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Let R be a connective ring spectrum and letM be an R-bimodule. In this pa-

per we prove several results that relate the K-theory of R⋉M and TM
R to a“topological

Witt vectors” constructionW(R;M), where R ⋉M is the square-zero extension of

R by M and TM
R is the tensor algebra on M. Our main results include a desciption

of the Taylor tower of K(R ⋉ (−)) and the derived functor of K̃(TR(−)) on the cate-
gory of R-bimodules in terms of the Taylor tower ofW(R;−).W(R;−) has an easily
described Taylor tower, given explicitly by Lindenstrauss and McCarthy in [17].

Our main results serve as generalizations of the results for discrete rings in

[17, 18] and also extend the computations by Hesselholt and Madsen [15] showing

that π0(TR(R; p)) is isomorphic to the p-typicalWitt vectors over R when R a com-
mutative ring.
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Chapter 1

Introduction

Algebraic K-theory has its origins in attempts to understand classical prob-

lems in algebraic geometry and geometric topology. Beginning as the study of

Grothendieck groups that encoded invariants associated to various geometric or al-

gebraic objects, it has evolved over the years to become a complex, powerfulmachine.

Part of this power lies in the ability for modern constructions of algebraic K-theory

to represent the universal (in a sense that can be made precise) functor that “splits

short exact sequences” or “stores Euler characteristics”.

In this generality, K-theory is a machine that takes in any object C with a
suitable notion of “short exact sequence” and spits out a connective spectrum K(C).
�e homotopy groups of this spectrum are the K-groups of C, and they encode deep
information about the structure of exact sequences in C.

Unfortunately, even understanding the K-theory of relatively “down-to-

earth” objects such as rings (obtained as the K-theory of the exact category of �nitely

generated projectivemodules) is generically a very di�cult thing to compute. A pos-

teriori, this can be seen as consequence of the large amount of information about

invariants that K-theory tends to pick up:

• Knowing that K4n(Z) = 0 for all n is equivalent to the presently unreseolved
Kummer-Vandiver conjecture, which has to dowith class numbers ofmaximal

real sub�elds of cyclotomic �elds.
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• �e K-theory of the category of spaces over a connected manifold contains a

factor that reads o� stable pseudo-isotopies – something fairly geometric and

di�cult to compute.�is isWaldhausen’s A(X) functor, which we will discuss
later.

• If X is a �nitely-dominated space (a retract of a �nite CW complex), then the

K-theory of the group ring Z[π1(X)] contains classical obstructions to X be-
ing homotopy equivalent to a �nite CW complex.

As a consequence of the overall di�culty of performing K-theory computations, a

fairly pro�table industry has been created which attempts to approximate K-theory

with more computable functors. Our work will fall along these lines, following most

immediately in the footsteps of Lindenstrauss and McCarthy, who were trying to

understand the (fairly intractable) functor

A↦ K̃(A) = ho�b(K(A)→ K(R))

on the category of algebras augmented over a given ring R. Our goal is the same, but

with R replaced by a connective ring spectrum. �e main content of our work is to

reduce to the results of Lindenstrauss and McCarthy, so we describe the motivation

behind their approach.

As just mentioned, studying the K-theory functor on the whole category of

augmented R-algebras is too di�cult, so it makes sense to try and attack a simpler

problem. One might hope that it would be easier to look at what happens when

restricted to free augmented algebras, that is looking at the functor on R-bimodules

M ↦ K̃(TR(M)),

where TR(M) is the tensor algebra onM.
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Indeed, one might even go further and try to understand the K-theory of

the “linearized” tensor algebra.�e Goodwillie derivative of the identity functor on

augmented R-algebras is given by

D(id)(A) = A/I2,

where I is the augmentation ideal of A. In the case where A = TR(M) for some
R−bimoduleM, then D(id)(TR(M)) = R ∨M, where R ∨M is the the square-zero

extension of R by M, the ring given by demanding that M2 = 0. In studying the
K-theory of square-zero extensions, then, we are also studying the K-theory of the

linearization of the tensor algebra functor, which is far simpler.

In the investigations of Dundas andMcCarthy in [10] of stable K-theory, they

prove the following, which hints at what sort of structure we should be looking for

in K(R ∨M):

�eorem 1.1 ([10]). For R a ring and M a discrete R-bimodule

K̃(R;B●M) ≃ ho�b{K(R ∨M)→ K(R)} = K̃(R ∨M).

�e le� side is de�ned as follows:

De�nition 1.1. Let R be a ring, and let M be an R-bimodule. We de�ne the

parametrized K-theory of R with coe�cients in M, K(R;M), to be the K-theory
of the exact category PM

R , consisting of pairs (P, f ) where P is a �nitely-generated
projective R-module and f ∶ P → P ⊗R M is a map of R-modules.�ere is a natural

map from PM
R to PR, the category that computes K(R) which forgets the presence

of a map. �is induces a map K(R;M) → K(R), and so we can take the homotopy
�ber to de�ne a reduced version:

K̃(R;M) ∶= ho�b(K(R;M)→ K(R)).

IfM is simplicial, we extend this de�nition by geometrically realizing.
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Work by Almkvist [1, 2] recognizes π0(K̃(R;M)) as a dense λ-subring of the

Witt vectors of R. A generalization of this fact appears in the papers of Lindenstrauss

and McCarthy, where they prove the following:

�eorem 1.2 ([19,�eorem 9.2]). Let R be a discrete ring, and M● a connected sim-

plicial R-bimodule. �en there is a natural zig-zag of equivalences

K̃(R;M●) ≃W(R;M●).

Given the Dundas-McCarthy result, we can read this as

K̃(R ∨M) ≃W(R;B●M).

�e le� hand side is the parametrized K-theory that we mentioned above,

and the right hand side is a “topological Witt vectors” construction. �e spectrum

W(R;M) is built out of the Cn �xed points of spectra Un(R;M) equipped with an
action by Cn by taking the homotopy limit over restriction maps that relate these

�xed points. �e motivation behind this construction is a (surprisingly successful)

attempt to mimic the creation of TR(R) from THH(R) in the presence of a bimod-
ule coordinate breaking the cyclic symmetry in THH(R).

�e previous result is proven using the techniques of Goodwillie calculus,

treating K(R;M[−]) as a functor from spaces to spectra. From this perspective,
knowing that these functors agree on connected input lets us come to the following

conclusion:

Corollary 1.3. �e functors K̃(R;−),W(R;−) from simplicial R-bimodules to spectra

have the same Taylor tower (in the sense of Goodwillie, see e.g. [12–14]).

�e advantage of this description is that the Taylor tower ofW(R;−) is very
explicitly described, given by something which looks remarkably similar to the “fun-

damental co�bration sequences” that we see when dealing with cylotomic spectra:
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�eorem 1.4 ([19, Cor. 5.9]). �ere is a homotopy �ber sequence

Un(R;M)hCn →Wn(R;M)→W(n−1)(R;M).

In fact, for M = R, we have W(R;R) ≃ TR(R) and their sequence re-
duces to the standard fundamental co�bration sequence.�is sequence exhibits the

Wn(R;−) (which are “truncated Witt vectors” used to build W(R;−)) as the n-th
Goodwillie derivatives ofW(R;−), with the layers given by Un(R;−)hCn .

As is the story with TC(R), the existence of this co�ber sequence allows for
inductive analysis ofW(R;M), which leads to results in [17] and [19].

From Theorem 1.2, Lindenstrauss and McCarthy go on to describe the K-

theory of the full tensor algebra in terms of the Witt vectors:

�eorem 1.5 ([18, Corollary 3.3]). If R is a unital ring, there is a natural zig-zag of

equivalences of functors of connected simplicial R-bimodules

ΣK̃(R;−) ≃ K̃(TR(−)),

where TR(−) is the derived tensor algebra functor over R.

Altogther, the Lindenstrauss-McCarthy results provide us with an under-

standing a good �rst approximation to the K-theory functor on the full category of

augmented R-algebras, and it is this type of understanding that we will try to extend.

Goals and Outline of Main Results

�e purpose of this paper is to extend some of the above results to apply to

connective ring spectra, the slogan being that we can (in the words of Dundas [8])

“resolve rings up to homotopy by simplicial rings”.�at is to say, any connective ring
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spectrum is the homotopy limit of HZ-algebras, which are equivalent to simplicial

rings. One might also phrase this slogan as “simplicial rings are dense in Γ-rings”.

�is is made precise later, but a summary is as follows:

Proposition 1.6. For any Γ-ring R, there is an in�nite cube with R as the initial vertex,

all of the noninitial vertices canonically equivalent to HZ-algebras, and such that the

map from R into the homotopy limit over any punctured, size-k subcube is k-connected.

As such, we can recover R as the homotopy limit over the punctured in�nite

cube of HZ-algebras. �is resolution is also compatible with a similar resolution of an

R-bimodule M.

We then prove that the composite functor obtained by taking the K-theory of

square-zero extensions is well-behaved with respect to this sort of resolution cube:

Proposition 1.7. For any Γ-ring R and R-bimodule M, there is an in�nite cube with

the reduced (over R) K-theory K̃(R ∨ M) as the initial vertex, and all of the nonini-

tial vertices are computing the reduced K-theory of square-zero extensions of simplicial

rings.

�is cube is such that the map from K̃(R ∨M) to the homotopy limit over the

punctured in�nite is an equivalence.

Using the above, the fact that the K-theory of radical extensions of simplicial

rings can be computed levelwise, and the discrete results of Lindenstrauss-McCarthy,

we obtain our �rst main result.�is gives us a description of the Taylor tower of the

K-theory of square-zero extensions:

�eorem 1.8. Let R be a Γ-ring (a connective ring spectrum) and let M be an

R−bimodule. �en there is a zig-zag of equivalences of simplicial sets

K̃(R ∨M) ≃W(R; ΣM),
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and therefore a zig-zag of equivalences of the associated spaces or spectra. As a result,

the functors from R-bimodules to spectra

K̃(R ∨ −) and W(R;−)

have the same Taylor tower.

�e 1st derivative ofW(R;−) is known to be THH(R;−), so as a corollary
we reproduce the identi�cation of stable K-theory as THH:

Corollary 1.9. Let R be a Γ-ring. �en the derivative of the functor K̃(R∨Ω(−)) from
R-bimodules to spectra is naturally equivalent to to THH(R;−):

D(K̃(R ∨Ω(−))) ≃ THH(R;−).

We thenmove on to study the tensor algebra functor over a Γ-ring R, which is

de�ned in much the same way that tensor algebras over rings are de�ned.�e strat-

egy for doing this parallels the one for studying the square-zero extension, but there

are more technical di�culties to grapple with, coming from the tensor algebras be-

ing de�ned as an in�nite colimit. Regardless, we prove the same sort of resolvability

result:

Proposition 1.10. For any Γ-ring R and any co�brant R-bimodule M, there is an in-

�nite cube with the reduced K-theory K̃(TR(M)) as the initial vertex, and all of the

noninitial vertices are computing the reduced K-theory of derived tensor algebras of

simplicial rings.

�is cube is such that the map from K̃(TR(M)) to the homotopy limit over the

punctured in�nite is an equivalence.
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Using this, a reduction to a level-wise computation for simplicial rings, and

the discrete results of Lindenstrauss-McCarthy, we relate the K-theory of the tensor

algebra TR(M) to that of the square-zero extension when M is co�brant. In con-

junction with our �rst main result, we obtain:

�eorem 1.11. Let R be a Γ-ring,�en there is a zig-zag of natural transformations of

functors

ΣK̃(R ∨ −)↔ K̃(TR(Σ(−))

that is an equivalence when applied to connected, co�brant input.

As a result, the derived functors of

ΣK̃(R ∨ −) and K̃(TR(Σ(−))

have the same Taylor tower.

Given Corollary 3.30, we could also say the same of

ΣW(R;−) and K̃(TR(−))).

�is theorem specializes to the following (discussed in the introduction to

[17]), which provides a description ofWaldhausen’s A-theory on suspensions of con-

nected spaces that provides some explanation for the results of [5]:

Corollary 1.12. Let X be a connected simplicial set. �en there is an equivalence

ΣW(S;SX) ≃ K̃(TSSX) =∶ A(ΣX).

While we do not do so here, it seems certain that our results could be used to

provide concrete descriptions of theK-theory of some simple square-zero extensions

(say, of a su�ciently nice ring spectrum by itself).�is program was carried out by

Lindenstrauss and McCarthy for discrete rings in [17], and it is likely that many of

their techniques would work with connective ring spectra as well.
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Outline

�e structure of this paper is as follows:

• In Chapter 2 we de�ne the square-zero extension functor and prove some

properties of this functor that we will need. �is chapter also serves to ex-

hibit the main technical tools that we use throughout the paper – resolving

Γ-rings by simplicial rings, using “cubical resolvability”, and computing func-

tors levelwise for simpicial rings.

• In Chapter 3 we recall the de�nition of Lindenstrauss-McCarthy’s “topological

Witt vectors” functor for connective ring spectra, prove some new properties

of this functor, and then use these properties to relate the topological Witt

vectors to the K-theory of square-zero extensions.

• In Chapter 4 we describe tensor algebras on bimodules over Γ-rings and relate

their K-theory to the K-theory of square-zero extensions, the topologicalWitt

vectors, and Waldhausen’s A(X) functor.

• �e Appendix serves to provide backgroundmaterial on Γ-spaces and the res-

olutions we use throughout the paper.
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Chapter 2

K-�eory of Square-Zero Extensions

�is chapter will introduce the square-zero extension functor and describe

some of the properties of this functor that we will need later in order to compare it

to the topological Witt vectors.

Convention. �roughout the paper, we will be working with a model of connective

ring spectra as Γ-rings, because of the simple point-set relationship between HZ-

algebras in Γ-rings and simplicial rings. While HZ-algebras in any model of spectra

are Quillen equivalent to simplicial rings via a zig-zag of lax monoidal functors, our

goal is to use results for discrete rings, so it is convenient to know a bit more than

what we are given by a zig-zag of Quillen equivalences.

�e crucial property that Γ-rings enjoy is the existence of a strong symmet-

ric monoidal le� Quillen functor L that takes HZ-algebras to simplicial rings and

modules over HZ-algebras to modules over the corresponding simplicial rings.

Chapter A contains the background information about Γ-spaces, theirmodel

structures, and more details about their relationship to simplicial rings than we will

provide in the main text.

2.1 De�nitions and Some Technical Tools

Note. �roughout the paper we will be assuming knowledge of the basic properties

of algebraic K-theory as applied to Γ-rings. �ere are several equivalent ways that
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this can be constructed, and the output can be considered as:

• A simplicial set that is the 0th simplicial set in an Ω-spectrum valued in sim-

plicial sets;

• An in�nite loop space;

• �e spectrum associated to either of the above objects.

For some of the details of these constructions and proofs that they are equivalent,

see [9].

De�nition 2.1. Let R be a Γ-ring and M an R-bimodule. We de�ne the square-zero

extension R ∨M. �is is a Γ-ring, given as a Γ-space by R ∨M, and de�ned by the

property that theM factor is given the square-zero multiplication.

To be precise, R ∨M = R ∨M as Γ-spaces, and we de�ne the multiplication

(R ∨M) ∧ (R ∨M)→ R ∨M

by �rst using the splitting (as Γ-spaces) of the le� hand side smash product

(R ∨M) ∧ (R ∨M) ≃ (R ∧ R) ∨ (R ∧M) ∨ (M ∧ R) ∨ (M ∧M)

and then de�ning the multiplication on each wedge summand:

R ∧M → M and M ∧ R → M

using the R-bimodule structure onM,

R ∧ R → R

using the algebra structure on R, and we demand that

M ∧M

11



maps to ∗.

�ere is a natural map R ∨M → R of Γ-rings, given by projecting onto the R

factor, and this induces a map

K(R ∨M)→ K(R),

so we can de�ne the reduced K-theory by taking the homotopy �ber:

K̃(R ∨M) ∶= ho�b(K(R ∨M)→ K(R)).

While we will not describe in detail the category of Γ-rings presently (this is

done in Chapter A), we will disuss some of the technical tools we use in this paper

and set notational conventions.

2.1.1 Cubical Diagrams

We �rst review the theory and notation of cubical diagrams, which appear in

the study of Goodwillie calculus and related subjects (see, e.g. [13] or the appendix

to [9]).

De�nition 2.2. IfA is a set, we letPAbe the category of subsets ofAwithmorphisms
given by inclusions. We denote PN by P and P {1, . . . , n} by Pn. An A-cube (with
values in a category C) is a functor

X ∶ PA→ C .

We use the shorthand X S to denote the value X (S).

If we have an A-cube X , then for any subset B ∈ PA we obtain a B-subcube
by the composite

B → PA XÐ→→ C .

If the cardinality of B is n, we call this an n-subcube.

12



De�nition 2.3. Let X be an A-cube with values in any category with well-de�ned

notions of homotopy (co)limits, connectivity, etc. We say thatX is k-Cartesian if the
map

X∅ → holim
S≠∅
X S

is k-connected. We say that X is k-coCartesian if the map

hocolim
S∈P∖A

X S → X A

is k-connected.

We say that X is (co)Cartesian if it is k-(co)Cartesian for all k.

Example. An example of a 3-cube is the following, where we have suppressed the

maps that factor through other maps in the cube (eg. X∅ → X 12):

X 2 X 12

X 23 X 123

X∅ X 1

X 3 X 13

If we puncture it (again, suppressing many of the maps), we get:

X 2 X 12

X 23 X 123

holimS∈P3∖∅ XS

X∅

X 1

X 3 X 13

13



For this cube to be k-Cartesian we require the map from X∅ to holimS∈P3∖∅X S to

be k-connected.

Unfortunately, being k-(co)Cartesian is generally not a strong enough con-

dition on a cube to guarantee that it plays nicely with the functors that we will be

considering. We will also need to impose good behavior on subcubes:

De�nition 2.4. Let f ∶ N → N be a function. We say that an A-cube X is f -

(co)Cartesian if every n-subcube of X is [ f (n)]-(co)Cartesian.

Example. For f (n) = n as in the above de�nition, we say that an f−(co)Cartesian
cubeX is (id)-(co)Cartesian.�is means that every n-dimensional subcube ofX is
n-(co)Cartesian.

�emost useful property of (id)-Cartesian cubes thatwewill exploit (proven
later as�eorem 2.9) is that ifX is an (id)-CartesianN-cube, then there is an equiv-
alence

X∅ → holim
S≠∅
X S .

We will be dealing with functors that preserve Cartesian-ness of cubes to

varying degrees; we now codify the sort of good behavior that these functos have:

De�nition 2.5. Let F be a functor. If F takes (id)-Cartesian k-cubes to cubes that are
f (k)-Cartesian with f (k) an increasing function of k, we will say that F is cubically
resolvable.

By Theorem 2.9, applying a cubically resolvable functor to an (id)-Cartesian
N-cube X grants us an equivalence

F(X∅) ≃Ð→ holim
S∈P∖∅

F(X S).

14



2.1.2 Resolutions of Γ-rings

As stated in the introduction, our working slogan is that “simplicial rings

are dense in Γ-rings”. It is important to know exactly how the category of simplicial

rings, Ring∆, lives in the category of HZ-algebras, AlgHZ, for this philosophy to be

useful.

For any simplicial ring R, we have an Eilenberg-MacLane functorH that pro-

duces a Γ-ring HR. In fact H is lax monoidal, so for all R, HR becomes a module

over HZ.�is therefore de�nes a functor

H ∶ Ring∆ → AlgHZ .

�ere is a le� adjoint L to H that has nice properties, which we will use frequently:

�eorem 2.1 ([24, Lemma 1.2,�eorem. 4.4]). �ere is a Quillen adjoint pair

AlgHZ ⊢ Ring∆

L

H

with the following properties:

• H, L de�ne a Quillen equivalence between the stable model structure on HZ-

algebras and the model structure on Ring∆ (cf. Chapter A);

• H is a lax symmetric monoidal;

• L preserves �nite products;

• L is strong symmetric monoidal.

15



In addition, if B is a simplicial ring then the adjoint functors H and L form a

Quillen equivalence between the categories of B-modules and HB-modules (again, see

Chapter A for a discussion of the model structures involved).

In addition, we can use the functor HZ ∧ (−) to produce cosimplicial res-
olutions of Γ-rings by HZ-algebras. �e details of this are recorded in Chapter A,

but one might think of this as taking iterated homology or performing the Adams

resolution.�e cubes associated to these resolutions are nice enough to recover the

Γ-ring we start with (essentially because of the Hurewicz theorem), and moreover

this resolution is compatible with bimodule structure.

Warning. �e maps in this cube are not maps of HZ-algebras. If this were the case,

then we would be able to take this homotopy limit in the category of HZ-algebras

(simplicial rings), and this would imply that all connective ring spectra are stably

equivalent to simplicial rings.�is is not the case, as it can be shown that the sphere

spectrum S is not stably equivalent to a simplicial ring.

We encode these facts in the following proposition, prefaced by a de�nition

that codi�es the compatibility of the module structures in our resolution:

De�nition 2.6. A cube S ↦ (RS ,MS) of Γ-rings and bimodules is admissible if for

all U ,V ⊂ P :

• the maps RU → RV are maps of Γ-rings;

• themapMU → MV is amap ofRU-modules, whereMV is given anRU-module

structure using the map RU → RV .

Proposition 2.2. For any Γ- ring R and R-bimodule M, there are cubes S ↦ RS and

S ↦ MS that are (id)−Cartesian, and so there are equivalences

R ≃Ð→ holim
S∈P∖∅

RS

16



and

M ≃Ð→ holim
S∈P∖∅

MS .

Moreover, these cubes are such that:

• MS is an HZ-module which is a bimodule for the HZ-algebra RS ;

• the cube S ↦ (RS ,MS) is admissible.

We also need the following consequence of the Blakers-Massey�eorem for

cubes, relating Cartesian and coCartesian cubes:

�eorem 2.3. [[9, Lemma A.7.3.2]] Let k > 0. An A-cube of spaces is (id + k)-
Cartesian if and only if it is (2 ∗ id + k − 1)-coCartesian.

Finally, we record an important fact about simplicial sets that we will use

quite o�en. �is allows us to pass equivalences of simplicial sets or spaces through

homotopy limits – not something one can do in all cases.

Proposition 2.4 ([9, Lemma A.6.2.3]). Let η ∶ F → G be a natural transformation

of functors from a small category I to pointed simplicial sets. �en if η is a pointwise

equivalence (induces an equivalence F(i) → G(i) for all i ∈ I), then there are natural

equivalences

holim
I

F ≃Ð→ holim
I

G

hocolim
I

F ≃Ð→ hocolim
I

G

2.2 Properties of the Square-Zero Extension

Now that we have access to the tools described in the last section, our pro-

gram will be to resolve Γ-spaces by simplicial rings and then compute things lev-

elwise. �is will put us in a situation where we can use the discrete results of
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Lindenstrauss-McCarthy and Dundas-McCarthy. To do this, we need to make sure

that our construction of the square-zero extension is compatible with every part of

our program.

2.2.0.1 Simplicial Rings Associated to the Resolution

�e �rst thing we’ll need is the ability to use the resolutions of R andM sep-

arately to resolve R ∨M.

Proposition 2.5. Let S ↦ RS and S ↦ MS be the resolution cubes described earlier.

�en the cube S ↦ RS ∨MS is (id)-Cartesian, and so provides a resolution of R ∨M

by HZ-algebras.

Proof. First note that as Γ-spaces, S ↦ RS ∨ MS is the wedge cube S ↦ RS ∨ MS ,

so we consider this cube. �e Blakers-Massey theorem (Theorem 2.3) tells us that

coCartesian cubes and Cartesian cubes coincide in Γ-spaces, so it su�ces to check

that this cube is (id)−coCartesian.

Let X ,Y be A-subcubes of S ↦ RS and S ↦ MS , respectively. �en by as-

sumption we know that the maps

x ∶ hocolim
S∈PA≠A

X S → X A

and

y ∶ hocolim
S∈PA≠A

Y S → YA

are ∣A∣-connected. We can then form the wedge cube X ∨ Y , where the value at S
is X S ∨ Y S . We need to show that this cube is ∣A∣-coCartesian. Because the wedge
product is a homotopy colimit and homotopy limits commute, we have an equiva-

lence

hocolim
S∈PA≠A

X S ∨ Y S ≃Ð→ hocolim
S∈PA≠A

X S ∨ hocolim
S∈PA≠A

X S ,
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and moreover under this identi�cation the natural map

hocolim
S∈PA≠A

X S ∨ Y S → X A ∨ YA

is identi�ed as the wedge of the separate maps

hocolim
S∈PA≠A

X S ∨ hocolim
S∈PA≠A

X S x∨yÐÐ→ X A ∨ YA.

Again, these are both ∣A∣-connected, and again because the wedge is a homotopy
colimit, this implies that this map x ∨ y is ∣A∣-connected. More generally, suppose
that we have k-connected maps f1 ∶ X1 → X2, f2 ∶ Y1 → Y2. �en the homotopy

�bers F1, F2 of the respective maps are k-connected. Because �nite homotopy col-

imits (wedges, in this case) commute with homotopy limits (�bers, in this case), the

�ber of the map

f1 ∨ f2 ∶ X1 ∨ Y1 → X2 ∨ Y2

is naturally equivalent to F1 ∨ F2, which is stably equivalent to F1 × F2, as we are

working with Γ-spaces. As π∗(F1 × F2) ≃ π∗(F1) × πast(F2), this implies that F1 ∨ F2
is k-connected, and so the map f1 ∨ f2 is as well.

Next, we need to know is that the simplicial rings associated to the resolution

of R ∨M are of an appropriate form.

Proposition 2.6. �e simplicial ring associated to the HZ-algebra RS ∨MS via L is a

square-zero extension of the form L(RS)∨L(MS), where L(RS) has the multiplication

induced by L.

Proof. We �rst prove a general statement:

Lemma 2.7. Let F ∶ (C ,⊗) → (D,∧) be a strong symmetric monoidal functor be-

tween pointed symmetric monoidal categories that preserves coproducts. �en F also
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preserves square-zero extensions of monoids with respect to the symmetric monoidal

product.

Proof of Lemma. LetM be a monoid in C, N anM-bimodule, andM∨N be the cor-
responding square-zero extension. �en there are multiplication maps that respect

the splitting

(M ∨ N)⊗ (M ∨ N) ≅ (M ⊗M) ∨ (M ⊗ N) ∨ (N ⊗M) ∨ (N ⊗ N).

�emultiplication on F(M⊗N) is induced by themultiplication on (M⊗N), but we
de�ned this using the above splitting and demanding that themultiplication be given

by theM multiplication, theM-bimodule structure on N and 0, respectively.

Knowing this, we can appeal to the properties of L described in Chapter A

(namely that it satis�es the conditions of the above lemma) to say that

L(RS ∨MS) ≃ L(RS) ∨ L(MS).

A result we will rely heavily on is the cubical resolvability of K-theory, proven

by Dundas:

�eorem 2.8 ([8, Proposition 5.1]). Let X be an (id)-Cartesian n-cube of Γ-rings.

�en

K(X ) ∶ S ↦ K(X S)

is (n + 1)-Cartesian.

Using this, we can obtain the cubical resolvability of the square-zero exten-

sion. �is will follow from the more general theorem we prove about cubically re-

solvable functors:
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�eorem 2.9. Let F be a cubically resolvable functor. �en the natural map

F(X∅)→ holim
S∈P∖∅

F(X S)

is an equivalence for any in�nite (id)-Cartesian cube X ∶ S ↦ X S .

One is tempted to say that it is �ne to take the homotopy limit of the increas-

ingly connected �nite (id)-Cartesian cubes to obtain an in�nte (id)-Cartesian cube,
but we need to make sure that the cubes assemble properly. To prove�eorem 2.11,

we follow the procedure used in the proof of [9, III.3.2.2] that shows that K-theory

is cubically resolvable.�is will require the following lemma:

Lemma 2.10 ([9, A.6.2.4]). Let f ∶ I ⊆ J be an inclusion of small categories and F a

J-shaped diagram of simplicial sets. �en the natural map

holim
J

F → holim
I

F

is a �bration.

Proof. We repeatedly apply this to the cubes coming from restricting S ↦ (RS ,MS)
to the nested, increasing �nite sets

P1 ⊂ P2 ⊂ P3 ⊂ ⋯.

�is gives us a map from F(X∅) into a tower of �brations, where we have indicated
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the connectivity of the maps (obtained from Proposition 2.5):

⋮

holimS∈P5∖∅ F(X S)

holimS∈P4∖∅ F(X S)

holimS∈P3∖∅ F(X S)

F(X∅) holimS∈P2∖∅ F(X S)

∗

≃≤2

≃≤3

≃≤4

≃≤5

Using the Bous�eld-Kan spectral sequence (cf. [9, A.6.4.3]) on the homotopy �bers

of the increasingly connected maps

F(X∅)→ holim
S∈Pn∖∅

F(X S)

we see that the map from F(X∅) into the homotopy limit of this tower is an equiv-
alence:

F(X∅) ≃Ð→ holim
n
holim
S∈Pn∖∅

F(X S).

However, because this is a tower of �brations of �brant objects, the limit and homo-

topy limit coincide, and the following natural map is an equivalence:

lim
n
holim
S∈Pn∖∅

F(X S) ≃Ð→ holim
n
holim
S∈Pn∖∅

F(X S).

We put this together into a commutative diagram, using the universal property of
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the limit:

limn holimS∈Pn∖∅ F(X S) holimn holimS∈Pn∖∅ F(X S)

F(X∅)

≃

≃

�e dashed map is in fact the natural map

F(X∅)→ holim
S∈P∖∅

F(X S)

as the target in the previous diagram can be identi�ed as a model for the homotopy

limit over the in�nite cube. �e diagram commuting implies that this map is an

equivalence, as desired.

�eorem 2.11. Let R be a Γ-ring, M an R-bimodule, S ↦ (RS ,MS) the admissible

(id)-Cartesian resolution by HZ-algebras/modules. �en there is a weak equivalence

K(R ∨M) ≃Ð→ holim
S∈P∖∅

K(RS ∨MS).

�is is compatible with the reduction maps, so we also have an equivalence

K̃(R ∨M) ≃Ð→ holim
S∈P∖∅

K̃(RS ∨MS).

Proof. Theorem 2.8 tells us that K-theory is cubically resolvable, and Proposition 2.5

tells us that S ↦ RS ∨MS is (id)-Cartesian. As a result, Theorem 2.9 grants us an
equivalence

K(R) ≃Ð→ holim
S∈P∖∅

K(RS ∨MS).

In addition, we have

K(R) ≃Ð→ holim
S∈P∖∅

KS(RS).
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�ese cubes are compatible, as for any S ,U ⊆ P with S ⊆ U there is a commutative

diagram
RS ∨MS RU ∨MU

RS RU

which exhibits the maps RS ∨ MS → RU ∨ MU as compatible with the reductions.

Because homotopy limits commute, this gives us the reduced statement

K̃(R ∨M) ≃Ð→ holim
S∈P∖∅

K̃(RS ∨MS).

2.2.1 Levelwise Computation for Simplicial Rings

In order to reduce to the results of Lindenstrauss-McCarthy for discrete

rings, we are going to need to be able to compute the K-theory of our functors eval-

uated on simplicial rings levelwise. Moreover, it will be important to make sure that

we can include compatibility with taking diagonals (“realization”, in the words of

Lindenstrauss and McCarthy) of simplicial bimodules.

Convention. �roughout, anytime we have a simplicial object X, we will use d(X)
to denote its diagonal. For a multisimplicial setM, the diagonal simplicial set d(M)
geometrically realizes to the geometric realization of M, and so we can think of ge-

ometric realization as either a functor from multisimplicial sets to simplicial sets or

spaces.

In [11], Goodwillie proves that we can actually compute the K-theory of

“small” extensions of simplicial rings levelwise. To make this precise, we �rst recall

the following:
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De�nition 2.7. Let R be a ring. �en the Jacobson radical of R is the intersection

of all maximal le� (or right) ideals of R. If A, B are simplicial rings, then a map

f ∶ A→ B is a radical extension if the kernels of the maps

fq ∶ Aq → Bq

are in the Jacobson radical of Aq for all q.

Given any map f ∶ A → B of (simplicial) rings, we can take the relative K-

theory, K( f ), which is given by the homotopy �ber

K( f ) ∶= ho�b(K(A) f∗Ð→ K(B)).

�e following tells us that we can compute these levelwise:

�eorem 2.12 ([11]). �e K-theory of a radical extension of simplicial rings can be

computed degreewise. �at is, if f ∶ A → B is a radical extension of simplicial rings,

then we have a zig-zag of weak equivalences of bisimplicial sets

K( f ) ≃ {[q]↦ K( fq)} .

where the le� side is the relative K-theory and the right side is the degreewise relative

K-theory.

On the level of the K-theory spaces (or spectra), we have

K( f ) ≃ ∣[q]↦ K( fq)∣ .

Proposition 2.13. Let R be a simplicial ring and M● a simplicial R-bimodule. �en

the relative K-theory K̃(R ∨M●) can be computed levelwise. �at is, there is a natural

equivalence of bisimplicial sets

K̃(R ∨M●) ∶= {[q]↦ K̃(R ∨Mq)} ≃ K̃(R ∨ d(M)).
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Note. We are going to belabor the description of what is going on in this proof a

bit, because it is a model for a technique that we will use several times in the future.

In general, we are going to want to both compute K-theory of simplicial rings level-

wise and carry a simplicial object through that levelwise computation. �is sort of

argument lets us do so.

Proof. Consider the map X ∶ ∆op × ∆op → Set ∶

[i , j]↦ Ri ∨Mi , j.

We give this the structure of a bisimplicial ring.

First we note that for a �xed, i , j, this is a ring. We just need to de�ne the

simplicial structure maps, which we do on each factor in the obvious way. As an

example: let dk
i be one of the face maps in the i-direction for Ri and Mi , j. We write

X(i , j)→ X(i − 1, j) as

Ri ∨Mi , j Ri−1 ∨Mi−1, j
dk
i ∨d

k
i

and letting d l
j one of the face maps in the j-direction for Mi , j, we write X(i , j) →

X(i , j − 1) as

Ri ∨Mi , j Ri ∨Mi , j−1.
id∨d l

j

�e degeneracy maps are de�ned in the same way, and this de�nes the structure of

a bisimplicial ring, as the i , j simplicial structure maps commute.

In addition, this is compatible with the maps to R. As another example, we

have evident commutative diagrams

Ri ∨Mi , j Ri−1 ∨Mi−1, j

Ri−1 Ri−1

dk
i

=

Ri ∨Mi , j−1 Ri ∨Mi , j−1

Ri Ri

d l
j

=
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as the downward arrows are simply projections onto the �rst factor, and the simpli-

cial structure maps are de�ned factor-wise. �is tells us that as i varies, we get the

structure of an augmented simplicial ring

R● ∨M●, j → R●.

As j varies, this assembles to an augmented bisimplicial ring.

On the other hand, as j varies, we have an augmented simplicial ring

Ri ∨Mi ,● → Ri ,

which assembles to the same augmented bisimplicial ring as we vary i.

�is implies that we have the structure needed to write a trisimplicial set

[k, j]↦ K̃(R j ∨Mk, j),

where the reductions are implictly happening with respect to R j:

⋮ ⋮ ⋮
K̃(R3 ∨M0,3) K̃(R3 ∨M1,3) K̃(R3 ∨M2,3) . . .
K̃(R2 ∨M0,2) K̃(R2 ∨M1,2) K̃(R2 ∨M2,2) . . .
K̃(R1 ∨M0,1) K̃(R1 ∨M1,1) K̃(R1 ∨M2,1) . . .
K̃(R0 ∨M0,0) K̃(R0 ∨M1,0) K̃(R0 ∨M2,0) . . .

Taking the vertical bisimplicial sets

K̃(R● ∨M j,●),

Theorem 2.12 tells us that there is a natural equivalence between these and the sim-

plicial sets

K̃(R ∨M j),
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where each one is the reduced K-theory simplicial of the simplicial ring R∨M j.�e

realization lemma assembles this to an equivalence of this trisimplicial set with the

bisimplicial set

[ j]↦ K̃(R ∨M j),

the above having bisimplicial structure from the simplicial structure on M j and the

functoriality of K-theory. �e diagonal of this (for the simplicial set, or the realiza-

tion for the space) is our de�nition of K̃(R ∨M●)

On the other hand, Theorem 2.12 tells us that there is a natural equivalence

[[ j]↦ K̃(R j ∨M j, j)] ≃ K̃(R● ∨ d(M)).

which must therefore be naturally equivalent to

[ j]↦ K̃(R ∨M j).

2.2.2 A Brief Aside on Parametrized K-�eory

We now entertain a discussion of parametrized K-theory, which is the K-

theory de�ned using theWaldhausen category of parametrized endomorphisms de-

scribed in the introduction. We recall the de�nition:

De�nition 2.8. Let R be a discrete rings and M an R-bimodule. We can consider

the exact category PM
R of �nitely-generated R-modules P equipped with R-module

maps P → P ⊗R M.�is has an exact structure by forgetting the maps and using the

exact structure in the category of �nitely-generated R-modules PR, and so we can

de�ne the parametrized K-theory of R with coe�cients in M to be

K(R;M) ∶= K(PM
R ).
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�ere is an obvious exact functor PM
R → PR that forgets the maps, and so we get a

map

K(R;M)→ K(R),

which lets us de�ne the reduced parametrized K-theory as

K̃(R;M) ∶= ho�b(K(R;M)→ K(R)).

IfM● is a simplicial R-module, we can extend this de�nition by geometrically

realizing (or taking diagonals of) the simplicial spectra (or spaces, or simplicial sets):

K(R;M●) ∶= ∣[q]↦ K(R;Mq)]∣ K̃(R;M●) ∶= ∣[q]↦ K̃(R;Mq)∣ .

Recall the theoremofDundas-McCarthy [10]mentioned in the introduction:

�eorem 2.14 ([10]). For R a ring and M a discrete R-bimodule, we have a natural

equivalence

K̃(R;B●M) ≃Ð→ K̃(R ∨M).

We do not prove a version of this statement for Γ-rings (or simplicial rings),

however, we can get a partial result, which says that the K-theory of the square-zero

extension is computable by the parametrized K-theory of simplicial rings that arise

from our resolution:

�eorem 2.15. Let R be a Γ-ring, M an R-bimodule, S ↦ (RS ,MS) the admissible

(id)-Cartesian resolution by HZ-algebras/modules from Construction A.10. �en the

the reduced K-theory K̃(R ∨M) is resolvable by the parametrized K-theory of discrete

rings, i.e.

K̃(R ∨M) ≃ holim
S∈P∖∅

∣K̃(L(RS)i ;B●(L(MS)i))∣.
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Warning. �emaps in this homotopy limit are notmaps coming from discrete rings

– this is simply a pointwise equivalence.

Proof. Theorem 2.11 gives us an equivalence

K̃(R ∨M) ≃ holim
S∈P∖∅

K̃(RS ∨MS).

We need only recognize the terms in the homotopy limit on the right hand side of

this equality as those we are interested in and make sure that the identi�cation is

compatible with the maps in the homotopy limit system.

By Proposition 2.6, L(RS∨MS) is of the form L(RS)∨L(MS), and because K-
theory behaves appropriately with respect to the Quillen equivalence between sim-

plicial rings and HZ-algebras, we have the equivalence

K̃(RS ∨MS) ≃ K̃(L(RS) ∨ L(MS)).

We can compute this levelwise, by Theorem 2.12, and noting that the levels

of a square-zero extension of a simplicial ring are square-zero extensions by discrete

rings, we get

K̃(L(RS) ∨ L(MS)) ≃ ∣K̃(L(RS)i ∨ L(MS)i)∣.

Now we apply the discrete Dundas-McCarthy theorem (Theorem 2.14) levelwise to

the rightmost term, whereby the realization lemma grants us an equivalence

∣K̃(L(RS)i ∨ L(MS)i)∣ ≃ ∣K̃(L(RS)i ;B●(L(MS)i))∣.
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Chapter 3

Topological Witt Vectors

In this chapter we introduce a construction which Lindenstrauss-McCarthy

refer to as “topological Witt vectors”.�is nomenclature can be justi�ed both by the

similarity between the construction of the Witt vectors as an inverse limit and the

fact that the actual Witt vectors appear in computations involving these functors in

[18]. Moreover, they can be seen as a generalization of TR(R), where the p-typical
Witt vectors appear (cf. [15]).

Our use of the model of connective ring spectra as Γ-rings allows our de�-

nitions to coincide with the de�nitions given in [18], etc. for FWSs and FSPs.

3.1 De�nitions

Before we de�ne the Witt vectors, we need to remark on a potential con�ict

between the objects studied by Lindenstrauss-McCarthy and our Γ-spaces.

Convention. Consistently, wewill allow ourselves to evaluate Γ-spaces or Γ-rings on

simplicial sets, i.e. think of themas their associated functorswith stabilization (FWS)

or functors with smash product (FSP) (cf. [4, 17]) that are obtained via prolongation

(cf. Section A.4). We will continue to refer to them as Γ-spaces or Γ-rings, however.

In order for this convention to be consistent with both the Lindenstrauss-

McCarthy results our use of Γ-spaces earlier, we need a few facts, which are easily
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obtained by looking at the constructions of the prolongation functor and the way

that Lindenstrauss and McCarthy assign FSPs to (simplicial) rings:

• If we prolong a Γ-space X to obtain a FWS, XFWS , the restriction of XFWS to

�nite sets coincides with the values of X.

• �e spectrum associated to a Γ-space is the same as the one associated to

the FWS, which is de�nitional. �e spectrum associated to a Γ-space is ob-

tained by prolongation and evaluation on simplicial spheres, which is exactly

the spectrum associated to the FWS.

• �e FSP associated to a (simplicial) ring R by Lindenstrauss-McCarthy, RFSP

coincides with HRFSP, the FSP associated to the Γ-ring HR.

• If M is a bimodule over a (simplicial) ring R, then the RFSP-bimodule MFWS

coincides with the HRFSP-bimodule HMFWS .

• Homotopy (co)limits are computed in the projectivemodel structure for FWS.

Because all of the FWS we consider have Ω-spectra associated to them and we

only end up considering the associated spectra, this amounts to computing

homotopy (co)limits of the simplicial sets that form the 0th spaces of our Ω-

spectra.

With the above inmind, we now de�ne a simplicial Γ-spaceW(R;M). It will
be built out of the following simplicial Γ-spaces:

De�nition 3.1. Let C be a Γ-ring andM an R-bimodule. Let I denote the category

of �nite sets with injections (the indexing category of Bökstedt, as in [4]), S∗ the

category of pointed simplicial sets. We de�ne V n
k (R;M) ∶ In(k+1) → S∗ by

V n
k (R;M)(x) =

n
⋀
i=1

[M(Sx i ,0)
k
⋀
j=1

R(Sx i , j)] .
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where for k = 0 we understand the latter smash product as empty (there are only
bimodule entries).

We then de�ne, Un
k (R;M) ∶ S∗ → S∗, which is given by

Un
k (R;M)(X) ∶= hocolim

x∈In(k+1)
Ωx(X ∧ V n

k (R;M)(x)),

where Ωx = HomS∗(⋀i , j Sx i , j , sing(∣− ∣)) is the derived loops functor indexed by the
vector x.

As k varies, we have that these functors have simplicial structure exactly

analagous to that of THH: the internal face maps are given by using the action of

C on itself and the �rst and last face maps use the right/le� bimodule structure of
M.

In addition to the simplicial structure, there is an evident action of Cn on

Un
k (R;M) that is compatible with the simplicial structure.�is comes from permut-
ing the n “blocks” that show up in V n

k (R;M) (the parts with a �xed j in the above

notation) and the loop coordinates that show up in Ωx .�e details of the simplicial

structure and the Cn-action are written out in detail in [17].

�eseUn(R;M)k functors serve asmodels for the derived cyclic tensor prod-
uct of n copies of the R-bimodule M, which have the evident Cn actions we just

described.

Example. U 1(R;M) = THH(R;M) as usually de�ned for Γ-rings. U4 looks some-
thing like:

M

M

M

M

⊗
L
R

⊗
L
R ⊗

L
R

⊗
L
R
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and the C4 action is given by rotating the copies ofM.

We wish to keep track of the relationships between the various �xed point

spaces Um(R;M)Cm , as when we build TR from THH, and so we are led to the

following:

Construction 3.1. As in ([18]), the Cn-�xed points of Um are given by

Um
k (R;M)Cn ≃ hocolim

x∈Ik+1
Ωx∧m(Vm

k (R;M)(x×m))Cn .

For x ∈ Im(k+1) and if n∣m, then there are C m
n
≃ Cm/Cn-equivariant homeo-

morphisms

((Sx)∧m)Cn ≃ (Sx)∧ m
n (3.1)

(V n(R;M)(x×m))Cn ≃ V
m
n (R;M)(x× m

n ). (3.2)

IfG is a group with a normal subgroupH and X ,Y areG−spaces, then there
is a map given by restriction to H-�xed points:

resH ∶ Hom(X ,Y)G → Hom(XH ,Y)G = Hom(XH ,YH)G/H

In the case where we have n∣m, we can take G = Cm ,H = Cn, and so (keeping in

mind (Eq. (3.1)) and (Eq. (3.2)) we have maps

[Ωx∧m(X ∧ Vm
k (R;M)(x×m))]Cm → [Ωx∧

m
n (X ∧ V

m
n

k (R;M)(x× m
n ))]

C m
n

which induce maps

resn ∶ Um(R;M)Cm → U
m
n (R;M)C m

n .

We can now de�neW(R;M), using a procedure similar to the construction
of TR starting from THH:
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De�nition 3.2. �e topological Witt vectors of C (with coe�cients inM) are the sim-

plicial Γ-space

W(R;M)(X) ∶= holim
n,res i

Un(R;M)(X)Cn .

We can also de�ne the “truncated” versions

W(R;M)(n)(X) ∶= holim
j≤n,res i

U j(R;M)(X)C j .

With these de�nitions, we have

W(R;M) = holim
n

Wn(R;M).

By evaluating on the simplicial set S0, we obtain bisimplicial sets

Un(R;M; S0) and W(R;M; S0). �e diagonal of these bisimplicial sets produces
simplicial sets which are the 0th spaces of an Ω-spectrum in simplicial sets. Ge-

ometrically realizing gives us a space which is the 0th space of an Ω-spectrum in

spaces. See [17] for further details.

Convention. As a matter of course, when we refer to Un(R;M),W(R;M), etc.
without any reference to their structure as simplicial Γ-spaces or simplicial spectra,

we will be referring to one of the above simplicial sets, spaces, or spectra. We will be

clear which we are referring to if it is important, and unclear if a statement is true of

all of them.

Example. If R = M, thenW(R;R) is exactly TR(R) as usually de�ned.�is is a fact
that we will need to use later to de�ne a “multi-trace” map from K-theory.

Note. We stop to make some remarks, �rst about the chosen nomenclature. We can

writeWn(R;M) as a homotopy limit

Wn(R;M) ≃ holim(Un(R;M) resÐ→W(n−1)(R;M)),
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over themap res induced by the restrictionmaps out ofUn(R;M). Morally, then, an
element ofWn(R;M), consists of an element x ∈ Un(R;M) and y ∈ W(n−1)(R;M)
such that res(x) = y. �is looks very much like the construction of the p-typical

Witt vectors as a limit over Z/pnZ.

Second, we remark on the utility of having W(R;M) related to K-theory.
From [19, Proposition 5.2], we have the “fundamental co�bration sequence”-like ho-

motopy �ber sequence of simplicial sets:

Un(R;M;X)hCn →Wn(R;M;X)→W(n−1)(R;M;X). (3.3)

One of the remarkable features of this sequence is that it is actually a descrip-

tion of the layers of the Taylor tower (the homotopy �ber sequence Dn → Pn → Pn−1
that picks o� the degree n “homogeneous” part of the n-th polynomial approxima-

tionwewill discuss later).�e upshot is thatwe get tractablemodels for the spectra in

the layers of the Taylor tower and a co�ber sequence that relates them to each other,

suggesting the possibility of making inductive arguments to compute K-theory. Lin-

denstrauss and McCarthy use this strategy to great e�ect in [19].

3.2 Properties

Wenowprove the properties of theUn ,W functors that wewill need in order

to compare them to K-theory. �ey will largely be the same as those we proved for

the square-zero extension earlier.

3.2.1 Degreewise Computation

Lemma 3.2. Let R● be a simplicial Γ-ring, and M● an R●-bimodule. �en Un(R●;M●)
can be computed degreewise, i.e. for all simplicial sets X

Un(d(R); d(M);X) ≃ d ([q]↦ Un(Rq;Mq;Xq)) .
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and therefore we get the equivalence of spectra

Un(d(R); d(M)) ≃ ∣[q]↦ Un(Rq;Mq)∣ .

Proof. Let x ∈ In(k+1) , then because the smash product is formed degree-wise, we

have that

X ∧ V n
k (d(R); d(M))(x) = [q ↦ Xq ∧ V n

k (Rq;Mq)q(x)].

We can recognize the right hand side as the diagonal of the bisimplicial set [[q, j]↦
Xq ∧ V n

k (Rq;Mq) j(x)]. As j varies, the levels Xq ∧ V n
k (Rq;Mq) are connected, so

we can perform loops degreewise (see [9, A.5.0.5], e.g.), and so there is a natural

equivalence

Ωx [X ∧ V n(d(R); d(M))k(x)]
≃Ð→ [q ↦ Ωx [Xq ∧ V n

k (Rq;Mq)(x)]] .

Using that homotopy colimits commute with geometric realization and an applica-

tion of the Bökstedt approximation theorem, we get a natural equivalence:

∣Un(d(R); d(M);X)k ∣
≃Ð→ ∣[q]↦ Un(Rq;Mq;Xq)k∣ ,

and an application of the realization lemma completes the proof.

Corollary 3.3. Let R be a simplicial ring, M an R-bimodule. �en for any simplicial

set X there is an equivalence

Un(R;M;X) ≃ d ([q]↦ Un(Rq;Mq;Xq)) .

Evaluating at X = S0, we get an equivalence

Un(R;M) ≃ d ([q]↦ Un(Rq;Mq)) .
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Proof. �is statement does not immediately appear to follow from Lemma 3.2, but

the following observation makes this possible: Let R be a simplicial ring, then it

can be considered as a Γ-ring in two ways.�e �rst is the normal construction HR,

whose value on a simplicial set X is

HR(X) ∶= R ∧ X .

On the other hand, we can consider the simplicial Γ-ringHR●, whose levels are given

by the Γ-rings associated to the discrete rings Ri ∶

HRi(X) ∶= Ri ∧ X .

�e important thing is that the diagonal of HR● is the same as HR ∶

d(HR●)(X)i = Ri ∧ Xi ,

and so

d(HR●)(X) = R ∧ X ,

as the smash product is performed levelwise. Indeed, the same fact holds for M,

and so with this in mind, we can apply Lemma 3.2 to HR● and HM● to obtain the

desired

Corollary 3.4. If M● is instead a simplicial R-bimodule, then for any simplicial set X

there is an equivalence

Un(R; d(M);X) ≃ d ([q]↦ Un(R;Mq;Xq)) ,

and therefore an equivalence of simplicial sets

Un(R; d(M)) ≃ d ([q]↦ Un(R;Mq)) .
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Proof. We consider R as a constant simplicial Γ-ring R●, and then a simplicial R-

bimodule is simply a module over this Γ-ring. In this case, d(R●) = R, and Rq = R.

Lemma 3.2 tells us that for any simplicial set X we have an equivalence

Un(R; d(M);X) ≃ d ([q]↦ Un(R;Mq;Xq)) .

Evaluating at X = S0 to get the 0th space of the associated spectrum, we get

Un(R; d(M)) ≃ d ([q]↦ Un(R;Mq)) .

Corollary 3.5. Combining the above two facts, we have an equivalence of bisimplicial

sets

Un(R;Mi) ≃ Un(Ri ; d(Mi)) ≃ Un(Ri ;Mi ,●)

Using the above, one can prove the analogous statement forW(R;M), as in
[18]:

Proposition 3.6. Let R● be a simplicial FSP, and M● an R●-bimodule. �en

W(R●;M●) can be computed degreewise, i.e. for all simplicial sets X

W(d(R); d(M);X) ≃ d {[q]↦W(Rq;Mq;Xq)} .

and therefore we get the equivalence of spectra

W(d(R); d(M)) ≃ ∣[q]↦W(Rq;Mq)∣ .

As before, this implies:

Corollary 3.7. Let R be a simplicial ring, M an R-bimodule. �en there is an equiva-

lence

W(R;M) ≃ ∣W(Ri ;Mi)∣.
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If M● is instead a simplicial R-bimodule, then we have an equivalence

W(R; d(M)) ≃ ∣W(R;Mi)∣.

Combining the above two facts, we have an equivalence

∣W(R;Mi)∣ ≃ ∣W(Ri ; d(Mi))∣ ≃ ∣∣W(Ri ;Mi ,●)∣∣.

3.2.2 Cubical resolvability

We now prove the same sort of resolvability statement forW(R;M) that we
proved for K(R ⋉M).�is will be slightly more complicated than that, but not too
di�cult – the proof follows roughly the same strategy that one uses to show the anal-

ogous result for topological cyclic homology.

First we need to show several related statements for the Un functors that we

use to buildW , and we need to recall the following statement about smashing cubes

from [10, IV.1.4.2] or [9, Lemma IV.1.4.1]:

Lemma 3.8. Let Xi be (id + xi)-Cartesian cubes for i = 1, . . . , n. �en

X ∶= {S ↦ ⋀
1≤i≤n
X S

i }

is (id +∑i xi)-Cartesian.

Using this, we can show the following:

Proposition 3.9. Let S ↦ (RS ,MS) be an admissible (id)-Cartesian cube of Γ-rings

and bimodules and let X be a k−connected simplicial set. �en the cube

S ↦ Un(RS ,MS ;X)
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is (id+k+1)-Cartesian. As a consequence, the cube of simplicial sets, spaces, or spectra

S ↦ Un(RS ;MS)

is (id + 1)-Cartesian.

Proof. By �brantly replacing everything we can assume that all of the nodes in the

cubes involved are �brant.�is does not a�ect the Cartesian-ness of the cube, as the

�brant replacement of the punctured cube (as a diagram) we would use to compute

the homotopy limit has the e�ect of �brantly replacing the objects of the cube. Fi-

brant Γ-spaces are very special (cf. Chapter A), and so the (id)-Cartesian conditions
hold pointwise (on all the values of the Γ-spaces).

We �rst show that for all q ≥ 0, S ↦ Un(R,M;X)q is (2∗ id+k)-coCartesian.
Let x = (xi , j) ∈ In(q+1), then for all q, the previous lemma tells us that

S ↦ X ∧ V n
q (RS ;MS)(x) = X ∧

n
⋀
i=1

[MS(Sx i ,0)
q

⋀
j=1

RS(Sx i , j)]

is (id + k + 1 + ∣x∣)−Cartesian (the factor of k + 1 coming from the constant cube
S ↦ X). Looping down by using Ωx, we get that this is (id + k + 1)−Cartesian, and
taking the associated homotopy colimit to get Un(RS ;MS ;X)q, we obtain that

S ↦ Un(RS ;MS ;X)q

is (id + k + 1)−Cartesian. Blakers-Massey ([9, A.7.2]) tells us that this is the same as
the cube being (2 ∗ id + k)-coCartesian.

Now, homotopy colimits commute with realization, so

S ↦ Un(RS ;MS ;X)

is equally coCartesian. Applying Blakers-Massey once more gives us the desired re-

sult.
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Again, Theorem 2.9 implies:

Corollary 3.10. Let (R,M) be an admissible id-Cartesian cube of Γ-rings and bimod-

ules. �en the natural map

Un(R∅;M∅)→ holim
S∈P∖∅

Un(RS ;MS)

is an equivalence.

Lemma 3.11. Let (R,M) be an admissible cube of Γ-rings and bimodules such that

Un(R;M) is id−Cartesian for all n. �en W(R;M) is also id−Cartesian.

Proof. We need to show thatW(R;M) is m-Cartesian when restricted to m-cubes;
to do thiswewill use the “fundamental co�bration sequence” Eq. (3.3) and induction.

Let X = (XR ,XM) be any m-subcube of the admissible cube (R,M), then
by assumption the cube Un(XR ,XM) is m-Cartesian. Because homotopy orbits
preserve connectivity and homotopy colimits, we have that Un(XR ,XM)hCn is m-

Cartesian as well. We have a map of homtopy �ber sequences

holim
S∈X∖∅

Un(RS ;MS)hCn holim
S∈X∖∅

Wn(RS ;MS) holim
S∈X∖∅

W(n−1)(RS ;MS)

Un(R∅;M∅)hCn Wn(R∅;M∅) W(n−1)(R∅;M∅)

We induct on n to show that Wn(XR ,XM) is m-Cartesian for all n. �e base case
n = 1 is the statement for U 1 = THH, which is true by Proposition 3.9.

For general n, the same proposition gives us that le� hand map is a m-

equivalence, and by induction we have that the right hand map is also an m-

equivalence. Using the �ve lemma for homtopy �ber sequences, get that the middle

map is anm−equivalence, or that the restricted cube ism-Cartesian, as desired.
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Combining Proposition 3.9, Lemma 3.11, and Theorem 2.9 we obtain:

Corollary 3.12. Let (R,M) be an admissible id-Cartesian k-cube of Γ-rings and bi-

modules. �en the cube

S ↦W(RS ;MS)

is (id + 1)-Cartesian.

�eorem 3.13. Let (R,M) be an admissible id-Cartesian cube of Γ-rings and bimod-

ules. �en the natural map

W(R∅;M∅)→ holim
S∈P∖∅

W(RS ;MS)

is an equivalence.

3.3 K-�eory of Square-Zero Extensions

In this section we relate the K-theory of square-zero extensions ot the Witt

vectors discussed in the previous sections.

3.3.1 Construction of a Map Between K-theory and the Witt Vectors

We now de�ne a weak map K̃(R ⋉ M) → W(R; ΣM) that restricts to the
Lindenstrauss-McCarthy equivalence on discrete rings in a suitable fashion.

Construction 3.14. Recall from [9], there are natural trace maps

trn ∶ K(A)→ sdnTHH(A)

that are compatible with the restriction maps used to build TR(A), so there is a map

tr ∶ K(A)→ TR(A).
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Given that Un(A) ≅ sdaTHH(A) andW(A) ≅ TR(A), this gives us maps

K(A)→ Un(A) and K(A)→W(A).

Using the above, we get the following commutative diagram, where we denote

ho�b(W(R ⋉M)→W(R))

as W̃(R ⋉M)
K̃(R ⋉M) W̃(R ⋉M)

K(R ⋉M) W(R ⋉M)

K(R) W(R)

t̃r

tr

tr

�ere is also a map W̃(R⋉M)→W(R; ΣM), which we now describe. First,
some notation:

De�nition 3.3. Let j⃗ be an n-tuple of non-negative numbers. We denote the sum of

the entries of j⃗ by ∣ j⃗∣.

Let V n, j⃗(R;M)(x) denote the part of V n(R ⋉M) where M appears ji times
in block i (the “ j⃗-homogeneous” part of V n(R ⋉M)). To be precise, we de�ne

V n, j(R;M)(x)k ∶=⋁
f
[

n
⋀
i=1

k+1
⋀
j=1

Fn
f (i , j)(Sx i , j)]

where f = { f1, . . . , fn} ranges over n-tuples of injections fi ∶ [ ji]→ [k + 1] and

F f (i , j) =
⎧⎪⎪⎨⎪⎪⎩

R (i , j) ∈ im( fi)
M otherwise

.

Note thatV n,0⃗
k (R;M)(x) is exactlyV n

k (R)(x), and that these assemble into simplicial
objects like V n

● (R;M).
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Recall the exact form of V n
k (R ⋉M) ∶

V n
k (R ⋉M)(x) =

n
⋀
i=1

k
⋀
j=0

(R ⋉M)(Sx i , j).

Expanding the latter smash product out and distributing, we see that this can be

written as

V n
k (R ⋉M)(x) =⋁

j⃗
V n, j⃗
k (R;M)(x).

We want to promote this decomposition to something forUn(R⋉M), so to this end
we de�ne the simplicial Γ-space

Un, l⃗
k (R;M)(X) ∶= ⋁

∣ j⃗∣=l
hocolim
x∈In(k+1)

Ωx(X ∧ V n, j⃗(R;M)(x)).

�ese also have aCn action, as theCn action onUn(R⋉M) preserves the total
number of times the bimodule coordinate shows up. One can think of this Cn action

as acting internally on V n, j⃗ and then acting on the vectors j⃗ by cyclically permuting

the entries.

�e Cn �xed points can only involve the vectors j⃗ that are diagonal (i.e. they

have the samenumber of bimodule coordinates in each block). Wedenote the special

vectors that correspond to these by v⃗k ∶= (k, k, . . . , k).

In this case, we have that

V n,v⃗k(R;M)(x)

has a Cn action, and so we can de�ne

Un,k
j (R;M)(X) ∶= hocolim

x∈In( j+1)
Ωx(X ∧ V n,v⃗k(R;M)(x)).
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Lemma 3.15. �ere is a Cn-equivariant decomposition of Un(R ⋉M) as

Un(R ⋉M) ≃ Un(R) ×∏
∣ j⃗∣>0

Un, j⃗(R;M)

and therefore an equivariant decomposition of Ũn(R ⋉M) as

Ũn(R ⋉M) ≃ ∏
∣ j⃗∣>0

Un, j⃗(R;M),

and moreover, both of these decompositions are compatible with the restriction maps,

in the sense that

r̃esn ∶ Ũm(R ⋉M)Cm → Ũ
m
n (R ⋉M)C m

n

restricts to a map

Ũm, j⃗(R;M)Cm → Ũ( m
n ,

j⃗
n )(R;M)C m

n ,

de�ned to be trivial if n does not divide j.

Passing to �xed points, we get decompositions

Un(R ⋉M)Cn ≃ Un(R)Cn ×∏
j>0

Un, j(R;M)Cn

and

Ũn(R ⋉M)Cn ≃∏
j>0

Un, j(R;M)Cn .

Proof. �e inclusions and projections

V n,i
k (R;M)(x) ⊆ V n

k (R ⋉M)(x)→ V n, j
k (R;M)(x)

induce Cn-equivariant maps

⋁
j≥0

Un, j(R;M)(X)→ Un(R ⋉M)(X)→∏
j≥0

Un, j(R;M)(X).

As in [9], this is an equivalence.

�e compatibility with the restriction maps is apparent when one analyzes

their de�nition.
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We can identify the least connected part of the above that could possibly have

any Cn-�xed points:

Lemma 3.16. �ere is a natural equivalence of Cn × S1-spaces

Un,n(R;M) ≃←Ð (S1+)n ∧Un(R;M),

where the latter has a diagonal Cn-action and free, diagonal S1 action on the le� coor-

dinate.

Proof. �e inclusion V n
k (R;M) ⊂ V n,n

k (R;M) is determined by a choice of one of
the (k + 1) positions in each of the n factors of V n,n

k . �is is encoded by an evident

equivalence

(C(k+1)+)n ∧Un
k (R;M)→ Un,n

k (R;M)

that speci�es this inclusion.

�is determines a map of cyclic Cn-spaces

(S1+)n ∧Un(R;M)→ Un,n(R;M).

Because all of the terms in the decomposition of the �xed points Ũm(R ⋉
M)Cn are of the form Un,kn(R;M)Cn which are 2k ∗ conn(M)-connected, the fol-
lowing is clear:

Lemma 3.17. Let M be a k-connected R-bimodule. �en the projection map

Ũm(R ⋉M)Cn → Un,n(R;M)Cn

and the inclusion map

Un,n(R;M)Cn → Ũm(R ⋉M)Cn

are 2k-connected.
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Construction 3.18. [17] gives us a natural equivalence

((S1)n ∧Un(R;M))Cn ≃Ð→ Un(R;B●M)Cn .

We can piece these maps together in order to get a map on W̃(R ⋉ M). �ere is a
projection map πn ∶ W̃(R ⋉M)→ Ũn(R ⋉M)Cn , allowing us to form the composite

weak maps

W̃(R ⋉M) Ũn(R ⋉M)Cn Un,n(R;M)Cn (S1+) ∧Un(R;M)Cn

Un(R;B●M)Cn (S1) ∧Un(R;M)Cn

πn ≃

≃

All of the relevant maps are compatible with the restriction maps, so taking the ho-

motopy limit over the restriction maps grants us a weak map

γ ∶ W̃(R ⋉M)→W(R;B●M).

Finally, we let T denote the composite weak map

K̃(R ⋉M) t̃rÐ→ W̃(R ⋉M) γÐ→W(R;B●M).

We wish to show that T is an equivalence, but our strategy of proof will re-

quire that we know two things:

• T can be computed levelwise on both sides;

• T agrees with the Lindenstrauss-McCarthymap up to homotopywhen applied

to discrete rings and simplicial bimodules.

We will need the following technical lemma, allowing us to compare the

Lindenstrauss-McCarthy map to our own:
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Lemma 3.19. Let R be a discrete ring, M an R-bimodule, X ,Y simplicial sets with Y

k-connected. �en the map on homotopy groups induced by β

π∗ ho�b(K̃(R;B●M[X∨Y])→ K̃(R;B●M[X]))→ π∗ ho�b(W(R;B●M[X∨Y])→W(R;M[X]))

is 2k-equivalent to the map induced by T

π∗ ho�b(K̃(R⋉M[X∨Y])→ K̃(R;M[X])→ π∗ ho�b(W(R;B●M[X∨Y])→W(R;M[X])).

As of this writing, a full proof of this comparison not complete. In the fol-

lowing, we provide some results that provide direction for how one method of proof

should go.

Proposition 3.20. �e Lindenstrauss-McCarthy trace map is compatible with our

weak map T.

Proof. We must be clear about what is meant by the above proposition, but we will

produce a decomposition of W̃(R⋉M[X∨Y]) that lines up with the decomposition
ofW(R;B●M⊕B●N) that it ismapped to via T . To de�ne T , we looked inUn(R⋉M)
and �ltered this by the number of occurrences of M. When we have M[X ∨ Y]
instead, we will �lter this further by looking at the separate number of occurrences

of X and Y .

Let us �rst describe the strategy used by Lindenstrauss-McCarthy. ForM ,N

R-bimodules with N k-connected, Lindenstrauss and McCarthy write a decompo-

sition

ho f ib K̃(R;B●M ⊕ B●N) K̃(R;B●M)

K̃(R ⋉M;B●N) K̃((R ⋉M) ⋉ N) K̃(R ⋉M)

≃ ≃ ≃
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where the rows split. By applying theDundas-McCarthy tracemap [10] to the bottom

le� corner, they obtain a 2(k + 1)-connected map

K̃(R;B●M ∨ B●N)→ THH(R ⋉M;B●N) × K̃(R;B●M).

By projecting out, they obtain a 2(k + 1)-connected map

ho�b(K̃(R;B●M ∨ B●N)→ K̃(R;B●M))→ THH(R ⋉M;B●N).

On the other hand, they provide a 2(k + 1)-connected equivariant map

Un(R;B●M ∨ B●N)→ Un(R;B●M) × (Cn)+ ∧Un(R;B●M , . . . , B●M , B●N).

Passing to Cn-�xed points and taking the homotopy limit used to de�ne W , they

obtain a 2(k + 1) − 1-connected map

W(R;B●M ∨ B●N)→W(R;B●M) × THH(R ⋉M;B●N).

By projecting out, this gives a 2(k + 1) − 1-connected map

ho�b(W(R;B●M ∨ B●N)→W(R;B●M))→ THH(R ⋉M;B●N)

�is tells us that the two homotopy �bers

ho�b(W(R;B●M ∨ B●N)→W(R;B●M))

and

ho�b(K̃(R;B●M ∨ B●N)→ K̃(R;B●M))

are abstractly (2k)-equivalent to THH(R ⋉M;B●N). �e crucial thing they prove
is that this abstract equivalence is induced by their map β.

Our weak map T

T ∶ K̃(R ⋉ [M ∨ N])↔W(R;B●M ∨ B●N)
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also induces a map to THH(R ⋉M;B●N) by projecting

K̃(R ⋉ [M ∨ N])↔W(R;B●M ∨ B●N)→ THH(R ⋉M;B●N). (3.4)

To complete the proof, it would su�ce to show that this weak map coincides with

the Lindenstrauss-McCarthy map. A �rst thing to do is to show that we can shortcut

the “weak” part of T , which is the intent of the present proposition.

To do this, we make a further decomposition ofUn(R⋉[M∨N]). Recall the
decomposition used to de�ne T :

Un(R ⋉ [M ∨ N]) ≃ Un(R) ×∏
∣ j⃗∣>0

Un, j⃗(R;M ∨ N)

where j⃗ indexed the number of occurrences of M ∨ N . Because the smash product

distributes over the wedge, we can decompose this further by indexing on the oc-

currences ofM ,N separately. In the following, j⃗ indexesM and k⃗ counts N, and the

terms Un, j⃗,k⃗(R;M ∨ N) are de�ned in the same way we de�ned Un, j⃗(R;M ∨ N):

Un(R ⋉ [M ∨ N]) ≃ Un(R) × ∏
∣ j⃗∣+∣k⃗∣>0

Un, j⃗,k⃗(R;M ∨ N).

Again, the �xed points can only involve “diagonal” vectors which de�neCn-invariant

subspaces, so we have

Un(R ⋉ [M ∨ N])Cn ≃ Un(R) × ∏
j+k>0

Un, j,k(R;M ∨ N)Cn .

Our map projected away Un(R) and mapped onto Un,n(R;M ∨ N), and we now
show that this is compatible with our decomposition. We see that

Un,n(R;M ∨ N)Cn ≅ Un,n,0(R;M ∨ N)Cn ∨⋁
k>0

Un, j,k(R;M ∨ N)Cn .

We identi�ed Un,n(R;M ∨ N)Cn as (S1+) ∧Un(R;M ∨ N)Cn , and it is clear that this

was done in a way that respects this decomposition (we noted that we needed to keep
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track of the rotations of Un(R;M ∨N) in order to insert them into Un,n(R;M ∨N)
– the same is true for each piece in the above decomposition of Un,n(R;M ∨ N)).

�e next step in our weak map is the equivalence and then projection

Un,n,0(R;M ∨ N)Cn ⋁ ⋁k>0Un, j,k(R;M ∨ N)Cn

(S1+) ∧Un,n,0(R;M ∨ N) ⋁ ⋁k>0(S1+) ∧Un, j,k(R;M ∨ N)Cn

(S1) ∧Un,n,0(R;M ∨ N) ⋁ ⋁k>0(S1) ∧Un, j,k(R;M ∨ N)Cn

≃ ≃

�e Lindenstrauss-McCarthy map is seen to be projecting away the le� factor and

projecting on to the right factor

⋁
k>0

(S1) ∧Un, j,k(R;M ∨ N)Cn → (S1) ∧Un,n−1,1(R;M ∨ N)Cn ≃ S1 ∧Un(R;M⊗n−1 ,N)

≃ Un(R;B●M⊗n−1 , B●N)

As n varies, these assemble to a map

W̃(R ⋉ [M ∨ N])→∏
n
Un(R;B●M⊗n−1 , B●N) ≃ THH(R ⋉M;B●N)

that li�s to the �ber above W̃(R ⋉M). Altogether, projection onto the res-invariant
subspace (which lives in the �ber over W̃(R ⋉M)) of W̃(R ⋉ [M ∨ N]),

∏
n
Un,n−1,1(R;M ∨ N)Cn
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gives us a commutative diagram, where the zig-zags are those in the de�nition of T :

∏nUn,n−1,1(R;M ∨ N)Cn ∏nUn(R;B●M⊗n−1 , B●N)

K̃((R ⋉M) ⋉ N) W̃((R ⋉M) ⋉ N)

K̃(R ⋉ [M ∨ N]) W̃(R ⋉ [M ∨ N]) W(R;B●M ⊕ B●N))

K̃(R ⋉M) W̃(R ⋉M) W(R;B●M)

π

To prove our main comparison result, it would su�ce to compare the map

K̃((R ⋉M) ⋉ N)→ W̃((R ⋉M) ⋉ N)→∏
n
Un,n−1,1(R;M ∨ N)Cn

to the Dundas-McCarthy trace in a stable range.

Lemma 3.21. If R● is a simplicial ring and M● is an R-bimodule, then T can be com-

puted levelwise. �at is, we have a commutative diagram of weak maps

K̃(R●;M●) W(R●;BM●)

∣K̃(Ri ;Mi)∣ ∣Wn(Ri ;BMi)∣ .

≃

T

≃

∣T ∣

Proof. �e statement of this fact for t̃r is implicit in the arguments of McCarthy in

[22].�e rest of the zig-zag is passing through maps that can evidently be computed

levelwise.
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3.3.2 Goodwillie Calculus

In order to prove the main result of this chapter, we need to to recall some of

the basics of Goodwillie calculus.

De�nition 3.4. Let F ∶ C → D be a homotopy functor between two suitable cate-

gories C ,D. �en F is n-excisive if for every strongly coCartesian (n + 1)-cube X ,
F(X ) is Cartesian. Here, “strongly coCartesian” means that every subcube is co-
Cartesian.

Every such functor F admits a universal n-excisive “polynomial” approxima-

tion PnF (initial amongst all n-excisive functors that F admits a natural transforma-

tion to), which �ts into a “Taylor tower” of functors and natural transformations

⋮

Pn+1F

F PnF

Pn−1

⋮

�e general goal of Goodwillie calculus is to study functors via their n-excisive ap-

proximations, with the hope of recovering properties of F as the homotopy limit of

its approximations. Not all functors are approximable in this way, but many are, so

this is o�en a fruitful enterprise.
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Example. Let F be a functor between suitably nice pointed categories such that

F(∗) = ∗.�en we have an explicit formula for the �rst polynomial approximation
P1(F) ∶

P1(F)(X) ≃ hocolim
n

ΩnF(ΣnX).

�is formula obviously requires Σ, Ω and homotopy colimits to make sense, but this

is the case in all of the situations we will encounter.

If we, say, consider the identity functor on the category of spaces, then we get

P1(id)(X) ≃ Ω∞Σ∞X = QX .

In most cases where the statement makes sense, the polynomial approxima-

tions only depend on connected input. �is can be seen in the above example, as

we ended up suspending X an arbitrary number of times in the colimit de�ning the

1st derivative. As a result, two functors that agree at all connected input necessarily

have the same Taylor tower.

3.3.3 Analyticity

In the context of Goodwillie calclus, we can develop a notion of analyticity.

De�nition 3.5. Let F be a functor that preserves homotopy equivalences. �en F

is n-excisitve if for every (n + 1)-cube all of whose faces are co-Cartesian (“strongly
co-Cartesian”) is taken to a Cartesian diagram.

�e relevant de�nition is a “stable” version of the above where we demand

that F be excisive on highly connected objects:

De�nition 3.6. Let F be a functor that preserves homotopy equivalences.�en F is

stably n-excisive if the following condition En(c, κ) is satis�ed for some c, κ ∶
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En(c, κ): IfX is any strongly co-Cartesian (n+ 1)-cube such that for all S the
map X∅ → X S is ks-connected and ks ≥ κ then F(X ) is (−c +∑ ks)-Cartesian.

�is lets us de�ne our notion of analyticity.�e condition, as written, seems

a bit complicated, but one should have in mind the analagous conditions on a real-

valued function that guarantee that it is analytic.�ese conditions involve the decay

rates of the derivatives, and there is a sensible way in which connectivity can be

thought of as an inverse measure of distance. Regardless, the de�nition is as follows:

De�nition 3.7. �e functor F is ρ-analytic if there is some q such that F satis�es

En(nρ − q, ρ + 1) for all n ≥ 1.

�e ρ is meant to describe the radius of convergence of the functor, and we

say that F is analytic if it is ρ-analytic for some ρ.

�e fact that we will need to use is that “analytic continuation” is a sensible

thing to do (!).�is is the method of proof used in [17] to prove their main theorem,

so refer to that for a more in-depth discussion.

Proposition 3.22. Let f ∶ F → G be a natural transformations of functors between

two suitable categories C → D. If

• F ,G are both analytic at a basepoint C0;

• F ,G agree at C0 via f ;

• f induces an isomorphism of 1st derivatives at all points in C

then f is an equivalence on all input in C within the minimum of the radii of conver-

gence of F ,G at C0.
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3.3.4 Proof of Main�eorem

Using the results of the previous sections, we nowprove a generalized version

of the main Lindenstrauss-McCarthy result from [18].

�eorem 3.23. Let R be a Γ-ring, M an R−bimodule, X a connected space. �en there

is a natural zig-zag of equivalences of simplicial sets

K̃(R ⋉M[X]) ≃Ð→W(R; ΣM[X]),

and therefore a natural zig-zag of equivalences of the associated spaces or spectra.

We can actually promote Theorem 3.23 to a result about all connected R-

bimodules:

Corollary 3.24. Let R be a Γ-ring, M a connected R−bimodule.�en there is a natural

zig-zag of equivalences of simplicial sets

K̃(R ⋉M) ≃Ð→W(R; ΣM),

and therefore a natural zig-zag of equivalences of the associated spaces or spectra.

Proof of Corollary 3.24, given Theorem 3.23. If M is connected, then M ≃ ΩM[S1],
and Theorem 3.23 gives us a zig-zag of equivalences

K̃(R ⋉M) ≃ K̃(R ⋉ΩM[S1]) ≃Ð→W(R; ΣΩM[S1]) ≃W(R; ΣM).

Nowwe embark on our proof of Theorem 3.23. We are going prove this using

the Goodwillie technique of “analytic continuation”.�at, we are going to �xM and
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compare the two functors from spaces to spectra that are computing the limits over

the �nite resolution cubes:

holim
S∈Pn∖∅

K̃(RS ⋉MS[−]) and holim
S∈Pn∖∅

W(RS ; ΣMS[−]).

As per Proposition 3.22, to show that these functors have equivalent Taylor towers it

su�ces to show that they

1. agree at the point ∗;

2. are suitably analytic;

3. have the same di�erentials at every space X.

�e �rst item is obvious, as

K̃(R ⋉ 0) ≃ ∗ ≃W(R; 0).

�e second has mostly been addressed for us, although we will need to be careful

with the latter statement, which only holds for discrete rings:

Lemma 3.25 ([17, Proposition 7.14]). For any FSP F and F-bimodule P, the functor

W(F;P ⊗ −)

is 0-analytic.

In particular, the functor W(R;M[−]) is 0-analytic.

Lemma 3.26 ([22, Proposition 3.2]). Let R be a discrete ring and M an R-bimodule.

�en the functor

K̃(R ⋉M[−])

is 0-analytic.
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Because analyticity is preserved by �nite homotopy limits, we obtain:

Corollary 3.27. �e functors

holim
S∈Pn∖∅

K̃(RS ⋉MS[−])

and

holim
S∈Pn∖∅

W(RS ; ΣMS[−])

are 0-analytic.

Lemma 3.28. Let R be a Γ-ring, M an R-bimodule X a connected space. �en for all

n, T induces a zig-zag of equivalences

holim
S∈Pn∖∅

K̃(RS ⋉MS[X]) ≃ holim
S∈Pn∖∅

W(RS ; ΣMS[X]).

Proof of Theorem 3.23, given Lemma 3.28. We have a commutative diagram, where

the horizontal arrows are induced by the natural zig-zag T and the vertical arrows

are induced by the projection maps from the homotopy limit over the in�nite cube

to the homotopy limit over the cube de�ned by Pn:

K̃(R ⋉M) W(R; ΣM[X])

holimS∈Pn∖∅ K̃(RS ⋉MS[X]) holimS∈Pn∖∅W(RS ; ΣMS[X])≃

�e vertical maps are increasingly connected as a function of n, which implies the

same for the top horizontal arrow.

Proof of Lemma 3.28. Given the analyticity of both functors fromCorollary 3.27 and

their agreement at ∗ it su�ces to show that their di�erentials are equivalent through
a zig-zag for every space X. We will denote

Kn(−) ∶= holim
S∈Pn∖∅

K̃(RS ⋉MS[−]) KS(−) ∶= K̃(RS ⋉MS[−])
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and

Wn(−) ∶= holim
S∈Pn∖∅

W(RS ; ΣMS[−]) WS(−) ∶=W(RS ; ΣMS[−]).

In this notation, we need that for every space X and every k-connected space

Y , the zig-zag of homotopy �bers induced by T

FK FW

Kn(X ∨ Y) Wn(X ∨ Y)

Kn(X) Wn(X)

T̃

T

T

is at least 2k-connected. First, note that homotopy limits commute and preserve

connectivity, so it would su�ce to show that this is true for each node in the cubes

de�ning Kn andWn. We are then reduced to considering

FS
K FS

W

KS(X ∨ Y) WS(X ∨ Y)

KS(X) WS(X).

T̃

T

T

(3.5)

For S ≠ ∅, RS ⋉MS is equivalent to a simplicial ring and the map RS ⋉MS[X ∨Y]→
RS ⋉MS[X] is not just a map of Γ-spaces but a map of HZ-algebras.�e functor L

is compatible with the tensoring of HZ-algebras and simplicial rings over simplicial

sets and as a result, we can take the homotopy �bers FS
K andWS

K in the category of

simplicial rings. We are now reduced to looking at Eq. (3.5) when the underlying RS

is a simplicial ring andMS is an RS-bimodule. We will drop the S from now on.
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We want to compute this levelwise, and for this we use Proposition 2.13,

Corollary 3.7 and Lemma 3.21, giving us T-compatible equivalences

K(R ⋉M[X]) ≃ ∣K(Ri ⋉Mi[X])∣

and

W(R; ΣM[X]) ≃ ∣W(Ri ;B●Mi[X])∣.

Because homotopy �bers of connective simplicial spectra can be computed

levelwise and the realization of a levelwise 2k-connected simplicial spectrum is 2k-

connected, it therefore su�ces to show that the zig-zag of �bers FK ↔ FW is 2k-

connected when R is a discrete ring andM is an R-bimodule.

We are then reduced to showing that the zig-zag

ho�b(K̃(R⋉M[X∨Y])→ K̃(R⋉M[X]))↔ ho�b(W(R; ΣM[X∨Y])→W(R; ΣM[X]))

is a 2k-equivalence when both R,M are discrete and Y is k-connected.

If T were the Lindenstrauss-McCarthy map β, then we would be done:

Lemma 3.29. [17, Technical Lemma 9.4] Let R be a ring and let M ,N be simplicial

R-bimodules. If N is k-connected, then β induces a 2k-connected map

ho�b(K̃(R;B●M⊕B●N)→ K̃(R;B●M))→ ho�b(W(R;B●M⊕B●N)→W(R;B●M)).

Our map is not exactly β, but it is close enough. Lemma 3.19 implies that

the discrepancy between the zig-zag coming from T we are interested in and the

Lindenstrauss-McCarthy map on �bers lies outside of the stable range we need to

check. As the latter is 2k-connected, the former is as well, which is exactly what we

needed to show.
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IfM is connected, thenM is naturally equivalent to ΣΩM, so we can rewrite

Theorem 3.23 as:

Corollary 3.30. Let R be a Γ-ring and M is a connected R-bimodule. �en there is a

natural zig-zag of equivalences of simplicial sets, spaces, or spectra

K̃(R ⋉ΩM) ≃W(R;M).

It is easy to see how Corollary 3.30 implies the following calculus-theoretic

statement:

Corollary 3.31. �e functors from R-bimodules to spectra

K̃(R ⋉Ω(−)) and W(R;−)

have the same Taylor tower.

Note that THH(R;−) is U 1(R;−), which, by the above remark, is the 1st
derivative ofW(R;−).�is gives us:

Corollary 3.32 (Stable K-�eory is THH). Let R be a Γ-ring. �en the derivative of

the functor K̃(R ⋉ Ω(−)) from R-bimodules to spectra is naturally equivalent to to

THH(R;−).
P1(K̃(R ⋉Ω(−))) ≃ THH(R;−).
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Chapter 4

K-�eory of�e Tensor Algebra

In this chapter we de�ne the tensor algebra and derived tensor algebra over

a Γ-ring.�e goal of this chapter is to reproduce the main result of [18], which com-

putes the K-theory of tensor algebras in terms of the topological Witt vectors con-

struction.

4.1 De�nitions

De�nition 4.1. Let R be an S-algebra, and M a connected R-bimodule. We de�ne

the tensor algebra ofM over R to be

TR(M) ∶= R ∨M ∨ (M ∧R M) ∨ (M ∧R M ∧R M) ∨⋯ = R ∨ (⋁
i
M∧R i).

�is has the structure of an augmented (over R) Γ-ring, where the multiplication is

obtained as follows:�e multiplication by R uses the R-bimodule structure onM∧i
R ,

given by

R ∧M∧i
R → M∧i

R

or

M∧i
R ∧ R → M∧i

R .

Multiplication on the factors involving powers of M is obtained using the quotient

map from the smash product over S to the smash product over R:

M∧i
R ∧M∧

j
R → M∧i

R ∧R M∧
j
R ≅ M∧

i+ j
R .
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�e augmentation TR(M) → R comes from the quotient map obtained by

collapsing all of the factors except R. �is is clearly split by the inclusion into the

�rst factor R → TR(M). An important multiplicatively-closed subspace of TR(M) is
the augmentation ideal I, which is the homotopy �ber

I → TR(M)→ R.

We can consider “powers” of the augmentation ideal, In+1, which are the homotopy

�bers of the projection map onto the �rst n factors:

TR(M)→ R ∨M ∨ (M ∧R M) ∨⋯ ∨M∧Rn .

�ere are two important things to note about this:

• If M is k-connected, then the quotient map TR(M) → TR(M)/In+1 is (nk)-
connected. �is is evident from the fact that the lowest connectivity of a fac-

tor that has been collapsed is that of M∧Rn, which is (nk)-connected by an
application of the Künneth spectral sequence;

• �ere are inclusions TR(M)/In+1 → TR(M)/In+2 that are compatible with the
quotient maps TR(M) → In+1, giving us a map from TR(M) into the limit
system limn TR(M)/In+1 that is increasingly connected.

We also de�ne the derived tensor algebra ofM over R to be

TR(M) ∶= R ∨M ∨ (M ∧L
R M) ∨ (M ∧L

R M ∧L
R M) ∨⋯ = R ∨ (⋁

i
M∧L

R i).

where∧L
R is the derived smash product of R-modules.We obtain this by replacing any

factor of the smash product with something co�brant, and can be made functorial

using a functorial choice of co�brant replacement.

�e augmentation of these R-algebras allow us to consider their reduced

(over R) K-theory, which we will denote using tildes as before.
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4.2 Properties

We now prove some relevant properties of the tensor algebra functor, which

are roughly the same as thosewe proved earlier for the square-zero extension functor.

Proposition 4.1. �e construction of the tensor algebras is natural in pairs. �at is, let

S ↦ (RS ,MS) be an admissible cube of rings and bimodules. �en there is an induced

cube of augmented Γ-rings

S ↦ TRS(MS)

and therefore a cube of reduced K-theory spectra

S ↦ K̃(TRS(MS)).

If M is a co�brant R-bimodule and the cube in question is the resolution cube by

HZ-modules we have been working with, then this is a cube of derived tensor algebras

S ↦ TRS(MS).

Proof. Suppose that we have an admissible pair ofmaps f ∶ R1 → R2 and g ∶ M1 → M2

in the cube we are considering. For each factor (M1)∧
n
R1 in TR1(M1) we will write a

map of Γ-spaces

g̃n ∶ (M1)∧
n
R1 → (M2)∧

n
R2 .

�e construction is as follows: we know that the map g ∶ M1 → M2 is a map of

R1-modules, whereM2 has the structure of an R1-module via f :

R1 ∧M2
f∧idÐÐ→ R2 ∧M2 → M2.

As such, we get maps

gn ∶ (M1)∧
n
R1 → (M2)∧

n
R1 ,

65



but because the R1-module structure onM2 is passing through the R2-module struc-

ture, there is a map

qn ∶ (M2)∧
n
R1 → (M2)∧

n
R2

coming from coequalizing the “remaining action” of R2.�e composite map qn ○ gn

is our map g̃n.

Using these we can write a map F ∶ TR1(M1) → TR2(M2), which is, a priori,
not a map at all.

R1 ∨ M1 ∨ (M1)∧
2
R1 ∨ (M1)∧

3
R1 ∨ . . .

R2 ∨ M2 ∨ (M2)∧
2
R2 ∨ (M2)∧

3
R2 ∨ . . .

f g̃ g̃2 g̃3

�is de�nes a map of Γ-spaces, by virtue of the following simple argument, which

just says that we canmap between coproducts “factorwise” in a pointed category: Let

C be a pointed category and let C = ⋁i Ci ,D = ⋁ j D j be two coproducts of elements

of C. �en if we have maps Fi ∶ Ci → Di , this de�nes a map F ∶ C → D, using the

universal property of C.�at is, the inclusion Di → D gives us maps

Ci
FiÐ→ Di → D.

�ese are compatible with the coproduct in C, as the following diagram commutes

Ci Di D

C j D j D,

∗

Fi

∗ =

F j

and so we get a map C → D.
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Now, because of the simple structure of the multiplication in the tensor alge-

bras, this is actually amap of Γ-rings. With the exception of themultiplication by the

R1 and R2 factors, the multiplication in the tensor algebras is given by quotienting

the smash product and juxtaposition of factors, which is easily seen to be compatible

with the map we have de�ned. We only need to check that this is compatible with

themultiplication that comes from R1 and R2. But this is just asking for the following

diagrams to commute for all n:

R1 ∧ (M1)∧
n
R1 (M1)∧

n
R1

R2 ∧ (M2)∧
n
R2 (M2)∧

n
R2

f∧g̃n g̃n

(M1)∧
n
R1 ∧ R1 (M1)∧

n
R1

(M2)∧
n
R2 ∧ R2 (M2)∧

n
R2

g̃n∧ f g̃n

a fact that follows from the map M1 → M2 being a map of R1-bimodules and the

le�/right action of R1 on (M1)∧
n
R1 being induced by the le�/right action of R1 onM1.

Finally, the augmentations are induced by the projection maps onto the �rst

factors:

π1 ∶ TR1(M1)→ R1 π2 ∶ TR2(M2)→ R2.

As only R1 maps to R2 in TR2(M2), it is clear that we have a commutative diagram of
Γ-rings

TR1(M1) TR1(M1)

R1 R2

F

π1 π2

f
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this induces a commutative diagram

K(TR1(M1)) K(TR1(M1))

K(R1) K(R2)

F∗

(π1)∗ (π2)∗

f∗

and therefore an induced map on the homotopy �bers

K̃(TR1(M1))→ K̃(TR2(M2)).

Because the functor (HZ ∧ R) ∧R (−) is a le� Quillen functor (cf. [24]), it
preserves co�brant objects. However,

(HZ ∧ R) ∧R M ≃ (HZ) ∧ (R ∧R M) ≃ HZ ∧M ,

because the R-module structure on HZ ∧ R is trivial on the HZ factor. As a result,

if M is a co�brant R-bimodule then we have that HZ ∧ M is a co�brant HZ ∧ R-

bimodule.

�is shows that if we are working with our HZ-module resolution cube and

M is a co�brant R-module, then all ofMS are co�brant RS-modules, as all of theMS

are obtained by an iteration of this procedure. As a result, we have that the cube

S ↦ TRS(MS)

is in fact a cube of derived tensor algebras, as each smash product in each factor of

each tensor algebra involves the co�brant RS-moduleMS .

Now, the following lets us resolve the tensor algebra TR(M) by using the
resolutions for R andM separately:
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Proposition 4.2. Let X ∶ S ↦ (RS ,MS) be the admissible (id)-Cartesian resolution

cube of Γ-rings and bimodules by HZ-algebras/modules. �en the cube of spectra

S ↦ TRS(MS)

is id-Cartesian.

Proof. �roughout, we will be working with a k-dimensional subcube X ′ ∶ S ↦
(RS ,MS) of X so in the following, S is a subset of Pk. By assumption, this sub-
cube is k-Cartesian. We �rst show that the cubes TRS(MS)/In+1S are (id)-Cartesian.
Proposition 4.1 tells us that this cube makes sense (and is a cube of Γ-rings) because

the maps in the cube S ↦ TRS(MS) are maps of augmented RS-algebras.

�is cube looks like the �nite wedge

S ↦ RS ∨ (
n
⋁
i
(MS)∧RS i).

Because wedge products preserve Cartesian-ness, it su�ces to prove that each cube

S ↦ (MS)∧RS n is (id)-Cartesian.

Claim. �e cube S ↦ (MS)∧
n
RS is equivalent (as cube of Γ-spaces) to the cube

S ↦ (S)∧n−∣S∣ ∧ (HZ)∧∣S∣ ∧ (M)∧n
R ≅ (HZ)∧∣S∣ ∧ (M)∧n

R

where the maps are given by repeated application of the unit η ∶ S→ HZ.

Proof of Claim. To see how this goes, consider the �rst map in the cube, for the case

n = 2:
M ∧R M → (HZ ∧M) ∧HZ∧R (HZ ∧M).

�is is de�ned as the composite

M ∧R M → (HZ ∧M) ∧R (HZ ∧M)→ (HZ ∧M) ∧HZ∧R (HZ ∧M),
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where the 2nd term is given an R-module structure via the map R ≃ S∧R → HZ∧R.

Because this R-module structure is given on the HZ part by the composite

S ∧ HZ → HZ ∧ HZ → HZ, we see that R is acting trivially on this factor. We

therefore get an isomorphism of (HZ ∧ R)-modules

(HZ ∧M) ∧R (HZ ∧M) ≅ (HZ ∧HZ) ∧ (M ∧R M),

where the (HZ ∧ R)-module structure on the latter is diagonal. As a result, we can
write the map

(HZ ∧M) ∧R (HZ ∧M)→ (HZ ∧M) ∧HZ∧R (HZ ∧M)

as

(HZ∧HZ)∧ (M ∧R M) q∧idÐÐ→ (HZ∧HZ HZ)∧ (M ∧R M) µ∧id , ≃ÐÐÐ→ HZ∧ (M ∧R M),

where q ∶ HZ ∧ HZ → HZ ∧HZ HZ is the expected quotient map and µ is the

isomorphism HZ ∧HZ HZ ≃ HZ given by multiplication.

We can therefore identify the map

M ∧R M → (HZ ∧M) ∧R (HZ ∧M)

as

M ∧R M ≃ (S ∧ S) ∧M ∧R M
η∧η∧idÐÐÐ→ (HZ ∧HZ) ∧ (M ∧R M).

and the composite map

M ∧R M → (HZ ∧M) ∧HZ∧R (HZ ∧M)

as

M ∧R M ≅ S ∧ (M ∧R M) ≅ S ∧ S ∧ (M ∧R M) µ○((q○η)2)∧idÐÐÐÐÐÐÐ→ HZ ∧ (M ∧R M).
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�e composite map on the le� factor from the 2nd term to the last term, S→ HZ, is

the unit map, so we �nally see that the map in question is given by

S ∧ (M ∧R M) η∧idÐÐ→ HZ ∧ (M ∧R M).

�e case for n ≠ 2 is the same, mutatis mutandis, telling us that the map

M∧n
R → (HZ ∧M)∧n

HZ∧R

is really

M∧n
R

η∧idÐÐ→ HZ ∧M∧n
R .

�e claim follows from inductively applying this fact to every node in the cube, start-

ing with the initial vertex.

Now, using Lemma 3.8, we see that the cube S ↦ (MS)∧RS n is k-Cartesian

for all n, as it is the smash product of the cubes

S ↦ HZ∧∣S∣

and the constant cube

S ↦ (M)∧n
R .

�e �rst is our resolution cube of S by HZ-algebras and is therefore (id)-Cartesian,
and constant cubes are as Cartesian as we like.

�is gives us that S ↦ TRS(MS)/In+1 is (id)-Cartesian for all n. �at is, we
have k-connected maps

TR∅(M∅)/In+1 → holim
S∈Pk∖∅

TRS(MS)/In+1.

�ese assemble to a k-connected map

hocolim
n

TR∅(M∅)/In+1 → hocolim
n

holim
S∈Pk∖∅

TRS(MS)/In+1.
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But the map from the cube S ↦ TRS(MS) into the colimit system of cubes

⋯→ [S ↦ TRS(MS)/In+1]→ [S ↦ TRS(MS)/In+2]→ ⋯

is (pointwise) as connected as we like. In fact, the connectivity of these cubes in-

creases uniformly, as ifM is l-connected thenM∧Rn is (nl)-connected, and therefore
so is (MS)∧

n
RS which is the least connected part of the augmentation ideal In+1S . As a

result, all of the quotient maps TMS

RS → TRS(MS)/In+1S are (nl)-connected, meaning
that the map TRS(MS) → hocolimn TRS(MS)/In+1S is an equivalence for all S. �is

tells us that TR∅(M∅) ≃Ð→ hocolimn TR∅(M∅)/In+1, and so we get natural maps:

hocolimn TR∅(M∅)/In+1 hocolimn holimS∈Pk∖∅ TRS(MS)/In+1

TR∅(M∅)

≃≤k

≃

,

We would like to naturally identify the rightmost term as holimS∈Pk∖∅ TRS(MS).�e
following lemma allows us to do so:

Lemma 4.3 ([9, A.7.2.6]). Let I, J be small categories where BJ is a �nite space (has

only �nitely many nondegenerate simplices) and let X be a functor I× J to spectra.�en

the canonical maps

hocolim
I

holim
J
→ holim

J
hocolim

I

hocolim
J

holim
J
→ holim

I
hocolim

J

are equivalences.

Passing to the associated spectra and letting I = N, J = (Pk ∖ ∅), we can
de�ne a functor X ∶ N × (Pk ∖ ∅)→ Sp by

(n, S)↦ TRS(MS)/In+1S .
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�e above lemma tells us that we have equivalences

hocolim
n

holim
S∈Pk∖∅

TRS(MS)/In+1S
≃Ð→ holim

S∈Pk∖∅
hocolim

n
TRS(MS)/In+1S

≃←Ð holim
S∈Pk∖∅

TRS(MS).

Altogether, we get a commutative diagram

hocolimn TR∅(M∅)/In+1 hocolimn holimS∈Pk∖∅ TRS(MS)/In+1

holimS∈Pk∖∅ hocolimn TRS(MS)/In+1S

TR∅(M∅) holimS∈Pk∖∅ TRS(MS)

≃≤k

≃

≃

≃

which implies that the bottom horizontal map is k-connected, telling us that the

subcube we started with is k-Cartesian.

As with the square-zero extension, this implies the cubical resolvability of

the K-theory of the tensor algebra:

Corollary 4.4. K̃(TR(M)) is cubically resolvable: there is a natural equivalence

K̃(TR(M)) ≃Ð→ holim
S∈P∖∅

K̃(TRS(MS)).

Proposition 4.5. �e simplicial rings associated to the noninitial vertices in the cubes

S ↦ TRS(MS) S ↦ TRS(MS)

are tensor algebras of the same form.

Proof. �e le� adjoint L of theHZ-algebra/simplicial ring equivalence is strong sym-

metric monoidal and preserves arbitrary coproducts of modules, so as a simplicial
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abelian group, L(TS
R(MS)) is a tensor algebra (L takes ∨ to⊕ and ∧RS to⊗L(RS)).�e

algebra structure is induced from applying L to the structure maps of TRS(MS), and
because of the particularly simple form of the tensor algebra multiplication (it is the

identity on each factor of a tensor productM∧Rn), this is preserved as well.

To check the statement about the derived tensor algebra, we just need that

L preserves co�brant objects, which it does because it is the le� Quillen functor

in a Quillen equivalence. �is is su�cient, as we obtain the derived tensor algebra

TRS(MS) by co�brantly replacing any of the factors in the various smash products
(MS)∧

n
RS .�is factor gets mapped via L to (L(MS))⊗

n
L(RS) , and if any of the factors in

this tensor product are co�brant (�at), this is a derived tensor product.

As with the square-zero extension, K-theory of a simplicial ring tensor alge-

bra is computable levelwise:

Lemma 4.6. Let R be a simplicial ring and let M be an R-bimodule. �en we can

compute the reduced K-theory K̃(TR(M)) and K̃(TR(M)) levelwise. �at is, we have

a natural zig-zag of weak equivalences

K̃(TR(M)) ≃ d(K̃(TRq(Mq))) K̃(TR(M)) ≃ d(K̃(TRq(Mq))).

On the level of spectra, we have natural zig-zags of equivalences

K̃(TR(M)) ≃ ∣K̃(TRq(Mq))∣ K̃(TR(M)) ≃ ∣K̃(TRq(Mq))∣.

Proof. Let I be the augmentation ideal TR(M)→ R.�en the quotient map

TR(M)→ TR(M)/In+1

is n-connected, and so the map

K̃(TR(M))→ K̃(TR(M)/In+1)
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is (n + 1)-connected. Clearly TR(M)/In+1 is a nilpotent extension of R, so by�eo-
rem 2.12 there is a natural zig-zag of weak equivalences of bisimplicial sets

K̃(TR(M)/In+1) ≃ K̃(TR●(M●)/In+1● ),

where we have made the straightforward identi�cation TR(M)n ≃ TRn(Mn). As this
equivalence is natural, it is compatible with the systems

⋯→ TR(M)/In+1 → TR(M)/In+2 → ⋯

⋯→ TR i(Mi)/In+1 → TR i(Mi)/In+2 → ⋯

We therefore get an equivalence of homotopy colimits of bisimplicial sets

(taken in the injective model structure, so that the homotopy colimits produce lev-

elwise homotopy colimits)

hocolim
n

K̃(TR(M)/In+1) ≃ hocolim
n

K̃(TR●(M●)/In+1● ).

�e le� hand side is computing the homotopy colimit in simplicial sets. We have that

the map TR(M) → TR(M)/In+1 can be made as connected as we like, as the kernel
In+1 is ((n+ 1)(conn(M))-connected. Because K-theory preserves connectivity, the
quotient maps induce a weak equivalence

K̃(TR(M)) ≃Ð→ hocolim
n

K̃(TR(M)/In+1)

And therefore we get a zig-zag of weak equivalences

K̃(TR(M)) ≃ hocolim
n

K̃(TR●(M●)/In+1● ).

However, the right hand side homotopy colimit computes levelwise homotopy col-

imits in our chosen model structure, and each level

hocolim
n

K̃(TR i(Mi)/In+1i )
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can be identi�ed with K̃(TR i(Mi)) in the same way we just identi�ed K̃(TR(M))
with the homotopy colimit of K̃(TR(M)/In+1).

Altogether, this gives us a zig-zag of equivalences of bisimplicial sets

K̃(TR(M)) ≃ K̃(TR●(M●)).

Taking diagonals gives the �rst result.

�e above proof also produces the result for the derived tensor algebra, given

the identi�cation of the levels

TR(M)n ≃ TRn(Mn).

�is follows from the fact that a co�brant module M over a simplicial ring R is lev-

elwise �at. �at is, Mn is a �at module over Rn, and the smash product of modules

over simplicial rings is performed levelwise. �erefore, if any of the tensor factors

in the various tensor product factors factors M⊗k
R are co�brant (which would hap-

pen if we were considering the derived tensor product), then the modulesM
⊗k

Rn
n also

represent derived tensor products.

4.3 K-theory of the Tensor Algebra

We now compute the reduced K-theory of the tensor algebra in terms of

topological Witt vectors or square-zero extensions. As described in the introduc-

tion, this can be thought of as a �rst approximation to the derived functor of K̃(−)
on the category of augmented R-algebras. Recall the result of Lindenstrauss and

McCarthy from [18]:

�eorem 4.7 ([18, Corollary 3.3]). If R is a unital ring, there is a natural zig-zag of

equivalences of functors of connected simplicial R-bimodules

ΣK̃(R;−) ≃ K̃(TR(−)).
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4.3.1 Construction of�e Map

Again, we are le� with the problem of de�ning a map between our objects

of interest that suitably restricts to the Lindenstrauss-McCarthy map. Betley and

Schlichtkrull [3] have done the job of de�ning the map for us:

Construction 4.8. Let Zn denote the truncated polynomial ring Z[x]/xn+1. We can

consider the units

un = 1 + x + x2 +⋯ + xn .

Units in Zn can be li�ed to classes in K̃1(Zn) (using the diagonal matrices
that correspond to multiplication by units).

Proposition 4.9 ([3, Lemma 3.9]). �e classes un li� to a stable class in K1(Z[x]).

In the same way that tensoring rings with Z[x] produces polynomial rings,
there is a spectral version of this where we instead use the “spherical monoids”

S[Πn], where Πn is the set of monomials in Z[x]/xn+1.�ese have the property that

π0S[Πn] ≃ Z[x]/xn+1 and for any Γ-ring R there is a map

S[Πn] ∧ R → TR(R)/In+1.

Because K1(S[Πn]) ≃ K1(Z[x]/xn+1) (compatibly with the reductions
S[Πn] → S and Z[x]/xn+1 → Z), this gives us a li� of un to K̃1(S[Πn]).�e pairing
on K-theory gives us a map

K̃(S[Πn]) ∧ K(R) ≃Ð→ K̃(TR(R)/In+1),

and multiplying by the li� of un to K̃1(S[Πn]) gives us a map

Un ∶ ΣK(R)→ K̃(TR(R)/In+1).
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We can now de�ne a map τ as the zig-zag induced by the limit of the maps

τn
ΣK̃(R ⋉M) ho f ib

ΣK(R ⋉M) K̃(TR⋉M(R ⋉M)/In+1)

ΣK(R) K̃(TR(R)/In+1)

τn

Un

Un

ΣK̃(R ⋉M) holimho�b ho�b

ΣK(R ⋉M) holimn K̃(TR⋉M(R ⋉M)/In+1) K̃(TR⋉M(R ⋉M))

ΣK(R) holimn K̃(TR(R)/In+1) K̃(TR(R))

τ

holimn τn
≃

holimn Un
≃

holimn Un
≃

As of the present writing, the proof of the following proposition is incomplete, but

work is in progress to complete it. Contemplation of themap de�ned in [18] suggests

that this is possible.

Conjecture 4.10. �ere is a weak map

c ∶ K̃(TR(ΣM))↔ ho�b

de�ned for all Γ-rings R and R-bimodules M. When applied to a discrete ring R

and a �at R-bimodule M, this map makes the following diagram commute up to
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homotopy

ΣK̃(R;B●M) ΣW(R;B●M) K̃(TR(B●M))

ΣK̃(R ⋉M) holimho�b ho�b

ΣK(R ⋉M) holimn K̃(TR⋉M(R ⋉M)/In+1) K̃(TR⋉M(R ⋉M))

ΣK(R) holimn K̃(TR(R)/In+1) K̃(TR(R))

≃

LMC
≃

LMC

c≃ DMC
τ

holimn τn
≃

holimn Un
≃

holimn Un
≃

4.3.2 Proof of Main Chapter�eorem

Using the earlier structural results and the conjectured compatibility with a

global map, we can prove the main theorem of this chapter:

�eorem 4.11. Let R be a Γ-ring and let M be a co�brant R-bimodule. �en there is

an equivalence

ΣK̃(R ∨M) ≃ K̃(TR(ΣM)).

Proof. As before, we use the cubical resolvability of both functors:

K̃(TR(ΣM)) ≃Ð→ holim
S∈P∖∅

K̃(TRS(ΣMS)) ΣK̃(R ∨M) ≃Ð→ holim
S∈P∖∅

ΣK̃(RS ∨MS)

Our map τ produces a map of the cubes these homotopy limits are being computed

over, and so it su�ces to show that τ induces a pointwise equivalence

K̃(TRS(ΣMS)) ≃ ΣK̃(RS ∨MS).

For S ≠ ∅, RS ∨ MS and TRS(MS) are equivalent to simplicial rings, and Proposi-
tion 2.6 andProposition 4.5 together tell us that these simplicial rings are square-zero

extensions and tensor algebras, respectively.
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Dropping the S, it therefore su�ces to show that τ induces an equivalence

K̃(TR(B●M)) ≃ ΣK̃(R ∨M)

when R,M are discrete.

Conjecture 4.10 tells us that τ and the Lindenstrauss-McCarthy map are ho-

motopic on discrete rings.�e latter is an equivalence, and so we are done.

Theorem 4.11 implies our penultimate theorem:

�eorem4.12. Let R be a Γ-ring, and let C denote the co�brant replacement functor in

the category of R-bimodules. �en there is a zig-zag of natural equivalences of functors

from R-bimodules to spectra

ΣK̃(R ∨ (C ○ −)) ≃ K̃(TRΣ(C ○ −)).

As a result, these functors have the same Taylor tower.

Given Corollary 3.30, we can also write this as

ΣW(R;C ○ −) ≃ K̃(TR(C ○ −)).

Finally, we can relate this to computations that appear involving Wald-

hausen’s A(X) functor. We brie�y recall the relevant de�nitions (cf. [7] or [27]):

De�nition 4.2. Let X be a connected, based space with the homotopy type of a CW

complex.�en we can de�ne:

Q(ΩX+) ∶= lim
k
ΩkΣk(ΩX+),

which is the in�nite loop space of a connective ring spectrum, the ring structure

coming from the product on ΩX+. We can therefore de�ne:

A(X) ∶= K(Q(ΩX+)).
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As any space has a unique map to ∗, we can take a reduced version:

Ã(X) ∶= ho�b(A(X)→ A(∗)).

In [7], Carlsson et al. show that there is an equivalence

Ã(ΣX) ≃←Ð Σ∏
n≥1

Q(X∧n

hCn
).

One the level of spectra, we could write this as

Ã(ΣX) ≃←Ð Σ
∞

⋁
n=1

[(SX)n]hCn
.

Moreover, if X is connected, the James splitting tells us that we have an equivalence

Q(ΩΣX+) ≃ TSSX ,

that is compatible with the map ΣX → ∗, and therefore an equivalence

Ã(ΣX) = K̃(Q(ΩΣX+)) ≃ K̃(TSSX).

On the other hand, tom Dieck splitting actually lets us compute:

ΣW(S;SX) ≃ Σ
∞

⋁
n=1

[(SX)n]hCn
.

Putting these facts together we see that there is a string of equivalences

ΣW(S;SX) ≃ Σ
∞

⋁
n=1

[(SX)n]hCn
≃Ã(ΣX) ≃ K̃(TSSX)

Our �nal result is proof of this fact without appealing to any of these computations:

�eorem 4.13. Let X be a connected simplicial set. �en there is an equivalence

ΣW(S;SX) ≃ K̃(TSSX).
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Proof. Because X is connected, SX is connected, and in fact it is a co�brant S-module

(cf. [18]). As such, we can apply Theorem 4.11 to give us an equivalence

K̃(TSSX) ≃ ΣK̃(S ∨ΩSX). (4.1)

On the other hand, Corollary 3.30 gives us an equivalence

ΣW(S;SX) ≃ ΣK̃(S ∨ΩSX),

which can be strung together with Eq. (4.1) to produce the stated result.
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Appendix A

Γ-spaces

Γ-spaces were introduced by Segal in [26] in order to try and abstract the

structure present in topological abelian monoids that allows us to de�ne classical

cohomology theories. Γ-spaces provide a diagrammatic description of homotopy

coherent commutative topological monoids, and are an example of an “in�nite loop

space machine”. �is machine allows us to extract interesting cohomology theo-

ries from homotopy coherent commutative topological monoids (as opposed to the

sums of classical cohomology theories that we obtain from requiring the on-the-nose

commutativity of topological abelian monoids).

In modern language, Γ-spaces provide a model for connective spectra, in

that the category of Γ-spaces admits a model structure for which there is a zig-zag of

Quillen equivalences (of varying monoidal-ness) to any other reasonable model of

connective spectra (EKMM, symmetric spectra, Lewis-May, etc.). In the following

sections we will provide the relevant de�nitions, descriptions of themodel structure,

and showhowarbitrary ring spectra (Γ-rings) can be resolved byEilenberg-MacLane

Γ-rings that come from simplicial rings.

�e reason that we will need to use Γ rings (as opposed to consistently using

some other, moremodern category of spectra) is that we obtain good point-set mod-

els for simplicial rings associated to HZ-algebras in the category Γ-rings, allowing

us to show that, say, square-zero extensions of HZ-algebras are taken to square-zero

extensions of simplicial rings.

84



In this section, we provide some background material related to Γ-spaces,

which we include for reference.

A.1 Basic De�nitions and Closed Structure

De�nition A.1. Let Γ be the category of �nite sets with objects given by

ob(Γ) = {[n] = {0, 1, . . . , n} n ≥ 0}

and morphisms given by

Γ([m], [n]) = {set maps [m]→ [n] that preserve 0} .

Let C be a pointed category with zero object ∗.�en a Γ-object in C is a func-
tor from the opposite category Γop to C that takes [0] to ∗. We denote the category
of Γ-objects in C by ΓC.

�e most important example of this is the category ΓS∗ of Γ-objects in the

category of pointed simplicial sets, which we refer to as Γ-spaces.

Example. �e sphere Γ-space S is given by the inclusion of Γop into the category of

pointed simplicial sets. More precisely,

S([n]) = [n]

where [n] is treated as a discrete pointed simplicial set.

�e spectrum associated to S is the sphere spectrum, as one would hope.

We also have a smash product on the category of Γ-spaces, which we now

describe:
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De�nition A.2. Given two Γ-spaces X ,Y , the external smash product X∧̄Y is the
bi-Γ-space

(X∧̄Y)(k, l) = X(k) ∧ Y(l).

We can then de�ne the smash product of X ,Y as the le� Kan extension along

the smash product functor on Γop ∶

(X ∧ Y)(n) = colim
k∧l→n

X(k) ∧ Y(l).

�is has the desired properties:

�eoremA.1. [20]�e smash product of Γ-spaces is associative and commutative with

unit S, and moreover there is an isomorphism of Γ-spaces

Hom(X ∧ Y , Z) ≃ Hom(X , Hom(Y , Z)),

making ΓS into a closed symmetric monoidal category.

�e central objects of our study will be the monoids in the category of Γ-

spaces, which model connective ring spectra:

De�nition A.3. A Γ-ring is a monoid in the symmetric monoidal category

(ΓS ,∧, S). More precisely, a Γ-ring is a Γ-space A equipped with maps

S→ A and A∧ A→ A

(the unit and multiplication maps, respectively) that satisfy the evident associativity

and unit diagrams. A map of Γ-rings is a map of Γ-spaces that commutes with the

respective unit and multiplication maps

As with rings, we can consider modules and algebras over Γ-rings:
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De�nition A.4. Let R be a Γ-ring.�en a le� R-module is a Γ-spaceM with a map

R ∧ N → N

that make the appropriate associativity and unit diagrams commute. We de�ne right

R-modules similarly, and R-bimodules by requiring both le� and right R-module

structures that commute.

If R is commutative, then all of these categories are equivalent and the cat-

egory of R-modules obtains the structure of a symmetric monoidal category with

the product given by taking the smash product over R, ∧R. In this situation, we can

de�ne an R-algebra to be a monoid in this symmetric monoidal category.

Construction A.2. Let Z be the free simplicial abelian group functor, which takes

a pointed simplicial set X to the simplicial set given in degree k as the free abelian

group on the k-simplices of X:

Z(X)k = Z[Xk].

�e image of the basepoint of X underZ produces a sub-simplicial setZ(∗), and we
de�ne the reduced free simplicial abelian group functor Z̃ by

Z̃(X) = Z(X)/Z(∗).

Now let R ∈ Ab∆ be a simplicial abelian group.�en we can form an element
of ΓAb∆, H̄R, by

H̄R(k+) ∶= R ⊗ Z̃[k] ≃ R×k ,

where Z̃ is the reduced free simplicial abelian group functor. If we follow this with

the forgetful functor from simplicial abelian groups to simplicial sets U ∶ Ab∆ → S∗
then we obtain a composite functor

H ∶= UH̄.
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We refer to either of these as the Eilenberg-MacLane objects associated to R.

As in Lemma A.4, the functor H is lax symmetric monoidal, and so we get

the following: If R is a simplicial ring andM is an R-module, then HM is a module

for the Γ-ring HR. If in addition R is commutative andM is an R-algebra, then HM

is an algebra overHR. In particular, if R is a simplicial ring thenHR is both a Γ-ring

and an HZ-algebra.

�e following construction allows us to produce a simplicial abelian group

from an arbitrary Γ-space:

Construction A.3. Let X be a Γ-space, and de�ne L(X) be the cokernel of the map
of simplicial abelian groups

(p1)∗ + (p2)∗ − ∆∗ ∶ Z̃[X(2+)]→ Z̃[X(1+)],

where p1, p2 are the two projections from 2+ to 1+ in Γ and ∆ is the map 2+ to 1+ such

that ∆(1) = ∆(2) = 1.

If X is a Γ-ring, then L(X) inherits a multiplicative structure that makes it
into a simplicial ring from the following more general construction: let X ,Y be Γ-

spaces, then the universal property of the smash product provides a map

X([1]) ∧ Y([1])→ (X ∧ Y)([1] ∧ [1]) = (X ∧ Y)([1]).

Applying Z̃ to this and taking cokernels to obtain L gives us an associative, commu-

tative and unital natural transformation

L(X)⊗ L(Y)→ L(X ∧ Y).

If X = Y and X is a Γ-ring, then this produces a map

L(X)⊗ L(X)→ L(X ∧ X)
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and applying L to the map X∧X → X that de�nes the Γ-ring structure, we get a map

L(X)⊗ L(X)→ L(X)

making L(X) into a simplicial ring.

As mentioned earlier, Schwede gives us some nice facts about the functors L

and H:

Lemma A.4 ([24, Lemma 1.2]). H is a lax symmetric monoidal functor, and L

1. is le� adjoint and le� inverse to H;

2. preserves �nite products;

3. preserves arbitrary coproducts;

4. is strong symmetric monoidal.

A.2 Model Structures

�ere are several di�erent model structures (see e.g. [23] for information

about model categories) on the category of Γ-spaces, but we will be using the “sta-

ble model structure” that provides a nice Quillen equivalence between simplicial

rings andHZ-algebras (as modeled in Γ-spaces). We �rst need to describe the “strict

model structure”:

De�nition A.5. A map of f ∶ A→ B of Γ-spaces is a:

• strict Q-�bration if the induced map of simplicial sets A([n]) → B([n]) is a
Kan �bration for all n;
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• strict Q-equivalence if the induced map of simplicial sets A([n]) → B([n]) is
a weak equivalence for all n ;

• strict Q-co�bration if f satis�es the le� li�ing property with respect to all

acyclic strict Q-�brations.

�is produces a model structure for us:

�eorem A.5. [24, �m. 1.4] �e strict Q-�brations, Q-equivalences, and Q-

co�brations endow the category of Γ-spaces with the structure of a closed simplicial

model category.

Being concerned with stable phenomena, we are more interested in a slightly

di�erent model structure that is obtained from the strict model structure by localiz-

ing at the stable equivalences:

De�nition A.6. A map of f ∶ A→ B of Γ-spaces is a:

• stable Q-equivalence if f induces an isomorphism of homotopy groups;

• stable Q-co�bration if f is a strict Q-co�bration;

• stable Q-�bration if it has the right li�ing property with respect to all acyclic

stable Q-co�brations.

Again, we get a model structure:

�eorem A.6. [24, �m. 1.5] �e stable Q-�brations, Q-equivalences, and Q-

co�brations endow the category of Γ-spaceswith the structure of a co�brantly-generated

closed simplicial model category.

A Γ-space A is �brant in this model structure if and only if:
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1. A is very-special;

2. for all n, A([n]) is a �brant simplicial set (Kan complex).

We can use this model structure to produce model structures on categories

of modules or algebras over a Γ-ring by forgetting to Γ−spaces:

De�nition A.7. Let R be a Γ-ring, and letM be any of the following categories: le�

or right R-modules, R-bimodules, or R-algebras.�en we say that a map inM is a:

• weak equivalence if it is a stable Q-equivalence of Γ-spaces;

• �bration if it is a stable Q-�bration of Γ-spaces;

• co�bration if it has the le� li�ing property with respect to all acyclic �brations

inM.

�eorem A.7. [24, �m. 2.2, �m. 2.5] �e above weak equivalences, �brations,

and co�brations endow M with the structure of a closed simplicial model category.

�e categories of (bi)modules are co�brantly generated, and co�brant R-algebras or

bimodules are co�brant as R-modules.

�e category of modules over a simplicial ring has a model structure where

the �brations and weak equivalences are created in the underlying category of sim-

plicial abelian groups. L is compatible with this model structure:

�eorem A.8. [24, �m. 4.4] Let B be a simplicial ring. �en the adjoint functors

H and L form a Quillen equivalence between the categories of B-modules and HB-

modules.
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�ese model categories are where we do a lot of Goodwillie calculus, and

therefore we are forced to compute homotopy �bers of cubes consisting of (simpli-

cial) Γ-rings. In the process, we o�en use the following fact:

Proposition A.9 ([9, Corollary A.7.2.7]). �e homotopy limit of simplicial connective

spectra over an indexing categorywith �nite cohomological dimension can be computed

levelwise.

In particular, homotopy limits of simplicial connective spectra over N can be

taken levelwise, which implies that homotopy �bers of simplicial connective spectra can

be taken levelwise.

A.3 Resolutions

We now describe the main technical device that will be used in this paper,

which is a way of resolving Γ-rings and bimodules by simplicial rings and bimodules

over simplicial rings.

Construction A.10. We have an adjunction between the category of simplicial

abelian groupsAb∆ and the category of pointed simplicial sets S∗:

Z̃ ∶ S∗ Ð→←Ð Ab∆ ∶ U

where Z̃ is the “free simplicial abelian group” functor (as above) andU is the forgetful

functor. Applying these functors pointwise to the values of Γ-objects inAb∆ and S∗,
we get an adjunction

Z̃ ∶ ΓS∗ Ð→←Ð ΓAb∆ ∶ U

which can be promoted to an adjunction

Z̃ ∶ Γ-rings Ð→←Ð HZ-algebras ∶ U .
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Letting R be a Γ-ring, repeated application of the unit of this adjunction gives us an

augmented cosimplicial object (with R as the 0 simplex):

R → {[q]↦ (UZ̃)q+1R}

which determines a cube:

S ↦ (UZ̃)∣S∣R

(with ∅↦ R). We will denote this cube by S ↦ RS .

�is cube has the useful property that every noninitial vertex is an HZ-

algebra, and is therefore canonically stably equivalent to a simplicial ring as discussed

earlier.

We record one last fact, which tells us that suspension of HZ-modules is

related to the bar construction of simplicial abelian groups:

LemmaA.11. Let M be an HZ-module. �en there is a natural equivalence L(ΣM) ≃
BL(M).

Proof. �e suspension functor is performed space-wise on Γ-spaces, which is to say

that (ΣM)(1+) = Σ(M(1+)) and (ΣM)(2+) = Σ(M(2+)). Recalling the way that L
is de�ned, it is straightforward to verify that taking the coequalizer involved in the

de�nition is compatible with this suspension.

�is nets us an equality L(ΣM) = ΣL(M). In [28], Wu shows that there is a
natural map

σ ∶ ΣX → BX

for any simplicial group X.�is has the property that the looped map

Gσ ∶ GΣX → GBX
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is a weak equivalence, where G is Kan’s loop group functor. However, both ΣX and

BX are connected, so comparing the long exact sequence of homotopy groups asso-

ciated to the path/loops �bration tells us that the map ΣX → BX is an equivalence.

A.4 Γ-spaces and Prolongation

To each Γ-space we can construct an FSP in the classical sense via prolonga-

tion (cf. [6]):

Construction A.12. Let R be a Γ-space. We can �rst extend R from a functor Γop →
S∗ to a functor from the category of based sets. LetW be a based set, then we de�ne

the value of R onW to be the colimit of its values on all of its �nite subsets:

R(W) ∶= colim
V⊂W
V∈Γ

R(V).

Now, we can apply this levelwise to extend this to a functor from S∗ to itself.

Let X = {Xn} be a simplicial set, then we can de�ne

R(X)n ∶= R(Xn) = colim
V⊂Xn
V∈Γ

R(V),

with the face and degeneracy maps induced from functoriality and the face and de-

generacy maps of X.

�is gives us an FSP in simplicial sets and by evaluating on the simplicial

spheres X = Sn we get a sequence of simplicial sets {R(Sn)}, and the maps internal
to Γop can be used to give us the structure maps of a spectrum.

�is also has the description as a coend:

R(X) = ∫ [n]∈Γop

Xn ∧ R([n]).
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�is prolongation functor ΓS∗ → Spectra produces a Quillen equivalence
between any suitable model category of connective spectra (see [21], [25], and [16]).
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Appendix B

K-�eory

We now include a brief discussion of both the Waldhausen de�nition of K-

theory and the plus construction that is used in [9].

B.1 Review of Waldhausen Categories and K-�eory

Waldhausen categories were introduced in [27], where they were called “cat-

egories with weak equivalences and co�brations”. As the latter name suggests, these

are categories equipped with sets of maps deemed to be weak equivalences and co�-

brations, and thesemaps are required to satisfy some reasonable properties along the

lines of what we know happens with weak homotopy equivalences and co�brations

in the more familiar category of topological spaces (or more generally, some model

category). More precisely:

De�nition B.1. AWaldhausen category is a pointed category C equipped with two
distinguished subcategories: the weak equivalences wC (denoted with ∼Ð→) and the
co�brations cof C (denoted with ↣). �ese are required to satisfy the following ax-
ioms:

1. �e isomorphisms in C are contained in wC;

2. wC ⊆ cof C;

3. the maps from the 0 object are in cof C;
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4. (Cobase change). If A ↣ B is a co�bration and A → C is any map, then the

pushout C∪AB exists andmoreover the map C → C∪AB is itself a co�bration;

5. (Gluing). If we have a commutative diagram

B A C

B′ A′ C′,

∼ ∼ ∼

then the map

B ∪A C → B′ ∪A′ C′

is also in wC.

We refer to a sequence A ↣ B ↠ A/B as an co�ber sequence, where A/B is
such that it �ts into a pushout square

A B

0 B/A.

We can now de�ne the S● construction, which serves the purpose of both

(homotopically) identifying weakly equivalent objects and splitting co�ber se-

quences:

De�nition B.2. For any category C, the arrow category Ar(C) is the category whose
objects are the morphisms in C and whose morphisms are commutative diagrams.
We let Arn denote the arrow category Ar([n]), where [n] is the category associated
to the ordered set [n] = {0 < 1 < ⋅ ⋅ ⋅ < n} .

Let C be a category with co�brations and weak equivalences. We de�ne a
simplicial Waldhausen category S●C given as follows: in degree n is the category SnC
of functors C ∶ Arn → C satisfying:
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1. �e diagonal objects Ci ,i are 0;

2. if i ≤ j ≤ k, then Ci , j → Ci ,k is a co�bration, and Ci , j ↣ Ci ,k ↠ C j,k is a co�ber

sequence.

�is has a Waldhausen structure where the weak equivalences and co�bra-

tions are pointwise, and so it makes sense to take the nerve wS●C, which is a bisim-
plicial set. We then de�ne the K-theory space

K(C) ∶= diag∗wS●C .

Waldhausen shows in [27] that Ω∣K(C)∣ is an in�nite loop space, and so we
can also refer to the associated connective spectrum as K(C); this distinction will be
clear from context.

B.2 �e Plus Construction

�ere are a number of ways to de�ne the algebraic K-theory of Γ-rings, all of

which are equivalent in a suitable sense. One way is to use the category PR of �nite

cell R-modules, but [9] use the following construction:

De�nition B.3. Let R be a Γ-ring. �en we de�ne Mn(R) to be the Γ-ring of nxn
matrices in R “with only one entry in each column” that is for a simplicial set X

Mn(R)(X) ∶=∏
n
⋁
n
R(X).

Let M̃n(R) be a functorial �brant replacement of Mn(R); then we have that
π0M̃n(R) = Mn(π0(R)), so we can de�ne GLn(R) as the homotopy pullback

GLn(R) M̃n

GLn(π0(R)) Mn(π0(R)).
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�e wedge induces a map

Mn(R)→ Mn+1(R)

which is compatible with the Whitehead sum on Mn(π0(R)) and therefore there is
a colimit system

⋅ ⋅ ⋅→ GLn → GLn+1 → . . . .

We can then de�ne GL(R) as the Γ-ring that arises from this limit sytem. Its value
on 1 is a simplicial monoid, which we can group complete by taking its classifying

space and using the plus construction, and so we de�ne

K(R)∆ ∶= K0(π0(R)) × B(GL(R)(1+))+

which is a simplicial set, and is the 0th simplicial set in an Ω-spectrum.

Note. �e standard procedure to de�ne algebraic K-theory gives us a space. �at

is, we would apply the plus construction to the topologicalmonoid ∣BGL(R)(1+)∣ to
obtain ∣B(GL(R)(1+))∣+. We would then de�ne

K(R) = K0(π0(R)) × ∣B(GL(R)(1+))∣+.

Because geometric realization preserves both the plus construction (moving from

simplicial monoids to topological monoids) and products (!), this is equivalent to

the geometric realization of K(R)∆.
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