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In this thesis, we study the problem of what microscopic thermodynamic driving forces can stabilize target macroscopic structures. First, we
demonstrate that inverse statistical mechanical optimization can be used to
rationally design inter-particle interactions that display target open structures
as ground states over a wide range of thermodynamic conditions. We focus
on designing simple interactions (e.g., isotropic, convex-repulsive) that drive
the spontaneous assembly of material constituents to low-coordinated ground
states of diamond and simple cubic lattices. This is significant because these
types of phases are typically accessible given more complex systems (e.g., particles with orientation-dependent attractive interactions) and for a narrow range
of conditions. We subject the optimal interactions to stringent stability tests
and also observe assembly of the target structures from disordered fluid states.
We then use extensive free energy based Monte Carlo simulation techniques to construct the equilibrium phase diagrams for the model materials
viii

with interactions designed to feature diamond and simple cubic ground states,
i.e., at zero temperatures. We find that both model materials, despite the
largely featureless interaction form, display rich polymorphic phase behavior
featuring not only thermally stable target ground state structures, but also a
variety of other crystalline (e.g., hexagonal and body-centered cubic) phases.
Next, we investigate whether isotropic interactions designed to stabilize
given two-dimensional (2D) lattices (e.g., honeycomb or square) will favor their
analogous three-dimensional (3D) structures (e.g., diamond or simple cubic),
and vice versa. We find a remarkable transferability of isotropic potentials
designed to stabilize analogous morphologies in 2D and 3D, irrespective of
the exact interaction form, and we discuss the basis of this cross-dimensional
behavior. Our results suggest that computationally inexpensive 2D material
optimizations can assist in isolating rare isotropic interactions that drive the
assembly of materials into 3D open lattice structures.
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Chapter 1
Introduction

1.1

Inverse methods in material design
Material properties are often intimately linked to structural character-

istics at different lengthscales, e.g., multiphase materials with diamond morphologies exhibit unique optical properties, which are of interest in solar cell
devices [57, 86], or specific nanoscale patterns of dielectric films that reflect
distinct colors (or wavelengths) of light [4]. These structural features in turn
relate to the nature of the building blocks used to synthesize the material and
the fabrication method. For instance, optical properties of a dielectric material depend on its morphology and the dielectric constant of the constituent
materials.

Inverse methods
Macroscopic
properties

Material
morphology

Material building blocks
& assembly processes

mechanical,
optical, catalytic,
etc.

spatial configuration
of molecules,
nanocrystals,
polymer phases, etc.

e.g. solvents, nanocrystals,
colloids, polymers,
fabrication conditions

Figure 1.1: A multi-step view of the material design process
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In this context, one can broadly conceptualize the design process into a
multi-step approach where different material precursors and synthesis routes
are chosen to build a material that corresponds to a specific set of macroscopic
properties (see Figure 1.1). [62] Now, from a material design perspective, it
is most natural to begin with a desired macroscopic function specified by an
application, and proceed to discover which structures and building blocks will
produce materials consistent with the target properties.
To create materials with target properties, one can use a trial-anderror strategy where one catalogues the properties of materials resulting from
different combinations of precursors and synthesis parameters, and then determines the best material design recipe. One can also use known structural
and material characteristics of naturally-occurring objects and mimic them to
create new artificial materials with similar functionality. A few examples of
bio-inspired material design are dry adhesive tapes created by imitating structural patterns found in gecko-feet [49], and refractive thin films with structural
coloration inspired by wings of certain birds and insects [9, 121]. In these conventional ‘forward’ approaches, one either relies on intuition, or translates
existing design rules to other unexplored materials to create new materials.
Contrary to these approaches, in an ‘inverse design’ strategy, one uses
information relating different aspects of material behavior (e.g. relationships
between material properties and morphology, or between morphology and system components) to systematically discover novel and unknown structures
or material building blocks that will correspond to the target material func2

tion. [62] Using the multi-step design process presented in Figure 1.1, at the
coarsest level, inverse strategies ask (1) what class of morphologies can produce a prespecified macroscopic property; or, (2) if a prescribed morphology
can be even realized by a certain set of material precursors. These questions
are usually solved within an optimization framework where the user specifies
additional constraints to define the problem. This allows one to find solutions
within a set of physically relevant parameters. For instance, if one is interested
in having particles self-assemble in a certain morphology, one can constrain
the shape of the assembling particles or the thermodynamic conditions. More
importantly, in these optimization schemes, the quality of the optimal solution
strongly depends on the accuracy of the underlying theoretical framework connecting the target material property and its morphology, or building blocks.
One recent inverse design strategy [88] used well-established theoretical bandstructure calculation techniques (i.e., plane-wave expansion methods, supercell approximations, etc.[70]) to create novel disordered morphologies–with two
known dielectric materials–that exhibit complete photonic band gaps (PBGs).1
Notably, the structural characteristics of the optimized morphologies provided
new insights into the physics of band structures in disordered media, which
might not have been observed by using forward approaches.
In this work, we focus on inverse problems relating to the self-assembly
of nanocrystals or colloids into a target structure. The goal is to engineer par1

A photonic band gap (PBG) is a frequency range over which transmission of incident
electromagnetic waves is blocked, and is referred to as a ‘complete’ PBG if photons are
excluded from the frequency range for all incident directions and polarizations.
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ticles via tuning their inter-particle interactions such that the particles spontaneously form a known periodic structure. [62, 141] As the name suggests,
self-assembly relies on the self-interactions between the material components,
in contrast to other more prevalent approaches which use pattern transfer,
etching, or deposition technologies to impose the desired structural features
on the materials of interest (also known as top-down methods). It is also
different from directed assembly techniques where the assembly mechanism is
dominated by external fields or boundaries in the system. Currently, while
top-down fabrication techniques provide more precise control over the structural properties, self-assembly processes have become increasingly important
to promote organization of particles into nanoscale patterns. From a fundamental perspective, this work addresses some challenging questions posed by
self-assembly methods about how best to choose system parameters and material precursors to favor organization into atypical target structures over other
competing morphologies.
We ask two main questions in this thesis:
1. What classes of simple isotropic interactions can induce the self-assembly
of low-coordinated structures in 3D and 2D over a wide range of thermodynamic conditions? Most isotropic repulsive potentials lead to the formation of densely packed structures. We examine in Chapter 2 whether
we can devise isotropic potentials that stabilize low-coordinated structures. We also study the stability of these structures by simulating them
at finite temperatures in Chapter 3.
4

2. What are the implications of system dimensionality on these design rules?
We explore in Chapter 4 whether an interaction potential optimized to
assemble into a specific 2D structure allows us to predict its phase behavior in 3D, or vice versa.
In Chapter 5, we discuss some open questions about the systems we have
studied, as well as some promising new directions for future research. In the
next sections, we describe these questions in more detail.

1.2

Designing isotropic interactions to stabilize low coordinated periodic structures
Various aspects of the effective interactions between colloid and nanocrys-

tals can be modified by tuning solvent parameters, salt concentration, pH, or
the surface properties of the particles. [82, 165] At high concentrations, these
colloidal (or nanocrystal) dispersions form ordered structures (also, known as
superlattices) where the crystal phase symmetry is intimately linked to the
interactions between the constituent particles. Close-packed periodic structures such as fcc or hcp, are well understood to form when particles interact
with steep repulsions. [106, 107] On the other hand, low-coordinated structures
have been intuitively believed to be stabilized only by anisotropic forces. [33,
67, 93, 98, 116, 117, 164, 168] For example, spheres with tetrahedrally arranged
attractive patches form a diamond crystalline phase as the bonds between particles imitate the covalent bond arrangement in naturally occurring diamond.
Very few isotropic models–e.g. coarse grained center-of-mass star polymer

5

interactions describing ultra-soft repulsions [143]– report formation of lowcoordinated structures. We employ inverse optimization techniques, first pioneered by Torquato, Stillinger et al. [141], to systematically identify which
isotropic interactions drive formation to low-coordinated structures. Specifically, we devise interactions that exhibit the target crystal over wide ranges
of particle concentration. We focus on isotropic systems as they are experimentally easier to synthesize and characterize than anisotropic particles (e.g.
different shaped particles or particles with surface patches).
In Chapter 2, we describe the statistical mechanics based optimization
strategy that discovers interactions subject to user-specified constraints, which
displays the target periodic phase as its ground state. We present optimized
interactions that maximize the stability range of diamond (4-coordinated) and
simple cubic (6-coordinated) ground-states. These interactions are constrained
to be purely repulsive and convex, features that are qualitatively similar to
the effective interactions in a sterically-stabilized nanocrystal or colloid systems [17, 125]. We subject the optimized potentials to stringent tests, and use
molecular simulations to observe assembly to the corresponding target phase
from high temperature disordered states.
In Chapter 3, we use extensive Monte Carlo simulations to present a
detailed phase diagram of the optimized potential models. We observe that
the target phases (i.e. diamond and simple cubic) feature prominently in
the phase diagram and exhibit appreciable thermal stability, even though the
inverse optimizations did not include any finite temperature effects. Addition6

ally, a combination of extended-ensemble Monte Carlo simulation techniques
allows us to probe the rich polymorphic phase behavior displayed by these
optimized potentials, and also discover new stable crystalline phases that were
not displayed as the ground states.

1.3

Role of dimensionality on interactions forming low
coordinated ground-states
While various interaction models are known to stabilize specific lattices

of interest in a given spatial dimension (2D or 3D), much less is understood
about how the spatial dimension affects the design rules for assembly. For example, to what extent will an interaction designed to stabilize a given 2D lattice
also favor an analogous 3D structure, and vice versa? In this context, analogous structures denote the pair of 2D-3D lattices which have similarities in the
coordination-shell structure. The answer is of fundamental interest and may
also have important implications in material design processes because finding
interactions that stabilize lattices in 2D is a simpler and less computationally
demanding material design problem than in 3D. In Chapter 4, we study this
question using Monte Carlo simulations and model potentials designed by inverse statistical mechanical optimization. We find a remarkable transferability
of isotropic potentials designed to stabilize analogous morphologies in 2D and
3D, irrespective of the exact interaction form, where interactions stabilizing
2D-honeycomb and square lattices also favor 3D-diamond and simple cubic
structures, respectively. We discuss the basis of this cross-dimensional behav-

7

ior and point out how the computational efficiency gained from this approach
might be most valuable in multi-step optimization processes, where the goal
to search for an interaction potential favoring a target structure is only one of
several objectives within the design calculation.

8

Chapter 2
Inverse design strategy to favor
low-coordinated ground states

2.1

Introduction
The properties of condensed phases are often linked to their structure.

For example, heterogeneous materials with three-dimensional (3D) dielectric
diamond morphologies can exhibit a photonic band gap [57], making them
useful architectures for applications that range from lasers and sensors to solar cells. Although alternative methods for fabricating such materials have
been recently introduced, considerable interest remains in understanding how
to create systems that spontaneously self-assemble into structures with desirable properties. Moreover, since various aspects of the effective interactions
between nanometer- to micron-scale particles can be tuned experimentally via
modification of solution or particle properties [82, 165], the following fundamental materials design question becomes especially relevant. Which types of
interparticle potentials provide a thermodynamic driving force for the particles
to self-assemble into a given target lattice?
Results from statistical mechanical theories, computer simulations, and
experiments have produced valuable insights into how to design interparticle

9

interactions for self-assembly into periodic structures. For example, it is widely
appreciated that spherical particles with steeply repulsive interactions spontaneously assemble into highly-coordinated 3D structures [106, 107], such as the
face-centered cubic (FCC) lattice, at sufficiently high particle concentrations.
Interactions that favor a targeted low-coordinated lattice ground state over
other competing structures can also be designed by introducing specific types
of complexity into the interparticle potential (e.g., multiple wells [112, 114],
non-spherical particle shapes [28, 48, 51], or orientation-dependent “patches”
on a particle surface [33, 67, 93, 98, 116, 117, 164, 168], but those phases are generally stable over narrow ranges of thermodynamic conditions [98, 116]. On the
other hand, whether interactions with considerably simpler functional forms
can also produce targeted low-coordinated 3D ground states–stable over a wide
range of densities–remains an interesting open question.
Inverse statistical mechanical methods such as those pioneered in recent years by Torquato, Stillinger, and others [24, 35, 89, 90, 111, 114, 141] can
be used to address this question. In fact, focusing on the specific case of twodimensional systems, Marcotte, Stillinger, and Torquato [89, 90] have employed
inverse design principles to discover isotropic, convex-repulsive potentials with
low-coordinated square and honeycomb lattice ground states. In the present
study, we build upon that insightful body of work to search for simple pair
potentials with specific low-coordinated 3D lattice ground states that are stable over a wide range of density. We choose the symmetric Bravais simple
cubic lattice and the asymmetric non-Bravais diamond lattice as our target

10

structures.

2.2
2.2.1

Methods
Interaction model
The pair potentials we consider in our optimization are isotropic, convex-

repulsive, twice continuously differentiable, and short-ranged. They are described (in terms of a characteristic energy scale  and length scale σ) by
the functional form, V (r/σ) = {f (r/σ) + fshift (r/σ)}H[(rcut − r)/σ]. Here,
f (r/σ)–motivated by a recently introduced model [45]–is given by
f

r
σ

=A

 σ n
r

2
X

io
n
h r
− δj
+
λi 1 − tanh kj
σ
j=1

(2.1)

H is the Heaviside step function, and fshift (r/σ) = X(r/σ)2 + Y (r/σ) + Z.
The constants X, Y , and Z are implicit functions of the other parameters in
the potential via the constraints, V (rcut /σ) = V 0 (rcut /σ) = V 00 (rcut /σ) = 0.
In this study, we set rcut /σ = 2.25. As a result, V (r/σ)/ depends on eight
dimensionless parameters (A, n, λ1 , k1 , δ1 , λ2 , k2 , δ2 , but one of these is not
free because we further require f (1) + fshift (1) = V (1)/ = 1.
2.2.2

Optimization scheme
We obtain optimized potential parameters for specific target structures

using a standard simulated annealing algorithm (e.g., as described in Corona et
al. [26]). Our optimization goal is to maximize the range of density over which
the target lattice is the ground state for the potential. One practical way of
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accomplishing this is to maximize the number n of uniformly spaced densities
within a wide range [ρ1 , ρ1 + (m − 1)∆ρ], where 0 ≤ n ≤ m, for which the
zero-temperature chemical potential (molar enthlapy) of the target structure
is lower than those of the competing periodic structures at the corresponding
pressures.
To get a more concrete sense of the optimization problem, consider the
ith cycle at a given simulated annealing temperature TSA . We first choose
the eight primary potential parameters randomly, and subsequently solve for
constants X, Y , and Z via the aforementioned constraints. If these 11 parameters are inconsistent with a convex repulsive potential, we reject them and try
again; otherwise, we rescale the potential (and hence the parameters A, λ1 , λ2 ,
X, Y , and Z) by the constant factor required to ensure f (σ) + fshift (σ) = 1.
For the resulting ith trial potential, the zero-temperature pressure and chemical potential of the target lattice at density ρ1 are computed. This chemical
potential is then compared to that of all other lattices in the competitive pool
of structures (discussed below) at the same pressure. Similar comparisons are
also carried out at pressures corresponding to the other m − 1 target lattice
densities in the range of interest [ρ1 + ∆ρ, ..., ρ1 + (m − 1)∆ρ]. The number of
state points in this set for which the target structure has the minimum chemical potential in the competitive pool is labeled ni . The minimum chemical
potential difference between the target and its competing structures considering all m pressures is labeled ∆µi (a quantity which is negative if the target
lattice is favored for at least one state point; i.e., if ni > 0). We define the

12

simulated annealing energy for the ith trial potential EiSA as

i
ESA
= −ni + H(∆µi ) [ni + exp(∆µi /)]

(2.2)

In other words, the trial potential will be accepted as the ith cycle’s
pair potential with the standard Metropolis probability:

min 1, exp



i−1
i
/kB TSA
ESA
− ESA

where kB is the Boltzmann constant. To fully explore the parameter space, we
carry out optimizations initialized with various simulated annealing temperatures, and potential parameters.
To ensure success of this optimization strategy, the competitive pool
should ideally consist of all lattices which have chemical potentials that are
similar to (or less than) that of the target structure for the class of pair potentials and state points under consideration. Motivated by the results of an
extensive ground-state study on related models [105], we choose lattices for the
competitive pool from the following types of periodic structures: face-centered
cubic (FCC), body-centered cubic (BCC), diamond (DIA), simple cubic (SC),
wurtzite (WUR), hexagonal (SH), body centred orthorhombic (BCO), rhombohedral (hR), A7, A20 and βSn. Based on extensive preliminary calculations
that we carried out for this study–which involved optimizing potential parameters using simulated annealing and computing ground state phase diagrams–we
select the following specific lattices in the competitive pools (adopting previously introduced parameter nomenclature [105]) for use when the target lattice
13

is diamond [FCC, WUR, SH (c/a = 1.5), βSn (c/a = 1.39), βSn (c/a = 1.25),
A7 (b/a = 3.79, u = 0.1385), A20 (b/a = 1.728, c/a = 0.626, y = 0.167)] and
when the target lattice is simple cubic [FCC, BCC, DIA, SH (c/a = 1), SH
(c/a = 1.08), SH (c/a = 1.172), A20 (b/a = 1.72, c/a = 0.66, y = 0.67), βSn
(c/a = 0.873), βSn (c/a = 0.78), βSn (c/a = 1.75)]. Other lattices with different parameters may, of course, turn out to be more stable than these or
the target structures under a given set of conditions. To test this possibility,
we must carry out a more extensive “forward” calculation of the ground state
phase diagram with our final optimized potentials.
2.2.3

Forward calculation
There are a number of sophisticated search routines (e.g. genetic algo-

rithms [15, 55, 143] and metadynamics [11]) that have been developed to find
the most stable subset of lattices to consider in the forward calculation for a
given potential. In this work, we construct the zero-temperature phase diagram for the optimized potential by searching for the most stable lattices from
among the periodic structures mentioned above. For the structures which are
defined by lattice parameters (WUR, SH, BCO, hR, A7, A20 and βSn), we
use simulated annealing to obtain the optimal values of these parameters (i.e.,
those that minimize chemical potential) as a function of pressure. We also verify the mechanical stability of the optimized lattices on the phase diagram by
analyzing their phonon spectra. The phase diagram is then constructed from
among these energetically and mechanically stable structures with optimized
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Table 2.1: Optimal parameters of the potential in equation 2.1 for diamond
(DIA) and simple cubic (SC) target lattices.
ϕdia
ϕsc
ϕdia
ϕsc

A
0.3400
0.3946
k2
3.71791
4.3542

n
λ1
k1
δ1
λ2
3.39499 0.7327 54.1266 2.77156 0.6059
5.3184
0.2475 58.1066 2.6359 0.5330
δ2
X
Y
Z
1.08107 -0.03755 0.2032 1.1764
1.0539 -0.0187 0.0971 0.3660

lattice parameters.

2.3

Results and discussion
Parameters of the pair potentials optimized for diamond and simple

cubic target structures, respectively, in our simulations are reported in Table
1. The corresponding ground state phase diagrams are shown in Figure 2.1.
More information on the lattices is provided in Appendix A. The first point
to note is that both optimization strategies are successful in producing their
target ground states over a wide density range. The stable density (ρσ 3 )
range for the diamond phase is 0.308 [1.213, 1.521] and for simple cubic phase
is 0.226 [1.308, 1.534] on the phase diagrams for their respective optimized
potentials. These density ranges are considerably larger than those exhibited
by the few other published models with isotropic potentials that can display
these phases.
Two relevant comparisons that can be made for the stability range of
the diamond structure are to the coarse-grained center-of-mass star polymer
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lattice from this work compared with an isotropic star polymer interaction
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diamond ground states.
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interaction model developed by Watzlawek et al. [156] and to another model
introduced by Yoshida and Kamakura [71, 167]. Although neither strictly satisfy all of the “simplicity” constraints of our optimized model potentials, they
are simple no less and have been shown to exhibit stable diamond structures
on their phase diagrams. Adopting the same non-dimensional representation
of the present study, i.e., V (1) = , the star polymer potential [143] (molecules
with f = 20 arms and  = kB T ) has a stable diamond density range (ρσ 3 ) of
0.169, while the Yoshida-Kamakura [105] potential has a diamond phase density range of 0.175. Both density ranges are roughly half of that exhibited by
the potential optimized for the diamond structure in the present study. For
the simple cubic structure, there are even fewer relevant comparisons. The one
model [44] that we are aware of exhibits a stable simple cubic ground state in
a narrow density range of 0.03 (≈ 13% of the range displayed by the optimized
potential presented in this work). For comparison, we plot the optimized potentials from our study along with the other potential models discussed above
in Figure 2.2.
Although the primary focus of the present work is designing target
ground states stable over wide density ranges, we have also completed some
Monte Carlo (MC) simulations to probe the thermal stability of the diamondforming system introduced here. We first completed a series of canonical MC
simulations with N = 250 at ρ = 1.35 to examine the melting and freezing
behavior. To estimate the melting point, we allowed a diamond lattice to
relax at several temperatures separated by ∆T = 0.005 (in units of /kB ),
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and found that the diamond lattice melted at temperatures of T = 0.075
and above. To better understand the assembly process, we allowed a liquid,
initially equilibrated at T = 1.0, to relax at several temperatures, and found
that the system assembles into a diamond crystal at temperatures of T =
0.045 and below. Figure 2.3 provides data related to this assembly process.
Specifically, we show the configurational energy as a function of MC step
for a system equilibrated at T = 0.040. In this case, we find that each of
the 16 configurations examined crystallize during the simulation, with 8 of the
configurations forming a defect-free diamond lattice and 8 of the configurations
assembling into defective diamond crystals. The nature of the underlying
lattice was verified by examining the pair correlation functions. Similar results
were obtained with a system consisting of N = 1024 particles. Collectively,
these data suggest that the diamond system exhibits a first-order melting
transition at ρ = 1.35.
We are now employing free energy MC methods to construct phase diagrams for the systems introduced here. Figure 2.4 provides initial data related
to the diamond-fluid saturation curve. These points were located by finding
the temperature at which the Gibbs free energy of the fluid matched that of
the diamond crystal along a given isobar. The temperature dependence of the
fluid’s Gibbs free energy was computed via a combination of grand canonical transition matrix MC [39] and isothermal-isobaric temperature expanded
ensemble MC [85] simulations. The temperature dependence of the crystal’s
Gibbs free energy was computed via a combination of Frenkel-Ladd MC [46]
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and isothermal-isobaric temperature expanded ensemble MC [85] simulations.
Our results point to a concave-shaped diamond-fluid saturation curve within
the temperature-pressure plane, with the temperature maximum located at
approximately T = 0.065, where P = 10 and ρ = 1.31. The heating and cooling simulations outlined above were completed at a density slightly beyond
this maximum point. The Yoshida-Kamakura system exhibits a similarlyshaped diamond-fluid saturation curve with a lower maximum melting temperature [119] of T = 0.047. These results suggest that the thermal stability of
the current model exceeds that of the Yoshida-Kamakura model. This study
is presented in more detail in the next chapter.

2.4

Conclusions
We develop a successful statistical-mechanics based optimization strat-

egy to obtain simple pairwise interactions, within specific constraints, that
exhibit rare low-coordinated diamond and simple cubic structures over a wide
range of particle concentrations. This strategy presents a systematic way to
devise non-intuitive forms of particle designs for targeted self-assembly, which
would otherwise be very challenging to create by trial-and-error.

2.5

Author contributions
The work in this chapter was published in 2013 [64]. TMT designed

the research. The ground-state optimization work was performed by AJ. The
Monte Carlo simulation work was performed by JRE. TMT, AJ and JRE
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Chapter 3
Equilibrium phase behavior via Monte Carlo
simulations

3.1

Introduction
Crystalline materials with simple cubic or diamond symmetries are

often desired for photonic or other optical applications. [57, 135] Unfortunately, large-scale and inexpensive fabrication methods for such materials
which allow one to prescribe both the physical dimensions and the symmetry of
the periodically-replicated features have been challenging to develop. [20, 134]
Holographic lithography, where a photoresist film is exposed to an optical
profile with the desired symmetry created by interference of multiple coherent laser beams, represents one promising top-down approach. [144] On the
other hand, self assembly of micron or nanoscale particles from disordered fluid
states into a targeted lattice structure is a widely studied bottom-up strategy.
Although practical challenges remain, computer simulations and experiments have shown that self-assembly of the low-coordinated lattice structures of interest is possible by selecting particles with specific anisotropic
shapes (e.g., tetrapods, pyramids, etc.) [1, 28, 48, 50] or orientationally-specific
“patchy” interactions. [33, 67, 98, 117, 146, 151, 154, 164] What is perhaps sur-
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prising is the prediction from computer simulations that simple cubic and
diamond crystalline phases can also result from self-assembly of particles with
isotropic interactions [36, 44, 55, 65, 91, 100, 113, 115, 119, 142, 143, 156, 167] including some that are purely repulsive [44, 55, 65, 91, 100, 119, 143, 156, 167].
These latter systems are of practical interest because, while large quantities of
nanoparticles with precise anisotropic interactions can be challenging and expensive to manufacture, those with approximately isotropic interactions (e.g,
ligand-coated nanocrystals) can be readily synthesized. Furthermore, since
such isotropic pair interactions are “effective” in nature, they can be tuned by,
e.g., the choice of the ligand and the properties of the solvent. [125, 128, 129]
Finally, self-assembly of particles with isotropic interactions may be advantageous from a kinetic perspective when compared to patchy particles, since the
energy landscapes of the latter can be particularly rugged. [58]
Motivated by an insightful study on statistical mechanical design of
isotropic interactions for low-coordinated ground states in two dimensions, [90]
we developed an inverse approach [65] (described in Chapter 2) for discovering simple pair potentials that exhibit three-dimensional diamond and simple
cubic ground states stable over a wide range of densities. The qualitative characteristics of the interaction potentials we optimized (isotropic, convex, and
repulsive) were inspired by the soft, entropic effective repulsions encountered
in many polymer(ligand)-decorated colloidal(nano) particle systems. The optimized interactions we obtained for target ground states with diamond (ϕdia )
and simple cubic (ϕsc ) structures are only subtly different from one another.
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For a comparison, see insets (c) and (d) of Figure 3.1. In short, the former
has a softer core and a slightly harder shoulder than the latter. As we discuss
below, these differences have important implications for the crystalline phases
favored at intermediate densities. Details on the stochastic optimization routine used to obtain these potentials and the corresponding ground state phase
diagrams are described in Section 2.2.2 and Figure 2.1. A similar pair potential with a diamond ground state was independently discovered by Marcotte,
Stillinger, and Torquato using an alternative inverse design strategy with different constraints, [91] suggesting that the qualitative form of the optimized
interaction is robust.
In this chapter, we use free energy based Monte Carlo (MC) simulation methods to elucidate the effect of temperature (entropy) on the aforementioned diamond forming and simple cubic forming potentials [65] by constructing their equilibrium phase diagrams. Despite the apparent simplicity of the
interparticle interactions, we find that the models display rich, polymorphic
phase behavior. Crystalline phases corresponding to the target simple cubic
and diamond ground-state structures feature prominently on their respective
phase diagrams as well as a variety of other interesting crystalline phases and
multiple reentrant melting transitions.

3.2

Methods
In order to trace the loci of phase coexistence points in the temperature-

pressure-density (T − P − ρ) space, we first evaluate at least one reference
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inter-crystal and crystal-fluid coexistence point as follows. We locate crystal
melting points along a specific isobar by computing the temperature at which
the Gibbs free energy of the crystal equals that of the fluid. We employ FrenkelLadd [46] and isothermal-isobaric temperature-expanded ensemble MC simulations [85, 110] to determine the temperature dependence of the Gibbs free
energy of the crystalline phases and a combination of grand canonical transition matrix MC [39] and isothermal-isobaric temperature expanded ensemble
(NPT-TEE) MC [85, 110] simulations to determine the Gibbs free energy of
the fluid phase as a function of temperature. The inter-crystal coexistence
points are evaluated for a single low-T isotherm (T = 0.01/kB , where kB is
the Boltzmann constant)–and other isotherms as needed–using a combination
of Frenkel-Ladd [46] and density expanded ensemble MC simulations. [110]
We trace inter-crystal coexistence curves and fluid-crystal saturation
curves by employing a recently introduced technique [110] that also uses isothermalisobaric temperature expanded ensemble (NPT-TEE) MC simulations, wherein
the sub-ensembles are differentiated by a shift in temperature and pressure.
In this method, one first completes a NPT-TEE simulation with a guess of the
temperature-pressure relationship along the saturation line and later corrects
this guess by employing histogram reweighting with the relevant probability
distributions (e.g., volume, enthalpy) to identify the coexistence point associated with each sub-ensemble sampled. This approach allows us to compute
coexistence points over a wide range of temperatures within a single simulation. For tracing inter-crystal coexistence curves, we use NPT-TEE simula-
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tions where temperature is the dominant variable and work with the resulting
density probability distribution. We then use histogram reweighting to determine the pressure at which the chemical potentials of the two crystal phases
are equal at each sub-ensemble temperature. For solving the fluid-crystal coexistence curves, we use another variant of NPT-TEE where pressure is the
dominant variable. We utilize the enthalpy probability distribution in this
simulation and compute the coexistence temperature at each sub-ensemble
pressure by using histogram reweighting. This strategy requires a reference
saturation state point and the corresponding Gibbs free energy, which we
provide from the single isobar MC simulations explained above. A detailed
description of the approach can be found in [110] for a detailed description of
this approach. The NPT-TEE simulation of the crystal phase is able to sample
inter-crystal transitions or crystal-fluid transitions for cases when the specified
pressure-temperature sub-ensemble relationship extends to conditions beyond
the crystal’s stability range. Thus, it often becomes apparent from results of
the simulation if another crystal (which might not have been considered in
the original free energy calculations) is more stable at a given state point–
information that is then used to suggest new free energy calculations to refine
the phase diagram. We also completed several quench simulations at different
densities, wherein we allow a fluid (initially equilibrated at a high temperature
of T = /kB ) to relax at lower temperatures, and we verified that it assembles
into the expected crystal (see Figure 2.3).
The structures we consider in the free-energy calculations consist of all

28

Table 3.1: Lattice parameters for the equilibrium crystal phases of the optimized potentials, ϕdia and ϕsc (nomenclature is that of an earlier reference [105]).
Diamond forming potential model, ϕdia
Hexagonal1 c/a : [ 0.589 − 0.734]
A7
b/a : 3.98, u : 0.317
Hexagonal c/a : 1.4
A20
b/a : 1.73, c/a : 0.622, y : 0.33
Simple cubic forming potential model, ϕsc
Hexagonala c/a : [ 0.845 − 0.89]
A20
b/a : 2.27, c/a : 1.8, y : 0.9025
βSn
c/a : [ 0.66 − 0.7]
Hexagonal c/a : [ 0.95 − 1.0]
A20
b/a : 3.1, c/a : 1.02, y : 0.867
lattices which occur as ground states for the optimized potentials, [65] as well
as other lattices which we found to be slightly less stable than the ground
states (by an enthalpy difference of order 10−4 ). This composite list includes
face-centered cubic (FCC), body-centered cubic (BCC), simple cubic (SC),
diamond (DIA), hexagonal (H), A7, A20, βSn and cI16 crystalline phases. We
also allow for changes in box shape and in the lattice parameters during the
simulations. The MC simulations typically contained 700 − 2000 particles,
the actual number depending on the lattice-type. We simulated larger sized
simulations with ≥ 3000 particles and did not observe significant differences
in the free energies.
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3.3

Results and discussion
We present the computed projections of the fluid-crystal and inter-

crystal phase coexistence curves in the P − T and T − ρ planes in Figures 3.1
and 3.2, respectively.2 First, we observe that the target phases (diamond for
ϕdia and simple cubic for ϕsc ) feature prominently on the corresponding phase
diagrams. This is notable because such phases rarely occur in systems with
isotropic interactions, and–when they have appeared in model systems–they
generally display a narrow range of thermodynamic stability. In this case, however, the potentials were explicitly designed to exhibit the target structures
in the ground state (at T = 0) over a wide range of densities. What our new
calculations show is that the crystalline phases corresponding to the groundstate optimization targets also exhibit good thermal stability (i.e., comparable
to other stable lattices on the phase diagram). This is encouraging because it
suggests that focusing exclusively on the ground-state structures in the optimization phase of the pair-potential design can be an effective strategy, even if
the ultimate goal is stability at finite temperature. We further note that several
structures for which the potentials were not optimized (e.g., β-Sn, rhombohedral, and body-centered orthorhombic lattices), but that nonetheless appear
in the ground-state phase diagram, display poor thermal stability with only
β-Sn surviving to the lowest temperatures explored here. The ground-state
optimization of the potentials for the target lattices against a large pool of
2

We present the phase diagram in the second virial coefficient B2-density plane in Figure A.1. The second virial coefficient also represent dispersed solvent quality, analogous to
temperature
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competitive structures across a wide density range may well have had the secondary effect of increasing the relative thermal stability of the target phases.
We may gain more insight into this hypothesis by constructing the equilibrium phase diagrams of interaction potentials designed using different inverse
methods [36, 91, 115].

3.4

Conclusion
To summarize, we have used advanced free energy based MC simula-

tions to precisely compute the phase diagrams for two potential models ϕdia
and ϕsc , which have previously been designed [65] to exhibit stable diamond or
simple cubic lattice ground states over a wide range of densities. The approach
traces out crystal-crystal and fluid-crystal saturation curves within one molecular simulation rather than simulating pairs of phases at several isotherms or
isobars to determine the coexistence behavior. We find that the target phases
in the models show good thermal stability relative to other potentially competitive crystalline forms, suggesting that our ground-state optimization may
also have contributed to the thermal stability of the simple cubic and diamond phases. Despite the simplicity of the model, the overall phase behavior
is rich, exhibiting reentrant melting transitions, non-Bravais A20, A7 and βSn
crystals, as well as Bravais FCC, BCC and hexagonal crystalline phases.
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Chapter 4
Effect of dimensionality on design rules

4.1

Introduction
Material properties are intimately linked to structural characteristics

featured at various lengthscales. Thus, discovering new ways to create materials with prescribed morphologies is a key challenge in their design for specific
applications. In addition to the development of top-down material fabrication
strategies, there has been considerable progress in bottom-up approaches in
which the primary components (molecules, nanoparticles, colloids, etc.) are
engineered to promote their self-assembly into targeted structures. Examples of the latter include assembly of lithographic masks [171], polymer membranes [161], magnetic nanostructures [153], and colloidal superlattices [162]
for photonic materials [47, 152] to mention a few.
A critical part of any self-assembly design problem is understanding
how tunable aspects of the interactions affect the thermodynamic stability
of competing assembled states with different morphologies. For nano- to microscale particles, this understanding has been guided in part via exploratory
experiments and simulations to characterize the structures that spontaneously
form from systems with various particle chemistries [76, 95], shapes [2, 28, 50,
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56, 108, 118, 163], and surface properties [68, 80, 146, 166], as well as different
dispersing solvents [27] and mixtures of assembling particles [101, 130]. Highlycoordinated lattices with, e.g., face-centered cubic or hexagonal symmetries
in three dimensions (3D) [95] and triangular symmetry in two dimensions
(2D) [77], are commonly observed in the experimental assembly of monodisperse particles with short-range, isotropic interactions. A broader array of
thermodynamically stable 3D structures–including low-coordinated diamond
and simple cubic lattices of interest for technological applications [57, 135]–
has also been demonstrated by computer simulations of monodisperse particles
with softer, repulsive potentials [36, 44, 64, 91, 167], including those that model
the interactions between elastic spheres [100] or star polymers [156]. Similar interactions favor open 2D structures as well, including honeycomb and
square lattices [21, 34, 61, 81, 87, 90, 169] with, e.g., sterically-stabilized magnetic particles in the presence of an external field [99] providing one novel
experimental realization. Finally, low-coordinated lattices can also be stabilized by particles with patchy surfaces or faceted shapes, as demonstrated by
experiments (mostly in 2D [23, 40]) and simulations (in both 2D [5, 94] and
3D [14, 117, 146, 166]). For a given application, the choice of self-assembling
components often hinges on practical considerations including the complexity
and expense associated with particle synthesis and the kinetics of assembly.
Despite the fact that various interaction models are known to stabilize
specific lattices of interest in a given spatial dimension (2D or 3D), much less is
understood about how spatial dimension affects the design rules for assembly.
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For example, to what extent will an interaction designed to stabilize a given
2D lattice also favor an analogous 3D structure, and vice versa? 1 The answer
is of fundamental interest and may also have important practical implications
because finding interactions that stabilize lattices in 2D is a simpler and less
computationally demanding material design problem than in 3D. Here, we
study this question using computer simulations and model potentials designed
by inverse statistical mechanical optimization [62, 141].
In particular, we determine the 3D ordered lattices favored by models
with isotropic potentials ϕhc (or ϕsqu ) optimized to exhibit stable 2D honeycomb (or square) periodic structures, as well as the 2D ordered structures
favored by isotropic interactions ϕdia (or ϕsc ) designed to stabilize 3D diamond
(or simple cubic) lattices. 2 As we show, the isotropic potentials optimized for
either 2D or 3D target structures also do surprisingly well at stabilizing the
analogous lattices in the other dimension.
1
The term ‘analogous structures’ refers to the pairs of 2D-3D lattices (e.g., honeycombdiamond and square-simple cubic) that have specific coordination-shell similarities that can
allow a single isotropic pair potential to favor the stability of both. This structural similarity
is addressed both in the discussion section.
2
We note that particles confined to a 2D monolayer, such as at a liquid-liquid interface
or on a substrate, may interact via an effective pair potential that is different from the one
that the same particles experience in a 3D bulk fluid.

37

4.2
4.2.1

Methods
Ground state optimization scheme
A specified target lattice is the ground state for a given pair potential ϕ

and pressure p if, and only if, it is mechanically stable at this condition and its
zero-temperature chemical potential (i.e., molar enthalpy) is lower than that of
all other mechanically stable competing structures. Here, we use a stochastic
optimization approach (described in detail in Chapter 2) to discover new model
pairwise interactions ϕtarget that maximize the range of density ρ for which a 2D
target lattice is the ground state. In our optimizations, we consider isotropic,
convex-repulsive pair potentials that qualitatively mimic the soft, effective
interactions of sterically-stabilized colloids or nanoparticles [126]. The form
we adopt can be expressed [64]
ϕ(x) = {Ax

−n

+

2
X

λj (1 − tanh [kj (x − δj )]) + fshift (x)}H[xcut − x] (4.1)

j=1

Here, x = r/σ is a dimensionless interparticle separation;  and σ are characteristic energy and length scales; xcut is the dimensionless potential range; H is the
Heaviside step function; and fshift (x) = P x2 +Qx+R is a shifting function with
fitting constants P, Q, R chosen to ensure ϕ(xcut ) = ϕ0 (xcut ) = ϕ00 (xcut ) = 0.
All together, there are nine dimensionless parameters that can be varied in
the optimization algorithm (xcut , A, n, λ1 , k1 , δ1 , λ2 , k2 , δ2 ); however, one is not
independent of the others because we also require ϕ(1)/ = 1. From here
forward, we report quantities implicitly nondimensionalized by appropriate
combinations of  and σ.
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To identify the ground-state phase diagram for a given pair potential ϕ,
we compare the p-dependent, zero-temperature chemical potentials of a wide
variety of Bravais and non-Bravais lattices in a ‘forward’ calculation. Several
methods for identifying candidate ground states are available, including evolutionary optimization [15, 55] as well as shape matching and machine learning
algorithms [102]. In this study, we use simulated annealing optimization [64]
to determine free lattice parameters which minimize the chemical potentials
of the structures subject to the constraint of mechanical stability, as determined by phonon spectra analysis [6]. In 2D, the Bravais lattices consist of
oblique, rhombic, square, rectangular, and triangular symmetries; here, we
limit our consideration of non-Bravais lattices to honeycomb, kagome, and
other five-vertex semi-regular tilings, namely snub-hexagonal, snub-square,
and elongated-triangular. For 3D, we consider the following Bravais and nonBravais lattices identified in a previous study on closely related model interactions [105]: face-centred cubic (FCC), body-centred cubic (BCC), simple cubic
(SC), diamond, pyrochlore, body-centred orthogonal (BCO), hexagonal (H),
rhombohedral (hR), cI16, oC8, βSn, A7, A20, and B10. While the methods
employed both to determine the interaction potentials optimal for a target
lattice and to compute the corresponding ground states are identical in 2D
and 3D, we note that calculations are significantly faster in 2D than in 3D
due to the smaller number of competing structures to consider in 2D and the
reduced dimensionality of the lattice sum and the phonon spectra evaluations.
For computational efficiency of inverse optimizations in 2D or 3D, only
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a limited set of competing structures can be considered for a specific target
lattice, ideally consisting of the lattices which have the lowest chemical potentials for the interaction type over the density range of interest. Here, we
use a simple iterative process for determining the competitive lattice pools.
Specifically, we (1) begin with a trial set of competitive structures; (2) carry
out an inverse optimization calculation using this competitive pool to obtain
parameters for a trial optimal potential; (3) perform an extensive forward calculation to determine the ground-state phase diagram of the trial potential;
(4) as necessary, refine the competitive pool based on the lattices that appear
in the forward calculation in (3) and return to step (2). The final pools determined from this method contained a diverse array of structures in 2D and
3D.
Using this approach, the competitive pools determined for use in optimizations targeting the honeycomb lattice consisted of triangular, square,
kagome, snub-square, elongated triangular, rectangular (b/a = 1.49), rectangular (b/a = 1.54), rectangular (b/a = 1.56), rectangular (b/a = 1.7), and
snub-hexagonal lattices. For the square lattice, the final pool comprised of
triangular, oblique (b/a = 1.514, θ=1.234), kagome, honeycomb, elongated triangular, snub-hexagonal, and snub-square lattices. For diamond, the pool [64]
consisted of FCC, WUR, SH (c/a = 1.5), βSn (c/a = 1.39), βSn (c/a = 1.25),
A7 (b/a = 3.79, u = 0.1385), and A20 (b/a = 1.728, c/a = 0.626, y = 0.167)
lattices. For simple cubic, the pool [64] comprised of FCC, BCC, DIA, SH
(c/a = 1), SH (c/a = 1.08), SH (c/a = 1.172), A20 (b/a = 1.72, c/a =
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Table 4.1: Optimal parameters of the potentials in eq. 4.1 for honeycomb (hc)
and square (Squ) target lattices.
ϕhc
ϕsqu
ϕhc
ϕsqu

A
0.326914
0.0946889
k2
3.03683
5.89983

n
λ1
3.63306 0.286436
3.53953 0.32989
δ2
P
1.1557 -0.175071
1.0809 0.433908

k1
3.6569
1.89197
Q
0.800825
-2.4391

δ1
1.26977
1.99003
R
-0.937142
3.46552

λ2
1.03258
0.062012
xcut
2.03291
2.27813

0.66, y = 0.67), βSn (c/a = 0.873), βSn (c/a = 0.78), and βSn (c/a = 1.75)
lattices. Here, b/a and c/a denote the aspect ratio of the sides of the unit
cell, and θ is the angle between the two sides. The other symbols u and y, we
adopt here, are the same as those used in a previous study [105].
4.2.2

Isochoric Monte Carlo simulations
To obtain information about the thermal stability of the target lattices,

we also perform Monte Carlo quench simulations in which a high-temperature
fluid is instantaneously cooled down to a much lower temperature to observe
assembly of the target structure. Our simulation sizes were chosen such that
larger systems did not affect the results. We note that interactions previously
optimized to stabilize 3D target ground states of diamond (ϕdia ) and simple cubic (ϕsc ) lattices over a wide range of density–using methods identical
to those employed here–lead to target crystalline phases with good thermal
stability [63] (presented in Chapter 3).
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Figure 4.1: Isotropic, convex-repulsive potentials, ϕhc and ϕsqu (described in
the text and Table 4.1), which maximize the density range of mechanically
stable 2D honeycomb- and square-lattice ground states, respectively. Also
shown are previously designed potentials, ϕdia and ϕsc ,[64] that maximize the
density range of mechanically stable 3D diamond- and simple cubic-lattice
ground states, respectively. The inset highlights subtle differences between
ϕdia and ϕhc .
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4.3

Results and discussion
The interaction potentials we obtain for maximizing the density range

of 2D honeycomb- and square-lattice ground states together with previously
optimized interactions for diamond- and simple cubic-lattice ground states [64],
are shown in Figure 4.1. Notice that interactions ϕhc and ϕdia are remarkably
similar to one another, despite the fact that they were obtained from optimizations favoring different (albeit analogous) structures in different spatial
dimensions. As is shown in the inset to Figure 4.1, significant discrepancies
between these potentials (i.e., the steeper repulsions of ϕhc ) are only present
for interparticle separations x < 0.6 that, as we confirm below, are closer than
the nearest neighbor distance for the honeycomb or diamond lattices in the
density range where the structures are stable for either model. Based on the
similarity of these interactions, one might already expect that ϕhc and ϕdia
would stabilize similar lattices in 2D and 3D. On the other hand, we see appreciable differences between the potentials ϕsqu and ϕsc optimized to stabilize
2D square and 3D simple cubic lattices, respectively. Of the four interactions
studied here, ϕsqu has the softest repulsive core and the longest range, while
ϕsc has the steepest core repulsion and the shortest range.
In Figure 4.2, we show the results of our forward calculations, i.e., the
2D ground states for the four optimized potentials as a function of density (The
ground-state phases are tabulated with their corresponding density ranges and
lattice parameters in Appendix A). Shaded regions represent densities where
the ground state comprises two neighboring lattices in coexistence. First,
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Figure 4.2: 2D ground-state lattices as a function of density for (a) ϕsqu ,
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we note that the 2D inverse optimization calculations succeed in their goal:
stable honeycomb- and square-lattice ground states appear for ϕhc and ϕsqu ,
respectively, over very wide density ranges, especially when compared to those
of other repulsive, isotropic interaction models [34, 89, 90] known to form these
phases. Perhaps more noticeable is not only that the 2D honeycomb lattice
is stabilized over a similar density range by the 3D-optimized ϕdia (a result
now expected based on the similarity to ϕhc shown in Figure 4.1), but also
that the square lattice is stabilized over a wide density range by ϕsc (despite
significant differences compared to ϕsqu ). In other words, for both cases, stable
2D ground states of interest were obtainable by optimizing interactions for a
corresponding analogous target lattice in 3D.
To test the same approach in the other direction, i.e., whether optimizing analogous 2D structures will stabilize 3D target lattices of interest, we
also determine the 3D ground states for ϕhc and ϕsqu . The results, presented
in Table 4.2, show that ϕhc and ϕsqu indeed display wide stability regions for
diamond and simple cubic lattice ground states, respectively. In fact, not only
are the density ranges of the stable diamond lattice comparable for ϕhc and
ϕdia , but the density range of the simple cubic lattice for ϕsqu is even slightly
wider than that of ϕsc (Ground states and finite-temperature phase boundaries for ϕdia and ϕsc have been determined previously and are presented in
detail in Chapters 2 and 3). The latter result likely reflects the fact that
the faster optimizations targeting 2D ground states enables a more thorough
exploration of parameter space during the calculation than is practical in the
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Table 4.2: 3D ground states for ϕhc and ϕsqu with their corresponding density ranges and optimal lattice parameters. Roman numerals denote different
structures of the same lattice type. Nomenclature is that of an earlier reference [105].
Lattice
Stability range Lattice parameters
Honeycomb-lattice forming potential, ϕhc
BCC
[0.589, 0.677]
A7-I
[0.725, 0.777]
b/a : 2.23, u : 0.075
A7-II
[0.856, 1.05]
b/a : 4, u : [0.68, 0.81]
Diamond
[1.091,1.376]
Hexagonal
[1.468, 1.474]
c/a : 1.38
A20-I
[1.477, 1.498]
b/a : 1.72, c/a : 2.8, y : 0.5
A20-II
[1.54, 1.851]
b/a : 1.8, c/a : 0.65, y : 0.66
Square-lattice forming potential, ϕsqu
βSn-I
[0.587, 0.641]
c/a : 2.67
B10-I
[0.664, 0.798]
c/a : 0.4,z : 0.5
FCC
[0.828, 0.961]
A20-I
[0.991, 1.047]
b/a : 1.0, c/a : 0.68, y : 0.8
oC8-Ga
[1.056, 1.094]
b/a : 1.0, c/a : 1.5
u : 0.75, v : 0.163
B10-II
[1.1, 1.267]
c/a : [0.72, 0.73],
z : [0.38, 0.39]
A20-II
[1.282, 1.298]
b/a : 2.29, c/a : 1.79, y : 0.08
βSn-II
[1.322, 1.478]
c/a : [ 0.57, 0.64]
Hexagonal-I
[1.49, 1.592]
c/a : [ 0.887, 0.9]
Simple cubic [1.606,1.949]
βSn-III
[1.98, 2.106]
c/a : 2.74
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3D optimizations.
That particles with isotropic interactions encoded to form 3D diamond (or simple cubic) lattices also display 2D honeycomb (or square) arrays, although nontrivial, is in some sense not surprising. The tetrahedrallycoordinated diamond lattice itself consists of undulating interconnected trivalent honeycomb networks, and the simple cubic structure comprises square arrays stacked in registry. However, the outcome that particles with interactions
designed to stabilize 2D honeycomb (or square) lattices also favor diamond (or
simple cubic) lattices and not other morphologies containing honeycomb (or
square) motifs such as graphite (or body-centered cubic) structures is much
more interesting.
To understand these results, it is helpful to recall that–for isotropic
potentials–the zero-temperature chemical potential depends only on the pair
interaction and properties of coordination shells located at distances closer
than the interaction cut-off, x < xcut . In Figure 4.3, we plot the interparticle
separations corresponding to the first, second, and third coordination shells
{x1 , x2 , x3 } for the four lattices of interest here–honeycomb (hc), square (squ),
diamond (dia) and simple cubic (sc)–considering densities where these lattices
are the ground states for the models ϕhc and ϕsqu . First, note that there is
considerable overlap between the coordination-shell distances of the honeycomb and diamond structures. Thus, an isotropic potential which stabilizes a
honeycomb structure in 2D is expected to be an excellent (if not necessarily
optimal) candidate for forming a diamond lattice in 3D, and vice versa. This
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Figure 4.3: Separations corresponding to first (i = 1), second (i = 2), and third
(i = 3) coordination shells corresponding for stable densities of honeycomb
(hc) ρ = [1.11, 1.37] and diamond (dia) ρ = [1.09, 1.38] ground states for ϕhc ,
as well as square (squ) ρ = [1.16, 1.55] and simple cubic (sc) ρ = [1.61, 1.95]
ground states for ϕsqu . The coordination distance (xi ) for shell i is related to
density (ρ) by xi,lattice = fi,lattice ×ρ1/D , where
√ D = 2 for hc and squ, and D = 3
for
dia
and
sc.
For
hc,
f
=
0.877383,
f
=
3fp
squ, f1 = 1, f2 =
1 , f3 = 2f1 ; for p
1
2
√
2f1 , f3 = 2f
√1 ; for dia,√f1 = 0.866025, f2 = 8/3f1 , f3 = 11/3f1 ; for sc,
f1 = 1, f2 = 2f1 , f3 = 3f1 . Shaded regions indicate overlap of coordination
shell distances for analogous 2D and 3D stable lattice ground states.
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Figure 4.4: Interparticle separations corresponding to the ith coordination
shells (i=1, 2, 3...) of honeycomb, diamond, graphite-I, and graphite-II lattices
within the interaction range for the potential ϕhc . Coordination-shell distances
for honeycomb ρ = [1.11, 1.37] and diamond ρ = [1.09, 1.38] correspond to their
stability ranges for ϕhc (see Fig. 3). For graphite-I (c/a=1.27) ρ = [1.1, 1.26]
and graphite-II (c/a=1.67) ρ = [0.98, 1.05] lattices, the distances correspond to
the density range at which each lattice is mechanically stable (i.e. the lowest
phonon frequency has a positive value). We also highlight the honeycomb
motif in the graphite and the diamond structures.
helps to explain the near identical potentials, ϕhc and ϕdia , despite their being obtained via optimization of different target structures in different spatial
dimensions.
To gain further insights, we also compare the coordination-shell distances of the honeycomb lattice with another related 3D structure, graphite,
which consists of stacks of 2D honeycomb (i.e., graphene) sheets. Note that
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only the nearest-neighbor distances of mechanically stable 3D graphite lattices
align with the first coordination-shell separations of 2D honeycomb structures,
and there is substantial mismatch of other relevant coordination distances
(i ≥ 2) (see Figure 4.4)3 . In this important sense, graphite–while closely
related to the honeycomb lattice in other ways–is not as analogous to honeycomb as the 3D diamond structure is in its relation between interaction
and coordination-shell structure, and is thus, not favored as a ground-state
by ϕhc at any density. In comparing the other case of square versus simple
cubic lattices, we see that the first two coordination shells of these structures
similarly overlap, but the third shell positions are not in alignment. This
result–together with the ground-state calculations presented above–suggests
that, for short-range interactions, the common separation distances between
the nearest and next-nearest neighbors for square and simple cubic structures
in enough to allow for an optimal 2D square-forming potential to assemble
into 3D simple cubic structures, and vice versa. However, the differences in
the third-shell distances might help to explain the significant variations in the
optimized potentials targeting 2D-square (ϕsqu ) versus 3D-simple cubic (ϕsc )
lattices shown in Figure 4.1.
In Figure 4.5(a-d), we present snapshots of configurations obtained from
the Monte Carlo quench simulations for the four potential models. Configu3

Graphite structures with axial ratios (c/a) in the ranges [1.64, 1.69] and [1.25, 1.27] are
found to be optimal and mechanically stable in the density range of interest. However, on
comparison with a larger pool of structures, A7-II and diamond (see Table I) have lower
molar enthalpy and are chemically stable.
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rations for the 3D diamond and simple cubic lattice obtained via quenching
systems interacting with 2D-optimized ϕhc and ϕsqu interactions are shown in
Figure 4.5e and Figure 4.5f, respectively. The structures obtained were inspected visually, and their configurational energies and pair distribution functions g(r) were compared to equilibrated lattice structures at the corresponding densities and temperatures. In Figure 4.5g, the complete overlap of the
pair distribution functions of the quenched fluid (red circles) and the equilibrated simple cubic structure (black dashed lines) demonstrates the assembly
of a defect-free simple cubic crystal. The ϕhc model similarly assembles into
a (slightly defective) diamond structure as illustrated by the comparison of
the pair distribution functions in Figure 4.5h. The energy of the quenched
configuration is only 0.09% higher than the perfectly equilibrated diamond
lattice. Nonetheless, in all cases, the structures obtained by the Monte Carlo
quench procedure match the expectations of the ground-state calculations.

4.4

Conclusions
To summarize, we have investigated the cross-dimensional phase be-

havior of specifically designed isotropic interactions with low coordination. In
particular, we have determined the 3D ordered lattices favored by isotropic
potentials ϕhc (or ϕsqu ) optimized to exhibit stable 2D honeycomb (or square)
lattice structures, as well as the 2D periodic structures favored by isotropic
potentials ϕdia (or ϕsc ) optimized to assemble into 3D diamond (or simple cubic) morphologies. We find surprising transferability of interactions designed
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to stabilize analogous structures in 2D and 3D, and we gain insights into this
behavior by studying the different ways in which information in the analogous
target structures encodes itself in the optimal isotropic potentials through the
coordination-shell geometry.
One practical implication of the observed physics in this study is that
the design of certain 3D lattices can greatly benefit from knowledge of potentials derived to maximize the stability of analogous 2D structures, information
which can be obtained at relatively modest computational expense. The computational efficiency gained from this approach might be most valuable in
multi-step optimization processes, where the goal to search for an interaction
potential favoring a target structure is only one of several objectives within
the design calculation.
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Chapter 5
Future Directions

In addition to providing new insights into the inverse optimization
strategies used for targeted self-assembly in isotropic and monodisperse particle systems, this thesis also suggests several interesting possibilities for future
studies.

5.1

Tuning steric interactions between ligand coated
nanocrystals for targeted self-assembly
The potential models designed in this work and by other groups[36,

90, 91] provide precise mathematical interactions that can be used to observe
assembly to target open lattices. However, achieving these exact interactions
in experimental systems remains an open challenge. Qualitatively, one can
conclude based on the form of the optimized results that interactions with
long-ranged soft repulsions can stabilize open structures.
A potential future strategy is to combine the inverse optimization approach using interaction models that relate to ligand-passivated nanocrystal
systems. A combination of interaction forces such as the attractive van der
Waals forces and other steric repulsions that arise due to the grafted nanopar-
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ticle cores, can be considered to determine the effective interactions between
ligand-passivated nanocrystals. [12, 17, 41, 73, 150] One can then ask what combination of nanocrystal sizes, ligand shell thickness, or solvent properties
would produce the effective repulsions required to stabilize a target superlattice phase?

5.2

Improving the inverse design strategy using feedback from experiments
Our work used inverse strategies to design interactions with parameters

that qualitatively relate to ligand-coated nanocrystal systems. A critical next
step is to collaborate with experimentalists who can use information from the
optimal parameters to design nanocrystal systems with longer-capped ligands
and observe their superlattice phase behavior. These studies will also be able
to provide additional constraints (e.g., more feasible ranges on the accessible
thermodynamic conditions, choice of nanoparticle chemistry, etc.). One can
then modify the inverse design strategy by including these constraints and
provide a possibly more achievable nanocrystal design. Additionally, we only
consider the dispersion and steric forces to describe the effective interactions,
thus limiting the strategy to systems where these specific forces dominate.
One can extend the interaction model to also include other possible forces
such as dipole-dipole interactions that are significant in semiconductor based
nanocrystal systems (e.g., ligand capped-PbSe, or CdSe) [140].
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5.3

Effect of size polydispersity on design rules
Another potential research area is to use similar inverse strategies to

design interactions in a binary system to favor target low-coordinated and
rare binary phases. There is a huge interest in superlattices formed from
binary nanocrystal systems and so far, most of the work in understanding the
self-assembly of binary nanocrystal superlattices focuses on entropic (or most
efficient space-packing) arguments. [41, 130, 132]
Inverse strategies in binary systems can be very challenging due to
increased parameter space (e.g., for an AB binary system, there are three
interactions to be optimized ϕAA , ϕAB , ϕBB ) and an increased number of possible competing structures due to an extra degree of freedom, the particle
size ratio. From our perspective, first, it would be interesting to learn what
binary structures will be favored if the optimal interactions designed for a
single-species system in this work are adapted to a binary system. The potential function would be the same, i.e., a case where ϕAA , ϕAB , ϕBB all have
the same functional form, however, there will be a lengthscale associated with
the interactions dependent on the particle size. An important line of inquiry
would be to learn what ground states are featured using different particle size
ratios, and if these structures are similar to those found in binary hard sphere
systems [10] and other binary mixtures [12].
Second, using these results, we can extend the inverse design strategy
developed in this work to binary systems. The most challenging part in this
calculation would be to collect an extensive number of periodic structures to
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consider in the forward calculation, and then determine a strong competing
pool from among these structures.

5.4

Possible morphologies with constrained interaction
range
From our work in designing isotropic potentials that maximize the sta-

bility range of open structures in both 2D and 3D, we understand that the
interaction range of the potential plays an important role in the stability of
the target phase over other competing structures. A follow-up idea is to probe
what morphologies are possible if there is an additional constraint on the potential range, i.e., if one limits the number of coordination shells that can be
encompassed within the potential range, with a similar objective to maximize
the stability range of the target phase. Such a study would be able to put
forth design rules that will tell us the minimum number of coordination shells
that are necessary to be within the potential range to favor a target phase over
a reasonable concentration range of nanocrystals.

5.5

Cross-dimensional transferability of anisotropic or
short-ranged interactions
In Chapter 4, we focused on the dimensionality dependence of design

rules with isotropic interactions. It will be interesting to study the effect
of spatial dimension on other classes of interactions, especially short-ranged
anisotropic interactions of patchy particles relevant to 2D and 3D assembly
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scenarios, e.g., what will be the 2D phase behavior of the four-patch models of
hard spheres used to assemble diamond phases? [116] It will also be informative
to understand the cross-dimensional transferability for the potentials with a
constrained potential range (as mentioned above), i.e., if the potential is shortranged, will there be a degeneracy in possible ground-states in 2D?
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Appendix A
Ground state phase diagrams

In Chapter 2, we used extensive forward calculations to determine the
ground-states for a wide range of densities for the optimal interactions that
stabilize diamond and simple cubic lattices in 3D (for potentials, see Fig 2.2).
The different ground-states are presented in Fig 2.1. In Tables A.1 and A.2,
we present a tabulated version of the phase diagram. In Table A.3, we present
a precision analysis of the optimized ϕdia . We present the ground state phases
of diamond and its neighbouring low-density and high-density phases using
the optimized interaction with different numerical precision.
In Figure A.1, we presented the finite temperature phase diagrams determined in Chapter 3 in the second virial coefficient B2 -density plane.
In Fig. 4.2, we showed the ground-state phase diagrams for optimal
potentials for various 2D lattices. In Table A.4, we tabulate the phases with
their corresponding density ranges and lattice parameters.
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Table A.1: Zero temperature phase diagram of the optimized potential for the
diamond target structure ϕdia . We show the stable phase (column 1), its lattice
parameters (column 2), the corresponding stable pressure range (column 3)
and the stable density range (column 4). The parameter nomenclature is the
same as described in Ref [105].
Lattice acronyms: face-centered cubic (FCC), body-centered cubic (BCC),
diamond (DIA), simple cubic (SC), wurtzite (WUR), hexagonal (SH), body
centred orthorhombic (BCO), rhombohedral (hR).
Lattice
hR
BCC
hR
BCO
SH
A7
DIA
SH
A20
A20

Parameters
1.417
0.2162
0.6234, 1.7403
0.61
3.8874, 0.3172
1.4124
1.6658, 0.5892, 0.1745
1.7447, 0.6455, 0.3331

Pressure (P σ 3 /)
0.1 - 2.0
2.1 - 3.6
3.7 - 3.9
4.0 - 4.4
4.5 - 6.4
6.5 - 7.9
8.0 - 14.5
14.6 - 17.9
18.0 - 18.3
18.4 - 26.9
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Density (ρσ 3 )
0.27547 - 0.59252
0.60570 - 0.73819
0.84149 - 0.85735
0.87317 - 0.90280
0.91409 - 1.03991
1.08248 - 1.16240
1.21318 - 1.52094
1.62509 - 1.75908
1.82194 - 1.83304
1.83805 - 2.13483

Table A.2: Zero temperature phase diagram of the optimized potential for the
simple cubic target structure ϕSC . We show the stable phase (column 1), its
lattice parameters (column 2), the corresponding stable pressure range (column 3) and the stable density range (column 4). The parameter nomenclature
is the same as described in Ref [105].
Lattice
hR
BCC
hR
BCO
BCO
βSn
SC
βSn
βSn
βSn
βSn
βSn
A20
FCC

Parameters
1.417
0.3025
2.006, 1.0248
0.9667, 1.9956
0.6527
3.5155
3.4898
3.4774
3.4551
3.4385
2.9956, 0.9897, 0.8671

Pressure (P σ 3 /)
1.1 - 3.4
3.5 - 7.4
7.5
7.6 - 7.9
8.0 - 8.2
8.3 - 11.1
11.2 - 16.9
17.0 - 17.3
17.4 - 18.2
18.3 - 19.2
19.3 - 21.4
21.5 - 25.4
25.5 - 26.0
26.1 - 29.9
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Density (ρσ 3 )
0.54192 - 0.74723
0.76007 - 1.0179
1.03577
1.05841 - 1.07616
1.08617 - 1.09760
1.12945 - 1.26788
1.30781 - 1.53378
1.57197 - 1.58322
1.58746 - 1.61659
1.62039 - 1.65191
1.65563 - 1.72502
1.72837 - 1.84539
1.8949 - 1.909750
1.95247 - 2.06796

Table A.3: Effect of mathematical precision of potential parameters ϕdia (see
Table 2.1) on ground-state phases near the target structure
Lattice
A7
DIA
SH
A7
A7
DIA
SH
A7
A7
A7
DIA
SH
A7
A7
DIA
SH
A7
DIA
SH

Parameters
Pressure (P σ 3 /)
Density (ρσ 3 )
Parameters with precision to 5 decimal places
3.8874, 0.3172
6.5 - 7.9
1.08248 - 1.16240
8.0 - 14.5
1.21318 - 1.52094
1.4124
14.6 - 17.9
1.62509 - 1.75908
Parameters with precision to 4 decimal places
3.952, 0.818
6.5 - 6.6
1.0818 - 1.0877
0.01, 0.682
6.7 - 7.9
1.0941 - 1.1619
8.0 - 14.5
1.2132 - 1.5209
1.41
14.6 - 15.7
1.625 - 1.6716
Parameters with precision to 3 decimal places
3.952, 0.682
6.5 - 6.6
1.082 - 1.088
3.904, 0.316
6.7 - 7.3
1.094 - 1.129
0.01, 0.82
7.4 - 7.9
1.136 - 1.163
8.0 - 14.5
1.213 - 1.521
1.41
14.6 - 15.7
1.625 - 1.672
Parameters with precision to 2 decimal places
3.952, 0.682
6.6
1.09
3.906, 0.318
6.7 - 7.9
1.1 - 1.16
8.0 - 14.6
1.21 - 1.53
1.41
14.7 - 15.7
1.63 - 1.67
Parameters with precision to 1 decimal places
3.832, 0.32
6.8 - 7.2
1.1 - 1.12
7.3 - 13.0
1.2 - 1.4
1.435
13.1 - 15.6
1.6 - 1.7
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Table A.4: 2D ground states for optimized potentials ϕhc , ϕsqu , ϕdia and ϕsc .
Roman numerals denote different structures of the same lattice type. Densities
are presented as ρσ 3
Lattice
Stability range
Honeycomb forming potential, ϕhc
Triangular
[0.44, 0.77]
Oblique-I
[0.89 : 0.99]
Oblique-II
[1.0 : 1.03]
Rectangular
[1.03 : 1.05]
Honeycomb
[1.11 : 1.37]
Triangular
[1.54 : 2.05]
Square forming potential, ϕsqu
Square
[0.5 : 0.72]
Triangular
[0.75 : 0.95]
Rectangular
[0.95 : 1.11]
Square
[1.16 : 1.55]
Elongated Triangular [1.58 : 1.70]
Triangular
[1.73 : 2.15]
Diamond forming potential, ϕdia
Triangular
[0.46 : 0.83]
Rectangular
[0.97 : 1.12]
Honeycomb
[1.19 : 1.46]
Kagome
[1.55 : 1.58]
Triangular
[1.70 : 2.09]
Simple cubic forming potential, ϕsc
Triangular
[0.5 : 1.0]
Square
[1.07 : 1.38]
Triangular
[1.45 : 1.8]
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Lattice parameters

b/a : [1.487 : 1.55]
θ : [1.227 : 1.24]
b/a : 1.71, θ : 1.05
b/a : 1.49

b/a : [1.43 : 1.45]

b/a : [1.446 : 1.526]

12
A20
11

Temperature, T/(ε/kB)

-3

ϕDIA
ϕSC
ϕIPL

3

Virial Coefficient, B2σ

Effective pair potential, ϕ/ε

4
A7
H
DIAMOND

1

0
0.6

9

8

(a)
1

1.4

r/σ

1.8

0.8

A20

Fluid

(b)
1

1.2

1.4

3

Density, ρσ

SIMPLE
CUBIC

H

H

10

2

H

1.6

Fluid

(c)
1.8

1.2

1.4

3

1.6

1.8

Density, ρσ

Figure A.1: (a) Potentials obtained via ground-state optimization for diamond
(ϕdia ) and simple cubic (ϕsc ). We plot a FCC forming repulsive potential (ϕIPL ,
inverse power law n=20 [104]) for comparison. (b,c) Second virial coefficient–
density projection of the phase diagrams for (b) ϕdia and (c) ϕsc near the target
phases. Hexagonal (H) crystals feature different axial ratios in the low- and
high-density regions for both potentials.
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[99] N. Osterman, D. Babič, I. Poberaj, J. Dobnikar, and P. Ziherl. Observation of condensed phases of quasiplanar core-softened colloids. Phys.
Rev. Lett., 99:248301, Dec 2007.
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