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Abstract 

 

Accuracy-Efficiency Comparison of Finite-Difference Time-Domain and 

Adaptive Integral Method Based Simulators for Bioelectromagnetics 

 

Cemil Serdar Geyik, M. S. E. 

The University of Texas at Austin, 2013 

 

Supervisor: Ali E. Yılmaz 

A detailed study of the performance of finite-difference time-domain (FDTD) and 

adaptive integral method (AIM) based simulators is presented for bioelectromagnetic 

(BIOEM) analysis in the UHF band. The comparison is complicated because modern 

simulators based on these methods can routinely perform high-fidelity BIOEM analysis 

with hundreds of millions of degrees of freedom. In this thesis, an empirical approach is 

adopted to investigate the accuracy-efficiency tradeoffs of an FDTD and an AIM based 

simulator. Specifically, comprehensive numerical experiments are performed using several 

benchmark multi-layered spherical phantoms. Scattering from these phantoms are 

computed by using increasingly finer resolution meshes and the results are compared to 

analytical solutions to investigate the accuracy as well as computational costs of the 

different methods. The results from the benchmark problems show that both FDTD and 

AIM based simulators achieve similar error levels for staircased voxel meshes but FDTD 

based simulation is less expensive, especially when the memory requirement and 

preprocessing cost are considered. The results also show that although both simulators can 
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reduce errors by refining voxel meshes, AIM based simulators can significantly reduce 

errors by using CAD meshes instead of voxel ones without significant cost increase. 
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CHAPTER 1:  INTRODUCTION 

Computational methods for bioelectromagnetic (BIOEM) analysis—the analysis of 

electromagnetic scattering from biological objects—in the UHF band (0.3-3 GHz) can be 

broadly classified as differential-equation (DE) or integral-equation (IE) methods or as 

time-domain (TD) or frequency-domain (FD) methods: (i) DE methods, which include 

finite-difference [1-4] and finite-element methods [5-7], solve partial differential equations 

for space or space-time samples of fields. They are capable of modeling material 

inhomogeneities and nonlinearities in a relatively simple manner, but must use volumetric 

discretizations of a computational domain that includes the object of interest and an 

extended region of free space around it. For open-region problems, they must truncate the 

computational domain and enforce the radiation condition explicitly and approximately. 

For electrically large computational domains, they suffer a loss of accuracy due to 

numerical phase dispersion. IE methods, which include the method-of-moments (MOM) 

[8] and the marching-on-in-time (MOT) methods [9], solve integro-differential equations 

for space or space-time samples of equivalent surface or volume currents. They enforce the 

radiation condition implicitly and analytically, discretize only the object of interest (but 

never any free space), and solve for problems with reduced dimensionality (they discretize 

only surfaces of homogeneous regions). They are also more immune to numerical phase 

dispersion and generally have more accurate solutions for electrically large computational 

domains. They are, however, less amenable to modeling material nonlinearities and 

inhomogeneities, especially if appropriate Green functions are expensive or impossible to 

formulate [10, 11]. (ii) TD methods solve time dependent governing equations for space-

time samples of fields or currents. They can be used to perform transient analysis and 

provide a broadband response in a single simulation [11, 12]. TD methods are generally 
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more efficient for solving broadband problems, finding early-time responses, and modeling 

nonlinear materials. They can also be directly coupled to other TD computational methods, 

such as circuit simulators, to perform multiscale and multiphysics analysis [13]. FD 

methods solve governing equations assuming time harmonic behavior for space samples 

of fields or currents. They are generally more efficient for solving narrowband problems, 

finding late-time responses, and modeling frequency-dependent materials. Both DE and IE 

methods can be formulated in TD or FD, resulting in four major categories of 

computational techniques. Of these possible techniques, the most popular technique for 

BIOEM analysis is currently TDDE methods, primarily the finite-difference time-domain 

(FDTD) method [14-23] and methods closely related to it [24-27]. An alternative technique 

that has been used for more than three decades [28-32] and is recently gaining popularity 

is the FDIE methods, primarily MOM accelerated by fast Fourier transform (FFT) based 

algorithms, such as the CG-FFT [33], the pre-corrected FFT [34], and the adaptive integral 

method (AIM) [35-39]. These methods are briefly contrasted next. 

In FDTD based simulators, the unknown electromagnetic fields in the 

computational domain are sampled using a regular space-time grid, the partial derivatives 

in Maxwell’s equations are approximated by central differences, and the computational 

domain is truncated with approximate boundary conditions [40]. By displacing the space-

time points where Ampere’s and Faraday’s laws are enforced by half a cell in space and 

half a step in time, an explicit leap-frogging time-marching method that updates only 

electric or magnetic field samples at each time step is obtained. The preprocessing cost for 

setting up the computations (e.g., reading material properties, allocating arrays, etc.), 

memory requirement, and marching cost of FDTD scale as FDTD( )O N , FDTD( ),O N  and 

T FDTD( )O N N , respectively; here, TN  is the number of time steps and FDTDN  is the 

number of space cells used in the computations. The space and time sampling intervals in 
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FDTD must be carefully selected to resolve material boundaries, accurately capture field 

variations, and avoid numerical instabilities [40]. Indeed, FDTD based simulators have 

well-known drawbacks for large-scale and high-accuracy simulations, including 

staircasing, numerical phase dispersion, and approximate mesh truncation errors [40, 41]. 

Various techniques have been proposed to overcome these shortcomings, e.g., sub-gridding 

algorithms, conformal gridding techniques, and hybrid methods combining FDTD with 

finite-element and boundary-integral methods [42-50]. While these methods can improve 

the accuracy of FDTD based simulators, they also increase the computational costs, reduce 

the simplicity, and limit the generality of these simulators. 

In MOM based simulators, the governing integro-differential equations are 

converted into a matrix equation by meshing the object of interest, using vector basis 

functions to expand the current, and projecting the governing equations onto a set of testing 

functions. The resulting matrix equation is dense and limits the use of MOM to small-scale 

simulations: The preprocessing cost for setting up matrices (computing integrals), memory 

requirement, and iterative solution cost of the classical iterative MOM solution scale as 

2
MOM( )O N , 2

MOM( )O N , and 2
I MOM( )O N N , respectively; here, IN denotes the number of 

iterations needed for convergence and MOMN  denotes the number of basis functions used 

in the computation. These high computational costs of MOM can be reduced to MOM( )O N

, MOM( )O N , and I MOM MOM( log )O N N N , respectively by using various fast algorithms, 

e.g., fast multipole method [51], low rank approximation [52], and FFT-based algorithms 

[33-39]. FFT-based algorithms are among the most efficient methods when analyzing 

scattering from single-scale penetrable objects, such as human body models in the UHF 

band, where the mesh lengths do not vary significantly throughout the object. In this class 

of algorithms, AIM is the most efficient method for irregularly meshed single-scale objects 

[53]. It reduces the iterative MOM computational costs by employing a 3-D auxiliary 
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regular grid, identifying ‘near-zone’ regions for each basis function and performing four 

operations at each iteration: (i) Anterpolation (mesh-to-grid), where currents on the mesh 

are represented by point sources on the auxiliary grid, (ii) propagation (grid-to-grid), where 

fields are propagated onto the auxiliary grid using FFTs, (iii) interpolation (grid-to-mesh), 

where fields are interpolated back onto the mesh, and (iv) pre-correction, where the fields 

in the near-zone are corrected by using the original MOM matrix entries. Despite early 

interest [28], FFT-accelerated MOM solution is rarely used for BIOEM analysis today. 

This is primarily due to initial setbacks [29] as well as the method’s relatively more 

complex implementation and high computational overhead compared to FDTD. As the 

fidelity of human models, the desired accuracy from BIOEM simulations, the raw 

computational power, and the performance of numerical algorithms continue to increase, 

frequency-domain FFT-accelerated MOM simulators are becoming attractive alternatives 

to FDTD based simulators. 

In this thesis, the performance of FDTD and AIM based simulators are compared 

for BIOEM analysis in the UHF band. The comparison is complicated because modern 

simulators based on these methods can routinely perform simulations with hundreds of 

millions of degrees of freedom [39]. For high fidelity BIOEM analysis the number of 

unknowns to be solved is even larger since anatomically realistic mm-scale resolution 

human models (developed from high-resolution MR images, CT scans, and cross-sectional 

images [54]) can result in billions of degrees of freedom [53]. Systematic comparison of 

different numerical methods for such large-scale simulations requires not only theoretical 

analysis but also comprehensive quantification of their computational costs and accuracy 

on actual computers. In this thesis, the accuracy-efficiency tradeoffs of an FDTD and an 

AIM based simulator are investigated empirically through numerical experiments; 

specifically benchmark problems—involving a spherical head and leg phantom—pertinent 
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to BIOEM analysis are solved. Scattering from different phantoms is computed with the 

two different simulators by using increasingly finer resolution voxel or CAD meshes, the 

results are compared to analytical Mie series solutions, and the accuracy and computational 

costs of the simulators are contrasted. These comparisons for the benchmark problems 

demonstrate that both FDTD and AIM based simulators achieve similar error levels for 

voxel meshes but FDTD based simulation is less expensive, especially when the memory 

requirement and preprocessing cost are considered. The results also show that although 

both simulators can reduce errors by refining voxel meshes, AIM based simulators can 

significantly reduce errors by using CAD meshes instead of voxel ones without significant 

cost increase. 

The rest of the thesis is organized as follows. Chapter 2 formulates the governing 

equations for TDDE and FDIE and then reviews their FDTD and AIM solutions. Chapter 

3 presents the error norms, introduces the benchmark BIOEM problems, and compares the 

accuracy and efficiency of the two methods. Chapter 4 concludes the thesis. 
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CHAPTER 2:  FORMULATION 

This chapter formulates the problem of interest, the governing equations pertinent 

to transient analysis in time-domain and steady-state analysis in frequency-domain, and the 

details of the computational methods that are contrasted in this thesis. 

2.1 PROBLEM DESCRIPTION 

In the UHF band, the human body can be accurately modeled as an inhomogeneous, 

isotropic, nonmagnetic, and dispersive volume V  with permittivity ( )e r  and conductivity 

( )s r  [54-58]. Consider scattering of an incident electromagnetic field inc inc{ , }E H  due to 

(near or far) impressed sources from such a human body model in free space (permittivity 

0e , permeability 0m ) [Fig. 2.1(a)]. The incident field induces conduction and polarization 

currents inside V  that in turn create the unknown scattered field sca sca{ , }E H . The total 

 

 (a) (b) 

Figure 2.1: Scattering from an inhomogeneous human body model. (a) Actual 
problem. (b) Equivalent problem. 
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{electric, magnetic} field strength is { , } =E H  inc sca inc sca{ , }+ +E E H H . Using the 

volume equivalence principle [59], the problem can be replaced by an equivalent problem 

where an unknown current density eqJ  radiates in free space and creates the same scattered 

field as the human body model [Fig. 2.1(b)]. 

2.2 GOVERNING EQUATIONS 

This section formulates equations governing the above BIOEM analysis. The 

equations are formulated both as time-domain differential equations and frequency-domain 

integral equations, which are to be solved by FDTD and AIM, respectively. 

2.2.1 Time-Domain Differential-Equation Formulation 

The differential form of Maxwell’s curl equations pertinent to BIOEM analysis is 

 
( )

( )
0

imp

( , )
Faraday's law ( , )

( , )
Ampere's law ( , ) ( ) ( ) ( , ) ( , )

t
t

t
t

t t t
t

m

e s

¶
´ =-

¶
¶

´ = + +
¶

H r
E r

E r
H r r r E r J r

 (2.1) 

where impJ  is the impressed current density that creates the incident field. The incident 

field satisfies the equations 

 

inc
inc

0

inc
inc imp

0

( , )
( , )

( , )
( , ) ( , )

t
t

t
t

t t
t

m

e

¶
´ =-

¶
¶

´ = +
¶

H r
E r

E r
H r J r

 (2.2) 

Subtracting (2.2) from (2.1) and utilizing the linearity of curl operators yields the “scattered 

field formulation” for FDTD [60]: 

 
( )

sca sca
0

sca sca inc
0

( , ) ( , )

( , ) ( ) ( ) ( , ) ( ) ( ) ( , )

t t
t

t t t
t t

m

e s e e s

¶
´ = -

¶
æ ö æ ö¶ ¶÷ ÷ç ç÷ ÷´ = + + - +ç ç÷ ÷ç ç÷ ÷ç ç¶ ¶è ø è ø

E r H r

H r r r E r r r E r
 (2.3) 

It is important to note that both the tissue conductivity ( )s r  and permittivity ( )e r  are 

frequency dependent [61, 62]. Therefore, the above formulation is exact only for a single 
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frequency component of the fields and accurate enough only for narrowband analysis. To 

obtain accurate broadband responses, the formulation should be modified by expressing 

conductivity and permittivity as time-dependent functions and convolving rather than 

multiplying them with the electric field [63-65]. 

2.2.2 Frequency-Domain Integral-Equation Formulation 

Assuming time-harmonic behavior and suppressing the j te w  time variation (where 

w  is the angular frequency), the scattered field formulation can be expressed as 

 
sca sca

0
sca sca eq

0

( ) ( )

( ) ( ) ( )

j

j

wm

we

´ =-

´ = +

E r H r

H r E r J r
 (2.4) 

Here, the unknown equivalent volume current density is defined as 

 ( )eq
0( ) ( ) ( )jw e e= -J r r E r  (2.5) 

where ( ) ( ) ( ) je e s w= +r r r  is the complex permittivity. The scattered fields can be 

expressed in terms of the vector potential A  and the scalar potential F as 

 

sca

sca

0

( ) ( ) ( )

1
( ) ( )

jw

m

=- -F

= ´

E r A r r

H r A r
 (2.6) 

where 

 

eq
0

eq

0

( ) ( ) ( , )

1
( ) ( ) ( , )

V

V

G dv

G dv
j

m

we

¢ ¢ ¢= òòò

¢ ¢ ¢ ¢F = -  ⋅òòò

A r J r r r

r J r r r
 (2.7) 

Here, 
0

( , )
4

jk
e

G
p

¢- -

¢ =
¢-

r r

r r
r r

 is the free-space Green function in frequency-domain that is 

given in terms of the observation point r , source point ¢r , and free-space wave number 

0 0 0k w m e= . 
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2.3 FINITE-DIFFERENCE TIME-DOMAIN METHOD 

This section presents the FDTD implementation used in this thesis. The Yee grid 

[1] and the associated finite differencing scheme, the perfectly matched layer (PML) 

truncation, the incident field expressions, and the near to far field transformation are 

detailed. 

2.3.1 Yee Grid and Finite Differencing 

The governing equations for FDTD are formulated in Section 2.2.1. Expanding the 

curl operators in (2.3) using Cartesian coordinates and isolating the derivative terms on the 

left-hand side yields six coupled scalar partial differential equations: 

 

scasca sca
yx z

0

( , )( , ) ( , )1 E tH t E t

t z ym

é ù¶¶ ¶ê ú
= -ê ú

ê ú¶ ¶ ¶
ê úë û

rr r
 (2.8a) 

 
sca sca sca
y z x

0

( , ) ( , ) ( , )1H t E t E t

t x zm

é ù¶ ¶ ¶ê ú= -ê ú¶ ¶ ¶ê úë û

r r r
 (2.8b) 

 
scasca sca
yz x

0

( , )( , ) ( , )1 E tH t E t

t y xm

é ù¶¶ ¶ê ú
= -ê ú

ê ú¶ ¶ ¶
ê úë û

rr r
 (2.8c) 
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( )
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E tE t y z

t
E t

t

s

e
e e s

é ù¶¶ê ú
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r rr

r
r r r

 (2.9a) 
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( ) ( ) ( , )
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z x
t

E t
t

s

e e e s

é ù¶ ¶ê ú- - -ê ú¶ ¶ ¶ê ú= æ öê ú¶¶ ÷çê ú÷- +ç ÷çê ú÷ç ¶è øë û

r r
r rr

r
r r r
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Notice that only Faraday’s and Ampere’s laws are explicitly enforced. In the FDTD 

algorithm, Gauss’ laws (Maxwell’s divergence equations) are enforced implicitly as a 

result of the discretization scheme. 

To solve the partial differential equations, first the fields are sampled by using a 

regular space-time grid with spacing ,  ,  x y zD D D along the Cartesian coordinate axis and 

tD  along the time axis. The electric and magnetic field samples are offset by half a cell in 

space and half a time step in time, i.e., by { }, , , / 2x y z tD D D D . The electric field 

components are located at the middle of the edges, oriented parallel to the edges, and 

evaluated at times l tD  while the magnetic field components are located at the center of 

faces, oriented normal to the faces, and evaluated at times ( )1/2l t+ D , for T0, ,l N= 
 

(Fig. 2.2). That is, the electric and magnetic field samples are evaluated in the time interval 

T[0, ]N tD  and ( )T/ 2, 1 / 2t N té ùD + Dê úë û , respectively. As is typical, in the following, field 

 

 (a) (b) 

Figure 2.2: Positions of (a) electric field components at time l tD  and (b) magnetic 

field components at time ( )1/2l t+ D  on the Yee grid. 
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samples are denoted by using integer space indices as subscripts and time indices as 

superscripts; e.g., ( )( )sca sca
x x

1/2, ,
1 / 2 , , ,

l

i j k
E E i x j y k z l t

+
= + D D D D . 

The above sampling choice ensures that every electric field component is 

surrounded by circulating magnetic field components and every magnetic field component 

is surrounded by circulating electric field components, which simplifies the enforcement 

of Ampere’s and Faraday’s laws, respectively. The displacement in space provides a 

divergence-free algorithm in a source-free space and enforces Gauss’ laws implicitly [40]. 

The displacement in time leads to a leapfrog algorithm, where at each time step only the 

electric or the magnetic field unknowns are solved. The arrangement of the field 

components also implies that the boundary conditions are naturally satisfied at the interface 

of dissimilar materials as long as the interface conforms to the grid: That is, the material 

interfaces are at the cell faces and there is only one (not two or more) electric field sample 

tangential and one magnetic field sample normal to the interface at each point; i.e., the 

tangential electric-field and normal magnetic-field continuity across the interface is 

automatically enforced for nonmagnetic materials. 

Next, the partial derivatives in (2.8) and (2.9) are approximated by second-order 

accurate central difference expressions. Specifically, each of the six Faraday’s and 

Ampere’s equations are enforced at a different position in space according to the Yee grid: 

The equations corresponding to Faraday’s law are enforced at locations 

 ( ) ( ){ }, 1 / 2 , 1 / 2i x j y k zD + D + D  (2.10a) 

 ( ) ( ){ }1 / 2 , , 1 / 2i x j y k z+ D D + D  (2.10b) 

 ( ) ( ){ }1 / 2 , 1 / 2 ,i x j y k z+ D + D D  (2.10c) 

at times l tD . Similarly, equations corresponding to Ampere’s law are enforced at 

locations 
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 ( ){ }1/ 2 , ,i x j y k z+ D D D  (2.11a) 

 ( ){ }, 1 / 2 ,i x j y k zD + D D  (2.11b) 

 ( ){ }, , 1 / 2i x j y k zD D + D  (2.11c) 

at times( )1/2l t+ D . Expressing the central difference expressions in terms of the 

samples on the Yee grid yields the FDTD “update equations”; e.g., using the above 

notation, the equations for the x components of the fields are 

 

sca sca
1 1

, , 1 , ,
2 21 1

sca sca2 2
x x1 1 1 sca sca, , 1/2 , , 02 2 2 1 1z z

, 1, , ,
2 2
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l l
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i j k i j k

i j k i j k
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t zH H
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+ + +
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+ + + +

+ + +

æ ö÷ç ÷-ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷D ÷ç D ÷= + ç ÷ç ÷ç ÷ç - ÷ç ÷ç ÷÷ç ÷ç- ÷ç ÷ç Dè ø

 (2.12) 

1 1
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ö÷÷÷÷÷÷÷÷÷÷÷+÷÷ç ÷ç ÷ç ÷÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç ø
æ ö÷ç ÷ç ÷ç- ÷ç ÷ç ÷ç ÷D ç ÷÷ç ÷ç ÷æ öçD ÷ç ÷ç ¶ ÷+ ÷ç ç ÷÷+ -ç ç ÷÷ç ÷ç ÷ ¶ ÷ç ç ÷è ø ÷ç ÷çè ø

 (2.13) 

Similar equations for the y and z components of the fields can easily be derived. These 

update equations can be implemented by using two arrays: One to store the electric field 
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and the other the magnetic field samples and updating first one than the other by using both 

arrays while marching in time. 

To model inhomogeneous materials, each cell in the Yee grid is assigned a 

permittivity and conductivity value, which is generally set to the value of the material in 

the middle of the cell. As can be seen from (2.13), however, the update equations require 

permittivity and conductivity values at the middle of the edges, the same positions as 

electric field components. This means that sample points are surrounded by four cells 

which can have different material properties. In this case, an averaging scheme is used to 

obtain an effective value at sample points, which is a specific case of the general 

approaches proposed in [59, 65], i.e., 

 

1 1

1/2, , 1/2, 1/2, 1/2
0 0

1 1

1/2, , 1/2, 1/2, 1/2
0 0

1

4
1

4

i j k i j j k k
j k

i j k i j j k k
j k

e e

s s

¢ ¢+ + + - + -
¢ ¢= =

¢ ¢+ + + - + -
¢ ¢= =

= å å

= å å
 (2.14) 

In (2.12) and (2.13), the numerical phase velocity differs from the speed of light in 

free space and varies with the direction of propagation, grid size, and frequency [40]. The 

error due to this numerical phase dispersion can be controlled by using a finer grid in space. 

Refining the grid can lead to instability unless smaller time steps are used because the 

FDTD stability is constrained by the Courant, Friedrichs, and Levy (CFL) criterion [67]: 

 

( ) ( ) ( )2 2 2

1

1 / 1 / 1 /

t

c x y z

D £
D + D + D

 (2.15) 

where ( ) 1/2
c me

-
=  is the speed of light. 

2.3.2 Perfectly Matched Layer (PML) 

As stated in the introduction, DE methods utilize volume discretization of the 

computational domain, which must be truncated for open-region BIOEM problems. While 
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a variety of exact and approximate boundary conditions can be enforced at this truncation, 

the predominant approach today is to use an absorbing boundary layer, referred to as the 

PML [68]. This absorbing layer, which surrounds the computational domain and is 

enclosed by perfect electrically conducting (PEC) walls (Fig. 2.3), can be constructed so 

that theoretically there are no reflections at the interface for any incident angle. In fact, 

there are reflections from the interface due to numerical approximations of the fields and 

the derivative operators; moreover, fields do not decay completely in a finite-width PML 

and are also reflected back from the PEC walls into the computational domain. For a wave 

impinging upon a PML of thickness d at angle q  with respect to the surface normal (say 

the z-direction), the ratio of the magnitude of the reflected field from the PEC walls to the 

magnitude of the incident field at the PML interface is expressed as [40] 

 z2 cos( ) de hs qq -G =  (2.16) 

where h  and zs  are the wave impedance and conductivity of the PML layer in the z-

direction, respectively. Notice that the reflection coefficient decreases exponentially as d 

 

 

Figure 2.3: Truncation of the open-region BIOEM scattering problem by a PML that 
encloses the computational domain. 

x

z
y

PEC

PML inner 
boundaries
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and zs  increases. Thus, choosing d  very small and zs  very large is an appealing choice 

that would appear to keep ( )qG  low and reduce the computational costs. Unfortunately, 

exponentially decaying fields in the PML region cannot be captured accurately by the 

FDTD procedure and this choice of parameters would suffer from large numerical error. 

To reduce the discretization errors, a commonly used approach is to use a gradually 

rising polynomial variation of the PML loss that increases from zero to the maximum 

z,maxs  with depth z [68]: 

 z z,max( )
m
z

z
d

s s
æ ö÷ç ÷= ç ÷ç ÷çè ø

 (2.17) 

Here, z is the distance from the PML interface and m is the polynomial order. In this case, 

the reflection coefficient is expressed as 

 z,max2 cos /( 1)
( )

d m
e

hs q
q

- +
G =  (2.18) 

Third or fourth order polynomials {3,4}m =  are common in practice [69, 70]. 

Even with a polynomial conductivity profile, FDTD discretization errors limit the 

maximum value of z,maxs  that can be chosen. It was shown in [70] that as z,maxs increases, 

the reflections from the PEC walls initially dominate the total error in the FDTD simulation 

and as these decrease with increasing z,maxs , the discretization errors eventually become 

dominant. Thus, there is an optimal choice of z,maxs  for a given PML thickness; e.g., in 

[70], the minimum errors were obtained when z,maxs  was such that 8(0) e-G »  or 

16(0) e-G »  for a 5 or a 10 cell-thick PML, respectively [70], i.e., the optimal value was 

 z,max
( 1)

150

m

z
s

p
+

»
D

 (2.19) 

There are several commonly used PML formulations, referred to as split-field, 

stretched-coordinate, and uniaxial PML formulations [70-72]. The original split-field 

formulation is used in this thesis because of its simplicity and because ( )qG  is the same 
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for all three formulations [40]. In split-field PML, each field component is split into two 

separate non-physical parts in the PML region. 

2.3.3 Incident Field  

As shown in (2.3), scattered field formulation for BIOEM analysis requires only 

the incident electric field (and its time derivative). Two different types of incident fields 

are used in this thesis: Plane waves and electric dipole fields. 

First, consider a linearly polarized plane wave with an arbitrary time dependence 

that is propagating in an arbitrary direction. The electric field of the plane wave can be 

expressed as 

 ( )inc inc
0 d

0

1 ˆˆ,t pE f t t k
c

æ ö÷ç ÷ç= - - ⋅ ÷ç ÷÷çè ø
E r r  (2.20) 

Here, p̂  is the polarization of the field, inc
0E  is the magnitude, k̂  is the propagation 

direction, f is a function determining waveform, and dt  is a time delay. 

Next, consider a ẑ -directed short dipole of length L l , located at the origin, 

and with a current density that has an arbitrary time dependence, i.e., 

 ( ) ( ) ( ) ( ) ( )ˆ, ,t z x y P z L f td d=J r  (2.21) 

where d  is the Diract delta function and P  is the pulse function 

 ( ) 1 / 2
,

0 else       

z L
P z L

ìï £ïï= íïïïî
 (2.22) 

The electric field radiated by this dipole is calculated by first finding the magnetic vector 

potential 
 ( ) ( ) ( )0, , , , ,

V

t t G t t dvm ¢ ¢ ¢ ¢ ¢= *òòòA r J r r r  (2.23) 

where *  denotes temporal convolution and ( )
( )0

, , ,
4

t t c
G t t

d

p

¢ ¢- - -
¢ ¢ =

¢-

r r
r r

r r
 is the 

free-space Green function in time-domain. Substituting (2.21) into (2.23) yields 
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 ( )
( )/2

00

/2

ˆ,
4

L

L

f t c
t z dz

m

p -

¢- -
¢= ò

¢-

r r
A r

r r
 (2.24) 

As the dipole length tends to zero, (2.24) can be simplified as 

 ( )
( )00ˆ,

4

f t r cL
r t z

r

m

p

-
»A  (2.25) 

Then, the incident electric field created by the infinitesimal dipole can be found as 

 

( ) ( ) ( )( )
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3 2
0 0

2 0

3 2 2 2
0 0 0
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cos 1 1
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sin 1 1 1ˆ
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f d
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tr r c rc t
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t t
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= - +   ⋅ò
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é ùæ ö÷ç ¶ê ú÷ç ÷+ +ê úç ÷ç ÷¶ê ú÷çè øê ú= òê úæ ö÷ç ¶ ¶ê ú÷ç ÷+ +çê ú÷ç ÷¶ê ú÷ç ¶è øë û

E r A r A r

 (2.26) 

Simple coordinate transformations can be used to show that the electric field for a p̂ -

directed dipole centered at an arbitrary point ¢r  is 

 ( ) 0
3 2

0 0
02

3 2 2 2
0 0 0

1 1
ˆ ˆ ˆ( )

2
, ( )

1 1 1
ˆ ˆ ˆ( )

4

t R c

L
r r p

tR R c
t f d

L
r r p

tR R c Rc t

pe
t t

pe

-

é ùæ ö÷ç ¶ê ú÷ç ÷⋅ + +ê úç ÷ç ÷¶ê ú÷çè øê ú= òê úæ ö÷ç ¶ ¶ê ú÷ç ÷´ ´ + +çê ú÷ç ÷¶ê ú÷ç ¶è øë û

E r  (2.27) 

where R ¢= -r r . 

For both type of sources, a source waveform should be chosen such that its 

spectrum includes all frequencies of interest. A common waveform used in time-domain 

methods is the modulated Gaussian pulse: 

 ( )
2

22
c( ) cos

t

f t e tx w
-

=  (2.28) 

where x  is a parameter that determines the time-/band-width and cw  is the angular center 

frequency of the pulse in frequency-domain. The Gaussian pulse is essentially time- and 

band-limited; e.g., the pulse magnitude is smaller than 810-  outside the time interval 
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d 6t x  and less than about 32 10 %-´  of the pulse’s energy is outside the angular 

frequency band 3 /cw x . The derivative of modulated Gaussian pulse is another 

waveform that can be used in time-domain methods: 

 ( ) ( )
2

22
c c c2

( ) cos sin

t
t

f t t t e xw w w
x

-æ ö÷ç ÷ç= - + ÷ç ÷ç ÷è ø
 (2.29) 

In this thesis, this waveform is preferred over the modulated Gaussian pulse for dipole 

excitations in order to eliminate the integrals in (2.27). Another common waveform used 

in time-domain methods, especially for steady-state/single-frequency analysis, is the ramp 

modulated single frequency sinusoidal wave: 

 c c

c c

0 0

( ) ( )sin( ) 0 2 /

sin( ) 2 /

t

f t g t t t

t t

w pz w
w pz w

ìï <ïïï= < <íïï >ïïî

 (2.30) 

where z  is the number of periods over which the wave rises up from zero and ( )g t  is a 

polynomial function. After z  periods, the computational domain is illuminated by a single 

tone pure sinusoidal wave. A possible ramp function which rises to a sinusoidal wave as a 

fifth order polynomial [73] is 

 3 4 5( ) 10 15 6g t t t t= - +  (2.31) 

where c/ (2 / )tt pz w= . 

2.3.4 Near to Far Field Transformation 

When far fields are needed, an equivalent problem is constructed, the fields are 

transformed into frequency-domain, and the spatial Fourier transform is used to compute 

the far fields. This procedure is detailed next. First, to use the surface equivalence principle 

[59], the object of interest and all impressed sources in the computational domain are 

enclosed by a Huygens surface S [Fig. 2.4(a)]. Then, impressed electric and magnetic 

currents are introduced on the Huygens surface [Fig. 2.4(b)]: 
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 ˆ{ ( , ), ( , )} { ( , ), ( , )}s st t n t t= ´ -J r M r H r E r  (2.32) 

Here, n̂  is the outward pointing unit vector normal to S. In this thesis, the Huygens surface 

is selected as a rectangular box that is at the middle of the closest distance from the human 

body model to the PML; each face of the rectangular box coincides with the faces of the 

Yee grid. 

Then, electric and magnetic currents in time-domain are transformed into 

frequency-domain as 

 { ( , ), ( , )} { ( , ), ( , )} j t
s s s st t e dtww w

¥
-

-¥
= òJ r M r J r M r  (2.33) 

Since the fields are found only at 
TN  sampling instances, the currents are approximated as 

piecewise constant functions in time and the Fourier transform is approximated as 

 
T

0
{ ( , ), ( , )} { ( , ), ( , )}

N
j l t

s s s s
l

l t l t e tww w - D

=
» D D DåJ r M r J r M r  (2.34) 

 
(a) (b) 

Figure 2.4: (a) Location of Huygens surface in the computational domain. The 
distance from PML interface (blue dashed lines) to Huygens surface 
(green dashed lines) is equal to the distance from the Huygens surface to 
the body model. (b) The electric and magnetic surface currents on the 
Huygens surface. 
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where w  is the angular frequency of interest. The phase difference in the two expressions 

arises because the sampling times of electric and magnetic fields are offset by half a time 

step. Then, the far fields are given as [59] 
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 (2.35) 

where 
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ˆ ˆ( , ) ( , )
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N N e ds
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N r J r

L r M r



  (2.36) 

The far-field expressions in (2.36) are integrals of continuous current distributions over the 

Huygens surface. These integrals are approximated using a one point quadrature rule, i.e., 

the currents are assumed piecewise constant on each face; this constant is found by 

interpolating (in time-domain) all electric and magnetic field components to the center of 

 

 

Figure 2.5: Interpolation scheme to find electric and magnetic current components at 
the center of the cell face shown in green. 
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each cell face on the Huygens surface. Due to the spatial offset between electric and 

magnetic field samples, each component of the electric (magnetic) current at the center of 

a cell face is found by interpolating four magnetic field (two electric field) samples. This 

is illustrated in Fig. 2.5 for a part of the Huygens surface on the yz plane. Interpolated fields 

{ }sca sca
y z,E H at the center of the green rectangle can be expressed as 
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ö÷÷÷÷÷÷÷ç ÷÷ç ÷ç ÷ç ø

 (2.37) 

2.4 ADAPTIVE INTEGRAL METHOD (AIM) 

This section presents the AIM implementation used in this thesis. The VEFIE, its 

classical MOM solution, the AIM acceleration, the incident field expressions, and the near 

to far field transformation are detailed. 

2.4.1 Volume Electric Field Integral Equation (VEFIE) 

The FDIE relevant to the BIOEM analysis that relates the scattered electromagnetic 

fields to the equivalent current density is formulated in Section 2.2.2. In order to construct 

the VEFIE, the scattered electric field is expressed in terms of the vector and scalar 

potentials (2.6) and the total field is expressed in terms of the conduction-current corrected 

electric flux density ( ) ( ) ( )e=D r r E r  , which yields 

 inc sca( ) ( ) ( ) ( ) ( ) ( ) ( )j Ve w= - = + +F " ÎE r E r E r D r r A r r r   (2.38) 

It is worth noting that the normal component of the intermediate field D  is continuous 

across interfaces of materials with dissimilar conductivity, unlike the electric flux density, 

( ) ( ) ( )e=D r r E r  [74]. Substituting (2.7) into (2.38) and replacing the equivalent volume 
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current density eqJ  with D — eq( ) ( ) ( )jwk=J r r D r , where 0( ) 1 ( )k e e= -r r  is the 

contrast ratio [74]—yields the VEFIE: 
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 (2.39) 

where ( )
0

,
4

j c
e

G
w

p

¢- -

¢ =
¢-

r r

r r
r r

 is the free space Green function. 

2.4.2 Method of Moments 

To solve the VEFIE numerically, first, the volume V  is discretized using 

tetrahedral elements having a total of MOMN  faces. Then a constant complex permittivity 

is assigned to each tetrahedron and D  is approximated as 

 
MOM

1
( ) ( )

N

n n
n
I ¢ ¢

¢=
» åD r V r  (2.40) 

Here, 
nI ¢  denotes an unknown expansion coefficient and 

n ¢V  an SWG function (Fig. 2.6) 

defined over one or two tetrahedra as [74] 

 
/ (3 )

( )
0 elsewhere

n n n n
n

a v V  ìï Îïï= íïïïî

p r
V r  (2.41) 

 

Figure 2.6: SWG basis function defined over two tetrahedra. 
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where 
na  is the area of the face, n

p
 is the position vector defined with respect to the free 

node of the tetrahedron n
V

, and n
v

 is the volume of tetrahedron n
V

. Note that subscripts 

refer to faces while superscripts refer to the tetrahedra adjacent to the face. 

Substituting (2.40) into (2.39) and applying Galerkin testing results in the MOM matrix 

equation 

 
MOM MOM MOM MOM

inc
× ×1 ×1N N N N=Z I V  (2.42) 

where I  is a vector storing the expansion coefficients, incV  is a vector storing the tested 

incident electric field , and Z is a dense impedance matrix; the entries of the matrices and 

vectors are given as (for MOM, 1, ,n n N¢ =  ): 
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V
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)
V

dvòòò r

 (2.43) 

Here, n
k

 denotes piecewise constant contrast ratio over the support of the function nV . 

The MOM matrix equation can be solved using either direct or iterative solution 

techniques. Both techniques require 2
MOM( )O N  operations to fill the impedance matrix 

and 2
MOM( )O N  bytes to store it; direct solution techniques require 3

MOM( )O N  operations 

while iterative solution ones require 2
MOM( )O N  operations per iteration. For high 

resolution BIOEM simulations with 106-109 unknowns, neither procedure is practical. 

These computational costs can be reduced by using AIM. 
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2.4.3 Adaptive Integral Method (AIM) 

AIM is an FFT based algorithm that reduces computational requirements of the 

MOM solution. The following description follows that in [39, 53] closely. AIM consists of 

four stages: (i) Adjoint interpolation (anterpolation), (ii) propagation, (iii) interpolation, 

and (iv) pre-correction (Fig. 2.7). A uniform auxiliary grid is employed which encloses V  

and consists of c c c c
x y zN N N N= ´ ´  nodes separated by ,  ,x yD D  and zD  in the 

Cartesian directions. Using the auxiliary grid, AIM approximates the MOM impedance 

matrix as 

 
 (a) (b) 

 
 (c) (d) 

Figure 2.7: A pictorial description of AIM (a) anterpolation, (b) propagation, (c) 
interpolation, and (d) pre-correction steps. The small circles denote the 
auxiliary uniform grid points. 
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 near FFT near T» + = +Z Z Z Z GL L  (2.44) 

where L , G , and TL  are anterpolation, propagation, and interpolation matrices, 

respectively. The matrix L  is a sparse matrix with map
MOMN  nonzero entries, which stores 

coefficients that anterpolate currents on the mesh to the auxiliary grid, and its transpose 

interpolates fields from the grid back to the mesh. In this thesis, the mapping coefficients 

are found by moment matching [35]. The propagation matrix G  includes dense but 3-level 

Toeplitz blocks of size c c
MOM MOMN N´ , which requires c

MOM( )O N  storage and can be 

multiplied with a vector in c c
MOM MOM( log )O N N  operations using 3-D FFTs. The entries 

of this matrix are given as 

 
0

| |

0                 if   

[ , ]
otherwise

4 | |

u uj
c

u u

u u

u u
e

r rG

r r

w

p

¢- -

¢

ì ¢¹ïïïïï¢ =íïïïï -ïî

 (2.45) 

Here, ur  and ¢ur  denote the positions of thu  observer and th¢u  source points on the 

auxiliary grid, respectively. The near-zone correction matrix nearZ  is a sparse matrix that 

amends the inaccurate entries in FFTZ  for the case when the basis and testing functions 

are separated by less than a prescribed distance. It is expressed as 

 
FFT

near n n[ , ] [ , ] if near
[ , ]

0 otherwise

n n n n V V
n n ¢

ìï ¢ ¢-ïï¢ = íïïïî

Z Z
Z  (2.46) 

for MOM1 ,n n N¢< < . A testing function is in the near zone of a basis function if the 

minimum distance among the nodes assigned to them is less than ,  ,x yg gD D  and zgD

in the ,  ,x y  and z direction, respectively. The number of nonzero entries in 
nearZ  is 

denoted as near
MOMN . 

The AIM procedure requires map
MOM( )O N  operations to fill L , c

MOM( )O N operations 

to fill G , and near
MOM( )O N  operations to fill nearZ . Thus, it requires 

map c near
MOM MOM MOM( )O N N N+ +  operations to fill the necessary matrices and 
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map c near
MOM MOM MOM( )O N N N+ +  bytes to store them. Once these matrices are available, the 

anterpolation and interpolation steps require map
MOM( )O N  operations, the propagation step 

requires c c
MOM MOM( log )O N N  operations, and the near-zone correction step requires 

near
MOM( )O N  operations per iteration. The number of nodes c

MOMN , the grid spacing 

( , , )x y zD D D , the near-zone threshold g , and the moment matching order are the AIM 

parameters that establish a tradeoff between the accuracy and efficiency of the method. In 

general, for volumes that are discretized using relatively uniform (single-scale) tetrahedral 

meshes, these parameters can be chosen such that map
MOM MOMN N , c

MOM MOMN N , 

and near
MOM MOMN N ; thus, the AIM setup time, memory requirement, and the time per 

iteration scale as 
MOM( )O N , 

MOM( )O N , and 
MOM MOM( log )O N N , respectively. 

Recently, several parallelization techniques for improving the scalability and 

accelerating the AIM solution of volume integral equations pertinent to BIOEM have been 

proposed [39, 75]. In this thesis, the method in [39] is adopted and optimized for BIOEM 

simulations. 

2.4.4 Incident Field 

The two types of incident fields described in the Section 2.3.3 for TDDE 

formulation are derived here for the FDIE formulation: Plane wave and electric dipole 

fields. The variables and functions in this section have been mostly defined in Sections 

2.2.2 and 2.3.3. 

The electric field for an arbitrarily polarized plane wave propagating in free space 

in the direction k̂  in frequency-domain can be expressed as 

 ( ) 0
ˆinc inc

0ˆ jk kpE e- ⋅= rE r  (2.47) 

The electric field due to a p̂ -directed dipole centered at an arbitrary point ¢r is 
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E r  (2.48) 

Both expressions can be obtained by taking the Fourier transform of the expressions in 

Sections 2.3.3. 

2.4.5 Near-Field and Fast Far-Field Computations 

The solution of (2.42) yields the MOM coefficient vector I . Each entry n
I ¢  of this 

vector is equal to the component of D  that is normal to the 
thn ¢  face of the tetrahedral 

mesh of V ; this component of D  is approximated as a constant over each face. In order 

to find the fields elsewhere, three different procedures are used: 

(i) If the observation point is inside V , the samples of D  are interpolated using (2.40). 

(ii) If the observation point is near V , the equivalent currents are radiated using the 

expressions in (2.6) and (2.7): 
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( ) ( ) ( , )
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w m k
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w k

¢ ¢

¢
¢=

¢ ¢

¢ ¢ ¢
¢=
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E r E r
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 (2.49) 

(iii) If the observation point is in the far field, the volume integrals are simplified: 
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 (2.50) 
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While finding the fields inside V  is relatively cheap—the main computation is identifying 

the few basis functions that will be used in for interpolation—finding the fields outside the 

volume in the near and far fields can be very expensive: If the fields are computed at obsN  

points, the expressions in (2.49) and (2.50) require obs MOM( )O N N operations. 

In this thesis, the far-field computations are accelerated by using an AIM-like 

algorithm. Specifically, V  is enclosed by a coarse auxiliary regular grid that consists of 
c,FF c,FF c,FF c,FF

x y zN N N N= ´ ´  nodes separated by FF FF,  ,x yD D  and FFzD  in the 

Cartesian directions. Using this grid, the far field at the thn  observation point is expressed 

as 

 

FF inc 2 FF FF
0
2

FF inc FF FF

0

( ) ( ) [ ,:]

ˆ( ) ( ) [ ,:]

n n

n n n

n

r n
c

m w

w

» + L

» + ´ L

E r E r G I

H r H r G I
  (2.51) 

 

Here, FFL  is an c,FF
MOMN N´  sparse anterpolation matrix and FFG  is an c,FF

obsN N´  

vector that propagates fields from the auxiliary grid to the far-field observation points. The 

mapping coefficients in FFL  are also found by moment matching [35]; in fact, FFL  would 

be identical to L  if the auxiliary grid used for accelerating the far-field computations was 

the same as that used for AIM computations. In contrast, FFG  is always different from the 

propagation matrix G  used for AIM computations because it propagates the fields from 

point sources on the auxiliary grid to observation points in the far field rather than on the 

same grid. The entries of FFG  are (for obs1, ,n N=   and c,FF1, ,u N¢ =  ): 

 
0

0

ˆ
FF[ , ]

4

n
n u

j r
c j r
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n

e
n u e

r

w
w

p

¢
-

¢ =
r

G


 (2.52) 

Here, n̂r  denotes the direction vector pointing toward the thn  observation point and u¢r  

denotes the position of the thu ¢  node on the auxiliary grid. This algorithm requires
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c,FF
obs MOM( )O N N N+  operations and can accelerate far-field computations only if 

c,FF
MOMN N . Because the support of the basis functions are generally (much) smaller 

than the free space wavelength in the BIOEM problems that are considered in this thesis, 

especially as the meshes are refined, this condition is easily met. The accuracy of this 

algorithm is controlled by the moment matching order and the auxiliary grid spacing.
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CHAPTER 3:  NUMERICAL RESULTS 

This chapter presents different sources of errors in the results of the simulations, 

various norms for quantifying these errors, several benchmark problems pertinent to 

BIOEM analysis, and an empirical comparison of FDTD and AIM in terms of efficiency 

and accuracy. 

3.1 MODELING VS. NUMERICAL ERRORS 

There are several sources of error in the results obtained in this chapter; these can 

be classified as numerical errors and modeling errors. Numerical errors include errors made 

in interpolation, differentiation, and integration, as well as finite precision arithmetic; 

modeling errors include errors made in geometrical and material descriptions of the human 

body, including staircasing and low resolution. In order to compare the accuracy of the two 

different methods investigated in this thesis, the errors coming from the models and the 

solvers must be differentiated. In fact, an accurate method with low numerical errors can 

give inaccurate results if the modeling errors are high (garbage in, garbage out) or an 

inaccurate method with high numerical errors can provide inaccurate results even if the 

modeling errors are negligible. In this thesis, to identify the effects of modeling errors, both 

voxel-based (staircased) meshes that are generated for FDTD and tetrahedral CAD meshes 

are used in AIM simulations (see Section 3.3 for details). 

3.2 ERROR NORMS 

Various error norms with different merits can be used to compare different 

simulators. The error norm calculations may include surface or volume integrals, which 

might be another source of error; thus, it must be ensured that the errors in computing these 

integrals are smaller than those made by the numerical methods. 
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In the following, it is assumed that the scattering volume and material parameters 

are approximated by meshing V  or an extended volume around it using non-overlapping 

finite elements (voxels, tetrahedra, etc.). This approximate volume, spanned by the union 

of the elements, is denoted as numV  and the approximate material parameters are denoted 

as nume , nums , and nume . It is also assumed that the scattering problem is solved for a 

set of (primary) fields by using a numerical method that can yield (after some post 

processing) any (secondary) quantity of interest inside or outside the simulation domain. 

All such primary or secondary quantities of interest that are found approximately by the 

numerical method are denoted with a superscript “num”, and the reference results are 

denoted with a superscript “ref”—in this thesis, all reference results are analytically 

computed using Mie series expressions [76]. The presented norms compare these quantities 

to the reference results as a function of position and numerically integrate the error 

functions over volumes or surfaces to produce scalar values. They are categorized based 

on the location of the integration surface/volume as internal or external error measures and 

detailed next. 

3.2.1 External Error Norms 

External error norms involve surface integrals that are defined over a surface 

exterior to the scattering object (either near it or far from it); because this surface is well-

defined, these error norms eliminate complications that arise from ill-defined volume 

integrals encountered in internal error norms. This makes external error norms relatively 

simpler to compute. 
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Radar Cross Section Error Norm 

Secondary field quantities such as the co- or cross-polarized bistatic radar cross 

section (RCS) are important for various BIOEM applications. The different components of 

the RCS are defined as 

 

2
sca

2
2

inc

ˆ
RCS = lim 4

ˆr
rab

a
p

b
¥

æ ö÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷çè ø

E

E




 (3.1) 

where { }, ,a b q fÎ . The error in the RCS can be measured using the L2 norm over the 

surface of a sphere 
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 (3.2) 

It should be observed that this norm is insensitive to phase and may be expensive to 

calculate (require many quadrature points on the surface of the sphere) due to fast field 

variations in the far field. 

Far-Field Error Norm 

RCS is defined only for a plane wave excitation; a similar external error norm can 

be defined for a p̂ -directed dipole excitation in the far-field as 

 

1/2
2

2 FF,num FF,ref
0 0FF

22 FF,ref
0 0

ˆ ˆ( , ) ( , ) sin

ˆ ( , ) sin
p

d d
err

d d

p p

a
p p

a q f a q f q q f

a q f q q f

æ ö÷ç ÷ç -ò ò ÷ç ÷ç ÷= ç ÷ç ÷ç ÷÷ç ÷ò òç ÷çè ø

E E

E

 


 (3.3) 

where { },a q fÎ . Just like the RCS error norm, this norm is also insensitive to phase and 

may be expensive to calculate due to fast field variations in the far field. 
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Near Field Error Norm 

An L2 error norm for the near electric fields over a surface S (typically a sphere) 

enclosing the scattering volume can be defined as 

 
( ) ( )

1 2
num ref num ref

L2NF ref ref

( ) ( ) ( ) ( )

( ) ( )

S

S

ds

err
ds

*

*
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 (3.4) 

As opposed to the far-field error norms, the near-field error norm is sensitive to direction 

and phase errors in the electric field. However, the calculation of near electric field on S is 

potentially expensive, since the radiation of the equivalent currents is required as explained 

in Section 2.4.5 and the acceleration method used for far field computations is not valid. 

3.2.2 Internal Error Norms 

Internal error norms involve volume integrals over the scattering volume; while the 

integrands are easily evaluated by interpolation (see Section 2.4.5), there are complications 

when calculating these norms—especially when comparing numerical results found using 

two different meshes of a given volume—because numerical methods not only 

approximate fields but also approximate the scattering volume. This “numerical volume” 

is not identical to the actual volume and changes as the mesh resolution changes. Because 

Mie series results (rather than numerical results found by different methods/ meshes) are 

used as reference in this thesis, these complications are minimized by defining the volume 

used in the internal norms as the numerical volume. 

Two important secondary quantities of interest that are needed to quantify heating 

effects are the time-average absorbed power density in (3.4) and the total time-average 

power absorbed in (3.5): 

 ( ) ( ) ( ) ( )
2

P
s *

=
r E r E r

r


 (3.4) 
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 ( )tot
V

P P dv= òòò r  (3.5) 

Because the scattering volume is approximated in the numerical method, the total time-

average power absorbed found from the numerical method is defined as 

 
num

num num
tot ( )

V

P P dv= òòò r  (3.6) 

and calculated as 

 
num num

, ,num num
tot , ,

1 1

( ) ( )
( )

2

QN n q n q
n q n q

n q
P W s

*

= =
» å å

E r E r
r


 (3.7) 

Here, volume integrals over numV  are computed approximately by using a Q  point 

Gaussian quadrature rule (with weights ,n qW  and positions ,n qr ) over each finite element. 

Thus, care must be exercised to ensure that the errors in computing these integrals are 

smaller than those made by the numerical method, e.g., by verifying the convergence of 

the integral as Q  is increased. 

Total Absorbed Power Error Norm 

Comparing the total absorbed power to a reference yields one possible norm: 

 
num ref

P tot tot
tot ref

tot

P P
err

P

-
=  (3.8) 

Because the reference result can be found using a completely different approximation of 

V  and material parameters and because the necessary volume integral can be computed 

using a different quadrature, this norm is very simple to use when comparing different 

numerical methods; indeed, in the following results, ref
totP  for Mie series solutions are 

computed analytically [76] using the exact volume. Because the results are compared to 

the reference only after integration; however, P
toterr  is insensitive to position-dependent 

errors and can yield small results even for very different underlying power/field 

distributions, i.e., it under-estimates errors in general. 
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L1 Absorbed Power Error Norm 

An error norm that is more sensitive to position-dependent errors in the absorbed 

power is the L1 norm: 

 
num

num ref

P
L1 ref

tot

( ) ( )
V

P P dv

err
P

-òòò
=

r r

 (3.9) 

This norm is sensitive to the spatial distribution of absorbed power but is blind to phase 

and direction errors in the electric field. It is also affected by the modeling errors twice: 

Once while calculating the fields and once while calculating the point-wise absorbed 

power. That is, any discrepancy between num( )s r  and ( )s r , e.g., near staircased material 

boundaries, affects the calculated error twice. 

L2 E-Field and -Field Error Norms 

If the errors in electric fields are important, the following L2 error norm might be 

more useful: 

 
( ) ( )

num

num

1 2
num ref num ref

L2 ref ref

( ) ( ) ( ) ( )

( ) ( )

V

V

dv

err
dv

*

*

æ ö÷ç ÷- -ç òòò ÷ç ÷ç ÷ç ÷= ç ÷ç ÷÷ç òòò ÷ç ÷ç ÷ç ÷çè ø

E

E r E r E r E r

E r E r




 (3.10) 

This L2 error norm is advantageous for numerical methods that solve for the electric field 

as the primary unknown, e.g., FDTD, because it is unaffected by the approximations in the 

material parameters once numE  is computed. In contrast, methods that solve for other 

primary fields such as D , e.g., AIM, would be affected by the material approximations a 

second time when finding numE . To highlight this, the L2 error norm for D  is also 

defined: 

D
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 (3.10) 

Both error norms are sensitive to spatial distribution, direction, and phase of the fields in 

the scattering volume. 

3.3 BENCHMARK PROBLEMS 

Two inhomogeneous multi-layered sphere models representing the human head and 

human leg are used as benchmarks (Fig 3.1) [82]. The type of tissues, layer thicknesses, 

 

Figure 3.1: Illustration of head and leg phantoms. 
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and material properties of the spheres are presented in Table 3.1. The relative permittivity 

and conductivity of the tissues are obtained from the Cole-Cole type fit in [62] at 900 MHz. 

The innermost two layers of the head model (brain avg. and bone avg.) are not actual tissues 

but have average dielectric properties.  

Two sets of meshes, “CAD meshes” and “voxel-based meshes”, are generated with 

different resolutions. FDTD simulations are performed with only voxel-based meshes, 

while AIM simulations are performed with both CAD and voxel-based tetrahedral meshes. 

The voxel-based tetrahedral meshes are obtained by creating the finest mesh (1 mm3
 voxel 

mesh of the sphere), coarsening it to obtain different resolutions, and dividing each voxel 

 
Tissue Layer [mm] 

Relative 

Permittivity ( )re

Conductivity 

( )s  [S/m] 

H
ea

d
 

Brain Averagea 0 < r < 92 45.8055 0.76653 

Bone Averageb 92 < r < 100 8.97915 0.091759 

Fat 100 < r < 104 5.462 0.051043 

Skin 104 < r < 108 41.405 0.86674 

L
eg

 

Bone Marrow 0 < r < 12 5.5043 0.040208 

Bone Cortical 12 < r < 16 12.454 0.14331 

Muscle 16 < r < 84 55.032 0.94294 

Fat 84 < r < 92 5.462 0.051043 

Skin 92 < r < 96 41.405 0.86674 

Table 3.1: Inhomogeneous head and leg sphere models at 900 MHz. 

a. Average of brain white matter and gray matter. b. Average of bone cortical and bone 
marrow. 
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into 6 tetrahedra. The CAD meshes are obtained using a CAD program to create non-

uniform tetrahedral meshes with average edge lengths similar to voxel-based meshes. 

Table 3.2 lists some properties of the meshes in each set. It should be noted that minimum 

wavelength in head (leg) phantom is of brain (muscle), which has the highest permittivity, 

and minimum penetration depth is of skin (muscle), which has the highest conductivity. 

Voxel-based Meshes 

 (mm)l  3(mm )VD min / ll  min / ld  Num. of 
Voxels 

H
ea

d
 4 64 12.304 4.505 82,504 

2 8 24.608 9.010 65,8976 
1 1 49.217 18.020 5,276,488 

L
eg

 4 64 11.226 4.319 57,848 
2 8 22.451 8.638 463,032 
1 1 44.902 17.276 3,706,160 

CAD Meshes 

 (mm)l  3(mm )VD min / ll  min / ld  Num. of 
Tetrahedra 

H
ea

d
 5.01 11.902 9.824 3.597 443,040 

2.51 1.567 19.608 7.179 3,366,256 

1.38 0.269 35.461 12.983 19,589,664 

L
eg

 5.01 10.974 8.962 3.448 337,376 
2.51 1.542 17.889 6.883 2,402,448 
1.38 0.269 32.372 12.455 13,747,424 

Table 3.2: Some parameters of two sets of meshes. The variables l , VD , minl , and 

mind  denote the average edge length of the mesh, the average volume of 

the voxels/tetrahedra, the minimum wavelength, and the minimum 
penetration depth at 900 MHz, respectively. 
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3.4 NUMERICAL RESULTS 

The spheres are illuminated either by an x̂ -polarized incident plane wave 

propagating towards the ˆ-z  direction at 900 MHz or a ẑ -directed Hertzian dipole located 

50 mm away from their surface (Fig. 3.2). 

For FDTD simulations, modulated Gaussian pulse is used with plane wave 

excitation, derivative of it is used with dipole excitation, and modulated sinusoidal source 

is used with both excitations: (i) The carrier frequency and bandwidth of the Gaussian pulse 

are increased from 600 MHz  �400 MHz to 1 GHz  �800 MHz and 1.8 GHz  �1.6 

GHz in order to reduce the proportional increase of TN as the mesh size decreases from 

4mm to 2mm and 1mm, which results in TN ~{3000, 3300, 3900}. (ii) The modulated 

sinusoidal source rises as a fifth order polynomial [73]. The source gradually ramps up in 2 

  
 (a) (b) 

Figure 3.2: Illumination by (a) an x̂ -polarized incident plane wave propagating in 
the ˆ-z  direction and (b) a ẑ -directed Hertzian dipole located 50mm 
away from the surface. 
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periods and continues for an additional 6 periods to reach steady state, which results in 1168, 

2336, and 4664 time steps of simulation as the voxels are refined from 64 mm3 to 8 mm3 and 

1 mm3. For all FDTD simulations, the shortest distance between the scattering volume and the 

PML boundary is chosen as 64 mm, which is about one fifth of the free space wavelength at 

900 MHz. Regardless of the voxel resolution, a 5 cell-thick PML is chosen with a loss 

parameter tapered using third-order polynomial grading and with a reflection error 

8(0) e-G » . 

AIM parameters are optimized as described in [39]. The GMRES restart parameter 

is set to 100 and iterative solutions are terminated when the relative residual error decreases 

to 10-4. The moment matching order is chosen as 1, and the near-zone correction parameter 

g  is set to 1 (for voxel-based meshes) or 2 (for CAD meshes). The choice of g  differs, 

since its effect on accuracy is not the same for voxel-based and CAD meshes. Increasing 

g  further for voxel-based meshes does not improve the accuracy—the staircasing 

dominates the error—therefore, in order not to increase the time cost, it is kept as minimum; 

however, for CAD meshes, which can avoid staircasing errors, increasing g  improves the 

accuracy [32, 77]. Also, a sparse approximate inverse preconditioner is used with AIM 

[78]. For the fast far field computations, moment matching order and the auxiliary grid size 

are picked as the same as AIM. 

Both FDTD and AIM based simulators were parallelized by using message passing 

interface (MPI) [79-81]. The parallel implementations of the simulators were executed on 

the same computer and the time and memory data presented in this thesis are 'serialized' by 

multiplying the number of processes used for the simulations with the observed wall-clock 

time and peak memory required among processes to include all parallelization 

inefficiencies. All simulations in this thesis were conducted on the Stampede cluster [82] 

at the Texas Advanced Computing Center (TACC). 
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In the following, the errors are quantified by comparing the results obtained from 

FDTD or AIM simulations to those obtained from a reference Mie series solution [76] 

using the norms described in Section 3.2. First, the behavior of different error norms for 

phantom spheres excited by a plane wave is shown in Fig. 3.3 as the resolution is increased. 

Four separate figures are used to present error norms; Fig. 3.3(a) shows the errors for AIM 

simulations using CAD meshes, Fig. 3.3(b) shows the errors for AIM simulations using 

 
 (a) (b) 

 
 (c) (d) 

Figure 3.3: Errors using different error norms: (a) AIM with CAD meshes. (b) AIM 
with voxel meshes. (c) FDTD with Gaussian source. (d) FDTD with 
sinusoidal ramp source. The data points correspond to various resolutions 
of voxel and CAD meshes of multilayered sphere phantoms representing 
the human head (circles) and human leg (squares). All simulations are for 
plane wave illumination. 
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voxel-based meshes, Fig. 3.3(c) shows the errors for FDTD simulations using Gaussian 

waveforms, and Fig. 3.3(d) shows the errors for FDTD simulations using sinusoidal ramp 

waveforms. Note that only voxel-based meshes are used with FDTD. In general, all the 

error norms converge as the resolution improves and CAD meshes result in much lower 

errors compared to voxel ones. Figs. 3.3(a)-(d) show that among the internal error norms, 

P
toterr  generally gives the lowest error. This is primarily because P

toterr  is the least 

sensitive error norm to phase and direction errors in the computed electric field and is blind 

to position-dependent errors in time averaged absorbed power density; as expected, this 

leads P
toterr  to underestimate the error in general. It is observed that P

L1err  is much higher 

than P
toterr , especially for CAD meshes, e.g., for the finest CAD mesh of head (leg) 

phantom, P
L1err  is about 77.37 (11.57) times higher than P

toterr [Fig. 3.3(a)]. This is because 

P
L1err  is more sensitive to position-dependent errors. Both L2errE  and L2errD


 yield even 

higher errors since they also take phase and direction errors into consideration. 

It is worth noting that L2errD


 is either comparable to [Fig. 3.3(a)] or lower than [Fig. 

3.3(b)] L2errE  when using AIM, e.g., for the finest CAD mesh of the head (leg) phantom, 

the ratio of L2errD


 to L2errE  is about 1.16 (1.25) in Fig. 3.3(a), whereas for the finest voxel 

mesh of the head (leg) phantom, the ratio is about 0.66 (0.55) in Fig. 3.3(b). In contrast, 

L2errE  is either comparable to L2errD


 (for the head phantom) or lower than L2errD


 (for the leg 

phantom) when using FDTD in Figs. 3.3(c)-(d), e.g., for the finest voxel mesh of the head 

phantom, the ratio of L2errE  to L2errD


 is about 1.30, whereas for the finest voxel mesh of the 

leg phantom, the ratio is about 0.40. Moreover, L2errD


 when using FDTD does not appear 

to be converging as the resolution is increased for the leg phantom. This is because D  is 

the primary unknown in AIM and E  is the primary unknown in FDTD, i.e., calculating 

the internal E  (D ) field distribution from the computed D  (E ) field samples in AIM 

(FDTD) requires using approximate permittivity and conductivity values in the scattering 



 43

volume, which introduces a second error source. Fig. 3.3 also shows that the external error 

norms RCSerrqq  and L2NFerrE  yield errors that are close to P
toterr and are generally lower 

than the remaining internal error norms. 

Fig. 3.3 shows that while the error convergence trends are similar regardless of 

which error norm is used, the error level depends strongly on the choice of the error norm. 

To ensure that the following accuracy-efficiency comparisons of FDTD and AIM are not 

biased because of the error norm choice, the comparisons are presented not just for one but 

for all of the error norms defined in Section 3.2. 

3.4.1 Accuracy-Efficiency Comparison for Plane-Wave Illumination 

The accuracy and efficiency tradeoffs of the simulators are investigated for each 

error norm when the sphere models are illuminated by plane wave. Figs. 3.4-3.9 plot the 

error vs. cost data for the simulators using the RCS error norm, L2 near field error norm, 

the total absorbed power error norm, the L1 absorbed power error norm, the L2 E -field 

error norm, and the L2 D -field error norm, respectively. In each case, the error is plotted 

with respect to (a) pre-processing time, (b) total memory requirement, (c) solve time for 

AIM/marching time for FDTD, and (d) voxel/average tetrahedron volume. The pre-

processing time includes all steps of the methods before the iterative matrix solution or 

explicit time marching starts such as reading the input, processing the geometry, or filling 

matrices/vectors. Four different sets of data are used in each figure including AIM 

simulations using CAD meshes (AIM-CAD), AIM simulations using voxel-based meshes 

(AIM-Voxel), FDTD simulations using Gaussian waveforms (FDTD-Gaussian), and 

FDTD simulations using sinusoidal ramp waveforms (FDTD-Sinusoid). 

Overall, Figs. 3.4-3.9 show that FDTD and AIM simulations result in similar error 

levels when using voxel-based meshes but FDTD is less expensive, especially in terms of 
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preprocessing costs and memory requirement. In FDTD, the marching time can be reduced 

somewhat (by about a factor of 1.5-3.5) without incurring significant errors or additional 

computational costs if a sinusoidal ramp instead of a Gaussian waveform is used; especially 

with coarser meshes. In both methods, errors can be reduced by increasing the voxel 

resolution; but in AIM errors can be reduced much more without significant cost increase 

by using CAD models instead of voxel ones. The results indicate that when voxel models 

are used the total error is determined primarily by modeling errors rather than analysis 

 
 (a) (b) 

 
 (c) (d) 

Figure 3.4: AIM vs. FDTD for RCSerrqq . The data points correspond to various 

resolutions of voxel and CAD meshes of multilayered sphere models 
representing the human head (circles) and human leg (squares). 
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errors, i.e., numerical errors from FDTD or AIM add little to the error arising from 

staircasing in the voxel models. More detailed observations follow. 

Fig. 3.4 shows the performance of the simulators using the RCS error norm. Fig. 

3.4(a) shows that pre-processing times of FDTD simulations are much smaller than that of 

AIM ones; e.g., for the finest resolution head (leg) phantom, pre-processing time of AIM-

Voxel simulation is about 41.77 10´ 4(1.92 10 )´  times higher than that of FDTD-

Gaussian simulation. Figs. 3.4(a)-(b) show that the pre-processing time and memory 

difference between FDTD-Gaussian and FDTD-Sinusoid simulations are negligible, while 

Fig. 3.4(c) shows that the marching time is smaller for FDTD-Sinusoid simulations 

compared to FDTD-Gaussian ones; e.g., for the coarsest (finest) phantom models, FDTD-

Sinusoid simulation is about 3.42 (1.66) times faster. It is observed in Fig. 3.4(d) that the 

error levels of FDTD-Gaussian and FDTD-Sinusoid simulations are essentially identical: 

FDTD-Gaussian error level is about 0.2% (0.07%) - lower for the finest (coarsest) head 

phantom and 0.26% (0.03%)  lower for the finest (coarsest) leg phantom. Moreover, the 

error levels of AIM-Voxel simulations are (slightly) higher for the head phantom and 

(slightly) lower for the leg phantom compared to the FDTD-Sinusoid simulations; e.g., for 

the finest (coarsest) mesh of the head phantom, the AIM-Voxel errors are about 

0.69% (3.37%)  higher and for the finest (coarsest) mesh of the leg phantom, AIM-Voxel 

errors are about 0.17% (0.51%)  lower. Fig. 3.4(d) also shows that error levels for AIM-

CAD simulations are not only considerably lower but also have better convergence rates 

with respect to average element volume . For each method, the errors are quite similar for 

the head and leg phantoms if similar resolution meshes are used; yet, it should be observed 

that all AIM simulations give (slightly) more accurate RCS results for the leg phantom 

whereas all FDTD simulations give (slightly) more accurate RCS results for the head 

phantom. Fig. 3.4 shows that—considering just the simulated cases—FDTD-Sinusoid is 
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the best method if 1% 10%-  error levels are acceptable, while only AIM-CAD 

simulations can produce 0.05% 0.5%-  error levels. The AIM-CAD simulations will 

outperform FDTD-Sinusoid ones for all error levels (except in pre-processing time), 

however, if the error and cost trends for FDTD-Sinusoid and AIM-CAD simulations are 

extrapolated to finer and coarser meshes, respectively. 

Fig. 3.5 shows error vs. cost results using the L2 near field error norm. This error 

norm is calculated on a spherical surface that is 0 / 10l  away from the scattering volume. 

 
 (a) (b) 

 
 (c) (d) 

Figure 3.5: AIM vs. FDTD for L2NFerrE . The data points correspond to various 

resolutions of voxel and CAD meshes of multilayered sphere models 
representing the human head (circles) and human leg (squares). 
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Comparing to the results in Fig. 3.4, it can be observed that the error levels for the two 

error norms are similar and the same observations remains valid when this error norm is 

used. The errors for only the coarser meshes are calculated due to the high cost of this 

norm. 

Fig. 3.6 uses the total absorbed power error norm for error vs. cost analysis. As can 

be seen in Fig. 3.3, the error levels obtained with this error norm are almost the same as 

those obtained from the RCS and near-field error norms, with the notable exception of the 

 

 (a) (b) 

 
 (c) (d) 

Figure 3.6: AIM vs. FDTD for P
toterr . The data points correspond to various 

resolutions of voxel and CAD meshes of multilayered sphere models 
representing the human head (circles) and human leg (squares). 
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AIM-CAD simulations with the leg phantom. Therefore, observations similar to those 

made with RCS error norm can be made when this error norm is used: FDTD-Sinusoid 

simulations are the most efficient if 3% 9%-  error levels are acceptable, while AIM-CAD 

simulations can produce 0.01% 0.06%-  error levels for the head phantom and 0.11%  

for the leg phantom. The lack of convergence in the AIM-CAD simulations with the leg 

phantom indicates that this error norm is not only insensitive to phase, direction, and 

location of the errors in the fields but also not a very robust measure of error. 

 

 (a) (b) 

 
 (c) (d) 

Figure 3.7: AIM vs. FDTD for P
L1err . The data points correspond to various 

resolutions of voxel and CAD meshes of multilayered sphere models 
representing the human head (circles) and human leg (squares). 
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Fig. 3.7 shows the method performances using the L1 absorbed power error norm. 

Compared to the RCS, near-field, and total absorbed power error norm, the error levels are 

significantly higher, especially for AIM-CAD simulations when this error norm is used. 

Nevertheless, the conclusions remain the same (with changes in error levels), e.g., FDTD- 

Sinusoid simulations are the most efficient if 8% 30%-  error levels are acceptable, while 

only AIM-CAD simulations can produce 1% 4%-  error levels. Another minor difference 

with the previous plots is as follows: Fig. 3.7(d) shows that when P
L1err  is used as the error 

 

 (a) (b) 

 
 (c) (d) 

Figure 3.8: AIM vs. FDTD for L2errE . The data points correspond to various 

resolutions of voxel and CAD meshes of multilayered sphere models 
representing the human head (circles) and human leg (squares). 
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norm, the error levels of AIM-Voxel simulations are (slightly) higher than those of FDTD 

simulations not only for the head phantom but also the leg phantom; e.g., for the finest 

(coarsest) mesh of the head phantom, the AIM-Voxel errors are about 3.42% (14.59%)  

higher and for the finest (coarsest) mesh of the leg phantom, AIM-Voxel errors are about 

1.64% (5.07%)  higher. Also, it should be observed that if similar resolution meshes are 

used, all FDTD and AIM-CAD simulations give (slightly) higher errors for the leg phantom 

whereas AIM-Voxel simulation gives (slightly) higher errors for the head phantom.  

 

 (a) (b) 

 
 (c) (d) 

Figure 3.9: AIM vs. FDTD for L2errD


. The data points correspond to various 

resolutions of voxel and CAD meshes of multilayered sphere models 
representing the human head (circles) and human leg (squares). 
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Fig. 3.8 shows error vs. cost plots using L2 E -field error norm. Compared to the 

L1 absorbed power error norm, the error levels are higher and the convergence rates with 

respect to mesh resolution are worse except for AIM-CAD simulation. It should also be 

observed that both FDTD-Gaussian and FDTD-Sinusoid simulations give closer errors as 

the sensitivity of the error norms increases. Nevertheless, the conclusions remain the same 

(again with changes in error levels), e.g., FDTD-Sinusoid simulations are the most efficient 

if 28% 53%-  error levels are acceptable, while only AIM-CAD simulations can produce 

 error levels.  

Fig. 3.9 shows the performance of the methods using L2 D -field error norm. 

Comparing Fig. 3.9 to Fig. 3.7 shows that the error levels of FDTD-Gaussian and FDTD-

Sinusoid is getting closer—maximum difference is 30.12 10-´  ( 30.30 10-´ ) for head 

(leg) phantom of the same resolution. It should be noted that  of AIM-Voxel is slightly 

lower than of FDTD for head phantom except for the finest mesh, but it is higher for leg 

phantom. Also,  of FDTD is considerably higher for leg phantom compared to head 

phantom and does not appear to be converging. 

3.4.2 Accuracy-Efficiency Comparison for Hertzian Dipole Illumination  

Next, the effect of excitation type is investigated by using infinitesimal dipole 

instead of plane wave excitation. The errors are quantified again by comparing the results 

to reference Mie series solutions [76]. As opposed to plane wave excitation, in this case 

error levels depend upon the location of the Hertzian dipole. This effect is examined using 

the far field error norm by increasing the dipole distance to the surface of the head phantom 

from 00.02l  to 0l  (Fig. 3.10). The errors are presented for AIM-CAD, AIM-Voxel, and 

FDTD-Gaussian for the coarsest and the finest head phantoms. Also, the far field error 

norms for plane wave excitation are added at the rightmost end of the figures for a fair 

1% 4%-

L2errD


L2errD
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comparison. Figs. 3.10(a)-(b) show the error levels are decreasing first and then start to 

increasing as the dipole distance to the scatterer is increased. Figs. 3.10(a)-(b) show also 

that FF
zerrq  of all methods for dipole excitation converges to that of the plane wave as the 

dipole location is increased. 

The behavior of different error norms for dipole excited sphere models is shown in 

Fig. 3.11 as the resolution is increased. It should be noted that the error norms are obtained 

by choosing dipole distance as 50 mm from the surface of the scatterers. The errors are 

presented for AIM-CAD, AIM-Voxel, FDTD-Gaussian, and FDTD-Sinusoid simulations. 

The data points in Figs. 3.11(a)-(d) correspond to various resolution of meshes of the 

phantom spheres representing human head (circles) and human leg (squares). Once again, 

it is observed that CAD models have much lower error norms compared to voxel ones. 

FDTD-Gaussian and FDTD-Sinusoidal simulation yield almost identical error levels. 

 
 (a) (b) 

Figure 3.10: Far field error norm for varying dipole locations using (a) the coarsest 
and (b) the finest resolutions of head phantom. 
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Comparing Figs. 3.11(a)-(d) to Figs. 3.3(a)-(d) shows that (i) P
toterr  is much smaller for 

the dipole excitation for both phantoms, (ii) other internal error norms for both head and 

leg phantoms yield slightly lower errors for dipole excitation, and (iii) far field error norm 

yields much lower error than RCS error norm.  

 
 (a) (b) 

 
 (c) (d) 

Figure 3.11: Errors using different error norms: (a) AIM with CAD meshes. (b) AIM 
with voxel meshes. (c) FDTD with Gaussian source. (d) FDTD with 
sinusoidal ramp source. The data points correspond to various resolutions 
of voxel and CAD meshes of multilayered sphere phantoms representing 
the human head (circles) and human leg (squares). All simulations are for 
Hertzian dipole illumination. 
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CHAPTER 4:  CONCLUSIONS 

This thesis performed a systematic comparison of two fundamentally different 

BIOEM simulators. To this end, various internal and external error norms and cost 

measures were introduced. Using these measures, the accuracy and efficiency of FDTD 

and AIM simulations were compared numerically for different benchmark problems; these 

consisted of inhomogeneous multi-layered spherical phantoms illuminated by plane waves 

or Hertzian dipoles. The simulations showed that the accuracy of voxel-based phantom 

models are dictated by modeling rather than numerical errors, i.e., both AIM and FDTD 

were found to have similar error levels. For these models, FDTD was found to be less 

expensive, especially for the memory requirement and preprocessing costs. It was also 

shown that although both FDTD and AIM can reduce errors by refining voxel models, AIM 

can reduce errors without significant cost increase by using CAD models instead of voxel 

ones. 

It should be observed that the FDTD vs. AIM comparisons in this thesis are 

performed for specific problems involving phantom spheres and should not be generalized 

directly to different applications including more complex BIOEM problems involving 

human models. Moreover, various algorithmic improvements and optimizations can be 

made for FDTD and AIM based simulators that can affect their performance and affect the 

conclusions even for the problems considered here; e.g., AIM costs for voxel models can 

be reduced significantly by using voxel based rooftop basis functions rather than tetrahedra 

based SWG basis functions [83-84]. Nevertheless, the methodology developed in this 

thesis for systematically comparing the efficiency-accuracy tradeoffs of different 

simulators remains valid and is directly applicable to other problems/methods. 
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