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in the
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Supervisor: Mark F. Hamilton

This dissertation is a continuation of the work by Zabolotskaya [Sov. Phys. Acoust. 32,

296–299 (1986)] and Wochner et al. [ J. Acoust. Soc. Am. 125, 2488–2495 (2008)] on the

nonlinear propagation of shear wave beams in an isotropic solid. In those works, a cou-

pled pair of nonlinear parabolic equations was derived for the transverse components

of the particle motion in a collimated shear wave beam, accounting consistently for

the effects of diffraction, viscosity and nonlinearity. The nonlinearity includes a cubic

nonlinear term that is equivalent to the nonlinearity present in plane shear waves, as

well as a quadratic nonlinear term that is unique to diffracting beams. The purpose of

this work is to investigate the quadratic nonlinear term by considering second-harmonic

generation in Gaussian beams as a second-order nonlinear effect using standard pertur-

bation theory. Since shear wave beams with translational polarizations (linear, elliptical,

and circular) do not exhibit any second-order nonlinear effects, we broaden the class of

source polarizations considered by including higher-order polarizations that account for

stretching, shearing and rotation of the transverse plane. We find that the polarization of

the second harmonic generated by the quadratic nonlinearity is not necessarily the same

as the polarization of the source-frequency beam, and we are able to derive a general

analytic solution for second-harmonic generation that gives explicitly the relationship

between the polarization of the source-frequency beam and the polarization of the sec-

ond harmonic. Additionally, we consider the focusing of shear wave beams with this
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broader class of source polarizations, and find that a tightly-focused, radially-polarized

shear wave beam contains a highly-localized region of longitudinal motion at the focal

spot. When the focal distance of the beam becomes sufficiently short, the amplitude of

the longitudinal motion becomes equal to the amplitude of the transverse motion. This

phenomenon has a direct analogy in the focusing properties of radially-polarized optical

beams, which was investigated experimentally by Dorn et al. [Phys. Rev. Lett. 91, 233901

(2003)].
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Chapter 1

Introduction

This dissertation is a continuation of the theoretical work of Zabolotskaya3 and

Wochner et al.4 on the nonlinear propagation of shear wave beams. Shear waves differ

from compressional waves in that they are transverse waves, and thus susceptible to

polarization. One of the main concerns of this work is the effect that polarization has

on the propagation of a shear wave beam. One of the differences between the nonlinear

propagation of a plane shear wave and the nonlinear propagation of a shear wave beam is

the presence of a quadratic nonlinearity in the shear wave beam equation, which is only

present due to diffraction. Another concern of this work is the impact that the quadratic

nonlinearity has on the propagation of the beam, which we investigate by way of second-

harmonic generation using standard perturbation theory. Probably the most interesting

phenomenon discussed in this work is the fact that the second harmonic generated in a

shear wave beam won’t necessarily have the same polarization as the source-frequency

beam, and it is the aim of this dissertation to establish the relationship between the

polarization of the source-frequency beam and the polarization of the generated second

harmonic.

1.1 Motivation and background

1.1.1 Shear wave propagation in tissue-like media

A primary motivation for studying the nonlinear propagation of shear waves comes

from the possible biomedical applications involving the use of shear waves to image stiff

inclusions in the body. Soft biological tissues are characterized by having a bulk modulus

K in the GPa range and a shear modulus µ in the kPa range (cf. Sarvazyan et al.5). It

follows that the compressional and shear wave speeds in soft tissue differ by 3 orders

1



of magnitude: the compressional wave speed is around 1500 m/s (comparable to water),

while the shear wave speed is on the order of 1 m/s.

Certain maladies in the body are characterized by an appreciable increase in

shear stiffness. One example is breast cancer, the detection of which would require the

“detection of 2–10 mm breast lesions where the shear modulus is estimated to vary 100%

from the background,” according to Insana et al.6 A consequence of the vast differ-

ence between the bulk and shear moduli in soft tissue is that conventional biomedical

ultrasound, which utilizes compressional waves to image the body, cannot detect such a

region of increased shear stiffness. This fact motivated the investigation into the use of

shear waves for imaging inclusions of increased stiffness (cf. Sarvazyan et al.5). Note that

if the shear wave speed is 1 m/s, a wavelength of 1 mm corresponds to a frequency of 1

kHz, and thus the frequency range required to image using shear waves is much lower

than the MHz range used in conventional ultrasound.

A cursory overview of the elastic properties of tissue-like media is depicted in

Fig. 1.1. Conventional ultrasound utilizes compressional waves generally in the > 1 MHz

frequency range. Due to the levels of viscosity in tissue-like media, shear waves will not

propagate in this high-frequency range. Hence for practical purposes only compressional

waves are present and the material can be modeled as a compressible fluid. For imaging

using shear waves, the frequency range is 1 kHz and less. For these lower frequencies

viscosity effects are still significant, however shear waves will propagate appreciable

distances (cf. Deffieux et al.7). Note that the wavelength for a compressional wave at 1

kHz is equal to about 1.5 meters, which is generally larger than the body being measured.

Hence any compressional effect from excitation below 1 kHz will appear quasistatic, and

furthermore due to the fact that the Poisson ratio of the material is very close to 0.5 (the

limiting value of incompressibility) the energy that goes into compressing the material

will be negligible compared to the energy that goes into shear deformation. Because

of this, when modeling shear wave propagation in tissue-like media it is reasonable to

model the material as being incompressible.

Another physical characteristic of tissue-like media is that it is soft, and thus
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Figure 1.1: Behavior of tissue-like media for different frequency ranges.

susceptible to finite shear strains, which in turn opens up the possibility of nonlinear

material behavior. This was perhaps most strikingly demonstrated by the experimental

work of Catheline et al.8 in 2003 on the nonlinear propagation of a plane shear wave

in an agar-gelatin tissue phantom. A plane wave with frequency 100 Hz was gener-

ated in a tissue phantom having a shear wave speed of 1.6 m/s, with the peak particle

velocity at the source being 0.6 m/s, implying an acoustic Mach number (i.e. ratio of

the peak particle velocity to wave speed, in this case a metric of shear strain) of 0.375.

The measured waveform of the transverse particle velocity of the shear wave exhibited

strongly-nonlinear behavior, to the point of shock formation.

While the nonlinear propagation of linearly-polarized plane waves in tissue-like

media is well understood both theoretically (Zabolotskaya et al.9) and experimentally

(Renier et al.10), far less is known about the nonlinear propagation of diffracting shear

waves. The main motivation of this work is to theoretically investigate the propagation

of shear waves including the effects of both diffraction and nonlinearity.

1.1.2 Nonlinear propagation of shear waves

In 1961 Gol’dberg11 theoretically investigated the nonlinear propagation of elastic waves

in an isotropic solid using the expansion of the strain energy density to third order given

by Landau & Lifshitz.1 For the case of a plane shear wave, it was found that the shear

wave itself does not distort at this order of approximation; the only nonlinear effect

is the generation of a second-harmonic compressional wave, although the mismatch in
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the wavenumbers of the compressional and shear waves causes the generation of the

second-harmonic compressional wave to be inefficient.

In order to model the nonlinear distortion of a plane shear wave in an isotropic

solid, the strain energy of the material must be expanded to at least fourth order, leading

to a cubic nonlinearity in the equation of motion. An equation modeling the propagation

of a plane shear wave including cubic nonlinearity and viscous losses is given by the

modified Burgers equation, which was thoroughly investigated by Lee-Bapty & Crighton,12

who developed a weak shock theory based on it.

The KZK equation (Zabolotskaya & Khokhlov,13 Kuznetsov14) is a parabolic equa-

tion describing the propagation of finite-amplitude sound beams in a fluid. It includes

the leading order effects of diffraction, absorption and nonlinearity. In 1986 Zabolot-

skaya3 applied a similar analysis to the case of elastic waves in an isotropic solid. For

the case of compressional wave beams, the nonlinear parabolic equation that was de-

rived was mathematically equivalent to the KZK equation, the only difference being the

physical meaning of the various coefficients of the equation.

The nonlinear parabolic equation that Zabolotskaya3 derived for shear wave

beams is different than the KZK equation in a number of respects. Firstly, because

shear waves are transverse, what is actually obtained is a coupled pair of nonlinear

parabolic equations, one for each of the transverse displacement components. Secondly,

the leading-order nonlinear term contains both a cubic nonlinearity, which is identical

to the nonlinearity present in a plane shear wave, and a quadratic nonlinearity that is

unique to the case of diffracting beams. Perturbation theory was used to investigate har-

monic generation in a linearly-polarized Gaussian beam, and it was found that for such

beams there are no second-order nonlinear effects through the quadratic nonlinearity;

the leading-order nonlinear effects are third order, in the form of third-harmonic gen-

eration by the cubic nonlinearity. Second-harmonic generation was then investigated as

a fourth-order effect (by interaction of the source-frequency and third-harmonic beams),

and it was found that the generated second harmonic is polarized in the direction per-

pendicular to the source polarization.
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In 2003 the experimental work of Catheline et al.8 showed nonlinear distor-

tion and shock formation in a plane shear wave propagating in an agar-gelatin tissue

phantom. The measured values of nonlinear elastic coefficients reported by Catheline et

al.15 motivated Hamilton et al.2 in 2004 to derive an alternative strain energy density

expansion for the modeling of shear waves in tissue-like media. This expansion, which

treats the material as being isotropic and incompressible, goes to fourth order in strain

and only contains three elastic coefficients: the second-order shear modulus µ from

linear theory, the third-order coefficient A from Landau & Lifshitz,1 and a fourth-order

coefficient D unique to the expansion. Experiments on tissue-phantoms (cf. Renier et

al.10) have shown that the three coefficients in the expansion are all of the same order of

magnitude (in the kPa range).

In 2004 Zabolotskaya et al.9 used the energy expansion of Hamilton et al.2 to

model the propagation of plane shear waves with linear, elliptical and circular polar-

ization in tissue-like media, including the effects of nonlinearity and shear viscosity. In

2008 Renier et al.10 measured experimentally the growth and decay of the third har-

monic generated in a linearly-polarized plane shear wave in a tissue phantom, comparing

with the theory of Zabolotskaya et al.9 in order to estimate the nonlinearity coefficient

of the tissue phantom.

The nonlinear parabolic equation for shear wave beams originally given by

Zabolotskaya3 was investigated further in 2008 by Wochner et al.,4 who derived an-

alytic solutions for third-harmonic generation from Gaussian beams with linear and

elliptical polarizations, including the effects of viscosity. Strong nonlinearity was inves-

tigated numerically for elliptical and torsional polarizations, including the cubic but not

the quadratic nonlinearity.

This dissertation is a direct extension of the previous work of Zabolotskaya3 and

Wochner et al.4 on the nonlinear propagation of shear wave beams. The purpose of

the present work is to investigate the quadratic nonlinearity in the parabolic equation

by introducing a broader class of source polarizations that includes both the familiar

linear, elliptical and circular polarizations as well as higher-order polarizations such as
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radial and torsional. The original work of Zabolotskaya3 showed that polarizations are

not necessarily preserved through the quadratic nonlinearity, and one aim of this work

is to understand the relationship between the polarization of the source-frequency beam

and the polarization of the generated second-harmonic beam.

1.2 Overview of dissertation

While the main topic of this dissertation is the propagation of collimated shear wave

beams, a fair amount of preliminary material on the theory of shear wave propagation

in incompressible media is given in the appendices. Appendix A gives an overview of the

vector and tensor notation that is used in this work, and proves some required theorems

on spatial Fourier transforms of certain vector fields.

Appendix B develops the linear theory of shear wave diffraction in a medium

that is isotropic, homogeneous and incompressible. This theory differs from conventional

scalar diffraction theory because shear waves are generally vector waves, and so a theory

of diffraction must be developed for vector waves. The main solution that is derived is

for the propagation of shear waves into an infinite half-space, where the source condition

is given as the tangential particle displacement on the boundary of the half-space. This

solution is derived using both the Green’s function and angular spectrum methods, and

it is proved that the solutions obtained by these two methods are in fact equivalent.

One of the main differences between compressional and shear waves is that shear

waves can be polarized in different ways. In Chap. 2 we define a particular set of

polarizations that we call the class of affine polarizations. These include not only the

commonly-known cases of linear, elliptical and circular polarization (which in the context

of shear waves represent translational motion of the transverse plane) but also more

complicated (referred to as higher-order) polarizations that involve stretching, shearing

and rotating the transverse plane.

In Chap. 3 we consider the linear propagation of collimated shear wave beams.

Starting with the general solution for propagation into a half-space obtained in App. B,
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we apply a Fresnel approximation to obtain a solution given in terms of the two-

dimensional Fourier transform. In Chap. 4 we obtain analytic solutions for the prop-

agation of affinely-polarized beams with Gaussian amplitude shading. We then study the

diffraction of these beams. The most interesting result comes when we focus the beams,

where we find that a tightly-focused radially-polarized beam generates a highly-localized

spot of longitudinal motion at its focus, a result that is analogous to work recently re-

ported in the optics literature. We also use the angular spectrum solution derived in

App. B to obtain numerical solutions for the propagation of radially-polarized beams

with non-Gaussian amplitude shading, and find that the unique focusing effects are also

present in such beams.

In Chap. 5 we consider nonlinear propagation of shear wave beams using a

nonlinear parabolic equation originally given by Zabolotskaya.3 While the leading-

order nonlinear term included in the parabolic equation contains both a cubic and a

quadratic term, our main concern in this work is to analyze the quadratic nonlinearity,

and we do so by employing perturbation theory to derive an integral solution for second-

harmonic generation in the beam as a second-order nonlinear effect. In Chap. 6 we

apply this solution to the case of a Gaussian beam with affine polarization, obtaining

an analytic solution for the second harmonic that is valid for the entire class of affine

polarizations. We then investigate the diffraction of the second harmonic. We find that

the polarization of the second harmonic is not necessarily the same as the polarization

of the source-frequency beam. As a consequence of the way that we defined the class of

affine polarizations, we are able to derive explicitly the relationship between the source-

frequency polarization and the second-harmonic polarization.
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Chapter 2

The Class of Affine Polarizations

2.1 Introduction

A primary difference between shear waves and compressional waves is that the particle

motion in a shear wave is predominantly perpendicular to the direction of propagation,

and the particular structure of the transverse motion of a shear wave is referred to as

the polarization of the wave. In this way, shear waves share a number of theoretical

similarities with electromagnetic waves.

The main topic of this dissertation is the effect that polarization has on both the

linear and nonlinear propagation of collimated shear wave beams into an incompressible

elastic half-space. The source condition for such beams is specified in terms of the

transverse particle motion at the boundary of the half-space (which we refer to as the

source plane). We will refer to the source condition as the source polarization of the beam.

The purpose of this chapter is to define a class of source polarizations that we call

affine polarizations that include not only the familiar case of translational polarization

(i.e. linear, circular and elliptical), but also more complicated polarizations that involve

stretching, shearing and rotation of the source plane.

The simplest and most familiar source polarizations are those in which the di-

rection of transverse motion is constant across the entire source plane, which we refer

to as constant polarizations. These polarizations describe translational motion of the

source plane, and include the familiar cases of linear, circular and elliptical polarization.

In addition to these, we also include polarizations wherein the source plane is rotated,

stretched and sheared, and refer to these as first-order polarizations. The linear com-

bination of constant and first-order polarizations describes a set that we call the class

of affine polarizations. We include amplitude shading on the source plane, in order to
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keep the source condition bounded with finite energy, and restrict ourselves in this work

to Gaussian amplitude shading. Hence we refer to the general source condition that we

consider as being affinely-polarized with Gaussian amplitude shading.

The mathematical framework of the class of affine polarizations that we describe

in this chapter will be useful in the remainder of this dissertation for deriving analytic

solutions for Gaussian shear wave beam propagation. In particular, it will end up being

the tool by which we analyze the effect that polarization has on the second-harmonic

generation of a nonlinear shear wave beam.

2.2 Definition of affinely-polarized source condition

Let the vector field† u(x, t) represent the particle displacement of an elastic solid at the

point x and time t. We will assume that the field is time harmonic with angular frequency

ω, and hence we can replace the real-valued vector field u(x, t) with the generally

complex vector field u(x), with the understanding that u(x, t) = Re{u(x)e−iωt}.

We are considering propagation into the half-space z > 0, and in what follows

it will sometimes be convenient to separate the transverse components of a field (i.e. in

the x and y directions) from the longitudinal component (i.e. in the z direction). We will

use the convention that a bar over a vector represents the projection of that vector onto

the (x, y) plane. Hence for the displacement field u = uxex + uyey + uzez, the field u

represents the transverse displacement field and is given by

u(x) = ux(x)ex + uy(x)ey. (2.1)

Likewise, in addition to the coordinate vector x = xex + yey + zez, it will be convenient

to introduce the transverse coordinate vector r = xex + yey. Depending on the context,

we may write the dependence of a field on the spatial coordinate variously as

u(x) = u(r, z) = u(x, y, z). (2.2)

†A description of the vector and tensor notation used in this work is given in Appendix A.
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In order to solve for the displacement field in the half-space z > 0, we need

to specify a source condition in the form of the transverse displacement components

(ux, uy) at the source plane z = 0, which in our notation is equivalent to specifying the

field u(r, 0). Let’s first consider what is often referred to as a “linearly-polarized” source

condition,

u(r, 0) = p0f(r), (2.3)

where p0 = p0xex + p0yey is a constant vector in the transverse plane and f(r) is a

scalar-valued function that, for physical reasons, must be bounded and have finite energy.

One important physical consequence of the constant vector p0 is that the direction of

transverse particle motion is the same everywhere on the source plane. We will refer to

such a situation as constant polarization†.

Figure 2.1 depicts the constant polarization, broken up into its Cartesian compo-

nents. The component p0x represents the amplitude of the translational motion along

the x axis, while p0y represents the amplitude of the translational motion along the y

axis. If these components are both real, then the result is vibrational motion along the

axis of the vector p0. If the values are complex, then the general case is elliptical motion

in the transverse plane. For instance, if the x component is real and is given by p0x while

the y component is imaginary and given by ip0y, then the time-dependent form of the x

component would have a cosωt dependence while the y component would have a sinωt

dependence, resulting in elliptical motion. This is our motivation for referring to p0 as

a constant polarization: it encompasses linear, circular and elliptical polarizations.

A more complicated source polarization is constructed by allowing the direction

of particle motion to vary across the source plane. In general, this sort of spatially-

dependent polarization can be achieved by replacing the constant vector p0 in the ex-

pression above with a vector-valued function p(r),

u(r, 0) = p(r)f(r). (2.4)

†In the optics literature this is sometimes referred to as homogeneous polarization, since the direction
of polarization is spatially homogeneous; cf. Zhan.16

10



Figure 2.1: The constant polarization vector p0 represents translational motion of the
source.

Note that at this point the scalar-valued function f(r) is essentially superfluous, since it

can be incorporated into the vector-valued function p(r). However, keeping it around

will prove useful in what follows.

As written above, the function p(r) can depend on the transverse coordinate r

in an arbitrary fashion. However, in order to simplify the mathematical analysis that

will inevitably follow, it behooves us to focus our attention on the simplest case of a

non-constant source polarization. Such a case occurs when the Cartesian components

of p(r) are linear functions of the transverse coordinates x and y, i.e.

px(x, y) = p0x + Axxx+ Axyy, (2.5)

py(x, y) = p0y + Ayxx+ Ayyy, (2.6)

where p0x, p0y, Axx, Axy, Ayx and Ayy are all constant scalars. The function p(r) above

represents what is known as an affine transformation of the transverse plane†, and as

†For a discussion of affine transformations in the context of elasticity, see the first chapter of Sokol-
nikoff.17 The same concept is sometimes referred to as homogeneous strain, and was apparently first
discussed in §155 - §187 of Thomson & Tait.18
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such we will refer to the general case of p(r) as defined in Eqs. (2.5) and (2.6) as the class

of affine polarizations. Note that in Cartesian matrix notation, the above equations can

be written as [
px(x, y)
py(x, y)

]
=

[
p0x

p0y

]
+

[
Axx Axy
Ayx Ayy

] [
x
y

]
, (2.7)

where we have utilized a matrix multiplication to express the spatially-varying portion

of the function p(r).

We can now define a constant vector p0 and a constant tensor A, both operating

in the transverse plane, with their respective Cartesian components given by the constant

quantities in (2.7) above. We are thus able to write a compact expression for p(r) in

vector notation,

p(r) = p0 +Ar, (2.8)

which is seen to consist of two parts: that related to the constant vector p0, and that

related to the field Ar. The part consisting of p0 is entirely analogous to the case in

(2.3), corresponding to a situation where the direction of particle motion is the same

everywhere on the source plane, and hence we will also refer to the vector p0 as the

constant polarization part of the source condition.

The part of p(r) consisting of Ar represents the spatially-varying part of the

polarization, and will be referred to as the first-order polarization for reasons discussed

below, with the constant tensor A being referred to specifically as the polarization tensor

(or sometimes polarization matrix). We can gain some physical insight into the meaning

of the polarization tensor A by inspection of its Cartesian components: the diagonal

components Axx and Ayy correspond to stretches in the x and y directions, respectively,

while the off-diagonal components Axy and Ayx correspond to simple shears of the

transverse plane, oriented along the (x, y) axes. A summary of the physical meaning of

these components is depicted in Figure 2.2.

Having determined the physical meaning of the Cartesian components of the

first-order polarization, we conclude that the physical meaning of A is thus a linear

combination of the stretches and simple shears of the source plane, as described above.

Furthermore, the meaning of p(r) is thus a superposition of the constant polarization
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Figure 2.2: Decomposition of the first-order polarization tensor A in Cartesian coordi-
nates, shown to be a combination of stretches and simple shears.
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p0 and the first-order polarization Ar. For the case of linear propagation, due to the

superposition principle it is clear that the constant and first-order polarization portions

of the source condition will generate beams that will propagate independently from one

another. However, when considering second-harmonic generation there arises the possi-

bility that the source-frequency beams generated by these two polarizations will interact

with each other to create second-harmonic beams, in addition to possibly interacting

with themselves, both by way of the quadratic nonlinearity. It is the purpose of the next

chapter to investigate these possible interactions.

2.2.1 Gaussian amplitude shading

In order to complete our expression for the displacement at the source plane, we must

take the expression for an affinely-polarized p(r) given by (2.8) and substitute it into

(2.4), thus leading to the following expression,

u(r, 0) = (p0 +Ar) f(r). (2.9)

The purpose served by the scalar function f(r) is now similar to the case of the constant

polarization originally considered in (2.3). The expression p0 + Ar is an unbounded

function of the transverse plane, so one purpose of f(r) is to keep the resulting source

condition bounded with finite energy. However, this does not uniquely determine f(r);

in fact, there are an infinite number of possibilities for what it could be. Perhaps the

simplest case would be to truncate the source condition by invoking the Heaviside step

function,

f(r) = H(a− r) =

{
1 if r < a,
0 if r ≥ a,

(2.10)

where a is a constant scalar representing the size of the source. While the simplicity of

the above expression is appealing, the use of such a source condition will quickly lead

to cumbersome mathematical details. In particular, such a scaling will not admit an

analytic solution for the entire field in the Fresnel approximation.

Instead, we choose the form for f(r) that will most greatly simplify the subse-

quent mathematical analysis: that of a Gaussian function centered at the origin,

f(r) = e−(r/a)2, (2.11)
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where again a is a constant scalar representing the size of the source. As in scalar

Fresnel diffraction, the use of a Gaussian source condition will lead to a number of useful

results: closed-form analytic solutions for the propagated field at the source frequency

and the second harmonic, a lack of diffraction lobes, and perfect reconstruction of the

source condition at the source plane. While the practicality of creating such a source

in an actual experiment is debatable, the mathematical simplifications that result from

assuming such a source condition and the physical insight that comes from investigating

the subsequent analytic solutions more than justify using the Gaussian source condition

as a starting point to investigate the propagation of shear wave beams. This fact becomes

all the more true in the next chapter, when we consider nonlinear propagation of such

beams.

Substituting the above Gaussian function into (2.9) leads to the following source

condition,

p(r) = (p0 +Ar) e−(r/a)2 . (2.12)

The expression above will be used in the remainder of this dissertation as the sole

source condition for the shear wave beams under consideration, and will be referred to

as a source that is affinely-polarized with Gaussian amplitude shading. Note that for such

a source the following constants must be specified: a constant scalar a representing the

source radius (one scalar), a constant vector p0 on the transverse (x, y) plane representing

the constant polarization vector (two scalars), and a constant tensor A operating on the

transverse plane representing the first-order polarization tensor (four scalars). Thus in

total, seven constant scalars are required to uniquely specify such a source.

2.2.2 Interpretation as a Taylor expansion

In the above discussion, the idea of affine polarization was motivated by only considering

source polarizations with the simplest dependence on the transverse coordinates (i.e.

linear dependence). However, in this section we will take a broader view in order to

show that what we’ve called affine polarization is in fact the first step in a systematic

representation of arbitrary inhomogeneous polarization.
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Recall that when we first considered the idea of a polarization in which the

direction of particle motion was allowed to vary across the source plane, we arrived at a

source condition in the form of (2.4), where the vector-valued function p(r) was allowed

to depend on the transverse coordinate arbitrarily. One possible way to express p(r) is

by way of its Taylor expansion.

Using Cartesian index notation, we can express the components of p(r) as Taylor

expansions about the point x = y = 0, leading to

pi(x, y) = pi(0, 0) +
∂pi(0, 0)

∂x
x+

∂pi(0, 0)

∂y
y + . . . (2.13)

Notice that the first term in the expansion is a constant vector, while the first-order

terms are linear in x and y. Hence if we truncate the series, keeping only the terms

given explicitly in (2.13), we can draw a direct correspondence with the form of p(r) that

we defined as affine polarization,

p(r) = p0 +Ar. (2.14)

With this interpretation in mind, we see that the constant vector p0 corresponds to the

value that p(r) takes when evaluated at r = 0 (i.e. it corresponds to the motion at the

center of the source plane),

p0 = p
∣∣
r=0

, (2.15)

while the Cartesian components of the polarization tensor A correspond to the direc-

tional derivatives of the components of p(r), again evaluated at the point r = 0,

Aij =
∂pi
∂xj

∣∣∣∣
r=0

. (2.16)

In other words, the polarization tensor A corresponds to the transverse gradient of p(r)

evaluated at the center of the source plane†.

These results help us to gain some physical intuition about the meaning of the

constant vector p0 and tensor A that occur in the expression for affine polarization.

†If we include the scaling function f(r), then the interpretation of p0 and A given above is exactly
true if f(0) = 1 and ∇f(r)|r=0 = 0. Note that this is true when f(r) is Gaussian.
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Furthermore, it is now clear that the class of affine polarizations represents a first step

in the systematic treatment of an arbitrary, spatially-varying source polarization. The

class of affine polarizations include the constant and first-order polarization terms. If

we were to include third-order polarization terms, we would have to include the second-

order directional derivatives of p(r) that would appear if we were to continue the Taylor

expansion given in (2.13). This would necessitate the specification of a third-order tensor,

corresponding to the gradient of the gradient of p(r) evaluated at the center of the

source plane.

However, in the remainder of this work we will only treat the case of affine

polarizations, discarding all higher-order polarization terms. While this is mostly done

for mathematical simplicity, we shall see in the next section that affine polarizations

include some of the better-known cases of inhomogeneous polarization, such as torsional

and radial polarizations.

2.3 Alternative basis for the polarization tensor

Thus far when considering the physical meaning of the polarization tensor A, only the

Cartesian components of the tensor have been discussed. It is also possible to define

A using an alternative set of basis tensors, and when considering second-harmonic

generation one particular basis will be seen to be a natural fit for such a discussion. In

this section, we will define and investigate this particular alternative basis.

The alternative basis for A in which we are interested consists of a combination

of dilatation, rotation and pure shears. We define the basis by writing A as

A = α1 + θR+ σ1S1 + σ2S2 (2.17)

where α, θ, σ1 and σ2 are scalars acting as parameters of the polarization, while the

constant tensors 1 , R, S1 and S2 act as the alternative basis for the space of all possible

polarization tensors. The first basis tensor 1 is the identity tensor and corresponds to
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Figure 2.3: Decomposition of the first-order polarization tensor A in the alternative
basis, consisting of dilatation, rotation and pure shear. Note that while the radial and
torsional polarizations are axisymmetric, the pure shear polarizations are not.
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uniform dilatation of the transverse plane centered at r = 0,

[1 ] =

[
1 0
0 1

]
. (2.18)

The second basis tensor R is a ninety-degree rotation tensor, such that Rex = ey, and

corresponds to a torsional source condition centered at r = 0,

[R ] =

[
0 −1
1 0

]
. (2.19)

The third basis tensor S1 corresponds to a unit stretch in the x direction and a unit

contraction in the y direction, resulting in a pure shear centered at r = 0,

[S1 ] =

[
1 0
0 −1

]
. (2.20)

The final basis tensor S2 is also a pure shear, but differs from the last in that it is rotated

counterclockwise by forty-five degrees,

[S2 ] =

[
0 1
1 0

]
. (2.21)

A visual depiction of the physical meaning of these basis tensors can be found in Fig. 2.3.

The fact that S2 corresponds to a pure shear deformation oriented along rotated

axes is not necessarily obvious from the matrix form given in (2.21). However, it can

easily be shown. First note that a matrix representing counterclockwise rotation by 45◦

is given by [
cos(45◦) − sin(45◦)
sin(45◦) cos(45◦)

]
=

[
1/
√

2 −1/
√

2

1/
√

2 1/
√

2

]
. (2.22)

Applying this rotation to the matrix form of S1 yields[
1/
√

2 −1/
√

2

1/
√

2 1/
√

2

] [
1 0
0 −1

] [
1/
√

2 1/
√

2

−1/
√

2 1/
√

2

]
=

[
0 1
1 0

]
. (2.23)

Since the right-hand side is the matrix form of S2, it follows that when interpreted as

a polarization matrix, S2 is a pure shear polarization that is equivalent to S1 rotated

counterclockwise by 45◦.

By referring to the constant tensors in (2.17) as “basis tensors,” we are referencing

the fact that second-order tensors satisfy all of the axioms defining the concept of a
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vector, and hence the space of second-order tensors can be viewed as a vector space†. In

particular, we are dealing with second-order tensors operating on the transverse plane,

and hence we can just as well speak of the space of 2× 2 matrices. Furthermore, we can

turn this space into an inner-product space by introducing the following definition: for

arbitrary tensors A and B, we define the inner product for second order tensors A ·B as

A ·B = tr (ATB) = AjkBjk, (2.24)

where the last form is given in Cartesian index notation, again making use of the sum-

mation convention. We say that two tensors are orthogonal if and only if their inner

product is equal to zero.

· 1 R S1 S2

1 2 0 0 0
R 0 2 0 0
S1 0 0 2 0
S2 0 0 0 2

Table 2.1: Table of inner products of the basis vectors 1 , R, S1, and S2.

Applying this inner product pair-wise to the constant tensors 1 , R, S1 and S2,

as defined above, results in the multiplication table given in Table 2.1. We see that the

set of tensors found in (2.17) is pairwise orthogonal. Furthermore, since there are four of

them, which matches the dimension of the space of second-order tensors on the plane,

we see that we have been justified in referring to them as basis tensors. Since they span

the entire space of second-order tensors, the representation in (2.17) is valid for any

particular polarization tensor A.

Note that while these basis tensors form an orthogonal set, the values along the

diagonal of Table 2.1 indicate that they are not normalized. It is tempting to normalize

†In fact the entire set of affine polarizations, including the constant polarization, satisfies the axioms
of a vector space when using standard vector addition and scalar multiplication. The space of affine
polarizations is the direct sum of the (two-dimensional) space of constant polarizations and the (four-
dimensional) space of first-order polarizations. The classic reference for these linear algebraic concepts is
Halmos.19
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the set by scaling each of the basis tensors by 1/
√

2. However, our main motivation

for introducing this particular bases of polarizations is due to an interesting result that

we will obtain pertaining to second-harmonic generation. Since that result will end up

being cleaner when using the non-normalized set of vectors defined in Eqs. (2.18)–(2.21)

above, we will refrain from normalizing them at this point.

It remains to determine the constant scalars α, θ, σ1 and σ2 in terms of the

general polarization tensor A. Taking the inner product of (2.17) by each of the basis

tensors, and referring to Table 2.1 for the values of those inner products, we arrive at the

following expressions,

α = 1
2
A · 1 = 1

2
(Axx + Ayy) , (2.25)

θ = 1
2
A ·R = 1

2
(Ayx − Axy) , (2.26)

σ1 = 1
2
A · S1 = 1

2
(Axx − Ayy) , (2.27)

σ2 = 1
2
A · S2 = 1

2
(Axy + Ayx) . (2.28)

These expressions can be interpreted as defining the scalar coefficients α, θ, σ1 and

σ2 in terms of the polarization tensor A, and furthermore in terms of the Cartesian

components of A. Interpreting the components Aij as the directional derivatives of

the field evaluated at the center of the source, as was shown in (2.16), gives us further

insight into the physical meaning of these scalar coefficients. The coefficient α is seen

to be proportional to the divergence of the field at the middle of the source, while the

coefficient θ is likewise proportional to the local rotation about the origin of the source

plane. The combinations of spatial derivatives corresponding to the coefficients σ1 and

σ2 are less familiar, but from the discussion above it is clear that they are proportional

to the amount of pure shear occurring at the source plane about the (x, y) axes and a

45◦ rotated axes, respectively.
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Chapter 3

Linear Propagation of Shear Wave Beams

3.1 Introduction

This chapter is concerned with the linear propagation of high-frequency, slowly-diffracting

shear waves into an incompressible, isotropic elastic half-space. We assume that the

waves are generated by a monofrequency source condition. A thorough description of

the theory of diffraction of shear waves in an isotropic, incompressible elastic solid is

given in Appendix B, and a major result that is derived is a general solution for the dis-

placement field anywhere inside of a half-space given as an integral expression involving

the displacement field at the boundary (which we call the source plane). A consequence

of the solid being incompressible is that we need only specify the tangential components

of the displacement field at the source plane in order to solve for the full displacement

field anywhere in the half-space.

We assume that the shear wave is being generated by a high-frequency source,

in the sense that the dimensions of the source condition are all large compared to

a wavelength of the generated shear wave. Because of this, we expect the generated

shear wave to be in the form of a collimated shear wave beam. For such beams, we

use a standard Fresnel approximation on the general solution to obtain an approximate

solution that is valid in the paraxial region for high-frequency sources. The Fresnel

approximation is the same as is used in scalar diffraction theory, however because we are

dealing with vector diffraction we must apply the approximation to all three components

of the displacement field. The main motivation for using the Fresnel approximation is

that it allows us to derive analytic solutions for beams with Gaussian amplitude profiles.

The final form of the solution, after the application of the Fresnel approximation, is then

written as a special case of the two-dimensional spatial Fourier transform.
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Figure 3.1: General overview of a shear wave beam in tissue-like medium. The source fre-
quency is O(1 kHz), the source radius is O(1 cm) and the shear wave speed is O(1 m/s).
The corresponding shear wavelength is O(1 mm).

3.2 Fresnel diffraction

We are here concerned with the linear propagation of shear wave beams generated by

high-frequency sources and propagating into an elastic half-space. More specifically, we

will be considering shear waves generated by a monofrequency source condition that is

spatially localized in such a way that the dimensions of the source are assumed to be

much larger than a wavelength of the generated shear wave. A consequence of the high

frequency of the source will be that the generated shear wave will take the form of highly

collimated (i.e. slowly diffracting) beam.

The general situation we are considering is depicted diagrammatically in Fig. 3.1.

A spatially compact source located on the z = 0 plane causes time-harmonic tangential

motion on that boundary, which in turn causes shear waves to propagate into the half-

space z > 0. Because of the high frequency of the source, the shear disturbance that

propagates into the half-space is beam-like: there is a near-field region wherein the wave
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propagates similar to a plane wave, and then there is a far-field region where the wave

propagates similar to a diverging spherical wave.

Although the solutions derived in this chapter will be valid for an arbitrary

isotropic, incompressible solid, because the main motivation behind this work is for

possible biomedical applications, Fig. 3.1 represents some of the relevant dimensions of

the problem. The elastic solid is assumed to be tissue-like, which for our purposes means

that the shear wave speed ct is on the order of 1 m/s. The source radius a is assumed to

be on the order of 1 cm, while the frequency f of the source is assumed to be less than

1 kHz. With these values, the wavelength of a shear wave is on the order of 1 mm.

3.2.1 General solution of propagation into a half-space

Recall that the time-harmonic displacement field with angular frequency ω is given by

u(x). The elastic properties of the half-space are given by its shear modulus µ, its mass

density ρ0, and its shear wave speed ct =
√
µ/ρ0. The wavenumber of shear waves in

the half-space is given by k = ω/ct.

A thorough exposition of the linear theory of diffraction of shear waves in an

isotropic, incompressible elastic solid is given in Appendix B. In particular, an integral

equation is derived that gives the displacement field anywhere in the half-space z > 0 as

a function of the displacement field on the z = 0 source plane. This integral equation

is given in terms of the Green’s function for the scalar Helmholtz equation, g (x|x′), which
represents the solution to the scalar Helmholtz equation excited by a point source located

at x′. The Green’s function is given explicitly by

g (x, y, z|x′, y′, z′) =
eik
√

(x−x′)2+(y−y′)2+(z−z′)2√
(x− x′)2 + (y − y′)2 + (z − z′)2

=
eik‖x−x

′‖

‖x− x′‖
, (3.1)

where again the wave number is given by k = ω/ct. With the distance function defined

as R(x|x′) = ‖x−x′‖, the scalar Green’s function can be written simply as g = eikR/R.

A consequence of the material being incompressible is that in order to solve

for the displacement field in the half-space z > 0, we need only specify the transverse

components of the displacement field on the source plane z = 0. The solution is thus
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a mapping from the transverse source displacement u(x, y, 0) to the full displacement

field u(x, y, z). The vector notation form of this solution is given by†

u(x, y, z) =
1

2π

∫∫ ∞
−∞
∇g (x, y, z|x′, y′, 0)× [ ez × u(x′, y′, 0) ] dx′dy′. (3.2)

In what follows, it will be useful to use the equivalent Cartesian component form of the

above expression. The solutions for the transverse components (ux, uy) of the displace-

ment field are given by

ux(x, y, z) = − 1

2π

∫∫ ∞
−∞

ux(x
′, y′, 0)

∂g (x, y, z|x′, y′, 0)

∂z
dx′dy′ (3.3)

and

uy(x, y, z) = − 1

2π

∫∫ ∞
−∞

uy(x
′, y′, 0)

∂g (x, y, z|x′, y′, 0)

∂z
dx′dy′, (3.4)

while the solution for the displacement field in the z direction (which we’ll refer to

as the longitudinal field, since it describes particle motion parallel to the direction of

propagation) is given by

uz(x, y, z) =
1

2π

∫∫ ∞
−∞

[
ux(x

′, y′, 0)
∂g (x, y, z|x′, y′, 0)

∂x

+ uy(x
′, y′, 0)

∂g (x, y, z|x′, y′, 0)

∂y

]
dx′dy′. (3.5)

The above solutions all involve spatial derivatives of the scalar Green’s function g (x|x′),
which are given explicitly by

∂g
∂x

=
∂g
∂R

∂R

∂x
=
∂g
∂R

x− x′

R
, (3.6)

∂g
∂y

=
∂g
∂R

∂R

∂y
=
∂g
∂R

y − y′

R
, (3.7)

and
∂g
∂z

=
∂g
∂R

∂R

∂z
=
∂g
∂R

z − z′

R
, (3.8)

where we have
∂g
∂R

= ik

(
1− 1

ikR

)
eikR

R
. (3.9)

†Equation (B.119) of Appendix B. The subsequent component forms are given by Eqs. (B.126)–(B.128).
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3.2.2 Fresnel approximation

The main assumption that will be exploited in order to derive more useful, approximate

forms of the above solutions is that the field is being generated by a high-frequency

source. If we let a represent the radius of the source condition, then the dimensionless

frequency is given by ka = 2πa/λ where λ = ct/f is the wavelength of a plane shear

wave at the source frequency f , and hence the dimensionless frequency ka represents

the ratio of the circumference of the source to the wavelength of a plane wave with the

same frequency as the source. The assumption that we are making is that ka� 1, or in

other words that the wavelength is small compared to the circumference of the source.

First we will consider the quantity kR(x|r′). Using a binomial expansion we can

write this factor as†

kR(x|r′) = k
√

(x− x′)2 + (y − y′)2 + z2

= kz

[
1 +

(x− x′)2

z2
+

(y − y′)2

z2

] 1
2

= kz +
k

2z

[
(x− x′)2 + (y − y′)2

]
+O(z−3). (3.10)

Neglecting the O(z−3) terms, we are left with

kR(x|r′) ' kz +
k

2z

[
(x− x′)2 + (y − y′)2

]
= kz +

k‖r − r′‖2

2z
. (3.11)

Inverting the above expression and again neglecting the O(z−3) yields

1

R(x|r′)
' 1

z
. (3.12)

The above approximations are valid when z � |x−x′| and |y−y′|, which is another way

of saying that we are within the paraxial region of the beam. Assuming that we are many

wavelengths from the source plane, and hence that kz � 1, leads to the approximation

1

kR(x|r′)
' 1

kz
� 1, (3.13)

†Recall that r′ = x′ex+y
′ey is the transverse coordinate of the variable of integration for the integral

expressions appearing in Eqs. (3.3)–(3.5) , and hence R(x|r′) is simply shorthand for R(x, y, z|z′, y′, 0).
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from which it follows that

1− 1

ikR(x|r′)
' 1. (3.14)

Substituting Eqs. (3.12), (3.12) and (3.14) into (3.9) for the derivative of the scalar Green’s

function gives
∂g
∂R
' ik

eikz

z
exp

{
ik‖r − r′‖2

2z

}
. (3.15)

Combining the above results and substituting them into Eqs. (3.6)–(3.8), we see that the

spatial derivatives of the scalar Green’s function g in the Fresnel approximation are given

by

∂g (x|r′)
∂x

= ik
eikz

z
exp

{
ik‖r − r′‖2

2z

}
x− x′

z
, (3.16)

∂g (x|r′)
∂y

= ik
eikz

z
exp

{
ik‖r − r′‖2

2z

}
y − y′

z
, (3.17)

∂g (x|r′)
∂z

= ik
eikz

z
exp

{
ik‖r − r′‖2

2z

}
. (3.18)

Substituting the above expressions into Eqs. (3.3)–(3.5) gives for the Fresnel approxima-

tions of the Cartesian components of the displacement field

ux(r, z) = − ik
2π

eikz

z

∫∫ ∞
−∞

ux(r
′, 0) exp

{
ik‖r − r′‖2

2z

}
dx′dy′, (3.19)

uy(r, z) = − ik
2π

eikz

z

∫∫ ∞
−∞

uy(r
′, 0) exp

{
ik‖r − r′‖2

2z

}
dx′dy′, (3.20)

and

uz(r, z) =
ik

2π

eikz

z

∫∫ ∞
−∞

[
ux(r

′, 0)
x− x′

z
+ uy(r

′, 0)
y − y′

z

]
exp

{
ik‖r − r′‖2

2z

}
dx′dy′.

(3.21)

Again, we expect the above solutions to be approximately valid when the dimensionless

frequency ka of the beam is large, and when the field is evaluated in the paraxial region.

As is noted in Appendix B, the general solutions for the transverse components of the

displacement field have the familiar form of the Rayleigh integral of the second kind.

Hence the solutions given in Eqs. (3.19) and (3.20) above represent classical Fresnel

approximations to the Rayleigh integral of the second kind, which are well-known in the

fields of acoustics and optics (cf. Chapter 4 of Goodman20 for the optical case).
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Thus we see that the main difference between the above solution for shear wave

beams and the classical solution for scalar diffraction, apart from the fact that there

are two transverse components to the displacement field and hence the field can be

polarized, is the existence of the longitudinal component given by (3.21). While the

solution for the transverse components has a form that is familiar to us from scalar

diffraction theory, the solution for the longitudinal component is not as familiar, and so

we must take a closer look at the particular form of that solution.

3.2.3 Effective incompressibility assumption

Note the following expressions for the transverse spatial derivatives of the complex ex-

ponential appearing in (3.21),

∂

∂x

[
exp

{
ik‖r − r′‖2

2z

}]
= ik

x− x′

z
exp

{
ik‖r − r′‖2

2z

}
, (3.22)

and
∂

∂y

[
exp

{
ik‖r − r′‖2

2z

}]
= ik

y − y′

z
exp

{
ik‖r − r′‖2

2z

}
. (3.23)

We are thus able to write the integrand of (3.21) as[
ux(r

′, 0)
x− x′

z
+ uy(r

′, 0)
y − y′

z

]
exp

{
ik‖r − r′‖2

2z

}
=

1

ik

∂

∂x

[
ux(r

′, 0) exp

{
ik‖r − r′‖2

2z

}]
+

1

ik

∂

∂y

[
uy(r

′, 0) exp

{
ik‖r − r′‖2

2z

}]
. (3.24)

Noticing that the expression

ui(r
′) exp

{
ik‖r − r′‖2

2z

}
(3.25)

appears in the integrand for the solution for the two transverse components given in

Eqs. (3.19) and (3.20), we are thus able to write the longitudinal component of the dis-

placement field in terms of the transverse components as

uz = − 1

ik

(
∂ux
∂x

+
∂uy
∂y

)
. (3.26)
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Now, it should come as no surprise that we are able to write the longitudinal compo-

nent in terms of the transverse components, since from the beginning we have assumed

that the elastic solid under consideration is incompressible and hence from the exact

expression for incompressibility, ∇· u = 0, we have

∂uz
∂z

= −
(
∂ux
∂x

+
∂uz
∂z

)
. (3.27)

Comparing Eqs. (3.26) and (3.27), we see that a direct result of the Fresnel approximation

that we made is that the spatial derivative of the longitudinal motion in the z direction

(which can be thought of as the longitudinal strain component) is given approximately by

∂uz
∂z
' ikuz. (3.28)

An interesting aspect of this result is that while using the exact expression for incom-

pressibility allows us to solve for the longitudinal component as

uz = −
∫ (

∂ux
∂x

+
∂uy
∂y

)
dz, (3.29)

application of the Fresnel approximation results in the substitution of the above integral

for a factor (ik)−1, which will be useful when deriving analytic solutions for the longitu-

dinal motion along the axis of the beam, since we are no longer required to perform the

integral. Hence our strategy when studying the propagation of these shear wave beams

will be to derive explicitly the transverse components (ux, uy) of the beam, and then

subsequently obtain an expression for the longitudinal component uz using (3.26).

3.2.4 Solution for transverse displacement field

The Fresnel solutions for the x and y components of the displacement field, given in

(3.19) and (3.20), can be combined into the following vector equation that gives the

solution for the transverse displacement field u(x),

u(r, z) = − ik
2π

eikz

z

∫∫ ∞
−∞
u(r′, 0) exp

{
ik‖r − r′‖2

2z

}
dx′dy′. (3.30)

In order to derive explicit analytic solutions from the above expression, we will rewrite

the expression in such a way that the double integral becomes a particular case of the
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two-dimensional Fourier transform. Noting that

‖r − r′‖2 = (r − r′) · (r − r′) = r2 − 2r · r′ + r′2, (3.31)

we can write the exponential function in (3.30) as

exp

{
ik‖r − r′‖2

2z

}
= exp

{
ikr2

2z
+
ikr′2

2z
− ikr · r′

z

}
. (3.32)

Substituting the above expression into (3.30) yields†

u(r, z) = − ik

2πz
exp

{
ikz +

ikr2

2z

}∫∫ ∞
−∞
u(r′, 0) exp

{
ikr′2

2z
− ikr · r′

z

}
dx′dy′.

(3.33)

Define the two-dimensional Fourier transform on the transverse plane‡ of an arbi-

trary vector field f(x) = f(r, z) by the following,

f̂(κ, z) = Fr{f(r, z)} =

∫∫ ∞
−∞
f(r′, z)e−iκ·r

′
dx′dy′, (3.34)

where κ = κxex + κyey is the transform coordinate. Note that the integral in (3.33)

can be written as a special case of the two-dimensional Fourier transform, for if we let

κ = kr/z then the integral becomes∫∫ ∞
−∞
u(r′, 0) exp

{
ikr′2

2z

}
e−iκ·r

′
dx′dy′ = Fr

{
u(r, 0) exp

[
ikr2

2z

]}
. (3.35)

Defining the Rayleigh distance z0 = 1
2
ka2, and noting that

ikr2

2z
=
i(r/a)2

z/z0

, (3.36)

we can write the integral in (3.35) as∫∫ ∞
−∞
u(r′, 0) exp

{
i(r′/a)2

z/z0

}
e−i(kr/z)·r

′
dx′dy′ = Fr

{
u(r, 0) exp

[
i(r/a)2

z/z0

]}
κ=kr/z

.

(3.37)

†Note that this result is equivalent to (4-17) on page 67 of Goodman20 with the notable exception that
our result is for a vector field rather than a scalar field.

‡See Sec. A.3.2 of Appendix A for a more thorough description of the two-dimensional Fourier
transform.
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Inserting the above expression into (3.33) thus gives us the following solution for the

transverse displacement field,

u(r, z) = − ik

2πz
exp

{
ikz +

i(r/a)2

z/z0

}
Fr

{
u(r, 0) exp

[
i(r/a)2

z/z0

]}
κ=kr/z

. (3.38)

The above expression is what we will use in the next chapter to derive an analytic

solution for the propagated field.
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Chapter 4

Propagation of an Affinely-Polarized Gaussian Beam

4.1 Introduction

In this chapter analytic solutions are derived using the Fresnel approximation for the

case of affinely-polarized beams with Gaussian amplitude shading, and the diffraction

characteristics of these solutions are studied. We then consider the case of focused shear

wave beams. Motivated by recent work in the optics literature, we show that for the

case of a tightly-focused, radially-polarized shear wave beam, a nonzero longitudinal

component to the displacement field arises that is highly localized to the focal spot and

comparable in amplitude to the transverse motion.

4.1.1 Outline of chapter

Using the general Fresnel approximation solution for the linear propagation of shear

wave beams, we obtain an analytic solution for the beam generated by a general affinely-

polarized source with Gaussian amplitude shading, and find that it is a linear superpo-

sition of beams generated by the constant and first-order polarizations. The constant

polarization beam behaves analogously to the classical Gaussian beam solution from

scalar diffraction theory, and for completeness we give an overview of that solution. We

describe the spreading, the wavefront curvature and the axial phase drift (i.e. difference

in phase speed from a plane wave solution) of the beam. We then consider the part of

the solution with first-order polarization, noting that all such solutions radiate as dipoles

and hence have zero displacement along the axis of the beam.

We then consider the case when these beams are focused. The motivation for this

comes from research that has been done over the past decade on the unique properties of

focused, radially-polarzied optical beams. It has been shown theoretically (Youngworth
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et al.21) and experimentally (Dorn et al.22) that in a tightly-focused, radially-polarized

optical beam there appears a longitudinal component to the electric field that is localized

to the focal spot and comparable in amplitude to the transverse field components.

For a focused, affinely-polarized shear wave beam we find that there exists lon-

gitudinal motion along the axis of the beam, localized to the focal spot, and that this

longitudinal motion is due to the radial part of the first-order polarization. The ratio

of the peak longitudinal motion to the peak transverse motion is proportional to the

ratio of the source radius to the focal distance of the beam. Hence, the closer the beam

is focused, the larger the amplitude of the longitudinal motion. The amplitude of the

longitudinal motion becomes equal to the amplitude of the transverse motion when the

focusing angle of the beam is equal to 23.23◦, and an interesting aspect of this result is

that it does not depend on the frequency of the beam; it is a purely geometrical result.

Using the angular spectrum solution for the propagation of shear waves into an

incompressible half-space, which is derived in Sec. B.6, we obtain numerical solutions for

the propagation of radially-polarized beams with non-Gaussian amplitude shading. The

spatial structure of the propagated field is found to be more complicated than for the

Gaussian beam, and includes the presence of diffraction lobes. We find that for focused,

radially-polarized non-Gaussian beams there still exists a localized region of longitudinal

motion at the focal point of the beam, however the intensity of the longitudinal motion

(compared with the transverse motion) is slightly less than for the case of a radially-

polarized Gaussian beam.

We conclude the chapter by putting forth an intuitive physical argument for the

presence of longitudinal motion at the focus of a radially-polarized beam, and then

speculate on the possible application of such beams in a biomedical context.
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4.2 Propagation of a Gaussian beam with affine polarization

4.2.1 Solution for transverse displacement field

The solution obtained using the Fresnel approximation for the transverse displacement

field of a shear wave beam was given in (3.38) as

u(r, z) = − ik

2πz
exp

{
ikz +

i(r/a)2

z/z0

}
Fr

{
u(r, 0) exp

[
i(r/a)2

z/z0

]}
κ=kr/z

. (4.1)

The source condition u(r, 0) that we will use will be the affinely-polarized source with

Gaussian amplitude shading given in (2.12), such that the source polarization is given by

u(r, 0) = (p0 +Ar) e−(r/a)2 , (4.2)

where again a is the radius of the source, p0 is a constant vector representing the

constant polarization of the source, and A is a constant tensor (or 2 × 2 matrix) that

represents the first-order polarization of the source. Thus the expression appearing in

the Fourier transform in (4.1) can be written as

u(r, 0) exp

{
i(r/a)2

z/z0

}
= (p0 +Ar) e−(r/a)2 exp

{
i(r/a)2

z/z0

}
. (4.3)

Noting that

exp

{
−r

2

a2
+
i(r/a)2

z/z0

}
= exp

{
−(r/a)2 1 + iz/z0

iz/z0

}
, (4.4)

and defining the quantity

γ2 = a2 iz/z0

1 + iz/z0

, (4.5)

we can express (4.3) more succinctly as

(p0 +Ar) e−(r/γ)2 . (4.6)

The above expression is itself an affinely-polarized field with Gaussian amplitude shad-

ing, although now the effective radius is given by γ. The two-dimensional Fourier trans-

form of the above expression is thus given by†

Fr

{
(p0 +Ar) e−(r/γ)2

}
=

(
p0 −

iγ2

2
Aκ

)
πγ2e−κ

2γ2/4. (4.7)

†See Sect. A.3.7 of Appendix A for a derivation of the two-dimensional Fourier transform of an
affinely-polarized vector field with Gaussian amplitude shading.
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Evaluating the above Fourier transform at κ = kr/z yields

Fr

{
(p0 +Ar) e−(r/γ)2

}
κ=kr/z

=

(
p0 −

ikγ2

2z
Ar

)
πγ2 exp

{
−k

2r2γ2

4z2

}
. (4.8)

Noting that
ikγ2

2z
=
ika2

2z

iz/z0

1 + iz/z0

= − 1

1 + iz/z0

, (4.9)

we thus have

p0 −
ikγ2

2z
Ar = p0 +

Ar

1 + iz/z0

. (4.10)

The argument of the exponential appearing in (4.8) can be written as

−k
2r2γ2

4z2
= − (r/a)2

(z/z0)2

(
iz/z0

1 + iz/z0

)
= −i(r/a)2

z/z0

(
1

1 + iz/z0

)
. (4.11)

Using the last two expressions, as well as the definition of γ given in (4.5), we can

equivalently write the right-hand side of (4.8) as(
p0 +

Ar

1 + iz/z0

)
πa2 iz/z0

1 + iz/z0

exp

{
−i(r/a)2

z/z0

(
1

1 + iz/z0

)}
. (4.12)

The above expression thus represents the evaluation of the Fourier transform appearing

in (3.38). In order to evaluate the rest of (3.38), we must multiply the above expression

by the factor

− ik

2πz
exp

{
ikz +

i(r/a)2

z/z0

}
. (4.13)

The factor eikz being kept separate, the remaining exponential to be evaluated is given

by

exp

{
i(r/a)2

z/z0

− i(r/a)2

z/z0

(
1

1 + iz/z0

)}
. (4.14)

Noting that

i(r/a)2

z/z0

− i(r/a)

z/z0

(
1

1 + iz/z0

)
=
i(r/a)2

z/z0

(
1− 1

1 + iz/z0

)
= − (r/a)2

1 + iz/z0

, (4.15)

we thus have

exp

{
i(r/a)2

z/z0

− i(r/a)2

z/z0

(
1

1 + iz/z0

)}
= exp

{
− (r/a)2

1 + iz/z0

}
. (4.16)
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Combining the scaling factors from (4.12) and (4.13) yields

− ik

2πz

(
πa2 iz/z0

1 + iz/z0

)
=
ka2/2

iz

(
iz/z0

1 + iz/z0

)
=

1

1 + iz/z0

. (4.17)

Combining these results, we arrive at the following expression for the transverse dis-

placement field:

u(r, z) =

(
p0 +

Ar

1 + iz/z0

)
eikz

1 + iz/z0

exp

{
− (r/a)2

1 + iz/z0

}
. (4.18)

Note that the above solution, when evaluated at the source plane z = 0, recreates the

original source condition given in (4.2).

The above solution separates naturally into two parts: the vector polarization

represented by the quantity in parentheses, and the scalar diffraction represented by the

remaining scalar field. The scalar diffraction field is dimensionless; the units of length

are contained entirely in the vector polarization. We will investigate each of these parts

separately.

4.2.2 Classical Gaussian beam diffraction

Let Γ(r, z) represent the dimensionless scalar diffraction part of the solution given in

(4.18),

Γ(r, z) =
eikz

1 + iz/z0

exp

{
− (r/a)2

1 + iz/z0

}
. (4.19)

The above expression is well known in the fields of acoustics and optics, and represents

the classical Gaussian beam solution from scalar diffraction theory†. While the charac-

teristics of this solution are well known, we will repeat them here so that we can refer to

them in what follows.

In order to analyze the Gaussian beam solution it is advantageous to break up

the scalar field, which is given as a complex field, into its constituent magnitude and

phase. Thus we will break it up as

Γ(r, z) = |Γ(r, z)|ei∠Γ(r,z). (4.20)

†Cf. Hamilton & Blackstock23 for the acoustical case, Kogelnik & Li24 for the optical case.
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The magnitude |Γ(r, z)| is given by

|Γ(r, z)| = 1√
1 + (z/z0)2

exp

{
− (r/a)2

1 + (z/z0)2

}
. (4.21)

The first thing to note about the magnitude of the beam is that it remains Gaussian

as the beam propagates, meaning that at any distance z, the magnitude of the cross

section of the beam is a Gaussian function. However, as can be seen in Fig. 4.1(a),

the corresponding Gaussian decreases in amplitude and increases in width as the beam

propagates. Figure 4.1(b) depicts the peak amplitude of the beam (which occurs on the

central axis of the beam) as a function of the propagation distance, and it is readily

seen that the beam amplitude decays slowly near the source plane. In the far field, when

z/z0 � 1, the peak amplitude decays as z−1, which is analogous to a diverging spherical

wave.

Comparing the magnitude of the beam at the source plane to the magnitude

anywhere in the field, we see that the spreading of the beam is described by the following

transformation of the radial coordinate r:

r −→ r

1 + (z/z0)2
. (4.22)

A consequence of this spreading law is that if one were to pick a point on the Gaussian

amplitude profile at the source plane (e.g. at one source radius r = a) and then trace

the corresponding spot on the Gaussian as the beam propagates and spreads (e.g. the

point where the amplitude is e−1 times the peak amplitude), then the curve that would

be traced would be a hyperbola in the (r, z) plane. This is depicted in Fig. 4.2.

The phase of the Gaussian beam solution is given by

∠Γ(r, z) = kz − tan−1(z/z0) + (r/a)2 z/z0

1 + (z/z0)2
, (4.23)

which is seen to be made up of three parts. The first part is the linear phase term kz,

and represents plane wave propagation in the direction of the beam axis. This can be

seen by combining the linear phase term exp(ikz) with the time-harmonic dependence

exp(−iωt), such that the result is given by exp{−iω(t − z/ct)}, the real part of which
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Figure 4.1: Characteristics of the classical Gaussian beam solution.
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Figure 4.2: Amplitude of the classical Gaussian beam, normalized such that the ampli-
tude is constant along the beam axis. The white dashed lines represent the curves with
a constant value of 1/e, which are hyperbolas.

corresponds to a sinusoidal wave propagating in the +z direction at the shear wave

speed ct. This phase term can be thought of as a sort of base line, since plane wave

propagation is such a familiar concept; the remaining two phase terms will tell us how

the phase structure of the beam differs from that of a plane wave.

The second phase term, − tan−1(z/z0), doesn’t depend on the transverse coor-

dinates, but rather only on the z coordinate, and hence affects the entire cross section

of the beam uniformly. This term, which we will refer to as the axial phase drift, can be

thought of as a correction to the plane wave speed implied by the linear phase term kz.

By the time the beam has propagated into the far field, its phase will be ahead of the

equivalent plane-wave phase by 90◦. In other words, if one were to look at the phase

speed along the beam axis, the phase speed of the Gaussian beam would be faster than

the phase speed of a plane wave in the near field. The phase speed of the Gaussian

beam then slows down as the beam propagates, in such a way that it asymptotically

approaches the phase speed of a plane wave in the far field.
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The spatial structure of the phase is given by the last term in (4.23),

(r/a)2 z/z0

1 + (z/z0)2
. (4.24)

The wavefronts (i.e. the surfaces of constant phase) would be planar for the case of a

plane wave, however the presence of the above phase term implies that the wavefronts

of the Gaussian beam are nonplanar, and hence curved in some way. Perhaps the most

intuitive way to interpret the above phase term is to compare it with the phase from a

spherical wave emanating from the origin, which is given by

eik
√
x2+y2+z2√

x2 + y2 + z2
. (4.25)

We can ignore the amplitude of the spherical wave and look only at the phase, which is

given by k
√
x2 + y2 + z2. If we use the same Fresnel approximation on this expression

as we used before, the outcome of which will be accurate in the paraxial region, we are

left with a phase term of the form

k
√
r2 + z2 ' kz +

kr2

2z
. (4.26)

This phase term corresponds to the Fresnel approximation of a spherical wave that has

propagated a distance z, and hence corresponds to a spherical wavefront with radius of

curvature Rc = z. If we ignore the linear phase term kz and write the remaining phase

kr2/2z in terms of the radius of curvature, we are left with kr2/2Rc.

We are now in a position to understand the phase term for the Gaussian beam

given in (4.24) in terms of the effective radius of curvature of the wavefronts. We do so by

equating (4.24) with the expression found for the phase of a spherical wave with radius

of curvature Rc,

(r/a)2 z/z0

1 + (z/z0)2
=
kr2

2Rc

(
=

(r/a)2

Rc/z0

)
, (4.27)

which leads to the following expression for the radius of curvature Rc of the wavefront

of the Gaussian beam,

Rc =
z2 + z2

0

z
= z

[
1 + (z0/z)2

]
. (4.28)
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We see from the above expression that the effective radius of curvature becomes infinite

near the source plane z = 0 (since the wavefronts of the beam start off planar), then

decreases until it reaches a minimum at z = z0, and then in the far field (z � z0)

becomes approximately equal to z, which corresponds to the radius of curvature of a

spherical wave emanating from the origin. One could also interpret the inverse 1/Rc

of the radius of curvature as the effective curvature of the wavefronts, in which case the

effective curvature starts as zero, then increases to a maximum at one Rayleigh distance

and then decreases monotonically in the far field, as depicted in Fig. 4.1(c).

4.2.3 Vector amplitude of shear wave beam

We now turn our attention to the vector polarization portion of the solution given in

(4.18) as

p0 +
Ar

1 + iz/z0

. (4.29)

We clearly see that the vector polarization is given as a sum of the solutions correspond-

ing to the constant polarization and first-order polarization contained in the source

condition. This should not come as a surprise; since the problem is linear, the superpo-

sition principle holds and we expect the solution from a sum of source conditions to be

the sum of solutions from each of the source conditions individually.

First consider the case when the source condition is constantly polarized accord-

ing to the polarization vector p0, and hence the polarization matrix A is equal to zero.

Then the solution is given by

u(r, z) = p0 Γ(r, z). (4.30)

Hence the solution maintains its constant polarization and diffractions exactly as the

classical Gaussian beam considered in the last section.

The more interesting case is when the source is purely a first-order polarization,

in which case the polarization vector p0 is zero and the solution is given by

u(r, z) =
Ar

1 + iz/z0

Γ(r, z). (4.31)
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Writing Ar = (Aer)r and breaking up the scaling factor into its magnitude and phase,

we get
Ar

1 + iz/z0

= Aer
r√

1 + (z/z0)2
e−i tan−1(z/z0). (4.32)

The vector part Aer represents the spatial structure of the polarization, and only de-

pends on the polar angle φ, which can be seen be writing it in its Cartesian matrix

form,

[Aer] =

[
Axx cosφ+ Axy sinφ
Ayx cosφ+ Ayy sinφ

]
. (4.33)

Thus the vector quantity Aer is constant along the beam as it propagates. The magni-

tude of the scalar part represents the spreading of the beam, and is again represented

by the transformation

r −→ r√
1 + (z/z0)2

. (4.34)

The above transformation law is identical to the one given in (4.22) for the classical

Gaussian beam, and hence represents the same type of spreading (i.e. tracing out a

hyperbola as it spreads).

This last point is somewhat subtle and requires a bit more of an explanation.

The amplitude of the first-order polarization beam is given by

‖u(r, z)‖ = ‖Aer‖
r

1 + (z/z0)2
exp

{
− (r/a)2

1 + (z/z0)2

}
. (4.35)

The factor ‖Aer‖ depends only on the angle φ, and hence will be ignored. The re-

maining scalar field in the above expression indicates that the amplitude profile for the

first-order polarization beam is a Gaussian scaled by the radial coordinate r. In other

words the amplitude profile is proportional to the derivative of a Gaussian, and thus

the peak amplitude of the beam does not lie on the beam axis, as with the constant-

polarization beam, but rather occurs at the radial distance

r = a

√
1 + (z/z0)2

2
, (4.36)

which can be seen in Fig. 4.3(a). In the far field (z � z0), the peak amplitude of the beam

drops off as z−1, as was the case with the classical Gaussian beam solution. However,
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because of the dependence of the amplitude on r, the amplitude of the beam at a fixed

radial distance from the beam axis will drop off as z−2. Physically, this is due to the

fact that all first-order polarizations act as dipole sources, with the axis of the dipole

coinciding with the axis of the beam. Hence the field drops off as z−2 along the beam

axis, but it is important to remember that the peak amplitude occurring off axis is in fact

dropping off as z−1.

The phase term exp{−i tan−1(z/z0)} represents an additional phase drift that is

present in beams with first-order polarization (but not in beams with constant polariza-

tion). It combines with the axial phase drift from the classical Gaussian beam solution,

such that the total phase drift is given by exp{−i2 tan−1(z/z0)}. This means that in the

far field, z/z0 � 1, the phase along the axis of the beam will be ahead of the phase of an

equivalent plane wave by 180◦. Another implication of this is that constant polarization

beams and first-order polarization beams do not propagate in phase with one another,

but slowly drift out of phase, such that in the far field the first-order polarization beam

leads in phase by 90◦ compared to the constant-polarization beam. Figure 4.3(b) depicts

a comparison of the axial phase drift for the constant and first-order polarizations.

4.2.4 Longitudinal motion

Now that we have investigated the transverse motion of the beam we will turn our

attention to the longitudinal motion. As was previously mentioned, for our currently

considered situation of an unfocused shear wave beam we expect that the longitudinal

motion will be significantly smaller in amplitude than the transverse motion, due to the

high frequency of the source. While we expect this to be true, it was not an actual

assumption that was made when invoking the Fresnel approximation, and we will see

later on in this chapter that significant longitudinal motion can exist in shear wave

beams when the beam is strongly focused. Hence our reasoning for solving for the

longitudinal motion presently is twofold: we will show that for the unfocused case the

longitudinal motion is in fact much smaller than the transverse motion, and we will

derive an expression for the longitudinal motion that will be utilized to explore the

strongly-focused case that follows.
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We explore the longitudinal motion by deriving an expression for the axial dis-

placement uz, which we saw from (3.26) is given in terms of the transverse components

by

uz = − 1

ik

(
∂ux
∂x

+
∂uy
∂y

)
. (4.37)

The expression in the parentheses in the above expression can be described as the

transverse divergence of the displacement field, which is a metric of the expansion of the

(x, y) plane. In what follows it will be useful to utilize index notation while restricting

ourselves to the transverse coordinates, and to this end we will use the convention that

repeated Greek indices will imply summation over the coordinates x and y only. So

for instance we have uα,α = ux,x + uy,y and the above equation for the longitudinal

component of the displacement field can be written more succinctly as

uz = −uα,α
ik

. (4.38)

We saw in (4.18) that the transverse field u naturally breaks up into a scalar diffrac-

tion field and a vector amplitude, and it will be useful to use this decomposition when

evaluating (4.38). Hence we write

uα = qα Γ, (4.39)

where†

qα = p0α +
Aαβxβ

1 + iz/z0

(4.40)

and Γ = Γ(r, z) is the classical Gaussian beam given in (4.19). Using the product rule,

we see that the longitudinal field is given by

uz = −(qαΓ),α
ik

= −qα,αΓ + qαΓ,α
ik

. (4.41)

The transverse divergence of the vector amplitude is given by

qα,α =
Aαα

1 + iz/z0

=
trA

1 + iz/z0

, (4.42)

†Note that when confining ourselves to the transverse plane, which we indicate by using Greek indices,
the transverse components of x and r coincide, and hence rα = xα. We will prefer the latter case.
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where trA = Axx + Ayy is the trace of the polarization matrix and hence represents

the sum of the stretches of the first-order polarization. The field Γ,α represents the

transverse gradient of the classical Gaussian beam solution. Since the Gaussian beam is

axisymmetric, its transverse gradient ∇Γ is given in direct form vector notation as

∇Γ =
∂Γ

∂r
er = − (2r/a2)eikz

(1 + iz/z0)2
exp

{
− (r/a)2

1 + iz/z0

}
. (4.43)

Inserting (4.42) and (4.43) into (4.41) then yields the following expression for the longitu-

dinal field:

uz(r, z) =

[
trA
k
− r

z0

·
(
p0 +

Ar

1 + iz/z0

)]
ei(kz+π/2)

(1 + iz/z0)2
exp

{
− (r/a)2

1 + iz/z0

}
, (4.44)

where we used the fact that −1/i = i = eiπ/2.

The factor in square brackets in (4.44) contains two terms: one coming from the

transverse divergence of the vector polarization (involving trA), and the other coming

from the transverse gradient of the scalar diffraction field. The delineation of these two

terms came from the application of the product rule in (4.41). For multiple reasons we

are only going to concern ourselves with the first of these terms, involving trA. The

second term depends explicitly on the particular form of the scalar diffraction field, and

hence on the shape of the initial amplitude shading of the source condition (in our case

the amplitude shading was Gaussian).

We confine our attention to the longitudinal motion due specifically to the source

polarization by only considering the longitudinal motion along the axis of the beam. In

this case, the longitudinal field is given by

uz(0, z) =
trA
k

ei(kz+π/2)

(1 + iz/z0)2
, (4.45)

which depends on the polarization tensor A but not the polarization vector p0, and

hence is due entirely to the first-order polarization. Since the above expression repre-

sents the particle motion along and parallel to the axis of the beam, we will refer to it

simply as the axial motion of the beam. The magnitude of the axial motion is given by

|uz(0, z)| =
|trA|/k

1 + (z/z0)2
, (4.46)

46



and we thus see that the axial motion decays in the far field as z−2, which is consistent

with the decay rate of the transverse motion of the first-order polarization along the axis

of the beam (i.e. dipole-like radiation). Furthermore, from the phase of (4.45) we see that

the axial phase drift of the longitudinal motion is also the same as for the first-order

polarization [i.e. equal to −2 tan−1(z/z0)], however the presence of an eiπ/2 factor in

the axial motion implies that the axial motion is shifted 90◦ compared to the transverse

motion.

4.2.5 Radial part of first-order polarization

From the form of (4.45) we see that no axial motion is generated by the constant polar-

ization, since there is no dependence on p0. Furthermore, the axial motion depends on

the first-order polarization only by way of the trace of the polarization matrix trA, and

hence on the sum of the stretches implied by the polarization matrix.

For an arbitrary first-order polarization with corresponding matrix A, it is possi-

ble to decompose the polarization into the sum of a radial polarization having the same

trace as A and a traceless residual matrix. This decomposition is given explicitly by

A = 1
2
(trA)1 +

{
A− 1

2
(trA)1

}
, (4.47)

where again 1 is here the two-dimensional identity tensor, which when acting as a polar-

ization matrix corresponds to radial polarization. Hence the first term on the right-hand

side of the above expression corresponds to a radial polarization, and since tr1 = 2

the trace of that radial polarization is equal to trA, the trace of the original polariza-

tion matrix. We will refer to this part of the decomposition as the radial part of A.

The second term in the above expression is what remains when the radial part of A is

subtracted from A. It is easy to show that this remaining part has zero trace†.

We can make this notion more explicit by considering the Cartesian matrix form

†Another way to prove this fact is to express the tensor A in terms of the alternative basis that was
given in (2.17), noting that the trace of the rotation and pure shear polarizations is zero. Hence the radial
polarization is solely responsible for the trace of A in that basis.
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of the polarization tensor,

[A ] =

[
Axx Axy
Ayx Ayy

]
. (4.48)

The radial part of A is then given by

[
1
2
(trA)1

]
=

1

2

[
Axx + Ayy 0

0 Axx + Ayy

]
, (4.49)

while the traceless residual part is given by

[
A− 1

2
(trA)1

]
=

1

2

[
Axx − Ayy 2Axy

2Ayx Ayy − Axx

]
. (4.50)

Since it is always possible to pull out the radial part of a first-order polarization, and

this radial part will entirely account for the axial motion of the generated beam, we

are going to use this fact as an excuse to pay special attention to the case of radially-

polarized beams.

For a radially polarized beam the polarization vector p0 is zero and the polariza-

tion matrix is given by A = α1 , where α is a constant that represents the source ampli-

tude of the radially-polarized beam. Inserting this polarization tensor into the general

solution given by Eqs. (4.18) and (4.45), the resulting field is given by u = urer + uzez,

where the radial displacement field is

ur(r, z) =
αreikz

(1 + iz/z0)2
exp

{
− (r/a)2

1 + iz/z0

}
(4.51)

and axial motion is given by

uz(0, z) =
2α

k

ei(kz+π/2)

(1 + iz/z0)2
. (4.52)

Thus far we implicitly assumed that for an unfocused, high-frequency shear wave beam,

the particle motion will be predominantly transverse. In other words, we have assumed

that the longitudinal motion will be at least an order of magnitude smaller than the

transverse motion. With the above explicit expressions for the transverse and axial

displacement of a radially-polarized beam, we can check directly whether the assumption

that we’ve made is valid by comparing the relative amplitudes of the transverse and axial

motion.
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The peak amplitude of the radial motion occurs off axis at a radial distance

r = a

√
1 + (z/z0)2

2
, (4.53)

leading to a peak radial amplitude of

|ur(r, z)|max =
|α|a/

√
2e√

1 + (z/z0)2
. (4.54)

The amplitude of the axial motion is given by

|uz(0, z)| =
2|α|/k

1 + (z/z0)2
. (4.55)

We can thus combine these last two results to obtain an expression for the ratio of the

amplitude of the axial motion to the peak amplitude of the radial motion,

|uz(0, z)|
|ur(r, z)|max

=

√
8e/ka√

1 + (z/z0)2
. (4.56)

From the above expression it is clear that the amplitude of the axial motion compared to

the radial motion decreases as the beam propagates. This makes sense from what we’ve

already noted: the amplitude of the axial motion drops off as z−2 in the far field, while

the peak radial motion drops off as z−1. Therefore the relative importance of the axial

motion is greatest at the source plane, where we have

|uz(0, 0)|
|ur(r, 0)|max

=

√
8e

ka
' 4.66

ka
. (4.57)

As expected, we see that the relative amplitude of the axial motion at the source plane is

inversely proportional to the dimensionless frequency ka of the source (i.e. the higher the

source frequency, the smaller the amplitude of the longitudinal motion). When invoking

the Fresnel approximation we assumed that ka � 1, and so if we take the lower end of

that assumption to be when ka = 10 then from the above expression we see that the

amplitude of the axial motion would be a little less than half that of the radial motion.

When ka is equal to 50, then the amplitude of the axial motion is 0.093 times the peak

radial amplitude, and hence conforms to our expectation that the longitudinal motion

49



in the (unfocused) shear wave beam is at least an order of magnitude smaller than the

transverse motion.

We note again that the Fresnel approximation that we’ve used did not require that

the longitudinal motion be small, and in fact we are about to see that the longitudinal

motion can be as large as the transverse motion in the case of strong focusing. The

reason that we are concerned with the relative amplitude of the longitudinal motion

compared to the radial motion is that when we consider nonlinear propagation of shear

wave beams in the next chapter, we will be using a parabolic approximation that does

assume that the longitudinal motion is an order of magnitude smaller than the transverse

motion. We have thus shown that for an unfocused beam with large ka, this assumption

is valid.

4.3 Focusing effects and anomalous longitudinal motion

4.3.1 Motivating work in optics

As is discussed in Appendix B, there are many mathematical similarities between shear

waves and electromagnetic waves, in particular when an analogy is drawn between the

displacement component of the shear wave and the electric field component of the elec-

tromagnetic wave. Our main motivation for studying the focusing of shear wave beams

comes from research that has been occurring in the optics community over the past

decade. In particular there has been a good deal of interest in the focusing properties of

radially-polarized optical beams, and at this point we have the mathematical machinery

to investigate the propagation of radially-polarized shear wave beams.

Youngworth et al.21 in 2000 theoretically predicted that for a optical beam with

the electric field polarized in the radial direction, when the beam is tightly focused there

will be a longitudinal component to the electric field that is highly-localized spatially

to the focal region and is comparable in amplitude to the transverse field. This phe-

nomenon was first verified experimentally in 2003 by Dorn et al.22 Since then there

has been a steady rate of research being done on the generation and properties of fo-

cused, radially-polarized optical beams, to the extent that various applications of this
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phenomenon have been proposed. Such applications arise in imaging, optical trapping

and laser machining. A comprehensive review of the research in the field was given by

Zhan.16

While the linear theory of propagation of optical beams and shear wave beams

is quite similar mathematically, the optics literature generally uses different notation and

nomenclature (acronyms, in particular) than are used in this work. For instance, the

way in which the beam is polarized is referred to as the state of polarization (SOP). If

the direction of the polarization is spatially constant over the cross section of the beam

(which we have called constant polarization) then the SOP is referred to as homogeneous.

Contrariwise, a spatially-varying polarization is referred to as inhomogeneous.

Beams with inhomogeneous polarizations that are entirely axisymmetric (even

with respect to the vector amplitude) are called cylindrical vector (CV) beams. There are

two types of CV beams: azimuthally polarized and radially polarized. Hence a general

CV beam is a linear combination of these two types of polarization, resulting in a SOP

that is generally vortex-like. In terms of our nomenclature, CV beams are first-order

polarizations that are a linear combination of radial and torsional polarizations, and

hence can be written as a special case of (2.17) wherein only the radial and torsional

terms are present: A = α1 + θR. Of the two types of optical CV beams, only the

radial polarization was found to exhibit a strong longitudinal component to the field

when tightly focused.

The amount of focusing of an optical beam is often reported in terms of a di-

mensionless number known as its numerical aperture (NA), which for a Gaussian beam

is equal to twice the inverse of the dimensionless frequency of the beam with respect to

the focal spot. Hence if a beam with wavenumber k = 2π/λ is focused to such an extent

that the width of the beam at the focal spot is equal to af , then the numerical aperture

of the beam is equal to 2/kaf . The larger the numerical aperture of a beam, the more

tightly focused it is.

We make note of these differences in nomenclature so that the interested reader

can more easily access the results presented in the optics literature. However, in the
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Figure 4.4: Focusing geometry. A source with radius a is focused to a distance d along
the beam axis. The focusing angle is then given by γ = tan−1(a/d).

remainder of this work we will not make an effort to conform to optical nomenclature.

4.3.2 Phase structure at the source plane

As in the case of acoustic and electromagnetic waves, in practice there are multiple ways

by which one could focus a shear wave beam: using a curved source, using a flat source

with multiple elements phased in a particular way, or by inserting a lens in front of an

focused source. In all of these approaches the goal is to generate waves with curved

wavefronts, in such a way that they converge to a particular point along the beam axis.

Our approach† for including focusing will be to apply a phase structure to the

source condition. The required phase structure should curve wavefronts leaving the

source in such a way that they converge to a distance d along the z axis. Thus we start

by considering the form of a scalar spherical wave that is converging to the point z = d

†The method we use for including focusing is taken directly from pp. 244–245 of Hamilton & Black-
stock.23
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on the z axis,
e−ik
√
r2+(d−z)2√

r2 + (d− z)2
. (4.58)

Since we only care about the phase structure, we can discard the amplitude factor in the

denominator of the above expression. Evaluating at the source plane z = 0, scaling our

affinely-polarized Gaussian source condition by the above phase structure yields

u(r, 0) = (p0 +Ar) e−(r/a)2e−ik
√
r2+d2 . (4.59)

Although we expect the above expression to work fine for focusing our source condition,

in order to obtain analytic solutions we will need to apply the same Fresnel approxima-

tion as we used before to the phase structure at the source plane. We do so by making

the following approximation,

−ik
√
r2 + d2 = −ikd

√
1 + (r/d)2 ' −ikd− ikr2/2d. (4.60)

The e−ikd term is constant over the source plane, and hence can be discarded without

affecting the focusing of the beam,

u(r, 0) = (p0 +Ar) e−(r/a)2e−ikr
2/2d. (4.61)

Noting that

−r
2

a2
− ikr2

2d
= −r

2

a2

(
1 +

ika2

2d

)
= −r

2

a2

(
1 +

iz0

d

)
, (4.62)

and defining the focusing gain as G = z0/d, we see that the focused source condition in

the Fresnel approximation has the form of a affinely-polarized Gaussian source with an

effective, complex source radius given by

ã2 =
a2

1 + iG
. (4.63)

Hence we see that the focused source polarization can be written simply as

u(r, 0) = (p0 +Ar) e−(r/ã)2 . (4.64)

A consequence of the above result is that we can obtain the solutions for a focused

Gaussian beam from the previously-obtained solutions for the unfocused Gaussian beam
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by simply substituting in the effective source radius ã for the original source radius

a. However, since the Rayleigh z0 depends on a, we must make sure to apply the

substitution there as well. Hence we obtain results for the focused beam by making the

following substitutions,

(r/a)2 −→ (r/ã)2 = (1 + iG)(r/a)2 (4.65)

and

iz/z0 −→ i2z/kã2 = (1 + iG)iz/z0 = −z/d+ iz/z0. (4.66)

4.3.3 Focused transverse displacement field

The solution for the transverse displacement field of the unfocused beam was given in

(4.18) as

u(r, z) =

(
p0 +

Ar

1 + iz/z0

)
eikz

1 + iz/z0

exp

{
− (r/a)2

1 + iz/z0

}
. (4.67)

The solution for the focused beam, obtained by applying transformations (4.65) and

(4.66), is given by

u(r, z) =

(
p0 +

Ar

1− z/d+ iz/Gd

)
eikz

1− z/d+ iz/Gd
exp

{
− (1 + iG)(r/a)2

1− z/d+ iz/Gd

}
.

(4.68)

The transverse displacement field at the source plane is obtained by evaluating the above

expression at z = d,

u(r, d) = −iG {p0 − iA(Gr)} e−(Gr/a)2ei(kd+Gr2/a2) (4.69)

At this point it is convenient to consider separately the case of constant polarization and

first-order polarization. Setting A = 0 in the above expression gives us the field due to

a source with constant polarization, the magnitude of which is given by

G ‖p0‖ e−(Gr/a)2 . (4.70)

We see from the above expression that the peak amplitude of the beam at the focal plane

is equal to the peak amplitude at the source plane scaled by G = z0/d. This is why we

refer to G as the focusing gain. Furthermore, the amplitude of the beam at the focal
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plane is Gaussian with effective beam radius a/G, which indicates that the beam width

is smaller than at the source plane by a factor of G. Both of these results are exactly the

same as for a focused Gaussian beam in scalar diffraction theory, and are thus familiar

to us.

We obtain the result for a focused first-order polarization by letting p0 = 0 in

(4.69). The magnitude of the result is given by

G2‖Ar‖e−(Gr/a)2 = G ‖Aer‖ (Gr)e−(Gr/a)2 . (4.71)

The factor ‖Aer‖ only depends on the azimuth φ, and is proportional to the amplitude

of the beam at the source plane. The effect of focusing on the first-order polarization

looks at least superficially different than the constant polarization due to its dependence

on the factor G2, rather than simply G. However, this is slightly misleading because one

of the factors of G is in fact due to the change in the width of the beam. This can be

seen on the right-hand side of the above expression, where the decrease in the width

of the beam is due to the mapping r −→ Gr and hence involves one of the factors

of G that scales the whole expression. There is only one factor of G left to scale the

amplitude, and thus we conclude that the effect of focusing on the amplitude of the

first-order polarization is the same as for the constant polarization: the amplitude at the

focal plane is increased by a factor G, while the beam width is decreased by a factor G.

4.3.4 Axial motion of a focused beam

The axial motion for an unfocused beam was given in (4.46) as

uz(0, z) =
trA
k

ei(kz+π/2)

(1 + iz/z0)2
. (4.72)

The solution for the axial motion of a focused beam is then obtained by applying

transformations (4.65) and (4.66) to the above expression,

uz(0, z) =
trA
k

ei(kz+π/2)

(1− z/d+ iz/Gd)2
. (4.73)

The amplitude of the axial motion is thus given by

|uz(0, z)| =
|trA|/k

(1− z/d)2 + (z/Gd)2
. (4.74)
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While the amplitude of the axial motion for the unfocused beam was seen to decrease

monotonically as it propagated away from the source plane, for the focused beam (when

G ≥ 1) we see that the amplitude increases towards a maximum near the focal plane

z = d, and then decreases subsequently. While this is qualitatively analogous what

happens in the transverse field, evaluating the amplitude of the axial motion at the focal

plane yields

|uz(0, d)| = G2|trA|
k

. (4.75)

The above expression shows that the peak amplitude of the axial motion of a focused

beam is proportional to G2, whereas the peak transverse motion was proportional to G.

In other words, the axial motion of the beam gets a larger gain due to focusing

than the transverse motion. Since we’ve already established that for an unfocused, high-

frequency beam the transverse motion is around an order of magnitude larger than the

axial motion, the fact that the axial motion gets a larger gain due to focusing leads to

the possibility that for a strongly-focused shear wave beam, the axial motion may grow

in amplitude near the focus of the beam to such an extent that the amplitudes of the

axial and transverse motions are comparable.

4.3.5 Focused, radially-polarized beam

Recall that the axial motion of the beam is proportional to the trace of the polarization

matrix, and that we can always pull out a radial part of the polarization matrix that

includes the entirety of the trace. Because of this fact, in order to compare the amplitudes

of the transverse and axial motions of a focused beam we will consider specifically the

case of a radially-polarized beam, wherein the polarization matrix is given by A = α1 ,

substitution of which in (4.68) gives the solution for the transverse displacement field:

u(r, z) =
αreikz

(1− z/d+ iz/Gd)2
exp

{
− (1 + iG)(r/a)2

1− z/d+ iz/Gd

}
. (4.76)

Since the field is radially polarized, we can write it as u = urer, where the radial

displacement component ur is axisymmetric and is given by

ur(r, z) =
αreikz

(1− z/d+ iz/Gd)2
exp

{
− (1 + iG)(r/a)2

1− z/d+ iz/Gd

}
. (4.77)
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Evaluated at the focal plane z = d, the radial displacement is given by

ur(r, d) = −αG2r exp
{
ikd+ iG(r/a)2 − (Gr/a)2

}
, (4.78)

with corresponding magnitude

|ur(r, d)| = |α|G2re−(Gr/a)2 . (4.79)

Due to axisymmetry, the amplitude of the radial motion is zero along the axis of the

beam. The peak amplitude of the radial displacement occurs at r = a/(G
√

2), and

hence is given explicitly by

|ur(r, d)|max = |ur(a/(G
√

2), d)| = |α|Ga√
2e

. (4.80)

From the above expression it is clear that the peak transverse amplitude of the focused

beam is linearly proportional to the focusing gain G.

The solution for the axial motion of a focused beam was given in (4.73), and was

seen to be proportional to the trace of the polarization matrix. For the radially-polarized

beam we have A = α1 , and thus inserting trA = tr(α1 ) = 2α into the general solution

gives us the following expression for the axial motion of a focused radially-polarized

beam:

uz(0, d) =
2α

k

ei(kd+π/2)

(1− z/d+ iz/Gd)2
. (4.81)

The amplitude of the axial motion is thus

|uz(0, d)| = 2|α|G2

k
, (4.82)

which, as expected, is proportional to the square of the focusing gain.

Figure 4.5 shows plots of the amplitudes of the radial and longitudinal displace-

ment fields for the case when ka = 50, for various focusing gains. We see that when the

focusing gain is 2, the motion is still predominantly transverse. When the focusing gain

is 5, we start to see appreciable longitudinal motion near the focus of the beam. When

the focusing gain is equal to 10, the longitudinal motion is comparable in amplitude to

the transverse motion, and highly localized to the focal spot. Hence we see that focused,
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Figure 4.5: Radial and longitudinal displacement amplitudes for various focusing gains;
ka = 50 for all cases.
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radially-polarized shear wave beams exhibit a strong longitudinal field component at the

focus, in direct analogy to the optical phenomenon.

We are now in a position to obtain an expression for the amplitude of the axial

motion at the focal plane z = d compared with the peak radial motion, which we obtain

by taking the ratio of (4.82) to (4.80),

|uz(0, d)|
|ur(r, d)|max

=
2|α|G2/k

|α|Ga/
√

2e
=

G

ka/2

√
2e =

z0/d

z0/a

√
2e = (a/d)

√
2e. (4.83)

Noting that
√

2e ' 2.33, we see that the ratio of the amplitudes of the longitudinal

motion along the beam axis to the transverse radial motion is directly proportional to

(a/d), the ratio of the source radius to the focal distance.

The fascinating thing about this result is that the relative amplitude of the longi-

tudinal motion compared with the transverse does not depend on the frequency of the beam.

Instead the result is purely geometrical, depending on the ratio of the source radius to

the focal distance and hence on the focusing angle γ = tan−1(a/d) of the beam. This

fact is depicted in Fig. 4.6.

A reasonable question to ask at this point is whether the longitudinal motion can

ever be equal in amplitude to the transverse motion, and from the above solution we see

that indeed this can be the case. The amplitude of the longitudinal motion equals the

peak radial amplitude exactly when

d = a
√

2e = 2.33a, (4.84)

corresponding to a focusing angle of γ = 23.23◦. Furthermore, because the relative

amplitude of the axial motion is inversely proportional to the ratio d/a, if the focusing

distance is 4.66 times the source radius a, then the peak axial motion will be half the

peak radial motion, and so on. The main point is that if one were able to construct

a source for generating focused, radially-polarized shear waves, then we expect that a

measurable longitudinal component to the motion will be present at the focus of the

beam.
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Figure 4.6: Beams focused to a distance d = 2.33a, corresponding to a focusing angle
γ = 23.23◦, for various values of ka. In all cases the peak longitudinal motion (right) is
equal to the peak radial motion (left).
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4.4 Propagation of a non-Gaussian radially-polarized beam

The analytic solutions obtained thus far in this chapter have been the result of two

main assumptions: that the Fresnel approximation used in Sec. 3.2 is valid, and that the

transverse displacement at the source plane is affinely-polarized with Gaussian amplitude

shading. In this section we will circumvent these assumptions by obtaining numerical

solutions for the propagated field using the angular spectrum approach.

The angular spectrum solution for shear wave propagation into an incompress-

ible elastic half-space is derived in Sec. B.6, and involves the use of a two-dimensional

spatial Fourier transform in the (x, y) plane to transform the equations of motion of

the elastic solid into an ordinary differential equation in the coordinate z, which is then

solved directly. The phrase angular spectrum comes from the fact that the solution can

be viewed mathematically as an expansion of the field into plane waves, which for the

case of shear waves takes the form of an expansion into transverse plane waves. The

evaluation of the transverse displacement components is entirely analogous to the angu-

lar spectrum solution for sound waves in a fluid (cf. Williams25), while the z component

of the displacement field is obtained from the transverse components using the zero-

divergence constraint (which becomes an entirely algebraic expression in the Fourier

transform domain). The numerical solution is then obtained by discretizing the field

and approximating the continuous Fourier transform with the fast Fourier transform

(FFT).

In this section we present numerical solutions for the propagation of radially-

polarized beams with super-Gaussian source amplitudes, parameterized in such a way

that the amplitude profile at the source can vary continuously from a radially-polarized

Gaussian to the limiting case of a radially-polarized circular piston. We will first consider

the case of an unfocused beam, wherein the introduction of sharp edges in the source

amplitude leads to the existence of diffraction lobes in the propagated field. We then

consider a focused beam, paying special attention to the effect that the non-Gaussian

nature of the source has on the existence of anomalous longitudinal motion at the focus

of the beam.
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4.4.1 Unfocused super-Gaussian beam

While considering a source condition with Gaussian amplitude shading allowed us to

obtain analytic solutions for the propagated field using the Fresnel approximation, from

a practical point of view it is probably not the easiest type of source to implement. For a

radially-polarized source, the most physically intuitive source condition is probably that

of a circular disk that uniformly extends and contracts in the radial direction (i.e. such

that at any given moment the strain is spatially constant throughout the disk).

In order to investigate how the propagated field changes when the source con-

dition more closely resembles the case of a circular disk, we will introduce the class of

radially-polarized super-Gaussian sources. Recall that for a radially-polarized Gaussian

source condition the radial displacement at the source plane is given by

ur(r, 0) = αre−(r/a)2 , (4.85)

where α is the dimensionless amplitude representing the peak strain at the center of the

source and a is the source radius. If instead of squaring the argument of the exponential

we raise it to the power m, then we end up with the following super-Gaussian source

condition,

ur(r, 0) = αre−(r/a)m . (4.86)

Since m ≥ 2 is left as a free parameter, the above expression defines an entire class of

source amplitudes. Plots of the source amplitudes for values of the parameter m = 2,

5, 10 and 20 are depicted in Fig. 4.7(a). The case when m = 2 corresponds exactly to

the radially-polarized Gaussian beam considered previously, while for larger values of m

the peak source amplitude increases and shifts towards the radial distance r = a. The

limiting case of m→∞ corresponds to the circular disk source, the plot of which would

be a perfect right triangle with its edge at r = a.

In order to facilitate the direct comparison of the beams generated by the super-

Gaussian source condition with various values of the parameter m, we introduce a scale

factor into the expression for the source condition. The purpose of the scale factor,

which we denote by Nm, is to normalize the source condition in such a way that the total
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Figure 4.7: (a) Super-Gaussian source amplitudes for various values of the parameter m,
as given by (4.86); note that all of the curves intersect at r/a = 1 with a value of e−1. (b)
Super-Gaussian source amplitudes for the same values of m, but normalized such that
they all have the same total energy as the Gaussian source (m = 2), as given by (4.87).
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energy of the source is independent of the parameter m. We thus write the normalized

source condition as

ur(r, 0) = αNmre
−(r/a)m . (4.87)

Since a measure of the total energy of the source is given by the integral over the source

plane of the squared magnitude of the field, an appropriate form of the scale factor Nm

is given by

Nm =

[ ∫∞
0
|re−(r/a)2|2 rdr∫∞

0
|re−(r/a)m |2 rdr

]1
2

. (4.88)

A result of including this scale factor is that the total energy of the source condition

given in (4.87) is equal to the total energy of the radially-polarized Gaussian source,

regardless of the value of the parameter m (note that Nm = 1 for the Gaussian source,

m = 2). Plots of the normalized source amplitudes for values of the parameter m = 2,

5, 10 and 20 are depicted in Fig. 4.7(b).

The propagated fields corresponding to the super-Gaussian source amplitudes

plotted in Fig. 4.7(b) are depicted in Fig. 4.8. In all cases the dimensionless frequency

ka of the source is equal to 50. The case when m = 2 corresponds to the radially-

polarized Gaussian source considered previously, and in this case the propagated field

given by the angular spectrum coincides with the analytic solution derived using the

Fresnel approximation. When the value of m is increased the field no longer maintains

a Gaussian amplitude profile, but instead exhibits a more complicated field structure

involving diffraction lobes. Also note that for higher values of m the energy of the beam

is more concentrated spatially, and hence the peak amplitude of the beam is larger than

for the Gaussian beam.

When the parameter m becomes larger than 20, such that the source amplitude

closely resembles a right triangle, the sharpness of the edge of the source amplitude

causes numerical artifacts to occur in the results of the angular spectrum code, unless

a much finer mesh is used to calculate the result. Hence for large values of m the

computational cost and memory usage increase greatly while the underlying physics

does not change drastically, and thus in this work we confine our attention to values of

the parameter m ≤ 20.
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4.4.2 Focused super-Gaussian beam

We now turn our attention to the propagation of radially-polarized super-Gaussian

beams that are focused. In order to include focusing in the source condition, we in-

clude a phase term corresponding to a spherical wave that converges at a distance d

along the beam axis. For the case of a Gaussian beam the focused source condition is

given by (4.59), while a focused super-Gaussian source condition is given by

ur(r, 0) = αNmre
−(r/a)me−ik

√
r2+d2 , (4.89)

where d is the focal length.

The phase factor included for focusing has no effect on the total energy of the

source and thus we can use the same normalizing factor Nm given by (4.88), and the

corresponding amplitudes of the source conditions for m = 2, 5, 10 and 20 are the

same as are depicted in Fig. 4.7(b). Also note that the phase term included in (4.89)

is the full expression obtained from the form of a converging spherical wave given by

(4.59), and not the approximate form given by (4.61). While the latter was used in order

to obtain analytic solutions for Gaussian beams using the Fresnel approximation, the

angular spectrum solution is exact for the linear propagation of shear waves, and thus

we needn’t make approximations to the desired phase structure for focusing.

Using the analytic solution for a focused radially-polarized Gaussian beam in the

Fresnel approximation, we obtained an expression for the ratio of the peak longitudinal

motion to the peak transverse motion, which was given by (4.83). In particular, it was

found that the amplitude of the longitudinal motion equals the peak amplitude of the

radial motion when the focal distance is d = 2.33a, corresponding to a focusing angle

of γ = tan−1(a/d) = 23.23◦. In what follows, we consider radially-polarized super-

Gaussian beams having a focusing angle γ = 23.23◦ and a dimensionless frequency

ka = 50, for various values of the parameter m.

Figures 4.9 and 4.10 show the amplitudes of the radial and longitudinal motion

for radially-polarized super-Gaussian beams with values of the parameter m = 2, 5,

10 and 20, the source amplitudes for which were depicted in Fig. 4.7(b). The case
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when m = 2 corresponds to a radially-polarized Gaussian source and is depicted in

the top row of Fig. 4.9. The corresponding analytic solution obtained using the Fresnel

approximation was depicted in the bottom row of Fig. 4.6, and we see that the two

solutions are qualitatively similar.

However, on closer inspection there are differences between the two solutions.

For the analytic solution appearing in Fig. 4.6, the ratio of the peak longitudinal motion

to the peak radial motion is exactly equal to 1, while in the numerical solution depicted

in Fig. 4.9 the same ratio is equal to 0.90. Since we are considering a tightly-focused

beam, wherein the focusing introduces significant curvature to the wavefronts in the

paraxial region, there is reason to suspect that the assumptions inherent in the Fres-

nel approximation are not necessarily valid in this case.† Since the angular spectrum

solution involves no such assumptions, it is reasonable to assume that the numerical

solution for the Gaussian beam is more accurate than the analytic solution obtained

using the Fresnel approximation. From these observations, it appears to be the case that

for a tightly-focused radially-polarized Gaussian beam the Fresnel approximation slightly

overestimates the amplitude of the longitudinal motion at the focus.

When the value of the parameter m is increased, indicating a source condition

that more closely resembles a circular disk, the solutions depicted in Figs. 4.9 and 4.10

clearly show a more complicated spatial structure of the field, with prominent diffraction

lobes appearing in both the radial and longitudinal fields. Furthermore, we see that

the localized region of longitudinal motion is indeed present at the focus of the beam.

However, the amplitude of the longitudinal motion for the super-Gaussian beams with

m > 2 appears to be less than the corresponding amplitude for the Gaussian beam (m =

2). The ratio of the peak longitudinal motion to the peak radial motion for the beams

with m = 5, 10 and 20 is equal to 0.683, 0.685 and 0.707, respectively. Since this ratio

is equal to 0.90 for the Gaussian beam (according to the angular spectrum solution),

†Lucas & Muir26 in their Appendix A investigated the validity of the Fresnel approximation for replac-
ing the exact boundary condition for propagation from a curved source with a phase structure on a planar
source of the form given in (4.61), for the case of a sound beam in a fluid. It was found that the Fresnel
approximation remains valid as long as (a/d)2/2� 1. For the case we are considering, (a/d)2/2 = 0.09.

67



x
 /
 a

z / a

| u
r
 | / aα,  m = 2

0 1 2 3 4

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

x
 /
 a

z / a

| u
z
 | / aα,  m = 2

 

 

0 2 4

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0

0.5

1

1.5

2

2.5

3

3.5

x
 /
 a

z / a

| u
r
 | / aα,  m = 5

0 1 2 3 4

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

x
 /
 a

z / a

| u
z
 | / aα,  m = 5

 

 

0 2 4

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0

0.5

1

1.5

2

2.5

3

3.5

Figure 4.9: Amplitudes of the radial (left) and longitudinal (right) motion of a focused,
super-Gaussian beam generated by the normalized, equal-energy source condition given
by (4.89), with m = 2 (Gaussian, top) and 5 (bottom). In both cases the focusing angle is
γ = 23.23◦ and the dimensionless frequency is ka = 50.
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Figure 4.10: Amplitudes of the radial (left) and longitudinal (right) motion of a focused,
super-Gaussian beam generated by the normalized, equal-energy source condition given
by (4.89), with m = 10 (top) and 20 (bottom). In both cases the focusing angle is
γ = 23.23◦ and the dimensionless frequency is ka = 50.
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we conclude that the amplitude of the anomalous longitudinal motion present at the

focus of radially-polarized beams decreases as the beam profile deviates from a perfect

Gaussian.

Another noticeable characteristic of the non-Gaussian beam solutions depicted

in Figs. 4.9 and 4.10 is that their peak radial amplitudes appear to be less than that of

the Gaussian beam, which is somewhat counterintuitive given that their peak amplitudes

at the source plane, depicted in Fig. 4.7(b), were larger than the peak amplitude of the

Gaussian source. An explanation for this result can be found in the expression for the

focusing gain of the Gaussian beam, which in the parabolic approximation is given by

G = z0/d = ka2/2d. The amplitude of the beam at the focus is thus seen to depend

quadratically on the source radius a, while only depending linearly on the peak source

amplitude (since at this point we are considering linear propagation). Thus even though

the peak amplitudes of the non-Gaussian beams are larger than that of the Gaussian

beam at the source plane, the fact that their source amplitudes are more spatially confined

means that their effective source radii are smaller than the Gaussian source, as can be

seen in Fig. 4.7(b). The end result is that the Gaussian beam has a larger peak amplitude

when focused than the equal-energy super-Gaussian beams with m > 2.

Another explanation for the peak amplitude of the focused Gaussian beam being

larger than an equal-energy super-Gaussian beam is that as the parameterm is increased,

leading to a source amplitude more closely resembling a right triangle as depicted in

Fig. 4.7(b), the energy contained in the source becomes spatially confined to the region

near the edge of the source. In this way the source condition more closely resembles

a ring source, wherein the source energy is confined to an annular region bordered by

r = a. If the width of the annular region is small compared to a wavelength, then the

phase structure included in the source condition (4.89) is effectively constant over the

annulus and hence no focusing will occur. Thus in this interpretation as the parameter

m is increased, the source amplitude more closely resembles a ring source, and hence

the intensity of the focusing is diminished.
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4.5 Discussion

It is not necessarily intuitively obvious that longitudinal motion should be present at the

focus of a radially-polarized beam, and because of this we might refer to it as anomalous

longitudinal motion.

From a mathematical point of view, the longitudinal motion is expected to be

present simply by virtue of the zero-divergence constraint that is present for shear waves.

From this point of view it makes sense that the longitudinal motion occurs in connection

with the radial part of the polarization, since the radial part represents radial extension

and contraction of the transverse (x, y) plane and hence a non-zero divergence in that

plane. In order for the total divergence to be zero, the divergence in the transverse plane

must be balanced by some stretching and contracting in the longitudinal direction (i.e.

along the axis of the beam), hence the presence of the longitudinal displacement field.

The relevance of focusing on the anomalous longitudinal motion has to due with

the effect that focusing has on the divergence of the transverse plane. As we saw previ-

ously, the two main consequences of focusing the beam are an increase in the amplitude

of the beam and a decrease in the width of the beam (i.e. a contraction of the beam

width). Both of these consequences individually have the effect of increasing the di-

vergence of the transverse field, and hence the combination of the two causes an even

larger increase in the transverse divergence. Since the longitudinal motion is tied to the

transverse divergence of the field, the longitudinal motion is also largely increased by

the focusing of the beam (as evidenced by the scaling of the longitudinal motion by G2).

A more geometrical interpretation of the longitudinal motion is given in Fig. 4.11.

Since a radially-polarized source is axisymmetric, we can consider the problem as being

two-dimensional by considering only the (x, z) plane. A simplified form of the source

condition can be seen as a vector dipole source: a pair of point sources located equidistant

from the center of the source plane, and with vector amplitudes pointing in opposite

directions (i.e. both pointing away from the center of the source).

Figure 4.11(a) depicts the unfocused case. We can invoke Huygen’s principle to
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Figure 4.11: Intuitive explanation for the anomalous longitudinal motion at the focus of
a radially-polarized beam.
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envision the propagation of the displacement field from the two point sources. The

points along the axis of the beam are equidistant from the two point sources, and

hence the resulting vector amplitude will be proportional to he vector sum of the two

amplitudes of the point sources. Since the amplitudes are equal and opposite, the field

vanishes along the axis of the unfocused beam.

The case of a focused beam is presented in Fig. 4.11(b). As was mentioned before,

one possible way to achieve focusing is to use a curved source, as is depicted in the

figure. Even if the focusing is achieved by other means, for instance by multi-element

phasing of a planar source, the effect of focusing is to curve the wavefronts leaving the

source plane, and hence in terms of physical intuition we can consider the effect to be

equivalent to using a curved source.

As is shown in the figure, the effect of using a curved source is that the vector

amplitudes of the two point sources are no longer exactly parallel to the transverse plane.

Due to the focusing, there are now nonzero z-components to the vector amplitudes of the

two point sources, in such a way that the z-component is positive for both of the point

sources. Thus when invoking Huygen’s principle to determine the vector amplitude of

the field along the axis, we conclude that the transverse components of the fields due

to the two point sources cancel, while the longitudinal components add up in phase, the

end result being net longitudinal motion along the axis of the beam.

A general radially-polarized source will not consist simply of two point sources,

as is depicted in the figure. Rather, it can be considered to be a continuous distribution

of such vector dipoles. The focal point of the beam is then the point along the beam axis

at which all of the contributions from all of the constituent vector dipoles at the source

add up in phase, and thus will be the point of maximum longitudinal motion.

At this point in time there doesn’t appear to be any experimental work in the

literature on the generation of radially-polarized shear wave beams in soft tissue-like

material, focused or unfocused. The closest experimental work appears to be that re-

ported by Henni et al.27 on the generation of focused, torsional shear waves, which were

generated using a spherical cap as a source, rotationally vibrated about its symmetry
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axis. In that work, such waves were generated in a tissue phantom in order to excite a

resonant “twisting” mode in a stiff spherical inclusion, and it was shown that the inclu-

sion could be successfully imaged when excited with such waves. From our theoretical

results, focused torsional waves aren’t expected to produce longitudinal motion at the

focus (since the trace of the polarization matrix for such waves is zero).

Putting aside the question of how one might generate a focused, radially-polarized

shear wave beam,† we can make some cursory observations about the possible use of

such beams in a biomedical context. In particular, these beams might be used for the

purpose of imaging stiff inclusions in biological tissue. One example of a stiff inclusion

of interest would be breast cancer. The work of Insana et al.6 gave an overview of the

techniques used for the imaging of breast cancer, and stated that “[o]ne important task is

detection of 2-10 mm breast lesions where the shear modulus is estimated to vary 100%

from the background.” Taking the lower range of sizes as our target resolution, if we

used a source with a 1 cm radius then we would need to have a focusing gain of 10 in

order to image lesions that are 2 mm in diameter.

If the shear wave speed in tissue is taken to be 1 m/s and we use a source that has

a 1 cm radius, then generating a beam with a ka of 50 would require a source frequency

of 795 Hz, implying a wavelength of 1.26 mm. The focusing gain of 10 then implies

a focal distance of 2.5 cm. This geometry, depicted in Fig. 4.12(a), seems adequate to

image 2 mm lesions of increased shear modulus.

Perhaps the most interesting aspect of such a setup would be the possible ex-

ploitation of the longitudinal motion along the beam axis to track the focused shear

wave as it propagates. This could be achieved using the technique of transient elastogra-

phy described by Catheline et al.15 Using a standard pule-echo ultrasound measurement,

the slight inhomogeneity in the tissue (or particulate matter in an agar-gelatin tissue

†One example of a transducer designed specifically for generating radially-polarized shear waves is
an electromagnetic-acoustic transducer (EMAT) consisting of a permanent magnet and a spiral coil of
current-carrying wire. Radially-polarized shear waves are then generated in an electrically-conducting
material by way of the Lorentz force (cf. Thompson,28 particularly Fig. 7(a) on page 176). Such transducers
typically operate in the ultrasonic range and are used for nondestructive evaluation.
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Figure 4.12: Possible use of focused shear waves for the imaging of stiff inclusions.
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phantom) will cause a noise-like backscattered field that is referred to as the “speckle

pattern.” The particle motion of a slowly-propagating shear wave will cause variations

in the received speckle pattern, and cross-correlating the speckle pattern received from

a sequence of pulses allows one to track the shear wave as it propagates. This tech-

nique has been used successfully in the work of Catheline et al.,29 Sandrin et al.30 and

Gennison et al.,31 among others.

Figure 4.12(b) depicts such a hypothetical setup, where there are two different

transducers being utilized. A low-frequency (795 Hz in our example) transducer for gen-

erating the focused shear waves, and an ultrasonic transducer (> 1 MHz) for generating

the ultrasonic pulse and receiving the speckle pattern. In the figure the two transducers

are place on opposite ends of the sample for clarity, however in application it would be

preferable for the two transducers to be collocated, with the ultrasonic transducer in the

middle of the shear wave transducer. With such a setup, one would be able to track

the longitudinal motion of the focused shear wave, and hence detect any scattering that

would occur from a stiff inclusion.
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Chapter 5

Second-Harmonic Generation in Shear Wave Beams

5.1 Introduction

In this chapter we continue our investigation of the propagation of shear wave beams by

including leading-order nonlinear effects. We achieve this using a nonlinear parabolic

equation originally derived by Zabolotskaya3 that describes the propagation of shear

wave beams including leading-order diffraction, viscous loss and nonlinearity. A unique

aspect of this equation is that the nonlinearity includes both a cubic term that is identical

to the nonlinearity present in a plane shear wave, and a quadratic term that is unique to

diffracting shear wave beams.

A common method for analyzing nonlinear wave propagation is to use pertur-

bation theory to derive expressions for the generation of harmonics within an initially

mono-frequency beam. For the case of shear wave beams with linear, elliptical and

circular polarizations (what we have referred to as constant polarization) there are no

second-order nonlinear effects from the quadratic nonlinearity; the leading-order non-

linear effect in such beams is third-harmonic generation from the cubic nonlinearity.

Such cases were investigated in the work by Wochner et al.4

In this work we are interested in the quadratic nonlinearity present in the shear

wave beam equation, and we investigate it by deriving a solution for second-harmonic

generation as a second-order nonlinear effect. Our purpose in the next chapter will

be to investigate second-harmonic generation in affinely-polarized beams with Gaussian

amplitude shading in order to understand the effect that polarization has on harmonic

generation.
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5.1.1 Outline of chapter

We begin the chapter by giving a brief overview of the nonlinear equations of motion

for an elastic solid. In particular, we assume that the solid is homogeneous and isotropic

and there exists a strain energy density function from which the stress tensor can be

deduced. Since the material is isotropic, we can express the strain energy density as a

power series in the scalar invariants of the finite strain tensor, and in order to model the

nonlinear propagation of shear waves we expand the energy function to fourth order in

strain. When using the reduced strain energy of Hamilton et al.,2 which is appropriate

for modeling shear waves in nearly-incompressible solids such as biological tissue, there

are three elastic coefficients required to characterize the material: the second-order

coefficient µ, the third-order coefficient A, and the fourth-order coefficient D.

We next consider the nonlinear parabolic equation for shear wave beams, orig-

inally derived by Zabolotskaya3 and studied further by Wochner et al.4 Similar to the

KZK equation for nonlinear sound beams in a fluid, the nonlinear parabolic equation

that we consider describes the propagation of shear wave beams including leading-order

effects from diffraction, viscous absorption and nonlinearity. However, since shear waves

are predominantly transverse, the nonlinear parabolic equation is a vector equation in-

volving both of the transverse components of the displacement field. Furthermore, the

leading-order nonlinearity in the shear wave equation contains both a cubic term (iden-

tical to the nonlinearity in plane shear waves) and a quadratic term (not present in plane

waves).

In order to better understand the nonlinear parabolic equation for shear wave

beams, we put it into vector form and then proceed to nondimensionalize it in such a

way that the individual effects of diffraction and shear strain are accounted for. We are

thus able to see the dependence of the various terms in the nonlinear parabolic equation

on diffraction and shear strain. Of particular interest to us is the fact that while the cubic

nonlinearity only depends on shear strain, the quadratic nonlinearity depends on both

shear strain and diffraction. Such a term does not appear in the nonlinear parabolic

equation for compressional waves.
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The remainder of the chapter is concerned with investigating the quadratic non-

linearity present in the shear wave beam equation by considering second-order nonlin-

ear effects using perturbation theory. For simplicity, we neglect viscous losses in the

solid. Assuming a time-harmonic source condition, we derive a quasilinear system of

parabolic differential equations describing the evolution of the source-frequency and

second-harmonic displacement fields. We then proceed to solve for the displacement

fields using the standard method of Green’s functions.

5.2 Nonlinear parabolic equation for shear wave beams

5.2.1 Preliminaries

In order to investigate the nonlinear propagation of shear wave beams, we first give a

brief overview of the theory of nonlinear elasticity. We assume that the material under

consideration is isotropic, homogeneous and purely elastic. As in the previous chapter,

we will denote the time-dependent vector field corresponding to particle displacement

by u(x, t). Since we are now dealing with finite deformations, we note that x now

corresponds to the material (or Lagrangian) coordinate. The equations of motion, written

in Cartesian index notation, are given by

ρ0
∂2ui
∂t2

=
∂Sij
∂xj

, (5.1)

where ρ0 is the mass density of the solid in its undeformed state and Sij is the first

Piola-Kirchhoff stress tensor (cf. page 124 of Truesdell & Noll32). Since we are assuming

that the material is purely elastic, the stress tensor is assumed to be a function of the

finite strain tensor,

Eij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

+
∂uk
∂xi

∂uk
∂xj

)
. (5.2)

In addition to being purely elastic, we assume that the material under consideration

admits a strain energy density function, denoted by the scalar-valued function E(Eij),

representing the stored energy per unit volume of the elastic solid. The stress tensor can

be obtained from the strain energy by the following,

Sij =
∂E

∂(∂ui/∂xj)
. (5.3)
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The strain energy density is in general a function of the finite strain tensor Eij . A

consequence of the assumption of isotropy is that the strain energy can be written as

a function of the scalar invariants of the strain tensor. Any particular set of three

independent scalar invariants can be used; the work of Landau & Lifshitz1 uses the set

of trace invariants (sometimes referred to as moments) of the strain tensor, given by

Ik = trEk, k = 1, 2, 3, (5.4)

or equivalently,

I1 = Ekk, (5.5)

I2 = EklElk (5.6)

I3 = EklElmEmk. (5.7)

For the case of a general isotropic elastic material, the strain energy density function can

be written as a power series in the strain invariants. In order to describe the nonlinear

distortion of a plane shear wave in an isotropic material, the strain energy function must

be expanded to fourth order in the components of the displacement gradient. To this

order, the strain energy density of a general (i.e. compressible) elastic solid is given by

Wochner et al.4 as

E = µI2 + (1
2
K − 1

3
µ)I2

1 + 1
3
AI3 +BI1I2 + CI3

1 + EI1I3 + FI2
1I2 +GI2

2 +HI4
1 , (5.8)

where µ and K are the second-order elastic coefficients from linear theory; A, B and C

are thrid-order elastic coefficients; E, F , G and H are fourth-order elastic coefficients.

As was discussed in Sec. 1.1.1, one characteristic of soft tissue-like media is that

the bulk modulus K is several orders of magnitude larger than the shear modulus µ. As

a result, when modeling low-frequency (< 1 kHz) shear wave propagation in such media,

it is reasonable to assume that it behaves as an incompressible solid. Motivated by

these facts, Hamilton et al.2 in 2004 derived a reduced form of the strain energy density

function that is convenient to use for modeling shear wave propagation in tissue-like
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media. That form of the strain energy density, which is only a function of I2 and I3, is

given by

E(I2, I3) = µI2 + 1
3
AI3 +DI2

2 . (5.9)

The second and third-order coefficients, µ and A, have the same physical meaning as the

analogous coefficients in the expansion for a compressible solid given in (5.8), while the

fourth-order coefficient D is unique to this particular form of the strain energy density.

The usefulness of the strain energy density given in (5.9) is that there are only three

elastic coefficients, and for soft materials such as biological tissue it is expected that the

values of these coefficients will all be the same order of magnitude.

5.2.2 Evolution equations

The nonlinear parabolic equation for shear wave beams was originally derived by Zabolot-

skaya,3 and was subsequently studied further by Wochner et al.4 The equation can

be thought of as being analogous to the KZK equation for compressional wave beams

(Zabolotskaya & Khokhlov,13 Kuznetsov14), in the sense that it is a parabolic approxima-

tion that includes the leading-order effects of diffraction, absorption and nonlinearity.

However, since shear wave beams are predominantly transverse, the equation for shear

wave beams takes the form of a set of coupled nonlinear parabolic equations, one for

each of the transverse displacement components of the disturbance.

Similar to the KZK equation, the nonlinear parabolic equation for shear waves is

written in terms of a translated time variable referred to as the retarded time τ , given by

τ = t− z/ct, (5.10)

where ct =
√
µ/ρ0 is the small-amplitude shear wave speed. This coordinate trans-

formation can be thought of “following the wave as it propagates,” in the sense that if

applied to a linearly-propagating plane wave, transformation to the retarded-time coor-

dinate would cause the plane wave to appear static. Hence the field that we are solving

for is u(x, τ).
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The nonlinear parabolic equation describing the evolution of the x component

of the displacement field is given by Wochner et al.4 as

∂2ux
∂z∂τ

=
ct
2
∇2
ux+

η

2ρ0c3
t

∂3ux
∂τ 3

+
β2

ct
Qxy+

β3

3c3
t

∂

∂τ

{
∂ux
∂τ

[(
∂ux
∂τ

)2

+

(
∂uy
∂τ

)2
]}

. (5.11)

Due to the assumed isotropy of the material, the equation for the y component is ob-

tained by swapping the x and y indices in the above expression. The terms on the

right-hand side of the above equation account for linear diffraction, losses due to shear

viscosity, quadratic nonlinearity and cubic nonlinearity, respectively. We will presently

consider each of these terms separately.

The effect of linear diffraction takes the form of a transverse Laplacian operator,

∇2
ux =

∂2ux
∂x2

+
∂2ux
∂y2

. (5.12)

Written in terms of Cartesian coordinates, the transverse Laplacian operator is identical

to that found in scalar diffraction theory. However, we note that the diffraction operator

in the above expression represents vector diffraction, and will in general take a different

form if a curvilinear coordinate system (such as cylindrical coordinates) is adopted.

The second term on the right-hand side of (5.11) accounts for the losses due to

shear viscosity,
η

2ρ0c3
t

∂3ux
∂τ 3

, (5.13)

where η is the coefficient of shear viscosity. The method for accounting for viscous losses

involves including a viscous part to the stress tensor which is linearly dependent on the

time derivative of the strain tensor, as described in Sec. V of Zabolotskaya et al.9

While numerous experiments in agar-gelatin tissue phantoms (cf. Catheline et

al.29 and Gennisson et al.31) have shown that low-frequency shear waves in such materials

can propagate to sufficient distances that strong nonlinear effects can be observed, the

frequency dependence of viscous effects is such that viscous losses become a dominant

effect for shear waves in the ≥ 1 kHz region. However, in this work our main concern will

be the second-order nonlinear effects due to the quadratic nonlinearity, and in particular
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the relationship between the source polarization and the polarization of the generated

second harmonic. As a first step, in this work we will analyze the simplest case of a

lossless elastic solid by discarding the viscous term appearing in the nonlinear parabolic

equation for shear wave beams.

The third term appearing on the right-hand side of (5.11) accounts for the quadratic

nonlinearity. The factor Qxy depends on the derivatives of the transverse displacement

field components, and is written out fully as

Qxy =
∂2uy
∂τ 2

∂uy
∂x

+
∂2uy
∂τ 2

∂ux
∂y

+2
∂2ux
∂y∂τ

∂uy
∂τ
− ∂2uy
∂y∂τ

∂ux
∂τ
−2

∂2ux
∂τ 2

∂uy
∂y
− ∂2uy
∂x∂τ

∂uy
∂τ

. (5.14)

We thus see that the quadratic nonlinearity, written in Cartesian coordinates, contains six

quadratic terms involving the derivatives of the displacement components. Furthermore,

while the above expression is for the x component of the quadratic nonlinearity, note

that the first and last terms depend only on uy. Likewise the y component of the

quadratic nonlinearity, which is obtained by reversing the roles of x and y in the above

expression, will have first and last terms that only depend on ux. The implication is that

even if a beam starts off as being linearly polarized (e.g. by only having a nonzero x

component), then by way of the quadratic nonlinearity there can arise transverse motion

in the perpendicular direction (i.e. a nonzero y component).

The coefficient of quadratic nonlinearity is given by

β2 =
1

2

(
1 +

A

4µ

)
. (5.15)

Since it only depends on the second and third-order coefficients µ and A, it has the

same form whether we use the general form of the strain energy density given in (5.8) or

the incompressible strain energy given in (5.9).

The last term on the right-hand side of (5.11) accounts for the cubic nonlinearity,

β3

3c3
t

∂

∂τ

{
∂ux
∂τ

[(
∂ux
∂τ

)2

+

(
∂uy
∂τ

)2
]}

. (5.16)

The form of the above expression is identical to the form of the cubic nonlinearity

present in a plane shear wave given by Zabolotskaya et al.,9 and when linearly polarized
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coincides with the nonlinearity in the modified Burgers equation investigated by Lee-

Bapty & Crighton.12 The coefficient of cubic nonlinearity, when the general strain energy

of (5.8) is used, is given by

β3 =
3

4µ
(K + 4

3
µ+ A+ 2B + 2G)− 3

4µ

(K + 4
3
µ+ 1

2
A+B)2

K + 1
3
µ

. (5.17)

Note that the second term on the right hand side of (5.17) was absent in the expression

for the cubic nonlinearity given by Zabolotskaya.3 This was corrected in the work by

Wochner et al.,4 who noted that the second term in (5.17) is due to the coupling between

finite-amplitude shear and compressional waves, a phenomenon that was originally de-

scribed by Gol’dberg.11 Also noted by Wochner et al.4 is the fact that for soft tissue-like

media, the second term in (5.17) is negligible compared to the first term.

Alternatively, when using the incompressible strain energy given in (5.9) the co-

efficient of cubic nonlinearity is given by

β3 =
3

2

(
1 +

1
2
A+D

µ

)
. (5.18)

The nonlinear parabolic equation describes the evolution of the transverse com-

ponents of the displacement field in a shear wave beam. While it is assumed that the

shear wave beam being considered is of high frequency and hence predominantly trans-

verse, in general the longitudinal motion (i.e. the z component of the displacement field)

is nonzero. It is a consequence of the parabolic approximation that the z component

can be determined locally by the transverse components of the field. The expression for

the longitudinal component of the field, written in terms of the general strain energy

function given in (5.8), is given by

1

ct

∂uz
∂τ

=
∂ux
∂x

+
∂uy
∂y

+
1

2c2
t

K + 4
3
µ+ 1

2
A+B

K + 1
3
µ

[(
∂ux
∂τ

)2

+

(
∂uy
∂τ

)2
]
. (5.19)

As was noted by Wochner et al.,4 for soft material such as biological tissue the following

relations among the elastic coefficients hold: µ� K , A = O(µ), and B = −K +O(µ).

Hence the nonlinear term in the above expression is O(µ/K), which for the case of

soft tissue is of the order 10−5 and possibly smaller. As a result, the nonlinear term
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in the above expression is negligible for soft tissue-like materials, and the longitudinal

component of the field is given simply by the linear relationship,

1

ct

∂uz
∂τ

=
∂ux
∂x

+
∂uy
∂y

. (5.20)

Note that the above expression is equivalent to a zero-divergence constraint when the

following approximation is made,

∂uz
∂z
' − 1

ct

∂uz
∂τ

. (5.21)

5.2.3 Vector evolution equation

While in the previous section we presented the nonlinear parabolic equation for shear

wave beams in its Cartesian component form, it will be useful in what follows to also

represent it in general vector notation. To do so, we will continue to use the convention

that a bar over a vector represents the projection of that vector onto the transverse (x, y)

plane. Hence the transverse displacement vector field is given by

u(x, t) = ux(x, τ)ex + uy(x, τ)ey. (5.22)

A vector form of the nonlinear parabolic equation, in the absence of viscous losses, is given

by
∂2u

∂z∂τ
=
ct
2
∇2
u+

β2

ct
q[u] +

β3

3c3
t

c[u], (5.23)

where q[u] and c[u] represent the vector form of the quadratic and cubic nonlinearity,

respectively. As was noted above, the linear diffraction term now represents a transverse

vector Laplacian, since it is operating on the vector field u. For a thorough treatment of

the vector Laplacian operator, see Sec. V of Moon & Spencer.33

We note again that we are neglecting the effects of viscosity because our primary

concern is the relationship between the source polarization and the polarization of the

second harmonic that is generated by the quadratic nonlinearity. In other words, we

are interested in the interaction of different types of source polarizations through the

quadratic nonlinearity. While we expect viscosity to affect the growth and decay rates
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of the second harmonic (i.e. in a similar manner to how viscosity affects the growth

and decay rates of the third harmonic, as considered by Wochner et al.4), we don’t

expect the inclusion of viscosity to fundamentally change the way in which different

polarizations interact through the quadratic nonlinearity. However, including viscosity

will greatly complicate the derivation of the second harmonic generated in a Gaussian

beam. For this reason we are neglecting viscous effects, as a first step in understanding

the interactions of different polarizations through the quadratic nonlinearity.

The vector form of the cubic nonlinearity can be written as

c[u] =
∂[v(v · v)]

∂τ
, (5.24)

where v = ∂u/∂τ is the transverse velocity field. We note again that the form of the

cubic nonlinearity is the same as for the nonlinearity present in a plane transverse wave,

as presented by Zabolotskaya et al.9

A vector form of the quadratic nonlinearity that makes no specific reference to

the individual components is not obvious from the form given in (5.14). The simplest way

to define the vector q[u] is thus to write it out in terms of the Cartesian components,

q[u] = Qxyex +Qyxey, (5.25)

where Qxy was given in (5.14), and again the y component of the quadratic nonlinearity

Qyx is obtained by swapping the x and y indices in the expression for Qxy.

5.2.4 Nondimensionalization

A clearer understanding of the physical significance of the different terms appearing

in the nonlinear parabolic equation given in (5.23) can be obtained by writing that

equation in a dimensionless form. In particular, we can separate out contributions made

by diffraction and by shear strain.

The derivation of the nonlinear parabolic equation by Wochner et al.4 used the
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following ordering scheme:

ux = εUx
(
εx, εy, ε2z, τ

)
uy = εUy

(
εx, εy, ε2z, τ

)
uz = ε2Ux

(
εx, εy, ε2z, τ

)
, (5.26)

where ε “characterizes the amplitude of the particle displacement transverse to the beam

axis.” Using such an ordering scheme leads to the leading-order evolution equation given

by (5.23), which is of order ε3.

Alternatively, an ordering scheme can be employed that takes into account ex-

plicitly the effects of diffraction and shear strain. We assume that the source has an

effective radius a, an angular frequency ω = 2πf and a peak transverse displacement

amplitude u0. Using a tilde to represent the dimensionless form of a variable, we scale

the transverse coordinates by the source radius a,

x̃ = x/a, (5.27)

ỹ = y/a, (5.28)

the retarded time by the angular frequency of the source ω,

τ̃ = ωτ, (5.29)

and the transverse displacement field by the peak source displacement u0,

ũ = u/u0. (5.30)

The corresponding dimensionless particle velocity is given by ṽ = ∂ũ/∂τ̃ .

It remains to find a scaling for the axial coordinate z. Since the main purpose

of the nonlinear parabolic equation is to solve for the field as it propagates in the z

direction, a length scale for that coordinate is not obvious at the outset. Hence at this

point we will simply introduce an as-yet-undefined length scale ζ for the axial coordinate,

the dimensionless form of that coordinate being

z̃ = z/ζ. (5.31)
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As mentioned above, the two main physical effects that are taking place in the

nonlinear parabolic equation are diffraction and shear strain, and the scaling that we’ve

just introduced will allow us to write the nonlinear parabolic equation explicitly in terms

of these effects. Again defining the wavenumber as k = ω/ct, we define the dimensionless

diffraction number δ as the inverse of the dimensionless frequency of the source, written

explicitly as

δ =
ct
ωa

=
1

ka
. (5.32)

Since the wavelength of a plane shear wave is given by λ = ct/f , we note that the

diffraction number can also be written as δ = λ/2πa, the ration of the wavelength to the

effective circumference of the source. As in the previous chapter, the main assumption

being made for beams is that the wavelength is small compared to the circumference of

the source, or equivalently δ � 1.

The second dimensionless parameter that we will use will be the shear strain ε,

given explicitly by

ε = ku0. (5.33)

The fact that the above expression is indicative of the shear strain is apparent from

the following example: consider a plane shear wave that is linearly-polarized in the x

direction, the displacement of which is given by ux = u0 exp{ikz − iωt}. The shear

strain associated with such a wave is equal to

1

2

∂ux
∂z

= 1
2
iku0 exp{ikz − iωt}. (5.34)

Hence the amplitude ku0 is indicative of the shear strain of such a wave. Note that we

can also write the shear strain as ε = v0/ct, where v0 = ωu0 is the peak particle velocity

at the source.

If we substitute in the dimensionless variables given by Eqs. (5.27)–(5.31) and use

the dimensionless parameters defined in Eqs. (5.32) and (5.33), the nonlinear parabolic

equation given in (5.23) takes the following form,

u0

ζ

∂2ũ

∂z̃∂τ̃
=
εδ2

2
∇̃2ũ+ ε2δβ2 q̃[ũ] + ε3

β3

3
c̃[ũ], (5.35)
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where the dimensionless transverse vector Laplacian is given by

∇̃2ũ =
∂2ũ

∂x̃2
+
∂2ũ

∂ỹ2
, (5.36)

the dimensionless cubic nonlinearity is given by

c̃[ũ] =
∂[ṽ(ṽ · ṽ)]

∂τ̃
, (5.37)

and the dimensionless quadratic nonlinearity is given by

q̃[ũ] = Q̃xyex + Q̃yxey, (5.38)

where

Q̃xy =
∂2ũy
∂τ̃ 2

∂ũy
∂x̃

+
∂2ũy
∂τ̃ 2

∂ũx
∂ỹ

+2
∂2ũx
∂ỹ∂τ̃

∂ũy
∂τ̃
− ∂2ũy
∂ỹ∂τ̃

∂ũx
∂τ̃
−2

∂2ũx
∂τ̃ 2

∂ũy
∂ỹ
− ∂2ũy
∂x̃∂τ̃

∂ũy
∂τ̃

(5.39)

and again Q̃yx is obtained by reversing the roles of x̃ and ỹ in the above expression.

The right-hand side of Eq. (5.35) is enlightening, in that it expresses explicitly the

relative importance of diffraction and shear strain in each of the terms in the nonlinear

parabolic equation. We see that the linear diffraction term is of order εδ2, the quadratic

nonlinearity is of order ε2δ, and the cubic nonlinearity is of order ε3. All of the terms

on the right-hand side are thus of the same order as long as O(ε) = O(δ), i.e. as long

as the diffraction number and the shear strain are of the same order of magnitude†.

In order to determine the appropriate axial length scale, and hence an appro-

priate reasonable expression for ζ , we will look at the limiting cases when either the

diffraction number or the shear strain dominates. For instance if the diffraction number

dominates, and thus we have ε � δ, then both the quadratic and the cubic nonlinear

terms on the right-hand side of the equation will be negligible compared to the linear

diffraction term, and what will remain will be the linear parabolic approximation for

vector diffraction of a beam,
u0

ζ

∂2ũ

∂z̃∂τ̃
=
εδ2

2
∇̃2ũ. (5.40)

†Note that this differs from the analogous case of nonlinear compressional wave beams, which are
described by the KZ equation. For such beams, the linear diffraction term is O(εδ2) while the nonlinear
term is O(ε2), and hence the two terms balance when O(ε) = O(δ2). In this case ε is the acoustic Mach
number representing compressional strain.
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In order for the two sides of the above equation to balance, we would need O(u0/ζ) =

O(εδ2). Obtaining an expression for ζ by equating the coefficients on the left and right-

hand sides of the above equation then yields

ζ =
2u0

εδ2
= 2ka2. (5.41)

Up to a constant scale factor, the above expression for ζ is equal to the Rayleigh distance

z0 = 1
2
ka2, and thus we see that an appropriate scaling for the axial coordinate, in order

to balance (5.40), is the Rayleigh distance.

On the other hand, if the shear strain dominates the diffraction number, such

that δ � ε, then only the cubic nonlinearity will remain on the right-hand side of the

equation. We are thus left with

u0

ζ

∂2ũ

∂z̃∂τ̃
= ε3

β3

3

∂[ṽ(ṽ · ṽ)]

∂τ̃
, (5.42)

which is the equation for the nonlinear propagation of a plane shear wave, as studied

by Zabolotskaya et al.9 In order for the two sides of the above equation to balance, we

need O(u0/ζ) = O(ε3), and obtaining an expression for ζ by equating the coefficients

on the two sides of the equation yields

ζ =
3u0

β3ε3
=

3

β3ε2k
. (5.43)

The above expression is equal to 3 times the shock formation distance of a linearly-

polarized plane shear wave whose amplitude is initially sinusoidal (cf. Eq. (27) of Zabolot-

skaya et al.9). Hence we see that in this case an appropriate scaling for the axial coordi-

nate is the plane wave shock formation distance.

Note that in both of the cases of either the diffraction number or the shear strain

dominating, the quadratic nonlinearity is no longer a leading-order term. The quadratic

nonlinearity is only a leading-order term when O(ε) = O(δ). We conclude that the

quadratic nonlinearity comes about from a balancing of the effects of diffraction and

shear strain, since it is only a leading-order term when the two effects are the same order

of magnitude. Such a situation appears to be unique to the case of shear wave beams,

and in the remainder of this chapter we will focus our attention on the implications of

the quadratic nonlinearity.
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5.3 Second-order nonlinear effects

The remainder of this chapter is concerned with the implications of the quadratic non-

linearity appearing in the nonlinear parabolic equation for shear waves given in (5.23).

In order to study this nonlinearity we will consider second-order nonlinear effects using

perturbation theory, a mathematical technique widely used in the field of nonlinear wave

propagation (cf. Chaps. 8 and 10 of Hamilton & Blackstock23). Since we are only tak-

ing the perturbation to second order in strain, the resulting solutions are only valid in

the context of weak nonlinearity. In other words, the solutions are valid only when the

amplitudes of the nonlinear effects are small compared to the amplitude of the linear

solution. Because of this, phenomena associated with strong nonlinearity (such as shock

formation) are beyond the scope of this work.

5.3.1 Perturbation theory

In order to investigate the implications of the quadratic nonlinearity, we are going to

consider second-harmonic generation for a beam with angular source frequency ω =

2πf . Assuming that the amplitude of the beam is such that the nonlinear effects are

small compared to the linear effects, we shall use perturbation theory in order to solve

for the second-harmonic beam that is generated as a second-order effect. We assume

the following form for the transverse displacement field†:

u(r, z, τ) = Re
{
u(ω)(r, z)e−iωτ + u(2ω)(r, z)e−i2ωτ

}
. (5.44)

The source-frequency field u(ω) is of order ε while the second-harmonic field u(2ω) is as-

sumed to be of order ε2, where ε = ku0 � 1 is the shear strain parameter defined above.

Note that the complex-valued vector fields u(ω) and u(2ω) represent the complex vector

amplitudes of the displacement field for the shear wave beam at the source frequency

and the subsequently-generated second harmonic, respectively. Also note that while the

†Recall that we are separating the material coordinate x into a transverse coordinate r = xex + yey
and an axial coordinate z.
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displacement fields for the source frequency and second harmonic are written without

overbars, they are still assumed to only have components in the transverse (x, y) plane.

While (5.44) is written in vector form, similar expressions follow directly for the

Cartesian components of the displacement field. Hence for the x-component, we have

ux(r, z, τ) = Re
{
u(ω)
x (r, z)e−iωτ + u(2ω)

x (r, z)e−i2ωτ
}
, (5.45)

or equivalently,

ux = 1
2
u(ω)
x e−iωτ + 1

2
u(2ω)
x e−i2ωτ + c.c., (5.46)

where c.c. stands for the complex conjugate of the expression preceding it and we have

suppressed the spatial dependence of the components for convenience. Similarly, the

y-component can be written as

uy = 1
2
u(ω)
y e−iωτ + 1

2
u(2ω)
y e−i2ωτ + c.c. (5.47)

Note that it is assumed that in the above expressions the source-frequency components

u
(ω)
x and u(ω)

y are assumed to be of order ε, while the second-harmonic components u(2ω)
x

and u(2ω)
y are assumed to be of order ε2.

The appropriate form for the quadratic nonlinearity is obtained by substituting

Eqs. (5.46) and (5.47) into the Cartesian component expressions for the quadratic non-

linearity, given by (5.14) and the equivalent expression for Qyx. Since we are considering

second-harmonic generation as a second-order effect, we need only retain the terms that

are of order ε2 and have an e−i2ωτ dependence on the retarded time τ . The result for

the x component of the quadratic nonlinearity is given by

Qxy = −1
4
ω2

(
u(ω)
y u(ω)

y,x + u(ω)
y u(ω)

x,y + 2u(ω)
x,yu

(ω)
y

− u(ω)
y,yu

(ω)
x − 2u(ω)

x u(ω)
y,y − u(ω)

y,xu
(ω)
y

)
e−i2ωτ + c.c., (5.48)

or equivalently, by collecting like terms,

Qxy = 3
4
ω2
(
u(ω)
y,y u

(ω)
x − u(ω)

x,y u
(ω)
y

)
e−i2ωτ + c.c. (5.49)
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Again, due to the isotropy of the material we know that the y-component of the quadratic

nonlinearity is given by swapping the x and y indices in the above expression. Explicitly,

this yields

Qyx = 3
4
ω2
(
u(ω)
x,x u

(ω)
y − u(ω)

y,x u
(ω)
x

)
e−i2ωτ + c.c. (5.50)

Now that we have the Cartesian components of the quadratic nonlinearity, we can write

it in vector form by inserting the above component expressions into the definition of the

vector quadratic nonlinearity q given by (5.25). In Cartesian matrix form, this gives

[q ] =

[
Qxy

Qyx

]
= 3

4
ω2

[
u

(ω)
y,y u

(ω)
x − u(ω)

x,y u
(ω)
y

u
(ω)
x,x u

(ω)
y − u(ω)

y,x u
(ω)
x

]
e−i2ωτ + c.c. (5.51)

Furthermore, we note that the right-hand side of the above expression can be written as

a matrix multiplication. Hence we can equivalently write

[q ] = 3
4
ω2

[
u

(ω)
y,y −u(ω)

x,y

−u(ω)
y,x u

(ω)
x,x

][
u

(ω)
x

u
(ω)
y

]
e−i2ωτ + c.c. (5.52)

The matrix in the above expression depends on the transverse spatial derivatives of the

displacement field u(ω). We denote the transverse displacement gradient tensor as ∇u(ω),

which in Cartesian matrix form is given by

[
∇u(ω)

]
=

[
u

(ω)
x,x u

(ω)
x,y

u
(ω)
y,x u

(ω)
y,y

]
. (5.53)

The matrix in (5.52) is the adjugate of the matrix in (5.53). Defined generally as the

transpose of the cofactor matrix, the adjugate of an arbitrary tensor A can be written

for the case of two dimensions as†

adjA = (trA)1 −A, (5.54)

where 1 is the identity tensor. It is clear from the above expressions that the relationship

between a tensor and its adjugate is linear (which happens to be the case because we are

†Note that this is a special case of the general linear, isotropic mapping between two second-order
tensors. For instance, notice its similarity to the linear, isotropic stress-strain relationship.
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working in two dimensions; in higher dimensions the adjugate is a nonlinear mapping).

If the tensor A is given in Cartesian matrix form by

[A ] =

[
Axx Axy
Ayx Ayy

]
, (5.55)

then the adjugate of A is given by

[adjA ] =

[
Ayy −Axy
−Ayx Axx

]
. (5.56)

Hence in Cartesian matrix form, the adjugate of the displacement gradient (5.53) is given

by [
adj∇u(ω)

]
=

[
u

(ω)
y,y −u(ω)

x,y

−u(ω)
y,x u

(ω)
x,x

]
, (5.57)

which is identical to the matrix found in (5.52). By way of (5.57), we can thus write the

vector q compactly in direct vector notation as

q = 3
4
ω2
(
adj∇u(ω)

)
u(ω)e−i2ωτ + c.c. (5.58)

We are now in a position to write vector evolution equations for the beam at the

source frequency and the second harmonic. Inserting (5.44) into (5.23), the subsequent

evolution equation at order ε is given by

∂u(ω)

∂z
+

1

i2k
∇2
u(ω) = 0, (5.59)

where k = ω/ct is the shear wavenumber. This equation describes the linear propaga-

tion of the source-frequency shear wave beam. The evolution equation for the second

harmonic, of order ε2, is then given by

∂u(2ω)

∂z
+

1

i4k
∇2
u(2ω) = ik 3

4
β2

(
adj∇u(ω)

)
u(ω). (5.60)

5.3.2 General integral solution using Green’s functions

The system of equations given by (5.59) and (5.60), when solved successively, in fact

constitute a linear system of differential equations, since the nonlinear term on the right-

hand side of (5.60) acts as a virtual source term that is entirely determined by the solution
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of (5.59). Because the system of equations is linear, we may develop general integral

solutions to them using a Green’s function approach. Although the equations that we

are solving are vector equations, it is a consequence of the isotropy of the material that

we will be able to develop solutions using only the scalar Green’s function commonly

associated with scalar Fresnel diffraction.

We will need both a Green’s function Gω(x|x′) to solve (5.59) and a Green’s

function G2ω(x|x′) to solve (5.60), however we can treat both cases at once by defining

the general Green’s function for the parabolic approximation Gnω(x|x′) as the solution to

∂Gnω(x|x′)
∂z

+
1

i2kn
∇2
Gnω(x|x′) = δ(x− x′). (5.61)

It is shown in App. C that the general Green’s function is given by

Gnω(r, z|r′, z′) = − ikn

2π(z − z′)
exp

{
ikn‖r − r′‖2

2(z − z′)

}
H(z − z′). (5.62)

The presence of the Heaviside step function H(z − z′) in the above expression is due

to the fact that the parabolic approximation only describes wave propagation in the +z

direction. Hence a source located at the point (r′, z′) can only affect the field at points

(r, z) satisfying the relation z > z′.

We note again that we are neglecting the effects of viscosity, and hence the general

Green’s function given in (5.62) is valid only for the lossless case. If viscous effects were

included then (5.62) would include an extra factor of the form exp{−n2αv(z−z′)}, where
αv = ηω2/2ρ0c

2
t is the absorption coefficient at the source frequency. Such a factor

appears in the Green’s function used by Wochner et al.4 to calculate third-harmonic

generation by Gaussian beams with linear polarization.

Recall that our source condition is given by the transverse displacement of the

source-frequency field at the source plane z = 0,

u(ω)
∣∣
z=0

= u(ω)(r, 0). (5.63)

The Green’s function given by (5.62) with n = 1 allows us to write the following general

solution for the source-frequency displacement field:

u(ω)(r, z) =

∫∫ ∞
−∞

Gω (r, z | r′, 0) u(ω)(r′, 0) dx′dy′, (5.64)
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which is seen to be a linear mapping from the transverse displacement on the source

plane to the source-frequency field at all points in the half-space z > 0.

Likewise, the Green’s function for the second-harmonic beam, given by (5.62)

with n = 2, allows us to write the following general solution for the second-harmonic

displacement field:

u(2ω)(x) = ik 3
4
β2

∫ z

0

∫∫ ∞
−∞

G2ω (x|x′)
[(

adj∇u(ω)
)
u(ω)

]
x=x′

dx′dy′dz′, (5.65)

which is seen to be a nonlinear mapping between the source-frequency field u(ω) and

the second-harmonic field u(2ω). For the integration over the variable z′, the lower limit

z′ = 0 of that integration was obtained by assuming that there is no second harmonic

present at the source plane (i.e. assuming that u(2ω)(r, 0) = 0), while the upper limit

z′ = z for the integration was deduced by inspection of the Heaviside step function

H(z − z′) present in the Green’s function.
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Chapter 6

Second-Harmonic of an Affinely-Polarized
Gaussian Beam

6.1 Introduction

In this chapter we investigate the quadratic nonlinearity in shear wave beams by consid-

ering second-harmonic generation in affinely-polarized shear wave beams with Gaussian

amplitude shading. A fascinating and technically challenging aspect of the quadratic

nonlinearity present in the shear wave beam equation is that the polarization of the

generated second harmonic is not necessarily the same as the polarization of the source-

frequency beam, as was demonstrated in the original work by Zabolotskaya.3 By using

the class of affine polarizations defined in the previous chapter as a mathematical for-

malism by which to investigate second-harmonic generation due to the quadratic non-

linearity, we are able to establish an explicit relationship between the source-frequency

polarization and the polarization of the second harmonic. We do so by deriving an ana-

lytic solution for the second harmonic generated by an affinely-polarized Gaussian beam.

With a moderate amount of linear algebra we are then able to determine the polarization

of the second harmonic as a function of the polarization of the source-frequency beam.

6.1.1 Outline of chapter

From what we know about the quadratic nonlinearity present in the nonlinear parabolic

equation for shear wave beams, it is not generally the case that the polarization of a

beam is preserved through it. One of the principle aims of this chapter is to establish

some sort of relationship between the polarization of the source-frequency beam and the

polarization of the second-harmonic beam that is generated by the quadratic nonlinear-

ity. Our method of attacking this problem is to use the class of affine polarizations.
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The task of evaluating the integral solutions for the source-frequency and second-

harmonic Gaussian beams is rather tedious, and the details of those evaluations are given

in Appendix C. We find that the solution for the source-frequency beam for an affinely-

polarized Gaussian source is exactly identical to the solution that was obtained in the

Chap. 3 using the Fresnel approximation. Since that solution was thoroughly investigated

in the previous chapter, there is no need to consider it again.

We then derive an analytic solution for the second-harmonic beam, which is

easily broken up into a scalar field describing the diffraction of the beam and a vector

amplitude that represents the polarization of the beam. Investigating the diffraction

first, we find the the amplitude profile of the beam remains Gaussian as it propagates

and is narrower than the source-frequency beam by a factor of 1/
√

2, similar to the

case of second-harmonic generation from a Gaussian beam in a fluid. The amplitude of

the second-harmonic beam grows linearly in the near field, reaching a peak at around

one Rayleigh distance, and then decays in the far field as z−1. This decay rate is the

same as for the linearly-propagating source-frequency beam, and hence indicates that

second-order nonlinear effects are confined to the near field of the beam.

The vector amplitude of the second harmonic is found to be a composed of a

superposition of two parts: a constant polarization second harmonic due to the interaction

of the constant and first-order parts of the source-frequency polarization (i.e. interaction

of the constant polarization vector p0 and the first-order polarization matrix A, which

were originally defined in Sec. 2.2), and a radially-polarized second harmonic due to the

interaction of the first-order source-frequency polarization with itself (i.e. interaction of

A with itself). One consequence of this result is that a source-frequency beam of purely

constant polarization will generate no second-order nonlinear effects, a result that is

consistent with the previous work by Zabolotskaya3 and Wochner et al.4

The specific orientation of the constant polarization second harmonic depends

on the polarization of the source-frequency beam, and in particular is not necessarily

collinear with the orientation of the source polarization. For example, a vertically-

polarized source-frequency beam and a torsionally-polarized source-frequency beam in-
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teract through the quadratic nonlinearity to generate a second harmonic that is hori-

zontally polarized. Various other examples of interaction are given in Sec. 6.3.4, and a

summary of the results is depicted in Fig. 6.2.

The radially-polarized second harmonic is due to the interaction of first-order

polarizations in the source-frequency beam. The details of the interaction is given by

the fact that the amplitude of the radially-polarized second harmonic is proportional to

the determinant of the polarization tensor A. In terms of the Cartesian components of the

polarization tensor, this implies interaction between perpendicular stretch polarizations

and interaction between perpendicular simple shear polarizations. However, the form of

the determinant depends on the basis that is used to specify the polarization tensor. A

particularly intriguing case occurs when we use the alternative basis for the polarization

tensor described in Sec. 2.3, where we find that the basis polarizations are all mutually

self-interacting through the quadratic nonlinearity. In other words, each of the alterna-

tive basis polarization interacts with itself through the quadratic nonlinearity while not

interacting with any of the other basis polarizations. Because of this fact, we refer to the

alternative basis as the natural basis for second-harmonic generation.

We conclude the chapter by considering possible experimental uses for the solu-

tions given in this chapter, particularly in the context of estimating the elastic parameters

of tissue phantoms.

6.2 Source-frequency solution

6.2.1 Evaluation of the integral equation

For an affinely-polarized source with Gaussian amplitude shading the source condition is

given by

u(ω)(r, 0) = (p0 +Ar) e−(r/a)2 , (6.1)

where p0 is the constant polarization vector, A is the first-order polarization tensor and

a is a constant specifying the size of the source. Since we have already derived a general

integral solution for the beam at the source frequency, given in (5.64), we obtain the
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solution by inserting the above source condition into that equation, yielding

u(ω)(r, z) =

∫∫ ∞
−∞

Gω (r, z | r′, 0) (p0 +Ar′) e−(r′/a)2dx′dy′. (6.2)

By exploiting the linearity of the integral, as well as the linearity of the tensor operator

A, we are able to write the above solution as

u(ω)(r, z) = p0

∫∫ ∞
−∞

Gω (r, z | r′, 0) e−(r′/a)2dx′dy′

+ A

∫∫ ∞
−∞

Gω (r, z | r′, 0) e−(r′/a)2r′ dx′dy′. (6.3)

Written this way, we see that the solution naturally decomposes into two parts, each

containing one integral. It is also clear that the first part of (6.3) corresponds to a

beam with constant polarization, while the second part corresponds to a beam with

first-order polarization. This should come as no surprise; since the source-frequency

beam propagates linearly, the superposition principle holds, and hence the two parts

of the solution correspond to those beams generated by the two parts of the source

polarization (6.1). Also note that neither of the integrals in the above expression depend

on the particular polarization of the source, and hence we need only evaluate them once

for a solution that will be valid for the entire class of affinely-polarized sources.

The solution for the source-frequency beam is obtained by evaluating the integral

solution given in (6.2). The process is straightforward but tedious, and so we leave the

details of the derivation to Sec. C.3.1 of Appendix C. The full solution for the source-

frequency beam given by

u(ω)(r, z) =

(
p0 +

Ar

1 + iz/z0

)
1

1 + iz/z0

exp
{
− (r/a)2

1 + iz/z0

}
. (6.4)

Note that the above expression is almost identical to the solution given by (4.18),

for the transverse displacement of an affinely-polarized Gaussian beam in the Fresnel

approximation. The only difference between the two is that the above expression does

not have an explicit dependence on eikz, and this fact is only due to the coordinate

transformation that was made into the retarded time frame. From (5.44) we see that the

actual displacement of the source-frequency beam is given by the real part of u(ω)e−iωτ ,

100



where in terms of the original time coordinate t we have e−iωτ = e−iω(t−z/ct) = e−iωteikz,

and thus we see the implicit dependence of the above solution on the factor eikz .

We conclude that the solution for the propagation of an affinely-polarized Gaus-

sian beam obtained from the linear parabolic equation given in (5.59) is the same as the

solution obtained using the Fresnel approximation. Since we have already thoroughly

treated this solution, there is no need to examine it further at this point.

6.3 Second-harmonic generation

6.3.1 Virtual source term

In order to derive the second-harmonic solution of the field, we must first evaluate the

virtual source term that appears in the integral solution (5.65), given by the expression(
adj∇u(ω)

)
u(ω), (6.5)

where u(ω) is now given by the solution obtained in (6.4). Simply plugging (6.4) into

the above expression, while a straightforward process, is also a rather tedious exercise.

Instead, we are going to exploit a general property of the particular form that the virtual

source takes, in order to simplify the derivation. In doing this, we will need to make

use of an alternative form of the adjugate tensor, using the 90◦ rotation tensor R, again

given in Cartesian matrix form by

[R ] =

[
0 −1
1 0

]
. (6.6)

Using the rotation tensor, we can write the adjugate of an arbitrary tensorM as

adjM = RMTRT. (6.7)

Note that the above expression for the adjugate is only valid in the two-dimensional case

that we are considering.

The useful property of the virtual source term can be shown by writing the

source-frequency solution as the product as a vector field and a scalar field,

u(ω)(x) = ψ(x)w(x), (6.8)
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wherew(x) is a vector field and ψ(x) is a scalar field. Note that we are not requiring that

this decomposition of u(ω) be unique, just that is be possible. The transverse gradient

of the source-frequency solution is obtained using the chain rule, and is given by†

∇u(ω) = ψ∇w +w ⊗∇ψ. (6.9)

By exploiting the linearity of the adjugate operator, we can write the adjugate of the

above expression as

adj∇u(ω) = ψ adj∇w + adj (w ⊗∇ψ). (6.10)

The second term in the above expression can be rewritten using the rotation tensor, by

way of (6.7), yielding

adj(w ⊗∇ψ) = R (w ⊗∇ψ)TRT = (R∇ψ)⊗ (Rw). (6.11)

We can now write the virtual source term using Eqs. (6.9), (6.10) and (6.11) as(
adj∇u(ω)

)
u(ω) =

[
ψ adj∇w + (R∇ψ)⊗ (Rw)

]
ψw, (6.12)

or equivalently,(
adj∇u(ω)

)
u(ω) = ψ2(adj∇w)w + ψ(R∇ψ)[(Rw) ·w]. (6.13)

Since R is a 90◦ rotation tensor, it’s necessarily true that the vector Rw is orthogonal

to the vector w, and thus the inner product of the two is equal to zero, (Rw) ·w = 0.

Hence the final form of the virtual source term is given by(
adj∇u(ω)

)
u(ω) = ψ2(adj∇w)w. (6.14)

The important thing to note here is that when we express the source-frequency solution

as the product of a vector field and a scalar field, we find the the final form of the virtual

†In index notation, where Greek indices indicate restriction to transverse coordinates, this expression
is written

u
(ω)
α,β = (ψwα),β = ψwα,β + wαψ,β .
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source term does not depend on the gradient of the scalar field. This result is all the more

interesting when considering the fact that the scalar field / vector field decomposition

given in (6.8) isn’t unique, and hence for any scalar field that we can pull out of the

source-frequency solution it is necessarily the case that the virtual source term will not

depend on the gradient of that scalar field.

We can use this result to our advantage when computing the virtual source term.

Let the vector field w have the form

w(r, z) = p0 +
Ar

1 + iz/z0

, (6.15)

while letting the scalar field ψ have the form

ψ(r, z) =
1

1 + iz/z0

exp
{
− (r/a)2

1 + iz/z0

}
. (6.16)

The product of the vector field w and the scalar field ψ is then indeed equal to the

source-frequency solution obtained above. The transverse gradient of the vector field

portion is then given by

∇w(r, z) =
A

1 + iz/z0

, (6.17)

and thus we have(
adj∇w

)
w =

adjA
1 + iz/z0

(
p0 +

Ar

1 + iz/z0

)
=

(adjA)p0

1 + iz/z0

+
(adjA)Ar

(1 + iz/z0)2
. (6.18)

Noting that

[(adjA)A ] =

[
Ayy −Axy
−Ayx Axx

] [
Axx Axy
Ayx Ayy

]
=

[
AxxAyy − AxyAyx 0

0 AxxAyy − AxyAyx

]
= (AxxAyy − AxyAyx)

[
1 0
0 1

]
= [(detA)1 ], (6.19)

where detA is the determinant of A, we can rewrite (6.18) as(
adj∇w

)
w =

(adjA)p0

1 + iz/z0

+
(detA)r

(1 + iz/z0)2
. (6.20)
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We arrive at the final form for the virtual source term by inserting Eqs. (6.16) and (6.20)

into (6.14), which yields(
adj∇u(ω)

)
u(ω) =

[
(adjA)p0

(1 + iz/z0)3
+

(detA)r

(1 + iz/z0)4

]
exp
{
− 2(r/a)2

1 + iz/z0

}
. (6.21)

6.3.2 Full solution of the second harmonic

The general integral solution for the second-harmonic field, obtained using the Green’s

function approach, was shown to be given by

u(2ω)(x) = ik 3
4
β2

∫ z

0

∫∫ ∞
−∞

G2ω (x|x′)
[(

adj∇u(ω)
)
u(ω)

]
x=x′

dx′dy′dz′, (6.22)

where G2ω(x|x′) is the Green’s function for the parabolic approximation at the frequency

2ω given in (C.11). Evaluating the virtual source term as given in (6.21) at x = x′ and

inserting it into the above integral solution, then exploiting the linearity of the integral

we obtain

u(2ω) = ik 3
4
β2(adjA)p0

∫ z

0

∫∫ ∞
−∞

G2ω (x|x′) exp
{
− 2(r′/a)2

1 + iz′/z0

}
dx′dy′dz′

(1 + iz′/z0)3

+ ik 3
4
β2(detA)

∫ z

0

∫∫ ∞
−∞

G2ω (x|x′) exp
{
− 2(r′/a)2

1 + iz′/z0

}
r′ dx′dy′dz′

(1 + iz′/z0)4
. (6.23)

As was the case with the source-frequency beam, we see that the above integral solution

naturally separates into two parts. Since (adjA)p0 is a constant vector, the first inte-

gral solution in the above expression represents a second-harmonic beam with constant

polarization, while the second integral solution is a first-order polarization.

The details of evaluating the integral given in (6.22) appear in Sec. C.3.2 of

Appendix C, where it is shown that the full solution for the second-harmonic beam is

given by

u(2ω)(r, z) = ik 3
4
β2

[
(adjA)p0 +

(detA)r

1 + iz/z0

]
z

(1 + iz/z0)2
exp

{
− 2(r/a)2

1 + iz/z0

}
. (6.24)

Apart from the scale factor ik 3
4
β2, the above solution naturally separates into two parts:

the quantity in square brackets represents the vector polarization of the second har-

monic, and is seen to be the superposition of a constant polarization involving both p0

and A and a radial polarization involving only A; the remaining scalar field represents

the diffraction characteristics of the second-harmonic beam.
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6.3.3 Diffraction of the second harmonic

The diffraction of the second-harmonic beam is characterized by the following scalar

field appearing in (6.24):

Γ(2ω)(r, z) =
z

(1 + iz/z0)2
exp

{
− 2(r/a)2

1 + iz/z0

}
, (6.25)

which can also be written as

Γ(2ω)(r, z) = z

[
1

1 + iz/z0

exp

{
− (r/a)2

1 + iz/z0

}]2

, (6.26)

and hence is seen to be equal to z times the square of the classical Gaussian beam

solution. In order to investigate the diffraction of such a field we will consider separately

its magnitude and phase, writing the full scalar field as

Γ(2ω)(r, z) =
∣∣Γ(2ω)(r, z)

∣∣ exp
{
i∠Γ(2ω)(r, z)

}
. (6.27)

Noting that (6.25) can be written equivalently as

Γ(2ω)(r, z) =
z

1 + (z/z0)2
exp

{
− 2(r/a)2

1 + (z/z0)2
+ i

2(z/z0)(r/a)2

1 + (z/z0)2
− i2 tan−1(z/z0)

}
,

we see that the magnitude of the field is given by

∣∣Γ(2ω)(r, z)
∣∣ =

z

1 + (z/z0)2
exp

{
− 2(r/a)2

1 + (z/z0)2

}
. (6.28)

The first factor, outside of the exponential, represents the axial amplitude of the beam.

As was prescribed by our source condition, the second-harmonic beam has zero am-

plitude at the source plane z = 0. We see from this axial amplitude factor that the

second-harmonic beam grows linearly in the near field (z � z0), while decaying as z−1

in the far field (z � z0), as is depicted in Fig. 6.1(b). The same asymptotic growth and

decay rates were found by Wochner et al.4 in the context of third-harmonic generation

by linearly-polarized shear wave beams with Gaussian amplitude shading.

Note that the far-field decay rate given above is the same as for the source-

frequency solution, as was described in Sec. 4.2, and hence mimics the decay rate of

a beam propagating linearly in the far field. The physical meaning of this result is
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that in the far field there is no longer any energy being transferred from the source-

frequency beam to the second-harmonic beam; in other words, the distortion caused by

the quadratic nonlinearity occurs only in the near field. This phenomenon is sometimes

referred to as waveform freezing (cf. Sec. III of Wochner et al.4).

The second factor in (6.28) represents the radially-dependent amplitude factor,

and is given by

exp

{
− 2(r/a)2

1 + (z/z0)2

}
. (6.29)

We see from this expression that the second-harmonic solution remains Gaussian as it

propagates, and furthermore has the same beam spreading characteristic as the linear

solutions obtained previously (i.e. traces out a hyperbola). However, it differs from the

linear solution by there being an extra factor or 2 in the exponent. If we were to define

the beam width at a given propagation distance z as the radial distance from the beam

axis for the amplitude to decay by a factor of 1/e (relative to the on-axis peak amplitude),

then the above radial amplitude factor indicates that the second-harmonic solution has

a beam width that is narrower than the linear solution by a factor of 1/
√

2. This result

is the same as for second-harmonic generation for a Gaussian beam in a fluid (cf. page

239 of Hamilton & Blackstock23), and is depicted in Fig. 6.1(a).

The phase of Γ(2ω)(r, z) is given by

∠Γ(2ω)(r, z) =
2(z/z0)(r/a)2

1 + (z/z0)2
− 2 tan−1(z/z0). (6.30)

The first term in the above expression is representative of the wavefront curvature in the

second-harmonic beam, and is analogous to the discussion of wavefront curvature given

in Sec. 4.2.2. In that discussion, the phase from a spherical wave with angular frequency

ω was expanded using the Fresnel approximation, and the result was compared with

the phase term given in (4.24) to find an effective radius of curvature for the wavefronts

in the source-frequency beam. Using the same argument while considering a spherical

wave with angular frequency 2ω, and comparing with first phase term give in (6.30), the

expression obtained for the effective radius of curvature of the wavefronts is the same

as was given in (4.28) for the source-frequency beam. We conclude that the effective
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Figure 6.1: (a) Plot showing the relative beam widths of the source frequency and second
harmonic, given by exp{−(r/a)2} and exp{−2(r/a)2}, respectively. (b) Growth and
decay second harmonic beam amplitude, given by |Γ(2ω)(0, z)| in (6.28).
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wavefront curvature in the second-harmonic beam is the same as the effective wavefront

curvature in the source-frequency beam.

The second phase term appearing in (6.30) represents the axial phase drift, or

relative axial phase of the beam compared to a plane wave propagating in the +z

direction, as was discussed in the last chapter. We see from the above expression that

the axial phase drift for the second-harmonic beam is such that the beam is 180◦ ahead

of the plane wave by the time it has propagated into the far field z � z0. Hence it is

the same axial phase drift that we saw for the first-order polarization beam in the linear,

source-frequency solution.

6.3.4 The constant polarization second harmonic

We now focus our attention on the square-bracketed vector amplitude portion of the

solution given in (6.24),

(adjA)p0 +
(detA)r

1 + iz/z0

. (6.31)

This vector quantity represents the polarization of the second-harmonic beam. As was

noted before, it is clearly made up of a superposition of two different polarizations. The

first term, involving the constant tensor (adjA) operating on the the constant vector p0,

is itself a constant vector and hence represents a second-harmonic beam with constant

polarization. The second term, involving the determinant of the polarization tensor A,

represents a radially-polarized second-harmonic beam. In the current section we will

investigate the second-harmonic with constant polarization.

As was noted above, (adjA)p0 is a constant vector and hence the first term in

the above expression represents a second-harmonic beam with constant polarization.

Furthermore, since the vector amplitude depends on both the source polarization vector

p0 and the polarization tensor A, it follows that this second-harmonic beam is the result

of the interaction between the source-frequency constant polarization beam and the source-

frequency first-order polarization beam, in the sense that both source-frequency beams

need to be present for this second-harmonic solution to exist.

Also note that p0 appears nowhere else in the second-harmonic polarization
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given in (6.31). So, for instance, if the source condition was such that A = 0, repre-

senting a source condition consisting of only constant polarization p0, then there would

be no second-harmonic generation at second order, a result that was first stated by

Zabolotskaya.3 The above solution, however, generalizes that result by showing that a

constant polarization beam is able to generate second-harmonic as a second-order effect

by interacting with a beam having a first-order polarization (i.e. a nonzero polarization

tensor A).

However, note that the absence of a second harmonic for a beam with pure

constant polarization predicted here is only accurate to second order in shear strain,

according to the perturbation we are performing. The quadratic nonlinearity can still

have an effect on the propagation of a constant polarization beam when terms of higher

order in the perturbation are retained. This was demonstrated by Zabolotskaya,3 who

showed that a linearly-polarized beam will generate a second harmonic as a fourth-order

effect in the perturbation, by interaction of the third-harmonic with the source-frequency

beam through the quadratic nonlinearity.

The direction of particle motion of the second-harmonic beam with constant

polarization is implicit in the expression for the vector amplitude (adjA)p0, and hence

depends on both the source-frequency constant polarization p0 and the source-frequency

polarization A. In Cartesian matrix form, the constant polarization second harmonic is

given by

[(adjA)p0 ] =

[
Ayy −Axy
−Ayx Axx

] [
p0x

p0y

]
=

[
p0xAyy − p0yAxy
p0yAxx − p0xAyx

]
. (6.32)

The above matrix form tells us explicitly how the Cartesian components of the polariza-

tion, as depicted in Figs. 2.1 and 2.2 in the previous chapter, interact with one another

through the quadratic nonlinearity. For instance, we see that a linear polarization in

the x direction, indicated by p0x, interacts with a stretch polarization in the y direction,

indicated by Ayy, to generate a second-harmonic that is also linearly-polarized in the x

direction.

In the remainder of this section we will consider a number of different cases of

constant-plus-first-order polarization combinations and deduce the direction of the par-
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ticle motion of the subsequently generated second-harmonic beam with constant polar-

ization. We will accomplish this task using tensor algebra, although Fig. 6.2 summarizes

the results graphically.

For the case of constant-plus-radial polarization the polarization tensor of the

source is given by A = α1 , where α is the amplitude of the radial motion and 1 is the

identity tensor, while the constant polarization vector of the source is given by p0. This

yields the following for the vector amplitude of the second harmonic,

(adjA)p0 = α(adj1 )p0 = αp0, (6.33)

where we used the fact that adj1 = 1 . Hence we see that the constant polarization

of the resulting second-harmonic beam has particle motion that is collinear with p0,

the constant polarization of the source. The amplitude of the second-harmonic beam

is proportional to the product of the amplitudes of the constant and first-order source

polarizations. This result is depicted in Fig. 6.2(a).

For the case of constant-plus-torsional polarization the polarization tensor of the

source is given by A = θR, where θ is the amplitude of the torsional motion and R is

the 90◦ rotation tensor given in (2.19). This yields for the vector amplitude of the second

harmonic

(adjA)p0 = θ(adjR)p0 = −θRp0, (6.34)

where we have used the fact that adjR = −R. Hence we see that the particle motion of

the second-harmonic beam occurs along the direction of Rp0, which is perpendicular to

the motion of the constant polarization source term p0. The amplitude of the second-

harmonic beam is proportional to the product of the amplitudes of the constant and

first-order source polarizations. Since the solution is time harmonic, the minus sign

in the amplitude can be interpreted as a 180◦ phase shift. This result is depicted in

Fig. 6.2(b).

It remains to consider the interaction of a constant polarization beam with single

stretch, simple shear and pure shear type first-order polarization beams. In these cases

we will use the following convention for the orientation of the first-order polarizations:
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Figure 6.2: Interaction of the constant polarization and first-order polarization source-
frequency beams, resulting in a second-harmonic beam with constant polarization. The
direction of particle motion of the constant-polarization second-harmonic beam depends
on the particulars of the source polarization.
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let n be an arbitrary unit vector on the transverse plane, and let m = Rn be the

transverse unit vector perpendicular to n. Hence the set (n,m, ez) forms a right-

handed orthonormal system.

For the case of constant-plus-stretch polarization the polarization tensor of the

source is given by A = λ(n⊗n), indicating a stretch of amplitude λ in the direction n.

This yields for the vector amplitude of the second harmonic

(adjA)p0 = λ adj(n⊗ n)p0 = λ (m⊗m)p0 = λm(m · p0). (6.35)

Hence we see that the direction of particle motion for the second-harmonic beam is

perpendicular to the direction of the stretch. Furthermore, since the amplitude is pro-

portional to m · p0, the second-hamonic beam is only present if the source-frequency

constant polarization beam has a non-zero component in the direction perpendicular to

the stretch. In other words, if the constant polarization is in the same direction as the

stretch polarization, no second harmonic will be generated. This result is depicted in

Fig. 6.2(c).

For the case of constant-plus-simple-shear polarization the polarization tensor for

the source is given by A = λ(m⊗n), indicating a simple shear with particle motion in

the directionm that varies linearly in the direction n, with amplitude λ. This yields for

the vector amplitude of the second harmonic

(adjA)p0 = λ adj(m⊗ n)p0 = −λ (m⊗ n)p0 = −λm(n · p0). (6.36)

The direction of particle motion for the second-harmonic beam is in the same direction

of the particle motion of the simple shear. The amplitude of the second-harmonic is

proportional to the amplitude of the simple shear λ, as well as to the projection of the

constant polarization source amplitude p0 onto the axis perpendicular to the particle

motion of the simple shear. In other words, if the constant polarization vector of the

source p0 is parallel to the direction of particle motion of the simple shear (i.e. parallel

to m), then there will be no second-harmonic beam. Again, the minus sign indicates a

180◦ phase shift of the time-harmonic solution. This result is depicted in Fig. 6.2(d).
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Finally, for the case of a constant-plus-pure-shear polarization the polarization

tensor of the source is given by A = λ(n ⊗ n −m ⊗m), indicating a stretch in the

direction n and a contraction in the direction m, both of amplitude λ. This yields for

the vector amplitude of the constant polarization second harmonic

(adjA)p0 = λ adj(n⊗ n−m⊗m)p0 = λ (m⊗m− n⊗ n)p0 (6.37)

= λ [m(m · p0)− n(n · p0)].

Geometrically, the above result indicates that the particle motion of the second-harmonic

beam occurs along the direction that results from taking the source polarization vector

p0 and mirror-image flipping it about the axis of contraction m (i.e. negating the com-

ponent of p0 parallel to n). The amplitude of the second-harmonic is then proportional

to the product of the amplitudes of the constant polarization source term and the pure

shear source term. This result is depicted in Fig. 6.2(e).

6.3.5 The radially-polarized second harmonic

Returning to the vector amplitude of the solution for the second-harmonic beam given

in (6.24),

(adjA)p0 +
(detA)r

1 + iz/z0

, (6.38)

we will now focus our attention on the second term in the above expression, indicating

a second-harmonic beam that is radially polarized. In order to investigate this second-

harmonic it will be convenient to write it in the following form:

(detA)er
r√

1 + (z/z0)2
exp
{
−i tan−1(z/z0)

}
. (6.39)

The first factor in the above expression, (detA)er, tells us that this is a radially-

polarized beam, the amplitude of which is proportional to the determinant of the polar-

ization tensor A. Because this tensor can be written as a two-by-two matrix, it follows

that the expression for the determinant is quadratic in the components of A, which

is consistent with this being a second-order nonlinear effect. Furthermore, since it’s
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quadratic in the components of A alone, we conclude that this radially-polarized sec-

ond harmonic is the result of the source-frequency beam with first-order polarization

interacting with itself through the quadratic nonlinearity. Thus we see that at second-

order in the perturbation, a beam with arbitrary first-order polarization can only generate a

second-harmonic that is radially polarized.

Another implication of the scalar amplitude factor being of the form detA is

that a necessary and sufficient condition for a first-order polarization beam to generate

a second-harmonic (i.e. by interacting with itself through the quadratic nonlinearity) is

for the polarization tensor A to be invertible†, since if A is not invertible it is necessarily

true that detA = 0.

The particular component form that detA takes will tell us how different types

of first-order polarizations interact through the quadratic nonlinearity. For example,

if we express the polarization tensor in terms of its Cartesian components, then the

determinant takes the form

detA = AxxAyy − AxyAyx. (6.40)

As was determined previously, the components Axx and Ayy represent perpendicular

stretches of the transverse plane, while the components Axy and Ayx represent perpen-

dicular simple shears, as was depicted in Fig. 2.2. The above form of the determinant

tells us that the perpendicular stretch polarizations interact with each other to generate

a radially-polarized second harmonic, and that the perpendicular simple shear polariza-

tions interact with each other to similarly generate a radially-polarized second harmonic,

which is depicted in Fig. 6.3. The simple shear case results in an additional minus sign

(or 180◦ phase shift). Another consequence of the above determinant form is that a sin-

gle stretch polarization, or a single simple shear polarization, does not generate second

harmonic on its own. Additionally, stretch polarizations and simple shear polarizations

do not interact with one another through the quadratic nonlinearity.

†Note that this is different than the deformation of the source plane being invertible, since the po-
larization tensor A is a measure of the displacement gradient, rather than the deformation gradient. The
deformation must be invertible, based on continuity considerations, however the displacement needn’t be.
This is clearly true from the fact that A = 0 (i.e. for a purely constant polarization) is perfectly admissible.
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Figure 6.3: Generation of a radially-polarized second-harmonic beam by interaction of
(a) perpendicular stretch polarizations and (b) perpendicular simple shear polarizations.
A single simple shear or stretch polarization does not generate second-harmonic by itself,
and furthermore stretch polarizations and simple shear polarizations do not interact with
each other at second-order.
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We now return to the vector amplitude of the radially-polarized second harmonic

given in (6.39). The second factor in that expression is

r√
1 + (z/z0)2

. (6.41)

The implications of this factor are the same as for the linearly-propagating solution with

first-order polarization that was investigated in Sec. 4.2.3. The dependence of the am-

plitude on r comes from the fact that the displacement field for first-order polarizations

necessarily drops to zero at the center of the beam, since all first-order polarizations

are essentially dipole sources. Furthermore, the denominator of the above expression is

indicative of the spreading of the beam, implying a spreading law that is analogous to

the linearly-propagating beam with first-order polarization.

Combined with the amplitude factor contained in (6.28), we conclude that the

peak amplitudes of the radially-polarized second harmonic (which occur off axis) will

drop off as z−1, while the amplitude near the beam axis will drop off as z−2, due to the

dipole-like nature of the source. Since this rate of decay is the same as for a linearly-

propagating radially-polarized beam, we reemphasize the fact that nonlinear effects are

confined to the near field of the beam, the second harmonic decays in the far field as a linearly-

propagating beam.

The last factor in (6.39) is a phase term,

exp
{
−i tan−1(z/z0)

}
. (6.42)

We recognize this as another axial phase drift term. When combined with the phase drift

contained in (6.28), we conclude that the total phase drift for the radially-polarized sec-

ond harmonic is given by exp{−3i tan−1(z/z0)}, indicating that by the time the radially-

polarized second harmonic has propagated into the far field, it leads in phase by 270◦

(or equivalently lags in phase by 90◦) compared to a linearly-propagating plane wave. A

further implication of this is that the constant polarization and radially-polarized parts

of the second harmonic do not propagate at the same phase speed, but rather slowly

drift out of phase with one another, which is analogous to what we found for the constant

polarization and first-order polarization source-frequency beams in the last chapter.
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6.3.6 Natural basis for the polarization tensor

The form of the determinant of A given in (6.40) was written in terms of the Cartesian

components of A, and hence resulted in an expression that told us how stretch polar-

izations and simple shear polarizations interact through the quadratic nonlinearity to

generate a radially-polarized second harmonic. However, the Cartesian components are

not the only way to decomposing the polarization tensor A.

Instead, we can represent the polarization tensor using the alternative basis that

was developed in Sec. 2.3. In this case, we write the polarization tensor as

A = α1 + θR+ σ1S1 + σ2S2, (6.43)

where α1 is a radial polarization, θR is a torsional polarization, σ1S1 is a pure shear

polarization oriented along the (x, y) axis and σ2S2 is another pure shear polarization

rotated 45◦ relative to the first (see Fig. 2.3). In matrix form we have

[A ] = α

[
1 0
0 1

]
+ θ

[
0 −1
1 0

]
+ σ1

[
1 0
0 −1

]
+ σ2

[
0 1
1 0

]
, (6.44)

or equivalently,

[A ] =

[
α + σ1 σ2 − θ
σ2 + θ α− σ1

]
. (6.45)

In terms of the alternative basis, the determinant of the polarization tensor is given by

detA = α2 + θ2 − σ2
1 − σ2

2. (6.46)

We see that when expressing the polarization tensor using the alternative basis, the deter-

minant is additive with respect to the basis coefficients, in the sense that the determinant

of the sum of the polarizations is in fact equal to the sum of the determinants of the

individual polarizations. Note however that the determinant is still nonlinear, since the

above expressions shows that it depends quadratically on each of the basis coefficients.

Depicted in Fig. 6.4, this result implies that each of the polarizations in the

alternative basis (radial, torsional, and the two pure shears) interacts with itself through

the quadratic nonlinearity while not interacting with any of the others. In this way, we

can think of this alternative basis for the polarization tensor as being a sort of natural
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basis for second-harmonic generation, in that it partitions the space of polarizations in

such a way that the partitions do not interact with each other through the quadratic

nonlinearity. Note that the pure shear polarizations get an extra 180◦ phase shift when

generating second harmonic.

One interesting aspect of the result depicted in Fig. 6.4 is that of all of the first-

order polarizations, only the radial maintains its state of polarization through the process

of second-harmonic generation. As a matter of fact, an axisymmetric radially-polarized

beam will always remain radially polarized, even in the presence of strong nonlinear-

ity (e.g., shock formation). The evolution equation in the parabolic approximation for

axisymmetric radially-polarized beams (again neglecting viscosity, but including both

quadratic and cubic nonlinearity) is given by

∂2ur
∂z∂τ

=
ct
2

(
∂2ur
∂r2

+
1

r

∂ur
∂r
− ur
r2

)
− β2

ct

1

r

(
v2
r + 2ur

∂vr
∂τ

)
+
β3

c3
t

v2
r

∂vr
∂τ

, (6.47)

where ur is the displacement component in the radial direction and vr = ∂ur/∂τ .

6.4 Possible application in characterizing tissue-like media

There are a number of ways that elastic wave propagation can be used to estimate the

material properties of an elastic solid. One particular approach is to use the acoustoelastic

effect, first studied by Hughes & Kelly34 and further developed by Toupin & Bernstein.35

The acoustoelastic effect refers to the fact that when an elastic solid undergoes a finite

deformation, the infinitesimal wave speed is affected. In particular, the dependence of

the infinitesimal wave speed on the severity of the deformation depends on the third-

order elastic coefficients of the material. Hence if one were to measure the dependence

of the wave speed on the amount of deformation being imposed on the material, one

could estimate the third-order elastic coefficients.

Such an approach was used by Gennisson et al.36 to estimate the third-order

elastic coefficient A for various agar-gelatin tissue phantoms. In the experiment a tissue

phantom was set up with an incremental load placed on top of it, so that various amounts

of finite prestress could be applied to the material. For each amount of prestress, a
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Figure 6.4: Generation of radially polarized second-harmonic beam by interaction of a
first-order polarization source-frequency beam with itself. Each of the polarizations of
the alternative basis interacts only with itself, and not with the other basis polarizations.
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shear wave line source was generated in the phantom using the acoustic radiation force

technique (cf. Bercoff et al.37). The measured dependence of the shear wave phase speed

on the amount of prestress then led to estimates of the thrid-order elastic coefficient A

(which were in the range of –50 to 400 kPa for the phantoms used, which had linear

shear moduli in the range of 4 to 20 kPa).

Another method for estimating the elastic coefficients of tissue phantoms is to

measure harmonic generation in finite-amplitude shear waves. This approach was used

in the experiments of Renier et al.,10 which measured third-harmonic generation in plane

shear waves propagating in agar-gelatin tissue phantoms. The measured growth and

decay of the third harmonic was compared with the theoretical results of Zabolotskaya

et al.9 in order to estimate the cubic nonlinearity coefficient β3 for the tissue phantoms

(which were in the range of 1 to 5 for the phantoms used). Furthermore, from the reported

values of A given by Gennisson et al.,36 Renier et al.10 then used the estimates of β3

to estimate the value of the fourth-order elastic coefficient D for the tissue phantoms

(which were in the 10 to 40 kPa range).

Another possible method for estimating the third-order elastic coefficient A

comes form the theoretical work of Emelianov et al.38 investigating the dynamics of a gas

bubble imbedded in an incompressible elastic solid. The model, which was subsequently

extended Zabolotskaya et al.,39 involves a nonlinear Rayleigh-Plesset-like equation for

the dynamics of the bubble and includes the nonlinear elastic response of the incom-

pressible material surrounding it. Thus the response of the bubble depends on both the

second and third-order elastic coefficients of the incompressible solid. This opens up the

possibility of using measurements of the dynamic response of an air bubble imbedded

in a tissue phantom to estimate the third-order coefficient A.

6.4.1 Constant-plus-torsional polarization

In this chapter we have derived an analytic solution for the second-harmonic generation

from an affinely-polarized shear wave beam. From the general solution given in (6.24)

we saw that the second harmonic grows linearly in the near field in such a way that the
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slope of the peak amplitude is proportional to the quadratic nonlinearity coefficient β2,

the wavenumber k = ω/ct and some quadratic combination of the components of p0

and A. Therefore if one were able to generate a weakly-nonlinear shear wave beam of

known source parameters (i.e. polarization, amplitude and frequency), then by measuring

the growth of the second harmonic beam one would be able to estimate the quadratic

nonlinearity coefficient β2. Recall that the expression for this nonlinearity was given in

(5.15) as

β2 =
1

2

(
1 +

A

4µ

)
, (6.48)

and thus we see that it only depends on the second-order elastic coefficient µ and the

third-order elastic coefficient A. Therefore if we already know the coefficient µ (for

instance by measuring the ambient density of the material and the phase speed and a

linearly-propagating plane wave), then estimating the value of β2 likewise allows us to

estimate the third-order coefficient A of the material.

The solution that we obtained for the second harmonic is valid for the entire class

of affine source polarizations, and thus if we were going to generate a shear wave beam

experimentally we must choose a particular affine polarization as a source condition.

Ideally we would use a source that could generate any affine polarization, though how

one might go about constructing such a source is not obvious. The easiest sort of affine

polarizations to generate appear to be those that could be generated by the vibration of

a rigid piston: linear polarization and torsional polarization.

Thus consider a constant-plus-torsional source, as was considered previously in

Sec. 6.3.4, which we will take to be a superposition of a linear polarization oriented

in the y direction (p0 = p0yey) and a torsional polarization (A = θR). In this case

p0y represents the peak displacement in the y direction due to translational vibration

of the linear polarization, while θ represents the peak angular displacement due to the

rotational vibration of the torsional polarization. We are going to assume that we can

generate such a source, and furthermore that we will be able to measure the transverse

motion along the axis of the shear wave beam that is generated.

If we assume that we have already measured the ambient density of the material,
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then from the source-frequency beam generated by the linear polarization alone we will

be able to estimate the second-order shear modulus µ by measuring the phase speed of

the beam along the axis and comparing it to the source-frequency solution given in (6.4).

The second harmonic generated by the combination of the linear polarization

and the torsional polarization is given by

u(2ω)(r, z) = i3
4
kβ2

(
θp0yex +

θ2r

1 + iz/z0

)
z

(1 + iz/z0)2
exp

{
− 2(r/a)2

1 + iz/z0

}
, (6.49)

which we see is made up of two parts: a linearly-polarized second harmonic that is

proportional to θp0y and hence represents interaction between the linear and torsional

source-frequency beams, and a radially-polarized second harmonic proportional to θ2

due to interaction of the torsional source-frequency beam with itself.

If we confine our attention to the axis of the beam, we see from the above

expression that the amplitude of the radially-polarized second harmonic is zero, and the

only field component that is present is u(2ω)
x from the linearly-polarized second harmonic.

The complex amplitude of this component along the axis of the beam is given by

u(2ω)
x (0, z) = i3

4
kβ2θp0x

z

(1 + iz/z0)2
. (6.50)

If viscous effects were negligible, then measuring the growth of the second harmonic con-

tained in the x component of the displacement field along the beam axis would allow

us to estimate the quadratic nonlinearity coefficient β2 using (6.50). Furthermore, if we

have already estimated µ from the linear propagation of the beam, we will also be able

to estimate the third-order elastic coefficient A.

Lastly, note that for a linearly-polarized shear wave beam, the leading-order

nonlinear effect is third-harmonic generation by the cubic nonlinearity, solutions for

which were presented by Wochner et al.4 Such solutions for the third harmonic were

shown to grow linearly in the near field at a rate proportional to the cubic nonlinearity

coefficient β3, the wavenumber k and the cube of the source amplitude. Hence measuring

the growth of the third harmonic from a linearly-polarized source would allow us to

estimate the cubic nonlinearity coefficient β3, which recall from (5.15) is given by

β3 =
3

2

(
1 +

1
2
A+D

µ

)
. (6.51)
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If we have already estimated µ and A, then from β3 we will be able to estimate the

fourth-order elastic coefficient D.

We conclude that by using a constant-plus-torsional polarization source to gen-

erate a shear wave beam, and measuring the transverse motion along the beam axis,

one would be able to estimate all three elastic coefficients of the material up to fourth

order: µ, A and D. However, there are a number of practical consideration that must

be taken into account before being able to compare theory with experiment. Firstly, the

results presented in the chapter neglected the effects of viscosity. In a soft material such

as tissue phantom viscous losses for shear waves can be considerable, depending on the

frequency of the wave.

In order to include viscous losses, one would have to include the viscous term ap-

pearing in the nonlinear parabolic equation for shear waves beams given in (5.11), leading

to a viscous factor appearing in the general Green’s function given in (5.62). While we

don’t expect the inclusion of viscosity to fundamentally change the way in which differ-

ent polarizations interact through the quadratic nonlinearity, it will make the derivation

of the second harmonic of a Gaussian beam considerably more difficult. Because in

this work we are primarily concerned with the interaction of different polarizations, we

have neglected viscous effects for simplicity. However, based on the solution for second-

harmonic generation in a Gaussian beam in a fluid (Hamilton & Blackstock23) and the

solution for third-harmonic generation in a linearly-polarized Gaussian shear wave beam

including viscosity (Wochner et al.4), it is reasonable to expect that an analytic solution

can be obtained for second-harmonic generation in an affinely-polarized Gaussian beam

and that the inclusion of viscosity will have a significant effect on the growth and decay

rates of the second harmonic.

Furthermore, the solutions given in this chapter for second-harmonic generation,

as well as in Wochner et al.4 for third-harmonic generation, are for sources with Gaussian

amplitude shading. From the discussion above, the easiest way to implement a constant-

plus-torsional source would probably be to use a circular rigid piston. In order to obtain

a solution for the case of a circular piston, one would have to evaluate the general integral
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solutions for the source frequency and second harmonic beams given by Eqs. (5.64) and

(5.65). The most practical way to achieve this would probably be to evaluate the integrals

numerically.
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Chapter 7

Conclusion and Future Work

The main purpose of this dissertation was to investigate the quadratic nonlin-

earity present in the nonlinear parabolic equation for shear wave beams originally de-

rived by Zabolotskaya.3 Our approach was to investigate the quadratic nonlinearity by

considering second-harmonic generation in Gaussian beams using standard perturba-

tion theory. Because there are no second-order nonlinear effects for linearly-polarized

beams, we considered a broader class of source conditions that includes higher-order

polarizations (radial, torsional, etc.).

In Chap. 2 we defined the class of affine polarizations, which includes constant

polarizations (linear, elliptical, circular) as well as first-order polarizations (stretching,

shearing and rotation of the transverse plane). One interesting aspect of the way that

we defined this class of polarizations is that it can be seen as the first two terms in

a Taylor expansion of a completely general source polarization, as was discussed in

Sec. 2.2.2. In this way, the approach that we’ve taken can be seen as a first step towards

a comprehensive, hierarchical treatment of source polarizations.

In Chap. 3 we used a standard Fresnel approximation to derive a solution for

the linear propagation of shear wave beams into an isotropic, incompressible elastic

half-space. In Chap. 4 we then obtained analytic solutions for the propagation of shear

wave beams with affine polarization and Gaussian amplitude shading. The most inter-

esting result came when we added focusing to the source condition and found that for

a radially-polarized shear wave beam that is tightly focused there exists a longitudinal

component to the displacement field at the focal spot, and furthermore this longitudinal

motion is highly localized and comparable in amplitude to the transverse motion. Using

the angular spectrum solution derived in Sec. B.6, we obtained numerical solutions for
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the propagation of radially-polarized beams with non-Gaussian amplitude shading, and

found that the localized region of longitudinal motion remains present when the beams

are focused.

Chapter 5 considered nonlinear propagation of shear wave beams using a non-

linear parabolic equation originally given by Zabolotskaya.3 In order to investigate the

quadratic nonlinearity present in the equation, we considered second-harmonic gener-

ation using standard perturbation theory. A Green’s function approach was utilized to

obtain integral solutions for the beams at the source frequency and the second harmonic.

In Chap. 6 we obtained analytic solutions for the source-frequency and second-

harmonic beams for the entire class of affine polarizations with Gaussian amplitude

shading. The solution for the source-frequency beam was seen to be exactly the same as

the solution obtained in Chap. 4 using the Fresnel approximation. The second-harmonic

beam was seen to consist of two parts: a constant-polarization second harmonic due to

the interaction of the constant-polarization source-frequency beam with the first-order

polarization source-frequency beam, and a radially-polarized second harmonic due to

the interaction of the first-order polarization source-frequency beam with itself.

We then proceeded to consider particular cases of interaction among different

polarizations. For the radially-polarized second harmonic, we found that breaking up

the polarization matrix of the source-frequency beam into a particular set of basis polar-

izations (radial, torsional and two simple shears) resulted in the constituent polarizations

being mutually self-interacting (i.e. each polarization interacts only with itself and none

of the others). Probably the most interesting interaction from a practical point of view

is the constant-plus-torsional polarization, since it can be generated by the combined

translational and rotational motion of a rigid piston source. In this case the particle

motion along the axis of the second-harmonic beam is polarized perpendicular to the

source polarization.

Our investigation into the different types of interaction among the different polar-

izations was greatly aided by the way in which we defined the general affinely-polarized

source condition: by way of a polarization vector p0 and a polarization matrix A. This
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allowed us to investigate different forms of interaction using familiar aspects of linear

algebra. Perhaps the best example of this is the result that the radially-polarized part

of the second harmonic has an amplitude that is proportional to the determinant of the

polarization matrix.

When considering shear wave propagation in tissue-like media, viscous losses

must be taken into account in order to model the behavior realistically (cf. Deffieux

et al.7). Thus the most obvious extension of the work contained in this dissertation

would be to include the effects of viscosity on second-harmonic generation in shear wave

beams. Including such effects would complicate the derivation of the second-harmonic

of a Gaussian beam considerably, however the existence of analytic solutions for the

second harmonic of a Gaussian beam in a fluid with absorption (Chap. 8 of Hamilton &

Blackstock23) and the third harmonic of a linearly-polarized Gaussian shear wave beam

with viscosity (Wochner et al.4) indicate that there is a good possibility of obtaining an

analytic solution for the second harmonic of a shear wave beam including viscous effects.

Another limitation of the analytic solution for second-harmonic generation given

in Chap. 6 is that they are confined to sources with Gaussian amplitude shading. From

an experimental point of view, it would be much easier to create a source with constant

amplitude (such as the circular piston source discussed in the context of the constant-

plus-torsional polarization). Such cases could be treated by numerically integrating the

solutions for the source-frequency and second-harmonic beams given by Eqs. (5.64) and

(5.65). In that case viscous effects could be taken into account by including a viscous

term in the Green’s function Gnω(x|x′) appearing in those solutions.
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Appendix A

Mathematical Notation and Preliminaries

A.1 General scheme of notation

The vector and tensor notation used in this work is based on the elasticity articles

contained in the Handbuch der Physik, in particular the article on The Linear Theory of

Elasticity by Gurtin40 and the article on The Nonlinear Field Theories of Mechanics by

Truesdell & Noll.32 The primary source for notation with regard to nonlinear wave

propagation concepts is Nonlinear Acoustics by Hamilton & Blackstock.23 While the main

source for angular spectrum concepts is Fourier Acoustics by Williams,25 less effort has

been made to conform to that particular notation.

Italic boldface lowercase letters a, b, . . . : vectors and vector fields, with x, r

reserved for position vectors, u reserved for the displacement field, and m, n reserved

for unit vectors.

Italic boldface uppercase letters A, B, . . . : (second-order) tensors and tensor fields,

with the bold italic numeral 1 reserved for the identity tensor.

Italic lightface letters a, b, . . . , A, B, . . . , α, β, . . . : scalars and scalar fields.

Uppercase Fraktur letters F, H, . . . : integral transforms.

A.2 Mathematical preliminaries

Once again we mention that the vector and tensor notation in this text is taken in large

part from the encyclopedia article on linear elasticity by Gurtin,40 and hence we would

be remiss if we didn’t mention that the following section bears a strong resemblance to

the beginning of that work.
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A.2.1 Vector and tensor algebra

Vectors are written as bold lowercase letters, such as a, b, etc. The components of a

vector are defined in terms of a standard three-dimensional Cartesian frame, given by

the right-handed basis set (ex, ey, ez) emanating from a fixed origin. The inner product

of vectors a and b is written a ·b. So for an arbitrary vector a, its Cartesian components

are given by the inner product of the vector with the basis set,

ax = a · ex etc., (A.1)

and hence the vector a can be written

a = axex + ayey + azez. (A.2)

While the above expression is the vector a written out in terms of its Cartesian compo-

nents, we will also make use of (Cartesian) index notation, whereby subscripts of the type

i, j, k etc. are used as substitutions for the subscripts x, y, z. Thus the vector a is written

in index notation as ai, where i can then be evaluated as x, y or z.

The main use of index notation lies in the summation convention, where it is

implied that repeated indices appearing on one side of an equation indicates that the

index is summed over x, y and z. Hence we write the vector a as

a =
∑
i=x,y,z

aiei = aiei. (A.3)

The inner product of the vectors a and b is given by

a · b = aibi = axbx + ayby + azbz. (A.4)

The norm of the vector a is denoted by ‖a‖ and is given by the square root of the inner

product of the vector with itself,

‖a‖ =
√
a · a =

√
aiai. (A.5)

Defining the alternator εijk as

εijk =


1 if (i, j, k) is (x, y, z), (y, z, x) or (z, x, y),
−1 if (i, j, k) is (z, y, x), (x, z, y) or (y, z, x),
0 otherwise,

(A.6)
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we define the vector cross product a× b of two vectors a and b using index notation,

(a× b)i = εijkajbk. (A.7)

Note that the vector a × b is perpendicular to both a and b, points in the direction

according to the right-hand rule, and has a length equal to the product of the norm of

the two vectors and the sine of the angle between them.

Tensors are written as uppercase bold letters, such as A, B, etc. Sometimes re-

ferred to as second-order tensors, by the word tensor we mean a linear mapping between

vectors. If a tensor A maps a vector b to another vector c, then we write

c = Ab. (A.8)

The components of a tensor A in index notation are given by

Aij = ei · (Aej), (A.9)

and it follows that equation (A.8) is given in index notation by

ci = Aijbj. (A.10)

It will sometimes be useful to express a tensorA as a matrix of its Cartesian components,

which we indicate by square brackets,

[A] =

Axx Axy Axz
Ayx Ayy Ayz
Azx Azy Azz

 . (A.11)

A tensor A can operate on another tensor B, and the result is a new tensor

AB which is defined in the sense of the composition of their maps, meaning that for an

arbitrary vector c we have

(AB)c = A(Bc). (A.12)

In index notation the tensor AB is given by

(AB)ij = AikBkj. (A.13)
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The identity tensor is denoted by 1 and represents an identity mapping, such that

it maps any vector a or tensor A to itself,

1a = a and 1A = A1 = A. (A.14)

In index notation the identity tensor is given by the Kronecker delta function δij ,

δij =

{
1 when i = j,
0 when i 6= j,

(A.15)

and hence δijaj = ai, etc.

The trace of a tensor A is the scalar that results by summing the diagonal com-

ponents of the tensor,

trA = Aii = Axx + Ayy + Azz. (A.16)

Note that the trace is a linear operation, such that for two arbitrary tensors A and B

and scalars α and β, we have tr(αA+ βB) = αtrA+ βtrB.

By the transpose of a tensor A, we mean the unique tensor AT that satisfies the

following equation for all vectors b and c,

c · (Ab) = b · (ATc), (A.17)

which in index notation implies that AT
ij = Aji. If a tensor is equal to its transpose, such

that AT = A, that tensor is said to by symmetric. If a tensor is equal to the negation of its

transpose, such that AT = −A, then that tensor is said to be skew. An arbitrary tensor

A can be uniquely decomposed into a symmetric part symA and a skew part skwA such

that

A = symA+ skwA, (A.18)

where the constituent parts are given explicitly by

symA = 1
2

(A+AT) , (A.19)

skwA = 1
2

(A−AT) . (A.20)
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The above definitions of the trace and the transpose of a tensor allow us to define

the inner product of tensors A and B, written as A ·B and given explicitly by

A ·B = tr(ATB) = AijBij. (A.21)

The tensor product a ⊗ b of two vectors a and b is a tensor that operates on a

third vector c in the following way,

(a⊗ b)c = a(b · c), (A.22)

and hence in index notation we have (a ⊗ b)ij = aibj . It follows that the trace of the

tensor product of the vectors a and b is equal to the inner product of those vectors,

tr(a⊗ b) = akbk = a · b. (A.23)

Note that the various tensor products of the Cartesian basis vectors ei serve as a basis

for the space of tensors, in the sense that for an arbitrary tensor A, we can write

A = Aij(ei ⊗ ej). (A.24)

Any tensor P with the property PP = P , is said to be a projection operator. If n

is a unit vector, the the tensor n ⊗ n represents an orthogonal projection onto the line

spanned by n, while the tensor 1 −n⊗n represents an orthogonal projection onto the

plane perpendicular to n.

A.2.2 Coordinate systems

Throughout this work we assume a fixed Cartesian coordinate system with coordinates

(x, y, z) and corresponding unit vectors (ex, ey, ez). The position vector† x is then given

in Cartesian coordinates by

x = xex + yey + zez. (A.25)

†For the portion of the dissertation concerning linear theories, x is taken to be the position vec-
tor, while in the chapter concerning nonlinear effects x is taken to mean the material (or Lagrangian)
coordinate.
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When using index notation, and in particular when the summation convention is used,

we will refer to the components of x as xi. Hence when describing a tensor A operating

on the position vector x, we will write Aijxj .

A large portion of this dissertation is concerned with the propagation of colli-

mated beams into the z > 0 half space. In many instances it will be convenient to

separate the z coordinate from the position vector, and we do so by introducing the

transverse position vector r, defined by

r = xex + yey = (1 − ez⊗ ez)x, (A.26)

which is the orthogonal projection of the position vector x onto the (x, y) plane. Hence

we can alternatively write the position vector as x = r + zez, and for any field quantity

Φ(x) (i.e. a scalar, vector or tensor-valued function of position), we can emphasize

the dependence of the field on the transverse position vector explicitly by writing it as

Φ(x) = Φ(r, z).

Cylindrical coordinates are written as (r, φ, z), where the transverse coordinates r

and φ are given by

r =
√
x2 + y2 = ‖r‖, (A.27)

φ = tan−1(y/x). (A.28)

The corresponding unit vectors (er, eφ, ez) for the transverse coordinates are given by

er = ex cosφ+ ey sinφ, (A.29)

eφ = −ex sinφ+ ey cosφ, (A.30)

while the unit vector ez is the same as in the Cartesian coordinate case.

Spherical coordinates are written as (%, ϑ, ϕ), and are given in terms of the Carte-

sian coordinates by

% =
√
x2 + y2 + z2 = ‖x‖, (A.31)

ϑ = tan−1(y/x), (A.32)

ϕ = cos−1(z/%). (A.33)
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The variable % represents the distance from the origin to the position vector; the variable

ϑ is the azimuthal angle on the (x, y) plane, and thus takes on values from 0 to 2π radi-

ans; the variable ϕ is the polar angle measured from the positive z axis, and thus takes

values from 0 (the positive z axis) to π radians (the negative z axis). The corresponding

unit vectors (e%, eϑ, eϕ) are given by

e% = ex cosϑ sinϕ+ ey sinϑ sinϕ+ ez cosϕ, (A.34)

eϑ = −ex sinϑ+ ey cosϑ, (A.35)

eϕ = ex cosϑ cosϕ+ ey sinϑ cosϕ− ez sinϕ. (A.36)

A.2.3 Vector and tensor calculus

The gradient of a scalar field f(x) is the vector field ∇f(x) given in Cartesian compo-

nents by

∇f(x) =
∂f(x)

∂x
ex +

∂f(x)

∂y
ey +

∂f(x)

∂z
ez. (A.37)

When using index notation, we represent a partial derivative using a comma in the

subscript, indicating a partial derivative with respect to the index (or indices) following

the comma. Hence ∇f is written in index notation as

(∇f)i = ∂f/∂xi = f,i. (A.38)

The gradient of a vector field u(x) is the tensor field ∇u(x) given in Cartesian

components by

∇u(x) =
∂ui(x)

∂xj
(ei ⊗ ej), (A.39)

where the summation convention is assumed over the indices i and j. In index notation

the gradient ∇u is given by

(∇u)ij = ∂ui/∂xj = ui,j, (A.40)

and similarly in matrix form as

[∇u] =

ux,x ux,y ux,z
uy,x uy,y uy,z
uz,x uz,y uz,z

 . (A.41)
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The divergence of vector field u(x) is the scalar field defined generally by ∇· u =

tr(∇u) = ui,i. Equivalently, in Cartesian components we write

∇· u =
∂ux
∂x

+
∂uy
∂y

+
∂uz
∂z

. (A.42)

The curl of a vector field u(x) is the unique vector field ∇×u(x) that satisfies the

following relation for all constant vectors a,

[2 skw(∇u)]a = [∇×u(x)]×a, (A.43)

and is given in index notation by

(∇×u)i = εijkuk,j. (A.44)

The divergence of a tensor field A(x) is the unique vector field ∇· A(x) that

satisfies the following relation for all constant vectors a,

(∇·A) · a = ∇·(ATa), (A.45)

and is given in index notation by

(∇·A)i = Aik,k. (A.46)

The curl of a tensor field† A(x) is the unique tensor field ∇×A(x) that satisfies

the following relation for all constant vectors a,

(∇×A)a = ∇×(Aa), (A.47)

and is given in index notation by

(∇×A)il = εijkAkl,j. (A.48)

The Laplacian operator ∇2 of a scalar or vector field is generally defined as the

divergence of the gradient of the field, using the definitions of divergence and gradient

†There doesn’t appear to be a standard definition of the curl of a tensor field. Note that our definition
differs from the definition given in some other texts. For instance, Gurtin40 uses the alternative relation
(∇×A)a = ∇×(ATa) in place of our equation (A.45).
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given above. In particular, for a scalar field f(x) the Laplacian ∇2f(x) is the scalar

field given by

∇2f = ∇·(∇f) = f,kk =
∂2f

∂x2
+
∂2f

∂y2
+
∂2f

∂z2
. (A.49)

For a vector field u(x), the vector Laplacian ∇2u is given by

∇2u = ∇·(∇u) =
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
, (A.50)

which in index notation is written (
∇2u

)
i

= ui,kk. (A.51)

Note that while the above equations appear to indicate that the Laplacian has the same

form when acting on a scalar or vector field, this is only actually the case in Cartesian

coordinates. When written in curvilinear coordinates the vector Laplacian has a different

form than the scalar Laplacian, due to the fact that the basis vectors generally are

functions of position.

A.3 The spatial Fourier transform

Fourier transforms with respect to spatial variables are used extensively in this work. The

transform that gets used most is the two-dimensional Fourier transform with respect to

the transverse (x, y) plane, which plays a pivotal role in the angular spectrum method

used in the linear theory of shear wave propagation, as well as in the evaluation of the

Green’s function integral solutions in the nonlinear theory. The three-dimension spatial

Fourier transform is also used, in particular when solving for the free-space Green’s

tensor for an incompressible elastic solid.

Throughout this work it is assumed that the fields of interest are time harmonic

with some angular frequency ω, and hence there is an implicit temporal Fourier trans-

form applied throughout. However, the idea of a temporal Fourier transform is never

explicitly invoked, and hence whenever mention is made of a Fourier transform (also

indicated by the symbol F{·}), it is safe to assume that the transform is with respect to

spatial variables.
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A.3.1 Three-dimensional Fourier transform

For a scalar, vector or tensor field Φ(x), we define the three-dimensional spatial Fourier

transform of Φ(x) by

Φ̂(ξ) = Fx{Φ(x)} =

∫∫∫ ∞
−∞

Φ(x)e−iξ·x dxdydz, (A.52)

where the transformed spatial variable ξ is given in Cartesian coordinates by

ξ = ξxex + ξyey + ξzez. (A.53)

The original field Φ(x) is obtained from its transform by way of the inverse transform

relation

Φ(x) = F−1
x {Φ̂(ξ)} =

1

8π3

∫∫∫ ∞
−∞

Φ̂(κ)eiξ·r dξxdξydξz. (A.54)

The magnitude of the transformed variable will be denoted by ξ, and is given explicitly

by

ξ = ‖ξ‖ =
√
ξ2
x + ξ2

y + ξ2
z . (A.55)

A.3.2 Two-dimensional Fourier transform

For a scalar, vector or tensor field Ψ(r) defined on the transverse plane (x, y), we define

the two-dimensional spatial Fourier transform of Ψ(r) by

Ψ̂(κ) = Fr{Ψ(r)} =

∫∫ ∞
−∞

Ψ(r)e−iκ·r dxdy, (A.56)

where the transformed transverse variable κ is given in Cartesian coordinates by

κ = κxex + κyey. (A.57)

The original field Ψ(r) is obtained from the transform by way of the inverse transform

relation, given by

Ψ(r) = F−1
r {Ψ̂(κ)} =

1

4π2

∫∫ ∞
−∞

Ψ̂(κ)eiκ·r dκxdκy. (A.58)

The magnitude of the transformed variable will be denoted by κ, and is given explicitly

by

κ = ‖κ‖ =
√
κ2
x + κ2

y. (A.59)
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The unit vector in the direction of κ is given by eκ = κ/κ.

Note that if the field Ψ is defined over all of space, rather than just the transverse

plane, then the two-dimensional Fourier transform can still be applied. In this case we

write Ψ(x) = Ψ(r, z), and take the two-dimensional transform as

Ψ̂(κ, z) = Fr{Ψ(r, z)}
∫∫ ∞
−∞

Ψ(r, z)e−iκ·r dxdy, (A.60)

wherein the variable z is undisturbed.

A.3.3 The Hankel transform

If f(r) is a scalar field defined on the transverse plane (x, y), then we say that f is

axisymmetric if it can be written as a function of only the polar coordinate r, and in this

case we write f = f(r). We define the Hankel transform of order n of the axisymmetric

field f(r) by

Hn{f(r)} =

∫ ∞
0

f(r)Jn(κr) rdr. (A.61)

The two-dimensional Fourier transform of an axisymmetric scalar field f(r) is equal to

2π times the zeroth-order Hankel transform of f(r) (cf. Sec. 2.1.5 of Goodman20),

Fr{f(r)} = 2πH0{f(r)}. (A.62)

A.3.4 Derivative theorem

The following theorems dealing with the derivatives of Fourier transforms and the

Fourier transform of derivatives apply two either the two-dimensional or three-dimensional

Fourier transform, and apply equally well to any of the spatial variables involved in the

transform. For the sake of demonstration, we will use the two-dimensional transform

of a scalar, vector or tensor field Ψ(r), and will derive the theorems for the variable x.

The following relations are referred to as a derivative theorems of the Fourier transform

(cf. page 169 of Vretbland41),

Fr{xΨ(r)} = i
∂Ψ̂

∂κx
, (A.63)

Fr{yΨ(r)} = i
∂Ψ̂

∂κy
, (A.64)
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and similarly for the variable z in the three-dimensional transform. We also have the

following relations concerning the Fourier transform of the derivatives of the field Ψ(r),

Fr

{
∂Ψ

∂x

}
= iκxΨ̂(κ), (A.65)

Fr

{
∂Ψ

∂y

}
= iκyΨ̂(κ), (A.66)

and again similarly for derivative with respect to z in the three-dimensional transform.

A.3.5 General affinely-polarized vector field

Let h(r) be an affinely-polarized vector field of the form

h(r) = (p0 +Ar)f(r), (A.67)

where p0 is a constant vector, A is a constant tensor and f(r) is an arbitrary (but

bounded and localized) scalar field. The field h(r) is thus confined to take values in the

transverse plane (x, y), in such a way that we can write out the Cartesian components

in matrix form as [
hx(r)
hy(r)

]
=

[
p0x

p0y

]
f(r) +

[
Axxxf(r) + Axyyf(r)
Ayxxf(r) + Ayyyf(r)

]
. (A.68)

The two-dimensional Fourier transform of h(r) is given by

ĥ(κ) = Fr{h(r)} =

∫∫ ∞
−∞
h(r)e−iκ·r dxdy. (A.69)

Taking the Fourier transform componentwise and using the derivative theorem from the

last section then yields[
ĥx(κ)

ĥy(κ)

]
=

[
p0x

p0y

]
f̂(κ) + i

[
Axx(∂f̂/∂κx) + Axy(∂f̂/∂κy)

Ayx(∂f̂/∂κx) + Ayy(∂f̂/∂κy)

]

=

[
p0x

p0y

]
f̂(κ) + i

[
Axx Axy
Ayx Ayy

][
(∂f̂/∂κx)

(∂f̂/∂κy)

]
, (A.70)

where f̂(κ) is the Fourier transform of the scalar field f(r). If we define the vector

field ∇κf̂(κ) as the gradient of the Fourier transform with respect to the transformed

transverse variable κ, given explicitly by

∇κf̂(κ) =
∂f̂(κ)

∂κx
ex +

∂f̂(κ)

∂κy
ey, (A.71)
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then we are able to write in direct notation

Fr{(p0 +Ar)f(r)} = p0f̂(κ) + iA∇κf̂(κ). (A.72)

A.3.6 Axisymmetric affinely-polarized vector field

Consider again the affinely-polarized field h(r) from the last section, but now assume

that the scalar field f is axisymmetirc, and hence can be written as

f = f(r), f̂ = f̂(κ). (A.73)

From (A.62) we have

f̂(κ) = 2πH0{f(r)} . (A.74)

The gradient of f̂ with respect to the transformed variable κ is seen to be

∇κf̂ =
∂f̂

∂κ

∂κ

∂κx
ex +

∂f̂

∂κ

∂κ

∂κy
ey

=
∂f̂

∂κ

κx
κ
ex +

∂f̂

∂κ

κy
κ
ey

=
∂f̂

∂κ
eκ, (A.75)

while the derivative of f̂ with respect to κ is given by

∂f̂

∂κ
= 2π

∂H0{f(r)}
∂κ

= 2π

∫ ∞
0

f(r)
∂J0(κr)

∂κ
rdr

= −2π

∫ ∞
0

f(r)J1(κr)r2dr

= −2πH1{rf(r)} , (A.76)

where we used the definition of the Hankel transform given in (A.61), with the order n

equal to 1. Inserting (A.74) through (A.76) into the expression for the Fourier transform of

a general affinely-polarized vector field given in (A.72) then yields the following relation

for the Fourier transform of an axisymmetric affinely-polarized vector field,

Fr{(p0 +Ar)f(r)} = 2πH0{f(r)}p0 − 2πiH1{rf(r)}Aeκ. (A.77)
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For example, we can use the above expression to find the Fourier transform of an

axisymmetric radially-polarized vector field by setting p0 equal to zero, A equal to the

identity matrix and f(r) equal to g(r)/r for some scalar field g(r), which leads to the

relation

Fr{g(r)er} = −2πiH1{g(r)} eκ. (A.78)

A.3.7 Gaussian affinely-polarized vector field

We conclude this appendix by considering the Fourier transform of an affinely-polarized

vector field with Gaussian amplitude shading. We do so by using the same expression

for h(r) given in (A.67), but setting the scalar field f(r) equal to a Gaussian with radius

a,

f(r) = e−(r/a)2 . (A.79)

The two-dimensional Fourier transform of such a Gaussian is given by†

f̂(κ) = 2πH0

{
e−(r/a)2

}
= πa2e−κ

2a2/4. (A.80)

The gradient of the above transform is then given by

∇κf̂(κ) =
∂f̂(κ)

∂κ
eκ

= −κa
2

2
πa2e−κ

2a2/4 eκ

= −a
2

2
f̂(κ)κ. (A.81)

Inserting the above expressions into (A.72) yields the following expression for the two-

dimensional Fourier transform of an affinely-polarized vector field with Gaussian ampli-

tude shading,

Fr

{
(p0 +Ar)e−(r/a)2

}
=

(
p0 −

ia2

2
Aκ

)
πa2e−κ

2a2/4. (A.82)

†Cf. page 624 of Debnath & Bhatta.42
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Appendix B

Diffraction Theory of Shear Waves

B.1 Introduction

In this appendix a general theory is given for the diffraction of shear waves in an

isotropic, homogeneous and incompressible elastic solid. After giving the equations

of motion, Green’s functions (point-source solutions) are derived for case of an infinite

medium, and a vector analog of Green’s theorem is used to obtain a general solution for

the particle displacement field anywhere in a volume of arbitrary geometry. The partic-

ular case of propagation into an infinite half-space is then considered, and an integral

solution is obtained that gives the particle displacement field anywhere in the half-space,

given the transverse particle motion on the boundary. The problem of propagation into

a half-space is then considered anew, this time using two-dimensional Fourier transforms

to obtain a solution. Since the use of the Fourier transform is mathematically equivalent

to an expansion of the field into plane waves propagating at all angles, this approach

is referred to as the angular spectrum approach. The appendix is concluded by show-

ing that the solutions obtained using these two methods, Green’s functions and angular

spectrum, are formally equivalent to one another.

The reasons for this appendix are twofold. Firstly, the solutions obtained for the

propagation of shear waves into an infinite half-space will be used in the next chapter to

investigate the propagation of high-frequency shear wave beams. The solution obtained

using Green’s functions will be further modified using a Fresnel approximation, and will

enable us to derive analytic solutions for beams with Gaussian amplitude profiles. The

angular spectrum solution, because it is given in terms of Fourier transforms, will serve

as a convenient solution to evaluate numerically.
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The second reason for this appendix, and in particular its breadth, is that there

does not appear to be a definitive, comprehensive text that addresses specifically the

diffraction of shear waves in an incompressible solid. There are a number a fine texts on

the diffraction of elastic waves in general compressible material, such as Aki & Richards43

and Ben-Menahem & Singh,44 however the inclusion of compressional waves and the in-

teraction of those waves with shear waves at the boundaries makes the theories presented

in those texts considerably more complicated than the one given here for shear waves

in incompressible media. Because we are dealing with a solenoidal field, the theory

of shear wave diffraction bears a stronger resemblance to the theory of electromagnetic

wave diffraction, which has been given extensive treatment in texts such as Kong.45 How-

ever, shear waves are again the simpler case, since if we draw an analogy between the

electric field and the shear wave field, then there is no field present in the shear wave

case analogous to the magnetic field.

Because of these considerations, it seems worthwhile to build up a theory of

diffraction of shear waves from the bottom up, which will serve as a solid foundation for

the investigation of high-frequency shear wave beams that follows.

B.2 Equations of motion of an incompressible elastic solid

B.2.1 The Navier-Cauchy equations of motion

Let the vector field u(x, t) represent the displacement of an elastic solid at the material

point x and time t. Furthermore, we shall assume that the elastic solid is homogeneous

and isotropic, with Lamé parameters λ, µ and mass density ρ0. In this case, the linear

equations of motion for the elastic solid, in the absence of body forces, is given by†,

ρ0
∂2u

∂t2
= (λ+ µ)∇(∇· u) + µ∇2u. (B.1)

†Navier presented a form of the equations of motion in 1821; however, he assumed a particular
“molecular” model for his elastic solid which only admitted a single elastic constant. Cauchy published in
1828 the correct form of the equations of motion of an isotropic solid, containing two elastic constants,
using his general theory of stress and strain that is essentially equivalent to the modern theory. For more
discussion on this topic, see Chap. V of Whittaker46 and pg. 270 of Truesdell & Toupin.47
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Using the following identity from vector calculus:

∇2u = ∇(∇· u)−∇×∇×u, (B.2)

we can write equation (B.1) as

ρ0
∂2u

∂t2
= (λ+ 2µ)∇(∇· u)− µ∇×∇×u. (B.3)

Defining the compressional and shear wave speeds by cl =
√

(λ+ 2µ)/ρ0 and ct =
√
µ/ρ0,

respectively, the above equation can be written

∂2u

∂t2
= c2

l ∇(∇· u)− c2
t ∇×∇×u. (B.4)

We shall make a number of assumptions about the displacement field in order to simplify

the analysis that follows. The first assumption that we will make will be that the field is

time harmonic with angular frequency ω. We do this by assuming that the displacement

field has the form u(x, t) = u(x)e−iωt, for some time-harmonic displacement field u(x).

Substituting this in to above equation yields

c2
l ∇(∇· u)− c2

t ∇×∇×u+ ω2u = 0. (B.5)

B.2.2 Assumption of incompressiblilty

The second simplifying assumption we’ll make is that the elastic solid under considera-

tion is to be incompressible. In the linear theory of elasticity, which is accurate when the

components of the gradient of the displacement field are much smaller than unity, the

assumption of incompressibility manifests itself as a constraint that the divergence of the

displacement field be everywhere equal to zero. Hence we will assume that the following

is true:

∇· u = 0. (B.6)

Using this assumption to eliminate the first term in equation (B.5), and then defining the

shear wavenumber as k = ω/ct, we arrive at the following for the equation of motion:

−∇×∇×u+ k2u = 0. (B.7)
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The above equation of motion is valid in the absence of body forces. If there are body

forces present in the elastic solid, which we will represent by the vector field f(x), then

the equation of motion is given by

−∇×∇×u+ k2u = −f . (B.8)

We note in passing that the above differential equation is completely analogous to the

case of an electric field present in an infinite vacuum (or similarly in an infinite, homo-

geneous and isotropic dielectric material)†, where u would represent the electric field

while f is related to the electric current density. Hence there is a direct analogy be-

tween the propagation of shear waves in an infinite incompressible solid and the electric

field component of electromagnetic waves in an infinite vacuum. However, whereas the

electric field is always accompanied by a magnetic field by way of Maxwell’s equations,

there is no analogy for the magnetic field in the shear wave case.

B.3 Free-space Green’s functions

In this section we will derive a solution to equation (B.8) that is valid everywhere in

space, when the body force is taken to be a point force located at an arbitrary position

and pointing in an arbitrary direction. This solution will be referred to as the free-space

Green’s function for equation (B.8), and will be given by a tensor field. In order to derive

this solution, we will find it useful to first derive the free-space Green’s function for the

scalar Helmholtz equation.

B.3.1 Free-space Green’s function for the scalar Helmholtz equation

For the scalar Helmholtz equation with wave number k, the free-space Green’s function

g (x|x′) satisfies the following equation for all space:

∇2g (x|x′) + k2g (x|x′) = −4πδ(x− x′). (B.9)

†Cf. Kong,45 page 221.
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Hence the scalar field g (x|x′) represents the field at a point x due to a point source

located at x′. The well-known solution to the above differential equation is given by

g (x|x′) =
eik‖x−x

′‖

‖x− x′‖
. (B.10)

In addition to the above expression for the free-space Green’s function, it will be useful

in what follows to have an expression for the three-dimensional Fourier transform of the

Green’s function as well. We define the three-dimensional Fourier transform of g (x|x′)

as

ĝ (ξ|x′) = Fx{g (x|x′)} =

∫∫∫ ∞
−∞

g (x|x′)e−iξ·x dxdydz, (B.11)

where ξ = ξxex + ξyey + ξzez is the transform variable in Fourier space. The inverse

Fourier transform is then defined as

g (x|x′) = F−1
x {ĝ (ξ|x′)} =

1

8π3

∫∫∫ ∞
−∞

ĝ (ξ|x′)eiξ·x dξxdξydξz. (B.12)

While we could obtain the Fourier transform directly from the expression given in (B.10),

it will be easier to obtain it by transforming the original differential equation which the

Green’s function satisfies, namely equation (B.9). Taking the Fourier transform of that

expression yields

Fx{∇2g }+ k2 Fx{g } = −4π Fx{δ(x− x′)}. (B.13)

It is clear that Fx{g } = ĝ , but the other two terms need further consideration. For the

first term on the left-hand side, we get the following by applying the derivative theorem

of the Fourier transform:

Fx{∇2g } = Fx

{
∂2g
∂x2

+
∂2g
∂y2

+
∂2g
∂z2

}
= −(ξ2

x + ξ2
y + ξ2

z )Fx{g } = −ξ2 ĝ , (B.14)

where ξ2 = ξ ·ξ. For the term on the right-hand side of equation (B.13), the Fourier

transform integral can be evaluated directly,

Fx{δ(x− x′)} =

∫∫∫ ∞
−∞

δ(x− x′)e−iξ·x dxdydz = e−iξ·x
′
, (B.15)
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where we have utilized the sifting property of the Dirac delta function. We can now

rewrite equation (B.13) as

−ξ2 ĝ + k2ĝ = −4πe−iξ·x
′
. (B.16)

Solving for ĝ then yields

ĝ (ξ|x′) =
4πe−iξ·x

′

ξ2 − k2
. (B.17)

We can now write the free-space Green’s function g (x|x′) as the inverse Fourier trans-

form of the above expression,

g (x|x′) = F−1
x {ĝ (ξ|x′)} =

1

2π2

∫∫∫ ∞
−∞

eiξ·(x−x
′)

ξ2 − k2
dξxdξydξz. (B.18)

B.3.2 Free-space Green’s tensor for an incompressible elastic solid

The free-space Green’s function for the case of an incompressible elastic solid should

represent the solution to equation (B.8) when excited by a point source. However, be-

cause equation (B.8) is a vector equation, the point source will have both a location and

a direction associated with it. To deal with this situation, we define the free-space Green’s

tensor as the tensor field G(x|x′) such that for an arbitrary constant vector a, the vector

field Ga is the solution to equation (B.8) when excited by a point source at location x′

and with vector amplitude a. More explicitly, we define the tensor field G(x|x′) as that

which satisfies the following differential equation,

−∇×∇×(Ga) + k2Ga = −4πδ(x− x′)a, (B.19)

where again, a is an arbitrary constant vector. We would like to eliminate the vector

a from the above equation, and be left with a single tensor differential equation for

G(x|x′). In order to do so, we will need to familiarize ourselves with the notion of

the curl of a tensor field. While the concept of the curl of a vector field is ubiquitous in

most technical subjects requiring the use of vector calculus, the concept of the curl of

a second-order tensor field (such as our desired Green’s tensor G(x|x′)) is much less

common. Thus it behooves us to motivate this concept thoroughly before utilizing it in

the derivation that follows.
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In Cartesian index notation we use the alternating tensor εijk to write the curl of

a vector field u(x) as

(∇×u)i = εijkuk,j = εijk
∂uk
∂xj

. (B.20)

In order to apply the same operator to a tensor field, we will first write the differen-

tial operator ∇× in index notation, which we obtain by removing uk from the above

equation,

(∇×)ik = εijk
∂

∂xj
. (B.21)

Perhaps the simplest way to visualize the effect of the operator ∇× is to write its Carte-

sian components in matrix form, in which case we get the following matrix of partial

differential operators:

[∇×] =

 0 −∂/∂z ∂/∂y
∂/∂z 0 −∂/∂x
−∂/∂y ∂/∂x 0

 . (B.22)

From the above matrix form, it is clear that ∇× is capable of operating not only on a

vector field (in the form of a column vector), but also on a second-order tensor field (in

the form of a matrix). However, for our purposes it will suffice to deal with the more

succinct case of index notation, where the curl of the tensor field G is given by

(∇×G)il = (∇×)ikGkl = εijk
∂Gkl

∂xj
= εijkGkl,j. (B.23)

A few properties of ∇×G will be useful in what follows. Firstly, consider the effect that

∇×G has when operating on an arbitrary constant vector a,

[(∇×G)a]i = εijkGkl,jal = εijk(Gklal),j = [∇×(Ga)]i, (B.24)

or more briefly,

(∇×G)a = ∇×(Ga). (B.25)

Repeated application of the above identity gives us the following for the double curl

expression in equation (B.19):

∇×∇×(Ga) = ∇×[(∇×G)a] = (∇×∇×G)a. (B.26)
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The above equation allows us to eliminate the vector a from equation (B.19), and we thus

arrive at

−∇×∇×G+ k2G = −4πδ(x− x′)1 , (B.27)

where 1 is the identity tensor.

We will solve for the free-space Green’s tensor G(x|x′) using the three dimen-

sional Fourier transform, defined analogously to equations (B.11) and (B.12), but with the

tensor field G replacing the scalar field g . Taking the Fourier transform of equation

(B.27) yields

−Fx{∇×∇×G}+ k2 Fx{G} = −4π Fx{δ(x− x′)}1 . (B.28)

It’s clear that Fx{G} = Ĝ, and we already solved for Fx{δ(x − x′)} in equation (B.15)

above. It only remains to solve for the Fourier transform of ∇×∇×G. Noting the

following identity from vector calculus:

∇×∇×(Ga) = ∇{∇· (Ga)} − ∇2(Ga), (B.29)

and writing the right-hand side in Cartesian index notation we arrive at

{∇×∇×(Ga)}i = {(∇×∇×G)a}i = Gkj,kiaj −Gij,kkaj. (B.30)

Removing a from the above equation yields

(∇×∇×G)ij = Gkj,ki −Gij,kk. (B.31)

We can write the Fourier transforms of the terms on the right-hand side of the above

equation in direct notation using the derivative theorem for the Fourier transform†,

Fx{Gkj,ki} = −ξiξkĜkj = (iξ ⊗ iξ)Ĝ, (B.32)

Fx{Gij,kk} = −ξkξkĜij = −ξ2Ĝ, (B.33)

†Recall that the tensor product of two vectors a and b, denoted by (a ⊗ b), is a tensor that operates
on a vector c in the following way:

(a⊗ b)c = a(b · c),

and hence in index notation is given by (a⊗ b)ij = aibj .
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where again ξ2 = ξ · ξ. Hence the Fourier transform of ∇×∇×G is given by

Fx{∇×∇×G} = (iξ ⊗ iξ)Ĝ+ ξ2Ĝ. (B.34)

The Fourier transform of the original tensor differential equation (B.27) is thus seen to

be equal to

−(iξ ⊗ iξ)Ĝ− ξ2Ĝ+ k2Ĝ = −4πe−iξ·x
′
1 , (B.35)

or equivalently,

{(ξ2 − k2)1 + (iξ ⊗ iξ)}Ĝ = 4πe−iξ·x
′
1 . (B.36)

In order to solve for Ĝ, we need to invert the tensor expression which operates on it on

the left-hand side of the above expression. We will presently show that the inverse of

this tensor is given by[
(ξ2 − k2)1 + (iξ ⊗ iξ)

]−1
=

1

ξ2 − k2

[
1 +

(iξ ⊗ iξ)

k2

]
. (B.37)

Noting that (iξ ⊗ iξ)(iξ ⊗ iξ) = −ξ2(iξ ⊗ iξ), we have

1

ξ2 − k2

[
(ξ2 − k2)1 + (iξ ⊗ iξ)

] [
1 +

(iξ ⊗ iξ)

k2

]

=
1

ξ2 − k2

[
(ξ2 − k2)1 +

(ξ2 − k2)(iξ ⊗ iξ)

k2
+ (iξ ⊗ iξ)− ξ2(iξ ⊗ iξ)

k2

]
=

1

ξ2 − k2

[
(ξ2 − k2)1

]
= 1 , (B.38)

which proves the inverse formula given in equation (B.37). Hence the expression for Ĝ

has the form

Ĝ(ξ|x′) =

[
1 +

(iξ ⊗ iξ)

k2

]
4πe−iξ·x

′

ξ2 − k2
. (B.39)

An expression for G(x|x′) is obtained by taking the inverse Fourier transform of the

above expression. Noting that the right-hand side of the above equation includes an

expression identical to equation (B.17) for the Fourier transform of the scalar Green’s

function, we can equivalently write Ĝ as

Ĝ(ξ|x′) =

[
1 +

(iξ ⊗ iξ)

k2

]
ĝ (ξ|x′). (B.40)
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In order to take the inverse Fourier transform of the above, we must take the inverse

Fourier transform of the term (iξ ⊗ iξ)ĝ (ξ|x′). Using the derivative theorem of the

inverse Fourier transform, we arrive at

F−1
x {(iξ ⊗ iξ) ĝ (ξ|x′)} = F−1

x {(iξi)(iξj) ĝ (ξ|x′)} =
∂2g (x|x′)
∂xi∂xj

= ∇∇g (x|x′). (B.41)

We thus conclude that the Green’s tensor G(x|x′) is given by†,

G(x|x′) = F−1
x {Ĝ(ξ|x′)} = g (x|x′)1 +

∇∇g (x|x′)
k2

. (B.42)

B.3.3 Full expression for the Green’s tensor

The above solution for the Green’s tensor, as given in equation (B.42), is written in

a particularly compact form. For completeness we will here derive a more complete

expression for G by writing out explicitly the gradients of g found in equation (B.42).

Note that g is a function of x and x′ only by way of the distance between those points,

which we shall denote by R = R(x|x′),

R(x|x′) = ‖x− x′‖ =
√

(x− x′)2 + (y − y′)2 + (z − z′)2. (B.43)

Hence we can say that g = g (R(x|x′)). The gradient of the scalar Green’s function can

then be written out using the chain rule as

∇g =
∂g
∂xi

=
dg
dR

∂R

∂xi
=
dg
dR
∇R, (B.44)

where we note that the gradient ∇R is a unit vector pointing from the location of the

source x′ to the location of the receiver x, and hence can be written explicitly as

∇R =
x− x′

‖x− x′‖
. (B.45)

Furthermore, by another application of the chain rule we see that the double-gradient of

g is given by

∇∇g =
∂2g

∂xi∂xj
=
d2g
dR2

∂R

∂xi

∂R

∂xj
+
dg
dR

∂2R

∂xi∂xj
=
d2g
dR2
∇R⊗∇R +

dg
dR
∇∇R. (B.46)

†This solution is sometimes referred to as a Hertzian dipole, particularly when discussed in the context
of electricity, cf. Section 4.3 of Kong.45
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In order to evaluate the double gradient of the distance function R, we first write the

gradient as
∂R

∂xi
= R−1(xi − x′i). (B.47)

The double gradient can then be obtained using the product and chain rule,

∂2R

∂xi∂xj
= −(xi − x′i)

R2

∂R

∂xj
+

1

R

∂xi
∂xj

, (B.48)

or equivalently, since (xi − x′i)/R = ∂R/∂xi and ∂xi/∂xj = δij ,

∂2R

∂xi∂xj
=

1

R

(
δij −

∂R

∂xi

∂R

∂xj

)
. (B.49)

In direct form tensor notation, the above expression is written as

∇∇R = R−1 (1 −∇R⊗∇R) . (B.50)

Inserting the above into equation (B.46), we get the following expression for the double

gradient of the scalar Green’s function g ,

∇∇g =
d2g
dR2
∇R⊗∇R +

1

R

dg
dR

(1 −∇R⊗∇R) . (B.51)

Since ∇R represents a unit vector pointing from the location of the source x′ to the lo-

cation of the receiver, it follows that the tensor product ∇R⊗∇R presents an orthogonal

projection onto the line which traverses the two points x and x′. Similarly, the tensor

1 − ∇R ⊗∇R represents an orthogonal projection onto the plane perpendicular to the

line traversing x and x′. Therefor the tensor ∇∇g effectively decomposes a vector into

two parts, parallel and perpendicular to the line traversing x and x′, and scales them

by the above expressions involving derivatives of g .

Since g = exp(ikR)/R, we obtain the following for the expressions involving the

derivatives of g with respect to R,

1

R

dg
dR

= k2

[
− 1

ikR
+

1

(ikR)2

]
eikR

R
(B.52)

and
d2g
dR2

= k2

[
−1 +

2

ikR
− 2

(ikR)2

]
eikR

R
. (B.53)

153



Inserting the above expressions into equation (B.51) and dividing by k2, we get

∇∇g
k2

=

{[
− 1

ikR
+

1

(ikR)2

]
(1 −∇R⊗∇R)

+

[
−1 +

2

ikR
− 2

(ikR)2

]
∇R⊗∇R

}
eikR

R
. (B.54)

Looking back a equation (B.42), we see that an expression for G(x|x′) is obtained by

adding g (x|x′)1 to the above expression. Noting that 1 = (1 −∇R⊗∇R) +∇R⊗∇R,
we thus obtain

G(x|x′) =

{[
1− 1

ikR
+

1

(ikR)2

]
(1 −∇R⊗∇R)

+

[
2

ikR
− 2

(ikR)2

]
∇R⊗∇R

}
g (x|x′). (B.55)

We see that when written out in full, the expression for the Green’s tensor has the

following attributes: it is scaled by g (x|x′), which indicates a phase structure similar to

an outward-going spherical wave; it contains a term involving the tensor 1 −∇R ⊗∇R
and a term involving the tensor ∇R ⊗∇R, which indicates that it breaks up the field

into a part that is parallel to the line traversing the points x and x′ and a part that

is perpendicular to it; and finally we see that the expression involves terms of order

(kR)−n, where n = 0, 1 and 2.

B.3.4 Far-field radiation pattern

In order to better understand the physical meaning of the Green’s tensor, we will here

focus our attention on the far-field radiation due to a point source. By far field, we

mean the field at distances R which are much further than a wavelength. We can write

this assumption as kR � 1, in which case we are concerned with the order of (kR)−1

corresponding to each of the terms in the above expression for G(x|x′). Neglecting

terms of order (kR)−1 and smaller, we are left with

G(x|x′) ' (1 −∇R⊗∇R) g (x|x′). (B.56)

Thus we see that in the far field, only the portion of the field that is perpendicular to the

line traversing x and x′ is present. For the sake of simplicity, we’ll consider the particular
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Figure B.1: Spherical coordinates (%, ϑ, ϕ).

case of a point source of the form G(x|0)ez, which represents a point source located

at the origin and oriented in the +z direction. We’ll use spherical (%, ϑ, ϕ) coordinates,

where

% =
√
x2 + y2 + z2 = ‖x‖, (B.57)

ϑ = tan−1(y/x), (B.58)

ϕ = cos−1(z/%). (B.59)

In this case we have ∇R(x|0) = x/‖x‖ = e%, the unit vector corresponding to the

spherical coordinate %, and hence

G(x|0) = (1 − e% ⊗ e%)
eik%

%
. (B.60)

The relevant unit vectors are given by

e% = ex cosϑ sinϕ+ ey sinϑ sinϕ+ ez cosϕ, (B.61)

eϕ = ex cosϑ cosϕ+ ey sinϑ cosϕ− ez sinϕ. (B.62)

From the above expressions we see that e% · ez = cosϕ, and thus we have

(1 − e% ⊗ e%)ez = −ex cosϑ sinϕ cosϕ− ey sinϑ sinϕ cosϕ+ ez(1− cos2 ϕ), (B.63)
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or more simply,

(1 − e% ⊗ e%)ez = −eϕ sinϕ. (B.64)

Thus the resulting field for a point source located at the origin and oriented along the

positive z axis is given by

G(x|0)ez = −eϕ sinϕ
eik%

%
. (B.65)

Hence the magnitude and phase of the point source are that of the scalar Green’s func-

tion g (x, 0), however scaled by the directivity sinϕ, which is a toroidal directivity pattern

with its axis of symmetry being the z axis. The field is directed in the −eϕ direction,

tangent to the coordinate lines of the polar angle ϕ such that it is equal to ez on the

(x, y) plane.

B.3.5 Symmetry of Green’s tensor

The free-space Green’s tensor has a number of symmetry properties that will be useful

in what follows. We begin by returning to the original form of the Green’s tensor given

in equation (B.42), however writing it in Cartesian index notation,

Gij(x|x′) = g (x|x′)δij +
1

k2

∂2g (x|x′)
∂xi∂xj

. (B.66)

The first term on the right-hand side of the above expression is simply the scalar field

g multiplying the Kronecker delta tensor δij , which is a symmetric tensor, such that

δij = δji. The second term on the right-hand side is the double gradient of the scalar

field g . Since the order in which the derivatives are taken is immaterial, swapping the

indices i and j will have no effect, and hence this term also represents a symmetric

tensor. We conclude that Green’s tensor G must itself be a symmetric tensor, such that

Gij = Gji, or in direct notation,

GT = G. (B.67)

We next consider the curl of the Green’s tensor G, which in index notation is given by

(∇×G)ij = εiklGlj,k = εikl
∂Glj

∂xk
. (B.68)
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Figure B.2: Far field of a point source located at the origin. The blue line indicates that
the source is oriented in the +z direction. The red dotted line represents the directivity,
which is toroidal. The black lines represent the direction of particle motion is the far
field, which is in the −eφ direction.

Applying the above to the index form of the Green’s tensor given in equation (B.66)

yields

(∇×G)ij = εikl
∂g
∂xk

δlj + k−2εikl
∂3g

∂xl∂xj∂xk
. (B.69)

The second term on the right-hand side of the above equation is equal to zero, for we can

rewrite the alternating tensor as εikl = −εilk and then switch the names of the dummy

indices k and l. Since the order of differentiation doesn’t matter, this will have no effect

on the triple gradient of g . As a result, the expression will look exactly the same as it

did before, only with a minus sign in front. Hence the term is equal to its own negation

and must be zero.

Now consider the first term in the above expression. In particular, note that we
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can write it as

{∇×( g1 )}ij = εikl
∂g
∂xk

δlj = εikj
∂g
∂xk

. (B.70)

Since we have εikj = −εjki, we similarly have {∇×( g1 )}ij = −{∇×( g1 )}ji. This being
the only nonzero term appearing in the curl of G, we can thus conclude that the curl of

G is a skew symmetric tensor,

(∇×G)T = −∇×G. (B.71)

In order to understand the meaning of the curl of the Green’s tensor G, consider the

effect that it has when operating on an arbitrary vector a. In index notation, we have

(∇×G)ijaj = εikj
∂g
∂xk

aj = (∇g × a)i. (B.72)

Hence the effect that the tensor ∇×G has, when operating on an arbitrary vector

a, is the same as taking the cross product of the gradient of g with that vector; i.e.

(∇×G)a = ∇g × a.

Lastly we consider the symmetry properties of the double curl of the Green’s

tensor G. Rather than explicitly taking the curl of the curl of the tensor field G, it

will suffice to consider the original differential equation that G was assumed to satisfy.

Recall that this tensor differential equation has the following form:

−∇×∇×G+ k2G = −4πδ(x− x′)1 . (B.73)

Rewriting the above equation as an expression for the double curl of G yields

∇×∇×G = 4πδ(x− x′)1 − k2G. (B.74)

The first term on the right-hand side of the above expression is a scalar field multiplying

the identity tensor 1 , and hence represents a symmetric tensor field. The second term

is simply the Green’s tensor G scaled by k2. Since we already determined above that

the Green’s tensor G is symmetric, it follows that the entire right-hand side of the above

equation is symmetric. We conclude that the double curl of G must also be a symmetric

tensor field,

(∇×∇×G)T = ∇×∇×G. (B.75)
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B.3.6 Reciprocity of Green’s tensor

In addition to the symmetry relations, the Green’s tensor G also obeys a reciprocity

relation that will be useful in the treatment of shear wave diffraction that follows. The

relation states that the tensor G is reciprocal in its arguments, such that we can write

G(x|x′) = G(x′|x). Looking back at the full expression for G, given in equation (B.55),

we see that G is a function of x and x′ by way of the scalar Green’s function g (which

itself is a function of x and x′ only by way of R, the distance between them) and the

gradient of the distance function ∇R. Hence to show the reciprocity of G, it will suffice

to demonstrate the reciprocity of R and ∇R. Recall that the distance function R is given

by

R(x|x′) = ‖x− x′‖ =
√

(x− x′)2 + (y − y′)2 + (z − z′)2, (B.76)

and thus it is clear by inspection that R(x|x′) = R(x′|x). It follows directly that

the scalar Green’s function g (x|x′), since is can be written as a function solely of the

distance function R(x|x′), i.e. g = g (R(x|x′)), must in turn be a reciprocal function of

its arguments; i.e.

g (x|x′) = g (x′|x). (B.77)

It remains to explore the reciprocity of the vector function ∇R(x|x′). We saw previously

that this function can be written as

∇R(x|x′) =
x− x′

R(x|x′)
. (B.78)

It is easy to see that the result of swapping the arguments x and x′ in the above

expression, since we have already seen that it has no effect on R, will be to negate the

expression. This leads to a reciprocity relation of the form ∇R(x|x′) = −∇R(x′|x).

However, in order to truly swap the roles of the variables x and x′, we must also replace

the gradient in the above expression (taken with respect to the spatial variable x) with

the gradient with respect to the source variable x′. Letting ∇′ denote the gradient with

respect to the source variable x′, we have

∇′R(x|x′) =
x′ − x
R(x|x′)

. (B.79)
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Hence the consequence of swapping the gradient is also to negate the expression. Thus

if we both change the gradient from ∇ to ∇′, and also swap the arguments x and x′,

the result will be the same. Therefore we have the following reciprocity relation:

∇R(x|x′) = ∇′R(x′|x). (B.80)

Having found the above reciprocity relations for the quantities R and ∇R, we conclude

that the Green’s tensor G(x|x′) is itself a reciprocal function of its arguments,

G(x|x′) = G(x′|x). (B.81)

B.4 Diffraction integral for shear waves

B.4.1 Analog of Green’s identity

In order to develop a general theory of diffraction for shear waves, we must first derive

a vector analog to Green’s identity†. In particular, we desire an expression that has a

similar form to Green’s identity, but is valid for vector fields and includes a term involving

the curl of the curl of a vector field. Let p(x) and q(x) be arbitrary vector fields defined

in the region V with boundary S, and assume that the topology of the region V is such

that the divergence theorem is valid in it. Consider the field p×(∇×q), and in particular

note that the divergence of this field is given by

∇·{p× (∇×q)} = (∇×p) · (∇×q)− p · (∇×∇×q). (B.82)

The above identity is readily (if somewhat tediously) proved using index notation, for we

have

{p× (∇×q)}i = εijkpjεklmqm,l. (B.83)

†For scalar fields f(x) and g(x) defined in the region V having boundary S with unit outward normal
n, the classical form of Green’s identity is given by∫

V

(
f ∇2g − g∇2f

)
dV =

∫
S

(f ∇g − g∇f) · n dS.

160



The divergence of the above expression is given by the chain rule as

(εijkpjεklmqm,k),i = εijkpj,iεklmqm,l + εijkpjεklmqm,li. (B.84)

The identity εijk = εkij allows us to write first term on the right-hand side as

εijkpj,iεklmqm,l = (εkijpj,i)(εklmqm,l) = (∇×p) · (∇×q). (B.85)

Using the identity εijk = −εjik and then swapping the roles of the summation indices i

and j allows us to write the second term on the right-hand side as

εijkpjεklmqm,li = −pi(εijkεklmqm,lj) = −p · (∇×∇×q). (B.86)

We now integrate equation (B.82) over the volume V , and use the divergence theorem

to convert the volume integral of the divergence term into a surface flux integral for the

field p× (∇×q),∫
V

∇·{p× (∇×q)} dV =

∫
V

{(∇×p) · (∇×q)− p · (∇×∇×q)} dV

=

∫
S

{p× (∇×q)} · n dS, (B.87)

where n is the unit normal vector facing outwards on the surface S. Note that the first

term on the left-hand side is symmetric with respect to the fields p and q, and hence

we can eliminate the term by antisymmetrizing the equation with respect to those fields.

Subtracting the above equation from the same equation with the fields p and q swapped,

the first term on the left-hand side cancels and we arrive at∫
V

{p · (∇×∇×q)−q · (∇×∇×p)} dV =

∫
S

{q× (∇×p)−p× (∇×q)} ·n dS. (B.88)

This expression is the vector analog of Green’s identity, however in what follows we

will need a tensor version of the above expression. Letting Q(x) denote an arbitrary

tensor field and a an arbitrary constant vector, we will substitute Qa for p in the above

expression to obtain∫
V

[ (Qa) · (∇×∇×q)− q · ∇×∇×(Qa) ] dV

=

∫
S

{ q × [∇×(Qa) ]− (Qa)× (∇×q) } · n dS. (B.89)
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We are now tasked with eliminating the arbitrary vector a from the above equation. For

the left-hand side of the equation, we have by definition ∇×∇×(Qa) = (∇×∇×Q)a.

Using this fact, and also employing the use of the transpose of the tensors Q and

∇×∇×Q, we arrive at∫
V

[ (Qa) · (∇×∇×q)− q · ∇×∇×(Qa) ] dV

=

∫
V

[QT(∇×∇×q)− (∇×∇×Q)Tq ] · a dV. (B.90)

The right-hand side of equation (B.89) is a little more tricky. First, we note that by

definition, ∇×(Qa) = (∇×Q)a. Next, the properties of the scalar triple product tell

us that for arbitrary vectors a, b and c, we have (a× b) · c = (c× a) · b = (b× c) · a.
Using these facts, we can write

{ q × [∇×(Qa) ]} · n = { q × [ (∇×Q)a ]} · n = (n× q) · [ (∇×Q)a ]

= [ (∇×Q)T(n× q) ] · a, (B.91)

and

[ (Qa)× (∇×q) ] · n = [ (∇×q)× n ] · (Qa) = {QT [ (∇×q)× n ]} · a. (B.92)

We are now able to write equation (B.89) as∫
V

[(∇×∇×Q)Tq −QT(∇×∇×q)] · a dV

=

∫
S

{QT [(∇×q)× n]− (∇×Q)T(n× q)} · a dS. (B.93)

In the above equation, the vector a which scales both sides is entirely arbitrary and

hence can be eliminated from the equation, leading to∫
V

[(∇×∇×Q)Tq −QT(∇×∇×q)] dV

=

∫
S

{QT [(∇×q)×n]− (∇×Q)T(n× q)} dS, (B.94)

where we note that this is now a vector equation, in the sense that the outcome of either

of the integrals in the equation is vector valued.
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B.4.2 Analog of the Kirchhoff integral

A general diffraction integral for shear waves will come in the form of a vector analog of

the classic Kirchhoff integral, which we shall derive using the result found in the previous

section. Assume that we have a vector field u(x) that satisfies the following equation in

the volume V :

−∇×∇×u(x) + k2u(x) = −f(x), (B.95)

where the vector field f(x) is an arbitrary forcing function. Furthermore, assume that

we have a tensor field H(x|x′) that satisfies the following equation in the region V :

−∇×∇×H(x|x′) + k2H(x|x′) = −4πδ(x− x′)1 . (B.96)

The above equation for H(x|x′) looks exactly like (B.27) previously considered for the

free-space Green’s tensor G(x|x′), and thus the question arises how the tensor field H

considered here is any different from G. The difference lies in the fact thatH need only

satisfy the above equation in the region V , while G had to satisfy it everywhere in space.

For instance, if the source point x′ lies outside of V , then the right-hand side of equation

(B.96) would vanish for all x in V and the equation would become homogeneous in the

region V . Having the tensor field HT operate on equation (B.95) yields

−HT(∇×∇×u) + k2HTu = −HTf , (B.97)

while having the transpose of equation (B.96) operate on the vector field u yields

−(∇×∇×H)Tu+ k2HTu = −4πδ(x− x′)u. (B.98)

Note that the term k2HTu is common in both of the above equations, and hence can

be eliminated between the two. Subtracting the second of the above equations from the

first gives

(∇×∇×H)Tu−HT(∇×∇×u) = −HTf + 4πδ(x− x′)u. (B.99)
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Integrating the above expression over the volume V and using the sifting property of

the delta function gives us†

u(x′) =
1

4π

∫
V

[(∇×∇×H)Tu−HT(∇×∇×u)] dV +
1

4π

∫
V

HTf dV. (B.100)

The first integral on the right-hand side of the above expression is identical to equation

(B.94), if we replace Q with H and q with u. Doing so results in∫
V

[(∇×∇×H)Tu−HT(∇×∇×u)] dV

=

∫
S

{HT [(∇×u)×n]− (∇×H)T(n× u)} dS. (B.101)

Inserting the above expression into equation (B.100) gives

u(x′) =
1

4π

∫
V

HTf dV +
1

4π

∫
S

{HT [(∇×u)×n]− (∇×H)T(n×u)} dS, (B.102)

or equivalently, by including explicitly the variable dependence of the fields,

u(x′) =
1

4π

∫
V

HT(x|x′)f(x) dV

+
1

4π

∫
S

{
HT(x|x′)

[(
∇×u(x)

)
×n
]
−
(
∇×H(x|x′)

)
T(n×u(x))

}
dS, (B.103)

where the dependence of the unit normal vector n on the surface location x is implied.

The above general solution for shear wave diffraction is analogous to the Kirchhoff

integral from scalar diffraction theory. The volume integral term represents the contri-

butions made by the body force f(x). In the absence of a boundary (i.e. in the limit as

the volume V becomes all of space), the surface integral vanishes and the tensor field

H(x|x′) becomes equal to the free-field Green’s tensor G(x|x′).

In the absence of body forces, only the surface integral is present in the above

expression, representing contributions made by the boundary S. We see that there are

two terms present in the surface integral: the first one involves the term (∇×u(x))×n,

and hence is dependent on the components of the curl of the displacement field that

†Note that we’ve assumed here that x′ is in V . If x′ is not in V , then the delta function is identically
zero in the region V , and hence integrating over the region would also give a null result.
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are perpendicular to the boundary S; the second term involves the term n×u(x), and

hence depends on the components of the displacement field that are perpendicular to

the boundary S. Our choice of tensor field H(x|x′) will allow us to eliminate one or

the other of these terms.

B.5 Radiation from a plane surface into a half-space

B.5.1 Geometry of half-space

At this point we are going to focus our attention on the particular problem with which we

will be occupied for the remainder of this dissertation: the propagation of shear waves

into an elastic half-space. We will use the z > 0 half-space, assuming that the z = 0

plane is the source plane and that the shear waves thus propagate in the +z direction.

In terms of the general solution given by (B.103), the space V under consideration

is taken to be z > 0, and hence the bounding surface S will be the (x, y) plane with unit

outward normal vector n = −ez . Assuming that there are no body forces present (i.e.

f = 0), we write the solution for the field anywhere in the half-space as

u(x′) =
1

4π

∫∫ ∞
−∞
{HT [ez×(∇×u)] + (∇×H)T(ez×u)} dxdy. (B.104)

We see that there are the two surface terms remain, one involving the the transverse

components of the displacement field ez×u evaluated at the source plane, and the other

involving the transverse components of the curl of the displacement field ez × (∇×u)

evaluated at the source plane. There are thus two options for types of source condition,

since we can choose the tensor fieldH in such a way as to eliminate either of the surface

terms.

B.5.2 Green’s function for a displacement source

We would like to specify a source condition in terms of the displacement field at the

source plane, and we achieve this by choosing a form for the tensor fieldH(x|x′) which
will cancel out the first term in the above solution integral. It is important to note that in

order to cancel out the first term, it is not necessary that H = 0 when z = 0. Since the
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term ez × u is a vector that is necessarily perpendicular to ez, and hence is transverse

to the source plane, all that is required is that the transverse components of the tensor

field HT be zero, i.e. that

HTex = HTey = 0, (B.105)

which in terms of components means that Hxi and Hyi be zero, for arbitrary i. Recall

that for an arbitrary vector a, the field H(x|x′)a will represent the displacement field

due to a point source located at x′ with vector amplitude a. The boundary condi-

tion for the first term in equation (B.104) to vanish is thus that the components of the

displacement field that are transverse to the z = 0 source plane vanish at the source

plane.

Similar to the case of scalar diffraction in a half-space, we will satisfy the required

boundary condition by introducing a virtual source that will be superposed with the free-

space Green’s tensor in order to construct the field H . We will write the tensor field

as

H(x|x′) = G(x|x′)−G∗(x|x′), (B.106)

where G∗(x|x′) is the virtual source term, which will take the form of a mirror-image

flip about the z = 0 source plane of the original source. Since we are dealing with a

vector field, we achieve the mirror-image flip by both making the substitution z → −z in
the location of the source and also negating the z component of the vector amplitude of

the source. A convenient way to write this out explicitly is by introducing the constant

tensorM , written out in Cartesian matrix form as

[M ] =

1 0 0
0 1 0
0 0 −1

 . (B.107)

Hence the only effect of the tensorM , when operating on an arbitrary vector, is to flip

the sign of the z component of the vector. So if we consider a source that is located at x′

and has vector amplitude a, the mirror-image flip of that source will be located atMx′

and have vector amplitude Ma. The resulting displacement field due to such a source

is then given by

G∗(x|x′)a = G(x|Mx′)Ma, (B.108)
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Figure B.3: A point source located at x′ with vector amplitude a, and its mirror image
located atMx′ with vector amplitudeMa. On the source plane, the transverse compo-
nents of the two fields coincide, but the components normal to the plane have opposite
sign and cancel.

and since a is arbitrary in the above equation, we can just as well write G∗(x|x′) =

G(x|Mx′)M . Since this field represents the displacement field due to a mirror image

source, it follows that it satisfies the homogeneous form of the tensor differential equation

(B.96) in the region V , and hence the field H is a solution to equation (B.96), as was

originally assumed. Furthermore, due to the homogeneity and isotropy of the underlying

elastic material, is follows logically that the displacement field due to a mirror-image

source should be the mirror image of the displacement field of the original source. This

is written out explicitly as

G∗(x|x′) = G(x|Mx′)M = MG(Mx|x′), (B.109)

a result that is readily proved using the full expression for G given in equation (B.55).
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We can thus write out the Cartesian components of G∗(x|x′) in matrix form, Gxx(x, y,−z|x′, y′, z′) Gxy(x, y,−z|x′, y′, z′) Gxz(x, y,−z|x′, y′, z′)
Gyx(x, y,−z|x′, y′, z′) Gyy(x, y,−z|x′, y′, z′) Gyz(x, y,−z|x′, y′, z′)
−Gzx(x, y,−z|x′, y′, z′) −Gzy(x, y,−z|x′, y′, z′) −Gzz(x, y,−z|x′, y′, z′)

 .
(B.110)

On the source plane we have z = −z = 0, and from the above matrix we see that the

transverse components of the virtual source G∗xi and G∗yi are equal to the transverse

components of the free-space Green’s tensor Gxi and Gyi, while the z components G∗zi

have been negated (see Fig. B.3). Hence for the particular form H = G −G∗ that was

chosen, we see that the transverse components Hxi and Hyi will be zero on the source

plane, and hence the first term in the integral solution given by equation (B.104) will

vanish.

It remains to determine the form of the remaining term (∇×H)T in the solution,

which we will determine by considering the form of (∇×G∗)T at the source plane. We’ve

already given the component form of G∗ in the matrix written above. Since we have by

definition that (∇×G∗)a = ∇×(G∗a), we need only consider the curl of the vector

fieldG∗a for arbitrary constant vector a. Define the vector fields q(x) = G(x|x′)a and

q∗(x) = G∗(x|x′)a for fixed x′ and a. We’ve already established that q∗ is then the

mirror-image flip of the field q, such that if we have

q(x) = qx(x, y, z)ex + qy(x, y, z)ey + qz(x, y, z)ez, (B.111)

then we have

q∗(x) = qx(x, y,−z)ex + qy(x, y,−z)ey − qz(x, y,−z)ez. (B.112)

The curl of the mirror-image field q∗(x′) is given by the chain rule as

∇×q∗(x) =

(
∂q∗z
∂y
−
∂q∗y
∂z

)
ex +

(
∂q∗x
∂z
− ∂q∗z
∂x

)
ey +

(
∂q∗y
∂x
− ∂q∗x

∂y

)
ez

= −
(
∂qz
∂y
− ∂qy

∂z

)
ex −

(
∂qx
∂z
− ∂qz
∂x

)
ey +

(
∂qy
∂x
− ∂qx

∂y

)
ez

= −M [∇×q(Mx)]. (B.113)
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Hence we conclude that the curl of the mirror-image flip of a field is the negation of the

mirror-image flip of the curl of the field. The reason for this comes from the fact that the

curl operator has an orientation associated with it, since it is defined using a right-hand

rule (see Fig. B.4). The mirror-image transformation M is isometric, in that it preserve

the length of vectors, however it does not preserve the orientation of the field (explicitly

this is due to the fact that detM = −1).

Now, we’ve already established that for the mirror-image flip of a field, the trans-

verse components evaluated on the symmetry plane z = 0 will be equal to the com-

ponents of the original field, while the z components will experience a change of sign.

Since ∇×q∗ is now minus the mirror-image of the field ∇×q, the opposite is true: the

z components will be the same, while the transverse components will have flipped sign.

In terms of the tensor fields ∇×G and ∇×G∗, we have the following relations among

the components evaluated on the source plane z = 0:

(∇×G∗)xi = −(∇×G)xi,

(∇×G∗)yi = −(∇×G)yi,

(∇×G∗)zi = +(∇×G)zi. (B.114)

And since H = G − G∗, it follows that the transverse components will double when

evaluated on the source plane, while the z components will vanish. Hence for z = 0, we

have

(∇×H)T(ez × u) = 2(∇×G)T(ez × u), (B.115)

and thus the solution (B.104) becomes

u(x′) =
1

2π

∫∫ ∞
−∞

(∇×G)T(ez × u)dxdy. (B.116)

It was already established in Sec. B.3.5 that ∇×G is an anti-symmetric tensor, and thus

that (∇×G)T = −∇×G. In that same section it was also determined that for arbitrary

vector a, we have that (∇×G)a = ∇g ×a. Inserting this into the above equation yields

u(x′) = − 1

2π

∫∫ ∞
−∞
∇g (r|x′)× [ ez × u(r) ] dxdy, (B.117)
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Figure B.4: Example of the curl of the mirror image of a vector field. The field on
the right represents a rotational field oriented counterclockwise, and hence the curl is
directed out of the page. The mirror image of the field (on the left) is oriented clockwise,
and thus the curl is oriented in the opposite direction (into the page). The curl of the
mirror image of a field is minus the mirror image of the curl of the field.

where evaluating the functions with the transverse coordinate r = xex+yey comes from

the fact that the field is being integrated over the source plane z = 0. In other words,

we have for example u(r) = u(x, y, 0).

We will make two additional changes to the solution before leaving it alone.

Firstly, we note that the vector ez ×u(r) depends only on the transverse components of

the displacement field evaluated at the source plane. We shall make this more explicit

by defining the source polarization p(r) as the transverse displacement field at the source

plane, given explicitly by

p(r) = (1 − ez⊗ ez)u(r) = ux(x, y, 0)ex + uy(x, y, 0)ey. (B.118)
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Additionally, we will use the reciprocity relation derived in Sec. B.3.6 in order to switch

the roles of the variables x and x′, noting that again that the particular reciprocity

relation that we need is given by ∇g (x|x′) = −∇g (x′|x). Making these substitutions

into the above integral gives us the following form for the general solution of shear wave

propagation into the z > 0 half-space:

u(x) =
1

2π

∫∫ ∞
−∞
∇g (x|r′)× [ ez × p(r′) ] dx′dy′. (B.119)

B.5.3 Solution as an integral equation

The solution given in equation (B.119) maps the transverse components of the displace-

ment field at the source plane p(r) to the full displacement field u(r) anywhere in the

z > 0 half-space. While the equation as written achieves this goal rather economically

using then vector cross product, it will be useful in what follows to write out the solution

in tensor and component form. Since we are considering the solution to a differential

equation that linearly maps the vector field p(r) to the vector field u(x), we expect a

solution of the form

u(x) =

∫∫ ∞
−∞
K(x|r′)p(r′) dx′dy′, (B.120)

where the kernel of the integral equation takes the form of a tensor field K(x|r′). In

order to obtain the form of this tensor kernel using the vector cross product expression

given in (B.119), the following identity for arbitrary vectors a, b and c will be useful:

a× (b× c) = (a · c)b− (a · b)c. (B.121)

Using the above relation yields

∇g × (ez × u) = (∇g · u)ez − (∇g · ez)u, (B.122)

or equivalently, by pulling u out of the right-hand side of the equation,

∇g × (ez × u) = [ez ⊗∇g − (∇g · ez)1 ]u. (B.123)

We can thus write the kernel of the integral equation as

K(x|r′) =
1

2π

[
(ez ⊗∇g (x|r′))− 1

∂g (x|r′)
∂z

]
, (B.124)
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which in Cartesian matrix form is given by

[K(x|r′)] =
1

2π


−∂g (x|r′)

∂z
0 0

0 −∂g (x|r′)
∂z

0

∂g (x|r′)
∂x

∂g (x|r′)
∂y

0

 . (B.125)

We thus obtain the individual components of the displacement field by inserting the

above matrix into the general integral equation given by equation (B.120). Doing so

gives us the following expressions for the transverse components,

ux(x) = − 1

2π

∫∫ ∞
−∞

px(x
′, y′)

∂g (x, y, z|x′, y′, 0)

∂z
dx′dy′, (B.126)

uy(x) = − 1

2π

∫∫ ∞
−∞

py(x
′, y′)

∂g (x, y, z|x′, y′, 0)

∂z
dx′dy′. (B.127)

The form of the above expressions is familiar, and is often called the Rayleigh integral of

the second kind (cf. page 35 of Williams25). The solution for the transverse components

has this form because in Cartesian coordinates, the transverse components uncouple and

are each governed by a scalar Helmholtz equation. Specifying the source condition in

terms of displacement then results in the solution being given by a Rayleigh integral of

the second kind.

The solution for the z component uz of the displacement field is given by

uz(x) =
1

2π

∫∫ ∞
−∞

[
px(x

′, y′)
∂g (x, y, z|x′, y′, 0)

∂x
+ py(x

′, y′)
∂g (x, y, z|x′, y′, 0)

∂y

]
dx′dy′.

(B.128)

The above expression is not a familiar Rayleigh integral, but is instead a consequence of

the assumption of incompressibility. In fact, it is readily seen that the solution for the z

component is related to the solution for the transverse components by

uz =

∫
∂uz
∂z

dz = −
∫ (

∂ux
∂x

+
∂uy
∂y

)
dz, (B.129)

which is simply a restatement of the zero-divergence assumption.
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B.6 The angular spectrum approach

B.6.1 Solution by angular spectrum

As an alternative to the Green’s function method of solving the problem of shear wave

propagation into a half-space, in this section we present the angular spectrum approach.

There are multiple ways of thinking about this approach. From a purely analytical

point of view it can be viewed as a transform method of solving the underlying partial

differential equation; we take the two-dimensional Fourier transform in the (x, y) plane

and thus transform the partial differential equation into an ordinary differential equation

in z, which is rather straightforward to solve.

Alternatively, one can interpret the angular spectrum as an expansion of the field

into plane wave solutions to the equation of motion propagating in all directions into

the +z half-space. Since we are dealing exclusively with shear waves, the plane waves

in the angular spectrum decomposition of the field are all transverse plane waves, where

the vector amplitude of each wave necessarily points perpendicular to its direction of

propagation.

Returning to the homogeneous form of the equation of motion that was obtained

for an incompressible solid,

−∇×∇×u+ k2u = 0, (B.130)

we use the identity −∇×∇×u = ∇2u−∇(∇·u), along with the fact that ∇·u = 0 due

to the assumption of incompressibility, to arrive at the following form for the equation

of motion,

∇2u+ k2u = 0, (B.131)

along with the incompressibility assumption,

∇· u = 0. (B.132)

The second equation, representing the assumption of incompressibility, is in this case

a constraint which must be enforced, whereas in the previous form of the equation of

motion, involving the term −∇×∇×u, the constraint was built in to the equation itself.
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In what follows, since we will be transforming the transverse coordinates of the

field while leaving the z coordinate intact, it will be advantageous to separate out the

transverse coordinates (x, y) from the z coordinate. To such an end, we use the trans-

verse coordinate vector r = x ex + y ey, which was defined previously. Thus we can

write the displacement field as u(x) = u(r, z). The two-dimensional spatial Fourier

transform of the displacement field u(r, z) is given by

û(κ, z) = Fr{u(r, z)} =

∫∫ ∞
−∞
u(r, z)e−iκ·r dxdy, (B.133)

where κ = κxex+κyey is the transformed variable. The corresponding inverse transform

is given by

u(r, z) = F−1
r {û(κ, z)} =

1

4π2

∫∫ ∞
−∞
û(κ, z)eiκ·r dκxdκy. (B.134)

The angular spectrum method involves taking the two-dimensional Fourier transform of

the equation of motion, and thus transforming it into an ordinary differential equation

in the variable z. In order to take the transform of equation (B.131), we first use the

derivative theorem to arrive at

Fr
{
∇2u(r, z)

}
= Fr

{(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)
u(r, z)

}
=

(
−κ2

x − κ2
y +

∂2

∂z2

)
û(κ, z). (B.135)

Hence taking the Fourier transform of equation (B.131) yields

∂2û(κ, z)

∂z2
+
(
k2 − κ2

x − κ2
y

)
û(κ, z) = 0, (B.136)

or equivalently, by defining kz =
√
k2 − ‖κ‖2 as the wave number in the z direction,

∂2û(κ, z)

∂z2
+ k2

z û(κ, z) = 0. (B.137)

We have thus reduced the equation of motion to the above vector ordinary differential

equation, which represents the vector form of the equation of a harmonic oscillator. Note

that kz, representing the wavenumber in the z direction, is in fact a function of the trans-

form variable κ, and therefore one could say that each point in the angular spectrum
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is governed by a harmonic oscillator equation with frequency kz =
√
k2 − ‖κ‖2. The

angular spectrum thus has the following general solution:

û(κ, z) = aeikzz + be−ikzz, (B.138)

where a and b are vectors that are constant with respect to z. The first term in the

solution aeikzz represents waves propagating in the positive z direction, while the second

term be−ikzz represents waves propagating in the negative z direction. Since we are

considering waves generated at z = 0 and propagating into the z > 0 half-space, it

follows that we set b = 0 in the above solution. Furthermore, evaluating the solution at

the source plane z = 0 leads us to the conclusion that a = û(κ, 0), the two-dimensional

Fourier transform of the displacement field at the source plane.

Thus the solution to equation (B.131) in the angular spectrum domain is given by

û(κ, z) = û(κ, 0) eikzz. (B.139)

We can interpret this solution as a plane wave expansion by defining the wave vector

k = κxex + κyey + kzez . Note that the wave vector is a function of the transformed

coordinates κx and κy, however the norm of the wave vector is constant, ‖k‖ = k = ω/ct.

Using this definition, we can write the field u(x) as the inverse Fourier transform of the

above solution,

u(x) = F−1
r {û(κ, z)} =

1

4π2

∫∫ ∞
−∞
û(κ, 0)eikzzeiκ·rdκxdκy

=
1

4π2

∫∫ ∞
−∞
û(κ, 0)eik·xdκxdκy. (B.140)

The integrand in the last line of the above expression is a single plane wave, the direction

of which depends on the integration variables κx and κy, and with a vector amplitude

given by û(κ, 0)/4π2. In this light, the angular spectrum solution is seen to be a solution

gotten by way of an expansion of the field into plane waves. Note that this is the same

interpretation of the angular spectrum approach given by Goodman20 for optics and

Williams25 for acoustics.
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Note that we have defined kz =
√
k2 − ‖κ‖2 and intend for the above solution

to represent waves which propagate in the positive z direction, and hence we have made

certain assumptions about the particular branch of the square root that will be used for

kz . Both k and ‖κ‖ take on values that are exclusively positive and real. If k > ‖κ‖,

then the quantity inside of the square root is positive and real, and we take kz as being

the positive root.

If k < ‖κ‖, then the quantity inside of the square root is negative, and in this case

we take kz to be the positive imaginary root. Hence if k2 − ‖κ‖2 = −α for some real,

positive α, then we take kz = i
√
α, where

√
α is taken to be positive. The corresponding

solution then has the form

û(κ, z) = û(κ, 0) e−
√
αz, (B.141)

and thus represents an evanescent wave, the amplitude of which decays exponentially in

the positive z direction.

While the solution given by equation (B.139) represents the solution to the vector

Helmholtz equation (B.131), it fails to take into account the assumption of incompress-

ibility. In order to enforce the incompressibility constraint, we first take the Fourier

transform of the divergence of the displacement field u,

Fr{∇· u} = Fxy

{
∂ux
∂x

+
∂uy
∂y

+
∂uz
∂z

}
= iκxûx + iκyûy + ikzûz, (B.142)

where the derivative theorem for the Fourier transform has been used for the derivatives

with respect to x and y, and the solution given in equation (B.139) was used to evaluate

the derivative with respect to z. The above equation implies that once the assumption

of incompressibility has been made, the three components of the displacement are no

longer independent of one another; rather, they are related by

iκxûx + iκyûy + ikzûz = 0. (B.143)

While the above equation is valid everywhere in the half-space, we will evaluate it at the

source plane z = 0, in order to solve for the longitudinal motion (i.e. in the z direction)
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in terms of the transverse motion (i.e. in the x and y directions). Evaluating the above

expression at z = 0 thus yields

iκxûx(κ, 0) + iκyûy(κ, 0) + ikzûz(κ, 0) = 0, (B.144)

or equivalently by solving for ûz,

ûz(κ, 0) = −iκxûx(κ, 0) + iκyûy(κ, 0)

ikz
= −iκ · û(κ, 0)

ikz
. (B.145)

Using the above result for the z-component of û(κ, z) in terms of the transverse com-

ponents allows us to write an expression for the field û(κ, z) that depends solely on the

transverse components. Specifically, we can now write

û(κ, 0) = ûx(κ, 0)ex + ûy(κ, 0)ey −
iκ · û(κ, 0)

ikz
ez. (B.146)

Furthermore, using the projection operator (1 − ez⊗ ez),

(1 − ez⊗ ez)û(κ, 0) = ûx(κ, 0)ex + ûy(κ, 0)ey, (B.147)

we are able to pull the field û(κ, 0) out of the right-hand side of the above equation,

û(κ, 0) =

(
1 − ez⊗ ez −

ez⊗ iκ
ikz

)
û(κ, 0). (B.148)

The field û(κ, 0) appears on both sides of the above equation, and thus one may jump

to the conclusion that the tensor expression on the right-hand side of the equation is

equal to the identity tensor. This is not the case, as can easily be seen by writing the

above equation in Cartesian matrix notation, ûx(κ, 0)
ûy(κ, 0)
ûz(κ, 0)

 =

 1 0 0
0 1 0
−κx
kz
−κy
kz

0

 ûx(κ, 0)
ûy(κ, 0)
ûz(κ, 0)

 . (B.149)

The matrix in the above expression is not full rank, and we clearly see that the z-

component contributes nothing to the right-hand side of the equation. This should not

come as a surprise, since we derived this equation by first solving for the z-component

in terms of the transverse components using the incompressibility constraint. To make
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this point even clearer, we will once again denote the source polarization p(r), defined as

the transverse displacement field at the source plane,

p(r) = (1 − ez⊗ ez)u(r, 0) = ux(r, 0)ex + uy(r, 0)ey. (B.150)

Hence the Fourier transform of the source polarization is given by p̂(κ), and so we can

write the above matrix equation as ûx(κ, 0)
ûy(κ, 0)
ûz(κ, 0)

 =

 1 0 0
0 1 0
−κx
kz
−κy
kz

0

 p̂x(κ)
p̂y(κ)

0

 . (B.151)

We are now in a position to give the solution for the angular spectrum û(κ, z) for

any distance z, as a function of the Fourier transform of the source polarization p̂(κ).

Substituting equation (B.151) into the general solution given in equation (B.139) yields the

following solution in matrix form ûx(κ, z)
ûy(κ, z)
ûz(κ, z)

 =

 eikzz 0 0
0 eikzz 0

− iκx
ikz
eikzz − iκy

ikz
eikzz 0

 p̂x(κ)
p̂y(κ)

0

 . (B.152)

This expression gives the angular spectrum of the displacement field for all z ≥ 0,

given the angular spectrum of the polarization field at the source plane. We will call

the matrix operator in the above expression the propagation matrix, and denote it by

K̂(κ, z). Hence in matrix form we have

[K̂(κ, z)] =

 eikzz 0 0
0 eikzz 0

− iκx
ikz
eikzz − iκy

ikz
eikzz 0

 , (B.153)

which equivalently can be written in tensor form as the following,

K̂(κ, z) = (1 − ez⊗ ez)eikzz − (ez⊗ iκ)
eikzz

ikz
. (B.154)

The displacement field anywhere in the z > 0 half-space can now be written in terms of

the two-dimensional Fourier transform pair given by Eqs. (B.133) and (B.134),

u(r, z) = F−1
r

{
K̂(κ, z)Fr{p(r)}

}
. (B.155)
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The above expression represents a compact solution to the general problem of propaga-

tion into the half-space, and is written in terms of the two-dimensional spatial Fourier

transform. This form of solution is thus well suited for numerical treatment, since

the Fourier transform can be approximated by discretization of the field and then im-

plemented efficiently using the fast-Fourier transform (FFT) algorithm, a topic that is

discussed in detail in Williams & Maynard (1982).48

B.6.2 Angular spectrum of a point source at the origin

In order to draw a connection between the angular spectrum method and the Green’s

function method, it will be useful to derive the angular spectrum of the Green’s function

for the scalar Helmholtz equation. It will suffice to consider a point source at the origin,

which we will write as g (x) = g (x|0). Recall that this Green’s function is given by

g (x) =
eik%

%
. (B.156)

However, in order to derive the angular spectrum of this point source, it will be more

convenient to start with the differential equation which it satisfies,

∇2g (x) + k2g (x) = −4πδ(x). (B.157)

Taking the two-dimensional Fourier transform of the above expression and denoting

the angular spectrum of the point source as ĝ (κ, z) results in the following differential

equation in the coordinate z:

∂2ĝ (κ, z)

∂z2
+ k2

z ĝ (κ, z) = −4πδ(z), (B.158)

where again we have set k2
z = k2 − ‖κ‖2. When z 6= 0 the delta function vanishes and

hence the above equation is homogeneous, in which case the general solution is given

by

ĝ (κ, z) = Aeikzz +Be−ikzz, (B.159)

where A and B are constants. The two terms in the above general solution represent

waves propagating in the +z and −z directions, respectively. Since we are considering a
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point source located on the z = source plane, a reasonable radiation condition dictates

that the solution in the positive z half-space propagate in the +z direction, while the

solution in the negative z half-space (which technically is beyond the region that the

current problem considers, though we will include is for the time being) propagates in

the −z direction. Furthermore, symmetry considerations lead us to assume that the

solution in either half-space have the same amplitude. With these considerations in

mind, we choose a solution of the form

ĝ (κ, z) = Aeikz |z|, (B.160)

where A is a constant that must be determined. We note that the above solution is itself

continuous at z = 0 (due to symmetry with respect to the z = 0 plane), however it’s

z-derivative is discontinuous at z = 0. We can determine the jump in the derivative by

integrating the differential equation (B.158) over a small region z = (−ε, ε) centered at

the source plane, and then taking the limit as ε→ 0,∫ ε

−ε

∂2ĝ (κ, z)

∂z2
dz + k2

z

∫ ε

−ε
ĝ (κ, z)dz = −4π

∫ ε

−ε
δ(z)dz. (B.161)

The right-hand side of the above equation is equal to −4π due to the definition of the

delta function. As was noted before, ĝ (κ, z) is continuous at z = 0, and hence it follows

that the second integral on the left-hand side will vanish as ε → 0. Performing the

remaining integral on the left-hand side give us∫ ε

−ε

∂2ĝ (κ, z)

∂z2
dz =

[
∂ĝ (κ, z)

∂z

]ε
−ε

= 2ikzAe
ikzε. (B.162)

Taking the limit as ε → 0, we conclude that the above expression equals 2ikzA. Since

we’ve already determined that this quantity must equal −4π, we conclude that A =

−2π/ikz . We conclude that the angular spectrum of the point source is given by

ĝ (κ, z) = −2π
eikz |z|

ikz
. (B.163)

Restricting our attention to positive values of z, we will henceforth leave out the absolute

value in the above expression. Returning to our original intention of finding the Fourier
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transform of a scalar point source located at the origin, the above result yields

ĝ (κ, z) = Fr

{
eik%

%

}
= −2π

eikzz

ikz
. (B.164)

The above expression leads to the following two relations, which will prove useful in

what follows,
eikzz

ikz
= − ĝ (κ, z)

2π
, (B.165)

and

eikzz = − 1

2π

∂ĝ (κ, z)

∂z
. (B.166)

B.6.3 Equivalence to Green’s function method

At this point we have obtained two solutions for the propagation of shear waves into a

half-space as a function of the transverse displacement at the source plane, one solution

by way of the Green’s function approach (i.e. a decomposition of the field into point

sources) and another solution by way of the angular spectrum approach (i.e. a decom-

position of the field into transverse plane waves). In this section we will show that these

two solutions are in fact equivalent, and we will do so using the convolution theorem of

the Fourier transform. We begin by returning to the angular spectrum solution of the

displacement field,

u(r, z) = F−1
r

{
K̂(κ, z)Fr{p(r)}

}
, (B.167)

Define the tensor field K(x) as the inverse Fourier transform of the propagation matrix

K̂(κ, z),

K(x) = F−1
r

{
K̂(κ, z)

}
=

1

4π2

∫∫ ∞
−∞
K̂(κ, z)eiκ·rdxdy. (B.168)

In this particular context, which involves a tensor field operating on a vector field, the

appropriate form of the convolution theorem is given by

F−1
r

{
K̂(κ, z)p̂(κ)

}
=

∫∫ ∞
−∞
K(x− r′)p(r′) dx′dy′. (B.169)

We can thus use the solution given in equation (B.167) in order to express the displace-

ment field u(x) as a convolution. Written out in index notation for clarity, the solution
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for the displacement field can thus be expressed as

ui(x, y, z) =

∫∫ ∞
−∞

Kij(x− x′, y − y′, z)pj(x′, y′) dx′dy′. (B.170)

It remains to find the particular form for the tensor fieldK(x). Returning to the matrix

form of the propagator matrix, originally given as equation (B.153),

[
K̂(κ, z)

]
=

 eikzz 0 0
0 eikzz 0

− iκx
ikz
eikzz − iκy

ikz
eikzz 0

 , (B.171)

we note that when expressed in Cartesian components, as is the case in the matrix above,

the inverse Fourier transform is taken componentwise. From equation (B.165), given at

the end of the last section, we have for the inverse transform of the diagonal components

F−1
r

{
eikzz

}
= − 1

2π

∂g (x)

∂z
. (B.172)

Using (B.166) and the derivative theorem for the inverse Fourier transform, we obtain for

the remaining two components

F−1
r

{
iκx

eikzz

ikz

}
=

1

2π

∂g (x)

∂x
(B.173)

and

F−1
r

{
iκy

eikzz

ikz

}
=

1

2π

∂g (x)

∂y
. (B.174)

Thus the matrix form of K(x) is given by

[K(x)] =
1

2π


−∂g (x)

∂z
0 0

0 −∂g (x)
∂z

0

∂g (x)
∂x

∂g (x)
∂y

0

 . (B.175)

The expression for the convolution is in terms of K(x− r′), a translated version of the

matrix given above. We’ve already determined that the scalar Green’s function g (x|x′)

is translationally invariant, such that g (x− x′|0) = g (x|x′). It follows logically that the

spatial derivatives of the scalar Green’s function, with appear in the components of the

182



matrix above, are similarly translation invariant. WritingK(x|r′) = K(x−r′), we thus

have in matrix form

[K(x|r′)] =
1

2π


−∂g (x|r′)

∂z
0 0

0 −∂g (x|r′)
∂z

0

∂g (x|r′)
∂x

∂g (x|r′)
∂y

0

 , (B.176)

which is identical to equation (B.125) for the matrix kernel of the integral solution ob-

tained using the Green’s function approach. Thus the solution for the displacement field

u(x) is given by

u(x) =

∫∫ ∞
−∞
K(x|r′)p(r′) dx′dy′, (B.177)

and we conclude that the solutions obtained using the Green’s function approach and

the angular spectrum approach are indeed equivalent, as one would hope was the case.
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Appendix C

Evaluation of Gaussian Diffraction Integrals

This appendix includes the details of evaluating the Gaussian diffraction integrals

that are required to solve the nonlinear parabolic equation for shear wave beams, the

subject of Chaps. 5 and 6. In those chapters, perturbation theory is used to obtain

analytic results for the source frequency and second harmonic of a affinely-polarized

Gaussian beam.

C.1 Green’s function for the parabolic approximation

We define the Green’s function at angular frequency ω, denoted by Gω(x|x′), as the

solution to the following inhomogeneous partial differential equation:†

∂Gω

∂z
+

1

i2k
∇2
Gω = δ (x− x′) , (C.1)

where

δ(x− x′) = δ(r − r′)δ(z − z′) = δ(x− x′)δ(y − y′)δ(z − z′). (C.2)

In order to derive an expression for the Green’s function, we will make use of the two-

dimensional spatial Fourier transform on the (x, y) plane. Denoting it by Ĝω, the Fourier

transform of the Green’s function is given by

Ĝω(κ, z|x′) = Fr{Gω(r, z|x′)} =

∫∫ ∞
−∞

Gω(r, z|x′) e−iκ·rdxdy, (C.3)

†The following derivation of the Green’s function for the linear parabolic approximation owes much
to Chap. 8 of Hamilton & Blackstock.23 The only difference is that the Green’s function derived here
doesn’t assume axisymmetry of the field, as was done in that work.

184



where κ = κxex + κyey is the transformed transverse variable. The original Green’s

function is obtained from it’s transform using the inverse Fourier transform,

Gω(r, z|x′) = F−1
r

{
Ĝω(κ, z|x′)

}
=

1

4π2

∫∫ ∞
−∞

Ĝω(κ, z|x′) eiκ·rdκxdκy. (C.4)

We say that equations (C.3) and (C.4) form the Fourier transform pair on the (x, y) plane.

Taking the Fourier transform of (C.1) gives us the following first-order ordinary

differential equation for the Fourier transform of the Green’s function:

∂Ĝω

∂z
− ‖κ‖

2

i2k
Ĝω = e−iκ·r

′
δ (z − z′) . (C.5)

The solution to the above equation is given by

Ĝω(κ, z|r′, z′) = exp

{
‖κ‖2(z − z′)

i2k

}
e−iκ·r

′
H(z − z′). (C.6)

The presence of the Heaviside step function H(z − z′) in the above expression is due

to the fact that the parabolic approximation only describes wave propagation in the +z

direction. Hence a source located at the point (r′, z′) can only affect the field at points

(r, z) satisfying the relation z > z′.

We obtain the Green’s function by inserting the transformed expression (C.6) into

the inverse Fourier transform integral (C.4), which results in

Gω(r, z|r′, z′) =
H(z − z′)

4π2

∫∫ ∞
−∞

exp

{
‖κ‖2(z − z′)

i2k

}
eiκ·(r−r

′)dκxdκy. (C.7)

In order to evaluate the above integral, we will make use of the expression for the inverse

Fourier transform of a two-dimensional Gaussian,

1

4π2

∫∫ ∞
−∞

e−γ‖κ‖
2

eiκ·rdκxdκy =
1

4πγ
e−‖r‖

2/(4γ). (C.8)

Letting γ = −(z − z′)/i2k in the above expression and using the coordinate transfor-

mation r → r− r′, we are able to evaluate the integral in (C.7), leading to the following

expression for the Green’s function:

Gω (r, z|r′, z′) = − ik

2π(z − z′)
exp

{
ik‖r − r′‖2

2(z − z′)

}
H(z − z′). (C.9)
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This expression represents the Green’s function for the linear parabolic approximation

at the source angular frequency ω, and hence will be used to solve (5.59).

In order to solve (5.60) for the second-harmonic field, we must obtain an anal-

ogous Green’s function at angular frequency 2ω. We shall denote this Green’s function

G2ω(x|x′), and define it as the function that satisfies the differential equation

∂G2ω(x|x′)
∂z

+
1

i4k
∇2
G2ω(x|x′) = δ (x− x′) . (C.10)

The foregoing derivation of Gω is entirely appropriate for the derivation of G2ω, as long

as we employ the substitutions ω → 2ω and k → 2k. Hence the resulting expression for

the Green’s function for the second-harmonic field is given by

G2ω (r, z|r′, z′) = − ik

π(z − z′)
exp

{
ik‖r − r′‖2

z − z′

}
H(z − z′). (C.11)

The above expression will be used to obtain a general solution to (5.60).

We can generalize the Green’s functions given in Eqs. (C.9) and (C.11) by defining

the general Green’s function for the parabolic approximation Gnω(r, z|r′, z′) by

Gnω(r, z|r′, z′) = − ikn

2π(z − z′)
exp

{
ikn‖r − r′‖2

2(z − z′)

}
H(z − z′). (C.12)

This Green’s function satisfies the differential equation

∂Gnω(x|x′)
∂z

+
1

i2kn
∇2
Gnω(x|x′) = δ(x− x′), (C.13)

and is thus seen to be a generalization of the Green’s functions Gω and G2ω.

C.2 Solution to generalized integral equation

There are two Gaussian diffraction integrals that arise in Chap. 5: one for the source-

frequency beam and one for the second-harmonic beam. The approach that we take to

evaluate these integrals is to first consider a generalization of the Gaussian diffraction

integral that includes the source frequency and second harmonic integrals as special

cases.
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The integral solutions for the source-frequency beam and the second-harmonic

beam both involve integrals of the form∫∫ ∞
−∞

Gnω(r, z|r′, z′) (a+Br′) e−(r′/η)2dx′dy′, (C.14)

where a is a constant vector on the (x, y) plane, B is a constant tensor (or two-by-

two matrix) on the (x, y) plane, and η is a constant scalar. Defining ζ = kη2/2 and

κ = knr/(z − z′), and noting that

‖r − r′‖2 = (r − r′) · (r − r′) = r2 − 2 r · r′ + r′2, (C.15)

we thus have

exp

{
ikn‖r − r′‖2

2(z − z′)

}
= exp

{
iknr2

2(z − z′)
− iknr · r′

z − z′
+

iknr′2

2(z − z′)

}
= exp

{
− (r/η)2

i(z − z′)/ζn

}
exp

{
− (r′/η)2

i(z − z′)/ζn
− iκ · r′

}
. (C.16)

Since

exp

{
−(r′/η)2 − (r′/η)2

i(z − z′)/ζn

}
= e−(r′/γ)2 , (C.17)

where we have defined γ by

γ2 = η2 i(z − z′)/ζn
1 + i(z − z′)/ζn

, (C.18)

the integral in (C.14) can thus be written as∫∫ ∞
−∞

Gnω(r, z|r′, z′) (a+Br′) e−(r′/η)2dx′dy′ (C.19)

= − ikn

2π(z − z′)
exp

{
− (r/η)2

i(z − z′)/ζn

}∫∫ ∞
−∞

(a+Br′) e−(r′/γ)2e−iκ·r
′
dx′dy′.

The above integral can be written as a two-dimensional Fourier transform of an affine

polarization with Gaussian amplitude shading,∫∫ ∞
−∞

(a+Br′) e−(r′/γ)2e−iκ·r
′
dx′dy′ = Fr

{
(a+Br) e−(r/γ)2

}
. (C.20)

This Fourier transform was evaluated in Sec. A.3.7 of Appendix A,

Fr

{
(a+Br) e−(r/γ)2

}
=

(
a− iγ2

2
Bκ

)
πγ2e−κ

2γ2/4. (C.21)
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Inserting κ = knr/(z − z′) into the above expression gives[
a− iknγ2

2(z − z′)
Br

]
πγ2 exp

{
− k2n2r2γ2

4(z − z′)2

}
. (C.22)

First we’ll deal with the quantity in the square brackets. Noting that

− iknγ2

2(z − z′)
=

1

[i(z − z′)/ζn]

i(z − z′)/ζn
1 + i(z − z′)/ζn

=
1

1 + i(z − z′)/ζn
, (C.23)

we find that the bracketed quantity is given by[
a+

Br

1 + i(z − z′)/ζn

]
. (C.24)

The argument of the exponential appearing in (C.22) can be written as

− k2n2r2γ2

4(z − z′)2
=

(r/η)2

i(z − z′)/ζn

[
1

1 + i(z − z′)/ζn

]
. (C.25)

Combining that exponential with the exponential appearing outside of the integral in

(C.19), we get

exp

{
− (r/η)2

i(z − z′)/ζn

}
exp

{
(r/η)2

i(z − z′)/ζn

[
1

1 + i(z − z′)/ζn

]}
= exp

{
− (r/η)2

i(z − z′)/ζn

[
1− 1

1 + i(z − z′)/ζn

]}
= exp

{
− (r/η)2

i(z − z′)/ζn

[
i(z − z′)/ζn

1 + i(z − z′)/ζn

]}
= exp

{
− (r/η)2

1 + i(z − z′)/ζn

}
. (C.26)

The scale factor πγ2 appearing in (C.22) is unaffected by the integral in (C.19), and

hence can be pulled out. Combining that scale factor with what was originally outside

the integral in (C.19) we have

− ikn

2π(z − z′)
πγ2 =

1

i(z − z′)/ζn

(
i(z − z′)/ζn

1 + i(z − z′)/ζn

)
=

1

1 + i(z − z′)/ζn
. (C.27)

Combining all of these results into (C.19) leads to the final expression∫∫ ∞
−∞

Gnω(r, z|r′, z′) (a+Br′) e−(r′/η)2dx′dy′ (C.28)

=

(
a+

Br

1 + i(z − z′)/ζn

)
1

1 + i(z − z′)/ζn
exp

{
− (r/η)2

1 + i(z − z′)/ζn

}
,

where again, ζ = kη2/2.
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C.3 Solutions for shear wave beam integrals

C.3.1 Solution for source-frequency beam

The integral solution for the source-frequency is given in (6.2) as

u(ω)(r, z) =

∫∫ ∞
−∞

Gω(r, z|r′, 0) (p0 +Ar′) e−(r′/a)2dx′dy′. (C.29)

The above expression is a special case of the general integral equation solution given in

(C.28) if we make the substitutions

a = p0,

B = A,

n = 1,

z′ = 0,

η = a, ζ = 1
2
ka2 = z0.


(C.30)

Making these substitutions into (C.28) yields

u(ω)(r, z) =

(
p0 +

Ar

1 + iz/z0

)
1

1 + iz/z0

exp

{
− (r/a)2

1 + iz/z0

}
, (C.31)

which is the solution for the shear wave beam at the source frequency given in (6.4).

C.3.2 Solution for second-harmonic beam

The integral solution for the second-harmonic beam is given in (6.22) as

u(2ω)(r, z) =

∫ z

0

∫∫ ∞
−∞

G2ω(r, z|r′, z)
[(

adj∇u(ω)
)
u(ω)

]
x=x′

dx′dy′dz′. (C.32)

Furthermore, in Sec. 6.3.1 we establish that the virtual source term appearing in the

above integrand has the form(
adj∇u(ω)

)
u(ω) = ik 3

4
β2

[
(adjA)p0 +

(detA)r

1 + iz/z0

]
1

(1 + iz/z0)3
exp

{
− 2(r/a)2

1 + iz/z0

}
.

(C.33)

Making the substitutions

η = a

√
1 + iz′/z0

2
,

a = adjA,

B =
(detA)1
1 + iz′/z0

,


(C.34)
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we find that the virtual source term given in (C.33) is then given by[(
adj∇u(ω)

)
u(ω)

]
x=x′

=
Λ2

(1 + iz′/z0)3
(a+Br′) e−(r′/η)2 . (C.35)

The above expression is a scaled version of an affine polarization with Gaussian ampli-

tude shading. The scale factor ik 3
4
β2 can be taken out of the integral in (C.32), and we’re

left with

ik 3
4
β2

∫ z

0

1

(1 + iz′/z0)3

∫∫ ∞
−∞

G2ω(r, z|r′, z) (a+Br′) e−(r′/η)2dx′dy′dz′. (C.36)

The double integral with respect to x′ and y′ is a special case of the general integral

solution derived above, and hence can be written in the form given in (C.28),(
a+

Br

1 + i(z − z′)/ζn

)
1

1 + i(z − z′)/ζn
exp

{
− (r/η)2

1 + i(z − z′)/ζn

}
. (C.37)

Since ζ = 1
2
kη2, and η is given by the expression in (C.34), we have

ζ = 1
2
ka2 1 + iz/z0

2
=
z0(1 + iz/z0)

2
. (C.38)

With n = 2, the denominator that occurs in the solution to the general integral equation

becomes

1 + i(z − z′)/ζn = 1 +
i(z − z′)/z0

1 + iz′/z0

=
1 + iz/z0

1 + iz′/z0

, (C.39)

and so we have
1

1 + i(z − z′)/ζn
=

1 + iz′/z0

1 + iz/z0

. (C.40)

Substituting the expressions in (C.34) into the parenthetical vector amplitude occurring

in (C.37) thus yields

a+
Br

1 + i(z − z′)/ζn
= (adjA)p0 +

(detA)r

1 + iz/z0

. (C.41)

The argument of the exponential function occurring in (C.37) is given by

− (r/η)2

1 + i(z − z′)/ζn
= −2(r/a)2(1 + iz′/z0)

1 + iz′/z0

1 + iz/z0

= − 2(r/a)2

1 + iz/z0

. (C.42)

Combining the above results gives for the second-harmonic beam solution

ik 3
4
β2

1 + iz/z0

[
(adjA)p0 +

(detA)r

1 + iz/z0

]
exp

{
− 2(r/a)2

1 + iz/z0

}∫ z

0

1

(1 + iz′/z0)2
dz′. (C.43)
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The integral with respect to z′ in the above expression is evaluated as∫ z

0

1

(1 + iz′/z0)2
dz′ =

[
z′

1 + iz′/z0

]z
0

=
z

1 + iz/z0

. (C.44)

Thus the final expression for the integral solution given in (C.32) is

u(2ω)(r, z) = ik 3
4
β2

[
(adjA)p0 +

(detA)r

1 + iz/z0

]
z

(1 + iz/z0)2
exp

{
− 2(r/a)2

1 + iz/z0

}
, (C.45)

which is the full solution for the second-harmonic beam given as (6.24) in Chap. 5.
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