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Abstract 

 

Effects of Prestress on Strains and Deflections in Pretensioned Beams 

 

Stergios Koutrouvelis, M.S.E. 

The University of Texas at Austin, 2013 

 

Supervisor:  John L. Tassoulas 

 

In this research, nonlinear structural analysis along with finite element analysis 

were carried out for a pretensioned concrete beam at different levels of pretension in 

order to examine the effect of the change in the tendon force on the geometric stiffness of 

the beam. Several results were obtained for deflection, horizontal displacement and 

surface strains to investigate how they are affected by the level of pretension under the 

application of the same load in each case. These computations were compared with the 

tendon force to conclude whether they can be used to estimate the pretension level by 

means of simple measurements. The purpose was to develop a methodology for 

quantifying the prestress losses by taking advantage of the dependence of the prestressed 

concrete beam stiffness on the tendon force. 
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CHAPTER 1 

INTRODUCTION TO PRESTRESSED CONCRETE 

Concrete is a material weak in tension but strong in compression. In tension, 

cracks can appear at low levels of load. In order to address this issue and reduce the 

extent of concrete’s weakness in tension, a solution that is often adopted is to apply a 

compressive force in the direction of the expected tension. With the application of the 

compressive load, all sections that would otherwise be in tension will sustain higher loads 

without the development of tensile cracks. This concept allows structures to behave 

elastically for significantly higher loads than ordinary concrete. The applied force is 

called the prestressing force and is transmitted to the concrete through the prestressing 

reinforcement 

 

1.1 Prestressing technology 

High-strength concrete is usually used for prestressing operations. The 

prestressing tendons that transmit the force are made of high-strength, typically 270 ksi, 

steel. There are two main systems for prestressed concrete: pretensioned and post-

tensioned. The difference between the two is that in the first one the tendons are stressed 

before the concrete is cast, while in the second one the stressing takes place after the 

concrete is cast and has cured sufficiently. 

 

1.1.1 Prestressing reinforcement 

As mentioned above, in prestressing, high-strength steel with yield strength of 

about 270 ksi is often used. The reason for the high-strength is that the losses in the 
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surrounding concrete due to elastic shortening, creep and shrinkage must be addressed. 

The approximate loss is estimated to be between 35 and 60 ksi and to be counterbalanced, 

the initial prestress in the tendons during casting has to be at the level of 180 to 200 ksi. 

The prestressing reinforcement is also referred to as “tendon”. The tendon can be a wire, 

a strand, a bar or a set of wires, strands or bars. The most common type of tendons and 

widely used in the industry is the 7-wire strand. This type of reinforcement was 

developed in the United States. Standard diameters are those of 3/8 in., ½ in. and 0.6 in. 

The ½ inch 7-wire strand is the type of prestressing reinforcement that was used in the 

models for this research. 

 

1.1.2 Pretensioned beams and pretensioning operations 

The pretensioning operation is performed in precasting plants. The first step in the 

process is the installation and stressing of the tendons against the abutments of the 

pretensioning bed. The abutments consist of anchorages that are supported by large and 

stable bulkheads to provide enough strength to sustain the high and concentrated forces 

that are applied to the tendons. The casting formwork is then installed and the concrete is 

placed into the formwork. In order for the concrete to achieve adequate strength, it should 

be should be allowed to cure for about 16 hours. In the meantime, it may be heated to 

produce a better result. Once the concrete reaches a certain portion of its full strength, the 

tendons are released by flame-cutting and the concrete becomes prestressed. The beam 

that was modeled for the purposes of this research is a pretensioned-tendon beam. 
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1.1.3   Post-tensioned beams and post-tensioning operation 

In the post-tensioning operation the strands are placed in ducts along the 

longitudinal axis of the element and are tensioned after sufficient hardening has occurred. 

The first step in the process is to place the cage of the reinforcement and the ducts in the 

formwork. After the casting and the curing of the element, the strands will be tensioned 

against the hardened concrete and then anchored at the ends. Special jacks are used to 

properly anchor the tendons. The prestressing force is transferred to the member through 

the end anchorages and the beam is then a post-tensioned beam. 

 

1.2 Prestress losses 

In prestressed concrete beams, the prestressing force undergoes a progressive 

change over time as a result of various factors affecting the properties of both steel and 

concrete. Consequently, the long-term prestressing force is reduced compared to the 

initial one. The main sources of this reduction are the elastic shortening of the concrete in 

the short term and creep, shrinkage of concrete and strand relaxation for steel in the long 

term. 

 

1.2.1 Elastic shortening of concrete 

Concrete undergoes an elastic axial compressive deformation upon the application 

of the prestressing force from the tendon. The force is transmitted either through the bond 

between the tendons and the surrounding concrete or through the anchorages resulting in 

a shortening as the forces are balanced. As a result, the tendons experience less force than 

they initially carried. This type of loss is considered in the model through the initial strain 

input and the balancing of the forces. 
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1.2.2 Concrete creep 

Experiments on concrete specimens in the past exhibited stress-strain response 

dependent on the rate and duration of loading, otherwise referred to as the load time-

history. When sustained loads are applied on the concrete and stresses are kept constant 

for a period of time, the strains increase. This deformation type is creep of concrete. The 

creep deformation is a function of the applied load, the duration of loading, the properties 

of the concrete (such as the mix proportions), the curing conditions, the age at first 

loading and environmental factors such as relative humidity. In engineering calculations, 

creep is accounted for by determining the reduced initial stiffness EC, EFF. The amount of 

this type of loss is very difficult to determine accurately. Current testing procedures 

provide values of EC, EFF in a rather wide range. 

 

1.2.3 Concrete shrinkage 

Unless concrete is kept in 100% relative humidity, its volume is reduced by a 

process known as shrinkage. Just like creep, shrinkage depends on a number of factors 

with the total water content of the mixture being by far the most significant. Other factors 

that affect shrinkage are the aggregates, the type of cement, the size of the member and 

the environmental conditions. The major part of the process takes place within a year 

from casting. The average shrinkage strain for both moist-cured and steam-cured 

conditions is 0.78*10-3 in/in.  
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1.2.4 Relaxation of the prestressing strands 

Prestressing reinforcement undergoes relaxation during its life. Relaxation is 

defined as the loss of prestress in the strands or wires subjected to a constant strain over a 

period of time, resulting in a reduction of the force required to keep the reinforcement at 

a constant elongation. Factors that determine the magnitude of loss due to relaxation are 

mainly the time while the tendons are subjected to the prestressing force and also, the 

ratio of the applied initial stress to the yield stress of the steel (fp/fy). Relaxation can be 

considered negligibly small if the applied initial stress in the tendons or strands is less 

than 55% of the yield stress of the high-strength steel used for the operation.  

Steel relaxation exhibits similarities to the losses due to creep in concrete with the 

main difference being that for concrete the change is in the strain whereas for the 

prestressing reinforcement in the stress. The two quantities are in fact related to each 

other because they are interacting during the life of a prestressed member. The estimation 

of relaxation requires complex calculations as well as information about the materials 

under the specific conditions. 
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CHAPTER 2 

GEOMETRIC NONLINEARITIES IN PRESTRESSED CONCRETE 
BEAMS 

In this chapter, an analytical approach based on the direct stiffness method will be 

described for a prestressed concrete beam. This approach will take into account the 

applied axial loads on the prestressing tendons and on the concrete sections and their 

effects on the geometric stiffness of the beam. It will then be used to verify the 

computational results that were obtained from the finite element model that was analyzed 

using the commercial software package ANSYS Mechanical APDL. 

 

2.1 The prestressed concrete beam model 

The beam considered for the purpose of this thesis is pretensioned. The 

dimensions of the concrete section chosen are 18 in. by 10 in. and the total length is 240 

in. from the pin to the roller support at the end. For the prestressing reinforcement 3 ½-in. 

7-wire strands were used with a nominal area of 0.152 in2 each. The tendons are placed 

eccentrically in the concrete section with an eccentricity of 7 in. This configuration is 

producing a negative moment equal to the eccentricity multiplied by the compressive 

force that is applied on the concrete along the tendon line as a reaction to the tensile 

tendon force. The setup is shown in figure 2.1 and the beam section in figure 2.2. 

 

 

Figure 2.1: Dimensions of the beam model 
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Figure 2.2: The beam section 

For the nonlinear matrix structural analysis the prestressing tendons were 

simulated as truss elements and the concrete beam elements as planar frame elements. 

The 240-in. long beam was divided into 12 elements with each element having a length 

of 20 in. Both the truss elements and the beam elements had the same beginning and end 

nodes to account for the continuity of the displacements. The moment produced by the 

eccentricity of the tendons was taken into account in the vector of fixed-end forces and 

moments for each planar frame element.  

 

2.2 Sectional analysis and determination of the forces 

An ordinary sectional analysis for prestressed concrete beams was carried out to 

determine the relationship between the initial strain of the tendon, the resulting moment 

and force on the beam elements and the resulting force in the tendons based on 

equilibrium conditions. 
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Figure 2.3: Sectional equilibrium conditions 

After the release of the tendons in the casting bed, concrete undergoes elastic 

shortening. The strain due to elastic shortening is going to be εci for our calculations. The 

strain differential, which is the signature of the prestressing operation is noted as Δεp and 

is equal to the difference in the strain between the tendons and the surrounding concrete 

(Δεp = εpi – εci). This value remains constant. From equilibrium we have: 

 

𝑓  𝑑𝐴
  

!
= 0⟺ 𝑓!   𝑑𝐴!

  

!!
+ 𝑓!  𝑑𝐴!

  

!!
= 0 

 

Where Ac is the area of the concrete and Ap is the total area of the prestressing 

tendons. The equation above can be formulated as: 

 

𝐴! ∗ 𝑓! + 𝐴! ∗ 𝑓! = 0⟺ 𝐴! ∗ 𝐸! ∗ 𝜀!" + 𝐴! ∗ 𝐸! ∗   𝜀!" = 0 

⟺ 𝐴! ∗ 𝐸! ∗ 𝜀!" + 𝐴! ∗ 𝐸! ∗ 𝛥!! − 𝜀!" = 0 

 

Where Ec is the modulus of elasticity of concrete and Ep the modulus of elasticity 

of the steel used for the prestressing tendons. Thus, from the above equation we obtain: 
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𝜀!" = −
𝐴! ∗ 𝐸! ∗ 𝛥!!

𝐴! ∗ 𝐸! − 𝐴! ∗ 𝐸!
 

 

Knowing the relationship between the initial strain in the concrete and the strain 

differential we can determine the forces in the concrete beam and the prestressing 

tendons. These forces will be implemented in the nonlinear geometric stiffness matrices 

of the truss element used to simulate the tendons and the planar frame elements for the 

concrete beam. 

 

2.3 Formulation of the linear and nonlinear stiffness matrices 

In this section, the tangent stiffness matrices for the beam elements and the truss 

elements will be specified. By definition, the tangent stiffness matrix consists of the 

linear and nonlinear part, with the latter accounting for geometric nonlinearities. Thus, 

the tangent stiffness matrix for each element is as shown below: 

 

𝐾! = 𝐾!!"#$% + 𝐾!"!#$!%&' 

 

Klinear is derived by the usual procedure of linear structural analysis. The stiffness 

matrices for linear analysis of truss and frame elements are shown below: 

 

𝐾!,!"#$$ =
𝐴 ∗ 𝐸
𝐿

∗

𝑛!! 𝑛!𝑛! 0 −𝑛!! −𝑛!𝑛! 0
𝑛!𝑛! 𝑛!! 0 −𝑛!𝑛! −𝑛!! 0
0 0 0 0 0 0

−𝑛!! −𝑛!𝑛! 0 𝑛!! 𝑛!𝑛! 0
−𝑛!𝑛! −𝑛!! 0 𝑛!𝑛! 𝑛!! 0
0 0 0 0 0 0

 

  



 10 

𝐾!,!"#$%  !"!#!$% = 

 

=

𝐸𝐴
𝐿 𝑛! ! +

12𝐸𝐼
𝐿! 𝑛!

! 𝐸𝐴
𝐿 −

12𝐸𝐼
𝐿! 𝑛!𝑛! −

6𝐸𝐼
𝐿! 𝑛! −

𝐸𝐴
𝐿 𝑛! ! +

12𝐸𝐼
𝐿! 𝑛!

! −
𝐸𝐴
𝐿 −

12𝐸𝐼
𝐿! 𝑛!𝑛! −

6𝐸𝐼
𝐿! 𝑛!

𝐸𝐴
𝐿 −

12𝐸𝐼
𝐿! 𝑛!𝑛!

𝐸𝐴
𝐿 𝑛!

! +
12𝐸𝐼
𝐿! 𝑛! ! 6𝐸𝐼

𝐿! 𝑛! −
𝐸𝐴
𝐿 −

12𝐸𝐼
𝐿! 𝑛!𝑛! −

𝐸𝐴
𝐿 𝑛!

! +
12𝐸𝐼
𝐿! 𝑛! ! 6𝐸𝐼

𝐿! 𝑛!

−
6𝐸𝐼
𝐿! 𝑛!

6𝐸𝐼
𝐿! 𝑛!

4𝐸𝐼
𝐿

6𝐸𝐼
𝐿! 𝑛! −

6𝐸𝐼
𝐿! 𝑛!

2𝐸𝐼
𝐿

−
𝐸𝐴
𝐿

𝑛! ! +
12𝐸𝐼
𝐿!

𝑛!
! −

𝐸𝐴
𝐿
−
12𝐸𝐼
𝐿!

𝑛!𝑛!
6𝐸𝐼
𝐿!

𝑛!
𝐸𝐴
𝐿

𝑛! ! +
12𝐸𝐼
𝐿!

𝑛!
! 𝐸𝐴

𝐿
−
12𝐸𝐼
𝐿!

𝑛!𝑛!
6𝐸𝐼
𝐿!

𝑛!

−
𝐸𝐴
𝐿
−
12𝐸𝐼
𝐿!

𝑛!𝑛! −
𝐸𝐴
𝐿

𝑛!
! +

12𝐸𝐼
𝐿!

𝑛! ! −
6𝐸𝐼
𝐿!

𝑛!
𝐸𝐴
𝐿
−
12𝐸𝐼
𝐿!

𝑛!𝑛!
𝐸𝐴
𝐿

𝑛!
! +

12𝐸𝐼
𝐿!

𝑛! ! −
6𝐸𝐼
𝐿!

𝑛!

−
6𝐸𝐼
𝐿!

𝑛!
6𝐸𝐼
𝐿!

𝑛!
2𝐸𝐼
𝐿

6𝐸𝐼
𝐿!

𝑛! −
6𝐸𝐼
𝐿!

𝑛!
4𝐸𝐼
𝐿

 

 

The nonlinear part of the tangent stiffness matrix for the truss and frame elements 

is as follows: 

 

𝐾!",!"#$$ =
𝐹!
𝐿′ ∗

𝑛𝑦
2 −𝑛𝑥𝑛𝑦 0 −𝑛𝑦

2 𝑛𝑥𝑛𝑦 0

−𝑛𝑥𝑛𝑦 𝑛𝑥
2 0 𝑛𝑥𝑛𝑦 −𝑛𝑥

2 0
0 0 0 0 0 0

−𝑛𝑦
2 𝑛𝑥𝑛𝑦 0 𝑛𝑦

2 −𝑛𝑥𝑛𝑦 0

𝑛𝑥𝑛𝑦 −𝑛𝑥
2 0 −𝑛𝑥𝑛𝑦 𝑛𝑥

2 0
0 0 0 0 0 0

 

 

𝐾!",!"#$%  !"!#!$% =
𝐹!
𝐿! ∗

𝑛𝑦
2 −𝑛𝑥𝑛𝑦 0 −𝑛𝑦

2 𝑛𝑥𝑛𝑦 0

−𝑛𝑥𝑛𝑦 𝑛𝑥
2 0 𝑛𝑥𝑛𝑦 −𝑛𝑥

2 0
0 0 0 0 0 0

−𝑛𝑦
2 𝑛𝑥𝑛𝑦 0 𝑛𝑦

2 −𝑛𝑥𝑛𝑦 0

𝑛𝑥𝑛𝑦 −𝑛𝑥
2 0 −𝑛𝑥𝑛𝑦 𝑛𝑥

2 0
0 0 0 0 0 0

+ 

 

+
𝑉!
𝐿! ∗

−2𝑛𝑥𝑛𝑦 𝑛𝑥
2−𝑛𝑦

2 0 2𝑛𝑥𝑛𝑦 − 𝑛𝑥
2−𝑛𝑦

2 0

𝑛𝑥
2−𝑛𝑦

2 2𝑛𝑥𝑛𝑦 0 − 𝑛𝑥
2−𝑛𝑦

2 −2𝑛𝑥𝑛𝑦 0
0 0 0 0 0 0

2𝑛𝑥𝑛𝑦 − 𝑛𝑥
2−𝑛𝑦

2 0 −2𝑛𝑥𝑛𝑦 𝑛𝑥
2−𝑛𝑦

2 0

− 𝑛𝑥
2−𝑛𝑦

2 −2𝑛𝑥𝑛𝑦 0 𝑛𝑥
2−𝑛𝑦

2 2𝑛𝑥𝑛𝑦 0
0 0 0 0 0 0
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In the matrices above nx and ny define the orientation of the member in the global 

coordinate system. These properties are calculated based on the angle θ that is shown in 

Figure 2.4 with nx = cosθ and ny = sinθ. 

 

 

Figure 2.4: Element orientation angle and end forces and moments 

Knowing the orientation angle and thus nx and ny we can derive the transformation 

matrix [A] for the truss and planar frame elements. These will then be multiplied with the 

forces and moments vector [F]: 

 

𝐴!"#$$  !"!#!$% =

−𝑛! 0 0
−𝑛! 0 0
0 0 0
𝑛! 0 0
𝑛! 0 0
0 0 0

  ,        𝐹!"#$$  !"!#!$% =
𝐹
0
0
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𝐴!"#$%  !"!#!$% =

−𝑛! −
𝑛!
𝐿

−
𝑛!
𝐿

−𝑛!
𝑛!
𝐿

𝑛!
𝐿

0 1 0
𝑛!

𝑛!
𝐿

𝑛!
𝐿

𝑛! −
𝑛!
𝐿 −

𝑛!
𝐿

0 0 1

  ,      𝐹!"#$%  !"!#!$%   =
𝐹
𝑀!
𝑀!

 

 

For the analysis in order to take into account the action of the two elements that 

behave as a uniform body, we consider that they have the same beginning and end nodes 

and thus the same degrees of freedom. Figure 2.5 shows the degrees of freedom for the 

combined action of the truss elements for the tendons and the beam/frame elements for 

the beam. 

 

 

Figure 2.5: Degrees of freedom 

During the assembly process for every element both the stiffness matrices for the 

frame and truss elements must be taken into consideration. The tangent stiffness matrix 

for a typical element would be: 
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𝐾! = 𝐾!,!"#$$ + 𝐾!",!"#$$ + 𝐾!,!"#$%  !"!#!$% + 𝐾!",!"#!"  !"!#!$% 

 

The stiffness matrix of the beam has been created by adding the individual entries 

from each of the 12 elements tangent stiffness matrices to the corresponding degree of 

freedom. This process results in a 39 by 39 stiffness matrix: 

 

𝐾!"#$%"#$$#&  !"#$ = 

 

=

𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 0 0 0 0 ⋯ 0 0 0
𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 0 0 0 0 ⋯ 0 0 0
𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 0 0 0 0 ⋯ 0 0 0
𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 0 ⋯ 0 0 0
𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 0 ⋯ 0 0 0
𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  ! 0 ⋯ 0 0 0
0 0 0 𝐾!  ! 𝐾!  ! 𝐾!"   𝐾!  ! 𝐾!  ! 𝐾!  ! 𝐾!  !" ⋯ 0 0 0
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The boundary conditions, that for the particular analysis are a pin support on the 

left and a roller support on the right, will be accounted for by adding stiffness of an 

extremely high level to the entries K1 1, K2 2 and K38 38 that correspond to the degrees of 

freedom 1,2 and 38 respectively. The same procedure is used for the vector of fixed-end 

forces and moments and the residual vector. 

The equation that will give us the displacements is the following: 

 

𝑃 = 𝐾  𝑈 + 𝐴  𝐹 + 𝐹𝐸𝑃 
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Solving for U, we find: 

 

𝑈 = 𝐾!!(  𝑃 − 𝐴  𝐹 − 𝐹𝐸𝑃  ) 

 

Several iterations have to be performed in order for the nonlinear structural 

analysis solution to converge. At convergence, the displacements approximately vanish. 

The final displacement vector is derived by summing the U vectors from each of the 

iterations.  

 

2.4 Nonlinear solution and results for different levels of pretension 

In this section, the results of the nonlinear structural analysis of the beam that was 

described above will be presented and discussed. As already mentioned, the reason for 

this analysis was to permit comparison with the results obtained from ANSYS in order to 

gain confidence that the finite element model is producing a reasonable solution for the 

given data. 

The deflections for each node were obtained for 5 different levels of pretension. 

The pretension was interpreted by accounting for different values of the initial strain of 

the tendons Δεp. The initial strain values considered are 0, 0.0005, 0.001, 0.004 and 

0.008. The selection was made for the same values as in the computational results of the 

3-D finite element model. The load cases considered were two. For the first, a 10-kip load 

was applied at midspan of the beam while for the second, two 5-kip loads were applied at 

1/3 and 2/3 of the total length. Figures 2.6, 2.7 and 2.8 show the plots of the deflection 
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along the length of the beam (on the specified nodes of the analysis) for the case of no 

applied load, 10-kip load and double 5-kip load: 

 

Figure 2.6: Deflection along the length of the beam before any load was applied for 
different levels of initial strain Δεp 
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Figure 2.7: Deflections along the length of the beam after the application of the 10-kip 
load at midspan for different levels of initial strain Δεp 

 

Figure 2.8: Deflections along the length of the beam after the application of the 10-kip 
load at midspan for different levels of initial strain Δεp 
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As mentioned earlier in this chapter, the purpose of the analytical approach was to 

get estimates of the values that we would expect from the 3-D finite element model that 

was analyzed in ANSYS. In a chapter 4, we will compare the results. We will show that 

they are within a reasonable and therefore, acceptable deviation range.  
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CHAPTER 3 

THREE-DIMENSIONAL FINITE ELEMENT MODELLING OF THE 
PRETENSIONED CONCRETE BEAM 

In order to obtain more accurate results, a 3-D finite element model of a 

pretensioned concrete beam was created using the commercial finite element analysis 

software ANSYS. This chapter will go through the steps that were followed in order to 

define the parameters of the model that was then analyzed for the same levels of 

pretension as in the nonlinear structural analysis that was described in Chapter 2. Two 

loading cases were examined here as well. The loads were applied on steel plates that 

were placed at midspan for the first loading case and at 1/3 and 2/3 of the length for the 

second case. 

 

3.1 Geometry and loading setups 

The geometry of the section of our finite element model is the same as the one 

shown in Figure 2.2 (Chapter 2). Two different loading setups were utilized. In both 

cases the loads were applied on 4x1x10-in. steel plates and the beams were supported on 

2x1x10-in. steel plates. The support conditions were assigned at the middle and bottom 

side of the support steel plates. The reason for selecting a beam length of 242 in. was so 

that we have a clear length of 240 in. between the supports (pin support on the left and 

roller on the right). A three-dimensional drawing of the two beam setups with all the 

considered dimensions is shown in Figures 3.1 and 3.2 . 
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Figure 3.1: Prestressed concrete beam setup for 10-kip loading at midpan 
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Figure 3.2: Prestressed concrete beam setup for double 5-kip loading at 1/3 and 2/3 of the 
length 

The point loads for each case were applied at the center of the top surface of the 

steel plates. 

 

3.2 Material properties and material models 

As mentioned in the introductory chapter for prestressed concrete, high-strength 

concrete is usually used for the prestressing operations. The compressive strength f’C of 

the type of concrete that was assumed in this model was 6000 psi. The modulus of 

elasticity can be estimated as: 
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𝐸! = 57000 𝑓′!  

 

So, in our case the modulus of elasticity is 4415201 psi or approximately 4415 

ksi. This value was used to define the material model for concrete. For steel the modulus 

of elasticity was assumed to be 29000 ksi both for the steel plates and for the tendons. 

The steel used in the prestressing tendons had yield strength of 270 ksi. Two different 

material models needed to be specified; one for concrete and one for steel. Since the 

loads were relatively low compared to the capacity of the section and the intention of the 

test was not to go into the inelastic range, the material model chosen for both was linear 

isotropic and the Poisson’s ratio input was 0.3 for the steel and 0.2 for the concrete. 

 

3.3 Element types and real constants 

Three different element types were used to model the concrete, steel plates and 

the prestressing tendons respectively. 

For modeling concrete the element Solid-65 was used. This type of element is 

built specifically for modeling structural concrete. It can accurately simulate both the 

tensile and compressive behavior of the material both in the elastic and inelastic range. 

Inelastic properties did not need to be specified for this research since the testing was 

non-destructive. The element has 8 nodes with each node having 3 degrees of freedom. A 

similar element without the additional abilities of cracking and crushing for the inelastic 

behavior of concrete is the Solid-45 element that was used for modeling the steel plates.  

For modeling the prestressing tendons we used the element Link 8. This type of 

element is a spar element that has 2 nodes with three degrees of freedom at each node. 

This element type has two input values in the real constants; the area input and the initial 



 22 

strain input. The latter makes it ideal for modeling the prestressing tendons and was used 

to define ΔεP for considering different levels of pretension.  

 

Figure 3.3: Real constant set for Link 8 element with intitial strain and cross-sectional 
area inputs 

The following table summarizes the element types, material numbers and real 

constant sets that were defined for modeling the concrete, the tendons and the steel 

plates: 

 

 Element 
type 

Material 
number 

Modulus of 
elasticity 

(ksi) 

Poisson’s 
ratio 

Real 
constant set 

Concrete Solid 65 1 4415 0.2 1 

Prestressing 
tendons 

Link 8 2 29000 0.3 2 

Steel plates Solid 45 2 29000 0.3 1 

Table 3.1: Element type, material and real constant set attributes 
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3.4 Model design, meshing and analysis 

After defining the material properties, the element types and the real constant sets, 

the model was built using the graphic user interface in combination with certain 

commands. A relatively fine mesh was selected to increase accuracy and detail as a high 

fidelity model was needed for this type of nonlinear analysis. The size of the Solid 65 and 

Solid 45 elements was 1 cubic inch and the length of the Link 8 elements was 1 inch. 

Figures 3.4 and 3.5 show the ANSYS model for the different loading setups and Figure 

3.6 shows in greater detail the density of the mesh. The elements that material model 2 is 

assigned to, that is the steel model, are shown in purple while the concrete elements are 

shown in cyan. 

 

 

Figure 3.4: Finite element model setup for load at midspan 
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Figure 3.5: Finite element model for loads at 1/3 and 2/3 of the length 

 

 

Figure 3.6: Detailed view of the mesh 
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In Figure 3.7, a section cut of the beam is shown to illustrate the location of the 

prestressing tendons. As the tendons are made of the same material as the steel plates, 

they are also displayed in purple. 

 

Figure 3.7: The location of the prestressing tendons 

The support conditions were a pin support on the left of the beam and a roller 

support on the right and were applied along centerlines of the steel plates at the bottom of 

the beam. The loads were applied at the center of the top surface of the steel plates on top 

of the beams.  
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Figure 3.8: The specified support conditions 

Two different analyses were carried out for each of the loading setups. In the first 

case, the only applied load was the axial force of the tendons because of the initial 

elongation and as the tendons were placed eccentrically they produced a camber in the 

beam. In the second analysis, a vertical 10-kip load was applied on the steel plate at 

midspan for the first setup and two 5-kip loads to the steel plates for the second setup. 

Both analyses were small displacement static and were set to calculate the prestress 

effects and thus, account for geometric nonlinearities. 

As an initial approach, preliminary results were obtained for the deflection at a 

specific node at midspan to check if the deflection changes for different levels of 

pretension.  
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3.5 Preliminary results 

The node of the beam at the center of the bottom surface at midspan was selected 

to measure the difference in the deflections before and after load application in each case. 

This was an initial estimation as to whether different levels of pretension have an effect 

and what that effect is on the geometric stiffness of the beam. The preliminary results 

showed that as the initial strain input was increased, the difference between in the 

deflection was tending to decrease leading us to the conclusion that for higher levels of 

pretension the geometric stiffness of the beam increases. In an actual prestressed concrete 

beam, this defference in deflection would be the actual deflection since the load would be 

applied at the cambered beam. 

The objective of this research was to relate measurements that could be obtained 

from the surface of the beam to the force in the tendons and find out which of those are 

the most sensitive to changes in the tendon force. The following graph shows how the 

differences in the deflections at midspan were affected by different initial-strain inputs 

and thus different levels of pretension. 
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Figure 3.9: Difference in deflection at midspan for different values of initial strain for 10-
kip loading 

A second measurement that was taken for the preliminary results was the 

displacement of the roller support along the longitudinal axis of the beam. The analysis 

showed that for higher levels of pretension, the difference in the displacement tended to 

increase. The respective graph is shown in Figure 3.10 . 
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Figure 3.10: Difference in horizontal displacement for different values of initial strain for 
10-kip loading 

Multiple measurements were taken for deflections, horizontal displacements and 

surface strains along every axis and along the whole length of the beam for both loading 

setups. Measurements of the force in the tendons were also taken. The analyses were 

performed for initial strain inputs (ΔεP values) of 0, 0.0005, 0.001, 0.004 and 0.008. The 

detailed results will be shown and discussed in Chapter 4. 
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CHAPTER 4 

COMPUTATIONAL RESULTS AND VERIFICATION WITH THE 
ANALYTICAL APPROACH 

After building the finite element model for both loading setups, a series of 

analyses were run for five levels of pretension. In these analyses, computational 

“measurements” were taken along two specific node lines. The first line of nodes was at 

the bottom surface of the beam and along the length. At these nodes, computations were 

conducted for deflections, horizontal displacement along the longitudinal axis and strains 

in all three directions. The second node line was along the central tendon line. At those 

nodes, the strains were computed. Furthermore, the elements of the central tendons 

provided results for the tendon force in each case.  

The analysis for each case was carried out in two stages. In the first stage the 

beam was not loaded but cambered due to the eccentric prestressed tendons while in the 

second stage it was carrying the respective loading for each setup. In the last section of 

this chapter the verification of the computational results will be discussed. 

 

4.1 Deflection 

The measurement of interest here was the difference in the vertical displacement 

of the nodes before and after application of the loads: 

                                       Δv = vnot loaded – vloaded 

The difference essentially would provide us with the actual deflection of a 

prestressed concrete beam that was loaded and tested in the field. The following figures 

show the contour plots of the deflections from the analysis before and after the 

application of the load. 
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Figure 4.1: Deflection prior to loading 

 

Figure 4.2: Deflection after loading 

The following graphs show the results of the analysis for the two loading setups. 
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Figure 4.3: Difference in deflection for 10-kip loading at midspan 

 

Figure 4.3: Continued 
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Figure 4.4: Difference in deflection for double 5-kip loading at 1/3 and 2/3 of the length 

 

Figure 4.4: Continued 
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As can be observed easily, in both cases the beam deflects less for higher levels of 

pretension. This reduction is also proportional to the level of pretension. 

 

4.2 Horizontal displacement along the longitudinal axis 

Similarly to the deflections, “measurements” of the displacement of the same 

nodes in the direction of the longitudinal axis were obtained. The difference in horizontal 

displacement before and after the application of the loads was considered here as well: 

                                 Δh = hnot loaded – hloaded 

The contour plots for horizontal displacement are shown in the following figures. 

 

Figure 4.5: Horizontal displacements along the longitudinal axis prior to loading 
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Figure 4.6: Displacements along the longitudinal axis after loads are applied 

The analyses for different levels of pretension showed the following results for 

Δh: 
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Figure 4.7: Difference in horizontal displacement for 10-kip loading at midspan 

 

Figure 4.7: Continued 
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Figure 4.8: Difference in horizontal displacement for double 5-kip loading at 1/3 and 2/3 
of the length 

 

Figure 4.8: Continued 
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From the graphs for Δh, we can conclude that the displacement measurement 

difference before and after applying the loads increases for higher tendon force values. 

 

4.3 Strain along the horizontal axis of the beam section εX 

Results were obtained for the strain along the horizontal axis of the section for the 

same nodes as above (bottom surface of the beam at the centerline). The measurements 

were taken for the strains after the loads were applied in each loading setup. Also, the 

difference in strain (ΔεX = εX Not loaded - εX Loaded) before and after the load application was 

calculated for every node. Figures 4.9 and 4.10 illustrate the contour plots for the strains 

that were discussed above. 

 

Figure 4.9: Strain along the horizontal axis of the section (εX) prior to loading 
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Figure 4.10: Strain along the horizontal axis of the section (εX) after the 10-kip loading 

From the above analysis, the following graphs were obtained for each loading 

case. 
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Figure 4.11: ΔεX and εΧ after loading for 10-kip loading case 

 

Figure 4.11: Continued 
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Figure 4.11: Continued 

 

Figure 4.12: ΔεX and εΧ after loading for double 5-kip loading case 
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Figure 4.12: Continued 

 

Figure 4.12: Continued 

-‐0.00005165	  

-‐0.00005163	  

-‐0.00005161	  

-‐0.00005159	  

-‐0.00005157	  

-‐0.00005155	  

-‐0.00005153	  

-‐0.00005151	  

-‐0.00005149	  

-‐0.00005147	  

-‐0.00005145	  
80.8	   80.85	   80.9	   80.95	   81	   81.05	   81.1	   81.15	   81.2	  

D
iff
er
en
ce
	  in
	  X
	  s
tr
ai
n	  
εx
	  (i
n/
in
)	  

Distance	  along	  the	  length	  (in)	  

Δεx	  along	  the	  length	  of	  the	  beam	  for	  double	  5-‐kip	  loading	  (summary)	  

0.0000	  

0.0005	  

0.0010	  

0.0040	  

0.0080	  

-‐0.00015	  

-‐0.00010	  

-‐0.00005	  

0.00000	  

0.00005	  

0.00010	  

0.00015	  

0.00020	  

0.00025	  

0	   50	   100	   150	   200	  

X	  
st
ra
in
	  ε
x	  
(i
n/
in
)	  

Distance	  along	  the	  length	  (in)	  

εx	  after	  loading	  along	  the	  length	  of	  the	  beam	  for	  double	  5-‐kip	  loading	  (summary)	  

0.0000	  

0.0005	  

0.0010	  

0.0040	  

0.0080	  



 43 

No significant change in the strain difference along this axis is observed for low 

levels of pretension. However, for the case with initial tendon strain of 0.008 the 

difference appears to be significantly smaller for both cases. The graphs that illustrate the 

total value of εΧ show that the strain, after accounting for the applied loads and the strain 

caused by the tendons, is changing proportionally to the level of pretension. 

 

4.4 Strain along the transverse axis of the section εΥ 

Strain computations were carried out at the nodes of the centerline at the bottom 

surface of the beam with respect to the vertical axis of the section. The contour plots for 

the considered strain before and after applying the 10-kip load, as well as the graphs for 

both loading cases are shown in the following figures. 

 

Figure 4.13: Strain along the vertical axis of the section εY prior to loading 
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Figure 4.14: Strain along the transverse axis of the section εY after the 10-kip loading 

 

Figure 4.15: ΔεY and εY after loading for 10-kip loading case 
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Figure 4.15: Continued 

 

Figure 4.15: Continued 
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Figure 4.16: ΔεY and εY after loading for double 5-kip loading case 

 

Figure 4.16: Continued 

-‐0.00007	  

-‐0.00006	  

-‐0.00005	  

-‐0.00004	  

-‐0.00003	  

-‐0.00002	  

-‐0.00001	  

0.00000	  
0	   50	   100	   150	   200	  

D
iff
er
en
ce
	  in
	  Y
	  s
tr
ai
n	  
εy
	  (i
n/
in
)	  

Distance	  along	  the	  length	  (in)	  

Δεy	  along	  the	  length	  of	  the	  beam	  for	  double	  5-‐kip	  loading	  (summary)	  

0.0000	  

0.0005	  

0.0010	  

0.0040	  

0.0080	  

-‐0.00005371	  

-‐0.00005370	  

-‐0.00005369	  

-‐0.00005368	  

-‐0.00005367	  

-‐0.00005366	  

-‐0.00005365	  

-‐0.00005364	  

-‐0.00005363	  
120	   120.2	   120.4	   120.6	   120.8	   121	   121.2	   121.4	   121.6	   121.8	   122	  

D
iff
er
en
ce
	  in
	  Y
	  s
tr
ai
n	  
εy
	  (i
n/
in
)	  

Distance	  along	  the	  length	  (in)	  

Δεy	  along	  the	  length	  of	  the	  beam	  for	  double	  5-‐kip	  loading	  (summary)	  

0.0000	  

0.0005	  

0.0010	  

0.0040	  

0.0080	  



 47 

 

Figure 4.16: Continued 

It can be inferred from the above graphs that for higher levels of pretension the 
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Figure 4.17: Strain along the vertical axis of the section εZ prior to loading 

 

Figure 4.18: Strain along the vertical axis of the section εZ after the 10-kip loading 
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Figure 4.19: ΔεZ and εZ after loading for 10-kip loading case 

 

Figure 4.19: Continued 
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Figure 4.19: Continued 

 

Figure 4.20: ΔεZ and εZ after loading for double 5-kip loading case 
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Figure 4.20: Continued 

 

Figure 4.20: Continued 
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From the results, we can conclude that the difference in strain tends to become 

smaller for higher levels of pretension. 

4.6 Strains of concrete along the central tendon line 

 Strains in the concrete elements adjacent to the prestressing tendon were obtained 

and the results are presented in this section. Measurements were taken along all three 

axes before and after the application of the loads for each case. The graphs display the 

difference in strain before and after load application with a more detailed view at the 

edges of the beam as well as the total strain in each direction across the entire length. 

 

 

Figure 4.21: ΔεX and εX after loading along the tendon line for 10-kip loading case 
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Figure 4.21: Continued 

 

Figure 4.21: Continued 
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Figure 4.22: ΔεX and εX after loading along the tendon line for double 5-kip loading case 

 

Figure 4.22: Continued 
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Figure 4.22: Continued 

 

Figure 4.23: ΔεY and εY after loading along the tendon line for 10-kip loading case 
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Figure 4.23: Continued 

 

Figure 4.23: Continued 
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Figure 4.24: ΔεY and εY after loading along the tendon line for double 5-kip loading case 

 

Figure 4.24: Continued 
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Figure 4.24: Continued 

 

Figure 4.25: ΔεZ and εZ after loading along the tendon line for 10-kip loading case 
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Figure 4.25: Continued 

 

Figure 4.25: Continued 
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Figure 4.26: ΔεZ and εZ after loading along the tendon line for double 5-kip loading case 

 

Figure 4.26: Continued 
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Figure 4.26: Continued 

From the results, it can be concluded that the change in strain at the edges of the 

beam at the location of the tendon changes proportionally to the level of pretension. 
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Figure 4.27: Force in the tendon along the length of the beam before applying any loads 
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Figure 4.28: Comparative plots of the results obtained by the analytical approach and 
from ANSYS 

 

Figure 4.28: Continued 
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Figure 4.28: Continued 

As we can observe from the above graphs, the deviation of the results obtained by 

the analytical approach and from the finite element analysis is within a reasonably narrow 
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CHAPTER 5 

CONCLUSIONS 

In this research, after developing a finite element model of a prestressed concrete 

beam, a series of analyses were carried out to examine the effects of the change in the 

tendon force on the stiffness of the beam. Various computational “measurements” were 

obtained in order to compare the responses under different levels of pretension and to 

determine which measurement is more sensitive to changes in the prestressing force. The 

ultimate goal was to use those measurements in order to estimate the prestressing losses 

by knowing the initial design properties of the beam and obtaining the field 

measurements for deflections or strains. 

 

5.1 Concluding points 

After obtaining the data from the finite element analysis, the following 

conclusions can be inferred: 

• The measurements for deflection, horizontal displacement and strain on 

the surface of the beam show that the force in the tendons alters the 

geometric stiffness of the beam and this effect is visible in the results. 

• From the deflection results, we can see that the difference in deflection for 

an initial strain increment of 0.001 (that is equivalent to a change of 4216 

lbs of the force in the central tendon) is of the order of 4 ∗ 10!!  in. and 

changes inversely with the prestressing force. 

• Based on the horizontal-displacement results, we observe that for the same 

tendon force increment the change of the horizontal displacement is of the 
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order of 10!! in., thus it seems to be the more sensitive measurement to in 

respect to the change in the tendon force 

• Regarding the surface strains at the bottom surface across the centerline of 

the beam no specific conclusion can be made for the difference before and 

after loading because the results appear to be inconsistent in most cases, 

while the total strain for the different prestressing levels changes 

proportionally or inversely with the change in the prestressing force. 

• Finally, the strain measurements in the concrete elements adjacent to the 

tendon line and especially those at the face of the beam showed that the 

difference in the strain in all three axes changes proportionally to the 

tendon force and the change in the strain is of the order of 10!!  in/in for 

the tendon force increment that was mentioned above. The measurements 

for the total strain after loading also change proportionally to the change in 

the prestressing force and the change is of the order of 10!!  in/in for the 

smaller increment as mentioned above. 

• The accuracy of the results in some cases requires very-highly sensitive 

equipment to measure the displacements and strains in the field or in the 

laboratory.  

 

5.2 Recommendations for future work 

The following recommendations for future work can be made: 

• Similar results and measurements can be obtained for different types of 

sections and beams used by the AASHTO design provisions for highway 

girders and an empirical methodology can be developed in order to be able 
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to estimate the losses for the widely used types of prestressed concrete 

beams. 

• A similar procedure as mentioned above with a different type of model 

can be developed for post-tensioned concrete beams since the model and 

the measurements of this research apply only to pretensioned beams. 

• It would be useful to compare the results with actual experimental data in 

the future. This was not an option on the work reported herein because of 

the limited time available for the present study. 
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