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Precipitative coagulation processes (i.e., alum or iron sweep-floc coagulation and 

lime softening) are used nearly ubiquitously in the treatment of drinking water from 

surface water sources. Although the benefits of such processes are well known, the ability 

to predict the particle size distributions from such processes is virtually non-existent. The 

objective of this research was to improve the quantitative understanding of how particle 

size distributions change due to simultaneous precipitation and flocculation in water 

treatment through experimental investigation and mathematical modeling. This study 

focused on one such process, precipitative softening, as an example system. 

The experimental research used bench-scale calcium carbonate precipitation 

experiments under a variety of conditions to elucidate how the particle size distribution 

changes due to simultaneous precipitation and flocculation and to identify the controlling 

variables. Independent variables included the saturation ratio, pH, ratio of precipitating 

ions, initial seed type and concentration, and the mixing intensity. Experiments were 



 ix

performed under conditions of constant and declining solution composition, and particle 

size distributions were measured using a Coulter Counter. 

Trends in the experimental results were clear; particle size distributions changed 

dramatically by nucleation, particle growth and flocculation. The saturation ratio, initial 

seed type and concentration, and the mixing intensity were identified as the most 

important variables. Where possible, relationships linking the changes in the particle size 

distribution with the independent variables were delineated. 

An existing mathematical model for flocculation was modified to include 

mathematical expressions describing nucleation and particle growth. Flocculation in the 

revised model was described using three plausible rate expressions. An underlying 

hypothesis of the research was that the incorporation of the mechanisms of precipitation 

into the existing flocculation model would allow the prediction of particle size 

distributions from softening processes. 

Model predictions were tested against experimental data to determine which 

representation of flocculation during precipitation was most appropriate. It was found that 

at high mixing intensities flocculation during precipitation was most accurately modeled 

using a size-independent flocculation expression. At lower mixing intensities, the short-

range force model was a better predictor of the particle size distribution. The implications 

of these findings are discussed. 
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Chapter 1: Introduction 

1.1 BACKGROUND 

Particle removal processes are critical in drinking water treatment, because most 

contaminants are particles, are transformed into particles by precipitation, or become 

associated with particles by adsorption. The removal of particles is typically 

accomplished by gravitational separation (flotation or sedimentation) and filtration 

(granular media or membrane). In the production of drinking water from surface water 

sources, these removal processes are almost always preceded by coagulation which is 

designed to destabilize the particles and change the particle size distribution. The degree 

of destabilization and the size distribution are the principal determinants of the removal 

efficiency. 

Within coagulation, particle destabilization is typically accomplished through the 

addition of chemicals that change the surface chemistry and aid particle attachment. The 

particle size distribution is then changed by providing gentle mixing to keep particles in 

suspension and promote particle-particle collisions, or flocculation. Successful 

flocculation converts a large number of small particles into a much smaller number of 

large particles that are easily removed in subsequent processes. Flocculation of 

destabilized particles involves two steps: particle transport and attachment. This idea of 

transport and attachment was first formalized in the context of both coagulation and 

granular media filtration in the 1960’s by Stumm and O’Melia (1967, 1968) and has been 

used almost universally for all particle processes since that time. Mathematical modeling 

of particle processes has traditionally involved quantifying the mechanisms of particle 

transport and attachment. 
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Over the past 35 years, increased understanding of both the mechanisms of 

chemical destabilization and the processes that change the particle size distribution of 

existing particles in flocculation has led to improved drinking water quality. For example, 

Lawler and co-workers (Lawler et al., 1980; Lawler and Wilkes, 1984; Han and Lawler, 

1992; Lawler and Nason, 2005) have developed a mathematical model of flocculation 

that accounts for long-range transport by Brownian motion, fluid shear, and differential 

sedimentation and short-range van der Waals and hydrodynamic forces. Comparisons of 

the model with experimental data (Li, 1996) have shown that the model accurately 

predicts the evolution of the particle size distribution when the mode of destabilization is 

adsorption and charge neutralization. 

1.2 PROBLEM STATEMENT 

Although some treatment plants destabilize particles by adsorption and charge 

neutralization, in the vast majority of surface water treatment plants, coagulation involves 

precipitation, i.e., the formation of new solids from the chemicals added. These plants 

add iron or aluminum salts in the “sweep floc” regime to form the solid hydroxides, or 

they employ precipitative softening to form calcium carbonate (and, occasionally, 

magnesium hydroxide). This precipitation is vital to the removal of suspended particles 

and dissolved contaminants. Unfortunately, the understanding of how precipitation 

changes the particle size distribution is only qualitative, not quantitative. In precipitative 

coagulation, the formation of new particles and growth or enmeshment of existing 

particles occurs simultaneously with flocculation. Comparisons of predictions from the 

currently available flocculation models with measured particle size distributions from 

operating drinking water treatment plants and laboratory experiments reveal that the 

current models are inadequate when precipitation occurs simultaneously with 

flocculation. Although destabilization by precipitation is used almost ubiquitously, 
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presently, there is no quantitative predictive model for how particle size distributions are 

changed by such precipitative coagulation. 

1.3 SIGNIFICANCE 

The role of coagulation in drinking water treatment is changing dramatically. 

Tightened requirements for increased removal of viruses and microorganisms (and all 

particles generally) directly increase the emphasis on coagulation. Also, precipitates 

formed in coagulation are now expected to adsorb natural organic matter (NOM) and 

soluble constituents such as arsenic; achieving these goals usually increases the amount 

of precipitation. The ultimate removal of these constituents hinges on the removal of the 

solids in downstream particle removal processes. In other words, the effluent particle size 

distribution fed to downstream treatment processes is of paramount importance. 

Downstream processes are also changing: traditional sedimentation and deep bed 

filtration are increasingly being replaced by dissolved air flotation and membrane 

filtration, respectively. The optimal particle size distribution to be attained in flocculation 

before these new processes is different from that required for conventional treatment. In 

light of these changes, an improved mathematical model to predict the changes in particle 

size distribution brought about by precipitative coagulation should result in improved 

design and operation not only of coagulation facilities but of these downstream processes. 

1.4 OBJECTIVES 

The broad objective of the present study was to improve the quantitative 

understanding of how particle size distributions are changed by simultaneous 

precipitation and flocculation processes in water treatment. The scope of the problem was 

narrowed to focus solely on precipitative softening, one such precipitative coagulation 

process. The specific objectives of the research were to: 
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1) experimentally measure and quantify the evolution of the particle size distribution 

during precipitative softening under a variety of conditions; 

2) delineate the important design and operational variables governing the evolution 

of the particle size distribution during softening and extract the underlying 

relationships linking changes in the particle size distribution with those 

independent variables; 

3) develop a revised mathematical model for simultaneous precipitation and 

flocculation; and 

4) compare experimental particle size distribution data with predictions from the 

revised mathematical model. 

1.5 APPROACH 

The stated objective was achieved using a two-pronged approach involving 

experimental investigation and mathematical modeling. Several bench-scale precipitative 

softening experiments were performed in a headspace-free reaction vessel. Experiments 

were performed under conditions of constant and declining solution composition; 

constant solution composition was achieved by using a pH-stat system. In each type of 

experiment, the values of several independent variables (saturation ratio, pH, ratio of 

precipitating ions, initial seed type and concentration, and mixing intensity) were 

systematically varied. Particle size distributions were measured using a Coulter Counter 

and the physical and chemical aspects of the particles that formed were examined using 

x-ray diffractometry and scanning electron microscopy. Solution conditions were 

characterized by measuring the pH and the concentration of dissolved calcium. 

Discretized population balance equations for nucleation and particle growth were 

incorporated into the existing flocculation model developed by Lawler and co-workers. 

Relationships defining the rates of nucleation and particle growth as functions of the 
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important independent variables were also included. Furthermore, mathematical 

expressions linking changes in the particle size distribution with changes in the dissolved 

concentrations of calcium and carbonate were integrated into the model. Simulations of 

simultaneous precipitation and flocculation were performed using three flocculation rate 

expressions: the long-range force model, the short-range force model, and size-

independent flocculation. Predictions from the three models were compared with 

experimental particle size distribution data to determine which model most accurately 

describes the process. 

The remainder of this dissertation is divided as follows: Chapter 2 contains 

general background regarding precipitative softening and a review of pertinent literature 

related to the experimental and modeling portions of the research; Chapter 3 describes the 

experimental methodology and analytical methods; experimental results are presented 

and discussed in Chapter 4; Chapter 5 details the methods used in the mathematical 

modeling effort; modeling results are discussed in Chapter 6; and conclusions and 

recommendations for future work are outlined in Chapter 7. 
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Chapter 2: Literature Review 

As outlined in Chapter 1, the aim of the present work is to improve the 

quantitative understanding of how particle size distributions (PSDs) change due to 

simultaneous precipitation and flocculation in water treatment. This study focuses on 

precipitative softening, and more specifically, the precipitation of calcium carbonate as 

an example system. The literature review that follows presents a general overview of the 

precipitative softening process, an introduction to the chemical equilibrium and kinetic 

expressions governing the precipitation of calcium carbonate, and a detailed review of the 

past efforts to mathematically model flocculation and precipitation processes. 

2.1 PRECIPITATIVE SOFTENING 

Softening is the term used to describe treatment processes designed to remove 

hardness causing ions (primarily Ca+2 and Mg+2) from water. Hardness removal can be 

achieved using ion exchange, membrane processes (nanofiltration and reverse osmosis), 

or by chemical precipitation of hardness-causing ions as insoluble salts. In this research 

focused on simultaneous precipitation and flocculation, precipitative softening is the only 

process of interest. 

In precipitative softening, lime (CaO) or hydrated lime (Ca(OH)2), soda ash 

(Na2CO3), or caustic soda (NaOH) are added to the hard source water (sometimes in 

combination) to raise the pH and force the solution to exceed the solubility product with 

respect to one or both of the primary insoluble salts, calcium carbonate (CaCO3) and 

magnesium hydroxide (Mg(OH)2). The resulting precipitate is removed from solution by 

subsequent particle removal processes (most commonly, sedimentation and granular 

media filtration). Although the primary goal of the precipitative softening process is to 

remove hardness, several other treatment objectives are met as well. 
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Particle removal is enhanced by precipitative softening. Particles in the influent 

water become associated with the forming precipitate either by flocculation or growth of 

CaCO3 solids onto their surfaces. Furthermore, the formation of new particles increases 

the rate of flocculation. In addition, it has been shown that softening solids are capable of 

adsorbing natural organic matter (NOM) that acts as a precursor for disinfection 

byproduct formation (Randtke et al., 1982; Shorney and Randtke, 1994; Thompson et al., 

1997). 

2.2 CALCIUM CARBONATE PRECIPITATION – EQUILIBRIUM 

In essence, the softening process involves the precipitation of calcium carbonate 

and possibly magnesium hydroxide; this study focuses solely on the precipitation of 

calcium carbonate. Calcium carbonate is perhaps the most widely studied system among 

sparing soluble substances because of its importance in the fields of sedimentology, 

limnology, oceanography, water and wastewater treatment, and industrial processes such 

as pulp, paper and paint production (Tai and Chen, 1995). Depending on the solution 

conditions, calcium carbonate precipitates as one of three polymorphs: vaterite, aragonite 

and calcite, listed in order of increasing stability. The solubility of calcium carbonate is 

governed by the following equilibrium relationship: 

 2
3

2
3 COCa)s(CaCO −+ +⇔  Ks0 = 10−8.48 (2.1)

The Ks0 shown is for calcite; the value of the solubility product is different for the other 

polymorphs. Because calcite is the lowest energy form of CaCO3, even if one of the other 

polymorphs forms initially, the solids often convert to calcite over time. Calcite is the 

form of CaCO3 typically found in softening sludge (Mercer et al., 2005). 

According to Eq. (2.1), the extent of calcium carbonate precipitation is a function 

of the dissolved concentrations of calcium and carbonate. In turn, the concentration of 
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carbonate ions is dependent on the pH of the solution. The pH dependence of the 

carbonate system is described by Eqs. (2.2) and (2.3). 

 +− +⇔ HHCOCOH 3
*

32  K1 = 10−6.35 (2.2)

 +−− +⇔ HCOHCO 2
33  K2 = 10−10.33 (2.3)

The dissociation of water is also influenced by the pH as shown in Eq. (2.4) 

 −+ +⇔ OHHOH2  KW = 10−14 (2.4)

As indicated in Eqs. (2.2) and (2.3), the carbonate system consists of three 

species, aqueous CO2 + carbonic acid (H2CO3
*), bicarbonate (HCO3

−) and carbonate 

(CO3
−2). The concentration of the carbonate ion in Eq. (2.1) is a function of the total 

carbonate concentration and the pH. Eq. (2.5) shows the mass balance for total carbonate 

in solution (neglecting ion pairing with other cations in solution). Eqs. (2.6) and (2.7) 

show the calculation of the concentration of carbonate ions from the pH and total 

carbonate concentration. 

 ]CO[]HCO[]COH[ 2
33

*
32

−− ++=TC  (2.5)

 TC2
2

3 ]CO[ α=−  (2.6)

 
211

2
21

2 ]H[]H[ KKK
KK

++
= ++α  (2.7)

In most natural waters, the pH and total carbonate concentration dictate the 

alkalinity, or buffering capacity of the water. Alkalinity can be expressed as Eq. (2.8) 

when no other weak acid/base system is present. 

 ]H[]OH[]HCO[]CO[2eq/L)(in  2
3

2
3

+−−− −++=Alkalinity  (2.8)

The alkalinity is an important consideration in the softening process in that it determines 

the amount of lime or caustic soda required to raise the pH to the required level for 

hardness removal. In general, high alkalinity waters require greater quantities of lime to 
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raise the pH to the required levels. Although lime doses are reduced for low alkalinity 

waters, the removal of hardness may be limited by the total carbonate concentration, 

necessitating the addition of soda ash (Na2CO3). 

Eqs. (2.1) through (2.8) present a simplified picture of the chemical reactions 

important during precipitative softening. The presentation shown here is simplified in that 

the ion pairing effects of Ca+2 and the carbonate species with other anions and cations in 

solution are not included. However, the general effects of pH and alkalinity hold true 

even in more complicated, natural waters. Equilibrium relationships are important in that 

they indicate whether the thermodynamics are favorable for precipitation and allow the 

prediction of the equilibrium concentrations of calcium and carbonate. Yet, 

thermodynamics do not say anything about the speed of the reactions. The kinetics of 

calcium carbonate precipitation is the subject Section 2.3. 

2.2.1 The Kelvin Effect 

In general, the most thermodynamically stable polymorph of a given mineral 

forms during precipitation. The free energy associated with forming a new solid is a 

function of the free energy of reaction (bond formation and breakage) and the work 

required to form a surface as shown in Eq. (2.9) (Stumm and Morgan, 1996). 

 mAsAs A
RT

KK
mm 3.2

loglog 3
2

)0(0)(0

γ
+= =  (2.9)

Here, γ is the mean free surface energy of the solid; R is the ideal gas constant; T is the 

temperature; and Am is the molar surface. The first term on the right hand side represents 

the bulk solid solubility and the second is the free energy associated with forming a 

surface with area Am. 

According to Eq. (2.9), larger particles are less soluble (more stable) than small 

particles (due to the extra energy required to form the solid-solution interface at small 
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sizes). At small particle sizes, the contribution of the surface energy term can be 

significant enough to cause one polymorphous form to be more stable than another, when 

the equilibrium constants for the bulk solid suggest the opposite. As the particles grow 

and the molar surface area decreases, the initially formed polymorph is inverted to the 

more stable form. 

As described above, calcium carbonate can precipitate as one of three 

polymorphous forms. In terms of the solubility constants for infinite crystals, calcite is 

the most stable (Ks0 = 10−8.48) followed by aragonite (Ks0 = 10−8.34) and vaterite 

(Ks0 = 10−7.91). However, each polymorph has a different mean free surface energy. As 

such, solution conditions and the particle size can influence which polymorph forms 

initially, as well as the inversion of the less stable polymorph to calcite over time. 

2.3 CALCIUM CARBONATE PRECIPITATION – KINETICS 

The focus of this research is the incorporation of the precipitation of calcium 

carbonate into a model for flocculation. As such, it is useful to analyze the rate of 

precipitation not only in terms of the rate of loss of hardness ions from solution, but also 

in terms of the rate of particle production and growth due to precipitation. This section 

focuses on the kinetics of CaCO3 precipitation with an emphasis on the effects on particle 

concentration and size. 

Precipitation involves two distinct processes: nucleation and crystal growth. 

Nucleation is the formation of new solids from dissolved ions, while crystal growth is the 

incorporation of dissolved ions into an existing crystalline lattice. The overall rate of 

precipitation (loss of ions from solution) and the distribution of particle sizes formed 

during the process are controlled by these processes, as discussed below. The theories of 

nucleation (Kashchiev and van Rosmalen, 2003) and crystal growth (Nielsen, 1984) as 

applied to calcium carbonate are summarized here. 
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2.3.1 Driving Force 

For the generic precipitation/dissolution reaction  

 b-a BA)s(BA βαβα +⇔ +  (2.10)

the thermodynamic driving force for the crystallization (per mole of formula units) is 

 SRTG lnη=Δ−  (2.11)

where S is the saturation ratio and η is the number ions  in the formula unit of the mineral 

(α + β). The saturation ratio is defined as 

 
η

1

0
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

sK
IAPS  (2.12)

where IAP is the ion activity product (of the precipitating ions in the supersaturated 

solution) and Ks0 is the solubility product (Nielsen, 1984). In essence, the saturation ratio 

is a comparison of the actual concentrations (activities) in solution with those predicted at 

equilibrium. The value of S governs the direction of reaction shown in Eq. (2.11); S < 1 

indicates favorable conditions for dissolution and S > 1 indicates favorable 

thermodynamics for precipitation. For calcium carbonate, the saturation ratio is defined 

as 

 
{ }{ } 2

1

CaCO,0

2
3

2

3

COCa
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

−+

sK
S  (2.13)

where {} indicates chemical activity. The distance of the system from equilibrium is also 

quantified using the relative supersaturation, σ, defined in Eq. (2.14). 

 1−= Sσ  (2.14)

The relative supersaturation is the ratio of the difference between the actual and 

equilibrium concentrations to the equilibrium concentration of the precipitating species. 
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It is clear from these relationships that along with temperature, the saturation ratio 

controls the driving force for precipitation. In the sections that follow, the relationships 

between the rates of nucleation and crystal growth and the saturation ratio are presented. 

2.3.2 Nucleation 

Nucleation is the first step in crystal formation from supersaturated solutions; 

individual molecules of solute come together to form a cluster in a pure bulk solution 

(homogeneous nucleation) or at active nucleation centers formed by impurity molecules 

or solid substrates (e.g., foreign particles or walls) present in solution (heterogeneous 

nucleation). The work required to form clusters via nucleation, be it homogeneous or 

heterogeneous, is a function of competing free energy terms. Free energy is lost when 

free molecules form bonds with one another in a cluster, but it “costs” energy to form the 

cluster-solution and cluster-substrate interfaces. These competing energy terms result in a 

critical work of nucleation, W*, corresponding to the formation of a critical nucleus of 

size n* (where n is the number of molecules in the cluster). Clusters of size n* are in 

unstable equilibrium with the bulk solution, but once they grow to size n*+1, they 

continue to grow spontaneously. The critical nucleus size and critical nucleus work are 

functions of the saturation ratio and the cluster-solution, cluster-substrate, and substrate-

solution interfacial energies. 

The rate of formation of supercritical nuclei (J) depends on the critical nucleation 

work 

 ⎟
⎠
⎞

⎜
⎝
⎛ −

=
kT
WJ *expν  (2.15)

where ν is related to the collision efficiency. Eq. (2.15) can be written as a function of S. 
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 ⎟
⎠
⎞

⎜
⎝
⎛ −

=
S

BASJ 2ln
exp  (2.16)

where B is a dimensionless thermodynamic parameter, and A is a kinetic parameter that 

depends on the type of nucleation occurring. Using these relationships, the rates of 

homogeneous and 2-D heterogeneous nucleation of CaCO3 have been calculated from 

experimental data (Verdoes et al., 1992; Spanos and Koutsoukos, 1998). As S increases, 

the critical nucleus size and critical nucleus work decrease. Therefore, a greater number 

of smaller nuclei are formed at high saturation ratios. 

The critical work of heterogeneous nucleation is typically much lower than that 

for homogeneous nucleation, because the cluster-substrate interfacial energy is often 

much less than that for the cluster-solution interface. The relative magnitude of these 

interfacial energies is a function of how closely the properties of the substrate match 

those of the solid being formed. As a result of the lower energy barrier, heterogeneous 

nucleation (and crystal growth) typically dominates when solid substrates (i.e., particles) 

are present. However, as the saturation ratio increases, homogenous nucleation will begin 

to dominate even in impure solutions. 

The rate and extent to which particles nucleate in solution or on the surfaces of 

existing particles are important considerations with regard to the effects of precipitation 

on the effluent particle size distribution from precipitative softening processes. According 

to the theory presented above, the rate and extent of nucleation (including the size and 

concentration of nuclei that form) are governed by the solution and operating conditions 

under which the precipitation takes place (S, type and concentration of seed particles, and 

mixing intensity). 
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2.3.3 Crystal Growth 

After supercritical nuclei are formed or introduced as seeds, crystal growth occurs 

through a series of sequential steps as a continuum of the nucleation processes. In 

sequence, the precipitating ions diffuse from the bulk solution towards the surface,  

adsorb to the surface, diffuse across the surface, undergo dehydration, and form two and 

three-dimensional surface nuclei. The surface processes result in the ions being 

incorporated into the solid phase, and the crystal increases in size. The slowest step in the 

sequence controls the growth rate of the crystal. 

Nancollas and Reddy (Nancollas and Reddy, 1971; Reddy and Nancollas, 1971), 

studying the precipitation of calcite from seeded solutions under conditions of slight 

supersaturation, found that the rate of calcite precipitation conformed to the following 

expression: 

 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−= −+

+

2
2

CaCO,02
3

2T
2

3]CO][[Ca
]Ca[

γ
sK

ks
dt

d  (2.17)

where [Ca+2]T is the total concentration of dissolved calcium; k is a temperature 

dependent rate constant, s is the surface area of the crystals in suspension, [ ] denotes 

molar concentration, and γ2 is the divalent activity coefficient. The authors derived Eq. 

(2.17) from the assumption that crystal growth involves the incorporation of ions directly 

into the crystal at a growth site (Reddy and Nancollas, 1971). Experimental results 

revealed that the overall rate of precipitation was dependent on the available surface area, 

the rate constant (k) was independent of stirrer speed, and calcite growth was inhibited by 

small amounts of polyphosphate, strengthening their assertion of a surface controlled 

reaction. Wiechers et al. (1975) confirmed that Eq. (2.17) was valid for higher 

concentrations of calcium and carbonate (S = 5-10) and higher seed mass. Although the 

authors claim that the range of conditions covered those expected in water softening 
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practice, comparison with the conditions from several operating treatment plants 

(Kalscheur et al., 2006) reveals that higher saturation ratios (S = 15-30) are likely in 

practice, at least at the initiation of the precipitation. 

Eq. (2.17) describes the rate of loss of Ca+2 from solution. Because this research 

focuses on the particle aspects of precipitation, it is more beneficial to view precipitation 

in terms of the rate of particle growth. Several approaches have been used to quantify 

particle growth during precipitation, including overall linear growth rate (LT-1), face 

growth rate (LT-1), and overall mass growth rate (ML-2T-1). The face growth rate can be 

directly related to fundamental crystal growth theory, while the overall linear and mass 

growth rates are averages. For population balance (i.e., flocculation) modeling, particle 

growth is most suitably expressed in terms of the overall linear growth rate (Randolph 

and Larson, 1988). Nielsen (1984) outlined the rate expressions for the overall linear 

crystal growth as governed by the possible rate controlling steps as follows: 

Bulk transport (diffusion)/surface adsorption  )1(1 −= SkKG  (2.18)

Spiral growth on surface 
2

2 )1( −= SkKG  (2.19)

Surface nucleation ( ) ⎟
⎠
⎞

⎜
⎝
⎛ −

−=
S

K
SSkK e

eG ln
exp1 6

1
6

7  (2.20)

where KG is the overall linear growth rate (LT-1); ki are temperature dependent rate 

coefficients; and Ke is a coefficient related to the ratio of the crystal-solution interfacial 

energy to the thermal energy, kT. 

In general, the growth of sparingly soluble salts like calcium carbonate are surface 

reaction controlled (Nielsen, 1984). Previous research has revealed that the growth rates 

of calcite and vaterite conform to Eq. (2.19). The parabolic rate law described by Eq. 

(2.19) is indicative of a spiral growth mechanism where incorporation of ions at kink 
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sites in the crystal surface is the rate-limiting step. The values of the temperature 

dependent rate constant determined in several studies are shown in Table 2.1. 

Table 2.1 Growth rate constants for calcite and vaterite 

S k2 
Study Polymorph 

(-) (m/s) 

Kralj et al. (1990) vaterite ≤ 3 1.12 × 10−9 

Verdoes et al. (1992) vaterite ≤ 2 4.8 × 10−12 

Spanos and Koutsoukos (1998) vaterite ≤ 3.5 2.12-2.34 × 10−10 

Andraessen and Hounslow (2004) vaterite ≤ 7.7 1.05 × 10−9 

Nancollas and Reddy (1971) calcite ≤ 6.7 8.44 × 10−11* 

Kazmierczak et al. (1982) calcite 2.2-6.9 9.94 × 10−11* 

Nielsen and Toft (1984) calcite 1-9 9.2 × 10−11 

Christoffersen and Christoffersen (1990) calcite 1.5-9.9 2.98 × 10−11 

Tai et al. (1993) calcite 1.25-4 7.26 × 10−11** 

Collier and Hounslow (1999) calcite ≤ 4.5 1.28 × 10−10 
* value calculated by Collier and Hounslow (1999) from the data contained in the 
referenced study. 
** the authors found the growth rate to be dependent on particle size; value shown is for 
a 5 μm particle. 

All of the studies cited above were performed at low to moderate saturation ratios 

(S ≤ 7.7), significantly less than values that might be anticipated in an operating softening 

plant (up to S = 30). Eq. (2.19) stems from the classical Burton-Cabrera-Frank (BCF) 

theory and is valid at low saturation ratios (S < 2) where the quantity )1(ln2
1

−≈ SSS . 

However, Nielsen and Toft (1984) have shown that many sparingly soluble salts are well 

described by Eq. (2.19) at S > 2. Nielsen and Christofferson (1982) contend that Eq. 

(2.19) is a reasonable approximation of the true kinetics at higher S values. The authors 
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explain that the growth of sparingly soluble salts is controlled by the integration of 

building blocks into kink sites on the crystal surface where the true dependence on S is 

SSS ln)1( 2
1

− ; this quantity is nearly proportional to the quantity (S−1)2 for 2 ≤ S ≤ 30. 

Therefore, in the context of this study, the growth of calcium carbonate during softening 

processes can be described using Eq. (2.19). 

Size-Dependent Growth/Growth Rate Dispersion 

Drawing upon the pioneering work of McCabe (1929a, 1929b), crystal growth has 

been assumed to be independent of particle size in the mathematical modeling of 

precipitation processes. This assumption has been shown to hold true for calcite 

(Hostomsky and Jones, 1991; Collier and Hounslow, 1999) and vaterite (Andreassen and 

Hounslow, 2004). When incorporation of ions at kink sites is known to be the rate-

limiting step, size-independent growth implies that the surface density of kink sites is 

constant, regardless of particle size. 

In contrast to the studies cited above, some research has shown the growth rate of 

calcite to be size-dependent (Tai et al., 1993; Eberl et al., 2002). All crystals exposed to a 

given saturation ratio do not necessarily grow at the same rate. Size-dependent growth 

(all crystals of a given size grow at the same rate, but that rate is different for other sizes) 

and growth rate dispersion (different crystals of a given size grow at varying rates) arise 

for several reasons (Garside et al., 2002). However, the effects are more likely to be a 

factor for small particles (<10 μm) (Mersmann, 2001; Garside et al., 2002) and dependent on 

the degree of mixing (Eberl et al., 2002). One explanation of the size-dependence of 

particle growth at small particle sizes is the Kelvin Effect described in Section 2.2.1. 

With regard to the current research, it is unclear whether the rates of particle growth are 

expected to vary substantially with particle size. 
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2.3.4 Factors Affecting the Rate of Precipitation 

The rate of calcium carbonate precipitation (and by extension the rates of 

nucleation and crystal growth) is affected by many variables. The following summarizes 

those variables thought to be most important with respect to precipitative softening 

processes. In other words, these variables can be influenced through the design and 

operation of a full-scale softening process 

Saturation ratio 

Above all else, the saturation ratio is the primary variable controlling the rate of 

calcium carbonate precipitation. As described in Section 2.3.1, the driving force for 

precipitation is governed primarily by the saturation ratio. Furthermore, the kinetics of 

nucleation and growth are a strong function of S as shown in Eqs. (2.16) and (2.19). 

Source waters are characterized by an initial S value that is a function of the pH, calcium 

concentration, and total carbonate concentration (often measured as alkalinity). Typically, 

this value is less than 1, indicating that the solution is undersaturated with respect to 

calcium carbonate. However, some high alkalinity, high hardness waters can actually be 

slightly supersaturated (e.g., the S of Lake Austin water is approximately 2.8). 

Drinking water treatment plant operators control S during the softening process 

through the chemicals added during rapid mixing. Often, the added chemical is hydrated 

lime. Lime addition increases the saturation ration in two ways: it increases the pH 

(driving the carbonate system towards the carbonate ion) and it increases the 

concentration of calcium. Rarely (due primarily to cost considerations), the pH is raised 

using caustic soda (NaOH); here, the only effect on S is the production of more carbonate 

ions. In low alkalinity waters, the total carbonate concentration is often amended through 

the addition of soda ash (Na2CO3), increasing the total carbonate concentration and S.  
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The rate of precipitation increases with increasing saturation ratio; as indicated 

above, several studies have focused on the experimental measurement of rate constants 

for the precipitation of calcium carbonate as a function of the saturation ratio. The focus 

of this study is on the particle size distributions produced during softening. Along with 

the type and concentration of seed particles, the saturation ratio governs whether 

precipitation will occur as homogeneous nucleation, heterogeneous nucleation, crystal 

growth, or a combination of these mechanisms. Clearly, the mode of precipitation has 

profound implications on the particle size distribution that results. As a result, the 

combined effects of saturation ratio and the type and concentration of seed particles is an 

important consideration in the present work. 

pH 

Although not evident in the theoretical analysis presented above, the effect of pH 

on the rate of precipitation has also been a focus of several studies. Kazmierczak et al. 

(1982) found that the rate of calcite growth during seeded constant composition 

experiments was independent of pH over the range 8.25-8.78. Christoffersen and 

Christoffersen (1990) reported the same for pH 8.5-10. In contrast, van der Weijden et al. 

(1997) attributed an increase in the rate of calcite precipitation with decreasing pH (7.6-

8.0) and constant S to the concomitant increase in the ratio of bicarbonate to carbonate 

ions. The authors argued that, at low pH, the contribution of bicarbonate to the 

precipitation of calcite becomes significant. Spanos and Koutsoukos (1998) measured the 

rates of nucleation and crystal growth for vaterite at pH 9 and 10 through a series of 

seeded and unseeded constant composition precipitation experiments. The authors 

calculated slightly higher kinetic rate constants at pH 10, but claimed that the pH effects 

were actually a result of increased S, a result not clear from the presentation of the data. 
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In many of the studies cited above, the results are difficult to interpret due to the 

strong dependence of the speciation of the carbonate system on pH. In some cases pH has 

not been found to influence the rate of growth; in others it has, but the effect has been 

attributed to the pH effect on the carbonate systems (either an effect on S, or on the ratio 

of bicarbonate to carbonate). As such, pH effects are a subject worthy of further study. It 

is likely that the effect of pH could more effectively be delineated by performing 

experiments that carefully separate the effects of pH and S. In general, pH in softening 

plants is governed by the lime addition, which is determined through standard jar testing 

to optimize calcium removal. If the pH is found to substantially affect the rate of 

precipitation, the findings may lead to optimized dosing strategies, enhancing the overall 

process efficiency. 

Ion activity ratio 

The saturation ratio is a measure of the overall driving force for precipitation and 

is calculated from the product of the calcium and carbonate activities in Eq. (2.13). 

Consequently, the same S can result from an infinite number of combinations of calcium 

and carbonate activity; it is possible that, when present in disproportionate ratios, the 

kinetics of the precipitation process is altered. Some studies have reported rates of 

precipitation as a function of various measures of the ratio of calcium and carbonate. 

Kazmierczak et al. (1982) found the rate of precipitation (crystal growth) to be 

independent of the molar ionic ratio of calcium to carbonate over the range of 14-134; in 

all cases, calcium was supplied in excess of the carbonate. Gomez-Morales et al. (1996) 

performed seeded and unseeded pH-stat and pH-drift experiments with ratios of total 

calcium to total carbonate varying from 1:4 to 4:1 and found that the rate of nucleation 

decreased and crystal growth increased when calcium was present in excess of the total 

carbonate concentration. As described in the previous section, the concentration of 
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carbonate ions is strongly influenced by pH, and because the carbonate ion is the 

participant in the precipitation reaction, the activity ratio (r) of the calcium ions to 

carbonate ions is perhaps a more appropriate variable to examine. 

 
)CO{

}Ca{
2

3

2

−

+

=r  (2.21)

In the work of Kalscheur et al. (2006), the ion activity ratios varied from one to two in jar 

tests simulating the optimum operating conditions for several actual source waters. 

Similar to pH, plant operators have some control over the ion activity ratio through the 

chemical dosing strategy. 

Seed type/concentration 

Together with the saturation ratio, the type and concentration of any particles 

present in suspension largely dictate the mode of precipitation. In the absence of seed 

particles, precipitation initially proceeds via homogeneous nucleation, followed by 

subsequent heterogeneous nucleation or particle growth. Precipitation from unseeded 

solutions is characterized by a lag period during the formation of critical nuclei, after 

which it proceeds more rapidly as the surface area for further precipitation increases and 

Ks0 decreases. The final particle size distribution from such processes is strongly 

influenced by the initial number and size of the nuclei that form. In contrast, precipitation 

from solutions with large concentrations of particles is usually controlled by 

heterogeneous nucleation or crystal growth of the existing particles. In these cases, 

precipitation is typically more rapid than in the unseeded case, and the final particle size 

distribution is strongly influenced by the particle size distribution of the initial seed 

particles. For these reasons, it is common practice in precipitative softening processes to 

recycle sludge from the sedimentation basins back to the head of the treatment plant to 
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seed the softening process (MWH, 2005). However, there is little guidance regarding the 

appropriate seed concentration (in general, or as a function of process conditions). 

In addition to the concentration of seed particles, the physical/chemical nature of 

the seed particles is also important. Heterogeneous nucleation and crystal growth are 

more likely to occur on particles that are chemically similar to the precipitating solid. In 

drinking water treatment, source waters contain many particles and the nature of those 

particles varies widely, ranging from microorganisms and natural organic matter to 

inorganic sands and silts. The degree to which the influent particles serve as seed for the 

precipitation of calcium carbonate and the mechanisms by which they become (or don’t 

become) associated with the precipitating solids is largely unknown. Because the 

softening process has the dual goals of hardness removal and particle removal, these 

aspects of the process are worthy of further consideration. 

Mixing 

Franke and Mersmann (1995) have shown that the rate of nucleation is strongly 

influenced by the power input, reactor configuration, and mode of chemical addition. At 

high mixing intensities when the feed chemicals are added directly into a micromixed 

area, the local saturation ratio can be much higher than the vessel mean, leading to high 

local rates of nucleation. On the other hand, mixing has not been shown to have a 

significant effect on the rate of calcium carbonate growth (Bramley et al., 1996; Collier 

and Hounslow, 1999; Mumtaz and Hounslow, 2000; Andreassen and Hounslow, 2004). 

Yet, in these same studies and others (Franke and Mersmann, 1995), the rate of 

aggregation during precipitation has been correlated with the power input/mixing 

intensity. These effects are discussed below in reference to modeling precipitation 

processes. 
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Summarizing, two processes that strongly influence the effluent particle size 

distribution from softening processes (nucleation and aggregation) are influenced by the 

mixing intensity during precipitation and are relevant to the aims of this project. The 

majority of the existing research was performed using a single (often high) mixing 

intensity during each experiment. In operating softening processes, chemical addition 

takes place in a rapid mixing chamber with a relatively short residence time and then the 

reactor contents flow into a much larger flocculation basin or clarifier-flocculator 

characterized by a much lower mixing intensity. It is unclear how heterogeneous mixing 

and different modes of chemical addition influence the processes of nucleation, crystal 

growth, and aggregation during the softening process. Optimization of these procedures 

would likely lead to improvements in process efficiency. 

Inhibitory species 

The rate of nucleation and crystal growth can be influenced by the presence of 

ions and macromolecules other than the precipitating ions (Meyer, 1984). For example, 

even low concentrations of orthophosphate can inhibit the growth of calcite (Giannimaras 

and Koutsoukos, 1987; Plant and House, 2002; Sheikholeslami, 2003). Natural organic 

matter has also been shown to inhibit calcite growth (Giannimaras and Koutsoukos, 

1988; Hoch et al., 2000; Manoli and Dalas, 2002; Lin et al., 2004). In nearly all cases, the 

ion or macromolecule adsorbs to the calcite surface, effectively blocking active growth 

sites on the crystal surface. While not the focus of this study, the effects of inhibitory 

species are likely to be important in natural systems where the presence of a multitude of 

other chemical species is inevitable. 
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2.4 MODELING FLOCCULATION 

Smoluchowski (1917) was the first to write a mathematical description for 

flocculation. Recognizing that particles of a given size (k, for example) can be formed 

(born) by flocculation of two smaller particles or be lost (die) by flocculation of the k size 

particle with any other particle in suspension, he wrote a number balance that described 

the rate of flocculation. In words, that number balance is as follows: 

Accumulation = Birth − Death 

Rate of change with 
time of the number 
concentration of size k 
particles due to 
flocculation 

= 

Rate of increase in the 
number concentration of 
size k particles by 
flocculation of smaller 
particles (the sum of 
whose volumes is size k) 

−

Rate of decrease in the 
number concentration of 
size k particles by 
flocculation of size k 
particles with any size 
particle 

Smoluchowski made several assumptions in the development of the mathematical 

representation of the statement above. He assumed that (1) all collisions result in 

flocculation (in the terminology that will be introduced shortly, this is equivalent to 

assuming that the collision frequency factor, α, is unity for all collisions); (2) fluid 

motion is governed by laminar shear; (3) once formed, aggregates do not break; (4) 

particles are spherical and remain so after collision (coalescence); (5) only two-particle 

collisions are important (due to the low probability of a three-particle collision); and (6) 

particle volume is conserved. Translating the word equation above and the various 

assumptions into the mathematics of a discretized number balance yields the following: 
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where i, j and k are size categories of particles; Ni is the number concentration of size i 

particles (L-3); vi is the volume of a size i particle (L3); and βij is the collision frequency 

function for particles of size i and j.(L3T−1). 



 25

The collision frequency function (sometimes referred to as the aggregation rate 

kernel) is a function of the physical and chemical phenomena that cause particles to move 

relative to one another. When particles are separated by a sufficient distance that one 

particle does not affect the motion of the other, so-called “long-range” forces dominate 

their relative motion. In typical flocculation processes, three principal mechanisms are 

responsible for long-range particle transport: (1) random thermal activity of molecules in 

solution results in Brownian motion of particles; (2) mixing results in fluid shear; and (3) 

gravity causes particles to settle relative to the fluid (differential sedimentation). The 

relative particle motion that arises from these three mechanisms results in particle-

particle collisions, and mathematical expressions describing the collision frequencies 

have been derived from first principles. Smoluchowski (1917) derived the expressions for 

Brownian motion and fluid shear while Camp and Stein (1943) derived the expression for 

differential sedimentation and extended the expression for fluid shear by replacing the 

fluid shear velocity with the root-mean-square-velocity gradient, G. These expressions 

are shown in Table 2.2. 

Table 2.2 Collision frequency functions for long-range transport mechanisms 

Transport Mechanism Collision Frequency Function, βij Equation

Brownian motion ( )ji
ji

B
ij

Br dd
dd

Tk
+⎟

⎟
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⎞
⎜
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⎝
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+=
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β  (2.23) 

Fluid shear ( )3

6
1

jiij
Sh ddG +=β  (2.24) 

Differential sedimentation ( )( ) jijilpij
DS ddddg

−+−= 3

72
ρρ

μ
πβ  (2.25) 

In Table 2.2, kB is Boltzmann’s constant (ML2T-2K-1); T is temperature (K); μ is the 

viscosity of the fluid (ML-1T-1); di is the diameter of a particle of size i (L); G is the root-
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mean-square velocity gradient (T-1); g is the gravitational constant (LT-2); ρp is the 

density of the particles (ML-3); and ρl is the density of the fluid (ML-3). 

Together, Equations (2.22) through (2.25) form the foundation for the 

mathematical modeling of flocculation. Originally, Smoluchowski used the combination 

of Equations (2.22) and (2.23) to model the flocculation of monodisperse particles by 

Brownian motion alone (perikinetic flocculation) and the combination of Equations 

(2.22) and (2.24) to model flocculation by fluid shear alone (orthokinetic flocculation). 

Under these simplified conditions, the equations are able to be solved analytically to 

predict the number concentration of particles as a function of time. However, the reality 

of actual drinking water treatment plants is such that many of the assumptions made by 

Smoluchowski are invalid. Many researchers have attempted to address these 

inadequacies, and Thomas et al. (1999) presented a review of much of that work. The 

following discussion focuses on the work of Lawler and co-workers. This work is 

highlighted because the modeling efforts in the present research are a direct extension of 

the earlier work of the Lawler group. The work of other researchers is discussed 

subsequently. 

2.4.1 Long-Range Force Model 

Using Smoluchowski’s discretized population balance framework, Lawler et al. 

(1980) developed a mathematical model for flocculation. The original model incorrectly 

accounted only for Brownian motion and fluid shear but was later revised by Lawler and 

Wilkes (1984) to include differential sedimentation. Because this model accounts only for 

the long-range transport mechanisms, it is referred to hereafter as the long-range force 

model (this model is also referred to as the rectilinear model in the literature). An 

empirical collision efficiency factor (αemp) was introduced to correct for any unaccounted 

for physical and chemical factors that reduce the predicted rate of flocculation (this factor 
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is often used to fit model results to experimental data). In the original modeling effort, the 

value of that parameter was set to unity, assuming that the particles were completely 

destabilized. The resulting model was essentially a combination of Equations (2.22) 

through (2.25) and resulted in the following governing number balance:  
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where: ij
DS

ij
Sh

ij
Br

ij
tot ββββ ++=  (2.27)

Heterodisperse particle suspensions were accommodated by dividing the modeled 

particle size range into a series of discrete particle size intervals or “bins” that were 

equally spaced on a logarithmic basis. One equation of the form of Equation (2.26) was 

written for each particle size, resulting in a system of coupled non-linear ordinary 

differential equations. This system of equations was numerically integrated using Gear’s 

method to predict how the PSD changed with time. In the initial work, the model was 

used to evaluate the effects of water quality characteristics and design parameters on the 

efficiency of flocculation. 

In the first check of the long-range model against experimental data, Lawler and 

Wilkes (1984) compared predictions from the long-range model with detailed particle 

size distribution data collected at an operating softening plant. They found that the long-

range model drastically overestimated the frequency of collisions between large and 

small particles in a suspension. This result was confirmed in carefully controlled 

laboratory experiments performed by Li (1996). 

2.4.2 Short-Range Force Model 

Han and Lawler (1992) proposed that the long-range force model overestimated 

collisions between small and large particles because it did not account for hydrodynamic 
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interactions and electrostatic effects (van der Waals attraction and electrical double layer 

interactions) that arise as particles approach one another. These interactions alter the 

trajectories of the colliding particles and reduce the effective collision frequency 

functions. A schematic depicting the particle trajectories described by the long-range and 

short-range force models is shown in Figure 2.1. 
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Long-Range Model Short-Range Model

aiaj

Xc

criticalopen
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criticalopen

aiaj
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Xc

criticalopen

aiaj

Xc

criticalopen

 

Figure 2.1 Particle trajectories in the long-range and short-range flocculation models 

Using numerical trajectory analysis to account for these effects, Han and Lawler 

presented correction factors for the collision frequency functions of all three long-range 

transport mechanisms (Brαij, Shαij, and DSαij). Here, α = [Xc/(ai + aj)]2 in Figure 2.1. The 

correction factors accounted for hydrodynamic effects and van der Waals attraction; 

double layer interactions were not considered due to the difficulty in formulating 

generalized expressions for the correction factors (double layer interactions are strong 

functions of the solution and particle characteristics). Therefore, if destabilization is 

incomplete, double layer interactions need to be accounted for through manipulation of 
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the empirical collision efficiency factor, αemp. A complete description of the short-range 

correction factors is available in Han and Lawler (1992). 

The resulting “short-range force model” (also known as the curvilinear model in 

the literature) reduced the predicted rate of all collisions, but the effects were most drastic 

for collisions between particles of dramatically different sizes by fluid shear and 

differential sedimentation. Equation (2.28) presents the population balance equation that 

defines the short-range force model. 
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Li (1996) performed a detailed comparison of both the long-range and short-range 

force models with experimental particle size distribution (PSD) measurements collected 

from flocculation experiments performed in a Couette flow reactor. Comparison of model 

results with PSD data from one such experiment is shown in Figure 2.2. It is clear, as 

described above, that the long-range force model dramatically over-predicted the rate of 

collisions between large and small particles (dotted line for long-range model prediction 

is below the data on left and almost a full order of magnitude above the data on right). 

However, the short-range force model correctly accounted for collisions, leading to a 

very close fit with experimental data when particle destabilization was accomplished by 

charge neutralization (in which no new solids are formed). In these experiments, αemp was 

used as a model fitting parameter. The best-fit of the short-range model to the 

experimental data is characterized by an empirical collision efficiency factor of 0.9, 

suggesting that the majority of the physical/chemical phenomena are being correctly 

accounted for. These representative data are encouraging proof that the short-range force 

model is correct. 
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Figure 2.2 Comparison of the short-range and long-range model predictions with 
experimental charge-neutralization flocculation results (from Li (1996)). 

Li also performed flocculation experiments emulating alum sweep-floc 

coagulation and lime softening. Results from a representative experiment emulating lime 

softening are shown in Figure 2.3. The experiment shown simulated Austin’s treatment, 

i.e., softening of Lake Austin water by lime with some addition of iron to aid 

flocculation. In comparison to either model, the precipitation of CaCO3 results in a far 

greater reduction of small particles and a far greater creation of large particles (nearly an 

order of magnitude in each case). Similar results (not shown) were obtained using alum at 

concentrations representing sweep-floc conditions. These results reveal the Achilles heel 

of flocculation modeling; when precipitation of new solids occurs, the model, in either 

form, is entirely inadequate. The models could not account for the dramatic changes in 

the size distribution because they ignore the creation of new solids. 
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Figure 2.3 Comparison of long-range and short-range model predictions with 
experimental lime softening data (from Li (1996)). 

The formation and growth of new particles, as well as the precipitation of new 

solids onto or surrounding existing particles, dramatically influence the effluent particle 

size distributions from coagulation; indeed, that is why we use “sweep-floc” coagulation. 

However, the lack of quantitative understanding of the changes in the size distribution 

brought about by precipitation severely limits the ability to improve flocculation 

processes in water treatment plants. 

2.4.3 Alternative Models 

It is important to realize that there are still several assumptions embedded in the 

short-range force model. Of these, the two that raise the most concern with respect to 

precipitative coagulation processes are: 1) that particles are spherical and remain so after 

collision and 2) that once formed, flocs do not breakup. The following discussion reviews 
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alternative flocculation models developed by relaxing these assumptions; the perceived 

importance of that work in relation to the present study is also addressed. 

Floc porosity 

Several investigators (Chellam and Wiesner, 1993; Veerapaneni and Wiesner, 

1996; Li and Logan, 1997; Serra and Logan, 1999; Chakraborti et al., 2003) have noted 

that the short-range model ignores the fractal nature of flocs; the theory presented above 

assumes that all particles and flocs are hard spheres, whereas real flocs are porous. Lee et 

al. (2000, 2002) and Thill et al. (2001) developed comprehensive models that incorporate 

fractal theory into the collision mechanisms, and compared those models to experimental 

results. These authors suggested that the true collision frequency lies between the 

predictions of the long-range and short-range models. Unfortunately, their refinements, 

while valuable for the conditions they investigated, also do not account for precipitation; 

note that the experimental results in Figure 2.3 suggest the loss of small particles is far 

greater than even the long-range model predicts. The loss of small particles stems from 

the incorporation of the original particles into precipitates, and none of the existing 

models account for this mechanism. In addition, accounting for floc porosity is likely 

much more important when modeling the flocculation of amorphous precipitates formed 

during sweep-flog coagulation (e.g., aluminum and iron hydroxides). In comparison with 

amorphous hydroxides, the calcium carbonate particles formed during softening (primary 

and aggregates) are relatively non-porous. 

Floc breakup 

Clark and co-workers have focused on the fluid mechanics of flocculation and 

floc breakup. Kramer and Clark (1999, 2000) presented both experimental results and 

mathematical modeling of floc breakup in a well-controlled shear field; the inclusion of a 
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breakup term in the flocculation model improved the predictions of size distributions. 

Ducoste and Clark (1998a, 1998b) and Hopkins and Ducoste (2003) found that increasing 

the average velocity gradient increased both the flocculation (growth) rate and the 

breakup rate, leading to a less heterodisperse suspension (i.e., small particles grew and 

large particles broke up, resulting in a smaller variance in particle size). Although that 

work is valuable, the addition of floc breakup to the short-range flocculation model 

would not correct the problems that the present study is aimed to address; breakup 

increases the number of small particles, but their number is already grossly overestimated 

when precipitation is involved. With respect to the present work, the breakup of 

aggregates was found to be negligible in several studies focused on the aggregation of 

calcium carbonate during precipitation (Collier and Hounslow, 1999; Mumtaz and 

Hounslow, 2000; Andreassen and Hounslow, 2004). 

The research presented above makes clear that some important mechanisms are 

not accounted for in the short-range flocculation model. The present work focuses on 

precipitative softening where the resulting solids are highly crystalline, which leads to 

relatively strong, non-porous aggregates; in other words, the assumptions of the short-

range force model generally hold true for calcium carbonate. As such, this work focuses 

on the addition of the mechanisms of precipitation to the non-fractal short-range 

flocculation model. However, a logical extension of this work is the application of the 

revised model to sweep-floc coagulation. It is highly likely that the effects of floc 

porosity and floc breakup will need to be addressed in that work. 

2.5 MODELING PRECIPITATION 

Like flocculation, modeling of precipitation has quite a long history. Numerous 

studies have focused on mathematically describing precipitation in industrial 

crystallization processes. In the chemical engineering literature, several studies have 
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focused on the crystallization of CaCO3, which is industrially produced. Although the 

aims of industrial crystallization are significantly different from the precipitation in water 

treatment plants, the modeling approaches developed in this field provide many insights 

for this work. 

Industrial crystallization processes have primarily been modeled using a 

population balance framework similar to that used in most flocculation models. 

Fundamental presentations of the theory of population balances and their solution can be 

found in Randolph and Larson (1988) and Ramkrishna (2000); a summary of the 

mathematical formulation and numerical solution of the population balance equations for 

simultaneous precipitation and flocculation is presented in Chapter 5. These techniques 

have been utilized in the modeling of CaCO3 crystallization (Hostomsky and Jones, 1991; 

Wachi and Jones, 1992; Tai and Chen, 1995; Bramley et al., 1996; Collier and 

Hounslow, 1999; Hounslow et al., 2001; Mahoney and Ramkrishna, 2002; Andreassen 

and Hounslow, 2004). In addition, many modeling efforts of this type have been 

accompanied by seeded and unseeded batch crystallization experiments and particle size 

distribution measurements (Marchal et al., 1988; Hostomsky and Jones, 1991; Wachi and 

Jones, 1992; Tai and Chen, 1995; Bramley et al., 1996; Muhr et al., 1997; Collier and 

Hounslow, 1999; Livk et al., 1999; Zauner and Jones, 2000; Hounslow et al., 2001). 

Other studies have focused on modeling alone (Mumtaz et al., 1997; Kostoglou and 

Karabelas, 1998; McCoy, 2002). 

2.5.1 Modeling Flocculation during Precipitation 

It has long been realized that agglomeration (flocculation) of crystals during 

precipitation can strongly influence the effluent size distribution. Thus, nearly all modern 

modeling efforts have attempted to account for those effects. What follows is a summary 
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of research from the chemical engineering literature that has focused on aggregation 

during precipitation of sparingly soluble salts.  

Hounslow et al. (1988) found that the aggregation of calcium oxalate 

monohydrate (COM) was best described using a size-independent aggregation kernel. 

Other authors have come to the same conclusion for CaCO3 (Hostomsky and Jones, 1991; 

Wojcik and Jones, 1997) and Al(OH)3 (Ilievski and White, 1994). Bramley et al. (1996) 

tested the suitability of several kernels for describing aggregation during precipitation of 

COM. In addition to the size-independent case, kernels representing particle motion by 

Brownian motion, differential sedimentation, fluid shear, inertia, and the Thompson 

kernel (an empirical relationship) were evaluated. In each case, only the underlying size 

dependence of each kernel was evaluated, rather than the entire expression describing the 

particle physics. In essence, all variables other than particle size were lumped into an 

alpha term that was extracted from experimental data. Furthermore, only one aggregation 

mechanism was considered at a time and short-range intraparticle forces were ignored. In 

agreement with the earlier study (Hounslow et al., 1988), the authors found that a size-

independent kernel was most appropriate for describing the aggregation of COM. Collier 

and Hounslow (Collier and Hounslow, 1999) performed essentially the same study with 

CaCO3 and found that a size-independent kernel resulted in the best prediction of the 

experimental data. 

Clearly, these results are in conflict with the modern view of flocculation 

described above. Much of the research focused on improving the understanding of 

flocculation in the water treatment field has focused on delineating the collision 

mechanisms and collision efficiencies as a function of particle size, particle morphology 

and the extent of destabilization. The work in the Lawler research group (presented 

above) has shown that the flocculation of well-destabilized particles during charge-
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neutralization flocculation is well described by the short-range flocculation model. In that 

model, both the long-range collision frequency function, βij, and the associated short-

range correction factors, αij, are strong functions of particle size. In another example, 

Thill et al. (2001) showed that the flocculation of fractal aggregates is governed by an 

intermediate (between the short-range and long-range models) collision scheme 

(Veerapaneni and Wiesner, 1996). Here again, the collision frequency functions were a 

function of particle size (and morphology). 

More recent studies in the Hounslow group (Mumtaz et al., 1997; Mumtaz and 

Hounslow, 2000; Hounslow et al., 2001; Liew et al., 2003; Andreassen and Hounslow, 

2004) have taken a more fundamental approach to describing aggregation. Mumtaz et al. 

(1997) developed a theoretical model for the aggregation of COM during precipitation. 

Much like the flocculation models developed in the water treatment field, the overall rate 

of aggregation was viewed as the product of a collision frequency and a collision 

efficiency. The rate of collisions was described using Smoluchowski’s simplified result 

for shear induced collisions of monodisperse particles. The authors then introduced a 

collision efficiency that was a function of the level of supersaturation, the shear rate (G), 

and particle size. The success of an aggregation event was seen as being a balance 

between the rate that two colliding particles cemented themselves together (through 

precipitation of new solids forming a bridge between the two particles) and the rate at 

which newly formed doublets are broken apart by the hydrodynamic drag forces imposed 

on the aggregate. This same idea had been hypothesized in earlier research (David et al., 

1991; Mersmann, 2001). 

The authors calculated theoretical collision efficiencies for doublets of particles at 

various orientations in a shear field. According to the model calculations, the collision 

efficiency should decrease with increasing G (higher shear forces = more failed 
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aggregation events) and increasing particle size (stronger hydrodynamic forces = more 

failed aggregation events) and increase with increasing supersaturation (faster growth rate 

= more successful aggregation events). When combined with the effects of G and particle 

size on the collision frequency function, the model suggested that the overall rate of 

aggregation would pass through maximums when plotted against G and dp. Initially, the 

effects of increased G and dp on the shear collision frequency outweigh the detrimental 

hydrodynamic effects, but with continued increases, the shear forces acting to break 

newly formed aggregates apart win out, causing the overall rate of aggregation to 

decrease. 

Mumtaz and Hounslow (2000) evaluated the effects of the shear rate on the 

overall rate of aggregation of COM particles in a Poiseuille flow reactor. As predicted by 

the model cited above, the overall aggregation rate passed through a maximum with 

respect to G. Hounslow et al. (2001) examined a large quantity of experimental data for 

CaCO3 and COM using the model framework developed by Mumtaz et al. (1997) and 

found that the collision efficiency could be correlated with a “dimensionless strength” 

that took into account the effects of the particle growth rate, particle size, and shear rate. 

Liew et al. (2003) improved the analysis of Mumtaz et al. (1997) by allowing the point of 

contact between to aggregating particles to be a line rather than a point and reanalyzed 

the data from the earlier paper (Hounslow et al., 2001). The collision efficiency was 

related to the dimensionless strength through an empirical logistic function (Liew et al., 

2003): 
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where Lc is the contact length, σ* is the apparent yield strength of the material, KG is the 
overall linear growth rate, μ is the liquid viscosity, 0,3d is the volume-averaged particle 

diameter, and G is the shear rate. Fitting Eq. (2.28) to the experimental data for calcite 

and COM (Liew et al., 2003) and vaterite (Andreassen and Hounslow, 2004) yielded 

values of the parameter Lcσ*/M50 that are shown in Table 2.3. 

Table 2.3 Fitting parameters for Eq. (2.30) 

 Liew et al. (2003) Andreasson and Hounslow (2004) 

 COM Calcite Vaterite 

Lcσ*/M50 (N/m) 0.61 ± 0.02 0.72 ± 0.03 0.18 ± 0.02 

The major findings from the above research can be summarized by the following 

points: 

• Aggregation during precipitation can be viewed as a two stage processes: 1) 

particles collide as a result of their relative motion in suspension and 2) the 

survival of the newly formed aggregate is a function of the time it takes for 

the particles to become strongly cemented together (through continued 

precipitation) and the hydrodynamic drag forces acting on the newly formed 

aggregate. 
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• Although experimental data have often been successfully analyzed using a 

size-independent aggregation kernel, it is clear from these most recent 

findings that there is an effect of particle size that is related to the collision 

mechanism (shear in this case) and the forces acting to disrupt newly formed 

aggregates. 

• The overall rate of flocculation during precipitation is strongly influenced by 

the saturation ratio (as manifested in the overall linear growth rate); higher 

growth rates lead to higher aggregation efficiencies. 

• The effect of the shear rate on the overall rate of flocculation is more complex 

than in a pure flocculation case. Increasing the mixing intensity increases the 

shear induced collision frequency, but reduces the efficiency of collisions (due 

to increased hydrodynamic drag forces that act to disrupt newly formed 

aggregates). 

• The collision efficiency for shear induced collisions has been correlated with 

the dimensionless strength. 

It is clear from this research that flocculation during precipitation is quite different than 

pure flocculation. In precipitative coagulation, not only is the PSD changed by the growth 

of existing particles by precipitation onto their surfaces, but rate of flocculation is 

enhanced by the supersaturated conditions. Both of these effects have been ignored by the 

flocculation models developed in the field of environmental engineering.  

On the other hand, the modeling of flocculation in the environmental engineering 

field has been more fundamental than the treatments in the chemical engineering field 

with respect to the delineation of the particle physics involved. Despite the fact that there 

has been a trend towards a more fundamental view of the collision mechanism, even the 
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authors agree that there is substantial room for improvement (Hounslow et al., 2001). 

Several assumptions were made in the work cited above. 

• Fluid shear was the only collision mechanism considered. This may have not 

been a terrible assumption realizing that the mixing intensities were generally 

high and the particle sizes considered were between 1 and 20 μm in size. 

However, mixing intensities in operating softening processes are likely to be 

substantially lower than those utilized in industrial crystallization processes 

and the influent water will almost certainly contain a large population of 

submicron particles. Therefore, the inclusion of Brownian motion of 

differential sedimentation is necessary to accurately predict the collision 

frequencies. 

• Short-range forces were ignored. The argument used by Mumtaz et al. (1997) 

suggesting that the effects of van der Waals attraction and hydrodynamic 

resistive forces offset one another is in direct conflict with the work of Lawler 

and co-workers. Mathematical modeling (Han and Lawler, 1992) and 

comparison with experimental results (Li, 1996) have shown that the long-

range force model over-predicts the collision frequency between particles of 

all sizes, but most significantly between particles of widely disparate sizes via 

fluid shear and differential sedimentation. By not explicitly including these 

effects in the calculation of collision frequency, the empirical efficiency factor 

is forced to account for the short-range physics as well as the 

destabilization/supersaturation conditions. 

• Particle size was characterized using the volume averaged diameter despite 

the fact that the entire particle size distribution was measured and particle size 

was found to vary from approximately 1-20 μm. Both the long-range collision 
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frequency functions and the short-range collision efficiency functions are 

strong functions of particle size and collision frequencies can vary 

substantially with an order of magnitude change in the ratio of the colliding 

particle diameters. By using an average particle size, those effects are lost. 

Hounslow et al. (2001) noted this fact and attributed the “spread” in their 

results to the various averaging that was employed in the analysis. A more 

complete accounting of the system would explicitly include the entire particle 

size distribution. 

2.5.2 Size-Dependence of Particle Growth 

In the majority of the modeling efforts referenced above, the overall linear growth 

rate was assumed to be independent of particle size. As described in Section 2.3.3, the 

assumption of size-independent growth (the so-called ΔL law) often holds. However, 

size-dependent particle growth and growth rate dispersion are also possible. Attempts to 

measure and model these behaviors are summarized by Randolph and Larson (1988) and 

Tavare (2001) and typically involve replacing constant growth rate expressions with 

empirically derived functions of particle size. Following a different methodology, Gooch 

et al. (1996) utilized Monte Carlo simulation to discriminate between the size-

enlargement mechanisms of aggregation, size-dependent growth, and growth rate 

dispersion. Because conflicting results regarding the size-dependence of calcite growth 

have been reported, it is important to consider these strategies for handling size-

dependent growth. 

2.6 SUMMARY 

Precipitative coagulation processes are used nearly ubiquitously in drinking water 

treatment and benefits of these processes with respect to the removal of particles and 
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dissolved constituents are well known. Currently, however, there is a lack of fundamental 

understanding regarding the mechanisms by which the particle size distribution changes 

during processes involving simultaneous precipitation and flocculation. The motivation 

for the present work stemmed from the work of Li (1996). In that work, the short-range 

flocculation model developed by Han and Lawler (1992) was experimentally verified for 

the case of charge-neutralization flocculation. However, neither the short-range nor the 

long-range model was capable of predicting the evolution of the particle size distribution 

when precipitation occurred simultaneously with flocculation. The models could not 

account for the dramatic changes in the PSD because they do not account for the creation 

of new solids by precipitation. Additional motivation for the present work comes from 

the chemical engineering literature, where several attempts to model the aggregation of 

sparingly soluble salts during precipitation have been made. 

The mathematical framework and experimental methods utilized in modeling 

precipitation (chemical engineering) and flocculation (environmental engineering) are 

remarkably similar. However, particular aspects of each, if combined in a unified 

approach, have the potential to provide significant improvement in both fields. The 

sophisticated treatment of nucleation and particle growth, along with the aspects of 

flocculation unique to precipitative coagulation processes (e.g., the role of the saturation 

ratio and complex effects of mixing intensity) in the field of industrial crystallization will 

fill a void that has been completely ignored in modeling precipitative coagulation 

processes in water treatment. On the other hand, the modern description of flocculation 

used in environmental engineering has the potential to substantially improve the models 

of precipitation that have been developed in the field of industrial crystallization. The 

present study focuses on bringing together the salient aspects of past research in both 

fields with the aim of developing a model that accurately predicts how particle size 
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distributions change during precipitative softening as a function of the primary design 

and operational variables; namely, the saturation ratio, pH, ion activity ratio, seed type 

and concentration, and mixing intensity. 
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Chapter 3: Experimental Methods 

3.1 INTRODUCTION 

The objective of the experimental work was to develop a quantitative 

understanding of how particle size distributions change as the result of simultaneous 

precipitation and flocculation during precipitative softening. The effects of several design 

and operational variables (S, pH, r, seed concentration and type, and mixing intensity) on 

the rates of nucleation, precipitative growth, and flocculation were evaluated through the 

collection of detailed particle size distribution measurements during approximately 50 

bench-scale calcium carbonate precipitation experiments. Data was also collected for the 

purpose of testing the parallel mathematical modeling efforts. Descriptions of the 

experimental design, experimental apparatus, analytical techniques, and data analysis are 

presented here. 

3.2 EXPERIMENTAL DESIGN 

Two types of bench scale precipitation experiments were performed. Constant 

solution composition experiments were designed to hold all solution conditions (S, r, pH, 

I) constant throughout the precipitation reaction. Declining solution composition 

experiments were designed to mimic actual softening processes where the solution 

conditions (including the driving force for precipitation) change with time. Each 

experiment was characterized by several independent variables. Between experiments, 

these variables were changed systematically to explore their effects independently. The 

experimental conditions during each precipitation experiment are shown in Table 3.1. 
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Table 3.1 Experimental conditions 

S pH r Seed 
Type 

Seed 
Concentration G Experiment 

Type* Experiment Name 
(-) (-) (-) (-) (mg/L) (s−1) (-) 

S2pH10r1seed10-1 2 10 1 calcite 10 300 CC 
S2pH10r1seed10-2 2 10 1 calcite 10 300 CC 

S2pH10r1seed100-1 2 10 1 calcite 100 300 CC 
S4pH9r1seed0-1 4 9 1  0 50 CC 
S4pH10r1seed0-1 4 10 1  0 50 CC 

S4pH10r1seed10-1 4 10 1 calcite 10 100 CC 
S4pH10r1seed10-2 4 10 1 calcite 10 100 CC 
S4pH10r1seed10-3 4 10 1 calcite 10 300 CC 

S4pH10r1seed100-1 4 10 1 calcite 100 300 CC 
S6pH10r1seed10-1 6 10 1 calcite 10 300 CC 
S6pH10r1seed10-2 6 10 1 calcite 10 300 CC 

S6pH10r1seed100-1 6 10 1 calcite 100 300 CC 
S6pH10r1seed100batch-1 6 10 1 calcite 100 300 DC 

S8pH9r1seed0-1 8 9 1  0 50 CC 
S8pH10r1seed0-1 8 10 1  0 50 CC 
S8pH10r1seed0-2 8 10 1  0 50 CC 
S8pH10r1seed0-3 8 10 1  0 50 CC 
S8pH10r1seed0-4 8 10 1  0 50 CC 
S8pH10r1seed0-5 8 10 1  0 50 CC 
S8pH10r1seed8-1 8 10 1 calcite 8 300 CC 

S8pH10r1seed10-1 8 10 1 calcite 10 100 CC 
S8pH10r1seed10-2 8 10 1 calcite 10 100 CC 
S8pH10r1seed10-3 8 10 1 calcite 10 300 CC 

S8pH10r1seed100-1 8 10 1 calcite 100 300 CC 
S8pH10r1seed100-2 8 10 1 calcite 100 300 CC 

S8pH10r1seed100batch-1 8 10 1 calcite 100 300 DC 
S8pH10r1seed100batch-2 8 10 1 calcite 100 50 DC 
S8pH11r1seed100batch-1 8 11 1 calcite 100 300 DC 

S12pH9r1seed0-1 12 9 1  0 50 CC 
S12pH10r1seed0-1 12 10 1  0 50 CC 
S16pH10r1seed0-1 16 10 1  0 50 CC 

S16pH10r1seed0batch-1 16 10 1  0 300 DC 
S16pH10r1seed100-1 16 10 1 calcite 100 300 CC 

S16pH10r1seed100batch-1 16 10 1 calcite 100 300 DC 
S16pH10r1seed100batch-2 16 10 1 calcite 100 300 DC 
S16pH10r1seed100batch-3 16 10 1 calcite 100 50 DC 
S16pH10r1latex6batch-1 16 10 1 latex 6 300 DC 

S16pH11r1seed100batch-1 16 11 1 calcite 100 300 DC 
S16pH11r1.5seed100batch-1 16 11 1.5 calcite 100 300 DC 
S24pH10r1seed100batch-1 24 10 1 calcite 100 300 DC 
S24pH11r1seed100batch-1 24 11 1 calcite 100 300 DC 

*CC = constant solution composition and DC = declining solution composition 
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3.2.1 Experiment Naming Protocol 

Experiments were given names that captured the experimental conditions under 

which the experiment was performed. Figure 3.1 details the experiment naming protocol; 

experiments are referred to by these names throughout the document. The example is the 

name assigned to the first replicate of a declining solution composition experiment run 

with an initial saturation ratio of 8, pH 10, and ion activity ratio of 1. Precipitation was 

commenced from a solution containing a target concentration of 100 mg/L of calcite seed 

particles. Saturation ratio, pH and ion ratio are initial values for declining composition 

experiments; these variables were held constant in constant solution composition 

experiments. 

All experiments were performed at an ionic strength of 0.05 M. The only 

experimental parameter not captured by the naming protocol is the mixing intensity. All 

experiments were performed with a 30 second rapid mixing step (G = 300 s−1). The 

details of the slow mix G for each experiment can be found in Table 3.1. The slow-mix G 

values are indicated where relevant. 

Figure 3.1 Experiment naming protocol 

S 8 pH 10 r 1 seed 100 batch - 1

saturation ratio

pH

ion ratio

seed type
“seed” = calcite
“latex” = latex

target initial particle
concentration (mg/L)
“0” = unseeded

experiment type
no label = constant composition
“batch” =  declining composition 

replicate

S 8 pH 10 r 1 seed 100 batch - 1

saturation ratio

pH

ion ratio

seed type
“seed” = calcite
“latex” = latex

target initial particle
concentration (mg/L)
“0” = unseeded

experiment type
no label = constant composition
“batch” =  declining composition 

replicate

 



 47

3.3 LIQUID PHASE CHARACTERIZATION 

3.3.1 Measurement of pH 

Solution pH was measured using an Orion meter (740Aplus), electrode (Model 

8175) automatic temperature correction probe (Model 917005). The probe was calibrated 

daily using standard pH 7 and pH 10 buffer solutions. Following each precipitation 

experiment, the pH and temperature probes were soaked in 0.01 M HCl for at least 30 

minutes to remove any calcium carbonate that had deposited. 

3.3.2 Flame Atomic Absorption Spectroscopy 

Dissolved calcium concentrations were measured via Flame AA (Perkin Elmer 

1100B) following the procedures outlined in Standard Method 3111 (APHA et al., 1995). 

A calibration curve was created daily using standards of 3, 6, 9, 12, and 15 mg/L Ca+2. In 

some instances, a standard of 0.4 mg/L was also used. An example calibration curve is 

shown in Figure 3.2. 

Samples collected from the reaction vessel were immediately filtered through a 

0.22 μm membrane filter to remove any solid calcium carbonate. 2-20 mL aliquots of the 

filtered solutions were then added to 5 mL of acidified Lanthanum oxide. Samples less 

than 20 mL were diluted to a final volume of 50 mL in volumetric flasks using distilled 

deionized water. Diluted solutions were stored in 125 mL polycarbonate containers prior 

to measurement (usually less than 4 hours). Following measurement of the samples, a 

check of the 9 mg/L standard was performed to ensure that the baseline absorbance had 

not shifted over the course of the measurements. All glassware was thoroughly washed 

and soaked in 10% nitric acid prior to use. 
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Figure 3.2 Flame AA standard curve for calcium 

3.4 SOLID PHASE CHARACTERIZATION 

3.4.1 Powder X-ray Diffractometry 

Sample Preparation 

At the end of each precipitation experiment, the remaining suspension was 

vacuum filtered through a 0.22 μm membrane filter (Millipore GS); suction was applied 

for several minutes after the solution was gone to aid in drying the sample. Following 

filtration, the membrane and associated solids were transferred to an aluminum weighing 

dish or watch glass and placed in a dessicator at room temperature for at least 12 hours 

prior to measurement. Dried solids were ground with a mortar and pestle if necessary and 

a small amount (≈ 50 mg) was placed on a glass slide. The solids were formed into a thin 

layer on the slide and affixed using a few drops of acetone, which quickly evaporated. 
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Measurement 

Samples were analyzed on an automated vertical scanning general purpose 

powder diffractometer (Phillips APD 3520) with a CuKα radiation source (λ = 1.5418 Å) 

(Phillps PW 1720). Powder XRD diffraction patterns were obtained at scattering angles 

(2θ) between 20 and 70 degrees using a 0.04° step size and a two second dwell time. 

Phase Identification 

Plots of intensity versus the scattering angle, 2θ, were compared with the powder 

diffraction files for calcite, vaterite, and aragonite using MDI Jade 7 software. This 

preliminary comparison allowed the identification of which polymorphs were present in a 

given sample. The powder diffraction files used to identify the three polymorphs of 

calcium carbonate were PDF#00-005-0586 (calcite), PDF#00-041-1475 (aragonite) and 

PDF#00-033-0268 (vaterite). 

Rietveld Refinement 

Upon identification of the polymorphs, their concentrations were quantified using 

DBWS-9807a, an upgrade of the Rietveld refinement software application DBWS-9411, 

developed by Young et al. (1995). Rietveld refinement is a whole-pattern-fitting structure 

refinement procedure; parameters in models describing the crystal structure and other 

specimen and instrument specific influences on the diffraction pattern are iteratively 

resolved to allow the quantification of the solid phase. Model parameters were adjusted in 

the sequence suggested by Young (1993). Lattice parameters for each of the three 

polymorphs were obtained from the literature: calcite (Markgraf and Reeder, 1985); 

aragonite (de Villers, 1971); and vaterite (Kamhi, 1963). Very good fits of the measured 

diffraction spectra were obtained. One example is shown in Figure 3.3. 
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Figure 3.3 Rietveld refinement of the powder XRD pattern from experiment 
S8pH10r1seed0-1 

Two simpler procedures using only the maximum intensity (Kontoyannis and 

Vagenas, 2000) or area (Dickinson and McGrath, 2001) of one peak characterizing each 

polymorph were also evaluated. The results from the Rietveld analysis were very similar 

to the results from the procedure utilizing the maximum intensity. Results from 

experiment S8pH10r1seed0-1 are shown in Table 3.2. Due to the relative ease of 

calculation, the method of Kontoyannis and Vagenas (2000) was used to estimate the 

relative fractions of each polymorph in seeded constant solution composition 

experiments. 
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Table 3.2 Comparison of techniques for quantifying polymorph concentrations from 
powder XRD patterns from experiment S8pH10r1seed0-1. 

Method 
Polymorph 

Rietveld (Kontoyannis and 
Vagenas, 2000) 

(Dickinson and 
McGrath, 2001) 

calcite 3.7 % 4.5 % 5.4 % 
aragonite 14.8 % 14.9 % 20.8 % 
vaterite 81.5 % 80.6 % 73.8 % 

3.4.2 Scanning Electron Microscopy 

Images of calcium carbonate particles were obtained using a LEO 1530 scanning 

electron microscope (SEM). Samples taken from the reaction vessel for SEM analysis 

were vacuum filtered through a 0.22 μm membrane filter (Millipore GS) and air dried in 

a dessicator for at least 12 hours prior to analysis. Small sections of the solids-laden 

membrane filters were cut out and coated with chromium to prevent charging effects. 

Coating was performed using an A320 Series sputtering source (AJA International, Inc.); 

samples were sputtered for 20 seconds at a power of 100 W under high vacuum. Coated 

samples were affixed to aluminum sample holders with 9 mm carbon double-sided sticky 

discs. Images were typically obtained using a voltage of 3 to 8 kV and a working distance 

of 6 to 8 mm under high vacuum. Along with the scale bar, specifics of the voltage, 

working distance, and detector are shown on each image. 

3.5 SUSPENSION CHARACTERIZATION 

Measurements of the particle size distribution were made using a Coulter Counter 

(Multisizer III, Beckman Coulter), a sophisticated instrument for counting and measuring 

particles in a suspension. A Coulter Counter operates on the principle of an electrical 

sensing zone, where a constant electrical current is passed through a small aperture in a 

glass tube separating a clean electrolyte solution and the sample being measured. The 
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sample solution is drawn through the aperture, and each time a particle passes through the 

aperture, the resistance increases and results in a voltage spike. The magnitude of the 

voltage spike is proportional to the volume of the particle. In this manner, the number and 

size of particles can be measured rapidly and accurately. Details of the theory and 

operation of electrical sensing zone instruments can be found elsewhere (Van Gelder et 

al., 1999; Chowdhury et al., 2000). 

3.5.1 Electrolyte 

Particle counting via Coulter Counter relies on the measured suspension being 

electrically conductive. As such, samples must be diluted into an electrolyte solution 

prior to measurement. High-purity electrolyte was prepared in accordance with 

previously established methods (Broyan, 1996; Chowdhury et al., 2000). 

The electrolyte solution used during this research was a mixture of sodium 

chloride and calcium chloride. Sodium chloride provided the majority of the 

conductivity, and calcium chloride was added to prevent the dissolution of the calcium 

carbonate solids prior to and during measurement. In addition, a small amount of sodium 

azide was added to prevent microbial growth in the filtration apparatus. It has been 

shown that 1 to 8 % (weight/volume) sodium chloride solutions provide the appropriate 

range of aperture resistance (Lines, 1992). In this research, the target NaCl concentration 

in the diluted sample was 1-2% (weight/volume). A 2% NaCl solution was used for low 

dilutions and a 16% NaCl solution was used for higher dilutions. The characteristics of 

the two solutions are shown in Table 3.3. 

The calcium chloride concentration in the two electrolyte solutions was 

determined through theoretical calculations (using Visual Minteq v. 2.22, a chemical 

equilibrium software) and preliminary experiments. In general, samples taken from the 

reactor were supersaturated with respect to calcium carbonate. Through trial and error, it 
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was found that dilution into a NaCl solution resulted in undersaturated conditions and 

caused the particles to dissolve. On the other hand, dilution into a CaCl2 solution did not 

substantially reduce the driving force for precipitation and the particles continued to 

grow. The objective in selecting the correct balance of NaCl and CaCl2 was to provide 

conditions very close to saturation following dilution of the samples into the electrolyte. 

Over the range of saturation ratios and dilutions anticipated, supplying 0.01 M CaCl2 

resulted in suspensions that were stable over the time period required for measurement. 

Figure 3.4 shows three consecutive measurements of the same sample of calcite seed 

particles diluted into the 2% electrolyte described above. Indeed, dissolution is minimal 

over the course of approximately 6.5 minutes. Throughout this research, measurements 

were typically completed within 1.5 minutes of sampling. 

Table 3.3 Coulter Counter electrolyte 

NaCl CaCl2 NaN3 Solution 
(weight/volume %) (M) (weight/volume %) 

1 2 0.01 0.1 
2 16 0.01 0.1 

The procedure for preparing 4 liters of a 2% electrolyte solution is described 

below: 

1. Dissolve 80 g of laboratory grade sodium chloride (Fisher), 5.88 g reagent 

grade CaCl2·2H2O (Fisher) and 2 g sodium azide (Fisher) into 4 L of 

distilled, deionized water (Milli-Q, Millipore Corp.). 

2. Vacuum filter solution successively through 0.45 and 0.22 μm membrane 

filters (Millipore Corp.). 

3. Pour electrolyte solution into the bottom 4 L glass bottle of the filtration 

system shown in Figure 3.5. 

4. Filter the electrolyte for at least 48 hours prior to use. 
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Figure 3.4 Repeatability of particle size distribution measurements using a NaCl/CaCl2 
electrolyte 

Figure 3.5 shows a schematic of the filtration system described above. Electrolyte 

is drawn out of the lower bottle via a peristaltic pump (Masterflex L/S) and pumped 

through an in-line filter apparatus containing two membrane filters (0.22 μm and 0.05 

μm) before flowing into the upper bottle. A siphon on the outlet of the upper bottle 

allows (nearly) batch operation of the unit. When the liquid level in the upper bottle 

reaches the siphon height, the electrolyte flows back into the lower bottle to be filtered 

again. Any air that enters the system is filtered through glass wool to prevent 

contamination. Electrolyte was filtered continuously, and the membrane filters were 

changed each time new electrolyte was added to the system. Purity of the electrolyte 

solution was checked prior to every experiment; acceptable particle counts from the 

electrolyte are presented in Table 3.5. Periodically, the entire filtration setup was taken 
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out of service, the tubing replaced and the glass bottles washed, disinfected with 

household bleach, and soaked in 10% nitric acid. 

Figure 3.5 Electrolyte filtration system 
(from Chowdhury et al. (2000)) 
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3.5.2 Coulter Counter Operation 

The particles characterized in this research ranged in size from well less than a 

micron to approximately 100 μm. Three different apertures were used throughout the 

course of this research (30, 100 and 200 μm). Because each aperture is only capable of 

measuring particles that are 2% to 60% of the aperture diameter, the combination of two 

apertures was often necessary to capture the entire distribution. The physical 

characteristics, upper and lower bounds of particle size, and operating conditions for the 

three apertures are shown in Table 3.4. 

Table 3.4 Aperture dimensions, particle size limits, and operating conditions 

Aperture diameter Measurable size range Current Gain 
(μm) (μm) (μA) (-) 
30 0.7* – 14 −800 4 

100 2.0 – 40 −1600 2 
200 4.0 – 80 −1600 2 

* The lower limit of the 30 μm aperture was limited by electrical noise 

As described above, samples must be diluted into electrolyte prior to 

measurement. In addition to maintaining the appropriate conductivity, dilution is 

necessary to achieve a reasonable particle concentration in the resulting suspension. As 

particle concentration increases, the probability of coincidence (i.e., two particles passing 

through the aperture at the same time and being counted as one) increases as well. 

Furthermore, particle concentrations that are too high can result in clogging of the 

aperture. On the other hand, low particle concentrations result in scattered data and the 

statistical significance of the measured distribution declines. These two limiting factors 

result in an acceptable range of particle concentrations (dilutions) for each aperture. 

Table 3.5 presents the recommended sample volumes (times) and particle counts used 

throughout this research. 
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All reasonable attempts were made to remove as many particles as possible from 

the electrolyte solutions. However, complete removal of all particles was not achieved. 

To account for particles in the electrolyte, blank samples containing only the electrolyte 

were measured as “blanks”. Blank counts were subtracted from samples to determine the 

actual particle size distribution. Acceptable counts from blank samples are shown in 

Table 3.5. 

Table 3.5 Guidelines for sample volumes (times) and acceptable particle counts during 
Coulter Counter operation 

Aperture 
diameter 

(μm) 

Sample volume 
(mL) 

Sample time 
(s) 

Maximum 
permissible total 
count for blank 

Recommended 
range of total 

count for sample 
30 0.05* ≈ 15 < 500 11,000-16,000 
100 2.0* ≈ 50 < 300 10,000-18,000 
200 10.16 60* < 100 9,000-13,000 

* indicates the controlling variable. The 30 and 100 μm apertures are operated using a 
volumetric metering pump. The 200 μm aperture is operated using a vacuum pump. The 
calibration of the 200 μm aperture with respect to volume is described in Section 3.5.3. 

3.5.3 Calibration 

The Coulter Counter was calibrated using uniform diameter latex microspheres 

(Beckman Coulter and Duke Scientific Corp., Palo Alto, CA). In the Multisizer III 

software, it is possible to choose the mode (linear or logarithmic), the size range, and the 

number of bins or channels (equivalent to the resolution within the chosen size range). 

Throughout this research, the instrument was operated in logarithmic mode and the size 

range was typically 2-40% of the aperture diameter. Breaking the measured size range 

into 130 logarithmically spaced bins resulted in a Δlog(dp) of 0.01. In logarithmic mode, 

the response of the instrument is linear with respect to the logarithm of the particle 

volume. The slope of the line is determined by the choice of the size range and the 

number of channels (0.03 log(vp)/channel in this case) 
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Each aperture was calibrated using four different size particles between 2 and 

40% of the aperture diameter. The smallest size particles were diluted into clean 

electrolyte and the suspension measured. Particles of each larger size were added 

successively and the suspension measured after each addition. The response of the 

instrument was determined by recording, for each particle size and each measurement, 

the channel into which the majority of the particles fell. Best fit lines of slope 0.03 were 

fit to the calibration data on a plot of the logarithm of the particle volume against the 

channel number, yielding an intercept. Figure 3.6 shows one such calibration curve. The 

slope and intercept from the calibration curve were utilized to convert raw counts (# vs. 

channel) into particle size distributions. The calibration was periodically verified with 

one of the particle size standards. 

Figure 3.6 Calibration curves for the 30, 100, and 200 μm apertures 
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Smaller apertures (20 – 100 μm) are operated using a volumetric metering pump. 

In that case, the desired sample volume is set and the instrument pulls exactly that 

volume through the aperture. The larger apertures (200 and 400 μm) had to be calibrated 

in terms of the sample volume drawn by the instruments. For these apertures, samples 

were drawn using the internal vacuum pump and sampling time was the control variable. 

For example, when using the 200 μm, suspension was sampled for 60 s. The volume of 

the sample drawn during that time was determined by measuring (by difference) the mass 

of clean electrolyte drawn during 60 s. The procedure was repeated 5 times; the values 

were averaged and converted to volume using the measured density of the electrolyte. 

3.5.4 Sample Preparation 

Samples were subjected to several procedures prior to measurement on the 

Coulter Counter. The utmost care was taken when sampling, mixing, and measuring 

samples so as to preserve the original particle size distribution. 

Sampling 

Because the reaction vessel (see Section 3.6) was closed to the atmosphere, 

sampling was achieved through a sampling port in the side of the reactor. Water flowed 

through a short section of ¼” stainless steel tubing and through a 3-way valve. Depending 

on the required dilution, sample was suctioned through a piece of rubber tubing into a 

pipette or allowed to flow into a glass jar containing the background electrolyte; sample 

volumes ≥ 20 mL were allowed to drain directly into the sample jar while samples less 

than 20 mL were collected via pipette. Wide-mouth pipettes were used for sampling to 

prevent the breakup of aggregates. 2, 5, 10, and 20 mL graduated wide mouth pipettes 

were constructed by cutting the tips off standard graduated pipettes. Solution was pulled 

slowly and evenly into the pipette using a standard pipette bulb. Prior to sampling, a 
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small amount of the suspension (≈ 5 mL) was wasted in an attempt to flush out the 

sample tubing. 

Dilution and mixing 

Graduated 60 mL glass jars with Teflon lined caps (Qorpak, Bridgeville, PA) 

were used for sampling. Sample jars were thoroughly cleaned prior to each experiment. 

Jars were washed in 2% Liqui-Nox (Alconox, Inc., White Plains, NY) solution, soaked in 

10% nitric acid for at least 30 minutes, rinsed with distilled water and allowed to dry 

upside down. Prior to each experiment, clean jars were rinsed with 40 mL of clean 

electrolyte solution; the same 40 mL of electrolyte was used to rinse 5 jars. After rinsing, 

each jar was filled with 40 mL of 2% electrolyte or 5 mL of 16% electrolyte and capped. 

Depending on the anticipated dilutions, the 16% electrolyte was diluted to 8% or 4% 

using distilled, deionized water. 

After removal from the reaction vessel, samples were carefully added to the 

sample jars. When sample was allowed to flow directly from the reaction vessel into the 

sample jar, the velocity was controlled via the 3-way valve and the flow was directed 

down the inside wall of the sample jar to avoid the break-up of aggregates. Likewise, 

dilution of pipetted samples into the background electrolyte was done very carefully. 

With the tip of the pipette below the surface of the electrolyte, the sample was slowly 

released using the pipette bulb. 

Following the release of the sample into the background electrolyte, the sample 

was capped and gently mixed using the rocking/rolling motion described by Lawler 

(1979) to ensure complete mixing and prevent the breakup of aggregates. In previous 

research (Lawler, 1979; Seib, 1992; Kolkhorst, 1993; Li, 1996), a specially designed 

mixing device was used for this purpose. To minimize the time between sampling and 

measurement and to maximize the sampling frequency, the mixing was performed by 
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hand in this research. Each sample was rotated approximately 5 times prior to 

measurement. In general, the calcium carbonate aggregates were less susceptible to 

break-up than the amorphous hydroxide precipitate examined in the abovementioned 

research, and mixing by hand was sufficient. 

Measurement 

After mixing, the diluted sample was placed on the Coulter Counter stage and 

raised to submerge the external electrode and the aperture. Measurement of each sample 

was performed in accordance with the guidelines described above. One blank was 

measured every day for each aperture and each electrolyte solution in use. 

At times, the aperture clogged during measurement. When this occurred, the 

blocking solids were removed by reversing the flow through the aperture tube. If this 

procedure was not sufficient, the aperture tube was removed and the particles dislodged 

with a small brush. In the event that the blockage consisted of calcium carbonate solids 

that had formed within the aperture, the tube was briefly soaked in 10% nitric acid to 

dissolve the precipitate. 

The calcium carbonate solids measured in this research were quite dense. As the 

particles grew to very large sizes, settling during measurement became a concern. If 

sedimentation during measurement became visible, samples were placed in a round 

bottomed flask (Coulter 6102051) and mixed using a glass propeller during measurement. 

Measurements with multiple apertures 

The measurement procedure was altered slightly when two apertures (30 μm and 

200 μm) were used. Sampling and dilution for the 30 μm aperture was performed first, 

followed by the sampling and dilution for the 200 μm aperture. The sample collected for 

the 200 μm aperture was measured first, followed by the sample for 30 μm aperture. 
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Measurements were performed in this order because it was found that large particles in 

the suspension tended to clog the 30 μm aperture if the suspension was not allowed to 

settle for a short time prior to measurement. Typically on the order of 3-4 minutes passed 

between dilution and measurement of the sample for the 30 μm aperture. The wait time, 

coupled with the fact that the dilutions required for the 30 μm aperture were very low, 

resulted in the continued growth of particles following dilution. To alleviate this problem, 

a small amount of a commercial antiscalant (Dequest 2006, Solutia, Inc.) designed to 

prevent the precipitation of calcium carbonate was added to the electrolyte solution prior 

to dilution. 100 μL of a 6.6 g/L stock solution was added for each 40 mL of electrolyte 

solution. This addition prevented the continued growth of solids prior to measurement of 

the samples using the 30 μm aperture. 

3.5.5 Total Suspended Solids 

In some instances, particle concentration was measured on a mass basis as total 

suspended solids. TSS measurements were performed in accordance with Standard 

Method 2540D (APHA et al., 1995). 

3.6 REACTION VESSEL 

All experiments were performed in a square 1.8 L acrylic vessel. The walls of 

reaction vessel were drilled with seven threaded ports for chemical addition, sampling, 

and penetration of electrodes. The vessel was fitted with a floating cover to minimize the 

transfer of atmomspheric carbon dioxide. The floating lid was designed to allow the 

penetration of the shaft of a paddle mixer. A photograph of the reaction vessel along with 

the detailed plans and specifications can be found in Appendix A. 

An initial working solution of 1.2 L was used in all experiments. The reactor 

contents were mixed using a standard jar test paddle (7.6 cm × 2.5 cm) rotated by a gang 
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stirrer with analog rpm control and a digital readout (Phipps and Bird 7790-400). In every 

experiment, the centerline of the paddle was 12-15 cm above the bottom of the reactor. 

3.6.1 Estimation of G 

Several researchers have investigated the relationships between the rotational 

speed, impeller geometry, and tank geometry and the root mean square velocity gradient 

or shear rate, G, in jar testing apparatus. Using a square reaction vessel and flat paddle 

impeller with dimensions identical to those used in this research, Hudson and Wagner 

(1981) and Cornwell and Bishop (1983) created calibration curves relating G to the 

rotational speed in revolutions per minute. Although the two curves are very similar, the 

work of Cornwell and Bishop spanned a wider range of impeller speeds; for that reason it 

was chosen for use in this work. The calibration curve (reproduced in Figure 3.7) was 

used to calculate the required mixing speed in rpm to achieve a desired shear rate. 

Figure 3.7 Relationship between G and the impeller speed in a square reaction vessel 
with a flat paddle 
(adapted from Cornwell and Bishop (1983)) 
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3.7 PH-STAT SYSTEM 

The precipitation of CaCO3 (i.e., the loss of dissolved Ca+2 and CO3
−2 from 

solution) results in a decrease in the pH. In constant solution composition experiment, the 

pH was held constant by titrating the working solution with separate 50 mM solutions of 

CaCl2 and Na2CO3. By replacing Ca+2 and CO3
−2 at the same rate at which they 

precipitate, S was also held constant. Constant solution composition experiments were 

performed using a pH-Stat system consisting of the reaction vessel, a pH meter, a titrant 

addition system, and a process and data acquisition program. A schematic of the system 

is shown in Figure 3.8. 

Figure 3.8 pH-stat system 

It was realized at the completion of the experimental work that an error was made 

in the formulation of the titrants used in the constant solution composition experiments. 

In addition to the 50 mM concentrations of calcium and carbonate (to replace the 

precipitated CaCO3), the titrant solutions should have contained additional calcium and 

carbonate (at concentrations equivalent to those in the initial working solution) to prevent 

pH Probeperistaltic pump

Ca+2 CO3
- 2

paddle mixer

control signal

process control
& data acquisition

sampling
port

1.2 L reaction vessel

floating cover pH Probeperistaltic pump

Ca+2 CO3
- 2

paddle mixer

control signal

process control
& data acquisition

sampling
port

1.2 L reaction vessel

floating cover

 



 65

dilution effects. A detailed discussion of this error and its implications in the 

experimental results is contained in Appendix B. 

3.7.1 Titrant Addition 

Separate solutions of CaCl2 and Na2CO3 were added to the reactor via a computer 

controllable peristaltic pump (Masterflex L/S, with Ismatec Minicartridge 8-roller head) 

from storage reservoirs. Solutions were pumped through equal lengths of Tygon tubing 

and into the reactor through syringe needles penetrating the septa capped fittings on 

opposite sides of the reaction vessel (to prevent regions of high saturation ratio). The tips 

of the syringe needles were placed as close to the blades of the impeller as possible to 

insure rapid mixing. Pump speed was controlled by the data acquisition and control 

program described below. 

The flow rate of the titrants was controlled by adjusting the speed of the pump in 

revolutions per minute. A calibration curve was constructed, relating the pump speed 

(rpm) to the flow rate in mL/min by measuring the mass of solution pumped during a 

given amount of time at a given speed. This process was repeated for several pump 

speeds spanning the range of the pump (1.6 to 100 rpm). Flow rates were checked 

periodically; the tubing was replaced and the pump recalibrated when necessary. An 

example calibration curve is shown in Figure 3.9. The range of pump speeds was broken 

into two linear regions (< 50 rpm and > 50 rpm). 

3.7.2 Data Acquisition and Control 

Process control and data acquisition were accomplished using a program (“pH 

Stat”) written in Labview™. The peristaltic pump and pH meter were interfaced with the 

program through serial cables connecting the instruments to a PC running the program. 

pH and temperature were measured continuously and logged by the program every 
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second. pH measurements were fed to a proportional-integral (PID) control loop and the 

pump speed (rate of titrant addition) was adjusted accordingly. Due to the object oriented 

nature of Labview code, the program is not included in this document. 

Figure 3.9 Pump calibration 

User inputs to the program included the gains and time constants for the PID loop, 

as well as the calibration curve relating the pump speed in rpm to flow rate in mL/min. 

Pump calibration was described above and process gains were determined by trial and 

error. The optimum settings for proportional gain (Kc) and integral time constant (τI) were 

found to be 2.00 and 0.01 min, respectively. In this work the derivative time constant (τD) 

was set to zero. At the end of each experiment, the logged data (time, pH, temperature, 

titrant flow rate, and cumulative titrant added) were saved as a comma separated value 

(CSV) file that could be opened and manipulated in Microsoft EXCEL. Only the data 

acquisition portion of the program was used in declining solution composition 
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experiments. The time, pH, and temperature of the solutions were logged every second 

and saved to a CSV file. 

3.8 PRECIPITATION EXPERIMENTS 

The preparation and execution of every precipitation experiment was the same 

regardless of the mode of operation (declining or constant solution composition). All 

experiments were performed at ambient temperature of 23 °C. In general, the following 

procedure was used (see Sections 3.8.1 and 3.8.2 for details of solution and seed 

preparation): 

1. Rinse the reaction vessel, floating lid, and paddle impeller with moderate strength 

acid (HCl or HNO3) to dissolve any remaining precipitate from the previous 

experiment. Rinse the reactor 3 times with distilled water and 3 times with 

distilled deionized (DDI) water (Milli-Q). 

2. Calibrate the pH meter. 

3. Prepare 50 mL of fresh 0.5M NaHCO3. 

4. Prepare 0.5-1 L each of 0.05 M CaCl2 and 0.05 M Na2CO3. 

5. Add the required volumes of 1M KCl, 0.5 M NaHCO3, and 1M NaOH to 

approximately 500 mL of DDI water in a 1 L volumetric flask and dilute to 1 L. 

Measure liquid volumes using a combination of digital and glass volumetric 

pipettes. 

6. Fill a 200 mL volumetric flask with DDI water. 

7. Prepare reaction vessel by inserting the pH and temperature probes and tightening 

the fittings. 

8. Pour the 1 L of working solution into the reaction vessel, rinse the 1 L volumetric 

flask with the 200 mL of DDI water, and add to the reaction vessel, bringing the 

total volume to 1.2L 
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9. Lower the paddle and the floating cover and commence mixing at 52 rpm 

(G = 50 s−1). Monitor the pH of the solution using the data acquisition portion of 

the Labview program; allow the solution to equilibrate for approximately 30 

minutes or until the pH is constant. 

10. While the working solution is equilibrating, prepare Coulter Counter sampling 

jars by rinsing and filling with clean electrolyte as described in Section 3.5.4. 

11. On the Coulter Counter, check background noise and measure blank counts for 

the apertures to be used during the experiment. 

12. If measuring dissolved calcium, prepare the vacuum filtration apparatus and 

prepare sample containers by adding the appropriate volume of acidified 

lanthanum oxide to each bottle. 

13. Fill the 500 mL titrant reservoirs (Erlenmeyer flasks) with the CaCl2 and Na2CO3 

solutions and prime the pump and tubing. Insert the syringe needles into the 

reaction vessel. 

14. Fill a syringe with the appropriate volume of CaCl2 and insert the needle into the 

reaction vessel through an open port. 

15. Reset the Labview program for either data acquisition or pH-stat control. 

16. Increase the mixing intensity to 180 rpm (G = 300 s−1) 

17. If performing a seeded experiment, draw the required volume of the seed solution 

into a second syringe and insert the needle through the one remaining port. 

18. Rapidly inject the seed solution (if seeded) and the 1 M CaCl2 in that order. Draw 

solution into the seed syringe and purge two times to ensure that all seed particles 

are dispersed. The time at the initial injection (typically 60 s) is considered time 

zero for each experiment. 
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19. If the experiment is a constant solution composition experiment, wait a few 

seconds for the pH to stabilize and then enable the pH setpoint in the program. 

20. Adjust the mixing speed to the desired “slow-mix” value after 30 seconds of rapid 

mixing. 

21. Commence sampling for particle size distribution and dissolved calcium, taking 

note of the time and volume of each sample. 

22. At the end of the experiment, stop data acquisition and save the data. 

23. Vacuum filter the remaining working solution for XRD analysis. 

24. Measure dissolved calcium samples on the flame AA. 

25. Clean reactor, glassware, and AA sample bottles for the next experiment. 

3.8.1 Preparation of Aqueous Solutions 

Several aqueous stock solutions were used on a daily basis. All solutions were 

prepared using reagent grade solids and distilled deionized water (Milli-Q). Unless noted, 

all solutions were vacuum filtered through 0.22 μm membrane filters (Millipore) to 

remove any particulate impurities. Details specific to each solution are described below. 

Potassium chloride 

A 1 M stock solution of KCl was prepared from solid reagent (Fisher Scientific) 

and used daily. 

Sodium bicarbonate 

50 mL of 0.5 M NaHCO3 was prepared fresh daily from solid reagent because 

solutions tended to change over time due to loss of CO2. Solutions were filtered using a 

positive pressure technique to prevent the release of CO2.  
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Sodium carbonate 

0.5 – 1 L of 0.05 M Na2CO3 titrant was prepared fresh daily from solid reagent 

because solutions tended to change over time due to the dissolution of atmospheric CO2. 

Calcium chloride 

A 1 M calcium chloride stock solution was prepared from solid CaCl2·2H2O 

(Fisher Scientific) and used daily. 0.5 – 1 L of 0.05 M CaCl2 titrant was prepared fresh 

daily from the stock solution. 

Sodium hydroxide 

Due to the strong tendency of concentrated sodium hydroxide solutions to 

dissolve atmospheric CO2, a 1 M NaOH solution was prepared using solid reagent (Fisher 

Scientific) and CO2-free water in a glove box (Labonco). The solution was stored in a 

closed glass container fitted with an ascarite filter to prevent contamination by 

atmospheric CO2. A small aliquot was removed each day through an outlet on the side of 

the jar. 

3.8.2 Working Solution 

The chemical concentrations in the working solution were determined using 

Visual Minteq. Once the desired chemical conditions (pH, r, S and ionic strength) were 

chosen, the resulting activities of Ca+2 and CO3
-2 were calculated using Equation 2.12. 

Using the fixed pH and fixed activity options in the software, the required concentrations 

of NaHCO3, CaCl2, and KCl were determined by iteration. Once the desired activities and 

ionic strength were achieved, the pH and activity of the precipitating species were 

allowed to vary and NaOH was added until the desired pH was reached. Often, small 

adjustments in the KCl concentration were necessary to achieve the desired solution 
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conditions. Working solutions were prepared using the chemical doses derived from the 

equilibrium calculations. In general, the final pH was within 0.05 pH units of the target. 

To prevent dilution effects on the pH during constant solution composition 

experiments, the ionic strength of the working solution was set to match the molarity of 

the titrants (CaCl2 and Na2CO3). All experiments were performed under a moderate ionic 

strength of 0.05 M. By adjusting the ionic strength of the working solution, any change in 

the pH can be attributed solely to the precipitation of CaCO3. 

3.8.3 Preparation of Calcite Seed Particles 

Calcite seed particles were prepared in accordance with the procedure of Reddy 

and Nancollas (1971). 500 mL of 0.2 M Na2CO3 and 500 mL of 0.2 M CaCl2 were 

prepared using DDI water, and the solutions were vacuum filtered through 0.22 μm 

membrane filters. The CaCl2 solution was slowly added to the Na2CO3 solution in a 1 L 

beaker while mixing with a magnetic stirrer. The solids were left to age overnight in the 

mother liquor. The solids were rinsed with DDI water twice a day for a week; solids were 

allowed to settle and the supernatant decanted and replaced with fresh DDI water. 

Between each rinsing, the solution was continually mixed via magnetic stirrer. After one 

week, the solids were transferred to a 0.02 M NaHCO3 solution and allowed to age for a 

month prior to use. 

The powder XRD pattern for the seed particles is shown in Figure 3.10 along with 

the diffraction pattern for calcite. Clearly, the particles are calcite. The minor shift in the 

positions of the peaks is due to the sample displacement (thickness on the glass slide). 
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Figure 3.10 Powder x-ray diffraction pattern of seed particles 

SEM images confirmed that the solids were calcite. Figure 3.11 shows several 

images collected from the seed suspension. Primary particles were roughly rhombahedral 

in shape, but it was clear that the particles had been eroded by collisions with one another 

or the walls of the beaker (Figure 3.11A-C). In addition, particle may have been ground 

beneath the magnetic stirrer. A fair number of aggregates were also evident (Figure 

3.11B). The surface morphology was angular and characterized by a stair-step pattern 

(Figure 3.11C-D). Particles were roughly 10 μm in size. 
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Figure 3.11 SEM images of calcite seed particles 

Measurements of the particle size distribution correlated well with the particle 

sizes observed via SEM. The number distribution of the seed suspension is shown in 

Figure 3.12. The distribution is moderately broad, but well formed, and the mode of the 

number distribution is approximately 11 μm. 

The solids concentration (TSS) in the stock seed suspension was determined to be 

9.4 g/L. Using the suspended solids concentration and the total particle volume calculated 

via Coulter Counter, the density of the calcite particles was estimated to be 2.5 g/cm3. 

This value compares favorably with the accepted value for calcite of 2.71 g/cm3 

(Anthony, 1990). 
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Figure 3.12 Number distribution of calcite seed particles 

3.9 CALCULATION OF THE SATURATION RATIO 

The saturation ratio during declining saturation ratio experiments was calculated 

from pH and dissolved calcium concentrations using Visual Minteq. The pH was fixed at 

the measured value and the total calcium concentration was set to the concentration 

measured by flame AA. Because calcium and carbonate precipitate on a 1:1 molar basis, 

the total carbonate concentration at each time was calculated as the initial concentration 

minus the amount of calcium carbonate that had precipitated (estimated from the 

reduction in the dissolved calcium concentration). Speciation was determined and S 

calculated at each time that the dissolved calcium concentration was measured. 
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3.10 REPRESENTATION AND ANALYSIS OF PARTICLE SIZE DISTRIBUTION DATA 

Raw data from the Coulter Counter are the number of particles counted in each 

channel or bin (130 bins in this research). These raw data can be converted into many 

useful forms for presentation and analysis. 

3.10.1 Representations of the PSD 

In many particle processes (e.g., water/wastewater treatment, crystallization, 

precipitation, growth of biological cells, aerosol dynamics, polymerization, etc.), there is 

a desire to characterize the suspensions (be they influent or effluent/product) with respect 

to the number and size of the particles. Frequently, particle suspensions in these 

processes are quite heterodisperse, characterized by broad and nearly continuous particle 

size distributions (PSDs). There are many ways of representing PSDs and detailed 

discussions of these methods can be found elsewhere (Friedlander, 1977; Lawler and 

Benjamin, 2006). The following discussion introduces several common representations, 

all of which were used in this research. 

In this work, particle size distributions were measured via Coulter Counter on the 

basis of particle number and particle volume (see Section 3.5). However, they are 

presented in a variety of different ways to facilitate data analysis and enhance clarity. 

Particle size is always represented in terms of the spherical equivalent diameter, dp. 

Defining particle volume as vp, the spherical equivalent diameter is the diameter of a 

sphere of volume vp. 
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The amount of material of a given size is presented in terms of number, surface area and 

volume at various points throughout the document. 
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Using particle diameter as the internal coordinate to express particle size, the 

cumulative number density function, N(dp), can be used to describe how the total number 

of particles is distributed with respect to length. Figure 3.13A shows the cumulative 

number density function from a sample collected during experiment S8pH10r1seed100-1. 

For several reasons, the cumulative distribution is not particularly useful and the 

differential form of the number distribution, n(dp) or the particle size distribution function 

(PSDF), is a better choice (Lawler and Benjamin, 2006). The particle size distribution 

function is defined as follows:  

 ( )
)(
)(

)(
)(

p

p

p

p
p dd

ddN
d
dN

dn =
Δ

Δ
=  (3.2)

Equation (3.2) shows both the discrete and continuous formulations of the PSDF. 

The experimental measurement and the mathematical modeling of PSDs in this research 

are discretized; therefore, only the discrete formulations of these equations are referred to 

hereafter. Because the numerical value of the PSDF can vary over several orders of 

magnitude in a single suspension, it is common to plot the log of PSDF so the entire 

distribution can be seen with reasonable resolution on a single plot. Furthermore, it is 

common to use a logarithmic scale for the abscissa (particle diameter) because plotting 

on an arithmetic scale tends to compress the particle size data at small particle size. Using 

logarithmically spaced particle size increments is also useful in modeling (see Chapter 5). 

Part B of Figure 3.13 shows a plot of the PSDF derived from cumulative distribution 

shown in part A. 
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Figure 3.13 Cumulative particle size distribution on a number basis (A) and differential 
particle size distribution function (B) 
(data from 45 s sample of experiment S8pH10r1seed100-1) 
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Another useful representation of the PSD is the so-called number distribution. 

Here, the incremental number concentration ΔN is divided by the small logarithmic 

increment of particle diameter, Δlog dp associated with each bin. 

Number Distribution 
pd

N
logΔ
Δ  (3.3)

Figure 3.14A shows the number distribution derived from the same data as shown  

in Figure 3.13A. The number distribution is useful in that it gives a clear representation 

of where the majority of the particles reside in terms of size, with the peak representing 

the mode of the distribution. Furthermore, the integral of the function (the area under the 

curve in Figure 3.14A) represents the total number of particles present in the measured 

size range. It is also instructive to present the PSD in terms of surface area and particle 

volume, rather than particle number. The surface area distribution and volume 

distribution can be derived from the number distribution by again assuming that the 

particles are spherical. 
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If the actual shape of the particles is known, an analagous transformation can be made 

that accounts for that shape. In such a case, a different form of Eq. (3.1) would be used to 

convert from particle volume (measured by the Coulter Counter) to particle diameter. 

Using Equations (3.4) and (3.5), the surface area and volume distribution are plotted in 

parts B and C of Figure 3.14, respectively. 
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Figure 3.14 Number distribution (A), surface area distribution (B) and volume 
distribution (C) 
(data from the 45 s sample of experiment S8pH10r1seed100-1) 
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In this work, the number distribution was the primary expression used for 

presentation and analysis of the data. The surface area distribution, volume distribution, 

and PSDF were invoked to illustrate trends and aspects of the PSD that were not evident 

from the number distribution. 

3.10.2 Data Manipulation 

Raw data from the Coulter Counter consists of a comma separated value file that 

tabulates the number of particles counted in each channel or bin (130 bins in this 

research). As described in Section 3.5.3, the bins are equally spaced on a logarithmic 

basis (Δlog dp = 0.01). An automated spreadsheet (DataMan.xls) was programmed to 

import the raw data files (blank and sample) and calculate the four common 

representations of the PSD described in the previous section. The user enters several 

pieces of information regarding the specifics of the sample and the operation of the 

Coulter Counter. The analytical volume (actual volume of diluted sample that was 

measured) is used to convert the differential particle numbers into particle concentrations. 

The sample volume and electrolyte volume are used to convert from the diluted sample 

concentration to the actual concentration in the sample. Bin numbers are converted to 

particle sizes using the calibration slope and intercept for the appropriate aperture. One 

worksheet was programmed for each aperture tube and the PSDs for all apertures were 

plotted on the same chart to allow verification that the data collected from each aperture 

tube overlapped (more on this below). 

3.10.3 Combining Data from Multiple Apertures 

As shown in Table 3.4, each aperture has a size range over which it is effective. 

The particle size distributions measured in this research were reasonably broad. 

Therefore, the use of multiple apertures was necessary to obtain the full PSD. In many 



 81

experiments, two apertures (30 μm and 200 μm) were used to capture the entire PSD. The 

size ranges of the 30 μm and 200 μm apertures overlap. Data from the two apertures were 

combined and edited to obtain the full PSD. In general, editing involved removing counts 

from the lower end of each aperture that had excessive background counts and from the 

upper end where counts are too low to ensure statistical validity. Figure 3.15 shows the 

raw (A) and edited (B) data from a single sample collected from experiment 

S8pH10r1seed100-1. 

In some experiments, the desire for a high sampling frequency prevented the use 

of multiple apertures. Typically, the majority of the particle mass resided in the range of 

the 100 μm aperture. In experiments focused on obtaining highly resolved samples in the 

time domain, only the 100 μm aperture was used. If particles grew large enough to 

approach the upper limit of the 100 μm aperture, the 200 μm aperture was used. 

3.10.4 Quantifying Particle Growth and Flocculation 

Nucleation, precipitative growth, and flocculation change the particle size 

distribution in dramatic and complicated ways. Although examining the full PSD yields 

the highest resolution picture of the overall process, summary statistics are useful tools 

for examining the three processes individually. Several metrics were used to quantify the 

trends in the particle size distribution data. 

Moments 

The ith moment of a generalized probability density function f(x) is defined as 

follows: 

 ∫
∞

=
0

)( dxxfxm i
i  (3.6)
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Figure 3.15 PSDF from experiment S8pH10r1seed100-1 before editing (A) and after 
editing (B). 
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Many authors have described the relevance of moment transformation of the 

PSDF for aerosol, particulate and crystallization processes (Friedlander, 1977; 

Ramkrishna, 2000; Mersmann, 2001; Tavare, 2001). When the probability density 

function is the PSDF, the moments characterize several important physical aspects of the 

system. The zeroth moment of the PSDF is equal to the total number of particles. 

 ( ) ( )∫
∞

=
0

0 pp dddnm  (3.7)

The first moment divided by the zeroth moment gives the number average diameter. 
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The surface area and volume average diameters are defined in a similar manner (i.e., 

(m2/m0)1/2 and (m3/m0)1/3, respectively). The second moment is proportional to the total 

surface area of the suspension. 

 ( ) ( )∫
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0

2
2 ppp dddndmA ππ  (3.9)

The third moment is proportional to the total volume of the suspension (and mass if the 

particle density is independent of particle size). 

 ( ) ( )∫
∞

==
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3 66 ppp dddndmV ππ  (3.10)

In this work, the total particle number, surface area, and volume concentrations 

were calculated by summing the discrete concentrations in each bin (i.e., integrating). 

The total number is changed by nucleation and flocculation. The total volume is changed 

by precipitation (nucleation and precipitative growth) alone. 
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Mode of the Number Distribution 

The processes of flocculation and precipitative growth move particles from 

smaller to larger sizes. The trends in particle size were summarized using the mode of the 

number distribution. Particle growth was quantified by tracking how the mode of the 

distribution changed with time. In experiments where the PSD became bimodal due to the 

nucleation and growth of new particles, the peak representing the initial seed particles 

was followed. 

Number Fraction Remaining 

Flocculation acts to reduce the total number of particles in suspension. As 

described above, the nucleation and growth of particles into the measured size range also 

changes the total number of particles. A second parameter, the number fraction remaining 

at the mode of the distribution (ΔNmode(t)/ΔNmode(0)), was used to quantify flocculation 

alone; this quantity is unlikely to be influenced by nucleation. ΔNmode(0) was taken as the 

number concentration measured in the modal bin of the initial sample collected from the 

reactor (≈ 1 min). In experiments where nucleation of new particles created a second 

peak, the mode of the distribution representing the initial particles (nucleated or seed) 

was used in the calculation, allowing the separation of effects of nucleation and 

flocculation. 

Full Width at Half Maximum 

Flocculation also acts to broaden the distribution. There are many possible 

summary statistics that could be used to quantify the width or spread of the distribution 

(e.g., standard deviation, quartiles). However, many of these measures are biased by the 

choice of the measured size range and can be influenced by the influx of new particles 

into the measured size range via nucleation. In this work, the width of PSD was 
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quantified using the full-width at half maximum (FWHM). The FWHM is defined as the 

distance (here, Δlog(dp) converted to μm) between points on the curve at which the 

function reaches half its maximum value. Again, the FWHM was calculated only for the 

peak representing the initial (nucleated or seed) particles. 

Averaging 

Raw number distributions were smoothed using a 5-point centered moving 

average. The mode of the number distribution, the number fraction remaining at the 

mode, and the FWHM were calculated using the smoothed data. Figure 3.16 illustrates 

the calculation of these three parameters for the 45 s sample collected from experiment 

S8pH10r1seed100-1. 

Figure 3.16 Calculation of summary statistics from smoothed data 
(data from experiment S8pH10r1seed100-1) 
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Chapter 4: Experimental Results 

4.1 INTRODUCTION 

The objective of the experimental work was to develop a quantitative 

understanding of how particle size distributions (PSDs) change due to simultaneous 

precipitation and flocculation during precipitative coagulation processes. In this work, 

precipitative lime softening was chosen as the example system to investigate. Detailed 

measurements of the particle size distribution were obtained over the course of 

precipitation experiments performed under varying conditions. In addition, the 

characteristics of the liquid and solid phases were measured. The influences of several 

design and operational variables on the evolving PSD were evaluated; independent 

variables included the saturation ratio (S), pH, the ion activity ratio (r), seed type and 

concentration, and mixing intensity (G). 

Solution conditions are time (space) dependent in actual precipitative softening 

processes. As such, evaluation of the effects of the operational variables in batch 

experiments that mimic the softening process are complicated by the time-dependent 

nature of the process. To avoid some of these complications, the initial phase of the 

research involved experiments performed at constant solution composition. In two 

subsets of constant solution composition experiments, precipitation was initiated from 

solutions devoid of particles (unseeded) and from solutions containing pre-formed calcite 

particles (seeded). Upon quantification of the effects of the independent variables at 

constant solution composition, a course of batch precipitation experiments was performed 

that more accurately represented the conditions found in actual softening processes (i.e., 

declining solution composition).  
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In all, 48 precipitation experiments were performed. The focus of these 

experiments was on the quantification of the relative rates of nucleation, precipitative 

particle growth, and flocculation as a function of the independent variables. The analysis 

of the data from the unseeded constant solution composition experiments is presented 

first, followed by the seeded constant solution composition experiments and the declining 

solution composition experiments, respectively. 

4.2 CONSTANT SOLUTION COMPOSITION EXPERIMENTS – UNSEEDED 

The initial phase of the experimental work consisted of precipitation experiments 

run under conditions of constant solution composition. In other words, the concentration 

of the dissolved species (e.g., {Ca+2}, {CO3
-2}, pH, and ionic strength) were kept constant 

throughout the duration of the experiment. The primary advantage of maintaining 

constant solution composition is that the driving force for precipitation (S) is also held 

constant. In the experiments presented here, precipitation was initiated from particle-free 

solutions. 

4.2.1 Analysis of a Typical Constant Solution Composition Experiment 

Precipitation, like all other particle processes, involves two phases: the liquid 

phase (solution) and the solid phase (particles). As such, full characterization of each 

precipitation experiment involved measuring parameters that characterized the two 

individual phases and the suspension as a whole. A single experiment (S8pH10r1seed0-2) 

was selected to illustrate, in detail, the data analysis performed for each trial. The 

methods of presenting raw data and the metrics for characterizing precipitation and 

flocculation that are defined here are used throughout the remainder of this document. 

As described in Section 3.7, constant solution composition was achieved by using 

pH as the control variable; pH was maintained at a predetermined set-point through the 
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simultaneous addition of separate 0.05 M solutions of CaCl2 and Na2CO3. The target pH 

for experiment S8pH10r1seed0-2 was 10.0; the actual pH set-point was 9.939. Figure 

4.1A illustrates the precision of the pH control (9.939 ± 0.005). The amount of calcium 

carbonate added to the system to maintain that pH is shown in Figure 4.1B. Because 

calcium and carbonate were added at the same rate they were lost from solution, this plot 

is equivalent to the amount of calcium carbonate precipitated. Results are presented as 

mmol per initial liter of solution in an effort to generalize the result (in terms of initial 

solution volume and titrant molarity) and to avoid discontinuities that arise from 

sampling events. Dilution of particle concentration due to titrant addition and the loss of 

particle mass due to sampling are pointed out where relevant. 

Also discussed in Section 3.7 was the fact that a small error was made in the 

formulation of the titrants used in constant solution composition experiments. As a result 

of this error, there was some dilution of the dissolved calcium and carbonate in addition 

to the anticipated dilution of the solids concentration. The dilution of the aqueous species 

caused the saturation ratio to decrease over the course of each experiment. A detailed 

discussion of the nature and extent of this error is contained in Appendix B. The 

important findings of that analysis are summarized here. 

In the majority of the experiments, the maximum dilution factor was less than 1.1 

and the maximum predicted errors in S less than 5%. Furthermore, because the dilution 

increased with time, the errors in early samples of more highly diluted experiments were 

also minimal; data collected toward the end of those experiments were excluded from the 

analysis. Because the errors do not affect the trends in the data nor the overall 

conclusions, constant solution composition experiments presented in this chapter are 

characterized in terms of the initial (intended) saturation ratio. In the remainder of the 

document, the error is mentioned only where useful for helping explain trends in the data. 
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Figure 4.1 pH (A) and calcium carbonate added/precipitated (B) during experiment 
S8pH10r1seed0-2 
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The features of Figure 4.1B give insight into the mechanisms by which calcium 

carbonate precipitates from an unseeded solution. First, there was a period of inactivity 

before titrant addition commences; this induction time is a measure of the rate that 

calcium carbonate nuclei formed and grew to an extent that the solution composition was 

changed significantly (measured by a drop in pH). Second, the slope of the titrant 

addition curve at any point is equal to the rate of precipitation (nucleation + particle 

growth) on a molar basis (mmol/L-min). Finally, the exponential nature of Figure 4.1B 

reveals the dependence of the rate of precipitation on the available surface area. Calcium 

carbonate crystals continued to grow throughout the experiment, increasing the surface 

area available for further precipitation. As a result, the rate of precipitation increased. The 

exponential trend of calcium carbonate precipitation diminished at later times (> 25 min) 

due to loss of surface area via sampling for particle size distribution measurements. 

The physical and chemical nature of the solid phase (CaCO3 particles) was 

characterized using powder x-ray diffraction and scanning electron microscopy. Figure 

4.2 shows the x-ray diffraction pattern measured from the solids formed during 

experiment S8pH10r1seed0-2. The peaks labeled C, V, and A can be attributed to a 

single polymorph (calcite, vaterite, or aragonite). Diffraction patterns for the pure 

polymorphs are also shown. It is clear from the diffraction pattern that all three 

polymorphs of calcium carbonate were present. Rietveld refinement revealed that the 

solids recovered from the experiment were 76.8 ± 2.9% vaterite, 18.5 ± 5.9% aragonite 

and 4.7 ± 10.1% calcite. Although calcite is clearly present, the prediction of the molar 

percent is uncertain because the error is greater than the amount. It is not clear how the 

error was quantified in the software. 
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Figure 4.2 Powder x-ray diffraction patterns of solids formed during experiment 
S8pH10r1seed0-2 and characteristic spectra of calcite, vaterite, and aragonite 
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Scanning electron microscopy confirmed the presence of vaterite as the dominant 

polymorph. Images collected from a preliminary experiment run at the same conditions 

as experiment S8pH10r1seed0-2 are shown in Figure 4.3. The sample collected at 6 min 

(Part A) contained hexagonal vaterite particles approximately 3.5 μm in diameter. The 

profile of a single particle is shown in Figure 4.3B. In addition to being non-spherical, 

these particles have substantial surface roughness. Vaterite with this physical morphology 

has been reported by others (Tai and Chen, 1998; Gehrke et al., 2005). Particles in the 

sample collected after 26 min (Parts C and D) have the same general shape and physical 

morphology, but have grown to approximately 10.5 μm in size. Measurements of the 

particle size using a Coulter Counter (not shown) were in agreement with the SEM 

images; particles at 6 and 26 minutes were measured to be approximately 2.5 and 9.5 μm 

in diameter, respectively. The lower values measured via Coulter Counter are presumably 

due to the assumption that the particles were spherical; the particle volume measured by 

the Coulter Counter is converted to equivalent spherical diameter. 
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Figure 4.3 Scanning electron micrographs of CaCO3 particles precipitated at the same 
conditions as experiment S8pH10r1seed0-2 at 6 min (A & B) and 26 min (C & D) 

Having characterized the system in terms of the liquid and solid phases 

individually, the final task was to characterize the suspension in terms of the number and 

size of particles that form (i.e., the particle size distribution). PSD measurements from 

experiment S8pH10r1seed0-2 are shown in Figure 4.4. The changes in the PSD are 

dramatic over the 45 min of reaction time shown. These changes are brought about by 

precipitation (nucleation and particle growth) and flocculation. 
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Figure 4.4 Time-series number distribution (A) and volume distribution (B) from 
experiment S8pH10r1seed0-2 
(labels indicate the sampling time in minutes) 
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Nucleation 

In the first sample, taken from the reactor at 55 s (not shown), virtually no 

particles in the measured size range (2-40 μm) were present. After 4.7 min, there was a 

narrow, well defined peak in the number distribution (Figure 4.4A), centered at 

approximately 3.5 μm. Those particles nucleated and grew into the measured size range 

during the first 4 min. Relating this fact to the titrant addition curve (Figure 4.1B), it is 

clear that the induction time (5.52 min) is a function of both the rate that the initial nuclei 

formed and their subsequent growth rate. In general, the number concentration in the first 

bin decreased throughout the experiment, indicating that the rate of nucleation decreased 

with time. This decrease coincided with an increase in the available surface area for 

crystal growth, causing that process to dominate over the nucleation of new particles. 

Particle Growth 

It became clear in samples collected at and after 7.3 min that the PSD was 

bimodal. The reasons for this behavior are not known, but one possibility could be the 

mixture of polymorphs that form; each peak could represent particles of a different 

polymorph. As the precipitation reaction proceeded, the two narrow peaks that 

represented the initial nucleation event continued to grow to larger sizes. This movement 

of the initial peak could have been caused by particle growth, flocculation, or a 

combination of the two. Initially (< 10.7 min), the distribution appeared to narrow and the 

number concentrations in the bins representing the two modes of the distribution 

increased. However, the total number of particles contained in the leading peak (area 

under the curve) did not change dramatically. These are characteristics of size-

independent particle growth. 

If all particles in the distribution are growing at the same rate, the entire 

distribution should move to larger sizes, maintaining the same shape. The total number of 
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particles (not counting growth of particles into the measured size range) should remain 

constant in the absence of flocculation. The apparent narrowing of the distribution and 

accompanying increase in number concentration at the peaks is due to the logarithmic 

spacing of the bins in the Coulter Counter software. Because bins at larger sizes are 

wider, the entire distribution can be contained in a smaller number of bins. As such, the 

number concentration in each individual bin increases, resulting in the apparent increase 

in the number concentration at the two modes of the distribution. 

The trends in the volume distribution (Figure 4.4B) also indicate particle growth. 

The total particle volume (area under the curve) increased throughout the experiment and 

the mode of the volume distribution moved to larger sizes. Like with the number 

distribution, the total particle volume is affected by growth of particles into and within 

the measured size range. Total particle volume is not affected by flocculation. 

Flocculation 

After approximately 10.5 min, the number concentration in the modal bins and the 

total number concentration (area under the curve) began to decrease. These trends are 

evidence of flocculation, where each particle-particle collision and attachment reduces 

the total number of particles by one. The modes of the distribution continued to move to 

larger sizes and this is most likely due to the combination of particle growth and 

flocculation. As stated above, the total volume is not affected by flocculation, but 

flocculation does redistribute particle volume, converting smaller particles into larger 

particles. Particle growth via precipitation is clear from the increase in the total volume 

(and the volume under the initial peaks), but the movement of the volume distribution to 

larger sizes is also affected by flocculation. 

Examining how the entire PSD changes with time during an experiment is an 

excellent method of analyzing data, and gives the highest resolution picture of what is 
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truly going on. However, many of the trends discussed above can be more easily 

identified through the use of summary statistics that each emphasize one aspect of the 

PSD. The use of summary statistics also facilitates the comparison of trends between 

experiments. Several summary statistics are defined and illustrated for experiment 

S8pH10r1seed0-2. 

The total number of particles is calculated as the area under the number 

distribution shown in Figure 4.4A and is changed by precipitation and flocculation. The 

trend in the total number concentration during experiment S8pH10r1seed0-2 is shown in 

Figure 4.5A. Initially, the total number increased due to nucleation and subsequent 

growth of particles into the measured size range. After approximately 15 min, the total 

number decreased as flocculation began to dominate. In the results shown, there is likely 

an overestimation of the decrease in the total number of particles. Experiment 

S8pH10r1seed0-2 was run with G = 50 s−1. The combination of this low mixing intensity 

and the reactor configuration led to some sedimentation in the reactor as particles grew to 

larger sizes. Any particles that accumulated at the bottom were not accounted for in the 

Coulter Counter measurements. 

The total surface area is a useful statistic because the precipitation reaction is 

highly dependent on the available surface area. Figure 4.5B shows the trend in the total 

surface area calculated from the particle size distribution with the assumption that the 

particles were spherical. Over the first 20 min of the experiment, the initially nucleated 

particles grew to larger sizes and the total surface area increased accordingly. The loss of 

surface area after 20 min is due to flocculation and sedimentation. Because the surface 

area was calculated assuming spherical particles, the flocculation of two small particles to 

form a single larger spherical particle, resulted in a loss of surface area. While some loss 

of surface area would be expected due to flocculation, this effect is magnified by the  
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Figure 4.5 Total number (A), surface area (B) and volume (C) from experiment 
S8pH10r1seed0-2 
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calculation technique. Measured surface area was also decreased by the sedimentation 

that occurred. 

The trends in the total volume, shown in Figure 4.5C, are nearly analogous to 

those for total surface area. However, because the Coulter Counter measures volume 

directly, the total volume is not subject to the calculation errors that total surface area is. 

Precipitation of calcium carbonate via nucleation and subsequent particle growth resulted 

in an increase in the total particle volume. The plateau and slight decrease after 

approximately 30 min can be attributed to the settling described above.  

Over the course of a constant composition experiment, the particle suspension is 

diluted through the addition of the titrants. In experiment S8pH10r1seed0-2, the 

maximum dilution factor was 1.08 at 45 min and correcting for dilution (not shown) does 

not alter the trends in the total number, surface area, and volume shown in Figure 4.5. In 

this work, these statistics are primarily used to highlight trends in the PSD. Unless 

otherwise noted, the total number, surface area, and volume presented in the remainder of 

this chapter are not corrected for dilution. 

Examining trends in the total number concentration is useful for highlighting the 

balance between precipitation (nucleation and growth) and flocculation. However, 

focusing solely on the number of particles formed during the initial nucleation event 

allows a comparison of the relative rates of particle growth and flocculation. In other 

words, the effects of nucleation can be neglected. The number concentration in the modal 

bin was chosen as a simple measure for tracking the initially formed particles. In an effort 

to facilitate the comparison trends between experiments, the modal concentration was 

normalized by the maximum modal concentration measured over the course of the 

experiment. This parameter was characterized for the smaller (leftmost) of the two peaks 

as the trend was nearly identical for both. The trend in the normalized modal 
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concentration for experiment S8pH10r1seed0-2 is shown in Figure 4.6. The normalized 

modal concentration could not be calculated for the 55s sample because the mode of the 

distribution had not moved into the measured size range. The last two sampling points 

were also omitted because the peak representing the original particles had been 

eliminated by flocculation. 

Figure 4.6 Normalized modal number concentration during experiment 
S8pH10r1seed0-2 

The time at which the value of the normalized modal concentration reaches 1 

(Nmode = Nmode,max) represents a shift in the dominance between growth and flocculation. 

Particle growth causes the number concentration in the modal bin to increase; 

flocculation causes the number concentration to decrease. In experiment 

S8pH10r1seed0-2, the shift occurred at 10.7 minutes. 

Another summary statistic that captures a distinct trend in the PSD data is the 

modal particle diameter. Experiment S8pH10r1seed0-2 is bimodal, but a trend of the 
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mode(s) moving to larger sizes was clear throughout the experiment. Figure 4.7 shows 

the modal particle diameter of the smaller (leftmost) peak in Figure 4.4A. The trend is 

strikingly linear, and a linear regression of the data reveals that the mode moves to larger 

sizes at a rate of 0.510 ± 0.013 μm/min (R2 = 0.999). Performing this same procedure on 

the larger (rightmost) peak in the number distribution (not shown) reveals that the larger 

peak moves to larger sizes at a slightly faster rate (0.537 ± 0.024 μm/min, R2 = 0.998). 

The slopes of the two lines are different at a 95% confidence level. If the peaks were 

composed of different polymorphs (vaterite and aragonite), as suggested above, the rates 

of growth would be expected to be different. 

Figure 4.7 Modal particle diameter during experiment S8pH10r1seed0-2 
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independent growth. If particle growth alone were moving the modal particle diameter to 

larger sizes, the slope of the line in Figure 4.7 would represent the linear growth rate, KG. 

However, flocculation is also expected to affect the modal particle diameter. Because 

flocculation is evident in this experiment, the rate that the mode moves to larger sizes is 

likely a function of both growth and flocculation. These two mechanisms cannot be 

separated in this type of analysis; therefore, the calculated growth rate (slope) represents 

an apparent growth rate, KG′, that includes the effects of flocculation and particle growth. 

It is possible that during the early stage of the experiment (<10 minutes), when particle 

growth appeared to dominate over flocculation, that the movement of the mode was 

driven primarily by particle growth. 

A secondary measure of the linear growth rate can be obtained using the rate of 

titrant addition and the PSD data. During constant solution composition experiments, the 

rate of titrant addition is equivalent to the rate of precipitation of CaCO3 from solution. 

The slope of the cumulative titrant addition plot (Figure 4.1B) at any point in time is the 

rate of precipitation in mmol/L-min. The rate of precipitation at each time a sample was 

removed for PSD analysis is shown in Figure 4.8A. Values shown were calculated by 

averaging the rate of titrant addition over the two minutes surrounding the PSD sampling 

time to smooth minor oscillations in the raw data. After a period of rapid increase, the 

molar rate of precipitation plateaued and decreased slightly. This trend parallels the trend 

in total surface area (Figure 4.5B), a result that is expected due to the dependence of the 

rate of precipitation on the available surface area. 
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Figure 4.8 Molar rate of precipitation (A) and linear growth rate calculated from the 
rate of titrant addition and total surface area (B) during experiment S8pH10r1seed0-2 
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An estimate of the linear growth rate is obtained by normalizing the molar rate of 

CaCO3 precipitation by the total surface area and multiplying by the molar volume of 

vaterite, the primary polymorph present in this experiment (2.66 × 104 m3/mol); results 

are shown in Figure 4.8B. This procedure makes several assumptions: 1) nucleation is 

ignored (in other words, particle growth is the primary mechanism of precipitation); 2) 

particles are spheres; and 3) particles grow uniformly over their entire surface. The 

growth rate is quite constant from 7 to 33 min, the average growth rate over that period 

being 0.724 μm/min. Values calculated at 4.67 min and times > 36 min deviate 

substantially from the period of constant linear growth. Furthermore, the rate 

characterizing the constant period is some 42% higher than the value estimated from the 

modal particle diameter. These discrepancies can be explained in light of the assumptions 

above and the experimental conditions. 

At the time of the first sample (4.67 min), it is conceivable that nucleation of new 

particles was still accounting for a significant fraction of the total loss of CaCO3 from 

solution. Hence, the calculation procedure would have overestimated the linear growth 

rate. In the latter third of the experiment (> 36 min) settling was observed in the reaction 

vessel due to the low mixing intensity (G = 50 s−1). It is believed that although those 

particles were not captured in the PSD sampling, they were still participating in the 

precipitation reaction. Because the total surface area was underestimated in the latter 

samples, the linear growth rate was overestimated. Finally, the discrepancy between the 

growth rates calculated using the present method and the rate of movement of the modal 

particle diameter can be attributed to the assumptions described above. The assumption 

that the particles are spheres results in an underestimation of the total surface area. 

Scanning electron micrographs suggest that the actual surface area of individual particles 

is larger than would be predicted from a spherical equivalent volume as both spherical 
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and non-spherical particles have substantial surface topography (see Figure 4.3). 

Furthermore, any nucleation of new particles that occurs simultaneously with growth of 

existing particles would increase the overall rate of precipitation and result in the over-

prediction of the linear growth rate. In light of these facts, this method is likely to 

overestimate the true linear growth rate. However, the constancy of the rate with time in 

the early stages is further evidence of size independent growth, and an independent 

estimate of the growth rate that is of the same order of magnitude as the rate calculated 

from the modal particle diameter is encouraging. 

4.2.2 Effect of Saturation Ratio 

Due to the strong dependence of the precipitation reaction on the saturation ratio, 

it was expected that S would be the primary variable affecting changes in the PSD. The 

effects of the saturation ratio were evaluated through the comparison of several unseeded, 

constant solution composition precipitation experiments run at different S values, but 

with all other experimental conditions held constant. Generally, the trends in the PSD 

measurements in all experiments run at varying saturation ratio were similar to the trends 

in experiment S8pH10r1seed0-2, discussed above. Comparisons between experiments 

were performed using many of the metrics described above. The cumulative CaCO3 

precipitation during three experiments run at pH = 10 and r = 1.0 but varying saturation 

ratio (S8pH10r1seed0-1, S12pH10r1seed0-1 and S16pH10r1seed0-1) is shown in Figure 

4.9. Clearly, both the overall rate of precipitation and total mass precipitated increased 

dramatically with increasing saturation ratio. 
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Figure 4.9 The effect of saturation ratio on the cumulative mass of CaCO3 precipitated 
under conditions of constant solution composition 
(pH = 10; r = 1; seed = 0 mg/L; and G = 50 s−1) 

The induction time prior to initial titrant addition was also affected by S. As the 

driving force for precipitation increases, the rates of nucleation and particle growth 

increase. In this work, the induction (ti) was defined as the time at which the initial titrant 

addition commenced. Induction times for the three experiments shown are presented in 

the legend of Figure 4.9. The relationship between the induction time and the saturation 

ratio is summarized in Figure 4.10. 
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Figure 4.10 Effect of saturation ratio on the induction time under conditions of constant 
solution composition 
(pH = 10; r = 1; seed = 0 mg/L; and G = 50 s−1) 

In addition to increasing the overall rate of precipitation, the saturation ratio has a 

marked effect on the chemical morphology of the solid phase. The distributions of 

polymorphs for unseeded, constant solution composition experiments run at pH 10 are 
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Figure 4.11 Effect of saturation on the distribution of polymorphs formed during 
conditions of constant solution composition 
(pH = 10; r = 1; seed = 0 mg/L; and G = 50 s−1) 

Theory predicts that the rate of nucleation increases and the diameter of the 

critical nuclei decreases with increasing supersaturation. Following these principles, it 

was expected that a larger number of smaller particles would form under conditions of 

increasing saturation ratio. The induction time gives an indication of the rate of 

nucleation, but does not separate out the effects of S on the subsequent rate of particle 

growth. The total number of particles that form during each experiment was characterized 

by comparing the maximum in the total number concentration from several experiments 

run at varying saturation ratios. This quantification is somewhat biased by the fact that 

samples from these experiments were measured using only the 100 μm aperture on the 

Coulter Counter (i.e., particle concentration was measured between approximately 2 and 

0

20

40

60

80

100

8 8 12 16

vaterite
aragonite
calcite

M
ol

ar
/m

as
s 

pe
rc

en
t

Saturation ratio, S



 109

40 μm). For example, the total number concentration measured for S4pH10r1seed0-1 is 

low because a portion of the number distribution extended below 2 μm. The effect of the 

saturation ratio on the maximum in the total number concentration is shown in Figure 

4.12. As expected, the maximum in the total number concentration increased with 

increasing saturation ratio, presumably due to increased nucleation. 

Figure 4.12 Effect of saturation ratio on the maximum total particle number 
concentration 
(pH = 10; r = 1; seed = 0 mg/L; and G = 50 s−1) 
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modal particle size was linear, regardless of the saturation ratio. This result is further 

evidence of size-independent particle growth. Second, the rate of particle growth (and 

perhaps flocculation) increased with increasing saturation ratio as evidenced by the 

increasing slope of the linear trends. Finally, the results from experiments 

S8pH10r1seed0-1 and S8pH10r1seed0-2 fell on top of one another, illustrating the 

reproducibility of the experiments. 

Figure 4.13 Movement of the modal particle size under conditions of constant solution 
composition 
(pH = 10; r = 1; seed = 0 mg/L; and G = 50 s−1) 
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based on the solubility product of calcite, despite the fact that there was a mixture of 

polymorphs. Using the Ks0 for calcite allows the comparison of the rate constant 

calculated here with the constants calculated in seeded experiments were calcite was the 

only polymorph present. The trend in the data is reasonably linear, and fitting a line 

through the origin yields a rate constant of (1.55 ± 0.16) × 10−4 μm/s (95% CI). The 

calculated rate constant is intermediate between the rate constants previously determined 

for calcite and vaterite by both solution-based and PSD-based techniques (see Table 2.1). 

Figure 4.14 Dependence of the linear growth rate on the saturation ratio during unseeded 
constant solution composition experiments 
(pH = 10; r = 1; seed =0 mg/L; and G = 50 s−1) 

Deviations from the expected linear trend (data above the line at low S and below 

the line at high S) can be explained by the fact that a mixture of polymorphs formed 
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(average) growth rate. This effect is seen in the trending of the calculated rate constants 

towards lower growth rates with increasing saturation ratio 

Further explanation for the highest point being below the trend line is provided by 

the result of some problems during the experiment run at S = 16 (S16pH10r1seed0-1). 

This experiment was difficult to control because the rate of precipitation was very rapid. 

This rapid precipitation resulted in an initial drop in pH, followed by a slow rise back to 

the pH setpoint. During this time, it is possible that the saturation ratio was less than 16. 

In addition, problems with the Coulter Counter only allowed the collection of three 

samples from which to calculate the linear growth rate. These factors could have led to an 

underestimation of the growth rate at S = 16. 

The analysis presented above assumes that the movement of the mode of the PSD 

is governed solely by particle growth. It is likely that the mode of the distribution is also 

changed by flocculation. However, because the trend in the modal diameter is linear, the 

analysis above can be thought of as the determination of an apparent growth rate that is 

influenced by both growth and flocculation. Considering this, the fact that the rate 

constant calculated here is slightly higher than the values found in the literature (true 

linear growth rates) is not surprising. The relative influences of particle growth and 

flocculation can be examined by comparing the time required to reach the maximum total 

number concentration and the maximum number concentration in the modal particle bin. 

The time to reach to the maximum total number concentration represents the time 

required until there is a shift between the relative influences of nucleation/growth and 

flocculation. That time decreased with increasing saturation ratio as shown in Figure 

4.15. Two parameters that affected the rate of flocculation were influenced by the 

saturation ratio: 1) the total number concentration increased because more particles 

nucleated at higher saturation ratios, and 2) as will be shown in subsequent sections, it is 
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likely that the empirical collision efficiency increased with increasing saturation ratio. 

The increased rate of flocculation with increasing saturation ratio caused the time to the 

maximum particle concentration to decrease. In other words, the flocculation began to 

dominate over precipitation more quickly as saturation ratio increased. 

Figure 4.15 Effect of saturation ratio on the time to reach the maximum total number 
concentration under conditions of constant solution composition  
(pH = 10; r = 1; seed = 0 mg/L; and G = 50 s−1) 

As described in Section 4.2.1, the effects of continued nucleation on the above 

analysis can be minimized by focusing only on the number concentration in the modal 

bin of the peak representing the initially nucleated particles. Figure 4.16 compares the 

trends in three experiments run at varying saturation ratio as a function of time (A) and 

modal particle diameter (B). Comparing the trends in the modal number concentration 

rather than the total number concentration allows a more direct comparison of the balance 

between flocculation and particle growth. As saturation ratio increased, the time to reach 

the maximum modal number concentration (Nmode = Nmode, max) decreased, suggesting that  
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Figure 4.16 Effect of saturation ratio on the normalized modal number concentration 
under conditions of constant solution composition as a function of time (A) and modal 
particle diameter (B)  
(pH = 10; r = 1; seed = 0 mg/L; and G = 50 s−1) 
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flocculation began to dominate over particle growth more rapidly with increasing 

saturation ratio. Looking at the same trend in terms of the modal particle diameter when 

Nmode = Nmode, max (Figure 4.16B) reveals that the particles grew to larger sizes prior to the 

transition from particle growth dominance to flocculation dominance in experiments run 

at higher saturation ratio. These results show that the rates of particle growth and 

flocculation increased with increasing saturation ratio. However, the dominance of 

flocculation with increasing S seems to have been enhanced to a greater extent as 

evidenced by the more rapid shift from particle growth to flocculation dominance. 

4.2.3 Effect of pH 

All of the data presented in Section 4.2.2 was collected from experiments run at 

pH = 10. A second series of constant solution composition experiments was run at 

identical conditions (S = 4, 8, 12; r = 1, G = 50 s−1) with pH = 9. Data were not collected 

at S = 16 because the rate of precipitation was so rapid that constant solution composition 

could not be maintained. The combination of constant r and decreasing pH caused the 

total concentration of carbonate in each experiment to increase in comparison with the 

identical experiment run at pH 10. The influence of pH on the rates of growth and 

flocculation was determined by comparison of the data collected from the experiments 

performed at pH 9 and pH 10. 

In general, the rate of precipitation increased with decreasing pH. Figure 4.17 

shows the cumulative moles of CaCO3 precipitated during experiments run at pH 9 and 

10 with S = 8 and r = 1 (S8pH9r1seed0-1 and S8pH10r1seed0-1). The total mass 

precipitated (and the rate of precipitation) increased at the lower pH. The induction time 

also decreased with decreasing pH as shown in Figure 4.18; this is further evidence that 

the rates of nucleation and particle growth increase with decreasing pH. Possible reasons 

for these trends are discussed subsequently. 
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Figure 4.17 Effect of pH on the cumulative precipitation of CaCO3 under conditions of 
constant solution composition 
(S = 8; r = 1; seed = 0 mg/L; and G = 50 s−1) 

Figure 4.18 Effect of pH on the induction time in experiments run under conditions of 
constant solution composition 
(r = 1; seed = 0 mg/L; and G = 50 s−1) 
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The composition of the solid phase was also affected by pH, but a general trend is 

difficult to discern. At S = 8, slightly more calcite formed at pH 9 than the two pH 10 

experiments (Figure 4.19A). However, at S = 12, there was a substantial shift towards 

calcite formation going from pH 9 to pH 10, with no aragonite forming in either 

experiment (Figure 4.19B). Like the pH 10 experiment at S = 4, calcite peaks were 

evident in experiment S4pH9r1seed0-1, but the lack of solids prevented Reitveld 

refinement. It is possible that calcite was the only polymorph that formed at the relatively 

low saturation ratio of 4. 

The apparent growth rate, as measured by the movement of the mode of the 

number distribution, was greater at lower pH. The progression of the mode during 

experiments S8pH9r1seed0-1 and S8pH10r1seed0-1 is compared in Figure 4.20. 

Hypothesis testing confirmed that the slopes of the lines in Figure 4.20 are statistically 

different at a 95% confidence level. In addition to an increased rate of linear growth, the 

particles formed during the experiment at pH 9 seem to have nucleated more rapidly as 

well. The difference in the rates of linear growth (slope of the lines in Figure 4.20) is not 

sufficient to account for the difference in particle sizes at a given time. Therefore, the 

difference must be explained by a more rapid initial period of nucleation/growth that was 

enhanced by the lower pH. 

The apparent growth rates calculated for each experiment are shown in Figure 

4.21; for comparison, the data from experiments run at pH 10 (Figure 4.14) are repeated. 

The increased apparent growth rate at pH 9 led to a larger rate constant of 

(1.90 ± 0.17) × 10−4 μm/s (95% CI). Comparisons of calculated rate constants at the two 

pH values are statistically different at a 95% confidence level. 



 118

Figure 4.19 Effect of pH on polymorph distribution during constant composition 
experiments at S = 8 (A) and S = 12 (B) 
(r = 1; seed = 0 mg/L; and G = 50 s−1) 
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Figure 4.20 Effect of pH on the apparent linear growth rate, KG′, during constant 
composition experiments 
(S = 8; r = 1; seed = 0 mg/L; and G = 50 s−1) 

Figure 4.21 Effect of pH on the apparent linear growth rate constant, k2′, during constant 
composition experiments 
(r = 1; seed = 0 mg/L; and G = 50 s−1) 
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As described in Chapter 2, there was not a clear consensus in the literature 

regarding the effects of pH on the rates of nucleation and particle growth. In terms of the 

mechanisms of nucleation and particle growth, there is no reason to suspect that pH alone 

would influence the process. The strong dependence of the carbonate speciation on pH is 

the likely cause of the observed trends. It has been suggested that the bicarbonate ion 

participates in the precipitation reaction, albeit to a much lesser extent than carbonate 

(van der Weijden et al., 1997). The increased total carbonate concentration (present as 

bicarbonate) at pH 9 could have increased the contribution of the bicarbonate 

precipitation reaction, increasing the rate of growth. Additionally, at S = 12 and pH = 9, 

the higher mass fraction present as vaterite would have increased the apparent growth 

rate in comparison with the same experiment at pH 10. 

Figure 4.22 shows the maximum total number concentration and the time to reach 

that concentration as a function of saturation ratio for experiments run at pH 9 and 10. In 

general, the effects of S are the same regardless of the pH. While pH did not have a 

dramatic effect on the total number of particles that formed, it took longer at pH 9 for the 

shift from precipitation dominance to flocculation dominance to occur (time to maximum 

number concentration). These results suggest that pH had a stronger effect on the rate of 

precipitation (nucleation and growth) than on the rate of flocculation. 
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Figure 4.22 Effect of pH on the maximum total number concentration (A) and the time 
to reach the maximum number concentration (B) 
(r = 1; seed = 0 mg/L; and G = 50 s−1) 
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4.2.4 Effect of Mixing Intensity 

The mixing intensity (slow mix) was varied in several unseeded constant solution 

composition experiments. Table 4.1 summarizes the experimental conditions along with 

the maximum total number concentration and the apparent linear growth rate. The rates 

tabulated for S8pH10r1seed0-6 and -8 were calculated using only the first 15 minutes of 

data. The reason for this distinction is explained below. The maximum total number of 

particles increased with increasing mixing intensity while the apparent linear growth rate 

remained constant. In addition, Figure 4.23 shows that the PSD formed during 

experiment S8pH10r1seed0-8 (G = 100 s−1) was considerably broader than the 

distribution formed during S8pH10r1seed0-2 (G = 50 s−1) (see Figure 4.4A). The increase 

in the total number of particles and the broader peak suggests that the period of 

nucleation extended for a longer period of time in the experiment run at higher mixing 

intensity. Perhaps diffusion limitations at the lowest mixing intensity prevented continued 

nucleation after the initial rapid mixing step. 

Table 4.1 Effect of mixing intensity on the maximum total number concentration and 
the apparent linear growth rate. 

Experiment ID Slow mix G (s−1) Ntot, max KG′ (μm/min)* 

S8pH10r1seed0-1 50 2.75 × 104 0.541 ± 0.018 

S8pH10r1seed0-2 50 2.40 × 104 0.537 ± 0.024 

S8pH10r1seed0-8 100 > 9.04 × 104 0.537 ± 0.132 

S8pH10r1seed0-6 300 2.09 × 105 0.525 ± 0.051 
*values shown are the 95% confidence intervals for the calculated values (slopes) 
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Figure 4.23 Number distribution during the first 11.5 minutes of experiment 
S8pH10r1seed0-8 (G = 100 s−1) 
(labels indicate sampling time in minutes) 
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Figure 4.24 Mode of the number distribution during experiment S8pH10r1seed0-6 
(G = 300 s−1) 
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number concentration and particle size distribution that resulted from the nucleation of 

particles from particle-free solutions. This behavior has been noted in the literature 

(Wiechers et al., 1975) and is likely a result of the chaotic nature of the nucleation 

process. To overcome these shortcomings and to explore the effect of seed concentration 

on the rates of nucleation, particle growth, and flocculation, a series of seeded constant 

solution composition experiments was performed. Two subsets of experiments were run 

with target seed concentrations of 10 mg/L (low seed) and 100 mg/L (high seed). Within 

each subset, the saturation ratio and mixing intensity were independently varied. 

Pre-formed calcite seed particles of varying concentration were added to the 

initial suspension just prior to injection of the CaCl2. As such, precipitation was induced 

from a seeded suspension of known physical/chemical morphology and particle 

concentration. Preparation of the calcite particles is described in Section 3.8.3, and Figure 

3.11 shows the PSD of the calcite seed. The initial PSDs measured from seeded constant 

solution composition experiments were similar to the seed solution in size and shape. 

Some slight dissolution of the seed particles apparently occurred in the early part of 

experiments run at low saturation ratio (S < 6). This dissolution was not unexpected; the 

seed particles were aged in 20 mM NaHCO3 and the chemical conditions changed 

dramatically when the seeds were injected into the working solution (< 1.9 mM 

NaHCO3). Despite the differences in the absolute particle size brought about by 

dissolution, the total number of particles and the shape of the initial distributions were 

quite similar in experiments with the same target solids concentration. 

Results from a single experiment at low saturation ratio and high seed 

concentration (S2pH10r1seed100-1) are presented here in an effort to draw some general 

conclusions regarding the differences between the unseeded and seeded constant solution 

composition experiments. Figure 4.25 shows the evolution of the PSD during this 
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experiment, which was run with a slow mix G of 300 s−1. The initial PSD had the same 

shape as the seed solution, but the mode of the distribution was slightly smaller (7.8 μm 

vs. 11.4 μm). This difference is attributed to the dissolution. The changes in the PSD over 

the course of the experiment were dramatic. The initial PSD moved rapidly and 

completely to larger sizes, leaving a solution with very few small particles (< 5 μm). 

These trends are evidence that particle growth was the dominant mechanism of 

precipitation; if nucleation were occurring to a significant extent, an influx of particles at 

the low end of the measured size range would have been seen. Analysis of the solids by 

XRD revealed that the solid phase was 100% calcite (the same as the seed particles), 

further evidence that no new particles formed. 

Figure 4.25 Time-series number distribution from experiment S2pH10r1seed100-1 
(G = 300 s−1) 
(labels indicate sampling time in minutes) 
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Figure 4.26 summarizes the trends in the total number (A) and volume (B) of 

particles during experiment S2pH10r1seed100-1. The total number of particles decreased 

by some 87% over the course of the experiment, indicating that flocculation was also 

significant. In contrast with the unseeded experiments, there was not an initial increase in 

the number concentration at the mode of the distribution. This result suggests that, under 

these conditions, flocculation dominated over particle growth from the start, as might be 

expected from the fact that the particle concentration (73 mg/L) was several orders of 

magnitude greater than the particle concentration present in the early stages of the 

unseeded experiments. 

In addition to reducing the total number of particles, flocculation acts to broaden 

the PSD by redistributing particle mass from smaller to larger sizes. This broadening was 

not clear in the unseeded experiments due to the fact that the distributions were very 

narrow (spanning only a few bins of particle size). In the seeded experiments it was 

possible to obtain a second measure of the extent of flocculation by examining how the 

width of the PSD changed with time. The full width at half maximum (FWHM) of the 

number distribution is the measure of width that was chosen for this work. A detailed 

description of this metric and its merits can be found in Section 3.10.4. Figure 4.27 shows 

that the PSD in experiment S2pH10r1seed100-1 does broaden with time as evidenced by 

the increase in the FWHM. 
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Figure 4.26 Total number concentration (A) and volume concentration (B) during 
experiment S2pH10r1seed100-1 (G = 300 s−1) 
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Figure 4.27 FWHM of the number distribution during experiment S2pH10r1seed100-1 
(G = 300 s−1) 
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all experiments (i.e., regardless of the smallest Coulter Counter aperture used). Figure 

4.28 shows the trend in the N2.5-5 for all of the high seed constant solution composition 

experiments. 

Figure 4.28 Effect of saturation ration on the number concentration between 2.5 and 5 
μm (N2.5-5) during seeded constant solution composition experiments 
(pH = 10, r = 1, seed = 82 ± 12 mg/L, G = 300 s−1) 
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concentration (N2.5-5,max) was much greater than in the S = 4 experiment. Even in the case 

of high seed concentration (82 ± 12 mg/L), sustained saturation ratios of 4 or greater were 

sufficient to induce significant nucleation. The effects of the seed concentration of the 

rate of nucleation are discussed in Section 4.3.2. 

As in the unseeded experiments, the apparent growth rate was measured by the 

movement of the mode of the PSD. The PSDs measured during the seeded experiments 

were quite broad and the experimental data were somewhat scattered. Therefore, the 

number distribution was smoothed using a centered five-point running average and the 

modal diameter was found using the smoothed data. In instances where nucleation was 

significant, the modal diameter was confined to the portion of the PSD representing the 

initial particles. Details of this procedure can be found in Section 3.10.4. The effect of 

saturation ratio on the apparent linear growth rate for the high seed experiments is shown 

in Figure 4.29. Like with the unseeded experiments, a plot of the apparent linear growth 

rate versus (S−1)2 is quite linear; as the saturation ratio increased, the rate of particle 

growth increased. Again, this growth is likely due to particle growth by precipitation and 

flocculation. In this instance, it was found that the intercept was significantly different 

than zero (95% confidence), indicating that flocculation results in substantial particle 

growth even at S = 1 where particle growth due to precipitation zero. Comparison of the 

rate constant calculated here with the rate constant for the unseeded experiments is 

discussed below in Section 4.3.2. 
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Figure 4.29 Effect of saturation ratio on the apparent linear growth rate of calcite 
particles under conditions of constant solution composition 
(pH = 10; r = 1; seed = 82 ± 12 mg/L; and G = 300 s−1) 
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Figure 4.30 Number fraction remaining at the mode, Nmode/Nmode(1min) (A) and FWHM 
(B) during high seed constant solution composition experiments 
(pH = 10, r = 1, seed = 82 ± 12 mg/L calcite, G = 300 s−1) 
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A plot of the cumulative CaCO3 precipitated during the initial stages of 

experiment S4pH10r1seed100-1 (not shown) reveals an initial period of slow 

precipitation. The reasons for this are unknown, but the effects can be seen in both parts 

of Figure 4.30. The rate of flocculation was slower during the period of slow 

precipitation, further evidence of a link between the rate of precipitation and the rate of 

flocculation. As outlined in Chapter 2, Hounslow and co-workers (Hounslow et al., 2001) 

propose that the efficiency of collisions in flocculation is strongly influenced by the rate 

that a crystalline bridge forms between two particles. In that view, the rate of flocculation 

is directly related to the rate of precipitative growth (and thus, S). A detailed discussion 

of the theory is presented below in Section 4.3.3. 

4.3.2 Effect of Seed Concentration 

Particle concentration is likely to affect all three mechanisms that change the PSD 

(nucleation, particle growth, and flocculation). In combination with the saturation ratio, 

the particle concentration governs the relative balance between the nucleation of new 

particles and the growth of existing particles. Furthermore, flocculation is a second order 

reaction with respect to particle concentration. The effect of the particle concentration on 

the evolution of the PSD was investigated through two subsets of seeded constant 

composition experiments described above, with target seed concentrations of 10 and 100 

mg/L. Throughout this section, the two subsets will be referred to as the high-seed and 

low-seed cases. Results from the seeded experiments are also compared with the results 

obtained from the unseeded experiments described in Section 4.2. 

The cumulative precipitation of calcium carbonate during experiments 

S2pH10r1seed10-1 and S2pH10r1seed100-1 is compared in Figure 4.31. The available 

surface area increased with increased seed mass and the rate of precipitation increased 

accordingly. The effect of seed concentration was the same at all saturation ratios; the 
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overall rate of precipitation (nucleation + particle growth) increased with increased seed 

concentration. In all experiments run at S = 2, homogeneous nucleation was insignificant, 

so the increased rate of precipitation was due only to precipitation onto the surfaces of the 

seed particles. Saturation ratios of 4 and greater were high enough to induce 

homogeneous nucleation simultaneously with precipitative growth of the initial seeds. 

Figure 4.31 Cumulative precipitation of CaCO3 during seeded constant solution 
composition experiments at S = 2 
(pH = 10, r = 1, G = 300 s−1) 
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the early part of the experiment and gradually grew into the measured range. Throughout 

the remainder of the experiment, the second peak continued to grow to larger sizes and 

simultaneous flocculation was evident. The PSDs at 138 and 173 minutes reflect a clear 

decrease in the number of particles near the mode of the secondary peak and a large 

shoulder at the leading edge. 

Figure 4.32 Time-series number distribution from experiment S4pH10r1seed100-1 
(G = 300 s−1) 
(labels indicate sampling time in minutes) 
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apparent, and this effect was greater in the low-seed case. As a result of this rapid change, 

the initial PSD in the low seed case had a modal size of approximately 6.6 μm compared 

to 9.4 μm for the high seed case. Despite the differences in the total number of particles 

and absolute particle size, the shape of the two initial distributions was quite similar. It is 

also clear from Figure 4.33A that, as expected, virtually no particles were present in the 

initial sample from the unseeded experiment. 

Figure 4.33B presents the number distribution from the three experiments after 

approximately 100 minutes of reaction. Comparing the time-series PSD data from the 

three experiments, the primary difference that emerges is related to the number of new 

particles that initially nucleated and subsequently grew into the measured size range. In 

comparison with the high-seed case, many more new particles formed in the low-seed 

experiment and very few new particles formed in the unseeded case. These trends are 

explained by the thermodynamics of nucleation and crystal growth. 

In general, the free energy required to form new particles by homogeneous 

nucleation is substantially higher than that required to form new particles by 

heterogeneous nucleation (onto existing calcite surfaces, or other foreign particles) or 

grow existing seed particles by crystal growth. At the relatively low saturation ratio of 4, 

we would expect that very few particles would nucleate in a solution devoid of particles. 

Furthermore, as the seed concentration increases, so does the surface area available for 

heterogeneous nucleation and crystal growth. Therefore, with higher initial seed 

concentrations, the rate of homogeneous nucleation should decrease. These trends are 

evident in the data. 
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Figure 4.33 Particle number distributions after approximately 1 minute (A) and 100 
minutes (B) of reaction during seeded constant composition experiments at S = 4 
(pH = 10; r = 1; G = 300 s−1 (low seed and high seed) and 50 s−1 (unseeded)) 
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Comparing the unseeded and low-seed experiments, we expected to see fewer 

particles form in the low-seed experiment due to the increased surface area available for 

precipitation by crystal growth, but this was not the case. It is hypothesized that the seed 

solution contained a population of small clusters and perhaps even small crystallites 

(< 0.7 μm) that served as sites for heterogeneous nucleation of calcite and resulted in the 

large number of new particles. 

In addition to the trends in the PSD, it is also useful to look at trends in the total 

number of particles as a function of time. Figure 4.34 tracks the change in the total 

number concentrations of particles during the three experiments. The total number 

concentration at each time, N(t), was normalized by the initial number concentration, 

N(1 min), so that all three experiments could be viewed on the same plot. In the unseeded 

experiment, the total number began to increase after a slight lag (due to the time required 

for the nucleated particles to move into the measured size range) and continued to do so 

until the entire distribution was > 2 μm. Nucleation and subsequent growth of particles 

are the mechanisms behind this increase in the total number of particles. At later times, 

the total number of particles decreased, indicating that flocculation occurred. However, 

the rate of flocculation was quite slow due to the low total number of particles (see Figure 

4.33B). 

The trend in the low-seed experiment was similar. Initially, the total number 

concentration decreased due to flocculation of the initial seed particles, but that trend 

reversed when the newly formed particles grew into the measured size range. In this case, 

the continued flocculation of the seed particles was overwhelmed by the influx of new 

small particles. With respect to the goals of coagulation, this situation is undesirable in 

terms of particle pre-treatment. While the initial seed distribution moved to much larger 

particle sizes by precipitative growth and flocculation, a large population of relatively 
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small particles was created. In real plants, where S gradually diminishes, the rate of 

growth of particles of all sizes would also diminish, with the likely result that the small 

particles formed by homogeneous nucleation would not grow large enough to be removed 

by sedimentation. 

Figure 4.34 Total number fraction remaining during seeded constant solution 
composition experiments at S = 4 
(pH = 10; r = 1; G = 300 s−1 (low seed and high seed) and 50 s−1 (unseeded); and 
N(1 min) for the unseeded, low-seed and high-seed experiments are 7.65×102, 3.53×104 
and 1.11×105 #/mL, respectively) 

The high-seed experiment was characterized by a very different trend in the total 

number concentration. At first, the total number concentration decreased rapidly due to 

flocculation of the initial seed particles. The rate of flocculation was more rapid than in 
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decrease again due to the flocculation of the new particles. While a population of small 

particles still formed in this case, the total number was dramatically less than that formed 

in the low-seed experiment (see Figure 4.33B).  

In all three experiments, the total particle volume (not shown) increased 

substantially. Because flocculation does not affect the particle volume, this increase was 

due solely to precipitation. The rate of precipitation (measured by the increase in particle 

volume and titrant added) was highest in the high-seed experiment and lowest in the 

unseeded experiment. Furthermore, the rate of precipitation was well correlated with the 

total surface area of the suspension. 

The detailed comparison above highlights the effects of seed concentration of the 

rates of nucleation, particle growth, and flocculation. The following is a summary of 

those effects across all of the seeded constant composition experiments. 

As described previously, the rate of nucleation is influenced by the available 

surface area and the saturation ratio. The effect of the saturation ratio on the rate of 

nucleation at constant seed mass (surface area) was described in Section 4.3.1. The 

maximum number concentration between 2.5 and 5 μm (N2.5-5,max) and the time to reach 

that maximum are presented in Table 4.2 as measures of the rate and extent of nucleation 

for pairs of experiments run at identical conditions with the exception of the seed 

concentration. There was no significant nucleation during experiments run at a saturation 

ratio of 2. The full extent of nucleation was not captured in experiments run at saturation 

ratios of 6 and 8 (S6pH10r1seed100-1 and S8pH10r1seed10-3); in those cases, the lower 

bound of the expected value is shown. In general, increasing the seed concentration at a 

constant saturation ratio led to the more rapid formation of a greater number of new 

particles. Furthermore, the dependence of nucleation on saturation ratio is confirmed for 

the low seed experiments. Results from the experiment run at S = 8 and a seed 
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concentration of 10 mg/L (S8pH10r1seed10-3) are anomalous; the rate and extent of 

nucleation was substantially lower than expected. The reasons for this are unknown. 

Table 4.2 Effect of seed concentration on nucleation and particle growth in seeded 
constant solution composition experiments 

Saturation ratio, S* Seed 
concentration 

(mg/L) 2 4 6 8 

 N2.5-5,max (104 #/mL) 

10 N/A 7.47 17.6 > 0.64 

100 N/A 1.56 > 1.00 6.98 

 time to N2.5-5,max (min) 

10 N/A 100 24 > 60 

100 N/A 139 > 94 30 

 KG′ (μm/s) 

0  1.00 × 10−3  8.98 × 10−3** 

10 8.62 × 10−4** 2.07 × 10−3 6.13 × 10−3** 1.01 × 10−2 

100 1.07 × 10−3 3.52 × 10−3 7.49 × 10−3 1.40 × 10−2 
*other experimental conditions include: pH = 10; r = 1; G = 300 s−1 (seeded) and 
 G = 50 s−1 (unseeded)  
**values shown are the average from two experiments 

Table 4.2 also summarizes the apparent growth rate measured during all seeded 

constant solution composition experiments. For all of the seeded experiments shown, 

only the seed concentration and saturation ratio were varied; all other conditions were 

constant (pH 10, r = 1, G = 300 s−1). Unseeded experiments performed over the same 

range of saturation ratio are shown for comparison, despite the fact that they were 

performed with a lower mixing intensity (50 s−1). Clearly, the apparent rate of particle 

growth increased with increasing seed concentration. The reasons for this trend are 

discussed below. 
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The calcite particles used in all of the seeded experiments came from the same 

suspension. Analysis of the particles shortly after seeding with the Coulter Counter and 

SEM did not reveal any noticeable differences between the particles in each experiment; 

all particles were calcite and had roughly the same size, shape, and physical morphology. 

As such, the saturation ratio should have the same effect on the growth rate of individual 

particles, regardless of the total particle concentration. Comparison of the seeded results 

with the unseeded experiments is also useful. Particles formed in the unseeded 

experiments consisted of a mixture of calcium carbonate polymorphs, but were primarily 

vaterite which has been shown to grow more rapidly than calcite. Because of this kinetic 

difference, the rate of growth in the unseeded experiments was expected to be greater 

than the growth rates from the seeded experiments. In fact, the opposite was true. The 

effects of seed concentration on the apparent growth rate are not explainable by the 

expected trends in the rate of particle growth due to precipitation alone. The effects must 

then be explained by the effects of particle concentration on flocculation. 

Like precipitative particle growth, flocculation can act to move the mode of a 

PSD to larger sizes, although this is not always the case. As the particle concentration 

increased, the rate of flocculation should have increased because flocculation is a second 

order reaction in particle concentration. Figure 4.35 compares the rates of flocculation 

during experiments S8pH10r1seed10-3 and S8pH10r1seed100-1 as measured by the 

trends in the number fraction remaining at the mode of the distribution. (Focusing only 

on the number concentration at the mode of the distribution representing the initial seeds 

eliminates the effects of nucleation from the analysis.) Indeed, the rate of decrease in the 

number fraction remaining was more rapid in the high-seed case, a trend that was evident 

when comparing all pairs of low-seed and high-seed experiments run at the same 

saturation ratio. The initial increase in the number fraction remaining in experiment 
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S8pH10r1seed10-3 was due to particle growth via precipitation. As described in Section 

4.2.1, when particle growth dominates over the effects of flocculation, the number 

concentration in the modal bin increases. This trend was evident in all low-seed 

experiments. 

Figure 4.35 Effect of calcite seed concentration on the rate of flocculation during seeded 
constant solution composition experiments at S = 8 
(pH = 10; r = 1; and G = 300 s−1) 

Measurements of the FWHM provide further evidence that the rate of flocculation 

increases with increasing seed concentration. As shown in Figure 4.30B, the FWHM 

increased during seeded constant solution composition experiments and the trend with 

time was approximately linear. Figure 4.36 plots the rate of increase of the FWHM (i.e., 

the slope of the lines in Figure 4.30B) as a function of S for all seeded constant solution 

composition experiments. Rates could not be determined for the low-seed experiments 

run at a saturation ratio of 6 because the influx of newly nucleated particles quickly 
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overwhelmed the growing seed particles, and prevented the determination of the FWHM. 

The FWHM increased more rapidly in the high-seed experiments, further evidence that 

flocculation was enhanced by increased particle concentration. The effect of the particle 

concentration on the rate of flocculation (evidenced by the trends in the number fraction 

remaining and the FWHM) is thought to be the cause of the increased apparent growth 

rate shown above. 

Figure 4.36 Effect of calcite seed concentration on the FWHM of PSDs during seeded 
constant solution composition experiments 
(pH = 10, r = 1, G = 300 s−1) 

4.3.3 Effect of Mixing Intensity 

Due to the high density (2.5 g/cm3) and relatively large size of the calcite seed 

particles, nearly all seeded constant solution composition experiments were performed 

with a mixing intensity of 300 s−1 to prevent the sedimentation in the reactor. However, 

three experiments were performed with a target seed concentration of 10 mg/L at a 

0.000

0.001

0.002

0.003

0.004

0.005

0.006

0.007

1 2 3 4 5 6 7 8 9

seed = 10 mg/L

seed = 100 mg/L

R
at

e 
of

 in
cr

ea
se

 o
f t

he
 F

W
H

M
 (μ

m
/s

)

Saturation ratio, S



 146

mixing intensity of 100 s−1 (S4pH10r1seed10-2, S8pH10r1seed10-1, and 

S8pH10r1seed10-2). Figure 4.37A presents the evolution of the number distribution 

during an experiment run at the lower mixing intensity (S4pH10r1seed10-2). As the 

precipitation reaction proceeded, the total number concentration decreased and the initial 

distribution broadened, with the mode moving to larger sizes. Eventually, a second peak 

emerged and continued to grow to larger sizes while the number concentration of the 

smaller peak continued to decrease. Part B of Figure 4.37 compares the PSDs from two 

experiments run under identical conditions with the exception of the mixing intensity 

(S4pH10r1seed10-2 and S4pH10r1seed10-3) at approximately 1 minute and after 

approximately 50 minutes. The initial PSDs were similar, although the particle 

concentration was higher in the low G experiment (11.7 vs. 8.1 mg/L). After 50 minutes 

of reaction, the resulting PSDs were quite different. In the experiment run at G = 300 s−1 

(S4pH10r1seed10-3), the entire distribution moved to larger sizes and the distribution 

remained unimodal. In the experiment with G = 100 s−1 (S4pH10r1seed10-2), the 

resulting distribution was bimodal; one peak was smaller than the particles formed at 

high mixing intensity and one peak was larger. Furthermore, the total number 

concentration was lower in the experiment run at G = 100 s−1. It appears that flocculation 

occurred to a greater extent in the experiment performed at the lower mixing intensity as 

evidenced by the dramatic reduction in the total number concentration and the growth to 

larger particle sizes in comparison with the high mixing intensity experiment. 
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Figure 4.37 Evolution of the number distribution during experiment S4pH10r1seed10-2 
(G = 100 s−1) (A) and comparison of the number distributions from experiments 
S4pH10r1seed10-2 (G = 100 s−1) and S4pH10r1seed10-3 (G = 300 s−1) (B) 
(labels indicate sampling time in minutes) 
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Figure 4.38 compares the apparent growth rates at 100 s−1 and 300 s−1. All 

experiments run at the lower mixing intensity resulted in bimodal distributions. The 

apparent growth rates were calculated for the larger of the two peaks. The apparent 

growth rate was found to increase with decreasing mixing intensity. Like with the effects 

of seed concentration, this effect cannot be explained by the expected trend in the 

precipitative growth rate. It has been shown that the linear growth rate is independent of 

mixing intensity for calcite (Collier and Hounslow, 1999) and vaterite (Andreassen and 

Hounslow, 2004). Those studies were performed at relatively high mixing intensities (50 

mm diameter, 3-bladed marine propeller operated at 400-2000 rpm in a 1 L baffled, 

round bottomed reaction vessel), likely well above the shear rates necessary to shrink the 

boundary layer surrounding the particles and eliminate liquid diffusion resistance. 

However, even in the limit of low mixing intensity, where diffusion becomes the rate-

limiting step in crystal growth, the rate of growth would be predicted to decrease with 

increasing mixing intensity. 

The theoretical view of the effect of mixing intensity on the rate of flocculation 

suggests that the rate of flocculation would increase with increasing mixing intensity 

(assuming no breakup). However, the opposite trend was realized. Figure 4.39 compares 

the number fraction remaining at the mode of the distribution during experiments run at 

varying mixing intensities. At S = 4 and S = 8, the rate of flocculation was greater during 

the experiments run at lower mixing intensity. Due to the bimodal nature of the peaks 

formed in the experiments at low mixing intensity, the extent of flocculation could not be 

compared in terms of the FWHM. However, the resulting distributions formed at low 

mixing intensity were much broader than the unimodal distributions formed at high 

mixing intensity. It is apparent that decreased mixing intensity over the range studied 
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resulted in increased flocculation and led to a smaller number of larger particles in the 

final PSD. Possible explanations for this behavior are discussed below. 

Figure 4.38 Effect of mixing intensity on the apparent growth rate during low-seed 
constant solution composition experiments 
(pH = 10, seed = 10 mg/L; r = 1) 
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the effects of particle concentration are evident in the experimental data, the effect of G 
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fact, the opposite trend is realized. To this point, however, the effects of the independent 

variables on the empirical collision efficiency factor have been ignored. 
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Figure 4.39 The effect of mixing intensity on the rate of flocculation during seeded 
constant composition experiments at S = 4 (A) and S = 8 (B) 
(pH = 10, r = 1, calcite seed = 12.1 ± 3.3 mg/L) 
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Hounslow and co-workers (Mumtaz et al., 1997; Hounslow et al., 2001) have 

framed the aggregation of calcium carbonate and calcium oxalate monohydrate in 

supersaturated solutions as a balance between the rate at which a crystalline bridge (of the 

precipitating mineral) forms between two particles and the shear forces imposed on the 

aggregate by the fluid. In their view, the particles must cement themselves together fast 

enough to withstand the external forces acting to break them apart, and the collision 

efficiency is a function of the growth rate (saturation ratio), the strength of the material, 

the size of the particles, and the shear rate. 

In the work of the Hounslow group, particle collisions were assumed to be caused 

by fluid shear alone. Therefore, the effect of G on the collision frequency was accounted 

for, but the added effect of G on the collision efficiency (in terms of the shearing of 

newly formed aggregates) substantially changed the overall relationship between G and 

the rate of flocculation. At low mixing intensities, the empirical efficiency was predicted 

to approach 1, while the collision frequency trended towards zero (Brownian motion was 

ignored). In both simulations (Mumtaz et al., 1997) and experiments (Bramley et al., 

1997; Collier and Hounslow, 1999; Andreassen and Hounslow, 2004), they found that the 

rate of flocculation increased with decreasing mixing intensity. Flocculation in the 

aforementioned studies was described using a size-independent rate constant that was 

found to increase with increasing growth rate (saturation ratio) and decrease with 

increasing mixing intensity. 

The results from the current study support the hypotheses of the Hounslow group. 

More specific comparisons with that work in terms of the choice of the flocculation rate 

constant can be found in Chapters 5 and 6. In addition to helping explain the trends with 

respect to mixing intensity, the Hounslow model also explains the effect of the saturation 



 152

ratio on the rate of flocculation. As the particle growth rate (saturation ratio) increases, 

the collision efficiency, and thus the rate of flocculation, are predicted to increase as well. 

4.4 DECLINING SOLUTION COMPOSITION EXPERIMENTS 

Conditions of constant solution composition are not found in operating lime 

softening treatment plants. In practice, lime softening is a continuous flow treatment 

process in which chemicals (e.g., lime, caustic, soda ash) are added during a rapid mixing 

step and then the water flows through the unit processes of flocculation and 

sedimentation. Immediately following chemical addition, the solution is at maximum in 

terms of pH, dissolved concentrations of Ca+2 and CO−2, and thus S. From that time (and 

point in space in a continuous flow process), the level of saturation only decreases. 

Batch declining solution composition experiments were carried out to explore the 

effects of the independent variables on the PSD during more realistic conditions 

involving the dynamic nature of the solution composition. Nearly all declining solution 

composition experiments were seeded with a target concentration of 100 mg/L of calcite 

seed particles in an effort to eliminate the effects of saturation ratio on the distribution of 

polymorphs. Unless noted, a mixing intensity of 300 s−1 was employed in all experiments 

to prevent settling. 

4.4.1 Effect of Declining Solution Composition 

Up to the point of initial chemical addition, declining composition experiments 

were performed identically to their constant solution composition counterparts. However, 

after chemical addition, the saturation ratio was allowed to decline. In other words, pH 

was not held constant through the addition of titrant. During each experiment, pH and 

dissolved Ca+2 concentration were monitored with time in addition to sampling for PSD 

measurements, XRD, and SEM. Parts A and B of Figure 4.40 shows the trends in the pH 
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and Ca+2 concentration during experiment S16pH10r1seed100batch-2. Initially, the pH 

and concentration of Ca+2 decreased quite rapidly. The rate slowed as the reaction 

approached equilibrium. Using the measured pH and Ca+2 concentration along with the 

initial solution composition, the saturation ratio at each time (Ca+2 sample) was 

calculated using Visual Minteq (see Section 3.9 for details). Figure 4.40C shows the trend 

in the saturation ratio, which mimics that of the pH and Ca+2 concentration.  

Recalling the influence of the saturation ratio on the rates of nucleation, 

precipitative growth, and flocculation, it is not surprising that the resulting particle size 

distributions from constant and declining solution composition experiments were very 

different. Figure 4.41 compares the evolution of the particle size distributions during a 

constant solution composition experiment and a declining solution composition 

experiment run with identical initial conditions (S6pH10r1seed100-1 and 

S6pH10r1seed100batch-1). Throughout the constant solution composition experiment 

(Figure 4.41A), the entire particle size distribution moved to larger sizes. The number of 

particles at the mode of the distribution continuously decreased and the distribution 

broadened. On the other hand, in the declining solution composition experiment (Figure 

4.41B), the PSD moved to larger sizes and the total number decreased initially, but as the 

saturation ratio diminished, the PSD evolved more slowly. Nucleation occurred during 

constant solution composition experiment (S6pH10r1seed100-1) as evidenced by the 

influx of small particles after approximately 30 minutes. No new particles appeared to 

form in the declining solution composition experiment. 
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Figure 4.40 Characterization of declining solution composition during experiment 
S16pH10r1seed100batch-2 in terms of pH (A), Ca+2 concentration (B) and saturation 
ratio (C) (G = 300 s−1) 
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Figure 4.41 Comparison of the particle size distributions from constant (A) and 
declining (B) solution composition experiments 
(S = 6; pH = 10; r = 1; calcite seed = 86.6 ± 7.2 mg/L, G = 300 s−1) 
(labels indicate sampling time in minutes) 
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As before, the trends in the two PSDs can be generalized and compared in terms 

of the movement of the modal particle diameter, the number fraction remaining at the 

mode and the FWHM (Figure 4.42). In part B of Figure 4.42, the number fraction 

remaining during the constant solution composition experiment was adjusted for the 

dilution effects to facilitate comparison with the declining solution composition 

experiment. The effect of declining saturation ratio is evident in all three metrics. 

Initially, the rate of particle growth and flocculation in the declining solution composition 

experiment was similar to the rate found in the constant solution composition experiment. 

However, as the saturation ratio decreased so did the rate of particle growth and 

flocculation. As the reaction in the declining solution composition experiment 

approached equilibrium, particle growth and flocculation essentially stopped and the 

modal particle diameter, number fraction remaining and the FWHM reached constant 

values. Furthermore, it appears that nucleation of new particles did not occur under the 

conditions of declining solution compositions. All of these trends are in considerable 

contrast to those from constant composition experiments 

The total number of particles (not shown) trended similarly to the number of 

particles at the mode of the distributions. At the outset of constant solution composition 

experiments, the total number of particles generally decreased to a greater extent than in 

declining solution composition experiments. At later times in some constant solution 

composition experiments, nucleation caused the total number of particles to increase after 

the initial period of decrease; nucleation was not observed in the declining solution 

composition experiments. In terms of the total volume of particles, the resulting 

suspensions were very different. Maintaining constant solution composition allowed  
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Figure 4.42 Comparison of the trends in the modal particle diameter (A), number 
fraction remaining at the mode (B), and the FWHM (C) during experiments 
S6pH10r1seed100-1 and S6pH10r1seed100batch-1 
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precipitation to continue throughout the duration of the experiment. As such, the volume 

concentration of particles was much larger than the declining solution composition 

experiment after equivalent reaction times. 

4.4.2 Effect of Saturation Ratio 

Seeded declining solution composition experiments were performed with initial 

saturation ratios varying from 6 to 24. In every experiment, the general trends in the pH, 

dissolved Ca+2 concentration, and the PSD were similar. An initial period of rapid 

decrease in the pH and Ca+2 concentration was accompanied by a rapid movement of the 

PSD to larger sizes and a reduction in the total number of particles. A period of slowing 

precipitation/flocculation followed as the reaction approached equilibrium. In the 

experiments run at high saturation ratios (> 16), the vast majority of the change in the 

solution conditions and the PSD occurred within the first 5-10 minutes. Despite the fact 

that the saturation ratio varied over the course of each individual experiment, trends in 

the metrics defined to quantify particle growth and flocculation were evident when 

presented in terms of the initial saturation ratio. Table 4.3 summarizes the effect of the 

initial saturation ratio during seeded declining solution composition experiments 

performed with an initial seed concentration of 100 mg/L and an initial pH of 11. 

Particles grew to larger sizes in experiments with higher initial saturation ratios. 

Again the movement of the mode of the distribution is a function of particle growth due 

to precipitative growth and flocculation. Furthermore, the PSDs after 30 minutes of 

reaction in experiments run at higher initial saturation ratios had fewer particles (lower 

Nmode/Nmode(1 min)) and the distributions were broader (greater FWHM), both evidence 

of enhanced flocculation. Here, as in the constant solution composition experiments, the 

rate of flocculation is correlated with the saturation ratio.  
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Table 4.3 Effect of initial saturation ratio on PSD metrics and dissolved calcium in 
seeded declining solution composition experiments 

Initial saturation ratio, S** 
Metric* 

8 16 24 

Mode (μm) 13.0 17.3 22.5 

Nmode/Nmode(1 min) 0.52 0.40 0.26 

FWHM (μm) 10.3 11.4 13.1 

[Ca+2]T (mg/L) 7.0 4.9 2.2 
*all metrics measured after 30 minutes of reaction 
**other conditions included: initial pH = 11; initial r = 1; seed = 100 mg/L;  
 and G = 300 s−1 

The primary goal of lime softening is removal of hardness causing ions from 

solution. The initial saturation ratio had a consistent effect on the extent of Ca+2 removal. 

Even with the higher initial Ca+2 concentrations associated with higher lime doses 

(saturation ratios), the effluent Ca+2 concentrations after 30 minutes of softening were 

lower in experiments run with higher initial saturation ratios (Table 4.5). It is important to 

note that in these experiments, the initial ratio of the precipitating ions, r, was 1. With the 

activities of Ca+2 and CO3
-2 present in a 1:1 ratio, carbonate was never limiting in the 

precipitation reaction. Ion activity ratios greater than one do occur in practice and the 

effect of r is examined subsequently. 

XRD analysis of experiments covering the range of saturation ratios suggested 

that the resulting solid phases were 100% calcite in all experiments. However, SEM 

images revealed that at a saturation ratio of 24, some vaterite particles did form. Figure 

4.43A shows vaterite spherulites agglomerated with calcite particles in a sample collected 

from experiment S24pH10r1seed100batch-1. In contrast, the particles collected from 

experiment S16pH10r1seed100batch-1 are all calcite (Figure 4.43B). Additionally, the 

initial PSD measurement from experiment S24pH10r1seed100batch-1 revealed a very 



 160

large population of particles about 2 μm in size. Subsequent measurements did not reveal 

those particles. It is not clear whether the initial measurement was an anomaly, or if it 

actually captured the formation of the new vaterite particles. 

Figure 4.43 SEM images of particles formed during experiments 
S24pH10r1seed100batch-1 (A) and S16pH10r1seed100batch-1 (B) 

The trends in the pH with time were also slightly different in the S = 24 

experiments. The pH during experiment S24pH10r1seed100batch-1 is shown in Figure 

4.44. After a brief period of rapid decrease, the pH leveled off for a short period and then 

continued to decrease rapidly. This behavior is likely explained by the initial formation of 

amorphous calcium carbonate. The initial nucleation of the amorphous phase would have 

caused the initial decrease in the pH, and the conversion to a more stable phase (vaterite 

in this case) likely resulted in the short period of constant pH.  

A BA B
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Figure 4.44 pH during experiment S24pH10r1seed100batch-1 

4.4.3 Effect of pH 

Declining solution composition experiments were performed at both pH 10 and 

pH 11. Table 4.4, presents a summary of the experimental results obtained from 

experiments run at pH 10. The trends in the four metrics are the same as those found at 

pH 11 (Table 4.3); comparison of the magnitudes of the four metrics in Table 4.3 and 

Table 4.4 reveals the effects of pH on the PSD. These effects can be summarized as 

follows: 1) pH does not appear to have an influence on the final particle size (as 

measured by the mode of the distribution); 2) the number fraction remaining at the mode 

was lower and the FWHM slightly broader at pH 11, suggesting that flocculation is 

enhanced at higher pH; and 3) dissolved calcium concentrations were slightly lower in 

experiments performed at pH 10, but the differences were quite small. Although there are 
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some small variances in the four metrics, the influence of pH is not as important as the 

saturation ratio. 

Table 4.4 Effect of initial saturation ratio on PSD metrics and dissolved calcium in 
seeded declining solution composition experiments 

Initial saturation ratio, S** 
Metric* 

6 8 16 24 

Mode (μm) 13.6 13.3 18.0*** 21.8 

Nmode/Nmode(1 min) 0.54 0.59 0.49*** 0.52 

FWHM (μm) 8.9 8.9 10.6*** 11.9 

[Ca+2]T (mg/L) not measured 3.8 4.3*** 2.2 
*all metrics measured after 30 minutes of reaction 
**other conditions included: initial pH = 10; initial r = 1; seed = 100 mg/L;  
 and G = 300 s−1 
***indicates the average of two experiments 

4.4.4 Effect of Ion Ratio 

In practice, it is not uncommon to have natural waters with alkalinity less than 

hardness (in equivalent units). Reviewing the characteristics of several natural waters 

used by Kalscheur et al. (2006) to investigate enhanced softening, it was found that r 

typically ranged from 1.3 to 1.8 at lime doses required to achieve minimum calcium 

concentration. In addition, the initial pH resulting from those lime doses was predicted to 

be close to 11. One experiment was run with r = 1.5 (S16pH11r1.5seed100batch-1) to 

evaluate the effect of solution conditions deficient in carbonate. Table 4.5 presents the 

results from two experiments run under identical conditions with the exception of the ion 

activity ratio (S16pH11r1.5seed100batch-1 and S16pH11r1seed100batch-1). 

The ion ratio had the most profound effect on the dissolved calcium 

concentration. When carbonate is the limiting species (i.e., when r > 1), a large quantity 

of dissolved calcium will remain when the precipitation reaction reaches equilibrium; the 
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dissolved calcium concentration in the experiment with an initial ion activity ratio of 1.5 

was more than six times as high as in the experiment with an initial ion activity ratio of 

one. The initial saturation ratio was the same, in both experiments and, as a result, the 

initial concentration of Ca+2 increased and the initial concentration of CO3
−2 decreased 

with the increased ion ratio. The difference between the initial and final Ca+2 

concentration was used as a measure of the amount of calcium carbonate precipitated; 

over the 30 minutes of reaction, approximately 10 mg/L more calcite precipitated during 

the experiment with and initial ion activity ratio of one. 

Table 4.5 Effect of initial ion ratio on PSD metrics and dissolved calcium in seeded 
declining solution composition experiments 

Initial ion ratio, r** 
Metric* 

1.0 1.5 

Mode (um) 17.3 15.6 

Nmode/Nmode(1 min) (-) 0.40 0.54 

FWHM (um) 11.4 10.5 

[Ca+2]T (mg/L) 4.9 32.4 
*all metrics measured after 30 minutes of reaction 
**other conditions included: initial S = 16; initial pH = 11; seed = 100 mg/L; 
 and G = 300 s−1 

In addition to increasing the dissolved concentration of calcium, the increased ion 

ratio resulted in a degradation of the quality of the PSD in terms of the goals of particle 

pretreatment. Comparison of these two experiments suggests that growth was slower and 

flocculation occurred to a lesser extent in experiment S16pH11r1.5seed100batch-1 

(smaller mode, higher number fraction remaining, and smaller FWHM). Depending on 

the design and operation of downstream treatment processes, these trends could limit 

particle removal, further degrading the overall efficiency of the softening process. 
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4.4.5 Effect of Seeding 

In practice, it is common to recycle sludge from the sedimentation basins to the 

head of the treatment plant to act as seed for the softening reaction. Seeding is beneficial 

for several reasons. When calcite seed particles are present, the softening reaction is more 

rapid (higher available surface area) and precipitation is likely to occur on the surfaces of 

those particles rather than by homogeneous nucleation. The growth of existing particles 

to larger sizes rather than the production of new, small particles by nucleation is 

beneficial in downstream particle removal processes. Large particles formed by the 

growth of seeds are more likely to settle out by gravity sedimentation, decreasing the load 

to the filters. In addition to enhancing the softening process, seeding increases the 

number concentration of particles, resulting in higher rates of flocculation. The effect of 

seeding with calcite particles was investigated by comparison of two experiments: 

S16pH10r1seed0batch-1 and S16pH10r1seed100batch-2. These two experiments were 

performed identically, with the exception that one was seeded with approximately 100 

mg/L of calcite and the other was unseeded. 

Figure 4.45 compares the trend in the pH from the two experiments. The trends in 

dissolved Ca+2 and the saturation ratio (not shown) were similar to the trends in the pH. 

Upon chemical addition, the pH in the seeded experiment began to decrease immediately 

and rapidly due to the large amount of available surface area for precipitation via crystal 

growth. On the other hand, there was a lag in the unseeded experiment. As in the 

unseeded constant solution composition experiments, the period of nearly constant pH at 

the beginning of the unseeded experiment represents the induction time. Initially, new 

calcium carbonate particles nucleated and the pH did not begin to decrease substantially 

until that population of nuclei grew to the extent that the Ca+2 and CO3
-2 concentrations 

were depleted enough to produce a noticeable change in the pH. 
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Figure 4.45 Effect of seeding on the pH during declining solution composition 
experiments 
(S = 16, pH = 10, r = 1, G = 300 s−1) 

The rate of decrease in the pH is a manifestation of the rate of precipitation, and 

the reaction was clearly faster in the seeded experiment. Furthermore, the final pH was 

approximately 0.2 units higher in the unseeded experiment, suggesting that the 

equilibrium solution conditions were quite different. Indeed, the dissolved calcium 

concentration after 30 minutes was 9.3 mg/L in the unseeded experiment and 4.1 mg/L in 

the seeded experiment. The discrepancy in the dissolved calcium concentrations can be 

attributed to the difference in the polymorphs of calcium carbonate that formed during 

the two experiments. 

Analysis of the solid phase formed in each experiment using XRD revealed that 

calcite was the only polymorph present in the seeded experiment while a mixture of 

calcite and vaterite formed during the unseeded experiment. In the unseeded experiment, 
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vaterite was the dominant polymorph (85-90%). Examination of the solids using SEM 

confirmed those findings, as shown in Figure 4.46. The agglomerate shown in part A of 

Figure 4.46 was obtained from experiment S16pH10r1seed0batch-1; the solid phase is 

dominated by vaterite spherulites, but does contain one rhombohedral calcite crystal. In 

contrast, the particles present in the sample from experiment S16pH10r1seed100batch-2 

(part B) are all rhombohedral calcite. 

Figure 4.46 SEM images of polymorphs formed during experiments 
S16pH10r1seed0batch-1 (A) and S16pH10r1seed100-2 (B) 

In terms of the relative rates of reaction, solution conditions, and the chemical and 

physical morphology of the solid phase experiments S16pH10r1seed0batch-1 and 

S16pH10r1seed100batch-2 were very different. In light of these facts, it would not be 

unreasonable to expect that the trends in the PSD would be very different as well. 

Surprisingly, while the PSDs from the two experiments are very different initially, the 

distributions were remarkably similar after a sufficient amount of time had elapsed. 

Figure 4.47 presents the time series PSD measurement from experiments 

S16pH10r1seed0batch-1 and S16pH10r1seed100batch-2. 

 

A BA B
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Figure 4.47 Time series number distributions during experiments 
S16pH10r1seed0batch-1 (A) and S16pH10r1seed100batch-2 (B) (G = 300 s−1) 
(labels indicate sampling time in minutes) 
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Initially, the PDSs were very different, owing to that fact that one was seeded and 

the other was not. The trend in the number distribution during the unseeded experiment 

was very similar to the trends described in reference to the unseeded constant solution 

composition experiments (Section 4.2.1). Particles nucleated and grew into the measured 

size range (2-40 μm in this case), increasing the mode of the distribution, the total 

number of particles and the number of particles at the mode. In contrast to the constant 

solution composition experiment, the peak stopped growing to larger sizes and the 

number concentration stopped decreasing due to flocculation as the saturation ratio 

diminished. However, flocculation continued for some time after the mode of the 

distribution appeared to stop moving to larger sizes, dramatically reducing the number of 

small particles. The final distribution is well defined with a large peak centered at 

approximately 18 μm. 

The trend in the PSD during experiment S16pH10r1seed100batch-2 was very 

similar to the seeded experiments presented earlier in this section. The entire particle size 

distribution moved to larger sizes and the total number of particles decreased 

dramatically. The rate of change of the PSD slowed as the saturation ratio diminished. 

Remarkably, the final number distribution from the seeded experiment was also 

characterized by a well defined peak centered at approximately 18 μm.  

Figure 4.48 compares the PSDs from the two experiments after 30 minutes of 

reaction in terms of the particle size distribution function. The PSDF is used here because 

it allows easier identification of regions where the two distributions differ. Overall, the 

two distributions were quite similar, but differences can be seen. More small particles 

were present in the unseeded experiment, perhaps due to the fact that much of the initial 

driving force went to forming new particles rather than growing existing particles (and 
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perhaps cementing smaller particles together). In addition, the distribution from the 

unseeded experiment was narrower at the mode. 

Figure 4.48 Particle size distributions from experiments S16pH10r1seed0batch-1 and 
S16pH10r1seed100batch-2 after 30 minutes of reaction 

Seeding the softening process has several benefits that can be viewed in terms of 

the dual goals of the softening process: hardness removal and particle pretreatment. In 

terms of the removal of dissolved calcium, the seeded system had more rapid reaction 

kinetics and the final calcium concentration (at 30 minutes) was less than half that of the 

unseeded system. In terms of particle pretreatment, while the result that the majority of 

particles end up the same size regardless of whether there are initial seed particles is quite 

interesting, there were substantially fewer small particles (< 5 μm) in the effluent from 

the seeded experiment. As a result, more efficient removal of particles would likely be 

realized in downstream treatment processes. 
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4.4.6 Softening in the presence of latex seed particles  

Natural waters contain particles and, in water treatment plants, the softening 

process occurs in the presence of those particles. Indeed, a primary goal of softening is 

the association of those particles with the forming precipitate through the processes of 

simultaneous precipitation and flocculation. Generally, natural particles can be thought of 

as heterogeneous seed particles, that is, particles that are not composed of the species 

being precipitated (calcium carbonate in this case). Natural particles can be organic, 

inorganic, or a combination of the two. Commonly, inorganic particles (clays, sands, and 

silts) become coated with natural organic matter present in the source water. A 

preliminary investigation of the effect of heterogeneous seed particles on the softening 

process is described here. 

Experiment S16pH10r1latex6batch-1 was performed in an attempt to quantify the 

effect of latex seed particles on the softening process. 2-μm diameter latex microspheres 

were selected as the heterogeneous seed for two reasons: 1) the particles are nearly 

monodisperse and would be easy to monitor and distinguish from the calcite particles via 

Coulter Counter and SEM; 2) they represent an extreme in terms of chemical 

compatability with the forming solid phase. The free energy to nucleate on surfaces is 

typically lower than that required in bulk solution. This trend, however, depends on the 

relative magnitudes of the solid-liquid and solid-solid interfacial tensions. Latex is an 

organic polymer and calcium carbonate is an inorganic mineral.  

Because precipitation of calcium carbonate is surface area dependent, the 

concentration of latex microspheres (6 mg/L) was calculated based on providing an initial 

available surface area similar to that found in the experiments seeded with 100 mg/L of 

calcite. The total surface area concentration was estimated by assuming that the calcite 

particles were spheres. Because the calcite seed particles were approximately 10 μm in 
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diameter, a substantially larger number of 2 μm latex microspheres were required to 

achieve the same surface area concentration. The latex microspheres were added to the 

reactor prior to the injection of the calcium chloride. 

Solution conditions during experiment S16pH10r1latex6batch-1 were virtually 

identical to those from the unseeded experiment run at the same conditions 

(S16pH10r1seed0batch-1). Figure 4.49 shows that the pH measurements from the two 

experiments were nearly identical. The trends in the dissolved Ca+2 (and S) were also 

very similar, meaning that the seed particles had no apparent effect on the precipitation of 

calcium carbonate. The dissolved calcium concentration after 30 minutes of reaction was 

9.3 mg/L in the unseeded experiment and 9.1 mg/L in the latex seeded experiment. 

Figure 4.49 pH during experiments S16pH10r1seed0batch-1 and 
S16pH10r1latex6batch-1 
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The indifference of the softening process to the presence of the latex seed was 

also evident in the PSD. Figure 4.50 presents the trends in the number distribution (A) 

and volume distribution (B) during experiment S16pH10r1latex6batch-1. Due to the high 

concentration of latex particles, the trends at the upper end of the distribution are not 

evident looking at the number distribution alone. Plotting the PSD in terms of particle 

volume reveals that as the reaction proceeds, the majority of the particle mass is present 

at particle sizes much greater than the latex seed. That particle volume represents calcium 

carbonate that precipitated over the course of the experiment. At particle sizes greater 

than approximately 3 μm, the trends in the PSD were the same as those in the unseeded 

experiment. The PSD at 30 minutes was characterized by a well defined peak centered at 

approximately 19 μm. In general, the presence of the latex seed did not change the trends 

in the PSD, nor the final PSD that resulted from the precipitation of calcium carbonate. 

Focusing attention on the portion of the PSD representing the latex seed, reveals 

the extent to which the latex seed participated in the mechanisms (precipitation and 

flocculation) going on around them. In experiments seeded with calcite seed, the initial 

distribution moved to larger sizes by precipitative growth of the initial particles. The 

position of the peak representing the latex particles remained stationary with respect to 

particle size throughout the experiment. Evidently, calcium carbonate did not precipitate 

onto the surfaces of the latex microspheres. The total number concentration of latex 

microspheres, however, decreased substantially over the course of the experiment. Figure 

4.51 shows the trend in the number fraction remaining at the mode of the peak 

representing the latex microspheres. 
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Figure 4.50 Time series number distribution (A) and volume distribution (B) during 
experiment S16pH10r1latex6batch-1 (G = 300 s−1) 
(labels indicate sampling time in minutes) 
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Figure 4.51 Number fraction of free latex microspheres remaining during experiment 
S16pH10r1latex6batch-1 

The 70% reduction in the concentration of free latex microspheres indicates that 
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precipitate that formed. Undoubtedly, these particles were flocculating with calcium 
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natural organic matter may act similarly to the latex particles. Furthermore, the presence 

of naturally occurring particles of recycled calcite seed may exhibit even different 

tendencies. The effect of the physical and chemical nature of the particles present in 

natural waters is a subject worthy of further research. 

4.4.7 Effect of Mixing Intensity 

As discussed previously, the majority of the declining solution composition 

experiments were performed at G = 300 s−1 to prevent settling in the reactor. The effect 

of the mixing intensity was evaluated by performing two seeded declining solution 

composition experiments at a more realistic value of G = 50 s−1 (S8pH10r1seed100batch-

2 and S16pH10r1seed100batch-3) and comparing those results to equivalent experiments 

run at G = 300 s−1. How the PSDs changed with time was distinctly different in the two 

pairs of experiments. Figure 4.52 compares the time-series number distributions collected 

from experiments S8pH10r1seed100batch-1 (G = 300 s−1) (Part A) and 

S8pH10r1seed100batch-2 (G = 50 s−1) (Part B). 

The evolution of the number distribution was very different in the two 

experiments. Like all other experiments run at high mixing intensity, the trends in the 

experiment S8pH10r1seed100batch-1 were characterized by movement of the entire PSD 

to larger sizes, a reduction in the total number of particles, and the broadening of the 

distribution. The final distribution was well defined, with very few particles remaining at 

small sizes. In contrast, the trends in the low mixing intensity experiment were 

characterized by a decrease in the total number of particles and a great broadening of the 

distribution. After approximately 10 minutes, a second, larger peak emerged at the upper 

end of the distribution and continued to grow to larger sizes. These trends are nearly 

identical to the trends in the seeded constant solution composition experiment run at 

mixing intensity of 100 s−1 (see Figure 4.37). 
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Figure 4.52 Time-series number distributions during experiments 
S8pH10r1seed100batch-1 (G = 300 s−1) (A) and S8pH10r1seed100batch-2 (G = 50 s−1) 
(B) 
(labels indicate sampling time in minutes) 
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The differences between the two declining composition experiments can more 

easily be identified through the metrics that have been used throughout this chapter. 

Figure 4.53 compares the trends in the modal diameter, the number fraction remaining at 

the mode, and the FWHM.  

The mode of the distribution in the high mixing intensity experiment moved 

steadily to larger sizes, the rate slowing as the saturation ratio diminished. At low mixing 

intensity, the mode moved to smaller sizes initially. The emergence of the second, larger 

peak resulted in a sharp increase in the mode; following the increase, the mode reached a 

relatively constant value. Towards the end of the two experiments, the particle size 

representing the mode of the number distribution was substantially higher in the low 

mixing intensity experiment. 

Comparing the number fraction remaining at the mode of the two distributions, it 

is clear that flocculation was more rapid and complete in the low mixing intensity 

experiment. It is important to note that some sedimentation was evident in the low mixing 

intensity experiment and that sedimentation was a partial cause of the reduction in the 

number fraction remaining. After the final sample was collected from experiment 

S8pH10r1seed100batch-2, a short period of rapid mixing at G = 300 s−1 was performed in 

an effort to re-entrain any particles that had settled to the bottom of the reactor. By visual 

inspection it appeared that all solids were suspended as a result of this mixing step. 

Figure 4.54 compares the number distribution from the samples before and after the rapid 

mixing step. These results reveal that the number concentration at the mode was 

overestimated by 18% and the total number concentration was overestimated by 5%. 

Despite these errors, the number fraction remaining at the mode was only overestimated 

by 4%. In other words, the effects of sedimentation are not sufficient to explain the 

dramatic difference between the two experiments. 
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Figure 4.53 Effect of mixing intensity on the trends in the modal diameter (A), number 
fraction remaining at the mode (B), and the FWHM (C) 
(S = 8; pH = 10; r = 1; calcite seed = 100 mg/L) 
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Like the trends in the modal diameter, the trends in the FWHM are somewhat 

difficult to interpret. Initially, the distribution in the low mixing intensity experiment 

became very broad. In fact, the FWHM could not be calculated for several samples 

because the Coulter Counter measurements did not extend to small enough particle sizes 

(The arrows in Figure 4.53C indicate that those data points are the lower bound of the 

actual value). At later times, the narrower FWHM characterizes the well-defined peak 

that emerges at the upper end of the distribution. Overall, the FWHM from the low G 

experiment was always greater than that from the high G experiment, further evidence 

that flocculation was enhanced at the lower mixing intensity. 

Figure 4.54 Effect of sedimentation during experiment S8pH10r1seed100batch-2 
(labels indicate sampling time in minutes) 
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trends in the modal particle diameter, the number fraction remaining at the mode, and the 

FWHM as a function of the saturation ratio were the same, regardless of mixing intensity 

(comparing the data in Table 4.6 with data in Table 4.3 and Table 4.4). However, like the 

trends in the constant solution composition experiments, the apparent growth rate and the 

rate of flocculation were enhanced at lower mixing intensity as evidenced by larger 

values of the modal particle diameter, smaller number fraction remaining at the mode, 

and wider FWHM. Experiments run at lower mixing intensity resulted in a smaller 

number of larger particles. There was no clear effect of the mixing intensity on the 

dissolved calcium concentration after 30 minutes of reaction. 

Table 4.6 Effect of mixing intensity on PSD metrics and dissolved calcium in seeded 
declining solution composition experiments 

Mixing intensity, G (s−1) 
Metric* 

50 300 

Initial S = 8** 

Mode (um) 21.9 13.3 

Nmode/Nmode(1 min) (-) 0.18 0.59 

FWHM (um) 10.6 8.9 

[Ca+2]T (mg/L) 7.9 3.8 

Initial S = 16** 

Mode (um) 26.5 18.0*** 

Nmode/Nmode(1 min) (-) 0.11 0.49*** 

FWHM (um) 12.8 10.6*** 

[Ca+2]T (mg/L) 3.8 4.3*** 
*all metrics measured after 30 minutes of reaction 
**other conditions included: initial pH = 10; initial r = 1; seed = 100 mg/L 
***indicates the average of two experiments 
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4.5 SUMMARY 

In past research by Lawler and co-workers (Lawler and Wilkes, 1984; Li, 1996) it 

was clear that the mechanisms at work in precipitative coagulation processes were very 

different than those in charge neutralization coagulation. The short-range force model for 

flocculation was successfully used to describe the changes in the particle size distribution 

during charge neutralization, but was not capable of predicting the changes in the PSD 

resulting from simultaneous precipitation and flocculation. Coagulation processes 

involving precipitation often resulted in dramatic reduction in the total number of 

particles and effluents were characterized by a large “hump” of particles at relatively 

large particles sizes. 

The experimental work presented here was aimed at developing a better 

understanding how precipitation, in concert with flocculation, changes the particle size 

distribution. Detailed measurements revealed that the particle size distribution is changed 

by the processes of nucleation, precipitative particle growth and flocculation. Integral to 

this study was the evaluation of the effects of several design and operational variables on 

the rates of those processes. The identification of clear trends in the experimental data has 

allowed further development of the mathematical model (see Chapters 5 and 6). 

Furthermore, the practical implications of these relationships in operating softening 

processes have been identified. 

Saturation ratio, particle concentration, and mixing intensity were the three factors 

that had the greatest impact on the evolution of the particle size distribution in softening 

experiments. The changes in the PSD were influenced to a lesser extent by the solution 

pH and the ion ratio. 

The apparent rate of particle growth, a combined effect of precipitative growth 

and flocculation, was strongly influenced by the saturation ratio. As the driving force for 



 182

precipitation increased, the rate that individual particles grew and the rate of successful 

particle-particle collisions also increased. This trend was evident in both the constant and 

declining solution composition experiments. In declining saturation experiments, 

increased initial saturation ratio also resulted in lower effluent Ca+2 concentrations. 

The initial seed concentration had dramatic effects on both the rate of 

precipitation and the resultant PSD. In general, increasing the seed mass (1) increases the 

rate of precipitation (i.e., loss of Ca+2 from solution), (2) rapidly moves the majority of 

the particle mass to very large particle sizes by crystal growth onto the initial seeds, (3) 

dramatically increases the rate of flocculation, and (4) decreases the quantity of new, 

small particles that are formed. All of these trends are essential to the goals of lime 

softening, both in terms of particle pre-treatment and with respect to the removal of 

hardness causing ions. 

The effect of mixing intensity on the rate of flocculation was surprising. Contrary 

to conventional flocculation theory, the rate of flocculation decreased with increasing 

mixing intensity. This result was consistent across all experiments performed in this 

research. Effluent PSDs from experiments run at low mixing intensity resulted in fewer 

numbers of larger particles. This effect has been attributed to the reduced shear forces 

acting to break newly formed aggregates apart. 

In addition to the major findings presented above, several other interesting trends 

were identified 

1. The pH and ion activity ratios were found to have a limited effect on the evolution 

of the particle size distribution. These effects were not as important as the effects 

of the three major independent variables. 

2. The removal of heterogeneous particles is enhanced by the precipitation process. 

Latex microspheres flocculated with or were enmeshed in the forming precipitate. 
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3. High saturation ratios (S = 24) resulted in the formation of new particles even in 

the presence of calcite seed. There was also evidence of the rapid formation of a 

precursor phase that was rapidly converted to vaterite and calcite. 

4. The distribution of crystalline polymorphs that formed during precipitation was a 

complex function of the saturation ratio, pH and the type and concentration of 

seed particles. 

Finally, these findings can be framed in terms of the operation of a full-scale 

precipitative softening process as follows: 

1. As long as there is sufficient carbonate, higher lime doses (saturation ratio) 

enhance particle growth and flocculation and reduce effluent Ca+2 concentrations. 

2. High sludge recycle speeds the precipitation reaction, prevents the formation of 

small particles (nucleation), enhances flocculation, and reduces effluent Ca+2 

concentrations. 

3. High mixing intensities hinder flocculation. As such, chemicals should be added 

in a short, but complete, rapid mixing step, followed by slow-mix flocculation. 

Similar to the work of Han and Lawler (1992), it is suggested that the mixing 

intensity be maintained just high enough to keep particles suspended. 

4. The saturation ratio is more important than the pH when determining lime doses. 
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Chapter 5: Mathematical Modeling Methodology 

5.1 INTRODUCTION 

Mathematical expressions describing the precipitation of calcium carbonate by 

nucleation and crystal growth were incorporated into an existing population balance 

model for flocculation developed by Lawler and co-workers (Lawler et al., 1980; Lawler 

and Wilkes, 1984; Han and Lawler, 1992; Lawler and Nason, 2005). Expressions relating 

the rates of nucleation, precipitative growth and flocculation to several independent 

variables (namely, S and G) derived from the experimental work were also included. 

Details of the mathematical formulation and numerical solution of population balance 

equations describing nucleation, crystal growth and flocculation are described here. 

Procedures for calibrating and verifying the updated model with experimental particle 

size distribution measurements are also discussed. 

5.2 MATHEMATICAL FRAMEWORK – POPULATION BALANCE EQUATIONS 

As described in Chapter 2, population balance equations (PBEs) are commonly 

used to model flocculation and crystallization processes. The foundation of this work is a 

discretized population balance model for flocculation, and this same framework was 

selected as the methodology to apply to the precipitation processes (nucleation and 

crystal growth). Previous attempts at modeling simultaneous precipitation and 

flocculation using PBEs were reviewed in Section 2.5; the following discussion 

summarizes the derivation of model equations from the particle-number continuity 

equation and is based on the treatments by Randolph and Larson (1988) and Ramkrishna 

(2000). 
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5.2.1 Particle Size Distributions 

Unlike dissolved constituents, where one molecule is indistinguishable from 

another, particles are capable of losing their identity (with respect to size) through 

processes like flocculation, crystal growth, and breakage. As a result, even an initially 

monodisperse suspension will most likely become heterodisperse. In addition to being 

distributed by size, particles can be distributed in space. Therefore, the number and size 

of particles is best represented by a particle size distribution. The mathematical modeling 

effort focuses on the prediction of how particle size distributions change with time. 

Particle phase space, R, is the collection of the minimum number of independent 

coordinates required to completely describe the properties of a distribution. The 

coordinates are classified as internal (e.g., particle size) or external (spatial distribution). 

Generically, a (m+3)-dimensional particle size distribution function n(R,t) can be defined 

for an arbitrary region, R, described by m internal coordinates in addition to three spatial 

dimensions. In this research, the modeled system is assumed to be completely mixed and 

the three spatial coordinates are unnecessary. Furthermore, the only internal coordinate of 

concern is particle size. 

As discussed in Section 3.10.1, the possibilities for expressing particle size 

distributions are myriad. Using the spherical equivalent diameter length, dp, as the 

internal coordinate to describe particle size, the cumulative number distribution function, 

N(dp), and the number density function (also called the particle size distribution function), 

n(dp), were defined in Section 3.10.1. 

5.2.2 Number Balance 

Like the solution to many problems in environmental engineering, problems 

involving precipitation and flocculation involve solving a mass balance (or number 

balance in this case). A population balance equation on particles can be written as: 
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 Accumulation = Input − Output + Net generation (5.1)

Translation of the word equation into the most generic mathematical form yields: 

 ( )∫∫ −=
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d  (5.2)

Eq. (5.2) is written for a Lagrangian subregion of particle phase space R1 and the 

variables B and D are functions representing the “birth” and “death” of particles in 

internal phase space (e.g., processes such as nucleation and flocculation). The generic 

form of the equation can be expanded in terms of the (m+3) phase space coordinates as 

follows: 
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where vx, vy, and vz are the velocities in the three external coordinate directions; (xi)j is the 

jth internal coordinate; and (vi)j is the velocity in the direction of the jth internal 

coordinate. Eq. (5.3) is a number continuity equation in particle phase space. In 

combination with mass and energy balances, particle formation kinetics (e.g., nucleation) 

and information regarding inputs and outputs, this equation completely describes the 

dynamics of a particle size distribution. 

In operating water treatment plants, precipitative coagulation unit processes are 

continuous flow and characterized by non-ideal reactor hydraulics. Therefore, inputs and 

outputs from the system, and spatial variability of the PSD must be accounted for. When 

a region of the reactor (or the entire reactor) can be assumed to be completely mixed, the 

spatial dependence can be averaged over the control volume. For a generic control 

volume, V, with k inputs and outputs with flow rate, Qk and number density, nk, the 

resulting population balance is given by 
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where the last term on the left hand side represents the total rate of change in the solution 

volume and the last term on the right hand side represents the net input/output of solids 

from the system. 

Ideally, flocculation processes should be as close to plug flow as possible to 

maximize the effect of particle concentration. The effluent from a continuous plug flow 

reactor is equivalent to the effluent from a completely mixed batch reactor at a time equal 

to the hydraulic detention time of the continuous flow reactor (t = τhydraulic). Both the 

experimental and modeling aspects of this work focused on batch systems due to their 

relative simplicity (experimentally and mathematically) and the direct relationship with 

ideal continuous flow processes. The PBE for a completely mixed batch system is 
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Eq. (5.6) is the foundation of the modeling efforts. The remainder of this section focuses 

on the definition of the specific internal coordinate velocities and the birth and death 

functions describing the simultaneous precipitation and flocculation of calcium 

carbonate. 

5.2.3 Flocculation 

Flocculation is captured in the PBE through the birth and death functions, B and 

D. The collision of two particles (sizes i and j, for example) to form a new particle 

(aggregate) of size k results in the “death” of one particle each of size i and j and the 

“birth” of a new particle of size k. The number balance for flocculation alone is 
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Discrete formulations of the birth and death functions for flocculation were first 

formalized by Smoluchowski (1917). A continuous PBE for aggregation using volume as 

the internal coordinate was presented by Hulburt and Katz (1964). The birth and death 

rates for flocculation alone are 
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where vp and vp′ are particle volumes; n(vp′)dvp′ is the number particles in the size range 

vp′ to (vp′ + dvp′); and β(v,vp′) is the size-dependent aggregation kernel (flocculation rate 

constant). The birth rate represents the rate at which particles of volume vp are formed by 

collisions between two smaller particles, the sum of whose volumes equals vp. The death 

rate represents the rate at which particles of volume vp are lost by flocculation of size vp 

particles with particles of any other size, vp′. Although not shown, B, D, and n are all time 

dependent. 

As will be seen shortly, it is more convenient to express the rate of particle growth 

in terms of particle length (diameter) rather than volume. Eqs. (5.8) and (5.9) can be 

converted to a length-based form as 
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where dp and dp′ are the diameters of a particle of volume vp and vp′, respectively and φ is 

the shape factor relating particle diameter and volume. 

5.2.4 Particle Growth 

Particle growth is represented in the PBE through the second term of the left hand 

side of Eq. (5.6). Defining particle length as the internal coordinate of interest the PBE 

for growth alone is 
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where KG is the linear growth rate (d(dp)/dt). In mathematical terminology, KG represents 

the convective velocity of a particle along the dp axis in particle phase space. 

Eq. (5.12) can be simplified further by invoking McCabe’s ΔL law, an empirical 

observation that particles grow at the same rate regardless of their size. As summarized in 

Chapter 2, the growth of calcium carbonate particles has been shown to be size-

independent. When growth is independent of size, KG can be taken out of the differential 

expression yielding 
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5.2.5 Nucleation 

The formation of new particles from the bulk solution is represented by a birth 

event in the PBE. The mathematical description of this process is captured by Eq. (5.14). 
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Here, Bnuc is the birth rate due to nucleation; B0 is the rate of nucleation of particles of the 

critical size defined in Chapter 2; and δ(dp) is the Dirac delta function. 
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5.3 EXISTING MODEL FOR FLOCCULATION 

The foundation for this research was an existing model for flocculation developed 

by Lawler and co-workers (Lawler et al., 1980; Lawler et al., 1983; Lawler and Nason, 

2005). The original model was also designed to model simultaneous sedimentation; that 

functionality is not relevant to the current work and is not discussed. The theory behind 

the development of the flocculation portion of the model and its evolution in the Lawler 

research group are described in Section 2.4. In this section, the important mathematical 

equations, model inputs, and solution techniques used in the original model are presented. 

5.3.1 Model Equations 

The existing computer code, written in the C++ programming language, was 

based on a discretized version of Eq. (5.7). The following assumptions were made: 

(1) only binary collisions are considered; 

(2) all particles are considered to be spherical and remain so after collision 

(coalescence); 

(3) particle volume is conserved during collisions; 

(4) flocculation occurs by all three long-range transport mechanisms simultaneously 

and the collision frequency functions are additive; 

(5) floc breakup is neglected; and  

(6) flocculation is assumed to take place in a completely mixed batch reactor. 

The particle size range of interest was divided into NK size classes and a particle number 

balance written for each particle size. The discrete form of Eq. (5.7), written for a size k 

particle is 
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where: ijijijijijijij βαβαβαγ DSDSShShBrBr ++=  (5.16)

and Ni, the number concentration in the ith bin, is related to the continuous particle size 

distribution by the following relationship: 
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The collision frequency functions are defined by Eqs. (5.18) – (5.20). References to their 

derivation can be found in Section 2.4. 
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In the long-range flocculation model, the short-range correction factors (Brαij, Shαij, and 
DSαij) are set to unity. In the short-range model, the expressions are calculated as 

described by Han and Lawler (1991). In previous work, the empirical collision efficiency 

factor (αemp) was left as a model fitting parameter (Li, 1996). 

5.3.2 Numerical Solution 

Writing one equation of the form of Eq. (2.28) for each size class results in a 

coupled system of NK ordinary differential equations. In the existing code, the system of 

equations was numerically integrated using Heun’s predictor-corrector method. The error 

was estimated through the use of step doubling and the derivatives corrected accordingly. 

The particle size domain was discretized into logarithmically spaced bins. The choice of a 
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logarithmic grid improved computational efficiency by reducing the number of equations 

that needed to be solved to model a given size range (compared to an arithmetic grid) 

while maintaining sufficient resolution at small particle sizes (Lawler et al., 1980). 

Because the bins are discrete, and characterized by a single particle diameter 

(referred to hereafter as “standard sizes”), a collision between two particles is unlikely to 

result in a particle with a size exactly equal to one of the standard sizes. Figure 5.1 

illustrates the procedure by which Lawler et. al. (1980) overcame this problem. Here, a 

particle of volume vp,i collides with a particle of volume vp,j where the sum of the 

volumes (vp,I + vp,j) falls in between the standard sizes k and k+1. Particle volume is 

conserved by assigning a fraction a/c of the new particle volume to size k and a fraction 

b/c of the volume to size k+1. Splitting the volume in that way results in fractions of 

particles being assigned to the size k and k+1 bins, but the event results in both the 

conservation of particle volume and the loss of exactly 1 particle as required by theory. 

vp,k vp,k+1vp,i + vp,j

ab

c

increasing volume

vp,k vp,k+1vp,i + vp,j

ab

c

increasing volume
 

Figure 5.1 Methodology for assigning particle volume when the resulting particle falls 
between two standard sizes 
(adapted from Lawler et al. (1980)) 

In the model, a subroutine (fraccalc) uses the information regarding the number of 

standard sizes and the grid spacing, Δlog(vp), to calculate a matrix (FRAC) that tabulates 

the fractions described above. The fractions are only a function of the grid spacing and 
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the distance between the two particles (in terms of i and j). The matrix is calculated once 

and used throughout the simulation. 

5.3.3 Model Inputs 

The model requires several inputs describing the characteristics of the suspension, 

the characteristics of the reactor operation and the parameters for model execution. Table 

5.1 lists the various inputs; discussions of each of the model inputs can be found in the 

notes below. Virtually all of the inputs in the original model are relevant to the current 

work; typical values for the inputs during this research are contained in the notes. 

Table 5.1 Model inputs 

Parameter Note 
Suspension Characteristics  
 temperature (1) 
 viscosity (2) 
 density of particles (3) 
 initial particle size distribution (4) 
Reactor Operation/Configuration  
 velocity gradient, G (5) 
 empirical collision efficiency, αemp (6) 
Model Operation  
 lower limit of the modeled size range (7) 
 number of size classes (8) 
 bin spacing (9) 
 integrator step size (10) 
 output times (11) 
 switches determining the flocculation model (12) 

(1) Temperature is used to calculate the collision frequency due to Brownian 

motion. All laboratory experiments were performed at a constant ambient 

temperature of 23°C (296 K). Modeling was performed using this same 

temperature. 

(2) The viscosity of the suspension is used in the calculation of the collision 

frequency due to Brownian motion and differential sedimentation (viscosity also 
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affects the shear collision frequency, but is lumped into G). The viscosity of 

water at 296 K (9.325 × 10−3 g/cm-s) was used for all simulations. 

(3) The density of calcite seeds measured during the experimental portion of the 

research (2.5 g/cm3) was used in all simulations. SEM images of the 

agglomerates were generally not highly porous, so this value is thought to be a 

very good estimate of the aggregated particle density as well. 

(4) In general, the initial particle size distributions measured by Coulter Counter 

during precipitation experiments were used as the model input. Raw particle 

counts were smoothed using a moving average (5-point centered) and 

interpolated using cubic splines to obtain values of the PSDF at evenly spaced 

intervals. In some instances, the raw distributions were fit using a Gaussian 

function. The fitting procedure is described below. 

(5) The velocity gradient is used in the calculation of the collision frequency due to 

fluid shear. As described in Section 3.6.1, the velocity gradient can be related to 

the rotational speed of the paddle mixer in experimental trials. Values ranging 

from 50-300 s−1 were used in this research. 

(6) The empirical collision efficiency factor was used as a fitting parameter in the 

model. is the estimation of the empirical collision efficiency factor is discussed 

in Chapter 6. 

(7) When comparing modeling results with experimental data, the lower limit of the 

modeled size range was typically set to the lower measurement limit of the 

Coulter Counter (≈ 0.7 – 1 μm). In cases where only the 100 μm aperture was 

used, the lower limit was set to ≈ 2 μm. In some of the theoretical modeling, the 

lower size limit was substantially smaller than 1 μm. 
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(8) The number of size classes in combination with the lower limit of the size range 

and the bin spacing determines the modeled size range. 100-300 size classes 

were typically used. 

(9) Bins are equally spaced on a logarithmic basis. The bin spacing determines the 

resolution in the spatial domain. Bin spacing varied from Δlog(vp)= 0.03 to 0.09 

(Δlog(dp)= 0.01 to 0.03). The bin spacing utilized in the collection of particle 

size distributions via Coulter Counter was Δlog(vp)= 0.03. 

(10) Minimum and maximum time steps help control the integration routine. 

(11) Model data are output at time intervals supplied by the user. When comparing 

model and experimental results, the output times were set equal to the reaction 

times at each sampling event. 

(12) Both the long-range and short-range flocculation models were contained in the 

original code. These inputs allowed the user to choose between the two models, 

as well as selectively turn on and off individual collision mechanisms. 

Particle Size Distributions 

As described in note (4), raw particle counts were used as the basis for the input 

particle size distributions. To obtain smooth distributions at evenly spaced intervals 

(sometimes different than the intervals measured by the Coulter Counter), the raw data 

was either smoothed by a 5-point centered moving average and interpolated using a cubic 

spline (Li, 1996) or fit to an empirical Gaussian function of the form 
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where a, b, and x  are the model fitting parameters. x  and b represent the mean 

and standard deviation, respectively. The raw number distribution was fit to the Gaussian 

function by minimizing the residual error between the predicted function and the raw data 
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by simultaneously adjusting the three fitting parameters. Initial guesses at the values of a, 

b and x  were calculated from the measured distribution. In some instances, a 

combination of the two fitting procedures was necessary to achieve a smooth fit over the 

entire measured size range. Figure 5.2 shows the experimental data and smoothed fit for 

the 50 s sample collected from experiment S6pH10r1seed100-1. Using the fitted equation 

derived from this procedure, an input particle size distribution could be created for any 

spatial resolution (i.e., Δlog(dp)). 

Figure 5.2 Gaussian fit to experimental particle size distribution 
(data from the 50 s sample of experiment S6pH10r1seed100-1) 

In most cases, the lower limit of the measured size distribution was approximately 

1 μm. Although the vast majority of the particle volume (mass) was at particle sizes 

greater than the lower limit, there were some smaller particles. For some model runs, the 

input distributions were extended to smaller particle sizes than measured in the 
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experiment to account for those unmeasured particles. The shape of the distribution at 

those small sizes was unknown and an educated guess to its shape was made. Ultimately, 

when particle growth was occurring simultaneously with flocculation, the inclusion of the 

smaller particles did not significantly influence the model results. 

5.4 EVALUATION OF THE EXISTING MODEL FOR FLOCCULATION ALONE 

Prior to modifying the existing model to include nucleation and crystal growth, it 

was necessary to evaluate the methodology used to assign particle volume and numbers 

during flocculation (see above for the description of FRAC). Upon reviewing the 

chemical engineering literature, two additional methods were identified and it was not 

immediately clear which method was superior. The two methods are described and 

compared with the existing method here. 

Hounslow and co-workers (1988) developed a set of discretized equations based 

on a geometric grid where the ratio of the volumes of two adjacent standard sizes was 2 

(i.e., vp,i+1/vp,i = 2). In the terminology of the existing model, the spacing of the standard 

sizes was equivalent to Δlog(vp)= log(2) ≈ 0.3. The resulting equation is shown here 
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The authors showed that Eq. (5.22) correctly predicts the rates of change of the 

total number and volume of particles due to flocculation. However, the drawback of the 

method is that the required grid spacing is very coarse, limiting the accuracy of the 

solution at long times. Subsequent work in the Hounslow group revised Eq. (5.22) to 

allow finer grids (Litster et al., 1995). The discrete equation resulting from that work (not 

shown) allowed any geometric grid with the characteristic that vp,i+1/vp,i = 21/q, where q ≥ 

1 (in terms of the existing model methodology, this is equivalent to Δlog(vp) = 
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(log(2))/q). While a substantial improvement over Eq. (5.22), the method is still limited 

to integer values of q. In addition, the resulting equation is somewhat unwieldy to 

implement. A mathematical comparison of Eq. (5.22) (and the update by Litster et al.) to 

the existing methodology revealed that the methods are equivalent in the way that particle 

numbers and volume are divided between adjacent bins. However, the existing 

methodology can be implemented for a logarithmic grid of any resolution. 

A second methodology, developed by Kumar and Ramkrishna (1996), was also 

compared to FRAC. The authors developed a general discrete equation for flocculation 

and breakage that preserves the properties of two moments of interest. The general 

equation for flocculation alone is 
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Here, δi,j = the Dirac delta function when i = j (corrects for double counting); vp,ij = vp,i + 

vp,j; and x and y are the two moments of interest. Setting x = 0 and y = 1 equates to 

conserving the properties of the zeroth and first moments with respect to particle volume 

(total number and total volume); in that case, the equation for η becomes 

where 
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The combination of Eq. (5.23) with Eq. (5.25) is identical to the methodology 

used in the existing model. In addition to being valid for any arbitrary grid, the treatment 
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by Kumar and Ramkrishna is more general in that it allows the preservation of any two 

moments; the existing methodology is limited to preservation of total number and total 

volume. 

In summary, the treatment of flocculation in the existing model is superior to the 

equations developed by the Hounslow group because it is not limited to any specific grid 

spacing. The current methodology is equivalent to the general equations developed by 

Kumar and Ramkrishna when particle numbers and particle volume are the properties of 

interest (as is the case in the present work). The method of Kumar and Ramkrishna does 

allow for the use of an arbitrary grid (e.g., arithmetic spacing could be used at small sizes 

and geometric spacing a large sizes), and the potential to reduce the number of equations 

that need to be solved. However, the computation times for the simulations were short 

enough in the present work (< 30 s) that changes in the logic were not deemed necessary. 

5.5 INCORPORATION OF PRECIPITATION INTO THE EXISTING MODEL 

Having shown that the treatment of flocculation in the existing model is correct 

and adequately efficient, it served as the foundation for the current research. In 

precipitative coagulation processes, the PSD is changed not only by flocculation, but by 

the mechanisms of nucleation and crystal growth. The modeling effort focused on 

incorporating mathematical representations of those processes into the existing 

flocculation model. This section details the modification of the existing flocculation 

model to account for the mechanisms of nucleation and crystal growth. In essence, this 

involved incorporating discrete forms of Eqs. (5.13) and (5.14) into the discretized 

population balance for flocculation alone. 
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5.5.1 Numerical Method Selection 

Problems involving simultaneous nucleation, crystal growth and flocculation are 

difficult because they result in integro-partial differential equations that are hyperbolic in 

nature. Because analytical solutions are available only for the most idealized systems, 

researchers have relied on numerical techniques; a number of different solution methods 

have been investigated. The most common solution methods are the method of weighted 

residuals, method of moments, orthogonal collocation, collocation on finite elements, 

finite difference methods, and discretization techniques (Kumar and Ramkrishna, 1996; 

Ramkrishna, 2000; Mahoney and Ramkrishna, 2002); each method has unique 

advantages and disadvantages. 

In this research, the population balance equation for simultaneous nucleation, 

crystal growth, and flocculation was solved numerically using the method of 

discretization. The method of discretization was chosen for three reasons: 1) the existing 

model for flocculation is a discretized population balance model; 2) discretization 

techniques for simultaneous precipitation and flocculation have been found to be accurate 

and computationally efficient (Hounslow et al., 1988; Litster et al., 1995; Kumar and 

Ramkrishna, 1997); and 3) discretization techniques allow the ability to extract rate 

coefficients for nucleation, particle growth and flocculation from experimental particle 

size distribution data (Bramley et al., 1996). 

5.5.2 Crystal Growth 

Several studies have focused on the numerical solution of crystal growth using the 

method of discretization (Hounslow et al., 1988; Marchal et al., 1988; David et al., 1991; 

Hostomsky and Jones, 1991; Tai and Chen, 1995). Conversion of the continuous PBE for 

growth into discrete form generally involves writing a finite difference approximation of 
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Eq. (5.13). In this work, the method of Hounslow et al. (1988) has been adopted. For size 

independent growth, the authors discretized Eq. (5.13) as follows 
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where the coefficients a, b, and c were calculated by forcing Eq. (5.26) to yield the 

correct prediction of the first three moments with respect to particle length. The resulting 

equation for particle growth becomes 
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where r is the ratio of adjacent particle sizes (dp,i+1/dp,i). In the terminology of the existing 

model, r = 3)log(10 pvΔ . Hostomsky and Jones (1991) noted that the use of Eq. (5.27) for 

the smallest modeled size class resulted in the incorrect prediction of the total number of 

particles. The correct expression for the smallest size class is 
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Eq. (5.27) is similar in form to a 3-point centered finite difference approximation. 

As such, it suffers from the drawbacks of such an approximation when applied to a 

hyperbolic PDE, namely, oscillation near sharp discontinuities and numerical dispersion. 

The extent to which these numerical errors impact the simulations in this research is 

discussed subsequently. 

Eqs. (5.27) and (5.28) were added to the existing subroutine for calculating the 

time derivative of each size class (DIFFUN). In addition, because Eqs. (5.27) and (5.28) 

can result in the prediction of negative number concentrations which have no physical 

meaning, logic was included to set any negative number concentrations to zero. The 

simulation of particle growth necessitates an additional input variable, the linear growth 

rate (KG). Alternatively, the saturation ratio was supplied and the linear growth rate 
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calculated from the experimentally determined rate expression relating KG and S (Eq. 

(2.18)). 

5.5.3 Nucleation 

Nucleation occurs at a length scale much smaller than the particle sizes measured 

in this research. However, the effects of nucleation (and subsequent growth) are evident 

in measured PSDs as a flux of particles into the measured size range. Following this 

logic, nucleation can be represented in the mathematical model as a source function into 

the smallest size class as follows (Hounslow et al., 1988) 

 uB
dt

dNr == 1
1

nucleation  (5.29)

where Bu is the rate of appearance of crystals into the first size range measured by the 

Coulter Counter. Like particle growth, the inclusion of nucleation requires that the user 

supply the value of Bu, or the saturation ratio and accompanying expression relating the 

two. The nucleation source function was added to the model as an additional term in the 

calculation of the time derivative for the first size class. 

5.5.4 Breakage 

The effects of breakage (also referred to as disruption) were not included in this 

research. Calcium carbonate aggregates were not observed to undergo breakage during 

the experimental portion of the work. Additionally, as indicated in Chapter 2, several 

previous studied focused on calcium carbonate also found breakage to be negligible 

(Collier and Hounslow, 1999; Mumtaz and Hounslow, 2000; Andreassen and Hounslow, 

2004). At higher mixing intensities, or for a different precipitate (e.g., aluminum 

hydroxide), breakage would likely need to be included. 
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5.5.5 Size-Independent Flocculation 

In addition to the long- and short-range force models for flocculation, a size-

independent flocculation kernel was evaluated. As described in Chapter 2, an empirical 

size-independent kernel has frequently been used to describe aggregation during 

precipitation of sparingly soluble salts. Mathematically, size-independent flocculation 

implies that the collision frequency function is a constant. In other words,  

 0βγ =ij  (5.30)

where β0 is the size-independent collision frequency function (or kernel). Substituting Eq. 

(5.30) into Eq. (2.28), the rate expression for flocculation becomes 
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and the quantity αempβ0 is left as the single model fitting parameter. Model inputs and the 

subroutine utilized for calculating the values of gamma (gammacalc) were modified in 

the existing code to allow the use of a size-independent rate expression. 

5.5.6 Complete Population Balance for Flocculation, Nucleation, and Growth 

Together, Eqs. (2.28), (5.27), (5.28), and (5.29) represent the complete PBE for 

simultaneous nucleation, growth, and flocculation using the method of discretization. 

 kkkk rrrr nucleationgrowthonflocculatitotal ++=  (5.32)
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As in the existing flocculation model, the equations were simultaneously 

integrated to predict the changes in the PSD with time. 

5.5.7 Linking Changes in the PSD with Solution Conditions  

Two types of modeling simulations were performed, corresponding to the two 

phases of experimental work (constant solution composition and declining solution 

composition). When modeling constant solution composition experiments, the linear 

growth rate was supplied as an input, or calculated from a supplied S value. In either 

case, the solution conditions remained constant throughout the modeling simulation. In 

instances where the rate of nucleation was found to vary with time or saturation ratio, 

empirical equations were input to account for those dependencies. 

When modeling declining solution composition experiments, the time-varying 

solution composition was captured in the model in two ways. As a preliminary step, the 

saturation ratio vs. time curve for a given experiment was fit to an empirical function and 

that time dependence incorporated into the model. The purpose of this step was to debug 

the integration routine for the case of declining saturation ratio. The next step was to link 

the saturation ratio to the loss of CaCO3 from solution using mass balances and chemical 

equilibrium calculations. That procedure is outlined here. A number of the necessary 

equilibrium relationships were presented in Chapter 2. In addition to Eqs. (2.2)-(2.4), the 

equilibrium relationship governing the ion pairing of Ca+2 and CO3
−2 to form aqueous 

CaCO3
0 was required. Because the precipitation reactions are not at equilibrium with the 

solid phase, the solid phase equilibrium relationship was not invoked. However, Ca+2 and 
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CO3
−2 are expected to form a significant amount of aqueous CaCO3

0 in supersaturated 

solutions. That equilibrium relationship is described by Eq. (5.35) 

 0
3

2
3

2 CaCOCOCa ⇔+ −+  22.3
CaCO

100
3

=K  (5.35)

The equilibrium constants shown in Eqs. (2.2)-(2.4) and (5.35) are valid at 25 °C. In the 

model, the temperature dependent expressions derived by Plummer and Busenberg 

(1982) were used. Activity coefficients were estimated using the Davies approximation 

that is valid for ionic strengths (I) < 0.5 M. 
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where γi is the activity coefficient and zi is the charge on the ion of interest. 

The complexation of Ca+2 with other anions (e.g., OH−, HCO3
−, and Cl−), and 

CO3
−2 with other cations (e.g., Na+, K+) were assumed to be insignificant and those 

equilibrium relationships omitted from the calculations. At pH 10, S = 8, r = 1, and an 

ionic strength (I) of 0.05 M (supplied by KCl), the concentrations of CaOH+, CaCl+, and 

CaHCO3
+ account for only 4% of the total calcium, the remainder is divided between free 

Ca+2 and CaCO3
0. The complexes NaCO3

−, NaHCO3
0, and CaHCO3

+ account for only 

1.5% of the total carbonate, with the remainder present as free CO3
−2, HCO3

− and 

CaCO3
0. Neglecting the ion pairing effects results in an overestimation of the saturation 

ratio by approximately 2.5% and these errors become less severe at higher pH. For the 

purposes of the modeling effort, the tradeoff between the relative simplicity of solving 

the reduced problem and the resulting error was deemed acceptable. 

Mass balances for total calcium (CaT), and CT, and a modified definition of the 

alkalinity that accounts for the presence of aqueous calcium carbonate are shown in 

Eqs. (5.37) through (5.39). 
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The model input file was revised to allow the user to input the initial pH, I, CaT and CT, 

and the linear growth rate coefficient, kG. Equations (2.2)-(2.4) and (5.35)-(5.38) are 

characterized by 9 unknowns. Using the known values of CaT, CT, pH, and I, the system 

of equations can be solved for the remaining 6 unknowns. The initial saturation ratio (S0) 

and the initial alkalinity (Alk0) were calculated using the resulting solution 

concentrations. 

At each time step during the simulation of a declining solution composition 

experiment, the change in the total volume of the solid phase was calculated. By 

conservation of mass, the quantity of calcium carbonate that precipitates is equal to the 

loss of calcium carbonate from solution. CaT and CT were related to the change in the 

total volume of the solid phase as 

 
MW
V calcite

TT CCa
ρΔ

=Δ=Δ  (5.40)

where ΔV is the change in the total volume concentration of calcite; ρcalcite is the density 

of calcite (2.71 g/cm3); and MW is the molecular weight of calcite (100.09 g/mol). 

Furthermore, the alkalinity is changed by the loss of CaCO3 from solution. 

 TC2Δ=ΔAlk  (5.41)

Using the updated alkalinity, CaT, and CT, the new pH was solved for using Newton’s 

Method (Chapra and Canale, 1988). With the new pH, CaT, and CT, the activities of 

calcium and carbonate were calculated and the saturation ratio updated. Finally, the linear 

growth rate was adjusted in accordance with Eq. (2.18) using the inputted value of kG. 
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The procedure was repeated at each time step in the integration of the population balance 

equations. 

5.6 EFFECT OF GRID SPACING 

The accuracy of the method of discretization is influenced by the resolution of the 

spatial grid. However, the effects are not equivalent for the three mechanisms: 

flocculation, growth, and nucleation. What follows is a brief discussion of the effects of 

grid spacing and a rationale for the spacing used in this research.  

5.6.1 Flocculation 

In past research in the Lawler group (Lawler et al., 1980; Lawler and Wilkes, 

1984; Li, 1996), it was found that a grid spacing of Δlog(vp) = 0.09-0.12 was sufficient to 

accurately predict the change in the PSD due to flocculation and sedimentation. Litster et 

al. (1995) found that the accuracy of their simulations improved with increasing values of 

q (finer grids) for both size-independent and size-dependent flocculation. However, they 

argued that a reasonable balance between improved accuracy and increased 

computational time was obtained for q = 3-4 (Δlog(vp) = 0.075-0.1). 

No analytical solutions are available for the long- and short-range flocculation 

models, but the effects of the grid spacing can be evaluated by comparing several 

simulations run with different Δlog(vp). Figure 5.3 compares the results of the short-range 

flocculation model after 1 hour using three different grid spacings. The change in the 

solution varies only minimally with increased spatial resolution beyond Δlog(vp) = 0.09. 

Similar results (not shown) were found for simulations using the long-range flocculation 

model. The improved accuracy comes at a slight computational cost; the computation 

time increases from 1s to 10s due to the increased number of equations that needed to be 

solved to span the same size range. In light of these results, a grid spacing of Δlog(vp) = 
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0.09 was deemed sufficient for modeling flocculation alone. Nevertheless, because the 

computation times were so short, systems were often modeled using Δlog(vp) = 0.03. 

Figure 5.3 Effect of grid spacing on the accuracy of the short-range flocculation model 

5.6.2 Particle Growth 

It is known that conservation of particle numbers (and volume) using finite 

difference techniques to represent particle growth is only guaranteed in the limit of 

infinite spatial resolution (Mahoney and Ramkrishna, 2002). Litster et al. (1995) 

evaluated the effects of grid spacing on the accuracy of the discretized solution for 

particle growth (Eq. (5.27)). Comparing the analytical and numerical solutions for the 

size-independent growth of an exponentially distributed population of seed particles 
( )exp()( ,1,0,0 ipippp vvvNdn += ) in a batch reactor, the authors found that the solution 

accuracy improved with increasing values of q; the numerical solution appeared to 

converge to the analytical solution for q ≥ 4 (Δlog(vp) ≤ 0.075). The analysis, however, is 
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somewhat misleading. To ease comparison with the analytical solution, time and particle 

size were non-dimensionalized. Solutions were presented only for a dimensionless time 

of τ = KGt/dp,0 = 1 (dp,0 is an arbitrary particle size used to define the exponential PSD). In 

dimensional form, this solution applies to an infinite number of combinations of the 

values of KG and t, assuming that dp,0 is held constant. However, in the extremes, it 

represents the solution for a slow growth rate at long times, or a fast growth rate at short 

times. What is similar about the numerical solution in these two situations is the amount 

of numerical dispersion that occurs during that time. When simulations were run for 

τ = 10, the results are quite different. Figure 5.4 compares the analytical solution with 

model simulations run at three grid spacings for τ = 1 and 10. 

The results in Figure 5.4 reveal that, depending on the conditions (namely, growth 

rate and reaction time), the predictions of the discretized model for growth can result in 

an overestimation of the number of large particles and a misplacement of the position of 

the moving discontinuity. Kumar and Ramkrishna (1997) recognized these shortcomings 

(evident in several finite difference approximations for particle growth) and combined 

their discretized model for flocculation with the method of characteristics to predict the 

changes in the PSD by simultaneous nucleation, growth and flocculation more accurately. 

Conversion of the existing model code to this format was contemplated due to the fact 

that constant solution composition experiments were governed by a constant, size-

independent growth rate, and the characteristics of such systems are easily obtained. 

However, the method of characteristics is not applicable to declining solution 

composition experiments, where the growth rate changes with time (due to decreasing S). 

Because the ultimate goal of the research was to model simultaneous precipitation and 

growth from declining solution composition experiments that represented actual 

treatment processes, the discretized growth equations were used. 
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Figure 5.4 Effect of grid spacing on the discretized model for particle growth 
(N0 = 105 #/cm3, KG = 0.005 μm/s, dp0 = 1 μm) 
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Despite the potential for numerical dispersion, the numerical solutions shown in 

Figure 5.4 are a reasonable approximation of the true solution, particularly at finer grid 

resolution. In this research, all simulations involving particle growth were performed 

using a grid spacing of Δlog(vp) = 0.03. The analysis shown in Figure 5.4 was made 

possible because the model simulations could be compared to an analytical solution. No 

such solution exists for the conditions modeled in this research. As such, the extent to 

which numerical dispersion affects the model results is largely unknown. What the results 

of the analysis suggest, however, is that simulations run for high growth rates and long 

reaction times will be more likely to be in error. 

In the present study, all but one of the modeled constant solution composition 

experiments were characterized by growth rates less than that used in the above analysis 

(0.005 μm/s), and the reaction times were of the same order of magnitude (30-60 min). 

Therefore, it was reasoned that the errors depicted in Figure 5.4B represent the upper 

limit of the deviations expected in this research. Testing this hypothesis was impossible, 

however; evidence of any numerical dispersion in the model solutions was masked by 

flocculation, which also redistributes particles to larger sizes. 

In model simulations aimed at predicting the effluent PSD from batch declining 

solution composition experiments, high growth rates (high S) were only present for a 

short amount of time (< 5 min) at the beginning of each simulation and rapidly decreased 

thereafter. As a result, numerical dispersion was expected to be minimal. The comparison 

of model simulations and experimental results for both constant and declining solution 

composition experiments (presented in Chapter 6) are very favorable and indicate that the 

use of the discretized equations for growth are adequate for the current work. 
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5.6.3 Nucleation 

Modeling simultaneous nucleation and particle growth is difficult due to the 

hyperbolic nature of the PBE (i.e., the convective growth term). Quoting Mahoney and 

Ramkrishna (2002) “…a discontinuity can arise along the separatix, the curve that 

divides states deriving from the initial conditions from those arising from boundary 

conditions.” When using finite differences to model simultaneous nucleation growth, 

these discontinuities rapidly broaden due to numerical dispersion. Furthermore, the three-

point central difference of Hounslow et al. (1988) causes the numerical solution to 

oscillate around the true solution. As a solution, the authors recommend a two-point 

backward difference method for simultaneous nucleation and growth from unseeded 

solutions; the two-point backward difference method is very accurate far from the 

discontinuity, but the solution in the vicinity of the discontinuity is highly diffused. 

Despite these shortcomings, simultaneous nucleation and particle growth from 

seeded solutions was modeled using Eq. (5.27). As noted by Hounslow et al. (1988), 

Eq. (5.27) does not result in unacceptable oscillations when a sufficient population of 

particles is present (in other words, a seeded solution). In addition to the number of initial 

seed particles, the rate of nucleation is also important. A sharp discontinuity still arises 

(and the numerical method results in oscillations) if the rate of nucleation is high or low 

relative to the particle growth rate. All of the modeling in the present study focuses on 

precipitation from seeded solutions. Furthermore, in experiments where nucleation was 

significant, the relative values of Bu and KG were such that the numerical solution was 

stable. In some instances, oscillations around the true solution were evident. Although 

these numerical errors were undesirable, all of the necessary information was conveyed 

for comparison of the model solution with experimental data. Attempts to resolve the 

errors through the use of the two-point discretization scheme proposed by Hounslow et 
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al. (Hounslow et al., 1988) resulted in significant numerical dispersion at larger particle 

sizes. These errors were much greater than the oscillations associated with the three-point 

scheme. 

5.7 NUMERICAL INTEGRATION TECHNIQUE 

In the original flocculation model of Lawler et al. (Lawler et al., 1980), the 

system of ODEs was numerically integrated using Gear’s method, a multi-step predictor-

corrector method for solving stiff differential equations. In the most recent version of the 

model (Li, 1996), the integration was performed using Heun’s predictor-corrector method 

with error correction via step doubling. It is thought that the movement from the higher 

order method to Heun’s method was aimed at reducing the computation time and 

coincided with the movement of the model from a mainframe to PC environment. It is not 

clear, however, whether there was a substantial loss in accuracy associated with that 

change. Furthermore, there does not seem to be a consensus regarding the stiffness of the 

population balance equation for simultaneous nucleation, growth and flocculation. 

Several researchers have used non-stiff solvers when modeling simultaneous 

nucleation, growth, and flocculation. Hounslow et al. (1988), Marchal et al. (1988), and 

Bramley et al. (1996) used a 4th order Runge-Kutta method in conjunction with the 

method of discretization. Litster et al. (Litster et al., 1995), solving the same equations, 

used a stiff solver (NAG D02NBF), but made no direct mention of stiffness being a 

concern. Mahoney and Ramkrishna (2002) used a 2nd order Adams-Moulton method to 

solve the system of equations generated using Galerkin’s method on finite elements. No 

mention of stiffness was made in any of these studies. 

Other researchers have noted that the resulting PBE for simultaneous nucleation, 

growth and flocculation are stiff and therefore utilized stiff solvers. Examples include 

Muhr et al. (1995, 1996), Zauner and Jones (2000), and Immanuel and Doyle III (2003). 
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In all three studies, the stiffness was attributed to the rapidly varying rate of nucleation as 

a function of S and particle size. When the rate of nucleation was widely variable with S 

(and time), the rate of nucleation was substantially faster than growth and aggregation, or 

the process of nucleation resulted in very narrow size distributions, the resulting 

equations were stiff. These effects were stated succinctly by Immanuel and Doyle III 

(2003) with respect to polymerization: 

The nucleation processes have typical time constants of the order of 0.02 s 
(lowest), while the growth and the coagulation processes have time constants of 
the order of 50–100 s. However, the nucleation events occur only for a portion of 
the overall batch, whenever the concentration of the surfactants in the aqueous 
phase exceeds the critical micelle concentration values of the surfactants. While 
this enables larger step sizes in non-nucleating regimes, it makes the system very 
stiff, with condition numbers of the order of 104. Thereby, the solution of these 
equations necessitate employing stiff integrators, with adaptive step sizes, which 
need to be checked and adapted at each step in the integration. 

Similar statements were made by Muhr et al. (1996) with respect to the nucleation of 

silver chloride. 

It appears that the difference between the three cases cited above, and the studies 

employing non-stiff integrators was the rate of nucleation relative to particle growth and 

flocculation. When the rate of nucleation was either constant or relatively invariant with 

time (or S) (Hounslow et al., 1988; Marchal et al., 1988; Litster et al., 1995; Bramley et 

al., 1997; Kumar and Ramkrishna, 1997), the resulting set of equations is not stiff and 

standard ODE solvers were used. In the work from the Hounslow group, the nucleation 

term was included primarily to account for particles moving into the measured size range 

as a result of growth, and no attempt was made to model the actual formation of particles 

at the size of a critical nucleus. As a result, variation of the rate of nucleation across 

particle size classes was not an issue and the dependence of the rate of nucleation on S 

(and thus time in declining solution composition experiments) was not great. 
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To address these concerns about accuracy and stiffness, two alternate solver 

routines were evaluated. The CVODE module within the SUNDIALS suite of ODE 

solvers was chosen for this work (Cohen and Hindmarsh, 1996). CVODE is a general 

purpose solver for ODE initial value problems written in the C programming language; 

CVODE includes methods for solving non-stiff (Adams-Moulton method) and stiff 

(backwards differentiation formula, BDF, or Gear’s method) systems of ODEs. A number 

of model simulations were performed using the three solvers (Euler with step doubling, 

Adams-Moulton and Gear) and the results compared. In general, the three integration 

routines resulted in nearly identical solutions and the computation time was roughly 

equivalent (20-30s). One example representing the simulation of simultaneous 

nucleation, particle growth, and flocculation (short-range model), is shown in Figure 5.5. 

Figure 5.5 Comparison of solver routines 
(G = 300 s−1, KG = 0.001 μm/s, Bu = 1102.72 cm−3s−1, αemp(SR) = 1.0) 
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The comparison of the simulation results presented in Figure 5.5 reveals that the 

simulations using the three different solver routines are indistinguishable (equally 

accurate). Additionally, the fact that the simulation times were roughly equivalent (i.e., 

no real computational effort was saved by using Gear’s method) indicates that the 

equations are not stiff. This is not surprising due to the fact that nucleation was 

incorporated into the PBE following the methodology of Hounslow in the work cited 

above that utilized non-stiff integrators. 

On the basis of these comparisons, it was reasoned that the current Euler solver 

with step doubling was sufficiently accurate and that the modeled PBEs were not stiff 

under the conditions present in the current work. However, in the process of making these 

comparisons, the model code was modified to allow the user to choose between the three 

integration routines. Consequently, if conditions that result in stiffness are encountered in 

the future, the model is equipped to handle those situations. 
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Chapter 6: Modeling Results 

6.1 INTRODUCTION 

The mathematical model described in Chapter 5 is designed to predict the changes 

in the particle size distribution during precipitative softening processes. This chapter 

focuses on the comparison of experimental data with model predictions. Figure 6.1 

outlines the methodology used in this research. When an experimental investigation and 

mathematical modeling are used in concert, the comparison of the two solutions to the 

research question allows the identification of which areas are well understood (i.e., 

captured in the theoretical model), and which require further study (either through 

modifications to the model or further experiments). As shown in Figure 6.1, the 

comparison leads to further iterations of the process. This research represents the most 

recent of many iterations through this diagram in the Lawler research group. It was the 

comparison of the long-range and short-range flocculation models to effluent particle size 

distributions from precipitative coagulation processes by Lawler and Wilkes (1984), and 

Li (1996) that provided the motivation for this research. 
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Figure 6.1 Research methodology 
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6.2 COMPARISON OF FLOCCULATION MODELS 

The hypothesis at the outset of this research was that the primary deficiency of the 

existing flocculation model was that it did not account for the formation of new particles 

or the growth of existing particles due to precipitation. It was thought that incorporation 

of those mechanisms into either the short-range force model (SR Model) or the long-

range force model (LR Model) describing the physics of particle-particle collisions would 

lead to more accurate predictions of the effluent particle size distributions from 

precipitative softening processes. 

It has been shown that the short-range force model closely approximates the 

particle size distributions during charge-neutralization flocculation of PVC particles (Li, 

1996), leading to the conclusion that the short-range force model most accurately 

represents the physics of collisions between destabilized non-porous particles. In that 

same research, the long-range force model was found to more closely approximate the 

particle size distributions from lime softening and alum sweep coagulation. Two possible 

hypotheses were posed in an attempt to account for this apparent discrepancy. First, it 

was suggested that the long-range model resulted in a better fit due to the canceling of 

errors (i.e., over-prediction of collisions between the original particles and no prediction 

of precipitation). Second, as noted in Chapter 2, collisions between porous flocs 

(particularly those formed in alum and iron sweep coagulation) have been hypothesized 

to follow trajectories intermediate to those predicted by the short-range and long-range 

models. In any case, the long-range force model approximated the loss of small particles, 

but did not account for the formation of new particle volume (precipitation). It is unclear, 

even with the addition of the mechanisms of precipitation, whether the particle physics of 

the short- or long-range model will be more accurate in predicting the collisions between 
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calcium carbonate particles and aggregates. For these reasons, both the long- and short-

range models were tested against experimental data. 

In addition to the two physically based models, an empirical size-independent 

flocculation model (SI Model) was also tested. This formulation of the rate expression for 

flocculation has often been used to describe aggregation during the precipitation of 

sparingly soluble salts (Hounslow et al., 1988; Hostomsky and Jones, 1991; Ilievski and 

White, 1994; Bramley et al., 1996; Wojcik and Jones, 1997; Collier and Hounslow, 

1999). Although not physically based, it was thought that comparison of the size-

independent flocculation model with the long-and short-range force models would lend 

insight to the chemistry and physics not being captured by the long- and short-range force 

models. 

Before moving on to the comparison of model predictions and experimental 

results, the three flocculation models are compared through theoretical predictions of the 

particle size distributions in the absence of precipitation. Figure 6.2 shows the model 

predictions from the three flocculation models using an input PSD similar to the well-

defined distributions measured in the experimental portion of this research (the mode of 

the number distribution is 5 μm and the total particle concentration is 100 mg/L using a 

particle density of 2.5 g/cm3). The primary purpose of this comparison is to contrast the 

way in which particle volume is redistributed as a result of the three mathematical 

representations of flocculation. In order to compare the three models on an equivalent 

basis, the input values of αemp for the long- and short-range models and the value of 

αempβ0 for the size-independent model were chosen to yield similar values of the number 

fraction removal (i.e., 1 − Ntot(t)/Ntot(0)). Choosing values of αemp(LR) = 0.11, αemp(SR) = 

1.0, and αempβ0(SI) = 1.3 × 10−9 cm3/s, yielded fractional removals of 0.61, 0.61, and 

0.60, respectively. 
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Figure 6.2 Theoretical comparison of the long-range force model, short-range force 
model, and size-independent flocculation: Base Case 
(C0 = 100 mg/L; G = 50 s−1; αemp(LR) = 0.11; αemp(SR) = 1.0; and αempβ0(SI) = 1.3 × 
10−9 cm3/s) 

Figure 6.2 reveals that the three models change the particle size distribution in 
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in Chapter 2. The long-range model predicts a greater reduction in the number of small 

particles and a greater production of larger particles. The short-range model predicts a 

more gradual movement of particle volume to larger sizes as a result of the short-range 

correction factors. In comparison with the two physically-based models, the size-

independent flocculation model predicts a far greater reduction in the number of small 
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same shape. The long-and short-range models result in a much broader distribution of 

particle sizes. 

All three flocculation models are highly sensitive to particle concentration due to 

the second order dependence of the flocculation rate expression. Figure 6.3 presents the 

model results from simulations using an influent particle size distribution with a particle 

concentration of 50 mg/L (half that of the base case presented in Figure 6.2). Using the 

same values of αemp and αempβ0 determined above yielded number fractional removals of 

0.37, 0.42, and 0.43, for the long-range, short-range, and size-independent models, 

respectively. As anticipated, the rate of flocculation is slower at lower particle 

concentration. Generally, the effect of particle concentration is equivalent in all three 

models. 

Figure 6.3 Theoretical comparison of the long-range force model, short-range force 
model, and size-independent flocculation: Low Particle Concentration 
(C0 = 50 mg/L; G = 50 s−1, αemp(LR) = 0.11; αemp(SR) = 1.0; and αempβ0(SI) = 1.3 × 10−9 
cm3/s) 
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In addition to the dependence on initial particle concentration, the long- and short-

range models are dependent on several other independent variables: most notably, 

temperature, G, and the density of the particles. Figure 6.4 compares the model 

simulations using the 100 mg/L influent distribution and a higher G of 100 s−1. A greater 

degree of flocculation is predicted by both the long- and short-range models (number 

fractional removal = 0.80 and 0.72, respectively). As noted by Li (1996) the effect of G is 

more significant in the long-range flocculation model because the inclusion of the short-

range correction factors in the short-range model reduces the influence of fluid shear. 

Due to the empirical nature of the size-independent flocculation rate expression, the 

influences of important independent variables (like G) are not captured in that model (the 

result shown is identical to that shown in Figure 6.2). However, calibration of the model 

at different experimental conditions can reveal the underlying dependencies, as shown 

below. 

6.3 MODEL CALIBRATION 

As described in Chapter 5, the mathematical model requires several inputs. When 

comparing the model to experimental data, the vast majority of those inputs (independent 

variables) are known and come directly from the conditions of the experiment in question 

(i.e., G, temperature, S, initial PSD). Other inputs require expressions relating the input to 

the independent variables (Bu, KG), and some are left as model fitting parameters (αemp 

for short and long-range models, αempβ0 for size independent flocculation).  
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Figure 6.4 Theoretical comparison of the long-range force model, short-range force 
model, and size-independent flocculation: High G 
(C0 = 100 mg/L; G = 100 s−1, αemp(LR) = 0.11; αemp(SR) = 1.0; and αempβ0(SI) = 1.3 × 
10−9 cm3/s) 
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inappropriate, parameter-fitting procedures will at best lead to compromise choices of the 

parameters resulting in inadequate models.” 

A powerful alternative to the procedure described above involves solving the so-

called “inverse problem”; that is, given a set of measured particle size distributions and 

experimental conditions, extract the underlying rate laws. Bramley et al. (1996) have 

developed a differential technique that allows the extraction of the linear growth rate 

(KG), the source function (Bu) and the aggregation collision efficiency or frequency (αemp 

or αempβ0) from experimental particle size distribution data. The advantage of this 

procedure is that it allows the comparison of several alternative flocculation models on an 

equivalent basis. As such, the method serves as a procedure for screening potential 

models. Additionally, combining the results of this type of analysis from several 

experiments run under different conditions has the ability to yield the required 

expressions relating KG, Bu, and αemp or αempβ0 to the various independent variables. On 

the basis of these merits, the differential method of Bramley et al. (1996) was chosen for 

use in this research. Although quite simple, the primary disadvantage of this method is 

the generation of error-free estimates of the required time derivatives (described below), 

due to the fact that they are calculated from experimental data.  

6.3.1 Extraction of Rate Coefficients 

The differential method of Bramley et al. (1996) is based on the knowledge that 

the moments of the particle size distribution change in predictable ways due to the 

processes of nucleation, particle growth and flocculation. The rate of change of the zeroth 

moment (total number concentration) is changed by nucleation and flocculation. 

Mathematically, this statement can be represented by Eqs. (6.1) and (6.2). 
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where flocculationrk is defined in Eq. (5.15). 
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where Bu is a source function representing the rate at which particles move (grow) into 

the measured size range (i.e., into the first bin). 

The rate of change of the third moment (proportional to total volume) is changed 

by nucleation and particle growth as described by Eqs. (6.3) and (6.4). 
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where growthrk is defined by Eq. (5.26) and growthr1 is defined by Eq. (5.27). 
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Finally, the rate of change of the number concentration in the smallest measured 

particle size is changed by nucleation, particle growth, and flocculation in accordance 

with Eqs. (2.28) to (6.7). 
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where growthr1 is defined by Eq. (5.27). 

Assuming that particle growth is independent of size (which has been shown to be 

the case for calcite) and assuming that the empirical collision efficiency (or size-
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independent aggregation kernel) is independent of size, Eqs. (6.1) through (6.7) can be 

represented as a system of ordinary differential equations. 
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independent flocculation, extracting αemp is equivalent to extracting the parameter αempβ0 

where β0 is the size independent collision frequency. The quantities 0m& , 3m& , 1N& , 0Φ , 

1Φ , 2Φ , and 3Φ  can all be calculated from experimental particle size distribution data 

and the system solved to yield values of KG, Bu, and αemp. 

The values of the zeroth, and third moments as well as the number concentration 

in the first measured particle size were tabulated from the experimental particle size 

distribution measurements. 0m& , 3m& , 1N& , were calculated in one of two ways. If the 

trends in the experimentally derived moments were relatively smooth, the derivatives 

were calculated by fitting a 2nd order Lagrange interpolating polynomial to each set of 

three adjacent sampling points. The resulting function was then analytically differentiated 

to obtain the rate of change at the middle point (Chapra and Canale, 1988). This 

procedure was used rather than a standard 3-point centered finite difference 

approximation because the data were not equally spaced. If the experimental data were 

scattered, the data were fit to an analytical function (e.g., a line or a hyperbolic function) 

and the derivative calculated from the analytical derivative of that function. As 

mentioned above, the primary flaw of this method is obtaining error-free estimates of the 

derivatives. Through the use of the methods describe here, all efforts were made to ensure 

that the estimates of the time rates of change were as accurate as possible. 
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The quantities 0Φ , 1Φ , 2Φ , and 3Φ  were obtained through the use of a computer 

program that consisted of a modification of the subroutine DIFFUN from the complete 

flocculation model. The input file contained the experimental conditions, the 

experimentally measured particle size distribution function at each sampling time, and 

information regarding which mode of flocculation was to be employed. Using the 

equations pertinent to the chosen flocculation model, the program output the values of 

0Φ , 1Φ , 2Φ , and 3Φ . Therefore, if three flocculation models were to be tested, the 

program was run three times, once for each flocculation model. Using the values of the 

experimentally derived parameters, Eq. (6.8) was solved using Gaussian elimination to 

yield the values of KG, Bu, and αemp or αempβ0. 

The procedure described above is different than fitting the model to the 

experimental data in that only the rates of change of the total number and total volume of 

particles are used, rather than the entire particle size distribution. Extracting the required 

model parameters using only gross parameters allows the evaluation of which model 

most accurately predicts how the particles are distributed with respect to size due to 

flocculation. All three models predict the same rate of change of the total number and 

total volume, but are very different in the way that particle mass is redistributed. In this 

manner, the comparison of the model simulations (using the extracted parameters) with 

the experimental data is a test of which model most accurately predicts the resultant PSD. 

6.3.2 Alternative Estimate of Bu 

Comparison of initial model simulations (using the extracted rate coefficients) 

with experimental data indicated that the source function and the collision efficiencies 

were being overestimated; regardless of the flocculation model employed, the rate that 

new particles grew into the modeled size domain and rate at which the total number of 

particles decreased due to flocculation were over-predicted. Further analysis revealed that 
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the extracted values of KG were insensitive to the calculated value of Bu, but that the 

source function and the collision efficiency were highly correlated. 

Of all the experimental data, the data for the particle size in the smallest particle 

size bin was the most scattered. Typically, particle counts at the lower limit of a given 

aperture are more subject to error (electrical noise). It is hypothesized that errors in the 

estimation of the rate of change of the number concentration of particles in the first bin 

caused the source function to be overestimated. As a result, the collision efficiency was 

overestimated to satisfy Eq. (6.8). To correct for these errors, a secondary procedure was 

utilized to estimate the source function. Assuming that the rate of change of particle 

numbers in the first size bin was influenced primarily by the source function and the rate 

of particle growth (i.e., the influence of flocculation can be neglected), Bu can be 

estimated from the measured value of the particle size distribution function and the 

extracted value of KG. In the absence of flocculation, the value of the particle size 

distribution function for the first size class can be calculated as follows (Hounslow et al., 

1988). 
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Using Eq. (6.9), the source function at each sampling time was estimated using the 

extracted value of KG from the above procedure and the experimentally measured value 

of the particle size distribution function for the smallest size range (calculated as the 

average of the first five channels to smooth scatter in the experimental data). The 

collision efficiency was then calculated using the first line of Eq. (6.8). Comparisons of 

model simulations using the rate coefficients calculated in this manner (presented below) 

matched the experimental data much more closely. 
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In constant solution composition experiments, the values of KG and αemp or αempβ0 

calculated for each sampling time were averaged to yield one value for each experiment. 

In cases where the source function was relatively constant with time, the same was done. 

In some cases, however, the rate of nucleation was highly time dependent. These effects 

were most significant in experiments run at low seed concentration and high saturation 

ratio and the time dependence of the source function was due to the movement of a 

second wave of nucleated particle into the measured size range after an initial induction 

period. For the purposes of modeling those situations, the rate of nucleation was fit to an 

empirical time dependent function that accurately captured the trend. 

Using the extracted values of KG, the linear growth rate coefficient kG can be 

determined by plotting the data in accordance with Eq. (2.18) as shown in Figure 6.5. 

Using this relationship and the values of Bu, and αemp, the three models can be tested 

against experimental particle size distribution data. 

Figure 6.5 Growth rate expression for constant solution composition experiments using 
extracted values of KG 
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6.3.3 Declining Composition Experiments 

In declining solution composition experiments, the procedures for extracting the 

rate coefficients were identical to those described above. However, the values of KG, Bu, 

and αemp or αempβ0 derived at each sampling point were correlated with the 

experimentally measured S value at that time. As with the constant solution composition 

experiments, the data from all experiments was used to estimate the linear growth rate 

coefficient as shown in Figure 6.6. Ideally, the rate coefficient determined from the 

declining solution composition experiments should match that from the constant solution 

composition experiments. Unfortunately, that was not the case; the rate coefficient 

calculated from the declining solution composition experiments was nearly twice that 

determined from the constant solution composition experiments. One possible 

explanation for the discrepancy may be the dilution error that occurred in the S = 4, 6, 

and 8 constant solution composition experiments. In modeling the declining solution 

composition experiments, the value of kG calculated in Figure 6.6 was used because it 

most accurately represented the behavior of those experiments. 

In addition to influencing the linear growth rate, the saturation ratio was found to 

have an effect on the source function and the empirical collision efficiencies (and the 

size-independent kernel). However, clear trends spanning all of the experimental 

conditions were not recognized. For this reason, empirical relationships relating the 

source function and the empirical collision efficiencies to the relative saturation (S-1) 

were calculated from the data collected during each individual experiment; those 

relationships were then utilized in the model simulations of that same experiment. 

Ideally, relationships would have been determined from one set of experiments and 

verified using data from independent trials. In the absence of universal expressions 

relating the rates of nucleation and flocculation to the saturation ratio, the procedure 
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described above was sufficient for comparing the model simulations using the three 

flocculation models. 

Figure 6.6 Growth rate expression for declining solution composition experiments 
using extracted values of KG 

6.4 COMPARISON OF MODEL AND EXPERIMENTAL RESULTS – CONSTANT 
COMPOSITION 

Having extracted values of Bu, KG and αemp (or αempβ0), the predictions of the 

three precipitative flocculation models were tested against experimental data to determine 

which model is most appropriate. As a result of the experimental investigation, the 

saturation ratio, the seed concentration and the mixing intensity were identified as the 

primary independent variables governing the changes in the particle size distribution. 

Comparisons of model results and representative particle size distributions from 

experiments run under varying conditions with respect to the three primary independent 

variables are presented here. 

0 100

1 10-3

2 10-3

3 10-3

4 10-3

5 10-3

6 10-3

7 10-3

0 5 10 15 20 25

K
G
 = 2.81 x 10-4(S-1)2 

R2= 0.943

Li
ne

ar
 g

ro
w

th
 ra

te
, K

G
 (μ

m
/s

)

(S-1)2



 232

In considering the results presented below, it is important to bear in mind that the 

empirical collision efficiencies and the size independent kernel were estimated based on 

the rate of change in the total number of particles. It is the choice of flocculation model 

that relates the change in number concentrations of individual particle sizes to the change 

in total particle number, and each model is different in the way that it accounts for the 

physics of particle collisions. Because of the differing size dependence of the three 

models, it is not surprising that the predicted particle size distributions from the three 

models are quite different (see Section 6.2). 

To determine which model was the most accurate prediction of the experimental 

data, the same experimental results were used to test all three precipitative flocculation 

models. The input PSD for the modeling was the initial measured particle size 

distribution. As described in Chapter 5, the raw Coulter Counter data was averaged or fit 

to a Gaussian function and interpolated to provide a smooth particle size distribution at 

evenly spaced intervals. Other model inputs were indicative of the conditions under 

which the experiment was performed. 

6.4.1 Saturation Ratio 

In the experimental investigation, it was found that the apparent rate of particle 

growth (precipitation and flocculation) increased with increasing saturation ratio. The 

rates of flocculation and nucleation also increased with increasing saturation ratio. These 

results are mirrored in the variables extracted from the experimental data; the values of 

Bu, KG and αemp or αempβ0 increased with increasing saturation ratio in experiments run at 

the same seed concentration and mixing intensity. 
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Low Saturation Ratio 

At low saturation ratio, the influence of nucleation was minimal. The 30 minute 

sample from experiment S2pH10r1seed100-1 was used to test the three flocculation 

models under these conditions. This experiment, run at a low saturation ratio (S = 2), high 

calcite seed concentration (100 mg/L), and high mixing intensity (300 s−1) was 

characterized by a very low value of Bu (0.7 cm−3s−1), meaning that very few particles 

moved into the measured size range over the course of the experiment. As a result, the 

primary mechanisms changing the particle size distribution are particle growth and 

flocculation. The lower limit of the experimentally measured particle size distribution 

was approximately 1 μm. However, the input PSD was extended to 0.1 μm to close the 

number distribution, and recognize in the modeling effort that there are particles smaller 

than those measured experimentally. As a result of this extension, the Bu term extracted 

from the experimental data no longer has any meaning in the model and was set to zero. 

However, an effect equivalent to a minimal source function is still manifested through the 

growth of smaller particles (< 1 μm) to larger sizes. In all three models, the linear growth 

rate was calculated from the rate expression determined in Figure 6.5 

(KG = 1.54 × 10−4 μm/s @ S = 2). The values of αemp and αempβ0 for the three 

flocculation models are shown in the caption of Figure 6.7. 

Figure 6.7 compares the experimental result with predictions from the three 

models in terms of the number distribution (Part A) and the particle size distribution 

function (Part B). The number distribution is shown here to provide some continuity with 

the presentation of the experimental results in Chapter 4. The remainder of the modeling 

results are presented only in terms of the particle size distribution function; the 

logarithmic scale allows the entire range of number concentrations to be viewed with 

equivalent resolution, easing identification of differences between the models. 



 234

Figure 6.7 Comparison of measured and predicted number distribution (A) and particle 
size distribution function (B) at 30 minutes during experiment S2pH10r1seed100-1. 
(Bu = 0; KG = 1.54 × 10−4 μm/s; αemp(LR) = 0.022; αemp(SR) = 0.30; and 
αempβ0(SI) = 6.26 × 10−9 cm3/s) 
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It is clear from Figure 6.7 that the size-independent flocculation model predicts 

the experimental data to a far greater degree than the long- and short-range force models. 

In comparison with the size-independent model, three primary defects of the long and 

short-range models are evident: both models 1) drastically under-predict the loss of small 

particles; 2) over-predict the formation of large particles; and 3) do not predict the 

movement of the peak of the number distribution to larger sizes. In light of these 

findings, it can be concluded that the physics described by the long- and short-range force 

models do not accurately capture the behavior of particles under these experimental 

conditions. The implication of this finding and the potential reasons for the superior 

prediction of the empirical size-independent model are discussed in Section 6.6. 

As a side note, comparison of the long- and short-range force models with one 

another reveals the expected trends. Even at a substantially reduced value of αemp the 

long-range model predicts a greater reduction in the number of small particles (and a 

slightly greater production of larger particles); this can be attributed to the absence of the 

short-range correction factors that reduce the collision efficiencies between particles of 

widely disparate sizes by fluid shear and differential sedimentation. 

Model and experimental results after 50 minutes of reaction are shown in Figure 

6.8. These results confirm that the size-independent model gives the most accurate 

prediction. In fact, the predictions of the long- and short-range force models get worse 

with time. The model predictions from the long- and short-range force models continue to 

broaden due to the under-prediction of the loss of small particles and the overestimation 

of the formation of large particles. The fact that the size-independent model continues to 

predict the experimental data after 50 minute of reaction is evidence that the use of a 

time-averaged value of αempβ0 is justified. 
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Figure 6.8 Comparison of measured and predicted particle size distributions after 50 
minutes during experiment S2pH10r1seed100-1 
(Bu = 0; KG = 1.97 × 10−4 μm/s; αemp(LR) = 0.022; αemp(SR) = 0.30; and 
αempβ0(SI) = 6.26 × 10−9 cm3/s) 

High Saturation Ratio 

Here, in contrast to the low S, low seed case presented above, the models are 

tested against an experiment where a substantial amount of nucleation occurred. 

Experiment S6pH10r1seed100-1 (S = 6, calcite seed = 100 mg/L, and G = 300 s−1) was 

chosen to test the three models because the rate of nucleation was relatively constant with 

time. Comparison of the model predictions and experimental results after 43 minutes of 

reaction are shown in Figure 6.9. Again, the kinetic expression derived in Figure 6.5 was 

used to calculate KG (3.85 × 10−3 μm/s @ S = 6) and the values of Bu, αemp, and αempβ0 

are shown in the caption of Figure 6.9. 
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Figure 6.9 Comparison of measured and predicted particle size distributions after 30 
minutes during experiment S6pH10r1seed100-1. 
(Bu = 25.5 cm−3s−1; KG = 3.85 × 10−3 μm/s; αemp(LR) = 0.022; αemp(SR) = 0.30; and 
αempβ0(SI) = 5.10 × 10−8 cm3/s) 

The inclusion of nucleation results in a constant flux of particles into the modeled 

size domain. These particles then undergo precipitative growth and flocculate with other 

particles. As in the case with no nucleation, the size independent flocculation model is a 

much better prediction of the experimental data. Similar to the case presented above, the 
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the empirical size-independent model captures both the wholesale movement of the initial 

PSD to larger sizes (the larger peak) and the reduction in the number of small particles 

that move into the modeled domain. 

The experimental data from experiment S4pH10r1seed100-1 were also 

represented most accurately by the size-independent model (results are shown below with 

respect to the effect of initial particle concentration). Table 6.1 presents the extracted 

collision efficiencies for the three high-seed, high G experiments. Trends in the extracted 

efficiencies from the long- and short-range models are unclear, but using the size-

independent flocculation model, a trend of increasing collision efficiency with increasing 

saturation ratio is evident. This indicates that the saturation ratio not only influences the 

rate of particle growth, but the rate of flocculation. In other words, there is an effect of 

the saturation ratio that is not captured in the mathematical representation of flocculation. 

Clearly, the chemical effects associated with precipitation of new solids alter the physics 

governing particle-particle collisions. 

Table 6.1 Collision efficiencies characterizing high-seed, high G, constant solution 
composition experiments 

Experiment S αemp(LR) αemp(SR) αempβ0(SI) 
(cm3/s) 

S2pH10r1seed100-1 2 0.022 0.30 6.26 × 10−9 
S4pH10r1seed100-1 4 0.032 0.45 7.95 × 10−9 
S6pH10r1seed100-1 6 0.023 0.42 5.10 × 10−8 

6.4.2 Particle Concentration 

Regardless of initial particle concentration, in experiments run at high mixing 

intensity (G = 300 s−1), the size-independent flocculation model simulated the 

experimental data most closely. Figure 6.10 and Figure 6.11 compare modeling 

simulations and experimental data from experiments S4pH10r1seed10-3 and 
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S4pH10r1seed100-1, respectively. Both experiments were run at a mixing intensity of 

300 s−1. As in the two experiments presented above, the long- and short-range models 

under-predict the loss of small particles and over-predict the formation of large particles. 

The oscillations in the numerical solutions shown in Figure 6.10 are a numerical artifact 

resulting from the finite difference approximation of particle growth (see Chapter 5). 

However, the oscillations bound the true solution and the model predictions are still 

useful for comparison of the three models. Because of the very low rates of nucleation in 

experiment S4pH10r1seed100-1, an accurate estimate of Bu could not be extracted from 

the experimental data. As a result, the model simulation did not include the effects of 

nucleation and predicts the presence of a sharp front (log dp = 0.6) representing the 

growth of the initial seed particles. 

Figure 6.10 Comparison of measured and predicted particle size distributions after 50 
minutes during experiment S4pH10r1seed10-3. 
(Bu = 0 cm−3s−1; KG = 1.39 × 10−3 μm/s; αemp(LR) = 0.17; αemp(SR) = 2.39; and 
αempβ0(SI) = 3.31 × 10−8 cm3/s) 
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Figure 6.11 Comparison of measured and predicted particle size distributions after 53 
minutes during experiment S4pH10r1seed100-1. 
(Bu = 0 cm−3s−1; KG = 1.39 × 10−3 μm/s; αemp(LR) = 0.032; αemp(SR) = 0.45; and 
αempβ0(SI) = 7.95 × 10−9 cm3/s) 

Interestingly, even though the size-independent model gives the best prediction of 

the experimental data in both the low-seed and high-seed cases, the extracted values of 

αempβ0(SI) (and αemp(LR) and αemp(SR), for that matter) were much higher in the low-
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independent flocculation model is not completely accounting for the mechanisms 

governing the success of particle collisions. Additionally, despite the fact that the long- 

and short-range flocculation models do not predict the experimental data well, the trends 

in the extracted values of αemp(LR) and αemp(SR) with initial particle concentrations were 

the same. Even in the physically based models, the overall rate of successful collisions 

was predicted to be higher with lower initial particle concentration. 

Table 6.2 Effect of initial seed concentration on the size-independent flocculation 
kernel 

Experiment S 
Initial seed 

concentration 
(mg/L) 

G 
(s−1) 

αempβ0(SI) 
(cm3/s) 

S2pH10r1seed10-1 2 10 300 6.94 × 10−8 
S2pH10r1seed10-2 2 10 300 1.56 × 10−7 
S2pH10r1seed100-1 2 100 300 6.26 × 10−9 
S4pH10r1seed10-3 4 10 300 3.31 × 10−8 
S4pH10r1seed100-1 4 100 300 7.95 × 10−9 

It is possible that the saturation ratio affects the flocculation process differently 

depending on the concentration of existing particles. Although the saturation ratio in two 

experiments may be the same, the ratio of calcium and carbonate to available surface area 

is higher in the low-seed experiment; in other words, there is more of the precipitating 

solid available per particle or pair of particles. Perhaps a higher ratio of the precipitating 

solids and existing surface area improves the chances that, once two particles collide, 

they will cement themselves together.  

6.4.3 Mixing Intensity 

Due to the problems with settling in the reaction vessel, the vast majority of 

precipitation experiments were performed with a mixing intensity of 300 s−1. However, 

the effect of the mixing intensity was investigated through a limited number of seeded 

experiments run at a more reasonable mixing intensity of 100 s−1. It should be noted, 
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however, that a shear rate of 100 s−1 is at the upper end of what would be expected in an 

operating drinking water treatment plant (AWWA, 1999). Comparison of experimental 

data and modeling simulations performed at a mixing intensity of 100 s−1 are presented 

here. 

Predicted particle size distributions from the three flocculation models are 

compared with a measured particle size distribution from experiment S4pH10r1seed10-2 

in Figure 6.12. Here, in contrast with the experiments run at high mixing intensity, the 

long- and short-range models predict the experimental data more accurately than the size-

independent model. The short-range model is the best approximation of the experimental 

data over the entire particle size distribution. In this instance, the characteristics of the 

size-independent model that resulted in accurate predictions of high mixing intensity data 

(dramatic reduction in the number of small particles and the movement of a well-defined 

peak to larger sizes) do not capture the behavior of the experimental results. Experiment 

S4pH10r1seed10-2 is characterized by a more gradual loss of small particles and the 

formation of a large number of big particles. Although this “hump” in the PSDF 

beginning at approximately log(dp) = 1.15 (14 μm) is not captured by any of the models, 

the short-range model does the best job of predicting the formation of those large 

particles. 

For the purposes of comparison, the results of experiment S4pH10r1seed10-3 (run 

under identical experimental conditions, but at a higher mixing intensity) are presented in 

Figure 6.13. As shown in Figure 6.10 (comparison of the 50 minute sample from 

experiment S4pH10r1seed10-3 with model results), the size-independent flocculation 

model gives the best prediction. Contrasting the results in Figure 6.12 and Figure 6.13 it 

can be seen that the low mixing intensity experiment resulted in the formation of a 

greater number of larger particles and the particle size distribution shifted more gradually 
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to larger sizes. In the high mixing intensity experiment, the previously identified features 

were evident; the entire particle size distribution moved to larger sizes, there was a 

dramatic reduction in the number of small particles, and the particle size distribution 

maintained roughly the same shape. As a result of these differences, the short-range 

model most accurately predicted the experimental PSD in the low mixing intensity case, 

and the size-independent model was the most accurate predictor of the high mixing 

intensity results. 

Figure 6.12 Comparison of measured and predicted particle size distributions after 32 
minutes during experiment S4pH10r1seed10-2. 
(Bu = −0.00378t + 9.478 cm−3s−1; KG = 1.39 × 10−3 μm/s; αemp(LR) = 0.35; αemp(SR) = 
4.92; and αempβ0(SI) = 3.09 × 10−8 cm3/s) 
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Figure 6.13 Comparison of measured and predicted particle size distributions after 30 
minutes during experiment S4pH10r1seed10-3. 
(Bu = 2.97exp(0.000724t) cm−3s−1; KG = 1.39 × 10−3 μm/s; αemp(LR) = 0.17; αemp(SR) = 
2.39; and αempβ0(SI) = 3.31 × 10−8 cm3/s) 
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Figure 6.14 Comparison of measured and predicted particle size distributions after 13 
min (A) and 24 min (B) during experiment S8pH10r1seed10-1 (no nucleation). 
(Bu = 0 cm−3s−1; KG = 7.55 × 10−2 μm/s; αemp(LR) = 0.26; αemp(SR) = 3.91; and 
αempβ0(SI) = 8.78 × 10−8 cm3/s) 
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characterized by a sharp front representing the growth of the initial particle size 

distribution to larger sizes. All three models correctly predict the location of that front, 

evidence that the linear growth rate is accurately described by the relationship derived in 

Figure 6.5. However, at both sampling times, the short-range flocculation model is the 

best prediction of the experimental data. 

Like experiment S4pH10r1seed10-2, a hump in the PSDF is evident at the upper 

end of the PSD, and became more prominent as the experiment progressed. The 

prediction of the short-range model is not perfect, but it captures the features the entire 

particle size distribution most accurately. Comparing the short-range model prediction 

with the experimental data at 24 minutes, both the shape and magnitude of the peak at 

approximately 13 μm are accurately captured. Furthermore, the hump in the distribution 

is evident in the model simulation, but distributed across a much wider range of particle 

sizes. The long-range model predicts a more substantial loss of particles from the mid-

range of the distribution (1.3 < log(dp) < 1.55) and, to a greater extent, overestimates the 

formation of particles larger than log(dp) = 1.55 (35 μm). The size-independent 

flocculation model predicts the formation of a well defined peak, centered with respect to 

the experimental data. Although correctly predicting the reduction in the total number of 

particles, the size independent model does not match the shape of the experimentally 

measured distribution. 

In general, the same trends hold true in comparisons of model simulations that 

incorporated the effects of nucleation. Figure 6.15 shows the results of those simulations 

in comparison with the 24 minute sample from experiment S8pH10r1seed10-1. At 

particles sizes smaller than the moving front, the size-independent model and the long-

range model most closely match the experimental data. The short-range model under-

predicts the loss of small particles that move into the modeled size domain. Again, the 
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oscillations in the model results are a result of the finite difference method use to model 

particle growth. At particle sizes greater than the moving front (log(dp) > 1.1), the short-

range model is the best predictor of the experimental results, just as predicted in the 

simulations that ignored nucleation. 

Figure 6.15 Comparison of measured and predicted particle size distributions after 24 
minutes during experiment S8pH10r1seed10-1 (with nucleation). 
(Bu = −2.4 + 135.3/(1 + 0.0158t) cm−3s−1; KG = 7.55 × 10−2 μm/s; αemp(LR) = 0.31; 
αemp(SR) = 4.59; and αempβ0(SI) = 9.93 × 10−8 cm3/s) 

The fact that the short-range flocculation model predicts the experimental data 

most closely suggests that it is the correct model for these experimental conditions. 

However, closer examination (of the extracted values of the empirical collision efficiency 

factor, in particular) reveals that there are phenomena that are not accounted for. In every 

case where the short-range model was the best prediction of the experimental data, the 

value of αemp(SR) was estimated to be greater than one. Although collision efficiencies 
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greater than one have no physical meaning, this result suggests that the overall rate of 

particle collisions is greater than can be accounted for by the physics built into the short-

range model. This realization is direct evidence of the statement by Ramkrishna. Because 

the system has not been completely described mathematically, the model parameter, 

αemp(SR), is forced to account for physical and chemical phenomena that have been 

neglected. 

6.5 COMPARISON OF MODEL AND EXPERIMENTAL RESULTS – DECLINING 
COMPOSITION 

The final evaluation of the models was to test them against experimental data 

from declining solution composition experiments. Here, a mass balance on calcium 

carbonate (dissolved and precipitated) and equilibrium chemistry was used to link the 

changing solution conditions with the rate of particle growth (see Chapter 5). Model 

simulations are compared with representative experimental results from two declining 

composition experiments operated at different mixing intensities; 

S8pH10r1seed100batch-1 was performed with G = 300 s−1 and experiment 

S8pH10r1seed100batch-2 was performed with G = 50 s−1. 

Before testing the models against experimental particle size distribution data, the 

simulated solution conditions were tested against the measured values. During each 

declining solution composition experiment, the pH was measured continuously and the 

dissolved calcium concentration measured at regular intervals. Using these data, the 

saturation ratio was calculated as described in Chapter 3. During each model simulation, 

the time-varying saturation ratio was calculated using the mass balance and equilibrium 

chemistry described in Chapter 5. Figure 6.16 compares the measured and predicted 

saturation ratio during the two experiments described above. In both experiments, the 

model predictions were extremely accurate. These results are evidence that the linear 
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growth rate expression is correct and that the procedures used to link precipitation with 

the solution conditions are appropriate. 

Figure 6.17 compares model simulations and experimental results from two 

sampling times during experiment S8pH10r1seed100batch-1. In the simulations shown, 

nucleation was neglected because the low rates of nucleation prevented the extraction of 

meaningful values of the source function (hence, the presence of the sharp front at log(dp) 

= 0.25). Relationships between the collision efficiencies and the relative saturation (S-1) 

were derived from the experimental data collected during the experiment and are shown 

in the caption to Figure 6.17. From early in the experiment (6.75 min), the size-

independent model again emerges as the most accurate predictor of the experimental 

results. Similar to the constant composition experiments, the entire particle size 

distribution moved to larger sizes, leaving few small particles. This trend continued at the 

second sampling time; neither the long- nor the short-range model comes close to 

predicting the dramatic reduction in the number of small particles, and both models over-

predict the formation of large particles. 

Figure 6.18 compares model and experimental results from experiment 

S8pH10r1seed100batch-2. Correlations of the source function and the collision 

efficiencies with the relative saturation are shown in the caption. In contrast to the high 

mixing intensity experiment, the particles moved more gradually through the distribution. 

At the early sampling time (6.33 min) the short-range flocculation model gives the best 

prediction of the experimental data, but at later times, the results are less clear. At 22.5 

minutes, the short-range model predicts the shape of the lower end of the PSDF (log(dp) 

< 1.1), but the magnitude of the prediction is too high. Furthermore, the short-range 

model does not capture the formation of the well defined peak at approximately 20 μm.  
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Figure 6.16 Comparison of measured and predicted saturation ratios from experiments 
S8pH10r1seed100batch-1 (A) and S8pH10r1seed100batch-2 (B). 
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Figure 6.17 Comparison of measured and predicted particle size distributions after 
6.75 min (A) and 25.33 min (B) of experiment S8pH10r1seed100batch-1 (G = 300 s−1). 
(Bu = 0 cm−3s−1; KG = 2.81 × 10−4(S−1)2 μm/s; αemp(LR) = 9.87 × 10−3 (S−1); 
αemp(SR) = 0.152(S−1); and αempβ0(SI) = 6.99(S−1)0.5 cm3/s) 
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Figure 6.18 Comparison of measured and predicted particle size distributions after 
6.33 min (A) and 22.5 min (B) of experiment S8pH10r1seed100batch-2 (G = 50 s−1). 
(Bu = 5.66(S−1)2 cm−3s−1; KG = 2.81 × 10−4(S−1)2 μm/s; αemp(LR) = 0.102(S−1) + 0.078; 
αemp(SR) = 0.36(S−1) + 3.93; and αempβ0(SI) = 2.97 × 10−8(S−1)−0.5 cm3/s) 
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The long-range model is a closer approximation at the low end of the distribution, but 

again, does not capture the distinct peak. The size-independent model appears to predict a 

shape similar to the experimental results, but the peak is centered at much smaller particle 

sizes than the experimental results. The size-independent model also over-predicts the 

loss of small particles. It looks as if the true solution is a hybrid of the short-range 

flocculation model and the size-independent flocculation model. 

6.6 DISCUSSION AND CONCLUSIONS 

Having tested the three flocculation models against data from experiments 

characterized by a variety of operating conditions, the initial hypothesis of this research 

can be revisited. In light of the results presented in this chapter, it is obvious that 

simultaneous precipitation and flocculation during lime softening is more complicated 

than just incorporating the mechanisms of nucleation and particle growth into the short-

range flocculation model. Nevertheless, comparisons of the three mathematical models 

with experimental results revealed the aspects of the process that are well known, and 

those that require further study. Furthermore, the strengths and weaknesses of the three 

models offer insight regarding which directions future research should take (both 

experimentally and mathematically). 

The revised model (using any of the three representations of flocculation) does an 

excellent job of predicting the rate of precipitation, both in terms of the rate of particle 

growth and the rate that calcium and carbonate are lost from solution. Successful 

accounting of solid and dissolved calcium carbonate during declining solution 

composition shows that the methodology for linking the particulate and solution aspects 

of precipitation is excellent. This addition alone is a tremendous improvement to the 

existing flocculation models. Before, there was no way to account for the formation of 

new particles or the growth of existing particles due to precipitation. 
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In terms of flocculation, each of the three models has characteristics that help 

explain the trends in the experimental data. In general, the size-independent flocculation 

model resulted in the most accurate prediction of the experimental data from high mixing 

intensity experiments and the short-range flocculation model most accurately predicted 

the evolution of the particle size distribution in experiments run at a relatively low mixing 

intensity (especially at early times). 

Although completely, empirical, the fact that the size-independent model predicts 

the experimental data suggests that physical and chemical processes that cause the overall 

rate of particle-particle collisions to be less dependent on size (compared with the two 

physically based models) may be at work. In high mixing intensity experiments, the 

entire particle size distribution moved rapidly to larger sizes, resulting in a dramatic 

reduction in the number of small particles. Neither the short- nor the long-range model 

could predict that reduction. Furthermore, the two physically based models over-

predicted the size of the largest particles that formed. The experimental data (and 

predictions of the size-independent flocculation model) suggest that there are forces 

acting to 1) increase the rate that small particles undergo successful collisions with other 

particles and 2) limit the size of the aggregates that form. 

It has been shown that the rate of flocculation is dependent on the saturation ratio. 

In terms of the first effect, it is possible that the supersaturated conditions influence 

collision efficiency. It may be that in supersaturated conditions, a close approach can be 

enough to cause particles to aggregate due to fact that precipitate is rapidly forming in the 

interstitial space between the two particles. Such a process would act to increase the 

collision frequency. The second effect (limiting the formation of large particles) could be 

approached in two ways. Viewing the flocculation process as two steps: collision and 

attachment, a collision efficiency could be defined that was a function of the saturation 
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ratio, the mixing intensity, and the size of the colliding particles. A similar concept has 

been employed by Hounslow and co-workers (Mumtaz et al., 1997; Hounslow et al., 

2001; Liew et al., 2003). Such a function could result in both an increased rate of 

flocculation of small particles and the formation of fewer large particles. Alternatively, a 

breakage function could be incorporated into the model. Assuming that once a particle 

reaches a certain size it breaks into two separate particles would limit the upper limit of 

the size distribution. However, the process would result in the formation of smaller 

particles, a trend that was not evident in the experimental data.  

Experiments run at lower mixing intensity were characterized by the gradual 

movement of particles through the distribution to larger sizes. However, in the latter 

stages of these experiments, a well-defined peak often emerged at the upper end of the 

distribution. It appeared that particles were accumulating at a smaller size than predicted 

by the short-range model. This accumulation often resulted in a final PSD that resembled 

the particle size distributions formed in high mixing intensity experiments where the size-

independent model was the better predictor of the experimental data. None of the models 

accurately predicted the “hump” in the PSD. The fact that the short-range flocculation 

model was applicable in these situations is very satisfying, and evidence that the physics 

described by the short-range model are correct. However, improvements are necessary. 

First, the predictions of collision efficiencies greater than one suggest that additional 

factors are being lumped into the collision efficiency (i.e., the effect of saturation ratio). 

Furthermore, as described above, the incorporation of a breakage function or a size 

dependent collision efficiency function may help improve the overall model predictions 

at later times by limiting the maximum size of aggregates, and causing the accumulation 

of particles rather than their continued growth to larger and larger sizes. 
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The rates of flocculation are clearly influenced by the saturation ratio. However, 

fundamental relationships were not evident in the experimental data. Furthermore, the 

process of nucleation was not captured in as fundamental a way as particle growth and 

flocculation. In general, the rate of nucleation was highly dependent on the initial seed 

concentration, the saturation ratio, and time. Further research is necessary to delineate 

these relationships between the rates of flocculation and nucleation and the saturation 

ratio. 

The current mathematical modeling effort has made great strides toward 

completely describing the process of simultaneous precipitation and flocculation during 

lime softening. In this most recent iteration through the research methodology (Figure 

6.1), the mechanisms of nucleation and particle growth were built into an existing 

flocculation model. Testing three flocculation models against experimental data revealed 

a vast improvement over current flocculation models, but also indicated that the process 

is more complicated than originally anticipated. The discrepancies between the revised 

models and the experimental data highlight areas for future work. 
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Chapter 7: Conclusions 

7.1 SUMMARY 

The primary objective of this research was to improve the quantitative 

understanding of how particle size distributions change by simultaneous precipitation and 

flocculation during precipitative softening. A two-pronged approach involving an 

experimental investigation and mathematical modeling was used. In the experimental 

portion of the research, bench-scale CaCO3 experiments were performed under a variety 

of conditions to evaluate the impact of important operational variables (saturation ratio, 

pH, ion activity ratio, seed type/concentration, and mixing intensity) on the measured 

particle size distribution. Mathematical modeling consisted of incorporating 

mathematical representations of nucleation and particle growth into an existing 

flocculation model. Three mathematical representations of flocculation were evaluated; 

models were tested with experimental particle size distribution measurements to 

determine which representation of flocculation during precipitation best described the 

process. 

7.2 CONCLUSIONS 

Based on the results of the experimental investigation, mathematical modeling, 

and comparison of the results from each, the following conclusions can be drawn: 

1. In precipitative softening, particle size distributions are changed by three 

processes: nucleation, particle growth, and flocculation. 

2. Changes in the particle size distribution during precipitative softening are 

characterized by a dramatic reduction in the total number of particles (especially 

at small particle sizes < 10 μm) and the formation of a relatively narrow, well-
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defined distribution of large particles approximately 10-30 μm in size. When 

homogeneous nucleation is significant, large populations of very small particles 

(< 1-5 μm) are formed. 

3. The saturation ratio, seed type/concentration, and mixing intensity are the 

independent variables that have the strongest influence on the resulting particle 

size distribution from precipitative softening processes. 

4. The rates of nucleation, particle growth, and flocculation increase with increasing 

saturation ratio. The trends in the rates of nucleation and particle growth with the 

saturation ratio are expected from theory. The effect of the saturation ratio on the 

rate of flocculation suggests that physical/chemical processes associated with 

precipitation are influencing the rate of particle-particle collisions and/or the 

efficiency of their attachment to one another. 

5. The effect of the pH on the rates of particle growth and flocculation were not 

dramatic and likely attributable to changes in the total carbonate concentration. 

6. Ion activity ratios greater than one result in smaller final particle sizes and higher 

dissolved calcium concentrations. 

7. The distribution of crystalline polymorphs that form during the precipitation of 

calcium carbonate is a complex function of the type and concentration of seed 

particles, the saturation ratio, and the pH. In unseeded solutions, vaterite and 

calcite are the predominant polymorphs that form under conditions typical of 

precipitative softening. When calcite seeds are present, the new precipitate that 

forms is primarily calcite. At the outset of declining solution composition 

experiments run at high initial saturation ratio (S = 24), it is likely that a precursor 

species (e.g., amorphous calcium carbonate) forms initially and is rapidly 
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converted to vaterite or calcite as the reaction proceeds (Stumm and Morgan, 

1996). 

8. Seeding supersaturated solutions with pre-formed calcite crystals has several 

benefits with respect to the goals of precipitative softening. Seeding results in 

more rapid precipitation (as measured by the loss of Ca+2 from solution). 

Furthermore, the increase in available surface area for heterogeneous nucleation 

and crystal growth prevents the formation (nucleation) of new, small particles. 

Finally, seeding increases the total number concentration of particles, speeding 

the rate of flocculation. 

9. During softening, particles move to larger sizes by a combination of particle 

growth and flocculation; the rates of both processes increase with increasing 

saturation ratio. The apparent rate of particle growth (crystal growth + 

flocculation) is independent of particle size and conforms to the parabolic rate law 

(KG′ = k2′(S-1)2) that describes particle growth alone. 

10. Calcium carbonate does not heterogeneously nucleate on the surfaces of organic 

particles (latex microspheres). However, latex particles do flocculate with the 

calcium carbonate particles that form via homogeneous nucleation. 

11. Mixing has a significant influence on both the rate and the nature of the changes 

in the particle size distribution during precipitative softening. At high mixing 

intensity (G = 300 s−1), the entire particle size distribution moves rapidly and 

uniformly to larger sizes and the total number of particles decreases by 

flocculation. The final particle size distribution from high G experiments is 

essentially the same shape as the initial size distribution (if seeded). At lower 

mixing intensities (G = 50-100 s−1), there is a more gradual movement of particles 

through the size distribution to larger sizes, but the final particle size distribution 
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is also characterized by a well-defined peak at large particle sizes. Particle size 

distributions formed at low G are characterized by a smaller number of larger 

particles than particle size distibutions formed at high G. 

12. The incorporation of the mechanisms of nucleation and crystal growth into the 

existing flocculation models dramatically improves the ability to predict the 

changes in the particle size distributions during precipitative softening. 

13. When precipitative softening is performed at high mixing intensity (G = 300 s−1), 

predictions from the mathematical model using a size-independent flocculation 

expression simulated the experimental results most closely. This better prediction 

by the size-independent model indicates that physical/chemical aspects of the 

precipitation process are altering or overshadowing the physics described in the 

long- and short-range force models. 

14. At low mixing intensity (G = 50-100 s−1), the mathematical model employing the 

short-range force description of flocculation results in the best prediction of the 

experimental data. However, even for these conditions, there are aspects of the 

final particle size distribution that are indicative of size-independent flocculation, 

most notably, the accumulation of particles in a well-defined peak, rather than the 

continued redistribution to larger sizes by flocculation. 

15. In general, the long- and short-range force models over-predict the number of 

very large (> 30 μm) particles that form via flocculation. The over-prediction at 

the upper end of the size distribution suggests that breakage or reduced collision 

efficiency between large particles prevents the formation of exceedingly large 

aggregates. 

16. Extracted values of the empirical collision efficiency function in the short-range 

flocculation model are greater than one, indicating that there are unaccounted for 
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physical/chemical processes that increase the rate of particle collisions beyond 

that predicted by the physics of the short-range flocculation model. 

7.3 SIGNIFICANCE 

From the conclusions stated above, it is clear that the primary objective of 

quantifying changes in the particle size distribution during simultaneous precipitation and 

flocculation was accomplished well. The major trends identified in the experimental 

investigation (i.e., the substantial loss of small particles and the formation of a peak in the 

number distribution) were consistent with previous laboratory experiments and 

measurements from the Austin, TX water treatment plant. Previously, those trends could 

not be explained or modeled using currently available flocculation models. The product 

of this research, a revised model that accounts for the mechanisms of nucleation, crystal 

growth, and an empirical size-independent flocculation expression, is able to predict the 

abovementioned trends. The fact that the experimentally observed trends are captured in 

the revised model predictions represents a major advance in the understanding of the 

particle aspects of precipitative softening. 

Based on the findings of this research, several recommendations can be made 

regarding engineering practice (i.e., the design and operation of precipitative softening 

processes). Beneficial trends in the particle size distribution (the enhanced reduction of 

small particles, formation of large aggregates, and reduction in the dissolved calcium 

concentration) were found with increased saturation ratio, increased seed concentration, 

and decreased mixing intensity. Hence, high lime doses (as long as there is significant 

carbonate) are expected to result in the largest particles, most efficient flocculation, and 

the lowest dissolved calcium concentrations. These trends were enhanced by the 

introduction of seed particles; not only were the precipitation reactions more rapid and 

complete, but the presence of seed particles prevented the formation of new, small 
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particles by nucleation. In light of these findings, it is clear that recycling a high 

concentration of sludge from primary clarifiers to the head of the softening process 

(already common in softening plants) is extremely beneficial. In terms of the mixing 

intensity, it is suggested that a short, complete rapid mix step be followed by flocculation 

at the minimum mixing intensity necessary to keep particles suspended. 

The above recommendations focus solely on the objectives of the softening 

process (hardness removal and particle pre-treatment). However, the findings of the 

current study also indicate trends that are likely to be beneficial in terms of the more 

modern goals of precipitative processes. For example, if removal of a target constituent is 

achieved by adsorption to the softening solids, increased sludge recycle rates could also 

be beneficial to those processes (increased surface area for adsorption). In instances 

where co-precipitation of the target constituent with the softening solids is the active 

mechanism of removal (i.e., NOM), the presence of seed particles would promote the 

precipitation onto existing particles rather than their association with new small particles. 

Detailed studies of the influences of the relevant independent variables on the efficiency 

with which the dissolved contaminants are associated with particles are still necessary, 

but the present work indicates the operating conditions that are optimal for the ultimate 

removal of the particles with which the contaminants become associated. 

7.4 RECOMMENDATIONS FOR FUTURE WORK 

The current research has resulted in a vastly improved ability to predict the 

changes in the particle size distributions from precipitative softening processes. However, 

the model predictions of the experimental data are not perfect, and the discrepancies 

between the model and the experimental results reveal areas requiring further study. In 

addition, experimental limitations and the idealized nature of the system used in the 

current work suggests areas where improvements and extensions of the present study 
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would lead to a more fundamental understanding and an improved ability to predict 

particle size distributions in real systems. Recommendations for specific research tasks 

include: 

1. Performing precipitative softening experiments using more complex synthetic 

waters (and ultimately natural waters) to determine the effects of inhibitory 

species such as magnesium, phosphate, sulfate, and natural organic matter on the 

evolution of the PSD. Work in this area would allow validation of the trends 

identified in the present research at a more broad and realistic set of conditions 

likely to be encountered in operating softening processes. 

2. Performing precipitative softening experiments using a wide variety of 

heterogeneous seed particles to further characterize the mechanisms by which 

particles present in the raw water become associated with the forming precipitate. 

The present research has shown that synthetic organic particles (latex) do not 

grow by heterogeneous nucleation, but do flocculate with (or become enmeshed 

in) the forming precipitate. More work is required to delineate how different 

particles (e.g., minerals, clays, sands, and particles coated with natural organic 

matter) behave when present during softening and what characteristics of the 

particles are the most important in governing their interaction with the forming 

precipitate. These relationships are important because actual softening processes 

are relied upon for particle pretreatment as well as hardness removal. The 

proposed research would likely consist of a combination of particle size 

distribution measurements and examination of the resultant aggregates using 

scanning electron microscopy and x-ray diffractometry. 

3. A careful examination of the effect of the mixing intensity on the rate of 

flocculation during precipitation. Problems with settling in the current reactor 
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setup necessitated the use of unrealistically high mixing intensities in the majority 

of experiments performed here. Furthermore, fluid shear in the completely mixed 

vessels was characterized using the root mean square velocity gradient. Perhaps 

precipitation experiments performed in a well characterized shear field (e.g., 

Couette or Poiseuille flow) would yield more fundamental insight into the 

complex interrelationship between the saturation ratio, the shear rate, and the rate 

of flocculation. 

4. Improvement of the experimental measurement and mathematical modeling of 

nucleation. General trends in the rate and extent of nucleation with respect to the 

important independent variables were identified in the present study; however, 

further work is required to elucidate the fundamental relationships that would 

allow more rigorous modeling of the nucleation process. 

5. Investigation of the effect of including floc breakup or an additional collision 

efficiency function in the mathematical model. The current research suggests that 

the long- and short-range flocculation models over-predict the formation of 

exceedingly large particles. In experiments, particles accumulated at a moderately 

large size, rather than continuing to grow by flocculation. It appears that the 

collision efficiency during precipitation is influenced in a complex way by the 

shear rate, the saturation ratio, and the possibly the particle size; these effects 

require further quantification. 

6. Extension of the experimental and modeling efforts to alum and iron sweep-floc 

coagulation processes; aluminum hydroxide precipitates are the most common in 

drinking water treatment. The experimental portion of the proposed work would 

be very similar to the present study. However, it is likely that additional 

modifications to the mathematical model would be required. The precipitation of 
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hydroxide species follows a different mechanism than the precipitation of calcium 

carbonate; those mechanisms and their dependence on the independent variables 

would need to be elucidated through experiments and incorporated into the model. 

Furthermore, due to the delicate and porous nature of hydroxide flocs, it is likely 

that floc breakup and revised particle trajectories that account for floc porosity 

would be required. The current model framework, however, provides a solid 

foundation from which to build. 
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Appendix A: Reaction Vessel 

A.1 INTRODUCTION 

The reaction vessel utilized in this research was a modification of the design 

developed by Sun (1998). The reactor is a square vessel constructed of acrylic sheet and 

affixed with a floating lid. Several ports extend through the sides of the reactor for 

chemical addition, sampling, and measurement of pH and temperature. A hole in the lid 

allows the penetration of a standard flat paddle connected to a jar test apparatus. Detailed 

plans, specifications and a photograph of the reactor are presented here. 

A.2 REACTOR DRAWINGS AND PHOTOGRAPHS 

Dimensioned drawings and photographs of the reaction vessel follow. 
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Figure A.1 Reactor cover 
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Figure A.2 Bottom of the reactor 

 

 



 269

Figure A.3 Plan view of the four side walls of the reactor 
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Figure A.4 Side wall 1 
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Figure A.5 Side Wall 2 
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Figure A.6 Side wall 3 
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Figure A.7 Side wall 4 
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Figure A.8 Angled ports for pH and temperature probes 
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Figure A.9 Installation of angled ports on side wall 4 
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Figure A.10 Picture of reactor looking at side walls 1 and 4 
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Figure A.11 Photo of reactor looking at side walls 1 and 2 
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A.3 PARTS AND MATERIALS 

A.3.1 Reactor 

Reactor walls, bottom, and floating lid were constructed of acrylic plastic sheet of 

various thicknesses (Acrylite, CRYO Industries). 

A.3.2 Fittings 

Fittings for the seven ports were stainless steel Swagelok tube fittings. Fittings for 

the four chemical addition ports and the sampling port were part number SS-400-1-OR 

(male o-seal connector, ¼” tube OD, straight thread). The fitting for the temperature 

probe was part number SS-400-1-ORBT (bored through male o-seal connector, ¼” tube 

OD, straight thread). The fitting for the pH probe port was SS-500-1-ORBT (bored 

through male o-seal connector, 5/16” tube OD, straight thread). Chemical addition ports 

were sealed with 3/8” diameter teflon-faced septa (SS-174, Supelco, Inc.) to allow 

repeated penetration into the reactor interior using syringe needles. The sampling port 

was fitted with a three-way valve and 3/8” OD Tygon tubing (Cole Parmer Instrument 

Co.)The temperature probe was sealed in the bored through fitting using a ¼” OD 

polypropylene ferrule nut (Cole Parmer Instrument Co.) and Teflon tape. The pH probe 

was affixed using a 5/16” OD ferrule of the same type.  

A.3.3 pH and Temperature Probes 

The pH probe was an Orion 81-87 Ross™ Sure-Flow semi-micro pH electrode 

(diameter = 6 mm). Automatic temperature correction (ATC) was accomplished using an 

Orion model 917005 epoxy probe with a diameter of ¼”. 
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Appendix B: Dilution Error in Constant Solution Composition 
Experiments 

B.1 PROBLEM STATEMENT 

As described in Chapters 3 and 4, a number of the calcium carbonate precipitation 

experiments were performed under conditions of constant solution composition. The 

objective was to maintain constant solution conditions by replacing calcium and 

carbonate ions at the same rate they were lost from solution by the precipitation of 

CaCO3(s). In this work, constant solution composition was maintained using pH as the 

control variable. A pH-stat system was designed to control the rate of addition of two 

separate titrants: one containing 0.05 M calcium (CaCl2), and the other containing 0.05 M 

carbonate (Na2CO3). Upon completion of the experimental portion of the research, it was 

realized that this methodology was in error. 

It has been shown other research utilizing constant solution composition 

techniques (Kazmierczak et al., 1982; Giannimaras and Koutsoukos, 1988) that to 

maintain constant solution composition, the compositions of the titrant solutions must be 

formulated to achieve two goals. First, the titrants must contain calcium and carbonate in 

a 1:1 ratio at concentrations in excess of the working solution; this is the calcium and 

carbonate that will replace the precipitated ions. Second, the titrants must contain 

additional calcium and carbonate to prevent the dilution of the working solution by the 

addition of the titrants. The correct formulation of the titrants can be determined using the 

following equations (assuming that CaCl2 and Na2CO3/NaHCO3 are the two titrants). 
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 st x ]Ca)[2(]CaCl[ 12 +=  (B.1)

 st x ]CO)[2(]NaHCOCONa[ 32332 +=+  (B.2)

Here, t1 and t2 denote the concentration in the two titrant solutions, s denotes the 

concentration in the working solution, and x is a number > 1. The calcium chloride 

solution contains two times the concentration in the working solution, plus excess 

calcium to replace the calcium lost by precipitation. The carbonate titrant is a mixture of 

sodium carbonate and sodium bicarbonate at the same pH as the working solution. Again, 

the total carbonate solution is two times the working solution concentration, plus excess 

to replace the precipitated carbonate. 

The present work inadvertently neglected the second objective when formulating 

the titrant molarities. As a result, the pH was held constant, but the composition of the 

working solution was diluted to some extent. This dilution resulted in a reduction in the 

saturation ratio over the course of each experiment. The following discussion outlines the 

extent of the dilution during each constant solution composition experiment. The 

potential errors in the reported value of the saturation ratio were evaluated using both 

theoretical equilibrium calculations and experimental measurements of the trends in the 

dissolved calcium concentration. 

B.2 ANALYSIS 

The dilution of the working solution in each constant solution composition 

experiment was calculated using the titrant addition curves (cumulative volume added vs. 

time) measured during each experiment and tabulations of the sample times and volumes. 

Using these two pieces of information, the dilution factor at each sampling time was 

calculated. The extent of the dilution was highly dependent on the rate of precipitation in 

each experiment. Because 0.05 M titrants were used in every experiment, the faster the 
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rate of precipitation, the faster the rate of titrant addition, and the greater the dilution of 

the working solution. Therefore, the dilution error was expected to be the greatest in high 

saturation ratio, and high seed concentration experiments. Table B.1 presents the 

maximum dilution factors for each constant solution composition experiment. 

Table B.1 Dilution of working solutions during constant solution composition 
experiments 

Experiment S pH 
Seed 

Concentration 
(mg/L) 

Maximum 
Dilution 
Factor 

Maximum 
Dilution 

Used in Data 
Analysis 

S2pH10r1seed10-1 2 10 10 1.01 1.01 
S2pH10r1seed10-2 2 10 10 1.00 1.00 

S2pH10r1seed100-1 2 10 100 1.07 1.07 
S4pH9r1seed0-1 4 9 0 1.00 1.00 

S4pH10r1seed0-1 4 10 0 1.00 1.00 
S4pH10r1seed10-2 4 10 10 1.05 1.05 
S4pH10r1seed10-3 4 10 10 1.21 1.06 

S4pH10r1seed100-1 4 10 100 1.51 1.18 
S6pH10r1seed10-1 6 10 10 1.65 1.06 
S6pH10r1seed10-2 6 10 10 1.58 1.04 

S6pH10r1seed100-1 6 10 100 2.82 1.53 
S8pH9r1seed0-1 8 9 0 1.07 1.07 

S8pH10r1seed0-1 8 10 0 1.13 1.06 
S8pH10r1seed0-2 8 10 0 1.08 1.07 

S8pH10r1seed10-1 8 10 10 1.34 1.34 
S8pH10r1seed10-2 8 10 10 1.11 1.11 

S8pH10r1seed100-1 8 10 100 1.90 1.90 
S8pH10r1seed100-2 8 10 100 1.39 1.39 

S12pH9r1seed0-1 12 9 0 1.53 1.28 
S12pH10r1seed0-1 12 10 0 1.35 1.21 
S16pH10r1seed0-1 16 10 0 1.31 1.31 

Examining the data presented in Table B.1, it is clear the highest dilutions were 

realized in seeded experiments run at saturation ratios greater than 4. The maximum 
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dilution factors shown in Table B.1 are the values characterizing the suspension at the 

end of each experiment and represent the maximum error. However, all of the data from 

each experiment was not used in the analysis presented in Chapter 4. The last column in 

Table B.1 presents the dilution factor at the time representing the last sample used in the 

data analysis. In other words, data collected at dilution factors (times) greater than those 

shown in the final column of Table B.1 were not used in the calculation of the metrics 

(e.g., apparent growth rate and full width at half maximum) used to quantify nucleation, 

particle growth, and flocculation. 

The second step in the analysis was to estimate the error in the saturation ratio 

using the calculated dilution factors. This was accomplished through the use of Visual 

Minteq chemical equilibrium software. The concentrations of the inert ions in the 

working solution were corrected for the dilution using the factors presented in the last 

column of Table B.1. Then, the activities of calcium and carbonate that were theoretically 

present at the pH set-point were found using the chemical equilibrium software, and the 

saturation ratio calculated from those values. Because the precipitating solutions are not 

at equilibrium, this analysis can only give an estimate of the errors in the saturation ratio. 

The estimated errors in the saturation ratio were less than expected relative to the 

dilution factors. For example, in experiment S16pH10r1seed10-1, with a maximum 

dilution factor of 1.31, the maximum error in the saturation ratio was estimated to be 

18%. In experiment S8pH10r1seed10-2, with a maximum dilution factor of 1.07, the 

maximum error was 4%. More than half of the experiments had maximum errors less 

than 5% and two thirds of the experiments had maximum errors less than 10%. 

Furthermore, it is important to note that the errors presented here are the maximum errors; 

the saturation ratios in the early stages of each experiment were only slightly depressed.  



 283

The extent of the dilution errors was also analyzed using measured calcium 

concentrations during constant solution composition experiments. Due to the necessity of 

collecting highly resolved particle size distribution data, few constant solution 

composition experiments were characterized in terms of the dissolved calcium 

concentration. The experiments that were performed were used to verify that the pH-stat 

system was maintaining constant solution composition. The results from one such 

experiment is presented here. 

The measured calcium concentrations during a preliminary unseeded constant 

solution composition experiment (S = 10.2, r = 1.81, pH = 10) are shown in Figure B.1. 

The initial calcium concentration (115.2 mg/L) is shown as a horizontal line on the plot. 

The experiment was characterized by a maximum dilution factor of 1.22 and the 

theoretical error estimate was 16%. 

Figure B.1 Dissolved calcium concentration during experiment Practice 18 
(S = 10.2, pH = 10, r = 1.81, seed = 0 mg/L) 

0

20

40

60

80

100

120

140

0 5 10 15 20 25

To
ta

l c
al

ci
um

 (m
g/

L)

Time (min)

[Ca]
T
 = 115.2 mg/L



 284

Examining the data in Figure B.1, there is some deviation around the expected 

value, but no decreasing trend in the dissolved calcium concentration is evident. The 

average calcium concentration over the course of the experiment was 114.9 ± 6.8 (95% 

confidence interval). None of the errors associated with the individual data points was 

greater than 10%, and the majority of the points were characterized by errors less than 

2.5%, far lower than the errors predicted by the equilibrium calculations. Calcium 

concentrations measured in other experiments (not shown) gave similar results. 

B.3 CONCLUSIONS 

An error was made in the formulation of the titrants used in the constant solution 

composition experiments that resulted in dilution of the working solution. However, the 

maximum dilution error was minimal (< 10%) in two thirds of the experiments and the 

errors in the early stages of all experiments were small. Although estimates of the errors 

in the saturation ratio are predicted to be higher at the end of experiments performed at 

high S and seed concentration, experimental measurements of the dissolved calcium 

concentration indicate that the errors are substantially less than predicted by chemical 

equilibrium calculations. In light of this analysis, it does not appear that the errors 

induced by the improper titrant concentrations were detrimental to the work. Moreover, 

even if the magnitude of the (average) saturation ratio during a given experiment was 

slightly lower that reported, the trends in the rates of nucleation, particle growth, and 

flocculation were still evident, and the conditions in constant solution composition 

experiments were significantly different than those in declining solution composition 

experiments (i.e., a significant driving force was maintained throughout). 
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