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Nonlinear, Passive and Active Inclusions to Tailor the Wave Interaction 

in Metamaterials and Metasurfaces  
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Supervisor: Andrea Alù 

 

Metamaterials have experienced a rapid growth of interest over the past few years 

and new capabilities are being explored to broaden the range of their unique 

electromagnetic properties for functional devices, including tunable, switchable, and 

nonlinear properties. In the future, there is the prospect of opening even more exciting 

applications with metamaterials, not yet imagined and thought not to be possible with 

currently available techniques. 

In my dissertation, I discuss several solutions for passive and active metamaterials 

and metasurfaces, with a particular focus on their potential applications, enabling a new 

class of metamaterials in the spectral range from radio frequencies (RF) and microwaves, 

terahertz (THz) to visible light. 

First, I demonstrate that by loading plasmonic nanoantennas with nonlinear 

nanoparticles, the nonlinear optical processes, such as multiple wave mixing, high 

harmonic generation, phase conjugation and optical bistability may be realized at the 

nanoscale, thanks to the strongly enhanced optical near fields accompanied with the 

plasmonic resonance. I present here the design, practical realization, and homogenization 
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theory of nonlinear optical metamaterials and metasurfaces formed by optical 

nanoantenna arrays loaded with nonlinearities.  

As an extreme case of light manipulation at the “atomic” scale, I also study the 

collective oscillation of massless Dirac fermions inside graphene monolayers, in which 

surface plasmon polaritons are controlled by electrostatic gating. I present how a 

graphene monolayer may serve as a building block and design paradigm for adaptable, 

switchable and frequency-configurable THz metamaterials and nanodevices, realizing 

various functionalities for cloaking, sensing, absorbing, switching, modulating, phasing, 

filtering, impedance transformation, photomixing and frequency synthesis in the THz 

spectrum. 

Last I present various metamaterial designs applied to invisibility cloaks based on 

the scattering cancellation mechanism enabled by plasmonic materials and passive/active 

metamaterials and metasurfaces. This cloaking technology may be used for 

camouflaging, enhancing the sensitivity and signal-to-noise ratio in RF wireless 

communication and sensor networks. In addition, electrically-small antennas based on the 

phase compensation effect offered by metamaterials with low or negative material 

properties are presented, with tailorable modal frequencies, bandwidth, and radiation 

properties.  
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Chapter 1:  Introduction to Metamaterials  

1.1 ELECTROMAGNETIC METAMATERIALS  

Periodic structures and atoms in nature have fascinating properties when they 

interact with electromagnetic waves and result in various unique features, such as 

anomalous values of homogenized permittivity and permittivity, electromagnetic 

bandgaps, chirality and giant nonlinearity [1]-[10]. The temptation of creating artificially-

engineered and/or composite materials using periodic structures for enhancing and 

controlling material responses has attracted tremendous attention from researchers and 

scientists from all over the world. In the past decade, the ancient Greek prefix, meta 

(which means “beyond”) has been applied to coin the new terminology “metamaterials”, 

widely used today to describe artificially-engineered or composite materials with unique 

features that are not found in nature, such as negative permeability above terahertz (THz) 

and zero or negative refractive index (or double negative (DNG) material). The 

metamaterials’ electromagnetic properties can be altered by adjusting the shape, size, 

material properties and configurations of inclusions in unit cells that constitute the 

metamaterial, resulting in the ultimate control of effective material properties in terms of 

electric permittivity and magnetic permeability, depending on the intended application or 

desired result. 

DNG metamaterials were first proposed by Veselago in 1967 [1]. The 

proposed DNG materials were theorized to exhibit optical properties opposite to air and 

dielectrics. Such materials were predicted to exhibit counterintuitive properties, such as 

refracting the light in an unconventional way. However, the first practical negative-index 

metamaterial worked in the microwave regime (4.3 GHz) was not built until 2000 by 
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Smith’s group in UCSD [4]-[5]. This DNG metamaterial was constructed of 

subwavelength split-ring resonators (SRRs) [3] and conducting straight wires [2] as unit 

cells (see figure 1.1) such that both the permittivity and permeability of the material were 

negative. The unit cells and the lattice constant were much smaller than the wavelength 

of electromagnetic wave and each unit cell inclusion has tailored electric (i.e. conducting 

wire) or magnetic responses (i.e. SRR) to the electromagnetic fields. Under these 

conditions, when the periodic construction of many unit cells is formed, the 

electromagnetic wave interacts as if the artificial metamaterial is a homogeneous 

material. 
 

 

Figure 1.1: (a) A split-ring resonator array arranged to produce a negative index of 
refraction, constructed of copper split-ring resonators and wires mounted on interlocking 
sheets of fiberglass circuit board [5]. (b) When an object is placed in front of an object 
with n = −1, the waves are refracted so that they focus once inside the lens and once 
outside of the lens. Such refraction allows for subwavelength imaging (permission 
granted from Applied Physics Letters). 

 

A DNG metamaterial has exotic and anomalous properties not found in nature, 

such as left-handed wave propagation, negative refractive index, and backward wave 

propagation [8]-[9]. In 2001, Pendry has proposed that a DNG metamaterial slab shown 
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in figure 1.1b, with negative refractive properties, may act as a “perfect lens” with 

capabilities beyond conventional lens. A perfect lens with DNG properties would focus 

the propagating waves and amplify the evanescent waves, thereby overcoming the 

diffraction limit and providing subwavelength spatial details at its extended focal plane 

[9], [11]-[20]. Subsequent papers have broadened the scope and applicability of these 

concepts, to realize sub-diffractive imaging and sensing, nanolithography, and high-

density optical storage.  

The interest in metamaterials has been further fostered by the seminal discovery 

that a metamaterial or plasmonic material may be used to achieve exotic transparency 

effects, or “hide” an opaque object, making a cloaked object effectively invisible to the 

electromagnetic radiation [21]-[33]. This passive camouflaging technique has soon 

become one of the main attractions of metamaterial applications, with the iconic term of 

invisibility cloaking. Since 2005, cloaking an object by metamaterial and plasmonic 

structures has been studied in a variety of approaches and applications. For those 

transformation-based cloaks [28]-[33], the cloaking effect relies on anisotropic and 

inhomogeneous material profiles of metamaterials to distort the isotropic space, rerouting 

the incoming electromagnetic wave and completely isolating the cloaked region, as if the 

system is effectively invisible to an external observer, as illustrated in figure 1.2. In the 

seminal paper [28], Pendry et al. introduced this cloaking technique based on the 

“transformation optics” and proposed the permittivity and permeability tensors required 

for a transformation-based cloak to make a spherical object invisible. Since then 

numerous simplifications and optimization designs aimed at enhancing the cloaking 

effectiveness and bandwidth have also been proposed. 
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Figure 1.2: Illustrations of (a) transformation-based cloak and (b) plasmonic cloak 

(permission granted from Science).  

 

As another popular cloaking technique, plasmonic cloaking is based on the 

scattering cancellation mechanism using a homogeneous layer with low- or negative- 

permittivity and/or permeability designed to produce a local polarization vector that is in 

“anti-phase” with respect to that of the object to be cloaked, as illustrated in figure 1.2. 

As a result, a cancellation between the scattering of the object and of a properly designed 

plasmonic cover may restore the incident wavefront in the near- and far-field, and in 

general, independent of the form, polarization and incidence angle of the impinging wave 

and the position of observer. In addition to radar detection, defense and military 

applications, plasmonic cloaking has been proposed to improve near-field sensors and 

detectors, such that their presence may cause fewer disturbances in complex sensing 

networks and systems. Nonetheless, the external signal is allowed to pass through the 

cloak. This “cloaking a sensor” technique may be useful in many setups, e.g., near-field 

scanning optical microscopes (NSOM) or receiving antennas in a communication 

network or indoor system requiring low levels of interference and noise [25]-[26].  
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Another important category of metamaterial application consists in the realization 

of compact, low-profile antennas and electromagnetic devices and components [13]-[14], 

[21]-[37]. The first example of loading a one-dimensional (1D) cavity resonator with 

negative index metamaterials to achieve the exotic “phase compensation” was introduced 

by Engheta in 2001 [14]. It was demonstrated that the electrical size of electromagnetic 

components, such as cavity resonators, waveguides, fibers, and antennas, can be 

independent of operating frequency when they are loaded with a composite medium 

comprising of a single or double negative metamaterial and a double positive material 

[13]-[14], [21]-[37]. The unusual and even counter-intuitive properties currently have 

practical and commercial use in downscaling antenna and RF electronic devices. 

The advent of metamaterials has not only provided new tools for the designer and 

the engineer for improving and overcoming the current technological limitations, but has 

also given a strong incentive to deep theoretical studies revisiting in some senses the 

foundations of many branches of physics. Metamaterials have experienced a rapid growth 

over the past few years and new capabilities are being explored to broaden the range of 

unique electromagnetic properties for functional devices, including tunable, switchable, 

and nonlinear properties [9]. In the future, they might even offer more exciting 

applications that we have not yet imagined and are thought not possible with currently 

available techniques.  

 

1.2 ELECTROMAGNETIC METASURFACES 

Metamaterials are typically engineered to obtain the desirable bulk 

electromagnetic properties, by arranging a set of small scatterers or apertures in a regular 

array. Three-dimensional (3D) metamaterials can also be extended by arranging 
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electrically small scatterers or holes into a two-dimensional (2D) at a planar surface or 

interface, as illustrated in figure 1.3. A metasurface (or metascreen) can be considered as 

the 2D version of a metamaterial, which, however, has the advantage of taking up less 

physical space than bulk metamaterial. Consequently, metasurfaces may offer a reduced 

dimensionality and the possibility of less-lossy structures, and may exhibit exceptional 

abilities for controlling the flow of light and provide cloaking [38], absorbing [40], and 

superresolution imaging functionalities [41]-[42], similar to their bulk analog. For many 

applications, metasurfaces can be used in place of metamaterials. 
 

 

Figure 1.3: Optical metasurfaces formed by plasmonic nanoantenna arrays used to 
experimentally demonstrate negative refraction and reflection angles [45] (permission 
granted from Nature).  

 

Such a planar artificial electromagnetic surface is expected to facilitate new 

physics and applications, as well as enhanced device functionalities that are very different 

from those observed in their 3D metamaterial counterparts. It has been reported that 

metasurfaces will enable new applications in cloaking, imaging, sensing, data storage, 

quantum information processing, and light harvesting [43]-[45]. The recent progress in 
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optical metasurfaces can address the major issues hampering the full-scale development 

of metamaterial technology, such as the loss, integration, and cost-ineffective fabrication. 

As can be expected, the progress in metasurface design and realization will lead to novel 

functionalities and improved performance, and may result in the development of new 

designs of ultrathin metasurfaces with increased bandwidths and reduced losses. 

Moreover, metasurfaces would also be compatible with planar, low-cost manufacturing, 

which, in turn, results in ultrathin devices with unprecedented functionalities, ranging 

from beamforming and beamshaping [43]-[44], dynamic spatial light modulation, to 

pulse shaping and subwavelength imaging [43]-[45], as illustrated in figure 1.3. 

1.3 RESEARCH OBJECTIVES  

Since most metamaterials and metasurfaces are composed of passive, resonant 

inclusions, their electromagnetic responses experience relevant frequency dispersions and 

narrow bandwidth of operation, simply due to the passivity and causality. The resonant 

nature of metamaterials results in the desired electromagnetic properties that occur only 

at the center frequency determined by the geometry, dimensions, periodicity of the 

subwavelength inclusions, as well as the host medium, comprising the metamaterials and 

metasurfaces. Hence, the operating frequency of metamaterials is determined by the 

imbued parameters during fabrication. The narrow bandwidth of operation, however, 

fundamentally limits many practical applications of metamaterials and metasurfaces.  

The purpose of this dissertation is to design and analyze metamaterials and 

metasurfaces with tunable and switchable electromagnetic responses at frequencies 

ranging from RF and microwave, THz, to infrared and visible. Here instead of controlling 

how an normally/obliquely incident electromagnetic wave interacts with metamaterials 

and metasurfaces or mechanically varying the periodicity and arrangement of inclusions, 
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we would like to demonstrate the possibility to reconfigure a metamaterial or metasurface 

device during operation by using electronic, optoelectroic, or optical methods. For those 

electrically-tunable metamaterials and metasurfaces, the tunability relies on the shunted 

electronic devices (i.e. varactor diodes) and circuits (negative impedance converters), or 

the tunable plasmonic inclusions with their conductivity controlled by the external DC 

bias field (i.e. graphene and some low-dimensional nanomaterials with readily-shifted 

Fermi level and carrier concentration). However, the electrical tuning technique is 

fundamentally limited by the cut-off frequencies of electronic devices, which usually are 

far below few-THz. Also, the tunable plasmonic properties of graphene are effective over 

a limited THz range, due to the finite density of states of graphene, and losses due to the 

acoustic and optical phonon scattering. In contrast, in the infrared and visible regions, the 

relevant high-order nonlinear susceptibilities of optical materials may allow practically 

tuning the transmitted, reflected, or absorbed light during operation based on the Kerr 

(optical bistable) effects. In addition, nonlinear wave mixing or high harmonic 

generations may enable the realization of phase conjugate light and localized source light 

with various frequencies. We proposed here various types of tunable and switchable 

metamaterials and metasurfaces working in different spectrums realized with different 

materials, structures, and tuning mechanisms. In general, our design considered practical 

issues of material losses and dispersions, switching speed, cut-off frequencies, reliability, 

stability, cost, and fabrication complexities in different frequency ranges.  

1.4 DISSERTATION ORGANIZATION 

In Chapter 2, we present the nonlinear metasurfaces and metamaterials composed 

of nanoantenna arrays loaded with nonlinear optical materials. The resonant interaction of 

light in sub-wavelength nanoantennas offers an efficient way to explore nonlinear 
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processes at the nanoscale, based on the strong field enhancement in their proximity, and 

to design, analyze and predict optical phenomena that were previously not accessible. 

When the third-order nonlinearity and the nonlinear Kerr effects are present, the concept 

of optical impedance of nanoantenna can be extended, and the strong optical bistable 

effects can build unprecedented all-optical nanodevice designs, including nanomemories, 

nanoswitches, nanotransphasor, beamshaper and beamformer. Furthermore, the 

metamaterials or metasurfaces formed by nonlinear nanoantenna arrays may boost the 

wave mixing efficiency, enabling optical nanomultiplier, nanomultiplexer, and 

nanomixer, and local light source.   

In Chapter 3, the gate-tunable plasmonic properties of graphene is exploited to 

realize several compact, high-performance THz nanodevices for THz monolithic 

integrated circuits (TMIC), including the interconnects, switches, modulators, mixers, 

oscillators, phase shifters, antennas, filters, transformers and matching networks, which 

could be adaptable and frequency-configurable.  

In Chapter 4, we study some potential use of metamaterials on cloaking devices. 

Specifically, metasurfaces that provide the extreme control of surface currents are used to 

realize ultra-low-profile, light-weight, low-cost and moderately broadband mantle cloak, 

which enables applications in low-noise near-field probing, sensing and communication. 

In Chapter 5, we analyze the metamaterial-based, electrically-small antennas for 

RF and microwave wireless systems. Here the low or negative permittivity and/or 

permeability of electromagnetic metamaterials are exploited to design ultra-compact, 

high-performance antennas, based on the excotic phase compensation principle.  

In this dissertation, we discuss the theory and analyize in detial how to use 

metamaterials and/or metasurfaces to tailor the effective electric permittivity (ε), 

magnetic permeability (μ), surface conductivity (σs), and nonlinear susceptibilities (χ(n)) 
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to control and manipulate electromagnetic wave propagation, scattering, and radiation in 

the frequency spectrum ranging from RF and microwave, THz, infrared to visible. 

Throughout this work an 
j te 

time convention is assumed. 
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Chapter 2: Nonlinear Optical Nanostructures 

2.1 INTRODUCTION TO NANOSCALE NONLINEAR OPTICS 

Recent advances in nanotechnology and nanophotonics, and in the understanding 

of the mechanisms of light interaction with nanoinclusions, have opened a wide range of 

possibilities to extend radiation, information delivery, communication and signal 

processing concepts to the optical regime. Clear advantages of these efforts are 

represented by dramatic increases in available bandwidths and data rates, combined with 

correspondingly large size reduction of currently used electronic devices, with the 

ultimate vision of an integrated on-chip all-optical circuitry based on the flow, radiation 

and processing of photons, rather than electrons [46]-[53].  

Recently, there has been a growing interest in translating the concept of RF 

antennas into the optical and telecommunication domains, in which plasmonic 

nanoparticles, nanorods, nanodimers and other nanostructures may be engineered as 

nanoantennas by using top-down nanofabrication approaches, such as focused ion-beam 

(FIB) milling or electron-beam lithography, or by bottom-up self-assembly techniques 

[54]-[56]. In addition to the exciting possibility of using nanoantennas as a bridge 

between nanoscale fields and free-space radiation, their anomalous optical features may 

lead to large field enhancements in the nanoantenna proximity, which is particularly 

relevant to boost the weak scattering response of nanoparticles and to enhance nonlinear 

optical responses and spontaneous emissions [56]. As we move to infrared and visible 

frequencies, metals behave no longer like a perfect conductor, as in the RF and 

microwave range. In fact, the finite electron density of states causes electrons to react 
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with increasing phase lag, resulting in frequency-dependent permittivity with a negative 

real part, usually accompanied by intense field localization within the skin depth of the 

metal and an increased Ohmic loss (due to a non-trivial imaginary permittivity) [57]-[61]. 

In addition, different from their RF and microwave counterparts, the non-negligible 

electric field inside metallic nanoparticles is responsible for the flow of an optical 

displacement current density D 0J j E   along the nanoantenna, which becomes 

more important than the conduction current dominating at lower frequencies. In the 

previous expression, 0  is the free-space permittivity and   is the local relative 

permittivity. This peculiar physical mechanism may allow nanoantennas to transfer 

nanoscale signals to free-space optical radiation, as well as to control their anomalous 

plasmonic features that typically lead to dramatic field enhancements (ideally up to 104 

[59]). One of the simplest nanoantenna geometry, modeled on the basis of an RF electric 

dipole antenna, consists of two thin nanorods separated by a small gap, as shown in 

figure 2.1. This geometry may be experimentally realized with standard lithographic 

processes and it is easily characterized using optical nanocircuit concepts in [52],[57]. 

Nonlinear dipole antennas loaded by nonlinear elements, such as Schottky diodes 

and varactor diodes, are commonly used at RF and microwaves [62]-[63] (see right panel 

of figure 2.1), and their employment in planar arrays has been suggested to realize 

frequency-selective surfaces for sub-wavelength imaging based on nonlinear wave 

mixing [62]-[63]. Translating these concepts to nanoantennas may be viable by 

considering nonlinear optical nanocircuit loads [65]-[69] (see left panel of figure 2.1), 

whose optical impedance may be controlled by the intensity of the applied electric field.  
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Figure 2.1: Schematic diagram of (left panel) a linear nanodipole antenna loaded with 
nanocapacitors (dielectrics) and nanoinductors (plasmonic materials), or a nonlinear 
nanodipole antenna loaded with third-order nonlinear optical materials (NOMs), at IR 
and visible, and (right panel) a linear RF dipole antenna loaded with a capacitor or an 
inductor, or a nonlinear RF antenna loaded with a diode. 
 

2.2 ENHANCED OPTICAL BISTABILITY AND ITS APPLICATIONS IN TUNABLE AND 

SWITCHABLE METAMATERIALS AND METASURFACES, AND NOVEL ALL-OPTICAL 

NANODEVICES 

 

2.2.1 Optical Nanodipole Antenna  

As inspired by optical nanoantennas’ dramatic field enhancement, often occurring 

at nanogaps between two plasmonically active nanodipole-arms, we have introduced the 

idea of loading individual or planar arrays of nanodipoles with nonlinear nanoparticles to 

obtain the enhanced nonlinear optical effects, which responds to the local field amplitude 

at the nanogap.  
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Figure 2.2: (a) Full-wave simulation results showing the variations of the peak in 
scattering cross section with incident wavelength, varying the material of a nanodisc 
filling the nanogap of a dipole nanoantenna. It is assumed that air 1  , Teflon 2  , 

2SiO 3.9  , and 
3 4Si 7.5N  . (b) Distributions of electric field (top panel) and field 

enhancement magnitude (bottom panel). The inset in (a) shows the far-field scattering 
pattern of a nanoantenna with an air gap.   

 

Figure 2a shows finite-integration-based, full-wave simulation results 

(commercial software CST Microwave Studio [70]) of the far-field scattering cross-

section s  of an individual silver nanodipole with diameter 2 10 ,a nm length 

120 ,L nm  and gap 15 ,h nm  loaded by a nanodisc with relative permittivity .  The 

relative permittivity of silver can be well described by the Drude-Sommerfeld model 

   2 2
Ag p i        , with 5,   plasma frequency p 2 2175 THz    and 

damping factor 2 4.35 THz,   obtained from experimental data in [71]. The 

plasmonic properties of nanodipole and its thin diameter sensibly increase the field at the 

gap, but also shorten the effective guided wavelength along the antenna [60]. Optical 

fields are generally strongly confined at the nanogap between two tightly coupled antenna 



 15

arms. Figure 2.2b reports the achievable level of field enhancement /g incE E , normalized 

to the impinging field amplitude incE , which is obtained from a full-wave numerical 

simulation, with an electric field polarized parallel to the dipole arms. It has a 

predominantly dipolar radiation pattern shown in the inset of figure 2.2a, and a directivity 

of about 1.5, a typical value for small radiators. Such long-wavelength resonance may be 

employed to build quasi-homogeneous planar and volumetric arrangements of such 

nonlinear elements, as metasurfaces and metamaterials shown in figure 2.3. 

We have recently shown how the concepts of antenna loading, tuning and 

matching may be fully introduced in plasmonic nanoantenna design [52]-[53], [57],[66]-

[67], where the nanoparticles’ interactions with light can be treated as lumped nanocircuit 

elements; note that at the infrared/optical frequencies metals (   0Re   ) and dielectrics 

(   0Re   ) behave as inductive and capacitive components, respectively [52]-[53], [57]. 

In the case of nonlinear loads, due to the small gap dimensions and the continuity of the 

displacement current flowing along the nanodisc [57], the corresponding nanoload 

impedance is therefore given by [52]-[53], [57]: 

 

2
0

Z ,
2load g

g

ih
E

c
a E

   


   
  

    (2.1) 

which depends on the gap height h  and antenna radius a , and local electric field at the 

gapEg. We assume in the following a Kerr-type nonlinear dependence of the nanoload 

relative permittivity 
2(3)

g L gE E       . By applying optical nanocircuit concepts 

and a semi-analytical method in [66],[72], the nonlinear response of these optical 

nanoantennas can be calculated. We assume the optical impedance of an individual 

nanoantenna is ,dip dip dipZ R jX  the resonance is achieved when

 Im Z .load load dipX X   The resonant peak shift in figure 2.2a may be quantitatively 
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predicted by considering the frequencies at which the nanoload impedance defined in 

equation 2.1 cancels dipX , i.e. Im[ ] Im[ ].dip gapZ Z   As expected, a dielectric load with 

large Re[ ]  may produce a distinct red shift in the resonant frequency response, 

compared to the case of air-gap. We may tailor the load impedance at will by changing 

the gap geometry and dimensions, or the permittivity of filling material, in order to tune 

the scattering resonance of nanoantenna at the desired frequency. 
 

 

Figure 2.3: Illustration of nanodipole antenna: two silver nanorods loaded by a 
nonlinear Kerr nanoparticle (left), 2D metasurface composed of a planar nanoantenna 
array (middle), and 3D metamaterials composed of multiple nanoantenna arrays (right). 

 

2.2.2 Bistable Scattering Response of an Individual Nonlinear Nanoantenna  

In this section, we propose to use the plasmonic metasurfaces loaded with (3)  

nanoparticle to realize enhanced effects of optical bistability (AC Kerr effect) and optical 

switching. We analyze the scattering and effective homogenized properties of individual 

and collections of optical nanoantennas loaded with nonlinear Kerr nanoparticles, with 

relative permittivity
2(3)

load L gE    , 2.2L  , (3) 20 2 24.4 10 /m V   , typical 
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values for fused silica[72]. For simplicity, the possible inherent nonlinear effects at the 

metal surface are assumed negligible compared to the nanoload’s nonlinearity. 
 

 

Figure 2.4: (a) Scattering cross section versus operating wavelength for an individual 
nanoantenna shown in figure 2.3, loaded with a Kerr nanoparticle in the gap; different 
incident flux intensities are considered in our simulations. (b) Similar to (a), but fixing 
the wavelength of operation and varying the incident flux intensity. The unstable 
branches of the bistable curves are shown with the dashed lines. 

 

Figure 2.4 shows the dependence of the maximum normalized far-field 

differential scattering cross section max  at the operating wavelength for linear and 

nonlinear operation and different levels of impinging optical intensity, ranging from 100 

MW/cm2 to 200 MW/cm2. When the impinging optical intensity is sufficiently large, it is 

evident that a distinct bistable loop is obtained in terms of overall scattering response, 

associated with the bistability of the load impedance in equation 2.1. At a certain critical 

point, near the plasmonic resonance the enhanced field produces an abrupt jump to a 

second stability branch. After this discontinuous transition, if we reduce the operating 

wavelength, max  will jump back to the initial stability branch, forming a bistable 
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hysteresis loop associated with the nonlinear response of the nanoload. Noticeably, this 

bistable response and the hysteresis area can be controlled by varying the impinging 

optical flux intensity. The far-field scattering reaches its maximum at the resonance 

wavelength, for which  Im Zload dipX  is achieved. It is evident from figure 2.4a how 

the impinging optical intensity may tune the scattering response over a finite range of 

wavelengths.  

Figure 2.4b shows a similar plot for the dependence of max  on the impinging 

optical intensity, for fixed wavelength of operation. By operating below the 

nanoantenna’s resonant wavelength in the linear or low-intensity range, a bistable 

response is obtained. At low optical intensities, the scattering is relatively low, due to the 

short electrical length of the nanoantenna combined with its out-of-resonance response. 

Then, the value of max  tends to rise, as the optical intensity is increased, due to the 

increase in Kerr permittivity. This phenomenon is in agreement with optical nanocircuit 

theory: when we operate above the linear resonant wavelength 0 , the (negative) 

reactance at the gap is larger in magnitude than its value at resonance, and the 

corresponding positive dipX  is smaller than its resonant value at 0 , i.e. load dipZ X . 

Therefore, an increase in  , associated with a larger input optical intensity, will make 

these quantities closer in magnitude at the frequency of interest, correspondingly 

increasing max .  Then, the scattering experiences a drastic switch at a critical intensity 

value, jumping to the upper stability branch, which is, on the contrary, beyond the 

nanoantenna’s resonant peak, where .load dipZ X  Moving along this branch and 

decreasing the optical intensity makes the scattering closer to its resonant peak, leading to 

increased max  values in this second branch until the conjugate matching is satisfied. 

When this happens, the resonant dipole reaches its maximum possible scattering. max

then switches back to the lower stability branch for lower optical intensities.  
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Following this argument, it is evident that, for wavelengths closer to, but slightly 

lower than 0 , lower optical intensities are sufficient to switch to the higher stability 

branch, accompanied with a smaller hysteresis loop. The nonlinear properties of the 

nanoload may allow a self-tunable resonant response, with tunable resonant frequency 

determined by the impinging intensity. This nonlinear operation may achieve two 

different stable states for the same applied intensity, depending on its previous history of 

excitation. The hysteresis effect may have interesting applications in realizing nanoscale 

all-optical nanomemories and nanoswitches.  
 

2.2.3 Bistable Response of Planar Arrays of Nonlinear Nanoantennas 

The previous concepts may be extended to planar arrays of nonlinear 

nanoantennas quite straightforwardly, as shown in figure 2.3. Although the individual 

response of a loaded nanoantenna provides exciting possibilities, it usually is 

characterized by small far-field scattering signature because of its extremely small size. 

For this reason, most of the far-field experiments utilize large planar arrays of 

nanoantennas. In this scenario, due to the small and subwavelength size of each element, 

the array may effectively realize a quasi-homogeneous planar metasurface, whose 

resonance occurs when the following condition is met [79]-[80]: 

 
  1Re Re TE       (2.2) 

where   is the nonlinear polarizability of the individual nanoantenna, which is directly 

proportional to  1/2

max  and function of gE .The coefficient TE  takes into account the 

full dynamic coupling among nanoantennas and it may be calculated using fast 

converging summations, as derived in [79]-[80]. In the limit of weak coupling, the array 
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resonance tends to the one of an isolated nanoantenna 1Re 0     (i.e., intrinsic 

resonance of nanoantennas). At the resonance frequency, maximum reflection and 

minimized transmission is obtained for any impinging beam and any angle of incidence, 

as long as sufficiently dense arrays and small periods are used.  

 

 

 

Figure 2.5: (a) Reflection and (b) transmission coefficients versus the operating 
wavelength for the nonlinear metasurface shown in figure 2.3, varying the incident flux 
intensities.  

 

For this nonlinear metasurface, we may be able to realize similar bistable 

response for transmission and reflection of the whole array, operating above the resonant 

wavelength for weak optical intensities (linear region) a , in general different from 0  

due to the array coupling. Figures 2.5a and 2.5b show respectively the reflection and 

transmission coefficients, through a planar nanoantenna array (metasurface) with periods 

300xs nm  and 100ys nm  for various impinging intensities, showing a similar 

bistable loop as in figure 2.4, but now in terms of the overall surface transmittance. Large 

bistable effects may be obtained with hysteresis area proportional to the incident optical 



 21

intensity. The collective array response can strongly interact with the impinging light and, 

at the critical intensity, the transmission coefficient may dramatically vary between 15%  

and 90%,  jumping from one stable branch to another, even after considering realistic 

metal absorption. Such array configurations may be realized over relatively large areas, 

ensuring a strong interaction with a large beam cross section. Compared to individual 

nanoantennas, a larger optical intensity is required to realize an optical bistable loop. This 

is attributed to the quenching effect [66],[80], which arises for dense arrays of 

nanoparticles: coupling between neighboring nanoantennas can reduce the field 

enhancement at the nanogap compared to an isolated nanoantenna. 

 

 

Figure 2.6: (a) Reflection and (b) transmission coefficients versus the incident flux 
intensity for the nonlinear metasurface shown in figure 2.3, at different wavelengths of 
operation. 

 

Figures 2.6a and 2.6b show the variations of reflection and transmission 

coefficients through the same metasurface versus the impinging optical intensity, at 

different wavelengths of operation. When the operating wavelength gets closer to the 

intrinsic resonance of the nanoantenna array in the linear regime, a bistable behavior is 
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triggered for the overall metasurface response, producing intensity-dependent, self-

tunable reflection and transmission response, as well as the tunable surface impedance. 

Consequently, a nonlinear metasurface may be constituted by an ultrathin planar array of 

NOM-loaded nanodipoles. This nonlinear metasurface can exhibit self-tunable and 

memory-like properties, switching from transparent to highly reflective, as a function of 

the present and past history of incident optical intensity. This possibility is highlighted in 

the bistability curves of figures 2.6a and 2.6b, which show the dependence of the 

hysteresis area on the operating frequency and applied optical intensity. In case the 

operating frequency is closer to the low-intensity resonance wavelength, one may obtain 

a small bistability loop. As it can be seen in figure 2.6, in the limit of operating at a 

wavelength almost equal to the low-intensity resonant frequency, the bistability will 

disappear and a sharp increase in the transmitted power with the impinging intensity may 

be achieved. Such fast switching operation implies that this planar metasurface may be 

employed as an optical nanoswitch or nanotransphasor when operated around a , or as 

an optical nanomemory, when operated farther away from .a  It is impressive that an 

ultrathin metasurface, when operated at two different frequencies, may achieve these two 

different device functionalities, which are particularly appealing for optical applications.  

The fundamental components of digital logic and memory devices are switches 

capable of supporting two different states, respectively representing “1” and “0”. The 

steep reflection curve in figure 2.6 at the desired wavelength suggests the use of this 

metasurface as an all-optical “transphasor” or electrical-to-optical signal transducer, 

thanks to the relationship between the reflected (transmitted) power and the incident flux 

intensity. Like any switch, the transphasor is based on an input-output relationship taking 

the general characteristic curve shown in figure 2.6. As seen in figure 2.6, a more distinct 

switching behavior is obtained when this nanodevice is operated at wavelengths closer to 
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a , which ensures a fast switching characteristic in the low-intensity regime. For high 

optical intensities, all the on states converge to high reflection (low transmission) values, 

since the nanoantennas are close to resonance. We can therefore envision the use of these 

metasurfaces for digital operation, where the steep transition curve is the key attribute 

that uniquely identifies a binary output (high/low transmission) based on a binary input, 

enabling the basic operation of logical functions. For example, the conventional “AND” 

operation may be achieved by scaling two inputs in a way that only when they both have 

high amplitudes, the total input signal can exceed the transition region (steepest slope) in 

the curve of figure 2.6, leading to a high output signal. Similarly, for the case of an “OR” 

operation, either one of two inputs may trigger high transmission, exceeding the 

transition region in the characteristic curve of figure 2.6. Once the basic AND and OR 

functions are provided, all the logical functions required for the binary digital computing 

may be obtained. Such optical transphasor may achieve very fast switching times, on the 

order of a few picoseconds. The proposed nonlinear metasurface may realize 

ultracompact chip-scale logic cells, being beneficial for future optical computing and 

information processing. The field enhancement properties of plasmonic nanoantennas 

ensure relatively low levels of biasing optical fields, despite the ultrathin size of the array.  
 

2.2.4 Bistable Refractive Index of Volumetric Arrays of Nonlinear Nanoantenna  

Strong bistability and self-tunability effects associated with the nonlinear 

response of nanoantennas may drastically enhance the available degrees of freedom of 

linear optical nanoantennas and metasurfaces, enabling fascinating applications for novel 

optical nanodevices and self-tunable surfaces. We also envision the employment of 

stacked metasurfaces for the realization of metamaterials (figure 2.3) with enhanced 
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nonlinear properties, as well as tunable and switchable effective material profiles, which 

could be varied from positive to near-zero or negative values.  

We have recently introduced [67]a metamaterial design composed of square 

plasmonic loops loaded by Kerr nonlinearities that combines enhanced nonlinear 

response with strong artificial magnetism, ensuring negative refractive index with 

bistable and self-tunable response. We verify with full-wave simulations that positive-to-

negative switching of refractive index may be obtained with moderate loss. The design of 

a finite-size metamaterial prism is presented in figure 2.7, supporting at the same 

frequency and for same light intensity positive or inverted Snell refraction as a function 

of its previous excitation history [67]. 
 

 

Figure 2.7: (a) Geometry of interest: a square-loop loaded by nonlinear optical 
materials; (b) Its equivalent nanocircuit model. Time snapshots of the magnetic field 
distribution on the E plane for a finite beam exciting a metamaterial prism composed of 
square-loops at 459THzf   with optical intensity 5

24 10 /I n  , in the (c) upper and 

(d) lower bistability branch. 
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2.3 OPTICAL METASURFACE NANOSCALE NONLINEAR WAVE MIXING  

 
2.3.1 Introduction to Nonlinear Wave Mixing 

In this section, we will show that this configuration may operate in some ways, 

analogous to a conventional RF mixer composed of a regular dipole antenna loaded with 

a Schottky diode [62]-[63]. The nonlinear metasurfaces discussed above may also be 

exploited dramatically boost the usually weak  (2)  and/or (3) effects of small 

nanoparticles placed at their gaps (see figure 2.1), thanks to the large field enhancement 

in properly designed nanodipole antennas. Despite the small volume of optical 

nonlinearity and its naturally weak response, the nanoantenna is shown to drastically 

enhance and facilitate nonlinear multiple wave mixing processes and to enable exciting 

optical functionalities with relatively low optical flux intensities. We envision in figure 

2.8 other potential applications: an interesting setup that may provide giant wavelength 

conversion enhancement from an ultrathin nanomixer or nanomultiplier. When nonlinear 

nanoantennas are arranged in planar arrays, i.e. metasurfaces [79], the mutual coupling 

and interactions among closely spaced nanoantennas may further enhance the optical 

nonlinearities of materials and may provide exciting optical functionalities for novel 

optical computation, communication, imaging and wavelength conversion nanodevices. 

In this section, we investigate two representative nonlinear optical applications: 

(1) second-harmonic generation (SHG) by ultrathin (2) metasurfaces, which is a 

degenerate three wave mixing (TWM), and (2) sub-wavelength imaging by (3)

metasurface, of which the strong phase conjugating waves are generated by the 

degenerated four-wave mixing (FWM) to realize the sub-diffraction imaging. 
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Figure 2.8: Nonlinear plasmonic metasurfaces to for giant second harmonic 
generation: on nonlinear metasurface mixer is placed in a Fabry-Perot nanocavity formed 
by two linear plasmonic metasurfaces. 

 

Nanoscale nonlinear optics has various applications and hold huge potential in the 

coherent and frequency-tunable local photon sources, near-field imaging and 

spectroscopy, chemical sensing, optical computation, and active plasmonics. Nonlinear 

effects may also be employed to process and tune the signal tunneling through a small 

aperture or at the nanoscale in a communication link. In this section, we will suggest 

practical venues to realize nonlinear optical nanodevices with figures of merit far superior 

to those currently available in conventional optical devices. Table 2.1 summarizes the 

lower-order passive nonlinear electromagnetic phenomena that are commonly seen in 

applications of nonlinear optics; all of which are described by nonlinear susceptibilities 
(2)
eff or (3)

eff .  
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Table 2.1: Summaries of nonlinear electromagnetic phenomenon; i : frequency of 

incident; o : frequency of fields generated by the polarization of the nonlinear medium; 

0 indicates the presence of a static uniform electric field. 

i  o  Susceptibility Process 

mω  No polarization 0 ( 1  ) Vacuum propagation 

mω  mω  (1) ( : )m mω ω  Linear dispersion 

m nω ,ω  s ( s m nω +ω  ) (2) ( : , )m n m nω +ω ω ω  Sum frequency generation   

mω  s ( 2s mω  ) (2) (2 : , )m m mω ω ω  Second harmonic generation  

,0mω  mω  (2) ( : , 0)m mω ω  Electro-optic linear Kerr effect 

sω  
mω , nω  (

m n sω +ω =ω ) 

(2) ( : , )m n sω ω ω   Difference frequency generation 

sω  mω ( 2s mω ω ) (2) ( : , )m m sω ω ω   Degenerate difference frequency 

mω  0 (2) (0 : , )m mω ω   Inverse electro-optic effect 

mω  s ( 3s mω  ) (3) (3 : , , )m m m mω ω ω ω  Third harmonic generation 

mω  mω  (3) ( : , , )m m m mω ω ω ω  Bistability/ phase Conjugation 

lω , 

sω , sω  

mω , nω  

( s l m nω ω ω +ω  )

, ,m n lω ω ω

( )m n l sω +ω ω ω   

(3)

(3)

(3)

( : , , )

( : , , )

( : , , )

s l m n

l s m

n l s m

ω ω ω ω

ω ω ω ω

ω ω ω ω











 
n

Four-wave  

difference-frequency mixing  

mω , 0 mω  (3) ( : 0 ,0, )m mω ω  Quadratic Kerr effect 
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2.3.2 Homogenization of Nonlinear Metamaterials  

 

To qualitatively and quantitatively investigate nonlinear wave mixing processes, 

in the following we developed a rigorous homogenization model for (2) and/or (3)  

metasurfaces. Through the description of the nanoantenna array as a homogenized 

nonlinear impedance surface, we can greatly simplify its design and optimization for 

various nonlinear optical applications. For simplicity, we start with second-order 

nonlinear metasurfaces loaded with (2)  nanoparticles. However, the same approach 

can be used to homogenize third-order nonlinear metasurfaces.  

The wave interaction with nanodipole antennas is obviously maximized when the 

polarization of the exciting electric field is aligned parallel to the dipole-arm axis ẑ  

(figure 2.1). We consider an illumination at frequencies 1  and 2  composed of 

transverse-electric (TE) plane waves with electric field polarized along the ẑ -axis, with 

arbitrary wave vectors. We assume that the nanoantenna length is subwavelength at these 

frequencies, as they operate near their resonance, such that they may be described in 

terms of the polarizability .  The collective scattering at the two frequencies and at the 

mixing frequency 1 2   is composed of only the dominant diffraction order. This is 

equivalent to assume that the array may be described in the far-field as a homogenous 

averaged surface current sheet radiating plane waves at the relevant frequencies on both 

sides of the metasurface. The inherently subwavelength dimension of each nanoantenna, 

and the condition that the individual elements of the array are not too close to each other, 

makes possible to neglect quadrupoles and higher-order multipoles in considering the 

mutual coupling in the array.  
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The nonlinear averaged polarization vector at the location of one nanoantenna can 

be related to the macroscopic local field locE  at the mixing frequency as: 

 

 (2)
1 2 1 2 1 2 1 2 1 2 1 2 1 2( ; , ) ( ) ( ; , ) ( ) ( )NxNy loc loc loc                    p E E E  (2.3)  

where  1 2    is the linear polarizability at the mixing frequency,  

   (2) 2
1 2 1 2 0 1 2 1 2; , 4 ( ) ( ) ( )rad g gD h f f f               is the nonlinear 

hyperpolarizability and radf , gf  represent the enhancement factors at the relevant 

frequencies due to nanoantenna radiation and localization properties. These factors may 

be obtained from linear full-wave simulations. Rigorously considering the whole 

dynamic coupling among nanoantennas in the array, we may write (2.3) as:  
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where yN  and zN  are integer numbers associated with the nanoantenna coordinates 

y yy=N a and z zz=N a , with ya  and za  being the array periods along the two Cartesian 

axis, ( )lmnG r  is the electric dyadic Green’s function: 

0
2( ) ( ) .

4x y

jk r

N N

e
k

r



 G r I  (2.5) 

After some algebraic manipulation, we may write (2.3) as: 
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(2) (2)
00 1 2 1 2 00 1 2

1 2 1 2 1 2 1 2 1 2

ˆ( ; , ) ( )

( : , ) ( ) ( ) ( ) ( ) ( ),inc inc

z p     
          

  
     
p

E E
   (2.6)  

where   is the local field correction factor: 

                   
 

11
0( ) 1    

    
i

i i C
        (2.8) 

and C  is the interaction constant, which takes into account the dynamic coupling within 

the array and can be calculated as a fast-converging series using Poisson summations 

[80]: 

( ) (0,0)
ˆ ˆ( )i i

y z
y z

N N
N ,N

C z z 


   G r       (2.9) 

The averaged surface current on the metasurface, induced by the collective response of 

the induced nonlinear dipole moments ( 2)p  is then given by: 
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  (2.10) 

For ultrathin metasurfaces with subwavelength periodicity, the radiated plane waves at 

the mixing frequency 1 2   will be emitted on both sides of the metasurface with 

equal complex amplitudes, as a function of the amplitudes of the pumping waves 1pE  

and 2pE  at frequencies 1  and 2 , respectively. For ultrathin metasurfaces, nonlinear 

radiated plane waves at frequency  i j   will be emitted on both sides of the 

metasurface with equal amplitude. The homogenization model of planar nonlinear 

metasurfaces may be readily extended to bulk nonlinear metamaterials by fully taking 
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into account the mutual coupling among stacked metasurfaces and general scenarios of 

nonlinear electric, magnetic, and chiral properties.  
 

2.3.3 Enhanced Second Harmonic Generation by Nonlinear Metasurfaces 

Second harmonic generation (SHG) is the nonlinear process of converting a 

portion of the impinging energy at the fundamental frequency   into the doubled 

frequency 2 .  It may be obtained as a degenerate three-wave mixing (2 : , )    

process based on (2)  nonlinearity. In this section, we will discuss enhanced SHG over 

a single planar metasurface using the nanoantenna arrays discussed in the previous 

section with 2 ( )  nanoloads. Despite the small volume of nanoloads, a metasurface 

nanomixer or frequency multiplier may be realized at optical frequencies. In this case, 

1  and 2  in the notation of last section are both replaced by the fundamental 

frequency   and the mixing frequency 1 2   becomes 2 .  Since this ultrathin 

metasurface has a negligible thickness, there is no issue in phase-matching along the 

direction normal to the metasurface, which is usually the case when using thick nonlinear 

samples. For oblique illumination with angle of incidence  1
0sin /in zk k  , phase 

matching on the tangential plane implies that the SHG waves will propagate at the same 

angle  1
0sin 2 / 2SHG z ink k     , where the   signs refer to the reflected and 

transmitted waves, respectively. Here, we consider a normally incident pumping wave 

with electric field polarized parallel to the nanodipole axis  0 0ˆ exp ( ) .inc z E j t k x E  

After calculating the averaged surface current density (2.10), we can evaluate the SHG 

radiated fields on both sides of the surface as: 

 
 
   0

0
0

2
ˆexp 2

2 2

NL
SHG, avJ

j k x z.
k

      E     (2.11) 
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The SHG reflection coefficient SHGR  is found as the ratio of the amplitude of the 

nonlinear reflected wave normalized to the incident electric field at the fundamental 

frequency: 
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     (2.12) 

where 0I  is the power density of the impinging wave at frequency  . As expected, the 

SHG transmission coefficient SHGT  for forward propagating SHG waves has the same 

value as SHGR  ( )SHG SHGT R , due to the very small thickness of the metasurface. The 

conversion efficiency   is given by 
2 2 2

2 .SHG SHG SHGR T R     We consider a 

pumping wave with frequency around the nanoantenna resonance frequency 

2 285 THz   and a reasonably high power density 2
0 50 MW / cm .I   A nanoload 

with linear permittivity L 12.5  and second-order susceptibility (2) 250 pm / V   is 

also considered (i.e., typical values for III-V compounds, such as GaAs and CdGeAs2 

[72]). Figure 2.9 shows the calculated SHG conversion efficiency over the spectrum for 

this nonlinear metasurface with periods 250 nmyd   and 1.8z yd d . A sharp peak of 

SHG signal is observed with a conversion efficiency 0.0034%.SHG   Albeit small, this 

value is much larger than the SHG conversion efficiency of a NOM uniform thin film 

with same thickness, which is calculated as 2 72tanh [ ] / sech [0] 1.898 %10SHG ζ   

[72], where /ζ x l  is the normalized distance parameter, x  is the distance from the 

crystal interface and     
1/22 3 (2)

0 02 2 / ( ).L Ll c / I         
 This dramatic 

enhancement ( 4~ 10 order) is due to the plasmonic nanoantenna resonance at the 

fundamental frequency. As expected, higher SHG efficiency may be obtained by stacking 

more of such metasurfaces (although then phase matching should be carefully 

considered), or by introducing in the design optical nanocavities or nanoresonators to 
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further boost the SHG signal. This nonlinear metasurface may benefit various 

applications based on SHG effects, paving the way to near-field imaging and 

spectroscopy, chemical sensing, localized photon sources and active photonic and 

plasmonic nanodevices.  

 

 

Figure 2.9: Spectrum of SHG conversion efficiency for a nonlinear metasurface (red 
solid) compared to a NOM thin film (black dashed), whose magnitude has been 
magnified 104 times for visibility. 

 

This concept can be straightforwardly applied to other frequency mixing or 

wavelength conversion applications: by loading a (3)  nanoparticle, we may be able to 

obtain enhanced third harmonic generation (THG) or the sum/difference frequency 

generation, provided that nanoantennas are properly designed to support local field 

enhancement at each harmonic, which may be realized by suitable nanoantenna designs 

with dual or multiple frequency bands of operation. We note that the SHG efficiency can 

be further enhanced by introducing a Fabry-Perot nanocavity formed by a pair of 

metasurfaces, as shown in figure 2.8. 
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2.3.4 Enhanced Optical Phase Conjugation by Nonlinear Metasurfaces   

One of the most popular applications of metamaterials and metasurfaces consists 

in sub-wavelength imaging beyond the limits of conventional optics [10]-[20]. An ideal 

phase-conjugate surface (PCS), in particular, has been shown to potentially be able to 

realize time-reversal subwavelength focusing [41]-[42]. Realizations of these concepts at 

RF [62]-[63] and theoretical ideas to translate them to the visible have been put forward, 

even though the small optical nonlinearities of naturally available optical materials may 

challenge the practical verification of these concepts, as they are based on the realization 

of ultrathin nonlinear PCS. The plasmonic metasurfaces described in the previous 

sections present a perfect candidate to realize phase-conjugation at optical frequencies 

[81] based on the degenerate four-wave mixing (FWM), as it combines the drastically 

enhanced nonlinear response and an ultrathin geometry. Figure 2.10 shows a nonlinear 

plasmonic metasurface that enables focusing and subdiffraction-resolution imaging 

applications. In this case, the geometry is based on two plasmonic metasurfaces tailored 

to support a strong resonance at frequency .  Four pump waves at the same frequency 

will excite both planar arrays. Due to the fact of phase matching, the wave mixing 

between pump waves and impinging signal wave at each PCS will a strong reflected (and 

transmitted) conjugated signal from each metasurface at frequency ,  via a degenerate 

FWM process [82]. As long as the pump intensity is sufficiently large and the 

enhancement factor at the nonlinear gap is consistent with figure 2.2, the huge reflection 

and transmission coefficients are expected for the conjugated signal from each 

metasurface. This response is ideal to produce sub-wavelength imaging, beyond the limit 

of conventional optics.  
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Figure 2.10: Schematic diagram (top view) of: (a) phase-conjugation with a single 
nanoantenna metasurface through nonlinear four-wave mixing; (b) imaging device 
formed by two phase-conjugating metasurfaces. 
 

In order to achieve a large phase conjugation effect, we load nanoantennas with 
 3  nonlinearities in order to induce a degenerate four-wave mixing process over an 

ultrathin surface. In this case, the array density of metasurface was optimized with 

dimensions 100 nmyd   and 2.5z yd d . In addition, we tune the nanoantenna design 

so that the metasurface collectively resonates at the signal frequency 2 320 THz,  

causing large reflections and very weak transmission of the impinging signal in its linear 

operation. For large and undepleted pump levels the drastically enhanced and strong 

fields at the nanogap can produce a conjugate signal with amplitude significantly larger 

than the signal wave. The large field enhancement at the nanodipole gap ensures drastic 

enhancement of the third-order nonlinear response at the nanoload. This is supported over 

an ultrathin profile, which is similar to the ideal mathematical surface suggested by 
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Pendry for the same purpose. This ensures the efficient generation of phase-conjugate 

signals through FWM process, as well as the equivalence between reflected and 

transmitted conjugate signals, necessary for subwavelength imaging.  

Figure 2.10 illustrates the operation principle of one phase-conjugating 

metasurface: the degenerate FWM process is operated by exciting the metasurface with a 

monochromatic signal wave at frequency   and two strong, undepleted 

counterpropagating pump waves at the same frequency (so that 1 2 0p pk k 
 

). A 

nonlinear dipole moment with conjugate phase ( s
pc

rk k
 

) is then generated at the 

nonlinear load after considering phase-matching. We assume the signal field to be 

composed of an arbitrary superposition of transverse-electric (TE) impinging wave, 

linearly polarized with electric field along the nanoantenna axis ẑ : 

     0 xˆ exp ) exps E j jk x jωt d    | | | | | |   E k k r kz , with ˆ ˆy +zr = y z , | |k  being the 

projection of the wave vector sk  on the array, and 0E  being an arbitrary amplitude 

coefficient weights for each component of the impinging signal. This effectively 

represents an arbitrary source distribution in the transverse plane, to be imaged. After 

degenerate FWM, each nanoantenna load will support, in addition to its linear dipole 

moment, a phase-conjugated dipole moment at the mixing frequency ( : )     . 

Similar to the SHG process considered in the previous section, the total dipole moment at 

frequency   for each nanoantenna is then given by: 

 
             : , ,pc

loc loc loc loc              p E E E E   (2.13) 

where  : , ,      is the second hyperpolarizability, accounting for hyper-Rayleigh 

scattering    (3) 2 4
0: , , ga h f          [69]. After some algebraic manipulation, 

we may write the phase-conjugate expression as: 
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                   *
1 2: , , .pc

p p s                   p E E E   (2.14) 

The polarization fields supported by the subwavelength periodic array collectively radiate 

the fundamental diffraction order, or zero-order Floquet mode, sustained by the averaged 

current density   .pc pc
av y zj d d J p This averaged current distribution supports 

phase-conjugate plane waves on either side of the array, as illustrated in figure 2.10a. 

Each phase conjugation plane wave has wave vectors ||
p.c.
r z  k k k  and 

||
p.c.
t z  k k k  on the two sides of the array, respectively. We may define the reflection 

coefficient for each phase conjugated wave pcR  as the ratio between the amplitude of 

the backwardly propagating phase-conjugate wave to that of the incident signal wave: 
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  (2.15) 

where 1pI , 2pI  are the impinging flux intensity of the pumping waves. For large pump 

levels, pcR  in equation (2.15) may be much larger than unity, and dominate the linear 

response of metasurface at frequency .  Following the theoretical proposal in [41], we 

then combine two of such highly-reflective metasurfaces separated by a distance d  (see 

sketch in figure 2.10). In the limit of large pc pcR T , this combination can effectively 

reproduce the same effect as a negative-refraction planar slab. The total transmission of 

phase-conjugate waves behind the second metasurface (figure 2.10) may be written as: 
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which, in the limit pcR  | |k , corresponds to an ideal imaging system in the region 

2d <x< d , for an object placed at 0d <x< . We note that for a single metasurface 

imgT  is dramatically non-uniform and amplified, which may cause large image 

distortions for the superposition integral. However, by considering a pair of phase-

conjugating metasurfaces with sufficiently large level of pcR , the transmission on the 

image plane imgT  is quite uniform over a wide range of transverse wave vectors. We 

now consider a practical scenario with two equal-intensity pump waves with power 

density 2
1 2 50 MW / cmp pI I   and (3) 16 2 210 m / V   (consistent with realistic 

values for some polydiacetylenes), and realistic silver losses at 2 320THz.    

 

Figure 2.11: Field distribution at the source (black solid), and image plane for the case 
of: no metasurfaces (gray dash), and double phase-conjugating metasurfaces (colored 
solid) for different (a) frequencies of operation and (b) separation distances between two 
metasurfaces. The dash-dot orange line in (b) is for a larger pump intensity of 

21GW / cm .  
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Figure 2.11a shows the corresponding image plane field distribution at 3 2x d/ , 

for a sub-wavelength source placed at 2.x d/   We show the different cases of: (1) 

object plane (solid black line), (2) no device between object and image plane (gray 

dashed line), where diffraction dominates and (3) a pair of metasurfaces (red solid line), 

which is found to significantly restore the sub-wavelength resolution in the image plane. 

It is also seen in figure 2.11a that the frequency response for different frequencies around 

the resonance 0 / 2 0.320   PHz, showing a relatively good bandwidth of the 

subwavelength focusing effect, despite the fact that deterioration is expected due to lower 

levels of pcR  off-resonance. We note that sub-wavelength resolution over a moderate 

bandwidth of operation is obtained, even after considering realistic levels of absorption in 

silver. Furthermore, this system allows increasing the distance among metasurfaces and 

obtains similar sub-wavelength imaging properties, which is much more robust than the 

equivalent setup obtained with a metamaterial perfect lens [9]. Figure 2.11b shows the 

imaging properties of a pair of metasurfaces with distance ranging from 00.5d   to 

03 .d   Here, a robust subwavelength imaging performance is observed, even for larger 

distances. We have also considered a larger, but still realistic, pump intensity 
2

1 2 1GW/cmp pI I  for the case 03d   (dash-dot light blue line), verifying that 

resolution may be enhanced over larger distances by increasing the pumping levels and 

the corresponding value of .pcR  

In fact, our results in the case of two of such metasurfaces, as in the scheme of 

figure 2.10, show that it is possible to achieve practically flat unitary transmission and 

focusing for an arbitrary object illuminated, resolving details much smaller than the 

wavelength, contained in the evanescent portion of the angular spectrum of the object. 

The ultrathin features of these metasurfaces ensure the possibility to pick up signals 
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extremely close to the object to be imaged, further enhancing the resolution limit well 

beyond the limit of classical lenses.  

 

2.4 CHAPTER SUMMARY 

In this chapter, we have presented the use and a few applications of plasmonic 

nanoantennas to boost nonlinear optical effects and operations. By loading suitably 

tailored nanoantennas with nonlinear particles, it is possible to fully characterize, enhance 

and control their optical nonlinear response similar to radio-frequency nonlinearly loaded 

antennas. We theoretically demonstrated that planar arrays of these loaded elements may 

be described as nonlinear metasurfaces, providing interesting potentials for boosting 

optical nonlinearities, with application in nonlinear wave mixing, phase conjugation and 

optical bistability (optical Kerr effect).  

The proposed ultrathin nonlinear metasurfaces may provide practical venues to 

realize nanomixers, wavelength conveters, and sub-diffraction imaging devices that allow 

relatively long-distance subwavelength imaging. In addition, all-optical nanomemories, 

nanoswitches, and nanotransphasors may also be operated with relatively low flux 

intensity values by nonlinear metasurfaces with Kerr-type nanoloads. Their figures of 

merit are far superior compared to currently available nonlinear optical devices and the 

demonstrated concepts may be applied to a variety of devices, including coherent and 

frequency-tunable local photon sources, near-field imaging and spectroscopy, chemical 

sensing, subwavelength imaging system, logical unit cells for optical computing, on-chip 

communication and active plasmonics.  
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Chapter 3:  Graphene Plasmonics for Tunable THz Metamaterials and 

Nanodevices  

3.1 INTRODUCTION TO THZ PLASMONIC ON GRAPHENE 

Graphene plasmonics at THz and infrared frequencies has drawn widespread 

attention, due to its exotic and anomalous physics, and exciting applications it could 

enable [83]-[93]. Graphene provides a vital path toward the realization of active and 

electro-optically tunable nanophotonics and metamaterials in the THz and infrared region 

[88]-[93]. Graphene is a perfect example of gapless semiconductor (or semimetal) and 

truly two-dimensional nanomaterial composed of a planar atomic layer of carbon atoms 

[83]-[94], showing massless and linear electron-hole dispersion with Fermi velocity 
8

F 10 cm s   at low energies. Due to this unique electronic structure, a broad 

range of charge-carrier densities in graphene can be induced by chemical or electronic 

doping [91], continuously tuning the Fermi energy FE (or chemical potential c ). Since 

the growth of large-area graphene by chemical vapor deposition (CVD) [94] is becoming 

a mature and standardized process, the anomalous electronic and optical properties of 

graphene, combined with its extreme thinness, have raised great interest in high-speed 

electronic (i.e., field-effect transistors [96]-[98]) and photonic devices (i.e., THz 

oscillators and low noise sensors [83]). In addition, graphene has been theoretically 

shown to support surface-plasmon polarizations (SPPs) in the infrared spectrum, with 

relatively low loss and strong wave localization. In the infrared range and below, we can 

describe the graphene layer with a complex-valued surface conductivity 

      s s sj  [99]-[100], sensitively dependent on the chemical potential (Fermi 
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energy), which may be largely tuned either passively, by the doping profile (density and 

type of carriers) [85] or chemical surface modification [101] (i.e., carboxylation and 

thiolation), or actively, by external static electric field (providing an isotropic scalar 

surface conductivity) or external static magnetic field via Hall effects (providing 

anisotropic and tensor surface conductivity) [85]. Graphene opens vast new possibilities 

for tailoring the collective excitation and propagation of surface plasmon polarization 

(SPP) waves in the THz (0.1-10 THz) and infrared spectrum. [88]-[93]. Clean graphene 

may even show strong field localization with low propagation losses, which have been 

recently demonstrated to realize flat-land transformation optics [88], oscillators [83], and 

on-chip nano-patch antennas [102]-[105] at THz and infrared frequencies.  

Clean graphene has particularly interesting and unique properties of low-loss surface 

conductivity (surface impedance) at far-infrared and THz frequencies [88]-[89], ideal for 

tailoring the induced surface plasmon polariton at will. Its large conductivity over an 

atom-thick layer and its large tunability with respect to the applied bias voltage may 

provide exciting venues to achieve various tunable and switchable metasurface and/or 

metamaterials. Graphene’s complex surface conductivity may be modeled using Kubo 

formula [84]-[85],[99]-[100]: 
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where 1/ (1 exp[( ) / ( )])d F Bf E k T    is the Fermi-Dirac distribution,   is the 

energy, FE  is the chemical potential, T  is the temperature, e  is the electron charge,   

is the reduced Planck’s constant, and   is the momentum relaxation time (inverse of the 
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electron-phonon scattering rate Γ ), due to the carrier intraband scattering. The first term 

in equation 3.1 corresponds to the intraband electron-photon scattering process, which 

can be evaluated as: 
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The second term corresponds to the direct interband electron transition and, for 

F B, E k T  , and it can be approximated as: 
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Here we assume the temperature T = 77 K and 1meVΓ  [84]-[86], [88], consistent with 

the ultrahigh mobility and large mean free path of carriers in graphene. If F BE k T  

and below interband transition threshold 2 FE  , equation 3.2 further reduces to the 

Drude-like dispersion :  

 
2 2 1( / ) / ( ),Fsσ j e E j            (3.4) 

The most intriguing physical properties of graphene monolayer, in addition to its extreme 

thinness, consists in its largely tunable surface conductivity. The Fermi Energy of a 

graphene layer is determined by the carrier density sn as [85]: 
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This implies that an electrostatic bias may be able to tune and switch the surface 

conductivity of graphene, envisioning the realization of an infinitesimally thin, 

dynamically tunable reactive surface. Typically, the chemical potential may be tuned 

from 1eV  to 1eV by standard values of externally applied bias [84]-[86].  

 

3.2 CLOAKING BY AN ONE-ATOM-THICK GRAPHENE MONOLAYER 

Clean graphene may possess the unique features of ballistic transport and 

ultrahigh electron mobility (in excess of 20,000 2 1 1cm V s  ) [96]-[98], with a mean free 

path measured to be up to 500 nm at room temperature and larger than 4 m  at low 

temperature. Therefore, as can be known from equation 3.4, the clean graphene 

monolayer may effectively realize a low-loss inductive atomic surface in the THz and 

far-infrared region, analogous to a lossless reactive frequency selective surface at RF and 

microwaves without even the need of patterning the surface. This analogy is schematized 

in figure 3.1. 
 

 

Figure 3.1: Schematic diagram of: (left) a planar metasurface realized with a patterned 
conductor at RF and (right) a graphene THz inductive surface. 
 



 45

Recently, we have put forward the theoretical idea of using metasurfaces to 

realize ultrathin mantle cloaks, with the advantages of low-cost, moderately broad 

bandwidth, and easiness of fabrication at RF and microwaves [38]-[39]. The mechanisms 

and applications of the mantel cloak will be discussed in detail in Chapter 3. The mantle 

cloak is principally based on the scattering cancellation mechanism, for which 

the scattered fields from the mantle cloak and the object can interfere and cancel with 

each other. At RF and microwave, a mantle cloak is realized by patterning a conducting 

screen to achieve the required average surface reactance. For higher frequencies, due to 

the finite skin depths of metals and challenging fabrication, it is difficult to practically 

realize a mantle cloak. In this section, we will extend the notion of “cloaking by a 

surface” to the THz and far-infrared spectrum, putting forward the idea of the thinnest 

possible surface cloak: an atom-thick graphene monolayer, which may realize an 

infinitesimally thin transverse conductivity layer with suitable values to suppress the 

scattering of a moderately sized object.  

 

Figure 3.2: (a) Total SW of an infinite dielectric cylinder covered by: an ideal lossless 
mantle cloak with surface reactance 313sX    (red line); graphene surface cloaks with 

different values of momentum relaxation time  ; no cloak (dashed). (b) Similar to (a), 
but for different graphene chemical potential (Fermi energy) and 0.5ps  . 
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At the desired far-infrared frequency, we have envisioned the use of a graphene 

monolayer for making a planar mantle cloak or the use of graphene microtube (single-

walled carbon microtubes [107]), realized by wrapping a graphene monolayer around a 

seamless cylinder, for making a cylindrical mantle cloak. We consider in figure 3.2 an 

impinging TM polarized plane-wave on an infinite 2SiO  dielectric cylinder with 

diameter 0 / 5D   and relative permittivity 3.9d  , as illustrated in the inset, which is 

the case of most interest for scattering reduction purposes on this geometry. In this case, 

we calculate the total scattering width (SW) [108], as a quantitative measure of its overall 

visibility, for all angles of observation using Mie-Lorentz scattering theory) [89],[108]. 

Figure 3.2a shows the total SW of the 2SiO  dielectric cylinder covered by a graphene-

wrapped microtube with optimal chemical potential (Fermi energy) 0.51 eVc   and 

momentum relaxation time varied from 0.5 ps   to 0.125ps  . We see how 

significant scattering suppression is achieved at the design frequency 0 3f  THz using a 

conformal, atomically-thin graphene surface cloak. Good agreement is verified when 

compared with an ideally lossless 2-D mantle cloak with constant surface reactance 

 313 sX    (red line), in which quite robust cloaking performance is obtained even 

though frequency dispersion and absorption are considered. Figure 3.2b shows the total 

SW for uncloaked and cloaked cylinders, varying the graphene’s chemical potentials 

from 0.3eV  to 0.7eV.  
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Figure 3.3: (A) (a)-(c) Amplitude of the electric field in the x-y plane (H-plane) for an 
infinite dielectric cylinder covered by a conformal graphene cloak at (a) 90   (normal 
incidence), (b) 75   and (c) 60   . (d)-(f) are similar to (a)-(c), but for the phase of 
the magnetic field on the x-z plane (E-plane). For comparison, (B) is similar to figure 
(A), but removing the atomically-thin graphene layer around the object. 
 

In figure 3.3A, we show the near-field distributions of the dielectric cylinder 

covered by such graphene cloak with 0.51 eVc  and 0.5ps  . The top panels show 

the electric field amplitude on the H plane at the design frequency 0 3 THzf   for an 

infinite dielectric cylinder cloaked by a graphene microtube, varying the incidence angle: 

(a) 90   (normal incidence), (b) 75   , and (c) 60    (α is the angle between the 

incident wave direction and the cylinder axis, see the inset of figure 3.2a). Bottom panels 

in figure 3.3A show the same contours, but for the phase of the magnetic field on the E 

plane. It is seen how for both polarizations and all positions around the cylinder, drastic 

scattering reduction and restoration of the original phase fronts are achieved. For 

comparison, figure 3.3B shows the same plots for the uncloaked dielectric cylinder. In all 

panels the plane wave excites the geometry from the left and the corresponding panels in 

figures 3.3 are plotted on the same color scale for fair comparison. In contrast to the 

cloaked case, the uncloaked cylinder highly perturbs the impinging wave, due to much 

stronger scattering.  
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It should be specifically noted that the wave penetrates the graphene cloak and the 

cloaked object, thereby enabling applications as cloaked sensors, non-invasive probing, 

and low-interference communications in the THz regime [25]-[26]. The cloaking 

frequency may be largely tuned by varying the chemical potential, realizing tunable and 

switchable cloaking devices, simply through the variation of chemical potential of 

graphene. The highly tunable conductive properties of graphene may provide exciting 

venues to apply these concepts to dynamically tunable THz devices and non-invasive 

probes and sensors.  

 

3.3 GRAPHENE-BASED THZ NANODEVICES 

 
3.3.1 Propagation Characteristics of Graphene Parallel-Plate Waveguide 

In this section, we pay particular attention to the monomodal parallel-plate 

waveguides (PPWG) formed by a pair of graphene monolayers separated by a deep-

subwavelength dielectric layer. This graphene-based waveguide may support the single 

dominant, tightly-confined quasi-TEM mode that, in principle, has no cutoff frequency 

[109], somehow similar to conventional metal-insulator-metal (MIM) waveguides [110]-

[112]. However, rather strikingly, graphene’s Fermi energy, controlled by an external 

electric bias, is responsible for large tunabilities in phase velocity, propagation constant 

and characteristic impedance [106]. This is arguably the unique advantage of graphene 

over natural plasmonic materials, such as silver and gold, and provides an exciting venue 

to realize electronically-programmable THz active transmission lines.  

Figure 3.4 illustrates (a) a THz active transmission line realized by a gated 

graphene waveguide and (b) a RF tunable active transmission line realized by loading 
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active varactors or diodes [109], and (c) their shared equivalent transmission-line circuit. 

Due to the symmetric field distribution of quasi-TEM mode, figure 3.4a (right panel) 

shows a simplified equivalent structure, of which a graphene sheet is separated from the 

conducting ground plane by a thin dielectric layer. Therefore, only one top-gate is 

required to alter the Fermi energy of graphene, which in turn changes its surface 

conductivity and wave propagation characteristics in the waveguide. 
 

 
 

Figure 3.4: Schematic diagram of (a) the graphene-based plasmonic waveguide, with 
gate-controlled propagation characteristics of quasi-TEM mode. Right panel shows a 
simplified design for the ease of fabrication. (b) A common active transmission-line used 
in RF and microwave range, of which propagation characteristics of the loaded-line can 
be electronically tuned. (d) Equivalent circuit of (b) and (c), of which the phase shifting 

e and impedance eZ  are electronically tunable.   

 

For the TMz waves with magnetic field ( )exp[ ( )],xH y j t z   by forcing a 

discontinuity on the tangential magnetic field distribution on the graphene surface 
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s ˆ ( ) ,s= y    J H H E the complex eigenmodal propagation constant   can be 

evaluated by solving the dispersion equation: 
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where in and out are the material permittivity inside and outside the waveguide, 

respectively. When the separation between the graphene monolayers is reduced to a 

subwavelength scale 0d  , the GPPWG supports a quasi-TEM dominant mode. Under 

the long-wavelength approximation  in 0 out 0min 2 ,2 /d π/ π      and 

0 in in 0 out o
2

t
2 2

u
2 , 1,s sσ β σ β        a simple approximate explicit 

dispersion relation can be obtained:  
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As expected, for sufficiently large surface conductivity the outer (cladding) permittivity 

plays a negligible role in tailoring the eigenmodal propagation constant, implying that the 

mode is tightly confined between the graphene layers. For simplicity, therefore, and 

without loss of generality, we will assume two suspended graphene sheets in free-space 

(i.e. in out 0    ) with same chemical potentials. In many senses, the propagation 

properties of this waveguide are analogous to the ones of an MIM plasmonic waveguide 

supporting confined SPP modes. The characteristic impedance of the quasi-TEM wave in 

the graphene waveguide is uniquely defined as the ratio of voltage V to surface current 

density I as:    y z d/Z E d/H d.    Here we specifically define a figure of merit 

(FoM) for SPP propagation: Re[ ] / Im[ ] 2 ,SPP SPPL   which can be seen as the 

propagation length
1

2 Im( )SPPL   (1/e decay length for power) normalized by the SPP 
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wavelength that is inversely proportional to Re[ ] . Figures 3.5a and 3.5b show contour 

plots of FoM versus frequency for an MIM PPWG formed by two gold (Au) plates with 

varying thickness Aut , and a GPPWG with varying chemical potential, where the 

waveguide height is fixed at 0.3μmd   in both scenarios and in out 0.    The 

thickness-dependent conductivity of gold is modeled using the Fuchs-Sondheimer (FS) 

model [113]-[114], assuming the gold’s mean-free-path to be 20 nm, which yields 

3 D bulk 57 4/ .1 %    for a 10 nm  thick gold nanofilm and 3 D bulk 97 6/ .5 %    for 

a 300 nm  thick bulk gold. For the gold PPWGs, the optimal guiding property is 

obtained when gold plates are thicker than 100 nm, which is about the skin depth of bulk 

gold. It is seen that, despite the extreme thinness of graphene monolayers (~0.33 nm), for 

frequencies higher than 0.5 THz the GPPWG exhibits a remarkably larger FoM, if 

compared to the bulky MIM plasmonic waveguides, i.e. an FOM of 74.48 is obtained at 

1.5 THzf  for graphene monolyayers tuned to 0.5 eV.c   At the same frequency, a 

gold PPWG with 300 nm thick walls has an FoM of 11.78. The gold PPWG with wall 

thickness comparable with or slightly larger than graphene, however, shows very poor 

waveguiding ability. The impressive FoM of GPPWG is mainly attributed to its strong 

field localization and good propagation length at THz. Figures 3.5c and 3.5d respectively 

shows the propagation length and characteristic impedancefor a GPPWG, as a function of 

the chemical potential and frequency of operation. A good propagation length is 

observed, despite coupled SPP waves inside the GPPWG are strongly confined, with a 

guided wavelength much shorter than the free-space wavelength SPP 0  , i.e. 

121.3μmSPPL  is obtained at 1.5 THzf   for a GPPWG tuned to 0.5 eV.c    



 52

 

Figure 3.5: (a) Re[ ] / Im[ ]   (FoM) for the gold PPWG with 300nmd  , varying 

the frequency f and the gold thickness .Aut (b)-(d) FoM, propagation length, and 

characteristic impedance normalized to free space for the GPPWGs with 300nm,d 
varying frequency and chemical potential .cμ   

 

 

Figure 3.6: Lumped-element transmission line model for a graphene parallel-plate 
waveguide. 
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Typically, it is convenient to apply the transmission-line model (TLM) to describe 

the signal propagation in ac circuits at high frequencies. Here we may use the TLM in 

figure 3.6 and the transfer-matrix method [109] to effectively calculate the scattering-

parameters and/or reflection/transition of the graphene waveguide network. The relevant 

lumped elements include the kinetic inductance KL  (due to the motion of electrons), 

resistance sR  (due to the surface plasmon scattering by defects and impurities), magnetic 

inductance mL  and electrostatic capacitance esC  per unit length: 
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where ox 3.9   is the relative permittivity of silicon dioxide ( 2SiO ) filling the 

waveguide, 0  and 0  are respectively the vacuum permittivity and permeability, sσ  

is the complex surface conductivity of graphene (equations 3.1-3.4). The first term in 

esC  represents the parallel-plate capacitance between the two graphene sheets and the 

second term is the fringing capacitance, negligible when w>> d . From the transmission 

line theory, the propagation constant and characteristic impedance may then be calculated 

using 
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Typically, KL  is larger than mL  by several orders of magnitude, and its value is carrier-

density-dependent, providing interesting possibilities to enhance the phase velocity and 

enable adaptable and reconfigurable THz components. Figure 3.7 shows the calculated 

phase constant   versus frequency for intrinsic (~ 250 meVFE  )[115] and doped 

( 500 meVFE  ) graphene parallel-plate waveguides with height d = 50 nm and width w 

= 30 μm; here the solid and dotted lines are respectively calculated using the 

transmission-line model introduced here and the above mentioned rigorous eigenmodal 

solution. It is evident in figure 3.7 that the TLM can accurately predict the THz wave 

propagation properties. It is also important to highlight that at THz frequency 

/ KR L Γ   , implying that the group (signal) velocity /gv      is essentially 

independent of frequency, a highly desirable property for signal communications. 

 

 

Figure 3.7: Phase constant versus signal frequency for a graphene parallel-plate 
waveguide with different Fermi energy. The solid lines and dots are results obtained from 
our analytical transmission-line model (figure 3.6) and the rigorous eigenmodal solution, 
respectively. 
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3.3.2 Graphene-Based THz Switches 

Here we may use the TLM and the transfer-matrix method to effectively calculate 

the scattering-parameters and/or reflection/transition of the graphene waveguide network. 

Since the nanolithgraphic patterning of very-large-area graphene interconnections and 

networks remains a challenging task, here we propose a hybrid scenario shown in figure 

3.8a: a three-terminal gated graphene waveguide is connected to conventional MIM 

waveguides at its input and output ports, which also serve as the source (S) and drain (D) 

metal contacts of the graphene channel that is under the control of the gate electrode (G). 

The total carrier density in graphene can be obtained from the integration of density of 

states weighted by the Fermi-Dirac distribution as [116]-[119]: 
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where ch F /V E q is the voltage cross the quantum capacitance qC of graphene sheet. 

Based on the quantum capacitance definition   ,q chC qn / V   , we may obtain [118]-
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is obtained. Applying the Kirchhoff’s 

law to the equivalent capacitive circuit, ( )chV x is given by [119]: 
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where GSV is the gate-to-source voltage, FBV is the flat band voltage ( 0FBV  is assumed 

here for simplicity), and /ox ox oxC t is the oxide capacitance. Since qC is not constant, 

but a function of ,chV equation 3.14 should be solved self-consistently to evaluate the 

actual .chV  For a relatively thick gate oxide with an ignorable oxC and 0DSV  , ch ( )V x  

can be simply expressed as:  ch ox GS
3

F( ) (x) ./V x v C V V q  The channel voltage

( )V x , as a function of position in the channel, can be modeled using the gradual channel 

approximation:   DS( ) / .V x x L V  As a result, the exact Fermi energy FE  of graphene, 

as a function of terminal voltages DSV and GSV , can be evaluated to determine the surface 

conductivity of graphene and propagation characteristics its constituted waveguide. 
  

 

Figure 3.8: (a) Schematics of a graphene-based tunable active transmission line, with 
its wave propagation characteristics and impedance controlled by the applied voltages 

GSV and DSV . (b) Contours of transmission for this nanodevice with 0DSV  , varying the 

gate voltage GSV  and operating frequency . 

 

Here we first consider the case where the source and drain terminals are both 

grounded, i.e. 0.DSV   When a suitable GSV  is applied, varying the propagation 

constant  and impedance Z of such gated graphene waveguide, an equivalent circuit in 
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figure 3.1a is obtained. Here we choose gate oxide thickness ox 20 nm,t   graphene 

waveguide height 0.1 md =  and length (or effective gate length) 2 m,L=  and the 

impedance of MIM waveguide 0 MIM d/ ,Z d  where MIM 0.5 md   and d  is the 

intrinsic impedance of 2SiO .  Figure 3.8b shows contours of transmitted signal 21S

trough the graphene waveguide, varying the gate voltage GSV  and the operating frequency. 

Here the ports 1 and 2 present the input (at the S end) and output (at the D end) terminals, 

respectively. Due to the high signal reflection resulted from the impedance mismatch 

between the MIM and graphene waveguides, a Fabry-Perot (FP) microcavity is made 

with voltage-controllable resonant transmissions,which occur when e L m     is 

satisfied, where m  is an integer. Due to the shortened guiding wavelength of graphene 

plasmonic waveguide, this graphene-based microcavity can have deep-subwavelength 

dimensions. It is interesting to note that at a certain frequency the value of 21S can be 

switched from high (i.e. ON-state) to low (i.e. OFF-state), namely changing from 

passband to stopband, by varying the gate voltage, as highlighted in figure 3.8b. This 

property may offer potential to THz switching and modulating nanodevices.  
 

3.3.3 Graphene-Based THz Biosensors 

The nanodevice in figure 3.8a may also be combined with the state-of-the-art 

biochip technology and a nanofluidic delivery channel, to realize label-free and non-

invasive THz biosensors, with promising applications in genetic sequencing, drug and 

cancer screening, and forensic medicine [121]. Figure 3.9 shows the proposed biosensor 

structure, with 2 μm,L  0.1 m,d   ox 0.3 μm,t   and the MIM impedance 

MIM MIM d/Z d  and MIM 0.45 m.d   Since the transmission through the microcavity is 

sensibly dependent on the refractive index of material ( 0/dn   ) filling the graphene 
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waveguide. When different target molecules are injected into the nanofluidic delivery 

channel, n is changed and we may adjust GS,V  which in turn changes  GS, , ,V d n  to 

achieve the Fabry-Perot resonant transmission at a specific monochromatic THz 

frequency. As a result, bio-species are tagged according to the measured 21 GSS V  data.  

 

 

Figure 3.9: (a) Schematic diagram of a THz biosensor composed of a nanofluidic 
delivery channel and graphene-based waveguide integrated with a control gate. 
Calculated (b) 11S  (dashed) and (c) 21S  (solid) versus gate voltage GSV . These signals 

can be used to detect intracellular bio-events (a) and molecular vibration-rotation 
absorptions (b), with changes in refractive index. 
 

Figure 3.9b shows the calculated transmission spectra at 0 2 THzf   for 

different injected samples with a small fluctuation in index 1.4 0.1.n    It is clearly 

evident that 21 GSS V signals can be used to identify refractive index variations, typically 
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caused by intracellular bio-events. It is also known that many large proteins and DNA 

molecules have absorption due to collective vibrational and rotational modes in the THz 

region, which are also good bimolecular fingerprints. Figure 3.9c reports similar results, 

but now considering different values of imaginary refractive index, associated with losses. 

It is clearly seen that the calculated transmitted signal is sensibly affected by the 

imaginary refractive index. Consequently, this graphene-based technique may enable 

high-speed, coupler-free, lab-on-chip and multifunctional biosensors, which are readily 

integrated within nanophotonic circuits to conduct real-time detection. 
 

3.3.4 Graphene–Based Adaptable and Frequency-Configurable Filter and Matching 
Networks 
 

In this section, We present few representative graphene nanodevices with various 

filtering, coupling, and matching functionalities in the THz spectral range. The 

integration of more than one gated graphene waveguide may provide more flexibility in 

the design of THz nanocircuit components. Here we fix the waveguide height to 

0.1μmd  for all devices. We first consider an impedance transformer in figure 3.10a, 

which is designed to match the real-valued load impedance (which could be a THz 

nanoantenna or nano-communication system) to real-valued line impedance. Figure 3.10b 

shows its RF counterpart, and their shared equivalent transmission-line circuit. We 

underline the significant difference between the conventional RF passive transformer and 

this THz active transformer: for a passive RF transformer, the impedance is tailored by 

spatially-varying microstrips, while for a THz graphene transfer the spatial variation of 

impedance is achieved by the multiple electronic gating, as discussed earlier. Here we 

choose the feedline impedance 0 MIM ox37.8Z /d   and the load impedance L 04Z .Z   
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Figure 4a shows a THz third-order Chebyshev transformer [109] constituted by a 

graphene waveguide and three independent gates with gate lengths 1 0.528 mL   , 

2 0.3 m53L   and 3 0.212 m,L    and gate oxide thickness ox1 ox3 20nmt t  and 

ox2 25nm.t   When this device is biased to G1 5.13V,V   G2 0.79VV   and 

G3 0.19eV,V   the Fermi energy of graphene underneath the three gates are respectively 

induced to F 0.4eVE  , F 0.133eVE  and F 0.064eV.E   At the central frequency 

0 1.5 THz,f   the length of each gate equals to one quarter of the guiding wavelength 

( SPP 2 /   ) and the impedances of gated lines are close to the theoretical values 

[109]: 1 01.2662 0.0335 ,Z j Z  2 02 0.0531Z j Z  and 2 03.1591 0.0840 .Z j Z   As 

a result, a third-order Chebyshev transformer is made with its reflection ( 11S ) and 

transmission ( 21S ) spectra shown in figures 3.10c and 3.10d. It is clearly seen that a 

broadband matching is obtained when all gates are suitably biased. In a different bias 

condition, when the applied gate voltages are G1 G3 12.8 VV V    and G2 0.79V,V 

resulting in 1 3 0Z Z Z  , 2 0 02LZ Z Z Z  and 2 2 / 2,gL  a quarter-wavelength 

transformer is made with a narrower bandwidth around the central frequency. When no 

bias is applied (or in the absence of transformer), on the contrary, a very high reflection is 

obtained. Therefore, the matching and bandpass effects, as well as bandwidth of 

operation of this nanodevice are electronically-programmable and switchable by the 

external integrated circuitry.  
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Figure 3.10: Schematic diagram of (a) a graphene-based THz impedance transfer (IT), 
and (b) its RF counterpart using stepped microstrip lines. (c) Reflection and (d) 
transmission spectra for a graphene-based THz IT, with tunable matching functions.  
 

As another example, figures 3.11 show the analogy between (a) an active THz 

low-pass filter (LPF) or “high-Z, low-Z filter,” [109] composed of multiple-gated 

graphene waveguide, and (b) a conventional passive RF LPF, of which the impedance is 

tailored by the stepped microstrip lines. This stepped-impedance LPF has the advantage 

of easier design and taking up less space [109]. For a THz LPF in figure 3.11a, the 

impedance of a certain gated segment can be significantly reduced by applying a suitable 

gate voltage. Therefore, when a short gated segment is biased, its impedance can be 

lower than the feedline, thus effectively offering a lumped shunt capacitor. On the other 

hand, if graphene is unbiased or slightly biased, the gated waveguide has high impedance, 

equivalently being a lumped inductor. The transmission-line circuit and it corresponding 

simplified lumped circuit model are shown in figures 3.11b and inset of figure 3.11c, 
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respectively. 

 

 

Figure 3.11: Schematic diagram of (a) a graphene-based THz low-pass filter (LPF) and 
(b) a microstrip RF LPF. (c) Reflection and (d) transmission spectra for this graphene-
based THz LPF, with its performance switchable.   
 

Here we choose the gate lengths 2 4 1 mL L    and I 3 5 75nm,L L L    gate 

oxide thickness ox1 25nmt  and ox2 20nm,t   the impedance of input and output MIM 

waveguides 0 MIM ox55 .Z /d   When small gate voltages G1 G3 G5 0.048 VV V V   are 

applied, F 0.025 eVE  is induced for graphene sheets under the control of Gates 1, 3 and 

5, presenting a high realized impedance H 0/ 3.18 0.181 ZZ d j   at the cutoff 

frequency 0.7 THz. Figures 3.11c and 3.11d report the reflection and transmission spectra 

for this THz LPF, with different applied gate voltages G2V  and G4.V  It is visible in 

figure 3.11c that when the values of G2V  and G4V  gradually increase, the low-pass 

effect with a distinct cutoff at 0.7 THz becomes more obvious, due to the lowering of 

impedances of associated segments (i.e. L 0/ 0.87 0.049 ZZ d j  at 0.7 THz). We notice 
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that the lowpass effect is electronically switchable. When G1 G3 G5 3.7 VV V V   and 

G2 G4 2.1 VV V  are biased, this LPF is switched off and none of signal is filtered out at 

low frequencies. 

 

 

Figure 3.12: (a) Fermi energy and (b) characteristic impedance distribution along the 
gated waveguide in figure 2a, with GS 2.5 VV  and different values of DS.V Here source 

and drain terminals are located at 0x  and 1.2 m,x   respectively, and the impedance 

at the source terminal is 0.Z  Reflection and transmission spectra of a graphene-based 

THz broadband coupler. 
 

So far, we limit our discussions on the two-terminal control manner with 0DSV  , 

of which waveguide characteristics, at a fixed voltage GS,V remain unvaried along the 

gated line. Next, we will show that the three-terminal control with 0DSV  [figure 3.8a] 

may further enable inhomogeneous and continuously spatially-varying waveguide 

characteristics, in some sense similar to the concept of transformation optics [28]. 
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However, its propagation constant and impedance profile, at a fixed gate voltage, are 

tunable with the different drain-to-source voltages DSV . Consider the device architecture 

in figure 3.8a, figures 3.12a and 3.12b report variations in FE of graphene and 

characteristic impedance along a 1.2 m -long gated graphene waveguide, respectively. It 

is observed that at a nonzero DSV (here GS 2.5 VV  ) graphene sheet can have spatially-

varying induced carrier concentration and Fermi energy distributions [figure 3.12a], 

rendering a tunable inhomogeneous transmission line. Owning to the electron-hole 

symmetry in graphene’s electronic band structure, both negative and positive signs of FE  

provide the same complex surface conductivity. Here, one straightforward application 

resides in the impedance taper, such as the Klopfenstein taper [109], which requires 

continuously-tapered impedance, as illustrated in the inset of figure 3.12b for a RF 

microstrip taper. Figures 3.12c and 3.12d respectively report the reflection and 

transmission spectra for a THz graphene-based taper, with its structure shown in figure 

3.8a. When GS 2.5 VV   and DS 2.45 VV  (blue line) are biased, an impedance taper can 

be realized to match the feedline impedance 0 MIM 0Z / 29.256d  (connected to source 

terminal) and load impedance L 0Z 3.175 Z  (connected to drain terminal). It is 

surprisingly seen that a broadband matching is enabled by the anomalous spatial 

distribution of impedance. Here the reflection and transmission spectra without the 

impedance taper are also presented for a fair comparison. Furthermore, when the applied 

voltages are changed to GS 2.5 VV   and DS 2.35 V,V   a suitable impedance taper is 

now realized to match different load impedance L 0Z 2.21 Z  (red line). As a result, we 

may be able to make a dynamically tunable, broadband THz taper comprising three-

terminal gated graphene waveguide. This nanodevice may be of interest for tunable 

graphene nanoantennas and frequency division multiple access (FDMA) systems [102]-

[105], which generally require dynamic impedance matching.  
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3.3.5 Graphene-Based Phase Shifters 

In this section we show how the large figure-of-merrite and tunability of 

GPPWGs described in the previous section may allow the design of compact, low-loss 

and tunable transmission lines in the THz regime. The low-loss features may also allow 

removing an amplification stage in the transmit/receive (T/R) chain, thus significantly 

reducing the operating power and system complexity of the beamforming network. In the 

following, we investigate integrally-gated GPPWGs to realize THz phase shifters. We 

propose the practical realization of switched-lines, loaded-lines, and reflection-type 

graphene-based phase shifters [109],[122]-[128]. The main idea is to utilize the integrally 

gated graphene waveguide channel in figure 3.8 to dynamically adjust the signal 

transmission, phase velocity, characteristic impedance, propagation constant and 

associated phase shift along each gated GPPWG segment. 
 

3.3.5.1 Graphene-Based Digital Phase Shifters  

Digital phase shifters (DPS) or switched-line phase shifters are conceptually 

simple in design. They rely on true time delay between two direct transmission line paths 

(a reference line and a delay line) to provide the desired phase shift. A simple DPS can be 

built using switched delay-line techniques and single-pole double-throw (SPDT) switches 

[109],[122], [126]-[128]. By using two SPDT switches, the transmission-line is switched 

over from one segment to the other, varying the corresponding phase shift. Figure 3.13 

shows an example of a 4-bit DPS realized using a cascade of four 1-bit phase shifters (16 

switches and 8 different transmission-line segments) with 42 16  discrete phase states. 

For instance, when the switches G1 and G2 are in their ON-state and the switches G3 and 
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G4 are in their OFF-state, the wave will propagate in the delay line 2l . By switching the 

signal between 1l and 2l , it is possible to realize an increase in the phase shift 

l    , where 2 1l=l -l  is the difference between the physical length of the delay 

and reference lines. By using the proper combination of ON/OFF-states, one can 

implement any discrete number of phase states between 0and 360 .  

 

   
 
Figure 3.13: Schematic diagram (top) and equivalent circuit (bottom) of a digital phase 
shifter based on graphene transmission lines and switches; here THz switches are realized 
combining a GPPWG with a double-gate structure. 

 

Electronic switches are widely used for time-multiplexing, time-division multiple 

access, pulse modulation and channel switch in receiver or transmit/receive (T/R) 

modules. In practical high-frequency DPS designs, the most crucial issue consists in 

realizing stable and high-speed switches that can replace conventional RF diodes or field-

effect transistors. Graphene active transmission lines may offer a robust approach to 

translate such switching devices at THz. It is evidently seen from figure 3.8b that ON-
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state and OFF-state can be achieved by properly biasing the GPPWG.  
 

3.3.5.2 Graphene-Based Loaded-Line Phase Shifters  

The basic principle of a loaded-line phase shifter (LLPS) [109],[123]-[124],[126]-

[128] can be illustrated with the circuit in the bottom panel of figure 3.14, in which a 

loaded-line produces a specific phase variation l   . In practical designs, insertion 

and return losses are inherently present in this design, due to reflections at the 

mismatched loaded-line. At RF and microwaves, a LLPS is usually realized by loading a 

transmission-line with two shunt susceptances and separation length / 4 [109]. In the 

THz regime, we may realize a graphene-based LLPS using the configuration shown in 

figure 3.14.  
 

 
 

Figure 3.14: Schematic diagram (top) and equivalent circuit (bottom) of a simplified 
digital (3-bit) loaded-line phase shifter.   
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Figure 3.15: (a) Magnitude of reflection and (b) transmission coefficients and (c) phase 
difference between input and output ports for the load-line phase shifter shown in figure 
3.14. 
 

For most phased-array applications, we are mostly concerned with the relative 

phase shift between different ports, rather than its absolute value. In figures 3.14 and 3.15, 

we propose a simplified LLPS design, consisting of a 3-bit phase shifter with 8 phase 

shift states: 0 / 45 / 90 /135 / 225 / 270 / 315 .  We assume a Fermi energy of 0.05 eV for 
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both gated and ungated graphene segments. In order to minimize reflections, when the 

suitable gate voltages are applied we set the length of each loaded section to be a multiple 

of half guided wavelength. The characteristic impedance and propagation constant of the 

ungated sections are given by 0 0(Z , ).  The loaded lines are characterized by 1 1(Z , ) , 

2 2(Z , )  and 3 3(Z , ). If we intend to create impedance matching for all binary states, 

the following requirements for the i-th section need to be fulfilled: 
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i i i i

l

l l  

 
  


   

     (3.15) 

where i  is defined as the relative phase shift between the unbiased and biased 

conditions for the i-th section and the total phase shift is 1 2 3+ .        For a 

design with phase shifts of 45  (bit 0), 90  (bit 1) and 180  (bit 2), the required 

Fermi energy are ,1 0.085 eVFE   (bit 0), ,2 0.122 eVFE   (bit 1), and EF,3 = 0.213 eV 

(bit 2), and the associated optimal gate lengths are: 1 4.13 ml   , 2 4.96 ml   , and 

3 6.62 m.l    We may generate 8 different states through electronically programmable 

gate voltage signals in this configuration. Figure 3.15 shows numerical results for the 

corresponding S parameters and phase shifts for this design. Very low reflection and 

nearly unitary transmission are obtained, with the desired relative phase shifts at the 

operating frequency 0 1.5 THz.f   This novel LLPS design may facilitate the 

implementation in THz phased-arrays with digital beam forming and steering functions. 
 

3.3.5.3 Graphene-Based Analog Phase Shifters  
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In addition to the binary phase shifts discussed above, analog phase shifters (APS) 

are commonly implemented in RF systems, for applications when the phase shift should 

be continuously controlled by a bias with almost unlimited resolution[109], [126]-[128]. 

To realize a graphene-based THz APS, we need to design an electrically-adjustable 

reactive circuit element that may provide analog phase shifts. In the previous section, we 

have demonstrated electronic frequency tuning of a cloaking device at THz frequencies 

using a graphene monolayer. It is possible to use the same concept to make a variable 

inductor by inserting a vertically-aligned graphene monolayer into the GPPWG, as shown 

in figure 3.16. By choosing a / 4s.c.d   distance from a ground plane we achieve a 

tunable inductive load sX , schematically indicated in the circuit model of figure 3.16.  

In this design, we assume the graphene Fermi energy to be set at 0.5 eV. 

 

 
 

Figure 3.16: Schematic diagram (top) and equivalent circuit (bottom) of a reflection-
type analog phase shifter. 
 

By adjusting the bias voltage at G2, the inductive reactance in the equivalent 

circuit of figure 3.16 is tune, in turn analogically controlling the overall phase shift over a 
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wide angular range. Figure 17 shows the phase shift versus frequency for a graphene-

based APS with 4 μm.l   At the operating frequency 0 3 THzf  , phase shifts ranging 

from 124.2  to 213.5 can be obtained, when the chemical potential of the vertically-

gated graphene is biased from 0.01 eV to 0.5 eV.  It is interesting that the tuning range 

increases for larger frequencies. This proposed APS design may achieve moderate phase 

shift and high resolution with fewer active components than DPS, but at the cost of 

increased fabrication difficulty due to the vertically-aligned graphene monolayer. 

 
 

.  

 
Figure 3.17: Variation of the phase difference between input and output ports with  
frequency for the analog phase shifter of figure 3.16, varying the chemical potential of 
the vertically-aligned graphene monolayer.  
 

3.3.6 Graphene-Based THz Synthesizers 

One of the main technological hurdles in THz systems is represented by the lack 

of efficient sources providing large power generation and good bandwidth of operation. 

Photomixers based on field-emission devices have been only recently introduced for the 

generation of THz radiation with potentially increased output power and very large 

bandwidths, ideally spanning from DC to 100 THz [129]-[131]. As an additional 
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advantage, electron field-emission is insensitive to the environment temperature and 

ionizing radiation. For these reasons, field-emission nanodevices with very fast switching 

time and high current densities are widely used in vacuum micro/nano-electronics [132]-

[136]. Recently, there have been some efforts to explore the electron field emissions from 

free-standing graphene monolayers [137]-[140], which is expected to be largely enhanced 

due to the large geometric (electrostatic field) enhancement factor of graphene (103~104). 

Numerical results provide a simple fitting formula for the geometric enhancement factor 

of a graphene patch [137]: 0.752.07( / ) (1 0.09 / )emitter h t h w   , where h, w, t are 

respectively its height, width and thickness. As a result, a graphene emitter can have very 

low turn-on voltage due to its atomic-scale thinness (t ~ 2 nm).  In addition, well-

defined graphene nano-emitters can be produced using lithographic patterning, with 

significant fabrication advantages over carbon nanotubes or other potential nano-emitters. 

In this paper we explore the concept and provide a complete design of a THz photomixer 

based on graphene field-emission diodes, as shown in figure 3.18. 

 

 

Figure 3.18: Schematics of (a) the proposed graphene-based THz photomixer based on 
field-emission nanodiodes and (b) its device cross-sectional view. 



 73

The current density produced by a graphene emitter can be described by the well-

known Fowler-Nordheim equation [137]-[140]: 

  2 / 2e [A / m ]B EJ E AE  ,    (3.16) 

where -6 21.4 10 / [AV eV]-A=    , 9 1.5 3/2 16.83 10 [V eV m ]B=    ,   is the electron 

work function ( = 4.5 eV for graphene) and E is the electric field at the emitter surface. 

If two sinusoidal (optical) fields 1E  and 2E  are superimposed to the electrostatic field 

0E , the total electric field is    0 1 1 2 2cos cosE=E E t E t   , where i  are the 

pumping oscillation frequencies. The electrostatic field at the emitter surface 

0 emitter /c vacE V d  depends on the emitter geometry, collector voltage cV  and vacuum 

gap distance .vacd  If the magnitude of 1E  and 2E  are much smaller than 0E , an 

explicit expression for the perturbed current density can be obtained: 
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  (3.17) 

At the apex of the graphene emitter, THz photomixing currents will be generated at the 

offset frequency 1 2   of two lasers. For small vacuum gaps, due to the large parasitic 

collector-to-emitter capacitance AEC , the THz wave is not effectively coupled to the 

collector (C) load resistor AR , due to the low-pass filtering effects associated with the 

shunt capacitance (see figure 3.19). On the other hand, the graphene emitter can support 

THz surface plasmon-polariton waves that may be efficiently coupled to the load resistor 

at the source (S) terminal, LR . In addition, the graphene emitter can also form a PPWG 

transmission-line, guiding the quasi-TEM THz wave and interconnecting the generated 
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signal to different on-chip ports and processors. In (3.17), all terms with frequencies 

larger than the mixing frequency 1 2   have been neglected, as they are expected to 

be largely attenuated along the graphene sheet.   

 

Figure 3.19: (a) Equivalent circuit model for a graphene-based photomixer, as in figure 
1. (b) Lumped-element transmission line model for a graphene parallel-plate waveguide. 
 

As observed from (3.17) the THz photomixing current depends on the optical 

field intensity 1E  and 2E  at the emitter tip. In chapter 2, optical nanoantennas have 

been proposed to enhance the intrinsically weak spontaneous emission, nonlinear optical 

effects. When subwavelength nanoantennas are placed around the emitter tip in our 

geometry (figure 3.18), the optical field enhancement associated with their plasmonic 

features can largely enhance the photomixing efficiency, as evident in (3.17). Since 

graphene is largely transparent to visible light (~97.7 % transmission in the near-infrared 

and visible range) [95], light can pass through the grapheme monolayer in figure 3.18 and 

excite the optical antennas enhancing the optical near-field intensity.  
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Figure 3.20: Averaged optical near-field enhancement versus frequency. The 
observation line is parallel and 15 nm distant from the array of silver nanoantennas. The 
right inset shows the cross-sectional view of the electric field distribution along the 
antenna axis (yellow dashed line in the left inset). 
 

Figure 3.20 shows the simulated average local field enhancement versus 

frequency for an array of silver nanoantennas with width 25 nm,aw  length 

60 nm,al   height 25 nmah   and separation distance 150 nm.s   These parameters 

have not been specifically optimized, but simply tailored to provide a good field 

enhancement around the frequency range of interest. The average field enhancement is 

defined by calculating the line integral of the local electric field normalized to the 

incident field, weighted by the total length. The observation line is 15 nm from the array 

and shows a single, rather broad resonance, resulting in a broadband enhancement of the 

THz photomixing process, provided that the emitter tip is near the optical antennas.  

The model in figure 3.19 ensures that the THz waves created by the current 

oscillations at the apex of the graphene emitter will be coupled to the load resistor at the 

source terminal, which may represent a graphene patch antenna or arbitrary THz circuit 
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load. The graphene channel should be modeled as a segment of transmission-line, in 

order to properly capture retardation effects within its length. The input impedance at the 

emitter tip is given by: 

tanh

tanh
L g

in g
g L

R Z l
Z Z

Z R l








,     (3.18) 

where α j   and gZ are the propagation constant and characteristic impedance of 

the graphene transmission-line, respectively. The output power generated at the emitter 

tip is given by: 

1 2

2
out

1
Re[ ]

2 inP I Z  ,     (3.19) 

where the photomixing current 
1 2 1 2pI g J wt       , and pg  is the current gain 

taking into account the resonant photon-assisted field emission process. For graphene 

with a work function of 4.5 eV, a gain of about 40 dB is obtained from rigorous quantum 

mechanical simulations [129]-[131]. 

For an ideally lossless transmission-line, the output power delivered to the load 

1 2

2
out Re[ ] / 2inP I Z  . However, due to the intrinsic loss in graphene, we expect that the 

real power delivered to the load ,L outP P where the efficiency 
22 2(1 ) / (1 e )l le         

 and the signal reflection caused by the impedance 

mismatch    / .L g L gΓ Z Z Z Z    The output power is proportional to the load 

impedance when LZ  is small, but it varies inversely with it when LZ is large. Therefore, 

there is an optimal value of LZ  satisfying the condition   / 0L L LP Z Z   . In order to 

protect the nanoemitter from vacuum arcing, it is necessary to limit the dc current density 
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0J  to 9 210 A / m  in steady-state or 12 210 A / m  when operating with microsecond 

pulses [129]-[131].  

 

Figure 3.21: Contours of: (a) output power at the emitter tip,(b) real power delivered to 
the load, varying the length and width of graphene sheets; the inset of (b) shows the 
contours of power delivery efficiency.  

 

Figures 3.21a and 3.21b respectively show the contours of total generated THz 

power outP  and real power delivered to the load LP  for a photomixer, with 

0 7.5 V / nmE   and 2
1 2 0 1 MW / cmP P P   , varying the graphene width w and 

length l. Here the operating frequencies are: 1 / 2 393 THz,   2 / 2 392 THz,   and

 1 2 / 2 1THz.   
 
The maximum output power sensibly depends on the graphene 

length, which is associated with the total phase shift experienced by the THz wave 

traveling along the transmission line. Inspecting the figure, we note that, although a long 

emitter can enhance the geometric field enhancement factor emitter  and therefore reduce 

the required dc bias voltage cV , after considering the losses in graphene, the first Fabry-

Perot resonance mode is the preferred operation to achieve maximized LP  and therefore 

optimum grapheme length 2 / / 2optimum gl =    . The inset of figure 3.21b shows the 
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contours of power efficiency ,  showing that the efficiency rapidly deteriorates with 

increasing width and length, due to increased losses. Comparing figures 3.21a and 3.21b, 

it is clear that the real power delivered to the load is attenuated because of propagation 

losses  1 ,outP  especially for long graphene sheets.  

 

Figure 3.22: Real power delivered to the load versus the synthesized THz frequency for 
a graphene-based photomixer with and without nanoantennas.  

 

Finally, figure 3.22 shows the real power LP  delivered to the load versus the 

synthesized THz frequency for the same photomixer as in figure 3.21, with 

0 7.5 V / nmE   and 2
0 1 MW / cmP  . For comparison, we also show the available 

power without the presence of the nanoantennas. In this plot we considered 

1 / 2 393 THz   , while varying 2 / 2   from 392 THz to 382 THz, in order to 

generate THz signals over a wide frequency range. For each mixing frequency, the 

optimal values of l  and LZ  are obtained with the physics-driven transmission-line and 

circuit models presented. It is evident that the concept of designing nanoantennas coupled 

to an optimal graphene transmission-line emitter can greatly increase the output power 

over the whole dc-10 THz frequency range. For instance, at the mixing frequency 
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 1 2 / 2 1THz,     the maximum delivered power increases from 6.6 nW to

1.44 W , thanks to the effect of the plasmonic nanoantennas. Typically, field-emission 

arrays can consist of 1010  emitters per centimeter square [132]-[136] (i.e., flat-panel 

displays), so arrays of graphene-based, vacuum-nanoelectronic photomixers as the ones 

presented here can potentially realize “mW” power level. 

 

3.4 TUNABLE AND SWITCHABLE GRAPHENE METAMATERIALS  

The tunable plasmonic properties of graphene present great opportunities for THz 

and IR photonics, metasurfaces, and metamaterials. Werner’s group [141] has presented 

the design syndissertation of RF and microwave metamaterial ferrites (or metaferrites) 

utilizing a high-impedance surface, with the genetic-algorithm optimized, complex 

configuration (which is, to a degree, difficult for fabrication), printed on a dielectric 

material backed by the perfectly conducting (PEC) plane. This structure can be 

equivalent to a magnetic material with a frequency-dependent permeability [141], 

promoting an alternative to split-ring resonators. In a section, we propose alternative 

routes to realize THz and FIR artificial magnetism involve the use of simple graphene 

nanostructures. We consider in figure 3.23a a graphene metaferrite that may realize not 

only positive, low, or negative real part of permeability, but also add a significant 

tunability, primarily attributed to the electrically controllable ac conductivity of graphene. 

Tunable magnetic responses (i.e. SRR loaded with nonlinear optical materials) are 

currently one of the most exciting areas of metamaterial research [142]-[147], since they 

may add a large degree of control and flexibility to the exotic properties of right-/left-

handed metamaterials.  
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Figure 3.23: (a) THz magnetic metamaterial made of graphene nanostrips on top of a 
dielectric substrated backed by a (conducting) metal gate; (b) equivalent circuit model 
of (a). 

 

The proposed structure in figure 3.23a can be modeled by an equivalent circuit in 

figure 3.23b. A deep-subwavelength graphene nanostrip array (with ignorable higher 

Floquet spatial harmonics) would act as a shunt surface impedance placed at a distance t

from a short-circuited, dielectric-loaded transmission line (see figure 3.23b). An 

approximate expression for the capacitance due to this specific strip-array geometry can 

be obtained by the simple, but yet accurate, circuit model [148]-[152]: 

 

 
0

avg2
ln csc( / 2 ) ( )

a
πg fC a

c




 
    (3.20) 

where a  and g  are respectively the period and gap of the strip array, c and 0 are is 

the speed of light and the intrinsic impedance of free space, and the angular correlation 

function TM ( ) 1f    and aTE vg
2( ) 1 sin 2 )/ (f     are used for TM and TE polarized 

incident wave, respectively, and avg is the averaged permittivity of medium at the upper 

and lower interface. Assume the electric field of the incident wave is y-polarized, the 
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incident plane for the TM- and TE-polarized waves correspond to the x-z and y-z plane, 

respectively. Different from those conducting strips at RF and microwaves, now we must 

consider the relevant plasmonic effect of graphene, whose reciprocal real and imaginary 

conductivity contribute, respectively, a resistor and an inductor that are in series with a 

geometry-yielded capacitor, as shown in figure 3.23b:  
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Thus, the surface resistance and reactance of graphene can be modeled with distributed 

RLC elements: GsR R and s G 1/X L C.    Now it is clear that the surface 

impedance of this metasurface is tunable by modifying its geometry (i.e. period and gap 

of nanostrips) or by shifting graphene’s Fermi energy FE  electrically, which changes, in 

real time, the value of ( )G FR E and ( )G FL E . We note that a short-distance, shorted 

dielectric transmission line can also be modeled as an inductive load reactance 

tan( )L d dX =Z k t  (or lumped shunt inductor 0L= t , if d 1k t  ) parallel to the surface 

impedance of graphene metasurface, where 0 /d dZ   , 0d dk k , d  is the 

relatively permittivity of dielectric, and 0k is the wave number in free space. Now 

suppose that we consider a thin slab of grounded magnetic materials with thickness t , 

permeability = j    and permittivity  0 ,   the input impedance, looking into 

the air/magnetic slab interface, is: 

 

 0 0tanh .in,metaferriteZ Z j j k t           (3.22) 
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By equating this expression to the input impedance in in inZ R jX   in figure 3.23a and 

taking a quasi-static limit (i.e. tanh( )x x ), we may obtain an useful set of design 

equation for the equivalent real and imaginary permeabilities of a metaferrites slab: 
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Figure 3.24: Effective permeability versus frequency for a graphene metaferrite in 
figure 3.23, varying the biased Fermi energy of graphene nanostrips; (b) Dependencies of 
permeability on the graphene’s Fermi energy at different operating frequencies (solid: 
  ; dashed:  ); here 2 ma   and 0.3g a are assumed. 
 

We may now be able to synthesize specified values of equivalent permeability at 

the desired operating frequency. Figure 3.24a shows the effective permeability for a 

metaferrite with 2 m,a   0.3g a,  ox 20 nm,t   and 2.25 mt   and different Fermi 

energy of graphene. This composite dielectric slab can be seen as a substrate with 

thickness Si oxt t t   and average effective permittivity Si Si ox ox Si ox( ) / ( )d t t t t     . 
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We notice that the bandgap of graphene nanoribbon with a properly chosen width (i.e.

500 nma g  ) [120], is not opened yet. It is observed that by tuning graphene’s Fermi 

energy (i.e. via applying different gate voltages), adjusting the values of GR and GL , the 

resonant frequency and of the effective permeability can be significantly tuned. Figure 

3.24b monitors the variation of this metaferrite’s permeability at the fixed frequencies, 

varying the graphene’s Fermi energy. It is clearly evident that the equivalent permeability 

can be switched from positive to negative. This tunable, switchable magnetic response is 

of interest for constructing tunable THz artificial magnetism or metamaterials.  

 

 

Figure 3.25: Dependencies of (a) absorption and (b) phase of reflection on the graphene 
metaferrites in figure 3.23, with different biased Fermi energy of graphene (solid: real 
geometry; dot: equivalent metaferrite). 
 

Figures 3.25a and 3.25b show respectively the variation of absorption (
2

A 1 R  ) and 

phase of reflection coefficient for the same metaferrites in Figure 3.24, varying the 

frequency of operation. Here we should specifically highlight two potential applications 

of this tunable metaferrite. First, we note that the high absorption (i.e. 

0.5 ~ 0.75 eVFE  ), which is, however, largely tunable, could be of interest for making 
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an ultrathin, Salisbury absorbing film. The concept for realizing an thin metasurface 

absorber was introduced by Engheta [40]. Unlike a typical Salisbury screen using a 

quarter-wavelength distance between the conducting ground and resistive sheet, 

[40],[153]-[154], a resistive sheet is used just next to a high-impedance metasurface, 

where the strong electic fields lead to high absorption. Here we show that similar 

absorption performance can be achieved with the compact, electrically-tunable graphene 

metaferrite. When the  -near-zero (MNZ) properties are tuned with ( ) 0   and

0( ) 1 ,k t    an input impedance in 0R Z and in 0X  is achieved on the 

air/metaferrite interface such that the metaferrite surface can be matched to the free space 

impedance and considerably absorb the power of incident radiation. For instance, at 

0.5 eV,FE  the effective permeability at the frequency of absorption peak ( 0 4 THzf  ) 

is 0.48 3.98,j    which leads to an about 98% absorption. We should note that the 

designed metaferrite has a deep-subwavelength thickness of about 00.03 , where 0 is 

the free space wavelength. Since the real part of graphene conductivity elegantly 

introduces a tunable resistance GR , due to the finite carrier scattering time, there is no 

need for an additional film resistor in [40]. More interestingly, when FE  is altered by 

the gate voltage, the frequency of absorption peak can be shifted through the electrical 

modulation of GR and .GL   

An artificial magnetic conductor (AMC) is a composite material that mimics the 

behavior of perfect magnetic conductor (PMC) that has a very large imaginary part of 

permeability. Therefore, the phase of reflection is zero at the operating frequency of 

AMC substrate. The AMC substrate may improve the efficiency of radiators, emitters, 

and detectors located close to a conducting plane [37]. In principle, the image of parallel 

electric current at a PMC surface is in phase and oriented parallel to the origin source. 

Thus, the radiated fields can be added up in-phase.  
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Another potential application of this graphene metaferrite resides in the tunable 

AMC substrate. For instance, as seen in figure 3.25b, the graphene nanostrips with 

0.75 eV,FE   can achieve the effective permeability 0   and 12.48   at 

frequency 0 4.74 THzf  , leading to a zero reflection phase with a moderate 90  

degree bandwidth. Moreover, the operating frequency of AMC is tunable with respect to 

the Fermi energy, as seen in figure 3.25b. 

 

3.5 CHAPTER SUMMARY  

The realization of the presented functionalities at the nanoscale may pave the way 

to graphene-enabled wireless communication in the inter-/inter-chip interconnection, 

wireless health and indoor data transmission systems, in which graphene patches may 

serve as frequency-reconfigurable, electrically-small THz antennas connecting all the 

other nanodevices mentioned above. In this chapter, we have proposed the concept of 

graphene-based tunable transmission lines that may realize various chip-scale THz 

nanodevices, including switching, phasing, matching, coupling and filtering 

functionalities. We envision that the integrally gated graphene transmission line may 

serve as a practical paradigm and platform for nano-communication, biosensors, and 

information processing systems on wafer, with real-time tunability, modulability and 

switchability. In addition, we have presented a compact, graphene-based field-emission 

photomixer with moderate power output and large tuning range covering the whole 

terahertz band (0.3-10 THz). This graphene photomixer shows great potential to realize 

mW terahertz sources by graphene field-emission arrays, offering much greater 

bandwidth and increased output power compared to currently available solutions. 

Moreoever, a graphene cloak can be used to reduce the cross-talk, noise, and interference 
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between THz nano-nodes and nano-routers. Finally, we have put forward here a graphene 

metamaterial that supports THz artificial magnetism with positive-to-negative 

permeability, perfectly-magnetic-conducting and high-absorbing capacities. This 

graphene-based metamaterial may realize exciting tunable and switchable THz negative 

magnetic medium, compact Salisbury absorbers, artificial magnetic conductor for 

antennas and emitters with directive properties, and phase-shifting devices for THz 

reflect-arrays.  
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Chapter 4:  Metamaterials and Metasurfaces for Cloaking Technology 

4.1 PLASMONIC CLOAKING TECHNOLOGY  

Cloaking technology has been developed by several research groups and with 

different approaches in recent years. Theoretically, dramatic scattering suppression may 

be achieved with exotic metamaterials independent of the size of the object and the 

frequency of operation, but this usually assumes that the required material properties may 

be realized with a high degree of accuracy in the desired frequency range, which is often 

not the case. Experimental validations have been realized for different cloaking 

approaches and in different spectral ranges, spanning from Hertz, microwave, to infrared 

and visible frequencies [21]-[33]. A detail review for different cloaking techniques can be 

found in [39].  

 

4.1.1 Introduction and Theoretical Framework of Plasmonic Cloaking 

Plasmonic cloaking [21]-[27] is a scattering cancellation technique based on a 

homogeneous layer with low- or negative- permittivity and/or permeability designed to 

produce a local polarization vector that is in “anti-phase” with respect to that of the 

object to be cloaked . Thus, a cancellation between the scattering of the object and of a 

properly designed plasmonic cover may restore the incident wavefront in the near- and 

far-field, and in general, independent of the form, polarization and incidence angle of the 

impinging wave and the position of observer [21]-[27]. Just a single homogeneous 

plasmonic layer was shown to significantly suppress the scattering from a few multipolar 

scattering orders, allowing cloaking an object on the scale of the wavelength of operation. 
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One key advantage of the plasmonic cloaking technique, attributed to its inherently 

nonresonant operation, relies on its resiliency to manufacturing tolerances and inherent 

losses in practical metamaterials [21]-[27]. This is often in contrast with transformation-

based cloaking techniques [28]-[33], which have arguably more sensitivity to frequency, 

losses and design constraints. Another potential advantage of this technique consists in 

the possible interaction between the cloaked object and the impinging wave, even as the 

system is ideally invisible in the electromagnetic fields. For most cloaking techniques, 

such as transformation-based, carpet cloaks, transmission-line and metal-plate cloaks, the 

object is usually completely isolated from the incident field [28]-[33]. Therefore, despite 

the fact that these ingenious “conformal mapping” and “waveguiding” techniques are 

able to make the object invisible, inherent to their technique, they cannot be used to sense 

the external field activities around them, as in the ‘cloaking a sensor’ application 

described in chapter 1. However, scattering cancellation techniques, on the other hand, 

may be used to improve non-invasive near-field measurements, as well as a multitude of 

other low-scattering and low-coupling dynamic applications. 

 

4.1.2 Plasmonic Cloaking for Spherical Objects 

 

Here, we briefly review the conditions for synthesizing a suitable plasmonic cloak 

that can significantly reduce the total scattering cross-section (SCS) of a 

magnetiodielectric sphere with radius a , covered by a concentric single-layered 

plasmonic shell with radius .ca  We assume both the inner sphere and the plasmonic 

coverage to be composed of linear, isotropic and homogenous constitutive parameters 

 ,   and  ,c c  , respectively. Both the sphere and the cover may have any real value 
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in the constitutive parameter space, and the host medium, while not a requirement, is the 

one of free space  0 0,  . We consider the covered sphere is illuminated by an 

impinging monochromatic plane wave:  0 0
ˆ exp .E j t k z   x  Following the well-

known Lorenz-Mie scattering theory, the incident plane wave may be expressed as a 

superposition of orthogonal spherical harmonics [108] : 
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The impinging plane wave may be now expanded into its transverse-magnetic ( TMr ) and 

transverse-electric ( TE r
) multipoles with expansion coefficients nma , nmb  of order 

 ,n m , respectively [108]. The spherical harmonics m
n  are eigenmodal solutions to the 

scalar Helmholtz equation, and r  is the radial position vector, centered at the origin of 

the core-shell configuration [108]. Similarly, the scattered fields can be expressed as: 
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where 
TM
nmc and 

TE
nmc  are the scattering coefficients for each scattering multipole. By 

enforcing the proper continuity of the tangential electric and magnetic fields at the 

interfaces  and ,cr a r a   the scattering coefficients 
TM
nmc and 

TE
nmc  can be compactly 

written as: 
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where TM
nU  and TM

nV  are given by: 
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Here, ( )nj  and ( )ny   are respectively the spherical Bessel functions of the first and 

second kinds of order n  [157]. The wavenumbers in each of the regions are described 

by their respective constitutive parameters as ,k   ,c c ck    and 0 0 0 .k   

Owing to the symmetry of the core-shell geometry under study in the azimuthal poles 

need not be considered here, and the orders m  are therefore suppressed. By 

electromagnetic duality, the scattering coefficients 
TE
nmc  can be readily obtained by 

replacing   with   in (4.4). 

Considering a conventional dielectric sphere, Eq. (4.3) presents two interesting 

scenarios: (1)
TM 0nV   associated with TM 1nc    and resonant scattering, and (2) 

TM 0nU   associated with TM 0nc   and zero scattering for the specific scattering order. 
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The former condition physically prescribes a way to dramatically enhance the given 

scattering order. The second condition, on the contrary, may achieve scattering 

suppression of the thn   order multipole, which is crucial for realizing nearly-zero 

scattering and ideally invisibility. By properly manipulating the core-shell 

electromagnetic properties and considering suitably tailored metamaterial shells, we may 

be able to align the zeros of all the relevant scattering orders and drastically suppress the 

overall visibility. In order to achieve this goal, materials with permittivity and/or 

permeability near zero are usually most effective. Since these properties are commonly 

available near the effective plasma frequency of the materials, this scattering cancellation 

technique assumes the name of ‘plasmonic cloaking’. 

The total SCS, typically used to fully characterize the contribution of all the 

scattering coefficients, independent of the form of the impinging wave and of the 

observer’s position, is given by: 
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In the quasi-static limit 0 , 1,c ck a k a   the condition for suppressing the desired 

scattering harmonic TM(i.e. 0)nU   can be derived by first-order Taylor expansion of 

(4.5):  
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Equation (4.6) explicitly delineates the conditions for canceling the thn   multipolar 

order, which depends on the permittivity of the object and cover and the ratio of object-
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shell radii in the quasi-static limit. For an electrically-small dielectric sphere, the 

scattering is mainly dominated by TM
1c , related to a distinct dipolar scattering behavior.  

In general, the permittivity of the core and shell should be opposite in sign, 

namely a shell with negative permittivity is necessary for cloaking a typical dielectric 

object. There is also a compromise between the thinness of the covering shell and the 

magnitude of its constitutive parameters (i.e.  Re c ). Scattering suppression can also be 

achieved by using low-permittivity covers  i.e. 0 < 1 .c  For larger spherical objects, 

one can tailor two or more plasmonic shells to reduce the dominant scattering terms, 

being due to either TM
nc  or TE .nc  We also note that, by using a single-layer plasmonic 

cloak composed of metamaterials with simultaneously low permittivity and permeability 

at the same design frequency, cancellation of both dominant TM
1c and TE

1c terms may be 

achieved. Therefore, the residual scattering is contributed by higher-order multipoles, 

leading to a much reduced total SCS in the case of a relatively small object.  

 

4.1.3 Plasmonic Cloaking of Cylindrical Objects 

 

It is worth noting that in several practical applications, especially for the radar 

community, 2D geometries and elongated objects may be of particular interest for 

cloaking applications. Similar to the spherical geometry and analogous to equations 4.1-

4.4, suitably chosen geometrical and electromagnetic properties of plasmonic covers may 

realize significant scattering suppression in the case of an infinite cylinder. Here we 

consider a general model for cylindrical objects, which includes the effects of arbitrary 

incidence angle. In this case, we consider the oblique plane wave impinging on a coated 

infinite cylinder at an angle . The radii of core and shell are a  and ,ca respectively, 

and the electric and magnetic properties are given in each region with the same 
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parameters used in the previous section. The scattering coefficients can be written similar 

to equation 4.4, with new determinants: 
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where ( )nJ   and ( )nY   are cylindrical Bessel and Neumann functions of order n , 

respectively. The characteristic impedance l l l    and wavenumber lk  are 

defined for each region .l  Oblique incidence arises in the expression of the transverse 

wavenumber 2 2T
l lk k   , where  0 cos .k   Similar to the spherical case, the 

scattering coefficients TM
nc  are written in terms of equation 4.3, and TE

nc , associated to 

TE-polarized cylindrical harmonics, can be obtained by the electromagnetic duality. Also 

in this case, cloaking may be achieved by enforcing TM 0nU   and/or TE 0nU   and, as a 

quantitative measure of the cloak's ability to significantly reduce the scattering of a 

cylindrical object, we consider the total scattering width (SW) [108]: 
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In the long-wavelength limit 0 , 1,c ck a k a   the scattering coefficients in equation 4.8 

are uncoupled and weakly dependent on the angle of incidence. Therefore, scattering 

cancellation of the dominant scattering multipoles for magnetodielectric cylinders can be 

written as: 
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   (4.9) 

Cloaking of thin perfect electric conducting (PEC) or conducting cylinders is more 

challenging than conducting spheres. The reason is that the dominant scattering 

coefficient TM
0c  cannot be cancelled in the quasi-static limit due to the induced axial 

conduction currents. Nevertheless, significant reduction of all other scattering terms can 

be achieved by properly choosing the constituitive parameters for the plasmonic covers 

that are responsible to the subsequent multipolar terms. Notice that equation 4.9 requires 

the use of a magnetic permittivity cover to cancel the most significant scattering terms, 

other than TM
0 ,c  in the quasi-static limit. However, it is important to note here that the 

cancellation of the dominant TM
0c scattering term may be possible for a thin PEC 

cylinder, but the cover composition and thickness solution space must be studied using 

the full dynamic equations in equation 4.7 rather than the quasi-static limit. Properly 

designed plasmonic cloaks provide significant scattering suppression even for large 

obliquely incident angles and arbitrary polarization. It is noted that, while the relative 
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reduction of scattering may be less at near-grazing angles than for normal incidence, this 

is not necessarily relevant, since the strongest scattering occurs at normal incidence for 

parallel polarization. 

 

4.1.4 Plasmonic Cloaking at infrared and visible frequencies 

 

In the previous section, we know that a plasmonic cloak at microwave frequencies 

can be realized using the metamaterial technology. At infrared and visible frequencies, 

naturally occurring noble metals and doped semiconductors with negative permittivity 

can also serve as plasmonic covers to significantly reduce the scattering of nanoparticles 

and sensors. Following the low permittivity plasmonic shells proposed in [22]-[26] these 

homogenized implementations help to extend practical implementations of concealed 

nanoparticles or non-invasive near-field scanning optical microscope (NSOM).  

From equation 4.6 (with n = 1), we know that a 10 nm-thick silver thinfilm is 

required to cloak a dielectric object with permittivity 010   and diameter 

2 600 nma   at the operating frequency 0 110 THzf  . Figure 4.1 shows (i) a dielectric 

spherical object (gray dashed line), (ii) a silver sphere with same size (black dash-dot), 

(iii) a dielectric sphere covered with a 10 nm-thick silver thinfilm, and (iv) a dielectric 

sphere covered with a 6 nm-thick silver thinfilm. We see how the plasmonic thin layer 

can significantly reduce the total SCS around the design frequency compared to the pure 

dielectric or silver spheres. Moreover, by changing the thickness, the SCS dip and cloak’s 

operating frequency can be tuned according to equation 4.6, for which the ratio of object-

shell radii approaches unity when c  becomes quite large (i.e. Ag 385  at 110 THz). 

In this scenario, we may consider an unloaded silver homogeneous ultrathin-film 

equivalently as a reactive surface, with its surface conductivity 
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  Ag 0 Ag 0 AgIm ( Re )s jj                     , where ca a    is the 

silver thickness. Therefore, the effective surface reactance for 6-nm-thick and 10-nm-

thick silver thinfilms are retrieved as 2.8  63.9 1/s sZ j    and 1.69 +  42.25 s jZ   , 

respectively.  

 

 
 
Figure 4.1: Variation of the total SCS versus frequency for a dielectric sphere with

010   and diameter, covered by a silver film with thickness of 6 nm (red solid) and 

10 nm (blue solid).  
 

4.2 MANTLE CLOAKING TECHNOLOGY 

As a different cloaking technique based on scattering cancellation, we have 

recently proposed to realize mantle cloaks based on a patterned metallic surface. In this 

case, we tailor the total scattering by inducing suitable surface currents on the cloak 

surface. This is, however, readily achieved by synthesizing its effective surface 
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impedance with proper patterns, as inspired by a middle-infrared (MIR) plasmonic cloak 

in the previous section. The surface current induced by the impinging wave may radiate 

“anti-phase” scattered fields to destructively interfere with the scattered fields produced 

by the object to be cloaked, thus dramatically reducing the overall visibility of the 

system. The required surface impedance may be the readily realized with metasurfaces 

with successful applications in a variety of microwave, millimeter-wave 

and infrared devices, such as radomes, reflect-array lenses, artificial ground planes, 

polarizers and filters. As expected, the low-profile nature of an ultrathin mantle cloak, 

with negligible thickness may result in improved bandwidth compared to other cloaking 

techniques. This simple, low-profile, conformal and light-weight cloaking technique may 

pave way for practical cloaking devices, particularly suited for microwave and millimiter-

wave. 

 

4.2.1 Introduction and Theoretical Framework of Mantle Cloaking 

In the first theoretical proposal of a mantle cloak, it is assumed that a patterned 

metallic surface composed of subwavelength periodic structures is modeled as an 

isotropic and homogenous averaged surface impedance s S SZ R jX  , relating the 

averaged tangential electric field at the surface tanE  to the averaged induced surface 

current sJ  as: tan ssZE J , where  tan tan
ˆ

s
   J r H H  is induced by the discontinuity 

of tangential magnetic fields at the surface. This assumption is well valid as long as the 

period of the inclusions is smaller than the wavelength of operation. In this scenario, we 

have shown theoretically and numerically that a mantle cloak with suitable surface 

impedance may significantly suppress the scattering from dielectric or conducting 

objects. 
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To analyze the scattering problem we can again use the Lorenz-Mie scattering 

theory. The expressions of the scattering coefficients for a concentric, spherical object 

and mantle cloak are given in the similar notation of equation 4.4 by  

 

   

0 0

0 0 0 0

TM
0 0

0
0 0 0 0

0 0 0 0 0 0

( ) ( ) ( ) 0

[ ( )] [ ( )] [ ( )] 0

( ) ( )
0 ( )

[ ( )] [ ( )]

0 [ ( )] [ ( )] [ ( )]

n n n

n n n

n c n cn
n c

c n c 0 c s c n c 0 c s

c n c c n c c n c

j ka j k a y k a

ka j ka k a j k a k a y k a

j k a y k aU
j k a

k a j k a iωε a Z k a y k a iωε a Z

k a j k a k a y k a k a j k a


 
    
  
 

  
    

   

0 0

0 0 0 0

TM
0 0

0
0 0 0 0

0 0 0 0 0 0

and

( ) ( ) ( ) 0

[ ( )] [ ( )] [ ( )] 0

( ) ( )
0 ( )

[ ( )] [ ( )]

0 [ ( )] [ ( )] [ ( )]

n n n

n n n

n c n cn
n c

c n c 0 c s c n c 0 c s

c n c c n c c n c

j ka j k a y k a

ka j ka k a j k a k a y k a

j k a y k aV
y k a

k a j k a iωε a Z k a y k a iωε a Z

k a j k a k a y k a k a y k a






 
   
  


  
   

.









(4.10) 

 

Similar to plasmonic cloaks, and consistent with the previous discussions, a dramatic 

scattering reduction may be achieved by suppressing the nU  coefficients associated with 

the dominant scattering orders, with a proper choice of ca  and .sX In the quasi-static 

limit, for which 0, 1cka k a  , the dominant contribution to the scattering is given by the 

1n   harmonic, and approximate conditions for cloaking in the two polarizations are 

obtained in closed form as:  
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When the size of the object is comparable to the wavelength, dynamic formulas 4.10 

should be used for the optimal design of a mantle cloak. 

 

 

Figure 4.2: Variation of the total SCS versus surface reactance for a cloaked dielectric 
sphere with permittivity 010=   ; different electrical size 0k d  are considered. 

 

Figure 4.2 shows the variation of the total SCS with surface reactance for an ideal 

mantle cloak, placed directly on the surface of a dielectric sphere with permittivity 

010   and diameter 2d a  for different frequencies of operation. For a fair 

comparison, the case of a bare dielectric sphere (dashed line) is also presented. . It is seen 

that a suitably designed mantle cloak can achieve significant scattering reduction over a 

moderately broad range of frequencies, without the need of bulk metamaterials. With 

optimal surface reactance values, all mantle cloaks display over 90 %  reduction in the 

total SCS. Equation 4.11 shows how the optimal value of surface reactance varies with 

the geometry, material and size of the object to be cloaked. Typically, the surface 

reactance sX  may assume a wide range of values, as a function of the metasurface 

geometry and the operating frequency. As observed by tracking the minima (minimum 
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SCS) in figure 4.2 or looking at equation 4.11, the required surface reactance has a 

negative dispersion as a function of frequency, implying that broadband cloaking may not 

be achieved with any passive metasurface, which is bounded to satisfy the Foster’s 

reactance theorem. According to the Foster’s theorem, the reactance of a passive system 

or network with small losses should monotonically increase with frequency. This is 

evidence of a general limitation of any passive cloaking technique, for which the 

bandwidth is always fundamentally limited by causality and passivity, and is shrunk with 

the overall size of the object to be cloaked.  

 

 

 
Figure 4.3: Amplitude of the electric field on the H plane for a dielectric sphere with 

010   and 0 1.25k d  , (a) with and (b) without a conformal mantle cloak. (c) and (d) 

are similar to (a) and (b), but for the phase of the magnetic field on the E plane. 

 

Figure 4.3 shows the amplitude of the electric field on the H plane for a dielectric 

sphere with permittivity 010   and electrical size 0 1.25k d  , with (a) and without (b) 

a conformal mantle cloak, designed to have the required surface reactance 71.3sX    
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at the design frequency. The plane-wave illumination is considered from the bottom and 

different panels in figure 4.3 are plotted in the same color scale for fair comparison. 

Figures 4.3c and 4.3d show similar plots for the phase of the magnetic field on the E 

plane. It is seen that a mantle cloak with suitable surface reactance may largely reduce the 

scattering and restore unperturbed planar wavefronts around the cloak, even in the very-

near field. We note that, unlike transformation-based cloaks that completely isolate their 

interior, the field penetration inside the sphere covered by plasmonic or mantle cloaks 

may allow the detection of impinging signals by an observer or sensor placed inside the 

cloak.  

 

 

 
Figure 4.4: Variation of the total SCS versus surface reactance for a cloaked 
conducting sphere with different electric size. 

 

A similar design recipe, considered in figure 4.2, can be used for effectively 

cloaking a conducting sphere covered by a mantle cloak. In this case, a gap between the 

shunt impedance of the mantle cloak and the conductor is necessary to avoid an electric 
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short. Here we choose the radius of mantle cloak 1.2 times larger than the conducting 

sphere. Figure 4.4 shows the total SCS versus the surface reactance for different electrical 

sizes of conducting spheres. It is evident that, with optimal surface reactances, we may 

obtain remarkable scattering reductions for all the considered cases. The achievable 

scattering reduction for conducting objects is lower than the one for dielectric objects, 

due to larger contributions from additional multipole scattering orders and the 

impenetrability of the object.  

 

 

 
Figure 4.5: Amplitude of the electric field on the H plane for a conducting sphere with 

0 1.25k d  , (a) with and (b) without a mantle cloak with radius 1.2 times larger than the 

object. (c) and (d) are similar to (a) and (b), but for the phase of the magnetic field on the 
E plane. 
 

Figure 4.5 shows the amplitude of the electric field on the H plane for a 

conducting sphere with electrical size 0 1.25k d  , illuminated by a plane wave from the 

bottom, with (a) and without (b) the mantle cloak. Figures 4.5c and 4.5d show the phase 

distribution of the magnetic field on the E plane. Similar features on the restoration of 
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uniform amplitude and planar phase fronts are verified also in this 3D conducting 

geometry, even though the cloaked object here is impenetrable. Similar considerations 

may be applied to cylindrical shapes, as discussed in the previous section for the 

plasmonic cloaking, as well as for arbitrary configurations. Here we should specifically 

note that a 2D mantle cloak, requiring a capacitive patterned surface, may still provide 

promising scattering reductions for elongated objects, showing a much lower visibility 

compared to previously discussed plasmonic cloaks. This is mainly due to the more 

efficient cancellation of the dominant scattering coefficient TM
0 ,c  which is hardly 

cancelled by the plasmonic cloak, of which a magnetic cover is necessarily introduced. 

 

4.2.2 Mantle Cloak Realization at Radio and Microwave Frequencies 

 

In this section, we discuss practical designs for mantle cloaks at RF and 

microwave. At these frequencies metasurfaces or frequency selective surfaces (FSS) have 

been extensively studied, and a large body of literature is available on different 

geometries and structures to realize the desired surface reactance [158]. The material 

properties of metals may be considered almost perfectly conducting; therefore, an almost 

lossless reactive surface can be synthesized in these frequency ranges. Various surface 

structures have explicit analytical design formulas (i.e., grids, strips, cross dipoles, and 

Jerusalem crosses), which we have recently successfully applied to the design of 

conformal mantle cloaks for cylindrical dielectric and conducting objects [159]-[160]. 

Also, more sophisticated patterns have been explored, whose design requires numerical 

simulations and optimization procedures to broaden the bandwidth of operation and 

enhance their performance [161]. Therefore, a mantle cloak to be operated in these 

frequency regions may be successfully designed in a variety of ways, depending on the 
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desired surface reactance and overall performance. For objects with transverse sizes 

comparable to the wavelength, this technique has shown to be very effective in 

suppressing the total SCS.  

 

 

Figure 4.6: Practical mantle cloak designs for different wavelength of operation. 

 

 
Figure 4.7: Frequency response of the total SCS for a dielectric sphere, covered by 
different realistic mantle cloaks in figure 4.6. 

 

Next, we consider a 3D dielectric sphere with diameter 02 3a   and relative 

permittivity 10.   Figure 4.6 shows various mantle cloak geometries designed for 

different wavelength of operation; the scale bar represents a length of 0 10 . Figure 4.7 

reports the total SCS for various mantle cloak geometries, varying the frequency of 
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operation. It is seen that by simply modifying the metasurface geometry and periodicity, 

one may be able to tune the frequency of operation at will, even for wavelengths 

comparable with the size of the object of interest. Many of these geometries are quasi-

isotropic, ensuring the independent response on different angles and polarizations. As 

additional simulations of interest, figure 4.8a and 4.8b report amplitudes of the electric 

field for a dielectric sphere with diameter 02 2 5a  with and without the cloak 3 in 

figure 4.6. 

In this 3D case, it is evidently seen that with the properly designed mantle cloak, 

scattering fields can be drastically suppressed in all directions. Figures 4.8c and 4.8d 

report respectively the power flow distribution for the dielectric sphere with and without 

the mantle cloak, showing how most of the plane wave impinging on this cloaked sphere 

passes through the mantle cloak without causing too much perturbation. Figure 4.8d 

reports the power distributions for the uncloaked sphere, showing that without the mantle 

cloak, the power flow of the impinging plane wave is awfully perturbed by the object 

with relatively large shadow regions in the forward and backward scattering regions. 

Figures 4.8e and 4.8f show respectively the far-field radiation pattern for the dielectric 

sphere with and without the mantle cloak, where we find that the far-field radiation 

pattern for a cloaked sphere is less visible and measurable, compared to an uncloaked 

one. We further consider cloaking a larger dielectric sphere with diameter close to the 

diffraction limit of 02 2a   by adapting the density and periodicity of metallic patterns 

in cloak 3 (cloak 4 in figure 4.6). Figures 4.9a, 4.9c, and 4.9e report respectively the 

amplitude of electric field, power flow distribution, and far-field radiation pattern for a 

dielectric sphere covered by the cloak 4. The similar results for the bare dielectric sphere 

are shown in figures 4.9b, 4.9d, and 4.9f, for the comparison sake. Here, regardless of a 

larger object size, the cloaking effect obtained from simulation is still very promising. 



 106

Comparing the power flow distribution in the cloaked and uncloaked cases, it is found 

that the backward scattering and dark regions are dramatically suppressed by this realistic 

3D mantle cloak. This reflects also in the far-field radiation patterns for a cloaked [figure 

4.9c] and uncloaked [figure 4.9f] sphere. All simulation results for 3D realistic mantle 

cloaks presented in this section further reveal their excellent tunablity and design 

flexibility on the cloaking effect. Remarkably, the surface reactance that is ideally tunable 

for a wide range of potential values can be easily tailored by different metasurface 

geometries. 
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Figure 4.8: (a) Electric field amplitude, (c) power flow distribution, and (e) far-field 
radiation pattern for a dielectric sphere covered by cloak 3 in figure 4.6. (b), (d), (f) are 
similar to (a), (c), (e), but for a dielectric sphere without cloaking. The dielectric sphere 
has the normalized dimension of 02 2 / 5.a   



 108

 
 
Figure 4.9: (a) Electric field amplitude, (c) power flow distribution, and (e) far-field 
radiation pattern for a dielectric sphere with cloak 4 in figure 4.6. (b), (d), (f) are similar 
to (a), (c), (e), but for a dielectric sphere without cloaking. The dielectric sphere is with 
the normalized dimension of 02 / 2.15.a   
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4.3 ROADMAP FOR DEVELOPMENT OF SCATTERING CANCELLATION CLOAKS 

 

In this section, we summarize the research and development roadmap for 

scattering-cancellation-based cloaks at present. Each of these scattering-cancellation-

based cloaks have different physical sizes and are particularly well suited for a specific 

spectral range, all being based on analogous phenomena of integral destructive 

interference of scattered fields. At RF and microwaves, plasmonic cloaks or mantle 

cloaks realized with low-cost and low-profile metasurface technology are particularly 

promising to realize cloaking devices. In the near-infrared, visible and ultraviolet (UV) 

regions, instead of using metamaterials or structured surfaces, natural plasmonic 

materials may provide isotropic, low or negative real permittivity, and therefore may be 

ideal to realize plasmonic cloaking in these frequency ranges. Noble metals and some 

semiconductors can possess low or negative real permittivity at infrared and visible 

frequencies. It is interesting to note that between RF mantle cloaks realized with 

conducting metasurfaces and plasmonic cloaks in optics, we have recently proposed the 

use of graphene to realize the thinnest possible cloak at THz frequencies. In this 

frequency range, there are no promising natural plasmonic materials that exhibit low or 

negative permittivity, with relatively low loss. Furthermore, it is rather difficult to pattern 

or synthesize a metasurface, not to mention a bulk metamaterial. We also highlight in the 

figure 4.10 the metal nanostrcutures may also provide the scattering cancellation based 

on the scattering satellites. In the future, new metamaterials and nanomaterials may pave 

the way to more efficient cloaking methods, spanning the whole electromagnetic 

spectrum of interest. We envision here that cloaked sensors or receivers by plasmonic 

and/or mantle cloaking would become promising and inspiring technologies, applicable 
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to a wide range of applications with low-noise and low-interference sensing and 

communication requirements.  

 

 
 
Figure 4.10: Research and development roadmap for scattering-cancellation-based 
cloaks. The plasmonic cloak using bulk metamaterial or plasmonic material was first 
proposed in 2005.  Later on, in 2007 plasmonic cloak realized by parallel-plate 
metamaterial was proposed. Cloaking by anti-phase plasmonic satellites surrounding the 
object, providing additional design flexibility was suggested in 2008. In 2009, ultrathin, 
ultralow-profile mantle cloak based on the concept of cloaking by a metasurface was first 
proposed. In 2011, the one-atom-thick graphene cloak was proposed for operation at THz 
[39].  
 

4.4 NON-FOSTER BROADBAND METASURFACES AND MANTLE CLOAKS  

 

To date, the unusual material properties required to achieve cloaking have created 

significant difficulties in practically achieving the required cloaking performance over a 

reasonable bandwidth. However, it is obvious that the practical use of electromagnetic 
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cloaks would be significantly benefited by having a reasonably broad bandwidth of 

operation. Even if intuitively we expect that active inclusions may overcome the causality 

constraints [162]-[164], in practice it is particularly challenging to design a practical 

cloak realizing this effect, as already noticed in previous attempts applied to bulk-

metamaterial cloaking techniques. In this section we propose the theoretical concept and 

practical realization of a non-Foster cloak on a different path, by realizing the broadband 

mantle cloaking with negatively capacitive metasurfaces formed by a subwavelength 

metallic patch array loaded with negative impedance converters (NICs).  

In this section, we will show that the mantle cloaking technique is particularly 

well suited to be combined with NIC and active elements. We put forward concepts and 

realistic designs to realize ultra-broadband RF and microwave mantle cloaks based on a 

non-Foster negatively-capacitive metamaterial-surface or metasurface, synthesized using 

a passive metasurface loaded with NICs realized by microelectronics and CMOS 

technology [figure 4.11].  

 
 
Figure 4.11: Schematics of (a) ultrathin metamaterial-surface (metasurface) formed by 
structured metal (top) and small-sized, well-packaged negative impedance converters 
(NICs) realized by microelectronics and CMOS technology, (b) the assembly of an active 
metasurface realized by simple metallic square patches loaded with NICs, and (c) an 
metasurface mantle cloak designed for a dielectric infinite cylinder under the transverse 
magnetic illumination. 
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Foster’s reactance theorem has told us that the reactance of any passive surface in 

regions of low absorption must monotonically increase with frequency, namely 

  0sX     [165]. As a result, when a dielectric object is cloaked with a passive 

metasurface, optimum cloaking performance may exist only at one design frequency. 

One could consider the optimal values of reactance to achieve cloaking at various 

frequencies, but the locus of these points is forced by causality to have a negative slope, 

apparently violating Foster’s general theorem on passive surfaces. For the first proof of 

concept, we apply the active mantle cloaking technique to an infinite dielectric cylinder 

covered by a mantle cloak (see figure 4.11c), realized by periodically patterning a 

conducting surface with subwavelength granularity and certain symmetries. It is 

instructive to analyze how the cloaking conditions are simplified in the quasi-static limit. 

In this case, the fundamental harmonic dominates the overall scattering, and closed-form 

conditions may be derived to cancel the TM and TE scattering coefficient: 
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where ca a  is the radius ratio between the object and the cloak. One may 

immediately observe that the two polarizations are respectively associated with electric 

and magnetic effects, and for a dielectric cylinder the TM coefficient dominates the 

scattering in this static limit. In order to suppress it, the first of (4.12) should be used, 

which requires an inductive reactance to suppress the capacitive load represented by a 

moderate size dielectric cylinder. The frequency dispersion of the required inductance, 
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however, corresponds to a negative effective capacitance   s 1/ effZ jω C  , with 

0 ( 1) / 2.effC = a    It is obvious that, even in this quasi-static limit, a non-Foster 

surface reactance is required to cancel the scattering over a finite frequency range. 

Attempting to realize broadband cloaking, we must rely on active devices that can go 

beyond Foster’s limitations.  

Here we starts our design from a passive metasurface made of an array of metal 

square-patches (figure 4.11c), with an array period 1.8 cmd=  and a gap between 

neighboring elements equal to 0.12g = d.  This geometry is well described by the 

equivalent capacitive impedance  1TM
patch patch patchZ R j C  ; detailed expressions for 

patchR and patchC  in terms of the geometry parameters are shown in [159]-[160]. It is 

possible, in theory, to transform the metasurface into an active surface, where its 

reactance is no longer limited by the Foster’s dispersion. For this purpose, we place 

lumped active NIC loads in the gaps connecting neighboring patches. The overall surface 

impedance will be given by the parallel of the equivalent load impedance and the 

impedance of the passive metasurface [inset of figure 4.12a]. Therefore, the equivalent 

surface impedance of such loaded metasurface is given by: 

     11 1
.TM

s,eq s,eq s,eq patch NICZ R jX Z Z
 

     Here a NIC is essentially used to generate 

a negatively capacitive load, with properties depending on the circuitry design. The 

simplest NIC design with such desired functionality may require a cross-coupled pair of 

transistors (i.e. bipolar junction transistors (BJTs)) and a passive capacitance load [162]-

[164]. However, for tailoring s,eqZ to fit at every frequency point of the non-Foster 

frequency dispersion of s,optX  in figure 4.12a (red solid line) and maintaining the 

microwave circuit stability, several active devices as well as passive, resistive and 
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reactive components are used here for providing better design degrees of freedom. Here 

the TSMC 0.18 m  RF/analog circuit profile is used to design the NIC [168]. 

 

 
 
Figure 4.12: Variation of the surface reactance for: an ideal non-Foster mantle cloak 
(red), a passive mantle cloak (blue), and a NIC-loaded (green) mantle cloak; the green 
dashed line is for the surface resistance of the NIC-loaded mantle cloak. (b) Variation of 
the scattering width normalized to the wavelength for the dielectric cylinder covered by 
the corresponding cloaks in (a). The uncloaked scenario (gray dashed) is also shown for 
comparison. 

 

 
 
Figure 4.13: Schematic circuit diagrams for (a) the NIC composed of a BJT pair and a 
capacitor on the output and (b) metasurface loaded with the NIC based on a MOSFET 
pair and a capacitor on the output. (c) A virtual layout for NIC that can be manufactured 
by using the CMOS and microelectronic technology.  
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Designs of NICs based on the microelectronics and RFIC technology provide 

advantages over conventional NICs based on the very rough printed circuit board (PCB) 

technology in terms of stability and loading of NICs to metasurfaces. Figure 4.13 shows 

the circuit diagram for one type of NIC design using a cross coupled pair of bipolar 

junction transistors (BJTs) usually realized with the PCB technology, In this simple 

design, the ideal input impedance, neglecting parasitic effects, is given by:  

1 2 2 2 1

1 2 1
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m m m
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m m
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 Figures 4.13b and 4.13c show respectively a 

RFIC design using MOSFETs and a virtual layout for NICs, readily for being taped out 

and packaged, with a compact size.  

Here, we apply the mantle cloaking technique to an infinite cylinder with relative 

permittivity 3  , relative permeability 1   and diameter 2 12 cma= , covered by a 

two-dimensional mantle cloak with radius 1.2ca a  (see figure 4.11c). Figure 4.12a 

shows that the equivalent surface reactance (green solid line) of an active metasurface 

can be well tailored to follow s,optX  (red solid line) over a broad frequency range from 

0.4 GHz to 1.2 GHz (with a relative error less than 5 %), instead of one single frequency 

for a passive cloak. Since our design requirement is to keep the SW below -20 dB, the 

optimized reactance does not follow s,optX  at low frequencies, where the uncloaked 

cylinder already scatters less. Figure 4.12a also presents the surface resistance of this 

active metasurface (green dashed line), verifying that in all these designs the real part of 

the effective surface impedance of the non-Foster mantle cloaks is very small and 

positive through the considered frequency range. The overall system can become, 

therefore, predictably stable. Figure 4.12b shows the corresponding SW for the NIC-

loaded mantle cloak (green solid line). It is strikingly seen how the NIC-loaded mantle 
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cloak can provide a drastically improved bandwidth, much broader than an ideal passive 

cloak, with a SW well suppressed below -15 dB from DC to approximately 0.9 GHz.  

 

 

 

 
 
Figure 4.14: (a)-(d) Far-field scattering field for an infinite dielectric cylinder without 
cover (gray shadow), with the ideal non-Foster mantle cloak (red line), with the NIC-
loaded mantle cloak (green line), and with the ideal passive cloak (blue line), for different 
frequencies of operation: (a) 0.8 GHz, (b) 0.65 GHz, (c) 0.5 GHz, and (d) 0.4 GHz.  
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Figure 4.15: (a) Schematic diagram of the time-domain analysis of a cloaked cylinder. 
Signals are detected by receivers placed in different positions along the axis of 
propagation, considering the cases of: (b) no cloak, (c) NIC-loaded mantle cloaks and (d) 
ideal passive cloak as in figure 4.12. Here the transient responses for a short Gaussian 
pulse traveling in free space (dashed lines) are also shown for comparison. 

 

Figure 4.14 shows the far-field scattering field for the dielectric cylinder covered 

by the ideal non-Foster mantle cloak (red line), the NIC-loaded mantle cloak (green line), 

and the ideal passive cloak with an operation frequency of 0.8 GHz (blue line), and the 

uncloaked cylinder (gray shadow) at various frequencies: (a) 0.8 GHz, (b) 0.65 GHz, (c) 

0.5 GHz, and (d) 0.4 GHz. In all panels, scattering fields are plotted under the same scale 

for fair comparison. It is evident that at the design frequency 0.8 GHz,  all cloaks 

present excellent scattering suppression. However, if we observe the far-field scattering 

away from the design frequency of 0.8 GHz, the passive cloak display poor cloaking 

performance, compared with the ideal non-Foster or NIC-loaded mantle cloaks. For 
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lower frequencies (i.e. 0.4 GHzf  and 0.5 GHzf  ), a passive cloak induces an even 

larger scattering than that of the uncloaked dielectric cylinder. The proposed broadband 

cloak, which operation covers the entire UHF band (i.e. from 300 MHz to 1000 MHz), 

may be of particular interest to a wide variety of communication applications, beyond 

camouflaging.  

Finally, we analyze the time-domain response of the mantle cloaks of figure 4.12 

under a short pulse (broadband excitation in frequency domain) to show how the 

proposed active device may successfully realize an invisible obstacle for a short 

impinging pulse. Four receivers are placed in different positions along the z axis of wave 

propagation, as shown in figure 4.15. The distance id  between the i-th 

receiver/processor x,iR  and the origin (center of the cylinder) are: 1 16d a,   

2 6d a  , 3 1.5d a  and 4 6d a. . Therefore, 1R  and 2R  are hit by the impinging 

signal before the object, whereas 3R  and 4R  are placed behind the object).  

Figure 4.15 shows the calculated transient responses at the different receivers for 

a short Gaussian pulse with frequency components 0.02 0.9 GHz  traveling in free-

space, comparing the received signals with (solid lines) and without (dashed lines) the 

presence of the cylindrical scatterer. Different scattering scenarios are considered: the 

uncloaked cylinder is shown figure 4.15b, the NIC-loaded mantle cloak is shown in 

figure 4.15c, and the ideal passive mantle cloak is shown in figure 4.15d. It is visible that, 

when considering the proposed NIC-loaded non-Foster cloak, the signal distortions and 

reflected signals behind the object are mostly suppressed. The short pulse shape is very 

much similar to the one in the free space case, both behind and passed the object, 

implying that its overall bandwidth performance is indeed excellent. However, both for 

the uncloaked and for the passive-cloak examples, the signals are severely distorted, 

dispersed and delayed in time, as it is particularly obvious for signals received by 1xR  
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and 2.xR  The passive cloak slightly improves the transmission, since it cancels the 

scattering around 0.f  However, the rest of the frequency components contribute to 

distorting and stretching the tail and precursor, due to the relatively narrow cloaking 

bandwidth. Nonetheless, it is observed that for certain part of the pulse’s response, 

dominated by the frequency component 0f , is identical to the free-space case, since at this 

frequency the cloaking performance of the passive device is comparable to the active one.  

 

4.6 CHAPTER SUMMARY 

In this chapter, we have proposed here the applications of metamaterials and 

metasurface in the cloaking technology. We demonstrated that a bulk plasmonic/ 

metamaterial cloak or an ultrathin mantel cloak can drastically reduce scattering fields 

and overall visibility of a cloaked object, by tailoring the bulk material properties or 

surface impedance of the coverage. In addition, we theoretically proposed a non-Foster, 

ultra-broadband mantle cloak consisting of a passive metasurface loaded with active 

negative impedance converters. The tailored surface reactance can present a negative 

slope in the frequency dispersion, enabling the broad bandwidth of operation.  

The metamaterial- or metasurface-based cloaking devices can be applied to 

several RF, microwave, infrared and optical applications of interest, including not only 

the invisibility and camouflaging, but also the low-noise, high-performance sensing, 

communication, and near-field optical measurement.  
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Chapter 5:  Metamaterial Antennas  

5.1 THEORY AND DESIGN RECIPES FOR MINIATURIZED METAMATERIAL ANTENNAS  

The current demand and interest for compact antennas with good efficiency and 

gain is relevant in a variety of telecommunication and space applications. In particular, 

patch antennas are widely used for their low profile and cost, combined with easy design 

and technology. In order to squeeze the transverse dimension of patch antennas, typically 

high permittivity dielectrics are employed as host substrate. However, their employment 

raises some intrinsic problems, such as difficulty in impedance matching, or the 

excitation of surface waves that could lower the radiation efficiency and deteriorate the 

radiation pattern.  

Metamaterial-based antennas have been extensively studied in recent years, 

mainly with the goal of reducing their overall size without sacrificing the other relevant 

radiation properties [13],[34]-[37],[155],[170]-[171]. Since the seminal work of Prof. 

Ziolkowski, it has been shown that negative permittivity (permeability) materials may 

provide matching and enhanced radiation from subwavelength electric (magnetic) 

antennas [155],[170]-[171]. This property is an aspect of the more general features of 

metamaterials with negative parameters, which may be employed for the miniaturization 

of cavities, waveguides and scatterers [6],[15]. In all these applications, the quasi-static 

resonance at the interface between a metamaterial and a regular material implies that a 

filling ratio factor, rather than the total size of the antenna, determines the system overall 

resonance. This implies that the resonance of various devices, and antennas in particular, 

may be arbitrarily squeezed, provided that the proper combination of (meta)-materials is 

chosen. Applied to patch antennas, it was recently shown that a proper MNG core 
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partially filling the substrate underneath the patch may produce substantial size reduction, 

without affecting the typical radiation properties of the antenna.  

In this chapter, we will extend this possibility to the elliptical geometry, 

theoretically showing relevant advantages in terms of design flexibility, enhanced gain 

and size reduction compared to the circular case [35]. As required by the passivity of the 

materials involved, these antennas still share the general Chu limitations on bandwidths 

associated with their small electrical size [172]. 

 

 

 
Figure 5.1: Geometry of an elliptical patch antenna in the elliptical coordinates; it is 
partially loaded by an MNG metamaterial core surrounded by a DPS shell. 
 

Figure 5.1 illustrates the geometry under consideration, i.e., an elliptical patch 

antenna partially filled by a concentric elliptical metamaterial core substrate, surrounded 

by air, with permittivity ε0 and permeability μ0. The antenna is loaded by a grounded 

inhomogeneous substrate with thickness d, which is composed of a regular double-

positive (DPS) dielectric shell with permittivity ε2 and permeability μ2 and a metamaterial 

core with permittivity ε1(ω) and permeability μ1(ω), in general dispersive with frequency, 

which may assume negative real parts. The substrate is effectively constituted by two 

confocal elliptical cylinders. The semi-major and semi-minor axes of the metamaterial 

core are denoted by al and bl, respectively, and a2 and b2 define the surrounding DPS 

shell, whose outer boundary coincides with the patch perimeter. The geometry is 
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embedded in a suitable elliptical reference system, with coordinates ξ and η, related to the 

Cartesian coordinates by: 

 
cosh cos

sinh sin ,

x F

y F

 
 




      (5.1) 

 

where 0   ξ  ∞, 0   η   2π and 2 2 2 2
1 1 2 2  F a b a b     is the semi-focal 

length. It follows that the eccentricity e of the metallic patch: e = [1 − (b2/a2)
2]1/2 = 1/cosh 

ξ2 (0 e 1). When e approaches zero, the limit of a circular patch is obtained. On the 

other hand, when e approaches unity, a very narrow and thin elliptical shape is obtained. 

We may also define a filling ratio Γ = [(cosh ξ1 sinh ξ1) /(cosh ξ2 sinh ξ2)] as the volume 

of the metamaterial core divided by the overall volume underneath the patch ( 0 1   ). 

Assuming that the thickness of the dielectric substrate is much smaller than the 

wavelength (low-profile), a standard cavity model may be applied to approximately 

calculate the patch resonant frequencies, closing the metallic patch with a magnetic wall 

at ξ = ξ2. It is clear that this approximation neglects the radiation loss at the edges of the 

patch, which effectively produce the antenna radiation, but this model may well 

approximate the relevant resonant features of the structure. In such cavity, Maxwell's 

equations reduce to the following set of equations in elliptical coordinates: 
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The field distribution in the two regions of the cavity may be expanded in terms of 

elliptical wave functions as: 
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where qi = (ki F /2)2 is the radial wave number, i i ik    , ( )i
enM and ( )i

onM are the even 

and odd radial Mathieu function of the i-th kind, respectively [157], and n is the order of 

the angular Mathieu functions Cen(q2,η) (even) and Sen(q2,η) (odd), which determine the 

azimuthal variation along   [157]. 

In the most general dynamic case there is no closed-form dispersion relation for 

the modes supported by this cavity in the case of inhomogeneous filling ( 1 2  ), since 

the angular Mathieu functions are not orthogonal for different values of 1 2.q q  This 

implies that the boundary conditions at the interface 1   may be matched only by the 

entire summations in (5.3), in the general case, making the analytical solution difficultly 

obtainable. The only possibility that the angular field variations may match separately at 

this interface for each angular order n is that the two filling materials are isorefractive, 

i.e., 1 2.k k  However, since we are interested here in squeezing the resonant dimensions 

of the cavity, we can safely assume that in such subwavelength scenario the two materials 

have indeed similar angular wave numbers q1q2 << 1, even when 1 2k k , since F  is 

very small. In this case, the problem is equivalent to the one of an elliptical cavity filled 

by isorefractive materials, for which the dispersion relation may be expressed, after some 
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algebra, in terms of the n-th order radial Mathieu functions. For the n th order even and 

odd mode the dispersion relation reads in this case: 
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Assuming that the dielectric shell and the metamaterial core are subwavelength, we can 

then calculate the quasi-static limit of (5.4) for 2a  min[2π/k1, 2π/k2]), which after 

lengthy algebraic manipulations of the series expansions of the radial Mathieu functions 

may be interestingly simplified into the following quasi-static expressions: 
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n-th even mode ( 0n  ): 
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n-th odd mode ( 0n  ): 
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.  (5.7) 

 

These quasi-static formulas are particularly interesting, since they simply relate the 

required ratio of permittivities or permeabilities to the geometrical parameters of the 

patch, depending on the mode of interest. They have been written explicitly both for the 

radial coordinates of the patch and for its filling factor or geometrical parameters. Except 

for the fundamental azimuthally-symmetric mode with n = 0, the other higher order 

modes ( 0n  ) are split into even and odd distributions. When the geometry collapses to 

the circular patch (a1/b1 = a2/b2 = 1, F = 0), these equations are consistent with [34]-[35], 

and even and odd modes are degenerate.  

Equations (5.5)-(5.7) represent a very interesting closed-form result that 

generalizes to the elliptical geometry. They imply that, by employing two oppositely-

signed materials with appropriate filling ratio and permittivities or permeabilities, it is in 

principle possible to select the desired angular variation of the resonant mode of an 

elliptical patch, and arbitrarily select its resonance frequency, independent on the total 

size of the patch. Although these equations do not depend explicitly on frequency, their 

frequency variations are implicitly embedded in the required frequency dispersion of the 

negative parameters involved. We have assumed here that the core material (ε1, μ1) is 

composed by a metamaterial with the required negative values, but in principle a 

metamaterial shell may fit equally well the requirements of (5.5)-(5.7). A metamaterial 

core has been chosen here for convenience of fabrication and integration of the feeding 

probe. In the quasi-static limit the dependence on 1k  and 2k  is canceled out in (5.5)-
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(5.7) confirms their general validity, also when 1 2,   or 1 2,   are arbitrary, 

respectively in equation (5.5) or equations (5.6)-(5.7).  

 

 
 
Figure 5.2: Variation of (a) the permittivity ratio for the 0n   mode and (b) the 
permeability ratio for higher-order modes with the eccentricity of an elliptical patch with 
filling ratio 0.35  . The results are obtained from the rigorous dynamic formulation of 
the modes supported by this geometry, assuming 2 02 /15a  , which implies 210 .iq   

 

In order to numerically validate the use of (5.5)-(5.7) in the general case, and have 

a glimpse on what they actually imply in terms of patch design, figures 5.2a and 5.2b 

show the dependencies of ε1/ε2 and μ1/μ2 on the eccentricity of an elliptical patch for the 

0n  mode and for the higher-order modes, respectively; here the filling ratio Γ is fixed 

at 0.35   and 2 02 /15a  , which implies values of q  smaller than 210  in both 

regions. We have verified that the approximation in these equations hold extremely well 

in this subwavelength limit (for clarity, the approximate curves are not reported in figure 

5.2, since they overlap with the plotted ones). For the azimuthally-symmetric mode 

(figure 5.2a) the ratio of permittivities is not influenced by a change in eccentricity, 

consistent with (5.5), since it depends only on the filling ratio. For higher-order modes 
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(figure 5.2b), on the other hand, as expectable the odd and even mode dispersion 

becomes more and more distinct as the eccentricity increases. In particular, the odd 

modes require stronger contrast between permeabilities for a larger eccentricity, whereas 

the even modes require a smaller one. 

 

 

Figure 5.3: Tangential magnetic field Hη distributions for: (a) the n = 1 mode of a 
circular patch antenna; and (b) n = 0, (c) n = 1, odd mode, (d) n = 1, even mode, (e) n = 2, 
odd mode, and (f) n = 2, even mode, for a subwavelength elliptical patch antenna with e 
= 0.425.  

 

It is relevant to study in the elliptical cavity model the radiation properties for the 

different supported modes, in order to deduce which modes may efficiently radiate for 

(a) (b)

(c) (d)

(e) (f)
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electrically small size. In figure 5.3 we compare the tangential magnetic field distribution 

H  for the first three orders supported by a subwavelength elliptical patch with surface 

area 24 cmA  and filling ratio 0.35F  , resonating at f = ω/2π = 0.5 GHz, properly 

loaded to satisfy equations (5.5)-(5.7). The DPS shell has ε2 = 2 ε0 and μ2 = μ0, whereas 

the ENG core has ε1 obtained from (5.5) and μ1 = μ0 for the n = 0 resonance, and the 

MNG core has ε1 = 2 ε0 and μ1 obtained from (5.6)-(5.7) for the higher-order modes. 

Figures 5.3b-5.3f reports the H  distributions predicted by the cavity model for an 

elliptical patch with e = 0.425 (ξ2 = 1.5), comparing them with the only radiating mode (

1n  ) of a circular patch with same surface area and filling ratio (figure 5.3, here e = 10-4 

has been assumed in the previous formulas, producing effectively a circular patch). In 

particular, figure 5.3b refers to the n = 0 mode, figures 5.3c and 5.3d to the 1n   odd 

and even modes, and figures 5.3e and 5.3f to the 2n   odd and even modes, 

respectively. As expected, the tangential magnetic field is uniform around the patch for 

the n = 0 mode, whereas it oscillates along the semi-major and semi-minor axes for even 

and odd higher-order modes, respectively. Notice that the tangential magnetic field is 

zero on the patch perimeter 2  , but has the same azimuthal variation as zE , 

producing a good indication of the sign of the equivalent magnetic currents at the edge of 

the patch. Our interest in reporting the distribution of H  comes from the fact that it 

may provide a good indication of how the magnetic inclusions of the inner core should be 

oriented to couple with the proper resonant mode of interest, as extensively discussed in 

[34]-[35] for the circular geometry. Good radiation performance in the subwavelength 

limit may be achieved for a tangential magnetic field distribution consistent with figure 

5.3a (circular 1n   mode), providing out of phase magnetic field on the opposite sides 

of the patch. These are in turn associated with in-phase magnetic currents radiating on the 

side of the patch. Similar to the circular patch, however, as it can be seen from figure 5.3, 
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the azimuthally symmetric mode and the 2n   mode in the elliptical geometry are 

characterized by magnetic field with the same sign at the opposite sides of the patch, 

implying zero radiation in the broadside direction, and very poor efficiency for all visible 

angles in the subwavelength limit. The 1n   odd and even modes, however, irrespective 

of the patch eccentricity, satisfy the condition of maximized radiation, supporting a field 

distribution consistent with figure 5.3a. Therefore, this angular distribution is expected to 

radiate efficiently, even for large eccentricity values. It is relevant to highlight how the 

sharp angular field variations in figure 5.3 are effectively produced over a very limited 

electrical area, due to the compact resonant properties of the interface between MNG and 

DPS materials in figures 5.3a, figures 5.3c-5.3f.  

In this case, the overall power radiated by the patch may be approximately 

expressed as the radiation by the equivalent magnetic current K = - n̂E| 2     
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odd modes:
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In the quasi-static limit of q2  1 (Cen(q2,η)  cos(nη), Sen(q2,η)  sin(nη)) and k0 F cosh 

ξ2  1, equations (5.8) and (5.9) are reduced to: 
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 even mode:
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odd mode: 
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where δ(.) is the Kronecker delta function. Equations (5.10)-(5.11) mathematically show 

that the TM110, even and TM110, odd modes are the only modal distributions to produce a 

non-zero radiated field even in the limit of vanishing electrical dimensions of the patch. 

This is consistent with the electric field and tangential magnetic field distribution in 

figure 5.3 and the above discussion. For any 1n  , similar to the circular geometry, very 

poor radiation efficiency is achieved, even though the associated subwavelength 

resonance may be well supported by a properly loaded patch. 

 

5.2 DUAL-BAND METAMATERIAL-BASED ELECTRICALLY-SMALL PATCH ANTENNAS  

 

In this section, we further explore the radiation properties of electrically small 

elliptical patch antennas loaded by MNG metamaterials, as shown in see figure 5.1, 

reporting some intriguing designs that may enhance their bandwidth of operation and 

tailor their radiation and polarization properties by combining the two orthogonal 

subwavelength modes, contemporarily supported by this geometry despite its small size. 

Here we explore the possibilities offered by the co-existence of two independent and 

orthogonal subwavelength resonant modes supported by this antenna, with 1n   in 

(5.6)-(5.7), which may benefit the antenna operational bandwidth and polarization 
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properties. In particular, we explore how, following (5.6)-(5.7), the antenna eccentricity e

, the frequency dispersion of the MNG core and the feed position may be deliberately 

tuned to improve the radiation and bandwidth properties of such subwavelength patch 

antenna.  

Although equations (5.6)-(5.7) do not explicitly depend on frequency, passivity 

and Kramers-Kronig relations imply that the required negative permeability varies with 

frequency, since  1 / 0    . This in turn implies that these subwavelength devices 

have limited bandwidth, consistent with the general limit. Without losing in generality, in 

the following simulations we fix the patch physical area to 4 cm2 and the filling ratio to 

0.35.   The thickness of the substrate is set to 5 mm, in an attempt to preserve enough 

space for the magnetic inclusions constituting the magnetic core (i.e., split-ring or spiral 

resonators). We also model the MNG metamaterial as a Drude dispersive material with 

 2
1( ) 1 ( ) ,mpω j        where mpω  is the magnetic plasma frequency and 

50MHz  is the damping frequency associated with the inherent material loss. A 

coaxial probe with radius rin = 0.2 mm and 50  characteristic impedance is used to feed 

the antenna, with optimized position to provide proper matching. Its location is chosen 

between the long and short axes in the DPS region, in order to contemporarily and 

properly excite both 1n   modes. 

As a first example, we show the possibility offered by the elliptical geometry to 

operate as a dual-band antenna with resonances at the design frequency fo = 0.5 GHz and 

fe = 0.6 GHz, where fo and fe represent the resonance frequencies of the odd mode and the 

even mode, respectively. To this end, we exploit the natural dispersion of the MNG 

material, which may satisfy, for the same geometry, the two equations (5.6)-(5.7) at 

different frequencies. An elliptical patch with e = 0.6 (and ξ2 = 1.1 in figure 5.1) has been 
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selected for this purpose. The MNG core has been chosen with mpω = 0.9 GHz , 

following equations (5.6)-(5.7). 

Figures 5.4 shows the corresponding reflection coefficient S11 at the coaxial cable, 

positioned at (x, y) = (0.3 a2, 0.6 b2), in such a way to excite both modes at the two 

different frequencies, and the corresponding far-field radiation patterns. The dual band 

operation is consistent with our theoretical results, as well as the directive and orthogonal 

radiation patterns at the two distinct resonance frequencies. It is noticed that, despite the 

coaxial cable being positioned in an oblique position, to couple with both modes, the field 

distributions and radiation patterns are clearly dominated by the even and odd resonance 

of the patch at the two distinct frequencies, with specific and orthogonal polarizations. 

The level of gain for the two resonances is reasonable for the antenna size and the finite 

size of the ground plane, and it is in part reduced by the non-optimal matching at the even 

resonance. The ground plane in these simulations is only 212cm  wide, explaining the 

poor front-to-back ratio. A wider ground plane may be expected to further enhance the 

gain at both frequencies, with an expectable improvement of up to 3dB. In figure 5.4, it is 

also visible on the right side the presence of the regular resonances of this patch, for even 

(f = 2.8 GHz) and odd mode (f = 3.43 GHz), arising in the frequency range for which

1 0  . 

It is noticed that the bandwidths of these higher-frequency resonances are much 

larger than those in the sub-wavelength frequency range, of interest for reduced antenna 

size. This is consistent with the fundamental limit on the quality factor Q of an antenna, 

represented by the Chu-Harrington Limit [172]. The Q is inversely related to the antenna 

electrical size, and for a subwavelength antenna its minimum value is: 

 

   3 1

ext ,Q ka ka
         (5.12) 
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where k is the wave number in vacuum and a is the major-axis of the elliptical patch. 

When the antenna operates in a single resonant mode, its fractional bandwidth is directly 

related to the antenna quality factor 3dB 0 BWFBW / 2 /f f Q   , where the quantity QBW 

is calculated from the normalized -3dB bandwidth of 11S , which is required to be 

greater, or equal than ext .Q  In figure 5.4, we find that the well distinct odd and even 

resonances have QBW =2.08Qext and QBW =3.88Qext, respectively. These values are greater 

than the minimum Qext, as expected, but they are reasonably close to the fundamental 

limit. 

                 

 
Figure 5.4: Magnitude of S11 and gain radiation patterns for an elliptical patch antenna 
with e = 0.6. The coaxial probe is positioned at x = 0.3a2, y = 0.6b2. 
 

5.3 BROADBAND METAMATERIAL-BASED ELECTRICALLY-SMALL PATCH ANTENNAS  

 

In order to improve the bandwidth of operation of the elliptical patch beyond the 

results obtained in the previous section, we may combine the two orthogonal modes 

within a closer frequency window, so that the bandwidth over which good matching is 
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obtained at the coaxial port may be improved beyond the limits dictated by equation 5.12. 

This may be realized by decreasing the eccentricity of the elliptical patch to make the 

resonance frequencies of the two modes close enough, still keeping them non-degenerate. 

We have derived two different sets of design parameters for eccentricity and plasma 

frequency, such to achieve this functionality: (a) e = 0.27 with ωmp= 0.728 GHz (fo = 0.4 

GHz and fe = 0.43 GHz); (b) e = 0.35 with ωmp = 0.747 GHz (fo = 0.4 GHz and fe = 0.45 

GHz). 

 
 
Figure 5.5: Magnitude of S11 for an elliptical patch antenna with e = 0.27 and 0.35.  
Insets show the radiation patterns for the elliptical patch antenna with e = 0.27 at f = 0.46 
GHz (3D and blue solid line), compared with the antenna of figure 5.4 at the resonance of 
the odd (black dash-dot line) and even mode (red dash-dot-dot line). The coaxial probe is 
positioned at x = 0.5 a2, y = 0.5 b2. 

 

Figure 5.5 reports the magnitude of the reflection coefficient S11 and the far-field 

radiation patterns for both designs. As expected, broader bandwidths may be achieved by 

combining the two resonances. When the eccentricity decreases, the two orthogonal 

modes get closer in frequency, until they merge, increasing the overall bandwidth. The 

QBW/Qext ratios for the antennas with e = 0.27 and e = 0.35 are 1.08 and 0.64, 
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respectively, providing results unobtainable with such low-profile antenna within a single 

operation mode. However, it is relevant to stress that, although QBW is below the 

minimum Qext dictated by Chu limit, this does not imply that a lower resonance Q-factor 

has been achieved. As discussed in [173]-[174], the previous relation between Q  and 

FBW  is valid only for an isolated single-mode resonance and when two or more closely 

spaced resonances are coupled, then the QBW extracted from the antenna bandwidth does 

not necessarily reflect the resonance Q-factor of the two modes. In other words, by 

combining these two natural resonances of the antenna, it is possible to enhance its 

matching bandwidth "beyond" Chu-limit, at the price of a less clean radiation pattern, 

combination of the two orthogonal modes simultaneously excited. Also, it is noted that 

some absorption is present in the metamaterial, due to the finite choice of  = 50 MHz, 

associated with the necessary loss in the MNG metamaterial core, which lowers QBW. It 

has been verified, however, that radiation efficiencies close to unity are obtained within 

the considered level of losses.  

Here the antenna bandwidth is maximized by using an MNG substrate with 

naturally available dispersion properties to compensate the inductive reactance of a small 

magnetic loop, effectively constituted by the patch aperture. We note that Chu limit here 

is not overcome in terms of Q-factor, but coupling of multiple resonances may indeed 

enhance the overall bandwidth beyond the traditional limitations for electrically small 

antennas. The 3D radiation pattern at f = 455 MHz for the case of 0.27e  (solid line) is 

reported in the inset of figure 5.5, showing a 45° rotation in the xy plane, due to the linear 

superposition of the two orthogonal modes. In the inset, we have also reported a 

comparison on the E and H planes between the radiation pattern of this antenna and the 

ones of the patch of figure 5.5 at its two resonances. It is interesting to note that the 

pattern is considerably widened by the mode coupling, providing a broader and more 
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uniform radiation and overall enhanced aperture efficiency, while maintaining the 

antenna’s electrically small features. 

 

                 
 
Figure 5.6: Magnitude of S11 for the elliptical patch antenna with e = 0.22. The insets 
show the corresponding radiation patterns (3D and solid lines). The coaxial probe is 
positioned at x = 0.5 a2, y = 0.5 b2.   

 

In various telecommunication applications, broader radiation may be relevant to 

ensure wider coverage both in transmit and receive modes. For this purpose, in our last 

example, we further reduce the eccentricity of the elliptical patch to achieve a two-mode 

single-resonance antenna with stronger overlap between the two orthogonal modes. Of 

course, the eccentricity should still be kept finite, to avoid degeneration of the two 

orthogonal modes. When the eccentricity is reduced to the optimized value of e = 0.22 

and ωmp = 0.717 GHz, the corresponding resonance frequencies fo = 0.4 GHz and fe = 

0.42 GHz are obtained. Figure 5.6 reports the reflection coefficient at the port and the 

radiation pattern for this moderately elliptical patch antenna. At the price of slightly 

reducing the overall bandwidth of operation, compared with figure 5.6, it is seen that the 
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two modes may overlap here over a significant range of frequencies, providing a 

QBW/Qext ratio of 1.48. The radiation pattern at f = 0.44 GHz is now almost completely 

uniform, as compared to the more directive patterns achieved in figure 5.5, which are 

reported in the inset as dashed lines for the odd mode resonance. It is clearly seen that, 

although the maximum gain decreases a little, the overall aperture efficiency and broad 

radiation is greatly improved with this design, which may be useful for various 

applications in which broad radiation is desired. 

 

5.4 CHAPTER SUMMARY 

In this chapter, we have demonstrated how loading subwavelength elliptical patch 

antenna with magnetic metamaterials may tailor and tune the antenna modal frequencies, 

in order to gain more flexibility in the design and manipulation of its radiation properties. 

Particularly, we have shown large flexibility in the excitation of the two orthogonal 

modes supported by the elliptical geometry in the long wavelength limit. We have 

proposed interesting designs for dual-band, relatively broadband and broad-radiation 

electrically-small antennas. The excitation of two orthogonal modes and proper feeding 

may be also directed to modify the polarization properties over a range of frequencies of 

interest. Proper phasing of the two modes, by changing the position of the feed, may 

produce other degrees of freedom in the antenna polarization properties, such as 

electrically-small, circularly-polarized radiation. We believe that these findings may find 

application in a variety of antenna designs and applications of current interest. 
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Chapter 6:  Conclusions 

In this dissertation, we studied the nonlinear, passive and active metamaterials 

and metasurfaces to design and tailor the electromagnetic wave interaction, propagation, 

scattering, and radiation in the frequency spectrum ranging from RF and microwave, 

THz, infrared to visible. These artificially structured synthetic materials or screens, with 

unusual electromagnetic properties characterized by their effective permittivity, 

permeability, or sheet impedance, may provide access to special physical effects of great 

technological interest. This dissertation was an endeavor to gain a deeply intimate 

understanding of the collective responses of periodic arrays of subwavelength inclusions, 

to enhance or tailor electromagnetic properties of metamaterials and/or metasurfaces. 

Particularly, we focused on how active and nonlinear structures make it possible to 

reconfigure the metamaterial and/or metasruface devices during operation. Our goals 

have been to enhance the tunability and switchability, to improve the bandwidth of 

operation of metamaterials and/or metasurfaces, and to explore their novel applications in 

different spectral ranges with the use of different techniques. In what follows we will 

briefly summarize these findings.  

In Chapter 2, we proposed the use of plasmonic nanostructures to improve the 

confinement and enhancement of electromagnetic field intensity inside nonlinear 

nanocrystals. The significantly enhanced nonlinearities due to the plasmonic effect of 

metals may enable good tunability and switchability for infrared and visible 

metamaterials and/or metasurfaces. We first demonstrated that the combination of 

resonant plasmonic nanostructures and Kerr-type nonlinear optical materials with 

intensity-dependent permittivity may allow large tuning and switching of (1) the radiation 
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of an individual resonant scatter, (2) the transmission spectra or stopband spectra of 2D 

planar metasrufaces, and (3) the bulk properties of 3D metamaterials. Since the nonlinear 

susceptibity of Kerr materials is dependent on the macroscopic field intensity, a nonlinear 

metasurface can be switched from transparent to opaque by varying the field intensity. 

Similarly, a nonlinear metamaterial can be switched from being left-handed to right-

handed, and vice versa. These intriguing properties pave a promising way toward future 

high-speed optical computation and beam-shaping nanodevices. In addition, we have 

theoretically shown that, by loading plasmonic nanostructures with second/third-order 

nonlinearities, multiple wave mixing and high harmonic generation can be dramatically 

enhanced, thanks to the plasmonic resonance of metal nanostructures.  

  In chapter 3, we explored the gate-tunable plasmonic properties of graphene 

and their potential applications in the THz region. We have theoretically shown that the 

largely tunable surface conductivity (impedance) of graphene, which can be well 

modeled by the Kubo formula, may realize various electrically tunable and switchable 

THz optoelectronic nanodevices and metamaterials, thanks to the controllable density of 

states of graphene and its shiftable Fermi energy. We envisioned a THz all-graphene 

transmitter front-end composed of proposed graphene-realized nanodevices and 

metamaterials. This graphene-based transmitter may allow dynamic beamforming and 

beamshaping of THz waves and the frequency-configurable operations. In addition, a 

THz cloak realized by a graphene monolayer was presented to suppress the cross-talk 

noise and interference, as well as power dissipation due to undesired scattering in THz 

sensing and communication networks.  

In Chapter 4, we presented cloaking and scattering cancellation mechanisms 

based on metamaterials and metasurfaces, as one of their most promising applications of 

metamaterials. We have proposed two different cloaking techniques (i) plasmonic 
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cloaking realized with bulk plasmonic materials and/or metamaterials, and (ii) mantle 

cloaking realized with ultrathin, low-profile metasurfaces. Both of them are able to 

drastically reduce scattering fields and overall visibility of cloaked dielectric/conducting 

objects. However, the mantle cloaking possesses the unique advantage of ultra-low 

profile, low cost, light weight, and relatively broad bandwidth. Further, we presented a 

“non-Foster” ultra-broadband mantle cloak comprising of a properly patterned 

metasurface loaded with negative impedance converters realized with cross-coupled 

transistor pairs. Hence, the frequency dispersion of surface reactance for mantle cloaks 

with active loads can display negative slopes, with unprecedented broadband operation.  

In Chapter 5, we explored the possibility to ultimately miniaturize antennas by 

loading metamaterials with negative material properties, necessary for the phase 

compensation effect. Specifically, we theoretically analyzed and designed electrically-

small circular and elliptical patch antennas with efficient matching and radiation 

properties. Our results may be of interest for RF and sub-THz commercial wireless 

communication and data transmission, and will benefit the development of electrically-

ultra-small on-chip antennas and the co-design of circuit-antenna integrated module, of 

which the metal layers and VIA can be used to deliberately design metamaterial 

resonators.  

To conclude, we hope our findings will be a pillar for the future work of 

researchers and scientists who are willing to pursue research on the above topics and will 

further expand the understanding of electromagnetic wave interactions with nonlinear, 

passive and active metamaterials and/or metasurfaces, thus enabling revolutionary 

advances in technology. 
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