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Interference creates a fundamental barrier in attempting to improve

throughput in wireless networks, especially when multiple concurrent trans-

missions share the wireless medium. In recent years, significant progress has

been made on characterizing the capacity limits of wireless networks under

the premise of global and instantaneous channel state information at trans-

mitter (CSIT). In practice, however, the acquisition of such instantaneous and

global CSIT as a means toward cooperation is highly challenging due to the

distributed nature of transmitters and dynamic wireless propagation environ-

ments. In many limited CSIT scenarios, the promising gains from interference

management strategies using instantaneous and global CSIT disappear, often

providing the same result as cases where there is no CSIT. Is it possible to

obtain substantial performance gains with limited CSIT in wireless networks,

given previous evidence that there is marginal or no gain over the case with

viii



no CSIT? To shed light on the answer to this question, in this dissertation,

I present several achievable sum of degrees of freedom (sum-DoF) characteri-

zations of wireless networks. The sum-DoF is a coarse sum-capacity approxi-

mation of the networks, deemphasizing noise effects. These characterizations

rely on a set of proposed and existing interference management strategies that

exploit limited CSIT.

I begin with the classical multi-user multiple-input-single-output (MISO)

broadcast channel with delayed CSIT and show how CSI feedback delays

change sum-capacity scaling law by proposing an innovative interference align-

ment technique called space-time interference alignment. Next, I consider in-

terference networks with distributed and delayed CSIT and show how to opti-

mally use distributed and moderately-delayed CSIT to yield the same sum-DoF

as instantaneous and global CSIT using the idea of distributed space-time inter-

ference alignment. I also consider a two-hop layered multiple-input-multiple-

output (MIMO) interference channel, where I show that two cascaded inter-

fering links can be decomposed into two independent parallel relay channels

without using CSIT at source nodes through the proposed interference-free

relaying technique. Then I go beyond one-way and layered to multi-way and

fully-connected wireless networks where I characterize the achievable sum-DoF

of networks where no CSIT is available at source nodes using the proposed

space-time physical-layer network coding. Lastly, I characterize analytical ex-

pressions for the sum spectral efficiency in a large-scale single-input-multiple-

output (SIMO) interference network where the spatial locations of nodes are
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modeled by means of stochastic geometry. I derive analytical expressions for

the ergodic sum spectral efficiency and the scaling laws as functions of relevant

system parameters depending on different channel knowledge assumptions at

receivers.
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Chapter 1

Introduction

This dissertation establishes approximate capacity characterizations of

interference networks with limited channel state information at transmitter

(CSIT). This chapter provides background on the problem of interference in

wireless networks and then explains traditional approaches of interference man-

agement in Section 1.1. Section 1.2 provides a comprehensive overview about

recent interference management strategies starting from single-hop interfer-

ence networks to multi-hop and multi-way interference networks with increas-

ing levels of network complexity. Section 1.3 describes the practical limitations

about obtaining CSIT in wireless systems; this is connected to the motivation

for this dissertation. The chapter concludes with a thesis statement, summary

of contributions, and notations for what follows in later dissertation chapters.

1.1 Interference in Wireless Networks

Interference is a fundamental phenomenon in wireless communication

networks with shared spectrum among multiple users due to the superposi-

tion and broadcast nature in wireless mediums. Uncoordinated interference

causes detrimental effects on wireless network throughput. As a result, it is

1



essential to understand the underlying principles of interference management

to characterize network capacity.

Conventional approaches to dealing with interference were either 1)

avoiding interference through orthogonaliztion of the shared time/frequency

resource or 2) treating other transmitters’ signals as noise or 3) decoding in-

terference. These strategies have been studied extensively and adapted to

contemporary wireless systems such as cellular and wireless local area network

(WLAN) systems. Although these approaches are effective to control inter-

ference with the reasonable amount of overheads, they are far from obtain-

ing optimal performance in many wireless network environments, excepting

for certain cases. For example, in the K-user interference channel where K

transmitters send data to their corresponding receivers by sharing the wireless

medium, when the interference’s power is of the order of the power of the

signal of interest, the traditional interference management approaches have

resulted in (at best) achieving the same data rates order as the rate of a single

communication link because of their inefficient usage of the spectrum.

1.2 Advanced Interference Management Techniques

Recently, new paradigms for interference management strategies have

emerged to successfully grapple with interference problems in a general class

of wireless networks. These new paradigms are interference shaping and ex-

ploitation, both of which have opened possibilities for significantly better per-

formance in the interference-limited communication regime than traditionally
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thought possible. The key concept of interference shaping is the creation of a

certain interference shape when transmitters propagate signals so that the ag-

gregated interference effect is minimized or eliminated at each receiver. Inter-

ference alignment [1,2] and interference neutralization [3,4] are representative

interference shaping techniques. Exploiting interference is the idea of using

interference as a useful signal (side-information) to increase data rates in com-

munication networks. Network coding [5–13] is a representative technique for

exploiting interference. In this section, a comprehensive overview is provided

for the concepts of advanced interference management techniques, illustrated

by some examples.

1.2.1 Single-Hop Interference Networks

Single-hop interference networks are good models for communication

in cellular networks, wireless local area networks, and ad-hoc networks. Inter-

ference management in single-hop interference networks becomes convoluted,

especially when the number of transmit and receive user pairs increases. The

challenge arises because each transmitter needs to control transmit signals

propagating to all of the unintended receivers and at the same time each re-

ceiver effectively mitigates interference signals from multiple transmitters.

Recently, interference alignment, an innovative idea for communica-

tion in interference channels, was introduced by [1, 2]. As depicted in Figure

1.1, the essential idea of interference alignment is to align multiple interfering

signals at each receiver to minimize the signal dimension occupied by the in-
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Figure 1.1: A diagram illustrating interference alignment. At each receiver,
three interferers collapse to appear at two. This enables interference free de-
coding in a desired signal subspace [2].

terference signals. As a result of this alignment, each user is able to decode a

desired signal with no interference by projecting a received signal onto the null

space of the interference signal space. Interference alignment has been proven

to achieve the best possible data rate scaling in a wide class of interference

networks[14–19, 24]. For instance, interference alignment makes it possible

to linearly increase sum rates with a number of communication pairs in the

interference channel with time-varying channel coefficients [2, 15].

A major problem regarding interference alignment algorithms over time-

varying channels is that these algorithms provide poor sum rate performance

in the finite SNR regime [2, 15–17]. This mainly comes from the fact that

transmitters need to code over many independent channel realizations (i.e.,

needs for large channel diversity), which essentially sacrifices the desired sig-
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nal power over multiple channel uses. To overcome this issue, interference

alignment algorithms over constant channels have been studied using multi-

ple signal dimensions inherently induced by multiple antenna systems [18–24]

or using rational and irrational dimensions [25]. In time-varying channels,

a near-optimal interference alignment algorithm called ergodic interference

alignment was proposed to characterize an approximate ergodic capacity to

within a constant number of bits/sec/Hz, regardless of SNR in certain inter-

ference networks [26]. The main drawback of ergodic interference alignment

lies in the impracticality in current wireless systems due to high delays and

buffer constraints in hardware.

Recently, interference alignment has also moved in a direction towards

using limited channel knowledge to translate theoretical results into practi-

cal wireless systems [27–30]. Blind interference alignment [27] is a class of

interference alignment techniques that use knowledge about autocorrelation

functions of channels instead of channel values themselves, thereby requiring

less CSIT. The idea is that a transmitter carefully and repeatedly sends sym-

bols using the autocorrelation function so that each receiver can see the same

aggregated interference. This algorithm leads a receiver to simply subtract the

aggregated interference and then resolve the multiple desired signals free from

interference. The essence of blind interference alignment was extended in a

case where channels independently vary over time or frequency (wherein auto-

correlation functions do not help to predict channel patterns). In such a case,

interference alignment algorithms using a reconfigurable antenna [28] or using
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completely delayed CSIT were proposed in a vector broadcast channel [29] and

a certain class of interference channels [30]. These methods revealed that com-

pletely delayed CSIT is still useful in providing substantial DoF gains in the

channels compared to no CSIT [29, 30]. Following up on these successes with

the aforementioned interference alignment techniques, more recent and emerg-

ing work has considered developing independent set scheduling algorithms via

interference alignment drawing on the knowledge of network connectivity in-

formation [31].

1.2.2 Multi-Hop Interference Networks

Interference management in multihop networks is sophisticated because

relay nodes between the source-destination pairs propagate the mixture of in-

terference signals as well as the desired signals on the network. This compli-

cates the selection and design of relay strategies since it is unclear as to what

extent a relay should forward, cancel, align, or otherwise manage interference.

Interference neutralization was initially studied in [3, 4] to overcome

the interference barrier for multi-hop interference networks. The main idea of

interference neutralization is a careful selection forwarding strategies at relays

that results in the cancellation of interference signals through multiple chan-

nel paths. As a result of neutralization, each destination node is capable of

decoding the desired signal without interference. By employing interference

neutralization, it was demonstrated that interference-free communication is

possible for a certain class of two-hop interference networks, provided that the
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Figure 1.2: A diagram illustrating interference neutralization (distributed zero-
forcing) in a two-pair two-hop interference channel with three relays. At each
destination, no interference appears by carefully choosing relaying strategies.
This enables interference free decoding for a desired signal.

number of relays is sufficiently larger than the number of source and designa-

tion pairs [3]. Figure 1.2 illustrates an example of interference neutralization in

a two-pair two-hop interference channel. Interference going through multiple

paths can be cancelled via cooperation of three relays; thereby each destination

can perform interference-free decoding.

The idea of interference neutralization was generalized by leveraging the

idea of interference alignment. Considering precoding techniques over multi-

ple symbols, aligned interference at relays can be neutralized through multiple

paths; this is referred to as aligned interference neutralization [32, 33]. Using

this idea, it was demonstrated that the optimal sum DoF of the two-pair two-

hop interference network is achievable with two cooperative relays [33]. The

core idea of aligned interference neutralization is illustrated in Figure 1.3. In

this channel, a cognitive relay has global channel knowledge while two dumb
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Figure 1.3: A diagram illustrating aligned interference neutralization in a two-
pair two-hop interference channel with a cognitive relay and two dumb relays.

relays simply amplify and forward their received signals with no knowledge

of channel conditions. In the first hop, source 1 sends two signals A and B

while source 2 transmits signal C over two time slots so that the cognitive

relay sees the aligned signal B + C in a signal dimension while observing A

in a separate signal dimension. By carefully choosing the relaying coefficients

over the two signal dimensions, it is possible to neutralize the aggregated in-

terference propagated from the dumb relays and the cognitive relay at both

destinations, which allows for the two destinations to extract their desired sig-

nals. Recent work [34] for two-hop interference networks with K sources, K

relays, and K destinations showed that the cut-set bound (i.e., sum-DoF=K)

is achievable by asymptotically canceling the interference between all source-

destination pairs using a variant of aligned interference neutralization. Al-

though aforementioned interference neutralization techniques essentially show
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that considerable DoF gains can be attainable in multi-hop interference net-

works, they often require complicated relaying strategies and have a poor sum

rate performance in the finite SNR regime.

1.2.3 Multi-Way Communication Networks with Relays

Multi-way communication using intermediate relay nodes is a wireless

network architecture with applications to cellular networks, sensor networks,

and device-to-device (D2D) communication. The most distinctive feature of

multi-hop interference networks is that source and destination nodes are in-

separable. This feature introduces a new potential of exploiting interference

signals as an efficient interference management approach.

Network coding is a representative technique of exploiting interference.

For multi-hop wired networks, [5] originally introduced the idea of network

coding to boost network throughput. The crucial principle underlying network

coding is that intermediate nodes in networks forward out functions (a linear

combination) of their received packets, instead of independent packets. Using

this coding concept, [6] showed that the multicast network capacity is the

minimum of the max-flow of the information from the source to the multicast

sinks. Further, [7] demonstrated that random network coding achieves the

multicast capacity of wired networks. The same spirit of exploiting interference

was extended into wireless networks. In the two-way relay channel in which

two nodes exchange information with each other via a shared relay node, the

concept of physical layer (analog) network coding [3,9–12] was introduced. As

9



BA!

CA!

User A 

11A

A+B!

B!

11
A

A+B!
B!

A+B! A+B!

Self-interference cancellation!

Multiple access phase!

Broadcast phase!

AC! BC!

AB!

CB!
User B 

User C 

BA+AB!

CA+AC!

CB+BC!

User A User B 

User A User B 

User A User B 

User C 

BA+AB!

CA+AC!

AB!
AC!

CA!
CB!

BA!
BC!

Self-interference cancellation!

Multiple access phase! Broadcast phase!

Relay 

Relay 

Relay Relay 

Figure 1.4: A diagram illustrating physical-layer network coding in a two-way
relay channel.

illustrated in Figure 1.4, physical-layer network coding allows the exchange of

packets A and B within two communication phases by canceling the known

self-interference signal a prior. Drawing upon this idea, [3, 11] showed that

the rates of information exchange are double of these achieved by traditional

interference management strategies.

The concept of interference exploitation was extended by wisely com-

bining the ideas of interference alignment and network coding; this is referred

to signal space alignment for network coding [35]. Suppose a three user multi-

way communication scenario where a user with two antennas wants to exchange

two independent messages each via a relay with three antennas; this is referred

to a multiple-input-multiple-output (MIMO) Y channel [35]. As illustrated in

Figure 1.5, when each user sends two independent messages to the relay in the

multiple access phase, the relay observes a total of six incoming signal streams.

Since a relay is able to use a three dimensional signal space, the users coopera-
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Figure 1.5: A diagram illustrating signal space alignment for network coding
in a MIMO Y channel.

tively send the signals so that a pair of two signals for network coding can each

be aligned as a signal dimension. In the broadcast phase, the relay applies the

multi-user beam forming technique that cancels unmanageable interference to

the users. At the user end, each user is able to first subtract its own trans-

mit signal, the so-called self-interference, and then extract the desired signal

from its partner, in a process that is analogous to network coding. This idea

achieved the optimal sum DoF in the MIMO Y channel and in a broad class

of multi-way communication networks with relays [36–39].

1.2.4 Large-Scale Interference Networks

Most of the aforementioned interference management techniques, such

as interference alignment, aligned interference neutralization, and signal space

alignment for network coding, were developed in idealized interference net-

work settings. These settings consider a particular number of cooperative

transmit-and-receiver pairs, ignoring the potential interference from outside
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of the cooperative set and often deemphasizing noise effects. There exists

apparent limitations in translating the performance gains obtained from the

advanced interference management techniques into practical wireless systems

due to their simplified natures [40]. The analytical performance analysis of

the interference management techniques is challenging in contemporary wire-

less systems that can be modeled by large scale interference networks. In ad

hoc scenarios, an approximate capacity, scaling laws, of such large scale in-

terference networks was first characterized by Gupta and Kumar’s pioneering

work [41] and the subsequent work by [42–44]. Shortest-path-routing algo-

rithms were applied in [41], which treats all other transmitters’ signals as noise

excepting for the signal from the nearest transmitter. With this simple inter-

ference management technique, [41] showed that the network capacity grows

sublinearly as the number of nodes increases in the network. By leveraging the

concept of distributed MIMO transmissions, [43] proposed a new cooperation

architecture called hierarchical cooperation and revealed that it achieves the

optimal capacity scaling in a certain class of ad hoc networks. Although such

results broadened the understanding of ad hoc network capacity partially, it

was still impossible to characterize the exact capacity in terms of the relevant

system parameters. Recently, tractable approaches [45–49] were proposed to

model large-scale interference networks via stochastic geometry, which facili-

tates compact expressions of coverage probability and spatially averaged spec-

tral efficiency of in networks. In such large scale networks, the performance of

distributed interference management techniques, such as power control [50–52],
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receiver interference cancellation [53, 54], interference alignment [55], and co-

ordinated beamforming [160], were analyzed in various scenarios ranging from

ad hoc to cellular networks.

1.3 Limited Channel Knowledge

The wireless channel models the impact of the communication medium

on the electromagnetic waves that travel from a transmitter to a receiver. This

can be modeled as a linear function that scales, rotates, and delays signals sent

by transmitters. This linear function is referred to as channel state informa-

tion (CSI). This function, in general, is not known a priori and has to be

estimated at the receivers using pilot-assisted channel estimation techniques.

The accuracy of obtained CSI depends on background noise, unknown inter-

ference power at the receiver, and length of pilot symbols. It is possible to

obtain accurate CSI when the pilot signal to noise plus interference ratio is high

enough [57]. When receivers feed back the estimated CSI to the transmitter,

in point-to-point communication networks, it is possible to exploit it by adapt-

ing the transmit strategy to the dynamic propagation environment; thereby

providing higher capacity and better link quality [58, 59, 151]. In multi-user

communication networks, CSIT is more important than point-to-point com-

munication networks because it plays an crucial role in controlling multi-user

interference. In particular, in such networks, two different CSI feedback mech-

anisms have been studied extensively: quantized (digital) feedback [61–64] and

2) noisy (analog) feedback [65]. Quantized CSI feedback is a method of ob-
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Figure 1.6: Channel state information estimation and feedback.

taining CSIT using a finite rate feedback control channel to deliver quantized

observations of CSIR. Unlike quantized feedback, noisy feedback is a method

wherein a receiver directly transmits the estimated CSI to the corresponding

transmitter using uncoded quadrature and amplitude modulated symbols.

The CSI feedback delay and accuracy affect the quality of CSIT. The

delayed CSIT can occur by the low feedback frequency and the feedback de-

lay. When the CSI feedback frequency is lower than the speed of the channel

variations seen by the receiver, the transmitter cannot continually track the

channel variation, resulting in the delayed CSIT. Furthermore, although the

CSI feedback frequency is higher than or equal to the speed of channel changes,

the delay of CSI can happen due to the delays on the feedback channel. The

channel estimation error and finite rate feedback are main factors that cause

the inaccuracy of CSIT. Figure 1.6 illustrates the diagram entailing the er-

ror sources in the CSI estimation and feedback procedures for a point-to-point

communication link. For example, under limited-capacity feedback links, both

quantized and noisy feedback methods offer an inaccurate representation of the
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CSIT. When finite rate feedback systems are considered, the feedback accuracy

is determined by the amount of feedback information. This implies that the

feedback accuracy is tightly connected to the feedback overhead: the higher

feedback overhead is able to provide the more accurate CSIT in the system. As

a result, this uncertainty should be taken into account when designing interfer-

ence management strategies using CSIT, enabling strategies to be translated

into practice.

1.4 Summary of Contributions

A major problem regarding such advanced strategies is that they sub-

stantially increase transmission rate only when ample knowledge of instan-

taneous CSIT is available. For example, to achieve the optimal scaling law

of K-user interference channel capacity, interference alignment needs global

and perfect knowledge of CSIT across networks. In practice, however, the

acquisition of such instantaneous and global CSIT for transmit cooperation

techniques is challenging as transmitters are distributed and mobility of wire-

less nodes increases. In many limited CSIT scenarios, the promising gains

from the advanced interference management strategies diminish as with cases

of no CSIT. Is it possible to attain substantial performance gains using limited

CSIT in wireless networks?

To shed some light on the question, in this dissertation, I present sev-

eral achievable scaling law (sum-DoF) characterizations for the information-

theoretic capacity of wireless networks. These characterizations rely on a set of
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proposed interference management strategies that harness limited CSIT. The

underlying principle of the proposed strategies is to jointly employ the con-

cepts of interference shaping and exploitation. Using the proposed strategies,

I show that it is still possible to obtain significant performance gains over cases

of no CSIT in a broad class of wireless networks, even where limited channel

knowledge is available.

In this dissertation, I develop a set of new interference management

strategies using limited CSI in wireless networks to understand how this lim-

ited CSI affects network performance. The proposed research leverages the

concepts of interference alignment, interference neutralization, and physical-

layer network coding and wisely tailors them for the purpose of the efficient

use of limited CSI. The contributions presented in this dissertation constitute

a strong set of candidate interference management solutions that are able to

be implemented with fairly low signaling overheads, thus bridging the gap be-

tween theory and practice. The main contributions of this dissertation can be

summarized as follows.

• Space-Time Interference Alignment: In Chapter 2, I characterize trade-

offs between CSI feedback delay and the sum-DoF to answer the question

regarding how CSI feedback delays change the sum-capacity scaling law in

vector broadcast channels. I propose an innovative interference alignment

technique called space-time interference alignment, which jointly exploits

current and outdated CSIT. Using the proposed alignment technique, fun-

damental trade-offs between CSI feedback delay and the sum of degrees of
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freedom (sum-DoF) gain are characterized in a class of multi-user vector

broadcast channels. A crucial finding is that it is possible to achieve the

optimal DoF gain if the feedback delay is less than a determined fraction of

the channel coherence time. This confirms the intuition that a small delay

should be negligible.

• Distributed Space-Time Interference Alignment: In Chapter 3, I

extend the idea of space-time interference alignment to a class of interference

networks. The new challenge is that, unlike in the vector broadcast channel,

the antennas of the transmitters cannot cooperate with each other and each

transmitter is only able to access local CSI between itself and its associated

receivers. Under the restrictions of distributed CSIT knowledge, I show

how to optimally use distributed and moderately-delayed CSIT to yield the

same sum-DoF as instantaneous and global CSIT. Further, leveraging the

proposed transmission method and the known information theoretic outer

bound results, the sum-capacity of the two-user X channel with a set of

particular channel coefficients is characterized within a constant bit over

the entire signal-to-noise ratios.

• Interference-Free Relaying Strategy without CSIT at Source: In

Chapter 4, I study interference management problems for the two-cell two-

hop MIMO interference channel, where two source groups consisting of

multiple users with a single antenna seek to communicate with two multi-

antenna destinations by sharing two multi-antenna relays. Given a restric-

tion of CSI knowledge at source nodes, I characterize an inner bound on the
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sum-DoF. Assuming global channel knowledge at the relays but no channel

knowledge at the source nodes, I prove that two cascaded interfering links

can be decomposed into two independent parallel relay channels while shar-

ing the spectrum. To prove this, I propose a novel interference-free relay

transmission method that performs interference-shaping during reception

and interference neutralization during transmission.

• Space-Time Physical-Layer Network Coding: In Chapter 5, I establish

the scaling law of achievable rates in completely-connected multi-way relay

networks when the source nodes have no CSI. I propose a new interference

management approach inspired by physical-layer network coding, termed the

space-time physical layer network coding (ST-PNC). The core idea of ST-

PNC is to exploit overheard interference signals as side-information in addi-

tion to self-interference signals in fully connected multi-way relay networks.

Using ST-PNC, I characterize the achievable sum-DoF of the multi-way net-

works and show that efficient harnessing of both transmitted and overheard

signals as side-information brings significant performance improvements to

fully-connected multi-way relay networks. By deriving an information theo-

retic upper bound (a cut-set outer bound), I also provide the sufficient con-

dition of relays’ antenna configurations for obtaining the optimal sum-DoF

of the network. To bridge the theory-practice gap from proofs to proto-

types, I also present some results related to ST-PNC test-bed implements

using USRP hardware platforms and Labviews.

• Distributed Interference Cancellation with Local CSI at Receiver:
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In Chapter 6, I consider large random wireless networks where transmit-

and-receive node pairs communicate within a certain range by sharing a

common spectrum. By modeling the spatial locations of nodes based on

stochastic geometry, analytical expressions for the ergodic spectral efficiency

of a typical node pair are derived depending on channel state information

available at a receiver (CSIR) in terms of relevant system parameters: the

density of communication links, the number of receive antennas, the path

loss exponent, and the operating signal-to-noise ratio. One key finding is

that when the receiver is only aware of the CSIR for the direct link, the sum

of spectral efficiencies linearly improves as the density increases, if and only

if that the number of receive antennas increases as a certain super-linear

function of the density. Further, it is shown that, when each receiver has

CSIR of a set of dominant interfering links in addition to the direct link,

the sum of spectral efficiencies linearly increases with both the density and

the path loss exponent if the number of antennas is a linear function of

the density. This observation demonstrates that having CSIR for dominant

interfering links provides a multiplicative gain in the scaling law. It is also

shown that this linear scaling holds for direct CSIR when incorporating the

effect of the receive antenna correlation, provided that the rank of the spatial

correlation matrix scales super-linearly with the density. Simulation results

back scaling laws derived from stochastic geometry.
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1.5 Notation

This dissertation uses the following notation: transpose, complex con-

jugate and transpose, inverse, and trace of a matrix X are represented by XT ,

X∗, X−1, and Tr (X), respectively. In addition, E[·] indicates the expectation

operator and span(X) denotes the column space spanned by the columns of

X. Also, span(X) = span(Y) indicates that the column space spanned by two

matrices X and Y are the same. For the matrix representation, 0x×y and Ix×y

are used for a zero and identity matrices with size of x × y, respectively. In

addition, C, Z+, and CN(0, 1) a complex value, a positive integer value and a

complex gaussian random variable with zero mean and unit variance.
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Chapter 2

Space-Time Interference Alignment

This chapter characterizes the degrees of freedom (DoF) regions for the

multi-user vector broadcast channel with periodic channel state information

(CSI) feedback. As a part of the characterization, a new transmission method

called space-time interference alignment is proposed, which exploits both the

current and past CSI jointly. Using the proposed alignment technique, an inner

bound of the sum-DoF region is characterized as a function of a normalized

CSI feedback frequency, which measures CSI feedback speed compared to the

speed of user’s channel variations. One consequence of the result is that the

achievable sum-DoF gain is improved significantly when a user sends back both

current and outdated CSI compared to the case where the user sends back

current CSI only. Then, a trade-off between CSI feedback delay and the sum-

DoF gain is characterized for the multi-user vector broadcast channel in terms

of a normalized CSI feedback delay that measures CSI obsoleteness compared

to channel coherence time. A crucial insight is that it is possible to achieve

the optimal DoF gain if the feedback delay is less than a derived fraction of

the channel coherence time. This precisely characterizes the intuition that a

small delay should be negligible.
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2.1 Motivation and Related Work

Channel state information at the transmitter (CSIT) is important for

optimizing wireless system performance. In the multiple-input-single-output

(MISO) broadcast channel, CSIT allows the transmitter to send multiple data

symbols to different receivers simultaneously without creating mutual interfer-

ence by using interference suppression techniques [66]-[153]. Prior work on the

MISO broadcast channel focused on the CSIT uncertainty caused by limited

rate feedback [61]-[70]. This prior work showed no degrees of freedom (DoF)

are lost compared to the perfect CSIT case when the CSI feedback rate per

user linearly increases with signal to noise ratio (SNR) in dB scale. Mean-

while, there is little work on the effect of CSIT uncertainty due to feedback

delay. In particular, if a transmitter has past CSI that is independent of the

current CSI, i.e., outdated CSIT, it was commonly believed that only unity

DoF gain could be achieved, which is the same DoF gain in the absence of

channel knowledge at the transmitter [71]. Recently, it was shown in [29] that

outdated CSIT is helpful to obtain the DoF gains beyond that achieved by

time-division-multiple-access (TDMA). The key idea from [29] was to exploit

the perfect outdated CSIT as side-information so that the transmitter aligns

inter-user interference between the past and the currently received signals. Mo-

tivated by the work in [29], extensions have been developed for other networks

[30,72,74,116]. The DoF gain was studied for the interference channel and the

X channel when only outdated CSI is used at the transmitter in [30]. The DoF

was characterized for the two-user MIMO interference channel with delayed
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CSI according to different transmit-and-receive-antenna configurations in [72].

The outdated CSI feedback framework was also considered for the two-hop

interference channel in [116] and [74], where the DoF gain increased beyond

that achieved by the TDMA method.

The common assumption of previous work [29, 72, 74, 116] is that the

transmitter has delayed CSI only. Depending on a feedback protocol and

relative feedback delay compared to channel variations, however, it may be

possible for the transmitter to have knowledge of outdated as well as current

CSI. Therefore, one of the fundamental questions is how much gain can the

system provide if the transmitter can have both current and outdated CSI? An

answer for this question is addressed in the periodic CSI feedback framework

in this chapter.

Two Different Models of Periodic CSI Feedback: Unlike aperi-

odic CSI feedback where each user opportunistically sends back CSI whenever

the channel condition is changed [80], periodic CSI feedback allows the trans-

mitter to receive CSI periodically from mobile users through dedicated feed-

back channels. This is suitable for current cellular standards such as 3GPP

LTE [58] because it is implementable using a control signal with lower over-

head. In such a periodic CSI feedback protocol, two different models can be

considered depending on the dominant factor that causes delayed CSIT.

1. Feedback frequency limited model (Model 1): Consider a block fad-

ing channel where the channel values are constant for the channel coherence
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Figure 2.1: Motivation of the proposed periodic CSI feedback model.

time Tc and the channels change independently between blocks. Further,

assume that feedback delay Tfb is much less than the channel coherence time

Tc. In such a channel, consider the case where a transmitter cannot track

all channel changes of users because each user has a limited CSI feedback

opportunity given by the periodic feedback protocol. In other words, the

CSI feedback frequency is not high enough to continually track the user’s

channel variations. Consider the example illustrated in Figure 2.1-(a). If a

user is able to use the feedback channel over the feedback duration Tf = 2Tc

among the overall feedback period T = 3Tc, i.e., ω = Tf

T
= 2

3
, the transmit-

ter may have current CSI for two-thirds of the channel variations, assuming

that the CSI feedback delay is much smaller than the channel coherence

time. Instead of sending back currently estimated CSI only, however, the

transmitter can acquire more channel knowledge, provided that each user

sends back a set of CSI including outdated and current CSI during the

feedback durations. For example, each user may send back one outdated

and two current channel state estimates to the transmitter during feedback
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(b): Model 2 for a block fading channel 

Figure 2.2: Periodic CSI feedback models for both fast and block fading chan-
nels. In Model 1, outdated CSIT is due to the lower CSI feedback frequency
than channel variations. Meanwhile, outdated CSIT comes from the CSI feed-
back delay mainly in Model 2.

durations as shown in Figure 2.1-(b). In this model, CSIT is outdated due

to the lower feedback frequency rather than the feedback link delay. Hence,

it is possible to consider an equivalent CSI feedback model in a fast fad-

ing channel without considering feedback delay to focus on the effect of CSI

feedback frequency as shown in Figure 2.2-(a). The equivalence comes from

the fact that both models allow for the transmitter to use two outdated and

one current observation of CSI periodically. In this model, I establish how

the CSI feedback frequency affects the sum-DoF gain in this fast-fading

channel configuration.

2. Feedback link delay limited model (Model 2): I also consider a differ-

ent CSI feedback scenario in which the feedback link delay is the dominant

factor that causes outdated CSIT. Consider a block fading channel where

the transmitter can track all channel variations for each user, assuming that
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the feedback interval T is equal to channel coherence time Tc for simplicity.

Further, the feedback delay Tfb is not negligible compared to the channel

coherence time. In this scenario, outdated CSIT is no longer affected by

the feedback frequency because the transmitter can track the channel vari-

ations over all channel blocks. Rather, the relative difference between the

CSI feedback delay and the channel coherence time causes the transmit-

ter have the delayed CSI during a fraction of channel coherence time. For

instance, when the feedback delay is one-third of channel coherence time,

only delayed CSIT is available during one-third of channel coherence time,

but both delayed and current CSIT is available in the remaining time as

illustrated in Fig 2.2-(b).

In terms of related work, new transmission methods combining MAT

in [29] and partial zero-forcing (ZF) using both current and outdated CSI were

developed for the two-user vector broadcast channel in [75] and [33]. The main

difference lies in the system model. In [75] and [76], the imperfect current CSI

estimated from the temporal channel correlations is used in the transmission

algorithms. Meanwhile, our transmission algorithm exploits perfect current

CSI. The problem of exploiting perfect outdated and current CSIT has been

studied for the two-user vector broadcast channel [85] to obtain the DoF gain,

which is more closely related to our work. The limitation of work in [85] is

that it considers a simple two-user vector broadcast channel.
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Figure 2.3: An achievable sum-DoF region for the K-user (K − 1)× 1 MISO
broadcast channel with CSI feedback frequency limited model. The achiev-
ability of point B and C in the region is derived by the proposed STIA.

2.2 Contribution

In this chapter, I consider the MISO broadcast channel where a trans-

mitter with Nt = K − 1 antennas supports K users with a single antenna.

The main contribution of this chapter is to show that joint use of outdated

and current CSIT improves significantly the sum-DoF of the vector broadcast

channel in both periodic CSI feedback models.

For the feedback frequency limited model, I provide a characterization

of the achievable sum-DoF region as a function of CSI feedback frequency

ω = Tf

Tf+Tn
. As illustrated in Figure 2.3, I show that it is possible to increase

the achievable sum-DoF region substantially from the additional outdated CSI
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feedback over all the range ω ∈ (0, 1) compared to the case where each user

sends back current CSI only at the feedback instant. One notable point is

that when ω ≥ K−1
K

, it is possible to achieve the optimal min{Nt, K} = K − 1

DoF gain (cut-set bound) without knowledge of all current CSIT, i.e., ω < 1.

This result is appealing because it was believed that the cut-set bound can be

achieved when the transmitter only has current CSIT over all channel uses.

Our result, however, reveals the fact that current CSIT over all channel uses

is not necessarily required, and joint use of outdated and current CSIT allows

the optimal DoF gain to be achieved.

For the feedback link delay limited model, I also characterize a trade-

off region between CSI feedback delay and the sum-DoF gain for the multi-

user vector broadcast channel by the proposed STIA algorithm and leveraging

results in [29]. From the proposed region, I show that the joint use of out-

dated and current CSIT improves significantly the sum-DoF gain compared

to that achieved by the separate exploitation of outdated and current CSIT.

One consequence of the derived region is that not too delayed CSIT achieves

the optimal DoF for the system. This is because the proposed trade-off region

achieves the cut-set bound for the range of 0 ≤ γ ≤ 1
K

. Further, I demonstrate

that the proposed trade-off region is optimal for the three-user 2 × 1 vector

broadcast channel using a recently derived converse result [86].

To show these results, I propose a new transmission method called

space-time interference alignment (STIA). The key idea of STIA is to de-

sign the transmit beamforming matrix by using both outdated and current
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Figure 2.4: A CSI feedback delay-DoF gain trade-off region for the K-user
(K − 1) × 1 MISO broadcast channel with CSI feedback link delay limited
model.

CSI jointly so that multiple inter-user interference signals between the past

observed and the currently observed are aligned in both space and time do-

mains. Therefore, STIA is a generalized version of the transmission method

developed in [29] for using both outdated and current CSI.

This chapter is organized as follows. In Section 2.3, the system model

and periodic CSI feedback models are described. The key concept of the

proposed transmission method is explained by giving an illustrative example

in Section 2.4. In Section 2.5, the achievable sum-DoF region for the K-user

MISO broadcast channel with the feedback frequency limited model (Model 1)

is characterized. In Section 2.6, a CSI feedback delay and DoF gain trade-off

is studied with the feedback link delay limited model (Model 2). In Section

2.7, the proposed algorithm is compared with the prior work. This chapter is
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concluded in Section 2.8.

2.3 System Model

Signal Model: Consider a K-user MISO broadcast channel where a

transmitter with Nt = K − 1 multiple antennas sends independent messages

to a receiver with a single antenna. The input-output relationship at the n-th

channel use is given by

y(k)[n] = h(k)T [n]x[n] + z(k)[n], (2.1)

where x[n] ∈ CNt×1 denotes the signal sent by the transmitter, h(k)[n] =
[
h

(k)
1 [n], . . . , h

(k)
Nt

[n]
]T

represents the channel vector from the transmitter to

user k; and z(k)[n] ∼ CN(0, 1) for k ∈ {1, 2, . . . , K}. I assume that the transmit

power at the transmitter satisfies an average constraint E [Tr (x[n]x∗[n])] ≤

P . I assume that all the entries of channel vector h(k)[n] are drawn from a

continuous distribution and the absolute value of all the channel coefficients

is bounded between a nonzero minimum value and a finite maximum value to

avoid the degenerate cases where channel values are equal to zero or infinity.

Each receiver has a perfect estimate of its CSI, i.e. has perfect CSIR.

Periodic CSI Feedback Model: I consider two periodic CSI feed-

back models.

• Model 1 (CSI feedback frequency limited model): A feedback cycle

(T ∈ Z+ time slots) consists of two sub durations: a non-feedback dura-

tion (Tn time slots) and a CSI feedback duration (Tf time slot). During the
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non-feedback duration, each user cannot send back CSI to the transmitter

at all. Starting with the Tn + 1 time slot, each user sends it back to the

transmitter until Tn + Tf time slots. In the first time slot in the feedback

duration, the user sends back both current CSI and the estimated CSI ob-

tained from the previous non-feedback durations. From time slot n = Tn +2

to n = Tn+Tf, only current CSI is provided to the transmitter
{
h(k)[n]

}
. For

example, user k sends back Tn outdated CSI
{
h(k)[1],h(k)[2], . . . ,h(k)[Tn]

}

and one current CSI,
{
h(k)[Tn+1]

}
through the feedback link at Tn+1 time

slot. From time slot t = Tn + 2 to t = Tn +Tf, the only current CSI is

sent back to the transmitter
{
h(k)[t]

}
. Since the channel values are inde-

pendently changed at every time slot, the transmitter is able to obtain Tn

outdated or obsolete CSI
{
h(k)[1],h(k)[2], . . . ,h(k)[Tn]

}
and Tf current CSI

{
h(k)[Tn+1], . . . ,h(k)[Tn+Tf]

}
within a feedback cycle T = Tn + Tf, where

k ∈ {1, 2, . . . , K}. The CSI is provided through a noiseless and delay-free

feedback link at regularly-spaced time intervals.

In this model, I define a parameter that measures the normalized feedback

speed, i.e., feedback frequency, which is

ω =
Tf

Tn + Tf

. (2.2)

For example, if ω = 1, then the transmitter obtains instantaneous CSI over

all time slots because the feedback is frequent enough to track all channel

variations, i.e., the perfect CSIT case. Alternatively, if ω = 0, then the

transmitter cannot obtain any CSI from the receivers, i.e., no CSIT case.
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• Model 2 (CSI feedback link delay limited model): I consider an ideal

block fading channel where the channel values are constant for the channel

coherence time Tc and change independently between blocks. Each user

sends backs CSI to the transmitter every Tc time slots periodically where Tc

denotes channel coherence time. If I assume that the feedback delay time Tfb

is less than the channel coherence time, i.e., Tfb < Tc, then the transmitter

learns the CSI Tfb time slot after it was sent by the user. For example, if

a user sends back CSI at time slot n, the transmitter has CSI at time slot

n+ Tfb in our model.

Let us define a parameter for the ratio between the CSI feedback delay and

the channel coherence time. I call this the normalized CSI feedback delay:

γ =
Tfb

Tc

. (2.3)

I refer to the case where γ ≥ 1 as the completely outdated CSI regime as

considered in [29]. In this case, only completely outdated CSI is available

at the transmitter. I refer to the case where γ = 0 as the current CSI point.

Since there is no CSI feedback delay, the transmitter can use the current

CSI in each slot. As depicted in Figure 1-(b), if γ = 1
3
, the transmitter is

able to exploit instantaneous CSI over two-thirds of the channel coherence

time and outdated CSI for the previous channel blocks.

Sum-DoF with Periodic CSI Feedback: Since the achievable data

rate of the users depends on the parameters ω or γ and SNR, it can be ex-

pressed as a function of λ ∈ {ω, γ} and SNR. Using this notion, for codewords
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spanning n channel uses, a rate of user k R(k)(λ, SNR) = log |m(k)(λ,SNR)|
n

is

achievable if the probability of error for the message m(k) approaches zero as

n→∞. The sum-DoF characterizing the high SNR behavior of the achievable

rate as a function of λ is defined as

d(λ) =
K∑

k=1

d(k)(λ) = lim
SNR→∞

∑K
k=1 R

(k)(λ, SNR)

log(SNR)
. (2.4)

2.4 Space-Time Interference Alignment

Before proving our main results, I explain the space-time interference

alignment (STIA) signaling structure. The periodic CSI feedback protocol

motivates us to develop the STIA because it exploits current and outdated

CSI jointly. In this section, I focus on the special case of K = 3, Nt = 2, and

ω = 2
3

to provide an intuition why joint use of both CSI is useful. I generalize

this construction to a more general set of parameters in the sequel.

2.4.1 Precoding and Decoding Structure

In this section, I will show that 2 of DoF (outer bound) is achieved for

the 3-user 2×1 vector broadcast channel when ω = 2
3

(Tn = 1 and Tf = 2) under

the assumptions of Model 1 as depicted Figure 2-(a). The proposed STIA

algorithm consists of two phases. The first phase involves sending multiple

symbols per user to create an interference pattern without CSI knowledge at

the transmitter. The second phase involves sending linear combinations of the

same symbols to recreate the same interference patterns using both current
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and outdated CSI. Using the fact that each user receives the same interference

patterns during the two phases, it cancels the interference signals to obtain

the desired symbols in the decoding procedure.

Phase One (Obtain the Interference Pattern): This phase con-

sists of one time slot. During phase one, the transmitter does not have any

CSI knowledge according to Model I because each user cannot feedback CSI

during the non-feedback duration, i.e., Tn = 1. In time slot 1, the transmitter

sends six independent symbols where s
(1)
1 and s

(1)
2 intended for user 1, s

(2)
1 and

s
(2)
2 intended for user 2, and s

(3)
1 and s

(3)
2 intended for user 3 without precoding

as

x[1] =
3∑

k=1

s(k), (2.5)

where s(k) =
[
s

(k)
1 , s

(k)
2

]T
. Neglecting noise at the receiver, the observation at

each receiver is a function of three linear combinations:

y(1)[1] = L(1,1)[1] + L(1,2)[1] + L(1,3)[1], (2.6)

y(2)[1] = L(2,1)[1] + L(2,2)[1] + L(2,3)[1], (2.7)

y(3)[1] = L(3,1)[1] + L(3,2)[1] + L(3,3)[1], (2.8)

where L(k,i)[n] denotes a linear combination seen by user k for the transmitted

symbols for user i at the n-th time slot:

L(1,1)[1] = h
(1)
1 [1]s

(1)
1 + h

(1)
2 [1]s

(1)
2 ,

L(1,2)[1] = h
(1)
1 [1]s

(2)
1 + h

(1)
2 [1]s

(2)
2 ,
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L(1,3)[1] = h
(1)
1 [1]s

(3)
1 + h

(1)
2 [1]s

(3)
2 ,

L(2,1)[1] = h
(2)
1 [1]s

(1)
1 + h

(2)
2 [1]s

(1)
2 ,

L(2,2)[1] = h
(2)
1 [1]s

(2)
1 + h

(2)
2 [1]s

(2)
2 ,

L(2,3)[1] = h
(2)
1 [1]s

(3)
1 + h

(2)
2 [1]s

(3)
2 ,

L(3,1)[1] = h
(3)
1 [1]s

(1)
1 + h

(3)
2 [1]s

(1)
2 ,

L(3,2)[1] = h
(3)
1 [1]s

(2)
1 + h

(3)
2 [1]s

(2)
2 ,

and L(3,3)[1] = h
(3)
1 [1]s

(3)
1 + h

(3)
2 [1]s

(3)
2 .

In summary, during phase one, each receiver obtains a linear combination of

one desired equation L(i,i)[1] and two interference equations L(i,j)[1] for i 6= j.

Phase Two (Generate the Same Interference Pattern): The

second phase uses two time slots, i.e. n ∈ {2, 3}. In this phase, the transmitter

has knowledge of both current and outdated CSI thanks to feedback. For

example, during time slot 2, the transmitter has outdated CSI for the first

time slot and current CSI for the second time slot. Using this information, in

time slot 2 and time slot 3, the transmitter sends simultaneously two symbols

for the dedicated users by using linear beamforming as

x[n] =
3∑

k=1

V(k)[n]s(k), (2.9)

where V(k)[n] ∈ C2×2 denotes the beamforming matrix used for carrying the

same symbol vector s(k) =
[
s

(k)
1 , s

(k)
2

]T
at time slot n, where n ∈ {2, 3} and

k ∈ {1, 2, 3}. The main idea for designing precoding matrix V(k)[n] is to

allow all the receivers observe the same linear combination for interference
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signals received during time slot 1 by exploiting current and outdated CSI.

For instance, user 2 and user 3 received the interference signals in the form of

L(2,1)[1] = h
(2)
1 [1]s

(1)
1 + h

(2)
2 [1]s

(1)
2 and L(3,1)[1] = h

(3)
1 [1]s

(1)
1 + h

(3)
2 [1]s

(1)
2 . There-

fore, to deliver the same linear combination for the undesired symbols to user

2 and user 3 repeatedly during n ∈ {2, 3}, the transmitter constructs the

beamforming matrix carrying symbols, s
(1)
1 and s

(1)
2 to satisfy

[
h(2)T [n]
h(3)T [n]

]
V(1)[n] =

[
h(2)T [1]
h(3)T [1]

]
. (2.10)

Similarly, to ensure the interfering users receive the same linear combination

of the undesired symbols, which is linearly dependent (aligned) with the previ-

ously overheard equation during time slot 1, the beamforming matrices carry-

ing data symbols for user 2 and user 3 are constructed to satisfy the space-time

inter-user interference alignment conditions:

[
h(1)T [n]
h(3)T [n]

]
V(2)[n] =

[
h(1)T [1]
h(3)T [1]

]
, (2.11)

and

[
h(1)T [n]
h(2)T [n]

]
V(3)[n] =

[
h(1)T [1]
h(2)T [1]

]
. (2.12)

Since I assume that the channel coefficients are drawn from a continuous dis-

tribution, matrix inversion is guaranteed with high probability. Therefore, it

is possible to construct transmit beamforming matrices V(1)[n], V(2)[n] and

V(3)[n] as

V(1)[n] =

[
h(2)T [n]
h(3)T [n]

]−1 [
h(2)T [1]
h(3)T [1]

]
, (2.13)
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V(2)[n] =

[
h(1)T [n]
h(3)T [n]

]−1 [
h(1)T [1]
h(3)T [1]

]
, (2.14)

and

V(3)[n] =

[
h(1)T [n]
h(2)T [n]

]−1 [
h(1)T [1]
h(2)T [1]

]
. (2.15)

If I denote h̃(1)T [n] = h(1)T [n]V(1)[n] and L(1,1)[n] = h̃(1)T [n]s(1) for n = 2, 3,

at time slot 2 and time slot 3, the received signals at user 1 are given by

y(1)[2] =
3∑

k=1

h(1)T [2]V(k)[2]s(k)

= h(1)T[2]V(1)[2]s(1) + h(1)T [2]V(2)[2]s(2)

+ h(1)T [2]V(3)[2]s(3)

= h̃(1)T [2]s(1) + h(1)T [1]s(2) + h(1)T [1]s(3)

= L(1,1)[2] + L(1,2)[1] + L(1,3)[1], (2.16)

y(1)[3] =
3∑

k=1

h(1)T [3]V(k)[3]s(k)

= h(1)T [3]V(1)[3]s(1) + h(1)T[3]V(2)[3]s(2)

+ h(1)T [3]V(3)[3]s(3)

= h̃(1)T [3]s(1) + h(1)T [1]s(2) + h(1)T [1]s(3)

= L(1,1)[3] + L(1,2)[1] + L(1,3)[1]. (2.17)

If I denote h̃(2)T [n] = h(2)T [n]V(2)[n] and L(2,2)[n] = h̃(2)T [n]s(2) for

n = 2, 3, the received signals at user 2 during time slot 2 and 3 are given by

y(2)[2] =
3∑

k=1

h(2)T [2]V(k)[2]s(k)
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= h(2)T [2]V(1)[2]s(1) + h(2)T [2]V(2)[2]s(2)

+ h(2)T [2]V(3)[2]s(3)

= h(2)T [1]s(1) + h̃(2)[2]s(2) + h(2)T [1]s(3)

= L(2,1)[1] + L(2,2)[2] + L(2,3)[1], (2.18)

y(2)[3] =
3∑

k=1

h(2)T [3]V(k)[3]s(k)

= h(2)T [3]V(1)[3]s(1) + h(2)T [3]V(2)[3]s(2)

+ h(2)T [3]V(3)[3]s(3)

= h(2)T [1]s(1) + h̃(2)T [3]s(2) + h(2)T [1]s(3)

= L(2,1)[1] + L(2,2)[3] + L(2,3)[1]. (2.19)

Finally, for user 3, if I denote h̃(3)T [n] = h(3)T [n]V(3)[n] and L(3,3)[n] =

h̃(3)T [n]s(3) for n = 2, 3, the received signals at time slot 2 and 3 are given by

y(3)[2] =
3∑

k=1

h(3)T [2]V(k)[2]s(k)

= h(3)T [2]V(1)[2]s(1) + h(2)T [2]V(2)[2]s(2)

+ h(3)T [2]V(3)[2]s(3)

= h(3)T [1]s(1) + h(3)T [1]s(2) + h̃(3)T [2]s(3)

= L(3,1)[1] + L(3,2)[1] + L(3,3)[2], (2.20)

y(3)[3] =
3∑

k=1

h(3)T [3]V(k)[3]s(k)

= h(3)T [3]V(1)[3]s(1) + h(3)T [3]V(2)[3]s(2)

+ h(3)T [3]V(3)[3]s(3)
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= h(3)T [1]s(1) + h(3)T [1]s(2) + h̃(3)T [3]s(3)

= L(3,1)[1] + L(3,2)[1] + L(3,3)[3]. (2.21)

Decoding: To explain the decoding process, let us consider the re-

ceived signals at user 1. In time slot 1, user 1 acquired knowledge of the

interference signals in the form of L(1,2)[1] and L(1,3)[1]. From phase two, user

1 received the same interference signals L(1,2)[1] and L(1,3)[1] at time slot 2

and 3 as shown in (2.16) and (2.17). Therefore, to decode the desired signals,

the observation made during phase two are subtracted from the observation

in phase one, resulting in the equations:

y(1)[1]−y(1)[2] = L(1,1)[1] + L(1,2)[1] + L(1,3)[1]

− L(1,1)[2]− L(1,2)[1]− L(1,3)[1]

= L(1,1)[1]− L(1,1)[2]

=
(
h(1)T [1]− h(1)T [2]V(1)[2]

)
s(1), (2.22)

y(1)[1]−y(1)[3] = L(1,1)[1] + L(1,2)[1] + L(1,3)[1]

− L(1,1)[3]− L(1,2)[1]− L(1,3)[1]

= L(1,1)[1]− L(1,1)[3]

=
(
h(1)T [1]− h(1)T [3]V(1)[3]

)
s(1). (2.23)

After removing the interference signals, the effective channel input-output re-

lationship for user 1 during the three time slots is given by
[
y(1)[1]− y(1)[2]
y(1)[1]− y(1)[3]

]
=

[
h(1)T [1]− h(1)T [2]V(1)[2]
h(1)T [1]− h(1)T [3]V(1)[3]

]

︸ ︷︷ ︸
H

(1)
eff

[
s

(1)
1

s
(1)
2

]
. (2.24)
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Since precoding matrix V(1)[n] for n = 2, 3 was designed independently of

channel h(1)T [1], the elements of the effective channel vector observed at time

slot 2 and 3, i.e.,
[
h̃

(1)
1 [2], h̃

(1)
2 [2]

]
= h(1)T [2]V(1)[2] and

[
h̃

(1)
1 [3], h̃

(1)
2 [3]

]
=

h(1)T [3]V(1)[3] are also statistically independent random variables. This im-

plies that the three channel vectors, h(1)T [1], h(1)T [2]V(1)[2], and h(1)T [3]V(1)[3]

are linearly independent. Therefore, rank
(
H

(1)
eff

)
= 2 with a probability of one

because all channel elements are drawn from a continuous distribution. As a

result, user 1 decodes two desired symbols within three time slots. In the same

way, user 2 and user 3 are able to retrieve a linear combination of their desired

symbols by removing the interference signals and can use the same decoding

method. Since the transmitter has delivered two independent symbols for its

intended user in three channel uses, a total d = 6
3

= 2 DoF are achieved.

2.4.2 The Relationship between STIA and Wireless Index Coding

In the above example, I showed that the proposed STIA achieves the

optimal DoF for the 3-user 2×1 vector broadcast channel without using current

CSI over all channel time slots. I can interpret STIA from a wireless index

coding perspective. The index coding problem was introduced in [81] and has

been studied in subsequent work [82]-[?]. Suppose that a transmitter has a

set of information messages W = {W1,W2, . . . ,WK} for multiple receivers and

each receiver wishes to receive a subset of W while knowing some another

subset of W as side-information. The index coding problem is to design the

best encoding strategy at the transmitter, which minimizes the number of
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transmissions while ensuring that all receivers can obtain the desired messages.

To illustrate, consider the case where a transmitter with a single antenna

serves two single antenna users. Suppose each user has the message for the

other user as side-information, i.e., user 1 has W2 and user 2 has W1. In

this case, an index coding method is to send the linear sum of two messages

W1 + W2 to both receivers. Since user 1 and 2 receive y(1)[1] = h
(1)
1 [1](W1 +

W2) and y(2)[1] = h
(2)
1 [1](W1 + W2) ignoring the noise and assuming the flat

fading channel, each receiver can extract the desired message by using side-

information as Ŵ1 = y(1)[1]/h
(1)
1 [1]−W2 and Ŵ2 = y(2)[1]/h

(2)
1 [1]−W1. STIA

mimics this index coding algorithm in a more general sense by using current

and outdated CSI jointly. This is because, during phase one, each user acquires

side-information in a form of a linear combination of all transmitted data

symbols where the linear coefficients are created by a wireless channel. During

the second phase, the transmitter constructs the precoding matrices by using

outdated and current CSI so that each user can exploit the received interference

equations in the first phase as side-information, which results in minimizing

the number of transmissions; it leads to an increase in the DoF.

2.4.3 Extensions of STIA Algorithm

I proposed the STIA algorithm as a way to take advantage of current

and past CSI in the vector broadcast channel. Now, I make some remarks

about how the STIA algorithm can be modified and extended to deal with

more complex networks and practical aspects.
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Remark 2-1 (Extension into interference networks [79] ): The

proposed algorithm is directly applicable to the K-user MISO interference

channel where each transmitter has K − 1 antennas. The reason is that the

beamforming matrices used in the second phase are independently generated

without knowledge of the other user’s data symbols. In other words, data

sharing among the different transmitters is not required to apply the STIA in

the K-user MISO interference channel. For example, the 3
2

of DoF gain is also

achievable for the 3-user MISO interference channel with the periodic feedback

model when Nt = 2.

Remark 2-2 (Transmission power constraint): Since it is assumed

that the transmitter sends a signal with large enough power in the DoF analy-

sis, the beamforming solutions containing matrix inversion do not violate the

transmit power constraint. In practice, however, the proposed STIA algorithm

needs to be modified so that the power constraint is satisfied. This modifi-

cation may incur the sum-rate performance loss but does not affect the DoF

gain. The sum-rate maximization or mean square error minimization problems

of the STIA algorithm given transmit power constraint can be investigated in

future work.

Remark 2-3 (Effective channel estimation in multi-carrier sys-

tems): In the STIA algorithm, each receiver requires the effective channel

during phase two. For example, user 1 has to know {h(1)T [2]V(1)[2]} and

{h(1)T [3]V(1)[3]} when it decodes the desired signal as shown in (2.24). This

effective channel knowledge may be acquired at the receiver if the transmitter
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sends this information as data to the user by spending other downlink channel

resources, i.e., a feed-forward information. This feed-forward, however, is a

source of overhead in the system. Assuming a multi-carrier system, effective

channel knowledge at the receiver can be obtained without feed-forward pro-

cessing. The main idea for the effective channel estimation at the receiver is to

use a demodulation reference signal and an interference cancellation technique.

Let us explain this by giving an example that uses a multi-carrier

system, which allows channel coherence in the frequency domain to be ex-

ploited. Consider a multi-carrier system where the channel values are the

same across channel coherence band Bc, i.e., h(1)[t, fj] = h(1)[t] for t ∈ {2, 3}

and j ∈ {1, 2, . . . , Bc}. When the transmitter sends the training signal (de-

modulation reference signal) t[2, fj] by the same precoding method used for

data signal as t̃[2, fj] =
∑K

k=1 V(k)[2, fj]t[2, fj] through subcarrier fj where

j ∈ {1, 2, . . . , Bt} and Bt < Bc. The received signal at time slot 2 and subcar-

rier fj is given by

y(1)[2, fj] = h(1)T [2, fj ]̃t[2, fj]

=
3∑

k=1

h(1)T [2, fj]V
(k)[2, fj]t[2, fj]

= h(1)T [2, fj]V
(1)[2]t[2, fj] + 2h(1)T [1, fj]t[2, fj], (2.25)

where the last equality comes from the fact that h(1)T [1, fj] = h(1)T [2, fj]V
(k)[2, fj]

for k ∈ {2, 3} by the STIA algorithm. Note that each receiver has knowledge

of training signal t[2, fj] and the channel at time slot 1 h(1)T [1, fj]. Hence, user

1 can extract out the desired equation for the channel estimation at fj sub-
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carrier as y(1)[2, fj] − 2h(1)T [1, fj]t[2, fj] = h(1)T [2, fj]V
(1)[2, fj]t[2, fj] where

j ∈ {1, 2, . . . , Bt}. As an example, the receiver could estimate the effective

channel h̃(1) = (h(1)T [2, fj]V
(1)[2, fj])

∗ by solving the equation,




y(1)∗[2, f1]−(2h(1)T [1, f1]t[2, f1])∗

...
y(1)∗[2, fBt ]−(2h(1)T [1, fBt ]t[2, fBt ])

∗


=




t∗[2, f1]
...

t∗[2, fBt ]


 h̃(1). (2.26)

Since the size of effective channel h̃(1) is 2 × 1, if the transmitter uses an

independent training signal t∗[2, fj] over Bt ≥ 2 subcarriers among total Bc

subcarriers, it is estimated reliably, if the noise effect is ignored. Therefore, the

STIA algorithm can be implemented without forwarding the effective channel

to the users. Further, the overhead required for channel estimation is the

same as that required for a multiuser MISO system. This implies that the

STIA algorithm does not require additional overhead for learning the effective

channel in multi-carrier systems.

2.5 An Inner Bound of Sum-DoF Region

In this section, I characterize an achievable sum-DoF region as a func-

tion of feedback frequency for the K-user (K−1)×1 MISO broadcast channel.

The main result is established in the following theorem.

Theorem 1. For the K-user (K−1)×1 MISO broadcast channel with the pe-

riodic CSI feedback (Model 1), the achievable sum-DoF region is characterized
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as a function of feedback frequency ω,

d(ω)=





(K − 1)ω + 1, for 0 ≤ ω ≤ K−2
2(K−1)

,

a(K)ω + b(K), for K−2
2(K−1)

≤ ω ≤ K−1
K
,

K − 1 for K−1
K
≤ ω ≤ 1.

(2.27)

where a(K) = K(K−1)(K−2)
(K−1)(K−2)+K

and b(K) = K(K−1)
(K−1)(K−2)+K

.

Proof. I prove Theorem 1 by four different transmission methods, each of

which achieves four different corner points of the region as shown in Figure

2.3. Since time sharing can be used to achieve the lines connecting each point,

I focus on characterizing the conner points.

2.5.1 Achievablity of Point A and D

Achievability for the corner point A when ω = 0 is shown by TDMA.

Also, achievability for the point D when ω = 1 is proven by ZF. When receivers

do not send back CSI to the transmitter, i.e., ω = 0, then the TDMA method

is used to achieve d(0) = 1 [54]. At the other extreme, when the transmitter

has current CSI over all time slots at ω = 1, it is possible to achieve the cut-set

bound d(1) = min{Nt, K} = K − 1 DoF by the ZF method.

2.5.2 Achievability of Point B

Let us consider ω = K−2
2K−2

, where the non-CSI feedback duration Tn has

K time slots and the CSI feedback duration Tf has K − 2 time slots. For this

case, I show that d
(
K−2
2K−2

)
= K(K−1)

2K−2
= K

2
DoF are achievable by STIA using

K time slots in the first phase and K − 2 time slots in the second phase.
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Phase One: The first phase has K time slots. Since the transmitter

does not have channel knowledge in this phase, it sendsNt = K−1 independent

data symbols using spatial multiplexing on Nt antennas without using any

precoding so that each user receives one linear equation for Nt desired symbols

while overhearing K − 1 other transmissions, each of which contains K − 1

undesired information symbols. During time slot n, the transmitter sends

the desired symbols for user n, x[n] = s(n) through Nt antennas. Hence, the

received signal at user k in this phase is given by

y(k)[n] = h(k)T [n]s(n), n ∈ {1, 2 . . . , K}, (2.28)

where k ∈ {1, 2 . . . , K} and the noise term was dropped for simplicity because

it does not affect the DoF calculation.

Phase Two: The second phase spans K − 2 time slots. In this phase,

the transmitter has CSI for the current and past time periods because each user

sends back both outdated and current CSI from the K + 1 time slots in phase

one. The main objective of phase two is for the transmitter to provide each

user with additional observations that can be used to build additional K − 2

linearly independent equations in the desired symbols. Since each user has one

observation from phase one containing itsK−1 symbols, if it obtains additional

K−2 linearly independent equations from this phase, then Nt = K−1 desired

symbols can be decoded at each user. To deliver Nt desired symbols to each

user through phase two, the transmitted signal at time slot n is given by

x[n] =
K∑

k=1

V(k)[n]s(k), (2.29)
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where n ∈ {K+ 1, K+ 2, . . . , 2K−2}. Notice that the transmitter repeatedly

sends the same symbol vector s(k) regardless of time index n, but using a

different beamforming matrix V(k)[n], which varies according to time index.

When the transmitter sends the signal in (3.18) at time slot n, the received

signal at user ` is given by

y(`)[n] = h(`)T [n]
K∑

k=1

V(k)[n]s(k)

= h(`)T [n]V(`)[n]s(`)

︸ ︷︷ ︸
L(`,`)[n]

+
K∑

k:k 6=`
h(`)T [n]V(k)[n]s(k)

︸ ︷︷ ︸
L(`,k)[n]

, (2.30)

where ` ∈ {1, 2 . . . , K}. Since the transmitter sends a linear combination of

K(K − 1) data symbols for all the users in each time slot, each user sees not

only one desired term i.e., L(`,`)[n] but also receives K − 1 interference terms,

i.e., L(`,k)[n] for k ∈ {1, 2, . . . , K}/{`}. To decode the K − 1 desired symbols

reliably in high SNR, user ` should be able to remove the interference equations

L(`,k)[n] for k ∈ {1, 2, . . . , K}/{`}.

Recall that during the first phase, user ` overheard the interfering sym-

bols for user k, s(k), at the k-th time slot in the form of h(`)T [k]s(k) = L(`,k)[k].

Therefore, if user ` sees the same linear combinations of the interfering sym-

bols s(k) at the n-th time repeatedly, i.e., h(`)T [n]V(k)[n]s(k) = h(`)T [k]s(k), then

it can remove this interference by subtracting the previously observed signal

as side-information. Therefore, it is important to design the beamforming

matrices so that the users see the same interference in the first and second

phases. To accomplish this goal, the beamforming matrices should satisfy the
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space-time interference alignment condition:




h(1)T [k]
...

h(k−1)T [k]
h(k+1)T [k]

...
h(K)T [k]




︸ ︷︷ ︸
(K−1)×Nt

=




h(1)T [n]
...

h(k−1)T [n]
h(k+1)T [n]

...
h(K)T [n]




︸ ︷︷ ︸
(K−1)×Nt

V(k)[n]︸ ︷︷ ︸
Nt×Nt

, (2.31)

⇒ Hc
k[k] = Hc

k[n]V(k)[n], (2.32)

where k ∈ {1, 2, . . . , K}, n ∈ {K+1, K+2, . . . , 2K − 2} and, Hc
k[n] and Hc

k[k]

represent an augmented channel matrix of all users excepting user k at time

slot n and k, respectively. This inter-user interference alignment condition

implies that the signal for user k, which interferes with other users excluding

user k during the second phase, should be the same as the interference signal

overheard by the other users in time slot k in the first phase. In other words,

the transmitter delivers s(k) using the beamforming matrix V(k)[n] in such a

way that the other interfering receivers (excluding user k) see the same linear

combination of the interfering data s(k), which they previously observed at

time slot k in the first phase. Notice that the rank of Hc
k[n] becomes K − 1

with probability one because Nt = K − 1 and all channel values are selected

from a continuous distribution. Using this fact, the beamforming matrix for

user k, V(k) ∈ CNt×Nt , satisfying the interference alignment condition in (2.32)

is constructed as

V(k)[n] = Hc
k[n]−1Hc

k[k]. (2.33)
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Now, I consider decodability achieved by using the designed V(k)[n].

To make the exposition concrete, I focus on the decoding process at user 1.

The concatenated received signals at user 1 during the both phases are given

by




y(1)[1]
y(1)[2]

...
y(1)[K]

y(1)[K+1]
y(1)[K+2]

...
y(1)[2K− 2]




=




h(1)T [1]s(1)

h(1)T [2]s(2)

...
h(1)T [K]s(k)

h(1)T [K+1]
∑K

k=1 V(k)[K + 1]s(k)

h(1)T [K+2]
∑K

k=1 V(k)[K + 2]s(k)

...

h(1)T [2K−2]
∑K

k=1 V(k)[2K − 2]s(k)




. (2.34)

Since I designed the transmit beamforming matrix V(k)[n] so that it

satisfies the space-time interference alignment conditions in (2.33), it is possi-

ble for user 1 to eliminate interference signals received during the second phase

using the overheard equations during the first phase as side-information. For

example, at the `-th time slot for ` ∈ {K + 1, K + 2, . . . , 2K − 2}, user 1

receives h(1)T [`]
∑K

k=2 V(k)[`]s(k) interference signal. Since user 1 already re-

ceived the same interference signals from time slot 2 to time slot K, i.e.,
{
h(1)T [2]s(2),h(1)T [3]s(3), . . . ,h(1)T [K]s(K)

}
, it can remove all the interference

signals observed in time slot `. After interference cancellation, the effective
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received signal at user 1 is given by




y(1)[1]

y(1)[K+1]−∑K
k=2 y

(1)[k]

y(1)[K+2]−∑K
k=2 y

(1)[k]
...

y(1)[2K − 2]−∑K
k=2 y

(1)[k]



=




h(1)T [1]
h(1)T [K + 1]V(1)[K+1]
h(1)T [K + 2]V(1)[K+2]

...
h(1)T [2K − 2]V(1)[2K−2]




︸ ︷︷ ︸
Nt×Nt

s(1), (2.35)

⇒ ŷ(1) = Ĥ(1)s(1), (2.36)

where ŷ(1) and Ĥ(1) denote the effective received signal vector and channel

matrix at user 1 after interference cancellation. The effective channel matrix

for Ĥ(1) has a full rank of Nt almost surely because V(1)[K + 1], V(1)[K + 2],

. . ., and V(k)[2K − 2] are independently constructed with respect to h(1)T [1],

h(1)T [K + 1], h(1)T [K + 2], . . ., and h(1)T [2K − 2]. Therefore, in the high

SNR regime, the receiver can decode the desired Nt symbols s
(1)
k for k ∈

{1, 2 . . . , Nt} using a ZF receiver. By the same argument, it is possible to

obtain Nt = K − 1 data symbols over 2K − 2 time slots when ω = K−2
2K−2

for

the other users as well. As a result, d( K−2
2K−2

) = K(K−1)
2K−2

= K
2

DoF are achieved

using periodic feedback.

2.5.3 Achievability of Point C

Consider point C where the non-CSI feedback duration equals to one

time slot, i.e., Tn = 1, and the CSI feedback duration comprises of K − 1 time

slots, i.e., Tf = K − 1. The achievability proof for point C is also shown by

the STIA method.

50



Phase One: Only one time slot is used in phase one. In this time slot,

the transmitter sends Nt = K−1 independent symbols to their corresponding

users at the same time. The main objective in this phase is for each user to

see an equation in the form of a superposition of all transmitted data symbols,

which will be used as side-information for decoding. The transmitted signal

in time slot 1 is given by

x[1] =
K∑

k=1

s(k), (2.37)

1 where s(k) =
[
s

(k)
1 , s

(k)
2 , . . . , s

(k)
K−1

]T
. The received signal at user j is given by

y(j)[1] = h(k)T [1]
K∑

k=1

s(k)

= L(j,j)[1] +
K∑

k=1,k 6=j
L(j,k)[1], (2.38)

where noise is neglected for the DoF analysis as before.

Phase Two: The remaining K − 1 time slots are used in phase two.

The objective in phase two is for the transmitter to send the information signal

in such a way that each user sees the same interference shape observed at time

slot 1. To accomplish this goal, the transmit precoder for carrying the data

symbols for user k at time slot n ∈ {2, . . . , K}, is computed as

V(k)[n] =




h(1)T [n]
...

h(k−1)T [n]
h(k+1)T [n]

...
h(K)T [n]




−1 


h(1)T [1]
...

h(k−1)T [1]
h(k+1)T [1]

...
h(K)T [1]



, (2.39)
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where k ∈ {1, 2 . . . , K}. Effectively, the current channel is equalized and forced

to mimic the channel corresponding to the old CSI available in time slot 1.

The received signal at user k at time slot n is given by

y(k)[n] = h(k)T [n]
K∑

j=1

V(j)[n]s(j)

= L(k,k)[n] +
K∑

j 6=k
L(k,j)[n]

(a)
= L(k,k)[n] +

K∑

j 6=k
L(k,j)[1], (2.40)

where (a) comes from the fact that during the second phase, i.e., n ∈ {2, 3, . . . , K},

user k observes the same interference pattern
∑K

j 6=k L
(k,j)[n] =

∑K
j 6=k L

(k,j)[1]

for n ∈ {2, . . . , K}.

Interference Cancellation: Because of the special choice of precod-

ing matrix in (2.39), the receiver is able to subtract interference received from

the received signal during the second phase using the saved equation from the

first phase. Using the received signal in each time slot of phase 2, the receiver

constructs

y(k)[n]− y(k)[1] = h(k)T [n]
K∑

j=1

V(j)[n]s(j) − h(k)T [1]
K∑

j=1

V(j)[1]s(j)

= L(k,k)[n] +
K∑

j=1,j 6=k
L(k,j)[n]− L(k,k)[1]−

K∑

j=1,j 6=k
L(k,j)[1]

= L(k,k)[n]− L(k,k)[1], n ∈ {2, 3, . . . , K}. (2.41)
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Stacking all K − 1 equations together into a linear system gives




y(k)[2]− y(k)[1]
y(k)[3]− y(k)[1]

...
y(k)[K]− y(k)[1]


=




L(k,k)[2]− L(k,k)[1]
L(k,k)[3]− L(k,k)[1]

...
L(k,k)[K]− L(k,k)[1]




=




h(k)T [2]V(k)[2]− h(k)T [1]
h(k)T [3]V(k)[3]− h(k)T [1]

...
h(k)T [K]V(k)[K]− h(k)T [1]


 s(k)

=H̄(k)s(k), (2.42)

where k ∈ {1, 2, . . . , K}. Now recall the following facts. First, the precoding

matrices V(k)[n] in (2.39) are independently generated regardless of the direct

channel h(k)T [n] for n ∈ {2, 3 . . . , K}. Second, the channel elements come

from a continuous random distribution. Using these two facts, it follows that

h(k)T [n]V(k)[n] are statistically independent. Further, since h(k)T [n]V(k)[n] and

h(k)T [1] are linear independent for ∀n and ∀k, it follows that rank
(
H̄(k)

)
=

K − 1 almost surely. Therefore, by applying a ZF decoder, user k obtains

s(k). Consequently, for the K-user (K − 1)× 1 MISO broadcast channel, each

transmitter delivers (K − 1) data symbols to the corresponding user over K

time slots when ω = K−1
K

, which leads to achieve d
(
K−1
K

)
= K − 1 DoF.

Remark 2-4 (Least Squares STIA): It is possible to extend the

STIA algorithm to Nt < (K − 1), at the expense of DoF. As shown in (2.33)

and (2.39), perfect STIA is accomplished when Nt ≥ (K−1). If Nt < (K−1),

the matrix in (2.39) is not invertible. Consequently, I propose to find the
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precoder that minimizes but not necessarily eliminates the residual interference

in the alignment condition. By minimizing the error residual in the interference

alignment condition, minV(k)[n] ‖ Hc
k[k] − Hc

k[n]V(k)[n] ‖F , the least squares

STIA (LS-STIA) is obtained as

V̂
(k)
LS [n] = (Hc

k[n]∗Hc
k[n])−1 Hc

k[n]∗Hc
k[k]. (2.43)

Although LS-STIA solution in (2.43) does not achieve the same DoF perfor-

mance compared to the perfect STIA in (2.33) and (2.39), it could be a robust

solution to the alignment error when Nt < (K − 1). Precisely quantifying the

DoF degradation and practical achievable rates is a topic for future work.

2.5.4 Analysis of the DoF Gain from Outdated CSI Feedback

This section quantifies the DoF gain due to outdated CSI feedback

relative to a baseline strategy when each user does not feedback CSI to the

transmitter during the non-feedback period Tn, and sends back current CSI

only during the feedback period Tf. The baseline transmission strategy is

to select alternatively a transmission method between the ZF method when

CSIT is available and the TDMA method when CSIT is not available. The

achievable sum-DoF region dZF-TDMA(ω) by this baseline transmission strategy

is given by

dZF-TDMA(ω) = (K − 1)ω + (1− ω)

= (K − 2)ω + 1 for ω ∈ [0, 1]. (2.44)
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By computing the different between d(ω) in Theorem 1 and dZF-TDMA(ω),

I observe how much DoF gain I can obtain from additional outdated CSI feed-

back in the periodic CSI feedback as shown in Figure 3. There are two in-

teresting observations. One is that outdated CSI feedback always improves

the DoF gain over all feedback frequency in the range 0 < ω < 1. Further,

when feedback the frequency is larger or equal to K−1
K

, outdated CSI feedback

does not degrade the DoF gain performance. This DoF gain comes from joint

exploitation of current and outdated CSI, which allows each receiver to exploit

its overheard side-information to achieve DoF gains compared to the baseline

case.

2.5.5 Comparison with an Outer Bound [86]

Recently, a DoF outer bound result was established in [86] for the

alternating CSIT model [85] in the vector broadcast channel. Interestingly,

it was shown in [86] that the transmitter requires to use perfect CSI during

the min{Nt, K}/K fraction of time in minimum to achieve the min{Nt, K}

cut-set DoF by a new converse proof technique. From this converse argument,

the proposed region in Theorem 1 has the DoF optimality for ω ∈ [K−1
K
, 1]

and ω = 0. For 0 < ω < K−1
K

, however, the DoF gap between the outer

bound result in [86] and the proposed region exists as illustrated in Figure 3.

Therefore, finding the optimal sum-DoF region over the range of 0 < ω < K−1
K

is still an open problem. Further, one interesting open problem is to investigate

the DoF region in the case when Nt < K − 1. I conjecture that increasing the
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number of users would help to decrease the feedback frequency requirement

from the observation in the outer bound result [86]. As shown in Remark 2-4,

however, the proposed STIA algorithm does not satisfy the perfect alignment

condition for the Nt < K − 1 case due to a feasibility condition issue leading

to DoF loss. Therefore, to show tightness of this outer bound in the periodic

CSI feedback framework, a new achievable scheme would be needed for the

Nt < K − 1 case.

2.6 CSI Feedback Delay-DoF Gain Trade-Off

In this section, I characterize the achievable sum-DoF region for the pe-

riodic CSI feedback Model 2 in Section 2.3. I quantify the relationship between

the CSI feedback delay and the sum-DoF gain for the vector broadcast chan-

nel leveraging the concept of STIA and using the results in [29]. Through this

trade-off analysis, I provide insights into the interplay between CSI feedback

delay and system performance from a sum-DoF gain perspective.

I devote to prove the following theorem in this section.

Theorem 2. For the K-user (K − 1) × 1 MISO broadcast channel with

periodic CSI feedback (Model 2), the achievable trade-off region between CSI

feedback delay and the sum-DoF gain is given by

d(γ)=





K − 1, for 0 ≤ γ ≤ 1
K
,(

−K+Kc(K)
K−1

)
γ+K− c(K)

K−1
, for 1

K
< γ ≤ 1,

c(K), for γ ≥ 1.

(2.45)

where c(K) = K−1
1+ 1

2
+···+ 1

K−1

.
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2.6.1 Achievability Proof for Theorem 2

The main technical challenge in this proof is to show that d( 1
K

) =

min{Nt, K} = K − 1. The other region d(γ) = K − 1 for 0 < γ ≤ 1
K

follows

from this result using time sharing between the proposed STIA and ZF. Fur-

ther, for the region of 1
K
< γ ≤ 1, achievability of d(γ) =

{
−K + Kc(K)

K−1

}
γ +

K− c(K)
K−1

can be shown by using time sharing between the proposed STIA and

the Maddah-Ali-Tse (MAT) method in [29].

Without loss of generality, I assume that the channel coherence Tc

has K time slots and the feedback delay time is just one time slot Tfb = 1

so that γ = 1
K

. Under this assumption, if the user sends back CSI at the

first time slot of the t-th channel block t1, then the transmitter can have

current CSI at {t2, t3, . . . , tK} time slots due to one time slot feedback delay.

Under this channel knowledge assumption, I show that d( 1
K

) = Nt of DoF

are achievable asymptotically if Nt = K − 1. Consider n + K − 1 channel

blocks, which are comprised of a total of Kn + K(K − 1) time slots so that

St = {1, 2, 3, 4, . . . , Kn+K(K− 1)} for transmission. Since I assume that the

normalized feedback delay is 1
K

, the total time slot set can be decomposed two

subsets, Sc with |Sc| = (K−1)(n+K−1) and Sd with |Sd| = n+K−1. Here, Sc

and Sd represent time slot sets corresponding to the case where the transmitter

has current and delayed CSI. Now, define n time slot sets, {I1, I2, . . . , In}, each

of which has K elements for STIA algorithm, i.e., I` = {k1, k2, . . . , kK} where

k1 ∈ Sd, kj ∈ Sc for j ∈ {2, 3, . . . , K}, and k` and kj belong to a different

channel coherence time block when ` 6= j. Further, let us define two different
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time slot sets IZF for ZF and ITDMA for TDMA transmission. Since the used

time slots for STIA transmission are |I1 ∪ I2 ∪ · · · ∪ In| = Kn, the time slot

set for ZF and TDMA is defined as

IZF = Sc − (I1 ∪ I2 ∪ · · · ∪ In)

ITDMA = Sd − (I1 ∪ I2 ∪ · · · ∪ In),

where |IZF| = (K−1)2 and |ITDMA| = K−1. For example, as shown in Figure

2.5, when K = 3 and n = 3, there are a total of 3n + 6 = 15 time resources.

The temporal resources can be partitioned into five indexed sets defined as

I1 = {1, 5, 9}, I2 = {4, 8, 12}, I3 = {7, 11, 15}, IZF = {2, 3, 6, 14}, and ITDMA =

{10, 13}. The key idea in this proof is to apply different transmission strategies:

the proposed STIA, ZF and TDMA according to different subsets of time slots.

2.6.1.1 STIA

I first show that nK(K − 1) DoF are achievable using the proposed

STIA algorithm when nK time slots are used i.e, |I1 ∪ I2 ∪ · · · ∪ In| = Kn.

This proof is identical to the achievability proof for Point C in Theorem 1,

which was shown in Section 2.5. Since for given I`, the transmitter is able

to use K − 1 current and outdated CSI over a total K slots, the normalized

delay parameter γ = 1
K

is equivalently interpreted in terms of the feedback

frequency ω with the relationship of ω = K−1
K

= 1− γ. From this equivalence,

I conclude that K(K − 1) DoF are achievable by spending each time slot set

I` with K elements for ` ∈ {1, 2, . . . , n}.
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Time slot index for outdated CSIT (     )

   CSI  
Feedback 

Time 

Coherence time 

Time slot index for current CSIT (     ) 

 1    2    3    4    5    6    7    8   9   10  11   12   13  14  15       

One symbol time feedback delay 

1) STIA 

2) ZF 

3) TDMA 

Figure 2.5: Periodic CSI feedback (Model 2) when n = 3, K = 3, and γ = 1
3
.

2.6.1.2 TDMA and ZF

Since Kn time slots have been used for STIA among the total temporal

resourcesKn+K(K − 1), IZF and ITDMA time slot sets remain where |IZF| =

(K − 1)2 and |ITDMA| = K − 1. Here, I use an alternative transmission

method depending on CSIT knowledge. The transmitter sends data by using

TDMA because CSIT is not available due to feedback delay. Alternatively, the

transmitter delivers multiple data streams by using ZF because the transmitter

is able to use CSI. From this method, the achievable DoF is d( 1
K

) = (K −

1)(K − 1)2 + (K − 1) in the remaining K(K − 1) time slots.
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2.6.1.3 Asymptotic the Sum-DoF Gain

I have divided the total time resource St with |St| = Kn + K(K − 1)

into three different groups and applied a different transmission method in each

group. Hence, using time sharing, the total sum-DoF gain is computed as

d

(
1

K

)
=

(K − 1)Kn︸ ︷︷ ︸
STIA

+ (K − 1)(K − 1)2

︸ ︷︷ ︸
ZF

+ (K − 1)︸ ︷︷ ︸
TDMA

Kn+K(K − 1)

=
(K − 1)Kn+ (K − 1)3 + (K − 1)

Kn+K(K − 1)
. (2.46)

Therefore, for a givenK, as n goes to infinity, the sum-DoF gain asymptotically

achieves

lim
n→∞

d

(
1

K

)
= K − 1, (2.47)

which completes the proof.

2.6.2 Special Case: Three-user Two-Antenna Vector Broadcast Chan-
nel

In this section, I provide an exact characterization of the CSI feedback

delay-DoF gain trade-off region for the 3-user 2× 1 MISO broadcast channel.

Achievability is shown by the result in Theorem 2 and the enhanced DoF result

in Theorem 5 [29]. Further, a converse is proven using the result in [86] by

considering a minor modification for a block fading channel.

Corollary 1. The optimal CSI feedback delay-DoF gain trade-off region for
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the 3-user 2× 1 MISO broadcast channel is given by

d∗(γ) =





2, for 0 ≤ γ ≤ 1
3
,

−3
4
γ + 9

4
, for 1

3
< γ ≤ 1,

3
2
, for γ ≥ 1.

(2.48)

2.6.2.1 Achievability

Achievability of this corollary can be proved by applying time sharing

technique between STIA and the enhanced transmission method proposed in

Theorem 5 [29].

2.6.2.2 Converse

For a proper converse argument, let us consider the following lemma

given by [86].

Lemma 1. For the 3-user 2×1 MISO broadcast channel with identical channel

coherence patterns and the same normalized feedback delay γ across the users,

the following DoF bound holds:

d(1) + d(2) + d(3) ≤ 9

4
− 3

4
γ. (2.49)

Proof. A detailed proof is provided in [86] for the fast fading scenario where

the channel gains change independently across time for all users. Here, I

consider a minor modification for a block fading channel where all users have

identical channel coherence patterns. The idea of the converse proof in [86] is

to covert the original 3-user 2× 1 MISO broadcast channel into a 2-user 2× 1
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MISO physically degraded broadcast channel by allowing cooperation between

user 2 and user 3 and providing the channel output signal of user 1 with the

cooperating user group. Using the fact that feedback does not increase the

capacity of the physically degraded broadcast channel and its capacity depends

on the marginal distribution only, it is possible to create min{Nt, K} − 1 = 1

artificial receivers that can decode the same message of user 1. By applying

the differential entropy bound techniques used in [86], the bounds follows

2d(1) + d(2) + d(3) ≤ 2 + α, (2.50)

d(1) + 2d(2) + d(3) ≤ 2 + α, (2.51)

d(1) + d(2) + 2d(3) ≤ 2 + α, (2.52)

where α denotes the fraction of time instances where the perfect CSIT is

available. By replacing α = 1 − γ and adding three inequalities in (2.50),

(2.51), and (2.52), the inequality of (2.49) results, completing the proof.

Using Lemma 1 and the cut-set bound d(1) +d(2) +d(3) ≤ min{K,Nt} =

2, it concludes that the region in (2.49) is the optimal.

Remark 2-5 (Sum-DoF Region Comparison): I will compute the

achievable CSI feedback delay-DoF gain tradeoff curves achieved by time shar-

ing among conventional schemes, and compare them against the proposed op-

timal tradeoff curve. By time sharing between ZF and TDMA, it is possible

to show that the dZF-TDMA(γ) = −γ + 2 curve is achievable for 0 ≤ γ ≤ 1.

Similarly, if I consider the time sharing method between ZF and MAT, then
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Completely delayed regime 

No delay 

ZF-MAT region 

MAT Theorem 5 in [11] 

Corollary 1 (Proposed) 

Proposed region 

ZF 

ZF-TDMA 
region 

TDMA 

Figure 2.6: The optimal CSI feedback delay-DoF gain trade-off for the 3-user
2× 1 MISO broadcast channel.

the dZF-MAT(γ) = −1
2
γ + 2 of curve is achieved for 0 ≤ γ ≤ 1. As illustrated

in Figure 2.6, time sharing between the proposed transmission method and

the MAT method in Theorem 5 [29] achieves a higher CSI feedback delay-DoF

trade-off region. For instance, the proposed algorithm achieves the 2 of DoF

when γ = 1
3
, which is the 1

3
of DoF gain over ZF-TDMA and 1

6
of DoF gain

over ZF-MAT.

Remark 2-6: The proposed CSI feedback delay-DoF gain trade-off

shows that if users send CSI to the transmitter within 33% of the channel

coherence time, then the system performance is not degraded from a DoF

perspective. Based on previous work [75]-[77], it was understood that even

a small amount of CSI feedback delay resulted in degraded DoF. Our result

63



confirms the intuition that a delay corresponding to a reasonable fraction of the

coherence time does not change the sum-DoF scaling. I are able to precisely

quantify how much delay is allowed - finding that it corresponds to one third

of the channel coherence time.

Example 2-1: Consider a LTE system using f = 2.1 GHz carrier fre-

quency, which serves users with mobility of v = 3 km/h (walking speed). In

this case, the channel coherence time is roughly calculated as Tc ' c
8fv

= 21.4

msec (two radio frames) where c denotes the speed of light. Therefore, if

the users can feedback CSI within 7.133 msec (7 subframes), then there is

no performance loss from a sum-DoF point-of-view. Based on this observa-

tion, the proposed STIA algorithm can be interpreted as a CSI delay robust

transmission algorithm.

2.7 Comparisons with Similar Interference Alignment
Techniques

In this section, I compare the proposed transmission method with the

blind interference alignment [27] and the MAT method in [29]. Our STIA algo-

rithm has similarities with blind interference alignment [27], [28] and the MAT

algorithm [29], [30]. During phase one, none of the transmission algorithms re-

quire CSI and simply send multiple data streams without preprocessing. The

only difference occurs in the second phase. Each algorithm performs alignment

in the second phase in a slightly different way. Blind interference alignment

exploits a special channel coherence structure called staggered block fading
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at the transmitter. To realize blind interference alignment, each user may

feedback the fading autocorrelation function of its channel. Using blind inter-

ference alignment with receive antenna switching, it was shown that NtK
Nt+K−1

DoF gain is achieved in [28]. Therefore, for Nt = K − 1 and Nr = 1 case,

blind interference alignment and the proposed STIA both achieve the same

DoF gain of K(K−1)
2K−2

= K
2

even if the channel knowledge assumption and fading

scenarios are different.

Unlike blind interference alignment, the MAT algorithm realizes the

alignment in the second phase by using delayed CSI under a general i.i.d. fad-

ing channel assumption. The basic idea of the MAT algorithm is to exploit

the outdated CSI to swap the received equations that they have already seen

during the first phase between users. By swapping the received equations,

each user decodes the desired data symbols while eliminating the aligned in-

terference signal. To apply the MAT algorithm, each user should feedback

CSI whenever their channel changes so that the transmitter can track all the

channel variations. Further, each receiver needs to know the CSI of other re-

ceivers since the newly obtained linear combination of the desired symbols is

obtained by swapping during the second phase. Therefore, to learn the CSI

of other receivers, the transmitter must forward the CSI of other receivers to

each user, which may cause additional overhead.

The proposed STIA exploits both outdated and current CSI offered by

the periodic feedback mechanism under a general i.i.d. fading channel assump-

tion. Due to the requirement for current CSI at some instant, it places a more
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Table 2.1: Comparison of three different interference alignment algorithms

Scheme Fading type Required CSIT Feed-forward overhead

BIA [27] Staggered fading Autocorrelation function No
MAT General fading Outdated CSI CSIR for other receivers
STIA General fading Outdated and current CSI No

restrictive feedback delay requirement compared to the MAT algorithm [29].

Also, it incurs the same CSI feedback overhead as the MAT method because

CSI must be sent back to the transmitter when it changes. The proposed al-

gorithm, however, avoids the need for additional feed-forward overhead. This

reason is that the effective channel can be estimated using the demodulated

reference signal as explained in Remark 2-3. I summarize the similarity and

differences of the three different transmission algorithms as in Table 2.1.

2.8 Conclusion

I proposed a new STIA algorithm that exploits both current and out-

dated CSI jointly for the MISO broadcast channel with two different periodic

CSI feedback models. For the CSI feedback frequency limited model, I charac-

terized the achievable sum-DoF region as a function of the feedback frequency,

and showed that the joint exploitation of current and outdated CSI provides

a significant sum-DoF gain compared to the case when the transmitter uses

current CSI only. For the CSI feedback link delay limited model, I derived

a trade-off region between CSI feedback delay and the sum-DoF gain for the

MISO broadcast channel using the proposed STIA algorithm and leveraging

results in [29]. Based on this trade-off, I provided insights into the interplay
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between CSI feedback delay and system performance from a DoF gain per-

spective.
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Chapter 3

Distributed Space-Time Interference

Alignment

This chapter extends the idea of STIA proposed in Chapter 2 consider-

ing distributed nature of channel state information at the transmitter (CSIT)

for a class of interference networks. The core idea of the proposed method

is to align interference signals over time at the unintended receivers in a dis-

tributed manner. With the proposed method, achievable trade-offs between

the sum of degrees of freedom (sum-DoF) and feedback delay of CSI are char-

acterized in both the X-channel and three-user interference channel to reveal

the impact on how the CSI feedback delay affects the sum-DoF of the interfer-

ence networks. A major implication of derived results is that distributed and

moderately-delayed CSIT is useful to strictly improve the sum-DoF over the

case of no CSI at the transmitter in a certain class of interference networks.

For a class of X-channels, the results show how to optimally use distributed

and moderately-delayed CSIT to yield the same sum-DoF as instantaneous

and global CSIT. Further, leveraging the proposed transmission method and

the known outer bound results, the sum-capacity of the two-user X-channel

with a particular set of channel coefficients is characterized within a constant

number of bits.
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3.1 Motivation and Related Work

Channel state information at the transmitter (CSIT) plays an impor-

tant role in interference management in wireless systems. Interference net-

works with global and instantaneous CSIT provide a great improvement of

performance. For example, in a K-user interference channel with global and

instantaneous CSIT, the sum degrees of freedom (sum-DoF) linearly increases

with the number of user pairsK [2], which is much higher than that of the inter-

ference channel with no CSIT [87]. In practice, however, obtaining global and

instantaneous CSIT for transmitter cooperation is especially challenging, when

the transmitters are distributed and the mobility of wireless nodes increases.

In an extreme case where the channel coherence time is shorter than the CSI

feedback delay, it is infeasible to acquire instantaneous CSIT in wireless sys-

tems. Obtaining global knowledge of CSIT is another obstacle for realizing

transmitter cooperation when the backhaul or feedback link capacity is very

limited for CSIT sharing between the distributed transmitters. Therefore, in

this chapter, I investigate a fundamental question: is it still possible to obtain

DoF benefits in interference networks under these two practical constraints?

In this chapter I seek to answer this question by developing an interference

alignment algorithm exploiting local and moderately-delayed CSIT.

Recently, an intriguing way of studying the effect of delayed CSIT in

wireless networks has been initiated by the work [29]. In particular, in the

context of the vector broadcast channel, [29] showed that completely-delayed

CSIT (i.e., CSI feedback delay larger than the channel coherence time) is still

69



useful for improving the sum-DoF performance by proposing an innovative

transmission strategy. The key idea of the transmission method was that a

transmitter utilizes the outdated CSIT to align inter-user interference between

the past and the currently observed signals. Subsequently in [30,72,74,88–91],

the sum-DoF was investigated for a variety of interference networks (interfer-

ence and X-channel) when completely outdated CSI knowledge was available

at transmitters.

Later, the characterization of the delayed CSIT effects was extended

to the case where the feedback delay is less than the channel coherence time,

i.e., moderately-delayed CSIT regime [33, 75, 92, 96–99]. This regime is partic-

ularly interesting because, in practice, the feedback delay can be less than the

channel coherence time depending on the user mobility. Further, by leveraging

the results obtained with completely-delayed CSIT, it is possible to obtain a

complete picture on how the CSI feedback delay affects the scale of the capac-

ity. In the moderately-delayed CSIT regime, a transmitter is able to exploit

alternatively both current and delayed CSI. This observation naturally leads

to the question of whether current and delayed CSIT can be jointly exploited

to obtain synergistic benefits. In recent work in [85,93], the benefits of jointly

exploiting current and outdated CSIT are substantial over separately using

them in the context of vector broadcast channel. In particular, it was shown

that, up to a certain delay in the feedback, sum-DoF loss does not occur for the

multi-input-single-output (MISO) broadcast and interference channel [92–94].

Local CSIT is also a preferable requirement in the design of wireless sys-
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tems particularly when the transmitters are not co-located, and the capacity

of the backhaul links is limited. When the transmitters are distributed, each

transmitter may obtain local CSI between itself and its associated receivers us-

ing feedback links without further exchange of information between the trans-

mitters. The impact of local or incomplete CSIT has been actively stud-

ied, especially for multiple-input-multi-output (MIMO) interference networks

[72,100–103,105]. In particular, [100–103] proposed iterative algorithms for in-

terference alignment with local but instantaneous CSIT and demonstrated the

DoF benefits in MIMO interference channels. The limitation, however, is that

the convergence of the algorithms in [100–102] is not guaranteed when CSI

delay is considered. In [104, 105], the feasibility of interference alignment was

characterized by an iterative algorithm using incomplete but instantaneous

CSIT in a K-user MIMO interference channel. In [72,89] it was shown that it

is possible to strictly increase the DoF with completely-delayed and local CSIT

for the the two-user MIMO and K-user MISO interference channels which are

more closely related to our work. Nevertheless, to the best of our knowledge,

characterizing the benefits of DoF is still an open problem in single-antenna

interference channels with local and moderately-delayed CSIT.

3.2 Contribution

In this chapter I propose a distributed interference management tech-

nique for interference networks with distributed and moderately-delayed CSIT.

The proposed method is a structured space-time repetition transmission tech-
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nique that exploits both current and outdated CSIT jointly to align inter-

ference signals at unintended receivers in a distributed manner. Since this

method is a generalization of the space-time interference alignment (STIA)

in a vector broadcast channel [92, 93] by imposing the distributed CSIT con-

straint, I refer to it as “distributed STIA.” One distinguishing feature of the

proposed method is that a transmitter only uses local CSIT, thereby reducing

overhead incurred by CSIT sharing between transmitters, which differs from

the conventional IA in [2] and STIA in [92, 93]. With the proposed method,

I show that the optimal sum-DoF 2K
K+1

is achievable for the K × 2 X-channel

with local CSIT, provided that the CSI feedback delay is less than 2
K+1

frac-

tion of the channel coherence time. This result implies that there is no loss

in DoF even if the transmitters have local and delayed CSIT for this class of

X-channels. Furthermore, for the three-user interference channel with local

CSIT, I demonstrate that a total of 6
5

sum-DoF is achievable when the CSI

feedback delay is three-fifths of the channel coherence time, i.e., Tfb ≤ 3
5
Tc. By

leveraging the sum-DoF result in [88] with our achievability results, I establish

inner bounds of the trade-off for both channels. A major implication of this

result is that local and moderately-delayed CSIT obtains strictly better the

sum-DoF over the no CSIT case in a certain class of interference channels.

As a byproduct, leveraging the sum rate outer bound result in [?] and the

proposed method, I characterize the sum-capacity of the two-user X-channel

with a set of particular channel coefficients within a constant number of bits.

The rest of this chapter is organized as follows. In Section 3.3, I de-
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scribe signal models for the X-channel and the three-user interference channel,

as well as and CSI feedback model. I explain the key idea of the proposed

transmission method through a motivating example in Section 3.4. In Section

3.5, I characterize the trade-offs between the sum-DoF and CSI feedback delay

of the X-channel. I provide an inner bound of the trade-off for the three-user

interference in Section 3.6. In Section 3.7, I provide the sum-capacity results

of the two-user X-channel within a constant bit. The chapter is concluded in

Section 3.8.

3.3 System Model

In this section, I explain two signal models for the K × 2 X and three-

user interference channel and describe the CSI feedback assumptions used for

this chapter.

3.3.1 K × 2 X-Channel

I consider an interference network with K transmitters and two re-

ceivers, each with a single antenna. As illustrated in Fig. 3.1, transmitter

k ∈ {1, 2, . . . , K} intends to send an independent message W`,k for receiver

` ∈ 1, 2 using input signal xk[n]. When the K transmitters send their signals

in time slot n, the received signal y`[n] ∈ C at receiver ` ∈ {1, 2} is

y`[n] =
K∑

k=1

h`,k[n]xk[n] + z`[n], (3.1)
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Transmitter 1

Receiver 1

Receiver 2

Transmitter 2

Transmitter K

!

!

!

Figure 3.1: The K × 2 X-channel with a single antenna. Transmitter k ∈
{1, 2, . . . , K} wants to send two messages {W1,k,W2,k} to two receivers with
delayed and distributed CSIT in this network.

where z`[n] denotes the additive noise signal at receiver ` in time slot n whose

elements are Gaussian random variable with zero mean and unit variance, i.e.,

CN(0, σ2), and h`,k[n] represents the channel value from transmitter k to user

`. All channel values in a different fading block are drawn from an independent

and identically distributed (i.i.d.) continuous distribution across users.

Assuming that feedback links are error-free but have the feedback delay

of Tfb time slots, transmitter k ∈ {1, 2, . . . , K} has knowledge of the channel

vector hn−Tfb
`,k = {h`,k[1], h`,k[2], . . . , h`,k[n−Tfb]} up to time n for both receivers

` ∈ {1, 2}. I denote the local and delayed CSI matrix known to transmitter k in

time slot n by Hn−Tfb
k =

[
hn−Tfb

1,k ,hn−Tfb
2,k

]
. Then, the input signal of transmitter

k is generated as a function of the transmit messages and the delayed and local

CSIT, i.e., xk[n] = fk(W1,k,W2,k,H
n−Tfb
k ) where fk(·) represents the encoding
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function used by transmitter k. The transmit power at each transmitter is

assumed to be P , E [|xk[n]|2] ≤ P .

3.3.2 Three-User Interference Channel

I also consider a three-user interference channel where all the trans-

mitters and the receivers have a single antenna as illustrated in Fig. 3.2.

The difference with the X-channel is that, in this channel, transmitter k for

k ∈ {1, 2, 3} intends to send one unicast message Wk to its corresponding re-

ceiver k using input signal xk[n]. Denoting the local and delayed CSI matrix

known to transmitter k up to time slot n by Hn−Tfb
k =

[
hn−Tfb

1,k ,hn−Tfb
2,k ,hn−Tfb

3,k

]
,

the input signal is generated by a function of the message Wk and the channel

knowledge Hn−Tfb
k , i.e., xk[n] = fk(W1,k,H

n−Tfb
k ). Then, the channel output at

receiver `, y`[n], is given by

y`[n] =
3∑

k=1

h`,k[n]xk[n] + z`[n], (3.2)

where the transmit power at each transmitter is assumed to be P , E [|xk[n]|2] ≤

P .

3.3.3 Block Fading and CSI Feedback Model

I consider ideal block fading channels where the channel realization

remains constant within a block of certain length, i.e., channel values are

invariant for the channel coherence time Tc. Each block is an independent

realization. As illustrated in Fig. 3.3, each receiver perfectly estimates CSI

from different transmitters and sends it back to the corresponding transmitters
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Transmitter1

Transmitter 2

Transmitter 3

Receiver 2

Receiver 1

Receiver 3

Figure 3.2: The three-user interference channel with a single antenna. Trans-
mitter k ∈ {1, 2, 3} intends to send a message Wk to its corresponding receiver
with delayed and distributed CSIT.

every Tc time slots periodically through error-free but delayed feedback links.

This periodic CSI feedback model allows for the transmitters to continuously

track all variations in the channel changes. It is worthwhile noting that our

block fading assumption differs from the time-correlated block fading models

used in [33, 75, 98, 99]. Under the premise that the correlated fading models

are used, the transmitter is able to partially track variations in the channel

changes, thereby providing imperfect current CSIT. Whereas, in our ideal

block fading model, the channel values are assumed to be a constant within

the same channel coherence block, which allows for the transmitter obtains

the current CSIT in part.

I assume that the feedback delay time Tfb is less than the channel co-

herence time, Tfb < Tc as in [92, 93]. If a receiver sends back CSI in time
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Time slot index for outdated CSIT (      ) 

   CSI 
Feedback 

Time 

Coherence time 

Time slot index for current CSIT (      ) 

 1     2     3      4     5    6       7    8     9    10    11   12     13   14  15       

Two symbol time feedback delay 

Figure 3.3: The CSI feedback model considered in this chapter. If the channel
coherence time is Tc = 3 and CSI feedback delay is Tfb = 2, a transmitter is
able to access current and outdated CSI over one-thirds and two-thirds of the
channel coherence time.

slot n, the transmitter is able to use the CSI from time slot n + Tfb. Since

the channel variation is slower than the feedback speed Tfb < Tc, trans-

mitter k has the set of current and delayed channel knowledge hn−Tfb
`,k =

{h`,k[1], h`,k[2], . . . , h`,k[n − Tfb]} in time slot n. For instance, as depicted in

Fig. 3.3, in time slot 9, the transmitter has delayed channel knowledge for the

first and second blocks, whereas it has current channel knowledge for the third

block.

Let us introduce a parameter that measures CSI obsoleteness compared

to channel coherence time. I refer this parameter as the normalized CSI feed-

back delay:

λ =
Tfb

Tc

. (3.3)

For the case of λ ≥ 1, I refer this case as the completely outdated CSI regime as

considered in [29]. In this case, only completely outdated CSI is available at the
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transmitter. I refer to the case where λ = 0 as the instantaneous CSIT point.

Since there is no CSI feedback delay, the transmitter can use the current CSI in

each slot. As illustrated in Fig. 3.3, if λ = 2
3
, the transmitter has instantaneous

CSI over one-thirds of the channel coherence time and completely outdated

CSI for the previous channel blocks.

3.3.4 Sum-DoF and CSI Feedback Delay Trade-Off

Since the achievable data rate of the users depends on the parameters

λ and signal-to-noise ratio (SNR), I express it as a function of λ and SNR.

In particular, for codewords spanning n channel uses, a rate of message W`,k,

R`,k(λ, SNR) =
log2 |W`,k(λ,SNR)|

n
, is achievable if the probability of error for the

message W`,k approaches zero as n→∞. Then, the sum-DoF trade-off of the

X-channel with local CSIT is defined as a function of the normalized feedback

delay,

dXL
Σ (K, 2;λ) = lim

SNR→∞

∑2
`=1

∑K
k=1R`,k(λ, SNR)

log(SNR)
. (3.4)

With the same definition of a rate for message Wk, the sum-DoF trade-off of

the three-user interference channel with local CSIT is

dICL
Σ (3, 3;λ) = lim

SNR→∞

∑3
k=1Rk(λ, SNR)

log(SNR)
. (3.5)

It is worth noting that the sum-DoF of interference networks with local and

delayed CSIT are less than or equal to those of the networks with global and

delayed CSIT.
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3.4 Proposed Transmission Method

In this section, I illustrate the core ideas behind our approach starting

with an example. Gaining insights from this section, I extend our method into

the K × 2 X-channel and the three-user interference channel in the sequel.

Let us consider a two-user X-channel with local and delayed CSIT. In

this example, I focus on the case of λ = 2
3
, implying that feedback delay is

two-thirds of the channel coherence time. I will show that four independent

data symbols are delivered over 3 channel uses {hi,j[1], hi,j[4], hi,j[9]}. In time

slot 9, a transmitter with the set of delayed CSI {hi,j[1], . . . , hi,j[7]} is able to

access current CSI because hi,j[7] = hi,j[9] as depicted in Fig. 3.3. Note that

since the all three time slots belong to different channel coherence blocks, all

elements of the channel are i.i.d. random variables.

The proposed transmission operates over two phases. In the first phase,

transmitters spread out information symbols over multiple time slots until the

delayed and current CSIT is available. Then, the receivers in the network

receive linear combinations of transmitted symbols and store them to exploit

later in decoding. In the second phase, the transmitters send out a particular

linear combination of information symbols that were previously sent by jointly

using the current and delayed CSIT such that each receiver is able to use what

they overheard in the first phase in the decoding.

Phase One: Phase one spans two time slots. In the first time slot,

transmitter 1 and transmitter 2 send information symbols x1[1] = a1 and
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x2[1] = b1, which are intended for receiver 1. Ignoring noise, receiver 1 obtains

a linear combination of the desired symbols, while receiver 2 overhears one

equation as

y1[1] = h1,1[1]a1 + h2,2[1]b1 = L1[1](a1, b1), (3.6)

y2[1] = h2,1[1]a1 + h2,2[1]b1 = L2[1](a1, b1). (3.7)

In time slot 4, transmitter 1 and transmitter 2 send signals x1[4] = a2 and

x2[4] = b2 for receiver 1. Then, receiver 2 obtains a linear combination of

desired symbols while receiver 1 listens to a linear equation for unintended

symbols as

y1[4] = h1,1[4]a2 + h2,2[4]b2 = L1[4](a2, b2), (3.8)

y2[4] = h2,1[4]a2 + h2,2[4]b2 = L2[4](b2, b2). (3.9)

Phase Two: In time slot 9, transmitter 1 and 2 are able to access

local and delayed CSIT, i.e., {h1,1[n], h2,1[n]} and {h1,2[n], h2,2[n]} for n ∈

{1, 4, 7}. Since the channel values do not change over the third channel block

in our model, the transmitter is able to exploit the current CSI in time slot

9, i.e., hi,j[7] = hi,j[9]. With this CSIT, transmitter 1 and transmitter 2

send a superposition of two information symbols using a proposed interference

alignment technique. Using the fact that hi,j[7] = hi,j[9], the core idea of the

method is to align interference signals using current and delayed CSIT jointly

so that each receiver sees the aligned interference shape that it previously

observed. For example, receiver 1 overheard unintended symbols a2 and b2 in
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a form of L1[4](a2, b2) in time slot 4. Similarly, receiver 2 acquired a linear

combination of undesired symbols a1 and b1 in time slot 1, i.e., L2[1](a1, b1).

Thus, in time slot 9, two transmitters distributively multicast four information

symbols such that receiver 1 and receiver 2 observe the same interference

equations L1[4](a2, b2) and L2[1](a1, b1), respectively, while providing a linearly

independent equation that contains desired symbols. To satisfy this objective,

transmitter 1 and transmitter 2 construct the transmit signals as

x1[9] =
h2,1[1]

h2,1[7]
a1 +

h1,1[4]

h1,1[7]
a2, (3.10)

x2[9] =
h2,2[1]

h2,2[7]
b1 +

h1,2[4]

h1,2[7]
b2. (3.11)

Since hi,j[7] = hi,j[9], the received signals in time slot 9 are:

y1[9] = h1,1[9]

(
h2,1[1]

h2,1[9]
a1 +

h1,1[4]

h1,1[9]
a2

)
+ h1,2[9]

(
h2,2[4]

h2,2[9]
b1 +

h1,2[4]

h1,2[9]
b2

)

= L1[9](a1, b1) + L1[4](a2, b2), (3.12)

y2[9] = h2,1[9]

(
h2,1[1]

h2,1[9]
a1 +

h1,1[4]

h1,1[9]
a2

)
+ h2,2[9]

(
h2,2[1]

h2,2[9]
b1 +

h1,2[4]

h1,2[9]
b2

)

= L2[1](a1, b1) + L2[9](a2, b2). (3.13)

I explain a decoding method to recover intended symbols by focusing on re-

ceiver 1. Receiver 1 obtains a new linear combination containing desired sym-

bols L1[9](a1, b1) by performing interference cancellation, i.e., y1[9] − y1[4].

Then, the concatenated input-output relationship is given by

[
y1[1]

y1[9]− y1[4]

]
=

[
h1,1[1] h1,2[1]

h1,1[9]h2,1[1]

h2,1[9]

h1,2[9]h2,2[4]

h2,2[9]

][
a1

b1

]
. (3.14)
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Since the channel values were selected from a continuous distribution per each

block, receiver 1 is able to recover a1 and b1 almost surely by applying a ZF

decoder. By symmetry, receiver 2 operates in a similar fashion, which implies

that a total 4
3

of sum-DoF is achievable.

Remark 3-1 (Interpretation of the Proposed Transmission Method):

Now I reinterpret the proposed transmission method from the perspective

of higher-order message transmission techniques introduced in [29], which

are helpful for understanding the key principle of the proposed transmission

method. In the phase when the transmitters do not have knowledge of CSIT

due to the feedback delay, they send an information symbol per time slot. This

can be interpreted as the first-order symbol transmission because first-order

symbols refer to symbols intended for only one particular receiver. In the sec-

ond phase when both current and delayed CSIT is available, using their local

CSIT, the two transmitters distributively construct the second-order symbols

that are desired by both the receivers. Unlike the two-user vector broadcast

channel in [29], the second-order message L2[1](a1, b1) + L1[4](a2, b2) can be

generated neither in transmitter 1 nor transmitter 2 due to the distributed na-

ture of the transmitters. Rather, our transmission method makes it possible

for the two transmitters to create the second-order messages distributively by

leveraging knowledge of both local current and delayed CSIT.

Remark 3-2 (Impact of Local and Delayed CSIT): This example

elucidates that it is possible to achieve the optimal sum-DoF of the two-user

X-channel with local and delayed CSIT if feedback delay is less than a certain
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fraction of channel coherence time. This implies that instantaneous and global

CSIT over the three channel uses is not necessarily required to obtain the

optimal sum-DoF in this channel.

Remark 3-3 (Reduced CSI Feedback Amount): The other ad-

vantage of the proposed transmission method is that it possibly reduces the

amount of CSI feedback by sending back precoding information instead of

channel values themselves. Specifically, the only required information at the

transmitters in time slot 9 are effective channel values for precoding, i.e.,
{
h2,1[1]

h2,1[7]
, h1,1[4]

h1,1[7]

}
for transmitter 1 and

{
h2,2[1]

h2,2[7]
, h1,2[4]

h1,2[7]

}
for transmitter 2. Thus,

by sending back those 4 complex values to the transmitters, it is possible to

achieve the optimal sum-DoF in this network. Meanwhile, conventional in-

terference alignment in [2] requires sending back 4× 3 = 12 complex channel

values to have global and instantaneous CSIT through a feedback link. Thus,

the proposed method allows a decrease in the amount of CSI feedback signifi-

cantly.

Remark 3-4 (Connection with Alternating CSIT Framework

in [85]): The proposed transmission method can be explained through the

lens of the alternating CSIT framework in [85]. This is because I can interpret

the slots 1, 4, and 9 such that the transmitters have delayed (local) channel

knowledge for subcarrier 1 and 4, whereas, for subcarrier 9, they have instan-

taneous (local) channel knowledge. This connection is interesting because the

proposed method is applicable in multi-carrier systems where delayed and per-

fect CSIT are available for two-thirds and one-thirds of the entire subcarriers.
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3.5 Achievable Trade-Offs of the X-Channel

In this section, I characterize an achievable sum-DoF trade-off as a

function of the normalized feedback delay for the K × 2 X-channel. The main

result is established in the following theorem.

Theorem 3. For the K × 2 X-channel with local CSIT, the trade-off between

sum-DoF and CSI feedback delay is given by

dXL
Σ (K, 2;λ) =





2K
K+1

, for 0 ≤ λ ≤ 2
K+1

,

−λ+ 2, for 2
K+1

< λ ≤ 1,

1, for λ ≥ 1.

(3.15)

Note that the optimal sum-DoF of the K×2 X-channel with global and

instantaneous CSIT is 2K
K+1

as shown in [15]. As a result, Theorem 3 reveals

that the proposed method achieves the upper bound for λ in range [0, 2
K+1

].

3.5.1 Proof of Theorem 3

I prove Theorem 3 by focusing on the point of dXL
Σ (K, 2; 2

K+1
) = 2K

K+1

because the other points connecting two points dXL
Σ (K, 2; 2

K+1
) = 2K

K+1
and

dXL
Σ (K, 2; 1) = 1 are simply achievable by time sharing between the proposed

transmission method and a TDMA method. To show the achievability of the

point dXL
Σ (K, 2; 2

K+1
) = 2K

K+1
, I demonstrate that the two transmitters can

reliably send 2K independent symbols over (K + 1) channel uses.

I explain a method of using K + 1 time slots, which satisfies the CSI

delay condition of λ = 2
K+1

. The transmission method operates over (n+K)

84



channel blocks and each of them consists of (K+1) time slots i.e., Tc = (K+1).

Further, I define St = {1, 2, . . . , (K+1)n+K(K+1)} as a set of time slots for

transmission with |St| = (K+1)n+K(K+1). If the feedback delay is two time

slots, Tfb = 2, then, the normalized feedback delay becomes λ= 2
K+1

. With

this setup, I divide St into two subsets, Sc with |Sc| = (K − 1)n + (K − 1)K

and Sd with |Sd| = 2n+ 2K where Sc∩Sd = φ. Here, Sc is the set of time slots

when the transmitter is able to access current CSI. Meanwhile, Sd represents

the set of time slots when the transmitter has delayed CSI only. With Sc and

Sd, let us define a time slot set with K + 1 elements for applying the proposed

algorithm, i.e., I` = {t`,1, t`,2, . . . , t`,K , t`,K+1} where {t`,1, t`,2} ∈ Sd, t`,j ∈ Sc

for j ∈ {3, . . . , K+1}, and ti and tj belong to different channel coherence time

block if i 6= j. For example, as illustrated in Fig. 3.3, when K = 2 and n = 3,

there exists total 3n+6 = 15 time resources and three index sets I1 = {1, 4, 9},

I2 = {2, 5, 12}, and I3 = {7, 10, 15} are defined for the proposed transmission.

For each time slot set I` = {t`,1, t`,2, t`,3, . . . , t`,K+1}, ` ∈ {1, 2, . . . , n}, I will

show that 2K
K+1

of sum-DoF is achievable. For simplicity, I omit the index `,

i.e., I` = {t1, t2, t3, . . . , tK+1} in the remaining part of the chapter.

Phase One: The first phase uses two time slots, i.e., T1 = {t1, t2}.

Since all transmitters have no channel knowledge in this phase, each transmit-

ter sends an information symbol without a special precoding technique. As

a result, each receiver obtains one linear equation containing the K desired

symbols, while overhearing one equation consisting K interfering information

symbols. Specifically, in time slot t1, transmitter k ∈ {1, 2, . . . , K} sends in-
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formation symbol xk[t1] = s1,k for receiver 1. Alternatively, in time slot t2,

transmitter k sends information symbol xk[t2] = s2,k for receiver 2. If I ignore

noise, which does not affect the DoF calculation, then the received signals are:

y1[t1] =
K∑

k=1

h1,k[t1]s1,k = L1,1[t1],

y2[t1] =
K∑

k=1

h2,k[t1]s1,k = L1,2[t1], (3.16)

y1[t2] =
K∑

k=1

h1,k[t2]s2,k = L2,1[t2],

y2[t2] =
K∑

k=1

h2,k[t2]s2,k = L2,2[t2]. (3.17)

Phase Two: The second phase spans K − 1 time slots, i.e., T2 =

{t3, t4, . . . , tK+1}. In this phase, recall that the transmitter k is able to use both

instantaneous CSI {h1,k[n], h2,k[n]} for n ∈ T2 and delayed CSI {h1,k[n], h2,k[n]}

for n ∈ T1. With both outdated and current CSI knowledge, in time slot

n ∈ T2, transmitter k repeatedly sends the superposition of two independent

symbols s1,k and s2,k using the precoding coefficients v1,k[n] and v2,k[n], which

change over time index n. Then, the transmitted signal at time slot n is given

by

xk[n] = v1,k[n]s1,k + v2,k[n]s2,k, (3.18)

where n ∈ T2. When the transmitters send the signal in (3.18) in time slot n,

receiver ` ∈ {1, 2} obtains

y`[n] =
K∑

k=1

h`,k[n]xk[n]
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=
K∑

k=1

h`,k[n]v1,k[n]s1,k

︸ ︷︷ ︸
L`,1[n]

+
K∑

k=1

h`,k[n]v2,k[n]s2,k

︸ ︷︷ ︸
L`,2[n]

. (3.19)

The key principle for designing the precoding coefficients v1,k[n] and v2,k[n] is

to ensure that each receiver obtains the additional K − 1 linearly indepen-

dent equations that contain the desired symbols while repeatedly providing

the same linear equation that contains the interfering symbols, i.e., aligning

interference over different channel uses. For instance, receiver 1 has acquired

one desired equation L1,1[t1] and overheard one interfering equation L1,2[t2]

through phase one. Therefore, if receiver 1 repeatedly receives the same linear

combinations of the interfering symbols in time slot n, i.e., L1,2[n] = L1,2[t2]

for n ∈ T2, then it is possible to eliminate the effect of the sum of interfering

symbols from y1[n] by subtracting the previously overheard signal L1,2[t2] as

side-information. To satisfy this, I choose the precoding coefficients v1,k[n] and

v2,k[n] as

h2,k[n]v1,k[n] = h2,k[t1],

h1,k[n]v2,k[n] = h1,k[t2], (3.20)

where k ∈ {1, 2, . . . , K}, n ∈ {t3, t4, . . . , tK+1}. This inter-user interference

alignment condition enables that information symbols for receiver 1 (2) have

the same interference shape with the linear combination of the interference

signal overheard by receiver 2 (1) in time slot t1 (t2) in the first phase. Since

channel h`,k[n] was selected from a continuous distribution, I construct the
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precoding coefficients satisfying the conditions in (3.20) as

v1,k[n] =
h2,k[t1]

h2,k[n]
and v2,k[n] =

h1,k[t2]

h1,k[n]
. (3.21)

Next, I consider decodability. To make the exposition concrete, I focus

on the decoding process at receiver 1. The decoding method involves two

steps: 1) aligned interference cancellation and 2) a zero-forcing method for

the extraction of the desired symbols.

Using the fact that receiver 1 received the same linear combination of

interfering symbols that it obtained during the phase two, i.e., L1,2[n] = L1,2[t2]

for n ∈ T2, receiver 1 performs the aligned interference cancellation to extract

the equations that contain the desired symbols as

y1[n]− y1[t2] = L1,1[n] + L1,2[n]− L1,2[t2],

= L1,1[n],

=
K∑

k=1

h1,k[n]v1,k[n]︸ ︷︷ ︸
h̃1,k[n]

s1,k. (3.22)

After the aligned interference cancellation, I obtain the concatenated system

of equations for receiver 1 as



y1[t1]
y1[t3]− y1[t2]

...
y1[tK+1]− y1[t2]


=




h1,1[t1] · · · h1,K [t1]

h̃1,1[t3] · · · h̃1,K [t3]
...

. . .
...

h̃1,1[tK+1] · · · h̃1,K [tK+1]




︸ ︷︷ ︸
Ĥ1




s1,1

s1,2
...

s1,K


 .

Since I pick the precoding coefficients v1,k[n] independent of the channel value

h1,k[n], the effective channel matrix for Ĥ1 has a full rank of K almost surely,
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thereby in the high SNR regime, receiver 1 is able to decode the desired K

symbols {s1,1, . . . , s1,K} by applying a ZF decoder. By symmetry, it is possible

to obtain K data symbols over K + 1 time slots for receiver 2, provided that

the feedback delay is less than the 2
K+1

fractions of the channel coherence time.

As a result, a total 2K sum-DoF is achievable over |I`| = K + 1 channel uses.

Recall that a total number of channel uses was |St| = (K+1)n+K(K+

1) and I have shown that 2Kn sum-DoF are achievable over n(K + 1) time

slots, i.e., |I1 ∪ I2 ∪ · · · ∪ In| = (K + 1)n. For the residual time resources

|St − {I1 ∪ I2 ∪ · · · ∪ In}| = K(K + 1), I simply apply a TDMA transmission

method achieving K(K + 1) sum-DoF. Then, as n goes infinity, the sum-DoF

asymptotically achieves

lim
n→∞

dXL
Σ

(
K, 2;

2

K + 1

)
=

2Kn+K(K + 1)

(K + 1)n+K(K + 1)
,

=
2K

K + 1
, (3.23)

which completes the proof.

Now, I make several remarks on the implication of our results.

Remark 3-5 (An Extension to the MIMO X-channel): With the

proposed achievability method used for proving Theorem 3, one can prove that

the optimal sum-DoF of 2KM
K+1

is achievable for the K × 2 MIMO X-channel

with M antennas at each node almost surely when the transmitters have local

CSI and the normalized feedback delay is less than 2
K+1

.

Remark 3-6 (A lower bound on K×N X-channel): From the fact
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that any achievable sum-DoF in the K × 2 X-channel is also achievable in the

K × N X-channel for N ≥ 2, it is possible to establish a lower bound on the

sum-DoF trade-off for K ×N X-channel as dXL
Σ (K,N ;λ) ≥ dXL

Σ (K, 2;λ). The

lower bound does not scale with either K or N , the number of transmitters or

receivers. Nevertheless, the lower bound is strictly better than the best known

lower bound for the case with delayed CSI alone [9] for all values of K.

Remark 3-7 (Maximum Allowable Feedback Delay): The pro-

posed method achieves the optimal sum-DoF for K × 2 X-channel with local

CSIT as long as the normalized feedback delay is less than 2
K+1

. This is not

necessarily implies that the maximum allowable normalized feedback delay

achieving the optimal sum-DoF is 2
K+1

. In other words, I do not establish any

optimality claim on our achievable trade-off with respective to the normal-

ized feedback delay. The problem of characterizing the maximum allowable

feedback delay remains open.

Remark 3-8 (An Extension to the Two-Cell Interfering Mul-

tiple Access Channel): Let us consider an analogous network in which K

users (transmitters) per cell intend to communicate with their respective a

base station (receiver) while interfering with each other. In particular, when

the number of cells is two, then I refer this network to a two-cell interfering

multiple access channel as in [106, 107]. In this network, one can apply the

proposed achievability method to show that the optimal sum-DoF of 2K
K+1

is

achievable with local CSIT if the normalized feedback delay is less than 2
K+1

almost surely.

90



Time slot index for outdated CSIT (      ) 

   CSI !
Feedback 

Time 

Coherence time 

Time slot index for current CSIT (      ) 

 1     2     3      4     5    6       7    8     9    10    11   12     13   14  15       

Two symbol time feedback delay 

No delay!

Normalized feedback delay!

IA-TDMA region!

Sum-DoF!

IA!

GMK scheme 

TDMA!

STIA!

Proposed region with local CSIT!

4/3!

1!
IA-GMK region!

6/5!

1/3! 2/3!

Proposed region with global CSIT!

Figure 3.4: Achievable trade-offs between CSI feedback delay and sum-DoF
in the two-user X-channel according to different transmission techqiues and
CSIT assumptions.

3.5.2 Comparison of Achievable Trade-Offs

To shed further light on the significance of the trade-off derived in

Theorem 3, it is instructive to compare it with the other trade-offs achieved

by different methods when K = 2. For the two-user X-channel, by leveraging

the transmission method proposed in [89], it is possible to establish a trade-off

for the 2× 2 X-channel with global and delayed CSIT, which is stated in the

following corollary.

Corollary 2. A CSI feedback delay-DoF gain trade-off for the two-user X-
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channel with global and delayed CSIT is given by

dXG
Σ (2, 2;λ) =





4
3
, for 0 ≤ λ ≤ 2

3
,

−2
5
λ+ 8

5
, for 1

3
< λ ≤ 1,

6
5
, for λ ≥ 1.

(3.24)

Proof: Achievability of the trade-off is direct from Theorem 3 and the

AGK method proposed in [89]. For the case of λ ≤ 2
3
, from Theorem 3, it

was shown that dXG
Σ (2, 2;λ) = 4

3
of sum-DoF are achievable. Alternatively,

for the completely-delayed regime, λ ≥ 1, the transmission method in [89]

exploiting global CSIT allows to attain dXG
Σ (2, 2; 1) = 6

5
of sum-DoF. As a

result, it is possible to achieve any points in the line connecting two points

between dXG
Σ

(
2, 2; 2

3

)
, and dXG

Σ (2, 2; 1) through a time-sharing technique.

Using a time sharing technique between IA and TDMA, the trade-off

of dXG
IA-TDMA(2, 2;λ) = −λ

3
+ 4

3
is achievable with global CSIT for 0 ≤ λ ≤ 1.

Analogously, if I apply the time sharing method between IA and GMK method,

then the trade-off of dXG
IA-GMK(2, 2;λ) = − 2

15
λ+ 4

3
is achieved with global CSIT

for 0 ≤ λ ≤ 1. Therefore, as illustrated in Fig. 3.4, the proposed method

allows to attain a better trade-off between CSI feedback delay and sum-DoF

than those obtained by the other methods when the CSI feedback is not too

delayed. For example, when λ = 2
3
, the proposed method achieves the sum-

DoF of 4
3
, which yields the 2

9
sum-DoF gain over IA-TDMA and 4

45
sum-DoF

gain over IA-GMK even with local CSIT. Another remarkable point is that

CSIT sharing between transmitters does not contribute to improve the sum-

DoF if the feedback delay is less than two-thirds of the channel coherence
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time. Whereas, global CSIT knowledge is useful when increasing the DoF

performance as the normalized feedback delay increases beyond λ > 2
3
.

3.6 An Achievable Trade-Off of the Three-User Inter-
ference Channel

In this section I characterize the trade-off between the sum-DoF and

CSI feedback delay for the three-user interference channel with local and de-

layed CSIT. In this channel, designing interference alignment algorithm with

local and delayed CSIT is more challenging than the case of the K × 2 X-

channel. This difficulty comes from the fact that it may be impossible to

simultaneously align interference at more than two receivers in a distributed

manner. Interestingly, even in this setting, I show that local and delayed CSIT

still provide DoF gain beyond that obtained by TDMA. The following is the

main result of this section.

Theorem 4. For the three-user interference channel with distributed and de-

layed CSIT, the trade-off between the sum-DoF and the feedback delay is

dICL
Σ (3, 3;λ) =





6
5
, for 0 ≤ λ ≤ 3

5
,

−1
2
λ+ 3

2
, for 3

5
< λ ≤ 1,

1, for λ ≥ 1.
(3.25)

3.6.1 Proof of Theorem 4

I focus on proving the point of dICL
Σ (3, 3; 3

5
) = 6

5
because other points

connecting dICL
Σ (3, 3; 3

5
) = 6

5
and dICL

Σ (3, 3; 1) = 1 are simply attained by time
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Figure 3.5: The trade-off between sum-DoF and the CSI feedback delay in the
three-user interference channel.

94



sharing between the proposed method and TDMA transmission. To show the

achievability of dICL
Σ (3, 3; 3

5
) = 6

5
, I demonstrate that a total of six independent

symbols is delivered over five time slots. Without loss of generality, I assume

that transmitter k ∈ {1, 2, 3} is able to access local and delayed CSIT over

three time slots {h1,k[n], h2,k[n], h3,k[n]} for n ∈ {1, 2, 3}, while having local

and current CSIT over two time slots, {h1,k[n], h2,k[n], h3,k[n]} for n ∈ {4, 5}

under the premise of λ = 3
5
.

Phase One: Phase one spans three time slots. In this phase, a sched-

uled transmission is applied, which requires no CSIT. Specifically, in time slot

1, transmitter 1 and transmitter 2 send information symbol a1 and b1. Then,

the received signals are

y1[1] = h1,1[1]a1 + h1,2[1]b1 = L1[1](a1, b1),

y2[1] = h2,1[1]a1 + h2,2[1]b1 = L2[1](a1, b1),

y3[1] = h3,1[1]a1 + h3,2[1]b1 = L3[1](a1, b1). (3.26)

In time slot 2, transmitter 1 and transmitter 3 send symbol a2 and c1. Then,

the received signals are

y1[2] = h1,1[2]a2 + h1,3[2]c1 = L1[2](a2, c1),

y2[2] = h2,1[2]a2 + h2,3[2]c1 = L2[2](a2, c1),

y3[2] = h3,1[2]a2 + h3,3[2]c1 = L3[2](a2, c1). (3.27)
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In time slot 3, transmitter 2 and transmitter 3 send information symbol b2 and

c2. Then, the received signals are

y1[3] = h1,2[3]b2 + h1,3[3]c2 = L1[3](b2, c2),

y2[3] = h2,2[3]b2 + h2,3[3]c2 = L2[3](b2, c2),

y3[3] = h3,2[3]b2 + h3,3[3]c2 = L3[3](b2, c2). (3.28)

Phase Two: Phase two uses two time slots. Recall that, in the sec-

ond phase, transmitters exploit both current and outdated CSIT. In time slot

4, transmitter 1 sends a superposition of a1 and a2 with the precoding co-

efficients va,1[4] and va,2[4]; transmitter 2 and transmitter 3 send b1 and c1

with the precoding coefficients vb,1[4] and vc,1[4]. The construction method

of the precoding coefficients is to provide the same interference shape to re-

ceivers what they previously obtained during the phase one in a distributed

manner. Specifically, the precoding coefficients are chosen as va,1[4] = h3,1[1]

h3,1[4]
,

va,2[4] = h2,1[2]

h2,1[4]
, vb,1[4] = h3,2[1]

h3,2[4]
, and vc,1[4] = h2,3[2]

h2,3[4]
. This allows for receiver 2

and 3 to obtain the aligned interference shape that they acquired in time slot

1 and time slot 2, respectively. Then, the received signals are

y1[4] = h1,1[4](va,1[4]a1+va,2[4]a2) + h1,2[4]vb,1[4]b1 + h1,3[4]vc,1[4]c1,

= L1[4](a1, b1) + L1[4](a2, c1),

y2[4] = h2,1[4](va,1[4]a1+va,2[4]a2) + h2,2[4]vb,1[4]b1 + h2,3[4]vc,1[4]c1,

= L2[4](a1, b1) + L2[2](a2, c1),

y3[4] = h3,1[4](va,1[4]a1+va,2[4]a2) + h3,2[4]vb,1[4]b1 + h3,3[4]vc,1[4]c1,
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= L3[1](a1, b1) + L3[4](a2, c1). (3.29)

In time slot 5, transmitter 2 sends a linear combination of b1 and b2 using the

precoding coefficients vb,1[5] and vb,2[5]; transmitter 1 and transmitter 3 send

information symbol a1 and c2 by applying the precoding va,1[5] and vc,2[5],

respectively. In particular, the precoding coefficients are selected as vb,1[5] =

h3,2[1]

h3,2[5]
, vb,2[5] = h1,2[3]

h1,2[5]
, va,1[5] = h3,1[1]

h3,1[5]
, and vc,2[5] = h1,3[3]

h1,3[5]
so that receiver 1

receives the aligned interference shape with what it obtained in time slot 3.

Then, the received signals are

y1[5] = h1,1[5]va,1[5]a1 + h1,2[5]vb,1[5]b1 + h1,2[5]vb,2[5]b2 + h1,3[5]vc,2[5]c2,

= L1[5](a1, b1) + L1[3](b2, c2),

y2[5] = h2,1[5]va,1[5]a1 + h2,2[5]vb,2[5]b1 + h2,2[5]vb,2[5]b2 + h2,3[5]vc,2[5]c2,

= L2[5](a1, b1) + L2[5](b2, c2),

y3[5] = h3,1[5]va,1[5]a1 + h3,2[5]vb,2[5]b1 + h3,2[5]vb,2[5]b2 + h3,3[5]vc,2[5]c2,

= L3[1](a1, b1) + L3[5](b2, c2). (3.30)

Now, I explain how each receiver decodes its two desired symbols through

a successive interference cancellation technique.

• Receiver 1 first obtains a linear combination of a1 and b1 by subtract-

ing y1[3] from y1[5], i.e., y1[5] − y1[3] = L1[5](a1, b1). Then, combining

y1[1] = L1[1](a1, b1) and L1[5](a1, b1), receiver 1 decodes both a1 and b1.

Using decoded symbols a1 and b1, receiver 1 obtains a linear equation

L1[4](a2, c1) from y1[4]. Lastly, concatenating y1[2] = L1[2](a2, c1) and
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L1[4](a2, c1), receiver 1 resolves a2 and c1. Therefore, receiver 1 decodes

two desired symbols a1 and a2.

• Receiver 2 cancels the effect of interference symbols a2 and c1 in y2[4] using

side information obtained in time slot 2, i.e., y2[2], thereby receiver 2 extracts

a linear combination of a1 and b1 as

y2[4]− y2[2] = L2[4](a1, b1) + L2[2](a2, c1)− L2[2](a2, c1)

= L2[4](a1, b1). (3.31)

Combining the received equation in time slot 1 L2[1](a1, b1) with L2[4](a1, b1),

receiver 2 decodes both a1 and b1. Using decoded symbols a1 and b1 and

the effective channel values, it creates L2[5](a1, b1). Subtracting L2[5](a1, b1)

from y2[5], it is possible to obtain a new linear equation that contains in-

formation symbols b2 and c2 only, i.e., L2[5](b2, c2). Finally, using both

L2[5](b2, c2) and L2[3](b2, c2), receiver 2 decodes b2 and c2.

• Receiver 3 removes the effect of interference symbols a1 and b1 in y3[5] using

side information acquired in time slot 1, i.e., y3[1], thereby receiver 2 extracts

a linear combination of b2 and c2 as

y3[5]− y3[1] = L3[5](a1, b1) + L3[5](b2, c2)− L3[2](a1, b1)

= L3[5](b2, c2). (3.32)

Putting the received equations in time slot 3 and 5, L3[3](b2, c2) and L3[5](b2, c2)

together, receiver 3 retrieves both b2 and c2. Further, receiver 2 sub-
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tracts y3[1] = L3[1](a1, b1) from y3[4], which provides a new linear equa-

tion L3[4](a2, c1). Since receiver 3 already obtained a different equation

L3[2](a2, c1), it is possible to decode both a2 and c1.

Remark 9 (Sensitivity of Feedback Delay): Unlike the two-user

X-channel, the sum-DoF loss occurs significantly due to the CSI feedback delay

in the three-user interference channel. Nevertheless, the sum-DoF stated in

Theorem 4, dICL
Σ (3, 3; 3

5
) = 6

5
, is strictly higher than the best known sum-DoF

result dICG
Σ (3, 3; 1) = 36

31
for the case with global and completely-delayed CSI

alone, i.e., λ ≥ 1 in [88].

3.7 Achievable Rate Analysis of the Two-User X-channel

So far, I have characterized the trade-off between the sum-DoF and CSI

feedback delay, assuming high SNR and showed that the proposed method

improves the sum-DoF in the X-channel and a three-user interference channel

with moderately-delayed and local CSIT. In this section, instead of a DoF met-

ric, I analyze the achievable rate of the proposed interference alignment at the

finite SNR, particularly focusing on the two-user X-channel with moderately-

delayed CSIT. Leveraging the information-theoretic outer bound result in [15]

with the derived achievable rate, I demonstrate that the proposed method

achieves the sum-capacity of the two-user X-channel within a constant gap

over the all range of SNR and λ ≤ 2
3

for a particular channel setting.

Theorem 5. For the two-user X-channel with λ ≤ 2
3
, the achievable sum-rate
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is given by

RX
Σ (λ) =

∑2
k=1 log2

[
det
(
I + P HkZ

−1
k H∗k

)]

3
, (3.33)

where

H1 =

[
h1,1[1] h1,2[1]

h1,1[9]h2,1[1]

h2,1[9]

h1,2[9]h2,2[4]

h2,2[9]

]
,

H2 =

[
h2,1[4] h2,2[4]

h2,1[9]h1,1[4]

h1,1[9]

h2,2[9]h1,2[4]

h1,2[9]

]
,

Z1 = σ2

[
1 0
0 1 + 1

p?1

]
, Z2 = σ2

[
1 0
0 1 + 1

p?2

]
,

and


∣∣∣h2,1[1]

h2,1[9]

∣∣∣
2 ∣∣∣h1,1[4]

h1,1[9]

∣∣∣
2

∣∣∣h2,2[1]

h2,2[9]

∣∣∣
2 ∣∣∣h1,2[4]

h1,2[9]

∣∣∣
2



[
p?1
p?2

]
≤
[

1
1

]
.

Proof. From the proposed transmission method explained in Section II, the

received signals during time slot 1 and 4 are

y1[1] = h1,1[1]a1 + h2,2[1]b1 + z1[1], (3.34)

y2[1] = h2,1[1]a1 + h2,2[1]b1 + z2[1], (3.35)

y1[4] = h1,1[4]a2 + h2,2[4]b2 + z1[4], (3.36)

y2[4] = h2,1[4]a2 + h2,2[4]b2 + z2[4]. (3.37)

In time slot 9, using the current and outdated CSIT, transmitter 1 and 2 send

signals as

x1[9] =
√
p1,1

h2,1[1]

h2,1[9]
a1 +

√
p2,1

h1,1[4]

h1,1[9]
a2, (3.38)
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x2[9] =
√
p1,2

h2,2[1]

h2,2[9]
b1 +

√
p2,2

h1,2[4]

h1,2[9]
b2. (3.39)

where p1,1, p1,2, p2,1, and p2,2 denote the transmit power coefficients carry-

ing information symbols, a1, a2, b1, and b2. To ensure the transmit power

constraints, I need to pick pi,j such that

p1,1

∣∣∣∣
h2,1[1]

h2,1[9]

∣∣∣∣
2

+ p2,1

∣∣∣∣
h1,1[4]

h1,1[9]

∣∣∣∣
2

≤ 1 (3.40)

p1,2

∣∣∣∣
h2,2[1]

h2,2[9]

∣∣∣∣
2

+ p2,2

∣∣∣∣
h1,2[4]

h1,2[9]

∣∣∣∣
2

≤ 1. (3.41)

Further, for the interference alignment condition, I need to impose the addi-

tional constraints such that p1,1 = p1,2 and p2,1 = p2,2. Therefore, the power

coefficients satisfying the constraints are obtained as

[
p?1
p?2

]
=



∣∣∣h2,1[1]

h2,1[9]

∣∣∣
2 ∣∣∣h1,1[4]

h1,1[9]

∣∣∣
2

∣∣∣h2,2[1]

h2,2[9]

∣∣∣
2 ∣∣∣h1,2[4]

h1,2[9]

∣∣∣
2



−1 [

1
1

]
. (3.42)

Then, the received signals in time slot 9 are:

y1[9] = h1,1[9]

(√
p?1
h2,1[1]

h2,1[9]
a1 +

√
p?2
h1,1[4]

h1,1[9]
a2

)

+ h1,2[9]

(√
p?1
h2,2[1]

h2,2[9]
b1 +

√
p?2
h1,2[4]

h1,2[9]
b2

)
+z1[9]

=
√
p?1L1[9](a1, b1) +

√
p?2L1[4](a2, b2) + z1[9], (3.43)

y2[9] = h2,1[9]

(√
p?1
h2,1[1]

h2,1[9]
a1 +

√
p?2
h1,1[4]

h1,1[9]
a2

)

+h2,2[9]

(√
p?1
h2,2[1]

h2,2[9]
b1 +

√
p?2
h1,2[4]

h1,2[9]
b2

)
+z2[9]

=
√
p?1L2[1](a1, b1) +

√
p?2L2[9](a2, b2) + z2[9]. (3.44)
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Applying the interference cancellation, i.e., y1[9] − √p?2y1[4] and multiplying

normalization factor 1√
p?2

, receiver 1 has the following resultant input-output

relationship:

[
y1[1]

y1[9]√
p?2
− y1[4]

]
=

[
h1,1[1] h1,2[1]

h1,1[9]h2,1[1]

h2,1[9]

h1,2[9]h2,2[4]

h2,2[9]

]

︸ ︷︷ ︸
H1

[
a1

b1

]
+

[
z1[1]

z1[9]√
p?2
− z1[4]

]

︸ ︷︷ ︸
z1

. (3.45)

Similarly, the resulting input-output relationship at receiver 2 is

[
y2[4]

y2[9]√
p?1
− y2[1]

]
=

[
h2,1[4] h2,2[4]

h2,1[9]h1,1[4]

h1,1[9]

h2,2[9]h1,2[4]

h1,2[9]

]

︸ ︷︷ ︸
H2

[
a2

b2

]
+

[
z2[4]

z2[9]√
p?1
− z2[1]

]

︸ ︷︷ ︸
z2

. (3.46)

Note that the covariance matrices Z1 = E[z1z
∗
1] and Z2 = E[z2z

∗
2] are

Z1 = σ2

[
1 0
0 1+ 1

p?1

]
and Z2 = σ2

[
1 0
0 1+ 1

p?2

]
. (3.47)

Since I have used 3 channel uses, the achievable sum-rate of the two-user

X-channel is

2∑

k=1

2∑

`=1

Rk,` =

∑2
k=1 log2

[
det
(
I + P HkZ

−1
k H∗k

)]

3
, (3.48)

which completes the proof.

To establish the optimality of the proposed method within a constant

gap, it is instructive to compare our sum-rate result with an existing outer

bound result in [15], which is restated in the lemma below.

Lemma 2. The rate tuple (R1,1, R1,2, R2,1, R2,2) of the Gaussian two-user X-

channel with the same set of channel coefficients {hi,j[t]} for t ∈ {1, 4, 9}
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satisfies the following inequalities:

R1,1+R1,2+R2,2 ≤ log2

(
1+

(|h1,1[t]|2+|h1,2[t]|2)P

σ2

)
+log2

(
1+

|h2,2[t]|2P
σ2 + |h1,2[t]|2P

)
,

(3.49)

R2,2+R1,1+R2,1 ≤ log2

(
1 +

(|h2,2[t]|2+|h2,1[t]|2)P

σ2

)
+log2

(
1+

|h1,1[t]|2P
σ2 + |h2,1[t]|2P

)
,

(3.50)

R1,1+R1,2+R2,1 ≤ log2

(
1+

(|h1,1[t]|2+|h1,2[t]|2)P

σ2

)
+log2

(
1+

|h2,1[t]|2P
σ2 + |h1,1[t]|2P

)
,

(3.51)

R2,2+R2,1+R1,2 ≤ log2

(
1+

(|h2,2[t]|2+|h2,1[t]|2)P

σ2

)
+log2

(
1+

|h1,2[t]|2P
σ2+|h2,2[t]|2P

)
.

(3.52)

Proof. See [15].

Corollary 3. Consider channel coefficients whose absolute values are one but

with random phases θi,k, i.e., hi,k[t] = e−jtθi,k . For the case of H1 and H2 are

orthogonal matrices, the sum-rate gap is bounded regardless of SNR as

∆RX
Σ (SNR) ≤ 2.39. (3.53)

Proof. I prove the constant gap result using both Theorem 5 and Lemma 2

for a particular set of channel values. Suppose the channel coefficients whose

absolute values are one but with different phases, i.e., hi,k[t] = e−jtθi,k for t ∈

{1, 4, 9}. In those sets of the channel coefficients, from Lemma 2, the sum-rate

outer bound is given by

R1,1 +R2,1+R1,2+R2,2 ≤
4

3
log2 (1 + 2SNR) +

4

3
log2

(
1 +

1

1 + 1
SNR

)
,

(3.54)

103



where SNR = P
σ2 . Further, I assume that the phases of the channel coefficients

are selected so that H1 and H2 are orthogonal matrices. Since p?1 = p?2 = 1
2

from (3.40) and (3.41), the achievable sum rate of the proposed method is

given by

R1,1 +R2,1+R1,2+R2,2 =
2

3
log2 (1 + 2SNR) +

2

3
log2

(
1 +

2SNR

3

)
. (3.55)

Therefore, the gap between the outer bound in (3.54) and the achievable rate

in (3.55) is bounded as

∆RX
Σ (SNR)≤ 4

3
log2(1+2SNR)+

4

3
log2

(
1+

1

1+ 1
SNR

)

− 2

3

{
log2 (1+2SNR)+log2

(
1+

2SNR

3

)}

≤ 2

3
log2

(
1+2SNR

1+ 2
3
SNR

)
+

4

3
log2

(
1+

1

1+ 1
SNR

)
. (3.56)

Since log2

(
1 + 1

1+ 1
SNR

)
≤ 1 and log2

(
1+2SNR
1+ 2

3
SNR

)
≤ log2(3) for all SNR > 0, the

gap further simplifies as

∆RX
Σ (SNR) ≤ 2

3
log2(3) +

4

3
= 2.39. (3.57)

This completes the proof.

This corollary reveals that the proposed method achieves the sum-

capacity of two-user X-channel within a constant gap for the entire SNR range

in the particular sets of channel coefficients. This analysis should be carefully

interpreted because it holds for the special sets of channel realizations.
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Figure 3.6: The ergodic sum rate comparision bewteen the proposed interfer-
ence alignment and the TDMA method for the two-user X-channel.
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To provide a result for arbitrary channel realizations, the achievable

ergodic rates of the two-user-X channel are compared with those obtained

from the rate outer bound expression in [15] and TDMA transmission through

simulations to demonstrate the superiority of the proposed method in the finite

SNR regime. Fig. 3.6 illustrates the ergodic sum-rate obtained by the TDMA

method, the proposed method, and outer bound expression in Lemma 2 when

each channel is drawn from the complex Gaussian distribution, i.e., CN(0, 1).

One interesting observation is that the proposed interference alignment method

always provides a better sum-rate than the TDMA method over the entire SNR

regime, as the proposed method obtains the signal diversity gain from the

repetition transmission method. Further, the proposed interference alignment

achieves the ergodic sum-capacity of the two-user X-channel within a constant

bits 3.8 bits/sec/hz over the entire range of SNR. In particular, in the low

SNR regime, i.e., SNR < 0 dB, the sum-capacity within one bit/sec/hz is

achievable.

3.8 Conclusion

In this chapter, I proposed a new interference management technique

for a class of interference networks with local and moderately-delayed CSIT.

With the proposed method, I characterized achievable trade-offs between the

sum-DoF and CSI feedback in the interference networks with local CSIT. From

the established trade-offs, I demonstrated the impact on how local and delayed

CSIT affects the scale of network capacity in the interference networks. Fur-
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ther, by leveraging a known outer bound result, I showed that the proposed

method achieves the sum-capacity of the two-user X-channel within a constant

number of bits.
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Chapter 4

Interferece-Free Relaying Method without

CSIT at Source

This chapter considers the two-cell two-hop multiple-input-multiple-

output (MIMO) interference channel, where two source groups consisting of

multiple users with a single antenna wish to communicate with two multi-

antenna destinations by sharing two multi-antenna relays. For such a channel,

an inner bound on the degrees of freedom (DoF) is derived for different chan-

nel knowledge assumptions and relay operations. Assuming global channel

knowledge at the relays and full-duplex relay operation, it is shown that two

cascaded interfering links can be decomposed into two independent parallel

relay channels while sharing the spectrum. The key to showing this result is a

novel amplify-and-forward interference-free relay transmission method, which

performs interference-shaping during reception and interference neutralization

during transmission. Assuming that the relays have global channel knowledge

only for the first-hop, a spectrally efficient relaying protocol is proposed that

overcomes the loss due to half-duplex relaying constraint. The proposed proto-

col improves performance compared to a trivial time-division-multiple access

method for the two-cell two-hop MIMO interference channel.
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4.1 Motivation and Related Work

Characterization of multi-hop wireless network capacity remains a chal-

lenge. In a wireless network, the transmitted signals from multiple source

nodes give rise to interference at the receivers of unintended destination nodes

due to the superposition and broadcast nature of wireless medium. To charac-

terize network capacity, it is essential to understand the underlying principles

of interference management. For single-hop wireless networks, there has been

considerable progress on developing interference management algorithms with

superior performance gain over simpler interference avoidance methods. For

example, from a degrees of freedom (DoF) perspective, asymptotic capacity

results have been found for one-hop interference channels [1,2,18,19,100,108]

and interference relay channels [32, 109, 110] under certain assumptions. In

contrast with single-hop wireless networks, relatively little progress on inter-

ference management has been made so far on multi-hop interference networks.

In this chapter, I propose an interference-aware relay processing and

protocol design for the two-cell two-hop multiple-input-multiple-output (MIMO)

interference channel where two source groups, each of which consists of mul-

tiple users with a single antenna, communicate with two destinations with

multiple antennas through two relay nodes having multiple antennas with lim-

ited transmit channel state information at the source and relay.

Interference management for the two-hop interference channel has been

tackled from several perspectives. One focus was on the case where the source

and relay nodes have instantaneous channel knowledge for the first and second-
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hop [33, 112]. Since the two-hop interference channel can be viewed as a

cascade of two interference channels, another approach was to exploit rate-

splitting [111] for the first-hop and apply relay cooperation algorithms for the

second-hop to increase an achievable data rate based on channel knowledge

at the transmitter per each hop. Assuming rate-splitting was employed for

the first-hop, a relay cooperation algorithm was proposed in [112] that coher-

ently combines the common message signals during the second-hop. The use

of dirty paper coding (DPC) was explored in [113] by using the fact that the

second-hop can be modeled as a distributed multiple antenna broadcast chan-

nel. Instead of viewing the two-hop interference network as a cascade of two

interference channels, by viewing each hop as an X channel, it was shown that

4
3

DoF are achievable by applying interference alignment per each hop in [15].

One observation from previous work in [15, 112, 113] was that it is impossible

to achieve the interference-free communication for the two-hop interference

channel by using interference alignment or DPC methods even if the source

and relay nodes have instantaneous channel state information (CSI) knowledge

for the first and second-hop.

In the case where there are more relay nodes than the source-destination

pairs, an interference-free relaying algorithm was proposed in [3] for the two-

hop interference channel where K source-destination pairs communicate via L

intermediate relay nodes. Using this method, it was shown that the K DoF are

achievable, if L ≥ K(K − 1) + 1 is satisfied. For the case L < K(K − 1) + 1,

however, an achievable DoF was not provided for the two-hop interference
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channel in [3]. By considering the case of L < K(K−1)+1, it was shown that

min
{
K, K

2
+ L

2(K−1)

}
DoF are achieved for the two-hop interference channel

in [114] when the channel coefficients are time/frequency varying by using in-

terference alignment combined with interference cancellation. This method,

however, is limited in practice because it requires a huge amount of channel

diversity, i.e., time-varying channel slots. In subsequent work in [114], by con-

sidering a more general number of hops, it was shown that interference-free

communications is possible among K source-destination pairs (i.e., the cut-

set K DoF are achieved) by using opportunistic interference cancellation in

[115]. Notably, this method fully exploits the nature of time-varying channels

and symmetric channel distributions to opportunistically remove interference

by complementary paring between two different channel realizations. This

approach, however, is not applicable to the cases where the channel coeffi-

cients are constant or the channel distributions are asymmetric. Therefore,

it was still unknown which conditions make it possible to achieve the cut-set

K DoF when the channel coefficients are constant or the symmetric channel

distribution assumption does not hold. For the special case of K = L = 2, by

developing a new interference management method called “aligned interference

neutralization” [33], it was shown that the 2 of DoF are achieved asymptot-

ically for the two-hop interference channel with constant channel coefficients

for almost all values of channel coefficients. As byproduct, it was also shown

that 2M − 1 DoF are achieved when all nodes have M multiple antennas for

the MIMO setting. This is interesting because, although the conditions of
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time/frequency varying channel and L ≥ K(K − 1) + 1 are not satisfied [3],

it is possible to communicate without creating interference for such a channel

in an asymptotic sense when K = L = 2. To apply aligned interference neu-

tralization, however, first-hop CSI is required at the sources and global CSI

at the relay. The observation from the previous work in [3, 32, 33, 113] is that

interference neutralization is a key ingredient to achieve the interference-free

communication for the two-hop interference channel.

Under the delayed CSI feedback framework developed in [29], the DoF

results for the two-hop interference channel were established under less strict

DoF requirements [116] and [74]. It was shown that it is still possible to

increase the achievable DoF for the two-hop interference channels beyond that

achieved by time-division-multiple-access (TDMA) method even if the sources

and relays have outdated CSI. Specifically, in [116], it was shown that 4
3

of DoF

are achievable by using the ideas of retrospective interference alignment [30]

when 1) two source nodes have delayed CSI for both hops, but the relays have

no CSI for both hops, and 2) two source nodes have no CSI for both hops,

but the relay nodes have instantaneous CSI for the first-hop as well as the

delayed CSI for the second-hop with channel output feedback. Similarly, the

achievable DoF for the two-hop interference channel was established in [74]

for the two-hop interference channel when two source and relay nodes have

delayed CSI for the first-hop and second-hop, respectively. In this case, they

also demonstrated that 4
3

of DoF are achievable, which is the same DoF result

[116].
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4.2 Contribution

In this chapter, I consider a two-cell two-hop MIMO interference chan-

nel where M single antenna mobile users in source group i ∈ {1, 2} wish to

communicate with destination i having M antennas by sharing two relay nodes

having N antennas. Two different relay constraints and channel knowledge as-

sumptions are considered.

• Assumption 1: Full-duplex relaying and global CSI for both hops

at the relay: I assume that a relay node transmits and receives a signal

simultaneously. Further, I assume that each mobile user belonging to the

same source group does not cooperate, while the two relay nodes can co-

operate by sharing instantaneous CSI for both hops. Therefore, the two

relay nodes have global channel knowledge for the first-hop as well as the

second-hop.

• Assumption 2: Half-duplex relaying and global CSI for the first-

hop at the relay: I assume that a relay node cannot transmit and receive

simultaneously, and that the two relays do not have CSI for the second-hop,

but can share CSI about the first-hop.

The first assumption (Assumption 1) is suitable for systems that re-

quires lower CSI feedback overhead but fast CSI feedback compared to [116]

and [74], which require delayed CSI for the first-hop at the source the delayed

CSI for the second-hop at the relay. The delayed CSI assumption used in [116]
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and [74] is more suitable when the channel coherence time is much smaller than

the feedback delay or when the relays or destinations have mobility. Our sec-

ond assumption (Assumption 2) is applicable for systems where any feedback

link for CSI sharing does not exist between the source nodes to the relays and

the relays to the destinations. Therefore, Assumption 2 requires less feedback

overhead than Assumption 1 and the assumptions in [112]-[33] and [116]-[74].

The channel knowledge assumption arises from the scenario of a relay-

based cellular system. As illustrated in Figure 4.1, multiple mobile users

(sources) wish to send data to their respective base stations (destinations)

with the help of relays because of excessive propagation loss in the direct

path. In this system, I first assume that mobile users (transmitters) do not

cooperate with each other by sharing transmit data and channel knowledge for

the first-hop because it increases significant overhead. Further, Assumption 1

considers the cooperative relays that have knowledge of global CSI for both

hops thanks to their fixed location, implying that the channel coherence time

is long enough to permit accurate feedback for the second-hop. Assumption

2 corresponds to the situation where the relay has a half-duplex constraint

due to hardware limitations and the two relays may not obtain instantaneous

CSI for the second-hop, e.g. the channel coherence time is not long enough to

attain reliable CSI feedback for the second-hop, especially for a mobile relay

case.

The main contribution of this chapter is to show that the sum DoF of

max {min{M, 2N},min{2M, 2N − 1}} is achievable for the two-cell two-hop
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Figure 4.1: A uplink scenario of a relay-based cellular system.

MIMO interference channel under Assumption 1. In other words, if N > M ,

it is possible to achieve 2M of DoF (cut-set DoF) without cooperation at the

source nodes (no data sharing and CSI exchange) if the relay nodes share in-

stantaneous CSI for the first and second hop. This achievability result is shown

through the construction of a new amplify-and-forward (AF) interference-free

relay transmission method, which performs interference-shaping at the receiv-

ing mode and interference neutralization at the transmit mode. This DoF

result is remarkable in light of previous results [33] for the two source, two

relay, and two destination two-hop interference channel with constant chan-

nel coefficients. In [33], when all nodes have M antennas, it is necessary to

know the first-hop CSI at the source nodes to achieve the 2M − 1 DoF due to

the intrinsic nature of achievable method, i.e., aligned interference neutraliza-

tion. The proposed constructive approach, however, achieves the same DoF

of 2M − 1 without assuming any cooperation of the antennas at the source

nodes. Furthermore, by considering more practical setting described in As-
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sumption 2, I derive a non-trivial DoF result, i.e., 2M
3

, which is higher than

M
2

of DoF achieved by TDMA method under half-duplexing relay. To show

this result, I propose a new relay transmission protocol combined with the

relay receive beamforming technique. This relaying protocol is new because a

relay propagates interference signals to destinations in a coordinated manner

to help decode the desired signal at the destination.

The rest of the chapter is organized as follows. In Section 4.3, the

system model is described. The key concept of the proposed interference-

free relay transmission method is simply explained by giving an illustrative

example in Section 4.4. In Section 4.5, the achievable DoF for the two-cell two-

hop MIMO interference channel with more general numbers of transmit and

receive antennas is investigated for Assumption 1. A new relaying protocol is

proposed, and the achievable DoF for the channel is studied under Assumption

2 in Section 4.6. In Section 4.7, discussions are provided by comparing the DoF

performance according to different relay transmission methods. The chapter

is concluded in Section 4.8.

4.3 System Model

Consider the system shown in Figure 4.2. The multiuser MIMO two-

hop interference channel consists of 2 source groups, 2 destinations, and 2

intermediate relays. In this channel, source group i, Si, i ∈ {1, 2}, has M

single antenna users and each user intends to send message q
[i]
m through data

symbol s
[i]
m to its respective destination i, Di, having M multiple antennas via
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Figure 4.2: System model for the two-cell two-hop MIMO interference channel.

two relays equipped with N multiple antennas. In the first-hop, the received

signal vector at relay `, T`, is given by

r[`] =
2∑

i=1

M∑

m=1

h[`,i]
m s[i]

m+z[`], (4.1)

=
2∑

i=1

H[`,i]s[i]+z[`],

where r[`], ` ∈ {1, 2} denotes the first-hop channel output vector with size

of N × 1 at T`, H[`,i] =
[
h

[`,i]
1 ,h

[`,i]
2 , . . . ,h

[`,i]
M

]
is the N ×M first-hop channel

matrix from the source group i to relay receiver `, s[i] is M×1 transmit symbol

vector sent by the source group i, and z[`] represents a noise signal vector with

size of N × 1 at T`. The average power constraint of the transmitted signal by

each user, s
[i]
m, is given by

E
[
s[i]
ms

[i]
m

∗] ≤ P, i ∈ {1, 2} and m ∈ {1, 2, . . . ,M}. (4.2)
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After receiving signal r[`], the relay generates the new transmitting signal t[`]

as

t[`] = W[`]r[`], l ∈ {1, 2} (4.3)

where W[`] = γ[`]W̄[`] is the relay beamforming matrix with size N×N . Here,

W̄[`] denotes a relay beamforming matrix before normalization by the average

relay power constraint. Therefore, the power normalizing factor γ[`] is defined

as E
{

tr
[
t[`]t[`]∗]} ≤ PR, thus γ[`] =

√
PR/E

{
tr
[
W̄[`]r[`]r[`]∗W̄[`]∗

]}
.

In the second-hop, the received signal vector at Dk is given by

y[k] =
2∑

`=1

G[k,`]t[`] + n[k], k ∈ {1, 2}, (4.4)

where G[k,`] denotes the M ×N channel matrix from T` to Dk and n[k] repre-

sents the noise vector at Dk. Here, we assume that all elements of noise vec-

tors (z[`] and n[k]) are drawn from an independent and identically distributed

(IID) complex Gaussian distribution with zero mean and unit variance, i.e.,

NC(0, 1). Further, we assume that all the elements of channel matrices (H[`,i]

and G[k,`]) are drawn from a continuous distribution. We assume that all

source nodes know the effective SNR of the whole system to select the right

rate at the transmitter, which does not require CSI. Throughout the chap-

ter, we use transmit SNR and transmit power P interchangeably because we

assume the noise variance equals to one, i.e., SNR = P .

For codewords spanning n channel uses, the rate for message q
[i]
m sent

by m-th user in Si, R
[i]
m(P ) = log |q[i]

m (P )|
n

, is achievable if the probability of
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error for the message q
[i]
m approaches zero as n → ∞ where P is the SNR.

The achievable rate region R(P ) is defined as the set of achievable rate tu-

ples R(P ) =
(
R

[1]
1 (P ), . . . , R

[1]
M (P ), R

[2]
1 (P ) . . . , R

[2]
M (P )

)
. The sum of the DoF

achieved by source group i is defined as

d[i] =
M∑

m=1

d[i]
m = lim

P→∞

∑M
m=1R

[i]
m(P )

log(P )
. (4.5)

Therefore, the sum DoF characterizing the high SNR behavior of the achievable

rate region is dΣ =
∑2

i=1 d
[i].

4.4 Interference-Free Relay Transmission

In this section, I propose a new interference-free relay transmission

technique based on the idea of interference neutralization. I illustrate the basic

idea for M = N = 3. Then, we will give an interpretation of our proposed

method. The generalization to any choice of M and N is provided in Section

4.5.

4.4.1 Motivating Example

Through this example, I will show that three users at source group 1

and two users at source group 2 send own data symbols to the corresponding

destination simultaneously, i.e.,
(
d[1], d[2]

)
= (3, 2) DoF are achievable.

Source Nodes: Three users in source group 1 send their own data

symbols s
[1]
1 , s

[1]
2 , and s

[1]
3 to the destination 1, D1. Similarly, users 1 and 2 in

source group 2 transmit data symbols, s
[2]
1 and s

[2]
2 , to the destination 2, D2.
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Relay Nodes: When five users transmit data symbols to the relays,

two relays receive multiple linear combinations of the transmit data symbols

created by the channel coefficients. Let us define L
[k,i]
n (·) as the n-th ob-

served linear combination of the transmitted symbols from source group i,

Si, to Tk after applying receive beamforming vector u
[k]
n

∗
, k ∈ {1, 2} and

n ∈ {1, 2, 3}. Using this notation, if Ti multiplies receive beamforming matrix

U[i]∗ =
[
u

[i]
1 ,u

[i]
2 ,u

[i]
3

]∗
, then the observed signals at Ti r̂[i] =

[
r̂

[i]
1 , r̂

[i]
2 , r̂

[i]
3

]T
are

given by

r̂[1] = U[1]∗ (H[1,1]s[1] + H[1,2]s[2]
)

=




L
[1,1]
1

(
s

[1]
1 , s

[1]
2 , s

[1]
3

)
+ L

[1,2]
1

(
s

[2]
1 , s

[2]
2

)

L
[1,1]
2

(
s

[1]
1 , s

[1]
2 , s

[1]
3

)
+ L

[1,2]
2

(
s

[2]
1 , s

[2]
2

)

L
[1,1]
3

(
s

[1]
1 , s

[1]
2 , s

[1]
3

)
+ L

[1,2]
3

(
s

[2]
1 , s

[2]
2

)


 (4.6)

and

r̂[2] = U[2]∗ (H[2,1]s[1] + H[2,2]s[2]
)

=




L
[2,1]
1

(
s

[1]
1 , s

[1]
2 , s

[1]
3

)
+ L

[2,2]
1

(
s

[2]
1 , s

[2]
2

)

L
[2,1]
2

(
s

[1]
1 , s

[1]
2 , s

[1]
3

)
+ L

[2,2]
2

(
s

[2]
1 , s

[2]
2

)

L
[2,1]
3

(
s

[1]
1 , s

[1]
2 , s

[1]
3

)
+ L

[2,2]
3

(
s

[2]
1 , s

[2]
2

)


, (4.7)

where I drop the noise term from the received signals because the noise does not

affect the DoF result. Note that each relay sees a different linear equation that

depends on the choice of receive relay beamforming matrix U[k]∗, k ∈ {1, 2}.

I propose to select relay beamforming matrix U[k]∗ by choosing the linear

combiner u
[k]
n

∗
so that (after combining) each relay sees the same ratio for linear

combination coefficients of the transmitted data symbols by two source groups.
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I refer this as interference-shaping. To accomplish interference-shaping, the

relay receive beamforming vectors are designed as

span
(
u[1]
n

∗
H[1,1]

)
= span

(
u[2]
n

∗
H[2,1]

)
, (4.8)

span
(
u[1]
n

∗
H[1,2]

)
= span

(
u[2]
n

∗
H[2,2]

)
, (4.9)

where n ∈ {1, 2, 3}. Without loss of generality, I rewrite (4.8) and (4.9) as

α[1]
n H[1,1]∗u[1]

n = H[2,1]∗u[2]
n , (4.10)

α[2]
n H[1,2]∗u[1]

n = H[2,2]∗u[2]
n , (4.11)

where α
[k]
n , n ∈ {1, 2, 3}, represents an arbitrary nonzero complex value. Then,

the relay linear combiner u
[k]
n

∗
is obtained as

u[1]
n ∈ null

[
Π
(
α[1]
n , α

[2]
n

)]
, n ∈ {1, 2, 3}, (4.12)

u[2]
n = α[1]

n

(
H[2,1]∗

)−1

H[1,1]∗u[1]
n , (4.13)

where Π
(
α

[1]
n ,α

[2]
n

)
=
[
α

[2]
n H[1,2]∗−α[1]

n H[2,2]∗
(
H[2,1]∗

)−1
H[1,1]∗

]
. Using the fact that

the size of Π
(
α

[1]
n ,α

[2]
n

)
is 2×3, all elements of H[i,j] are drawn from a continuous

distribution, I find the null space of Π
(
α

[1]
n ,α

[2]
n

)
according to the randomly

chosen α
[1]
n and α

[2]
n with probability one, which determines u

[1]
n . Since u

[2]
n is

designed as a function of u
[1]
n from (13), I can construct u

[1]
n and u

[2]
n satisfying

the conditions in (8) and (9). From the proposed strategy, finally, two relays

(T1 and T2) observe the same linear combinations or the same interference

shape sent by two source groups, i.e., S1 and S2, but with different scales such

that

α[1]∗
n L[1,1]

n

(
s

[1]
1 , s

[1]
2 , s

[1]
3

)
= L[2,1]

n

(
s

[1]
1 , s

[1]
2 , s

[1]
3

)
, (4.14)
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α[2]∗
n L[1,2]

n

(
s

[2]
1 , s

[2]
2

)
= L[2,2]

n

(
s

[2]
1 , s

[2]
2

)
, (4.15)

where α
[i]∗
n for i ∈ {1, 2} and n ∈ {1, 2, 3} can be interpreted as the relative

channel gain after applying relay receive beamforming vectors.

After obtaining the superposition of the transmitted data symbols by

the two source groups, two relays cooperatively send r̂
[1]
n and r̂

[2]
n to two des-

tinations by using relay transmit beamforming vector f
[1]
n and f

[2]
n for n ∈

{1, 2, 3}. Let us assume that the two destinations use decoders D[1] ∈ C3×3

and D[2] ∈ C2×3 to obtain desired symbols
{
s

[1]
1 , s

[1]
2 , s

[1]
3

}
and

{
s

[2]
1 , s

[2]
2

}
. I

propose a trivial decoder matrix as D[1] = I3×3 and D[2] = I2×3, which implies

that D2 performs an antenna selection. After applying these decoders, the

effective output signal vectors at both destinations are given by

ŷ[1] = D[1]

(
G[1,1]

3∑

n=1

f [1]
n r̂

[1]
n + G[1,2]

3∑

n=1

f [2]
n r̂

[2]
n

)
(4.16)

=
[

D[1]G[1,1] D[1]G[1,2]
]
[ ∑3

n=1 f
[1]
n r̂

[1]
n∑3

n=1 f
[2]
n r̂

[2]
n

]
(4.17)

=
[

G̃[1,1] G̃[1,2]
]
[∑3

n=1 f
[1]
n r̂

[1]
n∑3

n=1 f
[2]
n r̂

[2]
n

]
(4.18)

and

ŷ[2] = D[2]

(
G[2,1]

3∑

n=1

f [1]
n r̂

[1]
n + G[2,2]

3∑

n=1

f [2]
n r̂

[2]
n

)
(4.19)

=
[

D[2]G[2,1] D[2]G[2,2]
]
[∑3

n=1 f
[1]
n r̂

[1]
n∑3

n=1 f
[2]
n r̂

[2]
n

]
(4.20)

=
[

G̃[2,1] G̃[2,2]
]
[ ∑3

n=1 f
[1]
n r̂

[1]
n∑3

n=1 f
[2]
n r̂

[2]
n

]
, (4.21)
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where G̃[`,i] = D[`]G[`,i] for i, ` ∈ {1, 2}. Now consider the interference signal

at both destinations. The interference signals observed are given by

I[1,2]=
3∑

n=1

{
G̃[1,1]f [1]

n +α[2]∗
n G̃[1,2]f [2]

n

}
L[2,2]
n

(
s

[2]
1 , s

[2]
2

)
, (4.22)

I[2,1]=
3∑

n=1

{
G̃[2,1]f [1]

n +α[1]∗
n G̃[2,2]f [2]

n

}
L[1,1]
n

(
s

[1]
1 , s

[1]
2 , s

[1]
3

)
, (4.23)

where I[k,i] stands for the interference signal vector at Dk from Si. To remove

the interference, I pick relay transmit beamforming vectors f
[1]
n and f

[2]
n , n ∈

{1, 2, 3} so that they perform a distributed interference cancellation, which is

[
G̃[1,1] α

[2]∗
n G̃[1,2]

G̃[2,1] α
[1]∗
n G̃[2,2]

]

︸ ︷︷ ︸
(2+3)×(3+3)=5×6

[
f

[1]
n

f
[2]
n

]
= Ḡf̄n = 0, (4.24)

where n ∈ {1, 2, 3}. Since all the elements of G̃[i,`] are statistically independent

and the size of Ḡ is 5× 6 in (24), I design f̄n in such a way that it eliminates

all interference at both unintended destinations simultaneously by choosing f̄n

in the nullspace of Ḡ, i.e., f̄n ∈ null
(
Ḡ
)
. As a result, I completely eliminate

interference signals at the unintended destinations by two subsequent relaying

strategies: interference-shaping and distributed interference cancellation.

Now, let us consider decodability. I need to check two aspects: (1)

whether the relay transmit beamforming vectors, f
[1]
n and f

[2]
n , allow information

flow of the desired signals to the intended destination, and (2) to check that

each destination has enough linearly independent observations to resolve the

desired signals. To verify these two points, examine the desired signal vectors
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observed by D1 and D2, which are given by

a[1,1]=
3∑

n=1

{
G̃[1,1]f [1]

n +α[1]∗
n G̃[1,2]f [2]

n

}
L[1,1]
n

(
s

[1]
1 , s

[1]
2 , s

[1]
3

)
, (4.25)

a[2,2]=
3∑

n=1

{
G̃[2,1]f [1]

n +α[2]∗
n G̃[2,2]f [2]

n

}
L[2,2]
n

(
s

[2]
1 , s

[2]
2

)
, (4.26)

where a[i,i] denotes the desired signal vector at Di from Si, i ∈ {1, 2}. If I

choose α
[1]
n = α

[2]
n for n ∈ {1, 2, 3}, the desired signal and interference signal

become the same, i.e., a[1,1] = I[1,2] and a[2,2] = I[2,1]. This implies that the

desired signals do not reach the intended destinations through the second-hop

channel because the relay transmit beamforming vectors, f
[1]
n and f

[2]
n , cancel

out not only the interference signals but also desired signals. Therefore, it is

important that α
[1]
n 6= α

[2]
n for n ∈ {1, 2, 3} to ensure that relay transmission

allows information flow of the desired signals for the intended destination.

Fortunately, it is possible to select α
[1]
n and α

[2]
n differently with probability one

because they are randomly chosen, while satisfying the interference-shaping

conditions in (4.8) and (4.9). Therefore, the desired information is delivered

to both destinations. In addition, because f
[i]
n , i ∈ {1, 2} and n ∈ {1, 2, 3} are

generated corresponding to distinct α
[i]
n for the given second-hop channels, f

[i]
n

and f
[i]
` are linearly independent for n 6= `. This implies that each destination

is able to obtain three linearly independent observations to resolve the desired

symbols. As a result, D1 and D2 are capable of decoding d[1] = 3 and d[2] = 2

desired signals, and therefore there are 5 DoF when all nodes have M = M = 3

antennas.
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4.4.2 Interpretation of the Proposed Method

In this section, I showed that multiple users may send their data streams

to the desired destination without creating any interference through relay co-

operation. The main idea of the proposed method is that the two relay nodes

actively harness the overheard information (interference) as side-information.

More specifically, due to broadcast nature of wireless channels, the signals

transmitted by multiple single antenna users will be overheard by both relay

nodes for the first-hop. This overheard information at the two relay nodes has

the form of a linear combination of data symbols sent by two source groups. By

using first-hop channel knowledge, the relays judiciously choose their receive

beamforming vectors so that each relay observes the same linear combination

of the data symbols transmitted by two source groups, i.e., the same interfer-

ence shape. This allows for both relays to implicitly or virtually share the data

symbols coming from two source groups. Here, implicitly sharing implies that

two relays see the same superposition of data symbols of the source groups,

not the exact each data symbols of user.

Now, how is it possible to exploit the partially shared information (in-

terference shape) when the relay forwards it to respective destination? Since

the fundamental role of the relay is to deliver the desired information while

not propagating interference signals, the two relays cooperatively design their

transmit beamforming vectors to perform distributed interference cancellation

by using knowledge of the second-hop channels, which makes the interference

signals towards the unintended destination become zeros. This active exploita-
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tion of overheard information at the relay is simultaneously useful for two des-

tinations since it eliminates interference and therefore increases transmission

efficiency in terms of DoF. Since the proposed technique, however, considers

the signal interaction between the desired signal and interference signal ex-

cepting noise effect, it may yield relatively lower sum-rate performance than

other transmission methods in low or medium SNR regime, where noise affects

the sum-rate performance dominantly.

4.5 Achievable DoF

In this section, I establish the achievable DoF for the multiuser two-

hop MIMO interference channel for M > 3 and N > 3 under Assumption 1. I

consider the general case where the relay nodes may have a different number

of antennas than the number of users per each source group or destination

nodes to fully characterize the DoF according to antenna asymmetry. I devote

this section to proving the following theorem.

Theorem 6. For the multiuser two-hop MIMO interference channel with

constant channel coefficients, max{min {M, 2N} ,min {2M, 2N − 1}} DoF are

achievable if both relays have global CSI for both hop channels and operate as

full-duplex when each source group has M single antenna users, destination

nodes have M antennas, and each relay node has N antennas.

Achievability is shown using two methods: 1) TDMA when N ≤ M
2

and 2) the proposed interference-free relay transmission M
2
< N ≤ M . When

126



N ≥ 2M , the total DoF is trivially bounded by the cut-set 2M DoF using a

conventional zero-forcing (ZF) method. Hence, I only focus on several specific

cases when N < 2M .

4.5.1 Case of N ≤ M
2

For N ≤ M
2

, I will demonstrate that the min{M, 2N} of DoF are achiev-

able by a simple TDMA method.

TDMA requires two time slots to communicate between two source

groups and destination nodes because it only allows one source group to send

messages to the corresponding destination node for the given time resource

via two intermediates relays. During the first time slot, d[1] = min{M, 2N}

number of users send single data symbols, s
[1]
1 , s

[1]
2 , . . . , s

[1]

d[1] to D1 with the help

of two intermediate relays. Then, the received signal at D1 becomes

y[1] =
2∑

`=1

G[1,`]W[`]H[`,1]s[1]. (4.27)

To show achievability, I should check whether the rank of G[1,1]W[1]H[1,1] +

G[1,2]W[2]H[2,1] is greater than or equal to the number of transmitted data

symbols d[1] = min{M, 2N}, i.e., rank
(
G[1,1]W[1]H[1,1] + G[1,2]W[2]H[2,1]

)
≥

min{M, 2N}. Since all elements of the first and second-hop channels H[`,i] and

G[i,`] for i, ` ∈ {1, 2} are drawn from a continuous random distribution, the

rank of the first and second effective channel becomes min{N,M} if I choose

an arbitrary relay beamforming matrix W[`], ` ∈ {1, 2} with rank
(
W[`]

)
= N .

Recall the matrix property, so that if A ∈ CM×M with rank (A) = rA (rA <
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N < M) and B ∈ CM×M with rank (B) = rB (rB < N < M) span indepen-

dent column subspace on CM , rank (A + B) = min{M, rA + rB}. Using this

property, it is possible to show that rank
(
G[1,1]W[1]H[1,1] + G[1,2]W[2]H[2,1]

)
=

min{M, 2N} because the two column spaces spanned by G[1,1]W[1]H[1,1] and

G[1,2]W[2]H[2,1] are linearly independent with probability one by the I.I.D.

channel value assumption.

In the same way, for the second time slot, it is possible for S2 to send

d[2] = min{M, 2N} data streams to the respective destination D2 by using

two intermediate relays. Therefore, the d[1] + d[2] = min{M, 2N} DoF are

achievable by TDMA method when N ≤ M
2

case.

4.5.2 Case of M
2
< N ≤M

For this regime, I will show that the 2N − 1 of DoF are achievable by

exploiting the proposed interference-free relay transmission method explained

in Section III.

Consider the case where d[1] = N number of users in source group 1

and d[2] = N − 1 number of users in source group 2 transmit data symbols

s
[1]
1 , s

[1]
2 , . . . , s

[1]

d[1] and s
[2]
1 , s

[2]
2 , . . . , s

[2]

d[2] at the same time.

Receive Beamforming at the Destination: Since each source group

transmits d[i] ≤ M , i ∈ 1, 2 independent streams, each destination attempts

to decode the d[i] desired symbols by applying a linear beamforming matrix

D[i] ∈ Cd[i]×M with rank of d[i], which projects the received signal vector

y[i] ∈ CM×1 onto the d[i] dimensional subspace. For example, I can simply
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design D[1] = IN×M and D[2] = I(N−1)×M by using N − 1 antennas among N

at D2.

Relay Beamforming (Interference-shaping and neutralization):

The relay transmission strategy aims to simultaneously neutralize all interfer-

ence signals for the given receive beamforming matrices D[i], i ∈ {1, 2}.

Let us first consider the observed signal vectors at the destination after

applying the receive beamforming matrix D[i] ∈ Cd[i]×M . The observed signal

vectors ỹ[i] = D[i]y[i] are given by

ỹ[1] =

(
2∑

`=1

D[1]G[1,`]W[`]H[`,1]

)
s[1] +

(
2∑

`=1

D[1]G[1,`]W[`]H[`,2]

)
s[2](4.28)

ỹ[2] =

(
2∑

`=1

D[2]G[2,`]W[`]H[`,1]

)
s[1] +

(
2∑

`=1

D[2]G[2,`]W[`]H[`,2]

)
s[2].(4.29)

To accomplish interference-free communication, I need simultaneous

solvability of the following two coupled homogeneous matrix equations:

G̃[1,1]W[1]H[1,2] + G̃[1,2]W[2]H[2,2] = 0d[1]×d[2] , (4.30)

G̃[2,1]W[1]H[1,1] + G̃[2,2]W[2]H[2,1] = 0d[2]×d[1] , (4.31)

where G̃[j,`] = D[j]G[j,`] ∈ Cd[j]×N denotes the effective channel matrix af-

ter applying the receive beamforming matrices. To solve the coupled matrix

equations in (4.30) and (4.31), let us first assume that the relay beamforming

matrix is decomposed into a product of two matrices as

W[`] = F[`]U[`]∗, (4.32)
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where U[`]∗ =
[
u

[`]
1 ,u

[`]
2 , . . . ,u

[`]
N

]∗
∈ CN×N and F[`] =

[
f

[`]
1 , f

[`]
2 , . . . , f

[`]
N

]
∈

CN×N denote a relay receive and transmit beamforming matrix, respectively.

By applying this decomposition, equations (4.30) and (4.31) are equivalently

written in matrix form as

[
G̃[1,1] G̃[1,2]

] [ W[1]H[1,2]

W[2]H[2,2]

]

=
[
G̃[1,1]F[1] G̃[1,2]F[2]

][U[1]∗H[1,2]

U[2]∗H[2,2]

]
=0d[1]×d[2] , (4.33)

and

[
G̃[2,1] G̃[2,2]

] [ W[1]H[1,1]

W[2]H[2,1]

]

=
[
G̃[2,1]F[1] G̃[2,2]F[2]

][U[1]∗H[1,1]

U[2]∗H[2,1]

]
=0d[2]×d[1] . (4.34)

To simultaneously solve two matrix equations in (4.33) and (4.34), let us con-

sider the design of receive relay beamforming matrices, U[1]∗ and U[2]∗. The

design goal of U[1]∗ =
[
u

[1]
1 ,u

[1]
2 , . . . ,u

[1]
N

]∗
and U[2]∗ =

[
u

[2]
1 ,u

[2]
2 , . . . ,u

[2]
N

]∗
is

to shape the inter-user interference signals coming from one source group to

two relay nodes so that each relay sees the same linear combination of the

signals transmitted by one source group, i.e.,

span
(
H[1,1]∗u[1]

n

)
= span

(
H[2,1]∗u[2]

n

)
, (4.35)

span
(
H[1,2]∗u[1]

n

)
= span

(
H[2,2]∗u[2]

n

)
, (4.36)

where n ∈ {1, 2, . . . , N}. Equivalently, I rewrite (4.35) and (4.36) as

α[1]
n H[1,1]∗u[1]

n = H[2,1]∗u[2]
n , (4.37)
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α[2]
n H[1,2]∗u[1]

n = H[2,2]∗u[2]
n , (4.38)

where α
[`]
n , ` ∈ {1, 2}, is an arbitrary complex value selected in random. Since

H[1,1]∗ and H[2,1]∗ are N ×N square matrices, u
[2]
n is expressed in terms of u

[1]
n

as

u[2]
n = α[1]

n

(
H[2,1]∗

)−1

H[1,1]∗u[1]
n , n ∈ {1, 2, . . . , N}. (4.39)

By inserting u
[2]
n in (4.39) into (4.38) and using the fact that H[1,2]∗ and H[2,2]∗

are (N − 1)×N matrices, u
[1]
n is obtained as

u[1]
n ∈null

[
α[2]
n H[1,2]∗−α[1]

n H[2,2]∗
(
H[2,1]∗

)−1

H[1,1]∗
]

︸ ︷︷ ︸
(N−1)×N

. (4.40)

Therefore, the relay receive beamforming matrices solving equations in (4.35)

and (4.36) are

Û[`] =
[
û

[`]
1 , û

[`]
2 , . . . ,u

[`]
N

]
, ` ∈ {1, 2}, (4.41)

where

û[1]
n ∈null

[
α[2]
n H[1,2]∗−α[1]

n H[2,2]∗
(
H[2,1]∗

)−1

H[1,1]∗
]

︸ ︷︷ ︸
(N−1)×N

, (4.42)

û[2]
n = α[1]

n

(
H[2,1]∗

)−1

H[1,1]∗û[1]
n . (4.43)

By putting this relay receive beamforming matrix solution in (4.41) into (4.33)

and (4.34),

[
G̃[2,1]F[1] G̃[2,2]F[2]

] [ Û[1]∗H[1,1]

Û[2]∗H[2,1]

]
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=
[

G̃[2,1]F[1] G̃[2,2]F[2]Σ[1]
] [ Û[1]∗H[1,1]

Û[1]∗H[1,1]

]

=
(
G̃[2,1]F[1] + G̃[2,2]F[2]Σ[1]

)
Û[1]∗H[1,1] = 0(N−1)×N , (4.44)

and

[
G̃[1,1]F[1] G̃[1,2]F[2]

] [ Û[1]∗H[1,2]

Û[2]∗H[2,2]

]

=
[

G̃[1,1]F[1] G̃[1,2]F[2]Σ[2]
] [ Û[1]∗H[1,2]

Û[1]∗H[1,2]

]

=
(
G̃[1,1]F[1] + G̃[1,2]F[2]Σ[2]

)
Û[1]∗H[1,2] = 0N×(N−1), (4.45)

where Σ[`], ` ∈ {1, 2}, is the N × N diagonal matrix whose n-th element

is defined as α
[`]∗
n , i.e., the relative channel gain after applying relay receive

beamforming vectors.

Now, let us consider the design of the relay transmit beamforming

matrices F[1] =
[
f

[1]
1 , . . . , f

[1]
N

]
and F[2] =

[
f

[2]
1 , . . . , f

[2]
N

]
. To solve the coupled

homogeneous matrix equations in (4.44) and (4.45), it is sufficient to show

that it satisfies the following interference neutralization conditions

G̃[2,1]F[1] + G̃[2,2]F[2]Σ[1] = 0(N−1)×N , (4.46)

G̃[1,1]F[1] + G̃[1,2]F[2]Σ[2] = 0N×N . (4.47)

The interference neutralization (distributed interference canceling) conditions

in (4.46) and (4.47) can be rewritten in vector form as

G̃[2,1]f [1]
n + α[1]∗

n G̃[2,2]f [2]
n = 0(N−1)×1, (4.48)

G̃[1,1]f [1]
n + α[2]∗

n G̃[1,2]f [2]
n = 0N×1, (4.49)
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where n ∈ {1, 2 . . . , N}. In the same way as the relay receive beamforming

matrices in (4.39) into (4.40), I can calculate the relay transmit beamforming

matrices that accomplishes interference neutralization as

F̂[`] =
[
f̂

[`]
1 , f̂

[`]
2 , . . . , f̂

[`]
N

]
, (4.50)

where

f̂ [1]
n ∈ null

[
G̃[2,1] − α

[1]∗
n

α
[2]∗
n

G̃[2,2]
(
G̃[1,2]

)−1

G̃[1,1]

]

︸ ︷︷ ︸
(N−1)×N

, (4.51)

f̂ [2]
n =− 1

α
[2]∗
n

(
G̃[1,2]

)−1

G̃[1,1]f̂ [1]
n , (4.52)

where n ∈ {1, 2, . . . , N}. By putting the transmit beamforming vector solu-

tions in (4.51) and (4.52) into (4.46) and (4.47), I show that the coupled ho-

mogenous matrix equations in (4.44) and (4.45) are solvable. In other words,

all interference signals at the unintended destinations can be eliminated by

the proposed relay beamforming matrices.

Decodability: So far, I demonstrate that
(
d[1], d[2]

)
= (N,N − 1)

symbols are delivered to the desired destinations without creating interfer-

ence at the unintended destinations by the proposed method at the relay

nodes when M
2
< N ≤ M . As the last step in the proof, I need to show

that each destination is able to decode all desired symbols sent by the source

group. To prove this, it is sufficient to check whether the effective chan-

nel matrices carrying the desired symbols,
∑2

`=1 D[i]G[i,`]W[`]H[`,i], i = {1, 2}

have at least the rank of d[i]. Consider the effective channel from S1 to D1.
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Since S1 sends d[1] = N data streams to D1, the rank of the effective channel

should be equal to or larger than N , i.e., rank
(∑2

`=1 G̃[1,`]W[`]H[`,1]
)
≥ N .

Since all elements of the G̃[i,`] and H[`,i] are I.I.D. Gaussian random vari-

ables, rank
(
G̃[1,`]

)
= N , rank

(
G̃[2,`]

)
= N − 1, rank

(
H[`,1]

)
= N , and

rank
(
H[`,2]

)
= N with probability one. Then, rank

(∑2
`=1 G̃[1,`]W[`]H[`,1]

)
=

N and rank
(∑2

`=1 G̃[2,`]W[`]H[`,2]
)

= N − 1 if rank
(
W[`]

)
= N for ` ∈ {1, 2}.

From the following Lemma 3, I show that the relay beamforming matrix W[`]

has full rank of N .

Lemma 3. Let us consider two different matrices A ∈ C(n−1)×n and B ∈

C(n−1)×n. If rank(A) = rank(B) = n − 1, then there exist a nonsingular

matrix X = [x1,x2, . . . ,xn] ∈ Cn×n, i ∈ {1, 2 . . . , n} such that

(αiA− βiB) xi = 0(n−1)×1, i ∈ {1, 2, . . . , n}, (4.53)

where αi ∈ C and βi ∈ C, i ∈ {1, 2 . . . , n}, are arbitrary constant values that

satisfy the conditions of αi 6= βi and αi 6= α` for i 6= `.

Proof. Please see Appendix 4.9.

Using Lemma 3, I establish the following proposition.

Proposition 1. The relay beamforming matrix Ŵ[`] for ` ∈ {1, 2} has full

rank of N .

Proof. From Lemma 3, I see that the solution of relay receive and trans-

mit beamforming matrices in (4.41) and (4.50), i.e., Û[`] and F̂[`] has full
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rank of N if α
[`]
n are distinct values for ` ∈ {1, 2} and n ∈ {1, 2, . . . , N}.

Since it is assumed that α
[`]
n is randomly selected, it is possible to show

that α
[`]
n are distinct values for ` ∈ {1, 2} and n ∈ {1, 2, . . . , N} almost

surely. Also, it can be shown that an upper bound for rank of the prod-

uct of two matrices is less than or equal to the minimum rank of two matrices,

i.e., rank
(
F[`]U[`]∗) ≤ min

{
rank

(
F[`]
)
, rank

(
U[`]∗)}. However, it is possible

to show that rank
(
F[`]U[`]∗) = N by using the Sylvester’s rank inequality,

which provides a lower bound of the rank of the product of two matrices as

rank
(
F[`]U[`]∗) ≥ rank

(
F[`]
)

+ rank
(
U[`]∗) − N . Therefore, it is shown that

the relay beamforming matrices W[`] = F[`]U[`]∗ have full rank of N .

From Proposition 1, D1 is capable of decoding d[1] = N data symbols by

observing the effective channel matrix
∑2

l=1 G̃[1,`]W[`]H[`,1] having rank of N .

In the same way, it is shown that rank
(∑2

`=1 G̃[2,`]W[`]H[`,2]
)

= N−1 from the

fact that rank
(
W[`]

)
= N for ` ∈ {1, 2}. As a result,

(
d[1], d[2]

)
= (N,N − 1)

DoF are achievable when M
2
< N ≤M by the proposed method.

Remark 4-1 (Design issue of α
[`]
n ): As shown in the proof, the

randomly selected α
[`]
n was sufficient to show the decodability, which leads

to achieve the (d[1], d[2]) = (N,N − 1) DoF point. However, α
[`]
n is able to

be optimized to improve the achievable rates of the system, while satisfying

interference neutralization conditions. I will remain this optimization problem

as future work.
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4.5.3 Case of M < N < 2M

For the case of M < N < 2M , I show that each source group sends

(d[1], d[2]) = (M,M) data streams to the corresponding destination by using

the same argument as M
2
< N ≤ M . Let us first assume that both relays use

M + 1 antennas of their total N antennas. For example, if N = 6 and M = 4,

the both relays only use M + 1 = 5 antennas arbitrarily selected. Recall

that the interference neutralization conditions in (30) and (31) are solvable if

the number of relay antennas is larger than the number of transmitted data

streams in each source group, i.e., d[1] = d[2] = M because the proposed relay

beamforming solutions exist as long as N > M . Therefore, using the same

technique shown in the previous case, I demonstrate that a total 2M of data

streams is delivered to the corresponding destinations through the relay beam-

forming matrices satisfying the interference neutralization condition.

By considering the symmetric case, i.e., N = M , I establish the follow-

ing corollary.

Corollary 4. It is possible to achieve a normalized DoF of 2 (cut-set bound)

for the symmetric two-cell two-hop MIMO interference channel when M = N

and M goes infinity.

Proof. If I set N = M , then 2M − 1 DoF are achievable. By the definition of

a normalized DoF in [19], as M grows large

d̄Σ = lim
M→∞

2M − 1

M
= 2. (4.54)
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4.5.4 Direct Solution

Instead of applying the decomposition approach using interference-

shaping for receive beamforming and interference neutralization for transmit

beamforming, it is possible to obtain the relay beamforming matrices for the

interference neutralization by solving the two matrices equations in (4.30) and

(4.31) directly. By considering the symmetric case M = N , d[1] = M and

d[2] = M − 1, I explain the direct approach, its advantage, and shortcomings.

To solve the coupled matrix equations in (4.30) and (4.31), I convert

them into vector forms by exploiting Kronecker product operation property,

vec(AXB) = (BT ⊗ A)vec(X). The equivalent vector forms of interference

neutralization in (4.30) and (4.31) are given by

K[1,1,2]w[1] + K[1,2,2]w[2] = 0(M−1)2×1, (4.55)

K[2,1,1]w[1] + K[2,2,1]w[2] = 0M2×1, (4.56)

where K[i,k,j] =
(
H[k,j]

)T ⊗ G[i,k] is the effective interference channel matrix

from source gruop j to destination i via relay k. Further, w[k] = vec(W[k]) is

the vector representation of relay beamforming matrix W[k] by stacking the

column vectors of it. Notice that the size of the effective channel matrices

K[1,1,2] and K[1,2,2] becomes (M − 1)2 ×M2 because the source group 2, S2,

transmits d[2] = M − 1 independent signals, while the size of the K[2,1,1] and

K[2,2,1] is M2 ×M2 since the source group 1, S1, sends d[1] = M independent
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signals. Now, I aggregate interference neutralization conditions for the two

destinations into a unified system equation, which is

[
K[1,1,2] K[1,2,2]

K[2,1,1] K[2,2,1]

]

︸ ︷︷ ︸
{(M−1)2+M2}×2M2

[
w[1]

w[2]

]
= K̄w̄ = 0. (4.57)

Because all elements of the channels are drawn from a continuous random vari-

able and the size of the unified system matrix F̄ is {(M−1)2 +M2} × 2M2,

there exists the M2−{(M−1)2 +M2} = 2M−1 dimensional orthogonal sub-

space of K̄ with probability one. Therefore, the relay beamforming matrices

eliminating all interference signals on the network are obtained as

w̄ ∈ null(K̄). (4.58)

By reshaping the vector solution w̄ into a matrix form and normalizing to

satisfy the relay transmit power constraint, I obtain the relay beamforming

matrices W[1] and W[2]. However, the full rank of W[i] is not guaranteed be-

cause of the reshaping procedure. Therefore, the direct solution is not enough

to demonstrate the decodability of Theorem 6. Our matrix decomposition

method ensures interference neutralization and decodability at the same time.

Nonetheless, the direct matrix solution is useful for numerical calculations be-

cause it is applicable to the general number of source, relay, and destination

case because of its systematic structure when the relay beamforming matrix is

computed. I find that the direct matrix-solving method provides full-rank relay

beamforming solutions that rank
(
W[i]

)
= M with high probability through

numerical simulation when number of relays and destinations is 2. Also, by
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the direction solution, one can consider an optimization problem that maxi-

mizes the achievable rate while ensuring interference neutralization conditions

by appropriately selecting w̄ on the 2M − 1 dimensional orthogonal subspace

of K̄.

4.6 Extension to Half-Duplex Operation and No CSIT
at the Relay

The full-duplexing operation at the relay is not only difficult to im-

plement due to hardware limitations but also causes a inter-relay interference

problem [117] that significantly degrades the system performance for the two-

hop interference channel. Hence, in this section, I consider the half-duplex

relaying constraint where the transmission and reception at the relay is per-

formed in orthogonal time slots. Further, I assume that the relay does not

have knowledge of CSI about the second-hop. Under these assumptions, I

derive an inner bound of the DoF for the two-cell MIMO two-hop interference

channel by proposing a new relaying protocol with a variation of the receive

beamforming technique described in the previous sections. The key idea of

the proposed protocol is following. For the first-hop transmission, 2M source

nodes transmit their own data simultaneously using one time slot. Then, the

two relays cooperatively design the relay receive beamforming so that they see

the same linear combination of the data symbols sent by two source groups, i.e.,

interference-shaping. For the second-hop transmission, the two relays alterna-

tively forward the virtually shared signal to destinations using two orthogonal
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time resources, the second and third time slot. Since each destination ob-

serves the same interference signal pattern during two time slots, it is possible

to subtract the interference by properly adding the two observations during

the second and third time slots.

The following theorem is the main result of this section.

Theorem 7. Consider the multiuser two-hop MIMO interference channel

where each source group has M single antenna users, destination nodes have

M antennas, and each relay node has M antennas. In this channel, when the

relay operates in half-duplex, 2M
3

of DoF are achievable if two relays have CSI

for the first-hop channel.

4.6.1 Proof Theorem 7

I prove Theorem 7 in three parts: first-hop transmission, second-hop

transmission, and decoding method.

First-Hop Transmission: During the first-hop transmission, I use

one time slot. In this time slot, M users in each source group send their own

data symbols {s[1]
1 , . . . , s

[1]
M} and {s[2]

1 , . . . , s
[2]
M} to the relays simultaneously.

Since the main goal for designing the relay receive beamforming vectors is

to make the two relays observe the same linear combination coefficients the

transmitted signals by two source groups, I choose them as

span
(
u[1]
m

∗
H[1,1][1]

)
= span

(
u[2]
m

∗
H[2,1][1]

)
, (4.59)
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span
(
u[2]
m

∗
H[2,2][1]

)
= span

(
u[1]
m

∗
H[1,2][1]

)
, (4.60)

where H[k,i][1] denotes the channel matrix from Si to Tk at time slot 1 and

m ∈ {1, 2, . . . ,M}. Without loss of generality, (4.59) and (4.60) are rewritten

as

(
H[1,1][1]

∗)−1

H[2,1][1]
∗
u[2]
m = u[1]

m , (4.61)

span
(
H[2,2][1]

∗
u[2]
m

)
= span

(
Pu[2]

m

)
, (4.62)

where P = H[1,2][1]
∗(

H[1,1][1]
∗)−1

H[2,1][1]
∗
. Thus, the receive beamforming

vectors satisfying the interference-shaping conditions in (4.61) and (4.62) are

û[2]
m = eig [T] , (4.63)

û[1]
m =

(
H[1,1][1]

∗)−1

H[2,1][1]
∗
û[2]
m , (4.64)

where T =
(
H[2,2][1]

∗)−1
P and eig[A] denotes an eigenvector for matrix A. By

applying the obtained relay receive beamforming matrix solutions, the received

signals at the relay during the first time slot are given by

r̂[1][1] = Û[1]∗H[1,1][1]s[1] + Û[1]∗H[1,2][1]s[2] + ẑ[1][1] (4.65)

and

r̂[2][1] = Û[2]∗ (H[2,1][1]s[1] + H[2,2][1]s[2]
)

+ ẑ[2][1]

(a)
= Û[1]∗H[1,1][1]s[1]+Λ−1∗Û[1]∗H[1,2][1]s[2]+ẑ[2][1], (4.66)

where ẑ[i][1] = Û[i]∗z[i][1] denotes the effective noise atDi, Λ = diag[λ1, . . . , λM ]

is a diagonal matrix whose elements are eigenvalue of T, and (a) follows from
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the fact that Û[2]∗H[2,1][1] = Û[1]∗H[1,1][1] and Λ∗Û[2]∗H[2,2][1] = Û[1]∗H[1,2][1] .

Finally, two relay is able to see the same linear combinations of the transmitted

data symbols coming from the same source group.

Second-Hop Transmission: The second-hop transmission exploits

two time slots. Since the relay does not have channel knowledge for the second-

hop, it sends the received signal r̂[i][1] through M antennas by using TDMA.

For the second time slot, T1 forwards r̂[1][1] to two destinations. Then, the

received signal at destination k in this time slot is given by

y[k][2] = G[k,1][2]r̂[1][1] + n[k][2], k ∈ {1, 2}, (4.67)

where G[k,1][2] denotes a channel matrix from T1 to Dk at time slot 2. After

applying a ZF decoder at each destination, the decoded symbols are given by

ŷ[1][2] =G[1,1][2]
−1 (

G[1,1][2]r̂[1][1] + n[1][2]
)
,

=Û[1]∗H[1,1][1]s[1] + Û[1]∗H[1,2][1]s[2] + ẑ[1][1] + G[1,1][2]
−1

n[1][2], (4.68)

and

ŷ[2][2] =G[2,1][2]
−1 (

G[2,1][2]r̂[1][1] + n[2][2]
)
,

=Û[1]∗H[1,1][1]s[1] + Û[1]∗H[1,2][1]s[2] + ẑ[1][1] + G[2,1][2]
−1

n[2][2]. (4.69)

In the same way, when relay T2 transmits r̂[2][1] in the third time slot,

the received signal at destination k is given by

y[k][3] = G[k,1][3]r̂[2][1] + n[k][3], k ∈ {1, 2}, (4.70)
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where G[k,2][3] denotes a channel matrix from T2 to Dk at time slot 3. Using

a ZF decoder, the decoded symbols at each destination during the third time

slot are given by

ŷ[1][3] = G[1,2][3]
−1

(G[1,2][3]r̂[2][1] + n[1][3]),

= Û[1]∗H[1,1][1]s[1] + Λ−1∗Û[1]∗H[1,2][1]s[2] + ẑ[2][1] + G[1,2][3]
−1

n[1][3],
(4.71)

and

ŷ[2][3] = G[2,2][3]
−1

(G[2,2]r̂[2][1] + n[2][3]),

= Û[1]∗H[1,1][1]s[1] + Λ−1∗Û[1]∗H[1,2][1]s[2] + ẑ[2][1] + G[2,2]−1
[3]n[2][3].

(4.72)

Note that each destination observes 2M equations, each of which consists of

M desired symbols and M interference symbols during the second-hop trans-

mission. In the following section, I will provide a decoding method, which

eliminates interference efficiently.

Decoding: Let us consider a particular decoding method for destina-

tion 2. The interference signal should be removed by subtracting two decoded

output vectors, ŷ[2][2] and ŷ[3][3], which are obtained during the second and

third time slots. If I ignore the noise term, the vector after subtraction is given

by

ŷ[2][2]−ŷ[2][3] =Û[1]∗H[1,1][1]s[1]+Û[1]∗H[1,2][1]s[2]

− Û[1]∗H[1,1][1]s[1]−Λ−1∗Û[1]∗H[1,2][1]s[2],

= (I−Λ−1∗)Û[1]∗H[1,2][1]︸ ︷︷ ︸
H

[2,2]
eff

s[2]. (4.73)
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Since H[1,2][1] and U[1] have full rank of M , and I−Λ−1∗ is M ×M diagonal

matrix with rank of M , the rank of the effective channel matrix H
[2,2]
eff becomes

M . Therefore, destination 2 is able to decode M desired symbols by applying

ZF decoder H
[2,2]
eff

−1
for the effective channel matrix. For destination 1, I

apply a successive interference cancellation technique that first decodes s[2] by

computing ŷ[1][2] − ŷ[1][3] and cancel the effect of s[2] from ŷ[1][3] to decode

s[1]. Thus, it is possible for destination 1 to extract the M desired symbols.

As a result, 2M data symbols are delivered over 3 time slots, which leads to

2M
3

of DoF gain.

By considering the case where the two relays do not cooperate for CSI

sharing for the first-hop, I also establish the following corollary.

Corollary 5. The proposed relaying protocol achieves 2M
3

of DoF without relay

cooperation for sharing first-hop CSI knowledge.

Proof. The basic idea of the proposed relaying protocol is that it allows the

simultaneous transmission during the first-hop, while exploiting two orthogo-

nal time slots for the second-hop transmission so that the destination obtains

enough linearly independent equations to resolve the desired data symbols.

Based on this idea, during the second-hop transmission, both relays alter-

natively send the observed signal r̂[k][1] in the first-hop transmission interval

using two orthogonal time slots. For example, the received signal during the

second and third time slot at destination 1 is given by

[
ŷ[1][2]
ŷ[1][3]

]
=

[
G[1,1][2]r[1][1]
G[1,2][3]r[2][1]

]
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=

[
G[1,1][2]

(∑2
k=1 H[1,k][1]s[k] + z[1][1]

)

G[1,2][3]
(∑2

k=1 H[2,k][1]s[k] + z[1][2]
)
]

=

[
G[1,1][2]H[1,1][1] G[1,1][2]H[1,2][1]
G[1,2][3]H[2,1][1] G[1,2][3]H[2,2][1]

]

︸ ︷︷ ︸
2M×2M

[
s[1]

s[2]

]
+

[
ñ[1][2]
ñ[1][3]

]
, (4.74)

where ñ[1][i] denotes an effective noise containing the noise propagated by both

relays and the noise corrupted by destination 1 at time slot i ∈ {2, 3}. Notice

that destination 1 receives 2M linearly independent observations consisted of

M desired and M interference data symbols because of the assumption that

all channel values are drawn from a continuous random variable. This implies

that destination 1 is able to decode M desired symbols by applying ZF decoder.

Similarly, it is possible for destination 2 to obtain M desired symbols, which

leads to achieve total 2M
3

DoF. Remarkably, the proposed relaying protocol

does not require any CSI at the relay because the destination only needs to

estimate the effective channel during the second and third time for decoding.

Therefore, relay cooperation is not necessary for sharing CSI about both hops

while achieving 2M
3

of DoF gain.

Remark 4-2 (DoF gain comparison): The proposed relaying pro-

tocol overcomes spectral efficiency loss due to the half-duplex relay constraint.

For the TDMA method, it is possible to attain M
2

of DoF because of half-

duplexing loss. Alternatively, the proposed relaying protocol method achieves

2M
3

DoF, which implies that (2M/3)−(M/2)
M/2

= 33.3% DoF gain compared to

TDMA method. The gain comes from the efficient signal routing at the relay

so that the both destinations use interference signals simultaneously.
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Figure 4.3: Achievable DoF for the two-cell two-hop MIMO interference chan-
nel according to different methods.

Remark 4-3 (Value of relay cooperation): There is no DoF loss

even if the two relays do not cooperate each other for making the relay receive

beamforming matrices. This result implies that relay cooperation causing sig-

naling overhead for sharing the local CSI is not necessarily needed to improve

the DoF. By allowing relay cooperation, however, it is possible to take an ad-

vantage in reducing decoding complexity. In particular, as M increases, the

decoding complexity is reduced from the relay cooperation.
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Table 4.1: Normalized DoF comparison according to different channel knowl-
edge assumptions for the two-hop interference channel. Here FD and HD
represent full-duplex and half-duplex.

Achievable scheme DoF CSI at source CSI at relay Operation

AIN [33] 2 H[`,i] H[`,i] and G[`,i] FD

RIA [74] 4
3 delayed H[`,i] H[`,i] and delayed G[`,i] FD

Theorem 6 2 No H[`,i] and G[`,i] FD
TDMA 1 No No FD

AIN [33] 1 H[`,i] H[`,i] and G[`,i] HD

RIA [74] 2
3 delayed H[`,i] H[`,i] and delayed G[`,i] HD

Theorem 7 2
3 No H[`,i] HD

Corollary 5 2
3 No No HD

TDMA 1
2 No No HD

4.7 Discussion

In this section, I compare the DoF according to the different relay

transmission strategies under Assumption 1. From this comparison, I will

explain the benefit of exploiting overheard information from a DoF perspective

in the context of a two-cell MIMO two-hop interference channel. In addition,

I compare our DoF results with previous work in [33] and [74], as well as

Assumption 1 and 2. This comparison will provide a trade-off between the

achievable DoF and the required feedback information as well as cooperation

level at the source and relay.

4.7.1 DoF Comparison

In this subsection, I will compare the result in Theorem 6 with other

conventional approaches: TDMA and ZF methods. From this comparison, I
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illustrate the importance of exploitation of the overheard information.

TDMA: In the multiuser two-hop MIMO interference channel, TDMA

requires two orthogonal time slots to send the desired symbols from one source

to one destination. In the first time slot, S1 transmits d[1] = min{M, 2N}

desired symbols for D1 to T1 and T2. Afterwards, T1 and T2 re-send the

received signals from S1 to D1 using the channel state information for the

second-hop channels. During the first time slot, S2 is silent. In a similar way,

S2 sends d[2] = min{M, 2N} symbols to D2 via T1 and T2 by spending the

second time slot. Therefore, min{M, 2N} of DoF are achieved by using the

TDMA method for the multiuser two-hop MIMO interference channel.

ZF: In contrast to TDMA, ZF allows for the two source groups to

send messages for their respective destinations simultaneously. Using the fact

that each source group does not cooperate each other while the two relays

are capable of cooperating by sharing the first-hop and second-hop channel

knowledge, it is possible to see that min{N, 2M} of DoF are achievable by

using ZF method. For example, consider the case where two users in source

group 1 and one user in source group 2 attempt to send d[1] = 2 and d[2] = 1

streams to their respective destination nodes when N = 3 and M = 2. In

this case, both relays, T1 and T2, decode d[1] = 2 and d[2] = 1 data symbols

successfully because each relay resolves three independent signals coming from

two source groups. Therefore, they are able to forward the received information

to their corresponding destination nodes by using ZF beamforming based on

the channel knowledge of the second-hop. As a result, d[1] + d[2] = N = 3 DoF
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are achievable by ZF method.

The Proposed Method: As shown in the Figure 4.3, increasing the

number of relay antennas N for the fixed M , the DoF achieved proposed

method increases with the slope of 2, while the DoF achieved by ZF method

only increases with the slope of 1. Why does the proposed scheme yield bet-

ter performance than the conventional methods from a DoF perspective? For

TDMA, since the two source groups do not simultaneously send data, there

is no overheard side information (interference) at the relay nodes. The role of

the two relays is to forward the received signals by one source to one destina-

tion; they do not take advantage of the overheard side information. For the

ZF case, even if two source groups simultaneously transmit signals and two

relays overhear them, each relay retrieves the desired signals by removing the

overheard information (interference signal) at the relay; the destination does

not obtain benefits from the overheard side information. Alternatively, the

proposed method fully exploits the overheard information as side information

by shaping the interference. Two relays overhear the signals coming from two

source groups and efficiently exploits them so that they yield DoF gain. Thus,

how to actively use the overheard side information is an important issue in

designing relaying methods for multi-hop interference channels.

4.7.2 The Required Feedback CSI vs Normalized DoF

Now, I compare the normalized DoF performance depending on the

channel knowledge assumptions, i.e., required CSI at the source and relay op-
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eration. To make the comparison of existing work for the two-hop interference

channel in [33] and [74], I treat our channel model as a two-hop MIMO inter-

ference channel without cooperation between antennas at the source, which

implies that each antenna at the source does not share the data as well as CSI

for the first-hop channel. As shown in Table 4.1, for full-duplex relay opera-

tion, aligned interference neutralization [33] achieves the two of the normalized

DoF if the relays have instantaneous global channel knowledge for both hops

and the sources have an instantaneous CSI for the first-hop. If the outdated

CSI feedback at the source and relay is considered, the DoF are reduced to

4
3

due to the penalty of not knowing current CSI. There is no DoF penalty

if the relay has an instantaneous channel knowledge of the first and second-

hop, nevertheless the sources does not know CSI. This implies that knowledge

of CSI at the relay is much more important than that at the source, espe-

cially for the two-hop interference networks. For half-duplex relay operation,

the proposed method in Theorem 7 and Corollary 4 achieves 2
3

of normalized

DoF, which is the same DoF achieved by retrospective IA in [74]. Since the

proposed relaying protocol in Corollary 4 does not need CSI at the source and

relay while achieving the same normalized DoF with that of retrospective IA

[74] requiring delayed CSI feedback, it is superior from a feedback overhead

perspective.
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4.8 Conclusion

I proposed a new amplify-and-forward interference-free relay transmis-

sion method for the two-cell two-hop MIMO interference channel. By using

the proposed method, I demonstrated that it is possible to have interference-

free communication if N > M under the assumption that the relays have

global channel knowledge for both hops and operate in full-duplex mode. Fur-

ther, under the assumption that the relays have channel knowledge for the

first-hop and operate in half-duplex mode, I proposed a new relaying protocol

that overcomes the loss due to half-duplex constraint on relay by propagating

interference signals to destinations in a coordinated manner. By using the

proposed relaying protocol, I also showed that it improves 33.3% DoF gain

compared to that achieved by a trivial TDMA.

4.9 Appendix

I provide the proof of Lemma 3. Since A and B have full rank of

m = n− 1, the generalized singular value decomposition (GSVD) [118] for A

and B can be represented as

A = QAΣAY∗, B = QBΣBY∗ (4.75)

where Y ∈ Cn×n is a nonsingular matrix, and Qk = [qk,1,qk,2, . . . ,qk,n−1] ∈

C(n−1)×(n−1), k ∈ {A,B} is an orthogonal matrix. Furthermore, Σk, k ∈

{A,B} is an (n − 1) × n dimensional rectangular diagonal matrix that has a
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form of

ΣA =
[
Σ̄A,0(n−1)×1

]
and ΣB =

[
0(n−1)×1, Σ̄B

]
, (4.76)

where Σ̄k = diag{σk,1, σk,1, . . . , σk,n−1} for k ∈ {A,B} and Σ∗AΣA + Σ∗BΣB =

In×n. Using the GSVD, the equation in Lemma 3 can be rewritten as

(αiQAΣA − βiQBΣB) Y∗xi = 0(n−1)×1. (4.77)

Since I assume that αi 6= βi in Lemma 3, the equation (4.77) can be represented

as

(δiΣA −Q∗AQBΣB) x̄i = R(δi)x̄i = 0(n−1)×1. (4.78)

where δi = αi
βi
6= 1, x̄i = Y∗xi, and R(δi) is defined as

R(δi) =




δiσA,1 −σB,1q1,1 −σB,2q1,2 . . . −σB,n−1q1,n−1

0 δiσA,2 − σB,1q2,1 −σB,2q2,2 . . . −σB,n−1q2,n−1
...

...
. . . · · · ...

0 −σB,1qn−1,1 · · · . . . −σB,n−1qn−1,n−1


.(4.79)

In equation (4.79), qi,j denotes (i, j) element of Q∗AQB. Because the size of

R(δ`) is (n− 1)× n, it is possible to find a vector x̄i on the nullspace of R(δi)

for an arbitrary selected δi 6= 1. Furthermore, whenever I choose different

δi 6= δ`, it is possible to show that the matrix R(δ`) spans distinct row space

with R(δk), i.e., span
(
R(δ`)

T
)
6= span

(
R(δk)

T
)

for k 6= `. This is because

distinct δ` changes the k-th diagonal element as δ`σA,k in R(δ`). For example,

let us consider two different matrices A and B as

A =

[
1 0 1
1 −1 0

]
and B =

[
0 0 1
1 0 0

]
. (4.80)
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Also, if I select three different coefficients as δ1 = 1/2, δ2 = 3/2 and δ3 = 2, it is

possible to find three linearly independent vectors x̄1 = [−0.5774, 0.5774,−0.5774]T ,

x̄2 = [0.3145, 0.1048,−0.9435]T and x̄3 = [0.4364, 0.2182,−0.8729]T such that

(δiA−B) x̄i = 0, i ∈ {1, 2, 3}. (4.81)

As a result, since all x̄i for i ∈ {1, 2, . . . , n} are independent for different

δi (δi 6= 1), the rank of matrix X̄ = [x̄1, x̄2, . . . , x̄n] becomes n, i.e., rank
(
X̄
)

=

n. Furthermore, since Y is a nonsingular matrix, implying one-to-one mapping

from X̄ to X, it is possible to show X = Y∗X̄ has rank of n.
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Chapter 5

Space-Time Physical-Layer Network Coding

In this chapter, I go beyond from one-way communication networks to

multi-way communication networks. A space-time physical-layer network cod-

ing (ST-PNC) method is presented for information exchange among multiple

users over fully-connected multi-way relay networks. The method involves two

steps: i) side-information learning and ii) space-time relay transmission. In the

first step, different sets of users are scheduled to send signals over networks and

the remaining users and relays overhear the transmitted signals, thereby learn-

ing the interference patterns. In the second step, multiple relays cooperatively

send out linear combinations of signals received in the previous phase using

space-time precoding so that all users efficiently exploit their side-information

in the form of: 1) what they sent and 2) what they overheard in decoding. This

coding concept is illustrated through two simple network examples. It is shown

that ST-PNC improves the sum of degrees of freedom (sum-DoF) of the net-

work compared to existing interference management methods. With ST-PNC,

the sum-DoF of a general multi-way relay network without channel knowledge

at the users is characterized in terms of relevant system parameters, chiefly

the number of users, the number of relays, and the number of antennas at

relays. A major implication of the derived results is that efficiently harnessing

154



both transmitted and overheard signals as side-information brings significant

performance improvements to fully-connected multi-way relay networks.

5.1 Motivation and Related Work

Interference is a fundamental bottleneck in wireless communication net-

works whose spectrum is shared among multiple users. Unmanaged interfer-

ence results in diminishing data rates in wireless networks. With a recently

developed network coding strategy, however, it was demonstrated that inter-

ference is no longer adverse in communication networks, provided that it can

sagaciously be harnessed. This approach of exploiting interference has opened

the possibility of better performance in the interference-limited communica-

tion regime than was previously thought possible. For example, in multi-hop

wired networks, it was shown that a network coding strategy achieves the ca-

pacity of the multicast network [5–7]. Physical layer (analog) network coding

[3, 8–13] provides a generalization of network coding to wireless networks. In

certain topologies, it was shown that physical layer network coding can achieve

higher rates over routing-based strategies.

In this chapter, I advance the idea of interference exploitation. The

prior physical-layer network coding approaches exploit the self-interference

signal as the main source of side-information. I introduce a new physical-

layer network coding strategy, which exploits overheard interference signals

as side-information in addition to self-interference signals for fully-connected

multi-way relay networks.
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Multi-way communication using intermediate relay nodes is found in

cellular networks, sensor networks, and device-to-device (D2D) communica-

tion. The simplest multi-way relay network model is the two-way relay chan-

nel [3, 8–13] where a pair of users wish to exchange messages by sharing a

single relay. Although the capacity of this simple channel is still unknown

in general [120], physical layer network coding [8–10, 12] and analog network

coding [3,11] are key techniques for showing how to improve the sum-rates of

two-way relay channels by allowing users to exploit their transmit signal as

side-information. The two-way relay channel has been generalized in a number

of ways to consider multiple users [121,122] and multiple directional informa-

tion exchange [35, 36, 39, 123–125]. For example, for the multi-pair two-way

relay channel where multiple user pairs exchange messages with their partners

by sharing a common relay, the capacity of multi-pair two-way relay network

was characterized for a deterministic and Gaussian channel model in [122].

For the multi-user multi-way relay channel with unicast messages exchange,

the multiple-input multiple-output (MIMO) Y channel was introduced in [35]

where three users exchange independent unicast messages with each other via

an intermediate relay. The key to deriving the degrees of freedom (DoF) of

the MIMO Y channel was the idea of signal space alignment for network cod-

ing. Subsequently, this idea was applied to characterize the the sum-DoF of

a K-user Y channel [36] and multi-way MIMO relay channel with asymmetric

antennas [38], mixed (unicast and multicast) information flows [37], and direct

links between users [126].
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The main limitation of the aforementioned studies on multi-way relay

channels [3, 8–13, 35, 36, 39, 123–125] is that they rely layered network con-

nectivity that ignores direct links among users. For example, in the two-way

relay channel [3, 8–13], it was assumed that users cannot communicate with

each other without using a relay between them because they are very far apart.

Due to the broadcast nature of the wireless medium and the mobility of users,

however, it is possible that a wireless node is able to listen to the other node’s

transmission through a direct path; thereby all nodes in the network can be

directly connected with each other. This motivates us to consider a fully-

connected multi-way relay network in which K users with a single antenna

exchange unicast messages with each other via L relays; each of them has

M` ≥ 1 antennas for ` ∈ {1, 2, . . . , L}.

5.2 Contribution

The completely-connected property of the multi-way relay networks

brings a new challenge in managing interference. When networks are fully-

connected, a node receives signals arriving from different paths, which creates

a more sophisticated interference management problems than those of partially

connected networks. To overcome this challenge, I propose a new interference

management approach inspired by physical-layer network coding, called space-

time physical layer network coding (ST-PNC). ST-PNC involves two key steps:

1) side-information learning and 2) space-time relay transmission. In the first

phase of side-information learning, subsets of users in the network spread out
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information symbols in the network over multiple time slots. Then, the non-

transmitting nodes in the network overhear the information symbols sent by

the multiple transmitting nodes and store linear combinations of them to ex-

ploit later in decoding. In the second phase, relays send out the superposition

of obtained symbols using space-time precoding over multiple channel uses.

The core concept of space-time precoding at the relays is to effectively con-

trol the multi-directional information flows so that all users can exploit their

side-information: i) what they sent and ii) what they overheard in the phase

of side-information learning.

I explain the concept of ST-PNC using two simple fully-connected

multi-way relay networks. In those networks, it was shown that ST-PNC

provides increased sum-DoF of the networks compared to a relay-aided multi-

user precoding technique [127] and interference alignment [128]. From this

result, I verify the intuition that efficiently harnessing both transmitted and

overheard signals as side-information brings significant performance improve-

ments to fully-connected multi-way relay networks. Then, applying ST-PNC

and relay-aided interference alignment [128], I establish an inner bound on the

sum-DoF for the K-user fully-connected multi-way relay network when relays

have global channel state information at transmitter (CSIT), while users have

no CSIT. One interesting observation obtained from this sum-DoF character-

ization is that if there are not enough antennas at the relays in the multi-

way relay network, then the one-way communication protocol method using

relay-aided interference alignment achieves a better sum-DoF of the network.
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Whereas, when the number of antennas at the relays are enough to control

multi-directional information flows, the multi-way communication protocol us-

ing the proposed ST-PNC outperforms than the existing interference manage-

ment techniques. Leveraging the cut-set outer bound result in [35], I provide

a sufficient condition of relays? antenna configurations for obtaining the opti-

mal sum-DoF of the network. Further, by comparing with a generalization of

orthogonalize-and-forward method in [3], I demonstrate the superiority of the

proposed ST-PNC in terms of the sum-DoF.

The rest of this chapter is organized as follows. In Section 5.3, a general

system model of the fully-connected multi-way relay network is described. I

illustrate the key idea of the proposed ST-PNC through two simple networks

in Section 5.4. In Section 5.5, I analyze the sum-DoF of the general fully-

connected multi-way relay network. In Section 5.6, prototyping results of ST-

PNC is described. This chapter concludes with future directions in Section

5.7.

5.3 System Model

Let us consider a network comprised of K users each with a single

antenna and L relays each of which hasM` antennas. In this network, each user

wants to exchange K−1 unicast messages with every other user. Denoting sets

U = {1, 2, . . . , K} and Uc
k = {1, 2, . . . , K}/{k}, user k ∈ U desires to send K−

1 unicast messages Wi,k ∈ {1, 2, . . . , 2nRi,k} for i ∈ U/{k} for user i and intends

to decode K−1 messages Wk,i for i ∈ Uc
k sent by all other users. I assume that
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User 1 

User 2 

User 3 

…

User K 

Relay 1 

Relay L 

Figure 5.1: A K-user fully-connected multi-way relay network with L relays
each of which has M` ≥ 1 antennas. In this network, user i wants to send
K − 1 messages Wk,i and decode Ŵi,k for k ∈ U/{i} by sharing the multiple
relays. This fully-connected multi-way communication network can model
various applications for data sharing among D2D users or sensors.
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the network is completely-connected as illustrated in Fig. 5.1, implying that

any node can communicate with any a other node through a direct path in the

network. Further, I assume that all nodes operate in half-duplex mode, i.e.,

transmission and reception span orthogonal time slots. User k ∈ U generates a

sequence of transmit signals {xk[t]}nt=1 = fk(W1,k, . . . ,Wk−1,k,Wk+1,k, . . . ,WK,k)

using a “restricted encoder” fk(·) which does not use the previously received

channel output but it only exploits the transmit messages in encoding.

Let St and Dt denote the set of source and destination nodes in time slot

t. Due to the fully-connected property and the half-duplex constraint, when

the users in St simultaneously send their signals in time slot t, the received

signals at user k ∈ Dt, yk[t], and relay ` ∈ {1, 2, . . . , L}, y`R[t] ∈ CM`×1, are

given by

yk[t] =
∑

i∈St
hk,i[t]sk,i + zk[t], k ∈ Dt, (5.1)

y`R[t] =
∑

i∈St
h`R,i[t]sk,i + z`R[t], (5.2)

where zk[t] and z`R[t] denote the additive noise signal at user k and at relay `

in time slot t whose elements are Gaussian random variables with zero mean

and unit variance, i.e., CN(0, 1), and hk,i[t] and h`R,i[t] =
[
h`,1R,i[t], . . . , h

`,M`

R,i [t]
]T

represent the channel coefficients from user i to user k and the channel vector

from user i to relay `, respectively.

When the relay and user i ∈ St cooperatively transmit in time slot t,
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at the same time, user k ∈ Dt receives the signal as

yk[t] =
∑

i∈St
hk,i[t]xi[t] + h`k,R[t]

∗
x`R[t] + zk[t], k ∈ Dt, (5.3)

where h`j,R[t]
∗

=
[
h`,1j,R[t], . . . , h,`,M`

j,R [t]
]
∈ C1×M` denotes the (downlink) channel

vector from relay ` to user k and x`R[t] represents the transmit signal vector

at relay ` when the t-th channel is used.

The transmit power at each user and the relay is assumed to satisfy

the power constraints, 1
n

∑n
t=1 E [|xi[t]|2] ≤ P and 1

n

∑n
t=1 E

[
‖x`R[t]‖2

2

]
≤ P .

Further, the entries of all channel elements of hk,i[t], h`R,i[t], and h`k,R[t]
∗

are

drawn from an independent and identically distributed (i.i.d.) continuous dis-

tribution and their absolute values are bounded between a nonzero minimum

value and a finite maximum value. The channel state information (CSI) is

assumed to be perfectly known to users and relays in receiving mode for their

own channels. Further, relays have global CSI of all channel links in transmit-

ting mode thanks to error-free feedback links, i.e., global CSIT, while users

have no CSIT.

User k sends an independent message Wi,k for one intended user i with

rate Ri,k(P ) =
log2 |Wi,k|

n
for i, k ∈ U and i 6= k. Then, rate Ri,k(P ) is achievable

if user i can decode the desired message with an error probability that is

arbitrarily small for sufficient channel uses n. The sum-DoF characterizing

the approximate sum-rate in the high SNR regime is defined as a function of

the number of users and the number of antennas at the relays:

dΣ(K, {M`}) = lim
P→∞

∑K
k=1,k 6=i

∑K
i=1 Rk,i (P )

log (P )
. (5.4)
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User 1 User 3 

User 2 User 4 

Relay (AP) 

User 1 User 3 

User 2 User 4 

Relay (AP) 

Figure 5.2: The two-pair two-way interference channel with a two-antenna
relay. Each user wants to exchange the messages with its partner by using a
shared relay.

5.4 Space-Time Physical Layer Network Coding

In this section, I illustrate the core ideas behind our approach starting

with two simple examples. Gaining insights from this section, I extend our

method into the general multi-way relay network in the next section.

5.4.1 Example 1: Restricted Two-Pair Two-Way Interference Chan-
nel with a MIMO Relay

Consider a four-user fully-connected multi-way relay channel with a

multi-antenna relay. As illustrated in Fig. 5.2, I set W2,1 = W4,1 = φ, W1,2 =

W3,2 = φ, W2,3 = W4,3 = φ, and W1,4 = W3,4 = φ. In this case, two pairs

(user 1-3 and user 2-4) exchange messages with their partners via a relay

(L = 1) with M1 = 2 antennas. This scenario can model the case where two
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D2D user pairs cooperatively exchange video files with the help of a multi-

antenna base station or access point (AP). When the relay node is discarded,

this channel model is equivalent to a two-way interference channel [129] but

using a restricted encoder. Therefore, I refer to this channel as “the restricted

two-pair two-way interference channel with a MIMO relay.” Throughout this

example, I will demonstrate the following theorem using the proposed ST-PNC

strategy.

Theorem 8. For the restricted two-pair two-way interference channel with a

relay employing two antennas, a total dTWIC
Σ = 4

3
of sum-DoF is achievable

without CSIT at users but with CSIT at the relay.

Proof. ST-PNC involves two phases: side-information learning and space-time

relay transmissions. In this proof I explain how each of these phases is exploited

by the receiver to achieve the stated sum-DoF.

Side-Information Learning: I use two time slots for side-information

learning. In the first time slot, user 1 and user 2 send signals x1[1] = s3,1 and

x2[1] = s4,2, while user 3, user 4, and the relay listen to the transmitted

signals, i.e. S1 = {1, 2} and D1 = {3, 4,R1}. Ignoring noise at the receivers,

the received signals at user 3, user 4, and the relays are given by

y3[1] =h3,1[1]s3,1 + h3,2[1]s4,2, (5.5)

y4[1] =h4,1[1]s3,1 + h4,2[1]s4,2, (5.6)

y1
R[1] =h1

R,1[1]s3,1 + h1
R,2[1]s4,2. (5.7)
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In the second time slot, user 3 and user 4 send signals x3[2] = s1,3 and x4[2] =

s2,4 over the backward interference channel. The received signals at user 1,

user 2, and the relay are:

y1[2] =h1,3[2]s1,3 + h1,4[2]s2,4 (5.8)

y2[2] =h2,3[2]s1,3 + h2,4[2]s2,4 (5.9)

y1
R[2] =h1

R,3[2]s1,3 + h1
R,4[2]s2,4. (5.10)

During side-information learning, each user obtains one linear equation that

contains the desired information symbol. Further, the relay acquires four

equations that contain all the information symbols in the network. Under

the noiseless assumption, by using a zero-forcing (ZF) decoder, the relay per-

fectly decodes four information symbols from the four equations, providing the

knowledge of s3,1, s1,3, s4,2, and s2,4.

Space-Time Relay Transmission: I use the third time slot for the

space-time relay transmission. The relay sends a linear combination of the

received signals during the previous phase using the space-time precoding ma-

trix V`
R[3] = [v3,1[3], v1,3[3], v4,2[3], v2,4[3]] ∈ C2×4. The transmitted signal

of the relay in time slot 3 is

xR[3] = v3,1[3]s3,1 + v1,3[3]s1,3 + v4,2[3]s4,2 + v2,4[3]s2,4. (5.11)

Then, the received signal at user j ∈ {1, 2, 3, 4} in time slot 3 from the relay

transmissions is

yj[3] = h1
j,R
∗
[3]xR[3]
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= h1
j,R
∗
[3] (v3,1[3]s3,1 + v1,3[3]s1,3) + h1

j,R
∗
[3] (v4,2[3]s4,2 + v2,4[3]s2,4) .

(5.12)

The key idea of the space-time relay transmission is to control interference

propagation on the network so that each user can exploit two types of side-

information: i) what it transmitted and ii) what it overheard during the previ-

ous phase. For example, user 1 wants to decode data symbol s1,3 and has two

different forms for side-information: transmitted symbol s3,1 in time slot 1 and

the received signal in time slot 2, i.e., y1[2] = h1,3[2]s1,3 +h1,4[2]s2,4. To exploit

both different types of side-information simultaneously, the relay should not

propagate interference symbol s4,2 to user 1 by selecting v4,2[3] ∈ null(h1
1,R
∗
[3]),

as it is unmanageable interference to user 1. Similarly, to make all users har-

ness their side-information, the relay needs to cancel unmanageable interfer-

ence signals by constructing the space-time relay precoding vectors such that

h1
2,R
∗
[3]v3,1[3] = 0, h1

3,R
∗
[3]v2,4[3] = 0, h1

4,R
∗
[3]v1,3[3] = 0. (5.13)

Since the precoding solutions for vi,j[3] always exist in this case because of

the existence of null space of the h1
j,R
∗
[3] in (5.13), it is possible to control

undesired interference signals from the relay transmission.

Decoding: Successive interference cancellation is used to eliminate the

back propagating self-interference from the received signal in time slot 3. The

remaining inter-user interference is removed by a ZF decoder. For instance,

the received signal of user 1 in time slot 3 is

y1[3] = h1
1,R
∗
[3]v1,3[3]s1,3 + h1

1,R
∗
[3]v2,4[3]s2,4 (5.14)
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h1
1,R
∗
[3]v3,1[3]s3,1︸ ︷︷ ︸

Self-interference

.

Eliminating self-interference h1
1,R
∗
[3]v3,1[3]s3,1 from y1[3] as it is known to user

1, I have

y1[3]− h1
1,R
∗
[3]v3,1[3]s3,1 (5.15)

= h1
1,R
∗
[3]v1,3[3]s1,3 + h1

1,R
∗
[3]v2,4[3]s2,4.

Concatenating the received signals in time slot 2 and 3, the effective input-

output relationship is
[

y1[2]
y1[3]− h1

1,R
∗
[3]v3,1[3]s3,1

]
(5.16)

=

[
h1,3[2] h1,4[2]

h1
1,R
∗
[3]v1,3[3] h1

1,R
∗
[3]v2,4[3]

]

︸ ︷︷ ︸
H̃TWIC

1

[
s1,3

s2,4

]
.

Since precoding vectors v1,3[3] and v2,4[3] were designed independently of

h1,R
∗[3] and all channel coefficients were drawn from a continuous random

distribution, the effective channel matrix H̃TWIC
1 has a rank of two almost

surely. This implies that it is possible to decode desired symbol s1,3 by apply-

ing a ZF decoder that eliminates the effect of inter-user interference s2,4. By

symmetry, the other users are able to decode their desired symbols with the

same decoding procedure. As a result, a total 4 of the independent data sym-

bols are delivered over three orthogonal channel uses, achieving a sum-DoF of

dTWIC
Σ = 4

3
.

Remark 5-1 (Sum-DoF Gains): To see how the proposed method is

useful in terms of sum-DoF, it is instructive to compare our result with other
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transmission methods. In the two-pair two-way interference channel with a

two-antenna relay, there are two interesting candidates.

• Time-division-multiple-access (TDMA): As a baseline method, TDMA can

be applied, in which one user sends a signal to the corresponding user

through a direct link per time slot. This method achieves a sum-DoF of

one.

• Multi-user MIMO transmission in [127]: Instead of using direct paths be-

tween users, one may also consider two-hop multi-user MIMO transmission

in which two users simultaneously send information symbols to the relay in

the first hop and the relay broadcasts two symbols using multi-user precod-

ing, eliminating inter-user interference in the second hop. Since four time

slots are required to exchange four information symbols, this method also

achieves a sum-DoF of one.

This comparison reveals that our strategy exploiting overheard signals as side-

information provides at least a 33% better sum-DoF than other reasonable

methods in this particular network scenario.

Remark 5-2 (CSI Knowledge and Feedback): To cancel self-

interference, it is assumed that each user has knowledge of the effective channel

from the relay to users (e.g. h1
1,R
∗
[3]v3,1[3] for user 1). This effective channel,

however, can be estimated using demodulation reference signals in commer-

cial wideband systems; thereby users do not need to know CSIT, i.e., no CSI

feedback is required between users. In contrast, the relay needs to know CSIT
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from the relay to users, i.e., local CSIT, to construct the precoding vectors.

While this CSIT is possibly obtained by a feedback link if the frequency divi-

sion duplexing system is considered, it also can be acquired without feedback

using time division duplex system thanks to channel reciprocity.

5.4.2 Example 2: Restricted Two-Pair Two-Way Restricted X Chan-
nel with a MIMO Relay

Let us consider the same physical channel model as in Example 1 but a

more complex information exchange scenario. In this example, as depicted in

Fig. 5.3., user 1 and user 2 intend to exchange two independent messages with

both user 3 and 4. Since this channel model can be viewed as a bi-directional

X channel as in [130], I refer to this scenario as a restricted two-pair two-way

X channel with a multiple antenna relay. Note that this setup is a special

case of the 4-user multi-way relay network in which W2,1 = W1,2 = φ and

W3,4 = W4,3 = φ. In this example, I will prove the following theorem.

Theorem 9. For the restricted two-pair two-way X channel with a relay em-

ploying two antennas, a total dTWXC
Σ = 8

5
of sum-DoF is achievable without

CSIT at the users but with global CSIT at the relay.

Proof. I prove Theorem 9 with the proposed ST-PNC strategy.

Side-Information Learning Phase: This phase consists of four time

slots. During the first two time slots, user 1 and user 2 become transmitting

nodes while the other nodes listen to the transmitted symbols, i.e., St = {1, 2}
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User 1 User 3 

User 2 User 4 

Relay (AP) 

Figure 5.3: The restricted two-pair two-way X channel with a two antennas
relay. Each user wants to exchange two independent messages with the other
user group by using a shared relay.

and Dt = {R1, 3, 4} for t ∈ {1, 2}. In the first time slot, user 1 and user 2 send

an independent symbol intended for user 3, i.e., x1[1]=s3,1 and x2[1]=s3,2. In

the second time slot, they send independent symbols intended for user 4, i.e.,

x1[2] = s4,1 and x2[2] = s4,2. Neglecting noise at the receivers, user 3 and user

4 obtain two linear equations during two time slots, which are

y3[1] = h3,1[1]s3,1 + h3,2[1]s3,2 (5.17)

y4[1] = h4,1[1]s3,1 + h4,2[1]s3,2, (5.18)

y3[2] = h3,1[2]s4,1 + h3,2[2]s4,2, (5.19)

y4[2] = h4,1[2]s4,1 + h4,2[2]s4,2. (5.20)

For t ∈ {3, 4}, the role of transmitters and receivers is reversed, i.e.,

St = {3, 4} and Dt = {1, 2}. In time slot 3, user 3 and user 4 send an
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independent symbol intended for user 1, x1[3] = s1,3 and x2[3] = s1,4. For

time slot 4, user 3 and user 4 deliver information symbols intended for user 2,

x3[4]=s2,3 and x4[4]=s2,4. Therefore, user 1 and user 2 obtain two equations

during phase two, which are given by

y1[3] = h1,3[3]s1,3 + h1,4[3]s1,4 (5.21)

y2[3] = h2,3[3]s1,3 + h2,4[3]s1,4, (5.22)

y1[4] = h1,3[4]s2,3 + h1,4[4]s2,4, (5.23)

y2[4] = h2,4[4]s2,3 + h2,4[4]s2,4. (5.24)

Due to the broadcast nature of the wireless medium, the relay is also able

to listen to the transmissions by the users. Since it has two antennas, the

relay resolves two symbols in each transmission, yielding the full knowledge of

{s1,3, s1,4, s2,3, s2,4, s3,1, s3,2, s4,1.s4,2}.

Space-Time Relay Transmission Phase: This phase uses only one

time slot. In time slot t = 5, only the relay transmits a signal while the

other users listen: S5 = {R1} and D5 = {1, 2, 3, 4}. Specifically, the relay

sends the superposition of eight data symbols {si,j, sj,i} for i ∈ {1, 2} and

j ∈ {3, 4}, which are acquired during the previous phase, using space-time

precoding vectors {vj,i[5],vi,j[5]},

xR[5] =
4∑

j=3

2∑

i=1

vj,i[5]sj,i +
2∑

j=1

4∑

i=3

vj,i[5]sj,i. (5.25)

I explain the design principle of v3,1[5] carrying s3,1 using the idea of the space-

time relay transmission. Notice that the data symbol s3,1 is only desired by
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user 3 and it is interference to all the other users except for user 1. This

is because user 1 has already s3,1, implying that it can be exploited for self-

interference cancellation in decoding. User 4 observed s3,1 in time slot 1 in the

form of y4[1] = h4,1[1]s3,1+h4,2[1]s3,2. Therefore, user 4 can cancel s3,1 from the

relay transmission if it receives the same interference shape h4,1[1]s3,1. Unlike

user 4, s3,1 is unmanageable interference to user 2. Thus, the relay must design

the beamforming vector carrying s3,1 so that it does not reach to user 2 while

providing the same interference shape to user 4,

h1
2,R
∗
[5]v3,1[5] = 0 and h1

4,R
∗
[5]v3,1[5] = h4,1[1]. (5.26)

Applying the same design principle, I pick the other precoding vectors so that

the following conditions are satisfied as
[

h1
2,R
∗
[5]

h1
3,R
∗
[5]

]
v4,1[5] =

[
0

h3,1[2]

]
, (5.27)

[
h1

1,R
∗
[5]

h1
4,R
∗
[5]

]
v3,2[5] =

[
0

h4,2[1]

]
, (5.28)

[
h1

1,R
∗
[5]

h1
3,R
∗
[5]

]
v4,2[5] =

[
0

h3,2[2]

]
, (5.29)

[
h1

4,R
∗
[5]

h1
2,R
∗
[5]

]
v1,3[5] =

[
0

h2,3[3]

]
, (5.30)

[
h1

4,R
∗
[5]

h1
1,R
∗
[5]

]
v2,3[5] =

[
0

h1,3[4]

]
, (5.31)

[
h1

3,R
∗
[5]

h1
2,R
∗
[5]

]
v1,4[5] =

[
0

h2,4[3]

]
, (5.32)

[
h1

3,R
∗
[5]

h1
1,R
∗
[5]

]
v2,4[5] =

[
0

h1,4[4]

]
. (5.33)
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To implement this, the relay should have current CSIT, i.e., h1
k,R
∗
[5] for k ∈

{1, 2, 3, 4} and outdated CSI between users i.e., {h4,1[1], h4,2[1], h3,1[2], h3,2[2]}

and {h2,3[3], h2,4[3], h1,3[3], h1,4[4]}. Since I assume that the channel coefficients

are drawn from a continuous distribution, it is always possible to obtain the

solution of vi,j[5]. From this relay transmission, each user acquires an equation

that consists of three sub-equations, each of which corresponds to desired, self-

interference, and aligned-interference equations. For instance, the received

signal at user 1 is given by

y1[5] =h1
1,R
∗
[5]

(
4∑

j=3

2∑

i=1

vj,i[5]sj,i +
2∑

j=1

4∑

i=3

vj,i[5]sj,i

)
,

= (h1
1,R
∗
[5]v1,3[5])s1,3 + (h1

1,R
∗
[5]v1,4[5])s1,4︸ ︷︷ ︸

L1,D[5]

+ (h1
1,R
∗
[5]v3,1[5])s3,1 + (h1

1,R
∗
[5]v4,1[5])s4,1︸ ︷︷ ︸

L1,SI[5]

+ (h1
1,R
∗
[5]v2,3[5])s2,3 + (h1

1,R
∗
[5]v2,4[5])s2,4︸ ︷︷ ︸

L1,OI[5]

. (5.34)

As shown in (5.34), L1,D[5] represents the desired sub-equation as it contains

desired information symbols s1,3 and s1,4. The sub-equation L1,SI[5] denotes

the back propagating self-interference signal from the relay because s3,1 and

s4,1 were previously transmitted by user 1. Last, the sub-equation L1,OI implies

overheard interference signals intended for user 2. By the aforementioned relay

transmission, this interference sub-equation should be the same shape that was

observed in time slot 4 by user 1, L1,OI[5] = y1[4].

Decoding: I explain the decoding procedure for user 1. First, user 1
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eliminates the back propagating self-interference signals L1,SI[5] from y1[5] by

using knowledge of the effective channel h1
1,R
∗
[5]v3,1[5] and h1

1,R
∗
[5]v4,1[5] and

the transmitted data symbols s3,1 and s4,1. Then, user 1 removes the effect of

interference L1,OI[5] by using the fact that L1,OI[5] = y1[4]. After canceling the

known interference, the concatenated input-output relationship seen by user

1 is

[
y1[3]

y1[5]− L1,SI[5]− y1[4]

]
(5.35)

=

[
h1,3[3] h1,4[3]

h1
1,R
∗
[5]v1,3[5] h1

1,R
∗
[5]v1,4[5]

][
s1,3

s1,4

]
.

Since precoding vectors, v1,3[5] and v1,4[5], were constructed independently of

the direct channel h1,3[3] and h1,4[3], then, the rank of the effective matrix in

(5.36) is two with probability one. As a result, user 1 decodes two desired

symbols s1,3 and s1,4 with five channel uses. Similarly, the other users decode

two desired information symbols by using the same method. Consequently,

a total eight data symbols have been delivered in five channel uses in the

network, implying that a total dTWXC
Σ = 8

5
is achieved.

Remark 5-3 (Sum-DoF Gains): Let us compare our result with

the other transmission methods. In the two-pair two-way X channel with a

two-antenna relay, one can consider one more approach beyond the TDMA

and multi-user MIMO transmission methods. The approach is relay-aided

interference alignment [128]. Without CSIT at users, it is possible to achieve

the sum-DoF of 4
3

with the idea of relay-aided interference alignment in [128]
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because it allows an exchange of a total of eight symbols within 6 time slots.

Since the ST-PNC attains the sum-DoF of 8
5
, I can obtain 60% and 20% better

sum-DoF gains over TDMA and relay-aided interference alignment methods

by the proposed ST-PNC in this network.

Remark 5-4 (A Block Fading Scenario): The proposed ST-PNC

is extendable in a block fading scenario by using the channel use technique

explained in [78]. By selecting a set of time slots that belong to mutually dif-

ferent channel blocks, it is possible to design the space-time precoding matrices

for the ST-PNC.

Remark 5-5 (CSIT at the Relay): In the fifth time block, the re-

quired CSI at the relay is 1) the set of outdated CSI between the users, i.e.,

{h41[1], h31[2], h42[1]} and {h32[2], h23[3], h13[4], h24[3], h14[4]} and 2) the cur-

rent downlink CSIT between the relay and the users, i.e., {h1,R[5],h2,R[5]}

and {h3,R[5],h4,R[5]}. These sets of required CSIT are able to be obtained by

the feedback links from the users to the relay. One possible method is that

the user 1 estimates the channel values {h13[4], h14[4]} and h1,R[5] through the

control channels in the fourth and the fifth time blocks, respectively. Using

the feedback link, before the data transmission of the fifth time block occurs,

the user 1 simultaneously sends {h13[4], h14[4]} and h1,R[5] back to the relay

through a dedicated feedback channel, which is a conventional CSI feedback

procedure of the LTE-A system for multi-user transmissions. Similarly, the

other users perform the same procedures for the channel estimation and feed-

back. As a result, it is possible to know the set of outdated CSI between
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the users in addition to the downlink CSIT in the fifth time slot to apply the

proposed space-time precoding.

Remark 5-6 (Connection with Index Coding [81]): The proposed

transmission methods can be explained through the lens of the index coding

algorithms in [29, 33, 75, 78, 81, 85, 131]. Specifically, until the relay has global

knowledge of messages in the network, M users propagate information into

the network at each time slot. Since the relay has M antennas, it obtains M

information symbols per one time slot and the remaining K−M other users

in receiving mode acquire one equation that has both desired and interfering

symbols. When the relay obtains all the messages, it starts to control infor-

mation flows by sending a useful signal to all users so that each user decodes

the desired information symbols efficiently based on their previous knowledge:

their transmitted symbols and the received equations.

5.5 Sum-DoF Analysis of Fully-Connected Multi-Way
Relay Networks

So far, I have explained the key idea of our strategy for multi-way

communication in two particular network settings. In this section, to provide

a more complete performance characterization, I analyze the sum-DoF for a

general class of fully-connected multi-way relay networks in terms of system

parameters, chiefly, the number of users K and the number of antennas at

relays {M1,M2, . . . ,ML}.

I devote this section to proving the following theorem.
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Theorem 10. Consider the fully-connected multi-way relay channel in which

K ≥ 3 users have a single antenna and L relays have M` antennas each. An

inner bound on the sum-DoF for this network is

dΣ(K, {M`}) = min

{
K

2
,max

(
K?

1

2
,
K?

2(K?
2 − 2)

2K?
2 − 3

,
(K?

3)2

2K?
3 − 1

)}
, (5.36)

where K?
1 , K?

2 , and K?
3 are integer values defined such that

K?
1 =


√√√√
(

L∑

`=1

M2
` −

3

4

)
+

3

2

 , K?
2 =


√√√√

L∑

`=1

M2
` + 2

 ,

K?
3 =


√√√√

L∑

`=1

M2
` + 1

 . (5.37)

Proof. See Appendix 5.8.

As shown in Theorem 10, the achievable sum-DoF is characterized by

four different integer values: K, K?
1 , K?

2 , and K?
3 . One notable point is that

the sum-DoF is upper bounded by the half of the number of users K
2

regard-

less of the relays’ antenna configurations and CSIT at users, which will be

explained in the following Corollary 6. Further, according to the relative dif-

ference between the number of users K and the relays’ antenna configurations
∑L

`=1M
2
` , three different sum-DoF values are obtained by 1) the ST-PNC

using interference neutralization, 2) the ST-PNC using interference neutral-

ization and alignment jointly, and 3) the relay-aided interference alignment in

[128]. Therefore, the maximum value of them provides the inner bound on the

sum-DoF for the network.
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By leveraging the cut-set bound argument in [35] and Theorem 10, I

establish a sufficient condition on the relays’ antenna configuration to achieve

the optimal sum-DoF of the fully-connected multi-way relay network.

Corollary 6. For a given K, the optimal sum-DoF is dΣ(K, {M`}) = K
2

and

it is attainable, provided that
∑L

`=1 M
2
` ≥ (K−1)(K−2)+1, i.e., K?

1 ≥ K.

The proof of Corollary 6 relies on the following lemma that provides a

sum-DoF outer bound for the two-way relay channel, which has an equivalence

with the multi-way relay network when some users and relays cooperate. I

reproduce it next for the sake of completeness.

Lemma 4. The sum-DoF of the equivalent two-way relay channel is upper

bounded as

K∑

i=1,i 6=k
dk,i +

K∑

k=1,k 6=i
dk,i ≤ 1, for k, i ∈ U, (5.38)

where dk,i = limP→∞
Rk,i

log(P )
.

Proof. See [35].

Leveraging Lemma 4, I prove Corollary 6.

Proof. The achievability is direct from Theorem 10. I need to prove that the

sum-DoF of the fully-connected multi-way relay channel cannot be greater

than K
2

regardless of relay configurations. The key idea of the proof is to

apply cut-set bounds for different cooperation scenarios among users in the
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network. Because cooperation among users or relays does not degrade the

DoF of the channel, I consider a cooperation scenario in which all users except

for user k fully cooperate with each other by sharing antennas and messages

and all relays share antennas to form a virtual relay with
∑L

`=1 M` antennas.

Under this cooperation setup, I can equivalently convert the original network

into a fully-connected two-way relay channel where the user group has K − 1

antennas, user k has a single antenna, and a virtual relay has Mt =
∑L

`=1 M`

antennas. From Lemma 4, by adding all K inequalities, the sum-DoF of the

fully-connected multi-way relay channel is upper bounded as

K∑

`6=k

K∑

k=1

d`,k ≤
K

2
. (5.39)

5.5.1 Special Cases

To shed further light on the implications of Theorem 10, it is instructive

to consider certain extreme cases and examples.

5.5.1.1 Distributed Relays with a Single Antenna

In this case, all L relays are equipped with a single antenna. This case

possibly represents the scenario where multiple relays with a single antenna

each help the multi-way information exchange of other users in a dense (fully-

connected) network. By setting M` = 1 for ` ∈ {1, 2, . . . , L}, the sum-DoF is

summarized in the following corollary.
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Corollary 7. When M` = 1 for ` ∈ {1, . . . , L}, the sum-DoF is given by

dΣ(K,L)=min




K

2
,max




⌊√(
L− 3

4

)
+ 3

2

⌋

2
,

⌊√
L+2

⌋ ⌊√
L
⌋

2
⌊√

L+2
⌋
−3

,

(⌊√
L+1

⌋)2

2
⌊√

L+1
⌋
−1







.

(5.40)

This result reveals that for a fixed K, the sum-DoF linearly increases

with respect to the square root of the number of relays dΣ(K,L) ∼ c
√
L for

c > 0 in the regime of L < (K − 1)(K − 2), the sum-DoF grows slowly.

Meanwhile, in the regime of L ≥ (K − 1)(K − 2) + 1, it is possible to obtain

the optimal K
2

sum-DoF of the network.

5.5.1.2 A Single Relay with Multiple Antennas

As another extreme case, let us consider the case of a single relay with

M1 antennas. This case can correspond to the scenario whereK users exchange

multi-way messages with the help of a single relay (or a base station) with M1

antennas. In this case, the following corollary provides a simplified sum-DoF

expression.

Corollary 8. When a single relay has M1 antennas, the sum-DoF is given by

dΣ(K,M1)=min




K

2
,max




⌊√(
M2

1− 3
4

)
+ 3

2

⌋

2
,
(M1+2)M1

2M1 − 1
,
(M1+1)2

2M1+1







.

(5.41)

This shows that the sum-DoF linearly increases with respect to M1

until the optimal sum-DoF is achieved, which different than M` = 1. This

180



benefit comes from the joint processing for the interference management at a

relay with multiple antennas, as opposed to the distributed processing at the

relays with a single antenna. Further, I recover the sufficient condition for

obtaining the optimal sum-DoF derived in our previous work [126] given by

M1 ≥ K − 1.

5.5.2 Sum-DoF Comparison

In this section, I compare the achievable sum-DoF in Theorem 10 with

that obtained by a generalization of the orthogonalize-and-forward method

in [3, 133]. The generalized-OF (G-OF) relaying strategy does not exploit

direct paths between users, which is similar to the conventional OF methods

in [3, 133]. The difference is that, instead of using the pair-wise information

exchange protocol as in [3, 133], I apply the multi-way information exchange

protocol so that all users can exchange information symbols in a cyclic manner

in the network. The following lemma yields the achievable sum-DoF by the

G-OF method.

Lemma 5. The achievable sum-DoF by the G-OF is

dG−OF
Σ (K, {M`}) =

min

{
K,

⌊√(∑L
`=1 M

2
`

)
+ 1

⌋}

2
. (5.42)

Proof. See Appendix 5.8.2.

Fig. 5.4 illustrates the achievable sum-DoF regions achieved by the

proposed ST-PNC, relay-aided interference alignment, and the G-OF method
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Figure 5.4: Sum-DoF comparision bewteen the proposed ST-PNC and the
G-OF method when K = 6 and L relays have a single antenna.
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as a function of the number of single-antenna relays L when K = 6. As L

increases, the sum-DoF improves with the scale of
√
L approximately, which

agrees with Corollary 7. One interesting observation is that the proposed ST-

PNC always provides a better sum-DoF than the G-OF method in the regime

of L ≤ 25. This DoF gain comes from exploiting additional side-information

given by the direct links in addition to the self-interference signals. For the

specific values of L ∈ {2, 4, 5, 6}, the relay-aided interference alignment [128]

provides a better sum-DoF than other methods, even if it never achieves the

cut-set bound regardless of L. This reveals that when the number of relays is

limited such that they cannot manage multi-way information flows, it is better

to communicate through direct links with a one-way protocol instead of using

a multi-way protocol. Whereas, when the number of relays is large enough

to control the multi-directional information flows, i.e., L ≥ 7, the multi-way

communication protocol in conjunction with the proposed ST-PNC attains a

better sum-DoF of the network.

5.5.3 An Achievable Rate Computation

In the previous subsections, I have ignored the effects of noise to make

the explanations clear. In this subsection, I analyze the achievable rate of

the proposed ST-PNC considering noise to show how the ST-PNC behaves in

the finite SNR regime by focusing on the two-way interference channel with a

MIMO relay in Section III.

Consider an information flow from user 3 to user 1. Under the premise
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that the relay applies a decode-and-forward (DF) strategy, an achievable rate

is derived for the information transfer of the symbol s1,3. To do this, I first

compute an achievable rate from the user 3 to the relay. In the second time

slot, the relay is able to decode the information symbol s1,3 using a ZF decoder

with the rate

R1,3[2] = log2

(
1 +

P

σ2
|u∗1,3[2]h1

R,3[2]|2
)

(5.43)

where u∗1,3[2] ∈ null
(
h1

R,4[2]
)

and ‖u∗1,3[2]‖2 = 1.

Next, I compute the information transfer rate from the relay to the

user 1. With an uniform power allocation strategy, in the third time slot, the

relay sends a linear combination of the four decoded symbols to the users.

Normalizing the received signals in the second and the third time slot by

multiplying 1√
P

and 2√
P

, from (5.17), the resulting input-output relationship

with noise is given by
[

1√
P
y1[2]

2√
P
y1[3]− h1

1,R
∗
[3]v3,1[3]s3,1

]

︸ ︷︷ ︸
ỹ1

=

[
h1,3[2] h1,4[2]

h1
1,R
∗
[3]v1,3[3] h1

1,R[3]∗v2,4[3]

]

︸ ︷︷ ︸
[h̃1,3 h̃2,4]

[
s1,3

s2,4

]
+

[
1√
P
z1[2]

2√
P
z1[3]

]

︸ ︷︷ ︸
z̃1

. (5.44)

To decode the symbol s1,3, I apply a successive interference cancellation method

that decodes the interference symbol s2,4 first and then eliminates the inter-

ference effect from the received signal vector ỹ1 in (5.44), namely,

ỹ1 − h̃2,4s2,4 = h̃1,3s1,3 + z̃1. (5.45)
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Applying maximum ratio combining technique u∗1,3[3] =
h̃∗1,3
‖h̃1,3‖2

, which pro-

vides the effective noise power E[|u∗1,3[3]z̃1|2] = 5σ2

2P
, the achievable rate for the

information transfer of the symbol s1,3 in the third time slot is given by

R1,3[3] = log2

(
1 +

P

2.5σ2
‖h̃1,3‖2

2

)
. (5.46)

Since the DF method is used, the ergodic achievable rate for the information

symbol s1,3 is

R̄1,3 = E [min {R1,3[2], R1,3[3]}] (5.47)

where the expectation is taken over the all fading channels associated with the

rate computation. By symmetry, the sum of the ergodic rate emerges as

RST−PNC
Σ = R̄1,3 + R̄2,4 + R̄3,1 + R̄4,2 =

4

3
R̄1,3. (5.48)

Using TDMA, due to symmetry of the network, the achievable sum rate is

given by

RTDMA
Σ = Eh1,3[2]

[
log2

(
1 +

P

σ2
|h1,3[2]|2

)]
. (5.49)

Fig. 5.5 illustrates the ergodic sum-rate obtained by TDMA and pro-

posed method when each channel is drawn from the complex Gaussian dis-

tribution, i.e., CN(0, 1).The proposed transmission method provides a better

sum rate than TDMA when the SNR is larger than 8 dB. This superior per-

formance in the finite SNR regime is because the ST-PNC makes it possible

to obtain signal diversity gain from the direct and detoured links. It is worth
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Figure 5.6: A prototype for ST-PNC. This prototype uses a OFDM modu-
lation method. A time division duplex system is implemented to exchange
information between the two users.

noting that the achievable rate derived in this subsection can be further im-

proved by optimizing the power allocation strategy at the relay or by using

an advanced decoding strategy in the second time slot, which would be an

interesting extension in future work.

5.6 Prototyping

In this section, I present the wireless prototype results to explain prac-

tical issues in the implementation of ST-PNC. I develop a MIMO orthogonal

frequency-division multiplexing (OFDM) system prototype with two pairs of

users, with a single antenna each, and a relay with two antennas. As il-

lustrated in Figure 5.6, this prototype is implemented using LabVIEW and

low cost National Instruments (NI) USRP hardware (NI USRP-2921). Two
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PCs perform all of the baseband digital signal processing based on LabVIEW

software. USRP-2921 provides analog-to-digital conversion (ADC), digital-

to-analog conversion (DAC), and radio frequency (RF) front-ends for digital

communication. This prototype operates at 2.4 GHz center frequency with 250

KHz bandwidth, equivalently providing 4 micro seconds in a sample duration.

I use Fast Fourier transform (FFT) size of 128, cyclic prefix length of 32 in

this prototype. In the next section, I describe a frame structure for realizing

ST-PNC and its symbol error rate performance in the prototype.

5.6.1 Frame Structure

Three time frames are used for communication. First two frames consist

of two phases: training and data transmissions. While the last frame includes

three phases: training, feedback, and data transmissions.

Control Channels: I first describe control channels for the training

and feedback phases in the prototype. In each frame, the training phase aims

at obtaining time and frequency synchronization and learning CSIR. When a

transmitter repeatedly sends short and long Zadoff-Chu sequences over mul-

tiple samples, receivers perform time and frequency synchronization with the

transmitter for communication, which uses 361 samples (1.4 msec). CSI train-

ing follows the synchronization training to estimate CSI at the receivers. Each

CSI training spans a single OFDM symbol, which corresponds to 160 samples

(0.64 msec) in the prototype. In the last frame, when the relay estimates CSIT

for the downlink channels, analog feedback is implemented, which is known
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to be a suitable feedback strategy in high SNR regions. Once the receivers

estimate downlink CSIR from the training symbols sent by the relay, each re-

ceiver sends back the estimation of CSIR to the relay by employing one OFDM

symbol (0.64 msec) in a time orthogonal manner.

Data Channels: At the end of the control channels of each frame,

data transmission occurs after the synchronization and CSI training. For the

data transmission, a basic quadrature amplitude modulation (QAM) method

is used. In particular, in the last frame, the relay applies ST-PNC precoding

along the four estimated symbols, obtained from the previous two frames. The

relay uses the estimated CSIT reported by analog feedback.

5.6.2 Performance and Discussion

To confirm the feasibility of the proposed algorithm in the real-wold

testbed, I measured an averaged symbol error rate when the proposed ST-

PNC was applied by generating 3000 independent frames. Measurements were

taken for a 30 dB SNR. As a result of the experiment, the 1.3% symbol errors

were observed; this result confirms that the testbed is fairly well implemented

in all the aspects of time and frequency synchronization, feedback, and the ST-

PNC algorithm. To obtain more rigorous performance results, the prototype

should measure the SINR of each link to predict achievable rates by swapping

the operating SNR. Furthermore, by considering frequency offset effects and

different CSI feedback strategies, it is possible to explore additional practical

issues in the implementation of ST-PNC.
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5.7 Conclusion

I presented a new physical-layer network coding method called space-

time physical-layer network coding (ST-PNC). I used it to establish inner

bounds on the sum-DoF of fully-connected multi-way relay network in terms

of the number of users, the number or relays, and the number of antennas at

each relay. The key idea of ST-PNC is to control information flows so that each

user can exploit overheard interference signals as side-information in addition

to what it sent previously. I have demonstrated the superiority of this approach

in a sum-DoF sense compared to previously known interference management

strategies. Our key finding is that efficiently exploiting interference signals

as side-information leads to substantial performance improvements of fully-

connected multi-way relay networks.

5.8 Appendix

5.8.1 Proof of Theorem 10

I prove Theorem 10 using the proposed ST-PNC and relay-aided inter-

ference alignment [128] according to three different network configurations: 1)
∑L

`=1M
2
` ≥ (K1 − 1)(K1 − 2) + 1, 2)

∑L
`=1 M

2
` ≥ (K2 − 2)(K2 − 2), and 3)

∑L
` M

2
` ≥

(⌊
K3

2

⌋
− 1
)2

. Here, K1 ≤ K, K2 ≤ K, and K3 ≤ K represent the

number of users satisfying three network configurations, respectively.
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5.8.1.1 Case of
∑L

`=1 M
2
` ≥ (K1 − 1)(K1 − 2) + 1

Consider a sub-network in which I select K1 users from a total of K

users, i.e. K1 ≤ K such that the sum of relays’ antennas satisfies the condition

of
∑L

`=1M
2
` ≥ (K1 − 1)(K1 − 2) + 1. In this sub-network, I demonstrate that

K1 users can exchange K1− 1 independent messages with each other by using

|T1| = K1 time slots for phase one and |T2| = K1− 2 time slots for phase two,

thereby providing the sum-DoF of K1(K1−1)
2K1−2

= K1

2
.

Let me start with the side-information learning phase. This phase

spans K1 time slots, T1 = {1, 2, . . . , K1}. In time slot k ∈ T1, user i ∈ Sk =

{1, 2, . . . , K1}/{k} sends signal xi[k] = sk,i for user k ∈ Dk = {k}.The received

signals at user k and the `-th relay are

yk[k] =
∑

i∈Sk

hk,i[k]sk,i (5.50)

y`R[k] =
∑

i∈Sk

h`R,i[k]sk,i, ` ∈ {1, 2, . . . , L} (5.51)

Through phase one, user k acquires a linear equation that contains K1 − 1

desired information symbols. Further, since relay ` has M` antennas, it obtains

a total of M`(K1− 1) linear equations that contain a total of K1(K1 − 1)

information symbols in the network. These overheard equations at L relays

will be propagated in the second phase while controlling information flows.

For the space-time relay transmissions, I employ K1 − 2 time slots,

T2 = {K1 + 1, K1 + 2, . . . , 2K1 − 2}, for the second phase. In this phase, L

relays cooperatively send out linear combinations of received signals during
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the previous phase by applying the proposed space-time relay transmission.

Specifically, in time slot t ∈ T2, L relays cooperatively send the received

signal vectors {y1
R[k],y2

R[k], . . . ,yLR[k]} in k ∈ T1 using precoding matrices

{V1
R[t, k],V2

R[t, k], . . . ,VL
R[t, k]}. Then, the transmitted signal vector of relay

` ∈ R in time slot t ∈ T2 is

x`R[t] =

K1∑

k=1

V`
R[t, k]y`R[k]

=

K1∑

k=1

V`
R[t, k]

(∑

i∈Sk

h`R,i[k]sk,i

)
. (5.52)

Then, the received signal at user j ∈ U in time slot t ∈ T2 is given by

yj[t] =
L∑

`=1

h`j,R
∗
[t]x`R[t] (5.53)

=
L∑

`=1

h`j,R
∗
[t]

[
K1∑

k=1

V`
R[t, k]

(∑

i∈Sk

h`R,i[k]sk,i

)]
(5.54)

=

K1∑

k=1

∑

i∈Sk

L∑

`=1

h`j,R
∗
[t]V`

R[t, k]h`R,i[k]sk,i, (5.55)

where the last equality follows from changing the summation orders.

The crux of the space-time relay transmission is to manage multi-

directional information flows so that each user does not receive irresolvable in-

terference signals. User j ∈ {1, 2, . . . , K1} desires to decode K1−1 information

symbols {sj,1, . . . , sj,j−1, sj,j+1, . . . , sj,K1} and has knowledge of K1−1 informa-

tion symbols {s1,j, . . . , sj−1,j, sj+1,j, . . . , sK1,j} as side-information. Therefore,

L relays cooperatively neutralize (K1 − 1)(K1 − 2) interference signals over

the air so that user j is protected from unmanageable interference signals. To
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accomplish this, I construct the space-time relay matrices applied at relays

across time slot k ∈ T1 and t ∈ T2 such that

L∑

`=1

h`j,R
∗
[t]V`

R[t, k]h`R,i[k] = 0, (5.56)

where k ∈ {1, 2, . . . , K1} = T1, i ∈ Sk, i 6= j, and k 6= j. Using Tensor product

operation property vec(AXB) = (BT ⊗A)vec(X), I rewrite the interference

neutralization condition in (5.56) in a vector form, which yields

L∑

`=1

g`j,R,i
∗
[t, k]f `R[t, k] = 0, (5.57)

where g`j,R,i
∗
[t, k] = h`R,i[k]

T ⊗ h`j,R
∗
[t] ∈ C1×M2

` denotes the effective channel

from user i to user j via relay ` across time slots t ∈ T2 and k ∈ T1 and

f `R[t, k] denotes the correspoding vector representation of V`
R[t, k], f `R[t, k] =

vec
(
V`

R[t, k]
)
∈ CM2

`×1. For example, in the first time slot, k = 1, L re-

lays overhear the linear combinations of {s1,2, . . . , s1,K1} and propagate the

linear combinations of them in time slot t ∈ T2 using precoding vectors
{
f1
R[t, 1], . . . , fLR [t, 1]

}
such that information symbol s1,i for i ∈ {2, 3, . . . , K1}

does not reach to user q ∈ {1, 2 . . . , K1}/{1, j}. To this end I need to jointly

design f `R[t, 1] for ` ∈ {1, . . . , L} to satisfy the following interference neutral-
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ization condition:



g1
3,R,2
∗
[t, 1] g2

3,R,2
∗
[t, 1] · · · , gL3,R,2

∗
[t, 1]

...
...

...
...

g1
K1,R,2

∗
[t, 1] g2

K1,R,2
∗
[t, 1] · · · , gLK1,R,2

∗
[t, 1]

g1
2,R,3
∗
[t, 1] g2

2,R,3
∗
[t, 1] · · · , gL2,R,3

∗
[t, 1]

g1
4,R,3]

∗
[t, 1] g2

4,R,3
∗
[t, 1] · · · , gL4,R,3

∗
[t, 1]

...
...

...
...

g1
K1,R,3

∗
[t, 1] g2

K,R,3
∗
[t, 1] · · · , gLK1,R,3

∗
[t, 1]

...
...

...
...

g1
2,R,K1

∗
[t, 1] g2

2,R,K1

∗
[t, 1] · · · , gL2,R,K

∗
[t, 1]

g1
3,R,K1

∗
[t, 1] g2

3,R,K1

∗
[t, 1] · · · , gL3,R,K

∗
[t, 1]

...
...

...
...

g1
K1−1,R,K1

∗
[t, 1] g2

K1−1,R,K1

∗
[t, 1] · · · , gLK1−1,R,K1

∗
[t, 1]




︸ ︷︷ ︸
(K1−1)(K1−2)×∑L

`=1 M
2
`




f1
R[t, 1]
f2
R[t, 1]
...

fLR [t, 1]




︸ ︷︷ ︸
fR[t,1]

= 0. (5.58)

Since all elements of g`j,R,i
∗
[t, 1] are the product of two IID continuous ran-

dom variables, they are mutually independent. Further, since
∑L

`=1 M
2
` ≥

(K1− 1)(K1− 2) + 1, it is possible to find fR[t, 1] in the null space of the con-

catenated channel matrix in (5.58) almost surely. Applying the same principle,

for the other time slots k ∈ {2, . . . , K1}, I construct space-time relay trans-

mission matrices, f `R[t, k] = vec
(
V`

R[t, k]
)
, which guarantee the interference

neutralization conditions in (5.56).

Let me explain a decoding method for user k ∈ U. From the interference

neutralization conditions in (5.57), in every time slot t ∈ T2, user k receives one

equation that contains K−1 desired symbols {sk,1, . . . , sk,k−1, sk,k+1 . . . , sk,K1}
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and K − 1 self-interference symbols {s1,k, . . . , sk−1,k, sk+1,k . . . , sK1,k},

yk[t] =

K1∑

i=1,i 6=k

L∑

`=1

h`k,R
∗
[t]V`

R[t, k]h`R,i[k]sk,i

+

K1∑

i=1,i 6=k

L∑

`=1

h`k,R
∗
[t]V`

R[t, i]h`R,k[i]si,k

︸ ︷︷ ︸
Lk,SI[t]

. (5.59)

I subtract the contribution of known signals as y1[t]−L1,SI[t] during the second

phase t ∈ T2 with |T2| = K1 − 2, which provides K1 − 2 desired equations for

user k. Since user k already obtained one equation for desired symbols in phase

one, by concatenating all K1 − 1 received signals obtained over two phases, I

obtain the aggregated input-out relationship in a matrix form,



yk[k]
yk[K1+1]−Lk,SI[K1+1]

...
yk[2K1−2]−Lk,SI[2K1−2]




︸ ︷︷ ︸
ỹk

=




hk,1[k] hk,2[k] · · · hk,K [1]

h̃k,1[K1+1] h̃k,2[K1+1] · · · h̃k,K1 [K1+1]
...

...
. . .

...

h̃k,1[2K1−2] h̃k,2[2K1−2] · · · h̃k,K1 [2K1−2]




︸ ︷︷ ︸
H̃k




sk,1
sk,2
...

sk,K1




︸ ︷︷ ︸
sk

(5.60)

where h̃k,i[t] =
∑L

`=1 h`k,R
∗
[t]V`

R[t, k]h`R,i[k] for t ∈ T2 denotes the effective

channel coefficient from user k to user 1 via L relays in time slot t ∈ T2.

Since I have used |T1| + |T2| = 2K1 − 2 time slots and rank
(
H̃k

)
= K1 − 1

almost surely, user k obtains K1−1
2K1−2

sum-DoF. By symmetry, the other users

also attain the same sum-DoF. As a result, a total of K1(K1−1)
2K1−2

= K1

2
sum-

DoF is achievable, provided that
∑L

`=1M
2
` ≥ (K1 − 1)(K1 − 2) + 1 for any
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K1 ≤ K. To attain the maximum sum-DoF for the given relays’ antenna

configuration, I find the maximum positive integer value of K1 satisfying the

inequality
∑L

`=1 M
2
` ≥ (K1 − 1)(K1 − 2) + 1, which yields,

K?
1 =


√√√√
(

L∑

`=1

M2
` −

3

4

)
+

3

2

 . (5.61)

5.8.1.2 Case of
∑L

`=1 M
2
` ≥ (K2 − 2)2

Suppose a sub-network where K2 users are selected from a total of K

users, K2 ≤ K such that the sum of the relays’ antennas is greater than or equal

to (K2−2)2. In this reduced network, a user intends to send K2−2 independent

messages for the other users; thus a total of K2(K2−2) independent messages

exists. Specifically, user k desires to send the set of information symbols

{sk1,k, sk2,k, . . . , skK2
,k} where kj denotes an index function defined as kj =

{(k−1+j) mod (K2)}+1. To exchange a total of K1(K1 − 2) information

symbols in the reduced network, I spend |T1| = K2 and |T2| = K2 − 3 time

slots in two phases.

In the phase of side-information learning, I spend K2 time slots, T1 =

{1, 2, . . . , K2}. In each time slot of the first phase, K2 − 2 users transmit in-

formation symbols, while the remaining 2 users receive the linear combination

of the transmitted K2 − 2 symbols. Recall the index function kj = {(k−1+j)

mod (K2)}+1. With this index function, I define the set of receiving and trans-

mitting users in time slot k as Dk = {k, k1} and Sk = {k2, . . . , kK2−1}, |Dk| = 2

and |Sk| = K2− 2. In time slot k ∈ T1, two users in Dk = {k, k1} listen to the
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signals sent by K2 − 2 users belonging to the set Sk = {k2, . . . , kK2−1}. When

the users in Sk send information symbols {sk,k2 , . . . , sk,kK2−1
} to user k simul-

taneously, the received signals at user k, user k1, and relay ` ∈ {1, 2, . . . , L}

are

yk[k] =
∑

ki∈Sk

hk,ki [k]sk,ki , (5.62)

yk1 [k] =
∑

ki∈Sk

hk1,ki [k]sk,ki , (5.63)

y`R[k] =
∑

ki∈Sk

hR,ki [k]sk,ki . (5.64)

Note that user k ∈ {1, 2, . . . , K2} acquires a linear equation consisting of the

desired symbols whereas user k1 overhears a linear combination of interfering

symbols. Further, the `-th relay obtains M`K2 equations, which contain a

total of K2(K2 − 2) information symbols transmitted by the users.

For the second phase, I use K2 − 3 time slots, t ∈ T2 = {K2 + 1, K2 +

2, . . . , 2K2 − 3}. In this phase, L relays send out linear combinations of the

received signals using the space-time relay precoding method. The transmitted

signal vector of relay ` ∈ R in time slot t ∈ T2 is

x`R[t] =

K2∑

k=1

V`
R[t, k]

∑

ki∈Sk

hR,ki [k]sk,ki (5.65)

and the received signal at user j ∈ U in time slot t ∈ T2 is given by

yj[t] =

K2∑

k=1

∑

ki∈Sk

L∑

`=1

h`j,R
∗
[t]V`

R[t, k]h`R,ki [k]sk,ki . (5.66)

Unlike the previous case, in this regime of
∑L

`=1M
2
` ≥ (K2−2)2, the proposed

space-time relay precoding method exploits the current CSIT at the `th relay
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to the users, h`k,R
∗
[t] for t ∈ T2 and outdated CSI between users, {hi,j[k]} for

k ∈ T1 to perform interference alignment and neutralization jointly.

To illustrate, I explain the design principle of {V1
R[t, k], . . . ,VL

R[t, k]}

carrying sk,ki from an index coding perspective. Recall that data symbol sk,ki

is only desired by user k and it is unmanageable interference to all the other

users excepting for user ki (the user who sent sk,ki) and user k1 (the user who

overheard sk,ki in time slot k ∈ T1). This is because user k` is able to cancel

self-interference using knowledge of sk,ki . Further, user k1 can remove the effect

of sk,ki from the relay transmission, provided that user k1 receives the same in-

terference shape of hk1,ki [k]sk,ki , which was obtained in time slot k ∈ T1 during

phase one in the form of yk1 [k] =
∑K2

i=2 hk1,ki [k]sk,ki . Meanwhile, information

symbol sk,ki is interference to the other users excepting user k, user ki, and

user k1. Using this fact, I design precoding matrices{V1
R[t, k], . . . ,VL

R[t, k]}

carrying sk,ki so that it does not reach the other users while providing the

same interference shape to user k1. This condition is equivalently written as

L∑

`=1

h`j,R
∗
[t]V`

R[t, k]h`R,ki [k] = 0 (5.67)

L∑

`=1

h`k1,R

∗
[t]V`

R[t, k]h`R,ki [k] = hk1,ki [k], (5.68)

where j ∈ {1, 2, . . . , K2}/{k, k1, ki}, t ∈ T2, and k ∈ T1. With the same

argument shown in (5.57) and (5.58), since
∑L

`=1M
2
` ≥ (K2−2)2, it is possible

to construct relay precoding matrices ensuring (5.67) and (5.68) almost surely.

From the space-time relay transmission, in the second phase, the re-

ceived signal at user k, yk[t], for t ∈ T2 is represented as the sum of three
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sub-linear equations: 1) desired equation Lk,D[t], 2) self-interference equation

Lk,SI[t], and 3) overheard interference equation Lk,OI[t],

yk[t] =
∑

ki∈Sk

L∑

`=1

h`k,R
∗
[t]V`

R[t, k]h`R,ki [k]sk,ki

︸ ︷︷ ︸
Lk,D[t]

+

K2∑

j=1,j 6=k,j 6=k1

L∑

`=1

h`k,R
∗
[t]V`

R[t, j]h`R,k[j]sj,k

︸ ︷︷ ︸
Lk,SI[t]

+
∑

i∈SkK2−1

L∑

`=1

h`k,R
∗
[t]V`

R[t, i]h`R,i[i]skK2−1,i

︸ ︷︷ ︸
Lk,OI[t]

. (5.69)

Note that from (5.68), the overheard interference equation Lk,OI[t] in the sec-

ond phase has the same shape as the previously received equation at user k in

time slot kK2−1 of phase one, yk[kK2−1] = Lk,OI[t].

Let us explain the decoding procedure for user k for k ∈ {1, 2, 3, . . . , K2}.

The decoding procedure involves three steps: 1) the cancellation of the back

propagating self-interference, Lk,SI[t], 2) the cancellation of the previously over-

heard interference, Lk,OI[t], and 3) the ZF decoding for the desired symbols’

extraction. Specifically, user k first removes the effect of the back propagat-

ing self-interference Lk,SI[t] from the observation of yk[t]. Further, Lk,OI[t] is

removed fromyk[t] using the fact that yk[kK2−1] = Lk,OI[t]. After canceling the

known interference signals, the concatenated input-output relationship seen
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by user k becomes




yk[k]
yk[K2+1]−yk[kK2−1]−Lk,SI[K2+1]

...
yk[2K2−3]−yk[kK2−1]−Lk,SI[2K2−3]




=




hk,k2 [k] · · · hk,kK2−1
[k]

h̃k,k2 [K2+1] · · · h̃k,kK2−1
[K2+1]

...
. . .

...

h̃k,k2 [2K2−3] · · · h̃k,kK2−1
[2K2−3]




︸ ︷︷ ︸
Ĥk




sk,k2

sk,k3

...
sk,kK2−1


,

where h̃k,ki [t] =
∑L

`=1 h`k,R
∗
[t]V`

R[t, k]h`R,ki [k] denotes an effective channel car-

rying information symbol sk,ki via the relays. Since beamforming matrices,

V`
R[t, k] for t ∈ T2 were designed independently from the direct channel hk,ki [k]

for k ∈ T1, then, it follows that rank
(
Ĥk

)
= K2−2. As a result, user k decodes

K2−2 desired symbols by using a total of 2K2−3 time slots. By symmetry, the

other users decode K2 − 2 desired information symbols by applying the same

decoding method. Consequently, the sum-DoF of K2(K2−2)
2K2−3

is achieved. Since

this sum-DoF result is true for all K2 such that
∑L

`=1M
2
` ≥ (K2 − 2)2, the

maximum value of the sum-DoF is obtained when K?
2 =

⌊√∑L
`=1M

2
` + 2

⌋
.

5.8.1.3 Case of
∑L

`=1 M
2
` ≥ (

⌊
K3

2

⌋
− 1)2

In this case, I show that the sum-DoF of
(bK3

2 c)2

K3−1
is achievable by the

relay-aided interference alignment [128], which supports one-directional infor-

mation exchange in the network. Let us consider a K3 user fully-connected

multi-way relay network with L relays; each of them has M` antennas. In this
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network, I consider a partition that separates
⌊
K3

2

⌋
users as source nodes and

⌊
K3

2

⌋
users destination nodes, which creates a

⌊
K3

2

⌋
×
⌊
K3

2

⌋
X network with the

L relays. Then, from the result in [128], I can obtain the sum-DoF of
(bK3

2 c)2

K3−1

if
∑L

`=1 M
2
` ≥ (

⌊
K3

2

⌋
− 1)2 by using the relay-aided interference alignment.

By solving the inequality with respect to K3, I obtain the maximum integer

value of K3 as K?
3 = 2

⌊√∑L
`=1M

2
` + 1

⌋
. As a result, the sum-DoF of

(K?
3)

2

K?
3−1

is achievable, which completes the proof.

5.8.2 Proof of Lemma 5

The proposed OF method uses (K − 1) transmission phases, each of

which spans two time slots (odd and even time slot). Therefore, a total of

2(K − 1) time slots is required for completing the exchange of K(K − 1) in-

formation symbols in the network. In the odd time slot of the phase p ∈

{1, 2, . . . , K − 1}, T1 = {1, 3, . . . , 2K − 3}, all K users send one informa-

tion symbol intended for the other users to the relays. Specifically, user

k ∈ {1, 2, . . . , K} sends information symbol skp,k intended for user kp where

kp = {(p− 1 + k) modK} + 1. The transmitted symbols create an informa-

tion chain among users. For instance, when K = 4, in the first time slot of

the first phase, user 1, 2, 3, and 4 send information symbols s2,1, s3,2, s4,3, and

s1,4. Then, the received signal at relay ` is

y`R[t1] =
K∑

k=1

h`R,k[t1]skp,k. (5.70)
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Applying the space-time relay precoding matrix V`
R[t2, t1], relay ` ∈ {1, 2, . . . , L}

sends the signal in the even time slot of phase p, t2 ∈ {2p}, as

x`R[t2] = V`
R[t2, t1]

(
K∑

k=1

h`R,k[t1]skp,k

)
. (5.71)

Then, the received signal at user kp ∈ U in the even time slot T2 ∈ {2, 4, . . . , 2K−

2} of phase p is given by

ykp [t2] =
L∑

`=1

h`kp,R[t2]
∗
x`R[t2]

=
L∑

`=1

h`j,R[T2]
∗
[
p`[T2, t]V

`
R[T2, t]

(
K∑

k=1

h`R,k[k]skp,k + z`R[t]

)]
+ zkp [T2]

=
K∑

i=1

L∑

`=1

h`kp,R[t2]
∗
V`

R[t2, t1]h`R,i[t1]skp,i,

=h̃kp,k[t2, t1]skp,k + h̃kp,kp [t2, t1]s(kp)2,kp + Ĩkp [t2, t1], (5.72)

where h̃j,i[t2, t1] =
∑L

`=1 h`j,R[t2]
∗
V`

R[t2, t1]h`R,i[t1] denotes the effective channel

from user i to user j via L relays across time slot t1 and t2, and Ĩkp [t2, t1]

denotes the aggregated interference signals received at user kp over time slot

t1 and t2. Further, s(kp)2,kp represents the transmit symbol of user kp to the

intended user (kp)
2 in phase p where (kp)

2 = {(p− 1 + kp) modK}+ 1. Since

user kp knows the effect of back-propagating interference h̃kp,kp [t2, t1]s(kp)2,kp ,

we need to neutralize Ĩkp [t2, t1] so that the remaining K−2 users do not receive

unmanageable interference signals from the relay transmission. To this end,

we should construct relays’ precoding matrices if

L∑

`=1

h`kp,R[t2]
∗
V`

R[t2, t1]h`R,i[t1] = 0, (5.73)
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where i ∈ {1, 2, . . . , K}/{kp, (kp)2}. Since the other users simultaneously need

to satisfy the interference neutralization conditions in (5.73), applying the

same principle for driving the condition of (5.56), the minimum relays’ con-

figuration should satisfy the condition
∑L

`=1M
2
` ≥ K(K − 2) + 1. Then, the

received signal of user kp after self-interference cancellation is

ykp [t2] =

[
L∑

`=1

h`kp,R[t2]
∗
V`

R[t2, t1]h`R,k[t1]

]
skp,k. (5.74)

Therefore, user kp is able to decode the desired information symbol skp,k.

Similarly, all K users are able to decode one desired information symbol

in each phase (during two time slots). In other words, for the given re-

lay antenna resources {M`}, we can select the maximum K̂ users such that
∑L

`=1M
2
` ≥ K̂(K̂−2)+1, which is K̂ =

⌊√(∑L
`=1M

2
`

)
+ 1

⌋
. Then, utilizing

the G-OF method, it is possible to obtain the sum-DoF of dΣ(K, {M`}) = K̂
2

.
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Chapter 6

Distributed Interference Cancellation with

Local CSI at Receiver

This chapter considers large random wireless networks where transmit-

and-receive node pairs communicate within a certain range while sharing a

common spectrum. By modeling the spatial locations of nodes based on

stochastic geometry, analytical expressions for the ergodic spectral efficiency

of a typical node pair are derived as a function of the channel state informa-

tion available at a receiver (CSIR) in terms of relevant system parameters:

the density of communication links, the number of receive antennas, the path

loss exponent, and the operating signal-to-noise ratio. One key finding is that

when the receiver only exploits CSIR for the direct link, the sum of spec-

tral efficiencies linearly improves as the density increases, when the number

of receive antennas increases as a certain super-linear function of the density.

When each receiver exploits CSIR for a set of dominant interfering links in

addition to the direct link, the sum of spectral efficiencies linearly increases

with both the density and the path loss exponent if the number of antennas

is a linear function of the density. This observation demonstrates that having

CSIR for dominant interfering links provides a multiplicative gain in the scal-

ing law. It is also shown that this linear scaling holds for direct CSIR when
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incorporating the effect of the receive antenna correlation, provided that the

rank of the spatial correlation matrix scales super-linearly with the density.

Simulation results back scaling laws derived from stochastic geometry.

6.1 Motivation and Related Work

There is an increasing need for direct communication between wire-

less device pairs to support proximity-based social networking applications or

media sharing [134–136]. As the number of device pairs increases, the coex-

istence of multiple communication links in the shared spectrum is however

challenging due to mutual interference, which poses fundamental limitations

on the throughput. One of the main difficulties is that in many cases, such as

device-to-device (D2D) [52,134–137,145,146,148] and mobile ad hoc network

[48,49,138,139,141,142,144], the communication links cannot be coordinated

in a centralized way due to the amount of signaling overhead associated with

coordination. This has raised the need for distributed interference manage-

ment with low signaling overheads.

Two main distributed interference management approaches have been

proposed in the context of such networks: 1) distributed power control tech-

niques and 2) distributed link scheduling algorithms. In [137], simple yet

heuristic power control methods were proposed to regulate transmit power to

mitigate interference between links. Optimal distributed on-off power control

strategies were proposed to maximize the transmission capacity [50], coverage

probability [51], and spectral efficiency for D2D networks [52]. The main limi-
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tation in[50–52,137] is that the power control methods are only effective when

the number of links per unit area is small.

Distributed link scheduling has also recently received much attention.

In the context of ad hoc and wireless local area networks, various distributed

scheduling mechanisms for interference management have been proposed in

the literature, such as ALOHA type medium access control (MAC) protocols

(e.g., [48, 49, 138]), random sequential adsorption MAC protocols [139], and

distributed scheduling by channel thresholding [140]. The main limitation

of these approaches is the inefficient network spatial packing resulting from

the underlying interference avoidance strategies. By leveraging interference

cancellation techniques at the receiver, advanced distributed scheduling mech-

anisms have also been proposed to increase the spatial packing performance

in[141,142,144].

Recently, more sophisticated distributed scheduling mechanisms were

proposed in the context of D2D networks [145,146,148]. In [145], a geometric

scheduling method was proposed where the exclusion regions between different

D2D links are created based on link geometries. A signal-to-interference ra-

tio (SIR) based distributed scheduling method called FlashLinQ was proposed

in [146], where the exclusion regions are dynamically created based on link

priorities and SIRs. This scheduling algorithm was shown to provide a better

throughput than that of preexisting MAC protocols. Leveraging the optimality

condition of treating interference as noise (TIN) in [147], an information theo-

retic independent set scheduling algorithm was proposed called ITLinQ [148],
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which achieves optimal sum rate performance for constant rate loss. More

elaborate distributed scheduling mechanisms in [145, 146, 148] may appear to

yield much higher throughput, but the induced communication overheads in

handshaking processes need to be subtracted, and the net gain compared to a

simple ALOHA scheduling method may not be large enough when the density

of node pairs is sparse.

In this chapter, I use multiple antennas to perform distributed interfer-

ence management [53, 54, 149, 150]. Multi-antenna communication techniques

provide an effective approach to mitigate interference because of their large

gains in terms of channel capacity and reliability. In the context of ad hoc

networks modeled by stochastic geometry, upper and lower bounds were ob-

tained on the transmission capacity when multiple antennas are employed at

transceivers in [53, 54, 149, 150]. In particular, interference cancellation tech-

niques using multiple receive antennas were shown to substantially increase the

transmission capacity of ad hoc networks [53, 54]. For example, by leverag-

ing the idea of partial zero-forcing in [53], it was shown that the transmission

capacity increases with the node density linearly using the multiple receive

antennas. Continuing in the same spirit yet with a different perspective, I

analyze the benefits of using multiple antennas at receivers from a spectral

efficiency point-of-view. Unlike the transmission capacity that measures the

spatial density of successful transmissions per unit area, subject to a given

outage probability constraint, in this chapter, I consider the ergodic spectral

efficiency as a performance metric. The key limitation of transmission capac-
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ity is that the rate target is fixed, implying that the rate adaptation techniques

cannot be applied over different fading realizations. Whereas, the latter mea-

sures the achievable Shannon transmission rates per unit area that averaging

the rate over the different fading realizations. Arguably, this quantity is more

appropriate than the transmission capacity in contemporary wireless systems

where a coded packet is transmitted over multiple fading realizations [157].

I consider a dense wireless network whose topology is modeled by means

of a homogeneous Poisson point process (PPP) with node density λ. Such a

random PPP model captures the irregular spatial structure of mobile node

locations and helps to analytically quantify the interference. I summarize our

main contributions as follows:

• As a starting point, I first consider the case where each receiver exploits

CSIR for the direct link. Applying maximum ratio combining (MRC)[151],

I derive an exact analytical expression for the ergodic spectral efficiency in

the network as a function of 1) the density of wireless links λ, 2) the number

of receive antennas Nr, 3) the path loss exponent α, and 4) the operating

signal-to-noise ratio (SNR). By deriving a tight lower and upper bound on

the sum spectral efficiency, I show that the ergodic spectral efficiency scales

with respect to the density as Θ(λ log2

(
1 + λβ−

α
2

)
) when Nr = cλβ with

some c > 0 and α > 2.

• Next, I consider the case in which each receiver has perfect knowledge of

the CSIR of the nearest interfering links in addition to the direct link; this
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will be referred to as local CSIR below. Under this assumption, I derive

an exact analytical expression of the ergodic spectral efficiency attained by

zero-forcing based successive interference cancellation (ZF-SIC) in terms of

the relevant system parameters. By deriving a lower and an upper bound

with closed forms on the sum spectral efficiency, I also demonstrate that the

ergodic spectral efficiency scales with both the density of the links and the

path-loss exponent, Θ(λ log2

(
1 + λ

α
2

(β−1)
)
) when Nr = cλβ with some c > 0

and α > 2.

• I analyze the effects of receive antenna correlation and of a bounded path-

loss function. An analytical expression of the lower bound on the sum

spectral efficiency is derived as a function of the eigenvalues of a spatial

correlation matrix when direct CSIR is known. A simple lower bound with

a closed form reveals that a linear scaling is still achievable with direct CSIR,

provided the rank of the spatial correlation matrix scales in an appropriate

super-linear way with the density. Furthermore, I find a sufficient condition

for the number of receive antennas required to attain the linear scaling law

with the direct CSIR when a bounded-path loss function is considered in

the network.

The exact expressions and scaling laws for the ergodic spectral efficiency

are new findings. The capacity scaling result with the direct CSIR is partially

aligned with the observation from a transmission capacity framework in [53,

54, 149], where the linear scaling law of the transmission capacity is attained
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Figure 6.1: Asymptotic scaling behavior of the sum spectral spectral efficiency
for ZF-SIC and MRC. When β = 1 and β = α

2
, respectively, ZF-SIC and

MRC achieve a linear growth of the sum spectral efficiency with respect to
the density. If β is less (resp. more) than the point that provides the linear
growth, then the sum spectral efficiency increases sub-linearly (resp. decreases
super-linearly) with the density.
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using MRC when the number of receive antennas scales in a certain super-

linearly way. Our analysis confirms that this result holds from a sum spectral

efficiency point-of-view and generalize to the case where the number of antenna

scales with the density in a polynomial function with an arbitrary degree, i.e.,

Nr = cλβ, as illustrated in Fig. 6.1. When the bounded path loss function is

applied, I show that a linear growth of the number of antennas is enough to

maintain the linear capacity scaling, which is a new observation. Furthermore,

Our analysis reveals that, when using local CSIR, the linear scaling law of the

sum spectral efficiency is further improved with a multiplicative gain induced

by the path loss exponent, as depicted in Fig. 6.1. Further, it is shown that

the antenna correlation degrades the sum spectral efficiency, especially when

the condition number of the spatial correlation matrix is large, i.e., for highly

correlated channels. Nevertheless, linear scaling is still attainable with direct

CSIR if the rank of the correlation matrix increases super-linearly with the

density.

All the prior work similar to this problem focused the transmission ca-

pacity scaling law, the maximum intensity satisfying a given outage constraint

when the number of antennas goes to infinity. For example, the main result

in [149] was that the transmission capacity scales with the number of receive

antennas like λε ∼ Θ
(
N

2
α

r

)
as Nr →∞. This scaling law result, in fact, does

not capture the amount of information that can be transferred in the network

from an ergodic point-of-view when the density of nodes increases. To see the

scaling with the density, this chapter focused on the sum spectral efficiency
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scaling law by assuming that the number of receive antennas is a polynomial

function of the density, i.e., Nr = λβ. By doing so, it is possible to compute

the asymptotic behavior of the sum spectral efficiency in terms of the density

of the network. For example, when the MRC method is used, the sum spectral

efficiency scales with the density like Θ
(
λ log2(1 + λβ−

α
2 )
)
. Apparently, it is

not obvious from the result in [149] that the sum spectral efficiency scales with

the density super-linearly or sub-linearly by the difference between β and the

path-loss exponent α
2
. Furthermore, our scaling result is somewhat different

with the transmission scaling results reported in [53,54]. In [54], it was shown

that the transmission capacity scales with the number of interferers being can-

celled Nr− 1 like λε ∼ Θ
(
N

1− 2
α

r

)
. Furthermore, in [53], the scaling result was

improved by smartly using the degrees of freedom of the receive antennas,

which allows to achieve the linear scaling law with the number of receive an-

tenna, i.e., λε ∼ Θ (Nr). Whereas, when the ZF-SIC method is applied, the

sum spectral efficiency scales with the density like Θ
(
λ log2(1 + λ

α
2

(β−1))
)

as

λ→∞ when Nr = λβ. This clearly shows that how the number of receive an-

tennas and the density simultaneously affects the scaling. For example, when

β > 1, it is possible to see that the scaling result simply becomes λα
2
(β − 1),

implying that the higher path loss exponent produces the larger spectral ef-

ficiency scaling with the multiplicative gain. Meanwhile, when β < 1, this

multiplicative gain vanishes. This observation was not found in the prior work

[53,54].

The chapter is organized as follows. Section 6.2 explains the network
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model and provides the performance metric. In Section 6.3, analytical expres-

sions for the ergodic spectral efficiency are derived when only CSIR for the

direct link is known. The case with local CSIR is analyzed in Section 6.4. Sec-

tion 6.5 provides analytical expressions for the sum spectral efficiency when

antenna correlation and a bounded path loss function are incorporated. In

Section 6.6, I provide conclusions and a discussion of future work.

6.2 Model

In this section, I first describe network and signal models used in this

chapter. Then, I introduce the performance metrics.

6.2.1 Network Model

I consider a large random network where multiple transmit-and-receive

pairs communicate in a common shared spectrum. I assume that the trans-

mitters {dtx
k , k ∈ N} are distributed in the two-dimensional plane according

to a homogeneous PPP Φ with density λ. The location at drx
k of the receiver

associated with the transmitter dtx
k is uniformly distributed in the area of an

annulus (ring) with inner radius 1 and outer radius Rd, where Rd > 1. Here,

Rd determines the maximum communication range. Further, I assume that

all transmissions are synchronous thanks to a common clock shared by the

network. I assume all transmitters have a single antenna while each receiver

is equipped with Nr antennas. Our model differs from the ad hoc network

models in [41–44] where source and destination pairs can be arbitrarily cho-
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Distributed Scheduling and Power Control for D2D
Communication Underlaid Cellular Downlink

Networks
Namyoon Lee and Robert W. Heath Jr.

Abstract—This letter addresses a static power control problem
in a device-to-device (D2D) underlaid cellular downlink network.
Due to significant discrepancy of transmit powers being used
in different tiers, optimally balancing the transmit powers is
important to maximize the ergodic sum rates of cellular and D2D
links in such network. Analytical expressions for the ergodic rates
are derived based on a tractable network model using stochastic
geometry. With these analytical expressions, we formulate the
optimization problem of finding the optimal static power control
strategy for the given densities of cellular and D2D links. Our
result indicates that the ergodic sum rates of cellular and D2D
links are invariant with respective to the system parameters:
the densities of communication links and path-loss exponent,
provided that the optimal static power control strategy is used.

I. INTRODUCTION

Device-to-device (D2D) communication among mobile
users is considered as an effective enabling technology for
providing proximity-based services (e.g., social gaming and
Internet of Things) with low latency. By leveraging the cellular
network, D2D communication can also yield an increased area
spectral efficiency due to spatial reuse gains through local D2D
traffics. Despite such potential benefits, the spectrum sharing
between D2D and cellular communication is challenging be-
cause it creates sophisticated interference management prob-
lems [?]. In particular, for the D2D underlaid cellular network,
cellular links experience cross-tier interference from the D2D
transmissions in addition to intra-tier (other cell) interference.
Conversely, D2D links receive both the intra-tier and cross-tier
interference signals from D2D and cellular transmissions. As
a result, interference management of such underlaid network
is an important issue for successful spectrum sharing between
cellular and D2D links.

There has been extensive research dealing with interference
management problems through resource allocation, schedul-
ing, power control, and multiple antenna techniques in such
D2D underlaid cellular networks. The most of previous afore-
mentioned research focused on the scenario where D2D com-
munication underlaid with cellular uplink transmission. This
is mainly because such scenario is more favorable to manage
interference than the downlink spectrum sharing scenario. In
a frequency division duplexing (FDD) system, however, it
is still possible to allow D2D transmissions with cellular

N. Lee and R. W. Heath Jr. are with the Wireless Networking and Com-
munications Group, Department of Electrical and Computer Engineering, The
University of Texas at Austin, Austin, TX 78712, USA. (e-mail:{namyoon.lee,
rheath}@utexas.edu)

downlink transmission to aggressively reuse spectrums further,
which may lead improvement of a total system capacity. This
motivates us to consider a interference management problem
in the D2D underlaid cellular downlink networks.

Power control is regarded as a simple but effective ap-
proach to mitigate both intra-tier and cross-tier interference
in the D2D underlaid cellular networks. In particular, in the
D2D underlaid with cellular downlink transmission, optimally
selecting the transmit powers is important to keeping the
performance balance between cellular and D2D links due to
a huge difference in the transmit powers being used in D2D
transmitters and base stations (BSs).

In this letter, we derive analytical expressions for the ergodic
rates of D2D and cellular links relying on the spatial random
network model using stochastic geometry. Using these ana-
lytical expressions, we formulate the optimization problem of
finding the optimal static power control strategy for the given
densities of cellular and D2D links. Our result indicates that
the ergodic sum rates of cellular and D2D links are invariant
with respective to the system parameters: the densities of
communication links and path-loss exponent, provided that the
optimal static power control strategy is used.

II. SYSTEM MODEL

A. Network Model

We consider a stochastic model for D2D underlaid downlink
cellular network. The locations of BSs equipped with a single-
antenna are established according to a homogeneous PPP,
�c = {dk, k 2 N}, on the plane R2 with density �c. The
cells can be defined by Voronoi regions around each BS. The
locations of the D2D transmitters with a single-antenna are
also distributed in the plane according to a homogeneous PPP
�d = {zk, k 2 N} with density �d, which is independent
of �c. Further, the population of single-antenna mobile users
is distributed according to another homogeneous PPP, �u =n
d̃k, k 2 N

o
, which has density �u > �c and is independent

of �c and �d. Each mobile user is associated with the nearest
BS to receive a downlink signal. Unlike the mobile users’
locations, the locations of D2D receivers having a single-
antenna are correlated with its associated D2D transmitters’
locations but independent of another location processes. The
D2D receiver location z̃k communicating with the kth D2D
transmitter is uniformly distributed in the ball B centered at
zk with radius Rd, i.e., z̃k 2 B(zk, Rd). Here, the radius R
denotes the maximum D2D communicate range, which can

…
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Single antenna 

Nr

- No CSIT 

Partial CSIR 
 - Direct CSIR 
 - Local CSIR 

Rx!
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Figure 6.2: A snapshot of the network with density λ = 0.00005. Each trans-
mitter with a single antenna communciates with its associated receiver with
Nr multiple receive antennas, which is uniformly distributed in the area of an
annulus with inner radius 1 and outer radius Rd, where Rd > 1.

sen. Rather, it is an extension of the bi-polar models used in [49,51,140–143]

by taking the random link distances within the fixed communication range Rd

into account.

6.2.2 Signal Model

In a fixed area A ⊂ R2, a random number K of transmitters commu-

nicate by sharing the common spectrum; thereby each transmission interferes

with each other. K is a Poisson random variable with mean E[K] = λ|A|

where λ can be interpreted as a spatial node intensity per unit area in the

network and where |A| is the area of A. Fig 6.2 illustrates a snapshot of the

network topology when λ = 0.00005.

In a particular realization ofK, transmitter k ∈ K, where K = {1, . . . , K},
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sends a message Wk to its associated receiver. Let sk = f(Wk) be the signal

sent by transmitter k where f(·) represents an encoding function such that the

transmitted signal satisfies the power constraint E [|sk|2] ≤ P . hk,` ∈ CNr×1

and dk,` = ‖drx
k − dtx

` ‖2 respectively represent the fading vector and the dis-

tance from the kth transmitter to the jth receiver. Further, α ∈ R+ with α > 2

and zk ∈ CNr×1 respectively represent the path-loss exponent and the noise

vector at the kth receiver. Assuming a narrowband channel model, when all

transmitters simultaneously send signals, the total received signal of the kth

receiver, yk ∈ CNr×1, is given by

yk= hk,kd
−α

2
k,k sk +

K∑

`6=k
hk,`d

−α
2

k,` s` + zk. (6.1)

I assume that all entries of hk,j are independent and identically distributed

(IID) complex Gaussian random variables each with zero mean and unit vari-

ance, i.e., CN(0, 1). Furthermore, it is assumed that all entries of zk are IID

CN(0, σ2), where σ2 represents the variance of noise.

6.2.3 Sum Spectral Efficiency

I define two achievable sum spectral efficiencies, each for a different

CSIR assumption.

6.2.3.1 Direct CSIR

I first define an instantaneous signal-to-interference-plus-noise-ratio (SINR)

when receiver k ∈ K exploits hk,k. This assumption is practically favorable be-

cause it requires the receiver to only learn the direct link’s channel, which can
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be done using a control channel with a reasonable amount of pilot signal over-

head. With this CSIR, under the premise of no interference covariance matrix

estimation, the optimal receiving strategy is to maximize the desired signal

power using a MRC technique [151]. Applying the MRC vector w∗k =
h∗k,k
‖hk,k‖2 ,

where x∗ is the complex conjugate of the transpose of vector x, the instanta-

neous SINR of receiver k is given by

SINRmrc
k =

Hk,kd
−α
k,k

Ik + 1
SNR

, (6.2)

where Hk,k =
|h∗k,khk,k|2
‖hk,k‖22

= ‖hk,k‖2
2 denotes the fading power of the direct link,

distributed as a Chi-squared random variable with 2Nr degrees of freedom.

Further, SNR = P
σ2 and Ik denotes the aggregated interference power:

Ik =
∑

j∈K/{k}
Hk,`d

−α
k,` , (6.3)

where Hk,` =
|h∗k,khk,`|2
‖hk,k‖22

represents the fading power of the interfering link from

the `th transmitter to the kth receiver, which is an exponential random variable

with mean one as shown in [53,160]. Under the premise that each transmitter

knows the effective SINR and uses adaptive modulation/coding to select the

right rate, each link is able to achieve Shannon’s bound for its instantaneous

SINR, i.e., log2(1 + SINRmrc
k ). Therefore, the sum of the spectral efficiencies

per unit area is given by

Cmrc
Σ =

1

A
E

[
K∑

k=1

log2 (1+SINRmrc
k )

]

= λEo [log2 (1+SINRmrc
k )] , (6.4)
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where Eo denotes the Palm probability of the PPP and the last equality follows

from the definition of Palm probability [45]. The expectations are taken over

the multiple level of randomness associated with link distances and fadings.

The analysis of this sum spectral efficiency will be presented in Section III.

6.2.3.2 Local CSIR

I now consider a different assumption where each receiver uses channel

knowledge of some limited number of interfering links in addition to that of

its own link. Without loss of generality, I can order the interferers in increas-

ing distance from receiver k in such a way that dk,k1 < dk,k2 , . . . , < dk,kK−1
,

where dk,kj = ‖drx
k −dtx

kj
‖2, for kj ∈ K/{k}. The inequalities are almost surely

strict because, with probability 1, no two transmitters are at the same dis-

tance from the receiver. With the assumption that receiver k knows CSIR

for a certain set of nearest interfering links, I derive an instantaneous SINR

expression when each receiver performs ZF-SIC [152]. The idea of ZF-SIC

decoding is to successively cancel the effects of neighbor interference signals

before decoding the desired signal; thereby it provides both interference can-

cellation gain and a power gain in the SINR. Under the premise that receiver

k, for k ∈ K, measures the L nearest interferer channel vectors, i.e., {hk,k`},

for k` ∈ Nk = {k1, . . . , kL}, where L ≤ Nr − 1, it is able to construct a con-

catenated channel matrix Hk = [hk,k,hk,k1 , . . . ,hk,kL ] ∈ CNr×(1+L). Applying

the QR decomposition[153], the channel matrix Hk is a product of a unitary

217



matrix Qk ∈ CNr×Nr and an upper-triangular matrix Rk ∈ CNr×(1+L), namely,

Hk = QkRk, (6.5)

where [Rk]i,j = 0 for i > j. Applying Q∗k to the received signal vector in (6.1),

the resulting input-output relationship is

ỹk = Q∗kyk = Rksk +
∑

j∈K\{Nk∪k}
h̃k,jd

−α
2

k,j sj + z̃k, (6.6)

where sk =
[
d
−α

2
k,k sk, d

−α
2

k,k1
sk1 , . . . , d

−α
2

k,kL
skL

]T
, h̃k,j = Q∗khk,j, and z̃k = Q∗kzk.

Since Qk is a unitary matrix and the channel is IID complex Gaussian, the

distribution of h̃k,j (resp. z̃k) is the same as that of hk,j (resp. zk).

Assuming that successive interference cancellation is used, under the

premise that each receiver knows the modulation and coding methods of the

nearest interfering transmitters, all data streams sent by the L nearest inter-

ferers are decoded and can thus be subtracted from the first element of ỹk,

i.e., ỹk(1). After subtracting the nearby interferer contributions, I have the

following equivalent input-output relationship for decoding the sk data stream:

ỹk = h̃1,1d
−α

2
k,k sk +

∑

j∈K\{Nk∪k}
h̃k,jd

−α
2

k,j sj + z̃k, (6.7)

where ỹk = ỹk(1), h̃1,1 = Rk(1, 1), h̃k,j = h̃k,j(1), and z̃k = z̃k(1). Conse-

quently, the resulting instantaneous SINR of receiver k is given by

SINRsic
k =

H̃k,kd
−α
k,k

Ĩk + 1
SNR

, (6.8)
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where H̃k,j = |h̃k,j|2 is distributed as a Chi-squared random variable with 2Nr

degrees of freedom [153], SNR = P
σ2 , and Ĩk denotes the aggregated interference

power

Ĩk =
∑

j∈K\{Nk∪k}
H̃k,jd

−α
k,j , (6.9)

where H̃k,j = |h̃k,j|2 is an exponential random variable with mean one as shown

in [153].

Consequently, the sum of spectral efficiencies per unit area achieved by

the ZF-SIC is given by

Csic
Σ = λEo

[
log2

(
1 + SINRsic

k

)]
. (6.10)

The analysis for the sum of spectral efficiencies with this local CSIR will be

given in Section V.

It is worthwhile to mention that the sum spectral efficiencies in (6.4)

and (6.10) are the result of averaging over 1) all fading distributions depending

on the receiving strategies and 2) all realizations of the network topology under

the Poisson assumption.

In this chapter, I use the following asymptotic notation [158]. 1) f(λ) =

O(g(λ)) if f(λ) ≤ kg(λ) as λ tends to infinity for some constant k, 2) f(λ) =

Θ(g(λ)) if k1g(λ) ≤ f(λ) ≤ k2g(λ) as λ tends to infinity for some constants

k1 and k2, 3) f(λ) = Ω(g(λ)) if f(λ) ≥ kg(λ) as λ tends to infinity for some

constant k.
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6.3 Direct CSIR

In this section, I analyze the ergodic spectral efficiency and the scaling

behavior of the network described in Section II when the receiver only exploits

CSIR for the direct link. I first provide an exact characterization of the sum

spectral efficiency and then derive the scaling law.

6.3.1 Analytical Characterization

The analytical characterization relies on a lemma introduced in [154].

This Lemma provides in integral expression of the ergodic spectral efficiency

as a function of the Laplace transforms of both the desired signal power and

the aggregated interference power. For the sake of completeness, I reproduce

it below.

Lemma 6. Let X > 0 and Y > 0 be non-negative and independent random

variables. Then, for any a > 0,

E
[
ln

(
1 +

X

Y + a

)]
=

∫ ∞

0

e−az

z

(
1− E

[
e−zX

])
E
[
e−zY

]
dz. (6.11)

Proof. See [154].

Using Lemma 6, I present our main result for the ergodic spectral effi-

ciency in an integral form.
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Figure 6.3: The sum of spectral efficiencies achieved with direct CSIR when
|A| = π5002 (m2), α = 4, Rd = 50m, P = 20 (dBm), and σ2 = −104 (dBm).

Theorem 11. The sum of spectral efficiencies with direct CSIR is

Cmrc
Σ =

α

2 ln(2)

∫ Rd

1

∫ ∞

0

e
−(sinc( 2

α)u)
α
2

(λπ)
α
2 SNR

−u

u

∑Nr

n=1

(
Nr

n

)( sinc( 2
α)u

λπr2

)nα
2

(
1 +

(
sinc( 2

α)u
λπr2

)α
2

)Nr
du

2r

R2
d − 1

dr.

(6.12)

Proof. See Appendix 6.7.1.

The sum spectral efficiency depends on the relevant system parameters,

chiefly the density of links λ, the number of antennas at the receiver Nr,
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the path-loss exponent α, the communication range Rd, and the operating

SNR. This formula generalizes the expression given in [149] in the sense that

it incorporates both the randomness on the direct link’s distance and noise

effects, avoiding sophisticated differentiations of the Laplace transform of the

interference power. To back Theorem 11, I compare (6.12) with simulation

results in Fig. 6.3, when α = 4, SNR = 84 (dB), and Rd = 50 m. The

agreement is excellent for the various values of Nr considered and for the entire

range of λ of interest. As Nr increases, the sum of the spectral efficiencies

improves because the desired signal power is boosted by the array gain. In

particular, the gain is significant in the regime of low λ and saturates as the

density increases. This fact reveals that MRC is simple yet effective to improve

the sum spectral efficiency when the density of link is low. This is because, in

the low density regime, boosting the signal power while treating interference

as noise is asymptotically optimal [147].

To provide a more transparent interpretation of the expression in The-

orem 11, I consider the following examples.

Example 1: The simplest scenario is that where Nr = 1, α = 4, and

dk,k = d. In this case, in the interference limited regime, Theorem 11 gives

Cmrc
Σ =

2λ

ln(2)

{
sin

(
λπ2d2

2

)(
π

2
− Si

(
λπ2d2

2

))
− cos

(
λπ2d2

2

)
Ci

(
λπ2d2

2

)}
,

(6.13)

where Si(z) =
∫ z

0
sin(t)
t

dt and Ci(z) = −
∫∞
z

cos(t)
t

dt respectively represent the

cosine and the sine integral function. This analytical expression is useful to
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understand the interplay between the link distance and the density in the

capacity scaling law. For example, if I shrink the link distance d = 1√
λπ

, the

sum spectral efficiency boils down to

Cmrc
Σ =

2λ

ln(2)

(π
2
− Si

(π
2

))
' 0.5772λ. (6.14)

This example shows that it is possible to obtain a linear growth of the capacity

with the density, i.e., Θ(λ), provided the link distance scales down as d =

Θ
(

1√
λ

)
when Nr = 1.

Example 2: For the given link distance dk,k = d, in interference limited

networks, Theorem 11 simplifies further to a single integral form as

Cmrc
Σ =

λα

2 ln(2)

Nr∑

n=1

(
Nr

n

)∫ ∞

0

e−u

u

(
sinc( 2

α)u
λπd2

)nα
2

(
1 +

(
sinc( 2

α)u
λπd2

)α
2

)Nr
du. (6.15)

This expression provides a better understanding of the sum spectral efficiency

performance than the expression given in Theorem 11. For instance, it is

possible to observe that the sum spectral efficiency per link increases with the

number of receive antennas Nr.

Example 3: For a given set of network parameters, the MRC technique

that treats all interference as noise could be an optimal receiving strategy for

a certain fraction of all communication links. Since all communication links

experience the same SNR and interference-to-noise ratio (INR) distributions

under the PPP to compute its fraction, I compute the Palm probability that

a typical receiver satisfies the condition for being scheduled by the ITLinQ
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scheduling algorithm in [148]. In particular, to make this computation simple

yet capturing the interplay between the density and the number of receive

antennas, I use channel hardening assumptions [159], which essentially hold

when a large number of receive antennas is used.

Suppose that, when using MRC, the kth link obtains a deterministic

array gain Nr, and that the fading power from the interferer is a constant and

equals 1, for ` 6= k. Conditioned on dk,k = d, the probability that the typical

receiver satisfies the ITLinQ (destination) condition in [148] is,

P
[√

SNRk,k ≥ INRk,k1

]
= P

[√
NrP

dασ2
≥ P

dαk,k1
σ2

]

= P

[
dk,k1 ≥

(
P

σ2Nr

)1
2α

d
1
2

]

(a)
= P

[
Φ

(
B

(
0,

(
P

σ2Nr

)1
2α

d
1
2

)
= 0

)]

= exp

(
−λπ

(
P

σ2Nr

)1
α

d

)
, (6.16)

where (a) comes from the fact that the probability that the distance to the

nearest interferer is greater than x > 0 equals the probability that there is no

interferer in the ball with radius x. This expression shows the benefits of MRC.

For the given density, the probability that the optimality condition of treating

interference noise is satisfied increases as the number of antennas increases.

In an asymptotic sense, if I scale up the number of antennas with the density

in such a way that limλ→∞
λ

N
1
α
r

= 0, then applying MRC while treating all

interference signals as noise is the optimal strategy with high probability.

224



6.3.2 Scaling Law

Although general and exact, the expression given in Theorem 11 is

rather complicated, propelling the interest in more compact characterizations.

Still in full generality, in this section, I provide a lower and upper bound with

a closed-form to the sum spectral efficiency, which allows to prove the scaling

law. The lower and upper bounds are derived using both Lemma 6 and the

following lemma, which uses the first order moment measure of the signal

power and the interference power to establish the bounds.

Lemma 7. Let X > 0 and Y > 0 be independent non-negative random vari-

ables such that E[X] < ∞, E[ln(X)] < ∞, E
[

1
Y

]
< ∞, and E[Y ] < ∞.

Then,

log2

(
1 +

exp (E[ln(X)])

E [Y ]

)
≤ EX,Y

[
log2

(
1 +

X

Y

)]
≤ log2

(
1 + E[X]E

[
1

Y

])
.

(6.17)

Proof. See Appendix 6.7.2.

Leveraging Lemma 7, I provide the linear scaling law in networks with

direct CSIR in the following theorem.

Theorem 12 (Scaling law with direct CSIR). Assume that Nr = cλβ for some

c > 0 and β ≥ 0. Then, in the interference limited regime (σ2 = 0), the ergodic

spectral efficiency of a typical link scales with the density as follows:

Cmrc
Σ

λ
= Θ

(
log2

(
1 + λβ−

α
2

))
, (6.18)

as λ→∞.
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Proof. I begin with establishing a lower bound on Cmrc
Σ to prove that

Cmrc
Σ

λ
=

Ω
(
log2

(
1 + λβ−

α
2

))
. From Lemma 7, in the interference limited regime, the

sum spectral efficiency is lower bounded as follows:

λEHk,k,dk,k,Ik

[
log2

(
1 +

Hk,kd
−α
k,k

Ik + 1
SNR

)]
≥ λEdk,k,Ik

[
log2

(
1+

eE[ln(Hk,k)]

dαk,kIk

)]
.

(6.19)

Using the fact that Hk,k is a Chi-squared random variable with 2Nr degrees of

freedom, I obtain

E [ln(Hk,k)] = ln(2) + ψ

(
Nr

2

)
, (6.20)

where

ψ(n) = −γ +
n−1∑

q=1

1

q
, (6.21)

with γ =
∫∞

0
ln(x)e−xdx = 0.57721566 the Euler-Mascheroni’s constant. Using

the inequality eln(2)+ψ(Nr
2 ) ≥ Nr − 1 for all Nr > 1, I obtain

eE[ln(Hk,k)] ≥ Nr − 1. (6.22)

I now use Lemma 6 to obtain a lower bound. With Lemma 6, the lower bound

in (6.19) can be rewritten in an integral form as

λEdk,k,Ik

[
log2

(
1+

Nr − 1

dαk,kIk

)]
=

λ

ln(2)

∫ ∞

0

1

z

(
1− e−z(Nr−1)

)
Edk,k,Ik,k

[
e−zd

α
k,kIk

]
dz

(a)
=

λ

ln(2)

∫ ∞

0

1

z

(
1− e−z(Nr−1)

)
Edk,k


e
−

λπd2k,k

sinc( 2
α)

z
2
α


 dz

(b)

≥ λ

ln(2)

∫ ∞

0

1

z

(
1− e−z(Nr−1)

)
e
−
λπE[d2k,k]
sinc( 2

α)
z

2
α

dz
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(c)
=

αλ

2 ln(2)

∫ ∞

0

e−u

u



1− e

−(2sinc( 2
α))

α
2 Nr−1

(λπ(R2
d

+1))
α
2
u
α
2



 du

(d)

≥ λ

ln(2)

∫ ∞

0

e−u
α
2

u



1− e

−(2sinc( 2
α))

α
2 Nr−1

(λπ(R2
d

+1))
α
2
u
α
2



 du,

= λ
2

α
log2

(
1 +

(
2sinc

(
2

α

))α
2 Nr − 1

(λπ (R2
d + 1))

α
2

)
,

(6.23)

where (a) follows from the expression for the Laplace functional of the PPP,

(b) follows from Jensen’s inequality and E
[
d2
k,k

]
=

R2
d+1

2
, (c) comes from the

variable change in (6.69), and (d) follows from the fact that e−u ≥ 2
α
e−u

α
2 for

u ≥ 0 when α > 2. Using the assumption that Nr = cλβ, as λ goes to infinity

for the given Rd, I obtain

lim
λ→∞

Cmrc
Σ

λ
≥ 2

α
log2

(
1 +

(
2sinc

(
2
α

))α
2

(π (R2
d + 1))

α
2

cλβ−
α
2

)
, (6.24)

with c > 0.

Next, I derive an upper bound on Cmrc
Σ to show

Cmrc
Σ

λ
= O

(
log2

(
1 + λβ−

α
2

))
.

From Lemma 7, in the interference limited regime, the sum spectral efficiency

is upper bounded as follows:

λEHk,k,dk,k,Ik

[
log2

(
1 +

Hk,kd
−α
k,k

Ik

)]
≤ λ log2

(
1+ E

[
d−αk,k
]
E[Hk,k]E

[
1

Ik

])

= λ log2

(
1+

2
(
1−R2−α

d

)

(α− 2) (R2
d − 1)

NrE
[

1

Ik

])
,

(6.25)

where the last equality is due to the facts that E[Hk,k] = Nr and E
[
d−αk,k
]

=

2(1−R2−α
d )

(α−2)(R2
d−1)

. To this end, I only need to compute a negative moment of the
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aggregated interference power. The negative moment is computed as follows:

E
[

1

Ik

]
(a)
=

∫ ∞

0

E
[
e−uIk

]
du

=

∫ ∞

0

e
− λπ

sinc( 2
α)

u
2
α

du

=
Γ
(
1 + α

2

)
sinc

(
2
α

)α
2

(λπ)
α
2

, (6.26)

where (a) follows from the relation E
[

1
X

]
= E

[∫∞
0
e−sXds

]
for any positive

random variable X. Invoking (6.26) into (6.25), the upper bound is given as

follows:

λ log2

(
1+

2
(
1−R2−α

d

)

(α− 2) (R2
d − 1)

NrE
[

1

Ik

])

≤ λ log2

(
1+

2
(
1−R2−α

d

)
Γ
(
1+ α

2

)
sinc

(
2
α

)α
2

(α− 2) (R2
d − 1)

Nr

(λπ)
α
2

)

= λ log2

(
1+

2 (Rα
d−R2

d) Γ
(
1+ α

2

)
sinc

(
2
α

)α
2

(α− 2) (R2
d − 1)

Nr

(λπR2
d)

α
2

)
. (6.27)

As a result, since Nr = cλβ,

lim
λ→∞

Cmrc
Σ

λ
≤ log2

(
1+

2 (Rα
d−R2

d) Γ
(
1 + α

2

)
sinc

(
2
α

)α
2

(α− 2) (R2
d − 1) (πR2

d)
α
2

cλβ−
α
2

)
, (6.28)

with c > 0. This completes the proof.

This scaling result implies that there exists a critical scaling of the

number of receiver antennas to obtain a linear growth of Cmrc
Σ , namely, Cmrc

Σ =

Θ(λ). To obtain a linear growth of Cmrc
Σ as the node density λ increases, the

number of receive antennas should be super-linearly scaled up with the density
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like λ
α
2 . This result backs the intuition that the receiver should boost the

desired signal power more rapidly than the density to keep a constant SIR

when MRC is applied. Meanwhile, for any β with β < α
2
, the sum spectral

efficiency asymptotically approaches zero because the SIR keeps decreasing as

the density increases. If I scale up the number of receive antennas like Nr = λβ

where β > α
2
, then the sum spectral efficiency increases super-linearly with the

density, i.e., like Θ(λ(β − α
2
) log(λ)).

One potential concern for this scaling result with the density is that

the farfield assumption on the path loss model eventually does not hold as the

density goes to infinity. This concern can be resolved by equivalently inter-

preting our scaling result in terms of the average number of interferers in the

communication area, i.e., λπ(R2
d − 1). When the density is small enough to

guarantee the farfield assumption with probability one (e.g., λ = 0.00005), it

is possible to increase the communication range Rd asymptotically, i.e., the

average number of interferers goes to infinity. Then, to maintain the constant

transmission rate as the average number of interferers increases, the number

of receive antennas should be super-linearly scaled up with the average num-

ber of interfering transmitters, λπR2
d in a particular way, i.e., Nr = (λπR2

d)
α
2 .

Although this interpretation could be helpful to understand the merits of us-

ing multiple receive antennas in an engineering sense, I shall characterize the

capacity scaling of the network in terms of the density for the mathematical

connivence in the rest of this chapter.

Example 4: When the number of receive antennas does not scale with
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the density, i.e., β = 0, the scaling law per link boils down to Θ
(

log2

(
1 + 1

λ
α
2

))
'

Θ
(
λ−

α
2

)
. This implies that the typical user’s transmission rate goes down

super-linearly with the density, and the lesser path-loss exponent causes the

more transmission rate degradation. It is worthwhile to mention that this

scaling result is more pessimistic than the well-known ad hoc capacity scaling

law, Θ
(

1√
λ

)
, in [41]. The discrepancy inherently follows from the different

assumptions used in the two network models. In our model, the link associa-

tion is fixed, and there is a non-zero probability that the nearest interferer’s

location can be arbitrary close to the typical link’s receiver. Whereas, in the

ad hoc network model [41], the source and destination paris are randomly de-

termined, and the transmission rate per link does not depend on the density

due to the interference guard region, when the nearest neighbor routing algo-

rithm is applied. In the ad hoc model [41], instead of the transmission rate

per link, the capacity scaling is crucially determined by the number of hops in

a typical communication pair that is of order Θ
(

1√
λ

)
. Whereas, in our model,

the capacity scaling is decided by the transmission rate per link due to the

single-hop communication constraint.

Example 5: When α = 4 and dk,k = d, in the interference limited

regime, the proofs of Theorems 11 and 12 show that the sum spectral efficiency

can be approximated as

Cmrc
Σ ' 2λ

ln(2)

{
sin

(
λπ2d2

2
√
Nr

)(
π

2
− Si

(
λπ2d2

2
√
Nr

))
− cos

(
λπ2d2

2
√
Nr

)
Ci

(
λπ2d2

2
√
Nr

)}
.

(6.29)

As shown in Theorem 12, if I scale up the number of receive antennas with
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the density as Nr = (λπd2)2, the sum spectral efficiency is simply given by

Cmrc
Σ ' 2λ

ln(2)

(π
2
− Si

(π
2

))
' 0.5772λ. (6.30)

Note that this is the same expression shown in Example 1. Therefore, the role

of MRC can be interpreted as virtually reducing the link distance by boosting

the direct channel gain.

Example 6: In the network, one interesting question would be to

determine the link density λ for a given set of system parameters, which max-

imizes the sum of spectral efficiencies. For this, one can leverage the lower

bound on the sum spectral efficiency in (6.23) to find the optimal density

λ? that maximizes the lower bound on the sum spectral efficiency. This is

obtained as the solution of the optimization

λ? = arg max
λ

λ log2

(
1 +

(
2sinc

(
2

α

))α
2 Nr − 1

(λπ(1 +R2
d))

α
2

)
. (6.31)

In the high SIR regime, i.e., log2(1 + x) ' log2(x), the optimal link density is

λ? =
2sinc

(
2
α

)
(Nr − 1)

2
α

π(1 +R2
d)

. (6.32)

This simple relationship confirms the intuition that, with MRC, the maximum

link density (spatial packing performance) increases sub-linearly with respect

to the number of receive antennas.

6.4 Spectral Efficiency with Local CSIR

In this section, I analyze the sum spectral efficiency of networks using

a successive interference cancellation method with local CSIR.
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6.4.1 Analytical Characterization

I first present an analytical expression of the sum spectral efficiency

with local CSIR in the following theorem.

Theorem 13. The achievable sum spectral efficiency with local CSIR on the

L dominant interferers is

Csic
Σ =

λ

ln(2)

∫ Rd

1

∫ ∞

0

[
1− 1

(1+zx−α)Nr

]
LĨk

(L; z)

z exp
(

z
SNR

) dz
x

R2
d − 1

dx, (6.33)

where

LĨk
(L; z) =

∫ ∞

0

e
−πλ

∫∞
r2

1

1+z−1u
α
2

du2(λπr2)L

rΓ(L)
e−λπr

2

dr. (6.34)

Proof. See Appendix 6.7.3.

The main difference with the expression in Theorem 11 is the Laplace

transform of the aggregated interference power, which reflects the effect of in-

terference cancellation by ZF-SIC. To provide more intuition on the expression

in Theorem 13, it is instructive to consider an example.

Example 7: When α = 4, I have a closed form expression for the

Laplace transform of Ĩk in terms of a Bessel function. Conditioning on the

fact that the Lth nearest interferer’s distance is equal to r, dk,kL = r, this

Laplace transform is lower bounded as

L̃Ĩk
(L; z)= E

[
e−zĨk | {dk,kL =r}

]

≥ exp
(
−zE[Ĩk | {dk,kL =r]

)
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= exp

(
−zλπ

r2

)
, (6.35)

where the inequality follows from Jensen’s inequality and the last equality is

due to Campbell’s theorem. By unconditioning (6.35) with respect to r, I

obtain

LĨk
(L; z) ≥

∫ ∞

0

exp

(
−zλπ

r2

)
exp

(
−λπr2

) 2(λπr2)L

rΓ(L)
dr

=
2(λπ)LzL/2

Γ(L)
BL

(
2λπ
√
z
)
, (6.36)

where BL(x) denotes the modified Bessel function of the first kind. By replac-

ing (6.34) into (6.36), I have

Csic
Σ ≥ λ

∫ Rd

1

∫ ∞

0

[
1− 1

(1+zx−4)Nr

]
2(λπ)LzL/2

Γ(L)
BL (2λπ

√
z)

z exp
(

z
SNR

) dz
x

R2
d − 1

dx. (6.37)

Since this expression involves fewer integrals, it is easier to compute. Further, I

observe that, given dk,k = x, the sum spectral efficiency improves as L increases

since 2(λπ)LzL/2

Γ(L)
BL (2λπ

√
z) is an increasing function with respect to L. This

confirms the intuition that interference cancellation improves the sum spectral

efficiency.

Fig. 6.4 shows a comparison of the sum spectral efficiency achieved

by ZF-SIC when α = 4 and Rd = 50m. The match between analytically

and numerically obtained sum spectral efficiencies is excellent. Further, the

simple lower bound expression given in (6.36) becomes tight as the number of

antennas increases.
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Figure 6.4: The sum of spectral efficiency achieved with local CSIR when
|A| = π5002 (m2), α = 4, Rd = 50m, P = 20 (dBm), and σ2 = −104 (dBm).
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6.4.2 Scaling Law

By simplifying the exact expression in Theorem 13, I derive the scaling

law of the network with local CSIR.

Theorem 14 (Scaling law with local CSIR). Assume that Nr = cλβ for some

c > 0 and β ≥ 0. Then, in interference limited networks, the spectral efficiency

of the typical link scales as

Csic
Σ

λ
= Θ

(
log2

(
1 + λ

α
2

(β−1)
))
, (6.38)

as λ→∞.

Proof. I begin with the proof of
Csic

Σ

λ
= Ω

(
log2

(
1 + λ

α
2

(β−1)
))

by deriving a

lower bound with a closed from. Applying Lemma 7, I obtain the following

lower bound on the sum spectral efficiency achieved by ZF-SIC:

λE

[
log2

(
1 +

H̃k,k

dαk,kĨk

)]
≥ λ log2


1+

eE[ln(H̃k,k)]

2
(2+α)

Rα
dE
[
Ĩk

]


 , (6.39)

where I use the fact that E
[
dαk,k
]

=
2(Rα+2

d −1)
(α−2)(R2

d−1)
≤ 2

2+α
Rα

d . Furthermore, from

(6.63), I know

eE[ln(H̃k,k)] = eln(2)+ψ(Nr
2 ). (6.40)

Next, I need to compute the expectation of Ĩk. Conditioned on dk,kL = r, the

aggregated interference power from the disk with radius r is

E
[
Ĩk | {dk,kL = r}

]
=

2πλ

α− 2
r2−α. (6.41)
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Unconditioning with respect to the distance distribution of dk,kL given in [155],

I obtain the averaged interference power as

E[Ĩk] = ErE
[
Ĩk | {dk,kL = r}

]

=
2πλ

α− 2

∫ ∞

0

r2−α exp
(
−2πλr2

) 2(2πλr2)L

rΓ(L)
dr

=
(2πλ)

α
2 Γ(1− α

2
+ L)

(α− 2)Γ(L)
. (6.42)

Plugging (6.40) and (6.42) into (6.39), I have the lower bound

Csic
Σ ≥ λ log2


1+

e[ln(2)+ψ(Nr)]

2
2+α

Rα
d

(2πλ)
α
2 Γ(1−α

2
+L)

(α−2)Γ(L)


 . (6.43)

Since eln(2)+ψ(Nr) ≥ Nr − 1, I can rewrite the lower bound as follows:

Csic
Σ ≥ λ log2


1+

1

2
α
2 +1

(α−2)(α+2)

(Nr − 1)Γ(L)

(λπR2
d)
α
2 Γ(1− α

2
+ L)


 . (6.44)

To reach the scaling law, I use the following inequality in [162]

Γ(L)

Γ
(
1− α

2
+ L

) ≥
(
L− α

2

)α
2
−1

, (6.45)

for L ≥ 1 and α ≥ 2. Since the receiver is able to cancel the L = Nr − 1

nearest interferers, using the inequality, the lower bound is given by

Csic
Σ ≥ λ log2


1+

1

2
α
2 +1

(α−2)(α+2)

(Nr − 1)
(
Nr − 1− α

2

)α
2
−1

(λπRd)
α
2




= λ log2


1 +

1

2
α
2 +1

(α−2)(α+2)

(λβπR2
d − 1)

(
λβπR2

d − 1− α
2

)α
2
−1

(λπRd)
α
2


 , (6.46)
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where the last equality comes from the assumption that the number of anten-

nas can be scaled with the density up to linearly Nr = cλβ. As the density

goes to infinity,

lim
λ→∞

Csic
Σ

λ
= Ω(log2(1 + λ

α
2

(β−1))). (6.47)

Now, let us prove
Csic

Σ

λ
= O

(
log2

(
1 + λ

α
2

(β−1)
))

by deriving an upper

bound with a closed from. Applying Lemma 7, in the interference limited

regime, an upper bound on the sum spectral efficiency is given by

Csic
Σ ≤ λEdk,k log2

(
1 +

2
(
1−R2−α

d

)

(α− 2)(R2
d − 1)

NrE
[

1

Ĩk

])
, (6.48)

where I used the facts that H̃k,k, dk,k, and Ĩk are independent and E[H̃k,k] = Nr

and E
[
d−αk,k
]

=
2(1−R2−α

d )
(α−2)(R2

d−1)
. Thus, I need to compute a negative moment of Ĩk.

Using the fact that E
[

1
X

]
=
∫∞

0
E[e−sX ]ds, the negative moment is

E
[

1

Ĩk

]
=

∫ ∞

0

E
[
e−sĨk

]
ds

(a)
=

∫ ∞

0

Er
[
e
−λπ

∫∞
r2

1

1+s−1u
α
2

du
]

ds

= Er
[∫ ∞

0

e−λπ
2

α−2
r2sr−α2F1(1,1− 2

α
,2− 2

α
;sr−α)ds

]

(b)
= Er

[∫ ∞

0

rαe−λπ
2

α−2
vr2

2F1(1,1− 2
α
,2− 2

α
;−v)dv

]

=

∫ ∞

0

Er
[
rαe−λπ

2
α−2

vr2
2F1(1,1− 2

α
,2− 2

α
;−v)
]

dv

(c)
=

1

(2πλ)
α
2

Γ
(
Nr − 1 + α

2

)

Γ(Nr − 1)

∫ ∞

0

1
[
1 +

2v 2F1(1,1− 2
α
,2− 2

α
;−v)

α−2

]α
2

+Nr−1
dv,

(6.49)
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where (a) follows from the probability generating functional of the PPP, (b)

is due to the variable change v = sr−α and 2F1(·) denotes the Gauss hyperge-

ometric function, (c) follows from the distance distribution of the (Nr − 1)th

nearest interferer from the kth receiver, given in [155]. Using the following

inequalities:

∫ ∞

0

1
[
1 +

2v 2F1(1,1− 2
α
,2− 2

α
;−v)

α−2

]α
2

+Nr−1
dv =

∫ ∞

0

1
[
1 + v

2
α

∫∞
v−

2
α

1

1+u
α
2

du
]α

2
+Nr−1

dv

≤
∫ ∞

0

1
[
1 + v

2
α

]α
2

+Nr−1
dv

≤
∫ ∞

1

1

(v
2
α )

α
2

+Nr−1
dv, (6.50)

for α > 2 and Nr > 1, I get the upper bound on the negative moment as

follows:

E
[

1

Ĩk

]
≤ 1

(2πλ)
α
2

Γ
(
Nr − 1 + α

2

)

Γ(Nr − 1)

∫ ∞

1

1

(v
2
α )

α
2

+Nr−1
dv

=
1

(2πλ)
α
2

Γ
(
Nr − 1 + α

2

)

Γ(Nr − 1)

α

2(Nr − 1)
. (6.51)

Plugging (6.51) into (6.48), from the fact that
Γ(Nr−1+α

2 )
Γ(Nr−1)

≤ (Nr − 1)
α
2 I get

the upper bound

Csic
Σ ≤ λ log2

(
1 +

α

2
α
2

+1

(Nr − 1)
α
2

(πλ)
α
2

Nr

Nr − 1

2
(
1−R2−α

d

)

(α− 2)(R2
d − 1)

)
. (6.52)

Assuming that Nr = cλβ, as the density goes to infinity, I get

Csic
Σ

λ
= O

(
log2

(
1 + λ

α
2

(β−1)
))
, (6.53)
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as λ→∞. This completes the proof.

This scaling law is remarkable in that the sum spectral efficiency im-

proves linearly with the density even if the number of receive antennas scales

up linearly with the density. This indicates that the linear capacity scaling

law is achievable with less receive antennas than MRC. Furthermore, when

the number of antenna increases like λβ for β > 1, the sum spectral efficiency

increases super-linearly with the density with a multiplicative gain of α
2
(β−1),

which is proportional to the path loss exponent α. This multiplicative gain in

the capacity scaling comes from the performance improvements by the dom-

inant interference cancellation. These observations advocate that, without

transmit cooperation, near-capacity-achieving point-to-point coding is able to

provide significant performance gain by an appropriate combination of strong

interference cancellation and treating weak interference as noise. A similar ob-

servation was also made in single antenna ad hoc systems using simultaneous

decoding of strong interfering signals at receivers [156].

It is also worth to note that the scaling law attained by ZF-SIC can be

obtained with a constant rate loss when partial zero-forcing (PZF) in [53] is

applied. For example, when α = 4, I choose the number of interferers being

cancelled to be Nr

2
while boosting the desired signal power using the remaining

antenna degrees of freedom Nr

2
. This case can equivalently be interpreted to

the case where receivers apply ZF-SIC with Nr

2
receive antennas.
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6.5 Effects of Antenna Correlation and Bounded Pathloss
Function

In this section, I analyze the impact of receive antenna correlation and

bounded path loss function on the sum of spectral efficiencies and its scaling

behavior when the receiver is aware of direct CSIR.

6.5.1 Antenna Correlation Effect

6.5.1.1 Correlation Model

To incorporate the effect of correlation, I model the channel vector hk,`

as

hk,` = C
1
2 h̃k,`, (6.54)

where C ∈ RNr×Nr denotes a receive antenna correlation matrix, which is

assumed to have the positive ordered eigenvalues {µ1, . . . , µr}, µn ≥ µm for

n < m i.e., rank(C) = r with r ≤ Nr. Further, the entries of h̃k,` are IID

complex Gaussian random variables, each with zero mean and unit variance.

The eigenvalues can be different depending on the antenna structure. For

example, it has been shown experimentally that the spatial correlation matrix

of a uniform linear array antenna is well represented by the exponential model

introduced in [161]. For mathematical convenience, I assume that C is fixed

and compute the ergodic rate with respect to the fadings. This assumption

is valid because the second-order statistics of C change slowly relative to the

fadings in time.
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The following lemma quantifies us how the antenna correlation changes

the effective fading distributions in both the direct and the interfering links.

Lemma 8. [Fading distributions with antenna correlation] For the antenna

correlation matrix C, the fading distribution of Hk,k = |wH
k hk,k|2 is the sum of

independent exponential random variables with means {µ1, . . . , µr}. Further,

the fading distribution for the interfering link, Hk,` = |wH
k hk,`|2 for k 6= `

satisfies:

P [Hk,` > x] ≤ exp

(
− x

µ1

)
. (6.55)

Proof. See Appendix 6.7.4

6.5.1.2 A Lower Bound

Leveraging Lemma 8, I now derive a lower bound on the sum spectral

efficiency. The corresponding upper bound is obtained when the antennas are

uncorrelated, which is given in Theorem 11.

Theorem 15. Assume that the correlation matrix C ∈ RNr×Nr has non-zero

eigenvalues {µ1, . . . , µrk(C)} where rk(C) ≤ Nr. The sum spectral efficiency

with direct CSIR is lower bounded by

Cmrc
Σ ≥ λ

∫ Rd

1

∫ ∞

0

(
1−∏rk(C)

n=1
1

1+µnzx−α

)
e
− µ

2
α
1 λπ

sinc( 2
α)

z
2
α

z exp
(

z
SNR

) dz
2x

R2
d − 1

dx. (6.56)

Proof. The proof is direct from the proof of Theorem 11 and 12, replacing

the Laplace transforms of Hk,k and Hk,` considering the antenna correlation,
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which are distributed per Lemma 8.

This shows that the eigenvalues of the antenna correlation matrix affect

the ergodic spectral efficiency by changing both the desired signal power and

the aggregated interference power. As a special case, by setting µn = 1 for n ∈

{1, . . . , Nr}, I then recover the exact expression of the sum spectral efficiency

given in Theorem 11. It is interesting to observe that the performance degrades

as the condition number of the correlation matrix, κ(C) = µ1

µr
, becomes larger.

This implies that the sum spectral efficiency decreases in highly correlated

antenna structures.

Fig. 6.5 illustrates the sum spectral efficiency when Nr = 4 according

to different antenna correlation parameters. Using the exponential antenna

correlation model in [161], I define a correlation matrix C as

C =




1 ρ ρ2 ρ3

ρ 1 ρ ρ2

ρ2 ρ 1 ρ
ρ3 ρ2 ρ 1


 , (6.57)

where ρ denotes a correlation parameter between two adjacent receive anten-

nas. As shown in Fig. 6.5, the sum spectral efficiency decreases as the antenna

correlation value increases. It is notable that in the lower density regime, the

sum spectral efficiency degradation due to antenna correlation is negligible.

Whereas, in the denser density regime, the antenna correlation deteriorates

the performance.
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Figure 6.5: The sum of spectral efficiencies achieved with direct CSIR when
atenna correlation is present for |A| = π5002, α = 4, Rd = 50m, and SNR =
4.99513× 109.

243



6.5.1.3 Scaling Law

I derive a lower bound on scaling law when direct CSIR is known,

considering the antenna correlation effects.

Corollary 9 (Scaling law with antenna correlation). Assume that rk(C) = cλβ

for some c > 0. The ergodic spectral efficiency of a typical link asymptotically

scales as follows:

Cmrc
Σ

λ
= Θ

(
log2

(
1 + λβ−

α
2

))
, (6.58)

as λ→∞.

Proof. The proof uses arguments similar to those of the proof of Theorem 7.

Since the interference power is changed by a constant factor µ1, it does not

affect the scaling law. The difference is in the computation of E [ln (Hk,k)] when

taking the antenna correlation effect into account. Since Hk,k is a weighted sum

of exponential random variables, I can define Hk,k =
∑rk(C)

n=1 µnXn where Xn

is an IID exponential random variable with mean one. With this, I compute

a lower bound on E [ln (Hk,k)] as

E [ln (Hk,k)] = E


ln




rk(C)∑

n=1

µnXn






(a)

≥ E


ln





rk (C)




rk(C)∏

n=1

µnXn




1
rk(C)








= ln(rk (C)) +
1

rk (C)

rk(C)∑

n=1

{ln(µn) + E [ln(Xn)]}
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(b)
= ln(rk (C)) +

1

rk (C)

rk(C)∑

n=1

ln(µn)− γ, (6.59)

where (a) follows from the arithmetic geometric mean inequality and (b) fol-

lows from the fact that Xn is Chi-squared distributed with degrees of freedom

two and the definition of the Euler-Mascheroni’s constant γ. With this, for

the given Ik, a lower bound on the sum spectral efficiency is given by

E
[
log2

(
1 +

Hk,k

Ik

)]
≥ log2

(
1 +

eE[ln(Hk,k)]

Ik

)

= λ log2

(
1 + e−γe

∑rk(C)
n=1 ln(µn)

rk(C)
rk (C)

Ik

)
. (6.60)

Using the same argument as in the proof of Theorem 12, it is possible to show

that the lower bound in (6.60) scales as limλ→∞
Cmrc

Σ

λ
= Ω

(
log2

(
1 + λβ−

α
2

))
.

Since the upper bound corresponds to the case of no antenna correlation shown

in Theorem 12, I complete the proof of Corollary 9.

Corollary 9 demonstrates that antenna correlation does not affect the

scaling law of the network if the correlation matrix has a full rank. Neverthe-

less, the antenna correlation decreases the SIR by the factor of e

∑rk(C)
n=1 ln(µn)

rk(C)
−γ

compared to the uncorrelated case as observed in Fig. 6.5.

6.5.2 Effect of the Path Loss Function

Up to this point, I have characterized the scaling law by using the path

loss function ‖x‖−α. In this section, I analyze the impact on the achievable

scaling law of using the bounded path loss function (min {1, ‖x‖−α}). Unlike
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the path loss function used in the previous sections, this bounded path loss

function ensures that the mean power of the aggregated interference is finite.

Using this bounded path loss function, I provide the scaling law in networks

with direct CSIR in the following corollary.

Corollary 10. In the interference limited regime, if Nr = cλβ with c > 0,

then

Cmrc
Σ

λ
= Ω

(
log2

(
1 + λβ−

α
2

))
, (6.61)

as λ→∞.

Proof. From Lemma 7, the sum spectral efficiency is upper bounded as follows:

λEHk,k,dk,k,Ik

[
log2

(
1 +

Hk,kd
−α
k,k

Ik

)]
≥ λ log2

(
1+

eE[ln(Hk,k)]−αE[ln(dk,k)]

E [Ik]

)
.

(6.62)

Using the facts that Hk,k is a Chi-squared random variable with 2Nr degrees

of freedom, dk,k is uniformly distributed in a disk with radius Rd, and they are

mutually independent, I obtain the following inequality:

eE[ln(Hk,k)]−αE[ln(dk,k)] ≥ (Nr − 1)e
α

2R2
d

−α
2 . (6.63)

Next, I compute the mean of the interference power. Since I consider

a non-singular path loss model, the expectation of the aggregated interfer-

ence power is bounded. Applying Campbell’s theorem [45], the mean of the

aggregated interference power is given by

E [Ik] = E


 ∑

dk,kj∈Φ

Hk,kj min
{

1, d−αk,kj

}
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= λ2πE[Hk,kj ]

[∫ 1

0

rdr +

∫ ∞

1

r−αrdr

]

= 2πλ

(
1

2
+

1

α− 2

)
. (6.64)

Invoking (6.63) and (6.64) into (6.62), I finally obtain the lower bound

Cmrc
Σ ≥ λ log2


1+

(Nr − 1)e
α

2R2
d

−α
2

2πλ
(

1
2

+ 1
α−2

)


 . (6.65)

Since I assumed Nr = λβ, as the density goes to infinity, I get

lim
λ→∞

Cmrc
Σ

λ
≥ log2


1+

e
α

2R2
d

−α
2

2π
(

1
2

+ 1
α−2

)λβ−1


 , (6.66)

which completes the proof.

This corollary contrasts with the capacity scaling result given in Theo-

rem 11. In Theorem 11, I showed that the number of receive antennas should

increase super-linearly with the density to maintain the linear scaling law with

the direct CSIR. Corollary 10, however, shows that the linear scaling of the

sum spectral efficiency is possible with knowledge of CSIR for the direct links,

whenever the number of receive antennas scales linearly with the density of

links. These different results show that the network performance strongly de-

pends on the chosen path-loss function. A similar observation was reported

in recent work [163] where multi-slope path loss functions change the cover-

age probability as a function of the base station density in cellular downlink

networks.
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6.6 Conclusion

I considered a network with multiple receive antennas and explored the

benefits of exploiting multiple antennas in terms of the sum spectral efficiency.

Under two different CSIR assumptions, I derived exact analytical expressions

and scaling laws by deriving closed from upper and lower bounds on the sum

spectral efficiency. One major implication from our results is that the sum

spectral efficiency improves linearly with the density of links when the number

of antennas scales with the density in a particular super-linear way. This

super linear growth conclusion holds under the assumption of a power law

attenuation. For the bounded attenuation, the super linear growth can be

replaced by a linear one. When local CSIR is exploited, the sum spectral

efficiency improves linearly with the multiplicative factor given by the path

loss when the number of receive antenna scales with the density in a linear

way. Further, I verified that for correlated channels, a linear scaling is still

achievable with direct CSIR as long as the rank of a spatial correlation matrix

scales super-linearly with the density. These results show that using multiple

antennas is useful in controlling interference in a distributed way; thereby

providing significant gains in the network scaling.

An interesting direction for future study would be to explore the effects

of having multiple antennas at transmitters. For example, the transmit array

can be used for maximum ratio transmission or to apply nulls to nearby inter-

ferers [150]. Further, by combining interference-aware scheduling algorithms,

it would also be interesting to characterize the achievable rate when multiple
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antennas are used in by transmitters and receivers. Another interesting direc-

tion is to extend the results to cellular networks by changing the direct link

distance distribution and interference guard regions appropriately. It would

also be interesting to consider millimeter wave operation where channel block-

ages are important and antenna arrays are used only for beamforming [164].

6.7 Appendix

6.7.1 Proof of Theorem 11

Conditioning by dk,k = d, leveraging Lemma 6, the sum spectral effi-

ciency of the kth link can be written in the following integral form:

E

[
log2

(
1 +

Hk,k

dαIk + dα

SNR

)
| dk,k, = d

]

=
1

ln(2)

∫ ∞

0

e−
dα

SNR
z

z

(
1− E

[
e−zHk,k

])
E
[
e−zd

αIk
]

dz, (6.67)

where the expectations are taken over Hk,k and Ik. The Laplace transform of

the aggregated interference power Ik evaluated at dαz is computed as

E
[
e−zd

αIk
]

= E
[
e
−zdα∑∞=̀1Hk,k`d

−α
k,k`

]

(a)
= E


 ∏

dk,k`∈Φ

e
−zdαHk,k`d

−α
k,k`
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(

2
α

)z 2
α

)
, (6.68)
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where (a) follows from the independence of dk,k` and Hk,kj , (b) holds because

Hk,k` is exponentially distributed with unit mean ∀`, (c) follows from the prob-

ability generating functional of the PPP and the definition of the sinc function.

Plugging (6.68) into (6.67), I obtain the conditional spectral efficiency of the

kth link as
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where (a) follows from the variable change:

u =
λπd2

sinc
(

2
α

)z 2
α , (6.70)

(b) is due to the fact that Hk,k is distributed like a Chi-squared with 2Nr

degrees of freedom, and (c) follows from the binomial expansion. Using the

250



distribution of dk,k, which is uniformly distributed in the area of annulus with

inner radius 1 and outer radius Rd, I obtain

E

[
log2
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−α
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2r

R2
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(6.71)

This completes the proof.

6.7.2 Proof of Lemma 7

Proof. The proof relies on Jensen’s inequality. I first focus on the lower bound.

Using the facts that X and Y are independent and log2

(
1 + a

Y

)
for all a > 0

is a convex function with respect to Y , I obtain a lower bound as

EX,Y
[
log2

(
1 +

X

Y

)]
≥ EX

[
log2

(
1 +

X

E[Y ]

)]
. (6.72)

Since log2

(
1 + beX

)
is a convex function with respect to X for b > 0, I apply

Jensen’s inequality again, which yields

EX,Y
[
log2

(
1 +

X

Y

)]
≥ log2

(
1 +

exp (E[ln(X)])

E[Y ]

)
. (6.73)

This completes the proof of the lower bound.

Next, I prove the upper bound. Since log2(1+aX) is a concave function

with respect to X > 0 for all a > 0, I obtain the upper bound

EX,Y
[
log2

(
1 +

X

Y

)]
≤ log2

(
1 + E[X]E

[
1

Y

])
, (6.74)
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which completes the proof.

6.7.3 Proof of Theorem 13

I prove Theorem 13 by leveraging Lemma 6. From Lemma 6, condi-

tioned dk,k = d, I rewrite the sum spectral efficiency in terms of the Laplace

transforms of H̃k,k and Ĩk as

E

[
log2

(
1+

H̃k,kd
−α

Ĩk + 1
SNR

)
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]
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1

ln(2)
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[
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−α
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]
dz.

(6.75)

Since the Laplace transform of H̃k,k is

E
[
e−zH̃k,kd

−α | {dk,k=d}
]

=
1

(1 + dαz)Nr
, (6.76)

I only need to compute the Laplace transform of Ĩk for the given L, which

yields,

LĨk
(L; z) = E

[
e
−z∑∞j=L+1Hk,kj d

−α
k,kj

]
. (6.77)

Conditioning on the fact that the Lth nearest interferer’s distance is equal to

r, i.e., dk,kL=r, the Laplace transform is computed as

L̃Ĩk
(L; z)= E

[
e
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−α
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= exp

(
−πλ

∫ ∞
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1

1 + z−1u
α
2
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)
. (6.78)

By unconditioning (6.78) with respect to r using the distribution in [155], I

obtain the Laplace transform of the aggregate interference power as
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(L; z) = Edk,kL

[
L̃Ĩk
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=
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e
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dr. (6.79)

Invoking (6.77) and (6.79) into (6.75), the conditional spectral efficiency of the

kth link can be rewritten as

E

[
log2
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SNR

)
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]

=
1

ln(2)

∫ ∞
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Using the fact that dk,k is uniformly distributed in a disk with radius Rd, i.e.,

fdk,k(x) = 2x
R2

d
for 1 ≤ x ≤ Rd, I finally obtain the result in Theorem 13, which

completes the proof.

6.7.4 Proof Lemma 8

Proof. When the kth receiver employs the MRC strategy w∗k =
hk,k
‖h∗k,k‖2

, the

effective channel gain can be written as

Hk,k = ‖w∗khk,k‖2
2

=
|h̃∗k,kC1/2C1/2h̃k,k|2

‖C1/2h̃k,k‖2
2

= h̃∗k,kCh̃k,k. (6.81)
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Using the egienvalue decomposition of C, which gives C = UΛU∗, (6.81) can

be rewritten as

Hk,k = h̃∗k,kUΛUh̃k,k

= h̄∗k,kΛh̄k,k

=
r∑

n=1

µn|h̄k,k(n)|2, (6.82)

where the second equality follows from the definition of h̄k,k = Uh̃k,k. Since

a unitary transform does not change the distribution of elements, the nth

element of h̄k,k, h̄k,k(n), is also CN(0, 1). The last equality follows from the

fact that Λ is a diagonal matrix with the entries {µ1, . . . , µr}. As a result,

Hk,k is distributed as the sum of exponential random variables with means

{µ1, . . . , µr}.

Next, I characterize a simple upper bound on the distribution of Hk,`.

With the MRC decoding strategy, the fading power for the interfering link

Hk,` is

Hk,` = ‖w∗khk,`‖2
2

=
|h̃∗k,kC

1
2 C

1
2 h̃k,`|2

‖C 1
2 h̃k,k‖2

2

=
|h̄∗k,kΛh̄k,`|2
h̄∗k,kΛh̄k,k

, (6.83)

where the last equality follows from the change of basis h̄k,k = Uh̃k,k and the

distribution invariance of the unitary transformation. By selecting h̄k,k as the

unit norm vectors [1 0 · · · 0]T , this fading power is upper bounded as

Hk,` ≤ µ1|h̄k,`(1)|2. (6.84)
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Since |h̃k,`(1)|2 is distributed as an exponential random variable with mean one,

the complementary cumulative distribution function (CCDF) of the fading

power Hk,` is upper bounded as

P [Hk,` > x] ≤ exp

(
− x

µ1

)
. (6.85)

Consequently, under antenna correlation scales, the mean of Hk,` is upper

bounded by the maximum eigenvalue of the correlation matrix. This completes

the proof.
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Chapter 7

Conclusion

7.1 Summary

Interference management has great potentials to improve the transmis-

sion rates of current wireless systems (e.g. 3GPP LTE and IEEE802.11), and

is becoming an increasingly essential technique in next generation wireless sys-

tems with multi-tier architecture that consists of macrocells, different types of

licensed small cells, relays, and device-to-device (D2D) networks. In my dis-

sertation, from Chapter 2 to Chapter 5, I proposed a set of new interference

management techniques with limited CSIT that leverages the concepts of inter-

ference shaping and exploitation: 1) space-time interference alignment, 2) dis-

tributed space-time interference alignment, 3) interference-free relaying tech-

nique, and 4) space-time physical layer network coding. Through the scaling

law analysis, I demonstrated that the proposed strategies provide a substantial

DoF gain compared with the existing interference management strategies in

a vector broadcast channel, X-channels, a three-user interference channel, a

two-cell two-hop MIMO interference channel, and fully-connected multi-way

relay networks. In Chapter 6, I characterized the sum spectral efficiency for a

large-scale SIMO interference network wherein the spatial locations of nodes

are modeled by stochastic geometry. The sufficient and necessary conditions
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were derived to achieve the linear scaling acceding to different channel knowl-

edge assumptions at receivers. The contributions presented in this dissertation

constitute a strong set of candidate interference management techniques for

future wireless systems that seek to achieve higher spectral efficiency with

limited channel knowledge.

7.2 Future Research Directions

In this section, I present some promising areas for future research di-

rections related to the topics of my dissertation.

Space-Time Interference Alignment with Imperfect and Het-

erogenous CSIT: In Chapters 2 and 3, I demonstrated that it is possible to

achieve the optimal sum-DoF of a certain class of interference networks, pro-

vided that the feedback delay is less than a particular fraction of the channel

coherence time. Leveraging some existing results, trade-offs between feedback

delay and sum-DoF were characterized in the networks. The results, however,

were derived based on the ignorance of possible feedback errors due to the

limited rate of the feedback channel. The errors can be modeled differently

for different feedback strategies: quantized (digital) feedback [61–64] or noisy

(analog) feedback [65] methods. Therefore, one can ask the following ques-

tions: 1) How many feedback bits are required to obtain the optimal sum-DoF

in the interference networks when quantized feedback strategies are employed?

2) Which feedback strategies between the quantized and analog are better for

space-time interference alignment? Answering the aforementioned questions
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is expected to transfer the theoretical gains into tangible performance gains in

practical wireless systems.

Furthermore, in this dissertation, I assumed an ideal block fading chan-

nel where the channel is invariant during a channel coherence period. This

assumption helped to derive compact expressions for the trade-offs. In prac-

tice, however, there are possibilities that the channel values change within

the channel coherence period. This effect can be incorporated by modeling

the channel correlation between two adjacent time slots in a coherence block.

In this refined setting, one interesting problem is to characterize the trade-

off performance degradation as a function of a channel correlation parameter.

Through this research direction, it is expected to develop a new type of space-

time interference alignment that is robust to the channel variations.

Lastly, in wireless systems, every receiver experiences heterogeneous

propagation environments. This fact makes receivers to have different chan-

nel coherence time periods. CSI feedback delays can also be different among

receivers when the receivers use different feedback protocols or have distinc-

tive priorities in using the feedback channel. As a result, the transmitters

can have different types of CSIT across receivers, i.e., heterogenous CSIT. By

taking these effects into account, one may devise a new interference manage-

ment method that harnesses the heterogenous CSIT properly in interference

networks.

Multi-Hop Space-Time Interference Management with Differ-

ent Relaying Operations: In Chapters 4 and 5, I presented the space-time
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relying techniques that achieve the optimal sum-DoF in the multi-hop (multi-

way) relay networks. Since the proposed relaying techniques aimed at showing

the optimality of the sum-DoF in the multi-hop relay networks, the relaying

methods were designed in symbol-level operations, ignoring noise. This op-

erational limitation leads to the suboptimal achievable rate performance in

the finite SNR regime. Thus, it would be interesting to find a new relaying

technique by considering codeword-level operations, which possibly provide a

better sum rate performance in the finite SNR in such networks. One possible

approach may exploit the compute-and-forward relaying technique [13]. The

idea of compute-and-forward is to use lattice codes so that relays can decode

linear functions of transmitted codewords. This method was shown to achieve

the capacity of a certain class of multi-way relay networks within constant

bits regardless of SNR [13]. Based on this observation, by wisely combin-

ing the proposed space-time relaying methods with compute-and-forward, it

would be interesting to characterize the approximate capacity for multi-hop

and multi-way relay networks in the finite SNR regime.

Another interesting direction for future study would be to investigate

the effects of having full-duplexing relay operation in multi-way relay networks.

Recently, realization of full-duplexing wireless systems has received attention

due to its promising gains over conventional half-duplexing wireless systems

[165]. Despite the gains, there are many practical challenges in realization.

Among the challenges, self-interference cancellation is a core, which requires

multiple levels of interference cancellation processes in both analog and digital
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domains. By properly modeling the self-interference effects in the multi-way

relay networks, the characterization of the sum-DoF (or the achievable rate)

would be an interesting problem in future work.

Index Coding For Wireless Systems: The proposed space-time in-

terference alignment and space-time physical-layer network coding have strong

relations with index coding as explained in Chapter 2 and 4. Index coding in

[81,82,166,167] is a transmission technique for a noiseless broadcasting chan-

nel consisting of a transmitter and a set of users. The transmitter delivers

multiple packets to its respective users over a shared noiseless link. Each user

has its own prior knowledge of a subset of the packets. The transmitter sends

a signal per time slot and all the users receive it without noise. The goal is

to design transmit codes to minimize the number of required transmissions

so that all users decode the desired packets with their own side-information

and the received signals from the transmitter. This class of problems has re-

cently received attention because of its connections to network coding [168]

and topological interference management [31]. Designing an efficient index

code is closely related with the constructing codes for caching [170] and dis-

tributed storage systems [169]. Unlike the classical index code design prob-

lems where each user independently has a subset of other users’ packets as

side-information [81, 82, 166, 167], in Chapter 5, I argued that the proposed

space-time interference management techniques can be explained through a

generalized index coding technique, especially when receivers have coded-side

information. This generalized interpretation may help to devise a new type of
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interference management techniques beyond topological interference manage-

ment through index coding [31] in a broad class of interference networks.

Recently, in wired networks, contents distribution problems have been

studied [170]. The main target of the contents distribution problems is smart

storage of the popular data (that will likely to be downloaded) at the caches

of end users during the time when the network traffic load is low in order to

reduce the peak traffic load in a network. This idea has been considered to be

key enabler for future wired networks that provide services such as on-demand

video streaming. Applying this caching idea to future wireless networks, it is

interesting to envisage mechanisms that harness caching algorithms to enhance

wireless transmission performance. Specifically, using tools of index coding

[81,82,166,167], it would be to interesting to characterize a fundamental trade-

off between the capacity improvements and the volume of caching memory

required by devices. In this way, the true benefits of storage capability can be

shown in delivering the capacity gain promises of the future wireless network

architecture.

System-Level Performance Analysis of Interference Manage-

ment Techniques Via Stochastic Geometry: In Chapters 2, 3, 4, 5, I

characterized the sum-DoF under the idealized interference network models

wherein the network topologies were fixed and the impact of relevant system

parameters were ignored. The sum-DoF performance, however, cannot be di-

rectly transferred into the finite SNR performance of the systems. This is

because the sum-DoF is an approximate sum-capacity expression defined in
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the high SNR regime. Furthermore, in the most of current wireless system, the

sum-DoF appears to be zero due to the sources of unmanageable interference.

This is the main limitation when the performance analysis is done with the

sum-DoF metric. To realize the proposed interference management methods

in current wireless systems, they should be reevaluated using models that ac-

curately capture the impact of the irregular spatial structure of wireless node

locations and channel characteristics depending on operating frequency bands

(e.g., low frequency or mmWave bands). As argued in Chapter 6, stochastic

geometry can be a useful tool in modeling such wireless systems. For example,

by adopting the downlink cellular network model via stochastic geometry [47],

it would be interesting in future work to analyze the system-level performance

of the space-time interference alignment techniques proposed in Chapters 2

and 3.
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