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Error Analysis for Radiation Transport 

 

John Thomas Tencer, Ph.D. 

The University of Texas at Austin, 2013 

 

Supervisor:  John R. Howell 

 

All relevant sources of error in the numerical solution of the radiative transport 

equation are considered.  Common spatial discretization methods are discussed for 

completeness.  The application of these methods to the radiative transport equation is not 

substantially different than for any other partial differential equation.  Several of the most 

prevalent angular approximations within the heat transfer community are implemented 

and compared.  Three model problems are proposed.  The relative accuracy of each of the 

angular approximations is assessed for a range of optical thickness and scattering albedo.  

The model problems represent a range of application spaces.  The quantified comparison 

of these approximations on the basis of accuracy over such a wide parameter space is one 

of the contributions of this work. 

The major original contribution of this work involves the treatment of errors 

associated with the energy-dependence of intensity.  The full spectrum correlated-k 

distribution (FSK) method has received recent attention as being a good compromise 

between computational expense and accuracy.  Two approaches are taken towards 

quantifying the error associated with the FSK method.  The Multi-Source Full Spectrum 

k–Distribution (MSFSK) method makes use of the convenient property that the FSK 

method is exact for homogeneous media.  It involves a line-by-line solution on a coarse 

grid and a number of k-distribution solutions on subdomains to effectively increase the 
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grid resolution.  This yields highly accurate solutions on fine grids and a known rate of 

convergence as the number of subdomains increases. 

The stochastic full spectrum k-distribution (SFSK) method is a more general 

approach to estimating the error in k-distribution solutions.  The FSK method relies on a 

spectral reordering and scaling which greatly simplify the spectral dependence of the 

absorption coefficient.  This reordering is not necessarily consistent across the entire 

domain which results in errors.  The SFSK method involves treating the absorption line 

blackbody distribution function not as deterministic but rather as a stochastic process.  

The mean, covariance, and correlation structure are all fit empirically to data from a high 

resolution spectral database.  The standard deviation of the heat flux prediction is found 

to be a good error estimator for the k-distribution method. 
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Chapter 1:  Introduction 

Radiation transport is an important phenomenon occurring in many physical 

systems. We will focus on radiation heat transfer through participating media.  This 

involves the transport of photons through a translucent material.  Photons may be 

emitted, absorbed, and scattered within the medium according to Equation (1.1). 

 

 
   
1
c
∂Iη
∂t

+

Ω ⋅

∇Iη


Ω( ) +σ T Iη


Ω( ) = κ Ib,η + 

σ s

4π ∫ Iη Ω
( )d Ω  (1.1) 

 

The radiation transport equation (RTE) defines the intensity, I as a function of 

seven independent variables: three spatial coordinates, two angular coordinates, one 

spectral coordinate, and one temporal coordinate.  For almost all heat transfer problems, 

the intensity field may be assumed to be steady-state.  That is to say that the time scales 

involved in the RTE are significantly shorter than those associated with conduction or 

convection heat transfer. This is not to say that the heat transfer is steady-state nor that 

the intensity field is independent of time.  The temporal derivative in Equation (1.1) is 

commonly neglected because of the speed of light in the denominator.  The actual energy 

transfer in a combined-mode problem generally varies with time and is governed by 

Equation (1.2). 

 

 (k ) '''p r d
DT DPc T T q q
D D

ρ β
τ τ
= +∇⋅ ∇ − + +Φ  (1.2) 

 

The intensity field enters through the divergence of the radiative flux vector.  This 

quantity is expressed most conveniently through Equation (1.3).  The radiative flux 

divergence is a function of only the 3 spatial coordinates and time.  Note that although 
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the time-derivative term in Equation (1.1) may be neglected that the intensity field and 

consequently the flux divergence are generally time-dependent. 

 

 
  
∇⋅qr = 4πκ Ib,η − κ Iη (Ω)dΩ

Ω=0

4π

∫
⎛

⎝⎜
⎞

⎠⎟η=0

∞

∫ dη  (1.3) 

 

Equation (1.3) integrates out the dependence of the radiative flux divergence on 

direction and wavenumber.  There are errors introduced when the RTE is spatially 

discretized and solved on a computer.  This is true for numerical solutions to all partial 

differential equations.  These errors are well-understood and may be driven arbitrarily 

small if provided sufficient computational resources.  There are also errors introduced 

when evaluating the integrals in Equation (1.3) numerically.  These errors are more 

difficult to eliminate.  Straight-forward discretization of the spectral and angular domains 

in the same manner as the spatial domain is generally too computationally expensive for 

combined-mode problems.  The exact angular distribution of the intensity is often 

unknown.  In order to reduce the computational expense, low order approximations are 

commonly used to represent the angular dependence of the intensity.  The spectral 

absorption coefficient, κ  is a highly oscillatory function of the wavenumber.  As a result, 

hundreds of thousands of quadrature points in the spectral coordinate must be taken to 

compute this integral directly.  This is known as the line-by-line approach and is 

prohibitively expensive for most problems of interest.   

One alternative to the line-by-line approach is the k-distribution method which 

will be discussed in detail in Chapter 4.  The basic idea behind the k-distribution method 

is to take advantage of the fact that the absorption coefficient obtains the same value 

many times across the spectral domain.  These disjoint spectral intervals result in 
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identical equations to be solved.  In order to exploit this, the wavenumber space is 

reordered and scaled so that these spectral regions are no longer disjoint.  There is a one-

to-one correspondence between the original wavenumber space and this modified 

wavenumber space.  The absorption coefficient is a smooth monotonically increasing 

function of this modified wavenumber.  Integration over the modified wavenumber space 

is much less computationally expensive since the absorption coefficient and resulting 

intensity are smooth functions of the modified wavenumber. 
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Chapter 2:  Spatial Discretization 

The most familiar source of error in the numerical solution to the RTE is spatial 

discretization.  Numerical solution of any partial differential equation necessitates such a 

discretization.  The most common methods for discretizing the spatial variables in the 

RTE are well known from other fields.  They are collocation, finite-volume methods, and 

Galerkin finite element methods.  Finite-volume and finite element methods are 

considerably more common.  The spatial discretization scheme for the RTE is usually 

chosen to be compatible with the spatial discretization scheme for the energy equation.  

For pure radiation problems the choice is left up to the analyst.  Familiarity and 

convenience are often deciding factors. 

It has been shown [1] that convergence plateaus when the spatial grid is refined 

independently of the order of the angular approximation.  Essentially, it is over-kill to 

solve approximate partial differential equations numerically to a very high precision.  The 

errors introduced in the angular and spectral approximations tend to dwarf the spatial 

discretization error for combined mode problems.  A fine spatial discretization is 

commonly required to resolve convection phenomena.  As a result, radiation transport is 

resolved on a much finer grid than may otherwise be necessary.  This leaves very little 

computational power left over for pursuing higher order angular or spectral discretization 

schemes for the radiative transport equation. 

The angular and spectral approximation methods will be described in Chapter 3 

and Chapter 4 respectively.  Regardless of the method, the result is the transformation of 

the 6-dimensional transport equation (neglecting the temporal derivative) into a finite set 

of coupled partial differential equations in the 3 spatial variables.  This set may include 

only a single partial differential equation as is the case with a gray P1 approximation or 
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an arbitrarily large number of equations.  The number of dependent parameters to be 

solved for as well as the degree of coupling depends upon which approximation method 

is used.  This set of partial differential equations is then solved numerically by 

conventional means.  Most often, this involves collocation, finite element, or finite 

volume methods.  These three techniques will now be briefly described.  Detailed 

derivations of each  of these methods should be available in any fundamental textbook on 

numerical analysis [2, 3, 4]. 

FINITE-VOLUME 

One of the most common methods for spatially discretizing the RTE is the finite-

volume method [5, 6].  This is the same finite-volume method that is used in many 

commercial PDE-solver applications.  In the finite-volume method, the domain is divided 

into a set of small volume elements.  This mesh may be either structured or unstructured.  

The governing partial differential equation is then integrated over each volume element.  

The divergence theorem, Equation (2.1) is then used to convert integrals over the volume 

into integrals over the bounding surfaces. 

 
 

  


∇⋅

F( )

V
∫∫∫ dV =


F ⋅ n( )

∂V
∫∫ dS  (2.1) 

 

There are many natural advantages to the finite-volume method.  The method is 

inherently conservative.  The flux leaving one volume is always equal to the flux entering 

an adjacent volume.  The common application of finite volume methods for solving 

conduction and convection problems makes it a natural choice for combined mode 

problems involving radiative transport.  Additionally, the finite volume method is very 
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commonly combined with the discrete ordinates approximation for radiation transport 

problems.   

 The finite-volume discretization approach may also be applied to the angular 

discretization.  This method is similar to the discrete ordinates method both in concept 

and in accuracy.  It will not be discussed in Chapter 3. 

COLLOCATION 

In the collocation method [7, 8] a set of basis functions is defined.  The solution to 

the given partial differential is approximated as a linear combination of these basis 

functions.  The combination of basis functions is chosen such that the partial differential 

equation is satisfied at a specified set of discrete points (called collocation points).  After 

choosing a set of collocation points and a family of basis functions a set of algebraic 

equations is found by analytically differentiating the basis functions and substituting into 

the original PDE. 

It should be noted that satisfying the differential equation at the collocation points 

is not equivalent to having 0 error between the approximate and exact solutions at the 

collocation points.  As a result, the approximate solution is not exact at the collocation 

points.  Instead, the residual is zero.  However, the approximate solution is expected to 

converge to the exact solution as the number of collocation points and basis functions 

increases. 

The family of basis functions chosen has a great effect on the flexibility of the 

method and the conditioning of the resulting algebraic system of equations.  Families of 

basis functions with global support result in so-called spectral methods.  Basis functions 

with finite support are used in finite element methods.  Spectral methods are considerably 

less common today than finite element methods.  
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GALERKIN FINITE ELEMENT 

The requirement that the residual be identically zero at the collocation points may 

be seen as too restrictive.  As an alternative, rather than setting the residual to zero at a set 

of predetermined points, the residual is minimized in a more global sense.  The residual is 

required to be orthogonal to the finite set of basis functions used to represent the function.  

This is known as a Galerkin projection.  This is a special case of the method of weighted 

residuals. 

The Galerkin finite element method [9, 10, 11] was first widely adopted for the 

solution of solid mechanics problems.  It has since been successfully applied to heat 

transfer and fluid flow problems including solution to the RTE.   

The Galerkin finite-element method is one of the most popular solution 

techniques for sets of partial differential equations.  It is easily applied on unstructured 

meshes.  Greater accuracy may be achieved either by refining the spatial grid or 

increasing the order of the basis functions. 
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Chapter 3:  Angular Integration 

The intensity field specified by the RTE is a function of direction.  In two- or 

three-dimensional problems, two angular variables are required to fix this direction: a 

circumferential angle and an azimuthal angle.  In a one-dimensional slab geometry, only 

one angular variable is needed.  In this case, symmetry dictates that the intensity does not 

vary with the circumferential angle. 

The quantity of interest, the radiative flux divergence is not a function of 

direction.  The dependence upon the circumferential and azimuthal angles has been 

integrated out.  There have been many techniques developed for representing the 

directional dependence of the intensity [12].  A few of the most common are discussed in 

detail in this chapter.  The accuracy of each method is evaluated as a function of opacity 

and scattering albedo.  In order to limit the scope of the work, all scattering is treated as 

isotropic. 

DISCRETE ORDINATES METHOD 

One of the most commonly used radiative transport solution techniques is the 

method of discrete ordinates [13, 14, 15].  It is so widely used largely because of the 

intuitive derivation of the equations and boundary conditions and the theoretical 

guarantee that it will converge to the correct solution as the number of ordinate directions 

goes to infinity.  Unfortunately, this convergence is slow and the method may produce 

unrealistically oscillatory solutions known as ‘ray effects’ when discontinuous boundary 

conditions are present. 

The discrete ordinates method is a general term for a class of solution methods to 

the radiative transport equation that rely upon some manner of discretization of the 

angular variables.  The transport equation is satisfied exactly along a set of discrete 
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directions and a quadrature rule is used to approximate any integrals over the angular 

space such as those in the in-scattering term or in the definitions of the radiative flux and 

flux divergence.  The choice of quadrature rule is left up to the user and may have a 

significant impact upon the quality of results obtained.  There has been substantial 

research effort applied to the development and analysis of quadrature rules for integration 

over the unit sphere [16, 17, 18].  The solution of the radiative transport equation using 

the discrete ordinates method may be found by stepping through the domain [19, 20, 21, 

22].  This is easily accomplished in structured meshes.  However, in unstructured meshes, 

this solution technique may involve significant additional overhead and may not be ideal.  

The discrete ordinates method has also been applied to unstructured meshes using 

stepping schemes and other more general solution techniques [23, 24, 25].   

For a given angular quadrature, the integral in the in-scattering term may be 

approximated as a summation as shown in Equation (3.1). 

 

 
   

σ s

4π ∫ I Ω
( )d Ω ≈

σ s

4π i
∑wi I Ωi

 ( )  (3.1) 

 

The weights and nodes of the quadrature scheme are 𝑤! and Ω! respectively.  The weights 

are normalized such that they sum to 4π . 

In this way, it is trivial to see that the transport equation may be written as a 

system of linear first order equations in the ordinate directions. 

 

 
   
Ωi

 
⋅

∇Ii +σ T Ii = κ Ib + 

σ s

4π j
∑wj I j  (3.2) 

 

With diffuse walls, this equation is subject to the boundary condition 
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Ii = ε Ibw +

1− ε
π niΩ j

 
<0

∑ wj I j
n ⋅Ω j

 
 (3.3) 

 

Since the equation is first order, a boundary condition is only required on half the 

boundary for each directional intensity.  The boundary condition above only applies if  

𝑛 ∙ Ω! > 0.  That is, we only apply a condition on the intensity leaving an opaque surface. 

The first-order discrete ordinates equation has stability problems  when using the 

Galerkin finite element method.  Equation (3.2) is a set of coupled convection-diffusion-

reaction equations with zero diffusion coefficient.   The Galerkin finite element method is 

known to be unstable if the element Péclet number (Pe) and Damköhler number (Da) 

product is larger than one.  If this product is less than or equal to unity, the method may 

or may not be stable.  This instability condition is trivially satisfied when diffusion is 

absent from the equation to be solved implying that the Galerkin finite element solution 

to the first-order discrete ordinates equation in inherently unstable. 

 

 
2

2 1T hDaPe
c

σ
= >  (3.4) 

 

Here, c is the diffusion coefficient and h is the mesh element size.  Unfortunately, 

the absence of a diffusion term means that there is not necessarily a mesh resolution fine 

enough to make the discretization stable.  This implies that further mesh refinement will 

not remove the spurious oscillations in every case.  For this reason, a stabilization method 

is required.   

In the Streamline Upwind Petrov-Galerkin (SUPG) stabilization method, the test 

function 𝐼! is replaced with 𝐼! + 𝜏Ω! ⋅ ∇𝐼! where 𝜏 is a stabilization parameter.  For our 
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case (no diffusion) the stabilization parameter is determined to be approximately ℎ 2.  A 

commonly used “optimal” value of 𝜏 is found to be 

 

 
   
τ = h

2

Ω

coth Pe− 1
Pe

⎛
⎝⎜

⎞
⎠⎟

 (3.5) 

 

which reduces to ℎ 2 since Ω is a unit vector and Pe → ∞. 

Alternatively, the second-order discrete ordinates equations may be used.  A 

standard property of all commonly used discrete ordinates quadrature rules is invariance 

under rotations of 90º.  Of course, this immediately implies invariance under rotations of 

180º as well which implies that if a direction Ω is part of a quadrature set that −Ω is as 

well and that both directions have equal weight.  Following the development of Lewis 

and Miller [19], we define the even and odd parity intensities as 

 

 

   

I +
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2
I

Ω( ) + I −


Ω( )( )

I −

Ω( ) = 1

2
I

Ω( )− I −
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 (3.6) 

 

We then obtain a second-order partial differential equation for the even parity 

intensity. 

 

 
   
−

Ω i
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σ T


Ω ⋅
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The odd parity intensity is related to the even parity intensity by 

 

    

Ω ⋅

∇I + = −σ T I −  (3.8) 
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The same discretization procedure is applied as with the first-order equation. 

 

 
   
−Ωi
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∇ 1

σ T

Ωi
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∇Ii

+⎛
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The corresponding boundary condition for a diffusely emitting and reflecting opaque 

boundary is given by 

 

 
   
Ii
+ − sign n ⋅


Ω( ) 1

σ T


Ω ⋅

∇Ii

+ = ε Ibw +
1− ε
π j
∑wj

n ⋅Ω j

 
2I j

+ − Ibw( )  (3.10) 

 

The second-order formulation has the advantage of being naturally diffusive and 

does not require additional stabilization.  It also involves half as many unknowns as the 

first-order formulation.  It has the comparative disadvantage of generating a less sparse 

matrix.  While the first-order formulation allows for rapid solution by use of a stepping 

scheme for structured meshes, the second-order formulation is not well-suited for such 

acceleration techniques. 

There has been substantial research applied to the development and analysis of 

quadrature rules for integration over the unit sphere [16, 17, 18].  The most intuitive 

quadrature rule is the level symmetric scheme tabulated in Appendix A.  The level 

symmetric scheme is invariant to rotations of multiples of 90º.  Level symmetric 

quadrature rules are popular for general applications because of their rotational symmetry 

[19, 26, 27, 28, 29, 30, 31].  There is, however a limit to the degree of accuracy that may 

be obtained using level symmetric quadrature rules.  Negative weights are present in the 

S22 quadrature set.  As a result, level symmetric schemes may not be capable of 

reproducing strongly anisotropic intensity fields.  The S22 quadrature scheme uses 66 
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ordinates per octant.  This results in 264 independent variables for a 2D problem and 528 

for a 3D problem.  This large a number of ordinates is neither necessary nor feasible for 

most applications, so level symmetric quadrature rules are deemed to be a good choice 

for general problems. 

There have been some improvements to the level symmetric schemes.  Koch et al 

proposed the DCT quadrature schemes and showed that the DCT-020-1246 and DCT-

111-1246810 provide more accurate results than the S6 and S8 schemes respectively while 

using the same number of ordinate directions [17].  The DCT schemes maintain the same 

rotational invariances that make the level symmetric scheme attractive for general 

problems.   

The TN quadrature sets developed by Thurgood [32] are the two-dimensional 

extension of the rectangle rule.  An equilateral triangle (basal triangle) is defined within 

the first octant by the points (1,0,0), (0,1,0), and (0,0,1) as shown in Illustration 3.1.   
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Illustration 3.1: Depiction of basal triangle [33] 

The basal triangle is then tessellated with smaller similar triangles with side 

length 2
𝑁 resulting in 2N  smaller triangles.  The ordinate set is defined as the set of 

angles passing through the centroids of these small triangles with weights equal to the 

solid angle subtended by each triangle.   
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The solid angle subtended by a given triangle may be found by utilizing 

L'Huilier's Theorem.  This is also known as the spherical excess, E .  A spherical triangle 

with semiperimeter s  and sides of lengths , ,anda b c  has a spherical excess given by 

Equation (3.11). 

 

 1tan tan tan tan tan
4 2 2 2 2

s s a s b s cE − − −⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞=⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
 (3.11) 

 

The PN-EWN, and PN-TN quadrature sets [34] both use the roots of the Nth order 

Legendre polynomial to define levels along the z-axis.  Each level has a total weight 

given by the corresponding Gauss-Legendre quadrature set.  In the PN-EWN quadrature 

each level is then divided equally again following the level symmetric approach.  In the 

PN-TN quadrature the azimuthal angles for each level are set equal to the roots of the 

Chebyshev polynomials.  This list of quadrature rules is by no means exhaustive.  There 

are additional sets [35, 18, 36] not considered here which have been omitted in the 

interest of brevity. 

Although there have been many studies comparing the relative accuracies of the 

different quadrature rules, an additional comparison is provided here.  A test problem of a 

square duct with a single hot wall is selected as a basis for comparison.  The medium is 

purely absorbing.  It neither scatters nor emits radiation.  All four walls are black.  An 

analytical series solution to this problem has been developed by Crosbie and Schrenker 

[37].  This technique was later expanded to inhomogeneous media with isotropic 

scattering [38] although those cases will not be considered here.   

The purely absorbing case with black walls was chosen to accentuate the ‘ray-

effects’ which appear as a result of the angular discretization.  The quantity of interest is 
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the spatially resolved heat flux on the wall opposite the heated surface.  Again, this was 

chosen to accentuate the error due to ‘ray-effects.’ 

Figure 3.1: Comparison of various quadrature rules for discrete ordinates approximation 
method 

The PNEWN quadrature rule is seen to be generally less accurate and to converge 

more slowly than the other quadrature rules.  This finding is consistent with the literature 

[34].  The other quadrature rules perform similarly which is also consistent with the 

literature.  The PNTN quadrature rule is selected for comparisons to the other angular 

approximation techniques.  This is because it does not possess the disadvantages of the 

LQN and TN quadrature rules.  Namely, it is not limited with respect to the maximum 

achievable order and the number of ordinates per octant is less sensitive to changes in N.  

 



 17 

The number of ordinate directions required in the TN rule is N2 while the other, level-

symmetric rules require only 1 1
4 2

NN ⎛ ⎞+⎜ ⎟⎝ ⎠
 ordinates.  This difference in the definition of 

the subscript, N is important to note when comparing various quadrature rules.  The rapid 

growth in ordinate directions with N for the Thurgood quadrature set allows for less 

control of the accuracy of the solution by varying N. 

MOMENT METHODS 

Moment methods originally developed for nuclear engineering applications are 

becoming more popular for solving heat transfer problems.  They are an inexpensive 

alternative to discrete ordinates expansions.  At their core, moment methods involve 

taking angular moments of the RTE and recasting them as a series of partial differential 

equations in terms of the moments of intensity.  This is attractive since only the 0th and 1st 

moments of intensity enter the general energy equation. 

A problem arises as the nth moment of the RTE always involves the (n+1)th 

moment of the intensity.  The series of equations is not closed.  To close the set of 

equations, a relation between the (n+1)th moment of intensity and the lower order 

moments of intensity is required.  One such closure condition is the maximum entropy 

closure.  This choice gives rise to the so-called M1 method. 

The M1 method based on the maximum entropy closure developed by Minerbo 

[39] is derived and examined.  Issues with the stability of this method are addressed by 

recasting the telegrapher’s equation as a flux-limited diffusion equation.  This 

transformation prevents the formation of unphysical shocks in the energy density solution 

when the assumption of an axially symmetric intensity is poor.  In an optically thin 

problem with multiple heat sources and partially reflecting boundaries this assumption is 
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almost never justified.  Therefore, the more robust flux-limited diffusion description is 

used. 

The Maximum Entropy Closure 

The steady-state radiative transport equation with isotropic scattering is repeated 

for convenience.  The subscripts denoting the spectral dependence of the intensity have 

been suppressed. 

 

 
   


Ω ⋅

∇I

Ω( ) +σ T I


Ω( ) = κ Ib + 

σ s

4π ∫ I Ω
( )d Ω  (3.12) 

 

Taking the 0th and 1st moments of this equation yields  

 

    

∇⋅

F = 4πκ Ib −κ cE  (3.13) 

   c

∇⋅

P

= −κ


F  (3.14) 

 

where 𝐸, 𝐹, and 𝑃 are the radiative energy density, flux, and pressure respectively.  They 

are defined by 

 

 
   
E = 1

c ∫ I

Ω( )dΩ  (3.15) 

 
   

F = ∫


ΩI

Ω( )dΩ  (3.16) 

 
   


P

= 1

c ∫

Ω⊗

ΩI

Ω( )dΩ  (3.17) 

 

As a matter of personal preference, we shall work with the dimensionless 

quantities: 
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 Φ I
cE

=  (3.18) 

 
  


f =

F
cE

 (3.19) 

 
   


T

= 1

E

P


 (3.20) 

 

𝑇 is classically referred to as the Eddington tensor.  Because it is defined as the second 

moment of the nonnegative energy density, Φ on the unit sphere we have the following 

constraints [40, 41]: 

 
 

   
tr

T
( ) = 1 (3.21) 

    

T

−

f ⊗

f ≥ 0  (3.22) 

 

Taken together, these conditions imply that 𝑓 ≤ 1 or in other words that the solution is 

flux-limited. 

In order to close the above equations, a relationship must be found between the 

Eddington tensor and the energy density and flux.  If we assume that the intensity is 

symmetric about the direction of the flux the form of 𝑇 may be reduced to: 

 

 
   


T

=

I
 1− χ

2
⎛
⎝⎜

⎞
⎠⎟
+ n⊗ n 3χ −1

2
⎛
⎝⎜

⎞
⎠⎟

 (3.23) 

 

where 𝐼 is the identity matrix, 𝑛 = 𝑓
𝑓

, and 𝜒 is the Eddington factor which may be 

written explicitly as: 
 

 
   
χ = ∫


Ω ⋅ n( )2

ΦdΩ = 2π
−1

1

∫µ2Φ µ( )dµ  (3.24) 
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The goal is to define the Eddington factor as a function of the magnitude of the 

dimensionless flux.  This has been accomplished in a variety of ways.  Kershaw [41] 

suggested the simple relationship 

 

 ( ) ( )21 2
3

f
fχ

+
=  (3.25) 

 

This relationship is simple but is also not derived from any physical intuition.  It 

is expected that other Eddington factors which are motivated by physical arguments will 

provide more accurate results.  By maximizing the entropy relationship derived by 

assuming Maxwell-Boltzmann statistics, Minerbo [39] derived the following 

transcendental relationship for 𝜒. 

 

 
( )

21

1

f
Z

f coth Z Z

χ = −

= −
 (3.26) 

 

This is the basis for the M1 model which has recently been gaining popularity as 

advancements in numerical techniques and increased computing resources have made 

treating the resulting ill-conditioned nonlinear system tractable for interesting problems 

[42, 43, 44, 45, 46, 47].  Because the transcendental relationship is difficult to solve and 

is divergent from theoretical values at the endpoints 𝑓 = 0,1  it is common practice to 

use various approximations.  Minerbo [39] originally suggested 

 

 
2

2

1 0.01932 0.2694
3 1 0.5953 0.02625

f f
f f

χ += +
− +

 (3.27) 
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This relationship does not exhibit the correct behavior as 𝑓 → 1 and so Ripoll [45] 

developed an alternative 

 

 
2

2

3 4
5 2 4 3

f
f

χ +=
+ −

 (3.28) 

 

More recently, Brown and Pierce [47] proposed a curve fit of the form 

 

 2 41 2
3 3
Cf C fχ ⎛ ⎞= + −⎜ ⎟⎝ ⎠

 (3.29) 

 

where C is a constant which was found to be equal to 0.335696.  A fit of this form was 

motivated by the desire to have an expression for 𝜒 that was accurate, well behaved, and 

able to be evaluated very quickly for use in a fast running code. 

It has been observed [42, 47, 48] that solutions derived using the maximum 

entropy closure may exhibit non-physical discontinuities.  Brunner [48] demonstrated 

that the equations only require that the product of the Eddington factor and the energy 

density, 𝜒𝐸 be continuous (as well as the flux, F).  This allows both 𝜒 and E  to be 

independently discontinuous.  These discontinuities represent a significant difficulty 

when coupling with other heat transfer modes in a general problem.  The energy density 

is directly related to the flux divergence which enters the general energy equation.  

Additionally, specialized numerical methods are required in order to attain converged 

solutions in general cases.  These numerical shocks arise in regions for which more than 

one direction is significant and the assumption that the intensity is axially symmetric 

about the direction of the flux is a poor one. 
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Flux-limited Diffusion Equations 

The Eddington tensor closures are related to flux-limited diffusion theory.  Every 

Eddington factor relationship has a corresponding flux limiter.  Unlike when using a 

telegrapher’s equation description of radiative transfer, when formulated as a flux-limited 

diffusion equation, the 0th and 1st moment equation are comparatively well behaved and 

do not generate shocks [40].  It is therefore preferable to express the 2nd moment closure 

as a nonlinear form of Fick’s law when generating solutions.  Valuable physical insight 

may be gained by expressing a given closure in the more physically meaningful 

telegrapher’s form but this form is less robust numerically. 

The flux-limited diffusion method includes the same 0th and 1st moment equations 

as above.  The difference is that rather than expressing the 2nd order Eddington tensor 

explicitly, the divergence of the radiative pressure is modeled as a nonlinear function of 

the dimensionless energy density gradient.  As a result, the 1st moment equation may be 

expressed (neglecting the temporal derivative) in the form of Fick’s first law with a 

nonlinear diffusion coefficient. 

 

 
  


F = −c

ωσ T

λ R( ) ∇E  (3.30) 

 

where 𝑅 = − 1 𝜔𝜎!
∇𝐸

𝐸  is the dimensionless gradient and the effective albedo is 

given by 𝜔 = 𝜎!𝐸 + 𝜅𝐵
𝜎!𝐸

 and B  is the black body energy density defined 

analogously to the radiative energy density, E .  Pomraning [49] proposed a more 

generalized form of this equation. 

 

 
  


F = −c

ωσ Tγ R( )λ R( ) ∇ γ R( )E( )  (3.31) 
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Here, 𝛾 𝑅  is an arbitrary function that is slowly varying in space.  Pomraning 

made use of the added flexibility in order to develop interface conditions.  He proposed 

using Equation (3.32) in order to generate correct results for a model problem.  The 

model problem chosen was the generalized Milne problem which involves the interface 

of two half-spaces. 

 

 ( ) 1 0.5959
2.1313 0.5959

RR
R

γ +=
+

 (3.32) 

 

Pomraning [49] also proposed a slightly different definition of the parameter R  

for problems in general geometries. 

 

 
   
R = −


∇⋅

F

σ TωcE
= 1−ω

ω
 (3.33) 

 

Once again, ω in Equations (3.30), (3.31), and (3.33) is the effective albedo 

which includes in its definition one of the solution variables, E .  This author has found 

that the definition of R  in Equation (3.33) provides a more stable system of equations 

when using the finite element method in higher dimensional geometries than the 

dimensionless gradient.  In particular, this choice of R  results in increased stability in the 

limits of pure scattering and small internal sources. 

There is a notable complication with this definition.  It allows for R  to become 

negative in strongly emitting regions.  This is not a problem for the maximum entropy 

flux limiter or any of the other limiters derived from Eddington factors.  However, it does 

present a problem for some of the ad hoc limiters used in the literature as well as some of 

the curve fits proposed since these expressions are generally fit using only positive data 

and are usually only plotted for positive R .  The solution is to note that all of the flux-
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limiters derived from Eddington factors are even functions so that the curve fits will 
perform reasonably well if R  is used instead of R . 

The diffusion formulation of the maximum entropy closure possesses another 

advantage as well.  The boundary conditions when using this formulation are the same as 

those used by the well-documented P1 approximation with the above alternative 

definition of the flux used.  These conditions are expressed easily and their 

implementation is trivially checked against generic diffusion solutions.  The Marshak 

boundary condition is  

 

 
   
2

F ⋅ n = ε

2− ε
4Ebw − E( )  (3.34) 

 

The nonlinear parameter 𝜆 in Equation (3.31) is called the flux limiter.  It is 

related to the Eddington factor derived before by 

 
 ( ) ( ) 2R f fλ χ= −  (3.35) 

 

While any arbitrary function may be introduced to define a flux limiter, those 

derived from Eddington factors tend to be more physically significant.  The equivalent 

flux limiter to the Kershaw Eddington factor is 

 
 ( ) ( )2

2
3 9 4

R
R

λ =
+ +

 (3.36) 

 

The maximum entropy flux limiter is once again defined by a transcendental equation. 
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( )

( )

2
2

1

1

csch Z
Z
coth Z ZR

λ

λ

= −

−
=

 (3.37) 

 

To the author’s knowledge, no alternative fit analogous to the ones used for the 

maximum entropy Eddington factor has been proposed for the maximum entropy flux 

limiter.  A fit of the form 

 

 ( ) ( )12
3

R cot Rλ α
π

−≅  (3.38) 

 

is proposed.  An optimal value for 𝛼 was found to be 0.2673.  Visually, this fit matches 

the solution to the transcendental equation.  Pomraning [49] proposed a rational fit to a 

flux limiter derived from previous work by Levermore and Pomraning [50].   

 

 ( ) 2

1 0.1440
3 1.0320 0.1440

RR
R R

λ +≅
+ +

 (3.39) 

 

Although their physical basis is very dissimilar, Eddington factors derived by 

Minerbo [39] and Levermore and Pomraning [50] provide very similar quantitative 

results [51].  Not surprisingly, the rational fit proposed by Pomraning is very similar to 

the single parameter fit proposed above. 

However, both of these fits are less than ideal.  Values for the flux-limiter may 

include large (~20%) relative errors as 𝑅 → ∞ as well as significant absolute errors in the 

neighborhood of R=3.  They are also not well behaved in the diffusion limit since they 

decrease too rapidly away from 1/3 as R  increases from 0.  With these limitations 

understood, the above equation is attractive for its analytical simplicity and its relatively 
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small errors for intermediate values of R .  It is also noted that solutions of the RTE are 

relatively insensitive to accurate evaluation of the flux-limiter.  This is one of the reasons 

that so many different flux-limiters have been proposed and used over the years. 

The results are very similar and a priori it is impossible to know which will 

perform best for a particular application.  The Pomraning fit will probably be preferable 

in most applications despite not being derived from the maximum entropy Eddington 

factor since it is both simple to implement and fast to evaluate.  A variety of flux-limiters 

is plotted below.  An index of flux-limiters from the literature is included in Appendix B. 

Figure 3.2: Comparison of several flux-limiters from the literature 

 



 27 

The Arbitrary-Lagrangian-Eulerian General Research Applications (ALEGRA) 

code is a shock physics code from Sandia National Labs.  Its radiation package includes a 

unique flux-limiter.  A list of the functional forms of a large number of flux-limiters, 

including the ALEGRA flux-limiter, is included in Appendix B. 

The M1 method is very fast and is significantly less memory-intensive than the 

discrete ordinates method.  When cast as a flux-limited diffusion equation, the solutions 

are smooth and stable.  It does not suffer from the ‘ray effect’ problem common to all 

discrete ordinate methods.  However, the M1 method does result in a nonlinear partial 

differential equation which does require iteration to solve.  This makes it more 

computationally expensive than some of the linear methods to follow such as the P1 and 

SP3 approximations. 

SPHERICAL HARMONICS 

In the spherical harmonics method [52, 53, 54, 55], the directional intensity is 

expanded in a series of spherical harmonics.  The coefficients in the series become the 

unknown quantities.  Unlike the discrete ordinates method, the spherical harmonics 

method provides a continuous rather than a discrete representation of the angular 

intensity.  As a result, solutions to the resulting equations do not suffer from the ‘ray 

effects’ which have proven to be so troubling for the discrete ordinates method. 

The moment methods are limited in their level of accuracy by the impracticality 

of providing higher order closure conditions.  The method of spherical harmonics does 

not have this problem, at least not directly.  High order spherical harmonics expansions 

have been developed and used in a wide variety of applications [52, 19].  However, the 

number of unknowns increases rapidly with the order of the approximation and the 
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derivations become quite long.  As a result, higher order expansions are rarely used for 

heat transfer applications [56]. 

Following the work of Modest and Yang [52] the RTE is recast as N(N+1)/2 

coupled second-order elliptic partial differential equations.  As presented by Davison 

[57], the angular intensity at a given point is represented as an infinite series. 

 ( ) ( ) ( )1 2 1
4 n

n
I n J

π
Ω = + Ω∑
r r

 (3.40) 

 

where 
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r
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The dual-indexed coefficients in the expansion, m
nI  may vary with position and 

wavenumber.  The spherical harmonics functions are defined in terms of the 

circumferential (θ ) and azimuthal (φ ) angles [58]. 
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The associated Legendre polynomials are  

 

 ( ) ( ) ( ) ( )
2 2

2
1

1 1
2 !

m
n m

nmm
n n n m

x dP x x
n dx

+

+

−
= − +  (3.43) 

 

Substituting Equation (3.40) into the RTE 
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The in-scattering term may be simplified using the orthogonality of the spherical 

harmonics functions over the unit sphere. 
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The streaming term may be rewritten as well. 
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 (3.46) 

 

The first term on the right is the spherical harmonic of order 1n +  while the second term 

is the spherical harmonic of order 1n − .  Equations (3.45) and (3.46) may be substituted 

into Equation (3.44). 
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For a two-dimensional geometry, the resulting 6 equations are reduced to 4 equations for 

the harmonics 2 0 2
0 2 2 2, , , and I I I I− . 
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The coefficients are defined as 
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If anisotropic scattering is considered an additional term appears in the nα  

definition which corresponds to the expansion coefficients of the scattering phase 

function.  Here, we are only considering isotropic scattering so that term is omitted.  A 

more complete derivation is given by Modest and Yang [52]. 
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Illustration 3.2: Nomenclature for P3 boundary conditions [52] 

The boundary conditions for the P3 equations are found by minimizing the 

approximation error in the surface intensity.  Results may vary depending upon the 

definition of this minimum.  The most popular choices are those of Mark [59, 60, 57] and 

Marshak [61].  The Marshak boundary conditions are considered to be more widely 

applicable [62] and will be the only ones considered here.  The Marshak boundary 

condition requires that the outgoing intensity at a surface predicted by the P3 

approximation be equivalent to the known outgoing intensity at that surface in the 

integral sense.  That is to say that while the angular distribution of the intensity may be 

inaccurate at the boundary, the angularly integrated intensity should be correct. 
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The overbar on the spherical harmonics in Equation (3.53) indicates the use of the 

local reference frame as opposed to the global reference frame.  The local reference 

frame is defined relative to the wall normal as shown in Illustration 3.2. 

After a great deal of tedious algebra, the final boundary conditions to be used are 

Equations (3.54)-(3.57).  Interested parties may find a more complete derivation in [52]. 
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The boundary conditions are in terms of normal and tangential derivatives as well 

as evaluations of 2 0 2
0 2 2 2, , , andI I I I− .  Solving for the surface normal derivatives allows for 

easy input into commercial PDE solvers. 
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The heat flux on a surface is given by [63] 
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SIMPLIFIED SPHERICAL HARMONICS  

The simplified spherical harmonics (SPN) equations are (potentially) higher order 

diffusion-type equations derived from any odd order spherical harmonics (PN) expansion 

[64].  The SPN approximation has been familiar to the nuclear engineering community 

for some time [65] but has only recently gained popularity among the heat transfer 

community [66, 67].  The SPN approximation is not only related to the PN 

approximation, but to the discrete ordinates (SN) and variable Eddington factor (VEF) 

approximations as well [68, 69, 70].  The mathematical properties of the SPN equations 

are analyzed in [71].  Due to the simplified nature of the SPN equations, fast and robust 

solvers have been implemented for their solution [72]. 

The most rigorous derivation of the SPN approximation involves diffusively 

scaling the transport equation and performing an asymptotic expansion of the differential 

operator [64, 73, 74, 75].  Alternatively, the SPN equations and boundary conditions may 

be derived from the 1-D PN equations and boundary conditions by replacing 1-D 

differential operators with equivalent 2-D or 3-D equivalents [76, 65, 77].  A small 

diffusive scaling parameter is defined as the inverse optical thickness. 
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For the following asymptotic expansion to be valid, it is required that 1ε <<  .  

Scaling the streaming operator, we have 
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The operator on the left hand side of Equation (3.60) is inverted using Neumann’s series. 
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The resulting equation is angularly integrated over the unit sphere.  Using the 

property that 
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the transport equation becomes 
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Using Neumann’s series again and multiplying by the extinction coefficient yields 

 

 
   
− ε 2

3σ T


∇2 − 4ε 4

45σ T
3


∇4 −

⎛

⎝⎜
⎞

⎠⎟
cE =κ 4π Ib − cE( )   (3.64) 

 



 35 

Truncating this series after a certain number of terms and performing a sequence 

of substitutions provides the corresponding SPN equations.  The algebra will be omitted, 

but interested parties may follow the references [74] for details.  The SP1 and P1 

equations are equivalent.  For 1-D slab geometries, the SPN and PN equations are 

equivalent as well.  However, for more general geometries the SPN equations are fewer 

and simpler than the corresponding PN equations.   

The SP3 approximation may be rewritten as a set of two diffusion equations 

coupled only through their boundary conditions. 
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The constants, µ  are defined as 
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The values of the constants are related to roots of the corresponding Legendre 

polynomial.  The new dependent variables are related to the energy density by 
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The radiative heat flux is found to be a linear combination of these two new 

solution variables. 
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The relative weights, 1a  and 2a   are found to be 
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The appropriate boundary conditions for the SPN equations are derived from a 

variational principle [74, 78, 79].  For nonblack walls the boundary conditions are 

slightly more complicated and are given in [74].  For black walls, the boundary 

conditions for the SP3 equations simplify to 
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with constant coefficients defined as 
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In the case of a 1-D slab geometry, these boundary conditions are equivalent to 

the previously discussed Marshak boundary conditions.  The SPN approximations are 

expected to perform well when the intensity field is almost isotropic and when the 

diffusive scaling parameter, ε  is very small. 

Solution time for the SPN approximations tends to increase with decreasing 

optical thickness.  This is because the resulting matrix equations become poorly 

conditioned as the opacity approaches zero.  This trend holds true for all of the second 

order forms regardless of angular approximation. 

COMPARISON OF ANGULAR APPROXIMATIONS 

All of the previously discussed angular approximations have advantages and 

disadvantages.  One of the challenges that an analyst faces is the appropriate choice of 

method.  Will the method provide results quickly enough to be useful?  Is the method 

capable of replicating the angular intensity distribution in a particular problem?  Will the 

errors introduced by inaccurately modeling the angular intensity distribution make the 

solution unusable? 

The question of the relative speed of the methods is a complicated one.  The wall-

clock time for a simulation is dependent not only upon the method employed but also 

upon the problem, the implementation, and the computer architecture being used to 

perform the simulation.  It is nearly impossible to control for all of these variables and 
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still provide a useful comparison.  This is especially true when considering the rapid 

advancements in computer architectures.  To further complicate matters, some methods 

like the discrete ordinates method may be modified to minimize processing times for 

problems with particular geometries and structured grids.  The way in which different 

methods interact with domain decomposition makes the scale of the problem important in 

determining which method will provide the fastest results. 

For this reason, we will focus only on question of accuracy.  The question of 

which method is ‘best’ for a particular problem is left unanswered.  The accuracy of a 

given solution method for a particular test case is defined as the relative error in a heat 

flux prediction, usually at a boundary.  Other quantities of interest such as the radiative 

flux divergence at a point or within a volume could have been chosen and the resulting 

accuracies would be different.  The relative error in the heat flux prediction is defined in 

the L2 sense.   
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A comparison is sought between the accuracy of the different methods for a set of 

two-dimensional test cases.  This set is by no means exhaustive.  The cases were chosen 

to represent a wide array of physical phenomena.  The equations were all solved 

numerically on fine spatial meshes so that spatial discretization error is negligible relative 

to the errors introduced by the various angular approximations. 
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Case 1 

Consider first the test problem of a square duct with a single hot wall.  The 

medium is absorbing and isotropically scattering but is non-emitting (cold).  All four 

walls are black.  Considering only the black-wall case is sufficient since all of the 

methods considered perform best in cases with nearly isotropic intensity and reflecting 

walls tend to reduce anisotropy in the intensity.  Additionally, only the case of a single 

hot wall need be considered for this geometry since superposition allows for any 

combination of the walls to be heated.  Non-isothermal walls present an additional 

complication and are included in Case 3.  An analytical series solution to this problem 

has been developed by Crosbie and Schrenker [37].  This technique was later expanded to 

inhomogeneous media with isotropic scattering [38].  Due to the discontinuous boundary 

conditions, the low order discrete ordinates methods perform poorly and exhibit 

distinctive ‘ray-effects.’  Although a number of techniques have been developed to 

mitigate ray-effects, they have proven to be highly problem dependent [80].  Because of 

the variability of the effectiveness of any one of these techniques no efforts to mitigate 

ray-effects are included here. 
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Illustration 3.3: Depiction of ray-effects in low-order (N=6) discrete ordinates solutions; 
contours of radiative energy density in medium from Case 1 with unity 
optical side-length and no scattering 

The relative error is found to be greatest when calculating the heat flux on the 

wall opposite the hot wall.  The spatially varying heat flux on the top wall is calculated 

with each of the methods.   

The relative error is calculated in the L2 sense and plotted as a function of optical 

thickness and scattering albedo in order to quantify the sensitivity of the error to these 

parameters.  Illustration 3.3 shows the oscillatory solution for the radiative energy density 

calculated using the PN-TN quadrature with N=6.  Ray effects completely dominate the 

solution for lower order cases.  It is noted that the shape of the error contours is common 

for all orders of SN. 
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Like all the methods considered, the relative error is minimized for optically 

thick, purely scattering media.  The intensity is nearly isotropic for these cases and the 

angular dependence is represented well by each of the methods.  

Figure 3.3: Relative error in the S4 prediction of Case 1 heat flux; Square enclosure with 
single hot wall and homogeneous participating medium.  Error reported is 
the L2 norm of the error in the heat flux prediction on the wall opposite the 
hot wall 

As the order increases, the relative error decreases for all parameter values.  

However, the general behavior remains unchanged.  For this reason, only the error in 

discrete ordinate approximations of order less than or equal to the S8 solution will be 

plotted for additional cases.  As the discrete ordinates approximation order is increased 

the error becomes less and less sensitive to the optical thickness. 
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Figure 3.4: Relative error in the S6 prediction of Case 1 heat flux; Square enclosure with 
single hot wall and homogeneous participating medium.  Error reported is 
the L2 norm of the error in the heat flux prediction on the wall opposite the 
hot wall 

The M1 method error has a similar parametric dependence to the discrete 

ordinates method for this problem.  It is observed to be generally less accurate than the S6 

method.  However, there are many applications where it would remain preferable since it 

involves only a single unknown and produces smooth solutions.  It is also noted that 

absent an internal source that the full capability of the M1 method remains untested.  The 

flux-limiter is not spatially varying in this example problem although the method allows 

for it to vary spatially. 
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Figure 3.5: Relative error in the M1 prediction of Case 1 heat flux; Square enclosure with 
single hot wall and homogeneous participating medium.  Error reported is 
the L2 norm of the error in the heat flux prediction on the wall opposite the 
hot wall 

The contours are essentially horizontal for optical thicknesses larger than 5.  The 

accuracy of the M1 method for large optical thicknesses is a function only of the 

scattering albedo. 

The P1 method behaves entirely differently than the other methods.  For small 

optical thicknesses ( 1Lτ < ), the error is almost entirely independent of the scattering 

albedo.   
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Figure 3.6: Relative error in the P1 prediction of Case 1 heat flux; Square enclosure with 
single hot wall and homogeneous participating medium.  Error reported is 
the L2 norm of the error in the heat flux prediction on the wall opposite the 
hot wall 

The P1 method is seen to be significantly more accurate than the M1 method for 

optical thicknesses approaching unity but less accurate for some highly scattering 

optically thick cases. 

The P3 method is seen to be less accurate than the P1 method for predicting the 

flux of interest for this case.  This counterintuitive result is consistent with observations 

in the literature involving this geometry [52].  In addition, geometries where only a 

portion of the bottom wall is heated have been reported to result in nonphysical behavior 

(negative energy density) in the corner regions.  The P3 method is seen to outperform the 
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P1 method in the prediction of other quantities of interest such as the side-wall heat flux 

and the shape of the energy density contours.  However, its relative failings in predicting 

our ‘conservative’ quantity of interest are concerning. 

Figure 3.7: Relative error in the SP3 prediction of Case 1 heat flux; Square enclosure 
with single hot wall and homogeneous participating medium.  Error reported 
is the L2 norm of the error in the heat flux prediction on the wall opposite 
the hot wall 

The SP3 approximation performs reasonably well for this case, outperforming the 

P1 and M1 methods in the optically thin and low scattering regimes.  It does produce 

large errors for optically thick cases with intermediate levels of isotropic scattering.  This 

apparently odd error behavior is a result of two competing interests.  The SP3 
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approximation performs well when the solution is either nearly isotropic or locally 1D.  

That is, that the direction of the energy density gradient varies slowly in space.  In this 

problem, the solution is not nearly isotropic for optically thick cases unless the scattering 

albedo is very large.  Additionally, the presence of the cold side walls makes the solution 

inherently 2D away from the symmetry plane.  Large opacities exacerbate this problem if 

the scattering albedo is not large enough to compensate or low enough to limit the 

influence of the boundary conditions. 

Case 2 

As a second example problem, consider another square enclosure.  The 

boundaries are cold and black.  There is a circle in the center of the domain with a 

uniform temperature and a zero scattering albedo and unity absorption coefficient.  

Outside the circle, the medium is cold and has uniform absorption and isotropic scattering 

cross-sections.  The circle is of a size such that the square of the radius is one tenth of the 

side-length.  The optical side-length is computed using the extinction coefficient outside 

of the source circle. 
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Illustration 3.4: Case 2 geometry explanation; infinitely long hot cylinder surrounded by 
homogeneous moderator 

The discrete ordinates method demonstrates the same error behavior for this case 

as for the previous example.  The error in this example is seen to be relatively smaller for 

both the S6 and S8 approximations.  This is partially attributed to the decreased optical 

distance between the source and the walls as well as the volumetrically distributed nature 

of the source.  The lack of any discontinuities in the boundary conditions is also credited 

with some decrease in overall error. 

Successively higher order discrete ordinates approximations were taken until 

sufficient convergence was observed.  The relative errors plotted in figures 3.8 – 3.13 are 
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computed using the heat flux corresponding to the highest order discrete ordinates 

solution as a reference. 

Figure 3.8: Relative error in the S6 prediction of Case 2 heat flux; infinitely long hot 
cylinder surrounded by homogeneous moderator.  Error reported is the L2 
norm of the error in the heat flux prediction on a plane perpendicular to the 
axis of the cylinder 
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Figure 3.9: Relative error in the S8 prediction of Case 2 heat flux; infinitely long hot 
cylinder surrounded by homogeneous moderator.  Error reported is the L2 
norm of the error in the heat flux prediction on a plane perpendicular to the 
axis of the cylinder 

The M1 method does not perform very well for this case for small to moderate 

optical thicknesses or low scattering albedos.   Generally speaking, conditioning becomes 

an issue as optical thickness decreases.  The intensity distribution becomes increasingly 

anisotropic as the scattering albedo decreases which results in large errors for these low-

order approximations.  The oscillatory heat flux provided by the discrete ordinates 

approximation may be reasonably close when integrated over a sufficiently large spatial 

area but is unsatisfactory qualitatively. 

 



 50 

Figure 3.10: Relative error in the M1 prediction of the Case 2 heat flux; infinitely long 
hot cylinder surrounded by homogeneous moderator.  Error reported is the 
L2 norm of the error in the heat flux prediction on a plane perpendicular to 
the axis of the cylinder 

The P1 approximation provides a generally more accurate solution than the M1 

method for this case.  This contradicts the expectation that the M1 method would be 

particularly advantageous for this type of problem [43].  This expectation was based 

primarily upon the performance of the M1 method in 1-D test cases and comparisons for 

a particular pool fire.  In the cited study, the M1 method is compared to Monte-Carlo 

results, the discrete transfer method, and a pair of discrete ordinates quadrature schemes.  

It was seen to perform well when predicting the energy density (as was observed here).  

However, in that study as well as this one, significant errors are shown in the radiative 
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heat flux.  Since most methods predict the energy density more accurately than the heat 

flux, the error in the heat flux is reported here as a conservative representation. 

Figure 3.11: Relative error in the P1 prediction of the Case 2 heat flux; infinitely long hot 
cylinder surrounded by homogeneous moderator.  Error reported is the L2 
norm of the error in the heat flux prediction on a plane perpendicular to the 
axis of the cylinder 

In 1-D cases, the M1 method is capable of accurately modeling streaming in 

either the positive or negative direction.  However, the method becomes unstable when 

multiple directions are significant.  In 2-D cases with 1-D or 2-D sources it appears that 

multiple directions are often significant and the M1 method offers little improvement 

over the P1 method.  The M1 and P1 method both produce consistently smooth results.  
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This is an advantage over discrete ordinates schemes whose oscillatory predictions can 

cause stability issues in multi-mode heat transfer codes. 

Figure 3.12: Relative error in the P3 prediction of the Case 2 heat flux; infinitely long hot 
cylinder surrounded by homogeneous moderator.  Error reported is the L2 
norm of the error in the heat flux prediction on a plane perpendicular to the 
axis of the cylinder 

The P3 method once again fails to accurately predict the wall heat flux.  

Additionally, large residuals are present near the corners of the geometry requiring 

additional mesh refinement in those regions.  The poor behavior near the boundaries and 

in particular near the corners is attributed to the intensity being uniformly zero over a 
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large portion of the angular domain [52].  This leads to an under prediction of the 

intensity near the boundaries and especially in the corners. 

Once again, the P3 method reproduces the energy density distribution in a 

qualitative sense.  However, it fails to accurately predict the wall heat fluxes which are 

the quantities of interest for this case.  The lack of physical meaning for the three 

additional spherical harmonic coefficients makes intuitive interpretation of these results 

difficult.  However, it is safe to assume that the PN solutions do not converge 

monotonically at all orders for these problems.  Therefore, care should be taken when 

applying the P3 method to new applications. 
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Figure 3.13: Relative error in the SP3 prediction of the Case 2 heat flux; infinitely long 
hot cylinder surrounded by homogeneous moderator.  Error reported is the 
L2 norm of the error in the heat flux prediction on a plane perpendicular to 
the axis of the cylinder 

The SP3 approximation performs exceptionally well for this problem.  The 

localized source in the center or the geometry generates a solution that is locally 1D 

everywhere within the domain.  The SP3 approximation results in relative errors less than 

6% regardless of optical thickness or scattering albedo.  Greater accuracy should be 

expected from higher order SPN approximations.  Additionally, the SPN solutions do not 

generate ray effects which remain a prominent feature of the discrete ordinates solutions 

for this problem. 
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Case 3 

A third case is also considered.  Like Case 1, the geometry is a square enclosure 

with black walls and a medium with uniform optical properties.  The top wall 

temperature is held constant at 500K while the bottom wall temperature is held constant 

at 300K.  It is assumed that the problem is conduction dominated yielding a linear 

temperature distribution within the medium and on both side walls. 

Figure 3.14: Relative error in the S4 prediction of the Case 3 heat flux; square medium 
with a linearly varying temperature profile with temperature gradient 
parallel to two walls.  Error reported is the L2 norm of the error in the heat 
flux prediction on low temperature wall 

The discrete ordinates approximations provide very accurate results for this case.  

There are no discontinuities in the volumetric source, boundary conditions, or optical 
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properties.  The result is a smooth and accurate solution from even lower order discrete 

ordinates approximations. 

Figure 3.15: Relative error in the S6 prediction of the Case 3 heat flux; square medium 
with a linearly varying temperature profile with temperature gradient 
parallel to two walls.  Error reported is the L2 norm of the error in the heat 
flux prediction on low temperature wall 

Higher-order approximations than S6 are seen to be nearly identical for this case.  

The error in the heat flux predictions of the discrete ordinates method is nearly 

independent of scattering albedo for the range of opacities considered.  This behavior is 

consistent with the previous cases for small opacities. 
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Figure 3.16: Relative error in the M1 prediction of the Case 3 heat flux; square medium 
with a linearly varying temperature profile with temperature gradient 
parallel to two walls.  Error reported is the L2 norm of the error in the heat 
flux prediction on low temperature wall 

The M1 method is seen to perform poorly for optical thicknesses below 1 for this 

case.  The reason for this is similar to the explanation of the poor performance of all 

methods at small optical thicknesses.   

The equations become more ill-conditioned as the optical thickness decreases.  

Additionally, the temperature gradient within the medium adds to the nonlinearity of the 

M1 equation.  Large optical thicknesses provide increased accuracy as do scattering 

albedos approaching unity. 
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Like the discrete ordinates approximations, the P1 error is largely independent of 

albedo.  The errors are seen to be less than for the M1 method for small optical 

thicknesses, but much greater for intermediate and large optical thicknesses.  Since both 

methods are essentially invalid at small optical thickness, it may be said that the M1 

method provides a more accurate solution for this case than the P1 method.  However, 

neither is as accurate as the S4  or SP3 approximations. 

Figure 3.17: Relative error in the P1 prediction of the Case 3 heat flux; square medium 
with a linearly varying temperature profile with temperature gradient 
parallel to two walls.  Error reported is the L2 norm of the error in the heat 
flux prediction on low temperature wall 

It might be suggested that distance from the nearest discontinuity be used as a 

more meaningful length scale for describing the error of the discrete ordinates 
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approximation.  This is reasonable because the ray effects emanating from a discontinuity 

dominate the error behavior in problems with strong discontinuities such as Case 1 and 

Case 2. 

Figure 3.18: Relative error in the SP3 prediction of the Case 3 heat flux; square medium 
with a linearly varying temperature profile with temperature gradient 
parallel to two walls.  Error reported is the L2 norm of the error in the heat 
flux prediction on low temperature wall 

The SP3 approximation is seen to produce smaller errors than the P1 or M1 

approximations everywhere within the parameter space for this problem.  However, 

significant errors are present as the optically thin limit is approached.  The SP3 results are 
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seen to be independent of scattering albedo for the third test problem.  All of the methods 

demonstrated this lack of sensitivity to the scattering albedo for this particular case. 

ANGULAR APPROXIMATION CONCLUSIONS 

Consistent with the literature, the first-order discrete ordinates equations were 

seen to be more accurate than the second-order equations of the same order [81].  

However, the second order formulation requires half the number of unknowns and 

consequently requires less memory than the first-order alternative.  This disadvantage of 

the first-order form may be mitigated or even eliminated by taking advantage of the 

sparse nature of the resulting matrix equations when performing scattering source 

iterations.  The second-order formulation does not require additional stabilization in order 

to be solved using traditional Petrov-Galerkin finite element methods. 

Examining the convergence of each of the quadrature sets demonstrated that the 

PN-TN and level symmetric sets provide the fastest convergence.  Since the level 

symmetric scheme is restricted in the maximum allowable number of ordinate directions, 

the PN-TN quadrature set is recommended. 

The M1 method is shown to be advantageous over the P1 method for a very small 

subset of the test space for the first 2 problems considered.  Since the M1 method is 

nonlinear and potentially unstable, it is not recommended for 2-D problems of this type.  

The M1 method does have several nice properties such as being flux limited and out-

performed the P1 method for intermediate and large optical thicknesses in the conduction 

dominated Case 3.   

The SP3 approximation is seen to be superior to the P1 and M1 approximations 

for applications where the solution tends to be locally 1-D.  Only one of the cases 

considered, Case 1 exploited its deficiency in non-locally 1-D applications.  It is further 



 61 

suggested that a very wide class of problems yield locally 1-D solutions and therefore 

lend themselves to solution by the SPN approximation methods.  Higher order SPN 

approximations are expected to yield greater accuracy, particularly in the diffusion limit.  

However, it is not expected that the shortcomings of the SPN approximations when the 

solution is truly 2-D or 3-D will be significantly mitigated by the inclusion of additional 

terms in the asymptotic expansion. 

The discrete ordinates methods are seen to be highly accurate in problems without 

ray-effect inducing discontinuities.  For problems with such features, the large number of 

ordinate directions required to mitigate the ray-effect oscillations may make the discrete 

ordinates methods computationally intractable. 

Of the low-order angular approximations considered, the SP3 method 

outperformed the M1, P1, and P3 methods in situations when the solution was 

approximately locally 1-D.  When the solution was fully 2-D, the P1 method appeared to 

provide the most effective trade-off between accuracy and computational expense 

although there were regions where the M1 and P3 methods were more accurate than the 

P1 method. 
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Chapter 4:  Spectral Integration 

The spectral integration of the intensity presents a unique challenge for 

uncertainty quantification.  The absorption coefficient as a function of wavenumber is a 

sum of hundreds of thousands of individual lines.  Assuming Lorentz profiles for the line 

shapes, each line is defined by three different parameters: a location parameter, a width 

parameter, and an intensity parameter.  Treating all of these parameters individually is 

not feasible for problems of interest in much the same way that solving the RTE using a 

line-by-line approach is impractical for most problems.  There have been numerous 

techniques developed to make the evaluation of the spectrally integrated intensity tenable 

for real problems. 

USING HITRAN AND HITEMP SPECTRAL DATABASES 

Spectral databases like HITRAN [82] or HITEMP [83] provide a list of all 

transitions that a gas molecule may undergo in the process of absorbing a photon.  Each 

transition is described by a number of parameters.  For our application, the most 

important parameters are the transition wavenumber (ν ), line intensity ( S ), and line 

width (γ ).  The databases provide this information for a reference state.  For the 

HITRAN and HITEMP databases, that reference state corresponds to a temperature of 

296K and a pressure of 1atm.  Since 2001, the HITRAN and HITEMP databases have 

used a 160 character format to describe each transition.  This format is detailed in 

Appendix C.  The HITRAN database has recently been updated with the release of 

HITRAN 2012 [84].  These updates have not been incorporated in the results presented 

here. 

In order to extrapolate this information to other states, additional parameters are 

tabulated.  These parameters include the air-broadened line width ( airγ ), temperature 
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dependence exponent ( airn ), and the pressure shift ( airδ ).  The pressure broadened 

absorption line half-width is given by (4.1). 
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air air
TpT T

p T
γ γ
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 (4.1) 

 

The exponent, airn  is determined empirically and tabulated in the HITEMP 

database.  The adjusted line intensity is given by (4.2). 
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The total internal partition sums, TQ  are recorded in a separate data file and 

provided along with the HITRAN or HITEMP database.  Values for TQ are given in 1K 

increments over a temperature range of 70 – 3000K [85, 86]. 

The HITEMP2010 spectral database includes 11,193,608 transitions for CO2 and 

114,241,164 transitions for H2O.  For each transition, a Lorentz line shape is used.  This 

is appropriate for heat transfer applications at moderate temperatures and pressures.   
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 (4.3) 

 

For low pressure systems, Doppler broadening dominates and the Voigt profile is 

more appropriate [87, 88].  The monochromatic absorption cross-section for a given 

wavenumber is found by summing the contributions from each individual line. 
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 ( ) ( );i i i
i

C S fν ν ν γ= −∑  (4.4) 

 

Since there are millions of terms in the summation in (4.4) and the line widths 

tend to be narrow relative to the spectral range of interest, the summation is carried out 
over only those lines which contribute significantly to ( )C ν .  Usually, absorption lines 

with centers within 25 cm-1 of ν  are used.  Using equations (4.1) - (4.4) and the default 
units provided by the HITEMP database, the molecular absorption cross-section, ( )C ν  

has units [cm2 / molecule]. 

This allows for the continuous definition of the absorption cross-section as a 

function of wavenumber.  In order to numerically solve the radiative transport equation 

with this absorption cross-section, it must be discretized.  The spectral region of interest 

is subdivided into a series of intervals over which the absorption cross-section may be 

assumed to be constant.  In order to resolve the complex spectral behaviour of the 

absorption cross-section, the size of these spectral intervals should be less than a 

characteristic line half-width.  The very large number of intervals required is the reason 

that line-by-line solutions of the radiative transport equation are so expensive. 

Band models seek to define representative optical properties within specified 

wavenumber intervals.  It is observed that variations in line intensity have a significant 

effect on the radiative transport while variations in line width have a relatively smaller 

impact [89].  It is assumed that all lines within a given band have the same width.  The 

three most common narrow-band models are those of Elsasser, Goody, and Malkmus. 

In the Elsasser narrow-band model the lines within a given band are assumed to 

follow a Lorentz profile and have equal intensity, spacing, and half-width.  The lines are 

assumed to overlap.   
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In the Goody narrow-band model the lines are again assumed to follow Lorentz 

profiles with equal widths.  Furthermore, the lines are assumed to be randomly positioned 

within the band.  The line intensities are exponentially distributed. 

In the Malkmus narrow-band model the line positions are randomly distributed as 

in the Goody model.  The line intensities are also randomly distributed but follow a 

different distribution.  The intensity distribution is cut off above a maximum intensity and 

below a minimum intensity.  The line intensities are exponentially distributed for high-

intensity lines as in the Goody model.  For low-intensity lines, the distribution is 

modified to be proportional to the inverse of the intensity.  This modification constitutes 

an improvement over the Goody model [90]. 

The exponential wide-band model is an empirical correlation in terms of the 

integrated band intensity (α ), the line-width parameter (B ), and the bandwidth 

parameter (ω ).  The total band absorption ( A ) is found using provided correlations.  The 

necessary parameters have been tabulated for many different gases [91, 92, 93, 94, 95, 

96, 97, 98].  The exponential wide-band model is less computationally expensive than the 

aforementioned narrow-band models but also less accurate. 

More recently, full-spectrum models have been developed including the spectral 

line-weighted sum-of-gray-gases (SLW) [99, 100, 101, 102, 103], cumulative 

wavenumber (CW) [104, 105, 101], and full-spectrum k-distribution (FSK) [106, 107, 

108, 109, 110, 111, 112, 113, 114, 115] methods.  It has been shown that the SLW 

method is a simplified version of the full-spectrum k-distribution method [116].  We 

focus on the full-spectrum k-distribution method. 
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THE FULL SPECTRUM K-DISTRIBUTION METHOD 

The k-distribution method represents an alternative to line-by-line calculations 

which reduces the number of RTE evaluations from the order of a million to the order of 

ten without any significant loss of accuracy for homogeneous media [117].  This requires 

the formulation of a weighted cumulative distribution function of the absorption 

coefficient where the weight function is the Planck distribution. 

 

 ,4
. .

( ) b
s t

g I d
T

η

η
η κ κ

πκ η
σ ≤

= ∫  (4.5) 

 

Figure 4.1 demonstrates graphically the regions over which the Planck 

distribution would be integrated in order to compute 𝑔 for a particular value of the 

absorption coefficient, 𝜅 (or equivalently, the absorption cross section, 𝐶) for a narrow 

section of a representative spectrum.  The Planck distribution is a function of the 
reference temperature.  The spectral absorption coefficient, ηκ  is a function of the local 

state (temperature, pressure, and concentration). 
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Figure 4.1: Demonstration spectral integration domain for generating k-distributions 
[113] 

C  is directly proportional to κ.  The constant of proportionality is the number 

density, N .  Assuming ideal gas behavior for a single absorbing species, this relationship 

is expressed in Equation (4.6). 

 

 PC N C
RT

κ = ⋅ ≈ ⋅  (4.6) 
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where P  is the partial pressure of the absorbing species, T  is the temperature and R  is 

the universal gas constant expressed in consistent units.  Intuitively, g   represents the 

fraction of energy present in all wavelength intervals for which the absorption coefficient 

is less than or equal to a given value.   

The implicit assumption in equation (4.5) is that the spectral dependence of 

energy within the system is based only upon the local optical properties and the Planck 

distribution at a particular reference temperature.  This allows for the optical properties to 

be weighted in a consistent way throughout the medium.  For homogeneous systems, this 

is true.  For inhomogeneous systems, this assumption breaks down.  For systems with 

large temperature or concentration gradients, the temperature and concentration 

dependence of the spectral properties produce large errors.  The fundamental problem to 

be addressed is the difficulty in quantifying these errors for the purposes of predictive 

simulation. 

The cumulative distribution function, g  is a smooth monotonically increasing 

function of the absorption coefficient, κ .  In fact, g  is bijective.  This is by construction 

since despite its rapid oscillations, the spectral absorption coefficient is a continuous 

function of wavelength.  In fact, since Lorentz profiles are assumed, the spectral 

absorption coefficient is even differentiable.  Voigt profiles are also differentiable.  The 

problem with using it to solve radiative transport problems directly is that the highly 

oscillatory nature of the distribution requires a prohibitively large number of spectral 

intervals in order to accurately resolve the properties.  In essence, what the k-distribution 

method does is take advantage of the fact that a given absorption coefficient is 

simultaneously achieved in many disjoint spectral intervals resulting in redundant RTE 

solves.  The k-distribution method identifies and removes this redundancy. 
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Figure 4.2 shows an example of a k-distribution generated for CO2 at 600K and 
1atm.  Since ( )g κ  is a bijection, it is invertible and a unique function gκ  or gC  may be 

defined. 

Figure 4.2: Example k-distribution for CO2 at 600K, 1 atm 

We can then rewrite the radiative transport equation as a function of g  rather than 

η .  The g  subscript denotes that the quantity is a function of g  rather than of 

wavenumber.  As a further simplification, we neglect scattering.  The full-spectrum k-

distribution may be extended to cases with scattering [107, 108, 106] but the scattering 

term is omitted in this development. 
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Additionally, we can evaluate the total intensity by integrating over g  rather than 

η .  By using this change of variables, the integration required to obtain the total intensity 

is simplified. 

 

 
1

0
gI I dg= ∫  (4.8) 

 

As can be seen from Figure 4.2, gκ  is a smoothly varying function of g  and 

consequently, gI  is a smoothly varying function of g  as well.  This allows for a much 

smaller number of quadrature points to achieve near-line-by-line accuracy.  The 

integration over g  may be accomplished using any available quadrature rule.  An 8 point 

Gaussian quadrature is found to provide good results in most cases although increased 

accuracy may be achieved by using higher order quadrature schemes. 

For each value of g  we find the intensity by solving the RTE for a (potentially 

inhomogeneous) gray gas.  This solution may be found by any of the methods discussed 

in Chapter 3 or other methods not discussed.  The methods range from highly accurate 

but computationally expensive to extremely fast with only first order accuracy.  Which 

solution method is appropriate may be determined based upon the optical thickness for a 

given value of g . 

There is an inherent problem with the method just described when analyzing non-

isothermal media.  The Planck distribution in Equation (4.5) is not only a function of 

wavenumber, but of temperature as well.  Choosing the appropriate temperature for use 

in defining the k-distribution function a priori is difficult for non-isothermal problems.  

For cases where temperature variations across the domain are relatively small, this 
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temperature dependence is negligible and the full spectrum k-distribution method 

provides good results for any reasonable choice of reference temperature including but 

not limited to the maximum temperature in the system, the volume averaged temperature, 

the Planck mean temperature, and the emission weighted temperature [116]. 

As the temperature variations become large, significant errors can develop as a 

result of this approximation [114].  One way to solve this temperature dependence 

problem is to model the absorption coefficient's dependence on the temperature as was 

done in the Multi-Group Full Spectrum k-Distribution Method (MGFSK) [118]. 

The MGFSK method provides good results for inhomogeneous media and the 

accuracy may be increased by the inclusion of an increasing number of groups.  

However, the method remains approximate and can result in significant errors if an 

insufficient number of groups is used.  As the number of groups included increases, the 

MGFSK solution approaches the line-by-line solution in both accuracy and 

computational cost. 

A drawback inherent to all of the methods for approximating the spectral intensity 

is that the assumptions made in their development are not always valid.  In fact, these 

assumptions are most often invalid for inhomogeneous media problems.  For the k-

distribution method and its extensions, there are two underlying assumptions which are 

commonly invalid for inhomogeneous media problems.  The first assumption is that the 

spectral energy density within the medium is approximated well by a Planck distribution 

at a chosen reference temperature.  The second assumption is that the spectrum is 

correlated.  This assumption is commonly referred to as the so-called scaling 

approximation. 

 
 ( ) ( ) ( ),C s C u sη η= ⋅  (4.9) 
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This assumption is perfectly valid for many applications [119, 112, 111].  The 

issue that arises when applying the k-distribution method to problems with 

inhomogeneous media is that this assumption is not a good one in the presence of strong 

temperature or concentration gradients [119, 120, 121].  One of the main drawbacks to 

the method is that not only can these errors become large, but there is currently no 

established technique for assessing the validity of equation (4.9) quantitatively.  In 

practice this means that the method is either not used, used blindly, or that expert 

intuition is required to qualify the reliability of the results.   

A robust method in keeping with the general requirements of uncertainty 

quantification is highly desirable.  While other researchers have found various ways to 

reduce these errors [114, 118], there has previously been very little published regarding 

the estimation of these errors for the purposes of uncertainty quantification.   

One option for evaluating the errors introduced by the k-distribution method is to 

eliminate them and replace them with errors which are easier to quantify.  This is the 

approach taken in the Multi-Source Full Spectrum k-Distribution (MSFSK) Method 

[122].  The MSFSK method is capable of providing exact results for one dimensional 

geometries with piecewise constant temperature and absorption coefficient in the same 

way that the full spectrum k-distribution method is able to provide exact results for 

homogeneous media.  The errors introduced by approximating a continuous temperature 

or property distribution as piecewise constant are well understood and easily estimated. 

THE MULTI-SOURCE FULL SPECTRUM K-DISTRIBUTION METHOD 

For treatment of non-isothermal media, various approximations must be made.  It 

is not feasible to provide a continuous definition of the medium’s spectral properties as a 

function of temperature.  As a substitute, the continuous temperature distribution within 
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the slab is modeled as piecewise constant in what has been called a multilayer approach.  

Solovjov and Webb applied this method to the SLW and CW methods in 2008 and 

demonstrated that a relatively small number of layers is actually required in order to 

achieve good predictions of the radiative heat flux and flux divergence [101]. 

The non-isothermal slab is divided into K  layers.  Each layer has a temperature, 

kT , a spectral absorption coefficient, k
ηκ and a width, 1k k kx x x −Δ = − .  Within each layer, 

the total integrated heat flux and flux divergence are sought.  The multi-layer 

approximation is similarly applicable to inhomogeneous media with concentration 

gradients.  If concentration gradients exist, layers should be sufficiently thin so that the 

spectral absorption coefficient may be modeled as constant within each layer.  By treating 

the temperature distribution as piecewise constant, spatial discontinuities in the source 

function are introduced.  These result in corresponding discontinuities in the radiative 

flux divergence. 
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Figure 4.3: Schematic illustration of multilayer system and geometric nomenclature  
[101] 

For isotropic scattering and diffuse boundary conditions, the directionally 

integrated spectral heat flux is only a function of optical depth and is given by equation 

(4.10).  As previously stated, optical depth is the non-dimensional spatial coordinate. 
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Neglecting scattering, the source function is simply the black-body intensity and 

is piecewise constant.  Inserting the definition of optical depth and simplifying the 

integrals yields the spectral heat flux as a function of position. 
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Using the multilayer approach, the definition of the optical depth may be 

simplified. 
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The k-distribution method may be applied within each layer in order to reduce the 

number of spectral evaluations required.  In order to do this, a reasonable reference 

temperature should be established.  It has been shown [123] that in general non-

isothermal problems this is not always feasible and that errors associated with this choice 

are difficult if not impossible to quantify. 

The form of equation (4.11) suggests an alternative to the establishment of a 

global reference temperature.  The problem may be recast as 3K sub-problems, K of 

which includes emission from exactly one layer at exactly one temperature.  The other 

2K sub-problems involve purely absorbing media with a (complex) spectral boundary 

condition.  The spectral heat flux at the layer boundaries is found by performing a line-
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by-line solution on a significantly coarser spatial grid with only K points.  There is no 

additional assumption introduced here besides the multilayer approximation.  The 

radiative transport equation is linear within each layer and we are representing the 

solution as a superposition of solutions to simpler problems. 

For ease of explanation, we will discuss the contributions to the spectral heat flux 

at layer boundaries as being due to contributions from each individual layer.  The total 

spectral heat flux is found by summing the contributions from each of the individual 

layers.  In the one-dimensional problem, these contributions may be written explicitly. 

The contribution to the spectral heat flux due to emission from the kth layer is 

given by equation (4.13). 
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In order to use the k-distribution method to simplify the numerical spectral 

integration, an appropriate weighting function for the generation of the absorption line 

blackbody distribution function (ALBDF) must be defined.  Usually, a Planck 

distribution at a set reference temperature is used as this weighting function.  However, 

the method may be generalized by using a general weighting function which can be 

defined for each problem. 
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The ( )w λ  is a weighting function that may be different for each sub-problem.  

Consider the K sub-problems representing the flux within a given layer due to emission 

from within that same layer.  For the kth sub-problem of this type, the weighting function 

is simply the Planck distribution at the layer temperature and is given by equation (4.15). 

 
 ( ) ( ),b kw I Tηη =  (4.15) 

 

A database of k-distribution functions using these weighting functions has 

previously been developed by Modest for CO2 and H2O [117].  The distributions in this 

database are derived using a different spectroscopic reference than the HITRAN database 

used here [82].  However, the two databases yield similar results and after the 

simplification of applying the k-distribution method, the distributions are 

interchangeable.  More recently, a database of k-distribution weighting functions has 

been updated using the HITEMP 2010 spectral database [115]. There is no geometry 

information imbedded in equation (4.15) so these functions may be evaluated and 

inverted offline. 

There are an additional K sub-problems representing the heat flux within a given 

layer due to emission from layers to the left of that layer.  For these sub-problems the 

appropriate weighting function is given by equation (4.16).  Note that the weighting 

functions presented here only equal the spectral heat flux up to a multiplicative constant 

since any such constant is eliminated in the normalization of g   performed in equation 

(4.14). 
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The remaining K sub-problems represent the heat flux within a given layer due to 

emission from layers to the right of that layer.  The appropriate weighting function in 

these sub-problems is given by equation (4.17). 
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The k-distribution method has the advantage that any standard quadrature rule 

may be employed to evaluate the spectral integral which has been transformed into an 

integral over g .  While it is possible to vary the quadrature rule used at different spatial 

points within the slab, it is generally not very practical to do so.  From this point forward, 

our notation will assume that the same N-point quadrature rule is used at every spatial 

point. 
Within each layer, equation (4.14) is inverted to define a unique function gκ  

which is constant within that layer in the same manner as k
ηκ  and kT .  The modified 

wavenumber, g  is in [ ]0,1  and the choice of quadrature rule defines a set of N transport 

equations that should be solved within each layer.  Any appropriate solution technique 

may be used to determine the solution within each sub-problem.  The solution method 

may be chosen on the basis of layer optical thickness. 

Summing the solutions for the total heat flux or flux divergence from the 3K sub-

problems yields an accurate solution to the inhomogeneous problem on a very fine spatial 

grid.  Each of the sub-problems is solved using the k-distribution method with the 

appropriate weighting function.  Because each of the sub-problems consists of either a 

homogeneous media surrounded by cold black walls or a purely non-emitting media 
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subject to a spectral boundary condition, the k-distribution method is capable of 

reproducing line-by-line results exactly. 

The significant cost savings provided by this method relative to a full line-by-line 

solution stems from the significant computational savings and efficiency gained by the 

use of the k-distribution method.  This decrease in cost comes at virtually no cost in 

accuracy besides that incurred due to the use of the multilayer approximation. 

Computational Cost of the MSFSK Method 

We will compare the computational cost of the multi-source k-distribution method 

with the cost of a line-by-line solution and with a standard k-distribution method.  The 

line-by-line solution requires lblN  solutions of the gray radiative transport equation at M 

spatial locations.  The cost of a single gray RTE solution scales as Mα  where [ ]2,3α∈  

depends upon the RTE solution technique as well as the linear algebra package 

employed.  The case where 2α =  corresponds to the evaluation of the analytical solution 

expressed in equation (4.10).  3α =  corresponds to the solution of a general dense 

matrix.  The cost of a line-by-line solution is therefore given by equation (4.18). 

 

 lblN M α  (4.18) 
 

By contrast, the cost of a solution by the standard k-distribution method is given 

by equation (4.19).  The only difference from equation (4.18) is the number of times the 

chosen RTE solver must be called in order to generate the solution.  The solution time 

scales linearly with this parameter. 

 

 kdistN M α  (4.19) 
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Here, 𝑁!"#$% ≪ 𝑁!"!  is the number of quadrature points used in the k-distribution spectral 

integration.  The number of RTE evaluations involved in the k-distribution method is 

always considerably less than the number involved in a line-by-line solution.  This 

commonly represents up to 5 or 6 orders of magnitude improvement in computational 

cost over the line-by-line method.  However, for non-isothermal media, this improvement 

comes at a cost in accuracy which can be large in some cases and has yet to be effectively 

bounded in general. 

The cost of the multi-source k-distribution method is between the two and is 

given by equation (4.20) where K is the number of layers used in the multilayer 

approximation. 

 

 3lbl kdist
MN K N K
K

α
α ⎛ ⎞+ ⎜ ⎟⎝ ⎠

 (4.20) 

 

For simplicity, it is assumed that the number of spatial points per layer is uniform.  

For this method to be viable, 𝐾 ≪ 𝑀.  Ideal applications for this method are those 

requiring a high order of accuracy on a fine spatial grid. 

MSFSK Results and Discussion 

Solovjov and Webb established the convergence and viability of the multilayer 

approach in their paper  [101].  This establishes the legitimacy of approximating a slab 

with a continuous temperature distribution as having a piecewise constant temperature 

distribution as depicted graphically in Figure 4.3.  The question remains how well the k-

distribution method and the multi-source k-distribution method predict the radiative heat 

flux and flux divergence in slab geometries with piecewise constant temperature 

distributions. 
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As a limiting case, consider a large step change in temperature.  The left half of 

the slab (50 cm) is at 1000 K.  The right half is at 300 K.  The medium is 10% CO2 by 

mole and is at a uniform pressure of 1 atm.  The CO2 is mixed with a gas that is assumed 

to be nonparticipating.  Spectral line data (centers, half-widths, and intensities) are 

acquired from the HITRAN 2004 database [82]. The line data is used to generate a high 

resolution absorption spectrum.  Lorentz profiles are used for all line shapes.  The same 

spectrum is used in both the line-by-line solution and in the generation of the k-

distribution functions. 

Figure 4.4: Heat flux distribution in a non-isothermal medium bounded by cold black 
walls; Comparison of MSFSK results to line-by-line and k-distribution 
results 
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Figure 4.4 shows the calculated heat flux using the full spectrum k-distribution 

method with a single reference temperature and using the multi-source k-distribution 

method.  These results are compared to those generated using line-by-line calculations.  

Using a reference temperature of 300 K gives poor results.  The majority of the radiative 

energy is emitted in the hotter left half of the slab.  Using a reference temperature of 300 

K is totally incorrect for this spatial region.  For this reason, the heat flux is poorly 

represented in every part of the domain. 

Using a reference temperature of 1000 K, the heat flux prediction is quite accurate 

in the left half of the domain (𝑥 𝐿 <
1
2).  Relative errors are higher in the right half of 

the domain (𝑥 𝐿 >
1
2).  The fact that this model does a relatively  poor job of predicting 

the behavior of energy emitted from the right half of the medium has little effect since the 

vast majority of the flux is due to the high temperature emission from the left half of the 

slab.  However, this model also does a poor job of predicting the absorption of energy in 

the right half of the slab.  This leads to potentially large relative errors in predicting the 

heat flux exiting the right boundary.  The thicker the cold region becomes, the more 

significant this error becomes. 

Modest and Zhang analyzed the effect of the length of the cold region on the error 

in the heat flux at the right wall for several different reference temperature models [116].  

They used a higher temperature for the hot zone and a slightly different gas mixture for 

their test case.  However, the general trends should hold true.  Five different reference 

temperatures were used in this study and none were capable of achieving the kind of 

accuracy reported here using the Multi-Source method.  Admittedly, this improvement in 

accuracy comes at a computational cost.  However, for applications for which accuracy is 

paramount, the multilayer multi-source k-distribution method provides a more efficient 

alternative to line-by-line calculations.  It should also be noted that the MSFSK method is 
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ideally suited for problems where the actual temperature distribution is piecewise 

constant.  This eliminates the major source of error in the MSFSK method. 

This example highlights the difficulty of using the k-distribution method in non-

isothermal media.  The appropriate choice for a reference temperature is virtually 

impossible to determine a priori.  Furthermore, the error associated with an incorrect 

choice of reference temperature is unknown.  The correct value of the heat flux at any 

given spatial location is not guaranteed to be bounded by the heat flux calculated using 

the maximum system temperature as the reference temperature and the  heat flux 

calculated using the minimum system temperature as the reference temperature.  As can 

be seen from Figure 4.4, this error can be substantial. 

In contrast, the error introduced by the multilayer approximation has a well-

known and easily quantifiable behavior [124, 125].  To demonstrate this fact, consider a 

slab at a uniform pressure of 1 atm.  The only participating species present is CO2 which 

has a molar concentration of 10%.  The slab is 1m thick and subject to a linear 

temperature profile. 

 
 ( ) 300 950T x x= +  (4.21) 

 

The wide range of temperatures presents a challenge for the traditional k-

distribution method and it is difficult if not impossible to determine a priori if the k-

distribution method will provide reliable results for this problem.  As it turns out, the 

traditional k-distribution method is capable of providing moderate accuracy for this 

problem when using an optimal global reference temperature.  However, this optimal 

reference temperature is not generally known without comparison to line-by-line results 

making the method unreliable for general applications. 
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Figure 4.5: Heat flux distribution in a medium with linear temperature profile bounded by 
cold black walls; comparison of MSFSK and line-by-line results for CO2 
with a molar concentration of 10% 

Figure 4.5 shows the accuracy and convergence of the multilayer approximation 

in a problem with a continuously varying temperature profile and temperature-dependent 

spectral properties.  The line-by-line results for the piecewise constant cases with 4 and 8 

layers are not shown since they are indistinguishable from the MSFSK results.  The 

continuous curve labeled ‘Line-by-Line’ in the figure represents the direct line-by-line 

solution on the fine grid.  For these cases, it should be considered the exact solution to the 

radiative transport equation including temperature-dependent spectral properties. 
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Consider an additional example with a quadratic temperature profile.  Once again 

large temperature gradients are present making the blind application of the k-distribution 

method a dubious choice for high-accuracy applications. 

 

 ( )2( ) 1000 2000 2
LT x x= − −  (4.22) 

 

As a result of symmetry considerations, an odd number of layers is used in this 

example.  There is nothing preventing the use of an even number of layers.  The 

convergence behavior and error estimations properties remain unchanged. 
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Figure 4.6: Heat flux distribution in a medium with quadratic temperature profile 
bounded by cold black walls; comparison of MSFSK and line-by-line results 
for CO2 with a molar concentration of 10% 

Figure 4.6 shows the results for this third example problem.  Once again, the only 

error introduced is that of the multilayer approximation.  This is by design.  The difficulty 

of quantifying the error of the k-distribution method in inhomogeneous media is 

circumvented by approximating any problem as a superposition of sub-problems, each of 

which is homogeneous.  The error introduced by approximating a general problem this 

way is readily understood and converges predictably as the number of layers increases. 

The disadvantage of this approach is the oscillatory nature of the MSFSK 

solutions.  This is readily apparent in Figures 4.5 and 4.6.  This is a result of 

approximating the temperature distribution as piecewise constant.  For a monotonic 
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temperature profile this results in an under prediction of the emission in one part of the 

layer and an over prediction in another.  These oscillations could be eliminated by only 

approximating the optical properties as piecewise constant as opposed to the entire state 

vector.  However, while potentially appealing for some applications this approach would 

likely result in a less rigorous error analysis. 

Figure 4.7: Convergence in relative error for the multilayer approximation for quadratic 
temperature profile example problem; L2 error of MSFSK heat flux 
prediction relative to line-by-line prediction for CO2 with a molar 
concentration of 10% 

Figure 4.7 shows the convergence rate of the multilayer approximation for a 

quadratic temperature profile.  The relative error in the spatially varying heat flux is 

calculated using the usual L2 norm.  The consistent and known rate of convergence 
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allows for the use of a wide array of numerical tricks for estimating the error and 

improving successive approximations.  This behavior has been previously observed and 

reported for gray gas cases [124]. 

Another common test case involves finding the steady-state temperature 

distribution for a system rather than the flux or flux divergence for a system with a 

known temperature distribution.  The multi-source full spectrum k-distribution may be 

applied to problems of this type as well.  Consider a slab of gas that is 10% CO2 by mole.  

CO2 is the only participating species and scattering is negligible.  The slab is bounded by 

back walls whose temperatures are held fixed.  The left wall is 1000K and the right wall 

is 500K.  The temperature dependence of the spectral properties is included in the 

calculation.  The temperature distribution corresponding to radiative equilibrium is 

sought. 
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Figure 4.8: Steady-state temperature profiles for a slab with fixed temperature boundary 
conditions using line-by-line and MSFSK methods 

Figure 4.8 contrasts the actual temperature profile calculated using a line-by-line 

approach with approximate temperature profiles generated by the MSFSK method.  It is 

interesting to note that this is not the same temperature profile one would find by defining 

two or five homogeneous control volumes and conserving energy over them.  The steady-

state MSFSK profiles are also not approximations of the continuous curve although they 

approach that curve in the limit as K →∞ .  In the MSFSK method, radiative equilibrium 

cannot be reached due to the piecewise constant constraint on the temperature profile.  

Radiative equilibrium is defined as a state where the radiative flux divergence is 

identically zero everywhere in the domain.  Instead, the L2-norm of the calculated flux-
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divergence on a fine spatial grid is minimized with respect to the temperature values for 

the K layers. 

This approach is not ideal for pure radiation problems.  The MSFSK method is 

intended for use in combined-mode problems for which the fine spatial grid required to 

accurately evaluate convection phenomena is over-kill for the radiation problem.  The 

resulting method allows for the accurate inclusion of spectral radiative properties while 

only introducing well-understood discretization errors rather than unknown and 

unbounded errors resulting from one of many non-gray RTE solution techniques.  In this 

way, non-gray radiation may be included in large-scale combined-mode problems with 

the confidence of knowing the approximation errors introduced. 

The multilayer approach as presented above provides a significant increase in 

accuracy when compared to other k-distribution based approaches while remaining 

significantly less computationally expensive than a standard line-by-line solution.  

Unfortunately, it is not readily applicable to general higher dimensional geometries.  

Furthermore, the weighting functions used are not problem-independent and must be 

generated for each geometry decreasing run-time performance.  The errors introduced by 

this method are entirely due to the multilayer approximation.  As a result, the method 

converges linearly as the number of layers increases.  This allows the error relative to the 

line-by-line solution to be estimated.  This ability to estimate the error in evaluating the 

spectral integral is both unique and desirable.  However, due to the drawbacks associated 

with the MSFSK method, another technique is developed.  This technique is both 

applicable to higher-dimensional geometries and completely independent of the problem 

being studied.  It does not however provide increased accuracy relative to a traditional 

full-spectrum k-distribution method.   
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THE STOCHASTIC FULL SPECTRUM K-DISTRIBUTION METHOD 

The full spectrum k-distribution is defined as 

 

 
   
f TP ,φ


;C( ) = 1

Ib

Ibη TP( )δ C −Cη φ
( )( )dη0

∞

∫  (4.23) 

 

The temperature, PT  is a representative temperature for the Planck function being used as 

a weighting factor.  The state vector,  φ
r

 can include components such as the gas 

temperature (or temperatures in non-LTE systems), absolute pressure, and species 

concentrations.  The function, f  depends upon φ
r

 implicitly through the spectral 

absorption cross-section, Cη .  In practice, the cumulative distribution function 

corresponding to the full-spectrum correlated k-distribution is more useful. 

 

 
   
g TP ,φ


;C( ) = f TP ,φ


; C( )d C0

C

∫ = 1
Ib

Ibη TP( )H C −Cη φ
( )( )dη0

∞

∫  (4.24) 

 

There have been several databases developed in order to rapidly evaluate these 

functions [109].  This transformation from wavenumber space into fractional Planck 

distribution space involves the effective reordering of the spectral absorption cross-

section.  This is done independently for each value of the state vector, φ
r

.  The 

assumption that underlies this process is the so-called scaling approximation.  The 

application of the scaling approximation assumes that despite performing this reordering 

independently for each value of the state vector that the reordering is consistent 

throughout the entire spatial domain. 

Previous efforts to define the model-form uncertainty associated with the 

correlated k-distribution method [123, 124] focused on approximating the problem 

domain so as to eliminate the k-distribution model error and replace it with a more 
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readily quantified discretization error.  The Multi-Source Full Spectrum k-Distribution 

Method just described is an example of this approach.  This technique is currently 

restricted to 1-D applications and is deemed inadequate for general uncertainty 

quantification applications at this time.  We seek to develop a method for establishing the 

confidence with which we may rely upon results generated by the k-distribution method 

in general inhomogeneous media.  This requires a deeper understanding of what causes 

the errors in the k-distribution method. 

It is common practice to utilize a correlation assumption between the distribution 

functions at different gas and Planck temperatures.  These empirical correlations 

represent a way of interpolating between distribution functions generated from high 

resolution spectral data at a finite combination of gas states and Planck temperatures.  

Similar interpolation of the additional stochastic parameters suggested here is necessary 

for solving general problems in a computationally efficient manner.  We will not focus on 

the generation of these correlations but rather on introducing a new parameter derived 

directly from the high resolution spectral data for quantifying the uncertainty associated 

with the full-spectrum cumulative k-distribution method. 

It is first instructive to break the process of developing the full-spectrum 

correlated k-distribution function embodied by Equation (4.24) into two parts.  The first 

step is a reordering in wavenumber space so that the absorption coefficient is 

monotonically increasing.  This amounts to a transformation from wavenumber space, η

into modified wavenumber space, *η .  The modified wavenumber represents the portion 

of the spectrum for which the absorption coefficient is less than a particular value.  The 

transformation from wavenumber space to modified wavenumber space constitutes the 

reordering of the absorption coefficient spectrum.  The full-spectrum correlated k-

distribution method effectively generates a unique transformation for each value of the 
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state vector.  The scaling approximation assumes that each of the unique transformations 

is equivalent thereby neglecting any errors introduced.  In practice these transformations 

are not equivalent.  This is the major source of error in the correlated k-distribution 

method.  The SFSK method recognizes that these transformations vary with respect to the 

state vector and quantifies the error introduced by the gradual failure of the scaling 

approximation. 

 

 

  

f η( )dη
η: Cη<C{ }
∫ = f η *( )dη *

0

ηC
*

∫ ∀f

ηC
* = dη

η: Cη<C{ }
∫

  (4.25) 

 

This transformation is bijective, but not necessarily unique.  The choice of 
transformation does not effect ( )*C η  and is a result of the sorting algorithm used.  This 

intermediate variable, *η  is not useful in any computation and only serves to 

demonstrate the independence of the spectral reordering and the spectral weighting. 

The original spectrum is shown in Figure 4.9. 
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Figure 4.9: Example of CO2 spectrum in normal wavenumber space 

The wavenumbers are reordered in such a way that the absorption cross-section is 

a monotonically increasing function of the reordered wavenumber, *η .  This property 

defines the modified wavenumber *η .  The result for the sample spectrum from Figure 

4.9 is shown in Figure 4.10. 
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Figure 4.10: CO2 spectrum in reordered wavenumber space 

Unfortunately, *η  is not a very useful variable.  While this reordering smooths 

the absorption coefficient function, it does the opposite for the Planck distribution.  The 

solution to this problem is to absorb the spectral variations of the Planck distribution into 

the independent variable.  This is the second step of the k-distribution process.  This step 

is performed in exactly the same way for both the FSK and SFSK methods.  A more 

formal derivation has been given in the literature [116, 110], but this intuitive description 

is more convenient for the explanation to follow. 

The second step is a scaling of *η .  We weight the modified wavenumber by a 

fractional Planck distribution at a preselected temperature.  Ideally, this weighting 

function should approximate the distribution of energy within the system which is 
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generally not spatially invariant and which is likely significantly more complex in reality 

than a Planck distribution.  Fortunately, the usual quantities of interest such as heat fluxes 

and steady-state temperature distributions are relatively insensitive to the choice of 

weighting function.  Using the gas temperature to generate the Planck distribution 

weighting function yields Figure 4.11 for our continuing example. 

Figure 4.11: Example k-distribution 

The choice of weighting function here is analogous to the choice of a spectral flux 

distribution within an energy group when accounting for spectral self-shielding in a 

classical multi-group analysis.  One would like it to be close to the actual distribution, but 

it is recognized that the actual solution is relatively insensitive to changes in this 
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weighting function and that as long as the choice of temperature for the Planck 

distribution is reasonable that the errors introduced in step two are negligible relative to 

the errors introduced in step one (for inhomogeneous cases).  As will be seen later, the 

error introduced in step two may become non-negligible when the error from step one is 

small.  However, in these cases the overall error remains small and the proposed error 

indicator remains a reasonable measure of the error in the k-distribution solution.  For 

this reason, we focus exclusively on the errors associated with the reordering of the 

spectral absorption coefficient. 

As presented, there is no error associated with reordering wavenumber space for a 

homogeneous problem.  The issue arises for inhomogeneous problems where the 

reordering of wavenumber space is not uniform across the domain.  This represents a 

failure of the so-called scaling approximation. 

This is a potentially serious issue since it tends to group optically thick and thin 

regions of the spectrum together when, in reality they should not interact.  For thermal 

radiation, scattering is generally considered monochromatic.  In the classical problem of a 

hot slab radiating through a cold gas column, this tends to result in a significant 

overestimation of the total attenuation by the cold gas.  In order to eliminate this error, 

the same reordering in wavenumber may be applied across the entire domain.  We define 
a reference state, 

  
φref

 
with a corresponding spectral absorption coefficient and cumulative 

k-distribution. 

 

 
   
g TP ,φref

 
;C( ) = 1

Ib

Ib,η TP( )H C −Cη φref

 ( )( )dη0

∞

∫  (4.26) 

 



 98 

As a result, 
   
C g;φref

 ( )  is smooth and monotonically increasing.  However, 

   
C g;φ

( )  is not smooth for a general state.  The spectral reordering corresponding to 

Equation (4.26) is used at all spatial locations, regardless of the local state at those 

locations.  This results in “noisy” k-distributions for every state that is not equivalent to 

the reference state.  It should be emphasized that Equation (4.24) and Equation (4.26) 

differ in the argument provided.  It should be clear that Equation (4.24) depends upon the 

local gas state and therefore may not be equivalent everywhere within the domain unless 

the scaling approximation applies.  Correlated k-distributions computed using Equation 

(4.26) do not have this drawback.  Unfortunately, the also lack one of the key advantages 

of the FSK method: the smoothness of the local absorption coefficient with respect to the 

cumulative distribution variable, g .  Directly evaluating the integral over this g  would 

be similar to a line-by-line solution and should be avoided.  What we seek is a way to 

estimate the difference between results generated using the curve from Equation (4.24) 

and those generated from Equation (4.26) without explicitly computing the latter.  Figure 

4.12 shows the absorption cross-section versus 𝑔 for CO2 at 600K reordered using the 

same gas at a temperature of 800K as a reference state. 
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Figure 4.12: Consistent spectral reordering 

Figure 4.12 is seen to resemble Figure 4.11 with noise applied to the absorption 

cross-section.  This noise is observed to be multiplicative in nature.  In fact, this is the 

basis for the stochastic full spectrum k-distribution (SFSK) method [126].  For a range of 

gas and reference temperatures, this “noise” is evaluated as a function of 𝑔.  More 

precisely, we denote the traditional k-distribution generated by smoothing the local 
absorption coefficient as ( )C g  and the spectrally consistent k-distribution generated by 

smoothing the reference state absorption coefficient as ( )C g .	  

	  

 

   

C g( ) = C g;

φgas( )

C g( ) = C g;

φref( )   (4.27) 
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The error associated with the inconsistent spectral reordering is modeled.  This allows us 

to estimate the error without ever actually using the spectrally consistent k-distribution. 

 
   C g( ) = C g( ) ⋅ 1+ ε( )  (4.28) 

 

It is observed that ( )ln 1 ε+ has a consistent and familiar form independent of the 

local and reference states.  Additionally, the mean of the log-noise is approximately 0 for 
all 𝑔.  This is not true for all combinations of ,ref gT T but remains a reasonable 

approximation nonetheless.  There is some small variation in the magnitude of the noise 
as a function of 𝑔.  As a result, ( )1 ε+ is modeled as a continuous random variable whose 

probability density function has parameters which are functions of , ,ref gT T and g .  For 

convenience of notation, let us define a new variable, the log-error: 

 
 

  
γ Tgas;Tref( ) = ln 1+ ε( )  (4.29) 

 

The error from the example in Figure 4.12 is shown in Figure 4.13. 
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Figure 4.13: Error associated with inconsistent spectral reordering 

Clearly, by approximating the physically meaningful error plotted above as the 

result of a stochastic process with a known probability density function we are losing 

physics.  However, we are greatly reducing computational cost relative to a line-by-line 

solution or even the multiple fictitious gas models sometimes used to generate accurate 

solutions of inhomogeneous problems [118, 127, 128].  To gain intuition about the 

structure of this probability density function, we generate histograms of γ 	   in small 

enough intervals of 𝑔 that we may assume that the error parameters are constant within 

each interval.  A histogram from one such interval is plotted in Figure 4.14.  It is also 

important that these intervals of 𝑔 be large enough that a statistically significant number 

of samples for fitting the probability density function are contained within each one. 
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Figure 4.14: Histogram of error due to spectral reordering 

Estimating Parameters for the SFSK Method 

The general form of this reduced probability density function is consistent across 

all of the combinations of gas and reference temperatures examined provided that the 

reference temperature is not significantly lower than the gas temperature.  If the reference 

temperature is much higher than the gas temperature, the PDF is broader but the results 

remain self-similar. 

 

 ( )
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The normal distribution has two parameters, the mean and the variance, which 
must be found as functions of , ,ref gT T and g .  Initially, it was assumed that in order for 

the results to remain meaningful that the expected value of the noise be the identity: 

 
   E ε⎡⎣ ⎤⎦ = 0  (4.31) 

 

This is equivalent to requiring that the expected absorption coefficient be the 

absorption coefficient provided by the traditional k-distribution method.  This additional 

requirement places a constraint on the mean and the variance such that there is really only 

a single degree of freedom for fitting the distribution.  The required relationship between 

the mean and the variance is given by 

 

  σ
2 = −2µ  (4.32) 

 

This constraint may only be satisfied when 0µ ≤ .  This restriction on the mean is 

due to the symmetry of the normal distribution.  Since the actual variation occasionally 

has a positive mean within a range of g , a problem exists.  This problem tends to only 

manifest itself for small values of g  and is resolved by an alternative estimation of the 

mean and variance.  The variance may be calculated using the following equation. 

 

 
  
σ 2 = γ i − µ( )2

i=1

N

∑⎛⎝⎜
⎞
⎠⎟

N  (4.33) 

 

Here the iγ  values represent function evaluations for the log-error at each 

sampling point, ig .  Combining equations (4.32) and (4.33) yields a quadratic equation 

which must be satisfied in order for both to hold. 
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0 = µ2 − 2 γ −1( )µ + γ 2  (4.34) 

 

The over-bar in equation (4.34) represents an averaging over the g -domain of 

interest.  Enforcing this condition is necessary because the mean value of the noise when 

calculated in a traditional way is occasionally positive, especially for small values of g .  

When the mean of the noise is negative, the actual mean may be used with a variance 

calculated using equation (4.32).  This generally results in a slightly higher variance than 

the maximum likelihood estimate of variance with the mean and variance treated 

independently.   

When the mean of the noise is positive, equation (4.34) may be used to calculate 

the appropriate distribution mean.  There are generally two negative real roots to choose 

from.  The smaller root is always approximately -2 since γ and 2γ are usually both very 

small.  The larger root tends to be a small negative number ranging in magnitude between 
110− to machine precision depending upon the relative magnitudes of γ and 2γ .  It is 

suggested that the more negative root be used as this gives larger values for the variance 

which may be considered to be a more conservative estimate.  However, this approach to 

approximating the mean and variance is seen to be unnecessarily restrictive. 

If the constraint from Equation (4.31) is relaxed, the mean and variance may be 

found independently by maximum likelihood estimation.  It is important to distinguish 

between the maximum likelihood estimation of the parameters in a normal distribution on 
γ  and the parameters of a log-normal distribution on ( )1 ε+ .  The latter is the 

appropriate approach.  It is observed that this approach still reproduces the k-distribution 

predictions for heat flux even if the expected value of the absorption coefficient is 

slightly different.  Since this technique includes more physical information, it is expected 
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to be better than the approach embodied by Equation (4.34).  This expectation is played 

out in the examples to follow. 

Once the uncertainty in the absorption coefficient is determined as a function of 

, ,ref gT T and g , the uncertainty is propagated forward to the prediction of the radiative flux 

divergence.  This may be accomplished numerically in a number of ways.  The salient 

point being that the RTE is transformed from a partial differential equation (PDE) to a 

stochastic partial differential equation (SPDE) with the introduction of the uncertain 

absorption coefficient parameter.  This SPDE may be solved for the distribution of the 

radiative flux divergence using Monte Carlo methods.  Since we are often only interested 

in the approximate magnitude of the error a relatively small number of samples (10-20) 

may suffice for an acceptable estimate.  Uncertainty quantification of numerical 

predictions almost always comes at a cost relative to the prediction itself.  While the 

SFSK method represents an order of magnitude increase in computational expense 

relative to the FSK method it is still many orders of magnitude cheaper than a line-by-

line solution.  Additionally, the Monte Carlo samples are completely decoupled from 

each other making this process trivially parallelizable to a certain extent. 

It is also important to note that the errors are not independent random variables.  

As one might expect, they are correlated.  We assume that this correlation is independent 

of g .  This assumption will be discussed in more detail later.  We simulate the 

interdependence of the error using a Gaussian copula.  Copulas are used to describe the 

dependencies between different random variables.  The most important theorem on the 

subject is Sklar’s theorem.  In our case, the variables are discrete instances of γ  as a 

function of two varying gas temperatures.  The reference temperature is included as a 

parameter.  The dependence upon g  is ignored and all of the data from the high 

resolution spectrum is used as a single sample.  The assumption here is that while the 
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marginal PDFs depend upon g , the correlation function does not.  This assertion is 

supported by the scatter plot in Figure 4.15. 

Figure 4.15: Scatter plot of log-error as a function of g 

The color-scale in Figure 4.15 represents the value of g  corresponding to each 

point.  The marginal distribution tends to be broader for large 𝑔 but the correlation 

structure tends to remain unchanged.   

Rank correlation coefficients represent the degree to which large or small values 

of one random variable correspond to large or small values of another random variable.  

This is contrasted with the commonly used Pearson product-moment correlation 
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coefficient which represents the degree to which two random variables are linearly 

related.   

Copulas are a related concept.  First the distributions of the two random variables 

are replaced by their marginal cumulative distributions.  By definition, the resulting 
random variables are uniformly distributed over [ ]0,1  .  A copula is capable of describing 

the dependence among any number of such random variables.  For a Gaussian copula the 

dependence is represented in a way that is reminiscent of a multivariate normal 

distribution.  The Gaussian copula only considers pairwise dependence amount the 

variables which is appropriate for our application.  More information on rank correlation 

coefficients and copulas may be found in the literature [129, 130, 131]. 
The gas temperature space is discretized.  For each gas temperature, ( )i

gasT  the log-

error is transformed using its cumulative distribution function resulting in a random 
variable that is uniformly distributed on the interval [ ]0,1 .  The rank correlation matrix is 

then generated.  The rank correlation matrix is a discrete representation of the correlation 

function that relates the errors at any two states.  The correlation function has values 

between -1 and 1.  Values approaching 1± signify functional dependence while values 

approaching 0 indicate independence.  Intuitively, the following properties hold: 

( ) ( )( ) ( ) ( ) ( ), ; , ;i j j i
gas gas ref gas gas refT T T T T Tρ ρ= , ( )( ) ( ), ; 1i i

gas gas refT T Tρ = , and ( )( ) , ; 0i
gas ref refT T Tρ = .  The 

last property is a direct consequence of the definition of the reference state which dictates 
that ( ); 0ref refT Tγ = . 

Figure 4.16 shows a contour plot of the absolute value of the correlation function.  

The sign of the correlation function is seen to obey 

 
 

  
sign ρ Tgas

(1) ,Tgas
(2);Tref( )( ) = sign Tgas

(1) −Tref( ) Tgas
(2) −Tref( )( )  (4.35) 

 



 108 

In other words, if the two temperature are either both above or both below the 

reference temperature, their associated errors are positively correlated.  If one is above 

and the other below, their associated errors are negatively correlated.  If either 

temperature is equal to the reference temperature, their associated errors are uncorrelated 

unless both are equal to the reference temperature in which case their errors are 

equivalent. 

Figure 4.16: Example correlation function 

In the current work, the correlation between any two temperatures is found by 

interpolation.  However, it would be possible to establish an approximate functional form 
for ( )(1) (2), ;gas gas refT T Tρ .  For general use, this would be much faster and may be 
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recommended.  The correct form for the empirical relation would need to be determined 

before any such curve fit could be performed. 

When propagating the uncertainty forward to the predicted heat flux, this 
correlation function may be used to generate random values in[ ]0,1  with the same 

dependencies as γ .  These values may then be mapped back to instances of the log-error 

using the appropriate inverse CDF.  It is possible to use the empirically determined CDF 

and inverse CDF for this process.  Alternatively, the CDF corresponding to the modeling 

of the error as log-normal may be used.  The former is more precise while the latter is 

faster and more well-suited for the construction of parameter databases and empirical 

correlations. 

SFSK Results and Discussion 

Examples are now presented to demonstrate the application of this approach for 

the estimation of errors due to the k-distribution assumptions. 

Consider a gas slab at 1atm with a 10% molar concentration of CO2.  The slab is 

1m thick and is bounded on both sides by cold black walls.  The left half of the slab has a 

uniform hot temperature of 1000K.  The right half of the slab has a uniform cold 

temperature of 300K.   

 

 ( )
1000 2
300 2

Lx
T x

Lx

⎧ ≤⎪= ⎨
>⎪⎩

 (4.36) 

 

This type of problem with large temperature gradients or discontinuities has 

proven to be extremely challenging for the k-distribution method.  Using the high 

temperature as a reference state, the k-distribution method does an excellent job of 

predicting the heat flux in the left half of the slab.  However, the k-distribution method 



 110 

tends to significantly over-predict attenuation in the right half of the slab.  This is the 

result of grouping all optically thick spectral regions together when in reality some 

spectral regions which are optically thick in the hot region are relatively optically thin in 

the cold region.  Essentially, the vast majority of the energy is emitted by optically thick 

regions in the left half of the slab.  In reality, a significant amount of that energy is 

rapidly attenuated by optically thick spectral intervals in the right half of the slab while a 

lesser but still significant amount is attenuated more slowly in more optically thin 

spectral regions. 

Figure 4.17: Heat flux distribution in slab with large temperature jump 
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As may be seen from Figure 4.17, the actual heat flux (red line) is everywhere 

contained within the three standard deviation confidence intervals generated by 

propagating the uncertainty in the absorption cross-section forward into the predicted 

heat flux.  The reference temperature for this example is 850K.  This was chosen to 

represent the average emissive power. 

 

 
( )4

4 0

L

ref

T x dx
T

L
=
∫

 (4.37) 

 

If a higher reference temperature is chosen, near the hot slab temperature of 

1000K the error and uncertainty both decrease in the hot region while increasing in the 

cold region.  Lower reference temperatures produce the opposite effect.  This is because 

the heat flux is dominated by emission from the hot region. 

The error in the k-distribution method is exacerbated in this problem by the 

almost negligibly low emission from the right half of the slab.  This makes this problem 

particularly challenging for the full-spectrum correlated k-distribution method.  

Normally, over-estimation of the attenuation by the k-distribution method is somewhat 

offset by an over-estimation of the emission as well.   However, it is something to keep in 

mind for almost purely attenuating problems such as this one. 

As a second illustration, consider another slab with the same pressure and 

concentration with the same vacuum boundary conditions.  The slab has a linearly 

varying temperature profile. 

 
 ( ) ( )300 950 xT x L= +  (4.38) 
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With a more realistic temperature distribution, the k-distribution does not tend to 

exclusively under or over predict the heat flux.  Consequently, the k-distribution method 

produces a more accurate result for this problem although the error behaves less 

predictably.  The corresponding confidence interval once again bounds the line-by-line 

solution providing increasing confidence in our error metric.  It should be reiterated that 

although the confidence intervals bounds the line-by-line solution for this particular case 

that this is not generally true.  The three standard deviation confidence interval represents 

an error indicator and should not be used as an absolute bound.  The error introduced by 

assuming a spectral intensity distribution is still present and is noticeable when the 

predicted confidence intervals are extremely narrow.   

For this case, any reference temperature greater than approximately 500K resulted 

in a confidence interval which everywhere bounded both the k-distribution and line-by-

line solutions.  The average medium temperature (775K), the temperature corresponding 

to the average emissive power (~900K), and the maximum medium temperature (1250K) 

all yielded satisfactory results when used as the reference temperature for this problem. 
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Figure 4.18: Heat flux distribution in slab with linear temperature variation 

The reference temperature of 900K corresponding to the average emissive power 

is used again for this example.  The choice of reference temperature can have a 

significant impact on the k-distribution result.  Poor choices of reference temperature 

may result in large errors in the predicted heat flux.  Poor choices of reference 

temperature also correspond to wide marginal distributions which produce wide 

confidence intervals and little confidence in the solution.  If the reference temperature is 

too low, the confidence intervals may not bound the line-by-line solution.  It is theorized 

that this is the result of error introduced by using a grossly inaccurate approximation 

when representing the distribution of energy within the system.  Recall that this error was 

assumed negligible when compared with the error associated with the spectral reordering. 
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A third example includes a quadratic temperature profile.   

 

 ( ) ( )21000 2000 xT x L= −  (4.39) 

 

The reference temperature corresponding to the average emissive power for this 

temperature distribution is 850K.  Once again, the total pressure is fixed at a constant 1 

atmosphere.  The mole fraction of CO2 is 10%.  There are no other participating species.  

The ideal gas law is used to compute the number density of the participating species. 

Figure 4.19: Heat flux distribution in slab with quadratic temperature variation 

Once again, the confidence interval bounds the error in the heat flux while also 

approximating it spatially. 
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Consider a cosine temperature distribution. 

 
 ( ) ( )1250cos xT x L=  (4.40) 

 

The reference temperature corresponding to the average emissive power for this 

temperature profile is approximately 1100K.  It should be mentioned that for these 

examples all reference temperatures are rounded to the nearest 50K since those are the 

temperatures for which error parameters from high-resolution spectral data have been 

generated.  This avoids the need to interpolate in the reference temperature space. 

Figure 4.20: Heat flux distribution in slab with cosine temperature variation 
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For very small values of 𝑥, the confidence interval does not bound the error in this 

case.  While the error is still relatively small here, it is not sufficiently represented by the 

confidence intervals.  This is a result of additional error introduced by the assumption of 

a known spectral intensity distribution.  In the high-temperature region near the wall, the 

spectral intensity is poorly represented by the assumed Planck distribution.  Figure 4.21 

contrasts the assumed spectral intensity distribution with the actual spectral intensity 

found from line-by-line calculations. 

Figure 4.21: Actual vs. assumed spectral intensity at left wall in a slab with a cosine 
temperature variation; Intensity units are arbitrary 
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The actual spectral intensity is plotted at the wall.  Both curves in Figure 4.21 are 

normalized so as to integrate to unity.  The actual magnitude is unimportant.  The 

quantity of interest here is the relative weighting of the different spectral regions.  The 

discrepancy represented here accounts for the additional error seen in Figure 4.20.  

Unfortunately, in real applications, the actual spectral intensity is unknown a priori 

making error introduced in this way difficult to quantify.  Fortunately, this error is small 

and is only significant when other sources of error are also small.  It may be appropriate 

to compensate for this error by setting a minimum width for the proposed confidence 

intervals. 

Consider the sinusoidal temperature profile 

 
 ( ) ( )300 950sin xT x L

π= +  (4.41) 

 

The reference temperature corresponding to the average emissive power for this 

temperature distribution is approximately 1000K.   
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Figure 4.22: Heat flux distribution in slab with sine temperature variation 

The broad peak near the center of the domain creates a region just outside it in 

which the error from both sources is relatively large.  Even so, the three standard 

deviation confidence interval nearly captures all of the error.  It also successfully captures 

the rate at which the error grows as the solution diverges from the symmetry plane. 

Consider a temperature distribution that decays exponentially. 

 

   T x( ) = 1250e
−2π x

5L( )  (4.42) 
 

The reference temperature corresponding to the average emissive power for this 

temperature distribution is approximately 850K. 
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Figure 4.23: Heat flux distribution in slab with exponential temperature variation 

Similar to the cosine temperature variation, the error is bounded almost 

everywhere by the three standard deviation confidence interval.  It exceeds this threshold 

near the peak of the temperature distribution where the magnitude of the heat flux is 

greatest and the relative error is small. 

SFSK Conclusions 

The process of estimating the model-form uncertainty intrinsic to the k-

distribution method as a log-normal multiplicative uncertainty in the absorption 

coefficient is demonstrated.  This process is shown to be sufficient for a set of 

inhomogeneous 1-D example problems with CO2 as the only participating species.  

Temperatures in the range from 300-1250K were examined.  A database of the 
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distribution parameters (mean and standard deviation) as functions of gas and reference 

temperature as well as g  was created.  This database was used to solve a number of 

example problems, six of which are included here.  It is expected that the applicability of 

this technique will extend to CO2 at other pressures.  It is hoped that a similar 

methodology will be shown to work for other gas species, especially H2O and mixtures of 

CO2 and H2O with pressure and concentration gradients.  The inclusion of concentration 

gradients presents a substantial additional obstacle as it introduces several important 

questions.  Must the database be constructed with concentration as another independent 

variable?  Is it possible to impose some sort of mixture rule?  This is a topic of further 

research. 

The restriction on the expected value of the absorption coefficient in Equation 

(4.31) is seen to be excessively restrictive.  The expected value of the heat flux is 

observed to behave as expected without this additional constraint.  Removing this 

constraint requires the inclusion of two parameters in order to describe the error 

distribution rather than only one.  The freedom afforded by the extra parameter allows for 

a more accurate portrayal of the error distribution and consequently, a more 

representative error indicator for the heat flux and flux divergence predictions. 

SPECTRAL INTEGRATION CONCLUSIONS 

For 1-D applications where high accuracy is of the utmost importance, the 

MSFSK method performs well.  The consistent convergence properties provide an 

avenue for quantifying the error due to spectral approximations.  For 1-D applications, 

the error introduced by the approximation of the spectral properties often dwarfs the error 

introduced by spatial or angular discretization.  In the MSFSK method, the dependence of 

the spectral properties upon the local gas state is not treated directly.  Rather than 
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approximate the dependence of the optical properties upon the state, the state itself is 

approximated.  This circumvents the main problem associated with quantifying the error 

associated with the spectral integration.  However, the MSFSK method remains a 

computationally expensive method relative to other spectral integration techniques.  

Furthermore, the MSFSK method is restricted to 1-D applications.  When appropriate, the 

MSFSK method is a good choice.  However, the domain of applicability of the method is 

restrictive enough that its use is not generally advisable.  Other, less computationally 

expensive methods may provide similarly accurate solutions for more general problem 

spaces. 

The full spectrum k-distribution method represents an inexpensive alternative to 

line-by-line or MSFSK method calculations.  The full spectrum k-distribution method is 

shown to be exact for problems with homogeneous media [116].  It is shown to produce 

errors when applied to media with temperature, pressure, or concentration gradients 

except in the case when the spectra remain correlated [110].  Unfortunately, real gas 

spectra tend not to be correlated across changes in temperature, pressure, or 

concentration.  Some gases such as carbon dioxide have optical properties which are 

relatively insensitive to changes in pressure.  Other gases such as water vapor are more 

sensitive to pressure variations. 

When temperature, pressure, or concentration gradients are present, the full 

spectrum k-distribution method produces errors due to two different assumptions.  The 

first assumption is that the absorption coefficient spectra at different locations within the 

medium are correlated.  Errors due to this assumption may be estimated by treating the 

gray-gas absorption coefficients found via the full spectrum k-distribution method as 

uncertain parameters.  This is the stochastic full-spectrum k-distribution (SFSK) method.  

Propagating this uncertainty to quantities of interest such as the heat flux or radiative flux 
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divergence term in the energy equation requires the solution of the stochastic radiative 

transport equation.   

The second assumption involves the spectral weighting.  The absorption 

coefficient should be weighted by the incident intensity.  Unfortunately, the incident 

intensity is not known a priori.  Instead, a distribution (usually a Planck distribution) is 

assumed.  The temperature at which to evaluate this Planck distribution is selected to 

represent the average emission from the medium.  The temperature corresponding to the 

average emissive power is a reasonable choice.  Errors due to this assumption are 

generally small but may become significant when other sources of error are similarly 

small. 

The full spectrum k-distribution method is a robust choice for approximating the 

spectrally integrated intensity.  It provides significant computational savings when 

compared to line-by-line or MSFSK solutions.  When uncertainty quantification is 

desired, the absorption coefficient may be treated as uncertain resulting in confidence 

intervals for important quantities such as the heat flux or radiative flux divergence.  The 

SFSK method is a robust choice for providing a spatially resolved error indicator to 

accompany FSK predictions. 
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Chapter 5:  Summary and Conclusions 

The radiative transport equation defines the transport of radiative intensity 

throughout an absorbing, emitting, and (potentially anisotropically) scattering medium.  

The radiative intensity is a function of seven independent variables.  These variables are 

time, space, direction, and wavenumber.  There may be up to three spatial variables and 

two directional variables.  The characteristic time scale for the radiative transport 

equation is a characteristic length for the system divided by the speed of light.  The 

temporal derivative term in the radiative transport equation is divided by the speed of 

light.  This characteristic time scale tends to be significantly shorter than the time scales 

for other heat transfer modes.  As a result, the temporal derivative term is commonly 

neglected and the radiative transport equation is treated as steady-state.  When coupled to 

other heat transfer modes, the energy equation is not necessarily steady-state.  In fact, 

even when only radiation is present, the thermal capacitance in the material energy 

necessitates the inclusion of time.  However, the radiative transport may still be 

approximated as steady-state at each time step since the radiative intensity distribution 

equilibrates on a much shorter time scale than any other relevant physics in most 

problems. 

The angular distribution of the radiative intensity may vary from a constant to a 

Dirac delta.  Because of computational constraints, low order approximations of the 

angular distribution are commonly used.  In some cases, the approximate distribution will 

approach the exact distribution as higher order approximations are used.  This is the case 

for the discrete ordinates and spherical harmonics methods.  In practice, very low order 

angular approximations are common and tests to assure sufficient convergence of the 
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angular approximation are less common.  Such tests are often only concerned with the 

elimination of ray effects from discrete ordinates solutions.   

Other methods rely on assumptions that do not provide an easy extension to 

higher order approximations.  Moment methods such as M1 are examples of this type.  

Still other methods rely on assumptions that cause them to fail to converge to the exact 

solution even given an infinite number of terms.  The simplified spherical harmonics 

method will not generally converge to the exact solution as the order of the expansion 

approaches infinity unless certain additional conditions are met [132].  However, the 

simplified spherical harmonics expansions have been seen to provide more accurate 

results than low order spherical harmonics expansions for certain problems.  For 1-D 

applications, the spherical harmonics and simplified spherical harmonics methods are 

equivalent.  The SP1 and P1 methods are also equivalent for 2-D and 3-D geometries. 

Because each of these approximations assumes a different form for the intensity 

distribution they produce different results for the same set of conditions.  Their accuracy 

varies with problem parameters such as optical thickness and scattering albedo.  As one 

might expect, each method does best when the actual intensity distribution is similar to 

the assumed intensity distribution for that method.  For low order approximations, the 

error will be lessened the more isotropic the actual intensity field. 

  For discrete ordinates methods, discontinuities in the angular intensity 

distribution cause spurious oscillations known as ray effects.  These oscillations tend to 

produce large errors and can cause stability problems in coupled codes for combined-

mode problems.  The other methods considered are all fundamentally diffusive.  They do 

not produce spurious oscillations even in the presence of discontinuities.  However, they 

also tend to smooth out any discontinuities and perform poorly in optically thin media.  

Large relative errors from these methods tend to develop when the actual angular 
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intensity distribution is highly peaked.  An exception to this rule is the simplified 

spherical harmonics approximations which perform well so long as the solution is locally 

1-D.  A scenario which might produce a strongly peaked angular intensity is a point 

source.  A more realistic scenario might be a localized volumetric source in an optically 

thick media without scattering.  The optical thickness is a non-dimensional parameter 

defined as the product of the extinction coefficient and a characteristic length scale.  The 

problem of estimating the heat flux incident on a distant surface due to radiation from a 

fire through a potentially sooty environment would be one example.  The radiant energy 

reaching the surface from the fire would likely have a highly peaked angular intensity 

distribution. 

A set of three benchmark-type problems is presented.  The relative error 

introduced by some of the more popular angular approximations is found as a function of 

optical thickness and scattering albedo for each of the cases studied.  This study is by no 

means exhaustive nor is it meant to establish which approximation is ‘best.’  The 

determination of which angular approximation to use is highly problem-dependent and is 

best made on a case-by-case basis.  The hope is that Chapter 3 might be useful for 

analysts interested in the order of accuracy expected from each of these angular 

approximations in scenarios similar to the cases studied.  It is the opinion of the author 

that a more extensive database of benchmark problems and solutions would benefit the 

community in verification and validation activities.  A centralized repository of this 

information would also be beneficial. 

Approximating the spectral distribution of the intensity is approached differently.  

Because the spectral absorption coefficient and intensity in molecular gases tend to be 

highly oscillatory and only the spectrally integrated intensity enters into the energy 

equation, calculation of the exact spectral intensity is considered over-kill for most 
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applications.  Line-by-line solutions which provide a discrete representation of the 

spectral intensity are too computationally expensive to be practical for general 

engineering applications.  Hundreds of thousands of spectral intervals are often required 

to achieve an accurate line-by-line solution. 

In order to avoid this overwhelming computational expense, there have been 

numerous alternative methods developed.  Narrow- and wide-band models involve 

choosing a set of wavelength intervals.  Within each interval, ‘equivalent’ composite 

properties are defined.  This is generally done by making assumptions about the shape, 

distribution, and magnitude of the absorption lines within each band.  Narrow-band 

models may be too computationally expensive for some applications while wide-band 

models do not provide the same degree of accuracy as some other methods such as the 

full-spectrum k-distribution method. 

The k-distribution method takes advantage of the fact that the same absorption 

coefficient value is reached many times over any sufficiently large spectral interval.  

Assuming that the absorption coefficient obeys the so-called scaling approximation, a 

reordering of the wavenumber space so that the absorption coefficient is a monotonically 

increasing function of the spectral variable is possible.  Narrow band k-distribution 

methods involve performing this mapping within narrow spectral intervals.  Within a 

small enough spectral interval, the scaling approximation is reasonable and the method 

converges towards the line-by-line solution.  Unfortunately, narrow band k-distribution 

methods are computationally expensive due to the necessity of several gray gases within 

each spectral interval in addition to the offline computational cost of generating the k-

distribution function for each spectral interval.  Choosing wider bands can mitigate this 

computational expense.  However, if the bands are too wide the scaling approximation 

may no longer be valid.  The error associated with choosing bands which are too wide is 
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unknown although it may be approximated using an adaptation of the SFSK method 

described in Chapter 4. 

The full-spectrum k-distribution (FSK) represents the limit of the wide-band k-

distribution method as the band width approaches infinity.  It treats the entire spectrum as 

a single band.  The spectral reordering is global.  The error is greater than that of the 

narrow band k-distribution method, but the computational cost is significantly less.  The 

error is a result of inaccuracies in two approximations.  The first approximation is the 

scaling approximation.  In real gases, the spectral behavior of the absorption coefficient is 

not generally uniform across the domain if temperature, pressure, or concentration 

gradients are present.  The second approximation involves the assumption of a spectral 

intensity distribution for the incident radiative flux.  The second assumption usually 

produces small errors if a reasonable spectral distribution is chosen.  A Planck 

distribution at an intermediate reference temperature is usually a good choice.  Estimation 

of the error introduced by the k-distribution method may be approached in a couple of 

different ways.   

In the MSFSK method, the error is estimated indirectly.  Rather than 

approximating the dependence of the optical properties upon the state, the state itself is 

approximated.  This circumvents the main problem associated with quantifying the error 

associated with the spectral integration.  The MSFSK method provides a highly accurate 

solution to the approximate problem.  The solution to the approximate problem converges 

to the solution of the actual problem in a predictable way which allows for error 

estimation and convergence analysis.  However, the MSFSK method remains a 

computationally expensive method relative to other spectral integration techniques.  

Furthermore, the MSFSK method is currently restricted to 1-D applications.  For 1-D 

applications with high demands for accuracy, the MSFSK method is a good choice.  



 128 

However, the domain of applicability of the method is restrictive enough that its use is 

not generally advisable.  Modifying the MSFSK method in order to extend its domain of 

applicability is an area of potential future research.  For now, other less computationally 

expensive methods may provide similarly accurate solutions for more general problem 

spaces. 

The FSK method has been shown to be exact for problems with homogeneous 

media [116].  It represents an inexpensive alternative to line-by-line or MSFSK method 

calculations.  The FSK method is shown to produce errors when applied to media with 

temperature, pressure, or concentration gradients except in the case when the spectra 

remain correlated [110].  Unfortunately, real gas spectra tend not to be correlated across 

changes in temperature, pressure, or concentration.  Some gases such as carbon dioxide 

have optical properties which are relatively insensitive to changes in pressure.  Other 

gases such as water vapor are more sensitive to pressure variations. 

When temperature, pressure, or concentration gradients are present, the FSK 

method produces errors.  Errors due to the assumption of a correlated spectrum may be 

estimated by treating the gray-gas absorption coefficients found via the FSK method as 

uncertain parameters.  Propagating this uncertainty to quantities of interest such as the 

heat flux or radiative flux divergence term in the energy equation requires the solution of 

the stochastic radiative transport equation.  This results in the stochastic full spectrum k-

distribution (SFSK) method.  The SFSK method is stochastic rather than deterministic 

and as such produces a distribution for the quantity of interest rather than a single value.  

The expected value of the distribution predicted by the SFSK method is FSK prediction.  

The standard deviation of the SFSK prediction distribution represents a goo error 

indicator for the FSK method. 
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The FSK method is a robust choice for approximating the spectrally integrated 

intensity.  It provides significant computational savings when compared to line-by-line or 

MSFSK solutions.  When uncertainty quantification is desired, confidence intervals for 

important quantities such as the heat flux or radiative flux divergence may be found via 

the SFSK method.  This provides a cheaper and more widely applicable technique for 

estimating the error due to the spectral assumptions than has been previously developed.  

The development and demonstration of the SFSK method is in the author’s view, the 

largest contribution of this work.   

Much work remains in the development of the SFSK method before it may be 

more widely adopted.  Its utility should be demonstrated in more complicated 2-D and 3-

D geometries.  This is a topic of current research.  Empirical correlations should be 

developed for the mean, variance, and correlation function with respect to temperature, 

pressure, and concentration.  Mixture rules should be developed for different 

combinations of combustion products.  Empirical correlations such as those established 

for the FSK [115, 117, 133, 134] method would greatly enhance the usability of the 

SFSK method.  The SFSK method potentially enjoys a wide domain of applicability and 

should be thoroughly tested for many additional applications prior to wider adoption.  
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Appendix A 

One of the most common schemes for developing sets for the discrete ordinates 

equation is the level symmetric scheme.  If the weights and nodes are chosen to correctly 

integrate the maximum number of Legendre polynomials in each of the angular variables, 

the LQN set shown below results. 
Level n µn wn 

S2 1 0.5773503 1 
S4 1 

2 
 

0.3500212 
0.8688903 

 

1/3 
 
 

S6 1 
2 
3 

 

0.2666355 
0.6815076 
0.9261808 

 

0.1761263 
0.1572071 

 
 

S8 1 
2 
3 
4 

 

0.2182179 
0.5773503 
0.7867958 
0.9511897 

 

0.1209877 
0.0907407 
0.0925926 

 
 

S12 1 
2 
3 
4 
5 
6 

 

0.1672126 
0.4595476 
0.6280191 
0.7600210 
0.8722706 
0.9716377 

 

0.0707626 
0.0558811 
0.0373377 
0.0502819 
0.0258513 

 
 

S16 1 
2 
3 
4 
5 
6 
7 
8 

 

0.1389568 
0.3922893 
0.5370966 
0.6504264 
0.7467506 
0.8319966 
0.9092855 
0.9805009 

 

0.0489872 
0.0413296 
0.0212326 
0.0256207 
0.0360486 
0.0144589 
0.0344958 
0.0085179 
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Appendix B 

A wide variety of flux limiters have been proposed and used in the literature.  

There are doubtless many more that have been used in general practice without 

publication.  A partial list is provided below. 

ALEGRA 𝜆 𝑅 =
2+ 𝑅

6+ 3𝑅 + 𝑅! 

Kershaw 𝜆 𝑅 =
2

3+ 9+ 4𝑅!
 

Levermore (Chapman-Enskog) 𝜆 𝑅 =
1
𝑅 coth𝑅 −

1
𝑅  

Levermore (Lorentz)1 
𝜆 =

3 1− 𝛽! !

3+ 𝛽! !  

𝑅 =
4𝛽 3+ 𝛽!

3 1− 𝛽! !  

Minerbo (Max Entropy) 

𝜆 =
1
𝑧! − csch

!𝑧 

𝑅 =
coth 𝑧 − 1𝑧
1
𝑧! − csch

!𝑧
 

Minerbo (Linear) 𝜆 𝑅 =

2
3+ 9+ 12𝑅!

, 𝑅 < 3
2

1
1+ 𝑅 + 1+ 2𝑅

, 𝑅 ≥ 3
2

 

Pomraning2 𝜆 𝑅 =
1+ 0.1440𝑅

3+ 1.0320𝑅 + 0.1440𝑅!	  

Wilson 𝜆 𝑅 =
1

3+ 𝑅 

Winslow (Cut-Off) 𝜆 𝑅 =
1
3 , 𝑅 < 3

1
𝑅 , 𝑅 ≥ 3

 

                                                
1 This equation includes a typo in the original paper [40] which has propagated through 
the literature [64] but is corrected here. 
 
2 This is a rational fit proposed for the Levermore (Lorentz) flux-limiter. 
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Appendix C 

Definitions of fields provided in HITRAN database 

Parameter Meaning Length Type Comments or Units 

M  Molecule  2 Integer  

I  Isotopologue 1 Integer  

ν  Wavenumber 12 Real cm-1 

S  Intensity 10 Real cm-1 / (molecule cm-2) 

A  Einstein A-coefficient 10 Real s-1 

airγ  Air-broadened half-width 5 Real cm-1 atm-1 

selfγ  Self-broadened half-width 5 Real cm-1 atm-1 

''E  Lower-state energy 10 Real cm-1 

airn  
Temperature-dependence 

exponent for airγ  
4 Real unitless 

airδ  Air pressure-induced line shift 8 Real cm-1 atm-1 

'V  Upper-state “global” quanta 15 Hollerith  

''V  Lower-state “global” quanta 15 Hollerith  

'Q  Upper-state “local” quanta 15 Hollerith  

''Q  Lower-state “local” quanta 15 Hollerith  

Ierr Uncertainty indices 6 Integer  

Iref Reference indices 12 Integer  

* Flag 1 Character  

'g  Upper state statistical weight 7 Real  

''g  Lower state statistical weight 7 Real  
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