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A general framework is described for the solution of two-phase fluid-

object interaction problems on the basis of coupling a distributed-Lagrange-

multiplier fictitious domain method and a level-set method, intended for ap-

plication to the problem of seabed scour by ice ridges. The resulting equations

are discretized in space using stabilized finite-element methods and integrated

in time using the generalized-α method. This approach is simple to implement
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and applicable to both structured and unstructured meshes in two and three

dimensions. By means of examples, it is shown that despite the simplicity

of the approach, good results are obtained in comparison with other more

computationally demanding methods.

A robust approach is utilized for constructing signed-distance functions

on arbitrary meshes by introducing artificial numerical diffusivity to improve

the robustness of classical signed-distance construction approaches without

resorting to common pseudo-time relaxation. Under this approach, signed-

distance functions can be rapidly constructed while preserving the numerical

convergence properties and, generally, having minimal interfacial perturbation.

The method is then applied with a modified deformation procedure for fast

and efficient mesh adaptivity, including a discussion how it may be used in

computational fluid dynamics.

The two-phase fluid-object interaction approach is then customized for

modeling of the seabed scour and soil-pipe interaction. In this approach, com-

plex history-dependent soil constitutive models are replaced with a simple

strain-rate dependent model. Utilization of this constitutive model along with

the framework developed earlier leads to the treatment of seabed scour as

a two-phase fluid-object interaction, and the soil-pipe interaction as a fluid-

structure interaction problem without the need for remeshing. Good agree-

ment with past experimental and numerical studies are obtained using our

approach. The dissertation is concluded by conducting a parametric study of

seabed scour in two- and three-dimensions.
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Chapter 1

Introduction

This chapter motivates the work of this dissertation by introducing the seabed

gouging process by ice features and their subsequent impact on buried struc-

tures such as marine pipes. We begin by providing an overview of the scouring

process, and reviewing past and present numerical modeling approaches and

studies aimed at investigating this phenomenon. Shortcomings of the classical

modeling methodologies motivate seeking an alternative approach for model-

ing soil flow. We therefore motivate how the ice-seabed and soil-pipe interac-

tion problems may be viewed and modeled as fluid-object and fluid-structure

interaction problems, respectively.

1.1 Seabed Scour

The seabed scouring process (also referred to as seabed gouging, furrowing,

plowing, scoring, scarping) refers to the dragging of ice features on the seabed

subsequent to their grounding. The aftermath and the subsequent evidence of

scouring processes are often long gouges and basin-shaped depressions created
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on the seabed spanning sometimes several kilometers. First observed over a

century ago (see e.g. Milne (1876)), seabed scouring continues to affect one-

third of the world’s coastlines (Smale et al., 2008), with scouring rates as high

as 8.2 events km−1 year−1 (Lach, 1996).

While some of the earliest observations and studies of icebergs date back

to the 1800s, the dangers posed by these features on marine structures have

been known for over a century. In the cold waters of the Arctic and subarctic

continental margins, seabed scouring by ice features is generally accepted to

pose the most significant risk to structures such as oil and gas pipes. The

magnitude of the resultant forces due to plowing of seabeds by ice masses

in established scouring processes has been estimated to be in the range of

1, 000− 10, 000 tons (Palmer et al., 1990).

The initial contact between ice masses and the seabed typically results

in continual scouring of the seabed for several kilometers with a preferred

orientation (Woodworth-Lynas and Guigné, 1990; Héquette et al., 1995; Wad-

hams, 2000), or in other instances, alternately impacting and rotating free

(Bass and Woodworth-Lynas, 1988) while producing a series of craters on the

seabed. Scouring of seabeds predominantly occurs in water depths of 15-45 m

corresponding to fast ice, with the greatest intensity around the 20 m isobath

(Carmack and Macdonald, 2002). Although scour trenches on the seabed floors

are marked features in shallow marine shelves (Miller et al., 2004; Carmack

and Macdonald, 2002), seabed scouring is not limited to only shallow depth:

evidence is visible in water depths of over 100 meters (Chari, 1979, 1980;

Prasad and Chari, 1986; King et al., 2009).

Massive seasonal icebergs, weighing several hundred giganewtons, have

the potential for causing the most destructive damage of marine structures.
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Average drift speeds of icebergs on the eastern Canadian continental margin

are estimated to vary between 0.125 to 0.5 m/s (Chari, 1975, 1979), and the

scouring velocities are close to drifting velocities (Woodworth-Lynas et al.,

1985). Practically all icebergs in the North Atlantic Ocean originate from the

Greenland ice cap (Chari, 1975). The geometry of icebergs varies significantly,

though the bottom of their keel commonly has an ellipsoidal shape. Approx-

imately 87% of mass of icebergs lie below the water surface (Lach, 1996) and

may have drafts of over 200 m (Chari, 1979; Smale et al., 2008), with reported

grounding of icebergs in water depths of over 400 meters (Chari, 1979).

Other ice features such as pressure ridges, ice islands, first- and multi-

year ice floes are frequently responsible for scouring of seabeds. Each type

of ice feature may be native to specific regions and have distinct gouging

properties, while their geometry may vary depending on their origin and degree

of deterioration during transport. The scouring of the Canadian Beaufort Sea,

for instance, has been attributed predominantly to pressure ridges and multi-

year ice floes (Conlan et al., 1998).

The most common ice features in the Arctic continental shelves are

perhaps pressure ridges. These ice structures are an accumulation of ice caused

by compressional and shearing interactions of ice floes (Parmerter and Coon,

1972), with sails extending up to 13 meters above the water surface (Parmerter

and Coon, 1972; Kovacs et al., 1973), and drafts extending tens of meters

below the water surface. Though the keel geometry varies substantially, it is

generally assumed that the subsurface portion of pressure ridges is much more

extensive than the sail portion extending above the water surface.

First-year floes refer to ice ridges which have not survived one summer

melt, with average sail heights to keel-depth ratio of 1-4.5 and average keel

3



slopes of 33 degrees to the horizontal (Kovacs, 1972; Kovacs and Mellor, 1974).

Shallow waters such as those in the Sakhalin Islands, Eastern Barents Sea, and

the Beaufort Sea, are especially prone to scouring by first-year ice (Liferov and

Høyland, 2004). The keel geometry of first-year ice is loose and has relatively

low strength and is generally convex- or bowl-shaped in cross-section. Impact

of these ice features with the seabed can result in damage and destruction of

the keel, and thus scours deeper than 0.5 meters are unlikely to be caused by

first-year floes.

Ice floes that have survived beyond one summer melt are referred to as

multi-year ice (also referred to as perennial ice) floes. These ice features can

be distinguished from first-year floes by their thick snow cover which typically

depresses the ice surface below the water surface . An average ratio of about

1 to 3.3 between the sail height and keel depth has been reported (Kovacs

and Gow, 1976). The keel geometry of multi-year ice is generally assumed to

be convex or bowl-shaped in cross-section (Kovacs and Gow, 1976) with low

attack angles. Most scours greater than 0.5 m deep located in water depths

exceeding 20 m have been created by multi-year features during winter months.

1.1.1 Scour Mechanism

The driving forces of ice features have been attributed to various environ-

mental loads such as ocean currents, wind, and ice interactions. While a

combination of these forces is present at all times, the observed preferred ori-

entation (Woodworth-Lynas and Guigné, 1990; Woodworth-Lynas et al., 1991;

Héquette et al., 1995; Wadhams, 2000) of trenches created from seabed scour-

ing suggests dominance of one of these forces over the others. The southward
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transport of icebergs along the eastern Canadian margin, for instance, may be

solely attributed to the system of cold oceanic currents in Baffin Bay, Davis

Strait, and Labrador Sea (Lach, 1996).

In addition to the common environmental loads responsible for drift of

ice features, the seabed provides resistance against the direction of motion fol-

lowing ice grounding and the initiation of scouring processes. The resistance

provided by the seabed may result in upward motion of the ridges (Kovacs

and Mellor, 1974; Kovacs and Gow, 1976) such that constant scour depth is

maintained (Palmer et al., 1990). Following contact, it is hypothesized that

the seabed rapidly morphs the ice geometry to a flat bottom during the scour-

ing process (Woodworth-Lynas et al., 1991). Such equilibrating mechanisms

can result in an overall ice movement such that a path of least resistance is

obtained, which may in turn explain the relative uniformity of scour depth

and width of long scour marks.

Much work has been focused on understanding and quantifying the

geometry of trenches created on seabeds. Selected depth and width of some of

the scour geometries reported in the literature are tabulated in Table 1.1. The

cross-sectional profile of the trenches in clays is generally U-shaped with flat

bottoms and steep sides (Dredge, 1982) with side berms as high as 6 m. It is

generally assumed that the trenches rarely exceed 1 m in depth, with greater

depths sometimes referred to as extreme events (Barrette, 2011).
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Table 1.1: Selected reports on geometry of scour marks in Arctic and subarctic regions. (Where applicable,
first and second numbers in parentheses indicate average and maximum reported values, respectively.)

Location Depth (m) Width (m) Source
Alaska 1− 3 Rex (1955)
Great Slave Lake < 1 < 33 Weber (1958)
Alaska (1.5− 2, 20) < 75 Reimnitz et al. (1972)
NE Atlantic 2 20 Belderson et al. (1973)
Beaufort coast < 0.5 Kovacs and Mellor (1974)
Beaufort midshelf 1.5 Kovacs and Mellor (1974)
Beaufort Sea 0.6− 1 10 Kovacs and Mellor (1974)
Beaufort Outer shelf 10 Kovacs and Mellor (1974)
Continental shelf, Nfld. 4.1 30 Harris and Jollymore (1974)
Byam Channel 0.3− 0.6 9− 15 McLaren (1975)
Beaufort < 10 Shearer and Blasco (1975)
N. Glacial Lake Agassiz < 2 6− 40 Dredge (1982)
Ontario, CA 2.5 9 Eyles and Clark (1988)
Southern Lake Agassiz < 3 50 Woodworth-Lynas and Guigné (1990)
Norway < 2 15− 70 Longva and Bakkejord (1990)
East Greenland (2.5, 12) Marienfeld (1992)
Glacial Lake Iroquois < 1 < 174 Gilbert et al. (1992)
Beaufort sea 0.3 Héquette et al. (1995)
Beaufort sea (0.5, 7.1) (26, 1375) Lach (1996)
Grand Banks (1.3, 5.0) (25, 100) Lach (1996)
Resolute Bay 0.25− 1 3− 13 Conlan et al. (1998)
Lake Erie St Lawrence < 0.4 0.2− 1 Dionne (1998)
Beaufort sea (2.5, 4.5) Wadhams (2000)
Ontario, CA 4 10 Eden and Eyles (2001)
Grand Banks (0.22, 3.86) (31, 191.4) King et al. (2009)
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Plowing of ice features through the soil results in failure planes formed

in the soil. Soil on a failure plane is pushed along the keel’s direction of

motion and eventually upward. As the scouring process continues, the soil

mound formed ahead of the ice begins to break up and is pushed to the sides

(Woodworth-Lynas et al., 1991), resulting in formation of the side berms ob-

served along scour marks. Through this mechanism, often referred to as the

“clearing mechanism,” the soil mound forming ahead of the ridge is said to

reach a peak height.

1.1.2 Seabed Scour and Soil-Pipe Interaction

A recent article by the U.S Geological Survey (USGS) estimated that the

Arctic region is home to over 10% of the world’s undiscovered oil reserves, and

30% of the world’s untapped natural gas reserves (Gautier et al., 2009).

This has resulted in increased interest and efforts by neighboring coun-

tries in exploring and tapping into these natural reserves. Recovery of the oil

and gas from reserves that lie beneath the sea requires construction of marine

pipes which partly will be submerged beneath the sea surface with long spans

supported on the seabed. Exposure of the pipes to the environment renders

them vulnerable to both man-made and geo-environmental hazards such as

dragging of anchors and cables, thermal buckling, strudel scouring of seabed,

and scouring by ice masses.

Design of pipelines to withstand direct impacts by ice masses is unfea-

sible. Soon after discovery of the hazards ice features present due to gouging,

it was assumed that burial of marine pipelines such that they do not come

in direct contact with ice features is sufficient in preventing damage to the
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pipelines. It was later determined that the soil in close proximity to the ridge

undergoes large deformations, making pipelines susceptible to damage even

in absence of direct contact. It is now generally accepted that trenching and

burial of marine pipelines within the seabed provides the ideal level of protec-

tion against such hazards.

The two largest contributing factors for increased risk of pipe failure are

the increased frequency of seabed scouring in proposed pipeline routes, and the

probability of exceedance of the design burial depth by the ice features. While

probabilistic approaches may be utilized for quantifying the risk of each of these

factors, they provide little to no guidelines as to how deeply pipes must be

buried to prevent their catastrophic failure due to scouring. Excessively deep

trenching for pipes is cost-prohibitive. A main quantity of interest in the design

of marine pipelines is thus to find the optimum burial depth that minimizes

operating costs while ensuring their structural integrity and safety during a

scouring event. Deterministic approaches through numerical modeling of the

seabed scour problem may be used for determining safety of a pipe during an

scouring event. This type of numerical simulation can ultimately be used for

finding optimum burial depths of pipelines for given soil types and scouring

events.

1.1.3 Previous Work

Substantial amount of work has been dedicated to studying the seabed scour-

ing process through visual observations, simplified analytical approaches, ad-

vanced numerical methods, and probabilistic approaches. Less effort though

has been focused on studying the effect of scouring on buried pipelines. Much
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of the existing and cited works in the literature on seabed scouring has been

in conference and symposium proceedings. In this dissertation, we aim to fo-

cus on readily available journal publications, dissertations, and books. For a

comprehensive bibliography including conference proceedings and reports, the

reader is referred to references in the works of Goodwin et al. (1985), Lach

(1996), and Barrette (2011).

Experimental

Little information on subscour soil deformation may be gained from passive

monitoring of existing trenches on the seabed. On the other hand, active

monitoring and data acquisition from ongoing scouring processes is generally

unfeasible. Instead, small-scale laboratory tests, in-situ tests, and centrifuge

tests have been carried out in attempts to gain insights into the scouring mech-

anisms. Data and observations gained from these tests are vital for verification

and validation of numerical procedures.

Chari (1975) performed some of the earliest small-scale physical model

scouring tests assuming uniformly sloping seabeds in laboratory settings. Model

ridges were pushed through modeling clay at prescribed velocities. Both hor-

izontal and vertical movement of soil was observed in these tests, where soil

movements extending far below the scour depth were observed. Failure ahead

of the ridge was determined to resemble a highly local punching shear fail-

ure. Despite the local failure mode, a failure wedge starting at the toe of the

ridge and meeting the surface at roughly 45◦ appeared to conform with the

assumption of a Coulomb wedge. The soil flow was fan-shaped to the sides

of the ridge, while any shoulder or side berm created would collapse after the

ridge had passed. For the experiments carried out, it was ruled unlikely for the
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front mound to reach an equilibrium, and no well-defined effects on loading

rate were observed.

Although small-scale model tests are convenient, they do not provide

a realistic and accurate representation of the soil behavior of the prototype.

Closer representation of important soil properties such as the effective stress

and pore fluid pressure can be attained through geotechnical centrifuge mod-

eling. Lach (1996) performed centrifuge model tests to study seabed scouring

and the subsequent soil deformation in saturated Kaolin clay. A total of nine

model tests were conducted in which different test variables such as the ef-

fective vertical preconsolidation stress, ridge attack angle, and scour widths

were varied. The model ridges, constructed as stiff objects, were driven with

a prescribed velocity through the soil. Quantities of interests such as stress,

deformation fields, contact pressure, and resultant forces on the ridge were

reported. The quantitative behavior of the seabed in response to scouring was

the upward movement of soil in the direction of motion followed by pushing

of the frontal mound to the sides forming side berms. The development and

verification of deterministic ice-soil interaction models have extensively relied

on these tests.

Small-scale laboratory scouring model tests using an ice block repre-

senting an idealized ridge through granular soil were performed by Barker

and Timco (2002). In these experiments, the ice block was driven at a pre-

scribed velocity at different trenching depths. Different soil types including

well-graded sand, well-graded fine gravel, and coarse sand overlain by fine

gravel were used in these studies. At average velocities, it was reported that

the soils slowly rose ahead of the ridge and subsequently pushed towards either

sides of the ice block. At higher velocities, the front mound would not be as
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noticeable, but instead soil would be rapidly pushed around the ridge to form

side berms. Shallower scour depths were found to result in smaller extents

of the side berms. Components of the measured resultant forces acting on

the model ridge showed gradual increase in loads, followed by a steady-state

solution.

Liferov and Høyland (2004) performed in-situ scouring tests to inves-

tigate seabed scouring and keel destruction on clayey sediments. Progressive

destruction of the ice keel was observed during scouring. It was observed that

the overall movement and destruction of ice during scouring occurred in a way

that reduced the overall scouring force. The process of taking the path of least

resistance may in turn explain the steady-state behavior of scours in shallow

waters. In many ways, these experiments are similar to the scouring experi-

ment carried out by Barrette and Timco (2008) using real ice in an ice tank

in sand.

A series of centrifuge ice scouring in cohesive soil were described by

Schoonbeek and Allersma (2006). In these tests, following soil failure, deep

cracks beneath the indentor as well as shear bands would form in the soil. The

deformation mechanism was reported to be sensitive to the deformation rate,

keel attack angle, and particularly the undrained shear strength of the soil.

The horizontal subgouge soil deformation was reported to extend four times

the gouge depth in soft clay, and twice the gouge depth in overconsolidated

clay with higher undrained shear strength.

Been et al. (2008) carried out scaled ice scour tests in clays using a

rigid indentor with prescribed constant horizontal velocity. The attack angle

of the keels was varied from 15 to 45 degrees, and subgouge displacements

were reported. Two failure mechanisms were reported in these experiments:
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for the indentors with steep attack angles, the soil was reported to be mainly

pushed up into a mound in front of the keel, whereas in shallow attack angles,

most of the soil was forced under the keel and to the sides of the indentor.

Numerical Modeling

All of the literature on numerical modeling of seabed scouring that is reviewed

in this dissertation relies on idealization of ice features as rigid objects with

simplistic geometries describable by few parameters. From here on, we shall

gradually begin to remove emphasis from different types of ice features, and

instead focus on the subsequent effect of scouring caused by these features.

Therefore, we shall not distinguish between different types of ice features, and

refer to scouring agents as ice-ridges or simply ridges.

Early efforts of studying and gaining insight into the scouring processes

by ice masses resorted to considering basic failure modes and equilibrium

of soil and ice ridges. For instance, Chari (1979) used work-energy models to

estimate scour depths while using idealized keel geometry with a vertical scour

face. In that study, the work done at the seabed was used to overcome the

fully mobilized passive soil resistance as given by Coulomb’s earth pressure

theory.

Throughout the years, there has been increased interest in employing

advanced numerical methods such as finite element methods for gaining insight

into this complex phenomenon. Despite the maturity of computational solid

mechanics (CSM) and the successfully proven approaches of modeling soil as

a porous medium, numerical modeling of complex phenomena such as the

seabed scouring still faces difficulties. Two predominant difficulties of taking

the conventional approach are the interaction between a rigid body (e.g., an
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ice-mass) and the soil, and the subsequent large deformation (gouging) induced

on and in the soil in the course of such interaction.

Lach (1996) used a two-dimensional finite-strain formulation to account

for large deformations in an attempt to address the shortcomings of formula-

tions based on small-strain assumptions. Effects of pore water pressure were

included, and a nonlinear elastic-plastic constitutive model was used to repre-

sent both strain hardening and softening behavior of the soil. A rezoning ap-

proach was utilized to mitigate element distortions due to large deformations

present. Despite these efforts, the approach suffered from severe numerical

difficulties due to element distortions.

Working in parallel with Lach (1996), Yang and Poorooshasb (1997)

performed two- and three-dimensional scour analyses to simulate the centrifuge

tests of Lach (1996). A nonlinear material model with the Drucker-Prager yield

criterion with plastic flow governed by either an associated or non-associated

flow rule was utilized for soil. The two-dimensional simulations were deemed

representative of the centrifuge tests, and noted that subscour soil deforma-

tions were negligible at depths 3 times the scour depth. Three-dimensional

analyses were conducted to assess to subscour deformations in the presence

and absence of an embedded pipeline. It was concluded that subscour defor-

mations obtained from free-field analyses in absence of a pipeline are sufficient

for pipe analysis and design. The displacement of the ridge in these simula-

tions was limited to less than 7 meters because of severe numerical difficulties

due to element distortion.

More recent works have considered simulation of coupled scour-pipe

interaction. Nobahar (2005) performed two-dimensional seabed scouring sim-

ulations using a Lagrangian adaptive meshing technique to model large move-
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ments and deformations. The seabed was modeled as undrained clayey ma-

terial using the total stress concept with a simple von Mises yield criterion

as the plasticity model. Both scouring in absence of a buried pipe as well as

coupled scouring and soil-pipe interaction were performed in two dimensions.

The results showed that ice keel depth approaching or even exceeding pipeline

cover depth may not translate to catastrophic failure of pipeline. To our

knowledge, this is the only publicly accessible study on coupled scour-pipe

interaction in two-dimensions.

Arbitrary-Lagrangian Eulerian type of analysis combined with an adap-

tive mesh refinement scheme was utilized by Nobahar et al. (2007b) for three-

dimensional scour simulations on saturated clay. The hydrodynamic forces

were ignored and the scouring process was modeled as quasi-static. In these

simulations, soil was modeled as an elasto-plastic material with the von Mises

yield criterion. Results of coupled scour-pipe interaction were compared with

Winkler-type analysis in which subscour soil deformation was imposed on

beams in a decoupled analysis. From the simulations, it was determined that

Winkler-type analyses provide a more conservative estimate of pipe stresses.

Some simulation setups carried out were comparable to the ones performed by

Nobahar (2005), though there were discrepancies between the results. Later,

Peek and Nobahar (2012) continued the work of Nobahar et al. (2007b) by

studying the effects of coupled and uncoupled analyses of the seabed scour

and pipe interaction.

There is considerable amount of additional work published in confer-

ence proceedings on this topic (see e.g. Konuk and Gracie (2004); Konuk et al.

(2005); Abdalla et al. (2009); Phillips et al. (2010); Pike et al. (2011, 2012)

and references therein). These works have generally relied on either Arbitrary-
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Lagrangian Eulerian (ALE) or the Coupled Eulerian-Lagrangian (CEL) fea-

tures available within commercially available finite-element packages such as

Abaqus and LS-DYNA.

In the works considered thus far, classical computational solid mechan-

ics approaches have been inapplicable by themselves, and instead have had

to be combined with remeshing and rezoning procedures. Sayed and Timco

(2009) deviated from the conventional Lagrangian mesh-based method for

analyses of the seabed scour problem. Instead, a particle-in-cell (Harlow,

1964) advection scheme was utilized to allow for large deformations and dis-

continuities in the deformation field. This was made possible by utilizing a

history-independent model that followed a Mohr-Coulomb-like yield criterion.

The numerical methods described thus far may ultimately be used as

a deterministic tool for gaining information on the optimal burial depth of

pipes in the seabed floor in events of scouring by ice features. Probabilistic

methods (see e.g. (Nobahar et al., 2007a)) provide an alternative framework

for optimization of design with respect to engineering and economical criteria.

These approaches can be ultimately coupled with probabilistic methods

for analysis and design of buried pipes against seabed scouring. These methods

may rely on relatively simple models of ice-soil-pipe interaction for considering

various different loading scenarios. King et al. (2009), for instance, presented

a probabilistic burial analysis based on a probabilistic characterization of the

seabed scouring regime coupled with a deterministic analysis of pipeline strain

response for a range of ice gouge widths, depths, and trench geometries.
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1.2 Moving Towards a Computational Fluid

Dynamics Approach

Previous experimental and numerical studies on seabed modeling indicate that

substantial deformation of the seabed surface occurs during scouring by ice

features. Such large deformations inherently present in scouring events, cou-

pled with the numerical difficulties associated with modeling them in classical

Lagrangian-based methods, motivate seeking an Eulerian-based approach for

their numerical modeling. The use of such approaches for problems of solid

mechanics, however, comes at a cost: advection and subsequent interpolation

requirements of the load-history and stress-state of soil at the discrete level

poses additional challenges. Advection of a material’s load-history along with

velocity fields introduces additional numerical error (Jiao and Heath, 2004),

while interpolation of these quantities between a hierarchy of meshes may often

lead to lack of convergence of the solution of the nonlinear problem (Vavourakis

et al., 2013).

Where permitted, replacement of complex and load-history-dependent

constitutive models of soil with simpler ones may provide a particularly con-

venient way of circumventing these difficulties. Approximation of the seabed

soil as a fluid with such constitutive models may be justified by the rheolog-

ical behavior during scouring, discussed later in Section 4.2. The work of

Sayed and Timco (2009) for the scouring process as well as work of Raie and

Tassoulas (2009) for numerical modeling of torpedo anchor installations in the

seabeds are two examples of such approaches.

The treatment of the seabed as an equivalent viscous fluid with a

history-independent constitutive model and the subsequent free-surface in-

16



troduction may be solved for using interface capturing methods such as the

marker-and-cell (Harlow and Welch, 1965), volume-of-fluid (Hirt and Nichols,

1981), or the level-set method (Osher and Sethian, 1988; Chang et al., 1996),

while overcoming remeshing needs.

With the soil treated and modeled as an equivalent viscous fluid, the

remaining components in a seabed-ridge-pipe system can be represented as

in classical methods: ice features idealized as rigid-bodies (consistent with

previous work on numerical modeling of seabed scour), pipes modeled as de-

formable bodies (hereon referred to as structures), and the seabed-ocean inter-

face treated as a free-surface. Under these modeling techniques, the soil-ridge

and fluid-object interaction problems are effectively transformed to fluid-object

interaction (FOI) and fluid-structure interaction (FSI) problems, respectively,

both of which are active areas of research.

Despite the maturity of computational fluid dynamics (CFD) and com-

putational solid mechanics, combining (i.e. coupling) the two for solving

coupled fluid-structure interaction problems continues to remain challenging.

From a formulation and coupling point of view, the inherent difficulty in solving

such problems lies in differing preferred Eulerian and Lagrangian approaches

for fluid and solids, respectively.

Body-fitted mesh discretization techniques formulated through Arbi-

trary Lagrangian-Eulerian (ALE) techniques (see e.g. (Hirt et al., 1974; Hughes

et al., 1981)) are perhaps the most widely used approaches for solving coupled

fluid-structure (see e.g. (Donea et al., 1982; Bazilevs et al., 2008)) and fluid-

object (see e.g. (Hu et al., 1992, 2001)) interaction problems. Their use has

not been strictly limited to interaction problems. Applications can be found

in free-surface flows (see e.g. Huerta and Liu (1988); Braess and Wriggers
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(2000); Souli and Zolesio (2001); Lo and Young (2004)) and even computa-

tional solid mechanics problems involving large deformations (see e.g. (Ghosh

and Kikuchi, 1991; Rodŕıguez-Ferran et al., 2002)) including the seabed scour

problem (see e.g. (Nobahar et al., 2007b; Peek and Nobahar, 2012)).

While ALE-based approaches allow for coupling of fluid and structure

domains along their shared interface, strictly by themselves they provide no

guidelines as to how the rest of the referential domain is to be updated. Poorly

selected mesh-updating techniques may result in excessive element distortion

leading to deterioration of numerical solution or, in extreme cases, may result

in element inversion and subsequent termination of the simulation. Indeed,

various mesh updating techniques have been proposed in the literature, in-

cluding elasticity-based (Stein et al., 2003) approaches, algebraic techniques

(Yigit et al., 2008), and more problem-specific methods (see e.g. Behr and

Tezduyar (1999); Tezduyar (2001)). The reader is referred to works of Jasak

and Tukovic (2007) and Wick (2011) and references therein for an overview of

common techniques used in engineering.

Within the context of our work, sustained scouring events by an ice

feature moving for tens of meters is of interest. While some motion of rigid ob-

jects and their subsequent interaction with the seabed (modeled as a fluid) can

be accounted for using similar ALE-based approaches with mesh-conforming

domains, they are not practical in our studies without re-meshing.

Other techniques have been proposed for solving complex fluid-structure

interaction problems including particle methods (Harlow, 1964; Oger et al.,

2006) and Lagrangian-based coupled with frequent re-meshing schemes (Idel-

sohn et al., 2004, 2006). Additionally, various mesh-overlapping and non-

conforming mesh discretizations have been proposed to overcome common
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mesh distortion issues present within body-fitted meshes.

Fictitious domain methods are a class of mesh-overlapping methods

which rely on overlapping and extending of fluid and solid domains to over-

come issues present with mesh-conforming methods. Since the introduction

of fictitious domain methods for solving boundary-value problems on irregular

domains (Hyman, 1952), they have been applied to fluid-structure interaction

(Peskin, 1977; Farnell et al., 2004; Yu, 2005), fluid flow in complex geometries

(Glowinski et al., 1994), and fluid-object (Glowinski et al., 1997) interaction

problems.

With increased computational power over the years, there has been in-

creased effort in solving coupled problems involving interaction of structures

with two-phase flows by coupling fictitious domain and interface capturing

methods (Yang and Stern, 2009; Lin, 2007; Kleefsman et al., 2005). In this

work, we thus hope to move in such direction for solving coupled two-phase

flow and fluid-structure interaction problems while keeping in mind their ap-

plications to the seabed scouring and pipe interaction.

1.3 Dissertation Contributions and Outline

The work presented herein is thus motivated by the numerical modeling of

seabed gouging by ice masses. We present an alternative approach for the

numerical modeling of the soil gouging process by treating the soil as a highly

viscous non-Newtonian fluid, thereby converting deformation to viscous flow.

We further develop the idea of approximating saturated soil as an incompress-

ible viscous fluid (Raie and Tassoulas, 2009), and generalize the formulation

to soil-object interaction in a large-deformation framework. Within this ap-

19



proach, the soil-ridge and soil-pipe interactions are treated as fluid-object and

fluid-structure interaction problems, respectively. The arbitrarily large topo-

logical changes in the soil are accommodated by representing the water-soil

interface as a single dynamic implicit surface.

We use the described alternative modeling approach for gaining insight

in estimating stresses in pipelines embedded in soil subjected to gouging by ice

masses. The objectives and contributions based on this work are as follows:

• Present a robust approach for constructing signed distance functions on

arbitrary meshes. This approach ultimately serves as a monitor func-

tion for a fast mesh-adaptive approach which ultimately may be used in

computational fluid dynamics.

• Present a finite-element-based stabilized fictitious-domain technique cou-

pled with the level-set method for solution of coupled two-phase fluid-

object problems that is simple to implement, and applicable to both

structured and unstructured meshes.

• Present a rheological approach for modeling coupled seabed scouring

processes and ridge-soil-pipe interaction by formulating seabed scour as a

two-phase fluid-object interaction, and the soil-pipe interaction as a fluid-

structure interaction problem. Feasibility of using incompressible viscous

fluid models with a simple history-independent constitutive model for

modeling saturated clayey soils subjected to rapid loading is investigated.

• The rheological approach developed for solving seabed scour and pipe in-

teraction is ultimately used for performing a parametric study of seabed

scouring and its effect on pipelines in two and three dimensions.
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The remainder of this dissertation is organized as follows:

• In Chapter 2, we describe a robust approach for constructing signed dis-

tance functions on arbitrary meshes. We then describe an fast r-adaptive

approach which relies on the signed distance function as a monitor func-

tion.

• In Chapter 3, we describe an approach for solving coupled two-phase

flow and fluid-object interaction problems that is applicable on arbitrary

meshes.

• In Chapter 4, we customize the formulation described in Chapter 3 for

a numerical modeling of seabed scour and pipe interaction.

• In Chapter 5, we present a parametric study of the seabed scour in two

and three dimensions, and conclude it by presenting a two-dimensional

parametric study of ridge-seabed-pipe interaction.

• In Chapter 6, we summarize the dissertation and provide directions for

future research.
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Chapter 2

Signed-Distance Function

Construction with Applications

to Mesh Adaptivity

Signed distance functions will be an important ingredient in the next two

chapters. Thus, in this chapter, we discuss our method for constructing signed

distance functions from sign functions on arbitrary meshes. We introduce arti-

ficial diffusivity and a penalty term in our variational form to avoid divergence

in the nonlinear iterations that would otherwise occur. Despite inclusion of

the artificial diffusivity, we show in examples that this approach converges

with mesh refinement, and can avoid mass fluctuation after construction of

the interface. Finally, we discuss the application of this approach for mesh

adaptivity based on a modified deformation method.

22



2.1 Introduction

Numerous interface capturing methods such as the marker-and-cell (Harlow

and Welch, 1965), volume-of-fluid (Hirt and Nichols, 1981), and the level-set

method (see, e.g. Osher and Sethian (1988); Sethian (1996); Sethian and

Smereka (2003); Osher et al. (2004)) have been proposed for the direct numer-

ical solution of complex two-phase flows exhibiting large topological changes.

The level-set method is of particular interest to us in this work and has been

extensively utilized in both computational geometry as well as computational

fluid dynamics (see e.g. Marchandise and Remacle (2006)).

In the level-set method, an implicit scalar-valued function, known as

the level-set function, is defined throughout the computational domain such

that its zeroth level set identifies the interfacial boundaries between two sub-

domains. In two-phase flows, this surface describing the interfacial boundary

between two fluids is then evolved along with the fluid velocity field through

the standard advection equation. The appropriate field variables, such as fluid

mass densities and viscosities, may then be identified with the help of the

Heaviside function, H, parametrized through the level-set function. The suc-

cess of this method thus lies in allowing the interface to be evolved irrespective

of the background mesh and the lack of need for its localization.

Lack of conformity of the interface to the nodal points of the mesh,

however, results in cut-elements exhibiting discontinuities in field variables

(Figure 2.1). The use of classical numerical integration schemes such as Gaus-

sian quadrature in evaluating the local element integrals in the Galerkin Finite

Element Method (GFEM) becomes highly inaccurate for cut-elements exhibit-

ing discontinuities. While arguing that the error in integration is localized in
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Figure 2.1: Interfacial boundary between two domains passing through ele-
ments

regions with discontinuities (around the interface), our experience shows that

in computational fluid dynamics, especially two-phase flows, using quadrature

rules to numerically evaluate the discontinuous integrals on such elements in-

evitably leads to lack of convergence at some point during the analysis. A

localization method would thus need to be applied within cut elements to

avoid such discontinuities (see e.g. Marchandise and Remacle (2006)).

To avoid the need for localization of the interface and evaluation of

discontinuous integrals over individual elements, Sussman et al. (1994) pro-

posed smearing discontinuous properties over a prescribed number of elements

through the introduction of a regularized Heaviside function Hε. The use of a

regularized Heaviside function, however, places the additional constraint on the

level-set function to start out and remain a signed-distance function through-

out the course of the analysis. Sussman et al. (1994) proposed a scheme for

construction of signed distance functions by solving a Jacobi-Hamilton equa-
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tion in pseudo-time. Currently, this remains the approach of choice construc-

tion of distance functions (see e.g. Peng et al. (1999); Akkerman et al. (2012);

Kees et al. (2011)).

In our experience, very small pseudo time-steps are often required to

avoid divergence of the nonlinear iterations proposed by Sussman et al. (1994).

Consequently, this translates to having to perform many pseudo time-steps to

reach steady-state. Conditions are only worsened as re-distancing must be

performed frequently during the course of a simulation involving complex two-

phase flows.

In this chapter, we introduce a simple approach for constructing signed

distance functions on arbitrary meshes. Through examples we show that our

approach converges with only a few nonlinear iterations without resorting to

time-relaxation schemes, and that it is applicable to unstructured meshes.

The availability of such signed distance functions over arbitrary geometries

and meshes then motivates us to seek a dynamic adaptive mesh technique

that allows us to obtain refined meshes along interfacial boundaries. The

application of this approach is not limited to two-phase flows, but can be

applied to fictitious boundary methods such as the work by (Wan and Turek,

2007a,b).

h-adaptive methods, in which mesh cells and elements are subdivided

in regions of large solution error (see e.g. Babuvška and Rheinboldt (1978);

Eriksson and Johnson (1991)), form the most popular class of techniques for

introducing mesh adaptivity. There are various complications surrounding

these techniques, such as the need for localization of the interface, which re-

quires in-depth knowledge of data structures, as well as computational costs

and difficulty in generalization to unstructured meshes.
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Less popular compared to their h-adaptive counterparts, are the so-

called r-adaptive moving mesh approaches (See e.g. Liao and Anderson (1992);

Bochev et al. (1996); Cao et al. (1999a,b, 2002); Baines et al. (2011)), which

aim to provide the desired mesh refinement by relocating the grid or nodal

points of an existing mesh while maintaining its topology. These approaches

alleviate the need for re-meshing1 and in-depth knowledge of data structures,

which an existing code may not have in place.

The remainder of this chapter is organized as follows. In Section 2.2 we

review signed distance functions and present our approach for construction of

signed distance functions on arbitrary meshes. In Section 2.3 we describe a

modified deformation method for construction of refined meshes.

2.2 A Robust Singed-Distance Construction

Approach

Consider a bounded domain Ω ⊂ Rn with n = 2, 3, and let ∂Ω denote its

boundary with outward normal vector n. Let Ω1 and Ω2 be a non-overlapping

decomposition of Ω such that Ω = Ω1 ∪ Ω2. Finally, let ∂Ω1 and ∂Ω2 denote

the boundaries of Ω1 and Ω2 and Γ denote their shared interface, with the

normal vector nΓ extending from Ω1 towards Ω2.

Then the level-set method describes the domains implicitly through the

1We refer to methods in which the mesh topology is unchanged as mesh-updating meth-
ods, thus distinguishing them from re-meshing methods where the mesh topology is changed.
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level-set function φ : Ω→ R such that

φ(x, t)


> 0 x ∈ Ω1

= 0 x ∈ Γ

< 0 x ∈ Ω2

. (2.1)

With the help of the Heaviside function, H, parametrized through φ,

we may identify the points as well as functions defined over each region. For

instance, let ρ1 and ρ2 be two continuous scalar fields defined over Ω1 and Ω2,

respectively. Then, the value of ρ at any point x can be recovered through

ρ(φ(x, t)) = (ρ1 − ρ2)H(φ) + ρ2, (2.2)

without the need to explicitly localize the interface. Alternatively, in order to

avoid discontinuity of the function, we may replace the Heaviside function H

with a regularized Heaviside function Hε given by

Hε(φ) :=


0 φ < −ε
1
2

(
1 + φ

ε
+ 1

π
sin
(
φπ
ε

))
|φ| ≤ ε

1 φ > ε

, (2.3)

where ε > 0 specifies the extent of the smearing region.

Starting with a level-set function, we now wish to find the signed dis-
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tance function φd : Ω→ R such that

||∇φd|| = 1 in Ω, (2.4a)

S(φd) = S(φ) in Ω, (2.4b)

φd = 0 on Γ, (2.4c)

where S is the sign function. In the above, Eq. (2.4a) together with Eq. (2.4b)

enforce the signed distance property, while Eq. (2.4c) is a constraint for the

location of the interface to remain unchanged.

Construction of signed distance functions by solving Eq. (2.4) directly

can posse numerical difficulties as it is highly nonlinear and unstable. In-

stead, we seek a stabilized variational form motivated by stabilized methods

in computational fluid dynamics (see e.g. Tezduyar (1991); Tezduyar and

Sathe (2003); Aliabadi and Tezduyar (2000); Bazilevs et al. (2007)) where ar-

tificial numerical diffusivity based on the residual of the solution are added to

the discretized Galerkin terms.

In arriving at our variational form of solving for the distance function,

we begin by rewriting Eq. (2.4a) as

S(φ)
∇φd
||∇φd|| · ∇φ

d = S(φ). (2.5)

Now, let Sd and Wd denote appropriate trial solution and weighting function

spaces, respectively. Then, the stabilized variational form of the problem reads:
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given φ(x, tn) find the distance function φd ∈ Sd such that

∫
Ω

wd · Sε(φ)
∇φd
||∇φd|| · (∇φ

d) dx+

∫
Ω

∇wd · κd(1− εδε(φd))∇φd dx

+

∫
Ω

wd · λdδε(φd)(φd − φ) dx =

∫
Ω

wd · Sε(φ) dx (2.6)

for all wd ∈Wd. In the above, Sε = 2Hε − 1 is the regularized sign function,

δε = H ′ε is the discrete Dirac delta function, κd is an artificial damping term

given by

κd = α · (detG)−1/4, (2.7)

G =

(
∂ξ

∂x

)T
∂ξ

∂x
, (2.8)

where α = 1 is added for dimensional consistency, ∂ξ
∂x

is the inverse Jacobian

mapping of the finite elements between physical and parent domains, and λd >

0 is a penalty term. We supplement the problem by specifying appropriate

boundary conditions. In our work, we require ∂φd

∂n
= 0 along all boundaries.

The second term on the left-hand side of Eq. (2.6) adds artificial dif-

fusivity away from the interface to improve the stability and the nonlinear

convergence rate of the nonlinear iterations. The third term is a penalty term

added to enhance enforcement of the constraint given by Eq. (2.4c) by penaliz-

ing the perturbation of the interface from its original location due to numerical

diffusivity. In our applications, the geometry of the interface is of utmost im-

portance, and we find that the inclusion of this penalty term is crucial in

preserving the detail of the interface without artificially smoothening it after

creating the signed distance function. In the recent work of Kees et al. (2011),
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this penalty term was also included to minimize mass fluctuation.

As opposed to the residual-based stabilization methods such as the

Streamline Upwind Petrov Galerkin (SUPG) or the Pressure Stabilizing Petrov

Galerking (PSPG) methods (See e.g. Shakib et al. (1991); Tezduyar (1991);

Tezduyar and Sathe (2003)), our approach (Eq. 2.6) is not residual-based.

However, note that κd = O(he), where he is the typical element size. There-

fore, despite adding artificial diffusivity, it is expected to retain convergence

properties with mesh refinement.

In order to test the effectiveness as well as the convergence of this

method, we consider a series of examples in the following sections on both

structured bilinear quadrilateral meshes and unstructured linear triangular

meshes. In all examples considered, the Newton-Raphson method is utilized

for linearization of the nonlinear system of equations in Eq. (2.6).

2.2.1 Numerical Examples

We now consider the application of this approach for constructing signed dis-

tance on structured and unstructured meshes. The first two examples consider

cases for which an analytical solution exists, while in the last problem, no an-

alytical solution exists. In all examples, our initial level-set function is defined

to be a sign function. The integrals are evaluated using Gaussian quadra-

ture integration schemes without any special treatment of the interface, and

Newton-Raphson method is used to linearize the nonlinear systems of equa-

tions resulting from Eq. (2.6).
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Re-distancing of Shifted and Rotated Sign Functions

We consider the construction of a signed distance function from a translated

sign function φ0(x1) = S(x1 − 0.5) as well as a rotated signed function given

by φ0(x1) = S( 1√
2
(−x1 + x2)) on the unit square [0, 1] × [0, 1]. Construction

of these functions is considered on both structured and unstructured meshes

on bilinear quadrilateral and linear triangular meshes.

The L2 errors of the created signed distance functions are plotted in

Figure 2.2 while the corresponding relative mass fluctuation following con-

struction of the distance functions are tabulated in Table 2.1 and Table 2.2

for the shifted and the rotated sign functions, respectively.

Table 2.1: Error in signed distance and mass fluctuation for a translated signed
function

Structured Unstructured

h L2(φh − φ) Mass Loss (%) L2(φh − φ) Mass Loss (%)

0.04 3.550× 10−4 0.000 5.770× 10−7 2.362× 10−4

0.02 1.341× 10−6 0.000 1.432× 10−7 0.00
0.01 1.723× 10−7 0.000 1.876× 10−8 0.00

Table 2.2: Error in signed distance and mass fluctuation for a rotated signed
function

Structured Unstructured

h L2(φh − φ) Mass Loss (%) L2(φh − φ) Mass Loss (%)
0.04 1.459× 10−5 0.000 4.002× 10−5 −3.072× 10−3

0.02 3.530× 10−6 0.000 6.518× 10−6 2.170× 10−4

0.01 8.524× 10−7 0.000 9.134× 10−7 2.082× 10−4
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Figure 2.2: Plots of L2 error for shifted sign function (left) and rotated sign function (right) for examples
considered in Section 2.2.1
.
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The results indicate convergence of the solutions as expected. Struc-

tured meshes suffer from fluctuation in mass following creation of the signed

distance functions, while the unstructured meshes show small fluctuations (Ta-

bles 2.1 and 2.2).

Re-distancing of a Circular Interface

As the next example, we consider the construction of a signed distance function

starting with a circular inclusion φ0(x) = S(
√

(x1 − c1)2 + (x2 − c2)2−r), with

c = (0.5, 0.5), and r = 0.25 on the unit square domain Ω = {(x1, x2) : 0 < x1 <

1, 0 < x2 < 1}. As in the previous example, we consider their construction on

bilinear quadrilateral and linear triangular meshes.

The L2 errors of the created signed distance functions plotted in Fig-

ure 2.3 indicate first order convergence despite the inclusion of the artificial

diffusivity. Additionally, the relative mass errors tabulated in Table 2.3 only

indicate mass fluctuation on the coarsest unstructured mesh.

Table 2.3: Errors in signed distance and mass fluctuation following construc-
tion of a signed distance function for a circular inclusion

Structured Unstructured

h L2(φh − φ) Mass Loss (%) L2(φh − φ) Mass Loss (%)
0.04 4.508× 10−4 0.000 1.971× 10−4 0.011
0.02 1.203× 10−4 0.000 8.668× 10−5 0.000
0.01 2.910× 10−5 0.000 2.659× 10−5 0.000
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Figure 2.3: Plots of L2 error norm for a circular inclusion
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Table 2.4: Error in signed distance and mass fluctuation for a square block.

Structured Unstructured

h Mass Loss (%) Mass Loss (%)
0.04 0.000 −1.400
0.02 −0.053 0.159
0.01 0.021 0.121

Re-distancing of a Square Interface

A well-studied problem for demonstration of the ability to handle large defor-

mations is the so-called dam break problem (see e.g. Marchandise and Remacle

(2006); Elias and Coutinho (2007) and Idelsohn et al. (2004); Pin et al. (2007)

for Eulerian and Lagrangian treatments of the problem, respectively). This

problem consists of an impulsive collapse of a column of water due to gravity

and exhibits complex separation and merging of fluid bodies.

In this example, we consider only the reinitialization of the level-set

corresponding to this problem. Consider the square domain Ω = {(x1, x2) :

0 < x1 < 1, 0 < x2 < 1}, with the initial level-set function

φ0(x) =

1 0 ≤ (x1, x2) ≤ 0.5

−1 otherwise

(2.9)

as an initial location for the water column.

Table 2.4 tabulates the mass fluctuation following construction of the

distance function. There is convergence of the nonlinear iterations in all cases,

however there is mass fluctuation due to the existence of a re-entrant corner.
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2.3 An r-adaptive Method

In this section, we aim to utilize the approach highlighted in the previous

section for construction of signed distance functions on arbitrary meshes. We

aim to utilize this signed distance function as a monitor function for construc-

tion of adaptive anisotropic meshes. We look for an approach that is elegant,

fast, efficient, and easily extensible to unstructured meshes as well as higher

dimensions.

Consider the rearrangement of the nodal coordinates of the spatial do-

main under the mapping x = η(x, t), and let f(x, t) : Ω→ R be a sufficiently

smooth, positive monitor function such that

∫
Ω

1

f
dx = |Ω|. (2.10)

Then, approaches based on the deformation method (see e.g. Semper and Liao

(1995); Bochev et al. (1996); Cai et al. (2004)) aim to find the mapping η such

that

det(∇η(x, t)) = f(η(x, t)) in Ω× (0, T ). (2.11)

Rather than solving the nonlinear equation given above, Bochev et al.

(1996) proposed finding the mapping through a two-step process as follows.
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First, find the grid velocity vector field vg(x, t) : Ω→ Rn such that

∇ · vg = − ∂

∂t

(
1

f(x, t)

)
in Ω(t) (2.12a)

∇× vg = 0 in Ω(t) (2.12b)

vg(x, t) · n = g(x, t) on ∂Ω(t), (2.12c)

where g : ∂Ω(t) → Rn is a prescribed boundary velocity field. In the above,

the second equation is an auxiliary constraint added to produce an irrotational

mesh velocity field to improve the deformed mesh. Then, find the mapping by

solving the following ODE system

∂η(x, t)

∂t
= vg(η, t) · f(η, t) for 0 < t < T (2.13a)

η(x, 0) = η0(x). (2.13b)

Bochev et al. (1996) proved that Eq. (2.12a) together with Eq. (2.13a)

satisfy Eq. (2.11) by construction. This has huge implications: since the mon-

itor function f is strictly positive, theoretically, no mesh tangling should occur

in the produced mapping.

The standard Galerkin finite element method is deficient for solving

the div-curl system given by Eq. (2.12). In the literature, other schemes such

as the least-squares finite element method (LSFEM) have been utilized for

discretization and solution of the system of equations (see e.g. Bochev et al.

(1996); Cai et al. (2004)).

We perform a simple modification of the approach presented above with

hopes of simplifying the solution methodology. Assuming that the monitor
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function f is sufficiently smooth in space and time, we take the derivative of

Eq. (2.12a) and Eq. (2.12b) with respect to x1 and x2, respectively, and sum

the resulting expressions. Doing so, the modified problem becomes to find

vgi (x, t) : Ω→ R for i = 1, 2, 3 such that

∆vi
g = − ∂2

∂t∂xi

(
1

f

)
in Ω(t) (2.14a)

vg(x, t) · n = g(x, t) on ∂Ω(t), (2.14b)

The same update transport equation is then used for constructing the mapping,

namely,

∂ηi
∂t

= vgi (η) · f(η, t) for 0 < t < T (2.15a)

η(x, 0) = η0(x), (2.15b)

The success of this approach relies on picking an appropriate monitor

function. We choose the monitor function, f , to take the following form

f(φ(x, t), t) = C1φ
2 ·
(
1− e−αt

)
+ ε+ e−αt. (2.16)

In the above, C1 is a scaling constant, α = 5, and 0 < ε < 1 is a small number

comparable to the typical element mesh size. Recalling that f represents the

Jacobian of the mapping, we note that

• f(φ, 0) = 1 + ε, that is, the initial mapping is almost the identity map.

• f(φ, t)→ C1φ
2 + ε and f(0, t)→ ε > 0 as t→∞, that is, we expect the

mesh elements to shrink within the vicinity of the interface.
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• f(φ, t) > 0 for all t, that is, we expect that no mesh tangling will occur.

Equation (2.14) is the Poisson problem, and any discretization method

can be used to solve it. Using the GFEM, for instance, will produce a lin-

ear, symmetric, positive-definite system of equations in which the coordinate

transformations are decoupled from one another. This allows use of fast iter-

ative methods such as the conjugate-gradient method for solving for the new

coordinates.

Although the discretization of Eq. (2.14) is straightforward, the preser-

vation of the interface is not guaranteed if this mesh adaptivity was to be used

for two-phase flows. We enforce for the location of the interface to remain un-

changed by penalizing its perturbation from the initial location. The discrete

variational form of Eq. (2.14) reduces to finding vg,hi ∈ Sh(Ω) such that

∫
Ω

∇wh · ∇vig,h dx+

∫
Ω

whλgδε(φ)(vg,hi − φ) dx = −
∫

Ω

wh
∂2

∂t∂xi

(
1

f

)
dx

(2.17)

for all wh ∈ Wh. In the above, the temporal derivative of f−1 is evaluated

analytically from Eq. (2.16), while the special derivatives are approximated nu-

merically. The temporal integration of Eq. (2.15) is performed using forward-

Euler to avoid the need for interpolation and nonlinear iterations. The first

integral in the above is the resultant discrete Laplace operator, while the sec-

ond integral enforces the location of the interface by the penalty parameter

λg > 0. By setting λg = 0, we can generate better adapted meshes, though

they can result in significant perturbation of the interface.

The adaptive mesh procedure summarized is summarized in Algorithm 2.1.
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Algorithm 2.1 Algorithm for computing adapted mesh. n denotes the spatial
dimension.
1: φ = Solve(Eq. (2.6)) . Create signed distance function
2: Set dt
3: i← 0
4: t← 1
5: for t ≤ tmax do . Perform until steady-state
6: f̂ ←

∫
Ω
f−1dx · f/|Ω|

7: for i < n do
8: vn+1

i ← ConjugateGradient(Eq. (2.17))

9: dui ← dt ·
(
vn+1
i f̂n+1 − vni f̂n

)
10: vni ← vn+1

i

11: ui ← ui + dui
12: xi ← x0 + ui
13: i← i+ 1
14: end for
15: t← t+ 1
16: end for

2.3.1 Numerical Examples

Circular Inclusion

In this example, we consider adaptation of both structured and unstructured

meshes to a circular inclusion. The computational domain is a unit square

Ω = {(x1, x2) : 0 < x1 < 1, 0 < x2 < 1}, and the level-set function describing

the circle is the same as the one considered in Section 2.3.1. Figures 2.4 and 2.5

show snapshots of the mesh as computed by Algorithm 2.1. In these figures,

the location of circle’s boundary is extracted from the background mesh.

Three-dimensional Cube

As the last example, we consider adaptivity of a mesh to a cube (in three-

dimensions). Our domain is a unit cube Ω = {(x1, x2, x3) : 0 < x1 < 1, 0 <
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t = 0.2 t = 0.4

t = 0.8 t = 1.0

Figure 2.4: Adaptivity to a circular inclusion on a 50 × 50 structured mesh.
The plotted graph of circle is extracted from the mesh.
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t = 0.2 t = 0.4

t = 0.8 t = 1.0

Figure 2.5: Adaptivity to a circular inclusion on a 50× 50 unstructured mesh.
The plotted graph of circle is extracted from the mesh.
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x2 < 1, 0 < x3 < 1}, with the interface defined as Γ = {x | 0 < x1 ≤ 0.5, 0 <

x2 ≤ 0.5, 0 < x3 ≤ 0.5}. The two-dimensional equivalence of this problem was

considered in Example 4 of Section 2.3.1 for constructing a signed distance

function, and may be of interest for the solution of the three-dimensional dam

break problem (see e.g Marchandise and Remacle (2006)).

Our initial discretization is a 25 × 25 × 25 structured cubic mesh. We

first construct the signed distance as done in Section 2.3.1, and then construct

the adapted mesh based on this function. The evolution of the mesh is shown

in Figure 2.6.

Single-mode Rayleigh-Taylor Instability

We consider coupling the mesh adaptivity and re-distancing approach dis-

cussed earlier by coupling them with a stabilized CFD code based on the

arbitrary Lagrangian Eulerian method.

As an example, we consider the single-mode Rayleigh-Taylor instability

between two fluids of different densities. Our problem setup is similar to

the one considered by Marchandise and Remacle (2006). The computational

domain is the rectangular domain Ω = {(x1, x2) : 0 < x1 < 0.5, 0 < x2 < 4}.
The fluid densities are taken to be ρ2 = 1.000 and ρ1 = 0.333 for the heavier

and the lighter fluids, respectively, corresponding to a Atwood number of 0.5.

The dynamics viscosities of the fluid are µ2 = 0.001 and µ1 = 0.003 for the

heavier and the lighter fluids, respectively. The instability of the interface is

driven by a gravitational field of g = (0,−10), and surface tension is ignored.

The initial level-set function is initialized as φ(x, 0) = −(2+0.05 cos(2πx1))+

x2, representing an interface with an initial single-mode perturbation with a

height of 0.05. Slip and no-flux boundary conditions are specified on all of the
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Figure 2.6: Mesh adaptivity to a cube on a 25× 25× 25 structured mesh.
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boundaries for the fluid and the level-set function, respectively.

A typical time-step of 0.01 is taken and reduced as required to achieve

convergence in the nonlinear iterations. We consider two spatial discretizations

for this problem: discretization by unstructured linear triangles with typical

dimensions of 0.0125, and a 160× 1200 structured mesh composed of bilinear

quadrilateral elements, as a reference.

The INS and the level-set equations are solved simultaneously result-

ing in roughly 53K and 0.7M unknowns for the unstructured and the struc-

tured reference meshes, respectively. Re-distancing of the level-set function

is performed after each converged time-step. We take interface enforcing

penalty parameter for re-distancing and mesh-adaptation to be λd = 20000

and λg = 1000, respectively. The constants of the mesh adaptation monitor

function are taken to be C = 10, α = 1, and ε = 0.001.

Figure 2.8 shows the evolution of the mesh along with the interface with

finer elements formed along the interfacial boundary. In Figure 2.9 we compare

the interfaces at the same instance. Compared with the fixed unstructured

mesh (Figure 2.9a), the adaptive mesh has a better resolution. Finally, in

Figure 2.7 we compare the relative mass errors. Although the overall mass

error is less with the adaptive mesh, the oscillations indicate that we do not

have control over mass conservation under mesh refinement.
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Figure 2.7: Comparison of the relative error in mass for the Rayleigh-Taylor
instability with fixed and adaptive meshes
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t = 0.250 t = 0.504 t = 0.755 t = 0.931

Figure 2.8: Adapted mesh for the Rayleigh-Taylor instability at various instances. Interfacial boundary is
extracted from mesh and shown as red line.

47



0 0.2 0.4
1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

0 0.2 0.4
1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

0 0.2 0.4
1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

(a) (b) (c)

Figure 2.9: Rayleigh-Taylor instability at t = 0.72 on (a) fixed unstructured triangular mesh (b) adaptive
unstructured triangular mesh (c) structured reference mesh.
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Chapter 3

A Stabilized

Fictitious-domain/Level-set

Method for Two-phase

Fluid-Object Interaction

3.1 Introduction

Interaction of rigid-bodies with two-phase flows is commonly encountered in

various applications such as ocean engineering, coastal engineering, and ship

hydrodynamics. Despite the maturity of computational fluid dynamics, nu-

merical modeling of the fluid-object and fluid-structure systems continue to

face challenges due to often complex geometrical bodies undergoing large dis-

placements and rotations while interacting with complex flow fields.

The numerical modeling techniques for fluid-structure and fluid-object
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interactions can be generally be categorized as either belonging to body-fitted

mesh updating methods (see e.g. Takashi and Hughes (1992); Hu et al. (1992,

2001); Wall et al. (2006); Bazilevs (2006); Bazilevs et al. (2008); Akkerman

et al. (2012)), fixed-grid methods (see e.g. Lin (2007); Kleefsman et al. (2005);

Yang and Stern (2009)), or particle methods (see e.g. Pin et al. (2007); Oger

et al. (2006); Idelsohn et al. (2006)).

Mesh-conforming methods often rely on an Arbitrary Lagrangian-Eulerian

(ALE) formulation (see e.g. Hirt and Nichols (1981); Hughes et al. (1981)) to

allow for coupling of fluid and structure formulations. In these methods, the

structure is tracked in a Lagrangian fashion, while the fluid computational do-

main is allowed to deform and warp so that conformity of meshes between the

fluid and the object is maintained. Such procedures where a body-fitted mesh

discretization evolves with the rigid-object’s motion, suffer from the same is-

sues present in Lagrangian tracking of the fluid-object interface, and require

the use of various mesh-updating techniques (see e.g. Stein et al. (2003); Jasak

and Tukovic (2007); Wick (2011); Vavourakis et al. (2013)) to avoid mesh tan-

gling and element inversion.

Re-meshing and interpolation requirements typical of large deformation

analyses have made non-conforming and mesh-overlapping techniques more

popular over the years. Hyman (1952) described a procedure for solving

boundary-value-problems on irregular domains by extending the domain of

interest into a larger rectilinear domain, later dubbed the fictitious domain.

Methods based on this approach relax requirements of mesh conformity, and in-

troduce effects of object on flow through proper treatment of solution variables

at the neighboring mesh points. Since their introduction, these approaches

have since been applied to fluid-structure (Peskin, 1977; Farnell et al., 2004)
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interaction, fluid flow in complex geometries (Glowinski et al., 1994), and fluid-

object (Glowinski et al., 1994, 1997, 1999, 2001) interaction problems. These

methods are based on overlapping and extending of fluid and solid domains

and all fall under the broad category of fictitious domain methods.

Glowinski et al. (1999, 2001) developed the Distributed Lagrange multi-

plier (DLM) approach for simulating particulate flow in which the fluid-particle

motion was treated implicitly in a single coupled variational formulation in

which the traction forces on the particle boundaries mutually canceled out.

Explicit computation of the hydrodynamic forces on the bodies is therefore

not required for solving rigid body motion of the particles in this approach.

The compatibility boundary conditions of rigid-body motion are imposed on

the background mesh as constraints through a set of Lagrange multipliers

(representing pseudo-body forces).

Yu (2005) generalized the DLM-based approach for solution of fluid-

elastic-body interaction, while Wan and Turek (2007a) proposed an efficient

multigrid-based solution methodology for solving the resulting systems of equa-

tions. Wan and Turek (2007b) used an ALE-based mesh-deforming strategy

along side DLM-based fictitious domain methods to improve the numerical

solution along solid boundaries by creating finer meshes around rigid-bodies

at each time-step while maintaining mesh topology throughout the analysis.

For two-phase fluid-object interaction problems, there are added chal-

lenges in numerical modeling due of the coupled system resulting from the pres-

ence of an interfacial boundary that may undergo large topological changes. In

recent years, fictitious domain methods have been coupled with interface cap-

turing methods such as the volume-of-fluid (Hirt and Nichols, 1981) method

and the level-set-method Osher and Sethian (1988); Sethian (1996) for simu-
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lation of complex two-phase fluid-object interaction problems.

Kleefsman et al. (2005) used a finite-volume method (FVM) coupled

with the volume-of-fluid method for treatment of wave impact on fixed Carte-

sian grids, where a cut-cell method was used for capturing the boundaries of

the object. Lin (2007) developed a two-dimensional finite-difference method

(FDM) for fluid-object interaction on fixed grids based on the cut-cell tech-

nique. The object was represented by the volumetric fraction of object in

Cartesian cells and tracked in a Lagrangian fashion, while the interface was

captured using the volume-of-fluid (VOF) method. Yang and Stern (2009)

presented a sharp interface immersed boundary formulation coupled with a

level-set/ghost-fluid method for treatment of coupled fluid-object interaction

problems on Cartesian grids.

In this chapter, we present a method based on coupling the distributed

Lagrange multiplier fictitious domain method with the level-set method which

is applicable on arbitrary meshes. The fluid equations and the level-set are

discretized using a stabilized finite-element method in space, and integrated

in time using the generalized alpha method (Chung and Hulbert, 1993). We

then consider the feasibility of modeling soil deformation as viscous flow for

problems where the soil is subject to large deformation in presence of a rigid

indentor. We cast the soil-fluid-object system as a two-phase fluid-object in-

teraction system. The contact problem and re-meshing requirements used in

classical modeling approaches will thus be avoided by recasting the soil-object

interaction (SOI) as a fluid-object interaction (FOI) problem similar to works

of Raie and Tassoulas (2009) and Sayed and Timco (2009).

This chapter is organized as follows. In Section 3.2, we summarize the

governing equations for multiphase-fluid, rigid-object dynamics, and phase-
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evolution problems. In Section 4.6, we present the fully coupled variational

form of the fluid-soil-object system, and subsequently discretize it in Sec-

tion 3.4. In Section 3.6, we consider examples as demonstration and verifi-

cation of the method.

3.2 Governing Equations

Denote by Ω̃f
1 , Ω̃

f
2 ⊂ Rn with n ∈ {2, 3} two non-overlapping fluid domains

and let Ω̃f = Ω̃f
1 ∪ Ω̃f

2 be the combined fluid domain. Let Ωo ⊂ Rd represent

the domain of a rigid-object, and assume that the fluid and the rigid object

domains are non-overlapping (Ω̃f ∩ Ωo = ∅), and define Ωf := Ω̃f ∪ Ω
o

to be

the extended fluid domain into the domain occupied by the rigid object.

Denote by ∂Ωf and ∂Ωff the boundary of the fluid domains, the fluid-

fluid interface, respectively, and let ∂Ωo be the boundaries of the rigid-object.

Finally, we denote the boundary of the extended fluid domain by ∂Ω̃f , and

denote the same boundary by ∂Ωφ equipped with possibly different boundary

conditions than those on ∂Ω̃f . Throughout the chapter, we use superscripts f

and o to distinguish between fluids and rigid-object, respectively.

Our point of departure for treating the fluid-soil system as a multiphase

flow problem begins by expressing the mechanical properties of the two media

implicitly through the level-set function φ. Consider the level-set function φ

such that its zero level set coincides with the fluid-soil interface and takes on

a positive value in one fluid domain and a negative value in the other domain.

Then, we can write the mechanical properties of the fluid-soil system implicitly
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through this function as

ρ(φ) = (ρf1 − ρf2)H(φ) + ρf2 , (3.1)

µ(φ) = (µf1 − µf2)H(φ) + µf2 , (3.2)

where H(φ) is the Heaviside function. Assuming that no material is transferred

between the two fluids along the interface, the local governing equations of

linear momentum and mass conservation for a multiphase-fluid system are

aimed at finding {v, p} ∈ Ω̃f × [0, T ] in the open time interval t ∈ (0, T ) of

length T > 0 such that

ρf (
∂v

∂t
+ v · ∇v)− ρfv (∇ · v)−∇ · σf − ρfb = 0 in Ω̃f × (0, T ), (3.3)

ρf∇ · v = 0 in Ω̃f × (0, T ). (3.4)

In the above, ρf is the fluid mass-density field, v is the fluid velocity field,

σf is the Cauchy stress tensor, and b is the external body force acting on

the fluid. The stress tensor for viscous Newtonian fluids is a linear strain-rate

dependent model given by

σf = 2µf∇sv − 2

3
I∇ · v − pI (3.5)

where ∇s is the symmetric gradient operator, I is the identity tensor, µf is

the kinematic viscosity, and p is the static pressure. In Section 4.3 of the next

chapter, we will discuss how we may use a nonlinear strain-rate dependent

model of the same form to approximate soil behavior.

We have chosen the above non-conservative form of the conservation
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laws for reasons to be discussed in the next section. The initial boundary-value

problem (IBVP) is complete with the appropriate set of boundary, kinematic,

dynamic, and initial conditions.

Assuming that no fluid is passed in between the interfacial boundary, we

evolve the level-set function φ with the velocity field of the fluids through the

use of the pure advection equation (also referred to as the level-set equation).

The advection equation written in a non-conservative form requires that

∂φ

∂t
+ v · ∇φ = 0 in Ω̃f × (0, T ), (3.6)

with appropriate coupling boundary conditions and initial conditions.

Equations describing the dynamics of a rigid-body are best described

in a Lagrangian fashion. Let x and X denote the current and referential coor-

dinates, respectively, of a point on the rigid-body. Under rigid-body motion,

the current configuration is obtained through a rigid-body rotation followed

by translation, namely

x = QR+ (X0 +Uo) (3.7)

where Q is an orthogonal matrix, X0 is the center of mass of the body in the

reference configuration, R = X −X0 is the relative position vector, and Uo

the translation of the mass center of the body.

Let ρo and M o denote the mass-density and total mass of a rigid object,

respectively. The momentum conservation equations along with the coupling
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boundary conditions define the IBVP for the rigid object then require

M oV̇ = M og +

∫
∂Ωo

t dx in Ωo × (0, T ), (3.8)

d

dt
(QJoQTω) =

∫
∂Ωo

r × t dx in Ωo × (0, T ), (3.9)

where Jo is the mass moment of inertia of the rigid object, t is the traction

acting along the boundary of the rigid-body coming from the fluid, and r =

x−xo is the relative-position vector in the current configuration of the body.

In the above, we have made the simplifying assumption that the rigid-body

never comes in contact with the boundaries of the fluid.

3.3 Variational Form of the Coupled System

Let S∗, W∗ denote the appropriate trial solution function and weighing spaces,

respectively, where ∗ ∈ {f, o, φ} denotes either the fluid, rigid-object, or level-

set function. Then, the variational coupled formulation reduces to finding the

fluid-pressure pair {v, p} ∈ Sf , level-set function φ ∈ Sφ, rigid-body transla-

tional and rotation velocity vectors V o,ω ∈ Rn such that

∫
Ω̃f

wf · ρf ∂v
∂t

dx+

∫
Ω̃f

wf · ρfv · ∇v dx+

∫
Ω̃f

∇wf : σf dx

−
∫

Ω̃f

wfρfb dx+

∫
Ω̃f

wf · t dx+

∫
Ω̃f

q ρf∇ · v dx

+W o ·M o(V̇ o − g) + ξo · d
dt

(Joω)

+

∫
Ω̃f

wφ
∂φ

∂t
dx+

∫
Ω̃f

wφv · ∇φ dx = 0, (3.10)

for all {wf , q} ∈Wf , W o, ξo ∈ Rn, and wφ ∈Wφ.
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The above coupled formulation does not require the computation of the

traction forces along the rigid-body, and the coupling is done by requiring that

the fluid and the rigid-body velocities match along their shared boundary. The

inherent difficulty in the above formulation however, is integration of the fluid

equations over only the fluid domain which changes over time depending on

the location of the rigid-body.

The above integrals can be extended into the rigid-body domain using

a distributed Lagrange multiplier fictitious domain approach (Glowinski et al.,

1997, 1999, 2001). The general approach is briefly described below. First, we

extend the fluid velocity and weight functions in the domain occupied by the

rigid-object, i.e.

v = V o + ω × r in Ωo (3.11)

wf = W o + ξ × r in Ωo (3.12)

where ω is the angular velocity of the rigid object. Integrating the fluid weigh-

ing function and ρfv over Ωo then leads to

∫
Ωo

ρfwf · dv
dt
dx = W oρ

f

ρo
·M oV

o

dt
+ ξ · ρ

f

ρo
d

dt
(Joω) (3.13)

where M o is the total mass of the rigid-object, and Jo is the mass moment

of inertia of the rigid-body (in the current configuration). Noting that g is

a constant vector field, ∇wf = −(∇wf )T in Ωo and σf = (σf )T , the above
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equation can then be augmented to

∫
Ωo

wf · ρf dv
dt
dx+

∫
Ωo

∇wf : σ dx−
∫

Ωo

ρfg dx

= W oρ
f

ρo
·M odV

o

dt
+ ξ · ρ

f

ρo
d

dt
(Joω) (3.14)

Finally, adding Eq. (3.10) and (3.14), and enforcing the boundary con-

ditions through a distributed Lagrange multiplier field reduces the coupled

variational formulation to finding the fluid-pressure pair {v, p} ∈ Sf , level-

set function φ ∈ Sφ, rigid-body translational and rotation velocity vectors

V o,ω ∈ Rn, and Lagrange multipliers λ ∈ Sλ such that

∫
Ωf

wf · ρf ∂v
∂t

dx+

∫
Ωf

wf · ρf∇v · v dx+

∫
Ωf

∇wf : σf (p,v) dx

−
∫

Ωf

wfρfb dx+

∫
Ωf

wf · t dx+

∫
Ωf

q ρf∇ · v dx

+W o ·M o(1− ρf

ρo
)( ˙̄V o − g) +

(
W o , λ

)
Ωo

+ ξo · (1− ρf

ρo
)
d

dt
(Joω)

+
(
v − (W o + ξ × r) , λ

)
Ωo

+
(
π , v − (V̄ o + r × ω)

)
Ωo∫

Ωf

wφ
∂φ

∂t
dx+

∫
Ωf

wφv · ∇φ dx = 0, (3.15)

for all {wf , q} ∈ Wf , W o, ξo ∈ Rn, wφ ∈ Wφ, and π ∈ Wλ. In the above,

(·, ·) denotes an appropriate inner product space, σf is the fluid stress given

by Eq. 3.5, and ρ(φ) depends on the level-set function.
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3.4 Discrete Formulation

It is well known that the choices of appropriate and compatible finite ele-

ment spaces for the velocity and the pressure fields determine the stability

of the formulation on the discrete level. To alleviate this issue, we consider

the discretization of the coupled system above through Variational Multiscale

methods (see e.g. Bazilevs et al. (2007); Hughes and Sangalli (2007)).

3.4.1 Semidiscretization

The idea behind variational multiscale methods is to split the solution and

weighing spaces into coarse-scale and fine-scales, and approximate the fine-

scales element-wise through appropriate projections of the residuals of the

coarse scales (see e.g. (Bazilevs et al., 2007; Hughes and Sangalli, 2007; Badia

and Codina, 2009, 2010)).

Under spatial discretization, let each sub-domain be discretized into nel

elements such that Ω∗ = ∪eΩ∗e, 0 ≤ e < nel where ∗ denotes the appropriate

sub-domain, and nel is the number of elements of that given sub-domain.

Working now with finite-dimensional approximations to trial and weighing

function spaces and augmenting the discretized equations with stabilization

terms to allow for equal-order interpolation of fluid velocity and pressure fields

as well as minimizing the oscillation of the velocities near boundary layers

leads to the following semi-discrete variational formulation: find {vfh , ph} ∈ S
f
h,
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φh ∈ S
φ
h, λh ∈ Soh, ω ∈ Rn, V ∈ Rn such that

∫
Ωf

wf
h · ρfh

∂v

∂t
dx+

∫
Ωf

wf · ρfh∇vh · vh dx+

∫
Ωf

∇wf
h : σf (ph,vh) dx

−
∫

Ωf

wf
hρ

f
hb dx+

∫
Ωf

wf
h · t dx+

∫
Ωf

qh ρ
f
h∇ · vh dx

+W o ·M o(1− ρf

ρo
)( ˙̄V o − g) +

(
W o , λh

)
Ωo

+ ξo · (1− ρf

ρo
)
d

dt
(Joω)

+
(
wf
h − (W o + ξ × r) , λh

)
Ωo

+
(
π , vh − (V̄ o + r × ω)

)
Ωo

+

∫
Ωf

wφh
∂φh
∂t

dx+

∫
Ωf

wφhvh · ∇φh dx

+

nel−1∑
e=0

∫
Ωf

e

τvvh∇wf
h · rv dx

+

nel−1∑
e=0

∫
Ωf

e

τp∇ ·wf
hrp dx

+

nel−1∑
e=0

∫
Ωf

e

τv

ρfh
∇qh · rv dx

+

nel−1∑
e=0

∫
Ωf

e

τφvh∇wφh · rφ dx = 0, (3.16)

for all {wf
h, q} ∈W

f
h,W

o, ξ ∈ Rn, wφh ∈W
φ
h,π ∈Wλ

h.

In the above, rv, rp, and rφ are the discrete residuals of the fluid mo-

mentum, continuity, and level-set equations, respectively, given by

rv = ρfh

(
∂vh
∂t

+ vh · ∇vh
)
−∇ · σh − ρfb+ λh, (3.17)

rp = ∇ · vh, (3.18)

rφ =
∂φh
∂t

+ vh∇φh, (3.19)
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and ρfh is the smeared fluid density defined through the regularized Heaviside

function, Hε

ρh(φ) = (ρf1 − ρf2)Hε(φ) + ρf2 (3.20)

Hε(φ) =


0 φ < −ε
1
2

(
1 + φ

ε
+ 1

π
sin
(
φπ
ε

))
|φ| ≤ ε

1 φ > ε

, (3.21)

where ε > 0 specifies amount of smearing.

The τ ’s in Eq. (3.16) are the so-called stabilization parameters which

reflect the properties of the small scale Green’s function (see, e.g. Hughes and

Sangalli (2007); Bazilevs et al. (2008); Badia and Codina (2009)). We employ

widely used definitions (see e.g. Shakib et al. (1991); Bazilevs (2006); Bazilevs

et al. (2007)) given by

τv =

(
Ct

∆t2
+ v ·Gv + CI

(
µ

ρ

)2

G : G

)−1/2

, (3.22)

τp = (τvg · g)−1/2 , (3.23)

τφ =

(
Ct

∆t2
+ v ·Gv

)−1/2

, (3.24)

where,

Gij =
∂ξk
∂xi

∂ξk
∂xj

, (3.25)

gi =

nsd∑
j=1

∂ξj
∂xi

. (3.26)
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In the above, CI is a positive constant derived from the element-wise inverse

estimate (Harari and Hughes, 1992), Ct is a constant introduced to reflect

the time-dependence of the stabilization parameters for transient simulations,

∂ξk
∂xi

is the inverse Jacobian mapping of the finite elements between physical

and parent domains, and summation on repeated indices is implied. It is well

known that the inclusion of Ct causes numerical difficulties for small time-steps.

Commonly, the analyst is left with the decision of excluding or including this

transient term in various applications. Other definitions for these stabilization

parameters have been proposed to circumvent such shortcomings (see e.g. Hsu

et al. (2010); Codina and Soto (2004); Codina et al. (2007); Badia and Codina

(2009)).

The divergence of the stress-tensor involves second-order derivatives

from the viscous stresses. For low-order finite-element basis functions (say lin-

ear), the second derivative reduces to Dirac-deltas along the element bound-

aries, and are identically zero within the finite-elements. Jansen et al. (1999)

reported that neglecting these terms results in deterioration of the quality

of solution, while Bazilevs et al. (2007) reported that not constructing these

terms has little effect on the quality of solution as long as the nonlinear con-

vergence tolerance is kept sufficiently low. We choose not to reconstruct these

terms, thereby using a weakly-consistent variational formulation.

3.4.2 Temporal Integration

To march the solution forward in time, we employ the generalized-α method

(Chung and Hulbert, 1993; Jansen et al., 2000). Let V , U o, P , Φ, ωo,

and λ, denote the solution vectors of the fluid velocity, rigid-object displace-

62



ment, fluid pressure field, level-set function, rigid-object angular velocity,

and Lagrange-multiplier field, respectively. Then the generalized-α integra-

tor is stated as: given (Vn, V̇n, U o
n, U̇

o
n, Ü

o
n, Φn, Φ̇n, ωon, ω̇

o
n, λn, Pn), find

(Vn+1, V̇n+1,U o
n+1, U̇

o
n+1, Ü

o
n+1, Φn+1, Φ̇n+1, ωon+1, ω̇

o
n+1, λn+1, Pn+1, Vn+α, V̇n+α,

U o
n+α, U̇

o
n+α, Ü

o
n+α, Φn+α, Φ̇n+α, ωon+α, ω̇

o
n+α), such that
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Rmom(Vn+α, V̇n+α,U
o
n+α, U̇

o
n+α, Ü

o
n+α,Pn+1,Φn+α, Φ̇n+α,λn+1) = 0, (3.27)

Robj(Vn+α, V̇n+α,U
o
n+α, U̇

o
n+α, Ü

o
n+α,λn+1) = 0, (3.28)

Rcont(Vn+α, V̇n+α,U
o
n+α, U̇

o
n+α, Ü

o
n+α,Pn+1,Φn+α, Φ̇n+α) = 0, (3.29)

Rφ(Vn+α, V̇n+α,U
o
n+α, U̇

o
n+α, Ü

o
n+α,Pn+1,Φn+α, Φ̇n+α) = 0, (3.30)

Vn+α = (1− αf )Vn + αfVn+1, (3.31)

V̇n+α = (1− αf )V̇n + αf V̇n+1, (3.32)

U o
n+α = (1− αf )U o

n + αfU
o
n+1, (3.33)

U̇ o
n+α = (1− αf )U̇ o

n + αfU̇
o
n+1, (3.34)

Ü o
n+α = (1− αm)Ü o

n + αmÜ
o
n+1, (3.35)

ωn+α = (1− αf )ωn + αfωn+1, (3.36)

ω̇n+α = (1− αf )ω̇n + αf ω̇n+1, (3.37)

Φn+α = (1− αf )Φn + αfΦn+1, (3.38)

Φ̇n+α = (1− αm)Φ̇n + αmΦ̇o
n+1, (3.39)

V̇n+1 =
1

γ∆t
(Vn+1 − Vn) +

(γ − 1)

γ
V̇n, (3.40)

Φ̇n+1 =
1

γ∆t
(Φn+1 −Φn) +

(γ − 1)

γ
Φ̇n, (3.41)

ω̇n+1 =
1

γ∆t
(ωn+1 − ωn) +

(γ − 1)

γ
ω̇n, (3.42)

Ü o
n+1 =

1

γ∆t

(
U̇ o
n+1 − U̇ o

n

)
+

(γ − 1)

γ
Ü o
n, (3.43)

U o
n+1 = U o

n + ∆tU̇ o
n +

∆t2

2

(
(1− 2β)Ü o

n + 2βÜ o
n+1

)
, (3.44)

64



where Rmom indicates the discrete residual momentum equations of the fluid.

In the above, coefficients β and γ control the accuracy and stability of the

numerical scheme. The scheme can be made second-order accurate and un-

conditionally stable (for the linear problem) through the following choice (see

e.g. Bazilevs et al. (2006)):

γ =
1

2
− αf + αm, (3.45)

β =
1

4
(1− αf + αm)2 (3.46)

αm =
1

2

(
3− ρ∞
1 + ρ∞

)
, (3.47)

αf =
1

1 + ρ∞
, (3.48)

where 0 ≤ ρ∞ ≤ 1 is the spectral radius of the amplification matrix.

3.4.3 Coupling Approach

Though computationally efficient, in our experience we have found weakly-

coupled schemes to be unstable. Also, strongly coupled staggered schemes

(see e.g. Wall et al. (2006)) have generally shown lack of convergence and

divergence of the nonlinear iterations in our experience.

Instead, we use a monolithic approach by solving the entire systems of

equations simultaneously and iterating until convergence. The coupled mono-

lithic approach, summarized below, can be viewed as a two-stage predictor-

multicorrector scheme (see e.g. (Bazilevs et al., 2008; Akkerman et al., 2012)).

For a single time-step we perform the following:

1. Predictor Stage: Specify an initial guess for the solution variables and
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their temporal derivatives. A constant-velocity predictor scheme along

with the generalized-α equations summarized in the preceding section,

we set

(i) “Velocities”

Vn+1,(0) = Vn,(0) (3.49)

U̇ o
n+1,(0) = U̇ o

n,(0) (3.50)

Φo
n+1,(0) = Φo

n,(0) (3.51)

ωon+1,(0) = ωon,(0) (3.52)

(ii) “Accelerations”

V̇n+1,(0) =
γ − 1

γ
V̇n (3.53)

Ü o
n+1,(0) =

γ − 1

γ
Ü o
n (3.54)

Φ̇n+1,(0) =
γ − 1

γ
Φ̇n (3.55)

ω̇n+1,(0) =
γ − 1

γ
ω̇n (3.56)

(iii) “Displacements”

U o
n+1,(0) = U o

n + ∆tU̇ o
n+1,(0) +

∆t2

2

(
(1− 2β)Ü o

n + 2βÜ o
n+1,(0)

)
(3.57)

Pn+1 = Pn (3.58)

λn+1 = λn (3.59)
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(iv) Update the position of the object.

2. Multi-corrector stage Perform non-linear iteration. Do the following

for i = 0, 2, . . . till convergence:

(i) Alpha stage: Evaluate intermediate solution variables

• “Displacements”

U o
n+αf ,(i+1) = (1− αf )U o

n + αfU
o
n+1,(i) (3.60)

Pn+1,(i+1) = Pn+1,(i) (3.61)

λn+1,(i+1) = λn+1,(i) (3.62)

• “Velocities”

Vn+αf ,(i+1) = (1− αf )Vn + αfVn+1,(i) (3.63)

U̇ o
n+αf ,(i+1) = (1− αf )U̇ o

n + αfU̇
o
n+1,(i) (3.64)

ωn+αf ,(i+1) = (1− αf )ωn + αfωn+1,(i) (3.65)

• “Accelerations”

V̇n+αm,(i+1) = (1− αm)V̇n + αmV̇n+1,(i) (3.66)

Ü o
n+αm,(i+1) = (1− αm)Ü o

n + αmÜ
o
n+1,(i) (3.67)

ω̇n+αm,(i+1) = (1− αm)ω̇n + αmω̇n+1,(i) (3.68)
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• Evaluate

Qn+α =

(
I − ∆t

2
Ωn+α

)−1(
I +

∆t

2
Ωn+α

)
Qn (3.69)

Jn+α = Qn+αJo0
(
Qn+α

)T
(3.70)

J̇n+α =
Jn+α − Jn

γ∆t
+
γ − 1

γ
J̇n (3.71)

where,

Ω =


0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

 . (3.72)

(ii) Given U o
n+α, perform an quadtree (2D) or octree (3D) search on

Ωf to determine location of rigid-body object over the background

fluid mesh.

(iii) Assemble system of equations. Evaluate solution residuals us-

ing the intermediate solutions. We have chosen to use a “v-form”

of the systems of equations:

∂Rmom

∂Vn+1

∆Vn+1,(i+1) +
∂Rmom

∂Pn+1

∆Pn+1,(i+1)

+
∂Rmom

∂Φn+1

∆Φn+1,(i+1) +
∂Rmom

∂λn+1

∆λn+1,(i+1) = −Rmom
(i+1) (3.73)

∂Rcont

∂Vn+1

∆Vn+1,(i+1) +
∂Rcont

∂Pn+1

∆Pn+1,(i+1)

+
∂Rcont

∂Φn+1

∆Φn+1,(i+1) = −Rcont
(i+1) (3.74)
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∂Rφ

∂Vn+1

∆Vn+1,(i+1) +
∂Rφ

∂Φn+1

∆Φn+1,(i+1) = −Rφ
(i+1) (3.75)

∂Robj

∂Vn+1

∆Vn+1,(i+1) +
∂Robj

∂λn+1

∆λn+1,(i+1)

+
∂Robj

∂V o
n+1

∆ωn+1,(i+1) +
∂Robj

∂V o
n+1

∆ωn+1,(i+1) = −Robj
(i+1) (3.76)

(iv) Update solution vectors. Update the predicted values using the

obtained solution

• “Velocities”

Vn+1,(i+2) = Vn+1,(i) + ∆Vn+1,(i+1) (3.77)

U̇ o
n+1,(i+2) = U̇ o

n+1,(i) + ∆U̇ o
n+1,(i+1) (3.78)

ωn+1,(i+2) = ωn+1,(i) + ∆ωn+1,(i+1) (3.79)

Φn+1,(i+2) = Φn+1,(i) + ∆Φn+1,(i+1) (3.80)

• “Accelerations”

V̇n+1,(i+2) = V̇n+1,(i) +
1

γ∆t
∆Vn+1,(i+1) (3.81)

Ü o
n+1,(i+2) = Ü o

n+1,(i) +
1

γ∆t
∆U̇ o

n+1,(i+1) (3.82)

ω̇n+1,(i+2) = ω̇n+1,(i) +
1

γ∆t
∆ωn+1,(i+1) (3.83)

Φ̇n+1,(i+2) = Φ̇n+1,(i) +
1

γ∆t
∆Φn+1,(i+1) (3.84)
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• “Displacements”

U o
n+1,(i+2) = U o

n+1,(i) +
β∆t

γ
∆U̇ o

n+1,(i+1) (3.85)

Pn+1,(i+2) = Pn+1,(i) + ∆Pn+1,(i+1) (3.86)

λn+1,(i+2) = λn+1,(i) + ∆λn+1,(i+1) (3.87)

3.5 Notes on Implementation

Implementation of the formulation described in the previous section is straight-

forward. We wish to point out the following issues that may be encountered

during implementation.

• For problems where no outflow boundaries exist, the solution space for

the pressure must require zero-mean-pressure over domain (i.e.
∫

Ωf p dx =

0) in order to remove the hydro-static pressure mode. Enforcement

of this condition is difficult in practice. Instead, we utilize the com-

mon workaround (Bochev and Gunzburger, 2009) by setting the datum

through specifying the pressure at a single mesh vertex on the discrete

level.

• The level-set function can severely become distorted during the course of

the analysis. To prevent numerical oscillations and maintain smoothness

of the level-set function, we periodically perform re-initialization of the

level-set function to a signed distance function by solving Eq. (2.6).

After re-distancing of the level-set function, information on the first tem-

poral derivative of φ is lost and must be reconstructed for purposes of
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temporal integration of the level-set equation. Recall that the level-set

equation is given by

∂φ

∂t
+ v · (∇φ) = 0 in Ωf × (0, T ). (3.88)

Given the re-distanced function φh(tn,x), we can obtain φ̇h(tn,x) by

solving

φ̇h(tn,x) = −vh · ∇φh in Ωf , (3.89)

where in the above, vh is evaluated at tn. The corresponding linear sys-

tem of equations is a sparse, symmetric positive-definite (SSPD) matrix,

making the use of iterative schemes very attractive. One may choose to

work with a diagonalized matrix (see, e.g. Hughes (2012)). Instead, we

choose to use the conjugate-gradient (see e.g. Saad (2003)) method to

iteratively evaluate φ̇h.

3.6 Numerical Examples

In this section, we consider various problems for validation and demonstration

of the approach described above.

3.6.1 Impact of Cylinder in Water

In this example, we consider the impact of a rigid cylinder into water under

prescribed velocity. This problem was considered experimentally by Greenhow

(1988), and numerically by others (see e.g. Lin (2007); Kleefsman et al. (2005);
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Yang and Stern (2009)). The problem setup is as follows.

A rigid cylinder of radius R = 1 is initially placed above the free-surface

of water such that its center of mass is d = 1.25 above the water surface. The

cylinder is driven downwards with an impulsive velocity of V = −1.0 at t = 0.

The domain size is selected to be 40R × 24R and discretized such that a

uniform grid of size 0.05R covers the path of the cylinder.

Snapshots of the cylinder at various normalized times T = V t/d are

shown in Figure 3.1. Profiles of the free-surface obtained by Yang and Stern

(2009) with and without treatment of the contact angle of the cylinder is

superimposed on the same figures. The free-surface profiles obtained are in

good agreement with those of Yang and Stern (2009) throughout the analysis.

3.6.2 Free-fall of a Wedge in Water

The free-fall of a wedge into water under gravity has been studied experimen-

tally by Zhao et al. (1996), and numerically by others (see e.g. Kleefsman

et al. (2005)). We consider this problem for verification as well as studying

the convergence of the approach under successive mesh refinement.

We use a the computational domain Ω = {(x1, x2) : 0 < x1 < 3, 0 <

x2 < 3} discretized with structured bilinear quadrilateral elements. The coars-

est mesh has an element size of 0.03 corresponding to roughly 40K unknowns,

while the finest mesh has an element dimensions of 0.006 corresponding to

roughly 1M unknowns.

A wedge with the dimensions shown in Figure 3.2 is placed such that it’s

directly above the free-surface of water at x2 = 1.5 at time t = 0. The wedge

is given an initial velocity of −6.15 m/s in the vertical direction, and allowed
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(a) T = 1.0 (b) T = 2.0

(c) T = 3.0 (d) T = 4.0

Figure 3.1: Snapshots of the cylinder impact example at various instances
compared with those of Lin (2007) and Yang and Stern (2009).
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Figure 3.2: Dimensions of the wedge in Example 3.6.2.

to fall under self-weight. The object mesh is such that its typical elements are

on average 1.1% of the background mesh size.

In Figure 3.3 we compare the vertical velocity of the wedge with exper-

imental results of Zhao et al. (1996) and the numerical results of Kleefsman

et al. (2005). Under mesh refinement, we notice that the velocity of the wedge

appears to converge and is in good agreement with the experimental results.

3.6.3 Free-fall of a Rigid Cylinder in Two-phase Fluid

To demonstrate an application of this formulation as well as the use of the

re-distancing method in the application, we consider the free-fall of a rigid

cylinder under gravity from a lighter fluid into a denser fluid resulting in large

amplitude-sloshing.

We use the rectangular computational domain Ω = {(x1, x2) : 0 <

x1 < 0.5, 0 < x2 < 2} with a uniform structured mesh of 100× 200 elements.

A heavier fluid with density of ρ2 = 2.0 and dynamic viscosity of µ2 = 0.01

initially occupies the bottom half of the tank, while a lighter fluid with density

and dynamic viscosity of ρ1 = 0.001 and µ1 = 0.001, respectively, occupies the

top half of the tank.

A rigid cylinder with a radius of R = 0.05 and density of ρo = 1.5
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Figure 3.3: Vertical velocity component of wedge under free fall under mesh
refinement.
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is positioned such that its center of mass is 0.75 above the free-surface. The

cylinder starts from rest, and falls under self-weight while its lateral translation

and rotation are constrained. The gravity is constant at g = (0,−10).

The velocity of the rigid cylinder is plotted against time in Figure 3.5.

Selected snapshots of the cylinder after impact are shown in Figure 3.4. Fol-

lowing impact, the cylinder is driven almost twice its diameter into the heavier

fluid (Figure 3.4b) and jets are formed that plunge to two sides of the free sur-

face. As the cylinder is then pushed upward (Figure 3.4c), these jets meet and

join above the cylinder (Figure 3.4c-d) before being pushed to the sides and

coming to rest.

3.6.4 Vertical Penetration of Rigid Cylinder in Satu-

rated Soil

As a prelude to the next chapter, we consider the applicability of the fluid-

object interaction discussed in this chapter for soil-structure interaction prob-

lems in geotechnical and offshore engineering.

Consider the vertical penetration of a rigid cylinder in cohesive soil.

Numerical, experimental, as well as plasticity solutions exist for this problem.

Upper and lower plasticity analytical solutions for bearing capacity of a wished-

in-place (WIP) rigid-cylinder in a perfectly plastic full and half-space have been

studied (see e.g. Randolph and Houlsby (1984); Murff et al. (1989); Martin and

Randolph (2006)). In the WIP plasticity solutions, the surface heave formed

during the penetration of the pipe is ignored. Computational results for the

WIP problem were presented in Merifield et al. (2008), and in Merifield et al.

(2009) the effect of surface heave on the resistance of put-in-place (PIP) pipes
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(e) (f)

Figure 3.4: Snapshots of rigid cylinder free falling in a two-phase fluid under
self weight at various instances.
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Figure 3.5: Vertical velocity of the cylinder free-falling in a two-phase fluid.

has been studied computationally. Experimental results for the same problem

have been reported in White et al. (2008).

For purposes of approximating soil behavior, consider a constitutive

model in which the constant dynamic viscosity given in Eq. 3.5 is replaced

with

µ(γ̇) =


τ0
γ̇0

γ̇ ≤ γ̇0

τ
γ̇

γ̇ > γ̇0

(3.90)

where τ0 is the undrained-shear strength given by

τ = τ0

[
1 + λhb log10

(
γ̇

γ̇0

)]
, (3.91)
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and γ̇0 ∈ (0,∞) are the maximum stress and strain-rates the fluid experiences

in the linear regime, respectively, and λhb ∈ [0,∞) is a dimensionless softening

parameter, with λhb = 0 representing an elastic-perfectly-plastic material. We

will explore this model further in Section 4.2 of next chapter.

We consider the domain Ω = {(x1, x2) : 0 < x1 < 40, 0 < x2 < 24}
and a pipe with a diameter of D = 2.0. The soil yield-stress, τ0, is taken to

be 10 kPa, with mass-density of 1400 kg/m3. No-slip boundary conditions

are imposed on the bottom of the domain (x2 = 0), while slip-conditions are

imposed on all other boundaries. A fine structured mesh is used within the

vicinity of the cylinder, while the mesh is coarsened away from the cylinder.
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Figure 3.6: Contour plots of the log(γ̇/γ̇0) for v = −0.01 m/s. Extent of the yielded region of soil is indicated
in dashed lines.
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Initial conditions were defined such that at t = 0, half of the domain

is filled with fluid with the Herschel-Bulkley as its constitutive model, while

the other half is filled with a Newtonian fluid exhibiting water properties at

room temperature. The rigid-cylinder is initially positioned such that it is

flush with the soil surface. To investigate strain-rate dependency, we consider

moving the cylinder at rates of 0.005 m/s and 0.01 m/s

The penetration resistance normalized against the soil yield stress is

shown in Figure 3.7. As shown in this figure, the results are in agreement with

both plasticity and experimental results.

3.7 Conclusions

We have presented a computational procedure for the analysis of coupled

multiphase-fluid-object systems. The interface between the fluid phases under-

goes large deformation described by the level-set method while the fluid-object

interaction is represented by a fictitious-domain technique. Highly-viscous

fluid flow enables modeling of solid deformation within the framework of out

procedure. An example of application to a marine pipeline pressing on the

seafloor demonstrates the effectiveness and validity of our formulation.
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Figure 3.7: Normalized vertical resistance on rigid cylinder driven into satu-
rated soil
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Chapter 4

Numerical Modeling of Seabed

Scour and Soil-Pipe Interaction

4.1 Introduction

In Arctic regions, seabed gouging by ice features is generally accepted to pose

the most significant risk to buried structures such as offshore gas and oil pipes

(Barrette (2011)). The large magnitudes of the resultant forces due to plowing

of the seabed by ice masses in an established scouring process (Palmer et al.

(1990), renders marine pipes vulnerable to severe damage if they are to come

in contact with the ice masses. The burial of the marine pipes within the

seabed is deemed to provide the ideal amount of protection against coming in

contact with foreign objects (Palmer and King (2008)).

Although evidence of scouring was first observed over four decades ago,

there is limited amount of information available on the active scouring process

in the open literature. The ice scouring experiments performed in laboratory
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settings by Chari (1979); Barker and Timco (2002) and the in-situ ice-ridge

scour by Liferov and Høyland (2004) are some of the few well-documented and

publicly available information on active scouring processes.

A much sought-after quantity of interest in the design of marine pipes

is the optimum burial depth that maximizes safety while minimizing the asso-

ciated installation and maintenance costs. A deterministic approach through

numerical modeling of the seabed scour problem may be used for determining

safety of a pipe during a scouring event. This type of numerical simulation

can ultimately be used for finding optimum burial depths of pipes for given

soil types and scouring events.

Early efforts towards studying and gaining insight into the scouring

process by ice masses have resorted to considering basic failure modes and

equilibrium of soil and ice ridges (see e.g. Chari (1979); Palmer et al. (1990)).

Recently, there has been increased interest in employing advanced numerical

methods for investigating this complex phenomenon. Despite the maturity of

computational solid mechanics (CSM) and the successfully proven approaches

of modeling soil as a porous medium, numerical modeling of complex phe-

nomena such as seabed scouring still faces difficulties. The two predominant

difficulties in taking the conventional approach are the interaction of a rigid

object, such as an ice-mass, with the soil, and the subsequent large deformation

(gouging) induced on and in the soil in the course of such interaction.

Previous approaches in numerical modeling of seabed gouging have been

generally performed using ALE techniques or remeshing procedures available

within commercially available packages such as LS-DYNA (see e.g. Konuk

and Gracie (2004); Konuk and Yu (2007)) and ABAQUS (see e.g. Nobahar

(2005); Nobahar et al. (2007b); Peek and Nobahar (2012)). In these works,
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complex elastoplastic constitutive models are used for the soil. Konuk and

Gracie (2004) assumed undrained and isotropic soil response and used the

CAP model (Simo et al. (1988)) which includes nonlinear kinematic hardening

of the soil, while Peek and Nobahar (2012) utilized an elastoplastic material

model with the von Mises yield criterion and handled the large deformation

using ALE methods combined with re-meshing and re-mapping strategies.

Re-meshing techniques are computationally demanding. In addition

to the high computational cost, the regeneration of computational domains

requires remapping of variables between a hierarchy of meshes, which may

possess the added disadvantage of deterioration, and in extreme cases, lack

of convergence to a solution of the nonlinear equations. The contact prob-

lem and re-meshing requirements used in classical modeling approaches can

be avoided by recasting the soil-object interaction (SOI) as a fluid-object in-

teraction (FOI) problem. The idea of approximating soil behavior as a highly

viscous non-Newtonian fluid was successfully tested by Raie and Tassoulas

(2009) in numerical modeling of torpedo anchor installations in seabeds us-

ing a finite-volume based commercially available computational-fluid-dynamics

(CFD) software. The large rigid-body displacement of the torpedo anchor,

modeled as a rigid-object, was accommodated using frequent re-meshing of

the computational domain.

Other approaches which deviate from classical ones have been pro-

posed for numerical analysis of complex problems subject to large deforma-

tions. Sayed and Timco (2009) for instance, utilized the Particle-in-Cell (PIC)

method (Harlow, 1964) for flow-like two-dimensional analysis of the large-

displacement gouging process.

In this chapter, we modify and apply the formulation presented in the
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previous chapter for the seabed scour problem. We use a simple constitutive

model for soil in an attempt to overcome shortcomings of classical methods of

analysis of the seabed scour problem. We use a constitutive model that de-

pends solely on the strain-rate of the soil, and re-write the governing equations

on a referential domain moving at an arbitrary velocity (ALE representation).

The simplifying assumption of history-independent soil behavior allows the

computational mesh to be moved independently from the soil particle motion,

thereby overcoming mesh distortion issues associated with classical Lagrangian

approaches.

We use a mesh-overlapping fictitious domain technique to allow for the

arbitrarily large displacements of the ridge that are prescribed. Rather than

following the conventional approach of tracking the seabed-ocean interface in

a Lagrangian fashion, we adopt an Eulerian approach by describing it implic-

itly through a level-set function. The ridge-soil contact problem is, therefore,

naturally taken into account by appropriate boundary conditions.

This chapter is organized as follows. In Section 4.2 we summarize soil

behavior under scouring, and in Section 4.3 we present how simple constitu-

tive model may be utilized for approximating soil behavior. The governing

equations of the seabed-scour problem and the constitutive model of soil are

presented in Section 4.5. In Section 4.6 the variational formulation of the gov-

erning equations and their discretization are presented. Numerical examples

are presented in Section 4.7.
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4.2 Behavior of Soil Under Scouring

Soon after the recognition of hazards ice features present by gouging, it was

assumed that burial of marine pipes such that they do not come in direct

contact with ice features is sufficient in preventing damage to the pipes. It

was later determined that the soil with close proximity to the ridge undergoes

large deformations, making pipes susceptible to damage even in the absence

of direct contact. Palmer et al. (1990) qualitatively identified three different

modes of behavior for soil under scouring (Figure 4.1):

1. Zone I: The region of seabed subjected to plowing by actively coming in

contact with ice features is referred to as Zone I. Within this region, the

depth of which is comparable to the scour depth, the soil is subjected to

large plastic deformations. Significant upward and downward movement

is present within this zone. Upward movement of soil particles is followed

by subsequent clearing to the sides of the ridge. Evidence of this mecha-

nism is seen in sonar scans of ocean floors which reveal scour marks with

raised shoulders on either side (Prasad and Chari (1986)) with reported

heights as high as 6 m (Woodworth-Lynes et al. (1996)). This fanning

or clearing mechanism of soil is assumed to prevent continuous build up

of soil ahead of the ridge, resulting in what is sometimes referred to as

a steady-state scouring event.

2. Zone II: Directly below Zone I lies a layer of soil subject to large plastic

deformation during a scouring event despite not coming in direct contact

within the path of ridge. Plowing of soil in Zone I results in indirect

transfer of large shearing forces in this layer, with significant forward

displacement of soil particles. Centrifuge tests, geological evidence and
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Figure 4.1: Seabed zones distinguished by Palmer et al. (1990) (left) and
schematic view of seabed scour from top (right).

numerical modeling have been utilized to gain insight into the extent

and depth of this layer.

3. Zone III: The region in which the soil starts to behave elastically is

referred to as Zone III. Soil deformations and stresses are minimum in

this region, making it the safest region for burial of marine pipes.

Current design approaches assume failure of pipes in Zone I. The average

depth of this zone in a given location can be estimated by studying existing

scour marks of the seabed. While this information is useful in reducing risk

of pipes coming in direct contact with ice masses, it does not guarantee that

pipes will not be over-stressed by the loads transmitted to them by the soil.

Although pipes can be designed to safely accommodate plastic deformations,

excessive deformations can lead to wrinkling or local buckling of the pipe wall,

or fracture, e.g. associated with a girth weld defect. Excessively deep trenching

for pipes is cost-prohibitive, making it preferable instead to trench and bury

pipes in Zone II. A main quantity of interest in design of marine pipes is thus

the optimum burial depth that minimizes operating costs while ensuring their

structural integrity and safety during a scouring event.

88



The typical speed of ice masses is estimated to be 0.1 m/s (Palmer

(1997); Yang and Poorooshasb (1997)), with mean scour rates of 2.2 × 10−8

m−2 s−1 (King et al. (2009)). Most surveyed regions of terrains marked by scour

marks are almost horizontal with slopes of about 0.001 (Chari (1979); Yang

and Poorooshasb (1997)). Ocean scour records indicate continual gouging of

the seabed once scouring is initiated, and it is general practice to assume

the process is displacement driven. Due to the large loading rates, the soil

is assumed to be loaded in an undrained condition and the continued shear

deformation takes place without any change in void ratio or any increase in

pore-water pressure (see e.g. Lach (1996); Palmer (1997)). The loading of the

soil in an undrained condition further results in a near-incompressible behavior

of the soil.

A large set of different values for the undrained shear strength of soil

has been reported ranging from almost zero up to about 500 kPa (Prasad

and Chari (1986)). Higher soil strength results in lower expected scour depth

(Prasad and Chari (1986)) and higher soil resistance. The water surrounding

the ice ridge may be assumed to act as a lubricant, potentially resulting in

negligible amount of frictional resistance from the soil. (Chari (1975, 1979);

Prasad and Chari (1986)).

Plowing of saturated soil by mechanical tools has been reported to have

significant speed effects as the force required for cutting increases significantly

with cutting speeds (Palmer (1999)). Such significant increase in forces may

be explained by reduction in pore-water pressure and the subsequent increase

in shear resistance. In their numerical models, Sayed and Timco (2009) also

observed significant increase in ridge stresses and forces with increasing scour-

ing rates, and hypothesized that the inertia of the moving soil plays a role in
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the increase in the stresses with increased loading rates.

4.3 Soil as a Non-Newtonian Viscous Fluid

Following the discussion presented in Section 4.2, the rapid loading rates the

soil experiences under scouring by ice masses suggest the possibility of using

simpler constitutive laws than those commonly used in soil mechanics. Under

these rapid loading rates, it can be assumed that the interaction between

individual soil particles is limited and hence friction is not prevalent. The soil

constitutive model using a general fluid mechanistic approach can be written

as (see e.g. Tardos (1997); Srivastava and Sundaresan (2003))

σ′ =
f(p′, ν)

|ε̇| ε̇− p′I, (4.1)

ε̇ = ∇s
xv

f − 1

3

(
∇x · vf

)
I, (4.2)

where, σ′ is the effective stress tensor, ε̇ is the strain-rate tensor, |ε̇| is a

measure of strain-rate, I is the identity tensor, and f is an appropriate function

which generally depends on the effective pressure p′ and soil volume fraction

ν.

Various forms have been previously described for the structure of f(p′, ν)

in particle and powder flows (see e.g. Schaeffer (1987); Tardos (1997); Srivas-

tava and Sundaresan (2003)). The particular form of the constitutive law

described in Schaeffer (1987)

f =
√

2p′ sinφ (4.3)

|ε̇| =
√
ε̇ : ε̇ (4.4)
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where p′ is the critical state pressure (Srivastava and Sundaresan (2003)),

represents a simple representation of stresses in the critical state. To ensure

zero soil pressure at a minimum prescribed volume fraction νmin while allowing

for rapid pressure increase as a maximum volume fraction νmax is reached,

Johnson and Jackson (1987) proposed an expression of the form

p′ =

k
(ν−νmin)r

(νmax−ν)s
ν > νmin

0 ν ≤ νmin

(4.5)

where k is a parameter representing the stiffness of the bulk soil, and r and

s are constants. Sayed and Timco (2009) utilized these expressions while

taking |ε̇| = max(
√

2I2, γ0) in seabed scour simulations to allow for plastic

deformation of soil, where I2 is the second strain-rate invariant, and γ0 is a

specified yield strain-rate.

Rapid scouring of saturated clay by ice masses results in the seabed

being loaded in an undrained condition and continued shear deformation of

the seabed takes place without any change in void ratio or any increase in pore-

water pressure (Palmer (1997); Lach (1996)). Thus, the behavior of clay may

be described solely in terms of its undrained shear strength and the saturated

mass density. The undrained shear strength of soils is dependent on the strain-

rate past a critical strain-rate value, sometimes referred to as the threshold

strain-rate (Dı́az-Rodŕıguez et al., 2009). Past the threshold strain-rate, a

5-15% increase in the strength for every 10-fold increase in the strain-rate is

observed (See e.g. (Vaid et al., 1979; Casacrande and Wilson, 1951; Lehane

et al., 2009)).

For numerical modeling of torpedo anchor installations in seabeds, Raie
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and Tassoulas (2009) used a simpler rheological model for approximating soil

behavior under such conditions by removing the dependence of f on the critical

pressure and soil volume fraction. Following the work of Raie and Tassoulas

(2009), the Herschel-Bulkley model which combines the Bingham plastic model

for modeling the plastic forces along with the power-law model can be obtained

by selecting

σ =
f

|ε̇| ε̇− pI, (4.6)

f

|ε̇| =


τ0
γ̇0

γ̇ ≤ γ̇0

τ
γ̇

γ̇ > γ̇0

, (4.7)

τ = τ0

[
1 + λhb log10

(
γ̇

γ̇0

)]
. (4.8)

In the above, σ and p are the total stress and total pressure, respectively, γ̇

=
√

2ε̇ : ε̇ is a measure of the strain-rate, τ0 ∈ (0,∞) is the maximum stress

the soil experiences in the linear regime, and λhb ∈ [0,∞) is a dimensionless

softening parameter highlighting strain-rate dependence of undrained shear

strength past the threshold yield strain-rate, with λhb = 0 representing an

elastic-perfectly-plastic material with no strain-rate effects. The effect of this

parameter on the stress level is highlighted in Figure 4.2. Despite our as-

sumption of incompressibility of the seabed, we chose to retain the deviatoric

portion of the strain-rate tensor since it is not identically zero on the discrete

level. This simple rheological model of soil behavior allows use of an Eulerian

method without the need to project history of plastic stresses.

The parameter γ̇0 ∈ (0,∞) reflects the threshold strain-rate at which

soil response starts to show dependence on the strain-rate. Some of the pub-
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lished results for the threshold strain-rate include (see Dı́az-Rodŕıguez et al.

(2009) and references therein) 1.39× 10−7 s−1 for Drammen clay, 4.17× 10−7

s−1 for Haney clay, 2.78×10−8 s−1 for various postglacier clays, 2.78×10−10 s−1

for Mexico City soil, and 1× 10−7 s−1 for Kaolin clay (Rattley et al., 2008).

Raie and Tassoulas (2009) selected the softening coefficient λhb at 0.1 on

the basis of observed 10% increase in undrained strength with 10-fold increase

in strain-rate in laboratory anchor installation tests performed by True (1976).

The threshold strain-rate of the soil was assumed to be 0.024 s−1, based on the

yield shear strain-rate in a vane shear test used for determining the undrained

strength of the soil.

We wish to point out the following regarding the model described by

Eq. (4.6):

1. Based on earlier discussion, a more realistic model would specify constant

undrained shear strength for strain-rates below the threshold strain-rate,

γ̇0. In the model considered here, we utilize a linearly increasing stress

with strain-rate, thereby avoiding a discontinuity in the equivalent vis-

cosity.

2. While the model includes reduction in the shear strength of soil, it is

not history-dependent, and cannot predict local hardening or softening

of soil as predicted by soil plasticity models.

4.4 Effective Soil Stiffness in Two Dimensions

The Herschel-Bulkley model described in the previous section aims to repro-

duce the viscous behavior of the soil, but, in two dimensions, fails to account
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Figure 4.2: Herschel-Bulkley model with different values of λhb.

for the resistance exerted on the pipe by the out-of-plane soil in response to

pipe displacement and deformation. For two-dimensional simulations, we may

choose to approximate the stiffness provided in response to deformation for

embedded pipe by employing empirical force-displacement relations (also re-

ferred to as p-y curves, see e.g. Reese and Van Impe (2001)) proposed to

correlate the lateral capacity of piles to soil strength.

Consider an elastic beam with stiffness EI of infinite length (approx-

imating the embedded pipe in the context of our study) supported on an

elastic two-way (linear) foundation (approximating the soil) subjected to a

distributed load w of uniform magnitude over a length of 2a (Figure 4.3).
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Then, the beam’s displacement, u, can be analytically computed to be

u(x) =


w

24EI
x4 + A1x

2 + A2 0 ≤ x ≤ a

−2β
ks

(P1Dβx + βM1Cβx) a ≤ x <∞
(4.9)

where,

β =

(
ks

4EI

)1/4

, (4.10)

Dβx = e−β(x−a) cos (β(x− a)) (4.11)

Cβx = e−β(x−a) [cos (β(x− a))− sin (β(x− a))] (4.12)

P1 = −wa, (4.13)

M1 = −2EIA1 −
w

2
a2, (4.14)

A1 = − wa

2a+ 8β3EI
ks

[
2β2

ks
(βa+ 1) +

1

6EI
a2

]
, (4.15)

A2 = −2β

ks
(P1 + βM1)− A1a

2 − w

24EI
a4 (4.16)

and the local coordinate system is placed at the projection of the midpoint of

the ridge down on the pipe when it is directly above it (Figure 4.3).

The midpoint displacement of beam then is

u0 := u(0) = A2 = −2β

ks
(P1 + βM1)− A1a

2 − w

24EI
a4 (4.17)

with bending moment of

M0 = 2EIA1 (4.18)
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Figure 4.3: Distributed load of magnitude w on an infinite elastic foundation.

at the origin. Assuming that the ice-ridge produces a uniformly distributed

load along the length of the pipe equal in size to the out-of-plane dimension

of the ridge, the equivalent soil resistance due to displacement (as opposed to

viscous flow) is approximated as

Ksoil =
wL

u0

, (4.19)

and ks is determined from p-y curves.
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4.5 Governing Equations

Consider the system shown in Figure 4.4 composed of ocean, seabed, marine

pipe, and an ice-feature herein referred to as an ice ridge (or simply ridge). Let

Ωo,Ωs ⊂ Rn be open and bounded domains denoting the ocean and seabed

domains, respectively, where n is the spatial dimension (either 2 or 3). Let Ω̃f

denote the union of the fluid and the soil domains, and denote the open and

bounded ice-ridge and the pipe domains by Ωr and Ωp, respectively.

Our starting point is modeling both the soil and the ocean as incom-

pressible fluids, thereby working with a single governing differential equation

to represent both the soil and the ocean. This motivates identifying the ocean

and seabed domains with aid of a dynamic implicit level-set function (Osher

et al. (2004)) φ ∈ Ω̃f × (0, T ) → R in the open time interval t ∈ (0, T ) of

length T > 0 such that Ωs = {x |φ > 0}, ocean domain Ωo = {x |φ < 0}, and

the ocean-seabed interface ∂Ωos = {x |φ = 0} (See Figure 4.5). The behaviors

of the seabed and the ocean are thus implicitly defined and distinguished with

aid of the level-set function and different constitutive models.

Following the discussion in Section 4.2 and consistently with previous

numerical (see e.g. Nobahar et al. (2007b); Konuk and Yu (2007); Sayed and

Timco (2009); Peek and Nobahar (2012)) and experimental (see e.g. Lach

(1996); Barker and Timco (2002)) studies, we assume that the ridge is suffi-

ciently strong relative to the seabed to be treated as a rigid body and undergoes

a prescribed motion. The governing equations for combined fluids (seabed and
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Figure 4.4: Seabed-ocean-pipe-ridge system

Figure 4.5: Implicit declaration of seabed and ocean through level-set function
φ
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ocean), pipe, and the evolution of the seabed in time can then be written as

ρf (φ)
∂vf

∂t

∣∣
χ

+
(
vf − vm

)
· ∇x(ρfvf )−∇x · σf (φ)

− ρf (φ)g = 0 in Ω̃f × (0, T ), (4.20)

ρf (φ)∇x · vf = 0, in Ω̃f × (0, T ), (4.21)

∂φ

∂t

∣∣
χ

+ (vf − vm) · ∇xφ = 0, in Ω̃f × (0, T ) (4.22)

ρp
∂vp

∂t
−∇x · σp − ρpg = 0, in Ω̃p × (0, T ). (4.23)

where, χ is the position in a referential domain, vm
(

= ∂x
∂t

∣∣
χ

)
is the velocity

of the referential frame, ρf is the (discontinuous) fluid density-field, σf is the

fluid Cauchy stress, and g is the gravitational constant.

The first two equations above are a particularly convenient form of the

incompressible Navier-Stokes (INS) equations for two-phase flows in primal

variables written on a reference frame (ALE form) (see e.g. Hughes et al.

(1981); Takashi and Hughes (1992)). Equation (4.22) is the standard scalar

advection equation, or the level-set equation (see e.g. Sussman et al. (1994,

1998); Osher et al. (2004)) written in a non-conservative form, describing the

evolution of the seabed interface in time. Finally, Eq. (4.23) expresses the

conservation of linear momentum of the pipe.

The above equations are coupled through appropriate boundary condi-

tions. We assume that the soil is fully saturated at the time of scouring and

there is no mass transfer between the seabed and the ocean, yielding continu-

ity of velocity along the interface as well as constant density within each fluid.

Finally, we assume a no-slip condition between the pipe and the soil, and the

99



ridge and the soil.

4.6 Variational Formulation and Discretization

In this section we present the coupled ridge-seabed-pipe interaction problem.

We assume that the clay is saturated, and hence there is no transfer of mass

between the seabed and the ocean. Furthermore, we restrict this formulation

to a ridge with prescribed motion.

Let Sf , Sp, Sφ, and Sr be appropriate trial solution function spaces for

the fluid velocity-pressure pairs, pipe velocity, level-set function, and ridge

displacements, respectively. Similarly, let Wf ,Wp,Wφ, and Wr denote the

appropriate weighing function spaces for the fluid velocity and pressure fields,

pipe velocity, level-set function, and Lagrange multipliers, respectively. Fur-

thermore, let vr and ω be the prescribed translational and angular velocities of

the ridge, respectively, r denoting the vector pointing from the center of mass

of the ridge to a given point on the ridge’s body. Then, using an overlapping

mesh for the ridge the variational form for the coupled seabed-pipe interaction

problem using a fictitious domain approach (Glowinski et al. (1999)) reduces

to finding the fluid velocity-pressure pair {vf , p} ∈ Sf , pipe velocity vp ∈ Sp,
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level-set function φ ∈ Sφ, and Lagrange multipliers λ ∈ Sr such that

∫
Ωf

wf ·
(
ρf
∂vf

∂t

∣∣
χ

+
(
vf − vm

)
· ∇x(ρfvf )

)
dx+

∫
Ωf

∇xwf : σf dx

−
∫

Ωf

wf · ρfg dx−
∫

Ωr

wf · λ dx−
∫
∂Ωsp

wf · t dx+

∫
∂Ωsp

q∇x · vf dx∫
Ωp

(
wp · ∂v

p

∂t
+∇xwp : σp

)
dx+

∫
∂Ωp

wp · tp dx

+

∫
Ωr

wr · (vf − (vr − ω × r)) dx

+

∫
Ωf

wφ
(
∂φ

∂t

∣∣
χ

+ (vf − vm) · ∇xφ
)
dx = 0,

(4.24)

for all {wf , q} ∈ Wf , wp ∈ Wp, wφ ∈ Wφ, and wr ∈ Wr. Note that in the

above, the domain of integration of the INS equations for the fluids is extended

into the overlapping region occupied by the object using the fictitious domain

method (Glowinski et al. (1999)) assuming that the object domain is laid out

such that it overlaps only one fluid initially. With this extension, as noted

above, we denote the combined seabed-ocean domain as Ωf . Extension of

the formulation to a force-driven ridge involves additional nonlinearity but is

otherwise straightforward.

Prior to arriving at the semi-discrete form of the coupled problem, it is

worth noting that the fluid density ρf and the viscosity µf (embedded in σf )

fields are discontinuous across the seabed interface. The resulting discontinu-

ous integrands can be integrated by localizing the interface and computing the

discontinuous integrals as in the work by Marchandise and Remacle (2006).

We take the alternative approach of the discontinuous properties across an

interface by means of regularizing the level-set function φ (see e.g. Sussman
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et al. (1994); Peng et al. (1999)) as a signed-distance function.

The semi-discretized form of the equation is obtained by replacing

the infinite-dimensional trial and weighing function spaces by their finite-

dimensional approximations. Let rfv , and rfp denote the discrete residuals

of the momentum and continuity, respectively, and let rφ denote the discrete

residual of the level-set equation, i.e.

rfv = ρf (φh)

(
∂vfh
∂t

∣∣
χ

+
(
vfh − vmh

)
· ∇x(vfh)

)
−∇x · σfh(φh)

− ρf (φh)g − λh = 0, (4.25)

rfp = ρf (φh)∇x · vh, (4.26)

rφ =
∂φh
∂t

∣∣
χ

+ (vfh − vmh ) · ∇xφh (4.27)

Under spatial discretization, let each sub-domain be discretized into nel

elements such that Ω∗ = ∪eΩ∗e, 0 ≤ e < nel where ∗ denotes the appropriate

sub-domain, and nel is the number of elements of that given sub-domain.

Working now with finite-dimensional approximations to trial and weighing

function spaces and augmenting the discretized equations with stabilization

terms to allow for equal-order interpolation of fluid velocity and pressure fields

as well as minimizing the oscillation of the velocities near boundary layers

leads to the following semi-discrete variational formulation: find {vfh , ph} ∈ S
f
h,
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vp ∈ S
p
h, φh ∈ S

φ
h, λh ∈ Soh such that

∫
Ωf

wf
h ·
(
ρf
∂vfh
∂t

∣∣
χ

+
(
vfh − vmh

)
· ∇x(ρfvfh)

)
dx+

∫
Ωf

∇xwf
h : σfh dx

−
∫

Ωf

wf
h · ρfg dx−

∫
Ωo

wf
h · λh dx−

∫
∂Ωsp

wf
h · tsp dx+

∫
∂Ωsp

qh∇x · vfh dx

+

∫
Ωr

µoh · (vfh − (voh − ωh × r)) dx+

∫
Ωf

wφ
h

(
∂φh
∂t

∣∣
χ

+ (vfh − vmh ) · ∇xφh
)
dx

+

∫
Ωp

(
wp
h ·
∂vph
∂t

+∇xwp
h : σph

)
dx+

∫
∂Ωp

wp
h · tp dx

+

nel−1∑
e=0

∫
Ωf

e

τv(v
f
h − vmh ) · ∇xwf

h · rfv dx+

nel−1∑
e=0

∫
Ωf

e

τp∇x ·wf
hr

f
p dx

+

nel−1∑
e=0

∫
Ωf

e

τv
ρf
∇xqh · rfv dx+

nel−1∑
e=0

∫
Ωf

e

τφ(vfh − vmh ) · ∇xwφh · rfφ dx = 0,

(4.28)

for all {wf
h, qh} ∈ W

f
h, w

p
h ∈ W

p
h, φh ∈ W

φ
h, and µoh ∈ Wo

h. In the above, the

last four summations are residual-based stabilization terms added. Specifically,

the first summation is the streamline upwind Petrov-Galerkin (SUPG) stabi-

lization term (see e.g. Tezduyar (1991); Tezduyar and Sathe (2003)) added

to diffuse numerical oscillations of the velocity field near boundary layers at

high Reynold numbers, the second summation is the least-squares stabilization

term (see e.g. Aliabadi and Tezduyar (2000)) based on the incompressibility

constraint, and the third summation represents the pressure stabilizing Petrov-

Galerkin (PSPG) (Tezduyar (1991)) term for the INS equations. The last term

is a stabilization term of the level-set equation to mitigate artificial numeri-

cal oscillations of the level-set function and hence prevent artificial numerical

perturbation of the seabed-ocean interface.
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We employ widely used definitions (see e.g. Bazilevs et al. (2007)) of

the stabilization parameters (τ ’s) given by

τv =

(
Ct

∆t2
+ (vfh − vmh ) ·G(vfh − vmh ) + CI

(
µf

ρf

)2

G : G

)−1/2

, (4.29)

τp = (τvg · g)−1/2 , (4.30)

τφ =

(
Ct

∆t2
+ (vfh − vmh ) ·G(vfh − vmh )

)−1/2

, (4.31)

where, Gij = ∂ξk
∂xi

∂ξk
∂xj

and gi =
∑n−1

j=0
∂ξj
∂xi

. In the above, CI is a positive constant

derived from the element-wise inverse estimate (Harari and Hughes (1992)),

Ct is a constant introduced to reflect the time-dependence of the stabilization

parameters for transient simulations, ∂ξk
∂xi

is the inverse Jacobian mapping of

the finite elements between physical and parent domains. Repeated indices

imply summation.

For the motion of the mesh, we solve an additional equation motivated

from conservation of momentum for a linearized solid continuum. The varia-

tional problem reads: find vm ∈ Sp such that

nel−1∑
e=0

∫
Ωf

e

(
wm
h ·

∂vmh
∂t

+∇xwm
h : σmh

)
β(detG)−1 dξ = 0, (4.32)

for all wm ∈ Wp. In the above, σmh (umh ) is a linear pseudo-stress tensor for

the mesh motion, and β is a positive scalar chosen from experience to preserve

mesh quality.

Finally, Equations (4.28) and (4.32) are discretized in time using the

second-order generalized-α method (Chung and Hulbert (1993)).
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4.7 Numerical Studies

4.7.1 Scour Simulation

Lach (1996) performed a series of model centrifuge tests of scouring of sat-

urated Speswhite Kaolin clay by a rigid indentor in the absence of a pipe.

Two-dimensional numerical modeling of some of these centrifuge tests was

carried out by Lach (1996) and Yang and Poorooshasb (1997).

In this section we consider tests designated as Test 4 and Test 5 in Lach

(1996) using the approach highlighted earlier. Two main differences between

the two tests are the initial scour height, and the initial effective vertical

preconsolidation stress. The soil in both tests was overconsolidated, and the

effective vertical preconsolidation stress in Test 5 was 30 kPa higher than that

of Test 4.

A computational domain of size [85×40] m2 with a structured quadrilat-

eral mesh and element sizes of 0.5×0.5 m2 is utilized for both cases. The ridge

is discretized with an unstructured triangular mesh with elements of typical

side dimensions of 0.6 m. We assume no-slip boundary conditions along the

boundary of the ridge and at the bottom of the domain, and slip conditions

on other outer boundaries. A non-reflecting boundary condition is employed

for the level-set function.

In the experimental setup, Lach (1996) estimated the undrained shear-

strength of the soil to vary from 10 kPa at the surface to 25 kPa at the bottom

of the domain. For our numerical simulation, we use a linear profile varying

from 10 kPa at the initial seabed surface to 25 kPa at the bottom of the
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domain:

τ0(x2) =

10 + 15
H

(H − x2) x2 ≤ H

10 x2 > H

. (4.33)

In the above, H is the initial seabed depth, and x2 is the soil location measured

from the bottom of the domain. The mass density of the seabed is assumed

to be 1400 kg/m3, consistent with average reported saturated clay densities.

Our results indicate strong sensitivity on the threshold strain-rate γ̇0. For the

results presented herein, we use a constant value of γ̇0 = 0.0005 s−1 which

lies in between the value chosen by Raie and Tassoulas (2009) for numerical

modeling of torpedo anchor installation, and the experimental data reported

by Rattley et al. (2008) for Kaolin clay. The softening coefficient λhb is selected

to be 0.1, corresponding to 10% increase in the undrained with every ten-fold

increase in the strain-rate.

The ridge is driven 30 meters horizontally with a prescribed horizontal

velocity of 0.073 m/s while its motion is restrained in the vertical direction.

The Newton-Raphson method is used to linearize Eq. (4.28), and we use a

strongly-coupled solution methodology by solving the entirety of the system

of equations simultaneously at each time-step.

Snapshots of the seabed profile at various time instances, separated

approximately by 100 seconds, of the scouring process are shown in Figure 4.6.

Dashed lines indicating regions in soil exceeding the yield strain-rate (referred

to as yielded regions) along with contour plots of strain-rate normalized against

the threshold strain-rate are plotted in these figures. The extent and overall

shape of the yielded region shown these figures qualitatively agree well with
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the contour extent of the plastic region shown in Nobahar (2005).

Consistently with the experimental setup, an out-of-plane ridge-width

of 10 meters was assumed for computing total forces. Computed components of

the resultant force acting on the ridge are shown in Figure 4.7. For comparison

with other studies, both experimental and numerical results of Lach (1996) and

numerical ones of Yang and Poorooshasb (1997) are presented in the same

figures.

Both Lach (1996) and Yang and Poorooshasb (1997) encountered se-

vere numerical difficulties associated with mesh distortion due to large defor-

mations. Yang and Poorooshasb (1997) reached a steady-state value, though

the ridge was displaced by less than 8 meters from its original position. Lach

(1996) successfully moved the ridge by 15 meters before encountering numeri-

cal difficulties associated with excessive element distortion while matching the

horizontal component of the ridge force very closely, though underpredicting

the vertical component. A stable configuration of the front-mound could not

be reached without a clearing mechanism in two-dimensions.

The advantage of our approach over classical Lagrangian methods is ev-

ident here where we are able to move the ridge by over 30 meters without any

numerical difficulties. There is excellent agreement in both the predicted hor-

izontal and vertical force components acting on the ridge for Test 4. Although

in the centrifuge tests a steady-state behavior for the mound was observed, our

simulations predict a rapidly increasing mound forming ahead of the ridge as

shown in Figure 4.6, consistent with the slowly increasing vertical resistance of

the ridge shown in Figure 4.7. The rapidly increasing mound height ahead of

the ridge may be attributed to lack of existence of a clearing mechanism for the

soil in two-dimensional analyses. There is some discrepancy in the resultant
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ridge forces computed for Test 5 (Figure 4.7(b)). Such discrepancy between

numerical and experimental result was also present in the work of Lach (1996)

(indicated as in Figure 4.7(b)), and we suspect it is due to the effects of soil

over-consolidation.
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Figure 4.6: Profile of seabed at various indicated times for (a) Test 4. (b)
Test 5. Extent of the yielding region of soil is indicated in dashed lines in both
cases.
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Figure 4.7: Comparison of the horizontal (f1) and vertical (f2) components of forces acting on the ridge
from this study with experimental and numerical work of Lach (1996) and numerical results of Yang and
Poorooshasb (1997). (a) Test 4 (b) Test 5.
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The experimental subscour soil displacements in the steady-state region

of the scouring measured in the centrifuge tests are marked in Figure 4.8. The

resultant horizontal subscour soil displacement below the ridge as obtained

from the analysis is shown in the same figure. Since a steady-state behavior of

the mound was never achieved in the analysis, the subscour soil displacements

are shown at two different locations (20 m and 30 m marks; refer to Figure 4.6).

The subscour displacements at different marks both show a rapidly decreasing

pattern with depth and are in good agreement with overall observed behavior

measured in the tests.

4.7.2 Coupled Ridge-Soil-Pipe Interaction

Nobahar (2005) performed two-dimensional simulations of the seabed scour-

ing problem using the commercial finite element package ABAQUS/Explicit.

Scouring in presence and absence of a pipe was considered to investigate the

necessity of monolithic coupled versus staggered analyses in ridge-soil-pipe

interaction.

In this section we also present the results for the seabed scour in pres-

ence and absence of a pipeline using the procedure highlighted herein. For both

cases, we use a rectangular computational domain of size [85×40]. In absence

of a pipe, a structured quadrilateral mesh with element sizes of 0.5× 0.5 m2 is

utilized. For scouring in presence of a pipeline, we use an unstructured quadri-

lateral mesh within the vicinity of the pipeline, and a structured quadrilateral

mesh with element sizes of 0.5×0.5 away from the pipe. Same ridge geometry

and discretization as in the previous example are used for both examples in

this section.
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Figure 4.8: Subscour horizontal soil displacements. (a) Test 4 (b) Test 5
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Slip conditions are imposed on the lateral and the top walls, and no-

slip condition is imposed on the bottom wall of the domain. A non-reflecting

boundary condition is employed for the level-set function along all boundaries

of the domain, including that of the pipe. Consistently with Nobahar (2005),

a constant undrained shear strength of 25 kPa is assumed for the soil. As in

the previous example, a constant strain-rate threshold of γ̇0 = 0.0005 s−1 is

used for the fluid model representing the soil.

Nobahar (2005) had an initial embedment step to reach the required

scour depth. Similar to the example considered above, we instead initialize

the gouge profile and embedment of the ridge such that the ridge is initially

exposed to soil in the direction of its motion.

Snapshots of the seabed profiles in presence and absence of a pipe at

various times are shown in Figures 4.9(a) and 4.9(b), respectively. The average

pipe and soil displacements at the center-line of the pipe are shown in Fig-

ure 4.10. Although there is an initial difference between our results and those

reported by Nobahar (2005), there is good agreement in the overall behavior

and the final displacements in both cases. We speculate that the difference is

due to our treatment of soil as a viscous (strain-rate dependent) fluid in con-

trast to the elastoplastic (strain dependent) model used by Nobahar (2005)

and, furthermore, the increase in the soil yield stress following the initial em-

bedment step performed by Nobahar (2005).

Nobahar et al. (2007b) and Peek and Nobahar (2012) performed com-

parable scouring simulations in three-dimensions. The uncoupled analyses

showed lower pipe deformations, consistent with the behavior observed in our

simulations. In addition, the estimated pipe deformations in these analyses

were less than 1.5 meters, suggesting the necessity of inclusion of the effective
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springs discussed in Section 4.4.

4.8 Summary and Conclusions

In this chapter, we presented a new numerical approach for numerical model-

ing of the seabed-scour problem and its interaction with marine pipes. In our

formulation, a rheological simulation was used for the seabed. A simple viscous

non-Newtonian model with a constitutive model in terms of the strain-rate of

the soil was utilized. The ridge was modeled as a rigid object using a fictitious

domain method to allow for arbitrarily large ridge motion, and an interface

capturing technique was utilized for the seabed-ocean interface, thereby re-

moving the need for computationally expensive remeshing and remapping of

state variables between a hierarchy of meshes.

In the first numerical example, two 2-dimensional seabed scour problems

in the absence of a pipe were considered. There was excellent agreement

between the resistance forces offered by soil during scouring with experimental

results. Yielding of soil localized around the ridge was predicted. In addition,

there was excellent agreement between experimental and numerical subscour

soil displacements. In these analyses, there was a continual increase in mound

height ahead of the ridge, speculated to be due to lack of a clearing mechanism

for soil in front of the ridge in two-dimensional computations.

The second numerical example considered the seabed scour problem

and its interaction with an embedded pipe. The pipe-deformation history was

found to be comparable to the results of other two-dimensional computations.

Coupled pipe-soil interaction predicted smaller pipe displacements compared

with soil displacements in the absence of a pipe, consistent with three dimen-
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Figure 4.9: Seabed profile at various indicated times for (a) No pipe (b) Em-
bedded pipe. Extent of the yielding region of soil is indicated in dashed lines
in both cases.
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sional coupled and staggered analyses performed by others.

Further studies are required to calibrate our approach and study the

post-yield strain-rate dependence of the soil. Three dimensional analysis is

computationally demanding, but appears warranted for capturing the inher-

ently three-dimensional behavior of the clearing mechanism of soil in front of

the ridge.
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Chapter 5

A Parametric Study of Seabed

Scour Using a Rheological

Approach

5.1 Introduction

The variation in size and patterns of the scouring marks evident on ocean floors

is attributed to different scouring scenarios. These different scenarios can be

created due to differing seabed soil properties, environmental loads, and ice

properties. Despite the presence of different scouring conditions, uniformity of

scour depths and widths of long scour marks hint to a steady state scouring

condition being reached following sustained souring events (Woodworth-Lynas

et al., 1991). The clearing mechanism during scouring process described earlier

in Section 1.1.1 coupled with vertical motion of ice ridge have been credited

for this steady state behavior during established scouring events.
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Within this inherently three-dimensional clearing mechanism, the soil

is expected to be initially pushed upward, and eventually towards the sides of

the ridge as the scouring process continues. The inability of two-dimensional

models to capture this expected process has lead researchers and analysts to

focus mainly on full-blown three-dimensional numerical models. Indeed, with

the few exceptions of those noted in Section 1.1.3, past numerical studies of

this phenomenon have almost exclusively been performed in three dimensions

using finite-element based commercially available packages (see e.g. Konuk

and Gracie (2004); Konuk and Yu (2007); Phillips et al. (2010); Pike et al.

(2011) and also references therein).

The Pressure Ridge Ice Scour Experiment (PRISE) laboratory tests

(Woodworth-Lynes et al., 1996; Phillips et al., 2005) indicated that indentors

had to be advanced about 50 times the scour depth (equivalent to 50 to 100

meters on the model level) for the steady state to reached. In the numerical

works of Konuk et al. (2005), the ridge had to be advanced at least 5 times

the ridge width to reach this steady state. Such large distances required for

achieving a steady state have been noted in other works (see e.g. Phillips

et al. (2010)) during which a three-dimensional scouring model did not reach

a steady state after advancing 35 meters.

Various numerical models have been used for studying the scouring pro-

cess and gaining insight into the significance of various scouring parameters

such as soil strength, burial depths (Nobahar, 2005; Nobahar et al., 2007b;

Peek and Nobahar, 2012), and ice keel geometry (Pike et al., 2012). In addi-

tion to numerical difficulties inherently present due to the complexity of the

scouring process, there has been uncertainty on appropriate treatment of the

seabed-ice interface, appropriate constitutive models, and appropriate ridge
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geometries, contact mechanics between soil and ridge (Konuk et al., 2007;

Abdalla et al., 2009). Despite these efforts, the complexity of the scouring

phenomenon, coupled with the limited publicly available experimental labora-

tory studies, numerical difficulties, as well as inconsistencies within reported

numerical results have hindered efforts made towards calibrating and validat-

ing of the numerical models.

The extent and magnitude of subgouge soil displacement are yet to

be understood with confidence under various scouring scenarios, and have

generally been compared with the simple empirical equations proposed by

Woodworth-Lynes et al. (1996) expressed only on the rectangular cross-sectional

geometry of the scouring agent.

The speed effects of scouring processes are less understood as they have

been generally neglected in past studies. Past centrifuge model experiments

have generally been carried out at ridge advancement rates of 0.1 m/s, while

other numerical models at times have used high advancement rates of up to

1 m/s (see e.g. Phillips et al. (2010)) while neglecting the rate effects in the

constitutive models. The significant increase in ridge stresses and forces with

increase in scouring rates reported by Sayed and Timco (2009) warrants further

experimental and numerical studies aimed at quantifying scouring effects.

In the preceding chapter, we utilized the three-dimensional data-sets re-

ported by Lach (1996) for verification of our numerical framework conducted

in two dimensions. Ice-ridge resistance forces as well as subgouge displace-

ment agreed favorably with these experimental results as well as past two-

dimensional modeling efforts. Although the height of the mound did not reach

an obvious peak height during the course of the simulations, its rise in height

was gradual, totaling less than 4 meters after the ridge was displaced over
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30 meters horizontally.

These results indicate that two-dimensional analyses are still relevant

despite their inability to capture the clearing mechanisms. In this chapter, we

therefore utilize the rheological numerical framework described in Chapter 4

for a parametric study of the seabed scour and the seabed scour and pipe

interaction in two and three dimensions. We consider the effects of various

parameters such as the undrained shear strength of the soil, keel attack angle,

keel geometry (in three-dimensions), rate of advancement of the ridge, diam-

eter as well as burial depth of pipes. Considering these parameters, within

a completely different framework than the ones considered in the previous

studies, we hope to shed further light on scouring behavior, subgouge soil

displacements, effects of scouring on embedded pipes, and relevance of two

dimensional analyses.

This chapter is thus organized as follows. In Section 5.2, we perform the

first parametric two-dimensional study of the seabed scouring in absence of a

buried pipe. In Section 5.3, we perform a series of three-dimensional scouring

studies to compare the two-dimensional results against the three-dimensional

analyses. Finally, in Section 5.4 we extend this two-dimensional parametric

study to study effects of seabed scouring on embedded pipes.

5.2 Two-Dimensional Seabed Scour

A two-dimensional parametric study of the seabed scour problem in absence

of a pipe (also referred to as a free-field analysis) is performed in this section

using the formulation described in Chapter 4. With these analyses, we aim

to quantify the model behavior in two-dimension and study its sensitivity
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on different parameters including the undrained shear strength of soil, the

advancement rate of the ridge as well as its attack angle. Without the pipe in

the model, the formulation described earlier becomes purely Eulerian.

5.2.1 Model Description

Our computational domain is Ω = [0, 85]× [0, 50] discretized with a uniformed

structured bilinear quadrilateral elements of size 0.5 m. The ridge has a trape-

zoidal geometry, with a constant base of 4.25 m. We consider attack angles,

θ, of 15◦ and 30◦, thus encompassing the mean attack angles of 26 degrees

reported by Timco and Burden (1997).

The ridge is discretized with elements with typical size of 0.625 m. As

initial conditions, we consider a wished-in-place ridge such that it is initially

directly in contact with the soil only in the direction of its motion (Figure 5.1a).

A constant initial gouge depth of 1.5 m is assumed for all cases considered.

The ridge is then driven with a prescribed horizontal velocity, vo1, ranging from

0.1 to 1.0 m/s, and its motion in the vertical direction as well as its rotation

are constrained.

For the fluid, no-slip boundary conditions (vf = 0) are imposed on

the bottom of the domain (x2 = 0), and slip conditions (vf · n = 0) on all

other boundaries. For the level-set function, φ, zero-flux boundary conditions

(∇φ · n = 0) is imposed on all boundaries.

The kinematic viscosity and mass density of water are taken to be µw =

1 mPa · s and ρw = 1000 kg/m3, respectively, whereas the density of the soil

is assumed to be constant at ρs = 1900 kg/m3 in all cases. The strain-rate

threshold is taken to be constant at the previously calibrated value of γ̇0 =

122



0.0005 s−1. A range of undrained shear strengths representing soft clay is

considered ranging from 1 kPa to 25 kPa such that it is constant throughout

the domain.

5.2.2 Results and Discussion

Table 5.1 summarizes the different free-field scouring scenarios considered as

well as the observed geometrical shape of the mound formed ahead of the ridge.

The frontal mound behavior described in Table 5.1 is as follows:

• Steady state: If the height of the mound reaches a peak value in a

given scouring scenario, the scour event is described as having reached

a steady state. This identification is thus not based on the soil reaction

forces having reached a steady plateau.

• Distance to steady state: If the mound height reached a peak value

(steady state), the distance the ridge had advanced up to that point is

reported.

• Mound height: The maximum height the mound attained during the

course of the analysis (Figure 5.1).

• Mound Extent: The extent of the mound rising above the initial seabed

surface (Figure 5.1).

In our results, we notice that a steady state scouring is reached in our

simulations for typical ridge velocities of 0.1 m/s in soil undrained strengths

of up to 10 kPa. With increasing undrained shear strength, the height of

the mound increases, and, generally, steady state is not achieved during the

duration of the analysis.
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Based on the range of the parameters considered, we quantify the effects

of the attack angle, ridge speed, and undrained strength. For consistency,

the observations made on the subscour displacement are based on the soil

displacements along the 40 m mark once the toe of the ridge reaches the 40 m

mark.

1. Undrained shear strength:

• Within the ranges considered, the soil resistance increases roughly

at the rate of 45 kN·(m · kPa)−1 with increasing undrained shear

strength.

• No significant difference in the lateral subscour deformation is pred-

icated (see Figure 5.2 for a representative soil subscour behavior).

This observed behavior is consistent with empirical relations pro-

posed by Woodworth-Lynes et al. (1996) as well as the limited three-

dimensional studies of Phillips et al. (2010).

2. Angle of attack:

• Ridges with higher angles of attack resulted in higher mount heights

while the extent of the disturbed soil was larger in ridges with lower

attack angles (see Figure 5.5).

• The vertical soil resistance is inversely proportional to the attack an-

gle of the ridge. Ridges with attack angle of 15◦ experience roughly

10% and 100% more horizontal and vertical, respectively, resistance

from the soil than those with attack angles of 30◦.

• At a scour-depth below the base of scour, the lateral subscour soil
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(a)

(b)

Figure 5.1: Schematics of the free-field study (a) initial configuration (b) final
configuration

displacements reduce by roughly 65% when the attack angle of the

ridge is increase from 15◦ to 30◦.

3. Speed effects:

• There is almost a 50% increase in soil resistance (both horizontal

and vertical components) when the speed of the ridge is increased

from 0.1 m/s to 0.5 m/s. Doubling the velocity from 0.5 m/s to

1.0 m/s then results in roughly a 10% increase in the soil resistance.

• Higher scouring rates resulted in a more rapidly growing mound

ahead of the ridge.
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Table 5.1: Two-dimensional free-field scour study parameters

Label
τ0

(kPa)
vo1

(m/s)
θ

(deg.)

Distance
till steady
state (m)

Mound
height
(m)

Mound
extent
(m)

2D-V10-A15-S1 1.0 0.1 15.0 < 11 0.5 7.5
2D-V10-A15-S5 5.0 0.1 15.0 11 1.5 11
2D-V10-A15-S10 10.0 0.1 15.0 27 2 16.5
2D-V10-A15-S15 15.0 0.1 15.0 39 2 24
2D-V10-A15-S20 20.0 0.1 15.0 - > 3 23
2D-V10-A15-S25 25.0 0.1 15.0 - > 3 17
2D-V50-A15-S10 10.0 0.5 15.0 - > 5 30
2D-V50-A15-S15 15.0 0.5 15.0 - > 5 8.5
2D-V50-A15-S20 20.0 0.5 15.0 - > 5 27
2D-V50-A15-S25 25.0 0.5 15.0 - > 5 34
2D-V100-A15-S10 10.0 1.0 15.0 - > 6.5 35
2D-V100-A15-S25 25.0 1.0 15.0 - > 6.5 31
2D-V10-A30-S10 10.0 0.1 30.0 23 3 15.5
2D-V10-A30-S15 15.0 0.1 30.0 43 4 18.5
2D-V10-A30-S20 20.0 0.1 30.0 - 3.5 18.5
2D-V10-A30-S25 25.0 0.1 30.0 - > 3.5 17
2D-V50-A30-S10 10.0 0.5 30.0 45 > 3.5 29.5
2D-V50-A30-S25 25.0 0.5 30.0 - > 5 25
2D-V100-A30-S10 10.0 1.0 30.0 45 4 33
2D-V100-A30-S25 25.0 1.0 30.0 - > 5.5 30
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Figure 5.2: Subgouge lateral soil displacements for (a) 2D-V10-A15 (b)
2D-V10-A30
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Figure 5.3: Horizontal soil reaction force for (a) 2D-V10-A15 (b) 2D-V10-A30
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Figure 5.4: Vertical soil reaction force for (a) 2D-V10-A15 (b) 2D-V10-A30

129



log10γ/γ0

2.00
1.80
1.60
1.40
1.20
1.00
0.80
0.60
0.40
0.20

-0.00
-0.20
-0.40
-0.60
-0.80
-1.00

0 20 40 60 80
0

10

20

30

40

50

log10γ/γ0

2.00
1.80
1.60
1.40
1.20
1.00
0.80
0.60
0.40
0.20

-0.00
-0.20
-0.40
-0.60
-0.80
-1.00

0 20 40 60 80
0

10

20

30

40

50

log10γ/γ0

2.00
1.80
1.60
1.40
1.20
1.00
0.80
0.60
0.40
0.20

-0.00
-0.20
-0.40
-0.60
-0.80
-1.00

0 20 40 60 80
0

10

20

30

40

50

log10γ/γ0

2.00
1.80
1.60
1.40
1.20
1.00
0.80
0.60
0.40
0.20

-0.00
-0.20
-0.40
-0.60
-0.80
-1.00

0 20 40 60 80
0

10

20

30

40

50

(a) (b)

Figure 5.5: Profiles of seabed after ridge advancements of 7.5 m (top) and 27 m (bottom) for different attack
angles (a) 2D-A15-S25 (b) 2D-A30-S25
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5.3 Three-Dimensional Seabed Scour

In the two-dimensional studies of the previous section, a steady state was

generally not reached for ridge advancement rates higher than 0.1 m/s as well

as with soils with undrained shear strengths above 15 kPa. In this section, we

consider a limited three-dimensional parametric study of the seabed scour in

absence of a pipe, and compare the models behavior with the two-dimensional

study carried out in the previous section.

5.3.1 Model Description

The brick-shaped domain Ω = [0, 80] × [0, 30] × [0, 35] is discretized with a

structured trilinear cubic elements and utilized for seabed scouring in absence

of pipes. The mesh is refined such that typical element size is 1 × 0.5 × 0.5

in dimensions near the vicinity of the scouring plane. The initial depth of the

soil is 20 m, and a constant initial scour depth of 1.5 m is selected for all cases.

The mechanical properties of soil and water are taken to be as in the previous

section.

Assuming symmetry, only one-half of the domain is modeled. No-slip

boundary conditions (vf = 0) are used the bottom of the domain (x3 = 0),

and slip conditions on all other boundaries (see Figure 5.6).

Different geometrical shapes have been used to describe the ridge in

three-dimensions including conic sections (Konuk and Gracie, 2004; Konuk

and Yu, 2007; Phillips et al., 2010) and flat-faced indentors (Nobahar et al.,

2007b; Phillips et al., 2010; Peek and Nobahar, 2012) with scour widths varying

from 10 (see e.g. (Nobahar et al., 2007b)) up to 20 m (Konuk and Yu, 2007).

In this section, we consider truncated conical sections (Figure 5.7a) as well
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Figure 5.6: Boundary conditions for the three-dimensional seabed scour

as flat-faced indentors with a sloping attack angle (Figure 5.7b). The out-of

plane half-width, W , of these geometries ranges from 5 m up to 7.5 meters in

our models.

The different scouring events considered are summarized in Table 5.2.

The scour case labeled as 3DC-V10-A30-W5.2-S25 has a conic shaped inden-

tor with footprint area equal to that of flat-faced ones. The case labeled

3DC-V100-A30-W7.5 aims to be comparable with the Case 4 of Phillips et al.

(2010) in which the ridge was advanced at the rate of 1 m/s. We also con-

sider the case 3DC-V10-A30-W7.5 in which the ridge is advanced at the rate

of 0.1 m/s to be consistent with the PRISE experiments which Phillips et al.
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(a) (b)

Figure 5.7: Ridge geometries considered for three-dimensional scour analyses

(2010) aimed to replicate. Other listed cases in the table are aimed to replicate

the two-dimensional scour studies in the previous section.

Table 5.2: Three-dimensional free-field scour study parameters

Label
τ0

(kPa)
vo1

(m/s)
θ

(deg.)
W
(m)

Geometry

3DS-V10-A15-W5-S25 25.0 0.10 15.0 5.0 Flat-faced
3DS-V10-A30-W5-S25 25.0 0.10 30.0 5.0 Flat-faced

3DC-V10-A30-W5.2-S25 25.0 0.10 30.0 5.2 Conic
3DC-V10-A30-W7.5-S25 25.0 0.10 30.0 7.5 Conic
3DS-V100-A15-W5-S25 25.0 1.00 15.0 5.0 Flat-faced

3DC-V100-A30-W7.5-S25 25.0 1.00 30.0 7.5 Conic

Three-dimensional analyses can be computationally demanding and time-

consuming. In order to speed up the computations, we use a staggered ap-

proach in which the solution of the level-set equation describing the seabed and

soil mound is decoupled from the fluid equations. All analyses were obtained

on computational servers with a total of 16 cores.
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5.3.2 Results and Discussion

The isometric view of seabed profile along with the extent of seabed distur-

bance is shown in Figure 5.8. In the below, we compare the results with the

two-dimension studies carried out in the previous section as well as another

recent numerical study.

Comparison Against Previous Studies

In Figure 5.9, the seabed reaction forces acting on the ridge from both the

3D-V100-A15-SF-W5 and the 3D-V10-A15-SF-W5 case considered are compared

against the results of Phillips et al. (2010). In these plots, an upper and lower

bound solution envelopes are shown to encompass the three different solution

methodologies by Phillips et al. (2010) within different commercially available

packages.

As in the case of the two-dimensional scouring considered in the previous

case, the soil reaction forces are proportional to the scouring rates. There is

excellent agreement between the vertical component of forces when the ridge

is advanced at the rate of 0.1 m/s (consistent with the PRISE studies), while

the higher velocities over predict the ridge reaction forces. This highlights

the importance of including rate effects that have been neglected in previous

studies.

A qualitative comparison of subscour soil displacements as well as mound

geometry between our results and those of Phillips et al. (2010) is provided

in Figure 5.10. Despite the obvious differences in our modeling approaches,

these figures indicate excellent agreement in both soil displacements as well as

mound geometry against experimental and numerical studies.
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(a) 3DS-V10-A15-W5-S25 (b) 3DS-V10-A30-W5-S25

(c) 3DC-V10-A30-W7.5-S25 (d) 3DC-V10-A30-W5.2-S25

(e) 3DC-V10-A30-W7.5-S25 (f) 3DS-V100-A15-W5-S25

Figure 5.8: Isometric view of the seabed profiles and extent of seabed distur-
bance following 24 m of ridge advancement
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Figure 5.9: Seabed reaction forces for 3D-C-V10-A30-W7.5 (a) Vertical com-
ponent (b) Horizontal component
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Figure 5.10: Seabed scour profile and soil displacements (a) 3DC-V100-A30-W7.5-S25 (b)
3DC-V10-A30-W7.5-S25 (c) Numerical model of Phillips et al. (2010) (d) Experimental studies of Phillips
et al. (2005)
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Comparison Against Two-Dimensional Scouring

The extent of the mound (at gouge centerline) along with the extent of soil dis-

turbance (strain-rate contour plots) are shown in Figure 5.11 for a set of two-

and three-dimensional scouring cases. For average scouring rates of 0.1 m/s,

the mound profile as well as extent of soil disturbance in two and three dimen-

sions are comparable. At extreme scouring rates of 1 m/s, the mound profile in

the two-dimensional case continuously rises and eventually exceeds the height

of the ridge (Figure 5.11d). In three-dimensions, the extent of the mound is

much smaller, indicating that the clearing mechanism perhaps plays a role.

To better visualize the effects of the clearing mechanism, the extension

of the seabed disturbance as well as side berms formed are shown in Figure 5.12

flat-faced after ridge advancement of 24 m. Seabed elevations, viewed from

above, are shown in Figure 5.13. From these figures it can be noticed that

the out-of-plane extension (side berms) is more noticeable for larger scouring

rates as well as larger attack angles.

Assuming uniform distribution of soil resistance across the width of the

ridge, the soil reaction forces (per unit width) are plotted in Figure 5.14 along

with their two-dimensional equivalents. The three-dimensional forces obtained

exceed those of the two-dimensional ones, but are comparable in behavior. The

evident discrepancy may be attributed to coarser mesh as well as the shallower

soil height used for the three-dimensional studies.

The lateral subscour soil displacements at centerline of scouring is com-

pared against the two-dimensional analyses of the previous section in Fig-

ure 5.15. The magnitude and behavior of the subscour soil displacements

are comparable, with the two-dimensional analyses predicting larger displace-
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ments.

Finally, we turn our attention to the transverse lateral subscour soil

displacements that cannot be determined from two-dimensional studies. The

transverse lateral subscour soil displacements for the various scouring cases at

the depth of 1.5 m below the scour base at the 40 m mark are compared in

Figure 5.16. In these figures, the empirical equations proposed by Woodworth-

Lynes et al. (1996) based purely on the rectangular cross-sectional geometry

of the indentor are plotted for comparison purposes.

There is good agreement between the empirical equations and the flat-

faced indentor with the average advancement rates of 0.1 m/s (3DS-V10-A15-W5-S25).

We note, however, that the transverse lateral soil displacements show strong

sensitivity on the scouring rate as well as the geometrical shape of the ridge,

with considerably higher displacements in the case of conic-shaped indentors

as opposed to flat-faced ridges.
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Figure 5.11: Comparison of seabed profiles and extent of soil disturbance (at gouge centerline) in three- (left)
and two-dimensional (right) seabed scouring after ridge advancement of 24 m
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Figure 5.12: Seabed profile 1 m away from the half-width of ridge after ridge
advancement of 24 m

141
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Figure 5.13: Top view of sealed elevation for flat-faced indentors after ridge
advancement of 24 m
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Figure 5.14: Comparison between two- and three-dimensional soil reaction per unit width
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5.4 Two-Dimensional Seabed Scour and Soil-

Pipe Interaction

The comparison of subscour soil displacements between the two- and three-

dimensional scouring studies indicate that two-dimensional modeling provide

a good estimate on the subscour soil displacements. To study the effects

of scouring on embedded pipes, we therefore consider two-dimensional ridge-

seabed-pipe interaction.

Although we had good agreements between our results and those of

Nobahar et al. (2007b) in the numerical results of the seabed scour and pipe

interaction described in Section 4.7.2, we noted that the pipe displacements

predicted in our results as well as results of Nobahar et al. (2007b) exceeded

the three-dimensional results reported by Peek and Nobahar (2012). In this

section, we thus consider the introduction of the springs introduced in Sec-

tion 4.4 for a parametric soil-pipe interaction analysis in two-dimensions.

5.4.1 Model Description

The corresponding out-of-plane soil stiffness for various pipes (outer) diam-

eter and soil strengths considered obtained using the approach described in

Section 4.4 are tabulated in Table 5.3.

We utilize the rectangular domain Ω = [0, 85]×[0×50] with a uniformed

structured bilinear quadrilateral elements of size 0.5 m away from the pipe,

and an unstructured quadrilateral mesh within around the pipe. The initial

depth of the soil is 35 m, and the a constant gouge depth of 1.5 m is again

selected for all cases. As in Section 5.2, we consider a wished-in-place ridge
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Figure 5.15: Subscour soil displacements at gouge center line with ridge ad-
vancement rate of (a) 0.1 m/s (b) 1.0 m/s
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Figure 5.16: Transverse lateral soil displacement away from scour centerline
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Table 5.3: Stiffness of springs representing the effective out-of-plane soil stiff-
ness

Diameter (mm) Thickness (mm) τ0 (kPa) Ksoil (kN/m)

457 22.2 10 188.577
457 22.2 25 285.254
610 25.4 10 271.232
610 25.4 25 418.512
914 22.2 25 390.937

such that it is in contact with the initial scour depth (see Figure 5.1). In

our parametric study, we only consider the average reported ridge velocities of

0.1 m/s (Palmer (1997); Yang and Poorooshasb (1997)).

We consider embedded pipes with diameters D and thickness t, located

35 m away from the left boundary (x1 = 0). The pipe diameters selected are to

be consistent with other studies (see e.g. Konuk and Yu (2007); Nobahar et al.

(2007b); Peek and Nobahar (2012)). The clear burial depths B of the pipe is

varied from 1 pipe diameter to 5 pipe diameters. The pipes are assumed to be

either X-52 or X-65 steel with yield stress of σy = 358.8 MPa and 448 MPa,

respectively.

5.4.2 Results and Discussion

A complete list of the selected scouring and pipe configurations are tabulated

in Table 5.4. Inclusion of the pipe in place had little effect on the overall

mound geometry as well as the extent of soil disturbance (Figure 5.17).

Consistently with our approach in determining the effective soil stiffness
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in two-dimensions (see Section 4.4), the pipe stresses, σ, are computed through

σ =
Modo

2I
, (5.1)

where,

M0 = 2EIA1 (5.2)

A1 = − wa

2a+ 8β3EI
ks

[
2β2

ks
(βa+ 1) +

1

6EI
a2

]
, (5.3)

β =

(
ks

4EI

)1/4

, (5.4)

and E = 205 GPa is the pipe elastic modulus, I is the moment of inertia of

the pipe section, do is the outer pipe diameter of the pipe, a is the base length

of the ridge, ks is the spring constant computed from p-y curves, and w is

computed as the norm of the fluid forces (drag and lift forces) acting on the

pipe. Due to our earlier assumption of linear elastic springs, the analyses are

stopped when the computed pipe stress exceeds the yield stress σy.

The maximum pipe stresses (normalized against the yield stress) expe-

rienced by the pipes are tabulated in Table 5.4. The corresponding distances

measured from the toe of the ridge to the center of the pipe (at its initial con-

figuration) once the pipe experiences its maximum stress are also tabulated.

In the free-field study (Section 5.2), we noticed that the lateral sub-

scour soil displacements were higher for shallower ridge attack angles. In

Figure 5.18b, representative pipe displacements for the cases considered are

plotted against the relative location of the toe of the ridge with respect to

the center of the pipe at its original configuration. Consistently with previ-
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ous observations, these results indicate higher lateral translation of pipes with

shallower attack angles, and higher vertical translations. On the other hand,

increasing pipe burial depth reduces horizontal translation, though a higher

vertical translation is generally observed (Figure 5.18a).

Below, we summarize the findings for the three different pipe diameters

considered:

1. In all cases considered, the maximum stress in the pipe occurred prior

to the toe of the ridge reaching the pipe. Lower attack angles of ridges

result in maximum pipe stress being reached when the ridge is further

away from the pipe.

2. 18-inch (457 mm) pipes:

• In soil strengths with undrained shear strengths of 25 kPa, the onset

of yielding of pipes for both X-52 and X-65 grades are predicted

when the ridge is over 10 meters away from the pipes.

• Increase in burial depth of pipe did not have significant effects in

reducing pipe stresses.

• In soils with undrained strengths of 10 kPa, no yielding in pipes is

predicted (X-52 and X-65 steels).

• Pipes experience maximum stress considerably earlier during the

scouring process when the ridge has lower attack angles. This obser-

vation is consistent with soil displacements as well as larger mound

extents observed for ridges with shallow attack angles in the free-

field studies of previous sections.

3. 24-inch (610 mm)
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• In soils with undrained yield strength of 25 kPa, pipes with X-65

grade steel were predicted to not reach yield during a scouring event

if there is a clear cover of 2 pipe diameter to the base of scour.

• In soils with undrained yield strength of 10 kPa, a clear cover of 1

pipe diameter is sufficient to prevent yielding of pipes.

4. 36 inch (914 mm)

• X-65 pipes are safe from yielding in soils with undrained shear

strength of up to 25 kPa with clear burial depths as low as 1 pipe

diameter.
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Table 5.4: Two-dimensional scour-pipe interaction study parameters. Where applicable, values in parenthesis
correspond to X-65 steels, while others correspond to X-52 steel.

Label
τ0

(kPa)
vo1

(m/s)
θ

(deg.)
D

(mm)
t

(mm)
B/D

Distance
at max.
stress
(m)

max(σ/σy)

D457-T22-V10-A30-S25-B1 25.0 0.10 30.0 457 22.2 1.0 -10.98 (-9.04) 1.000 (1.000)
D457-T22-V10-A30-S25-B2 25.0 0.10 30.0 457 22.2 2.0 -10.76 (-8.61) 1.000 (1.000)
D457-T22-V10-A30-S25-B5 25.0 0.10 30.0 457 22.2 5.0 -10.20 (-7.83) 1.000 (1.000)
D457-T22-V10-A15-S25-B1 25.0 0.10 15.0 457 22.2 1.0 -14.80 (-13.76) 1.000 (1.000)
D457-T22-V10-A15-S25-B2 25.0 0.10 15.0 457 22.2 2.0 -14.75 (-12.81) 1.000 (1.000)
D457-T22-V10-A30-S10-B1 10.0 0.10 30.0 457 22.2 1.0 -4.15 0.827
D457-T22-V10-A30-S10-B2 10.0 0.10 30.0 457 22.2 2.0 -4.05 0.750
D457-T22-V10-A15-S10-B1 10.0 0.10 15.0 457 22.2 1.0 -8.19 0.718
D457-T22-V10-A15-S10-B2 10.0 0.10 15.0 457 22.2 2.0 -8.63 0.782

D610-T25-V10-A30-S25-B1 25.0 0.10 30.0 610 25.4 1.0 -8.90 (-4.31) 1.000 (1.000)
D610-T25-V10-A30-S25-B2 25.0 0.10 30.0 610 25.4 2.0 -8.43 (-3.49) 1.000 (0.952)
D610-T25-V10-A15-S25-B1 25.0 0.10 15.0 610 25.4 1.0 -13.20 (-9.09) 1.000 (1.000)
D610-T25-V10-A15-S25-B2 25.0 0.10 15.0 610 25.4 2.0 -12.78 (-5.91) 1.000 (0.997)
D610-T25-V10-A30-S10-B1 10.0 0.10 30.0 610 25.4 1.0 -4.23 0.596
D610-T25-V10-A30-S10-B2 10.0 0.10 30.0 610 25.4 2.0 -6.17 0.546
D610-T25-V10-A15-S10-B1 10.0 0.10 15.0 610 25.4 1.0 -4.27 0.827
D610-T25-V10-A15-S10-B2 10.0 0.10 15.0 610 25.4 2.0 -6.41 0.566

D914-T25-V10-A15-S25-B1 25.0 0.10 15.0 610 22.2 1.0 -8.22 (-9.17) 1.000 (0.895)
D914-T25-V10-A15-S25-B3 25.0 0.10 15.0 610 22.2 3.0 -4.36 0.995
D914-T25-V10-A30-S25-B1 25.0 0.10 30.0 610 22.2 1.0 -1.29 (-0.61) 1.000 (0.804)
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Figure 5.17: Comparison of seabed profiles and extent of soil disturbance with (left) and without pipes (right)
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Figure 5.18: Selected pipe displacements and stresses (a) 18 in. pipe (b) 36 in
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Chapter 6

Conclusion

6.1 Summary

The complexity of the seabed scour problem and the numerical difficulties

encountered in its treatment motivated us to seek numerical modeling based

on a simple rheological approach. A simpler strain-independent model al-

lows ridge-seabed and the soil-pipe interactions to be effectively reformulated

as fluid-object and fluid-structure interaction problems, respectively, thereby

avoiding common issues associated with large deformations and displacements

in computational solid mechanics.

Moving towards a computational fluid dynamics approach for numerical

modeling of the seabed scour problem, we described a stabilized fictitious

domain method coupled with a level-set method for solving coupled two-phase

fluid-object interaction. The method is applicable on unstructured meshes and

trivial to implement and extendable to three-dimensions. In this method, the

interfacial boundary between fluids evolves by the level-set method, and the
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coupling between the fluid and the object is performed using the distributed

Lagrange-multiplier fictitious domain method.

We described an improved approach for constructing signed-distance

functions on arbitrary meshes by introducing artificial numerical diffusivity

to improve the robustness of classical signed-distance construction approaches

without resorting to common pseudo-time relaxation method. We then applied

this method with a modified deformation procedure for fast and efficient mesh

adaptivity. We then briefly discussed how it may used in computational fluid

dynamics.

A simple strain-rate dependent constitutive model is then employed

within this two-phase fluid-object interaction method for modeling soil behav-

ior under rapid loading conditions such as those seen during seabed scouring

by ice masses. This constitutive model within the presented numerical frame-

work allowed for simple treatment of the seabed interface, large displacements

of the ridge as well as pipe deformations without the need for remeshing of

the domain. We presented two-dimensional validation of our method based on

previous experimental and numerical studies.

The numerical framework for the modeling of the seabed scour phe-

nomenon was then utilized for performing a parametric study of the seabed

scour and pipe interaction. We considered various scouring scenaria in two-

dimensions as well as three-dimensions to investigate the sensitivity of the

model on various parameters including the undrained strength of the soil, at-

tack angle of the ridge, rates of scouring.
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6.2 Future Work

The relatively simple two-phase fluid-object interaction approach described

for solving the seabed scour problem and the subsequent soil-pipe interaction

relied on simplifying assumptions and limitations which can be avoided in

future research. We conclude this dissertation by listing what we feel may be

of interest for future research:

• Two-phase flow and fluid-object interaction and mesh adaptivity:

1. Modify mesh adaptivity such that mass conservation is satisfied by

construction.

2. Investigate the feasibility of an r-adaptive two-phase fluid-object

interaction.

• Numerical modeling of the seabed scour:

1. Improve the constitutive description of scour-disturbed soil.

2. Study the post-yield behavior of the pipes within the two-dimensional

seabed-scour pipe-interaction parametric study carried out herein.

3. Include nonlinear springs to reflect the out-of-plane resistance of-

fered by the seabed in two-dimensional studies.

4. Carry out a parametric three-dimensional coupled seabed-scour and

soil-pipe interaction study using the methodology described.

5. Investigate the feasibility of inclusion of strain effects in soil while

avoiding the need for remeshing of the computational domain.

6. Devise and investigate a way for taking into account frictional con-

tact between the ridge and the soil.
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