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Ŝırbu for their prodigious teaching talents and their time and patience over

the years discussing various mathematical ideas with me.

I am truly grateful for the financial support and other resources I re-

ceived from the Department of Mathematics and the McCombs School of Busi-

ness at the University of Texas at Austin, as well as from the Office of Financial

v



Research. I am particularly thankful for the talents of Nancy Lamm and San-

dra Catlett, and for the encouragement of Dr. Michael Starbird and the late

Dr. Ted Odell.

Finally, I am deeply grateful to my family and friends. I especially

thank my parents, James and Mary Monin, for all their love and support

through the years and for fostering in me an insatiable curiosity about the

world. I save my deepest affection for my wife, Robin, who has taught me

innumerable things about life and love. This dissertation is dedicated to them.

vi



Essays on Achieving Investment Targets

and Financial Stability

Phillip James Monin, Ph.D.

The University of Texas at Austin, 2013

Supervisor: Thaleia Zariphopoulou

This dissertation explores the application of the techniques of mathe-

matical finance to the achievement of investment targets and financial stability.

It contains three self-contained but broadly related essays.

Sharpe et al. proposed the idea of having an expected utility maximizer

choose a probability distribution for future wealth as an input to her invest-

ment problem rather than a utility function. They developed the Distribution

Builder as one way to elicit such a distribution. In a single-period model,

they then showed how this desired distribution for terminal wealth can be

used to infer the investor’s risk preferences. In the first essay, we adapt their

idea, namely that a desired distribution for future wealth is an alternative

input attribute for investment decisions, to continuous time. In a variety of

scenarios, we show how the investor’s desired distribution, combined with her
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initial wealth and market-related input, can be used to determine the feasibil-

ity of her distribution, her implied risk preferences, and her optimal policies

throughout her investment horizon. We then provide several examples.

In the second essay, we consider an investor who must a priori liquidate

a large position in a primary risky asset whose price is influenced by the in-

vestor’s liquidation strategy. Liquidation must be complete by a terminal time

T , and the investor can hedge the market risk involved with liquidation over

time by investing in a liquid proxy asset that is correlated with the primary

asset. We show that the optimal strategies for an investor with constant abso-

lute risk aversion are deterministic and we find them explicitly using calculus

of variations. We then analyze the strategies and determine the investor’s

indifference price.

In the third essay, we use contingent claims analysis to study several

aggregate distance-to-default measures of the S&P Financial Select Sector In-

dex during the years leading up to and including the recent financial crisis

of 2007-2009. We uncover mathematical errors in the literature concerning

one of these measures, portfolio distance-to-default, and propose an alterna-

tive measure that we show has similar conceptual and in-sample econometric

properties. We then compare the performance of the aggregate distance-to-

default measures to other common risk indicators.
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Chapter 1

Introduction

Optimal investment and the pricing and hedging of contingent claims

have been central topics of research in the mathematical theory of finance for

the last half century. The techniques of stochastic calculus have been associ-

ated with these topics since the seminal work of R. C. Merton [69]. Therein, the

problem of optimal consumption and investment in a continuous-time setting

is addressed using the dynamic programming principle to ultimately reduce

the problem to the solution of a certain partial differential equation. Black and

Scholes [14] used similar techniques in their foundational paper on the seem-

ingly unrelated topic of option pricing. Under the assumption that the payoff

of a European option can be replicated by investing over time in the underly-

ing risky asset and a riskless money market, Black and Scholes use stochastic

calculus in a continuous-time setting to reduce the problem to the solution

of a partial differential equation. Taken together, Merton [69] and Black and

Scholes [14] laid the foundation for a revolution in the mathematical theory of

finance, a field that remains active and growing today.

This dissertation is a contribution to this general line of research. The

essay in Chapter 2 considers an investor who specifies a desired distribution
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for future wealth, rather than a utility function, in the pursuit of optimal in-

vestment. The essay in Chapter 3 contributes to the literature on the optimal

investment problem for an investor who must liquidate a large position in a

risky asset whose price is influenced by the investor’s liquidation strategy. Fi-

nally, the essay in Chapter 4 applies techniques from the Black-Scholes-Merton

theory of option pricing to study aggregate distance-to-default measures in the

financial sector in the period leading up to and including the recent financial

crisis.

We now briefly acquaint the reader with nonstandard aspects of the

literature that are relevant for this dissertation. Specifically, we provide back-

ground on the optimal liquidation of large orders, which is the topic of Chapter

3, and on contingent claims analysis, which will be applied in Chapter 4.

1.1 The optimal liquidation of large orders

In the standard models of finance, markets are assumed to be able to

accommodate unlimited liquidity demand, so that investors are price takers

and can buy or sell arbitrary numbers of shares in an asset without their

actions feeding back into the asset’s price. In practice, however, the execution

of orders that are large relative to the instantaneously available liquidity is

a much more complicated matter. For example, instantaneous trading of an

entire block of shares might not be possible or might be very expensive due to

lack of liquidity and the adverse price effects of trading such a large position.

It has therefore become standard practice to handle a large trade by slicing
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it into smaller blocks and trading these blocks sequentially over time. Such

a program introduces market risk, since the longer the period over which the

block is to be liquidated, the greater the chance of adverse price changes due

to new information entering the market.

The risk of not being able to liquidate a position in an asset at currently

quoted prices is known as price impact risk or market impact risk. Price

impact risk is a type of liquidity risk that is frequently encountered in the

daily operations of many financial institutions, such as insurance companies,

mutual funds, broker-dealers and pension funds. For instance, large mutual

funds might need to sell off a large position in order to rebalance or to meet

redemptions, while pension funds might need to sell large quantities of assets

to meet liabilities. Insurance companies can be especially vulnerable to price

impact due to the potentially sudden need to liquidate assets in order to pay

claims.

Numerous empirical studies (see, among others, [7, 38, 53, 54, 61, 62, 64,

75, 79, 91]) have documented two common qualitative features of the price

impact of large orders. First, the size of the order affects the price at which

the order will be filled. The larger the order, the larger the discount relative

to publicly quoted prices at which the order will be executed. This is the

so-called temporary price impact, since it only affects the large order itself. In

addition to temporary price impact, the price of the asset subsequent to the

large order is also often permanently affected. This latter feature is called

permanent price impact.
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There have been many attempts in the market microstructure liter-

ature to provide economic motivation for the existence of price impact by

endogenously modeling the appearance of temporary and/or permanent price

impact effects. In the seminal work of [66] and its extensions, for example,

a risk-neutral trader with insider information trades with risk-neutral market

makers. The market makers cannot distinguish between the insider and noise

traders who are also in the market, and thus they agree to trade with the

insider. In this context, it is optimal for the insider to reveal his informa-

tion slowly by trading slowly over time. Since the trades themselves contain

information, the market makers watch the order flow and adjusts prices ac-

cordingly. This mechanism results in permanent price impact since the order

is due to new information entering the market. On the other hand, a tempo-

rary price impact emerges in [34] as large orders entering the market may be

either due to new information or may be because of a demand for liquidity

that is uninformative about firm fundamentals. There are many more mod-

els that attempt to explain the existence of price impact (see, among others,

[3, 11, 36, 58, 77, 95, 96]), but most are quantitatively intractable for the study

of the optimal trading strategies in the context of executing a large order. Ar-

guably, the optimal trading strategies are of the most interest to the financial

institutions that actually need to liquidate large positions.

Since our purpose in Chapter 3 is to analyze optimal trading strategies,

we adopt herein an alternative modeling approach that takes the price impact

effects as exogenous. There are many such models (see, among others, [1, 4–
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6, 10, 16, 76]) and we choose to focus on the line of models that starts with [10]

and continues with [4–6]. These models are mathematically tractable, often

allowing for the solution and analysis of optimal trading strategies, while also

capturing both the temporary and permanent price impact effects of large

trades. Having reasonable quantitative and qualitative properties and being

easy to implement, it is perhaps no surprise that this generation of models is

widely studied in the academic literature and widely applied in practice.

The study of optimal execution strategies requires that we employ cri-

teria by which to judge competing liquidation strategies. The initial criterion

considered in the literature, as proposed by [10], was to assume that the in-

vestor is risk-neutral and only interested in minimizing the expected costs

incurred during liquidation. Minimizing expected costs typically results in an

optimal strategy that has constant speed of liquidation (the so-called VWAP1

strategy). Since, in practice, the liquidation of a large block of shares typi-

cally occurs over a period of time, assuming the investor is risk-neutral may

not be appropriate due to the trade-off between the costs of quick execution

and the market risks of prolonged execution (see also [12]). Therefore, [4–6]

proposed incorporating risk aversion by assuming that the investor’s criterion

is to minimize the sum of the expected costs of liquidation and the variance of

the costs scaled by a risk aversion parameter. Under this criterion, the optimal

deterministic liquidation strategy can often be derived explicitly.

1Volume Weighted Average Price. In practice, time is often parameterized in volume
time.
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Herein we consider the criterion of maximal expected utility. Given

that the risk aversion of the agent should be considered in his criterion for op-

timal liquidation, it is natural from an economic point of view to consider an

investor who is interested in maximizing his expected utility of revenue from

liquidation. Indeed, it was observed early in [10] that, “Investors are ultimately

interested in maximizing the expected utility of their wealth. Therefore, the

most natural approach to execution costs is to maximize the investor’s ex-

pected utility of wealth.” Maximization of expected utility is the approach

taken in [81, 83, 84]. In [83], it is shown in a rather general market model that

the optimal dynamic liquidation strategy is deterministic for an investor with

constant absolute risk aversion (CARA). It is shown in [81, 84] in a model with

infinite liquidation horizon that the optimal strategies are not deterministic if

the preferences are not CARA.

In Chapter 3, we consider a new modification of the optimal liquidation

problem in which the investor liquidates a position in a primary asset and can

also simultaneously invest in a correlated and perfectly liquid proxy asset.

For example, the investor might liquidate a large equity position in Hess by

simultaneously shorting ExxonMobil and buying it back over time. Because

of the correlated nature of the stocks, new information that affects the price

of Hess will likely similarly affect the price of ExxonMobil. Being long Hess

and short ExxonMobil partially hedges against the risk of new information

adversely affecting liquidation proceeds. Such a hedging strategy is frequently

used in the industry by broker-dealers’ block trading desks, who often agree to
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trade as principal with a liquidity demander in exchange for a fee. Herein, in a

simple Almgren-Chriss model (see [4–6]) augmented by a proxy asset, we find

and analyze the optimal strategies for an investor with constant absolute risk

aversion. We also compute the indifference price for the block trading desk

that is contemplating trading as principal with a financial institution that is

demanding liquidity. Our results show that the investor is always better off (in

terms of expected utility) if he can find a liquid and correlated proxy asset to

hedge the market risk involved with liquidating the primary asset over time.

1.2 The use of contingent claims analysis in financial
stability

Contingent Claims Analysis (CCA) combines information from quar-

terly balance sheets and equity and options markets into a single framework

that can be used as a basis for estimating the evolution of default risk. It is

based on the Merton model for capital structure [71] which, in turn, is based

on the Black-Scholes-Merton theory of option pricing (see [14, 70]). Its applica-

tion allows one to compute various financial risk indicators, such as distance-

to-default, risk-neutral probability of default, and credit risk premium. In

Chapter 4, we use the CCA methodology to incorporate information from eq-

uity markets, options markets, Treasury markets, and balance sheets into a

single framework in order to study measures of distance-to-default of the Stan-

dard and Poor’s Financial Select Sector Index over the period from March 1,

2002 to November 30, 2012.
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In its application to the individual firm, contingent claims analysis

(CCA) is based on three main assumptions: (i) the value of the firm’s assets

equals the value of the firms liabilities, so that the balance sheet identity

At = Et + Dt holds, where At is the value of the firm’s assets, Et is the

value of its equity, and Dt is the value of its debt; (ii) liabilities have different

priority, i.e. debt holders hold the senior claim on the firm’s assets and equity

holders hold the junior or residual claim; and (iii) the value of the firm’s assets

is uncertain and evolves as a stochastic process. We use herein the original

Merton model [71], in which the value of the firm’s assets evolves as a lognormal

diffusion, i.e. under the risk-neutral measure, the value A = (At) of the firm’s

assets solves

dAt = rAtdt+ σAAtdWt, (1.1)

where r > 0 is the riskless rate of return, σA > 0 is the volatility of the firm’s

assets, and (Wt) is a standard Brownian motion.

Under the above assumptions, CCA is the application of the theory of

options to model and value the firm’s capital structure. In the basic Merton

model, for example, the firm is assumed to have a simple debt structure in that

it has a single issue of debt outstanding, namely a zero-coupon bond of amount

B that matures in T − t periods. If the total value of the assets AT is greater

than the promised debt payment B at maturity T , then the latter is paid in

full and the residual amount, AT − B, is distributed to equity holders. On

the other hand, if the assets are insufficient to meet the promised payments

B, i.e. AT < B, then default is declared and the debt holders exercise a

8



debt covenant that gives them the right to liquidate the firm and receive its

liquidation value, which is equal to the total asset value since, by assumption,

there are no bankruptcy costs. If default occurs, the equity holders receive

nothing, though by the principle of limited liability, they are not required to

put up additional funds to pay the debt holders. Therefore, equity holders

receive a cash flow at maturity T that has payoff (AT − B)+. Thus, in this

context, the equity holders hold an implicit call option on the firm’s assets

with strike price equal to the promised debt payment B.

We remark that there are advantages and disadvantages of using the

CCA methodology and, therefore, financial risk indicators found using CCA

should be used to complement and not to replace other financial stability

measures and analyses. For example, an advantage of CCA is that CCA-

based measures of financial risk are forward-looking, given that market prices

represent the collective future expectations and projections of many investors.

This is in contrast to analyses based on historical information. Moreover,

since CCA-based measures incorporate market information, they can be up-

dated at a much higher frequency than measures that rely solely on quarterly

balance sheet information. As with other market-based indicators of financial

stability, however, the usefulness of CCA-based indicators is subject to the

accuracy and general quality of data from markets. This makes CCA-based

indicators sensitive to the accuracy of market assessment as well as liquid-

ity concerns. Another disadvantage of distance-to-default measures computed

using the original Merton model (see [71]) is that short-term financial risks

9



might not be adequately captured. This is because the assumption that the

asset value follows a diffusion process implies that discontinuities in the asset

value are not permitted, which intuitively means that time is required for the

asset value to diffuse below the default barrier.

Aside from our work herein, there have been various extensions of the

CCA approach in the study of financial stability. For example, [41, 46] develop

CCA as a framework to analyze the linkages among firms, sectors and coun-

tries through the use of the so-called risk-adjusted balance sheets. They do

this by aggregating individual CCA-implied risk measures into a multivariate

framework to track the interdependencies and linkages. In [42, 45], the authors

stress that correlation measures based on realized data can be unreliable in

times of stress and they develop a method that models linkages among firms

using techniques from extreme value theory. For a recent example that incor-

porates credit default swap markets, see [85]. For a comprehensive review of

the CCA approach, along with a discussion of option pricing models beyond

the original Black-Scholes model, see [43].
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Chapter 2

On a dynamic adaptation of the Distribution

Builder approach to investment decisions

2.1 Introduction

Theoretical models in single-agent investment are traditionally based

on the classical criterion of maximal expected utility of wealth. Despite its

long history and sound economic foundations, however, expected utility as a

criterion for practical investment choice faces many obstacles due to various

difficulties for its specification. Some of these difficulties have been addressed

by making simplifying or ad hoc assumptions. Asset managers, for instance,

often make two such assumptions. First, they assume that the investor has

constant relative risk aversion. They then use so-called risk tolerance quizzes

to approximate the investor’s relative risk aversion coefficient.

Alternatively, one can focus on observable features of investors’ behav-

ior. For instance, [13], among others, proposed to essentially bypass the utility

concept altogether and, instead, use the investor’s initial choice of optimal in-

vestment as the criterion to determine future optimal allocations. In a related

direction, several papers have studied the specification of utility if one knows a

priori the optimal allocations that are consistent with this utility (see, among
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others, [23, 24, 33, 51]).

Sharpe and his collaborators took a different point of view in [40, 86, 87].

They argued that, in practical situations, investors can express desires about

the distribution of their future wealth. To gather such distributional data,

they developed a computer program, called The Distribution Builder, whose

output is a probability distribution that the investor desires for her future

wealth. Then, in a single-period model and under the assumption that the

investor implicitly maximizes her expected utility of terminal wealth, Sharpe

et al. showed how this desired distribution can be used to recover the investor’s

risk preferences.

Our work is inspired and motivated by this approach. The aim herein

is to provide a dynamic adaptation of their idea, which is to use a risk-averse

investor’s desired distribution for future wealth, rather than a utility function,

as an input for optimal investment. Given an investor’s desired distribution for

future wealth and her initial endowment, we study the following issues: if this

distribution can be achieved in the market, how it is achieved, and, finally, the

risk preferences that are consistent with this choice of distribution. As in the

work of Sharpe et al., we address, in a practical way, both the normative issue

of instructing investors how to achieve their goals as well as the theoretical

question of how to infer risk preferences that are consistent with investment

targets.

Given that we work beyond a single-period setting, the time at which

the investor wants to achieve her desired distribution is an important input

12



parameter in the analysis. We consider two scenarios. In the first, we assume

that the investor implicitly maximizes her expected utility of terminal wealth in

a fixed horizon setting, by which we mean that the investor has a finite and fixed

investment horizon that is specified when investment begins. Within the fixed

horizon setting, we consider two subcases depending on whether the investor

targets her distribution for terminal wealth or for wealth at some intermediate

time. This scenario is appropriate for an investor who is certain about the

length of her investment horizon and is not interested in exploring investment

opportunities beyond it while she is investing. In the second scenario, we

assume that the investor operates in a flexible horizon setting, by which we

mean that the time at which investment ends is not predetermined and could

be finite or infinite. The investor places her chosen distribution for wealth at

some arbitrary future time. This scenario is appropriate for an investor who

does not want to commit at initial time to a fixed investment horizon, or plans

to invest for a very long time.

The market environment that we consider consists of risky stocks and

a riskless money market account. The stock prices are modeled as geometric

Brownian motions with time-varying deterministic coefficients.

Our results are as follows. In the fixed horizon setting, we show that

the desired distribution, the investor’s initial wealth, and market-related input

are sufficient to explicitly determine the feasibility of the investor’s choice of

distribution, the optimal strategy the investor should follow to attain her goal,

and the investor’s terminal marginal utility function. We obtain these results
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regardless of whether the investor targets her distribution for terminal wealth

or for wealth at an intermediate time.

We obtain analogous results for the flexible horizon setting. Here, the

terminal-horizon expected maximal utility criterion needs to be modified, and

for this we use the so-called monotone forward investment performance cri-

terion. Again, we show that the investor’s desired distribution, her initial

wealth, and market-related input are sufficient to determine the feasibility of

the distribution, the strategy that achieves it, and her risk preferences.

In the fixed horizon setting, the method of proof relies on known rep-

resentation results for the optimal wealth process in terms of the solution to

the heat equation and on the work of Widder on inverting the Weierstrass

transform. In the flexible horizon setting, it is shown that the investor’s dis-

tribution, initial wealth, and market input determine the Fourier transform of

a particular Borel measure that is known to characterize all objects of interest

in the model under the monotone forward investment performance investment

criterion.

Our results show that in our model, a desired distribution for wealth at

a single future time, when combined with the investor’s initial wealth and an

estimate of the market price of risk throughout the investment horizon, explic-

itly determines the investor’s risk preferences, her optimal policies throughout,

and the feasibility of her chosen distribution. This result holds regardless of

whether the investor is a classical expected utility maximizer with a fixed

investment horizon or whether she uses the monotone forward investment per-
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formance criterion with a flexible investment horizon.

This essay is organized as follows. In section 2.2, we review the method

underlying The Distribution Builder. In section 2.3, we present the continuous-

time model and relevant background results on the expected utility and mono-

tone forward investment performance investment criteria. In section 2.4, we

consider targeted wealth distributions in the fixed horizon setting, while in

section 2.5 we consider targeted wealth distributions in the flexible horizon

setting. We provide conclusions and directions for future research in section

2.6.

2.2 Single-period investment model and its Distribu-
tion Builder

To motivate the reader, we review the model setting and the method of

The Distribution Builder developed by Sharpe et al. (see [40, 86, 87]). Therein,

three key model assumptions were made: i) the state price density is solely

expressed in terms of the stock price, ii) the investor is implicitly an expected

utility maximizer, but specifies her desired future wealth distribution instead

of her utility function, and iii) the investor wants to obtain her desired distri-

bution in a so-called cost-efficient manner. We elaborate on their model and

on these assumptions next.

The model is a single-period one having N > 2 distinct possible states

Ω := {ωi}Ni=1, each occurring with equal probability P{ωi} = 1
N
, i = 1, . . . , N .

The market consists of one riskless money market and one risky stock. The
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former has initial price B0 = 1 and is assumed to offer constant interest rate

r > 0, i.e. BT (ωi) = (1 + r), i = 1, . . . , N .

The stock has initial price S0 = 1 and its terminal values in the N states

are determined by a discrete approximation to a lognormal distribution. This

is accomplished as follows. The logarithmic return of the stock is assumed to

be normally distributed with mean µ > 0 and standard deviation σ > 0. The

resulting continuous distribution is then lognormal and can be approximated

by selecting N points with probabilities 1
2N
, 3

2N
, . . . , 2N−1

2N
from the inverse of

its cumulative distribution function. This in turn produces the vector ST of

N equally probable states. Without loss of generality, it is assumed that the

states are in nondecreasing order,

ST (ωi) ≤ ST (ωi+1), i = 1, . . . , N − 1. (2.1)

Moreover, to preclude arbitrage in this model, the familiar assumption

ST (ω1) < 1 + r < ST (ωN)

is introduced.

The market admits a state price density vector ξT , which is not unique

because of incompleteness. Sharpe et al. then make the ad hoc assumption

that the logarithm of the vector ξT satisfies the linear relationship

log(ξT (ωi)) = a+ b log(ST (ωi)), i = 1, . . . , N, (2.2)

for some constants a and b. To find these constants, one uses the identities

1

N

N∑
i=1

ξT (ωi) =
1

1 + r
,
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and

1

N

N∑
i=1

ξT (ωi)ST (ωi) = S0 = 1,

where i = 1, . . . , N , to derive the equation

(1 + r)
N∑
i=1

SbT (ωi) =
N∑
i=1

Sb+1
T (ωi). (2.3)

This equation then determines b and using (2.2) we, in turn, find a. It is easily

shown that if µ > r then the solution b to (2.3) exists, is unique, and is strictly

negative.

The assumption that the stock price and state price density are related

as in (2.2) seems at first to be restrictive and arbitrary. This relationship,

however, is consistent with widely used models of asset prices, examples of

which include multiperiod iid binomial models in discrete time and the clas-

sical Black-Scholes-Merton model in continuous time (see [86] for further dis-

cussion).

In this market environment, the investor starts with initial wealth x0 >

0 and sets an investment goal, namely a probability distribution denoted by F ,

for her terminal wealth. As we describe in detail below, the issue of whether

F can be attained depends on x0 and on market-related input. To achieve an

attainable distribution, the investor chooses at initial time how much money

π to allocate to the risky asset, with the remaining quantity x0 − π invested

in the money market. Her wealth at time T is, then, given by the random

variable (recall S0 = 1)

XT (ω) = πST (ω) + (x0 − π)(1 + r).
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The wealth distribution F is characterized by its probability mass func-

tion, namely

P(XT = xi) =
ni
N
, ni ∈ {0, 1, . . . , N}, i = 1, . . . , N.

Therefore, F can be viewed as an N -vector, X̄F = {xFi }Ni=1, of wealth values

where, for each i = 1, . . . , N , we assign ni values equal to xi. Without loss

of generality, the values of X̄F are assumed to be in nondecreasing order,

i.e. xFi ≤ xFi+1, i = 1, . . . , N . Given this assumption, there is a one-to-one

correspondence between the distribution F and the wealth vector X̄F , in the

sense that for every distribution F there is a given wealth vector X̄F , and

vice-versa.

To find a terminal wealth random variable XT with a given distribution

F , one associates each of the N values in the vector X̄F with one of the N

states of the world. There are N ! possible such bijections and each has a

potentially different associated cost. For fixed j = 1, . . . , N !, let Xj
T : Ω→ X̄F

be such a bijection. Then, the cost of the distribution F attained using the

random variable Xj
T is found by computing the inner product C(j), defined

by

C(j) =
1

N

N∑
i=1

ξT (ωi)X
j
T (ωi).

Sharpe et al. assume that the investor is implicitly choosing a distri-

bution that maximizes her expected utility of terminal wealth. In a complete

market, it is well known that the optimal strategy of an investor who maxi-

mizes expected terminal utility is cost-efficient, i.e. it achieves the so-called
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distributional price

PD(F ) := min
j=1,...,N !

C(j) (2.4)

of the distribution F (see [31, 32]). This is not true, however, in the incomplete

market herein. The optimal strategy is not necessarily cost-efficient. Never-

theless, Sharpe et al. assume that the investor does prefer to obtain her desired

distribution F using a cost-efficient strategy. One can then use the results of

[31] to deduce that the strategy j∗, defined by

Xj∗

T (ωi) = xFi , i = 1, . . . , N, (2.5)

is cost-efficient. Moreover, if j∗ also satisfies C(j∗) ≤ x0, then it corresponds

to the optimal investment strategy for the investor maximizing her expected

utility of terminal wealth.

We are now ready to review the results of Sharpe et al. on how to infer

points on the investor’s marginal utility curve from her desired distribution F .

Given a wealth distribution F , one first determines the random variable Xj∗

T

via (2.5). Points along the marginal utility curve are then determined by the

first order conditions of the investor’s utility maximization problem, which are

U ′T (Xj∗

T (ωi)) = kξT (ωi), i = 1, . . . , N, (2.6)

and

k (C(j∗)− x0) = 0,

where k ≥ 0 is the Lagrange multiplier associated with the budget constraint

C(j) ≤ x0. We recall that the strict positivity of the marginal utility function
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U ′T guarantees that k > 0 and, therefore, the budget constraint is binding, i.e.

C(j∗) = x0. Hence, it is optimal for an expected utility maximizer to select a

distribution F whose distributional price in (2.4) is equal to her entire initial

budget x0.

To summarize, the investor chooses a distribution F for her terminal

wealth that she would like to achieve by investing her initial wealth x0 > 0.

It is assumed that the investor would like to achieve this distribution in a

cost-efficient manner and that she implicitly maximizes the expected utility of

her terminal wealth. These assumptions then determine the budget constraint

that F must satisfy, namely

x0 = C(j∗) =
1

N

N∑
i=1

ξT (ωi)x
F
i ,

where {xFi }Ni=1 is the representation of F as an N -vector as described above.

Furthermore, the pointwise specification of the investor’s optimal terminal

wealth random variable is given by (2.5). The investor’s risk preferences are

then described by an N -point approximation of the investor’s marginal utility

curve given by (2.6). Finally, the model (a one period model with N possible

states) is incomplete for N > 2, and so it is not possible to uniquely determine

the optimal initial allocation π to the risky stock.

2.2.1 The Distribution Builder interface: How a user selects a de-
sired distribution for her future wealth

We briefly discuss an example using The Distribution Builder so that

the reader will be acquainted with one possible procedure for choosing a desired
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distribution for future wealth. We note, however, that in our continuous-time

work herein we assume that the investor chooses a distribution for future

wealth, but we do not investigate specific ways or tools she might use for this

purpose.

The following example comes from a specific application of The Dis-

tribution Builder, namely to elicit a desired probability distribution for the

user’s income per year following retirement. The interface for this application

of The Distribution Builder is pictured in figure 2.1. The vertical axis of per-

centages corresponds to the percentage of pre-retirement income that will be

realized annually in retirement. For example, if the investor earned $100,000

in the year before retirement, the 75% row corresponds to a subsequent annual

retirement income of $75,000.

In an experimental setting, users are told that some reference point,

which is 75% in figure 2.1, is a typically recommended goal for annual retire-

ment income. The reference row can then be calibrated to represent the level

of wealth that can be attained with certainty by investing in the riskless asset.

The main area of the interface contains 100 markers, which are ini-

tially positioned along the bottom of the screen. Each marker represents an

equally-likely state of the world, and the user is told that her realized outcome

is represented by one of these markers. Users are only able to submit distri-

butions of a given fixed cost (expressed as a percentage), and the cost meter

on the left hand side of the interface adjusts accordingly as the user places

markers along the vertical axis. The user can submit a distribution of markers
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Figure 2.1: The Distribution Builder User Interface. Reprinted from [87].
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only when the cost meter indicates that between 99 and 100 percent of the

total fixed budget has been consumed. When satisfied with a particular distri-

bution that meets the cost requirement, the user submits it and the computer

then removes all but one of the markers, so that the user is able to experience

the actual realization of her desired distribution.

2.3 The continuous-time model and background results
on investment performance criteria

We describe the market setting in which our investor operates, as well

as known results on related investment performance criteria. The background

results concerning these criteria will be used in the fixed horizon setting in

section 4 and the flexible horizon setting in section 5.

The market is complete and consists of a riskless money market and

d risky assets driven by d independent Brownian motions. The risky assets

are modeled by time-dependent geometric Brownian motions on Rd, i.e. for

i = 1, . . . , d, the price Sit , t ≥ 0, of the i-th risky asset satisfies

dSit = Sit

(
µi(t)dt+

d∑
j=1

σji(t)dW j
t

)
, Si0 > 0, (2.7)

where µi(t) and σji(t) are deterministic functions of time for i, j = 1, . . . , d, and

t ≥ 0. Here, W = (W 1, . . . ,W d) is a d-dimensional standard Brownian motion

(regarded as a column vector) defined on a complete filtered probability space

(Ω,F, (Ft)t≥0,P) where the filtration (Ft)t≥0 satisfies the usual conditions. It

is assumed that µi(t) and σji(t) are uniformly bounded in t ≥ 0, for all i, j.
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For brevity, we write σ(t) to denote the volatility matrix, i.e. the d×d matrix

(σji(t)) whose i-th column represents the volatility σi(t) = (σ1i(t), . . . , σdi(t))

of the i-th risky asset. We also assume that the matrix function σ(t) is in-

vertible for all t ≥ 0, and we will write this inverse as σ(−1)(t). We can then

alternatively write (2.7) as

dSit = Sit(µ
i(t) dt+ σi(t) · dWt). (2.8)

The riskless money market has price process Bt, t ≥ 0, satisfying B0 = 1 and

dBt = r(t)Btdt, (2.9)

for a nonnegative time-dependent interest rate function r(t), t ≥ 0, which is

assumed to be uniformly bounded in t ≥ 0. We denote by µ(t) the d × 1

vector with coordinates µi(t) and by 1 the d-dimensional vector with every

component equal to one.

We define the function λ(t), t ≥ 0, by

λ(t) := (σ>(t))(−1)(µ(t)− r(t)1), (2.10)

and we will occasionally refer to it as the market price of risk.

Assumption 2.3.1. The function λ(t), t ≥ 0, is continuous and uniformly

bounded on t ≥ 0. Furthermore, its Euclidean norm, |λ(t)|, t ≥ 0, is Hölder

continuous, and there exist positive constants c0 and c1 such that 0 < c0 ≤

|λ(t)| ≤ c1 for all t ≥ 0.
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Starting at time t0 = 0 with initial endowment x0 > 0, the investor

invests dynamically in the risky assets and the riskless one. The present values

of the amounts invested in the assets are denoted by πit, i = 1, . . . , d, and by

π0
t , respectively. The present value of her total investment is then given by

Xπ
t =

∑d
i=0 π

i
t, which we will refer to as the discounted wealth generated by

the (discounted) strategy π = (π0
t , π

1
t , . . . , π

d
t ). The investment strategies π

play the role of control processes and are assumed to be self-financing. Using

(2.8), (2.9) and (2.10) we deduce

dXπ
t = σ(t)πt · (λ(t)dt+ dWt), t > 0, (2.11)

where πt = (πit; i = 1, . . . , d) is a column vector.

The investor selects a portfolio process from an admissibility set A. A

detailed description of this set is given in the upcoming sections.

Finally, we introduce the auxiliary market input processes At and Mt,

t ≥ 0, defined by

At =

∫ t

0

|λ(s)|2ds and Mt =

∫ t

0

λ(s) · dWs. (2.12)

We also recall the martingale Zt, t ≥ 0, given by

Zt = exp

{
−
∫ t

0

λ(s) · dWs −
1

2

∫ t

0

|λ(s)|2ds
}

= exp

{
−Mt −

1

2
At

}
. (2.13)

2.3.1 Background results on classical expected utility theory

We briefly review background results on the classical expected utility

theory. These results will be relevant in the fixed horizon setting considered

in section 4.
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The investor invests in [0, T ], with T > 0 being arbitrary but fixed. She

derives utility only from terminal wealth, with objective

v(x0, 0) := sup
π∈AT

E [UT (Xπ
T )|Xπ

0 = x0] . (2.14)

The set of admissible policies AT is defined as the set of Ft-progressively mea-

surable and self-financing portfolio processes πt, t ∈ [0, T ], such that

E
∫ T

0

|σ(s)πs|2ds <∞,

and Xπ
t ≥ 0, t ∈ [0, T ], P-a.s., where Xπ

t solves (2.11). We will call an investor

with the above investment paradigm a Merton investor.

The utility function UT (·) satisfies the following standard assumptions.

Assumption 2.3.2. (i) The function UT : (0,∞) → R is twice continu-

ously differentiable, strictly increasing, and strictly concave.

(ii) The Inada conditions,

lim
x↓0

U ′T (x) =∞ and lim
x↑∞

U ′T (x) = 0, (2.15)

are satisfied

(iii) The inverse, IT : (0,∞)→ (0,∞), of the investor’s marginal utility func-

tion U ′T has polynomial growth, i.e. there is a constant γ > 0 such

that

IT (y) ≤ γ + y−γ. (2.16)
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The stochastic optimization problem (2.14) has been extensively stud-

ied and completely solved (see, for example, [60]).

The following result relates the Merton investor’s optimal wealth pro-

cess and optimal portfolio process to the solution of the heat equation. It is

well known that the optimal policies in this model can be written in terms

of a solution to a linear parabolic terminal value problem (see, for example,

[60, Lemma 8.4 (p. 122)]), but the idea of writing the optimal policies specifi-

cally in terms of the solution of the heat equation first appeared in [59] in the

lognormal setting. We state the results of [59] next.

Proposition 2.3.1. Let x0 > 0 be the investor’s initial wealth and let λ(t) be

as in (2.10). Let h : R× [0, T ]→ (0,∞) be the unique solution to{
ht + 1

2
|λ(t)|2hxx = 0, (x, t) ∈ R× [0, T )

h(x, T ) = IT (e−x) , x ∈ R, (2.17)

with IT satisfying (2.16). Then, the following hold.

i) The optimal wealth process X∗t , t ∈ [0, T ], is given by

X∗t = h
(
h(−1)(x0, 0) + At +Mt, t

)
, t ∈ [0, T ], (2.18)

where At and Mt, t ∈ [0, T ], are defined in (2.12) and h(−1) is the spatial

inverse of h.

ii) The optimal portfolio process π∗t , t ∈ [0, T ], that generates X∗t is

given by

π∗t = hx
(
h(−1) (X∗t , t) , t

)
σ(−1)(t)λ(t), t ∈ [0, T ]. (2.19)
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2.3.2 Background results on forward investment performance pro-
cesses

We now review results on the so-called forward investment performance

process. These results will be relevant for the flexible investment horizon set-

ting of section 2.5. The forward investment performance process is an invest-

ment selection criterion developed by Musiela and Zariphopoulou (see, among

others, [72–74]) as a complementary alternative to the maximal expected util-

ity theory. The main motivation for this approach is the ability to work in

flexible investment horizon settings and define for them time-consistent per-

formance criteria for all times. In this framework, an admissible investment

strategy is deemed optimal if it generates a wealth process whose average per-

formance is maintained over time. In other words, the average performance of

the optimal strategy at any future date, conditional on today’s information,

preserves the performance of this strategy up until today. Any strategy that

fails to maintain the average performance over time is then suboptimal. In

contrast to the expected utility criterion considered earlier, the forward in-

vestor does not specify her risk preferences for some terminal time. Instead,

her risk preferences are specified at initial time by an initial datum u0 and

then evolve dynamically forward in time for t ≥ 0.

Next, we recall the forward investment performance process. The set of

admissible strategies, A, is defined to be the set of Ft-progressively measurable

and self-financing portfolio processes πt, t ≥ 0, such that E
∫ t

0
|σ(s)πs|2ds <

∞, t > 0, and Xπ
t ≥ 0, t ≥ 0, P − a.s., where the discounted wealth process
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solves (2.11).

Definition 2.3.1. Let u0 : (0,∞) → R be strictly concave and strictly in-

creasing. An Ft-adapted process U(x, t) is a forward investment performance

if, for t ≥ 0 and x ∈ (0,∞):

(i) U(x, 0) = u0(x),

(ii) the map x 7→ U(x, t) is strictly concave and strictly increasing,

(iii) for each π ∈ A, E[U(Xπ
t , t)

+] <∞ and

E[U(Xπ
s , s)|Ft] ≤ U(Xπ

t , t), s ≥ t,

(iv) there exists π∗ ∈ A for which E[U(Xπ∗
s , s)|Ft] = U(Xπ∗

t , t), s ≥ t.

We refer the reader to [59, 73] for further discussion on the forward

investment performance and its similarities and differences with the classical

value function.

2.3.2.1 Review of monotone forward investment performance pro-
cesses

We focus herein on the class of time-decreasing forward investment

performance processes that will be used in our analysis in section 2.5. These

processes were introduced in [9, 73] and further analyzed in [74]. Therein,

it was shown that time-decreasing forward investment performance processes
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U(x, t) are constructed by compiling market-related input with a deterministic

function of space and time. Specifically, for t ≥ 0, we have

U(x, t) = u(x,At) (2.20)

where At, t ≥ 0, is as in (2.12) and u(x, t) is a smooth function that is spatially

strictly increasing and strictly concave, and satisfies ut −
1

2

u2
x

uxx
= 0, (x, t) ∈ (0,∞)× (0,∞)

u(x, 0) = u0(x), x ∈ (0,∞)

(2.21)

where u0 : (0,∞)→ R is the initial datum of Definition 2.3.1.

It is also shown in [74] that if h(x, t) is defined via the transformation

ux(h(x, t), t) = e−x+ t
2 , (x, t) ∈ R× [0,∞), (2.22)

then it is a positive and spatially strictly increasing space-time harmonic func-

tion, solving the ill-posed heat equation ht +
1

2
hxx = 0, (x, t) ∈ R× [0,∞)

h(x, 0) = (u′0)(−1)(e−x), x ∈ R.
(2.23)

Moreover, the associated optimal processes X∗t and π∗t , t ≥ 0, can be written

explicitly in terms of market-related input and the function h, namely, for

t ≥ 0,

X∗t = h
(
h(−1)(x0, 0) + At +Mt, At

)
(2.24)

and

π∗t = hx
(
h(−1)(X∗t , At), At

)
σ(−1)(t)λ(t), (2.25)
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where At and Mt, t ≥ 0, are as in (2.12) and the function h(−1) stands for the

spatial inverse of h.

As mentioned above, problem (2.23) (and, in turn, (2.21)) are ill-posed.

Nevertheless, as we review next, solutions do exist, though we expect the set of

admissible initial data u(x, 0) and h(x, 0) to be rather restricted. We elaborate

on this in Remark 2.3.3.

From the above, one observes that all objects of interest, including

the risk preferences of the investor, her optimal strategies, and the associated

forward investment performance process, are determined once the functions

u and h are known and the market price of risk is chosen (which yields the

processes At and Mt). The study of the functions u and h is therefore crucial

to the understanding of the (forward) portfolio choice problem.

Remark 2.3.1. Recall from Proposition 2.3.1 that a representation of the op-

timal policies similar to (2.24) and (2.25) holds in the expected utility case.

Note, however, that the harmonic function therein depends on market param-

eters while, in the monotone forward investment performance case, it does not

(cf. (2.27)).

2.3.2.2 Analysis of the functions u and h

We recall some known analytical results concerning the representation

of, and connections between, the functions u and h. Using Widder’s classical

theorem, it was shown in [74] that positive and spatially strictly increasing

space-time harmonic functions h can be represented in terms of a Borel mea-
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sure ν that has finite Laplace transform and support in the positive reals.

Given such a representation, the function u is constructed using (2.22). Since

the risk preferences and optimal strategies of the investor are represented in

terms of the functions u and h (cf. (2.20), (2.24), and (2.25)), the measure

ν emerges as the defining element in the entire analysis of monotone forward

investment performance processes. We specify ν in detail next.

Define B(R+) to be the set of finite Borel measures ν on R such that

ν((−∞, 0]) = 0, and consider the following subset of B(R+):

B+(R+) =

{
ν ∈ B(R+) :

∫ ∞
0+

ν(dy)

y
<∞ and (2.26)∫ ∞

0

eyxν(dy) <∞, x ∈ R
}
.

The following result can be found in [74].

Proposition 2.3.2. i) Let ν ∈ B+(R+). Then, the function h : R× [0,∞)→

(0,∞) defined by

h(x, t) =

∫ ∞
0+

eyx−
1
2
y2t

y
ν(dy) (2.27)

is a solution to (2.23) that is positive and spatially strictly increasing.

ii) Conversely, let h : R × [0,∞) → (0,∞) be a positive and spatially

strictly increasing solution to (2.23). Then, there exists ν ∈ B+(R+) such that

h is given by (2.27).

Remark 2.3.2. The proof of Proposition 2.3.2 is based on the classical result

of Widder that characterizes nonnegative and spatially strictly increasing so-

lutions to the backward heat equation on the half line t ∈ [0,∞) in terms of a
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Borel measure ν with finite Laplace transform. An analogous representation

result can be obtained in the classical maximal expected utility case for solu-

tions to the related terminal value problem (2.17). Indeed, one can show (see

[97, 98]) that h solves (2.17) if and only if there exists a Borel measure ν̃ on R

such that ∫ ∞
−∞

e−
y2

2t ν̃(dy) <∞, t ∈ (0, T )

and

h(x, t) =
1√

2π(AT − At)

∫ ∞
−∞

e
− 1

2
(x−y)2

(AT−At) ν̃(dy), (x, t) ∈ R× (0, T ).

In the expected utility case, we deduce via (2.17) that the measure ν̃ is abso-

lutely continuous with respect to Lebesgue measure and is given by

ν̃(dy) = IT (e−y)dy,

where IT is the inverse of the investor’s marginal utility U ′T . Thus we see from

Proposition 2.3.1 that all objects of interest in the classical expected utility

model are also specified once the market price of risk and a Borel measure

encapsulating the investor’s preferences are chosen. A parallel result holds in

the monotone forward investment performance case, as we will see below in

Theorem 2.3.1 and Remark 2.3.4.

The next result characterizes analytically the set of measures B+(R+)

and provides a method by which one can find the measure ν given the function

h. It will play a central role in the proof of Theorem 2.5.1.
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Proposition 2.3.3. i) A Borel measure ν is in B+(R+) if and only if its

Laplace transform is entire and
∫∞

0+
ν(dy)
y

<∞.

ii) Let h be given by (2.27) for some ν ∈ B+(R+). The mapping x 7→

hx(x, 0) is the Laplace transform of ν and it has a unique analytic extension

to C. Moreover, the mapping

x 7→ hx(ix, 0)

is the Fourier transform of ν.

Proof. i) If the Laplace transform of ν is entire, then it is finite for all reals and

is therefore in B+(R+). Conversely, if ν ∈ B+(R+) then its Laplace transform

is finite everywhere and ν has moments of all orders. The rest of part (i)

follows (see, for example, [33, Lemma 1 in the Appendix]).

ii) Using (2.27), we differentiate under the integral sign (justified using

the dominated convergence theorem) to obtain

hx(x, t) =

∫ ∞
−∞

eyx−
1
2
y2tν(dy).

Thus x 7→ hx(x, 0) is the Laplace transform of the measure ν. As ν ∈ B+(R+),

we have by the first part of the Proposition that the Laplace transform is

entire. In particular, its extension along the imaginary axis, x 7→ hx(ix, 0), is

the Fourier transform of ν.

We now recall in detail the one-to-one correspondence between posi-

tive and spatially strictly increasing solutions to (2.23) and spatially strictly
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increasing and strictly concave solutions to (2.21). The following result can be

found in [74].

Proposition 2.3.4. i) Let h be a positive and spatially strictly increasing

solution to (2.23) and let ν be the associated Borel measure (cf. (2.27)). If ν

also satisfies ν((0, 1]) = 0 and
∫∞

1+
ν(dy)
y−1

< ∞, then u : (0,∞) × [0,∞) → R is

given by

u(x, t) = −1

2

∫ t

0

e−h
(−1)(x,s)+ s

2hx
(
h(−1)(x, s), s

)
ds+

∫ x

0

e−h
(−1)(z,0)dz (2.28)

and satisfies

lim
x→0

u(x, t) = 0, for t ≥ 0. (2.29)

On the other hand, if ν((0, 1]) > 0 and/or
∫∞

1+
ν(dy)
y−1

=∞, then

u(x, t) = −1

2

∫ t

0

e−h
(−1)(x,s)+ s

2hx
(
h(−1)(x, s), s

)
ds+

∫ x

x̂

e−h
(−1)(z,0)dz, (2.30)

for x̂ > 0 with

lim
x→0

u(x, t) = −∞, for t ≥ 0. (2.31)

For each t ≥ 0, the Inada conditions

lim
x→0

ux(x, t) =∞ and lim
x→∞

ux(x, t) = 0 (2.32)

are satisfied for both (2.28) and (2.30), respectively.

ii) Conversely, let u : (0,∞)×[0,∞)→ R be spatially strictly increasing

and strictly concave and satisfy (2.21) as well as the Inada conditions (2.32).

If u satisfies (2.29), then there exists ν ∈ B+(R+) satisfying ν((0, 1]) = 0 and
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∫∞
1+

ν(dy)
y−1

<∞ such that u admits representation (2.28) with h given by (2.27).

On the other hand, if u satisfies (2.31), then there exists ν ∈ B+(R+) and

either (i) ν((0, 1]) > 0, or (ii) ν((0, 1]) = 0 and
∫∞

1+
ν(dy)
y−1

= ∞, such that u

admits representation (2.30) with h given by (2.27).

Remark 2.3.3. It follows from Proposition 2.3.4 that there exists a monotone

forward investment process with initial datum u0 if and only if the initial

condition h(x, 0) for the space-time harmonic function h, associated to u via

(2.22), is given by

h(x, 0) =

∫ ∞
0+

eyx

y
ν(dy),

for some ν ∈ B+(R+). Therefore, the set of initial conditions for h and, thus

of u, is restricted to be those functions representable as a particular integral

with respect to a Borel measure with finite Laplace transform.

2.3.2.3 Solution to the model under monotone forward investment
performance criteria

We are now ready to recall the characterization of all objects of in-

terest in the case of the monotone forward investment performance criterion.

Note that we introduce condition (2.33), which is a stronger condition than is

needed for the representations of h (cf. (2.27)) and thus of u, but is sufficient

to guarantee the admissibility of the candidate optimal policy (2.35). The

following result can be found in [74].

Theorem 2.3.1. i) Let h be a positive and spatially strictly increasing solution

to (2.23), for (x, t) ∈ R × [0,∞), and assume that the associated measure ν
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satisfies ∫ ∞
−∞

eyx+ 1
2
y2tν(dy) <∞, (x, t) ∈ R× [0,∞). (2.33)

Let At and Mt, t ≥ 0, be as in (2.12) and define the processes X∗t and π∗t by

X∗t = h
(
h(−1)(x0, 0) + At +Mt, At

)
(2.34)

and

π∗t = hx
(
h(−1)(X∗t , At), At

)
σ(−1)(t)λ(t), (2.35)

for t ≥ 0, x0 > 0, with h as above and h(−1) being its spatial inverse. Then,

the portfolio process π∗t is admissible and generates X∗t , i.e.

X∗t = x0 +

∫ t

0

σ(s)π∗s · (λ(s)ds+ dWs).

ii) Let u be a spatially strictly increasing and strictly concave solution

to (2.21), associated to h via Proposition 2.3.4. Let U(x, t), t ≥ 0, x > 0 be

given by

U(x, t) = u(x,At). (2.36)

Then U(x, t) is a forward investment performance process and the processes

X∗t and π∗t defined in (2.34) and (2.35) are optimal.

Remark 2.3.4. The measure ν encapsulates the investor’s risk preferences un-

der monotone forward investment performance criteria. To see this, recall that

in the expected utility framework, the investor’s initial wealth, market input,

and her terminal utility function comprise the set of inputs that are sufficient

to solve the investment problem (see Proposition 2.3.1). On the other hand,
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under monotone forward investment criteria the sufficient set of inputs is com-

posed of the investor’s initial wealth, market input and an admissible Borel

measure ν (rather than a utility function). Indeed, given an admissible mea-

sure ν, one forms the function h via (2.27) and the function u via Proposition

2.3.4 (ν also determines the initial datum u0; see Remark 2.3.3). In turn,

one forms the investor’s optimal policy and forward investment performance

process using Theorem 2.3.1.

To close this section, we present the following scaling result, which

shows that one can normalize the function h and assume that the measure

ν is a finite Borel measure of arbitrary total mass. This fact will be used

in the proof of Theorem 2.5.1. To this end, we denote by h0 the total mass

of ν and, with a slight abuse of notation, the associated wealth process by

X∗t (x0;h0), t ≥ 0.

Proposition 2.3.5. For h0 = ν(R), the optimal wealth process satisfies, for

t ≥ 0,

k0

h0

X∗t (x0;h0) = X∗t

(
k0

h0

x0; k0

)
,

where k0 is an arbitrary positive constant.

Proof. Let ĥ(x, t) = k0
h0
h(x, t). Then,

X∗t (x0;h0) = h
(
h(−1)(x0, 0) + At +Mt, At

)
=

h0

k0

ĥ
(
h(−1)(x0, 0) + At +Mt, At

)
=

h0

k0

ĥ

(
ĥ(−1)

(
k0

h0

x0, 0

)
+ At +Mt, At

)
=
h0

k0

X∗t

(
k0

h0

x0; k0

)
,
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where we have used the fact that h(−1)(x0, 0) = ĥ(−1)
(
k0
h0
x0, 0

)
.

2.4 Targeted wealth distributions in a fixed investment
horizon setting

In this section we consider a Merton investor with the fixed investment

horizon [0, T ], for some arbitrary positive terminal time T < ∞. The invest-

ment horizon is preset at initial time, when investment begins, and does not

change throughout the course of investing. First, we present the case where

the investor chooses a probability distribution for her terminal wealth. Subse-

quently, we consider an investor who chooses a probability distribution for her

wealth to be realized at some arbitrary intermediate time within her invest-

ment horizon. In both cases, we show how, for a given initial wealth x0 > 0,

the investor’s targeted distribution and an estimate of the market price of risk

can be used to:

• determine if the chosen distribution is attainable in this market environ-

ment;

• infer the investor’s risk preferences; and

• describe how the investor should invest to attain her goal.

We start with the family of distributions that we consider herein. Through-

out, the function Φ: R→ (0, 1) denotes the distribution function of the stan-

dard normal random variable.
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Assumption 2.4.1. A chosen distribution function F : (0,∞) → (0, 1) for

future wealth is continuous, strictly increasing, and satisfies

F (−1)(Φ(x)) ≤ Kea|x|, x ∈ R, (2.37)

for some positive constants K and a.

2.4.1 Investment target placed at terminal time

We start with the case in which the investor specifies a desired distribu-

tion for her terminal wealth. We address the three bullet points above. With

regards to the second point, we infer the investor’s risk preferences by finding

her marginal utility function.

Theorem 2.4.1. Suppose the investor with initial wealth x0 > 0 targets her

terminal wealth X∗T to have distribution function F satisfying Assumption

2.4.1. Let At and Mt, t ∈ [0, T ], be as in (2.12). Then, the following hold.

i) The investor’s target can be attained only if F satisfies the budget

constraint

x0 =
1√

2πAT

∫ ∞
−∞

e
− y2

2AT F (−1)

(
Φ

(
y − AT√

AT

))
dy, (2.38)

where F (−1) denotes the inverse of F .

ii) If F satisfies (2.38), then the investor’s marginal utility function is

given by

U ′T (x) = exp
(
−
√
ATΦ(−1)(F (x))

)
. (2.39)
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iii) The investor’s optimal wealth and portfolio processes are given,

respectively, by

X∗t = h
(
h(−1)(x0, 0) + At +Mt, t

)
, t ∈ [0, T ], (2.40)

and

π∗t = hx
(
h(−1) (X∗t , t) , t

)
σ(−1)(t)λ(t), t ∈ [0, T ], (2.41)

where the function h is given by

h(x, t) =
1√

2π(AT − At)

∫ ∞
−∞

e
− 1

2
(x−y)2

(AT−At)F (−1)

(
Φ

(
y√
AT

))
dy. (2.42)

Proof. If F is the desired wealth distribution function, then (2.18) yields

F (y) = P(X∗T ≤ y) = P
(
h(h(−1)(x0, 0) +MT + AT , T ) ≤ y

)
= P

(
MT ≤ h(−1)(y, T )− h(−1)(x0, 0)− AT

)
= Φ

(
h(−1)(y, T )− h(−1)(x0, 0)− AT√

AT

)
, (2.43)

where we used that MT is centered normal with variance AT (see (2.12)).

Next, we choose

h(−1)(x0, 0) = −AT , (2.44)

which, as we explain in detail in Remark 2.4.1, can be done without loss of

generality. From the above and (2.43), we then find that

h(x, T ) = F (−1)

(
Φ

(
x√
AT

))
, x ∈ R. (2.45)

To show i), observe that from (2.18), (2.44), and (2.45) we have

X∗T = F (−1)

(
Φ

(
MT√
AT

))
.
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On the other hand, it is well known (see, for example, [60]) that the budget

constraint x0 = E(ZTX
∗
T ), where ZT is as in (2.13), is binding. Combining the

above, we deduce that

x0 =
1√

2πAT

∫ ∞
−∞

e
− y2

2AT F (−1)

(
Φ

(
y − AT√

AT

))
dy.

Recall that F satisfies the inequality (2.37) and, therefore, the above integral

converges.

To prove ii), we use equality (2.45) and the terminal condition for h

from (2.17) to obtain

IT (e−x) = F (−1)

(
Φ

(
x√
AT

))
, x ∈ R. (2.46)

Since IT = (U ′T )(−1), we have that

U ′T (x) = exp
(
−
√
ATΦ(−1)(F (x))

)
, (2.47)

and (2.39) follows.

We note that the conditions limx↓0 F (x) = 0 and limx↑∞ F (x) = 1 on F

ensure that UT satisfies the Inada conditions (2.15). Moreover, the polynomial

growth requirement (2.16) on I necessitates the condition

F (−1)(Φ(x)) ≤ a+ aeb|x|, x ∈ R, (2.48)

for some positive constants a and b, for which (2.37) is sufficient.

Finally, to show iii), we recall that the function h satisfies (2.17). Re-

placing the terminal condition with (2.46) and using the representation formula

for the solution of the Cauchy problem, we obtain (2.42).
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Remark 2.4.1. It is well known that an expected utility maximizer’s optimal

wealth process is invariant under positively-sloped linear transformations of

the utility function UT . This fact leads to a crucial observation used in the

proof of Theorem 2.4.1, namely that the constant h(−1)(x0, 0) can be chosen,

without loss of generality, to be any real number. To see this, suppose that the

investor has utility function UT . Let IT = (U ′T )(−1) and solve (2.17) to obtain

h, and suppose that h(−1)(x0, 0) = c1 ∈ R. Now let ŨT (x) = ec1−c2UT (x), for

some c2 ∈ R, c2 6= c1, be a positively-sloped linear transformation of UT . Next,

let ĨT (y) = (Ũ ′T )(−1) and let h̃ be the solution to (2.17) using ĨT in the terminal

condition. It is then easily seen that ĨT (y) = IT (ec2−c1y) and, in turn, that

h̃(x, t) = h(x+ c1 − c2, t). From this, one observes that the investor’s optimal

wealth process is invariant under this transformation, that is, using (2.18), we

have

X∗t = h
(
h(−1)(x0, 0) + At +Mt, t

)
= h̃

(
h̃(−1)(x0, 0) + At +Mt, t

)
,

for t ∈ [0, T ], where At and Mt, t ∈ [0, T ], are as in (2.12). Moreover, one

obtains that h̃(−1)(x0, 0) = c2, and we easily conclude.

Remark 2.4.2. Recall that in the works of Sharpe et al. (see [40, 86, 87]) the

market is incomplete. As mentioned in section 2.2, the developers of The

Distribution Builder introduce the additional assumption that the investor

wants to achieve her distribution in a cost-efficient manner, in that any other

investment strategy that achieves the desired distribution costs at least as
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much. This cost-efficiency property is guaranteed, however, in our complete

market setting with an expected utility maximizer over terminal wealth (see

[8, 31, 32]). Indeed, a straightforward change of variables shows that the budget

constraint (2.38) can be rewritten as

x0 =

∫ 1

0

F
(−1)
ZT

(y)F (−1)(1− y)dy, (2.49)

where FZT is the distribution function of the state price density ZT defined in

(2.13) and F is the investor’s desired distribution function as in Theorem 2.4.1.

The significance of this is that the right-hand side of (2.49) is known to be the

distributional price (see [31]), of the distribution F in the given market. That

is, among all FT -measurable random variables Xπ
T with distribution function

F that can be achieved using a strategy π ∈ AT , the one requiring the least

initial endowment is given by the right-hand side of (2.49). Thus, the investor

who maximizes her expected utility also achieves her distributional price.

Example 2.4.1. Suppose the investor aims at acquiring lognormally dis-

tributed terminal wealth, i.e. logX∗T is centered normal with variance b for

some parameter b > 0. Note that, initially, this choice does not specify a sin-

gle distribution, but rather a family of distributions parameterized by b. The

budget constraint (2.38) then determines the unique b that is consistent with

the investor’s choice and utility criterion. To this end, it is easily seen that

the inequality (2.37) is satisfied, and therefore (2.38) yields that

x0 =
1√

2πAT

∫ ∞
−∞

exp

(
− 1

2AT
y2 +

√
b

AT
y −

√
bAT

)
dy

= exp

(
b

2
−
√
bAT

)
. (2.50)
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Straightforward manipulation of (2.50) yields the following necessary relation-

ship between the investor’s wealth and the market, namely

AT + 2 log x0 = b− 2
√
bAT + AT =

(√
b−

√
AT

)2

≥ 0,

which, in turn, yields that b =
(√

AT +
√
AT + 2 log x0

)2
.

From (2.39), we deduce the investor’s marginal utility function,

U ′T (x) = x−
1
β , with β := 1 +

∣∣∣∣1−
√

b

AT

∣∣∣∣.
Therefore, we have two cases for the investor’s utility function:

(a) If β > 1, then

UT (x) =
1

1− 1
β

x1− 1
β .

(b) If β = 1, then UT (x) = log x.

The underlying harmonic function (see (2.42)) is then given by

h(x, t) = exp

(
βx+

1

2
β2(AT − At)

)
and, in turn, (2.40) and (2.41) yield the optimal policies

X∗t = x0e
(β− 1

2
β2)At+βMt and π∗t = βx0e

(β− 1
2
β2)At+βMtσ(−1)(t)λ(t).

Example 2.4.2. Suppose the investor with initial wealth x0 > 3 targets that,

if X∗T is her terminal wealth, then the random variable g(X∗T ) has is centered

normal with variance b for some b > AT , where

g(x) = log(−1 +
√

1 + x), x ∈ (0,∞).
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As in the previous example, this specifies only a family of distributions, and

the parameter b is determined through the budget constraint as follows. We

have that F (−1)(Φ(x)) = exp(2
√
bx)+2 exp(

√
bx), and so the inequality (2.37)

is satisfied. The budget constraint (2.38) then shows the implicit relationship

between the parameter b in terms of x0 and AT , namely

x0 = exp
(

2(b−
√
bAT )

)
+ 2 exp

(
b

2
−
√
bAT

)
. (2.51)

It is easily seen that there is a unique b that satisfies (2.51) under our assump-

tions. From (2.39), the investor’s marginal utility function is given by

U ′T (x) =
(
−1 +

√
1 + x

)−√AT
b
.

The underlying harmonic function in (2.42) is

h(x, t) =

(
exp

(
2

√
b

AT
x+ 2

b

AT
(AT − At)

)

+2 exp

(√
b

AT
x+

1

2

b

AT
(AT − At)

))
.

Using the above and (2.40) and (2.41), one can find the optimal wealth and

portfolio processes.

2.4.2 Investment target placed at an intermediate investment time

In Theorem 2.4.1, we showed that a Merton investor who specifies her

desired distribution for wealth at terminal time T will effectively determine her

risk preferences at terminal time, and, in turn, the optimal policy throughout.

46



Next, we consider an investor who specifies a distribution for her wealth to be

realized at some arbitrary, but fixed, intermediate time T̂ ∈ (0, T ).

As in Theorem 2.4.1, we find that the specification of this single distri-

bution at time T̂ , when combined with the investor’s initial wealth and market

input, is sufficient to determine the feasibility of the desired distribution, the

optimal policies that achieve the investor’s goal, and the investor’s risk pref-

erences. The proof relies on the results of Widder on the inversion of the

Weierstrass transform (see [52]).

Before we proceed, we introduce some additional technical assumptions

on the investor’s chosen distribution.

Assumption 2.4.2. Let F : (0,∞) → (0, 1) be a chosen wealth distribution

function. Let T̂ ∈ (0, T ) and recall the function At, t ∈ [0, T ], in (2.12). Define

the function G : R→ (0,∞) associated to F by

G(x) := F (−1)

(
Φ

(
cx√
AT̂

))
, with c :=

√
AT − AT̂

2
. (2.52)

We assume that:

(i) G extends analytically to an entire function on C;

(ii) G satisfies the growth condition

lim sup
|y|→∞

|G(x+ iy)|
|y|ey2/4

= 0,

uniformly on closed subintervals of R containing x;
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(iii) The function g : R× (0, 1)→ C defined by

g(x, t) :=
1√
4πt

∫ ∞
−∞

e−y
2/4tG(x+ iy)dy (2.53)

is real-valued and nonnegative for all (x, t) ∈ R× (0, 1).

We are now ready to state the results. We recall that IT : (0,∞) →

(0,∞) is the inverse of the investor’s marginal utility function U ′T : (0,∞) →

(0,∞), and that Φ: R → (0, 1) denotes the distribution function of the stan-

dard normal random variable.

Theorem 2.4.2. Suppose the investor with initial wealth x0 > 0 targets her

wealth X∗
T̂

, at some intermediate time T̂ ∈ (0, T ), to have distribution function

F satisfying Assumption 2.4.1. Let At and Mt, t ∈ [0, T ], be as in (2.12).

Then, the following hold.

i) The investor’s target can be attained only if F satisfies the budget

constraint

x0 =
1√

2πAT̂

∫ ∞
−∞

e
− y2

2A
T̂ F (−1)

(
Φ

(
y − AT̂√

AT̂

))
dy. (2.54)

ii) If F satisfies (2.54) and, in addition, Assumption 2.4.2, then the

inverse IT of the investor’s marginal utility function is given by

IT (x) =
1√

2π(AT − AT̂ )

∫ ∞
−∞

e
− 1

2
y2

(AT−AT̂ )F (−1)

(
Φ

(
− log x+ iy√

AT̂

))
dy.

(2.55)

iii) If F satisfies (2.54) and, in addition, Assumption 2.4.2, then the

investor’s optimal wealth and portfolio processes are given by

X∗t = h
(
h(−1)(x0, 0) + At +Mt, t

)
, t ∈ [0, T ], (2.56)
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and

π∗t = hx
(
h(−1) (X∗t , t) , t

)
σ(−1)(t)λ(t), t ∈ [0, T ], (2.57)

respectively, where the function h is given by

h(x, t) =
1√

2π(AT − At)

∫ ∞
−∞

e
− 1

2
(x−y)2

(AT−At) IT (e−y)dy, (2.58)

with IT as in (2.55).

Proof. Recall that although the investor is specifying desired distributional

data at time T̂ ∈ (0, T ), her investment horizon is [0, T ]. If the investor targets

her wealth at time T̂ to have distribution function F , then (2.18) yields

F (y) = P(X∗
T̂
≤ y) = P

(
h
(
h(−1)(x0, 0) +MT̂ + AT̂ , T̂

)
≤ y
)

= Φ

(
h(−1)(y, T̂ )− h(−1)(x0, 0)− AT̂√

AT̂

)
,

where we used that MT̂ is centered normal with variance AT̂ . Inverting, we

deduce that

h(x, T̂ ) = F (−1)

(
Φ

(
x√
AT̂

))
, x ∈ R, (2.59)

where, in analogy to the proof of Theorem 2.4.1 and Remark 2.4.1, we have

chosen

h(−1)(x0, 0) = −AT̂ . (2.60)

To show i), observe that from (2.18), (2.59), and (2.60) we have

X∗
T̂

= F (−1)

(
Φ

(
MT̂√
AT̂

))
. (2.61)
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Recall ZT̂ from (2.13). Then, (2.61) yields

x0 = E(ZT̂X
∗
T̂

) =
1√

2πAT̂

∫ ∞
−∞

e
− y2

2A
T̂ F (−1)

(
Φ

(
y − AT̂√

AT̂

))
dy,

where the first equality is due to the well-known budget constraint in this

model (see, for example, [60]) and the fact that ZtX
∗
t , t ∈ [0, T ], is a P-

martingale. Recall that F satisfies the growth condition (2.37), and thus the

above integral converges.

To prove ii), first note that by (2.59) and the uniqueness of the solution

to (2.17), we must have

F (−1)

(
Φ

(
x√
AT̂

))
=

1√
2π(AT − AT̂ )

∫ ∞
−∞

e
− 1

2
(x−y)2

(AT−AT̂ ) IT (e−y)dy, x ∈ R.

(2.62)

By a change of variables, we deduce that this is equivalent to

F (−1)

(
Φ

(
cx√
AT̂

))
=

1√
4π

∫ ∞
−∞

e−(x−y)2/4IT
(
e−cy

)
dy, (2.63)

where c :=
(

1
2
(AT − AT̂ )

) 1
2 . Next, we note that the right-hand side of (2.63) is

the Weierstrass transform of the function x 7→ I(e−cx). By [52, Theorem 12.4

(p. 204); see also Definition 3.2 and Theorem 3.2 (p. 180)], for such a repre-

sentation to exist and to converge for all x ∈ R, it is necessary and sufficient

that the function G : R → (0,∞), defined in (2.52), satisfies conditions (i),

(ii) and (iii) of Assumption 2.4.2. Under these conditions, Widder’s theorem

on the inversion of the Weierstrass transform (see [52, Theorem 7.4 p. 191])
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yields that

IT (e−cx) = lim
t↑1

g(x, t) = lim
t↑1

1√
4πt

∫ ∞
−∞

e−y
2/4tG(x+ iy)dy, a.e. x ∈ R,

(2.64)

with g as in (2.53). On the other hand, because both sides of (2.64) are con-

tinuous in x, this equality holds for all x ∈ R. Moreover, since G satisfies the

growth condition (ii) of Assumption 2.4.2, the integral in (2.64) is dominated

by ∫ ∞
−∞
|y|e−y2/4te−y2/4dy =

∫ ∞
−∞
|y|e−

(1+t)
4t

y2dy ≤
∫ ∞
−∞
|y|e−y2/2dy.

Since the dominant integral converges and is independent of t, we have by the

dominated convergence theorem that

IT (e−cx) = lim
t↑1

g(x, t) =
1√
4π

∫ ∞
−∞

e−y
2/4G(x+ iy)dy,

which yields (2.55) after a change of variables.

Finally, part iii) follows from the representation formula for the solution

of the Cauchy problem (2.17).

Example 2.4.3. Suppose the investor desires lognormally distributed wealth

at time T̂ ∈ (0, T ), i.e. logX∗
T̂

is centered normal with variance b for some

b > 0. As in Example 2.4.1, we note that this specifies only a family of

distributions. The budget constraint (2.54) implies that

AT̂ + 2 log x0 = b− 2
√
bAT̂ + AT̂ =

(√
b−

√
AT̂

)2

≥ 0,
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and therefore, the distribution that is consistent with the investor’s choice and

criterion has parameter b given uniquely by

b =
(√

AT̂ +
√
AT̂ + 2 log x0

)2

.

The function G (see (2.52)) then becomes

G(x) = ekx, with k :=

√
AT − AT̂

2

(
1 +

∣∣∣∣1−
√

b

AT̂

∣∣∣∣
)
.

This function satisfies (i), (ii) and (iii) of Assumption 2.4.2.

Using (2.55), we easily see that the inverse of the investor’s marginal

utility is given by

IT (e−x) = eβx−k
2

, with β := 1 +

∣∣∣∣1−
√

b

AT̂

∣∣∣∣.
Therefore, the investor’s marginal utility function is given by

U ′T (x) = e−
1
β x−

1
β ,

while the underlying harmonic function (see (2.58)) is

h(x, t) = e−k
2

exp

(
βx+

1

2
β2(AT − At)

)
.

Hence (2.56) and (2.57) yield the optimal policies

X∗t = x0e
(β− 1

2
β2)At+βMt and π∗t = βx0e

(β− 1
2
β2)At+βMtσ(−1)(t)λ(t).
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2.5 Targeted wealth distributions in a flexible horizon
setting

We continue our study of how an investor’s desired distribution for

future wealth can be used to recover her risk preferences and construct her op-

timal policies. In the previous section, we considered a Merton investor with

a fixed investment horizon [0, T ]. In this section, we allow for the investor

to have flexibility in her investment horizon. There are practical reasons for

allowing such flexibility. For instance, the investor may not know a priori

until when she will be investing, or may wish to invest indefinitely, or may

wish have the flexibility to roll over her portfolio or otherwise extend her in-

vestment horizon beyond the original prespecified terminal time. Flexibility in

the investment horizon falls outside the classical fixed-horizon Merton prob-

lem. An appropriate investment criterion is instead the forward investment

performance framework, which we reviewed in section 2.3.2. Similar to the

fixed horizon setting of section 2.4, we show how the investor’s targeted dis-

tribution, her initial wealth, and an estimate of the market price of risk can

be used to:

• determine if the chosen distribution is attainable in this market environ-

ment;

• infer the investor’s risk preferences at initial time and describe how they

change dynamically throughout the investment horizon; and

• describe how the investor should invest in the market to attain her goal.
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2.5.1 Investment target at an arbitrary point for an investor with-
out a fixed terminal horizon

We consider an investor in a flexible investment horizon setting who

places a desired distribution for wealth at some fixed, but arbitrary, future

time. The following result shows that the investor’s desired distribution for

future wealth, when combined with her initial wealth and market input, deter-

mines the Fourier transform of a Borel measure ν ∈ B+(R+), where B+(R+)

is as in (2.27). As discussed in section 2.3.2.1, this measure is the defining

element for the functions u and h in the monotone forward investment perfor-

mance framework. If, in addition, the measure satisfies (2.33), then one can

also find the optimal wealth process, the optimal investment strategy π∗ that

achieves it, and the forward investment performance process via (2.34), (2.35),

and (2.36), respectively.

We recall that the function Φ: R → (0, 1) denotes the distribution

function of the standard normal random variable, and we denote by φ its

density.

Theorem 2.5.1. Suppose the investor with initial wealth x0 > 0 targets her

wealth X∗T at some time T ∈ (0,∞) to have distribution function F satisfying

Assumption 2.4.1. Let At and Mt, t ≥ 0, be as in (2.12). Then, the following

hold.

i) The investor’s target can be attained only if F satisfies the budget
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constraint

x0 =
1√

2πAT

∫ ∞
−∞

e
− y2

2AT F (−1)

(
Φ

(
y − AT√

AT

))
dy. (2.65)

ii) If F satisfies (2.65), then the Fourier transform of the underlying

measure ν is given by

ϕν(x) =
1

AT
√

2π

∫ ∞
−∞

e
− (ix−y)2

2AT

φ
(

y√
AT

)
f
(
F
(

Φ
(

y√
AT

)))dy, (2.66)

where f is the density of F . Moreover, if u0 is the investor’s initial datum,

then

u′0(x) = exp
(
−h(−1)

0 (x)
)
, (2.67)

with h0 given by

h0(x) =

∫ ∞
0+

eyx

y
ν(dy). (2.68)

iii) If the above measure ν satisfies (2.33), then the investor’s optimal

wealth and portfolio processes are given by

X∗t = h
(
h(−1)(x0, 0) + At +Mt, At

)
, t ≥ 0, (2.69)

and

π∗t = hx
(
h(−1) (X∗t , At) , At

)
σ(−1)(t)λ(t), t ≥ 0, (2.70)

respectively, where h is given by

h(x, t) =

∫ ∞
0+

eyx−
1
2
y2t

y
ν(dy). (2.71)
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Proof. Let h(x, t) be given by (2.27) for some ν ∈ B+(R+). Recall from

Proposition 2.3.5 that we can assume, without loss of generality, that ν has

arbitrary total mass. Therefore, we assume that ν is such that it satisfies∫∞
0+

e−AT y

y
ν(dy) = x0 or, equivalently, that

h(−1)(x0, 0) = −AT . (2.72)

Then, using (2.34), we obtain that

X∗T = h(MT , AT ). (2.73)

If the investor targets her wealth at time T to have distribution function F ,

then using that MT is centered normal with variance AT , we deduce that

F (y) = P(X∗T ≤ y) = Φ

(
h(−1) (y, AT )√

AT

)
(2.74)

and, in turn, that

h(x,AT ) = F (−1)

(
Φ

(
x√
AT

))
. (2.75)

Part i) then follows from the well-known budget constraint in this model (see,

for example, [60]), (2.73), (2.75), (2.13), (2.72) and (2.37).

We now prove ii). By (2.23) and (2.75), the function h must solve{
ht + 1

2
hxx = 0, (x, t) ∈ (0,∞)× (0, AT )

h(x,AT ) = F (−1)
(

Φ
(

x√
AT

))
, x ∈ (0,∞).

(2.76)

Condition (2.37) implies that the terminal data satisfies the Tychonov condi-

tion (see [37, Chapter 1]) and so the unique solution to (2.76) is given by the

convolution

h(x, t) =
1√

2π(AT − t)

∫ ∞
−∞

e
− 1

2
(x−y)2
(AT−t)h(y, AT )dy.
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Since x 7→ h(x,AT ) is differentiable almost everywhere, we obtain

hx(x, t) =
1√

2π(AT − t)

∫ ∞
−∞

e
− 1

2
(x−y)2
(AT−t)hx(y, AT )dy.

By Proposition 2.3.3, we then conclude that the function ϕν : R→ C given by

ϕν(x) = hx(ix, 0)

=
1√

2πA2
T

∫ ∞
−∞

e
− (ix−y)2

2AT

φ
(

y√
AT

)
f
(
F
(

Φ
(

y√
AT

)))dy
is the Fourier transform of the implied measure ν. Equations (2.67) and (2.68)

then follow from (2.21), (2.22), and Proposition 2.3.2.

Part iii) follows by Theorem 2.3.1 and (2.27).

Remark 2.5.1. The growth assumption (2.37) for the distribution F in As-

sumption 2.4.1 can be slightly relaxed. Indeed, in order for the Tychonov

condition to be satisfied in (2.76), it is sufficient that

F (−1)(Φ(x)) ≤ Keax
2

, x ∈ R, (2.77)

for some positive constants K and a < 1
2
. In Example 2.5.3, we analyze a case

in which F satisfies (2.77) but not (2.37).

Example 2.5.1. Suppose that the investor desires lognormally distributed

wealth at time T , i.e. logX∗T is centered normal with variance b for some

b > 0. Working as in the previous examples, in order to specify the distribution
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that is consistent with the investor’s choice and criterion, we use the budget

constraint (2.65) to find that

AT + 2 log x0 = b− 2
√
bAT + AT =

(√
b−

√
AT

)2

≥ 0.

Thus, b is given uniquely by

b =
(√

AT +
√
AT + 2 log x0

)2

.

Using this and (2.66), the Fourier transform of ν is then given by

ϕν(x) = β exp (ixβ) , with β := 1 +

∣∣∣∣1−
√

b

AT

∣∣∣∣.
We easily see that this is the Fourier transform of the Dirac point mass ν = βδβ,

which satisfies the admissibility condition (2.33). Using (2.67) and (2.68), we

find that u′0(x) = x−
1
β and, using (2.27), we deduce that h(x, t) = eβx−

1
2
β2t.

The associated optimal wealth and portfolio processes are given by

X∗t = x0e
(β− 1

2
β2)At+βMt and π∗t = βx0e

(β− 1
2
β2)At+βMtσ(−1)(t)λ(t).

Finally, we deduce the investor’s forward investment performance process. If,

for instance, β > 1, the investor’s forward investment performance is given by

U(x, t) =
β
β−1
β

β − 1
x
β−1
β e−

β−1
2
At .

Example 2.5.2. Suppose that the investor with initial wealth x0 > 3 desires

that, if X∗T is her wealth at time T , then the random variable g(X∗T ) is centered

normal with variance b for some b > AT , where g : (0,∞) → R is given by
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g(x) = log(−1 +
√

1 + x). Again, note that this is a family of distributions.

Using the budget constraint (2.65) we find that

x0 = exp
(

2
(
b−

√
AT b

))
+ 2 exp

(
b

2
−
√
AT b

)
. (2.78)

Under our assumptions, it is easily seen that there is a unique b that satisfies

(2.78).

Next, the Fourier transform of the implied measure ν is found via (2.66).

Specifically,

ϕν(x) = 2

√
b

AT

(
exp

(
2ix

√
b

AT
+ 2b− 2

√
bAT

)

+ exp

(
ix

√
b

AT
+
b

2
+
√
bAT

))

=

√
b

AT

(
k1 exp

(
2ix

√
b

AT

)
+ k2 exp

(
ix

√
b

AT

))
,

where the constants k1 and k2 are given by

k1 =
2e2b−2

√
bAT

e2b−2
√
bAT + 2eb/2−

√
bAT

and k2 =
2eb/2−

√
bAT

e2b−2
√
bAT + 2eb/2−

√
bAT

.

The implied measure ν is then given by the sum of Dirac point masses:

ν = k1βδ2β + k2βδβ, with β =

√
b

AT
.

Using (2.68) and (2.67), we in turn deduce that

u′0(x) =

(√
2

k1

x+
k2

2

k2
1

− k2

k1

)− 1
β

.
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Moreover, it easily follows that ν satisfies (2.33). Using (2.71) we then find

h(x, t) =
k1

2
e2βx−2β2t + k2e

βx− 1
2
β2t.

From there, one can apply formulae (2.69), (2.70), and (2.36), to find the op-

timal wealth process, the optimal investment policy that generates it, and the

forward investment performance process that are consistent with the investor’s

preferences.

We conclude this section by considering one case where the range of

the investor’s wealth is the entire real line. Although we do not systematically

consider investment problems in which wealth can become negative herein, we

nevertheless provide an informal example. It was shown in [74] that represen-

tation results for the optimal policies and the forward investment performance

process in terms of a Borel measure ν hold in the case of possibly negative

wealth. These representation results are similar to those in subsection 2.5.1 in

the case of nonnegative wealth.

Example 2.5.3. Suppose the investor targets her wealth at time T to have

distribution function

F (y) = Φ
(√

1 + 1/ATH
(−1)(y)

)
,

where Φ is the standard normal distribution function, and H : R→ R is given

by

H(x) =

∫ x

0

e
1
2
z2dz.
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We assume that the investor’s initial wealth is such that the budget constraint

(2.65) is satisfied. Note that F satisfies the growth condition (2.77) but not

(2.37). Nevertheless, as mentioned in Remark 2.5.1, the conclusions of Theo-

rem 2.5.1 hold.

After some tedious but straightforward calculations, we deduce via

(2.66) that the Fourier transform of the implied measure ν is given by

ϕν(x) = e−
1
2
x2 .

This is the characteristic function of a standard normal random variable, and

so ν(dy) = 1√
2π
e−

1
2
y2dy. Note, however, that this measure ν violates condition

(2.33) for t > 0 and satisfies only (2.27). In this situation, one can work with

the so-called local forward investment performance process (see [74, section

2]).

2.6 Comments and conclusions

2.6.1 Time-consistency of distributional investment targets

Besides the feasibility conditions we considered in sections 2.4 and 2.5,

it is natural to investigate whether an investor who desires a certain wealth

profile at time T1 can also choose a wealth profile at a different time T2, T1 6=

T2. The market model considered herein, however, is not general enough

to allow for this to be done in an arbitrary way. Indeed, Theorems 2.4.1,

2.4.2, and 2.5.1 demonstrate that, along with the investor’s initial wealth and

market input, the specification of a single desired distribution for future wealth
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fully determines the investor’s optimal wealth process at all times within the

investor’s investment horizon. Hence, the investor in the market considered

herein is only permitted to choose a distribution for wealth at one future time,

in both the fixed and flexible horizon settings. This choice determines her

wealth process pointwise, and thus in distribution, at all other times.

2.6.2 Role of initial wealth

The investor’s initial wealth x0 plays an important, albeit subtle, role

in our work. The choice of x0 is arbitrary but fixed throughout the paper. The

initial wealth, together with the investor’s choice of distribution and market

input, comprises the set of necessary inputs for the analysis. Indeed, the

three inputs are interrelated via the budget constraints (see (2.38), (2.54)

and (2.65)). Therefore, the set of distributions attainable in a given market

environment depend strongly on the investor’s initial wealth; varying the initial

wealth generally results in a different set of attainable distributions.

2.6.3 Conclusions and future directions

Sharpe et al. proposed the idea of having an expected utility maxi-

mizer choose a probability distribution for future wealth as an input to her

investment problem instead of a utility function. The essence of their method

is that an investor selects a desired probability distribution for future wealth

and, subject to her initial wealth and market constraints, is then told the op-

timal policies and risk preferences consistent with that choice. We extended
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this normative approach to a continuous-time complete market framework with

variable market coefficients. This results in added flexibility as to when the

investor would like to realize her desired distribution as well as flexibility with

the investment horizon itself.

Our method relies on being able to estimate the market price of risk,

and one possible direction for future work is to address how to formulate and

solve similar questions in a complete or incomplete market with stochastic mar-

ket coefficients. We have also seen that the investor cannot arbitrarily choose

multiple distributions for future wealth throughout the investment horizon in

the model considered herein, regardless of whether she is a Merton investor

or a forward investor with monotone performance criteria. Perhaps the selec-

tion of multiple distributions for future wealth can be done in a more general

market model. Finally, another extension would be to consider a multi-period

model, in the sense that the investor places a distribution for wealth at some

future time T1, invests optimally on [0, T1], and then at time T1 selects another

distribution for wealth to be placed at time T2 > T1, having realized her wealth

random variable at T1 according to the previously chosen distribution. These

are all subjects of ongoing research.
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Chapter 3

Hedging market risk in optimal liquidation

3.1 Introduction

Financial institutions continually face the problem of how to effectively

liquidate large blocks of shares. Examples include large mutual funds that

need to sell assets to meet redemptions, big insurance companies that need to

sell holdings to pay claims, and large pension funds that need to sell assets to

meet liabilities. Instantaneous trading of an entire block of shares might not

be possible or might be prohibitively expensive due to lack of liquidity and

the adverse price effects of trading such a large position. An institution might

attempt to solve this problem by slicing the large order into smaller blocks and

trading these blocks sequentially over time. If the institution seeks but cannot

find instant liquidity, however, then it essentially has two options: trade in a

so-called dark pool or solicit the services of broker-dealer’s block trading desk.

Because liquidating large blocks of shares can be very expensive, many

financial institutions turn to broker-dealers for the execution of large trades.

The block desk may trade with the institution either as an agent, in which it

is merely a conduit and plays the role of a market maker, or as a principal,

in which it will charge the financial institution a fee and agrees to provide the
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instant liquidity that the institution demands by assuming the ownership of

its entire position.

Having collected its fee, the block desk typically proceeds to liquidate

the position over time. It will generally have many other orders, and might be

in a good position to hide the financial institution’s trade within its normal

business flow. The block desk faces risks involved with the liquidation, how-

ever, and among them is the market risk that news could break that would

adversely affect the position. Therefore, it often attempts to hedge its market

risk by taking a symmetric position in a related asset. For example, if the

order is to sell 100,000 shares of Hess, the block desk might immediately short

some proportional number of shares in ExxonMobil. Over time, the desk sells

its long position in Hess and buys back its short position in ExxonMobil. News

that moves the price of Hess should also similarly move the price of ExxonMo-

bil, and being long one asset and short the other partially offsets the effects

on the overall position.

In this essay, we study the above problem faced by an investor, such

as a broker-dealer’s block desk, that has agreed with a financial institution

to trade as principal in the liquidation of a large position in a risky asset,

which we call the primary asset. The investor has decided to attempt to

hedge the market risk involved in liquidating over time by simultaneously

investing in another correlated risky asset, which we call the proxy asset. We

assume that trading in the primary asset involves price impact due to the

investor’s initially large position while, on the other hand, the proxy asset is
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assumed to be perfectly liquid. Proceeds from the liquidation of the primary

asset are deposited into a riskless money market, and the investor can then

invest these funds into the liquid proxy asset. Liquidation must be completed

by a prespecified terminal time and the investor’s criterion is to maximize its

expected utility of terminal wealth, where the utility function exhibits constant

absolute risk aversion (CARA).

The market environment consists of the primary and proxy risky assets

and a money market account that pays zero interest. The price of the primary

asset is modeled as a simple instance of the Almgren-Chriss model (see [4–6])

for price impact and the price of the proxy asset is modeled as a Bachelier

model with drift. The model is kept rather simple in order to be mathemat-

ically tractable and to illustrate the effect of the presence of the liquid stock

on the optimal strategies.

Our results are as follows. We find that the optimal strategies for the

CARA investor are deterministic functions of time. We solve for the optimal

strategies explicitly and analyze their properties. We also find the block desk’s

indifference price in the case where it is contemplating whether to trade as

principal with an institution demanding instant liquidity. Our results show

that the investor is always better off, in an expected utility sense, by hedging

its market risk using a correlated liquid proxy asset.

The proof proceeds in two steps. In the first step, we show that it

suffices to restrict to deterministic strategies. That is, when there exists a

deterministic strategy that maximizes the expected terminal utility, then this

66



strategy also maximizes the expected terminal utility over all strategies. The

method of proof of the first step is a modest extension of a technique found in

[83], wherein the choice of exponential utility is used to define a change of mea-

sure under which the expression for the expected utility is defined pathwise.

Then, in the second step of the proof, calculus of variations is used to explic-

itly find the unique optimal deterministic strategies, which also maximize the

expected terminal utility over all strategies.

The paper is organized as follows. In section 3.2, we present the

continuous-time model and derive the value of the investor’s portfolio through

time. In section 3.3, we show that the optimal strategies are deterministic

and find them explicitly, while in section 3.4 we analyze their properties. We

conclude in section 3.5.

3.2 The market environment

We describe the market environment in which our investor operates.

The investor must liquidate a large position in a risky asset, called the pri-

mary asset, by an exogenous terminal time T > 0. Liquidation proceeds are

deposited into a riskless money market account that pays zero interest. The

money market account can be used in conjunction with another perfectly liq-

uid risky asset, called the proxy, to form a portfolio. The primary asset has

price SIt , 0 ≤ t ≤ T , and exhibits price impact due to the feedback effects of

the investor’s liquidation strategy. Its price dynamics follow a simple Almgren-

Chriss model (see [4–6]) and thus, it admits a decomposition into the sum of
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a so-called unaffected component and a price impact component. That is,

SIt = S̃It + It, (3.1)

where the unaffected component, S̃It , corresponds to the price available in the

market if the investor were not trading, and the price impact component, It,

represents the per-share discount that the investor incurs in order to liquidate

his position.

The price of the unaffected component, S̃It , 0 ≤ t ≤ T, of the primary

asset and the price of proxy, St, 0 ≤ t ≤ T , are both given by Bachelier models

with drift. Specifically,

S̃It = S̃I0 + µIt+ σIW
I
t , (3.2)

and

St = S0 + µt+ σWt, (3.3)

where S̃I0 , S0, µI , σI , µ and σ are all positive and W I
t and Wt, 0 ≤ t ≤ T , are

standard correlated Brownian motions, with correlation coefficient

ρ ∈ [0, 1), (3.4)

defined on a filtered probability space (Ω,F, (Ft),P) in which the filtration

(Ft), 0 ≤ t ≤ T , satisfies the usual conditions of completeness and right-

continuity. We remark that µI and µ are absolute (not percentage) returns and,

respectively, σI and σ are absolute (not percentage) volatilities. Consistent

68



with the literature (see, among others, [83, 84]), we assume that the drift

vector (µ, µI) is perpendicular to the kernel of the covariance matrix,

Σ =

(
σ2 ρσσI
ρσσI σ2

I

)
.

This precludes arbitrage opportunities between the unaffected component (3.2)

of the primary asset and the proxy asset (3.3).

Next, we denote by ηt, 0 ≤ t ≤ T , the number of shares that the

investor holds in the primary asset. We assume that the investor is initially

long the primary asset, i.e. η0 > 0, and require that liquidation is complete

at terminal time, i.e. ηT = 0. We further assume that the mapping t 7→ ηt is

absolutely continuous with derivative η̇t.

The price impact component It of the primary asset price (3.1) admits

the decomposition

It = γ(ηt − η0) + θη̇t,

where γ ≥ 0, is called the coefficient of permanent price impact, and θ > 0

is called the coefficient of temporary price impact. We deduce from (3.1) and

(3.2) that the price of the primary asset can be written as

SIt = S̃I0 + µIt+ σIW
I
t + γ(ηt − η0)− θξt, (3.5)

where we have represented η̇t by −ξt, in that

ηt = η0 −
∫ t

0

ξudu, 0 ≤ t ≤ T. (3.6)

Let πt, 0 ≤ t ≤ T , denote the number of shares of the proxy asset

that the investor holds in her portfolio. We assume that the process π = (πt)
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is self-financing. Moreover, we assume that the process (πt, ξt), 0 ≤ t ≤ T ,

is progressively measurable and that |πt| and |ξt| are bounded uniformly for

almost all (t, ω). We denote by A the set of processes (πt, ξt), 0 ≤ t ≤ T ,

that satisfy the above assumptions and by Adet the subset of deterministic

processes in A.

The above model for the price SIt , 0 ≤ t ≤ T, of the primary asset is

frequently called the Almgren-Chriss model of price impact, named for the

foundational papers [4–6], although versions of the model appeared earlier

(see, for example, [10, 67])). This model incorporates both the permanent and

temporary price impacts observed in empirical studies of large trades (see,

among others, [7, 38, 53, 54, 61, 62, 64, 75, 79, 91]) while also being sufficiently

tractable for the analysis of optimal trading strategies.

Remark 3.2.1. A shortcoming of the above model is that the prices of the

primary and proxy assets may become negative. For instance, the price of the

proxy may go negative with probability

P(St ≤ 0) = P(S0 + µt+ σWt ≤ 0) = Φ

(
−(S0 + µt)

σ
√
t

)
,

where Φ is the distribution function of the standard normal random variable.

Even very large asset positions, however, are typically liquidated within a few

days or hours, and so we may assume that S0 + µT >> σ
√
T and, in turn,

that the price of the proxy becomes negative only with negligible probability.

A similar remark holds for the price of the primary asset, although this price

may also become negative because of the temporary and permanent price
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components in (3.5). This may happen, for instance, when a very large asset

position is sold in a very short time interval. With realistic parameter values,

however, negative prices for the primary asset will occur with only neglible

probability.

Remark 3.2.2. Since the investor is selling a position in the primary asset, we

expect that the path of ηt, 0 ≤ t ≤ T , will be non-increasing and, in turn, of

finite variation. Therefore, assuming that the mapping t 7→ ηt is absolutely

continuous is not entirely unreasonable. One could allow for jumps in ηt, but

this leads to analytical intractability. Moreover, in a model allowing jumps,

the authors in [76] have found that, for realistic model parameters, the optimal

strategy is absolutely continuous except for very small trades at the front and

back ends of trading.

3.2.1 Portfolio value

We derive the value of the investor’s portfolio that consists of the proxy

asset and the riskless money market into which liquidation proceeds from

the position in the primary asset are deposited. Over the horizon [0, T ], the

investor liquidates a large long position in the primary asset into a riskless

money market account that pays zero interest and initially has zero balance.

At time t, the investor sells ξtdt = −η̇tdt shares of the primary asset for price

SIt . The value of the money market account, Vt(ξ), 0 ≤ t ≤ T , the following

strategy ξ = (ξt) is therefore
∫ t

0
ξsS

I
sds. Using (3.5) and integrating by parts,
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we obtain that Vt(ξ) can be written as

Vt(ξ) = SI0η0 −
γ

2
η2

0 − µItηt + µI

∫ t

0

ηsds+ σI

∫ t

0

ηsdW
I
s − θ

∫ t

0

ξ2
sds

−SI0ηt −
γ

2

(
η2
t − 2η0ηt

)
− σIηtW I

t ,

where ηt, 0 ≤ t ≤ T, is given by (3.6).

The investor then trades between the money market account and the

perfectly liquid proxy asset in a self-financing fashion. The position in the

proxy is worth πtSt at time t, and the self-financing assumption implies d(πtSt) =

πtdSt. Therefore, the total value of the investor’s portfolio, X = Xπ,ξ
t , 0 ≤

t ≤ T , is given by

Xπ,ξ
t = Vt(ξ) +

∫ t

0

πsdSs

= x0 + µI

∫ t

0

ηsds+ σI

∫ t

0

ηsdW
I
s − θ

∫ t

0

ξ2
sds+ µ

∫ t

0

πsds+ σ

∫ t

0

πsdWs

−µItηt − SI0ηt −
γ

2

(
η2
t − 2η0ηt

)
− σIηtW I

t ,

where the constant x0 is defined by

x0 = SI0η0 −
γ

2
η2

0. (3.7)

Finally, we record for later use that the condition ηT = 0 implies that the

value of the portfolio at terminal time T can be written as

Xπ,ξ
T = x0+µI

∫ T

0

ηsds+σI

∫ T

0

ηsdW
I
s −θ

∫ T

0

ξ2
sds+µ

∫ T

0

πsds+σ

∫ T

0

πsdWs.

(3.8)
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Remark 3.2.3. Regularity of models with price impact essentially means that

the optimal strategies in the given market for an investor with a standard util-

ity function exist and are well-behaved. It is worth noting that this concept

has been compared to the notion of arbitrage in standard financial models

(see, for instance, [39]). To distinguish between the effects of price impact and

the effects from potentially profitable strategies arising from exploiting the

drift, regularity conditions are formulated in the no-drift setting, i.e. where

µ = µI = 0. Moreover, the regularity conditions are formed in terms of

the expected value of liquidation proceeds. There are three related, but not

necessarily equivalent, notions of regularity that are popular in the optimal

execution literature. These are: the absence of price manipulation, the ab-

sence of transaction-triggered price manipulation, and the absence of negative

expected execution costs (see [39] for a review).

In our setting, a price manipulation strategy is a policy (π, ξ), with

corresponding position η in the primary asset given by (3.6), that satisfies

η0 = ηT = 0 and is such that E(Xπ,ξ
T ) > 0. Such strategies were introduced by

[55] as one way that the existence of price impact can be exploited. Therein, it

was shown that, in some models, the presence of price manipulation strategies

can lead to quasi-arbitrage, which is a weak form of arbitrage. Moreover, in

our setting, the existence of price manipulation would imply that the non-

existence of an optimal execution strategy for a risk-neutral investor. This

is because arbitrarily large expected terminal wealths could be generated by

a strategy that adds together multiples of a price manipulation strategy (see
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[63]).

Although the absence of price manipulation strategies is necessary for

the regularity of price impact models, it was observed in [2] that it is not suf-

ficient. The authors in [2] then proposed the notion of transaction-triggered

price manipulation, which is defined to occur if the expected revenues of a

liquidation order can be increased by intermediate buy trades. In our set-

ting, transaction-triggered price manipulation occurs if there exists an ini-

tial position η0, a liquidation horizon T > 0 and a corresponding strategy

(π̄, ξ̄) = (π̄, ξ̄)(η0, T ) such that

E(X π̄,ξ̄
T ) > sup

{
E(Xπ,ξ

T )
∣∣ (π, ξ) = (π, ξ)(η0, T ) is monotone

}
.

Finally, the third notion of irregularity, called negative expected execution

costs, was introduced independently by [63] and [78]. In our setting, the

market admits negative expected execution costs if there exists a liquidation

horizon T > 0 and a corresponding liquidation strategy (π, ξ) = (π, ξ)(T )

such that E(Xπ,ξ
T ) > η0S

I
0 . For the relations between the above notions of

irregularity in price impact models, we refer the reader to [63].

We now comment on the regularity of our model herein. In our setting,

the expected value of the portfolio at terminal time (in the no-drift market)

is given by

E(Xπ,ξ
T ) = x0 − θ

∫ T

0

ξ2
sds. (3.9)

A straightforward application of Jensen’s inequality and the strict concavity

of the mapping (π, ξ) 7→ E(Xπ,ξ
T ) shows that the unique liquidation strategy
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ξ∗t that maximizes the expected revenues (3.9) among admissible strategies

(π, ξ) ∈ A has constant trading rate,

ξ∗t =
η0

T
. (3.10)

We note that in practice, time is usually parameterized in volume time, and

thus (3.10) corresponds to a volume-weighted average price (VWAP) strategy.

The significance of finding the explicit solution (3.10) to the problem

of maximizing liquidation revenues is that it can be combined with the results

of [63] to deduce that the model herein is free from price manipulation, as

well as from transaction-triggered price manipulation and negative expected

execution costs.

3.3 Solution for exponential utility

We solve for the investor’s optimal trading and liquidation strategies.

The investor must deal with the trade-off between the costs of quick liqui-

dation of his position in the primary asset and the market risk involved in

slow liquidation. Because of the presence of market risk, it is natural from an

economic point of view to assume that the investor wishes to maximize his

expected utility of the terminal value of the portfolio formed by the money

market and the liquid proxy asset.

For model tractability, we assume that the investor’s utility function is

of the exponential (CARA) form, that is

u(x) = −e−αx, (3.11)
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where α > 0 is the absolute risk aversion coefficient. Thus, the investor’s

objective is to solve

v(T, x0, η0) := sup
(π,ξ)∈A

E
(
− exp(−αXπ,ξ

T )
)
, (3.12)

where Xπ,ξ
T is as in (3.8), x0 is given by (3.7), η0 > 0 is the initial position in

the primary asset, and the set A was defined in section 3.2.

In the original Merton problem (see [69]), the optimal investment policy

for a CARA investor in a market where the price of the risky asset is given by

a Bachelier model with drift is to hold a constant number of shares in the risky

asset through time. In [83], it is shown that the optimal liquidation strategy for

a CARA investor in a pure liquidation model is deterministic. It is therefore

natural to conjecture that the optimal strategies in (3.12) are deterministic. As

the next theorem shows, this is indeed the case, i.e. in this model the investor

with CARA utility gains no expected utility by intertemporal updating of her

strategies as more information arrives.

Theorem 3.3.1. Let the positive constant κρ be defined by

κρ :=

√
ασ2

I (1− ρ2)

2θ
, (3.13)

where σI and θ are as in (3.5), ρ is as in (3.4) and α is as in (3.11). Then,

the almost surely unique solution to (3.12) is the deterministic strategy (π∗, ξ∗)

given by

π∗t =
1

α

µ

σ2
− ρσI

σ
η∗t , (3.14)
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and

ξ∗t = κρη0
cosh(κρ(T − t))

sinh(κρT )
+

(
ρ
µ

σ
− µI
σI

)
eκρ(T−t) − eκρt√

2αθ(1− ρ2)(eκρT + 1)
, (3.15)

where

η∗t = η0
sinh(κρ(T − t))

sinh(κρT )
−
(
ρ
µ

σ
− µI
σI

)
(eκρ(T−t) − 1)(eκρt − 1)

α(1− ρ2)σI(eκρT + 1)
. (3.16)

Proof. The proof proceeds in the following steps. First, we show the equality

sup
(π,ξ)∈A

E[u(Xπ,ξ
T )] = sup

(π,ξ)∈Adet

E[u(Xπ,ξ
T )], (3.17)

that is, when there exists a deterministic strategy that maximizes the expected

utility within Adet, then this strategy also solves (3.12). Note that, in this first

part, we make no assertion about the existence of the optimal strategy or

whether the value function is finite. In turn, in the second step, we focus on

maximizing the expected terminal utility over deterministic strategies. Results

from calculus of variations will imply the existence of a unique maximizer

over deterministic strategies. By the first part, this deterministic strategy

also maximizes the utility over all strategies. Thus, the value function is

finite. Finally, uniqueness follows because the mapping (π, ξ)→ E(u(Xπ,ξ
T )) is

concave.

We now proceed to the first step, which is to prove (3.17). We adapt

a line of reasoning similar to that used in [83]. The idea is to use the choice

of exponential utility to incorporate the stochastic integrals in u(Xπ,ξ
T ) into a

measure under which the expression for u(Xπ,ξ
T ) is defined pathwise.
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To begin, first write W I
t = ρWt +

√
1− ρ2W⊥

t for some Brownian

motion W⊥ that is independent of W . We then observe that if (π, ξ) ∈ Adet

(π and ξ are deterministic), then, using (3.8), we deduce

E[u(Xπ,ξ
T )] = −e−αx0−αµI

∫ T
0 ηtdt+αθ

∫ T
0 ξ2t dt−αµ

∫ T
0 πtdt

×E
[
e−

∫ T
0 αηtσI [ρdWt+

√
1−ρ2dW⊥t ]−ασ

∫ T
0 πtdWt

]
= − exp

(
−αx0 − α

(
µI

∫ T

0

ηtdt+ µ

∫ T

0

πtdt− θ
∫ T

0

ξ2
t dt

−α
2

(
σ2

∫ T

0

π2
t dt+ 2ρσσI

∫ T

0

ηtπtdt+ σ2
I

∫ T

0

η2
t dt

)))
,

where in the last step we used that the exponent in the first expectation is the

sum of centered independent normals, and so is centered normal itself.

Next, for general (π, ξ) ∈ A, define a process Y π,ξ
t , 0 ≤ t ≤ T , by

Y π,ξ
t = −ασI

∫ t

0

ηs(ρdWs +
√

1− ρ2dW⊥
s )− ασ

∫ t

0

πsdWs.

Then, Y π,ξ
0 = 0 and the process Y π,ξ

t , 0 ≤ t ≤ T, is a martingale (since |πt| and

|ξt| are uniformly bounded), with quadratic variation

〈
Y π,ξ

〉
t

= α2

(
σ2

∫ t

0

π2
sdt+ 2ρσσI

∫ t

0

ηsπsds+ σ2
I

∫ t

0

η2
sds

)
.

Next, let E(Y π,ξ)t, 0 ≤ t ≤ T, denote the stochastic exponential, E(Y π,ξ)t =

eY
π,ξ
t − 1

2〈Y π,ξ〉t , and observe that E[E(Y π,ξ)T ] = 1 since Novikov’s condition

holds. We can then define a measure Pπ,ξ on FT , equivalent to P, via

dPπ,ξ

dP
= E(Y π,ξ)T .
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Next, we introduce

m := inf
(π,ξ)∈Adet

[
1

2

〈
Y π,ξ

〉
t
+ α

(
θ

∫ T

0

ξ2
t dt− µ

∫ T

0

πtdt− µI
∫ T

0

ηtdt

)]
,

and note that there is nothing to show if m = −∞. If m > −∞, we have for

all (π, ξ) ∈ A that

m ≤ 1

2

〈
Y π,ξ

〉
t
+ α

(
θ

∫ T

0

ξ2
t dt− µ

∫ T

0

πtdt− µI
∫ T

0

ηtdt

)
, P− a.s.

Now, let ε > 0 and find (πε, ξε) ∈ Adet such that

1

2

〈
Y πε,ξε

〉
t
+ α

(
θ

∫ T

0

(ξεt )
2dt− µ

∫ T

0

πεtdt− µI
∫ T

0

ηεtdt

)
≤ m+ ε.

Then, for all (π, ξ) ∈ A, we have that

E[u(Xπ,ξ
T )] = −e−αx0E

[
e−α(µI

∫ T
0 ηtdt+

∫ T
0 ηsσIdW

I
t −θ

∫ T
0 ξ2t dt+µ

∫ T
0 πtdt+σ

∫ T
0 πtdWt)

]
= −e−αx0E[eY

π,ξ
t +αθ

∫ T
0 ξ2t dt−αµ

∫ T
0 πtdt−αµI

∫ T
0 ηtdt]

= −e−αx0E
[
dPπ,ξ

dP
e

1
2〈Y π,ξ〉t+αθ

∫ T
0 ξ2t dt−αµ

∫ T
0 πtdt−αµI

∫ T
0 ηtdt

]
= −e−αx0Eπ,ξ

[
e

1
2〈Y π,ξ〉t+αθ

∫ T
0 ξ2t dt−αµ

∫ T
0 πtdt−αµI

∫ T
0 ηtdt

]
≤ −e−εe−αx0Eπ,ξ

[
e

1
2〈Y π

ε,ξε〉
t
+αθ

∫ T
0 (ξεt )2dt−αµ

∫ T
0 (πεt )dt−αµI

∫ T
0 ηεt dt

]
= −e−εe−αx0+ 1

2〈Y π
ε,ξε〉

t
+αθ

∫ T
0 (ξεt )2dt−αµ

∫ T
0 (πεt )dt−αµI

∫ T
0 ηεt dt

= e−εE[u(Xπε,ξε

T )],

where Eπ,ξ denotes expectation under the measure Pπ,ξ. It then follows that

sup
(π,ξ)∈A

E[u(Xπ,ξ
T )] ≤ e−εE[u(Xπε,ξε

T )] ≤ e−ε sup
(π,ξ)∈Adet

E[u(Xπ,ξ
T )].
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Finally, letting ε ↓ 0 yields

sup
(π,ξ)∈A

E[u(Xπ,ξ
T )] ≤ sup

(π,ξ)∈Adet

E[u(Xπ,ξ
T )].

Since the opposite inequality clearly holds, the proof of (3.17), and thus the

first step, is complete.

So far, we have shown that when there exists a deterministic strategy

that maximizes the expected utility within Adet, then this strategy also solves

(3.12). We now restrict our search for the solution to (3.12) to deterministic

strategies. From (3.17), we aim to optimize

E[u(Xπ,ξ
T )] =− exp

(
−αx0 − α

(
µI

∫ T

0

ηtdt+ µ

∫ T

0

πtdt− θ
∫ T

0

ξ2
t dt

−α
2

(
σ2

∫ T

0

π2
t dt+ 2ρσσI

∫ T

0

ηtπtdt+ σ2
I

∫ T

0

η2
t dt

)))
(3.18)

over deterministic strategies. This is then equivalent to minimizing the func-

tional ∫ T

0

F (t, y(t), y′(t))dt, y(t) = (πt, ηt) (3.19)

over curves with y(0) = (0, η0) and y(T ) having second coordinate 0 (i.e.

ηT = 0). The associated Lagrangian is

F (t, y, z) :=
α

2
y>Σy − b>y + z>Lz, y, z ∈ R2,

where the quantities Σ, b and L are defined by

Σ :=

(
σ2 ρσσI
ρσσI σ2

I

)
, b :=

(
µ
µI

)
, L :=

(
0 0
0 θ

)
.
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Next, we consider the mapping G : (y, z) 7→ F (t, y, z). Then, G has Hessian

D2G = αΣ + 2L, which is positive semi-definite as a conical combination of

the positive semi-definite matrices Σ and L. The map G is thus convex, and

results from the calculus of variations (see, for example, [93]) imply that the

unique minimizer to (3.19) is the solution to the Euler-Lagrange equation

αΣy(t) = b+ 2Ly′′(t).

This can, in turn, be written in components as the set of equations{
σ2πt + ρσσIηt =

µ

α
ρσσIπt + σ2

Iηt = µI
α

+ 2θ
α
η̈t.

(3.20)

Substituting the first equation into the second, we obtain the following second-

order linear inhomogeneous ODE for ηt,

2θη̈t − (1− ρ2)ασ2
Iηt =

µ

σ
ρσI − µI , (3.21)

subject to the initial and terminal conditions

η0 = η0 > 0, ηT = 0.

Finally, the ODE (3.21) is solved by (3.16), where κρ is as in (3.13).

We find (3.14) using (3.20), and (3.15) upon differentiating (3.16).

3.4 Analysis of the optimal strategies

We now analyze the optimal strategies of the investor. As the optimal

strategies (3.14), (3.15) and (3.16) are deterministic functions of time, we ob-

serve that under CARA preferences there is no intertemporal updating during
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the liquidation horizon in response to the arrival of new information. This

feature also holds in more general optimal execution models (see, for example,

[83]). Moreover, the strategies coincide with the optimal strategies under the

criterion used in [5] and [6], which is to maximize

E(Xπ,ξ
T )− α

2
Var(Xπ,ξ

T ), (3.22)

for some risk aversion parameter α > 0. As was observed in [83], this follows

because the investor’s function is of CARA form and the terminal wealth Xπ,ξ
T

is normally distributed.

If a proxy asset with positive correlation cannot be found to hedge the

market risk involved in liquidating over the time horizon, i.e. when ρ = 0,

then the optimal strategies in the primary and proxy assets decouple. That

is,

π∗t =
1

α

µ

σ2
, η∗t = η0

sinh(κ0(T − t))
sinh(κT )

+
µI
σI

(eκ0(T−t) − 1)(eκ0t − 1)

ασI(eκ0T + 1)
,

where κ0 =

√
ασ2

I

2θ
. These are, respectively, the optimal strategies for the

Merton problem under CARA preferences (see [69]) and the problem of optimal

liquidation of an asset with price impact in a market without the proxy (see

[83]).

The correlation-weighted difference in the Sharpe ratios of the two risky

assets,

ρ
µ

σ
− µI
σI
,
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has a prominent role in (3.15) and (3.16). This quantity represents the extent

to which trends in the primary and proxy assets are taken into account during

liquidation. It is the only place in the optimal strategies for the primary asset

that the drifts µI and µ of the primary and proxy assets appear.

The optimal allocation in the proxy asset, π∗ given in (3.14), is the

sum of the myopic Merton portfolio for optimal investment in the proxy asset

and a hedging demand component that depends on ρ, the relative proportion

σI
σ

of the volatilities of the primary and proxy assets, and the position in

the primary asset. This hedging demand is negative (see (3.4)), meaning

that the investor hedges the market risk involved in liquidating over time by

immediately shorting a specific amount, specifically a multiple of the position

in the primary asset, of the liquid proxy asset and then, gradually, buying it

back in the course of liquidation.

Finally, we observe that, using (3.18), the maximal terminal expected

utility (3.33) can be written in terms of ξ∗ and η∗ alone, i.e. in terms of the

optimal strategies for the primary asset. Namely,

E[u(Xπ∗,ξ∗

T )] = − exp

(
−αSI0η0 + α

γ

2
η2

0 −
1

2

µ2

σ2
T + αθ

∫ T

0

(ξ∗t )
2dt

−αµI(1− ρ)

∫ T

0

η∗t dt+
α2

2
(1− ρ2)σ2

I

∫ T

0

(η∗t )
2dt

)
. (3.23)

3.4.1 The investor’s indifference price

One way that financial institutions can obtain instant liquidity is by en-

tering into an agreement with a broker-dealer’s block trading desk in which the
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block desk agrees to trade as principal with the institution in exchange for an

upfront fee. If we assume that the investor herein is a block trading desk, then

the investor’s indifference price corresponds to the minimal such fee it should

charge. We now compute the indifference price for the block desk who is con-

sidering whether to enter into such an agreement with a financial institution.

The desk’s indifference price at time t = 0 is defined by the amount h(η0, 0)

such that it is indifferent between: (i) not trading at all, and (ii) accepting

to trade as principal with the institution, and then investing optimally while

taking into account, on the one hand, the liability of liquidating the shares

in the primary asset with price impact, and on the other, the compensation

h(η0, 0).

Proposition 3.4.1. Let ξ∗ and η∗ be given by (3.15) and (3.16), respectively.

The investor’s indifference price h(η0, 0) at time t = 0 is given by

h(η0, 0) =
γ

2
η2

0 + θ

∫ T

0

(ξ∗t )
2dt+

α

2
(1− ρ2)σ2

I

∫ T

0

(η∗t )
2dt (3.24)

−
(
SI0η0 +

1

2α

µ2

σ2
T + µI(1− ρ)

∫ T

0

η∗t dt

)
. (3.25)

Proof. If the investor does not trade, then his value function is the utility

function evaluated at the initial wealth of zero, i.e. it is identically equal to -1.

If the investor accepts the trade to act as principal in the liquidation, his value

function v(T, x0, η0), defined in (3.12), is equal to (3.23). The indifference price

h(η0, 0) then satisfies

−1 = u(0) = v(x0 + h(η0, 0), η0, 0),
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where x0 is as in (3.7). We then deduce (3.24), using (3.23).

The various components of the indifference price admit the following

economic interpretation. The first term in (3.24) shows that the effect of the

permanent price impact γ enters only through the initial position η0 in the

primary asset and is unaffected by the presence of the proxy as a hedge. The

second term in (3.24) accounts for the temporary price impact over the liq-

uidation period through the temporary impact coefficient θ and an integral

of the square of the speed of liquidation that effectively represents the non-

linear nature of the transactions costs involved. The third integral in (3.24)

incorporates the volatility risk involved in the transaction. These terms are all

positive and thus are factors that increase the indifference price. As seen in

(3.25), three other positive terms are then subtracted, and therefore are factors

that decrease the indifference price. The first term in (3.25) is the book value

of the shares of the primary asset. In the case of the block desk accepting to

trade as principal with another institution, this is the book value of the shares

that are transfered to the desk for liquidation. The last two terms in (3.25)

represent the positive value of exploiting the drift available in the market in

the course of liquidation.

3.4.2 Liquidation in the no-drift market

We consider the special case of liquidating in a no-drift market environ-

ment, by which we mean that µ = µI = 0. This corresponds to the case where

the proxy and the unaffected component of the primary asset are martingales.
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Martingality of the unaffected component of the asset under liquidation is

commonly assumed in the optimal execution literature on the basis that drift

effects can largely be ignored due to short trading horizons (see, among others,

[4] and [63]).

In our case, the optimal strategies in the no-drift market are given by

π∗t = −ρσI
σ
η∗t , (3.26)

ξ∗t = κρη0
cosh(κρ(T − t))

sinh(κρT )
, (3.27)

and

η∗t = η0
sinh(κρ(T − t))

sinh(κρT )
, (3.28)

where κρ is given by (3.13).

The following proposition gives several results that hold in the no-drift

market.

Proposition 3.4.2. Let µ = µI = 0, so that the optimal strategies are given

by (3.26), (3.27) and (3.28), where κρ is as in (3.13). Then, the following

assertions hold:

i) We have

lim
ρ↑1

ξ∗t =
η0

T
, 0 ≤ t ≤ T. (3.29)

ii) The investor’s value function at terminal time T is

v(T, x0, η0) = − exp

(
−αx0 + α3/2σI

√
θ(1− ρ2)

2
coth(κρT )

)
, (3.30)
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where x0 is given by (3.7).

iii) The investor’s value function (3.30) is increasing in the correlation

parameter ρ.

iv) If ξ∗t (α, ρ) denotes (3.27) for risk aversion parameter α and corre-

lation ρ, then

ξ∗t (α, ρ) = ξ∗t (α(1− ρ2), 0). (3.31)

v) The investor’s indifference price at initial time t = 0 is given by

h(η0, 0) =
γ

2
η2

0 + α3/2σI

√
θ(1− ρ2)

2
coth(κρT )− SI0η0. (3.32)

Proof. Part i) follows by an application of L’Hospital’s rule to (3.27).

Part ii) follows from (3.23) and the identities∫ T

0

(ξ∗t )
2dt =

ασ2
I (1− ρ2)

2θ

η2
0

sinh2(κρT )

(
T

2
+

sinh(2κρT )

4κρ

)
and ∫ T

0

(η∗t )
2dt =

η2
0

sinh2(κρT )

(
sinh(2κρT )

4κρ
− T

2

)
.

Differentiating (3.30), we easily obtain part iii). Part iv) follows upon in-

spection of (3.27). Finally, part v) follows from ii) and the equality v(x0 +

h(η0, 0), η0, 0) = −1, where x0 is as in (3.7).

The above results show how the presence of the liquid proxy acts as a

hedge on the market risk incurred by liquidating the position in the primary

asset over a period of time. To see this, observe that the right-hand side of
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(3.29) is the VWAP strategy (3.10) which is optimal when the criterion for

optimality is simply to maximize expected portfolio holdings. Thus, as the

correlation between the proxy and the unaffected component of the primary

asset approaches one, the investor increasingly acts as if he is indifferent to the

volatility risk he is exposed to by liquidating over the horizon [0, T ]. The hedge

becomes “perfect” as ρ approaches one, in the sense that the investor’s optimal

strategy is to act as if he is effectively risk-neutral. Note that although the

presence of the proxy asset allows the investor to hedge the market risk involved

with liquidating the position in the primary asset over time, it does not allow

the investor to hedge the price impact itself involved in the liquidation.

The above proposition also shows that the investor is better off in terms

of his expected utility if he can find a liquid and correlated proxy asset to hedge

the market risk incurred by liquidating the primary asset over time. In a sense,

this can also be seen in (3.31), which states that the optimal strategy with

hedge correlation ρ for an investor with risk aversion α is the same as an

investor with no hedge available (ρ = 0) and risk aversion α(1− ρ2).

Remark 3.4.1. The choice of the maximal expected utility criterion makes the

investor’s problem amenable to the classical techniques of stochastic control.

In that context, heuristic arguments suggest that the value function, defined

by

v(t, x, η) := sup
(π,ξ)∈A

E
(
u(Xπ,ξ

T )|Xπ,ξ
t = x, ηξt = η

)
, (3.33)
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satisfies, in the no-drift market, the Hamilton-Jacobi-Bellman equation,

vt +
1

2
σ2
Iη

2vxx + sup
(π,ξ)∈A

(
ρσσIπηvxx +

1

2
σ2π2vxx − ξvη − θξ2vx

)
= 0,

subject to the terminal condition

lim
t↑T

v(t, x, η) =

{
−e−αx, η = 0
−∞, otherwise.

The intuition for the terminal condition is that a state with nonzero position

and no time left to sell means that the liquidation task has not been completed

and so should receive infinite penalty.

Given the explicit form (3.30) of the value function in the no-drift

market, it is easily seen that (3.30) solves (3.34).

3.4.3 Numerical results in the no-drift market

In figures 3.1, 3.2 and 3.3 we depict the optimal strategies in the no-

drift market for varying levels of the correlation ρ between the unaffected

component of the primary asset and the proxy. The correlation ρ represents

the effect that the presence of the proxy asset has in hedging the market risk

involved in liquidating the primary asset over time. The model parameters for

each plot are: α = 10, σ = 0.03, σI = 0.03, γ = 0.3, θ = 0.05, η0 = 10, S0
I = 1.5.

The process ξ∗, the optimal speed of liquidating the primary asset, is

shown in figure 3.1. The strategy has steepest gradient and is most convex

when there is no correlation, and both its gradient and curvature decrease

as ρ increases. Therefore, as the correlation between the primary and proxy
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assets increases and, thus, the market risk is increasingly hedged, the investor

becomes less “impatient” in his need to liquidate his position in the primary

asset.

Figure 3.2 shows the optimal number of shares in the proxy asset

through time. If the correlation is zero, then the Merton strategy is opti-

mal. If the correlation is positive, the optimal strategy is to immediately short

a certain number of shares proportional to ρ, and then to gradually buy back

the shares over time. This is the mechanism by which the market risk in-

volved in liquidating the primary asset over time is hedged by the presence of

the correlated proxy asset.

Figure 3.3 depicts the optimal allocation in the primary asset through

time. The strategy is most convex when there is no correlation (e.g. no liquid

proxy available) and becomes becomes less convex if there is correlation. It is

linear (see Proposition 3.4.2) in the limit as the correlation ρ approaches one.

Finally, we examine the relationship between the investor’s indifference

price (3.32) at time t = 0 and the correlation ρ. Observe that the indifference

price (3.32) is the sum of three components, only one of which depends on ρ.

Specifically, the dependence of the indifference price on ρ is only through the

component hρ(0, η0) given by

hρ(0, η0) = α3/2σI

√
θ(1− ρ2)

2
coth(κρT ).

Therefore, to focus on how the investor’s indifference price (3.32) is affected by

the presence of the correlated proxy asset, we depict in figure 3.4 the value of
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hρ(0, η0) as a function of ρ. We observe that this component of the investor’s

indifference price reduces by about two-thirds as the correlation between the

primary and proxy assets increases from zero to one. The better the investor

can hedge his market risk, the lower his indifference price for accepting to

trade as principal with the financial institution.

91



0 1 2 3 4 5 6 7 8 9 10
0

0.5

1

1.5

2

2.5

3

3.5
Speed of Liquidation ξ∗

t

Time t

ξ∗ t

ρ = 0
ρ = 0.5
ρ = 0.75
ρ = 0.9
ρ = 0.99

Figure 3.1: The process ξ∗, the optimal speed at which shares of the primary
asset are liquidated in the no-drift market.
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of the position) as a function of correlation in the no-drift market.
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3.5 Conclusions and future directions

In this essay we have studied the problem of an investor who hedges the

market risk incurred in liquidating a large position in a primary asset over time

by simultaneously investing liquidation proceeds in a liquid proxy asset. Such a

problem is frequently encountered in practice by broker-dealers’ block trading

desks. In a simple Almgren-Chriss type model, we show that the solution is

deterministic in the case where the investor has CARA preferences. We find

the optimal strategies explicitly and study their properties. We also explicitly

find the block desk’s indifference price for the minimal fee it should charge

to provide instant liquidity to a financial institution in a trade as principal.

We find that it is always better, from an expected utility perspective, for the

investor to find a liquid and correlated proxy asset to trade in during the course

of liquidation.

There are a number of directions for possible future research. For ex-

ample, we assume herein that the liquidation must be completed by some

exogenous terminal time. It would be more natural to consider a similar prob-

lem in which the optimal liquidation date is endogenous. We expect that the

availability of the proxy would give the investor more time to liquidate. We

also expect that a model with an endogenous liquidation terminal time would

demonstrate that the temporary price impact in the primary asset can be

hedged, in some sense, by investing in a correlated risky proxy asset.

Another area of possible future research is to check the robustness of

the results derived herein by considering more general models of price impact
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and more general utility functions or risk criteria. Finally, one would also

like to consider the case where the investor receives multiple orders randomly

during a liquidation/investment period, or completes the liquidation and then

continues investing.
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Chapter 4

The recent financial crisis, contingent claims

analysis, and aggregate distance-to-default

measures for the S&P Financial Select Sector

Index over the period 2002-2012.

This research was conducted while the author was at the Office of Fi-

nancial Research in Washington, DC. Views and opinions expressed are solely

those of the author and do not necessarily represent official positions or poli-

cies of the Office of Financial Research or the United States Department of

the Treasury.

4.1 Introduction

For the financial system to operate smoothly, it is necessary that in-

stitutions within it fulfill their contractual obligations with other institutions.

Financial institutions frequently face the prospect of producing certain cash

flows as a matter of servicing debt. Broadly speaking, an institution is said to

default when it does not fulfill its obligation to pay its debt. Defaults, or even

the threat of defaults, can cascade rapidly into a financial crisis, especially in

the presence of high correlation. Therefore, measuring default risk and the

potential for correlated defaults is necessary in the monitoring of the health
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of the financial system.

The so-called distance-to-default of a firm is often used as measure

of its default risk. In the context of the Merton model for capital structure

[71], the distance-to-default is in one-to-one correspondence with the (risk-

neutral) probability of default, with a higher distance-to-default reflecting a

lower (risk-neutral) probability of default. It is a unitless quantity that can be

used to compare the relative credit-worthiness of two or more firms. Moreover,

several papers have shown that distance-to-default performs well as measure of

financial health. For instance, the authors in [47, 48, 94] found that distance-to-

default performs as well or better than other indicators of risk, such as bond

spreads or spreads on credit default swaps (CDS). In addition, the authors

in [57] report that distance-to-default series for banks in the United States

performed well in forecasting systemic events in the years 2000-2010, despite

the fact that these distance-to-default series were calculated using historical

equity returns. Furthermore, the authors in [49, 50] show that distance-to-

default measures were useful for detecting bank defaults and for assessing the

effects of mergers in crisis periods.

While examining distance-to-default measures for individual firms is

an important and useful tool for monitoring risk, from a systemic perspec-

tive one would like to summarize or combine such individual measures into a

single measure that in some way reflects the overall potential for distress in

the financial system. There are many such ways of aggregating distance-to-

default measures. Among these are taking averages of individual measures. An
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equally-weighted average implicitly places equal importance on each institu-

tion, while using a weighted average allows one to assert that some institutions,

e.g. larger ones, are more important from a systemic perspective. Other ways

of aggregating include looking at distributional characteristics of the collection

of individual measures. For instance, one can look at the minimum, median or

some quantile of the distribution of individual distance-to-default measures.

Note that these methods of aggregating distance-to-default measures are ad

hoc in the sense that they may no longer have a theoretical interpretation.

Another popular aggregate distance-to-default measure in the literature

is the so-called portfolio distance-to-default (PDD), which effectively combines

individual firms in a portfolio or system and treats them as one large firm.

Proponents of PDD claim that it captures two particularly desirable features

of a single measure of distress within a system. Namely, it accounts for size

differences among constituent firms, reflecting the notion that larger firms are

typically considered more systemically important and, unlike other aggregate

distance-to-default measures, it accounts for correlation among firms, which is

based on the notion that correlations reflect the potential for contagion within

a system. Herein, we uncover some mathematical and conceptual irregularities

in the literature concerning PDD that call into question its interpretation. We

then propose an alternative measure that, like PDD, partially accounts for

size differences and correlations among constituent members of a system, but

unlike PDD, has a straightforward construction and interpretation.

We then conduct an analysis of the above-mentioned aggregate distance-
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to-default measures on the United States (US) financial sector during the pe-

riod leading up to and including the recent financial crisis of 2007-2009. The

analysis is conducted using the so-called contingent claims analysis (CCA)

framework. The CCA framework is based on the Merton structural model [71]

for the capital structure of a firm, and allows us to combine information from

various sources in our computation of aggregate distance-to-default measures.

In particular, we use quarterly balance sheets, equity markets and options

markets in our computations of aggregate distance-to-default measures.

We report various aggregate distance-to-default measures for the Stan-

dard and Poor’s Financial Select Sector Index, which we use as a proxy for

the financial system of the United States, over the period from March 1, 2002

to November 30, 2012. We examine their performance relative to significant

financial and economic events of the period. We then study the econometric

properties of the aggregate distance-to-default measures and compare their

performance relative to the volatility index VIX, the credit default swap index

CDX.NA.IG, and the Systemic Financial Stress (SFS) indicator recently pro-

posed by the International Monetary Fund (see [57]). Results of Granger non-

causality tests suggest that, in the original Merton model used herein, there is

strong evidence for Granger causality from the aggregated distance-to-default

measures to the Index, but little evidence for Granger causality from the mea-

sures to the indicators VIX, CDX.NA.IG, and SFS. These results suggest a

number of possible directions for future research, including but not limited to

using a more sophisticated structural model that possibly incorporates jumps.
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This essay is organized as follows. In the next section, we review the

methodology of contingent claims analysis. In section 4.3, we define the ag-

gregate distance-to-default measures considered herein. We also point out

mathematical issues in the literature on portfolio distance-to-default (PDD)

and define a new measure NM. In section 4.4 we describe the data collected

for this study and their sources. Sections 4.5 and 4.6 contain our results. We

summarize the comparison between PDD and NM in section 4.7 and conclude

in 4.8. Section 4.9 contains tables and figures.

4.2 The Contingent Claims Analysis methodology

Contingent Claims Analysis (CCA) combines information from account-

ing balance sheets, and equity and options markets into a single framework

that can be used as a basis for estimating the evolution of default risk. It

is based on the Merton model for capital structure (see [71]) which, in turn,

is based on the Black-Scholes-Merton theory of option pricing (see [14, 70]).

Its application allows one to compute various financial risk indicators, such as

the distance-to-default, the risk-neutral probability of default, and the credit

risk premium. Herein, we use the CCA methodology to compute measures of

distance-to-default for the Standard and Poor’s Financial Select Sector Index

over the period from March 1, 2002 to November 30, 2012.

In its application to the individual firm, contingent claims analysis

(CCA) is based on three main assumptions: (i) the value of the firm’s assets

equals the value of the firms liabilities, so that the balance sheet identity
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At = Et + Dt holds, where At is the value of the firm’s assets, Et is the

value of its equity, and Dt is the value of its debt; (ii) liabilities have different

priority, i.e. debt holders hold the senior claim on the firm’s assets and equity

holders hold the junior or residual claim; and (iii) the value of the firm’s assets

is uncertain and evolves as a stochastic process. We use herein the original

Merton model (see [71]), in which the value of the firm’s assets evolves as a

lognormal diffusion, i.e. under the risk-neutral measure, the value A = (At)

of the firm’s assets solves

dAt = rAtdt+ σAAtdWt, (4.1)

where r > 0 is the riskless rate of return, σA > 0 is the volatility of the firm’s

assets, and (Wt) is a standard Brownian motion.

In the basic Merton model, the firm is assumed to have a simple debt

structure in that it has a single issue of debt outstanding, namely a zero-

coupon bond of amount B that matures in T − t periods. If the total value

of the assets AT is greater than the promised debt payment B at maturity T ,

then the latter is paid in full and the residual amount, AT −B, is distributed

to equity holders. On the other hand, if the assets are insufficient to meet

the promised payments B, i.e. AT < B, then default is declared and the debt

holders exercise a debt covenant that gives them the right to liquidate the firm

and receive its liquidation value, which is equal to the total asset value since,

by assumption, there are no bankruptcy costs. If default occurs, the equity

holders receive nothing, though by the principle of limited liability, they are
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not required to put up additional funds to pay the debt holders. Therefore,

equity holders receive a cash flow at maturity T that has payoff (AT − B)+.

Thus, in this stylized setting, the equity holders hold an implicit call option

on the firm’s assets with strike price equal to the promised debt payment B.

In this context, the risk-neutral probability of default is given by

P̃(AT ≤ B) = P̃
(
At exp

((
r − 1

2
σ2
A

)
(T − t) + σAWT−t

)
≤ B

)
= Φ (−DDt) , (4.2)

where P̃ is the risk-neutral probability measure, Φ is the cumulative distribu-

tion function of the standard normal random variable, and DDt ∈ R is given

by

DDt =
log
(
At
B

)
+
(
r − 1

2
σ2
A

)
(T − t)

σA
√
T − t

. (4.3)

The quantity DDt is thus a unitless representation of the distance that the firm

is away from defaulting. Specifically, a positive DDt represents the number

of standard deviations that the firm is away from having a 50% chance of

defaulting under the risk-neutral measure. Conversely, a negative DDt implies

that the firm has a better than 50% chance of defaulting under the risk-neutral

measure. For these reasons, the quantity DDt is often called the firm’s distance-

to-default. Note that, as seen in (4.2), the distance-to-default is in one-to-one

correspondence with the risk-neutral probability of default.

The distance-to-default (4.3) computed using the CCA methodology is

the basic risk indicator used in this paper to assess default risk in the United

States financial sector. We remark that one could look at other CCA-derived
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risk indicators, such as the yield to maturity on debt, the expected loss on debt,

and loss given default, etc. (see, for example, [43] for an in-depth analysis of

these). We postpone these indicators for future research and focus herein solely

on distance-to-default.

4.2.1 Empirical estimation of firm-level distance-to-default

One of the main attractions of the CCA approach in empirical appli-

cations is that it provides a framework that links several different sources of

information. We combine information from equity markets, options markets,

Treasury markets and balance sheets in our derivations of firm-level distance-

to-default measures. More specifically, we observe a firm’s market capitaliza-

tion Et from equity markets, infer its equity price volatility σE from the im-

plied volatilities of at-the-money equity options, deduce the riskless rate r from

Treasury markets, and determine the default barrier B from quarterly finan-

cial statements. We describe the specific data sources for the above quantities

in section 4.4. Consistent with the literature, we take the time-to-maturity

T − t to be constant at one year. Then, using the techniques and equations

of the Black-Scholes-Merton option pricing theory, we infer the value of the

assets At and asset volatility σA which, in turn, allow us to compute firm-level

distance-to-default via (4.3). We now describe this process in more detail.

First, we consider the calibration of the default barrier B. In the orig-

inal Merton model, the default barrier is modeled as zero coupon debt that

must be paid at maturity, which we have fixed to be one year. We adopt
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a simple model of the default barrier that is common in the literature (see,

among others, [43, 88]). In this model, the default barrier is taken to be the

firm’s short-term debt BST plus half of the firm’s long-term debt BLT , i.e.

B = BST +
1

2
BLT . (4.4)

In our application, quarterly balance sheet information is used to compute the

default barrier B via (4.4) for each firm and for each quarter, which is then

interpolated to a daily frequency using cubic splines.

Next, we show how the default barrier B, the market value of equity Et,

the implied equity option volatility σE, and the riskless rate r are combined

in the Black-Scholes-Merton options pricing framework to determine two non-

linear equations in the two unknowns At and σA. The first of these equations

is based on the fact that, in the CCA framework, the value of the equity of

the firm is viewed as a call option on its assets with strike price given by the

default barrier B. Using the well-known Black-Scholes-Merton formula for the

price of a call option, the value of the equity Et at time t is therefore given by

the expression

Et = AtΦ(d1)− e−r(T−t)BΦ(d2), (4.5)

where Φ is the cumulative distribution function of the standard normal random

variable, d1 is defined by

d1 =
log
(
At
B

)
+
(
r + 1

2
σ2
A

)
(T − t)

σA
√
T − t

, (4.6)

and

d2 = d1 − σA
√
T − t =

log
(
At
B

)
+
(
r − 1

2
σ2
A

)
(T − t)

σA
√
T − t

. (4.7)
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Next, we deduce the second equation that relates the above variables.

The second equation is standard in the literature on CCA and relies on the

following additional assumption. We first assume that the equity of the firm

itself evolves as a lognormal diffusion, which under the risk-neutral measure is

given by

dEt = rEtdt+ σEEtdWt, (4.8)

where σE > 0 is the volatility of the equity. Then, recalling again that

the firm’s equity value is viewed as a call option on its assets, we write

Et = h(At, t), where the function h solves the Black-Scholes-Merton partial

differential equation. Expanding via Itô’s formula, we find that

dEt =

(
ht(At, t) + rAthx(At, t) +

1

2
σ2
AA

2
thxx(At, t)

)
dt+ σAAthx(At, t)dWt.

(4.9)

Equating the diffusion coefficients in (4.8) and (4.9), and using the well-known

formula for the delta of the call option, namely that hx(At, t) = Φ(d1) where

d1 is as in (4.6), we deduce that

σEEt = σAAtΦ(d1). (4.10)

Thus, given the quantities Et, σE, r, B and for T−t ≡ 1, equations (4.5)

and (4.10) constitute a system of two nonlinear equations in the two unknowns

At and σA. In our empirical application, we use the Newton-Raphson method

on equations (4.5) and (4.10) to estimate values of At and σA. In turn, these are

combined with the other given quantities to compute the firm-level distance-

to-default measure DDt via (4.3).
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4.3 Aggregate measures of distance-to-default

Individual distance-to-default measures can be aggregated in several

ways to arrive at a single summary measure that in some way reflects the

overall health of the financial sector. One of the simplest ways to aggre-

gate individual distance-to-default measures into a single composite measure

is to take an average. This is done, for instance, in [19, 94], among others.

Herein, we consider the Simple Average Distance-to-Default (SADD) and the

Weighted-Average Distance-to-Default (WADD) for the S&P Financial Select

Sector Index. The SADD is defined by

SADDt =
1

Nt

Nt∑
i=1

DDit, (4.11)

where Nt > 0 is the number entities in an index at time t and DDit is the indi-

vidual distance-to-default of constituent firm i at time t. One disadvantage of

SADD is that it does not take into account size differences among institutions,

and therefore does not reflect the notion that larger firms are typically viewed

as more relevant to the health of the financial system. The Weighted-Average

Distance-to-Default (WADD) is one way to (at least partially) account for size

differences among constituents of the Index. The WADD is defined as

WADDt =
Nt∑
i=1

wit DDit, (4.12)

where Nt > 0 is the number of entities in the index at time t, wit is the weight

of entity i in the index at time t, and DDit is the individual distance-to-default

of firm i at time t. We assume that the weights sum to one at all times, i.e.
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∑Nt
i=1wit = 1 for all t. The weights can be determined by various means.

Typically, they are the weights of the entities in the index. For example, in

a modified1 market capitalization-weighted index such as the S&P Financial

Select Sector Index that we consider herein, the weights in WADD correspond

essentially to weighing individual firms by their total market capitalizations.

One could also determine the weights in WADD based on total assets, book

value of liabilities, and so on.

Aside from aggregating distance-to-default measures via averaging, other

aggregation methods that reflect distributional aspects of individual distance-

to-default measures are often reported. For example, the European Central

Bank’s (ECB) Financial Stability Review has reported the median distance-to-

default measures and 10th percentile distance-to-default measures of interna-

tional banks since 2004. In our study of the S&P Financial Select Sector Index

herein, we report both the median distance-to-default (Med DD) and the 10th

percentile distance-to-default (Dec DD), as well as the minimal distance-to-

default (Min DD) for the Index over our sample period.

While the five aggregate distance-to-default measures above are market-

based (and therefore are forward-looking) indicators of the dynamics and build-

up of distress within the system, one particular weakness that they all share

is that they do not explicitly address the potential for defaults among firms to

1A constituent’s weight in the Index is close to, but not exactly equal to, its market
capitalization relative to the total market capitalization of all constituents. See [90] for the
details on how the S&P Financial Select Sector Index is constructed.
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be correlated. In the next section, we review the notion of portfolio distance-

to-default, which attempts to incorporate correlations among the constituents

of an index.

4.3.1 Portfolio distance-to-default

One way that the problem of correlations between firms is addressed in

the literature is to consider the so-called portfolio distance-to-default (PDD).

This measure effectively treats a portfolio or index as one large firm. There

are a number of ways of calculating the PDD (see [26, 35, 56, 80]). Consid-

ering a purely market capitalization-weighted index for simplicity, the PDD

is typically constructed as follows: the portfolio assets APt is the sum of the

constituent assets; the portfolio’s “default barrier” BP is the sum of the con-

stituent default barriers; and the portfolio variance σ2
P of asset values is equal

to

σ2
P =

N∑
i=1

w2
i σ

2
i + 2

N∑
i>j

ρijwiwjσiσj, (4.13)

where wi and σi, i = 1, . . . , N are the index weights and volatilities, respec-

tively, of the value of the assets of constituent firm i, and ρij is the correlation

between constituent firms i and j. Note that following this approach requires

modeling assumptions on pairwise correlations of the constituent assets in or-

der to determine (4.13). This is typically done by using realized pairwise asset

covariances and volatilities based on historical equity returns (see, among oth-

ers, [26, 56]). Once the portfolio variance (4.13) has been estimated, the PDD
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is then equal to

PDDt =
log(APt /B

P ) + (r − 1
2
σ2
P )(T − t)

σP
√
T − t

. (4.14)

An alternative methodology for calculating PDD is presented in [80].

In this methodology, the total equity of the portfolio EP and portfolio default

barrier BP are defined as the sums of the respective individual firm equity

values and default barriers, i.e.

EP
t =

Nt∑
i=1

Eit, and BP
t =

Nt∑
i=1

Bit, (4.15)

where Nt is the number of firms in the portfolio at time t, and Eit and Bit

are the market value of equity and default barrier, respectively, of firm i at

time t. This method then requires the existence of liquid traded options on

the index, as the implied volatility of at-the-money options on the index σPE

is used as a proxy for the volatility of equity. The method outlined in section

4.2.1 is then used to estimate the implied portfolio assets APt and the implied

asset volatility σPt . With the estimation complete, the PDD is then defined as

in (4.14).

Proponents of PDD (see, among others, [80]) assert that, like the

weighted-average distance-to-default WADD, it is a forward-looking market-

based measure that informs of the dynamics and build-up of distress in the

financial system and takes into account size differences among institutions.

In contrast to WADD, however, PDD accounts for correlations among index

constituents by using the volatility of portfolio assets (4.13).
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Additionally, it is asserted in [21, 22, 26, 56] that (boldfaced emphasis

added)

Higher (lower) levels of “portfolio” DD imply a higher (lower) prob-

ability of firms’ joint failure. Since positive and negative variations

in the DD of individual firms are allowed to offset each other, the

DD of a portfolio is always higher than the (weighted)

sum of the DDs of the individual firms .. . . Thus, the “port-

folio” DD can be viewed as tracking the evolution of a lower bound

to the joint probabilities of failure of firms composing a portfolio.

Then, based on this notion that PDD is always greater than an average

distance-to-default measure, as well as the notion that PDD tracks the lower

bound of joint probability of failure while average distance-to-default mea-

sures, such as SADD and WADD, “implicitly assume perfect correlation across

assets”, the author in [80] asserts that the difference, PDD-SADD, conveys im-

portant information about the evolution of the dependence structure among

firms over time.

Unfortunately, the statement in boldfaced text, namely that

PDDt ≥WADDt, ∀t, (4.16)

is not mathematically true. Indeed, one can easily construct portfolios of assets

for which PDD is not greater than WADD. A specific example can be found

in Table 4.1 for a simple two asset portfolio. The PDD is found using (4.14),

while SADD and WADD are found using (4.11) and (4.12), respectively. Using

112



realistic values for all values therein, we find a PDD of approximately 4.6, a

WADD of about 6.1, and a SADD of about 8.6. This is a counterexample to the

notion that PDD is always greater than average distance-to-default measures

such as WADD or SADD which, by extension, implies that, contrary to the

assertions in [80], the difference PDD-WADD is not necessarily revealing of

the pairwise correlations or dependence structure among index constituents.

Moreover, contrary to what is asserted in the above quote, PDD need

not reflect the lower bound of the joint probabilities of failure of the underlying

portfolio or index. For this to be true in general, one would expect that the

set of states of the world for which the portfolio “defaults” would be contained

in the set of states of the world for which all firms in the system default. But

this is false and, in fact, the opposite inclusion is true. To see this, consider

Table 4.2, which is the same setup as Table 4.1, except that the correlation

is set to zero. The top half of Table 4.2 corresponds to the situation at time

T −1, while the bottom half corresponds to maturity time T . From time T −1

to T , the value of the assets of Firm 2 decline from 10 to 4, while the value of

the assets of Firm 1 remain unchanged (there is zero correlation). Since the

assets of the portfolio are less than the default barrier at time T , the portfolio

is in “default” at time T , while only one of the two firms is in default. Thus,

the set of states for which the portfolio “defaults” is not contained in the set

of states for which all constituent firms default. In fact, the opposite inclusion

is true: the states in which all firms default is contained in the set of the

states in which the portfolio “defaults”, as is easily seen by considering that
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the definition of PDD (4.14) implies that the portfolio “defaults” when the

total assets of all constituents are less than the total of all the default barriers.

Thus, we have, in fact, that

Prob ( all firms default ) ≤ Prob ( portfolio “defaults”) ,

and not the other way around.

4.3.2 The Implied Correlation Index and an alternative aggregate
distance-to-default measure

Proponents of portfolio distance-to-default claim that it partially ac-

counts for size differences and that it reflects the potential for contagion among

portfolio constituents. We have seen in section 4.3.1 that some of the claimed

characteristics of PDD in the literature are not true, which calls into question

the general interpretation of portfolio distance-to-default.

We now aim to construct an aggregate distance-to-default measure that,

like PDD, partially accounts for size differences and the potential for contagion

among constituent firms, but unlike PDD, has a straightforward construction.

To this end, we first review the concept of the Implied Correlation Index (ICI).

The ICI was proposed and analyzed in [89] and is currently published

for the S&P 500 by the Chicago Board Options Exchange (see also [20]). This

measure uses implied volatilities from index options and implied volatilities

from options on the index’s constituents to derive a measure of the options

market’s view of the market capitalization-weighted average correlation of the

index components.
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The ICI is constructed as follows. Recall that the variance σ2
P of a

portfolio is given by

σ2
P =

N∑
i=1

w2
i σ

2
i + 2

N∑
i>j

ρijwiwjσiσj, (4.17)

where wi and σi, i = 1, . . . , N , are the portfolio weights and volatilities, re-

spectively, of firm i in the index, and ρij is the correlation between firm i and

firm j. If we assume that all of the pairwise correlations ρij are equal, say to

ρ, then (4.17) becomes

σ2
P (ρ) =

N∑
i=1

w2
i σ

2
i + ρ · 2

N∑
i>j

wiwjσiσj. (4.18)

That is, the portfolio variance σ2
P can be written as a linear function σ2

P (ρ) of ρ.

Moreover, given the weights wi and volatilities σi, i = 1, . . . , N , of component

firms, we can compute two points along this line, i.e.

σ2
P (0) =

N∑
i=1

w2
i σ

2
i , (4.19)

and

σ2
P (1) =

N∑
i=1

w2
i σ

2
i + 2

N∑
i>j

wiwjσiσj =

(
N∑
i=1

wiσi

)2

. (4.20)

Then, if σP is the implied volatility from index options on the portfolio, the

ICI for the portfolio, denoted herein by ρ̄, is defined by

ρ̄ =
σ2
P − σ2

P (0)

σ2
P (1)− σ2

P (0)
. (4.21)

It is shown in [89] that the ICI is bounded between zero and one, i.e. 0 ≤ ρ̄ ≤ 1,

and that it satisfies

ρ̄ =
N∑
i=1

∑
j>i

cijρij, and cij =
wiwjσiσj∑N

i=1

∑
j>iwiwjσiσj

, (4.22)
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which is to say that ρ̄ is a certain weighted average of the pairwise correlations

in the market.

We now define a new aggregate measure of distance-to-default that, like

PDD, partially takes into account size differences among constituent firms as

well as the potential for contagion. To this end, we define the new measure,

NMt, at time t by

NMt =

{ 1√
ρ̄t

WADDt, ρ̄ ∈ (0, 1)

∞, ρ̄ = 0,
(4.23)

where WADDt is the weighted-average distance-to-default defined in (4.12)

and ρ̄t is the implied correlation index defined in (4.21).

The new measure NM is thus a combination of the weighted average

of the distances-to-default and the implied correlation index. Therefore, it

should be informative of the dynamics and build-up of distress within the

system. Moreover, NM is constructed using information from both balance

sheets and equity and options markets, and should thus be forward-looking to

the extent that information in markets is forward-looking. By incorporating

WADD, the measure NM partially accounts for size differences among firms,

and by incorporating the implied correlation index ρ̄, the new measure NM

partially accounts for potential contagion effects.

Observe that, by construction, the new measure NM is always greater

than or equal to WADD, i.e. NMt ≥WADDt, since the implied correlation ρ̄

is bounded between zero and one. Therefore, the difference NM-WADD can
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be viewed as reflective of the potential for contagion in the index, as it is a

function of ρ̄.

Finally, we note that the new measure NM is an ad hoc measure, and

the particular choice of dividing by
√
ρ̄ is arbitrary.

4.4 Data description

The Standard and Poors (S&P) Select Sector Indices are designed to

measure the performance of Global Industry Classification Standard (GICS)

sectors, which is a broad level of industry classification. Each stock in the S&P

500 is allocated to only one Select Sector Index, and the combined companies

of the nine Select Sector Indexes represent all of the companies in the S&P

500. The S&P Financial Select Sector Index, sometimes referred to herein

as the Index, is one of the nine S&P Select Sector Indices. It is a modified2

market capitalization based index that is intended to track the movements of

companies that are components of the S&P 500 and are involved in the de-

velopment or production of financial products. The index includes companies

from the following industries: diversified financial services, insurance, commer-

cial banks, capital markets, real estate investment trusts, consumer finance,

thrifts and mortgage finance, and real estate management and development.

The Index was established with a value of 250.00 on June 30, 1998.

The Financial Select Sector SPDR Fund is an exchange traded fund

2See [90] for the details on how the S&P Financial Select Sector Index is constructed.
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(ETF) that, before expenses, seeks to closely match the returns and charac-

teristics of the S&P Financial Select Sector Index. It invests at least 95% of

its total assets in the securities comprising the Index. It is managed by State

Street Global Advisors and has traded on the NYSE Arca since December 16,

1998 under the ticker symbol XLF. Its average daily volume since inception is

approximately 46,000,000. Since XLF tracks the S&P Financial Select Sector

Index by design, we use it as a proxy for the performance of the Index.

Since the purpose of the study is to examine the behavior and dynam-

ics of aggregate distance-to-default measures in the years leading up to and

including the financial crisis of 2007-2009, a date range that overlaps with the

crisis was chosen. Specifically, we consider all trading dates from March 1,

2002 to November 30, 2012. Monthly holdings for XLF were collected for this

period from Morningstar. Daily closing prices for XLF were collected from

Yahoo! Finance. Daily closing stock prices and numbers of shares outstand-

ing for the constituents of XLF were collected from the Center for Research

in Security Prices (CRSP) and were adjusted to account for stock splits and

mergers and acquisitions. Quarterly balance sheet items were collected from

Compustat.

Options data was collected from Bloomberg. Specifically, we infer

the one-year implied volatility by averaging the HIST PUT IMP VOL and

HIST CALL IMP VOL fields in Bloomberg. These fields are calculated as the

implied volatilities of the closest out-of-the-money options with a maturity

that is closest to expiring at least 20 business days out. During the sample

118



period, these fields became identical and are now calculated as the weighted

average of the implied volatilities of closest out-of-the-money call option and

the closest out-of-the-money put option. According to the Bloomberg Help

Desk ([15]), the implied volatilities are calculated using the 10-year Treasury

as the riskless rate. Therefore, we run the model twice, once using the 10-year

Treasury rate and once using 1-year Treasury rate, both downloaded from the

Federal Reserve Bank website, as proxies for the riskless rate. We find our nu-

merical results to be virtually identical. All raw data from the above sources

are cleaned for missing or invalid observations.

The sample is comprised of 128 firms, as summarized in Table 4.3 with

the sub-industry classification according to their GICS code as well as the

number of observations in the sample period March 1, 2002 to November 30,

2012, which is a total of 2687 trading days. The total number of observations

is 223,032.

4.4.1 SFS, VIX and CDX.NA.IG

As part of our study, we will compare the performance of our aggregate

distance-to-default measures with that of the Systemic Financial Stress (SFS)

indicator, proposed recently by the International Monetary Fund ([57]), the

Chicago Board Options Exchange Market Volatility Index (VIX), and the

credit default swaps index CDX.NA.IG of North American investment grade

companies.

In [57], the International Monetary Fund (IMF) proposed a measure
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of distress in the financial system called the Systemic Financial Stress (SFS)

indicator. Therein, the SFS is used as a baseline to calculate the potential

predictive properties, relative to systemic financial stress, of various other risk

measures. We use the methodology in [57] to calculate the SFS indicator

for the firms within S&P Financial Select Sector Index over the period from

March 1, 2002 to November 30, 2012. This is done as follows. Weekly equity

returns for the Index constituents over the sample period are collected. For

each firm and each date, define the abnormal return as the firm’s weekly equity

return minus the overall market weekly return (proxied by the return on the

S&P 500). Collect abnormal returns for all dates and firms during the sample

period to form the total distribution of abnormal returns. A given firm on a

given date is said to experience a large negative abnormal return if its abnormal

return on that date falls in the 5% left tail of the total distribution. If a firm

experiences a large negative abnormal return as well as negative abnormal

returns in the following two consecutive weeks, then, the firm is said to be in

financial stress. The SFS indicator at a given point in time is then defined to

be the proportion of firms that are in financial stress at that time. It is worth

noting that, unlike all of the other series considered herein, the SFS indicator

at time t generally requires information about the future returns and, thus, it

is an ex-post indicator of distress.

In addition to testing our aggregate distance-to-default measures against

SFS, we also evaluate their performance relative to the Chicago Board Options

Exchange Market Volatility Index, which is more commonly known by its ticker
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symbol VIX. The VIX is a measure of the implied volatility of S&P 500 index

options. Commonly called the “fear index”, it is a highly-watched measure of

the market’s expectation of volatility of the S&P 500 over the next 30 calendar

days. It is quoted as an annualized percentage and is obtained from Yahoo! Fi-

nance. The reason that we compare VIX to our aggregate distance-to-default

measures is that one of the determinants of the distance-to-default measure

(4.3) is the asset volatility. If aggregate measures of distance-to-default for the

S&P Financial Select Sector Index reflect the expectations of future volatility

of components in the financial sector, then it is natural to compare them to

VIX.

Finally, we compare the aggregate distance-to-default measures to the

5-year CDX.NA.IG index of credit default swap (CDS) spreads on investment-

grade North American companies. The CDX.NA.IG is a standardized basket

of credit default swaps of 125 equally-weighted reference entities that are con-

sidered liquid in the investment grade North American CDS market. The

constituents are reviewed every six months after which a new series of the in-

dex is issued. It is quoted as an equally-weighted average of the observed CDS

spreads on the constituent reference entities. Since a CDS spread represents

the cost of insurance against a default event, higher values of CDX.NA.IG

correspond to increasing general concerns over credit risk. Since it represents

the degree of credit risk and the risk premium, it is natural to compare the

CDX.NA.IG spread to our aggregate distance-to-default measures. We note

that, for brevity, we sometimes abbreviate CDX.NA.IG to CDX.
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4.5 Results

We now report the results of the empirical investigation described

above. We first describe the basic statistics and plots of the S&P Finan-

cial Select Sector Index, the various aggregate distance-to-default measures of

the Index, and the implied correlation index ρ̄ for the Index. We also describe

the basic statistics and plots of the SFS, VIX and CDX time series. Then, in

section 4.5.2 we relate the performance of the various measures to prominent

economic and financial events that occurred throughout the sample period.

4.5.1 Basic statistics and plots

Table 4.4 summarizes the aggregate index weights of each sub-industry

of the Financial Select Sector Index throughout the sample period. The

weights of most of the sub-industries within the index remain more or less

constant, with a few notable exceptions. The weight of the real estate invest-

ment trust (REIT) sub-industry increases from about 2% to almost 15%, while

the weight of the diversified financial services sub-industry declines from about

25% to 20% and the weight of the thrifts and mortgage finance sub-industry

declines from about 10% to nearly zero.

Table 4.5 reports basic statistics of aggregate distance-to-default se-

ries for the Index over the 2687 trading days comprising the entire sample

period from March 1, 2002 to November 30, 2012. We observe that the two

average distance-to-default measures, SADD and WADD, have similar sample

statistics. In particular, the standard deviations and skewness and kurtosis
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parameters between the two series are similar. The basic statistics of the im-

plied correlation index ρ̄ for the Index are also shown in Table 4.5. Recall that

the value of ρ̄ is theoretically constrained to be between zero and one, but

note that, due to estimation errors, the empirically observed maximal value

of ρ̄ over the sample period was 1.29. Further investigation on the ρ̄ time

series reveals that ρ̄ exceeded one 14 times within the 2687 trading days in the

sample period. Figure 4.1 contains three basic plots of the aggregate distance-

to-default measures and the implied correlation index throughout the sample

period.

The basic statistics of PDD, NM and their differences from WADD

are also shown in Table 4.5. The measure NM has a higher mean and stan-

dard deviation than PDD, though they have similar skewness and kurtosis

parameters. The difference NM-WADD also has a higher mean and standard

deviation than the difference PDD-WADD. Figure 4.2 depicts PDD and NM

against WADD, as well as the differences PDD-WADD and NM-WADD.

Observe from Table 4.5 that the difference PDD-WADD has minimal

value of approximately -1.28 and the difference NM-WADD has minimal value

of approximately -0.34. Note that, by construction, NM should be greater than

or equal to WADD since the implied correlation index ρ̄ is known to be between

zero and one. Despite this, the minimum value of NM-WADD is negative,

reflecting the fact that, over the sample period, the implied correlation index

ρ̄ exceeded one on occasion due to error. While the fact that the minimal

value of NM-WADD was negative can be attributed to error, this cannot be
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said about the negative minimal value of PDD-WADD, on account of the

fact (see section 4.3.1) that there is generally no mathematical relationship

between PDD and WADD. Further investigation reveals that the difference

PDD-WADD was negative for 1104 of the 2687 total observations, or about

41% of the time.

Table 4.5 also contains basic statistics for the exchange-traded fund

XLF that tracks the S&P Financial Select Sector Index, as well as statistics

for the volatility index VIX. Figures 4.3 and 4.5 plot the time series for ag-

gregate distance-to-default measures against the XLF and VIX time series,

respectively.

Table 4.6 contains the basic statistics for the CDX time series. Note

that due to data availability constraints, the sample period for CDX data starts

in July of 2004 and thus is shorter (2089 observations versus 2687 observations)

than the overall sample period for this study. Figure 4.6 plots various aggregate

distance-to-default measures against the CDX time series.

Table 4.7 contains the basic statistics for the Systemic Financial Stress

(SFS) indicator series. Recall from section 4.4.1 that the SFS is computed on

a weekly basis, and thus, while the overall sample period is March 1, 2002 to

November 30, 2012, the number of observations is 557. Figure 4.4 plots various

aggregate distance-to-default series against SFS throughout the period.
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4.5.2 Aggregate distance-to-default measures throughout the sam-
ple period

To get a better understanding of the dynamics of the aggregate distance-

to-default measures in relation to events in the financial sector and the overall

economy, we now briefly study the performance of these measures in relation

to significant events that occurred during the sample period.

Examination and comparison of the figures 4.1 and 4.3, depicting the

aggregate distance-to-default measures throughout the sample period, show

that they have broadly similar dynamics and behavior. The aggregate distance-

to-default series start in March 2002 at moderate levels but then sharply de-

cline as the accounting scandals involving Arthur Anderson, Enron, and others

play out in the news. The low point of the aggregate distance-to-default se-

ries is reached in October 2002, which coincides with the sentencing of Arthur

Anderson and the indictment of Andrew Fastow of Enron. This period coin-

cides with a period of increasing volatility expectations as measured by VIX

and moderate systemic stress in the financial system as measured by the SFS

indicator (figure 4.7). Note also the sharp increase from about 0.5 to 0.9 and

beyond in the implied correlation ρ̄ of the Index (figure 4.1), suggesting that

this period of stress in the financial system corresponded to a higher potential

for contagion.

After reaching their low point in October 2002, the aggregate distance-

to-default series enjoy a period of an upward trend until peaking around mid-

February 2007. For example, WADD increases from about 3 to almost 8
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and the new measure NM increases from about 4 to 13. During this period,

the financial markets were less volatile and had generally declining volatility

expectations, as measured by VIX. The exchange-traded fund XLF nearly

doubled in value (figure 4.3) and the implied correlation index ρ̄ declined

from about 0.8 to 0.4 (figure 4.1). This latter feature is also reflected in

the increasing gap between NM and WADD (figure 4.2). Exceptional events

during this period where the difference NM-WADD declines sharply include

the General Motors and Ford credit downgrade in May 2005 and a sudden

decline around May 2006 due to increasing concerns about inflation growth

due to rising oil prices as well as concerns about slowing economic growth.

After reaching their apex in mid-February 2007, the aggregate distance-

to-default series decline precipitously over the following two years as the fi-

nancial crisis of 2007-2009 takes hold. This period is also characterized by

significant systemic financial stress as measured by SFS, increasing volatility

expectations as measured by VIX, and increasing credit spreads as measured

by CDX (figure 4.7). During the two year period between February 2007 and

February 2009, there appear to be at least three big jumps in the aggregate

distance-to-default measures (figure 4.1). The first one occurs near the end of

February 2007 as the Federal Home Loan Mortgage Corporation (Freddie Mac)

announces that it will no longer buy the most risky subprime mortgages and

mortgage-backed securities. The second big jump occurs around September

2007 as the credit rating for Countrywide Financial is downgraded by Fitch

and the Federal Reserve Board reduces both its primary credit rate and target
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for federal funds rate. During this period, the implied average correlation ρ̄

jumps from about 0.45 to nearly 1. The aggregate distance-to-default series

then settle a little and even improve as The Economic Stimulus Act is signed

into law in February 2008, but then decline precipitously again due to JP-

Morgan Chase’s acquisition of Bear Stearns in March 2008, and in September

2008 when Federal National Mortgage Association (Fannie Mae) and Freddie

Mac are placed in government conservatorship and Lehman Brothers declares

bankruptcy. During this period, expected future volatility skyrockets as mea-

sured by VIX.

The aggregate distance-to-default series remain relatively low and the

implied correlation index remains high as the financial crisis ensues. These

measures reach a low point around March 2009 and then rebound as the stim-

ulus bill, American Recovery and Reinvestment Act of 2009, becomes law.

Aggregate distance-to-default measures generally trend upwards for the rest

of the sample period until November 2012, with a few notable precipitous drops

around March 2010 in response to the European sovereign debt crisis and in

the summer of 2011 during the crisis over the US Debt Ceiling. Note, however,

that since the crisis, the difference between NM and WADD has remained rel-

atively small, reflecting that the implied correlation ρ̄ of the index is relatively

high. This suggests that the potential for the transmission of volatility shocks

remains relatively high.

As we will see in the next sections, the distance-to-default series com-

puted herein using the original Merton model may not necessarily have pre-
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dictive power relative to other measures. Nevertheless, the above analysis

suggests that these measures do incorporate information about the general

build-up and dynamics of risk within the financial system as well as detecting

periods of high volatility and contagion.

4.6 Characteristics and performance of aggregate
distance-to-default measures

We now investigate the forward-looking properties of the aggregate

distance-to-default measures considered herein relative to the S&P Financial

Select Sector Index by performing Granger non-causality tests between the

aggregate distance-to-default measures and XLF, which is the ticker for the

exchange-traded fund that tracks the Index. We also examine the performance

of the aggregate distance-to-default measures relative to SFS, VIX and CDX.

In order to perform the Granger non-causality testing, we need to estab-

lish some econometric properties of the various time series. We begin in section

4.6.1 by examining the stationarity and order of integration of all the series

under consideration. We then briefly review Granger non-causality testing in

section 4.6.2. We present the results of the Granger non-causality testing of

the aggregate distance-to-default measures against XLF, SFS, VIX and CDX

in section 4.6.3.

128



4.6.1 Stationarity

A time series (yt) is considered covariance stationary if its expectation

and autocovariance are independent of time. That is, if

E(yt) = µ, Cov(yt, yt−j) = γ(j)

for all t and j = 0, 1, . . . , t. Note that the concept of covariance stationarity

is strictly weaker than the classical concept of a stationary stochastic process

and, for this reason, covariance stationarity is often called weak stationarity.

A time series that is not (covariance) stationary is called non-stationary.

It is a stylized fact that the majority of financial and economic time

series are non-stationary. More specifically, many are integrated of order 1,

denoted by I(1), which means that the first difference, ∆yt := yt − yt−1 is

stationary. A simple example of a non-stationary I(1) series is the random

walk (yt), defined by

yt = yt−1 + ut, (4.24)

where ut is centered normal with constant variance for all t. An I(1) series

is considered to have a single unit root. This terminology arises from the

following: If L is defined as the lag operator, i.e. Lyt = yt−1, then (4.24)

can be rewritten (1 − L)yt = ut, and the root of the characteristic equation

(1− z) = 0 is one.

Many econometric tests and procedures rely on assumptions of station-

arity of the underlying time series, and therefore it is essential to treat non-

stationary series differently from stationary series. In particular, our Granger
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non-causality tests in the upcoming sections rely on stationarity features of

the underlying series. There are many methods of testing for stationarity in

the econometrics literature. Each of them has some weakness and thus it is

better to use several tests. We use a baseline of two such stationarity tests

herein, namely the augmented Dickey-Fuller test (ADF) from [27, 28] and the

Kwiatkowski-Phillips-Schmidt-Shin (KPSS) test from [65]. In spite of their rel-

atively low power, the ADF and KPSS tests are two of the more popular unit

root tests. The ADF test has as its null hypothesis that the times series has a

unit root (and thus is non-stationary), while the null hypothesis of the KPSS

test is that the series is stationary. In our tests for stationarity, we consider

rejection of the null in the ADF test and failure to reject in the KPSS test as

sufficient evidence for stationarity. Conversely, we consider failure to reject in

the ADF test and rejection of the null in the KPSS test as sufficient evidence

for the presence of a unit root in the underlying time series. In cases where the

outcomes of the test have conflicting implications for stationarity, we run two

additional unit root tests, namely the Ng-Perron and Elliot-Rothenberg-Stock

Point-Optimal tests, and use the results of all the tests to make a judgment on

the stationarity of the time series. The above procedure is performed on each

series. If the conclusion is that the series has a unit root, then the procedure is

repeated on the first differences of the series to determine if the original series

is integrated of a higher order.

Table 4.8 reports the results of the stationarity tests over the entire

sample period for the aggregated distance-to-default series, the average implied
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correlation ρ̄, as well as the volatility index VIX and the price history of

XLF. Based on the procedure outlined above, we find that XLF and all of the

aggregate distance-to-default series are I(1). The average implied correlation

ρ̄, VIX and the differences NM-WADD and PDD-WADD are either stationary

or I(1). Table 4.9 reports the results of the stationarity tests over the subset

of the sample period for which quotes of CDX were obtained. We find that

CDX is I(1). Finally, table 4.10 reports the results of the stationarity tests

over the period for the weekly measurements of SFS. We find that SFS is

either stationary or I(1). Broadly speaking, the results of the stationarity

tests agree with the received wisdom that most financial time series are I(1).

As mentioned above, these stationarity tests will have consequences for the

Granger non-causality tests that we run in the upcoming sections.

4.6.2 Granger non-causality testing

If x = (xt) and y = (yt) are two time series, then x is said to Granger-

cause y if y can be better predicted using the histories of both x and y than

it can by using the history of y alone. Granger causality, therefore, is based

on the notion that a cause cannot come after its effect. Testing for Granger

non-causality can be done by estimating the following vector autoregression

(VAR) model,

yt = α1 +

p∑
i=1

β1iyt−i +

p∑
i=1

γ1ixt−i + ε1t,

xt = α2 +

p∑
i=1

β2iyt−i +

p∑
i=1

γ2ixt−i + ε2t.
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Then, a hypothesis test that tests whether x Granger-causes y is given by

H0 : γ1i = 0 for all i = 1, . . . , p
HA : γ1i 6= 0 for some i ∈ {1, . . . , p}.

A rejection of the null hypothesis implies that x Granger-causes y.

If either x or y is non-stationary, the Wald test statistic for the above

hypothesis test will not have an asymptotic chi-square distribution under the

null hypothesis, which invalidates the test. Therefore, it is important that the

involved time series are stationary. One approach to Granger non-causality

testing is to assume that the series involved are either stationary or can be

made stationary by taking first differences. Depending on the results of pre-

testing for the presence of unit roots and cointegration, one could test for

Granger non-causality using different specifications of VAR models. A clear

weakness of this strategy is that incorrect conclusions in the preliminary tests

might invalidate the causality tests. Since some of the unit root tests herein

were inconclusive (see Tables 4.8, 4.9 and 4.10), we take this possibility seri-

ously.

An alternative way to deal with the issues of stationarity in non-causality

testing is to use the procedure of Toda and Yamamoto (see [92]). This proce-

dure does not rely much on pre-testing, though it does require some knowledge

of the maximal order of integration and of the lag structure. See section 0.2

for the details of the Toda-Yamamoto procedure.

Finally, when testing for Granger non-causality between two variables,

we also test for whether the two variables are cointegrated. In our setting,
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where the series concerned are at most of order of integration I(1), two I(1)

series are said to be cointegrated if there exists a linear combination of them

that is stationary. Such series are thus non-stationary but tend to move to-

gether over time. There are many tests used to ascertain whether two series

are cointegrated, and we use the Johansen’s Trace Test and the so-called Max-

imum Eigenvalue Test.

The question of whether two variables are cointegrated does not directly

enter into the Granger non-causality testing, per se, but it does act as a cross-

check on our results. If two time series are cointegrated, then there must

be Granger causality between them, either one-way or bidirectionally. We

note that the converse is, however, not true. Thus, cointegrated data with no

evidence of Granger causality is a conflict in results. If there is cointegration

and one-way Granger causality, then this is consistent. If the data are not

cointegrated, then there is no value to using cointegration as a cross-check on

the Granger causality results.

4.6.3 Results of Granger non-causality testing

We now report the results of our Granger non-causality tests of the

various aggregate distance-to-default measures relative to XLF, SFS, VIX and

CDX. Before doing so, we first discuss the forward-looking properties of our

aggregate distance-to-default measures, which were computed using options

prices, relative to the more common approach of computing distance-to-default

series using historical data. Overall, our results suggest that the aggregate
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distance-to-default measures are predictive with respect to their counterparts

computed from historical data and the S&P Financial Select Sector Index

(proxied by the exchange-traded fund XLF). However, our aggregate distance-

to-default measures show limited predictive power with respect to SFS, VIX

and CDX.

The methodology herein used implied volatilities for equity options as

proxies for the volatility of equity σE which is an input parameter in the Mer-

ton model. An alternative and common way to compute σE is to use historical

equity returns to compute historical equity volatilities. To examine the perfor-

mance of our aggregate distance-to-default measures computed using options

prices relative to the same measures computed using historical information,

we performed an analysis using the historical equity volatilities over a rolling

window 40, 60, and 120 trading days. We then computed the WADD in each

of the three cases. Plots of each against the WADD computed using im-

plied option volatilities can be found in figure 4.11. It is apparent from figure

4.11 that, while the WADD measures calculated using historical volatilities are

smoother, they distinctly lag behind the WADD computed from implied option

volatilities. Indeed, in Table 4.14 we find strong evidence for one-way Granger

causality from options-implied WADD to each of the WADDs computed from

historical volatilities. This suggests that, relative to using historical equity

returns data to compute equity volatilities, using implied volatilities from op-

tions data is superior in terms of being a more timely indicator of potential

financial distress.
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We now consider the performance of the aggregate distance-to-default

measures relative to XLF, the exchange-traded fund that tracks the S&P

Financial Select Sector Index. Plots of XLF against some of the aggregate

distance-to-default measures are found in figure 4.3. These plots suggest that

the aggregate distance-to-default measures are potentially predictive of the be-

havior of XLF. Table 4.11 reports the results of Granger non-causality testing

between XLF and the various distance-to-default measures. We observe that

the null hypothesis of Granger non-causality from each of aggregate distance-

to-default measures to XLF is emphatically rejected at the 1% significance

level, while we are unable to reject the null hypothesis in the opposite scenario

for most of the measures. Therefore, we find strong evidence for one-way

Granger causality from each of the aggregate distance-to-default measures to

XLF. We also find evidence that the implied average correlation ρ̄ Granger-

causes XLF. These results suggest that the aggregate distance-to-default mea-

sures and the implied correlation index ρ̄ considered herein are forward-looking

indicators of the performance of the S&P Financial Select Sector Index.

The Systemic Financial Stress (SFS) indicator was proposed by the

International Monetary Fund ([57]) in order to conduct an ex-post comparison

of the performance of various systemic stress indicators. We report the results

of Granger non-causality testing for SFS against the aggregate distance-to-

default measures in Table 4.16. We find strong evidence of one-way Granger-

causality from SFS to most of the aggregate distance-to-default measures,

with bi-directional Granger-causality between WADD and SFS. Interestingly,
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we find, however, evidence of one-way Granger causality from the implied

correlation index ρ̄ to SFS, significant at the 10% level. Finally, we find strong

evidence for bi-directional Granger causality between VIX and SFS.

The volatility index VIX is a reflection of the volatility expectations

of investors for the S&P 500. In Table 4.12, we report the results of the

Granger non-causality tests where we test for Granger non-causality between

VIX and the aggregate distance-to-default measures considered herein. We

find evidence of bi-directional Granger causality between VIX and SADD,

WADD, Median DD and Decile DD. We find also find evidence of one-way

Granger causality from VIX to PDD, NM, Min DD and ρ̄. The strongest bi-

directional Granger causality was between WADD and VIX and further visual

inspection of figure 4.5 suggests that WADD and VIX are especially closely

related.

The index CDX.NA.IG of credit default swaps of North American in-

vestment grade companies, which we have denoted by CDX, is a broad re-

flection of the credit risk in the economy. In Table 4.15 we report the results

of the Granger non-causality tests between CDX and the various aggregate

distance-to-default measures. We find strong evidence of one-way Granger

causality from CDX to the aggregate distance-to-default measures. Moreover,

we find stronger evidence that CDX Granger-causes VIX than for the other

way around.

Overall, we find evidence that the aggregate distance-to-default mea-

sures and the implied correlation index for the Financial Select Sector Index
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are forward-looking with respect to their historical counterparts and XLF, but

not necessarily predictive of the other indicators SFS, VIX and CDX that

are considered herein. There are a number of potential reasons for this latter

point. First, the S&P Financial Select Sector Index includes many institutions

that are not normally associated with systemic stress, e.g. REITs. It may be

more appropriate to apply the methodology used herein to an index of large

banks. Second, the model used herein does not allow for jumps, which may

be an important feature especially during times of crisis. Third, the analysis

relies on the quality of implied volatility data, which may be computed us-

ing various models. Fourth, the calibration of the default barrier should be

investigated due to the well-known challenges of using balance sheet data for

financial institutions as well as considerations of off-balance sheet items. We

postpone these issues for future research.

4.7 Summary of the comparison of PDD and the new
measure NM

We now summarize the performance of PDD relative to the new mea-

sure NM. Recall from section 4.3.1 that it is claimed in the literature that PDD

is a coherent and sensible way to determine a distance-to-default measure for

a portfolio, and in turn, it takes account of size differences and correlations

among portfolio constituents, among other things. While NM is an ad hoc

construction, it is constructed to partially account for size differences and cor-

relations among portfolio constituents.
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One of the claims put forth in the literature regarding PDD is that

it is mathematically constructed to be greater than or equal to WADD. As

pointed out in section 4.3.1, this is not the case mathematically, nor is it the

case empirically, as is clear from figure 4.2. In fact, further examination of the

series PDD reveals that it was less than WADD 1104 of the 2687 observations,

or 41%. On the other hand, the new measure NM is by construction greater

than or equal to WADD, though, as we observed in section 4.5.1, it was less

than WADD 14 times during the period due to error.

In section 4.6 we saw that PDD and NM computed for the Financial

Select Sector Index have nearly identical econometric properties during our

sample period. They are both found to Granger-cause XLF, while both are

found to be Granger-caused by SFS, VIX and CDX. Comparison of the p-

values of the Granger non-causality tests involving PDD and NM in Tables

4.11, 4.12, 4.15 and 4.16 reveals that they are remarkably similar.

4.8 Conclusion and ideas for further research

We have reported and analyzed several aggregate distance-to-default

measures for the S&P Financial Select Sector Index over the period from

March 1, 2002 to November 30, 2012. These distance-to-default measures

were based on individual distance-to-default measures that were obtained as

outputs of contingent claims analysis. Contingent claims analysis allows us

to combine various sources of information, including equity markets, options

markets, and balance sheets, in our pursuit of market-based summary indi-
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cators of financial distress. After reporting the aggregate distance-to-default

measures, we analyzed their performance relative to the volatility index VIX,

the credit spreads index CDX and the systemic financial stress indicator SFS.

We also pointed out mathematical issues with the literature on portfolio

distance-to-default and then proposed an alternative measure, which we have

called NM, which has some of the same conceptual features of PDD, performs

similarly to PDD relative to VIX, CDX and SFS, but is honest about its ad

hoc nature.

This small study is merely the start of of a number of possible research

opportunities. For instance, in a future study one might use a more sophis-

ticated model for a firm’s capital structure, examine the calibration of the

default barrier, and look at other indices, such as a bank index, instead of the

S&P Financial Select Sector Index considered herein. These are all ongoing

topics of research.

4.9 Tables and figures

4.9.1 Portfolio distance-to-default

For Tables 4.1 and 4.2, PDD is found using (4.14), while SADD and

WADD are found using (4.11) and (4.12), respectively.
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Table 4.1: Illustration that PDD is not always greater than SADD or WADD.

Ai Bi σAi r DDi wi

Firm 1 5 1 0.1 0.01 16.14 0.33
Firm 2 10 9 0.1 0.01 1.10 0.67
Correlation 0.5

Portfolio 15 10 0.0882 0.01

SADD 8.624
WADD 6.117
PDD 4.669

Table 4.2: Illustration that the PDD does not represent the lower bound of
joint probability of default.

Time T − 1 Ai Bi σAi r DDi wi

Firm 1 5 1 0.1 0.01 16.14 0.33
Firm 2 10 9 0.1 0.01 1.10 0.67
Correlation 0

Portfolio 15 10 0.0745 0.01

Time T Ai Bi σAi r DDi wi

Firm 1 5 1 0.1 0.01 16.14 0.56
Firm 2 4 9 0.1 0.01 -8.06 0.44
Correlation 0

Portfolio 9 10 0.0745 0.01
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4.9.2 Basic statistics

Table 4.3 gives an overview of the S&P Financial Select Sector Index

during the period from March 1, 2002 to November 30, 2012. It includes

the sub-industry classification according to GICS and the total number of

observations after merging stock, option and balance sheet data sets. Some

sub-industry names are abbreviated: “Div Financials” stands for Diversified

Financial Services, “REIT” stands for Real Estate Investment Trust, “Real

Estate Mgt & Dev” stands for Real Estate Management and Development,

and “Thrifts and Mort Fin” stands for Thrifts and Mortgage Finance.

Table 4.3: Overview of the S&P Financial Select Sector Index during the
period from March 1, 2002 to November 30, 2012.

Sub-Industry Company Name Observations

Capital Markets American Capital LTD 419
Capital Markets Ameriprise Financial Inc 1804
Capital Markets Franklin Resources Inc 2687
Capital Markets Bank of New York Mellon Corp 2687
Capital Markets Blackrock Inc 420
Capital Markets Bear Stearns Companies Inc 1552
Capital Markets Charles Schwab Corp 2687
Capital Markets E-Trade Financial Corp 2206
Capital Markets Federated Investors Inc 2414
Capital Markets Goldman Sachs Group Inc 2603
Capital Markets Invesco LTD 1092
Capital Markets Janus Cap Group Inc 2203
Capital Markets Lehman Brothers Holdings Inc 1616
Capital Markets Legg Mason Inc 1679
Capital Markets Mellon Financial Corp 1321
Capital Markets Merrill Lynch & Co Inc 1701
Capital Markets Morgan Stanley Dean Witter & Co 2687
Capital Markets Northern Trust Corp 2687

Continued on next page
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Table 4.3 – Continued from previous page

Sub-Industry Company Name Observations

Capital Markets State Street Corp 2687
Capital Markets Stilwell Financial Inc 212
Capital Markets T Rowe Price Group Inc 2687
Commercial Banks Amsouth Bancorporation 1156
Commercial Banks BB&T Corp 2687
Commercial Banks Commerce Bancorp Inc 440
Commercial Banks Compass Bancshares Inc 693
Commercial Banks Charter One Financial Inc 609
Commercial Banks CIT Group Inc 1195
Commercial Banks Comerica Inc 2687
Commercial Banks FleetBoston Financial Corp 504
Commercial Banks First Horizon National Corp 2170
Commercial Banks Fifth Third Bancorp 2686
Commercial Banks First Tennessee National Corp 475
Commercial Banks Huntington Bancshares Inc 2687
Commercial Banks HSBC Holdings PLC 21
Commercial Banks Keycorp 2687
Commercial Banks Marshall & Ilsley Corp 2330
Commercial Banks M&T Bank Corp 2225
Commercial Banks National City Corp 1701
Commercial Banks North Fork Bancorporation Inc 1093
Commercial Banks Bank One Corp 566
Commercial Banks PNC Financial Services Group Inc 2687
Commercial Banks Regions Financial Corp 2687
Commercial Banks Synovus Financial Corp 1428
Commercial Banks Southtrust Corp 651
Commercial Banks Sovereign Bancorp Inc 1155
Commercial Banks Suntrust Banks Inc 2687
Commercial Banks Union Planters Corp 566
Commercial Banks US Bancorp 2687
Commercial Banks Wachovia Corp 1701
Commercial Banks Wells Fargo & Co 2687
Commercial Banks Zions Bancorp 2687
Consumer Finance American Express Co 2687
Consumer Finance Capital One Financial Corp 2687
Consumer Finance Discover Financial Services 1366

Continued on next page
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Table 4.3 – Continued from previous page

Sub-Industry Company Name Observations

Consumer Finance Household International Inc 252
Consumer Finance MBNA Corp 946
Consumer Finance Providian Financial Corp 883
Consumer Finance USA Education Inc 55
Consumer Finance SLM Corp 2632
Div Financials Bank Of America 2687
Div Financials Citigroup Inc 2687
Div Financials Chicago Mercantile Exch Hldg Inc 1596
Div Financials Intercontinentalexchange Inc 1322
Div Financials JPMorgan Chase & Co 2687
Div Financials Leucadia National Corp 1345
Div Financials Moodys Corp 2687
Div Financials NASDAQ OMX Group Inc 1050
Div Financials NYSE Euronext 1303
Insurance AMBAC Financial Group Inc 1552
Insurance ACE LTD 2183
Insurance AFLAC Inc 2687
Insurance American International Group Inc 2687
Insurance Assurant Inc 1429
Insurance Allstate Corp 2687
Insurance Aon Corp 2687
Insurance Berkshire Hathaway Inc 715
Insurance Chubb Corp 2687
Insurance Cincinnati Financial Corp 2687
Insurance Conseco Inc 84
Insurance Genworth Financial Inc 1762
Insurance Hartford Financial Group Inc 2687
Insurance Jefferson Pilot Corp 1008
Insurance John Hancock Financial Services Inc 504
Insurance Loews Corp 2687
Insurance Lincoln National Corp 2687
Insurance MBIA Inc 1931
Insurance Metlife Inc 2687
Insurance Marsh & McLennan Cos Inc 2687
Insurance Principal Financial Group Inc 2603
Insurance Progressive Corp 2687

Continued on next page
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Table 4.3 – Continued from previous page

Sub-Industry Company Name Observations

Insurance Prudential Financial Inc 2603
Insurance Safeco Corp 1616
Insurance St Paul Travelers Cos Inc 1234
Insurance Torchmark Corp 2687
Insurance Travelers Companies Inc 1453
Insurance Unum Group 2687
Insurance XL Capital LTD 2687
REIT AMB Property Corp 2
REIT American Tower Corp 251
REIT Apartment Investment & Mgmt Co 2435
REIT Archstone Smith Trust 712
REIT Avalonbay Communities Inc 1490
REIT Boston Properties Inc 1705
REIT Developers Diversified Realty Corp 504
REIT Equity Office Properties Trust 1217
REIT Equity Residential 2687
REIT General Growth Properties Inc 360
REIT Health Care REIT Inc 986
REIT HCP Inc 1198
REIT Host Hotels & Resorts Inc 1451
REIT Kimco Realty Corp 1702
REIT Plum Creek Timber Co Inc 2623
REIT Prologis 2349
REIT Public Storage 1848
REIT Simon Property Group Inc 2623
REIT Vornado Realty Trust 1848
REIT Ventas Inc 947
REIT Weyerhaeuser Co 567
Real Estate Mgt & Dev CB Richard Ellis Group Inc 1531
Real Estate Mgt & Dev Realogy Corp 167
Thrifts & Mort Fin Countrywide Financial Corp 1573
Thrifts & Mort Fin Federal National Mortgage Assn 1616
Thrifts & Mort Fin Federal Home Loan Mortgage Corp 1616
Thrifts & Mort Fin Golden West Financial Corp 1134
Thrifts & Mort Fin Hudson City Bancorp Inc 1470
Thrifts & Mort Fin MGIC Investment Corp 1637

Continued on next page

144



Table 4.3 – Continued from previous page

Sub-Industry Company Name Observations

Thrifts & Mort Fin Peoples United Financial Inc 1027
Thrifts & Mort Fin Washington Mutual Inc 1616

Table 4.4 provides the total weights of each sector (classified according

to GICS) in the S&P Financial Select Sector Index in June of each year. The

abbreviations of the sectors are as follows: CM is Capital Markets, CB is Com-

mercial Banks, CF is Consumer Finance, DFS is Diversified Financial Services,

INS is Insurance, REMD is Real Estate Management and Development, REIT

is Real Estate Investment Trust, and TMF is Thrifts and Mortgage Finance.
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Table 4.4: Sub-industry weights of the S&P Financial Select Sector Index.

CM CB CF DFS INS REMD REIT TMF

2002 0.111 0.221 0.072 0.252 0.223 0.018 0.097
2003 0.132 0.196 0.076 0.261 0.219 0.018 0.097
2004 0.133 0.191 0.082 0.246 0.228 0.021 0.090
2005 0.135 0.197 0.055 0.271 0.218 0.029 0.087
2006 0.161 0.192 0.051 0.254 0.216 0.044 0.075
2007 0.178 0.181 0.046 0.243 0.224 0.002 0.058 0.065
2008 0.195 0.154 0.046 0.234 0.241 0.002 0.082 0.032
2009 0.222 0.196 0.043 0.277 0.172 0.002 0.072 0.011
2010 0.147 0.189 0.052 0.276 0.244 0.002 0.083 0.007
2011 0.152 0.177 0.056 0.248 0.248 0.004 0.109 0.005
2012 0.127 0.204 0.065 0.199 0.247 0.003 0.149 0.004
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Table 4.5: Basic statistics of aggregate distance-to-default measures.

SADD WADD PDD PDD-WADD

Mean 4.722962 4.518242 4.859788 0.341546
Median 4.826305 4.592846 4.62841 0.089173
Maximum 8.488927 7.849569 10.99569 3.648182
Minimum -0.108304 -0.197461 0.032881 -1.286908
Std. Dev. 1.770818 1.711383 2.290238 0.842056
Skewness -0.337267 -0.287898 0.332097 0.936934
Kurtosis 2.476339 2.33877 2.31387 3.287486
Jarque-Bera 81.42917 85.84554 101.8319 401.3332
Probability 0 0 0 0
Observations 2687 2687 2687 2687

NM NM-WADD Med DD Min DD

Mean 5.883746 1.365504 4.249859 1.385561
Median 5.692061 1.068899 4.30628 1.665088
Maximum 13.27074 5.9002 7.988282 4.11832
Minimum -0.293126 -0.344421 -0.151992 -3.137228
Std. Dev. 2.674906 1.081895 1.62536 1.405671
Skewness 0.234574 1.113683 -0.210861 -0.637378
Kurtosis 2.329986 3.615431 2.511354 2.813751
Jarque-Bera 74.70714 596.2906 46.52295 185.3322
Probability 0 0 0 0
Observations 2687 2687 2687 2687

Dec DD ρ̄ XLF VIX

Mean 2.713524 0.63817 23.11466 21.57998
Median 2.877671 0.638618 23.83 18.885
Maximum 5.191606 1.29702 38.02 80.86
Minimum -1.390362 0.307609 6.18 9.89
Std. Dev. 1.386395 0.129338 8.143778 9.90832
Skewness -0.571503 0.229949 0.020027 1.953865
Kurtosis 2.765015 3.405353 1.673091 8.371465
Jarque-Bera 152.0544 41.96637 196.7892 4927.068
Probability 0 0 0 0
Observations 2687 2687 2687 2687
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Table 4.6: Basic statistics of aggregate distance-to-default measures and
CDX.NA.IG.

SADD WADD PDD PDD-WADD

Mean 4.857944 4.632537 4.988955 0.356418
Median 5.183298 4.906483 4.677782 0.048369
Maximum 8.488927 7.849569 10.99569 3.648182
Minimum -0.108304 -0.197461 0.032881 -1.286908
Std. Dev. 1.924232 1.855337 2.48848 0.92642
Skewness -0.486537 -0.413944 0.216437 0.845706
Kurtosis 2.316069 2.178002 2.010899 2.779864
Jarque-Bera 123.1321 118.4705 101.4645 253.2332
Probability 0 0 0 0
Observations 2089 2089 2089 2089

NM NM-WADD Med DD Min DD

Mean 6.127747 1.495211 4.327162 1.439045
Median 6.126216 1.171444 4.453141 1.772149
Maximum 13.27074 5.9002 7.988282 4.11832
Minimum -0.293126 -0.121388 -0.151992 -3.137228
Std. Dev. 2.882866 1.154179 1.779747 1.517263
Skewness 0.054679 0.913482 -0.296849 -0.707075
Kurtosis 2.072942 2.995025 2.234718 2.664665
Jarque-Bera 75.84777 290.5297 81.65675 183.8556
Probability 0 0 0 0
Observations 2089 2089 2089 2089

Dec DD CDX

Mean 2.674469 91.12809
Median 2.847272 90.7
Maximum 5.191606 279.67
Minimum -1.390362 28.88
Std. Dev. 1.520362 47.37484
Skewnewss -0.486914 1.08277
Kurtosis 2.359974 4.319216
Jarque-Bera 118.2005 559.6683
Probability 0 0
Observations 2089 2089
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Table 4.7: Basic statistics of aggregate distance-to-default measures and SFS.

SADD WADD PDD PDD-WADD

Mean 4.75655 4.546136 4.885594 0.339458
Median 4.860723 4.610905 4.631493 0.07108
Maximum 8.25335 7.742443 10.66467 3.180635
Minimum -0.108304 -0.197461 0.032881 -1.156857
Std. Dev. 1.78075 1.720817 2.304431 0.850625
Skewness -0.346358 -0.299124 0.31598 0.911749
Kurtosis 2.481172 2.341287 2.281939 3.255127
Jarque-Bera 17.38391 18.37646 21.23524 78.68161
Probability 0.000168 0.000102 0.000024 0
Observations 557 557 557 557

NM NM-WADD Med DD Min DD

Mean 5.914438 1.368302 4.278984 1.402773
Median 5.709637 1.064172 4.353978 1.66524
Maximum 12.85409 5.323359 7.778869 4.019477
Minimum -0.293126 -0.135666 -0.151992 -2.851963
Std. Dev. 2.689732 1.08702 1.634791 1.402136
Skewness 0.217891 1.109058 -0.226833 -0.638605
Kurtosis 2.299295 3.584089 2.499881 2.809095
Jarque-Bera 15.80242 122.1036 10.58143 38.70478
Probability 0.00037 0 0.005038 0
Observations 557 557 557 557

Dec DD SFS VIX

Mean 2.737785 0.012254 21.39873
Median 2.915539 0 18.47
Maximum 4.953336 0.238095 79.13
Minimum -1.390362 0 10.02
Std. Dev. 1.396789 0.029423 9.979208
Skewness -0.577279 3.976407 2.060548
Kurtosis 2.782781 21.38904 9.165626
Jarque-Bera 32.03186 9315.923 1276.42
Probability 0 0 0
Observations 557 557 557
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4.9.3 Plots
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Figure 4.1: Plots of aggregate distance-to-default series and ρ̄.
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Figure 4.2: Plots of WADD, PDD and NM.
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Figure 4.3: Plots of aggregate distance-to-default series against XLF.
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Figure 4.4: Plots of aggregate distance-to-default series against SFS.
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Figure 4.5: Plots of aggregate distance-to-default series against VIX.
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Figure 4.6: Plots of aggregate distance-to-default series against CDX.NA.IG.
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Figure 4.7: Plots of SFS, VIX and CDX.NA.IG.
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Figure 4.8: Plots of XLF against SFS, VIX and CDX.NA.IG.
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Figure 4.9: Plots of ρ̄ against SFS, VIX and CDX.NA.IG.
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Figure 4.10: Plots of pairs of SFS, VIX and CDX.NA.IG.
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Figure 4.11: Plots of WADD against WADD using historical equity volatilities.
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4.9.4 Stationarity tests

Tables 4.8, 4.9 and 4.10 report the results of several unit root tests that

are used to determine the order of integration of the various distance-to-default

series and other relevant series considered herein. Tests are conducted on levels

(L) and first differences (FD). The main tests reported are the Augmented

Dickey-Fuller with intercept (ADF-I) and with intercept and trend (ADF-IT)

and the Kwiatkowski-Phillips-Schmidt-Shin test with intercept (KPSS-I) and

with intercept and trend (KPSS-IT). If these tests do not contradict each

other, then no other unit root tests are performed. If they do contradict,

we then perform the Ng-Perron test on intercept (PP-I) and intercept and

trend (PP-IT), as well as the Elliott-Rothenberg-Stock Point-Optimal test on

intercept (ERS-I) and intercept and trend (ERS-IT). We report if we fail to

reject the null (FTR) or if we reject the null (R), along with the statistical

significance. Statistical significance at the 1%, 5% and 10% levels are denoted

by ∗∗∗, ∗∗, and ∗, respectively. Based on the above tests, we conclude either

that the series is stationary, i.e. I(0), or integrated of order i, denoted by I(i).
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Table 4.8: Unit root tests for aggregate distance-to-default measures over the
entire sample period.

Test SADD WADD PDD PDD-WADD NM NM-WADD

ADF-I (L) FTR FTR FTR R∗∗ FTR R∗∗∗

ADF-IT (L) FTR FTR FTR R∗∗ FTR R∗∗

KPSS-I (L) R∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗

KPSS-IT (L) R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗

NP-I (L) R∗∗∗ R∗∗∗

NP-IT (L) R∗∗ R∗∗

ERS-I (L) R∗∗∗ R∗∗∗

ERS-IT (L) R∗∗ R∗∗

ADF-I (FD) R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗

ADF-IT (FD) R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗

KPSS-I (FD) FTR FTR FTR FTR FTR FTR
KPSS-IT (FD) FTR FTR FTR FTR FTR FTR

Conclusion I(1) I(1) I(1) I(0), I(1) I(1) I(0), I(1)

Test Med DD Min DD Dec DD ρ̄ XLF VIX

ADF-I (L) FTR FTR FTR R∗∗∗ FTR R∗∗

ADF-IT (L) FTR FTR FTR R∗∗∗ FTR R∗

KPSS-I (L) R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗

KPSS-IT (L) R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗

NP-I (L) R∗∗∗ R∗∗∗

NP-IT (L) R∗∗∗ R∗∗

ERS-I (L) R∗∗∗ R∗∗∗

ERS-IT (L) R∗∗∗ R∗∗

ADF-I (FD) R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗

ADF-IT (FD) R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗

KPSS-I (FD) FTR FTR FTR FTR FTR FTR
KPSS-IT (FD) FTR FTR FTR FTR R∗∗ FTR

Conclusion I(1) I(1) I(1) I(0), I(1) I(1) I(0), I(1)
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Table 4.9: Unit root tests for aggregate distance-to-default measures and
CDX.NA.IG (CDX).

Test SADD WADD PDD PDD-WADD NM NM-WADD

ADF-I (L) FTR FTR FTR FTR FTR FTR
ADF-IT (L) FTR FTR FTR R∗∗∗ FTR FTR
KPSS-I (L) R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗

KPSS-IT (L) R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗

NP-I (L) R∗∗

NP-IT (L) R∗∗

ERS-I (L) R∗∗

ERS-IT (L) R∗∗∗

ADF-I (FD) R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗

ADF-IT (FD) R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗

KPSS-I (FD) FTR FTR FTR FTR FTR FTR
KPSS-IT (FD) FTR FTR FTR FTR FTR FTR

Conclusion I(1) I(1) I(1) I(0), I(1) I(1) I(1)

Test Med DD Min DD Dec DD ρ̄ CDX

ADF-I (L) FTR FTR FTR R∗∗∗ FTR
ADF-IT (L) FTR FTR FTR R∗∗∗ FTR
KPSS-I (L) R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗

KPSS-IT (L) R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗

NP-I (L) R∗∗∗

NP-IT (L) R∗∗∗

ERS-I (L) R∗∗∗

ERS-IT (L) R∗∗

ADF-I (FD) R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗

ADF-IT (FD) R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗

KPSS-I (FD) FTR FTR FTR FTR FTR
KPSS-IT (FD) FTR FTR FTR FTR FTR

Conclusion I(1) I(1) I(1) I(0), I(1) I(1)
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Table 4.10: Unit root tests for aggregate distance-to-default measures and
SFS.

Test SADD WADD PDD PDD-WADD NM NM-WADD

ADF-I (L) FTR FTR FTR FTR FTR FTR
ADF-IT (L) FTR FTR FTR FTR FTR FTR
KPSS-I (L) R∗ R∗ R∗∗ R∗∗∗ R∗ R∗∗

KPSS-IT (L) R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗

NP-I (L) R∗ R∗ R∗∗ R∗ R∗ R∗

NP-IT (L) FTR FTR FTR FTR FTR FTR
ERS-I (L) R∗∗ R∗ R∗∗ R∗ R∗∗ R∗∗

ERS-IT (L) FTR FTR FTR FTR FTR FTR
ADF-I (FD) R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗

ADF-IT (FD) R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗

KPSS-I (FD) FTR FTR FTR FTR FTR FTR
KPSS-IT (FD) FTR FTR FTR FTR FTR FTR

Conclusion I(1) I(1) I(1) I(1) I(1) I(1)

Test Med DD Min DD Dec DD ρ̄ SFS VIX

ADF-I (L) FTR FTR FTR R∗∗∗ R∗∗∗ R∗∗

ADF-IT (L) FTR FTR FTR R∗∗ R∗∗∗ R∗

KPSS-I (L) R∗∗ R∗ R∗∗ R∗ R∗ R∗

KPSS-IT (L) R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗

NP-I (L) R∗∗ R∗ R∗∗ R∗∗∗ FTR R∗∗∗

NP-IT (L) FTR FTR FTR R∗∗ FTR R∗∗

ERS-I (L) R∗∗ R∗ R∗∗ R∗∗∗ R∗∗∗ R∗∗∗

ERS-IT (L) FTR FTR FTR R∗∗ R∗∗∗ R∗∗

ADF-I (FD) R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗ R∗∗∗

ADF-IT (FD) R∗∗∗ R∗∗∗ R∗∗∗ R∗∗ R∗∗∗ R∗∗∗

KPSS-I (FD) FTR FTR FTR FTR FTR FTR
KPSS-IT (FD) FTR FTR FTR FTR FTR FTR

Conclusion I(1) I(1) I(1) I(0) I(0), I(1) I(0)
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4.9.5 Granger non-causality testing

Tables 4.11, 4.12, 4.13, 4.14, 4.15, and 4.16 report the p-values of the

chi-square test statistics for the Granger non-causality tests following the

Toda-Yamamoto procedure found in [92]. The procedure is outlined in the

appendix, section 0.2. The value M is the maximum order of integration of

the two series as detailed in Table 4.8. If the maximal order of integration

between two series is not clear, then we test for Granger non-causality under

all cases. The value P is the maximum lag length (maximum value is 20) sug-

gested by Schwarz information criterion. We then test the residuals for serial

correlation using an LM test and increase P to Adj P if necessary. Testing for

cointegration is done by Johansen’s Trace Test and the Maximum Eigenvalue

Test. For the Granger non-causality test, the null hypothesis is “X does NOT

Granger-cause Y ”. Statistical significance at the 1%, 5% and 10% levels are

denoted by ∗∗∗, ∗∗, and ∗, respectively.
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Table 4.11: Granger non-causality test results for aggregate distance-to-default
measures and XLF.

X SADD XLF WADD XLF PDD XLF
Y XLF SADD XLF WADD XLF PDD

M 1 1 1 1 1 1
P 8 8 8 8 8 8
Adj P 8 8 8 8 8 8
Coin.? Y∗ Y∗ Y∗∗ Y∗∗ Y∗∗ Y∗∗

p-value 0.0000∗∗∗ 0.2446 0.0000∗∗∗ 0.1946 0.0000∗∗∗ 0.2495

X PDD-WADD XLF NM XLF NM-WADD XLF
Y XLF PDD-WADD XLF NM XLF NM-WADD

M 1 1 1 1 1 1
P 2 2 8 8 2 2
Adj P 7 7 8 8 8 8
Coin.? Y∗∗∗ Y∗∗∗ Y∗∗ Y∗∗ Y∗∗∗ Y∗∗∗

p-value 0.0267∗∗ 0.6879 0.0000∗∗∗ 0.3617 0.0000∗∗∗ 0.7065

X MedDD XLF MinDD XLF DecDD XLF
Y XLF MedDD XLF MinDD XLF DecDD
M 1 1 1 1 1 1
P 8 8 8 8 8 8
Adj P 8 8 8 8 8 8
Coin.? Y∗∗ Y∗∗ Y∗∗∗ Y∗∗∗ Y∗∗∗ Y∗∗∗

p-value 0.0000∗∗∗ 0.4894 0.0000∗∗∗ 0.0085∗∗∗ 0.0000∗∗∗ 0.1294

X ρ̄ XLF
Y XLF ρ̄

M 1 1
P 2 2
Adj P 7 7
Coin.? Y∗∗∗ Y∗∗∗

p-value 0.0342∗∗ 0.1746
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Table 4.12: Granger non-causality test results for aggregate distance-to-default
measures and VIX.

X SADD VIX WADD VIX PDD VIX
Y VIX SADD VIX WADD VIX PDD

M 1 1 1 1 1 1
P 2 2 2 2 3 3
Adj P 8 8 8 8 8 8
Coin.? Y∗∗∗ Y∗∗∗ Y∗ Y∗ Y∗ Y∗

p-value 0.0001∗∗∗ 0.0005∗∗∗ 0.0003∗∗∗ 0.0000∗∗∗ 0.2298 0.0000∗∗∗

X PDD-WADD VIX PDD-WADD VIX NM VIX
Y VIX PDD-WADD VIX PDD-WADD VIX NM

M 1 1 0 0 1 1
P 5 5 5 5 3 3
Adj P 5 5 5 5 8 8
Coin.? Y∗∗∗ Y∗∗∗ Y∗∗∗ Y∗∗∗ Y∗ Y∗

p-value 0.9592 0.2282 0.881 0.1245 0.2198 0.0000∗∗∗

X NM-WADD VIX NM-WADD VIX MedDD VIX
Y VIX NM-WADD VIX NM-WADD VIX MedDD

M 1 1 0 0 1 1
P 5 5 5 5 2 2
Adj P 5 5 5 5 3 3
Coin.? Y∗∗ Y∗∗ Y∗∗ Y∗∗ Y∗∗∗ Y∗∗∗

p-value 0.8283 0.0001∗∗∗ 0.6237 0.0000∗∗∗ 0.0855∗ 0.0000∗∗∗

X MinDD VIX DecDD VIX
Y VIX MinDD VIX DecDD

M 1 1 1 1
P 2 2 2 2
Adj P 8 8 8 8
Coin.? Y∗∗ Y∗∗ Y∗ Y∗

p-value 0.3303 .0001∗∗∗ 0.0041∗∗∗ 0.0000∗∗∗

X ρ̄ VIX ρ̄ VIX
Y VIX ρ̄ VIX ρ̄

M 1 1 0 0
P 4 4 4 4
Adj P 5 5 5 5
Coin.? Y∗∗ Y∗∗ Y∗∗ Y∗∗

p-value 0.8463 0.0000∗∗∗ 0.8935 0.0000∗∗∗
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Table 4.13: Granger non-causality test results for WADD, PDD and NM.

X PDD NM PDD ρ̄
Y NM PDD ρ̄ PDD

M 1 1 1 1
P 2 2 2 2
Adj P 8 8 7 7
Coin.? N N Y∗∗∗ Y∗∗∗

p-value 0.0569∗ 0.0334∗∗ 0.2787 0.0000∗∗∗

X WADD PDD WADD NM
Y PDD WADD NM WADD

M 1 1 1 1
P 3 3 2 2
Adj P 7 7 7 7
Coin.? Y∗∗ Y∗∗ Y∗∗∗ Y∗∗∗

p-value 0.0000∗∗∗ 0.8437 0.0000∗∗∗ 0.8325

169



Table 4.14: Granger non-causality test results for WADD calculated using im-
plied option volatilities versus WADD calculated using historical equity volatil-
ities.

X WADD BWADD-40 WADD BWADD-60
Y HWADD-40 WADD BWADD-60 WADD

M 1 1 1 1
P 2 2 1 1
Adj P 7 7 7 7
Coin.? Y∗∗ Y∗∗ Y∗∗ Y∗∗

p-value 0.0000∗∗∗ 0.7591 0.0000∗∗∗ 0.4360

X WADD HWADD-120
Y HWADD-120 WADD

M 1 1
P 3 3
Adj P 8 8
Coin.? Y∗∗ Y∗∗

p-value 0.0000∗∗∗ 0.4744
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Table 4.15: Granger non-causality test results for aggregate distance-to-default
measures and CDX.NA.IG (CDX).

X SADD CDX WADD CDX PDD CDX
Y CDX SADD CDX WADD CDX PDD

M 1 1 1 1 1 1
P 1 1 1 1 2 2
Adj P 1 1 1 1 7 7
Coin.? Y∗∗ Y∗∗ Y∗∗ Y∗∗ N N
p-value 0.4613 .0013∗∗∗ 0.7972 0.0003∗∗∗ 0.3723 0.0001∗∗∗

X PDD-WADD CDX NM CDX NM-WADD CDX
Y CDX PDD-WADD CDX NM CDX NM-WADD

M 1 1 1 1 1 1
P 2 2 2 2 2 2
Adj P 4 4 7 7 7 7
Coin.? Y∗∗∗ Y∗∗∗ N N Y∗∗ Y∗∗

p-value 0.9522 0.7444 0.4801 0.0001∗∗∗ 0.8310 0.1033

X MedDD CDX MinDD CDX DecDD CDX
Y CDX MedDD CDX MinDD CDX DecDD

M 1 1 1 1 1 1
P 1 1 2 2 2 2
Adj P 1 1 3 3 2 2
Coin.? Y∗ Y∗ Y∗ Y∗ Y∗∗ Y∗∗

p-value 0.4108 0.0000∗∗∗ 0.5792 0.0002∗∗∗ 0.1357 0.0000∗∗∗

X ρ̄ CDX CDX VIX
Y CDX ρ̄ VIX CDX

M 1 1 1 1
P 2 2 2 2
Adj P 4 4 3 3
Coin.? Y∗∗∗ Y∗∗∗ Y∗∗∗ Y∗∗∗

p-value 0.6321 0.1367 0.0032∗∗∗ 0.1153
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Table 4.16: Granger non-causality test results for aggregate distance-to-default
measures and SFS.

X SADD SFS WADD SFS PDD SFS
Y SFS SADD SFS WADD SFS PDD

M 1 1 1 1 1 1
P 2 2 2 2 2 2
Adj P 4 4 4 4 3 3
Coin.? Y∗∗∗ Y∗∗∗ Y∗∗∗ Y∗∗∗ Y∗∗∗ Y∗∗∗

p-value 0.1207 0.0000∗∗∗ 0.0792∗ 0.0000∗∗∗ 0.2674 0.0002∗∗∗

X PDD-WADD SFS NM SFS NM-WADD SFS
Y SFS PDD-WADD SFS NM SFS NM-WADD

M 1 1 1 1 1 1
P 2 2 2 2 2 2
Adj P 3 3 3 3 3 3
Coin.? Y∗∗ Y∗∗ Y∗∗∗ Y∗∗∗ Y∗∗∗ Y∗∗∗

p-value 0.6924 0.9674 0.2995 0.0001∗∗∗ 0.6962 0.1877

X MedDD SFS MinDD SFS DecDD SFS
Y SFS MedDD SFS MinDD SFS DecDD

M 1 1 1 1 1 1
P 2 2 2 2 2 2
Adj P 4 4 4 4 4 4
Coin.? Y∗∗ Y∗∗ Y∗∗∗ Y∗∗∗ Y∗∗∗ Y∗∗∗

p-value 0.1415 0.0000∗∗∗ 0.4499 0.0000∗∗∗ 0.1726 0.0000∗∗∗

X ρ̄ SFS ρ̄ SFS
Y SFS ρ̄ SFS ρ̄

M 1 1 0 0
P 2 2 2 2
Adj P 8 8 8 8
Coin.? Y∗∗ Y∗∗ Y∗∗ Y∗∗

p-value 0.0720∗ 0.1589 0.0630∗ 0.1513

X SFS VIX SFS VIX
Y VIX SFS VIX SFS

M 1 1 0 0
P 2 2 2 2
Adj P 4 4 4 4
Coin.? Y∗∗ Y∗∗ Y∗∗ Y∗∗

p-value 0.0000∗∗∗ 0.0059∗∗∗ 0.0000∗∗∗ 0.0001∗∗∗
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0.1 Proof of Proposition 2.3.1

For completeness, we provide the proof of Proposition 2.3.1, which is

an adaptation of the result of [59] for the case of constant coefficients.

Proof. Under Assumptions 2.3.1 and 2.3.2, it is well known (see, for example,

[60]) that the optimal wealth process is given by X∗t = ψ(kZt, t), where the

function ψ : (0,∞)× [0, T ]→ (0,∞) is defined by

ψ(y, t) = EQ

[
IT

(
y
ZT
Zt

)]
.

Herein, EQ denotes expectation under the equivalent martingale measure QT

given by dQT
dP = ZT where ZT is as in (2.13), while the Lagrange multiplier

k > 0 is the solution to

E[ZT IT (kZT )] = x0. (25)

Moreover, by the polynomial growth assumption (2.16) on IT and the Hölder

continuity of |λ(t)|, it is known (see [60, Lemma 8.4 (p. 122)]) that ψ ∈

C((0,∞)× [0, T ]) ∩ C2,1((0,∞)× [0, T )) and solves the Cauchy problem{
ψt(y, t) + 1

2
|λ(t)|2y2ψyy(y, t) + |λ(t)|2yψy(y, t) = 0, (y, t) ∈ (0,∞)× [0, T )

ψ(y, T ) = IT (y), y ∈ (0,∞),

and that, for each t ∈ [0, T ), the function y 7→ ψ(y, t) is strictly decreasing.

Next, we define a function h : R× [0, T ]→ (0,∞) by

h(x, t) := ψ(e−x+ 1
2
At , t),

where At is as in (2.12). Then

h(x, T ) = IT

(
e−x+ 1

2
AT
)
. (26)

174



Since the investor’s optimal strategy is invariant under positive dilations of the

argument of IT (·) (by Remark 2.4.1), we can assume the terminal condition is

h(x, T ) = IT (e−x). We then have that h ∈ C(R× [0, AT ]) ∩ C2,1(R× [0, AT ))

and solves {
ht(x, t) + 1

2
|λ(t)|2hxx(x, t) = 0, (x, t) ∈ R× [0, T )

h(x, T ) = IT (e−x) , x ∈ R. (27)

Let h(−1) denote the spatial inverse of h, which exists by the spatial monotonic-

ity of ψ and the relation hx(x, t) = −ψy(e−x+ 1
2
At , t)e−x+ 1

2
At > 0, (x, t) ∈ R ×

[0, T ). Observe that by (25) we have h (− log(k), 0) = ψ(k, 0) = E[ZT IT (kZT )] =

x0, and hence the underlying Lagrange multiplier satisfies

k = e−h
(−1)(x0,0). (28)

For t ∈ [0, T ], we then have

X∗t = ψ(kZt, t) = ψ
(
e−h

(−1)(x0,0)e−Mt− 1
2
At , t

)
= ψ

(
e−(h(−1)(x0,0)+Mt+At)+

1
2
At , t

)
= h(h(−1)(x0, 0) +Mt + At, t),(29)

and (2.18) follows.

Next, we recall the evolution of the optimal wealth process

dX∗t = σ(t)π∗t · (λ(t)dt+ dWt), t ∈ [0, T ]. (30)

For t ∈ [0, T ], let Nt := h(−1)(x0, 0) + Mt + At and observe that Nt =

h(−1) (X∗t , t) , t ∈ [0, T ], by (2.18). By Itô’s formula, the process X∗t , t ∈ [0, T ],

given in (29) satisfies

dX∗t =

(
ht(Nt, t) +

1

2
|λ(t)|2hxx(Nt, t)

)
dt+ hx(Nt, t)dNt

= hx
(
h(−1) (X∗t , t) , t

)
λ(t) · (λ(t)dt+ dWt). (31)
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Equating coefficients in (30) and (31), we find that the optimal portfolio pro-

cess π∗t is given by

π∗t = hx
(
h(−1) (X∗t , t) , t

)
σ(−1)(t)λ(t), t ∈ [0, T ],

which yields the representation (2.19) for the optimal portfolio process pro-

vided it is admissible. The admissibility is guaranteed by the polynomial

growth assumption (2.16) on IT and the uniform boundedness of λ(t) on [0, T ]

(see [60, Theorem 3.5 (p. 93), and Remark 6.9(ii) (p. 97)]).

0.2 Granger non-causality testing using the
Toda-Yamamoto procedure

If x = (xt) and y = (yt) are two time series, then x is said to Granger-

cause y if y can be better predicted using the histories of both x and y than

it can by using the history of y alone. Granger causality, therefore, is based

on the notion that a cause cannot come after its effect. Testing for Granger

non-causality can be done by estimating the following vector autoregression

(VAR) model,

yt = α1 +

p∑
i=1

β1iyt−i +

p∑
i=1

γ1ixt−i + ε1t,

xt = α2 +

p∑
i=1

β2iyt−i +

p∑
i=1

γ2ixt−i + ε2t.

Then, a hypothesis test that tests whether x Granger-causes y is given by

H0 : γ1i = 0 for all i = 1, . . . , p
HA : γ1i 6= 0 for some i ∈ {1, . . . , p}.
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A rejection of the null hypothesis implies that x Granger-causes y.

If either x or y is non-stationary, the Wald test statistic for the above

hypothesis test will not have an asymptotic chi-square distribution under the

null hypothesis, which invalidates the test. Therefore, it is important that the

time series involved are stationary. One approach to Granger non-causality

testing is to assume that the series involved are either stationary or can be

made stationary by taking first differences. Depending on the results of pre-

testing for the presence of unit roots and cointegration, one could test for

Granger non-causality using different specifications of VAR models. A clear

weakness of this strategy is that incorrect conclusions in the preliminary tests

might invalidate the causality tests. Since some of the unit root tests herein

were inconclusive (see Tables 4.8, 4.9 and 4.10), we take this possibility seri-

ously.

An alternative way to deal with the issues of stationarity in non-causality

testing is to use the procedure of Toda and Yamamoto (see [92]). This proce-

dure does not rely much on pre-testing, though it does require some knowledge

of the maximal order of integration and of the lag structure. What follows is

a summary of the Toda-Yamamoto procedure.

1. Let m be the maximum order of integration of two time series x and y.

2. Determine the appropriate maximum lag length, p, for x and y in the

VAR model.
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3. Take the VAR model and add m additional lags of each of the variables

into each of the equations. That is, estimate the VAR model

yt = α1 +

p∑
i=1

β1iyt−i +

p+m∑
i=p+1

β1iyt−i +

p∑
i=1

γ1ixt−i +

p+m∑
i=p+1

γ1ixt−i + ε1t,

xt = α2 +

p∑
i=1

β2iyt−i +

p+m∑
i=p+1

β2iyt−i +

p∑
i=1

γ2ixt−i +

p+m∑
i=p+1

γ2ixt−i + ε2t,

where m is the maximal order of integration of x and y.

4. Test for Granger non-causality as follows: Test the hypothesis of (only)

the first p lagged values of x are zero in the y equation using a standard

Wald test. Then do the same thing for the coefficients of the p lagged

values of y in the x equation. Do not include the coefficients for the

extra m lags when performing the Wald test.

5. Under the null hypothesis, the Wald test statistics will be asymptotically

chi-square distributed with p degrees of freedom.

6. Rejection of the null implies a rejection of Granger non-causality.
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[63] Klöck, F., Schied, A., and Sun, Y. Price manipulation in a market impact

model with dark pool. Preprint, 2011.

186



[64] Kraus, A. and Stoll, H. Price impacts of block trading on the New York

Stock Exchange. Journal of Finance, 27:569–588, 1972.

[65] Kwiatkowski, D., Phillips, P., Schmidt, P and Shin, Y. Testing the null

hypothesis of stationarity against the alternative of a unit root. Journal

of Econometrics, 54:159–178, 1992.

[66] Kyle, A. Continuous auctions and insider trading. Econometrica, 53:1315–

1335, 1985.

[67] Madhavan, A. Market microstructure: A survey. Journal of Financial

Markets, 3(3):205–258, 2000.

[68] Markowitz, H. Portfolio Selection. Journal of Finance, 7(1):77–91, 1952.

[69] Merton, R. C. Lifetime portfolio selection under uncertainty: the continuous-

time case. The Review of Economics and Statistics, 51:247–257, 1969.

[70] Merton, R. C. Theory of rational option pricing. Bell Journal of Eco-

nomics and Management Science, 4(1):141–183, 1973.

[71] Merton, R. C. On the pricing of corporate debt: The risk structure of

interest rates. Journal of Finance, 29(2):449–470, 1974.

[72] Musiela, M. and Zariphopoulou, T. Optimal asset allocation under for-

ward exponential performance criteria. In Markov processes and related

topics: a Festschrift for Thomas G. Kurtz, Vol. 4 of Inst. Math. Stat.

Collect., pp. 285–300, 2008 (Inst. Math. Statist.: Beachwood, OH).

187



[73] Musiela, M. and Zariphopoulou, T. Portfolio choice under dynamic in-

vestment performance criteria. Quantitative Finance, 9:161–170, 2009.

[74] Musiela, M. and Zariphopoulou, T. Portfolio choice under space-time

monotone performance criteria. SIAM Journal on Financial Mathemat-

ics, 1:326–365, 2010.

[75] Obizhaeva, A. Information vs. liquidity: Evidence from portfolio transi-

tion trades. Preprint, 2007.

[76] Obizhaeva, A. and Wang, J. Optimal trading strategy and supply/demand

dynamics. Journal of Financial Markets, 16(1):1–32, 2013.

[77] O’Hara, M. Market Microstructure Theory. Blackwell, 1998.

[78] Roch, A. and Soner, H. Resilient price impact of trading and the cost of

illiquidity. Preprint, 2011.

[79] Ryu, D. Price impact asymmetry of futures trades: Trade direction and

trade size. Emerging Markets Review, 14:110–130, 2013.

[80] Saldias, M. Systemic risk analysis using forward-looking distance-to-

default series. Working paper 16, Banco de Portugal, September 2012.
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