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Abstract 

 

Automated Assembly Sequence Generation using a novel Search 

Scheme for Handling Parallel Sub-assemblies 

 

 

Ranjith Poladi, M.S.E. 

The University of Texas at Austin, 2013 

 

Supervisor:  Matthew I. Campbell 

Co - Supervisor:  Erhan Kutanoglu 

 

The assembly sequencing problem (ASP) is part of the assembly planning 

process. The ASP is basically a large scale, combinatorial problem which is highly 

constrained. The aim of this thesis is to automatically generate assembly sequence(s) for 

mechanical products. In this thesis, the CAD model of an assembly is represented or 

modeled as a label-rich graph. The assembly sequences are generated using graph 

grammar rules that are applied on the graph. The sequences are stored in a search tree and 

to find an optimal sequence multiple evaluation criteria like time, subassembly stability 

and accessibility measures are used. This research implements a novel tree search 
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algorithm called “Ordered Depth First Search” (ODFS) to find an optimal assembly 

sequence in very low processing time. The software tool has successfully generated an 

optimized assembly plan for an assembly with 14 parts. 
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Chapter 1: Introduction 

Every mechanical product requires the assembly of their components as one of the 

final steps in the manufacturing process of that product. Mechanical Assembly is defined 

as the process in which various components and subassemblies are joined together to 

form a complete, geometrically designed assembly or product (such as a machine). 

During assembly, all the individual components that are manufactured or pre-

assembled at different locations are brought together to form the final assembly. 

Assembly planning has always been a manual process and is done by experienced 

technicians. But it is  reasonable to assume that the decisions taken by the experienced 

technicians can be captured as a set of rules which can be translated into software code 

and can be used to generate assembly plans. Ideally such software package would have 

the capability to take an assembly as input and generate assembly plan(s). 

Developing such a software package is one of the goals of the DARPA iFAB 

program, which has funded this research. Development of this software has been going 

on for nine months and will continue into the foreseeable future. The end-goal of the 

iFAB program is to reduce the number of iterations between design and manufacturing 

and in turn decrease the time required to go from design stage to manufacturing. This 

software package helps the designer to identify faulty designs and make the final design 

ready for manufacturing. 

This thesis is part of a larger project which involves the development of this 

software package i.e. an automated tool-kit for generation of assembly sequence(s). 

Currently, the tool takes a CAD file in “x_t” format as the input and produces a feasible 

and an optimal assembly sequence along with the time required for assembly. The tool 

also outputs information about the subassemblies that are formed in the assembly 

sequence along with information about their stability.  
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The software is split into three modules, the first module referred to as 

“representation” takes the solid model as input and uses a geometric reasoning algorithm 

to reason about the component-to-component spatial constraints in the assembly. The 

geometric reasoning module uses a geometric modeling kernel named “Parasolid”[1] for 

analyzing the solid model. After the analysis the CAD model is represented in the form of 

a label – rich graph.  The representation module is discussed in detail in chapter 3. 

The second module is referred to as “rule development”; this module uses the 

graph which is created in the first module. As the name implies this module involves 

development of rules which can translate human decisions in the form of rules. For 

example, in an assembly model when a technician recognizes a shaft and a hole, he must 

make sure to check the radial dimensions and also check for any components that can 

block the shaft if assembled before this particular sub-assembly is done. These tasks are 

translated in the form of graph grammar rules which can be applied on the graph. The 

rules recognize possible assembly operations in the graph and an assembly sequence is 

generated when the rules do not recognize any more options and all components are 

assembled. 

The third module is the “Search Process” module which searches through the 

space of candidates defined by the application of the rules which ideally lead to an  

optimal assembly sequence.  The number of possible sequences is approximately the 

order of   factorial (  ) for an assembly with n components. To find one optimal 

assembly sequences from all the possible options in the tree, an efficient tree search 

algorithm is needed. The creation of such an efficient search method is the focus of this 

thesis. 
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Chapter 2: Related Work 

This chapter focuses on introducing the work that has already been done to solve 

the assembly sequencing problem (ASP).  

2.1 ASP IMPLEMENTED IN A SOFTWARE PACKAGE 

 There is an existing software package named “Archimedes”[2] that implements 

planning and optimization algorithms to automate assembly planning. Archimedes is 

developed by the Intelligent Systems and Robotics Center (ISRC), at Sandia National 

Laboratories in the US and the work is published in a series of publications[3–5]. It is a 

planning and visualization software tool used to generate, optimize, verify and examine 

assembly sequences. It generates multiple assembly sequences for a product. Given a 

CAD model for a product, the program automatically generates two handed monotone 

assembly sequences in reverse which is defined here. 

 A monotone assembly sequence is defined as an assembly sequence which 

contains no operation that brings a body to an intermediate placement, before another 

operation transfers it to its final placement. Therefore the bodies in every subassembly 

produced by such a sequence are in the same relative placements as in the complete 

assembly[6]. Archimedes uses the disassembly approach to compute the sequence. In this 

approach a sequence that separates an assembly into its individual assembly components 

is first generated and then reversed to get the assembly sequence. A two-handed assembly 

sequence implies that all the operations are done by using only two hands. 

 The tool finds component-to-component contacts, generates collision free 

insertion motions, and chooses assembly order. The designer specifies a quality metric in 

terms of application-specific costs for standard assembly process steps, such as 

component insertion, fastening, and subassembly inversion. Archimedes considers 

thousands of combinations and ranks valid sequences by the quality metric. 
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 In our tool, the assembly sequence is generated by constructing sub-assemblies in 

a forward manner rather than using the disassembly approach. The advantage in our 

approach lies in capturing all the possible assembly sequences by not being limiting by 

the disassembly sequence. This enables more customization of the assembly sequence by 

aligning it with the capabilities of the assembly plant. 

2.2 SOLVING THE ASP 

Delcahmbre[7], presented the general approaches used in generating assembly 

sequences 

Three – step approach: It involves three stages: definition of precedence 

constraints, generation of assembly sequences and choice of assembly sequences. For the 

Archimedes tool, Wolter[8] used this approach where the precedence constraints are 

defined and then generate all assembly sequences followed by choice of a best sequence. 

The precedence constraints are generated by using the disassembly approach. This 

information is stored either in a graph or a matrix for use in generation of assembly 

sequences.  

 This is also the approach used in our tool where the precedence constraints are 

generated by using a geometric reasoning algorithm and a graph grammar approach is 

used to generate the assembly sequences. This is followed by a tree search algorithm 

which chooses an optimal assembly sequence from the tree of solutions. 

Division into Subassemblies: In this approach the product is divided into 

subassemblies and the sequence in which they are assembled is generated using simple 

rules. This approach of dividing a product into subassemblies is used by Akagi, et al.[9]. 

They proposed grouping the components according to the fastening method and using the 

groups of components as subassemblies for generating assembly sequences. Each group 
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is a collection of components joined by a unique fastening method. These groups are 

referred to as functional units and are further used to generate assembly sequences using 

simple rules which incorporate precedence relations between functional units. 

This approach greatly reduces the computational effort involved in the assembly 

sequencing problem as it reduces the number of possible sequences to the number of 

possible permutations of the distinct fastening methods used in the assembly. But the 

difficulty in this approach is to automatically divide the assembly into functional units. 

2.3 APPROACHES TO OPTIMIZE THE ASP PROBLEM 

After the ASP has been solved and a set of solutions are obtained, an optimization 

algorithm has to be used to find an optimal assembly sequence. In this section some of 

the optimization methods used by previous researchers are outlined.  

2.3.1 Exhaustive Search  

In Exhaustive search all the possible sequences are generated and evaluated and 

then the best sequence is selected. It is the only complete method and the only one that 

guarantees that the optimum assembly sequence is detected. But the amount of work 

necessary to determine all the feasible assembly sequences and also evaluate them would 

be impossible to be practical for assemblies with more than 8 components. 

If exhaustive search is used in our approach, the amount of time and work 

required to generate and evaluate all the possible assembly sequences would increase 

exponentially with increasing number of components in the assembly. It would not be 

practical to use exhaustive search in our tool, as the tool is required to process a number 

of assembly models in a short time. 
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2.3.2 A* Algorithms 

A* algorithm techniques are standard in assembly planners and also implemented 

in Archimedes. A* search [10] is a variant of best first search. It attempts to find a 

solution that minimizes the total cost of the solution path. In the A* algorithm, score 

assigned to a node is combination of cost to the path from the initial node to the current 

node and the estimated cost to the solution. The algorithm is similar to the simple best 

first algorithm, but uses a slightly more complex evaluation function.  

In our research work, the evaluation function of a node at any level in the tree is 

the time required to perform all the assembly operations on its path from the start node to 

the current node. This is an accurate estimation of the cost of the path but the estimated 

cost to solution is hard to compute. Therefore an implementation of the A* algorithm in 

our tool will not generate accurate assembly sequences. 

2.3.3 Genetic Algorithms 

Genetic algorithms are used by several researchers[11–13]. The information for 

assembly is stored in a chromosome, where the genes in a chromosome represent the 

operations in an assembly. The algorithm generates a best sequence without searching the 

complete domain of solution, but by not searching the complete space, valuable solutions 

in the optimization process may be unexplored.  

Lazzerini et. al.[14] proposed another genetic algorithm to optimize the ASP 

problem for an assembly line comprising of robots which do insertion operations in the 

vertical direction. The input data, mainly represented by the CAD model of the product’s 

components, are pre-processed and generate four types of data: geometrical relationships, 

connection types, subassemblies and the list of grippers available for grasping and 

manipulating the objects. The objective is to minimize the number of re-orientations, and 



 7 

the number of gripper changes and grouping similar operations. A chromosome codifies 

three variables representing component components listed in assembling order, the 

direction and orientations along which components must be inserted and the type of 

grippers required to perform insertions. 

The evaluation of feasibility of a chromosome is done using a feasibility evaluator 

which computes the feasibility degree defined as the length of longest feasible 

subsequence in the chromosome. The fitness of the chromosome is calculated as a 

weighted sum of feasibility degree, the number of orientation changes, the number of 

gripper changes and number of similar assembly operations grouped together.  

The GA performs very well in finding the optimal solution once the assembly 

sequence is feasible. It is well suited for problems which do not have many sub-

assemblies that are manufactured separately and then used as a component in the 

assembly. The research in itself is very limited in application as it considers only the 

assembly lines with robots which assemble components in the vertical direction. A 

genetic algorithm when applied to a wider range of assembly processes would make the 

chromosomes a lot more sophisticated. 
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Chapter 3: Representation 

 The representation module takes input in the “x_t” format, the native Parasolid[1] 

format. In order to generate the assembly sequence, the assembly model has to be 

analyzed using a geometric reasoning algorithm which can convert the CAD model into a 

more feasible representation. The geometric reasoning algorithm extracts information 

from the CAD model, which includes the connections between the components. 

Connection between different components in the assembly can be categorized into two 

main types, contact and non-contact. The assembly shown in Figure 1 has 14 components 

and all the connections are contact type. 

The geometric reasoning algorithm that has been explained in detail in a different work 

published by other fellow researchers[15] and will only be explained briefly here.  

 Contact type connections are those that have at least one form of topological clash 

(face-face, face-edge, edge-edge or etc.) and the identification of these connections is 

discussed in section 3.1. On the other hand when there is no topological clash between 

elements of an assembly system identifying the contact types is a more challenging task 

and requires more geometric computations. Once the geometric reasoning is completed, 

the precedence knowledge of the overall assembly system is translated to a directed label-

rich graph. This graph consists of nodes, arcs and hyperarcs. Nodes represent components 

in the CAD model, arcs represent the connection data between any two linked 

components, and hyperarcs represent subassemblies (group of connected nodes).  
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Figure 1: Sample assembly mechanism consists of 14 components. 

3.1 CLASH TAXONOMY 

 In order to detect the connection relationship between connected components in 

the assembly system, one could pursue a simple brute-force approach and test collision 

between all the parts within the system. This method, however, is not an efficient 

approach for large and complex systems with hundreds or thousands of parts because of 

high computational complexity.  

An alternative approach is to rule-out parts that are not in close proximity and have no 

contact between them. This can be accomplished by using bounding boxes in place of the 

actual BRep (Boundary Representation) models. In general, there are two types of 

bounding boxes Axis Aligned Bounding Boxes (AABB) and Oriented Bounding Boxes 

(OBB). An axis aligned bounding box is the smallest box surrounding the shape, which is 

aligned with the global coordinate system. This type of bounding box is easier and faster 

to compute and therefore is more efficient in identifying initial collisions between 

elements. 



 10 

The second type is the oriented bounding box and is basically defined as the smallest box 

enclosing an object, and regardless of whether it aligns with the local coordinate system 

or global coordinate system. OBB is computationally more expensive compared to the 

first type. By using these two types of bounding boxes, the research group is able to 

create a more intelligent collision detection algorithm suited for large and complex 

systems. 

The BRep(Boundary Representation) uses the original solid geometry and a 

geometric kernel[1] to infer an accurate collision and exact contact types between two 

linked parts. In this work we only study face-to-face contacts (i.e. planar-planar and non-

planar facet). The reason is these types of contacts mostly exist in mechanical parts. After 

inferring contact types, the algorithm identifies free moving directions between two 

linked elements. Once each collision is completely identified, it iterates to the next two 

parts and performs similar reasoning. 

 

 

Figure 2: (a) corresponding label rich graph (b) CAD assembly 
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 After the geometric reasoning algorithm iterates over all the connections in the 

assembly, a label-rich graph of the CAD model is generated as shown in Figure 2. In the 

graph every part in the assembly is denoted by a node and the arc connecting any two 

nodes has information about the connection between the two parts. 

 

Fixed 
part

Moving 
Part

Variables

 

Figure 3: graph representation of two parts 

The arc is directed from the moving part to the fixed part as shown in Figure 3. 

The variables on the arc connecting two parts has information that includes the free 

direction for the insertion of the moving part, number of blocking parts in that direction, 

the node numbers of the blocking parts and the handling, insertion and re-orientation 

times for the assembly operation that combines the two parts. 
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Chapter 4: Graph Grammar Rules 

The rule development is the second module in the assembly planning suite. After 

the generation of the label-rich graph from the solid assembly model, a set of graph 

grammar rules are applied on the graph to produce feasible assembly sequences. Note 

that the grammar-reasoning algorithm is only briefly discussed in this work and a 

complete analysis will be presented in a separate work by the fellow researchers. The 

rules essentially build sub-assemblies and these subassemblies are joined together to form 

the final assembly. An assembly sequence is generated when there is only one hyperarc 

containing all the nodes (parts) in the graph. 

4.1 BASIC FUNCTIONING OF A GRAMMAR RULE 

 A graph grammar rule acts on a host graph and modifies the graph according to 

the conditions specified in the rule. The graph grammar methodology used in this project 

is an open source software application called Graphsynth[16]. The Graphsynth software 

tool was previously developed by the research team at the Automated Design Lab. 

Grammar rules are essentially constructed of two elements: recognition conditions and 

application instructions. The recognition conditions are represented on the left side of the 

rule, if these conditions are met in the host graph then the rule is applied according to the 

application instructions on the right hand side of the rule.  These two elements are each 

represented as a graph: the conditional, recognition, or left-hand-side graph; and the 

application or right-hand-side graph. 

4.2 RULE DEVELOPMENT 

 The assembly planning rules can be classified into the following three sections: 

pre-processing rules, disassembly rules and assembly sequencing rules. 
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4.2.1 Pre-Processing Rules 

 In the pre-processing ruleset, there are three rules. In the first rule, a new label 

“unfree” is added between any two nodes that do not have a free-direction between them. 

This is done by using the information on the arcs that have been created during the 

geometric reasoning. When an arc is created between two parts that have a free direction, 

the arc also has labels of the parts that are blocking the moving part in that direction. This 

label helps cut down choosing invalid operation during generation of assembly 

sequences. 

 In the second rule shown in Figure 4, all the parts which are represented as nodes 

are converted into one-part subassemblies by making them hyperarcs.  

 

Figure 4: A sample Graphsynth graph grammar rule 

When two parts do not have a free direction between them, then it is assumed that they 

are strongly connected. This information is stored in the form of a label on the arc 

between the two parts. In the third rule, any two parts that are strongly connected are 

made into sub-assemblies consisting of the two parts. This step reduces the number of 

assembly sequences generated as two parts are already joined to form a subassembly 

thereby decreasing the branching factor. 
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4.2.2 Disassembly Rules 

 In this ruleset, the rules act on the graph and generate a disassembly sequence 

which represents an order in which the assembly can be disassembled into individual 

parts. The ruleset assigns an index ranging from 0-1 to each part in the sub-assembly. 

Where the value of 1 indicates the part is likely to be removed first in the disassembly 

and 0 indicates that the particular part will be removed last. This disassembly index helps 

in guiding the search to generate more feasible sequences and decrease possibilities of 

invalid operations. 

4.2.3 Assembly Sequence Rules 

 The two rulesets that operate before the assembly sequence ruleset do the pre-

processing on the graph and the actual generation of assembly sequences is done by the 

assembly sequence ruleset. 

The ruleset has two rules, the rules act on the graph to build partial subassemblies or join 

two subassemblies. 

 The first rule adds a part to an already existing subassembly. As stated in the 

definition of the graph grammar rule, the application condition for the rule is that there 

should be a free direction existing between the part being added and at least one of the 

parts in the sub-assembly. In the second rule, the rule looks for two sub-assemblies which 

can joined together to form one big sub-assembly. 

4.3 CANDIDATE GENERATION 

 The seed graph and the rules have been defined for generating feasible assembly 

sequences. The generation of candidate assembly sequences is done using the graph 

grammar based software tool Graphsynth that was introduced earlier in the document. In 

the tool, the seed graph and the rule can be loaded and recognize-choose-apply cycle can 

be invoked to produce the sequences in a tree format. 

 Currently there are five rulesets, out of which the first four classify as pre-

processing to make the graph for ready for application of rules. As stated in rule 
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development, the pre-processing adds unfree arcs and hyperarcs on the parts. Then the 

disassembly rules act on the graph and add the disassembly index to each individual part. 

The rules and rulesets are configured in such a way that the pre-processing and 

disassembly rules are triggered first and only after that, the assembly sequence rules are 

applied on the pre-processed graph. 

The generation of children states in the tree from the parent level can be classified 

into three steps. In the first recognize step, the assembly sequence ruleset which is 

currently active is applied on the graph. If the conditions on the recognize side of any of 

the rules are met at any location in the graph, it is recognized as a possible option for the 

application of the rule. This recognition step continues in a loop until no further locations 

are recognized. 

 

Seed 
Graph

1 2 3 4 5 6 7 8

 

Figure 5: Eight candidates generated at the first level after applying rules on the seed 

graph 

As it can be seen in Figure 5, the first node in the tree is the seed graph and eight 

possible options are generated by the application of the rules.  In each option, the parent 

graph (the seed graph in this case), is modified according to the application conditions in 
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the rule. For every rule option, to generate the child candidate a copy of the parent 

candidate is made and the application rules from the option are applied on the candidate. 

This rule application generates a distinct candidate graph for each child candidate.  The 

branching of solutions in the tree depends on the number of possible options that are 

recognized at that step. 

This cycle of recognize, choose and apply continues until no further options are 

recognized by the rules on the graph. In our case, when this happens the final candidate 

can be a feasible assembly sequence or an invalid solution and various search techniques 

are used to find feasible and optimal assembly sequences. 
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Chapter 5: Evaluation of Assembly Sequences 

While generating the tree of candidates, an arbitrary number of child candidates 

are generated for each application of the recognize, apply and choose cycle. These child 

candidates are generated when the rules recognize a possible assembly operation that can 

be applied to the parent graph. These assembly operations are: joining two parts to make 

a new subassembly, joining two existing sub-assemblies in the parent graph or adding a 

part to a sub-assembly. An evaluation criterion is required to choose the option that 

generates the best child candidate among all the possible options. These evaluation 

techniques are discussed in detail in a journal paper written by fellow researchers from 

the Automated Design laboratory[15]. It is discussed in brief in this chapter.  

5.1 TIME EVALUATION 

In order to perform evaluation on an assembly system, three distinct metrics are 

devised and computed to perform a fast and accurate estimation of time, stability and 

accessibility on every connection between two parts in the model. The first metric is total 

assembly time and comprised of 4 different values. These values include: time to orient 

the part represented as   ; Time to insert a part into another one represented as     Time 

to handle the part or   ; and time to transfer (or travel) a part from the outside to the 

insertion point, or    . Additionally there are two metrics referred to as Accessibility 

Penalty Factor (APF) and Stability Penalty Factor (SPF).APF measures accessibility of 

inserting a part into an already built subassembly. Depending on the accessible space 

within the subassembly, it assigns a penalty ranging from 0 to 1 to differentiate various 

scenarios. Likewise, SPF defines the level of stability of a particular subassembly based 

on fixture-face and the effect of gravity. It is important to note that both APF and SPF 

values are normalized between 0 and 1 value. The search module performs a single or 

multi- objective optimization base on these metrics and finds the optimal assembly plan. 

For simplicity, three objectives are unified to a single objective function in this work. The 

total time metric  
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  Equation 1is used to evaluate each option produced by application 

of the rules based on the stability and accessibility of the resulting sub-assembly. 

  Equation 1                     

Where    is the summation of four time metrics:                 . Based 

on this objective function, if there is no penalty factor, the overall objective is the total 

evaluation time (   . On the other hand, when both penalty factors are 1, the overall 

objective function merges to three times the overall evaluation time (   ). In the 

following section, the four parts of total time are described. 

5.1.1 Calculating Orientation time 

Orientation time is defined as the time required for rotating a part and finding the 

exact orientation in order to place it into another part. According to literature[17] 

orientation time is directly related to rotational symmetries in the geometry. These 

symmetries are categorized into α and   groups as shown in Figure 6. In general, 

rotational symmetry states that, a part is symmetric if it is neutral to rotation about a 

defined axis and angle. If this axis is the insertion axis, it is called β and if it is an axis 

perpendicular to insertion axis, it is called α symmetry. While detecting similarities is 

accomplished by expert technicians in an actual assembly process, an algorithm is 

developed in this work to devise similarities in 3D geometries without any human 

intervention. To accomplish this, a fast geometric approach for detecting symmetries is 

devised which is detailed in the journal paper[15]. 
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Figure 6: Alpha and beta symmetries for two contacting parts  

5.1.2 Calculating Insertion Time 

Another important metric to consider in assembly evaluations is the time required 

to insert a part into another part. In order to calculate the insertion time, the oriented 

bounding box of the collided region is first computed with the help of a geometric 

kernel[1]. The collided region is a collection of faces that belong to the moving part and 

that have any clash with the boundary of the stationary part. Next, the length of the 

oriented bounding box edge that is parallel to the insertion axis is selected as the insertion 

distance. 

If the oriented bounding box of the collided region between the two parts has 

dimensions (     ), then the length of the edge that is parallel to the insertion 

direction is considered as the insertion distance. Now, in order to calculate insertion time, 

d is divided by insertion speed as         where    is the insertion speed defined by the 

user. In this work it is assumed that   is assumed to be constant and not changing with 

time. 

5.1.3 Calculating Handling Time 

The last metric that we use in this paper, is the time required to handle the part (  ). 

Handling time depends on two main factors, size and weight of the part. Based on 

reference [18] size plays an important role in handling time as a penalty factor. This 
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factor is calculated experimentally, a slightly modified graph from [19] presented in 

Figure 7 (b) is used to compute size penalty factor. According to this graph the penalty 

factor depends on a particular part size, and to calculate this, the largest dimension of the 

oriented bounding box for each part is used. Once the penalty factor is generated, 

 Equation 2 is used to compute the handling time [20], where W is the part weight , 

and S is the size penalty factor. 

 

 Equation 2                              

 

 

Figure 7 : Empirical evaluation data from reference [8] 
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5.2 FEASIBILITY INDEX  

The feasibility index is assigned to each node by the disassembly ruleset. The 

feasibility index is based on the relative position of that particular part in the disassembly 

sequence. In the disassembly rule-set, the rules recognize individual parts that can be 

disassembled without any parts blocking them. After a set of parts have been 

disassembled and taken off the assembly, additional parts in the assembly become free to 

be disassembled as some blocking directions become free directions. 

In this manner the rule-set separates the assembly into individual parts over an 

arbitrary number of iterations. The parts taken off in each iteration are given a layer 

number starting from 1 and continuing till all the individual parts are disassembled. These 

layer numbers are then normalized to an index value ranging from 0 to 1. This index 

labeled as the feasibility index is assigned to each node in the graph. A feasibility index 

of 0 implies that the part is taken off last in the disassembly and vice versa. This is a very 

useful evaluation metric as the knowledge of the feasibility index can guide the search 

towards more feasible sequences. The usefulness of feasibility index is detailed in chapter 

7. 
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Chapter 6: Tree Search Processes 

 In chapter 4, the process of candidate generation is explained in detail where the 

tree of solutions grows with the application of the recognize-choose-apply cycle. The 

final generated tree looks like the search tree in Figure 8Figure 8. 

 

Figure 8: From CAD model to search tree 

 As it can be seen from the search tree, the final level in the tree is populated with 

all the final assembly sequences, these sequences are stored in a computational object 

called “candidate”. 

 The candidate is a basic class in Graphsynth, it contains the Graph of the CAD 

model, and information about the list of rules that are applied on the initial seed graph to 

generate the graph contained in the candidate. Additionally, a number of performance 

parameters can be stored in the candidate. These performance parameters are used in 

storing the evaluation parameters like time, feasibility index as described in the previous 

chapter. This list of options which are used to create the final candidate graph from the 

initial seed graph is named as the recipe. 
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 The rules have a special feature which adds a label “invalid” to the graph. The 

label is added when a rule recognizes that the free direction between two parts is being 

blocked by another part that was previously assembled. This happens because at any level 

in the tree, the rules only reason about the current state of the graph and do not look into 

the future for all the possible assembly operations. When the label “invalid” is added to 

the graph, that particular branch of the tree is terminated and will not be further 

expanded. These branches are illustrated with the red stop symbol in Figure 8. 

Search Processes 

 To find an optimal and feasible assembly sequence, the path of the sequence has 

to be traced from the seed graph to the final candidate at the end of the tree. An example 

path is shown with bolded state and transitions in Figure 8. The objective of the tree 

search process is to trace this path to the final candidate. This candidate must contain a 

recipe which produces an optimal and feasible assembly sequence. 

6.1 BEST-FIRST SEARCH 

 In Best-First search process, a node is selected from the available list of nodes for 

expansion based on an evaluation function. The selected node has the least evaluation 

function value among all the nodes in the list. Best-first search is implemented in our 

application by expanding all the possible options starting from the initial seed graph. All 

the generated candidates are stored in a sorted list with the best candidate having the least 

evaluation function value at the top of the list. The evaluation function value is the 

cumulative time required to complete all the assembly operations that have been 

performed to generate that particular candidate graph and is shown in Figure 9. 
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Seed 
Graph

Candidate 
1

Candidate 
2

Option 1 – rule 1 – join parts 5 & 6

Option 2 – rule 1 – join parts 2 & 3

 

Figure 9: candidate generation example 

 For example, in Figure 9, two candidates generated from the seed graph by 

application of rule which combines two parts. In candidate 1, parts 5 and 6 are joined 

together and in candidate 2 parts 2 and 3 are joined together. 

The heuristic evaluation functions for candidate 1 and 2 will be  

  Equation 3                 5-6 

  Equation 4                 2-3 

Where, ti, th, to are the values of time required to insert, handle and orient the moving part 

in both cases. These values are stored on the arc connecting the nodes of the two parts.  

 In the search process, all the candidates generated are stored in a sorted list with 

the sorting value being the evaluation function value. After a candidate is evaluated, the 

evaluation function value is stored as a performance parameter in the candidate. 

 The candidates are saved in a sorted list with the candidate which has the lowest 

evaluation function value at the top of the list. In the next iteration the top candidate is 

chosen as the current operating candidate. The rules are recognized and applied on this 

candidate again and the resulting candidates are added to the list according to the 

magnitude of the performance parameter. 
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 It should be noted that after the first iteration, the sorting of candidates is based on 

the total cumulative time of all operations performed in the assembly up to that point. At 

the beginning of any iteration, the candidate is checked if it is a complete solution. A 

candidate can be a possible solution if it has only one hyperarc and all the nodes (the 

parts) in the assembly are contained in this hyperarc and the assembly sequence for the 

candidate is the list of options recognized and applied to generate the candidate from the 

initial seed candidate. If the current candidate is the solution, the search process is 

terminated and the assembly sequence is the recipe contained in the current candidate. 

Otherwise the search process continues. 

6.1.1 Drawbacks 

 The best-first search works well when the depth of the tree is relatively low 

compared to the branching factor in the tree. For example, in a tree search when the 

solution is at the final level, the search finds the solution faster as the candidates from the 

final level are added to the list of possible solutions early in the search process and the 

resulting convergence to the solution is faster. In the tree with the assembly sequences, 

the depth of the tree is (n-1), where n is the number of parts in the assembly.  

 Since the depth of the tree is high, a large number of candidates are added to the 

list of candidates before candidates from the final level are added. The evaluation 

function value of a candidate increases with increase in depth of the solution. This 

behavior of the evaluation function puts the candidates from the initial levels of the 

solution at the top of the list and the complete assembly sequences in the candidates at the 

final level of the tree are at the bottom of the list. This leads to very slow convergence to 

the solution and since the number of candidates in the list increases exponentially with 

number of parts in the assembly, it does not work well with larger assemblies. 
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6.2 BEAM SEARCH 

 The drawback in the best-first search is the slow convergence due to the large 

number of candidates on the list resulting in a long time to get to the final complete 

assembly sequence candidates. This drawback can be overcome by limiting the number 

of candidates that are put on the list, which can be achieved by using beam search.  

 Beam search is a variation of the best-first search that reduces its memory 

requirements. While best-first keeps all the available candidates at each level after 

expansion, the beam search discards all but the best k candidates. This parameter k is 

called the beam width. This methodology of pruning the candidates locally at each level 

does not guarantee the optimality of the search algorithm. As stated in [21], by bounding 

the width the complexity of the search becomes linear in the depth of the search rather 

than exponential. This leads to a faster convergence than best-first search. 

6.2.1 Drawbacks 

 Even with truncated storage of solutions, the number of candidates generated at 

each level is high and the convergence to the solution is slow. But by decreasing the 

beam width even more, the search algorithm runs out of valid options. This is due to the 

termination of certain branches in the tree which are not expanded when the graph has an 

“invalid” label. The “invalid” label is added to the graph tree when the rules are 

recognized and applied on the graph, an invalid operation that blocks free directions for 

future assembly operations. Any candidate with an “invalid” is terminated and is not 

expanded further. And if the beam width is very low, and if a higher percentage of 

candidates in the beam become “invalid”, the number of candidates produced might 

become zero at a particular level thus running out of options before the final level in the 

tree. 

 Another complication in reducing the beam width is that as the search algorithm 

progresses down the tree, the number of possible options decreases sharply as a lot of 

parts have been assembled already and a number of previously open free directions are 
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blocked. For this reason the beam width has to be large enough to generate a good 

number of possible solution candidates at the final level. 

6.3 HILL CLIMBING 

 A hill-climbing search algorithm is also implemented to focus on quickly finding 

a feasible solution rather than trying to find the most optimal. In the hill-climbing 

method, starting from the seed graph all the possible candidates are generated and the 

best candidate is selected based on the evaluation function used in best first search. This 

best candidate is used to generate child candidates. The best candidate is then replaced by 

the candidate which has the least evaluation function value among the child candidates. 

This process continues until no further options are recognized or the final solution is 

achieved. 

The Hill-climbing is set up in such a way that, if the search algorithm encounters 

an invalid candidate, the search can go back to the previous level and selects the next best 

option and repeats the process of taking the best at any level till the final goal is achieved. 

Some of the issues involved with application of Hill-climbing algorithm are the number 

of options to store at any level. A lower number of saved options results in running out of 

options and a higher number results in slower convergence. 

6.4 ORDERED DEPTH FIRST SEARCH 

 Ordered Depth first search is a modified depth first search which converges faster 

than the traditional depth first search for this particular problem but it does not guarantee 

optimality. 

 Depth first search is defined as a search method wherein all the descendants of a 

node are examined before nodes at the same level as that node are examined. Depth first 

search uses a stack (last-in, first-out) data structure. Starting from the seed graph, the 

candidates generated are put on the stack and the last candidate to get in the stack is taken 

off the stack and expanded and the same process continues until no further expansion can 



 28 

be possible. Once this occurs, the search backtracks and expands the next node at the 

previous level. 

 In the “Ordered Depth First Search” (ODFS) method created in this research, 

when the expanded candidates are added to the list, they are ordered based on the 

evaluation function value i.e. the time required to perform the assembly operation. This 

modification has resulted in faster convergence in finding a feasible assembly sequence 

and it is guaranteed to be close to optimal due to ordering of candidates based on the time 

required. 

 Ordered depth first search results in faster convergence as it considers all the best 

candidates first and reaches the final level of the tree in minimum iterations. If the search 

algorithm does not encounter any invalid candidates in the traversal, the candidates from 

the final level of the tree which are possible assembly sequences are added to the top of 

the candidate list in (N-1) iterations. (N is the number of parts in the assembly). This 

capability of the search algorithm generates assembly sequences with a very low 

processing time and less number of iterations. Results from the application of this search 

process are discussed in the next chapter. 
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Chapter 7: Results and Discussion 

 The search processes detailed in the previous chapter are used to generate 

assembly sequences. The project is developed in .NET 4.0 environment using the C# 

programming language. The project is currently setup in such a way that the user can 

choose among the search processes discussed in the previous chapter. The initial 

command line screen is shown in Figure 10. 

 The application starts Graphsynth in the background and the user can specify the 

seed graph and the rules to be used in the .config file. As it can be seen in Figure 10 , the 

GraphSynthSettings.gsconfig file is located and along with the seed graph “input.gxml”. 

The five rulesets with the corresponding rules are also loaded successfully. All the 

successfully loaded search processes are shown as options that the user can choose. 

7.1 EXAMPLES 

 The current capability of the tool does not include reasoning about securing 

operations in the assembly like screwing, riveting, etc. In the example assemblies 

considered in this thesis, any two parts are placed onto one another, to form a sub-

assembly and the act of securing the two parts is assumed. A sample mechanism 

assembly with 14 parts is shown in Figure 1 is used as the example to compare results 

from different search processes. 
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Figure 10: Application start-up screen 
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7.2 SAMPLE PLAN WITH ODFS SEARCH 

(b)
 

Figure 11: Assembly model with node numbers (A), A complete assembly plan (b). 

 As shown in Figure 11, the example model with 14 parts yields an 

assembly plan with 13 steps. The Ordered Depth First Search (ODFS) is the most 

efficient search among the five search algorithms proposed. ODFS uses the least memory 

and as seen from Figure 11 it takes only 792 milliseconds to process the assembly plan. 
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This plan is graphically explained in Figure 12 , where all the individual parts in the 

model are denoted by the numbered nodes. In the first step in the plan part 1 (n1) is added 

to part 13 (n13) where n13 denotes the fixed part in the operation, notice that the time for 

the operation is 0.5 seconds as the contact between these two parts is a “loose contact”  

which means these two parts are attached with a small gap. In this software tool, time 

evaluation has been done only on “tight contacts” where two parts are connected without 

any gap and 0.5 seconds is taken as the evaluation value for loose contacts [22]. The parts 

n1 and n13 combine to form a subassembly which is represented by the pink colored area 

in step 1 in Figure 12 . In the second operation the part n3 is added to the subassembly 

and subsequently the subassembly hyperarc continues to expand. In the third step a 

parallel subassembly with parts n0 and n4 is made. In the fourth step n11 is fastened onto 

n12 to make a third parallel subassembly. In step 10 the pink and orange colored 

subassemblies are merged together to form one subassembly. In this procedure the graph 

grammar rules recognize possible assembly operations at every stage and an optimal 

assembly plan is obtained by searching through the tree of solutions using ODFS. After 

the final step in the assembly plan there is only one hyperarc which represents the final 

assembly and the total required time is the sum of individual times of all the operations. 

 The sample plan is not the best assembly sequence i.e. it is not the most optimal 

among all the feasible assembly sequences. This is because the ODFS search algorithm 

does not do a complete search of the solutions in the tree since it terminates when a 

solution is found. For the assembly sequencing problem where the possible search space 

is n!, an exhaustive search to find the best sequence is very time consuming because even 

for a small assembly with 14 parts that is considered here, the possible number of 

assembly sequences is more than 87 billion(14!).  



 33 

 

Figure 12: Assembly hyperarc grows after each step to get final assembly 
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7.3 CONDENSED TIME ASSEMBLY SEQUENCE 

 In the assembly sequence evaluation in the previous example, it is assumed that 

the assembly is done at one workstation only and the resulting time required for the total 

assembly will be the sum of time required for all the individual operations. But, since this 

software tool has the capability to reason about sub-assemblies. The assembly sequence 

generated here is capable of creating sub-assemblies and a reduced time can be found by 

assembling at multiple workstations.  

 This capability can be used to evaluate time required for an assembly sequence 

more accurately. In an actual assembly plant in the real-world, it can be safely assumed 

that assembly is done at multiple workstations rather than using one workstation to join 

one part at a time to the partial subassembly to make the final assembly. Sub-assemblies 

with varying number of parts are built at different workstations differentiated by the 

capabilities in the plant. For example, in an assembly plant which assembles automobiles, 

the engine sub-assembly and the seat subassembly are assembled at a different 

workstation or plant and then brought onto the final assembly line to assemble the car. 

 Using the tool’s unique capability of building partial sub-assemblies, the 

assembly sequence can be represented as a plan where different sub-assemblies are built 

in parallel. If we assume an arbitrary number of parallel sub-assemblies, then the total 

time required will be condensed. Condensed time is the time required to build the largest 

sub-assembly or the sub-assembly which takes the highest amount of time. Consider the 

example of the car assembly, in the final assembly sequence for the production of a car 

the assembly of the engine and the exterior of the car can be started at the same time. 

When the engine assembly is complete, it can be loaded onto the partially built car.  In 

this scenario, the total time required for the assembly is not the sum of the time required 

for building the engine and the exterior separately but time taken to build the exterior 

which is a larger sub-assembly with more parts and takes longer time. 

 Similarly, for the sample assembly plan shown in Figure 11 the condensed time 

can be calculated by building hyperarcs and evaluating the evaluation function value for 
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each hyperarc separately. This is shown in detail from Figure 13 - Figure 16 in a series of 

steps where after each step the new and existing subassemblies are represented by a 

rectangular block and the individual parts in the hyperarc are also indicated along with 

the evaluation function value for the subassembly. The width of the subassembly block is 

proportional to the evaluation time for that subassembly. 

 The first two steps in the plan are shown together in which parts represented by 

nodes n3 and n1 are added to n13 to make the first subassembly. In the third step a new 

subassembly with parts n0, n4 is formed which takes 2.2 seconds. In the fourth step n11 

and n12 are combined together to form a third new subassembly. Currently there are 

three subassemblies in the candidate and using the condensed time as the evaluation 

function the evaluation function value of the candidate at this level is the maximum time 

value among the three subassemblies and subassembly Ha-2 has the maximum time of 

3.2 seconds. 

 Up to step 9 in the plan, either a new sub-assembly is built or an additional part is 

added to an existing subassembly. But in step-10 subassembly Ha-4 is combined with 

subassembly Ha-0. The evaluation function value of the new subassembly created is the 

sum of the maximum evaluation function value among the two merging sub-assemblies 

and the time required for joining the two sub-assemblies. In step-9 the maximum value 

among Ha-0, Ha-4 is 14.8 seconds and adding the evaluation function value of step-10, 

which is 5.6 seconds the resulting evaluation function value for the modified 

subassembly Ha-0 after step-10 is 20.4 seconds. 
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Figure 13: Subassembly expansion for steps 1-5 in the plan 
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Figure 14: Subassembly expansion for steps 6-8 in the plan 

 



 38 

 

 

Figure 15: Subassembly expansion for steps 9-11 in the plan 
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Figure 16: Subassembly expansion for steps 12-13 in the plan 

 It can be seen from Figure 13 - Figure 16, that the time required to build the 

largest sub-assembly takes 59.8 seconds which is less than the sum of evaluation function 

values for all individual operations. Therefore the condensed time for this assembly 

sequence is 59.8 seconds.  

 In the initial use of ODFS search process, the options produced at any level are 

sorted using the cumulative time required to perform all the operations done till that 

level. But for using condensed time, each subassembly represented by a hyperarc in the 

graph has a variable which takes the value of the total time required for the assembly 

operations performed in joining all the parts in the hyperarc. The highest time value 

among all the hyperarcs is stored as the evaluation function value on the candidate which 

is used to sort the candidates at any level.  

 



 40 

 

Figure 17: Sample assembly plan using condensed time 

 By using condensed time for evaluation in ODFS, the assembly sequence shown 

in Figure 17 is generated. It can be observed that the plan is different from the sequence 

generated using cumulative time in ODFS. The assembly plan generated is different 

because the child candidates generated at each level are ordered differently on the list as a 

different evaluation function value is used to sort them. This difference in order leads to 

selection of candidates which are different from the previous case using cumulative time.  

It can also be seen that the number of iterations are only 16 which is less than the 32 

iterations required for ODFS search using cumulative time. 

7.4 USING STABILITY AND ACCESSIBILITY METRICS IN EVALUATION  

As new subassemblies are created during the assembly sequence, it is important to 

consider stability and accessibility of the subassembly in the evaluation of sequences. 

Whenever a part is added to a sub-assembly, it results in a new sub-assembly. This 

subassembly must be stable under the effect of gravity and the insertion force of the next 

part to be assembled. The subassembly should also be accessible for inserting additional 

parts or for performing other operations. This quality of a sub-assembly should be 

considered in the evaluation of assembly sequences because it will require less number of 
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resources to work on a stable sub-assembly. If the sub-assembly is not stable it would 

require a fixture resulting in more time and resources. These metrics are quantified as 

indexes ranging from 0-1 as explained in chapter 5 on evaluation.  

               These indexes named as stability penalty factor (SPF) and accessibility penalty 

factor (APF) are computed at every step of finding the assembly sequence. Whenever a 

rule is applied and a new operation is performed, a new subassembly is formed and the 

geometric reasoning is done during the search process to find SPF and APF. The 

geometric reasoning also helps in finding another time metric which is defined as the 

transfer time. Transfer time is defined as the time required to move the part from the edge 

of the subassembly to the insertion point. 

The final equation for finding the time required for an assembly operation using 

these additional evaluation metrics is shown in Equation 1 in chapter 5. Using this 

equation for evaluation, the time values obtained for individual assembly sequences are 

more practical. By applying the new evaluation on the sample 14 part assembly the 

assembly plan generated is shown in Figure 18.  

 

Figure 18: Optimized assembly plan with condensed time and penalty factors included 

 It should be observed that the time required has increased from 55 seconds to 365 

seconds due to the added penalty factors APF and SPF. During the final stages of 

assembly, the subassembly size is larger and that results in higher APF and SPF values. 
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This phenomenon can also be seen in the example where the evaluation function values 

are higher in the final steps of the plan. 

7.5 MULTI-OBJECTIVE SEARCH 

The evaluation in the search process used until now is only using time and 

subassembly stability, accessibility as the evaluation criteria. But multiple criteria can be 

used to sort all the available candidates. In the following section, the evaluation metric 

feasibility index explained in chapter-5 is used to make use of multiple objectives and 

make the search more efficient. 

7.5.1 Using the feasibility Index 

Another factor in the search that is making it slower is the backtracking in the 

search algorithm. The backtracking in the algorithm is due to the assembly sequence 

becoming invalid at a particular level in the tree. The grammar labels a candidate as 

“invalid” when a free direction between two parts is blocked by an earlier operation. 

As explained earlier the feasibility index is assigned according to the hierarchy of 

a particular part in the disassembly sequence. If the knowledge about the position of a 

part in the disassembly sequence can be used in the search process, backtracking in the 

search algorithm can be avoided. The feasibility index ranges from 0-1, where 0 implies 

that the part comes off first and 1 implies that the part is the last part to be taken off the 

assembly in the disassembly process. By using this index, the options or assembly 

operations that have a lower feasibility index are preferred first. This reduces the 

backtracking in the algorithm and makes the search process faster and more efficient. 
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Figure 19: assembly sequence generated using multi-objective search 
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             The result obtained from the multi-objective search for the sample 

assembly is shown above in Figure 19 . For implementing the multi-objective search, it 

can be seen from Figure 19, before the search process starts, the parts in the assembly are 

assigned a feasibility index. The result shows that the search algorithm encountered 

invalid candidates only 12 times during the search. As the number of parts in the 

assembly increases multi-objective search will converge faster to the solution compared 

to using single objective of time in the ODFS search.  
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Chapter 8: Conclusions and Future Work 

In this thesis, a graph grammar approach is described to automatically generate 

assembly sequences for given mechanical assemblies. The tool successfully generates 

optimized assembly sequences for assemblies with moderate number of parts. The 

optimized assembly plan also estimates the time required. 

The tool is divided into three modules where the first module deals with the 

geometric reasoning algorithm dependent on a commercial CAD kernel Parasolid[1]. The 

geometric algorithm uses the CAD kernel to intelligently reason about the assembly 

models. The reasoning algorithm extracts the CAD elements and infers the relationships 

between various parts. The relationships include information about free directions, 

blocking parts and connection type. It also computes the evaluation time metrics. Results 

of evaluation and reasoning stages are encoded in the form of a label-rich graph, which is 

represented in Extensible Markup Language (XML). 

By applying a set of graph grammar rules on the seed graph, candidate assembly 

sequences are generated. The feasible sequence is obtained by using grammar rules to 

define valid transitions. Finally a search algorithm is used to find the optimal assembly 

plan(s) from a large pool of feasible assembly sequences. The goal is to design a software 

tool that can perform a fast, and accurate analysis on large and complex assemblies to 

eventually reduce the overall time and cost for the end‒product and the tool currently 

finds the assembly sequence in less than a minute for the example assembly with 14 

parts. 

The current tool has the capability to reason about assemblies in which the 

connection between the parts is not a secure connection like screwing, riveting or bolting. 
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Reasoning can be extended to include these connection types. By including these 

connections, larger assemblies can be used as examples. 

Ongoing research is focused on improving the tool to include more generic 

assemblies. Future work also includes refining the search process and use techniques to 

detect invalid combinations that happen too early in the search thereby eliminating 

subsequent assembly operations by blocking some free directions. If these combinations 

can be identified and listed then the search process will converge faster. 

The work done in this research has shown that modification to existing search 

methods greatly improves the efficiency. The concept of ordered depth first search, a 

modification of the depth first search was successfully devised and implemented in this 

research to automatically generate assembly sequences. 
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