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Nondestructive testing (NDT) plays a more important role today in evaluating

structural integrity of civil infrastructure. Impact-echo method (IE) is an effective

stress wave based NDT method for locating defects in concrete structures. However,

the contact requirement between sensor and concrete surface significantly limits the test

speed and wide application of this method to large-scale structures such as bridges.

Recent studies show the feasibility of air-coupled sensing, which eliminates the contact

requirement and thus accelerates IE test. To further improve the test speed, a fully

non-contact IE test using air-coupled sensing and excitation is investigated in this

dissertation.

This dissertation provides the theoretical basis required for developing an ef-

fective air-coupled IE method. For air-coupled sensing, 2D numerical simulations are

first conducted to study the wave propagation in the air-solid system during IE tests.

Visualized wavefield indicates that parabolic reflectors can effectively enhance the IE

signal strength by focusing airborne IE waves to an air-coupled sensor. To maximize

signal amplification, an analytical solution for the focused axial pressure response of

a parabolic reflector with incident plane waves is derived. This solution is used to

determine the reflector geometry that gives the highest focusing gain. For air-coupled

vii



excitation, a focused spark source with an ellipsoidal reflector is employed to excite

stress waves in concrete. Numerical simulations and available nonlinear computer code

(KZKTexas) are employed to investigate the reflector geometry that gives the highest

stress wave excitation in solids. An acoustical muffler that works with the focused

spark source is proposed to decrease the spark-induced noise level.

The effect of source receiver spacing on received IE signals is studied. Simulated

wavefield demonstrates that the mode shape of IE surface displacement distribution

along the radial direction matches the Bessel function of the first kind (J0). Numer-

ical 3D simulation results show the relation between focused IE signals and source

receiver spacings, and indicate the spacing should be minimized to obtain better fo-

cused IE signal strength. Air-coupled IE test using through transmission setup is also

investigated.
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Chapter 1

Introduction

1.1 Condition of the Infrastructure in the United States

Today, many civil infrastructures have passed or are getting close to their design

life. In addition, other factors such as corrosion or human factors further accelerate

the deteriorating process of the structures. A Report Card [4] issued in 2013 by the

American Society of Civil Engineers (ASCE) indicates that the GPA for America’s

infrastructure is D+, which means the overall condition of the infrastructure in this

nation is slightly better than the poor condition (C=mediocre, D=poor).

Bridges play important roles in the modern society as they connect different

areas and greatly shorten the time needed for traveling from one location to another.

Viaducts in the metropolitan area provide extra space for the traffic to move more

smoothly as they allow the vehicles to travel at a higher elevation. Therefore, a healthy

bridge system is critical for the society to function properly. According to the 2013

Report Card by ASCE [4], the average grade for bridges is C+, and around 11% of

the bridges in this nation (nearly 67,000 bridges) are rated as structurally deficient.

In addition, the average age of 607,380 bridges is 42 years [4]. An estimation made

by the Federal Highway Administration (FHWA) indicates that an investment of $100

billion is still needed for repairing or replacing the deficient bridges across this country

[19, 41]. To maintain the health condition of bridge structures, frequent and regular

inspections are necessary.

Given the large amount of existing bridges in this nation, inspection methods
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that have rapid scan capability are of great interest. Nondestructive testing (NDT) that

requires no damage to the structure during inspection is a good candidate to fulfill the

need of high-speed scanning. In this dissertation, concrete bridge deck is the interested

component in a bridge. Appropriate NDT methods are expected to effectively and

rapidly identify defects in concrete bridge decks. Different types of common defects in

concrete bridge decks are discussed in the next section.

1.2 Types of Defects in Concrete Bridge Decks

Various types of defects that can commonly be found in a concrete bridge deck

are presented. These defects generally do not result in significant loss of load carrying

capacity of a bridge. However, the defects impair the serviceability and durability of

bridge structures and requires costly maintenance [26]. Therefore, early identification

of defects is important for bridges to meet designed performance.

1.2.1 Delaminations

In concrete structures, delamination refers to a large horizontal crack that sep-

arate the concrete into two layers. Delaminations are commonly found in concrete

bridge decks, and the major reason for a delamination to take place is the corrosion of

steel rebars. When a steel rebar corrodes due to the presence of water, the generated

corrosion product increases the volume of the steel rebar and induces tensile force in

adjacent concrete that surrounds it. Since concrete can take little tensile force [48],

cracks are formed around the steel rebar, and they tend to grow in the direction parallel

to the surface of the structure because the confinement provided by cover layer (con-

crete layer between bridge deck surface and steel rebar) is the minimum. As several

steel rebars in the same region corrode simultaneously, these cracks join together and

a delamination forms as shown in Fig. 1.1.
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Figure 1.1: Common defects in a concrete plate.

In most cases, delaminations do not directly result in severe structural deficiency

or significant reduction in load capacity of a structural member immediately [11, 42].

However, the presence of delaminations decreases the structural integrity and dura-

bility and thus results in faster deterioration of the concrete structure. For example,

delamination in a concrete bridge deck can result in spalling of concrete cover layer.

The cracking cover layer loses its ability of protect the core of the structure as well as

steel reinforcement. Consequently, the durability of the concrete bridge deck decreases,

and its service life shortens accordingly. In addition, spalling of concrete cover layer

due to delaminations greatly decreases the serviceability. Although this type of defect

does not result in immediate safety issue, it still needs to be repaired and can be costly.

1.2.2 Void

Void is another type of defect that can commonly be found in concrete struc-

tures (Fig. 1.1). Voids can locate either on the surface of a structure or inside a

structural member. Voids are generally caused by incomplete concrete consolidation

or the presence of unexpected objects during concrete casting. For example, when the

concrete being poured has a low workability, which means the fresh concrete cannot

flow smoothly, proper consolidation of concrete using a vibrator is important to avoid
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voids [48].

Voids impair the integrity of a concrete structure as these unexpected empty

spaces are designed to be filled with concrete. For the voids presenting on the structure

surface, they do not noticeably affect the load capacity of the structural member.

However, the durability of this member is impaired because the concrete cover layer

is not intact and cannot provide adequate protection against environmental factors

such as moist. For the interior voids, the presence of voids decreases the effective load

bearing area and can possibly affect the performance of structural member depending

on the size and location of the void. Moreover, voids introduce geometric discontinuities

inside a structure. Depending on the geometry of the voids, stress concentration can

happen and result in local failure (spalling or cracking of cover layer for example). In

addition, voids provide the space for accumulating the water penetrating through the

concrete surface, and the stored water may result in corrosion of steel rebars [48].

1.2.3 Vertical Cracking

Cracking in concrete can be caused by various factors such as plastic and dry-

ing shrinkage, thermal expansion, and overloading [48]. In most situations, vertical

cracking does not affect the load carrying capacity of concrete bridges. However, crack

openings allow water, salt and other aggressive chemicals to access the embedded steel

rebars and result in steel corrosion [46]. The corrosion products further generate more

crackings due to volume expansion of steel rebars and thus more water would be stored.

Once cracking is large enough to be visible, the reinforced concrete is more vulnerable

[48]. Therefore, early identification is desired to maintain the durability of concrete

structures.
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1.3 Bridge Inspection Practices

To maintain the integrity, durability and serviceability of bridges, regular in-

spections are necessary. For bridges with acceptable integrity condition, their structural

components still require extensive attention to identify any newly developed problem.

For example, an unexpected earthquake event or other human negligence such as ve-

hicle involved collisions can negatively affect the integrity of the structure. For the

bridges classified as structurally deficient, it is of great importance to keep monitoring

their health conditions to prevent any disaster from happening. Therefore, there is a

strong need for a frequent and reliable inspections on the existing bridges.

Visual inspection is the most common method used in bridge inspection [26].

In general, the suggested inspection frequency for visual inspection is once every two

years [3]. When performing visual inspections, inspectors identify potential problems

with their eyes. Visual inspection is fast and is generally employed in Phase I initial

screening. However, this kind of inspection depends mainly on the experience of the

inspector, and usually no detailed quantitative data can be obtained. Moreover, in-

ternal defects (delaminations or voids for example) hidden in the structural member

is not easy to be identified by human eyes. As a result, NDT methods that provide

accurate quantitative inspection results are desired.

Several NDT methods for concrete bridge inspection are available such as sound-

ing methods (chain drag and hammer sounding), Impact-Echo method (IE), Ground

Penetrating Radar (GPR), etc. [26]. These methods are introduced in detail in Chap-

ter 2. Among these NDT methods, impact-echo method is the one investigated in this

research.
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1.4 Outline of this Dissertation

The objective of this dissertation is to provide analytical basis required for the

development of a high-speed air-coupled impact-echo method for locating delamina-

tions in concrete bridge decks. Analytical and numerical studies are conducted to

optimize the performance of the rapid impact-echo method.

In this dissertation, background of several NDT methods for civil infrastructure

are reviewed in Chapter 2. In particular, Lamb wave theory, which is employed in

impact-echo method, is presented in this chapter.

In Chapter 3, wave propagation in an air-concrete plate system during an

impact-echo test is investigated numerically and experimentally. Simulation results

visualizes the wavefield in air and concrete plate during an IE test, and this visualiza-

tion helps interpreting the signals measured in experiments.

Chapter 4 demonstrates an analytical solution for predicting the focused pres-

sure response along the axis of a parabolic reflector with incident plane waves. The

derivation procedure is presented in Appendix A. This solution is used to improve the

signal to noise ratio (SNR) of air-coupled IE test.

Chapter 5 focuses on the air-coupled sensing of air-coupled IE test. Acoustical

properties of the parabolic reflectors used in air-coupled sensing are investigated based

on the analytical solution developed in Chapter 4. The reflector geometry that gives

the highest focusing gain is determined accordingly.

Chapter 6 focuses on optimization of the air-coupled source to maximize stress

wave excitation in solids. Acoustical properties of the ellipsoidal reflectors used in air-

coupled source is numerically studied, and recommendations on reflector geometry are

made accordingly.

Chapter 7 discusses the effect of source receiver spacing on obtained signal
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strength in an air-coupled IE test. In addition, an air-coupled through transmission IE

test with the source and receiver placed on the opposite sides of a plate is numerically

studied. Finally, an acoustical muffler for decreasing the noise amplitudes generated

by the air-coupled source is presented.

Chapter 8 summarizes the acoustical properties and recommendations for air-

coupled source and receiver based on analytical and numerical studies. Three ellipsoidal

reflectors with different geometries are suggested for future experimental validation.
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Chapter 2

Background of NDT for Civil Engineering

Infrastructure

2.1 Overview

Common NDT methods employ stress wave (sounding method, Ultrasonic Pulse

Velocity (UPV), Impact-Echo method, etc.), electromagnetic wave (Ground Penetrat-

ing Radar) and infrared (Infrared Thermography) to evaluate the condition of a struc-

ture [2, 5, 36, 50]. These methods are based on different working principles and thus

they are suitable for different purposes and working environments. Therefore, appro-

priate NDT method must be selected to obtain the desired information.

Take sounding method for example, chain drag and hammer sounding are both

sounding methods (stress wave based) for locating the defects. During a sounding

test, the test performer applies an impact force on the specimen and identifies an

internal defect by recognizing the low-frequency hollow sound generated by the flexural

vibrations of the defect region [50]. As a result, the accuracy of the test results depends

highly on the test performer’s experience and judgment. No detailed information about

the defect such as its depth is available from these two methods and thus they are

suitable for preliminary scanning due to its fast scanning speed. Ultrasonic Pulse

Velocity (UPV) is another commonly used stress wave based NDT method [2]. The

UPV device has two ultrasonic transducers (source and receiver) and an ultrasonic

pulser-receiver. For a known transducer spacing (travel distance), the measured travel

time of the ultrasonic pulse (P wave) can be used to indicate the presence of internal

voids and cracks if the P wave velocity of the material has been measured in advance.
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Since UPV requires access to two surfaces of a structure and precise alignment of

two transducers, this method is slow and not suitable for large-scale scanning on civil

engineering infrastructure.

Three NDT methods (Impact-Echo method, Ground Penetrating Radar and

Infrared Thermography) that are commonly used for large-scale screening are reviewed

in this chapter. These methods have been successfully applied on large-scale structures

such as buildings and bridges and have been proven to be effective [2, 36, 50]. Each

method has its own advantages and disadvantages and they are discussed as follow.

2.2 Impact-Echo Method

2.2.1 Overview of Impact-Echo Method

Impact-echo method (IE) is a stress wave based NDT method for determining

the thickness of a plate structure and locate defects such as delamination [53, 54].

Sansalone [53, 54] first introduced the impact-echo method to the field of concrete

NDT. The conventional IE test requires an impact source (a hammer or a steel ball for

example) to excite the impact-echo mode (IE mode) in a plate structure. A contact

sensor is placed near the impact location to record the generated signal as shown in Fig.

2.1. A time-domain IE signal obtained on a 19 cm thick concrete plate is presented in

Fig. 2.2. In this figure, a clear surface wave followed by a series of periodic IE surface

displacement are observed. The obtained time domain signal is then transformed into

frequency domain using Fourier Transform (FT), and the dominant peak shown in

the frequency spectrum corresponds to the IE mode. The IE mode is a long-lasting

strong local resonant near the impact source and thus the magnitude of the IE mode

(fIE) dominates in the frequency spectrum in most cases. The IE frequency, fIE,

corresponding to the dominant mode is used to estimate the thickness of the specimen

using the following equation:
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H =
β · cL
2 · fIE

, (2.1)

where H is the plate thickness, cL is compression wave velocity in the specimen, fIE

is the impact-echo frequency and β is an empirical correction factor around 0.96 for

concrete.

Figure 2.1: Impact-echo test performed on a concrete plate with a contact sensor.

If the thickness of the plate structure is known, the plate is found to be intact

when the measured thickness matches the known plate thickness. On the contrary, if

the measured IE frequency corresponds to a thickness smaller than the known plate

thickness, an embedded defect is found, and the measured thickness indicates the depth

of the defect.

In a conventional IE test, an inspector uses a hammer or steel ball to excite the

IE mode in a plate, and a contact sensor is then used to collect the excited IE signals

[2]. The quality of the test results of an IE test depends highly on the experience

of the inspector. For example, in order to obtain a clear IE signal, a good contact

between the specimen surface and the contact sensor is necessary. It requires the test
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Figure 2.2: Normalized time domain signal obtained in an IE test performed on a
concrete plate.

performer to hold the sensor in a right position and apply appropriate impact force. In

addition, since the IE mode is a resonance mode of the plate, an input frequency that

matches the resonance frequency is important for effectively exciting the IE mode. As

a result, the inspector should have the knowledge to properly choose the appropriate

impactor that can effectively excite the desired IE mode in the specimen. For a plate

with large thickness, its IE frequency is low according to Eq. 2.1, and a large steel ball

(or a hammer) that generates relatively low input frequency should be used. To excite

the IE mode in a shallow delamination, a small steel ball that generates high input

frequency should be used.

In an IE test, the same test procedure needs to be performed at each test lo-

cations. In practice, test grids are marked in advance to designate the test locations

before performing IE tests. Depending on the size of the entire test area and the reso-

lution of the test results desired, the number of IE tests to be repeated is determined.

For large structures like bridges and buildings, a large number of IE tests are required

to locate the defect. Therefore, the conventional IE test on large civil structures can
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be very time consuming and labor intensive. To address this issue, an automatic IE

test system that can increase the test speed was developed [26, 61].

The automatic IE test system (stepper) was developed by Federal Institute for

Materials Research and Testing (BAM), Germany [26, 61]. An impactor (steel ball) and

a contact sensor are integrated in this system, which is programmed to automatically

perform IE test in the designated region. The robotic system must first stop and then

perform the IE test. The stepper moves to the next test point and repeats the same

procedure. Since the test procedure is controlled by a computer, most human factors

are eliminated and the test results have better reliability and repeatability. However, a

contact sensor is still employed in this system. To ensure a good contact between the

sensor and concrete surface during the test and to avoid damage to the sensor, the test

speed is kept very slow. The stepper successfully addresses the labor-intensive issue,

but its efficiency (test speed) is still low. Non-contact technology will be a solution

that helps significantly increase the test speed.

2.2.2 Lamb Wave Theory

Impact-echo mode has been conventionally regarded as the result of multiple

reflections of compression wave (P wave) between two surfaces of a plate structure [53].

However, past experiences show that there is always a difference between the calculated

value using Eq. 2.1 (without β) and the actual specimen thickness. For concrete

structures, the ratio between the two values is around 0.96 (Hactual/Hestimation ≈ 0.96).

To address this issue, a correction factor (β) around 0.96 is applied to the equation.

The correction factor (β) could not be explained until Gibson and Popovics linked

Lamb wave theory to the IE mode [22].

Study by Gibson and Popovics [22] shows that the IE mode excited in a plate

structure corresponds to a specific symmetric Lamb mode (S1) that has a group ve-
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locity of zero (ZGV). Lamb wave theory indicates that for a plate structure having an

infinite length, an infinite number of symmetric and antisymmetric Lamb waves are

generated after a transient impact force is applied on the plate surface [38]. Lamb

waves are dispersive, which means their group and phase velocities vary with differ-

ent wave frequencies [6]. At certain frequencies, the group velocities of specific Lamb

modes become zero. As a result, the energy of the ZGV Lamb wave is trapped locally

near the impact source location and result in strong local resonance. The dispersion

relation of Lamb waves is dependent on plate thickness (h) and material properties

such as Poisson’s ratio (ν), shear (cT ) and compression (cL) wave velocities [6]. The

dispersion relations for all symmetric and antisymmetric Lamb modes in a plate struc-

ture can be evaluated by solving the Rayleigh-Lamb equations as shown in Eqs. 2.2

and 2.3 [6].

tan(qh/2)

tan(ph/2)
= − 4k2pq

(q2 − k2)2
for symmetric modes, (2.2)

tan(qh/2)

tan(ph/2)
= −(q2 − k2)2

4k2pq
for antisymmetric modes, (2.3)

where p2 = (ω/cL)
2 − k2, q2 = (ω/cT )

2 − k2, ω = 2πf is angular frequency, and

k = 2π/λ is wavenumber. The above Rayleigh-Lamb equations can be reformed by

introducing the normalized frequency (Ω) and normalized wavenumber (ξ) [6]. For

symmetric Lamb modes, Eq. 2.2 can be rewritten as:

tan[π
√
Ω2 − ξ2/2]

tan[π
√
Ω2/κ2 − ξ2/2]

= −
4ξ2

√
Ω2/κ2 − ξ2

√
Ω2 − ξ2

(Ω2 − 2ξ2)2
. (2.4)

For antisymmetric Lamb modes, Eq. 2.3 can be rewritten as:
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tan[π
√
Ω2 − ξ2/2]

tan[π
√
Ω2/κ2 − ξ2/2]

= − (Ω2 − 2ξ2)2

4ξ2
√
Ω2/κ2 − ξ2

√
Ω2 − ξ2

. (2.5)

where κ = cL/cT =
√

2(1− ν)/(1− 2ν). The definition of the normalized frequency

(Ω) and normalized wavenumber (ξ) are given as:

Ω =
hω

πcT
=

2hf

cT
and ξ =

kh

π
, (2.6)

where h is the thickness of the plate. The relation between the frequency and a given

wavenumber for a Lamb mode can be calculated accordingly.
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Figure 2.3: Lamb wave dispersion curves for the first three symmetrical and antisym-
metrical modes. Material parameters are: Poissons ratio ν=0.22, shear wave velocity
cT=2490 m/s and plate thickness h=0.19 m

As an example, Fig. 2.3 shows the Lamb wave dispersion curves for a concrete

plate used in this research. The homogeneous concrete plate has a thickness of 190
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mm. With a Poisson’s ratio (ν) of 0.22 and other material properties listed in Table

3.1, the resulting shear wave velocity is 2490 m/s. In this figure, only the dispersion

curves for the first three symmetric and antisymmetric Lamb modes are presented. The

dispersion curves relate the normalized frequency (Ω) and normalized wavenumber (ξ)

for each Lamb mode.

The dispersion curves provide the phase and group velocity information for each

Lamb mode. Phase velocity of a Lamb mode can be calculated as:

cph =
ω

k
=

Ω

ξ
cT . (2.7)

Group velocity can be represented by the slope of the dispersion curve at any point

and can be calculated as:

cg =
dω

dk
=

dΩ

dξ
cT . (2.8)

As seen in Fig. 2.3, there are two points on two dispersion curves (S1 and A2)

having a slope of zero. This means, with the given parameters, the group velocity of

S1 and A2 modes vanishes at certain frequencies. In this case, the ZGV points for

S1 and A2 mode are at (ξ,Ω) = (0.576, 1.588) and (0.696, 2.944), respectively. The

corresponding ZGV frequency for S1 mode (fS1ZGV ) can be calculated using Eq. 2.6 as

f1=Ω · cT/(2h)=1.588·2490/(2·0.19)=10406 Hz. The corresponding phase velocity for

S1ZGV mode can be calculated using Eq. 2.7 as cph=Ω · cT/ξ = 1.588 · cT/0.576=6865

m/s. For A2 mode, the ZGV frequency (fA2ZGV ) can be calculated using Eq. 2.6 as

f1=Ω · cT/(2h)=2.944·2490/(2·0.19)=19291 Hz.

Study by Gibson and Popovics [22] validates that the S1ZGV mode is indeed

the IE mode. Further studies done by Prada et al. [52] and Clorennec et al. [15]

investigated the higher order ZGV modes and found the dependence of the existence
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of ZGV modes on Poisson’s ratio. In addition, Clorennec [15] showed that the empirical

correction factor (β) in Eq. 2.1 is the ratio between the S1ZGV frequency and cutoff

frequency of S1 mode (cL/2h). Note that the cutoff frequency corresponds to the

point on a dispersion curve where the wavenumber equals to zero (ξ=0). Moreover,

the correction factor (β) depends only on Poisson’s ratio (ν), and the relationship has

been given by Gibson [23] and Clorennec et al. [15].

2.3 Non-Contact Sensing

2.3.1 Ground Penetrating Radar (GPR)

Ground Penetrating Radar (GPR) is a non-contact NDT method that utilizes

electromagnetic pulse to locate inhomogeneity in the specimen [2]. High frequency

polarized electromagnetic waves (EM waves, usually in the order of MHz to GHz)

are generated by a source antenna, pass through the air, and then penetrate into the

specimen. When the transmitted waves meet an object that has a different dielectric

constant, part of the EM wave energy will be reflected at the interface and measured

by the receiving antenna. The total travel time of the received EM waves is used to

estimate the distance from GPR antenna to the object. As the antenna moves, a B-

scan image is generated as shown in Fig. 2.4 [66]. In this figure, the horizontal axis

represents the travel distance of the GPR, which can be related to defect location. The

vertical axis represents the two-way travel time of the EM wave. As can be seen, as the

antenna passes a buried object, a hyperbolic signal is generated. When the antenna

is located right above the buried object, the distance between them is minimum and

corresponds to the vertex of the hyperbolic signal. Therefore, the depth of the buried

object can be estimated accordingly.

GPR can be used to locate defects in a specimen because the air (or water)

in the defects has different dielectric constants, which form a boundary for EM waves
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Figure 2.4: GPR B-scan image generated after the antenna passes through an embed-
ded plastic duct and metal duct in concrete. (after Zhu et al. [66])

to reflect. When an EM wave hits a water filled crack, strong reflection of EM wave

is generated and the defect can thus be located. The penetration depth of the GPR

depends on the conductivity of the material, the center frequency of the EM wave, and

the power of the EM wave [2]. Penetration depth decreases as material conductivity

increases because the energy of the EM wave dissipates more quickly. An EM wave with

a lower center frequency is able to penetrate deeper into the specimen [20]. However, a

larger wavelength cannot effectively detect small defects so the resolution is relatively

lower.

GPR does not require physical contact between its antennas and the specimen

and thus high speed scanning is possible. There are different types of GPR units

available in the market. A handheld GPR unit is portable and can be used to inspect

a smaller area. Another GPR system that can be integrated into a vehicle is used

to perform rapid inspection on large-scale structures like bridges. In general, GPR

is effective, reliable and fast. However, a GPR system is relative costly compared to

other NDT systems.
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2.3.2 Infrared Thermography (IR)

Infrared (IR) thermography is an NDT technology that measures the infrared

radiation emitted from the specimen to locate defects [2]. For example, for a reinforce

concrete wall having an embedded defect, the defected area tends to cool down faster

than other sound region after the heat source (sunshine for instance) is removed. The

temperature difference in this region reveals the location of the defect. To perform

an infrared thermographic test, an infrared camera is required to capture the thermo-

graphic image. The test can be done passively by capturing the natural temperature of

the specimen caused by the environment. Another way is to actively provide additional

heat source to heat up the specimen and reveal defects.

Infrared thermography is an efficient NDT method for large scale structures such

as bridge decks [34, 36], highway pavement [60] and buildings. However, this technology

solely indicates the defect locations, but no depth information can be obtained. As a

result, infrared thermography can serve as a rapid scanning method that fast locates

the possible defect locations. Other NDT techniques may still be needed to obtain

more detailed information about the defects. Furthermore, infrared thermography is

sensitive to environmental conditions such as wind and temperature, and the tests

must be performed under acceptable environmental conditions to obtain reliable test

readings [5].

2.3.3 Air-Coupled Sensing

When a wave travels along the surface of a structure, the movement of the

surface radiates energy into air. The resulting airborne wave is regarded as leaky wave

and its traveling direction can be predicted using Snell’s law. Although the S1ZGV

Lamb wave mode is a non-propagating mode having a zero group velocity, its phase

velocity has a non-zero value and can cause leaky waves in air. The leaky angle of
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S1ZGV wave can be evaluated based on the sound velocity in air and phase velocity

of S1ZGV in a plate. The leaky wave has the same wave frequency as the wave in

solid. Therefore, by analyzing the frequency content of the leaky wave, the frequency

of the source wave can be estimated. Air-coupled sensors can be used to measure the

airborne IE waves generated by the IE vibration in a plate. These airborne IE waves

have the same frequency as the IE mode in the plate (IE frequency) [32, 66].

Zhu and Popovics [66] developed the air-coupled sensing method for concrete by

using air-coupled sensors to measure the leaky surface wave in air. The use of micro-

phones in their study increased the test speed significantly since no surface preparation

was needed. Most important, this study shows the feasibility of using microphones to

replace contact sensors in NDT tests. Kee et al. [37] used the air-coupled sensing tech-

nique to measure the leaky surface wave and estimate the depth of vertical cracks on a

concrete specimen. When the surface wave hits a vertical crack, part of the energy is

transmitted to the other side of the crack while the other part is reflected. The surface

wave transmission coefficient can be used to estimate the crack depth accordingly. Air-

coupled sensors are employed in their study to investigate the transmission coefficient

and the near field effect occurs near the vertical crack during a crack depth measure-

ment. The application of air-coupled sensors on concrete NDT has been proven to be

feasible and reliable.

Holland et al. [32] used air-coupled sensors to collect leaky ZGV waves radiated

from a Lucite specimen and showed that the measured airborne ZGV waves contain

the frequency information of the ZGV waves in the plate. Previous study done by Zhu

et al. [66] replaced the contact sensor by a microphone and successfully performed

the air-coupled IE test on a reinforced concrete slab with artificial defects. Figure 2.5

shows the frequency domain image generated from the IE test [66]. Their study showed

that the microphone captures the S1ZGV wave precisely and significantly accelerates
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the IE test speed. The airborne wave excited by the S1ZGV mode has weak pressure

amplitudes and can easily be masked by other airborne waves as well as ambient noises.

To address this issue, a sound insulation device consisting of an steel cylindrical and

absorbing foams was used to ensure good signal quality.
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Figure 2.5: Frequency domain image of the IE test performed on a concrete plate with
nine embedded defects. (after Zhu et al. [66])

2.4 Gaps in Current Air-Coupled Sensing Technology

Impact-echo method has been proven to be an effective NDT method for civil

engineering infrastructure, but the test speed is relatively slow compared to GPR

and infrared thermography. The use of air-coupled sensing eliminates the contact

requirement for the receiver and increases the test speed consequently [18, 32, 36, 65,

66]. Although air-coupled sensing has been experimentally proven to be effective,
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the stress wave propagation in the air-plate system during an IE test is still not well

understood. In addition, the airborne IE waves received by the microphone have low

pressure amplitudes and can easily be shadowed by other noises. To address this issue,

stress wave propagation in the air-plate system during an IE test should be better

understood, and a solution for enhancing the received IE signal strength will be found.

The use of a contact source such as steel ball in an IE test limits the test speed.

To further increase the test speed of the IE test, a fully non-contact IE test system

is necessary. The ideal non-contact source should have effective and repeatable stress

wave excitation capability. A non-contact excitation technology that can efficiently

and effectively excite the stress waves in a plate is highly interested.
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Chapter 3

Wave Field of an Air-Concrete Plate System in

Impact-Echo Test

3.1 Overview

In a conventional impact-echo test (IE), an inspection personnel uses an im-

pactor (usually a hammer or a steel ball) to excite stress waves within the specimen by

impacting the surface of the specimen. As mentioned in the previous chapter, when a

plate structure is subjected to a transient impact force, an infinite number of symmetric

and antisymmetric Lamb waves are generated [38]. Most of the resulting Lamb waves

travel outward from the impact location, and some Lamb modes having zero-group

velocities (ZGV) stay locally under the impact location and result in local resonances.

These local resonances are measured by contact sensors placed near the impact loca-

tion and the frequency of the impact-echo mode (fS1ZGV ) is used to estimate specimen

thickness.

Impact-echo mode (S1ZGV mode) is a symmetric mode and it makes the surface

of the plate vibrate at the impact-echo frequency (fS1ZGV ). The plate surface vibrates

like a moving piston and radiates sound waves as it pushes the adjacent air. Zhu

et al. [66] first found that the airborne ZGV signal radiated from the plate can be

detected by air-coupled sensors (microphone). Other experimental researches [18, 37,

56] later showed the feasibility of using air-coupled sensing techniques to locate defects

in concrete structures. Although the feasibility of air-coupled IE sensing has been

validated in experiments, the behavior of an air-plate system and the wave field of

airborne IE waves are still not well understood. In this chapter, impact-echo test on
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a concrete plate is simulated using finite element analysis with ABAQUS to study

the air-solid interaction and the propagating waves within this system. The simulation

results are then compared with experimental results and analytical value for validation.

3.2 Numerical Simulations and Experimental Studies for Impact-
Echo Test

A concrete plate and the adjacent air above the plate are simulated using fi-

nite element (FE) analysis software ABAQUS. ABAQUS/Explicit module that utilizes

explicit Newmark scheme is used in the following simulations. The explicit Newmark

scheme, which employs central difference method for direct time integration, is widely

used to simulate elastic wave propagation problems [35].

Two types of plate are simulated: a solid concrete plate (without defect) and

a defected concrete plate. Each simulation model contains a concrete plate, the air

domain above the plate, and a vertical transient point load acting on the top plate

surface. Since the excitation is initiated by a point source, 2D axisymmetric models

are ideal for simulating the generated wave field. In addition, 2D axisymmetric models

require much less computational effort compared to 3D models and thus save significant

amount of computation time.

Before simulating the air-plate system, a benchmark simulation is conducted

to determine appropriate mesh sizes for each medium and different regions. Once

the mesh sizes are determined, the simulation results obtained from the two air-plate

systems are then compared with experimental results for validation.

3.2.1 Benchmark Simulation

To accurately simulate propagating waves, the mesh in finite element analysis

must be fine enough so that the behavior of the traveling wave can be captured with
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limited error. However, using a smaller mesh size increases the amount of elements

needed to build a model and thus results in the increase of computation time. There-

fore, it is important to find an appropriate mesh size that can simulate the traveling

waves with acceptable errors as well as computation time. A convergence test is con-

ducted to investigate the relation between mesh size and corresponding error when

traveling waves with specific wavelengths are simulated. Previous researches suggest

that a mesh size that is one-tenth of the smallest wavelength can properly simulate

a traveling wave [7, 59, 68]. This criterion is employed in the convergence test, and it

serves as a guideline during the selection of mesh sizes for testing. Simulation results

obtained in concrete and air are then compared to the analytical time domain solution

developed by Zhu et al. for semi-infinite half-space problems [67]. The appropriate

mesh sizes for concrete and air are determined according to the acceptable errors.

3.2.1.1 Model Description

Zhu and Popovics [67] derived an impulse response solution for a system con-

taining a semi-infinite elastic solid half-space subjected to a transient force and an

overlay semi-infinite fluid half-space. This analytical solution can be used to calculate

stresses and particle displacements in the elastic solid half-space. In addition, the so-

lution also calculates the pressure and particle displacements induced by leaky waves

in the fluid half-space. The impulse response is employed in the convergence test to

serve as a guideline for error estimation.

In order to make comparison to results given by the analytical solution, the

model in benchmark simulation contains solid and air domains that are large enough

for simulating a semi-infinite half-space problem. As shown in Fig. 3.1, the 2D ax-

isymmetric model consists of a square solid (concrete) domain of 80 cm by 80 cm and

a rectangular air domain of 80 cm by 40 cm. These two domains are tied together to
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Figure 3.1: 2D axisymmetric model for benchmark simulation. An impact force is
applied vertically along the symmetric axis (z axis). The duration of the input force
is 40 µs. Measurements are taken at points A ([r, z]=[400,50] mm), B ([r, z]=[400,10]
mm) and C ([r, z]=[50,10] mm).

ensure consistent stress/strain components in both domains along the interface (z=0

cm). The axis of symmetry is located at r=0 cm, and thus the model simulates a solid-

air cylinder with a radius of 80 cm and height of 120 cm in 3D. Linear axisymmetric

triangular solid elements are used in concrete (CAX3) and linear axisymmetric trian-
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gular acoustic elements are used in air (ACAX3) domain. Material properties used for

concrete are: density (ρ)=2400 kg/m3, Poissons ratio (ν)=0.22, and Young’s modulus

(E)=3.63E10 Pa. These properties result in a compression wave velocity of 4156 m/s

and a shear wave velocity of 2490 m/s in concrete. For air, the properties are: density

(ρ)=1.21 kg/m3 and Bulk modulus (B)=1.42E5 Pa, and result in a compression wave

velocity of 343 m/s in air. These material properties are listed in Table 3.1.

Table 3.1: Material properties for numerical simulation

Material ρ (kg/m3) ν Modulus (Pa) CL CT

Concrete 2400 0.22 3.63E10 (E)1 4156 2000
Air 1.21 N/A 1.42E5 (B)2 343 N/A
1 Young’s modulus
2 Bulk modulus

A series of mesh sizes are selected for concrete and air domain in the convergence

test. Since the selection of mesh size is strongly related to the wavelength of traveling

wave to be modeled, the input transient load that generates the traveling wave is

defined first. In an impact-echo test, the impact force generated by a steel ball can

be represented by a squared half-sinusoidal function with a duration of 40 µs. The

equation of the input function can be written as:

f(t) = sin2

(
π · t
T

)
, (3.1)

where T is the duration of the impact force (T=40 µs) and t ranges from 0 to 40 µs.

The half-sinusoidal function is squared to avoid abrupt change in amplitude at t=0

µs and t=40 µs that might cause stability issue in numerical simulation. The input

function and its frequency spectrum are presented in Fig. 3.2.

In solid half-space, Rayleigh wave (surface wave) has the slowest wave velocity

compared to P and S wave and thus has the shortest wave length. As a result, the
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Figure 3.2: (a) Input function (squared half-sinusoidal function with a duration of 40
µs) employed in FE simulations, (b) frequency spectrum of the input function.

wavelength of Rayleigh wave is used as a guideline for selecting mesh sizes in solid to

be tested. In air, only compression wave can be supported, and it is used to select the

mesh sizes in air.

In the concrete domain, with the assumed material properties in the benchmark

simulation, the surface wave velocity in concrete is calculated as 2276 m/s, and the cor-

responding wavelength with a frequency of 25 kHz is calculated as 2276/25000=0.091

m (91 mm). Previous researches [7, 59, 68] indicated that a traveling wave should be

represented by at least 10 nodes to precisely capture its behavior and avoid excessive

error. In other words, the size of the mesh must be smaller than one-tenth of the

wavelength. In this benchmark simulation, since the smallest wavelength in concrete

is 91 mm, the suggested mesh size based on the aforementioned criteria would be 9.1

mm. As a result, several mesh sizes (4 mm, 1 mm and 0.5 mm) small than the sug-

gested value are included in the convergence test to find the ideal mesh size that gives

acceptable error and computation time. In the concrete domain, these mesh sizes are
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specified sequentially in the test region z=[-10,-50] mm. In deeper region where wave

propagation is not of interest (z=[-200,-500] mm), a large mesh size of 20 mm is used

to save computation time. In the region ranging from z=-50 mm to z=-200 mm, mesh

size increases gradually from that specified in the test region (z=-50 mm) to 20 mm

(z=-200 mm). Since air and concrete have very different acoustic impedances, the

leaky surface wave is strongly affected by the interaction between air and concrete,

and a small mesh size is required to precisely simulate the air-solid interaction. As a

result, a smaller mesh size (same as the mesh size used in air section) is used along the

air-concrete interface in the convergence test. In the region close to the air-concrete

interface (z=[0,-10] mm), the mesh size increases gradually from the samll mesh size

used along concrete surface (z=0 mm) to the mesh size used in the test region (z=-10

mm).

In the air domain, the suggested mesh size would be 13.7 mm/10=1.37 mm,

and the selected mesh size for testing are 2 mm, 1 mm and 0.5 mm. In each case,

the mesh size used along the air-concrete interface is the same as that used in air to

properly capture the air-solid interaction.

Simulation results obtained in the concrete domain ([r,z]=[0.4,-0.05] m) and air

domain are compared to analytical solutions obtained at same locations. The analytical

solution proposed by Zhu et al. [67] provides solutions in both solid and air, and the

calculated pressure response in air is caused by leaky waves, which is the result of fluid-

solid interaction. Therefore, mesh size in the concrete domain must be determined first

to control the error prior to the investigation of the appropriate mesh size in air.

3.2.1.2 Simulation Results and Comparison with Analytical Results

Time domain signals obtained in concrete ([r,z]=[0.4,-0.05] m) and in air ([r,z]

= [0.4,0.1] m) in a sample benchmark simulation are shown in Fig. 3.3. Figure 3.3(a)
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Figure 3.3: Analytical and simulation results for an impact force described in Eq.
(3): (a) vertical displacement (Uz) in concrete (point A), (b) pressure in air (point
B), (c)(d) convergence analysis results for maximum vertical displacement in (a) and
maximum pressure in (b).

shows vertical particle displacement (Uz) in concrete given by the analytical solution

(solid line) and numerical simulation (dashed line). In this figure, a clear surface wave

can be observed around 0.16 ms after the impact force was applied, and the vertical

displacement of the positive peak (around t=0.18 ms) is used in the convergence test to

determine the appropriate mesh size for the concrete section. Figure 3.3(b) shows the

pressure in air after the impact force was applied and a leaky surface wave is observed.

The positive peak pressure of the leaky surface wave is used in the convergence test to

determine the appropriate mesh size for the air section. Figure 3.3(c) shows the results

of the convergence test conducted in concrete. As the mesh size used in the concrete

section decreases from 4 mm to 0.5 mm, the maximum vertical displacement of the

simulated surface wave approaches the peak displacement calculated using analytical

solution. Although a finer mesh provides higher accuracy, the required computational
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effort increases significantly as the mesh size decreases. As a result, a mesh size of 2 mm

that yields an acceptable relative error of 2.1% is selected for the concrete section. After

the mesh size used in concrete is determined, another convergence is then conducted to

determine the mesh size in air and the results is presented in Fig. 3.3(d). A mesh size

of 0.5 mm is selected accordingly for the air section, and the corresponding relative

error is around 2%. For the air-concrete interface, a mesh size of 0.5 mm, which is

the same mesh size used in air, is selected as well to ensure the fluid-solid interaction

is precisely captured. The chosen mesh sizes are summarized in Table 3.2 and are

employed in the following simulations in this chapter.

Table 3.2: Selected mesh sizes

Region Mesh size (mm)
Concrete 2.0
Concrete (near concrete-air interface) 0.5
Air 0.5

3.2.2 Experimental Setup

Two concrete plates were tested and the experimental results were used to

validate the numerical simulations. The defected concrete plate has nine embedded

artificial delaminations, and the sound concrete plate is intact with no artificial defect.

The sound concrete plate has a thickness of 190 mm and lateral dimensions of 1.5 m

by 1.5 m. The other defected concrete plate has a thickness of 250 mm and lateral

dimensions of 1.5 m by 2.0 m. Inside the defected reinforced concrete plate, one of

the artificial defects was circular with a diameter of 300 mm at 75 mm depth. Figure

3.4(a) shows a picture of this circular defect before casting concrete. Both concrete

plates were simply-supported on their two edges.

An illustration of the test setup used in this study are shown in Fig. 3.4(b).

A similar test setup had been used in the previous air-coupled IE study [66]. The
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Figure 3.4: (a) Artificial circular defect embedded in concrete plate. (b) Experimental
test setup for air-coupled impact-echo test. The air-coupled sensor is enclosed in an
insulator that consists of a steel cylinder and absorbing foam layers.

air-coupled sensor used in this study was a measurement microphone (PCB 377B01)

with a broad frequency range (4 Hz to 80 kHz ±2 dB) and a sensitivity of 3.2 mV/Pa

(at 250 Hz). This microphone has a diameter of 6.3 mm. Since the leaky surface wave

and the direct acoustic wave have large pressure amplitudes, they can also be recorded

by the microphone during an IE test. To address this issue, an sound insulation device

consisting a cylindrical thin-wall steel cylinder with a layer of absorbing foam attached

to the inner surface was employed. The thin-wall steel cylinder has a radius of 5 cm and

a height of 12 cm. The microphone was placed inside of this sound insulation device,

facing the plate surface, and the lift-off distance between the specimen surface and

the microphone was 20 mm. This sound insulation device has been proven effective to

block ambient noise in previous applications [65, 66]. A steel ball having a diameter of

11 mm was used as impactor. The steel was connected to a metal rod so the impactor

can function as a hammer. Experimental data indicates that the impactor generates

stress waves in concrete with a center frequency around 17 kHz, which is close to the

frequency range of the interested IE modes in this study. The frequency match makes it

easier to excite the interested IE mode rather than other modes. The resonant vibration
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of concrete transmits energy into air, and the resulting airborne waves are recorded

by the air-coupled sensor located above the plate surface. The air-coupled sensor was

connected to a signal conditioner (PCB 480B21) that charged the sensor and amplified

the receiving signals. The amplified signals were digitized by digital oscilloscope (NI

USB-5133) and the digitized signals were then saved to a laptop computer. A LabView

program was developed to control the data acquisition device and signal processing.

The sampling frequency used was 1 MHz, and 3000 data points (equivalent to 3 ms)

were collected in a signal air-coupled IE test.

3.2.3 Numerical Simulation of IE Test on a Sound Concrete Plate Without
Defect

A finite element model was built to study the behavior of an air-solid concrete

plate system in an IE test. The simulation results visualize the wave field in air and

concrete plate during IE test. This wave field visualization helps researchers obtain

a better understanding of IE test and how the wave energy is transmitted into air.

The simulation results also enable researchers to clearly recognize various components

shown in the time domain and frequency domain signals.

3.2.3.1 Model Description

A solid concrete plate with a thickness of 190 mm is simulated, and the air

above the plate is also included in this model to study the airborne waves (leaky

waves) generated by the vibration of plate surface. To minimize the computation time

and effort, a 2D axisymmetric model is built to simulate a circular concrete plate with

its center located on the axis of symmetry as shown in Fig. 3.5. The circular plate

has a radius of 1 m and it was supported vertically 10 cm from its edge. An impact

force having the profile as shown in Eq. 3.1 was applied along the axis of symmetry at

the center of the circular plate. Linear axisymmetric triangular solid elements, CAX3,
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were used in the concrete plate and linear axisymmetric triangular acoustic elements,

ACAX3, were used in the air domain. Since Lamb wave theory assumes that the length

of plate is infinite, a layer of absorbing element, CINAX4, is applied along the periphery

of the plate to minimize the reflecting waves. The mesh sizes used in concrete, air, and

along concrete-air interface are chosen based on Table 3.2. As indicated in Fig. 3.5,

in the concrete domain, the mesh size used along the concrete-air interface (z=0 mm)

was 0.5 mm and it gradually increased from 0.5 mm to 2 mm as the depth approached

z=-20 mm. For deeper region in the plate (z=[-20,-190] mm), a mesh size of 2 mm was

used. In the air domain, the area close to the interface (z=[0,20] mm), a mesh size of 0.5

mm was used to accurately simulate the propagation of airborne waves in this region.

For the region in air where the wave propagation is not of interest (z=[40,300] mm),

a larger mesh size of 2 mm was used to save conputation effort. In the middle region

(z=[20,40] mm), the mesh size gradually increased from 0.5 mm to 2 mm. Material

properties used for concrete are: density (ρ)=2400 kg/m3, Poissons ratio (ν)=0.22,

and Young’s modulus (E)=3.63E10 Pa. These properties result in a compression wave

velocity of 4156 m/s and a shear wave velocity of 2490 m/s in concrete. For air, the

properties are: density (ρ)=1.21 kg/m3 and Bulk modulus (B)=1.42E5 Pa, and result

in a compression wave velocity of 343 m/s in air.

3.2.3.2 Simulation Results and Comparison with Analytical Results

Figure 3.6 shows pressure field in air and stress field in concrete at t=0.5 ms

after the impact force was applied. In this figure, three types of airborne waves can

be observed in air: leaky surface wave (conical), direct acoustic wave (hemispherical)

and airborne IE waves (quasi-planar). The leaky surface wave shown in this figure

is the result of the refraction of surface wave into air. According to Snell’s law, the

leaky angle of the leaky surface wave is about 10◦, which results in a conical wavefront
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FIG. 6. Snapshot of pressure field in air and stress field in concrete slab at 0.5 ms after an 
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Figure 3.6: Snapshot of pressure field in air and stress field in concrete plate at t=0.5
ms after an impact force is applied at the center of the plate surface.

shown in this figure. The hemispherical direct acoustic wave is the result of the physical

contact between steel ball and concrete plate surface. It is audible and contains strong
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energy that can easily shadow the useful airborne IE waves.

Direct acoustic wave is generated at the impact location and travels in air with

a traveling speed of 343 m/s (compressional wave velocity in air). On the other hand,

the airborne leaky surface wave is initiated by surface wave, which is the first Lamb

mode (A0 mode) that behaves like Rayleigh wave in a plate structure. The surface

wave travels at a velocity of 2276 m/s in solid with the material properties used in

the simulations. The leaky surface wave travels at a velocity of 343 m/s in air. As

a result, at certain observation point located above the plate surface and away from

the impaction location, the leaky surface wave arrives earlier than the direct acoustic

wave. Note that since the leaky surface wave has an incident angle about 10◦, there is

a conical-shaped region in the air (with its tip located at the impact location) where

the leaky surface wave cannot be observed. Therefore, when placing a microphone in

this region, only the direct acoustic wave will be observed.

In addition to the leaky surface wave and direct acoustic wave, a series of quasi-

plane waves were observed above the impact location in Fig. 3.6. These airborne pe-

riodic quasi-plane waves are the results of the local plate resonance caused by S1ZGV

Lamb mode. As discussed in Chapter 2, the calculated phase velocity (cph) for S1ZGV

Lamb mode in this concrete plate is 6865 m/s. According to Snell’s law, the correspond-

ing incident angle for airborne S1ZGV wave is 2.86◦. This indicates that the airborne

S1ZGV wave has a conical wavefront and behaves like a quasi-plan wave. Therefore,

the IE waves shown in Fig. 3.6 propagate in the direction almost perpendicular to the

plate surface (with a radiation angle of 2.86◦). As a result, it is important to place

the microphone near the impact location to obtain the strong airborne IE waves in an

air-coupled IE test.

A simulated time domain signal obtained right above the impact location in a

numerical simulation for a sound concrete plate is presented in Fig. 3.7(a) as an exam-
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ple. The observation point was located at 2 cm above the impact location ([r, z]=[0,20]

mm) and a time domain signal with a duration of 0.8 ms is presented. Since the ob-

servation point is located above the impact source, the only waves shown in this figure

are direct acoustic wave and airborne IE waves. The leaky surface wave is absent as

expected. As can be seen in this figure, a strong direct acoustic wave arrives first

(arrives at 0.02/343=0.06 ms), and it is followed by a series of periodic IE waves. The

amplitudes of airborne IE waves are very small compared to that of the direct wave.

Therefore, the airborne IE signal can easily be shadowed by the direct acoustic wave

as well as other ambient noises. Figure 3.7(b) shows the transformed signal in the

frequency domain after performing Fast Fourier Transform (FFT) to the entire time

domain signal (raw signal). As shown in Fig. 3.7(b), the frequency domain signal is

dominated by the direct wave, which has a center frequency close to 25 kHz (1/40 µs).

The magnitude of the IE wave is relatively small in the frequency domain and thus it

is difficult to identify the IE frequency without further signal processing. To reduce

the effect of direct acoustic wave, a Tukey window in Matlab was employed to extract

the resonant modes in the time domain signal ranging from 0.15 ms to 0.75 ms. The

applied Tukey window is shown in Fig. 3.7(a) as dashed line, and the FFT transfor-

mation of the windowed signal is shown in Fig. 3.7(c). In this frequency spectrum, a

clear peak is observed with a center frequency of 10.48 kHz. This frequency agrees with

the calculated S1ZGV frequency (10.4 kHz) estimated using dispersion curves in Fig.

2.3. The plate thickness estimated using the simulated S1ZGV frequency (10.48 kHz)

together with the β factor of 0.95 [52] is 188.4 mm, which results in an error less than

1% compared to the actual plate thickness in the simulation (190 mm). Another peak

with smaller magnitude is also observed in this figure with a frequency of 19.6 kHz.

The frequency ratio between the S1ZGV mode and this small peak is 19.6/10.48=1.87,

which suggests that this peak corresponds to the A2ZGV mode based on the analysis
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in Sec. 2.6. From the simulation results, the lowest two ZGV modes were success-

fully captured and their frequencies were confirmed with analytical values. This result

suggests that the parameters used in the numerical simulations are appropriate and

the simulation results are reliable. The visualization of the wave field given by the

numerical simulations also facilitates the interpretation of obtained time domain signal

in the air-coupled IE test.

Air-coupled IE tests are conducted on a sound concrete plate to validate the

numerical simulation. The experimental results were compared to the simulation re-

sults obtained at the same location. The plain concrete plate has lateral dimensions

of 1.5 m by 1.5 m and a thickness of 190 mm. The plate was simply supported on two

logs. The air-coupled IE test was performed at the center of this plate to minimize

the interference from edge reflections. As mentioned in Sec. 3.2.2, the microphone was

placed in a sound insulation device to reduce the effects of the direct acoustic wave

and ambient noise. In this experiment, the microphone was placed at a location 10 cm

away from the impact source and 2 cm above the plate surface ([r,z]=[100,20] mm).

Previous study suggests that the sensor should be placed close to the impact location

of receive strong IE signal [22]. Study by Wilcox [62] indicates that the normal surface

displacement of a point load induced Lamb wave mode has a shape of the Bessel func-

tion of the first kind (J0), and the calculated first nodal point for this 190 mm thick

concrete plate is about 25 cm. As a result, a strong IE (S1ZGV) signal is expected

to be observed when the microphone is placed at [r,z]=[100,20] mm. To simulate the

use of the sound insulation device (e.g. the absence of direct acoustic wave) in the

numerical simulation, several elements in the air domain near the impact location were

removed to create a vacuum region. The presence of the vacuum region above the

impact source prevented the leaky surface wave and airborne IE wave from passing

through this vacuum region. However, since the vacuum region was quite small and
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Figure 3.7: (a) Pressure in air (r=0 mm, z=20 mm) for the air-concrete plate system
and the window to extract ZGV signal, (b) frequency spectrum of the raw signal
without applying window, (c) frequency spectrum of the windowed signal showing
clear S1ZGV and A2ZGV peaks.
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the observation point was located far from the impact source, the error caused by the

presence of the vacuum region is negligible.

The simulation results obtained at the designated location ([r,z]=[100,20] mm)

is presented in Fig. 3.8(a). In this figure, a strong leaky surface wave arrived first and

a series of periodic airborne IE waves arrived afterward. The time domain signal was

normalized by the peak positive amplitude of the leaky surface wave. The normalized

experimental result obtained at the same location is presented in Fig. 3.8(b). As

can be seen, a time domain signal similar to the simulated signal was observed. In

both signals, the direct acoustic wave was absent as expected. Figure 3.8(c) shows the

frequency spectrum of the windowed simulated signal. The magnitude was normalized

as well and the maximum magnitude was 1. The dominating S1ZGV mode has a center

frequency of 10.65 kHz, which is close to the analytical value, 10.4 kHz. Figure 3.8(d)

shows the frequency spectrum of the windowed experimental results. The dominating

S1ZGV frequency shown in this figure is 10.38 kHz, which agrees with the analytical

and simulation results well.

3.2.4 Numerical Simulation for a Concrete Plate With a Circular Defect

3.2.4.1 Model description

A circular concrete plate having a thickness of 190 mm and a circular delami-

nation was simulated in a 2D axisymmetric model as shown in Fig. 3.9. The circular

delamination has a diameter of 300 mm, and it was located at the center of the concrete

plate. The depth of the delamination was 75 mm from the plate surface. The concrete

plate has a radius of 1 m, and it was supported vertically 10 cm from its edge. The

air domain above the plate has the same geometry as that shown in Fig. 3.9. The

material properties and element types/sizes used in concrete and air were the same

as that used in previous simulations. In addition, the same impact force (Eq. 3.1)
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Figure 3.8: Normalized air pressure signals obtained at r=100 mm, z=20 mm from (a)
simulation and (b) experimental measurement. Normalized frequency spectrum of (c)
the windowed simulation signal and (d) the windowed experimental signal.

was applied vertically along the axis of symmetry at the center of the concrete plate.

In addition to the analysis in time domain, an modal analysis was also performed to

better understand the behavior of this concrete plate.

3.2.4.2 Simulation results and comparison with experimental results

Figure 3.10 shows pressure field in air and stress field in concrete at t=0.9 ms

after the impact force was applied. In this figure, the leaky surface wave (conical)

and direct acoustic wave (hemispherical) were presented as before. Beside these two

waves, three groups of periodic waves can be observed in air above the circular de-

lamination. First, between the concrete plate and the hemispherical direct acoustic
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Figure 3.9: 2D axisymmetric model for an air-concrete plate system. A circular de-
lamination with a diameter of 300 mm at depth of 75 mm is simulated in this concrete
plate.

wave, an envelope consisting of two and half cycles of periodic plane waves is clearly

observed. Based on the wavelength measured in this figure, the center frequency of

this periodic wave can be roughly estimated as 3 kHz, which corresponds to the first

flexural mode of the delaminated region. After applying an impact force on a shallow

delamination, the entire delaminated region not only vibrates locally (caused by ZGV

modes) but also moves globally like a drum and generates a hollow sound. In other

nondestructive testing methods like chain dragging, the hollow sound plays an impor-

tant role for detecting shallow delaminations. Inside the 3 kHz plane wave, another

periodic plane wave with higher frequency is also observed. This high-frequency wave

(27 kHz) corresponds to the S1ZGV resonant mode of the delaminated region. Note

that the diameter (size of main lobe) of the strong airborne S1ZGV plane waves (27

kHz) above the delaminated region is smaller than that shown in Fig. 3.6 for an intact

concrete plate. According to Wilcox’s study [62], the IE surface displacement can be

described by the Bessel function of the first kind (J0) and the size of the main lobe is
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proportional to the plate thickness. As a result, the intact concrete plate with a larger

thickness (190 mm) would have a larger main lobe for its IE surface displacement com-

pared to the defected region. Another periodic plane wave (8.5 kHz) that overlaps

with the first flexural mode can also be observed in the figure. This period plane wave,

which corresponds to another flexural mode of the defect region, has a slightly higher

frequency and larger diameter than the first flexural mode.

FIG. 10. Pressure field in air and stress field in the defected concrete slab at 0.9 ms after an 

300 mm 

Leaky-surface wave 

Direct acoustic waveS1ZGV mode

Air

Concrete

Flexural modes

Figure 3.10: Pressure field in air and stress field in the defected concrete plate at 0.9
ms after an impact force is applied vertically at the center of the plate surface. A
circular delamination with a diameter of 300 mm at depth of 75 mm is located in the
center of the concrete plate.

As can be seen in Fig. 3.10, the diameter of the airborne S1ZGV plane wave is

small (less than 20 cm), so the microphone was placed close to the impact location in the

experiment to receive better signals. To obtained a clear signal, the observation point

in the numerical simulation was located 2 mm above the impact source ([r,z]=[0,20]

mm) to avoid the leaky surface wave. As a result, in the corresponding numerical

simulation, the removal of acoustic elements near the impact source for avoiding the

direct acoustic wave was not employed because the resulting vacuum region negatively

affects the wave propagation near the observation point. The obtained time domain
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simulation results are presented in Fig. 3.11(a). In this figure, a strong direct acoustic

wave and various periodic waves were observed. A Tukey window was applied to the

raw signal to extract only the periodic signals. The normalized frequency spectrum of

the windowed signal is presented in Fig. 3.11(c). In this figure, three clear peaks are

observed at 3 kHz, 8.5 kHz and 27 kHz, respectively. The eigenvalue modal analysis

indicates that the two flexural modes (3 kHz and 8.5 kHz) observed in the frequency

spectrum correspond to the the local vibration of the delaminated region at 3.08 kHz

and 8.455 kHz. Previous studies show that an impact force applied on the delaminated

region is able to effectively excite the flexural modes in the audible frequency range

[13, 25, 43]. A detailed analysis about the flexural modes excited by a point source

in an IE test has been done by Oh [49]. Another clear peak at 27 kHz shown in the

spectrum corresponds to the S1ZGV mode excited within the delaminated region. The

analytical S1ZGV frequency for a concrete plate having a thickness of 75 mm is 26.36

kHz, which yields an error around 2.4% when comparing to the simulation results.

The error between the analytical and simulated S1ZGV frequency in this sim-

ulation (2.4%) is larger than that obtained in the sound concrete plate case (1%).

Several possible reasons may contribute to this difference. The first possible reason is

related to the dimension of the concrete plates. Lamb wave theory assumes the plate

has an infinite length [38], which means the length/thickness ratio of a plate should

be infinity in order to get precise S1ZGV frequency. Obviously, the plate dimensions

specified in the numerical simulations did not meet this criteria. However, previous

study [23] indicates that the use of large length/thickness ratio significantly reduces

the error caused by the dimension issue. For the concrete plate simulated in Fig. 3.5,

the length/thickness ratio is 10.5 (2 m/0.19 m). For the delaminated region in Fig.

3.9, the length/thickness ratio is 4 (0.3 m/0.075 m). Therefore, the simulated S1ZGV

frequency obtained in the defected region is expected to yield a larger error because
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Figure 3.11: Normalized air pressure signals obtained from (a) simulation at r=0 mm,
z=20 mm and (b) experimental measurement close to impact location. Normalized
frequency spectrum of (c) the windowed simulation signal and (d) the windowed ex-
perimental signal.

of the smaller length/thickness ratio. The second factor that could contribute to the

error is related to the boundary condition of the specimen. According to Lamb wave

theory [38], the plate has an infinite length and thus the plate can vibrate freely in the

thickness direction without being restrained. In Fig. 3.5, the sound concrete plate was

simply supported from its bottom and the plate was able to vibrate freely. However, in

Fig. 3.9, the delaminated region was constrained at its edge, and thus the IE vibration

near the edge is limited consequently. In this figure, stress concentration was observed

around the edge of the defected region. As a result, the obtained S1ZGV frequency

44



would be less accurate than that obtained in the simply supported plate. Third, the

wavelengths of the S1ZGV waves in both cases were different. The S1ZGV frequency

for the delaminated region was 26.36 kHz while the frequency for intact concrete plate

was 10.4 kHz. Consequently, the wavelength for 26.36 kHz airborne wave is around

40% of the wavelength of the 10.4 kHz wave. Since the mesh size used in air in both

simulations were kept the same, the traveling wave with larger wavelength can be cap-

tured more precisely. Therefore, the propagation of the 10.4 kHz S1ZGV wave yields

more accurate results.

Figure 3.11(b) show the time domain signal obtained in the experiment con-

ducted on the reinforced concrete plate with a circular delamination. The reinforced

concrete plate has a thickness of 250 mm. A 300 mm diameter circular delamination

was located in the reinforced concrete plate at a depth of 75 mm, and this was the

same geometry for the delaminated region specified in the numerical model in Fig. 3.9.

As can be seen in Fig. 3.4(a), a steel rebar passed through the delaminated region.

An air-coupled IE test was conducted on the circular delamination, and the insulated

microphone was placed at the center of the delaminated region. A 6 mm steel ball that

generates high frequency waves was served as impactor in the experiment. The impact

location was selected close to the microphone.

Figure 3.11(b) shows the normalized time domain pressure signal obtained by

the microphone. The direct acoustic wave was blocked by the sound insulator and was

absent. Only the leaky surface wave was presented in this figure. A Tukey window

was applied to the time domain signal to extract the useful periodic signal. The

normalized frequency spectrum of the windowed signal is presented in Fig. 3.11(d).

In this figure, several clear peaks can be observed at 3 kHz, 5 kHz, 7.4 kHz and

26.7 kHz. The first flexural mode (3 kHz) and the S1ZGV mode generated in the

delaminated region (26.7 kHz) agree well with the simulation results. The other two
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flexural modes (5 kHz and 7.4 kHz) was not observed in the numerical simulation.

According to the study done by Oh [49], the 5 kHz peak corresponds to an anti-

symmetric mode vibration of the delaminated region, and it was excited when the

impact force was not located at the center of the delamination. Therefore, this anti-

symmetric was excited in the experiment because the insulated microphone was located

above the center of the circular delamination and the impact force was applied close

to it. In the numerical simulation, since a 2D axisymmetric model was employed, only

symmetric modes can possibly be excited. As a result, the 5 kHz anti-symmetric mode

was not observed in the simulation results as expected. The 7.4 kHz peak shown in

the frequency spectrum does not agree with the 8 kHz flexural mode presented in the

simulation results. The possible reason for this discrepancy may be the presence of steel

rebar in the delaminated region. The embedded steel rebar decreases the homogenity

and changes the boundary condition of the defected region. As a result, different modes

with different resonant frequencies can be expected. Aside from the mismatch of the

two flexural mode, the simulated S1ZGV mode and first flexural mode agree pretty

well with the experimental results.

3.3 Discussion and Chapter Summary

In this chapter, numerical simulations and experiments were conducted to study

the airborne S1ZGV wave radiated from intact and delaminated concrete plates in an

air-coupled IE test. In addition to the simulated time domain signals, numerical simu-

lations visualized the wave field in air and stress field in concrete. These visualizations

not only help the researcher better understand the behavior of this air-concrete plate

system but also facilitate the interpretation of obtained signals.

For the numerical simulation, 2D axisymmetric models were used to save compu-

tation time and effort. A numerical convergence test was first conducted to investigate
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dependance of the accuracy of simulation results on the mesh sizes. The appropriate

mesh sizes for air, concrete and air-concrete interface were then determined based on

the given material properties and the interested frequency ranges. After the mesh sizes

were determined, numerical simulations were performed to investigate the applications

of IE tests on a sound concrete plate and a delaminated concrete plate. Experiments

were also conducted on the corresponding specimens, and the experimental results were

compared to the simulation results. The experimental and analytical results show that

the numerical simulations precisely capture the S1ZGV in concrete plate as well as the

propagation of airborne S1ZGV wave. Aside from the simulated time domain pressure

signals, the numerical simulations successfully visualize the wave field in air and stress

field in concrete.

In the simulation for the sound concrete plate, the simulation results successfully

captured the propagation of the airborne waves generated in an IE test: direct acoustic

wave, leaky surface wave and ZGV waves. Direct acoustic wave has a hemispherical

wavefront with its center located at the impact location. The leaky surface wave has

a conical wavefront (with cone tip portion absent) and the leaky angle is 10◦ for the

given material properties. As a result, the microphone can be placed above the impact

location to avoid receiving the leaky surface wave. S1ZGV waves are periodic and

has a small incident angle of 2.86◦, which makes it behave like plan waves. Both

direct acoustic wave and leaky surface wave have high pressure amplitudes and short

durations and can easily dominate the frequency spectrum. On the other hand, the

periodic S1ZGV waves have a relatively small amplitude and a much longer duration.

To extract the useful S1ZGV wave from the time domain signal, a window can be used

to remove unwanted waves. In addition to signal processing, a sound insulation device

was used to block the direct acoustic wave as well as ambient noises.

ZGV modes are the Lamb modes in a plate structure that do not propagate.
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The energy is trapped locally and causes strong local resonant. In the simulation, both

airborne S1ZGV and A2ZGV waves were observed. For the given material properties,

S1ZGV and A2ZGV mode have phase velocities of 6865 and 10532 m/s, respectively.

Therefore, according to Snell’s law, the radiation angle of these two waves are very

small and thus their wavefronts behave like plane wave as shown in Fig. 3.6 and Fig.

3.10. As can be seen in these figures, the airborne ZGV waves were limited to the

region above the impact source and did not propagate radially. Research done by

Wilcox [62] indicates that the ZGV waves can be regarded as a standing wave formed

by two waves traveling in opposite directions. As a result, the amplitude of ZGV modes

vary as Bessel function of the first kind of order zero, J0(kr), and its first lobe has the

largest amplitude. Therefore, it is of great importance to place the microphone close

to the impact location in a air-coupled IE test to obtain strong S1ZGV signals.

The simulation results agree well with the experimental and analytical results

for most waves generated in an IE test. The only significant mismatch found between

simulation and experimental results was related to the resonant frequency of one flex-

ural mode excited in the delaminated region. A possible reason for this discrepancy

is that a steel rebar passes through the defected region in the experimental specimen

and increases the inhomogeneity of that region. In addition, the boundary condition

for the defected region was also altered because of the presence of the steel rebar. Con-

sequently, the resonant modes of the delaminated region were changed as well as the

resonant frequencies. Aside from this mismatch, the numerical simulations successfully

capture the behavior of the air-concrete plate system in an air-coupled IE test.
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Chapter 4

Analytical Study for Air-Coupled Sensing

Technology

4.1 Overview

Numerical simulation and experimental results presented in Chapter 3 show

that the airborne S1ZGV wave has a quasi-planar wavefront and a relative small signal

amplitude compared to other airborne waves (leaky waves for example). As a result,

it is of great interest to amplify the useful IE signal during an air-coupled IE test.

Parabolic reflectors have been known for their unique ability to focus the energy of an

incident plane wave to their focal points [16, 31, 44, 51]. As a result, the received signal

strength of an incident plane wave can be amplified by placing an air-coupled sensor

at the focal point of a parabolic reflector. In addition, IE wave is the only wave that

has a quasi-planar wavefront among the airborne waves generated in an air-coupled IE

test. Therefore, IE wave would have the highest signal amplification when a parabolic

reflector is employed in the air-coupled IE test.

In nondestructive testing, parabolic mirrors have been used with air-coupled

source and receive transducers to experimentally create the dispersion curves in plates

made of various materials [33]. In the study by Holland et al. [33], airborne plane waves

generated by the source transducer was focused by a parabolic mirror, and the focused

wave was used to excite Lamb modes in the plate. The resulting leaky Lamb waves

were focused by another parabolic mirror to enhance the signal amplitude. Dai et al.

[18] show that the use of a parabolic reflector in an air-coupled IE test significantly
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increases the signal to noise ratio (SNR) of the airborne S1ZGV wave, which behaves

like a quasi-plane wave radiated from the concrete plate.

The acoustical properties of parabolic reflectors have been investigated in early

90s [16, 31, 44, 51]. Previous work done by Wahlstrom [58] shows the signal amplifica-

tion of the focused signal along the axis as well as at the focal point of a parabolic

reflector. Wahlstrom used velocity potential to derive the analytical solution for the

on-axis focused pressure response. The incident plane wave used in this study was

assumed to be harmonic with a fixed wave frequency. The dependence of signal am-

plification at focal point on reflector geometry and the frequency of incident wave is

also provided. Cornet and Blackstock [17] used Kirchhoff-Helmholtz (K-H) integral

theorem to develop a solution for predicting the focused pressure response focused by

a spherical reflector. The incident wave having a spherical wavefront was generated

by an electric spark located on the reflector axis. The analytical solution predicts the

focused pressure response along the reflector axis. Hamilton [28] extended Cornet and

Blackstock’s solution and presented an analytical solution for predicting the focused

time domain response along the axis of an ellipsoidal reflector. The incident wave has a

spherical wavefront and is initiated at one of the focal points. Geometric acoustics was

employed in the derivation to describe the initial pressure distribution on the reflector

surface. Hamilton’s analytical solution gives the impulse response for the ellipsoidal

reflector and thus enables the use of a transient time domain signal as input. This im-

pusle response solution can be used to calculate response for any transient input signal

and is therefore appropriate for practical applications. Hamilton [29] and Gelin et al.

[21] show the use of parabolic reflectors to focus incident spherical waves analytically

and experimentally.

The purpose of this chapter is to analytically study the acoustical properties

of a parabolic reflector and thus the reflector geometry can be optimized accordingly.
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In this chapter, the same derivation procedure used by Hamilton [28] is employed

and an analytical solution is developed for predicting the focused pressure response

along the axis of a parabolic reflector with incident plane waves [57]. The proposed

analytical solution provides the impulse response, which can be used to calculate the

response for any input function. With proper modification, this modified solution can

also work with incident waves having axisymmetric wavefronts. The relation between

reflector geometry and the resulting focusing gain at the focal point is studied, and

the optimized reflector geometry that provides the highest focusing gain is determined.

This optimized geometry facilitates the design of the parabolic reflectors used in the

air-coupled IE test.

4.2 Signal Amplification Using a Parabolic Reflector

As presented in Chapter 3, the incident angle of airborne IE wave radiated

from a concrete plate is very small (less than 3◦), and the resulting wavefront can be

regarded as a quasi-plane wave. Meanwhile, other airborne waves generated in an IE

test have different incident angles and thus result in different types of wavefronts. Since

a parabolic reflector is effective only to focus normally incident plane waves, the use of

parabolic reflectors in an air-coupled IE can effectively amplifies the signal amplitude

of the airborne IE wave instead of other unwanted waves.

Experimental study done by Dai et al. [18] shows the application of a parabolic

reflector in air-coupled IE test increases the received signal amplitude of IE wave. The

signal to noise ratio (SNR) is also improved because ambient noise is not effectively

focused. Although signal amplification using parabolic reflectors have been proven to

be feasible, the acoustical focusing mechanism is not yet well understood. To better

understand the focusing mechanism, a time domain analytical solution that shows how

a focused signal is formed is of great interest.
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4.3 Transient Axial Solution for Parabolic Reflector with In-
cident Plane Waves

4.3.1 Methodology

The derivation procedure used in this dissertation is the same as that used by

Hamilton [28]. Two theories are used in this derivation: linear geometrical acoustics

and Kirchhoff-Helmholtz Integral. Geometrical acoustics is first employed to describe

the initial pressure distribution over the reflector surface that serves as the input to the

Kirchhoff-Helmholtz Integral. The reflected and diffracted pressure response along the

reflector axis is then obtained by solving the Kirchhoff-Helmholtz Integral. Note that

material nonlinearity is not considered in this analytical solution so energy dissipation

is not included.

4.3.1.1 Properties of a Parabola

A parabola has a property that any sound ray (or light) traveling in a direction

parallel to its axis of symmetry is reflected to the focal point as indicated in Fig. 4.1.

The mathematical description of a parabola having a depth of h and a focal length

(distance between vertex and focal point) of zF is:

r2 = 4zF z, where 0 ≤ z ≤ h. (4.1)

An alternative mathematical description for a parabola is z = ar2 where a = 1/4zF .

In this section, the coefficient a is replaced by 1/4zF because a is not dimensionless

and can possibly cause confusions when a different unit system is used.

The variable hv shown in Fig. 4.1 represents the distance between reflector

vertex and the source plane, where the incident plane wave is radiated. zs is the axial

coordinate (z coordinate) of any point located on the surface of the reflector. As

a result, a wave radiated from the source plane travels a distance of hv − zs before
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Figure 4.1: Layout of paraboloidal reflector and source plane that radiates plane waves
with a peak amplitude of p0. The dashed line shows any ray parallel to the reflector
axis passes through the focal point after reflection.

reaching the reflector surface, and rF is the distance between a point on the reflector

surface and the focal point. One important property of parabola is rF = zF +zs, where

zF +zs is the distance between the point on the surface and directrix (an imaginary line

described by z = −zF in this figure). The peak amplitude of the incident plane wave

is assumed to be p0, p1 represents the wave amplitude on the reflector surface, and p2g

is the pressure amplitude of the reflected wave obtained at a distance r2 from the focal

point. The use of subscript “g“ in p2g indicates this pressure amplitude is estimated

using geometrical acoustics [28]. In Fig. 4.1 along the reflector axis, two observation

points (A and B) are presented to define the observation regions. Point A represents

the observation point located “before“ the focal point (between vertex and focal point),

and point B represents the one located “beyond“ the focal point (between focal point

and source plane). The distance between an observation point along the axis and a

point on the reflector surface is denoted as R. In this derivation, it is assumed that the
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area of the source plane is large enough such that the generated plane waves can cover

the entire reflector aperture. This means every point on the reflector surface reflects

the normally incident plane wave to the focal point.

4.3.1.2 Geometrical Acoustics

Geometrical acoustics is a simplified method for handling sound wave propaga-

tion and is valid when ka ≫ 1, where k is the smallest wavenumber of an incident plane

wave and a is the minimum radius of curvature of the parabolic reflector [10]. When

performing geometrical acoustics analysis, the incident acoustic waves are considered

as a group of rays. Geometrical acoustics can be used to estimate the wave pressure

amplitude at any point along the ray path. On the other hand, the pressure response at

any point in space is the summation of all the acoustic rays passing through this point

[24]. In addition, the arrival time of the sound wave is calculated using the geometrical

acoustics.

In geometrical acoustics, the plane wave radiated from the source plane is con-

sidered as a group of acoustic rays emitted simultaneously. These sound rays travel

in a direction parallel to the reflector axis, and they are reflected to the focal point

after hitting the reflector surface. Before reaching the reflector surface, the pressure

amplitudes of these incident rays are assumed to be unchanged. This means the pres-

sure amplitude of the incident rays on the reflector surface is the same as that on the

source plane (p1=p0). Assuming the reflection coefficient on the reflector surface equal

to one, the pressure amplitudes of the reflected rays on the reflector surface equals to

p0 as well. By taking the temporal information into account, the reflected pressure on

the reflector surface can be written as

p1 (t, zs) = p0f

(
t− hv − zs

c0

)
, (4.2)
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where c0 is the sound speed, and f(t) is the dimensionless input function for incident

plane wave.

Since all the reflected sound rays converge to the focal point simultaneously, the

focal point can be considered as the center point of an imaginary spherical converging

wave. Therefore, the pressure amplitude at a point on a sound ray is inversely propor-

tional to the distance between that point and the focal point. As a result, the ratio of

the pressure amplitudes at any two points along a single sound ray can be determined

by considering their distances from the the focal point. Therefore, the relation between

p2g and p1 in Fig. 4.1 can be written as |p2g|/|p1| = rF/r2. By combining this relation

with Eq. 4.2, the reflected pressure field can be written as

p2g
p0

=
rf
r2
f

(
t− hv + zF − r2

c0

)
, (4.3)

where hv+zF−r2 is the travel distance of a ray starting from the source plane to a point

located r2 away from the focal point, and it can be regarded as the summation of hv−zs

(travel distance before reflection) and rF − r2 (travel distance after reflection) with

the consideration of the aforementioned parabola property, rF = zF + zs. Therefore,

(hv + zF − r2)/c0 is the corresponding travel time.

The reflected wave field at any point along the reflected sound rays can be

described using Eq. 4.3. Note that the p2g obtained from different sound rays are

different even if the same r2 is specified. That is, p2g estimated on the imaginary

spherical wavefront shown in Fig. 4.1 (dashed circle) may not have the same value

unless the p2g are obtained from the rays reflected from the surface points having

the same z coordinate. This is because the rF for rays reflected from surface points

having different z coordinate are different and thus the p2g calculated using the relation

|p2g|/|p1| = rF/r2 are different (p1 and r2 are constants). The imaginary converging

55



spherical wave is used to calculate the ratio of pressure amplitudes obtained along the

same ray. Equation 4.3 can also be used to describe the reflected pressure field on

the reflector surface that serves as the input for Kirchhoff-Helmholtz Integral, which

accounts for the effect of diffraction. Also note that the effect of diffraction has not

been taken into account in the geometrical acoustics analysis.

4.3.1.3 Kirchhoff-Helmholtz Integral

For a closed surface with a known initial pressure distribution over its inner

surface, Kirchhoff-Helmholtz integral can be employed to estimate the pressure re-

sponse at any point that is enclosed by the closed surface [9]. More specifically, the

pressure distribution as well as its inner normal derivative on the closed surface are

needed as input to the Kirchhoff-Helmholtz integral [9]. The time domain version of

Kirchhoff-Helmholtz integral is

p(Q, t) =
1

4π

∫ ∫
S

{
[p]

∂

∂n

(
1

s

)
− 1

c0s

∂s

∂n

[
∂p

∂t

]
− 1

s

[
∂p

∂n

]}
ds, (4.4)

where Q represent the point where the pressure response is calculated, p(Q, t) is the

calculated pressure response at point Q, p is the pressure distribution on the surface,

∂/∂n is the derivative normal to the surface in the inner direction, and s is the distance

between point Q and any point on the surface. Any time-related argument presented

inside the square brackets [·] are delayed by s/c0 such that [p(t)] = p(t− s/c0).

In this derivation, geometrical acoustics is first employed to determined the

initial reflected pressure distribution on the reflector surface that corresponds to p

in Eq. 4.4. After the reflected pressure field on the reflector surface is evaluated,

Kirchhoff-Helmholtz integral is performed to predicted the pressure response at any

point in space. Note that the parabolic reflector used in this study has an aperture
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(open mouth) and its inner surface is not a closed surface. However, the closed sur-

face considered in Eq. 4.4 can be regarded as the combination of the reflector inner

surface and the aperture. Therefore, the surface integral in Eq. 4.4 can be split into

two surface integrals, one for reflector surface and the other one for reflector aperture.

Since the reflected waves only come from the reflector surface rather than the aperture,

the initial reflected pressure field on the aperture is indeed zero (paperture=0). Conse-

quently, the surface integral corresponding to the reflector aperture is zero, and the

calculated focused response is contributed only by the surface integral corresponding to

the reflector surface. Therefore, the focused pressure response (p2) estimated using the

Kirchhoff-Helmholtz integral that considers only the reflector surface can be written as

p2 =
1

4π

∫ ∫
S

{
[p2g]

∂

∂n

(
1

R

)
− 1

c0R

∂R

∂n

[
∂p2g
∂t

]
− 1

R

[
∂p2g
∂n

]}
ds, (4.5)

where S is limited to the inner surface area of the parabolic reflector. Substituting

Eq. 4.3 into Eq. 4.5, the focused pressure response p2 along the reflector axis can be

derived as

p2
p0

= He(z)f(τe) +Hc(z)f(τc) +

∫ t2

t1

Hw(z, t
′)f(t− t′)dt′, (4.6)

where He, Hc and Hw are pressure amplitude scaling factors for different types of

reflected waves, τ is the retarded time, and z indicates the axial location (z coordinate

in this case) of the observation point. The two temporal limits, t1 and t2, in the

integral represents the arrival time of wave that arrived first and last, respectively.

The subscriptions (e, c and w) used in this equation denote the three reflected waves:

edge wave, center wave and wake. The pressure amplitude scaling factors are
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He(z) =
zF (z + h+Re)

ReKe

, (4.7)

Hc(z) = −zF (z +Rc)

RcKc

, (4.8)

Hw(z, t
′) = −zF c0(z + zr +Rr)sgn(Kr)

(zr + zF )K2
r

, (4.9)

R =
√
4zF zs + (z − zs)2, (4.10)

Ke,c,r = Re,c,r + z − zs − 2zF , (4.11)

τ = t− hv − zs +R

c0
, (4.12)

zr =
(t′c0 − hv)

2 − z2

4zF − 2(t′c0 − hv + z)
. (4.13)

As can be seen in Eq. 4.6, the focused pressure response obtained on the reflec-

tor axis can be represents by the linear combination of three different types of reflected

waves. According to the location on the reflector surface where these waves are cre-

ated, these waves are regarded as edge wave (e), center wave (c) [28], and wake (w)

[55], and they correspond to the first, second and last term on the right hand side

of Eq. 4.6, respectively. The derivation in Appendix. A.1 shows that the edge wave

and center wave correspond to the two spatial limits of the parabolic reflector in the z

coordinate (edge and center). This indicates that the edge wave is contributed by the

edge diffraction, and the center wave is the result of the diffraction from the reflector

center. As indicated in Eq. 4.6, the waveforms of edge wave and center wave are sim-

ilar to that of the incident plane wave and are all described using f(t). However, the

peak amplitudes as well as phases of edge and center wave are controlled by their own

scaling factors (He and Hc). In Eq. 4.7 and Eq. 4.8, the scaling factors are functions

of z coordinate and thus the magnitude and phase of edge and center wave vary along

the reflector axis.

On the right-hand side of Eq. 4.6, the time integral represents the contribution
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of wake to the focused pressure response. Wake is caused by the non-uniform pressure

distribution on the reflector surface [55]. According to this equation, wake is the

superposition of all the reflected waves coming from the entire surface of the parabolic

reflector. Each component of the wake has a waveform similar to the incident wave,

f(t), and is also scaled by a scaling factor, Hw. The two temporal limits (t1 and

t2) in this integral correspond to the travel times needed for the sound rays to pass

through reflector center and edge to reach observation point, respectively. As the

observation point moves along the reflector axis, the reflected wave that first arrives

at the observation point may come from either reflector center or edge. For example,

if the observation point is located between the focal point and the reflector center, the

first arrived wake comes from the reflector center and thus its arrival time is t1. As a

result, t2 corresponds to the wake reflected from the edge in this case. More details

about t1 and t2 are given in Eq. A.27 and Eq. A.28 in Appendix. A.1.

4.3.2 Axial Pressure Response Predicted by the Derived Analytical Solu-
tion

The analytical results along the reflector axis given by the derived analytical

solution are presented in this section. These predicted waveforms provide better un-

derstanding of the focusing mechanism of a parabolic reflector. Note that in Eq. 4.6, a

singularity is found when the observation point is located on the focal point (z = zF ).

Therefore, the focused pressure response at the focal point cannot be obtained using

Eq. 4.6. Focal point response is derived and the derivation procedure is presented in

Appendix. A.2. In this section, the focused pressure response obtained at the focal

point is also studied.
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4.3.2.1 Predicted Pressure Response Along Reflector Axis Except For Fo-
cal Point

An analytical study is performed to investigate the reflected waves obtained

along the axis of a parabolic reflector. A parabolic reflector having a radius of 10 cm

and a depth of 5 cm is assumed. The focal point is located 5 cm from the vertex

(z=5 cm). The distance between the source plane and the reflector vertex is 30 cm

(hv=30 cm). A plane wave having a single cycle sinusoidal waveform with a period of

50 µs is assumed to be excited from the source plane and travels towards the parabolic

reflector in the direction parallel to the reflector axis (normally incident). This direct

incident wave is considered and integrated in the analytical solution and is shown in

the predicted waveform for reference. Two observation points located before (z=2 cm)

and beyond (z=10 cm) the focal point are considered.

Figure 4.2(a) shows the normalized axial pressure response obtained at a point

3 cm before the focal point (z=2 cm). In this figure, the first arrived wave is the direct

incident wave (t=0.28/343≈0.82 ms) and its peak amplitude is used for normalization.

Note that the amplitude of the incident plane wave remains the same until the wave hits

the reflector surface. For an observation point located before the focal point (between

focal point and vertex), the total travel distance required for the center wave to arrive

the observation point is the shortest among all reflected waves. As a result, center

wave is the first reflected wave to be observed. On the other hand, the edge wave has

the longest travel distance before arriving the observation point. Therefore, edge wave

is the last reflected wave to be observed in Fig 4.2(a). As discussed in the previous

section, wake is the superposition of all the reflected waves reflected from the entire

reflector surface. In this case, the lower temporal limit (t1) for the integral is arrival

time of the center wave, and the upper limit (t2) corresponds to the edge wave. As a

result, the arrival time of the wake spans between the arrival time of center wave and
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edge wave.
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Figure 4.2: On-axis time domain signals at (a) 3 cm before focus (z=2 cm), (b) 5 cm
beyond focus (z = 10 cm), and (c) focus (z=5 cm). The edge wave in (a) and the
center wave in (b) have inversed phase compared to the input signal. The waveform
at the focus is the derivative of the input function.

As can be seen in Fig. 4.2(a), both the center wave and edge wave have similar

waveform as that of the direct wave but with different amplitudes. In addition, the
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phase of the edge wave is reversed compared to the direct wave. According to Appendix.

A.1, phase reversal occurs when the center and edge wave passes through the focal point

as their scaling factors (He and Hc) change sign. As a result, when the observation

point moves along the reflector axis from one side of the focal point to the other, the

observed center and edge wave change phase.

As indicated in Eq. 4.6, the predicted axial pressure response is the linear

combination of three reflected waves. As a result, the contribution of each wave can

be determined according to this equation. This response decomposition visualizes the

different wave components and shows how the obtained signal is formed. Figure 4.3

shows the pressure response of each reflected wave (edge wave, center wave, and wake)

as well as the combined pressure response obtained at the same location (z=2 cm, Fig.

4.2(a)). In this figure, it can be observed that the pressure amplitude of the edge wave

and center wave shown in Fig. 4.2(a) are slightly affected by the wake. However, since

the amplitude of wake is small compare to other waves, the contribution of wake is

negligible. In other cases where it is difficult to distinguish each wave component, the

response decomposition can be employed to determine the contribution of each wave

and obtained a better understanding of the signal.

Figure 4.2(b) shows another normalized axial pressure response obtained at a

point 5 cm beyond the focal point (z=10 cm). In this figure, the direct wave and

the reflected waves are clearly observed. The first arrived wave is the direct wave

radiated from the source plane as expected. Compared to Fig. 4.2(b), the direct wave

shown in this figure arrives earlier (t=0.2/343≈0.58 ms) because the observation point

is located closer to the source plane. Since the observation point is located beyond

the focal point (between focal point and source plane), the travel time required for the

edge wave to reach the focal point is less than that of the center wave. As a result,

the lower temporal limit (t1) for the integral is arrival time of the edge wave, and the
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Figure 4.3: On-axis time domain signal obtained at 3 cm before focus (z=2 cm, Fig.
4.2(a)). The evaluated center wave (red), edge wave (blue) and wake (green) are
presented to show how the predicted pressure response (dashed line) is formed.

upper limit (t2) corresponds to the center wave. Again, the arrival time of the wake

spans between the arrival time of center wave and edge wave as shown in Fig. 4.2(b).

Note that the phase of the edge wave is consistent with the direct wave and is opposite

to that of the edge wave shown in Fig. 4.2(a). For center wave, its phase is opposite to

the direct wave as well as that of the center wave shown in Fig. 4.2(a). This is because

the observation point is now located beyond the focal point. The center wave changes

phase as it passes through the focal point. In addition, the edge wave does not pass

through the focal point so it has an opposite phase when comparing to that shown in

the previous case (Fig. 4.2(a)). The phase of the wake is also changed as indicated in

Eq. 4.9.

4.3.2.2 Analytical Solution at Focal Point

As indicated in Eqs. 4.7–4.9, the scaling factors (He, Hc and Hw) have a sin-

gularity at z = zF , which represents the case when the observation point is located at
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the focal point. As a result, Eq. 4.6 cannot be used to predict the focused pressure

response directly. An analytical solution for evaluating the focused response at the

focal point is presented in Appendix. A.2. The derivation procedure is similar to that

used for deriving Eq. 4.6. The major difference is that z = zF is considered during

the derivation process and thus the resulting analytical solution can only be used to

predict the response at focal point. The focused response can be calculated using the

following equation as

p2
p0

=
2zF ln(h/zF + 1)

c0

d

dt
f

(
t− h+ zF

c0

)
, (4.14)

where h is the reflector depth. As can be seen in this equation, the focused response

has a waveform of the time derivative of the input function (df(t)/dt) of the plane

wave.

With the parameters specified in the previous section, the analytical results for

the pressure response obtained at focal point (z=5 cm) is shown in Fig. 4.2(c). In this

figure , all the reflected waves arrive the focal point simultaneously and the resulting

waveform of the focused signal (cosine function) is the derivative of the input function

(sine function). The scaling factor, 2zF ln(h/zF + 1)/c0, presented in Eq. 4.14 is a

function of reflector geometry and the wave speed in air. A study for investigating the

dependence of focusing gain on reflector geometry and input frequency is conducted

and the results is presented in the next chapter.

4.4 Validation of Analytical Solution with Numerical Simula-
tion

A numerical simulation employing the finite element method (FE) is conducted

to simulate the reflected waves caused by a parabolic reflector. The simulation results

64



visualize the wave field of these system, and the on-axis pressure responses are used

to validate the analytical solutions presented in previous section (Eqs. 4.6 and 4.14).

This FE simulation is performed using the commercial software package, ABAQUS,

and the ABAQUS/Explicit module is used. ABAQUS/Explicit employs the explicit

Newmark scheme, which utilizes the central difference method to evaluate direct time

integration [35]. This scheme is widely used for simulating elastic wave propagation

[35].

4.4.1 Model Description

A 2D axisymmetric model is employed in this simulation to minimize the re-

quired computation time and effort. The simulation model consists of an air domain

and an aluminum parabolic reflector as shown in Fig. 4.4(a). As can be seen, the air

section used in this 2D axisymmetric model has a dimension of 30 cm by 30 cm, and

the axis of symmetry is located along its vertical boundary on the left (r=0 cm). The

equivalent three-dimensional air domain is an air cylinder with a radius of 30 cm and

a height of 30 cm. The input plane waves are assumed to be excited from the bot-

tom surface of the air cylinder, and they travel in the direction normal to the bottom

surface (towards positive z direction). The radius of the parabolic reflector is 8 cm

and the reflector thickness is 2 mm. The distance between the reflector vertex and the

bottom surface of the air cylinder is 20 cm (hv=20 cm). The distance between the focal

point and reflector vertex is 3.1 cm (zF=3.1 cm). The parabolic reflector is fixed at its

vertex to avoid moving in the vertical direction. Material properties used for air are:

density (ρ)=1.21 kg/m3 and Bulk modulus (B)=1.42E5 Pa, and the resulting compres-

sion wave velocity (c0) is 343 m/s. Material properties used for aluminum are: density

(ρ)=2700 Kg/m3, Young’s modulus (E)=7.1E10 Pa and Poisson’s ratio (ν)=0.33. The

parabolic reflector is assumed to be perfectly connected to air such that the pressure
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and normal displacement in both domains along the interface are continuous. A plane

wave having a single-cycle sinusoidal waveform and a period of T is excited from the

bottom surface of the air cylinder (z=0 cm). The input waveform is shown in Fig.

4.4(b). and its mathematical description is defined as

f(t) = sin

(
2πt

T

)
, (4.15)

where T is the wave period of the input waveform. In this simulation, two plane waves

with different wave periods (50 µs and 150 µs) are simulated.
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Figure 4.4: (a) 2D axisymmetric FE model for a parabolic reflector with an incident
plane wave, (b) input function as a single-cycle sinusoid with a duration of T .

The mesh size selection is determined by the lowest frequency component of a

wave traveling in that media. The criterion for choosing a proper mesh size is that the

smallest wavelength of a propagating wave should be greater that ten times the size of

the mesh [7, 59, 68]. That is, the wave components that are represented by at least 10

nodal points can be properly simulated.
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The airborne waves (T=50 µs and 150 µs) simulated in this simulation has

the smallest wavelength of 17 mm (λ=343 m/s · 50 µs=17 mm). As a result, a mesh

size of 0.5 mm, which is 1/34 times the length of the wave length is used in the air

domain to properly simulate the propagating airborne waves. To match the nodal

points along the interface between air and aluminum reflector, the same mesh size (0.5

mm) is used in the parabolic reflector as well. The elements used in the air domain

are triangular linear axisymmetric acoustic elements (ACAX3). For the parabolic

reflector, the elements used are triangular linear axisymmetric solid elements (CAX3).

The sampling frequency used is 1 MHz, and the corresponding time step is 1 µs.

4.4.2 Numerical Simulation Results

The simulation results presented in the following two sections are generated by

using plane waves with different wave periods (T=50 µs and 150 µs). The use of an

incident plane wave with shorter wave period (50 µs) makes each reflected waves easy

to be distinguished and recognized in the wave field snapshots. However, a noticeable

wave amplitude decay is observed due to the filter effect caused by the mesh. Therefore,

a plane wave with larger wave period (150 µs) that yields a larger wavelength (52 mm) is

employed in the numerical simulation when validating the on-axis time domain signals

predicted by the analytical solution.

4.4.2.1 Wave Field Visualization

Several snapshots of the simulated wave fields are presented in this section.

These frames are extracted at different times after the plane wave is excited from the

bottom of the simulated air cylinder. The reflected waves are visualized in these figures

and a better understanding of their behaviors can be obtained accordingly.

Since the simulation model used in this study is 2D axisymmetric, only half of
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the wave fields (from the axis of symmetry to positive radial direction) are available

from the simulation results as indicated in Fig. 4.4(a). To obtain a complete 2D wave

field that includes the reflector axis, a mirror image of the obtained wave field is first

generated and then combined with the original simulated wave field. These two images

are connected along the axis of symmetry of this model. Figure 4.5 shows an example

of the post-processed images. Half of the image on the left-hand side is the mirrored

image while the other half on the right-hand side is the original image. The axis of

symmetry is located vertically in the center.

(b) t=550 s(a) t=250 s

(c) t=650 s (d) t=900 s

Edge wave

Wake

Center waveEdge wave

Center wave

Focus

Figure 4.5: Visualization of the wave field in air at (a) t=250 µs, (b) t=550 µs, (c)
t=650 µs and (d) t=900 µs. The input plane wave has a waveform of an one-cycle
sinusoid with a period of 50 µs.

The plane wave with a period of 50 µs is excited from the source plane at t=0
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µs. The mathematical description of the incident waveform is provided in Eq. 4.15.

Figure 4.5(a) shows the wave field obtained 250 µs after the plane wave is generated

(t=250 µs). The arrow presented indicates the propagating direction of the traveling

wave. In this figure, a plane wave with an uniform pressure amplitude that propagates

towards the parabolic reflector is observed. This plane wave corresponds to the direct

incident wave shown in the time domain signals (Fig. 4.2(a-c)). Figure 4.5(b) shows

the wave field in air obtained at t=550 µs. As can be seen, the incident plane wave has

already passed the reflector aperture (mouth of reflector) and keeps traveling upwards

as indicated by the arrows. When the plane wave hits reflector edge, the diffraction

of incident wave (denoted as edge wave) is initiated along the edge and it propagates

outwards as shown in this 2D image (dashed line). Since this model is 2D axisymmetric,

the circular edge wave shown in this image (dashed line) represents a doughnut-shaped

wavefront in a 3D space. Note that the edge wave has the same phase as the incident

plane wave before it passes through the focal point. This is consistent with the results

predicted by the analytical solution. The wake is generated along the reflector surface

as the incident wave sweeps through and creates a non-uniform pressure distribution on

the reflector surface. The wake has a relatively small pressure amplitude and cannot

be observed clearly in this figure. However, the observed wave interference (bright

and dark spots) in the edge wave and incident plane wave indicates that the wake is

generated on the interior reflector surface. In this figure, the incident plane wave has

not reached the convex of the reflector and still travels upwards as indicated. Figure

4.5(c) shows the wave field in air obtained at t=650 µs, which is the moment right

before the reflected waves reach the focal point. The incident plane wave has reached

the reflector center, and the radiated center wave travels towards the focal point. The

constructive wave interference around the focal point makes it difficult to distinguish

the reflected waves. However, it is obvious that all these waves are focused to the focal
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point at the same time. Figure 4.5(d) shows the wave field obtained at t=900 µs. In

this figure, all the reflected waves pass through the focal point and keep moving away

from the focal point. A clear center wave can be observed beneath the reflector. Note

that the center wave has an opposite phase compare to the incident plane wave as it

has already passed through the focal point. The edge wave is not obvious in this figure,

but the constructive wave interference in the center wave (along the reflector surface)

indicates the presence of the edge wave. In addition, the edge wave has an opposite

phase compare to the incident plane wave as well. Note that a small wave following

the edge wave is also observed on the interior reflector surface. This wave corresponds

to the reflection of edge wave and is not considered in the analytical solution. The

presence of the edge wave and center wave along the interior reflector surface also

creates another set of wake, which is not considered in the analytical solution. This

is because the integral in Eq. 4.6 (the wake term) has the integration limits (travel

times corresponding to reflector edge and center) such that only the wake induced by

the incident plane wave is considered. As a result, the wake induced by the edge wave

is not included in the analytical solution. In addition, the reflected edge wave is not

considered in Eq. 4.6 as well. The center wave, edge wave and wake predicted by

the analytical solution is caused solely by the interaction between the incident plane

wave and the parabolic reflector. Other waves caused by the interaction between the

reflected waves and the reflector are not included in the analytical solution.

4.4.2.2 Comparison of On-Axis Pressure Response

In this section, the simulated time domain signals obtained along the reflector

axis are compared to that predicted by the analytical solution. The same numerical

model (Fig. 4.4) is employed, and the duration of the incident plane wave used in this

simulation is increased to 150 µs (T=150 µs in Eq. 4.15). The use of a longer duration
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results in a longer wavelength, and thus the traveling wave can be described by more

nodes for a given mesh size. The ka calculated using the selected input wave function

with a duration of 150 µs is 7.85. This value is sufficiently larger than one (ka ≫ 1)

and thus the application of geometrical acoustics is adequate. The simulated signals

are obtained at z=2, 4, 6 and 8 cm. Note that the reflector convex is located at z=0

cm, and the focal point is located at z=3.1 cm. Both simulated and analytical signal

are normalized by the amplitude of the direct wave such that the amplitude of the

direct wave is one.

Figure 4.6(a) shows the normalized time domain signal obtained on the reflec-

tor axis at z=2 cm (before the focal point). The dashed line represents the simulation

results while the solid line represents the analytical results. In this figure, a good

agreement for arrival times as well as pressure amplitudes between the numerical and

analytical signal is observed. Figures 4.6(b-d) show the normalized time domain sig-

nals obtained beyond the focal point at z=4, 6 and 8 cm, respectively. In Fig. 4.6(b),

the simulated signal agrees well with the analytical signal. However, as the observa-

tion point moves further away from the parabolic reflector (Fig. 4.6(c-d)), noticeable

discrepancies in pressure amplitudes between these two signals can be observed. A

possible reason for the smaller simulated signal amplitude can be the energy dissipa-

tion induced by the mesh in the numerical model. It is known that the mesh in a

finite-element analysis behaves like a low-pass filter and dissipates energy of propagat-

ing waves [68]. Therefore, as the travel distance increases, more energy is dissipated

and thus results in smaller pressure amplitudes as shown in Fig. 4.6(c-d). Note that

since the presented signals are normalized by the direct incident wave, the peak am-

plitudes of the incident direct waves are always one even if energy dissipation occurs.

It can also be observed in Fig. 4.6(c-d) that at the end of the simulated signals (t ≈

1.2 ms), another traveling wave arrives the observation point after the arrival of the
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major reflected waves (edge wave, center wave and wake). This wave corresponds to

the reflection of the edge wave from the interior reflector surface. As mentioned previ-

ously, the generated doughnut-shaped edge wave hits the interior reflector surface and

creates a secondary reflection as indicated in Fig. 4.6. Since the analytical solution

does not account for the secondary reflection of edge wave, center wave and wake on

the reflector, the analytical results show a quiet wave field (zero amplitude) after the

arrival of major reflected waves (edge wave, center wave and wake). Aside from this

discrepancies, the simulated signals agree well with the analytical results. The ana-

lytical solution is validated by finite element method and thus this code can be used

to study the focusing effect along the reflector axis as well as at the focal point. The

focusing effect study is provided in the next chapter.

4.5 Transient Axial Solution for Parabolic Reflector with Ar-
bitrary Axisymmetric Incident Waves

The analytical solution shown in Eq. 4.6 can further be extended such that it can

work with normally incident wave with any (non-planar, non-uniform) axisymmetric

wavefront. This can be achieved by discretizing reflector surface and applying different

input functions on the source plane.

First, the entire parabolic reflector can be divided into a finite number of rings.

That is, the parabolic reflector can be viewed as a stack of circular rings with their

center located along the reflector axis as shown in Fig. 4.7(a). For each ring of

the reflector, there is a specific vertical projection, which is a circular ring on the

source plane having the same radius (source ring) as shown in Fig. 4.7(b). It is

obvious that each ring on the parabolic reflector has a unique radius. Therefore, all

the rings (on the reflector and its projection on source plane, source ring) can be

uniquely described using its radius, r. For example, in Fig. 4.7, ring A and ring
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Figure 4.6: Analytical and simulation results along axis at: (a) z=2 cm, (b) z=4 cm,
(c) z=6 cm, (d) z=8 cm. The focal point is at z=3.1 cm. The direct wave is included
for reference. The disturbances in numerical results at late time are caused by reflection
from the model boundary.

B can be identified using their radius, rA and rB, respectively. In the framework of

geometrical acoustics, a sound ray emitted from a source ring on source plane travels

in the vertical direction towards the parabolic reflector, reaches the corresponding ring

on the parabolic reflector, and then travels towards the focal point. Since the travel

distance for a ray to reach the observation point (except for focal point) is unique for

each source ring, the corresponding travel time is unique as well. As a result, it is

possible to link each source ring (represented by its radius, r) on the source plane to

the corresponding t′ in the wake term in Eq. 4.6. More specifically, for any source ring

having a radius of r, there is a corresponding travel time, t′, can be found between
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t1 and t2 in the wake integral (Eq. 4.6). Note that t1 and t2 are the travel times

corresponding to the rays reflected at the reflector edge or center, depending on the

location of the observation point (Eq. A.27 and Eq. A.28). With this discretization

process, each source ring on the source plane with different r can be assigned a different

input function, and these input functions is considered individually in the wake integral

in Eq. 4.6. For the rays passing through reflector center and edge (r=0 and r=rreflector),

the input functions can be included directly in the center wave term and edge wave

term in Eq. 4.6.

Once the parabolic reflector is discretized, different input functions can be as-

signed on the source plane (along the radial direction) to form an axisymmetric wave-

front. To create an incident wave with a non-planar wavefront, one simple way would

be adding an extra time delay at the beginning of each input function. Figure 4.8(a)

shows an example for a parabolic reflector with a normally incident wave with a conical-

shaped wavefront. As can be seen in this figure, extra time delays are added at the

beginning of the input functions to form an inclined wavefront. The inclined angle is

denoted as θinc, and the delay time (text) can be calculated as text = rtan(θinc)/cair,

where cair is the compressional wave velocity in air (343 m/s). In fact, the analytical

solution still considers the normally incident wave as a planar wave, which is radiated

from the source plane as shown in Fig. 4.8(a). In this planar wave scheme, an imaginary

planar wavefront is generated at t=0 ms and the interested non-planar wavefront is

shaped by making part of the input function flat (zero-pressure). Figure 4.8(b) shows

the corresponding FE model for simulating an incident wave with a conical-shaped

wavefront. In this model, a parabolic reflector having a radius of 8 cm and a depth of

5 cm is used. The focal point is located 3.1 cm from the reflector convex. The distance

between the reflector center and the imaginary source plane (hv) is 10 cm. An inclined

source plane having an angle of 3◦ (θinc = 3◦) is used and the generated airborne wave
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Figure 4.7: (a) Discretization of a parabolic reflector into a stack of circular rings.
Each ring has an unique radius. (b) plane view of the discretized parabolic reflector
and the corresponding discretized source plane.

is equivalent to that in Fig. 4.8(a). The mesh size used in the interested air domain is

0.5 mm and, for the region, a large mesh size (1 mm) is used to reduce computational

effort. Figure 4.8(c) shows the time domain signal obtained before the focal point at

z=2 cm, while Fig. 4.8(d) shows the signal obtained beyond the focal point at z=6
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cm. In these two figures, good agreement between the simulated (dashed line) and

analytical (solid line) results is found. Note that since the wavefront of the incident

wave is not planar, the reflected waves do not reach the focal point of the reflector

simultaneously. Therefore, a real focal point is not available in this case.
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Figure 4.8: (a) Conceptual model for an incident wave with a conical shape. Extra
delay times are added to the input functions to form a conical wavefront. (b) Model
for FE simulation. (c)(d) Analytical and simulation results obtained at z=2 cm and
z=6 cm along the axis given by conical waves with an inclined angle of 3◦.

4.6 Chapter Summary

In this chapter, an analytical solution for predicting the on-axis pressure re-

sponse for a parabolic reflector with a normally incident plane wave is presented.

The derivation procedure employs two theories: geometrical acoustics and Helmholtz-
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Kirchhoff integral. Geometrical acoustics is first used to obtain the initial condition

(pressure distribution) on the interior reflector surface. The obtained initial condi-

tion is then input to Helmholtz-Kirchhoff integral to obtained a closed-form solution

for predicting the reflected pressure response along the reflector axis. The derived

time domain solution indicates that the reflected pressure response consists of three

components: edge wave, center wave and wake. Edge wave is the wave diffracted by

the reflector edge while the center wave is reflected from the reflector center. Wake

is caused by the non-uniform pressure distribution on the surface and is represented

as the superposition of all the waves reflected from the entire reflector surface. The

behavior of each reflected waves are discussed in this chapter.

Finite element method (FE) is employed in this study to simulate the wave

field in this system. The simulation results visualize the wave field and provide a

better understanding of the propagating waves in this system. The simulated pressure

responses on the reflector axis agree well with the analytical results and thus validate

the analytical solution. Therefore, the analytical solution can be used to study the

focusing effect of a parabolic reflector and more details is provided in the next chapter.

In addition, the analytical solution can further be modified such that it can work with

incident waves having non-planar, non-uniform axisymmetric wavefronts.
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Chapter 5

Optimization of Parabolic Reflector Geometry

Using the Developed Analytical Solution

5.1 Overview

In Chapter 3, it has been shown in the FE numerical simulations that the useful

airborne IE wave generated in an air-coupled IE test has a quasi-planar wavefront and a

relatively small signal amplitude. Parabolic reflectors have long been known to be able

to effectively amplify the signal amplitude of a plane wave [16, 31, 44, 51]. However,

signal amplification of parabolic reflectors depends on different geometries. Therefore,

it is of great interest to determine the reflector geometry that gives the highest focusing

gain. Wahlstrom [58] used the velocity potential to derive an analytical solution in

frequency domain and found the reflector geometry that gives the maximum signal

amplification at the focal point. In this study, a alternative approach (time domain

solution) is used to study the focusing effect along the reflector axis at/near the focal

point.

A time domain analytical solution for estimating the focused axial pressure re-

sponse of a parabolic reflector with a normally incident plane wave is presented in

Chapter 4. This time domain analytical solution is validated with numerical simu-

lations using numerical simulations (FE), and thus it can be used to investigate the

acoustical properties of parabolic reflectors. In this chapter, the focusing effect of

parabolic reflector is intensively studied, and the optimized reflector geometry that

provides the maximum focusing gain is determined accordingly. This information is
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used to design the parabolic reflector for the air-coupled IE test. The parabolic re-

flector with the optimized geometry is expected to provide the maximum IE signal

amplification that yields a high signal to noise ratio (SNR).

5.2 Investigation of Focusing Effect

In this section, the dependance of focusing gain on reflector geometry and the

center frequency of input wave is studied. The analytical solution (Eq. 4.14) is em-

ployed in this parametric study with the use of various parabolic reflector geometries

and input functions. The peak amplitudes of the focused signals obtained at the inter-

ested locations are used to study the focusing effect along the reflector axis. Focusing

gain represents the signal amplification at the focal point due to focusing effect. The

unit of focusing gain is decibel (dB), which is commonly used to describe the relation

between two pressure amplitudes in acoustics and is described as

GaindB = 20 log10

(
P2

P0

)
, (5.1)

where P0 is the pressure amplitude to be compared.

5.2.1 Effects of Reflector Geometry on Signal Amplification at Focal Point

The mathematical description for a parabola is given in Eq. 4.1 as r2 = 4zF z.

An alternative expression for a parabola is z = ar2, where a is a constant and equals

to 1/(4zF ). However, these mathematical expressions are not intuitive as it is difficult

to obtain the characteristics of a parabola by looking at its equation. Therefore, it is

desirable to use another system to describe the parabolic reflectors used in this study.

For a parabola having a fixed aperture size (fixed radius), other systems such as

“rim angle” and “h/zF” can be used to describe the parabola in a more intuitive way.
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h/zF is the ratio of reflector depth and focal length of the parabola, and this expression

clearly shows its relative location to the reflector aperture. The other system, rim angle

(θ), has also been widely used to characterize parabolas and it is shown in Fig. 5.1(a).

The definition of rim angle is defined as the angle between the reflector axis (z axis)

and the imaginary line connecting the focal point and the edge of the parabola as

indicated is Fig. 5.1(a). For a parabola having a rim angle of 90◦, its focal point is

located at the center of the aperture. Figure 5.1(b) shows nine different parabolas

with their rim angles ranging from 30◦ to 150◦ with a 15◦ increment. These parabolas

have the same aperture size (r=10 cm). In this figure, the parabolas are positioned

such that their focal points are located at the same point ([r,z]=[0,0] cm). It can be

observed that when the rim angle is greater than 90◦, the focal point is enclosed by the

parabola (h/zF > 1). On the other hand, when the rim angle is smaller than 90◦, the

focal point is not enclosed by the parabola (h/zF < 1). This illustration can be useful

when the designed parabolic reflector is positioned such that the distance between the

reflector aperture and specimen surface is limited. Both of the two systems are used

in this research, and they can be converted to each other using the following relation

h

zF
=

1− cos θ

1 + cos θ
, (5.2)

where θ represents the rim angle.

5.2.1.1 Signal Amplification and Aperture Size

In this part of study, the dependence of signal amplification on the size of

reflector is investigated. The focal length (zF ) of the reflector is assumed to be fixed

and the changing variable is the height of the reflector (h). In this case, all the parabolic

reflector geometries investigated are described using the same equation for parabola

(r2 = 4zF z with fixed zF ). As a result, a large reflector can be formed by simply

80



(a) (b)

Focus 

Rim angle ( )

h 

z 

rzF

-0.1 0 0.1

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

Radial distance, r (m)

Z
 (

m
)

Rim angle

30

45

60
75
90
105
120

135

150

z

Axis of symmetry

Figure 5.1: Two systems for describing geometry of a paraboloidal reflector: (a)rim
angle and h/zF with a fixed aperture radius, (b)paraboloidal reflectors with different
rim angles ranging from 30◦ to 150◦.

extending the surface of a small reflector. In addition, the aperture size of a parabolic

reflector can also be related to its heights as πr2 = 4πzFh.

The focused pressure response at the focal point can be calculated using Eq. 4.14.

When the input wave function (f(t)) is fixed, the relation between focused pressure

amplitude (p2) and the reflector geometry can be written as

p2
p0

∝ zF ln(h/zF + 1) = zFG1, (5.3)

where G1 is a gain factor and it equals to ln(h/zF +1). Since the focal length is a fixed

value in this case, Eq. 5.3 can be simplified as

p2
p0

∝ G1. (5.4)
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Figure 5.2(a) shows the relation between the gain factor (G1) and reflector

geometry (h/zF ). Basically, the curve shown in this figure is a horizontally shifted

natural logarithm because of the argument (h/zF + 1). As a result, G1 vanishes when

h/zF is zero (ln(1) = 0), and this corresponds to the condition that the reflector

vanishes (h = 0). In this figure, G1 increases as the reflector depth increases. This

is because the area of reflector aperture (πr2 = 4πzFh) increases sequentially as the

reflector becomes deeper and thus more energy is collected by the reflector. It indicates

that increasing the reflector size (aperture size) is an effective way to increase the

focused signal strength at focal point. As a result, the aperture size of the parabolic

reflector used in a test should be as large as possible. However, since the available

space for positioning test equipment is usually limited in practice, a parabolic reflector

with a very large aperture size may not be feasible. Therefore, it would be valuable to

investigate the signal amplification provided by parabolic reflectors with various rim

angles (or h/zF ) for a given aperture size (r is fixed).
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Figure 5.2: Relation between gain factor and different paraboloidal reflectors with (a)
a fixed focal length zF and (b) a fixed reflector radius r.
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5.2.1.2 Signal Amplification and Reflector Height (Fixed Aperture Size)

In this section, the aperture size of the parabolic reflector is fixed (r is fixed)

and the signal amplification at the focal point given by various h/zF is investigated. In

this case, the focal lengths (zF ) of all the parabolas are no longer the same as can be

seen in Fig. 5.1(b). Since the aperture size is a constant, the total energy collected by

each parabolic reflectors is the same, and the reflector geometry (h/zF or rim angle) is

the only factor that would affect the signal amplification.

Given the equation for parabola, r2 = 4zFh, the focal length (zF ) can be repre-

sented with h/zF as r
√
zF/h/2. Substituting the zF in Eq. 5.3 by r

√
zF/h/2, Eq. 5.3

can be written in another from as

p2
p0

∝ r
√
zF/h ln(h/zF + 1) = rG2. (5.5)

where G2 is a gain factor and it equals to
√

zF/h ln(h/zF +1). Since the aperture size

is a fixed value in this case, Eq. 5.5 can be simplified as

p2
p0

∝ G2. (5.6)

Figure 5.2(b) shows the relation between the gain factor (G2) and reflector

geometry (h/zF ). In this figure, the maximum value can be observed around h/zF=4.

In Appendix. A.3, the analytical evaluation shows that the maximum gain occurs at

h/zF=3.92, which agrees with the analysis done by Wahlstrom [58]. The corresponding

rim angle evaluated using Eq. 5.2 is 126.4◦. This indicates that for a given aperture

size, the use of a parabolic reflector having a rim angle of 126.4◦ (h/zF=3.92) gives the

maximum focused pressure amplitude at the focal point.

Figure 5.3(a) shows the normalized G2 in decibel (dB). In this figure, the

G2 given by different h/zF are normalized by the maximum value obtained when
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h/zF=3.92. As a result, the maximum normalized G2 at h/zF=3.92 is zero. To com-

pare the normalized G2 curve with Wahlstrom’s results [58], the horizontal axis labels

are specified such that the values vary as power of two. As can be seen, the circles

shown in this figure agree with the solid line, which corresponds to Wahlstrom’s results

[58]. Both analytical solutions give identical results for focusing gain and show that

a rim angle around 126.9◦ (h/zF ∼= 4) yields the maximum value. According to this

figure, rim angles ranging from 90◦ to 150◦ also give high focusing gains that are less

than 1 dB smaller than the maximum value and are considered efficient.
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Figure 5.3: (a) Normalized signal amplification with respect toG2max at h/zF=3.92, (b)
signal amplification for incident waves with different frequencies (h/λ) and paraboloidal
reflectors with various geometries (h/zF ).

The dependance of signal focusing gain on reflector geometry can be related to

the travel distances of the reflected waves to the focal point. After the reflected waves

(edge wave, center wave and wake) are generated, their signal amplitudes decrease due

to geometric spreading. That is, as these waves travel a longer distance, their wave

energy will evenly distributed over a larger area and thus their peak amplitudes decrease

due to the energy redistribution. For parabolic reflectors with different geometries, the
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travel distance needed for each reflected wave to reach the focal point is different.

As shown in Fig. 5.1(b), the distance between reflector center and the focal point

is shorter for large rim angles than small rim angles. For a rim angle of 90◦, the

distance between the reflector edge and the focal point is the shortest but the distance

between the reflector center and the focal point is not the shortest. For a rim angle

larger than 90◦, although the distance between the reflector edge and the focal point

becomes larger, the distance between the reflector center and the focal point becomes

smaller. As a result, a rim angle of 126.4◦ (h/zF=3.92) reaches a balance such that

the constructive interference of all reflected waves at the focal point gives the greatest

pressure amplitude. On the other hand, for a rim angle of 30◦ (h/zF=0.07), the travel

distances needed for both center wave and edge wave to reach the focal point are the

greatest among all reflectors presented in Fig. 5.1(b). As a result, the G2 for the 30◦

(h/zF=0.07) rim angle is relatively small as shown in Fig. 5.3(a).

5.2.2 Effects of Frequency of Incident Wave on Focusing Gain

The signal amplification (focusing gain) at the focal point can also be affected

by the frequency content of the incident wave. The dependence of signal amplification

on the input frequency can be found by transforming Eq. 4.14 into the frequency

domain as

p2(ω)

p0
= 2jk0zF ln(h/zF + 1)F (ω), (5.7)

where k0 = 2π/λ is the wavenumber of the incident wave, and F (ω) represents the

transformed f(t) after applying the Fourier transform. This equation indicates that

the signal amplification at the focal point is a function of k0zF = 2πzF/λ ∝ zF/λ. As

a result, for a given reflector geometry (fixed h/zF ), the signal amplification at the

focal point varies linearly with zF/λ. Figure 5.3(b) shows the relation between the
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signal amplification and the frequency of the incident wave (zF/λ) for various reflector

geometries (h/zF ). In this figure, in addition to the linear relation between zF/λ and

signal amplification, it can also be observed that the signal amplification increases

with h/zF when zF/λ is fixed. In this case, both the frequency of the incident wave

(1/λ) and the focal length (zF ) of the reflector are fixed. As h/zF increases, the

height of the reflector (h) as well as the corresponding aperture size (πr2 = 4πzFh)

increase accordingly. Therefore, more energy is collected by the parabolic reflector as

its h/zF increases, and higher signal amplification can be obtained at focal point. This

observation is consistent with the results shown in Fig. 5.2(a). The results presented

in Fig. 5.3(b) agree with that reported by Wahlstrom [58]. Note that the analytical

solution presented in this study is derived using geometrical acoustics and thus the

assumption of ka ≫ 1 has to be met to obtain a precise estimation.

5.2.3 Effects of Rim Angle on Focusing Gain on Reflector Axis

When a parabolic reflector is used to collect the energy of an incident plane

wave, the sensor should be ideally placed at the focal point where the maximum signal

amplification occurs. However, an error can possibly happen during the installation

process such that the sensor is placed at a location close to but not at the focal point.

As a result, it is of great interest to understand the signal amplification near the focal

point as well.

In this section, the signal amplification along the reflector axis is studied. Five

different reflector geometries are investigated, and they all have an aperture size of 10

cm (r=10 cm). The rim angles investigated are 30◦, 60◦, 90◦, 120◦ and 150◦. The layout

of these parabolic reflectors can be found in Fig. 5.1(b). Two sets of incident plane

waves are employed in this study to show the relation between the on-axis focusing gain

and input frequency of incident wave. These plane waves have a single-cycle sinusoidal
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waveform but with different input frequencies, 20 kHz and 100 kHz. The waveforms

are similar to that shown in Fig. 4.4(b) but with different wave durations (T ).

Figures 5.4(a) and 5.4(b) present the on-axis signal amplifications near the focal

point for two input frequencies (20 kHz and 100 kHz). In each figure, the five curves

represents five different rim angles investigated. The reported signal amplification is

relative to the peak pressure amplitude of the incident plane wave and is in decibel

(dB). The horizontal axis represents the location of an observation point relative to the

focal point. A negative offset distance indicates that the observation point is located

before the focal point (between focal point and reflector center) while a positive offset

distance means the observation point is located beyond the focal point (between focal

point and source plane). When the offset distance equals to zero, the observation point

is located at the focal point. As can be seen, some curves have missing data points

when the axial offset towards the reflector center is large (for example, 120◦ curve in

Fig. 5.4(a) ). This is because the distance between the focal point and the reflector

center is small for large rim angles (Fig. 5.1(b) ) and thus the available axial offset

distance is limited. The investigated offset distance ranges from +4 cm to −4 cm since

minor signal amplification is expected beyond this range.

The dependence of on-axis signal amplification on rim angle is first studied. As

can be seen in both figures, the maximum signal amplification in both figure occurs at

the focal point (offset=0 cm) as expected. The signal amplification decreases as the

observation point moves away from the focal point and the decreasing rate depends on

rim angles. The focusing gain at the focal point of a small rim angle (30◦ for example) is

relatively small compared to other rim angles but its signal amplification drops slower

and thus results in a wider focal zone. On the other hand, a rim angle of 120◦ (close

to 126.4◦) gives the highest focusing gain at the focal point, but the off-focus signal

amplification drops rapidly and thus results in a narrow focal zone. As shown in both
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Figure 5.4: Axial signal amplification (near-focus region) given by paraboloidal re-
flectors with the same aperture radius 10 cm but different rim angles. Results from
two input frequencies: (a) 20 kHz and (b) 100 kHz are presented. The focal point
corresponds zero offset on the horizontal axis.

figures, the focal zone becomes narrower as rim angle increases from 30◦ to 120◦ and

becomes wider again as rim angle keeps increasing from 120◦ to 150◦. Although a

rim angle of 120◦ gives the highest focusing gain at the focal point, the focusing gain

drops rapidly as the observation point moves away from the focal point. Therefore, in

practice, the air-coupled sensor has to be placed precisely at the focal point when a

parabolic reflector having a rim angle close to 120◦ is used.

On-axis signal amplification also depends on input frequency of the incident

wave as can be observed in Fig. 5.4(a) and 5.4(b). As the input frequency increases

from 20 kHz to 100 kHz, the energy of the reflected waves better concentrates to the

focal point and thus the signal amplification near the focal point increases significantly.

However, the signal amplification drops faster (100 kHz case) as the observation point

moves away from the focal point. For a given rim angle, the signal amplification curve

in Fig. 5.4(b) is sharper than the corresponding curve in Fig. 5.4(a). This indicates
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that a higher input frequency gives a higher focusing gain at the focal point and a

sharper signal amplification curve. In Fig. 5.4(b), the signal amplification for 90◦ rim

angle drops below 0 dB when offset distance is greater than 3 cm. The negative focusing

gain in decibel (dB) indicates that the constructive interference of the reflected waves

is so weak that the peak amplitude of the combined wave is smaller than that of the

incident plane wave.

Figures 5.4(a) and 5.4(b) show that both rim angle and input frequency sig-

nificantly affect the on-axis signal amplification near focal point. A rim angle close

to 120◦ gives high focusing gain at the focal point and a sharp on-axis signal ampli-

fication curve. Moreover, a high input frequency further narrows the focal zone and

results in a much sharper on-axis signal amplification curve. The variation of the signal

amplification along the reflector depends on the arrival times of the reflected waves as

well as the wave frequency. To show how these two factors affect the on-axis signal

amplification, four time-domain signals obtained near the focal points of four different

parabolic reflectors are investigated.

Figures 5.5(a-d) show the normalized time domain signals obtained 2 cm beyond

the focal point for various rim angles (30◦, 60◦, 120◦ and 150◦). The input waveform is

a single cycle sinusoidal wave with a wave frequency of 20 kHz. In Fig. 5.5(a), the on-

axis signal given by a 30◦ rim angle reflector has a waveform very similar to the focused

signal obtained at the focal point as shown previously in Fig. 4.2(c). Figure 5.5(b) also

shows another waveform similar to the focused waveform, which is the derivative of

the input sine function. However, the negative peak is much greater than the positive

peaks in this case. In both figures, the three reflected waves (center wave, edge wave,

and wake) almost arrive the observation points at the same time and thus cannot be

clearly differentiated. This indicates that the 2 cm offset from the focal point has very

little impact on their travel distances as well as the travel times. As can be seen in
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Fig. 5.1(b), for a reflector having a 30◦ rim angle and a aperture radius of 10 cm, the

extra travel distance (compared to the distance needed for a wave to reach the focal

point) needed for the center wave to reach the offseted observation point is 2 cm, and

1.76 cm for the edge wave (
√
(10

√
3 + 2)2 + 102 − 20 = 1.755 cm). As a result, after

the edge wave arrives the observation point, the center wave needs additional 7 µs

to arrive the same location. The wake arrives between the arrival of center and edge

wave. Since the 7 µs delay in arrival time is very small, the resulting time domain

signal in Fig. 5.5(a) is very similar to the focused signal obtained at the focal point.

For the reflector having a 60◦ rim angle and a aperture radius of 10 cm, the extra travel

distance required for the center wave to reach the offseted observation point is again

2 cm (along reflector axis). In this case, the extra travel distance needed for the edge

wave to reach the offseted observation point is 2.37 cm. As a result, after the center

wave arrives the observation point, the edge wave needs additional 10.9 µs to arrive

the same location. For an input frequency of 20 kHz, the corresponding wave period

is 50 µs. Although an arrival time difference of 10.9 µs is small compared to the input

wave period, the reflected waveform shown in Fig. 5.5(b) shows a noticeable mismatch

when comparing to focused wave in Fig. 4.2(c). Since the arrival times of the reflected

waves are pretty close, constructive interferences can be observed in Fig. 5.5(a) and

5.5(b). Therefore, the focal zone of these two reflectors are wider as indicated in Fig.

5.4(a).

Figure 5.5(c) shows the reflected waveform given by the reflector with a rim

angle of 120◦. In this figure, the three reflected waves can be clearly identified because

the arrival times of these waves arrive are quite different. For a reflector having a 120◦

rim angle and a aperture radius of 10 cm, the extra travel distance (compared to the

distance needed for a wave to reach the focal point) needed for the center wave to reach

the offseted observation point is 2 cm, and -0.86 cm for the edge wave. A negative extra
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Figure 5.5: Time-domain signals obtained at 2 cm beyond focal point given by rim
angle of: (a)30◦, (b)60◦, (c)120◦, (d)150◦.

travel distance means the travel distance is shorten and the observation point is closer

to reflector edge than the focal point is. As a result, after the edge wave arrives the

observation point, the center wave needs additional 83.4 µs to arrive the same location.

Since the wave period for the 20 kHz incident wave is 50 µs, the edge wave and center

wave do not overlap and thus these reflected waves can be clearly distinguished in Fig.

5.5(c). In this condition, the constructive interference of these reflected waves is very

limited and the pressure amplitude of the resulting waveform is small. Figure 5.5(d)

shows the reflected waveform given by the reflector with a rim angle of 150◦. For this

deeper reflector (150◦ rim angle), the extra travel distance needed for the center wave

to reach the offseted observation point is 2 cm, and -1.7 cm for the edge wave. In this
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case, the edge wave arrives the observation point first then reaches the focal point.

After the edge wave arrives the observation point, the center wave needs additional

108 µs to arrive the same location, and thus a noticeable difference in arrival times

can be observed in Fig. 5.5(d). In this condition, the travel distances of the reflected

waves have a relation such that the constructive interference between the edge wave

and wake is higher compared to that in Fig. 5.5(c).

Note that the input frequency used in Fig. 5.5 is 20 kHz, which results in a

wave period of 50 µs. For a higher input frequency such as 100 kHz, the corresponding

wave period is 10 µs. Therefore, if the 100 kHz input frequency is used in the above

study (Fig. 5.5(a-d)), less constructive interference between the reflected waves can

be expected because the reflected waves have less chance to overlap each other. As a

result, the focused pressure amplitude drops rapidly once the observation point moves

away from the focal point and results in a sharp signal amplification curve as well as a

narrow focal zone shown in Fig. 5.4(b). Therefore, an incident plane wave with a high

input frequency results in a narrow focal zone.

5.3 Optimization of Reflector Design

The study in the previous section shows that the focusing gain at the focal point

increases as a shifted natural logarithm function as the aperture size of the reflector

increases (Eq. 5.4 and Fig. 5.2(a). This suggests that a large parabolic reflector

should be used in the air-coupled IE test to obtain a strong focused signal. However,

the available space is usually limited in practice and thus it is not realistic to employ

a vary large parabolic reflector. Therefore, when the largest possible reflector aperture

size is used, a reflector having a rim angle of 126.4◦ (h/zF=3.92) is suggested in Fig.

5.2(b) to achieve the maximum focusing gain at the focal point. As indicated in Fig.

5.4, the on-axis signal amplification given by a 120◦ rim angle drops rapidly as the
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observation point moves away from the focal point. This shows that when working

with a parabolic reflector having a rim angle of 126.4◦, it is very important to precisely

place the microphone at the focal point, especially when collecting plane waves with

high wave frequencies.

5.4 Chapter Summary

In this chapter, the acoustical properties of parabolic reflectors are investigated.

The analytical solution presented in Chapter 4 for predicting the reflected pressure re-

sponse along the reflector axis is employed to study the on-axis signal amplification.

First, the relation between the focusing gain at the focal point and the reflector ge-

ometry is studied. The results indicates that the focusing gain increases as reflector

aperture increases because more energy is focused. In addition, a rim angle of 126.4◦

(h/zF=3.92) is shown to be the most efficient geometry that gives the highest focusing

gain for a given aperture size. This finding is consistent with Wahlstrom’s study, which

utilizes a different approach [58]. The relation between the focusing gain and the input

frequency is studied as well. The results show that, for a given reflector geometry, the

focusing gain at the focal point increases linearly with the input frequency.

Aside from the focusing gain at the focal point, the off-focus signal amplification

along the reflector axis is also studied. The results show that for a rim angle close to

120◦, the signal amplification drops rapidly as the observation point moves away from

the focal point and results in a narrow focal zone. On the other hand, for a small

rim angle, the off-focus signal amplification drops slowly and thus results in a wide

focal zone. In addition, a higher input frequency further narrows the focal zones of all

reflectors because less constructive interference can be achieved with the shorter wave

period and wavelength of the reflected waves.

Given the acoustical properties provided in this chapter, a strategy for opti-
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mizing the design of the parabolic reflector is presented. Since the available space

for the parabolic reflector is usually limited, the largest possible reflector size and the

most efficient rim angle (126.4◦) should be used. Moreover, the microphone should be

precisely located at the focal point to maximize the signal amplification. In addition,

parabolic reflectors with rim angles between 90◦ to 150◦ are also considered effective.
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Chapter 6

Numerical Study for Focused Spark Source

6.1 Overview

In the previous chapter, the geometry of the parabolic reflector used for air-

coupled sensing has been optimized such that the signal amplification at the focal

point is maximized for a given incident wave. To further increase the test speed of

IE method and enable completely non-contact air-coupled IE test, an air-coupled ex-

citation technique for concrete NDT is proposed and investigated in this chapter. In

the air-coupled excitation research, a spark source together with an ellipsoidal reflector

are employed to serve as the source for exciting Lamb waves in a concrete plate. The

working concept is similar to that of extracorporeal shock wave lithotripsy (ESWL) for

breaking kidney stone [12]. A high-amplitude spark source is placed at one focal point

of the ellipsoidal reflector and the energy of the generated spherical wave is focused

to the other focal point, where the target (expected impact location) is located [8, 64].

The major difference between the two applications is the medium used for support-

ing the traveling shock waves. In lithotripsy, shock wave travels in water, which has

an acoustic impedance close to human body. Air is the medium used in air-coupled

IE test. The huge difference in acoustic impedance between air and concrete makes

the shock wave energy difficult to be transmitted. As a result, the efficiency of the

air-coupled source used in this study is lower compared to lithotripsy.

To increase the efficiency of the spark source, a study is conducted to determine

the geometry of the ellipsoidal reflector that gives the highest focusing gain. Wright et
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al. [64] experimentally investigated the dependence of focusing gain on reflector geom-

etry. The same spark generator and reflectors were used in their research and thus the

reported experimental results can be referenced in this study. Hamilton [28] developed

an analytical solution to the focused response along the axis of an ellipsoidal reflector

based on linear acoustic analysis. A numerical computer code (KZKTexas [1]) that

solves the KZK equation and accounts for the nonlinearity of air has been developed

by Lee and Hamilton [14, 39, 40]. This numerical computer code is employed in this

dissertation. The goal of this chapter is to optimize the geometry of the ellipsoidal

reflector to maximize the amount of focused wave energy input into the concrete plate.

As the input energy increases, the amplitude of the IE resonance of the concrete plate

increases accordingly as well as wave amplitude of the resulting airborne IE wave.

In this chapter, the acoustical properties of ellipsoidal reflectors are first stud-

ied using the analytical solution [28] and numerical simulations with linear acoustic

models. The FE simulations also visualize the wave fields in air to provide a better

understanding of the acoustic excitation system. Energy dissipation is not considered

in these linear analyses and the reflector geometry is the only factor that affects the

focused wave. After the focusing properties of ellipsoidal reflectors are understood,

material nonlinearity and other energy dissipating mechanisms are considered. The

nonlinear numerical computer code (KZKTexas [1]) is used to predict the nonlinear

propagation of the focused waves. The dependence of focusing gain on reflector geom-

etry such as reflector size and eccentricity are studied. With the linear and nonlinear

analyses, the specific geometry that gives the highest IE wave excitation capability can

be determined. The proposed reflector geometry would be validated experimentally in

the future.
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6.2 Air-Coupled Excitation Using Focused Spark Source

6.2.1 Spherical Wave Generation Using Spark Source

To achieve a fully non-contact air-coupled IE test, a focused spark source with

an ellipsoidal reflector is employed in this research. The spark source consists of three

electrodes as shown in Fig. 6.1. Two of these conducting electrodes have a voltage

about 3000 V with high energy. These two electrodes are spaced with a small gap such

that electric sparks can be formed between their tips. However, if this tip spacing is

too small, electric sparks will be generated automatically once their voltage difference

exceeds the breakdown voltage of this gap [45]. To have a better control of the spark

source, this tip spacing is set in a distance so that the spark will not be spontaneously

generated, and a triggering electrode having a much higher voltage (with low energy)

is placed in the middle of the gap to initiate sparks. When the triggering electrode

is electrified, the electric field strength exceeds the dielectric field strength of air and

a spark is formed [47]. The generated spark has a spherical wavefront and N-shaped

waveform that contains a large amount of energy [64]. The wave energy is used to

excite the Lamb waves (especially IE waves) in the concrete plate.

Figure 6.1: The electric spark source used in an air-coupled IE test. The spark source
consists of two high voltage electrodes (for spark generation), one low voltage electrode
(trigger) and a voltage conditioner
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6.2.2 Overview of Focusing Mechanisms of An Ellipsoidal Reflector

It has long been known that an ellipsoidal reflector has an unique geometry

such that the sound (or light) rays emitted from one of its two focal points would be

reflected to the other. Figure 6.2 shows an ellipse with an eccentricity of 0.8. The

basic parameters that describe an ellipse are semi-major axis (a), semi-minor axis (b)

and eccentricity (e), and the relation between them is e =
√

1− b2/a2. The distance

between the two focal points is 2ea. Figure 6.3(a) shows an example for an ellipsoidal

reflector having an eccentricity of 0.8. This reflector has a depth (d) such that the far

focus is located at the center of the aperture. The normalized depth is d/a = 1+ e. To

enable a non-contact excitation, a depth with d/a < 1 + e is necessary. In this study,

the focal point where the electric spark (source of input spherical wave) is located

is denoted as “near focus” and the other focal point where all the reflected waves

would pass through simultaneously is denoted as “far focus”. This terminology is the

same as that used by Hamilton [28] in the derivation of the transient axial solution

for ellipsoidal mirrors. Figure 6.3(b) shows three ellipsoidal reflectors having the same

semi-major axis (20 cm) but different eccentricity (0.3, 0.7 and 0.9). The near focus (n)

and far focus (f) for each reflector are presented. For example, point “n3” is the near

focus of the reflector with e=0.3. As can be seen in this figure, for a given semi-major

axis, the reflector becomes more slender and the distance between the two focal points

increases as eccentricity increases. On the other hand, the two focal points becomes

closer as eccentricity decreases and finally overlap when e=0, which is the eccentricity

of a sphere. Figure 6.3(c) shows three ellipsoidal reflectors having the same semi-minor

axis (10 cm) but different eccentricity (0.3, 0.7 and 0.9).

An ellipsoidal reflector is employed to focus the spherical airborne wave gener-

ated by the spark source to the far focus. The ellipsoidal reflector is positioned such

that its far focus is located on the surface of the concrete plate. Therefore, the focused
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Figure 6.2: An ellipse with an eccentricity of 0.8 (e=0.8).

wave at the far focus can be used to excite the Lamb waves in the plate. This technol-

ogy is similar to the extracorporeal shock wave lithotripsy (ESWL), which is used to

break the kidney stone inside human body [12]. However, the medium used to support

shock waves generated by lithotripsy is water instead of air, and these two media have

very different acoustical properties [9]. Hamilton [28] developed an analytical solution

for predicting the focused pressure response along the axis of the ellipsoidal reflector.

Hamilton’s solution shows that the pressure response focused by an ellipsoidal reflector

consists of edge wave, center wave and wake. These three waves are initiated from the

reflector edge, center and the entire reflector surface, respectively. Any pressure re-

sponse obtained along the reflector axis is the superposition of these three waves. This

linear solution gives a good understanding of the behavior of the waves focused by an

ellipsoidal reflector. Lee and Hamilton [39, 40] developed a time domain computer code

(KZKTexas [1]) that solves the KZK equation, which accounts for nonlinear effects of

the medium, and investigated the nonlinear propagation of sound beams. KZKTexas is

employed in this research to study the nonlinear behavior of the focused sound waves.

Averkiou and Cleveland [8] utilize the weak shock theory together with KZKTexas

computer code to model the nonlinear propagation of the focused waves generated by
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electrohydraulic lithotripters. The same approach is employed in this research to model

the nonlinear propagation of focused waves in air. Wright et al. [63, 64] experimentally

investigated the focused pressure responses given by the focused spark source. Their

experimental results are used in this research to configure the KZKTexas code.

Figure 6.3: (a) An ellipsoidal reflector having an eccentricity of 0.7 (e=0.7). The far
focus is located at the center of reflector aperture and the resulting d/a ratio is 1 + e.
(b) three ellipsoidal reflectors having the same semi-major axis (20 cm) but different
eccentricity (0.3, 0.7 and 0.9). The near focus (n) and far focus (f) of each reflector
are presented. (c) three ellipsoidal reflectors having the same semi-minor axis (10 cm)
but different eccentricity (0.3, 0.7 and 0.9).

6.2.3 Acoustic Properties of Focused Waves

For a focused sound wave, its pressure amplitude and beam directivity are

the two critical acoustic properties that would significantly affect the efficiency of the

focused spark source. Hamilton’s work [28] gives clear explanations about the pressure

amplitude and directivity of a focused sound wave focused by an ellipsoidal reflector.

His conclusions are reviewed in this section.

The focused pressure amplitude corresponds to the amount of energy contained

in the focused wave and it is determined by the focusing gain factor of the reflector for
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a give input frequency. Beam directivity indicates the amount of wave energy travels

along the reflector axial direction. Hamilton’s analytical solution [28] gives the focused

pressure response at the far focal point (Eq. 30 in [28]) as

p = p0F
r0
c0

d

dt
f

(
t− 2a

c0

)
, (6.1)

where

F =
1− e2

2e
ln

(
a+ ed/(1− e)

a− ed/(1 + e)

)
, (6.2)

p0 is the pressure amplitude measured at a distance r0 from the near focal point, f(t)

is arbitrary input function. Equation 6.2 indicates that the focusing gain factor (F ) is

a function of reflector eccentricity (e) and the normalized depth (d/a).

Directivity of a focused sound beam can be understood using the ray theory,

which idealizes the sound waves as a group of rays. After passing through the far

focus, the reflected sound waves keep propagating and form a spherical wavefront. The

energy distribution on the spherical wavefront is not uniform for an ellipsoidal reflector

having a non-zero eccentricity (i.e. not spherical). Figure 6.4 shows the sound rays

within two ellipsoidal reflectors having eccentricities of 0.3 and 0.7, respectively. At the

near focus, the sound rays generated by a point source form a spherical wavefront that

has a uniform pressure distribution and an identical sound ray density around the point

source. In this figure, the outgoing sound rays around the near focus have the same

angular spacing, which represents an uniform ray density. After the reflected sound

rays pass through the far focus, another spherical wavefront is formed at the far focus

as shown. For the outgoing rays around the far focus, the density of these rays around

the far focus is not uniform as can be observed. For the ellipsoidal reflector with an

eccentricity of 0.7, reflected sound rays travel in directions close to the reflector axial
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direction. As a result, this focused sound wave is more directional (in the positive z

direction) than that focused by the reflector with an eccentricity of 0.3. In an extreme

case where the eccentricity of the reflector is zero (a spherical reflector), the near and far

focus overlap each other and the reflected ray density around the focal point is identical

in all directions. For stress wave excitation in a concrete plate, a directional source

in the vertical direction is preferred. Therefore, the reflector with a high eccentricity

would be efficient for the air-coupled IE test.

e: 0.7 e: 0.3

Figure 6.4: Propagation of idealized sound rays (ray theory) within two ellipsoidal
reflectors having eccentricities of 0.3 and 0.7. The dashed lines are the spherical waves
generated by the spark source and are evenly spaced round the near focus to represent
an uniform pressure distribution. The solid lines are the reflected waves reflected from
the reflector surface and they pass through the far focus simultaneously. The density
of the sound rays indicates that the focused sound beam is more directional (higher
ray density in the axial direction) as eccentricity increases.

Hamilton studied the directivity of the focused sound wave using geometrical

acoustics approximation (Eq. 15 in [28])
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Figure 6.5: Directivity function for reflected pressure field predicted using geometrical
acoustics [28].

D(θ) =

(
1 +

4e sin2(θ/2)

(1− e)2

)−1

, (6.3)

where θ represents the angle to the reflector axis and θ=0 represents the positive z

direction. For an extreme case where e=0 (spherical reflector), D(θ) equals to one for

every angle. This indicates the reflected wave is omni-directional after passing the far

focus and the energy is uniformly distributed. Figure 6.5 shows the directivity function

for reflected pressure fields given by reflectors with different eccentricities. In this figure,

as the eccentricity increases, the focused sound wave becomes more directional given a

large amount of wave energy travels in the axial direction. On the contrary, when the

eccentricity decreases, the focused sound wave becomes less directional as more wave

energy travels in other directions.
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6.3 Investigation of Acoustic Properties of Focused Wave Us-
ing Linear FE Simulation

Finite element method (FE) is employed to model the reflected wave field in

air focused by the focused spark source. Several ellipsoidal reflectors with different

geometries are modeled to investigate their focusing properties when a input spherical

waves is initiated at the near focus. A parametric study is performed to determine the

dependence of focusing gain on the eccentricity and the size of ellipsoidal reflectors. In

addition, directivity of the focused sound beam given by different reflector geometries

is also studied numerically. Both focusing gain and directivity are important acoustic

properties of an ellipsoidal reflector. Focusing gain determines the peak pressure am-

plitude of the focused wave at the far focus and the directivity of the focused sound

beam determines the amount of the focused wave energy input to the concrete plate.

In this section, the medium (air) used in the FE models is assumed lossless, and the

focused pressure response is mainly determined by the reflector geometry for a given

input spherical wave.

In numerical simulations, 2D axisymmetric models are used to save the com-

putation time and effort. Each 2D axisymmetric model consists of a rectangular air

domain and an ellipsoidal reflector as shown in Fig. 6.6(a). The resulting model in

three-dimensional space is a thin-wall ellipsoidal reflector located at the center of an air

column. An absorbing acoustic layer is used on the edge to avoid wave reflections from

the boundaries of the air column. Linear axisymmetric triangular solid elements are

used in the ellipsoidal reflector (CAX3) and linear axisymmetric triangular acoustic el-

ements are used in air (ACAX3) domain. For the part of air domain where the reflected

waves would pass through before reaching the far focus, a mesh size of 0.5 mm is used

to precisely capture the propagation of the focused waves. This mesh size (0.5 mm)

is determined by the benchmark simulation presented in Chapter 3. A larger mesh
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size of 5 mm is used elsewhere where the wave propagation is not of interest. Material

properties used for air are: density (ρ)=1.21 kg/m3 and Bulk modulus (B)=1.42E5 Pa,

and the resulting compression wave velocity (c0) is 343 m/s. Material properties used

for aluminum are: density (ρ)=2700 Kg/m3, Young’s modulus (E)=7.1E10 Pa and

Poisson’s ratio (ν)=0.33. A spherical wave having a single cycle sinusoidal waveform

is excited at the near focus of the ellipsoidal reflector at t=0 s. Different wave dura-

tions (T ) are used in the parametric study of reflector geometry. When investigating

stress wave excitation using focused spark source, a rectangular domain representing

the concrete plate is attached at the bottom of the air domain such that the far focus

of the ellipsoidal reflector is located on the plate surface as shown in Fig. 6.6(b). To

ensure good contact between the air and concrete domain, a finer mesh size (0.5 mm)

is specified along the top surface of the concrete plate. For the deeper region in the

concrete plate (from bottom surface to 1 cm beneath the top surface), a lager mesh

size of 2 mm is used. A layer of infinite element (CINAX4) is used on the periphery

of the circular plate to avoid wave reflection from the plate boundary. The material

property of concrete is specified in Table 3.1.

6.3.1 Effects of Eccentricity on Focusing Gain

According to Eq. 6.2 [28], for ellipsoidal reflectors with d/a = 1 + e (i.e. far

focus is located at the center of the reflector aperture), the eccentricity that gives the

maximum F can be found by setting ∂F/∂e equal to zero,

∂F

∂e
=

(1 + e)2

e(1 + e2)
− 1 + e2

2e2
ln[

1 + e2

(1− e)2
] = 0, (6.4)

and finding the root. Numerical root finding shows that an eccentricity of 0.395

(e=0.395) gives the maximum focusing gain for a given input spherical wave. Note

that when a different d/a ratio is specified, the eccentricity that gives the highest fo-
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Figure 6.6: Two 2D axisymmetric FE models for studying the acoustic properties of
ellipsoidal reflectors. The simulated reflector geometries are determined based on the
research plan. A spherical wave having a single cycle sinusoidal waveform is excited at
the near focus in each model. The measured data are: (a) focused pressure response
at the far focus of the ellipsoidal reflector, (b) plate surface acceleration at the center
(on the axis of symmetry) of the top and bottom plate surface. Note that the far focus
of the ellipsoidal reflector in model (b) is located on the plate surface.

cusing gain would be different. In addition, for any given reflector eccentricity (e fixed),

the focusing gain factor increases as d/a increases because more reflector surface area

is involved. In this research, since the far focus of the ellipsoidal reflector is located

on the plate surface to allow non-contact air-coupled excitation, and a gap between

the reflector aperture and plate surface is needed. To obtain a high focusing gain, a

d/a ratio close to but smaller than 1 + e would be used in this research, and thus an

eccentricity of 0.395 would still be considered as the most efficient.

In this section, the dependence of focusing gain on reflector eccentricity is stud-

ied using FE simulations. Five reflector eccentricities (0.3, 0.395, 0.5, 0.6, 0.7) are

investigated. The peak amplitudes of focused pressure response obtained at the far fo-
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cus of each reflector are compared. In each simulation, the modeled ellipsoidal reflector

has the same semi-major axis of 14 cm (a=14 cm) such that the acoustic waves in each

model travel the same distance, 2a, before reaching the far focus. All reflectors have

the same d/a ratio of 1 + e. The semi-minor axis (b) of the reflectors is determined by

the selected eccentricity and semi-major axis as

b = a
√
1− e2, (6.5)

where e represents the reflector eccentricity, a is the length of the semi-major axis of

the ellipsoidal reflector, and b is the length of the semi-minor axis.
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Figure 6.7: Normalized simulated (circles) and analytical (solid line, Eq. 6.2 [28])
peak pressure amplitudes given by ellipsoidal reflectors having the same d/a ratio
(d/a = 1 + e) but different eccentricities. Five ellipsoidal reflectors (e=0.3, 0.395, 0.5,
0.6 and 0.7) are simulated numerically, and these reflectors have the same semi-major
axis of 14 cm (a=14 cm).

Figure 6.7 shows the normalized peak pressure amplitudes obtained at the far
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focus of each reflector. The recorded peak pressure amplitudes are normalized by the

highest value, which is given by the reflector having an eccentricity of 0.395. For a

given input wave function, the focused pressure amplitude is linearly proportional to

the focusing gain of the reflector. Therefore, the normalized focusing gain also shows

the same relation. As can be seen in this figure, this simulation results agree well with

Hamilton’s prediction for focusing gain (Eq. 31 in [28]). The simulated focusing gain

has the highest value when the eccentricity equals to 0.395, and drops with increasing

eccentricity. For eccentricities close to 0.395 such as 0.3 and 0.5, high focusing gains

(around 98.6% of the highest value) are also observed. In addition, for eccentricities

ranging from 0 to 0.7, the focusing gains predicted using Eq. 6.2 are above 80% of the

highest value obtained at e=0.395.

Since the efficiency of the spark source for exciting stress waves in a concrete

plate is also related to the directivity of the focused sound beam, the eccentricity of

0.395 may not be necessary to give the highest excitation as this point. The directivity

of the ellipsoidal reflectors will be studied in the following section.

6.3.2 Effects of Reflector Size on Focusing Gain

In this section, the dependence of focusing gain on reflector size in a linear

system is studied. It has been known that in order for a reflector to effectively reflect

the incident waves, the kr value (or r/λ) cannot be too small [10], where k is the

wavenumber of the input wave and r is the smallest radius of curvature of the ellipsoid.

An input spherical wave having a single-cycle sinusoidal waveform and a wave frequency

of 10 kHz is generated in the near focus. The resulting wavenumber of the input wave

is 183.2 m−1. Five ellipsoidal reflectors having different major axes (14, 7, 3.5, 2 and

1 cm) and the same eccentricity (e=0.395) are investigated. The resulting kr value

for these three reflectors are 21.6, 10.8, 5.4, 3,1 and 1.5, respectively. Each simulated
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reflector has a d/a ratio (reflector depth/semi-major axis) of 1 + e such that the far

focuses is located at the center of the reflector aperture.
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Figure 6.8: Pressure responses obtained at the far focus of three ellipsoidal reflectors
having the same eccentricity of 0.395 and d/a ratio of 1.395 (1 + e). The semi-major
axes investigated are 14 cm (dotted line), 7 cm (dashed line) and 3.5 cm (solid line),
and the corresponding kr values are 21.6, 10.8 and 5.4. The spherical wave excited at
the near focus has a single cycle sinusoidal waveform and a frequency of 10 kHz.

Figure 6.8 shows the time domain signals of focused waves obtained at the far

focus of the three reflectors with different sizes (a=14, 7 and 3.5 cm). In this figure,

the three focused waves have almost the same waveform and pressure amplitude. The

simulation results show that ellipsoidal reflectors having different sizes (semi-major and

semi-minor axis) still give the same focused pressure responses if their eccentricities

and d/a are the same. This conclusion agrees with Hamilton’s linear analytical solution

[28]. Note that when kr decreases to 5.4 (r/λ=0.86, reflector with a semi-major axis

of 3.5 cm), a clear focused waveform with the same focusing gain is observed. Figure

6.9 shows the focused time domain signals given by three smaller reflectors with semi-
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C:\Users\mariotsai\Desktop\NIST\III-KZK\FEM_ytt\Ellipse_size_effect\ Figure 6.9: Pressure responses obtained at the far focus of three ellipsoidal reflectors
having the same eccentricity of 0.395 and d/a ratio of 1.395 (1 + e). The semi-major
axes investigated are 3.5 cm, 2 cm and 1 cm, and the corresponding kr values are 5.4,
3.1 and 1.5. The spherical wave excited at the near focus has a single cycle sinusoidal
waveform and a frequency of 10 kHz.

major axes of 3.5, 2 and 1 cm, respectively. Note that the same time domain signal

given by a=3.5 cm reflector is shown again in this figure as a reference. In this figure,

the pressure signal given by the reflector having a semi-major axis of 2 cm is similar

to that of the reference signal (a=3.5 cm). However, it can be seen that the focused

signal is interfered by the direct wave because the reflector size is very small. The

distance between the two focal points (1.58 cm) is close to the travel distance required

for a sound wave to reach the far focus (2a=4 cm), so these waves overlap each other

as expected. For the smallest reflector (a=1 cm), the focused signal is significantly

distorted. The size of this reflector is very small compared to the wavelength of the

airborne waves (λ=3.43 cm) and thus significant wave interferences occur within the

reflector.
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In Fig. 6.8 and 6.9, the reflectors with kr > 5 give very similar focused waveform

at the far focus. For those reflectors with smaller kr values, the direct wave interferes

with the focused waves and results in distorted waveforms. The lower bound kr value

that avoids the overlap between the direct wave and focused wave can be derived

analytically. The distance required for the generated sound wave to reach the far

focus is 2a, and the corresponding travel time is 2a/c0 where c0 is the wave speed in

air. The distance between the two focal points is 2ea. The wavelength of the input

wave is denoted as λ. At the moment when the focused wave arrives and the direct

wave completely passes the far focus simultaneously (travel distance for direct wave is

2ea+ λ), the required travel time can be written as

2a

c0
=

2ea+ λ

c0
→ λ = 2a(1− e). (6.6)

Denote r as the smallest radius of curvature, and it can be written as b2/a (measured at

reflector vertex). As a result, kr can be rewritten as 2πb2/λa. The semi-minor axis (b)

of the ellipsoid can be expressed using semi-major axis and eccentricity as a
√
1− e2.

Therefore, kr can be written as

kr =
2πb2

λa
=

2πa

λ
(1− e2). (6.7)

Substituting Eq. 6.6 into Eq. 6.7, kr can be written as

kr =
2πa

2a(1− e)
(1− e2) = π(1 + e). (6.8)

Therefore, for a reflector with kr ≤ 1 + e, the direct wave overlaps the reflected wave

and results in a distorted focused waveform. For example, the reflector having an

eccentricity of 0.395 and a semi-major axis of 3.5 cm, the resulting kr value is 5.4 for
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an input wave of 10 kHz. According to Eq. 6.8, the kr is larger than π(1 + e) and

thus the focused wave is not interfered. On the other hand, for the reflector having a

semi-major axis of 2 cm, the resulting kr value is 3.1 and is smaller than π(1 + e). As

a result, the direct wave overlaps the focused wave as shown in Fig. 6.9. For an input

wave with a very long wavelength (very small kr compared to π(1 + e)), secondary

reflections and diffractions of the focused wave from the reflector surface and edge

would be generated and interferes with the focused wave. As a result, the focused

waveform would further be distorted and the focusing effect is decreased.
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Figure 6.10: Pressure responses obtained at the far focus of an ellipsoidal reflectors
having an eccentricity of 0.7 and a semi-major axis of 7 cm. The spherical wave
excited at the near focus has a single cycle sinusoidal waveform. Two input frequencies
(5 kHz and 10 kHz) are used, and the corresponding kr values are 6.5 and 3.2.

Figure 6.10 shows another case where a reflector having an eccentricity of 0.7

and a semi-major axis of 7 cm is used. Two input frequencies, 10 kHz and 5 kHz,

which result in kr values of 6.5 and 3.2 are used. The kr limit calculated using Eq. 6.8
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is π(1+0.7) = 5.34. When a 10 kHz wave is used, the resulting kr is greater than 5.34

so the focused wave is complete and not contaminated as shown in this figure. Since

the two values are close (6.5 and 5.34), the direct wave is immediately followed by the

focused wave. As can be observed, a secondary wave, which is the sound wave that

has been reflected by the reflector twice, immediately follows the focused wave. For

the case of 5 kHz input wave, the resulting kr is smaller than 5.34 so that the direct

wave interferes with the focused wave as shown in this figure. In addition, the second

half of the focused waveform is significantly distorted as the secondary wave arrives

t=0.5 ms. The presence of the secondary wave significantly decreases the amplitude

of second positive peak of the focused wave. The resulting focused waveform contains

less energy and is no longer the derivative of the input function [28].

When a smaller reflector is used, it is important to check the resulting kr to

ensure the focused pressure response at the far focus is not adversely distorted. For

a given input wave, Eq. 6.8 can be used to determine the smallest reflector size that

generates an uninterfered focused wave at the far focus.

6.3.3 Effects of Eccentricity on Directivity of Focused Wave

Figure 6.11 shows two wave fields obtained after the reflected waves pass through

the focal points. The simulated ellipsoidal reflectors have eccentricities of 0.395 and

0.7, respectively. For the eccentricity of 0.7, the outward-propagating spherical wave-

front is more directional in the axial direction, which means more energy travels in

directions close to the reflector axis. For the eccentricity of 0.395, more energy spreads

in directions other than the axial direction. As a result, less energy would be input to

the object located at the far focus for stress wave excitation.

Two numerical simulations are conducted to investigate the directivity of the

focused waves given by ellipsoidal reflectors with different eccentricities. The investi-
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(a) e = 0.395 (b) e = 0.7 

Figure 6.11: Simulated focused sound waves given by two ellipsoidal reflectors: (a)
e=0.395, (b) e=0.7. In each model, the far focus is located at the center of reflector
aperture. The presented focused waves have already passed through the far focus.

gated eccentricities are 0.5 and 0.7. In each model, the semi-major axis has the same

length of 14 cm such that the total travel distance for a sound wave to reach the far

focus is 28 cm (2a) in both models. Each simulated reflectors has a d/a ratio (reflector

depth/semi-major axis) of 1+ e such that the far focuses is located at the center of the

reflector aperture. To measure the directivity of the focused wave, seven observation

points surrounding the far focus are used as shown in Fig. 6.12. The distance between

each observation point and the far focus is 6 cm. In the 2D axisymmetric model,

these observation points are uniformly distributed beyond the focal plane between the

reflector axis (0◦) and the reflector aperture (90◦) with a 15◦ increment. An input

spherical wave having a single-cycle sinusoidal waveform and a wave frequency of 20

kHz is generated in the near focus.

Figure 6.13 shows the analytical and simulated normalized directivities given by

the two reflectors. The solid line is the analytical prediction using Hamiltons solution

[28], and the dashed lines are the simulated results calculated using positive (red) and

negative (blue) peak amplitudes. The obtained peak amplitudes from each observation
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Figure 6.12: Observation points in the 2D axisymmetric FE models (6.6(b)) for de-
termining the directivity of a focused sound wave. Seven observation points are dis-
tributed around the far focus ranging from 0◦ (reflector axis) to 90◦ (aperture) with
a 15◦ increment . The distance between the far focus and each observation point is 6
cm.

point are normalized by the peak amplitude obtained on the reflector axis (0◦), which

is the highest value among all peak amplitudes. A similar trend for the directivity is

shown between the analytical and simulation results. For the higher eccentricity, 0.7,

the energy concentrates more to the reflector axis as the curve drops rapidly when the

angle of the observation point increases. As a result, the focused sound beam is more

directional in the reflector axial direction (0◦) and has a smaller beam angle. For an

eccentricity of 0.5, the energy spreads to other directions as the curve drops slowly

when the angle of the observation point increases. As a result, the focused beam is

less directional and less energy travels along the reflector axial direction. Therefore,

if the pressure amplitudes of the two focused beam are the same, the reflector with
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Figure 6.13: Simulated (solid line) and analytical (dashed line) directivity of focused
sound wave for two reflectors having eccentricities of (a) e=0.5 and (b) e=0.7.

a higher eccentricity would be more effective for stress wave excitation in solids. In

both figures, there is a deviation between the analytical and the simulated results, and

the simulated values are generally higher. One reason for this deviation may be that

the analytical solution (Eq. 13 in [28]) is derived using geometrical acoustics and the

116



effect of diffraction is not considered. On the other hand, the effect of diffraction is

considered in the numerical simulations, and the diffracted waves contributes to the

deviations in Fig. 6.13. Another reason for this deviation may be the fact that the

simulated focused wave at the far focus does not converge into a point and form a point

source as idealized by ray theory. Instead, the simulated focused wave acts like a sound

beam (with a cross-sectional area) when passing through the far focus. As a result,

for the observation points located close to the reflector axis, the recorded waves may

not come solely from the far focus. Other reflected waves such as center wave would

be recorded as well and thus increases the peak amplitude. This interference can be

decreased by increasing the distance between the observation points and the far focus.

Both the analytical prediction and simulation results show that the focused wave

becomes more directional (in the axial direction) as the reflector eccentricity increases

while a highly directional sound beam can more effectively excite stress waves inside a

plate. However, according to Fig. 6.7, a reflector with an eccentricity of 0.395 gives the

highest focusing gain. Therefore, although an eccentricity of 0.395 gives the highest

focused amplitude, the low directivity of the focused wave may make it less effective

in stress wave excitation. For a higher eccentricity, the focusing gain decreases but

the focused wave is more directional (in the axial direction) compared to e=0.395.

As a result, there should exists an optimized eccentricity that is the most effective in

stress wave excitation. The effect of reflector geometry (eccentricity) on stress wave

excitation will be studied in the next section.

6.3.4 Effects of Eccentricity on IE Wave Excitation

Eccentricity of an ellipsoidal reflector affects the pressure amplitude as well as

the directivity of the focused sound wave. For focused pressure amplitude, the highest

gain occurs when the eccentricity equals to 0.395 (energy dissipation is not considered).
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However, the simulation and analytical results show that focused wave field becomes

more directional as reflector eccentricity increases. Analyses are required to determine

the eccentricity that provides the highest IE stress wave excitation capability in a plate.

As a result, a numerical study is conducted to find the reflector eccentricity that gives

the optimal combination of both pressure amplitude and beam directivity and can

effectively excite the IE wave in a plate.

Six ellipsoidal reflectors are simulated using 2D axisymmetric models. Each

model contains an ellipsoidal reflector, an air domain and a concrete plate as shown

in Fig. 6.6(b). The ellipsoidal reflectors have the same semi-major axis of 7 cm and

eccentricities ranging from 0.3 to 0.8. In each model, the far focus of the ellipsoidal

reflector is located on the plate surface on the axis of symmetry. The distance between

the reflector edge and the plate surface is 5 mm (5 mm gap). The input wave excited

at the near focus is a single-cycle sinusoidal wave with a center frequency of 20 kHz.

The radius of the circular concrete plate is 150 cm and the thickness is 20 cm. A layer

of absorbing boundary is specified on the periphery of the concrete plate to minimize

reflected waves from the plate edge. The concrete plate is supported from its bottom

by a hinge located 2.5 cm from the plate edge. The mesh size used in the concrete

plate is 2 mm and 0.5 mm along the interface between plate surface and air. For the

air domain, a mesh size of 0.5 mm is used in the interested area where the reflected

waves pass through, and a coarser mesh size of 5 mm is used in the area where the

wave propagation is not of interest. Two observation points are located at the center

of top and bottom surface of the circular plate, and the vertical acceleration of the

plate surface is recorded.

Figure 6.14 shows an example for the time domain signals obtained on the top

and bottom plate surfaces when a reflector having an eccentricity of 0.5 is used. The

collected signals are the vertical component of the plate surface acceleration obtained
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Figure 6.14: Time domain signals for plate surface acceleration obtained at the center
of (a) top and (b) bottom surface of a 20 cm thick plate. The simulation results are
obtained from the 2D FE model shown in Fig. 6.6(b) with an ellipsoidal reflector
having an eccentricity of 0.5. The dashed lines represent the Tukey windows used to
extract IE waves.

at the center of (a) top and (b) bottom plate surface. The dashed lines are the Tukey

window used to extract the useful IE signal. In Fig. 6.14(a), the first peak with a

smaller amplitude is excited by the direct acoustic wave (the spherical wave emitted

from near focus) and the strong peak is excited by the focused wave. The strong peak is

then followed by the periodic IE resonance of the concrete plate. The magnitude of the

IE resonance in frequency domain is used to determine the IE wave excitability of each

reflector. At t=0.9 ms, another group of waves with relatively small amplitudes are

observed. These waves include the secondary reflection of the direct acoustic wave from

the reflector surface and the compressional wave reflected from the plate edge. The

arrival time of the secondary reflected direct wave depends on the distance between

reflector vertex and plate surface. For a small eccentricity, the secondary reflected
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direct wave arrives early and interferes with IE signals. At t=1.2 ms, the secondary

reflection of the focused wave reaches the plate surface after reflecting from the reflector

surface. The delayed time between the original and secondary focused wave is around

0.8 ms, which agrees with the calculated time shown in Eq. 6.9 as

2(2a)

c0
=

0.28

343
= 8.16 · 10−4s = 0.816ms. (6.9)

Fig. 6.14(b) shows the vertical acceleration obtained at the center of the bottom

surface in the same model. In this figure, the waves corresponding to the direct acoustic

wave, focused wave and other reflected waves have much smaller amplitudes compared

to those shown in Fig. 6.14(a). As a result, less interference is found in the IE waves

and clear periodic IE waves are observed. This suggests that the plate acceleration

obtained from the bottom plate surface should be used to investigate the effectiveness

of different ellipsoidal reflectors.

The investigated ellipsoidal reflectors have eccentricities ranging from 0.3 to 0.8.

To minimize the interference from other unwanted signals, a Tukey window is used to

extract the useful IE signal from the time domain signal as shown in Fig. 6.14(a). The

Tukey window extracts the IE waves in each the time domain signal from t=0.53 to

t=0.83 ms to avoid unwanted signals. The extracted signal is then transformed into

frequency domain using fast Fourier transform (FFT). Figure 6.15 shows the normalized

magnitudes of the IE waves in frequency domain obtained at the center of the bottom

plate surface in each model. In this figure, the reflectors having lower eccentricities give

relatively lower IE magnitudes, which means the excited IE waves (0.3 ms duration)

have smaller amplitudes. For a reflector with small eccentricity, the directivity of the

focused sound wave is low and less energy is input to the plate for IE wave excitation.

Therefore, the strength of the IE signal increases as eccentricity increases. For the

smallest eccentricity of 0.3, the focused wave is nearly omnidirectional, and the excited
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Figure 6.15: Normalized magnitudes in frequency domain for windowed IE signals
obtained at the center of the bottom plate surface. These waves are excited by focused
spark sources with different ellipsoidal reflectors (eccentricity ranging from 0.3 to 0.8).

IE waves in the plate are very weak. For e=0.4, a local maximum value is observed, and

it corresponds to the highest focused pressure amplitude shown in Fig. 6.15. Although

the focused pressure amplitude decreases when the eccentricity is greater than 0.4,

the directivity of the focused wave increases and results in stronger IE waves in the

plate. The highest value occurs when e=0.7 and drops afterwards. This indicates that

a reflector with eccentricity of 0.7 gives the most effective combination of the focused

pressure amplitude and beam directivity. Although the beam directivity for e=0.8 is

the highest among all reflectors, the corresponding focused pressure amplitude (Fig.

6.7) is so low that the resulting IE signal is not the strongest.

This investigation shows that a reflector eccentricity of 0.7 is most effective in

exciting IE waves in a concrete plate. Note that the energy dissipating mechanisms are

not considered in these linear analyses. However, it is of great importance that this
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study shows both the focused pressure amplitude and beam directivity contribute to

IE wave excitation. The strongest IE waves can be excited only when the combination

of amplitude and directivity is optimized. The focused pressure amplitude may be

different once the material nonlinearity is considered, but the dependence of IE wave

excitation on the combination of pressure amplitude and beam directivity would be

the same.

6.4 Numerical Investigation of Nonlinear Effects Using KZK-
Texas Code

In the previous section, the acoustic properties of ellipsoidal reflectors are stud-

ied using finite element method (FE) with linear models. In the simulations, the

material nonlinearity and energy dissipation are not taken into consideration, and the

parameters that affect the focusing effect is solely the reflector geometry. However,

in the air-coupled source, the high-voltage spark source generates pressure waves with

high peak amplitudes. Nonlinearity induced by the high pressure decrease the peak

pressure amplitude and elongate the duration of a wave. This type of phenomena can-

not be predicted by linear geometric acoustics theory, which does not take nonlinearity

effects into account. As a result, peak pressure amplitudes estimated by the linear the-

ory tend to be higher and the performance of the spark source system is overestimated.

In this section, the KZKTexas code developed by Lee and Hamilton [40] that accounts

for material nonlinearity, absorption and diffraction is employed to predict the focused

pressure response at the focal point. The focused wave obtained at the far focus would

be different because of the nonlinear behavior and energy dissipation.
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6.4.1 Theoretical Basis

The Khokhlov-Zabolotskaya-Kuznetsov (KZK) equation [30] that accounts for

material nonlinearity, absorption and diffraction for an axisymmetric sound beam can

be written as [39]

∂2p

∂z∂t′
=

c0
2

(
∂2p

∂r2
+

1

r

∂p

∂r

)
+

D

2c30

∂3p

∂t′3
+

β

2ρ0c30

∂2p2

∂t′2
, (6.10)

where z is the propagation direction of the sound beam, t′ = t − z/c0 is the retarded

time, r is the distance from the center of the sound beam, and D is the sound diffu-

sivity. More details about these coefficients and their expressions can be found in [39].

The algorithm used to develop the KZKTexas code is based on another form of the

aforementioned KZK equation (Eq. 6.10) and is written as

∂p

∂z
=

c0
2

∫ t′

−∞

(
∂2p

∂r2
+

1

r

∂p

∂r

)
dt′′ +

D

2c30

∂2p

∂t′2
+

β

2ρ0c30

∂p2

∂t′
. (6.11)

Lee and Hamilton [40] further rewrote this equation using four dimensionless variables

P = p/p0, σ = z/df , ρ = r/af and τ = ω0t
′, where p0 is the focused pressure at

aperture center evaluated using the weak shock theory, df is the distance between far

focus and aperture center and af is the radius of aperture. The resulting equation and

the definition of the introduced coefficients are given as [40]

∂P

∂σ
=

1

4G

∫ τ

−∞

(
∂2P

∂ρ2
+

1

ρ

∂P

∂ρ

)
dτ ′ + A

∂2P

∂τ 2
+N

∂P 2

∂τ
, (6.12)

where G = z0/df is the focusing gain, A = α0df is the absorption parameter, N = df/z

is the nonlinearity parameter [40], z0 = ω0a
2
f/2c0 is the Rayleigh distance, α0 = δω2

0/2c
3
0

is the thermo-viscous attenuation coefficient, and z = ρ0c
3
0/βω0p0 is the shock formation

distance of plane wave [40]. More details about these parameters can be found in [40].

123



Lee and Hamilton [40] developed a numerical algorithm for solving the KZK

equation for an axisymmetric sound beam, and the computer code (KZKTexas) is

available online [1]. In this section, this computer code is employed to predict the

focused pressure response at the far focus of ellipsoidal reflectors. This numerical

solution calculates the waveform of a focused sound beam radiated from a source plane

(a focused transducer for example). Since the KZK equation is a quasi-1D solution

that works with waves propagating toward the same direction, it is only valid in the

region beyond the aperture of the ellipsoidal reflector given that all reflected waves

travel toward the positive z direction after passing the aperture [8]. For the region

enclosed by the ellipsoidal reflector (between reflector surface and reflector aperture),

the spherical wave generated by spark source can be regarded as omnidirectional and

part of it changes direction after being reflected by the reflector surface. The emitted

and reflected waves travel in different directions and their behaviors can be predicted

using geometrical acoustics and weak shock theory [8]. The reflected waves will first be

evaluated over the reflector aperture by geometrical acoustics and weak shock theory,

then the pressure at the aperture will serve as an input to the KZKTexas code. This

procedure is the same as that used by Averkiou and Cleveland [8].

Before calculating the focused waveform using the KZKTexas code, the initial

waveform generated on the source plane (reflector aperture) must be specified ax-

isymmetrically. The source waveform over the reflector aperture is estimated using

geometrical acoustics and weak shock theory, and the procedure is described in detail

in [8]. Ray theory is valid only for waves in high frequencies (kr ≫ 1) and is valid

in our spark source application. Weak shock theory accounts for nonlinear distortion

within the ellipsoidal reflector. For a spark-generated impulse with high pressure am-

plitude, nonlinearity decreases the peak pressure amplitude significantly and elongates

the waveform [8]. Therefore, it is of great importance to take the nonlinear effect
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into account to make reasonable estimation. The equations for calculating the peak

pressure (p̂a) and wave duration (Tha) are given as [8]

p̂a = R
s′rs0
srs′a

p̂0√
1 + āx̃a

, (6.13)

Tha = Th0

√
1 + āx̃a, (6.14)

where R is reflection coefficient, p̂0 is the pressure amplitude of input wave measured

at s0 from near focus, Th0 is the duration of input wave, ā = βp̂0/ρ0c
3
0Th0 and x̃a =

s0 ln(sr/s0) − Rs′r(s0/sr) ln(s
′
a/s

′
r). For a sound ray emitted at the near focus, the

distance for this ray to travel from the reflector surface after reflection to the far focus

is s′r = a(1 − e2)/(1 − e cos θ), where θ is the angle between the reflected ray path

and reflector axis. The distance for this ray to travel from near focus to the reflector

surface is sr = 2a − s′r. Along the same ray path, the distance between far focus and

reflector aperture is s′a = ((1 + e)a− d)/ cos θ, where e is eccentricity, a is semi-major

axis and d is reflector depth.

Figure 6.16 shows an example of the peak pressure amplitudes and wave du-

rations on the reflector aperture along the radius calculated using weak shock theory.

The same input triangular waveform used by Averkiou et al. [8] in their study is em-

ployed. The input wave has a peak amplitude of 2900 Pa at 1 cm from the near focus

and a wave duration of 10.4 µs. The simulated ellipsoidal reflector has a semi-major

axis of 14 cm and eccentricity of 0.5. The depth of the reflector is 14 cm. A radius

of 0 m represents the center of aperture and 0.12 m represents the aperture edge. As

can be observed in Fig. 6.16(a), the peak amplitude at the aperture center (r=0 m)

has the highest value. This is because the density of reflected rays (with ray theory

assumption) is the highest at the aperture center. In addition, the peak amplitudes
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predicted by geometrical acoustics (linear theory) and weak shock theory have sig-

nificant differences because the linear theory does not account for nonlinearity and

corresponding energy loss. As a result, the prediction provided by the linear theory

tends to overestimate the gain. In Fig. 6.16(b), the wave duration predicted by weak

shock theory is elongated while the duration predicted by linear theory remains the

same. The elongation of wave duration has been observed in the experimental study

conducted by Wright et al. [64]. When the same reflector geometry and input wave-

form used in Averkiou and Cleveland’s work [8] are input, the same results (pressure

amplitude and wave duration) are replicated and thus validate the procedure used in

this research.

Weak shock theory predicts the reflected waveform on the reflector aperture

and this information is used as an input to the numerical KZK solution. However,

solely specifying the pressure distribution over the aperture plane would not result in

a focused wave at the far focus. To account for the focusing effect of the ellipsoidal

reflector, extra time delays are already implemented in the KZKTexas code to form

a focused sound beam [40]. Figure 6.17 shows the corresponding on-axis reflected

pressure responses calculated using KZKTexas code when the wave amplitude and

duration distribution shown in Fig. 6.16 are used as input. The input wave has N-

shaped waveform, which is typical for an electric spark induced pressure wave. The

focused pressure wave obtained at the focal point has the similar waveform as that

reported by Wright and Blackstock [64]. In addition, the waveform of the focused wave

is the derivative of the N-shaped input function as indicated by Hamilton’s solution

[28].

Prediction of the focused wave requires information about gain (G), absorption

(A) and nonlinearity (N), and these parameters are dependent on the waveform of the

input wave and the reflector geometry. To predict the focused pressure response using
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Figure 6.16: (a) Peak pressure and (b) wave duration distribution along the radial
direction over the reflector aperture evaluated using weak shock theory. The ellipsoidal
reflector has a semi-major axis of 14 cm, a depth of 14 cm, and an eccentricity of 0.5.
The pressure amplitude of the input wave measured 1 cm from the near focus is 2900
Pa and the wave duration is 10.4 µs.

the numerical KZKTexas code, material properties as well as these parameters (G, A

and N) must be properly selected and determined. In the next section, experimental

results are employed to verify the selected material properties and parameters.

127



0 5 10 15 20 25 30 35 40
-3000

-2000

-1000

0

1000

2000

3000

 
0
 t' / 2!

P
re

ss
u

re
 (

P
a

)

(a)

0 5 10 15 20 25 30 35 40
-1

-0.5

0

0.5

1
x 10

4

 
0
 t' / 2!

P
re

ss
u

re
 (

P
a

)

(b)

0 5 10 15 20 25 30 35 40
-1

-0.5

0

0.5

1
x 10

4

 
0
 t' / 2!

P
re

ss
u

re
 (

P
a

)

(c)

Figure 6.17: On-axis reflected pressure responses in air predicted using KZKTexas
code. The observation points are located at (a) 3.5 cm before focus, (b) at focus, and
(c) 1.4 cm after focus. The input wave pressure amplitude and duration distribution
on the reflector aperture are given in Fig. 6.16.

6.4.2 Configuration of Numerical KZK Solution

Experimental signals reported by Wright and Blackstock [64] are employed to

validate the configuration of the KZKTexas code used in this study and the validity

of the parameters. In Wright and Blackstock’s experimental work [64], time domain
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signals along the reflector axis of three ellipsoidal reflectors are reported. These re-

flectors have the same semi-major axis (14 cm) and eccentricity (0.866) but different

reflector depths (14, 5.92 and 1.88 cm) as presented in Fig. 6.18. These reflectors and

the corresponding focused pressure responses are modeled using KZKTexas computer

code [1].

Figure 6.18: Ellipsoidal reflectors have same semi-major axis (14 cm), eccentricity
(0.866) but different depths: (a) 14 cm (b) 5.92 cm and (c) 1.88 cm.

In this calibration, the material properties used for air are: ρ0=1.21 kg/m3,

β=1.2 and c0=343 m/s [9, 30]. The input wave function has a N-shaped waveform with

a duration of 10.4 µs. A reference peak pressure amplitude of 2900 Pa is assumed at a

distance of 1 cm from the near focus such that the calculated pressure amplitude at the

center of the aperture (p0) fits the experimental value (2500 Pa) reported in [64]. The

parameters (A, N and G) used in Eq. 6.12 also depend on the reflector geometry and

can be calculated using the relations presented in Eq. 6.12 (G = z0/df , A = α0df , N =

df/z, z0 = ω0a
2
f/2c0, α0 = δω2

0/2c
3
0, z = ρ0c

3
0/βω0p0 and δ = ν(4/3+µB/µ+(γ−1)/Pr)

[8, 30]). For example, for the ellipsoidal reflector having a semi-major axis of 14 cm,

eccentricity of 0.866 and reflector depth of 14 cm (af=0.07 m, df=0.121 m), together

with the air properties given in [9, 27, 30] and a center input frequency of 63.5 kHz
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(ω0=3.99E5 rad/s), the resulting parameters are α0=0.0742 Np/m, A=9E-3, N=2.97

and G=23.5. The axisymmetric peak pressure amplitude and the elongated wave

duration over the reflector aperture calculated using weak shock theory with the given

parameters are shown in Fig. 6.19.\ref{figure-ch6-kzk-wsk-ep866-
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Figure 6.19: (a) Peak pressure and (b) wave duration distribution along the radial
direction over the reflector aperture evaluated using weak shock theory. The ellipsoidal
reflector has a semi-major axis of 14 cm, a depth of 14 cm, and an eccentricity of 0.866.
The pressure amplitude of the input wave measured 1 cm from the near focus is 2900
Pa and the wave duration is 10.4 µs.

In this figure, the radial distribution of peak pressure amplitudes and wave

duration across the reflector aperture are shown. Note that the reflector has a depth
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of 14 cm (half ellipsoid) and the radius of the aperture is the same as the semi-minor

axis (7 cm). In Fig. 6.19(a), the highest peak amplitude occurs at the center of the

aperture and the amplitude decreases gradually as the radial distance increases. This

is because the density of the reflected rays is higher at the aperture center and lower

elsewhere as depicted previously in Fig. 6.4. Therefore, when the aperture is close to

the far focus (reflector depth close to a(1 + e)), the peak at the center would become

much sharper as most of the rays are focused to the far focus and results in a high ray

density. Once the far focus is located at the aperture center (reflector depth equals to

a(1 + e)), a singularity occurs as all the rays concentrate to a signal point. The wave

duration elongation is significant at the reflector center as can be seen in Fig. 6.19(b).
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Figure 6.20: Experimental (solid line) and simulated (dashed line) peak pressure am-
plitudes of the first peak obtained at the focal points of three ellipsoidal reflectors.
These reflectors have the same eccentricity (e=0.866) and semi-major axis (a=14 cm)
but different reflector depths (14, 5.92 and 1.88 cm).

The peak pressure amplitude and the wave duration distribution across the

reflector aperture are input to the KZKTexas code to estimate the focused sound

131



pressure beyond the reflector aperture. Three reflector geometries (depth=14, 5.92

and 1.88 cm) are modeled, and the resulting peak pressure amplitudes obtained at the

focal points are shown in Fig. 6.20. Note that the pressure amplitudes reported here are

the amplitudes of the first positive peaks of the numerical and experimental signals. In

this figure, an agreement is found between the numerical and experimental results. The

ratio between numerical amplitude and experimental amplitude (pnum/pexp) are 1.17,

0.96 and 1.22 for reflector depth of 14, 5.92 and 1.88 cm, respectively. As can be seen,

the numerical simulation tends to give higher estimated pressure amplitudes than the

experimental results. However, the measured amplitudes of the experimental signals

depend largely on the sensitivity and frequency range of the microphone. As a result,

the measured signal can possibly have a smaller amplitude than the real amplitude if a

very sharp peak presents. The agreement between these two set of results (experimental

and numerical) is considered acceptable, and the material properties are employed in

the investigations for size and eccentricity effect.

6.4.3 Investigation of Focusing Effect Using KZKTexas

The configured KZKTexas code is used to study the effect of reflector geometry

on focused pressure response at far focus. Reflector size and eccentricity are the two

factors being investigated. The simulation results of the nonlinear analysis provide

a better understanding of the nonlinear behavior of focused sound beam and help

determining the efficiency of different reflectors. The validated material properties

used to predict the focused waves are listed in the previous section.

6.4.3.1 Effects of Reflector Size on Focusing Gain

Three ellipsoidal reflectors having the same eccentricity of 0.866 are modeled to

investigate the dependence of focusing gain on reflector size. The semi-major axis used
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for these three reflectors are 7, 14 and 21 cm, respectively. The depths of the reflectors

are selected the same as their semi-major axis so that the same amount of incident

spherical wave is focused by the reflector (the angle between reflector axis and the line

connecting the near focus and reflector edge is θ = tan−1(
√
1− e2/e)). The same spark

source used in the previous section is employed. A reference peak pressure amplitude

of 2900 Pa is specified at a distance 1 cm from the near focus, and the duration of the

input wave is 10.4 µs.
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Figure 6.21: Simulated peak pressure amplitudes of the first peak obtained at the
focal points of three ellipsoidal reflectors. These reflectors have the same eccentricity
(e=0.866) but different semi-major axis (a=7, 14 and 21 cm). The reflector depths are
the same as their semi-major axis (d/a = 1).

Figure 6.21 shows the peak pressure amplitudes of the first positive peak of the

focused waves. A clear trend observed in this figure indicates that the focused pressure

amplitude increases as the reflector size (semi-major axis) decreases. This trend is

different from that observed in the previous linear analysis as shown in Fig. 6.8. In

linear analysis, the focused pressure amplitude does not significantly change with the
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reflector size when the “kr” value is larger than π(1+e). The reason for this mismatch

can be that when the material nonlinearity and other energy dissipating mechanism

are considered in the nonlinear analysis, more wave energy would be dissipated as the

wave travels a longer distance. As a result, for the smallest reflector, the waves travel

a shorter distance of 14 cm (2a) before reaching the far focus and less wave energy

would be dissipated compare to the other two reflectors. On the other hand, for the

largest reflector having a semi-major axis of 21 cm, the total travel distance becomes 42

cm and more energy is dissipated during propagation. Therefore, this finding suggests

that a small reflector size should be used in the focused spark source to increase the

peak pressure amplitude of the focused wave. However, as mentioned in the previous

section, the reflector size must be large enough such that no adverse wave interference

occur at the focal point (kr ≥ π(1 + e)). With this two criterions, an appropriate

reflector size can be determined for a given input wave.

In practice, a small reflector size is more favorable because the available size

for accommodating the test equipment is usually limited. In addition, the weight of a

smaller reflector is less and makes the focused spark source more portable.

6.4.3.2 Effects of Eccentricity on Focusing Gain

Six ellipsoidal reflectors having the same semi-major axis of 14 cm are modeled

to investigate the dependence of focusing gain on eccentricity. The semi-major axis are

chosen to be the same such that the waves in each reflector travel the same distance

(28 cm) before reaching the far focus. As a result, the reflector size effect can be

eliminated. The eccentricity used for these six reflectors ranges from 0.3 to 0.8 with an

increment of 0.1. Each reflector has a depth such that the reflector aperture is located

2 cm away from the far focus. In an air-coupled IE test, the far focus is located on the

plate surface, and the 2 cm gap is employed to avoid the contact between reflector and

134



concrete plate. Note that the introduce of a 2 cm gap between the reflector aperture

and far focus changes the d/a ratio (reflector depth/semi-major axis) of each reflector

(d/a = 1+e−2/a, unit: cm). As a result, the estimated focusing factors (F ) calculated

using Eq. 6.2 are not the same as that indicated in Fig. 6.7 (d/a = 1 + e) for each

eccentricity.

Before considering the nonlinear effect using KZKTexas code, the effect of in-

troducing a 2 cm gap on focusing gain is first studied using Hamilton’s linear solution

(Eq. 6.2, [28]). Figure 6.22(a) shows the original focusing factors for the two d/a cases

(d/a = 1+e−2/a and d/a = 1+e). In this figure, the curve for the 2 cm gap case shows

a trend similar to the d/a = 1 + e case but the focusing gains are about 10% smaller.

For the d/a = 1 + e − 2/a case, the focusing gain has the highest value at e=0.4 and

drops elsewhere. However, the decreasing rate (relative to the highest focusing gain at

e=0.4) is not the same as the d/a = 1 + e case. Figure 6.22(b) shows the difference

in the focusing factors between these two cases (Fd/a=1+e-Fd/a=1+e−2/a). The difference

between these two sets of focusing gains decreases as the reflector eccentricity increases.

This is because, for a given semi-major axis, the reflector with a small eccentricity has

a small reflector depth (d/a = 1 + e) and 2 cm reduction in reflector depth is signifi-

cant. As a result, the decrease in focusing gain for a reflector with a small eccentricity

is more than a large eccentricity as can be seen. Figure 6.22(c) shows the normalized

focusing factors for the two d/a cases. Note that the normalized values shown in this

figure are the original values normalized by the highest value in each data set. As a

result, the highest values in both curves are one. In this figure, the normalized focusing

gain for the d/a = 1+ e− 2/a case is smaller than the d/a = 1+ e case for e < 0.4 and

larger for e > 0.4. This indicates that, when the 2 cm gap is included, the focusing

effect for e > 0.4 becomes closer to the highest value (e = 0.4). On the contrary, the

relative focusing gain becomes smaller for e < 0.4 in the d/a = 1 + e− 2/a case. This
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is because the decrease in focusing gain for e < 0.4 is larger compared to e = 0.4 and

is smaller when e > 0.4 as can be seen in Fig. 6.22(b).

After investigating the effect of the presence of a 2 cm gap on focusing gain,

energy dissipation mechanisms are now taken into account by using KZKTexas code.

Figure 6.23 shows the peak pressure amplitudes of the focused waves estimated using

KZKTexas code. These pressure amplitudes are taken from the first positive peak

of each focused wave. In this figure, the highest peak amplitude occurs at e=0.6.

The peak amplitude drops slowly for eccentricities larger than 0.6 and more rapidly

for eccentricities smaller than 0.6. The nonlinear analysis indicates that the use of

an reflector eccentricity close to 0.6 gives the highest focusing gain at the far focus.

In addition, eccentricities ranging from 0.5 to 0.8 also give high focusing gain. The

suggested eccentricity range is of high interest because the corresponding focused sound

beams have high directivities according to Eq. 6.3. The focused spark source can

be very efficient if both beam directivity and pressure amplitude are at high level.

However, this finding should further be validated by experimental work to determine

the final geometry of the ellipsoidal reflector.

6.5 Discussion and Chapter Summary

In this chapter, the acoustic properties of ellipsoidal reflectors are investigated

both analytically and numerically. The results are then used to propose the reflector

geometry that can effectively focus the energy generated by spark source and excite

strong stress waves in concrete plates. The proposed reflector geometry will be vali-

dated experimentally before making the final decision on reflector geometry.

The first part of this chapter is to find the dependence of the effectiveness of fo-

cused spark source on reflector geometry. A series of linear analyses using Hamilton’s

analytical solution [28] and FE simulation are conducted to determine the acoustic
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Figure 6.22: Effect of reflector d/a ratio on focusing gain factor for different reflector
geometries in a linear (lossless) system: (a) focusing gain factors given by reflectors
having d/a ratio equal to 1 + e (far focus on aperture) and 1 + e − 2/a (2 cm gap
between far focus and aperture). (b) difference in focusing gain between the two d/a
curves (Fd/a=1+e-Fd/a=1+e−2/a). (c) normalized focusing gain factors. The focusing gain
factors are normalized by the highest value in each curve.
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mariotsai\Desktop\NIST\III-KZK\KZK_ytt\ytt\Gap2cm\Nwave Figure 6.23: Normalized peak pressure amplitudes at the far focus predicted using
KZKTexas code. The ellipsoidal reflectors have the same semi-major axis of 14 cm and
d/a ratio of 1 + e− 2/a (2 cm gap between aperture and far focus). The investigated
reflector eccentricities ranges from 0.3 to 0.8 with a 0.1 increment.

properties of ellipsoidal reflectors. Material (air) nonlinearity and other energy dissi-

pation mechanisms are not taken into account in these linear analyses, and the reflector

geometry is the only factor that affects the focused sound beam. The second part of

this chapter includes the nonlinear effects using KZKTexas computer code [1] to study

the effectiveness of focused spark source when energy dissipation is considered. Ma-

terial nonlinearity, absorption and diffraction for sound beam are considered in the

nonlinear analyses.

In the linear analyses, the investigated reflector geometry parameters are reflec-

tor size and eccentricity. The linear FE simulation results show that the reflector size

does not affect the focusing gain for a given eccentricity and d/a ratio. This is because

the same amount of energy is focused to the far focus in each case (small, medium
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and large reflector). In addition, the wave energy is not dissipated during propagation.

These simulation results agree with the linear analytical solution [28]. However, it is

also found that the focused wave would be adversely interfered by other waves (direct

wave or secondary reflected wave) if the kr value of the reflector and input wave is

smaller than π(1 + e). This kr limit can be used to determine the smallest reflector

size (for a given input frequency) such that an uncontaminated focused wave can be

obtained at the far focus.

For reflector eccentricity, the highest focusing gain occurs when e=0.395 in

linear analysis. In addition, 98.6% of the highest focusing gain can be achieved for

eccentricities ranging from 0.3 to 0.5, and 80% for eccentricities ranging from 0 to 0.7.

However, the focused pressure amplitude is not the only parameter that contributes to

the IE wave excitation in a concrete plate. Directivity of the focused sound beam also

determines the amount of focused wave energy being input to the plate. Although an

eccentricity of 0.395 gives the highest focused pressure amplitude, the corresponding

beam directivity is relative low compared to that given by higher eccentricities. To find

the reflector geometry that gives most effective combination of the focused pressure am-

plitude and directivity of the focused sound beam, the focused spark sources (together

with a concrete plate) are simulated using FE and the IE waves excited in the concrete

plate are analyzed in frequency domain. The magnitudes of the simulated IE signals in

frequency domain are compared and the results show that the both pressure amplitude

and directivity of the focused wave contribute to the IE wave excitation. The reflector

eccentricity that gives the highest IE magnitude in frequency domain is 0.7. Note that

this eccentricity (0.7) gives neither the highest focusing gain (e=0.395) nor the highest

directivity (e=0.8 in this study) in the linear analysis. However, it gives the optimal

combination of both parameters (amplitude and directivity) and thus maximize the IE

wave excitation in the concrete plate. For eccentricities other than 0.7, the resulting
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IE magnitudes in frequency domain are lower because of either low pressure amplitude

or low directivity.

In the nonlinear analyses using KZKTexas code, the investigated reflector ge-

ometry parameters are reflector size and eccentricity. When the energy dissipation

mechanisms (air nonlinearity and absorption) are included, the numerical results show

that the peak pressure amplitude of the focused wave increases as the reflector size de-

creases for a given eccentricity and d/a ratio. This is because the longer the airborne

waves travel, the more wave energy is dissipated. As a result, for a reflector having

a small semi-major axis, less wave energy is dissipated before arriving the far focus.

Therefore, the results from the nonlinear analyses suggest that the use of a small reflec-

tor size would be beneficial. However, the reflector size still has to be large enough such

that the resulting kr value is larger than π(1 + e) to avoid any interference from other

waves (direct wave and secondary reflections). For the dependence of focusing gain on

reflector eccentricity, the ellipsoidal reflector simulated in each model has a depth such

that the distance between reflector aperture and focal plane is 2 cm. This 2 cm gap

prevents the reflector from touching the plate surface for non-contact test. With the

new d/a ratio (d/a = 1+e−2/a) for each reflector, the highest focusing gain predicted

using KZKTexas occurs at e=0.6. In addition, 95% of the highest focusing gain can be

achieved for eccentricities ranging from 0.5 to 0.8, and 80% for eccentricities greater

than 0.4. The results are of great interest because the focused waves given by these

reflectors (e ≈0.6) have both high pressure amplitudes and high directivity. Note that,

in linear analysis, the highest focused pressure amplitude occurs at e=0.395 but the

eccentricity of 0.7 gives the best combination of pressure amplitude and beam direc-

tivity as well as the highest IE wave excitation capability. The eccentricity that gives

the highest focusing gain in nonlinear analysis is 0.6, which is much closer to e=0.7.

Therefore, the performance of the reflector with e=0.7 may be significantly better than
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others in the real situation (energy loss is considered). Further experimental validation

is required to confirm this inference.

According to the results of the linear and nonlinear analyses, three ellipsoidal

reflectors are suggested for experimental investigation. For all reflectors, there is a 5

mm gap between reflector aperture and plate surface. The three reflector geometries

are: (a) semi-major axis=7 cm, eccentricity=0.5, reflector depth=10 cm, (b) semi-

major axis=7 cm, eccentricity=0.7, reflector depth=11.4 cm, (c) semi-major axis=10

cm, eccentricity=0.866, reflector depth=18.16 cm. With the existing ellipsoidal re-

flector (semi-major axis=14 cm, eccentricity=0.866), the effect of reflector size and

eccentricity will be investigated experimentally. The investigation results from analyt-

ical, numerical and experimental analysis would contribute to the determination of the

final ellipsoidal reflector geometry used in the air-coupled IE test.
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Chapter 7

Numerical Simulations of Fully Air-Coupled

Impact-Echo Test

7.1 Overview

In this chapter, air-coupled Impact-Echo (IE) test are numerically studied using

finite-element method (FE). The simulation results and the visualized wave fields in

air and concrete plate provide a better understanding of the behavior of this system.

The first part of this chapter presents the development of an acoustical muffler that

can work with the focused spark source to reduce the noise generated by the spark

source (direct acoustic wave for example). The direct acoustic wave has a much higher

pressure amplitude compared to the airborne IE waves, and thus the useful IE signals

can easily be overshadowed. As a result, aside from post-processing of obtained signals,

an effective noise reduction technique is of great interest. The second part of this

chapter is related to the application of air-coupled IE test on concrete plates. Two

types of IE tests are investigated: typical IE test (both source and receiver are on the

same side of the plate) and through transmission IE test (source and receiver are on the

opposite sides of the plate). For the typical air-coupled IE test, 3D FE models are used

to investigate the effect of spatial arrangement of source and receiver on the received

IE signal strength. For air-coupled through transmission IE test, 2D axisymmetric

FE models are used to investigate the performance of air-coupled source and receiver

for exciting and collecting IE waves. In addition, air-coupled through transmission IE

tests on concrete plates with and without defects are also simulated and investigated.
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7.2 Development of an Acoustical Muffler for Air-Coupled
Source

7.2.1 Spark Induced Noise in IE Test

The spherical wave generated by the high voltage electric spark contains high

energy and has a large peak amplitude. In a focused spark source, this spherical

wave is focused by an ellipsoidal reflector and used to excite stress waves in the plate.

However, since a gap between the ellipsoidal reflector and plate surface is required to

achieve non-contact, part of the wave energy can propagate outside of the reflector

through the gap. The leaked waves have high pressure amplitudes compared to the

airborne IE signal. As a result, the measured time domain signal is dominated by the

direct acoustic wave, which overshadows the useful IE signal and makes it difficult to

obtain the IE frequency. Figure 7.1 shows the simulated wave field in air at 0.9 ms

after the spark is initiated. An ellipsoidal reflector having a semi-major axis of 7 cm

and an eccentricity of 0.7 is modeled. The reflector has a depth of 11.4 cm and thus the

gap between reflector aperture and plate surface is 0.5 cm. The far focus of ellipsoidal

reflector is positioned on the top surface of a 19 cm thick concrete plate. An N-wave

with a duration of 50 µs is initiated at the near focal point. In this image, both leaky

surface wave and airborne IE waves excited by the focused spark source are presented.

In addition, strong noises induced by the spark source are observed, and a big portion

of the useful IE waves are shadowed. It is difficult to identify the IE frequency from

the measured response once the IE signal is contaminated by strong noises. In addition

to extensive effort on signal processing, an acoustical muffler is developed to reduce

the amplitudes of the leaked noises. The developed acoustical muffler is first simulated

using FE to investigate its performance numerically.

143



Leaky surface wave 

Air  

Concrete 

plate  

Axis of symmetry 

IE wave 

Spark induced noise 

Focused spark source 

Figure 7.1: Pressure wave field in air at 0.9 ms after the spark source is initiated. The
simulated ellipsoidal reflector has a semi-major axis of 7 cm and an eccentricity of 0.7.

7.2.2 Working Principal of Acoustical Muffler

After an electric spark is initiated at the near focus, an outspreading direct

acoustic wave having a high pressure amplitude and a spherical wavefront is generated.

Part of the direct acoustic wave is reflected by the ellipsoidal reflector and its energy is

focused to the far focus, while the other part of the direct acoustic wave directly passes

through the reflector aperture and hits the plate surface. After reaching the plate

surface, a big portion of the direct acoustic wave is reflected back into the ellipsoidal

reflector by the plate and the rest of it enters the gap and propagates outside of the

reflector. When the wave passes through the gap, the escaped direct acoustic wave

spreads out as shown in Fig. 7.2. The outspreading direct acoustic wave has a high

pressure amplitude and does not contain useful information for the air-coupled IE test.

As a result, the direct acoustic wave is considered as noise and should be removed from

the collected signal.

The main function of the acoustical muffler is to catch a large amount of the

leaked waves (Fig. 7.3(a)) and trap them in the muffler for a while before the waves

escape gradually. With the acoustical muffler, a strong out-going wave with a high
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Figure 7.2: Pressure wave field in air at 0.385 ms after the spark source is initiated.
Part of the wave energy passes through the gap between the reflector and plate surface
and forms a new spherical wave outside of the reflector.

pressure amplitude can be divided into a series of waves with smaller amplitudes. The

initial idea of the acoustical muffler is to use a single closed-end channel to catch the

part of the wave energy as shown in Fig. 7.3(b). After entering the channel, the trapped

wave travels upward, reaches the top surface, then travels downward after reflection.

After reaching the plate surface, part of the wave leaks outward through the gap, and

the other part re-enters the channel and takes the same path again. The escaped wave

forms a new spherical wavefront outside of the reflector after passing through the gap

Fig. 7.3(c). The newly generated spherical wave has a smaller amplitude compared to

the original unfiltered noise. In addition, the spherical wave arrives the microphone at

a later time due to the travel time spent in the channel. As a result, the acoustical

muffler redistributes the energy of the strong noise over the measured time-domain

signal.

When more channels are used in the acoustical muffler, more wave energy can

be trapped and the pressure amplitude of the out-going noise becomes smaller as illus-

trated in Fig. 7.3(d). However, the size of the air-coupled source should be minimized
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due to limited space, and thus the number of channels should be limited. To address

this spatial limitation, an improved design that enables the acoustical muffler to trap

the waves for a longer time is given below.

The designed acoustical muffler has a shape of circular ring such that it can be

attached to the ellipsoidal reflector from the outside. Figure 7.4(a) shows the cross

section of the acoustical muffler and the ellipsoidal reflector, and Fig. 7.4(b) is the

corresponding plan view. The acoustical muffler has three channels and a curved surface

(a quarter circle shape) on its top. After the direct acoustic wave passes through the

gap, a large amount of the wave enters these three channels in sequence as the direct

acoustic wave propagates outward as illustrated in Fig. 7.5(a). The size of the gap

determines the amount of the wave entering the acoustical muffler. When the gap is

small, most of the wave enters the acoustical muffler because only a small amount of

the outgoing wave can travel through the gap directly without being trapped. On the

contrary, when the gap is large, less wave would enter the acoustical muffler because a

big gap allows more wave to pass through the gap directly.

The waves entering the channels propagate upward and enter the closed chamber

on the top. When the waves enter the chamber, it spreads out due to the abrupt change

in cross-sectional area and forms a hemispherical wavefront. For the waves traveling

through channel one (labeled in Fig. 7.5(a)), most of the spreading wave is reflected

by the curved top surface and focused back to the opening of channel one, which is

located at the center of the quarter circular top surface as shown in Fig. 7.5(b). For the

waves traveling through channel two and channel three as shown in Fig. 7.5(c-d), the

spreading waves would also be reflected by the curved top surface. However, instead

of being directly focused back to the two channel openings (channel two and three),

the waves are reflected to the region close to the opening of channel one due to the

geometry of the hemispherical top surface (the law of reflection). As a result, a large
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Figure 7.3: (a) Cross section of the ellipsoidal reflector. An out-going wave passes
through the gap and forms a spherical wavefront. (b) cross section of the ellipsoidal
reflector and acoustical muffler with one channel. part of the out-going wave is trapped
in the channel (solid lines). The other part of the wave leaks and forms a spherical
wavefront outside of the reflector (dashed lines). (c) travel path of the wave entering
the channel. (d) cross section of the ellipsoidal reflector and acoustical muffler with
two channels.
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Figure 7.4: (a) Cross section of the ellipsoidal reflector and the acoustical muffler. The
acoustical muffler has three vertical channels and a curved top surface. (b) plan view
of the the ellipsoidal reflector (in grey) and the acoustical muffler. The ellipsoidal
reflector is surrounded by the acoustical muffler such that the outgoing waves can be
trapped by the acoustical muffler before reaching the microphone.

amount of the reflected waves (radiating from the channel two and three) enter channel

one and some of the waves enter channel two and three. After the reflected waves enter

the channels, they travel downward and hit the plate surface. Part of these waves will

propagate outside of the acoustical muffler, but a large amount of them will re-enter

these channels due to reflection and take the aforementioned routes again. Therefore,

a circulation of wave is formed inside the acoustical muffler and the direct acoustic

wave is trapped for a longer time consequently. Although these waves would escape

from the muffler gradually, the escaped waves has smaller wave amplitudes and has

less effect on the airborne IE signals.

In an IE test, it is important to keep the distance between the impact location

and the sensor as short as possible to obtain large IE vibration signal of the plate [22].

For an air-coupled IE test, the use of ellipsoidal and parabolic reflectors increases the

distance between the impact source and receiver, and the shortest possible distance is

the summation of their radius. In addition, the use of the acoustical muffler further

increases the radius of the focused spark source. As a result, it is important to keep

the radial thickness of the entire acoustical muffler as small as possible.
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Figure 7.5: (a) part of the outgoing waves enter channel one, two and three in sequence
before leaking outward. A small amount of the wave leaks directly. Wave propagation
within the acoustical muffler for the waves entering through (b) channel one, (c) channel
two, and (d) channel three.

7.2.3 Numerical Simulation of Focused Spark Source with Acoustical Muf-
fler

7.2.3.1 Model Description

Three types of acoustical mufflers and focused spark source are numerically

simulated using 2D axisymmetric FE models. The acoustical mufflers investigated

have one channel (Fig. 7.6(a)), three channels (Fig. 7.6(b)), and three channels with

a curved top surface (7.7(b)), respectively. Each model consists of an air domain, an

ellipsoidal reflector and an acoustical muffler. In each model, the air domain has a
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radius of 20 cm and a height of 15 cm. The displacement of the bottom surface of

air domain is restrained to represent the plate surface. A fine mesh size of 0.5 mm is

used in the region where the interested IE waves and the focused waves would travel

through. An ellipsoidal reflector having an eccentricity of 0.4 and a semi-major axis

of 7.63 cm is modeled (Fig. 7.7(a)) thus the distance between reflector vertex and

focus is 4.58 cm. The far focus of ellipsoidal reflector is located on the bottom surface

of the air domain. The reflector has a depth of 10.38 cm such that a 3 mm gap is

presented between the reflector aperture and the bottom surface of the air domain. An

N-shaped wave with a duration of 50 µs is initiated at the near focus of the reflector.

The acoustical muffler is attached to the reflector from the outside as shown in these

figures. For the acoustical muffler shown in Fig. 7.6(a), the single channel has a width

of 10 mm and a height of 33 mm. In Fig. 7.6(b), each channel has a width of 8 mm

and a height of 33 mm. For the acoustical muffler with three channels and a curved

top surface shown in Fig. 7.7(b), the total height of the acoustical muffler is 63 mm

and the width of each channel is 8 mm. The thickness of each wall is 2 mm. As a

result, this muffler has a total radial thickness of 3 cm, which results in a total radius

of 11 cm for the air-coupled source.

An observation point is located 120 mm away from the axis of symmetry and

24 mm above the bottom surface of air domain in each model. The pressure signals

collected at this observation points are compared to each other. The comparison of

pressure signals shows the noise reduction performance of each acoustical muffler.

7.2.3.2 Simulation Results and Discussion

Figure 7.8(a) shows the wave field in air at t = 385µs after the spark is initiated

for the case that the acoustical muffler is not included. In this figure, the direct

acoustic wave passes through the gap beneath the reflector and spreads out with a
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Figure 7.6: 2D axisymmetric FE model for noise reduction investigation. The ellip-
soidal reflectors have an eccentricity of 0.4 and a semi-major axis of 7.63 cm. The
acoustical mufflers investigated has (a) one channel and (b) three channels. The gap
between the reflector edge and plate surface is 3 mm.
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Figure 7.7: 2D axisymmetric FE model for noise reduction investigation. (a) an ellip-
soidal reflector has an eccentricity of 0.4 and a semi-major axis of 7.63 cm. (b) the
ellipsoidal reflector in (a) equipped with an acoustical muffler. The acoustical muffler
has three channels with a curved top surface, and each channel has a width of 8 mm.
The gap between the reflector edge and plate surface is 3 mm.
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circular wavefront. In addition, the simulation results show that other waves reflected

by the ellipsoidal reflector (focused wave for example) also travel through the gap and

spread out gradually. Figure 7.8(b) shows the wave field in air 400 µs after the spark is

initiated for another case that the focused spark source is equipped with the acoustical

muffler. As can be seen, part of the wave enters the acoustical muffler and less wave

spreads out compared to that shown Fig. 7.8(a). Aside from the smaller amplitude of

the escaped waves, a circulation of wave is observed inside the acoustical muffler. The

waves entering the acoustical muffler travel upward through the channels and reaches

quarter circular top surface. After reflection, the reflected waves re-enter the channels

and travel downward until hitting the plate surface. Part of the waves are reflected

back into the channels, and the other part of them escape outside of the acoustical

muffler. The trapped waves escape from the acoustical muffler gradually with a slow

rate and small amplitudes.

Figure 7.9 shows the pressure in air obtained in the FE models. Figure 7.9(a)

shows the time domain signals obtained at the observation point when the acoustical

mufflers with single and three channels are used. The pressure signal obtained in the

case when the acoustical muffler is not employed is also included for comparison. When

the acoustical muffler is not employed (dashed line), a strong peak of the direct acoustic

wave is observed around t=0.45 ms. In addition, several noticeable peaks representing

the waves escaped sequentially from the focused spark source are also observed. These

noises with high pressure amplitudes can easily dominate the frequency spectrum and

shadow the useful IE signal. In the case the acoustical muffler with a single channel

is employed (blue solid line), a noticeable reduction in the pressure amplitudes of the

escaped waves is shown. The wave amplitude of the direct acoustic wave becomes

smaller because part of the wave energy is trapped inside the acoustical muffler and

released later. As a result, a noticeable peak is observed around t=0.65 ms due to
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(a) t=385 µs 

(c) t=400 µs (b) t=390 µs 

Figure 7.8: (a) Pressure wave field in air 385 µs after the spark source is initiated.
The wave leaking from the ellipsoidal reflector has a spherical wave front in this 2D
snapshot and a high pressure amplitude. (b) pressure wave field in air 390 µs after the
spark source is initiated. Part of the out-going wave enters the acoustical muffler. (c)
pressure wave field in air 400 µs after the spark source is initiated.

the release of the trapped wave. In the case the acoustical muffler with three channels

is employed (red solid line), the wave pressure amplitudes are reduced effectively. No

strong peak is observed in this signal, and noises with smaller amplitudes are shown

instead. Note that the arrival time of the first arriving wave in the signals are not

the same. When the acoustical muffler is equipped, a slightly longer travel time is

required for the waves to arrive the observation point. This is because, when the

muffler presents, the waves have to first pass through the gap beneath the acoustical

muffler before heading toward the observation point. The resulting travel distance is

longer than the distance between the reflector edge and the observation point.

In Fig. 7.9(b), the signal given by the acoustical muffler with three channels and

chamber is included. In this case, the pressure amplitudes of the measured waves are
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further decreased. This indicates the chamber effectively traps the wave energy inside

the acoustical muffler for a longer time and thus the energy leaks slower. These weak

noises are not likely to dominate the frequency spectrum, and they have less impact

on the acquisition of the interested IE frequency.

The simulation results show that the application of the proposed acoustical

muffler effectively decreases the amplitude of the waves escaped from the ellipsoidal

reflector. As the noises become weaker, together with the IE signal amplification with

a parabolic reflector, the interested IE frequency can be extracted from the obtained

signal more easily. Note that the linear FE models do not account for energy dissipation

in air, so the wave amplitudes of the noises in reality can be lower than the simulated

results. In addition, energy absorption material can be used to build the acoustical

muffler to further decrease energy of the noise. The effectiveness of the proposed

acoustical muffler on noise reduction will be validated experimentally.

The radial thickness of acoustical muffler is an important factor that signifi-

cantly affects the effectiveness of the acoustical muffler. More waves can be trapped

inside the acoustical muffler if the thickness of the muffler is greater. However, as the

thickness of the muffler increases, the distance between the microphone and the exci-

tation location (far focus of the ellipsoidal reflector) increases accordingly. Since the

highest amplitude of the IE resonance in a plate occurs at the impact location [22, 62],

the sensor should be placed close to the impact source in order to receive strong IE

signals. In the next section, 3D FE models are employed to study the dependence

of IE signal strength on the distance between the impact location and the focused

microphone (offset distance).
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Figure 7.9: (a) Time domain signals obtained the observation point when the acoustical
muffler has single channel (blue solid line), three channels (red solid line), and no
channel (dotted line). (b) Time domain signals obtained the observation point when the
acoustical muffler has three channels (blue dashed line), three channels with chamber
(red solid line), and no channel (dotted line). The pressure amplitudes of the escaped
waves are effectively decreased by the acoustical muffler.

156



7.3 Numerical Simulation of Air-Coupled IE Test on a Con-
crete Plate Using 3D FE Models

In previous FE simulations, 2D axisymmetric models are employed to reduced

the required computational effort since the simulated system can be represented ax-

isymmetrically. In this section, the reflector axis of the simulated focused microphone

is not aligned with the impact location, and it is not appropriate to describe this sys-

tem using 2D axisymmetric models. Therefore, 3D FE models are employed in this

section to obtain reasonable simulation results.

7.3.1 Dependence of IE Signal Strength on Receiver Location

Previous study [22, 62] shows that the greatest magnitude of the plate surface

displacement caused by IE mode occurs at the impact location. In addition, the ax-

isymmetric IE surface displacement varies in the radial direction with a shape of the

Bessel function of the first kind (J0) [62]. As a result, the pressure amplitudes of the

collected IE waves depend on the offset distance between the impact location and fo-

cused microphone. Therefore, it is of great interest to investigate the dependence of

the received airborne IE signal strength on the offset distance.

Aside from investigating the effect of source receiver spacing on the measured

focused IE signal using 3D FE models, a 2D axisymmetric model is also built to

simulate the IE surface displacement and the resulting IE waves in air along the plate

surface. The simulated IE waves in air correspond to the IE waves measured solely by a

microphone without using a parabolic reflector. The simulation results are compared to

Wilcox’s work [62] for validation. With the 2D and 3D simulation results, the relation

between the IE surface displacement and the focused IE signal strength obtained at

different source receiver spacings can be obtained.
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7.3.1.1 Numerical Model Description

3D FE models are employed in this study to simulate the focused microphone

and the concrete plate as shown in Fig. 7.10(a). A point load is applied directly on

the concrete plate to excite stress waves. The simulated square concrete plate has a

length of 120 cm and a thickness of 19 cm. The concrete plate is simply supported on

its four bottom edges. In each model, a point load is applied vertically at the center of

the concrete plate ([x,z]=[0,0] cm). The impact location and the focused microphone

are located on the opposite faces of the plate to avoid the interference of the direct

acoustic wave (Fig. 7.10(b)). Since IE mode (S1ZGV) is a symmetric mode, the IE

surface vibrations and the airborne IE waves can be obtained from both sides of the

plate. The point load has a squared half-sinusoidal function with a duration of 40 µs

as described in Eq. 3.1.

A parabolic reflector has a aperture radius of 8 cm and a rim angle of 104◦.

The depth of the reflector is 5.1 cm, and the distance between the reflector vertex and

the focal point is 3.1 cm. The wall thickness of the reflector is 2 mm. The reflector

aperture plane is 2 cm above the plate. Since the wave propagation in air above the

parabolic reflector is not of interest in this study, the air domain does not cover the

entire parabolic reflector to save computational time and effort, as can be seen in Fig.

7.11. Only the air covered by and near the edge of the parabolic reflector is simulated.

An observation point is specified at the focal point of the reflector to measure the

simulated focused pressure responses.

The mesh size used in the air domain is 2.5 mm, which is five times larger

than the mesh size used previously (0.5 mm) in air. The reason for using a 2.5 mm

mesh size is because the use of a small mesh size (0.5 mm) in a 3D FE model re-

sults in a great amount of elements that is beyond the computational capability of

the computer used in this research. A 2.5 mm mesh size is still valid in our appli-
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Figure 7.10: (a) 3D FE model for investigating the effect of source receiver spacing on
acquired IE signal amplitudes. A circular air domain having a radius of 10 cm (Fig.
7.11) is connected to the top surface of the concrete plate. (b) side view of the 3D FE
model. A point load is applied vertically at the plate center from the bottom.

Figure 7.11: Air domain used in 3D FE models for airborne wave simulation. The
parabolic reflector has a rim angle of 104◦ and a aperture radius of 8 cm. The distance
between the reflector aperture and the bottom surface of the air domain is 2 cm. The
distance between the reflector vertex and focal point is 3.1 cm.
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cation since it is one-thirteenth of the wavelength of the interested airborne IE wave

(λS1ZGV=343/10400=0.033 m=33 mm) and is smaller than the one-tenth criteria sug-

gested in [7, 59, 68]. However, the accuracy of the simulation results would be lower

compared to previous simulations since a larger mesh size is used. The elements used

in the air domain are 4 node linear acoustic tetrahedrons (AC3D4). The material

properties for air are listed in Table. 3.1. Extra material damping is introduced in

the outer layer (1 cm from the outer surface) of the cylindrical air column to avoid

reflections from the boundary of the air domain. The circular air domain is connected

to the concrete plate in the FE model and the air-solid interaction is captured. For

other regions above the concrete plate where air is not modeled (circular air domain

does not cover), no airborne wave would be generated in the simulation because these

waves are not of interest.

The elements used in the concrete plates are 8-node linear isoparametric el-

ements (C3D8). Along the plate boundaries (x=±60 cm and z=±60 cm), infinite

elements (CIN3D8) are used to absorb wave energy and reduce the amplitude of the

waves reflected from the four plate boundaries. The mesh size used in the concrete

plates is 5 mm, which is larger than the mesh size (2 mm) used in the previous axisym-

metric FE models. Ten offset distances ranging from 0 cm to 35 cm are investigated.

A 2D axisymmetric FE model is employed to simulate the IE surface displace-

ment along the plate surface and the resulting IE waves in air. The simulated concrete

plate has a radius of 350 cm and a thickness of 19 cm. The use of a large plate radius

delays the reflected stress waves coming from the plate edge to reach the observation

points, and thus the resulting leaky waves would not be recorded. An air domain

having lateral dimensions of 130 cm by 80 cm is attached to the plate surface, and

25 observation points are specified in the air domain along the air-concrete interface

ranging from r=0 cm to r=60 cm with a 2.5 cm spacing. A point load having an
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Figure 7.12: 2D axisymmetric FE model for investigating the IE surface displacement
along the plate surface and the resulting IE waves in air. A point load is applied
vertically along the axis of symmetry. The observation points in air along the air-
concrete interface are located on the other side of the plate to avoid the interference of
the direct acoustic wave.

input function of a squared half-sinusoidal function with a duration of 40 µs is applied

vertically at the plate center. The point load is applied from the other side of the plate

as shown in Fig. 7.12 such that the direct acoustic wave does not present in the air

domain and would not be recorded at the observation points. Since the IE mode is

a symmetric plate mode, the same IE plate displacement can be detected from both

sides of the plate.

Linear axisymmetric triangular solid elements are used in concrete (CAX3) and

linear axisymmetric triangular acoustic elements are used in air (ACAX3) domain. A

mesh size of 2 mm is used in the concrete plate and a smaller mesh size (0.5 mm) is

used along the air-concrete interface. The mesh size used in the air domain is 0.5 mm

and 5 mm for the energy absorbing region along the edge. The material properties

used for air and concrete are listed in Table 3.1.
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7.3.1.2 Simulation Results and Discussion

Figure 7.13(a) shows the focused pressure response obtained at the focal point

of the parabolic reflector, which is located 5 cm away from the impact location (offset

distance: 5 cm). In this figure, a strong wave representing the leaky surface wave (LS)

is first observed. The strong wave is followed by a series of periodic airborne IE waves

(IE). Note that the direct acoustic wave is not observed in this pressure signal because

several acoustic elements (ACAX3) in the circular air domain close to the impact

location ([x,z]=[0,0] cm) are removed. A strong wave corresponding to the reflected

leaky surface wave (Reflected LS) from the parabolic reflector is observed at t=0.34 ms.

After the strong peak, a series of noticeable periodic waves with a wave period close to

0.1 ms can also be observed. The periodic waves correspond to the focused IE waves

(Focused IE). Although the leaky surface wave is not a quasi-plane wave (leaky angle

10◦), the pressure amplitude of the reflected leaky surface wave measured at the focal

point is still noticeably increased. Therefore, when analyzing the pressure signal in

frequency domain, a Tukey window (dashed line) is used to extract the useful focused

IE signal and avoid the interference of the reflected leaky surface wave.

Figure 7.13(b) shows the frequency spectrum of the windowed signal shown in

Fig. 7.13(a). The Tukey window used to extract the IE signal has a total length of

0.35 ms. The starting time point of the Tukey window is selected based on the arrival

time of the positive peak of the leaky surface wave. The distance between the focal

point and the reflector vertex is 3.1 cm. After the leaky surface wave passes through

the focus, it takes about 0.18 ms for the reflected leaky surface wave to revisit the

focus again. As a result, the starting time point of the Tukey window is selected as the

arrival time of the positive peak of leaky surface plus 0.25 ms to exclude most of the

reflected leaky surface wave. In this figure, a clear peak corresponding to the IE mode

occurs at f=10.38 kHz. Note that the peak frequency changes slightly as the length
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Figure 7.13: (a) Pressure signal obtained at the focal point of the parabolic reflector.
The focal point is located 5 cm away from the impact location. A Tukey window
(dashed line) is used to extract the focused IE signal. (b) frequency spectrum of the
windowed signal. A clear peak corresponding to the IE frequency is observed.

or position of the Tukey window changes.

The relation between the strength of the focused IE signal and the offset dis-

tance is presented in Fig. 7.14(a) (solid line). The investigated offset distances range

from 0 cm to 35 cm. Each data point on this curve represents the normalized magni-

tude in frequency domain of the extracted focused IE signal obtained at a designated

offset distance. In this figure, the highest IE magnitude occurs when the microphone

is located above the impact location as expected (offset distance=0 cm). The IE mag-

nitude decreases gradually as the microphone moves away from the impact location

(increasing offset distance). The decrease in IE signal amplitude is due to the fact that

the IE surface displacement is not uniform over the plate surface [22, 62].
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As reported by Wilcox [62], the surface displacement of a point load induced

Lamb modes has a mode shape of the Bessel function of the first kind (J0), and the

highest amplitude occurs at the impact location. The normalized Bessel function cor-

responding to the IE surface displacement of the concrete plate is presented in Fig.

7.14(a) for comparison (dotted line). The distance between the first nodal point and

the impact location is about 25 cm, which is about 1.3 times of the plate thickness.

The simulated signal strengths (from 2D FE model) of the airborne IE waves obtained

along the air-concrete interface is also presented in Fig. 7.14(a) (blue dashed line).

Each point represents the normalized magnitude in frequency domain of the extracted

IE signal (t=2 ms to t=2.2 ms) obtained along the plate surface. The simulated IE

displacement on plate surface is not directly employed for comparison since the mea-

sured surface displacement contains the global movement of the entire plate and the

IE signal cannot be extracted easily. On the contrary, the airborne IE waves have

higher pressure amplitudes [32] and thus the IE frequency can be obtained more easily.

Furthermore, the airborne IE waves obtained along the air-concrete interface can accu-

rately represent the IE surface displacement since the two domains are connected. In

Fig. 7.14(a), the simulated airborne IE signal strength agrees with the analytical plate

displacement (dotted line), especially for the first lobe and the location of the first

nodal point. Figure 7.14(b) shows the unnormalized IE signal strength of the airborne

IE waves obtained along the plate surface (2D FE model) and the focused IE waves

obtained at the focal point (3D FE model). Note that the use of parabolic reflector

significantly increases the received IE signal strength. The IE signal gain is around 30

dB when the source receiver spacing is zero.

The corresponding wave field in air excited by the simulated IE surface dis-

placement is presented in Fig. 7.15. In this figure, clear IE waves and the leaky surface

wave can be observed in air. The simulated wave field shows that the size of the first
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Figure 7.14: (a) Normalized IE signal strength at various source receiver spacings
(offset distance). Red solid line: normalized magnitude in frequency domain of the
focused IE signals obtained at various offset distances in 3D FE models. Blue dashed
line: normalized magnitude in frequency domain of the airborne IE waves obtained
along the air-concrete interface in a 2D axisymmetric model. Dotted line: normalized
analytical IE surface displacement along the plate surface described by the Bessel
function of the first kind [62]. (b) unnormalized IE signal strength corresponds to the
curves presented in (a)

165



1st lobe 2nd lobe 3rd lobe 3rd lobe 2nd lobe 

Leaky surface wave 

IE waves 

Air  

Concrete 

plate  

Transient point load 

Axis of symmetry 

Figure 7.15: Pressure wave field in air at 2 ms after the point load is applied. Part of
the concrete plate and air domain shown in 7.12 are presented. This figure consists of
the simulated wave field and its mirror image.

lobe of the IE surface displacement changes with time and becomes more stable around

t=1.5 ms. Since the movement of the first nodal point is limited, the Bessel function

can effectively represent the IE surface displacement of a plate.

Compared to the IE surface displacement (Bessel function) shown in Fig. 7.14,

the focused IE signal strength has a different distribution with offset distance since the

parabolic reflector with a radius of 8 cm collects the IE waves from a large area with

different pressure amplitudes. As can be seen in this figure, the focused airborne IE

waves have the highest IE amplitude when the offset distance of the parabolic reflector

is 0 cm. As the offset distance increases, amplitude of airborne IE waves decreases, and

the amplitude of the focused wave decreases consequently. For a 19 cm thick concrete

plate, the estimated location for the first nodal point of the IE surface displacement is

located 25 cm from the impact location [62]. As a result, for offset distances ranging

from 17 cm and 33 cm, the parabolic reflector (diameter=16 cm) covers the first nodal

point and part of the collected IE waves would have an opposite phase. The reflected

waves with two opposite phases would cancel each other and decrease the amplitude
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of the focused wave.

The variation of IE magnitudes shown in Fig. 7.14 indicates how the source

receiver spacing affects the acquired IE signal amplitudes. The offset distance should

be as small as possible to maximize the obtained IE signal strength.

7.4 Fully Air-Coupled IE Test Using Through Transmission
Setup

The IE mode is a ZGV Lamb wave mode (S1ZGV) built in plate through the

entire thickness of the plate. Therefore, the IE mode can also be measured from the

opposite side of the plate using through transmission setup. The through transmission

IE test is similar to the general IE test except that the source and receiver are placed

on the opposite sides of the plate. The interested IE stress waves are excited from one

side of the plate specimen and collected on the other side. The air-coupled IE test

setup can also be applied in a through transmission test setup when the two opposite

surfaces of the plate are accessible.

In an air-coupled through transmission IE test, the focused spark source is

placed on one side of the plate to excite the IE mode, and the focused microphone is

placed on the opposite side of the plate to collect the excited airborne IE waves as shown

in Fig. 7.16. Since the two reflectors are not placed on the same side of the specimen,

offset distance is not needed between the microphone and the impact location. As a

result, the air-coupled source and receiver can be positioned such that the reflector axes

are aligned and the thus received IE signal is maximized. Another advantage of the

air-coupled through transmission IE test is that the plate specimen naturally serves as

an effective sound insulator, which blocks the direct acoustic wave (generated by the

spark source). Therefore, less noises would be collected by the microphone and thus

results in a better IE signal quality.
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Figure 7.16: Illustration of the test setup of an air-coupled through transmission IE
test on a plate. The focused spark source and the focused microphone are positioned
on the two opposite sides of the plate specimen.

Four FE simulations are conducted to model the application of air-coupled

through transmission IE test on an intact and three defected concrete plates. The cor-

responding wave fields are visualized to provide a better understanding of this method.

7.4.1 Numerical Model Description

Since the focused spark source and the focused microphone are aligned in the

air-coupled through transmission IE test, 2D axisymmetric FE models can be employed

to properly simulate the corresponding wave field. In this study, a 2D axisymmetric

FE model is used to simulate the focused spark source, focused microphone and a

circular concrete plate as shown in Fig. 7.17(a). In addition, a point load excitation is

employed to study the behavior of the excited plate and the focused pressure response

measured by the focused microphone.
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Figure 7.17: 2D axisymmetric FE model for air-coupled through transmission IE test
on (a) intact and (b) defected concrete plate. The circular concrete plate has a radius
of 1000 mm and a thickness of 190 mm. The ellipsoidal reflector has a semi-major axis
of 70 mm and an eccentricity of 0.7. The circular defect in (b) has a radius of 15 cm
and depth of 8 cm.
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For stress wave excitation using a point load, the focused spark source in Fig.

7.17 is removed, and a point load is applied vertically along the axis of symmetry on

the top surface of the concrete plate. The simulated point load is represented by a

squared half-sinusoidal function with a duration of 50 µs. The input function and its

frequency spectrum are presented in Fig. 7.18.
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Figure 7.18: (a) Input function (squared half-sinusoidal function with a duration of 50
µs) employed in FE simulations, (b) frequency spectrum of the input function.

For stress wave excitation using focused spark source, the simulated ellipsoidal

reflector has a semi-major axis of 7 cm and an eccentricity of 0.7. The reflector’s

far focus is aligned with the top surface of the concrete plate. The depth of the

reflector is 11.4 cm, and the gap between the reflector and the plate surface is 0.5

cm. A single-cycle sinusoidal wave with a frequency of 20 kHz is specified at the

near focus of the ellipsoidal reflector. The focused spark source is simply supported in

an air domain having dimensions of 15 cm by 15 cm. The bottom surface of the air

column is connected to the upper surface of the concrete plate to ensure the air-concrete

interaction can be captured.
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For the focused microphone, the simulated parabolic reflector has a diameter of

10 cm and a rim angle of 90◦. The depth of reflector is 5 cm. The parabolic reflector is

placed beneath the concrete plate, and the reflector aperture faces toward the bottom

surface of the plate to collect the downward-propagating airborne waves. The gap

between the reflector aperture and the plate surface is 3 cm. Pressure responses are

obtained at the focal point of the reflector. The parabolic reflector is simply supported

in an air domain having dimensions of 20 cm by 10 cm. The top surface of the air

column is connected to the bottom surface of the concrete plate.

The simulated circular concrete plate in each model has a thickness of 19 cm

and a radius of 1 m. For the defected concrete plates, the circular defect has a radius

of 15 cm and depth of 8 cm as indicated in Fig. 7.17(b). The far focus of the focused

spark source is located at the center of the top surface of the circular plate. The focused

microphone is placed on the opposite side of the plate and is positioned such that the

axis of the parabolic reflector passes through the center of the circular plate. This

spatial arrangement ensures that the collected IE signal is maximized. The circular

plate is simply supported from the bottom surface 10 cm from its edge.

Linear axisymmetric triangular solid elements are used in concrete (CAX3) and

linear axisymmetric triangular acoustic elements are used in air (ACAX3) domain. The

mesh size used in the two air domains (focused spark source and focused microphone) is

0.5 mm. To ensure the air-concrete interaction is properly captured, the mesh size used

along two air-concrete interfaces (top and bottom surface) is 0.5 mm, and the mesh

size increases gradually from 0.5 mm to 2 mm in the top 1 cm thickness of the plate.

For the center region in the concrete plate (depth from 1 cm to 18 cm), a mesh size of 2

mm is used. A layer of absorbing elements (CINAX4) are employed on the plate edge

to minimize stress wave reflections from the edge. In each air domain, an absorbing

acoustic layer is used on the edge to avoid wave reflections from the boundaries of the
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air column. The material properties used in air and concrete are listed in Table. 3.1.
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Figure 7.19: (a) Pressure wave field in air at 0.3 ms after the point load is applied.
(b) normalized focused pressure response obtained at the focal point of the parabolic
reflector. (c) normalized frequency spectrum of the raw time domain signal in (b). (d)
pressure wave field in air at 0.6 ms after the spark source is initiated. (e) normalized
focused pressure response obtained at the focal point of the parabolic reflector. (f)
normalized frequency spectrum of the raw time domain signal in (e).

7.4.2 Simulation Results From an Intact Concrete Plate

Figure 7.19 shows the simulation results of through transmission test on an

intact concrete plate using (a-c) a point load excitation and (d-f) a focused spark

source excitation. Fig. 7.19(a) shows the excited wave field in air at 0.3 ms after a

point load is applied on the top surface of the concrete plate. In this figure, both leaky
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surface wave (LS) and airborne IE waves are observed in the air domain. The quasi-

planar IE waves are focused by the parabolic reflector, and the normalized focused

pressure response is presented in Fig. 7.19(b). In this time domain signal, the leaky

surface wave (LS) caused by the surface wave traveling along the bottom surface from

plate center to edge is observed. In addition, a series of periodic IE waves with a period

about 0.1 ms can be identified clearly. Fig. 7.19(c) shows the normalized frequency

spectrum of the entire time domain signal in (b). A dominant peak corresponding

to the IE mode of the 19 cm thick concrete plate is observed. In addition, another

peak with a higher frequency (about 19 kHz) is also observed. This peak corresponds

to the A2ZGV mode of the concrete plate as presented in Chapter 2. The presence

of S1ZGV and A2ZGV mode in Fig. 7.19(c) indicates that the ZGV modes can be

precisely measured from both sides of the concrete plate.

Figure 7.19(d) shows the excited wave field in air at 0.6 ms after the spark is

initiated. Both leaky surface wave (LS) and airborne IE waves can also be observed

on the other side of the concrete plate. Since the noises induced by the spark source

have high pressure amplitudes, the leaky surface wave and IE waves generated in the

air domain above the plate are overshadowed and cannot be identified in this figure.

In addition, the direct acoustic wave generated by the spark source is not shown in the

air domain beneath the plate because these two air domains are not connected. As a

result, the high amplitude noise is not presented in the collected time domain signal

(Fig. 7.19(e)). In the real situation, the direct acoustic wave would either be blocked

by the plate or requires a longer time (depending on the plate dimension) to arrive

the microphone. Therefore, the direct acoustic wave would have less impact on the

interested IE signals in a through transmission test. Note that the leaky surface wave

in (e) arrives at a later time compared to (b). This is because it takes time for the

spark energy to be focused to the top plate surface after spark initiation. Fig. 7.19(f)
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shows the frequency spectrum of the entire time domain signal in (e). Both S1ZGV

and A2ZGV mode are clearly shown in this spectrum. This result indicates that, like

a point load excitation, the focused spark source can effectively excite Lamb waves in

a plate.

7.4.3 Simulation Results From a Defected Concrete Plate

Figure 7.20 shows the simulation results of through transmission test on a de-

fected concrete plate (defect depth: 8 cm) using (a-c) point load excitation and (d-f)

focused spark source excitation. Figures 7.20(a) shows the simulated wave field in air

at 0.4 ms after a point load is applied. Both leaky surface wave (LS) and flexural

modes are observed in the air domain. It should be noted that the leaky surface wave

presented in this figure is generated by the surface wave reflected from the plate edge

and travels along the bottom plate surface. Figures 7.20(b) and 7.20(c) show the fo-

cused pressure response and corresponding frequency spectrum, respectively. In the

frequency spectrum, a dominant IE peak corresponding to the full plate thickness is

not observed due to the presence of the defect. In addition, IE frequency of the defect

regions (25.2 kHz for 8 cm depth) is not observed in the spectrums either. This indi-

cates that the IE mode built within the defected region cannot be detected from the

other side of the plate. Two peaks (3.2 kHz and 8.7 kHz) corresponding to flexural

modes of the defect region are observed in Fig. 7.20(c). These flexural modes can

also be used to locate the defect, and their frequencies may be used to estimate the

dimension and depth of a defect [49]. A peak with a frequency about 20.5 kHz is also

observed in Fig. 7.20(c). This frequency corresponds to the IE frequency (20.2 kHz) of

the lower defect region beneath the delamination with a thickness of 10 cm. Since the

impact load is not directly applied on the lower defect region (beneath delamination),

the IE mode built in this region is not dominant in the frequency spectrum.
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Figure 7.20: (a) Pressure wave field in air at 0.4 ms after the point load is applied.
(b) normalized focused pressure response obtained at the focal point of the parabolic
reflector. (c) normalized frequency spectrum of the raw time domain signal in (b). (d)
pressure wave field in air at 0.6 ms after the spark source is initiated. (e) normalized
focused pressure response obtained at the focal point of the parabolic reflector. (f)
normalized frequency spectrum of the raw time domain signal in (e).

Figure 7.20(d) shows the simulated wave field in air at 0.6 ms after the spark

source is initiated. Both leaky surface wave (LS) and flexural modes are also observed.

Figures 7.20(e-f) show the focused pressure response and corresponding frequency spec-

trum. The simulated frequency spectrum is similar to the point load excitation case

(Fig. 7.20(c)), and the two peaks corresponding to the flexural modes are also observed.

Modal analysis of this defected concrete plate is conducted to investigate the

flexural modes and IE mode of the defected region. Figure 7.21(a) shows the unde-
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formed shape of the defected concrete plate. Figures 7.21(b-d) show the exaggerated

mode shapes corresponding to the two peaks shown in Figs. 7.20(c) and (f). In these

two modes, both the regions above and beneath the defect vibrate simultaneously and

thus the generated airborne waves can be detected on both sides. Note that the modal

analysis is conducted using a 2D axisymmetric model and only the axisymmetric modes

are presented. Figure 7.21(d) shows the exaggerated mode shape of the IE mode of the

bottom defected region, and its frequency (20.3 kHz) corresponds to the peaks shown

in Figs. 7.20(c) and (f).

(a) 

(b) 

(c) 

20330 Hz

(d) 

Figure 7.21: Exaggerated mode shapes of a defected concrete plate having a defect
depth of 8 cm (a). The eigenfrequencies are (b) 3198 Hz, (c) 8641 Hz, and (d) 20330
Hz.
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7.5 Chapter Summary

In this chapter, two possible issues that may occur in an air-coupled IE test are

studied and the possible mitigation is investigated. The first issue is related to the high-

amplitude direct acoustic wave generated by the electric spark that may overshadow

the useful signals. The second issue is about the spatial arrangement of the source

and receiver due to the presence of both ellipsoidal reflector and parabolic reflector.

Aside from these two issues, another application of the air-coupled IE test, through

transmission test, is also studied.

The spherical acoustic wave generated by the electric spark contains high energy.

Most of the energy is reflected by the ellipsoidal reflector to its far focus to excite

stress waves in the plate. However, the rest of the high-energy waves escape from

the ellipsoidal reflector and reach the focused microphone directly. The high-energy

direct acoustic wave may dominate the received time domain signal and complicate

IE signal interpretation. An acoustical muffler is proposed to effectively decrease the

wave amplitude of the escaped direct acoustic wave. FE simulation results show that

the acoustical muffler successfully traps a large amount of the wave energy of the

out-propagating waves. The wave energy trapped inside the acoustical muffler then

gradually escapes outwards and thus has less impact to the received time domain

signal. As a result, the unwanted waves (direct acoustic wave for example) presented

in the simulated focused pressure response have much smaller wave amplitudes when

the acoustical muffler is included. Future experimental verification is needed to validate

the efficiency of the proposed device.

Since two reflectors (ellipsoidal and parabolic) are employed in the air-coupled

IE test setup, the shortest distance between the impact location (center of the ellip-

soidal reflector) and the microphone (center of the parabolic reflector) is limited by the

sizes of both reflectors. Previous studies [22, 62] show that the highest amplitude of
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the IE vibration in a plate is at the impact location, and the IE mode has an amplitude

variation similar to the Bessel function of the first kind (J0) [62]. Therefore, the offset

distance between the microphone and the impact location prevents the parabolic reflec-

tor from collecting the IE wave with highest amplitudes. Furthermore, the magnitude

of the collected IE signal decreases as the offset distance increases. 2D axisymmetric

simulation results indicate that the IE surface displacement of the plate can be ef-

fectively described by a Bessel function. 3D FE models are employed to investigate

the dependence of IE signal magnitude on offset distance for a given test setup. The

simulation results show that as the offset distance increases, the magnitude of IE signal

in frequency domain drops accordingly. Therefore, the focused microphone should be

placed as close to the impact location as possible to obtain higher IE signal amplitude

and thus the sizes of the two reflectors should be limited. As a result, an ideal reflector

should not only have the ability to effectively focus the wave energy but also requires

minimal space such that the microphone can stay close to the impact location.

Air-coupled through transmission IE test is also investigated in this chapter. In

a through transmission test, the focused spark source and the focused microphone are

placed on the opposite sides of the plate. As a result, the axes of the two reflectors can

be aligned such that the focused microphone receives the strongest airborne IE waves

of the intact plate from the other side of the plate. This test not only resolves the

spatial limitation issue but also mitigates the noise problem since the direct acoustic

wave is blocked by the plate.

FE simulation shows that the focused spark source can effectively excite stress

waves including Lamb waves in a concrete plate. Simulation results also indicates that

when the air-coupled through transmission IE test is performed on a intact plate, the

IE frequency of the plate can be obtained, and the plate thickness can be calculated.

However, when this method is applied on a defected plate, the IE frequency of the
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defected region cannot be measured from the other side of the plate. This is because

the IE vibrations of the defected region only generate airborne IE waves on the side of

the plate where the source is located. However, simulation results also indicate that

the flexural modes of the defect region can be measured from the other side of the

plate and can be identified in the frequency spectrum. Previous study [49] shows that

the flexural modes of the defect region may be used to estimate the dimension and

depth of the defect. Therefore, air-coupled through transmission test can be used to

determine the integrity of a plate and locate internal defects.
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Chapter 8

Conclusion and Future Work

8.1 Conclusion

The typical impact-echo test (IE) employing hammers (for stress wave excita-

tion) and contact sensors (for IE waves collection) is able to effectively provide the

thickness and integrity information of a plate [53, 54]. However, the low test speed due

to the contact requirements significantly hinders the efficiency of this test. Non-contact

technologies for exciting and receiving the IE waves has been introduced previously to

increase the test speed [66]. One of the non-contact technology investigated in this

research is the use of air-coupled source and receiver in an IE test. Previous experi-

mental work by Zhu et al. validates the effectiveness of the air-coupled IE test [66]. The

main objective of this dissertation is to provide a theoretical basis of the air-coupled

IE test and to improve the design of the test equipment based on the investigation re-

sults. In particular, this research mainly focuses on utilizing numerical and analytical

simulations to study the wave propagation in the air-concrete plate system during an

air-coupled IE test. The simulation results from the numerical and analytical analy-

ses help the researchers better understand the behavior of this system and serve as a

guideline for improving the performance of this test.

The test setup of the air-coupled IE test consists of two main parts: a focused

spark source for stress wave excitation and a focused microphone for pressure wave

collection. An ellipsoidal reflector is employed in the focused spark source to focus the

electric spark energy to the designated impact location on the plate surface. A parabolic
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reflector is employed in the focused microphone to focus the airborne pressure wave

to the microphone. To optimize the design of these reflectors, it is important to first

understand the wave propagation in the air-concrete plate system during an IE test.

In addition, factors such as spark-induced noises that may affect the IE frequency

identification during an air-coupled IE test are studied and addressed.

The conclusion of this dissertation consists of four aspects: first, investigation of

the behavior of the air-concrete plate system during an IE test. Second, investigation

of the behavior of focused microphone and reflector geometry optimization. Third,

investigation of the behavior of focused spark source and reflector geometry optimiza-

tion. Last, noise reduction and the effect of source receiver spacing on the received IE

signal.

8.1.1 Behavior of Air-Concrete Plate System in an Impact-Echo Test

After a transient point load is applied on a plate, an infinite number of sym-

metric and anti-symmetric Lamb waves are generated within the plate structure [6, 38].

One of the symmetric wave having a zero group velocity (S1ZGV) stays locally near

the impact location due to its vanishing group velocity and results in a strong local

vibration [6]. The frequency of this vibration (fS1ZGV , IE frequency) is related to

the thickness of plate through P wave velocity and Poisson’s ratio or dispersion curve

[6, 22]. Numerical simulations using finite element method (FE) shows the plate res-

onance induced by the S1ZGV wave results in a periodic wave in air with the same

frequency as IE frequency. Furthermore, the airborne IE waves have a quasi-planar

wavefront, which confirms that the incident angle of the airborne IE wave is very small

[56]. The visualized wave field shows that the excited airborne IE waves propagate in

the direction closely normal to the plate surface, and the strong IE waves are limited

in the region above the impact location. In addition, the radius of the circular strong
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IE plane waves is related to the thickness of the plate or defected region [62]. This

indicates that the air-coupled sensor should be positioned as close to the impact loca-

tion as possible to receive the strong IE signal. This recommendation on microphone

position agrees with that suggested by Gibson and Popovics on contact sensor position

in an IE test [22].

8.1.2 Air-Coupled Sensor: Focused Microphone

The air-coupled sensor used in the air-coupled IE test consists of a parabolic

reflector and a measurement microphone, which is positioned at the focal point of the

reflector. The parabolic reflector collects the airborne waves (direct acoustic wave,

leaky surface wave and IE wave) generated in the IE test. However, only the IE wave

with a quasi-planar wavefront has the highest signal amplification at the focal point due

to the unique focusing property of the parabolic reflector [18]. Previous experimental

study shows that the use of a parabolic reflector effectively enhances the recorded

signal strength of the IE waves and the IE signal to noise ratio (SNR) [18]. Previous

study indicates that the signal amplification provided for a given incident plane wave

is determined by the geometry of the parabolic reflector [57, 58].

In this dissertation, an analytical solution is presented for calculating the fo-

cused pressure response along the reflector axis for an incident transient wave with an

axisymmetric wavefront [57]. Derivation of this solution involves geometrical acoustics

and Kirchhoff-Helmholtz Integral. Simulation results given by this solution indicate

that the focused wave has a waveform of the derivative of the input function of the

plane wave. In addition, signal amplification at the focal point (focusing gain) depends

on reflector geometry (both aperture size and rim angle) and input frequency of the

incident wave. First, for a given rim angle, focusing gain increases as the size of the

reflector aperture increases since more wave energy is collected. This indicates that
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the size of the employed parabolic reflector should be as large as possible. Second,

for a given reflector aperture size (a given amount of input wave energy), the highest

focusing gain occurs when the rim angle reaches 126.4◦and drops elsewhere. For rim

angles ranging from 90◦ to 150◦, the corresponding focusing gains are less than 1 dB

smaller than the maximum value (126.4◦) and are also considered as effective. Third,

the focusing gain is linearly proportional to the input frequency of the incident plane

wave. As a result, a parabolic reflector gives higher focusing gain when the incident

plane wave has a higher input frequency.

For off-focus signal amplification along the reflector axis, the simulation results

show that the variation of the signal gain along the reflector axis is dependent on the

rim angle of the parabolic reflector. For a parabolic reflector with a rim angle close to

120◦ (high focusing gain), the signal gain drops rapidly as the observation point moves

away from the focal point and thus results in a narrow focal zone. On the contrary, for

a rim angle of 30◦ (low focusing gain), the signal gain drops with a lower rate as the

observation point moves away from the focal point and thus results in a wider focal

zone.

Given the aforementioned acoustical properties of the parabolic reflector, the

aperture size of the reflector should be maximized and a rim angle of 126.4◦ is rec-

ommended. Since the focal zone is narrow for a parabolic reflector with high focusing

gain, the microphone should be precisely positioned at the focal point to maximize the

signal amplification.

8.1.3 Air-Coupled Source: Focused Spark Source

The air-coupled source used in the air-coupled IE test consists of an ellipsoidal

reflector and a high-voltage electric spark source, which is located at the near focus

of the reflector. Ellipsoidal reflectors have an unique property that any wave passing
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through one of the two focal points would be reflected to the other. In an air-coupled

IE test, the ellipsoidal reflector is positioned such that its far focus is located on the

plate surface. Therefore, the strong spherical wave generated by the electric spark at

the near focus can be focused to the plate surface, where the far focus is located, to

excite stress waves in the plate. For a given spark source, the IE wave excitability of a

plate depends mainly on the focused pressure amplitude and directivity of the focused

sound wave, and these two properties are determined by the geometry of the ellipsoidal

reflector [28, 64].

In this dissertation, linear finite element models and a nonlinear numerical com-

puter code (KZKTexas [1]) are used to investigate the acoustical properties (focusing

gain and directivity of focused wave) of several ellipsoidal reflectors. In the linear

simulations, the linear FE models do not take material nonlinearity and other en-

ergy dissipating mechanism into account, and reflector geometry is the only factor

that determines the property of the focused wave. In the nonlinear simulations, the

KZKTexas computer code considers material nonlinearity and other energy dissipating

mechanism, and thus the simulation results would better reflect the real condition for

an air-coupled IE test.

For linear FE simulations, the simulation results indicate that the highest signal

amplification occurs when the eccentricity is close to 0.4, which agrees with the pre-

dicted value using Hamilton’s analytical solution [28]. For a given reflector eccentricity,

the focusing gain is independent of the reflector size if the frequency limit is satisfied

(kr ≫ 1). This is valid in a linear (lossless) system because the wave energy is not

dissipated during propagation. Therefore, the size of the reflector does not affect the

focusing gain in a linear system if the same amount of wave energy is focused by the

reflector. The FE simulation results also show that the focused wave given by an ellip-

soidal reflector with a high eccentricity is highly directional, which means more wave
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energy travels in the reflector axial direction. Therefore, an ellipsoidal reflector with a

high eccentricity would be more effective in IE wave excitation. However, the highest

focusing gain occurs at a low eccentricity (0.4) in a lossless medium. Study shows that

an eccentricity of 0.7 has the best combined effect of focusing gain and directivity, and

gives the highest simulated IE wave excitation in a plate.

For nonlinear analyses in air using KZKTexas code, the results indicate that

the focusing gain increases as the reflector size decreases for a given spark source and

eccentricity. This is because when the energy dissipation is considered during wave

propagation, the short travel distance for a small reflector would result in less energy

dissipation and a higher pressure amplitude of the airborne focused wave. Note that

the reflector size need to be large enough such that the frequency limit can be satisfied.

The nonlinear analyses also indicate that the eccentricity that gives the highest focusing

gain is 0.6. Therefore, a reflector eccentricity greater than or equal to 0.6 would have

the best combined effect of focusing gain and directivity and result in the highest

simulated IE wave excitation.

8.1.4 Noise Reduction and Spatial Distribution of Test Equipment

The spherical wave generated by the spark source contains a large amount of

energy. Part of the spark generated acoustic wave travels through the gap between

the ellipsoidal reflector and plate surface and reaches the microphone directly. The

strong direct acoustic wave contaminates the collected signal and makes the useful

IE frequency difficult to be extracted. In this dissertation, an acoustical muffler that

works with the focused spark source is introduced. The acoustical muffler is able to

trap the out-propagating waves and then release the wave energy gradually. Linear

FE simulations show that the acoustical muffler effectively decreases the pressure am-

plitude of the escaped waves by keeping part of the wave energy in the device. The
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trapped energy is released gradually and thus a series of waves with small amplitudes

are observed in the time domain signal. The resulting new noises with smaller wave

amplitudes have less impact on IE frequency acquisition in an air-coupled IE test.

In an air-coupled IE test, both the focused spark source and focused microphone

are placed on the same side of the plate. The sizes of the two reflectors determine the

shortest offset distance between the impact location and focused microphone as well

as the amplitudes of the collected IE signals [22]. In this dissertation, 3D FE models

are employed to investigate the dependence of the focused IE signal strength on the

offset distance. In each model, only the focused microphone is simulated and the stress

waves in the concrete plate are excited by a point load. The simulation results show

that the magnitude of the focused IE signal reaches the highest value as the focused

microphone is located above the impact location and drops gradually as the focused

microphone moves away from the impact location. The variation of the focused IE

signal magnitude is related to the amplitude distribution of the IE vibration in the

plate [22, 62]. This suggests that the distance between the focused microphone and

impact location should be minimized such that the strong IE waves can be collected.

Therefore, the radius of the air-coupled source should be as small as possible such that

the focused microphone can collect more strong IE waves near the impact location.

In an air-coupled through transmission IE test, the focused spark source and

the focused microphone are placed on the opposite sides of the plate. As a result,

the axes of the two reflectors can be aligned such that the collected IE signal strength

is maximized. Furthermore, the plate specimen serves as a noise insulator, and thus

the noise generated by the spark source will be blocked by the plate. However, since

the source and receiver are located on different sides, the airborne IE waves excited

from the defected region can hardly be detected by the receiver, which is located on

the other side of the plate. FE simulation for an intact concrete plate shows that
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a dominant IE peak can be clearly observed in the frequency spectrum. Other FE

simulations for defected concrete plates show that a dominant IE peak cannot be found

in each frequency spectrum, but several peaks corresponding to the flexural modes of

the defected regions can be observed instead. These peaks can be used as an indication

of the presence of a defect. In addition, previous study [49] shows that the flexural

modes of the defect region may be used to estimate the dimension and depth of the

defect. The simulation results indicate that air-coupled through transmission test is

suitable for plate integrity evaluation. Other test method is necessary if the detailed

information of the defect is desired.

8.2 Future Work

In this dissertation, most of the research work is completed numerically and

analytically. Therefore, it is important to validate the results with experimental studies.

In this section, the suggested experimental work for air-coupled receiver and source is

presented. In addition, research directions that are not covered in this dissertation are

also discussed.

8.2.1 Air-Coupled Receiver

Acoustical properties of parabolic reflectors have been investigated and pre-

sented in this dissertation. Experimental studies are necessary to validate the effects

of aperture size and rim angle on focusing gain (Chapter 5). In addition, the effect

of source receiver spacing on focusing gain (Chapter 7) should also be validated by

experimental studies.

For numerical simulation, the study of effect of source receiver spacing on focus-

ing gain shown in Chapter 7 employs only one reflector geometry. Since the reflector

size affects the amount of IE waves collected, it would be helpful to conduct the source
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receiver spacing analysis with different reflector geometries (aperture size and rim an-

gle) to obtain a better understanding of the performance of various air-coupled receivers

in air-coupled IE test.

8.2.2 Air-Coupled Source

Acoustical properties of ellipsoidal reflectors are investigated using linear and

nonlinear numerical analyses in Chapter 6. Experimental studies are required to vali-

date the numerical results. Three ellipsoidal reflectors ((a) a=7 cm, e=0.5, h=10 cm,

(b) a=7 cm, e=0.7, h=11.4 cm, (c) a=10 cm, e=0.866, h=18.16 cm.) are recommended

for experimental verification to validate the effects of reflector size and eccentricity on

focused pressure amplitude. Furthermore, the reflector geometry that has the optimal

combined effect of focused pressure amplitude and directivity and thus can effectively

excite IE mode in a plate can be found accordingly.

The effectiveness of acoustical muffler has been numerically investigated and

shown to be effective in Chapter 7. Further experimental studies of the acoustical muf-

fler are important to experimentally characterize its acoustical property and efficiency.

In addition, absorbing material that helps further dissipating the noise energy trapped

in the acoustical muffler is not considered in the numerical simulation. The effective-

ness of the use of absorbing material in the acoustical muffler can be experimental

studied. The design of the acoustical muffler can further be optimized according to the

experimental results and therefore the amplitude of the leaked noises can be minimized.

8.2.3 Through Transmission Test

Numerical studies on through transmission test are presented in Chapter 7, and

the simulation results show the feasibility of this test. For a defected concrete plate,

through transmission test excites both flexural and IE modes of the defected region.
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In this dissertation, the relation between the flexural modes and defect depth is not

investigated. Further study that links the flexural modes of the defect region to defect

depth would be very useful in through transmission test and is of great interest.
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Appendix A

Derivation of Transient Axial Solution for Plane

Waves Focused by a Paraboloidal Reflector

A.1 On-Axis Solution

The following derivation of the transient on-axis pressure field reflected by a

paraboloidal reflector follows the procedure used by Hamilton[28] for obtaining the on-

axis solution resulting from a point source located at the near focus of an ellipsoidal

reflector. Before evaluating the on-axis response from a paraboloidal reflector, we

note that the pressure on the reflector surface p2g based on the geometrical acoustics

(Eq. 4.3) can be represented by a convolution of the impulse response function, h2g,

and any arbitrary transient input function f(t) as p2g/p0 = f(t) ∗ h2g, where

h2g =
D(zs)

r2
δ

(
t− hv + zF − r2

c0

)
, and (A.1)

D(zs) ≡ rF = zs + zF . (A.2)

The function h2g is found by simply setting the function f(t) in Eq. 4.3 to the delta

function, δ(t). The term D(zs) defined on the left-hand side of the above expression

is the paraboloidal analogue to the directivity factor used by Hamilton for ellipsoidal

reflectors. It is introduced to simplify the determination of the Q factor (Eq. (A.15))

used in finding the contributions by the center, edge, and wake to the field on-axis.

Using this expression, the Kirchhoff-Helmholtz integral shown in Eq. (4.5) now

191



be represented by the impulse response h2 as p2/p0 = f (t) ∗ h2, where

h2 =
1

4π

∫ ∫
S

{
[h2g]

∂

∂n

(
1

R

)
− 1

c0R

∂R

∂n

[
∂h2g

∂t

]
− 1

R

[
∂h2g

∂n

]}
ds. (A.3)

To evaluate h2, each of the terms within the integral must be evaluated in terms of

the paraboloidal geometry. We begin with the normal derivative of R on the reflecting

surface,

∂R

∂n
=

R⃗ · e⃗n
R

, (A.4)

where R is the distance between any point on the reflector surface and the observation

point on the z axis, and R⃗ is its vector form pointing from the on-axis observation point

to the reflector surface. e⃗n is a unit vector pointing to the inward normal direction of

the reflector surface (n⃗). R⃗ is thus defined by

R⃗ = (zs − z)e⃗z + re⃗r. (A.5)

The equation of the reflector surface (C) can be written as

C(r, zs) = r2 − 4zF zs = 0, (A.6)

and e⃗n is therefore given by

e⃗n =
−∇s · C
|∇sC|

=
−
√

zs/zF e⃗r + e⃗z√
zs/zF + 1

, (A.7)

where ∇s is the gradient evaluated on the surface of the reflector. Substituting the

above terms into Eq. (A.4), one obtains the following simple relationship for ∂R/∂n;
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∂R

∂n
=

−(z + zs)

R
√
zs/zF + 1

.

Using these expressions, the first term in the integrand of h2 (Eq. (A.3)) can

now be determined. The notation {}s indicates that the terms within the brackets are

evaluated on the reflector surface, which implies, for example, that r2 be replaced with

rF within the integrand. As a result,

{
[h2g]

∂

∂n

(
1

R

)}
S

= −
{
[h2g]

R2

∂R

∂n

}
S

(A.8)

=
D(zs)(z + zs)

R3rF
√
zs/zF + 1

δ(τ),

where τ is the retarded time, which is defined as

τ = t− hv − zs +R

c0
. (A.9)

Similarly, the second term in the integrand of Eq. (A.3) becomes,

−
{

1

c0R

∂R

∂n

[
∂h2g

∂t

]}
S

=
D(zs)(z + zs)

c0R2rF
√
zs/zF + 1

∂δ(τ)

∂τ
, (A.10)

and the last term is

−
{
1

R

[
∂h2g

∂n

]}
S

=
D(zs)

rfR
√
zs/zF + 1

[
∂δ(τ)/∂τ

c0
− δ(τ)

rF

]
. (A.11)

Note that the surface area of the paraboloidal reflector (ds) in the integral can be

represented with dzs as

ds = 4πzF
√

1 + zs/zFdzs. (A.12)
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Employing all the above expressions, h2 can finally be written as an integration along

zs as

h2 = zF

∫ h

0

[(
z + zs
R2

− 1

rF

)
δ(τ)

+

(
z + zs
c0R

+
1

c0

)
∂δ(τ)

∂τ

]
D(zs)

Rrf
dzs. (A.13)

The integrand in Eq. (A.13) can be written as a form of integration by parts as

d[Q(zs)δ(τ)]/dzs by carefully choosing the function Q. Analysis shows that the Q

function can be defined using the second term in Eq. (A.13) as

1

Rrf

(
z + zs
c0R

+
1

c0

)
∂δ(τ)

∂τ
≡ Q

∂δ(τ)

∂τ

∂τ

∂zs
, (A.14)

which results in

Q =
z + zs +R

RrfK
, and (A.15)

K = R + z − zs − 2zF = R + z − zF − rF . (A.16)

One then notes that the spatial derivative of Q with respect to the z-coordinate on the

surface is found as

∂Q

∂zs
=

(
z + zs
R2

− 1

rF

)
1

Rrf
, (A.17)

which allows Eq. (A.13) to be rewritten as

h2 = zF

∫ h

0

D(zs)
d

dzs
[Q(zs)δ(τ)]dzs. (A.18)

Equation (A.18) can then be integrated by parts to yield the following function for h2;
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h2 = zFD(h)Q(h)δ(τe)− zFD(0)Q(0)δ(τc) (A.19)

− zF

∫ h

0

D′(zs)Q(zs)δ(τ)dzs.

The delta function in Eq. (A.19) is given by

δ[τ(zs)] =
δ(zs − zr)

|τ ′ (zr)|
, (A.20)

where τ ′ ≡ ∂τ/∂zs and zr is the root of τ (zr) = 0. Now one notes that τ ′ is

∂τ

∂zs
=

1

c0

(
1− ∂R

∂zs

)
, (A.21)

and that R2 = 4zF zs + (z − zs)
2, ∂τ/∂zs can thus be written as

∂τ

∂zs
=

R + z − zF − rF
Rc0

=
K

Rc0
. (A.22)

K is a function of z and zs. According to the reflector geometry shown in Fig. 4.1,

K is positive for an observation point located beyond the focus (z > zF ) and negative

for a point located before the focus (z < zF ). The delta function is therefore

δ(τ) =
Rrc0sgn(Kr)

Kr

δ(zs − zr), (A.23)

with zr given by

zr =
(tc0 − hv)

2 − z2

4zF − 2(tc0 − hv + z)
. (A.24)

Substituting δ (τ) into Eq. (A.19), h2 can be rewritten in the compact form
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h2 =
zF (z + h+Re)

ReKe

δ(τe)−
zF (z +Rc)

RcKc

δ(τc)

− zF c0(z + zr +Rr)sgn(Kr)

(zr + zF )K2
r

≡ He(z)δ(τe) +Hc(z)δ(τc) +Hw(z, t). (A.25)

The subscripts e, c, r indicate that the functions R and K will be evaluated at the edge

(zs = h), center (zs = 0) and on the surface (zs = zr). As a result, p2 can be calculated

from three terms representing the edge, center, and wake contributions, respectively:

p2
p0

= f(t) ∗ h2(z, t)

= He(z)f(τe) +Hc(z)f(τc) +

∫ t2

t1

Hw(z, t
′)f(t− t′)dt′. (A.26)

In the above expression, t1 and t2 are the temporal limits of the wake defined by Eq.

(A.27) or Eq. (A.28) depending on the z-coordinate of the observation point. For

z < zF , the leading contribution of the wake arrives from the reflector center while the

contribution arriving from reflector edge arrives last. In that case, t1 and t2 are written

as

t1 =
hv + z

c0
and t2 =

hv − h+Re

c0
. (A.27)

On the contrary, for z > zF ,

t1 =
hv − h+Re

c0
and t2 =

hv + z

c0
. (A.28)

Note that a singularity occurs when the observation is located at the geometric focus.

A special solution for pressure response at focal point is given in the next section.
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A.2 Solution at Geometric Focus

The solution for axial response given in Appendix A has a singularity when

the observation point coincides with the focal point. A special solution is therefore

presented here for that special point of interest. By setting z = zF , Eq. (A.13) can be

written as

h2 =
2zF
c0

∂δ(τ)

∂τ

∫ h

0

1

rF
dzs

=
2zF ln(h/zF + 1)

c0

∂δ(τ)

∂τ
. (A.29)

Then, since ∂τ/∂t = 1 in this case, and the chain rule yields

∂δ(τ)

∂τ
=

∂δ(τ)

∂τ

∂τ

∂t
=

∂δ(τ)

∂t
,

the expression for h2 simplifies to

h2 =
2zF ln(h/zF + 1)

c0

∂δ(τ)

∂t
, (A.30)

and thus the pressure at any on-axis observation point is given in the following compact

form:

p2
p0

= h2 ∗ f(t) (A.31)

=
2zF ln(h/zF + 1)

c0

d

dt
f

(
t− h+ zF

c0

)
. (A.32)

A.3 Critical Value of G2 for Maximum Signal Amplification

To investigate the influence of reflector geometry on gain at the reflector focus,

Section 5.2.1.2 introduced a gain factor, G2 given in Eq. 5.5. By replacing h/zF with

x, in that expression, one has
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G2 =
√
1/x ln(x+ 1), (A.33)

an expression that can then be used to determine the value of h/zF that maximized

the focusing gain for a given input function. This is done by setting ∂G2/∂x equal to

zero,

∂G2

∂x
=

√
x/(x+ 1)− ln(x+ 1)/2

√
x

x
= 0, (A.34)

and finding the root. The above equation can be simplified as

2x

x+ 1
= ln(x+ 1). (A.35)

Equation A.35 does not have an analytical solution, but numerical root finding shows

that a maximum for G2 occurs when x = h/zF ≃ 3.92, which corresponds to a rim

angle of ≃ 126.4◦.
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