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Abstract 

 

Thermo-Electro-Mechanical Behavior of 

Ferroelectric Nanodots 

 

Zacharias Petrou, M.S.E 

The University of Texas at Austin, 2013 

 

Supervisor: Chad M. Landis 

 

 The relatively recent discovery of the giant electrocaloric effect in ferroelectric 

ceramics may lead to new solid state cooling technologies that are energy efficient, 

reliable, portable, and environmentally friendly. This phenomenon, along with many 

other novel field-coupled properties of ferroelectrics, such as piezoelectricity, 

pyroelectricity, the electro-optic effect, phase changes, and polarization switching, make 

these materials useful for a wide range of technological applications including sensors, 

ultrasound, infrared cameras, sonar, diesel engine fuel injectors, ferroelectric random 

access memory, electro-optic modulators, vibration control, and electrocaloric cooling 

devices. 

Most of world’s current cooling and refrigeration technology is based upon the 

vapor-compression cycle of a refrigerant. Refrigeration systems that are based on this 

technology are bulky, require moving parts in the compressor and some of them have a 

less than optimal environmental impact.  Thin film devices that utilize the electrocaloric 



 

vii 
 

effect could have a significant impact on refrigeration, heat pumps, air conditioning, 

energy scavenging, and computer cooling systems. Especially for the latter ones, the fan-

based solutions are not likely to be able to keep up with the increases in computing power 

and the resulting current densities in integrated circuits. 

The ability to make quantitative predictions of the behavior of ferroelectric 

structures is of significant importance given the experimental efforts on the synthesis of 

barium titanate nanodots, nanorods, nanowires, and nanotubes, and lead zirconate titanate 

(PZT) thin films, and nanoparticles, and the potential for technological applications of 

these structures. The research contained herein implements a full thermo-electro-

mechanical continuum framework and numerical methods based on phase-field modeling 

to study the domain and phase structure evolution associated with the electrocaloric effect 

in barium titanate ferroelectric nanodots. 
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Chapter 1: Introduction 

 

Ferroelectric materials are unique because they are characterized by the 

appearance of spontaneous polarization. Most dielectrics in general require an electric 

field to sustain polarization. Ferroelectric crystals however are dielectrics that may 

sustain internal electric dipole moments without an externally applied electric field. 

Ferroelectric materials possess properties that make them useful for numerous 

applications in electronic devises. Some of these properties are the piezoelectric effect, 

the pyroelectric effect and the electro-optical effect. 

Polarization of ferroelectric crystals occurs when the positively charged central 

atom shifts in the opposite direction of the negatively charged oxygen atoms (see Figure 

1.1). This phase transition only occurs when the temperature drops below a critical value 

commonly referred to as the Curie temperature or Curie point, which varies for each 

material. For temperatures above the Curie point ferroelectric crystals are in a nonpolar 

paraelectric state. Application of an external electric field can result in the change of the 

polarization direction since ferroelectrics exhibit multi-stable ground states.  

 

 

Figure 1.1: Polarization in a perovskite crystal cell. 
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On average, large crystals can take on arbitrary polarization directions. However 

there are regions within the crystal with spatially uniform dipole moments in 

crystallographically defined directions, the so-called domains. Each domain contains 

many dipoles aligned in the same direction. The interfaces separating domains are called 

domain walls (figure 1.2). The net polarization of the ferroelectric structure is the volume 

average of the polarization across the domains. 

 

 

Figure 1.2: Example of Ferromagnetic Domains 

 

Perovskite ceramics like lead or barium titanate, exhibit ferroelectricity below the 

Curie temperature, Tc . Above the Curie temperature the material has a cubic crystal 

structure and is paraelectric as shown in Figure 1.3a. How the free energy landscape 

under zero stress and zero electric field changes as the temperature is decreased is 

illustrated in figure 1.3b. In materials that undergo a first order phase transition, e.g. 

barium titanate, local minima corresponding to the polar ferroelectric states appear. The 

minima imply that these ferroelectric states are stable if the material exists in the state 

homogeneously. However, the existence or nucleation of a phase boundary would 

quickly annihilate any ferroelectric regions at this temperature by moving through the 

crystal. The free energy at the Curie temperature is depicted in Figure 1.3c.  



 

3 
 

 

 

Figure 1.3: The free energy “landscapes” as a function of the material 

polarization for (a) high temperature to (e) low temperature. The perovskite 

crystal structure of lead or barium titanate is included in each schematic to 

illustrate the global minimum energy polarization and strain states. The crystal 

illustrations include lead or barium ions (+2, blue), oxygen ions (-2, green), and 

a titanium ion (+4, red). (a) Above the Curie temperature cT , the material resides 

in the cubic phase and the material free energy ψ is convex with a single well at 

zero polarization. (b) As the temperature decreases energy wells (local minima) 

form associated with the ferroelectric states. The ferroelectric state is unstable at 

this temperature (with respect to phase boundary motion) because any existing 

phase boundaries would be driven to engulf ferroelectric regions. (c) The Curie 

temperature where the paraelectric and ferroelectric states have the same free 

energy. In the absence of other driving forces, phase boundaries can remain 

stationary at this temperature. (d) A temperature where the paraelectric state is 

not stable with respect to phase boundary motions. (e) Sufficiently far below the 

Curie temperature where only ferroelectric states can exist. 

 

 

At this temperature both the non-polar paraelectric state and the polar ferroelectric states 

have identical free energies and stationary phase boundaries can exist within the material. 
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The addition of heat at cT  will cause the phase boundary to move in order to eliminate 

the ferroelectric phases, and the removal of heat will push the phase boundary in the 

opposite direction. Note that as the latent heat of the transformation is removed from the 

material, at constant cT=T , there is a finite jump in the polarization between the initial 

paraelectric state and the final ferroelectric states during a first order phase transition. 

This latent heat offers a significant contribution to the giant electrocaloric effect. The 

magnitude of the latent heat is related to the energy barrier between the paraelectric and 

ferroelectric phases shown in Figure 1.3c. Figure 1.3d shows a temperature where the 

paraelectric state can be stable homogeneously, but is unstable with respect to phase 

boundary motions. Finally, Figure 1.3e illustrates a temperature sufficiently below cT , 

such that the paraelectric state is completely unstable, and the material is purely 

ferroelectric.  

Due to the existence of multiple energy wells, the ferroelectric state will have a 

domain structure with the spontaneous polarization changing between two energy wells 

across a domain wall, and at cT  phase boundaries can exist between the paraelectric and 

ferroelectric states. These boundaries and domain walls are usually a few lattice spacings

 ~1 2 nm  thick and have excess energies in the 21 10 mJ / m  range. Due to this 

relatively small wall energy, bulk crystals usually form a very fine domain/phase 

structure in order to minimize the energy associated with the depolarization and strain 

fields. The exception arises in the presence of a biasing electric field, strain or charge 

distribution that produces a preferred domain orientation. In any case, the domain walls 

and phase boundaries can be viewed as the fundamental defects in ferroelectric crystals, 

and their nucleation, motion, and interactions with other defects are responsible for the 

range of novel behaviors exhibited by the material. 
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Chapter 2: Theoretical Framework 

 

 The modeling approach to be used is based on Landau-Ginzburg-Devonshire 

theory, commonly referred to as phase-field or diffuse interface modeling.  We will use a 

continuum thermodynamics approach for the theoretical derivations and the finite 

element method for the numerical analysis. There is another theoretical approach which 

uses energy minimization or gradient flow approached for the derivation of the governing 

partial differential equations. Our preference for the continuum thermodynamics 

approach stems from its transparent separation of universal balance laws and the 

constitutive behavior of the specific material, and the fact that this theoretical framework 

is amenable to the derivation of driving forces on domain walls, phase boundaries and 

other defects. Our choice to implement the finite element method for the numerics arises 

from the need to represent arbitrary non-periodic material regions, which may include 

defects like dislocations, oxygen vacancies, and free surfaces. The finite element method 

also allows us to specify completely general forms for the material free energy without 

compromising computational efficiency. 

 

2.1 Balance Laws for Phase-Field Theory 

 

 In the following pages we present the governing equations for the small 

deformation non-equilibrium thermodynamics framework (for more details see Su and 

Landis, 2007). The full thermo-electro-mechanical set of equations are the result of 

methods of continuum mechanics. Throughout this text index notation will be used. 

 The balances of linear and angular momentum in a volume, V, included in a 

surface, S, yield the following: 
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,ji j i ib u    in V, (2.1.1a) 

 
ji ij   in V, (2.1.1b) 

 
ji j in t   on S, (2.1.1c) 

 

where, 
ij  are the Cartesian components of the Cauchy stress, 

 ib  the body force per unit volume, 

   the mass density, 

 iu  the mechanical displacements, 

 in  the unit vector normal to a surface element, 

 it  the tractions to the surface. 

 

Note that the dots over iu  imply time derivative i.e. u u t   and 2 2u u t  . 

 Linear kinematics relate the strain components 
ij  to the displacements according 

to the following relationship 

 

  , ,

1

2
ij i j j iu u   , (2.1.2) 

 

where, the commas are used for the derivatives i.e.    
, ii

x   . 

The quasi-static forms of Maxwell equations govern the electrical quantities. Specifically, 

 

 
, 0i iD q   in V, (2.1.3a) 

 i iD n     on S, (2.1.3b) 

 
,i jE       in V, (2.1.3c) 
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where, iE  is the electric field, 

   is the electric potential, 

 iD  is the electric displacement, 

 q  is the volume charge density, 

   is the surface charge density.  

 

The phase-field modeling requires the free energy to depend on the material polarization 

vector and its gradient. Polarization is related with the electric field and the electric 

displacement as shown below, 

 

 0i i iD P E  , (2.1.4) 

 

where, 0  is the permittivity of free space. Following arguments outlined in Su and 

Landis (2007) and Fried and Gurtin (1993) the micro-force balances shown below are 

equivalent to the time-dependent Landau-Ginzburg equation for ferroelectrics, 

 

 
, 0ji j i i      in V, (2.1.5a) 

 
ji j in   on S, (2.1.5b) 

 

where, 
ji  is an internal micro-force tensor, 

 i  is an internal micro-force vector, 

 i  are micro-force vectors due to external sources in the volume, 

 i  are micro-force vectors due to external sources on the surface. 
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Note that, i  accounts for internal storage of energy as well as dissipation from domain 

wall or phase boundary motion. Equations (1)-(5) constitute the universal balance laws 

for the phase-field theory. 

 

2.2 First and Second Law of Thermodynamics 

 

 In order to develop a complete and consistent set of governing equations and 

restrictions for the constitutive model the first and second law of thermodynamics should 

be taken into account. Within the continuum mechanics framework the first law of 

thermodynamics, also known as conservation of energy, can be stated in its differential 

form as 

 

 , ,ji ji i i ji i j i i i j

du
E D P P r q

dt
          (2.2.1) 

 

where, u  is the internal energy per unit volume of the material, 

 r  is the supplied external heat per unit volume, 

 iq  are the components of the heat flux vector. 

 

The above is a consequence of the statement that the amount of work and heat put into a 

system is balanced by the system’s change in kinetic and internal energy.  

We must also satisfy the second law of thermodynamics which states that the 

internal entropy of a system must at least increase in the same amount as the entropy 

input to the system. The mathematical representation of this law results in the so-called 

Clausius-Duhem inequality, given point-wise as 

 

 , ,

1
i j i is r q q 


    (2.2.2) 
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where, s  is the entropy per unit volume, 

 r is the external heat supply per unit volume, 

   is the absolute temperature. 

 

Next we define the Helmholtz free energy per unit volume as u s   . Combining 

equations (2.2.1) and (2.2.2) we obtain the following inequality 

 

 ,

1
ji ij i i i i i iE D s P q     


     . (2.2.3) 

 

Coleman and Noll (1963) stated that (2.2.3) must hold for any admissible processes. An 

admissible process is any process that we can impose on the material through the 

associated control of the external sources available to us. The analysis results then into 

the following: 

 

 
,

,   ,   ,   ji i ij

ij i i j

E s
D P

   
 

 

   
    
   

 and 
,

0
i









, (2.2.4) 

 ,

1
0i i i i

i

P q
P


 



 
   
 

. (2.2.5) 

 

Equation (2.2.4) describes the constitutive relationships between the independent 

variables of strain, electric displacement, temperature and polarization gradient and the 

conjugate thermodynamic forces of stress, electric field, entropy and micro-force. 

Equation (2.2.5) is the generalized dissipation inequality. The use of (2.2.5) in practice is 

that each term is assumed to satisfy the inequality independently of the other. Therefore 

we take, 
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i ij j

i

P
P


 


  


   and   

,i ij jq k   , (2.2.6) 

 

where, tensor 
ij  is the “polarization viscosity”, 

 tensor 
ijk  is the thermal conductivity. 

These tensors are positive definite and can depend on each of the independent variables 

(in practice they are assumed to be constants). Using the above equation (2.1.5) takes the 

Landau-Ginzburg form, 

 

 
,

i ij j

i j i

P
P P

 
 

  
      

. (2.2.7) 

 

Furthermore, the conservation of energy equation (2.2.1) becomes the thermo-electro-

elastic heat equation, 

 

  
2 2 2 2 2

, , 2,
,

ij j ij i j ij i i i ji
ij i i i j

k PP r D P P
D P P

    
     

     

     
                  

. 

  (2.2.8) 

 

The term  , ,ij j i
k   is the Fourier heat conduction, ij i jPP  is the non-negative heat 

generation due to dissipation, r  is the external heat source and the fourth term in the 

parenthesis represents reversible heat sources or sinks due to thermoelasticity and 

generalized pyroelectricity. The right hand side term represents the energy that is stored 

due to heat capacity in non-phase-transforming regions and the latent heat in regions of 

material undergoing a first-order phase transformation. 
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 Equations (2.1.1)-(2.1.5) and (2.2.8) constitute the fundamental balance laws for 

the mechanics, electrostatics, and energy associated with the problem to be considered. 

Equations (2.2.4) and (2.2.6) express the constitutive behavior of the specific material. 

The material properties must be incorporated into the material free energy   i.e. its 

elasticity, piezoelectricity, specific heat, dielectric permittivity, pyroelectricity, thermal 

expansion, latent heat, spontaneous strain and spontaneous polarization. 

 

2.3 The Material Free Energy 

 

In order to obtain a sufficient set of parameters that can be fit to spontaneous 

polarization, spontaneous strain, latent heat and the thermo-electro-elastic properties of a 

particular material we need a description of the material free energy. An appropriate form 

for the free energy is taken as, 

  

 , ,

1

2
ijk i j k la P P   

  
1 1 1 1

2 4 6 8
ij i j ijkl i j k l ijklmn i j k l m n ijklmnrs i j k l m n r sa PP a PP P P a PP P PP P a PP P PP P P P     

  
1

2
ijkl ij k l ijkl ij kl ijklmn ij kl m n ijklmn ij k l m nb P P c f P P g P PP P          

        0 0

0 0

1
ln

2
i i i i ij ijD P D P C


      

 

  
         

  
 (2.3.1) 

 

The first term of the free energy penalizes large gradients of polarization and gives 

domain wall and phase boundaries thickness (~1-2 nm) within the model. The four terms 

on the second line, which are temperature dependent (see Wang et al., 2007), are used to 

create the non-convex energy landscape of the free energy with minima located at zero 

polarization for the paraelectric state above the Curie temperature. For a particular 
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temperature the terms on the third line are used to fit the spontaneous strain along with 

the dielectric, elastic and piezoelectric properties about the spontaneously polarized 

states. The first term on the last line represents the energy stored within the free space 

occupied by the material, while the last two terms are used to model the thermal 

expansion and specific heat of the paraelectric state. We point out that each of the 

material tensors must contain the symmetry of the paraelectric phase, (the most common 

is cubic). Due to these considerations of symmetry the second, fourth, sixth and eighth 

rank tensors on the second line have only one, two, three and four independent 

components respectively. 

 

2.4 Finite Element Formulation 

 

 The solution for the governing equations for this problem has yet to be attempted. 

In this thesis only isothermal boundary value problems are studied, but for completeness 

we discuss the finite element formulation for the general solution to the inhomogeneous 

temperature situations as well.  The finite element method uses the components of 

mechanical displacement, electrical polarization, electrical potential or voltage and 

temperature as nodal variables yielding the strains, polarization gradients, electric fields 

and temperature gradients within the elements respectively. The independent variables 

for the constitutive equations are  
ij , iP , 

,i jP , iE  and  . An issue immediately occurs 

because of the form of Helmholtz free energy, which contains iD  instead of iE . A 

Legendre transformation is adopted to derive the electrical enthalpy h , 

 

  ,, , , ,ij i i j i i ih P P E E D     (2.4.1) 

 

Therefore the stresses, entropy, electric displacements, micro-forces are given by, 
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 ij

ij

h








, 
h

s



 


, 

i

i

h
D

E


 


, 

,

ji

i j

h

P






 and 
i

i

h

P






 (2.4.2) 

 

With the strain-displacement and the electric field-potential relations in hand, we can 

obtain all the remaining governing equations from the variational statement (or principle 

of virtual work) that follows: 

 

  ij j i i i
V V

d

dt

P PdV u u dV      

  
2, , ,

1 1
  ji ij i i i i ji i j i i i i

V
D E P P s q q dV

 
          
 

       
 

  

   
1

  i i i i ij i i
V

b u q P r PP dV


     
 

     
 

  

  
1

  i i i i i i
S

t u P q n dS


   
 

    
 

 . (2.4.3) 

 

The latter is the foundation for the derivation of the finite element equations for the 

phase-field model. The strain, electric field, polarization gradient, and temperature 

gradient are derived within the elements by using the components of mechanical 

displacement, electric polarization, electric potential and temperature as nodal degrees of 

freedom. Furthermore, the stress, entropy, electric displacements and micro-forces are 

compute via equation (2.4.2) while the heat flux is obtained from (2.2.6). 
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Chapter 3: Thermo-Electro-Mechanical Behavior of 

3BaTiO  Ferroelectric Nanodots 

3.1 The Simulation Model 

 

It has been observed that the domain structures in single crystal ferroelectric 

nanodots, for example 3BaTiO  (see Schilling et al., 2009), after cooling through the 

Curie temperature appear to form into quadrants. Furthermore, low dimensional 

ferroelectrics, such as ferroelectric thin films, ferroelectric nanotubes, and ferroelectric 

nanodots exhibit polarization vortices in order to reduce the depolarization energy that 

would arise if the polarization has a component perpendicular to an unelectroded surface.  

Herein, we simulate a square 3BaTiO  ferroelectric nanodot formed by four quadrants as a 

polarization vortex. The quadrants are separated by o90  domain walls, see Figure 3.1.  As 

mentioned before phase-field modeling is employed for the simulations.  

         

 

Figure 3.1: Square ferroelectric nanodot subject to polarization vortex 
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 In order to compute the entropy changes from the phase-field simulations we 

assume the material free energy coefficient 
ija   to be of the form, 

 

  0

1ij c ija a T T   . (3.1.1) 

 

 With this form, the entropy is then given by, 

 

 
0 2

1s a P
T


   


. (3.1.2) 

 

Then the total entropy for the nanodot, given that our work is a 2D simulation is given by 

 

 
0 2

1
A AT

S dA a P dA




     . (3.1.3) 

 

The approximate domain wall thickness is given as 
0 0 0 0l a E P , where 0a  is the free 

energy coefficient for the polarization gradient terms, 0E  is a characteristic switching 

field, and 0P  is the spontaneous polarization magnitude.  Our nanodot it taken to be a 

square of side L  and herein we examine two relative nanodot sizes, the first one with 

0/ 10 2L l   and the second one for 0/ 5 2L l  . 
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3.2 Case 1: Ferroelectric Nanodot’s Thickness, 0 10 2L l   

 

 The physical scenario that we wish to investigate is one where a ferroelectric 

nanodot is allowed to cool unconstrained from above the Curie temperature.  This process 

will form a polarization vortex structure that is not stress free due to the overall shape 

incompatibility of the individual domains.  Thereafter, the nanodot structure is bonded to 

a rigid substrate such that the displacement of all points is fixed.  This boundary 

condition is most valid for a nanodot that is very thin in the out-of-plane direction. The 

initial relaxed vortex domain structure results in the deformed shape shown in Figure 3.2. 

The domain walls are clearly seen and the four quadrants maintain their initial 

polarization directions. 

 

 

Figure 3.2: Unconstrained deformed shape of the ferroelectric nanodot of size 

0
/ 10 2L l   in a polarization vortex domain structure. 
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 Once bonded to the substrate, we are interested in the polarization structure within 

the nanodot and how this evolves when an external electric charge per unit thickness, Q , 

or external electric potential,  , is applied across two opposite boundaries, see figure 3.3. 

 

         

 

Figure 3.3: Square ferroelectric nanodot subject to polarization vortex, and to 

either an external electric charge per unit thickness, Q , or to an external electric 

potential,  , applied by two electrodes plated across two opposite boundaries.   

 

 Figure 3.4 shows the plot of the normalized charge 0Q P L  against the normalized 

electric potential 0E L . Positive   corresponds to a downward directed electric field.  

The entire path shown in Figure 3.4 consists of equilibrium states, many of which would 

be difficult if not impossible to attain in an experimental setting where only charge or 

electric potential is controlled.  The goal of this simulation is not to mimic some specific 

experiment, but rather to map out the entire equilibrium path.  To attain this goal the 

simulation is split into several segments where charge or electric potential is increased or 
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decreased according to the direction of the path.  First we move along the path from 

origin to point A (see figure 3.4) with small increments in the electric charge. The 

polarization structure evolves as shown in Figures 3.7a – d, with the downward polarized 

domain (blue color) growing at the expense of the upward polarized domain (red color). 

After point A, point B is approached by decreasing the charge. The upward polarized 

domain reappears in the simulation as indicated by Figures 3.7e and f. In addition a new 

downward polarized domain is nucleated on the right side of the ferroelectric nanodot. 

Next  -control enables us to obtain some solutions near the turning point of point B, 

before moving towards point C by once again increasing the charge. The horizontally 

polarized domain (green color) and the upward polarized domain, shrink and give way to 

the expanding downward polarized domain on the right (Figure 3.7g, h). At point C the 

upward polarized domain has disappeared (see Figure 3.7h). An almost horizontal path 

connects point C with point D. We move along that path by controlling  . During this 

process the horizontally polarized domain keeps shrinking, see Figure 3.7i, until we reach 

point D where we can clearly observe a symmetric structure formed by the horizontally 

polarized domain in the middle and the downward polarized domain that surrounds it 

(Figure 3.7j). Finally by controlling the charge we move towards point E. Figure 3.7k 

where the polarization structure seems to becoming a uniform downward polarization. 

 In addition to Figure 3.4 the normalized change in entropy, 0 2 2

1 0S a P L , versus 

0Q P L , and versus 0E L  are also plotted. These plots are shown in Figures 3.5 and 3.6 

respectively. It can be clearly seen that S  increases under the application of electric 

charge and electric potential.  S  is equal to the heat input to the structure divided by the 

temperature, so this quantity is a measure of the heat exchange between the nanodot and 

its surroundings.  
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Figure 3.4: Normalized electric charge, 0Q P L , versus normalized electric 

potential, 0E L  diagram. 
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Figure 3.5: Normalized entropy change, 0 2 2

1 0S a P L  versus normalized 

electric charge, 0Q P L . 
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Figure 3.6: Normalized entropy change, 0 2 2

1 0S a P L , versus normalized 

electric potential, 0E L . 

 

 

Figure 3.7 (next page): The evolution in the polarization structure of the 

ferroelectric nanodot of size 
0

/ 10 2L l   
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3.3 Case 2: Ferroelectric Nanodot’s Thickness, 0 5 2L l   

 

 For this smaller nanodot size we followed the same procedure as case 1. Initially 

we let the ferroelectric nanodot cool unconstrained from above the Curie temperature 

forming a polarization vortex structure shown in Figure 3.8 below. Figure 3.8 and Figure 

3.2 are quite similar except that now the relative domain wall thickness in comparison to 

the overall nanodot size is larger. 

 

 

Figure 3.8: Unconstrained deformed shape of the ferroelectric nanodot of size 

0
/ 5 2L l   in a polarization vortex domain structure. 

 

 We once again begin by gradually increasing the electric charge applied to the 

ferroelectric nanodot.  These increments lead us towards point A, as shown in Figure 3.9. 

We can then move around point A using  -control. The polarization structure once again 

evolves as indicated by figure 3.12a-c. At point A there is a possible bifurcation in the 
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path. One branch is to decrease the applied electric charge and move back towards the 

origin (see Figure 3.9), and the other is to increase the electric charge and move towards 

point B. 

 Let’s first discuss returning back to the origin. Unloading the nanodot by 

decreasing the charge causes the polarization structure within the nanodot to change 

drastically, as can be seen in Figure 3.12d. The domain walls become almost vertical with 

a larger downward polarized domain on the left, horizontally polarized domains in the 

middle and an upward polarized domain on the right. As the path towards the origin is 

continued, the polarization structure shifts towards a more symmetric state (Figure 3.12e) 

until it becomes completely symmetric at the origin (Figure 3.12f).  

 The other path from point A is to make small increments in Q  and move from 

point A to point B as shown in Figure 3.9. The first step again results in a significant 

change of the polarization structure, (Figure 3.13d). As before, the domain walls become 

almost vertical with a larger downward polarized domain on the left. Further increments 

in the electric charge shrink the upward polarized domain (Figure 3.13e) and the 

horizontally polarized domains (Figure 3.13f) until point B is reached (Figure 3.13g). 

Note that the last steps from point A to point B were carried out using  -control. Further 

increase in the charge applied to the square ferroelectric nanodot results in a new 

structure change as indicated by Figure 3.13h. Finally when we reach point C the 

polarization within the nanodot becomes more homogeneous since nearly the entire 

nanodot has become uniformly polarized (Figure 3.13i). 

 Once again it is interesting to plot the change in entropy with respect to the 

electric charge and the electric potential. These plots are shown in Figures 3.10 and 3.11 

respectively. The dark gray arrows indicate the path from origin to point A and back 

while the light gray arrows indicate the path from the origin to point C. What one can 

immediately observe is that the change in entropy increases until we reach point B. From 

point B to point C, the change entropy plummets and finally becomes negative. Another 

observation is that when we march from the origin to point A and then back to the origin 
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the entropy change does not become zero again. Instead, it takes a positive value as 

Figures 3.10 and 3.11 suggest (point Z).   

 

 

 

Figure 3.9: Normalized electric charge, 0Q P L , versus normalized electric 

potential, 0E L  diagram. 
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Figure 3.10: Normalized entropy change, 0 2 2

1 0S a P L  versus normalized 

electric charge, 0Q P L . 

 

 

 

 



 

27 
 

 

 

 

Figure 3.11: Normalized entropy change, 0 2 2

1 0S a P L , versus normalized 

electric potential, 0E L . 
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Figure 3.12: The evolution in the polarization structure of the ferroelectric 

nanodot of size 
0

/ 5 2L l   when moving from the origin to point A and again 

back to the origin. 
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Figure 3.13: The evolution in the polarization structure of the ferroelectric 

nanodot of size 
0

/ 5 2L l   when moving from the origin to point C.  
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3.4 Case 2: Ferroelectric Nanodot’s Thickness, 0 5 2L l   Revisited 

 

The previous results showed a rapid change in the polarization structure in the 

vicinity of point A, and ultimately the original vortex domain structure of the nanodot 

was not retained after unloading.  In order to try to retain the vortex structure upon 

unloading, we included two equal magnitude but opposite sign point charges within the 

upper quadrant of the ferroelectric nanodot as shown in Figure 3.14.  

 

 

 

 

Figure 3.14: Unconstrained deformed shape of the ferroelectric nanodot of size 

0
/ 5 2L l   in a polarization vortex domain structure. Observe carefully the 

two external point charges in that we applied in the upper quadrant (inside the 

black circles). 
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The simulation results for this configuration are shown in the following figures. 

We commence once again by increasing the electric charge and move towards point A 

(Figure 3.15). The last few steps were achieved using  -control. Observing Figure 3.18a-

c we can see that the vortex point within the ferroelectric nanodot is shifting to the right 

causing the downward polarized domain to expand while the horizontal and upward 

polarized domains are diminishing. Once point A is reached the loading is decreased back 

to the origin. In doing so, the initial polarization structure does appear to return in this 

case as indicated by Figures 3.18d-i. However, the domain structure evolves along a 

different return path leading to a hysteretic behavior. As point Z is approached the 

polarization structure gradually becomes more symmetric (see Figures 3.15-3.17 and 

3.18g). However, in these simulations, using either charge or electric potential control, 

the equilibrium path of the solution “jumps” from point Z back to the original loading 

path from origin and then returns to the initial vortex structure (Figure 3.18h,i).  This 

feature of the solution suggests that there must be some non-equilibrium path that links 

these two parts of the loading and unloading paths. 

Once again it is interesting to observe the relation between the entropy change, 

related to the electric charge, (Figure 3.16), and the electric potential, (Figure 3.17). The 

change in entropy again increases from the origin to point A. As the ferroelectric nanodot 

is unloaded the entropy decreases up to point Z and then makes a final jump to the 

original loading path. 
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Figure 3.15: Normalized electric charge, 0Q P L , versus normalized electric 

potential, 0E L  diagram. 
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Figure 3.16: Normalized entropy change, 0 2 2

1 0S a P L  versus normalized 

electric charge, 0Q P L . 
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Figure 3.17: Normalized entropy change, 0 2 2

1 0S a P L , versus normalized 

electric potential, 0E L . 
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Figure 3.18: The evolution in the polarization structure of the square ferroelectric 

nanodot of size 
0

/ 5 2L l   subject to two external point charges. 
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Chapter 4: Summary and Conclusion 

 In summary, this research is part of the development of the theoretical modeling 

and simulation tools required to investigate the giant electrocaloric effect in ferroelectric 

structures. These tools will contribute to studying the electrical, mechanical, and thermal 

behaviors of novel ferroelectric structures.  

Some important results were extracted out of the simulations on ferroelectric 

nanodots. By comparing the results for the two different sizes of the square ferroelectric 

nanodot we observed that the smaller dot tends to be more stable with respect to the 

evolution of the equilibrium path.  This can be seen directly by comparing the plots, 

0Q P L  vs 0E L , 0 2 2

1 0S a P L  vs 0E L , and 0Q P L  vs 0 2 2

1 0S a P L . When the size is 

0 10 2L l   these plots have more changes in the equilibrium path directions.  Though, 

to be clear, both nanodot sizes exhibit unstable points if the loading is simply charge or 

electric potential controlled.  

Furthermore, in order for the ferroelectric nanodot to be useful in a cooling/heat 

management device it should allow for a cyclic thermoelectric process. That, for us is to 

be able to electrically load and unload the dot in such a way, so that its domain structure 

returns back to the initial state. Take for example the first case i.e. 0 10 2L l  . It is 

clear from Figure 4.1 that the critical points for a reversible polarization structure depend 

on the type of electrical load control. If we begin by increasing   then point K can be 

achieved reversibly. An increase in   beyond point K will result in a non-equilibrium 

evolution of the domain structure making it impossible to return to the initial state upon 

unloading. The same situation occurs, though at a different critical point, for Q  control. 

The difference now is that point L can be achieved prior to the triggering of a non-

equilibrium domain evolution process.  
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Figure 4.1: The unstable points for   and Q  control, points K and L 

respectively for the case of ferroelectric nanodot of size 
0

/ 10 2L l   

 

Table 4.1 

The values of the critical points of S  for each case depending on the type load control 

Ferroelectric Nanodot Size   control Q  control 

0
/ 10 2L l   0.038 0.087 

0
/ 5 2L l   0.029 0.079 

0
/ 5 2L l   

with external charges 
0.029 0.079 



 

38 
 

Lastly, the entropy change plots demonstrate that it is obvious that the reversible 

increase in S  depends on the type load control as well. Table 4.1 shows the relevant 

unstable points in the entropy change for each of the cases studied in this thesis under 

either   control or Q  control. In all case Q  control allows for a larger entropy change, 

and the larger nanodot has a slight enhancement for both types of load control over the 

smaller nanodot.  Additional studies are warranted to further explore this behavior. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

39 
 

Appendix 

 

 Equation (2.1.3) represented the general form for the Helmholtz free energy used 

in this thesis. In a Cartesian coordinate system aligned with the <100> directions, a form 

of the free energy used to describe the properties of ferroelectric single crystals, i.e. 

dielectric, piezoelectric and elastic properties, that undergo a cubic to tetragonal phase 

transformation is taken from A. Kontsos and C.M. Landis, 2009 and is given below 

 

 2 2 2 2 2 2 2 2 20
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3 11 33 22 33 4 11 22 13 31 23 32 12 21 3
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11 22 33 1 22 11 33 2

4 4 4 4
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     4 3 331 2
33 11 22 3 12 21 1 2 2 1

4 4 4
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      3 3 3 33 3
13 31 1 3 3 1 23 32 2 3 3 2

4 4

g g
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1 1 2 2 3 3

0

1

2
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       (A.1) 

 

The values of the coefficients in equation (A.1) are cited next 

 

 3 3

1 0 0 2 0 0 3 0 00.668325 / ,  3.80563 / ,  0.78922 / ,a E P a E P a E P      

 5 7 5

4 0 0 5 0 0 6 0 012.4421 / ,  368 / ,  0.134226 / ,a E P a E P a E P    

 1 0 0 0 2 0 0 0 3 0 0 02.54138 / ,  1.74267 / ,  0.399353 / ,b E P b E P b E P      

 1 0 0 2 0 0 3 0 02.04999 ,  0.971673 ,  c 1.27976 ,c c         

 2 2 2

1 0 0 0 2 0 0 0 3 0 0 00.663581 ,  0.841326 ,  0.170635 ,f E P f E P f E P       

 2 2 2

4 0 0 0 5 0 0 0 6 0 0 00.687281 ,  0.10664 ,  0.213294 ,f E P f E P f E P      

 3 3 3

1 0 0 0 2 0 0 0 3 0 0 03.66149 ,  6.27423 ,  1.21644 ,g E P g E P g E P        

 12

0 8.854 10 ,F m    

 

where, 

 

 2 7

0 0 00.26C m , 2.18247 10 V m,  0.0082,P E      

 6 2

0 0 0 0 692 10 N m .E P     
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