticles. 

Figure 3.19 shows the real and imaginary parts of the magnetic susceptibility as a 

function of frequency at T = 400 K for a ferrofluid viscosity of 1 cP for particles with 

radius of 7 nm. The figure suggests that the real and imaginary parts have values that 

cross at the peak value of  , which is in accordance with Fanin, 1996. The crossover 

occurs at ωτ = 1 where both real and imaginary components are equal to 0.5.  
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Figure 3.19: Frequency dependence of real and imaginary parts of a monodispersed 

ferrofluid magnetic susceptibility. The ferrofluid has a viscosity of 1 cP and 

the particles are made of magnetite with radius of 7 nm. 

Both relaxation mechanisms lead to a superparamagnetic behavior, described in 

its simplest form by the Langevin law. The relaxation mechanisms only affect the 

dynamic aspects of the magnetic fluids. In this work, however, due to the low operation 

frequencies considered, the dynamic behavior of ferrofluids is not of interest. As shown 

by Figure 3.19, at frequencies lower than 100 Hz, the real part of magnetic susceptibility 

is almost constant and the imaginary part is negligible for particle size of 7 nm.  

Increasing the particle diameter changes the curves of Figure 3.19. Claesson et al., 

2007 investigated micron sized spherical silica particles with embedded nano-sized cobalt 

ferrite nanoparticles. They found experimentally that the crossover (where ωτ = 1) occurs 

at a frequency of about 10 Hz for such large particles. 

3.3.6 Sample calculation of the magnetic permeability of a ferrofluid including all 

the effects 

For the remainder of this section, I first consider a ferrofluid with similar 

properties as the sample studied in Vargas et al., 2005. I assume that the ferrofluid 

contains iron nanoparticles with d0 = 7.1 nm and σ = 0.17. The volume fraction of the 
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particles is 4.9%. For such a mixture, the value of T
*
 is 76.1 K. The operation 

temperature is taken to be 400 K. I also assume the temperature variation of the saturation 

magnetization follows Equation (3.21). This is called sample, A. Table 3.12 shows the 

values of the magnetic permeability of sample A refined with correcting for the effect of 

size distribution, interparticle interactions (T
*
 = 76.1 K), and temperature variation of the 

saturation magnetization. 

 Next, I consider three hypothetical mono-dispersed ferrofluids having particles 

16 nm in diameter at 5% volume concentration, one with magnetite and two other ones 

with iron particles (samples B, C and D). The saturation magnetization of magnetite 

nanoparticles in sample B follows Equation (3.20) and iron nanoparticles follow Equation 

(3.21) for variation with temperature. I subsequently compare their magnetic 

susceptibilities taking into account the interparticle interactions (except for the magnetite-

based sample as information for T
*
 is not available). The T

*
 value for sample C is set to 

76.1 K, same as that of sample A. The T
*
 value for sample D is extrapolated based on the 

value for sample A and Equation (3.16) which states that T
*
 scales with the average 

particle volume (or equivalently with d
3 

where d is the particle diameter) and assuming 

that α does not vary significantly with particle diameter. The two T
*
 values chosen for 

samples C and D are minimum and maximum values for a 16-nm diameter iron-based 

ferrofluid; hence, for such a ferrofluid, the magnetic permeability varies between 5.12 

and 12.01, based on Table 3.13 which shows the magnetic permeability for samples B, C, 

and D. 
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Sample A No particle 

interaction, mono-

dispersed 

No particle 

interaction, Poly-

dispersed  

Particle 

interaction, 

poly-dispersed 

Magnetic 

permeability 

2.20 2.42 2.19 

Table 3.12: The magnetic permeability of a poly-dispersed iron-based ferrofluid with 

size distribution similar to the sample used in Vargas et al., 2005 (d0 = 7.1 

nm and σ = 0.17) at 4.9% volume fraction of the particles taking into 

account the effect of size distribution, interparticle interactions (T
*
 = 76.1 

K), and temperature variation of the saturation magnetization (based on 

Equation (3.21)). The first column is the magnetic permeability of the 

equivalent mono-dispersed ferrofluid (the particle diameter is equal to the 

mean of the particle diameter distribution). 

Sample Magnetic permeability 

B (magnetite, T
*
 = 0 K) 1.27 

C (iron, T
*
 = 870.1 K) 5.12 

D (iron, T
*
 = 76.1 K) 12.01 

Table 3.13: The magnetic permeability of hypothetical mono-dispersed magnetite- and 

iron-based ferrofluids with particle diameter of 16 nm at 5% volume 

concentration. The saturation magnetization of magnetite nanoparticles in 

sample B follows Equation (3.20) and iron nanoparticles in samples C and D 

follow Equation (3.21). The interparticle interaction for magnetite (sample 

B) is not considered in this table as this information is not available for 

magnetite. The T
*
 value for sample D is set to be equal to 76.1 K, same as 

that of sample A. The T
*
 value for sample C is extrapolated based on the 

value for sample A and Equation (3.16). 

3.4 EFFECTIVE MEDIUM THEORY CALCULATIONS FOR MAGNETIC PERMEABILITY 

In this section, I describe how to calculate the effective magnetic permeability 

when the ferrofluid is injected into a subsurface formation with given petrophysical 

properties such as porosity and residual saturations. The goal of the effective medium 

theory calculations in this chapter is calculating the resultant magnetic permeability of the 

rock when ferrofluid is injected as a function of ferrofluid magnetic permeability, rock 

magnetic permeability, rock porosity, residual oil saturation, and irreducible water 
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saturation. Throughout this chapter, I assume the rock is non-magnetic (μr, rock = 1). The 

magnetic permeability of the ferrofluid is calculated based on all the preceding sections 

in this chapter.  

The effective permeability and the effective permittivity of a composite or a 

mixture are governed by the same mixing rules (Rozanov et al., 2012, Sihvola, 2002, 

Sihvola, 1999). A number of mixing rules have been proposed in the literature (see 

Sihvola, 1999). The most commonly used mixing rules are the Maxwell Garnett 

approximation (MGA) 
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and the Bruggeman effective medium theory (EMT) 
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,                                (3.33.b) 

where μeff is the effective magnetic permeability of the composite, μi is the magnetic 

permeability of the inclusion, μe is the magnetic permeability of the matrix, and f is the 

volume fraction of the inclusions within the matrix. Both Equations (3.33.a) and (3.33.b) 

are for spherical inclusions. Also note that both equations satisfy the limiting cases: 

for 0f  , eff e  ,                                                                                               (3.34a) 

and for 1f  , eff i   .                                                                                          (3.34b) 

If the inclusions have shapes other than spherical, both MGA and EMT equations 

should be modified. In case of MGA, the modified equation for randomly oriented 

ellipsoidal inclusions is  
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where Nj’s are the demagnetization factors of the ellispoid along x, y, and z directions, 

respectively: 
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,                          (3.35.b) 
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,                                 (3.35.c) 

1y x zN N N   ,                                             (3.35.d) 

with ax, ay, and az the semi-axes of the ellipsoid in x, y, and z directions and the 

incomplete elliptic integrals defined as 
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For prolate ellipsoids (ax > ay = az) 
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and  
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where the eccentricity is 2 21 y xe a a  . For oblate ellipsoids (ax = ay > az)  
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  . For instance, the case of randomly oriented needles gives 
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and for randomly oriented discs, Equation (3.35) yields 
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The Bruggeman equation (EMT) for the case when the inclusions are randomly 

oriented ellipsoids is 
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with Nj’s defined in Equations (3.35.b) to (3.37.b). There are three important differences 

between the MGA and the EMT equations. The first is the fact that MGA equation gives 

explicitly the value of the effective magnetic permeability as a function of inclusion and 

matrix magnetic permeabilities and also the volume fraction of the inclusions. The EMT 

equation, on the other hand, is an implicit equation relating the effective magnetic 

permeability with the properties of inclusions and the matrix. The second difference is 

that the EMT equation balances both mixing components with respect to the unknown 

effective medium, using the volume fraction of each component as weight (f for the 

inclusions and 1 – f for the matrix). Although not explicit for the effective magnetic 

permeability (μeff), the EMT formulation is more attractive in that it treats the inclusions 

and the matrix symmetrically. A matrix and its complement (which appears through the 

transformation 
i e  , 

e i  , 1f f  ) have exactly the same effective magnetic 

permeabilities. The MGA equation, however, is inherently nonsymmetric. Host and guest 

are not contributing on an equal basis to the effective permeability in MGA, unlike EMT 

which treats both the host and the guest equally. This is of course not to be required of 

MGA model as the geometric structure of the mixture is non-symmetric in the first place. 

The third distinction between the two models is that the Bruggeman mixing rule predicts 

the percolation phenomenon (abrupt change in the effective magnetic permeability with 

increasing particle concentration) for high contrasts between the magnetic permeability of 
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the inclusion and the matrix while MGA does not. Such a percolation is verified in 

experiments and numerical simulations (Adler, 1989 and Sihvola, et al., 1994). In both 

EMT and MGA, only the volume fraction of the guest phase is important. Neither EMT 

nor MGA include information about the individual magnetic particle inclusions such as 

their size distribution.  

Moreover, both of the mixing rules are quasi-static formulations, and the 

frequency dependence of the effective material parameters appears mainly due to the 

frequency dependence of the properties of the inclusions, with some possible effect of 

dispersive parameters of the matrix. Also, both MGA and EMT require, for time-

dependent magnetic fields, that the inclusion size not be larger than the skin depth of the 

wave in a lossy medium. The skin depth is equal to 
2

i i
with μi and σi being the 

magnetic permeability and conductivity of the inclusion and ω the angular frequency of 

the time-varying magnetic field. The wave propagation properties of the fields are 

excluded from both treatments. The results derived are valid for quasi-static problems 

whose limit can be formulated approximately as 
2





  where δ is a measure of the 

inclusion size and λ is the wavelength. 

Since the problem of effective medium modeling of any sample of a random 

medium does not have an exact analytical solution, some researchers attempted to solve 

this problem numerically. Typically, for this type of simulations, the sample is sliced into 

small cells and the fields are solved in a finite number of points. Numerous researchers 

use the Finite Difference Time Domain (FDTD) approach for solving the full set of 

Maxwell’s equations for solving the fields in a finite region. The method is also suitable 

for quasi-static problems (for more details, see Taflove, 1995). 
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Pekonen et al., 1999 evaluated the effective permittivity of randomly homogenous 

two-dimensional mixtures using FDTD. From their simulations, one can conclude that 

the Bruggeman mixing law is a quite reasonable prediction for the effective permittivity, 

although it gives rather an overestimation (Sihvola, A., 1999, Page 173). Moreover, when 

clustering effects are allowed, the Bruggeman prediction is closer to simulations, whereas 

if the inclusions are all separate spheres, the results are in better agreement with MGA 

(Sihvola, 2002).   

Although calculating the effective magnetic permeability of a mixture does not 

have an exact analytical formulation, there are bounds and limits which determine the 

range of the effective magnetic permeability. The bounds are usually formulas like any 

mixing rule: functions of the magnetic permeability of the constituent components and 

the inclusions volume fraction, but not their inner structure. In this chapter, I mention 

four series of bounds starting with the least strict ones and ending with the strictest ones. 

The first bounds, which are the most intuitive are 

   min , max ,e i eff e i      .                                 (3.41) 

The second bounds, called the Wiener bounds are 
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.                             (3.42) 

The upper bound corresponds to the volume average of the permeabilities and the lower 

bound is the average of the inverse of the permeabilities. These cases represent the 

effective permeability of the mixture where the inclusions are plates, all aligned, and the 

magnetic field is either perpendicular to the plane of the plates or parallel to it. In the first 

case the demagnetization is maximized and the contribution to the effective magnetic 

permeability is minimized whereas in the second case the demagnetization is minimized, 

thereby maximizing the contribution to the effective permeability. 
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The third bounds are given by Hashin and Shtrikman (1962) 
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.                             (3.43) 

The lower limit is exactly the MGA for spherical inclusions and the upper limit is the 

inverse MGA with the guest phase treated as host and vice versa. 

The fourth bounds, sharper than the previous ones, are given by various 

researchers (Milton, 1981, Helsing, 1993, and Felderhof, 1984). Assuming μi > μe, these 

bounds are 
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where, for symmetric inclusion cells, we have 

  1 9 1

2

f G
f

 
  ,                                 (3.44.c) 

and G is called Miller parameter and Helsing computed a value of 0.14 for cubical cells 

(1/9 < G < 1/3). All of the above bounds are valid only when the magnetic permeability 

of both the inclusions and the matrix are real values. With complex values, the bounds 

may be violated. 

For the remainder of this section, Bruggeman mixing law is used to calculate the 

effective magnetic permeability of the rock when the ferrofluid is injected into the 

formation assuming the ferrofluid as spherical inclusions. The Hashin-Shtrikman and 
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Helsing bounds are also calculated as the error bars of the effective magnetic 

permeability estimates.
3
  

Figure 3.20 shows the effective magnetic permeability calculations based on 

Bruggeman mixing law and the three important bounds on the effective magnetic 

permeability. In all of the panels, the horizontal axis shows the volume fraction of 

ferrofluid within the rock. The volume fraction of the ferrofluid is basically the available 

volume in the rock where the ferrofluid could occupy. Its maximum value is obtained 

from the porosity, irreducible water saturation, and the residual oil saturation of the 

reservoir. For example, if the porosity of the rock is 30% and both the irreducible water 

saturation and residual oil saturation are equal to 10%, the maximum volume percentage 

that a water-based ferrofluid could occupy is 27% of the rock (porosity (1- residual oil 

saturation) = 0.3 x (1 – 0.1) = 0.27).  

Figure 3.20 suggests that for smaller values of ferrofluid magnetic permeability, 

the curves are fairly close to each other (Figures 3.20.a and 3.20.b for Samples A and B) 

whereas for larger values of ferrofluid magnetic permeability, the bounds are farther apart 

(Figures 3.20.c and 3.20.d for Samples C and D). Table 3.14 lists the effective magnetic 

permeability values of the hypothetical rock described in the last paragraph saturated with 

the four different samples discussed in Tables 3.12 and 3.13. Table 3.15 lists different 

bounds on magnetic permeability.  

                                                 
3 The assumption of spherical inclusions is a reasonable one in that the shape of the grains in subsurface 

porous media is usually approximated by spheres and the Bruggeman mixing rule treats both inclusions and 

host equally. 
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(a) (b) 

  

(c) (d) 

Figure 3.20: Bruggeman mixing law and the three important bounds on the effective 

magnetic permeability for the ferrofluid with magnetic permeability of (a) 

1.27 (Sample B), (b) 2.19 (Sample A), (c) 5.12 (Sample C), and (d) 12.01 

(Sample D). In all of the subfigures, the horizontal axis shows the volume 

fraction of ferrofluid within the rock. 

Finally, I calculate the effective magnetic permeability of the rock saturated with 

the ferrofluid samples discussed at the end of the previous section (see Tables 3.12 and 

3.13). All samples are assumed to be dispersed in water. The porosity of the rock is 30% 

and the residual oil saturation is 10%. Therefore, the volume percentage that the 

ferrofluid could occupy is 27% of the rock. The effective magnetic permeability of the 

rock is reported based on Bruggeman mixing law. The bounds of the magnetic 
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permeability are also calculated. The important conclusions are finally discussed and 

recommendations are made for the continuation of this work. 

Sample Effective magnetic permeability 

A 1.23 

B 1.06 

C 1.56 

D 1.99 

Table 3.14: Magnetic permeability of the hypothetical rock saturated with each of the 

samples described in Tables 3.12 and 3.13. The rock porosity is 30% and the 

residual oil saturation is 10%. The ferrofluid can occupy up to 27% of the 

rock.   

Sample Wiener  Hashin-Shtrikman Helsing 

A [1.15, 1.29] [1.22, 1.24] [1.23, 1.23] 

B [1.05, 1.07] [1.06, 1.06] [1.06, 1.06] 

C [1.24, 1.99] [1.48, 1.77] [1.55, 1.63] 

D [1.28, 3.64] [1.70, 2.98] [1.87, 2.42] 

Table 3.15: Different bounds on the effective magnetic permeability of the hypothetical 

rock saturated with each of the samples A, B, C and D described in Tables 

3.12 and 3.13. The rock porosity is 30% and the residual oil saturation is 

10%. The ferrofluid can occupy up to 27% of the rock.   

3.5 SUMMARY, CONCLUSIONS, AND FUTURE WORK 

In this chapter, an extensive literature review besides a comprehensive data 

analysis is performed to characterize the magnetic properties of ensembles of magnetic 

nanoparticles. The chapter begins with a discussion on the clearly distinct magnetic 

behavior of the materials at nano scale compared to bulk scale. Subsequently, the 

magnetic permeability of the ferrofluid is calculated considering important properties of 

the mixture, such as interparticle interaction, temperature, particle size distribution, 

applied frequency, and shape of the particles. Finally, a comprehensive discussion and 

computation procedure is proposed to estimate the effective magnetic permeability of the 

saturated rock after injecting a ferrofluid. The data and material compiled in this chapter 
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help identify the realistic magnetic permeability of the nanoparticle-containing rock with 

appropriate engineering of the magnetic nanoparticles.  

The main conclusions from this study can be summarized as follows: 

 Although there is quite valuable experimental work reported in the literature 

discussing the properties of ensembles of iron nanoparticles, much less has been 

done on magnetite nanoparticles. Even the data related to small iron 

nanoparticles seem quite dispersed, especially regarding characterizing the 

interparticle dipolar interactions. 

 For particles larger than 10 nm in diameter, little work has been done for both 

iron and magnetite nanoparticles. 

 The literature containing extensive discussion on the effective properties of 

ensembles of magnetic nanoparticles are mostly focusing on solid mixtures, i.e., 

composites. Less data are available for ferrofluid characterization. For example, 

there are numerous articles on the effect of interparticle interaction on the 

magnetic permeability of solid mixtures, but very little methodical and 

organized research framework is developed for ferrofluids.  

 The change in some of the bulk properties of the material with size reduction (to 

nano-scale) can play an important role in determining the magnetic permeability 

of the ferrofluids. One important example of this is the saturation 

magnetization. There are a few studies in the literature on this; but one needs 

more data and experiments to verify the reported results and also identify the 

realistic magnetic permeability of the ferrofluid made of different materials. 

Moreover, the effect of temperature on saturation magnetization can be quite 

important. There are some data reported in the literature; but it is challenging to 

extrapolate those to other mixtures under different conditions. 
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 The compiled data suggest that it is indeed challenging to raise the magnetic 

permeability of the rock above 1.2 using magnetite nanoparticles. Iron 

nanoparticles, on the other hand, are much more promising due to their 

ferromagnetic nature compared to the ferrimagnetic nature of magnetite.  

 Even with iron nanoparticles, the magnetic permeability of the rock cannot 

exceed 2 under realistic conditions. Temperature, saturation magnetization 

reduction, and dipolar interparticle interaction prevent the increase in the 

magnetic permeability of the ferrofluid even in dense solutions. 

 The particle interaction affects the magnetic permeability of the ferrofluid 

drastically. Several models are proposed in the literature. One of these models, 

called the T
*
 model is the most robust one. This model incorporates the 

interparticle dipolar interactions through a parameter, denoted by T
*
, which is 

added to the temperature in the Langevin equation and can be obtained through 

experiments. Before starting to consider injecting a ferrofluid into the 

formation, this parameter should be carefully measured. The procedure for 

acquiring this parameter is extensively discussed in this chapter.  

 The effect of clustering of individual nanoparticles on the magnetic 

permeability is not appropriately recognized in the current literature. Based on 

the current available data, one could hypothesize that clustering would improve 

the magnetic permeability due to the possible occurrence of exchange forces. 

Algorithmic experiments are required to verify or refute this hypothesis.  

 The coating of the nanoparticles could also affect the particle interactions. 

Experimental study is needed to illuminate this aspect, as well. 

 Based on all of the above mentioned facts, I believe that a series of methodical 

experiments should be carried out to determine the effect of interparticle 
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interactions (and also particle volume fraction), temperature, saturation 

magnetization change with size of the particles, clustering, coating, and material 

(iron or magnetite) on the ferrofluid magnetic permeability.  

Having this information at our disposal with properly characterized ferrofluid, one 

can exactly determine the quantity of the particles required to achieve a certain amount of 

anomaly in the magnetic field response. This information will be used to test the 

electromagnetic response in subsequent chapters for various injection scenarios. 
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Chapter 4: Sensitivity of Dipole Magnetic Tomography to Magnetic 

Nanoparticle Injectates 

Before starting numerical simulations, the sensitivity of magnetic measurements 

to perturbations of magnetic permeability is analytically investigated for a homogeneous 

medium. The results of this study provide us with an insight on how the magnetic 

response is affected with injection of magnetic nanoparticles capable of changing the 

magnetic permeability of the formation rock. This insight prepares us to better understand 

the numerical results in the next chapter. 

In this chapter, the sensitivity of magnetic field measurements to perturbations of 

magnetic permeability is compared with the field sensitivity to conductivity alterations. 

The conductivity perturbations can be caused by different conductivity of the injected and 

formation resident fluid, while the magnetic permeability perturbations by injecting 

magnetic nanoparticles. A simple method is devised for calculating the magnetic 

permeability sensitivity required to solve parametric inverse problems in electromagnetic 

(EM) tomography involving magnetic permeability perturbations. The method is applied 

in 3D and 2D axisymmetric geometries to both crosswell and single-well configurations 

in a homogeneous background. The emphasis here is on the expected measurements 

acquired at very low induction numbers (kr ≪ 1; k being the wave number and r the 

distance) where the wave length or the skin depth becomes an irrelevant scale.  

The results shown in this chapter are also presented in the following publications: 

 Rahmani, A. R., Chen, J., Wilt, M. J., Athey, A. E. (2013). Sensitivity of Dipole 

Magnetic Tomography to Magnetic Nanoparticle Injectates. Journal of Applied 

Geophysics, in review. 

 Rahmani, A. R., Athey, A. E., Chen, J., and Wilt, M. J. Sensitivity of Dipole 

Magnetic Tomography to Magnetic Nanoparticle Injectates. Expanded Abstract 
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presented at SEG 83
rd

 Annual International Meeting, Houston, Texas, September 

22 - 27, 2013. 

4.1 INTRODUCTION 

Electromagnetic (EM) tomography is based on detecting the contrast in 

electromagnetic properties of different subsurface geologic features and fluids in them. 

These properties are electrical conductivity, magnetic permeability, and dielectric 

permittivity. Today, electromagnetic tomography in oil and gas industry is performed 

through crosswell tomography. Crosswell EM measurements are emerging as an 

important reservoir characterization and monitoring tools, adding to the understanding of 

reservoir heterogeneity and fluid front evolution (Sanni et al. 2007, Marion et al. 2011). 

While traditional well log data provide high resolution measurements of the formation 

very close to the wellbore, and surface-based methods provide a large volume of 

investigation but very coarse resolution, crosswell measurements bridge this information 

gap by imaging the interwell region at the reservoir scale (Marion et al. 2011). In 

crosswell measurements, usually low frequencies (tens of kHz and less) are employed to 

increase the depth of investigation, especially in conductive areas.  

A typical EM system consists of a transmitter that broadcasts a time-varying 

magnetic field and multiple receivers that detect the field at some distance away. For 

conventional EM tomography, the recorded magnetic fields are a combination of the 

primary field of the transmitter and the secondary fields produced by currents induced in 

the electrically conductive formation. The ratio of scattered, or secondary field, to 

primary magnetic field depends upon conductivity, frequency, and borehole separation 

(Wilt et al. 1995). Whenever possible, the source and receiver are placed at regularly 

spaced intervals below, within, and above the depth of interest (Alumbaugh et al. 2008). 
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The collected data are interpreted via an inverse technique whereby an initial model 

constructed mainly through logs and background geology is adjusted by an inversion 

procedure, until the observed and calculated data fit within a given tolerance. This 

process results in building an image of the interwell conductivity structures (Montaron et 

al. 2007).  

 As of now, the only EM property of interest for deep EM readings has been 

electrical conductivity. The sensitivity of electromagnetic tomography to conductivity 

perturbations is discussed extensively in the literature (Alumbaugh, 1993; McGillivray et 

al., 1994; Wilt et al., 1995; Spies and Habashy, 1995). In this chapter, however, I briefly 

provide plausibility on generating magnetic permeability contrast and subsequently 

derive a formulation for the sensitivity of electromagnetic tomography to magnetic 

permeability perturbation. These sensitivity functions quantify the change in the EM 

response as a result of perturbing regions in space, usually performed on a grid-by-grid 

basis. The goal of computing sensitivity functions is to identify which parts of the 

modeling space affect the measured EM response more than other parts. Hence, the 

sensitivity functions, sometimes referred to as Fréchet derivatives, yield valuable 

information about how a given source-receiver pair senses the medium between and 

around the transmitter and receiver.  

Despite the sensitivity to conductivity perturbations, the sensitivity to magnetic 

permeability perturbations has received only cursory attention (Sakashita and Shima, 

1993). The derivation in this chapter for sensitivity to magnetic permeability perturbation 

is proven to be substantive and therefore, can be used in solving dynamic inverse 

problems. The method is general and can be applied to any configuration using 

appropriate numerical forward electromagnetic code. This method is applied to study the 

impact of magnetic permeability perturbations in a homogeneous background for both 
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crosswell and single-well configurations considering both 3D and 2D axisymmetric 

perturbations. It will later be shown that the sensitivity analysis results are consistent with 

quasi-static electromagnetics at low induction numbers (and frequencies). To assess the 

value of this new EM contrast, the magnetic permeability contrast is compared with the 

results from an existing formulation for sensitivity to electrical conductivity.  

In the previous chapter, magnetic nanoparticles serving as contrast agents 

modifying the magnetic permeability of rock were extensively discussed. The capability 

to generate magnetic permeability contrast combined with existing technology for 

electromagnetic tomography, makes imaging the magnetic nanoparticle cloud in the 

reservoir intriguing. Tracing magnetic contrast agents could potentially help illuminate a 

waterflood and track the flood-front in secondary and enhanced oil recovery processes. 

Further, the magnetic nanoparticles could be used to assess hydraulic fractures and 

measure some of the important parameters such as fracture length, width, azimuth, and 

spacing. Moreover, reservoir properties that affect the flow pattern and flow paths, such 

as areal and vertical reservoir heterogeneity, could potentially be inferred through 

monitoring the particles. 

4.2 SENSITIVITY THEORY AND FORMULATION 

Since magnetic nanoparticles perturb the magnetic permeability of the flooded 

zones, their capability of serving as contrast agents can be evaluated through computing 

the sensitivity of EM measurements to magnetic permeability perturbations and 

comparing the results to the sensitivity to conductivity perturbations. McGillivray et al. 

(1994) derived the sensitivity equation to conductivity perturbations and showed that it is 

obtained by solving two boundary-value problems which are identical except for their 

source conditions. Inspired by this work, a similar approach is considered for magnetic 
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permeability sensitivity. I assume a spatial domain D with boundaries D  which is 

described by an arbitrary distribution of electrical permittivity ε(x), background 

conductivity σb(x), and a variable magnetic permeability µ(x). 

Operating in a conductive medium at low frequencies, displacement currents can 

be ignored (Ward and Hohman, 1988). Maxwell’s equations in this regime, assuming a 

harmonic time dependence e
iωt

, become  

i   E H Ms ,                               (4.1.a) 

 i    H E Js ,                            (4.1.b) 

where E and H are the electric and magnetic field strengths due to the imposed electric 

and magnetic current densities Js and Ms. The boundary condition for such a problem is 

        n U n n U S ,                                   (4.2) 

where α and β are constants, and U is either E or H, and S is either surface magnetic (SE) 

or surface electric (SH) currents.  

Establishing a spatial grid of M elements where an individual grid can be 

referenced by the k
th

 subscript, the magnetic permeability distribution can be represented 

as  

   
1

M

k k
k

   


x x ,                                      (4.3) 

where µk are real constants and ψk (x) are chosen basis functions. The value of ψk (x) is 

one if x is located in the k
th

 grid and zero otherwise. Substituting (4.3) into (4.1.a) and 

(4.1.b) and taking derivative with respect to µk, we obtain the magnetic permeability 

sensitivity functions 

i ik
k k

  
 

 
   

 

E H
H ,                        (4.4.a) 
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k k

 
 

 
  

 

H E
.                           (4.4.b) 

Now, we consider an auxiliary Maxwell problem: 

i   E H Ms ,                              (4.5.a) 

 i    H E Js ,                          (4.5.b) 

where the electric and magnetic sources, Js and Ms are fictitious auxiliary sources. 

These sources will be placed at the location of the receiver. Likewise, E and H  are 

auxiliary electric and magnetic sources, respectively due to Js and Ms . The boundary 

condition for the auxiliary problem changes slightly from the primary problem (Equation 

(4.2)) and is: 

    0     n U n n U .                            (4.6) 

The source in the auxiliary problem does not include any boundary surface 

electric or magnetic charge. Solving the auxiliary problem allows us to exploit the duality 

between source and receivers, helping to compute the sensitivities, with particular 

emphasis on k H  in this study. 

Now, considering the following vector identity 

            A B B A A B ,                         (4.7) 

we combine Equations (4.4) and (4.5): 

   

k k

k k k k

 

   

  
         

      
                      

H E
E H

H H E E
E E H H

.    (4.8) 

Using Equations (4.5.a) and (4.5.b) after algebraic manipulation, we obtain 

i k
k k k k


   

    
                

H E H E
E H M J H Hs s

.              (4.9) 
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Integrating (4.9) over D (arbitrary region in space) using divergence theorem 

results in 

 

ds

k kD

i dvk
k kD

 

 
 

  
         

  
     
   

H E
E H n

H E
M J H Hs s

.                   (4.10) 

The left-hand side of Equation (10) is zero if the domain D is extended to infinity. 

In this case, all field values of E , H , and 

k





E
vanish because they are assumed to be 

caused by finite sources. Even for a finite domain, the left-hand side of Equation (4.10) is 

zero. The proof is explained in Appendix C of this dissertation. Thus, Equation (4.10) 

takes the form 

   dv i dvk
k kD D

 
 

  
          

H E
M J H H xs s .           (4.11) 

where Js and Ms are auxiliary electric and magnetic sources, respectively, and H  is 

the magnetic field as a result of the auxiliary electric and magnetic sources (i.e., the 

solution to the auxiliary problem). 

4.2.1 Assumed model 

In order to implement Equation (4.11) in a subsurface formation setting, a 

reservoir model is built consisting of a gridded geometric space and locations for source 

and receiver to reveal sensitivities to either magnetic permeability or electrical 

conductivity changes anywhere in the space. Here, I consider computing the sensitivities 

by perturbing the property of a small grid (Figure 4.1). The transmitter is located at the 

origin and the receiver is located either in a second borehole some distance away from 

the source (Figure 4.1.a) or in the transmitter well, similar to well logging (Figure 4.1.b). 
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Although proposed formula here is general and works for any combination of frequency, 

conductivity, and borehole separation, I consider the homogeneous background because 

the analytical solution is available for both the primary and auxiliary magnetic fields 

(Cheng, 1989), making the sensitivity calculations much simpler. 

For this geometry (Figure 4.1), whether the receiver is in another borehole or in 

the transmitter well, setting  0i    R zM M x x ns sz and 0Js  in 

Equation (4.11) yields the sensitivity of the vertical component of the magnetic field 

measured at  , ,R R Rx y zRx (location of the receiver) 

 
 

1

0

Hz dvk
k D


 


  



Rx
H H xmz ,                    (4.12.a) 

where H is the solution to the primary field (due to the vertical magnetic dipole (VMD) 

source identified in both Figures 4.1 and 4.2) and Hmz  is the magnetic field as a result 

of the auxiliary and fictitious vertical magnetic dipole source Ms  at the location of the 

receiver positioned at  , ,R R Rx y zRx (or the solution to the auxiliary problem). The 

reason we are primarily interested in the vertical component of the magnetic field is the 

borehole geometry which extends vertically and thus, it is practically easier to acquire 

measurements in this direction. For 3D sensitivity analysis, each grid is 1 m x 1 m x 1 m 

in x, y, and z directions, respectively. We approximate the magnetic field at each grid 

equal to its value at the center of the grid. Thus, any gradient of both the primary and 

auxiliary magnetic fields within each grid is ignored. Therefore, Equation (4.12.a) for 

each grid element (or k
th

 grid) simplifies to 

 
     

1 1

0 0D

Hz dxdydz x y zk
k


  

  
      

 
R

k k

x
H H x H x H xmz mz , 

(4.12.b) 
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where , ,th th thk grid k grid k grid
x y z

 
  
 

kx  is the location of the k
th

 grid. Both H and 

Hmz  are assumed invariant inside each grid and computed at the grid center. As 

mentioned above, Δx=Δy=Δz=1 m for all the grids and the volume of each grid is 

therefore 1 m
3
. Therefore, Equation (4.12.b) quantifies the changes in the vertical 

component of magnetic field (i.e., secondary magnetic field) measured at the location of 

the receiver (xR, yR, zR). For computing sensitivity of the horizontal component of the 

magnetic field (Hx), the fictitious (auxiliary) source is a horizontal magnetic dipole 

positioned at the location of the receiver  0i   R xM x x nsx  and the 

sensitivity is calculated as 

 
 

1

0

Hx dvk
k D


 


  



Rx
H H xmx ,                    (4.13.a) 

where Hmx  is the magnetic field as a result of the fictitious horizontal magnetic dipole 

source at the location of the receiver (  , ,R R Rx y zRx ).Similar to Equation (4.12.a), 

Equation (4.13.a) for k
th

 3D grid simplifies to 

 

 
     

1 1

0 0D

Hx dxdydz x y zk
k


  

  
      

 
R

k k

x
H H x H x H xmx mx

. (4.13.b) 

Both Equations (4.12) and (4.13) require a computation of the dot product of the 

primary and auxiliary magnetic fields at each grid to calculate the sensitivities. These 3D 

formulations are used for the crosswell and single-well configurations shown in Figure 

4.1.a and 4.1.b. 

For a 2D axisymmetric crosswell geometry (shown in Figure 4.2), the grid is 

constructed as thin rings or toroids, as shown in Figure 4.2. For this configuration, we 
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first divide each radial element to 360 smaller radial grids as schematically shown in 

Figure 4.2.b. Next, we compute the sensitivities at each small grid and make a 

volumetrically normalized summation over the azimuthal grids in each ring (or the k
th

 

ring): 

 
 

   

1

0

1 1

20

D

k
k

Hz dxdydzk
k

r r z
r r z

 



 


 

 
 




    

 





R

k k

x
H H xmz

H x H xmz

,                     (4.13.c) 

where , ,k th thk grid k grid
x r z 

 
  
 

 is the location of each azimuthal grid in the k
th

 

(ring) element. Also, Δr=Δz=1 m and ΔΦ=π/180. This volumetrically normalized 

summation keeps the volume of each ring element 1 m
3
 and thus allows us to compare 

the 2D axisymmetric sensitivities with the 3D computations. In this chapter, the assumed 

background conductivity (σb) is 0.05 S/m and the background magnetic permeability (µb) 

is µ0. For the crosswell models, a crosswell distance of 100 m is assumed. For single-well 

calculations, a source-receiver spacing of 25 m is initially considered. 

  

(a) (b) 

Figure 4.1: Homogeneous 3D models for (a) crosswell and (b) single-well 

configurations. 
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(a) (b) 

Figure 4.2: Homogeneous model for 2D axisymmetric crosswell. (a) 3D view and (b) 

map view for a generic grid. 

In order to make relative comparisons between sensitivity of conductivity and 

magnetic permeability, I compute the magnetic permeability and conductivity 

sensitivities as 

b

Hz
Hz





 
and 

Hz
Hz b





 
, respectively, where Hz is the vertical 

component of the primary magnetic field at the location of the receiver, and µb and σb 

identify the magnetic permeability and conductivity of the background, respectively. 

These quantities therefore, provide a measure of the ratio of the secondary magnetic field 

to the primary magnetic field due to perturbations in EM properties over the background. 

By calculating the two parameters, a quantitative comparison can be made. 

4.3 RESULTS 

Taking these models, I investigate the relative importance of key aspects such as 

phase, frequency, source-receiver configuration, and target geometry to each of the EM 

contrasts. I also compare the different detection physics responsible for the magnetic 

contrast versus conventional electrical conductivity contrast. In the first section, I 

investigate the 3D sensitivities as illustrated by Figures 4.1.a and 4.1.b for both crosswell 
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and single-well configurations. In the second section, I look into crosswell EM for a 2D 

axisymmetric target.   

4.3.1 Sensitivity of 3D EM tomography  

4.3.1.1 Impact on in-phase and quadrature contributions 

I start by examining the in- and out-of-phase parts of sensitivity to reveal the 

detection physics at play in crosswell tomography for both magnetic permeability and 

conductivity contrast. Figure 4.3 shows the sensitivity of crosswell EM to conductivity 

and magnetic permeability perturbations at 10 Hz, where the crosswell distance (L) is 

0.14 times the skin depth (δ) (see Cheng, 1989 and Ward and Hohman, 1988 for details 

on skin depth). The color represents the sensitivity values in dB (20*log10). Both x and z 

in the horizontal and vertical axes refer to coordinates shown in the models in Figure 4.2. 

Strong color represents the regions which contribute more to the magnetic field measured 

at the receiver and the light color represents regions with negligible contribution. The 

figure indicates that at such a large skin depth and a low frequency (or induction number 

defined as σbµbfL
2
 where σb represents the background conductivity, µb the background 

magnetic permeability, f applied frequency, and L the crosswell distance), the sensitivity 

to conductivity perturbations is dominated by its imaginary part.  

To have a better understanding to the sensitivity, we can look at its physical 

meaning, i.e., the sensitivity to conductivity is the secondary field caused by perturbation 

of the conductivity at a grid. At low induction numbers, the perturbed conductivity cell is 

equivalent to a galvanic current filament. Consequently, this current filament makes the 

dominant contribution to the secondary magnetic field. Such a secondary field is in 

quadrature with the primary field (Grant and West, 1965). On the other hand, the 

sensitivity to magnetic permeability perturbation is dominated by its real part. This is 
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primarily a DC effect and is due to the fact that the magnetic body acts as a secondary 

magnetic dipole, which is in phase with the primary magnetic field (Chen et al., 2012). 

  

(a) (b) 

  

(c) (d) 

Figure 4.3: 3D sensitivity of cross-well EM at 10 Hz for a typical VMD-VMD system 

shown in Figure (4.1.a). Panels (a) and (b) show real and imaginary parts of 

the sensitivity to conductivity. Panels (c) and (d) show real and imaginary 

parts of the sensitivity to magnetic permeability. Color scales are in dB.  
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4.3.1.2 Frequency dependence of magnetic measurements: quasi-static dipole 

magnetics 

In this section, I compare the sensitivity of magnetic field measurements to 

magnetic permeability and conductivity perturbations at different frequencies. Spies and 

Habashy (1995) showed that the sensitivity of the magnetic field to conductivity 

perturbations improves with increasing frequency. This can be expected and understood 

as secondary inductive response is proportional to square root of frequency. Here the 

response is static with frequency for the magnetic contrast and is better understood as a 

DC effect as secondary dipole creation is depends only on the material properties of the 

perturbed region.   

Figure 4.4 shows the amplitude of crosswell sensitivities to both conductivity (left 

panels) and magnetic permeability (right panels) at frequencies ranging from 10 Hz 

(crosswell distance 0.14 times the skin depth) to 100 KHz (crosswell distance 14 times 

the skin depth). The sensitivity to conductivity is a strong function of frequency for the 

entire frequency range. As the frequency increases, the inductive contribution increases 

linearly in the low induction number range. With increasing inductive contribution, the 

induced secondary magnetic field begins to contribute more to the in-phase component of 

the conductivity sensitivity. The sensitivity to magnetic permeability, however, is largely 

independent of frequency at the low frequency limit (less than 1 kHz in this case). This is 

clearly visible in Figure 4.6 where sensitivities are illustrated along the cross-section 

shown in Figure 4.1.a as dashed red line for different frequencies. Contours are plotted 

for visual aid and represent every 10 dB change. Several interesting observations can be 

made from this figure. The transition from the inductive response to the quasi-static 

response can be observed in the magnetic permeability plot (Figure 4.6.a). Around 1 kHz, 

the anomaly detection changes regimes from a frequency dependent effect to static with 
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frequency. Above this frequency, the magnetic permeability contribution in the 

propagation terms becomes important and the effect is more inductive. At very high 

frequencies, the sensitivity to both magnetic permeability and conductivity become 

similar due to the dominance of induction effect. The lack of a low frequency response 

for conductivity is consistent with the results from the previous studies (Rahmani et al., 

2013, Wilt et al., 2013). 

4.3.1.3 Sensitivity patterns 

In this section, I compare the sensitivity patterns of conductivity versus magnetic 

permeability perturbations. Spies and Habashy (1995) showed that the region 

contributing to the magnetic response of conductivity perturbations is quasi-ellipsoidal in 

shape and encompasses both source and receiver. The sensitivity pattern for conductivity 

contrast includes two side lobes with opposite signs surrounding source and receiver. 

Here, I show a quadrapole pattern for the sensitivity to magnetic contrast, where the sign 

changes between moment aligned and orthogonal poles. 

The sensitivity to both conductivity and magnetic permeability perturbations is 

largest close to the source and receiver (Figures 4.4 and 4.6). In case of magnetic 

permeability, the sensitivity changes very sharply and with a larger rate compared to the 

conductivity sensitivity (Figure 4.6.a). The sharp change in the magnetic permeability 

sensitivity in the proximity of the source and receiver has an important implication. The 

sharper transitions likely facilitate higher resolution imaging with magnetic contrast 

agents in the vicinity of source and receiver through solving the inverse problem.  

The sensitivity pattern due to magnetic permeability perturbations exhibits more 

directivity and is therefore more selective compared to conductivity at low 

frequencies/induction numbers (Figure 4.4). There is a narrow beam connecting the 
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source and receiver in the magnetic permeability sensitivity pattern. The pattern for 

conductivity sensitivity, however, is much more dispersed. Increasing the frequency, 

however, increases the directivity of the conductivity sensitivity and therefore improves 

its discriminative power. Moreover, there are four lobes present around the source and 

receiver for the magnetic permeability sensitivity compared to two lobes in conductivity 

sensitivity. This can help delineating vertical boundaries of magnetic layers inside the 

formation especially if moving the source and receiver upwards or downwards. 

The signs of the real and imaginary parts of the sensitivity also carry important 

information about the resolution and potentials of the EM tomography measurements. In 

Figure 4.4, the signs of the real and imaginary parts are not shown because a logarithmic 

scale is selected to illustrate the data amplitudes. Figure 4.5 shows the signs of the real 

and imaginary parts of conductivity and magnetic permeability sensitivity. The four lobes 

surrounding the source and receiver for magnetic permeability sensitivity are of opposite 

signs. This suggests an improved capability of magnetic contrast agents probing vertical 

boundaries of formation layers in a crosswell configuration. 
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(a) (b) 

  

(c) (d) 

Figure 4.4: Crosswell amplitude of 3D sensitivities for frequencies ranging from 10 Hz 

to 100 KHz for geometry shown in Figure 4.1.a. Panels (a), (c), (e), (g) and 

(i) show the sensitivity to magnetic permeability perturbations. Panels (b), 

(d), (f), (h) and (j) show the sensitivity to conductivity perturbations. Color 

scales are in dB. 



 140 

  

(e) (f) 

  

(g) (h) 

Figure 4.4 continued. 
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(i) (j) 

Figure 4.4 continued. 

4.3.1.4 Low-frequency detection: imaging through casing 

The sensitivity to magnetic permeability perturbations is much larger than the 

sensitivity to conductivity perturbations at low induction numbers (or frequencies) 

(Figures 4.3, 4.4, and 4.6). The fact that the magnetic permeability perturbation is sensed 

much better at low frequencies has an important implication. Steel casing (present in 

most wells) significantly suppresses the propagation of EM signals (Wilt et al., 1996). 

The suppression increases with increasing frequency; however, at low frequencies (or 

equivalently low induction numbers) minimal attenuation is produced. Therefore, 

magnetic nanoparticles could potentially provide a more effective method of imaging 

through steel casing. One important point here is that steel casing is also magnetic, 

and therefore exhibits noticeable sensitivity, especially the pipe segment in the vicinity of 

the source. In order to remove the casing sensitivity from the reservoir data, time lapse 

measurements are required as the casing response does not change with time. 
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4.3.1.5 Interwell illumination 

The magnetic permeability sensitivity is much stronger close to the source or 

receiver and drops off quickly toward the interwell region as shown in Figure 4.4 and 

more emphasized in Figure 4.6. A high density of contours is observed in the proximity 

of the source and the receiver indicating sensitivity to position. On the other hand, the 

conductivity sensitivity, although small in the vicinity of source and receiver, drops less 

toward the interwell region and hence provides significant signal. The sensitivity to 

magnetic permeability perturbation is almost flat in the interwell region and exhibits 

more variation to the conductivity perturbation in the interwell region (Figure 4.6). 

Therefore, at moderate frequencies, the interwell region is better illuminated by the 

conductive contrast agents rather than magnetic agents.  
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(a) (b) 

  

(c) (d) 

Figure 4.5: Crosswell signs of real and imaginary parts of conductivity ((a) and (b)) and 

magnetic permeability sensitivity ((c) and (d)) at 10 Hz frequency, 

corresponding to Figure 4.3. Blue and red represent negative and positive 

values, respectively.  
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(a) (b) 

Figure 4.6: Crosswell amplitude of sensitvity (in dB) at the cross-section shown in 

Figure 4.1.a as the dashed red line. Panel (a) shows magnetic permeability 

sensitivity and (b) shows conductivity sensitivity. Contours represent every 

10 dB change. 

4.3.1.6 Impact of source-receiver configuration: single-well illumination 

In this section, I investigate the measurement sensitivity for the single-well 

configuration shown in Figure 4.1.b, where both transmitter and the receiver are located 

in the same well. In some applications which require high-resolution measurements near 

wellbore, single-well configuration could potentially be preferred, especially to avoid the 

cost of drilling another well. Some of these applications include but are not limited to 

monitoring huff and puff injection scenarios and cyclic steam or CO2 injection. 

4.3.1.6.1 Sensitivity patterns at common induction number 

The radial and vertical resolution of magnetic measurements in a single-well 

configuration is noticeably different for conductivity and magnetic permeability. Figure 

4.7 shows the amplitude of the sensitivity of the single-well EM tomography to 

conductivity and magnetic permeability perturbations for the model shown in Figure 

4.1.b at 160 Hz. At this frequency, the induction number is similar to the crosswell model 
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of Figure 4.1.a at 10 Hz (see Figure 4.3). The sensitivity to magnetic permeability is more 

concentrated and focused near the wellbore whereas the conductivity pattern is more 

diffuse, especially at low frequencies. Similar to crosswell scenario, there are four lobes 

surrounding the source and receiver for the magnetic permeability compared to the two 

lobes in the case of conductivity. Similar to crosswell, these lobes can help identify the 

vertical boundaries of the magnetic layers in the proximity of the wellbore especially 

with moving the source and receiver upwards or downwards. 

Similar to other cases, the signs of the sensitivity also bear important information 

about the performance of the EM tomography measurements. In Figure 4.7, the signs of 

the real and imaginary parts are not shown because a logarithmic scale is selected to 

illustrate the data amplitudes. Figure 4.8 shows the signs of the real and imaginary parts 

of conductivity and magnetic permeability sensitivity at 160 Hz. The figure indicates that 

the lobes surrounding the source and receiver for magnetic permeability sensitivity are of 

opposite signs. This suggests an improved capability of magnetic contrast agents probing 

vertical boundaries of formation layers in a single-well configuration. At the location of 

sign reversal, i.e., 180
o
 phase shift (in either real or imaginary parts), the sensitivity value 

(real or imaginary) crosses over zero. These sign reversals (or zero cross-overs) could 

potentially help improve the horizontal resolution, especially in magnetic permeability 

sensitivity where both real and imaginary parts exhibit such an effect; the conductivity 

sensitivity pattern, however, shows the sign reversal only in the real part, which is 

smaller in magnitude compared to the imaginary part at low frequencies. 

The impact of frequency on the sensitivities is qualitatively similar to the previous 

case. The conductivity sensitivity improves and becomes less diffuse with increasing 

frequency whereas the magnetic permeability sensitivity is largely independent of 

frequency at the low-frequency (low induction number) regime (<1 kHz in this case). 
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Figure 4.9 shows the amplitude of the sensitivity in color along the cross-section (shown 

in Figure 4.1.b as the dashed red line) as a function of frequency. Contours are plotted for 

visual aid and represent every 10 dB change. As with the previous cases, magnetic 

permeability sensitivity is largely insensitive to frequency at small induction numbers, 

unlike the conductivity sensitivity that increases with frequency. The sensitivity to a 

magnetic contrast agent is larger near the wellbore compared to conductivity. However, it 

drops off more quickly with distance from the wellbore compared to conductivity signal. 

Also, at high frequencies, the sensitivity to both magnetic permeability and conductivity 

become similar due to the dominance of induction effect; they both illuminate the near 

wellbore region with more sensitivity compared to low frequencies. 

Also, notice the zero cross-over in Figure 4.9.a (the vertical spike) at a distance of 

7 m in the quasi-static regime. This distance is where the real part of magnetic 

permeability sensitivity (which is much larger compared to the imaginary part) crosses 

over zero and changes sign along the z = 0 cross-cut (Figure 4.8.c). The conductivity 

sensitivity, however, does not exhibit such an effect at low frequencies (Figure 4.9.b), 

because the imaginary part of sensitivity, which is dominant in this case, does not change 

sign anywhere (Figure 4.8.b). Therefore, the horizontal discrimination of the magnetic 

measurements with magnetic permeability measurements improves as a result of the zero 

cross-over (or sign reversal). 
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(a) (b) 

Figure 4.7: Singlewell amplitude of 3D sensitivities for 160 Hz. Panels (a) shows the 

sensitivity to magnetic permeability perturbations and panel (b) shows the 

sensitivity to conductivity perturbations. Color scales are in dB. 
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(a) (b) 

  
(c) (d) 

Figure 4.8: Single-well signs of real and imaginary parts of conductivity ((a) and (b)) and 

magnetic permeability sensitivity ((c) and (d)) at 160 Hz frequency. Blue 

and red represent negative and positive values, respectively. 
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(a) (b) 

Figure 4.9: Single-well amplitude of sensitvity (in dB) at the cross-section shown in 

Figure 4.1.b as the dashed red line. Panel (a) shows magnetic permeability 

sensitivity and (b) shows conductivity sensitivity. Contours represent every 

10 dB change. 

4.3.1.6.2 Relationship between the source-receiver spacing and depth of investigation: 

impact of aperture 

Similar to well logging, the distance between the source and receiver changes the 

depth of investigation as well as the resolution of measurements. Figure 4.10 shows the 

effect of source-receiver spacing (aka aperture) on both conductivity and magnetic 

permeability sensitivities for a single-well system. For both sensitivities, reducing the 

aperture increases the sensitivity close to the wellbore but reduces it farther from the 

wellbore. Naturally, a larger aperture is required in order to probe father away from the 

wellbore. Therefore, through adjusting the source-receiver spacing, different illumination 

ranges are possible. 
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(a) (b) 

Figure 4.10: Effect of source-receiver spacing (aperture) on the (a) magnetic 

permeability and (b) conductivity sensitivity. 

4.3.2 Sensitivity of 2D-axisymmetric cross-well EM tomography  

In this section, I investigate the sensitivities for the 2D axisymmetric target 

geometry shown in Figure 4.2. Above, we discussed the 3D sensitivity, which is the first 

fundamental step in understanding the magnetic response of conductive versus magnetic 

contrast agents. Below we consider a more realistic scenario, 2D axisymmetric. In such 

geometry, each volume element whose magnetic permeability is subject to perturbation is 

a rectangular toroid around the transmitter. This is a more realistic distribution because 

once injected, the nanoparticles will spread radially away from the injection point in the 

reservoir layer in a formation with homogeneous rock permeability and porosity.  

4.3.2.1 Sensitivity patterns 

Both the magnetic permeability and conductivity sensitivities are asymmetric with 

respect to the source and receiver, due to geometrical spreading of the target. Figure 4.11 

shows the amplitude of sensitivities to conductivity and magnetic permeability in the 2D 
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axisymmetric geometry shown in Figure 4.2. In both cases, the lobes close to the receiver 

are smaller compared to the ones near the source due to the geometrical spreading of the 

contrast agents. The magnetic permeability sensitivity, however, is more asymmetric 

compared to conductivity sensitivity (Figures 4.12 and 4.14). This implies an enhanced 

horizontal resolution of magnetic measurements with magnetic contrast agents in a 2D 

axisymmetric geometry and at low frequencies (or large skin depths and small induction 

numbers). Similar to 3D, the signs of magnetic permeability and conductivity sensitivities 

shown in Figure 4.13 imply enhanced capability of detecting vertical boundaries of 

magnetic structures with magnetic measurements. 

The effect of frequency on 2D axisymmetric sensitivities is analogous to 3D. The 

conductivity sensitivity increases with frequency whereas the magnetic permeability 

sensitivity remains almost unaffected due to the DC effect for low induction numbers 

(Figure 4.11). In Figure 4.12, the sensitivities (amplitudes) are shown along the cross-

section shown in Figure 4.2 as the dashed red line for different frequencies. Similar 

physics governs this case, and the difference between the sensitivity results of this section 

and the previous one arises from different target geometries. 

4.3.2.2 Impact of target geometry on magnetic measurements: 3D vs. 2D axisymmetric 

The sensitivity values in the 2D axisymmetric case are less than their 3D 

counterparts due to the geometrical spreading in the 2D axisymmetric case. Figure 4.14 

compares the 3D with 2D axisymmetric sensitivity along the dashed red line in Figures 

4.1.a and 4.2.a at 10 Hz. In case of magnetic permeability (Figure 4.14.a), the sensitivity 

values are very close to the 3D values in the proximity of source. The deviation between 

the sensitivity values increases with distance from the transmission source due to larger 

impact of geometrical spreading of the contrast agents. Remember that the sensitivity 
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values are normalized with respect to grid volume to make meaningful comparisons 

between different configurations. In case of conductivity, the sensitivity to conductivity 

perturbation is suppressed everywhere in the 2D axisymmetric case compared to 3D 

(Figure 4.14.b). Referring to Figure 4.5.a and 4.5.b, both real and imaginary parts of the 

conductivity sensitivity in the interwell region have a sign opposite to that of the volume 

outside the wells. Therefore, the response of any control volume which surrounds either 

the source or receiver symmetrically is diminished by cancellation of positive and 

negative contributions. In this case, the axisymmetric volume element is symmetric with 

respect to the transmission source; resulting in a reduced sensitivity. This effect is 

responsible for the reduction in sensitivity in case of conductivity contrast. The 

geometrical spreading of the contrast region also reduces the sensitivity in this case, with 

more impact for larger distances of contrast region from the transmitter. 
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(a) (b) 

  

(c) (d) 

Figure 4.11: Amplitude of 2D axisymmetric sensitivity (in dB) for frequencies ranging 

from 10 Hz (crosswell distance=0.14 skin depth) to 100 KHz (crosswell 

distance=14 skin depths). Panels (a), (c), (e), (g), and (i) show the sensitivity 

to magnetic permeability perturbations. Panels (b), (d), (f), (h), and (j) show 

the sensitivity to conductivity perturbations. Color scales are in dB. 
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(e) (f) 

  

(g) (h) 

Figure 4.11 continued. 
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(i) (j) 

Figure 4.11 continued. 

 

  

(a) (b) 

Figure 4.12:  Amplitude of sensitvity (in dB) at the cross-section shown in Figure 4.2 as 

dashed red line. Panel (a) shows magnetic permeability sensitivity, and (b) 

conductivity sensitivity. Contours represent every 10 dB change. 
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(a) (b) 

  
(c) (d) 

Figure 4.13: Crosswell signs of real and imaginary parts of conductivity ((a) and (b)) and 

magnetic permeability sensitivity ((c) and (d)) at 10 Hz frequency for 2D 

axisymmetric model of Figure 4.2. Blue and red represent negative and 

positive values, respectively. 

 



 157 

  

(a) (b) 

Figure 4.14: Comparison between the 3D and 2D axisymmetric sensitivities at 10 Hz for 

(a) magnetic permeability and (b) conductivity. 

4.4 SUMMARY AND CONCLUSIONS 

A general formulation is derived for computing the sensitivity of magnetic and 

electric field measurements to magnetic permeability perturbations in a medium. The 

derivation is applied to a homogeneous background (reservoir model) and the sensitivity 

of magnetic field measurements to magnetic permeability perturbations is compared with 

the sensitivity to conductivity perturbations.  

The field sensitivity to magnetic contrast agents is much larger when these agents 

are in the proximity of the source and receiver (or near the wellbore in case of single-

well). The sensitivity of magnetic measurements to magnetic permeability drops off very 

rapidly toward the interwell region. The conductivity sensitivity, however, drops less far 

from the source and the receiver. The sensitivity to magnetic permeability is largely 

independent of frequency at low induction numbers whereas the conductivity sensitivity 

improves with frequency, until very high frequencies where EM propagation is 

attenuated. Therefore, magnetic nanoparticles capable of changing the magnetic 

permeability of the formation provide very high sensitivity measurements at the early 
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stages of the injection and at low frequencies. Interestingly, the two types of 

electromagnetic contrasts, electrical conductivity and magnetic permeability, are 

complimentary in sensitivity locations and frequency response; magnetic contrast is 

advantageous near wellbore and at low frequency and conductivity is advantageous in the 

interwell region and at moderate frequencies. The use of magnetic nanoparticles therefore 

offers a potential to significantly improve the subsurface imaging capability of the EM 

technology. 

The vertical sensitivity of magnetic measurements to magnetic permeability is 

higher than the sensitivity to conductivity due to the presence of four lobes with opposite 

signs surrounding the source and receiver compared to two lobes for the conductivity 

sensitivity pattern.  

The geometry of the problem as well as the source receiver configuration affects 

the magnetic response significantly. In the 2D axisymmetric case, the sensitivity of 

magnetic measurements is suppressed due to geometrical spreading. This effect is 

different for conductivity and magnetic permeability.  

Finally, the derived sensitivity functions provide an excellent means to test the 

sensitivity of proposed ferrofluid injection scenarios and should help determine the 

practicality of this technique of utilizing magnetic contrast agents. 
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Chapter 5:  Numerical Electromagnetic Geophysics Modeling 

In this chapter, I demonstrate the conceptual feasibility of using magnetic 

nanoparticles as contrast agents to improve crosswell magnetic measurements using 

simple electromagnetic geophysics models and numerical simulations. The objectives in 

this chapter are 1) to determine the conditions under which these magnetic nanoparticles 

can be detected most effectively and 2) to more accurately identify the application space 

and the value of the magnetic nanoparticles as well as the advantages, disadvantages, and 

limitations for flood-front illumination and reservoir characterization. The results of this 

chapter are in complete agreement with the insight obtained from analytical approach in 

Chapter 4. The subsequent chapter refines these conclusions by incorporating the flow 

behavior of the magnetic nanoparticles in the reservoir and computing the corresponding 

impact on the magnetic measurements. The study in this chapter sets a framework for 

tracking the flood front utilizing superparamagnetic nanoparticles when exposed to dipole 

electromagnetic illumination. The field of quasi-static dipole magnetics is new and this 

study represents a first step in a larger body of work concerning the overall feasibility of 

the concept. 

Most of the results shown in this chapter are also presented in the following 

publications: 

 Rahmani, A. R., Athey, A. E., Wilt, M. J., Chen, J., Bryant, S. L., and Huh, C. 

(2013). Crosswell Magnetic Sensing of Superparamagnetic Nanoparticles for 

Subsurface Applications. SPE Journal, in review. 

 Rahmani, A. R., Athey, A. E., Wilt, M. J., Chen, J., Bryant, S. L., and Huh, C. 

Crosswell Magnetic Sensing of Superparamagnetic Nanoparticles for Subsurface 
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Applications. Paper SPE 166140 presented at SPE Annual Technical Conference 

and Exhibition, New Orleans, Louisiana, September 30 - October 2, 2013. 

5.1 INTRODUCTION 

The approach to monitoring fluid movement within a reservoir is built on 

established electromagnetic (EM) conductivity monitoring technology. In this chapter, 

however, the contrast between injected and resident fluids is investigated numerically 

when they have different magnetic permeabilities. Specifically, particular attention is 

paid to the magnetic response at low-frequency (less than 100 Hz) to the magnetic 

excitations generated by a vertical magnetic dipole source positioned at the injection 

well. At these frequencies, the induction effect is small, the casing effect is manageable, 

the crosswell response originates purely from the magnetic contrast in the formation, and 

changes in fluid conductivities are irrelevant. 

In order to numerically investigate the value and differences of magnetic 

permeability as an electromagnetic contrast agent versus electrical conductivity, time-

lapse measurements of the vertical component of the magnetic field are used as the 

particles move in the reservoir. More specifically, a ferrofluid slug is tracked and the 

crosswell electromagnetic response is monitored as the slug is propagating from the 

injection well towards an observer well. An axisymmetric model is assumed and a toroid-

shaped ferrofluid slug having magnetic permeability twice as large as the native fluid is 

tracked as it propagates toward an observer well, housing magnetic field receivers and 

located 100 m away from the injection well. With the vertical magnetic dipole source and 

receivers at multiple levels within the tomography section, the response of a conductive 

slug is compared with that of a ferrofluid slug at both low and moderate frequencies. The 

slug volume is conserved throughout the propagation and confined within a 20 m thick 



 161 

reservoir layer at a depth of 1 km. The magnetic measurements are computed using 

commercial finite-element software, COMSOL which solves Maxwell’s equations. In 

this chapter, only piston-like displacement of the ferrofluid slug is considered; in the next 

chapter, I account for hydrodynamic dispersion and study the magnetic response of the 

transported slug for different values of reservoir dispersivity. The chapter begins by 

introducing the model and the underlying assumptions. I subsequently explain the method 

and illustrate the results for important configurations. I conclude with a discussion on the 

usefulness of this method for mapping flood fronts. 

5.2 METHODOLOGY 

5.2.1 Fundamental physics: conductive versus magnetic slug  

Figure 5.1 shows a schematic of the secondary magnetic field generation for: a) 

conductive and b) magnetic slug. The secondary magnetic field for a conductive slug is 

due to electromagnetic induction. The transmitter signal induces eddy currents that flow 

in the formation in horizontal planes. These currents generate secondary magnetic fields 

that are related to the contrast between the target and the background conductivities. The 

receiver array in the offset well can thus measure the vertical component of this 

secondary magnetic field (Figure 5.1.a). The secondary magnetic field due to the 

conductive slug depends on the applied excitation frequency. The physics of the 

secondary field generation for the magnetic slug is notably different. With magnetic 

dipole illumination, the magnetic slug (the red rectangle in Figure 5.1.b) acts as a 

secondary magnet which produces a secondary magnetic field at the location of the 

receiver (the red dot in Figure 5.1.b). The magnetic response in this case does not depend 

on the frequency and hence can be thought of as a DC effect where the magnetic slug acts 

as a secondary magnetic dipole, which is in phase with the primary magnetic field. The 
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secondary (induced) magnetic dipole is proportional to the target magnetic susceptibility 

times the value of the primary magnetic field and is most dependent on distance from 

source or receiver, consistent with r
3
 geometrical spreading. 

  
(a) (b) 

Figure 5.1: Schematic illustrations of conductivity and permeability contrast. Secondary 

magnetic field generation for (a) a conductive slug (Al-Ali et al., 2009) and 

(b) a magnetic slug (red box in 2D cross-section) for 100 m separation 

between source (small arrow left side) and receiver (red dot at x=100, y=0). 

The large green arrow is the primary field, and the smaller arrow is the 

secondary field induced by the slug. 

5.2.2 Model system 

In this section, the assumed model, the geometry for the contrast agent’s injection 

bank, and the petrophysical properties of the formation are described. I also explain about 

the electromagnetic illumination strategy.  

5.2.2.1 Piston-like transport of slug 

In this chapter, a simple numerical model for intuition building is considered. I 

add complexity to incorporate the realities of fluid flow through reservoirs in the 

following chapter. A homogeneous formation is assumed with a background conductivity 

of 0.05 S/m. The injector well is aligned along the axis of symmetry of the 2D 

axisymmetric model identified with a dash-dot black vertical line on the left in Figure 

5.2. Two cases are considered: the first one a slug of conductive fluid, and the second a 
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slug of “ferrofluid”. In both cases, the slug propagates in a single-phase piston-like 

displacement away from the injector towards the observer well located 100 m away. This 

means the properties of the slug (electrical conductivity or magnetic permeability) do not 

vary within the slug. The formation porosity is assumed to be 26.7% with 10% residual 

oil saturation and zero gas saturation. In the first case, a slug of brine is injected into the 

formation increasing the conductivity of formation by a factor of twenty (to 1 S/m from 

0.05 S/m). In the second case, a slug of ferrofluid, whose conductivity is the same as that 

of the formation’s water, is injected increasing the relative magnetic permeability
4
 of the 

formation by a factor of two (to μr = 2 from μr = 1). The reservoir layer in which the 

fluids are injected is 20 m thick. All the fluids are assumed to be incompressible. The 

injection bank size is 20 m in height and 31 m in radius at the end of the ferrofluid 

injection, almost 9.6% of the pore volume. The magnetic source (identified with a red dot 

in Figure 5.2) is a point magnetic dipole oriented upwards with a unit magnetic moment 

and initially located at the center of the reservoir layer (z = 0). The casing of both 

injection and observer wells is assumed to be non-conductive and non-magnetic. The 

computation domain extends radially to 850 m. In the vertical direction, it extends to 

+850 m upwards and to -850 m downwards. Surrounding the model is a PML (perfectly 

matched layer) which is 50 m and absorbs incident radiation, emulating free space 

conditions. Figure 5.3.a shows the entire meshed computation domain and Figure 5.3.b 

magnifies the contrast slug location within the computation domain. 

                                                 
4 Magnetic permeability and relative magnetic permeability are used interchangeably in this chapter. 
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(a) (b) 

Figure 5.2: Schematic of the assumed 2D-axisymmetric model for (a) conductive slug 

and (b) magnetic slug. 

  
(a) (b) 

Figure 5.3: (a) The entire meshed computation domain with the contrast slug circled in 

red, and (b) the magnified area including the contrast slug in the 

computation domain. The horizontal axis shows the radial distance away 

from the injection point (perpendicular to the axis of symmetry) and the 

vertical axis shows the z-coordinate along the axis of symmetry. 

5.2.2.2 Cross-validation 

In this section, the model described and built (in COMSOL) in the previous 

section is cross-validated with known and well-established cases for which analytical or 

semi-analytical results exist.  

Contrast slug 
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I first use the built numerical model to study a homogeneous case. A uniform 

background with a conductivity of 0.05 S/m is assumed. The transmitter and receiver 

location are similar to Figure 5.2. For this case, analytical solution exists (Ward and 

Hohmann, 1988). Figure 5.4 shows the relative error of the numerical model with respect 

to the analytical results for the magnitude of the vertical component of the magnetic field 

measured at the observatory well shown in Figure 5.2 at multiple frequencies. The 

numerical results are within 1.5% accuracy compared to analytical results for the 

considered receiver location range. 

Next, the numerical model is compared against a layered one-dimensional 

medium, as shown in Figure 5.5. In Figure 5.5.a, a conductive layer with conductivity of 

1 S/m is located in a homogeneous whole space with conductivity of 0.05 S/m. The 

magnetic permeability of the entire domain is unity. In Figure 5.5.b, a magnetically 

permeable layer with a relative magnetic permeability of two is positioned in the 

homogeneous background. The conductivity of the entire domain is 0.05 S/m. For both 

cases, a crosswell configuration is assumed as illustrated in Figure 5.5. The semi-

analytical solution for both these cases already exists and obtained by running numerical 

1D code (Tompkins, 2003). Similar models are built in COMSOL with the numerical 

parameters described in the previous section. Figure 5.6 shows the relative error between 

the numerical and semi-analytical results for both cases in Figure 5.5. The numerical 

results are within 1.5% accuracy for the considered receiver location range. 
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Figure 5.4: Relative error of the numerical model with respect to the analytical solution 

for a homogeneous case. 

  

(a) (b) 

Figure 5.5: Layered one-dimensional model for cross-validating the numerical model 

with (a) conductivity perturbation and (b) magnetic permeability 

perturbation.  
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(a) (b) 

Figure 5.6: Relative error of the numerical model with the 1D layered medium results for 

models in Figure 5.5 for (a) conductivity perturbation and (b) magnetic 

permeability perturbation. 

5.3 NUMERICAL EM RESULTS 

5.3.1 Conductive versus magnetic slug 

Figure 5.7 shows the magnetic response at the observer well (shown in Figure 

5.2) with slug propagation for both conductive and magnetic slugs at low (10 Hz) and 

moderate (500 Hz) frequency. The vertical axis in Figure 5.7 represents the z-coordinate 

along the observer well and the horizontal axis shows the location of the trailing edge of 

the slug. The color scale identifies the magnetic anomaly defined as the difference 

between the measured magnetic field with slug present in the formation (i.e. primary and 

secondary magnetic field) and the magnetic measurement before injecting the slug into 

the formation (magnetic field due to the magnetic source in a homogeneous medium, i.e. 

primary magnetic field), resulting in a ratio of the secondary field to the primary field. I 

express this in terms of a percentage and note that for modern EM tomography, 1% is a 

typical sensitivity limit: 
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.          (5.1) 

At a low frequency of 10 Hz, the conductive slug is almost non-traceable (Figure 

5.7.a). The low induction number prevents generation of inductive currents and any 

noticeable secondary magnetic field (induction number is defined as σbµbfl
2
 where σb 

represents the background conductivity, µb the background magnetic permeability, f 

applied frequency, and l the crosswell distance). Increasing frequency to 500 Hz, the 

induction number increases and the conductive slug is more detectable (Figure 5.7.c). For 

both cases, the anomaly increases as the slug approaches the receivers.  

The magnetic slug, however, is clearly detectable at both low and high 

frequencies (Figure 5.7.b and 5.7.d). This is primarily a DC effect and is due to the fact 

that the magnetic slug acts as a secondary magnetic dipole (Chen et al. 2012). The 

magnetic response changes negligibly with increasing frequency because the 

magnetization is largely frequency independent in the low frequency regime. The 

magnetic anomaly is larger when closer to both the source and receivers but smaller in 

the interwell region. Discussed in more detail in a section below, note that due to the 

orientation of the phases of the magnetic dipole pattern, the secondary magnetic field is 

opposing the primary magnetic field for both conductive and magnetic slugs (i.e. the 

magnetic anomaly is negative for both cases). 
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(a) (b) 

  

(c) (d) 

Figure 5.7: The magnetic anomaly (color) as a function of the location of the trailing 

edge of the propagating slug (horizontal axis) is measured along the 

observser well (vertical axis) at a low and a high frequency for a conductive 

(a and c) and a magnetic slug (b and d). The observer well is shown in 

Figure 5.2 with a thick solid black vertical line. 

Figure 5.7 also indicates that the ferrofluid slug generates a very large anomaly at 

the early stages of the flood when the slug is close to the injection point (left side of x-

axis in Figure 5.7.b and 5.7.d). Even at a higher frequency, the conductive slug is far less 

detectable at the early stages (Figure 5.7.c). Figure 5.8 shows the magnetic anomaly, for 

(a) the conductive and (b) the magnetic slug, measured at point A (or z = 0) in the 
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observer well in Figure 5.2. Figure 5.8.a emphasizes the fact that the conductive slug is 

not traceable at low frequencies. Only with sufficiently high frequencies (>500Hz), a 

measureable anomaly is observed. Figure 5.8.b shows that the magnetic slug generates a 

large secondary magnetic field at low frequencies and at the early stages of the slug 

propagation. Moreover, the magnetic anomaly is significant when the ferrofluid slug is 

close to the source or receivers and drops off rapidly toward the interwell region.  

The fact that the magnetic slug is sensed at low frequencies has an important 

implication. Steel casing (present in most wells) significantly suppresses the propagation 

of EM signals (Wilt et al. 1996). The suppression increases with increasing frequency; 

however, at low frequencies (or equivalently low induction numbers) minimal attenuation 

is produced. Therefore, magnetic nanoparticles could potentially provide a more effective 

method of imaging through steel casing.  

The early detection of the magnetic slug is another interesting aspect of 

ferrofluids. Figure 5.8.b suggests that the magnetic anomaly changes very sharply (with a 

larger slope) as the slug leaves the injection well whereas the conductive slug response 

exhibits a smaller slope at the same location. This sharp transition likely facilitates higher 

resolution imaging with a magnetic slug (through solving the inverse problem). 
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(a) (b) 

Figure 5.8: The magnetic anomaly as a function of the trailing edge of the propagating 

slug measured at point A (shown in Figure 5.2) at different frequencies for 

(a) a conductive slug and (b) a magnetic slug of Figures 5.2.a and 5.2.b, 

respectively. 

5.3.1 Effect of ferrofluid magnetic permeability on the magnetic response 

To further illustrate the relative value of magnetic permeability contrast agent 

floods and to probe the contrast required, a study is conducted with a fixed slug position, 

varying the amount of conductivity or permeability contrast as a function of frequency. 

Placing a 20-meter high by 12.8-meter wide toroid slug 31 meters away from the 

injection borehole, we run models and perform anomaly analysis for frequencies ranging 

from 1 to 10
6 

Hz (Rahmani et al., 2013). The results are shown in Figure 5.9. The left and 

right panels show the results for electrical conductivity and magnetic permeability 

variations, respectively. The x-axis shows the contrast, where zero contrast occurs at 0.05 

S/m (left panel for conductivity) and µr = 1 (right panel for magnetic permeability). The 

y-axis plots frequency and the color axis represents the Hz anomaly in percentage.  

Contours are plotted for visual aid, with solid lines for positive contrast and dashed lines 

for negative contrast.  A typical EM lower sensitivity limit of 1% is plotted as a white 
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line and black lines represent every 5% changes up to 100%. Blue contours show powers 

of 100% and 1000% magnetic anomalies. 

 

  

(a) (b) 

Figure 5.9: Frequency comparisons for slugs of different electrical conductivity and 

magnetic permeabilities. The slug is 20 m high by 12.8 m in radius and the 

trailing edge of the slug is at a distance of 31m from the borehole.  Positive 

contrasts are solid lines and negative contrasts are dashed.  White contours 

represent 1% contrast, which is the typical lower limit of detectability of 

crosswell EM tools. Black contours are shown every five percent (courtesy 

of Dr. Alex Athey). 

5.3.2 Geometric effects on the magnetic response 

The magnetic contrast response is dominated by the geometry of the slug. In this 

section, I investigate the effect of the geometry of the injected ferrofluid bank on the 

magnetic response. A fixed volume of ferrofluid capable of changing the magnetic 

permeability of rock by a factor of two is assumed. Also, several candidate formations 

with different reservoir layer thicknesses (denoted by h in Figure 5.10) are considered for 

injecting the ferrofluid and testing the corresponding magnetic response. The radius of 

the injection bank size (denoted by rs in Figure 5.10) is therefore different for each 
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candidate formation. This difference in geometry of the ferrofluid bank plays a very 

important role in the quasi-static magnetic response. These considerations are therefore, 

of critical importance for examining the proposed imaging method. Below, both low and 

high ferrofluid volumes are considered and the corresponding magnetic responses at 10 

Hz at point A in Figure 5.10 are compared. 

 

Figure 5.10: Schematic of a ferrofluid slug with injection bank size of rs in a reservoir 

layer whose thickness is h. 

In the first case, 94.3 m
3
 of ferrofluid is assumed available. This volume could 

potentially accommodate a slug five meters in radius in a five-meter thick reservoir with 

the assumed petrophyiscal properties mentioned above. In the second case, 14500 m
3
 of 

ferrofluid is assumed available which could potentially accommodate a slug 31 meters in 

radius in a 20-meter thick reservoir. Five permutations of slug radius versus reservoir 

thickness for each case are considered (listed in Table 5.1). 
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Case I  

permutations 

Slug 

radius,  

rs (m) 

Reservoir 

thickness,  

h (m) 

1 2.5 20 

2 3.5 10 

3 5 5 

4 7.1 2.5 

5 10 1.25 
 

Case II 

permutations 

Slug 

radius, rs 

(m) 

Reservoir 

thickness, h 

(m) 

1 15.5 80 

2 21.9 40 

3 31 20 

4 43.8 10 

5 62 5 
 

(a)                                                            (b) 

Table 5.1: (a) Permutations of reservoir thickness and slug radius for a fixed low 

ferrofluid volume. (b) Permutations of reservoir thickness and slug radius 

for a fixed high ferrofluid volume. 

Figure 5.11 shows the magnetic response to the geometric permutations for both 

low and high fixed ferrofluid volumes before the trailing edge of the slug propagates 20 

m away from the injection point. Both figures indicate that the magnetic response 

increases with increasing slug radius (and simultaneously decreasing reservoir thickness) 

for the first three permutations. The fourth and the fifth permutations exhibit a smaller 

magnetic response (in absolute value). In order to understand these results better, we need 

to discuss the phase of the vertical component of the primary magnetic field. 

  
(a) (b) 

Figure 5.11: Effect of slug geometry on the magnetic response for (a) low and (b) high 

ferrofluid volume. 
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(a) (b) 

Figure 5.12: Phase of the vertical component of primary magnetic field and schematic of 

a slug 31 m in radius and (a) 20 m high and (b) 40 m high. 

Figure 5.12 shows the phase of the vertical component of the primary magnetic 

field at 10 Hz. The red color indicates that the primary magnetic field (vertical 

component) is in the opposite direction of the magnetic dipole source (identified by an 

upward beige arrow outside the plot region). Likewise, the blue color shows that the 

primary magnetic field is in the same direction of the magnetic dipole source. The 

magnetic slug, sketched as a transparent box, covers both blue and red areas. If the slug is 

primarily in the red area, it will be magnetized in the direction opposite to the source 

magnetic dipole and the secondary magnetic field will oppose the primary magnetic field, 

producing a negative contrast. If the slug is primarily in the blue regions, however, it will 

be magnetized along the magnetic dipole source and the secondary magnetic field will 

align with the primary magnetic field and produce a positive contrast. In total, the 

secondary magnetic field depends on the amount of red or blue area covered by the slug, 

and also on the strength of the primary magnetic field within the slug. In the case 

demonstrated by Figure 5.12, the 10-m high slug (Figure 5.12.a) is primarily in the red 

region and its induced dipole moment is in the negative z-direction. Increasing the 
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reservoir thickness by a factor of two (Figure 5.12.b) increases the blue area covered by 

the slug more than the red region. Therefore, the effective (net) induced magnetic 

moment of the slug is reduced and the measured signal is less for the 40-m thick slug. 

This effect, however, only appears when the slug is close to the source, straddling the 

phase boundary of the source dipole.   

We can now return to Figure 5.11.a with increased understanding. If the candidate 

reservoir layer thickness reduces from 20 m to 5 m (and simultaneously the slug radius 

increases from 2.5 m to 5 m, conserving volume), the magnetic anomaly decreases. 

However, injecting the ferrofluid in a reservoir layer thinner than 5 m results in signal 

suppression because, in such a case, the red areas covered by the shorter slug possess 

smaller values of magnetic field as the slug extends far away from the source towards the 

interwell region (recall that slug-induced magnetic dipole depends on the susceptibility 

times the magnetic field). The same behavior also occurs for case II in Figure 5.11.b.  

Therefore, given a fixed volume of ferrofluid and several candidate test 

formations, there is an optimum reservoir thickness (and thus slug geometry) for the 

largest magnetic anomaly. For case I, this optimum geometry occurs when slug radius is 

5 m and reservoir layer is 5 m thick. For case II, the optimum geometry occurs when slug 

radius is 31 m and the reservoir layer is 20 m thick. These considerations are important in 

selecting the candidate formation and designing a successful injection scenario. 

5.3.3 Detection range identification 

The detection range is clearly an important consideration for ferrofluid injection 

and in order to better understand the effect of slug geometry on the magnetic response, 

several studies are presented. The detection distance is defined to be the distance between 

the trailing edge of the slug and the EM transmitter beyond which the receiver in the 
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observer well cannot sense the magnetic slug, assuming 1% detection limit for the 

magnetic anomaly. For illustration purposes, two candidate test sites are assumed. The 

reservoir layer is two meters thick in the first one, and eight meters thick in the second. 

Different volumes of ferrofluid are injected into the two formations and the detection 

distances are compared. This study is performed for four ferrofluids with different 

magnetic permeabilities shown in Figure 5.13 for the frequency of 10 Hz. In each panel 

in Figure 5.13, the two curves, corresponding to two reservoir thicknesses, intersect at a 

“critical volume”. The critical ferrofluid volume is a volume below which injecting the 

ferrofluid results in a larger detection range in the thinner reservoir and above which 

injecting the ferrofluid yields a larger detection range in the thicker reservoir. This critical 

volume decreases with injecting more magnetic ferrofluids (Figure 5.14). The results in 

this section are justified based on the illustration of magnetic dipole phase and magnitude 

pattern described in the previous section. These results are of critical importance in 

designing a successful injection scenario. 
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(a) (b) 

  

(c) (d) 

Figure 5.13: Detection range identification for two reservoirs with different thicknesses 

(2 m and 8 m) due to injecting four different ferrofluids with different 

magnetic permeabilities at 10 Hz. 
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Figure 5.14: Critical volume as a function of ferrofluid magnetic permeability. 

In a similar analysis, the variation of the detection distance with rock magnetic 

permeability (Figure 5.15.a) and the corresponding ferrofluid magnetic permeability 

(Figure 5.15.b) is studied for two ferrofluid volumes in an 8-meter thick reservoir (based 

on the model in Figure 5.10). The variation of the detection distance with both ferrofluid 

and rock magnetic permeability exhibits a concave downwards behavior due to the 

demagnetization effect (see Stratton, 2007 for details). Such a behavior has important 

implications for nanoparticle synthesis. The detection distance is significantly improved 

with enhancing the magnetic properties of the ferrofluid at lower magnetic permeability 

values. For ferrofluids with higher magnetic permeabilities, however, improving the 

magnetic properties of the ferrofluid does not increase the detection distance as much. 

Also, with decreasing ferrofluid injection volume, the detection distance drops although 

the range of achievable rock magnetic permeability is not affected. On the other hand, if 

ferrofluid is injected into a formation with a smaller porosity, the enhancement of the 

magnetic permeability of the rock will be smaller. Due to the reduction in the magnetic 

permeability of the rock, the detection distance is suppressed. This is schematically 

shown in Figure 5.16.a. With increasing the crosswell distance, although it is still feasible 
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to achieve large values of magnetic permeability, the detection distance decreases due to 

a weaker signal as a result of attenuation with a larger source-receiver spacing 

(schematically shown in Figure 5.16.b). 

  

(a) (b) 

Figure 5.15: Detection distance for two values of ferrofluid injected in an 8-meter thick 

layer (as shown in Figure 5.10) versus (a) rock magnetic permeability and 

(b) the corresponding ferrofluid magnetic permeability. 

  

(a) (b) 

Figure 5.16: Schematic of detection distance variation with rock magnetic permeability 

for (a) a formation with a smaller porosity than the base case 

(porosity=26.7%) and (b) a larger crosswell distance.  
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5.3.4 Effect of source location on the magnetic response: progression of EM 

tomography map 

Related to the geometrical effects described above, the position of the 

magnetizing source has a dramatic effect on the observed signal due to the dipole strength 

and beam pattern. Figure 5.17 helps better understand how changing the source location 

position drastically changes the magnetic response. Figure 5.17.a shows a slug with 31 

meters in radius and 20 meters in height (r x H) with the source located at z=0 for 10 Hz 

frequency. Figure 5.17.b shows the same slug with the source positioned at z=-10 m for 

the same frequency. The figure indicates that the magnetization of the slug changes as the 

phase pattern of the source shifts downwards in the second case. Therefore, significant 

impact of the source location on the magnetic response is expected when the slug is near 

the transmitter and less influence when the slug is far enough from the transmitter to have 

similar magnetic illumination with respect to transmitter position. 

  
(a) (b) 

Figure 5.17: Phase of vertical component of primary magnetic field when the source is 

positioned at (a) z=0 and (b) z=-10 m. 

Figure 5.18 shows the magnetic tomography map for the magnetic slug shown in 

Figure 5.2.b at different radial distances away from the injection source at the frequency 

of 10 Hz. In the tomography maps, the magnetic anomaly, represented by the color scale, 
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is shown with changing the source (horizontal axis) and receiver position (vertical axis). 

The figure indicates that at the early stages of the injection, the magnetic response 

dramatically changes with the transmitter position as expected. The anomaly undergoes 

an abrupt transition when the transmitter moves across the boundary of the slug layer 

(i.e., z=0 m, anomaly=-42% and z=20 m, anomaly=+20%). Therefore, the vertical 

sensitivity of such magnetic measurements is very high. The magnetic anomaly is 

rotating in the series of EM tomography maps. This means that as the slug progresses 

toward the observer well (subsequent panels), the sensitivity to the source position 

decreases. In the last stage of the progression (final panel), the transmitter position 

impacts the magnetic anomaly negligibly, however, the receiver position impacts the 

magnetic anomaly significantly. Due to the nature of the secondary field generation, the 

measurements exhibit a high level of vertical sensitivity when the slug is either close to 

the source or to the receivers. Figure 5.19 shows the same progression tomography map 

for the conductive slug (shown in Figure 5.2.a) at a moderate frequency (500 Hz). The 

figure shows that even at a higher frequency (500 Hz), the measured magnetic anomaly is 

not significantly sensitive to the source location. Thus, the conductive slug does not 

provide as high vertical resolution as the magnetic slug at early stages of the flood. Only 

when close to the receiver, the measurements become sensitive to the receiver location 

and exhibit improved vertical resolution. 
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(a) (b) (c) (d) 

    

(e) (f) (g) (h) 

  

  

(i) (j)   

Figure 5.18: Magnetic tomography map for the magnetic slug shown in Figure 5.2.b for 

different radial distances of the slug from the injection source (progression 

of magnetic tomography map) at 10 Hz. The color scale identifies the 

magnetic anomaly in percentage, the vertical axis corresponds to the 

receivers’ location, and the horizontal axis corresponds to the source 

position. 
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(a) (b) (c) (d) 

    

(e) (f) (g) (h) 

  

  

(i) (j)   

Figure 5.19: Magnetic tomography map for the conductive slug shown in Figure 5.2.a 

for different radial distances of the slug from the injection source 

(progression of magnetic tomography map) at 500 Hz (moderate frequency). 

The color scale identifies the magnetic anomaly in percentage, the vertical 

axis corresponds to the receivers’ location, and the horizontal axis 

corresponds to the source position. 
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5.4 DISCUSSION 

The fact that the magnetic nanoparticles can be sensed with current crosswell 

electromagnetic tomography offers a number of very promising applications in oil and 

gas industry. The simulations in Section (5.3) and (5.3.1) (Figures 5.7, 5.8, and 5.9) show 

its potential. The high resolution early stage detection of the nanoparticles at extremely 

low frequencies provides an efficient way of illuminating the near-wellbore region in the 

presence of casing. The early detection of these particles could particularly be useful in 

imaging near-wellbore region using huff and puff scenarios and the ferrofluid could be 

recycled in this case. Examples of such applications could be adding the nanoparticles to 

cyclic steam injection or cyclic CO2 injection, deploying transmitter and receivers at the 

same well. 

Furthermore, the magnetic nanoparticles propose several strategic advantages 

over the ordinary tracers (chemical or radioactive). First, the magnetic nanoparticles can 

be detected before the breakthrough time at the observer well. Second, the ordinary 

tracers have to be produced from the observer well, stored in bottles and transferred to the 

laboratory for concentration analysis which is a time-consuming and a costly practice. 

The magnetic nanoparticles, however, could be real-time monitored without the need to 

be extracted and sampled for further analysis in the lab. Finally, in a conventional tracer 

analysis, it is challenging to identify the flow compartment within the reservoir from 

which the tracers are coming from. With the ferrofluid, however, determining the layers 

carrying the magnetic nanoparticles is possible. 

The high vertical sensitivity of the ferrofluid (shown in Figure 5.18) could help 

resolve the vertical boundaries of the layer carrying the ferrofluid (thus, the injection 

EOR fluid) both close to the transmitter as well as observer wells. When the slug is close 

to the injection well, moving the transmitter vertically across the reservoir layers provides 
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the vertical resolution whereas, when the slug is close to the observer well, moving the 

receivers provides the vertical resolution. Such sensitivity could be potentially utilized to 

identify vertical heterogeneities in the reservoir. One example for such an application is 

identifying thief zones, i.e., thin zones with high rock permeability stealing most of the 

fluid from the injection point. Thief zones are particularly responsible for the loss of 

vertical sweep efficiency in many enhanced oil recovery (EOR) processes.  

The magnetic nanoparticles also help identifying flow paths. This ability makes 

them helpful in inferring the reservoir heterogeneity, especially when they are in the 

proximity of source and receivers. This information obtained through such a magnetic 

tomography could be combined with well log and seismic data to produce a more 

accurate map of petrophysical properties of the reservoir. This is going to be extensively 

studied in the next chapter.  

The high resolution of measurements in the proximity of source and receivers 

could also lead to the possible application of the magnetic nanoparticles in Steam-

Assisted Gravity Drainage (SAGD) applications. SAGD is an enhanced oil recovery 

technology for producing heavy crude oil and bitumen. It is an advanced form of steam 

stimulation in which a pair of horizontal wells are drilled into the oil reservoir, one a few 

meters above the other. High pressure steam is continuously injected into the upper 

wellbore to heat the oil and reduce its viscosity, causing the heated oil to drain into the 

lower wellbore, where it is pumped out. The basis of the process is that the injected steam 

forms a “steam chamber” that grows vertically and horizontally in the formation.  

Dynamic characterization of the steam chamber configuration in a SAGD process is of 

utmost importance to its efficiency. Real-time monitoring the steam chamber would be a 

powerful way to predict, quantify, and improve the oil recovery in SAGD processes.  
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One of the key concerns for the proposed concepts will be the actual generation of 

magnetic permeability contrast through nanoparticles and the associated cost. Also, the 

transport of the nanoparticles far into the reservoir, including retention and gravity effect 

(due to the density difference between the injected and the resident fluids), is another 

challenge for implementing the proposed imaging method. These very real and practical 

concerns are outside the scope of this study, but are being addressed in follow-on and 

related studies. 

5.5 SUMMARY AND CONCLUSIONS 

The magnetic tracing of a ferrofluid slug was investigated and the resultant time-

lapse magnetic measurements were compared with those caused by the propagation of a 

conductive slug at different frequencies. A large vertical sensitivity of the magnetic 

measurements was illustrated using progression tomography maps. Also, some of the 

practical concerns for potential prospective field implementation were considered such as 

injecting a fixed volume of ferrofluid into candidate formations with various reservoir 

layer thicknesses and the situations with maximum detectability were identified.  

The results indicate that at low frequencies (or induction numbers), the ferrofluid 

magnetic response is significant whereas a conductive slug is hardly detectable. This 

could enable more field applications because most wells are cased with steel which 

suppresses the signal at high frequencies. Moreover, the simulations indicate that the 

sensitivity of magnetic measurements at the early stages of the flood is significantly 

higher for the ferrofluid slug, both at low and at high (>500 Hz) frequencies. The 

magnetic response for a ferrofluid slug is largely independent of frequency at the low 

frequency range whereas the response to a conductive slug significantly increases with 

frequency. The ferrofluid magnetic response is high when close to the source and 
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receivers and drops off quickly toward the interwell region. This provides an opportunity 

for earlier feedback from an injection into a reservoir and can alert to potential 

breakthrough on a receiver well.  

The geometry of the slug and the relative position of the source, receivers, and the 

slug in the formation all play a key role in determining the magnetic response. This is 

particularly important in designing a successful injection scenario. In order to optimize 

these operational factors for application to candidate formations with a fixed amount of 

ferrofluid volume, careful numerical simulations should be performed; there is an 

optimum geometry (radius and height) for the injected slug to maximize the magnetic 

response. This optimum geometry depends on the ferrofluid magnetic permeability. 

Moving the transmitter and receivers relative to the slug also provides a noticeable 

increase in the vertical sensitivity of the magnetic measurements. When the slug is close 

to the injection point, moving the transmitter provides high resolution measurements and 

moving the receivers has much less impact on the measurements. As the slug approaches 

the observer well, the measurements exhibit higher sensitivity to receiver position and 

less sensitivity to the transmitter location. The conductive slug, however, provides much 

less vertical resolution at the early stages of the flood, even at a moderate frequency.     

In summation, magnetic nanoparticles provide very high sensitivity measurements 

at the early stages of the flood and at low frequencies. An important finding from this 

chapter’s study is that the two types of electromagnetic contrasts, electrical conductivity 

and magnetic permeability, are complimentary in sensitivity locations and frequency 

response where magnetic contrast is advantageous near wellbore and at low frequency 

and conductivity is advantageous in the interwell region and at moderate frequencies. 
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Chapter 6:  Coupling Fluid-Flow and Electromagnetic Measurements  

In this chapter, I couple the flow behavior of the magnetic nanoparticles and the 

resultant magnetic measurements. For the simulation study, I treat the magnetic 

nanoparticles as tracers and simulate the flow of fluids in the reservoir to obtain the 

spatial distribution of the concentration of the magnetic nanoparticles. Using the 

knowledge on magnetic permeability quantification from Chapter 3, the magnetic 

permeability of the ferrofluid-containing rock as a function of the particle concentration 

is computed everywhere in the reservoir for the time-varying fluid distribution and 

reservoir petrophysical properties. The spatial distribution of magnetic permeability 

together with the conductivity (which is fixed in this study) is input to the 

electromagnetic simulator. The electromagnetic response (the vertical component of the 

magnetic field) is then calculated based on the EM excitation parameters such as applied 

frequency. Using the proposed method of coupling fluid-flow and EM physics, the 

problem of tracking the flood front is more realistically studied. In this regard, two 

injection scenarios are considered: single-well radial injection and a five-spot injection-

production configuration. The coupled approach has potential to help predict premature 

arrival of the EOR injection bank due to reservoir heterogeneity, giving time to take 

remedial actions for improved reservoir management. Estimating the rate of changes in 

the magnetic signals measured at the observation wells, it is feasible to make an estimate 

of the advance rate of the “early-arrival” EOR bank. 

Furthermore, integrating the flow behavior with magnetic measurements allows 

for identification of reservoir heterogeneities. To illustrate this concept, hypothetical 

reservoir models with a characteristic heterogeneity feature are developed to study the 

detection of both areal and vertical reservoir heterogeneities. Such techniques could be 
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useful in providing information on the injection bank dynamics in the heterogeneous 

reservoirs. 

The results shown in this chapter are also presented in the following publications: 

 Rahmani, A. R., Athey, A. E., Wilt, M. J., Chen, J., Bryant, S. L., and Huh, C. 

Crosswell Magnetic Sensing of Superparamagnetic Nanoparticles for Subsurface 

Applications. Paper SPE 166140 presented at SPE Annual Technical Conference 

and Exhibition, New Orleans, Louisiana, September 30 - October 2, 2013. 

 Rahmani, A. R., Bryant, S. L., Huh, C., Athey, A. E., Zhang, W., and Liu, Q. H. 

(2013). Characterizing Reservoir Heterogeneity Using Magnetic Nanoparticles: 

SPE Journal, in preparation. 

 Rahmani, A. R., Athey, A. E., Wilt, M. J., Chen, J., Bryant, S. L., and Huh, C. 

(2013). Crosswell Magnetic Sensing of Superparamagnetic Nanoparticles for 

Subsurface Applications. SPE Journal, in review. 

6.1 FLOW OF MAGNETIC NANOPARTICLES IN A HOMOGENEOUS RESERVOIR  

As a first step in studying more practical scenarios, the flow of nanoparticles in a 

homogeneous formation is studied. Two different injection strategies are considered: 1) 

single-well 2d-axisymmetric injection scenario and 2) five-spot injection scenario where 

the injector is located at the center of the five-spot injecting nanoparticles and the four 

producers at the corners collecting both signal and the fluid.  The magnetic response of 

the two scenarios will be compared. In both cases, the nanoparticles are treated as 

ordinary tracers and the retention/adsorption of the particles is neglected. 

6.1.1 2D axisymmetric geometry 

Moving beyond the simplistic piston-like displacement models discussed in the 

previous chapter, the complexity is increased as the hydrodynamic dispersion is 
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considered. As the slug propagates, due to hydrodynamic dispersion, a profile of 

magnetic permeability that falls below the injected value but spatially difuse will be 

obtained.  

6.1.2.1. Assumed model 

In order to obtain the particle concentration distribution, it is necessary to solve 

advection-diffusion equation. For the 2D-axisymmetric geometry shown in Figure 6.1, no 

closed form analytical solution exists to describe the concentration profile of the slug 

(there are some approximate solutions available, see Peters 2012 for more details). In this 

study, the advection-diffusion equation is solved for the assumed 2D-axisymmetric 

geometry (Figure 6.1) using a semi-analytical approach described by Tomasko et al. 

2001. The model uses a time-dependent, step-function source that simulates intermittent 

injection of a solute in a continuous fluid injection well. The governing equations for a 

cylindrically symmetrical system are cast in non-dimensional form and transformed and 

solved in Laplace space. The Laplace space solution is inverted with the Crump 

algorithm (Crump 1976), which uses the real and imaginary parts of a Fourier series. The 

model is recommended for quick, scoping calculations for which there is very little site-

specific information. The normalized radial concentration profile is solved using this 

model. Oil is assumed to be at the residual saturation (10%). Since the ferrofluid is 

assumed to be stable only in aqueous phase, the displacement problem is single-phase. 

The injection rate is held constant at 7000 STBD in the 20 m thick reservoir layer. 

Ferrofluid is injected for 13 days, yielding a slug whose volume is almost 9.61% of pore 

volume. After 13 days, water is continuously injected so that the ferrofluid slug 

propagates towards the observer well. Gravity effect is ignored as we assume that the 
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nanoparticles are perfectly suspended in the ferrofluid and aggregation is minimal. The 

assumed injection and formation petrophysical properties are listed in Table 6.1. 

 

Figure 6.1: Schematic of a dispersed magnetic slug in a single-well radial injection 

scenario. The source (identified with a green arrow) and receiver (point A) 

are located at the same depth. 

Parameter Value Unit 

Porosity  26.7 Per cent 

Permeability 200 md 

Dispersivity 0.5, 1, 5  m 

Residual oil saturation 10 Per cent 

Injection rate 7000 Bbl/day 

Reservoir thickness 20 m 

Formation pressure 2000 psia 

Observation distance 100 m 

Ferrofluid injection time 13 day 

Excitation frequency 10 Hz 

Background conductivity 0.05 S/m 

Table 6.1: Assumed injection and petrophysical properties of the formation. 

6.1.2.2. Magnetic permeability computation 

In order to calculate the spatial distribution of magnetic permeability as a function 

of the computed nanoparticle concentration, the methodology developed in Chapter 3 is 

applied assuming the intrinsic magnetic properties of the ferrofluid. We take the upper 
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limit to reasonable restrictions such as particle size and volume concentration to assess 

the maximum potential of this technology. Supposing a ferrofluid consisting of mono-

dispersed 14-nm iron nanoparticles with 3.6% volume fraction (22.5% weight) at 400 
o
K 

causes the rock in our model reservoir to have an effective magnetic permeability of two. 

In this calculation, dipolar interaction among the nanoparticles is ignored due to the 

relatively low volume concentration and for simplicity; it is assumed that the saturation 

magnetization of the nanoparticles is similar to that of the bulk, i.e., size of the particle 

does not affect the saturation magnetization. Hydrodynamic dispersion reduces the slug 

concentration as the slug propagates, thus reducing the local magnetic susceptibility and 

the effective magnetic permeability. By calculating the magnetic nanoparticle 

concentration profile with time and using appropriate equations in Chapter 3 (Langevin 

or modified Langevin equation for calculating the magnetic permeability of the ferrofluid 

and the effective medium theory equations, namely Bruggeman equation for computing 

the magnetic permeability of the saturated rock), the effective magnetic permeability of 

rock with location and time for the dispersed slug propagation is computed. 

6.1.2.3. Magnetic response analysis  

In order to better understand the effect of hydrodynamic dispersion in the 

axisymmetric geometry, three different values of reservoir dispersivity (α = 0.5, 1, and 5 

m) are selected. Figures 6.2.a and 6.2.c show the spatial distribution of nanoparticle 

concentration at different time steps for two values of reservoir dispersivity α = 1 and 5 

m, respectively. Figures 6.2.b and 6.2.d show the corresponding profile of effective 

magnetic permeability of the reservoir, computed using the Langevin equation combined 

with effective medium theory calculations described in the previous Section. Figure 6.3.a 
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shows one sample magnetic permeability distribution for one time step in the assumed 

model illustrated in Figure 6.1. 

  

(a) (b) 

  

(c) (d) 

Figure 6.2: Radial concentration profile at different time steps for reservoir dispersivity 

of 1 m (a) and 10 m (c). The effective magnetic permeability of the 

formation at the same time steps for the two reservoir dispersivities, 1 m (b) 

and 10 m (d).  

The output concentration distribution of particles is transformed to the magnetic 

permeability distribution using the methodology described in Chapter 3. The calculated 

magnetic permeability spatial distribution is then input into the EM simulator to compute 

the magnetic response. The results are then compared to the magnetic response of the 

pistonlike displacement case. Figure 6.3.b shows the magnetic response for the slug with 

α = 1 m 

α = 5 m 

α = 1 m 

α = 5 m 
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three values of dispersivity and compares them with the dispersionless (piston-like) 

displacement at 10 Hz frequency as a function of time after beginning ferrofluid 

injection. The magnetic response is acquired at point “A” shown in Figure 6.3.a (located 

at the same depth as the transmitter and 100 m away) and is presented in terms of 

magnetic anomaly defined in the previous chapter (Equation 5.1). Ferrofluid is injected 

for 13 days; at T = 13 days, ferrofluid injection is interrupted, and water is continuously 

injected at the same rate. Therefore, at T = 13 days, we have the entire volume of the 

ferrofluid injected at the closest distance to the transmitter and the anomaly exhibits a 

maximum. Beyond 13 days, the ferrofluid bank propagates farther from the transmitter, 

thereby resulting in magnetic anomaly reduction.  

The comparison between the dispersed and dispersionless cases indicates that the 

magnetic anomaly is less affected by the hydrodynamic dispersion during ferrofluid 

injection, and at the initial stages of the flood, because the concentration profile deviates 

less from the piston-wise case at the early stages. This implies that the areal sensitivity of 

the magnetic measurements with ferrofluid is not large enough to detect the deviation 

from piston-like displacement at the early stages. As a result, it is possible to use the 

piston-like displacement model for detection range estimation studies at the early stages 

of the flood. As the slug propagates further into the formation, the magnetic anomaly 

increases for the dispersed slug. This increase depends on the dispersivity of the 

formation. When the slug is dispersed, a larger area of the reservoir is affected by the 

ferrofluid but with less concentration compared to the piston-like displacement. For this 

configuration, the influence of larger areal coverage is dominant over the reduced 

maximum magnetic permeability in the slug. The reason is that the sensitivity of 

magnetic measurements closer to the receivers is much higher than that of the interwell 

region. The dispersed slug has a greater radial extent, and exhibits an earlier 
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breakthrough. With higher dispersion, the leading edge of the dispersed slug approaches 

the receivers much faster than the piston-like displacement, thereby increasing the 

magnetic anomaly. Hydrodynamic dispersion, therefore, could potentially increase the 

detection range of the ferrofluid slug (assuming a certain threshold on the magnetic 

anomaly which could be detected by the current EM tools). On the other hand, with 

increasing dispersivity (see the black curve in Figure 6.3.b corresponding to α = 5 m), the 

magnetic anomaly exhibits a smoother transition with time (slope reduction). It is likely 

that the smooth transition will make the imaging and the inversion more difficult.  

Specific time steps show relevant effects in the progression of the slug across the 

reservoir. The kink at T = 148 days in the blue curve for the dispersionless case identifies 

the time when (the trailing edge of) the slug passes by the observer well. The figure 

shows that the magnetic response reduces beyond this point and continues to shrink as the 

slug propagates away from the observer well. For the dispersed slug, the kink smoothens 

and appears earlier due to the earlier breakthrough and the signal reduction happens 

slower as the ferrofluid slug surpasses the observer well. 

In summary, hydrodynamic dispersion spreads the contrast region, but can add to 

the total signal as geometric factors play a large role. However, even for large 

dispersivities, the initial observations are similar to the piston-like displacement. In 

general, the magnetic response is smoother for the dispersed case, leading to more 

challenges for imaging and inversion. 
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(a) (b) 

Figure 6.3: (a) Schematic of the magnetic permeability distribution for the dispersed slug 

at one of the time steps during the course of slug propagation. (b) Magnetic 

anomaly for the dispersed slug at different values of reservoir dispersivity as 

a function of time. 

6.1.2.3.1 Effect of source location on the magnetic response: progression of EM 

tomography map 

Similar to the piston-like displacement in the previous chapter, the tomography 

analysis is performed on the dispersed slug for a reservoir dispersivity of 1 m at different 

time steps during the propagation at the frequency of 10 Hz. In all the subfigures of 

Figure 6.4, the horizontal axis is the location of the transmitter and the vertical axis is the 

location of the receiver, both of which move in a 20 m depth range between z=-10 m and 

z=+10 m in the model in Figure 6.3. The color also represents the magnetic anomaly as 

defined in Equation 5.1. The results shown in Figure 6.4 are qualitatively similar to the 

piston-like displacement results described in the previous chapter. This implies that areal 

(lateral) hydrodynamic dispersion does not qualitatively affect the vertical sensitivity of 

magnetic measurements for ferrofluid injection significantly for relatively low values of 

reservoir dispersivity.  

 



 198 

 

     

(a) (b) (c) (d) (e) 

     

(f) (g) (h) (i) (j) 

Figure 6.4: Magnetic tomography map for the dispersed magnetic slug at different times 

during the course of propagation (progression of magnetic tomography 

map). The color scale identifies the magnetic anomaly in percentage, the 

vertical axis corresponds to the receivers’ location, and the horizontal axis 

corresponds to the source position. 

6.1.2 Five-spot geometry 

In this section, the flow of magnetic nanoparticles in a five-spot flood geometry, 

as shown in Figure 6.5, is studied. The assumed formation is similar to that of the 

previous section with fixed reservoir dispersivity of 0.5 m. The assumed five-spot 

includes one injector at the center and four producers at the corner with injector-producer 

distance of 100 m. The injector injects at a rate of 7000 BPD, similar to the previous 

section. All the producers collect fluid at a constant pressure of 1800 psi (the formation 

pressure is 2000 psi). The computation domain consist of 141 (in x-direction) by 141(in 

y-direction) by 1 (in z-direction) grids. The grid dimensions in both x and y directions are 

1 m (3.2.8 ft) and 20 m (65.62 ft) in the z direction (Figure 6.5). Similar grid set-up is 

used in all the five-spot cases shown in this chapter. The reservoir modeling is performed 
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with UTCHEM (Satoh, 1984, Saad, 1989, Bhuyan, 1989, Delshad et al., 1996, and Liu et 

al., 1994), the 3D reservoir simulator developed at the Petroleum and Geosystems 

Engineering Department of The University of Texas at Austin. Similar to the previous 

section, the nanoparticle concentration is computed at each grid of the simulation model 

with the tracer option of UTCHEM. From the calculated spatial distribution of the 

nanoparticle concentration, magnetic permeability spatial distribution is subsequently 

calculated using the Langevin Equation and Bruggeman equation (a form of the effective 

medium theory), as described in Chapter 3. Similar to the previous section, retention of 

the nanoparticles on the rock surface is assumed negligible, and the gravity effect is also 

ignored.  

 

 

Figure 6.5: Schematic of the five-spot model in UTCHEM. The injector well (identified 

by blue) is at the center of the model. The four producers (identified by 

green) are at the corners of the model.  
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The magnetic permeability spatial distribution is then input into a finite-difference 

electromagnetic simulator developed at Duke University (Zhang et al., 2013). The 

excitation frequency is 10 Hz. The transmitter (point magnetic dipole source) is deployed 

in the injector well and the receivers are deployed at the producer wells in the corners of 

the model shown in Figure 6.5. The magnetic measurements are acquired at the receiver 

positioned at the same depth as the transmitter, similar to the 2d-axisymmetric case. The 

distance from the injector well to each of the producers is 100 m, similar to the 2d-

axisymmetric case. 

The multi-physics and multi-scale integrated approach introduced and developed 

in this chapter is a powerful tool capable of simulating numerous injection and 

illumination scenarios. In this section, a very simple case of a five-spot is initially studied 

where nanoparticles are injected from the central well and collected at the producers. In 

the next section, the introduced methodology will be applied to characterize reservoir 

heterogeneities. 

In order to understand the effect of a particular injection strategy, the magnetic 

response of the five-spot is compared with that of the single-well 2d-axisymmetric at a 

number of selected time steps. The goal is to check whether the magnetic response is 

capable of distinguishing between the two cases with different concentration spatial 

distributions. Figures 6.6 and 6.7 show the map view of the normalized concentration 

distribution (with respect to injection point) for single-well and five-spot injection 

scenarios for selected time steps. The color represents the normalized concentration with 

respect to the injection point. The center of the model is the location of both the injector 

well and the EM transmitter. The receiver for the single-well case is located 100 m away 

from the source at the same depth as the transmitter. For the five-spot, there are four 

receivers deployed in the producers located at the four corners of the model. Since 
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initially there is no heterogeneity in the reservoir, the four receivers show identical 

responses in the five-spot. The concentration distributions are tilted for visual aid for the 

five-spot case.  

    

    

    

   

 

Figure 6.6: Map view of the concentration profile for the single-well radial injection 

scenario shown in Figure 6.1 at different time steps. The sequence is from 

left to right and top to bottom. 

 

 

 

 

 



 202 

    

    

    

   

 

Figure 6.7: Map view of the concentration profile for the five-spot injection scenario 

shown in Figure 6.5 at different time steps. The sequence is from left to 

right and top to bottom. The vertical axis corresponds to the “x” 

coordinate and the horizontal axis to the “y” coordinate in the model 

shown in Figure 6.5. 

We can now examine the magnetic anomaly curves for these two injection 

scenarios. Figure 6.8 compares the magnetic response of the single-well radial injection 

with five-spot injection of the magnetic nanoparticles. Until 43 days, the concentration 

distributions of the nanoparticles in both cases do not deviate sufficiently to be detected 

by the magnetic response. Beyond this time, due to the faster arrival of the nanoparticles 

at the producers due to the lower pressure, and also due to the fact that the sensitivity of 

the measurements is quite high in the vicinity of the source and receiver, the magnetic 

response of the five-spot surpasses that of the single-well. This continues until 63 days 
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when the front of nanoparticles reaches breakthrough at the producers for the five-spot. 

The front in the single-well case, however, is far from breakthrough and thus the 

magnetic response does not show any notable increase. Post breakthrough in the five-spot 

scenario, the nanoparticles are being produced and extracted out of the system. Hence, 

the magnetic response starts to decline with time with particle production. The single-

well response starts to increase after 83 days and continues to do so due to the sufficient 

proximity to the receiver. The observer well in the single-well injection case does not 

affect the flow or produce the magnetic particles.  

  

Figure 6.8: Comparison of the magnetic response at selected time steps between the 

single-well and five-spot injection scenarios.  

In order to understand the above results better, the time-lapse magnetic 

measurements for both single-well radial and five-spot injection are broken down into 

four zones (shown in Figure 6.9). For the single-well radial injection, zone 1 identifies 

magnetic measurements during ferrofluid injection. In this zone, the magnetic response 

increases (becomes more negative) with injection of more ferrofluid. The magnetic 

measurement reaches its maximum at the end of this period (when the entire ferrofluid is 

injected) due to the proximity of the magnetic nanoparticles to the source where the 
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sensitivity of measurements reaches its highest value (see Chapters 4 and 5 for details). 

Zone 2 represents the time when the ferrofluid injection is stopped and the ferrofluid slug 

is pushed with continuous water injection. In this zone, the ferrofluid bank is sufficiently 

far from the receiver and moving away from the transmitter; therefore, the magnetic 

measurements are very low and decreasing. With the ferrofluid bank approaching the 

receiver, the magnetic measurements start to increase as seen in Zone 3, due to the large 

sensitivity of measurements close to the receiver. Zone 3 extends after the breakthrough 

when the ferrofluid bank is still close to the receiver. Zone 4 identifies the time steps 

when the ferrofluid bank has completely passed through the receiver and again the 

magnetic anomaly can be seen to decrease.   

For the five-spot, zones 1, 2, and 3 have the same meaning as in the single-well 

radial injection. Zone 4, however, is different for the two cases. After the breakthrough, 

the magnetic response starts to decrease in zone 4 in the five-spot due to the production 

whereas the decline in zone 4 in single-well is due to the ferrofluid slug moving away 

from the observer well. The other difference between the two scenarios is that the faster 

breakthrough of the nanoparticles at the producers (where the receivers are deployed) due 

to the pressure sink in the five-spot shortens zones 2 and 3 compared to single-well radial 

injection case. 

This study illustrates the signature of the magnetic measurements for the 

homogeneous reservoir in both single-well and five-spot cases. Adding permeability 

heterogeneity to the model, this signature will be distorted, i.e., zones will be shrunk or 

extended, but the overall qualitative behavior of the measurements remains unchanged, as 

we will see in the next sections, e.g., adding a low-permeability feature to a five-spot 

extends zones 2 and 3. 
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(a) (b) 

Figure 6.9: Magnetic anomaly measurements scenario and the zones corresponding to 

different locations of the ferrofluid bank for (a) single-well radial injection 

and (b) five-spot.  

6.2 QUANTIFYING RESERVOIR HETEROGENEITY USING MAGNETIC NANOPARTICLES 

In this section, reservoir permeability heterogeneity is inferred from the magnetic 

response due to the presence of the magnetic nanoparticles in a five-spot. Both areal and 

vertical reservoir permeability heterogeneity and their corresponding impact on the 

magnetic response are considered. Since the magnetic response is sensitive to the pattern 

and distribution of streamlines, it is expected that the permeability heterogeneity could 

potentially be deduced from time-lapse magnetic measurements.  

Reservoir characterization is considered one of the most important components of 

reservoir development because it distinguishes essential features of reservoir 

heterogeneities affecting fluid flow in pay zones and governing reservoir performance. It 

is the quantitative description of the physical and chemical properties of the porous 

medium and its contained fluids (Forgotson, 1993). Reservoir characterization is also 

defined as the construction of realistic three-dimensional images of petrophysical 

properties to be used to predict reservoir performance (Lucia, 1999). 
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Permeability heterogeneity plays a critical role for decision making in all aspects 

of reservoir engineering processes, from well-placement and infill drilling to enhanced oil 

recovery applications (Shedid, 2009, Zhan et al., 2010, Wolcott and Chopra, 1993). In 

heterogeneous reservoirs, infill drilling increases reservoir continuity and improves areal 

and vertical sweep efficiencies. For reservoir management and economic reasons, it is 

important to predict performance and additional recovery from infill drilling. Both areal 

and vertical reservoir heterogeneities affect fluid displacement, hence affecting 

hydrocarbon recovery in waterflood and other enhanced oil recovery processes. Vertical 

heterogeneity affects conformance and areal heterogeneity impacts areal sweep 

efficiency. Therefore, the amount of bypassed or unrecoverable oil is related to reservoir 

heterogeneity; hence reservoir characterization is of utmost importance for more efficient 

reservoir management.  

The conventional techniques to characterize reservoir heterogeneities are suitable 

geological analogs (e.g. outcrops, core analysis), openhole wireline logging, wireline 

formation testing, pressure buildup, injection/fall-off tests, interwell tracers, and 

performance of different production wells. Also, if data are available, it is possible to 

characterize reservoir heterogeneities based on the performance of infill wells in 

waterfloods (Singhal and Springer, 2006). All these measurements are generally divided 

into two categories: static and dynamic. Some of the static properties include porosity, 

lithology, and initial fluid saturations. Dynamic properties include but are not limited to 

rock permeability and relative permeability. All of these measurements share one 

important limitation; they do not provide 2D spatial information of dynamic reservoir 

properties and thus have very shallow depth of investigation.  Furthermore, wireline logs 

data provide static properties such as porosity and lithology; and permeability is obtained 

through correlations, the results of which are subjective, exhibiting large level of 
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uncertainty, and limited by the applicability of calibration from core measurements. 

Regarding core analysis, it is usually difficult to obtain cores which are representative of 

the reservoir. Also, core analysis data usually miss very high-permeability intervals 

because of poor core recovery and the very low-permeability intervals caused by 

difficulties in lab measurements of low-permeability samples (Zhan et al., 2010). 

Although wireline formations testers measure the permeability, the data are contaminated 

by mud-filtrate invasion. Pressure transient do not exhibit sufficient vertical resolution to 

characterize formation longitudinally. Production logs possess high vertical resolution but 

with small radius of investigation. Interwell tracer tests return data for specific waterflood 

projects, provided sufficient amount of data are available for various injectors and 

producers. Tracer tests are usually costly and time-consuming as the effluent fluids have 

to be extracted and analyzed in the lab. Moreover, one should wait for the breakthrough 

of the tracer before being able to infer about reservoir heterogeneity. 

All of the above data sources are extremely valuable and indispensable for 

reservoir characterization; however, EM measurements have the ability to compliment 

these standard measurements for formation evaluation and reservoir characterization. 

Both single-well and crosswell EM methods have been applied for reservoir 

characterization and monitoring. Electrode resistivity array technology, which only 

requires a single well, is already suggested and used for reservoir characterization and 

fluid movement monitoring (Belani et al., 2000 and Kleef et al., 2001). With this 

technology, an array of electrodes is placed at reservoir level (could be permanently 

cemented or installed on tubing), providing a continuous reading of the formation 

resistivity. Zhan et al., 2010 used electrode resistivity array, a wireline formation tester, 

and a permanent downhole pressure sensor to characterize detailed formation 

heterogeneity for a carbonate reservoir in Middle East. Wilt et al., 2012 monitored a 
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waterflood in Dom Joao oil field in Brazil using crosswell EM (based on the conductivity 

contrast between the injected and resident fluids) and induction log data. The crosswell 

data they gathered provided an image consistent with the information obtained from well 

logs. They used equipment capable of monitoring resistivities with 1% precision. There 

are numerous other case studies where the researchers have applied crosswell EM 

technology for monitoring waterflood and obtained 2D images of the resistivity of the 

formation which could be used to identify reservoir heterogeneities (Wilt et al., 1992 and 

1995, Montaron et al., 2007, Bhatti et al., 2007, Sanni et al., 2007, Bhatti et al., 2008, 

Malalla et al., 2009, Marion et al., 2011). 

As discussed in the previous chapters, magnetic nanoparticles capable of 

changing the magnetic permeability of the formation rock could potentially result in high-

resolution magnetic measurements at very low frequencies where the casing attenuation 

is much more manageable. Therefore, in the next subsequent sections in this chapter, the 

focus is on inferring reservoir heterogeneities from magnetic measurements acquired with 

injecting magnetic nanoparticles.  

6.2.1 Areal reservoir heterogeneity characterization 

I start by investigating the effect of areal reservoir heterogeneity on the magnetic 

response. I add heterogeneities in rock permeability to the five-spot model that was used 

in the previous section. Heterogeneities in properties of the reservoir other than the rock 

permeability are not discussed in this dissertation.  

6.2.1.1 Assumed models for areal reservoir heterogeneity 

Four different general permutations for investigating the impact of areal reservoir 

heterogeneity on the magnetic response are investigated. The injection and petrophysical 

properties of the reservoir are similar to those in the previous section (listed in Table 6.1) 
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with fixed reservoir dispersivity of 0.5 m and background permeability of 200 md. The 

permeability heterogeneities are ellipsoid inclusions exhibiting either a higher or lower 

permeability than the background and can be oriented parallel or perpendicular to the 

streamlines. The ellipsoid in each case is intentionally positioned near the injector where 

the EM excitation source is deployed due to the large sensitivity of the magnetic 

measurements close to the source (as discussed in Chapters 4 and 5). Time-lapse 

magnetic measurements are acquired at receivers deployed at the producing wells at the 

four corners of the models. The receivers are assumed to be located at the same depth as 

the transmitter which is located at the center of the reservoir (producing) layer, providing 

the maximum sensitivity to the magnetic anomaly. Based on the difference between the 

measurements at different receivers, an attempt is made to characterize reservoir 

heterogeneity. 

6.2.1.1.1 Low permeability ellipsoid perpendicular to the streamlines 

The low permeability ellipsoid perpendicular to the streamlines is the most 

interesting case among the other ones studied in this dissertation because it perturbs (and 

bifurcates) the flow lines most drastically. Therefore, more analysis is performed on this 

case. Figure 6.10 shows the map view of the assumed model. P1, P2, P3, and P4 

represent the four producers in the five-spot and identified with black small circles. Each 

of the producers houses receivers to measure the magnetic field. The transmitter is 

deployed in the injector well, identified with a hollow white circle and positioned at the 

center of the model.  Except for the heterogeneity in the permeability, all other properties 

of the reservoir layer are similar to those of the previous section.  Similar to Figure 6.1, 

the transmitter in the injector well is located at the center of the reservoir layer, i.e., z = 0. 

The receivers are positioned at the same depth as the transmitter and are named after the 
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producer wells they are deployed at, i.e., P1, P2, P3, and P4. The location of the center of 

the ellipsoid (heterogeneous feature) is at x = -7.62 m and y = 7.62 m in Figure 6.10. The 

minor semi-axis is 6 m. The major semi-axis of the ellipsoid is 15 m in Figure 6.10.a and 

50 m in Figure 6.10.b. The grids are similar to those used in Section 6.1.2. The two 

models in Figures 6.3.a and 6.3.b are designed to show that the magnetic response is 

sensitive to the size of permeability heterogeneity. The permeability of the ellipsoid in 

both cases is 2 md and the background permeability is 200 md. The remaining properties 

are similar to those mentioned in the previous section.  

 

   

(a) (b) (c) 

Figure 6.10: (a) and (b) Low-permeability ellipsoid perpendicular to the flow streamlines 

in a five-spot. The permeability of the heterogeneous feature is 2 md. (c) 

Low and high permeability ellipsoids perpendicular and parallel to the flow 

lines. This model yields the same flow rates as in (b). 

Both models in Figures 6.10.a and 6.10.b are input into UTCHEM to solve for the 

nanoparticles concentration at various time steps (reminder: the nanoparticles are treated 

as ordinary tracers with no retention/adsorption in this dissertation). Figures 6.11 and 

6.12 show the map view of the normalized concentration profiles at selected time steps 

for the models shown in Figure 6.10.a and 6.10.b, respectively. Figure 6.14 shows the 

time-lapse magnetic measurements. In all the time steps, measurements acquired in 
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producers one and three (P1 and P3) are identical because the flow is symmetric with 

respect to them (see the models in Figure 6.10.a and 6.10.b).  

We can analyze the magnetic anomalies in a relative sense, which reveals 

information about the relative transit times for the material across the reservoir. At the 

beginning of the ferrofluid injection (referring to zone 1 in Figure 6.9.b), the magnetic 

response at all producers is almost similar because the difference in concentration 

distribution is not sufficiently large to be discriminated by the magnetic receivers. With 

continuous ferrofluid injection, however, the receivers deployed in the producers begin to 

sense differences reflecting the asymmetric fluid flow pattern in the quadrants of the five-

spot. This is most clearly visible at T = 13 days. Due to the presence of the low-

permeability heterogeneity, most of the ferrofluid flows in bottom-right quadrant toward 

P4. Thus, P4 reads the largest anomaly (most negative). For the same reason, P2 reads the 

least. P1 and P3 read in between the two. Also, the separation of magnetic measurements 

of P2 and P4 depends on the length of the ellipsoid; with a longer heterogeneous feature, 

the separation between the two curves increases. Therefore, the magnetic measurements 

are sensitive to the size of the areal heterogeneity.  

Examining the differences in magnetic measurements in zones 2 and 3 also 

reveals important information on the impact of heterogeneity on the magnetic response. 

After the ferrofluid injection is stopped, the deviation between magnetic measurements 

acquired at P1, P3, and P4 decreases. P2 readings are significantly different from the 

others. The heterogeneity divides the stream lines in the top left quadrant into two 

branches. The resultant two branches go around the ellipsoid and then make it back. This 

process postpones the streamlines and distracts them from the line connecting the 

transmitter (or the injector) to receiver P2. Therefore, P2 reads smaller values compared 

to other receivers where the front is almost advancing at the same pace toward the 
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producers. Receivers P1, P3, and P4 exhibit the same signature as the one shown for the 

homogeneous case in the previous section (Figure 6.9). The magnetic response increases 

until the front reaches the breakthrough. With production commencement, the particles 

being extracted out of the system, the magnetic response also decreases. For the shorter 

ellipsoid, after 73 days, the two streamline branches converge enough to be detected by 

receiver P2. Therefore, P2 measurement for this case is a delayed version of other 

receivers. However, in the case of the longer ellipsoid (see model shown in Figure 

6.10.b), the bifurcation of the streamlines is so drastic that P2 measurement exhibits a flat 

small value until the final time step (123 days).  

This study shows that the separation of magnetic measurement curves indicates 

reservoir heterogeneity. The heterogeneity affects the streamlines time of flight and 

consequently time-lapse magnetic measurements. The low-permeability features hinder 

the streamlines and slow the front. This phenomenon causes a decrease in the magnetic 

measurements, resulting in an extending zones 2 and 3 (see Figure 6.9.b). On the other 

hand, as we will see in the subsequent sections, high-permeability features result in 

concentration of streamlines, thereby causing an increase in the magnetic measurements 

and shrinkage of zones 2 and 3 (see Figure 6.9.b). It is important to note that the overall 

behavior of the magnetic measurements is similar to that of Figure 6.9.b. The effect of 

heterogeneity is modifying the length of each zone.  

The size of heterogeneity affects the magnetic measurements due to the 

corresponding impact on the streamlines bifurcation as well as flow rates. In this study, 

the longer ellipsoid delays the streamlines while impacting the flow rates at the producers 

so drastically that zone 2 extends until the very last time step in receiver P2. The flow 

rate data are listed in Table 6.2 for both cases. 
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Producer 1 2 3 4 

Flow rate, BD 1745 1621 1826 1745 
 

Producer 1 2 3 4 

Flow rate, BD 1781 1291 2084 1781 
 

Table 6.2: Flow rates at the producers for models shown in (a) Figure 6.10.a and (b) 

Figure 6.10.b, respectively.  

In order to understand better the impact of streamline distribution on the magnetic 

response, another case is set up, as shown in Figure 6.10.c. The flow rates at the four 

producers are similar in models shown in Figures 6.10.b and 6.10.c and equal to those 

listed in Table 6.2.b. The magnetic response from this case is purely dependent on the 

distribution of streamlines carrying the nanoparticles and the effect of flow rate is 

removed. This study is a more advanced step in realizing the value of adding magnetic 

nanoparticles to waterflood for monitoring flood-front and characterizing reservoir 

heterogeneity.  

Time-lapse measurements of the magnetic anomaly help infer reservoir 

heterogeneity due to the sensitivity of measurements to streamlines carrying the magnetic 

contrast agents. The flow rate or the pressure data merely reflect the average permeability 

between the wells and therefore do not accurately represent the reservoir heterogeneity. 

Figures 6.14.b and 6.14.c show and compare the time-lapse magnetic measurements of 

the two cases shown in Figures 6.10.b and 6.10.c. Early time during ferrofluid injection, 

the magnetic anomaly in all producers is similar in both cases. Toward the end of 

ferrofluid injection time (e.g., at T = 13 days), the magnetic measurements acquired in the 

four producers for Model 6.10.b begin to deviate; the receiver at P2 reads a smaller value 

than the rest, P4 reads the largest value, and P1 and P3 read identical values between P2 

and P4 readings. The fact that P2 reads a smaller value than the rest shows there is a 

heterogeneous feature close to the source hindering the streamlines. Due to the low-
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permeability ellipsoid being perpendicular to the streamlines, a large portion of ferrofluid 

tends to propagate in the bottom right quadrant, toward P4. Identical measurements at P1 

and P3 indicate that the model is symmetric with respect to both receivers. Therefore, in 

this case, the ferrofluid has “sensed” the heterogeneity located close to the injector. For 

Model 6.10.c, the readings at the four producers are identical after 13 days, showing the 

fact that the heterogeneity is not yet sensed by the ferrofluid and the streamlines 

perturbation is not sufficiently large to be detected by the receivers. 

At T = 23 days, the difference in readings between P4 and P1 (= P3) decreases in 

Model 6.10.b due to the similar trend of ferrofluid approaching the receivers; the 

ferrofluid bank is far from the receivers (P2, P1, and P3); hence the difference in flow 

pattern is not detectable. The receiver at P2 still shows a small value; because the 

streamlines not capable of flowing through the low-permeability feature, are passing 

around it and therefore deviating from the line connecting the source (injector) to P2. All 

the receivers at Model 6.10.c still read the same values. The sensitivity of magnetic 

measurements is small when the ferrofluid is at the interwell region, therefore, the 

magnetic measurements here in this case do not differentiate the irregularity in flow 

pattern developed due to the high-permeability feature close to P4. 

After 33 days, there is not significant change in magnetic measurements 

compared to the previous time step for Model 6.10.b. Magnetic measurements for Model 

6.10.c, however, are deviating; P4 reads a higher value compared to the rest of the 

receivers as the streamlines become concentrated and travel faster in the high-

permeability feature close to P4. P1, P2, and P3 still read the same value as the front 

shape is not sufficiently different to be distinguished by P1, P2, and P3.  

After 43 days, the magnetic response increases at P1, P3, and P4 for Model 6.10.b 

due to the advancing ferrofluid approaching the receivers. In Model 6.10.c, the ferrofluid 
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slug reaches breakthrough at producer P4 and is at the onset of production due to the 

high-permeability channel. The magnetic response increases consequently and deviates 

significantly from the recordings of other producers.  

At T = 53 days, the ferrofluid front has reached breakthrough at P1, P3, and P4 

and is at the onset of production for Model 6.10.b. Therefore, the magnetic response for 

all the three receivers (P1, P3, and P4) increases. Receiver P2 still reads a low flat value 

because the ferrofluid passing around the low-permeability feature has not yet made it 

back to the line of sight between the injector and P2. For Model 6.10.c, P4 starts to 

decrease because the nanoparticles are being produced and extracted out of the system. 

The ferrofluid front approaching toward P2 has reached the low-permeability feature in 

the proximity of P2 and the streamlines are hindered, bifurcated, and distracted. 

Therefore, receiver P2 deviates from P1 and P3 and reads a smaller value. Measurements 

at receiver P1 (=P3) starts to increase because the ferrofluid front is sufficiently close to 

the receivers where the sensitivity of magnetic measurements is very high. 

After 63 days, the nanoparticles are being produced at P1, P3, and P4 for Model 

6.10.b; hence, the corresponding magnetic response decreases with extraction of 

nanoparticles out of the system. No significant change happens for receiver P2 compared 

to the previous time-step. The ferrofluid front reaches breakthrough at P1 and P3 for 

Model 6.10.c and is at the onset of production. Consequently, the magnetic response at 

these two receivers reaches a maximum. Receiver P2 has not yet seen the ferrofluid front 

due to the bifurcation and distraction of streamlines due to the low-permeability feature. 

At T = 73 days, there is no significant change in the response of Model 6.10.b 

with respect to the previous time step. For Model 6.10.c, P1 and P3 are producing; hence 

the corresponding magnetic response decreases. More interestingly, the ferrofluid front 

has managed to go round the low-permeability feature and made it back to the original 
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direction toward the pressure sink, P2 (line of sight connecting the injector to P2). 

Therefore, the measurement at receiver P2 increases. 

At T = 83 days, the ferrofluid front reaches breakthrough at P2 for Model 6.10.c 

and is at the onset of production. The magnetic response at P2 is therefore at its 

maximum at this time. Beyond this time, P2 starts decreasing with extraction of 

nanoparticles from the system. 

Even after 123 days, the magnetic nanoparticles have not yet made it back toward 

P2 for Model 6.10.b. Therefore, the response at P2 in this case remains flat indicating 

high bifurcation of streamlines due to the large low-permeability feature. By continuing 

the simulations progressively beyond 123 days, the ferrofluid will eventually make it 

back onto the line of sight connecting the injector to P2 and the receiver at P2 will detect 

it.  

The permeability heterogeneity distorts the temporal length of the zones identified 

in Figure 6.9.b. In all the studies, the low-permeability feature extends both zones 2 and 

3. The high-permeability feature, on the other hand, shortens both zones. Also, a low-

permeability feature close to the injector affects zone 1 data; the measurements acquired 

at the four producers are different by around 8%. The temporal length of zone 1 is always 

determined by the injection strategy.  
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Figure 6.11: Map view of temporal evolution of ferrofluid slug for the five-spot model 

shown in Figure 6.10.a at different time steps. The sequence is from left to 

right and top to bottom. Color scale represents the normalized nanoparticle 

concentration. The vertical axis corresponds to the “x” coordinate and the 

horizontal axis to the “y” coordinate in the model shown in Figure 6.10.a. 
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Figure 6.12: Map view of temporal evolution of the ferrofluid slug for the five-spot 

model shown in Figure 6.10.b at different time steps. The sequence is from 

left to right and top to bottom. Color scale represents the normalized 

nanoparticle concentration. The vertical axis corresponds to the “x” 

coordinate and the horizontal axis to the “y” coordinate in the model shown 

in Figure 6.10.b.  
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Figure 6.13: Map view of temporal evolution of the ferrofluid slug for the five-spot 

model shown in Figure 6.10.c at different time steps. The sequence is from 

left to right and top to bottom. Color scale represents the normalized 

nanoparticle concentration. The vertical axis corresponds to the “x” 

coordinate and the horizontal axis to the “y” coordinate in the model shown 

in Figure 6.10.c. 
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(a) (b) (c) 

Figure 6.14: Time-lapse magnetic measurements of the models shown in Figure 6.10.  

6.2.1.1.2 Low- permeability ellipsoid parallel to the streamlines 

Following the previous discussion, another permutation of permeability 

heterogeneity is considered in this section. The low-permeability feature here is parallel 

to the streamlines, i.e., along the line connecting the injector to producer 2, as shown in 

Figure 6.15. The background permeability is similar to the previous section (200 md) and 

the permeability of the ellipsoidal inclusion is 2 md. The length of the ellipsoid is 30 m 

and the width is 12 m (same dimensions as in Figure 6.10.a). The center of the ellipsoid 

in the model is at x = -13.72 m and y = 13.72 m. 

 

Figure 6.15: Map view of rock permeability distribution with a low-permeability 

heterogeneous feature parallel to streamlines. 
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The low-permeability ellipsoid in this case does not drastically perturb the 

streamlines and concentration distribution profiles as was the case in the previous section. 

Consequently, the magnetic measurements acquired at the four producers are not 

significantly different (Figure 6.17). The magnetic measurements at producer 2 exhibit 

deviation from the other measurements; zone 2 is extended for this receiver due to the 

streamlines being impeded by the low-permeability ellipsoid. In this case, the streamlines 

go round the low-permeability ellipsoid in less amount of time compared to all the cases 

previously discussed. All other three producers show almost identical values due to the 

similar trend of the ferrofluid front advancing towards the receivers. 
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Figure 6.16: Map view of temporal evolution of ferrofluid slug for the five-spot model 

shown in Figure 6.15. The sequence is from left to right and top to bottom. 

Color scale represents the normalized nanoparticle concentration. The 

vertical axis corresponds to the “x” coordinate and the horizontal axis to 

the “y” coordinate in the model shown in Figure 6.15. 
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Figure 6.17: Time-lapse magnetic measurements acquired at the four producers deployed 

for the model shown in Figure 6.15. 

6.2.1.1.3 High- permeability ellipsoid perpendicular to the streamlines 

In this section, I look into a high-permeability feature perpendicular to the 

streamlines, i.e., perpendicular to the line connecting the injector to producer 2, as shown 

in Figure 6.18. The background permeability is similar to the previous section (200 md) 

and the permeability of the ellipsoidal inclusion is 2000 md. The length of the ellipsoid is 

30 m and the width is 12 m (same dimensions as in Figure 6.10.a). The center of the 

ellipsoid in the model is at x = -7.62 m and y = 7.62 m. 
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Figure 6.18: Map view of rock permeability distribution with a high-permeability 

heterogeneous feature perpendicular to the streamlines. 

Similar to the previous case, the heterogeneous feature in this case does not 

perturb the streamlines as drastically as for the first case (Figures 6.19 and 6.20). 

Although a high-permeability feature creates a faster channel for the streamlines to flow, 

the short distance of the ellipsoid along the streamlines result in less deviation in 

concentration profile. As will be shown in the next section, the more a high-permeability 

channel is extended along the streamlines, the larger the concentration of the streamlines 

carrying the nanoparticles will be in the channel, resulting in a drastic deviation between 

the magnetic measurements at the four producers. 

 

 

 

 

 



 225 

    

    

    

    

   

 

Figure 6.19: Map view of temporal evolution of ferrofluid slug for the five-spot model 

shown in Figure 6.18. The sequence is from left to right and top to bottom. 

Color scale represents the normalized nanoparticle concentration. The 

vertical axis corresponds to the “x” coordinate and the horizontal axis to 

the “y” coordinate in the model shown in Figure 6.18. 
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Figure 6.20: Time-lapse magnetic measurements acquired at the four producers deployed 

for the model shown in Figure 6.18. 

6.2.1.1.4 High- permeability ellipsoid parallel to the streamlines 

For the last scenario on areal reservoir heterogeneity, I consider a model with a 

homogeneous background and high-permeability ellipsoid parallel to the streamlines, i.e., 

along the line connecting the injector to producer 2, as shown in Figure 6.21. The 

background permeability is similar to the previous section (200 md) and the permeability 

of the ellipsoidal inclusion is 2000 md. The length of the ellipsoid is 30 m and the width 

is 12 m (same dimensions as in Figure 6.10.a). The center of the ellipsoid in the model is 

at x = -13.72 m and y = 13.72 m. 
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Figure 6.21: Map view of rock permeability distribution with a high-permeability 

heterogeneous feature parallel to streamlines. 

The high-permeability feature in this case creates a relatively drastic effect on the 

streamlines and nanoparticle spatial distribution (Figure 6.22). The high-permeability 

ellipsoid is extended along the line connecting the injector to P2 and therefore covers a 

long distance along the streamlines path, leading to a larger and denser concentration of 

lines inside the ellipsoid. This causes a channeling effect, a faster breakthrough, and 

therefore shortens both zones 2 and 3 for the receiver deployed in producer 2. Therefore, 

there is a large deviation between P2 measurements and the other receivers (Figure 6.23). 
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Figure 6.22: Map view of the temporal evolution of ferrofluid slug progress for the five-

spot model shown in Figure 6.21. The sequence is from left to right and 

top to bottom. Color scale represents the nanoparticle concentration. The 

vertical axis corresponds to the “x” coordinate and the horizontal axis to 

the “y” coordinate in the model shown in Figure 6.21.  
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Figure 6.23: Time-lapse magnetic measurements acquired at the four producers deployed 

for the model shown in Figure 6.21. 

The cases studied in this section reveal that the magnetic measurements are 

sensitive to the streamline pattern and distributions. If the reservoir heterogeneity is 

capable of perturbing the streamlines sufficiently from the base case (which is the 

homogenous five-spot discussed earlier in this chapter), the magnetic measurements 

acquired at the four producers deviate. The difference between the measurements helps 

us infer the areal reservoir heterogeneity. Low-permeability features in a heterogeneous 

reservoir result in the bifurcation of the streamlines. This effect is maximized when the 

low-permeability feature is oriented perpendicular to the streamlines path and long in this 

direction.  For a high-permeability feature, the situation is somewhat different. Instead of 

bifurcating the flow lines, the high-permeability feature concentrates the streamlines and 

creates a denser distribution of streamlines. This results in a channeling effect speeding 

the streamlines. The channeling effect is maximized when the high-permeability feature 

is aligned with the streamlines and extended in this direction. In all the cases, the high-

permeability feature shortens zones 2 and 3 for the receiver deployed at producer 2 and 

the low-permeability feature extends them. This is shown in Figure 6.24.a which shows 
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the temporal length of zones 2 and 3 for each of the four cases above for the receiver 

deployed at P2 (the corresponding permeability models are described in Figures 6.10.a, 

6.15, 6.18, and 6.21). The figure emphasizes that both the low-permeability heterogeneity 

is perpendicular to the streamlines and high-permeability heterogeneity parallel to the 

streamlines generate the largest perturbations in the magnetic response compared to the 

homogeneous case. For P4, the temporal lengths of zones 2 and 3 only change for high-

permeability cases. The low-permeability heterogeneity does not affect the temporal 

lengths of zones in P4 data (Figure 6.24.b). The high-permeability heterogeneity only 

increases temporal length of zone 3 in the P4 data. The reason is that for high-

permeability feature located along the line connecting injector to producer 2, most of the 

fluid is pulled toward the high-permeability channel and less flows toward producer 4. 

For the low-permeability cases, noticeable portions of the injected fluid are repelled by 

the low-permeability barrier (located along injector and producer 2) and pushed toward 

producer 4. The resolution in the plots of Figure 6.24 is limited by the time increment in 

most parts of these time-lapse measurements which is 10 days. 
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(a) (b) 

Figure 6.24: Temporal length of zones 2 and 3 for the four models described in Figures 

6.10.a, 6.15, 6.18, and 6.21 for producer (a) P2 and (b) P4.  

6.2.2 Vertical reservoir heterogeneity characterization 

The main objective in this section is to investigate vertical reservoir heterogeneity 

impact on magnetic anomaly maps for a two-layer reservoir. Vertical reservoir 

heterogeneity impacts waterflood and EOR processes performance, stimulation 

techniques, and related hydrocarbon production (Permadi et al., 2004, Belgrave et al., 

1993). Vertical heterogeneity in permeability occurs due to various geologic processes 

that took place during the sedimentation of the reservoir (Van Wagoner et al., 1990). 

Since the sedimentation process of each reservoir is different from the others, each 

reservoir has a unique classification of grain size distribution. A certain formation may 

exhibit a fining upward or coarsening upward grain size distribution. A fining upward 

situation indicates that the grains become finer in an upward sequence resulting in a 

decreasing upward trend of permeability. On the other hand, a coarsening upward grain 

size distribution indicates a situation where the grains become coarser upwards, leading 
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to an increasing upward permeability trend. In this section, a simple coarsening upward 

situation in a two-layer formation is considered and the magnetic response is measured 

with injecting magnetic nanoparticles. 

6.2.2.1 Assumed model for vertical reservoir heterogeneity 

The assumed model is 2d-axisymmetric and consists of two layers with an 

increasing upward trend for permeability (Figure 6.25). The entire height of the two-layer 

reservoir model is 20 m. The permeability of the bottom layer is 20 md and the 

permeability of the top layer is 200 md. The height of the bottom layer, identified by 

symbol x, varies and takes values of 10, 15, 17.5, and 20 m. Incompressible, single-

phase, and single-well radial injection is assumed. The effect of gravity is ignored; hence 

no vertical crossflow is assumed to occur. The assumed injection and petrophysical 

parameters for this case are similar to those listed in Table 6.1 with fixed reservoir 

dispersivity of 0.5 m.  

 

Figure 6.25: Assumed two-layer reservoir model for studying vertical reservoir 

heterogeneity.  

Similar to the previous section, the nanoparticle concentration distribution is 

computed with the UTCHEM everywhere in space. The calculated spatial distribution of 

the nanoparticle concentration is subsequently transformed to magnetic permeability 
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spatial distribution using the mixing law (Langevin Equation) and the effective medium 

theory (Bruggeman Equation) (described in Chapter 3) as shown in Figure 6.26. Similar 

to the previous section, retention of the nanoparticles on the rock surface is assumed 

negligible.   

 

    

    

    

    

(a) (b) (c) (d) 

 

Figure 6.26: Spatial distribution of magnetic permeability at selected time steps for the 

model shown in Figure 6.25 for (a) x = 20 m, (b) x = 17.5 m, (c) x = 15 m, 

and (d) x = 10 m. The vertical axis corresponds to the vertical coordinate 

and the horizontal axis to radial coordinate in the model shown in Figure 

6.25. The sequence is from top to bottom. 
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(a) (b) (c) (d) 

Figure 6.26 continued. 
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(a) (b) (c) (d) 

 

Figure 6.26 continued. 
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(a) (b) (c) (d) 

Figure 6.26 continued. 

6.2.2.1 Magnetic tomography results 

Since the heterogeneity occurs in the vertical direction, it can be illuminated more 

effectively from multiple angles by moving source and receiver vertically. Hence, 

magnetic tomography maps are used to investigate the effect of vertical reservoir 

heterogeneity. Each map is obtained by shifting the vertical location of source and 

receiver at each of the selected time steps. In each tomography map, the magnetic 

anomaly in percent, represented by the color scale, is shown with changing the source 

(horizontal axis) and receiver position (vertical axis) between z = -20 m and z = +20 m as 

shown by Figure 6.27. 

At the beginning of the injection (until T = 13 days), the magnetic anomaly is 

large and negative inside both of the reservoir layers (for -10 m < z < 10m) and 

undergoes an abrupt transition to a large positive value when the transmitter moves 

across the boundaries of the reservoir layer (z = -10 m and z = 10 m). The magnetic 
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response dramatically changes with the transmitter position. This is already observed in 

Chapter 5. During injection (until T = 13 days), the magnetic anomaly inside the layer 

with larger permeability is larger (more negative) (see columns 2, 3, and 4 up to T = 13 

days). The reason is that a larger amount of ferrofluid enters the higher-permeability layer 

and therefore the secondary induced magnetic dipole is larger. For transmitter locations 

above the high-permeability layer, the positive anomaly is weaker compared to the 

positive anomaly below the low-permeability layer. The reason is schematically 

demonstrated by Figure 6.28. As described in Chapter 5, the relative position of the 

magnetizing source and the magnetized target has a dramatic effect on the observed 

signal due to the dipole strength and beam pattern. Figure 6.28.a shows the approximate 

location of the ferrofluid at T = 2 days after injection in both layers for the same height of 

low- and high-permeability layers when the magnetic source is positioned at z = -10 m. 

Figure 6.28.b shows the same case with source positioned at z = +10 m. The color in this 

figure represents the phase of the primary magnetic field; blue and red imply the primary 

field pointing upwards and downwards, respectively. The ferrofluid is magnetized along 

the direction of the local primary magnetic field. When the source is at z = -10 m (Figure 

6.28.a), most of the injected ferrofluid is located inside the blue area (and very small 

amount in the red region), hence the ferrofluid is magnetized upwards significantly 

(along the vertical magnetic dipole source), and therefore contribute to the positive 

magnetic anomaly. On the other hand, when the source is positioned at z = +10 m, a more 

significant amount of ferrofluid is located in the red region, therefore, the injected 

ferrofluid is magnetized upwards weaker compared to the previous case, thus the positive 

magnetic anomaly is less. Therefore, the positive magnetic anomaly is larger when the 

source is below the bulk of the ferrofluid compared to the case when the source is above 

the bulk of the ferrofluid. 
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During the injection process, with injecting more ferrofluid, the magnetic moment 

induced in the lower-permeability layer increases but the induced moment in the higher-

permeability layer does not increase as much because portions of the ferrofluid are too far 

from the source and the value of the local primary magnetic field has dropped 

significantly (the value of the induced magnetic moment in the ferrofluid is proportional 

to the value of the local primary magnetic field).  

During ferrofluid injection, the magnetic tomography map is always vertical (see 

Figure 6.27, until T = 13 days), showing sensitivity to the transmitter location. After 

ferrofluid injection stops (with continuous injection of water pushing away the ferrofluid 

slug), the magnetic anomaly starts to rotate counterclockwise, as seen in Chapter 5. For 

the two-layer case studied here, the ferrofluid banks in each layer separate and the 

tomography map is a superposition of the two separated banks. The rate of rotation of the 

magnetic anomaly is different for each of the separated banks due to the reservoir rock 

permeability and height contrast. The ferrofluid bank moves faster in the high-

permeability layer resulting in a faster magnetic anomaly rotation in that layer (see Figure 

6.29 for an example). The magnetic tomography map rotates slower in the low-

permeability layer (which is the bottom layer in this model). Therefore, by comparing the 

rates of magnetic anomaly rotation in the magnetic tomography map, one could 

potentially infer the vertical reservoir heterogeneity and the relative magnitude of 

permeabilities of the layers. The speed of the advance of the ferrofluid bank depends also 

on the height of each layer. The ferrofluid travels faster in the thinnest layer with the 

highest permeability. In this model, the ferrofluid bank advances fastest for x = 17.5 m in 

the model shown in Figure 6.25. Therefore, the magnetic anomaly rotates fastest in the 

top layer for this case. The magnetic tomography map exhibits much more rapid 

variations in this case compared to other cases. Further, in this system, the ferrofluid bank 
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travels slowest in the thinnest bottom layer (the layer with low-permeability), 

corresponding to x = 10 m in this model. Hence, this case corresponds to the slowest rate 

of magnetic anomaly rotation in the magnetic tomography maps. 

As the ferrofluid bank approaches the receiver in the high-permeability layer, the 

magnetic response within that layer increases significantly (column b at T = 23 days, 

column c at T = 33 days, and column d at T = 53 days in Figure 6.26 and 6.27). 

Moreover, the magnetic tomography maps clearly detect the breakthrough with a dark 

blue strip along the depth range of the high-permeability layer. This is important because 

one could potentially identify which layer is carrying the nanoparticles. Therefore, this 

method proposes a great advantage over ordinary tracers as they do not tell us which 

layer they have been traveling through.  

After the ferrofluid bank passes by the receiver well, the corresponding imprint 

gradually disappears from the magnetic tomography maps. The rate of disappearance 

depends on the permeability of the top layer and its height; it is fastest for the thinnest 

layer with highest permeability. After the imprint of the high-permeability layer 

disappears, the magnetic tomography map is purely due to the ferrofluid advance in the 

low-permeability layer and will be qualitatively similar to a single-layer case. As the 

ferrofluid bank approaches the receiver in the bottom low-permeability layer, the 

magnetic anomaly within that layer increases, hence indicating the arrival of the bank 

prior to breakthrough. 

The study in this section indicates that it is potentially feasible to identify vertical 

reservoir heterogeneity based on time-lapse magnetic tomography maps at several stages 

of the flood. Vertical reservoir heterogeneity affects the geometry of ferrofluid banks in 

each horizontal layer. As the low-frequency magnetic response depends heavily on the 

geometry of the target, detection of the vertical heterogeneity becomes possible. At the 
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early stages of the flood, the difference in the (negative) magnetic anomaly inside the 

reservoir layer as well as the difference between the positive magnetic anomaly above 

and below the reservoir layer indicates the heterogeneity. At the intermediate stages of 

the flood, different rates of magnetic anomaly rotation help us infer about vertical 

heterogeneity. At late stages of the flood and close to breakthrough, horizontal dark blue 

strips (large negative values inside the high-permeability layer) identify the vertical 

heterogeneity. The rate of disappearance of the imprint of one layer is another potential 

approach to quantify vertical heterogeneity.    

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 241 

    

    

    

    

    

    

(a) (b) (c) (d) 

Figure 6.27: Magnetic tomography maps for at selected time steps for the model shown 

in Figure 6.25 for (a) x = 20 m, (b) x = 17.5 m, (c) x = 15 m, and (d) x = 10 

m. The corresponding magnetic permeability distributions are shown in 

Figure 6.25. The vertical axis corresponds to the receiver location and the 

horizontal axis to the transmitter location. The color represents magnetic 

anomaly defined in Equation 5.1. The sequence is from top to bottom. 
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(a) (b) (c) (d) 

Figure 6.27 continued. 
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(a) (b) (c) (d) 

Figure 6.27 continued. 
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(a) (b) 

Figure 6.28: Phase of vertical component of primary magnetic field when the source is 

positioned at (a) z = -10 m and (b) z = +10 m. 

 

Figure 6.29: Magnetic tomography map for T = 17 days for x = 10 m for the model 

shown in Figure 6.25. The magnetic tomography map after ferrofluid 

injection stops is a superposition of the magnetic tomography map of the 

two separated ferrofluid banks with different rates of magnetic anomaly 

rotation. The black arrows show the angle of magnetic anomaly for each 

layer. 

6.3 SUMMARY AND CONCLUSIONS 

In this chapter, the realistic flow behavior of the magnetic nanoparticles is 

coupled with electromagnetic measurements. Assuming a ferrofluid that can be treated as 
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a non-adsorbing tracer flowing in the reservoir, the spatial distribution of the magnetic 

nanoparticles is computed using reservoir simulation. The concentration distribution is 

then transformed to magnetic permeability distribution using the Langevin Equation and 

Bruggeman effective medium theory. The resultant magnetic permeability distribution is 

input into an electromagnetic simulator to calculate the magnetic response.  

Using the developed methodology, I investigated the problem of tracking a 

ferrofluid slug propagation in both single-well radial and five-spot injection-production 

scenarios and compared the magnetic responses. The effect of hydrodynamic dispersion 

on the magnetic measurements was studied for the single-well radial injection case. 

Hydrodynamic dispersion has negligible effect at the early stages of the flood. With 

further propagation of slug, however, the dispersed slug exhibits a larger magnetic 

anomaly, compared to the piston-like displacement case, due to its proximity to the 

source and receiver as a result of extended tails. Larger dispersivity smooths the magnetic 

anomaly, possibly making imaging and inversion more challenging and decreases its 

uniqueness. In the five-spot case, the magnetic measurements detect the faster advance of 

the front due to the pressure sink at the producers.   

The important problem of characterizing reservoir permeability heterogeneity was 

also considered in this chapter. Applying the same technique, I demonstrated the 

feasibility of inferring both areal and vertical reservoir heterogeneity using simple 

reservoir models. Time-lapse magnetic measurements reflect areal permeability 

heterogeneity in a detectable manner, provided that the streamlines are sufficiently 

perturbed by the heterogeneous entity. A low-permeability heterogeneous feature could 

potentially be detected if it sufficiently bifurcates flow lines. A high-permeability 

heterogeneous feature could potentially be distinguished if it is extended along the 

streamlines path and could sufficiently concentrate the flow lines.  
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Vertical permeability heterogeneity could potentially be identified through time-

lapse magnetic tomography maps. The vertical heterogeneity impacts the geometry of the 

injected ferrofluid bank, and therefore affects low-frequency magnetic measurements 

significantly. The vertical reservoir heterogeneity could be detected with different 

signatures at different stages of the ferrofluid bank propagation. During injection, the 

magnetic anomaly undergoes drastic changes when the transmitter crosses the boundary 

between the layers. After ferrofluid injection is stopped and the ferrofluid slug travels 

through the interwell region, different rates of magnetic anomaly rotation (corresponding 

to the two injection banks in each layer) in the tomography maps indicate vertical 

heterogeneity in rock permeability. For each layer, when the ferrofluid slug is sufficiently 

close to the receiver, the magnetic anomaly measured at the receivers in that layer 

increases abruptly regardless of the transmitter location, leading to early detection of the 

injection bank long before the breakthrough. All of these signatures could potentially 

indicate the relative vertical location of high-permeability to low-permeability layers, in 

particular thief zones. 
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Chapter 7: Analysis of Pore-scale Behavior of Magnetic Nanoparticles 

In all of the previous chapters, single-phase flow is assumed; the magnetic 

nanoparticles are dispersed in aqueous solution which flows through the reservoir. In 

reality, however, multiple phases exist in the formation. With multiple phases present, the 

flow problem becomes more complicated due to the effects of capillary pressure and 

relative permeability. Introducing magnetic nanoparticles in one of the phases modifies 

the capillary pressure and relative permeability curves. In order to quantify these changes, 

appropriate upscaling techniques in the presence of a magnetized phase need to be 

developed. The development of such upscaling techniques necessitates fundamental study 

of the pore scale behavior of magnetic nanoparticle dispersed in one of the phases. In this 

chapter, I develop fundamental pore scale models that provide a solid understanding on 

how magnetic nanoparticles affect certain pore scale phenomena.  

Another motivation for development of the models in this chapter is exploring the 

possibility of another imaging modality. For a porous medium saturated with oil and 

water phases, if the nanoparticles are engineered in such a way that they are only 

adsorbed in the interface of the two phases or in one of the phases, one could excite them 

with an AC magnetic field. The oscillation of the magnetic nanoparticles creates an 

acoustic wave inside the porous medium. This acoustic response is proportional to the 

saturation of the phases. The models presented in this chapter serve as the first stage 

toward the development of this imaging technique. 

In this chapter, the quasi-static behavior of a non-wetting incompressible and 

inviscid ferrofluid blob, surrounded by a wetting non-magnetic fluid confined in a 

capillary tube, is theoretically and computationally investigated when a uniform magnetic 

field is applied assuming isothermal conditions. A key feature, as described later in the 
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literature review, is that the ferrofluid blob can be completely detached from the tube 

wall under certain conditions. The effect of geometrical, hydrodynamic, and magnetic 

properties of the blob on its deformations when subject to a magnetic field is explained. 

Moreover, the effect of nonlinear magnetization on the ferrofluid blob evolution in the 

capillary tube is investigated in detail. 

In the case of a tube with constant circular cross-section, the behavior of the blob 

before the critical state of detachment is determined numerically, while the post-critical 

behavior is resolved analytically. To characterize the pre-critical blob deformations, the 

magnetic field distribution inside the blob for given external magnetic fields is calculated 

using a commercial finite element software, and is employed to calculate the interfacial 

configuration from balances among magnetic, capillary and hydrostatic forces.  

Finally, in order to relax the simple confining geometry assumption, preliminary 

simulations are shown using the level set method in complex solid geometries. The 

method was previously developed for capillarity and used for realistic rock geometries, 

and now accounts for the magnetic pressures, as well. 

The results shown in this chapter are also presented in the following publication: 

 Rahmani, A. R., Prodanović, M., Bryant, S. L., and Huh, C. (2012). Quasi-Static 

Analysis of a Ferrofluid Blob in a Capillary Tube. Journal of Applied Physics 111 

(7): 074901. 

7.1 INTRODUCTION 

Ferrohydrodynamics (FHD) deals with the mechanics of ferrofluid motion 

influenced by forces of magnetic polarization (for a comprehensive introduction, see 

Rosensweig, 1997). One important source of theoretical and numerical complexity in 

solving FHD problems that include multiple fluid phases, and thus fluid interfaces, is the 



 249 

coupling between the interfacial configuration and stress distribution due to the 

application of a magnetic field. The fluid interface deforms when an external magnetic 

field is applied and in turn, affects the spatial distribution of the magnetic field in the 

fluid. Many researchers have investigated the ferrofluid surface deformations. 

Rosensweig, 1997 studied the occurrence of ordered pattern of peaks on the surface of 

ferrofluid when the magnetic field applied normal to the interface exceeds a critical 

intensity. Lange et al., 2000 explored the dynamics of a single peak of the Rosensweig’s 

instability. They approximated the peak by a half-ellipsoid atop a layer of magnetic fluid. 

They also proposed a semi-analytical approach to include the inertia and damping effects 

for a single peak. 

Polevikov and Tobiska, 2005 investigated the instability of a layer of magnetic 

fluid in a plane capillary in the presence of a uniform external magnetic field. They found 

two different types of instability by increasing the magnetic field: for small contact 

angles the layer breaks along the capillary axis and spreads over the capillary wall 

whereas for large contact angles the layer elongates in the central part up to its separation 

from the walls. Lavrova et al., 2006 classified the equation sets required for numerical 

simulation of the interface motion and studied the interactions among Maxwell, Young-

Laplace and Navier-Stokes equations for a number of classical FHD problems, and 

solved them numerically.  

The equilibrium of a free magnetic fluid drop in an external magnetic field, which 

is one of the classical quasi-static problems in ferrohydrodynamics, has been studied 

extensively in the literature. The freely suspended magnetic fluid drop, initially held 

spheroidal by surface tension, elongates in the direction of the uniform applied magnetic 

field and takes stable equilibrium shapes. The same effect is presented for a dielectric 

drop subjected to a uniform electric field, see Basaran and Wohlhuter, 1992. A number of 
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experimental (Bacri and Silin, 1982, Berkovsky et al., 1993, and Brancher and Zouaoui, 

1987), theoretical (Bacri and Silin, 1982, Berkovsky et al., 1993, Blums et al., 1997, 

Brancher and Zouaoui, 1987, Ramos and Castellanos, 1994, and Tsebers 1985) and 

numerical (Basaran and Wohlhuter, 1992, Budnik and Polevikov, 1987, Miksis, 1982, 

Sero-Guillaume et al., 1992, and Wohlhuter and Basaran, 1992) studies are concerned 

with the problem on equilibrium magnetic fluid drop shapes. The experimental study in 

Berkovsky et al., 1993 has revealed that the magnetic fluid drop can be considered as a 

spheroid up to a length-to-width ratio equals to 7. Equilibrium shapes of nonlinear 

magnetisable fluids were modeled numerically in Budnik and Polevikov, 1987 till length-

to-width ratio equals 5. Numerical instability occurred for further drop elongations. 

Lavrova et al. 2004 and 2006 also investigated the deformations of a free droplet in the 

presence of a uniform applied magnetic field. They presented a robust numerical scheme 

capable of predicting the free drop behavior with results in a reasonable agreement with 

experiments. They managed to realize numerically the solitary surface pattern (soliton) 

which was recently experimentally uncovered in the bistability interval of the 

Rosensweig instability (Richter and Barashenkov, 2005). Their designed numerical 

scheme allows them to resolve soliton configurations as an additional stable state beside 

the flat surface and the fully developed pattern.  

Afkhami et al., 2008 studied the dynamics of a single free ferrofluid droplet 

influenced by a non-uniform yet time-invariant magnetic field, and found that the 

ferrofluid droplet forms a prolate ellipsoid in the presence of a non-uniform magnetic 

field. For higher magnetic field intensities, the droplet undergoes dramatic deformation 

which, in turn, influences the motion of the droplet through the viscous medium. 

Afkhami et al., 2008 investigated numerically the motion of a free hydrophobic ferrofluid 
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droplet, placed in a viscous medium and driven by an externally applied magnetic field, 

in an axisymmetric geometry.  

Berkovsky et al., 1987 conducted an experimental study of the behavior of 

magnetic fluid drops in a uniform magnetic field and partially bounded by different-

configuration solid surfaces: by one or two parallel plates or a cylindrical finite capillary. 

They studied a ferrofluid blob in a horizontal capillary tube with close ends exposed to a 

uniform vertical magnetic field (the magnetic field is perpendicular to the axis of the 

capillary tube). They found that with increasing field intensity, the drop becomes a plane 

of film along the capillary axis. The filament length grows monotonically until it 

becomes equal to the capillary length and the layer rests against the closed capillary ends. 

The magnetic fluid film so formed remains stable up to some critical magnetic field 

intensity beyond which the film becomes wavy (sinusoidal) pointing to a peculiar 

instability. Bashtovoi et al., 2002 studied the equilibrium of a magnetic fluid column 

inside a cylindrical capillary in the presence of a uniform external magnetic field. 

However, they did not take into account the nonlinear magnetization of the ferrofluid 

(which is studied in this paper). They also found that the surface pressure drop in the 

fluid decreases in magnetic fields longitudinal and transverse to the axis of the capillary 

tube. 

In this chapter, I expand on the previous work by (1) incorporating the nonlinear 

magnetization of a ferrofluid blob when confined in a capillary tube, and (2) devising a 

computational method that can deal with confining geometries more complicated than a 

capillary tube. I first examine the deformations of a non-wetting incompressible and 

inviscid ferrofluid blob surrounded by a wetting, non-magnetic phase and confined in a 

cylindrical capillary when exposed to a uniform (both spatially and temporally) magnetic 

field. In order to do this, I first investigate the conditions under which detachment can 
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occur, analytically. Next, I study the evolution of a ferrofluid blob. However, an 

analytical description is not available for the entire process. The analysis of the ferrofluid 

blob evolution thus consists of two parts: (a) numerical analysis of the ferrofluid blob 

behavior before the critical state (after which the blob detaches from the tube wall); and 

(b) analytical description of the ferrofluid blob behavior at the critical state and post-

critical state (for the blobs that can detach). The first numerical method employed in (a) is 

based on an integral representation of the governing FHD equations. The analytical 

solution for the post-critical, detached blob is based on the assumption that the blob shape 

is ellipsoidal, which has already been shown to be a reasonable assumption based on the 

previous literature on the evolution of a free droplet (Berkovsky et al., 1993, and Lavrova 

et al., 2004). Finally, I employ the second, level-set based numerical method, that handles 

the entire evolution of the blob (both before and after detachment, should it occur). The 

level-set-based interface tracking software, developed and used extensively for complex 

fluids and pore geometries (Prodanović and Bryant 2006 and 2009), has been modified, 

as described by Prodanović et al., 2010 and Ryoo et al., 2010 and 2012, to account for the 

effects of the applied magnetic field. Presently, however, the magnetic field is not 

computed rigorously, and thus this study is a preliminary step toward understanding the 

behavior of ferrofluids in porous media, where we encounter more complex geometries 

and flow fields. 

7.2 THEORY FOR FERROFLUID BLOB CHARACTERIZATION 

Let’s assume we have a system with two fluid phases, one of which a ferrofluid, 

and a solid phase. The surface between fluids at equilibrium curves under the influence of 

capillary and magnetic forces according to the modified Young-Laplace equation for 
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ferrofluids in the presence of an external magnetic field (for details see Rosensweig, 

1997): 

*
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Here P
*
 is the composite pressure, and P, Ps and Pm are thermodynamic, 

magnetostrictive, and fluid-magnetic pressures, respectively; P0 is the thermodynamic 

pressure in the non-magnetic phase and Pn is the magnetic normal pressure which is due 

to the integration of the magnetic stress tensor at the interface between a non-magnetized 

and magnetized fluid. In Equations (7.1) to (7.2.c), n̂ is the unit vector normal to the 

interface pointing outward the magnetized fluid; ρ is ferrofluid density; H is magnetic 

field intensity; M is the magnetization of the ferrofluid; 0 is the magnetic permeability 

of vacuum; σ is the interfacial tension; and κ is the mean curvature of the interface. 

Equation (7.2.c) describes the superparamagnetic magnetization law for a monodisperse, 

colloidal ferrofluid in which   is the volume fraction of the nanoparticles; dM is the 

domain magnetization; sM is the saturation magnetization of the ferrofluid; 0 is the 

initial magnetic susceptibility of ferrofluid; d is the diameter of the nanoparticles; K is the 

Boltzmann constant; and T is the absolute temperature. I exemplify this situation with a 

simple example of a ferrofluid blob in a capillary.  
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7.2.1 Specific configuration: ferrofluid blob in a capillary tube 

Figure 7.1.a illustrates the initial configuration of an incompressible ferrofluid 

blob in a circular capillary tube of radius R, in the absence of a magnetic field. The 

contact length between the blob and the tube wall is L0. Gravitational force is neglected in 

this analysis, and the non-magnetic phase has a constant pressure 0P . The ferrofluid is 

assumed to be inviscid and non-wetting, the contact angle of the blob with the tube wall 

being always 180
o
 (perfectly non-wetting).  

In this work, I assume uniform nanoparticle concentration inside the blob which 

suffices for low nanoparticle concentrations and shorter blobs (Rosensweig, 1997, Lange 

et al., 2000, Berkovsky and Bashtovoi, 1996, Berkovsky et al., 1993, Lavrova et al., 

2004, Blums et al., 1997, Odenbach 2009, and Lavrova, 2006). However, at higher 

concentrations and for longer blobs, the nanoparticle concentration inside the blob might 

not be uniform, especially during pre-critical stages when the blob is still in contact with 

the tube wall, due to a larger magnetic field gradient (Erb et al., 2008 and Hovorka et al., 

2005).  
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(a) (b) 

Figure 7.1: (a) Initial configuration of the ferrofluid blob in a capillary tube in the 

absence of a magnetic field. (b) Expected configuration for the blob in the 

capillary tube in response to the external magnetic field below the critical 

value. 

As nP  increases with the magnetic field intensity, κ increases to satisfy the above 

interface normal stress condition, Equation (7.1). If the external magnetic field points in 

the positive z direction as shown in Figure 7.1.b, nP has its maximum value at the top and 

bottom points of the blob 0

2

L
z R

  
    

  
and is negligible at the contact lines, because 

the normal direction at the interface there is perpendicular to the direction of the external 

magnetic field. Due to the rotational symmetry, the most likely interfacial shape in a 

cylindrical tube is ellipsoid. This assumption is shown to be reasonable by previous 

experiments (Bashtovoi et al., 2002 and Berkovski and Bashtovoi, 1996). The solution of 

Equations (7.1) and (7.2) for the interfacial configuration requires knowledge of magnetic 

field spatial distribution (Equation (7.2.a)). I solve for the interfacial configuration by 

tackling it in integral form, as described below. 
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7.2.2 Mathematical model for the equilibrium blob shape in a cylindrical tube 

At the static equilibrium, the momentum equation for the ferrofluid is [6]: 

*

0 0P M H    ,                                           (7.3) 

where M and H refer to the magnitude of magnetization and magnetic field intensity, 

respectively. For an isothermal system, the magnetization depends only on the magnetic 

field intensity, H:  

0

H

M H MdH  .                                            (7.4) 

Inserting Equation (7.4) into Equation (7.3) and integrating, we obtain 

*

0 1

0

iH

P MdH const  ,                                        (7.5) 

which, inserted into Equation (7.1), yields an equation for the interface 
2

0 2

0
2

iH

nM
MdH const 

 
     

 
 .                                  (7.6) 

Here, iH denotes the magnetic field intensity inside the blob and Mn represents 

the component of magnetization normal to the fluid/fluid interface. For the top point of 

the blob, we have  
1

ˆ cothn sM M n M H
H




 
    

 
 and for the contact line with the 

wall, we have  
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ˆ coth r
n s

H
M M n M H

H H




 
    

 
, where rH  represents the radial 

component of the magnetic field intensity at the contact line. Moreover, 
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 . For sufficiently small values of H, 

2

0

0

1

2

iH

MdH H , 

the result one would obtain using the linearized magnetization constitutive law (

0M H ).   

Equation (7.6) at the two considered locations now becomes:  

Top point: 
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Contact line: 
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, (7.7.b) 

where topH and cLH  denote H at the top and the contact line, respectively, and 
clrH  

represents the radial component of H at the contact line. Assuming ellipsoidal interfacial 

configuration in Equations (7.a) and (7.b), the mean curvatures are readily shown to be 

2

2h

R
   for the top point and 

2

1 R

R h
    at the contact line with the wall. Defining 

deformation aspect ratio as 
h

R
   and subtracting Equation (7.7.a) from (7.7.b) results in 

removing the unknown constant: 
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.            (7.8) 

Calculating topH  and cLH  for the field atop the blob and at the contact line requires 

solving Maxwell’s equations, which is carried out numerically (Section 7.2.4). 

7.2.2.1 Critical blob configuration 

As the ferrofluid blob elongates under the influence of the magnetic field, the 

portion of the blob that is in contact with the tube wall decreases. At the “critical” 

magnetic field intensity, the blob loses contact with the tube wall, as shown in Figure 7.2. 

Once the blob detaches from the tube wall, its configuration can be represented exactly 

with an ellipsoid, as shown below.  
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Figure 7.2: The onset of blob mobilization. The blob is about to lose contact with the 

tube wall. 

For an ellipsoidal body, the field inside the blob is spatially uniform [17] and thus

top cL iH H H   and 0
cLrH  , and the first term on the left hand side of Equation (7.8) 

vanishes. Thus, after rearranging, we have for the critical state: 

  2

0

1 1 2 1
coth 2 1c c

c s c

H
H M R


 

  

 
    

 
,                      (7.9) 

where Hc and ηc represent the magnetic field intensity and the deformation aspect ratio 

both at the critical state, respectively. 

Imposing conservation of mass before and after applying magnetic field 

(assuming incompressible fluid) yields: 

2 3 2 2

0( 4 3 ) ( 4 3 )R L R R L R h        ,                       (7.10) 

where L is the length of the portion of the blob that is still in contact with the tube wall, 

and thus, 

0

3
( )

4
h R L L   .                                         (7.11) 

At the critical state, L = 0 and 

0

3

4
ch R L  ,                                        (7.12.a) 
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Or                                                                 03
1

4
c

L

R
   .                                        (7.12.b) 

Inserting Equation (7.12.b) into Equation (7.9) yields an implicit equation for critical 

magnetic field intensity as a function of geometric, hydrodynamic, and electromagnetic 

properties of the system. 

7.2.2.2 Critical state (detachment) occurrence conditions 

Magnetization is the key physical property that causes blob detachment; however, 

magnetization saturation limits the process of blob detachment. Thus, before further 

investigating Equation (7.9), we examine the saturation regime, when
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  . Thus, Equation (7.9) for the saturation regime yields: 
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,                                   (7.13) 

which, after rearranging becomes: 
3 2
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    .                                  (7.14) 

I now define dimensionless saturation magnetic Bond number that measures the 

ratio of maximum magnetic forces to capillary forces as: 

 
22

00

2 2
ds

ns

MM
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R R

 

 
  ,                          (7.15.a) 

Γ then becomes:               

1 nsBo   .                                     (7.15.b) 

Inserting Equation (7.15.b) into Equation (7.14) and rearranging yields: 

 3 22 1 1 0c ns cBo     .                             (7.16) 

By solving Equation (7.16) for ηc and using Equation (7.12.b), we obtain the 

maximum blob length that can detach as a function of Bons (which captures the relative 
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strength of maximum magnetic to capillary forces). Figure 7.3 illustrates the ratio of 

maximum blob length that can detach to capillary radius as a function of saturation 

magnetic Bond number, Bons. The figure suggests that with increasing “saturation 

magnetic Bond number”, blobs with higher length to width aspect ratio can detach from 

the capillary tube wall. It should be noted that the gravity Bond number (ratio of gravity 

to capillary forces,

2

g
Bo

R







 
 
 

) is small in systems with fluids of similar density. 

Assuming the ferrofluid density to be 750 kg/m
3
 and the surrounding liquid to be 1000 

kg/m
3
, with σ = 0.025 N/m, and R (capillary tube radius) = 250 μm, the gravity Bond 

number for the system is 0.0061 << 1. Therefore, the gravity can be neglected. 

Decreasing the interfacial tension increases the saturation magnetic Bond number and 

expands the range of blob lengths that can detach. However, reducing σ increases the 

gravity Bond number, which may disqualify our initial assumption of negligible gravity. 

 

Figure 7.3: Maximum length of blob that can detach from the capillary tube wall by 

magnetic forces as a function of saturation magnetic Bond number, Bons. 

Bons is the ratio of maximum magnetic forces (which occurs when the 

ferrofluid is at the magnetic saturation) to capillary forces.  



 261 

7.2.2.3 Calculating external critical magnetic field 

In order to calculate the external magnetic field intensity required to detach a blob 

(see Figure 7.3), we first have to solve Equation (7.9) for critical magnetic field intensity 

inside the blob (Hc), implicitly. The external and internal magnetic field intensities for an 

ellipsoidal body are related by the following general equation: 

ext iH H M   ,                                            (7.17) 

where 
extH and 

iH  represent external and internal magnetic field intensities, respectively, 

M is the magnetization given by Equation (7.2.c), and β is the ellipsoid demagnetization 

factor (scalar) [17] given by: 

                          
2

3

1
( ) -arctgh


  




                     (7.18) 

and 

2

1 .
R

h


 
  

 
 Thus, after solving Equation (7.9) implicitly for Hc and inserting the 

resulting internal magnetic field intensity in Equation (7.17), using Equation (7.18) yields 

the external critical magnetic field intensity as a function of system geometric, 

hydrodynamic, and electromagnetic properties.  

7.2.3 Post-critical blob configuration: analytical solution 

The configuration corresponding to magnetic fields greater than or equal to the 

critical value can be described analytically with an ellipsoid (Lavrova et al., 2004). In the 

post-critical situation, the semi-axes of the ellipsoid change with magnetic field intensity 

(Figure 7.4).  
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Figure 7.4: Blob geometry beyond the critical state. 

As with Equations (7.7.a) and (7.7.b), we again derive from Equation (7.8) for top 

and contact-line points of the ellipsoid:  
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,                       (7.19) 

where major and minor axes of the ellipsoid are h and b, respectively. With the 

conservation of the blob volume, v, 
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and with 
h

b
   and 03
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    , Equation (7.17) yields: 
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.                      (7.21) 

Because Equation (7.17) holds for an ellipsoid, solving Equation (21) implicitly for Hi 

and inserting it into Equation (7.17) yields Hext.   

The important point from Equation (7.21) is that the blob does not continue 

stretching infinitely because the left hand side of Equation (7.21) tends to unity as the 

magnetic field increases. Hence, the blob elongates until the left hand side of Equation 

(7.21) is unity. Thus, saturation magnetization restricts the maximum elongation of the 
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blob even after detachment. In order to obtain the maximum blob elongation after 

detachment, we set right hand side of Equation (7.21) to unity and we solve implicitly for 

ηmax defined as  max h b : 

2 2

4 0
max max 2

max

1
2 1

2
s c

R
M


  

 

   
     

  
.                            (7.22) 

7.2.4 Pre-critical blob configuration: numerical algorithm 

The configuration of the blob before the critical state cannot be described 

analytically, because the magnetic field intensity inside the blob is not uniform. 

Therefore, a numerical method is employed here to solve the governing equation, 

Equation (7.8) given above. 

Calculating topH , cLH , and 
cLrH (in Equation (7.8)) requires solving Maxwell’s 

equations for the blob geometry of Figure 7.1.b, which is carried out employing 

COMSOL, a commercial software based on the finite element method. The solution 

procedure is as follows: at any given external magnetic field intensity (less than the 

critical value), we gradually increment h (refer to Figure 7.1.b) starting from its initial 

value, R. Every value of h corresponds to a new configuration. For each configuration, 

we compute magnetic field intensity distribution using COMSOL and substitute them in 

the following error estimate: 

RHS LHS
error

RHS


 ,                                     (7.23) 

where RHS and LHS denote the right hand side and left hand side expressions in Equation 

(7.8), respectively.  

The value of h that reduces the relative error to less than a certain threshold (0.5 

% in this study) is considered to be the equilibrium value of h at that particular magnetic 
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field intensity. Table 7.1 summarizes the parameters of the system considered in this 

study.  

Property  Value 

Initial magnetic susceptibility, χ (dimensionless) 2 

Tube radius, R (μm) 250 

Interfacial tension, σ (mN/m) 25 

Increment in h (μm) 0.0005 R  

Maximum relative error (%) 0.5 

Table 7.1: Assumed properties of the ferrofluid and the numerical algorithm. 

7.2.5 Computation of blob configuration in complex pore geometries 

In this section, I introduce a level set approach to address ferrohydrodynamic 

problems in complex porous media. I start by presenting a brief background on the 

method and subsequently describe how to apply it for ferrofluid applications. I then 

demonstrate the results of the extended level set method applied to the ferrofluid blob in a 

capillary tube and obtain qualitative agreement with the results presented in Section 

7.3.3. In the analysis in this section, I do not consider the actual magnetic field 

distribution nor do I consider the nonlinear magnetization of the ferrofluid. Instead, I 

simply illustrate the potential application of the extended method to quantify the 

ferrofluid behavior in complicated geometries encountered in porous media; and establish 

a computational framework for its further development for such complex applications. 

7.2.5.1 The level set method for capillarity-controlled interfaces 

In order to quantitatively define the ferrofluid blob behavior in complex pore 

geometries under the influence of the external magnetic field, we modified our level-set-
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based interface tracking software (LSMPQS) which can readily obtain detailed pore level 

interface description with multiple fluids in arbitrary geometries (Prodanović and Bryant, 

2006 and 2009), and is publicly available (Prodanović, 2010). A short summary of the 

interface tracking program is given here. The moving surface of interest is embedded as a 

zero level set function,  ,x  , which is defined on the entire fluid-solid domain of 

arbitrary geometry; and τ is a time-like parameter that tracks the motion of the interface 

toward an equilibrium position. The zero level set is the set of points x  such that

 , 0x   . Such representation enables elegant calculation of various interface 

properties. For instance, the normal to the interface is simply n








, where 

 , ,x y z     is the spatial gradient of   and (twice the) mean curvature   is 

divergence of the normal. In the level set method, the level set function evolves in time 

according to the following partial differential equation: 

0,F        ,0x   given                                    (7.24) 

where F is the “speed” of the interface in normal direction. The more general equation is 

                   0,u         ,0x   given                                     (7.25) 

where u  is external velocity field (if u Fn F





 


, we will obtain Equation (7.24)). In 

the general two-phase flow applications, the fluid-fluid interface is tracked using velocity 

field u  obtained by solving the Navier-Stokes equation. If capillarity is the dominant 

force and a quasi-static approximation is permissible, however, the interface at 

equilibrium will obey the Young-Laplace equation, cP  . Thus the appropriate normal 

“speed” model for slow, quasi-static interface movement is 

    1 , ,cF x P x    .                                          (7.26) 

We model below the situation where the wetting fluid is perfectly wetting the 

solid surface (contact angle zero). This is effectively done describing the solid phase with 
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a separate level set function and implementing a simple penalization if the meniscus 

enters the solid phase. For more details, refer to Prodanović and Bryant, 2006 and 2009. 

7.2.5.2 The extended level set method for modeling capillary and magnetic forces 

Without magnetic pressures, the interfacial configuration at a prescribed capillary 

pressure Pc can be readily calculated by solving Equations (7.24) and (7.26) in the limit 

of large τ. With one of the fluids magnetized and exposed to an external magnetic field, 

we need to extend Equation (7.24) to include magnetic pressures (see Equations (7.2.a) 

and (7.2.b)). For the present case of a paramagnetic nonwetting phase, we obtain the 

speed function: 

     2 , ,c m s nF x P P P P x       .                          (7.27) 

(If the wetting fluid is magnetized and the non-wetting fluid is not magnetized, the sign in 

front of the magnetic pressures turns negative.) The magnetic pressures for a constant 

magnetic field are (Ryoo et al., 2010)  
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,                                 (7.28.c) 

where subscripts 1 and 2 refer to the magnetized and non-magnetized fluids, respectively 

and subscript n refers to the projection onto the unit vector normal to the interface. Here 

in these equations, we still assume the linear magnetization unlike the previous section in 

which we considered the nonlinear magnetization of the ferrofluid. We assume that the 

magnetic field in the vicinity of the ferrofluid blob is constant, and use the above 

formulas in our modeling. Even for constant field H, Pn will spatially vary due to local 



 267 

variations in the interface normal direction. Pm and Ps terms are constant for the given 

fluids. 

The level set model outlined above does not conserve the volume of the ferrofluid 

blob. We remedy this by adding a term to the speed function. The effect of the term is to 

penalize the interface movement if the volume it encloses increases or decreases from the 

original value. If the magnetic pressure varies in time the final speed function becomes 

      3 , ,c m s nF x P P P P x          .                        (7.29) 

Here   is the average curvature of the fluid-fluid interface at the given step. If 

the level set evolution step increases (decreases) the volume of the blob relative to its 

initial volume,  is added to (subtracted from)  ,x t . In other words, if the volume has 

increased then the curvature contribution to the speed function increases, thus 

“tightening” the interface more and effectively reducing the volume of the region it 

encloses. Conversely, for the volume decreasing case, the curvature contribution 

decreases, “loosening” the boundary of the blob. To simulate blob detachment, we solve 

Equations (7.24) and (7.29) to steady state for an increasing range of values of H. This 

procedure can be viewed as “magnetic drainage”: for a nonwetting ferrofluid, magnetic 

pressures augment capillary pressure. At each step of magnetic drainage, we assume the 

field H is constant throughout the blob (as discussed earlier, this assumption is valid for 

ellipsoidal blob shapes). Current implementation of the method is in 2D Cartesian 

coordinates. 
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7.3 RESULTS 

7.3.1 Calculating the external critical magnetic field: the effect of blob shape and 

magnetic properties 

Figure 7.5.a illustrates how the external critical magnetic field varies with aspect 

ratio 0L R for different tube radii for (initial susceptibility of) χ0 = 2. According to the 

figure, the critical magnetic field increases with increasing L0 and decreases with 

increasing R. Smaller tube radius results in larger capillary forces, thereby requiring 

higher magnetic fields for blob deformation. Larger L0 is a geometric effect that increases 

the critical magnetic field intensity. Another important point with this figure is that 

different capillary tubes with different radii have different saturation magnetic Bond 

numbers. Hence, the longest detachable blob varies for different capillaries. For this 

reason, the curves on this figure saturate or asymptote on different values. The solid 

curves on the figure identify the critical magnetic field intensity with the nonlinear 

magnetization (Equation (7.2.c)) and the dashed curves correspond to linearized 

susceptibility model ( 0M H ). Including the nonlinear dependence of magnetization 

on the magnetic field intensity has drastic effects on the critical magnetic field intensities. 

Not only do the critical fields change, but also the curves (for nonlinear case) terminate at 

a maximum value for 0L R . 
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(a) (b) 

Figure 7.5: (a) Effect of blob geometrical parameters (L0 and R) on the critical magnetic 

field intensity for a fixed initial magnetic susceptibility of 2. (b) Variation of 

critical magnetic field intensity with geometrical parameters and initial 

magnetic susceptibilities for a fixed capillary tube radius of 250 μm.  

Figure 7.5.b illustrates how the critical magnetic field varies with 0L R for 

different initial magnetic susceptibilities with a constant tube diameter of 250 μm. For 

this case, the saturation magnetic Bond number is the same for all curves, because both 

bulk magnetization (Md) and capillary tube radius do not change. The figure suggests that 

ferrofluids with higher magnetization require smaller magnetic fields to detach than those 

with lower magnetic susceptibility. Furthermore, highly magnetized fluids exhibit weaker 

dependence on the length-to-radius ratio ( 0L R ) than less-magnetized fluids. Note that 

for L0 = 0, the blob has already detached; thus, the critical magnetic field is zero. As in 

Figure 7.5.a, the solid curves on the figure identify the critical magnetic field intensity 

with the nonlinear magnetization (Equation (7.2.c)) and the dashed curves correspond to 

linearized susceptibility model ( 0M H ). This figure also suggests that incorporating 

the nonlinear dependence of magnetization on the magnetic field affects the critical 

magnetic field intensity noticeably, especially near the maximum detachable blob length 
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(1.55 times of the capillary tube radius in this case). The ferrofluid in this case contains 

superparamagnetic nanoparticles with radius of 14.8 nm (for 0 2  ) made of magnetite 

(Fe3O4) with Md = 54.46 10  A/m  with particle volume fraction of 0.05. The interfacial 

tension for this case is 0.025 N/m which results in Bons = 3.12 and consequently L0max = 

1.55 R. Note that for L0 = 0, the blob has already detached in both figures; thus, the 

critical magnetic field is zero. 

7.3.2 Pre-critical blob configuration: numerical algorithm validation 

In order to cross-check the proposed computational scheme, I applied the method 

to the evolution of a spherical droplet to ellipsoidal shapes, when exposed to uniform 

magnetic field intensities, as investigated in the literature both theoretically and 

experimentally (Berkovski and Bashtovoi, 1996, Bacri and Silin, 1982, Berkovsky et  al., 

1993, Brancher and Zouaoui, 1987, Blums et al., 1997, Ramos and Castellanos, 1994 and 

Tsebers, 1985). The authors observed that the droplet exhibits an ellipsoidal behavior up 

to a length-to-width ratio equal to 7. Figure 7.6 illustrates the ferrofluid droplet at 

different magnetic field intensities. Assuming ellipsoidal behavior, from volume 

conservation, 
2 3b h R , and thus  
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Equation (7.8) applies here. Since the magnetic field inside an ellipsoid is uniform, 
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,                                       (7.31) 

where d0 is the initial diameter of the droplet in the absence of the field ( 0 2d R ) and M 

is the magnetization of the blob at each stage of the evolution.        
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Figure 7.6: The shape of an unconfined ferrofluid droplet at different values of a uniform 

magnetic field and in the absence of gravity (Berkovsky and Bashtovoi, 

1996). 

Figure 7.7 compares our numerical results with the theoretical and experimental 

results published in Berkovsky and Bashtovoi, 1996. The horizontal axis is the 

dimensionless parameter S, defined above, which represents the ratio of magnetic to 

capillary forces. The figure shows that the proposed numerical scheme can estimate the 

evolution of the droplet with reasonable accuracy.  

 

Figure 7.7: Comparison between theory, numerical and experimental results for a 

spherical droplet exposed to a uniform magnetic field intensity; cf. Figure 

7.6.  
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7.3.3 Pre- and post-critical blob configuration: the effect of magnetization saturation 

Figure 7.8 shows the initial configuration of the blob along with equilibrium 

configuration for three different magnetic field intensities for a blob with initial length 

equal to its radius ( 0L R ). The curve colored in magenta corresponds to the post-critical 

situation and identifies the maximum length of the blob through the entire evolution. The 

green curve shows the blob at the critical state and the blue curve identifies the blob at 

one of its pre-critical evolution stages. As the figure suggests, we have taken advantage 

of the axial symmetry of the problem to reduce the time of the simulations.  

 

Figure 7.8: Equilibrium shapes of the blob at four different magnetic field intensities. 

The green curve identifies the blob at the onset of detachment. The magenta 

curve represents the maximum blob length that could be achieved after 

detachment. 

Figure 7.9 compares the blob deformation (h/R) caused by the magnetic field for 

blobs with different initial length-to-radius ratios ( 0L R ). In each of the sub-figures, the 



 273 

red curve corresponds to the blob evolution assuming the nonlinear constitutive equation 

(Equation 7.2.c) and the blue curve corresponds to the linear constitutive equation (

0M H ). The assumed parameters for this figure are the same as those of Table 7.1. 

For such parameters, considering the nonlinear constitutive equation, Bons = 3.12, and 

consequently, L0max = 1.55*R. This means that blobs with initial lengths larger than 

1.55*R cannot detach. For those blobs with initial lengths less than 1.55*R (L0/R = 0.5 

and L0/R = 1), pre-critical deformations are obtained numerically and post-critical 

deflections are determined analytically. For these blobs, the point of discontinuity in the 

slope of the curves identifies the critical state at each initial length-to-radius ratio. 

Furthermore, the figure shows that before the critical state, the blob deformation is faster 

than after the critical state. For the rest of the cases (L0/R = 2 and L0/R = 3), the entire 

evolution is obtained numerically and there is no sharp change in the slope of the curves 

(all referring to red curves in the figure). The blue curves, however, all exhibit the 

discontinuity in the slope of the curves corresponding to the critical state (onset of 

detachment). The reason is that the linear constitutive equation does not take into account 

the magnetization saturation and thus predicts infinite elongation of the blob (and thus 

blob detachment). The figure also shows that as the initial length of the blob is increased 

relative to the tube radius, the deviation between the red and the blue curves increases. 

Therefore, for larger blobs, considering the nonlinear behavior of the magnetization curve 

becomes more crucial. Moreover, the rate of evolution decreases with increasing 

magnetic field intensity, both in pre-critical and post-critical states (for blobs capable of 

detaching, see Figure 7.3) when considering the nonlinear magnetization curve. This 

effect cannot be captured when using the linear constitutive equation. For small values of 

magnetic field intensity (less than 10 KA/m), the linear constitutive equation for 

magnetization, however, is a reasonable approximation. 
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(a) (b) 

  

(c) (d) 

Figure 7.9:  Blob configuration evolution for different initial length-to-radius ratios. The 

blue curves in all the sub-figures correspond to linear constitutive equation 

with magnetic susceptibility (χ) of 2 whereas the red curves identify the 

results with nonlinear constitutive equation for magnetization with initial 

magnetic susceptibility (χ0) of 2. In both (a) and (b) the blob reaches the 

critical state and detaches from the tube wall at the point of discontinuity in 

the red curves. Pre-critical deformations are obtained numerically and post-

critical deflections are determined analytically. In (c) and (d) the blob can 

never detach from the tube wall and is just elongated retaining its contact 

with the wall at all times. The results for both cases are obtained 

numerically. In all the cases, there is a large deviation between the results of 

the linear and nonlinear constitutive equations showing the significance of 

incorporating the nonlinear magnetization of ferrofluids. For small values of 

magnetic field intensity (less than 10 KA/m), the linear constitutive equation 

for magnetization is a good approximation.  
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Another important implication of the results is that including the nonlinear 

magnetization predicts nonlinear deformations whereas using the linear magnetization 

constitutive equation predicts (close to) linear blob deformations especially past the 

critical state. This implies that application of a monotonic sinusoidal magnetic field 

results in generating harmonics in blob oscillations which is not predicted by the linear 

constitutive equation. 

Figure 7.10 shows the pre-critical situation for the blobs that can detach (L0/R = 

0.5 and L0/R = 1) and the blob evolution for the blobs that cannot detach (L0/R = 1.8, L0/R 

= 2, and L0/R =3) with the same parameters listed in Table 7.1. The figure suggests that at 

low magnetic field intensities (less than 10 KA/m), the blob evolution follows the same 

curve for blobs with different initial length-to-radius ratios. In other words, the blob 

evolves independent of its geometrical ratio for sufficiently low magnetic fields. 

 

Figure 7.10: Pre-critical deformations at low values of magnetic field intensities follow 

the same curve, regardless of the initial geometric aspect ratio.  
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7.3.4 Pre- and post-critical blob configurations via extended level set method 

Figure 7.11 shows the evolution of the 2D ferrofluid blob using the level set 

method for different initial length-to-radius ratios of 1, 2, and 3, respectively. In all cases 

shown, magnetic field intensity is assumed to be constant everywhere inside the blob and 

at the interface. Therefore, I do not compare the results of this section to those presented 

in Section 7.3.3. The results presented in this section, however, agree qualitatively with 

Section 7.3.3. The figure shows that the blob assumes a configuration close to that of an 

ellipsoid as the magnetic field increases, as was assumed in the iterative approach 

described in Section 7.2.4. Detachment also occurs with increasing the ratio of magnetic 

to capillary forces. The computation was made in a duct of normalized radius R = 0.5, 

with spatial discretization, dx = 0.02. For this duct, equilibrium capillary curvature is R
-1 

= 2, thus we set nominal values of interfacial tension and capillary pressure terms to σ = 

0.04 and Pc = 0.08. Magnetic parameters used in LSMPQS are as follows: χ = 2, ρ1= 1 

and ρ2 = 0 (this effectively sets Pm + Ps = 0). Since LSMPQS uses normalized values, we 

report for each curve in Figure 7.11 the ratio of the total magnetic pressure contribution 

Pmax (which is Ps+Pm+Pn at the tip of the blob) and the capillary pressure used in the 

simulations. Note that capillary pressure was kept constant (at its equilibrium value for 

this capillary tube) throughout the simulation, and Ps+Pm+Pn increases with increasing 

H. 
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(a) 

 

(b) 

 

(c) 

Figure 7.11: Evolution of the ferrofluid blob, calculated using the extended level set 

method, when (a) L0/R=1, (b) L0/R=2, and (c) L0/R=3.    

In order to quantify the ellipsoidal behavior of the ferrofluid blob, we define the 

following criteria: 

   
2 2

2 2
1

1
N

i c i c

i

x x y y

a b

Ellipticity
N



  
  
 
 


,                       (7.32) 

where xi and yi are the axial and radial coordinates of the interface, respectively ; N is the 

number of points at the interface ; xc and yc are the coordinates of the center, and a and b 

are semi-major and semi-minor axes of the fitted ellipse, respectively.  
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Figure 7.12 compares the ellipticity for different initial length-to-radius ratios at 

different equilibrium positions found by the level set method modeling. Note that 

ellipticity defined in Equation (7.32) is a measure of deviation from the ellipsoidal 

geometry. The insets in Figure 7.12 show the actual LSMPQS blob and the fitted 

ellipsoid at two extreme points of the simulation. Note that we fit the ellipse to the 

section of the blob which is not in contact with the tube wall. Therefore, ellipticity is very 

small at the initial steps during which the blob has a spherical curvature. 

 

Figure 7.12: Testing the ellipticity of the ferrofluid blob configuration (computed with 

the level set method) using the criteria defined in Equation (7.32). Diamonds 

mark the step at which the blob detaches. 

As mentioned earlier, the level set method is a powerful tool to handle 

complicated geometries, as those encountered in porous rocks. Figures 7.13 and 7.14 

show the evolution of two non-wetting ferrofluid droplets located in two different 

positions in a porous medium with an irregular geometry. Both blobs are initially 

positioned in two different locations of a two-dimensional (2D) sandstone 

microtomography image (a “doublet” pore). Each image has numerical grid meshes of 

110 × 103, with the grid dimension of 5 microns. Both blobs are initially (shown in blue) 
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at the capillary equilibrium with curvature 0.018 micron
-1

 (for a typical oil-water system, 

the equivalent capillary pressure is 576 Pa). Normalized parameters are the same as the 

case of Figure 7.11. Whether each of the blobs will detach, however, in the specific 

location in the pore space depends on the local pore geometry (as well as blob size). 

Figure 7.13.a illustrates different stages of the evolution of a small blob when exposed to 

an increasing magnetic field in the x-direction and Figure 7.13.b shows the first and the 

last stages of the evolution. The smaller blob in this case is fairly close to an ellipse; 

hence, it has a better chance of detaching with the application of the magnetic field in the 

x-direction, compared to that of Figure 7.14. At the last step in Figure 7.13.a, the ratio of 

the maximum applied magnetic pressure (which exists wherever the interface is 

orthogonal to x-direction) is 12.5 times of the capillary pressure for the ferrofluid 

magnetization (χ) of 2. At the moment of detachment of the blob from the pore wall in 

Figure 7.13.a (4 steps prior to the last one), the magnetic pressure is 6 times of the 

capillary pressure. 
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(a) (b) 

Figure 7.13:  (a) Stages of evolution of a 2D ferrofluid non-wetting blob in an irregular 

geometry as the magnetic field in the x-direction increases in steps, shown in 

alternating red and green colors. (b) The first and the last stages of evolution 

from (a). The blob detaches from the pore walls and its shape is fairly close 

to ellipsoidal. 

Figure 7.14.a illustrates different stages of evolution of a larger blob in a different 

location when exposed to an increasing magnetic field in the x-direction and Figure 

7.14.b shows the first and the last stages of the evolution. The larger blob in this case 

remains in contact with the pore walls; in fact, it is squeezed more tightly into the 

crevices oriented in the x-direction. Even though the blob is not elliptical in this particular 

case, we keep our assumption of constant magnetic field. The validity of this 

approximation will be tested by carrying out detailed magnetic field calculations for each 

step of the simulation, in the near future. 
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(a) (b) 

Figure 7.14: (a) Different stages of evolution of a ferrofluid non-wetting blob in an 

irregular pore geometry with increasing magnetic field in the x-direction. (b) 

The first and the last stage of evolution from (a). The blob only gets more 

stuck in a cave, and is unable to detach. 

7.4 DISCUSSION 

7.4.1 Subsurface applications 

The fact that a ferrofluid blob, which is trapped in a microscopic capillary tube, 

can detach from the tube wall by an external magnetic field offers a number of very 

interesting application possibilities in subsurface porous media. The simulation in Figures 

7.8, 7.13, and 7.14 illustrates its potential: blobs confined by pore walls in (a throat of) a 

porous medium can be deformed until no longer confined. When detached, a blob can be 

moved by viscous forces. Thus, switching an external magnetic field off or on in 

conjunction with flow of the wetting phase can trap or release blobs as desired. The 

conditions for blob attachment/detachment can be determined from the analysis, as given 

in this paper for a simple case of a circular tube. As shown in Figure 7.3, by reducing the 

interfacial tension using surfactants (without significantly increasing the gravity Bond 
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number), the magnetization Bond number increases and thus longer blobs can detach in 

subsurface reservoirs with micron-size pores and throats. Even if the blob cannot detach, 

the application of a magnetic field results in reducing the blob contact with the throat 

walls, making it more likely to be displaced by viscous forces.  

Furthermore, non-linear and irreversible pore scale phenomena such as breakup, 

coalescence, stranding, and mobilization significantly influence the flow through porous 

media. For example, the recovery rate of capillary trapped oil during tertiary gas flood is 

strongly linked to the coalescence and reconnection rate of the disconnected oil blobs 

(Dehghanpour et al., 2011). The elongation of the ferrofluid blobs when exposed to a 

sufficiently high magnetic field increases the chance that blob coalescence will occur 

(magneto-coalescence similar to electro-coalescence). 

With this new control scheme at our disposal, ferrofluid blobs could be employed 

as the vehicles to deliver a special-purpose chemical to the target zones in porous media 

and subsurface reservoirs. Emulsion droplets or microcapsules that could serve as 

chemical delivery vehicles generally cannot be transported across a long distance in 

subsurface porous media because they become trapped in the rock pores. With the use of 

a ferrofluid and a magnetic field, however, those emulsion droplets and microcapsules 

could potentially be transported to the target locations effectively. 

Another potential application is the use of ferrofluid blobs as conformance control 

agents. During the oil production (or injection of fluids to help improve oil recovery) 

from a heterogeneous reservoir, quite frequently it is necessary to block off the high-

permeability layers to re-direct the produced (or injected) fluids to the low-permeability 

layers. With the magnetic field application, the elongated ferrofluid blobs could be 

introduced to the high-permeability zones: with the subsequent removal of the magnetic 

field, the blobs relax in the rock pores, blocking any easy passage of fluids.  
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7.4.2. Microfluidic applications 

The system introduced and characterized in this paper has potential microfluidic 

applications, as well. By controlling the external magnetic field intensity, a channel can 

be blocked or its width can be changed and hence, flow rate can be regulated as 

illustrated in Figures 7.1, 7.2, and 7.8. The configuration shown in the figures can be used 

as a flow-controller or an adjustable micro-valve, when the fluid around the magnetized 

blob is low-density gas. Further, the system can be used in the flow splitter in a typical 

micro-gas chromatography column (μGC) to synchronize the flow in a bundle of 

constituent capillaries (Zareian-Jahromi et al., 2009 and Ali et al., 2009). All the channels 

within a μGC can be blocked or opened simultaneously by adjusting the external 

magnetic field intensity. Asynchronous flow of the gas in different channels of the μGC 

results in band broadening and dispersion and hence decreasing separation efficiency. 

The assumption here is that there is no reaction taking place between the ferrofluid and 

the flowing gas. Furthermore, the drag force exerted by the gas on the ferrofluid blob is 

negligible if the flow rate and the gas viscosity are sufficiently low. Low gas flow rate is 

accompanied by low pressure gradient making it less likely for the ferrofluid blob to 

move. It should be noted that the center of mass of the blob does not move because the 

external applied magnetic field is spatially uniform.  

7.4.3. The choice of non-linear magnetization model 

There are several nonlinear magnetization relationships relating magnetization of 

a ferrofluid to the applied magnetic field. In this work, I assumed a ferrofluid containing 

monodispersed superparamagnetic nanoparticles with relatively small particle 

concentration so that we could neglect particle-particle magnetic interaction. In this case, 

the magnetic particles, each carrying a net moment m, can be treated as small thermally 

agitated permanent magnets in the carrier liquid. Therefore, the magnetic behavior of the 
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whole liquid will have paramagnetic character. The behavior of such a ferrofluid can be 

described using Langevin’s model which is adopted most extensively in the literature 

(Rosensweig, 1997, Berkovsky et al., 1993, Blums et al., 1997, Odenbach, 2009, and 

Lavrova, 2006). With increasing nanoparticle concentration and thus, initial magnetic 

susceptibility of the ferrofluid, however, it is no longer permissible to neglect the 

interaction between the magnetic moments of the particles (Rosensweig, 1997). Shliomis, 

1974 discusses this case, assuming monodispersed particles, by a method similar to that 

discussed in the Debye-Onsager theory of polar liquids. Ivanov and Kuznetsova, 2002 

introduced corrections of Langevin’s model to incorporate the particle-particle magnetic 

interaction.  

The description of magnetization of a poly-dispersed ferrofluid with a known size 

distribution is also discussed in the literature (Berkovsky et al., 1993, Chantrell et al., 

1978, Kaiser and Miskolczy, 1970, and Maiorov1981). The other important practical 

aspect about the magnetization of a ferrofluid is the decrease in magnetic diameter of 

each particle by ds, where ds/2 is the thickness of a nonmagnetic surface layer formed by 

chemical reaction with the adsorbed dispersing agent (Rosensweig, 1997). For example, 

for magnetite, one may take ds = 0.83 nm corresponding to oleic acid that enters into 

reaction with the Fe3O4; iron oleate is formed, possessing negligible magnetic properties. 

Therefore, a more consistent model may take this physical phenomenon into account as is 

documented in (Rosensweig, 1997). The methods developed here can be extended to 

these situations but are beyond the scope of this paper. 

 7.4.4. Hysteresis 

The detachment mechanism (or equivalently, the calculation of the critical 

magnetic field intensity) is essentially geometric and presumes that the blob is initially 
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attached, i.e. in contact with the wall for a considerable length. Thus, any critical field 

measurement refers to detachment of the blob in monotonically increasing the magnetic 

field as assumed and discussed in (Rosensweig, 1997). Because we ignore the details of 

the geometry at the contact line, we implicitly regard the detachment as reversible, in that 

reducing the magnetic field after detachment would smoothly re-attach the blob. Wetting 

phenomena associated with detachment of an interface are likely to exhibit hysteresis. 

Moreover, multiple authors (Berkovsky et al., 1993, Bacri and Silin, 1982, Blums et al., 

1997, and Lavrova, 2006) suggest that deformation of a freely suspended ferrofluid 

droplet exhibits hysteresis as a function of applied field for (initial) magnetic 

susceptibilities larger than 20. We have considered ferrofluids with magnetic 

susceptibilities less than 5 in this study, and Rosensweig, 1997 indicated that hysteresis in 

free surface deformation does not occur for typical ferrofluids, for which the 

susceptibility ranges up to a value of around 5. Finally, note that in an oscillating field or 

in non-constant cross-section geometries, hysteresis might arise because the contact angle 

of the fluids with the tube wall differs as the interface advances (blob attachment) or 

recedes (detachment). In this work, however, we have considered constant zero contact 

angle and a constant cross-section capillary tube.  

7.4.5. Level set method  

One of the most important features of the level set method is its ability to model 

the complex geometries presented by the multi-phase fluids and rock pores in oil 

reservoirs. From micron-sized tortuous pores and throats with various grain shapes in 

different rock types to human arteries and tissues, the evolution of the fluid/fluid interface 

subject to an external magnetic field can be handled with the method. Our next step will 

be robust interactive linkage of the level set code with accurate calculation of the spatial 
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and temporal distributions of the magnetic field intensity (and magnetic forces), to create 

a powerful tool to model flow of ferrofluids in different media and complex geometries.  

7.5 SUMMARY AND CONCLUSIONS 

The behavior of a ferrofluid blob trapped in a capillary tube is investigated with a 

combination of analytical and numerical methods to quantify quasi-static evolution of its 

configuration by solving the Maxwell’s equations, Stokes equation, and the Young-

Laplace equation. The proposed method is verified against theoretical and experimental 

results available in the literature.  

The geometric properties of the blob, along with its magnetic and hydrodynamic 

properties, determine its evolution. From the theoretical study, there exists a critical blob 

length below which the blob can detach from the capillary tube wall. This length depends 

on the saturation magnetic Bond number, which in turn depends on the saturation 

magnetization, interfacial tension and the radius of the capillary tube. The reason behind 

this effect is the nonlinear magnetization of ferrofluid. For those blobs that can detach, 

the critical magnetic field intensity above which the blob detaches from the wall of a 

cylindrical tube is quantified. An integral-based numerical scheme successfully 

characterizes the pre-critical situations while the post-critical behavior is determined 

analytically. By increasing the magnetic field, the ferrofluid blob magnetization hits the 

saturation regime, which inhibits the blob from deforming infinitely. The analysis of the 

pre-critical behavior suggests that the induced blob deformations are independent of the 

initial length-to-radius ratio for small values of the magnetic field intensity (less than 10 

KA/m). Moreover, linear approximation of the ferrofluid blob magnetization is a 

reasonable assumption for magnetic field intensities smaller than 10 KA/m. However, by 

increasing the magnetic field intensity, the deviation between the nonlinear magnetization 
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results and the results corresponding to the linear approximation increases significantly. 

This fact highlights the importance of incorporating the nonlinear magnetization for the 

ferrofluid blob when exposed to relatively large magnetic fields. The deviation between 

the nonlinear and approximate linear solutions is suppressed for shorter blobs. 

To characterize the behavior of droplets of ferrofluid in porous media, a level-set-

based interface tracking method is developed to find the equilibrium configuration of the 

ferrofluid interface when exposed to external magnetic fields. The method makes no 

assumptions about the shape of the blob. The capability of the new scheme is illustrated 

with two examples of ferrofluid blobs evolving in a complicated and irregular pore 

geometry: one blob detaches from the pore walls by a sufficiently large magnetic field, 

the other is driven into greater contact with the walls. In the future development, studies 

will be performed on relaxing the current assumption of the constant magnetic field and 

solve the Maxwell equation concurrently in the realistic pore geometry. 

The result of the analysis in this chapter is a first step on how the magnetic 

nanoparticles behave in pore space in the presence of multiple phases. Such a 

fundamental study is necessary for developing appropriate upscaling techniques to make 

field-scale simulations feasible.  
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Chapter 8:  Summary, Conclusions, and Recommendations for Future 

Research 

8.1 SUMMARY AND CONCLUSIONS 

Use of magnetic nanoparticles as contrast agents for reservoir imaging is still in 

the research and development phase. This dissertation is the first feasibility study which 

sets the framework for further development of this technique. The integrated approach 

taken in this work can be extended to investigate more complicated scenarios than those 

discussed in this dissertation. With ongoing advances in particle synthesis and cost 

optimization, the potentials of this technique will be more recognized and further 

developed. 

In order to realistically study the feasibility of using magnetic nanoparticles for 

subsurface imaging, it is necessary to identify the magnetic permeability that could be 

achieved. Computing the effective magnetic permeability of the rock is a two-step 

procedure. The first step is computing the magnetic properties of the ferrofluid based on 

the properties of the constituent nanoparticles. The most important parameters include 

size and size distribution, volume concentration, dipolar interaction, temperature, 

material, and particle shape. For this step, Langevin Equation and some of the modified 

versions are utilized. The second step is computing the effective magnetic permeability of 

the rock that contains the characterized ferrofluid, assuming the rock porosity and 

saturations of each phase. For this step, effective medium theory and in particular 

Bruggeman Equation is utilized. Even under extremely optimistic conditions, e.g., with 

particles made of ferromagnetic materials such as iron, the effective magnetic 

permeability of rock cannot increase beyond two. With ferri-magnetic particles, such as 

magnetite, it is very challenging to raise the magnetic permeability of rock beyond 1.2.  
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To build intuition on the effect of the presence of magnetic nanoparticles on 

magnetic measurements, a general formulation is derived for computing the sensitivity of 

magnetic and electric field measurements to magnetic permeability perturbations. The 

derivation is applied to a homogeneous background and the sensitivity of magnetic field 

measurements to magnetic permeability perturbations is compared with the sensitivity to 

conductivity perturbations. The field sensitivity to magnetic contrast agents is much 

larger when these agents are in the proximity of the source and receiver (or near the 

wellbore in case of single-well). The sensitivity of magnetic measurements to magnetic 

permeability drops off rapidly toward the interwell region. The conductivity sensitivity, 

however, drops less far from the source and the receiver. The sensitivity to magnetic 

permeability is largely independent of frequency at low induction numbers whereas the 

conductivity sensitivity improves with frequency. A notable finding is that the two types 

of electromagnetic contrasts, electrical conductivity and magnetic permeability, are 

complimentary in sensitivity locations and frequency response: magnetic contrast is 

advantageous near wellbore and at low frequency while conductivity is advantageous in 

the interwell region and at moderate frequencies. Moreover, the vertical sensitivity of 

magnetic measurements to magnetic permeability is higher than the sensitivity to 

conductivity due to the presence of four lobes with opposite signs surrounding the source 

and receiver compared to two lobes for the conductivity sensitivity pattern at low 

frequencies. 

With the insight from the sensitivity analysis, numerical modeling and simulation 

was performed to identify the value of added magnetic nanoparticles to waterflood and 

EOR injection banks to track the flood-front. A ferrofluid slug is tracked and the resultant 

time-lapse magnetic measurements are compared with those caused by the propagation of 

a conductive slug at different frequencies. A large vertical sensitivity of the magnetic 
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measurements is illustrated using progression tomography maps. Also, some of the 

practical concerns for potential prospective field implementation are considered such as 

injecting a fixed volume of ferrofluid into candidate formations with various reservoir 

layer thicknesses and the situations with maximum detectability are identified. 

The numerical results indicate that the ferrofluid magnetic response is significant 

at low frequencies (or induction numbers) where a conductive slug is hardly detectable. 

This could enable more field applications because most wells are cased with steel which 

suppresses the signal at high frequencies. Moreover, the simulations indicate that the 

sensitivity of magnetic measurements at the early stages of the flood is significantly 

higher for the ferrofluid slug, both at low and high (>500 Hz) frequencies. The magnetic 

response for a ferrofluid slug is largely independent of frequency at the low frequency 

range whereas the response to a conductive slug significantly increases with frequency, 

which is consistent with the results of the sensitivity analysis. Further, the simulations 

confirm that the ferrofluid magnetic response is high when close to the source and 

receivers and drops off quickly toward the interwell region. This provides an opportunity 

for earlier feedback from an injection into a reservoir and can alert to potential 

breakthrough on a receiver well.  

The geometry of the slug and the relative position of the source, receivers, and the 

slug in the formation all play a key role in determining the magnetic response. This is 

particularly important in designing a successful injection scenario. In order to optimize 

these operational parameters with a fixed amount of ferrofluid volume for candidate 

formations, careful numerical simulations should be performed; there is an optimum 

geometry (radius and height) for the slug to maximize the magnetic response. This 

optimum geometry depends on the ferrofluid magnetic permeability. Moving the 

transmitter and receivers relative to the slug also provides a noticeable increase in the 
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vertical sensitivity of the magnetic measurements. When the slug is close to the injection 

point, moving the transmitter provides high resolution measurements and moving the 

receivers has much less impact on the measurements. As the slug approaches the observer 

well, the measurements exhibit higher sensitivity to receiver position and less sensitivity 

to the transmitter location. The conductive slug, however, provides much less vertical 

resolution at the early stages of the flood, even at a moderate frequency. 

With a fundamental understanding about the application space of the magnetic 

nanoparticles for reservoir monitoring, the realistic flow behavior of the magnetic 

nanoparticles is coupled with electromagnetic measurements. Assuming a ferrofluid that 

is a non-adsorbing tracer, the spatial distribution of the magnetic nanoparticles is 

computed using reservoir simulation. The concentration distribution is then transformed 

to magnetic permeability distribution using appropriate mixing laws and effective 

medium theory. The resultant magnetic permeability distribution is input into the 

electromagnetic simulator to calculate the magnetic response. Using this integrated 

approach, the problem of tracking flood-front is more accurately addressed accounting 

for hydrodynamic dispersion in both single-well radial injection and five-spot scenarios. 

Hydrodynamic dispersion has negligible effect at the early stages of the flood. With 

further propagation of slug, however, the dispersed slug exhibits a larger magnetic 

anomaly, compared to the piston-like displacement case, due to its proximity to the 

source and receiver as a result of extended tails. Larger dispersivity smooths the magnetic 

anomaly, possibly making imaging and inversion more challenging and decreases its 

uniqueness. In the five-spot case, the magnetic measurements detect the faster advance of 

the front due to the pressure sink at the producers. 

Using the developed multi-physics tool, the important problem of characterizing 

reservoir permeability heterogeneity is considered. The feasibility of inferring both areal 
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and vertical reservoir heterogeneity is demonstrated. Time-lapse magnetic measurements 

reflect areal permeability heterogeneity provided that the streamlines are sufficiently 

perturbed by the heterogeneous feature. A low-permeability heterogeneous feature could 

potentially be detected if it sufficiently bifurcates flow lines. A high-permeability 

heterogeneous feature could potentially be distinguished if it is extended along the 

streamlines path and could sufficiently concentrate the flow lines. Vertical permeability 

heterogeneity could potentially be identified through time-lapse magnetic tomography 

maps. The vertical heterogeneity impacts the geometry of the injected ferrofluid bank, 

and therefore affects low-frequency magnetic measurements significantly. The vertical 

reservoir heterogeneity could be detected with different signatures at different stages of 

the ferrofluid bank propagation. 

Pore-scale behavior of magnetic nanoparticles in the presence of multiple phases 

and magnetic field is also investigated. Such a study is necessary to compute changes in 

macro-scale and dynamic properties of a multi-phase reservoir system such as capillary 

pressure and relative permeability in the presence of a magnetized phase. In order to 

quantify these changes, appropriate upscaling techniques need to be developed. The 

development of such upscaling techniques necessitates fundamental study of the pore 

scale behavior of magnetic nanoparticle dispersed in one of the phases. Moreover, 

learning about such pore-scale phenomena could potentially introduce us to a new 

imaging modality which is based on oscillation of magnetic nanoparticles at the interface 

of the two fluid phases due to an AC magnetic field and interpret the resultant acoustic 

response. Such an acoustic response contains information about the saturation of each 

fluid phase. In this regard, the behavior of a ferrofluid blob trapped in a capillary tube is 

investigated with a combination of analytical and numerical methods to quantify quasi-

static evolution of its configuration by simultaneously solving the Maxwell’s equations, 
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Stokes equation, and the Young-Laplace equation. The geometric properties of the blob, 

along with its magnetic and hydrodynamic properties, determine its evolution. From the 

theoretical study, there exists a critical blob length below which the blob can detach from 

the capillary tube wall. This length depends on the saturation magnetic Bond number, 

which in turn depends on the saturation magnetization, interfacial tension and the radius 

of the capillary tube. Furthermore, to characterize the behavior of droplets of ferrofluid in 

porous media, a level-set-based interface tracking method is developed to find the 

equilibrium configuration of the ferrofluid interface when exposed to external magnetic 

fields. The method makes no assumptions about the shape of the blob. The capability of 

the new scheme is illustrated with two examples of ferrofluid blobs evolving in a 

complicated and irregular pore geometry: one blob detaches from the pore walls by a 

sufficiently large magnetic field, the other is driven into greater contact with the walls. 

8.2 RECOMMENDATIONS FOR FUTURE RESEARCH 

The following recommendations are suggested for future studies: 

1. A series of methodical experiments need be carried out to determine the effect 

of interparticle interactions (and also particle volume fraction), temperature, 

saturation magnetization change with size of the particles, clustering, coating, 

and material (iron or magnetite) on the ferrofluid magnetic permeability. 

Moreover, the effective magnetic permeability of rock samples saturated with 

a fully characterized ferrofluid should be measured. The results of these 

experiments need to be compared against the theoretical approaches 

developed in this dissertation to identify uncertainties and limitations. 

2. The reservoir models in this study assume single-phase movement of fluids 

(one phase is always at the residual saturation). Imaging the nanoparticles in 
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the presence of more than one moving phase is an intriguing problem. Such 

studies could help distinguish, for example, a newly mobilized oil bank, a 

zone untouched by injected fluids and a zone into which injected fluids 

entered but failed to displace the remaining oil more effectively and 

realistically. 

3. Considering more complicated reservoir models with more complex 

geological structures and bedding clarifies practical applications and 

limitations of using magnetic contrast agents more effectively.  

4. Other illumination configurations could also be studied. In this dissertation, 

the focus is on crosswell configuration with some sensitivity analysis on 

single-well illumination (co-located source and receiver array). Other 

configurations such as borehole-to-surface and surface-to-borehole are worth 

studying because only one well is required and either the source or receiver is 

on the surface making data acquisition simpler. However, with these 

configurations, the overburden limits the zone of investigation.  

5. Other contrast agents, such as dielectric and conductive are also worth 

studying. It is interesting to learn what are the advantages, disadvantages, and 

limitations of each contrast agent for imaging subsurface entities. Therefore, 

developing the sensitivity functions for perturbations of dielectric permittivity 

of rock is necessary (the sensitivity to conductivity and magnetic permeability 

perturbations are already developed). Moreover, appropriate mixing laws and 

effective medium theory forms should be applied to quantify feasible 

perturbation in dielectric permittivity and conductivity of the formation rock. 
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6. Due to the existence of tri-axial logging tools, it is recommended to look at 

other components of both electric and magnetic field. In this dissertation, only 

vertical component of the magnetic field is considered. 

7. Magnetic nanoparticles could potentially generate heat due to the relaxation 

phenomena as a result of applying an AC magnetic field with an appropriate 

frequency. Therefore, improving the current technology of electromagnetic 

heating for EOR purposes seems plausible using magnetic nanoparticles. 

8. Evaluating hydraulic fractures in unconventional reservoirs is the most natural 

extension of this work. Injecting ferrofluid into the fracture or introducing 

conductive proppants increases the contrast between the fracture and the 

formation rock and makes imaging possible. The insight from this work is 

very useful in designing an effective imaging system for assessment of 

hydraulic fractures. Such an imaging technique could potentially be more 

efficient than the current micro-seismic technology which only determines the 

location of the cracks within the formation and hence providing us with 

limited information about the geometry of the induced fractures. Based on the 

sensitivity functions derived in Chapter 4 of this dissertation, one could 

readily conclude that using low-frequency single-well magnetic measurements 

with small source-receiver spacing, it is possible to determine the near-

wellbore features of a magnetized fracture system such as fracture thickness 

and azimuth. On the other hand, low-frequency single-well magnetic 

measurements with large source-receiver spacing could be used to identify the 

length of a highly conductive fracture. 

9. Performing experiments with micro-models to verify and observe the pore-

scale behavior of the ferrofluid described in Chapter 7. Moreover, conducting 
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core-scale experiments with ferrofluid in the core exposed to magnetic field in 

order to investigate the impact of the excited ferrofluid on the capillary 

pressure and relative permeability curves are recommended. Such experiments 

enable us to modify these curves in reservoir simulators to model the flow of 

ferrofluid in the formation. 
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Appendix A: Important Magnetic Parameters 

The most important parameters determining the magnetic behavior of matters are: 

1) The magnetization, M , defined as the sum of the magnetic moments divided by 

the volume of the material (V) 

m
M

V



,                                               (A.1) 

where m  is the magnetic moment of the constituent atoms or molecules of the 

matter. The SI unit of magnetization is A/m. 

2) The magnetic susceptibility, χ, is defined as the ratio of magnetization to the 

magnetic field intensity: 

M

H
  .                                                 (A.2) 

3) The magnetic permeability, μ, is defined as 

B

H
  ,                                                  (A.3) 

where B  is the magnetic flux density, magnetic induction, or simply B  field 

which depends on the magnetic field intensity and magnetization in the material, 

given by 

 0B H M  .                                            (A.4) 

with μ0 = 4π x 10
-7

 H/m (henry per meter) being the vacuum permeability. In 

vacuum, Equation (A.4) becomes 0B H . Equations (A.2), (A.3), and (A.4) 

yield 

0 r   ,                                                (A.5a) 

where  

                                                        μr = 1 + χ,                                             (A.5b) 
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is called the relative magnetic permeability which is dimensionless.  

Table A.1 lists the important magnetic parameters, their respective cgs and SI 

units and the corresponding conversion factors. 

 

Quantity Symbol CGS SI Conversion 

factor 

Magnetic induction B G T 10
-4

 

Magnetic field intensity H Oe A/m 1000/4π 

Magnetization M emu/cc A/m 1000 

Magnetic moment m emu Am
2
 0.001 

Susceptibility (volume) χ - - 4π 

Magnetic permeability μ G/Oe H/m 4π x 10
-7

 

Relative permeability μr - - 1 

Vacuum permeability μ0 G/Oe H/m 4π x 10
-7

 

Table A.1: Important magnetic quantities and their corresponding units. Multiplying the 

value of the quantity in cgs by the conversion factor yields the value of the 

quantity in SI. 
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Appendix B: Log-normal Distribution 

The log-normal distribution for the variable d has the form 

 
 

2

2

ln1
; , exp

22

d
g d

d


 

 

     
 
 

,          D > 0            (B.1) 

where μ and σ are the mean and standard deviation of the variable’s natural logarithm. In 

our case, we take μ = ln (d0), where d0 is the median of the distribution (the median is a 

point where the cumulative distribution function is 0.5). Hence, Equation (B.1) is 

rephrased as 

 

2

0

2

ln
1

; , exp
22

d

d
g d

d
 

 

  
  

   
 
  
 

.               D > 0            (B.2) 

By definition, if a variable has a log-normal distribution, its natural log has a 

normal distribution, which implies that 

Zd e  ,                                                  (B.3) 

where Z is a variable with normal distribution with zero mean and variance of 1. On a 

logarithmic scale, μ and σ can be called the location parameter and the scale parameter, 

respectively. In contrast, the mean and standard deviation of the non-logarithmized 

sample values are denoted m and s.d. in this appendix (taken from Wikipedia). The 

standard deviation for log-normal distribution is 

 
2

2

0. . exp exp 1
2

s d d



 

  
 

.                               (B.4) 

The mean of this distribution is  
2

0 exp
2

mean d
 

  
 

.                                            (B.5) 
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The mode (the point where the distribution function is maximum) of this 

distribution is 

mode = d0 exp (- σ
2
),                                          (B.6) 

and the median is d0. 

We know that the magnetic moment of a particle is 
3

0 0
6

d dm M V M d


    (see 

Equation (3.11.c)), where d is the particle diameter and Md is the saturation magnetization 

of the bulk (assumed to be invariant with particle size). According to the log-normal 

distribution properties, the probability distribution for the magnetic moment, m, is 

 
   

2

0

2

ln
1

exp
3 2 2 3

m

m
f m

m  

  
  

   
 
  
 

,                                    (B.7) 

where σ is the standard deviation for ln (d) (see Equation (B.1)) and m0 is 

3

0 0 0
6

dm M d

 .                                              (B.8) 

Thus, knowing σ and d0, we obtain the distribution for m using Equations (B.7) 

and (B.8). 
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Appendix C: Mathematical proof for left hand side of Equation 4.10 

being equal to zero 

The following integral 

k kD

ds
 



  
    
  


H E

E H n ,                               (C.1) 

can be rewritten using the vector identity 

            A B C C A B B C A  as: 

 
k kD

ds
 



   
      

   


H E
n E H n ,                        (C.2.a) 

or 

 
k kD

ds
 



   
       

   


H E
E n n H .                         (C.2.b) 

According to (4.2), the boundary conditions are 

   i       En E n n H S ,                           (C.3.a) 

and 

    i         Mn H n n E S .                    (C.3.b) 

Taking derivative of (C3.a) and (C3.b) with respect to µk, assuming that the 

sources Js and  Ms are finite and confined inside the domain D, and that the probed 

medium extends to D  yields 

0
k k

i  
 

    
       
    

E H
n n n ,                      (C.4.a) 

and 

 

  0
k k

i   
 

    
        
    

H E
n n n .               (C.4.b) 
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We further assume that the boundary conditions for the auxiliary problems are 

similar to those of the primal problem (α’s and β’s are the same) and the boundary source 

terms are zero: 

    0i      n E n n H ,                     (C.5.a) 

and  

     0i        n H n n E .               (C.5.b) 

Substituting Equations (C4.a), (C4.b), (C5.a), and (C5.b) into (C2.a) or (C2.b) 

using the following vector identity           A B C B A C C A B , we conclude 

that both (C2.a) and (C2.b) are zero. 
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Nomenclature 

A Area, m
2
 

d Nanoparticle diameter, m 

Dcr Critical single-domain particle diameter (m) 

Dcr Critical superparamagnetic particle diameter (m) 

e Electron charge (C) 

E Electric field, V/m 

Eex Exchange energy, J 

Eanis Anisotropy energy, J 

f Frequency, Hz  

h Plank’s constant, m
2
 kg s

-1
 

H Magnetic field, A/m 

I Electric current, A 

Jex Exchange integral, J 

J Electric current density, A/ m
2
 

k Boltzmann constant, m
2
 kg s

-2
 

K Rock permeability, mili-Darcy 

K1 Anisotropy constant, J 

K2 Anisotropy constant, J 

l Crosswell distance, m 

m Magnetic moment, A. m
2
 

M Magnetization, A/m 

Md Saturation magnetization, A/m 

Sor  Residual oil saturation, dimensionless 

T Absolute temperature, 
o
K 
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T* Dipolar interaction parameter 
o
K 

Tc Curie temperature, 
o
K 

TB Blocking temperature, 
o
K 

ΔT Duration of ferrofluid injection, days 

Greek Symbols 
α Reservoir dispersivity, m 

µr Relative magnetic permeability, dimensionless 

σb Background conductivity, S/m 

µb Background relative permeability, dimensionless 

σrock Rock (effective) conductivity, S/m 

µrock Rock (effective) magnetic permeability, dimensionless 

µferrofluid Ferrofluid magnetic permeability, dimensionless 

ε Dielectric permittivity, F/m 

χ Magnetic susceptibility, dimensionless 

Φ Nanoparticle volume concentration in ferrofluid, fraction 

µ0 Vacuum magnetic permeability, Wb/(A·m) 

µe Rock bulk magnetic permeability, dimensionless 

µeff Effective magnetic permeability, dimensionless 

µi Inclusion (ferrofluid in this paper) magnetic permeability, 

dimensionless 

γ Available pore space, fraction 

β Porosity, fraction 

ω Rotational velocity, rad/s 

ρ Density, kg m
-3

 

τN Néel relaxation time (s) 
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τB Brownian relaxation time (s) 

Subscripts/Superscripts 

N Néel 

B Brownian 

i Inclusion 

eff Effective 

B Background 

r Relative 

ex Exchange 

anis Anisotropy 

cr Critical 

SPM Superparamagnetic 

Ms Magnetostatic 

c Coercive  

s Saturation 

H Hydrodynamic 

M Magnetic 

 

Acronyms 

UTCHEM University of Texas Chemical Simulator 

EM Electromagnetic 

EOR Enhanced Oil Recovery 
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